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Abstract

This thesis studies hypergeometric functions and their relations to algebraic vari-
eties and modular forms. We study p-adic hypergeometric functions, hypergeometric
functions over finite fields, and their relations to elliptic curves and diagonal hyper-
surfaces. We also express the Fourier coefficients of certain weight three newforms
as special values of p-adic hypergeometric functions, and obtain a new proof of
some supercongruences conjectured by Rodriguez-Villegas related to modular K3

surfaces.

Let ,Gy[ - -], denote McCarthy’s p-adic hypergeometric functions. Firstly, we
establish two transformations for the p-adic hypergeometric function, which can be
described as analogues of a transformation of Euler and a transformation of Clausen.
We use a character sum identity proved by Ahlgren, Ono, and Penniston to deduce
the p-adic Clausen’s transformation. We also deduce special values of certain p-
adic hypergeometric functions. Next, we derive an identity expressing a 4Gyl -],
hypergeometric function as a sum of two 5Gs[- - - |, hypergeometric functions. This
identity generalizes some known identities satisfied by the finite field hypergeometric
functions. We also prove a transformation that relates ,, oGy 2] - -], and G- - -],

hypergeometric functions.

Secondly, we study relationships between p-adic hypergeometric functions and

the number of points on diagonal hypersurfaces over a finite field. Let D¢ denote
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vi ABSTRACT

the family of monomial deformations of diagonal hypersurface over a finite field I,

given by
DY X{+ X9+ + X = NdX X2 XD

where d,n > 2, h; > 1, 3" | h; = d, and ged(d, by, hs, ..., h,) = 1. The Dwork
hypersurface is the case when d = n, that is, hy = hy = --- = h,, = 1. Formulas
for the number of F,-points on the Dwork hypersurfaces in terms of McCarthy’s
p-adic hypergeometric functions are known. We provide a formula for the number
of F,-points on D¢ in terms of McCarthy’s p-adic hypergeometric function which
holds for d > n. Let Di’k denote a subfamily of the diagonal hypersurface over a
finite field F, with n = 2, hy = k, and hg = d — k. Let #Di’k denote the number
of points on Di’k in PY(F,). Tt is easy to see that #Di’k is equal to the number of
distinct zeros of the polynomial y? — d\y* +1 € F,[y] in F,. We prove that #Df’k is
also equal to the number of distinct zeros of the polynomial y¢=*(1 — y)* — (d\)~¢

in [Fy.

Thirdly, we express the trace of Frobenius of elliptic curves in terms of special
values of 4G4[- - - |, and G- - - |, hypergeometric functions. These results extend the
recent works of Tripathi and Meher on the finite field hypergeometric functions to
wider classes of primes. We then derive summation identities for the p-adic hyperge-
ometric functions appearing in the expressions for #Di’k. As an application of the
summation identities, we prove identities for the trace of Frobenius endomorphism

on certain families of elliptic curves.

Finally, we study relationships between p-adic hypergeometric functions and
modular forms. We prove p-adic analogues of certain classical hypergeometric iden-
tities, and using these identities we express the p-th Fourier coefficient of certain
weight three newforms in terms of special values of 3G3[---],. Rodriguez-Villegas

conjectured certain supercongruences between values of truncated hypergeometric

TH-3689_206123021
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series and the p-th Fourier coefficients of these newforms. As a consequence of our
main results, we obtain another proof of these supercongruences which were earlier

proved by Mortenson and Sun.
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Introduction

In this thesis, we study p-adic analogues of certain classical hypergeometric iden-
tities, relations of p-adic hypergeometric functions to algebraic varieties and modular
forms, and find certain special values of the p-adic hypergeometric functions. Gauss
defined o F) classical hypergeometric series in his work [32] in 1812. Relations of
hypergeometric series with different mathematical objects, such as differential equa-
tions, modular forms, algebraic curves, etc., have been explored by many mathe-
maticians. For instance, there are certain results relating hypergeometric series to
the periods of abelian varieties, such as elliptic curves, Calabi-Yau manifolds, and
certain K3 surfaces. Consider the Legendre family and the Clausen form of ellip-
tic curves given by E\ : y? = z(z — 1)(x — \) and E; : y*> = (z — 1)(2® + t) for
t € R\{0,—1}, respectively. Then the real period of E) and E;, for ¢ > 0, can
be expressed in terms of 5 F}-hypergeometric series and 3Fh-hypergeometric series,
respectively.

The arithmetic properties of Gauss and Jacobi sums have a very long history in
number theory. Number theorists have obtained finite field analogues of classical
hypergeometric series using these sums, and these functions have significant appli-
cations in arithmetic geometry. It seems that hypergeometric functions over a finite
field first appeared in Koblitz’s work [44]. There are other definitions of hyperge-

ometric functions over finite fields. For example, see the works of Greene [35, 36],
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2 INTRODUCTION

Katz [41], McCarthy [52], Fuselier et al. [30], and Otsubo [58]. In 1987, Greene
[36] introduced hypergeometric functions over finite fields as analogues of classi-
cal hypergeometric series. These functions are known as Gaussian hypergeometric
series. He explored the properties of these series and found that they satisfy numer-
ous transformation and summation identities that are analogous to their classical
counterparts.

Some of the biggest motivations for studying Gaussian hypergeometric series
have been their connections with Fourier coefficients and eigenvalues of modular
forms and with counting points on certain algebraic varieties. For example, see
12, 8,9, 26, 28, 29, 46, 47, 48, 51, 55, 56, 57, 63, 71]. Gaussian hypergeometric series
have recently led to applications in graph theory, see for example [21, 22, 23].

By definition, the arguments in Gaussian hypergeometric series are the multi-
plicative characters, and hence, the results involving hypergeometric functions over
finite fields are often restricted to primes in certain congruence classes to facilitate
the existence of the multiplicative characters of specific orders; for example, see
8, 9, 28, 29, 47, 48, 63]. To overcome these restrictions, McCarthy [50, 53] intro-
duced a function ,G,|[---],, known as p-adic hypergeometric function, in terms of
the p-adic gamma function with parameters from rational numbers and argument is
an element of a finite field F,. This function can best be described as an analogue
to the classical hypergeometric series in the p-adic setting. McCarthy showed how
results involving hypergeometric functions over a finite field can be extended to all
but finitely many primes using ,G,|[---],. Using McCarthy’s work, one can rewrite
the results involving hypergeometric functions over finite fields in terms of ,,G,[- - - ],-
However, such results for ,,G,[- - -], will only be valid for primes ¢ where the orig-
inal multiplicative characters existed over the finite field IF,, and hence restricted
to primes in certain congruence classes. Therefore, it is a non-trivial problem to
extend these results to all but finitely many primes. Several authors have extended

the results involving Gaussian hypergeometric series to a broader class of primes
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INTRODUCTION 3

using , Gy [- - -4, see for example [11, 12, 13, 14, 17, 53, 54, 61, 62].

Numerous transformation formulas exist for the finite field hypergeometric func-
tions, but very few exist for ,,G,[- - -], in full generality. It is an interesting problem
to find p-adic analogues of classical identities. Certain transformation and sum-
mation identities for p-adic hypergeometric functions are known for some specific
parameters, for example, see [11, 12, 13, 14, 15, 16, 17, 31, 61, 62]. In this thesis,
we find certain summation and transformation formulas for the p-adic hypergeomet-
ric functions. We also find some special values of these functions. We prove two
transformations, which can be described as p-adic analogues of a transformation of

Euler and a transformation of Clausen. We derive an identity where the sum of two

2G| - - |, hypergeometric functions is expressed in terms of a 4G4[-- -], hypergeo-
metric function. We also establish a transformation that relates , 129G, 10[- - -], and
nGnl- -+ ]q hypergeometric functions.

In [53], McCarthy expressed the trace of Frobenius of elliptic curves in terms
of a special value of 2Gs]- - - |, hypergeometric function for all primes p > 3. Later,
Barman and Saikia [12] represented the trace of Frobenius of elliptic curves in terms
of another special value of ,G|- - - |, hypergeometric function. Several authors have
expressed the number of points on Dwork hypersurfaces over a finite field in terms
of the p-adic hypergeometric functions under certain conditions, see for example [10,
34, 54]. Let D¢ denote the family of monomial deformations of diagonal hypersurface

over a finite field IF;. These families are of the form:
DY X4 Xg+ -+ X2 = NdXr XD X

where d,n > 2, h; > 1, > h; = d, and ged(d, hy, ho, ..., h,) = 1. We express
the number of points on D¢ over a finite field in terms of the p-adic hypergeometric
functions under the condition ged(d,q — 1) = 1. We also study some results where

the sum of traces of Frobenius of a family of elliptic curves can be written in terms of
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4 INTRODUCTION

special values of 4G4 - -], and ¢Gg[- - - |, As an application of summation identities,
we establish relations involving trace of Frobenius of elliptic curves and 3G3]- - - |,.
In [60], Rodriguez-Villegas examined 18 supercongruences where he related the
truncated hypergeometric series to the Fourier coefficients of modular form of weight
three and four. It was Beukers [19] who first observed supercongruences of this type
in connection with the Apéry numbers used in the proof of the irrationality of ((3).
Ahlgren and Ono [2] proved Beukers’ supercongruence conjecture relating Apéry
numbers to the coefficients of a certain weight four newform. All the 14 supercon-
gruences of Rodriguez-Villegas associated with the modular form of weight four are
proved, see, for example, [31, 42, 49, 51]. For a nice survey and more conjectural
supercongruences, one can also see [24]. Mortenson [56] found relations between
Gaussian hypergeometric series and Fourier coefficients of modular form of weight
three. Consequently, he proved that the remaining four supercongruences are true
for certain congruence classes of primes, and for the remaining classes he proved the
supercongruences upto sign. Later, Sun [67] proved these four supercongruences for
the remaining classes with a different approach involving Schroder polynomials and
the Zeilberger algorithm. In this thesis, we prove that the p-th Fourier coefficients
of these weight three newforms are related to the p-adic hypergeometric functions
for all but finitely many primes. In other words, we extend the result of Mortenson
from the Gaussian hypergeometric series to the p-adic hypergeometric functions,

and obtain a new proof of the Rodriguez-Villegas conjectures .

Organization of Thesis

We intend to present the entire work of this thesis in six chapters, as mentioned

below:
e Chapter 1: Preliminaries

e Chapter 2: Certain transformations of p-adic hypergeometric functions

TH-3689_206123021



INTRODUCTION D

Chapter 3: Diagonal hypersurfaces and p-adic hypergeometric functions

Chapter 4: Elliptic curves and p-adic hypergeometric functions

Chapter 5: Summation identities and their applications

Chapter 6: Weight three newforms and p-adic hypergeometric functions

In Chapter 1, we introduce classical hypergeometric series, elliptic curves, and
modular forms. We then recall Gauss and Jacobi sums, and their properties. We
next introduce the Gross-Koblitz formula. Finally, we define hypergeometric func-
tions over finite fields and McCarthy’s p-adic hypergeometric functions.

In Chapter 2, we derive certain transformation formulas for the p-adic hyper-
geometric functions. To derive the transformation formulas, we evaluate certain
character sums and use some properties of the p-adic gamma function.

In Chapter 3, we relate the p-adic hypergeometric function to the number of F-
points on diagonal hypersurfaces. We find a formula for the number of distinct zeros
of a polynomial over a finite field in terms of the p-adic hypergeometric functions
which also establishes a relation to the number of points on the diagonal hypersur-
faces over a finite field.

In Chapter 4, we express the sum of two traces of Frobenius endomorphism on
certain families of elliptic curves in terms of special values of 4G4[- - - |, and G| - - |,
hypergeometric functions. These results extend the recent works of Tripathi and
Meher on the finite field hypergeometric functions to wider classes of primes.

In Chapter 5, we establish certain summation identities for ,,Gy[- - - |, hypergeo-
metric functions. We also derive certain transformations and expressions involving
a sum of p-adic hypergeometric functions. As an application of these identities, we
find some expressions involving the sum of traces of Frobenius endomorphism on
elliptic curves and p-adic hypergeometric function 3G3l- - - ],.

In Chapter 6, we study relations between certain weight three newforms and the

p-adic hypergeometric functions. Firstly, we derive some transformation identities
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6 INTRODUCTION

for the p-adic hypergeometric functions by counting points on certain families of
elliptic curves and their twists over a finite field. Employing the transformation
identities, we find special values of certain p-adic hypergeometric functions, which
turn out to be the p-th Fourier coefficients of weight three newforms. Using these
special values, we find a new proof of the supercongruences related to K3 surfaces

conjectured by Rodriguez-Villegas.
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Preliminaries

In this chapter, we first introduce classical hypergeometric series, elliptic curves,
modular forms, characters over finite fields, and hypergeometric functions over finite
fields. We then recall the p-adic gamma function, the Gross-Koblitz formula, and
McCarthy’s p-adic hypergeometric function. Finally, we recall and prove certain

lemmas which will be used to prove our results in the subsequent chapters.
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8 PRELIMINARIES

1.1 Classical hypergeometric series

For a non-negative integer r, and a;,b; € C with b; ¢ {..., —=3,—2,—1,0}, the
classical hypergeometric series ,.1 F;. is defined by
ap, A1, ..., Qg 2 (ag)g - (a) A
i1 F IA| Z (a0)k -~ (ar )i (1.1)

by, ..., b k=0

where, for a complex number a, the rising factorial or the Pochhammer symbol (a)

is defined as (a)g = 1 and (a)y = ala+1)---(a+k—=1), k > 1. If T'(z) denotes

the Gamma function, then we have (a), = F(Fa(:)k ) It is well-known that the classical

hypergeometric series ,,1F,. converges absolutely for |A\| < 1. Also, series (1.1)
converges for A = 1if Re(} b; — > a;) > 0and for A\ = —1if Re(d>_b; — > a; + 1) >
0. More details on hypergeometric series can be found in [5, 7, 65].

When we truncate the infinite sum (1.1) at & = n, it is known as a truncated
hypergeometric series. We denote the truncated hypergeometric series using a sub-

script for the notation as follows:

ag, ai, ..., Qr _ (ao)k...(%)k.)\k
by, ..., b S (b (O KD

n

>
i
|

r+1Fr

If one of the a;’s is a negative integer, then the hypergeometric series (1.1) termi-

nates.

1.2 Multiplicative characters on finite fields

For an odd prime p, let IF;, denote the finite field having ¢ elements, where ¢ = p”,
r > 1. Let Z, and Q, be the ring of p-adic integers and the field of p-adic numbers,
respectively. Let @ denote the algebraic closure of Q,, and let C, be the completion

of QTP. Let Z, denote the ring of integers of the unique unramified extension of @,
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1.2 MULTIPLICATIVE CHARACTERS ON FINITE FIELDS 9

with residue field F,. More precisely, Z, is the ring of integers of Q,(¢,—1), the
unique unramified extension of Q,, where (,_; is a primitive (¢ — 1)-th root of unity
in Q,.

A multiplicative character on F is a group homomorphism y : Fy — C*. Let
Iﬁq; be the set of all the multiplicative characters on F, and it forms a cyclic group
of order ¢ — 1 under the pointwise multiplication: (y1x2)(x) = x1(z)x2(z). Let T be
a generator of the cyclic group Iﬁq;. Let Y denote the inverse of x. For every z € F,
we know that x(z) € py—1, where i,y is the group of all (¢ — 1)-th root of unity in
C*, and x(x) = m We extend each character y € Iﬁq; from Fy to F, by setting
X(0) := 0 including the trivial character e. Let ¢ denote the quadratic character on

F,.

It is well known that all the (¢ — 1)-th roots of unity are contained inside Z.
Therefore, we can consider multiplicative characters on Fy to be maps x : F — Z;.
We recall the orthogonality relations for multiplicative characters in the following

lemma.

Lemma 1.1. ([39, Chapter 8]). We have

g—1 if x=¢;
(1) ) x(@)=
% 0 if X # €.

g—1 if =z=1;
2 )=
2) Y x(@) . ‘ozl

XEF;
We now recall Gauss and Jacobi sums and some of their elementary properties.
For further details, see [18]. Let ¢, denote a fixed primitive p-th root of unity in @,.
The trace map tr : F, — IF, is given by
-

tr(@) =a+a’+a” +--+af

Then, the additive character 6 : F, — Q,((,) is defined by 0(«) := ¢ Tt is easy

TH-3689_206123021



10 PRELIMINARIES

to see that 0(a 4+ b) = 0(a)0(b) and

> 6(x) =0. (1.2)

z€lfy

For x € Iﬁq;, the Gauss sum is defined by

z€el,

If ¢, 1 is a primitive (¢ — 1)-th root of unity in Q,, then g(x) lies in Q,(¢,, (1)
Using (1.2), we can easily get that

g(e) = -1
Let ¢ denote the function on multiplicative characters defined by

1, if A is the trivial character;
0(A) =
0, otherwise.

We also denote by ¢ the function defined on F, by

1, ifx=0;
d(z) =

0, otherwise.

The following results on Gauss sums will be useful in the proof of our main results.

—~

Lemma 1.2. ([36, Eq. 1.12]). For x € Fx

&, we have

g(x)9(x) = ¢ x(=1) — (¢ = 1)d(x)-

Theorem 1.3. ([18], Davenport-Hasse Relation). Let m be a positive integer and

let ¢ = p" be a prime power such that ¢ = 1(mod m). For multiplicative characters

TH-3689_206123021



1.2 MULTIPLICATIVE CHARACTERS ON FINITE FIELDS 11

X,l/JEIF , we have

ng Hg

The orthogonality relation for multiplicative characters relates 6 with Gauss

sums as given in the following lemma.

Lemma 1.4. ([29, Lemma 2.2]). For a € F,

q—2

o) = —= 3" g(T"™")T"(a)

Definition 1.1. For multiplicative characters A and B over F,, the Jacobi sum

J(A, B) is defined by

ZA B(1 —z).

z€lF,
The following lemma gives a relation between Jacobi and Gauss sums.

Lemma 1.5. ([36, Eq. 1.14]). For A, B € IF‘E we have

9(A)g(B)

J(A,B) = ——=—+(¢—1)B(—-1)6(AB).

(4,8) = £ + (4= DB(-1)3(4B)
For multiplicative characters A and B on F,, the binomial coefficient (g) is

defined by
A B(-1
(B> = (q )J(A, ZA B(1 —=x), (1.3)
z€Fy

It is easy to see that the Jacobi sum satisfies the following identity:

J(A, B) = A(~1)J(A, AB). (1.4)

TH-3689_206123021



12 PRELIMINARIES

We recall the following properties of the binomial coefficients from [36]:

(Y- (1) =Lt »

1.3 Elliptic curves

Let K be a field. An elliptic curve over K is a smooth, cubic projective algebraic
curve in three variables with a specified point, O = [0 : 1 : 0]. An elliptic curve over

K is defined by the equation
E .Y Z 4+ XYZ+a3sYZ? = X3+ ay X?Z + ay X 2% + ag 23,

where a; € K for all i. By de-homogenizing the equation, we get the Weierstrass

form of an elliptic curve given by the equation
E y2+a1xy+a3y:x3+a2x2+a4m+a6

with a point at infinity O and ay, as, as, a4, as € K. If char (K) # 2, then F can be

written as

E: y2 = 4z3 + byx? + 2byx + bg,
where by = a3 + 4ay, by = 2a4 + ajaz, and bg = a3 + 4as. Employing y — 2y yields
by by bs

LR A Sy 2 (1.6)

Bryf=alt ot ot

We also define the terms given below:

2 2 2
bs = ajas + 4asas — aasay + asas; — ay,

Cqy = b% — 24b4,

TH-3689_206123021



1.3 ELLIPTIC CURVES 13

A(E) = —bibg — 8b; — 27bg + 9babybs,

where A(E) and j(E) are called discriminant and j-invariant of the elliptic curve
E, respectively.

Let E be an elliptic curve defined over Q and p be a prime. Let E denote the
reduction of £ (mod p). If E is also an elliptic curve over the finite field [, then
p is said to be a prime of good reduction. Recall that E has good reduction at the
prime p if and only if p does not divide the discriminant of F, i.e., p t A(F). We
now define the integer a,(E) by

ap(E) =p+1-— #E(]Fp)a

where #E' (F,) is the number of F,-points on E including the point at infinity. If p
is a prime of good reduction, then a,(E) is called the trace of Frobenius as it can
be interpreted as the trace of the Frobenius endomorphism on £. For more details,
see [64, 72]. Next, we recall the notion of a quadratic twist. Let F be an elliptic

curve given by
E:y* =1+ az® +bx +c,

where a,b,c € Fy. If D € Fj;, then the D-quadratic twist of F, denoted by EP . is

an elliptic curve given by the equation
EP :y* = 2 + Dax® + D%z + D3c.

It is known that the traces of Frobenius of E and EP satisfy the following relation:

(B = (2) alE”), (17)

p
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14 PRELIMINARIES

where <5) is the Legendre symbol. Next, we recall the definition of an isogeny of

elliptic curves.

Definition 1.2. ([72, p. 386]). Let Ey and Ey be two elliptic curves defined over a

field K. An isogeny from Ey to Fs is a nonconstant homomorphism ¢ : E1(K) —

Ey(K) that is given by rational functions, where K is the algebraic closure of K.

1.4 Modular forms

In this section, we introduce modular forms and recall some definitions and
results of modular forms. For more details, see [25, 45].
Let SLy(Z) be the special linear group, consisting of all invertible 2 x 2 matrices
having entries from Z and determinant 1. For a positive integer IV, we consider the

following subgroups of SLy(Z):

a b a b 1
['(N) := € SLy(Z) : = (mod N) »,
c d c d 0 1
=
To(N) =4 |© 7| €SLa(Z) :c= 0 (mod N) %,
c d
Ny
ry(N) =4 | | es@ie= 0= 1 (moam
C

A subgroup I' C SLy(Z) is called a congruence subgroup if I'(N) C I, for some N.
The level of T' is the smallest N such that I'(N) C I'. Let H denote the upper half

plane,

H={z€C:Im(z) >0} CC.
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1.4 MODULAR FORMS 15

We define an action of the group

a b
GLj (R) = ca,b,c,d € R and ad — cb > 0
c d
on H via the formula
a b az+b

ey a cz+d

We define the extended upper half plane and denote it by H*, by adjoining all the

rational numbers and ioco, as
H*=HUQU {ico}.

The elements in Q U {ico} are called the cusps of SLy(Z). It is easy to see that
every cusp of SLy(Z) is SLy(Z)-equivalent to ioco, i.e., for any r € Q there exists
v € SLy(Z) such that v(ico) = r.

Definition 1.3. If I' is a subgroup of SLy(Z) and F C H is a closed set with
connected interior, we say that F is a fundamental domain for T' (or I'\H) if

a) any z € H is I'-equivalent to a point in F;

b) no two interior points of F are I'-equivalent;

c) the boundary of F is a finite union of smooth curves.

Consider a function f : H — C for which

f<az+b>:(cz+d)kf(2) forall |* | 512, (1-8)
cz+d c d

where k € Z. We use the topology of the extended upper half plane to define the
holomorphicity of f at ico. Let ¢ = ¢*™. If f(z) is holomorphic on H, then f(q)

will be holomorphic on the punctured unit disc. Hence, we have the Laurent series
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16 PRELIMINARIES

expansion of f centered at ¢ = 0, as

which is also called the ¢-series associated with f. Hence, we have

f(Z) - Z an€27'rizn
as the Fourier series of f at 100. We say f is holomorphic at ico if a, = 0 for all

negative integers n.

Definition 1.4. A modular form of weight k € Z for the full modular group SLo(Z)
is a holomorphic function f : H — C which satisfies (1.8) and is holomorphic at

100. A modular form f is called a cusp form if ag = 0, that is, f vanishes at ico.

Next, we study the modular forms of level N. The group GLJ (R) acts on

a b
functions f : H — C. In particular, suppose that v = € GLF(R). If fisa
c d

meromorphic function on H and ¢ is an integer, then the slash operator |, is defined

as

(flev)(2) = (det )"*(cz + d) " f(7z).

Definition 1.5. Let I' be a congruence subgroup of level N. A holomorphic function

f:H — C is called a modular form with integer weight ¢ for I' if the following hold:

a b
1. For all z € H and erl,

c d

f (“Z - b) — (ez+d)f(2).

cz+d
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1.4 MODULAR FORMS 17

2. If v € SLy(Z), then (fley)(2) has a Fourier series expansion of the form

(flen)(2) =Y ay(n)qr,

n>0

where qy = e2™*/N

The C-vector space of modular forms of weight & for I' is denoted by My(T).
If f € Mg(T') such that it vanishes at every cusp of I', we say f is a cusp form
of weight k for I' and the C-vector space of such forms is denoted by Si(I'). To
express My(I' (V) as a direct sum decomposition of certain interesting subspaces,

one needs to attach Dirichlet character to modular forms.

Definition 1.6. A Dirichlet character modulo N is a homomorphism x : (Z/NZ)* —
C*.
For any Dirichlet character y modulo N, we define the following vector subspace

of My,(T1(N)):

M (To(N), x) == § f € Mp(T1(NV)) : fley = x(d)f, Vy = ! Z € To(N)

For M;(I'1(N)), we have the following direct sum decomposition
Mi(T1(N)) = @D Mi(To(N), x),
X

where the direct sum is over all the Dirichlet characters modulo N. Let x be a

Dirichlet character modulo N and n be a positive integer then we define a map

T, : My (To(N), x) — My (To(N), x) by

) d—1 a b
Tu(f)==n2"" Y x(a))_f]
ad=n,a>0 b=0 0 d
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18 PRELIMINARIES

These maps are linear operators and are known as Hecke operators. These operators
also map Si(I'o(IV), x) to itself. Let I' be a congruence subgroup of SLy(Z). Let F
be any fundamental domain for I'. Let T’ = {I—[} Then for f,g € Sk(I'), we define

the Petersson inner product as

(f,9) = //yf da:dy’ where z = x + 1y.
SL2

Theorem 1.6. Petersson inner product satisfies the following properties:
1. (f,qg) is linear in f;

2. (f,q) is conjugate symmetric i.e., (f,q9) = (g, f);
3. (f,f) >0 for f #0.
Therefore, it defines a hermitian inner product on Sk(T).
Definition 1.7. Let N be a positive integer and d be a divisor of N, then
1. If f € Sp(T1(d)), then f € Sp(T1(N)).
2. If N =cd, f € Sp(I'1(d)), and g(z) := f(cz), then g € Sp(I'1(N)).

The subspace of Si.(T'1(IN)) spanned by the forms obtained in these two ways as we
take the range over proper divisor d of N, is called the space of oldforms, denoted

by ST (N)).

Definition 1.8. The orthogonal complement of this space with respect to the Pe-

tersson inner product is called the space of newforms, denoted by Sy« (I'1(N)).

1.5 Hypergeometric functions over finite fields

In this section, we recall hypergeometric functions over finite fields as introduced

by Greene, McCarthy, and Fuselier et al. Firstly, we recall hypergeometric functions
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1.5 HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS 19

over finite fields as introduced by Greene in [35, 36]. Greene established these
functions as finite field analogues of classical hypergeometric series by proving finite
field analogues of summation, product, and transformation formulas satisfied by the

classical hypergeometric series.

Definition 1.9. ([36, Definition 3.10]). Let n be a positive integer and x € F,.
For multiplicative characters Ao, Ai, ..., An, B1, Ba, ..., By, onFy, Greene’s ;41 F,-

hypergeometric functions over ¥, is defined by
Ag, A1, ..., A, A A A,
o () (e
Bl-; - B, q— — X 1X nX
q XEFg

In [30], Fuselier et al. gave another definition of hypergeometric function over

finite fields. Firstly, they defined a period function as follows.

Definition 1.10. ([30, p. 28]). Let n be a positive integer and v € F,. For
multiplicative characters Ay, Ay, ..., Ap, B1,..., B, onF,, the ,.1P, period function

over I, is defined by

AO; A17 000 g An u

w1 Pr | = 0(x) [ [ J(Ai, AiBy)
Bl, ey Bn i=1
q
" (T (on> (Alx) (Anx>
q—1<H ( )>ZFA X/ \Bix B x@)
XEFg

We note that the binomial coefficient defined in [30] is equal to (—¢) times the
binomial coefficient defined by Greene [36]. Since we have used Greene’s definition
of binomial coefficient, an extra factor of (—¢)"™! appears in Definition 1.10. The
following definition of hypergeometric functions over finite fields is given by Fuselier

et al.

Definition 1.11. ([30, Eq. 4.9]). Let n be a positive integer and x € F,. For
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multiplicative characters Ay, Ay, ..., Ap, By, ..., B, onF,, the ,.1F,-hypergeometric

function over F, is defined by

Ay, Ay, ..., A,
n+an |JI
B, .... B,
q
1 ]P) A07 A17 SR An |
= oy — n+l1in T
[Iis, J(Ai, AiBy) B, ..., B,

q

Both the definitions of hypergeometric functions over finite fields given by Greene
and Fuselier et al. use binomial coefficients of multiplicative characters. The bino-
mial coefficients are defined using Jacobi sums. In [52], McCarthy gave another

definition of hypergeometric function over finite fields using the Gauss sums.

Definition 1.12. ([52, Definition 1.4]). Let n be a positive integer. For x € F,
and multiplicative characters Ao, Av, ..., An, B1, ..., B, onF,, McCarthy’s 1 F,"-

hypergeometric function over F, is defined by

A(), Ala 000 An 1 - g(AzX>
a1 T = —
k< &WWBJ %42HAM
q x€Fg
5 9(Bix) n+1
X =—=>g()x(—1)"" x(z)
jl—Il 9(B;)

The following proposition relates the Greene’s and McCarthy’s hypergeometric

functions when certain conditions on the parameters are satisfied.

Proposition 1.7. ([52, Proposition 2.5]). If Ay # ¢ and A; # B; for each 1 <i<n

1

7

then

Ao, Ay, ..., Ay
n+1Fn ’flf =

Bi, ..., B,

Ai A(), Ala I An
B,

)

n—l—an
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1.6 p-ADIC GAMMA FUNCTION AND GROSS-KOBLITZ FORMULA 21

1.6 p-adic Gamma function and Gross-Koblitz for-
mula

In this section, we first define p-adic gamma function and then recall the Gross-
Koblitz formula. For further details, see [43, 59]. For a positive integer n, the p-adic

gamma function I'y(n) is defined as

Lpn):=(=1" [] J

0<j<n,ptj

and one extends it to all x € Z, by setting I',(0) := 1 and

Ip(z) .= lim T')y(z,)

Ty —T

for x # 0, where z,, runs through any sequence of positive integers p-adically ap-
proaching x. This limit exists, is independent of how z, approaches x, and deter-
mines a continuous function on Z, with values in Z.

We now state the Gross-Koblitz formula which gives us a relation between the
Gauss sum and the p-adic gamma function. Let w : F* — Z7 be the Teichmiiller
character. For a € F, the value w(a) is just the (¢ — 1)-th root of unity in Z, such
that w(a) = a (mod p). We denote by & the inverse of w. We note that w[gx is the
Teichmiiller character on IE‘; with values in Z;. Also, I@E ={w’ :0<j<q—2}. Let
7 € C, be the fixed root of #P~! + p = 0 which satisfies 7 = ¢, — 1 (mod (¢, — 1)?).
For x € Q, we let |x] denote the greatest integer less than or equal to z and (z)
denote the fractional part of z, i.e., x — |z, satisfying 0 < (z) < 1. Then, we have

the following result.

Theorem 1.8. ([37], Gross-Koblitz). Fora € Z and g =p",
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1.7 McCarthy’s p-adic hypergeometric functions

As mentioned in the introduction, results involving hypergeometric functions
over finite fields will often be restricted to primes in certain congruence classes. To
overcome these restrictions, McCarthy introduced a function ,,G,,[- - -], which can
best be described as an analogue of hypergeometric functions in the p-adic setting.
In this section, we recall the definition of p-adic hypergeometric functions introduced
by McCarthy. McCarthy’s p-adic hypergeometric function ,G,,[- - - |, is defined using

the p-adic gamma function as follows.

Definition 1.13. ([53, Definition 5.1)). Let p be an odd prime and g = p", r > 1.
Let t € F,. For positive integer n and 1 < k < n, let ai, by € QN Z,. Then the
function ,G,[- -4 is defined by

McCarthy proved the following lemma which establishes a relationship between

nt1Gnral -+ ] and 1 Fu(- - )q. In [53], he proved this lemma for I, but it also

holds for F,.

Lemma 1.9. ([53, Lemma 3.3]). For a fized odd prime power q, let A;, By € Iﬁq;
be given by w (@Y and @Y respectively, where w is the Teichmiiller character.

Then

AO; A17 ce An
By, ..., B, 0, by, ..., b, T

n+1Fn

TH-3689_206123021



1.8 SOME LEMMAS 23

The function ,,G,[- - -], often allows results involving finite field hypergeometric
functions to be extended to a wider class of primes. In [53], McCarthy gave an ex-
pression for the number of F,-points on certain elliptic curves in terms of 2Ga[- - -],
hypergeometric functions for all but finitely many primes. His result extended the
work of Fuselier [29] and Lennon [47] which were valid for primes in certain con-
gruence classes. Later, Barman and Saikia [12, 13] extended his work to prime
powers and found some new relations of these functions to the trace of Frobenius

endomorphism on elliptic curves.

1.8 Some Lemmas

In this section, we recall some lemmas that will be used to prove our results. We
first state a product formula for the p-adic gamma function, which is a reformulation
of multiplication formula for Gauss sums, follows from [37, Theorem 3.1]. If m € Z™,

p{m and x(q¢ — 1) € Z, then we have

T (((222)8) st o e, ().

i=0 h=0 =0 h=1

(1.9)

The following lemmas relate certain products of values of the p-adic gamma function.

We will use these lemmas to prove our main results.

Lemma 1.10. ([12, Eq. 6]). Let p be a prime and g =p",r > 1. For0 <a < q—2
and t > 1 with p1t, we have

ol () () - (2 2)

Lemma 1.11. ([12, Eq. 7]). Let p be a prime and g =p",r > 1. For0 <a < q—2
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and t > 1 with p tt, we have

oI ((20) e () - T (452 -22)).

The following lemma is the reformulation of the reflection formula for the Gauss

sums using Gross-Koblitz formula:

Lemma 1.12. ([17, Lemma 3.4]). Let p be an odd prime and ¢ = p",r > 1. For

0<a<q—2, we have

:]:irp << <1 4 #) >) b <<qafi1>> = (=D)w(=1). (1.10)

For0<a<gq—2 such thata;éq;;, we have

(3 - 2P “(?f D _ () (L)

i=0 L ({ENTL((5)

Finally, we prove two lemmas relating to fractional and integral parts of certain
rational numbers, which will be used to simplify certain products of the p-adic

gamma function.

Lemma 1.13. Let p be an odd prime and q = p",r > 1. Let d > 2 be an integer
such that ptd. Then, for1<a<q—2and0<1<r—1, we have

{qafilJ {qd—aﬂ : K > qafilJ_l‘ (112)

Proof. Let L dap’ J = dk + s, where k,s € Z and 0 < s < d — 1. This yields

—dan®
Wk +s+1,
g—1

dk + s <
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which implies

s _ —apt s 1
E+-< k+ -+ - 1.13
+d_q—1< +d+d (1.13)
and
gt b_awt s (1.14)
d ~d | ¢g-MF d '

Since a # 0, by (1.14) we obtain [;TI’;J = —k — 1 and hence the left hand side of

(1.12) becomes (d — 1)k + s — 1. Since p 1 d, we observe that

2 |(5) 552 5 )

For 1<h<d-1, (1.13) gives

h _h / h
kz+f+3§3— afl<k+f+—+—. (1.15)

If s =0, then {<%>— apiJ =kforh=1,...,d —1 and hence

S (8) -

h=

If 1 <s<d-—1, then (1.15) yields

h : k, if1<h<d-s—1;
{<_>_.ap J_ (1.16)
d/f q—1 k41, ifd—s<h<d-—1.

From (1.16), we obtain

> 1 K > q—1J =(d—1k+s.

h=
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Thus, for 0 < s < d — 1, we have

S (52 - — s

Therefore, the right hand side of (1.12) becomes (d — 1)k + s — 1. This completes

the proof of the lemma. [ |

Lemma 1.14. Let p be an odd prime and q = p",r > 1. Let | be a positive integer
such that ptl. Then, for0 <a<q—2and 0<i<r— 1, we have

Sl e

Proof. Let[ J lk + s, where k,s € Z and 0 < s <[ — 1. Then

()

lap

lk+s< 1<lk:—|—s+1,
which implies
s ap’ |
E+-< k+ -+ -. 1.1
+l_q_1< +l+l (1.18)

Using (1.18), we have L%J = k. Since p 1 [, we observe that

|- 7))

For 1 <h <1-—1, (1.18) gives

s h —h ap’ s 1 h
E+-——-4+1<(— k+>+-—-+1 1.19
tr-7+ _<l>+q_1< toty-7+ (1.19)

TH-3689_206123021



1.8 SOME LEMMAS 27

Ifs =0, then |(5) + 22| =k for all 1 < h <1~ 1 and hence

l

(1) o

1

If 1 <s<1[—1, then (1.19) yields

_ i k+1, fl<h<s:
K—h>+ ; J = 1 (1.20)
l q—1 k, ifs+1<h<l-—1.

From (1.20), we obtain

:1 K—Th> ’ qafilJ =(=Dk+s.

Thus, for 0 < s <1 —1, we have

l

i{<_7h>+qafi1J =k+ (- 1)k+s=1k+s.

h=0

This completes the proof of the lemma. |
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Certain Transformations of p-adic

Hypergeometric Functions

2.1 Introduction

In [36], Greene proved finite field analogues of several transformation, summa-
tion, and reduction formulas satisfied by the classical hypergeometric series. Since
then, numerous transformations and summation identities have been proved for
Gaussian hypergeometric series by several authors. These transformations for hy-

pergeometric functions over finite fields can be re-written in terms of , G| - -],

!The contents of this chapter have been published in Res. Number Theory (2022) and Int. J.
Number Theory (2024)

29
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30 CERTAIN TRANSFORMATIONS AND SPECIAL VALUES

and these results will hold for all ¢ where the original characters existed over F,.
Therefore, it is a non-trivial and important problem to find p-adic analogues of
identities satisfied by the classical hypergeometric series which hold for all but
finitely many primes. Only a few such results are known to date. For example,
see [11, 12, 13, 14, 15, 16, 31, 61, 62].

In this chapter, we study certain transformation identities and special values
of McCarthy’s p-adic hypergeometric functions, which are valid for all but finitely
many primes. First, we prove p-adic analogue of a transformation of Euler and a
transformation of Clausen. For this, we first relate a character sum to the p-adic
hypergeometric functions. Then, by finding the zeros of two p-adic hypergeometric
functions Gs[- - -],, we deduce the transformation of Euler. Then we use a char-
acter sum identity proved by Ahlgren, Ono, and Penniston to deduce the p-adic
Clausen’s transformation. Finally, we prove another two identities for the p-adic

hypergeometric functions which will be helpful in the subsequent chapters.

2.2 p-adic analogue of a transformation of Euler

The transformation due to Euler [65, p. 10] is given by

b b c—a, c—b
o F'1 lz| = (1—2) oFy |z | . (2.1)
c c
Greene proved a finite field analogue of (2.1) in [36, Theorem 4.4 (iv)]. In this

section, we prove a p-adic analogue (2.1) for some specific values of the parameters.

We first prove the following lemmas.

Lemma 2.1. Let p be an odd prime and q = p",r > 1. Then, for 0 < a < qg—2

suchthata;ﬁq;zl and 0 <1 <r —1, we have

2 7 —6 A 7 -3 )
o |2 | ||| ap
qg—1 qg—1 q—1 q—1
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(8- 228 ) e

Proof. If a = 0, then it readily follows that (2.2) is true. For a # 0, using Lemma
1.13 with d = 6 and d = 3, Lemma 1.14 with [ = 2, and the fact that |z]+[1—2] =0
if x ¢ Z, we readily obtain (2.2). |

Lemma 2.2. Let p be an odd prime and g = p",r > 1. Then, for0 < a < q—2 and

0<?<r—1, we have
_ 2ap’ _ —3ap’
qg—1 qg—1
g Ziz - ap’ - 20 A ap’ - ]iz K ap’ |
3 q—1 3 q—1 2 qg—1

Proof. Using Lemma 1.13 with d = 3 and Lemma 1.14 with [ = 2, we obtain the

desired result. [ |

We now prove two propositions which enable us to express certain character sums

in terms of the p-adic hypergeometric functions.

Proposition 2.3. Let p > 5 be a prime and ¢ =p",r > 1. For x € F, we have
12
1 9\ /3 =27 1 SPEL
o — | == 4+5G —
=1 EA 9(x)9(x")g(x )x( W g M€ I
x€Fg » 2 4

Proof. Let T be a generator of the cyclic group ﬁq;. Then we have

1 b (2T
A= %g(x)g(x )g(X*)x (ﬂ)

q(ql— 1) Z_: g(T)g(T?**)g(T )T <_4_i7> |
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Now, taking 7" = w and then applying Gross-Koblitz formula we deduce that

1 &2 , o7
A= —a —2a ——3a\—a
f(q— 1) 2 9@ e ( Iz )
122 o7\ = ap’ 2ap —3ap’
- - o (== ) T](=p)eT r T,((—2y),
i 27 () Tt 2 )
where a;, = ([57) + (i‘%’f} + <_q3’+f> Taking out the term for a = 0 gives
1 = < > — 2ap’ —3ap’
A = — az aF 1" F
D3 11 (I (20
_ 1
q(q —1)

Using Lemma 1.11 with ¢ = 3, Lemma 1.10 with ¢ = 2 and Lemma 2.2, we deduce

that
§2 o (2L Tyt eI + (5 = 25)
T 127 <) p)‘ (T ((EDTH(5)
xrp<<2§ DT~ L) -~

p

where s;, = — L<§> - %J - L<2§> — ;flJ - U%) + ;ﬁJ - {%J

Employing (1.10), we find that

|2 gy Lp({ZNTH((E + ZNT, (8 — «2y)
A= ——— ol 2 _p)Sia q a- q
-1 () 1= L, (BN, (E N, ()
2p° ap’ 1
. q(g —1)
3 21 1 1
=0 0 %|5 R ENRES
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12
3y 3 1 1
= 2G2 . |_ + 5
0, 3 .
This completes the proof of the proposition. [ |

Proposition 2.4. Let p > 5 be a prime and ¢ =p",r > 1. For x € F), we have

1 277\ 1 g 1
—— D9y [ =2 ) == +o(Bn) .Gy | %=
=1 ZFAXg(x)g(X )9(X )x( o ) , T PB2) 26 . -
X€Elg 5 ‘

= Dot

Proof. Let T be a generator of the cyclic group Iﬁq;. As in Proposition 2.3, we have

A= LSSy rr ().

q(q —1) =

Replacing a by a — q;21, we obtain

1 s a 2a —3a a =27
A= e oo (et @9

Using Davenport-Hasse relation for m = 2, 1» = T% and m = 2, ¢ = T3%, we have

g(T%p) = giia) Che) :
)T~

g(T_3a<p) — ( a)g(;f

= p=3e) () 9(@)T*(22)g(T")g(P)T*(27%) 1 (—27) '

g(T)g(T3) dr
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Lemma 1.2 yields

q—2 2
T a 6a _
3z) Z g°(T%)g(T" )Ta 27 x 4 '
T g1 & g(Te)g(T—) x
Replacing 7" by w and then applying Gross-Koblitz formula, we obtain

2

3x) = < —27 x 4) HpﬁlaF2(<2ap_1>)Fp(<f“f )

-1

a

where f3; , = 2(2‘”}) + (fi’f = (%> — (—) Using Lemma 1.11 with ¢ = 3 and

t = 6 and Lemma 1.10 with ¢ = 2, and then employing (1.11), we deduce that

e L (N Do — DL — D)
AT Z <>Hp TR (ENEENT(5))

 Do({5 + ZL((5 + N0, — 325)

CTHEY
e S (1) T Do = I - D)

q—lazg;_l ()HP (&) TH((ENT,((22))

P ap 0(3) T D((ENT,((Z))

x Tp({ 4 q— 1>) Cq(g—1) 11 Lo ((E)T,((2))

ERIE) (2.4)

Using (2.4) and Lemma 2.1, we obtain

ao P60 R (U Ty DS~ ST )
-1, = ()H( D D)

azO,a;éq;—l
< (LT + ) -
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@

where u;, = — {(%> — ;le — {<5gz> — ;_%J — L(%> + ;fllJ — U_LZJ . Adding and
1

subtracting the term for a = %

1 & ¢ 1
6> 6
A=—+¢(3z) G, -
v2
q
This completes the proof of the proposition. [ |
12 1
Next, we classify the zeros of the function ,G, P’ |—| in the following
0, L 7
12

theorem.

Theorem 2.5. Let p > 5 be a prime and ¢ = p", r > 1. Let x € Fy be such that

x#0,1. Then
1 2 1 5
3y 37 ]_ 6’ 6 1
2Gy ’ j |E = 9Gy ° ? |_ =0
Oa 2 . 07 2 q

if and only if (3z(1 —z)) = —1.

Proof. Here, xz € IF, is such that  # 0,1. From Proposition 2.3, we have

1 27\ 1 HiE Y
A= == Ng(P)x (== ) == +.G | 27 2 2] . 2.5
D) 2 90s () = a6 | UL e
X€F; % 2 q
Also, from Proposition 2.4, we have
1 5
1 6 6 .1
A==+0Bx) Gy | 7 ° = (2.6)
q 0, %
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Now,
1 —27
gy Tt ()
q@_l)E;ﬂxmu>¢xn: "
x€Fg
_ 1 S N - (—_27)
q@_l)E;mxmu>mxnf .
x€Fg
1 _sﬂYﬂgQ?%_(—27)
= gIxX)9gxX X
-1 22 (=X
x€Fg
By using Lemma 1.2 and Lemma 1.5, we obtain
1 a (27 J(e,e) q—1
A=—— % — | —1- ; 1 2.
q_1§;Ju¢xn<@) T (2.7)
x€Fg

Using (1.3) and (1.5), we have J(g,&) = ¢ — 2. Putting the value of J(e,¢) in (2.7)

and then using (1.4), we obtain

1 27
A=-—-1+4—OS x(=
q +q—1 X(%>J
xGFX
1 7
— N dl
q X(4>J
xGFX
1 1 _(2Ty* (1 —y
=--1+—> Y % 21 —y)) (2.8)
q qg—1 Az
yEFXeFx

By using Lemma 1.1, we know that the inner summation in (2.8) gives nonzero value
only if the cubic equation 27y*(1 —y) — 4z = 0 has a solution in F,. It is well-known
that a cubic polynomial has exactly one root in F, if and only if its discriminant is
a non square in F,. The discriminant of the polynomial 27y*(1 — y) — 4« is equal
to 16 x 27% x x(1 — x). Hence, from (2.8) we deduce that A = - if and only if
¢(3x(1 —z)) = —1. Using (2.5) and (2.6), we complete the proof. |
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2.2 p-ADIC ANALOGUE OF A TRANSFORMATION OF EULER 37

In the following theorem, we prove a transformation for the p-adic hypergeo-
metric function which can be described as a p-adic analogue of (2.1) for certain

particular values of a,b, and c.

Theorem 2.6. Let p > 5 be a prime and ¢ = p”", r > 1. Then, for x € F, such that
x # 0,1, we have

1 2 1 5 1
2Go | 7 22| =p(l—2)-aGy | T | (2.9)
0, % 1
) 2 q ) 2 q
Furthermore,
1 2 1 5
2Go | PP =eB3) Gy | Y C ] (2.10)
0, % e
bl 2 q ) 2 q

Proof. If x # 0, then combining Proposition 2.3 and Proposition 2.4, we obtain

12 15
2Go | PP 2] =0Br) 0G| O Y =] (2.11)
0 + 7T 0. 1 T
) 2 q b 2 q

By taking x = 1, we obtain (2.10). If = # 0,1, then ¢(3z(1 — z)) = £1. If
©(3z(1 —x)) =1, then ¢(3z) = ¢(1 — x), and we readily obtain (2.9) from (2.11).
If (3z(1 — z)) = —1, then we obtain (2.9) by using Theorem 2.5. This completes
the proof of the theorem. [ |
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2.3 p-adic analogue of Clausen’s classical identity

The following transformation for classical hypergeometric series is a special case

of Clausen’s famous classical identity [7, p. 86, Eq. 4].

N

1
g x

3F2 ’.Z' = (1 — l’)_l/Q 2F1

| (2.12)

r—1

Ll
— N

— e

A finite field analogue of (2.12) was studied by Greene [35, Proposition 6.14]. In
[27], Evans and Greene also gave a finite field analogue of the Clausen’s classical
identity. The p-adic analogue of (2.12) is proven in [14, Theorem 1.3], but over F,.
In the following theorem, we prove a p-adic analogue of (2.12) over a finite field F,,.
We use a character sum identity of Ahlgren, Ono, and Penniston [3, Theorem 2.1]

to deduce the following transformation over I,,.

Theorem 2.7. Let p be an odd prime and g = p", r > 1. Then, for v € F, such
that x # 0,1, we have

=

3
1 1 rz—1
5Gs 2| =¢(1-2)-:6 | —q-li-2)

q q

=
=}

Proof. In [3, Theorem 2.1], Ahlgren et al. proved that if A € F, such that A # 0, —1,
then

AN q) = oA+ 1)(a(r, q)> = q), (2.13)

where a(), q) and A(), q) are defined as

ana)i= e (-0 (- 57)).

z€lFy

AN g) =Y play(z+1)(y+ 1) (x + My)).

z,y€Fq
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We now define

b= 5 Y x (X) X (2.14)
Then using (1.4) in (2.14), we have

= 7 X (5) x-0I00er

Iq_% Ax(_i‘yz> > el =z)p(l—y)p(l - 2).

XG]F; xnyZe]Fq

Using Lemma 1.1, we obtain

M) = 3 w1 - 2)p(d - ) (1+i)

Ty
z,y€Fy

= > @1 +2)(1+yay(zy + N)

z,y€fy

= Z o((1+2)(1 +y)zy(z + yA))

x,yeF;

= A()\,q). (2.15)

Now applying Lemma 1.5 in (2.14) and observing that @* (—1) = (—1)* and

3(4 — @) 4 3(22) — 3(2) = —3|(%) — 2] — 3|2, we have

q—1

_ 1\ £ &@)g° ()
hmiq—l AX<) g

X
Xe]Fq

1 4—2 1 r—1 i i i i
- LY (X) T](—p)% -instiEn-ss)
q- a=0 i
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-2 r—1 . . .
b (2 e 85—t |3 22
NEEE o EA ETE e
-1 A i=0
T3 - )
)
11
A= 216)
0 0 O
q
Combining (2.15) and (2.16), we have
Lo
ANg) =Gy | = 7 * |
0 0 0

q

We now consider a character sum which is related to a(\, q).

5 E (V) Q) (i)

x€Fg

Using (1.3), we have

p=22 > Jex® X (ex: X)x (L>

g—1 &~ 4(A+1)
x€Fg
p(=2) S - A
7—1 Z (X 2x)J (X, @)x <4(A+1)
x€Fg
By [3, Lemma 2.2], we have
2\
B=—-¢p <>\—+1> —¢(=1)a(A, q). (2.17)
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Employing [14, Proposition 1], we have

13
2\ 01 A + 1
B=—p (o) —p(=2)2Gy | £ 15— (2.18)
A+1 A
0, O
q
Combining (2.17) and (2.18), we have
13
o1 A+1
a(\q) = (2) 2Gs | T |2
0, 0 A

2

Wy 1 g 1Lo3 oy
e ~ = p(1+X) oG, | ¥ ° N —q (14 A).
0, 0, 0 0, 0
q q
Putting A = —z we obtain the required identity. [ |

Remark 2.3.1. In [3], Ahlgren et al. proved (2.13) for A € Q such that A # 0,—1
(mod p). It is easy to check that their proof works if X € F, \ {0, —1}.

2.4 Some more transformations for ,G,|[ -],

In a recent paper [68], Barman and Tripathi found an identity expressing a 4F3-
Gaussian hypergeometric series as a sum of two , Fj-Gaussian hypergeometric series.
In a very recent paper [69], Tripathi and Meher proved finite field analogues of certain
classical identities that relate Appell series to classical hypergeometric series. As an
application, they also found another such summation identity over finite fields. In
this section, we prove two identities for McCarthy’s p-adic hypergeometric functions.
Our first summation identity generalizes the summation identities proved in [68,

69]. The second identity relates p-adic hypergeometric functions ,49Gp 2| - - |, and
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nGnl- -+ ]p- These identities will be used to prove some of our main results in Chapter
4. We first prove the following lemma relating to fractional and integral parts of

certain rational numbers.

Lemma 2.8. Let p be an odd prime and ¢ = p", r > 1. Let x = "} be a rational

number such that ged(m,d) =1. For0<j<qg—2 and 0 <i<r —1, we have

{<xpi>_q2fp"1 J:WQ qulilJ+{<(1+;)pli>_qul J 2.19)
{<xp>+2ﬂp1J K§> quflJ+K<1+2x>pl>+qull J 220

Proof. Let y := {xp'). Then ¥ is equal to either <%> or <ﬂ> -

2 2

1
2
and § = <xp > then we have <%> =4 Ify = (zp') and ¥ = <x7’i> —

2

we have <%> = £. Therefore, to obtain (2.19) we need to prove that

2jp’ 1% 1+ P’
TRy | LA ) ek SN (2.21)
qg—1 2 qg-—1 2 qg—1

We can write Ly sz J = 2k + s, where k € Z and s € {0,1}. This yields

2k +s<y-— qupil <2k+s+1,
and hence
R ) 222
k+5;1§y;1—d?l<k+1+g. (2.23)
From (2.22) and (2.23), we have L% — J = k and VH - qupilJ = k + s, respec-
tively. Therefore, both the sides of (2.21) are equal to 2k + s. This completes the
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proof of (2.19). Now, to obtain (2.20) we need to prove that

2jp’ y g l+y  jp'
— |2 . 2.94
{“q_J {2+q—1 RS (2:24)

We can write Ly + %p;J = 2k + s, where k € Z and s € {0,1}. Clearly, both the
sides of (2.24) are equal to 2k + s. This completes the proof of (2.20). |

We now prove an identity for the p-adic hypergeometric functions. In the fol-

lowing theorem, we prove a general identity expressing a 4G4[- - - ], hypergeometric
function as a sum of two 2G[- - - |, hypergeometric functions.
Theorem 2.9. Fork =1,...,4, leta, = 7;—: be rational numbers such that ged(my, dy,) =

1. Let p be an odd prime such that p { didadsdy. Let g =p", v > 1 such that ¢ = 1
(mod d), where d =lem{d,,ds,ds,ds}. Then, for v € F,, we have

al 1+a1 a2 1+ao
ai, az ai, az 2 2 1 20 2 9
QGQ |ZL" + QGQ — X = 4G4 X
as l14+a3 a4 1+ay
as, Q4 as, Q4 o5 o5 T g9
) a ’ q 2 2 1 92 2 q
Proof. For x € F, let
ai, ao ai, a2
Am = 2G2 |SL’ + 2G2 — X
as, a4 as, a4
q q
Then,
1« - S (S [fawrth- 25 |4 sy 225 )
_ — i=0 k=1 q—1 k=3 q—1
A = — (@ () + &' (—2))(—p)
q— =0

g T (G = ) Tl (o 25))
to 0 Dp(lap)Tp((azp )T p((—asp))Tp((—asp?))
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Since w’/(—1) = —1 if j is odd and @’/ (—1) = 1 if j is even, we have

Am = — 2 - ij(xx_p)*Z;;ol (22:1 {(akp) J+Zk 3“ akpi)JrLPiJ)

o« ﬁ I_Ii:1F <<akpi — %>) Hi:g Fp << (lkp + 2]p >>

) e e e

We have di|(¢ — 1) for k = 1,...,4. Using (1.9) with m = 2 and = = a;, — % for

k = 1,2, we obtain

x Ly <<<1;akqf1)pi>). (2.26)

Again, using (1.9) with m = 2 and & = —ay, + 2 for k = 3,4, we obtain

[T (e 25) 1)) =2 (20 e) H 5 ({5 ) )

r

p

x T, (<(1—2ak+qi1>pi>>. (2.27)

Using (2.19) with = a; for k£ = 1,2 and (2.20) with © = —ay, for k = 3,4, and

/~
o[

then adding the obtained equations, we deduce that

5o 2| a2
)2
S 2L 2 e
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Substituting the expressions (2.26), (2.27), and (2.28) in (2.25), and then using the
A4
fact that I, <<%>) =1, we obtain

q-3

2 2 , .

Ay = =22 NG () (—p)” Zi0 s
q—1+%
7=0
r—1
N
>< 7.]

~o Po({arp)) Ty ((aap) )Ty ((—asp’) )Tp((—aap’))”

7

where o = @(2(@+e2—as=a)(a-1)) and

S ([(e)- e (er) )
o3 (| (2 |0 .
w10 (((5 - 20) ) s (52 -25)7)

ol S5 )

q—3
- 2a EQ:B
T — q— 1 ' i
7=0
g=3 q=3
J J
%1 =0 A =0
o z. a 2
=———> " Bj——— Y B, .1,
¢—14= q—1 =~
2
=95 N *22;131',' r—1 N; ;
where B; = &¥(2)(=p)” == [lico m i arnr ety eapn Ve can
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easily check that Nm._ﬂ = N, ;. Also,

Let

Then,

a\[2 ¢g—1 2 2 g—1 2
N - Q% jr' _1J+{1+yk Jp' _1J
\|2 "¢-1 2 2 —
.

A, =——_%"B, (2.29)

Using (1.9) with m = 2 and x = a; for k = 1,2; and with m = 2 and © = —a;, for
k = 3,4, and then multiplying all the obtained equations, we have

| (f[ r, (<akpi>>) (H r, <<—akpf>>)

i=0 \k=1

ST () ) (22
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A () e

Am == 4G4 X
a3 14a3 as 14ag
20 "2 220 T2
q
This completes the proof of the theorem. [ |

If we substitute as =1 — ay,a3 = 0, and a4 = 0 in Theorem 2.9, then we obtain
a p-adic analogue of [69, Theorem 1.3] for ¢ = 1,d; + 1 (mod 2d;). If we substitute
ag = 0 and ay = %, then for ¢ satisfying ¢ = 1 (mod d;) and ¢ = 1 (mod 2dy), we
obtain a p-adic analogue of [68, Theorem 1.8].

We now recall a property of the p-adic gamma function in the following propo-

sition.

Proposition 2.10. ([59, p. 369]). Let x € Z,. We have I'y(1—z)[,(x) = (—1)%®),
where ap(x) € {1,2,...,p} such that x = ap(z) (mod p).

Lemma 2.11. Let p= —1 (mod d). Then, for 0 <n < p— 2, we have
L ((F o+ 2) B (G 20) 0 (-2 )) B (- 72)
Ly ((3)" T ((455) |

Proof. Suppose that d = 2. Then for n # ’%1, using (1.11) with » = 1, we ob-

tain the required result. If n = ’%1, then using Proposition 2.10, we obtain the

required result. Now, we consider d # 2. Let z := % + St and y o= 1y S

n

Then 1 — 2z = —Eandl—y:

d—1
d
r, (<é>)2f‘p (<%>)2 = 1. Note that for d # 2, x and y are not integers and hence

% — ]%. Using Proposition 2.10, we obtain
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(1—2)=1—(z)and (1 —y) =1— (y). Thus, we have

Ly ({2)) Ty (L= 2)) T () Tp (L = 9)) = T ((2)) Ty (1 = (2)) T, ((9)) Ty (1 = ()
— (_1)ao(<$>)+ao((y>).

Hence, to complete the proof of the lemma, we need to prove that

(=1%o Faol) — 1.

Case 1: 0 < n < 2L,

Clearly, (z) =1 + - and (y) = &* + -5 Also, we have

n p+1 _
+ ] ( y n) =0 (mod p),

—n) =0 (mod p).

d p—1 d
Furthermore, 24 — n, % —n € {1,2,...,p}. Thus, ao({z)) = 22 — n and
ag({y)) = % — n. Therefore, ao({x)) + ap((y)) is an even number and hence,

we are done for this case.

. p—1 (d-1)(p—1)
Case 2: pT<n<+.

Clearly, (z) = 3 + -7 and (y) = —2 + - Also, we have

p—1
1 n (d+1)p+1
it p=1 ( d ”) (mod p),
1 n (d-1)p—1
—m | A = dp).
d+p—1 ( g n) 0 (mod p)
Furthermore, @2l @=Up=1 )y o (9 9 pb Thus, ap((z)) = G2 _p
and ag((y)) = % — n. Therefore, ao({x)) + ap({y)) is an even number and

hence, we are done for this case.

Case?):%<n<p—l.
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Clearly, (z) = =& + - and (y) = -1 + -7 Also, we have

() ) L
L, » (%—n)zo (mod p).

Furthermore, (dﬂ)pdf(d*l) —n, (2d72l)p71 —n €{1,2,...,p}. Thus, ag({z)) = _(dH)Pd*(d*l) _

n and ao({y)) = Wi% —n. Therefore, ag((x)) + ap({y)) is an even number. This
completes the proof of the lemma. [ |
Next, we prove a transformation between ,12Gy 42| -], and ,G,[- - - ], hyperge-

ometric functions.

Theorem 2.12. Let p be an odd prime. For a positive integer n, let ai, by € QNZ,
for k=1,...,n. Let d be a positive integer. If p = —1 (mod d) then, fort € F,

we have
Ay, ..., Qnp, éa dT;l ap, a, y Qn
n+2Gn+2 ] i1 |t — nGn |t
b17 000 g bn7 4 T d . b17 b?a ) bn »
Proof. We have
1 d—1
ai, <y Qny gy g
n+2Gn+2 I ¢ it
b oy by, %, &
15 ) ny  do d »
1 e
— e S ()P 2.31)
5=0

where
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)T ({5 —2;%1» L ()

Let a := |Z=1| and b := L%J. Taking j in the intervals [0,a], [a + 1,b], and
[b+1,p — 2] respectively, we obtain §; = 0. Using Lemma 2.11, we have N; = 1.

Substituting these values in (2.31), we complete the proof of the theorem. [ |
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Diagonal Hypersutaces and p-adic

Hypergeometric Functions

3.1 Introduction

Let D¢ denote the family of monomial deformations of diagonal hypersurface

over a finite field [F;,. These families are of the form:

DX X4+ X = N X X (3.1)

!The contents of this chapter have been published in Int. J. Number Theory (2024) and Finite
Fields Appl. (2024).

51
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52 DIAGONAL HYPERSURFACES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

where d,n > 2, h; > 1, > | h; = d, and ged(d, by, ha, ..., hy) = 1. Let #D4(F,)
denote the number of points on the hypersurface (3.1) in P*~*(F,). The Dwork
hypersurface is the case when d = n, that is, hy = hy=---=h,, = 1.

Let d be an odd integer, and let ¢ =1 (mod d). In [33], Goodson expressed the
number of points on the Dwork hypersurface over F, as (¢%~* —1)/(¢ — 1) plus a
sum of finite field hypergeometric functions as defined by Greene [36]. On the other
hand, formulas for the number of points on the Dwork hypersurface over a finite
field F, in terms of McCarthy’s p-adic hypergeometric function G| - -], are known
in the general case (see, for example [10, 34, 54]).

In this chapter, we provide a formula for the number of F,-points on the hyper-
surface (3.1) which holds for d > n as well (the non Dwork case). In [44], Koblitz
expressed #D$(F,) in terms of Gauss and Jacobi sums under the condition that
q =1 (mod d). Using Koblitz’s formula, Salerno [63] expressed #D{(F,) as a sum
of hypergeometric functions over finite fields as defined by Katz [41], under the
condition that dhy---h, | ¢ — 1. We find a formula for #D{(F,) in terms of Mc-
Carthy’s p-adic hypergeometric function when ged(d,q — 1) = 1 and n € N. We
then show that the same result holds for n = 2 without assuming the condition
ged(d, g — 1) = 1. We also provide a result that proves the number of distinct zeros
of a polynomial over F, is equal to the number of points on a subfamily of diag-
onal hypersurfaces. Before we state our main results, we define rational numbers

bi,ba,...,bq_1 as follows.
Notation 3.1.1. We have two cases according to d =n or d > n.
e (d=mn) In this case hy = --- =h, = 1. We take by =by = --- =bg_1 = 0.

e (d > n) In this case one or more h; is greater than 1. We take by = by =

o = by—1 = 0; and corresponding to each h; > 1, we take b; = %,bh =
J
h%?"'?bjhj—l = h"};l contributing to the remaining d — n values of b; (i =

n,n+1,...,d —1). For example, if hy = h3 = 1,hy = 2, hy = 3, then n = 4,
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d=hy+hy+hs+hy =7, and hence by = by = b3 =0, by = % (corresponding

to hy), and by = 3,bg = % (corresponding to hy).

3.2 Number of F,-points on the diagonal hyper-
surfaces and p-adic hypergeometric functions
We first need to prove a lemma which will be used in the proof of our result.

Lemma 3.1. Let p be an odd prime and q = p",r > 1. Let d > 2 be an integer such
that ged(d, p(q — 1)) = 1. Let hy, ..., h, be positive integers such that > ;_, hy =d
and ged(hy -+ hy,p) =1 Then, for1 <a<q—2 and 0 <i<r—1, we have
—dapiJ " {hkapiJ
+

d—1 , g n hy—1 A : .
hp' ap" —hp' ap" ap"

=2 |\a) o)t e W =R
h=1 q- k=1 h=0 4 q- 7=

Proof. Putting [ = hy, for k =1,2,... ,nin (1.17), and then adding them we have

ol LA [ A

k=1 k=1 h=0

We now readily obtain the required identity by adding (1.12) and (3.2). |

We now prove our theorem which expresses the number of F,-points on the

diagonal hypersurfaces in terms of p-adic hypergeometric functions.

Theorem 3.2. Let p be an odd prime and q = p", r > 1. Let d > 2 be an integer
such that ged(d,q — 1) = 1. If DY is the diagonal hypersurface given by (3.1) such
that X # 0 and p{ dhy - - - h,, then the number of points on D{ in P"~Y(F,) is given

TH-3689_206123021



o4 DIAGONAL HYPERSURFACES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

#DA(Fy) = ———

where the b;’s are as given in Notation 3.1.1.

Proof. Let N{(X\) denote the number of points on the diagonal hypersurface D in
A"(F,). Then we have

Nd(\) —1
#D§(Fy) = —-——. (3-3)
q—1
Let T = (21,2, ...,%,) and f(Z) = 2%+ 2¢+ - - + 2% — dXz* - - - 2/ and using the
identity
_ g, if f(z) =0;
> 0(zf(@) = o
z€Fy 07 if f(x) 7£ O?
we obtain

¢ NI =Y 0(zf(@)

2€Fg x; €y

="+ > @)+ > Y 0(zf(@). (3.4)

some
2€FY

. X
Z7x7~€IFq a x;=0

Consider a polynomial f1(Z) = 2{+- -+ and let N, be the number of solutions of

the equation f1(Z) =0 in A"(FF,). Since d is an integer such that ged(d,q —1) =1,

d

therefore x — 2 is an automorphism of Fy. This gives that N(; = ¢" ! Also,

repeating the same process for fi(Z) as done in (3.4) for f(¥), we deduce that

¢-Ny=q"+ ) 0:H@)+ Y D 0=hH(@).

x x some
z,x2,€Fg z€lfy ;=0
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Thus,

YD 0@ =— D 0(zL@). (3.5)

x some omX
zelg ;=0 z,2;€Fg

Also,

D2 EA@) =), Y @), (3.6)

x some x some
z€Fg 4. =0 z€Fg  4.—0

Combining (3.4), (3.5), and (3.6), we obtain

¢ NN =q"+ Y 0=f@)~ ) 6(zh(z))

X X
2,2;€Fq z,2i€Fg

—¢"+ A- B, (3.7)

where A= %" o< 0(2f(T)) and B := X", | px 0(2/1(T)). We now evaluate the
values of A and B, respectively. Firstly, we calculate B. We have

B= 3 O+ +ad))= 3 6(x(ad) - 0(=(a)).

X X
z,x;€Fg z,x;€Fg

Lemma 1.4 yields

1 q—2 B ~ a a
B:W Z Z g(T=) o g(T™9) T (zzd) - - - T (22%)
1 zavqbe]F;< ai,...,an=0
1 a2
= (q — 1)71 Z g(T*m) g<Tfan>
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The inner sums are nonzero only if a;+- - -+a, =0 (mod ¢—1) and ayd, ..., a,d =0
(mod g — 1). Since ged(d,q — 1) = 1, all the congruences simultaneously hold only
if ay = --- = a, = 0. Using the fact that g(¢) = —1, we obtain B = (—1)"(¢ — 1).

Next, we calculate the value of A. We have

A= Y 0(zf@) = > O(z(af+-- +al — A}t aln))

Z,J?Z‘GF; z,xiE]F;
= Z 0(zx) - O(zxd)O(—2Adx™ - 2.
z,xiGF;

By using Lemma 1.4, we obtain

q—2

A :; Z g<T—a1) L . . g(T—an>g(Tfan+1)

X Z T (22%) - - . T (222 )T+ (—dzzht - - - )

n

Z,:l?iEIF‘;
1 =
ST 2 AT g T (M)

. Z Ta1+...+an+1(z> Z Ta1d+an+1h1<x1)... Z T“"d"'a"“h”(xn).

ZG]F; (ElGF; anF;

The inner sums are nonzero only if a; + -+- + a,.1 = 0 (mod ¢ — 1) and a;d +
api1hi, ... and + apiihy, =0 (mod ¢ — 1). For 0 < a < g — 2, we have a; = h;a

(mod g—1) fori=1,...,nand a,+; = —da (mod ¢—1) as ged(d,q—1) = 1. Thus

N
no

A= 37 gty g(T o) g (T T4~ \d). (33)

S
I
o

Taking 7' = w, and then using Gross-Koblitz formula, we obtain

A1y 5 <,; <Zkfp1i> " <f€i>>

(=) (~p) D

V]

Il
o

a
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r—1 . n .
—dp'a hep'a
< [T 11T, . (3.9)
i=0 ¢—1 k=1 ¢—1

Applying Lemma 1.11 with ¢ = d and Lemma 1.10 with ¢t = h;, we have

)

_ T =1 p
Xizog L'y <%>) k=1 lg) Ty <7L

p'i
)
a]i J . We now have

d
<—dapi> w - {hkapiJ 3 {—d
q—1 —~lg—1 q

where M, ; :

I
o~
I 3
2
T
I
| | 2
— |
\/
b
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Employing Lemma 3.1 and (1.10), we obtain

q—2
A= (21 (1) Y B ()TN B ()R
a=1

d—1 i i n hy—1 i 5 i
where N, ; 1= _}; th > 2 %J -3 % K—:}f’ >_|_;_L1J + U_%J .For0<a<
q — 2, it is observed that

na (82 22)) ma (4 22))
H hp - H —hpt ' (3'1())
= L) = n(EE)

Adding and subtracting the term under summation for a = 0, and then using (3.10)

yield

T q
15 G s 1 )
2 - PAN 4 h>1 PAN
Since w*(—1) = (—1)%, we obtain
12 dl
A= (=) [1-g—qlg—1) - au1Gay | &7 77 4 NP bl ,
bi, bay ..., ba—y

q

where b;’s are as given in Notation 3.1.1. Substituting the expressions for A and B
in (3.7), and then using the relation given by (3.3), we complete the proof of the

theorem. H
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If d is a prime, then the condition ged(d, g—1) = 1is equivalent to ¢ Z 1 (mod d).
The condition ged(d, ¢—1) = 1 is very crucial in the proof of Theorem 3.2. Finding a
formula for # D¢ (F,) in terms of McCarthy’s p-adic hypergeometric function without
assuming the condition ged(d, g —1) = 1 seems to be a difficult problem. In the next
theorem, we find such a formula without assuming the condition ged(d,q — 1) =1

for a particular family of diagonal hypersurfaces, namely
DY 2l 4 2l = dhakad*, (3.11)

where d > 2, k > 1, and ged(d, k,d — k) = 1. Barman and Saikia [15] expressed the
number of points on (3.11) over F, in terms of McCarthy’s p-adic hypergeometric
function when k£ = 1. In the following theorem, we express the number of points on

the hypersurface (3.11) over F, for any k£ > 1 and without assuming the condition

ged(d, g — 1) = 1.

Theorem 3.3. Let p be an odd prime and g = p", r > 1. Letd > 2 and k > 1
be integers, and let Di’k be the diagonal hypersurface given in (3.11) such that p 4
dk(d — k). Then, for A # 0, the number of points on Di’k in PY(F,) is given by

d—1

IR R

Ul

1
d’

bla b27 ey bd—l

#DVFF,) =1+ 41Gq INEE(d — k)R

where b;’s are as given in Notation 3.1.1 with hy =k and he = d — k.

Proof. Let N, j()\) denote the number of points on the diagonal hypersurface Di’k in
A%(F,). Then we have

(3.12)
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Let f(zy,20) = 2¢ + 28 — d\a¥23 " and using the identity

S 0=/ (w1, 2)) = g, if fz1,22) = O;
z€l, 0, if f(xy,29) #0,

we obtain

¢ NI =D > 0(zf(21,72))

2€F z;€Fy

= q -+ Z Zf (L’l,ZEQ Z Z 9<Zf(l’1,$2))

T, IQEF ZEF; Zomg

= ¢+ A1+ By, (3.13)

where A; = Z O(zf(xq1,22)) and By = Z Z (z2f(x1,2)). Firstly, we

z,ziEF; z€F X somg

calculate B;. We have

Bi=) Y 0(zf(xi,22))

some
z€FX

a z;=0
—q—1+ZZQZx1+ZZ (zzd). (3.14)
2€F z1€Fg 2€Fg z2€Fg

Using Lemma 1.4, we rewrite (3.14) as

Bl—q—l—i-—ZZZg NT(zz%)

2€Fy zeFy a=0

—q—1+—zg )Y T2) Y T )

—(g—1).

We obtain the last equality by using the fact that the inner sum is nonzero only if
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a = 0 and putting g(¢) = —1. Next, we simplify the expression for A;. We have

A = Z 0(zxf + 228 — dhzatzd=")

X
z,x1,22€F

= ) 0(z)0(za5)0(—drzafal "),

2,L1,22 E]F;<

Applying Lemma 1.4, we obtain

1 s -1 —m —-n
AlZMM;n: g(T")g(T™™)g(T™") x

0
Z T (22 T™ (22T (—d Mzt x37F)

2,71,22€F

Z 9(T “M)g(T) T (—dA)

lmn 0

Z Tl—i—m—i-n(z) Z le—&-lm(xl) Z Tdm+(d7k)n(x2)'

z€Fy z1€Fg z2€Fg

The sum over z € F is nonzero only when n = —m —[ by Lemma 1.1. Making this

substitution, we deduce that

l+m —l—m
M= LS AT T g
1,m=0
Z Td—k)l—km(xl) Z Tkm_(d_k)l(l’2>. (315)
;B1EF5< xQEF;

Inner sums in (3.15) are nonzero only when
km=(d— k) (modq—1). (3.16)

We now solve (3.16) for [ and m and find all its possible solutions. Consider ged(q—
1,k) = ko and ged(q — 1,d — k) = dy. Take k; = % and d; = %. We have
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ged(k,d — k) =1 as ged(d, k,d — k) = 1. Since km = (d — k)l (mod ¢ — 1), hence
ko | I which implies | = akq for 0 < a < qk;ol — 1. Also, gcd(%, k1) = 1, and hence
we obtain [ = ka where 0 < a < qk;ol — 1. Corresponding to each [ depending on «,
we have ko values of m given by m = (d — k)a + quk;ol where 1 = 0,1,..., ko — 1.
Therefore, the total number of solutions for (3.16) is ¢ — 1.

Claim: All the solutions are given by [ = ka (mod ¢—1) and m = (d—k)a (mod ¢—
)for0<a<gqg-—2.

Proof of the Claim. Since ged(ko, d—k) = 1, there exists a 2z; such that (d—k)z; =1
(mod ko). For any o and 0 < r < ko — 1, one can easily check that | = ka = ka
(mod g—1) and m = (d—k)a—i—r% = (d—k)a (mod g—1) fora = a—i—%ml. We
now need to check if any solution is repeating or not. Suppose ka = kb (mod ¢ —1)
for some a and b. Then kia = k1b+ %xo for some xy. Also, suppose that (d—k)a =

(d— k)b (mod g — 1). Then
dodla = dodlb aF (q — 1)y0, (317)

for some y9. We now have kidodia = kidodib+ k1(q—1)yo. Substituting the value of
kia from above, we get dodyzo = yokok; and hence zq = kz and yo = (d—k)z for some
z. Putting the value of y, in (3.17), we get (d—k)a— (d—k)b = (¢—1)(d—k)z which
gives a = b (mod g — 1). Therefore, the solutions are given by [ = ka (mod ¢ — 1)
and m = (d — k)a (mod ¢ — 1) for a = 0,1,...,q — 2. This completes the proof of
our claim.

Hence, the inner sums in (3.15) are nonzero only if [ = ka (mod ¢ — 1) and
m = (d —k)a (mod ¢ — 1), where a =0, 1,...,¢ — 2. Substituting these values of
and m in (3.15) yields
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Considering n = 2, hy = k, and hy = d — k in (3.8), and proceeding along similar

lines as shown in the proof of Theorem 3.2, we deduce that

12 .., &l
Ar=q—1+q(g=1)-41Gar | ¢ TR (d = k)R
by, b, ..., by

q

where b;’s are as given in Notation 3.1.1 with hy = k and hy = d — k. Substituting
the values of A; and Bj in (3.13) and then using the relation (3.12), we complete
the proof of the theorem. [ |

3.3 Polynomials and diagonal hypersurfaces over

finite fields

Let NY(\) denote the number of points on the diagonal hypersurface DY in

A*(F,). Then we have

Ni(\) -1
il = 3.18
Let f(zy,20) = 2% + 2d — d\zkz$*. One can dehomogenize f(x,z5) to obtain

a(y) == y? —d\y* + 1. Also, if 0 is a root of gy(y), then (af, @) lies on f(xq,z2) = 0
for all @ € Fy. Suppose g\(y) has r/()) distinct zeros in F,. Then, N(\) =
(g — 1)ry(A) + 1 and hence,

#DVE =1 (N). (3.19)

In this section, we relate #Di’k to the number of zeros of another polynomial over
F,. In the following theorem, we prove that #Df\l’k is equal to the number of distinct

zeros of the polynomial fy(y) =y *(1 — y)* — (d\)~%

Theorem 3.4. Let d > k > 1 be integers such that ged(k,d) = 1. Let p be an

TH-3689_206123021



64 DIAGONAL HYPERSURFACES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

odd prime such that p { dk(d — k). Let ¢ = p", v > 1. For A € F, let fa(y) =
YRl — y)* — (d\)~? € F,ly], and let ry(\) be the number of distinct zeros of
A(y) in By Let #DY* be the number of points on DY* in PY(F,). Then, we have
re(A) = #Dik

Proof. For a € F, we consider a character sum defined by

dy , (od—k
Cld ko) = Y 9(x")g(X : )x(a)
~ 9(x*)
x€Fy
We note that if k; = ged(k,q — 1) and k = kiky such that ged(ke,g — 1) = 1 and
¥ = ¢ for some Y € Iﬁq;, then x* = e. We first write C(d, k, @) in terms of the
number of distinct zeros of the polynomial h,(y) = y?*(1 —y)* — (=1)**a € F,[y].
Applying Lemma 1.5 and then using (1.4), we have

d\ , (d—k .
C(d,k,a) = ZA 9(x )gg(é(k) )x(@)

= Zid"“(—l)J(Yd"“,Y’“)x(a) y Z(q— 1)x*(—1)x(e)d(x")
£ ZA XTI ) x(a) — ZA (¢ — Dx((—1)%)
SO Ce = B DY TR N(CRLO N CED

By Lemma 1.1, the inner sum of the first summation of (3.20) is nonzero only if

h(y) has a solution in F,. Let n () be the number of distinct zeros of h,(y) in F,.
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Then

C(d, k) = (g = Dngla) = (@ —1) Y x((=1)%). (3.21)

We can also write C'(d, k, «) as

k

g(xHg(x* ") g(x*) x (@)
cld. ko) EZ g(x*)g(X")

_ Z 9099 () x(a) > g(x)g(x**)g(X*)x (@)

9(x*)g(x") ~ g(x*)g(x")
x€Fg, x€Fg,
x*1£e xM1=¢
Using Lemma 1.2 in the first summation and the fact that g(¢) = —1 in the second

summation, we obtain

C(d, k. o) =§ 3 g0 X(=1a) — 3 g(xDe@n(e).

x€Fy, X€Fy,
xM1#e xF1=¢

Adding and subtracting the terms in the first summation for y € Iﬁq; such that

X" = ¢, we deduce that

C(d, k,0) = 3 3 (@ @) = 3 g De(x)x(0)

XEF; XEFy,
xF1=¢
|
s > gtxhexhx(a)
XEFy,
XM=
l1—gq _
= A+ —— > gxMax)x(a), (3.22)
XeF¥
xF1=¢
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where A = ézxeﬁ; g(xMg(x**)g(x*)x((=1)*a). Using Lemma 1.2, we obtain

C(d, k,a) = q_l Z ax((=1)%a @ > x(@)s(x?).

xEFX, x€Fy,
Xkl = Xkl =€

Since ged(d, k) = 1, so we have ged(d, ki) = 1. If x¥ = ¢ and x¢ = ¢ then the order
of x divides ged(ky, d). Since ged(ky,d) = 1, we have x = e. Thus

g—1)
A=k 0) =4 (1) D (1)), (3.23)
XEFy,
x*1=¢
Combining (3.21) and (3.23), we deduce that
—1)2
A= (q—1)ny(a) — % (3.24)
Taking o = (—1)4*(\d)~%, we have h,(y) = fi(y). Hence, r,(\) = n,(a).
Let f(z1,29) = 2 + 2% — d\a¥x5 " and using the identity
g, if f(z1,22) =0;
> 0(2f (w1, 22)) = .
2€F, 07 if f(xla .%'2) 7£ O?
we obtain
g- NI =D > 0(zf (w1, 72))
z€Fg z;€Fy
=+ Z 0(zf (21, 22)) Z Z 0(zf (21, 22))
2,1, :EQGIF IFX ;omg
= ¢+ A1+ By, (3.25)

where A; = Z O(zf(x1,22)) and By = Z Z 0(zf(xq1,x2)). Using Lemma

z,gv%E]F;< ZEIF;< ;omg
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1.4 and the orthogonality relation given by Lemma 1.1, we calculated B; in Theorem
3.3 and found that B; =1 — ¢. Combining (3.18) and (3.25), we have
Ay -1
uphk _ N{(\) —1 _ ¢ -1+ -4
g g—1 q—1
¢ alg—1)

In Theorem 3.3, using Lemma 1.4 and the condition that ged(d, k) = 1, we simplified

the character sum A; and found that

For a = (—1)*(\d)~%, we observe that A = %. Hence,

—1 A
Dd,k:q ‘
#D) ¢ Tg-1

Using (3.24) and the fact that r,(\) = n,(a), we complete the proof. |

If £ = 1, then g\(y) can be obtained from fy(y) by a change of the variable.
However, for k > 1, we do not know if g,(y) can be obtained from f)(y) in a similar

way. Combining (3.19) and Theorem 3.4, we obtain the following corollary.

Corollary 3.3.1. Let d > k > 1 be integers. Let p be an odd prime such that
ptdk(d—k). Let g =p", r = 1. For A € Fy, let ry(\) and ri(\) be the number
of distinct zeros of fr(y) =y H(1 —y)* — (d\)~ and gx(y) =y — d\y* + 1 in F,,
respectively. If ged(d, k) = 1, then we have r{(\) = ry(A).

Theorem 3.4 relates 7,(\), the number of distinct zeros of the polynomial f)(y) =
yF (1 — y)F — (dN) "% in F,, to #D* for integers d > k > 1 with ged(k,d) = 1.
In the following theorem, we express 7,()) in terms of the p-adic hypergeometric

functions without the condition ged(k, d) = 1. To be specific, we prove the following
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theorem.

Theorem 3.5. Let d > k > 1 be integers. Let p be an odd prime such that p 1
dk(d — k). Let q=p", r > 1. For A € F), let r4(\) denote the number of distinct
zeros of fr(y) = y?*(1 —y)k — (d\)~¢ € F,[y] in F,. We have

12 ko k+l d—1
4 d A d 0 d k d—knd
rg(A) =1+ 41Gas K5 (d — k)" kA
0. 1 k—1 1 d—k—1
y ko ) k 0 d—k® "o d—k

_l—q
2. XA,
xEFX
xF1=¢,x7#e
where ky = ged(q — 1, k).
Proof. We first recall that for o € Ff, we have

x4k

O(d. k) Z g(xd)gg(ak)

x€Fy

x(@)

We now write C(d, k, &) in terms of p-adic hypergeometric functions. From (3.22),

we have

Cld ko)= A+ 224 3 o (@), (3.26)

X€F7,

x*1=¢
where A = Z = g(xHg(x* ) g(xx*)x((—1)*a). Now, we simplify the expression
for A. We have

A== g(xMg(x Mg )x((=1)ka).

x€Fg

Q| =
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Replacing x with w® and then applying Gross-Koblitz formula, we obtain

A= 13 g gty 1ta)
_ _é q:2 (_p)ZZ;& (<7qaffi >+<a(dq:k1)pi >+<2kp1i>)wa((_1)ka—1)

r— o i kot d— k\pt
T, (22N, (RN ) (=R
pai q—1 q—1 q—1
Applying Lemma 1.11 with ¢ = d and Lemma 1.10 with ¢t = k and t = d — k, we
deduce that

A:_%g(_p)zrol({f—ﬂ{iﬂ V(?—WD—G(( 1)*d=da 1k (d — k)4*)
T (5 4 85) oot B (85 + #5)) o T (265 %)
<1111 7 oy o
M=y 1) & o)
- _é B % q‘Q(_ )z([dH’“ —[““i"?”lj)wa((_ndw

(71)d+kkk (d*k,‘)dﬁk

where z = T . Using Lemma 1.13, and Lemma 1.14 with [ = k£ and
[ =d— k yield
1 13 - pla pla
oAt () (- )
;LD I (=) o (0 -0
h ‘a . *h ‘a _ *h ‘a
gl ) gusm)gnle-g) o,
(L By (3 R L ()

TH-3689_206123021



70 DIAGONAL HYPERSURFACES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

where
d—1

R Z hp' - ap' _kfl —hp . ap' _di1 ' . apt
o d qg—1 k g—1 d—k g—1]|"
h=1 h=0 h=1

For a positive integer [, one can easily check that the following equality holds

1T, <<”l + 5_al>) _ T <<%h + %» 3.28
N (G A (D) -

Substituting (3.28) with [ = k and | = d — k in (3.27) and using (1.10), we deduce

that
e, B L ()
o (2 + SRS

Adding and subtracting the term under summation for a = 0 and using W*(—1) =

(—1)*, we obtain
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Substituting the expression for A in (3.26) and then using Lemma 1.2 yield

C(d, k,0) = % -9 3 x(-D%a) - 124 3 (- Dx(a)s(x

X€Fy, X€Fg,
k1 =¢ k1 =¢
12 ko kel d-1
4 d ) a’ d ) d
+(qg—1) a-1Ga |z
0 1 k=1 1 d—k—1
) ko ) k' d—k> ) d—k q
(3.29)
From (3.21), we have
C(d,k, o) = (g = Dngla) = (¢— 1) > x((=1)"a), (3.30)
Xeﬁé\(?
xk1=e¢

where n,(a) is the number of distinct zeros of the polynomial h,(y) in F,. Taking
a = (=1)%*(\d)~? we have ny,(a) = r,()\). Combining (3.29) and (3.30), and
taking o = (—1)?7*(Ad)~¢, we obtain the required expression for r,(\). |

Remark 3.3.1. We remark that Theorem 3.3 follows from Theorem 3.4 and Theo-
rem 5.5. Suppose that ged(k,d) = 1. Then, we have ged(d, ki) = 1. Now, if x* = ¢
and x? = € then the order of x divides gcd(ky,d). Since ged(ky,d) = 1, we have

x = €. Therefore, the last summation in Theorem 3.5 is empty, and hence

Tq()\) =1+4.1G41

Now, by Theorem 3.4, we readily obtain Theorem 3.35.

Remark 3.3.2. If we combine (3.29) and (3.30), and take d = 3n, k = 2, and
r =1, then we obtain [62, Theorem 1.2].
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Elliptic curves and p-adic Hypergeometric

Functions

4.1 Introduction

It is well-known that the trace of Frobenius of elliptic curves can be expressed
as special values of 5Fj-Gaussian hypergeometric series, see for example [8, 9, 29,
46, 47, 48, 57]. It was Ono [57] who first expressed the trace of Frobenius of elliptic
curves in terms of 3F5-Gaussian hypergeometric series. Very recently, Tripathi and

Meher [69] expressed the trace of Frobenius and the sum of traces of Frobenius of

!The contents of this chapter have been published in Int. J. Number Theory (2024).
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74 ELLIPTIC CURVES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

certain families of elliptic curves in terms of 4 F3-Gaussian hypergeometric series for
primes in some congruence classes.

The function ,,G,[- - -], often allows results involving Gaussian hypergeometric
series to be extended to a wider class of primes. In [53], McCarthy expressed the
trace of Frobenius of elliptic curves in terms of a special value of ,G3[- - - |, hyperge-
ometric function for all primes p > 3. Later, Barman and Saikia [12] expressed the
trace of Frobenius of elliptic curves in terms of another special value of G- -],
hypergeometric function. However, there is no formula for the trace of Frobenius of
elliptic curves in terms of special values of ,,G, |- - - ], hypergeometric functions with
n > 3 which holds for all but finitely many primes. In this chapter, we find several
expressions for the traces of Frobenius endomorphism of certain families of elliptic
curves in terms of special values of 4G4 - - |, and ¢Gg|[- - - |, hypergeometric functions

which hold for all but finitely many primes.

4.2 The trace of Frobenius of elliptic curves de-
fined over F,

In the following lemma, we evaluate an expression containing certain values of

the p-adic gamma function.

Lemma 4.1. Let p be an odd prime and ¢ = p",r > 1 such that ¢ = 1 (mod 4).

For 0 <n < q— 2 such that n ¢ {3(’14—_1), 2}, we have

R B <<<i + z1
(—p)==o* [ ] :
i=0 Ly (
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4.2 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER F, 75

— 3 np' 1 np’ 3 np* 1 np'
heresin == [§ = = i) - [+ i) = -
Proof. Since ¢ =1 (mod 4), there exists a character x4 of order 4, and the inverse

of x4 is Xa = x3. Let ¢ € Iﬁq; be such that v # x4, xz. Then, using Lemma 1.2, we

have

g0u)g(xat)g(Nav)g(xat) _ Xaoxa(=1) _
9(x4)9(X1)g(x1)9(xX7) ¢*Xaxa(—1) '

Taking x4, = @' and 1 = w" for some n such that 0 < n < g—2and n # @, %,

and then employing Gross-Koblitz formula, we obtain the desired result. [ |
In the following theorem we express the sum of traces of Frobenius of elliptic
curves as a special value of 4G4 - - |,» hypergeometric function for all odd prime p

and r > 1. This gives a p-adic analogue of [69, Theorem 1.4]. We note that [69,
Theorem 1.4] holds only for ¢ = p” =1 (mod 4).

Theorem 4.2. Let p be an odd prime and q = p",r > 1. Let By : y*> = z(x—1)(x—\)
and E_y : y* = x(x — 1)(x + \) be elliptic curves over F, such that A\ ¢ {0,+1}.

Then we have

Ol 1
y 9 ) 9 9
(BN tag(Bx) =p(=1)-uGa| - © - A
4 4 4 5
Proof. In [46], Koike proved that
¥, ¢
aq(Ex) = —q-¢(=1) 217 A
c q
For A\ # 0, using Proposition 1.7 we obtain
¥, P
aq(Ex) = —q-p(-1) (f>2F1 R
£
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Now, Lemma 1.9 and (1.5) yield

1 1
5, = 1
aq(Ex) = p(=1) - 2G2 (2) (2) |X : (4.1)

Employing Theorem 2.9 with a1 = ay = % and as = a4 = 0, we have, for ¢ = 1

(mod 2),
11 11 1 %34 f1 ~.3
5y 5,1 99 9 1 4 40 40 24 1
e (2) ;|X + Gy ; ;|—— =,G, | ° j ! ‘1‘|ﬁ (4.2)
; q 3 q 07 29 07 2 q
Then, (4.1) and (4.2) yield
[1 3 1 3
ag(By) + ag(B_y) = p(—1) 4Gy | * V1 4 =
0, &, 0 1A
L 2 ’ 9 q
(0, 4 0, 1
= ¢(=1) - 4G4 ’ LS
1 3 1 3
| © » 1 1 .
This completes the proof of the theorem. [ |

The following theorem gives a p-adic analogue of [69, Theorem 1.6]. Our result
holds for all ¢ = p",r > 1 with p > 3, whereas [69, Theorem 1.6] holds only for
g=p" =1 (mod 3).

Theorem 4.3. Let p > 3 be a prime and g = p",r > 1. Let Eqy, o5 : V> +a10y+azy =
23 and Eyy _ay : Y* + a1y —azy = 2° be elliptic curves over F, such that ay, a3 € Fy.

Then we have

0, 5 0, 3 72942
29 » 9 as
CLQ<EG1,G3) + GQ(Eal,—a:‘s) = 4Gy | 6
11 2 5 aj
6> 3 37 6
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Proof. From the proof of Theorem 1.1 of [48], we have

1 1 =2 —as
(B ay) = —— — —— Y g(TH3g(T3HT! (—)

Now, we can write

aq(Em,a?,) + aq(Ea1,—a3) —

Tﬁ

g(T3) Tl< )(T’( 1)+1).

<)

al

We know that T!(—1) = —1if [ is odd and T'(—1) = 1 if [ is even. Thus, we deduce

that
Tﬁl Tl a_?")
ab )’
1=0

Taking out the term under the summation for [ = 0, we obtain

2
aq(Baya3) + aq(Bay—a3) =

2 2 - . a3
(B ) + B ) =~ = 2= ST ().

Taking T' = w and then using Gross-Koblitz formula, we have

q(EBaya3) + aq(Fay —as)

g )
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Using Lemma 1.11 with ¢t = 2, Lemma 1.10 with ¢ = 6, Lemma 1.13 with d = 2,
Lemma 1.14 with [ = 6 and the fact that

T ((F+35)) - T n((55435))

we have

Si’l:_% %>_qlflJ +2+2L1lflJ ‘ { 6

B PATE NS AT
-a|(5) -] |5 |
() [E)as
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‘Uang(11ox(111%andthefmmthat{<%>-— %iJ+L<j§>-+§§d — Oforl # %2,

q—1
we have
32 1
2 2 2 729a2 NP
aq(EBaya35) + ag(Fay—ay) = ———— — —— w ( 3) (—p)&i=o® M;,
q 1,03 q 1,—a3 q—1 q—1 . CL? Z];!
-3
2 2 ! 729&% sl
= —— z 0 54,1 M’L
¢—1 < a II !
=0
q—3
1 2 . 729&%
e —— W z O Si,l M
147 < a8 II !
=0
g3
1 2 72902
_w = wl( 6a3) 1OS’LZHM/LZ
q—1 =0 a;
q—3

1 &, (72943 =
. 7% )\ im0 Sl | | M.
1 - w < CL? ( p) ' il

1 <= _, (72942 Sl
_ — (.Ul< 63>(_ Oll 1H lq21.

We can easily check that s. ii—azt = Si and M. fi—ast = = M; ;. Hence, we obtain

q X, (729 F oo
GQ(Eaha?,) + aq(Eal,—a:a) = 1 l ( 3) (_p) i=0 il H Mi,l
1= =0
07 %7 07 % 729@%
11 2 5 ay
6> 3 3 6 »
This completes the proof of the theorem. [ |

In the following theorem, we prove a p-adic analogue of [69, Theorem 1.5]. Our
result holds for all ¢ = p",r > 1 with p odd, but [69, Theorem 1.5] holds only for
g=p" =1 (mod 8).

Theorem 4.4. Let p be an odd prime and ¢ = p",r > 1. Let By, : y* = 2*+ fa*+hx
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and E;_p 1 y* = 23 + fo* — ha be elliptic curves over F, such that f,h € Fy. Then

we have

07 l? O? l 16h2
a4(Eyp) + ag(Eyn) = ¢(f) - 1Ga Y=
13 5 1 f
8’ 87 8 8 q
Proof. From [9, Eq. 3.8], we have
9(9)p(—f) x=
q#Ern(Fy) —1) = ¢° + T _ i ZQ(T_l)g(TmT)Q(Tfl)Tfm(f)Tl(h)-

(4.3)

Note that in [9, Eq. 3.8], we have ¢(f) in place of ¢(—f). This is because in
9, Eq. 3.8] it is assumed that ¢ = 1 (mod 4), and hence ¢(f) = ¢(—f). Using

Davenport-Hasse relation with m = 2 and v = T, we have

g5y = I T (16)

9(T) (44)

Substituting (4.4) in (4.3), we obtain

—2

Q

Q(#th(Fq) _ 1) — q2 + g(@)Q(p(_f) g(T_l)zg(T4l)Tl ( h )

g—1 - g(T%) 16
2

f — 9(T7)2g(T") h
lz T2l T(16f2>’

where the last equality follows from Lemma 1.2. Using the relation a,(Ey;) =

q+1—#E;,(F,), we have

Il
o

f < g(T" h
(th Zg T2l )T (16]02)'
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Hence, we obtain

ol Epa) + g ) = — 2L Zg D (L) s r)

We know that T'(—1) = 1 if [ is even and T'(—1) = —1 if [ is odd. Thus, we obtain

q—3

2 2 Tf2l 2 T8l h2

Taking 7' = w and then using Gross-Koblitz formula, we obtain

it o) <SS (s ™ R (29)
=0
() ()
()
N _QQ%(l) 1=0 “ (16]12](4) (_p>22_& (_2[_(15)4_{‘1?4—%‘1?4)

Taking out the term under the summation for [ = 0 and then using Lemma 1.11

with ¢t = 2, Lemma 1.10 with ¢t = 8 and ¢t = 4, Lemma 1.13 with d = 2, Lemma 1.14

with { = 8 and [ = 4 and the fact that
(2h + 1)p’ 2h—i—) Ipt
r, r,
H (< q—1>) H (< Te-1/)

we obtain

q—3

20(f)  20(f) N\~ (1607 ST
ag(Ern) + ag(Ef—n) = = o m ) Yizo o | | Niy,
=1
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and

Thus, we can write

20(f) < _; (16h? 1 E
ag(Efn) +aq(Ef—n) = —%1) ' ( i > (—p)=i=o s T Ny
q =0 1=0
% =1
80( ) —1 16h2> T 1al
_ 2D S (1) pymmen T v
q 1 =0 f 1=0
= r—1
SO( ) 2 —1 (16h2) Er—la ]
== W — ) (mp) e [ Ny
q 1 =0 f =0
a2 r=1
()0( ) - —1 (16h2) St agy
) 5 (1) e ]
q 1 =0 f =0
q—2 2 r—1
(2 — 16h h e .
N (T>1 @ ( f4 ) (=) [\ : HN -t
q g1 =0

q—2
1
(th)+aq(Ef h )1 w ( 6h) Tz Oa”HNl
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4.2 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER F, 83

=
=

16Ah2

= ¢(f) - 1G4 ?

il
wlw NI
oot
0~ N

This completes the proof of the theorem. [ |

In our next theorem, we express the sum of traces of Frobenius of a family of

elliptic curves in terms of ¢Gg[- - - |, for all ¢ = p",r > 1, where p > 3.

Theorem 4.5. Let p > 3 be a prime and ¢ =p",r > 1. Let E.q:y*> = 2® +cx* +d
and E._q : y* = x® + ca® — d be elliptic curves over Fy such that ¢,d € F. Then

we have

Ec Ec_ . y 9 ) 2y 40 4
aq(Eea) + aq(Ee—a) = ©(c) - 6Ge . . : : % |—1606
120 40 120 120 4 12 .
— ¢(d) — p(—d)
Proof. From [9, Eq. 3.4], we obtain
q#E.qF,) —1)=¢ -1+ B+C, (4.5)
where
B =1+qp(d),
q—2
p(—c)g(p e R ) ed
¢ = FLIRE S g mg(rnygr ().
n=0

Using Davenport-Hasse relation with m = 2 and ¢ = T°", we have

_ g(T)g(p)T—(4)

q—1
) o(T0)
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Substituting (4.6) in the expression of C' yields

) <= (T~ g(T~2")g(T*)g() . [ d
0= OIS O ()
_qple) = g(T")g(T—2")g(T*") [ d

where the last equality follows from Lemma 1.2. Now, substituting the values of B

and C in (4.5), we have

L, gp(c) = g(T™)g(TMg(T*"), . ( d
Q(#E.q(Fy) — 1) = g + qp(d) + g1 ;} g(T3) T (4363) :

Using the relation a,(E.q) = q + 1 — #E. 4(F,), we obtain

p(c) = g(T ™) g(T>Mg(T™) . [ d
A g(T3) g (ﬁ)

Hence, we have

o) + 04(Er) =~ 20

Using the fact that 7"(—1) = —1 if n is odd and 7" (—1) = 1 if n is even, we deduce

that
2p(0) & (T )T )T, (&
a (Ecd) + aq(Ec —d) = _q ] T (T6n) T (4606)
— o(d) — ¢(—d)
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4.2 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER F, 85

Taking 7" = w and then using Gross-Koblitz formula, we obtain

() (Ce)n ()
L1 (%)

Using Lemma 1.11 with t = 2 and t = 4, Lemma 1.10 with ¢ = 12 and ¢ = 6, Lemma
1.13 with d = 2 and d = 4, Lemma 1.14 with [ = 12 and [ = 6, and the fact that

I (252 %5)) =TI (25 325)

we obtain
q—3
20(c) & 729d? i =
aq(Ee,a) + aq(Ee—a) = — ] w" (W) (_p)zizo Bintyim) H AinBin
q n=1 ¢ i=0
2¢(c)
— ol d) = p(—d) = =2, (47)
q
where

e 2|(5) -] ] |Gy
)]G ) L))
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e () L) -2 2

Adding and subtracting the term under the summation for n = 0 yields

aq(Eea) + aq<Ecﬁd)

20(¢) o~ _,, { 729d2 sroig o T
S no (D290 ) () 2iso Bintyin) | IA. B,
w 1666 ( p) o i,nlin

o) &, (7298 3 Gemtrin) TT
=29 5oy ( (~p) T8 Gunt1i) TT As B — (d) — ()

n=0 =0
3

z 2 r1
_ plo) o <729d ) (=p) im0 Bin+rin) H AinBin

1=0

5 2 r—1
p(c ., [ 729d .
_ D g ( (—p)Ei Gintrim) [T i Biy — p(d) — p(—d)
i=0

q
K 2 r—1 r—1
p(c) ., [(729d S (8, et g
“ ( 16¢5 (_p) ( N T) HAiﬁn_L;lBi,n—L;l.

1=0

We can easily check that Aiyniq%l = Ai,n,BiynJ%l = BLn,/Bi’niq%l = Bin, and
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Vin—azt = Vin- Thus, we can write

q—2 2 r—1
C 729d r=lc3. )
B a2 ¥ (B i,
n=0

q 16¢6 Pl

—¢(d) — p(—d)
0, i 0, i L1 3 5992

_ e ) 9 ) 27 40 4

#(c) - oG 1 1 5 1 3 1 | 165

120 10 120 120 40 12 ”

— ¢(d) — p(=d)

This completes the proof of the theorem. [ |

In [69, Theorem 1.7], the sum of traces of Frobenius of the elliptic curves E, 4 :
y? =23 +ca’+dand B,y : y* = 23 +cx? —d is expressed as a special value of a 4 F3-
Gaussian hypergeometric series under the condition that ¢ = p” = 1 (mod 12). In
Theorem 4.5, we have expressed the sum of traces of Frobenius for the same families
of elliptic curves in terms of a ¢Gs|- - - |, hypergeometric function. In the following
theorem, we express the sum in terms of a 4G4 - - ], hypergeometric function which

extends [69, Theorem 1.7].

Theorem 4.6. Let p > 3 be a prime and ¢ =p",r > 1. Let Eeq:y?> = 2° + ca® +d
and E._q: y* = 2% + cx® — d be elliptic curves over F, such that ¢,d € Fy. Then

the following statements hold:

1. If g=1,7 (mod 12), then we have

N
o
N

729d°

ag(Eea) + ag(Ee—q) = ©(—3c) - 1G4 |W

-3
—
—

,_.
o
—
Slor
—
ro
—
o
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2. If ¢ =5 (mod 12), then we have

0, 3 0, 3 7294
E. E._q) = ¢(c) - 4G ’ e
o) + B = 0@ | [T TR
120 120 120 1 .
3. If p=11 (mod 12) and r = 1, then we have
0, 3 0, 3 7294
5 AL R . 2 2 [29a”
a‘]( C7d)+QQ( c, d) @(C) 4G4 i 5 7 11 | 1666
120 12> 120 1

p

Proof. Part (1): Here, ¢ = 1,7 (mod 12). Let xg be a character of order 6. Then,
by [9, Theorem 3.1] and then using Proposition 1.7 and Lemma 1.9, we have

5
X65 X 27d
ag(Eea) = —q - p(=3c) - 2 F1 ’ )
5 c
q
5 5
X6 X6, Xe 27d
= —q-p(-3 F e
q - ( C)( )2 1 ) 13
| _ q
105
= 2 463
=p(=3c) 2G> | O ° | = —
@(=3c) - 2G> 0. 0 o7d
’ _q
0, 0 27d
= p(—3¢) - 2G> L s T s
| 60 6 L
Hence,
aq(Eea) + ag(Ee,-a)
0, 0 27d 0, 0 274
= (—3c)2Go L 5T am + p(=3¢)2G2 L s 1
6 6 ‘ 6 6 .
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89

Using Theorem 2.9 with a; = ay, =0, a3z = %, and ag = %, we deduce that

729d?
166

N |—

aq(Ec,d) + aq<Ec,—d> - 90(_36)4G4 ’

-~
=
—

._\
[\]
_
Slor
—
[N}
—
no

This completes the proof of (1).
Part (2): Here, ¢ =5 (mod 12). From (4.7), we have

q

-3

2 (72942 oty

>oon (T ) (s T A
=i

n =0

2p(c
ool Eed) + a0 Eea) = ~2209

- pld) ~ () - 229

-2 [(8) - ][]
()] UG- () )
waﬂKip?q”le@?q"le
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We can easily check that

where we used Lemma 1.10 with ¢ = 6 and @ = &}; and (1.10) with a = < and

a= Q;Ql to deduce the last two equations, respectively. Taking out the term under

the summation for n = %1 and then using Lemma 4.1 yield

I
|
w

(]

20(c) <~ _, [ 729d . =
aq(Eea) + ag(Eea) = = " (o | ()= IT A4
n=1n#4* i=0
20(c)  2¢(2d)_q4-1
— - w4
qg—1 qg—1

— p(d) — p(—d) (=1).

Since ¢ =5 (mod 12), so we have p =5 (mod 12) and hence either p = 1 (mod 8)
or p=>5 (mod 8). Since p = 1 (mod 4), therefore there exists an element y € I,
such that y*> = —1. If p = 1 (mod 8), then 2 and y are squares in F,. If p =5

mod 8), then 2 and y are nonsquares in F,. Hence, ¢(2y) = 1 for primes p = 5
P
(mod 12). Thus, we have

q—3

20(c 2 7292 v,
o) + (o) = =229 30 @ (D20 (pp= A T A
1=0

qg—1 16¢6

n:l,n#%

_2p(c)  2¢(d)
g—1 q¢g—1°

— ¢(d) — p(—d)

We can easily check that 52.7% = 1. Using Lemma 1.10 with ¢t =6 and a = %, we

TH-3689_206123021



4.2 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER F, 91

obtain

Adding and subtracting the term under the summation for n = 0 and n = ‘%1 and

then using the fact that o(—1) = 1 yield

. _a-1 = A; . Thus, we obtain
’ 2

-2 r—1
o(c) ~—~_, [ 729d° 1
aq(Ec,d) + a’q(Ec,—d) = - w ( 166 (—p)zmo Bim H Ai,n
=0
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0, 3 72942
711 16¢5

This completes the proof of (2).

Part (3): Here, p = 11 (mod 12) and r = 1, i.e., ¢ = p. Using Theorem 2.12 with
d = 4 and the fact that ¢(—1) = —1 for p = 3 (mod 4), we obtain the required
result. [

4.3 The trace of Frobenius of elliptic curves de-

fined over Q

In Theorems 4.2, 4.3, 4.4, 4.5, and 4.6, we expressed the sum of traces of Frobe-
nius of certain families of elliptic curves defined over F, as special values of 4G4[- - - |,
and ¢Gg[- - - |, hypergeometric functions. For certain elliptic curves defined over Q,
it is possible to find the value of one of the traces of Frobenius appearing in the
sums explicitly. This allows us to write the other trace of Frobenius appearing in
the sums as special values of 4G4 - -], and ¢Gs] - - |, hypergeometric functions as
stated in the theorems of this section.

Before we state our results, we recall a definition. For a nonzero integer n, we can
write n = p™k, where ged(p, k) = 1. We then define ord,(n) = m and ord,(0) = co.
If a = 7 € Q, then we define ord,(a) = ord,(z) — ord,(y).

We first recall a recurrence relation satisfied by the trace of the Frobenius en-
domorphism of elliptic curves. Let E be an elliptic curve defined over @ in the
Weierstrass form. If E is an elliptic curve over defined Q with conductor Ng, then
by modularity theorem, there exists a newform f of weight two and level Ng whose

Fourier coefficients are given by the coefficients of the Hasse-Weil L-series L(E, s)
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4.3 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER 93

of E given by

L(E,s) =Y “"T(LSE>.

The p-th trace of the Frobenius endomorphism a,(E) is the p-th coefficient of
L(E,s). Let 1g(p) be the trivial character modulo conductor Ng, that is, 1x(p)
is 1 for primes of good reduction and 0 for primes of bad reduction. Then, the p"-th
trace of Frobenius endomorphism satisfies the following recurrence relation [25, Eq.

8.21]
apr (E) = ap(E)ay-1(E) — plp(p)ay,—(E), (4.8)

where r > 2 and a1(E) = 1.
The following theorem gives a p-adic analogue of [69, Theorem 1.8]. We note
that [69, Theorem 1.8] is holds for all p” with r even and p > 5 satisfying p = 3

(mod 4). Our result holds for odd values of r as well.

Theorem 4.7. Let E_) : y* = x(x — 1)(x + \) be an elliptic curve over Q, where
A€ {2,3}. If p>5 is a prime such that p = 3 (mod 4), then

.

0, 5 0, 3 , £ A
—4GYy [A , if v is odd;
r 3 1 3
D 1 11
apr(E_)\) = 2
1 1
r Oa 29 07 2
7 2 . .
—(=p)2 + 4Gy |A , if r is even.
Le= 3% 4L | 3
L L 1 1

pr

Proof. Let E) : y* = x(x —1)(z — \) be an elliptic curve over Q such that A # 0, £1.
From [69, Eq. 11.3], for p =3 (mod 4), we have

ap(E1) = 0= a,(Es).

1
2
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94 ELLIPTIC CURVES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

Using (4.8) with the fact that a; = 1, for A\ = 2, %, we obtain

0, if r is odd;
a/pr(E)\) - - . ) (49)
(—p)z, if r is even.

Now, using (4.9) and Theorem 4.2, we obtain the desired result. |

The following theorem gives a p-adic analogue of [69, Theorem 1.10] which ex-

tends [69, Theorem 1.10] to all the odd values of r.

Theorem 4.8. Let B s : Y2+ azy — %y = a3 be an elliptic curve over Q, where
’ 24

a # 0. For primes p = 5,11 (mod 12) such that p # 17 and ord,(«) = 0, we have

1 1
Oa 29 07 2 81 . .
1G4 o . if v is odd;
11 2 5
6> 3 3 6
apr<E a3) - "
721 0 L o 1L
T 20 > 2 81 . .
—(—p)z + 4G4 | ifris even.
1 1 2 5
L 6° 3 3 6 o

Proof. Let E_ . : y? + azy + g—zy = 23 be an elliptic curve over Q, where o # 0.
124
From [69, Eq. 13.1], for p = 5,11 (mod 12), we have

ap(E O<3) =0.

o1

Using (4.8) with the fact that a; = 1, we obtain

0, if r is odd;
ap (B, o2) = . (4.10)
= (—p)z, if ris even.
Now, using (4.10) and Theorem 4.3, we obtain the desired result. [ |

The following theorem gives a p-adic analogue of [69, Theorem 1.9] which extends

[69, Theorem 1.9] to all the odd values of .
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4.3 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER 95

Theorem 4.9. Let £ _.2 : y? =23+ az® — %Zx be an elliptic curve over Q, where
1T 3

a # 0. For primes p = 5,11 (mod 12) such that ord,(«) = 0, we have

07 %7 07 % 16 ) )
p(a) - 4Gy s s o 5] if v s odd;
8 8’ 8 8 -
= p
apr(Ea 7:?2) = . . . A
) 92 y 9 . )
—(=p)> + () - 4G4 -t 12| . ifris even.
\ 8 8 8 8

pr

Proof. Let E_ .2 : y? = 23 + ax? + %233 be an elliptic curve over Q, where o # 0.
73

From [69, Eq. 12.1], for p = 5,11 (mod 12), we have

ap(Em%z) =0.

Using (4.8) with the fact that a; = 1, we obtain

0, if r is odd;

apr (B, 02) = . (4.11)
L ° (—p)z, if ris even.
Now, using (4.11) and Theorem 4.4, we obtain the desired result. |

In the following theorem, we express the trace of Frobenius of certain elliptic

curves as a special value of a ¢Gg[- - - |, hypergeometric function.

Theorem 4.10. Let E_ 503 : y? =23 + az? + % be an elliptic curve over QQ such
127

that o £ 0. Let p= 7,11 (mod 12) be a prime such that ord,(a) = 0.

1. If r is odd, then we have

1 1 1 3
07 2 07 2y 40 4 1
apr (B, 203) = () - 6Go |
%7 1 1 5 1 3 1u 4

120 40 120 120 10 12
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96 ELLIPTIC CURVES AND p-ADIC HYPERGEOMETRIC FUNCTIONS

2. If r is even, then we have

(B, 203) = (@) - 6G S !1 2¢(60)

a 5) = p(a) - -1 - «

izt TEWTOEO L s 1 s 1 ld 4
127 4 127 127 4 12 pr

—(-p)7.

Proof. Let Eaﬁ% cy? = 23+ ax?— % be an elliptic curve over Q such that o # 0.

From [69, Eq. 14.1], for p = 7,11 (mod 12), we have

Using (4.8) with the fact that a; = 1, we obtain

0, if r is odd;

ap (B, _2a8) = ) (4.12)
" (—p)z, if ris even.
Now, using (4.12) and Theorem 4.6, we obtain the desired result. |

It is evident that the p-adic hypergeometric functions appearing in Theorems 4.7,
4.8, 4.9 and 4.10 have integer values. Using our main results, one can find special
values of some of the p-adic hypergeometric functions. We state some of the values

in the following corollary though many such values can be obtained.

Corollary 4.3.1. We have:

=
=

4(;4

=
Elw N |+
=
Bl NI

1331
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4.3 THE TRACE OF FROBENIUS OF ELLIPTIC CURVES DEFINED OVER 97

2.
0, 3, 0, 1 g1
G 2 2= — —39.
S T T
67 37 3 6 1331
3.
0.~ [0, % 16
PR y 9
1G4 — = 12¢(3).
1 3 5 1 9
8’ 8 8 8 195
4.
0. 1 0 1 1 3 1
G ) 2’ ) 27 47 4 - :_36 3
66 . .. .. |4 ©(3)
120 4 120 120 4 12 1331

4l (4.13)

NSO T

1331

Using SageMath, we can easily find that a,;(F_2) = 4 and then using (4.8) and
(4.13), we obtain the required result (1). Taking o« = 2, p = 11 and r = 3 in
Theorem 4.8 and following similar steps as shown in the proof of (1), we obtain (2).
Similarly, taking « = 3, p = 5 and r = 3 in Theorem 4.9, we prove (3). Finally,
taking o = 3, p = 11 and r = 3 in Theorem 4.10, we prove (4). [ |
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Summation Identities and Their

Applications

5.1 Introduction

In view of the significant presence of Gaussian and p-adic hypergeometric func-
tions in arithmetic geometry, it is an interesting problem to find transformation for-
mulas and special values of these hypergeometric functions. In recent times, several
transformation formulas and special values of the p-adic hypergeometric functions

were found, see for example [11, 12, 13, 14, 17, 61, 62]. In this chapter, we prove

!The contents of this chapter have been published in Finite Fields Appl. (2024).

99
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100  CERTAIN TRANSFORMATIONS, SUMMATION IDENTITIES AND APPLICATIONS

two summation identities for the p-adic hypergeometric functions appearing in the
expressions for the number of F,-points on the diagonal hypersurface D;l’k. As an
application of the summation identities, we prove identities for the trace of Frobe-
nius endomorphism on certain families of elliptic curves and p-adic hypergeometric

functions.

5.2 Summation identities

In this section, we prove the summation identities for McCathy’s p-adic hyper-
geometric functions. To prove these identities, we need two lemmas which connect

the product of certain values of the p-adic gamma function to some character sums.

Lemma 5.1. For 0 <a < q— 2, we have

() (40 ) TR
e , = — (tt— 1) (=t) | [ (=p)L "
ill (_p)bﬂ—lJ[‘p (<%>> %SO t(t—1 t 11 P

Proof. We have

TH-3689_206123021
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101

Using Gross-Koblitz formula, we obtain

e (=)0 (5 +55) _ —gemmoten 17, [52]

i=0 (—p) HJF;EZIIJFP <<%>> 9(¢) i=0

Lemma 1.5 and (1.4) yield

= —pw"(=1)J (2", ¢)
=~ (=1) Y (1 — ) (t)

teF,

== o(t(t — 1)@ (—t).

teF,

Combining (5.1) and (5.2), we obtain the required result.

Lemma 5.2. For 0 <a < q— 2, we have

0 ()1 (5= 35)) _ S et = D)t (=) [

< L > ) teF, i=0

Proof. The proof is similar to that of Lemma 5.1.

(5.1)

(5.2)

Having Lemma 5.1 and Lemma 5.2 showed, we are ready to prove the summation

identities.

Theorem 5.3. Let d > k > 1 be odd integers. Let p be an odd prime such that

ptdk(d—k). Let q=7p",r > 1. Then, for x € F}, we have

q’

12 ko k4l d—1
4 d ) R d ) d
14+q-a-1Ga x
0 1 k=1 1 d—k—1
R i S R R R A

== pltt=1)x
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102  CERTAIN TRANSFORMATIONS, SUMMATION IDENTITIES AND APPLICATIONS

1 ko k+l e d—2  d-1
d’ ydo d o d ) d d d
d-1Ga-1 _ ~ |t
0 k=1 1 S G dk-1
v Tk v d—k) 0 Td—k 0 d—k 0 0 d—k .
Proof. For x € Fy, we consider
102 E o k+l d—1
4> d i) d’ d ) d
Ay = q-a-1Ga \x
0. 1 k—1 1 d—k—1
P ) ) k0 d—k> ) d—k g
q—2 r=l  p—ld-1 p’h _ pla
q q . D Vai Iy < d q—1
=——————=> @@= "] o
q q =l i=0 h=1 r, << i >>

=1/ w kel . doh=l) /. )
vhere v = =30 | (%) =8| = 3 () + 5] - 2 |() +5]
Since d and k are odd integers, so d — k is even. Now, using (1.10) and the fact that

Tk € 7, we rewrite (5.3) as

% FIQ’ 1 hp? R iq
i () B n(EE)
_ ih ia
i I < ik T 5—1> q
X L )
s, n(E)
et P d—k
d—1 - o k—1 it o d—k—1 it o
where T = = 55 | (%) -z | = 50 [() + | - o [(2%) + )+
— — h;é_%k
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5.2 SUMMATION IDENTITIES 103

U_LIJ . Lemma 5.1 yields

— g—1
X h

ST ((3)

h};% p \\ o=k
q—2 b | i | r—1
q —1 rq a Z Ta7i+ il; pla
_ ¢ ) > (t(t — 1)@ (wt) (—p)= [ 1 (< >)

q_l q_l a=1 telF, P q_1

Since 1 < a < ¢ — 2 and ged(p’, g — 1) = 1, therefore qa%l is not an integer. Also,

|z] + |—z] = —1if © € Z, and hence L;Tpilj 4 L;ﬁ”lj — —1. Thus,

d—1 bt L k—1 b vt d—k—1 —ho apd
s v = -2 ()< 15 < B ()] - F () 0 )
h=1 h=0 h=0

q—1
d—k
h#55~

Adding and subtracting the term under the summation for a = 0 gives

A== ﬁgwt STy 2 2 it )& () (~p) "
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104 CERTAIN TRANSFORMATIONS, SUMMATION IDENTITIES AND APPLICATIONS

(5.4)
= —1=) (it —1))x
teF,

1 ko k+l k+dsk—1 sk d—2  d-1

d’ y o d d d ’ d oo d d
d-1Ga1 B | |t

0 k=1 1 pon s s k-1

’ ' k0 d—k) "0 Td=k ' d—k "0 d—k

Using (1.3) and (1.5), we obtain } ,.p ¢(t(t —1)) = —1 and substituting this value
in the first summation of (5.4) gives the last equality. This completes the proof of
the theorem. [ |

Theorem 5.4. Let d > k > 2 be integers with d even. Let p be an odd prime such
that p{dk(d — k). Let g =p",r > 1. Then, for x € F,, we have

1 41 441 d—1
4’ ) d ) e d
E (1 —t)a-2Ga—2 |zt
teFqy C1, ) C%_la Cd, ) Cd—2 "
102 ko k1 d—1
4 d ) d? d ) d
= —q-1G41 N
0. 1 k—1 1 d—k—1
y ko ) k' d—k’ ’ d—k .
¢ 1 k=1 _1 d—k—1
where {c1,...,cao} =45, s T 7T g )
Proof. For x € F, we consider
1 ko k+1 d—1
d? ) d? d ) d
By = 4-1Ga— |z
0 k—1 1 d—k—1
’ v Tk d—ko ' Td—k
q
1 q—2 ) r—1 p’a
- S I ((2)
q a=0 i=0 q
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5.2 SUMMATION IDENTITIES 105

T (5 = ) o (- 29)) 1 (2 1)
X . ’
S on(() = n((E) e n((E)
(5.5)
o _dfl i\ api | k-1 bt w | d—k—1 it i
where Nog = =2, |\ -1 2 R )t k) T
h=1 4 =0 q = q

Since d is an even integers, € Z. We rewrite (5.5) as

h=1 h=1 h=1
h#4
Thus, we have
1 gfl %Jrl d—1 T
i e e
By ==Y o(t(t—1))a-2Ga 2 1
teF ) Cly ..., C%—U C%, ooy Cqg_9

where ¢’s are as defined in the statement of the theorem. Now, using the translation

t +— t~!, we obtain the required identity. |
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106  CERTAIN TRANSFORMATIONS, SUMMATION IDENTITIES AND APPLICATIONS

For example, if we take d = 5,k = 3 and d = 6,k = 3 in Theorems 5.3 and 5.4,

respectively, then for p > 5 and = € F, we obtain the following identities.

12 3 4 12 3 4
5 57 57 5 5 57 57 5
—E p(t(t —1))aGa lzt| =1+4¢q-4Ga z|
0. 0. L1 2 L2 g 1
teF, e ’ 37 3 | 37 3 72
q q
12 4 5 L2 3 4 5
67 67 67 6 6’ 6 62 67 6
E o(1 —1t)4Gy lzt| = —5Gs |
L2 1 2 1 2 5 1 2
tely | 3> 32 3 3 ¥, 37 3 ) 39 3 q

For r = 1, taking £ = 1 in Theorem 5.3 and £ = d — 1 in Theorem 5.4, we obtain
[15, Theorem 1.2] and [15, Theorem 1.3], respectively.

5.3 Applications to elliptic curves

There are many significant relations of hypergeometric functions to elliptic curves
over finite fields. For example, see [8, 9, 29, 46, 47, 48, 57]. In this section, we
provide certain identities for the trace of Frobenius of elliptic curves, which serve
as applications of the summation identities that we derived in the previous section.
Firstly, we prove a lemma that gives a relation between 3Gj3[- - - |, and 2Gs]- - - ],, and

this lemma will be used to prove our main results.

Lemma 5.5. Let p be an odd prime and ¢ = p", r > 1. For x € F,, we have

=
DN |
IN[Jt)
= =
oo

3G3 T — QGQ |.Z‘ ghy ——.

=
DO =

=
=
N[

Proof. For x € F,, we have

1 1 3
47 27 4
3G X
1 1
0, 3, 3
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5.3 APPLICATIONS TO ELLIPTIC CURVES 107

|
() -l
o

Ofor0<a §q—2w1tha7é , we obtain

47 2884 r 3a—a Z__laia
Gy o| ==t 3 (Do) (p = e T (1))
O e 1 q_l a=0 11;([ - q_l
9 27 2 q a7£qgl

where o; , = — {<%>—%J—L<%>—%J—K—Tﬂ +;%J—Lq IJ Using Gross-
A\ 2

Koblitz formula for g(¢)?, we obtain [[/_ T <<%>> = (—1)"¢(—=1). Adding and

subtracting the term under the summation for @ = %2 and using ©*(—1) = (—1)4,

we deduce that

3G3

N | N |
= W

ja=) =
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108 CERTAIN TRANSFORMATIONS, SUMMATION IDENTITIES AND APPLICATIONS

p(z) p(z)
Teg-1) g-1

This completes the proof of the lemma. [

Next, we prove another lemma involving certain transformations.

Lemma 5.6. Let p be an odd prime and ¢ = p",r > 1. We have the following

transformations.

1. Fort e Fy, we have

1 3 11 1
1 1 27 2
2Go [t] =2Go |-
11 13t
20 2 ‘ 1 1 ‘
2. Fort € IF,, we have
1 W 13
1 4 =i YRR
2G2 |t _ SO( ) X 2G2 4 4 |t
11 q 0, 0O
2 ) q
3. Fort € Fy, we have
1 2 11 1
30 3 20 2
2G (L] =o(=31) q- 2G> A
0, 0 LW
Y q 67 6 q

Identity (3) is true for p > 3.

Proof. We first prove (1). For t € F), we consider

13

47 4
AtIZQGQ |t

11

27 2

TH-3689_206123021



5.3 APPLICATIONS TO ELLIPTIC CURVES 109

-1

qg—1

a

i api \ ) 2
L ((F+))

r

) 1T, <<%i _ api1>
—a 1y . q—
0 (t)(=p)==o e [ ]

-0

Lo

X

(5.6)

where b;, = — L<%> - 5{’” — L<%> — %J -2 L<_2pl> + %J. Replacing a by
—a, we obtain the required identity.

For (2), we replace a by a + & in (5.6) and then using the fact that

1=0

we obtain the required identity.

We now prove (3). For p >3 and ¢ € F), we consider

w3,
\/
|
e
(NS
=
AR
|
P
/\
DO
el
\/
|
=}
S
=
1——3
|
[\
.

ap’ : —1
q_ilJ . Replacing a by a+ 5=, we

q—2 =1 ({2 _ e’ \\ 1
—p(t a r—1, p (< 6 71> p
B = A0S (=i e ]

p

)
-1 azoi - i=0 Ty <<%>)F <<2§>
(7)) .

N—

TH-3689_206123021
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where ¢;, = — {<%> — ;filj — {<5gi> — ;TpilJ -2 K%> + %J. Using the fact
AN 2
that [[/—y T (<%>) = (=1)"¢(—1) and Lemma 1.10 with ¢t = 3 and a = &, we

2
obtain

Substituting (5.8) in (5.7) and replacing a by —a, we obtain identity (3). [

Corollary 5.3.1. Let p > 3 be a prime and ¢ =p",r > 1.

1. We have
103 |
2 1
> (1 —1)2Gs E] =—=— (2
= 11 q

> o= 06 | £t et = =B po)p1+a)+ o1 - ),

3. Let x #0. If %1 is not a square in ¥, then

100

> el =1):Gs

teF,

NI—= =
=
L)

TH-3689_206123021



5.3 APPLICATIONS TO ELLIPTIC CURVES 111

Proof. Taking d =4 and k = 2 in Theorem 5.4, we have the following identity

103 10103
1 1 2 4
teF i1 0, 2, 1%
q 2y 9 q ) 29 9 q
Using Lemma 5.5, we obtain
I 2 103 ()
1 4 10 4
Z gD(l — t)QGQ ’.Tt = _2G2 ’.2? _
teF, e 0/1 q
2 2 a 2 a
Using [61, Theorem 1.2], we obtain the required result. [ |

Remark 5.3.1. Using Lemma 5.6 (2) in Corollary 5.3.1 and replacing x by i, we
obtain [61, Theorem 1.7].

Corollary 5.3.2. Let p > 3 be a prime and g = p",r > 1.

1. We have

O Wi
-
I
|
—_

Proof. Taking d =3 and k = 1 in Theorem 5.3, we find that

1 2 ¢ 1 2
=S et -1)G | TP S| =14qeGe | TP S
teF, 0, 0% 0, 3
q q

We obtain (1) and (2) using [62, Corollary 1.3] and Theorem 2.5, respectively. W
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Corollary 5.3.3. Let p > 3 be a prime and ¢ = p",7 > 1. Let ¢ =1 (mod 3) and

x3 be a character of order 3.

1. We have

XS?%l 1

D et = 1))

teFy

2. Let x # 0,1 be such that p(3z(1 — z)) = —1. Then, we have

Sttt —1pR | Y a5 b

X
teF; .

Proof. For x,t € Fy, Lemma 1.9 and Proposition 1.7 yield

*

12
3, 3 ¢t X3, X3 @
2Go | PP S| =R |—
0, 0 %
q q
% - X3, X3 T
- 2 F |?
< £
q
X3, % T
=—q-2F |? )
€
q
where we obtain the last equality using (1.5). Now
12 12,
Yoeltt=1))Gs | PP =] =D (bt —1))aGa | T |-
telFy 07 0 q teFy 07 0 q
X3 % T
= — t(t—1)) d
q- Z ) s
teFy .
Using Corollary 5.3.2, we obtain the desired result. [
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Remark 5.3.2. Combining (3.29) and (3.30) and taking d = 4 and k = 2, we

obtain

1 1 3

o oa, 1 (1—q)p(a)

G —| = S IR Sl VA o St
» 929 9

q

where n,(a) is the number of distinct zeros of the polynomial h,(y) = y*—2y>+y*—a.
We can check that if « is not a square in IF, then ho(y) has no zero in F, and hence,

ng(a) = 0. Applying Lemma 5.5, we deduce that

=
N[N
e

2G2 = 07

=
N[ —=

which partially gives [61, Theorem 1.2].

We have proved all the required lemmas and corollaries to prove the identities
for the trace of Frobenius of elliptic curves. Let F; and E, be the elliptic curves

over [F, given by

By’ =1+ fa? 4+ gz, f #0,

Ey :y? = 2® 4 ax + b with j(E,) # 0,1728.
In [53], McCarthy expressed the trace of the Frobenius endomorphism on E, as a
special value of the function 5G3[- - -] as given in the following theorem.
Theorem 5.7. ([53, Theorem 1.2]). Let p > 3 be prime. Consider an elliptic curve

Ey/F, of the form Ey : y? = 23 + ax + b with j(Fy) # 0,1728. Then

—27h?
4a?

ap(Ez) = p-p(b) - oG |

Ny
Wiy s lw

L=
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In [12], Barman and Saikia did the same for the elliptic curve Ej.

Theorem 5.8. ([12, Theorem 3.5]). Let p be an odd prime and ¢ = p",r > 1. The

trace of Frobenius on Ey is given by

N —=

4g
12

q

ag(E1) = q-¢(—fg) - 2G>

INES
Al ol

Remark 5.3.3. McCarthy proved Theorem 5.7 for F,, for all primes p > 3. In [12],

it was verified that Theorem 5.7 is true for F,, where ¢ =p",7 > 1 and p > 3.

Theorem 5.9. Let p > 3 be a prime and ¢ = p",r > 1 such that ¢ # 1 (mod 3).

For b,t € Fy, consider the elliptic curve Eyp : y? = 2% + tx + b over F,. Then we

have

I 3 1,27
S PHE — D)ay(Bra) = =g ) -G | 2 [
o 0,3 3 ]
Proof. Taking d =4 and k = 3 in Theorem 5.4, we have
1 3 1 3
’ 4 1
Z QO(]_ — t)gGQ ;1 ;1 |ZEOt == Z QO(]_ — t)QGQ . 4 |J}0t
teF, 3y 3 ter 3 3 q
11 3
4 20 1
= —3G3 i Zo
07 3y 3

q

Since ¢ # 1 (mod 3), therefore ¢ — ¢~ is an automorphism on [y and we obtain

L3 r 1 3
3 4 1, Tg o 2 1
E gD(t(t — 1))2G2 3 = —3G3 To
. 121 0. 1 2
teFy 37 3 q » 33 q
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Taking xg = = 4762 with b € F yields

13 1 1 3

i1 =27 © o201 =27
Z(,p(t(t3—1))2G2 1 2‘ 4¢3 =G 1 2‘ 4
teFy 30 3 g 0, 3 3 .

Note that for ¢,b € F), we have j(E:;) # 0,1728. Hence, using Theorem 5.7, we

q?

obtain the desired result. [ |

Theorem 5.10. Let p > 3 be a prime and ¢ = p",r > 1. For f,t € F, consider

the elliptic curve Ey; : y* = 2° + fa? + T over Fy. Then we have

D (bt =1))ag(Eiy)

teFy

—o(f) = a- p(2f), if f2=4;
=< —o(f), if f2 — 4 is not a square;

—o(f) —a-eCH(1+ §) + (1= F)), o 2 —4=d

Proof. We consider a character sum A,, and then using Lemma 5.6 (1), we have

1 3
4 4
Amo = Z gO(l — t)QGQ |$0t
1 .
tG]Fq 97 3 .
(1 3
. (1 —1)2Go ;1 j |zot
teFy L 29 ] 4
b (D
=Y 1 =thGe | 7 7 =] . (5.9)
13 ot
teFy | 10 1 q
Let Eyy:y* = 2% + fa? + 4, where f,t € F. Then by Theorem 5.8, we have
1o,
20 2
ag(Epe) = p(=f) 2G2 | 2 (5.10)
4 4
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Taking xy = f; in (5.9) and using (5.10), we have

Ap = @ > o(t(t — 1))aq(Ery). (5.11)

teFg

Combining (5.11) and the expression for the character sum A ;2 from Corollary 5.3.1,
4

we obtain the required result. [ |

Next, we recall the Hessian form of elliptic curve over F,. Let a € I, be such

that a® # 1. Then the Hessian curve over F, is given by the following cubic equation
Co(Fy) : 2° + y* + 1 = 3azy.

Let #C,(F,) denote the number of F -points on C,(F,). In [13], Barman and Saikia
expressed the number of F,-points on C,(F,) in terms of 2Gsl- - - |, as given in the

following theorem.

Theorem 5.11. ([13, Theorem 3.3]). Let a € F) such that a® # 1. Let p > 3 be a

prime and ¢ = p",r > 1. Then we have

N[ =

#Co(Fy) =a—14+q—q-p(=3a) - 2G,

[N

olot NI=
Q
w

5—6¢(—=3), ifg=1 (mod 3);

1, if ¢ Z 1 (mod 3).
In the following theorem, we prove an identity for #C,(F,).

where o =

Theorem 5.12. Let p > 3 be a prime and ¢ = p",r > 1 such that ¢ # 1 (mod 3).
Fort € F,, t #0,1, consider the Hessian curve C; : 3 + y* + 1 = 3txy over F,. If
#Cy(F,) denotes the number of F,-points on Cy(F,), then we have

3 — D))#CUF,) = 1.

teF; t#1
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Proof. Corollary 5.3.2 (1) gives

12 12
D p(t(t = 1))2Gy 37 g ] =D @t —1))2Gs 37 ; |t
telFy ’ q te]F; ) q
Using Lemma 5.6 (3),

L2 11

t(t—1))sGo | — 3(1—t)) =

> e(t(t —1))sGs ’ 0 —q- > ¢l N
teFy ) teFg 6’ 6 q

=—-1—q.

Since ¢ # 1 (mod 3), therefore ¢ — ¢* is an automorphism on F o This yields

DO |
N

Sl =0 X w6

i 1
teFy t#1 6

q- Z 1—153

teFy

t3

=
oot NI=
olot NI

— —

Let C; : 23 +9® + 1 = 3tay, where t € 5 such that ¢ # 1. Using Theorem 5.11, we

obtain
—1—g= > @ -1))(g—#Ci(F,))
teFy t#1
—q- Y et —1) = > p(t(t* = 1)#C(F,)
teFy teFy t#1
=g Y et =1) = D p(tt® = 1)#C(F,).
teFy teF; t#1
Using the fact that 3, x ¢ (¢(t — 1)) = —1, we obtain the desired result. |
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Weight Three Newforms and p-adic

Hypergeometric Functions

6.1 Introduction

Rodriguez-Villegas [60] studied the relationship between the number of points
over [F,, on certain Calabi-Yau manifolds and truncated hypergeometric series which
corresponds to a particular period of the manifold. In the same article, he examined

18 supercongruences where he related the truncated hypergeometric series to the

!The contents of this chapter have been published in J. Math. Anal. Appl. (2025).

119
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120 MODULAR FORMS AND p-ADIC HYPERGEOMETRIC FUNCTIONS

Fourier coefficients of modular forms of weight three and four. All the 14 supercon-

gruences of Rodriguez-Villegas associated with the modular form of weight four are

proved, see for example, [31, 42, 49, 51]. For a nice survey and more conjectural

supercongruences, one can also see [24].

Dedekind’s eta function n(z) is defined by

o0

n(z) = q= [T - ¢,

n=1

where ¢ := ¢?™* and Im(z) > 0. The integers a(n), b(n), and c¢(n) are defined by

L

almg” = (12) € 5 (Tol10). (5 ).

n=1

NE

b = rfEP(ez) 52 (T2 () ).

n=1

NE

n=1

Il

These weight three newforms are related to modular K3 surfaces.

Villegas [60] conjectured that for any prime p > 3 we have

p—1
2n)3
(nvz 64" =a(p) (mod p*),
n=0 .
p—1
3n)!(2n)! .
2 %108 =0(p) (mod p?),
n=0
p—1
an)l .
Z <n'4) 256" = c(p) (mod p?),
n=0 :
o (6n)
GryE 728 = 7()a) - (mod p7),
n=0

where v(p) := —1if p =5 (mod 12) and ~(p) := 1 otherwise.

()" = (82 (A2 (2) € Ss (ro<8>, (

(6.1)

(6.2)

(6.3)

Rodriguez-

Supercongruence (6.4) has already been proved by several authors including
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6.1 INTRODUCTION 121

Ahlgren [1], Ishikawa [40], Mortenson [56], and Van Hamme [70]. The supercongru-
ences (6.5)-(6.7) were studied by Mortenson in [56]. Using finite field hypergeometric
functions, Mortenson proved (6.5) for p = 1 (mod 3), (6.6) for p = 1 (mod 4) and
(6.7) for p =1 (mod 6). When p = —1 (mod d), where d = 3,4,6, Mortenson’s
approach only allowed him to show the supercongruences up to sign. For example,

for p = —1 (mod 3), he proved that

o 2
(pz %108‘”) =b(p)* (mod p?).
n=0
Sun [67] was the first to prove the remaining cases of (6.5)-(6.7). He used another
approach, namely Schroder polynomials and the Zeilberger algorithm to complete
the proof of (6.5)-(6.7). In [4], a general congruence result relating the hypergeomet-
ric functions defined by Beukers et al. [20] and truncated classical hypergeometric
series was also studied.

In this chapter, we study the supercongruences (6.5)-(6.7) via McCarthy’s p-adic
hypergeometric functions involving the p-adic Gamma function and extend Morten-
son’s approach to give a complete proof of (6.5)-(6.7). Firstly, we establish certain
transformation identities for McCarthy’s p-adic hypergeometric function ,,G,|[- - - ],.
We use these transformation identities to find the special values of p-adic hyper-
geometric functions which come out to be precisely the p-th Fourier coefficients of

weight three newforms.
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6.2 Transformations for »Gs[-- -], and 3G3[-- -],

The following transformation for classical hypergeometric series is due to Kum-

mer [7, p. 4, Eq. 1].

a, b I'(c)I'(c—=a—10 a,
2F1 |ZE :F( ) ( T b)2F1 |]_—ZE
c (c—a)l'(c—1) a+b+1—c
I'(c)T b— c—a, c—b
LLONatb=0) oo 1—az|. (68)
['(a)T(b) l+c—a—b
Barman and Saikia [14] found a p-adic analogue of (6.8) when a = 1,b = 2, and

¢ = 1. We prove a p-adic analogue of (6.8) for two more cases. We first prove a
proposition which gives a relation between the traces of Frobenius of two elliptic
curves. This proposition plays an essential role in the proof of a p-adic analogue of

(6.8).

Proposition 6.1. Let p > 3 be a prime and E; : y> + 3xy + ty = 22 be a family of
elliptic curves where t € F), such that t # 0,1. Then we have

(B0 = (=) alEr),

Proof. We have E; : y* 4+ 3zy + ty = a2 where t € F, such that ¢t # 0,1. Clearly,
P = (0,0) is a point of order 3 on E;. Using [72, Theorem 12.16], we can find an
isogeny « from E; to E} such that ker(a) = {O, P,—P} and Ej is given by

B} y® + 3xy +ty = 2® — 15tz + (=27t — 7t?).
We reduce Ej to the form (1.6) and obtain
9, 21t 27
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We know that trace of Frobenius is invariant under isogeny. Therefore,
ap(Er) = ap(E}). (6.9)

Also, By : y* + 3zy + (1 — t)y = 23. We write E;_; in the form (1.6) as follows.

9 3(1—t 1—1t)2
Brog=rt sy 20, 0200

The (—3)-quadratic twist of Fy_; is given by

27 27(1 —¢ 27
y? =23 — —$2+¥x— —(1I'=¢)% (6.10)

Employing z — = + 3 in (6.10) yields

9 27 27
2 3 2 2
=2+ +4
Y x 4:5 5 z 1 (t t),
which is the elliptic curve Ej. Therefore, E} is a (—3)-quadratic twist of E;_;. Hence,

(1.7) yields

-3
(B = (2 alED). (6.11)
Combining (6.9) and (6.11), we obtain the desired result. |

In the following theorem, we prove a p-adic analogue of (6.8) when a = %, b=

W

Y

and ¢ = 1 with the help of Proposition 6.1.

Theorem 6.2. Let p > 3 be a prime and t € I, such thatt #0,1. We have

Loz Loz
) 37 3
2Go | 77 5| = ¢(=3) 2o T
0, 0 0, 0
p p

Proof. Let E,, o5 @ y> + a12y + azy = 2 be a family of elliptic curves where ay, a3 €
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). We let T' denote a generator of Iﬁg. From the proof of Theorem 1.1 of [48], we

have

ap(Eahas) = Zg T _CL% .
1=

’B

i e

Using (1.10) and then adding and subtracting the term under the summation for

[ =0, we have

ol Buas) =~ Zw (o) (pylisel-Lisst
) (- ) (- 4))
Ly (5) T (5)
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12 a3

37 3
=2 |271

0, 0 <4

p

Taking a; = 3,a3 =t and ay; = 3,a3 = 1 — ¢, we obtain

12 1
30 3
ap(ES,t) = 2Go |¥ )
Op—0
- p
(1 2 ,
3> 3
&p(E:s,l—t) = 2Go e ;
0, 0
- P
Now using Proposition 6.1, we complete the proof of the theorem. |

The following theorem is a p-adic analogue of (6.8) when a = %, b = %, and

c=1.

Theorem 6.3. Let p > 3 be a prime and t € I, such thatt # 0,1. We have

1 35 1 1 35 1
2G ° 6‘; =¢(—1)'2G2 o0 —1—t
0, 0 0, 0
P P

Proof. Let E; : y* = x® — 32® + 4t be a family of elliptic curves where ¢ € F, such
that ¢ # 0, 1. From [12, Theorem 3.4], we obtain
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Letting | = 2+ — k, we have

ap(B) = ——— o (1) (—p)~Limma)-L6 55235

Using Lemma 1.11 with ¢ = 3 and a = 21, and the fact that I, (%)2 = —p(-1),

we deduce that

0 (Ep) = —£53) o G) (—p)- L3713 =2l 4

p—1 — t
2
() (G =a5)) 1 (= 7%))
Ty (5) T (5)
1 5 1
=p(=3)2Ga | © | (6.12)
0, 0
p
Replacing ¢ with 1 — ¢, we obtain
1 5 1
ap<E1_t) = gp(—?)) . 2G2 0 0 |: . (613)
0, 0
p
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Now, taking x +— = 4+ 1 in E; and E;_; gives the following curves, respectively,

By y?=a =30+ 4t — 2,

Eiy:y*=2%—3zx+2—4t.

It is easy to verify that Ey_; is a (—1)-quadratic twist of E;. Therefore,

a,(E;) = (?) ay(Ey_y). (6.14)

Combining (6.12), (6.13), and (6.14) we complete the proof of the theorem. |

Remark 6.2.1. In [38, Lemma 4], authors also proved the identities given by The-
orems 6.2 and 6.5.

We prove another identity for McCarthy’s p-adic hypergeometric functions. We

recall Bailey’s cubic transformation [6, Eq. 4.06]:

a, 2b—a—-1, a+2—-2b

3F |4z
b, a—b+%
a a+1 a+2
i 3 T3 3 2722
b, a—b—l—% d

In the following theorem we prove a p-adic analogue of (6.15) when a = % and b = 1.

Theorem 6.4. Let p > 3 be a prime and x € F,, such that x # 0,1. Then we have

1 1 1
v, ¥, @ 27 99 9 1
p2~3F2 |4$ = 3G 4—
£, € 0, 0, 0 **
p p
1 1 5
2 & 6 —4x—1)3
0, 0, 0 t
p
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+o(r+2) - 9(=1) .

We prove Theorem 6.4 using a transformation of Fuselier et al. [30, Theorem
9.14]. We remark that there is a typo in [30, Theorem 9.14]. The factor G 71 —— should

be —1, and we recall the result below with this correction.

Proof of Theorem 6.4. For x # 0,1, using [30, Theorem 9.14] with A = B = ¢ and

Lemma 1.2 for y = ¢ and x = ¢, we have

o AT S N B € ) 9(ex?)g(x)? z’
Ae =l z 5‘4 p—1 Z 9() ( )

+o(x +2)p(—1)p. (6.16)

Using Davenport-Hasse relation with ¢ = x*® and m = 2, we have

909X (4) (6.17)

9(px®) =

Substituting (6.17) in (6.16), we obtain

A, 1_‘"’ Zg (44(952 )+5($+2)gp(—1)p.

x—1)3
XEFF

Taking y = w® yields

A = p(1 — ) &= 9@ )g(@)?_, (44(33 —1)3

i 2 o p ) +0(x 4+ 2)p(—1)p.

Using Gross-Koblitz formula, we have

A — gpg_w: (44x—1)>(_p)3<p“1>+<ﬂ>(fi‘)

a=
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_ ) B Ay —1)3 _6a+iafp E?)Fp ;T&f
_ _90;1_ : ) > a (4 ( - 1) ) (—p) L7+ L] ( Fp><<p_3§><) >>
- *0;1__1 ) 4 5o+ 2)p(=1)p

Employing Lemma 1.11 with ¢ = 6 and t = 3, and Lemma 1.13 with d = 3 and
d = 6, we deduce that

Ay = —90;1__1@ - ('0;1__13:) Zl ' (4(27;21)3) (—p)~Ls—stnl Lo -La—7%)
D) () () (- )
oG, ()

+ d(z + 2)p(—1)p.

Since w*(—1) = (—1)%, we have @*(—1)(—1)* = 1. Substituting this value and then

adding and subtracting the term under the summation for a = 0, we deduce that

4= Pl=D) (—4(:v - 1>3> (~1)*(=p)-Li—s=l= L35 ) - L5

p—1 —~ 2712
) Bl ) (- ) ()
Ty (5) 0o (3) T» (3)
+0(z +2)p(=1)p
= (1 — 1) - 3G o %'4(2567:021)3] + (a4 2)p(—1)p (6.18)
0, 0, 0 )
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Also, using Definitions 1.9, 1.10, and 1.11, we obtain

0, P @ 2 0, p @
A, = 3F, dr| =< L _ .5 4z | . (6.19)
€, € (¢, ¢) g, €
p p

Using (1.3) and (1.5), we have J(p,€)* = 1. Now, Proposition 1.7, Lemma 1.9, and

(1.5) yield
R ——
A, =3G3 | 2 P2 =l (6.20)
0, 0, 0 **
p
Combining (6.18), (6.19), and (6.20), we obtain the required identity. |

For p =1 (mod 3), Greene proved the finite field analogue of (6.8) in [36, The-
orem 4.4 (i)]. We have ¢(—3) = —1 when p = 2 (mod 3) and ¢(—1) = —1 when
p =3 (mod 4). Hence, using Theorems 6.2 and 6.3 for t = %, we obtain the following

special values of 2Gsl- - - ],.
Corollary 6.2.1. Let p > 3 be a prime.

1. For p =2 (mod 3), we have

L2
,Ge | P P 2] =o.
0, 0
p
2. For p=3 (mod 4), we have
15
G | O % 2] =o.
0, 0
p
Employing Theorem 6.4, we find certain special values of 3G3[- -], as listed in
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the following corollary. For ¢t € I, let

G(t7p) = 3G3 |t

N
D=
(=143

=
=
(]

Corollary 6.2.2. Let p > 3 be a prime. We have

W G <1331 ) ©(33)(42% —p), ifp=1 (mod4), 22+y?=p, v is odd;
7 —,p ] =
8 —pp(33), ifp=3 (mod 4).
oA (125 ©(10)(42* —p), ifp=1,3 (mod 8), and x* + 2y* = p;
(”) G P =
2 —pp(10), ifp=>5,7 (mod 8).

e (125 ) p(5)(4z* = p), ifp=1 (mod 3), and x>+ 3y* = p;
it )=

4 —pp(5), ifp=2 (mod 3).

64 —pyp(105), ifp=3,56 (mod 7).
(U) é (614125 ) _ 90(1785)(4$2 _p)v pr = 172;4 (HlOd 7), x? -+ 7y2 =p;

& | —pp(1785), ifp=356 (mod7).

Proof. (i) Taking # = —45 in Theorem 6.4 and then employing [57, Theorem 6 (ii)],
we obtain the required values.

(i4) Taking = —1 in Theorem 6.4 and then employing [57, Theorem 6 (iii)], we
obtain the required values.

(#47) Taking x = 1z in Theorem 6.4 and then employing [57, Theorem 6 (v)], we
obtain the required values.

(1v) Taking x = 16 in Theorem 6.4 and then employing [57, Theorem 6 (vi)], we
obtain the required values.

1

(v) Taking = 5 in Theorem 6.4 and then employing [57, Theorem 6 (vii)], we

obtain the required values. [ |
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6.3 Weight three newforms and 3G5|- -],

In this section, we use the transformations listed in Theorems 6.2 and 6.4, and
express the p-th Fourier coefficients of the modular forms defined in (6.1)-(6.3) in
terms of special values of 3G3]- - - |,. We first state a theorem of Beukers and Stienstra

that describes the Fourier coefficients of the three modular forms given by (6.1)-(6.3).

Theorem 6.5. ([66, Eq. 14.2]). If we define ®4(p) := a(p), P3(p) := b(p), and
Oy (p) := c(p), then the p-th Fourier coefficients of the modular forms are given by

0 if (L) =-1;

Parlp) = 2 (=M _ _ 2 2
4a® —2p if - =1, p=a"+ Mb".

The following lemma expresses certain product of values of p-adic gamma func-

tions in terms of a character sum.

Lemma 6.6. ([31, Lemma 3.4]). For p an odd prime and a € Z, with 0 < a < p—1,

we have

The following classical identity is a quadratic transformation due to Whipple [5,

p. 130, Eq. 3.1.15]:

a, b, ",
3fy |2
l1+a—-b, 1+a—c
a atl l+a—-b—c 4
= (]_—Z)_a 3F2 2 2 |—(1_—Z>2 (621)
1+a—0b, l+a—c o

In the following theorem, we recall a p-adic analogue of (6.21) when a =b=c¢ = %
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Theorem 6.7. ([31, Theorem 2.5]). Let p be an odd prime and define s(p) =
()T @)1, () = (DI ot o ey,

4 4 2

= o

N[ =
i

$Gs 2| =s6) - e21 - ) 50 - 822

N |
DO [

D=

=

=

o
=
=
o

+o(x+1)-p(=1)-p.

We now express the p-th Fourier coefficients of the modular forms defined in

(6.1)-(6.3) in terms of special values of certain p-adic hypergeometric functions.

Theorem 6.8. Let p be an odd prime. Then we have

Proof. Using Theorem 6.7 with x = —1, we obtain

11 1 1 1 3
27 925 9 27 47 4
3G | =1 =s(p)-3G3 1| +p-o(-1).
0, 0, 0 0, 0, 0
p p

1 1 3 11 1
27 47 4 2 2 2
3G3 1] = ©(2)-3Gs | =1 —p-po(-2)
0, 0, 0 0, 0, 0
p p
v, ¥, ¢
=¢(2)-p* 3B |—1] —p-o(=2). (6.22)
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From [57, Theorem 6 (iii)], we obtain

al w‘ X —£2, if p=5,7 (mod 8);
3bo - =
g, € %ﬁtp), if p=1,3 (mod 8) and z* + 2y* = p.
P

(6.23)

Combining (6.22), (6.23), and Theorem 6.5 with the fact that ¢(—2) =1ifp=1,3
(mod 8) and ¢(—2) = —1if p=5,7 (mod 8), we obtain the required result. |

Theorem 6.9. Let p > 3 be a prime . Then we have

1 1 2 2
2y 33 3 @, X3, X3

3G3 |1 - p2 Y |1 )
0, 0, 0 g, €

p p

where 3 is a character on F, of order 3. Employing [56, Proposition 4.2] with d = 3,

we obtain the desired result. Next, we prove the result for p = 2 (mod 3). Consider
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Using the fact that @*(—1) = (—1)* and Lemma 6.6, we obtain

() (1) g

A= —}% T Ig p(t(t —1)) : w (%) (—p) L)l
T (%) 1 <<Fi (%;LF?()%)FP ((3-)) - pi 1 §¢(t(t — 1)
= St~ 1) oG 0 O 2|

where the last equality is obtained by using the fact that "7~ o(t(t — 1)) = —1.

t=

Employing Theorem 6.2 with the fact that ¢(—=3) = —1 for p = 2 (mod 3), we
obtain
p—1 1 2 1
A=Y it =1) 20 | * ° |7
t=2 0, O
p
Taking ¢t — 1 — ¢, we obtain
p—1 1 2 1
A=ttt —1))2Gy | 7 ° 5| =-A
t=2 0, O
p

This yields 24 = 0 and hence A = 0. Using Theorem 6.5, we complete the proof of
the theorem. [ |
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Theorem 6.10. Let p > 3 be a prime. Then we have

where v(p) := =1 if p=5 (mod 12) and vy(p) := 1 otherwise.

Proof. Substituting z = —2 in Theorem 6.4, we obtain

e 5
w, ¥ @ 27 67 6
P sFy [—8) =¢(B)-3Gs | © " "L +e(-Lp.  (6.24)
e € 0, 0, 0
p p
From [57, Theorem 6 (i)], we obtain
Y, ¥ @ —1 ifp=3 (mod4);
3 F |-8]| = \ p p ( )
e, € >, ifp=1 (mod4), 2*+y’=p, zisodd.

(6.25)

Combining (6.24), (6.25), and Theorem 6.5 with the fact that ¢(3) = —1if p =
5,7 (mod 12) and ¢(3) = 1 if p = 1,11 (mod 12), we complete the proof of the

theorem. H

6.4 Proof of the Rodriguez-Villegas conjectures

In this section, we prove the Rodriguez-Villegas conjectures (6.5)-(6.7). We first
recall a theorem that gives a congruence relation between p-adic hypergeometric

functions 3G - -], and truncated hypergeometric series gFy[- - - |,—1.

Theorem 6.11. ([50, Theorem 2.5]). Let 2 < d € Z and let p be an odd prime such
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that p = +1 (mod d). Then

L 1 d-1 L 1 d-1
20 d» d 20 d> d
3G3 1| =3k 1 (mod PZ)-
0, 0, O 1, 1
p p—1

In the following theorem, we prove the Rodriguez-Villegas conjectures (6.5)-(6.7).

Theorem 6.12. Let p > 5 be a prime. We have

pi wm_" =0b(p) (mod p?), (6.26)
i %TZ 956" = ofp)  (mod p?), (6.27)
<—3(§;Z' 17287" = y(p)a(p) (mod p?), (6.28)

where y(p) := —1 if p="5 (mod 12) and v(p) := 1 otherwise.

Proof. We have

N[
W=
w

p—1
3 3n)!(2n)!
3F) | =3 Bnkin) ,(5 08,
1 n=0 -
) p—1

—

Now, Theorem 6.11 with d = 3 and Theorem 6.9 readily yields (6.26).

Similarly, we have

1, 1 3 p—1 (4”)‘
27 47 4 . —n
sFy =D 2567
17 1 n=0 )
p—1

Combining Theorem 6.11 with d = 4 and Theorem 6.8, we obtain (6.27).
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Finally, we have

11 5 p—1 ,
o I TY B i GO IS PSS
11 “— (3n)!n!
) p—l
Combining Theorem 6.11 with d = 6 and Theorem 6.10, we obtain (6.28). |
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