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Abstract

The presence of free surface of a liquid in a partially filled container forces the liquid to
perform motion with oscillating free surface subject to some external disturbances. This
phenomenon is known as sloshing. In this thesis, free surface flows are investigated under
various considerations. We investigate sloshing problems for different configurations and
try to solve them such that the unfavourable effect of sloshing on stability of the system
reduces. We evaluate sloshing frequency of the liquid subject to different conditions: (i)
changing the geometry of the container (ii) introducing slosh suppression device such as a
rigid baffle. A semi-analytical approach based on linear water wave theory is employed
to model some specific sloshing problems in terms of potentials. Sloshing problem is
an eigenvalue problem. We investigate the effects of various parameters on sloshing
frequency of liquid subject to various conditions:

e Liquid has a complete free surface
e A free surface covered in part by an annular rigid baffle
e Rigid baffle placed inside the fluid domain

The work carried out in this thesis focuses mainly on determining sloshing modes and
sloshing frequencies in circular cylindrical containers with different configurations. In
some of the problems, the effect of the surface tension at the free surface is considered
for discussing sloshing. Sloshing frequencies are computed for both single-layer and two-
layer fluid systems. In all the two-layer fluid problems, the effect of the surface tension
at free surface and surface of separation is neglected and fluids are considered to be
immiscible. Furthermore, the solutions are obtained under the assumption of linear and
time harmonic motion of the liquid. The thickness of rigid baffle is considered negligible
compared to its radius. We observe the effect of surface tension on sloshing frequencies
when a rigid baffle is placed on the free surface in a vertical coaxial annular circular
cylinder or a vertical circular cylinder. We also study the effect of an uneven bottom
of a cylindrical container on sloshing frequencies. We restrict ourselves to studying the
free oscillations of the free surface.

Analytical solutions for velocity potentials are obtained by means of separation of
variables by using the prescribed rigid boundary conditions on the boundary of the con-
tainer under consideration and then an infinite system of linear homogenous equations
is obtained by using free surface condition. This infinite linear homogenous system is
solved to evaluate sloshing frequencies. After obtaining solutions in terms of potentials
by using separation of variables method for the single-layer fluid problem with and with-
out a baffle at the free surface, the free surface condition is utilized by means of point

allocation method by choosing equidistant points on the free surface. The free surface

1X

TH-1434_10612307



condition is used to find the eigenfrequency equation for determining the sloshing fre-
quency. The effects of fluid height, container radius, baffle width and surface tension
are studied on sloshing frequency. It is shown that the introduction of a baffle at the
free surface dampens the sloshing.

When a baffle is placed inside the fluid domain for single-layer and two-layer fluid
problems, the complex fluid domain is divided into sub-domains to get the solutions. The
boundary value problem is set up for each sub-domain and the corresponding potentials
are found by using separation of variable method. Matching conditions are used at the
free surface and interfaces of two consecutive sub-domains to maintain the continuity of
pressure and velocity. The eigenfrequency equation is obtained with the help of matching
conditions by using Fourier and Bessel series expansions. The sloshing frequencies are
obtained by solving the homogenous linear system presented by matching conditions.
The effects of fluid height, inner-outer container radii and baffle-container radius ratio
are investigated on sloshing.

In the sloshing problem concerned with two inviscid and immiscible fluids, frequencies
are computed with the help of a linear homogenous system set up by using matching
conditions at the free surface and the surface of separation. The sloshing frequencies in
the presence of a complete free surface and partially covered free surface are determined.
The effects of lower and upper fluid heights, density ratio and baffle are investigated on
sloshing frequencies. It is shown that increasing density ratio lowers the sloshing.

Most part of the thesis is devoted to the investigations of the effect of a rigid annular
baffle on sloshing frequencies placed on the free surface and inside the liquid domain for
different configurations. The benefit of a partly covered free surface is that it increases
the natural frequencies and decreases the sloshing mass participating in the dynamic
motion of the system. It is shown that the baffle is effective on controlling sloshing
frequencies when it is placed near and on the free surface. It is observed that when
the baffle is nearer the free surface, it is more effective in controlling the sloshing as
compared to the case corresponding to the increase of liquid level in the container. The
influence of the baffle placed inside liquid domain is less.

In the present study, it is observed that sloshing behaviour of partially filled liquid
containers depends on the geometry and size of the container and also on those of the
cover. We discuss sloshing in some special types of containers like a cylinder with a
semi cover (baffle), a coaxial cylindrical wall, and a cylinder with a spherical bottom.
We examine the effect of the various parameters such as radius, bottom, liquid depth,
baffle width etc. on sloshing. Further, we consider sloshing in a two-layer fluid and
also examine the effect of the baffle on sloshing frequencies. Surface tension, instead of

gravity, plays a significant role in sloshing phenomenon.

TH-1434_10612307



Contents

List of Figures XV
List of Tables xix
1 Introduction 1
1.1 Modeling of slosh . . . . . .. . ... ... 4

1.2 Literature survey . . . . . . . . . .. 7
1.3 Mathematical tools . . . . . . . . 13
1.3.1 Some definitions . . . . . . . . .. 14

1.4 Outline of the thesis . . . . . . . . . . . . . 15

2 Linear sloshing frequencies in the annular region of a circular cylindrical

container in presence of a baffle 17
2.1 Introduction . . . . . . . . . . .. 17
2.2 Statement and formulation of the problem . . . . . ... ... ... ... 17
2.3 Method of solution . . . . . . ... .. ... 19
2.4 Numerical results and discussion . . . . . . . . .. ... ... ... .... 20

2.4.1 Case I: Ry/ Ry = 2, relevant upper surface conditions and numer-
icalffegults: "l . . . . . . . _oglle | NOY L L L L L 21

2.4.2  Case II: Ry/R; = 3, relevant upper surface conditions and nu-
merical results: . . . .. ..o 24

2.4.3  Case III: Ry/R; = 4, relevant upper surface conditions and nu-

merical results: . . . . ... 27
2.4.4 Comparison of all cases: . . . . . . . .. .. ... ... ... ... 30
2.5 Conclusions . . . . . . 32

3 Sloshing frequencies in an annular region of arigid circular container with

a baffle placed inside liquid 34

3.1 Introduction . . . . . . . . . .. 34

3.2 Statement and formulation of the problem . . . . ... ... ... .... 35
xi

TH-1434_10612307



3.2.1 Boundary value problems in sub-domains . . . . . . . . .. .. .. 36

3.2.2 Solutions of BVPs in various sub-domains . . . . .. ... .. .. 37

3.2.3 Matching conditions . . . ... ..o L L 40
3.3 Numerical results and discussion: Natural frequencies versus different pa-

rameter ratios . . . . .. L L. L 44
3.4 Conclusions . . . . . . . . .. 51

4 Linear sloshing in a vertical circular cylinder with a curved bottom in the

presence of a rigid baffle 52
4.1 Introduction . . . . . . . ... 52
4.2  Statement and formulation of the problem . . . . . ... ... ... ... 52
4.2.1 Solution procedure . . . . . . . . .. ... 54
4.2.2 Determination of frequency equation . . . . ... ... ... ... 57
4.2.3  Numerical discussion . . . . . . . .. ... L o7
424 Results. . . . .. . Lo 58
4.3 Sloshing frequencies in the presence of a baffle at the free surface . . . . . 60
4.3.1 Numerical description and results . . . . . . ... ... ... ... 61
4.4 Conclusions . . . . . . . .. 65

5 Liquid sloshing in a circular cylindrical container containing a two-layer

fluid 66
5.1 Introduction . . . . . . . . . . .. 66
5.2  Statement and formulation of the problem . . . . .. ... ... ... .. 66
5.2.1  Boundary Value Problems (BVP) for upper and lower fluids . . . 67
5.2.2 Solutions of BVP for different fluids . . . . . ... ... ... ... 68
5.2.3 Matching conditions . . . . . . ... ... 70
5.3 Numerical results and discussion . . . . . . .. ... ... ... .. 72
5.3.1 Convergence . . . . . . . ... 72
5.3.2 Natural frequencies versus different parameter ratio . . . . . . . . 72
5.4 Conclusions . . . . . . . .. 79

6 Liquid sloshing in a circular cylindrical container containing a two-layer

fluid in presence of baffle 80
6.1 Introduction . . . . . . . . . . L 80
6.2 Statement and formulation of the problem . . . . . ... ... ... ... 80
6.2.1  Boundary Value Problems (BVP) for upper and lower fluids . . . 81
6.2.2  Solutions of BVP for upper and lower fluids in each sub-domains 82
6.2.3 Matching conditions . . . . . ... ... L 85

xii

TH-1434_10612307



6.3 Numerical results and discussion . . . . . . . . . . . .. ... ...

6.4 Conclusions . . . . . . . ..

7 Summary and future work
7.1 Summary of the thesis . . . . . . . ... ... 0oL
7.2 Futurework . . ... .o

Bibliography
APPENDICES
A Coefficients of matrix given by Eq. (3.46)
B Coefficients of matrix given by Egs. (5.31) and (5.32)
C Coefficients of matrix given by Eq. (6.47)

List of published and communicated papers

xiil

TH-1434_10612307

101

106

106

111

112

116



TH-1434_10612307



List of Figures

2.1 Schematic diagram for the problem . . . . . .. .. ... ... ... ... 18
2.2 Sloshing frequency wi,(m = 1,n = 1) for different annular baffles of width

(w = (3 — @)Ry) vs height ratio 2/R, for Bo=100; . . . . ... ... .. 22
2.3 Sloshing frequency for wyj, (m = 1,n = 1) different annular baffles of width

(w = (5 — @)Ry) vs height ratio /R, without surface tension o . . . . . 22
2.4 Effect of baffle-width w/Ry = (5 — a) on wj;(m = 1,n = 1) at height

ratio h/Ry = 1 for different Bond numbers . . . . . . . ... ... 23
2.5 Effect of baffle-width w/Ry = (3 — a) on wj;(m = 1,n = 1) at height

ratio h/ Ry = % for different Bond numbers . . . . ... ..o 000 23
2.6  Sloshing frequency wi,(m = 1,n = 1) for different annular baffles of width

(w = (2 — @)Ry) vs height ratio 2/R, for Bo=100 . . .. ... .. ... 25
2.7 Sloshing frequency wi,(m = 1,n = 1) for different annular baffles of width

(w = (2 — a)R,) vs height ratio h/R, without surface tension o . . . . . 25
2.8 Effect of baffle-width w/R, = (3 — @) on wjj(m = 1,n = 1) at height

ratio h/Rs = 1 for different Bond numbers . . . . ... . ... ... 26
2.9 Effect of baffle-width w/Ry = (3 — @) on wij(m = 1,n = 1) at height

ratio h/Ry = 5 for different Bond numbers . . . . . ... .0 26
2.10 Sloshing frequency wi,(m = 1,n = 1) for different annular baffles of width

(w = (2 — @)Ry) vs height ratio h/Rs for Bo=100 . . .. ........ 28
2.11 Sloshing frequency wi, (m = 1,n = 1) for different annular baffles of width

(w = (2 — @)Ry) vs height ratio /R, without surface tension o . . . . . 28
2.12 Effect of baffle-width w/Ry = (3 — a) on wj;(m = 1,n = 1) at height

ratio h/ Ry = 1 for different Bond numbers . . . . . . . ... ... ... 29
2.13 Effect of baffle-width w/Ry = (3 — a) on wi;(m = 1,n = 1) at height

ratio h/Ry = 1 for different Bond numbers . . . . .. ..o 29
2.14 Sloshing frequency wi,(m = 1,n = 1) for different cases with an annular

baffle of width (w = 0.2R5) vs height ratio h/Rs for Bo=100 . . . . .. 30

2.15 Sloshing frequency wi,(m = 1,n = 1) for different cases with an annular
baffle of width (w = 0.2Rs) vs height ratio h/Ry without surface tension o 31

XV

TH-1434_10612307



2.16 Effect of baffle-width w/Ry = (1 —a) — R—; on wi;(m = 1,n = 1) at height

R
ratio h/Ry = 1 for Bond number Bo=100 . . .. ... ... ... ... 31
2.17 Effect of baffle-width w/Ry = (1 —a) — ﬁ—; on wi;(m = 1,n = 1) at height
ratio h/Ry = § for Bond number Bo=100 . ... ... ... ... ... 32
3.1 Schematic diagram of the problem . . . . .. ... ... ... ... ... 35
3.2 Non-dimensional sloshing frequency wi?(m = 0,n = 1) versus 3; for dif-
ferent values of v for fo =1, =02 . . ... . ... ... ... ..... 45
3.3 Non-dimensional sloshing frequency wi?(m = 1,n = 1) versus 3; for dif-
ferent values of y for fo =1, =02 . . . .. ... ... ... ..., 45
3.4 Non-dimensional sloshing frequency w3?(m = 2,n = 1) versus 3, for dif-
ferent values of y for fo =1, =02 . . . . ... . ... ... ... .. 46
3.5 Non-dimensional sloshing frequency wi?(m = 0,n = 1) versus v for dif-
ferent baffle position for o =1, =02 . . . . ... ... . ... .... 46
3.6 Non-dimensional sloshing frequency wi?(m = 1,n = 1) versus 7 for dif-
ferent baffle position for o =1, a=0.2 . . ... . ... ... ... ... 47
3.7 Non-dimensional sloshing frequency wi?(m = 2,n = 1) versus v for dif-
ferent baffle position for fo =1, =02 . . ... ... ... ... .... 47
3.8 Non-dimensional sloshing frequency wi?(m = 0,n = 1) versus « for dif-
ferent values of By for o =1, v=0.7 . . . . . . . .. .. ... .. ... 48
3.9 Non-dimensional sloshing frequency wi3(m = 0,n = 2) versus « for dif-
ferent values of By for o =1, v=0.7 . . . . . . . .. ... ... ..... 48
3.10 Non-dimensional sloshing frequency wii(m = 1,n = 1) versus « for dif-
ferent values of ) for Bo =1, v=0.7 . . . . . . . ... 49
3.11 Non-dimensional sloshing frequency wi2(m = 1,n = 2) versus « for dif-
ferent values of By for o =1,v=0.7 . . . . . . ... 49
3.12 Non-dimensional sloshing frequency w3?(m = 2,n = 1) versus « for dif-
ferent values of By for o =1,v=0.7 . . . . ... ... 50
3.13 Non-dimensional sloshing frequency wi3(m = 2,n = 2) versus « for dif-
ferent values of By for o =1,v=0.7 . . . . . .. ... ... 50
4.1 Schematic diagram of the problem . . . . ... .. ... ... ... ... 53
4.2 Sloshing frequency wg;(m = 0,n = 1) vs height ratio h/R; for Bo =
10,100, 1000; .« « o o o 58
4.3 Sloshing frequency wj,(m = 0,n = 2) vs height ratio h/R; for Bo =
10,100,1000; . . . .. 58
4.4 Sloshing frequency wi;(m = 1,n = 1) vs height ratio h/R; for Bo =
10,100,1000; . . . . 59
xvi

TH-1434_10612307



4.5

4.6
4.7

4.8

4.9

4.10

4.11

4.12

5.1
5.2

5.3

0.4

2.5

2.6

5.7

5.8

2.9

5.10

5.11

Sloshing frequency wiy(m = 1,n = 2) vs height ratio h/R; for Bo =
10,100, 1000; .+« o o o
Schematic diagram of the problem with baffle at free surface . . . . . . .
Sloshing frequency wg, (m = 0,n = 1) for different annular baffles of width
w/Ry = (1 — ) vs height ratio h/Ry for Bo=100; . .. ... ... ...
Sloshing frequency wg,(m = 0,n = 2) for different annular baffles of width
w/R; = (1 — «) vs height ratio h/Ry for Bo=100; . . . ... ... ...
Sloshing frequency wi, (m = 1,n = 1) for different annular baffles of width
w/Ry = (1 — ) vs height ratio h/Rs for Bo=100; . .. ... ... ...
Sloshing frequency wiy(m = 1,n = 2) for different annular baffles of width
w/R; = (1 — ) vs height ratio h/Ry for Bo=100; . . . ... ... ...
Effect of baffle-width w/R; = (1—«) at height ratio h/ R, = 1 for different
Bond numbers . . . ...
Effect of baffle-width w/R, = (1—«) at height ratio h/R; = 1 for different

Bond numbers . . .. ...

Schematic diagram of the problem . . . . . ... ... ... .. .....

Non-dimensional sloshing frequency wi? versus (3; for different values of

Bafor p=0.63 . . . .. ..

Non-dimensional sloshing frequency wii versus (3; for different values of

Sz folflib — (SN . . [ . A . -l . . .

Non-dimensional sloshing frequency wj? versus ; for different values of

Bafor p=0.63 . . . .. .

*2
mn

Bo=050=0863 . ... o L AT

Non-dimensional sloshing frequency wi? versus (3, for different values of

Brfor p =063 K& . . T 6 ) . L
Non-dimensional sloshing frequency wi? versus (3, for different values of
Brfor p=0.63 . . . ...
Non-dimensional sloshing frequency w3? versus (3, for different values of
Byfor p=0.63 . . . ...
Non-dimensional sloshing frequency wg? versus p for different values of 3;
for Bo=0.5 . . . . .
Non-dimensional sloshing frequency w}? versus p for different values of 3;
for Bo =05 . . .

Non-dimensional sloshing frequency w3? versus p for different values of 3,

for 62 =0.0 .

Non-dimensional sloshing frequency w

TH-1434_10612307



5.12 Non-dimensional sloshing frequency wi? versus 3, for 81 =0; p=0.63 . . 78

6.1 Schematic diagram for the problem . . . . .. .. ... ... ... .... 81
6.2 Non-dimensional sloshing frequency wi? versus p for different values of ~y

for B1=1,0=05 . . . . 90
6.3 Non-dimensional sloshing frequency w3 versus p for different values of ~

for B1=1,08=05 . . . . 90
6.4 Non-dimensional sloshing frequency wj? versus p for different values of ~y

for B1=1,082=05 . . . . .. 91
6.5 Non-dimensional sloshing frequency wi3 versus p for different values of ~y

for 51 =1, 5505 . onulN. . . .7/ o7 ... ... ... 91
6.6 Non-dimensional sloshing frequency w;? versus f; for different values of

yfor Bo=05,p=063. ... .. .. ... e 92
6.7 Non-dimensional sloshing frequency wi3 versus f3; for different values of

~for G 8650.5, p NG WA . . . . . . . . W . 92
6.8 Non-dimensional sloshing frequency w3? versus 3; for different values of

aiTor g8 = 0.5, p SN I . . . . B . T L . 93
6.9 Non-dimensional sloshing frequency wjs versus 3; for different values of

yfor fo =05, p=0.63. . . . . . ... 93
6.10 Non-dimensional sloshing frequency wj? versus (3, for different values of

oeforlill; — ONSNNCI=NUNI N . T . AN . L. . . . 94
6.11 Non-dimensional sloshing frequency wis versus 3, for different values of

yfor /1 =058,p=063". . & . . .. ... L0 L e 94
6.12 Non-dimensional sloshing frequency wj? versus 3, for different values of

vfor 1 =05, p=0.63. . . . . ... 95
6.13 Non-dimensional sloshing frequency wja versus 35 for different values of

vfor 51 =05, p=063. . ... . . .. 95

xviii

TH-1434_10612307



List of Tables

5.1 Convergence of w?, (m = 0,1;n = 1,2,3) versus number of truncated

terms for p = 0.63, f; =1 and for two different values of f5 . . . . . .

XIX

TH-1434_10612307



TH-1434_10612307



Chapter 1

Introduction

In modern science, the term ‘matter’ is used in different ways in different fields. There
is no single definition of matter which is accepted universally in a scientific way. The
most common way of defining matter is in terms of mass. Mass is the scientifically
accepted term. Anything that has mass and volume is termed as matter. Based on
physical and chemical properties, matter is made up of atoms. In modern science and
engineering, matter is further classified according to its physical properties. The most
common observed states of matter are solid, liquid, gas and plasma. In solid state,
matter has a fixed shape and volume. In liquid state, matter has a fixed volume but a
variable shape adapting to fit a container. In gaseous state, matter varies both in shape
and volume. In plasma state also both shape and volume are variable. In the universe,

visible matters are commonly found in plasma state.

Fluid dynamics is the study of movement of liquids and gases. A matter which is
capable of flowing is a fluid. For a fluid, particle can move freely past one another.
Liquid and gas are fluids. All fluids flow freely and take the shape of the container in
which they are filled. When a fluid flows, it changes its shape under an applied shear
stress, i.e., fluids cannot be at rest under applied forces. When a fluid is at rest and a
shear stress is applied to a fluid, it will not be in equilibrium state anymore, no matter
how small the shear stress is. Further, fluids are basically classified into two categories:
Newtonian fluids and non-Newtonian fluids. Newtonian fluids (water, air, oil, ethyl
alcohol, etc.) obey the Newton’s law of viscosity, i.e., viscous stresses at every point in
the fluid are linearly proportional to the rate of strain. For Newtonian fluids, viscosity
depends on pressure and temperature of the fluid. Non-Newtonian fluids do not follow
the Newton’s law of viscosity. They are complex fluids such as paint, blood, shampoo,

paste, etc.

Further, fluid flows are classified into different categories based upon different prop-

erties. Fluid flows characterized on the basis of density are compressible flow and incom-
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pressible flow. If the fluid density changes with change in pressure or temperature, then
the flow is termed as compressible flow. And if the fluid density remains constant with
change in pressure and temperature, then the flow is considered incompressible flow.
Compressible and incompressible flows are characterized by Mach number. Fluid flows
classified on the basis of viscosity are termed as viscous flow and inviscid low. The flow
is inviscid if the fluid does not have the property to resist deformation; otherwise the
flow is viscous flow. If fluid properties are invariant in the system with respect to time,
the flow is termed as steady flow. If fluid properties change with time, then the flow is an
unsteady flow. Fluid flow is uniform if the magnitude and direction of the fluid velocity
do not change within the fluid; otherwise the flow becomes non-uniform flow. Fluid
flows described by the velocity and viscosity of the fluid are laminar flow and turbulent
flow. In laminar flow, the fluid flows in orderly layers without any disruption. If the
fluid velocity and pressure fluctuate in time in a random manner, the flow is described
as turbulent flow. In fluid dynamics, potential flows are very common flows describing
fluid properties and applications in engineering. In potential flow, fluid velocity can be
written as the gradient of a scaler function, called velocity potential. Potential flows are
applicable only to frictionless and ideal fluids. For these flows, the equation of continuity

simply becomes the Laplace’s equation which is satisfied by the velocity potential.

Fluid flows having a free surface are known as free surface fluid flows. The free surface
is formed by the surface of a fluid. Free surface is the property of liquids since gases are
unable to form a free surface on their own. Free surface is free to move in absence of
external forces. When the free surface of liquid is disturbed due to some external force,
waves are generated. The surface waves are gravity waves since gravitational force acting
on the free surface tries to stabilize the disturbed free surface. Such flows are visible
in water waves. Free surface flows problem generally occurs in rivers, oceans, flood
overflow, tsunamis and flow in structures. The velocity of free surface flows depends
on the wavelength of the wave. The gravity waves generated at the free surface moves
faster for greater wavelength. Free surface flows due to some external forces have been
studied because of wide applications in water waves or due to moving structures such

as ships.

When a liquid surface performs motion in a partially filled container and interacts
with some container wall, the pressure due to this interaction may affect the stability
of the container as well as the supporting structure. The presence of a free surface in a
partially filled liquid container allows for a liquid motion relative to the container. This
phenomenon is referred to as ‘liquid sloshing” which can occur under various circum-
stances and may have a significant influence on the response of the container. There are

infinitely many natural frequencies at which liquid surface moves inside the container,
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CHAPTER 1. INTRODUCTION 3

but only a few lower modes are usually excited by the motion of the supporting struc-
ture. The lowest natural frequencies corresponding to these lower modes are defined as
fundamental frequencies. The liquid motion at these fundamental frequencies is called
sloshing and the fundamental frequencies are referred as ‘sloshing frequencies’. Splash-
ing of coffee from a coffee cup while moving is an example of sloshing. If we carry a
bucket of water, liquid motion arising in the bucket is also another example of sloshing
in daily life.

The concept of sloshing came into existence due to the failure of several launch
vehicles. Sloshing was first encountered in the control of guided missiles in the aerospace
industry. In this application it was found that sloshing in the fuel tanks could represent
instabilities. Similar problems have been encountered in the control of aeroplanes. As
an example, a Jupiter flight had gone out of control because the fundamental sloshing
frequency was not taken care of. Another missile named Blue Streak failed in flight
as slosh induced instabilities to the system which resulted in structural failure. It is
necessary to perform the movement in such a way that the liquid does not splash out of
the container. If liquid is allowed to perform its motion freely, it may produce various
forces which can be dangerous to the stability of the container and can lead to the
failure of the operation of the structure. When the motion of any vehicle or structure
containing liquid free surface is considered, then sloshing is the result of the resonant
excitation of the tank liquid. Excitation with frequencies in the vicinity of the lowest
natural frequency is of primary practical interest. Resonant free surface flows in tanks

in aircrafts, missiles and rockets have been the focus of extensive research.

Liquid sloshing also poses a severe problem while transporting liquid in containers
both on sea and on land. Sloshing has significant effects on the stability of the vehicle
carrying liquid containers. Sloshing generates severe hydrodynamic loads that can be
dangerous for structural integrity and stability of rockets, satellites, ships, trucks and
even stationary petroleum containers. The problem of sloshing remains a great concern
to aerospace, civil, mechanical, nuclear engineers; physicists, road and ship tankers,
and applied mathematicians. In aerospace engineering, the effect of sloshing on the
stability of the vehicles has been a great concern to a wide range of researchers as well
as engineers since early 1960s. In launch vehicles, a large amount of initial weight is fuel.
If fuel sloshing frequencies and structural frequencies are close to each other, it is very
likely that instability can occur. Surface tension, instead of gravity, plays a significant
role in sloshing. In a low or almost zero gravity field, if sloshing frequencies are low and
forces applied on the vehicle are not significantly strong, instability can take place in
such a manner that the liquid motion can have large amplitude oscillations resulting in

structure operational failure. To control these amplitudes arising due to liquid sloshing,
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4 1.1. MODELING OF SLOSH

damping devices have been used to maintain structural stability. In offshore industry
also, sloshing is a key factor for the motion of a ship carrying liquid tanks. This is
because oscillations generated by the motion of a wave-induced ship may have a great
effect on its motion and stability. Sloshing may have a significant effect if excitation
frequencies of the ship are close to its natural frequencies. Sloshing affects the efficiency
of oil and gas production platforms also. While constructing the platforms to extract
oil in Bohai Sea in China, ice effect was not taken into account. Due to the presence
of ice, vibrations induced by it resulted in the collapse of several platforms. In civil
engineering, sloshing has a great significant importance from vehicle design to building
industry. A wide range of researchers have been studying the effect of sloshing on oil
tanks, water towers, LPG (liquefied petroleum gas) tankers, and dams. LPG tankers
and other inflammable liquid tankers are of primary interest to the researchers as any
instability caused by sloshing may be quite harmful. A large number of researchers in
structural engineering has been working on damping devices such as TLD (tuned liquid
damper) to reduce oscillations of a structure. A TLD is a device used in structures to
control the amplitude of oscillations with the help of liquid motion in a rigid tank. In
seismology, effect of water tanks on the roof of tall buildings have been investigated and
it has been found that the tanks reduce the vibrations of buildings during earthquakes.
In coastal engineering also, sloshing has a great impact. Vibrations in harbours are of
primary concern in coastal engineering. The vertical motion of the water surface may
by very high for some points in the basin at harbour vibrations. Tsunami waves caused

by earthquake may excite the harbour vibrations.

1.1 Modeling of slosh

This section describes the theory and equations that constitute very important parts of
sloshing problems. Linear water wave theory is the theory which describes the modeling
of ocean surface waves (surface of fluids) in the study of ocean engineering, coastal
engineering and naval architecture with many engineering applications. This theory can
also be appropriately applied to problems in closed domains, such as containers filled
with liquid. In general, surface waves are nonlinear. Amplitude of the surface wave is
assumed sufficiently small which makes the surface almost linear. In linear wave theory,
amplitude of the surface wave is small and the law of conservation of mass holds within
the fluid domain. Incompressible, inviscid and irrotational flow are some important
assumptions in modelling linear waves. Linear water wave theory is generally employed
to model some specific sloshing problems. Here we emphasize only on free oscillations

of the free surface. So the modeling will be applicable to only free oscillation sloshing
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CHAPTER 1. INTRODUCTION 5

problems. Fluid motion within the fluid domain is defined by Euler equations. The
equations of motion are given in vector form. If the fluid is incompressible and inviscid,

equations for the conservation of mass and momentum are, respectively, given by

Vv = 0, (1.1)

1
a5 + (v.V)v = —;Vp +g, (1.2)

where v is the velocity vector, p is the constant fluid density, g is the acceleration due to
gravity and p is the pressure in the fluid relative to the atmospheric pressure. Inserting

the vector identity
1

(v.V)v = §V|v|2 +(Vxv)xv
into Eq. (1.2), it gets converted to
] 1
g—:+§V|v\2+(V XV)XV= —;Vp—l—g. (1.3)

Assuming that gravity acts in the negative direction of the z-axis, we can write

g = V(—gz). (1.4)

Therefore the momentum equation gets converted to

ov 1 5 I
o3¢ TaVIVE (VX v)xv = —;Vp — V(g2). (1.5)

Flow is assumed irrotational which can now be termed as a potential flow. For

potential flows, there exists a potential ® whose gradient gives the fluid velocity:
v=Vo. (1.6)

Inserting Eq. (1.6) into Eq. (1.1), we get

V.V = V20 =0, (1.7)

which is the well-known Laplace’s equation which serves as the governing equation for

sloshing problems. Since the flow is irrotational, it leads to
V xv=0. (1.8)

Insertion of Egs. (1.6) and (1.8) into Eq. (1.5) gives us

od 1 P
— 4+ -VOVD + = = 1.
v{8t+2v \Y +p—|—gz} 0, (1.9)
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6 1.1. MODELING OF SLOSH

which can be written as

0P 1 D
— +=-Vo.VP + — = 1.1
5 +2V \% +p—|—gz C(t), (1.10)

where C(t) is an arbitrary function of time and Eq. (1.10) is known as Bernoulli’s
equation. The container walls and bottom of the container are the fluid boundaries.
No flow condition is to be satisfied at the wetted bottom and boundary walls of the

container which gives

nv = 0 (1.11)
= nvVe = 0, (1.12)

where n is the outward normal to the fluid boundaries.
On the free surface z = n(z,t) of the fluid, there are two boundary conditions:
kinematic boundary condition and dynamic boundary condition.

Kinematic condition:

00 _oy  noe
dz Ot Ox 0z’
which states that the vertical velocity component of fluid particles on free surface should

(1.13)

be the same as the vertical velocity component of free surface, i.e., fluid particle on free
surface will always remain on the free surface. The dynamic boundary condition for a
potential flow can be written as Bernoulli’s equation.

Dynamic condition:

%—T + %V@.V@ + }—; +gn=0. (1.14)

The constant C(t) is chosen as zero for simplification.
Only the free surface conditions have nonlinearity in sloshing problems. The nonlin-
ear conditions at free surface can be linearized by the fact that amplitude of the fluid
motion is sufficiently small compared to the wavelength. Since linear water wave theory

is employed, so the free surface conditions can be linearized as
0P on

& — E’ z =0, (115)
0P

o _ _ 11
5 9N 0, z=0, (1.16)

assuming atmospheric pressure at the free surface to be zero. The complete modeling

for the boundary value problem of sloshing in terms of velocity potential can be written

as
V2P =0, within the fluid domain, (1.17)
with rigid boundary conditions
)
g— =0 on fluid boundaries. (1.18)
n
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CHAPTER 1. INTRODUCTION 7

Free surface conditions given by Egs. (1.15) and (1.16) can be combined to get a free

surface condition at z = 0 as follows:
oo 10*°®
JR— + [ —
dz g Ot?
The above defined boundary value problem will be solved analytically to get the velocity

=0. (1.19)

potential in a closed form and consequently the free surface equation will give the natural

frequencies of the free surface.

1.2 Literature survey

Liquid sloshing inside different kinds of containers has been a great concern and impor-
tance to a wide range of researchers. The sloshing problems in containers of different
sizes and shapes have been investigated by a reasonable number of researchers. The
sloshing problem with a free surface can be considered in liquid tanks, immiscible multi-
fluids, fluid-structure interaction and blood flows, and there are many other real world
examples of sloshing. A large class of liquid tanks exists in many configurations but
cylindrical and rectangular containers are the most preferred containers for transporting
liquid from one place to another. While designing a liquid tank, an estimate of natural
frequencies is a mandatory step for the stability of the container. In the sloshing problem
with a free surface, the free surface can have different kinds of motion such as, planner
or non-planner, rotational and chaotic.

Liquid sloshing in rectangular and cylindrical tanks has been studied theoretically,
experimentally and numerically by many researchers over a wide range of disciplines.
Jacobsen [22] discussed sloshing in a rigid cylindrical container and found a closed-form
solution for the Laplace’s equation. (The problem considered by Jacobsen was first
studied by Professor L. M. Hoskins of Stanford University. But he did not properly
utilize the properties of modified Bessel functions which led to a lot of computational
work.) Ockendon et al. [30] described an asymptotic approach to obtain multiple periodic
solutions for resonant sloshing in shallow water. They assumed that the wave number
appearing in dispersion relation was small, and mainly discussed dissipative effect. Evans
[12] used wide-spacing approximation to discuss the scattering of waves from an arbitrary
number of identical bodies and calculated the resonant frequencies. He determined the
resonant frequencies just for a single obstacle and then generalized it to n symmetric
obstacles by a compact expression for the n-th power of a 2 x 2 matrix. Expressions
for transmission and reflection coefficients were also obtained. Rocca et al. [32] derived
a fully nonlinear mathematical model by applying a variational method for sloshing in

a rectangular tank rotating around a horizontal axis. They investigated 2D and 3D

Ph.D. Thesis
TH-1434 10612307



8 1.2. LITERATURE SURVEY

surface waves. Both theoretical and experimental studies were found to be in very good
agreement. Buldakov [8] investigated sloshing in a 2-D rectangular tank filled with an
incompressible fluid. The horizontal and vertical excitation of tank were also considered.

A Lagrangian approach was used to model the problem.

Faltinsen et al. [13] carried out an investigation in which they studied nonlinear
sloshing in a partially filled rectangular tank. They used Bateman-Luke variational
principle and derived infinite-dimensional modal system of ordinary differential equations
in terms of generalized time dependent coordinates of free surface elevation and velocity
potential. Faltinsen and Timokha [14] studied two-dimensional nonlinear sloshing in a
rectangular tank and also described surge and pitch excitations. No overturning waves
and infinite tank roof height were assumed. By assuming fluid amplitude to be small
compared to fluid depth and tank width, asymptotic modal analysis was done. But this
approach becomes invalid when the excitation amplitude is not very small and fluid depth
is shallow. When A/l > 0.24 (where [ is the tank breadth and h is mean fluid depth) and
depth is shallow, their theory does not match the experimental results. Faltinsen and
Timokha [15] repeated the work carried out in [14] with a revised modal system for a
fluid in a rectangular tank. The nonlinear violent resonant waves were discussed in detail
with intermediate depth (0.1 < A/l < 0.24) forced by surge and pitch excitations. The
derived model for the modal system was considered as a conservative mechanical system
and found to be useful for simulation of transient sloshing. Faltinsen et al. [16] modified
their multimodal approach to handle three-dimensional sloshing in a rectangular-based
basin. Faltinsen et al. [17] extended the work done in [16] and showed the validity
of their results by comparing with experimental data. Thiagarajan et al. [43] studied
sloshing in a rectangular tank and discussed the wave motion and pressure at different
filled levels of tanks. They used finite volume approximation to model the fluid domain
and air-water interface was tackled with the help of volume-of-fluid technique. Shankar
and Kidambi [36] developed a modal method to investigate two-dimensional nonlinear
sloshing of incompressible and inviscid liquid in a rectangular container. The capillary
effects were also considered in the formulation of the nonlinear problem. The boundary
value problem was reduced to a set of nonlinear ordinary differential equations with
the help of modal analysis. Sirwah [40] investigated sloshing in a horizontally oscillating
rectangular tank filled with heated viscoelastic fluid. The mathematical formulation was
done based on linearized form of Navier-Stokes equations. The boundary value problem
was solved by using Laplace transform. The effects of Reynolds number and relaxation

time parameter were shown on the free surface elevation numerically.

Zhou et al. [50] investigated the three-dimensional oscillatory behaviour of a flexible

rectangular container filled with liquid. Oscillations of the liquid free surface were also
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CHAPTER 1. INTRODUCTION 9

studied to evaluate sloshing modes. An analytical method was presented to discuss
coupled vibrations of the system by using superposition principle and separation of
variables method. According to the matching conditions at liquid-tank interfaces, the
coefficients in the solutions were obtained in the form of integrals. The eigenfrequency
equation to evaluate frequency was derived with the help of Rayleigh-Ritz and Galerkin
methods.

Cylindrical containers are usually preferred as containers by fuel tank and oil tank
designers. A reasonable number of researchers have been investigating sloshing in cylin-
drical containers. Mclver and Mclver [25] studied the longitudinal modes of gravity
waves in a horizontal cylinder with uniform cross section. They investigated the low and
high frequency behaviour for a symmetric container of arbitrary geometry. They found
that the high-frequency limit of the modes depended on the angle of intersection of the
container with the free surface. They also discussed the approach to find an upper bound
and a lower bound for the frequencies of symmetric and antisymmetric modes. Miles [26]
studied nonlinear gravity surface waves in a closed basin. The continuum mechanical
problem in cylindrical basin was converted into classical mechanics problem by setting
up Lagrangian and Hamiltonian for liquid inside cylindrical basin in terms of general-
ized co-ordinates. The problem was solved by using variational principle to investigate
free and forced oscillations of liquid. Miles [27] described nonlinear free oscillations in a
circular cylinder. The natural frequencies of liquid with finite amplitude of free surface
were calculated as a function of fluid depth and cylindrical radius. Shankar [38] devel-
oped a technique to investigate the sloshing frequencies of liquid of highly curved free
surface with pinned contact line under the gravity-capillary effect. Results obtained by
Shankar were found to be accurate as per comparison with available experimental data
and previous analytical solutions. Sakata et al. [33] investigated nonlinear behaviour
of liquid surface inside a cylinder subjected to lateral excitation of the cylindrical tank.
They used a variational approach to formulate the problem for an incompressible and in-
viscid liquid. With the help of numerical results it was shown that linear theory was not
always sufficient to evaluate the mean response of the liquid displacement. Takahara
and Kimura [42] studied the oscillations of liquid surface in presence of nonlinearity.
Planar and rotary motions of liquid inside an annular cylindrical container subjected
to pitching excitations were investigated. A good agreement was confirmed between
analytical and experimental data obtained by them. It was observed from the results
that nonlinear properties of liquid motion inside an annular cylindrical containers was
much more complicated as compared to a circular cylindrical container. Yin et al. [48]
presented an analytical study describing the nonlinear sloshing inside a circular cylin-

drical tank filled with liquid subjected to pitching excitation. The analytical approach
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10 1.2. LITERATURE SURVEY

they used was based on variational principle and Lagrangian. They were the first ones
who studied the nonlinear sloshing analytically under forced excitation. Ockendon and
Ockendon [29] discussed small amplitude forced oscillations of a rectangular container
filled with liquid having a free surface and showed the effects on liquid motions. They
considered the forced horizontal as well as vertical oscillations of the tank. Fxplicit

asymptotic solutions for the motion of liquid were obtained.

Bian et al. [6] considered a liquid slug in a circular tube and determined the the nat-
ural frequencies. Gravitational and viscous effects were neglected and contact lines were
assumed to be pinned or governed by small slip coefficient. Bauer and Eidel [5] found
that insertion of a baffle at the free surface of the container increased the frequencies.
They numerically evaluated the response to the translational excitation which showed
the shifting of the resonance to higher values. They found that the increment in the baffle
width reduced the sloshing mass. Wang et al. [46] developed a semi-analytical method in
obtaining the natural frequencies and modes of the sloshing liquid in a rigid cylindrical
container with a rigid annular baffle inside the fluid domain. They introduced a number
of artificial interfaces to subdivide the fluid domain into sub-domains and obtained the
exact velocity potentials in the sub-domains. They derived the frequency equation by
means of Fourier-Bessel expansion on the introduced artificial interfaces and the free
surface. Wang et al. [47] extended their previous work in [46] by considering multiple
baffles inside the fluid domain by the same approach employed in [46]. They discussed
the effects of baffle positions and inner radius on natural frequencies. Biswal et al. [7]
studied sloshing in a rigid cylindrical tank filled with liquid. They calculated the natural
frequencies of liquid with and without baffle. The natural frequencies were determined
for the case of rigid and flexible baffle. Papaspyrou et al. [31] investigated sloshing in a
horizontal cylinder and developed a mathematical model in which the general solution
of sloshing potential was written as a series expansion of the time function, and they
obtained a semi-analytical solution resulting in a system of linear ordinary differential
equations. Sloshing frequencies of half-full horizontal cylinder and hydrodynamic forces
were computed. Gavrilyuk et al. [19] examined sloshing in a vertical circular cylinder
filled with deep fluid having a rigid baffle by using asymptotic modal system and found
that sloshing was affected by the size and location of the baffle. They discussed the
effects of the position and radius of the baffle on frequency domains of resonant waves
occurring due to lateral excitations. Yuanjun et al. [49] discussed nonlinear sloshing
in a circular cylindrical tank under pitching excitation by using variational principle.
The nonlinear equations with kinematic and dynamic free surface boundary conditions
through variation were derived and solved by multiple-scale method. Planar motion and

rotary motion of liquid were studied under the pitch excitation of the tank. It was shown
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that both stable and unstable motions depended on the radius and height of the tank.
Sinai [39] discussed sloshing frequencies of a stratified two-layer fluid in a closed tank.
He considered a two-layer fluid in a fully filled vertical circular cylinder and annular
cylinder and obtained a semi-analytical solution for the sloshing frequencies. Sciortino
et al. [35] described sloshing of a layered fluid system in a cylindrical tank with an ar-
bitrary shape by introducing Hamiltonian mathematical model and showed its validity
by laboratory experiments. The mathematical model composed of partial differential
equations of first order in four canonical unknowns. The numerical integration of the
derived mathematical model was accomplished by a suitable Galerkin projection of the
equations. A good agreement was observed between numerical laboratory experiments

even in the case of strong nonlinearity.

While looking at different types of sloshing problems, it has come to our notice that
some important works have been carried out for sloshing related to structures other
than rectangular and cylindrical tanks. Albright and Concus [1] determined the small
amplitude periodic sloshing modes of a liquid in a vertical right circular cylinder in
the presence of surface and gravitational forces. They considered the cylinder with a
concave spheroidal bottom where the whole free surface was not above the bottom.
The container for which they obtained the numerical results, were used for the storage
of liquid fuel in space vehicles. Gavrilyuk et al. [18] considered sloshing problem in
a circular conical tank and derived a nonlinear finite dimensional asymptotic modal
system. They discussed the secondary resonance and shallow fluid problem in detail.
Cox et al. [10] investigated the behaviour of steady profiles for periodically forced KdVB
and extended KdVB equations. The existence of profiles, closed to two basic profiles,
was shown. They used the theory of topological degree to discuss chaotic behaviour. The
results presented by Cox et al. [10] are also applicable to forced nonlinear oscillations in

presence of viscous damping.

Jaiswal et al. [21] performed an experimental and numerical study to calculate slosh-
ing frequencies in different shaped tanks (like canonical, truncated pyramid, etc.) with
internal obstruction. Results found in their study showed a good agreement for first
sloshing frequency in circular, square and rectangular tank with analytical solutions. It
was shown that sloshing frequency decreased with increasing size of internal obstruc-
tion. Shankar [37] considered spherical and cylindrical geometries to calculate sloshing
frequencies of liquid in a low-gravity field. He expanded interface displacement and ve-
locity potential in two independent set of spatial functions which were used to obtain
a standard eigenvalue problem to compute frequency. For a flat meniscus, where Bond
number is considered as infinity, results matched well with the previous available results.

The method presented by Shankar works well for large volume tanks accurately.
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12 1.2. LITERATURE SURVEY

Several important works have been accomplished with regard to sloshing in multi-
layer fluids in rectangular and cylindrical containers. Ambrosi [2] presented a Hamilto-
nian approach to describe the layered-fluid sloshing applied to an unbounded domain.
To formulate the Hamiltonian sum of kinetic energy and potential energy, for a free
oscillating system, free surface elevation, interface elevation and the jump in momentum
potential density at interface were used as canonical variables. With the help of a theo-
retical approach, Sciortino et al. [34] investigated the modeling of immiscible two-layer
fluid problem with free surface within a prismatic tank. Bauer [4] discussed sloshing
frequencies in a rectangular container filled with two immiscible liquids with different
densities. He also discussed the pressure distribution and the moments for the interface
system. Some numerical experiments were also introduced for an infinitely long rect-
angular container. Molin et al. [28] carried out an experimental study on sloshing in
a rectangular tank filled with immiscible three-layer fluids of different densities taken
as dichloromethane, fresh water and cyclohexane. They considered the sway and roll
motions of the tank and energy dissipation effects at the interfaces. They compared
their findings with analytical model using linearized potential flow theory in the tank
which showed a good agreement. Vaziri et al. [44] studied internal waves in a rectangu-
lar tank filled with two-layer stratified liquid. A pseudospectral o-transformation was
used to map the fluid domain having free surface and surface of separation of two-layers
onto a pair of rectangular domains. The effects of surge and heave excitations were also
discussed on sloshing. Ansari et al. [3] discussed two-layer fluid sloshing in a rectangular
tank. They used modal analysis to describe two-phase nonlinear sloshing. Chen et al. [9]
investigated the pressure on the walls of a rectangular tank subjected to the roll mo-
tion considered for the sloshing problem. The numerical study was performed by using
smoothed particle hydrodynamics (SPH) method. Kuttler and Sigillito [23] presented a
method to find a good estimate of sloshing frequencies with strong error bounds. The
sloshing problem in a cylindrical tank with circular cross section partially filled with an
ideal fluid was formulated as an integral equation by using conformal mapping. They
used the method of posteriori analysis to solve the problem. Mackey and Cox [24] con-
sidered a two-layer fluid problem in a rectangular tank and discussed the fluid oscillation
in a horizontal direction. They used asymptotic expansion method and derived a pe-
riodically forced second order ordinary differential equation which was a reduced form
of the extended forced Korteweg de Vries (efKdV) equation. By using Melnikov theory,
they showed the existence of a class of periodic solutions. They analyzed these solutions

analytically and numerically.
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1.3 Mathematical tools

In order to solve the boundary value problems considered in the thesis, the mathematical

tools utilized are as following:

1. Separation of variables method: In order to solve a linear homogenous partial
differential equation with homogenous boundary conditions applied to bounded do-
main, method of separation of variables is a powerful tool. Separation of variables
method works with the assumption that the solution is the product of functions

of the independent variables.

2. Point allocation method: Method of point allocation is a simple and widely
used approach. Although there is no theoretical foundation for point allocation,
but due to the simplicity of the method, it is commonly used. The points are
allocated based on requirements. In Chapters 2 and 4, in order to use free surface

condition, we use point allocation choosing equidistant points on the free surface.

3. Finite Hankel Transform: If f(r) is defined in 0 < r < a, then Finite Hankel
Transform of f(r) of order m is defined by [11]

Hol F()} = Fulhs) = / CrF () T (k)b

where k; is the transformed variable.

The inversion of finite Hankel transform is then defined by

e.9] B k )
Ho L alhi)} = Fulh) 2t
n
Z n+1<ak )
where summation is taken over all positive roots of J,,(ak) = 0. A basic operation
property of finite Hankel transform is the derivative property which is very useful
in finding solutions of differential equations in cylindrical polar coordinates. It is

as follows:

(1)) = g [m = DM 00} — (m o DM aff0), m> 1,

where f(r) is finite at r = 0.

An important result involving Bessel differential operator is

ol (7225 10} =~k

where V2 is the Laplacian.
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14 1.8, MATHEMATICAL TOOLS

For m = 1, the finite Hankel transform of order 1 of a derivative is

Hi{f'(r)} = —kiHo{f(r)} = —kifo(k:),

and

Hi{ f"(r) f( — —f )V = k2 fi(ki) — akif(a)J| (ak;).
The definition and the properties can be extended to functions of several variables.

4. Eigenfunction expansion method: Figenfunction method is one of the most
powerful methods to solve eigenvalue problems of mathematical physics. The
eigenfunction expansion method is used to find particular solution for an eigenvalue
problem which is quite similar to separation of variables method. The solution is
written as an infinite series of eigenfunctions. In Chapters 3, 5 and 6, we use

Fourier-Bessel series expansion across the interfaces.

5. Perturbation method: Perturbation methods are mathematical methods which
are used to find an approximation of a solution to the problem. Perturbation
methods works with the exact solution of a related problem. In perturbation
method, solution is written in the form of a power series in a small parameter.
The leading term of the power series in terms of small parameter is the exact
solution of the related solvable problem and remaining terms are the perturbed
solutions of the problem. Perturbation methods are used when a problem cannot
be solved exactly in its present form. With the help of approximation of the

solution, the problem gets converted into solvable problem.

If ® is the solution of any problem, then the series in a chosen small parameter e
is
D =)+ by + Dy + ...,

where @ is the solution of related solvable problem.

1.3.1 Some definitions

1. Surface tension: Surface tension is the property of liquids which enables liquid
surface to acquire minimum surface area. Surface tension is a very important
property of liquids. Surface tension can allow things to float on water which are

denser than water. Surface tension is measured as force per unit length.

2. Bond number: Bond number is a dimensionless quantity which measures the im-
portance of surface tension compared to body forces. Bond number is represented
by the symbol Bo.
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1.4 Outline of the thesis

This thesis is concerned with determining sloshing modes and sloshing frequencies of
liquid inside circular cylindrical containers with different configurations. It is organized
into seven chapters. Present chapter deals with the definition and cause of sloshing,
applications in industry and limited literature review. The analytical approach to model
the sloshing problem with basic linear water wave theory is also described in the present

chapter.

In Chapter 2, we calculate the sloshing frequencies of liquid in a vertical annular
cylindrical container with and without a rigid annular baffle placed at the free surface of
the liquid. The effect of surface tension is also considered. The boundary value problem
is solved by means of separation of variables method in fluid domain. To utilize the
free surface condition and rigid baffle condition, point allocation method is used. We
choose equidistant points some of which satisfy the baffle condition and rest all satisfy
the free surface condition. Substitution of velocity potential for these two conditions at
chosen points leads to a linear homogenous system in terms of an infinite series. A linear
homogenous system is set up after truncating the infinite series upto a finite number
of terms. The condition of non-trivial solution of linear homogeneous system gives us
the frequency. We study the effects of baffle-width, fluid depth and surface tension on
sloshing frequencies. It is observed that surface tension plays a significant role in the

control of sloshing.

Chapter 3 is an extension of the work described in Chapter 2. In this chapter an
annular rigid baffle is placed inside the fluid domain to investigate sloshing in a vertical
annular cylindrical container. In order to solve the boundary value problem, the fluid
domain is sub-divided into four sub-domains. To solve the boundary value problem
in each sub-domain, artificial boundary conditions are imposed at the interfaces of the
liquid sub-domains. Velocity potential in each sub-domain is obtained with the help
of separation of variables method and superposition principle. Continuity of velocity
and pressure is used at interfaces in terms of matching conditions which are used for
a truncating series of solutions upto a finite number of terms. Fourier-Bessel series
expansion method is used to eliminate the variables which leads to a linear homogenous
system of equations in which the elements are coefficients of a Fourier-Bessel series. The
condition of vanishing determinant of the matrix gives the value of non-dimensional
frequency. We calculate the non-dimensional frequency for various values of fluid depth,

baffle position, baffle-width and inner-outer radius ratio of the container.

In Chapter 4, in order to discuss sloshing in the presence of surface tension, we con-

sider a vertical circular cylinder with a curved bottom. A rigid annular baffle is intro-

Ph.D. Thesis
TH-1434 10612307



16 1.4. OUTLINE OF THE THESIS

duced at the free surface. To describe sloshing in the cylinder, two cases are considered
with a complete free surface and a partially covered free surface. The problem formu-
lated here cannot be solved directly due to the uneven bottom of the container. The
boundary value problem in the fluid domain is split into two boundary value problems
by employing a perturbation technique. The velocity potentials for the two problems
are found with the help of separation of variables method and finite Hankel transform.
Non-dimensional frequency is evaluated by using point allocation method for the free
surface condition with the same approach described in Chapter 2. Non-dimensional fre-
quency is plotted against fluid-depth to container radius ratio, baffle-width for different
values of Bond number.

Chapter 5 is concerned with describing the interfacial waves in a two-fluid system.
A vertical circular cylindrical container filled with two inviscid and immiscible fluids
with different densities is considered to describe sloshing. The velocity potentials for
both fluids are obtained with the approach used in Chapter 3. Matching conditions for
continuity and pressure are used at the interface of the two fluids. Matching conditions
along with free surface condition satisfied by upper fluid forms a linear homogenous
system of equations which is used to calculate non-dimensional frequency. The effect of
upper fluid height, lower fluid depth and density ratio have been investigated on sloshing.
A comparison study is also done by considering a single-layer fluid problem and reducing
the two-layer fluid into a single-layer fluid taking upper fluid height as zero.

Chapter 6 is an extension of the work described in Chapter 5. Here we consider
the same geometry considered above with the introduction of a rigid annular baffle at
the free surface which reduces the extent of the free surface. The free surface condition
due to the presence of the baffle is now converted into equations as a baffle condition
and a reduced free surface condition. The fluid domain is divided into sub-domains to
get the potentials in the sub-domains. The sloshing frequencies are computed with the
same approach used above. After obtaining the potentials in each sub-domain, matching
conditions are used to maintain continuity of pressure and velocity across the surface
of separation of the two fluids and successive interfaces. Matching conditions, along
with the free surface condition, lead to a homogenous system. The effect of upper fluid
height, lower fluid depth, density ratio and baffle on sloshing are investigated.

At the end, Chapter 7 highlights a brief summary of the work presented in this thesis
and puts forward some future scopes of investigation of sloshing problems under various

conditions.
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Chapter 2

Linear sloshing frequencies in the
annular region of a circular cylindrical
container in presence of a baftle

2.1 Introduction

A partly covered free surface shifts the natural frequency above and away from the
control frequency of the vehicle, in which the liquid-filled container is placed, which
results in the reduction of sloshing mass participating in the dynamic motion of the
system. The fundamental natural frequency of an inviscid and incompressible liquid
is determined for increasing width of the baffle which is attached to the outer tank
wall at the free surface. It is observed that by increasing the width of the baffle, natural
frequencies can be significantly increased. Investigations are also carried out for different
values of Bond number which depicts the different states of surface tension and for
varying values of the part of the radius in the fluid region. It is also observed that by
increasing the fluid height inside the container, the natural frequencies can be increased

which results in reduction of sloshing.

2.2 Statement and formulation of the problem

An incompressible and inviscid fluid is assumed to perform irrotational motion in the
annular region between two coaxial vertical circular cylinders with a common base.
The radius of the inner cylinder is taken as R; and that of the outer cylinder as Rs.
The annular region of the cylinder is filled with a liquid upto a constant height h. We
introduce a rigid annular baffle at the free surface mounted on the cylindrical wall r = Ry
such that the width of the free surface becomes aRy, 0 < a <1 — (R;/Rs). Cylindrical

coordinate system (r, 6, z) is considered in which z is measured vertically upwards from

17
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18 2.2. STATEMENT AND FORMULATION OF THE PROBLEM

the undisturbed water level z = 0 with the origin on it (Fig. 2.1). It is to be noted
that any such arrangement of partial covering of the free surface exhibits an increase of
the natural frequencies as well as a reduction of the participating sloshing mass. The

geometry considered in the problem is shown in Fig. 2.1 below.

Figure 2.1: Schematic diagram for the problem

The boundary value problem (BVP) for the sloshing problem in the cylindrical container

is given by Laplace’s equation
V2®(r,0,2,t) =0, R <r<Ry, 0<6<2r, —h<z<0, (2.1)

le.,
#o 100 1o 5o
or2  ror  r?00? 022

with the boundary wall conditions

=0, Ri<r<Ry, 0<0<2mr, —h<z<0, (2.2)

0P
E = 0, r = R1 and r = RQ, (23)
and bottom boundary condition
0P
-~ = = —h. 2.4
az 07 z ( )

In addition, there are impermeable conditions to be satisfied due to the presence of the

baffle at the free surface:
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(i)

0P
8— = 0, Z:O, R1+R2(XST§R2. (25)
z
The condition at z = 0 in the range R; < r < R; + Ry« is obtained from the kinematic
condition
o  0On
- 7 2.6
0z ot’ (26)
and the dynamic boundary condition with surface tension:
0P o[d*n 10n 10%
— — — | 5= 4+ === 4+ = ——| = constant 2.7
ot tg p | Or? * ror 12062 Sonskatt, (2.7)

where 7(r,6,t) is the free surface elevation, o the surface tension, p the constant mass
density and ¢ the gravitational constant. Equations (2.6) and (2.7) can be combined to

get the free surface condition as

(i)
0*® o 0 03P
W—'—ga—kzﬁ—o at Z—O, R1<7‘<R1+R20A (28)

Due to the presence of the annular baffle at the wall, the upper surface condition is split

as Egs. (2.5) and (2.8), respectively, at the baffle and at the reduced free surface.

2.3 Method of solution

In order to solve the BVP, we apply the separation of variables method to governing

equation (2.1) by assuming a solution of the form
O(r,0,2,t) = R(r)Z(z) exp{t(mb + wt)}. (2.9)

We know that the governing equation gets converted to two ordinary differential equa-

tions - one each in r and z, the solutions of which can be found as
R(r) = AJy(kr) + BY(kr),

and
Z(z) = Ccoshkz + Dsinh kz,

where J,,,(kr) and Y, (kr) are Bessel functions of the first and second kind, respectively,
of order m.

Using boundary conditions (2.3) and (2.4), the velocity potential is obtained as
e Cosh{’“’“—"<Z+ h)} T (22 7) Y (Ku) — T (Ko ) Y (e
@(r79727t) = ZZAm" fre ( 2 ) m( ,) m( ) ( Ry )
m=0 n=1 cosh (’%”—;h) Ym(kmn>
x exp{t(mb + wt)}, (2.10)
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20 2.4. NUMERICAL RESULTS AND DISCUSSION

where k,,,, are the zeros of

Ry

Ry
T k=) Yo, (kmn) — J} (kmn) Yo, | Bmn— | = 0, 2.11
(B ) V) = TV (B 2.1)

with / denoting differentiation with respect to r. These zeros are evaluated based on a
method devised by Sorolla et al. [41]. The same procedure is followed in the subsequent
chapters while dealing with roots of such equations. The coefficients A,,, and the angular
frequency w appearing in Eq. (2.10) are still not known. After introducing an annular
baffle at the free surface mounted on the wall of the outer cylinder, for a fixed angular
mode m, we choose Ni+1 points including the end points in R; + Roa < r < Ry at
the free surface so as to get the impermeability condition split from the free surface
condition as

Ni1+No R
Amn B h Ry (1 - — R—l)nl
i — tanh kmn_ Jm kmn . 2
nZ Yolko) Bo ( R2> 8 [ { (“ RN

=1

, R (l—-a- —gl)nl
m(kmn) )m {kmn (CJ{ + R2 + Nl Jm(kmn) 0

(2.12)

for ny = O, 1,2, ....Nl,

and choose Ny — 1 points satisfying the reduced free surface condition
N1+N2
Apn, Ry ang R, any
. W m kmn o AT Y/ kmn _ Ym kmn o AT
; Y (k) [ { (RQ Na >} m ) { (RQ N

k o (ko )" h
" (K = oR o= tanh | kpn— | | = 2.1
X Jy (Kmn)] X [w {g R -+ ; (Rg) } an ( Rg)] 0 (2.13)

for ng =1,2,....Ny — 1.
Equations (2.12) and (2.13) represent Ni+ N5 homogenous algebraic equations in the co-

efficients A1, Ama, - -, Am Ny +n,- The condition of nonzero solution for a homogeneous
system, due to truncation up to a finite number of points, gives rise to the frequency

equation for the determination of sloshing frequencies of the liquid in the container.

2.4 Numerical results and discussion

Our main aim is to find the relevant frequency equation for different values of R; and
Ry. After obtaining the semi-analytical solution, we proceed to evaluate numerically the
fundamental sloshing frequencies. For an annular baffle of width w = Ry(1 — ) — Ry,

0 < a <1—(R;y/Ry), covering the free surface, we consider different cases and determine
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the sloshing frequencies for the lowest mode m. We examine the effect of baffle-width,
liquid height as well as surface tension on sloshing frequencies. For o = 1 — (R1/R»),
there is no baffle inserted at the free surface. We evaluate the fundamental frequency

w;., by non-dimensionalising the frequency equation as

2 2

*2 wmn kmn h
=" =Fkpn [ 14+ 22 ) tanh | kp— ) 2.14
“mn g/ Ry < * BO) o ( Rz) (2.14)
where the Bond number Bo = ( pgR%) /o is taken as 100 for various « values. We evaluate
frequencies for the angular mode m = 1 and n = 1, i.e., for wj; which is determined
from the values k1 from Eq. (2.11). The lower modes are the modes which exhibit the

larger sloshing mass participating in the slosh phenomenon.

2.4.1 Case I: Ry/R; = 2, relevant upper surface conditions and
numerical results:

Here we consider the radius of the inner cylinder as half of that of the outer cylinder,

i.e., in this case € (0, 5]. Consequently Egs. (2.12) and (2.13) reduce to

Ni+N, 1
A k h 1 (5—a)m
— " tanh kmn_ J, m kmn B . Y, kmn
; Voulbina) By ( R2> ' { { (a+ 2" T, )} m{fima)
1 (:—-am
-Y, T e ! = 2.1
STATE SCET, Py O -

for ny = O7 1,2, ....Nl,

and

Nty 1 an 1 an
_imn . T2 Y (k —v. 2,22 ' (e
> vy [ {5 ) ) i (5.4 5 )|

n=1
k o (kmn )’ h
x |w? — ML ( mn) tanh (k’mn—)
[ {g Ry  p \ Ry Ry
for Ng = 1,2, N2 —1.

Here we determine the dimensionless fundamental sloshing frequency as a function of

—0 (2.16)

liquid height ratio h/R5 for a fixed Bond number and for various a values as shown in Fig.
2.2. Curves shown in Fig. 2.2 are plotted for the lowest sloshing mode wi,(m = 1,n = 1),
which exhibits the largest sloshing mass participating in the motion. The curve for
w/Ry = 0 corresponds to the free surface in its entirety, i.e., there is no baffle on the
free surface. Curves are drawn for various « values in increasing order of baffle-width

U)/RQ
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Figure 2.2: Sloshing frequency wj;(m = 1,n = 1) for different annular baffles of width
(w = (3 — @)Ry) vs height ratio h/R, for Bo = 100;
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Figure 2.3: Sloshing frequency for wj,(m = 1,n = 1) different annular baffles of width
(w = (3 — a)Ry) vs height ratio h/R, without surface tension o

2

We choose the intermediate value of Bond number Bo = (pgR3)/o = 100 which
includes the effect of surface tension. A baffle with width of about w = 0.3a doubles the
fundamental natural frequency. For very small values of h/R,, dimensionless frequency
wj, increases rapidly and then for higher values, it becomes stable. For the baffle-width
w = 0.4R,, wj; becomes twice as much as for the baffle-width w = 0.3R,. The value of
wj; for the baffle-width w = 0.4 R is much higher as compared to when there is no baffle

at the free surface. We observe that the natural frequency wj; increases with increasing
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baffle-width as well as for increasing height ratio h/Rs.

——B0=10
B0=100
——B0=1000

w/R2

Figure 2.4: Effect of baffle-width w/Ry = (3 — @) on wj;(m = 1,n = 1) at height ratio
h/Rs = 1 for different Bond numbers

——B0=1000
Bo=100
——Bo=10

w/R

Figure 2.5: Effect of baffle-width w/Ry = (3 — @) on wj;(m = 1,n = 1) at height ratio
h/Ry = 1 for different Bond numbers

Figure 2.3 shows the curves drawn for wj, as a function of liquid height ratio h/Rs
for various « values in which surface tension o is assumed to be absent. It is observed
that for various « values, the effect of baffle-width remains the same resulting in reduced
sloshing frequency. In the absence of surface tension, sloshing is observed to be more.
For the annular baffle-width w = 0.4R,, w}; is reduces to nearly half as compared to wi,

with surface tension o. It is observed that the natural frequency reduces in this case,
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24 2.4. NUMERICAL RESULTS AND DISCUSSION

i.e., without surface tension the natural frequency is less in comparison to what we get
with the one in which Bond number Bo = 100 was considered.

In Figs. 2.4 and 2.5, we show the dimensionless fundamental sloshing frequency as
a function of the magnitude of the annular baffle-width w/Rs = 1/2 — «a for fixed liquid
height ratio h/Ry = 1,1/2, respectively, for different Bond numbers Bo = 10, 100, 1000.
Here it is observed that frequency increases when the value of Bond number decreases,
i.e., when surface tension increases.

Figures 2.2 — 2.5 establish that natural frequency increases with increasing baffle-

width, increasing height ratio and with decreasing Bond number.

2.4.2 Case II: Ry/R; = 3, relevant upper surface conditions
and numerical results:

Here we consider the radius of the inner cylinder as one third of that of the outer cylinder,

i.e., in this case o € (0, 2]. Consequently Egs. (2.12) and (2.13) reduce to

5 e () [ (o 4 8520 v
-Y,, {k: <a +-+ m) } Jr’n(kmn)} = (2.17)

Ny

for ny = O, 1,2, ....Nl,

and

Nl A 1 an 1 an
_mn g ke (= =2 Y (Bn) — Yoo A o | = 2V YT (K,
S vty [ b (5 5 ) i) Yo b (54 52 ) } i

—0 (2.18)

forng =1,2,....Ny — 1.

Here also we determine the dimensionless fundamental sloshing frequency as a func-
tion of liquid height ratio h/Rs for a fixed Bond number and for various « values
as shown in Fig. 2.6. Curves shown in Fig. 2.6 are plotted for the lowest sloshing
mode wj,(m = 1,n = 1). Dimensionless fundamental sloshing frequency wj; increases
smoothly with increasing height ratio h/ Ry for various « values and fixed Bond number

Bo = 100.
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Figure 2.6: Sloshing frequency wj;(m = 1,n = 1) for different annular baffles of width
(w = (2 — a)R,) vs height ratio h/R, for Bo = 100
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Figure 2.7: Sloshing frequency wi,(m = 1,n = 1) for different annular baffles of width

(w = (3 — a)R,) vs height ratio h/R, without surface tension o

A baffle with width of about w = 0.4R5 doubles the fundamental natural frequency.
Frequency attains higher values corresponding to higher values of height ratio h/Rs.
By comparison with Fig. 2.2, where Ry/R; = 2, here the values of natural frequency
are smaller which implies that the sloshing mass will be higher. In the earlier case the
frequencies doubled even for an increase of baffle-width 0.1 whereas in this case this

doubling occurs when an increase of w/ Ry = 0.4 takes place.
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——B0=1000
Bo=100
——Bo=10

Figure 2.8: Effect of baffle-width w/Ry = (3 — ) on wf;(m = 1,n = 1) at height ratio
h/Rs = 1 for different Bond numbers

——Bo=10
Bo=100
——B0=1000

w/R

Figure 2.9: Effect of baffle-width w/Ry = (2 — ) on wf;(m = 1,n = 1) at height ratio
h/Ry = 3 for different Bond numbers

Figure 2.7 shows the curves drawn for w}; as a function of liquid height ratio h/R
for various « values in which surface tension o is assumed to be absent. It is observed
that for various « values, the effect of baffle-width remains the same resulting in reduced
sloshing frequency. In the absence of surface tension, sloshing is observed to be more. It
is observed that frequency reduces in this case, i.e., without surface tension the natural
frequency reduces in comparison with the case when Bo = 100.

In Figs. 2.8 and 2.9, we show the dimensionless fundamental sloshing frequency as

a function of the magnitude of the annular baffle-width w/Ry = 2/3 — « for fixed liquid
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height ratio h/Ry = 1,1/2, respectively, for different Bond numbers Bo = 10,100, 1000.
Here it is observed that frequency increases when the value of Bond number decreases,
i.e., when surface tension increases. Figures 2.6 — 2.9 establish that frequency increases

with increasing baffle-width, increasing height ratio and with decreasing Bond number.

2.4.3 Case III: Ry/R; = 4, relevant upper surface conditions
and numerical results:

Here we consider the radius of the inner cylinder as one fourth of that of the outer

cylinder, i.e., in this case o € (0, 2]. Consequently Egs. (2.12) and (2.13) reduce to

A k h 1 G —-a)m
e mnt h kmn_ m kmn n R A Y/ kmn
s ( R2> < [J { <oz—|—4—|— = (k)

and

5 s [ (3 e s (5

—0 (2.20)

for ng =1,2,....Ny — 1.

Here we again determine the dimensionless fundamental sloshing frequency as a func-
tion of liquid height ratio h/Ry for a fixed Bond number and for various « values as
shown in Fig. 2.10. Curves shown in Fig. 2.10 are plotted for the lowest sloshing
mode wi;(m = 1,n = 1), which exhibits the largest sloshing mass participating in
the motion. Dimensionless fundamental sloshing frequency wi; increases rapidly with

increasing height ratio h/Ry for various « values and fixed Bond number Bo = 100.
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Figure 2.10: Sloshing frequency wj,(m = 1,n = 1) for different annular baffles of width
(w = (3 — @)Ry) vs height ratio h/R, for Bo = 100

A baffle with width of about w = 0.4R5 doubles the fundamental natural frequency;,
i.e., for the case when w/Ry = 0. Frequency changes to higher values corresponding
to the higher values of height ratio h/Ry. Frequency also increases continuously with

increasing values of baffle-width.
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Figure 2.11: Sloshing frequency wj,(m = 1,n = 1) for different annular baffles of width

(w = (2 — a)R,) vs height ratio h/R, without surface tension o
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10°

——B0=1000
Bo=100
——B0=10

Figure 2.12: Effect of baffle-width w/Ry = (3 — a) on wi;(m = 1,n = 1) at height ratio
h/Ry =1 for different Bond numbers

——B0=1000
Bo=100
——Bo=10

0 01 02 03 04 05 06 07 08
w/R2

Figure 2.13: Effect of baffle-width w/Ry = (2 — a) on wi;(m = 1,n = 1) at height ratio
h/R, = 1 for different Bond numbers

Figure 2.11 shows the curves drawn for wj; as a function of liquid height ratio h/Rs
for various « values in which surface tension o is assumed to be absent. It is observed
that for various « values, the effect of baffle-width remains the same resulting in reduced
sloshing frequency. In the absence of surface tension, sloshing is observed to be more.
For the baffle-width w = 0.4R,, wj, is twice as compared to the value when there is no
baffle on the free surface. It is observed that frequency reduces without surface tension.

In Figs. 2.12 and 2.13, we show the dimensionless fundamental sloshing frequency as
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30 2.4. NUMERICAL RESULTS AND DISCUSSION

a function of the magnitude of the annular baffle-width w/Ry = 3/4 — « for fixed liquid
height ratio h/Ry = 1,1/2, respectively, for different Bond numbers Bo = 10, 100, 1000.
Here it is observed that frequency increases when the value of Bond number decreases,
i.e., when surface tension increases. Figures 2.10—2.13 establish that frequency increases

with increasing baffle-width, increasing height ratio and with decreasing Bond number.

25
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sl o WR20RR, | |
+W/R220.2 for R2:4R1
0 Il Il Il Il
0 02 04 06 08 1

hR,

Figure 2.14: Sloshing frequency wj,(m = 1,n = 1) for different cases with an annular
baffle of width (w = 0.2Rj) vs height ratio h/R, for Bo = 100

2.4.4 Comparison of all cases:

We want to sum up the effect of the sloshing frequency due to the changing fluid domain
for different Ry/R; ratios.

In Fig. 2.14, curves are drawn for the fixed baffle-width w/Ry = 0.2 for various
cases of Ry/Ry. For the case Ry = 2R, frequency is more than twice as compared to
the frequency for Ry = 4R;. wi; is nearly twice for Ry = 2R; as compared to wj; for
Ry = 3R;. Tt is observed that for Ry = 2R;, frequency becomes stable as liquid height
ratio h/Ry increases which is not significant in the other two cases. After comparing
all three cases, sloshing is observed to be more when free surface is wider for a fixed
baffle-width. That is, sloshing is more when R, is much greater than R;. In this case,
the best option is to increase the baffle-width so as to reduce the free surface and also

to have the container filled with more volume of liquid at the same time.
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Figure 2.15: Sloshing frequency wi,(m = 1,n = 1) for different cases with an annular
baffle of width (w = 0.2R5) vs height ratio h/Ry without surface tension o

Figure 2.15 shows the curves drawn for wj; as a function of liquid height ratio /R,
for fixed baffle-width w/Ry = 0.2 for various cases which are considered in which surface
tension o is assumed to be absent. It is observed that the effect of baffle-width remains
the same resulting in reduced sloshing frequency. In the absence of surface tension,

sloshing is observed to be more.

10 . ‘
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Figure 2.16: Effect of baffle-width w/Rs = (1 — a) — g—; on wi;(m =1,n = 1) at height
ratio h/ Ry = 1 for Bond number Bo = 100
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10 T T T T

R,=2R, with Bo=100
——R,=3R, vith Bo=100
10°} | ——R,=4R, vith Bo=100

wiR

Figure 2.17: Effect of baffle-width w/Rs = (1 — a) — % on wi;(m = 1,n = 1) at height
ratio h/Ry = % for Bond number Bo = 100

In Figs. 2.16 and 2.17, curves are drawn for all cases, for fixed height ratio h/ Ry =
1,1/2, respectively, corresponding to a fixed Bond number Bo = 100. For the case
Ry = 2R, frequency is very high as compared to the other cases. For the case Ry = 3Ry,
wj; is higher than that for the case Ry = 4R;. Curves show that for fixed height
ratio h/Rs, frequency increases as baffle-width increases. For Ry, = 2R;, frequency
increases at a very high rate as compared to the other cases. For wider free surface,
sloshing is observed to be more. Figures 2.14 — 2.17 show that frequency increases with
increasing baffle-width as well as with increasing height ratio, i.e., frequency increases
with decreasing free surface. These results suggest us to use such a cylindrical container
so that sloshing is less but at the same time more fluid can be filled.

It is to be noted that the free surface and its baffle conditions were usually satisfied
at N7 + Ny = 10 equidistantly distributed points. Further, if this whole investigation
is carried out by placing the baffle on the outside wall of the inner cylinder, it is still

possible to obtain similar results.

2.5 Conclusions

In this work, we consider a circular cylindrical container of specific size in which fluid is
filled in the annular region of the container. We introduce an annular baffle mounted on
the wall of the outer cylinder at the free surface. We investigate the sloshing frequencies
for different baffle-width, fluid height and radial values of the annular region. Result

shows the dependence of sloshing frequencies on baffle-width as well as on liquid height
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ratio. It is shown that fundamental sloshing frequency increases when baffle-width in-
creases. It is clear that when an annular baffle is introduced at the container wall in
the free liquid surface plane, it yields increased natural frequencies. Partial coverage of
the free surface has a beneficial effect on the system. It is also shown that in presence
of surface tension, frequency increases. Three different cases are solved numerically for
increasing ring baffle with fixed Bond number Bo = 100. We also investigate the slosh-
ing frequencies against baffle-width for different Bond numbers. Fundamental sloshing
frequency increases gradually as baffle-width as well as liquid height ratio increase. It
is shown that the liquid sloshing frequency inside the container decreases with the in-
creasing baffle-width for a constant height ratio h/Rs = 1. As the natural frequency
increases, the sloshing mass decreases thereby bringing stability to the overall structure
including the vehicle in which the liquid container is being transported. In other words,
the annular baffle plays a very important role on the sloshing frequency of liquid. It is
found that even for larger radius values for the fluid domain, sloshing can be controlled
by inserting wider annular baffles accordingly. The method presented here is expected

to be easily applicable to any structural system in the free surface plane.
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Chapter 3

Sloshing frequencies in an annular
region of arigid circular container
with a baffle placed inside liquid

3.1 Introduction

For a specially designed circular cylindrical container filled with an inviscid, incompress-
ible and homogenous liquid, if an annular baffle is attached to the outer cylinder wall
in the annular region of the cylinder at some depth, the natural frequencies and the
response of the liquid in the container undergo a drastic change. Such an introduction
of a baffle divides the liquid region into four. Boundary value problems are set up for the
potential in each of these regions, and with the help of the matching conditions across the
virtual interfaces, we set up a system of linear equations by solving which we determine
the natural frequencies. A partly covered interface shifts the natural frequency above
and away from the control frequency of the vehicle, in which the liquid-filled container
is placed, which results in the reduction of sloshing mass participating in the dynamic
motion of the system. The fundamental natural frequency of the liquid is determined
for different width and positions of the baffle in addition to different configurations. It
is observed that the effect of baffle position on frequency is non-monotonic. It is also
observed that when a baffle is placed nearer to the free surface, it has a greater sig-
nificance on frequency. It is observed that frequency decreases with increasing baffle
depth. The effect of the inner radius of the baffle on frequency is almost monotonic
while with increasing inner radius of container, frequency increases monotonically. All

our observations are supported by relevant graphs.

34
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3.2 Statement and formulation of the problem

An incompressible and inviscid fluid is assumed to perform irrotational motion in the
annular region between two coaxial vertical circular cylinders with a common base. The
radius of the inner cylinder is taken as R; and that of the outer cylinder as Ry. The
annular region of the cylinder is filled with a fluid of uniform density p up to a constant
height hs. A thin rigid annular baffle is placed in the fluid and is mounted on the
cylindrical wall with radius Ry at height h; from the bottom of the cylinder. The baffle
is considered very thin compared to its raidus and hence thickness can be neglected.
We introduce cylindrical coordinate system (r, 6, z) in which z is measured vertically
upwards from the bottom of cylinder which is z = 0 with the origin O chosen on it.
Linear water wave theory is employed to describe the liquid motion inside the annular

region of the container. Figure 3.1 depicts the physical problem.

—

z=h:

ha

=0

Figure 3.1: Schematic diagram of the problem

With the above assumptions, the liquid flow can now be defined in terms of a velocity

potential ® which satisfies Laplace’s equation

e 100 10°d 09*0
— ==+ = = in Q 1
or? + r or + r2 06? + 022 0 s (3.1)
where € is the liquid domain of the container,
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with rigid boundary conditions

0P
a—n =0 on F, (32)
where I' is the wetted solid interface and n is the outward normal to I,

and free surface condition

0P  10°®

%JFEW:O on TV, (3.3)

where I'/ is the free surface.

3.2.1 Boundary value problems in sub-domains

Due to the presence of the rigid baffle inside the fluid domain, solution to the boundary-
value problem (3.1) — (3.3) cannot be obtained directly. In order to find an analytical
solution for the BVP, a semi-analytical approach is used for which the liquid domain
is divided into four sub-domains. For each sub-domain, velocity potential ®(r, 0, z,t)
can be written as ®;(r, 0, z,t), (r,0,z) € Q;, i = 1,2,3,4. According to Eq. (3.1), each

velocity potential satisfies Laplace’s equation

0%, N 16@1' h 182@- N 0%,
or? r or r2 002 022

=0 in Q. (3.4)

The corresponding impermeability conditions at rigid boundaries are given by

0, y 00\ 99\

(@) 0G0 (G40 o
0P, B 00,\

(8_> o, (az)zzo‘o’ (35b)
0P, - 0D, B

(7). () 630
() o a0

Free surface condition is satisfied by the velocity potentials ®3 and ®,4 since both domains

Q3 and €14 contain free surface. Now the corresponding free surface conditions are as

follows:
0b; 10%D,
— 4+ - =0 t =h 3.6
0z g Ot? wosT (36)
@©4 1 82(134
5 —1—5 o 0 at 2z = hs. (3.7)
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3.2.2 Solutions of BVPs in various sub-domains

We write the velocity potential as time harmonic in the following form
Q(r7 97 Z? t) = ¢(T7 67 Z)€LWt7 (3'8)

which defines natural wave frequency w and ® is 27-periodic. Corresponding potentials

in different domains take the form as follows:
®i(r,0,2,t) = ¢i(r,0,2)c"". (3.9)

Inserting Eq. (3.9) into Egs. (3.5a) — (3.5d), the corresponding conditions get converted
to

— <%) — 0, (3.10a)
z=0 82 z=hq

(5) =7 ()
< |

— 0, (3.10¢)

<57)TR1:0, (3.10d)

On the basis of assumption of linear water wave theory, the boundary value problem
(3.1) — (3.3) is a linear eigenvalue problem. We employ superposition principle to find
the mode shape of the liquid domain. In every sub-domain, there are rigid boundaries as
well as non-rigid boundaries. Non-rigid boundaries are the liquid interfaces between two
successive sub-domains. In order to set up and solve BVPs in each sub-domain indepen-
dently, we are required to impose extra (otherwise non-existent) boundary conditions
at the interface due to lack of sufficient boundary conditions - one or two at a time for
one component, depending on the number of interfaces available in each sub-domain. It
is to be noted that these extra conditions are later suitably absorbed while using the
overall matching conditions across the interfaces. By superposition principle, ¢; in €2;

can be written as 4
¢i=> ¢, (3.11)
j=1

where ¢f is the j-th component of ¢; and k; denotes the number of liquid interfaces in
;. With the help of (3.11), each ¢; in corresponding §2; takes the following form:

o = ¢, (3.12)
G2 = G5+ ¢, (3.13)
¢3 = ¢3+ 03, (3.14)
$1 = ¢i+ b5+ 6, (3.15)
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where ¢} corresponds to the component of the velocity potential in the respective region
due to the non-rigid condition at the free surface z = hy only; ¢? to that component of
the velocity potential due to the non-rigid condition at the vertical interface r = R only
and ¢? to that component of the velocity potential due to the non-rigid condition at the
horizontal interface z = h; only. In order to maintain the periodicity of ®, ¢{ is written

in the form

¢l =" ¢, cosmb. (3.16)
m=0

The boundary conditions for qbf in the sub-domains can be found out with the help of

Egs. (3.10a) —(3.10d). Rigid boundary conditions in different sub-domains are obtained

as follows:
For €:
2 . )
() o () S (%) o e
g r=Rp < 2=0 82’ =
For §s:
2 5 )
() o (%) o (%) -0 e
or ), _g, 0z ) _, 0z ) ,_,.
3 5 1
<%) = (&) =0, (% —0.  (3.19)
T /) =Ry T ) =R 0z w
For €3:
093 B D2 | |
< or )T:RQ B ( 02 ), R (¢3)z:hz =0, (3.20)
1 . .
( =g "/ =k Z z=h1
For €:
1 1 :
(%) =0, (%) =0, (ai:f‘) =0, (322
r=Rj r—R —hy
2 2
<%) = 0, (8—24> = 0’ (¢Z)Z:h2 = 07 (323)
r=R z=h1
e _ 003\ .
( or )r=R1 =0 ( or ) . 0, (¢4)Z:h2 =0. (3.24)

Now we introduce the following dimensionless quantities in order to non-dimensionalize

the parameters:

= r R o & R
- R27 T/ R27 R27 R27
hy Ry Ry
— — ¥ = —. 3.25
ﬁl RQ, ﬁ? R27 w w g ( )
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The boundary value problems in different sub-domains allow separation of variables in

(r,0, z)-coordinate system for ¢3ﬁ and permit the exact solutions which can be obtained

in terms of eigenfunctions. The corresponding solutions for different sub-domains can

be written as follows:

For sub-domain €;:

-5 ) L ) ) )

Al o (fm +& ) 82, + Ape0ms;

where 5%1 and 42, are defined as

51:F,ﬂmza

0, otherwise,

#_{Qﬂmza

1, otherwise.

For sub-domain €2,:

)

N T LA AT LS
\ & % (50)

X COS (ﬁ ) + A2m0 (fm + a2m£—m) 531 A Agooél

¢y = ZAM[ bin) g g =Rmn1] (] (K €) Yy (k) —

J,ln (k’mna) m (k'mng)] + ;’00(51

where k,,,, are the zeros of
Jrln(kmna>yr;z<kmn7) . Jrln(kmn'y)ynlm(kmna) =0.

For sub-domain {23:

qsé _ ZA3mn )\mnn _|_ eAmn(251_77)j| [Jm ()\mng) Y'n,'z ()\mn) _

J, (Amn) Yo Amn€)] + Azoo0p,,
9 1)
¢35 = ZA?)mn ((5—5))( —51))

(2n—1)m @n—-Dm \ (2n—1)m
[I (2(@ ﬁ1)5> K, < m)) L, (_2(52—51))K (

(2n—-1)m
2(B2—P1) £>i|
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where A,,,, are the zeros of

For sub-domain €y:

61 = ZA4mn [kt - k@ [ (Kin€) Yy (bmnt) —

Jvln (Kmnc) Yo (Kmn&)] + 4110051 (3.33)
) = 5 2n — )7
¢4 = Z;Allmn CoS < ((ﬁ2 5>1)( 61>> X

(2n—1)m / (2n—1)m / (2n—1)m (2n—1)m
|:Im (2(ﬂ2*ﬁ1)£> Ko ( 2(62—P1) % > = 2(52*51)06) Ko (2(52751)§
(2n—1)m
Ko (2(62—500‘)

o = ZAmn[kmM—ekmn@@—nq i (in€) Y, (@) —

J’ (Fn) Yin (Kmn€)] + Aloo0 (11 = B2)- (3.35)
The coefficients A7 are still unknown. To find A7, and the non-dimensional frequency

w*, we apply the matching conditions at the interfaces and use Eqgs. (3.6) and (3.7) for
gbf where 1 = 3,4 and 7 = 1,2, 3.

3.2.3 Matching conditions

In order to use the matching conditions on the interfaces, we truncate the series of
solutions after N terms. These conditions imply the continuity of pressure and velocity
across the interfaces. The following are the matching conditions used across different

interfaces:
(A) b1 = 02 at £=1:
ZAlmn ( i ) [ (5) 5 (? EI )() Ko (5)]
+ A0 (YT 6L+ Algedy, = ZAM ( ) %
1 (55) 0 (35e) - 1 (50) o (5]
K, (50)
Agmo (’Vm + &2m7 ) 52 + Agoofs1 + Z A2mn km"" + efkm"ﬂ

n=1

X [Jm (Fmn) Yr:z (kmna) _‘]7/71 (Fmn) Y (k"mn’Y)] + A%OO(Siz' (3-36)

+
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op1 __ O _ .
(B) =% at £=7:

A

—|—A1m0m ( m—1 ,y—m—l) 52

m

_ZAM( e (1) 1 (50) K (3 >—f’ (5e) 52 (359

Z Am( > (m ) 1 () K (o) — 1 (2) 25 (29

+ A3 0m (v = a® My ) 62 (3.37)

(©) G2 = Py at n=p:

) ) () s 5
i ol ZJ(M (e (59
FAZ 0 (™ + a®mEm™) 82, + Ayon, +ZA2mn [eFmnft 4 e=hmnf1]

n=1

X [T (kmn&) Yoy (Kininet) — Ty, (K@) Yo (kmn€)] + Agooé1 Z A4mn

x [265m21] [T () Yo (K@) = Ty (Kirun@) Yo ( mn£>J+Aioo(5;

(2n—1)w / (2n—1)7 R (2n—1)7 (2n—1)m
ZA [I ( 51)€> K (2([32 - ) L, ( 2(B2 51)a) Kom <2(/32—51)§>}
4mn

K [(M Dr a}

2(B2—p1)

+ Z A4mn kmnﬁl e ekmn(2B2_Bl)] [Jm (kmng) len (kmna)

_J1/n (Kmnc) Y (kmné)] + Aiooéé(ﬂl — Ba). (3.38)
(D) %)72 = %4 at n=pi:
Z A3 o [e5 0 — e [T (Kn€) Yy (Knct) —
J’:n (kmna m mn§ Z A4mn kmnﬁl + ekmn(262_ﬁl)] X
[Jm (kmng) Yfiz ( mna) - J'r,n (kmna) m ( mné)] + Aioo%- (3'39)

(E) p3=0¢s at =7
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Z A3mn )\mnn + eAmn(Qﬂl_n)} [Jm ()‘mn’Y) Ynlm ()‘mn) - Jvln (/\mn) Ym (Amn’y)]

+A3000m, + Z A, co (%(U - 51)) x

(2n—1)m / @Cn=1)m \ (2n—1)m (2n—1)m
[I ( 2(6:—B1) | )K ( 2(B2— m)) L ( 2(B2— m)) Ko (2(5—2—/31)7)}
(2n—1)m
Ko ( 2(B2— /31))

= Z Al [ 4 € CP] [ (i) Yo, (Finn?) =

J7In (Bmnc) Yo (Kmny)] + Aioo(Sl + Z A4mn (%(U =5 51)) X

(2n—1)m / (2n—1)m N (2n—1)m (2n—1)m
[[m (2(52—51)7) Ko, (2(52—,31) ) I (2(,32 —B1 )&> Ko (2(62—51)7)]
(2n—1)m
Ky (2(52—ﬁ1)a>
+ Z A4mn k»'mn"] - ekmn(262_77)j| X

[J (kmnV) Y (Kmmer) — Jq,n (kmn@) Yo (kmny)] + Aioof%(?? — [32). (3.40)

8_§:<9_f at 52”}/

n—l) (2n— )7
>t (=05 Y con (500 )
(2 (2?;;25) K, (55 - '((ﬁlﬁn)K'(mn)}
Ko (i3

)
_ZA4mn(2n_1 ) (
°)

2(B2—
2(2n al Ll /31))
) . ()1 i) .
K, < (252 161)a>

2(B2—p1)

ﬂ . (3.41)

The potentials ¢3 and ¢4 satisfy the following free surface conditions, respectively:

(2;;3 —wps =0 at n = P, (3.42)
0
0%4 —w?Py=0 at n=/f (3.43)
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Substituting ¢35 and ¢4 in Egs. (3.42) and (3.43), respectively, we get

Z A3mn AmnﬁQ - 6>\mn(2/31 _62)} [Jm (Amnf) Ynlm (Amn) -

T Oom) Yo Oo) +2A3mn252 I

(2n—1)m / @Cn=1)m \ (2n—1)m (2n—1)m
[Im (2(52*51)§> Ko, ( 2(B2— 51)) Ly, (2(52 51)) Ko (2(52*51)§>}
(2n—1)m
Ko < 2(B2— 51))

e o€ Y2y o) — T o) Yo ()] Aéooéin} —0, (3.44)

and

ZA4mn kmnﬁz _ ekmn(2ﬁ1—ﬂ2)} [T (Kmn€) Ynlz (Kmnar) —

)7T

k' ) Z .
(2n—1)w (2n—1)m . (2n—1)m (2n—1)m
[[ (2(52 ﬁl)g) (2(,82—61) ) I ( 2(B2— ﬁl)o‘) Ko (2(/32—51)5)}
(2n—1)7
Koy (2(52—51)a>

+ Z AL Ko [€5mmP2 4 bmn B [T (Kn€) Yo, (Rmnct) —

—1)" x

‘]w,n (kmna) Ym (kmn£>] + Aiooéém *2 |:Z A4mn kmn62 + ekmn@ﬁl _62)}

[T (Bmn€) Yéz (kmncr) — J7In (Kmn@) Yo (kmn&)] + A}LOO(S}n} =0. (3.45)

Equations (3.36) — (3.41) and (3.44) — (3.45) give rise to a homogenous linear system
in 8N unknowns. Now to determine the unknowns and non-dimensional frequency, we
truncate the system at a fixed number N, use Fourier-Bessel series expansion and then
form a square matrix whose elements are coefficients of a Fourier-Bessel series. Here we

get a square matrix of order 8N in A7 unknowns which has the form

MX =0, (3.46)

where
X I:A%mﬂﬂ A%m?ﬂ Agan Ail’)mrm A%m?ﬂ Alllmrw Aian A?lmn] Y (3'47>
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44 VERSUS DIFFERENT PARAMETER RATIOS
and
ol (20 0] O o [0 [ [0 ]
W] B @ o [ o] 0] [
o %m} o0 {m}
M=V 0 0 o S 0 e o | B
0] 0] 0] (e (] [0 (0] [
(O NN T (0 I 0 i I 8
IR R ) 8 - )

The expressions of the non-zero elements a” - of the matrix are given by the coefficients
of a Fourier-Bessel series. The system given by (3.46) must have a non-trivial solution
for the vanishing determinant condition. The condition of the non-trivial solution of
(3.46) gives us values of w*. The detailed expressions for the non-zero coefficients of the

matrix M are provided in Appendix A.

3.3 Numerical results and discussion: Natural fre-
quencies versus different parameter ratios

We carry out a number of numerical experiments to strengthen the analytical results
obtained here. All numerical calculations are carried out by using MATHEMATICA.
‘NIntegrate’ command is used to calculate the integrals numerically to compute the
frequencies. The system is truncated to a 24 x 24 one to calculate the frequencies. The
zeros of the determinant of the truncated system are plotted versus different parameters.
The curves are drawn for non-dimensional frequency versus different values of v, a and
for different bafle positions in the liquid domain for m = 0, 1,2. Dimensionless sloshing
frequency w?? (m = 0,1,2;n = 1) is plotted as a function of the ratio of baffle positions
to radius for various « values in Figs. 3.2 — 3.4. The effect of the baffle position is
investigated for v = 0.7,0.8,0.9 while o = 0.2 is kept fixed.

In Fig. 3.2, it is observed that frequency decreases gradually as the baffle moves
towards the free surface and the rate of decrease of frequency reduces with increasing
values of v, i.e., when a wider baffle is placed, frequency decreases rapidly. The curve
corresponding to v = 0.7 decreases rapidly as the baffle is shifted towards the free
surface. The curve corresponding to v = 0.8 decreases monotonically but a rapid fall
is observed when the baffle is placed at 8; ~ 0.86. The effect of the baffle position
on non-dimensional frequency corresponding to the curve for v = 0.9 is less significant
compared to the other two values of . This result suggests that corresponding to the
frequency w?, the proper baffle position should be at any depth above 3; = 0.4 and
preferably for a baffle with less width.
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——y=0.8
1.5F| ——vy=0.9

0.4 0.5 0.6 0.7 0.8 0.9
By

Figure 3.2: Non-dimensional sloshing frequency wi?(m = 0,n = 1) versus 3 for different
values of v for B, =1, a = 0.2
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By

Figure 3.3: Non-dimensional sloshing frequency wi?(m = 1,n = 1) versus f3; for different
values of v for By =1, a = 0.2

In Fig. 3.3, it is shown that initially non-dimensional frequency decreases as [
increases, and as (3; takes higher value up to f; < 0.9, non-dimensional frequency
increases gradually. And after that frequency shows a rapid reduction in its values for
the curves corresponding to v = 0.7,0.8. Non-dimensional frequency increases gradually
for the curve corresponding to v = 0.9. This figure implies that the frequency wi?
takes higher values for a baffle with less width and when the baffle is placed nearer to
the free surface. In Fig. 3.4, It is observed that for v = 0.7, frequency decreases as
baffle moves towards the free surface. But for v = 0.8,0.9, initially non-dimensional
frequency decreases as 31 increases up to 31 < 0.78 and as (3, takes higher values up to
B1 < 0.9, non-dimensional frequency increases and at 5, = 0.9, it changes its behaviour

and decreases rapidly. This figure implies that the frequency w;? takes higher values for
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Figure 3.4: Non-dimensional sloshing frequency wi?(m = 2,n = 1) versus f3; for different
values of v for B, =1, a = 0.2
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Figure 3.5: Non-dimensional sloshing frequency wii(m = 0,n = 1) versus v for different
baffle position for s =1, a = 0.2

a baffle with less width and when the baffle is placed nearer to the free surface. Same
conclusion can be made about wj? as was made for wi? and w}?.

Figures 3.5 — 3.7 show the dimensionless fundamental sloshing frequency versus v for
different baffle positions. To investigate the effect of the baffle radius on non-dimensional
frequency, we consider different positions of the baffle as §; = 0.2,0.4,0.6,0.8.

For small values of v, most of the fluid below the baffle level is covered by the
baffle, and the fluid above the baffle participates in the sloshing process. It shows that
frequency increases for increasing inner radius of the baffle. In Fig. 3.5, non-dimensional
frequency decreases upto v ~ 0.62 and for higher values of 1, non-dimensional frequency

increases. The curve corresponding to 8; = 0.8 shows that non-dimensional frequency
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0.4 0.5 0.6 0.7 0.8 0.9
Y

Figure 3.6: Non-dimensional sloshing frequency wi?(m = 1,n = 1) versus v for different
baffle position for s =1, a = 0.2

3.2

0.4 0.5 0.6 0.7 0.8 0.9
Y

Figure 3.7: Non-dimensional sloshing frequency wii(m = 2,n = 1) versus - for different
baffle position for Sy =1, a = 0.2

versus 7y increases more rapidly when the baffle is placed nearer to the free surface. In
Fig. 3.6, non-dimensional frequency increases monotonically with increasing values of
~. It is also shown that non-dimensional frequency increases more rapidly as the bafte
is placed nearer to the free surface. Curve corresponding to f; = 0.8 shows a fast
increment in non-dimensional frequency compared to other baffle positions. From Fig.

3.7, no significant change is observed in the value of non-dimensional frequency with
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6.5

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

Figure 3.8: Non-dimensional sloshing frequency w?(m = 0,n = 1) versus « for different
values of 3, for B =1, v = 0.7

22¢

20F Bl=0.7
| | —B,=0.8
——p,=0.9

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

Figure 3.9: Non-dimensional sloshing frequency w3 (m = 0,n = 2) versus « for different
values of 3, for o =1, v = 0.7

respect to v except for the curve corresponding to $; = 0.8 which shows that when a
baffle is placed near the free surface, non-dimensional frequency increases monotonically.
These figures also suggest higher values of frequency for lower baffle width.

Figures 3.8 — 3.13 show the dimensionless fundamental sloshing frequency versus
inner-outer radius ratio of the container for different baffle positions for a fixed inner ra-
dius ratio of the baffle. Curves are drawn for different baffle positions at 5, = 0.7,0.8,0.9
and v is kept fixed at v = 0.7. It is observed that frequency increases with increasing
inner-outer radius ratio of the container. It is observed that a significant change in the

value of w2 (m = 0,1,2;n = 1,2) occurs only for higher values of 8;. As (3, increases,
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0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55
a

Figure 3.10: Non-dimensional sloshing frequency wi?(m = 1,n = 1) versus « for different
values of gy for o =1, v = 0.7

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55
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Figure 3.11: Non-dimensional sloshing frequency w3 (m = 1,n = 2) versus « for different
values of 3, for B =1, v = 0.7

the rate of increase of nondimensional frequency for increasing a. It is also observed
that when the baffle is placed near the free surface, it shows a significant change in the

value of frequency. Figures 3.8 and 3.9 show the first two non-dimensional frequency

curves versus « for different baffle positions. It is observed that non-dimensional fre-
quency increases monotonically with increasing inner-outer radius ratio of the cylinder.
Figures 3.10 and 3.11 illustrate the first two non-dimensional frequency curves versus
« for various positions of the baffle. In Fig. 3.10, no significant increment is observed
for o < 0.43 and after that non-dimensional frequency increases rapidly. Figure 3.11

shows that non-dimensional frequency versus « increases monotonically for different
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Figure 3.12: Non-dimensional sloshing frequency wii(m = 2,n = 1) versus « for different
values of 8, for o =1, v = 0.7
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Figure 3.13: Non-dimensional sloshing frequency wis(m = 2,n = 2) versus « for different
values of g for B, =1, v=0.7

baffle positions.

Figures 3.12 and 3.13 show the first two non-dimensional frequency curves versus «
for different baffle positions. Curves in Figs. 3.12 and 3.13 quantify a different behaviour

for first two frequencies.

In Fig. 3.12, non-dimensional frequency increases for lower values of o and decreases
slowly for higher values. In Fig. 3.13, non-dimensional frequency increases monotoni-
cally. Increasing non-dimensional frequency for increasing value of « is quite reasonable

because increasing « reduces the free surface where sloshing takes place.
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3.4 Conclusions

In the work presented here, a semi analytical approach is used to investigate the effect
of a rigid annular baffle placed inside the fluid domain of a vertical circular cylindrical
container with special configuration. Linear water wave theory is employed to investigate
the sloshing frequencies in the configuration. We investigate sloshing frequencies for
different baffle positions, different baffle-width and different configurations. It is observed
that when the baffle is placed nearer the free surface, it has a greater significance on
frequency and as it moves towards the bottom, its effect reduces gradually. The effect
of the inner bafHle-container radius ratio on non-dimensional frequency is monotonic
for higher values of the inner baffle-container radius ratio parameter. It is observed
that when the inner-outer radius ratio increases, non-dimensional frequency increases
monotonically. It is clear that when an annular baffle is introduced at the container wall
in the free liquid surface plane, it shows a great influence on natural frequencies. As the
natural frequency increases, the sloshing mass decreases thereby bringing stability to the
overall structure including the vehicle in which the liquid container is being transported.
From figures it is clear that the mode corresponding to m = 1 is the mode with the
lowest frequency. In other words, the annular baffle plays a very important role on
the sloshing frequency of liquid. Control on sloshing frequencies not only reduces the
splashing of fluid but also increases the stability of the system. All the conclusions are

made on the basis of numerical experiments.
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Chapter 4

Linear sloshing in a vertical circular
cylinder with a curved bottom in the
presence of arigid baftle

4.1 Introduction

A vertical circular cylinder is considered with an uneven bottom which is filled with a
liquid whose height is h on an otherwise flat bottom. Sloshing frequencies are obtained
for the liquid without and with an annular baffle mounted on the wall of the cylinder
at the free surface. It is observed that by increasing the width of the baffle, the nat-
ural frequencies can be significantly increased. Investigations are also carried out for
different values of Bond number which depicts different states of surface tension, and
also for varying values of the part of the radius in the fluid region. It is also observed
that by increasing the fluid height inside the container, the natural frequencies can be
increased which results in reduction of sloshing. Results show the dependence of slosh-
ing frequencies on baffle-width, liquid height ratio as well as on maximum elevation of
the bottom. It is observed that frequency increases in presence of surface tension. It is
shown that fundamental sloshing frequency increases when baffle-width increases. The
results here are shown for a particular curved bottom. All observations are supported

by appropriate graphs.

4.2 Statement and formulation of the problem

An incompressible and inviscid fluid is assumed to perform irrotational motion in a
circular cylinder of radius R; with an uneven bottom. The cylinder is filled with a liquid
whose height is h on an otherwise flat bottom. We choose cylindrical coordinates (r, 6, 2)

in which z is measured vertically upwards from the undisturbed free surface z = 0 with
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the origin O chosen on it and z = —h + €f(r) as the rigid uneven bottom where (< 1)
is a non-dimensional parameter and f(r) is a smooth function with the property that
f(r) — 0 as r — Ry, h denotes the uniform finite depth of the fluid in the absence of
the unevenness at the bottom. Figure 4.2 depicts the physical problem.

z=0

/‘\ LS 7= —h+ER(r)

Figure 4.1: Schematic diagram of the problem

The considerations, as above, allow us to describe the fluid motion by a velocity
potential ®(r, 0, z,t). The boundary value problem (BVP) for the corresponding sloshing

problem is given by

V2o =0, r<Ry, 0<0<2r, —h+ef(r)<z<0,
ie.,

e 100 10%°0 0%
=ttt Stz = <0< 2w, —h 4.1
3r2+r87"+r2502+822 0,r <Rp, 0<0<2m —~h+ef(r) <z<0, (4.1)

with the boundary wall condition

0P
5 = 0 at = Ry, (4.2)

and the impermeable bottom boundary condition

)
g—n—o at z=—h+ef(r), (4.3)
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which can be transformed to a condition satisfied at z = —h by a Taylor series expansion.
Since ¢ is very small, so neglecting O(e?) terms, the bottom boundary condition (4.3)
can be expressed in an appropriate form as

0P ,, 0D 0*d

e (roG - r053) (4.4
The condition at the free surface z = 0 is obtained from the kinematic condition

od  0On

— 4.5
0z Ot (4:5)
and the dynamic boundary condition (with surface tension included)
0P o[d*n 10n 10%
— —— =t =+ ==| = tant 4.6
ot g p | or o ror 1?0062 i (46)

where 7(r,0,t) is the free surface elevation, o the surface tension, p the density of the
fluid and ¢ the gravitational constant. Combining Eqgs. (4.5) and (4.6), the free surface
condition is obtained as

0?® 0P 00
W‘FQ&‘F;@—O. (4.7)

4.2.1 Solution procedure

For determining the natural frequencies of the liquid, we require the solution of the
above BVP. We seek a solution which is harmonic in time, so that the velocity potential

®(r,0, z,t) can be expressed as
O(r,0,z,t) = ¢(r, 2)exp{e(mb + wt)}, (4.8)

where w is the angular wave frequency.

Then ¢(r, z) satisfies the following equations (corresponding to Egs. (4.1), (4.2) and

(4.4))

2 2 2
¢ 109 m %:0, r<BRy, —h+ef(r)<z<0, (49)

orz  ror r? 022
% o u oo, 10
0 , .0 9
a_f:€<f(r)a—f—f(r)a—$) at z= —h. (4.11)

In order to solve the above boundary value problem, we employ a perturbation technique
involving a small parameter € by introducing a perturbed velocity potential ¢;(r, z) so

as to assume ¢(r, z) to be of the form
d(r,z) = do(r,2) + €pi(r, 2) + O(€?). (4.12)
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Now the BVP is converted to the following two boundary value problems by applying
(4.12) to Egs. (4.9) — (4.11)

BVP I:
02¢0 1 8¢0 m2 82¢0
67«2 +;W_72¢0 _OT<R1,_h+€f()<Z<O7 (413)
% =0 at r= Ry, (4.14)
% =0 at z=—h, (4.15)
and
BVP II:
9?2 10 2 82
Oy e, (117)
8 0 0?2
¢1 - < ﬂ — f(r) 8:;0> =p(r) at z=—h. (4.18)

Solution for BVP I

The boundary value problem for ¢, given by Eqs. (4.13) — (4.15), permits the exact

solution which can be obtained by the separation of variables method and is given by

cosh {km” (z+ h)}
cosh {kg—l"(h)}

where k,,,, are the zeros of the first derivative of Bessel’s function:

: (4.19)

> k
= Aanm L
ARIAC )

J (kr)=0 at r=Ry.

Solution for BVP II

Now the reduced boundary value problem for ¢, given by Eqs. (4.16) — (4.18), can be
solved by introducing finite Hankel transform with respect to r. Since the problem is
set up in cylindrical coordinates and contains a non-zero Neumann boundary condition
(4.18) at the bottom, employing finite Hankel transform seems to be appropriate. The

m-th order finite Hankel transform of ¢;(r, z) with respect to r is defined as

Hodon(r. 2} = [ rontr 1 (B2

)dr—¢1( mns < ) OST’SRl (420)

1
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o6 4.2. STATEMENT AND FORMULATION OF THE PROBLEM

The inversion formula is given by [11]

) J (kgln T‘)

Z mna JEH_l(kmn)’

(4.21)

where the summation is taken over all the positive roots of J/ (kR;) = 0. Now applying
finite Hankel transform to Eqgs. (4.16) and (4.18), we get the following transformed
BVP:

LietT
¢1( mns < ) gzn(bl(kmmz) = 07 (422)
1
d -
Eﬂﬁl(k)mmz) = P(kmn) at z=—h, (4.23)

where p(kp,,) is the finite Hankel transform of p(r) given by

Amn

———D1(kmn),
cosh(kg—:h)m( )

p(kmn) =

with
kmn

Ry 2
p1(kmn) = /0 r & f(r)J), (Zn:r)—(%:> fr)Jm (k;g:r)

Solving Eq. (4.22), we obtain

n kmn . kmn
®1(kmn, 2) = B cosh (?1;2) + C'sinh ( R z) ,

where B and C are to be determined. Applying the boundary condition (4.23), we

evaluate ¢ (kyn, 2) as

B cosh { han (7 4 h)} R sinh(kam )
¢1(kmna Z) = an - + Amn L }51 nm Ry (424)
cosh("g—l"h) Knm shQ(kgI" h)
Inversion gives us
9 X cosh { le (z+ h)} Ry sinh < )
¢1 (Ta Z) - ﬁ an + Amn ﬁl(kmn)
1 =1 cosh (kg—lnh) k., cOSh? < g h)
In (527)
1
X (4.25)
ng—i—l(kmn)
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4.2.2 Determination of frequency equation

For a fixed mode m, we use N — 1 points satisfying the free surface condition for
(1,0, 2,t) = ¢1(r, 2)e! M+ to obtain

N-1 3

k ok k
E Bpn { —w? + | g2 4 = ( m") tanh ——h » +
n=1 { (g Rl P Rl Rl

ﬁl(kmn) g kmn ? ‘]m (km”%) _
Arn {cosh2(kg" h)} {g - p ( Ry ) }] . 2 (k) ’ (4.26)

1

forn; =1,2,..., N—1. This above system represents N —1 equations in N —1 unknowns.
It is consistent if the determinant vanishes. The condition of vanishing determinant is

nothing but the frequency equation itself, i.e.,

k o k2 k
g — - iy (L tanh | —24 | . 4.27
F Rl{g+P(Rl)}an (Rl > (4.27)

After non-dimensionalizing, the frequency equation can be written as

W

2 2
*2 Winn kmn h

= =k | 1 tanh ( Kp— |, 4.28

T 9R, ( i BO> o ( R1) (4.28)

where w, . is the non-dimensional frequency and Bo = (pgR?)/c is the Bond number.

Note that the role of the function f(r) is very significant for our problem since it is
instrumental in evaluating p;(k.,,) and our frequency equation is valid only for those
Ky which are the zeros of py (k) and it arises from the condition of non-zero solution
of (4.26).

4.2.3 Numerical discussion

Axisymmetric oscillations

For the first mode m = 0, the fluid motion is symmetric about the origin. In this
case kg, are the roots of J(/]n(kOTLRLl)T:Rl = 0. Here we restrict ourselves to the lowest

sloshing mode wj;(m = 0,n = 1) which is the mode that exhibits the largest sloshing

mass participating in the sloshing process. Let us consider a special case of the uneven

f(r) = Acos (;—;) :

where A is the maximum elevation of the bottom. Considering the function f(r) with

bottom as follows:

the described property makes the bottom smooth and curved. Assuming a bottom of
this special kind imposes one extra condition for determining frequency. While dealing
with Eq. (4.26) for determining the determinant, we find that our required results come

out accurately for smaller values of A.
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-

—*—Bo0=10
—Bo0=100
- - -B0=1000 |1

0 0.2 0.4 0.6 0.8 1
h/R,

Figure 4.2: Sloshing frequency wg,(m = 0,n = 1) vs height ratio h/R;, for Bo =
10, 100, 1000;

——Bo=10
——B0=100 ||
- - -B0=1000

0.6 0.8 1

Figure 4.3: Sloshing frequency wiy(m = 0,n = 2) vs height ratio h/R, for Bo =
10, 100, 1000;

Asymmetric oscillations

For the asymmetric sloshing modes, the very first mode, m = 1, is the lowest mode and
k1, are the roots of Ji, (king-)r=r, = 0. Here we wish to examine the behaviour of the

modes wi; and wi,. The bottom of the cylinder f(r) is taken as same as before.

4.2.4 Results

Figures 4.2—4.5 show the effect of surface tension on sloshing frequencies. We investigate

the natural frequencies as a function of liquid height ratio h/R; for different Bond
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2

1.5

p=
*3 1
0.5¢ ——B0=100
- - -Bo=1000
0 L L L L
0.2 0.4 0.6 0.8 1

h/R;

Figure 4.4: Sloshing frequency wj,(m = 1,n = 1) vs height ratio h/R;, for Bo =
10, 100, 1000;

-

——Bo0=10
——Bo0=100
- - -Bo=1000
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Figure 4.5: Sloshing frequency wj,(m = 1,n = 2) vs height ratio h/R; for Bo =
10, 100, 1000;

numbers. For three different values of Bond number taken as Bo = 10,100, 1000, we
plot the frequency versus liquid height ratio.

Figures 4.2 and 4.3 show the graphs corresponding to wg;, and w,, respectively, versus
h/R;. Frequency for Bond number Bo = 10 is much higher than the ones corresponding
to Bond numbers Bo = 100,1000. Frequency increases very rapidly for an increase
in liquid height ratio but only for smaller values. But for large values of h/R;, the

increase is not very substantial although the increasing tendency persists. Frequency
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corresponding to wg, is much higher than that for wj, corresponding to different Bond
numbers. More sloshing is observed corresponding to the smallest root.

In Figs. 4.4 and 4.5, frequency curves are drawn against h/R;. Curves correspond-
ing to wj; show rapid change in frequency with increasing h/R; in a continuous manner
whereas curves corresponding to wy, show the initial increment in frequency with increas-
ing h/ Ry for small values and after that frequency converges to a fixed value. Frequencies
in the first mode corresponding to wi; are dominant compared to all other higher modes.
Frequency corresponding to wj; produces more sloshing compared to wi,.

It is observed that frequency is higher corresponding to smaller Bond number. It is
also observed that the lower modes are the modes which exhibit the larger sloshing mass

in the process.

4.3 Sloshing frequencies in the presence of a baffle
at the free surface

The same cylinder is now considered with the introduction of an annular baffle mounted
on the cylinder wall at the free surface. Our objective is to investigate the effect of the
baffle on the sloshing frequencies. An annular baffle of width w = (1 — a)R;, where
0 < a <1, is introduced to cover some part of the free surface. Figure 4.6 depicts the

physical problem. In this case the BVP is almost same as in the previous case except for

— o 20

/\ LSz =—h+Ef(r)

Figure 4.6: Schematic diagram of the problem with baffle at free surface
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the free surface condition. Since the free surface condition is valid only for the uncovered

part at z = 0, so now the condition at z = 0 can be split into two conditions as follows:

0P
5 0 at z=0 in the range agRLl

P*® 9P 5P _ r
W“’E“LE@ = 0 at z=0 1in the range OSR—1<04. (4.30)

<1, (4.29)

For a fixed mode m, we use N;+1 points including RLl = o« and RLl = 1 satisfying the

impermeability condition (4.29) for ®,(r,0,2,t) = ¢1(r, 2)e!™m*¥Y giving rise to the

condition
(1—a)n
s (i ] (o)
£ mn Ry Ry mnCoShQ(k}rgln ) J72n+1(kmn)

(4.31)
for nq 2071,2,...,]\[1.
The rest Ny — 1 points satisfy the reduced free surface condition (4.30) giving

k o (kmn\’ k
B [ =0 + g ( mn) tanh ( T h> +
el ( {g Ry p\ I Ry

_ I (f ane
pl(kmn) o (kmn>2 m ( mn N, )
Apn § ————— — | — —— =0 4.32
{ coshz(k’”l" h) } {g + p\ Ry - 21 (K (4.32)

R

N1+N2

forng =1,2,..., Ny — 1.

This system consisting of Egs. (4.31) and (4.32) represents N;+ Ny homogeneous al-
gebraic equations in the coefficients Ay,1, Ama, - . ., Am(Ni+8)s Bt B2, - - s Bi(vy+82)-
The condition of a non-trivial solution gives rise to the frequency equation for determin-

ing the approximate sloshing frequencies of the liquid in the container.

4.3.1 Numerical description and results

The effect of baffle on the free surface is evaluated numerically. For a baffle of width
w = R;(1— ), the behaviour of sloshing frequencies is investigated for various a values.
We investigate the dependence of the natural sloshing frequency w;,, on the liquid height
ratio h/R; for fixed Bond number Bo = 100 for various baffle-widths. The case v = 1
represents the situation with no baffle on the free surface. We investigate the effect of
the baffle corresponding to the lowest sloshing mode m = 0 and then for m = 1.

We determine the free oscillations in a circular cylinder with an uneven bottom for

two different modes, since corresponding modes are independent of each other. Dimen-

*
mn

sionless sloshing frequency w? ~is plotted as a function of the ratio of fluid depth to

radius for various a values in Figs. 4.7 — 4.10. We observe that the frequency increases
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Figure 4.7: Sloshing frequency wg;(m = 0,n = 1) for different annular baffles of width
w/Ry = (1 — ) vs height ratio h/R; for Bo = 100;

4 —o—W/R =05
. O ! -
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3t - 1
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[
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: . . -- .W/R1=0 .

0 0.2 0.4 0.6 0.8 1

h/R1

Figure 4.8: Sloshing frequency wg,(m = 0,n = 2) for different annular baffles of width
w/Ry = (1 — ) vs height ratio h/R; for Bo = 100;

with an increasing baffle-width. w/R; = 0 is the case when there is no baffle on the free
surface.

Figures 4.7 and 4.8 show the frequency curves against h/R; for a fixed Bond number
Bo = 100 for various baffle-widths. Fundamental frequency for wg, corresponding to a

baffle-width w/R; = 0.5 is approximately twice compared to the frequency correspond-
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Figure 4.9: Sloshing frequency wj;(m = 1,n = 1) for different annular baffles of width
w/ Ry = (1 — «) vs height ratio h/Ry for Bo = 100;
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. WR=03
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- - -wW/R=0
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Figure 4.10: Sloshing frequency wi,(m = 1,n = 2) for different annular baffles of width
w/Ry = (1 — ) vs height ratio h/R; for Bo = 100;

ing to w/Ry = 0, i.e., when there is no baffle at the free surface. Frequency increases
rapidly with increasing h/R; for less height of the cylinder but there is no appreciable
change when the height increases further. It increases with an increasing baffle-width.
It is observed that the behaviour of frequency corresponding to wg, is much more stable
compared to that corresponding to wg;. Frequency for wg, increases for small values
of h/R; and then converges to a fixed value. Fundamental frequency for wf, corre-
sponding to a baffle-width w/R; = 0.5 is more than twice compared to the frequency
corresponding to w/Ry; = 0, i.e., when there is no baffle at the free surface.

In Figs. 4.9 and 4.10, frequency curves are drawn against liquid height ratio h/R; for
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64 FREE SURFACE
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Figure 4.11: Effect of baffle-width w/R; = (1 — «) at height ratio /Ry = 1 for different
Bond numbers

—Bo=10
——B0=100
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Figure 4.12: Effect of baffle-width w/R; = (1 — «) at height ratio h/R; = 1 for different
Bond numbers

a fixed Bond number Bo = 100 for various baffle-widths. Curves corresponding to wi;
show a continuous increment in frequency with increasing h/R; as well as with increasing
baffle-width whereas curves corresponding to wy, show a stable behaviour with increasing
h/R;. Frequency corresponding to wj; increases continuously with increasing h/R; for
less height of the cylinder but there is no appreciable change when the height increases
further. It increases with an increasing baffle-width. Frequency corresponding to wj,

increases for small values of h/R; and for higher values it converges to a fixed value. wj,,
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corresponding to a baffle-width w/R; = 0.5, is approximately twice as compared to the
frequency for baffle-width w/R; = 0. The dominant mode of oscillations corresponds to
the smallest root. Here wj;(n = 1,m = 1) is the lowest sloshing mode which exhibits
the largest fluid mass in the process of sloshing.

Figures 4.11 and 4.12 show the dimensionless fundamental sloshing frequency as a
function of the magnitude of the baffle-width w/R; = 1 — a for a fixed liquid height
ratio h/R; = 1 for different Bond numbers Bo = 10, 100, 1000. For smaller values of the
baffle-width, the values of the frequencies corresponding to all the Bond numbers are very
small. Any significant increase in frequencies is observed only for w/R; > 0.059. There
is a sharp increase in frequencies when the value of w/R; is very high (w/R;=0.95).
The highest frequency corresponds to the smallest Bond number Bo = 10. In fact, it
can be seen that the values of frequency corresponding to Bo = 10 is much higher than
those corresponding to Bo = 100, 1000.

4.4 Conclusions

In this work, we consider a vertical circular cylinder with an uneven bottom which is
filled with a liquid whose height is A on an otherwise flat bottom. A semi analytical
approach based on linearized water wave theory is employed to investigate the sloshing
frequencies in the configuration. A closed form solution is obtained by employing finite
Hankel transform with the assumption that the geometry can be approximated by one
that permits the exact solution. We investigate the sloshing frequencies for different
baffle-widths, fluid heights and different Bond numbers. Results show the dependence of
sloshing frequencies on baffle-width, liquid height ratio as well as on maximum elevation
of the bottom. We consider a specific form of the curved bottom for which results are
obtained for small values of A, the maximum elevation of the bottom. It is observed
that frequency increases in the presence of surface tension. It is shown that fundamental
sloshing frequency increases when baffle-width increases. In fact it is observed that the
frequency has very high values corresponding to higher values of the baffle-width. It is
clear that when an annular baffle is introduced at the container wall in the free liquid
surface plane, it yields increased natural frequencies. Control on sloshing frequencies
not only reduces the splashing of fluid but also increases the stability of the system. It
is expected that our results will be valid for any arbitrary bottom with small elevation
and the procedure adopted here may be applied to various arbitrary coverage of the free

liquid surface.
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Chapter 5

Liquid sloshing in a circular
cylindrical container containing a
two-layer fluid

5.1 Introduction

In this work, a semi-analytical approach is used to investigate sloshing in an immiscible,
incompressible and inviscid two-layer fluid. We evaluate natural sloshing frequencies of
a two-layer fluid of different layer-wise densities p; < ps with an interface and a surface
in a vertical circular cylinder. On the basis of the velocity potential formulation of the
fluid motion inside the container, an infinite system of homogeneous linear equation is
obtained. We demonstrate the effects of the parameters such as fluid heights and density

ratio on the natural sloshing frequencies. The results are supported by relevant graphs.

5.2 Statement and formulation of the problem

Two immiscible, incompressible and inviscid fluids are assumed to perform irrotational
motion in a vertical circular cylinder partially filled with fluid. The radius of the cylinder
is taken as R;. We introduce cylindrical coordinate system (r, 0, z) in which z is measured
vertically upwards from the mean interface. The origin O is considered at the interface
and hence z = 0 is the mean position of the interface of the two fluids while z = hy
represents the free surface and z = —hy the bottom of the cylinder. By p = p1/p2(< 1),
we denote the ratio of the densities p; of upper fluid and ps of lower fluid. Linear water
wave theory is utilized to describe the fluid motion inside the container. Figure 5.1

depicts the physical problem.

With the above assumptions, the fluid flow can now be described in terms of a
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velocity potential ® that satisfies Laplace’s equation
PP 109 10°®  0*®
or?2 ror  r200? 022
where 2 is fluid domain of the container, along with rigid boundary conditions

o0 _
on

where I' is solid wetted interface and n is the outward normal to I', and

=0 in (5.1)

0 on [, (5.2)

I
T S A

1

1

1

1

1

|
D 0

|

p2 i

1

I

|

Z=—ho

Figure 5.1: Schematic diagram of the problem

free surface condition

0P 10°®

%JFEW:O on IV, (5.3)

where '/ is the free surface.

5.2.1 Boundary Value Problems (BVP) for upper and lower
fluids

Due to the presence of two immiscible fluids, the boundary value problem described by
Egs. (5.1) — (5.3) can be written as two boundary value problems corresponding to each
fluid. The velocity potential in upper fluid is denoted by ®; and that in lower fluid by
®,y. According to Eq. (5.1), each velocity potential satisfies Laplace’s equation.
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The boundary value problem in upper fluid is given by

0?P, n 100, 10°®, 0*®

- - = 5.4
or? r or * r2 002 * 022 0 (5:4)
with the boundary wall condition
0P
(_1> _0. (5.5)
o ) g,
The boundary value problem in lower fluid is given by
PPy 10D, 10%°0, 0*®y
o Trar e o Y (56)
with the boundary wall condition
0P
(—i) =0, (5.7)
o ) ._g,
and the bottom boundary condition
0P,
— = 0. 5.8
( 0z )z:hg ( )
Free surface condition will be satisfied by the velocity potential ®;:
8@1 1 82@1
- = 3 = t z=h. 5.9
52 4F ;o 0 at 2 1 (5.9)

5.2.2 Solutions of BVP for different fluids

We write the velocity potential as time harmonic in the following form
O(r,0,2,t) = ¢(r, 0, 2)e, (5.10)

where w is natural angular wave frequency. Corresponding potentials for both fluids

take the form as follows
Di(r,0,2,t) = ¢s(r, 0, 2)e™", i=1,2. (5.11)

Introducing Eq. (5.11) into Egs. (5.5), (5.7) and (5.8), the corresponding conditions get

991 B
(E>T:R1 B 0, (512)

06\ . (00
(E>r:R1 B 07 ( (9z )z:hg a 0 (513)

converted to
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On the basis of linear water wave theory, the boundary-value problem (5.1) — (5.3) is a
linear eigenvalue problem. We apply superposition principle to find the mode shape of
the liquid domain. In order to set up and solve the BVPs in each sub-domain indepen-
dently, we are required to impose one extra (otherwise non-existent) boundary condition
at the interface due to lack of sufficient boundary conditions - one at a time for one com-
ponent, depending on the number of interfaces available in each sub-domain. It is to
be noted that these extra conditions are later suitably absorbed while using the overall
matching conditions across the interfaces. By superposition principle, ¢; for i = 1,2,

can be written as

ki
¢i=> ¢, (5.14)
Jj=1

where gbz is the j-th component of ¢; and k; denotes the number of liquid interfaces in
i-th fluid. With the help of (5.14), each ¢; takes the following forms:

1 = ¢+ ¢, (5.15)
¢ = ¢3, (5.16)

where ¢} corresponds to the component of the velocity potential in the respective regions
due to the non-rigid condition at the surface z = hy; ¢? to that component of the velocity
potential due to the non-rigid condition at the mean surface z = 0. In order to maintain

the periodicity of ®;, ¢g’ can be assumed to take the form
¢l = Z ¢l cosmb, (5.17)
m=0

where m is an integer identifying an azimuthal mode. The boundary conditions for gzﬁf
in both fluids can be found out with the help of Egs. (5.12) — (5.13). Rigid boundary
conditions in both fluids are as follows:

For upper fluid:

1 1
<%) _ 0, (%> _p, (5.18)

or =R, 9z ) .,

I} B > B
<W>r:m =0, (41)._, = 0. (5.19)

For lower fluid:
2 2

(%) _o, <%) _0. (5.20)

or —R, 0z ——hy
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70 5.2. STATEMENT AND FORMULATION OF THE PROBLEM

Now we introduce the following dimensionless quantities in order to non-dimensionalize

the parameters as given below:

r z h1 h2 Rl
E=—, n=—7, bi=—4, b=15, wW=wy/—. 5.21
R1 R1 Rl Rl g ( )
The boundary value problems in different sub-domains allow separation of variables in
(r,0, z)-coordinate system for gbf and permit the exact solutions which can be obtained
in terms of eigenfunctions. The corresponding solutions for both fluids can be written
as follows:

For upper fluid:

¢ = Z ALy, 08B (M) T (An€) + At (5.22)
— - sinh ()‘mn(n — ﬁl))
¢% B ; A%mn COSh ()\mn61> m ( mng) + AlOO(n _ ﬁ1)571n7 (523)

where \,,, are zeros of

J! (nn) = 0, (5.24)

m

and
51— 1, ifm =0,
[ 0, otherwise.

For lower fluid:

b, W cosh (Amn(1 + 52)) 2 o1
¢2 T ZA2mn COSh( mn62) Jm(Amng)—'—AQOO(Sm' (525)

5.2.3 Matching conditions

In order to utilize the matching conditions on mean interface and free surface, we trun-
cate the series solutions after N terms. These conditions imply the continuity of pressure
and velocity across the interfaces. The following are the matching conditions used across

different interfaces:

9¢1 02 _
A =% at =
ZAlmn)\an Amn€) + Ay = ZAW o 000 (A 32 ) T A€ ). (5.26)

B) (% -w) =92 —wrs  at p=0;
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Z AL Aen T (Amn€) + Algp — {Z Al Im (Amn€) + Algo
- Z AL I (Amn€) tanh A 1 — Afgo }]
= A%mn ( mng) mn tanh )\mnBQ - {Z Aan mng) _'_ AQOO} . (527)

(C) %—w*ngl:O at n=p0:

Z Almn mng) mn sinh Amnﬁl + HZ; Almn ( mné.)m + A100
{Z Almn mng) cosh )\mnﬁl T AIOO} = (. (528)

Equations (5.26) — (5.28) give rise to a homogenous linear system. Now to determine the
unknowns and the non-dimensional frequency, we truncate the system at a fixed number
N, apply orthogonality of Bessel functions and form a square matrix whose elements are
coefficients of a Bessel series. Consequently, we get a square matrix of order 3N in A7

unknowns which has the form

[M — w*?M]X =0, (5.29)
where
=41 ,.,A% A3 T (5.30)
[apnal lamma] (0] ]
M= [0]  [a2.:] [afs)| (5.31)
0] [apns]  [ahns]]
and
R () [0]
M = [0] 0] 0] |. (5.32)
[dfr}nﬁ] [agr?nﬁ] [agr?nﬁ]_

The expressions of the non-zero elements a - of the matrix are given by the coefficients
of the Bessel series. The system given by (5.29) must have a non-trivial solution for the
vanishing determinant condition. The condition for non-trivial solution of (5.29) gives
us the values of w*. The detailed expressions for the non-zero coefficients of the matrix

are provided in Appendix B.
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5.3 Numerical results and discussion

In this section, we carry out some numerical experiments to study the effects of various
parameters on the sloshing frequency. In order to do that, we present a method the

convergence of which is discussed next in brief.

5.3.1 Convergence

In order to demonstrate the high accuracy of the proposed method, a convergence study
on the non-dimensional frequency parameters is carried out. All numerical calculations
are carried out by using MATHEMATICA and MATLAB. ‘NIntigrate’ command is

*
mn?

used to evaluate the integrals. Table 5.1 displays a convincing convergence of w?  m =

0,1;n = 1,2,3, where w;,, is a non-dimensional parameter which represents the n-th
frequency of the m-th mode. The values of w,, are obtained correct up to five decimal
places. Table 5.1 shows fast convergence of the frequency parameters even for small

number of truncated terms.

Table 5.1: Convergence of w?,.(m = 0,1;n = 1,2, 3) versus number of truncated terms
for p =0.63, [, =1 and for two different values of [,

m | Po N =3 N =6 N=9 N =12 N =15

0.9199387299

0.9199387299

0.9199387299

0.9199387299

0.9199387299

0.5

1.2612464956

1.2612464956

1.2612464956

1.2612464956

1.2612464956

1.5196097957

1.5196097957

1.5196097957

1.5196097962

1.5196097967

0.9320786799

0.9320786799

0.9320786799

0.9320786799

0.9320786799

1.2619409692

1.2619409692

1.2619409692

1.2619409692

1.2619409691

1.5196453789

1.5196453789

1.5196453788

1.5196453785

1.5196453792

0.5758471883

0.5758471883

0.5758471883

0.5758471883

0.5758471883

0.5

1.0968071056

1.0968071056

1.0968071056

1.0968071056

1.0968071056

1.3491350977

1.3491350977

1.3491350977

1.3491350979

1.3491350982

0.6270637202

0.6270637202

0.6270637202

0.6270637202

0.6270637202

1.1000570908

1.1000570908

1.1000570908

1.1000570908

1.1000570908

1.3555831669

1.3555831669

1.3555831667

1.3555831671

1.3555831675

5.3.2 Natural frequencies versus different parameter ratio

We carry out a number of numerical experiments here to strengthen the analytical results
obtained. Curves are drawn for non-dimensional frequency versus different values of i,

B2 and for different values of density ratio p for m = 0,1,2. Dimensionless sloshing
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frequency w?? (m = 0,1,2;n = 1) is plotted as a function of the fluid depth to radius for
the fixed value of density ratio p = 0.63. This value of p is chosen since we have come
across a number of related works carried out in which this value of p is being considered.

Figures 5.2 — 5.4 show the plots for the non-dimensional sloshing frequencies versus
upper fluid height to the radius of the container. In all the figures, curves are drawn for
different values of lower fluid depth to the radius for Sy = 0.25,0.5,0.75, 1.

In Fig. 5.2, curves are drawn for four different depths of lower fluid: taken as [y =

0.9
-'.4.._. PR R b O-.-.—.OQ-OO—'.
0.8f aohe
0.7t
0.6f
.. 05}
*30
0.4f
B,=0.25
0.3f =
—-B,705
0.2} —_— 82:0.75
ot < Bzzl
G 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Py

Figure 5.2: Non-dimensional sloshing frequency wg? versus 3; for different values of 3,
for p = 0.63

0.25,0.5,0.75, 1. Each curve shows that non-dimensional sloshing frequency increases as
the height of the upper fluid increases. A sudden increment is observed in the frequency
for small values of 3;. It is clearly observed that w? increases with an increasing value
of lower fluid depth but difference in increment decreases gradually with an increasing
value of lower fluid depth. It is also observed that when lower fluid depth is equal to
upper fluid height, frequency is maximum and after that no change takes place.

In Fig. 5.3, curves are drawn for four different depths of lower fluid. Each curve
shows non-dimensional sloshing frequency as a function of the upper fluid height to the
radius of the container. It is clearly observed that non-dimensional frequency increases
gradually with an increasing value of lower fluid depth but the difference in increment
decreases gradually with increasing values of lower fluid depth.

In Fig. 5.4, the curves show the dependence of non-dimensional sloshing frequency

on upper fluid height. In this mode also, non-dimensional frequency increases with an
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Figure 5.3: Non-dimensional sloshing frequency w;? versus 3 for different values of (3,

for p = 0.63
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Figure 5.4: Non-dimensional sloshing frequency wj? versus (3; for different values of (3,

for p = 0.63

increasing value of upper fluid. It is also observed that when lower fluid depth is equal

to upper fluid height, frequency is maximum and after that no change takes place.

In Fig. 5.5, non-dimensional frequency is shown as a function of upper fluid height
for the fixed value of lower fluid depth taken as By = 0.5. It

dimensional sloshing frequency for the mode corresponding to m = 1 is much lower

is observed that non-

compared to the other two curves corresponding to m = 0,2. It is clearly noticeable
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Figure 5.5: Non-dimensional sloshing frequency w?? versus (3; for different mode for

By =0.5, p=0.63
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Figure 5.6: Non-dimensional sloshing frequency wi? versus (3, for different values of 3,
for p = 0.63

that m = 1 is the sloshing mode which has the lowest sloshing frequency.

Figures 5.6 — 5.8 show the plots for the non-dimensional sloshing frequencies versus
lower fluid depth to the radius of the container. In all the figures, curves are drawn for
different values of upper fluid height to radius for 5, = 0.25,0.5,1, 1.5, 2.

In Figs. 5.6 and 5.8, curves are drawn for different heights of upper fluid taken as 5, =

0.25,0.5,1,1.5,2. Each curve shows that non-dimensional sloshing frequency increases
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Figure 5.7: Non-dimensional sloshing frequency w;? versus 3, for different values of 3;
for p = 0.63
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Figure 5.8: Non-dimensional sloshing frequency w3? versus 3, for different values of 3;
for p = 0.63

as depth of the lower fluid increases. A sudden increment is observed in frequency for
small values of §5. It is clearly observed that non-dimensional frequency increases with
an increasing value of ; but the difference in increment decreases gradually with an
increasing value of ;. It is also observed that when higher values of 3, are considered

than those of 85, no change is observed in the value of wi?.
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p

Figure 5.9: Non-dimensional sloshing frequency wi? versus p for different values of j3;
for B3 = 0.5

14

0 0.2 0.4 06 0.8 1
p

Figure 5.10: Non-dimensional sloshing frequency wi? versus p for different values of 3;
for B = 0.5

In Fig. 5.7 also, the same set of fixed parameters is chosen. It is observed that
non-dimensional frequency wj? increases gradually as [, increases. For small values of
upper fluid height, wi? is much lower as compared to the case when higher values of

upper fluid height are considered.
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Figure 5.11: Non-dimensional sloshing frequency wj? versus p for different values of 3;
for o = 0.5

18

16+ *# single-fluid
— two-fluid

14

12

0 02 04 06 08 1
B,

Figure 5.12: Non-dimensional sloshing frequency wi? versus 3, for 8, = 0; p = 0.63

Figures 5.9 — 5.11 show the plots for the non-dimensional sloshing frequencies versus
density ratio for different modes. In all the cases, lower fluid depth [, is kept fixed at
By = 0.5. In all the figures, curves are drawn for different values of upper fluid height
to radius for g1 = 0.25,0.5,0.75, 1. It is observed that an increasing density ratio lowers

the non-dimensional frequency. It is also observed that when density of upper fluid is

Ph.D. Thesis
TH-1434 10612307



CHAPTER 5. LIQUID SLOSHING IN A CIRCULAR CYLINDRICAL CONTAINER
CONTAINING A TWO-LAYER FLUID 79

same as that of lower fluid, no sloshing takes place. It is shown that non-dimensional
frequency is much lower for lower values of upper fluid height compared to other values
of upper fluid height. In all the cases, non-dimensional frequency decreases gradually.
In Fig. 5.12, plots show the non-dimensional frequency for m = 1. We consider
the case of single-layer fluid and plot the frequency. The case of a two-layer fluid, by
choosing 5; = 0, can be converted into that for a single-layer fluid. In both the cases,
we get the same result as shown in Fig. 5.12. Hence by choosing 8, = 0, results can be

obtained for a single layer fluid.

5.4 Conclusions

In this work, the sloshing of a two-layer incompressible fluid inside a vertical circular
cylinder is investigated. The natural sloshing frequencies are calculated by employing
linear water wave theory. We investigate the effects of fluid heights and density ratio
on natural sloshing frequencies. It is found that non-dimensional sloshing frequency
increases with an increasing fluid height. A rapid increment is observed in the value of
non-dimensional frequency for small values of upper fluid height as well as for lower liquid
depth. It is shown that non-dimensional frequency lowers its value with an increasing
density ratio. The non-dimensional frequency decreases rapidly with increasing density
ratio. When p — 1, non-dimensional frequency vanishes, i.e., no sloshing takes place.
A comparison case is also discussed to verify the particular two-layer fluid results. If
we take 1 = 0, the result matches with a single-layer fluid problem. Strong numerical

evidence supports our results.
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Chapter 6

Liquid sloshing in a circular
cylindrical container containing a
two-layer fluid in presence of baftle

6.1 Introduction

In this work, we extend the work done in the previous chapter. We evaluate natural
sloshing frequencies of a two-layer fluid of different layer-wise densities p; < py with an
interface and a surface in a vertical circular cylinder in presence of a rigid annular baffle
placed at the free surface. The fluid domain is divided into sub-domains to obtain the
solutions. Boundary value problem is set up for each sub-domain. On the basis of the
velocity potential formulation of the fluid motion inside the container, an infinite system
of homogeneous linear equation is obtained. We study the effects of the parameters such
as fluid heights, baffle-width and density ratio on the natural sloshing frequencies. The

results are supported by relevant graphs.

6.2 Statement and formulation of the problem

Two immiscible, incompressible and inviscid fluids are assumed to perform irrotational
motion in a vertical circular cylinder partially filled with fluid. The radius of the cylinder
is taken as R;. We introduce cylindrical coordinate system (r, 6, z) in which z is measured
vertically upwards from the mean interface. The origin O is considered at the interface
and hence z = 0 is the mean position of the interface of the two fluids. z = hy represents
the free surface and z = —hy the bottom of the cylinder. By p = p;/p2(< 1), we denote
the ratio of the densities p; of upper fluid and py of lower fluid. Linear water wave
theory is utilized to describe the fluid motion inside the container. Figure 6.1 depicts

the physical problem.
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Figure 6.1: Schematic diagram for the problem

With the above assumptions, the fluid flow can now be described in terms of a

velocity potential ® that satisfies Laplace’s equation

2® 109 109*°® 0°®

Z - 4= i N i 0 1
or? +7'87" +r2 002 * 022 0 . i (6.1)

where € is fluid domain of the container, along with rigid boundary conditions

0P
a—n =0 on F, (62)
where I is solid wetted interface and n is the outward normal to I', and free surface
condition 90 1820
—+-—>=0 i 6.3
on 4 g Ot? o ’ (6:3)

where TV is the free surface.

6.2.1 Boundary Value Problems (BVP) for upper and lower
fluids

Due to the presence of two immiscible fluids, and the presence of a rigid baffle inside the
fluid domain, solution to the boundary-value problem (6.1) — (6.3) cannot be obtained
directly. In order to find an analytical solution for the BVP, a semi-analytical approach is

used for which the liquid domain is divided into four sub-domains. For each sub-domain,
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velocity potential ®(r, 0, z,t) can be written as ®;(r, 0, z,t), (r,0,2) € Q;, i =1,2,3,4.
According to Eq. (6.1), each velocity potential satisfies Laplace’s equation

0?®, 109, 10%°®, 0%®,
T - 1 - KA 1 — . Q" ‘4
or? * r Or + rZ 002 * 022 0 1n ‘ (6-4)

The corresponding impermeability conditions at rigid boundaries are given by

(@) _o, (@) — 0, (6.5a)

o ),._g, 0z ) ,_p,

(@) _o, (%) 0, (6.5D)
or J),._g, 0z ) ._ 4,

0D, -
(E)Z:hz =0. (65C)

Free surface condition is satisfied by the velocity potential ®, only since only (2, contains

free surface. Now the corresponding free surface condition is as follows:

8(132 1 82@2

6.2.2 Solutions of BVP for upper and lower fluids in each
sub-domains

We write the velocity potential as time harmonic in the following form:
O(r,0,2,t) = ¢(r, 0, 2)e", (6.7)

which defines natural wave frequency w and ® is 2m-periodic. Corresponding potentials

in different domains take the form as follows:
Qy(r,0,2,1) = ¢i(r, 0, 2)e". (6.8)

Inserting Eq. (6.8) into Eqs. (6.5a) — (6.5¢), the corresponding conditions get converted

A

(E>r:R1 a 0’ ( aZ )z:hl a 0’ (69a)
8¢3 i a¢3 _

(W>T‘:R1 -0 (¥>Z=—h2 -0 <6'9b)

04 B
(%), =° (0:29

On the basis of assumption of linear water wave theory, the boundary value problem

to

(6.1)—(6.3) is a linear eigenvalue problem. We employ superposition principle to find the
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mode shape of the liquid domain. In every sub-domain, there are rigid boundaries as well
as non-rigid boundaries. Non-rigid boundaries are the liquid interfaces of two successive
sub-domains. In order to set up and solve BVPs in each sub-domain independently,
we are required to impose extra (otherwise non-existent) boundary conditions at the
interface due to lack of sufficient boundary conditions - one or two at a time for one
component, depending on the number of interfaces available in each sub-domain. It is to
be noted that these extra conditions are later suitably absorbed while using the overall
matching conditions across the interfaces. By superposition principle, ¢; in €2; can be

written as

ki
b= (610
j=1

where gbi is the j-th component of ¢; and k; denotes the number of liquid interfaces in
;. With the help of (6.11), each ¢; in corresponding €2; takes the following form:

¢1 = ¢+, (6.11)
$2 = byt @5+ b, (6.12)
¢3 = @5+ ¢i, (6.13)
¢s = o5+ i, (6.14)

where ¢} corresponds to the component of the velocity potential in the respective region
due to the non-rigid condition at the free surface z = hy only; ¢? to that component
of the velocity potential due to the non-rigid condition at the vertical interface r = R
and ¢? to that component of the velocity potential due to the non-rigid condition at the
surface of separation of two-fluids at z = 0. In order to maintain the periodicity of ®,

¢} is written in the form

Vs Z ¢! cosmd. (6.15)
m=0

The boundary conditions for qﬁg in the sub-domains can be found out with the help of
Egs. (6.9a) — (6.9¢). Rigid boundary conditions in different sub-domains are obtained

as follows:

For :
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For Qs:
(a¢5> <a¢5)
o) 7" - =0 (6.18)
or r=R 0z 20
a 2
(63) .0, =0 (%) _=0 (6.19)
03
(8_7"2>TR =0, (#2)._,, =0 (6.20)
For Qg:
093 _ 92 ! 92 )
(E>TR1 \% <E) z=—hs ~ (E) 2=0 =9, (6.21)
ops B d¢s B 968 )
(W>TZR1 =0, (W)T:R =0, (E>Z:h2 = 0. (622)
For Qy:
(8(25421) 0 (qﬁ) .
0z — 5] =0 (6.23)
0z 2=—hy oz .
i N AN
(W)Z__hz s (W)Mc =0. (6.24)

Now we introduce the following dimensionless quantities in order to non-dimensionalize

the parameters:

R hl h2 Rl
= o = —— = —, w*:w — 625
7 Ry b Ry Pe R, g ( )
The boundary value problems in different sub-domains allow separation of variables in
(r,0, z)-coordinate system for ¢§ and permit the exact solutions which can be obtained
in terms of eigenfunctions. The corresponding solutions for different sub-domains can
be written as follows:

For sub-domain €;:

e S () 1 (576) K () = 20 (35) Ko (57
n=1

A

+ AL (87 +E7™) 07, + Algodn, (6.26)

¢3 Z A3 cosh kmn(n - Bl) «

1
e cosh ki B1

n=1
[Jm (kmnf) Y'r/n (kmn) — J7/n (kmn> Ym (kmng)]
Yo ) + A3,0% (6.27)
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where k,,,, are the zeros of
T (k)Y g, (ki y) = 3, (k7)Y g, (Ko ) = 0. (6.28)

For sub-domain {25:

p = ZA2mn cosh(Amn1) X T (Amn€) + Ag000p (6.29)

P Z £ e ((2%11)%) ol ((2n2;11)7r g) 6.30)

2 = ZAg"msmcosh )iznﬂlﬁl) X in(An€) 4 Azogd (1 = ), (6.31)

n=1
where \,,, are the zeros of
T Oomey) = 0. (6.32)

For sub-domain {23:

b= St )[%(z—z)m(%—:)—fﬁn(z—s)ffm(z—:é)}

Ao (fm +& ) 62, + A3000m» (6.33)
5 = "\ 5 coshkp(n+ Ba)
2 1 = 3mn 0sh Ky s
[ m ( mng) YI ( ) ] J':n (kmn) Ym (kmng)] 3 1
Y () SERAST0, | (6.34)

For sub-domain €24:

(b?l - ZA4mn <_7]> X [m <Z_72T£) 1n0€m62 +A400 (635)

cosh A\, (7 + B
1 = ZAim" cosh >\( B : X T (Amn€) + Aood- (6.36)

n=1

The coefficients A7 are still unknown. To find A7, and the non-dimensional frequency
w*, we apply the matching conditions on the interfaces between two successive sub-

domains and the surface of separation of two fluids along with the free surface condition.

6.2.3 Matching conditions

In order to utilize the matching conditions on mean interface and free surface, we trun-
cate the series solutions after IV terms. These conditions imply the continuity of pressure
and velocity across the interfaces. The following are the matching conditions used across

different interfaces:
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(A) ¢3 =

®4 at §=1:

e (50) K (5) — 1 (35) B (50)]
ZASm" <52 ) K’ <%_72f>
cosh k(1 + B2)

+A30 (V" +77™) 87, + Alged + Z - cosh k,,,, B2

n=1

[Jon (knnY) Yo, (Bin) — T3 (Bin) Yo (Bany))]
Yo (ki)

N
=3 A3, cos (T ) x I, (m ) A2 MR A2 8L
B2 B2

+ Adody,

n=1

ZN: e cosh A\ (n + 52)

amn ™ S Sh A B X I (Amny) + Aloo0m- (6.37)

n=1

B) GE=% at £=7:
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%qm%@>PM%O%@®f%%W%%W]

By

= ZAimn (2-”) (Bz ) x I (’;2 ) + A2 omy™ 162 (6.38)

(C) ¢ =

05 at §=1:

> o (250) [ (30) 1 (;)(; (2) n (227)]

N oo 9 1 cosh kmn(n - 61)
+43 .0 (7 T ) Oy Algg0, +- HZ; Al cosh k. 51

% [ (ki Y) Yoy, (Bin) = S0 () Yo (B y))]
Y, (Kmn)

m

+ A3,,0L +

Z A2mn COSh mnn) X Jm()\mn/Y) + Aéooérln +

ZAZmn < 2n2;11)7rn) I <(2n2;11)7rfy> N

N
3 SlIlh /\mn(n - ﬁl)
D Ao i X ) + A (1= ). (6.39)

n=1
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op1 __ O _ .
(D) =% at £=q:

ZAlmn <51 ) cos (T ) [I’/ﬂ (%ﬂ K, (z—’;) — I, (2_7;) K (%v)]

n
5 K (%)
+A1m0m (YT 0 =
(2n— )7 (2n— )7 , ((2n—1)7
ZA%W ( g ) cos ( 2, 77> x I ( 27, v (6.40)
02 O .
(E) Gr=%1  at n=0:
ZAM X T (Amn€) 4+ Ad 0L = ZAW o X 6201 A B2 X T Amn€). (6.41)

(F) p(8¢2— *ch) 81— w2y at n=0:

Z A3 A mn X T (Amn€) + A0y, — { Z A X Tin(Amn€) + Azpoli,+

Z A2 X ( ) Z AS X —tanh AppB1 X Jn(Amn)+

A3 0L (- H ZA4mn mn X tanh Ay Bo X JpnAmné) — w* {ZAW

nm
Im (Eg) 4m0§m52 + 144210051 + Z A4mn m()‘mng) + AZOO&rln} (642)
n=1
(G) %)71 = %i;f at n=20:
[Jm (kmnf) Y’r;L (kmn) B J;n (kmn) Ym (kmng)]
Z Almn n X — tanh kmnﬁl X Yril (k’mn)
_ Z A3 X ki X tanh Ky, B X Y )
(6.43)
H 8¢1_ *2 :%_ *2 t =0:
( ) P ¢ on w ¢3 a n :
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[Jm (kmn£> Ynlm (kmn) — J;n (kmn) Ym (kmnf)]
Y, ()

[f () () 1 (5) 0 (59)] | o
{ Z Almn K’ <Z—71r> lmO (5 + 5 ) +
+A?0051 + Z Almn [ m (kmng) Y77/1 (k?:g (7{;7;;7/73 (kmn) Yin (kmng)] +A?006}n}}

[Jm (kmng) Yq;z (kmn> =y ‘]7/71 (kmN) Ym (kmnf)]
Y, (k)

G Q(g)@}m(g 1 e

Z A3 X Ky X — tanh Ky, B X

= Z A3 X ke tanh oy, By X

+A20L +;A3mn I (Rmn) Yo ( Y/j (kmn)( ) Yon (i) +A§005,1n}. (6.44)

(D %2 -w2p=0 at n=7p:

ZA2mn X )\mn Slnh()\mnﬂl) X J mnf + ZAan < %) P (%61)

(Qn — 1>7T a 3 )\mn 3 1
o ( 263 ¢ ZAQWL cosh A\ B1 X I (Amn€§) + As00,, — Z +A2mn

n=1

cosh(AnnB1) X I (Amn€) + AQOO} (6.45)

Equations (6.37) — (6.45) give rise to a homogenous linear system in unknowns A7 .
Now to determine the unknowns and non-dimensional frequency, we truncate the system
at a fixed number NV, use Fourier-Bessel series expansion and then form a square matrix
whose elements are coefficients of a Fourier-Bessel series. Here we get a square matrix

of order 9N in A’ unknowns which has the form

MX =0, (6.46)

where

3 1 2 3 2 3 2 3
A Aan? A2mn7 A2mn7 A3mn7 Aan? A4mn7 A4mn] )

Imn>

X = [A?2 (6.47)

Imn>
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and
f [ o O] O] [amna] [Gna]l [Gnal (Gl
o [ o O 0] fapsl [0 el (0]
(@mnal [0 O ag,sl O] [0]  [o] [0]  [0]
M= [op o] [of 0] el [0] 0] 0] [ap]
O O lagal [l [anna] [0 [0 (agmal  [aha]
0] lages] O] 0] 0] 0] [ag5s] [0] (O]
[@nn) [amnal 01 0] (O] fams] [anla] 0] (0]
f O el lammal lansl [0] [ [0] (0] |
(6.48)

The expressions of the non-zero elements @, of the matrix are given by the coefficients
of a Fourier-Bessel series. The system given by (6.46) must have a non-trivial solution
for the vanishing determinant condition. The condition of the non-trivial solution of
(6.46) gives us values of w*. The detailed expressions for the non-zero coefficients of the

matrix M are provided in Appendix C.

6.3 Numerical results and discussion

We carry out a number of numerical experiments to strengthen the analytical results
obtained here. All numerical calculations are carried out by using MATHEMATICA.
‘NIntegrate’ command is used to calculate the integrals numerically to compute the
frequencies. The zeros of the determinant of the truncated system are plotted versus
different parameters. The curves are drawn for non-dimensional frequency versus differ-
ent values of v, a and for different baffle positions in the liquid domain for m = 1, 2.
Dimensionless sloshing frequency w2 (m = 1,2;n = 1,2) is plotted for various 7 values
of a two-layer fluid inside a circular cylinder when a rigid annular baffle is placed on the
free surface.

Figures 6.2 — 6.5 show the plots of the first two non-dimensional sloshing frequencies
against the density ratio. In all the cases, the height hy/R; of the upper fluid is taken
as 01 = 1, the depth hy/R; of the lower fluid is taken as Sy = 0.5 which means the
lower fluid has less height compared to the upper fluid. For each set of parameters,
first two frequencies are plotted. In all the figures, the curves show the non-dimensional
frequency curves for different values of v = 0.2,0.4,0.6. It is observed that an increasing
density ratio lowers the non-dimensional frequency. It is also observed that when density
of upper fluid is same as that of lower fluid, non-dimensional frequency is zero. It is
shown that non-dimensional frequency is much lower for higher values of v compared to
lower values of . In all the cases, non-dimensional frequency decreases gradually.

Figures 6.6 — 6.9 show the plots of the first two non-dimensional sloshing frequencies
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0 0.2 0.4 0.6 0.8 1
p

Figure 6.2: Non-dimensional sloshing frequency wi? versus p for different values of v for
61 = 17 62 =0.5

Figure 6.3: Non-dimensional sloshing frequency wi3 versus p for different values of ~y for

B1=1,08,=05

against the upper fluid height ratio to the container radius denoted as ;. In all the
cases, the height hy/R; of the upper fluid is taken as 5y = 0.5 and the density ratio
p has been kept fixed at 0.63. For each chosen set of parameters, first two frequencies
are plotted versus density ratio. In all the figures, the curves show the non-dimensional
frequency curves for different values of v = 0.2,0.4, 0.6.

Figures 6.6 and 6.8 show the first non-dimensional frequency curves for wi? and wj?

against the upper fluid height ratio to the container. It is clearly observed that non-
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Figure 6.4: Non-dimensional sloshing frequency w3? versus p for different values of + for
61 = 17 62 =0.5

Figure 6.5: Non-dimensional sloshing frequency w33 versus p for different values of v for

pr=1, =05

dimensional frequency increases gradually with an increasing value of (3, i.e., as the
filled level of upper fluid increases, frequency increases. It is also observed that there
is a significant increment in the value of non-dimensional frequency with a decreasing
value of .

Figures 6.7 and 6.9 show the second non-dimensional frequency curves for w}s and
w32 against the upper fluid height ratio to the container. In Figs. 6.7—6.9, no significant

change is observed in frequency with respect to ;. It is observed that non-dimensional
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Figure 6.6: Non-dimensional sloshing frequency wi? versus 3, for different values of
for By = 0.5, p =0.63
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Figure 6.7: Non-dimensional sloshing frequency wis versus 3, for different values of v
for By = 0.5, p = 0.63

frequency initially increases for small values of 3, and then decreases very slowly showing
insignificant change in frequency. It is also observed that there is a significant increment
in the value of non-dimensional frequency with a decreasing value of ~.

Figures 6.10—6.13 show the plots of the first two non-dimensional sloshing frequencies
against the lower fluid depth ratio to the container radius denoted as 5. In all the cases,
the height hy/R; of the upper fluid is taken as §; = 0.5 and the density ratio p is kept
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Figure 6.8: Non-dimensional sloshing frequency w3? versus 3, for different values of v
for o = 0.5, p = 0.63

0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6.9: Non-dimensional sloshing frequency w35 versus f3; for different values of v

for o = 0.5, p = 0.63

fixed at 0.63. For each chosen set of parameters, first two frequencies are plotted versus
density ratio. In all the figures, the curves show the non-dimensional frequency curves
for different values of v =0.2,0.4,0.6.

Figures 6.10 and 6.12 show the first non-dimensional frequency curves for wi? and
wi? against the lower fluid depth ratio to the container radius. It is clearly observed
that non-dimensional frequency increases gradually with an increasing value of s, i.e.,

as the filled level of upper fluid increases, frequency increases. It is observed that non-
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Figure 6.10: Non-dimensional sloshing frequency wi? versus 3, for different values of v
for f1 = 0.5, p = 0.63
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Figure 6.11: Non-dimensional sloshing frequency w3 versus (3, for different values of v
for 5 = 0.5, p = 0.63

dimensional frequency for w}? increases more rapidly with an increasing value of S,

compared to that for w3?. It is shown that non-dimensional frequency increases with a

decreasing value of 7.

Figures 6.11 and 6.13 show the second non-dimensional frequency curves for w3 and
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w32 against the lower fluid depth ratio to the container radius. In Figs. 6.11 —6.13, non-

monotonic behaviour of non-dimensional frequency is observed frequency as (3, increases.

It is observed that non-dimensional frequency initially increases for small values of (3

and the decreases with higher values of §5. It is also observed that there is a significant

change in the beviour of non-dimensional frequency with a decreasing value of ~.

0.6
B

0.7

Figure 6.12: Non-dimensional sloshing frequency w3? versus 3, for different values of

for f; = 0.5, p = 0.63
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Figure 6.13: Non-dimensional sloshing frequency w33 versus (3, for different values of

for 5 = 0.5, p = 0.63
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6.4 Conclusions

In the work presented here, the sloshing frequencies of a two-layer incompressible fluid
inside a vertical circular cylinder with a rigid annular baffle placed at the free surface are
evaluated. We investigate the effects of fluid heights and density ratio on natural sloshing
frequencies for different baffle-widths. It is found that the first non-dimensional sloshing
frequency increases with an increasing fluid height while the second frequency shows
non-monotonic behaviour. It is shown that non-dimensional frequency lowers its value
with an increasing density ratio and vanishes when both fluids have same density. It is
shown that frequency increases with an increasing value of baffle-width. It is observed

that second frequency is significantly affected when baffle-width is more.
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Chapter 7

Summary and future work

7.1 Summary of the thesis

This chapter is a brief overview of the important results obtained in the thesis describing
their significance. Some highlights are also made on the scope of extension of considered

problems and future investigations.

In this thesis, sloshing frequencies of a liquid in a cylindrical container with different
configurations are investigated. Most part of the thesis is devoted to the evaluation of
the sloshing frequencies when a rigid annular baffle is placed on the free surface of the
liquid. The main objective of this thesis is to analyze the effect of various parameters

on sloshing frequencies by using linear water wave theory.

In Chapter 2, a study on sloshing in an annular vertical circular cylindrical with a
rigid annular baffle placed on the free surface is carried out. The boundary value problem
within the fluid domain is set up in terms of velocity potential. The velocity potentials
are found by using separation of variables method by using prescribed rigid boundary
conditions on the solid-wetted wall. The baffle condition and the free surface condition
is used for the velocity potential. An infinite linear homogenous system is obtained
with the introduction of potential into baffle condition and free surface condition by
using point allocation method. The zeros of the truncated determinant gives the value
of sloshing frequencies. The effect of surface tension is also taken into account. The
sloshing frequencies are computed by fixing the any two of the parameters considered
as fluid height, baffle width and Bond number, then varying the remaining one. It is
observed that natural frequencies can be shifted to a higher value by the introduction
of a rigid annular baffle at the free surface. With an increasing value of the fluid height
and the baffle-width, sloshing frequencies increases. The sloshing frequencies increases
with an decreasing value of Bond number, i.e., the presence of surface tension on the

free surface increases sloshing frequencies significantly.
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In Chapter 3, the problem considered may be seen as an extension of Chapter 2.
Here, a rigid annular baffle is placed inside the fluid domain instead of the free surface.
The baffle width is considered negligible. The presence of baffle inside the fluid domain
makes the fluid domain complex for solving the boundary value problem directly. In
order to formulate the problem, fluid domain is divided into four sub-domains and
then the boundary value problem is set up in each sub-domain in terms of velocity
potential. The velocity potentials are obtained in each sub-domain with the help of
superposition principle and separation of variables method. The matching conditions
are used to maintain the continuity of pressure and velocity within the fluid domain.
A truncated linear homogenous system of equations is obtained by using Fourier-Bessel
series expansion for the matching conditions and free surface condition. The condition
of vanishing determinant of a homogenous system for a non-zero solution gives the value
of the sloshing frequencies. The baffle has a greater influence on sloshing frequencies
when it is placed nearer to the free surface compared to the baffle placed towards the
bottom. The sloshing frequency increases monotonically for an increasing value of the
inner baffle radius ratio to the outer radius of the container. The introduction of baffle
at the free surface is more beneficial compared to the introduction of baffle somewhere

in the fluid domain.

In Chapter 4, sloshing is investigated for a vertical circular cylindrical container with
an uneven bottom. The sloshing frequencies are evaluated for two cases: a complete
free surface and when a baffle is placed at the free surface. In the second case, a rigid
annular baffle is placed at the free surface mounted to the wall of the cylinder. The
boundary value problem formulated within the fluid domain is solved by using separa-
tion of variables method and finite Hankel transform with the help of a perturbation
technique. The effect of surface tension at the free surface is also considered. Results are
obtained showing the dependence of sloshing frequencies on baffle-width, liquid height
ratio as well as on maximum elevation of the bottom. Sloshing frequencies are obtained
for a particular case of bottom. Sloshing frequency increases rapidly for lower values
of fluid height and gradually becomes stable for higher values. The parameters such as
increasing baffle-width and surface tension also shift the sloshing frequencies to a higher

value.

Chapter 5 is concerned with the two-layer sloshing problem in a vertical circular
cylindrical tank. The effect of surface tension is excluded at the free surface and the
surface of separation of the two-fluid. The conditions of continuity of pressure and ve-
locity are used at the surface of separation of the two fluids as matching conditions,
which along with free surface condition, leads to a homogenous linear system of equa-

tions whose coefficients are determined by Fourier-Bessel series expansion. The zeros
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of the truncated determinant are evaluated to obtain sloshing frequencies. The effects
of lower-fluid depth, upper fluid height and density ratio are investigated on sloshing
frequencies. The frequency is computed by fixing lower fluid depth and density ratio
and then varying the upper fluid depth. The effect of upper fluid height on sloshing fre-
quency is monotonic. For lower values of upper fluid height, frequency increases rapidly
compared to the higher values of upper fluid height. In a similar manner, the effect
of lower fluid height on sloshing frequency has been shown. The sloshing frequency in-
creases monotonically with an increasing value of lower fluid depth. Sloshing frequencies
are computed by fixing lower and upper fluid height, and the varying the density ratio.
Sloshing frequency decreases monotonically with an increasing value of density and when
both fluids have same density frequency vanishes.

Chapter 6 is an extension of the work done in Chapter 5. A rigid annular baffle is
introduced at the free surface of the upper fluid mounted to the wall of the container. The
liquid domain is divided into sub-domains to formulate the problem. The solutions in
each sub-domain are found in terms of velocity potentials. Matching conditions are used
at the interfaces of two successive sub-domains. The free surface condition and matching
conditions give rise to a system of linear homogenous equations whose coefficients are
obtained by using Fourier-Bessel series expansion method. The condition of vanishing
determinant for a non-trivial solution of a homogenous system is used to obtain sloshing
frequencies. The effects of upper fluid height, lower fluid depth and density ratio have
been investigated for various baffle-widths. The sloshing frequency increases with an
increasing value of upper fluid height and lower fluid height for all considered baffle width.
With an increasing value of density ratio, sloshing frequency gradually gets reduced and
it even vanishes when both the fluids have same density. Sloshing frequencies can be

shifted to a higher value with the introduction of a rigid baffle at the free surface.

7.2 Future work

In this section, a brief outline of some problems which we plan to work in future is
presented. We may consider some problems pertaining to an extension of the works
presented in this thesis.

It is to be noted that in this thesis we have used analytical methods to find solutions
within fluid domain and the baffle considered is always annular and rigid. Analytical
methods do not work for complex geometry of containers and irregular shaped baffles.
It is very difficult to solve nonlinear sloshing problems analytically. Nonlinearity in
sloshing problems occurs in dynamic boundary condition on the free surface. Numerical

investigations (FEM, FVM, BEM) and semi-analytical methods can be used to evaluate
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sloshing frequencies. In most of the studies, results are obtained for vertical circular
cylinders. We aim to consider different geometry. Thus we propose to investigate slosh-
ing when the baffle is flexible and placed vertically in the fluid domain and also for

nonlinear problems.
e We plan to consider elastic baffle as a damping device.

e Further, we wish to investigate non-linear sloshing for the problems already dis-

cussed.

e In sloshing problems, nonlinearity occurs at the free surface only. Reformulation

of the problems will differ only in the free surface condition.

e We would like to attempt sloshing problem in a container under different kinds of

motion like surge and pitch.
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Appendix A

Coefficients of matrix given by Eq.

(3.46)

The detailed expressions for the non-zero coefficients of the matrix given by Eq. (3.46)

are obtained as follows:
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Coefficients of matrix given by Egs.
(5.31) and (5.32)

The detailed expressions for the non-zero coefficients of the matrices given by Egs. (5.31)

and (5.32) are obtained as follows:
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Coefficients of matrix given by Eq.
(6.47)

The detailed expressions for the non-zero coefficients of the matrix given by Eq. (6.47)

I (57) K0 (5) — 2, (3) B (529

are obtained as follows:
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B (k&) Yo, (k) = T4, (Kan) Yoty (Kn©)]

x(k:mn x tanh kB — w*?) (C.25)

2l
ggr?nﬁ = Onn X (A Sinh Ay 81 — w*? cosh AmnfB1) X / 5‘]72n()\mn€)d€ (C.26)
0

/ eI, (M£> (A )dé (C.27)
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