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: Mass of the compact object.

Radius of the compact object.

. Solar mass.

Gas pressure.

: Mass density of the flow.

: Density of gas cloud at infinity.
: Luminosity.

: Ricci tensor.

: Metric tensor.

Ricei scalar.

: The energy momentum tensor of

the matter distributions.

Gravitational constant.

. Speed of light.
: Einstein tensor.

: Event horizon of the Schwarzschild

BH or Schwarzschild radius.

: Mass of the BH.
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: Kretschmann scalar.
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: Cauchy horizon of the Kerr BH.
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Abstract

The origin of high energy radiation from quasars, active galactic nuclei (AGNs), and
X-ray binaries (XRBs) has drawn attention to the scientific community. Accretion onto
compact object has emerged as one of the fundamental mechanisms in explaining the
observed luminosity from these sources. Since the emitted radiation due to accretion
carries imprints of the spacetime geometry near the compact object, the dynamics
of accretion flows provide crucial insights into both the nature of the central object
and the accreting matter. In the vicinity of compact objects, the gravitational field is
so strong that we consider an appropriate effective potential to mimic the relativistic
effects of the underlying spacetime geometry. Moreover, as the thermodynamical state
of accretion flows undergoes a transition from non-relativistic to relativistic close to
compact objects, we incorporate the relativistic equation of state (EoS). A subsonic
flow at large distances from the black hole (BH) becomes supersonic as it approaches
the BH under the influence of strong gravity. The infalling matter may also encounter
a centrifugal barrier, and depending on the shock conditions, a post-shock corona
(PSC) of hot, dense electrons can form. PSC is capable of reprocessing the soft disk
photons to high energy radiations via inverse Comptonization process and such high
energy radiation are commonly observed from BH XRBs.

To begin with, in Chapter 2, we present relativistic shock-induced accretion flows
around Kerr-Taub-NUT (KTN) BHs, which is a broader class of stationary and ax-
isymmetric vacuum solutions of Einstein’s equations characterized by mass (Mpy), spin
(ax), and NUT charge (n). We solve the relativistic hydrodynamic equations to obtain
both shock-free and shock-induced accretion solutions. Standing shocks form when the
flow experiences a centrifugal barrier and satisfies the relativistic Rankine-Hugoniot
shock conditions. Indeed, the shock-induced accretion solutions are physically more vi-
able due to their higher entropy, and they produce significantly higher disk luminosity
compared to the shock-free accretion solutions.

BHs are not the only possible accreting compact objects, exotic compact objects
such as wormholes (WHs) remain theoretically viable. Therefore, in Chapter 3, we
investigate the relativistic accretion flow in a stationary axisymmetric Kerr-like WH,
which is characterized by spin parameter (ay), dimensionless parameter (), and its
mass (Mwn). WH is defined by a throat that connects the two regular spacetimes. By
solving the hydrodynamical equations, we identify four types of transonic accretion
flows in addition to subsonic flows. The transonic accretion solutions are more viable
than the subsonic ones due to their higher entropy. We further compute the disk
luminosities and demonstrate that our model reproduces the observed luminosity of
Cygnus X-3 in its hypersoft state.

Observational evidence from flat galaxy rotation curves, galaxy velocities, and
the Cosmic Microwave Background (CMB) indicates to the existence of dark matter
(DM) in the Universe. The Standard Model of particle physics cannot account for
the nature of DM, which plays a crucial role in large scale structure formation and
the growth of supermassive BHs at galactic centers. DM also influences the spacetime
geometry. Consequently, the DM halos around the BHs have critical impact on the
accretion flow. To address this, we study relativistic accretion around galactic BHs
surrounded by cold DM halos in the steady state in Chapter 4. We consider several DM
profiles, including Hernquist, Navarro-Frenk-White (NFW), Einasto, and DM spike.
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Our results show that DM halo shifts the critical point of the transonic accretion
flow inward and enhances disk luminosity depending on DM distribution. Since major
contribution of luminosity originates from the inner disk, this would help to probe the
nature of DM near BHs

Moreover, magnetic fields also play a crucial role in the dynamics and emission
properties of accretion flows around compact objects. Motivated by the recent Event
Horizon Telescope (EHT) observations of Sagittarius A* (Sgr A*), in Chapter 5, we
investigate relativistic accretion flows around Kerr BH using a general relativistic
magnetohydrodynamics (GRMHD) framework in the steady state, and examine the
magnetic field strengths constrained by the EHT. By solving the GRMHD equations
with constant flow parameters, such as energy (£), angular momentum (£), magnetic
flux (@), and isorotation parameter (), we obtain global accretion solutions. For
a wide range of parameter space, these solutions reproduce magnetic field strengths
within +£10% of the EHT reported values. This provides a theoretical framework that
explains the complex dynamics of the magnetized accretion flows around Sgr A*.

In astrophysical scenarios, tilted accretion disks form when the angular momentum
of the accretion disk is misaligned with that of a rotating compact object. Such
misalignment induces Lense-Thirring (LT) precession due to frame dragging, which
strongly influences the observable signatures. Therefore, we extend our analysis to
a tilted, thin accretion disk around a slowly spinning KTN BH. In Chapter 6, we
compute the radial tilt profile up to the innermost stable circular orbit (ISCO), which
takes into account the interplay between LT torque and viscous torque. Our results
show that the inner disk may either align or remain tilted depending on KTN BH
parameters (Mpy, ax, n) and viscosity. This analysis further indicates the imprint of
the NUT parameter in the spacetime.

In summary, this thesis presents a detailed analysis of relativistic hydrodynamic
flows around compact objects, exotic compact objects, and compact objects embedded
within DM halos, in the steady state. Furthermore, GRMHD flows are studied in light
of EHT observations. Finally, we examine the dynamics of tilted accretion disk around
KTN BH.
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Chapter

Introduction

THe innocent wonder of Twinkle, Twinkle, Little Stars of the infinite midnight sea
above us has astonished and inspired human hearts from childhood to present day
with their own mystery. As we grow older, we learn that the night sky is not a mere
collections of living stars but also many dead stars are there. From the imaginative
worlds of science-fiction tales about black holes, wormholes to the groundbreaking
discovery of the bright ring around a black hole, the cosmos has become one of the
most mesmerizing subjects for all humanity. This naturally leads us to the questions
related to the nature of these objects, their origin and activities within this immense
cosmic ocean, and most importantly about their detection directly or indirectly. These
questions form the central focus of this thesis. In the introduction, we will discuss them
one by one as we proceed.

1.1 Compact objects

A supernova explosion causes the catastrophic end of a massive star’s life when there is
insufficient energy production due to nuclear fusion. As a result, the pressure gradient
provided by radiation becomes inadequate to prevent the gravity, which in principle
leads to the gravitational collapse. Through this process, a tremendous amount of
gravitational energy is released in the form of high energy radiation and the dense
compact objects are left behind, which represent the final evolutionary stages of stars.
Depending on the initial mass of the progenitor stars, the compact remnants lead
to the formation of white dwarfs (WDs), neutron stars (NSs), or black holes (BHs).
Unlike main-sequence stars, compact objects do not generate energy through nuclear
fusion. Therefore, WDs and NSs are supported by electron and neutron degeneracy
pressure, respectively, whereas BHs are the ultimate collapse products, where nothing
is left to resist the formation of the singularity. As the high mass is concentrated in a
small region, the density and gravitational potential (®g o %, M, and Z being the
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mass and radius of the compact object) are extremely high for these objects. There-
fore, general relativity plays a crucial role in describing their structure and behavior
accurately. Moreover, these compact objects serve as natural laboratories for studying
the properties of matter in a strong gravity regime, and act as source of electromag-
netic as well as gravitational radiation in astrophysical contexts. In the following, we
will briefly discuss the properties of these compact objects (WDs, NSs and BHs).

1.1.1 'White dwarfs

White dwarfs (WDs) represent the final evolutionary stage of low and intermediate
mass stars (with initial mass M, < 8 — 10M). These compact objects possess a mass
of the order of one solar mass (M) with characteristic radii comparable to the Earth.
As a result, the density becomes very high. The companions of 40 Eridani (Herschel,
1785; Russell, 1914; Hertzsprung, 1915) and Sirius (Bessel, 1844; Bond, 1862) played
important role in the history of WDs, as they are recognized as a distinct class of
subluminous stars. Adams (1914) found that the spectral nature of these stars is not the
same as that of main sequence A-type stars. The unusual mass luminosity properties of
40 Eridani B (companion of 40 Eridani) (Bond et al., 2017), and Sirius B (companion
of Sirius) (Adams, 1915) lead to interest in studying faint stars. Because of this
uniqueness, these stars are named as ‘faint white stars’, ‘white stars with low apparent
magnitude’ and ‘white dwarf’ (Luyten, 1922a,b, 1923). For these objects, Fowler (1926)
showed that electron degeneracy pressure provides the force necessary to counteract the
gravitational collapse. In the non-relativistic limit, the pressure (p) is proportional to
the 5/3 power of its density (p), i.e., p oc p°/3, whereas p o< p*/? in case of the relativistic
equation of state (EoS). Chandrasekhar (1931) considered the relativistic effects and
discovered the maximum mass of WDs ~ 1.4M,, which is known as the Chandrasekhar
mass limit. However, the exact value depends on the composition of the matter. WDs
emit thermal radiation from residual heat, and fades them over time. Therefore, we
can analyze their properties by using the Hertzsprung-Russell (HR) diagram, which is a
plot of luminosity (L) vs. effective temperature (7') (Shapiro & Teukolsky, 1983). For
higher dense WDs, the degenerate pressure also becomes high, which in turn increases
the thermal conductivity. The high densities of WDs yield higher the surface gravity
(~ 10%cm s72, whereas the Sun’s surface gravity is ~ 10* em s72). Moreover, WDs
serve as age indicators for stellar populations like the Galactic disk (Oswalt et al.,
1996) and globular clusters (Renzini et al., 1996). Binary systems containing WDs
provide valuable laboratories for investigating accretion processes, binary evolution,
and gravitational wave (GW) dynamics.

1.1.2 Neutron stars

Neutron stars (NSs) represent another important class of compact objects formed
under extreme conditions of the interplay between nuclear physics and gravity. Baade
& Zwicky (1934) proposed the first idea of NSs by showing the transformation of
ordinary stars into compact objects of very tightly packed neutrons via supernova
explosions. At the core of these compact objects, density goes up to ~ 103 — 10
g/cm? (Frolov & Zelnikov, 2011) and protons transform into neutrons via inverse beta
decay. As a result, the neutron degeneracy pressure in the neutron rich core prevents
further gravitational contraction and forms NSs. Oppenheimer & Volkoff (1939) found
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that stable static NSs could not have masses larger than ~ 0.7M by assuming the
matter of an ideal gas of non interacting neutrons. Later, the maximum mass of NSs
was found to be ~ 2M; considering nucleon-nucleon interaction (Cameron, 1959).
Structurally, the interior of a NS can be divided into two main parts, i.e., the liquid
core and solid crust. The core is uniformly distributed, whereas the crust is non-
uniform and composed of nuclear clusters. Various EoSs of NSs have been proposed
with compositions including mesons, hyperons, baryons, leptons, pion condensates,
or even quark matter (Cameron, 1959; Ambartsumyan & Saakyan, 1960; Ivanenko &
Kurdgelaidze, 1965; Migdal, 1972; Sawyer, 1972). When the rotating NSs are coupled
with a strong magnetic field, they can emit electromagnetic radiation and high energy
accelerated particles (Pacini, 1967; Gold, 1969). These neutron rich nuclei of mass
~ 1—2M, and radii of about 10—12 km are observed as pulsars or the sources of X-ray
and 7-ray. The discovery of first X-ray pulsar Cygnus X-1 by the Uhuru satellite (Oda
et al., 1971), radio pulsars (Hewish et al., 1968), accreting pulsars (Giacconi et al.,
1971; Tananbaum et al., 1972), and binary pulsars (Hulse & Taylor, 1975) provide the
opportunity to measure the nature and mass of NSs. Moreover, the GW signal from
the merger of two NSs (Abbott et al., 2017), and the emitted neutrinos from supernova
explosion carry information about the formation, structure and evolution of NSs.

1.1.3 Black holes

We have already discussed that the WDs and NSs hold themselves from gravitational
collapse via electrons and neutrons degenerate pressure, respectively. On the other
hand, there is no mechanism for black holes (BHs) to withstand the inward pull of
gravity and finally collapse into a singularity. This compact object is a profound
prediction of Einstein’s theory of general relativity (Einstein, 1916a,b; Einstein, 1918).
Gravity is so intense near the BH that no matter or light can come out from it. BH is a
region of spacetime that is disconnected from the external Universe via a surface called
the event horizon. As the Newtonian gravity fails to understand the nature of the BH,
the general theory of relativity becomes important to explain this. In this theory, the
geometry of spacetime is related to the presence of matter through Einstein’s field
equation as,

1 8tG
R;w - §guuR = G;W = TTuw (11)

where R, is the Ricci tensor, g,, denotes metric tensor, R is the Ricci scalar of the
background metric, 7}, represents the energy momentum tensor of the matter distribu-
tions in the spacetime, GG is the universal gravitational constant, ¢ is the speed of light,
and G, denotes the Einstein tensor. Wheeler (1968) first coined the term ‘black hole’
and Michell and Laplace independently predicted that if the star’s mass is so high, light
can not emerge from it (Montgomery et al., 2009). Based on the Newtonian theory,
they obtained the size of such a ‘dark star’, which later coincides with the gravitational
radius (rs, = 2GM,/c?) of Schwarzschild BH calculated in Einstein’s theory of gravity.
The progenitor star with mass > 10M (Shapiro et al., 1976) becomes a BH at the
end of its evolution. Depending on BH mass, they are classified as stellar mass BHs
(~ 3M,, to several tens My,), intermediate mass BHs (10> M, < M, < 105M,), and su-
permassive BHs (M, > 105M,) that power active galactic nuclei (AGNs) and quasars.
Another kind of BHs are the primordial BHs, which may form in the early Universe
due to perturbations in the homogeneous background density. As we cannot directly
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observe a BH, we have to rely on several powerful indirect methods to study them,
such as BH shadow (Cunningham & Bardeen, 1973; Luminet, 1979; Chandrasekhar,
1983), electromagnetic waves (such as X-rays, v-rays and radio waves) (Schreier et al.,
1971; Lynden-Bell & Rees, 1971; Pringle & Rees, 1972; Pringle, 1981), and the GWs
(Einstein, 1916a; Einstein, 1918). The first compelling observational evidence for the
existence of BHs came from studies of the X-ray binary (XRB) Cygnus X-1 (Bolton,
1972; Webster & Murdin, 1972), which has a mass larger than the NS’s maximum
mass limit. In the following part, we elaborately discuss the properties of BHs.

A. Schwarzschild black hole

The Schwarzschild BH solution is the first exact vacuum solution of Einstein’s field
equations, and its metric illustrates the exterior gravitational field of a spherically sym-
metric mass distribution. Astronomer Karl Schwarzschild obtained the first spherically
symmetric solution (known as Schwarzschild solution)' of vacuum Einstein’s field equa-
tions (Schwarzschild, 1916). In the Schwarzschild coordinates, the metric is expressed
as,

ds® =gudt® + g dr® + geedt* + gssde?,

2M
=—(1- TBTHG)dtQ + mdﬂ + r2(d6? + sin 0dg?).  (1.2)

Here, GG is the universal gravitational constant, c is the speed of light, and Mgy is
the mass of the BH. Shortly after, Droste (1917) also got the same Schwarzschild
solution separately. Later, Birkhoff theorem (Birkhoff & Langer, 1923) also tells that
the Schwarzschild solution is the unique spherically symmetric static vacuum solution
of Einstein’s field equations. A schematic diagram of a Schwarzschild BH is illustrated
in Fig. 1.1. In the following analysis, we adopt the geometric unit system by setting
G = ¢ =1, unless otherwise stated. In this coordinate system, the singularity occurs
at the radius, where ¢"" = 1/g,, = 0 (see Eq. (1.2)). This radius is identified as the
event horizon of the Schwarzschild BH or the Schwarzschild radius (rs, = 2Mgp),
and this coordinate singularity can be removed by the proper choice of coordinate.
The surface at rg, = 2Mpy acts as a one way surface, from where nothing (massive or
massless) can come out. For an static infinite observer, a particle takes an infinite time
to reach the event horizon. Therefore, this surface (r = rgy) is also called an infinite
redshift surface (g, = 0). On the event horizon, tangent vectors are light-like or null,
therefore, it is a null hypersurface. Furthermore, the symmetries of spacetime and
conserved quantities for particles in that spacetime are encoded in the Killing vectors,
which leave the spacetime unchanged while moving along these. The Killing vector
(X*) satisfies the relation V, X, + V,X, = 0, which is known as Killing equation.
This Killing vector (X*) is time-like (X*X,, < 0) outside the event horizon (r > rgy),
null (X#X, = 0) at the event horizon (r = rg,) and space-like (X*X,, < 0) inside
the event horizon (r < rgy). Therefore, the event horizon is otherwise stated as the
Killing horizon. Another singularity exists at » = 0. If we calculate the Kretschmann
scalar (K') (one of the curvature invariants) for the Schwarzschild metric, we get K =

LSchwarzschild solution was derived in the hospital, where Schwarzschild was admitted due to an
acute skin disease after joining the first World War at the end of 1915.
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Figure 1.1: A schematic diagram of a Schwarzschild black hole.
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scalar is finite at r = rg,. On the other hand, K is infinite at » = 0 and it is called the
curvature singularity or physical singularity, which is not removable by a coordinate
transformation. Furthermore, it is worth mentioning that a massive particle would
be stable upto the innermost stable circular orbit (ISCO) (rigsco = 6Mpn) (Landau
& Lifschits, 1975), and beyond that it freely falls into the BH, whereas the unstable
photon (massless particle) circular orbit is located at rp, = 3Mpy. So, there exists a
critical impact parameter by, = 3v/3 Mgy corresponding to Tph, such that any light ray
with b < by, will be captured by the BH and photons with b > b,, will be deflected
away from the BH (Landau & Lifschits, 1975; Luminet, 1979).

B. Kerr black hole

In an astrophysical scenario, most of the celestial objects are rotating in nature and
it is obvious that due to gravitational collapse of the stars, the angular momentum is
retained in the remnant compact objects. Therefore, after Karl Schwarzschild’s for-
mulations of the exact vacuum solution of Einstein’s field equations of a non-rotating
spherically symmetric static BH (Schwarzschild, 1916), Roy Kerr discovered an exact
vacuum solution of the Einstein field equations for the case of a rotating BH (Kerr,
1963), which is known as Kerr solution. Later, it was shown that the Kerr solution
uniquely describes any spinning and uncharged BH in Einstein’s theory. Ruffini &
Wheeler (1971) proposed the no-hair conjecture, which affirms that the most general
stationary BH solution to the Einstein-Maxwell equations is the Kerr-Newman solu-
tion (Newman et al., 1965), that depends only on the mass, angular momentum and
electric charge of the BH. The line element of a stationary axisymmetric spacetime is
given by,

ds? = gudt?® + grrdr® + goed0® + gopdd® + 2gssdtdg. (1.3)

In terms of Boyer-Lindquist coordinates, the components of the Kerr metric are ex-
pressed as (Boyer & Lindquist, 1967),

2Mpyr by
g = _<1 - il ) , goo = 2 y Grr =
> A (1.4)
2 Mppar sin® 0 9 9 2Mggrai sin? 0\ . 9
Gt = — S ,g¢¢:<r + ay + > )sm 0,
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with,

¥ =r? + af cos? 6,

A =r? — 2Mpgur + ai.
Here, ay is the spin parameter or Kerr parameter, and Mgy is the BH mass. We use
(—,+,+,+) sign convention and the geometric unit system (G = ¢ = 1). Setting
ax = 0, we get back the Schwarzschild metric. The metric has coordinate singularity,
where g,, = oo or ¢"" = 0, which in turns gives the radii ro. = Mpg=+/ M2y — a. Here,
r4 is called event horizon (rg) and r_ is called Cauchy horizon (r¢). For ax < Mgp,
we get BH, and a, > Mgy gives the naked singularity case. Moreover, curvature
singularity is located at » = 0 and # = m/2, which is known as ring singularity
and the Kretchmann scalar K = Ru,,agRWO‘ﬁ diverges here, whereas at the event
horizon and the Cauchy horizon, K is finite. Therefore, these are the removable
singularities. Another important concept for rotating BHs is the ergosphere. The

eargosurface is the surface of infinite redshift, i.e., g, = 0, located at réﬁ = Mgy £

\/ MZ; — a2 cos?. The outer ergosurface 75 (inner ergosurface rg) coincides with

event horizon ry (Cauchy horizon r¢) on the axis of rotation § = 0 and 7. In the
region between the outer ergosurface and the event horizon, no one can stand still.
This region is called the ergosphere or ergoregion. Fig. 1.2 pictorially illustrates a Kerr
BH. As the Kerr spacetime is stationary and axisymmetric, it has two Killing vectors,
such as the time translation Killing vector (&) and the azimuthal Killing vector (&}).
Therefore, their combination &* = &' + Quéy is also a Killing vector, where {Jy is the
angular momentum at the horizon. At ry, {#¢, = 0, which signifies that the Killing
vector is null at the horizon. The time-like trajectory (£#&, < 0) at r > ry becomes null
trajectory (§#§, = 0) at r = ry, and at r < ry, it turns to space-like (£#§, > 0). At the
ergosurface, the norm of the time translation Killing vector vanishes, i.e., ¢,,&'¢} = 0.
Inside the ergosphere, the particles are forced to corotate with the BH’s spin due to
the frame dragging effect. Penrose (1969) proposed a mechanism for extracting energy
from a rotating BH due the presence of an ergosphere. If a particle of energy Ej is
thrown from infinity to the ergosphere, it splits into two particles. One of them comes
back to the infinity with energy Fy = Ey — E5, whereas the another one goes into
the BH with energy Fs, which is negative with respect to the infinite observer, and
this ingoing particle will corotate with the BH. For E; > FEj, the rotational energy
of the BH is being extracted in this process, which is known as the ‘Penrose process’.
Therefore, the spin of the BH slows down. Moreover, using the metric components
(Eq. (1.4)), the ISCO radius on the equatorial plane is calculated as (Bardeen et al.,
1972),

risco = Mau [3+ Z2 F \/(3 - 7Z1)3+ Z1 + 222)} ,

where Z; and Z, are given by,

a2 >1/3[ a \1/3 ap \ /3
Zi=1+[1- -k (1 + > + (1 — ) ,
' ( M2y Mgy Mgy

Zo= 3% 4 72
T\ A

Here, oo and rigeo represent the ISCO radius for prograde orbits and retrograde
orbits, respectively. The unstable photon circular orbit around a Kerr BH is obtained

and,
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Figure 1.2: A pictorial representation of a Kerr black hole.

as (Chandrasekhar, 1983),

+
rph = 2MBH

1+cos{2accos< U )H
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For the maximally rotating BH (Mgy = ay), the prograde and retrograde circular
photon orbits are located at ’I“;_h = Mgn and ), = 4Mpy, respectively.

C. Kerr-Taub-NUT black hole

Newman, Unti, and Tamburino (Newman et al., 1963) introduced a new class of sta-
tionary and spherically symmetric spacetime, which is known as the Taub-NUT solu-
tion (Misner, 1963). Thereafter, Miller (1973) proposed the Kerr-Taub-NUT (KTN)
metric, which is a stationary and axisymmetric solution of the vacuum Einstein-
Maxwell equations. Subsequently, Plebanski & Demianski (1976) presented a general
form of the stationary and axisymmetric vacuum solutions of Einstein’s field equation
known as Plebanski-Demianski (PD) metric, which encompasses a wide range of well
known vacuum solution of Einstein’s equations, such as Schwarzschild, Kerr, Kerr-
Newman, Taub-NUT, KTN, and Reissner-Nordstrom. In presences of NUT charge,
Schwarzschild spacetime transforms into Taub-NUT spacetime, while Kerr spacetime
gives rise the KTN spacetime. The spacetime interval in the KTN spacetime is given
by (Miller, 1973),

ds* = —é(dt — Ado)? + ier + Xd? + ;SinQ 0(axdt — Bdg)?, (1.5)
with ¥ = r2 4+ (n + axcos0)?, A = 72 — 2Mpyr + a2 — n?, A = aysin?0 — 2n cos ¥,
and B = r* + a? + n?, where ay and n are the Kerr parameter and NUT parameter,
respectively. Fig. 1.3 is the pictorial illustration of KTN BH. The KTN spacetime
contains two masses, one of which is the ordinary mass or gravitoelectric mass, and the
other is the gravitomagnetic monopole (GMM). As, the GMM is a topological charge
in gravity theory, it is also known as the dual mass, or magnetic mass (Ramaswamy
& Sen, 1981; Zimmerman & Shahir, 1989; Shen, 2002). Analogous to the Dirac’s
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magnetic monopole (Dirac, 1931), ‘gravitoelectric charge’ or ‘mass’ can exists when
Einstein’s general relativity is combined with electromagnetism and GMM is present.
Bonnor (1969) and Dowker (1974) interpreted this as a massless rotating rod and
a linear source of pure angular momentum. Setting ¢"" = 0, we get the coordinate

singularities of this spacetime at r&TN = Mpy— \/ M3y — a? + n? (Cauchy horizon) and

at rETN = MBH—i-\/ ME,; — a2 + n? (event horizon), where the Killing horizon coincides.
This spacetime behaves as BH for (M3 —ai+n?) > 0 or becomes the naked singularity
for (M2 — a + n?) < 0. Another coordinate singularities occur along the symmetry
axis # = 0, and 7, where the determinant of the metric vanishes. According to Misner
(1963), these singularities (string singularities or Misner string) can be removed by
incorporating a periodic identification on the time and azimuthal coordinates. The
first coordinate patch covers the northern hemisphere, and the singularity is located
along the axis § = 7, while the second patch covers the southern hemisphere with the
singularity extending along the axis # = 0. Additionally, Bonnor (1969) elucidated the
NUT metric as a spherically symmetric mass along with a semi-infinite massless source
of pure angular momentum along the axis of symmetry. The singularity along 6 = 0
can be removed by a Cartesian coordinates transformation, whereas 6 = 7 singularity
cannot be removed by this transformation. Therefore, the singularity at § = 7 is
interpreted as a physical singularity, which is a massless source of angular momentum.
The curvature singularity occurs at r = 0 and 6 = arccos(—n/ay). The ergosurface
for KTN BH is situated at rgal\)l = Mpy + \/M]%H — ag cos? 0 + n? (Narzilloev et al.,
2023). This relation shows that, in the presence of the NUT parameter, the ergosphere
exists without rotation (a, = 0), which is absent for Schwarzschild BH. The Kerr BH
is asymptotically flat, whereas the KTN BH is not asymptotically flat, it possesses a
twisting geometry at infinity due to the presence of the NUT parameter. Moreover,
following Chakraborty (2014), we get the value of the ISCO radius around KTN BH
by solving the following equation,

Mpy(r® — n® + 15n*? — 15nrt) — 2Magr(3r* — 2nr? + 3n?) — 16n*r?

3/2
+8ayr>? | Mpy (r? — n?) + 27127“} +ai {MBH(TLZL + 6n%r? — 3r*) — 8n*r?| = 0. (1.6)

1.2 Exotic compact objects

Other than the above mentioned compact objects, there exists another kind of compact
objects known as exotic compact objects (ECOs). These theoretically predicted ultra-
compact astrophysical objects can mimic the external gravitational field of NSs or
BHs, but differ internally. In strong gravity regime, these theoretical equilibrium
configurations demand exotic physical phenomena related to various questions such
as the nature of dark matter (DM), the formation of singularities, the presence of
horizons, possibe quantum effects. Within the GR framework, Buchdahl’s theorem
sets the maximum compactness of a self-gravitating object, M,/#Z = 4/9 (M, is the
mass of compact objects and Z is its radius) (Buchdahl, 1959). In this theory, the
radial pressure and energy density are always positive (P, > 0,5 > 0) and the energy

density decreases in the outward direction (% < 0). On the other hand, ECOs are
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Figure 1.3: A schematic view of a Kerr-Taub-NUT black hole.

those objects that violate the underlying assumptions of Buchdahl’s theorem. Below,
we summarize some of the prominent ECOs and their key properties.

Boson stars are the descendants of self-gravitating photonic configurations, known
as gravitational electromagnetic units (geons) (Wheeler, 1955). These consist of bosons
in their ground state that form a self-gravitating macroscopic Bose-Einstein conden-
sate and can be described by a complex or massive scalar field. Moreover, Kaup (1968)
and Ruffini & Bonazzola (1969) showed that boson stars are the solitonic solutions of
the Einstein-Klein-Gordon system. These regular horizonless objects are stationary
and highly compact, massive, and stable due to stronger self-interaction (Schunck &
Mielke, 2003). Barcel6 et al. (2009); Barcelo et al. (2016) showed that the semiclassi-
cal effects may resist the collapse and produce dark stars, which are powered by DM
annihilation instead of nuclear fusion. Among various DM candidates, weakly inter-
acting massive particles (WIMPs) are considered the most promising candidate for the
heat source, as they can self annihilate inside the star. These dark stars are formed
at redshifts z ~ 10 — 50 (age of the Universe ~ 200 Myr) in a DM-rich environment.
When the dark stars exhaust the DM, they may collapse to a BH (Freese et al., 2016).
Therefore, these may be the seeds of the early SMBHs, whereas these may still exist
and form at the galactic centers with high DM densities. Another hypothetical cold,
dark ECOs are gravastars or gravitational vacuum stars (Mazur & Mottola, 2004),
which are the solution of Einstein’s equations based on Bose-Einstein condensation
in gravity. In the interior de-Sitter condensate, pressure is negative to the density
(p = —p), whereas exterior Schwarzschild geometry satisfies p = p = 0, which are sep-
arated by a small finite shell of thickness [ of fluid with p = p. Gravastars possess no
singularity and no horizon. Moreover, the rotating axially symmetric and stationary
gravastars were introduced by perturbing the nonrotating gravastars (Cardoso et al.,
2008; Chirenti & Rezzolla, 2008) and exhibit ergosphere, which helps to trace gravas-
tars by superradiant scattering. Due to repeated scattering, the extracted energy can
be encoded in GWs, which may be detected by advanced LIGO or LISA. Ivanenko
& Kurdgelaidze (1969) first proposed quark stars or strange stars, where neutrons
could dissolve into quarks under extreme pressure and temperature due to gravita-
tional contraction of the stellar objects (Gell-Mann, 1964; Zweig, 1964). Itoh (1970)
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suggested the possibility of the existence of 3-flavor full quark stars (up (u), down
(d), and strange quarks (s)). The approximate mass-radius relations of strange stars
(M, o< %#3) are in contrast with that of NSs (M, o< Z73). According to Haensel
et al. (1986) and Alcock et al. (1986), the strange stars may have mass ~ 1 — 2M,
and radii ~ 10 km. Moreover, bare strange stars (strange stars without crusts) (Xu
& Qiao, 1998) may have different spectral features, binding energy and core collapse
process during supernova than NSs. Fuzzballs are the another ECOs, where the string
theory provides the horizon scale microstructure to replace the BH (Mathur, 2005).
BEach individual microstates are regular and horizonless, which allows a horizon sized
structure without gravitational collapse, where quantum tunnelling is possible in huge
number of such fuzzball states (Mathur, 2010; Kraus & Mathur, 2015). Consequently,
Bacchini et al. (2021) showed that these microstructures capture light rays, which pro-
duce chaotic and redshifted trajectories and affects the shadow size and residual glow
distinctly from BHs.

In this thesis, we undertake a detailed investigation of accretion flows around worm-
hole spacetimes, with the aim of understanding how their physical properties are en-
coded in astrophysical observables. Therefore, we provide the geometrical features and
key physical characteristics of wormholes in the subsequent sections.

1.2.1 'Wormbholes

Wormholes (WHs) are the hypothetical geometric structures that connect two dif-
ferent regions. The spacetime regions are connected via throat, which is a defining
property of the WH. The two sides of the throat are defined as Zone-I and Zone-
IT, which are shown in Fig. 1.4 along with the throat. When the WHs connect our
Universe with another Universe, they are called Inter-Universe WHs, whereas the
Intra-Universe WHs connect two distant regions of same Universe (Visser, 1995). His-
torically, the notion of wormhole was first introduced by Flamm in 1916 (Flamm,
1916) and Einstein & Rosen (1935) proposed a bridge-like structure (Einstein-Rosen
bridge), which connects two identical spacetimes. Subsequently, Wheeler introduced
the idea of ‘spacetime foam’ (Wheeler, 1955; Fuller & Wheeler, 1962) and Misner &
Wheeler (1957) first introduced the term ‘wormhole’. The traversable Lorentzian WHs
were first introduced by Morris & Thorne (1988). In general relativity, to construct
such traversable WHs, one requires exotic matter at least in the neighbourhood of
the WH throat. The stress-energy tensors of the exotic matter violate the null, weak,
and strong energy conditions (Morris & Thorne, 1988), which are supported by the
phantom energy (Lobo, 2005; Cataldo et al., 2009), the cosmological constant (Lemos
et al., 2003; Rahaman et al., 2007). On the other hand, in some modified theories of
gravity, such as Einstein-Gauss-Bonnet (Mehdizadeh et al., 2015), Born-Infeld gravity
(Shaikh, 2018), Einstein-Cartan (Mehdizadeh & Ziaie, 2017), or higher order curva-
ture gravity (Harko et al., 2013), the WH solutions are found to satisfy the energy
conditions. In the following part, we highlight only one WH solution.

A. Kerr-like wormbhole

Damour & Solodukhin (2007) proposed a WH solution (DSWH), that differs from the
Schwarzschild BH by a dimensionless real parameter (). The DSWH represents a
spacetime where a throat connects two asymptotically flat regular symmetric space-

TH-3974_ 196121011 20



Chapter 1: Introduction

Figure 1.4: Artistic impression of a symmetric WH spacetime that connects Zone-I and
Zone-II via a throat (Sen et al., 2024).

times. Extending this idea, the Kerr-like WH or Rotating DSWH (RDSWH) was
introduced by Bueno et al. (2018). The spacetime interval of a stationary, axisymmet-
ric, Kerr-like WH spacetime is given by,

ds® =g, dz"dz”

1.7
=g dt? + grrdr® + 2g;5dtde + gopdd® + geedd>. (17)

Here, the throat radius is denoted by r1y,, which connects the two sides of this WH.
The Z, symmetry is imposed on the radial coordinate r and the radial domain is
restricted to r, < |r| < oo. As, Kerr-like WH is a symmetric WH, we can write the
metric components of both sides of the WH throat in Boyer-Lindquist coordinates as,

h 2 Myur _ 2Mwgayrsin® @
gtt‘:l: = —(1 - S5 ) 9t<z>|i = - 5 )

>
|+ =, e 1.8
g |i A gee\i ( )

2 Mwuair sin® 0
z

with ¥ = r? + af cos® 6 and A = r*> — 2Mwyu(1 + $%)r + ai. Here, ‘+’ and ‘=’ denote
Zone-1 and Zone-II, respectively, as shown in Fig. 1.4. In the metric components
(see Eq. (1.8)), Mwq is the mass of the WH, ay is the spin parameter, and g is the
dimensionless parameter, which characterizes the deviation from the Kerr spacetime.
For § = 0, Kerr-like WH reduces to Kerr BH. However, unlike Kerr BH, the Kerr-like
WH is not the vacuum solution of the Einstein’s equations. The metric components are
written using the geometrical unit as G = ¢ = 1, and we use the sign convention of the
metric as (—, +, +, +). At the throat radius (1), ™" = 1/g,» = 0 and, it is located at

rrn = (1 + B?)Mwy + \/(1 + 2)2MZ;; — a. This spacetime contains two commuting
Killing vectors (n;',7;) along (t, $) directions due to its stationary and axisymmetric

)sin? 6,

Jools = (r* + ai +
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nature and the combined Killing vector is n* = n' +QThng with Q7 being the angular

momentum of the WH at throat. At the throat (ryyn), #*n, = —ve, which implies
the Killing vector is time-like. Therefore, the time-like trajectory (n*n, = —ve) at
r > rry, remains time-like (n#n, = —ve) at r = rqy,. Therefore, the time-like vector

remains time-like all throughout the spacetime (rp, < |r| < o0.) including at the
throat (rry). The asymptotic behaviors of energy momentum tensor components at
infinity (r — o) are obtained as,

. Mwu . Mwu |, Mwn
lim Ty = —— , lim T,, = — , lim Ty = ,
r—00 r5 r—00 7’3 r—00 r

2
. MWH ‘ MWH
lim Tiy £ ——25Hm Thy=
r—00 rd =00

On contrary, near the throat radius (r — rry,), these components are calculated

as,
2 2 2
. Mwu : Mwnf : Mwnp
lim Ty = ——, lim T, = ————, lim Thp= ———,
T—TTh rTh T—TTh /r‘Th T—TTh TTh
2 2 2
3 MWHB 9 MWHB
lim Tiy = ——F—, lim Tyy = ——— .
T—TTh TTh T—TTh TTh

Therefore, the Kerr-like WH is not the vacuum solution of the Einstein equations.
The radial pressure term 7)., appears as negative, which indicates a negative tension
brane localized around the throat (r1y,) and regulated by the deformation parameter
. Additionally, the Kerr-like WH is not the result of the cut-and-paste procedure
of two identical geometries at rry, instead, the deformation parameter g is introduced
such that the spacetime remains regular everywhere, including the throat radius ry,.
Moreover, The Kretschmann scalar, i.e., K = R“”A”Rw,,\p is finite at any point of the
spacetime including the throat, which indicates that this wormhole does not possess
any curvature singularity in the region rr, < |r| < occ.

1.3 Compact objects in dark matter halo

At large scales, the Standard Model (Peskin & Schroeder, 1995) of particle physics
fails in explaining the complete dynamical behavior of our cosmos. One of the most
enduring mysteries in modern physics is to know the nature of the invisible matter,
namely dark matter (DM). Since DM interacts only via gravity, its fundamental prop-
erties remain elusive. Bessel (1844) first proposed the concept of nonluminous matter
from positional measurements of Sirius and Procyon. In the case of the Coma Clus-
ter, Zwicky (1933, 2009) studied galaxy velocities using redshift measurements and a
significant discrepancy between the visible (luminous) mass and the total gravitational
mass was discovered by applying the virial theorem. The measured mass (.#) to lu-
minosity (L) ratio (.# /L) ~ 400 in the cluster indicated a substantial abundance of
‘dunkle Materie’ (dark matter) overshadowing the visible matter (Zwicky, 1937). Fur-
ther observational evidence came from galactic rotation curves (Rubin et al., 1978).
Newtonian dynamics predicts the declination in orbital velocity with increasing ra-
dius, whereas observations show flat rotation curves far beyond the luminous edge
of spiral galaxies (Sofue & Rubin, 2001). The Tully-Fisher relation (Tully & Fisher,
1977) also implies the presence of a vast amount of unseen mass extending beyond the
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luminous disk. Moreover, it is now well established that most galaxies host SMBHs
at their centers and such BHs are thought to originate from the gravitational collapse
of small primordial density fluctuations in the early Universe within cold dark matter
(CDM) framework (Volonteri, 2010). In the ACDM model, the Universe is composed
of roughly 5% baryonic matter, 25% DM, and 70% dark energy (Betoule et al., 2014;
Planck Collaboration et al., 2016; Alam et al., 2017; Abbott et al., 2018). Structure for-
mation begins with small fluctuations generated during inflation and grows over time
due to gravitational instability. The rapid growth of SMBHs observed at high redshifts
can plausibly be explained by a combination of galaxy mergers and the gravitational
influence of DM halos in which these systems are embedded (Mayer et al., 2007; Volon-
teri, 2010; Tulin & Yu, 2018). Furthermore, Cosmic Microwave Background (CMB)
observations also indicate the presence of DM (Aghanim et al., 2020). Therefore, DM
is not only essential for explaining galactic dynamics and structure formation but also
remains a central ingredient to understand the evolution and fate of the Universe.
Several experimental and observational missions, such as PAMELA (Payload for An-
timatter Matter Exploration and Light-nuclei Astrophysics), Fermi-LAT (Fermi Large
Area Telescope) are dedicated to detect DM. The recent breakthrough observations,
such as the detection of GWs and the imaging of the BH shadow helps to detect DM
indirectly. Various DM density profiles have been proposed to describe their distri-
bution in galaxies and clusters. Some of widely used profiles and their relevance in
modelling DM halos are briefly discussed below.

1.3.1 Hernquist profile

An analytic form of the density profile of many elliptical galaxies and bulges was
a long-awaited investigation that can closely approximate the Vaucouleurs’s /% law
(de Vaucouleurs, 1948) for the observed luminosity profile. In this direction, Hernquist
(1990) showed that DM halos are better described by a logarithmic slope for elliptical
galaxies. The corresponding functional form of the density of this Hernquist profile is
given by,

Mhalo Qo 1

2 1 (r+ag)?’ (1.9)

pom(r) =

where My, is the total mass and ay is the scale length. The mass inside aq is
Myaio(ag) = Mpae/4 and half mass (Myae/2) is contained inside 7 = (1 + v/2)a.
This distribution function is known analytically for both isotropic and anisotropic ve-
locity dispersions. The flattened rotation curves of globular clusters are well explained
by this model formalism (Lynden-Bell, 1962). The fully analytic form of this DM
profile helps to initialise N-body simulations of collisionless systems and galaxy merg-
ers (Hernquist, 1993; Baes & Dejonghe, 2002). In BH dynamics, the central cusp of
the Hernquist profile provides a realistic background for studying stellar interactions
and BH growth.

1.3.2 Navarro-Frenk-White (NFW) profile

It is well known that the formation and evolution of galaxy clusters needs to consider
the dynamically dominant DM and the hot X-ray emitting intracluster gas. Therfore,
N-body simulations are used to evolve the intracluster medium. To address this,
Navarro et al. (1995) carried out a series of N-body simulations to investigate the mass
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distribution of DM halos in the non linear regime, where they used a non-radiative
model of preheated gas in a CDM dominated Universe. These simulations comprised
the realistic cosmological and hydrodynamical conditions for both collisional (gas) and
collisionless (DM) components in three dimensions. Therefore, the clusters of varying
mass at high resolution using a combined N-body and Smooth Particle Hydrodynamics
(SPH) approach were re-simulated, and it as found that the radial profiles of DM
distributions do not display uniform density cores but instead steepen gradually with
radius. The functional form of the fitted density profile (NF'W profile) is given by,

0
pou(r) = — P (1.10)
w1+ )

where p%,; = 4ppm(ag) is the characteristics density and aq is the scale radius of the
halo. The logarithmic slope of the density function varies as ~ dlnfli‘z“f(r). The high
resolution N-body simulations (Navarro et al., 1997) of DM halos shows that p%,,,
and ag are strongly correlated. Though, the observed rotation curves of dwarf spiral
and low surface brightness galaxies (Flores & Primack, 1994; Marchesini et al., 2002)
show significantly shallower shape of the density profile at small scales than numerical
simulations. To overcome this discrepancy in the CDM scenario, numerous alterna-
tive models have been suggested, such as warm (Colin et al., 2000), fluid (Peebles,
2000), fuzzy (Hu et al., 2000), self-interacting DM (Spergel & Steinhardt, 2000), or

decaying (Cen, 2001).

1.3.3 Einasto profile

A detailed method for the composite models of galaxies was necessary to fit the ob-
served photometric data and kinematic data of the rotation and velocity dispersion
for spiral and elliptical galaxies. The galaxies can be considered as sum of young flat
disk, thick disk, core, bulge, and halo and the mass-to-luminosity ratio should be in
agreement with models. Keeping this in mind, Einasto (1965) proposed a DM profile,
which is a three-dimensional representation of the two-dimensional Sérsic (1963) pro-
file. This model provides an excellent fit with observed data for a wide range of DM
halos in the galaxy (Einasto & Kutuzov, 1964; Einasto, 1969). The Einasto profile is
characterized by a power-law logarithmic slope ~ —dl%?ﬁf(” o« Y/ where # is the
Einasto index, which is a positive number. By integrating this, the DM density profile
is expressed as,

pout(r) = piexp {—dy [(r/re)"/™ = 1]} (1.11)

At r., the mass density is pf,;, and d; is a constant that ensures r, to contain half of the
total mass. Later, Navarro et al. (2004) showed that 1 vary between 4.54 < n < 8.33
for halos ranging from dwarfs to clusters.

N-body simulations further confirmed that the outer regions of galaxies are well
explained by 5 < n < 8 (Dhar & Williams, 2012), while Merritt et al. (2006) found
that the Einasto model provides the best fit for 7w = 6, d; = 53/3 based on a set of
N-body DM halo simulations. Moreover, the Einasto model successfully explain the
brightness of early-type galaxies and spiral galaxies (Graham et al., 2006), rotation
curves of spiral galaxies (Chemin et al., 2011), lensing properties (Retana-Montenegro
et al., 2012), and SPARC galactic rotation curve data (Acharyya et al., 2024).
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1.3.4 Dark matter spike profile

The massive BH at the center of a galaxy can redistribute the DM distributions, which
leads to a central cusp or spike by increasing the DM density. Gondolo & Silk (1999)
first considered the adiabatical growth of a massive BH in pre-existing DM distribution.
The timescale of growth is longer than the orbital timescale of a DM particle, which
ensures the adiabatic invariants of the motion to be constant. Sadeghian et al. (2013)
did the same calculations with a full relativistic prescription for the adiabatic growth
of Schwarzschild BH in a Hernquist DM distribution (Eq. (1.9)). For a marginally
bound particle with angular momentum per unit mass L = 4Mgy, v = 2rg, is the
unstable circular orbit in the Schwarzschild geometry, where rgy is the Schwarzschild
radius. Therefore, a particle with £€ = 1 and L may be captured by the BH after
reaching at r = 4 Mgy, and the density of DM generically vanishes at r = 2rgy,, which
makes a high density region. Moreover, Speeney et al. (2022, 2024) derived a semi-
analytical model for r < ay and r > a of a fully relativistic DM spike profile to fit the
overdensities in the GW of the binary system, such as,

o Mhalo
o 2
Mgy

y ( A " 47rr2/3DM(r)dr>_1 ) (1.12)

pom(7) o
BH

where,

4MBH>a( TMBH )B <1+ T‘MBH >g

opm(r) = (1 —
pDM( ) < r MhaloaO Mhaloao

With 7. is the cut off radius of DM distribution, a = 2.366, f = —2.320, ¢ = —1.370,
which are determined by fitting a spike profile with halo mass M., = 10*Mpy and
Myao/ao = 0.001 (Speeney et al., 2024). Observationally, the significant dephasing
in GW signals due to the dynamical friction (Cardoso et al., 2022a) and the velocity
distributions of DM within spikes (Zhang & Tang, 2024) has been reported.

Therefore, based on the above discussions, it is evident that, the DM halos have a
significant effect on the spacetime geometry which cannot be neglected.

1.4 Accretion process

Accretion is a process through which matter is accreted around the massive objects,
such as WDs, NSs, BHs or ECOs. As matter falls into the compact object, the grav-
itational potential energy is transformed into thermal energy and radiation. Fig. 1.5
and Fig. 1.6 are the artistic impressions of the accretion in a binary system and ac-
tive galactic nuclei (AGN), respectively. Though the stars generate energy through
nuclear fusion, this is insufficient for luminous objects in the Universe, specifically for
AGNs and quasars, to generate the enormous amount of energy. Therefore, accretion
is considered as one of the powerful mechanisms responsible for the generation of high-
energy radiations. By analyzing the observed high energy radiation, we can probe the
nature of the compact objects and the properties of the accreted matter.

When the surrounding material with mass m is accreted onto a compact object
with mass M, and radius &, the released gravitational potential energy is,

GM,m

Eacc -
X

(1.13)
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Figure 1.5: Accretion in a binary system. Figure 1.6: Accretion in active galactic nuclei.
Source: ICRAR. Source: Sky at Night Magazine.

For instance, if we take a simple non-rotating Schwarzschild BH of Mgy = 10M,
with characteristics radius rg, = % ~ 30 x 10°cm, then the energy released per
unit accreted mass is Fye. 2~ 4.5 x 10%erg g=1. On the other hand, the energy release
due to the burning of hydrogen of mass 1 g to convert into helium via nuclear fusion
reaction is Epye ~ 5.9 x 10erg g=!. Therefore, it is evident that the energy released
due to accretion is higher than the nuclear fusion energy, which also depends on the
compactness parameter (]\é,) of the central object. For highly compact objects, we get

higher energy due to the accretion. In addition, for a given g* , the luminosity_(energy

released per unit time) due to accretion depends on the mass accretion rate (M = %)
at which the mass is being accreted. The luminosity is expressed as,
GM.M
L= . 1.14
= (1.14)

There is a limiting luminosity, called Eddington luminosity (Lg4q), which plays
an significant role in accretion physics. When the outward radiation pressure force

via Coulomb interaction on the electron-proton pair i.e., Fi.q = 45:2;{2 (with L and

or being luminosity of the accreting source and the Thomson cross-section) nullify
the gravitational force i.e., Fyay = GM*(’;ZPJ“W) ~ Gﬂfgmp, (where, m, and m, are the

proton and electron mass, respectively), we can define the Eddington luminosity as,

47G M, M, N
T 01,39 x 10382 erg s L. (1.15)
UT M@

LEdd 3

The Eddington mass accretion rate (MEdd) is related to the Eddington luminosity

(Lrda) as, ,
LEdd = QeMEddCQ. (116)

Here, g, is the efficiency factor, which measures how much the rest mass energy of the
accreted material is being converted into the radiation energy. A typical assumption
used in accretion physics is that g, = 0.1 ,7.e., 10% of the rest mass energy is converted
into radiation (Yuan & Narayan, 2014), as some of the matter may be swallowed by the
compact objects. As a consequence, the Eddington mass accretion rate is obtained as
Mpqq ~ 1.4 % 1018]\%—% g s71. The efficiency factor (g.) also depends on the properties of
the compact objects. During the accretion, the gaseous system consists of free particles
such as ions, electrons, and positrons. If the length scale (E) of the system is much
larger than the mean free path (l~) Ji.e., L >> [, it can be treated as a continuous fluid
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medium. Therefore, we can define the fluid velocity (v), temperature (7"), and density
(p) to study the dynamics of the accretion by applying the laws of conservation of
mass, momentum and energy. With the advent of advanced observational techniques,
which include the full range of the electromagnetic spectrum from the radio to X-
rays and v-rays, the theoretical developments to understand the complex physics of
accretion around the compact objects have become increasingly important day by day.
Therefore, several accretion models have been developed over the years to explain
the observed spectral properties (Zeldovich & Sunyaev, 1969; Shakura & Sunyaev,
1973; Shapiro et al., 1976; Sunyaev & Titarchuk, 1980; Fabian et al., 2012; Titarchuk
et al., 2025) and timing features (Morgan et al., 1997; Kluzniak & Abramowicz, 2001;
Remillard & McClintock, 2006; Pahari et al., 2017; Sreehari et al., 2019; Majumder
et al., 2022) of XRBs or AGNs.

In the following sections, we discuss the key theoretical models to understand the

underlying physics responsible for the generation of electromagnetic radiation in BH
XRBs and AGNs.

1.4.1 Spherical accretion

Hoyle & Lyttleton (1939, 1940, 1941) demonstrated the accretion onto a star passing
through an interstellar gas cloud. The gas distribution was considered to be steady,
spherical, and pressureless as the generated heat would radiate away rapidly, which
makes the temperature of the gas very low. In this framework, the mass accretion rate
varies as dm/dt o< M?p../v?, with M., ps and v being the star’s mass, the density
of gas cloud at infinity, and the relative velocity between star and gas, respectively.
However, the pressure can not be negligible for real scenarios. After that, Bondi
& Hoyle (1944); Bondi (1952) investigated the spherical accretion of a gas cloud, for
which the pressure is taken to be proportional to a power of the density of the gas,
onto a star of mass M,. Bondi (1952) modified the mass accretion rate as dm/dt
M?p.,/C3, where C; is the sound speed of the gas, though the angular momentum
and magnetic field were neglected here. In this scenario, accretion of the gas starts
from a characteristic radius, which is known as the Bondi radius (rg = Gé‘g*), where
the thermal energy becomes less than the gravitational energy of the gas. In the
Bondi flow, the gas’s velocity changes its state from subsonic to supersonic as it passes
through a sonic point and becomes a transonic flow. Beacuse of radiative inefficiency
of this flow, it cannot explain the high energy radiation from AGN or quasars via
accretion (Shapiro, 1973; Shapiro & Teukolsky, 1983). However, Bondi’s work remains
one of the key foundations of accretion theory. Later, the relativistic version of the
Bondi flow has been studied by considering two fluids (electrons and ions) accretion
flow around Schwarzschild BH (Michel, 1972).

As the accretion occurs either via Roche lobe overflow from binary companions or
through tidal disruption of nearby stars, it is obvious that the infalling matter pos-
sesses non-zero angular momentum. This angular momentum governs the differential
rotation within the accretion flow, which in turn gives rise to viscous forces. Viscos-
ity transports angular momentum in the outward direction, which allows matter to
gradually spiral inward around a compact object. As a result, the inflowing material
follows a flattened rotating disk. The efficiency of released radiation due to accre-
tion also enhance in presence of magnetic field via Synchrotron radiation along with
Bremsstrahlung. Moreover, to explain the X-ray fluxes from the close binary systems
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of Scorpius X-1 (Giacconi et al., 1962) and Cyg X-2 (Giacconi et al., 1967), an accretion
disk model was proposed by Prendergast & Burbidge (1968). Subsequently, Lynden-
Bell (1969) studied the properties of the accretion disk and the emitted spectra in
quasars in the presence of the magnetic field. In the next subsection, we discuss the
well-known standard disk model, where the matter contains non-zero angular momen-
tum.

1.4.2 Standard disk model

Shakura (1973) analyzed the formation of an accretion disk around a relativistic star
in a close binary system, and the well accepted standard disk was proposed by Shakura
& Sunyaev (1973) (SS73). According to this model, matter with some angular mo-
mentum cannot fall radially onto a compact object. When the centrifugal force due to
the angular momentum can balance the gravitational force, the matter starts rotating
in circular orbits with Keplerian angular momentum. In this model, the radiative effi-
ciency depends on the density of the matter and its mass accretion rate. Due to high
radiative efficiency, the Keplerian disk becomes cool and geometrically thin (H << r,
where H is the disk height and r is the radial coordinate). Therefore, the Shakura-
Sunayev disk is also known as the cool disk. In this model, it is considered that the
tangential stress (7,,) is proportional to the total pressure (Pit), (i.e., Try = aPiot),
which includes both the gas pressure and the radiation pressure and « is a dimen-
sionless viscosity parameter. This provides the a-viscosity prescription, as 7 = aC H,
where 7 is the kinematic viscosity, and Cs is the sound speed. In the inner region,
radiation pressure dominates over the gas pressure, and in the outer region, the disk
is mostly gas pressure dominated. The SS73 disk is an optically thick disk and gen-
erates the multicolor blackbody spectrum. In this model, the luminosity reaches upto
1034 — 10%% erg s™! for mass accretion rate M ~ 1071 — 10712 M, yr'. As a result,
the maximum surface temperature becomes ~ 10° — 10° K at the inner region of the
accretion disk since the temperature varies as T ~ r~3/4. After that, the relativis-
tic version of the standard disk model was studied in subsequent works (Novikov &
Thorne, 1973; Page & Thorne, 1974; Riffert & Herold, 1995). Since the advection
terms are not included in the model, all the heat generated by viscosity is immediately
radiated away and thermal equilibrium is created by balancing viscous heating (Qyis)
and radiative cooling (Qyaq), i.€., Qvis = Qraqa- This condition holds only for sufficiently
low accretion rates. The inner regions of the SS73 disk are thermally unstable. The
linear stability theory for BH accretion in a stationary state is constructed by Shakura
& Sunyaev (1976). This SS73 disk terminates at the innermost stable circular orbit
(risco). Therefore, in the BH case, the flow cannot reach up to the horizon. Though
this cool disk model successfully explains the thermal component of the observed spec-
trum, it fails to explain the non-thermal part. Moreover, observation shows that the
BH spectra have a hard power law component, which is resulted from an optically thin
plasma with a temperature > 10° K. To address the above mentioned drawbacks of
the SS73 model, other disk models were also proposed. Below, we briefly discuss some
of those models.
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1.4.3 SLE disk model

The observed X-ray spectra of Cygnus X-1 (Cyg X-1) (Agrawal et al., 1972; Tanan-
baum et al., 1972) suggest that there exist two distinct states. In the ‘low state’, the
luminosity is low ~ 1037 erg sec™!, and it is seen in the low energy (< 10 keV) regime
as well as in the high energy part (> 10 keV) of the spectrum. In the ‘high state’, the
luminosity in the high energy part appears to remain the same while the luminosity in
the low energy part increases by an order of magnitude comparable to that in the high
energy part. Shapiro, Lightman and Eardley proposed an accretion disk model (known
as the SLE model) around a BH to explain the observed low and hard spectra of Cyg
X-1 (Shapiro et al., 1976). For nearly Eddington mass accretion rate (M ~ Mgpp),
the inner region of the cool disk becomes optically thin, and the corresponding tem-
perature reaches up to ~ 10® K. Thorne & Price (1975) also demonstrated that, the
observed high temperature and high energy can be explained if the inner region con-
sists of high temperature, optically thin region, instead of low temperature optically
thick region. Lightman & Eardley (1974) suggested that the secular instability may
drive the disk from a cool state (T" ~ 10°K) to the hot, two-temperature (7; denotes
the ion temperature and T, represents the electron temperature) flow in the inner re-
gion of the disk. Therefore, with the same boundary conditions for accretion flow with
sub-Eddington mass accretion rate (M << MEDD), these two types of solutions co-
exist. The inner region of this disk is hotter and geometrically thicker than the SS73
disk. Moreover, the inner region of the disk is optically thin and unable to absorb
the radiation, which makes it gas pressure dominated. Along with this, the dominant
source of opacity is the electron scatterings, therefore, the turbulent viscosity heats
most of the ions in the disk, yielding 7; > T.. Another possibility is that, even though
electrons and ions are heated equally, the electrons can cool much more efficiently,
and due to high gravitational attraction and weak Coulomb interaction, the electrons
and ions are unable to reach at thermal equilibrium in low density plasma. Therefore,
we get T; > T,. Since the electron temperature can reach up to 7, ~ 10° K, and
ion temperature becomes T; ~ 10'? K, the high energy (8-500 keV) radiation may be
generated by inverse Comptonization of soft X-ray photons from the outer cool disk
in the two-temperature inner region. Accordingly, the total luminosity is obtained due
to inverse Comptonization by hot electrons and the cooling of electrons. The inner
boundary of the cool disk lies at the point where the radiation pressure (p,) and the
gas pressure (p) become equal (p, = p). Similar to the SS73 model, the inner hot
region of SLE model also extends up to 7sco-

Though this SLE model was successful in explaining the hard radiation, this model
is thermally and viscously unstable. The small perturbations in the temperature in-
crease density and decrease cooling efficiency. As a result, the gas heats rapidly and
causes a thermal runaway in the system.

1.4.4 Slim disk model

We have seen that, for thin accretion disk, M< Mgqq. Another kind of accretion
disk model, which is known as the slim disk model, was presented by Abramowicz
et al. (1988), where M ~ Mpqq. Unlike the radiatively efficient models (SS73 and
SLE disk models), the radiative cooling becomes inefficient in this slim disk model.
As a result, the viscously dissipated heat is being advected with the flow. Due to
this advective flux, the instability disappears for a high accretion rate. As the mass
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accretion rate increases and temperature of the flow increases due to advection, the
initially thin disk (H << r) becomes thicker and remains slim (H < r) always.
As the radiated energy is advected with the flow ;i.e., photon diffusion time scale
(tair) > accretion timescale (t,e), which in turns makes the disk radiation pressure
dominated. In addition to that, because of the high velocity of the flow, the disk
becomes sub-Keplerian near the inner edge. It possesses a critical point where the
flow velocity becomes nearly equal to the speed of sound. Abramowicz et al. (1988)
investigated the slim disk model around a non-rotating BH using Paczynsky & Wiita
(1980) potential. After that, Lasota (1994) and Abramowicz et al. (1997) derived the
equations of a slim accretion disk around a rotating Kerr BH. Watarai et al. (2000),
and Mineshige et al. (2000) showed that for the galactic black hole (GBH) candidates,
the disk luminosity is around Lgqq even if the mass accretion rate exceeds Mgqq. This
infers the fact that radiative cooling is not balanced by viscous heating, and as a result,
the excess energy is carried by accreting matter. The emitted radiation of these slim
disks are multi-colour blackbody characterized by high temperature, kg1 ~ a few keV
(kg being the Boltzmann constant). As M increases, the advection inside the disk
increases, which affects the temperature profile and the spectra. Furthermore, the X-
ray spectral properties and the high luminosity (L > Lgqq) of the ultraluminous X-ray
sources (ULX) can be well explained by the slim disk model considering the transonic
flow (Watarai et al., 2001; Ghosh & Rana, 2021; Majumder et al., 2023). Ghoreyshi &
Shadmehri (2018) also analyzed the stability of the slim disk in presence of a toroidal
magnetic field and the radial viscous force via linear perturbation.

1.4.5 Advection dominated accretion flow

Ichimaru (1977) proposed advection dominated accretion flow (ADAF) model where
radiative cooling is inefficient and most of the dissipated energy is advected into the
BH, which makes it a radiatively inefficient flow. In this model, the two physically
distinct spectral states (high and low states) exist for a given mass accretion rate. In
addition to the feature of the standard disk model (Shakura & Sunyaev, 1973; Novikov
& Thorne, 1973), viscous stresses due to magnetic fields in the differentially rotating
plasma and gravitational interactions in the disk are considered. In this model, some
portion of the energy is dissipated away via viscous stresses, and the rest of the energy
increases the gas temperature. Depending on the initial condition at the disk’s outer
boundary, the disk becomes optically thin or thick. Therefore, transitions between
the cooler and hotter states occur when the density and temperature of the gas near
the disk’s outer boundary cross critical threshold values. The cooler state is thermally
stable, whereas the hotter state is thermally unstable. These transitions are led by
the critical accretion rates and magnetic fields, which in turn affect disk luminosity
and spectral properties. Within a specific radius, the flow temperature attains a
single high temperature irrespective of the outer boundary conditions. This region
emits hard X-rays via Comptonization, which can explain the persistent high energy
emission observed in Cyg X-1. After that, Narayan & Yi (1994); Abramowicz et al.
(1995); Narayan et al. (1997) showed that when the mass accretion rate is very low, the
cooling processes become inefficient due to the low density of the accreted gas. As a
result, the radiative timescale is much longer than the accretion timescale. Therefore,
the energy is advected with the flow and lost into the BH. The advective accretion
flow passes through a sonic point before falling supersonically into the BH with a zero
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torque condition at the horizon. The ADAF is a poor radiator, and hence the ion
temperature can reach T; ~ 101'712K close to the compact objects. Therefore, for very
high temperatures and (H/r) ~ 1, the radiative cooling term becomes negligible, and
all the viscously generated heat is advected inward. Moreover, when the accreting gas
has a very long cooling time scale than the accretion time scale (tcoo1 >> tace) (Narayan
& Yi, 1994; Narayan & Yi, 1995b), the subset of the ADAF known as radiatively
inefficient accretion flow (RIAF). In advective accretion flow, the temperature and
pressure remain very high, which makes the angular velocity sub-Keplerian and radial
velocity sufficiently large. As a result, the accretion timescale becomes low. Moreover,
due to the weak coupling between electrons and ions via Coulomb interaction in the low
density plasma, the flow becomes a two-temperature plasma with 7, < T; (Narayan
& Yi, 1995b). In this model, the Bernoulli parameter is conserved, and the positive
value of the Bernoulli parameter suggests that the accreting matter can flow in the
outward direction with positive kinetic energy, which implies the possibility of the
production of jet (Narayan & Yi, 1994) or outflow in the accreting system. Unlike the
SLE model (Shapiro et al., 1976), the ADAF is a thermally stable solution (Narayan
& Yi, 1995b; Yamasaki, 1997). After that, Abramowicz et al. (1995); Abramowicz
et al. (1996) derived a complete set of equations for ADAF solutions around a rotating
BH. For the ADAF flow, if strong convection is present in the high entropy flow, the
equatorial inflow and bipolar outflow are found in this convection dominated accretion
flow (CDAF) (Stone et al., 1999; Igumenshchev & Abramowicz, 1999; Narayan et al.,
2000; Narayan et al., 2012).

1.4.6 Two component advective flow

As discussed in previous sections, numerous accretion models have been developed over
the years to explain the spectral properties of compact objects. However, a unified
framework that self-consistently accounts all the spectral features remains elusive. Ob-
servationally, the X-ray spectra from accreting compact objects generally consist of two
parts, a multicolor blackbody emission and a power-law tail. The former is associated
with a geometrically thin, optically thick Keplerian disk, while the latter originates
from inverse Compton scattering of soft photons by hot electrons in a surrounding hot
region, which is commonly referred to as the Compton cloud (Sunyaev & Titarchuk,
1980). The physical origin of this corona is a subject of extensive debate. Early sug-
gestions include a magnetically dominated corona (Galeev et al., 1979) or a thermally
driven hot gas corona situated above the disk (Haardt & Maraschi, 1993). Although
a high density, high temperature static corona in the inner region of the accretion
disk should be self-consistently generated. To account this, Chakrabarti & Titarchuk
(1995) proposed a model where low angular momentum flow may be able to form this
corona self-consistently. In this model, the accretion disk has two distinct components,
Keplerian and sub-Keplerian, which are indicated by the name two component advec-
tive flow (TCAF). The accretion flow starts its journey from the outer edge with very
negligible speed (subsonic speed), and becomes supersonic due to the high gravitational
force close to the BHs. Moreover, the flow experiences a centrifugal barrier because of
its angular momentum, and as a result, shock transition happens when the flow makes
a sudden jump from supersonic to subsonic state. For the standing shock, at the shock
location, the Rankine-Hugoniot shock conditions (Landau & Lifschits, 1975; Fukue,
1987), i.e, conservation of mass, momentum and energy flux, must be satisfied. The
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shock-induced accretion solutions are thermodynamically preferable than the shock-
free solution due to the higher entropy content (Chakrabarti, 1989b). Because of the
shock transition, the post-shock region becomes hot and dense, and it behaves as a
source of high energy radiation. This is called CENtrifugal pressure supported BOund-
ary Layer (CENBOL) or post-shock corona (PSC). Due to the shock transition, the
temperature and density in the post-shock region become higher than in the pre-shock
region. Considering this shock transition location (rs), this TCAF flow can be divided
into three parts. An optically thick, geometrically thin and high viscous Keplerian disk
is present on the equatorial plane for r > r,, while the optically thin, low viscous sub-
Keplerian and geometrically thick disk lies above and below that of the Keplerian disk.
Along with this, there is a hot optically slim disk post-shock region for r < ry. This
TCAF model requires two accretion rates, one for the Keplerian disk (r4) and other
for the sub-Keplerian halo (7). The standing shock solutions for inviscid and viscous
flows have been studied extensively for non-rotating and rotating BHs (Chakrabarti,
1990a; Chakrabarti, 1996a; Das et al., 2001b). Because of the excess temperature and
density, the PSC acts as the source of hot electrons that reprocesses the soft photons
from the pre-shock flow via inverse Comptonization and produce high energy radia-
tions (Chakrabarti & Titarchuk, 1995; Mandal & Chakrabarti, 2005). Therefore, the
PSC can explain the soft and hard parts of the observed spectra in various AGNs
and GBHs (Rees, 1984; Grove et al., 1998; Smith et al., 2001; Melia & Falcke, 2001;
Smith et al., 2002; Chakrabarti & Mandal, 2006; Mondal et al., 2014). For a given
set of input parameters, the shock may be stable or unstable. The stable shock forms
a standing shock, whereas the unstable shocks are oscillatory in nature. Other than
spectral properties, the compact objects also exhibit variability in X-ray flux. These
features in the power density spectra (PDS) (in the Fourier domain) are known as
quasi-periodic oscillations (QPOs). These QPOs are commonly observed in the PDS
of GBHs (Morgan et al., 1997; Markwardt et al., 1999; Kluzniak & Abramowicz, 2001;
Aschenbach, 2004; Remillard & McClintock, 2006; Sreehari et al., 2019, 2020; Ma-
jumder et al., 2022). Molteni et al. (1996) demonstrated that a resonance condition
occurs when the infall timescale of the matter within the post-shock region becomes
comparable to the cooling timescale. This results in oscillation of the shock front,
which modulates the luminosity of the inner accretion region and naturally gives rise
to QPOs. This TCAF model also provides a compelling explanation related to the
origin of QPOs, and in the subsequent works (Chakrabarti et al., 2004; Nandi et al.,
2012; Garain et al., 2014; Molla et al., 2016; Debnath et al., 2016; Debnath, 2024) the
shock oscillation frequencies are matched with the observed QPO frequencies, which
indicate a key timing signature of the underlying accretion dynamics. Meanwhile,
Nandi et al. (2012); Iyer et al. (2015); Nandi et al. (2018) reported that the PSC is
possibly responsible for the spectral state transition in galactic XRB sources. The
observed jets and outflows are another important feature of various astrophysical ac-
creting systems (Jennison & Das Gupta, 1953; Mirabel & Rodriguez, 1994; Hjellming
& Rupen, 1995). Therefore, Chakrabarti (1999a); Das et al. (2001a); Chattopadhyay
et al. (2004); Jana et al. (2018); Debnath et al. (2021) studied the thermally driven
outflows or radiatively driven jets using the TCAF model to show that the CENBOL
is responsible for the production of the jet or outflows.
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1.4.7 Shock-induced accretion solution

Although we have already discussed the shock transition and its importance in the
TCAF model (see section 1.4.6), it is worth mentioning that the shock transition is
very common in an astrophysical context. The shock transition happens in supernova
explosions (Colgate, 1973; Weaver et al., 1974; Weaver, 1976; Morag et al., 2024),
stellar wind (Anzer et al., 1976; Webb et al., 1985; loka et al., 2019; Ito et al., 2025),
jets (Falle & Wilson, 1985; Mizuno et al., 2015; Atri et al., 2025) as well as accretion
flow (McCrea, 1956; Thorne, 1973; Fukue, 1983). As in this thesis, we focus on the
accretion flow and in the following discussion, we elaborate on the shock-induced
accretion flow and its astrophysical relevance.

Various analytical studies have investigated the shock transition in hydrodynamical
accretion flow. Fukue (1987) provided a full relativistic treatment of the accretion flow
around BHs and NSs and pointed out that for the same boundary conditions, the
positions of standing shocks in the accretion flow may be multiple due to the rotation
and relativistic effects. Later, Yang & Kafatos (1995) investigated isothermal shocks
and their stabilities in a fully relativistic regime around BHs and found that only
one of the two possible shocks is stable. These shock solutions are also applied to
explain the QPO behavior in GBH candidate like Cyg X-1. There are extensive works
related to the shock that have been done in hydrodynamical systems around compact
objects (Lu et al., 1999; Becker & Kazanas, 2001; Chakrabarti & Das, 2004; Das &
Chakrabarti, 2004; Das, 2007; Dihingia et al., 2018; Patra et al., 2022; Singh & Das,
2024, 2025; Kumar et al., 2025). Moreover, shock solutions can also explain the origin
of the QPOs in the GBH sources (Dihingia et al., 2019b; Majumder et al., 2023; Patra
et al., 2024). After that, Le & Becker (2005); Becker et al. (2008) proposed the energy
extracted from the accretion flow via isothermal shocks, which is a potential source for
powering relativistic particles in advection dominated accretion flows and may account
for the high radio luminosities observed in radio-loud AGNs and GBH candidates. The
energy loss has also been modelled as proportional to the temperature jump across the
dissipative shock front (Das et al., 2010, 2022). Therefore, the loss of kinetic power can
be estimated from this energy loss, which is sufficient to supply the necessary energy
budget for the formation of relativistic jets or outflows. Moreover, the formation of
Jet/outflow due to shock has been studied in hydrodynamical systems by numerous
authors (Chakrabarti, 1999b; Das & Chakrabarti, 1999; Chattopadhyay & Das, 2007;
Das & Chakrabarti, 2008; Aktar et al., 2015; Kumar & Chattopadhyay, 2017; Aktar
et al., 2017).

Similar to the hydrodynamic scenario, shock formation is also common in the mag-
netohydrodynamical (MHD) flows. Appl & Camenzind (1988) analyzed the relativistic
MHD shock waves in jets and showed that the toroidal component of the magnetic
field in the jet will strongly amplify in the shock transition. After that, Chakrabarti
(1990b) presented self-consistent formation of the MHD shocks in the conical accre-
tion and wind flows around a compact magnetic star. Later, Takahashi et al. (2002,
2006) extended previous studies for the formation of standing shock in accreting MHD
plasma around rotating, stationary and axisymmetric BH magnetosphere and showed
that the slow magnetosonic shock becomes strong due to frame dragging effects. As
in hydrodynamics, shocked plasma in MHD flows can also power high energy emis-
sion. Numerous works have been done to study the properties of shocks in MHD
flow (Fukumura, 2005; Das & Chakrabarti, 2007; Sarkar & Das, 2016; Sarkar & Das,
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2018; Dihingia et al., 2020c; Mitra & Das, 2024; Jana & Das, 2024; Sarkar et al., 2025;
Singh et al.; 2025)

Moreover, numerical simulations provide compelling evidence for the shock forma-
tion, stability, and their importance in relativistic accretion and outflow scenarios.
Nagakura & Yamada (2008); Ryu et al. (2011); Giri & Chakrabarti (2012); Das et al.
(2014); Okuda & Das (2015); Lee et al. (2016); Kim et al. (2019); Garain (2025); Dihin-
gia et al. (2025) demonstrated that shocks naturally arise due to centrifugal barriers in
the case of relativistic hydrodynamical flows, and lead to compression and heating of
the plasma. Similarly, in general relativistic magneto hydrodynamic (GRMHD) simu-
lations, shocks can also form, and the presence of strong magnetic fields significantly
affects shock and their properties (Nishikawa et al., 1997; Fukumura et al., 2007; Frag-
ile & Meier, 2009; Dihingia et al., 2025; Meza et al., 2025). All these works showed the
importance of the shock solutions in explaining the observational signatures of BHs.

1.5 Magnetized accretion flow

Magnetic fields are ubiquitous in all astrophysical systems. Early studies demonstrated
that the dynamics of gas and stars are different, which cannot be explained by con-
sidering magnetic force along with the gravitational force (Wentzel, 1963). After that,
radio observations (Morris & Berge, 1964) suggest the existence of a large scale mag-
netic field in the disk of the Galaxy. Parker (1958, 1966) showed that solar wind draws
out the magnetic field lines in a nearly radial direction and the field lies mostly within
the galactic plane with a strength of 1075 — 107° G. Moreover, Weber & Davis (1967)
developed a steady state model for the solar wind considering the effects of pressure
gradients, gravitational attraction, and magnetic forces, and showed that magnetic
torque has a significant contribution to angular momentum loss.

The magnetic field also plays a critical role in the dynamics and observational
characteristics of the accretion flow around compact objects (Pudritz, 1981; Dadhich
& Wiita, 1982; Wiita et al., 1983). Magnetic fields in accretion flow may originate
from the companion star, the interstellar medium, or may be amplified through dy-
namo processes inside the disk (Torkelsson & Brandenburg, 1994; Khanna & Camen-
zind, 1996; Balbus & Hawley, 1998a,b). Through the dynamo process, the small scale
turbulence twists, stretches, and folds magnetic field lines, which leads to the or-
ganization and amplification of magnetic fields in the accretion disk (Parker, 1955;
Moffatt, 1978; Krause & Raedler, 1980; Molchanov et al., 1985). Therefore, the ini-
tially homogeneous magnetic fields, which are frozen into the plasma due to ideal
magnetohydrodynamic conditions, experience dynamic evolutions as accreted matter
spirals inward. Due to frame dragging effects, the magnetic fields become higher
around Kerr BHs than the Schwarzschild BHs, which in turn affect the Synchrotron
radiation and offer a promising way to distinguish these two BHs (Bisnovatyi-Kogan
& Ruzmaikin, 1974, 1976). After that, Shakura & Sunyaev (1973) first conceptual-
ized the Maxwell stresses as a-viscosity prescription, which may dominate angular
momentum redistribution within accretion disks. Later, Eardley & Lightman (1975)
developed a self-consistent model of magnetic viscosity and Ichimaru (1976) showed
the turbulence within the plasma arises due to differential rotation, which dissipates
energy via magnetic viscosity. After that, Balbus & Hawley (1991); Hawley & Balbus
(1995) connected the turbulent viscosity with magneto rotational instability (MRI),

TH-3974_ 196121011 34



Chapter 1: Introduction

which arises due to coupling between the magnetic field and differential rotation in the
accretion disk. Moreover, Blandford & Znajek (1977) showed that rotating BH can
generate relativistic jets via frame dragging effect in the ergosphere, while Blandford
& Payne (1982) demonstrated that centrifugally driven outflows can be produced if
the poloidal field is inclined by less than 60° to the disk. After that, numerous studies
show that magnetic fields may drive jets and outflows in AGNs and XRBs (Miller
et al., 2006; Takasao et al., 2022; Jana & Das, 2024). In addition to that, magnetic
reconnection contributes to the disk heating (Kawanaka et al., 2005; Machida et al.,
2006; Blaes et al., 2007; Ripperda et al., 2020; Camilloni & Rezzolla, 2024; Shen &
YuChih, 2025). Global simulations show toroidal fields dominate over poloidal ones
inside the disk (Stone & Norman, 1994; Hawley, 2001; Kato et al., 2004; Hirose et al.,
2004; McKinney & Gammie, 2004; Begelman & Pringle, 2007; Mishra et al., 2020).
Based on these considerations, several attempts were made to study the self-consistent
global MHD accretion solutions around BHs (Akizuki & Fukue, 2006; Machida et al.,
2006; Begelman & Pringle, 2007; Oda et al., 2007, 2010; Samadi et al., 2014; Sarkar &
Das, 2016; Sarkar & Das, 2018). Recently, Mitra et al. (2022) developed a GRMHD
formalism to probe steady-state magnetic field configurations around rotating BHs.
Furthermore, the Event Horizon Telescope (EHT) collaboration captured the first im-
ages of the SMBHs at the center of Messier 87 (M87*) (Collaboration, 2019a) and the
Milky Way galaxies (Sagittarius A* or Sgr A*) (Collaboration, 2022a). By performing
very long baseline interferometry (VLBI) at a wavelength of 1.3 millimetres, the EHT
collaboration observed the Synchrotron emission from near horizon scales. EHT col-
laboration revealed the asymmetric bright emission ring of M87* with a diameter of
42 + 3pas (Collaboration, 2019a,b,c,d,e,f; Collaboration et al., 2021; Akiyama et al.,
2021) of mass ~ 6.5 x 10°M,. EHT collaboration also captured a bright, thick ring
of Sgr A* with a diameter of 51.8 &+ 2.3uas (Collaboration, 2022a,b,c,d,e,f) of mass
~ 4 x 105M. By comparing the observed polarized image with GRMHD simulations,
it has been inferred that the polarization pattern arises due to the ordered magnetic
fields of the magnetically arrested disks (MAD) around M87* (Akiyama et al., 2021)
and Sgr A* (Akiyama et al., 2024a). The degree and orientation of linear polarization
can impose strong constraints on the BH parameters and the magnetic fields of the
surrounding medium. Therefore, the polarized Synchrotron emission due to relativistic
plasma serves as a powerful tool to shed light on the magnetic field structure as well
as accretion dynamics around the BH.

1.6 Tilted accretion disk

The angular momentum of the accretion disk may not always be aligned with the
spin of the compact object. When the directions of these two angular momentum are
misaligned, a tilted accretion disk forms. Such disks are subject to the relativistic
frame dragging effect, which is known as the Lense-Thirring (LT) precession (Lense
& Thirring, 1918). Fig. 1.7 illustrates a schematic diagram of a tilted accretion disk
around a rotating compact object, where the directions of spin and angular momen-
tum of the disk are misaligned by the tilted angle (B) The LT precession frequency
decreases with the radius and causes differentially precessing rings within the disk,
which twist and warp over time. Therefore, for sufficiently large misalignment angle,
the disk may undergo tearing (Nixon et al., 2012). The process by which the inner
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Figure 1.7: A schematic diagram of a tilted accretion disk.

disk becomes aligned with the rotating compact objects is referred to as the Bardeen-
Petterson (BP) effect (Bardeen & Petterson, 1975). The BP effect arises due to the
competition of the LT precession torque and the viscous torque. Close to the compact
objects, the LT torque dominates over the viscous torque, whereas the viscous torque
dominates at large distances. Therefore, the inner part aligns along the equatorial
plane due to the strong LT effect, whereas the outer part of the disk remains tilted
and a twisted transition region forms between the two above mentioned regions. The
transition from misaligned to aligned regions occurs via a characteristic BP radius
(rgp). Bardeen & Petterson (1975) model has been modified by numerous authors
to address some inconsistencies (Petterson, 1977a,b; Hatchett et al., 1981; Petterson
et al., 1991). After that, Papaloizou & Pringle (1983) first derived the equations for
a viscous, tilted accretion disk under external forces by taking into account two kine-
matic viscosities related to the shear within the plane (14) and perpendicular to the
disk (). Later, Pringle (1992) introduced a generalised formalism of the warped disk
equations and Ogilvie (1999) expanded it to the nonlinear regime for any arbitrary
warp amplitudes. According to Bardeen & Petterson (1975), the inner disk will be
aligned with the equatorial plane while the outer part remains tilted (Pringle, 1992;
Scheuer & Feiler, 1996), if the contribution of the inner disk is neglected. On the
other hand, Chakraborty & Bhattacharyya (2017); Banerjee et al. (2019a) solved the
full warp equation and addressed that the inner disk may be tilted or not for Kerr
BH, depending on the spacetime properties. Observational diagnostics such as broad
relativistic iron Ka lines and QPOs probe accretion processes in the strong gravity
regime. The bound atoms in the disk produce the prominent iron Ko line at ~ 6.4
keV when the emission irradiates the disk. Though, the precessing disk produces a
unique characteristic rocking of the iron line (Ingram & Done, 2012b). This precessing
disk causes Doppler-shifted iron lines, which appear blue and red while illuminating
the approaching and receding sides of the disk, respectively. Moreover, the observed
low and high frequency QPOs are often interpreted using the Relativistic Precession
Model (RPM) (Stella & Vietri, 1998, 1999; Morsink & Stella, 1999), where small ra-
dial and vertical perturbations yield epicyclic frequencies (v, vy). With the help of
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Keplerian frequency (v,), LT precession frequency (vir = v, — p) related to the type-
C QPO (low frequency QPO) and periastron precession frequency (Vper = vy — 1)
can be calculated. In this model, the upper and lower high frequency QPOs corre-
spond to v, and Ve, respectively. These frequencies depend on the radius of the
QPO origin (rqpo) and the parameters of compact objects. As a result, RPM model
successfully explains the observed QPO frequency for NSs such as GX 17+2 (Stella
& Vietri, 1998), XTE J1807-294 (Biemond, 2007), and BHs such as GX 339-4 (Motta
et al., 2011), XTE J1550-564 (Ingram & Done, 2012a), GRO J1655-40 (Motta et al.,
2014). GRMHD simulations (Dexter & Fragile, 2011) further show that tilted flows
naturally produce light curve variability and QPOs via geometric modulations. Jet
precession provides another evidence of disk warping and has been observed in sources
like GRO J1655-40 (Hjellming & Rupen, 1995), OJ 287 (Britzen et al., 2018), and
M87 (Cui et al., 2023). This disk and jet precession in tilted disk are also supported
by GRMHD simulations (Liska et al., 2018; Nolting et al., 2023). Furthermore, in
AGNSs, tilted disks can influence the SMBH spin evolution (Li et al., 2013; Li et al.,
2015). Various AGNs such as NGC 4258 and NGC 1068 also show the warped disk
structures (Lawrence & Elvis, 2010; Hayasaki et al., 2015) and misaligned jets (Cecil
et al., 2000; Raban et al., 2009), which are consistent with the theoretical predictions.

In summary, tilted accretion disks and their associated precession phenomena,
which are driven by frame dragging, viscosity, and magnetic torques, play important
roles to probe the strong gravity regime.

1.7 Thesis overview

Near the compact objects, the spacetime curvature is very high, and the Newto-
nian gravity fails to mimic the spacetime geometry. This led to propose effective
potentials around compact objects to mimic the relativistic effects in the accretion
flow. Paczynsky & Wiita (1980) first proposed a pseudo-Newtonian potential around a
Schwarzschild BH to study the accretion dynamics (Matsumoto et al., 1984; Lu, 1985;
Abramowicz et al., 1988; Chakrabarti, 1989a; Chakrabarti & Das, 2004). Later, Nowak
& Wagoner (1991) generalized the approach for weakly magnetized NSs and slowly ro-
tating BHs, while several pseudo-potentials for Kerr spacetimes also proposed. Among
them, Chakrabarti & Khanna (1992), Artemova et al. (1996), Peitz & Appl (1997), Se-
merdk & Karas (1999), and Mukhopadhyay (2002) reproduced key relativistic features
such as ISCO, disk structure, and orbital dynamics within ~ 10 —20% accuracy. After
that, Chakrabarti & Mondal (2006) proposed a pseudo-Kerr potential for the accretion
flow onto a Kerr BH within —1 < ay < 0.8. However, these prescriptions fail for highly
spinning BHs with spins (a, > 0.9), such as Sgr A* (Akiyama et al., 2024c; Daly et al.,
2023), M87* (Collaboration, 2019e; Tamburini et al., 2020), GRO 19154105 (McClin-
tock et al., 2006; Mills et al., 2021), and Cyg X-1 (Fabian et al., 2012; Zdziarski et al.,
2024). To address this, Dihingia et al. (2018) developed an effective potential or the
DDMC potential around a general stationary and axisymmetric spacetime, which is
applicable for relativistic hydrodynamics onto both non rotating and highly spinning
compact objects. Moreover, to describe the relativistic flows around the compact
objects, a proper description of the EoS is required to incorporate their proper ther-
modynamic state. In relativistic hydrodynamics and MHD, the fluid is characterized
by relativistic speed (v ~ ¢), very high temperature, where the proper choice of EoS is
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necessary. A fluid is thermally relativistic if the thermal (kgT') is greater than the rest
mass energy (mc?). Therefore, the temperature and fluid compositions determine its
thermal state. Moreover, to describe such trans-relativistic fluid, the ideal EoS with
a fixed adiabatic index I' (= ¢,/¢,, where ¢, and ¢, are the specific heats at constant
pressure and constant volume) is not sufficient (Chandrasekhar, 1939). In an accretion
disk, the flow is expected to be in the thermally relativistic domain (i.e., I' — 4/3) at
the inner part of the disk, whereas it remains thermally non-relativistic (i.e.,I' — 5/3)
at a distance far away from the compact objects (Frank et al., 2002). Therefore, rela-
tivistic EoS for a single-component fluid (Ryu et al., 2006), and for a multi-component
fluid (electrons, positrons, and protons) (Chattopadhyay & Ryu, 2009) was derived to
account the thermal state of the accreted matter.

In accretion disks around compact objects, the centrifugal barrier can trigger dis-
continuous shock transitions if the shock conditions are satisfied. Such shock-induced
accretion solutions are thermodynamically favoured due to higher entropy content and
can explain the observed high energy radiation, QPOs, jets, and outflows. Therefore,
we explore a class of shock-induced accretion solutions around a general class of sta-
tionary and axisymmetric vacuum solutions of Einstein’s equations, described by the
KTN spacetime. Theoretically, the ECOs may also exist along with the compact ob-
jects in the Universe. Therefore, BHs are not the only accreting objects, ECOs can also
accrete matter from the surrounding medium. In this regard, we study the relativistic
accretion flow around Kerr-like WHs using the DDMC potential (Dihingia et al., 2018).
Moreover, according to the ACDM cosmology, there are roughly 5% visible matter,
25% unseen or dark matter, and 70% dark energy, and the SMBHs may originate from
the gravitational collapse of small primordial density perturbations in the highly dense
DM region in the early Universe. In addition, it is well known that the SMBHs reside
at the center of most galaxies. As the DM doesn’t interact electromagnetically, it can
influence the baryonic accretion flows near SMBHs gravitationally. Therefore, we com-
paratively discuss the relativistic accretion flow around a galactic SMBH surrounded
by various types of anisotropic CDM halo. Furthermore, very recently, the EHT cap-
tured the polarised image of Sgr A* (Collaboration, 2022a,b,c,d,e,f; Akiyama et al.,
2024b,d). Combining GRMHD simulations with the ray-tracing method, the analysis
favoured a MAD scenario around a spinning black hole with ax ~ 0.94 (Collabora-
tion, 2022e). With the help of these simulations, the polarimetric observations gave
a constraint on magnetic field strength at different radii, such that, 26™5 G at 7.3 g,
6715 G at 4r, and 56075 G near the horizon (Akiyama et al., 2024b,d). Motivated by
this, we analyze accretion dynamics in Kerr spacetime by solving the ideal GRMHD
equations in steady state to reproduce the EHT-constrained magnetic field structure
around Sgr A* following Mitra & Das (2024). In all these cases, we use relativistic
EoS (Chattopadhyay & Ryu, 2009) for the accreting matter. Interestingly, the orbital
plane of infalling matter undergoes LT precession due to frame dragging (Lense &
Thirring, 1918) in a tilted or misaligned disk. The inner disk may be tilted or not,
depending on the spacetime properties (Chakraborty & Bhattacharyya, 2017; Baner-
jee et al.,; 2019a). Moreover, GRO J1655-40 was identified as a candidate, which is
better described by KTN spacetime (Chakraborty & Bhattacharyya, 2018), and there
is also an indication of a warped disk. Finally, we investigate tilted thin accretion disks
around KTN BHs to explore the contribution of both spin (ayx) and NUT parameter
(n) on the orbital plane precession.

In the following sections, we summarize the working chapters of the thesis. Each
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Chapter contains the highlighted overviews that contribute to the overall understand-
ing of relativistic accretion flow around compact objects.

1.7.1 Chapter 2

In this Chapter, we present the global solutions of low angular momentum, inviscid,
and advective accretion flow around the KTN BH in the presence and absence of
shock waves. We obtain these solutions by solving a set of relativistic hydrodynam-
ics equations that govern the relativistic accretion flow in KTN spacetime, which is
characterized by the Kerr parameter (ay) and NUT parameter (n) along with its mass
(Mgg). For the sake of completeness, we use the relativistic EoS with varying adiabatic
index (I') to describe the thermodynamic state of the hot accreting matter. Depend-
ing upon the input parameters, such as energy (£), angular momentum (), aj and n,
the flow possesses either single or multiple critical points. During accretion, rotating
flow experiences a centrifugal barrier that triggers the discontinuous shock transition
when there are multiple critical points and the relativistic Rankine-Hugoniot shock
conditions (Landau & Lifschits, 1975; Fukue, 1987) are satisfied. In reality, shock-
induced accretion solutions exhibit greater physical viability over shock-free solutions
as the former possess high entropy at the inner edge of the disk. Due to the shock
compression, the post-shock flow (or PSC) becomes hot and dense, which serves as a
source of high energy radiation through the inverse Comptonization after reprocessing
the soft photons from the comparatively cooler pre-shock flow. The PSC is charac-
terized by the shock properties, such as shock location (r,), compression ratio (R),
which is defined as the density jump and shock strength (S), which is interpreted as
the temperature jump across the shock front. We conduct a detailed analysis of their
dependency on € and A of the flow as well as black hole parameters (ayx,n). Through
systematic analysis, we identify the effective region of the parameter space in A — &
plane that admits the shock solutions. This implies that shock solutions are not the
isolated solutions, and they continue to form for a wide range of flow parameters. Our
analysis reveals that ay and n act oppositely to determine the shock properties and
shock parameter space. Moreover, we compute the maximum NUT parameter (n™)
for the shock solutions as a function of ay and it is found that for KTN BH, the shock
solutions persist with a, > 1 which is absent for Kerr BH a), < 1. Finally, we calculate
the disk luminosity (L) by incorporating the thermal Bremsstrahlung emission coming
from the hot accreting plasma. Our results show that the accretion flows containing
shocks exhibit substantially higher luminosity compared to the shock-free solutions, as
the shock transition enhances the density and temperature in the post-shock region.

1.7.2 Chapter 3

In this Chapter, we investigate the relativistic, low-angular momentum, inviscid ad-
vective accretion flow in a stationary axisymmetric Kerr-like WH spacetime, which is
a solution of the Einstein field equations and characterized by the source mass (Mwn),
spin parameter (ay), and the dimensionless parameter (3). The WH is characterized
by a unique characteristic radius called the throat (rry), which connects the two re-
gions of the same spacetime of two different spacetimes. This WH spacetime is regular
for rr, < r < 0o on both sides of the throat, and the WH is symmetric in nature.
Keeping this in mind, we self-consistently solve the set of governing equations describ-
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ing the relativistic accretion flow around a Kerr-like WH in the steady state. For
the first time, we derive all the possible global transonic accretion solutions around
this WH, which includes O-type, A-type, W-type, and I-type solutions. We also find
that subsonic flows are also possible in this scenario, along with transonic flows. We
study the properties of dynamic and thermodynamic flow variables such as velocity,
temperature, pressure, density, and entropy of the accretion flow. This suggests that
the transonic flows are more viable than the subsonic flows because of their higher
entropy. Furthermore, we examine how the nature of the accretion solutions alters
due to a change of the model parameters, namely energy (£), angular momentum (),
ayx, and [. After that, we separate the parameter space in A\ — £ plane based on the
nature of the accretion flow and demonstrate the modification of the parameter space
by varying a, and 5. Moreover, we retrace the parameter space in a;, — 3 plane that
allows accretion solutions containing multiple critical points. Finally, we calculate the
disk luminosity (L) considering free-free emissions and observe the strong dependency
of L on ay, 3, £, and A. As the WH parameters (ax and () increase, the luminosity of
I-type and O-type solutions also becomes higher. Notably, the I-type solutions always
possess higher luminosity than the O-type solutions. Finally, we demonstrate that our
model successfully explains the luminosity of the compact X-ray source Cygnus X-3,
a mysterious compact X-ray source, during its hypersoft state. Based on this finding,
we mention that the present model formalism offers valuable insights for understand-
ing how accretion flows around WH to generate the powerful emissions observed from
compact X-ray sources.

1.7.3 Chapter 4

In the previous two Chapters, we have studied the relativistic accretion flow around a
bare BH and a WH. We have also discussed previously that the surrounding environ-
ment of compact objects is expected to play a crucial role in understanding various
astrophysical phenomena around them. Therefore, in this Chapter, we study the rel-
ativistic, low angular momentum, inviscid, and advective hot accretion flow onto a
galactic SMBH surrounded by CDM halo. We follow the numerical framework to
model the spacetime around a static spherically symmetric Schwarzschild BH, which
is embedded in various relativistic DM halo distributions. For a comprehensive analy-
sis, we consider different types of DM density distribution (radial distributions), such
as Hernquist, NFW, Einasto, and an adiabatically growing DM spike profile from the
Hernquist type. We restrict ourselves that the BH mass (Mgy) is smaller than the
mass of the halo (My,,) and the characteristic length scale of the halo (ag) is larger
than M., and Mgy, i.e., Mgy < Mpao < ag. Additionally, the outer edge of the ac-
cretion disk (7eqge) is smaller than ag (redqge < ao). Therefore, by solving the governing
hydrodynamic equations, we study the effect of the DM halo on the solution topologies
and properties of the accretion flow in detail. We observe that the presence of a DM
halo shifts the critical point location of the transonic flow to smaller radii compared to
the bare Schwarzschild BH. After that, we compare the parameter space for multiple
critical points in £ — A plane and My, — ag plane for all types of DM halo with that of
Schwarzschild BH. Finally, we calculate the Bremstrahlung luminosity for the I-type
solutions, which provides the highest luminosity compared to the other type solutions.
Our results show enhancement of disk luminosity in the presence of DM, depending
on the nature and properties (halo mass and compactness) of the DM distribution.
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The spectral energy density also shows a significant deviation from that of the vacuum
Schwarzschild BH. From our results, it is evident that the dominant contribution to
the disk luminosity for compact and massive halos arises from the inner regions of the
accretion flow. Consequently, our analysis indicates that luminosity measurements can
serve as an effective probe of the underlying DM density spike.

1.7.4 Chapter 5

Till now, we have studied the relativistic hydrodynamic flow around various compact
objects and exotic compact objects. The magnetic field is ubiquitous in the astrophysi-
cal scenario, and the recent prediction of the magnetic field strength by EHT collabora-
tions motivates us to study the general relativistic magnetohydrodynamic (GRMHD)
accretion flow around the Kerr BH. Therefore, in this Chapter, we investigate the prop-
erties of steady, advection-dominated accretion flows around a Kerr BH in a GRMHD
framework. In this regard, we solve the set of governing equations describing the ideal
GRMHD accretion flow in the steady state to provide a comprehensive understanding
of the behavior of magnetized plasma in the vicinity of a rotating BH. The accretion
solutions are obtained for a set of constant input flow parameters, including energy
(£), angular momentum (£), magnetic flux (®) and isorotation parameter (I), which
uniquely characterize the behavior of magnetized plasma. By systematically varying
these parameters, we generate a set of solutions that illuminates the physical envi-
ronment surrounding the Kerr BH. Utilizing this model framework, we aim to obtain
the global GRMHD solutions in the steady state that are consistent with the reported
magnetic field strength by the EHT collaboration for Sgr A* within £10% error at
7.3r; and 4r,. We portray one such representative GRMHD accretion solution with
its hydrodynamic and magnetohydrodynamic properties. Furthermore, we conduct a
systematic investigation across the parameter space spanned by the magnetic flux (P)
and the angular momentum (£) to evaluate the broader applicability of our findings.
This identifies a complete set of global accretion solutions that maintain consistency
with the EHT-constrained magnetic field strengths at both radii. These findings indi-
cate that the present study contributes a self-consistent theoretical framework based
on GRMHD accretion flows that validates and complements the EHT findings in ex-
plaining the dynamics of the magnetized accretion flows around our galaxy’s central
SMBH.

1.7.5 Chapter 6

In all previous Chapters, we have extensively studied the hydrodynamic and mag-
netohydrodynamic flow around compact objects, where the direction of the compact
objects’ spin and the directions of the disk’s angular momentum are aligned. However,
in the astrophysical scenario, these two directions may be misaligned. Therefore, in
the misaligned disk, the orbital plane of the test particle in the accretion disk precesses
due to the LT effect. On that account, in this Chapter, we study a tilted, thin inner
accretion disk around a slowly spinning KTN BH that contains a small GMM or NUT
parameter. In our analysis, we consider the contribution from the inner accretion
disk as well as the outer part. By solving the governing equations, we calculate the
radial profile of a tilt angle up to the innermost stable circular orbit (ISCO). In the
tilted disk, there is always a tug-of-war between the Lense-Thirring torque and the
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viscous torque. Therefore, depending on the black hole parameters (Mpy, ax,n) and
the viscosity (17), the disk may be tilted or aligned to the spin of the BH at the inner
edge. We show that in the case of the KTN BH, the LT precession does not mono-
tonically increase for lower radial coordinates, unlike a Kerr BH. We also notice that
for every combination of ay,n and Mgy(1s), there is a specific value of vo(Mpy), such
that the disk will remain misaligned above (below) that value. Therefore, our study
of the radial profile of the tilted disk around a KTN BH could be useful in probing the
strong gravity regime and could also give indirect evidence for the existence of GMM
in nature.

1.7.6 Chapter 7

Following the above discussions, we conclude the thesis with the summary and key
findings. Therefore, this Chapter contains the overall conclusion of the thesis. Fur-
thermore, we propose some possible future works based on our present works.
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Properties of shock-induced accretion flow

around Kerr-Taub-NUT black hole

THe compact objects play a significant role in regulating the accretion around them
due to strong gravity. Among them, BHs are the most interesting objects due to the
presence of a one way surface called the horizon from where nothing can come out.
Therefore, in this strong gravity regime, the relativistic hydrodynamics framework is
required, which has been studied quite extensively in the literatures. Moreover, af-
ter the recent observations of the shadow of the central compact objects in galaxies
by EHT Collaboration (2019a, 2022a), accretion has become a worthwhile direction
in probing various gravitational backgrounds (Gyulchev et al., 2020; Gelles et al.,
2021; Zeng et al., 2022; Mirzaev et al., 2022; Lin et al., 2022; Liu et al., 2022). As
the astrophysical objects are rotating in nature, the Kerr BHs are the most appro-
priate BH solution around which relativistic hydrodynamic accretion flow has been
widely studied (Novikov & Thorne, 1973; Page & Thorne, 1974; Riffert & Herold,
1995; Abramowicz et al., 1997; Dihingia et al., 2018, 2019b). Another bigger class
of stationary and axisymmetric vacuum solution of the Einstein field equations is the
Kerr-Taub-NUT (KTN) spacetime (Taub, 1951; Misner, 1963; Demianski & Newman,
1966; Misner & Taub, 1969; Bonnor, 1969; Miller, 1973) (see section 1.1.3 for detailed
description of KTN BH). This KTN spacetime contains three independent parame-
ters, namely mass (Mpy), spin (ax), and NUT charge or gravitomagnetic monopole
(n). Further, depending on the NUT parameter, the KTN spacetime may represent
a BH with a;, > 1 as opposed to the usual Kerr BHs. The effect of such monopole is
already examined in explaining several astrophysical findings, namely the spectra of
supernovae, quasars, or AGNs (Lynden-Bell, 1969; Kagramanova et al., 2010), gravi-
tational lens (Nouri-Zonoz & Lynden-Bell, 1997; Lynden-Bell & Nouri-Zonoz, 1998),
microlens (Rahvar & Nouri-Zonoz, 2003), and BH shadow (Abdujabbarov et al., 2013).
Meanwhile, Dihingia et al. (2020a) came out with an analytic analysis of general rela-
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tivistic hydrodynamic flow around this KTN spacetime and discussed a complete set
of accretion solutions along with their properties in steady state.

Shock formation is a common phenomenon in nature and frequently arises in ac-
cretion flow. It appears as a discontinuous jump in flow velocity, density, pressure
and temperature in hydrodynamics (Fukue, 1987; Chakrabarti, 1989¢; Abramowicz
& Chakrabarti, 1990; Das et al., 2001b) (see section 1.4.6 and 1.4.7 for details).
Being hot and dense due to shock compression, the post-shock corona (PSC) pro-
vides high energy radiation via inverse Comptonization of soft photons from the pre-
shock flow (Chakrabarti & Titarchuk, 1995; Mandal & Chakrabarti, 2005), which
explain emission characteristics in AGNs and GBHs, such as spectral state transi-
tions in XRBs (Chakrabarti & Mandal, 2006; Nandi et al., 2012; Iyer et al., 2015;
Nandi et al., 2018), outflows/jets (Chakrabarti, 1999b; Das et al., 2001a; Chattopad-
hyay & Das, 2007; Aktar et al., 2015; Jana & Das, 2024) and observed QPOs in BH
sources (Chakrabarti et al., 2004; Nandi et al., 2012; Garain et al., 2014; Molla et al.,
2016; Debnath et al., 2016; Dihingia et al., 2019b; Sreehari et al., 2019; Majumder
et al., 2022; Patra et al., 2022; Majumder et al., 2023; Debnath, 2024; Patra et al.,
2024). However, all these studies were performed around Schwarzschild or Kerr BHs.
Being motivated by this, in this Chapter, we aim to explore shock solutions around the
more general KTN BH spacetime and for the first time to the best of our knowledge, we
portray a complete picture of an important class of accretion solutions. We analyze the
global solutions of low angular momentum, inviscid, advective accretion flow around
KTN BH in presence and absence of shock waves. While doing so, we solve the full
general relativistic hydrodynamic equations in steady state and consider the relativis-
tic EoS to take care of the thermodynamical state of matter (Chattopadhyay & Ryu,
2009). During accretion, rotating flow experiences centrifugal barrier that eventually
triggers the discontinuous shock transition provided the relativistic Rankine-Hugoniot
shock conditions are satisfied. Thereafter, we examine by the shock properties, namely
shock location (r5), compression ratio (R) and shock strength (.S), and their depen-
dencies on the energy (£) and angular momentum () of the flow as well as KTN BH
parameters (ax,n). We identify that for a wide range of parameter space in the A — &
plane, shock continues to form. Moreover, a; and n act oppositely in determining the
shock properties and shock parameter space. Finally, we calculate the disk luminosity
(L) considering free-free emissions and observe that accretion flows containing shocks
are more luminous compared to the shock-free solutions.

2.1 Assumptions and governing equations

2.1.1 Background geometry

We begin by considering a generic stationary axisymmetric back ground expressed as,

ds® =g, dz"dz”

2.1
=guedt® + grrdr® + 2g14dtde + gusdd® + goedf*. (2.1)

In terms of Boyer & Lindquist (1967) coordinates , the components of the KTN
metric (see section 1.1.3) are given by,
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gu = (aisin?0 — A)/Y, g3 = —(AA — @ Bsin? 0) /%,
Grr = Z/A, Joo = E, Jop = (32 Sin2 0 — AQA)/Z

Here, A = r? —2r + a —n? ¥ = (axcos6 + n)> +r%, A = aysin®?0 — 2ncos¥,
and B = r? + a} + n?, where ay and n are the Kerr parameter and NUT parameter,
respectively. In this chapter, we use the sign convention as (—, +, +, +) and adopt the
unit system Mgy = G = ¢ = 1, where the length, angular momentum, and time are
expressed in terms of 7, (= GMpy/c?), ryc and r,/c, respectively. Setting g"" = 0, we
obtain the event horizon (r§™™V) of the metric and is given by r§™ = 1+,/1 — a + n2.
Clearly, based on the choice of a, and n, the KTN spacetime yields either BH for
(1—a}+n?) > 0 or naked singularity when (1—a? +n?) < 0. Needless to mention that
K'TN spacetime reduces to the usual Kerr spacetime when NUT parameter vanishes
(n=0).

2.1.2 Relativistic hydrodynamics

The relativistic hydrodynamic flow are based on two conservation equations i.e., con-
servation of energy-momentum (7") and conservation of particle number (j* = pu*),
which are given by,

% =0 and g/, =0. (2.2)
Here, non-dissipative energy-momentum tensor is written as,
T = (e + p)u'u” + pg"”. (2.3)

In the above expressions, e is the local energy density, p is the pressure, p is the
mass density, and u* is the four velocity of the fluid, where p, v run from 0 to 3.
We emphasize that the present hydrodynamic analysis is local and confined around
the equatorial plane of the KTN space-time within the finite radius. As the KTN
spacetime is not asymptotically flat globally, however, it can be regarded as locally
flat at spatial infinity (Stelea, 2006; Virmani, 2011). Therefore, the axial singularity
mentioned in the section 1.1.3 does not affect this present accretion flow dynamics. We
consider a geometrically thin advective accretion flow around a KTN spacetime in the
steady state. Due to the axial symmetry of the background, we further assume that the
accreting flow remains confined around the disk equatorial plane (¢ = 7). At any point
on the disk, the time-like four velocity of the flow is symbolized by u* = (uf,u", 0, u?)
and w,u = —1. Moreover, the projection operator is defined as, h!, = &/, + u'u, and
if follows the relation hju* = 0 withe ¢ stands for the spatial coordinates only. With
the help of projection operator, we can write the relativistic Euler equation as,

Tl = (e +p)u”u, + (g% +u'u")p, = 0. (2.4)

Therefore, on the equatorial plane, the radial component of this Euler equation looks
like (Dihingia et al., 2020a),

1 T 1 r T
ururr + 7grr Jtt, + Zutu” <gtt1 + g grr,r>
’ 2 Gt 2 Jit

— L o o rr(9os9ttr (9" +u'u")
+ g [ g, — gor | + =ulu 0T oo | + ——Lp, =0
[Y (gtt Jit,r — Jte, ) 9 9 Py 9os, e+ p p,
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After that, if we take the projection of energy-momentum conservation equation (Eq. (2.2))
along four-velocity (u"), we get energy equation in the following form,

UH,I;‘ZV =¥ l(e +p> Py — e’V] = 0. (26)

p

Eq. (2.5) can be also written as,

odv 1 dp dq)gﬁ:

— — ) 2.
U dr ~ hpdr dr 0 (2.7)

Here, v denotes the radial three-velocity in the comoving frame and is defined as
V2 = 922, where 72 = 1/(1 - 12), 02 — (uug)/(—utuy), and v = (w'u,)/(—u'u,)
Further, 42 [=1/(1 — v?)] is the radial Lorentz factor, h[= (e + p)/p| is the specific
enthalpy. ®°T represents the effective potential (Dihingia et al., 2020a) at the disk

equatorial plane (§ = 7/2) which is given by,

1 (n® +r?)A
P =1+-1 2.8
. o (a2 — axA + 124+ n?)? — (a, — N\)2A |’ (2:8)
where A (= —ug/uz) is the conserved specific angular momentum of the flow. For a

stationary and axisymmetric KTN spacetime, there exists two commutating Killing
vector fields, I}’ = (9;,0,0,0) and I = (0,0,0,0,) corresponding to time translation
and azimuthal rotation, respectively. The associated two conserved quantities along
the direction of the motion are given by,

hugs = L (constant); —hu; = € (constant), (2.9)

where £ is the Bernoulli constant (equivalently specific energy). By integrating the
2nd part of Eq. (2.2), we get the mass conservation equation as,

M = —4zpru™H /7, (2.10)

where M refers the mass accretion rate which is treated as global constant. We express
mass accretion rate in dimensionless form as m = M / Mipaq, where Mpgqq (= 1.44 x
10" Mgy /My, gm s71) is the Eddington accretion rate. In Eq. (2.9), n = r?/(r? + n?)
and the half thickness (H) of the disk given by (Riffert & Herold, 1995),

H- ]ﬁ .7__:72(7“2+aﬁ)2—1—2Aa12(
pF’ C(r2 4 a2)? — 2Aa2’

The entropy generation equation in the radial direction is obtained as,

e+p\dp de
———=0. 2.11
( p )dr dr ( )

In order to solve the governing equations (Egs. (2.7), (2.9), (2.10), and (2.11)), one
requires a closure equation in the form of EoS, which describes the relation among the
thermodynamical quantities like density (p), pressure (p) and local energy density (e).
During the course of accretion around the BHs, the accretion flow is expected to be
in the thermally relativistic domain (i.e., adiabatic index I' — 4/3) at the inner part
of the disc, whereas it remains thermally non-relativistic (i.e., I' — 5/3) at a distance
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far away from the BH horizon (Frank et al., 2002). Hence, the EoS with a fixed I is
inadequate to describe a thermally relativistic flow (Taub, 1948; Ryu et al., 2006) and
a relativistic EoS (Chandrasekhar, 1939; Synge, 1957) needs to be employed, where I'
is determined self-consistently based on the thermal properties of the flow. Keeping
this in mind, we adopt an EoS for relativistic fluid (Chattopadhyay & Ryu, 2009)

which is given by,
mp\ !
e=pf{l1+—
Me

90 + 3 m 90m, + 3m
=|1+06 L io|l—="—"2"
d [ * (3@+2>] - [me - (3@m6+2mp>] ’
where © (= kgT'/m.c?) is the dimensionless temperature, m, is the mass of electron,
and m, is the mass of ion. According to the relativistic EoS, we express the speed of

sound as Cy = \/QF@/(f + 20) (Dihingia et al., 2019a). Following (Chattopadhyay

& Ryu, 2009; Dihingia et al., 2020a) and using Eq. (2.10), we calculate the entropy
. ; 3/2 3/4 2my \ 3/4

accretion rate as, M = exp(k;)0%* (2 + 30) (3@ + m—”) u"rH/n, where k; =

[f = (1 +my/mc)] /26.
We simplify Eqgs. (2.7), (2.9), (2.10), and (2.11) and after some simple algebra, we
obtain the wind equation as,

with

T
— == 2.12
dr D’ (2.12)

where, N and D are respectively given by,
Coh JANSNANS  dNdF doet
e i 2.12
A l"—i—l[Adr ndr r .Fdr] - 3 (2.12a)
pC2

= - ol 2.12b

Subsequently, usingEqs. (2.7), (2.10), and (2.11) and employing the definition of
sound speed, we calculate the differential form of the temperature as,

2d 1dA 1 1
de O [7_7) v d dn 3 d}—], (2.13)

dr ~ 2N+1|2vdr " Adr ndr v Fdr

where, N [= (1/2)(df/dO)] denotes the polytropic index of the flow and it is related
to the adiabatic index as I' = (1 + N)/N.

2.2 Critical point and transonic solutions

In an accretion process, gravity pulls matter towards the center of the gravitating
object from the surrounding medium. In reality, inflowing matter starts its journey
far away from the BH with negligible radial velocity and enters into the BH with ve-
locity comparable to the speed of light just to satisfy the inner boundary conditions
imposed by the event horizon. Because of this, the accretion around BHs bears an
unique property that inevitably leads the flow to suffer smooth transition from sub-
sonic to supersonic at the critical point before crossing the BH horizon. Interestingly,
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depending on the flow parameters, namely energy and angular momentum, the flow
may contain multiple critical points and thus is potentially viable to harbour shock
waves as indicated in the Introduction. Before embarking on discussing shocks which
is the main topic of the paper, let us briefly describe about the critical point, where
both numerator and denominator of Eq. (2.12) simultaneously vanish as N' =D = 0.
Setting D = 0 in Eq. (2.12b), the radial flow velocity (v.) at the critical point (r.) is

expressed as,
2
e = | ——Cle, 2.14
e =T (2.14)

with equating A/ = 0 in Eq. (2.12a), we get the expression for the sound speed as,

T.+1[dd®\ [1dA 1dyp 3 1dF]"
ecf LT e = - 2.15
4 (dr)c[Adr_‘_ndr_l—r F dr (2.15)

2 _
Osc_

In the Eqs. (2.14), (2.15), subscript ‘¢’ refers the flow variables measured at r.. Since
the flow remains smooth along the streamline including the critical points (r.), the
radial velocity gradient (dv/dr) must be real and finite everywhere. Hence, we apply
'Hopital’s rule to evaluate radial velocity gradient at r., and it generically possesses
two types: (dv/dr). < 0 leads to the accretion solution while (dv/dr). > 0 yields
winds. In the present work, we focus only on the accretion solutions keeping winds
aside as they are of our particular interest. Depending upon the mathematical nature
of (dv/dr),, critical points are classified in three categories. When (dv/dr). assumes
values which are real and of opposite sign, the critical point is called as saddle type.
If (dv/dr). are real and of same sign, it is called nodal type, and when (dv/dr). are
imaginary, it is called spiral type critical point. In the astrophysical context, saddle
type critical points are of specially importance as the inflowing matter can only pass
through them before entering into the black hole.

In Fig. 2.1, we show the variation of the flow energy (£) as a function of the critical
points (r.) for different values of ay (upper panel) and n (lower panel). In the figure,
we choose A = 2.04, and solid (black), dotted (red) and dashed (blue) curves represent
the saddle, nodal and spiral type critical points, respectively. In the upper panel, we fix
n = 0.2 and vary ay as 0.9, 0.95 and 1.0 which are marked. We find that for a given ay,
when r, is increased, the nature of the critical points is systematically altered following
the sequence as saddle — nodal — spiral —modal— saddle — nodal. Moreover, we
find that the range of multiple saddle type critical point locations required for shock
transition increases as ay is increased. We also find that there exists an upper limit
of the location of the saddle type critical points for a relativistic flow accreting onto a
K'TN BH. Similarly, in the lower panel, we choose a;, = 0.95, and vary NUT parameter
asn = 0.1, 0.2 and 0.3. Here, we observe that the role played by n is characteristically
opposite of ay in deciding the properties of the critical points, however, the effect
of one can not be completely negated by other due to the fact that KTN spacetime
non-linearly depends on them.

In reality, depending on the input parameters (£, A, ax, n), accretion flow may con-
tain maximum of three critical points outside the horizon (Chakrabarti, 1989c; Das
et al., 2001b). Among them, the inner critical points (r3,) and the outer critical points
(rout) generally form close to the horizon and far away from the horizon, whereas the
middle critical points (ryiq) form in between 7y, and 7o, (Das et al., 2001b). Consid-
ering this, we present the change of critical point characteristics due to the variation
of the input parameters in Table 2.1.
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Figure 2.1: Plot of energy (€) as a function of critical points (r.) for angular momentum
A = 2.04. In upper panel, NUT parameter n = 0.2 and Kerr parameters are varied as
ar = 0.9, 0.95 and 1.0, while in the lower panel, ay is kept fixed as 0.95, and n is varied as
0.1, 0.2 and 0.3, respectively. In both panels, solid (black), dotted (red) and dashed (blue)
curves represent the saddle, nodal and spiral type critical points and a, and n values are
marked. See text for details.
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Input Parameters Critical Points
A ay E n Location Type
(crg) (c*) (rg)

Tin 3.336  Saddle
204 095 1.0180 0.3  7mia - -

Tout

Tin 3.539 Saddle
204 095 1.0150 0.3  rgma  5.972 Spiral
Tout 11.915 Nodal
Tin 3.825 Nodal
2.04 0.95 1.0130 0.3  7pme  4.792 Spiral
Tout 15.667 Nodal

Tin - -
2.04 095 1.0100 0.3  7rua = -
Tout  22.763  Saddle

Tin = -
2.04 095 1.0001 0.3  7mia . ke
Tout 1022.410 Nodal
Tin 2.741 Saddle
2.04 095 1.0050 0.2  7rpmaq  4.596 Spiral
Tout 49.189  Saddle
Tin 2.934 Saddle
204 095 09999 0.2  rpg  3.832 Spiral

Tout

Tin 2.996 Nodal
2.04 095 0.9990 0.2  7rnia 3.688 Spiral

Tout

Table 2.1: Critical point locations and their natures obtained for various sets of input pa-
rameters (see Fig. 2.1). See text for details.
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Figure 2.2: Variation of Mach no (M = v/Cs) with the radial coordinate (r) for energy &
= 1.0002 and angular momentum A = 2.04. In the left panel, Kerr parameter is varied as
ar = 0.9 (top), 0.95 (middle) and 1.0 (bottom) keeping NUT parameter fixed as n = 0.2.
Similarly, in the right panels, Mach number is plotted for n = 0.1 (top), 0.2 (middle) and
0.3 (bottom), where ar = 0.95. The solid and dotted curves denote the accretion and wind
solutions, respectively and filled circles refer the critical points. See text for details.
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In order to understand the behavior of the flow containing saddle type critical
points, in Fig. 2.2, we provide representative plots of Mach number (M = v/C) as
a function of radial co-ordinate (r) for £ = 1.0002 and A = 2.04. In the left panels,
we investigate the effect of Kerr parameter (ay) on the transonic solutions, whereas in
the right panels, the role of NUT parameter (n) is examined. As mentioned earlier,
we are interested to study the accretion solutions only, however, in each panel, we
depict both accretion (solid curve) and its corresponding wind branch (doted) for the
purpose of completeness. In Fig. 2.2a, we choose (ax,n) = (0.9,0.2) and flow contains
only outer critical points at rq,; = 663.348 and it successfully connects the BH event
horizon (rf™) with the outer edge of the disk (reqge = 2000). Here, filled circle
denotes the critical point location. As Kerr parameter is increased keeping remaining
parameters unchanged as (ax,n) = (0.95,0.2), the inner critical point emerges (see
Fig. 2.2b) at ry, = 2.917. Interestingly, solution passing through r;, = 2.917 fails
to connect the event horizon with 7cgge. With further increase of Kerr parameter
as (ax,n) = (1.0,0.2), inner critical point solution extends up to ~ 1.660 (see Fig.
2.2¢). The solution of such kind is potentially promising as it can join with another
solution possessing 7., via discontinuous shock transition and ultimately provides a
complete global accretion solutions connecting ™ and 7eqg.. We discuss the shock-
induced global accretion solutions in the subsequent sections. In the right panels of
Fig. 2.2(d)-2.2(f), examples of accretion solutions corresponding to three different NUT
parameters n = 0.1,0.2,0.3 (marked in the figure) are presented, where a; = 0.95 is
kept fixed. We observe that NUT parameter (n) responds in the opposite manner on
the nature of the flow portrait as the multiple saddle type critical points gradually
disappear with the increase of n for flows with fixed aj values. Similar to the right
panel, here also the solid and dotted curves denote accretion and wind solutions,
respectively and the critical points are represented by filled circles.

2.3 Accretion flow possessing shock

As already mentioned that accreting matter around the BH may contain multiple sad-
dle type critical points depending on the flow parameters. In such cases, flow can not
pass through both critical points simultaneously, unless a discontinuous transition of
the flow variables happens at some radius in between the critical points. In reality,
rotating accretion flow from the outer edge of the disk (reqqe) Starts accreting towards
the BH with negligible subsonic radial velocity and gradually gains its radial velocity
as it proceeds towards the black hole. At r,., flow becomes transonic and continues
to proceed further supersonically. Meanwhile, flow starts experiencing centrifugal re-
pulsion that eventually slows down the inflowing matter causing its accumulation in
the vicinity of the BH and a centrifugal barrier is developed. The accumulation of
matter does not continue indefinitely as the centrifugal barrier triggers the discontin-
uous transitions of the flow variables in the form of shock wave. Across the shock
front, supersonic flow jumps into the subsonic branch and flow become compressed.
Because of this, kinetic energy of pre-shock flow is converted into the thermal energy
resulting the PSC. Usually, PSC acts as the source of hot and dense electrons where
soft photons from the cooled pre-shock flow are intercepted and further reprocessed
via inverse Comptonizationt to produce high energy radiations. After the shock tran-
sition, subsonic flow eventually picks up its radial velocity as it moves further inwards
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and again becomes supersonic after passing through r;y, before crossing the black hole
horizon. In order to execute such shock transition, accretion flow must satisfy the
relativistic shock conditions (Taub, 1948), which are given by,

[pu"] = 0; {(e +p)utu’“} =0; [(e+puu"+pg™] =0, (2.16)

where the quantities within the square bracket refer the differences of their values
across the shock front. We utilize Eq. (2.16) to calculate the location of the shock
transition (7).

2.3.1 Typical global accretion solutions with shock

In Fig. 2.3, we present a typical example of the shock-induced global accretion solution,
where the variation of (a) Mach number (M), (b) entropy accretion rate (M), (c)
density (p), (d) temperature (7'), and (e) surface density (X) are plotted as function
of radial coordinate. Here, we choose the flow parameters as (£,\) = (1.005,2.1),
and KTN BH parameters as (ax,n) = (1.1,0.5). In the figure, subsonic flow starts
accreting from 7.gge and becomes supersonic after crossing roun = 49.6575 (see Fig.
2.3a). Subsequently, supersonic flow satisfies the relativistic shock conditions (equation
11) at 7, = 8.0599 and joins with the subsonic branch that eventually passes through
the inner critical point at r;, = 2.1968 before falling in to the KTN black hole. In the
figure, arrows indicate the overall direction of the flow motion towards the black hole
where vertical arrow denotes the location of the shock transition. Indeed, after crossing
Tout, accretion flow has the possibility to enter into the black hole supersonically as
depicted by the dashed curve (red). However, since entropy (M) associated with
the post-shock flow is higher than the pre-shock flow (see Fig. 2.3b), the second
law of thermodynamics affirms that the shock solution is preferred over the shock-
free solution (Becker & Kazanas, 2001). In Fig. 2.3c, we demonstrate the density
profile (p) corresponding to the shocked accretion solution presented in Fig. 2.3a.
We observe that p increases immediately after the shock transition. This happens as
radial velocity v drops down to subsonic value at PSC and inward mass flux remains
conserved across the shock front (see Eq. (2.10). We further display the temperature
profile of the accretion flow in Fig. 2.3d. As expected, most of the kinetic energy
of the pre-shock matter is converted into the thermal energy across the shock front
that eventually causes the heating of PSC. Because of this, the rise of post-shock
temperature profile is clearly seen. In Fig. 2.3e, we show the profile of surface density
(X = pH) (Frank et al., 2002), where ¥ assumes higher values at PCS due to the
density compression across the shock front. Such a distinct feature of PSC is naturally
favourable to contain the swarm of hot electrons that can inverse Comptonize the soft
photons coming from the outer region of the disk to produce high energy radiations
commonly observed in GBH sources. Accordingly, the shocked accretion solutions
emerge as a promising candidate in explaining the observational signatures of black
holes (Chakrabarti & Titarchuk, 1995; Mandal & Chakrabarti, 2005; Nandi et al.,
2012; Das et al., 2021).

2.3.2 Shock properties

In order to study the accretion disk structure around KTN BH, one requires overall
four parameters in the present formalism. Among them, two are conserved quantities
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Figure 2.3: Variation of (a) Mach number (M = v/C5), (b) entropy accretion rate (M), (c)
density (p), (d) temperature (7'), and (e) surface density () as function of radial coordinate
(r). Results are obtained for (&, A, ax,n) = (1.005,2.1,1.1,0.5), where solid (black) and
dashed (red) curves represent shocked and shock free solutions. In each panel, filled circles
denote the critical points (rj, and roy) and vertical arrow indicates the location of the shock
transition. See text for details.
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Figure 2.4: Variation of (a) shock location (rs), (b) compression ratio (R), and (c) shock
strength (S) as a function of specific energy (£). Here, we vary Kerr parameter (aj) from
1.00 to 1.10 with an interval Aax = 0.025 from the right most curve to the left most curve.
Here, we choose A = 2.2 and n = 0.5. See text for details.

associated with the flow, namely £ and A, and the remaining two are a, and n that
describe the KTN BH. As already pointed out in section 2.3.1, when shock conditions
are satisfied, shock-induced global accretion solutions are favoured over shock free
solution. Therefore, in this section, we intend to examine the various shock properties,
namely shock location (7s), compression ratio (R), and shock strength (S).

Fig. 2.4a shows the variation of shock location (ry) as a function of specific energy
(&) for different values of Kerr parameter (ay). Here, we choose A = 2.2 and n =
0.5. The results plotted with filled circles (blue), open circles (green), filled squares
(magenta), open squares (red), and asterisks (black) are for black hole spin starting
from ay, = 1.0 with increment Aay = 0.025, respectively. We find that for a given ay,
shock conditions are satisfied for a minimum energy (Euin), and shock continues to
form at larger radii as £ is increased until it ceases to exist beyond &,.«. This clearly
indicates that for a given set of (ay, A, n), there exist a range of energy Enin < € < Emax
that yields global accretion solutions possessing standing shock. We also find that for
a given &£, shock forms at smaller radii for BHs with smaller ay. Since the flow is
compressed across the shock transition (see Fig. 2.3) and the emergent radiations from
the disk strongly depends on the density (Chakrabarti & Titarchuk, 1995; Mandal &
Chakrabarti, 2005), it is useful to compute the compression ratio (R), which is defined
as the ratio of the vertical averaged post-shock density (X, ) to the pre-shock density
(3¥_). In Fig. 2.4b, we present the variation of R as function of £ for the same set
of flow parameters as in Fig. 2.4a. For a given set of (ax,A,n), R monotonically
decreases with the increase of £. This happens because the size of PSC increases with
£ that weakens the density compression across the shock front. A cut off is observed
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Figure 2.5: Variation of (a) shock location (rs), (b) compression ration (R), and (c) shock
strength (S) as a function of specific energy (£). Here, we vary NUT Parameter (n) from
0.35 to 0.55, with an interval An = 0.05 from the left most curve to the right most curve.
We choose A = 2.2 and a, = 1.0. See text for details.

when shock disappears. We further emphasize that one would obtain both strong
shock (R ~ 4) and weak shock (R — 1) by suitably tuning the input parameters. We
continue the study of shock properties by introducing another quantity called shock
strength (S) which is defined as the ratio of the pre-shock Mach number (M_) to the
post-shock Mach number (M,). In reality, S determines the temperature jump across
the shock front. In 2.4c, we depict the variation of S as function of £ for the same
set of flow parameters as in Fig. 2.4a. We find that for a given set of (ay, A\,n), S is
stronger when &£ is small and it gradually becomes weak as £ is increased till shock
continues to exist.

In reality, since PSC is the source of hot electrons by nature, it reprocesses the
soft photons via inverse Comptonization to produce high energy radiations. In addi-
tion, R and S collectively regulate the efficiency of the inverse Comptonization pro-
cess (Chakrabarti & Titarchuk, 1995). Therefore, the spectral properties of the central
source are expected to be strongly dependent on these observables. Accordingly, by
tuning the model parameters, namely £, A\, ax and n, it is possible to account the
various spectral states commonly observed in black hole XRB sources (Nandi et al.,
2012, 2018).

In Fig. 2.5, we present the variation of shock location (r5), compression ratio (R),
and shock strength (S) as a function of specific energy (£). Here, we keep angular
momentum and spin of the BH fixed as A = 2.2, and a, = 1.0. The results plotted
using filled circles (blue), open circles (green), filled squares (magenta), open squares
(red), and asterisks (black) are for n = 0.35,0.40,0.45, 0.50 and 0.55, respectively. We
observe that the role of n in regulating the shock transition is entirely opposite to that
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Figure 2.6: Variation of (a) shock location (), (b) compression ratio (R), and (c) shock
strength (5) as a function of specific angular momentum (). Here, we vary Kerr parameter
(a) from 1.0 to 1.10, with an interval Aay = 0.025 from the right most curve to the left most
curve. The specific energy £ = 1.0005 and NUT parameter n = 0.5. See text for details.

of the BH spin (ax) (see Fig. 2.4). Similar behaviours are seen for R and S as well.
What is more is that for a given set of (ay, A), shock-induced global accretion solutions
are seen to exist for a wide range of NUT parameter (n).

We continue the investigation of the shock properties and examine the role of
angular momentum () in regulating the shock dynamics. Towards this, we fix energy
and NUT parameter as £ = 1.0005 and n = 0.5, and depict r,, R and S as function of
A for different ay values in Fig 2.6a-c. Here, filled circles (blue), open circles (green),
filled squares (magenta), open squares (red), and asterisks (black) denote the results
obtained for a;, = 1.00, 1.025, 1.05, 1.075, and 1.10, respectively. For a given ay,
the shock forms further out for flows possessing higher \. In reality, larger A causes
enhanced centrifugal pressure that pushes the shock front outwards. In contrary, we
find that shocks form for a particular range of ay, and for a given A, the shock location
decreases with the decrease of ai,. Moreover, we observe that shock exists around BH
with higher ay, when the flow angular momentum is relatively lower and vice versa.
This happens due to the spin-orbit coupling embedded within the space-time geometry
where the marginally stable angular momentum is seen to decrease with the increase of
ax (Das & Chakrabarti, 2008). Consequently, the range of A for shock is also decreased
with the increase of ax. Next, in Fig. 2.6b, we present the variation of compression
ratio R which are seen to decrease with A for black hole with identical spin value ay. In
Fig. 2.6¢c, we plot the variation of the shock strength S with A\, where similar variation
is observed as in Fig. 2.6b.

Fig. 2.7 illustrates the plot of (a) rs, (b) R, and (c) S with A for flows having
different NUT parameter (n). Here, the remaining input parameters are chosen as
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Figure 2.7: Variation of (a) shock location (rs), (b) compression ration (R), and (c) shock
strength () as a function of specific angular momentum (). Here, we vary NUT Parameter
(n) from 0.35 to 0.55, with an interval An = 0.05 from the left most curve to the right most
curve. We set £ = 1.0005 and a; = 1.0. See text for details.

€ = 1.0005 and a, = 1.00. In each panel, filled circles (blue), open circles (green),
filled squares (magenta), open squares (red), and asterisks (black) denote the results
corresponding to n = 0.35,0.40,0.45,0.50 and 0.55, respectively. Figure clearly indi-
cates that shock solutions persist for a wide range of n. We find that r,, R and S
vary with A very similarly as in Fig. 2.6, however, as expected, the effect of n on these
observables is seen to be opposite of ay.

Next, we examine how rg, R and S vary with ay, when energy and angular momen-
tum of the flow are kept fixed as £ = 1.0005 and A = 2.2. The obtained results are
shown in Fig. 2.8, where each curve differs by An = 0.05 starting form the left most
curve (filled circles, blue) with n = 0.4. For a given set of (€, A\, n), ry increases with
ayx, whereas both R and S decreases, as expected. We find that for a fixed ay, shocks
form at smaller radii as n is increased. It is evident from the figure that there exist
a range ai that admits shock solutions around KTN black hole and the said range
explicitly depends on the other input parameters (£, A, n).

In Fig. 2.9, we show the variation of 5, R and S with the NUT parameter (n)
for rotating flows with &€ = 1.0005 and A = 2.2. Here, filled circles (blue), open
circles (green), filled squares (magenta), open squares (red), filled asterisks (black),
and open asterisks (cyan) represent the result for a, = 0.9, 0.92, 0.94, 0.96, 0.98 and
1.0, respectively. We observe that for a fixed (£, A, ay), rs in general decreases with
n, and this eventually causes the increase of both R and S as well. It may be noted
that accretion flow continues to experience shock transition around KTN BH even
for relatively high n values. Evidently, when ay is increased, the upper limit of NUT
parameter (n™®*) for shock also increased. We quantify the correlation between aj
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Figure 2.8: Plot of (a) rs, (b) R, and (c) S as a function of ay for flows with £ = 1.0005 and
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for n = 0.4,0.45,0.5,0.55, and 0.6, respectively. See text for details.

and n™** keeping energy of the flow fixed as & = 1.0005 and depict the obtained
results in Fig. 2.10. Filled circles joined using solid curves in black, magenta, blue
and green denote the results corresponding to A = 2.1, 2.2, 2.3, and 2.4, respectively.
It is apparent from the figure that for lower ay, n™** initially increases sharply and
thereafter, it tends to sluggish at higher ay, in general.

2.4 Parameter space for shock

In this section, we study the parameter space spanned by angular momentum (\) and
energy (€) that admits shock-induced global accretion solutions around KTN BH. In
the upper panel of Fig. 2.11, we depict the modification of the parameter space for
different ay, where NUT parameter is kept fixed as n = 0.5. The effective region
bounded by the solid (red), dotted (black) and dashed (green) curves are for a, = 0.9,
1.0 and 1.1, respectively. Clearly, lower ay renders shock formation for relatively large
A values. This findings are evident as the weakly rotating KTN black hole effectively
diminishes the influence of the flow angular momentum due to the inherent spin-orbit
coupling present within the space-time geometry describing the accreting system (Das
& Chakrabarti, 2008). Similarly, in the lower panel of Fig. 2.11, we identify the effective
domain of the parameter space for different NUT parameters n keeping the black hole
spin fixed as ax = 1.1. The regions enclosed by the solid (red), dotted (black) and
dashed (green) curves are obtained for n = 0.5, 0.8 and 1.1, respectively. We observe
that the parameter space for shock gradually reduces and shifted towards the higher
A and lower £ domain as n is increased. Overall, it is indeed evident that a) induces
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Figure 2.9: Plot of (a) rs, (b) R, and (c) S as a function of n for flows with £ = 1.0005 and
A = 2.2, In each panel, filled circles (blue), open circles (green), filled squares (magenta),
open squares (red), filled asterisks (black), and open asterisks (cyan) joined using solid curves
represent results for ax = 0.9,0.92,0.94,0.96,0.98 and 1.0, respectively. See text for details.

effects opposite to n in deciding the shock parameter space around KTN black holes.

2.5 Radiative emissions in KTN spacetime

During the course of the accretion, the density (p) and temperature (T") of the infalling
matter are increased as flow proceeds towards the BH. This usually happens due to the
overall geometrical compression experienced by a convergent flow. In addition, when
the flow variables undergoes discontinuous transition, both density and temperature
are enhanced further at the post-shock region due to shock compression. Because of
these, the flow emits high energy radiations as the relevant radiative cooling mecha-
nisms directly depend on p and T' (Das, 2007; Dihingia et al., 2020c). As the accretion
flow contains both species, namely electrons and ions, the free-free emission seems
to be potentially viable. Hence, we consider Bremsstrahlung radiation as an active
radiative mechanism present inside the disk and calculate the total luminosity (L) as,

KTN
H

L=2 /OOO /redge /0%(7“ + 07 /r)He(ve)dv,drde. (2.17)

Here, ¢(v) is the Bremsstrahlung emission rate per unit volume per unit time per unit
frequency (Vietri, 2008) and is given by,

~6 1/2
- e <3k - T> Zinemigye M, (2.18)
BMele

€(v)

3mec?
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green curves denote results for ax = 0.9,1.0, and 1.1, respectively. In the bottom panel,
Kerr parameter is chosen as a, = 1.1 and the region separated using red, black and green
boundaries are obtained for n = 0.5,0.8, and 1.1, respectively. See text for details.
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Figure 2.12: Variation of disk luminosity (L) as a function of X for flows of energy £ = 1.005.
Results depicted using filled circles, filled asterisks and filled squares are obtained for shocked
accretion solutions, whereas open circles, open asterisks and open squares are for shock free
solutions. Different points joined using red, black, and green solid curves are for (ax,n) =
(1.05,0.5), (1.00,0.5), and (1.00,0.55), respectively. Here, we set 1 = 0.1 and Mgy = 10M,.
See text for details.

where m, and € are mass and charge of the electron, kg is the Boltzmann constant, h
is the Planck’s constant, v is the frequency, Z; is the charge of ion, and gy, is the Gaunt
factor (Karzas & Latter, 1961) assumed as unity in this work. We estimate the electron

temperature as T, = /(m./m,)T (Chattopadhyay & Chakrabarti, 2002), where m,, is
the ion mass and T refers the flow temperature. The emitted frequency is obtained as
ve = (1 + 2)v,, where v, is the observed frequency and z denotes the red-shift factor.
Following the approach of (Luminet, 1979; Dihingia et al., 2020b), we determine z
considering fixed inclination angle 6y = w/4 for the KTN BH while calculating the
disk luminosity (see also Appendix-A). In this work, we choose reqge = 1500, and
Mgy = 10M, all throughout unless stated otherwise.

In Fig. 2.12, we present the variation of luminosity (L) with flow angular mo-
mentum A for various combination of (ay,n), which are marked. Here, we choose
& = 1.005, and rate m = 0.1. Filled points joined using solid curve denote the results
corresponding to the shocked accretion solutions, whereas open points joined by the
dotted curve are for shock free solutions (see Fig. 2.3). In the figure, it is evident that
the disk luminosity for shocked accretion solutions always remains higher compared
to the shock free solutions. Following this, we argue that the accretion solutions con-
taining shock waves are potentially preferred in examining the energetics of the KTN
BH sources. We also find that for a given set of (ax,n), L increases with A when flows
harbor shocks, however, such increase is merely noticeable for flows having no shocks.
In reality, for a given set of (€, ax,n), the shock radius (equivalently the size of the
PSC) increases with A (see Fig. 2.6 and 2.7) and therefore, density and temperature
profiles continue to remain higher within the PSC that eventually increase the disk
luminosity.
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2.6 Chapter conclusions

In this Chapter, we examine the structure of relativistic advective accretion flow around
KTN BH that possess shock waves. During the course of accretion, inflowing matter
experiences the centrifugal repulsion that eventually triggered the shock transition.
The dynamical shocked accretion solution overall includes the explicit dependence on
energy (£) and angular momentum () of the flow as well as Kerr parameter (ay) and
NUT parameter (n) of black hole. As part of the formalism, we adopt the relativistic
EoS that satisfactorily describes the thermodynamical state of the accreting matter.
The obtained results are summarized as follows.

We find that accretion flow around KTN BH possesses either single or multiple
critical points depending on the input parameters. We further observe that the nature
of the flow solution alters as the spin parameter (ay) and NUT parameter (n) are varied
(see Figs. 2.1-2.2). When multiple critical points exist, accretion flow experiences
discontinuous transition of the flow variables in the form of shock wave, provided
relativistic shock conditions are satisfied (see Fig. 2.3). We calculate the accretion
solution containing shock waves and examine the shock properties, ¢.e., shock location
(rs), compression ratio (R), and shock strength (.5) in terms of the input parameters
(Figs. 2.4-2.9).

Moreover, We notice that shock-induced global accretion solutions are not the
isolated solutions, instead they exist for a wide range of the input parameters. We
identify the effective domain of the parameter space in A—& plane, that admits shocked
accretion solutions. Further, we examine the modification of the parameter space due
to the variation of (ay,n) and find that ax and n act oppositely in deciding the shock
parameter space (see Fig. 2.11). Then, We compute the maximum NUT parameter
(n™) for shock as a function of ay, and find that shock solutions continue to exist for
KTN BH with ay > 1 as opposed to the Kerr BHs having aj, < 1 (see Fig. 2.10).

Finally, we calculate the disk luminosity (L) corresponding to the Bremsstrahlung
processes. We observe that L is always higher for flows possessing shock waves com-
pared to the shock free solutions (see Fig. 2.11).

Needless to mention that the present formalism is developed based on some sim-
plifying assumptions. We neglect viscosity and radiative cooling mechanisms, namely
Synchrotron and Compton cooling processes, although they are expected to play vi-
able role in regulating the disk dynamics. In addition, we ignore the magnetic fields
as well. However the basic conclusion of this work will not alter at least qualitatively
upon involving all these physical processes.
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Chapter

Investigation of relativistic hot accretion
flow around Kerr-like wormhole

IN the standard general relativistic framework, a massive compact object at the center
of the accreting system plays a central role in the accretion process. In this direction,
most of the studies have been done considering the compact objects to be a BH (Pringle
& Rees, 1972; Shakura & Sunyaev, 1973; Novikov & Thorne, 1973). However, from the
observational point of view, it is not confirmed that the central gravitating object is
the BH, it may be any consistent solution of general relativity or other gravity theory,
that seems to mimic the BH spacetime in the asymptotic region. Meanwhile, recent
observations of BH shadows by the EHT Collaboration (2019a, 2022a) have opened
up the possibility of detecting the direct signature of strong gravity. In recent years,
the study of compact objects within the framework of general relativity has gained
immense interest, particularly through accretion dynamics. It is worth mentioning
that BHs need not be the only accreting objects in the universe, instead there may
be other categories of hypothetical exotic compact objects (ECOs) (see section 1.2 for
detailed discussions on ECOs), which can not be ruled out by theory to date. Mean-
while, numerous attempts along this line were carried out adopting various gravity
theories, such as higher dimensional braneworld gravity (Pun et al., 2008; Heydari-
Fard, 2010), Chern-Simons modified gravity (Harko et al., 2010), Hotava gravity (Lii
et al., 2009), more exotic boson stars (Torres, 2002; Guzman, 2006), wormholes (Harko
et al., 2009b), gravastars (Harko et al., 2009a), quark stars (Kovéacs et al., 2009).
Indeed, rotating Damour Solodukhin wormhole (RDSWH) (Bueno et al., 2018)
is another solution of Einstein’s field equations, which differs from the Kerr BH by
a dimensionless parameter 3. Therefore, it has been an active area of research to
distinguish the RDSWHs from Kerr BHs by means of various diagnostics, such as
echoes (Bueno et al., 2018), shadows (Amir et al., 2019; Kasuya & Kobayashi, 2021),
and accretion disk properties (Karimov et al., 2019). However, a complete hydrody-
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namical analysis of the accretion process is still pending in the RDWH background.
This motivates us to investigate the hydrodynamic properties of accretion flow around
Kerr-like WH in full general relativistic framework.

Therefore, in this Chapter, we study relativistic, low angular momentum, inviscid
advective accretion flows around a stationary, axisymmetric Kerr-like WH in steady
state conditions. Using the relativistic EoS, we self-consistently solve the governing
equations and, for the first time, we obtain all possible classes of global accretion
solutions, including transonic and subsonic flows. We analyze their dynamical and
thermodynamical properties as functions of flow properties, namely energy (£), angular
momentum (\), and WH properties (ay, ). Furthermore, we classify the nature
of the solutions by mapping the parameter space in the A\-€ and ax — [ plane to
identify distinct regions of different flow topologies. Finally, we calculate the disk
luminosity (L) considering free-free emissions for transonic solutions, as these solutions
are astrophysically relevant. Furthermore, we discuss the implications of our model
formalism in the context of astrophysical applications.

3.1 Background geometry

In order to start with, we consider a stationary, axisymmetric, Kerr-like WH space-
time (Bueno et al., 2018), where the spacetime interval is expressed as,

ds? =g dztdz”

3.1
=gudt® + grrdr® + 2g,5dtdd + gssdd® + geadh?*. 8-1)

Here, the coordinate r globally defines the WH spacetime (see section 1.2.1 for detailed
properties) and varies in the range ry, < |r| < oo, where r1y, denotes throat radius.
In both cases, the wormhole spacetime is globally static, and the time-like Killing
vector remains time-like everywhere. On the contrary, in the black hole scenario,
time-like spacetime becomes space-like beyond the horizon. The metric components
in both sides of the WH throat are obtained in terms of Boyer & Lindquist (1967)
coordinates, which are given by,

h W 27"). = 2akrsin29‘
Git|l+ = » ) Jitp|l+ = » )

by
rrlE g ) = E,
g |i A 990|j:
2air sin®

> )sin? @),

gool+ = (r* + ai +
where, ¥ = r?+af cos? 0, A = r?—2r(1+3?)+a?, ay is the spin parameter (equivalently
Kerr parameter), and [ is the dimensionless parameter. In these analysis, we follow
the sign convention as (—, +, +, +) and adopt a unit system Mywy = G = ¢ = 1, where
My denotes the WH mass. In this unit system, length, time, and angular momentum
are expressed in units of GMwg/c?, GMwg/c®, and GMyy/c, respectively. Here, we
refer ‘+’ to Zone-I and ‘—’ to Zone-II as illustrated in Fig. 1.4. For a limiting value
£ =0, the Kerr-like WH turns out to be a Kerr BH.

The property of a stationary axisymmetric spacetime is the existence of two com-
muting killing vectors along (t,¢) directions. The other two components (r,6) are
mutually orthogonal to each other. The throat radius for thiw Wh is located at
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ron = (14 B2)% + \/(1 + 32)2 — a. In this Chapter, we consider traversable WH,
where, depending on the appropriate boundary conditions, accreting matter from one
Zone can smoothly pass to the other Zone via throat. Hence, in order to study the
properties of accretion flow, we analyze the governing equations for both sides (Zone-I
and Zone-1I) of the throat.

3.2 Assumptions and governing equations

We consider a low angular momentum, steady, inviscid, axisymmetric, advective ac-
cretion flow around a WH. In addition, the flow is assumed to remain confined at the
equatorial plane of the central object and flow does not suffer energy dissipation due
to various physical processes, namely viscosity, radiative cooling and magnetic fields.

In the general relativistic hydrodynamic framework, the energy-momentum tensor
and four current are given by,

T" = (e + p)utu” 4+ pg"” and j* = pu”, (3.2)

where e, p, p, and u* denote the total energy density, pressure, mass density and four
velocities of the perfect fluid, respectively and the spacetime indices p and v run from
0 to 3.

The hydrodynamical accretion flow is governed by conservation of energy-momentum
and mass flux equations, which are given by,

T =0 and (pu”), = 0. (3.3)

Here, the time-like velocity field obeys the condition u,u* = —1. We use the projection
operator defined as hZ = 5; + u'u* to take the projection of the conservation equation
on the spatial hypersurface and obtain the Euler equation as,

T8 = (e + p)u'ul, + (¢ +u'v”")p, = 0. (3.4)

Note that the projection operator also satisfies the condition hiu“ = 0 which ensures
that the projection operator and the four velocity remain orthogonal to each other.
Further, we project the conservation equation along u* and obtain the first law of

thermodynamics as,
w, T =" l(e —|—p> Py — 6,,,1 =0. (3.5)
’ P

In this work, we assume the flow to remain confined around the disk equatorial plane
and hence, we choose § = /2 which leads to u’ = 0. Further, following (Lu, 1985),
we define the three radial velocity of the fluid in the co-rotating frame as v* = v3v?,
where 73 = 1/(1 — v3), v3 = (u®uy)/(—u'u,), and v} = (u"u,)/(—u'u,), respectively.
The radial Lorentz factor 72 = 1/(1 — v?) and the total bulk Lorentz factor is v =
Yo YoYe- With the above definitions of velocities, we obtain the radial component of
the momentum equation from Eq. (3.4) for i = r as,

pade | Ldp | deT
T hp dr dr

0, (3.6)
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Figure 3.1: Variation of effective potential (®¢f) as function radial coordinate (|r|; modulus
is used for the simultaneous representation of Zone-I and Zone-II) for angular momentum
A = 2.20. Dashed (red), dot-dashed (blue) and solid (magenta) curves denote results corre-
sponding to ax = 0.98, 0.985, and 0.99, respectively, and dotted (green) vertical lines indicate
the respective throat radius as rp, = 1.2137, 1.1890, and 1.1603. See the text for the details.

where h [= (e + p)/p] is the specific enthalpy, ®°T refers the effective potential (Dihin-
gia et al., 2018) at the disk equatorial plane and is given by,

q)eif: 1_'_1111 7"(0,12(+7"(7“—2))

2 |ai(r+2) —da A +1r3 = X(r—2)| (3.7)

Needless to mention that the overall characteristics of the accretion flow crucially
depend on the nature of the gravitational potential outside WH under consideration.
Hence, we examine the effective potential (®°T) in Fig. 3.1, where the variation of ®°f
with radial coordinate (r) is illustrated for a fixed angular momentum A = 2.20. In
the figure, the obtained results are plotted with dashed (red), dot-dotted (blue) and
solid (magenta) curves for ax = 0.98, 0.985, and 0.99, respectively. The dotted (green)
vertical lines denote the throat radius (ry,) of WH that solely depends on both ay and
B, respectively. Here, we choose f = 0.05 and find rr, = 1.2137, 1.1890, and 1.1603
for the chosen spin parameters (ay) in increasing order. Note that the horizontal solid
(back) line separates Zone-I from Zone-II on both sides of the WH throat. Figure
evidently indicates that the potential is symmetric in both sides (Zone-I and Zone-II)
of WH throat. Using Eq. (3.5), we obtain the entropy generation equation along the

radial direction as,
e+ d de
( p)p—zo. (3.8)
p dr dr
The stationary and axisymmetric spacetime under consideration is associated with two

Killing vectors due to its symmetries. This yields two conserved quantities, which are
given by,

—huy =& ; huy,=0L, (3.9)
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where, & is the Bernoulli constant (equivalently specific energy) and L is the bulk
angular momentum per unit mass of the flow. We express the specific angular mo-
mentum of the flow as A = £/€ = —uy/us, which is also a conserved quantity for an
inviscid accretion flow. We integrate Eq. (3.3) to obtain another constant of motion
in the form of mass accretion rate (M) and is given by,

M = —4arpu”H. (3.10)

In this work, we express the mass accretion rate in dimensional form as i = M / Mgaa,
where Mgqq (= 1.44 x 10'8(Myn/Ms) gm s~') is the Eddington accretion rate, Mg
being the solar mass. In Eq. (3.10), H refers the local half-thickness of the accretion
disk. Following (Riffert & Herold, 1995; Peitz & Appl, 1997), we compute H assuming
the flow to maintain hydrostatic equilibrium in the vertical direction, and is given by

1077“3' o 1 3 (r? + a?)? + 2Aad}
pF’ 1-XQ  (r2+ad)? —2Ad?’

(3.11)

where Q [= (2ax,+A(r—2))/(ai (r+2)—2aA+r?)] is the angular velocity of the accreting
matter. We close the Egs. (3.3) and (3.10) adopting the relativistic EoS (Chattopad-
hyay & Ryu, 2009) that relates local energy density (e), pressure (p) and mass density

(p) as,
wli _ 200
= T — ——

3.12
T T ( )

@

with 7 =1+ m,/m,. and

90 +3 Eil 90m, + 3m,,
/= {H@ (3@+2>] * [Ef@ (3@me+2mp>] ’
where m, and m,. denote the masses of ion and electron, respectively, and O (=
kgT /m.c?) is the dimensionless temperature. In accordance with relativistic EoS,
the speed of sound is expressed as Cy = ﬁf@/(f +20), where I' [= (1 + N)/N]
refers the adiabatic index and N [= (1/2)(df /d©)] is the polytropic index of the flow,
respectively (Dihingia et al., 2019a). Using Eq. (3.8), we estimate the measure of

entropy by calculating the entropy accretion rate (M) (Chattopadhyay & Ryu, 2009;
Dihingia et al., 2020a), which is given by,

. om 3/4
M= exp(k)0¥? (24 30)"* (36 + =2 ) i, (3.13)
where k1 = [f — (1 +m,/m.)] /20. Note that for a non-dissipative flow characterized
with a given set of energy (£) and angular momentum ()\), M remains conserved all
throughout the disk.
We simplify Egs. (3.6), (3.8), (3.9), (3.10) and (5.11) and obtain the wind equation
as,

dv N
- 14
dr D’ (3.14)
where the numerator (N') is given by,
207 1 dA 3 1 dF doet
= =t =] - (3.15)
F+1\2A dr  2r 2F dr dr
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and the denominator (D) is given by,

2 207
D =~ <U — U(F+1)> : (3.16)

Further, using Eqgs. (3.10), (3.11) and (3.14), we calculate the radial gradient of the
dimensionless temperature as,

— 2
e 20 [ 1 dA 3 v dv 1 dF] . (3.17)

@ aN+il|2adr T T war 2Fdr

3.3 Solution methodology

During the course of accretion around WH, rotating flow from the outer edge (7edge)
of the disk in Zone-I (Zone-II) starts accreting subsonically (v < C). Because of the
strong gravity of WH, inward moving flow gradually gains its radial velocity and de-
pending of the input parameters, namely &£, A, ax and 3, flow may become super-sonic
after crossing the critical point (r¢; flow of this kind is called transonic flow) or remain
subsonic all throughout before approaching to the WH throat (rry,). Thereafter, flow
is diverted to Zone-II (Zone-I) with identical velocity (v), temperature (©) and accre-
tion rate (M) at roy, of Zone-I (Zone-II), and continues to proceed away from the WH
till reqge. It is noteworthy that a transonic (subsonic) flow in Zone-I remains transonic
(subsonic) in Zone-1I, and vice versa.

3.3.1 Transonic accretion solutions

In general, the accretion flow around WH remains smooth everywhere (rr, < r <
Tedge), and hence, the flow radial velocity gradient (dv/dr) must be real and finite
along the flow streamline. However, Eq. (3.16) clearly indicates that the denominator
(D) may vanish at some points. If so, numerator (N') also vanishes there. Such a
special point, where N' = D = 0, is called as critical points (r.). Setting the condition
D = 0, we obtain the radial velocity (v.) of the flow at the critical point () as,

2
=2 1
v PC+1C (3.18)

Similarly, the condition N/ = 0 yields the sound speed (Cy.) at r. as,

Te+1 (dcbgff> ( 1dA 3 1 dF>_1

C? = —
8¢ 4 dr

2Adr “ar 2Fdr ), (3.19)
In Egs. (3.18) and (3.19), quantities with subscript ‘c’ are evaluated at the critical
point (7).

As the radial velocity gradient (dv/dr) takes 0/0 form at r., we apply L'Hopital’s
rule to evaluate (dv/dr). at r.. For a given set of input parameters (€, A, ax and
B), (dv/dr). yields two values. When both (dv/dr). are real and of opposite sign, the
critical point is called as saddle type, whereas nodal type critical point is obtained
if (dv/dr). are real and of the same sign. For spiral type critical point, (dv/dr). are
imaginary. Needless to mention that saddle type critical points are stable, whereas
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both nodal and spiral types critical points are unstable (Kato et al., 1993). Hence, sad-
dle type critical points are specially relevant in the astrophysical context as transonic
accretion solution can only pass through them. Now onwards, we refer saddle type
critical points as critical points only unless stated otherwise. Furthermore, depending
on the input parameters, flow may possess more than one critical points. When critical
point forms close to throat, it is called as inner critical point (ry,) and when it forms
far away from the throat is referred as outer critical point (rgys).

In order to obtain the self-consistent transonic solution around WH, we simultane-
ously solve Eq. (3.14) and Eq. (3.17) for a given set of input parameters (€, A, ay, [3)
in Zone-1 (Zone-1II). In doing so, we first integrate Eq. (3.14) and Eq. (3.17) starting
from the critical point (r.) up to the outer edge of the disk (7eqge) and then from r. to
rrn. Finally, we join these two segments of the solution to obtain the global transonic
solution in Zone-1 (Zone-II). It is worth mentioning that for a traversable WH, an
accretion solution in Zone-I appears to be analogous in Zone-II.

3.3.2 Subsonic accretion solutions

Unlike transonic solution, subsonic solution does not pass through the critical point
and hence, to obtain such solution uniquely, we require entropy accretion rate (/\/l)
as additional parameter along with the other input parameters. Therefore, for a set
of input parameters (£, \, ax, §, and M), we integrate Eq. (3.14) and Eq. (3.17)
starting from the outer edge of the disk (redge) up to 7. To start the integration, we
tune the flow radial velocity (vVedge) at Tedge to calculate ©eqge using Eq. (3.13), that
renders smooth subsonic solution in the range 7, < r < reqge in Zone-I (Zone-II).
Note that for a given set of (€, A, ax, ), one can obtain a set of subsonic solutions
around WH for different M values.

3.4 Results

In this section, we present the results obtained form our model formalism that include
the global solutions, parameter space and the emission properties of the accretion flow
around WH.

3.4.1 Global transonic solutions

In Fig. 3.2, we present a typical global transonic accretion solution where Mach number
(M = v/Cs) of the flow is plotted as function of the radial coordinate (r). Here, we
choose ay = 0.99, and § = 0.05, and the solutions are computed for flows of energy
£ = 1.02 and angular momentum A = 1.90. For the chosen set of input parameters,
we find that in Zone-I (upper panel), flow starts accreting subsonically from the outer
edge of the disk (reqqe) and gains radial velocity as it moves inward due the strong
attraction of WH gravity. Eventually, flow changes its sonic state to become supersonic
at the inner critical point at r, = 1.7160 and continues to accrete until it reaches the
WH throat at rr, = 1.1603. In the figure, we present the accretion solution using
the solid (blue) curve. The corresponding wind solution (from rry, to redee) is also
depicted as shown by the dashed (red) curve. For the purpose of completeness, we
present the flow solutions for Zone-II in the lower panel which is the mirror image
of the flow solutions presented in the Zone-I. Now onwards, to avoid repetitions, we
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Figure 3.2: Variation of Mach no (M = v/C5) as function of the modulus of radial coordinate
(Ir]) around WH. Here, we choose £ = 1.02, A = 1.90, ax = 0.99, and 8 = 0.05, respectively.
Solid (blue) and dashed (red) curves represent solutions corresponding to accretion and
winds. Filled circles (black) refer to the inner critical points (ri,) and dotted vertical line
(green) denotes throat radius of WH. See the text for the details.

shall exclusively present the flow solutions in Zone-I only, unless stated otherwise. In
Fig. 3.3, we display the variation of other flow variables with the radial coordinate (r)
corresponding to the accretion solution presented in Fig. 3.2. In Fig. 3.3a, we depict
the profile of density (p) variation for convergent accretion flow and observe that p
increases as the flow moves towards WH. We put effort to represent the density profile
using a power-law and the best fit is obtained as p oc 7=("*+2/5) where n ~ 1. This
finding is consistent with the results reported in (Narayan & Yi, 1995a; Frank et al.,
2002). Next, we show the radial profile of pressure (p) and temperature (7) of the flow
in Fig. 3.3b-c, and attain the optimal power-law fit as p oc 7= and T oc r—(»=1/3),
respectively. It is noteworthy that we observe poor fitting of the flow variables at the
inner part of the disk close to WH. This possibly happens due to that fact that the
simple power-law fit fails to capture the complex nature of the flow characteristics in
the vicinity of the WH.

3.4.2 Classification of global transonic solutions

Indeed, the nature of the transonic accretion solutions depends on the energy (£)
and angular momentum (A) of the flow around WH. Towards this, in Fig. 3.4a, we
separate the effective domain of the parameter space in A — £ plane according to the
nature of the transonic accretion solutions around WH. Here, we choose a, = 0.99
and [ = 0.05, and identify four distinct regions in the parameter space that provide
O-type, A-type, W-type and I-type transonic accretion solutions. For the purpose of
representation, we depict the typical examples of transonic accretion solutions from
these four regions in panels (b-e) of Fig. 3.4, where M is plotted as function of
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Figure 3.3: Variation of (a) density (p), (b) pressure (p), and (c) temperature (7') of the
accretion flow as function of radial coordinate (r). Here. model parameters are chosen same
as in Fig. 3.2. In each panel, dashed (red) curve represents the best fit power-law profile
of the flow variables and filled circle (black) denotes the critical point ri, = 1.7160. The
vertical dotted lines (green) denote throat radius rp, = 1.1603. See the text for the details.
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Figure 3.4: Sub-division of parameter space in A — £ plane according to the nature of the
flow solutions around WH (panel a). Here, we choose ax = 0.99 and § = 0.05. Four distinct
regions marked as O-type, A-type, W-type and I-type are identified and typical flow solutions
(M vs. r) from these regions are depicted in panels (b-e), where solid (blue) and dashed
(red) curves denote accretion and winds. Filled circles (black) refer critical points (rj, and/or
rout) and vertical dotted lines (green) denote throat radius rpy = 1.1603. See the text for
the details.
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Figure 3.5: Modification of transonic accretion solutions (M vs r) with the increase of ay
as marked in each panel. Here, we fix the model parameters as £ = 1.0084, A = 2.1, and
B = 0.05, respectively. Solid (blue) curves denote accretion solutions, whereas dashed (red)
curves are for winds. Filled circles refer critical points (i, and/or roy). Dotted vertical
line denotes the throat radius as (a) rpy, = 1.6196, (b) rry = 1.5387, (¢) rrn = 1.4639, (d)
rrhn = 1.3226 and (e) rpp = 1.1942. See the text for the details.
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Figure 3.6: Same as Fig. 3.5, but for different 5 as marked in each panel. Here, we fix the
model parameters as £ = 1.0137, A = 1.881, and ax = 0.99, respectively. Dotted vertical
line denotes the throat radius as (a) rrp = 1.1418, (b) r1, = 1.2634 and (c) rr, = 1.2782,
respectively. See the text for the details.

r. These solutions are obtained for different sets of (A, &) chosen from the marked
regions of the A — £ parameter space. In each panels, solid (blue) and dashed (red)
curves represent flow solutions corresponding to accretion and wind, and filled circles
denote the critical points (ry, and/or 7oy ). In panel (b), we present the O-type solution
which are obtained for (A,&) = (1.70,1.005) and the solution possesses outer critical
point at 7o, = 52.8253 before advancing towards the WH throat (rr,). We calculate
A-type solution for (A, &) = (1.95,1.005) and the obtained results are shown in panel
(c). The solution of this kind contains both inner and outer critical points, and we
find r;, = 1.5384 and r, = 50.0378. The entropy accretion rate at i, and 7oyt
are computed as M () = My, = 8.66 x 107 and M (7o) = Moy = 7.337 x 107,
respectively. Note that accretion solution passing through 7., successfully connects
the outer edge of the disk (7eqge) and the WH throat (rry), where solution containing
rin fails to do so. Next, we obtain W-type solution for (A, €) = (1.96,1.01) that
yields 7y, = 1.4995 and 7oy = 23.1166 (see panel (d)). We find that for W-type
solutions, entropy accretion rate at r,, is higher than the entropy accretion rate at r;,
as Mout =11.474 x 107 and Mm = 8.2 x 10”. We also notice that accretion solution
possessing oy, can not extend up to the WH throat (rry), however, it seamlessly
connects Teqge and 7 while passing through ry,. Finally, the results corresponding

to I-type solution is shown in panel (e) which possesses only inner critical point (r,),
and results are obtained for (A, €) = (1.9,1.02) with 7y, = 1.7160.

3.4.3 Modification of global transonic solutions

It is intriguing to examine the role of ay in deciding the nature of the accretion solution
around WH. In order for that we fix the model parameters as £ = 1.0084, A = 2.1,
and § = 0.05 and calculate the flow solutions by tuning ay. The obtained results are
depicted in Fig. 3.5, where solid curve denotes accretion solution and dashed curve is
for wind. In panel (a), we obtain O-type solution for a) = 0.79 having outer critical
point at ro = 26.7261 and throat radius at r1, = 1.619. When ay is increased as
0.847, we find that inner critical point appears at r;, = 3.7780 along with the outer
critical point at ro, = 26.5471, as shown in panel (b). For ay = 0.89, flow continue
to possess multiple critical points at ry, = 2.7921 and 74, = 26.4077 (see panel ¢) and
the overall character of the solution remains qualitatively same as in panel (b). As
mentioned earlier that for accretion solutions of this kind, My > Moyw. When ay is
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Figure 3.7: Variation of Mach number (M) as a function of radial coordinate (r) for subsonic
solutions associated with I-type transonic accretion solution. Here, we choose the model
parameters as £ = 1.02, A = 1.90, ax, = 0.99 and = 0.05. Dashed (red), dot-dashed (blue),
dot-dot-dashed (magenta), dot-dot-dot-dashed (green) and small-big-dashed (cyan) curves
are for M = 13x 107, 10 x 107, 7 x 107, 4 x 107, and 1 x 107, respectively. Solid (black) curve
refers the I-type transonic accretion solution (see Fig. 3.4e) possessing entropy accretion rate
as M = 13.755 x 107. Dotted vertical line denotes the throat radius rr, = 1.1603. See the
text for the details.

increased further as 0.95, the character of the solution alters, although it continues to
possess multiple critical points at ry, = 1.9050 and rq,; = 26.2056 (see panel d). For
accretion solutions similar to this, we obtain Mout > Min. Beyond a critical limit,
such as a; = 0.984, we notice that the outer critical point disappears and the flow
solution passed through the inner critical point only at r, = 1.3860, as depicted in
panel (e).

For the purpose of completeness, we examine the effect of § in deriving the flow
solutions. Towards this, we choose the model parameters as £ = 1.0137, A = 1.881
and a, = 0.99, and vary [ to compute the solutions. In Fig. 3.6, we present the
obtained results where /3 is increased in succession. We observe that § = 0.01 provides
A-type solution possessing multiple critical points at ry, = 1.9016 and 7, = 16.5016,
as shown in Fig. 3.6a. As [ is increased to 0.14, the nature of the accretion solution
alters to W-type with ry;, = 1.6829 and 7, = 16.4300 (see Fig. 3.6b). For g = 0.15,
the outer critical point disappears and we obtain solution containing only inner critical
point at ry, = 1.6202.

3.4.4 Subsonic accretion solutions

As already mentioned, besides the transonic solutions, subsonic solutions are also
exist around WH. Accordingly, we examine the nature of the subsonic solutions for
flows with fixed model parameter (€, A, ay, ). For this, we begin with a reference
[-type transonic accretion solution obtained for £ = 1.02, A = 1.90, a, = 0.99 and
S = 0.05 (see Fig. 3.4e). The entropy accretion rate for this solution is computed as
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Figure 3.8: Same as Fig. 3.7, but for subsonic solution associated with O-type transonic
accretion solution (see Fig. 3.4b). Here, we choose £ = 1.70, A = 1.005, ax = 0.99 and
B = 0.05. Dashed (red), dot-dashed (blue), dot-dot-dashed (magenta), dot-dot-dot-dashed
(green) and small-big-dashed (cyan) curves are for M = 7.5 x 107, 7 x 107, 5 x 107, 3 x 107,
and 1 x 107, respectively. Solid (black) curve refers the O-type transonic accretion solution
with M = 7.505 x 107. Dotted vertical line denotes the throat radius rTh = 1.1603. See the
text for the details.

M =13.755 x 107. Now, we follow the method described in section 3.3.2 to calculate
the subsonic accretion solution around WH by decreasing M while keeping all the re-
maining model parameters unchanged. The obtained results are depicted in Fig. 3.7,
where the results presented with dashed (red), dot-dashed (blue), dot-dot-dashed (ma-
genta), dot-dot-dot-dashed (green) and small-big-dashed (cyan) curves are obtained
for M =13 %107, 10x 107, 7x 107, 4 x 107, and 1 x 107, respectively. Interestingly, we
observe that for a given set of model parameters (€, A, ay, 3), M always remains lower
for subsonic solutions compared to the transonic solution (solid curve in black), which
predominantly indicates that transonic solutions are thermodynamically preferred over
the subsonic solutions because of their high entropy content. Further, in Fig. 3.8, we
present the subsonic solution associated with the O-type transonic accretion solution.
Here, the results are obtained by varying the entropy accretion rate as M = 7.5 x 107,
7x 107, 5x 107, 3x 107, and 1 x 107, keeping other model parameters fixed as £ = 1.70,

= 1.005, ax = 0.99 and 8 = 0.05. As in Fig. 3.7, here also we observe that M is
lower for subsonic solutions compared to the transonic accretion solution (solid curve
in black) suggesting that transonic accretion solution are preferred over the subsonic
solutions.

3.4.5 Modification of parameter space for multiple critical points

It is noteworthy that depending on the model parameters, transonic flow possesses
either single or multiple critical points. Following this, we identify the ranges of A
and £ that render multiple critical points while keeping a) and g fixed (see Fig. 3.4).
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Figure 3.9: Parameter space for multiple critical points in A — £ plane for different (a) ay
and (b) S values. In panel (a), we choose 5 = 0.05 and the regions bounded with solid
(magenta), dashed (red) and dot-dashed (green) curves are obtained for ax = 0.99, 0.89 and
0.79, respectively. Similarly, in panel (b), we fix ax = 0.99, and solid (magenta), dashed (red)
and dot-dashed (green) curves separate the region for 5 = 0.15, 0.10 and 0.05, respectively.
Dotted curve separates the A-type and W-type solutions in each parameter space. See the
text for the details.

However, it is useful to examine the modification of A — £ parameter space due to the
change of ai and 8 values. Towards this, in Fig. 3.9a, we present how the effective
domain of the parameter space alters due to the increase of ay for a fixed 3 value as
0.05. Regions bounded with solid (magenta), dashed (red) and dot-dashed (green)
curves are obtained for a, = 0.99, 0.89 and 0.79, respectively. Each parameter space
is further subdivided using dotted curve that separates A-type solutions (left side)
from the W-type solutions (right side). We also observe that flow continues to possess
multiple critical points for higher ay, provided A is relatively lower. This is expected
because of the fact that the marginally stable angular momentum generally decreases
with the increase of ay due to the spin-orbit coupling embedded in the spacetime (Das
& Chakrabarti, 2008). Similarly, in Fig. 3.9b, we present the variation of the parameter
space for different 5. Here, we fix a, = 0.99, and boundaries drawn with dot-dashed
(green), dashed (red) and solid (magenta) curves separate the regions for 5 = 0.05,
0.10 and 0.15, respectively. We observe that for a fixed ay, the effective domain of the
parameter space is shrunk with the increase of deformation parameter j3.

Moreover, it is compelling to analyze the range of § that renders multiple critical
points as well. In doing so, for the purpose of representation, we fix the energy of the
flow as £ = 1.004, and freely vary angular momentum () to find its minimum value
(Amin) yielding multiple critical points for 8 > 0 and 0 < a < 1. Here, we focus on
Amin as it coarsely interprets the limiting value describing the quasi-radial nature of
the flow containing multiple critical points. The obtained results are plotted in Fig.
3.10, where two-dimensional projection of the three-dimensional plot spanned with ay,
£ and Ay In the figure, vertical colorbar denotes the range as 1.8 < Ay < 2.65.
Figure evidently indicates that the range of 3 is decreased with the increase of ay, and
Amin anti-correlates with ay.

Next, we put effort to calculate the upper limit of angular momentum (\y.x) that
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Figure 3.10: Two-dimensional projection of the three-dimensional plot of ay, 8 and Apy, for
solutions containing multiple critical points. Here, we choose energy £ = 1.004. The colorbar
represents the range of minimum angular momentum (Apiy). See the text for the details.

renders multiple critical points. The obtained results are presented in Fig. 3.11, where
we illustrate the variation of A\, as function of g for different a) values. Open circles,
squares and asterisks joined with solid lines denote the results obtained for a, = 0.0,
0.5 and 0.99, respectively. Here, energy of the flow is varied freely. We observe that for
a fixed ay, Amax monotonically decreases with the increase of 5, and as ay is increased,
the allowed range of 8 for multiple critical points decreases. We also notice that for a
given (3, when ay is higher, A\,.x becomes lower and vice versa.

3.5 Radiative emission properties

In this section, we examine the disk luminosity (L) focusing on free-free emission as it is
regarded as one of the relevant radiative mechanism active inside the convergent single
temperature accretion flow (Sarkar & Das, 2016; Okuda et al., 2019, and references
therein). Accordingly, we calculate L as,

00  fTedge [2T
L=2 / / dg / (Hr)e(ve)dv,drd. (3.20)
0 TTh 0
Here, €(v) denotes the Bremsstrahlung emissivity at frequency v and is given by (Vietri,
2008),
32me" 2r /2
= Z2none/keTeg, 3.21
«v) 3mec? <3k:BmeTe> i TeTti€ Jor (3.21)

where m, and e are mass and charge of the electron, kg is the Boltzmann constant, h
is the Planck’s constant, v is the frequency, Z; is the ion charge, and gy, is the Gaunt
factor (Karzas & Latter, 1961) assumed to be unity. In this work, we consider single
temperature flow and following (Chattopadhyay & Chakrabarti, 2002), we estimate

electron temperature as T, = y/(me/m,)T, where T" denotes the flow temperature and
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Figure 3.11: Variation of Apax with S for three different values of ay yielding solutions
possessing multiple critical points. Open circles, squares and asterisks joined with solid lines
represent results corresponding to ax = 0.0, 0.50, and 0.99, respectively. See the text for the
details.

m; is the ion mass. The emitted frequency (v.) is related to the observed frequency
(o) as v. = (1 + 2)v,, where z denotes the red-shift factor. Following (Luminet,
1979), we determine z considering fixed inclination angle 6y = 7/4 for Kerr-like WH.
In addition, we choose Mwy = 10My and rin = 0.1 while computing disk luminosity.

We present the obtained results in Fig. 3.12, where the variation of disk luminosity
(L) with g for different ay is depicted. The results corresponding to I-type and O-type
solutions are presented in panel (a) and (b). In both panels, open circles, squares and
asterisks joined with solid lines denote results for a;, = 0.99, 0.94 and 0.89, respectively.
We find that for a fixed ay, L increases with the increase of §. Similarly, when [ is
kept fixed, L is seen to increase for higher a). Overall, we observe that for a fixed set of
(ax, B), I-type solutions yields higher disk luminosity compared to the same obtained
from O-type solutions. This happens because I-type solutions exhibit higher density
profile compared to the O-type solutions as I-type flow remains subsonic in the range
Tin < T S Tedge-

We also put effort to explain the luminosity of a compact object Cygnus X-3,
using our model formalism. Indeed, the nature of the compact object in Cygnus X-
3, whether it is a BH or a NS, remains an open question till date (Pahari et al.,
2017, and references therein). Earlier, Szostek et al. (2008) investigated the X-ray and
radio states of Cygnus X-3 and found that the correlation between radio and X-ray
emissions closely resembles the features generally observed in BH binaries (such as
GRS 19154105, XTE J1550-564), yet differs significantly from those seen in neutron
star binaries. In a subsequent effort, Zdziarski et al. (2013) examined the nature of
the central source in Cygnus X-3 and indicated that central source possibly be a BH
of mass 2.47%1 M, based on radio, infrared and X-ray data. However, the possibility
of neutron star was not ruled out. Very recently, the Imaging X-ray Polarimetry
Explorer (IXPE) has revealed Cyguns X-3 as a hidden Galactic ultra-luminous X-ray
(ULX) source (Yang et al., 2023; Veledina et al., 2023). All these studies evidently
indicate that the nature of the central source in Cygnus X-3 remains unclear and
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Figure 3.12: Variation of disk luminosity (L) as function of 5 for different ay. In panel (a),
results corresponding to I-type accretion solutions are depicted for flow with & = 1.02 and
A = 1.90. Open circles, squares and asterisks joined with solid lines are for a), = 0.99, 0.94,
and 0.89, respectively. In panel (b), results same as panel (a) are shown, but for O-type
accretion solutions, where £ = 1.004 and \ = 1.85 are chosen. See the text for the details.

inconclusive. Keeping this in mind, in the present analysis, we attempted to explain
the disk luminosity of Cygnus X-3 during its hypersoft state considering the source
as a rotating Kerr-like WH. Cygnus X-3 displays intense luminosity, predominantly
in X-ray wavelengths. This sustained brightness, amidst its erratic behavior, hints
at underlying mechanisms continuously fueling its emissions. Moreover, Cygnus X-3
exhibits a unique hypersoft state characterized by its bolometric X-ray flux reaching
peak values in the range 2—8x10~® erg cm =2 s~! (Hjalmarsdotter et al., 2008; Koljonen
et al., 2018). Adopting the source distance of 7.4 kpc (McCollough et al., 2016), the
source luminosity is estimated as Lg ~ 1 — 5 x 10%® erg s7! (Zdziarski et al., 2012).
In order to explain Lg, we compute the ‘model predicted’ disk luminosity (L) arising
from free-free emission for transonic accretion solutions around WH. In doing so, we
use the source mass as Mwy = 2.4Mg (Zdziarski et al., 2013), and for the purpose
of representation, we consider typical accretion rate v = 0.1, source spin a; = 0.99
and [ = 0.001. The obtained results are presented in Fig. 3.13, where we illustrate
the two-dimensional projection of the three-dimensional plot of A, £ and log (L erg
s71). In the figure, the vertical colorbar denotes the disk luminosity in the range 35 <
log (L erg s7') < 39. In the figure, we identify a region bounded with dotted curves
that yields the luminosity 1 x 103 < L <5 x 103 erg s7!. These findings evidently
indicate that our analysis in turn renders the representative values of the luminosity
(Lg) of Cygnus X-3. Moreover, we argue that present model formalism seems to be
potentially promising in explaining the luminosity of compact X-ray sources.

3.6 Chapter conclusions

In this Chapter, we study the low angular momentum, inviscid, advective accretion
flow around a stationary axisymmetric Kerr-like WH spacetime. The Kerr-like WH
is characterized by the spin parameter (ay) and dimensionless parameter () along
with its mass (Mwg). In doing so, we examine the steady state accretion solutions
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Figure 3.13: Two-dimensional projection of the three-dimensional plot of £, A and log(L
erg s~ 1) for transonic flow due to free-free emission. The colorbar denotes the range of
luminosity values. The region enclosed by the dotted curve yields disk luminosity consistent

with the observed luminosity of Cygnus X—3 during its hypersoft state. See the text for the
details.

which are obtained by solving the governing equations describing the accretion flow
confined around the disk equatorial plane. Further, we investigate the role of a) and
B in regulating the accretion dynamics. With this, we summarize our key findings in
the below.

We calculate the transonic accretion solution (I-type) that passes through the inner
critical point 7y, around WH (see Fig. 3.2). We find that the radial profile of the
flow variables corresponding to this solution, such as density (p), pressure (p) and
temperature (1) follow power-law distributions as p oc r=™+2/%) 5 o r=(**+1 and
T o< r~™=1/3) with n ~ 1 inside the disk (see Fig. 3.3). However, solution deviates
from self-similarity close to rry, mainly due to the non-linearity present in the WH
spacetime. Further, for the first time to the best of our knowledge, we obtain the
complete set of transonic accretion solutions (O-type, A-type, W-type and I-type)
around WHs by tuning the model parameters, namely energy (£), angular momentum
(A), spin parameter (ay), and dimensionless parameter (). We find that a given type
of accretion solutions are not isolated solutions as these solutions continue to exist
for wide range of model parameters. We also separate the domains of the parameter
space in A — & plane according to the nature of the accretion solutions (see Fig. 3.4).
Furthermore, we investigate the impact of ay () values in altering the parameter space
for multiple critical points. Our findings reveal that when ay () is increased keeping
B (ayx) fixed, the parameter space shifts towards the higher energy and lower angular
momentum domain (see Fig. 3.9).

Then, we examine the role of a; and 3 in obtaining the transonic accretion solutions.
We observe that for fixed £, A, and 3 (ay), accretion solution alters its character as ay
(B) is increased (see Fig. 3.5 and Fig. 3.6). This findings evidently indicate that both
ax and [ play pivotal role in deciding the nature of the transonic accretion solutions
around WH. We further emphasize that subsonic accretion solutions are also possible
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around WH (see Fig. 3.7 and Fig. 3.8). However, for fixed £, A, ax and 3, these
solutions possess lower entropy content compared to the transonic solutions. Hence,
we argue that transonic solutions around WH are thermodynamically preferred over
the subsonic solutions.

Finally, we compute the disk luminosity (L) considering Bremsstrahlung emission
and observe strong dependency of L on both a; and 8. It becomes evident that for a
fixed § (ay), increasing ay () leads to higher L for both I-type and O-type transonic
accretion solutions. In addition, we note that I-type solutions yield higher L compared
to O-type solutions (see Fig. 3.12). Finally, we indicate that our model successfully
elucidates the luminosity of compact X-ray source Cygnus X-3 during its hypersoft
state. Based on this finding, we mention that the present model formalism offers
the valuable insights of the accretion flow dynamics around WH that could drive the
energetic emissions observed from enigmatic compact X-ray sources. Although, we
neglect the effect of viscosity, magnetic fields, which are ubiquitous in astrophysical
scenario.
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Chapter I

Impact of generic dark matter halo on
relativistic accretion flow around galactic

black holes

IT is well known that almost all galaxies host supermassive black holes (SMBHs)
(Mpg ~ 105 —10'°M,) (Richstone et al., 1998; Kormendy & Ho, 2013) at their center
including the Milky Way (Sgr. A) (Ghez et al., 2008; Genzel et al., 2010; Collaboration,
2022a). The current theoretical models on the formation of SMBHs fail to explain the
distribution of the BH mass, as most of the SMBHs are found at high redshifts (Ko-
rmendy & Ho, 2013). Although galaxy mergers in the early universe may lead to a
possible explanation for the rapid growth rate of the SMBHs, it requires the presence
of DM (Volonteri & Rees, 2005; Sanders, 2008; Skordis & Zlosnik, 2021; McGaugh
et al., 2024). There are also various observational evidences such as galaxy veloci-
ties (Zwicky, 1933), galactic rotation curves (Rubin et al., 1978), cosmic microwave
background (CMB) observations (Aghanim et al., 2020) supports the existence of DM
(see section 1.3). Therefore, the strong gravity of SMBHs can redistribute the DM
distributions near the galactic center, which results a density spike outside the event
horizon. At low redshift, SMBHs primarily grow via the process of accretion of lu-
minous matter, and their mass gradually increases. As a result, the accretion rate
influences AGN properties, that may shape the host galaxy’s growth (Bower et al.,
2006; Morganti, 2017; Harrison, 2017). Furthermore, the environmental dependence of
AGN activities can provide powerful constraints on evolutionary scenarios of SMBH
fueling and feedback (Powell et al., 2022).

Since the spacetime geometry strongly governs the dynamics of accretion flow
around compact objects, one must accurately model the modification of the space-

time geometry due to the relativistic distribution of the DM particles around the
SMBHs at the galactic center. In this direction, Natarajan (2002) first modelled the
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galactic DM density profile from observations and simulations. Later, Cardoso et al.
(2022a); Cardoso et al. (2022b) derived an exact analytical solution for SMBHs mini-
mally coupled to the anisotropic DM fluid using the Einstein Cluster model (Geralico
et al., 2012; Einstein, 1939) within GR using a Hernquist-type distribution (Hernquist,
1990). Going beyond the Hernquist-type DM distribution, a fully numeric pipeline was
developed by Figueiredo et al. (2023) and Speeney et al. (2024) to treat generic den-
sity distributions around spherically symmetric galactic SMBHs. After that, numerous
works have also been done on the influence of DM halos on different spacetime proper-
ties and phenomenology (Retana-Montenegro et al., 2012; Jusufi et al., 2020; Stuchlik
& Vrba, 2021; Liu et al., 2022; Singha & Biswas, 2024; Chen et al., 2024; Faraji &
Rosa, 2024; Patra & Majhi, 2025; Ranjbar et al., 2025).

In Chapter 2 and Chapter 3, we have studied the relativistic accretion flow around
bare BHs and a WHs. It is timely to study the effect of DM halos on the accretion
around BHs, as the surrounding environment is expected to play a crucial role in un-
derstanding various astrophysical phenomena around them. Therefore, in the present
Chapter, we study relativistic, low angular momentum, inviscid, and advective hot ac-
cretion flow onto a galactic supermassive BH dressed with different relativistic density
distributions of cold DM halo, namely Hernquist (see subsection 1.3.1), Navarro-Frenk-
White (NFW) (see subsection 1.3.2), and Einasto (see subsection 1.3.3), along with a
fully relativistic model of the DM spike based on Hernquist-type distribution (see sub-
section 1.3.4) following the numerical framework developed by Figueiredo et al. (2023)
to model the spacetime geometry around a Schwarzschild BH (see section 1.1.3 for
detailed description of this spacetime). All DM profiles are characterized by the halo
mass (Mpalo) and a characterized length scale (ag). Focusing on different relativistic
DM distributions with an inner density spike, we analyze the effect of the DM halo
on the topology and properties of the accretion flow. As from the previous chapters,
we knew that the I-type solution provides the highest luminosity compared to the
other types of solutions, we calculate the Bremstrahlung luminosity for these types
of solutions. Our results indicate that the change in geometry due to the feedback
from the relativistic distribution of DM halo causes a significant change in the effec-
tive gravitational potential, which leads to deviation in the topology and properties of
the accretion flow. The quantitative deviation of the flow properties and luminosity
from that of the vacuum Schwarzschild BH depends on the exact nature of the halo
density profile (and the DM spike model). This results in substantial differences in the
spectral energy density and the bolometric luminosity, particularly for highly compact
halos with large halo mass.

4.1 Background geometry and density profiles

This section briefly reviews the formalism to construct an asymptotically flat, static,
spherically symmetric BH solution embedded in a DM halo with different density
distributions.

TH-3974_ 196121011 86



Chapter 4: Effect of generic DM halo on accretion onto galactic BHs

4.1.1 Background geometry

We model the spacetime geometry of a BH by the line element,

dr?

r

ds® = —f(r)dt* + + r2dQ? (4.1)

where df2? represents the metric on a unit two-sphere. Throughout this chapter, we
use geometric units (G = ¢ = 1) unless stated otherwise.

Following some previous papers (Cardoso et al., 2022a; Figueiredo et al., 2023;
Speeney et al., 2024; Chakraborty et al., 2024; Pezzella et al., 2024), we employ a
generalized Einstein cluster formalism (Einstein, 1939; Geralico et al., 2012). Einstein
cluster is a collection of collisionless particles in all possible circular geodesics. The
average stress energy tensor is given by,

n

(@) = = (PPY) |

mp

where n is the proper number density of particles with rest mass 7, and P* is the
four-momentum satisfying the geodesic equation. The averaging (...) is done over all
trajectories with all the directions and phases passing through a spatial point where
the energy-momentum tensor of the orbiting particles is computed. This averaging
ensures that the system remains static and spherically symmetric. The number density,
n(r), on a given shell is independent of that in the other shells. This construction is
equivalent to an anisotropic material with only tangential pressure P; and zero radial
pressure. Thus, we assume the metric in Eq. (4.1) to be a solution of the Einstein’s

equations,
(Ch ) = 87rTﬁf,”, (4.2)
where
(7)) = diag(—ppm(r), 0, Pi(r), Pi(r)) , (4.3)

is the anisotropic stress-energy tensor encoding the properties of the environment in
terms of the density ppu(r) and the tangential pressure P;(r) of the matter distribu-
tion. The zero radial pressure of the distribution is also indicative of the negligible DM
accretion rate within the timescale of baryonic accretion. For a given density profile,
the continuity equation determines the mass profile as,

m'(r) = 4mr? ppn(r) | (4.4)

whereas the metric function f(r) and the tangential pressure P,(r) are determined by
the rr component of the field Eq. (4.2) and the Bianchi identities, respectively,

Fr) _ 2m(r)r
f(ry r—=2m(r)’
m(r)/2

Pt(T) = rTm(r)pDM(r) . (46)

(4.5)

The metric functions f(r) and m(r) completely specify the geodesic structure of the
spacetime.
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The stationarity and spherical symmetry of the metric (Eq. (4.1)) implies the exis-
tence of a timelike and a spacelike Killing vector associated with the conserved quan-
tities, the specific energy and the specific angular momentum at infinity. The radius
of the innermost stable circular orbit for massive particles is given by the roots of the
equation,

2w (r) + ri(r) — 6m*(r) =0, (4.7)

with the associated angular frequency,

Qisco = l Qf (r)r(r) ]MISOO . (4.8)

The radius of the lightring (unstable null circular geodesic) is determined by the roots
of the equation, r = 3m(r), with the associated angular frequency

QLr = % : (4.9)

To evaluate the metric functions f(r) and m(r), we follow the numerical procedure
outlined in Speeney et al. (2024) motivated by the solutions obtained in Konoplya &
Zhidenko (2022); Shen et al. (2024); Maeda et al. (2025). We start with a specific choice
of the DM density profile ppu(7) (as outlined in section 4.1.2) and numerically integrate
Eq. (4.4) from r = 2Mgy t0 7o, = 10 Mgy (corresponding to our numerical infinity)
to determine m(r). We then use m(r) in Eq. (4.5) to evaluate f(r) by integrating
backwards from r,, with the boundary conditions,

mroo . MBH + Mhalo ; (410)

_ Mg

Flre)=1— 2U(roo) | (4.11)
T

where My, is the total mass of the DM environment surrounding the BH. Note that
by construction, the event horizon is rg = 2Mpgy. The obtained metric functions can
then be used in Eq. (4.6) to determine the tangential pressure. Similarly, the location
and angular momentum at the ISCO and lightring can also be determined explicitly,
using Eqgs. (4.7), (4.8), (4.9), respectively.

4.1.2 Environmental density profiles

Since we are interested in studying the effect of collisionless CDM distribution on the
accretion onto the central BH, we consider two of the most widely studied CDM density
profiles, the Hernquist profiles (Hernquist, 1990) and the NFW distributions (Navarro
et al.; 1995; Navarro et al., 1996). Whereas the Hernquist profile is mostly used to
model the Sérsic profile observed in bulges and elliptic galaxies, the NF'W profile is
mainly used for galaxies with the largest content of DM (Kormendy & Ho, 2013). Both
these profiles can be parametrically described as (Taylor & Silk, 2003),

pot(r) = pag(r/ao) ™ [1+ (r/ag)*) ™7/, (4.12)

where pl,, = 28792 pp\i(ag) is a scale factor with ay being the scale radius of the
halo. The parameters 8 and ¢ respectively govern the dependence of the profile at

TH-3974_ 196121011 88



Chapter 4: Effect of generic DM halo on accretion onto galactic BHs

large and small radii, whereas a determines the sharpness of the change of the profile
slope at ag (Taylor & Silk, 2003). The Hernquist and NFW density profiles correspond
to the parameter set (a,,¢) = (1,4,1) and («, 5,¢5) = (1,3,1), respectively. Since
the total mass of the NF'W profile is logarithmically divergent, we use a cutoff radius
7. for the dark matter distribution, such that My.,.(r > 7.) = 0. Henceforth, for the
NFW density profile, we will use two values of the cutoff radius: (a) 7. = bag (referred
to as NFW), (b)7. = ao (referred to as NFW1) . We also use a third-density profile
named, Einasto (1969) profile, that provides an excellent fit to a wide range of DM
halos as per recent N-body CDM simulations. The Einasto profile is given by,

poni(r) = phexp {—da [(r/r) /" = 1]}, (4.13)

where 7. denotes the radius of the sphere containing half of the total mass, and pf),
is the mass density at r = r, with 7 = 6 and d; = 53/3 (Graham et al., 2006; Prada
et al., 2006). Throughout the work, we set . = ag for brevity.

Due to the adiabatic accretion growth of a seed nonrotating BH sitting at the core,
the DM distribution is expected to develop an overdensity with a sharp cutoff close to
the horizon at r = 4Mpy (Gondolo & Silk, 1999; Sadeghian et al., 2013). Following
Speeney et al. (2024), we model the overdensity in two different ways:

1. We multiply the DM density profile with the cut-off factor (1 — 4Mpyu/r). The
choice of the cutoff factor ensures that the dominant energy condition is satis-
fied (Datta, 2024; Speeney et al., 2024) in the region, 2Mpy < r < 4Mgy.

2. We consider a fully relativistic DM spike model introduced in Speeney et al.
(2022). We concentrate on the Hernquist subclass of the DM spike i.e., we con-
sider the adiabatic growth of the DM spike starting from a Hernquist distribution
given by Speeney et al. (2024),

(4.14)

with

4MBH)OC< TMBH >’B
r Mharoa0
TMBH )g

Miai0a0

X <1 b (4.15)
where a = 2.366, § = —2.320 and ¢ = —1.370. The functional dependence of
pom(r) on ag and My, was determined empirically by studying the behaviour
of an ensemble of DM profiles computed numerically for selected values of My,
and ap (Sadeghian et al., 2013). The numerical values of a, f and ¢ were
then determined by fitting with a numerical spike with M., = 10*Mpy and
Mhalo/ao = 0.001.

Fig. 4.1 shows the representative plots of different DM distributions for different
values of the halo mass and scale radius. We note that the Hernquist and the NF'W
profiles behave almost similarly, with the Hernquist density being greater than the
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NFW density at a fixed radius. The NFW distribution terminated at ay (NFW1) has
a higher density than the one terminated at 5ay since the total halo mass remains
constant. For the halo-compactness (Mpao/ag) considered in fig. 4.1, the Hernquist
type spike profile has the highest density of DM close to the BH, however for more
compact halos, the situation is reversed (Speeney et al., 2024).

In the subsequent sections, we study the accretion flow of the baryonic matter
onto the galactic BH dressed with a dark matter halo. We again stress that the DM
influences the accretion flow of the baryonic matter by modifying spacetime geometry.
Since there are multiple length scales involved in the problem, we maintain a strict
separation of the length scales, My < Mhaio < @ and regee < ag, Where regqe is the
outer edge of the accretion disk. Note that in all the cases, we treat M., and ag as
free model parameters for a qualitative analysis.

-6
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Figure 4.1: Halo density profiles for different values of the My, and ag. For the NFW
profile, two values of the truncation radius have been used, 7. = 5ay (NFW) and 7. = ag
(NFW1). The DM spike profile is of the Hernquist subclass. See the text for details.

4.2 Assumptions and model equations

In this section, we present the basic equations governing the advection dominated,
steady, inviscid, hot accretion flow of non-magnetic and optically thin plasma (Yuan
& Narayan, 2014) onto the central BH. The spherical symmetry of the background
geometry (Eq. (4.1)) allows us to consider a planar accretion flow (for brevity we
choose to be the equatorial plane). The energy-momentum tensor and the four-current
of the fluid is given by,

" = (e + p)utu” + pg"” and j" = pu* (4.16)

where e, p, p, and u* are the local energy density, pressure, mass density and four-
velocity of the fluid element, respectively, with u#u, = —1. The conservation of the
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energy-momentum tensor and the mass-flux provide the relativistic hydrodynamical
equations that completely determine the accretion flow. These are given by,

=0, and j, =0. (4.17)

Using the projection tensor, h,, = g, + u,u,, projecting the conservation equation
onto the hypersurface orthogonal to the flow velocity, we get the relativistic Euler
equation as,

Ry TY = (e + p)u“us, + (9% +u*u”)p, = 0. (4.18)

Similarly, the component of the conservation equation along the flow velocity yields
the energy equation,

w T = l(e +p> P+ eml ~0. (4.19)
| p

Since the temperature of the accretion flow close to the BH is of the order ~ 10 —
10" K, the accretion flow is thermally relativistic. Thus, we use the relativistic EoS (Chat-
topadhyay & Ryu, 2009) with variable adiabatic index to relate the density and pres-
sure of the flow,

o ST O (4.20)

N T

with, 7 =14 m,/m,. and
90 + 3
= ||
f [ +@<3@+2>]

my 90m, + 3m,,
— —_—= 4.21
i {m O (3@me+2mp ’ (4.21)

where m, and m,, are the masses of electron and ion, respectively, and © (= kT /m.c?)
is the dimensionless temperature. In the above equation and all subsequent calcula-
tions, we implicitly assume the number density of the electrons and ions to be the
same. Using the relativistic EoS in eq. (4.20), we express the associated sound-
speed as Cy = \/QF@/(f +20), where I' (= (1 + N)/N) is the adiabatic index with
N = (1/2)(df /dO) being the polytropic index of the flow. Since the accretion flow is
assumed to be confined in the equatorial plane (0 = 7/2,u’ = 0), we write the radial
component of the relativistic Euler equation as,

odv 1 dp d@‘;ﬁz

— — 4.22
YT dr ~ hpdr dr 0, ( )

where ~, = 1/4/1 — v? is the Lorentz factor associated with the fluid three velocities
in the corotating frame, v = v, = \/urur/ {utut()@f(r)/ﬂ - 1)} The quantity

h (= (e +p)/p) is the specific enthalpy and ®° is the effective potential (Dihingia

et al., 2018) given by,
1 1 A2
PT=1—-"In{-—— -5, (4.23)
2"\ )
As evident from Eq. (4.23), the effective potential depends on the spacetime geometry
and the specific angular momentum of the flow.
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The symmetry of the background spacetime allows us to consider stationary and
axisymmetric accretion flow. Thus, we define the specific energy (£) and the conserved
angular momentum (£) associated with the timelike and spacelike Killing vectors ()
and (0,) respectively as,

—hu, =&, and huy=L. (4.24)

We also define the specific angular momentum as A = £/€, which is conserved along
the flow streamline.

The effect of the DM density profile on the effective potential is shown in Fig. (4.2).
We observe that compared to the vacuum Schwarzschild BH, the presence of the DM
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Figure 4.2: Variation of the effective potential (®¢T) as a function of the radial coordinate
r in the unit of the BH mass for different DM halo density profiles. Here, we choose A = 3.
See the text for details.

halo lowers the effective potential at any given radius. Thus, a flow with lower specific
energy can overcome the potential barrier. For a fixed total halo mass as ag increases
(DM distribution gets more dilute), ®f approaches the Schwarzschild limit for all
DM distributions. Again, for a given ag, as the halo mass increases, the deviation of
the effective potential of each of the DM distributions from the Schwarzschild value
increases. However, for a fixed compactness, (¥ = Mya10/a0), the higher the halo mass,
the lower the effective potential. Though the effective potential for the different DM
distributions follows a similar trend, they differ largely among themselves. We observe
that close to the central BH, the Einasto profile gives rise to the smallest effective
potential. Far away from the central BH the effective potential for the NFW1 profile
is usually the smallest. The effective potential for Hernquist-type DM spike (HQ-type
DM spike) distribution strongly depends on the halo mass as shown in Appendix-B.2.
The radial component of the entropy-generation equation (Eq. (4.19)) gives

e+p\dp de
— — — =0. 4.25
< P )dr dr ( )
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The integrated form of the continuity equation (Eq. 4.16) gives the conserved mass
accretion rate of the flow as,

M = dxrpvy, Hy/ f (1), (4.26)

where H = /pr (7’2 —\2f (r)) /p is the local half-thickness of the disk. We define

the entropy accretion rate of the flow as (Chattopadhyay & Kumar, 2016; Kumar &
Chattopadhyay, 2017),

= e = Lo /fn), (4.27)

where the density is obtained by integrating Eq. (4.25) using Eqgs. (4.20), (4.21),

= ) 3 3/4
=Kex 032 (30 + 2)%/
p p( 50 ( ) (4.28)

X (30 4 2my,/me)**

IC being the constant of integration. Since we have considered an adiabatic accretion
flow, the entropy accretion rate M remains constant throughout the flow streamline.
Furthermore, using Eqs. (4.25), (4.26), we express the dimensionless temperature gra-

dient as,
o 20
dr 2N +1
s A2 v2dv  f(r)
—| = u = . 4.29
X[r<2+r2—)\2>+vdr+2f(r) (429)
Using Eqgs. (4.22), (4.29), we obtain the wind equation in terms of the sound speed as,
dv N
— = — 4.30
dr D’ (4.30)
where,
202 [1 (5 M2 Fl(r)]  doet
S S e = - —= 4.31
N F+1lr<2+ /\2>+ 2 (r))  dr (4.31)
207
D=+ |v— ——"—]. 4.32
To (U (I + 1)) (4.32)

4.3 Critical point analysis and global accretion solution

The accretion flow starts subsonically from the outer edge of the accretion disk (v < C)
and continues smoothly along a streamline with the infall velocity approaching the
speed of light as it reaches the event horizon. Thus, during the course of accretion the
flow turns supersonic at a critical radius r. depending on the background geometry,
the specific angular momentum and energy of the flow. Hence, the accretion flow is
transonic in nature. At the critical radius, both D and A in Eq. (4.30) must vanish

TH-3974_ 196121011 93



Chapter 4: Effect of generic DM halo on accretion onto galactic BHs

identically to maintain the smoothness of the accretion flow. Setting the critical point
conditions D = N = 0, we get,

202
2 _““sc 4.
v DL (4.33)
L, +1 [ddet
CQ — c e
se 2 ( dr )
1 /5 A2 Frol
i _ 4.34
: lrc <2+r2—k2> ") (434)

where the subscript ¢ denotes the corresponding quantity being evaluated at the critical
point 7 = .. Since dv/dr takes “0/0” form at the critical point, we use the L’Hospital’s
rule to calculate the radial velocity gradient of the flow, (dv/dr), . At a critical point,

if both values of (‘;—Zﬂ)r are real and of opposite sign, the critical point is referred
to as saddle type, whereas if they are of the same sign, the critical point is referred
to as nodal type. In case, the radial velocity gradient at a critical point becomes
imaginary, the corresponding critical point is referred to as spiral type. Henceforth, we
only consider saddle-type critical points since they are stable against small-amplitude
perturbations (Kato et al., 1993). If a saddle-type critical point develops close to the
event horizon, it is referred to as the inner critical point (ry,), whereas if it develops
away from the event horizon, it is referred to as the outer critical point (7o)

Using the flow velocity (v.) and temperature (©.) evaluated at the critical point as
initial conditions, we integrate Eqs. (4.29), (4.30) from the critical point to the outer
edge (redqge) and again from the critical point to the horizon (r,). Finally, we combine
both these segments to get the global transonic accretion solution. If the accretion flow
contains only an inner critical point (r,), the corresponding flow topology is referred to
as I-type, whereas if the flow contains only an outer critical point (7o), it is called O-
type. Depending on the background geometry and flow parameters, the accretion flow
may as well contain both the inner and outer critical points simultaneously. In such
cases, if the entropy accretion rate at ry, is greater than that at rou (/\/lm > /\/lout)
the flow is referred to as A-type, whereas for the reversed case, when /\/lm < Mouh
the flow is called W-type (Chakrabarti, 1989¢c; Chakrabarti, 1996b). We represent all
these types of solutions in section 4.3.2. For an A-type solution, the flow coming from
the outer edge (7eqge), connects the horizon (rgy) only through the outer critical point
(Tout). On the other hand, for a W-type solution, the accretion flow passing through
Tin only connects the outer edge (reqge) and horizon (rgp).

4.3.1 Critical point analysis

We analyze the dependency of the critical points on flow properties i.e., energy (£) and
angular momentum (\) in the absence and presence of various dark matter distribution
(Myato = 10Mpn, a9 = 10°Mpy). In Fig. 4.3, the surface plot represents the nature
of the critical points with £ and A. Critical points r. are plotted along the x-axis
in the logarithmic scale, A is plotted along the z-axis. The yellow, grey, and green
colours denote the saddle, nodal, and spiral-type critical points. The range of critical
points is not the same for all DM distributions and exhibits notable deviations from
the Schwarzschild case for the HQ-type DM spike. A common feature is that there
is an upper and lower limit of energy and angular momentum, beyond which the
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multiple saddle-type critical points cease to exist. This happens due to the choice
of the relativistic equation of state and is in agreement with the findings of previous
studies (Dihingia et al., 2020b). As we increase the angular momentum, the likelihood
of forming outer critical points is reduced. Under such conditions, the flow enters
the BH only through the inner critical points. Accretion flow with lower specific
angular momentum passes through the outer critical points only. As these solutions
are adiabatic in nature, the entropy accretion rate is constant throughout the journey
from the outer edge to the horizon, passing through a critical point. To analyse the
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Figure 4.3: Variation of specific energy (£.) measured at a critical point (r.) with specific
angular momentum (\.) for different DM density profiles with fixed My, = 10Mpy and
ap = 10°Mpy. The top left plot corresponds to that of a Schwarzschild BH. The yellow,
grey, and green points represent the saddle, nodal, and spiral-type critical points. See the
text for details.

effect of My, and ag, we refer the reader to section 4.4, where we focus on the portion
of the M., — ag parameter space for which both the inner and outer critical point
exists.

4.3.2 Global accretion solution

In this section, we analyze of the variation of flow topologies due to the presence
of DM halo. Table 4.1 summarizes the variation of the flow topologies with specific
angular momentum () for & = 1.0015, My, = 10Mpg, and ay = 10° Mgy for different
types of DM distribution and equal mass Schwarzschild BH. For simplicity, in Fig. 4.4,
we depict the flow topologies around a vacuum Schwarzschild BH and that around a
galactic BH of the same mass immersed in an Einasto-type DM halo for the parameters
mentioned above. We observe that for the chosen specific flow energy, the specific
angular momentum range for the I-type solution for Schwarzschild BH falls within
the X range of the I-type solutions for all DM profiles. From Fig. 4.4, we note that
the presence of the Einasto-type DM halo changes the flow topology from O-type to
A-type for A = 2.875 and A-type to W-type for A = 3.1. Increasing the angular
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momentum as A = 3.36, the topology of the solution changes from W-type to I-type in
the presence of the Einasto-type DM distribution. Thus, changing the DM distribution
can, in general, change the topology of the accretion flow depending on the choice of
the DM and flow parameters. To elucidate this point further, in the following sections,
we study the DM and flow parameter space for the existence of multiple saddle-type
critical points.

3l Schwarzschild Schwarzschild Schwarzschild Schwarzschild 13
A=2.875 A=31 A=3.36 A=35

O-type A-type ‘l‘ ty'r.)'é ----
- 12
i $ i T!
- t - t 0
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Figure 4.4: Accretion flow topologies around a galactic BH surrounded by an Einasto type
DM distribution (bottom row), compared to an equal mass Schwarzschild BH (top row) with
same flow parameters. Here, we choose Myao = 10MgH, ap = 10°Mpg, € = 1.0015. See the
text for details.

4.4 Parameter space for multiple critical points

As discussed earlier, the occurrence of multiple (saddle-type) critical points happens
only for a specific range of the flow parameters and DM parameters. In this sec-
tion, fixing the DM parameters, we first scan the £ — X plane for multiple saddle
type critical points (Fig. 4.5), then fixing the flow parameters, we repeat the anal-
ysis in the ag — My, plane (Fig. 4.6). Even within the portion of the parameter
space allowing multiple (saddle-type) critical points, the topology of the accretion
flow can be different. Though the entropy accretion rate (M) remains constant
along the flow streamline, M is different for the inner and outer critical points.
Thus, we differentiate the accretion flow based on the solution topologies and the
entropy accretion rates. In Fig. 4.5, we show the & — A parameter space for multi-
ple saddle-type critical points for galactic BHs with different dark matter profiles. In
each panel, we portray the corresponding parameter space for a Schwarzschild BH
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(black dotted line) of the same mass for comparison. The bounded regions with green
(solid), blue (dash-dotted), and magenta (dashed) lines stand for three sets of DM
parameters (Mhalo,ao) = {<1OMBHa 104MBH)a (10]\4}3}17 105]\4]3}1)7 (102MBH7 104MBH)}7
respectively. On the top and left of the boundary of the existence of multiple sad-
dle critical points, the flow topologies are I-type and O-type, respectively. Con-
trary to the Hernquist, NF'W and NFW1 profiles, the accretion flow does not pos-
sess multiple saddle type critical points for the HQ-type DM spike distribution with
(Myalo, ao)=(10Mpg, 10* Mgy ), whereas, for the Einasto type DM distribution the same
is also true for (Mo, ap = 102Mpg, 10°Mpy). In Fig. 4.5, we observe that compared
to a vacuum Schwarzschild BH, the presence of DM halo shifts the allowed region of
the parameter space for multiple (saddle) critical points to lower specific energies and
smaller specific angular momenta. In cases of Hernquist, NFW, and NFW1 profiles,
we observe that for a given halo-compactness (¥ = Mya10/a0), increasing the halo mass
shifts the upper bound of the specific energy slightly towards higher specific angular
momentum. In all cases, we observe that for a fixed halo mass, increasing the halo
compactness (lowering ag) shrinks the allowed region of the parameter space, which
also shifts towards lower specific angular momenta and lower specific energy of the flow.
Although the admissible regions of the parameter space for the Hernquist and NFW
distributions are almost similar, they are considerably different for the NFW1, Einasto
and HQ-type DM spike profiles. The maximum values of A for all the cases considered
in Fig. 4.5 are set by the minimum value of the Keplerian angular momentum (i.e.,
A at the marginally stable orbit, See Appendix-B.1 for details) for the corresponding
DM distributions. In each panel, the shaded regions of the allowed parameter space
correspond to the W-type solution, whereas the unshaded regions represent the A-type
solution. Note that, for the NFW1 profile with W = 0.001, there exists a small portion
of the £ — X parameter space, where only A-type solutions exist.

Fig. 4.6 illustrates the admissible region for multiple critical points in ag — Myaio
parameter space, corresponding to various sets of flow parameters, namely (£,\) =
{(1.0009,3.0), (1.0009,3.5), (1.0022,3.0)}. The magenta (solid), blue (dashed) and
green (dash-dotted) lines represent the lower boundary for the admissible portion of
the ag — My plane. We observe that for a fixed set of flow parameters, the allowed
region of the ag — M., parameter space may contain either A type, W type or both
types of accretion flow. For & = 1.0022 and A\ = 3.0, the magenta (dotted) line marks
the upper bound of the W-type solutions (and lower bound of A-type solutions) for
the NFW, NFW1 and Einasto DM distributions. The other solution topologies are
marked in the figures respectively.

4.5 Solution properties

In this section, we study how the presence of different DM halo distributions affects
the properties of the accretion flow onto the central BH. Following the I-type accretion
solution', in Fig. 4.7, we show a representative plot of the flow properties for different
halo mass and scale radius for fixed £ (= 1.001) and A (= 3.674). In the first two
columns in Fig. 4.7, the halo compactness (¥) increases from 107 to 1072 for a fixed
Mhya1o = 102 Mpg), whereas in the third column, My, is increased to 10'° Mgy keeping
the halo compactness fixed at ¥ = 0.01. The first to fifth rows in each column

IFor other types of solutions, the similar variations also exist.
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A/ Ak (O-type)

A/ Ak (A-type)

A/ Ak (W-type)

A/ Ak (I-type)

Schwarzschild <0.78 0.78-0.85 0.85-0.94 >0.94
Hernquist <0.78 0.87-0.84 0.84-0.92 >0.92
NFW <0.78 0.78-0.85 0.85-0.93 >0.93
NFW1 <0.78 0.78-0.84 0.84-0.90 >0.90
Einasto <0.78 0.78-0.84 0.84-0.89 >0.89
DM - Spike <0.78 0.78-0.84 0.84-0.87 >0.87

Table 4.1: Table showing the specific angular momenta range for different accretion flow
topologies around a galactic BH with different types of DM distributions with My, =
10MgH, ag = 10° Mgy and € = 1.0015. The maximum value of A for each profile is fixed by
the corresponding Keplerian angular momentum A g, where, )\%Ch = 3.67424, )\%Q = 3.67460,
ANFW. — 3 6756, ANFWL — 3.67519, A" — 3.67549 and A" P — 3.67625. See text for
details.

represents the Mach number (M = v/¢y), temperature (T'), density (p), aspect ratio
(H/r), and optical depth (7o), respectively. For comparison in each panel, we also
plot the corresponding flow property around a vacuum Schwarzschild BH. We observe
that the presence of DM halo shifts the critical point to smaller radii and decreases
the flow velocity (as well as Mach number) close to the BH, in general. As the mass
accretion rate of the flow is assumed to remain constant throughout, the local mass
density varies inversely with the flow velocity (see Eq. (4.26)). So, when the flow
velocity (as well as Mach number) is lower than the Schwarzschild BH, the density
becomes higher and vice versa. The constant specific energy of the accretion flow with
reduced flow velocity results in increased thermal energy of the accreting fluid. This
raises the local temperature resulting in an increased thermal pressure, which puffs
up the disk, making it quasi-spherical. Thus, at a fixed radius the flow with higher
temperature has a higher aspect ratio (H/r).

Our analysis assumes the accretion disk to be optically thin. To ascertain that the
accretion disk continues to remain optically thin, we explicitly calculate the optical
depth (7) of the accretion disk. In fact, the optical thinness of the accretion disk
is necessary for the emitted Bremsstrahlung radiation to be observable. Opacity to
Bremsstrahlung radiation primarily occurs due to multiple coherent Thompson scat-
tering of the emitted photon by the free electrons in the plasma as well as the free-free
absorption in the fully ionized plasma. The opacity coefficient of Thompson Scattering
is taken as kg = 0.4cm?gm™!. We evaluate the Rosseland mean opacity coefficient for
free-free emission as (Maoz, 2016),

kS =0.64 x 1021 7/?

4.35
x (14 4.4 x 107'°T,)gg cm®’gm™*, (4:35)

where gg is the frequency-averaged Gaunt factor of g;,.. Considering the half-thickness
(H) of the disk as the typical associated length scale, we evaluate the effective optical
depth as,

(4.36)

Teff = \/Ta (Ta + Ts) s
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where 7, = kypH is the optical depth due to Thompson scattering and 7, = kIpH is
the absorption optical depth. We note from Egs. (4.35), (4.36) that the optical depth
depends on the local flow temperature, density and disk height. Since the presence of
DM halo changes each of these flow properties, the exact deviation of the local optical
depth is the result of an interplay between them. However, we note from Fig. 4.7 that
the presence of DM halo does not make the accretion disk optically thick. The disk is
particularly optically thinner close to the inner edge from where maximum emission
occurs (see section 4.6 for details).

Comparing the first and second columns, we note that increasing the halo com-
pactness increases the deviation from the Schwarzschild BH with the Einasto profile
showing the maximum variation. Apart from the HQ-type DM spike profile, increas-
ing the halo mass also increases the deviation of the flow properties from those of the
Schwarzschild BH. In the case of HQ-type DM spike distribution, the density profile
has a strong nonlinear dependence on the halo mass. For this particular case, it is
observed that for small M., the DM density at a fixed radius decreases with the
halo mass, however for large My, the behaviour is reversed. This change in the halo
density with M), strongly influences the background geometry, which in turn affects
the effective potential, causing the flow properties to behave nonlinearly with the halo
mass (see Appendix-B.2 for details on HQ-type DM spike profile).

4.6 Radiative emission properties

In this section, we study the emission of the thermal Bremsstrahlung (free-free) radi-
ation from the accretion disk. Bremsstrahlung emission is the radiation emitted from
an accelerating electron as it passes through the field of a heavy ion. However, in the
case of hot accretion flow, the flow is thermally relativistic (kgT, > m.c?), making
the electron-electron emission more significant. Thus, following Novikov & Thorne
(1973), we incorporate the relativistic effect and electron-electron emission in addition
to the standard electron-ion emission channel to obtain an approximate expression for
Bremsstrahlung emissivity at a frequency v as,

B 32méb 2T
" 3m.c3\ 3m.kp
X (19 4:4 x 107107, )e™ ke Te g,

€y nJLizQTe’l/2

(4.37)

where h is the Planck constant, kg is the Boltzmann constant, n; is the ion-number
density, and é, m,., n., and T, are the charge, mass, number density and tempera-
ture of electrons, respectively. The factor gy, is the thermally averaged Gaunt factor
that incorporates the quantum-mechanical corrections and is taken to be 1.2 (Yarza
et al., 2020). Here, we consider the plasma to be hydrogenic and the electron num-
ber density to be equal to the ion number density (n. = n;). Furthermore, since the
electrons are much lighter than the ions, the electron temperature must be lower than
the ion temperature, which, in turn, is approximately equal to the flow temperature
T. Thus, we approximate the electron temperature as 7T, ~ T/10 throughout the
accretion disk for simplicity (Yarza et al., 2020). The strong gravitation potential of
the central BH implies that the emitted radiation is red-shifted as it travels towards
an asymptotic observer. The rotation of the accretion disk also induces a Doppler
shift of the emitted radiation. Thus, ignoring any light-bending effects, the frequency
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Figure 4.7: Variation of flow variables of I-type accretion flow with radial coordinate (r) for
different compactness and halo mass with £ = 1.001 and A = 3.674. In the first column, we
consider Mpao = 102Mpy and ag = 10°Mpy. In the second and third columns, plots are
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of the emitted radiation is related to the observed frequency at asymptotic infinity
s (Luminet, 1979),

Ve = V(1 + 2) = vou (1 + e);éir) sin 6 sin ¢> , (4.38)

where z is the redshift factor, and 6 is the inclination angle of the accretion disk,
which we consider to be 7 /4 for galactic BHs. Taking all these into account, we write
the monochromatic disk luminosity for an asymptotic observer as,

Tedge [2T
Ly, =2 / / e, Hr drdo,

/ / 2(T/10)7Y2 x (1 + 4.4 x 107 1T )e 0+ kaT (- g
(4.39)

where A = 4.875 x 109, erg sT'Hz Y, rg and Tedge are the inner and outer edges
of the accretion disk, respectively. For our analysis, we take reqee = min(1000Mggy, 1),
where 79 is such that H/ry ~ 1. This choice of 7eqqe is essential to ensure that our
analysis respects the assumptions in section 4.2. To analyse the radiative properties
of the galactic BHs, we assume the mass of the central supermassive BH as Mgy =
5 x 10°Mg (Boshkayev et al., 2020; Wu & Liu, 2004) and mass accretion rate of
M = 0.01Mgpp, where Mgpp = 1.4 x 108 (MBH/M@) gm s~ ! is the Eddington mass
accretion rate.
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Figure 4.8: Plot of the spectral energy distribution (top row) for different DM distributions
for different values of the halo mass and scale radius: Mpao = 100MpH, a9 = 10°Mgpy
(left), Myaio = 100MpH,ao = 10*Mpy (middle), My, = 1019Mpy, ap = 10'2Mpy (right).
Halo compactness (Mpalo/ag) changes from 10™* (left panel) to 1072 (middle panel) for a
fixed halo mass, whereas it is kept fixed at 0.01 for right panel (M, = 1010MBH) with
Mg = 5 x 1083M. The solid black curve in each plot shows the SED for a Schwarzschild
BH of the same mass. The insets show the location of the peak of the SEDs in each case.
The flow parameters are A = 3.674 and £ = 1.001. See the text for details.

In Fig. 4.8, we show the spectral energy distribution (SED) of galactic BHs for
the different DM distributions with varying halo mass and compactness, (Mpa0/MpH,
U)={(100, 10~%), (100, 0.01), (10, 0.01) }. We choose the specific energy and angular
momentum of the flow as £ = 1.001 and A = 3.674. We choose A\ < A\¥! to ensure
the flow remains sub-keplerian all throughout, where A" is the Keplerian angular
momentum for Schwarzschild BH (see Appendis-B.1 for details). We observe that
the presence of DM causes significant deviation of the SEDs from that of a vacuum
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Schwarzschild BH of the same mass. The SED also shows a sharp cutoff at v =
102! — 10?2 Hz, which is governed by the electron temperature at the inner edge of
the accretion disk. The presence of a DM halo increases the cutoff frequency from
that of the vacuum Schwarzschild BH. Although qualitatively similar, the SEDs for a
given DM distribution show significant quantitative variation with the halo mass and
compactness. For the low compactness of the DM halo, the spectral energy distribution
at high frequency is almost similar to that of the vacuum Schwarzschild BH, whereas
the deviation from Schwarzschild BH is relatively large in the low frequencies. On the
other hand, for very high compactness, SED shows an even stronger deviation from
the vacuum Schwarzshild BH. For a given halo mass, as the halo gets more and more
compact, the spectral luminosity increases both in the high and low-frequency regimes.
The peak luminosity is also higher for more compact halos and occurs at a relatively
lower frequency (except for the Einasto and NFW1 distribution, where it shifts to
a higher frequency). The location of the peak of SED corresponds to the frequency
and, hence, the energy of the electrons that provide the maximum contribution to
the emitted radiation. The cutoff frequency is also higher for more compact halos,
which is again an artefact of the higher flow temperature for more compact halos.
Though the changes in the SED with halo mass for a given halo compactness are even
smaller, we observe the following general trend. The peak luminosity of the Hernquist,
NFW, NFW1 and Einasto profiles slightly increases with the halo mass (left to right
in Fig. 4.8) and shifts towards a higher frequency. However, for the HQ-type DM spike
profile, the peak spectral luminosity decreases and shifts towards higher frequency as
the halo mass is increased. For Hernquist and NF'W profiles, the spectral luminosity
increases with the halo mass in both low and high-frequency ranges. For NFW1,
Einasto and HQ-type DM spike distributions, though the spectral luminosity at high
frequencies increases with the halo mass, the behaviour is reversed at low frequencies.
The cutoff frequency stays unaffected by the change in halo mass for a given halo
compactness except for the HQ-type DM spike distribution, where it increases with
the halo mass. Integrating the spectral luminosity over all frequencies, we get the
bolometric disk luminosity as,

L= / S L, dv,. (4.40)
0

Fig. 4.9 shows the variation of the bolometric luminosity with the halo compactness
and halo mass for a given value of the flow energy” and angular momentum. For
constant halo mass, as the halo compactness increases, the luminosity for each DM
distribution increases from the Schwarzschild value reaching a maximum and then
decreasing sharply. The compactness at which the maximum bolometric luminosity
is obtained is different for different DM distributions. The maximum value of the
luminosity for the Hernquist, NFW, NFW1 and Einasto profiles is almost the same;
however, for the DM spike profile, the maximum attained luminosity is substantially
smaller. In Fig. 4.9, we observe that for constant halo mass, as the halo compactness
increases, the maximum bolometric luminosity for the Einasto distribution is obtained,
followed by the NFW1, Hernquist, NF'W and the HQ-type DM spike distributions. As
discussed in section 4.5, when the compactness of the DM halo increases, the critical

2As the & is increased keeping a constant A (=3.674), the difference with the Schwarzschild Bh’s
bolometric luminosity starts decreasing. At the value of the specific energy at which the Schwarzschild
BH’s bolometric luminosity is maximum, all the DM distributions show a reduced bolometric lumi-
nosity.
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Figure 4.9: Right: Plot of bolometric luminosity for different dark matter profiles with halo
compactness, Mpalo/ao for Mo = 100Mpg for € = 1.001 and A = 3.674. Left: Plot of the
luminosity for different dark matter profiles with My,1, for Mya/ag = 0.01 for the same
values of energy and specific angular momentum of the flow. See the text for details.

point shifts to smaller radii and the temperature of the accretion flow also increases,
which in turn increases the luminosity. However, the increasing temperature also puffs
up the accretion disk. Since our analysis is valid when the aspect ratio is less than unity
(H/r < 1), the effective portion of the accretion disk contributing to the luminosity
reduces, decreasing the luminosity at high compactness.

On the contrary, for fixed compactness, the bolometric luminosity increases with
the halo mass, but it soon saturates with the NFW1 profile, giving the maximum lumi-
nosity followed by the Hernquist, NFW, Einasto and HQ-type DM spike distributions.
The variation of the bolometric luminosity for the HQ-type DM spike distribution with
the halo mass shows a rather curious behaviour when compared to other profiles (see
the right panel of Fig. 4.9). For sufficiently high halo mass, the bolometric luminosity
of the HQ-type DM spike distribution is less than that of a vacuum Schwarzschild BH
of the same mass. This initial variation of the bolometric luminosity with the halo
mass for a HQ-type DM spike distribution of constant compactness (~ 0.01) is related
to the variation of the halo density profile and the associated change in geometry and
properties of the accretion flow with the halo mass as discussed in section 4.5 and
Appendix-B.2. At a high enough halo mass, the relative disk height attains unity at
a much smaller radius, reducing the luminosity even below the Schwarzschild limit.

In Fig. 4.10, we plot the maximum luminosity of the galactic BH with different DM
profiles for a constant halo mass of 100Mpy and halo compactness 0.01 with Mgy =
5x 108 M. In the plot, we vary the specific flow energy while maintaining the specific
angular momentum of the flow slightly less than the Keplerian angular momentum in
each case. We observe that the maximum bolometric luminosity is obtained for the
NFW1 distribution, followed by the Einasto, Hernquist and NFW distributions. The
maximum luminosity in each of these cases is higher than the maximum bolometric
luminosity of a vacuum Schwarzschild BH. However, the bolometric luminosity of
the HQ-type DM spike distribution around an equal mass BH with the same set
of halo parameters show a significantly lower luminosity. This low luminosity is a
manifestation of the fact that at the chosen compactness and halo mass, the critical
radius rg is very small (see Fig. 4.7).
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Figure 4.10: Maximum bolometric luminosity for different dark matter profiles. Here, we
choose Mya1o = 102 Mpy and ag = 10*Mpy. See the text for details.

4.7 Chapter conclusions

In this chapter, we study the advection dominated transonic hot accretion flow of an
inviscid relativistic fluid onto a galactic SMBH described by the metric (Eq. (4.1)). We
model the geometry of the galactic BH as a spherically symmetric central Schwarzschild
BH immersed in a DM halo with radial density distributions. We represent the DM
halo as an ideal gas composed of cold collisionless DM particles. In the absence of
hierarchical mergers (Merritt et al., 2002), our assumptions imply a seed BH at the
centre of a galaxy, dressed with the relativistic distribution of DM (Sadeghian et al.,
2013) and a density spike in the inner region (Ullio et al., 2001; Merritt, 2004; Gnedin
& Primack, 2004; Bertone & Merritt, 2005; Vasiliev, 2007; Shapiro & Shelton, 2016).
Following Speeney et al. (2024), we have modelled this DM density spike in two dif-
ferent ways: (i) Hernquist, NFW, and Einasto distributions, truncated at r = 4Mpy
(ensuring that all energy conditions are obeyed) and (ii) a fully relativistic HQ-type
DM spike model where we assume the HQ-type DM spike grows adiabatically from
an initial Hernquist type distribution. We explicitly assume the central BH to grow
adiabatically, with the accretion rate of the DM particles being negligible Fig. 4.1.
This leads to the anisotropic nature (zero radial pressure) of the DM distributions, a
key ingredient in the entire analysis.

We maintain a strict hierarchy of the different length scales involved in the prob-
lem, Mpu < Mhpao < ag and 7egge < Qo, Tedge being the outer edge of the accretion
disk. Although the presence of the DM halo does not change the location of the event
horizon (rg, = 2Mpy), it greatly modifies the geometry of the surrounding space-
time (including the location of the lightrings and ISCO). This change in geometry,
in turn, reduces the effective gravitational potential experienced by an infalling fluid
element Fig. 4.2. The Keplerian angular momentum also shows a significant deviation
from that of Schwarzschild BH, allowing flow with higher specific angular momenta
to reach the event horizon (Fig. B.1). We observe that in all the cases, the presence
of DM halo shifts the critical points to smaller radii, affecting the solution topologies
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(Fig. 4.4, 4.5, 4.6). The primary observable in our study is the luminosity of the
emitted Bremsstrahlung radiation. Since the bolometric luminosity for I-type accre-
tion flow is known to be the highest, we chose the flow parameters such that the flow
passes only through the inner saddle type critical point.

In Fig. 4.7, we observe that the gravitational effect of the DM halo weakens the
inflow of the accreting fluid resulting in reduced flow velocity. The gravitational ef-
fect of the DM halo also increases the local flow temperature compared to that of
a Schwarzschild BH. Since the mass accretion rate is assumed to remain constant
throughout the accretion flow, the local mass density of the accreting fluid is always
inversely proportional to the local velocity of the flow. Again, since the specific energy
of the flow remains constant, the lower flow velocity implies a lower kinetic energy
and higher thermal energy of the accreting fluid, resulting in an increased local tem-
perature (particularly, close to the inner edge of the disk). The increase in local flow
temperature results in an increased thermal pressure, which increases the relative disk
height, making the accretion disk quasi-spherical. Though the optical depth (7) of
the disk still remains small, the increased disk height reduces the effective portion
of the disk, contributing to the disk luminosity. This is more prominent for highly
compact halos with a higher halo mass. The SED also shows a significant deviation
from that of the vacuum Schwarzschild BH (Fig. 4.8). Since the dominant contribution
to the luminosity for I-type accretion comes from the inner portion of the accretion
disk, where deviation from the vacuum Schwarzschild geometry is strongly governed
by the presence and nature of DM spike (overdensity), the variation in luminosity for
the same set of halo and flow parameters indeed encode information about the nature
of the density spike. The variations of the luminosity of the emitted radiation and
properties of the accretion flow increase with the mass and compactness of the DM
halo (Fig. 4.9). However, in the case of the HQ-type DM spike distribution, the non-
linear dependence of the density profile on the halo mass changes the flow properties
significantly with the halo mass (see Appendix-B.2 for details).

Our results indicate that SMBHs in distant galaxies can, in fact, be less massive
than expected if the DM contributions are considered. Since there exist tight corre-
lations between the mass of the SMBHs and the properties of the host galaxies (such
as the bulge mass (Magorrian et al.,; 1998; Marconi & Hunt, 2003) and velocity dis-
persion (Tremaine et al., 2002; Marconi & Hunt, 2003)) leading to coevolution of the
SMBHs and the host galaxies our results suggest modifications in our understanding
of galactic evolution (Kormendy & Ho, 2013).

Indeed, the presence of DM and the nature of its distribution around the SMBH
strongly influences the geometry of the surrounding spacetime. However, the variation
of bolometric luminosity may not be significant to infer the exact nature of the DM
spike close to the BH. Thus, further research is required on more accurate modelling
of the DM density spike around the SMBH and its correlation with a more realistic
accretion model. In this regard, we must also emphasize the limitations of our accretion
model. As a first step to address this complicated problem involving multiple length
and time scales, we assume the accretion flow to be governed by ideal fluid dynamics,
free of any dissipation mechanism. This results in a constant angular momentum of
the fluid throughout the accretion flow. Incorporating dissipation mechanisms, such as
radiative cooling of the disk and thermal conduction, will result in regulating the disk
temperature and, hence, the disk height influencing the spectral emission properties.
Furthermore, throughout our analysis, we assume the electron and ion temperatures
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to be related by a simple scaling factor. We also assume the absence of long-range
magnetic field.
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Chapter

Exploring GRMHD accretion flow around
Ser A* with EHT constrained data

IN all the previous Chapters (Chapters 2-4), we have studied the relativistic hydro-
dynamic flow around various compact and exotic compact objects. We also had a
detailed discussion on how the accretion solutions and the corresponding observables
are affected due to the presence of a DM halo around SMBHs. Another inherent fea-
ture is the presence of a magnetic field in astrophysical environments (see section 1.3),
and it is evident from the most striking observational signatures of BH shadow of cen-
tral SMBHs of M87 galaxy and Sagittarius A, which originates from the surrounding
accretion disk of infalling, hot, magnetized matter.

The EHT collaboration observed the first polarimetric images of the SMBH at the
center of the M87 galaxy, marking a major milestone in BH astrophysics (Collabo-
ration, 2019a,b,c,d,e,f). Soon after, the EHT collaboration successfully captured the
image of Sagittarius A* (Sgr A*) at the center of the Milky Way galaxy (Collabora-
tion, 2022a,b,c,d,e,f; Akiyama et al., 2024b,d). Imaging and modelling analyses reveal
that the image of Sgr A* is dominated by a bright, thick ring with a diameter of
51.8 + 2.3 pas. To interpret the asymmetric ring, the EHT collaboration employed
general relativistic magnetohydrodynamic (GRMHD) simulations along with general
relativistic ray-tracing techniques. These simulations explored both Standard and
Normal Evolution (SANE) and Magnetically Arrested Disk (MAD) scenarios across a
range of BH spins. The observational data, particularly the resolved polarized struc-
ture, favoured the MAD framework with a spin parameter of ay ~ 0.94, suggesting a
magnetically dominated accretion environment (Collaboration, 2022¢). This asymme-
try in the ring structure is well explained by strong gravitational lensing of Synchrotron
radiation emitted by hot plasma near the event horizon, offering compelling evidence
for the presence of a Kerr BH with mass ~ 4 x 106 M. The polarimetric measurements
provided further constraints on the accretion flow properties, including the BH spin,
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the mass accretion rate, the electron-to-ion temperature ratio, and the inclination an-
gle of the observer relative to the angular momentum axis of the flow (Collaboration,
2022¢; Akiyama et al., 2024b,d). Importantly, the magnetic field configuration near
the event horizon was characterized using these data, revealing field strengths of 2673
G at 7.3 r,, 6715 G at 4 r,, and 56015 G in the vicinity of the event horizon. These
measurements, along with signatures of flare related structural variability, evidently
infer the critical role of magnetic fields in the dynamics of the near horizon region.
Simulations based on the MAD scenario have successfully reproduced similar polari-
metric features (Narayan et al., 2021; Palumbo et al., 2023), which demonstrates the
dynamic role of strong magnetic fields in shaping the observed emissions from SMBHs.

Motivated by these groundbreaking observations, our goal is to investigate the ac-
cretion dynamics around a Kerr BH by solving the ideal GRMHD equations (Mitra
& Das, 2024), constrained by the magnetic field strengths at various radii as reported
by the EHT for Sgr A*. By solving the full set of GRMHD equations, we study low
angular momentum, advective magnetized flows around a Kerr BH in the steady state.
Our model framework focuses on key flow parameters, namely energy (£), angular mo-
mentum (L), magnetic flux (®), and isorotation parameter (/) (McKinney & Gammie,
2004), to construct self-consistent GRMHD accretion solutions. We also incorporate a
relativistic EoS to accurately describe the thermodynamic properties of the inflowing
plasma (Chattopadhyay & Ryu, 2009). Using this approach, we investigate whether
the inferred magnetic field strengths reported by the EHT collaboration for Sgr A* at
various radii can be reproduced. We find that, for a broad range of parameter val-
ues, our model successfully reproduces the EHT inferred magnetic field strengths with
an accuracy of approximately 10%, which offers a self-consistent framework for inter-
preting valuable insights into the structure and magnetized properties of near horizon
accretion flows.

5.1 GRMHD framework and model assumptions

We examine the accretion flow around a Kerr BH in the GRMHD framework. The
line element for a stationary, axisymmetric spacetime is expressed as,

ds® =g Pl

5.1
=gudt® + Grrdr® + 2014dtdd + gopdd® + gaedt?. (5-1)

In terms of Boyer & Lindquist (1967) coordinates, the components of the Kerr metric
(see section 1.1.3 for detailed properties of Kerr BH) are given by,

g = (agsin?@ — A)/3, 5 g =X/A 5 g =3,
gio = (AA — ayBsin?0)/% 5 gy = (B*sin?0 — A*A)/3;

where A = aysin?60, ¥ = afcos? + 1%, B = r? + a2, and A = (r — rg)(r — ).
Here, 1y (= 1+ /1 —a}) is the event horizon, r¢ (= 1 — /1 —a?) is the Cauchy
horizon, and ay is the Kerr parameter. In our analysis, we use (—,+,+,+) sign
convention and adopt a unit system as Mgy = G = ¢ = 1. In this unit system, length,
angular momentum, and energy are expressed in terms of r, (= GMpn/c?), ryc and
c?, respectively. We constrain our whole analysis on the equatorial plane of the disk

considering 6 = /2.
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5.1.1 Governing Equations

We use fundamental principles to obtain the GRMHD equations that describe a rela-
tivistic, magnetized, advective accretion flow around a rotating BH in the steady state.
These equations are derived from the conservation laws, i.e., the conservation of mass,
conservation of energy-momentum, and homogeneous Faraday’s law in the presence of
strong gravitational fields (Anile, 1989; De Villiers et al., 2003; Gammie et al., 2003;
McKinney & Gammie, 2004), which are as follows:

Y, (pu*) = 0; V,T" =0; V,*"F* =0, (5.2)

Here, p is the mass density and u* is the four-velocity of matter. 7" is the energy-
momentum tensor that describes the matter distributions. *F* = %(— g)_l/ 217“”5"“F5,i
is the Hodge dual of the Faraday electromagnetic tensor F** and n*** is the Levi-
Civita symbol. Considering the fluid and Maxwell part, the total energy-momentum
tensor is given by,

1
T = (e + p)utu” + pg" + FA\F” — 22", (5.3)

where e is the local energy density, p is the gas pressure of the flow, and F? = F,,, F*.
We consider perfectly conducting fluid (ideal MHD condition) (Baumgarte & Shapiro,
2003; McKinney & Gammie, 2004), where the electric field in the rest frame of fluid
is zero, which implies e# = FMu, = 0. In this frame, the magnetic field is written
as b* = *I'"wu,, where u,bt' = 0. Finally, we write the electromagnetic tensor as
Frv = —(—g)~ /22, bs. Using the aforementioned relations, we get the energy-
momentum tensor as,

T = phigutu” + protg™” — b*b”, (5.4)

where hiot (= h + 372) is the total specific enthalpy of the fluid, and h = (e + p)/p.
The total pressure is piot = P + Pmag With pmag = B?/2 and B? = b,b*. We define
plasma- as the ratio of gas pressure to magnetic pressure (5 = p/ pmag) that measures
the magnetic activity inside the disk.

5.1.2 Conserved quantities

Using Eq. (5.2), we get the conserved mass accretion rate along the radial direction
as,

M = —4npvy, HV A = Constant, (5.5)

where M refers the mass accretion rate, and H denotes the local half-thickness (Riffert
& Herold, 1995) of the disk, which is given by,

Y

pF’ — e (r2 +a3)? — 2Aa}’

Here, v is the radial three-velocity in the corotating frame and is defined as v* = yjv?
with 72 = 1/(1 — v3), v} = (v’uy)/(—u'w), and v} = (uu,)/(—u'us). The radial
Lorentz factor is v, = 1/(1 — v?)"/2 and Q = u?/ut = (¢'* — A\g??)/(g"* — Ag'?) is the
angular velocity of the fluid.
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The Kerr spacetime possesses two commuting Killing vectors associated with time
(") and azimuthal coordinate (£?). Using V,(T*¢,) = 0, we derive two conserved
quantities along t and ¢ directions. Along the radial direction, we get,

—/—q TT7 1
\/_—ggpwt = —horty + WbT (gttbt + gt¢>b¢) =¢E, (5.6)

and
V=9 T;
V=gpur
where £ and L are the conserved energy and angular momentum, respectively. The
time component of the source-free Maxwell equation (Eq. (5.2)) implies,

— /=g *F" = \/=g(u'V" — u"b") = D, (5.8)

and ¢ component of the equation (Eq. 5.2) gives us the relativistic isorotation equa-
tion (McKinney & Gammie, 2004) as,

V=g *rd \/—_g(urbd) _ u¢b7") — I (5.9)

Here, ® and I are the magnetic flux and isorotation parameter, respectively, that
remain constant all throughout along the flow streamline within the disk.

Next, we project the energy-momentum conservation equation (Eq. (5.2)) along the
three spatial directions using the projection operator h!, = &', 4 u'u,, where i = 1,2,3
and p,v = 0,1,2,3. This yields the component form of the Navier-Stokes equations.
The r-component of the Navier-Stokes equation, equivalently the radial momentum
equation, is given by,

1
= hioiy = — b (go0b” + gigh') = L, (5.7)

iV, T = 0. (5.10)

It is worth mentioning that in the vicinity of the black hole, the accretion flow is in-
herently relativistic due to its bulk velocity and thermal energy, whereas at sufficiently
large radii, the flow is essentially non-relativistic. This implies that as matter accretes
inward, it undergoes a natural transition from the non-relativistic to the relativistic
regime. Describing such trans-relativistic flows requires a relativistically consistent
equation of state (EoS), since formulations based on a fixed adiabatic index I" are in-
adequate for capturing the thermodynamic behavior across these regimes. Therefore,
to close the system of governing equations, we employ the relativistic EoS, where the
adiabatic index (I') depends on the temperature (T') and the fluid composition, as the
ideal EoS with constant I unable to describe the proper nature of the fluid. Following
Chattopadhyay & Ryu (2009), the local energy density (e), gas pressure (p) and mass
density (p) are related as,

2
e:ﬁ7 p:L@7 (511)
T T
where o
90 + 3
—2-0h
r=e-ofive (35
my 90m, + 3m,,
+glme +6<3@me—|—2mp ’
with 7 = 1+ (m,/m.), ¢ = n,/n., and dimensionless temperature © = kT /m.c*.

Here, m, and m,. denote the masses of the ion and electron, respectively, while n; and
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n. represent their corresponding number densities. In this study, we consider ( = 1
for simplicity. The polytropic index (N) and the specific heat ratio (I') are given
by N = %% and ' = 1 + ﬁ It is noteworthy that the characteristic wave speeds
in magnetized flows correspond to the Alfvén and magnetosonic waves. Accordingly,
we define the Alfvén speed as C? = B?/(phi) and the fast magnetosonic speed as
CE = C?+C?—C?C? (see Gammie et al., 2003), where the relativistic sound speed is
expressed as C? = I'p/ph and the magnetosonic Mach number is given by M = v/C.

Next, using the condition v*u, = 0, we determine the components of the magnetic
field as follows:

1 + QP
po - V=9 V=g(-13)

vy (1 AQ !
Varr 1—-v2

$ v
AT N\
b= o 67 (5.12)

¢ o Gl + g1g§2 o
oV — Yrr

With this, the total strength of the magnetic field is obtained as,
1
B = <grr<bT)2 =F gtt(bt)z + g¢¢(b¢)2 o 2gt¢btb¢) . (513)
5.1.3 Critical points analysis and transonic solutions

The derivatives of the energy conservation equation (Eq. (5.6)) and angular momentum
conservation equation (Eq. (5.7)) yield,

€ dv de d\
acr dv de d\
—— _£T+£v$+£@%+g% = 0. (5.15)
Furthermore, we rewrite the radial momentum equation (Eq. (5.10)) as,
dv do d\
RT—FRUJ—FR@%-FR)\% = (s (5.16)

All coefficients in Eqgs. (5.14)-(5.16), namely &;, £;, and R; (with j = r,v,©, ), are
provided explicitly in the Appendix-C. Combining Egs. (5.14)-(5.16), we obtain the
wind equation of the GRMHD flow as,

dv  —(R, +ReO, + RyA,)  N(r,v,0,])

—_— = = 5.17
dr (Ry + ReOy + RaAy) D(r,v,0,)\)’ (5.17)

where

E\L, — ELY)[(Eely — EnLes),
E\Ly — ELN) [ (Ee Ly — EnLo),
Eol, — & Lo)/(ExLo — EoL)),
Eol, —ELo)/(ExLo — EoL)),
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and N (r,v,0,\) is the numerator and D(r,v, 0, \) is the denominator, respectively.
Furthermore, the gradient temperature and angular momentum are expressed in terms

of dv/dr as,
de dv
— =0,+06,—, 5.18
dr + dr ( )
and
d\ dv
=M+ N, 5.19
dr + dr ( )

In the presence of magnetic fields, we simultaneously solve Eqgs. (5.17)-(5.19) for a
set of model parameters (£, L, ®,I) to obtain the GRMHD accretion flow solutions
around a Kerr BH of spin ay.

The BH accretion process initiates from the distant outskirts of the accretion disk,
where gravitational influence begins to dominate the dynamics of the inflowing matter.
At the outer edge of the accretion disk (7eqge), the accreting plasma exhibits negligi-
ble radial motion (v << 1) and remains subsonic, setting the stage for a transonic
transition as it spirals inward toward the event horizon. As the flow spirals inward,
the immense gravitational pull of the BH accelerates the material, causing the radial
velocity to rise rapidly. Near the event horizon (rg), the inflow velocity asymptotically
approaches the speed of light (v ~ 1), satisfying the inner boundary conditions. The
gravitational attraction of the BH causes the inflowing matter to undergo a transonic
transition, changing from subsonic to supersonic flow. This transition necessitates that
the flow passes smoothly through a critical point (r.) on its way to the event horizon.
At the critical point, the denominator (D) of Eq. (5.17) becomes zero. Since the ac-
cretion flow remains smooth and continuous outside the event horizon, the numerator
(N) must also vanish at r. to maintain regularity. As a result, Eq. (5.17) takes the
indeterminate form %% .= %/ i %. To resolve this, we apply 1'Hopital’s rule to
evaluate the velocity gradient at the critical point at r.. In this study, we focus on
accretion solution that possesses critical point where ill—:f r. owns two real values with
opposite signs (Kato et al., 1993; Chakrabarti & Das, 2004). It is worth mentioning
that such solutions have been demonstrated to be stable under perturbations (Kato
et al., 1993). Among the two real values, the negative value of ‘;—: . corresponds to
the accretion solution, while the positive value corresponds to the winds (Das, 2007;
Sarkar & Das, 2016). In the present work, we focus exclusively on accretion solutions.

Depending on the input parameters, the accretion flow may contain single or multi-
ple critical points. A critical point located near the horizon is termed the inner critical
point (ri,), while one formed far away from the horizon is called the outer critical
point (roy) (Chakrabarti & Das, 2004; Das, 2007). By choosing the set of input pa-
rameters (€, L, ®, I, ay, and M ), we simultaneously solve N' = 0 and D = 0 along
with Eq. (5.6) and Eq. (5.7) to compute the flow variables, such as radial velocity (v.),
temperature (O.), and angular momentum (\.) at r.. Using these flow variable, we
integrate Eqs. (5.17)-(5.19) outward from 7. to the outer edge (7eqge) and inward to
the BH horizon (rg). Combining these two branches yields a global accretion solution
for the GRMHD flow around rotating BH (Mitra et al., 2022; Mitra & Das, 2024).

The formalism developed in this study to obtain global GRMHD accretion solu-
tions serves as a robust framework to investigate the magnetic environment of Sgr A*.
As the SMBH at the center of our galaxy, Sgr A* exhibits low-luminosity accretion,
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where magnetic fields are expected to play a pivotal role in shaping the structure
and dynamics of the accretion flow. By adopting suitable input parameters consistent
with observational constraints for Sgr A*, the present model framework allows for a
self-consistent analysis of the flow structure, including the profiles of Mach number
(M), velocity (v), density (p), temperature (7), magnetic field (B) and plasma-/.
This, in turn, can provide valuable insights into the physical conditions prevailing in
the vicinity of the event horizon and contribute to the theoretical interpretation of
high-resolution observations, such as those conducted by the Event Horizon Telescope
(EHT) collaboration (Akiyama et al., 2024b,d).

5.2 Results and astrophysical implications

In this section, we explore the astrophysical relevance of our model solutions, with
a particular focus on the compact, luminous source Sgr A*. This SMBH, located
at the center of the Milky Way, is a prominent emitter of radio waves (Balick &
Brown, 1974; Ekers et al., 1975). Owing to its distinctive characteristics, Sgr A* serves
as a natural laboratory for testing the predictions of general relativity. Long-term
observational campaigns, encompassing precise measurements of its proper motion and
the orbital dynamics of nearby stars, have confirmed Sgr A* as a highly compact mass
concentration situated approximately D ~ 8 kpc from Earth (Do et al., 2019; Abuter
et al.; 2019). Furthermore, direct imaging of the central source and its immediate
environment by EHT, a global array of eight radio telescopes spanning six geographic
locations, has produced an image consistent with the shadow of an accreting Kerr BH
with a mass of Mgy ~ 4x10°M, (Collaboration, 2022a). Complementary observations
by the Chandra X-ray Observatory, which detect Bremsstrahlung emission near the
gas capture radius, estimate the accretion rate at large radii (~ 10°rg,, where rgy
is the Schwarzschild radius) to be in the range of 107¢ — 10> Myyr~! (Quataert,
2002). In contrast, Faraday rotation measurements of polarized millimeter-wavelength
emission near the event horizon suggest a much lower accretion rate, approximately
1079 — 107" Myyr=! (Bower et al., 2003; Marrone et al., 2006).

The EHT collaboration investigated MAD models with spin parameters a, =
—0.94,—-0.5,0,0.5, and 0.94, and constrained the mass accretion rate to lie within
the range 107% — 1078M,yr~!, accompanied by an outflow power of approximately
103 erg s71. Sgr A* exhibits broadband emission extending from radio to hard X-ray
wavelengths. Comparative analysis of EHT observations and numerical simulations
suggests that the mass accretion rate is of the order of ~ 107®M,yr—!, with a bolo-
metric luminosity not exceeding 10%° erg s~ (Collaboration, 2022¢). These findings
collectively indicate that Sgr A* hosts a radiatively inefficient accretion flow, classify-
ing it as a low-luminosity SMBH. Remarkably, EHT imaging reveals a bright, thick
emission ring with an angular diameter of 51.8 + 2.3 pas (Collaboration, 2022a). Fur-
thermore, leveraging polarized intensity maps and GRMHD simulations, the EHT
collaboration has constrained the radial profile of the magnetic field strength in the
vicinity of the event horizon (Akiyama et al., 2024b,d). Specifically, the mass-weighted
average magnetic field strength is found to be 2673 G at 7.3r,, increasing to 677§ G at
4r,, and reaching 5601§) G near the event horizon. These results are most consistent
with MAD models featuring a high spin value of ay ~ 0.94, and serve as essential ob-
servational benchmarks for validating theoretical models of BHs and their surrounding
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Figure 5.1: Example of a global GRMHD accretion solution around a Kerr BH that accounts
the EHT inferred magnetic fields at 7.3 r; and 4 r,. In panel (a), variation of Mach number
(M) is depicted with radial coordinate (r), where color denotes the flow velocity (v). Filled
circle in black denotes the inner critical point (ri,). Panel (b) shows the radial variation of
density (p), whereas temperature (') is shown using color. Panel (c) illustrates the magnetic
field (B) variation with r, while plasma-{ is plotted using color. Thick grey and red horizontal
lines denote the magnetic field strengths of 67 + 6.7 G and 26 + 2.6 G, respectively that
intersect GRMHD accretion solution at 4 ry and 7.3 5. See the text for details.

magnetized accretion flows.

We therefore aim to investigate the viability of our magnetized accretion solutions,
discussed earlier, in light of the recent observational constraints reported by the EHT
collaboration (Akiyama et al., 2024d). For this purpose, we adopt two key inputs from
their analysis, namely the mass accretion rate and the radial profile of the magnetic
field strength. In addition, we consider a BH mass of Mgy = 4x 10 M, (Do et al., 2019;
Abuter et al.; 2019) and a spin parameter a, = 0.94 (Akiyama et al., 2024d), consistent
with values reported in the literature. Guided by these, we explore the properties
of the corresponding global GRMHD accretion solutions. We depict a representative
solution along with its hydrodynamic and magnetic properties in Fig. 5.1. This solution
is selected such that the magnetic field strength remains within £10% of the EHT
reported best-fit values at 7.3r, and 47,. Here, we choose the following model input
parameters as £ = 1.001, £ = 2.4, ® = 10.5 x 10713, I = 5 x 107'%, and a mass
accretion rate of M = 108 Moyr—t.

In Fig. 5.1a, we display the radial variation of the Mach number (M), where the
color bar indicates the corresponding fluid velocity (v). The transition from subsonic
to supersonic flow, via the inner critical point located at ry, = 1.612r, (marked with
filled black circle), is clearly evident. The flow velocity at i, is v(ry,) = 0.235 and the
corresponding fast magnetosonic speed at ry, is Ci(ri,) = 0.255. Fig. 5.1b illustrates
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the variation of density (p) as a function of radial distance (r), with the color bar rep-
resenting the temperature of fluid (7"). As the accreting matter approaches the event
horizon, both the density and temperature increase significantly relative to their values
at the outer edge (redge = 1O3rg). The temperature of the accreting plasma exceeds
10! K in the innermost regions of the disk, indicative of a geometrically thick, op-
tically thin, and radiatively inefficient hot accretion flow (Narayan & Yi, 1994; Yuan
et al., 2003). Such extreme thermal conditions are characteristic of low-luminosity
accretion systems and are consistent with the physical properties expected near the
event horizon of Sgr A* (Genzel et al., 2010; Collaboration, 2022a). The lower panel
(Fig. 5.1c) presents the variation of the total magnetic field strength (B) as the accre-
tion flow progresses inward toward the horizon. The associated color bar represents the
plasma-f3 parameter, which quantifies the ratio of gas pressure to magnetic pressure,
thereby offering insights into the relative dominance of magnetic pressure over ther-
mal pressure in different regions of the flow (Mitra et al., 2022). Overplotted on this
panel are two horizontal shaded bands in red and grey that correspond to the mean
magnetic field strengths of 26 G and 67 G, respectively, each with 10% uncertainty, as
inferred from the EHT observations. The intersections of these shaded regions with
our model GRMHD accretion solution occur at radial distances of approximately 7.3r,
and 4r, that demonstrate the consistency of our model formalism with the findings
from EHT collaboration (Akiyama et al., 2024d) reported for Sgr A*. Note that as
matter approaches the BH horizon, its velocity rises sharply (see panel (a)) due to
strong gravity, leading to decreases in density and temperature in order to conserve
the mass accretion rate (see Eq. (5.5)). In an ideal MHD flow with frozen-in magnetic
fields, this drop in density with decreasing radius results in a corresponding reduction
in magnetic field strength. Furthermore, we assess the state of the magnetized ac-
cretion flow by computing the magnetic flux threading the inner region near the BH
using fi" /=g (utd" — u'bt)d¢ ~ 1.36 x 10%® G cm?. This flux remains well below the
threshold for a MAD estimated as ~ 3.8 x 10?” G em? for Sgr A* (Yuan & Narayan,
2014).

We emphasize that Fig. 5.1 presents only one representative example among many
possible global GRMHD accretion solutions that are consistent with the magnetic field
strengths observed by the EHT near Sgr A* at specific radii. To systematically identify
the full range of such GRMHD accretion solutions, we explore the parameter space in
the £L—® plane, which reveals a substantial domain supporting magnetic field strengths
that match the EHT-inferred values within observational uncertainties. In doing so,
we fix the BH mass Mgy = 4 x 10°M, and the mass accretion rate M = 10~ Myyr~!,
as indicated by EHT observations. Furthermore, we choose £ = 1.001, I =5 x 1071
and a; = 0.94, as the model parameters. The resulting parameter space is illustrated
in Fig. 5.2, where we identify effective domains in the £ — ® plane that result in
magnetic field strengths within £10% error of the EHT-reported mean values at 4r,
and 7.3r, (Akiyama et al., 2024d). In the figure, the region shaded in cyan corresponds
to GRMHD accretion solutions that yield B = 67 & 6.7G at 4r,, while the magenta
shaded region includes those solutions consistent with B = 26 &+ 2.6G at 7.3r,. It is
important to emphasize that the overlapping region (appeared as violet) in Fig. 5.2
represents the subset of GRMHD accretion solutions that simultaneously satisfy both
magnetic field constraints inferred from the EHT observations, namely, the magnetic
field strengths of B = 26 2.6 G at 7.3r, and B = 67 & 6.7 G at 4r,. The inset
panels provide the magnified views of these overlapping regions. This convergence
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Figure 5.2: Effective domain of the parameter space in £—® plane corresponding to GRMHD
accretion solutions that reproduce EHT inferred magnetic field strength. The region shaded
with cyan admits accretion solutions yielding magnetic field strength of 67 £6.7 G at 7.3rg,
while magenta shaded region corresponds to solutions matching 26 £ 2.6 G at 4r,. Over-
lapping region (appeared as violet) provides accretion solutions that simultaneously satisfy
magnetic fields constraints at both radii. See the text for details.

of observational consistency at two distinct radii makes these solutions particularly
significant, as they offer a self-consistent framework for describing the magnetized
accretion environment around Sgr A*. Therefore, the GRMHD solutions corresponding
to this overlapping parameter space are well-suited to interpret and reproduce the
magnetic field structure reported by the EHT collaboration (Akiyama et al., 2024d)
for the Galactic Center SMBH Sgr A*.

5.3 Chapter conclusions

In this study, we investigate the properties of the magnetized accretion flows around
a spinning BH by solving the GRMHD equations within a simplified 1.5-dimensional
disk geometry under steady state conditions. Our motivation stems from recent ob-
servations of Sgr A* by EHT (Collaboration, 2022a,b,c,de,f; Akiyama et al., 2024b,d),
which offer crucial constraints on the magnetic field distribution in the immediate
vicinity of the BH. According to the EHT collaboration, the magnetic field strength
near Sgr A* is estimated to be 2671G at 7.3r, and 675G at 4r,, assuming a Kerr
BH with mass Mgy = 4 x 105M,, mass accretion rate M = 1073M,, yr~!, and spin
parameter a;, = 0.94.

Upon imposing these key constraints, we obtain global GRMHD accretion solutions
that are consistent with the reported field strengths within £10% error at 7.3r, and 4r,.
One such representative solution is presented that captures the detailed characteristics
of the GRMHD accretion flow, including the radial profiles of Mach number (M),
radial velocity (v), density (p), temperature ("), magnetic field strength (B), and the
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plasma-f parameter (see Fig. 5.1).

To assess the generality of our findings, we systematically explore the parameter
space spanned by the magnetic flux (®) and the angular momentum (£), identifying
the global accretion solutions that remain consistent with the EHT-inferred magnetic
field strengths at both radii. This analysis reveals that a family of solutions can
simultaneously account for the magnetic field values at 7.3r, and 47, as reported by
the EHT, suggesting that the magnetized accretion flow around Sgr A* can be well
described by GRMHD models within a constrained but physically realistic range of
parameters (see Fig. 5.2). With this, we indicate that the present study provides a self-
consistent theoretical framework based on GRMHD accretion flows that supports and
complements the EHT findings in explaining the magnetized accretion flows around
Sgr A*.

At the end, we mention that the present study involves several simplifying as-
sumptions. The accretion flow is modelled in a 1.5-dimensional geometry, confined
near the disk equatorial plane, and the polar magnetic field component (%) is ne-
glected, although it is important for launching winds, jets, and outflows. Radiative
cooling is ignored, and the flow is treated as a single-temperature fluid, neglecting the
two-temperature nature of ions and electrons. The analysis is also restricted to the
ideal MHD limit, omitting resistive or dissipative effects.
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Chapter

Properties of the tilted thin accretion disk
around Kerr-Taub-NUT black hole

IN the preceding Chapters, we have focused on hydrodynamic and magnetohydro-
dynamic accretion flows around compact objects, where the spin axis of the compact
object is aligned with the angular momentum axis of the disk. In realistic astrophysi-
cal environments, such alignment is not always possible, which results in a misaligned
disk structure. Therefore, the Lense-Thirring (LT) effect causes the orbital plane of a
test particle to precess around a rotating central object (Lense & Thirring, 1918) in a
tilted disk (see section 1.6 for detailed description). This effect does not occur in the
non-rotating Schwarzschild spacetime, which apparently indicates that the LT effect
arises due to the rotation of the spacetime. If one goes deeper, one can discover that
the ‘rotation’ is not the fundamental entity responsible for the orbital plane preces-
sion. It turns out that the orbital plane precession can arise in any stationary space-
time (Chakraborty & Majumdar, 2014) which violates the time reflection (t — —t)
symmetry but preserves the time translation (¢ — ¢+ k, where k is a constant) symme-
try (Wald, 1984). The presence of spin parameter or Kerr parameter (ay) is responsible
to make the Kerr spacetime stationary. If the Schwarzschild spacetime contains the
NUT parameter/gravitomagnetic monopole (GMM) (Newman et al., 1963), it is called
as the Taub-NUT spacetime, which is stationary but spherically symmetric (Misner,
1963). In principle, the stationary nature of the Taub-NUT spacetime allows us to
observe the orbital plane precession (Chakraborty & Bhattacharyya, 2018). Thus, it
is evident that the orbital plane not only precesses in the stationary and axisymmetric
spacetime, but it can also precess if either of them does not hold. NUT parameter
gives a ‘rotational sense’ (Chakraborty & Majumdar, 2014) in this spacetime, as it
violates the time reflection symmetry. Now, if a Kerr spacetime contains the NUT pa-
rameter, it is called as the KTN spacetime (see the interpretation of NUT parameter
in section 1.1.3). According to Bardeen & Petterson (1975), the inner region of a tilted
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accretion disk will be in the equatorial plane around a spinning BH (see section 1.6).
After that, many authors did the analysis of tilted disk (Papaloizou & Pringle, 1983;
Pringle, 1992; Scheuer & Feiler, 1996; Ogilvie, 1999) without taking the contribution
from the inner accretion disk. Chakraborty & Bhattacharyya (2017) shows that the
inner disk may not be aligned at all for certain reasonable ranges of parameter values of
spacetime and flow variables. Observationally, the signature of warped accretion disk
was found around the BHs H1743-322 (Ingram et al., 2016) and GRO J1655-40 (Martin
et al., 2008). Along with this, the existence of GMM was reported by Chakraborty &
Bhattacharyya (2018); Chakraborty & Bhattacharyya (2019) in the astrophysical col-
lapsed object GRO J1655-40, primordial BHs (Chakraborty & Bhattacharyya, 2022)
and M87* (Ghasemi-Nodehi et al., 2021). Flattening out of the galaxy rotation curves
may be a manifestation of the presence of n, without the need for DM particles (Gov-
aerts, 2023; Ruggiero, 2024). Thus, one should probe the inner accretion disk around a
KTN BH and find how the inner accretion disk structure is affected due to the presence
of both the Kerr parameter and GMM.

Motivated by these, in this Chapter, we study a tilted thin inner accretion disk
around a slowly-spinning KTN BH that contains a small NUT parameter. Taking
into account the contribution from the inner accretion disk around the KTN BH, we
calculate the radial profile of a tilt angle. Depending on the numerical values of the
viscosity of the accreting material and Kerr parameter, we show that the GMM tends
the angular momentum of the disk to align along the BH’s spin axis, or to make it
more tilted. Our solution for the radial profile of the tilted disk around a KTN BH
could be useful to probe the strong gravity regime and could also give indirect evidence
for the existence of GMM in nature.

6.1 Lense-Thirring precession in Kerr-Taub-NUT
spacetime

The KTN metric is expressed here in Schwarzschild-like coordinates (¢, R, 0, ¢) in
the geometrized unit (G = ¢ = 1) (Miller, 1973; Chakraborty & Bhattacharyya, 2018),

A ) 1
ds® = —5(dt - Adg)® + Edﬁ + Sdo* + S sin® @(axdt — Bdo)?, (6.1)

where

A =7r?—2Mgyr +a; —n? X =1+ (n+accosbd)?
A= aysin®0 —2ncosd, B=r+a;+n’
with Mpy is the mass of the BH, ay is the Kerr parameter and n is the NUT

parameter. The outer horizon is located at ri™ = Mpy + \/ MEy +n? — di.

The exact LT precession frequency (QELN) for the prograde orbits at § — 7/2 in
the KTN spacetime is derived as (Chakraborty & Bhattacharyya, 2018),
ml/2
r1/2 (r2 4+ n?) + a m!/? [  ml2 (r2 +n?)
Mg (r® — n8 + 1502 — 15n%r?) — 4ar?m' 2 (n® + Mgur)(n® + r?)

+16MEyn*r® — af {MBH(n4 + 6n%r® — 3rt) — 8n2r3H i ) (6.2)

oy = X [+2n2r(3r4 — 2n%r® + 3n*)
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where m = Mgy (r? — n?) + 2 n®*r. For n — 0, Eq. (6.2) reduces to LT precession
frequency for Kerr BH as,

1/2
B M2 (a3
QLT = 172 X |1 1 73/2 + — s (63)

which is well-known expression of the orbital plane precession frequency (Qpr) in the
Kerr spacetime.

In this work, we study the tilted thin accretion disk around a KTN BH of mass
Mgy neglecting the higher order terms related to ay/r and n/r. Thus, let us first write
down the expression of QBN (Eq. (6.2)) upto the second order of a.(= ax/Mgy) and
n.(= n/Mgn), i.e.,

2a, M3y ) 3azM§{{2 _ QnEMg{f
r3 2r7/2 75/2

Q, = N =~ x (1 —2Mgpu/r)? + O(a,n?). (6.4)
The reason for considering upto the second order of both the parameters in Eq. (6.4) is
that the lowest order of NUT parameter appears in the metric (Eq. (6.1)), and thereby
in the LT precession frequency expression (Eq. (6.2)) is in the second order. Thus, in
order to observe the effect of GMM in our study, it is necessary to take into account
up to the second order of n,. It is also evident from Eq. (6.4) that no linear order term
of n, appears in the expression of Q,. To compensate n? in Eq. (6.4), we consider
upto the second order term of Kerr parameter (i.e., a?). The first term of Eq. (6.4)
represents the LT precession frequency for the Kerr BH (Caproni et al., 2006; Fragile
et al., 2007; Fragile & Anninos, 2005; Martin et al., 2008; Nelson & Papaloizou, 2000;
Natarajan & Armitage, 1999; Banerjee et al., 2019b; Li et al., 2015; Li et al., 2013).
The second term of Eq. (6.4) represents the precession due to the quadrupole moment
of the Kerr BH (Bardeen & Petterson, 1975). This second term is negligible compared
to the first term and might be less important at the large distance (i.e., r >> Mpy)
as it varies ~ a?/r™2. On the other hand, the third term which corresponds to the
LT precession due to the NUT parameter/GMM, dominates over the second term as
it varies ~ n?/r*2. Note that, the modulus of third term can even dominate over
the first term of Eq. (6.4) depending on the numerical values of a., n, and r. This
indicates that (), vanishes at a particular orbit of radius r = 7, and the negative
LT precession arises for r > 5. The negative L'T precession in the KTN BH arises
due to the sole effect of NUT charge (Chakraborty & Bhattacharyya, 2018), and it
represents the orbital plane precession in the opposite direction (Chakraborty et al.,
2017). This peculiar behavior of the LT precession does not arise in case of the Kerr
BH where it follows the inverse cube law of distance (Qup ~ 2a, Mz /r®). ' In case of
the KTN BH, it is evident from Eq. (6.4) that €, does not follow the same law for all
combinations of (a.,n.), and it can even vanish at 7. The exact expression of 7y can
be obtained from Eq. (6.4) by setting €, = 0 at » = 7. However, the approximate
form of 7y can be expressed as,

L Muu
0 ~~
4n?

(2@3 — 3a2n? + 1602 + 2a, \/CLZ — 3ain; + 16”3) (6.5)

'The negative LT precession arises in the Kerr naked singularity for the range rl}é%”o <r<

0.5625a2 Mpy (Chakraborty et al., 2017). Thus, the value of 7 in the Kerr spacetime is 75" =
0.5625a2Mpy. For the Kerr naked singularity, the negative LT precession arises in the orbit(s) of
inner disk, whereas it arises in the outer portion (r > 7¢) of the disk for the KTN BH.
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by neglecting ~ n2M2 /r%? from the last term of Eq. (6.4) and solve it. Note that
the exact numerical value of 7 is very close to the approximate value obtained from
Eq. (6.5), if 7 really occurs close to the order of ~ M. In most of the cases, the value

of 7y is sufficiently greater than Mgy. Thus, 7y gives correct values in those cases®.
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Figure 6.1: Variation of Q,, (left panel) and |©2;| (right panel) with radial distance (r) for
three different values of n, with a, = 0.2 (Panels (a) and (b)), ax = 0.4 (Panels (¢) and (d)),
and a, = 0.6 (Panels (e) and (f)). All the corresponding 7 are represented in the figure by
the dot-dashed lines with respective colors of each set of (ax,n.). The values of 7y for solid
red curves for Panels (a)-(d) are greater than the value considered in this figure along the
X-axes, and hence the corresponding dot-dashed red lines are not seen for those said panels.
On the other hand, as 7y < rigco, the blue dot-dashed line is not shown in Panels (c)-(d).
Note that €, and |€2,| tend to zero for r — 0o, as expected. See the text for details.

In accordance with Eq. (6.4), the LT effect for a KTN BH exhibits dominance ei-
ther by the Kerr parameter (a.) or the NUT parameter/GMM (n,) at any given radial
coordinate, as there is a competition between these parameters at r. To investigate
the characteristic behaviors of €2, and [€,|, we explore three distinct sets of Kerr pa-
rameters (a,) in Fig. 6.1, each followed by three different values of the NUT parameter
(n.). This will help us for the comprehensive understanding of the influence of these
parameters on the LT frequency and tilted angle of the KTN BH at a later stage. It is

2The exact value of 7 is not important in this paper. We introduce this only to show how the
tilting of the disk depends on the behavior of LT effect.
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useful to note here that all the curves of Fig. 6.1 are started from their respective in-
nermost stable circular orbits (ISCOs). The numerical value of the ISCO for a specific
combination of (a.,n.) can be obtained by solving the following ISCO equation for
prograde orbit (Chakraborty & Bhattacharyya, 2018; Chakraborty & Bhattacharyya,
2019)

Mgy (r® — n® 4+ 15n*r? — 15n2r*) — 2MZEr(3r* — 2n%r? + 3n*) — 16n*?
+ 8ar**m3? 4 a2 {MBH(n4 + 6n°r? — 3r') — 8n2r3} =0. (6.6)

However, as the LT torque mainly depends on the value of €2,, we present the cor-
responding analyses in Fig. 6.1. In Panels (a) and (b) of Fig. 6.1, we examine the
variations of , and |€,|, where the Kerr parameter is set to a, = 0.2 with NUT pa-
rameter values as n, = 0.1 (red solid line), n, = 0.2 (green dashed line), and n, = 0.3
(blue dotted line). The values of 7 for (a.,n.) = (0.2,0.1),(0.2,0.2), and (0.2,0.3) are
402r,, 31r,, and 10.57,, respectively, where r, (= GMgy/c?) is the gravitational ra-
dius. Similarly, Panels (c¢) and (d) of Fig. 6.1 show the same variations with a, = 0.4,
paired with n, = 0.1 (red solid line), n, = 0.4 (green dashed line), and n, = 0.7
(blue dotted line). The values of 7y for (a.,n.) = (0.4,0.1),(0.4,0.4), and (0.4,0.7)
are 1583r,,11.3r,, and 4.7r,, respectively. Panels (e) and (f) of Fig. 6.1 are illustrated
for a, = 0.6, along with n, = 0.5 (red solid line), n, = 0.6 (green dashed line), and
n. = 0.7 (blue dotted line). The values of 7 for (a.,n.) = (0.6,0.5), (0.6,0.6), and
(0.6,0.7) are 10.2r,, 7.1r,, and 5.7r,, respectively. Note that all the corresponding 7
are represented in Fig. 6.1 by the dot-dashed lines with the respective color of each
set of (a,,ny). As the X-axis in each panel of Fig. 6.1 is considered up to ~ 100r,, one
cannot see those 7y which occur at 7y > 100r,. For example, the dot-dashed red lines
are not seen in Panels (a)-(d) of Fig. 6.1. For (a.,n.) = (0.4,0.7), 7y (= 4.7r,) occurs
inside the ISCO radius (risco = 5.8ry), i.e., fo < risco. Thus, the blue dot-dashed
line is not shown in Panels (c)-(d), as it is not feasible. For this particular case, €2,
always has a negative value for » > rigco. These six plots in Fig. 6.1 provide a clear
depiction of the interplay between GMM and the Kerr parameter on the value of €2,,.
The behavior of all the curves of [€2,(r)| look almost similar. If the value of r decreases
from the outer orbit to the ISCO, |£2,(r)| first increases, attains a peak, then decreases
to zero, and increases again depending on the location of the ISCO. Comparing three
sets of figures, we infer that, §2, or [€2,| do not follow the same pattern. They depend
on the combinations of a, and n,. Thus, the behavior of the tilted angle of the accre-
tion disk is subject to dependencies on the values of a, and n, along with the other
parameters, which we discuss as we proceed.

6.2 Formalism: tilted and warped disk equation

In our investigation, we focus on a spinning KTN BH characterized by a small NUT
parameter/GMM at its core. This scenario assumes a Keplerian disk configuration
with an aspect ratio H/r < 1, where H represents the disk thickness and r signifies
the radial distance from the BH. Notably, the BH’s spin axis aligns with the z axis and
the accretion disk exhibits a tilt concerning the BH’s spin axis. The disk consists of
the circular rings with width Ar and surface density ¥(r,¢). The angular momentum
per unit surface area on each annulus of the disk is defined as, L(r, t) = Xr2Q(r)1(r, t)
, where 1 is the unit tilt vector directed normal to the plane of the disk and Q(r) is
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the Keplerian angular speed. We adopt the assumption of a small tilt angle following
Scheuer & Feiler (1996), implying that 1 can be approximated as (I,,1,,1). Moreover,
we consider the accretion disk to be sufficiently viscous, satisfying the condition a >
H/r (where, « is the Shakura—Sunyaev parameter). In this viscous regime, warping
is transported diffusively in the disk (Papaloizou & Pringle, 1983). In the opposite
regime, i.e., « < H/r, which is not considered in this work, the warping disturbances
propagate in a wave-like manner (Ivanov & Illarionov, 1997; Lubow et al., 2002). In
the latter case, people have also been very interested in the radial tilt oscillations which
could be developed in the inner disk around a Kerr BH (Ivanov & Illarionov, 1997;
Demianski & Ivanov, 1997; Lubow et al., 2002).

In this paper, our focus lies in investigating the effect of both the viscous and LT
torques within the disk in a steady state. Thus, following Pringle’s Pringle (1992) equa-
tion with LT precession, one can rewrite the basic tilted /warped disk equation (Scheuer
& Feiler, 1996) as,

3‘(57“ Kf’;; () — gW) L %ngﬂ (@, x L) =0, (6.7)
where .Z = |L|. In the context of accretion disk dynamics, v, of Eq. (6.7) represents
the viscosity associated with the azimuthal shear, pertaining to the (r, ¢) component
of shear, while 5 denotes the viscosity linked with the vertical shear, corresponding to
the (r, z) component of shear (Papaloizou & Pringle, 1983). The ratio vy/v4, termed
as viscous anisotropy, holds significance in this context and can be associated with «
for small amplitude warps, as evidenced in prior investigations (Ogilvie, 1999). Note
that this is not done according to the method described in (Martin et al., 2008), where
v, and 15 were considered as a function of 7. In this paper, we assume both of these
viscosities are independent of the radial distance following (Scheuer & Feiler, 1996;
Chakraborty & Bhattacharyya, 2017). The ratio of 15 and v is expressed as (Ogilvie,

1999)
1 4(1+ 702
7 BN} (6.8)
vy 202 4+ a?
To account for the relativistic effects induced by the presence of a KTN BH, we extend
Eq. (6.7) to incorporate the external torque arising from the LT precession. The

external torque (7) in Eq. (6.7) due to the LT precession is given by,

r=Q,xL, (6.9)

where €2, in the cgs unit is written as (see Eq. (6.4)),

c<2a*r§ 3a2r2/2  2n2y3/2

_ 2
Q, = pll 27"5?2 - 7“3/g (1—27’9/7“)). (6.10)

Taking the scalar product of 1 (Scheuer & Feiler, 1996) with Eq. (6.7), we get

10| 0 1
[rar (nZ) — 2%31 =0, (6.11)

ror
under the small tilt angle approximation (we have ignored the term |01/9r|?). Solving
the above equation, one obtains (Scheuer & Feiler, 1996),

ZL(r) = Cyrt/? — 204, (6.12)
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where '] and Cs are the integration constants. They are obtained as Cy = /G MppYiso
and C; = 1/GMFy, (e — Zin) (Chakraborty & Bhattacharyya, 2017), where ¥ —
Yoo at ' — 00 and X — X, at r — rigco. Here, 7y, corresponds to the inner edge
radius of the disk, that is, in fact, the ISCO radius (i, = rsco) for a KTN BH.
Note that one can obtain rgco by solving Eq. (6.6). Finally, substituting the above
expressions for C; and Cy into Eq. (6.12), we obtain the expression for Z(r) in steady

state as,
ZL(r) = VGM [1'?Se + 71/ (Sin — Yo - (6.13)
The steady state distribution of the surface density can similarly be obtained from
Eq. (6.13) as
1
2(7”) , EOO + (fin/'r)5 (Zin - 200) . (614)
Now, substituting L(r) in Eq. (6.7) we obtain,
10 1 ol
;87 |:31/1011—|— Vgrga J (Qp X L) =0. (615)

Equation (6.15) can be decomposed into z and y components (i.e., I, and [,) of the
tilt vector (1) as

0 1 ol,,
o <3V101l + Vgr.Za ) = wpZl,, (6.16)
and 3 5
1
7 <3V1011y aF §V2T$a—i> = —wpﬁlﬁ, (617)
axr2 a2r/ n2rs/
where w, X 1 = (—wply, wpls, 0) and w, = ¢ 27,*2 o 3;5; = QT%fz i (1— 2rg/7")2> )
Combining Egs. (6.16) and (6.17), we obtain
0 1 ow
8 <3V101W - 1/27“9%8») = —iwpﬁVV, (618)

where we define W = [, + il, = Be with f = /12 + 12 is the tilt angle and
v = tan~' (1, /l,) is the twist angle. Egs. (6.16) and (6.17) refer the evolution and
characteristics of the warped disk around a KTN BH in the steady state.

Here, we use the dimensionless form of some parameters for our convenience in

the mathematical calculations. For instance, the dimensionless form for £ (Banerjee
et al., 2019b) is given by ¥ — £/Cy = (Cy/r — 2), where C = 2L and z, =

Zinfl \/ﬁ
1+ ;((i lln) = %: (Banerjee et al., 2019b). We make r dimensionless by replacing r — L

& — 29 and 1 — 6”2 L Using the above-mentioned scheme and by followmg Baner]ee
et al. (2019b), we obtain the dimensionless form of Egs. (6.16) and (6.17) as

0%l N Ch ol, -
g {(n F1)+ 3/2] 2 =2, (6.19)
and 0%l C ol
Y ~ 1 e
St [+ 0 +302] S = 2, (6.20)
where,
_ 20,  3a2  2n?
o (ﬁ_W_ 703/2(1_2/7~)> (6.21)
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Now, to see the behavior of the tilted accretion disk, we have to solve the egs. (6.19)
and (6.20) numerically with proper boundary conditions. We solve these equations as
a boundary value problem. For this case, we fix the boundary at reqge as an outer edge
of the accretion disk and 7y, as the inner edge of the disk. Thereafter, we also fix the
tilted and twisted angle at the outer and inner edge. For a set of fixed parameters (i.e.,
A, M, Mpp, v2 and 77) we solve these above-mentioned equations bounded by redge
and 7y, and see the behaviour of § with radial coordinate (r). To solve the before-
mentioned warped disk equations (Eqs. (6.19) and (6.20)), we need four boundary
conditions, which are taken as Banerjee et al. (2019b)

lm(fin) = Bl COS(’)@;), ly(ﬁn) = BZ sin(%-), (622)
and,

l:c(""edge) = Bfa ly(Tedge) :0 (623)

We define several key parameters: ~;, f;, and Bf, representing the twist angle at 7,
tilt angle at 7i,, and tilt angle at 7, of the disk, respectively. At the outer edge of the
disk, we assume the twist angle to be zero since the effect of LT precession is negligible
there (Banerjee et al., 2019b). Consequently, [, can be assumed to be zero at the outer
edge. Note that Chakraborty & Bhattacharyya (2017) focused on the disk inner edge
tilt, and thus assumed the inner edge twist to be zero. Here, we retain the disk inner
edge twist term to make our solutions more general following Banerjee et al. (2019b).
However, choosing different numerical value for v;, the tilt profile does not show any
significant differences qualitatively and quantitatively. The inner edge of the disk (7,)
is considered here as the ISCO radius (risco) for a prograde disk. We have shown
the nature of a tilted disk considering non-zero tilt angle (BZ # 0) and zero tilt angle

(Bz =0) at 75co.

6.3 Results and discussion

In this section, we investigate the behavior of the tilt angle radial profile (5(r)) as a
function of the parameters a,, n., f3;, v, and 7 in detail. In case of the Kerr BH, it
was earlier shown (Banerjee et al., 2019b) that the interplay between the LT torque
(controlled by M, a,, 3;) and viscous torque (controlled by 1) in the plane of the disk
decides the radial profile of 5. In case of the KIN BH, the LT torque is additionally
controlled by n. as well. In section 6.1, we have shown that the LT effect (Eq. 6.4)
can decrease or increase or even vanish at a particular orbit (7)) depending on the
values of a, and n,. The similar effect does not arise for the Kerr BH. In case of the
K'TN BH, although there is certainly an interplay between the LT torque and viscous
torque, one cannot neglect another interplay between a, and n, inside the LT torque.
Due to the interplay between three primary parameters (a.,n, and v,), some peculiar
effect will appear around 7y (not exactly at 7y), which we discuss as we proceed.

6.3.1 Parameter values

In order to discuss the behavior of 5(r), we need to choose suitable numerical values
for the different parameters relevant to the astrophysical scenario. As we are mainly
interested in the Galactic accreting BHs, we choose Mgy ~ 5 — 25M, (where M, is
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Figure 6.2: Variation of tilt angle (5) with radial distance (r) for four different values of n.
with a fixed value of a, = 0.4, ; = 5°,7 = 0.25 and z, = 0.75. The value of Mpy (1) is
fixed in the plots of 1st/2nd column (row) with different values of v, (Mpy) as mentioned
in the inset. All the curves are started from 7y, = rigsco(a«, n«) which are calculated using
Eq. (6.6). See the text for details.

the solar mass) for most of the cases. The value of v; is considered as 10'* — 1015 ¢cm?
s~ (Frank et al., 2002). 7 is chosen as 77 = 0.25 which translates o = 0.156 (King
et al., 2007). We consider z, = 0.75, as in our formalism >, > ¥.. The inner
edge twist and outer edge tilt to ~ 5° and ~ 10°, respectively, throughout the paper
following Banerjee et al. (2019b). We consider f3; as a free parameter (Chakraborty &
Bhattacharyya, 2022), and use the range 0° — 10° for the purpose of demonstration.
Note that we consider only the case of prograde rotation (a, > 0) in this paper, and the
numerical values of a, and n, are considered upto 0.7 (Natarajan & Armitage, 1999;
Nelson & Papaloizou, 2000; Fragile & Anninos, 2005; Caproni et al., 2006; Fragile
et al., 2007; Martin et al., 2008; Li et al., 2013; Li et al., 2015; Banerjee et al., 2019b).

6.3.2 Numerically computed radial profiles of the disk tilt angle

Fig. 6.2 is plotted for a, = 0.4 with the four different values of n, : n, = 0.0 (black dot-
dashed solid line), n, = 0.3 (red solid line), n, = 0.4 (green dashed line), and n, = 0.5
(blue dotted line). The values of 7y are ~ 24.5r,, 11.3r, and 7.3r, for the combinations
of (ax,n.) = (0.4,0.3),(0.4,0.4) and (0.4,0.5), respectively. 7, is not feasible for the
combinations of (a.,n.) = (0.4,0.0) which means €2, cannot be zero in between regge
and risco. However, when transitioning from the left to right [(a —b), (c = d)|, we

maintain a constant value for v5 while varying Mgy from 5M to 10M,. Comparing
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panels (a) and (b), or, panels (¢) and (d), one can see that the transition point of
disk misalignment moves to the larger r, as the mass increases. This is because, when
the mass of the BH increases, the LT torque increases, and the disk tries to align
from a larger radius. Conversely, moving from the upper to the lower arrangement

(a = ¢),(b— d)], we keep the mass Mgy fixed and adjust the viscosity parameter

vy from 5 x 10" c¢cm? s7! to 10'® cm? s™', with all other parameters held constant.

Comparing panels (a) and (c), or, panels (b) and (d), one can see that the transition
point of disk misalignment moves to the smaller r, as the viscosity increases. As in
panel (c), we increase viscosity more than in panel (a), keeping all other parameters
fixed, the viscous torque increases, which is held out the disk against being aligned.

10270 Z :gé \‘vz =10 cm? s‘l\\ (a) 0F>0 =0:; \/vz =5x 101" cm? 5‘1’\ (b)
ax=0.3 — ax=03
8 &los o e
——= s =0.6 —— ax=0.6
a 0.7 — s =0.7
o 6 o 6
Zn lm-
4 - 4
T 2r /’ 1
\. ’
0 11 111111 11 11111 1 |||||||I 1 |||||||I 11 11111 0 1 |||||||I 1 |||||||I 1 |||||||I 1 |||||||I 11 11111y
100 10! 102 103 10 105 100 10! 102 103 104 105
r(in rq) r(in rq)
wolmom mewrarst o 1ol
ax=0.3
) S - =
a 0.6
ax=0.7
o 6 1 o 6r
(Sal (Sal
4 - — 4
2F — 2F
0 1 |||||||I 11 ||||||I 11 ||||||I 1 |||||||I 11 11111 0 11 ||||||I 1 |||||||I 11 ||||||I 11 ||||||I 111111
100 10! 102 103 10 105 100 10! 102 103 10 105
r(in rq) r(in rq)

Figure 6.3: Variation of B with r for the different values of a, with a fixed value of Mpy =
1OM@,B¢ = 5°n, = 0.3,7 = 0.25 and z;, = 0.75. The value of v changes in the plots
as mentioned in the inset. All the curves are started from 7y, = rigco(as,n.) which are
calculated using Eq. (6.6). See the text for details.

Fig. 6.3 illustrates the variation of B with respect to the radial coordinate for
different values of v,. The upper-left figure corresponds to v, = 10 cm? s7!, the
upper-right figure to v, = 5 x 10 cm? s7!, the lower-left figure to v, = 10 cm? s~ !,
and the lower-right figure to vy = 5 x 10 ¢cm? s7!. The various curves within each
figure represent different values of the Kerr parameter (a,), ranging from 0.0 to 0.8
with an interval of Aa, = 0.1. It is notable that higher values of a, tend to align the
angular momentum of the disk along the BH’s spin axis, resulting in smaller values
of 5. Observing the plots, it becomes evident that as the value of 1, increases, the
viscous torque begins to dominate over the LT torque for a fixed set of (a.,n,). The
competition between viscous and LT torques plays a crucial role in determining the
orientation of the accretion disk, with higher values of vy exerting a greater influence

on the disk’s inclination relative to the BH’s spin axis.
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Figure 6.4: Variation of B with 7 for different values of n, with a fixed a, = 0.3, Mpy =
10Mg, 7 = 0.25, B; = 5° and z, = 0.75. The value of v changes in the different panels as
mentioned in the inset. See the text for details.

Fig. 6.4 depicts the variation of the tilt angle () with radial distance (r) for
different values of 15 but similar to Fig. 6.3. The various curves in each panel represent
different values of n,, ranging from 0.0 to higher values with an interval of An, = 0.1
with a fixed value of Mgy = 10M, and a, = 0.3. For v, = 10 cm? s7!, the disk
remains mostly aligned along the equatorial plane for any values of n,. For 15 = 5x 10
cm? s71, the disk tends to align along the equatorial plane for n, > 0.4. For vy = 10!
cm? s7!, the disk aligns beyond n, > 0.5, while for v, = 5 x 10! cm? s, the disk
remains mostly tilted for any values of n,. Here also, as the value 15 increases, the
viscous torque starts to dominate over the LT torque for a fixed set of (a,,n.). In
all the panels of Fig. 6.4, the solid magenta curve shows the tilt profile for a, = n,.
Remarkably, the curves for n, < a, are located at the upper portion of the zy plane,
whereas the curves are located at the lower portion of the same plane for n, > a,,
in the case of larger r. This indicates that the LT torque becomes stronger for the
higher value of n, in that range of r. This does not only help to align the disk in the
equatorial plane, but the alignment of the disk is also extended to the outer portion
of the disk significantly. This could be clear by comparing the first and last terms
of Eq. (6.4), as it varies ~ a./r® and ~ n2?/r®? respectively. However, the above
mentioned trend is not necessarily true at the lower r near the inner boundary, as the
dominant LT torque term switches from being the a, term to the n, term at 75. Note
that although the switching of LT torque occurs at 7, the switching of the curves does
not occur exactly at 7. This is because (2, is a function of a, and n,. On the other
hand, 5(r) is not only a function a, and n,, but it is also largely dependent on v, and
some other parameters, e.g., Mpu, «, 2, etc. Thus, the nature of €2, and B do not
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change in a similar manner always. Due to the same reason, the cross-over of /3 curves
does not occur exactly at 7. In the absence of n, (red dotted curve), the disk might be
aligned in the equatorial plane for small viscosity (see panel (a)), but it is not aligned
for the comparatively higher viscosity (see panels (b)-(d)). It is evident from panels
(a)-(d) that there is a tendency of the alignment of disk in the equatorial plane for
the higher values of n,. It indicates that the higher values of n, play a significant role
in the alignment, compared to a,. It is because the last term (~ n2/r*/2) of Eq. (6.4)
dominates over the first and second terms of the same equation. It is interesting to
see the behavior of the dotted blue curves in panels (b) and (c) of Fig. 6.4. As the
difference between the value of a, (e.g., a, = 0.3) and n, (e.g., n, = 0.2) is small
(~ 0.1), the overall LT torque remains small for r < 100r, and r < 300r, for panels
(b) and (c), respectively. Note that 7y occurs at 7o ~ 60r, for (a.,n.) = (0.3,0.2).
Thus, the viscous torque dominates over the L'T torque and the disk tends to be more
tilted compared to the dashed green and dotted red curves around 7. On the other
hand, the LT torque due to n, starts to dominate over the LT torque due to a, for the
larger r, and, hence, the overall torque dominates over the viscous torque. Thus, the
disk tries to be aligned and, thereby, the dotted blue curves bent and cross the dashed
green and dotted red curves at larger r in panels (b) and (c). The dotted blue curve
in panel (d) indicates that the viscous torque dominates over the overall LT torque in
almost the whole range of r. Thus, one cannot see the tendency of disk alignment.
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Figure 6.5: Variation 8 with r for different values of v5 with a fixed Mpy = 10Mq, 77 =0.25
and z;; = 0.75. The values of a, and n, are mentioned in the inset. See the text for details.

Fig. 6.5 portraits the variation of 3 with respect to the radial coordinate for different
values of v, with some fixed parameters: Mpy = 10My,n = 0.25 and Zin = 0.75. The
panels (a) and (b) depict scenarios where (a,,n,) = (0.3,0.5) with §; = 5° and 0°,
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respectively. Similarly, the panels (c¢) and (d) represent cases with (a.,n.) = (0.5,0.3)
with §; values of 5° and 0°, respectively. Studying all the panels, we can infer that,
the inner disk is more tilted for large §;. Moreover, it is also seen that the tilting of
the disk increases with the increment of vs.
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Figure 6.6: Variation of 3 with r for different values of BH mass (Mpy) for a fixed vy =
5 x 10" em?s™!, 7 = 0.25 and 2, = 0.75. The values of a, and n, are mentioned in the
inset. See the text for details.

Fig. 6.6 showcases the variation of 8 with respect to the radial coordinate for
different values of Mpy. Here we fix 15 = 5 x 10* cm? s71,n = 0.25 and 2z, = 0.75.
The panels (a) and (b) correspond to scenarios where (a,,n,) = (0.3,0.5) with 3; = 5°
and 0°, respectively. Similarly, the panels (c¢) and (d) represent cases with (a.,n.) =
(0.5,0.3), with B; = 5° and 0°, respectively. Across all the subfigures, it is observed
that the LT torque dominates for higher BH masses. This observation highlights the
significance of the BH mass in determining the dominance of the LT torque and its
effect on aligning the accretion disk with the BH’s spin axis.

Fig. 6.7 is similar to Fig. 6.6 but for a different value of v5, i.e., v, = 10 cm? s71.
Comparing Fig. 6.6 and Fig. 6.7, we can infer that when the viscosity parameter 1,
(representing viscous torque) is higher, a more massive BH (higher Mgy) is needed to
align the disk. This observation highlights the complex relation among the BH mass,
viscous torque, and the alignment dynamics of the accretion disk.

6.3.3 Warp radius of the disk

It is seen from the above discussion that a disk is partially aligned for a set of parameter
values. In such a case, one can consider a radius 74en up to which the disk remains
aligned. It is higher for the higher values of the LT effect. In our computation, we
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Figure 6.7: Similar to Fig. 6.6 but for a fixed v» = 10" cm? s~!.See the text for details.

consider r,jign as the radius up to which the tilt angle is less than 0.01° (Banerjee et al.,
2019b). The characteristic warp radius (7warp) is defined as the radius inside which
the LT effect dominates. It is calculated by equating the timescale for warp diffusion
(i.e., 7?/1) and the local LT precession timescale (i.e., 1/|Q,]). Thus, one can solve
the following equation

2a,r 3a2r3/2  onZrl/?
( rg_ 2T3f2 r T1/g (1_27’9/7”)2> ) (6.24)

for 1 = ryarp to obtain the warp radius for our case. It gives ryap, = 2a*c7“§ /o for
a Kerr BH, which resembles Eq. (45) of Banerjee et al. (2019b). When the LT effect
due to n, (3rd term of Eq. (6.24) dominates over the LT effect due to a, (1st term
of Eq. (6.24), one has to solve it by considering the negative sign in the right hand
side of Eq. (6.24). Otherwise, it has to be considered as positive. Let us take an
example from the plots of the panel (d) of Fig. 6.2 which corresponds to B(T) for
Mgy = 10Mg, a, = 0.4 and v, = 10° cm? s7! with four different values of n,.
For (a.,n.) = (0.4,0.0), we obtain ry,,, ~ 34r, by considering the above-mentioned
positive sign. For this set of parameters, the disk cannot be in the situation where
tilt angle B < 0.01°. This implies that 7, does not arise in this case. Therefore,
we can say that the LT torque cannot overrule the viscous torque to make the disk
aligned in the equatorial plane. Similarly, for (a.,n.) = (0.4,0.4) and (0.4,0.5), we
obtain 7yayp ~ 1107, and ~ 411r, respectively, by considering the negative sign in
Eq. (6.24). For (a.,n.) = (0.4,0.4) and (0.4,0.5), we obtain rajign ~ 531, and ~ 52r,
respectively. The values of Ry are obtained as ~ 12r, and ~ 8r,, respectively, for
the above mentioned cases. One obtains ryu, ~ 13r, for (a.,n.) = (0.4,0.3) by
considering the positive sign. Note that the LT precession vanishes at 7y ~ 24.5r,
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in this particular case as mentioned earlier. It indicates that the LT effect lost its
control over the disk for » > 13r,. Let us consider another sample from panel (a)
of Fig. 6.5. In this case, 7 is located at ~ 6.8r, for (a.,n,) = (0.3,0.5). However,
depending on the numerical values of vy, the locations of ryay, and 745, would be
different. For instance, if we take vo = 10 cm? s™!, we obtain 7yay, ~ 48890r, and
Talign ~ 112774, On the other hand, ryayp ~ 18617, and rajign ~ 7314 for vy = 5 X 10t
cm? s71. Similarly, for v, = 10'® cm? s=!, we obtain Twarp ~ 4311y and 7ajign ~ 497.
If we further increase the viscosity to va = 3 x 10" cm? s, 7y, and rupe, cannot
be obtained, as Twarp < Tisco. Thus, we see that if we increase the viscosity, the
viscous torque leads over the LT torque after a certain value of v,. As a result, the
Twarp aNd Talign shift in the lower r, and beyond a particular 15, both of them cease
to exist. This is also clear from the curves of the panel (a) of Fig. 6.5. Moreover,
due to the higher viscous torque compared to the overall LT torque, it cannot take
over the control of the disk for r > 75. Eventually, the viscous torque dominates the
overall LT torque, and the /3 (r) curve starts to move upward. The relation between
Talign aNd T'yarp Was found to be rajign = 0.1657y,, (Natarajan & Armitage, 1999) for
the Kerr BH. The proportionality factor was later obtained as ~ 0.094 in Banerjee
et al. (2019b). However, due to the non-monotonous behaviour of the 5(r) curves in
the KTN BH, the proportionality factor between r,jg, and 7y, does not remain fixed
across the parameter space explored in this paper. The proportionality factor roughly

varies within 0.03 — 0.45, as obtained from our computations.

6.3.4 Justification for using the approximate expression for LT
precession

We have considered here the approximate LT precession expression for the KTN BH
and, hence, considered the numerical values of a, and n, up to 0.7 to calculate the tilt
profiles. In general, the approximate expression (Qur ~ 2a, Mz /r?) of LT precession
in Kerr BH is used upto a. — 1 in many papers (Caproni et al., 2006). This is because
the above-mentioned expression is not only applicable for the slowly-spinning (a, <<
1) Kerr BH, but it is also applicable to the Kerr BHs with high spin, if a, is small
enough than r/Mgy (i.e., a./r is much less than 1). This is also clear from Eq. (6.3).
After a careful inspection, we find that if one uses that expression (Qur ~ 2a, Mg /r3)
for the Kerr BH with a, < 1, no qualitative differences could be found in the tilt
profiles. However, a quantitative difference (maximum upto ~ 15%) in the tilt angle
could appear at r ~ 5r, for a, = 0.7, and tends to zero for » > 9r,. For a, < 0.7,
the above-mentioned quantitative difference decreases significantly from ~ 15%. It is
expected because the LT effect in a Kerr BH is mainly governed by the inverse cube law
of distance (i.e, a/r?) for a, << r/Mgp, as explained above. Now, since the value of a,
for a Kerr BH is comparatively much less than /Mgy (the minimum value of r is rigco)
in reality, the difference in the numerical values obtained using the exact expression
and the approximate expression of LT precession does not differ significantly. That is
why, the approximate expression of LT precession is applied (Natarajan & Armitage,
1999; Nelson & Papaloizou, 2000; Fragile & Anninos, 2005; Caproni et al., 2006; Fragile
et al., 2007; Martin et al., 2008; Li et al., 2013; Li et al., 2015; Banerjee et al., 2019b)
even to the higher a, values for calculating the tilt profile. Note that the qualitative
and substantial quantitative differences can be seen only for those a, values which
represent the Kerr naked singularities, i.e., a, > 1. This is because, a, becomes
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comparable to r/M, or, even a, > r/Mgy at rsco and close to that radii for some
values of a, (Chakraborty et al., 2017). Due to the same (above-mentioned) reason,
we have also used here the approximate expression of LT precession (Eq. (6.4)) for
calculating the tilt profile and applied it to the KTN BH with the value of n, up to
0.7 along with a, = 0.7. In addition, Eq. (6.4) reveals that the dominant contribution
(due to the presence of GMM) comes from n?/r®? by neglecting the higher order
terms for n, << r/Mgy. Although no qualitative differences appear in the tilt profiles
calculated using the exact and approximate expressions (i.e., for a, << r/Mpy and
n, << r/Mpgy) of LT precession frequency in the KTN BH, a quantitative difference
(maximum upto ~ 11%) in the tilt angle could appear at r ~ 8.4r, for (a.,n.) =
(0.7,0.7), and tends to zero for r > 16r,. Comparatively for the lower values of
(as,n.), the above-mentioned quantitative differences are expected to be less than
11%. However, the qualitative and substantial quantitative differences are supposed
to be seen if one of the parameters (a., n.) or both are greater than or very close to 1.
In such a case, one has to use the full LT precession frequency expression (Eq. (6.2))
to solve the coupled differential equations similar to Egs. (6.19-6.20), the left hand
sides of which would also be obtained as a function of a, and n,. This means that the
left hand side of Eq. (6.7) should be modified. Actually, the assumptions that lead
to Eq. (6.7) are valid only within the parameter space where the effects of general
relativity are sufficiently weak. This enables us to express the angular frequency using
the Newtonian formula. We demand r > r, in this instance, such that one can expand
Eq. (6.2) to obtain the expression of €, (Eq. 6.4), since a./(r/r,) is inevitably small
in this regime. The exact formulation of a tilted thin accretion disk around the Kerr
and KTN spacetime (valid for both BHs and naked singularities (Chakraborty et al.,
2017; Chakraborty & Bhattacharyya, 2018; Chakraborty & Bhattacharyya, 2019)) is
necessary to study the tilted accretion disk around GRO J1655-40 and some other
astrophysical collapsed objects

6.4 Chapter conclusions

In this chapter, we numerically solve the warped accretion disk equations in the viscous
regime for a KTN BH. Taking into account the inner disk contribution, we obtain the
radial profile of the tilted disk around the said BH starting from the outer edge of the
disk upto ISCO radius. We analyze the radial profile of the tilted disk as a function
of the several parameters from our numerical results. We find that the inner disk
could be entirely misaligned for a reasonable range of parameter values, which could
confront with the astrophysical observations. For specific values of Mgy and 14, there
are combinations of (a., n.), where the disk begins to align with the direction of the BH
spin, indicating that the Bardeen-Petterson effects could be observed. We summarise
the key takeaways from the parameter sweep below.

The alignment of the disk strongly depends on the tug-of-war between the viscous
torque (controlled by v5) and the LT torque (controlled by Mgy, a, and n,). In case of
the KT'N BH, the LT precession does not monotonically increase with the decrement
of r towards rigco, unlike a Kerr BH. Instead, if the value of r decreases from the
outer orbit to ISCO, the modulus of LT precession frequency first increases, attains a
peak, then decreases to zero, and increases again depending on the numerical values of
(as,n.) and the location of ISCO. Therefore, it is evident that the interplay between
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the LT effects due to a, and n, is also important in this case.

Since, the radial profile of 3 is affected by the LT effect, the behavior of all the
curves for 3 (r) is non-monotonous. For the same reason, the proportionality factor
between 7ajign and ryayp for the various B (r) curves does not remain fixed for the KTN
BHs. It is interesting to see that the LT torue due to GMM is extended comparatively
to the outer disk than the LT effect produced by the Kerr parameter, as it varies R~°/
in case of the KTN BHs.

The /3 (r) curves for n, < a, are located at the upper portion of the n, = a, curve
in the 3 — r plane, whereas they are located at the lower portion of the same plane for
ns > a4, in the case of larger . This indicates that the LT torque becomes stronger
for the higher value of n, in that range of r. However, the above-mentioned trend is
not necessarily true at the inner disk, as the dominant LT torque term switches from
being the a, term to the n, term at 7y. Moreover, for every combination of a,, n, and
Mgy (v2), there is a specific value of vy (Mpg), above (below) which the inner edge of
the disk remains misaligned.

Certainly, the study of inner accretion disk plays an important role to probe the
strong gravity regime. Tilting of the inner accretion disk with respect to the BH
spin axis affects the spectral and timing properties of the X-ray emission through
the LT precession, and therefore, it is useful to study the same in strong gravity
regime. In fact, C-type low frequency QPO frequency is identified as the LT precision
frequency (Stella & Vietri, 1998, 1999; Ingram & Motta, 2014), and shown to be
emerged from the inner accretion disk. Therefore, our solution for the radial profile of
the tilted disk around a KTN BH could be useful to probe the strong gravity regime as
well as the existence of GMM in nature. Although some degeneracies could appear in
the tilt profiles between a Kerr BH and a KTN BH with some specific combinations of
(@4, ny) in some values of r, it is unlikely to match both of the tilt profiles exactly as a
whole at each and every value of r for these two different type of BHs. This is because
the functional dependence of the LT precession frequency as well as the tilt profile on
as,ny and vy for all values of r could not be exactly the same for a Kerr and a KTN
BH. However, probing the strong gravity regime with the accurate measurements of
the tilt profile can help to break the degeneracies (if any) between the different BH
metrics.
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Chapter

Summary and future prospects

7.1 Summary of thesis

ACCretion is one of the main sources of commonly observed high energetic astro-
physical phenomena in quasars, XRBs and AGNs. Therefore, in this thesis, we explore
the relativistic accretion flow around BHs and WHs in various astrophysical scenar-
ios, such as hydrodynamical flow, magnetohydrodynamical flow and accretion flow in
a tilted disk. In addition to that, we study hydrodynamical flow properties around
galactic BHs surrounded by DM halos.

In Chapter 2, we have studied relativistic advective accretion flows around KTN
BHs, considering both shock-free and shock-induced accretion solutions. In this re-
gard, we have solved the governing hydrodynamical equations with a relativistic EoS
to obtain global accretion solutions, which depend on the flow energy (&), angular
momentum (), and BH parameters, such as spin parameter (ay), and NUT param-
eter (n). Depending on the parameters, the flow may admit one or multiple critical
points. The inflowing rotating matter encounters a centrifugal barrier, and when the
relativistic Rankine-Hugoniot conditions are satisfied, shock transitions occur. As the
shock-induced solutions contain higher entropy than the shock-free solutions, they are
thermodynamically favourable. From our findings, it is evident that shock-induced so-
lutions are not the isolated ones, these span a wide range in A\-€ parameter space. The
two BH parameters, a, and n, affect oppositely on the shock properties (shock location
(rs), compression ratio (R), and shock strength (5)) and shock parameter space. Our
study portrays that the maximum value of NUT parameter (n™**), which allows shock
solutions, increases with ay, and interestingly, shock can exist even for a; > 1 in KTN
BH, which is unlike in Kerr BH. Finally, we have calculated Bremsstrahlung lumi-
nosity for shocked and shock-free solutions, and the results reveal that shock-induced
accretion solutions give rise to higher luminosity than shock-free solutions.
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Having explored the properties of shock-induced relativistic accretion flows around
a compact object that is a KTN BH, we have extended our investigation to the ECOs.
Among various ECOs, the rotating Kerr-like WH serves as a potential candidate to
mimic the rotating Kerr BH away from the central objects, even though it has a dif-
ferent spacetime geometry. The defining property of this spacetime is the existence
of the throat radius (rry), which connects two different zones. Therefore, there is a
possibility that the accretion flow may be influenced due to the properties of spacetime
and may have distinguishing signatures on the astrophysical observables. With this
motivation, in Chapter 3, we have investigated low angular momentum, inviscid, ad-
vective accretion flows around this stationary, axisymmetric Kerr-like WH spacetime.
The steady state solutions are obtained by solving the governing flow equations, and
we have examined the roles of ay and 3 in regulating the accretion dynamics. We have
obtained the complete set of transonic solutions (O, A, W, and I-type) around WHs by
varying £, A, ay, and [, and retrace their domains in the A — £ plane. With this, the
results show that a; and (§ also influence the solution topologies as well as their prop-
erties. In addition to the transonic flow, subsonic solutions also exist in this spacetime,
but due to their lower entropy than transonic flows, they are not thermodynamically
favourable. Focusing on the I-type transonic solutions, which passes through the inner
critical point (ry,), the density, pressure, and temperature follow approximate power
laws as p oc 7~ F2/5) poc p= D and T o< =1/ with n ~ 1, which deviates
from self-similarity near rp, because of some non-linearity present in the spacetime.
Furthermore, our result shows that Bremsstrahlung luminosity (L) increases with ay
and S for both I and O-type solutions and I-type solutions generate higher luminosity.
Most interestingly, our model can reproduce the observed high luminosity of Cygnus
X-3 in its hypersoft state, which suggests the accretion around a WH is also a viable
mechanism of energetic X-ray emissions.

In Chapter 2 and Chapter 3, we have explored the dynamics of accretion flows
around KTN BHs and Kerr-like WHs and showed the influences of the spacetime ge-
ometries on the infalling matter as well as observational signatures. However, such
analyses were done by neglecting the astrophysical environment. Various observa-
tional evidence, such as galaxy rotation curves, gravitational lensing, anisotropies in
the CMB, strongly indicate the presence of non-luminous DM as a dominant mass
component of the Universe. Since supermassive BHs in galactic nuclei are expected
to reside within dense DM halos, their gravitational influence cannot be ignored while
modelling the surrounding spacetime. Therefore, in Chapter 4, we have investigated
advection dominated, inviscid, transonic hot accretion flows onto a galactic SMBH
embedded in a DM halo. The SMBH is modelled as a central Schwarzschild BH sur-
rounded by a spherically symmetric cold collisionless anisotropic DM distribution. For
the comparative analysis, we have considered Hernquist, NFW, Einasto profiles and
a fully relativistic Hernquist-type DM spike formed via adiabatic growth of a central
BH. By influencing the gravitational potential, the DM halo can alter the properties
of the accretion flow, including its topology, thermodynamic properties, and emitted
radiation. Since the dominant luminosity in I-type accretion solutions originates from
the inner disk, the deviations of the luminosity from vacuum Schwarzschild geometry
are strongly influenced by the DM spike, which reflects the nature of the DM spike.
The variations of the luminosity of the emitted radiation from the accretion flow in-
crease with the mass and compactness of the DM halo. Both the bolometric luminosity
and SED show distinct departures from the vacuum Schwarzschild BH, with stronger
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deviations for more massive and compact halos. In the HQ-type DM spike model, the
nonlinear dependence of the density profile significantly changes the flow properties
and emission properties.

We have already studied the relativistic hydrodynamical flow around KTN BH,
Kerr-like WH, and Schwarzschild BH surrounded by a DM halo. The presence of
magnetic fields is very common in astrophysical scenarios and plays a crucial role
in accretion dynamics by transporting angular momentum, energy dissipation, and
launching the jet. Recent observations of the polarimetric image of the Sgr A* by
EHT collaborations and GRMHD simulations provide constraints on the accretion
flow properties, including the BH spin, the mass accretion rate, and the magnetic field
strengths at different radii close to the BH. These measurements infer the critical role
of magnetic fields in the dynamics of the near horizon region and favoured the MAD
scenario, which demonstrates the dynamic role of strong magnetic fields in the observed
emissions from SMBHs. These motivate us to study the GRMHD flow around a BH
in light of EHT observations. Therefore, in Chapter 5, we have intended to obtain the
magnetized accretion solutions and their properties around a Kerr BH by solving the
GRMHD equations in steady state, which can match the EHT constrained magnetic
field distribution near Sgr A*. Within this model framework, we have derived steady
state GRMHD solutions that match the magnetic field strengths measured by the
EHT collaboration to within £10% error at 7.3r, and 4r, for a Kerr black hole of
mass 4 x 10°M, mass accretion rate 1078 Myyr—!, and spin a, = 0.94. Finally we
have successfully showed that, depending on the flow parameters, namely energy (&),
angular momentum (£), magnetic flux (®) and isorotation parameter (I), there is a
family of solutions, which simultaneously match the magnetic field at both radii with
an accuracy of approximately 10%. Therefore, our results indicate that the present
study provides a self-consistent theoretical framework based on GRMHD accretion
flows to explain the nature of magnetized accretion flows around Sgr A*.

So far, we have examined hydrodynamical and magnetohydrodynamical accretion
flows around various BHs and WHs, mostly assuming disks on the equatorial plane
of the central object. In realistic scenarios, an accretion disk may be tilted when the
angular momentum of the inflowing matter is misaligned with the compact object’s
spin. Moreover, the observational evidences from various astrophysical sources like
H1743-322, GRO J1655-40, M&7* indicate that accretion disks are not always per-
fectly aligned with the spin axis of the central compact objects. In addition to that,
observables of GRO J1655-40 are explained better considering the KTN BH rather
than the Kerr BH. Therefore, to complete the overall understanding of the relativistic
accretion flow, we have extensively studied the LT precession in the tilted accretion
disk around KTN BH in Chapter 6. Here, we have numerically solved the warped
accretion disk equations in the viscous regime. Considering the inner disk contribu-
tion, we have computed the radial tilt profile from the outer disk edge to the ISCO
radius. Our results show that the inner disk may be aligned or misaligned depending
upon the flow parameters and BH properties. Therefore, disk alignment is governed
by the competition between viscous torque (v,) and LT torque (Mpy, a., n.). For
specific Mgy and vy, certain (a4, n,) combinations lead to the alignment, which is in
agreement with the BP effect. In KTN spacetimes, unlike Kerr, the LT precession
does not increase monotonically toward risco, as there is a competition between a,
and n, at each radial coordinate. For each (a.,n., Mpy, /) set, there exists a critical
vs (Mpgp), above (below) which the inner edge remains misaligned. Therefore, this
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theoretical analysis of the tilted nature of the accretion disk around KTN BH, along
with observations, can probe the strong gravity and indicate the existence of the NUT
parameter in the spacetime.

7.2 Future prospects

In this thesis, we have explored relativistic accretion around compact objects and
ECOs. These studies include the shock-induced accretion solutions around a broader
class of stationary and axisymmetric BHs, namely KTN BHs and their implications on
observational features, the relativistic hydrodynamic solutions in the context of Kerr-
like WHs and around SMBHs immersed in various DM halos. Furthermore, we have
studied magnetized accretion flows onto Kerr BHs in steady state and the dynamics
of tilted accretion disks around KTN BHs. Collectively, these investigations open up
several interesting possibilities for future research.

We have shown that the formation of shocks in accretion flows is not a disjoint event
but rather a self-consistent outcome depending on the flow parameters and spacetime
geometry. Depending on the flow parameters, the shock transition may appear as
stationary (standing) or oscillatory in nature. In the present thesis, we discuss the
properties of standing shocks in hydrodynamical system. Mitra & Das (2024) investi-
gated the existence of shock-induced accretion solutions around Kerr BHs in steady
state GRMHD framework. Furthermore, according to Molteni et al. (1996), oscilla-
tory shocks may naturally arise when the cooling timescale becomes comparable to the
infall timescale. Such oscillations trigger Quasi-periodic modulations in the emitted
light curves of accreting systems such as AGN and XRBs, which are observed as QPOs
in their power density spectra (PDS). Motivated by this, in future, we want to incor-
porate detailed radiative cooling processes, including Bremsstrahlung, Synchrotron,
and Comptonization into the framework of GRMHD accretion flows around Kerr and
KTN BHs. This will enable us to self-consistently generate QPOs from shock-induced
accretion solutions and investigate the combined effect of the magnetic field, the BH
parameters, and cooling mechanisms on both QPO frequencies and luminosities. These
theoretical predictions, along with observational data, will provide valuable insights
into the properties of compact objects and the dynamics of accretion flows. In ad-
dition, Jana & Das (2024) have recently shown that the PSC can act as a source of
outflows in magnetized flows around Kerr BHs due to the excess thermal pressure
gradient in the post-shock region. GRMHD simulations further support the formation
of relativistic jets/outflows from the accretion around compact objects (Moscibrodzka
et al., 2016; Dihingia & Vaidya, 2022; Mizuno, 2022). Therefore, we plan to investi-
gate the formation of jet/outflow from shock-induced accretion solutions within the
GRMHD framework around various compact objects under steady state conditions.

We have also studied the nature of transonic accretion solutions around SMBHs
embedded in DM halos, where the BHs are static and spherically symmetric objects.
Recently, Mitra et al. (2025); Fernandes & Cardoso (2025) investigated the rotating
BHs in astrophysical environments. Therefore, it is expected that the presence of
a rotating DM spike could also influence transonic accretion flows and modify their
radiative properties. Hence, we want to extend our study regarding the accretion
flow for a rotating DM spike around a Kerr BH and provide a valuable diagnostic of
the nature and distribution of DM halos surrounding this. Even though we have not
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considered the accretion of DM around the compact object till now. However, the
accretion of baryonic matter as well as DM (Mach & Odrzywo, 2021) is inevitable and
also affects the mass of the compact objects and the observables as well. Therefore,
we intend to incorporate the DM accretion along with the baryonic matter accretion
around compact objects.

Very recently, Combi et al. (2024) carried out GRMHD simulations of a spher-
ically symmetric traversable wormhole (Simpson—Visser) and showed that magneto-
rotational instability (MRI) aids matter accretion on one side of the wormhole and
powers a mildly relativistic thermal wind to the other side of it. Therefore, as we
have studied the accretion flow in one side of Kerr-like WH, we want to study how the
matter is coming out from the other side of the WH throat and what observational
evidence we can get from this. With this, we also investigate the accretion flow around
other ECOs such as gravastars, boson stars, quark stars (see section 1.2) and difference
in the astrophysical obvervables.

We have investigated the dynamics of tilted accretion disks around KTN BHs, and
demonstrated that the inner disk tilt angle depends on the BH parameters and the
flow parameters. Ghasemi-Nodehi et al. (2021) examined the possibility of a non-zero
NUT parameter in the case of M87* using EHT observations. On the other hand, M87
provides a unique laboratory to study the interplay between SMBHs and relativistic
jets. With a baseline of 17 years of observations, it has been found that there was
a shift in the jet’s transverse position. Cui et al. (2023) reported a period of about
11 years for the changes in the jet’s angle based on the collected data over 22 years.
However, the origin of these variations remains unclear. Therefore, the LT precession
may be a plausible explanation of this jet precession. Motivated by this, as a future
goal, we want to study jet precession arising from tilted accretion flows around KTN
BH.

TH-3974_196121011 143



Chapter 7: Summary and future prospects

TH-3974_196121011 144



Appendix A

Appendix A

Effect of general relativity on disk emission

The frequency shift of an emitted photon due to the general relativistic effects is
expressed in terms of redshift factor z as,
Yo Y Eo  (puu)o 1

B EaE —4 Al
ve E. (puut)e 1472 (A1)

where, 1, is the observed frequency, v, is the emitted frequency, E, is the observed
energy, I, is the emitted energy, and p,, is the 4-momentum of the photon.
The energy of the emitted photon is given by,

E, = pat +p¢u¢ = pau' (1 + Qif) ’ (A.2)

where, Q (= u®/u') is the angular velocity of the particle around the BH, and py/p;
refers the impact parameter of the photon around Z-axis (see Fig. A.1) which is given
by,
Do
2
In Fig. A.1, the BH is placed at the origin (O) of the XYZ-coordinate system. A
photon is emitted from the point R and being observed at the point P. OP refers the
distance between the observer and the black hole. The observer’s screen is perpendic-
ular to OP and it is inclined with an angle 6, to the Z-axis. On the observer’s screen,
(b, ) are the coordinates of the intersection point of the tangential line to the photon
trajectory. It is apparent that the effect of light bending generally diminishes provided
the source of the emitted photon is located at far away distance from the observer.
Considering this, we approximate bsin o = rsin ¢ to calculate the redshift factor as,

1+2z= ut(l + Qrsin ¢ sin 90). (A.4)

= bsinasin 6, (A.3)
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Yl

Figure A.1: Geometrical representation of a emitted photon from the accretion disk around
a black hole. See text for details.

We use Eq. (A.4) to calculate the luminosity (L) corresponding to the Bremsstrahlung
radiation.
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B.1 Keplerian angular momentum

One of the key conditions for transonic hot accretion flow is that the constant flow
angular momentum must be lower than the Keplerian angular momentum (Ax). The
Keplerian angular momentum is obtained by the vanishing gradient of the effective
potential
doet

pra . (B.1)
This implies that matter rotating in a Keplerian orbit will stay in equilibrium as
the centrifugal force balances the effective gravitational attraction. The variation of
the Keplerian angular momentum for the different DM profiles is shown in Fig. B.1.
We note that the presence of the DM halo always increases the Keplerian angular
momentum from that of Schwarzschild BH. This implies that advection dominated
transonic hot accretion flow in the presence of DM halo can have higher specific angular
momentum. FExcept for highly compact halos, the Einasto distribution shows the
highest Keplerian angular momentum at any radius.

The minima of the Keplerian angular momenta correspond to the radius of the
marginally stable orbit (Abramowicz & Fragile, 2013; Rezzolla & Zanotti, 2013). We
observe that the radius of the marginally stable orbit (ISCO, see Eq. (4.7)) shifts in-
wards due to the presence of the DM halo signalling a weaker inflow. This is consistent
with the observation in (Heydari-Fard et al., 2025).

B.2 Hernquist-type DM spike

In this appendix, we plot the nonlinear dependence of the density profile of the HQ-
type DM spike with the halo mass, the associated effective potential Eq. (4.23) in
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Figure B.1: Variation of the Keplerian angular momentum (Ax) with the radial coordinate
(r) in the unit of the BH mass for different DM halo profiles. The vertical lines in the inset
show the location of the marginally stable orbit (minima of Ax) of the corresponding DM
halo distribution.
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Figure B.2: Variation of the halo density and effective potential of HQ-type DM spike profile
with the halo mass for a fixed DM halo compactness of 0.01.

Fig. B.2. The resulting changes in the location and temperature at the critical point
for I-type accretion flow with & = 1.001 and A = 3.674 is shown in Fig. B.3. Fig. B.3
also shows the radius ry at which the aspect ratio becomes unity. Note that the
maximum value of r is set at 1000Mpy for the current analysis. Other flow properties
strongly depend on the location and temperature of the critical point. This explains
the nonlinear behaviour of the flow properties and luminosity of the HQ-type DM
distribution shown in section 4.5 and section 4.6.
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Figure B.3: Plot of the critical points (r.) (top) and temperature (7¢) of the critical point
(middle) for a Hernquist type DM halo with My,), around a galactic SMBH with £ = 1.001
and A = 3.674. In the bottom panel, variation of radial distance rg at which the relative disk
height (H/r) becomes unity, is shown. Here, the maximum value of rg is set at 1000 Mpy.
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Conservation equations of energy and angular momentum,
and radial momentum equation

Using the energy conservation equation (Eq. (5.6)), we get,

d€ dv . dO _d\ _
— =& HE o tEH—

The coefficients &, &,, &, and &, are given by,
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Applying the angular momentum conservation equation (Eq. (5.7)), we obtain,

ac do dA
— =L, —i—ﬁ +£@ —|—£>\

dr dr =0,
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where the coefficients L, L,, Ly and L) are expressed as,
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The radial momentum equation (Eq. (5.10)) is written as,

dv d® d\
R,«—f-'Rd +R@d—+R)\d =0,

where the coefficients R, R,, Rg and R, are given by,
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