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Abstract

This thesis studies hypergeometric functions and their relations to algebraic vari-

eties and modular forms. We study p-adic hypergeometric functions, hypergeometric

functions over finite fields, and their relations to elliptic curves and diagonal hyper-

surfaces. We also express the Fourier coefficients of certain weight three newforms

as special values of p-adic hypergeometric functions, and obtain a new proof of

some supercongruences conjectured by Rodriguez-Villegas related to modular K3

surfaces.

Let nGn[· · · ]q denote McCarthy’s p-adic hypergeometric functions. Firstly, we

establish two transformations for the p-adic hypergeometric function, which can be

described as analogues of a transformation of Euler and a transformation of Clausen.

We use a character sum identity proved by Ahlgren, Ono, and Penniston to deduce

the p-adic Clausen’s transformation. We also deduce special values of certain p-

adic hypergeometric functions. Next, we derive an identity expressing a 4G4[· · · ]q
hypergeometric function as a sum of two 2G2[· · · ]q hypergeometric functions. This

identity generalizes some known identities satisfied by the finite field hypergeometric

functions. We also prove a transformation that relates n+2Gn+2[· · · ]q and nGn[· · · ]q
hypergeometric functions.

Secondly, we study relationships between p-adic hypergeometric functions and

the number of points on diagonal hypersurfaces over a finite field. Let Dd
λ denote

v
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vi Abstract

the family of monomial deformations of diagonal hypersurface over a finite field Fq

given by

Dd
λ : Xd

1 +Xd
2 + · · ·+Xd

n = λdXh1
1 X

h2
2 · · ·Xhn

n ,

where d, n ≥ 2, hi ≥ 1,
∑n

i=1 hi = d, and gcd(d, h1, h2, . . . , hn) = 1. The Dwork

hypersurface is the case when d = n, that is, h1 = h2 = · · · = hn = 1. Formulas

for the number of Fq-points on the Dwork hypersurfaces in terms of McCarthy’s

p-adic hypergeometric functions are known. We provide a formula for the number

of Fq-points on Dd
λ in terms of McCarthy’s p-adic hypergeometric function which

holds for d ≥ n. Let Dd,k
λ denote a subfamily of the diagonal hypersurface over a

finite field Fq with n = 2, h1 = k, and h2 = d − k. Let #Dd,k
λ denote the number

of points on Dd,k
λ in P1(Fq). It is easy to see that #Dd,k

λ is equal to the number of

distinct zeros of the polynomial yd−dλyk +1 ∈ Fq[y] in Fq. We prove that #Dd,k
λ is

also equal to the number of distinct zeros of the polynomial yd−k(1 − y)k − (dλ)−d

in Fq.

Thirdly, we express the trace of Frobenius of elliptic curves in terms of special

values of 4G4[· · · ]q and 6G6[· · · ]q hypergeometric functions. These results extend the

recent works of Tripathi and Meher on the finite field hypergeometric functions to

wider classes of primes. We then derive summation identities for the p-adic hyperge-

ometric functions appearing in the expressions for #Dd,k
λ . As an application of the

summation identities, we prove identities for the trace of Frobenius endomorphism

on certain families of elliptic curves.

Finally, we study relationships between p-adic hypergeometric functions and

modular forms. We prove p-adic analogues of certain classical hypergeometric iden-

tities, and using these identities we express the p-th Fourier coefficient of certain

weight three newforms in terms of special values of 3G3[· · · ]p. Rodriguez-Villegas

conjectured certain supercongruences between values of truncated hypergeometric

TH-3689_206123021
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series and the p-th Fourier coefficients of these newforms. As a consequence of our

main results, we obtain another proof of these supercongruences which were earlier

proved by Mortenson and Sun.
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Introduction

In this thesis, we study p-adic analogues of certain classical hypergeometric iden-

tities, relations of p-adic hypergeometric functions to algebraic varieties and modular

forms, and find certain special values of the p-adic hypergeometric functions. Gauss

defined 2F1 classical hypergeometric series in his work [32] in 1812. Relations of

hypergeometric series with different mathematical objects, such as differential equa-

tions, modular forms, algebraic curves, etc., have been explored by many mathe-

maticians. For instance, there are certain results relating hypergeometric series to

the periods of abelian varieties, such as elliptic curves, Calabi-Yau manifolds, and

certain K3 surfaces. Consider the Legendre family and the Clausen form of ellip-

tic curves given by Eλ : y2 = x(x − 1)(x − λ) and Et : y2 = (x − 1)(x2 + t) for

t ∈ R\{0,−1}, respectively. Then the real period of Eλ and Et, for t > 0, can

be expressed in terms of 2F1-hypergeometric series and 3F2-hypergeometric series,

respectively.

The arithmetic properties of Gauss and Jacobi sums have a very long history in

number theory. Number theorists have obtained finite field analogues of classical

hypergeometric series using these sums, and these functions have significant appli-

cations in arithmetic geometry. It seems that hypergeometric functions over a finite

field first appeared in Koblitz’s work [44]. There are other definitions of hyperge-

ometric functions over finite fields. For example, see the works of Greene [35, 36],

1
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2 Introduction

Katz [41], McCarthy [52], Fuselier et al. [30], and Otsubo [58]. In 1987, Greene

[36] introduced hypergeometric functions over finite fields as analogues of classi-

cal hypergeometric series. These functions are known as Gaussian hypergeometric

series. He explored the properties of these series and found that they satisfy numer-

ous transformation and summation identities that are analogous to their classical

counterparts.

Some of the biggest motivations for studying Gaussian hypergeometric series

have been their connections with Fourier coefficients and eigenvalues of modular

forms and with counting points on certain algebraic varieties. For example, see

[2, 8, 9, 26, 28, 29, 46, 47, 48, 51, 55, 56, 57, 63, 71]. Gaussian hypergeometric series

have recently led to applications in graph theory, see for example [21, 22, 23].

By definition, the arguments in Gaussian hypergeometric series are the multi-

plicative characters, and hence, the results involving hypergeometric functions over

finite fields are often restricted to primes in certain congruence classes to facilitate

the existence of the multiplicative characters of specific orders; for example, see

[8, 9, 28, 29, 47, 48, 63]. To overcome these restrictions, McCarthy [50, 53] intro-

duced a function nGn[· · · ]q, known as p-adic hypergeometric function, in terms of

the p-adic gamma function with parameters from rational numbers and argument is

an element of a finite field Fq. This function can best be described as an analogue

to the classical hypergeometric series in the p-adic setting. McCarthy showed how

results involving hypergeometric functions over a finite field can be extended to all

but finitely many primes using nGn[· · · ]q. Using McCarthy’s work, one can rewrite

the results involving hypergeometric functions over finite fields in terms of nGn[· · · ]q.

However, such results for nGn[· · · ]q will only be valid for primes q where the orig-

inal multiplicative characters existed over the finite field Fq, and hence restricted

to primes in certain congruence classes. Therefore, it is a non-trivial problem to

extend these results to all but finitely many primes. Several authors have extended

the results involving Gaussian hypergeometric series to a broader class of primes

TH-3689_206123021



Introduction 3

using nGn[· · · ]q, see for example [11, 12, 13, 14, 17, 53, 54, 61, 62].

Numerous transformation formulas exist for the finite field hypergeometric func-

tions, but very few exist for nGn[· · · ]q in full generality. It is an interesting problem

to find p-adic analogues of classical identities. Certain transformation and sum-

mation identities for p-adic hypergeometric functions are known for some specific

parameters, for example, see [11, 12, 13, 14, 15, 16, 17, 31, 61, 62]. In this thesis,

we find certain summation and transformation formulas for the p-adic hypergeomet-

ric functions. We also find some special values of these functions. We prove two

transformations, which can be described as p-adic analogues of a transformation of

Euler and a transformation of Clausen. We derive an identity where the sum of two

2G2[· · · ]q hypergeometric functions is expressed in terms of a 4G4[· · · ]q hypergeo-

metric function. We also establish a transformation that relates n+2Gn+2[· · · ]q and

nGn[· · · ]q hypergeometric functions.

In [53], McCarthy expressed the trace of Frobenius of elliptic curves in terms

of a special value of 2G2[· · · ]p hypergeometric function for all primes p > 3. Later,

Barman and Saikia [12] represented the trace of Frobenius of elliptic curves in terms

of another special value of 2G2[· · · ]q hypergeometric function. Several authors have

expressed the number of points on Dwork hypersurfaces over a finite field in terms

of the p-adic hypergeometric functions under certain conditions, see for example [10,

34, 54]. LetDd
λ denote the family ofmonomial deformations of diagonal hypersurface

over a finite field Fq. These families are of the form:

Dd
λ : Xd

1 +Xd
2 + · · ·+Xd

n = λdXh1
1 X

h2
2 · · ·Xhn

n ,

where d, n ≥ 2, hi ≥ 1,
∑n

i=1 hi = d, and gcd(d, h1, h2, . . . , hn) = 1. We express

the number of points on Dd
λ over a finite field in terms of the p-adic hypergeometric

functions under the condition gcd(d, q − 1) = 1. We also study some results where

the sum of traces of Frobenius of a family of elliptic curves can be written in terms of

TH-3689_206123021



4 Introduction

special values of 4G4[· · · ]q and 6G6[· · · ]q. As an application of summation identities,

we establish relations involving trace of Frobenius of elliptic curves and 3G3[· · · ]q.

In [60], Rodriguez-Villegas examined 18 supercongruences where he related the

truncated hypergeometric series to the Fourier coefficients of modular form of weight

three and four. It was Beukers [19] who first observed supercongruences of this type

in connection with the Apéry numbers used in the proof of the irrationality of ζ(3).

Ahlgren and Ono [2] proved Beukers’ supercongruence conjecture relating Apéry

numbers to the coefficients of a certain weight four newform. All the 14 supercon-

gruences of Rodriguez-Villegas associated with the modular form of weight four are

proved, see, for example, [31, 42, 49, 51]. For a nice survey and more conjectural

supercongruences, one can also see [24]. Mortenson [56] found relations between

Gaussian hypergeometric series and Fourier coefficients of modular form of weight

three. Consequently, he proved that the remaining four supercongruences are true

for certain congruence classes of primes, and for the remaining classes he proved the

supercongruences upto sign. Later, Sun [67] proved these four supercongruences for

the remaining classes with a different approach involving Schröder polynomials and

the Zeilberger algorithm. In this thesis, we prove that the p-th Fourier coefficients

of these weight three newforms are related to the p-adic hypergeometric functions

for all but finitely many primes. In other words, we extend the result of Mortenson

from the Gaussian hypergeometric series to the p-adic hypergeometric functions,

and obtain a new proof of the Rodriguez-Villegas conjectures .

Organization of Thesis

We intend to present the entire work of this thesis in six chapters, as mentioned

below:

• Chapter 1: Preliminaries

• Chapter 2: Certain transformations of p-adic hypergeometric functions

TH-3689_206123021



Introduction 5

• Chapter 3: Diagonal hypersurfaces and p-adic hypergeometric functions

• Chapter 4: Elliptic curves and p-adic hypergeometric functions

• Chapter 5: Summation identities and their applications

• Chapter 6: Weight three newforms and p-adic hypergeometric functions

In Chapter 1, we introduce classical hypergeometric series, elliptic curves, and

modular forms. We then recall Gauss and Jacobi sums, and their properties. We

next introduce the Gross-Koblitz formula. Finally, we define hypergeometric func-

tions over finite fields and McCarthy’s p-adic hypergeometric functions.

In Chapter 2, we derive certain transformation formulas for the p-adic hyper-

geometric functions. To derive the transformation formulas, we evaluate certain

character sums and use some properties of the p-adic gamma function.

In Chapter 3, we relate the p-adic hypergeometric function to the number of Fq-

points on diagonal hypersurfaces. We find a formula for the number of distinct zeros

of a polynomial over a finite field in terms of the p-adic hypergeometric functions

which also establishes a relation to the number of points on the diagonal hypersur-

faces over a finite field.

In Chapter 4, we express the sum of two traces of Frobenius endomorphism on

certain families of elliptic curves in terms of special values of 4G4[· · · ]q and 6G6[· · · ]q
hypergeometric functions. These results extend the recent works of Tripathi and

Meher on the finite field hypergeometric functions to wider classes of primes.

In Chapter 5, we establish certain summation identities for nGn[· · · ]q hypergeo-

metric functions. We also derive certain transformations and expressions involving

a sum of p-adic hypergeometric functions. As an application of these identities, we

find some expressions involving the sum of traces of Frobenius endomorphism on

elliptic curves and p-adic hypergeometric function 3G3[· · · ]q.

In Chapter 6, we study relations between certain weight three newforms and the

p-adic hypergeometric functions. Firstly, we derive some transformation identities

TH-3689_206123021



6 Introduction

for the p-adic hypergeometric functions by counting points on certain families of

elliptic curves and their twists over a finite field. Employing the transformation

identities, we find special values of certain p-adic hypergeometric functions, which

turn out to be the p-th Fourier coefficients of weight three newforms. Using these

special values, we find a new proof of the supercongruences related to K3 surfaces

conjectured by Rodriguez-Villegas.
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1
Preliminaries

In this chapter, we first introduce classical hypergeometric series, elliptic curves,

modular forms, characters over finite fields, and hypergeometric functions over finite

fields. We then recall the p-adic gamma function, the Gross-Koblitz formula, and

McCarthy’s p-adic hypergeometric function. Finally, we recall and prove certain

lemmas which will be used to prove our results in the subsequent chapters.

7
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8 Preliminaries

1.1 Classical hypergeometric series

For a non-negative integer r, and ai, bi ∈ C with bi /∈ {. . . ,−3,−2,−1, 0}, the

classical hypergeometric series r+1Fr is defined by

r+1Fr

 a0, a1, . . . , ar

b1, . . . , br
|λ

 :=
∞∑
k=0

(a0)k · · · (ar)k
(b1)k · · · (br)k

· λ
k

k!
, (1.1)

where, for a complex number a, the rising factorial or the Pochhammer symbol (a)k

is defined as (a)0 = 1 and (a)k = a(a + 1) · · · (a + k − 1), k ≥ 1. If Γ(x) denotes

the Gamma function, then we have (a)k =
Γ(a+k)
Γ(a)

. It is well-known that the classical

hypergeometric series r+1Fr converges absolutely for |λ| < 1. Also, series (1.1)

converges for λ = 1 if Re(
∑
bi −

∑
ai) > 0 and for λ = −1 if Re(

∑
bi −

∑
ai + 1) >

0. More details on hypergeometric series can be found in [5, 7, 65].

When we truncate the infinite sum (1.1) at k = n, it is known as a truncated

hypergeometric series. We denote the truncated hypergeometric series using a sub-

script for the notation as follows:

r+1Fr

 a0, a1, . . . , ar

b1, . . . , br
|λ


n

:=
n∑

k=0

(a0)k · · · (ar)k
(b1)k · · · (br)k

· λ
k

k!
.

If one of the ai’s is a negative integer, then the hypergeometric series (1.1) termi-

nates.

1.2 Multiplicative characters on finite fields

For an odd prime p, let Fq denote the finite field having q elements, where q = pr,

r ≥ 1. Let Zp and Qp be the ring of p-adic integers and the field of p-adic numbers,

respectively. Let Qp denote the algebraic closure of Qp, and let Cp be the completion

of Qp. Let Zq denote the ring of integers of the unique unramified extension of Qp

TH-3689_206123021



1.2 Multiplicative characters on finite fields 9

with residue field Fq. More precisely, Zq is the ring of integers of Qp(ζq−1), the

unique unramified extension of Qp, where ζq−1 is a primitive (q− 1)-th root of unity

in Qp.

A multiplicative character on F×
q is a group homomorphism χ : F×

q → C×. Let

F̂×
q be the set of all the multiplicative characters on F×

q , and it forms a cyclic group

of order q−1 under the pointwise multiplication: (χ1χ2)(x) = χ1(x)χ2(x). Let T be

a generator of the cyclic group F̂×
q . Let χ denote the inverse of χ. For every x ∈ F×

q ,

we know that χ(x) ∈ µq−1, where µq−1 is the group of all (q− 1)-th root of unity in

C×, and χ(x) = χ(x). We extend each character χ ∈ F̂×
q from F×

q to Fq by setting

χ(0) := 0 including the trivial character ε. Let φ denote the quadratic character on

Fq.

It is well known that all the (q − 1)-th roots of unity are contained inside Z×
q .

Therefore, we can consider multiplicative characters on F×
q to be maps χ : F×

q → Z×
q .

We recall the orthogonality relations for multiplicative characters in the following

lemma.

Lemma 1.1. ([39, Chapter 8]). We have

(1)
∑
x∈Fq

χ(x) =

 q − 1 if χ = ε;

0 if χ ̸= ε.

(2)
∑
χ∈F̂×

q

χ(x) =

 q − 1 if x = 1;

0 if x ̸= 1.

We now recall Gauss and Jacobi sums and some of their elementary properties.

For further details, see [18]. Let ζp denote a fixed primitive p-th root of unity in Qp.

The trace map tr : Fq → Fp is given by

tr(α) = α + αp + αp2 + · · ·+ αpr−1

.

Then, the additive character θ : Fq → Qp(ζp) is defined by θ(α) := ζ
tr(α)
p . It is easy

TH-3689_206123021



10 Preliminaries

to see that θ(a+ b) = θ(a)θ(b) and

∑
x∈Fq

θ(x) = 0. (1.2)

For χ ∈ F̂×
q , the Gauss sum is defined by

g(χ) :=
∑
x∈Fq

χ(x)θ(x).

If ζq−1 is a primitive (q − 1)-th root of unity in Qp, then g(χ) lies in Qp(ζp, ζq−1).

Using (1.2), we can easily get that

g(ε) = −1.

Let δ denote the function on multiplicative characters defined by

δ(A) =

 1, if A is the trivial character;

0, otherwise.

We also denote by δ the function defined on Fq by

δ(x) :=

 1, if x = 0 ;

0, otherwise.

The following results on Gauss sums will be useful in the proof of our main results.

Lemma 1.2. ([36, Eq. 1.12]). For χ ∈ F̂×
q , we have

g(χ)g(χ) = q · χ(−1)− (q − 1)δ(χ).

Theorem 1.3. ([18], Davenport-Hasse Relation). Let m be a positive integer and

let q = pr be a prime power such that q ≡ 1(mod m). For multiplicative characters

TH-3689_206123021



1.2 Multiplicative characters on finite fields 11

χ, ψ ∈ F̂×
q , we have

∏
χm=ε

g(χψ) = −g(ψm)ψ(m−m)
∏
χm=ε

g(χ).

The orthogonality relation for multiplicative characters relates θ with Gauss

sums as given in the following lemma.

Lemma 1.4. ([29, Lemma 2.2]). For α ∈ F×
q ,

θ(α) =
1

q − 1

q−2∑
m=0

g(T−m)Tm(α).

Definition 1.1. For multiplicative characters A and B over Fq, the Jacobi sum

J(A,B) is defined by

J(A,B) :=
∑
x∈Fq

A(x)B(1− x).

The following lemma gives a relation between Jacobi and Gauss sums.

Lemma 1.5. ([36, Eq. 1.14]). For A,B ∈ F̂×
q we have

J(A,B) =
g(A)g(B)

g(AB)
+ (q − 1)B(−1)δ(AB).

For multiplicative characters A and B on Fq, the binomial coefficient
(
A
B

)
is

defined by

(
A

B

)
:=

B(−1)

q
J(A,B) =

B(−1)

q

∑
x∈Fq

A(x)B(1− x), (1.3)

It is easy to see that the Jacobi sum satisfies the following identity:

J(A,B) = A(−1)J(A,AB). (1.4)

TH-3689_206123021



12 Preliminaries

We recall the following properties of the binomial coefficients from [36]:

(
A

ε

)
=

(
A

A

)
= −1

q
+
q − 1

q
δ(A). (1.5)

1.3 Elliptic curves

Let K be a field. An elliptic curve over K is a smooth, cubic projective algebraic

curve in three variables with a specified point, O = [0 : 1 : 0]. An elliptic curve over

K is defined by the equation

E : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3,

where ai ∈ K for all i. By de-homogenizing the equation, we get the Weierstrass

form of an elliptic curve given by the equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

with a point at infinity O and a1, a2, a3, a4, a6 ∈ K. If char (K) ̸= 2, then E can be

written as

E : y2 = 4x3 + b2x
2 + 2b4x+ b6,

where b2 = a21 + 4a2, b4 = 2a4 + a1a3, and b6 = a23 + 4a6. Employing y 7→ 2y yields

E : y2 = x3 +
b2
4
x2 +

b4
2
x+

b6
4
. (1.6)

We also define the terms given below:

b8 = a21a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a24,

c4 = b22 − 24b4,
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1.3 Elliptic curves 13

∆(E) = −b22b8 − 8b34 − 27b26 + 9b2b4b6,

j(E) =
c34

∆(E)
,

where ∆(E) and j(E) are called discriminant and j-invariant of the elliptic curve

E, respectively.

Let E be an elliptic curve defined over Q and p be a prime. Let Ẽ denote the

reduction of E (mod p). If Ẽ is also an elliptic curve over the finite field Fp, then

p is said to be a prime of good reduction. Recall that E has good reduction at the

prime p if and only if p does not divide the discriminant of E, i.e., p ∤ ∆(E). We

now define the integer ap(E) by

ap(E) := p+ 1−#Ẽ(Fp),

where #Ẽ(Fp) is the number of Fp-points on Ẽ including the point at infinity. If p

is a prime of good reduction, then ap(E) is called the trace of Frobenius as it can

be interpreted as the trace of the Frobenius endomorphism on E. For more details,

see [64, 72]. Next, we recall the notion of a quadratic twist. Let E be an elliptic

curve given by

E : y2 = x3 + ax2 + bx+ c,

where a, b, c ∈ Fp. If D ∈ F×
p , then the D-quadratic twist of E, denoted by ED, is

an elliptic curve given by the equation

ED : y2 = x3 +Dax2 +D2bx+D3c.

It is known that the traces of Frobenius of E and ED satisfy the following relation:

ap(E) =

(
D

p

)
ap(E

D), (1.7)
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14 Preliminaries

where
(

·
p

)
is the Legendre symbol. Next, we recall the definition of an isogeny of

elliptic curves.

Definition 1.2. ([72, p. 386]). Let E1 and E2 be two elliptic curves defined over a

field K. An isogeny from E1 to E2 is a nonconstant homomorphism ϕ : E1(K) →

E2(K) that is given by rational functions, where K is the algebraic closure of K.

1.4 Modular forms

In this section, we introduce modular forms and recall some definitions and

results of modular forms. For more details, see [25, 45].

Let SL2(Z) be the special linear group, consisting of all invertible 2 × 2 matrices

having entries from Z and determinant 1. For a positive integer N , we consider the

following subgroups of SL2(Z):

Γ(N) :=


a b

c d

 ∈ SL2(Z) :

a b

c d

 ≡

1 0

0 1

 (mod N)

 ,

Γ0(N) :=


a b

c d

 ∈ SL2(Z) : c ≡ 0 (mod N)

 ,

Γ1(N) :=


a b

c d

 ∈ SL2(Z) : c ≡ 0, d ≡ 1 (mod N)

 .

A subgroup Γ ⊂ SL2(Z) is called a congruence subgroup if Γ(N) ⊂ Γ, for some N .

The level of Γ is the smallest N such that Γ(N) ⊂ Γ. Let H denote the upper half

plane,

H = {z ∈ C : Im(z) > 0} ⊆ C.
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1.4 Modular forms 15

We define an action of the group

GL+
2 (R) =


a b

c d

 : a, b, c, d ∈ R and ad− cb > 0


on H via the formula a b

c d

 z := az + b

cz + d
.

We define the extended upper half plane and denote it by H∗, by adjoining all the

rational numbers and i∞, as

H∗ = H ∪Q ∪ {i∞}.

The elements in Q ∪ {i∞} are called the cusps of SL2(Z). It is easy to see that

every cusp of SL2(Z) is SL2(Z)-equivalent to i∞, i.e., for any r ∈ Q there exists

γ ∈ SL2(Z) such that γ(i∞) = r.

Definition 1.3. If Γ is a subgroup of SL2(Z) and F ⊂ H is a closed set with

connected interior, we say that F is a fundamental domain for Γ (or Γ\H) if

a) any z ∈ H is Γ-equivalent to a point in F ;

b) no two interior points of F are Γ-equivalent;

c) the boundary of F is a finite union of smooth curves.

Consider a function f : H → C for which

f

(
az + b

cz + d

)
= (cz + d)kf(z) for all

a b

c d

 ∈ SL2(Z), (1.8)

where k ∈ Z. We use the topology of the extended upper half plane to define the

holomorphicity of f at i∞. Let q = e2iπz. If f(z) is holomorphic on H, then f(q)

will be holomorphic on the punctured unit disc. Hence, we have the Laurent series
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16 Preliminaries

expansion of f centered at q = 0, as

f(q) =
∞∑

n=−∞

anq
n

which is also called the q-series associated with f . Hence, we have

f(z) =
∞∑

n=−∞

ane
2πizn

as the Fourier series of f at i∞. We say f is holomorphic at i∞ if an = 0 for all

negative integers n.

Definition 1.4. A modular form of weight k ∈ Z for the full modular group SL2(Z)

is a holomorphic function f : H → C which satisfies (1.8) and is holomorphic at

i∞. A modular form f is called a cusp form if a0 = 0, that is, f vanishes at i∞.

Next, we study the modular forms of level N . The group GL+
2 (R) acts on

functions f : H → C. In particular, suppose that γ =

a b

c d

 ∈ GL+
2 (R). If f is a

meromorphic function on H and ℓ is an integer, then the slash operator |ℓ is defined

as

(f |ℓγ)(z) := (det γ)ℓ/2(cz + d)−ℓf(γz).

Definition 1.5. Let Γ be a congruence subgroup of level N . A holomorphic function

f : H → C is called a modular form with integer weight ℓ for Γ if the following hold:

1. For all z ∈ H and

a b

c d

 ∈ Γ,

f

(
az + b

cz + d

)
= (cz + d)ℓf(z).
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1.4 Modular forms 17

2. If γ ∈ SL2(Z), then (f |ℓγ)(z) has a Fourier series expansion of the form

(f |ℓγ)(z) =
∑
n≥0

aγ(n)q
n
N ,

where qN := e2πiz/N .

The C-vector space of modular forms of weight k for Γ is denoted by Mk(Γ).

If f ∈ Mk(Γ) such that it vanishes at every cusp of Γ, we say f is a cusp form

of weight k for Γ and the C-vector space of such forms is denoted by Sk(Γ). To

express Mk(Γ1(N)) as a direct sum decomposition of certain interesting subspaces,

one needs to attach Dirichlet character to modular forms.

Definition 1.6. A Dirichlet character modulo N is a homomorphism χ : (Z/NZ)× →

C×.

For any Dirichlet character χ modulo N , we define the following vector subspace

of Mk(Γ1(N)):

Mk(Γ0(N), χ) :=

f ∈Mk(Γ1(N)) : f |kγ = χ(d)f, ∀γ =

a b

c d

 ∈ Γ0(N)

 .

For Mk(Γ1(N)), we have the following direct sum decomposition

Mk(Γ1(N)) =
⊕
χ

Mk(Γ0(N), χ),

where the direct sum is over all the Dirichlet characters modulo N . Let χ be a

Dirichlet character modulo N and n be a positive integer then we define a map

Tn :Mk(Γ0(N), χ) →Mk(Γ0(N), χ) by

Tn(f) := n
k
2
−1

∑
ad=n,a>0

χ(a)
d−1∑
b=0

f |

 a b

0 d

 .
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These maps are linear operators and are known as Hecke operators. These operators

also map Sk(Γ0(N), χ) to itself. Let Γ be a congruence subgroup of SL2(Z). Let F

be any fundamental domain for Γ. Let Γ = Γ
{±I} . Then for f, g ∈ Sk(Γ), we define

the Petersson inner product as

(f, g) =
1

[SL2(Z) : Γ]

∫∫
F

ykf(z)g(z)
dxdy

y2
, where z = x+ iy.

Theorem 1.6. Petersson inner product satisfies the following properties:

1. (f, g) is linear in f ;

2. (f, g) is conjugate symmetric i.e., (f, g) = (g, f);

3. (f, f) > 0 for f ̸= 0.

Therefore, it defines a hermitian inner product on Sk(Γ).

Definition 1.7. Let N be a positive integer and d be a divisor of N , then

1. If f ∈ Sk(Γ1(d)), then f ∈ Sk(Γ1(N)).

2. If N = cd, f ∈ Sk(Γ1(d)), and g(z) := f(cz), then g ∈ Sk(Γ1(N)).

The subspace of Sk(Γ1(N)) spanned by the forms obtained in these two ways as we

take the range over proper divisor d of N , is called the space of oldforms, denoted

by Sold
k (Γ1(N)).

Definition 1.8. The orthogonal complement of this space with respect to the Pe-

tersson inner product is called the space of newforms, denoted by Snew
k (Γ1(N)).

1.5 Hypergeometric functions over finite fields

In this section, we recall hypergeometric functions over finite fields as introduced

by Greene, McCarthy, and Fuselier et al. Firstly, we recall hypergeometric functions

TH-3689_206123021



1.5 Hypergeometric functions over finite fields 19

over finite fields as introduced by Greene in [35, 36]. Greene established these

functions as finite field analogues of classical hypergeometric series by proving finite

field analogues of summation, product, and transformation formulas satisfied by the

classical hypergeometric series.

Definition 1.9. ([36, Definition 3.10]). Let n be a positive integer and x ∈ Fq.

For multiplicative characters A0, A1, . . . , An, B1, B2, . . . , Bn on F×
q , Greene’s n+1Fn-

hypergeometric functions over Fq is defined by

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

| x


q

:=
q

q − 1

∑
χ∈F̂×

q

(
A0χ

χ

)(
A1χ

B1χ

)
· · ·
(
Anχ

Bnχ

)
χ(x).

In [30], Fuselier et al. gave another definition of hypergeometric function over

finite fields. Firstly, they defined a period function as follows.

Definition 1.10. ([30, p. 28]). Let n be a positive integer and x ∈ Fq. For

multiplicative characters A0, A1, . . . , An, B1, . . . , Bn on Fq, the n+1Pn period function

over Fq is defined by

n+1Pn

 A0, A1, . . . , An

B1, . . . , Bn

|x


q

:= δ(x)
n∏

i=1

J(Ai, AiBi)

+
qn+1

q − 1

(
n∏

i=1

AiBi(−1)

) ∑
χ∈F̂×

q

(
A0χ

χ

)(
A1χ

B1χ

)
· · ·
(
Anχ

Bnχ

)
χ(x).

We note that the binomial coefficient defined in [30] is equal to (−q) times the

binomial coefficient defined by Greene [36]. Since we have used Greene’s definition

of binomial coefficient, an extra factor of (−q)n+1 appears in Definition 1.10. The

following definition of hypergeometric functions over finite fields is given by Fuselier

et al.

Definition 1.11. ([30, Eq. 4.9]). Let n be a positive integer and x ∈ Fq. For
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multiplicative characters A0, A1, . . . , An, B1, . . . , Bn on Fq, the n+1Fn-hypergeometric

function over Fq is defined by

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

|x


q

:=
1∏n

i=1 J(Ai, AiBi)
n+1Pn

 A0, A1, . . . , An

B1, . . . , Bn

|x


q

.

Both the definitions of hypergeometric functions over finite fields given by Greene

and Fuselier et al. use binomial coefficients of multiplicative characters. The bino-

mial coefficients are defined using Jacobi sums. In [52], McCarthy gave another

definition of hypergeometric function over finite fields using the Gauss sums.

Definition 1.12. ([52, Definition 1.4]). Let n be a positive integer. For x ∈ Fq

and multiplicative characters A0, A1, . . . , An, B1, . . . , Bn on Fq, McCarthy’s n+1Fn
∗-

hypergeometric function over Fq is defined by

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

|x

∗

q

:=
1

q − 1

∑
χ∈F̂×

q

n∏
i=0

g(Aiχ)

g(Ai)

×
n∏

j=1

g(Bjχ)

g(Bj)
g(χ)χ(−1)n+1χ(x).

The following proposition relates the Greene’s and McCarthy’s hypergeometric

functions when certain conditions on the parameters are satisfied.

Proposition 1.7. ([52, Proposition 2.5]). If A0 ̸= ε and Ai ̸= Bi for each 1 ≤ i ≤ n

then

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

|x

∗

q

=

[
n∏

i=1

(
Ai

Bi

)−1
]

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

|x


q

.
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1.6 p-adic Gamma function and Gross-Koblitz for-

mula

In this section, we first define p-adic gamma function and then recall the Gross-

Koblitz formula. For further details, see [43, 59]. For a positive integer n, the p-adic

gamma function Γp(n) is defined as

Γp(n) := (−1)n
∏

0<j<n,p∤j

j

and one extends it to all x ∈ Zp by setting Γp(0) := 1 and

Γp(x) := lim
xn→x

Γp(xn)

for x ̸= 0, where xn runs through any sequence of positive integers p-adically ap-

proaching x. This limit exists, is independent of how xn approaches x, and deter-

mines a continuous function on Zp with values in Z×
p .

We now state the Gross-Koblitz formula which gives us a relation between the

Gauss sum and the p-adic gamma function. Let ω : F×
q → Z×

q be the Teichmüller

character. For a ∈ F×
q , the value ω(a) is just the (q − 1)-th root of unity in Zq such

that ω(a) ≡ a (mod p). We denote by ω the inverse of ω. We note that ω|F×
p
is the

Teichmüller character on F×
p with values in Z×

p . Also, F̂×
q = {ωj : 0 ≤ j ≤ q−2}. Let

π ∈ Cp be the fixed root of xp−1 + p = 0 which satisfies π ≡ ζp − 1 (mod (ζp − 1)2).

For x ∈ Q, we let ⌊x⌋ denote the greatest integer less than or equal to x and ⟨x⟩

denote the fractional part of x, i.e., x− ⌊x⌋, satisfying 0 ≤ ⟨x⟩ < 1. Then, we have

the following result.

Theorem 1.8. ([37], Gross-Koblitz). For a ∈ Z and q = pr,

g(ωa) = −π(p−1)
∑r−1

i=0 ⟨
api

q−1
⟩
r−1∏
i=0

Γp

(〈
api

q − 1

〉)
.
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1.7 McCarthy’s p-adic hypergeometric functions

As mentioned in the introduction, results involving hypergeometric functions

over finite fields will often be restricted to primes in certain congruence classes. To

overcome these restrictions, McCarthy introduced a function nGn[· · · ]q which can

best be described as an analogue of hypergeometric functions in the p-adic setting.

In this section, we recall the definition of p-adic hypergeometric functions introduced

by McCarthy. McCarthy’s p-adic hypergeometric function nGn[· · · ]q is defined using

the p-adic gamma function as follows.

Definition 1.13. ([53, Definition 5.1]). Let p be an odd prime and q = pr, r ≥ 1.

Let t ∈ Fq. For positive integer n and 1 ≤ k ≤ n, let ak, bk ∈ Q ∩ Zp. Then the

function nGn[· · · ]q is defined by

nGn

 a1, a2, . . . , an

b1, b2, . . . , bn
|t


q

:=
−1

q − 1

q−2∑
a=0

(−1)an ωa(t)
n∏

k=1

r−1∏
i=0

(−p)−⌊⟨akpi⟩− api

q−1
⌋−⌊⟨−bkp

i⟩+ api

q−1
⌋

×
Γp(⟨(ak − a

q−1
)pi⟩)

Γp(⟨akpi⟩)
Γp(⟨(−bk + a

q−1
)pi⟩)

Γp(⟨−bkpi⟩)
.

McCarthy proved the following lemma which establishes a relationship between

n+1Gn+1[· · · ]q and n+1Fn(· · · )∗q. In [53], he proved this lemma for Fp, but it also

holds for Fq.

Lemma 1.9. ([53, Lemma 3.3]). For a fixed odd prime power q, let Ai, Bk ∈ F̂×
q

be given by ωai(q−1) and ωbk(q−1) respectively, where ω is the Teichmüller character.

Then

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

|x

∗

q

= n+1Gn+1

 a0, a1, . . . , an

0, b1, . . . , bn
|1
x


q

.
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The function nGn[· · · ]q often allows results involving finite field hypergeometric

functions to be extended to a wider class of primes. In [53], McCarthy gave an ex-

pression for the number of Fp-points on certain elliptic curves in terms of 2G2[· · · ]p
hypergeometric functions for all but finitely many primes. His result extended the

work of Fuselier [29] and Lennon [47] which were valid for primes in certain con-

gruence classes. Later, Barman and Saikia [12, 13] extended his work to prime

powers and found some new relations of these functions to the trace of Frobenius

endomorphism on elliptic curves.

1.8 Some Lemmas

In this section, we recall some lemmas that will be used to prove our results. We

first state a product formula for the p-adic gamma function, which is a reformulation

of multiplication formula for Gauss sums, follows from [37, Theorem 3.1]. Ifm ∈ Z+,

p ∤ m and x(q − 1) ∈ Z, then we have

r−1∏
i=0

m−1∏
h=0

Γp

(〈(
x+ h

m

)
pi
〉)

= ω(m(1−x)(1−q))
r−1∏
i=0

Γp

(〈
xpi
〉)m−1∏

h=1

Γp

(〈
hpi

m

〉)
.

(1.9)

The following lemmas relate certain products of values of the p-adic gamma function.

We will use these lemmas to prove our main results.

Lemma 1.10. ([12, Eq. 6]). Let p be a prime and q = pr, r ≥ 1. For 0 ≤ a ≤ q− 2

and t ≥ 1 with p ∤ t, we have

ω(tta)
r−1∏
i=0

Γp

(〈
tpia

q − 1

〉) t−1∏
h=1

Γp

(〈
hpi

t

〉)
=

r−1∏
i=0

t−1∏
h=0

Γp

(〈
pih

t
+

pia

q − 1

〉)
.

Lemma 1.11. ([12, Eq. 7]). Let p be a prime and q = pr, r ≥ 1. For 0 ≤ a ≤ q− 2
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and t ≥ 1 with p ∤ t, we have

ω(t−ta)
r−1∏
i=0

Γp

(〈
−tpia
q − 1

〉) t−1∏
h=1

Γp

(〈
hpi

t

〉)
=

r−1∏
i=0

t−1∏
h=0

Γp

(〈
pi(1 + h)

t
− pia

q − 1

〉)
.

The following lemma is the reformulation of the reflection formula for the Gauss

sums using Gross-Koblitz formula:

Lemma 1.12. ([17, Lemma 3.4]). Let p be an odd prime and q = pr, r ≥ 1. For

0 < a ≤ q − 2, we have

r−1∏
i=0

Γp

(〈(
1− a

q − 1

)
pi
〉)

Γp

(〈
api

q − 1

〉)
= (−1)rωa(−1). (1.10)

For 0 ≤ a ≤ q − 2 such that a ̸= q−1
2
, we have

r−1∏
i=0

Γp(⟨(12 −
a

q−1
)pi⟩)Γp(⟨(12 +

a
q−1

)pi⟩)

Γp(⟨p
i

2
⟩)Γp(⟨p

i

2
⟩)

= ωa(−1). (1.11)

Finally, we prove two lemmas relating to fractional and integral parts of certain

rational numbers, which will be used to simplify certain products of the p-adic

gamma function.

Lemma 1.13. Let p be an odd prime and q = pr, r ≥ 1. Let d ≥ 2 be an integer

such that p ∤ d. Then, for 1 ≤ a ≤ q − 2 and 0 ≤ i ≤ r − 1, we have

⌊
api

q − 1

⌋
+

⌊
−dapi

q − 1

⌋
=

d−1∑
h=1

⌊〈
hpi

d

〉
− api

q − 1

⌋
− 1. (1.12)

Proof. Let
⌊
−dapi

q−1

⌋
= dk + s, where k, s ∈ Z and 0 ≤ s ≤ d− 1. This yields

dk + s ≤ −dapi

q − 1
< dk + s+ 1,
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which implies

k +
s

d
≤ −api

q − 1
< k +

s

d
+

1

d
(1.13)

and

−k − s

d
− 1

d
<

api

q − 1
≤ −k − s

d
. (1.14)

Since a ̸= 0, by (1.14) we obtain
⌊

api

q−1

⌋
= −k − 1 and hence the left hand side of

(1.12) becomes (d− 1)k + s− 1. Since p ∤ d, we observe that

d−1∑
h=1

⌊〈
hpi

d

〉
− api

q − 1

⌋
=

d−1∑
h=1

⌊〈
h

d

〉
− api

q − 1

⌋
.

For 1 ≤ h ≤ d− 1, (1.13) gives

k +
s

d
+
h

d
≤ h

d
− api

q − 1
< k +

s

d
+

1

d
+
h

d
. (1.15)

If s = 0, then
⌊〈

h
d

〉
− api

q−1

⌋
= k for h = 1, . . . , d− 1 and hence

d−1∑
h=1

⌊〈
h

d

〉
− api

q − 1

⌋
= (d− 1)k.

If 1 ≤ s ≤ d− 1, then (1.15) yields

⌊〈
h

d

〉
− api

q − 1

⌋
=

 k, if 1 ≤ h ≤ d− s− 1;

k + 1, if d− s ≤ h ≤ d− 1.
(1.16)

From (1.16), we obtain

d−1∑
h=1

⌊〈
h

d

〉
− api

q − 1

⌋
= (d− 1)k + s.
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Thus, for 0 ≤ s ≤ d− 1, we have

d−1∑
h=1

⌊〈
h

d

〉
− api

q − 1

⌋
− 1 = (d− 1)k + s− 1.

Therefore, the right hand side of (1.12) becomes (d − 1)k + s − 1. This completes

the proof of the lemma. ■

Lemma 1.14. Let p be an odd prime and q = pr, r ≥ 1. Let l be a positive integer

such that p ∤ l. Then, for 0 ≤ a ≤ q − 2 and 0 ≤ i ≤ r − 1, we have

⌊
lapi

q − 1

⌋
=

l−1∑
h=0

⌊〈
−hpi

l

〉
+

api

q − 1

⌋
. (1.17)

Proof. Let
⌊
lapi

q−1

⌋
= lk + s, where k, s ∈ Z and 0 ≤ s ≤ l − 1. Then

lk + s ≤ lapi

q − 1
< lk + s+ 1,

which implies

k +
s

l
≤ api

q − 1
< k +

s

l
+

1

l
. (1.18)

Using (1.18), we have
⌊

api

q−1

⌋
= k. Since p ∤ l, we observe that

l−1∑
h=1

⌊〈
−hpi

l

〉
+

api

q − 1

⌋
=

l−1∑
h=1

⌊〈
−h
l

〉
+

api

q − 1

⌋
.

For 1 ≤ h ≤ l − 1, (1.18) gives

k +
s

l
− h

l
+ 1 ≤

〈
−h
l

〉
+

api

q − 1
< k +

s

l
+

1

l
− h

l
+ 1. (1.19)
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If s = 0, then
⌊〈−h

l

〉
+ api

q−1

⌋
= k for all 1 ≤ h ≤ l − 1 and hence

l−1∑
h=1

⌊〈
−h
l

〉
+

api

q − 1

⌋
= (l − 1)k.

If 1 ≤ s ≤ l − 1, then (1.19) yields

⌊〈
−h
l

〉
+

api

q − 1

⌋
=

 k + 1, if 1 ≤ h ≤ s;

k, if s+ 1 ≤ h ≤ l − 1.
(1.20)

From (1.20), we obtain

l−1∑
h=1

⌊〈
−h
l

〉
+

api

q − 1

⌋
= (l − 1)k + s.

Thus, for 0 ≤ s ≤ l − 1, we have

l−1∑
h=0

⌊〈
−h
l

〉
+

api

q − 1

⌋
= k + (l − 1)k + s = lk + s.

This completes the proof of the lemma. ■
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2
Certain Transformations of p-adic

Hypergeometric Functions

2.1 Introduction

In [36], Greene proved finite field analogues of several transformation, summa-

tion, and reduction formulas satisfied by the classical hypergeometric series. Since

then, numerous transformations and summation identities have been proved for

Gaussian hypergeometric series by several authors. These transformations for hy-

pergeometric functions over finite fields can be re-written in terms of nGn[· · · ]q,
1The contents of this chapter have been published in Res. Number Theory (2022) and Int. J.

Number Theory (2024)

29
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30 Certain transformations and special values

and these results will hold for all q where the original characters existed over Fq.

Therefore, it is a non-trivial and important problem to find p-adic analogues of

identities satisfied by the classical hypergeometric series which hold for all but

finitely many primes. Only a few such results are known to date. For example,

see [11, 12, 13, 14, 15, 16, 31, 61, 62].

In this chapter, we study certain transformation identities and special values

of McCarthy’s p-adic hypergeometric functions, which are valid for all but finitely

many primes. First, we prove p-adic analogue of a transformation of Euler and a

transformation of Clausen. For this, we first relate a character sum to the p-adic

hypergeometric functions. Then, by finding the zeros of two p-adic hypergeometric

functions 2G2[· · · ]q, we deduce the transformation of Euler. Then we use a char-

acter sum identity proved by Ahlgren, Ono, and Penniston to deduce the p-adic

Clausen’s transformation. Finally, we prove another two identities for the p-adic

hypergeometric functions which will be helpful in the subsequent chapters.

2.2 p-adic analogue of a transformation of Euler

The transformation due to Euler [65, p. 10] is given by

2F 1

 a, b

c
|x

 = (1− x)c−a−b
2F 1

 c− a, c− b

c
|x

 . (2.1)

Greene proved a finite field analogue of (2.1) in [36, Theorem 4.4 (iv)]. In this

section, we prove a p-adic analogue (2.1) for some specific values of the parameters.

We first prove the following lemmas.

Lemma 2.1. Let p be an odd prime and q = pr, r ≥ 1. Then, for 0 ≤ a ≤ q − 2

such that a ̸= q−1
2

and 0 ≤ i ≤ r − 1, we have

− 2

⌊
2api

q − 1

⌋
−
⌊
−6api

q − 1

⌋
+

⌊
api

q − 1

⌋
+

⌊
−3api

q − 1

⌋
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= −
⌊〈

pi

6

〉
− api

q − 1

⌋
−
⌊〈

5pi

6

〉
− api

q − 1

⌋
−
⌊〈

pi

2

〉
+

api

q − 1

⌋
−
⌊
api

q − 1

⌋
. (2.2)

Proof. If a = 0, then it readily follows that (2.2) is true. For a ̸= 0, using Lemma

1.13 with d = 6 and d = 3, Lemma 1.14 with l = 2, and the fact that ⌊x⌋+⌊1−x⌋ = 0

if x /∈ Z, we readily obtain (2.2). ■

Lemma 2.2. Let p be an odd prime and q = pr, r ≥ 1. Then, for 0 < a ≤ q− 2 and

0 ≤ i ≤ r − 1, we have

−
⌊
2api

q − 1

⌋
−
⌊
−3api

q − 1

⌋
= 1−

⌊〈
pi

3

〉
− api

q − 1

⌋
−
⌊〈

2pi

3

〉
− api

q − 1

⌋
−
⌊〈

pi

2

〉
+

api

q − 1

⌋
.

Proof. Using Lemma 1.13 with d = 3 and Lemma 1.14 with l = 2, we obtain the

desired result. ■

We now prove two propositions which enable us to express certain character sums

in terms of the p-adic hypergeometric functions.

Proposition 2.3. Let p ≥ 5 be a prime and q = pr, r ≥ 1. For x ∈ F×
q , we have

1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ2)g(χ3)χ

(
−27

4x

)
=

1

q
+ 2G2

 1
3
, 2

3

0, 1
2

|1
x


q

.

Proof. Let T be a generator of the cyclic group F̂×
q . Then we have

A :=
1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ2)g(χ3)χ

(
−27

4x

)

=
1

q(q − 1)

q−2∑
a=0

g(T a)g(T 2a)g(T−3a)T a

(
−27

4x

)
.
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Now, taking T = ω and then applying Gross-Koblitz formula we deduce that

A =
1

q(q − 1)

q−2∑
a=0

g(ωa)g(ω2a)g(ω−3a)ωa

(
−27

4x

)

= − 1

q(q − 1)

q−2∑
a=0

ωa

(
−27

4x

) r−1∏
i=0

(−p)αi,aΓp(⟨
api

q − 1
⟩)Γp(⟨

2api

q − 1
⟩)Γp(⟨

−3api

q − 1
⟩),

where αi,a = ⟨ api

q−1
⟩+ ⟨2api

q−1
⟩+ ⟨−3api

q−1
⟩. Taking out the term for a = 0 gives

A = − 1

q(q − 1)

q−2∑
a=1

ωa

(
−27

4x

) r−1∏
i=0

(−p)αi,aΓp(⟨
api

q − 1
⟩)Γp(⟨

2api

q − 1
⟩)Γp(⟨

−3api

q − 1
⟩)

− 1

q(q − 1)
.

Using Lemma 1.11 with t = 3, Lemma 1.10 with t = 2 and Lemma 2.2, we deduce

that

A = − 1

q(q − 1)

q−2∑
a=1

ωa

(
−1

x

) r−1∏
i=0

(−p)1+si,a
Γp(⟨ api

q−1
⟩)Γp(⟨p

i

2
+ api

q−1
⟩)Γp(⟨p

i

3
− api

q−1
⟩)

Γp(⟨p
i

2
⟩)Γp(⟨p

i

3
⟩)Γp(⟨2p

i

3
)⟩

× Γp(⟨
2pi

3
− api

q − 1
⟩)Γp(⟨pi −

api

q − 1
⟩)Γp(⟨

api

q − 1
⟩)− 1

q(q − 1)
,

where si,a = −
⌊
⟨pi
3
⟩ − api

q−1

⌋
−
⌊
⟨2pi

3
⟩ − api

q−1

⌋
−
⌊
⟨pi
2
⟩+ api

q−1

⌋
−
⌊

api

q−1

⌋
.

Employing (1.10), we find that

A = − 1

q − 1

q−2∑
a=1

ωa

(
1

x

) r−1∏
i=0

(−p)si,a
Γp(⟨ api

q−1
⟩)Γp(⟨p

i

2
+ api

q−1
⟩)Γp(⟨p

i

3
− api

q−1
⟩)

Γp(⟨p
i

2
⟩)Γp(⟨p

i

3
⟩)Γp(⟨2p

i

3
)⟩

× Γp(⟨
2pi

3
− api

q − 1
⟩)− 1

q(q − 1)

= 2G2

 1
3
, 2

3

0, 1
2

|1
x


q

− 1

q(q − 1)
+

1

q − 1
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= 2G2

 1
3
, 2

3

0, 1
2

|1
x


q

+
1

q
.

This completes the proof of the proposition. ■

Proposition 2.4. Let p ≥ 5 be a prime and q = pr, r ≥ 1. For x ∈ F×
q , we have

1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ2)g(χ3)χ

(
−27

4x

)
=

1

q
+ φ(3x) · 2G2

 1
6
, 5

6

0, 1
2

|1
x


q

.

Proof. Let T be a generator of the cyclic group F̂×
q . As in Proposition 2.3, we have

A =
1

q(q − 1)

q−2∑
a=0

g(T a)g(T 2a)g(T−3a)T a

(
−27

4x

)
.

Replacing a by a− q−1
2
, we obtain

A =
1

q(q − 1)

q−2∑
a=0

g(T aφ)g(T 2a)g(T−3aφ)T a

(
−27

4x

)
φ(−3x). (2.3)

Using Davenport-Hasse relation for m = 2, ψ = T a and m = 2, ψ = T−3a, we have

g(T aφ) =
g(T 2a)g(φ)T a(2−2)

g(T a)
,

g(T−3aφ) =
g(T−6a)g(φ)T−3a(2−2)

g(T−3a)
.

Substituting these values in (2.3), we deduce that

A =
φ(−3x)

q(q − 1)

q−2∑
a=0

g2(T 2a)g(φ)T a(2−2)g(T−6a)g(φ)T−3a(2−2)

g(T a)g(T−3a)
T a

(
−27

4x

)
.
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Lemma 1.2 yields

A =
φ(3x)

q − 1

q−2∑
a=0

g2(T 2a)g(T−6a)

g(T a)g(T−3a)
T a

(
−27× 4

x

)
.

Replacing T by ω and then applying Gross-Koblitz formula, we obtain

A = −φ(3x)
q − 1

q−2∑
a=0

ωa

(
−27× 4

x

) r−1∏
i=0

pβi,a
Γ2
p(⟨

2api

q−1
⟩)Γp(⟨−6api

q−1
⟩)

Γp(⟨ api

q−1
⟩)Γp(⟨−3api

q−1
⟩)
,

where βi,a = 2⟨2api
q−1

⟩ + ⟨−6api

q−1
⟩ − ⟨−3api

q−1
⟩ − ⟨ api

q−1
⟩. Using Lemma 1.11 with t = 3 and

t = 6 and Lemma 1.10 with t = 2, and then employing (1.11), we deduce that

A = −φ(3x)
q − 1

q−2∑
a=0

ωa

(
−1

x

) r−1∏
i=0

pβi,a
Γp(⟨p

i

6
− api

q−1
⟩)Γp(⟨5p

i

6
− api

q−1
⟩)Γp(⟨ api

q−1
⟩)

Γp(⟨p
i

2
⟩)Γp(⟨p

i

6
⟩)Γp(⟨5p

i

6
⟩)

×
Γp(⟨p

i

2
+ api

q−1
⟩)Γp(⟨p

i

2
+ api

q−1
⟩)Γp(⟨p

i

2
− api

q−1
⟩)

Γ2
p(⟨

pi

2
⟩)

= −φ(3x)
q − 1

q−2∑
a=0,a̸= q−1

2

ωa

(
1

x

) r−1∏
i=0

pβi,a
Γp(⟨p

i

6
− api

q−1
⟩)Γp(⟨5p

i

6
− api

q−1
⟩)Γp(⟨ api

q−1
⟩)

Γp(⟨p
i

2
⟩)Γp(⟨p

i

6
⟩)Γp(⟨5p

i

6
⟩)

× Γp(⟨
pi

2
+

api

q − 1
⟩)− φ(3)

q(q − 1)

r−1∏
i=0

Γp(⟨p
i

3
⟩)Γp(⟨2p

i

3
⟩)

Γp(⟨p
i

6
⟩)Γp(⟨5p

i

6
⟩)
.

Putting a = q−1
2

and t = 3 in Lemma 1.11 yields

r−1∏
i=0

Γp(⟨p
i

3
⟩)Γp(⟨2p

i

3
⟩)

Γp(⟨p
i

6
⟩)Γp(⟨5p

i

6
⟩)

= φ(3). (2.4)

Using (2.4) and Lemma 2.1, we obtain

A = −φ(3x)
q − 1

q−2∑
a=0,a̸= q−1

2

ωa

(
1

x

) r−1∏
i=0

(−p)ui,a
Γp(⟨p

i

6
− api

q−1
⟩)Γp(⟨5p

i

6
− api

q−1
⟩)

Γp(⟨p
i

2
⟩)Γp(⟨p

i

6
⟩)Γp(⟨5p

i

6
⟩)

× Γp(⟨
api

q − 1
⟩)Γp(⟨

pi

2
+

api

q − 1
⟩)− 1

q(q − 1)
,
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where ui,a = −
⌊
⟨pi
6
⟩ − api

q−1

⌋
−
⌊
⟨5pi

6
⟩ − api

q−1

⌋
−
⌊
⟨pi
2
⟩+ api

q−1

⌋
−
⌊

api

q−1

⌋
. Adding and

subtracting the term for a = q−1
2
, we deduce that

A =
1

q
+ φ(3x) · 2G2

 1
6
, 5

6

0, 1
2

|1
x


q

.

This completes the proof of the proposition. ■

Next, we classify the zeros of the function 2G2

 1
3
, 2

3

0, 1
2

|1
x


q

in the following

theorem.

Theorem 2.5. Let p ≥ 5 be a prime and q = pr, r ≥ 1. Let x ∈ Fq be such that

x ̸= 0, 1. Then

2G2

 1
3
, 2

3

0, 1
2

|1
x


q

= 2G2

 1
6
, 5

6

0, 1
2

|1
x


q

= 0

if and only if φ(3x(1− x)) = −1.

Proof. Here, x ∈ Fq is such that x ̸= 0, 1. From Proposition 2.3, we have

A =
1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ2)g(χ3)χ

(
−27

4x

)
=

1

q
+ 2G2

 1
3
, 2

3

0, 1
2

|1
x


q

. (2.5)

Also, from Proposition 2.4, we have

A =
1

q
+ φ(3x) · 2G2

 1
6
, 5

6

0, 1
2

|1
x


q

. (2.6)
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Now,

A =
1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ2)g(χ3)χ

(
−27

4x

)

=
1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ2)g(χ3)χ

(
−27

4x

)

=
1

q(q − 1)

∑
χ∈F̂×

q

g(χ)g(χ)
g(χ2)g(χ3)

g(χ)
χ

(
−27

4x

)
.

By using Lemma 1.2 and Lemma 1.5, we obtain

A =
1

q − 1

∑
χ∈F̂×

q

J(χ2, χ3)χ

(
27

4x

)
− 1− J(ε, ε)

q
+
q − 1

q
. (2.7)

Using (1.3) and (1.5), we have J(ε, ε) = q − 2. Putting the value of J(ε, ε) in (2.7)

and then using (1.4), we obtain

A =
1

q
− 1 +

1

q − 1

∑
χ∈F̂×

q

χ

(
27

4x

)
J(χ2, χ3)

=
1

q
− 1 +

1

q − 1

∑
χ∈F̂×

q

χ

(
27

4x

)
J(χ2, χ)

=
1

q
− 1 +

1

q − 1

∑
y∈Fq

∑
χ∈F̂×

q

χ

(
27y2(1− y)

4x

)
. (2.8)

By using Lemma 1.1, we know that the inner summation in (2.8) gives nonzero value

only if the cubic equation 27y2(1−y)−4x = 0 has a solution in Fq. It is well-known

that a cubic polynomial has exactly one root in Fq if and only if its discriminant is

a non square in Fq. The discriminant of the polynomial 27y2(1 − y) − 4x is equal

to 16 × 273 × x(1 − x). Hence, from (2.8) we deduce that A = 1
q
if and only if

φ(3x(1− x)) = −1. Using (2.5) and (2.6), we complete the proof. ■
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In the following theorem, we prove a transformation for the p-adic hypergeo-

metric function which can be described as a p-adic analogue of (2.1) for certain

particular values of a, b, and c.

Theorem 2.6. Let p ≥ 5 be a prime and q = pr, r ≥ 1. Then, for x ∈ Fq such that

x ̸= 0, 1, we have

2G2

 1
3
, 2

3

0, 1
2

|1
x


q

= φ(1− x) · 2G2

 1
6
, 5

6

0, 1
2

|1
x


q

. (2.9)

Furthermore,

2G2

 1
3
, 2

3

0, 1
2

|1


q

= φ(3) · 2G2

 1
6
, 5

6

0, 1
2

|1


q

. (2.10)

Proof. If x ̸= 0, then combining Proposition 2.3 and Proposition 2.4, we obtain

2G2

 1
3
, 2

3

0, 1
2

|1
x


q

= φ(3x) · 2G2

 1
6
, 5

6

0, 1
2

|1
x


q

. (2.11)

By taking x = 1, we obtain (2.10). If x ̸= 0, 1, then φ(3x(1 − x)) = ±1. If

φ(3x(1 − x)) = 1, then φ(3x) = φ(1 − x), and we readily obtain (2.9) from (2.11).

If φ(3x(1 − x)) = −1, then we obtain (2.9) by using Theorem 2.5. This completes

the proof of the theorem. ■
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2.3 p-adic analogue of Clausen’s classical identity

The following transformation for classical hypergeometric series is a special case

of Clausen’s famous classical identity [7, p. 86, Eq. 4].

3F2

 1
2
, 1

2
, 1

2

1, 1
|x

 = (1− x)−1/2
2F1

 1
4
, 3

4

1
| x

x− 1

2

. (2.12)

A finite field analogue of (2.12) was studied by Greene [35, Proposition 6.14]. In

[27], Evans and Greene also gave a finite field analogue of the Clausen’s classical

identity. The p-adic analogue of (2.12) is proven in [14, Theorem 1.3], but over Fp.

In the following theorem, we prove a p-adic analogue of (2.12) over a finite field Fq.

We use a character sum identity of Ahlgren, Ono, and Penniston [3, Theorem 2.1]

to deduce the following transformation over Fq.

Theorem 2.7. Let p be an odd prime and q = pr, r ≥ 1. Then, for x ∈ Fq such

that x ̸= 0, 1, we have

3G3

 1
2
, 1

2
, 1

2

0, 0, 0
|1
x


q

= φ(1− x) · 2G2

 1
4
, 3

4

0, 0
|x− 1

x

2

q

− q · φ(1− x).

Proof. In [3, Theorem 2.1], Ahlgren et al. proved that if λ ∈ Fq such that λ ̸= 0,−1,

then

A(λ, q) = φ(λ+ 1)(a(λ, q)2 − q), (2.13)

where a(λ, q) and A(λ, q) are defined as

a(λ, q) : =
∑
x∈Fq

φ

(
(x− 1)

(
x2 − 1

λ+ 1

))
,

A(λ, q) : =
∑

x,y∈Fq

φ(xy(x+ 1)(y + 1)(x+ λy)).

TH-3689_206123021



2.3 p-adic analogue of Clausen’s classical identity 39

We now define

h(λ) :=
1

q − 1

∑
χ∈F̂×

q

χ

(
1

λ

)
J(χφ, χ)3. (2.14)

Then using (1.4) in (2.14), we have

h(λ) =
1

q − 1

∑
χ∈F̂×

q

χ

(
1

λ

)
χ(−1)J(χ, φ)3

=
1

q − 1

∑
χ∈F̂×

q

χ

(
−xyz
λ

) ∑
x,y,z∈F×

q

φ(1− x)φ(1− y)φ(1− z).

Using Lemma 1.1, we obtain

h(λ) =
∑

x,y∈F×
q

φ(1− x)φ(1− y)φ

(
1 +

λ

xy

)
=
∑

x,y∈F×
q

φ((1 + x)(1 + y)xy(xy + λ))

=
∑

x,y∈F×
q

φ((1 + x)(1 + y)xy(x+ yλ))

= A(λ, q). (2.15)

Now applying Lemma 1.5 in (2.14) and observing that ωa (−1) = (−1)a and

3⟨pi
2
− api

q−1
⟩+ 3⟨ api

q−1
⟩ − 3⟨pi

2
⟩ = −3⌊⟨pi

2
⟩ − api

q−1
⌋ − 3⌊ api

q−1
⌋, we have

h(λ) =
1

q − 1

∑
χ∈F̂×

q

χ

(
1

λ

)
g3(χφ)g3(χ)

g3(φ)

= − 1

q − 1

q−2∑
a=0

ωa

(
1

λ

) r−1∏
i=0

(−p)3⟨
pi

2
− api

q−1
⟩+3⟨ api

q−1
⟩−3⟨ p

i

2
⟩

×
Γ3
p(⟨

pi

2
− api

q−1
⟩)Γ3

p(⟨
api

q−1
⟩)

Γ3
p(⟨

pi

2
⟩)
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= − 1

q − 1

q−2∑
a=0

ωa

(
−1

λ

)
ωa (−1)

r−1∏
i=0

(−p)−3⌊⟨ p
i

2
⟩− api

q−1
⌋−3⌊ api

q−1
⌋

×
Γ3
p(⟨

pi

2
− api

q−1
⟩)Γ3

p(⟨
api

q−1
⟩)

Γ3
p(⟨

pi

2
⟩)

= 3G3

 1
2

1
2

1
2

0 0 0
|−1

λ


q

. (2.16)

Combining (2.15) and (2.16), we have

A(λ, q) = 3G3

 1
2

1
2

1
2

0 0 0
|−1

λ


q

.

We now consider a character sum which is related to a(λ, q).

B : =
q2φ(−2)

q − 1

∑
χ∈F̂×

q

(
φχ2

χ

)(
φχ

χ

)
χ

(
λ

4(λ+ 1)

)
.

Using (1.3), we have

B =
φ(−2)

q − 1

∑
χ∈F̂×

q

J(φχ2, χ)J(φχ, χ)χ

(
λ

4(λ+ 1)

)

=
φ(−2)

q − 1

∑
χ∈F̂×

q

J(χ, φχ)J(χ, φ)χ

(
λ

4(λ+ 1)

)
.

By [3, Lemma 2.2], we have

B = −φ
(

2λ

λ+ 1

)
− φ(−1)a(λ, q). (2.17)
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Employing [14, Proposition 1], we have

B = −φ
(

2λ

λ+ 1

)
− φ(−2) · 2G2

 1
4
, 3

4

0, 0
|λ+ 1

λ


q

. (2.18)

Combining (2.17) and (2.18), we have

a(λ, q) = φ(2) · 2G2

 1
4
, 3

4

0, 0
|λ+ 1

λ


q

.

Substituting the values of a(λ, q) and A(λ, q) in (2.13), we obtain

3G3

 1
2
, 1

2
, 1

2

0, 0, 0
|−1

λ


q

= φ(1 + λ) · 2G2

 1
4
, 3

4

0, 0
|λ+ 1

λ

2

q

− q · φ(1 + λ).

Putting λ = −x we obtain the required identity. ■

Remark 2.3.1. In [3], Ahlgren et al. proved (2.13) for λ ∈ Q such that λ ̸≡ 0,−1

(mod p). It is easy to check that their proof works if λ ∈ Fq \ {0,−1}.

2.4 Some more transformations for nGn[· · · ]q

In a recent paper [68], Barman and Tripathi found an identity expressing a 4F3-

Gaussian hypergeometric series as a sum of two 2F1-Gaussian hypergeometric series.

In a very recent paper [69], Tripathi and Meher proved finite field analogues of certain

classical identities that relate Appell series to classical hypergeometric series. As an

application, they also found another such summation identity over finite fields. In

this section, we prove two identities for McCarthy’s p-adic hypergeometric functions.

Our first summation identity generalizes the summation identities proved in [68,

69]. The second identity relates p-adic hypergeometric functions n+2Gn+2[· · · ]p and
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42 Certain transformations and special values

nGn[· · · ]p. These identities will be used to prove some of our main results in Chapter

4. We first prove the following lemma relating to fractional and integral parts of

certain rational numbers.

Lemma 2.8. Let p be an odd prime and q = pr, r ≥ 1. Let x = m
d
be a rational

number such that gcd(m, d) = 1. For 0 ≤ j ≤ q − 2 and 0 ≤ i ≤ r − 1, we have

⌊〈
xpi
〉
− 2jpi

q − 1

⌋
=

⌊〈
xpi

2

〉
− jpi

q − 1

⌋
+

⌊〈
(1 + x)pi

2

〉
− jpi

q − 1

⌋
, (2.19)⌊〈

xpi
〉
+

2jpi

q − 1

⌋
=

⌊〈
xpi

2

〉
+

jpi

q − 1

⌋
+

⌊〈
(1 + x)pi

2

〉
+

jpi

q − 1

⌋
. (2.20)

Proof. Let y := ⟨xpi⟩. Then y
2
is equal to either

〈
xpi

2

〉
or
〈

xpi

2

〉
− 1

2
. If y = ⟨xpi⟩

and y
2
=
〈

xpi

2

〉
, then we have

〈
(1+x)pi

2

〉
= y+1

2
. If y = ⟨xpi⟩ and y

2
=
〈

xpi

2

〉
− 1

2
, then

we have
〈

(1+x)pi

2

〉
= y

2
. Therefore, to obtain (2.19) we need to prove that

⌊
y − 2jpi

q − 1

⌋
=

⌊
y

2
− jpi

q − 1

⌋
+

⌊
1 + y

2
− jpi

q − 1

⌋
. (2.21)

We can write
⌊
y − 2jpi

q−1

⌋
= 2k + s, where k ∈ Z and s ∈ {0, 1}. This yields

2k + s ≤ y − 2jpi

q − 1
< 2k + s+ 1,

and hence

k +
s

2
≤ y

2
− jpi

q − 1
< k +

s+ 1

2
, (2.22)

k +
s+ 1

2
≤ y + 1

2
− jpi

q − 1
< k + 1 +

s

2
. (2.23)

From (2.22) and (2.23), we have
⌊
y
2
− jpi

q−1

⌋
= k and

⌊
y+1
2

− jpi

q−1

⌋
= k + s, respec-

tively. Therefore, both the sides of (2.21) are equal to 2k + s. This completes the
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2.4 Some more transformations for nGn[· · · ]q 43

proof of (2.19). Now, to obtain (2.20) we need to prove that

⌊
y +

2jpi

q − 1

⌋
=

⌊
y

2
+

jpi

q − 1

⌋
+

⌊
1 + y

2
+

jpi

q − 1

⌋
. (2.24)

We can write
⌊
y + 2jpi

q−1

⌋
= 2k + s, where k ∈ Z and s ∈ {0, 1}. Clearly, both the

sides of (2.24) are equal to 2k + s. This completes the proof of (2.20). ■

We now prove an identity for the p-adic hypergeometric functions. In the fol-

lowing theorem, we prove a general identity expressing a 4G4[· · · ]q hypergeometric

function as a sum of two 2G2[· · · ]q hypergeometric functions.

Theorem 2.9. For k = 1, . . . , 4, let ak =
mk

dk
be rational numbers such that gcd(mk, dk) =

1. Let p be an odd prime such that p ∤ d1d2d3d4. Let q = pr, r ≥ 1 such that q ≡ 1

(mod d), where d = lcm{d1, d2, d3, d4}. Then, for x ∈ Fq, we have

2G2

 a1, a2

a3, a4

|x


q

+ 2G2

 a1, a2

a3, a4

| − x


q

= 4G4

 a1
2
, 1+a1

2
, a2

2
, 1+a2

2

a3
2
, 1+a3

2
, a4

2
, 1+a4

2

|x2


q

.

Proof. For x ∈ Fq, let

Ax : = 2G2

 a1, a2

a3, a4
|x


q

+ 2G2

 a1, a2

a3, a4
| − x


q

.

Then,

Ax = − 1

q − 1

q−2∑
j=0

(ωj(x) + ωj(−x))(−p)
−

∑r−1
i=0

(∑2
k=1

⌊
⟨akpi⟩− jpi

q−1

⌋
+
∑4

k=3

⌊
⟨−akp

i⟩+ jpi

q−1

⌋)

×
r−1∏
i=0

∏2
k=1 Γp

(〈
akp

i − jpi

q−1

〉)∏4
k=3 Γp

(〈
−akpi + jpi

q−1

〉)
Γp(⟨a1pi⟩)Γp(⟨a2pi⟩)Γp(⟨−a3pi⟩)Γp(⟨−a4pi⟩)

.
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Since ωj(−1) = −1 if j is odd and ωj(−1) = 1 if j is even, we have

Ax = − 2

q − 1

q−3
2∑

j=0

ω2j(x)(−p)
−

∑r−1
i=0

(∑2
k=1

⌊
⟨akpi⟩− 2jpi

q−1

⌋
+
∑4

k=3

⌊
⟨−akp

i⟩+ 2jpi

q−1

⌋)

×
r−1∏
i=0

∏2
k=1 Γp

(〈
akp

i − 2jpi

q−1

〉)∏4
k=3 Γp

(〈
−akpi + 2jpi

q−1

〉)
Γp(⟨a1pi⟩)Γp(⟨a2pi⟩)Γp(⟨−a3pi⟩)Γp(⟨−a4pi⟩)

. (2.25)

We have dk|(q − 1) for k = 1, . . . , 4. Using (1.9) with m = 2 and x = ak − 2j
q−1

for

k = 1, 2, we obtain

r−1∏
i=0

Γp

(〈(
ak −

2j

q − 1

)
pi
〉)

= ω
(
2(1−ak+

2j
q−1

)(1−q)
) r−1∏

i=0

Γp

(〈(
ak
2
− j

q−1

)
pi
〉)

Γp

(〈
pi

2

〉)
× Γp

(〈(
1 + ak

2
− j

q − 1

)
pi
〉)

. (2.26)

Again, using (1.9) with m = 2 and x = −ak + 2j
q−1

for k = 3, 4, we obtain

r−1∏
i=0

Γp

(〈(
−ak +

2j

q − 1

)
pi
〉)

= ω
(
2(1+ak− 2j

q−1
)(1−q)

) r−1∏
i=0

Γp

(〈(
−ak
2

+ j
q−1

)
pi
〉)

Γp

(〈
pi

2

〉)
× Γp

(〈(
1− ak

2
+

j

q − 1

)
pi
〉)

. (2.27)

Using (2.19) with x = ak for k = 1, 2 and (2.20) with x = −ak for k = 3, 4, and

then adding the obtained equations, we deduce that

2∑
k=1

⌊
⟨akpi⟩ −

2jpi

q − 1

⌋
+

4∑
k=3

⌊
⟨−akpi⟩+

2jpi

q − 1

⌋

=
2∑

k=1

(⌊〈
akp

i

2

〉
− jpi

q − 1

⌋
+

⌊〈
(1 + ak)p

i

2

〉
− jpi

q − 1

⌋)

+
4∑

k=3

(⌊〈
−akpi

2

〉
+

jpi

q − 1

⌋
+

⌊〈
(1− ak)p

i

2

〉
+

jpi

q − 1

⌋)
. (2.28)
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Substituting the expressions (2.26), (2.27), and (2.28) in (2.25), and then using the

fact that Γp

(〈
pi

2

〉)4
= 1, we obtain

Ax = − 2α

q − 1

q−3
2∑

j=0

ω2j(x)(−p)−
∑r−1

i=0 si,j

×
r−1∏
i=0

Ni,j

Γp(⟨a1pi⟩)Γp(⟨a2pi⟩)Γp(⟨−a3pi⟩)Γp(⟨−a4pi⟩)
,

where α = ω(2(a1+a2−a3−a4)(q−1)) and

si,j =
2∑

k=1

(⌊〈
akp

i

2

〉
− jpi

q − 1

⌋
+

⌊〈
(1 + ak)p

i

2

〉
− jpi

q − 1

⌋)

+
4∑

k=3

(⌊〈
−akpi

2

〉
+

jpi

q − 1

⌋
+

⌊〈
(1− ak)p

i

2

〉
+

jpi

q − 1

⌋)
,

Ni,j =
2∏

k=1

Γp

(〈(
ak
2

− j

q − 1

)
pi
〉)

Γp

(〈(
1 + ak

2
− j

q − 1

)
pi
〉)

×
4∏

k=3

Γp

(〈(
−ak
2

+
j

q − 1

)
pi
〉)

Γp

(〈(
1− ak

2
+

j

q − 1

)
pi
〉)

.

We can rewrite Ax as

Ax = − 2α

q − 1

q−3
2∑

j=0

Bj

= − α

q − 1

q−3
2∑

j=0

Bj −
α

q − 1

q−3
2∑

j=0

Bj

= − α

q − 1

q−3
2∑

j=0

Bj −
α

q − 1

q−2∑
j= q−1

2

Bj− q−1
2
,

where Bj = ω2j(x)(−p)−
∑r−1

i=0 si,j
∏r−1

i=0
Ni,j

Γp(⟨a1pi⟩)Γp(⟨a2pi⟩)Γp(⟨−a3pi⟩)Γp(⟨−a4pi⟩) . We can
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easily check that Ni,j− q−1
2

= Ni,j. Also,

si,j− q−1
2

=
2∑

k=1

(⌊〈
akp

i

2

〉
− jpi

q − 1
+

1

2

⌋
+

⌊〈
(1 + ak)p

i

2

〉
− jpi

q − 1
+

1

2

⌋)

+
4∑

k=3

(⌊〈
−akpi

2

〉
+

jpi

q − 1
− 1

2

⌋
+

⌊〈
(1− ak)p

i

2

〉
+

jpi

q − 1
− 1

2

⌋)
.

Let

yk =


⟨akpi⟩ , if k = 1, 2;

⟨−akpi⟩ , if k = 3, 4.

Then,

si,j− q−1
2

=
2∑

k=1

(⌊
yk
2

− jpi

q − 1
+

1

2

⌋
+

⌊
1 + yk

2
− jpi

q − 1
+

1

2

⌋)

+
4∑

k=3

(⌊
yk
2

+
jpi

q − 1
− 1

2

⌋
+

⌊
1 + yk

2
+

jpi

q − 1
− 1

2

⌋)
= si,j.

Hence, Bj− q−1
2

= Bj. Therefore, we have

Ax = − α

q − 1

q−2∑
j=0

Bj. (2.29)

Using (1.9) with m = 2 and x = ak for k = 1, 2; and with m = 2 and x = −ak for

k = 3, 4, and then multiplying all the obtained equations, we have

r−1∏
i=0

(
2∏

k=1

Γp

(〈
akp

i
〉))( 4∏

k=3

Γp

(〈
−akpi

〉))

= α

r−1∏
i=0

2∏
k=1

Γp

(〈
akp

i

2

〉)
Γp

(〈
(1 + ak)p

i

2

〉)
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×
4∏

k=3

Γp

(〈
(−ak)pi

2

〉)
Γp

(〈
(1− ak)p

i

2

〉)
. (2.30)

Substituting (2.30) in (2.29), we obtain

Ax = 4G4

 a1
2
, 1+a1

2
, a2

2
, 1+a2

2

a3
2
, 1+a3

2
, a4

2
, 1+a4

2

|x2


q

.

This completes the proof of the theorem. ■

If we substitute a2 = 1− a1, a3 = 0, and a4 = 0 in Theorem 2.9, then we obtain

a p-adic analogue of [69, Theorem 1.3] for q ≡ 1, d1 + 1 (mod 2d1). If we substitute

a3 = 0 and a2 =
a4
2
, then for q satisfying q ≡ 1 (mod d1) and q ≡ 1 (mod 2d4), we

obtain a p-adic analogue of [68, Theorem 1.8].

We now recall a property of the p-adic gamma function in the following propo-

sition.

Proposition 2.10. ([59, p. 369]). Let x ∈ Zp. We have Γp(1−x)Γp(x) = (−1)a0(x),

where a0(x) ∈ {1, 2, . . . , p} such that x ≡ a0(x) (mod p).

Lemma 2.11. Let p ≡ −1 (mod d). Then, for 0 ≤ n ≤ p− 2, we have

Γp

(〈
−1
d
+ n

p−1

〉)
Γp

(〈
−(d−1)

d
+ n

p−1

〉)
Γp

(〈
1
d
− n

p−1

〉)
Γp

(〈
d−1
d

− n
p−1

〉)
Γp

(〈
1
d

〉)2
Γp

(〈
d−1
d

〉)2 = 1.

Proof. Suppose that d = 2. Then for n ̸= p−1
2
, using (1.11) with r = 1, we ob-

tain the required result. If n = p−1
2
, then using Proposition 2.10, we obtain the

required result. Now, we consider d ̸= 2. Let x := 1
d
+ n

p−1
and y := d−1

d
+ n

p−1
.

Then 1 − x = d−1
d

− n
p−1

and 1 − y = 1
d
− n

p−1
. Using Proposition 2.10, we obtain

Γp

(〈
1
d

〉)2
Γp

(〈
d−1
d

〉)2
= 1. Note that for d ̸= 2, x and y are not integers and hence
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⟨1− x⟩ = 1− ⟨x⟩ and ⟨1− y⟩ = 1− ⟨y⟩. Thus, we have

Γp (⟨x⟩) Γp (⟨1− x⟩) Γp (⟨y⟩) Γp (⟨1− y⟩) = Γp (⟨x⟩) Γp (1− ⟨x⟩) Γp (⟨y⟩) Γp (1− ⟨y⟩)

= (−1)a0(⟨x⟩)+a0(⟨y⟩).

Hence, to complete the proof of the lemma, we need to prove that

(−1)a0(⟨x⟩)+a0(⟨y⟩) = 1.

Case 1: 0 ≤ n < p−1
d
.

Clearly, ⟨x⟩ = 1
d
+ n

p−1
and ⟨y⟩ = d−1

d
+ n

p−1
. Also, we have

1

d
+

n

p− 1
−
(
p+ 1

d
− n

)
≡ 0 (mod p),

d− 1

d
+

n

p− 1
−
(
(d− 1)(p+ 1)

d
− n

)
≡ 0 (mod p).

Furthermore, p+1
d

− n, (d−1)(p+1)
d

− n ∈ {1, 2, . . . , p}. Thus, a0(⟨x⟩) = p+1
d

− n and

a0(⟨y⟩) = (d−1)(p+1)
d

− n. Therefore, a0(⟨x⟩) + a0(⟨y⟩) is an even number and hence,

we are done for this case.

Case 2: p−1
d
< n < (d−1)(p−1)

d
.

Clearly, ⟨x⟩ = 1
d
+ n

p−1
and ⟨y⟩ = −1

d
+ n

p−1
. Also, we have

1

d
+

n

p− 1
−
(
(d+ 1)p+ 1

d
− n

)
≡ 0 (mod p),

−1

d
+

n

p− 1
−
(
(d− 1)p− 1

d
− n

)
≡ 0 (mod p).

Furthermore, (d+1)p+1
d

− n, (d−1)p−1
d

− n ∈ {1, 2, . . . , p}. Thus, a0(⟨x⟩) = (d+1)p+1
d

− n

and a0(⟨y⟩) = (d−1)p−1
d

− n. Therefore, a0(⟨x⟩) + a0(⟨y⟩) is an even number and

hence, we are done for this case.

Case 3: (d−1)(p−1)
d

< n < p− 1.

TH-3689_206123021



2.4 Some more transformations for nGn[· · · ]q 49

Clearly, ⟨x⟩ = −d−1
d

+ n
p−1

and ⟨y⟩ = −1
d
+ n

p−1
. Also, we have

−d− 1

d
+

n

p− 1
−
(
(d+ 1)p− (d− 1)

d
− n

)
≡ 0 (mod p),

−1

d
+

n

p− 1
−
(
(2d− 1)p− 1

d
− n

)
≡ 0 (mod p).

Furthermore, (d+1)p−(d−1)
d

−n, (2d−1)p−1
d

−n ∈ {1, 2, . . . , p}. Thus, a0(⟨x⟩) = (d+1)p−(d−1)
d

−

n and a0(⟨y⟩) = (2d−1)p−1
d

− n. Therefore, a0(⟨x⟩) + a0(⟨y⟩) is an even number. This

completes the proof of the lemma. ■

Next, we prove a transformation between n+2Gn+2[· · · ]p and nGn[· · · ]p hyperge-

ometric functions.

Theorem 2.12. Let p be an odd prime. For a positive integer n, let ak, bk ∈ Q∩Zp

for k = 1, . . . , n. Let d be a positive integer. If p ≡ −1 (mod d) then, for t ∈ Fp,

we have

n+2Gn+2

 a1, . . . , an,
1
d
, d−1

d

b1, . . . , bn,
1
d
, d−1

d

|t


p

= nGn

 a1, a2, . . . , an

b1, b2, . . . , bn

|t


p

.

Proof. We have

n+2Gn+2

 a1, . . . , an,
1
d
, d−1

d

b1, . . . , bn,
1
d
, d−1

d

|t


p

= − 1

p− 1

p−2∑
j=0

(−1)(n+2)jωj(t)(−p)αj+βjMjNj, (2.31)

where

αj = −
n∑

k=1

(⌊
⟨ak⟩ −

j

p− 1

⌋
+

⌊
⟨−bk⟩+

j

p− 1

⌋)
,

βj = −
⌊
1

d
− j

p− 1

⌋
−
⌊〈

−1

d

〉
+

j

p− 1

⌋
−
⌊
d− 1

d
− j

p− 1

⌋
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−
⌊〈

−d− 1

d

〉
+

j

p− 1

⌋
,

Mj =
n∏

k=1

Γp

(〈
ak − j

p−1

〉)
Γp

(〈
−bk + j

p−1

〉)
Γp (⟨ak⟩) Γp (⟨−bk⟩)

,

Nj =
Γp

(〈
1
d
− j

p−1

〉)
Γp

(〈
−1

d
+ j

p−1

〉)
Γp

(〈
d−1
d

− j
p−1

〉)
Γp

(〈
−d−1

d
+ j

p−1

〉)
Γp

(〈
1
d

〉)2
Γp

(〈
d−1
d

〉)2 .

Let a :=
⌊
p−1
d

⌋
and b :=

⌊
(d−1)(p−1)

d

⌋
. Taking j in the intervals [0, a], [a+ 1, b], and

[b+ 1, p− 2] respectively, we obtain βj = 0. Using Lemma 2.11, we have Nj = 1.

Substituting these values in (2.31), we complete the proof of the theorem. ■
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3
Diagonal Hypersufaces and p-adic

Hypergeometric Functions

3.1 Introduction

Let Dd
λ denote the family of monomial deformations of diagonal hypersurface

over a finite field Fq. These families are of the form:

Dd
λ : Xd

1 +Xd
2 + · · ·+Xd

n = λdXh1
1 X

h2
2 · · ·Xhn

n , (3.1)

1The contents of this chapter have been published in Int. J. Number Theory (2024) and Finite
Fields Appl. (2024).
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52 Diagonal hypersurfaces and p-adic hypergeometric functions

where d, n ≥ 2, hi ≥ 1,
∑n

i=1 hi = d, and gcd(d, h1, h2, . . . , hn) = 1. Let #Dd
λ(Fq)

denote the number of points on the hypersurface (3.1) in Pn−1(Fq). The Dwork

hypersurface is the case when d = n, that is, h1 = h2 = · · · = hn = 1.

Let d be an odd integer, and let q ≡ 1 (mod d). In [33], Goodson expressed the

number of points on the Dwork hypersurface over Fq as (qd−1 − 1)/(q − 1) plus a

sum of finite field hypergeometric functions as defined by Greene [36]. On the other

hand, formulas for the number of points on the Dwork hypersurface over a finite

field Fq in terms of McCarthy’s p-adic hypergeometric function G[· · · ]q are known

in the general case (see, for example [10, 34, 54]).

In this chapter, we provide a formula for the number of Fq-points on the hyper-

surface (3.1) which holds for d > n as well (the non Dwork case). In [44], Koblitz

expressed #Dd
λ(Fq) in terms of Gauss and Jacobi sums under the condition that

q ≡ 1 (mod d). Using Koblitz’s formula, Salerno [63] expressed #Dd
λ(Fq) as a sum

of hypergeometric functions over finite fields as defined by Katz [41], under the

condition that dh1 · · ·hn | q − 1. We find a formula for #Dd
λ(Fq) in terms of Mc-

Carthy’s p-adic hypergeometric function when gcd(d, q − 1) = 1 and n ∈ N. We

then show that the same result holds for n = 2 without assuming the condition

gcd(d, q − 1) = 1. We also provide a result that proves the number of distinct zeros

of a polynomial over Fq is equal to the number of points on a subfamily of diag-

onal hypersurfaces. Before we state our main results, we define rational numbers

b1, b2, . . . , bd−1 as follows.

Notation 3.1.1. We have two cases according to d = n or d > n.

• (d = n) In this case h1 = · · · = hn = 1. We take b1 = b2 = · · · = bd−1 = 0.

• (d > n) In this case one or more hi is greater than 1. We take b1 = b2 =

· · · = bn−1 = 0; and corresponding to each hj > 1, we take bj1 = 1
hj
, bj2 =

2
hj
, . . . , bjhj−1

=
hj−1

hj
contributing to the remaining d − n values of bi (i =

n, n + 1, . . . , d − 1). For example, if h1 = h3 = 1, h2 = 2, h4 = 3, then n = 4,
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d = h1 + h2 + h3 + h4 = 7, and hence b1 = b2 = b3 = 0, b4 =
1
2
(corresponding

to h2), and b5 =
1
3
, b6 =

2
3
(corresponding to h4).

3.2 Number of Fq-points on the diagonal hyper-

surfaces and p-adic hypergeometric functions

We first need to prove a lemma which will be used in the proof of our result.

Lemma 3.1. Let p be an odd prime and q = pr, r ≥ 1. Let d ≥ 2 be an integer such

that gcd(d, p(q − 1)) = 1. Let h1, . . . , hn be positive integers such that
∑n

k=1 hk = d

and gcd(h1 · · ·hn, p) = 1 Then, for 1 ≤ a ≤ q − 2 and 0 ≤ i ≤ r − 1, we have

⌊
−dapi

q − 1

⌋
+

n∑
k=1

⌊
hkap

i

q − 1

⌋

=
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q − 1

⌋
+

n∑
k=1

hk−1∑
h=0

⌊〈
−hpi

hk

〉
+

api

q − 1

⌋
− 1−

⌊
api

q − 1

⌋
.

Proof. Putting l = hk for k = 1, 2, . . . , n in (1.17), and then adding them we have

n∑
k=1

⌊
hkap

i

q − 1

⌋
=

n∑
k=1

hk−1∑
h=0

⌊〈
−hpi

hk

〉
+

api

q − 1

⌋
. (3.2)

We now readily obtain the required identity by adding (1.12) and (3.2). ■

We now prove our theorem which expresses the number of Fq-points on the

diagonal hypersurfaces in terms of p-adic hypergeometric functions.

Theorem 3.2. Let p be an odd prime and q = pr, r ≥ 1. Let d ≥ 2 be an integer

such that gcd(d, q − 1) = 1. If Dd
λ is the diagonal hypersurface given by (3.1) such

that λ ̸= 0 and p ∤ dh1 · · ·hn, then the number of points on Dd
λ in Pn−1(Fq) is given
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54 Diagonal hypersurfaces and p-adic hypergeometric functions

by

#Dd
λ(Fq) =

qn−1 − 1

q − 1
+ (−1)n · d−1Gd−1

 1
d
, 2

d
, . . . , d−1

d

b1, b2, . . . , bd−1

|λdhh1
1 · · ·hhn

n


q

,

where the bi’s are as given in Notation 3.1.1.

Proof. Let Nd
q (λ) denote the number of points on the diagonal hypersurface Dd

λ in

An(Fq). Then we have

#Dd
λ(Fq) =

Nd
q (λ)− 1

q − 1
. (3.3)

Let x = (x1, x2, . . . , xn) and f(x) = xd1 + xd2 + · · ·+ xdn − dλxh1
1 · · · xhn

n and using the

identity

∑
z∈Fq

θ(zf(x)) =

 q, if f(x) = 0;

0, if f(x) ̸= 0,

we obtain

q ·Nd
q (λ) =

∑
z∈Fq

∑
xi∈Fq

θ(zf(x))

= qn +
∑

z,xi∈F×
q

θ(zf(x)) +
∑
z∈F×

q

∑
some
xi=0

θ(zf(x)). (3.4)

Consider a polynomial f1(x) = xd1+ · · ·+xdn and let N
′
q be the number of solutions of

the equation f1(x) = 0 in An(Fq). Since d is an integer such that gcd(d, q − 1) = 1,

therefore x 7→ xd is an automorphism of F×
q . This gives that N

′
q = qn−1. Also,

repeating the same process for f1(x) as done in (3.4) for f(x), we deduce that

q ·N ′

q = qn +
∑

z,xi∈F×
q

θ(zf1(x)) +
∑
z∈F×

q

∑
some
xi=0

θ(zf1(x)).
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Thus,

∑
z∈F×

q

∑
some
xi=0

θ(zf1(x)) = −
∑

z,xi∈F×
q

θ(zf1(x)). (3.5)

Also,

∑
z∈F×

q

∑
some
xi=0

θ(zf1(x)) =
∑
z∈F×

q

∑
some
xi=0

θ(zf(x)). (3.6)

Combining (3.4), (3.5), and (3.6), we obtain

q ·Nd
q (λ) = qn +

∑
z,xi∈F×

q

θ(zf(x))−
∑

z,xi∈F×
q

θ(zf1(x))

= qn + A−B, (3.7)

where A :=
∑

z,xi∈F×
q
θ(zf(x)) and B :=

∑
z,xi∈F×

q
θ(zf1(x)). We now evaluate the

values of A and B, respectively. Firstly, we calculate B. We have

B =
∑

z,xi∈F×
q

θ(z(xd1 + · · ·+ xdn)) =
∑

z,xi∈F×
q

θ(z(xd1)) · · · θ(z(xdn)).

Lemma 1.4 yields

B =
1

(q − 1)n

∑
z,xi∈F×

q

q−2∑
a1,...,an=0

g(T−a1) · · · g(T−an)T a1(zxd1) · · ·T an(zxdn)

=
1

(q − 1)n

q−2∑
a1,...,an=0

g(T−a1) · · · g(T−an)

×
∑
z∈F×

q

T a1+···+an(z)
∑

x1∈F×
q

T a1d(x1) · · ·
∑

xn∈F×
q

T and(xn).
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The inner sums are nonzero only if a1+· · ·+an ≡ 0 (mod q−1) and a1d, . . . , and ≡ 0

(mod q − 1). Since gcd(d, q − 1) = 1, all the congruences simultaneously hold only

if a1 = · · · = an = 0. Using the fact that g(ε) = −1, we obtain B = (−1)n(q − 1).

Next, we calculate the value of A. We have

A =
∑

z,xi∈F×
q

θ(zf(x)) =
∑

z,xi∈F×
q

θ(z(xd1 + · · ·+ xdn − λdxh1
1 · · ·xhn

n ))

=
∑

z,xi∈F×
q

θ(zxd1) · · · θ(zxdn)θ(−zλdx
h1
1 · · · xhn

n ).

By using Lemma 1.4, we obtain

A =
1

(q − 1)n+1

q−2∑
a1,...,an+1=0

g(T−a1) · · · g(T−an)g(T−an+1)

×
∑

z,xi∈F×
q

T a1(zxd1) · · ·T an(zxdn)T
an+1(−λdzxh1

1 · · ·xhn
n )

=
1

(q − 1)n+1

q−2∑
a1,...,an+1=0

g(T−a1) · · · g(T−an+1)T an+1(−λd)

×
∑
z∈F×

q

T a1+···+an+1(z)
∑

x1∈F×
q

T a1d+an+1h1(x1) · · ·
∑

xn∈F×
q

T and+an+1hn(xn).

The inner sums are nonzero only if a1 + · · · + an+1 ≡ 0 (mod q − 1) and a1d +

an+1h1, . . . , and + an+1hn ≡ 0 (mod q − 1). For 0 ≤ a ≤ q − 2, we have ai ≡ hia

(mod q−1) for i = 1, . . . , n and an+1 ≡ −da (mod q−1) as gcd(d, q−1) = 1. Thus

A =

q−2∑
a=0

g(T−ah1) · · · g(T−ahn)g(T ad)T−ad(−λd). (3.8)

Taking T = ω, and then using Gross-Koblitz formula, we obtain

A = (−1)n+1

q−2∑
a=0

ωad(−λd)(−p)

r−1∑
i=0

(
n∑

k=1

〈
hkap

i

q − 1

〉
+

〈
−dapi

q − 1

〉)
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×
r−1∏
i=0

Γp

(〈
−dpia
q − 1

〉) n∏
k=1

Γp

(〈
hkp

ia

q − 1

〉)
. (3.9)

Applying Lemma 1.11 with t = d and Lemma 1.10 with t = hk, we have

ω(d−ad)
r−1∏
i=0

Γp

(〈
−dpia
q − 1

〉)
=

r−1∏
i=0

d−1∏
h=0

Γp

(〈
pi(1+h)

d
− pia

q−1

〉)
d−1∏
h=1

Γp

(〈
hpi

d

〉) ,

ω(hhka
k )

r−1∏
i=0

Γp

(〈
hkp

ia

q − 1

〉)
=

r−1∏
i=0

hk−1∏
h=0

Γp

(〈
pih
hk

+ pia
q−1

〉)
hk−1∏
h=1

Γp

(〈
hpi

hk

〉) .

Substituting these values in (3.9) yields

A = (−1)n+1

q−2∑
a=0

ωad(−λd) ω(d−ad) ωa(hh1
1 · · ·hhn

n )(−p)

r−1∑
i=0

Ma,i

×
r−1∏
i=0

d−1∏
h=0

Γp

(〈
pi(1+h)

d
− pia

q−1

〉)
Γp

(〈
hpi

d

〉) n∏
k=1

hk−1∏
h=0

Γp

(〈
pih
hk

+ pia
q−1

〉)
Γp

(〈
hpi

hk

〉)
 ,

whereMa,i :=
n∑

k=1

〈
hkap

i

q − 1

〉
+

〈
−dapi

q − 1

〉
= −

n∑
k=1

⌊
hkap

i

q − 1

⌋
−
⌊
−dapi

q − 1

⌋
. We now have

A = (−1)n+1 + (−1)n+1

q−2∑
a=1

ωa((−1)dλdhh1
1 · · ·hhn

n )(−p)
∑r−1

i=0 Ma,i

×
r−1∏
i=0

Γp

(〈
pi − pia

q − 1

〉)
Γp

(〈
pia

q − 1

〉)
Γn−1
p

(〈
pia

q − 1

〉)

×
d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) n∏
k=1
hk>1

hk−1∏
h=1

Γp

(〈
pih
hk

+ pia
q−1

〉)
Γp

(〈
hpi

hk

〉) .
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Employing Lemma 3.1 and (1.10), we obtain

A = (−1)n+1 + (−1)n+1q

q−2∑
a=1

ωa((−1)d−1λdhh1
1 · · ·hhn

n )(−p)
∑r−1

i=0 Na,i

×
r−1∏
i=0

Γn−1
p

(〈
pia

q − 1

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) n∏
k=1
hk>1

hk−1∏
h=1

Γp

(〈
pih
hk

+ pia
q−1

〉)
Γp

(〈
hpi

hk

〉) ,

where Na,i := −
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q−1

⌋
−

n∑
k=1

hk−1∑
h=0

⌊〈
−hpi

hk

〉
+ api

q−1

⌋
+
⌊

api

q−1

⌋
. For 0 ≤ a ≤

q − 2, it is observed that

hk−1∏
h=1

Γp

(〈
pih
hk

+ pia
q−1

〉)
Γp

(〈
hpi

hk

〉) =

hk−1∏
h=1

Γp

(〈
−pih
hk

+ pia
q−1

〉)
Γp

(〈
−hpi

hk

〉) . (3.10)

Adding and subtracting the term under summation for a = 0, and then using (3.10)

yield

A = (−1)n+1(1− q) + (−1)n+1q

q−2∑
a=0

ωa((−1)d−1λdhh1
1 · · ·hhn

n )(−p)
∑r−1

i=0 Na,i

×
r−1∏
i=0

Γn−1
p

(〈
pia

q − 1

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) n∏
k=1
hk>1

hk−1∏
h=1

Γp

(〈
−pih
hk

+ pia
q−1

〉)
Γp

(〈
−hpi

hk

〉) .

Since ωa(−1) = (−1)a, we obtain

A = (−1)n+1

1− q − q(q − 1) · d−1Gd−1

 1
d
, 2

d
, . . . , d−1

d

b1, b2, . . . , bd−1

|λdhh1
1 · · ·hhn

n


q

 ,

where bi’s are as given in Notation 3.1.1. Substituting the expressions for A and B

in (3.7), and then using the relation given by (3.3), we complete the proof of the

theorem. ■

TH-3689_206123021



3.2 Number of Fq-points on the diagonal hypersurfaces and p-adic
hypergeometric functions 59

If d is a prime, then the condition gcd(d, q−1) = 1 is equivalent to q ̸≡ 1 (mod d).

The condition gcd(d, q−1) = 1 is very crucial in the proof of Theorem 3.2. Finding a

formula for #Dd
λ(Fq) in terms of McCarthy’s p-adic hypergeometric function without

assuming the condition gcd(d, q−1) = 1 seems to be a difficult problem. In the next

theorem, we find such a formula without assuming the condition gcd(d, q − 1) = 1

for a particular family of diagonal hypersurfaces, namely

Dd,k
λ : xd1 + xd2 = dλxk1x

d−k
2 , (3.11)

where d ≥ 2, k ≥ 1, and gcd(d, k, d− k) = 1. Barman and Saikia [15] expressed the

number of points on (3.11) over Fp in terms of McCarthy’s p-adic hypergeometric

function when k = 1. In the following theorem, we express the number of points on

the hypersurface (3.11) over Fq for any k ≥ 1 and without assuming the condition

gcd(d, q − 1) = 1.

Theorem 3.3. Let p be an odd prime and q = pr, r ≥ 1. Let d ≥ 2 and k ≥ 1

be integers, and let Dd,k
λ be the diagonal hypersurface given in (3.11) such that p ∤

dk(d− k). Then, for λ ̸= 0, the number of points on Dd,k
λ in P1(Fq) is given by

#Dd,k
λ (Fq) = 1 + d−1Gd−1

 1
d
, 2

d
, . . . , d−1

d

b1, b2, . . . , bd−1

|λdkk(d− k)d−k


q

,

where bi’s are as given in Notation 3.1.1 with h1 = k and h2 = d− k.

Proof. Let Nd
q (λ) denote the number of points on the diagonal hypersurface Dd,k

λ in

A2(Fq). Then we have

#Dd,k
λ (Fq) =

Nd
q (λ)− 1

q − 1
. (3.12)
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Let f(x1, x2) = xd1 + xd2 − dλxk1x
d−k
2 and using the identity

∑
z∈Fq

θ(zf(x1, x2)) =

 q, if f(x1, x2) = 0;

0, if f(x1, x2) ̸= 0,

we obtain

q ·Nd
q (λ) =

∑
z∈Fq

∑
xi∈Fq

θ(zf(x1, x2))

= q2 +
∑

z,x1,x2∈F×
q

θ(zf(x1, x2)) +
∑
z∈F×

q

∑
some
xi=0

θ(zf(x1, x2))

= q2 + A1 +B1, (3.13)

where A1 :=
∑

z,xi∈F×
q

θ(zf(x1, x2)) and B1 :=
∑
z∈F×

q

∑
some
xi=0

θ(zf(x1, x2)). Firstly, we

calculate B1. We have

B1 =
∑
z∈F×

q

∑
some
xi=0

θ(zf(x1, x2))

= q − 1 +
∑
z∈F×

q

∑
x1∈F×

q

θ(zxd1) +
∑
z∈F×

q

∑
x2∈F×

q

θ(zxd2). (3.14)

Using Lemma 1.4, we rewrite (3.14) as

B1 = q − 1 +
2

q − 1

∑
z∈F×

q

∑
x∈F×

q

q−2∑
a=0

g(T−a)T a(zxd)

= q − 1 +
2

q − 1

q−2∑
a=0

g(T−a)
∑
z∈F×

q

T a(z)
∑
x∈F×

q

T ad(x)

= −(q − 1).

We obtain the last equality by using the fact that the inner sum is nonzero only if
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a = 0 and putting g(ε) = −1. Next, we simplify the expression for A1. We have

A1 =
∑

z,x1,x2∈F×
q

θ(zxd1 + zxd2 − dλzxk1x
d−k
2 )

=
∑

z,x1,x2∈F×
q

θ(zxd1)θ(zx
d
2)θ(−dλzxk1xd−k

2 ).

Applying Lemma 1.4, we obtain

A1 =
1

(q − 1)3

q−2∑
l,m,n=0

g(T−l)g(T−m)g(T−n)×

∑
z,x1,x2∈F×

q

T l(zxd1)T
m(zxd2)T

n(−dλzxk1xd−k
2 )

=
1

(q − 1)3

q−2∑
l,m,n=0

g(T−l)g(T−m)g(T−n)T n(−dλ)×

∑
z∈F×

q

T l+m+n(z)
∑

x1∈F×
q

T dl+kn(x1)
∑

x2∈F×
q

T dm+(d−k)n(x2).

The sum over z ∈ F×
q is nonzero only when n = −m− l by Lemma 1.1. Making this

substitution, we deduce that

A1 =
1

(q − 1)2

q−2∑
l,m=0

g(T−l)g(T−m)g(T l+m)T−l−m(−dλ)×

∑
x1∈F×

q

T (d−k)l−km(x1)
∑

x2∈F×
q

T km−(d−k)l(x2). (3.15)

Inner sums in (3.15) are nonzero only when

km ≡ (d− k)l (mod q − 1). (3.16)

We now solve (3.16) for l and m and find all its possible solutions. Consider gcd(q−

1, k) = k0 and gcd(q − 1, d − k) = d0. Take k1 = k
k0

and d1 = d−k
d0

. We have
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gcd(k, d − k) = 1 as gcd(d, k, d − k) = 1. Since km ≡ (d − k)l (mod q − 1), hence

k0 | l which implies l = αk0 for 0 ≤ α ≤ q−1
k0

− 1. Also, gcd( q−1
k0
, k1) = 1, and hence

we obtain l = kα where 0 ≤ α ≤ q−1
k0

− 1. Corresponding to each l depending on α,

we have k0 values of m given by m = (d − k)α + r1
q−1
k0

where r1 = 0, 1, . . . , k0 − 1.

Therefore, the total number of solutions for (3.16) is q − 1.

Claim: All the solutions are given by l ≡ ka (mod q−1) and m ≡ (d−k)a (mod q−

1) for 0 ≤ a ≤ q − 2.

Proof of the Claim. Since gcd(k0, d−k) = 1, there exists a z1 such that (d−k)z1 ≡ 1

(mod k0). For any α and 0 ≤ r ≤ k0 − 1, one can easily check that l = kα ≡ ka

(mod q−1) and m = (d−k)α+r q−1
k0

≡ (d−k)a (mod q−1) for a = α+ q−1
k0
rz1. We

now need to check if any solution is repeating or not. Suppose ka ≡ kb (mod q− 1)

for some a and b. Then k1a = k1b+
q−1
k0
x0 for some x0. Also, suppose that (d−k)a ≡

(d− k)b (mod q − 1). Then

d0d1a = d0d1b+ (q − 1)y0, (3.17)

for some y0. We now have k1d0d1a = k1d0d1b+k1(q−1)y0. Substituting the value of

k1a from above, we get d0d1x0 = y0k0k1 and hence x0 = kz and y0 = (d−k)z for some

z. Putting the value of y0 in (3.17), we get (d−k)a−(d−k)b = (q−1)(d−k)z which

gives a ≡ b (mod q − 1). Therefore, the solutions are given by l ≡ ka (mod q − 1)

and m ≡ (d − k)a (mod q − 1) for a = 0, 1, . . . , q − 2. This completes the proof of

our claim.

Hence, the inner sums in (3.15) are nonzero only if l ≡ ka (mod q − 1) and

m ≡ (d− k)a (mod q − 1), where a = 0, 1, . . . , q − 2. Substituting these values of l

and m in (3.15) yields

A1 =

q−2∑
a=0

g(T−ka)g(T−(d−k)a)g(T da)T−da(−dλ).
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Considering n = 2, h1 = k, and h2 = d − k in (3.8), and proceeding along similar

lines as shown in the proof of Theorem 3.2, we deduce that

A1 = q − 1 + q(q − 1) · d−1Gd−1

 1
d
, 2

d
, . . . , d−1

d

b1, b2, . . . , bd−1

|λdkk(d− k)d−k


q

,

where bi’s are as given in Notation 3.1.1 with h1 = k and h2 = d− k. Substituting

the values of A1 and B1 in (3.13) and then using the relation (3.12), we complete

the proof of the theorem. ■

3.3 Polynomials and diagonal hypersurfaces over

finite fields

Let Nd
q (λ) denote the number of points on the diagonal hypersurface Dd,k

λ in

A2(Fq). Then we have

#Dd,k
λ =

Nd
q (λ)− 1

q − 1
. (3.18)

Let f(x1, x2) := xd1 + xd2 − dλxk1x
d−k
2 . One can dehomogenize f(x1, x2) to obtain

gλ(y) := yd−dλyk+1. Also, if θ is a root of gλ(y), then (αθ, α) lies on f(x1, x2) = 0

for all α ∈ F×
q . Suppose gλ(y) has r′q(λ) distinct zeros in Fq. Then, Nd

q (λ) =

(q − 1)r′q(λ) + 1 and hence,

#Dd,k
λ = r′q(λ). (3.19)

In this section, we relate #Dd,k
λ to the number of zeros of another polynomial over

Fq. In the following theorem, we prove that #Dd,k
λ is equal to the number of distinct

zeros of the polynomial fλ(y) = yd−k(1− y)k − (dλ)−d.

Theorem 3.4. Let d > k ≥ 1 be integers such that gcd(k, d) = 1. Let p be an
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odd prime such that p ∤ dk(d − k). Let q = pr, r ≥ 1. For λ ∈ F×
q , let fλ(y) =

yd−k(1 − y)k − (dλ)−d ∈ Fq[y], and let rq(λ) be the number of distinct zeros of

fλ(y) in Fq. Let #Dd,k
λ be the number of points on Dd,k

λ in P1(Fq). Then, we have

rq(λ) = #Dd,k
λ .

Proof. For α ∈ F×
q , we consider a character sum defined by

C(d, k, α) :=
∑
χ∈F̂×

q

g(χd)g(χd−k)χ(α)

g(χk)
.

We note that if k1 = gcd(k, q − 1) and k = k1k2 such that gcd(k2, q − 1) = 1 and

χk = ε for some χ ∈ F̂×
q , then χk1 = ε. We first write C(d, k, α) in terms of the

number of distinct zeros of the polynomial hα(y) = yd−k(1−y)k− (−1)d−kα ∈ Fq[y].

Applying Lemma 1.5 and then using (1.4), we have

C(d, k, α) =
∑
χ∈F̂×

q

g(χd)g(χd−k)χ(α)

g(χk)

=
∑
χ∈F̂×

q

(J(χd−k, χd)χ(α)− (q − 1)χd(−1)χ(α)δ(χk))

=
∑
χ∈F̂×

q

χd−k(−1)J(χd−k, χk)χ(α)−
∑
χ∈F̂×

q

(q − 1)χd(−1)χ(α)δ(χk)

=
∑
χ∈F̂×

q

χd−k(−1)J(χd−k, χk)χ(α)−
∑
χ∈F̂×

q ,

χk1=ε

(q − 1)χ((−1)dα)

=
∑
χ∈F̂×

q

∑
y∈Fq

χ

(
yd−k(1− y)k

(−1)d−kα

)
−
∑
χ∈F̂×

q ,

χk1=ε

(q − 1)χ((−1)dα). (3.20)

By Lemma 1.1, the inner sum of the first summation of (3.20) is nonzero only if

hα(y) has a solution in Fq. Let nq(α) be the number of distinct zeros of hα(y) in Fq.
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Then

C(d, k, α) = (q − 1)nq(α)− (q − 1)
∑
χ∈F̂×

q ,

χk1=ε

χ((−1)dα). (3.21)

We can also write C(d, k, α) as

C(d, k, α) =
∑
χ∈F̂×

q

g(χd)g(χd−k)g(χk)χ(α)

g(χk)g(χk)

=
∑
χ∈F̂×

q ,

χk1 ̸=ε

g(χd)g(χd−k)g(χk)χ(α)

g(χk)g(χk)
+
∑
χ∈F̂×

q ,

χk1=ε

g(χd)g(χd−k)g(χk)χ(α)

g(χk)g(χk)
.

Using Lemma 1.2 in the first summation and the fact that g(ε) = −1 in the second

summation, we obtain

C(d, k, α) =
1

q

∑
χ∈F̂×

q ,

χk1 ̸=ε

g(χd)g(χd−k)g(χk)χ((−1)kα)−
∑
χ∈F̂×

q ,

χk1=ε

g(χd)g(χd)χ(α).

Adding and subtracting the terms in the first summation for χ ∈ F̂×
q such that

χk1 = ε, we deduce that

C(d, k, α) =
1

q

∑
χ∈F̂×

q

g(χd)g(χd−k)g(χk)χ((−1)kα)−
∑
χ∈F̂×

q ,

χk1=ε

g(χd)g(χd)χ(α)

+
1

q

∑
χ∈F̂×

q ,

χk1=ε

g(χd)g(χd)χ(α)

= A+
1− q

q

∑
χ∈F̂×

q ,

χk1=ε

g(χd)g(χd)χ(α), (3.22)
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where A = 1
q

∑
χ∈F̂×

q
g(χd)g(χd−k)g(χk)χ((−1)kα). Using Lemma 1.2, we obtain

C(d, k, α) = A− q − 1

q

∑
χ∈F̂×

q ,

χk1=ε

qχ((−1)dα) +
(q − 1)2

q

∑
χ∈F̂×

q ,

χk1=ε

χ(α)δ(χd).

Since gcd(d, k) = 1, so we have gcd(d, k1) = 1. If χk1 = ε and χd = ε then the order

of χ divides gcd(k1, d). Since gcd(k1, d) = 1, we have χ = ε. Thus

A = C(d, k, α)− (q − 1)2

q
+ (q − 1)

∑
χ∈F̂×

q ,

χk1=ε

χ((−1)dα). (3.23)

Combining (3.21) and (3.23), we deduce that

A = (q − 1)nq(α)−
(q − 1)2

q
. (3.24)

Taking α = (−1)d+k(λd)−d, we have hα(y) = fλ(y). Hence, rq(λ) = nq(α).

Let f(x1, x2) = xd1 + xd2 − dλxk1x
d−k
2 and using the identity

∑
z∈Fq

θ(zf(x1, x2)) =

 q, if f(x1, x2) = 0;

0, if f(x1, x2) ̸= 0,

we obtain

q ·Nd
q (λ) =

∑
z∈Fq

∑
xi∈Fq

θ(zf(x1, x2))

= q2 +
∑

z,x1,x2∈F×
q

θ(zf(x1, x2)) +
∑
z∈F×

q

∑
some
xi=0

θ(zf(x1, x2))

= q2 + A1 +B1, (3.25)

where A1 =
∑

z,xi∈F×
q

θ(zf(x1, x2)) and B1 =
∑
z∈F×

q

∑
some
xi=0

θ(zf(x1, x2)). Using Lemma
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1.4 and the orthogonality relation given by Lemma 1.1, we calculated B1 in Theorem

3.3 and found that B1 = 1− q. Combining (3.18) and (3.25), we have

#Dd,k
λ =

Nd
q (λ)− 1

q − 1
=
q − 1 + A1

q
− q−1

q

q − 1

=
q − 1

q
+

A1

q(q − 1)
.

In Theorem 3.3, using Lemma 1.4 and the condition that gcd(d, k) = 1, we simplified

the character sum A1 and found that

A1 =

q−2∑
a=0

g(T−ka)g(T−(d−k)a)g(T da)T−da(−dλ).

For α = (−1)d+k(λd)−d, we observe that A = A1

q
. Hence,

#Dd,k
λ =

q − 1

q
+

A

q − 1
.

Using (3.24) and the fact that rq(λ) = nq(α), we complete the proof. ■

If k = 1, then gλ(y) can be obtained from fλ(y) by a change of the variable.

However, for k > 1, we do not know if gλ(y) can be obtained from fλ(y) in a similar

way. Combining (3.19) and Theorem 3.4, we obtain the following corollary.

Corollary 3.3.1. Let d > k ≥ 1 be integers. Let p be an odd prime such that

p ∤ dk(d − k). Let q = pr, r ≥ 1. For λ ∈ F×
q , let rq(λ) and r′q(λ) be the number

of distinct zeros of fλ(y) = yd−k(1− y)k − (dλ)−d and gλ(y) = yd − dλyk + 1 in Fq,

respectively. If gcd(d, k) = 1, then we have r′q(λ) = rq(λ).

Theorem 3.4 relates rq(λ), the number of distinct zeros of the polynomial fλ(y) =

yd−k(1 − y)k − (dλ)−d in Fq, to #Dd,k
λ for integers d > k ≥ 1 with gcd(k, d) = 1.

In the following theorem, we express rq(λ) in terms of the p-adic hypergeometric

functions without the condition gcd(k, d) = 1. To be specific, we prove the following
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theorem.

Theorem 3.5. Let d > k ≥ 1 be integers. Let p be an odd prime such that p ∤

dk(d − k). Let q = pr, r ≥ 1. For λ ∈ F×
q , let rq(λ) denote the number of distinct

zeros of fλ(y) = yd−k(1− y)k − (dλ)−d ∈ Fq[y] in Fq. We have

rq(λ) = 1 + d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|kk(d− k)d−kλd


q

− 1− q

q

∑
χ∈F̂×

q ,

χk1=ε,χ ̸=ε

χd(−λd)δ(χd),

where k1 = gcd(q − 1, k).

Proof. We first recall that for α ∈ F×
q , we have

C(d, k, α) =
∑
χ∈F̂×

q

g(χd)g(χd−k)χ(α)

g(χk)
.

We now write C(d, k, α) in terms of p-adic hypergeometric functions. From (3.22),

we have

C(d, k, α) = A+
1− q

q

∑
χ∈F̂×

q ,

χk1=ε

g(χd)g(χd)χ(α), (3.26)

where A = 1
q

∑
χ∈F̂×

q
g(χd)g(χd−k)g(χk)χ((−1)kα). Now, we simplify the expression

for A. We have

A =
1

q

∑
χ∈F̂×

q

g(χd)g(χd−k)g(χk)χ((−1)kα).
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Replacing χ with ωa and then applying Gross-Koblitz formula, we obtain

A =
1

q

q−2∑
a=0

g(ω−ad)g(ωa(d−k))g(ωak)ωa((−1)kα−1)

= −1

q

q−2∑
a=0

(−p)
∑r−1

i=0

(〈
−adpi

q−1

〉
+

〈
a(d−k)pi

q−1

〉
+

〈
akpi

q−1

〉)
ωa((−1)kα−1)

×
r−1∏
i=0

Γp

(〈
−adpi

q − 1

〉)
Γp

(〈
akpi

q − 1

〉)
Γp

(〈
a(d− k)pi

q − 1

〉)
.

Applying Lemma 1.11 with t = d and Lemma 1.10 with t = k and t = d − k, we

deduce that

A = −1

q

q−2∑
a=0

(−p)
∑r−1

i=0

(
−
⌊

−adpi

q−1

⌋
−
⌊

akpi

q−1

⌋
−
⌊

a(d−k)pi

q−1

⌋)
ωa((−1)kd−dα−1kk(d− k)d−k)

×
r−1∏
i=0

k−1∏
h=0

Γp

(〈
pih
k

+ pia
q−1

〉)
Γp

(〈
pih
k

〉) d−k−1∏
h=0

Γp

(〈
pih
d−k

+ pia
q−1

〉)
Γp

(〈
pih
d−k

〉) d−1∏
h=0

Γp

(〈
pi(1+h)

d
− pia

q−1

〉)
Γp

(〈
pih
d

〉)
= −1

q
− 1

q

q−2∑
a=1

(−p)
∑r−1

i=0

(
−
⌊

−adpi

q−1

⌋
−
⌊

akpi

q−1

⌋
−
⌊

a(d−k)pi

q−1

⌋)
ωa((−1)dx)

×
r−1∏
i=0

k−1∏
h=0

Γp

(〈
pih
k

+ pia
q−1

〉)
Γp

(〈
pih
k

〉) d−k−1∏
h=0

Γp

(〈
pih
d−k

+ pia
q−1

〉)
Γp

(〈
pih
d−k

〉) d−1∏
h=0

Γp

(〈
pi(1+h)

d
− pia

q−1

〉)
Γp

(〈
pih
d

〉) ,

where x := (−1)d+kkk(d−k)d−k

αdd
. Using Lemma 1.13, and Lemma 1.14 with l = k and

l = d− k yield

A = −1

q
− 1

q

q−2∑
a=1

ωa((−1)dx)(−p)
∑r−1

i=0 va,i+1

r−1∏
i=0

Γp

(〈
pia

q − 1

〉)
Γp

(〈
pi − pia

q − 1

〉)

×
k−1∏
h=0

Γp

(〈
pih
k

+ pia
q−1

〉)
Γp

(〈
pih
k

〉) d−k−1∏
h=1

Γp

(〈
pih
d−k

+ pia
q−1

〉)
Γp

(〈
pih
d−k

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
pih
d

〉) , (3.27)
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where

va,i = −
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q − 1

⌋
−

k−1∑
h=0

⌊〈
−hpi

k

〉
+

api

q − 1

⌋
−

d−k−1∑
h=1

⌊〈
−hpi

d− k

〉
+

api

q − 1

⌋
.

For a positive integer l, one can easily check that the following equality holds

l−1∏
h=0

Γp

(〈
pih
l
+ pia

q−1

〉)
Γp

(〈
pih
l

〉) =
l−1∏
h=0

Γp

(〈
−pih

l
+ pia

q−1

〉)
Γp

(〈
−pih

l

〉) . (3.28)

Substituting (3.28) with l = k and l = d− k in (3.27) and using (1.10), we deduce

that

A = −1

q
− (−p)r

q

q−2∑
a=1

ωa((−1)d(−x))(−p)
∑r−1

i=0 va,i(−1)r
r−1∏
i=0

k−1∏
h=0

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−pih
k

〉)
×

d−k−1∏
h=1

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−pih
d−k

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
pih
d

〉) .

Adding and subtracting the term under summation for a = 0 and using ωa(−1) =

(−1)a, we obtain

A =
q − 1

q
−

q−2∑
a=0

(−1)a(d−1)ωa(x)(−p)
∑r−1

i=0 va,i

r−1∏
i=0

k−1∏
h=0

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−pih
k

〉)
×

d−k−1∏
h=1

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−pih
d−k

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
pih
d

〉)
=
q − 1

q
+ (q − 1) · d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|x


q

.
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Substituting the expression for A in (3.26) and then using Lemma 1.2 yield

C(d, k, α) =
q − 1

q
+ (1− q)

∑
χ∈F̂×

q ,

χk1=ε

χ((−1)dα)− 1− q

q

∑
χ∈F̂×

q ,

χk1=ε

(q − 1)χ(α)δ(χd)

+ (q − 1) · d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|x


q

.

(3.29)

From (3.21), we have

C(d, k, α) = (q − 1)nq(α)− (q − 1)
∑
χ∈F̂×

q ,

χk1=ε

χ((−1)dα), (3.30)

where nq(α) is the number of distinct zeros of the polynomial hα(y) in Fq. Taking

α = (−1)d−k(λd)−d, we have nq(α) = rq(λ). Combining (3.29) and (3.30), and

taking α = (−1)d−k(λd)−d, we obtain the required expression for rq(λ). ■

Remark 3.3.1. We remark that Theorem 3.3 follows from Theorem 3.4 and Theo-

rem 3.5. Suppose that gcd(k, d) = 1. Then, we have gcd(d, k1) = 1. Now, if χk1 = ε

and χd = ε then the order of χ divides gcd(k1, d). Since gcd(k1, d) = 1, we have

χ = ε. Therefore, the last summation in Theorem 3.5 is empty, and hence

rq(λ) = 1 + d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|kk(d− k)d−kλd


q

.

Now, by Theorem 3.4, we readily obtain Theorem 3.3.

Remark 3.3.2. If we combine (3.29) and (3.30), and take d = 3n, k = 2, and

r = 1, then we obtain [62, Theorem 1.2].

TH-3689_206123021



TH-3689_206123021



4
Elliptic curves and p-adic Hypergeometric

Functions

4.1 Introduction

It is well-known that the trace of Frobenius of elliptic curves can be expressed

as special values of 2F1-Gaussian hypergeometric series, see for example [8, 9, 29,

46, 47, 48, 57]. It was Ono [57] who first expressed the trace of Frobenius of elliptic

curves in terms of 3F2-Gaussian hypergeometric series. Very recently, Tripathi and

Meher [69] expressed the trace of Frobenius and the sum of traces of Frobenius of

1The contents of this chapter have been published in Int. J. Number Theory (2024).

73
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74 Elliptic curves and p-adic hypergeometric functions

certain families of elliptic curves in terms of 4F3-Gaussian hypergeometric series for

primes in some congruence classes.

The function nGn[· · · ]q often allows results involving Gaussian hypergeometric

series to be extended to a wider class of primes. In [53], McCarthy expressed the

trace of Frobenius of elliptic curves in terms of a special value of 2G2[· · · ]p hyperge-

ometric function for all primes p > 3. Later, Barman and Saikia [12] expressed the

trace of Frobenius of elliptic curves in terms of another special value of 2G2[· · · ]q
hypergeometric function. However, there is no formula for the trace of Frobenius of

elliptic curves in terms of special values of nGn[· · · ]q hypergeometric functions with

n ≥ 3 which holds for all but finitely many primes. In this chapter, we find several

expressions for the traces of Frobenius endomorphism of certain families of elliptic

curves in terms of special values of 4G4[· · · ]q and 6G6[· · · ]q hypergeometric functions

which hold for all but finitely many primes.

4.2 The trace of Frobenius of elliptic curves de-

fined over Fq

In the following lemma, we evaluate an expression containing certain values of

the p-adic gamma function.

Lemma 4.1. Let p be an odd prime and q = pr, r ≥ 1 such that q ≡ 1 (mod 4).

For 0 ≤ n ≤ q − 2 such that n /∈ {3(q−1)
4

, q−1
4
}, we have

(−p)
∑r−1

i=0 si,n

r−1∏
i=0

Γp

(〈(
1
4
+ n

q−1

)
pi
〉)

Γp

(〈(
3
4
− n

q−1

)
pi
〉)

Γp

(〈
3pi

4

〉)
Γp

(〈
pi

4

〉)
×
Γp

(〈(
1
4
− n

q−1

)
pi
〉)

Γp

(〈(
3
4
+ n

q−1

)
pi
〉)

Γp

(〈
3pi

4

〉)
Γp

(〈
pi

4

〉) = 1,
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4.2 The trace of Frobenius of elliptic curves defined over Fq 75

where si,n = −
⌊
3
4
− npi

q−1

⌋
−
⌊
1
4
+ npi

q−1

⌋
−
⌊
3
4
+ npi

q−1

⌋
−
⌊
1
4
− npi

q−1

⌋
.

Proof. Since q ≡ 1 (mod 4), there exists a character χ4 of order 4, and the inverse

of χ4 is χ4 = χ3
4. Let ψ ∈ F̂×

q be such that ψ ̸= χ4, χ4. Then, using Lemma 1.2, we

have

g(χ4ψ)g(χ4ψ)g(χ4ψ)g(χ4ψ)

g(χ4)g(χ4)g(χ4)g(χ4)
=
q2χ4ψχ4ψ(−1)

q2χ4χ4(−1)
= 1.

Taking χ4 = ω
q−1
4 and ψ = ωn for some n such that 0 ≤ n ≤ q−2 and n ̸= 3(q−1)

4
, q−1

4
,

and then employing Gross-Koblitz formula, we obtain the desired result. ■

In the following theorem we express the sum of traces of Frobenius of elliptic

curves as a special value of 4G4[· · · ]pr hypergeometric function for all odd prime p

and r ≥ 1. This gives a p-adic analogue of [69, Theorem 1.4]. We note that [69,

Theorem 1.4] holds only for q = pr ≡ 1 (mod 4).

Theorem 4.2. Let p be an odd prime and q = pr, r ≥ 1. Let Eλ : y2 = x(x−1)(x−λ)

and E−λ : y2 = x(x − 1)(x + λ) be elliptic curves over Fq such that λ /∈ {0,±1}.

Then we have

aq(Eλ) + aq(E−λ) = φ(−1) · 4G4

 0, 1
2
, 0, 1

2

1
4
, 3

4
, 1

4
, 3

4

|λ2


q

.

Proof. In [46], Koike proved that

aq(Eλ) = −q · φ(−1) · 2F1

 φ, φ

ε
|λ


q

.

For λ ̸= 0, using Proposition 1.7 we obtain

aq(Eλ) = −q · φ(−1)

(
φ

ε

)
2F1

 φ, φ

ε
|λ

∗

q

.
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Now, Lemma 1.9 and (1.5) yield

aq(Eλ) = φ(−1) · 2G2

 1
2
, 1

2

0, 0
|1
λ


q

. (4.1)

Employing Theorem 2.9 with a1 = a2 = 1
2
and a3 = a4 = 0, we have, for q ≡ 1

(mod 2),

2G2

 1
2
, 1

2

0, 0
|1
λ


q

+ 2G2

 1
2
, 1

2

0, 0
| − 1

λ


q

= 4G4

 1
4
, 3

4
, 1

4
, 3

4

0, 1
2
, 0, 1

2

| 1
λ2


q

. (4.2)

Then, (4.1) and (4.2) yield

aq(Eλ) + aq(E−λ) = φ(−1) · 4G4

 1
4
, 3

4
, 1

4
, 3

4

0, 1
2
, 0, 1

2

| 1
λ2


q

= φ(−1) · 4G4

 0, 1
2
, 0, 1

2

1
4
, 3

4
, 1

4
, 3

4

|λ2


q

.

This completes the proof of the theorem. ■

The following theorem gives a p-adic analogue of [69, Theorem 1.6]. Our result

holds for all q = pr, r ≥ 1 with p > 3, whereas [69, Theorem 1.6] holds only for

q = pr ≡ 1 (mod 3).

Theorem 4.3. Let p > 3 be a prime and q = pr, r ≥ 1. Let Ea1,a3 : y
2+a1xy+a3y =

x3 and Ea1,−a3 : y
2+a1xy−a3y = x3 be elliptic curves over Fq such that a1, a3 ∈ F×

q .

Then we have

aq(Ea1,a3) + aq(Ea1,−a3) = 4G4

 0, 1
2
, 0, 1

2

1
6
, 1

3
, 2

3
, 5

6

|729a
2
3

a61


q

.
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Proof. From the proof of Theorem 1.1 of [48], we have

aq(Ea1,a3) = −1

q
− 1

q(q − 1)

q−2∑
l=0

g(T−l)3g(T 3l)T l

(
−a3
a31

)
.

Now, we can write

aq(Ea1,a3) + aq(Ea1,−a3) = −2

q
− 1

q(q − 1)

q−2∑
l=0

g(T−l)3g(T 3l)T l

(
a3
a31

)
(T l(−1) + 1).

We know that T l(−1) = −1 if l is odd and T l(−1) = 1 if l is even. Thus, we deduce

that

aq(Ea1,a3) + aq(Ea1,−a3) = −2

q
− 2

q(q − 1)

q−3
2∑

l=0

g(T−2l)3g(T 6l)T l

(
a23
a61

)
.

Taking out the term under the summation for l = 0, we obtain

aq(Ea1,a3) + aq(Ea1,−a3) = − 2

q − 1
− 2

q(q − 1)

q−3
2∑

l=1

g(T−2l)3g(T 6l)T l

(
a23
a61

)
.

Taking T = ω and then using Gross-Koblitz formula, we have

aq(Ea1,a3) + aq(Ea1,−a3)

= − 2

q − 1
− 2

q(q − 1)

q−3
2∑

l=1

ωl

(
a23
a61

)
(−p)

∑r−1
i=0

(
3

〈
− 2lpi

q−1

〉
+

〈
6lpi

q−1

〉)

×
r−1∏
i=0

Γp

(〈
− 2lpi

q − 1

〉)3

Γp

(〈
6lpi

q − 1

〉)

= − 2

q − 1
− 2

q(q − 1)

q−3
2∑

l=1

ωl

(
a23
a61

)
(−p)

∑r−1
i=0

(
−3

⌊
− 2lpi

q−1

⌋
−
⌊

6lpi

q−1

⌋)

×
r−1∏
i=0

Γp

(〈
− 2lpi

q − 1

〉)3

Γp

(〈
6lpi

q − 1

〉)
.
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Using Lemma 1.11 with t = 2, Lemma 1.10 with t = 6, Lemma 1.13 with d = 2,

Lemma 1.14 with l = 6 and the fact that

5∏
h=1,h̸=3

Γp

(〈
hpi

6
+

lpi

q − 1

〉)
=

5∏
h=1,h̸=3

Γp

(〈
−hpi

6
+

lpi

q − 1

〉)
,

we have

aq(Ea1,a3) + aq(Ea1,−a3)

= − 2

q − 1
− 2

q(q − 1)

q−3
2∑

l=1

ωl

(
a23
a61

)
ωl(36)

× (−p)
∑r−1

i=0

(
si,l−

⌊〈
pi

2

〉
− lpi

q−1

⌋
+1+

⌊
lpi

q−1

⌋
−
⌊〈

−pi

2

〉
+ lpi

q−1

⌋
−
⌊

lpi

q−1

⌋)

×
r−1∏
i=0

Mi,l

Γp

(〈
pi

2
− lpi

q−1

〉)
Γp

(〈
−pi

2
+ lpi

q−1

〉)
Γp

(〈
pi − lpi

q−1

〉)
Γp

(〈
lpi

q−1

〉)
Γp

(〈
pi

2

〉)2 ,

where

Mi,l =
Γp

(〈
pi

2
− lpi

q−1

〉)2
Γp

(〈
−lpi

q−1

〉)2
Γp

(〈
−pi

6
+ lpi

q−1

〉)
Γp

(〈
−pi

3
+ lpi

q−1

〉)
Γp

(〈
pi

2

〉)2
Γp

(〈
−pi

6

〉)
Γp

(〈
−pi

3

〉)
Γp

(〈
−2pi

3

〉)
Γp

(〈
−5pi

6

〉)
×Γp

(〈
−2pi

3
+

lpi

q − 1

〉)
Γp

(〈
−5pi

6
+

lpi

q − 1

〉)

and

si,l = −2

⌊〈
pi

2

〉
− lpi

q − 1

⌋
+ 2 + 2

⌊
lpi

q − 1

⌋
−
⌊〈

−pi

6

〉
+

lpi

q − 1

⌋
−
⌊〈

−pi

3

〉
+

lpi

q − 1

⌋
−
⌊〈

−2pi

3

〉
+

lpi

q − 1

⌋
−
⌊〈

−5pi

6

〉
+

lpi

q − 1

⌋
= −2

⌊〈
pi

2

〉
− lpi

q − 1

⌋
− 2

⌊
−lpi

q − 1

⌋
−
⌊〈

−pi

6

〉
+

lpi

q − 1

⌋
−
⌊〈

−pi

3

〉
+

lpi

q − 1

⌋
−
⌊〈

−2pi

3

〉
+

lpi

q − 1

⌋
−
⌊〈

−5pi

6

〉
+

lpi

q − 1

⌋
.
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Using (1.10), (1.11), and the fact that
⌊〈

pi

2

〉
− lpi

q−1

⌋
+
⌊〈

−pi

2

〉
+ lpi

q−1

⌋
= 0 for l ̸= q−1

2
,

we have

aq(Ea1,a3) + aq(Ea1,−a3) = − 2

q − 1
− 2

q − 1

q−3
2∑

l=1

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 si,l

r−1∏
i=0

Mi,l

= − 2

q − 1

q−3
2∑

l=0

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 si,l

r−1∏
i=0

Mi,l

= − 1

q − 1

q−3
2∑

l=0

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 si,l

r−1∏
i=0

Mi,l

− 1

q − 1

q−3
2∑

l=0

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 si,l

r−1∏
i=0

Mi,l

= − 1

q − 1

q−3
2∑

l=0

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 si,l

r−1∏
i=0

Mi,l

− 1

q − 1

q−2∑
l= q−1

2

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 s

i,l− q−1
2

r−1∏
i=0

Mi,l− q−1
2
.

We can easily check that si,l− q−1
2

= si,l and Mi,l− q−1
2

=Mi,l. Hence, we obtain

aq(Ea1,a3) + aq(Ea1,−a3) = − 1

q − 1

q−2∑
l=0

ωl

(
729a23
a61

)
(−p)

∑r−1
i=0 si,l

r−1∏
i=0

Mi,l

= 4G4

 0, 1
2
, 0, 1

2

1
6
, 1

3
, 2

3
, 5

6

|729a
2
3

a61


q

.

This completes the proof of the theorem. ■

In the following theorem, we prove a p-adic analogue of [69, Theorem 1.5]. Our

result holds for all q = pr, r ≥ 1 with p odd, but [69, Theorem 1.5] holds only for

q = pr ≡ 1 (mod 8).

Theorem 4.4. Let p be an odd prime and q = pr, r ≥ 1. Let Ef,h : y2 = x3+fx2+hx
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and Ef,−h : y2 = x3 + fx2 − hx be elliptic curves over Fq such that f, h ∈ F×
q . Then

we have

aq(Ef,h) + aq(Ef,−h) = φ(f) · 4G4

 0, 1
2
, 0, 1

2

1
8
, 3

8
, 5

8
, 7

8

|16h
2

f 4


q

.

Proof. From [9, Eq. 3.8], we have

q(#Ef,h(Fq)− 1) = q2 +
g(φ)φ(−f)
q − 1

q−2∑
l=0

g(T−l)g(T 2l+ q−1
2 )g(T−l)T−2l(f)T l(h).

(4.3)

Note that in [9, Eq. 3.8], we have φ(f) in place of φ(−f). This is because in

[9, Eq. 3.8] it is assumed that q ≡ 1 (mod 4), and hence φ(f) = φ(−f). Using

Davenport-Hasse relation with m = 2 and ψ = T 2l, we have

g(T 2l+ q−1
2 ) =

g(T 4l)g(φ)T−l(16)

g(T 2l)
. (4.4)

Substituting (4.4) in (4.3), we obtain

q(#Ef,h(Fq)− 1) = q2 +
g(φ)2φ(−f)

q − 1

q−2∑
l=0

g(T−l)2g(T 4l)

g(T 2l)
T l

(
h

16f 2

)

= q2 +
qφ(f)

q − 1

q−2∑
l=0

g(T−l)2g(T 4l)

g(T 2l)
T l

(
h

16f 2

)
,

where the last equality follows from Lemma 1.2. Using the relation aq(Ef,h) =

q + 1−#Ef,h(Fq), we have

aq(Ef,h) = − φ(f)

q − 1

q−2∑
l=0

g(T−l)2g(T 4l)

g(T 2l)
T l

(
h

16f 2

)
.
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Hence, we obtain

aq(Ef,h) + aq(Ef,−h) = − φ(f)

q − 1

q−2∑
l=0

g(T−l)2g(T 4l)

g(T 2l)
T l

(
h

16f 2

)
(1 + T l(−1)).

We know that T l(−1) = 1 if l is even and T l(−1) = −1 if l is odd. Thus, we obtain

aq(Ef,h) + aq(Ef,−h) = −2φ(f)

q − 1

q−3
2∑

l=0

g(T−2l)2g(T 8l)

g(T 4l)
T l

(
h2

162f 4

)
.

Taking T = ω and then using Gross-Koblitz formula, we obtain

aq(Ef,h) + aq(Ef,−h) = −2φ(f)

q − 1

q−3
2∑

l=0

ωl

(
h2

162f 4

)
(−p)

∑r−1
i=0

(
2

〈
− 2lpi

q−1

〉
+

〈
8lpi

q−1

〉
−
〈

4lpi

q−1

〉)

×
r−1∏
i=0

Γp

(〈
− 2lpi

q−1

〉)2
Γp

(〈
8lpi

q−1

〉)
Γp

(〈
4lpi

q−1

〉)
= −2φ(f)

q − 1

q−3
2∑

l=0

ωl

(
h2

162f 4

)
(−p)

∑r−1
i=0

(
−2

⌊
− 2lpi

q−1

⌋
−
⌊

8lpi

q−1

⌋
+

⌊
4lpi

q−1

⌋)

×
r−1∏
i=0

Γp

(〈
− 2lpi

q−1

〉)2
Γp

(〈
8lpi

q−1

〉)
Γp

(〈
4lpi

q−1

〉) .

Taking out the term under the summation for l = 0 and then using Lemma 1.11

with t = 2, Lemma 1.10 with t = 8 and t = 4, Lemma 1.13 with d = 2, Lemma 1.14

with l = 8 and l = 4 and the fact that

3∏
h=0

Γp

(〈
(2h+ 1)pi

8
+

lpi

q − 1

〉)
=

3∏
h=0

Γp

(〈
−(2h+ 1)pi

8
+

lpi

q − 1

〉)
,

we obtain

aq(Ef,h) + aq(Ef,−h) = −2φ(f)

q − 1
− 2φ(f)

q − 1

q−3
2∑

l=1

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 αi,l

r−1∏
i=0

Ni,l,
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where

Ni,l =
Γp

(〈
pi

2
− lpi

q−1

〉)2
Γp

(〈
−lpi

q−1

〉)2
Γp

(〈
−pi

8
+ lpi

q−1

〉)
Γp

(〈
−3pi

8
+ lpi

q−1

〉)
Γp

(〈
pi

2

〉)2
Γp

(〈
−pi

8

〉)
Γp

(〈
−3pi

8

〉)
Γp

(〈
−5pi

8

〉)
Γp

(〈
−7pi

8

〉)
×Γp

(〈
−5pi

8
+

lpi

q − 1

〉)
Γp

(〈
−7pi

8
+

lpi

q − 1

〉)

and

αi,l = −2

⌊〈
pi

2

〉
− lpi

q − 1

⌋
− 2

⌊
−lpi

q − 1

⌋
−
⌊〈

−pi

8

〉
+

lpi

q − 1

⌋
−
⌊〈

−3pi

8

〉
+

lpi

q − 1

⌋
−
⌊〈

−5pi

8

〉
+

lpi

q − 1

⌋
−
⌊〈

−7pi

8

〉
+

lpi

q − 1

⌋
.

Thus, we can write

aq(Ef,h) + aq(Ef,−h) = −2φ(f)

q − 1

q−3
2∑

l=0

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 αi,l

r−1∏
i=0

Ni,l

= − φ(f)

q − 1

q−3
2∑

l=0

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 αi,l

r−1∏
i=0

Ni,l

− φ(f)

q − 1

q−3
2∑

l=0

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 αi,l

r−1∏
i=0

Ni,l

= − φ(f)

q − 1

q−3
2∑

l=0

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 αi,l

r−1∏
i=0

Ni,l

− φ(f)

q − 1

q−2∑
l= q−1

2

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 α

i,l− q−1
2

r−1∏
i=0

Ni,l− q−1
2
.

It is easy to see that Ni,l− q−1
2

= Ni,l and αi,l− q−1
2

= αi,l. Hence, we obtain

aq(Ef,h) + aq(Ef,−h) = − φ(f)

q − 1

q−2∑
l=0

ωl

(
16h2

f 4

)
(−p)

∑r−1
i=0 αi,l

r−1∏
i=0

Ni,l
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= φ(f) · 4G4

 0, 1
2
, 0, 1

2

1
8
, 3

8
, 5

8
, 7

8

|16h
2

f 4


q

.

This completes the proof of the theorem. ■

In our next theorem, we express the sum of traces of Frobenius of a family of

elliptic curves in terms of 6G6[· · · ]q for all q = pr, r ≥ 1, where p > 3.

Theorem 4.5. Let p > 3 be a prime and q = pr, r ≥ 1. Let Ec,d : y
2 = x3 + cx2 + d

and Ec,−d : y2 = x3 + cx2 − d be elliptic curves over Fq such that c, d ∈ F×
q . Then

we have

aq(Ec,d) + aq(Ec,−d) = φ(c) · 6G6

 0, 1
2
, 0, 1

2
, 1

4
, 3

4

1
12
, 1

4
, 5

12
, 7

12
, 3

4
, 11

12

|729d
2

16c6


q

− φ(d)− φ(−d).

Proof. From [9, Eq. 3.4], we obtain

q(#Ec,d(Fq)− 1) = q2 − 1 +B + C, (4.5)

where

B = 1 + qφ(d),

C =
φ(−c)g(φ)
q − 1

q−2∑
n=0

g(T−2n)g(T 3n+ q−1
2 )g(T−n)T n

(
d

c3

)
.

Using Davenport-Hasse relation with m = 2 and ψ = T 3n, we have

g(T 3n+ q−1
2 ) =

g(T 6n)g(φ)T−3n(4)

g(T 3n)
. (4.6)
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Substituting (4.6) in the expression of C yields

C =
φ(−c)g(φ)
q − 1

q−2∑
n=0

g(T−n)g(T−2n)g(T 6n)g(φ)

g(T 3n)
T n

(
d

43c3

)

=
qφ(c)

q − 1

q−2∑
n=0

g(T−n)g(T−2n)g(T 6n)

g(T 3n)
T n

(
d

43c3

)
,

where the last equality follows from Lemma 1.2. Now, substituting the values of B

and C in (4.5), we have

q(#Ec,d(Fq)− 1) = q2 + qφ(d) +
qφ(c)

q − 1

q−2∑
n=0

g(T−n)g(T−2n)g(T 6n)

g(T 3n)
T n

(
d

43c3

)
.

Using the relation aq(Ec,d) = q + 1−#Ec,d(Fq), we obtain

aq(Ec,d) = −φ(d)− φ(c)

q − 1

q−2∑
n=0

g(T−n)g(T−2n)g(T 6n)

g(T 3n)
T n

(
d

43c3

)
.

Hence, we have

aq(Ec,d) + aq(Ec,−d) = − φ(c)

q − 1

q−2∑
n=0

g(T−n)g(T−2n)g(T 6n)

g(T 3n)
T n

(
d

43c3

)
(T n(−1) + 1)

− φ(d)− φ(−d).

Using the fact that T n(−1) = −1 if n is odd and T n(−1) = 1 if n is even, we deduce

that

aq(Ec,d) + aq(Ec,−d) = −2φ(c)

q − 1

q−3
2∑

n=0

g(T−2n)g(T−4n)g(T 12n)

g(T 6n)
T n

(
d2

46c6

)
− φ(d)− φ(−d).
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Taking T = ω and then using Gross-Koblitz formula, we obtain

aq(Ec,d) + aq(Ec,−d)

= −2φ(c)

q − 1

q−3
2∑

n=0

(−p)
∑r−1

i=0

(〈
− 2npi

q−1

〉
+

〈
− 4npi

q−1

〉
+

〈
12npi

q−1

〉
−
〈

6npi

q−1

〉)
ωn

(
d2

46c6

)

×
r−1∏
i=0

Γp

(〈
−2npi

q−1

〉)
Γp

(〈
−4npi

q−1

〉)
Γp

(〈
12npi

q−1

〉)
Γp

(〈
6npi

q−1

〉) − φ(d)− φ(−d)

= −2φ(c)

q − 1
− 2φ(c)

q − 1

q−3
2∑

n=1

ωn

(
d2

46c6

)
(−p)

∑r−1
i=0

(
−
⌊
− 2npi

q−1

⌋
−
⌊
− 4npi

q−1

⌋
−
⌊

12npi

q−1

⌋
+

⌊
6npi

q−1

⌋)

×
r−1∏
i=0

Γp

(〈
−2npi

q−1

〉)
Γp

(〈
−4npi

q−1

〉)
Γp

(〈
12npi

q−1

〉)
Γp

(〈
6npi

q−1

〉) − φ(d)− φ(−d).

Using Lemma 1.11 with t = 2 and t = 4, Lemma 1.10 with t = 12 and t = 6, Lemma

1.13 with d = 2 and d = 4, Lemma 1.14 with l = 12 and l = 6, and the fact that

5∏
h=0

Γp

(〈
(2h+ 1)pi

12
+

npi

q − 1

〉)
=

5∏
h=0

Γp

(〈
−(2h+ 1)pi

12
+

npi

q − 1

〉)
,

we obtain

aq(Ec,d) + aq(Ec,−d) = −2φ(c)

q − 1

q−3
2∑

n=1

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n

− φ(d)− φ(−d)− 2φ(c)

q − 1
, (4.7)

where

βi,n = −2

⌊〈
pi

2

〉
− npi

q − 1

⌋
− 2

⌊
−npi

q − 1

⌋
−
⌊〈

−pi

12

〉
+

npi

q − 1

⌋
−
⌊〈

−5pi

12

〉
+

npi

q − 1

⌋
−
⌊〈

−7pi

12

〉
+

npi

q − 1

⌋
−
⌊〈

−11pi

12

〉
+

npi

q − 1

⌋
,
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γi,n = −
⌊〈

−pi

4

〉
+

npi

q − 1

⌋
−
⌊〈

3pi

4

〉
− npi

q − 1

⌋
−
⌊〈

pi

4

〉
− npi

q − 1

⌋
−
⌊〈

−3pi

4

〉
+

npi

q − 1

⌋
,

Ai,n =
Γp

(〈
pi

2
− npi

q−1

〉)2
Γp

(〈
−npi

q−1

〉)2
Γp

(〈
−pi

12
+ npi

q−1

〉)
Γp

(〈
−5pi

12
+ npi

q−1

〉)
Γp

(〈
pi

2

〉)2
Γp

(〈
−pi

12

〉)
Γp

(〈
−5pi

12

〉)
Γp

(〈
−7pi

12

〉)
Γp

(〈
−11pi

12

〉)
× Γp

(〈
−7pi

12
+

npi

q − 1

〉)
Γp

(〈
−11pi

12
+

npi

q − 1

〉)
,

Bi,n =
Γp

(〈
−pi

4
+ npi

q−1

〉)
Γp

(〈
−3pi

4
+ npi

q−1

〉)
Γp

(〈
pi

4
− npi

q−1

〉)
Γp

(〈
3pi

4
− npi

q−1

〉)
Γp

(〈
pi

4

〉)2
Γp

(〈
3pi

4

〉)2 .

Adding and subtracting the term under the summation for n = 0 yields

aq(Ec,d) + aq(Ec,−d)

= −2φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n

− φ(d)− φ(−d)

= − φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n − φ(d)− φ(−d)

− φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n

= − φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n − φ(d)− φ(−d)

− φ(c)

q − 1

q−2∑
n= q−1

2

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0

(
β
i,n− q−1

2
+γ

i,n− q−1
2

)
r−1∏
i=0

Ai,n− q−1
2
Bi,n− q−1

2
.

We can easily check that Ai,n− q−1
2

= Ai,n, Bi,n− q−1
2

= Bi,n, βi,n− q−1
2

= βi,n, and
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γi,n− q−1
2

= γi,n. Thus, we can write

aq(Ec,d) + aq(Ec,−d) = − φ(c)

q − 1

q−2∑
n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n

− φ(d)− φ(−d)

= φ(c) · 6G6

 0, 1
2
, 0, 1

2
, 1

4
, 3

4

1
12
, 1

4
, 5

12
, 7

12
, 3

4
, 11

12

|729d
2

16c6


q

− φ(d)− φ(−d).

This completes the proof of the theorem. ■

In [69, Theorem 1.7], the sum of traces of Frobenius of the elliptic curves Ec,d :

y2 = x3+cx2+d and Ec,−d : y
2 = x3+cx2−d is expressed as a special value of a 4F3-

Gaussian hypergeometric series under the condition that q = pr ≡ 1 (mod 12). In

Theorem 4.5, we have expressed the sum of traces of Frobenius for the same families

of elliptic curves in terms of a 6G6[· · · ]q hypergeometric function. In the following

theorem, we express the sum in terms of a 4G4[· · · ]q hypergeometric function which

extends [69, Theorem 1.7].

Theorem 4.6. Let p > 3 be a prime and q = pr, r ≥ 1. Let Ec,d : y
2 = x3 + cx2 + d

and Ec,−d : y2 = x3 + cx2 − d be elliptic curves over Fq such that c, d ∈ F×
q . Then

the following statements hold:

1. If q ≡ 1, 7 (mod 12), then we have

aq(Ec,d) + aq(Ec,−d) = φ(−3c) · 4G4

 0, 1
2
, 0, 1

2

1
12
, 5

12
, 7

12
, 11

12

|729d
2

16c6


q

.
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2. If q ≡ 5 (mod 12), then we have

aq(Ec,d) + aq(Ec,−d) = φ(c) · 4G4

 0, 1
2
, 0, 1

2

1
12
, 5

12
, 7

12
, 11

12

|729d
2

16c6


q

.

3. If p ≡ 11 (mod 12) and r = 1, then we have

aq(Ec,d) + aq(Ec,−d) = φ(c) · 4G4

 0, 1
2
, 0, 1

2

1
12
, 5

12
, 7

12
, 11

12

|729d
2

16c6


p

.

Proof. Part (1): Here, q ≡ 1, 7 (mod 12). Let χ6 be a character of order 6. Then,

by [9, Theorem 3.1] and then using Proposition 1.7 and Lemma 1.9, we have

aq(Ec,d) = −q · φ(−3c) · 2F1

 χ6, χ5
6

ε
| − 27d

4c3


q

= −q · φ(−3c)

(
χ5
6

ε

)
2F1

 χ6, χ5
6

ε
| − 27d

4c3

∗

q

= φ(−3c) · 2G2

 1
6
, 5

6

0, 0
| − 4c3

27d


q

= φ(−3c) · 2G2

 0, 0

1
6
, 5

6

| − 27d

4c3


q

.

Hence,

aq(Ec,d) + aq(Ec,−d)

= φ(−3c)2G2

 0, 0

1
6
, 5

6

| − 27d

4c3


q

+ φ(−3c)2G2

 0, 0

1
6
, 5

6

|27d
4c3


q

.

TH-3689_206123021



4.2 The trace of Frobenius of elliptic curves defined over Fq 89

Using Theorem 2.9 with a1 = a2 = 0, a3 =
1
6
, and a4 =

5
6
, we deduce that

aq(Ec,d) + aq(Ec,−d) = φ(−3c)4G4

 0, 1
2
, 0, 1

2

1
12
, 5

12
, 7

12
, 11

12

|729d
2

16c6

 .
This completes the proof of (1).

Part (2): Here, q ≡ 5 (mod 12). From (4.7), we have

aq(Ec,d) + aq(Ec,−d) = −2φ(c)

q − 1

q−3
2∑

n=1

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 (βi,n+γi,n)

r−1∏
i=0

Ai,nBi,n

− φ(d)− φ(−d)− 2φ(c)

q − 1
,

where

βi,n = −2

⌊〈
pi

2

〉
− npi

q − 1

⌋
− 2

⌊
−npi

q − 1

⌋
−
⌊〈

−pi

12

〉
+

npi

q − 1

⌋
−
⌊〈

−5pi

12

〉
+

npi

q − 1

⌋
−
⌊〈

−7pi

12

〉
+

npi

q − 1

⌋
−
⌊〈

−11pi

12

〉
+

npi

q − 1

⌋
,

γi,n = −
⌊〈

−pi

4

〉
+

npi

q − 1

⌋
−
⌊〈

3pi

4

〉
− npi

q − 1

⌋
−
⌊〈

pi

4

〉
− npi

q − 1

⌋
−
⌊〈

−3pi

4

〉
+

npi

q − 1

⌋
,

Ai,n =
Γp

(〈
pi

2
− npi

q−1

〉)2
Γp

(〈
−npi

q−1

〉)2
Γp

(〈
−pi

12
+ npi

q−1

〉)
Γp

(〈
−5pi

12
+ npi

q−1

〉)
Γp

(〈
pi

2

〉)2
Γp

(〈
−pi

12

〉)
Γp

(〈
−5pi

12

〉)
Γp

(〈
−7pi

12

〉)
Γp

(〈
−11pi

12

〉)
× Γp

(〈
−7pi

12
+

npi

q − 1

〉)
Γp

(〈
−11pi

12
+

npi

q − 1

〉)
,

Bi,n =
Γp

(〈
−pi

4
+ npi

q−1

〉)
Γp

(〈
−3pi

4
+ npi

q−1

〉)
Γp

(〈
pi

4
− npi

q−1

〉)
Γp

(〈
3pi

4
− npi

q−1

〉)
Γp

(〈
pi

4

〉)2
Γp

(〈
3pi

4

〉)2 .
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We can easily check that

βi, q−1
4

+ γi, q−1
4

= 0,

r−1∏
i=0

Ai, q−1
4
Bi, q−1

4
=

r−1∏
i=0

Γp

(〈
pi

6

〉)
Γp

(〈
5pi

6

〉)
Γp

(〈
pi

3

〉)
Γp

(〈
2pi

3

〉)
Γp

(〈
pi

12

〉)
Γp

(〈
5pi

12

〉)
Γp

(〈
7pi

12

〉)
Γp

(〈
11pi

12

〉)
=

r−1∏
i=0

φ(6)Γp

(〈
pi

4

〉)
Γp

(〈
3pi

4

〉)
Γp

(〈
pi

2

〉)2
= φ(6)ω

q−1
4 (−1),

where we used Lemma 1.10 with t = 6 and a = q−1
4
; and (1.10) with a = q−1

4
and

a = q−1
2

to deduce the last two equations, respectively. Taking out the term under

the summation for n = q−1
4

and then using Lemma 4.1 yield

aq(Ec,d) + aq(Ec,−d) = −2φ(c)

q − 1

q−3
2∑

n=1,n̸= q−1
4

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n

− φ(d)− φ(−d)− 2φ(c)

q − 1
− 2φ(2d)

q − 1
ω

q−1
4 (−1).

Since q ≡ 5 (mod 12), so we have p ≡ 5 (mod 12) and hence either p ≡ 1 (mod 8)

or p ≡ 5 (mod 8). Since p ≡ 1 (mod 4), therefore there exists an element y ∈ Fp

such that y2 = −1. If p ≡ 1 (mod 8), then 2 and y are squares in Fp. If p ≡ 5

(mod 8), then 2 and y are nonsquares in Fp. Hence, φ(2y) = 1 for primes p ≡ 5

(mod 12). Thus, we have

aq(Ec,d) + aq(Ec,−d) = −2φ(c)

q − 1

q−3
2∑

n=1,n̸= q−1
4

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n

− φ(d)− φ(−d)− 2φ(c)

q − 1
− 2φ(d)

q − 1
.

We can easily check that βi, q−1
4

= 1. Using Lemma 1.10 with t = 6 and a = q−1
4
, we
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obtain

r−1∏
i=0

Ai, q−1
4

= φ(6)
r−1∏
i=0

Γp

(〈
pi

4

〉)3
Γp

(〈
3pi

4

〉)3
Γp

(〈
pi

2

〉)4 .

Using Proposition 2.10 and (1.10) with a = q−1
4
, we deduce that

r−1∏
i=0

Ai, q−1
4

= φ(6)(−1)rω
q−1
4 (−1).

Adding and subtracting the term under the summation for n = 0 and n = q−1
4

and

then using the fact that φ(−1) = 1 yield

aq(Ec,d) + aq(Ec,−d)

= −2φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n − 2φ(d)− 2φ(d)

q − 1

+
2qφ(2d)

q − 1
ω

q−1
4 (−1)

= − φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n

− φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n −
2qφ(d)

q − 1
+

2qφ(2d)

q − 1
ω

q−1
4 (−1)

= − φ(c)

q − 1

q−3
2∑

n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n

− φ(c)

q − 1

q−2∑
n= q−1

2

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 β

i,n− q−1
2

r−1∏
i=0

Ai,n− q−1
2
.

We can easily check that βi,n− q−1
2

= βi,n and Ai,n− q−1
2

= Ai,n. Thus, we obtain

aq(Ec,d) + aq(Ec,−d) = − φ(c)

q − 1

q−2∑
n=0

ωn

(
729d2

16c6

)
(−p)

∑r−1
i=0 βi,n

r−1∏
i=0

Ai,n
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= φ(c) · 4G4

 0, 1
2
, 0, 1

2

1
12
, 5

12
, 7

12
, 11

12

|729d
2

16c6


q

.

This completes the proof of (2).

Part (3): Here, p ≡ 11 (mod 12) and r = 1, i.e., q = p. Using Theorem 2.12 with

d = 4 and the fact that φ(−1) = −1 for p ≡ 3 (mod 4), we obtain the required

result. ■

4.3 The trace of Frobenius of elliptic curves de-

fined over Q

In Theorems 4.2, 4.3, 4.4, 4.5, and 4.6, we expressed the sum of traces of Frobe-

nius of certain families of elliptic curves defined over Fq as special values of 4G4[· · · ]q
and 6G6[· · · ]q hypergeometric functions. For certain elliptic curves defined over Q,

it is possible to find the value of one of the traces of Frobenius appearing in the

sums explicitly. This allows us to write the other trace of Frobenius appearing in

the sums as special values of 4G4[· · · ]q and 6G6[· · · ]q hypergeometric functions as

stated in the theorems of this section.

Before we state our results, we recall a definition. For a nonzero integer n, we can

write n = pmk, where gcd(p, k) = 1. We then define ordp(n) = m and ordp(0) = ∞.

If a = x
y
∈ Q, then we define ordp(a) = ordp(x)− ordp(y).

We first recall a recurrence relation satisfied by the trace of the Frobenius en-

domorphism of elliptic curves. Let E be an elliptic curve defined over Q in the

Weierstrass form. If E is an elliptic curve over defined Q with conductor NE, then

by modularity theorem, there exists a newform f of weight two and level NE whose

Fourier coefficients are given by the coefficients of the Hasse-Weil L-series L(E, s)
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of E given by

L(E, s) =
∞∑
n=1

an(E)

ns
.

The p-th trace of the Frobenius endomorphism ap(E) is the p-th coefficient of

L(E, s). Let 1E(p) be the trivial character modulo conductor NE, that is, 1E(p)

is 1 for primes of good reduction and 0 for primes of bad reduction. Then, the pr-th

trace of Frobenius endomorphism satisfies the following recurrence relation [25, Eq.

8.21]

apr(E) = ap(E)apr−1(E)− p1E(p)apr−2(E), (4.8)

where r ≥ 2 and a1(E) = 1.

The following theorem gives a p-adic analogue of [69, Theorem 1.8]. We note

that [69, Theorem 1.8] is holds for all pr with r even and p ≥ 5 satisfying p ≡ 3

(mod 4). Our result holds for odd values of r as well.

Theorem 4.7. Let E−λ : y2 = x(x − 1)(x + λ) be an elliptic curve over Q, where

λ ∈ {2, 1
2
}. If p ≥ 5 is a prime such that p ≡ 3 (mod 4), then

apr(E−λ) =



−4G4

 0, 1
2
, 0, 1

2

1
4
, 3

4
, 1

4
, 3

4

|λ2


pr

, if r is odd;

−(−p) r
2 + 4G4

 0, 1
2
, 0, 1

2

1
4
, 3

4
, 1

4
, 3

4

|λ2


pr

, if r is even.

Proof. Let Eλ : y2 = x(x−1)(x−λ) be an elliptic curve over Q such that λ ̸= 0,±1.

From [69, Eq. 11.3], for p ≡ 3 (mod 4), we have

ap(E 1
2
) = 0 = ap(E2).
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Using (4.8) with the fact that a1 = 1, for λ = 2, 1
2
, we obtain

apr(Eλ) =

 0, if r is odd;

(−p) r
2 , if r is even.

(4.9)

Now, using (4.9) and Theorem 4.2, we obtain the desired result. ■

The following theorem gives a p-adic analogue of [69, Theorem 1.10] which ex-

tends [69, Theorem 1.10] to all the odd values of r.

Theorem 4.8. Let E
α,−α3

24

: y2 +αxy− α3

24
y = x3 be an elliptic curve over Q, where

α ̸= 0. For primes p ≡ 5, 11 (mod 12) such that p ̸= 17 and ordp(α) = 0, we have

apr(Eα,−α3

24

) =



4G4

 0, 1
2
, 0, 1

2

1
6
, 1

3
, 2

3
, 5

6

|81
64


pr

, if r is odd;

−(−p) r
2 + 4G4

 0, 1
2
, 0, 1

2

1
6
, 1

3
, 2

3
, 5

6

|81
64


pr

, if r is even.

Proof. Let E
α,α

3

24

: y2 + αxy + α3

24
y = x3 be an elliptic curve over Q, where α ̸= 0.

From [69, Eq. 13.1], for p ≡ 5, 11 (mod 12), we have

ap(Eα,α
3

24

) = 0.

Using (4.8) with the fact that a1 = 1, we obtain

apr(Eα,α
3

24

) =

 0, if r is odd;

(−p) r
2 , if r is even.

(4.10)

Now, using (4.10) and Theorem 4.3, we obtain the desired result. ■

The following theorem gives a p-adic analogue of [69, Theorem 1.9] which extends

[69, Theorem 1.9] to all the odd values of r.

TH-3689_206123021



4.3 The trace of Frobenius of elliptic curves defined over Q 95

Theorem 4.9. Let E
α,−α2

3

: y2 = x3 + αx2 − α2

3
x be an elliptic curve over Q, where

α ̸= 0. For primes p ≡ 5, 11 (mod 12) such that ordp(α) = 0, we have

apr(Eα,−α2

3

) =



φ(α) · 4G4

 0, 1
2
, 0, 1

2

1
8
, 3

8
, 5

8
, 7

8

|16
9


pr

, if r is odd;

−(−p) r
2 + φ(α) · 4G4

 0, 1
2
, 0, 1

2

1
8
, 3

8
, 5

8
, 7

8

|16
9


pr

, if r is even.

Proof. Let E
α,α

2

3

: y2 = x3 + αx2 + α2

3
x be an elliptic curve over Q, where α ̸= 0.

From [69, Eq. 12.1], for p ≡ 5, 11 (mod 12), we have

ap(Eα,α
2

3

) = 0.

Using (4.8) with the fact that a1 = 1, we obtain

apr(Eα,α
2

3

) =

 0, if r is odd;

(−p) r
2 , if r is even.

(4.11)

Now, using (4.11) and Theorem 4.4, we obtain the desired result. ■

In the following theorem, we express the trace of Frobenius of certain elliptic

curves as a special value of a 6G6[· · · ]q hypergeometric function.

Theorem 4.10. Let E
α, 2α

3

27

: y2 = x3 + αx2 + 2α3

27
be an elliptic curve over Q such

that α ̸= 0. Let p ≡ 7, 11 (mod 12) be a prime such that ordp(α) = 0.

1. If r is odd, then we have

apr(Eα, 2α
3

27

) = φ(α) · 6G6

 0, 1
2
, 0, 1

2
, 1

4
, 3

4

1
12
, 1

4
, 5

12
, 7

12
, 3

4
, 11

12

|1
4


pr

.
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2. If r is even, then we have

apr(Eα, 2α
3

27

) = φ(α) · 6G6

 0, 1
2
, 0, 1

2
, 1

4
, 3

4

1
12
, 1

4
, 5

12
, 7

12
, 3

4
, 11

12

|1
4


pr

− 2φ(6α)

− (−p)
r
2 .

Proof. Let E
α,− 2α3

27

: y2 = x3+αx2− 2α3

27
be an elliptic curve over Q such that α ̸= 0.

From [69, Eq. 14.1], for p ≡ 7, 11 (mod 12), we have

ap(Eα,−2α3

27

) = 0.

Using (4.8) with the fact that a1 = 1, we obtain

apr(Eα,−2α3

27

) =

 0, if r is odd;

(−p) r
2 , if r is even.

(4.12)

Now, using (4.12) and Theorem 4.6, we obtain the desired result. ■

It is evident that the p-adic hypergeometric functions appearing in Theorems 4.7,

4.8, 4.9 and 4.10 have integer values. Using our main results, one can find special

values of some of the p-adic hypergeometric functions. We state some of the values

in the following corollary though many such values can be obtained.

Corollary 4.3.1. We have:

1.

4G4

 0, 1
2
, 0, 1

2

1
4
, 3

4
, 1

4
, 3

4

|4


1331

= 24.
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2.

4G4

 0, 1
2
, 0, 1

2

1
6
, 1

3
, 2

3
, 5

6

|81
64


1331

= −39.

3.

4G4

 0, 1
2
, 0, 1

2

1
8
, 3

8
, 5

8
, 7

8

|16
9


125

= 12φ(3).

4.

6G6

 0, 1
2
, 0, 1

2
, 1

4
, 3

4

1
12
, 1

4
, 5

12
, 7

12
, 3

4
, 11

12

|1
4


1331

= −36φ(3).

Proof. Taking λ = 2, p = 11, and r = 3 in Theorem 4.7, we obtain

a113(E−2) = −4G4

 0, 1
2
, 0, 1

2

1
4
, 3

4
, 1

4
, 3

4

|4


1331

. (4.13)

Using SageMath, we can easily find that a11(E−2) = 4 and then using (4.8) and

(4.13), we obtain the required result (1). Taking α = 2, p = 11 and r = 3 in

Theorem 4.8 and following similar steps as shown in the proof of (1), we obtain (2).

Similarly, taking α = 3, p = 5 and r = 3 in Theorem 4.9, we prove (3). Finally,

taking α = 3, p = 11 and r = 3 in Theorem 4.10, we prove (4). ■
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5
Summation Identities and Their

Applications

5.1 Introduction

In view of the significant presence of Gaussian and p-adic hypergeometric func-

tions in arithmetic geometry, it is an interesting problem to find transformation for-

mulas and special values of these hypergeometric functions. In recent times, several

transformation formulas and special values of the p-adic hypergeometric functions

were found, see for example [11, 12, 13, 14, 17, 61, 62]. In this chapter, we prove

1The contents of this chapter have been published in Finite Fields Appl. (2024).
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two summation identities for the p-adic hypergeometric functions appearing in the

expressions for the number of Fq-points on the diagonal hypersurface Dd,k
λ . As an

application of the summation identities, we prove identities for the trace of Frobe-

nius endomorphism on certain families of elliptic curves and p-adic hypergeometric

functions.

5.2 Summation identities

In this section, we prove the summation identities for McCathy’s p-adic hyper-

geometric functions. To prove these identities, we need two lemmas which connect

the product of certain values of the p-adic gamma function to some character sums.

Lemma 5.1. For 0 ≤ a ≤ q − 2, we have

r−1∏
i=0

Γp

(〈
pi − api

q−1

〉)
Γp

(〈
pi

2
+ api

q−1

〉)
(−p)

⌊
1
2
+ api

q−1

⌋
Γp

(〈
pi

2

〉) = −
∑
t∈Fq

φ(t(t− 1))ωa(−t)
r−1∏
i=0

(−p)
⌊

−api

q−1

⌋
.

Proof. We have

r−1∏
i=0

Γp

(〈
pi − api

q−1

〉)
Γp

(〈
pi

2
+ api

q−1

〉)
(−p)

⌊
1
2
+ api

q−1

⌋
Γp

(〈
pi

2

〉)

=
r−1∏
i=0

(−p)
〈

1
2
+ api

q−1

〉
Γp

(〈
pi − api

q−1

〉)
Γp

(〈
pi

2
+ api

q−1

〉)
(−p)

1
2
+ api

q−1Γp

(〈
pi

2

〉)

=
r−1∏
i=0

(−p)
〈

pi

2
+ api

q−1

〉
Γp

(〈
pi − api

q−1

〉)
Γp

(〈
pi

2
+ api

q−1

〉)
(−p)

〈
pi

2

〉
(−p)

api

q−1Γp

(〈
pi

2

〉)

=
r−1∏
i=0

(−p)
〈

pi

2
+ api

q−1

〉
(−p)

〈
− api

q−1

〉
Γp

(〈
pi − api

q−1

〉)
Γp

(〈
pi

2
+ api

q−1

〉)
(−p)

〈
pi

2

〉
(−p)

api

q−1
+
〈
− api

q−1

〉
Γp

(〈
pi

2

〉) .
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Using Gross-Koblitz formula, we obtain

r−1∏
i=0

Γp

(〈
pi − api

q−1

〉)
Γp

(〈
pi

2
+ api

q−1

〉)
(−p)

⌊
1
2
+ api

q−1

⌋
Γp

(〈
pi

2

〉) =
−g(φωa)g(ωa)

g(φ)

r−1∏
i=0

(−p)
⌊

−api

q−1

⌋
. (5.1)

Lemma 1.5 and (1.4) yield

−g(φωa)g(ωa)

g(φ)
= −J(φωa, ωa)

= −φωa(−1)J(φωa, φ)

= −φωa(−1)
∑
t∈Fq

φ(1− t)φωa(t)

= −
∑
t∈Fq

φ(t(t− 1))ωa(−t). (5.2)

Combining (5.1) and (5.2), we obtain the required result. ■

Lemma 5.2. For 0 ≤ a ≤ q − 2, we have

r−1∏
i=0

Γp

(〈
api

q−1

〉)
Γp

(〈
pi

2
− api

q−1

〉)
(−p)

⌊
1
2
− api

q−1

⌋
Γp

(〈
pi

2

〉) = −
∑
t∈Fq

φ(t(t− 1))ωa(−t)
r−1∏
i=0

(−p)
⌊

api

q−1

⌋
.

Proof. The proof is similar to that of Lemma 5.1. ■

Having Lemma 5.1 and Lemma 5.2 showed, we are ready to prove the summation

identities.

Theorem 5.3. Let d > k ≥ 1 be odd integers. Let p be an odd prime such that

p ∤ dk(d− k). Let q = pr, r ≥ 1. Then, for x ∈ F×
q , we have

1 + q · d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|x


q

= −
∑
t∈Fq

φ(t(t− 1))×
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d−1Gd−1

 1
d
, . . . , k

d
, k+1

d
, . . . ,

k+ d−k
2

−1

d
,

k+ d−k
2

d
, . . . , d−2

d
, d−1

d

0, . . . , k−1
k
, 1

d−k
, . . . ,

d−k
2

−1

d−k
,

d−k
2

+1

d−k
, . . . , d−k−1

d−k
, 0

|xt


q

.

Proof. For x ∈ F×
q , we consider

Ax := q · d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|x


q

= − q

q − 1
− q

q − 1

q−2∑
a=1

ωa(x)(−p)
r−1∑
i=0

va,i
r−1∏
i=0

d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉)
×

k−1∏
h=0

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) d−k−1∏
h=1

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) , (5.3)

where va,i = −
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q−1

⌋
−

k−1∑
h=0

⌊〈
−hpi

k

〉
+ api

q−1

⌋
−

d−k−1∑
h=1

⌊〈
−hpi

d−k

〉
+ api

q−1

⌋
.

Since d and k are odd integers, so d− k is even. Now, using (1.10) and the fact that

d−k
2

∈ Z, we rewrite (5.3) as

Ax = −(−1)rq

q − 1

q−2∑
a=1

ωa(−x)(−p)
r−1∑
i=0

Ta,i
r−1∏
i=0

Γp

(〈
pi − pia

q−1

〉)
Γp

(〈
pi

2
+ pia

q−1

〉)
(−p)

⌊
1
2
+ api

q−1

⌋
Γp

(〈
pi

2

〉)
× Γ2

p

(〈
pia

q − 1

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉)
×

d−k−1∏
h=1
h̸= d−k

2

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) − q

q − 1
,

where Ta,i = −
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q−1

⌋
−

k−1∑
h=0

⌊〈
−hpi

k

〉
+ api

q−1

⌋
−

d−k−1∑
h=0
h̸= d−k

2

⌊〈
−hpi

d−k

〉
+ api

q−1

⌋
+
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⌊
api

q−1

⌋
. Lemma 5.1 yields

Ax = − q

q − 1
+

(−1)rq

q − 1

q−2∑
a=1

ωa(−x)(−p)
r−1∑
i=0

Ta,i
∑
t∈Fq

φ(t(t− 1))ωa(−t)
r−1∏
i=0

(−p)
⌊

−api

q−1

⌋

× Γ2
p

(〈
pia

q − 1

〉) d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉)
×

d−k−1∏
h=1
h̸= d−k

2

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉)
= − q

q − 1
+

(−1)rq

q − 1

q−2∑
a=1

∑
t∈Fq

φ(t(t− 1))ωa(xt)(−p)
r−1∑
i=0

Ta,i+

⌊
−api

q−1

⌋
r−1∏
i=0

Γ2
p

(〈
pia

q − 1

〉)

×
d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) d−k−1∏
h=1
h̸= d−k

2

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) .

Since 1 ≤ a ≤ q − 2 and gcd(pi, q − 1) = 1, therefore api

q−1
is not an integer. Also,

⌊x⌋+ ⌊−x⌋ = −1 if x ̸∈ Z, and hence ⌊ api

q−1
⌋+ ⌊−api

q−1
⌋ = −1. Thus,

Ax = − q

q − 1
+

1

q − 1

q−2∑
a=1

∑
t∈Fq

φ(t(t− 1))ωa(xt)(−p)
r−1∑
i=0

ua,i
r−1∏
i=0

Γ2
p

(〈
pia

q − 1

〉)

×
d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) d−k−1∏
h=1
h̸= d−k

2

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) ,

where ua,i = −
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q−1

⌋
−

k−1∑
h=0

⌊〈
−hpi

k

〉
+ api

q−1

⌋
−

d−k−1∑
h=0
h̸= d−k

2

⌊〈
−hpi

d−k

〉
+ api

q−1

⌋
.

Adding and subtracting the term under the summation for a = 0 gives

Ax = − q

q − 1
− 1

q − 1

∑
t∈Fq

φ(t(t− 1)) +
1

q − 1

q−2∑
a=0

∑
t∈Fq

φ(t(t− 1))ωa(xt)(−p)
r−1∑
i=0

ua,i
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×
r−1∏
i=0

d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) k−1∏
h=0

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) d−k−1∏
h=0
h̸= d−k

2

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉)
(5.4)

= −1−
∑
t∈Fq

φ(t(t− 1))×

d−1Gd−1

 1
d
, . . . , k

d
, k+1

d
, . . . ,

k+ d−k
2

−1

d
,

k+ d−k
2

d
, . . . , d−2

d
, d−1

d

0, . . . , k−1
k
, 1

d−k
, . . . ,

d−k
2

−1

d−k
,

d−k
2

+1

d−k
, . . . , d−k−1

d−k
, 0

|xt


q

.

Using (1.3) and (1.5), we obtain
∑

t∈Fq
φ(t(t− 1)) = −1 and substituting this value

in the first summation of (5.4) gives the last equality. This completes the proof of

the theorem. ■

Theorem 5.4. Let d > k ≥ 2 be integers with d even. Let p be an odd prime such

that p ∤ dk(d− k). Let q = pr, r ≥ 1. Then, for x ∈ Fq, we have

∑
t∈Fq

φ(1− t)d−2Gd−2

 1
d
, . . . ,

d
2
−1

d
,

d
2
+1

d
, . . . , d−1

d

c1, . . . , c d
2
−1, c d

2
, . . . , cd−2

|xt


q

= −d−1Gd−1

 1
d
, 2

d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, 1
k
, . . . , k−1

k
, 1

d−k
, . . . , d−k−1

d−k

|x


q

,

where {c1, . . . , cd−2} = { 1
k
, . . . , k−1

k
, 1
d−k

, . . . , d−k−1
d−k

}.

Proof. For x ∈ F×
q , we consider

Bx := d−1Gd−1

 1
d
, . . . , k

d
, k+1

d
, . . . , d−1

d

0, . . . , k−1
k
, 1

d−k
, . . . , d−k−1

d−k

|x


q

= − 1

q − 1

q−2∑
a=0

ωa(−x)(−p)
∑r−1

i=0 Na,i

r−1∏
i=0

Γp

(〈
pia

q − 1

〉)
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×
d−1∏
h=1

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) d−k−1∏
h=1

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) ,

(5.5)

where Na,i = −
d−1∑
h=1

⌊〈
hpi

d

〉
− api

q−1

⌋
−

k−1∑
h=0

⌊〈
−hpi

k

〉
+ api

q−1

⌋
−

d−k−1∑
h=1

⌊〈
−hpi

d−k

〉
+ api

q−1

⌋
.

Since d is an even integers, d
2
∈ Z. We rewrite (5.5) as

Bx = − 1

q − 1

q−2∑
a=0

ωa(−x)(−p)
r−1∑
i=0

Na,i+

⌊〈
pi

2

〉
− api

q−1

⌋
r−1∏
i=0

Γp

(〈
pia
q−1

〉)
(−p)

⌊〈
pi

2

〉
− api

q−1

⌋ Γp

(〈
pi

2
− pia

q−1

〉)
Γp

(〈
pi

2

〉)
×

d−1∏
h=1
h̸= d

2

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) d−k−1∏
h=1

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) .

Using Lemma 5.2, we obtain

Bx =
1

q − 1

q−2∑
a=0

∑
t∈F×

q

φ(t(t− 1))ωa
(x
t

)
(−p)

r−1∑
i=0

vi,a

×
d−1∏
h=1
h̸= d

2

Γp

(〈
pih
d

− pia
q−1

〉)
Γp

(〈
hpi

d

〉) d−k−1∏
h=1

Γp

(〈
−pih
d−k

+ pia
q−1

〉)
Γp

(〈
−hpi

d−k

〉) k−1∏
h=1

Γp

(〈
−pih
k

+ pia
q−1

〉)
Γp

(〈
−hpi

k

〉) ,

where vi,a = −
d−1∑
h=1
h̸= d

2

⌊〈
hpi

d

〉
− api

q−1

⌋
−

k−1∑
h=1

⌊〈
−hpi

k

〉
+ api

q−1

⌋
−

d−k−1∑
h=1

⌊〈
−hpi

d−k

〉
+ api

q−1

⌋
.

Thus, we have

Bx = −
∑
t∈F×

q

φ(t(t− 1))d−2Gd−2

 1
d
, . . . ,

d
2
−1

d
,

d
2
+1

d
, . . . , d−1

d

c1, . . . , c d
2
−1, c d

2
, . . . , cd−2

|x
t


q

,

where c’s are as defined in the statement of the theorem. Now, using the translation

t 7→ t−1, we obtain the required identity. ■
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For example, if we take d = 5, k = 3 and d = 6, k = 3 in Theorems 5.3 and 5.4,

respectively, then for p > 5 and x ∈ F×
q , we obtain the following identities.

−
∑
t∈Fq

φ(t(t− 1))4G4

 1
5
, 2

5
, 3

5
, 4

5

0, 0, 1
3
, 2

3

|xt


q

= 1 + q · 4G4

 1
5
, 2

5
, 3

5
, 4

5

1
3
, 2

3
, 0, 1

2

|x


q

,

∑
t∈Fq

φ(1− t)4G4

 1
6
, 2

6
, 4

6
, 5

6

1
3
, 2

3
, 1

3
, 2

3

|xt


q

= −5G5

 1
6
, 2

6
, 3

6
, 4

6
, 5

6

1
3
, 2

3
, 0, 1

3
, 2

3

|x


q

.

For r = 1, taking k = 1 in Theorem 5.3 and k = d − 1 in Theorem 5.4, we obtain

[15, Theorem 1.2] and [15, Theorem 1.3], respectively.

5.3 Applications to elliptic curves

There are many significant relations of hypergeometric functions to elliptic curves

over finite fields. For example, see [8, 9, 29, 46, 47, 48, 57]. In this section, we

provide certain identities for the trace of Frobenius of elliptic curves, which serve

as applications of the summation identities that we derived in the previous section.

Firstly, we prove a lemma that gives a relation between 3G3[· · · ]q and 2G2[· · · ]q, and

this lemma will be used to prove our main results.

Lemma 5.5. Let p be an odd prime and q = pr, r ≥ 1. For x ∈ Fq, we have

3G3

 1
4
, 1

2
, 3

4

0, 1
2
, 1

2

|x


q

= 2G2

 1
4
, 3

4

0, 1
2

|x


q

+
φ(x)

q
.

Proof. For x ∈ Fq, we have

3G3

 1
4
, 1

2
, 3

4

0, 1
2
, 1

2

|x


q
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= − 1

q − 1

q−2∑
a=0

(−1)3aωa(x)(−p)
∑r−1

i=0 βi,a

r−1∏
i=0

Γp

(〈
api

q − 1

〉)
Mi,a

×
Γp

(〈
pi

4
− api

q−1

〉)
Γp

(〈
3pi

4
− api

q−1

〉)
Γp

(〈
−pi

2
+ api

q−1

〉)
Γp

(〈
pi

4

〉)
Γp

(〈
3pi

4

〉)
Γp

(〈
−pi

2

〉) ,

where βi,a = −
⌊〈

pi

4

〉
− api

q−1

⌋
−
⌊〈

3pi

4

〉
− api

q−1

⌋
−
⌊〈

pi

2

〉
− api

q−1

⌋
−
⌊〈

−pi

2

〉
+ api

q−1

⌋
−⌊〈

−pi

2

〉
+ api

q−1

⌋
−
⌊

api

q−1

⌋
andMi,a =

Γp

(〈
pi

2
− api

q−1

〉)
Γp

(〈
−pi

2
+ api

q−1

〉)
Γp

(〈
pi

2

〉)
Γp

(〈
−pi

2

〉) . Taking out the term

for a = q−1
2

and then using (1.11) and the fact that
⌊〈

pi

2

〉
− api

q−1

⌋
+
⌊〈

−pi

2

〉
+ api

q−1

⌋
=

0 for 0 ≤ a ≤ q − 2 with a ̸= q−1
2
, we obtain

3G3

 1
4
, 1

2
, 3

4

0, 1
2
, 1

2

|x


q

= − 1

q − 1

q−2∑
a=0,

a̸= q−1
2

(−1)3aωa(−x)(−p)
∑r−1

i=0 αi,a

r−1∏
i=0

Γp

(〈
api

q − 1

〉)

×
Γp

(〈
pi

4
− api

q−1

〉)
Γp

(〈
3pi

4
− api

q−1

〉)
Γp

(〈
−pi

2
+ api

q−1

〉)
Γp

(〈
pi

4

〉)
Γp

(〈
3pi

4

〉)
Γp

(〈
−pi

2

〉)
− φ(−x)

(q − 1)(−p)r
r−1∏
i=0

1

Γp

(〈
pi

2

〉)2 ,
where αi,a = −

⌊〈
pi

4

〉
− api

q−1

⌋
−
⌊〈

3pi

4

〉
− api

q−1

⌋
−
⌊〈

−pi

2

〉
+ api

q−1

⌋
−
⌊

api

q−1

⌋
. Using Gross-

Koblitz formula for g(φ)2, we obtain
∏r−1

i=0 Γp

(〈
pi

2

〉)2
= (−1)rφ(−1). Adding and

subtracting the term under the summation for a = q−2
2

and using ωa(−1) = (−1)a,

we deduce that

3G3

 1
4
, 1

2
, 3

4

0, 1
2
, 1

2

|x


q

= − 1

q − 1

q−2∑
a=0

ωa(x)(−p)
∑r−1

i=0 αi,a

r−1∏
i=0

Γp

(〈
api

q − 1

〉)

×
Γp

(〈
pi

4
− api

q−1

〉)
Γp

(〈
3pi

4
− api

q−1

〉)
Γp

(〈
−pi

2
+ api

q−1

〉)
Γp

(〈
pi

4

〉)
Γp

(〈
3pi

4

〉)
Γp

(〈
−pi

2

〉)
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− φ(x)

q(q − 1)
+
φ(x)

q − 1
.

This completes the proof of the lemma. ■

Next, we prove another lemma involving certain transformations.

Lemma 5.6. Let p be an odd prime and q = pr, r ≥ 1. We have the following

transformations.

1. For t ∈ F×
q , we have

2G2

 1
4
, 3

4

1
2
, 1

2

|t


q

= 2G2

 1
2
, 1

2

1
4
, 3

4

|1
t


q

.

2. For t ∈ Fq, we have

2G2

 1
4
, 3

4

1
2
, 1

2

|t


q

=
φ(−t)
q

· 2G2

 1
4
, 3

4

0, 0
|t


q

.

3. For t ∈ F×
q , we have

2G2

 1
3
, 2

3

0, 0
|t


q

= φ(−3t) · q · 2G2

 1
2
, 1

2

1
6
, 5

6

|1
t


q

.

Identity (3) is true for p > 3.

Proof. We first prove (1). For t ∈ F×
q , we consider

At : = 2G2

 1
4
, 3

4

1
2
, 1

2

|t


q
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=
−1

q − 1

q−2∑
a=0

ωa(t)(−p)
∑r−1

i=0 bi,a

r−1∏
i=0

Γp

(〈
pi

4
− api

q−1

〉)
Γp

(〈
3pi

4
− api

q−1

〉)
Γp

(〈
pi

4

〉)
Γp

(〈
3pi

4

〉)
×

Γp

(〈
−pi

2
+ api

q−1

〉)2
Γp

(〈
−pi

2

〉)2 , (5.6)

where bi,a = −
⌊〈

pi

4

〉
− api

q−1

⌋
−
⌊〈

3pi

4

〉
− api

q−1

⌋
− 2

⌊〈
−pi

2

〉
+ api

q−1

⌋
. Replacing a by

−a, we obtain the required identity.

For (2), we replace a by a+ q−1
2

in (5.6) and then using the fact that

r−1∏
i=0

Γp

(〈
pi

2

〉)2

= (−1)rφ(−1),

we obtain the required identity.

We now prove (3). For p > 3 and t ∈ F×
q , we consider

Bt : = 2G2

 1
3
, 2

3

0, 0
|t


q

=
−1

q − 1

q−2∑
a=0

ωa(t)(−p)
∑r−1

i=0 si,a

r−1∏
i=0

Γp

(〈
pi

3
− api

q−1

〉)
Γp

(〈
2pi

3
− api

q−1

〉)
Γp

(〈
pi

3

〉)
Γp

(〈
2pi

3

〉)
× Γp

(〈
api

q − 1

〉)2

,

where si,a = −
⌊〈

pi

3

〉
− api

q−1

⌋
−
⌊〈

2pi

3

〉
− api

q−1

⌋
−2
⌊

api

q−1

⌋
. Replacing a by a+ q−1

2
, we

deduce

Bt =
−φ(t)
q − 1

q−2∑
a=0

ωa(t)(−p)
∑r−1

i=0 ti,a+1

r−1∏
i=0

Γp

(〈
pi

6
− api

q−1

〉)
Γp

(〈
5pi

6
− api

q−1

〉)
Γp

(〈
pi

3

〉)
Γp

(〈
2pi

3

〉)
× Γp

(〈
−pi

2
+

api

q − 1

〉)2

, (5.7)
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where ti,a = −
⌊〈

pi

6

〉
− api

q−1

⌋
−
⌊〈

5pi

6

〉
− api

q−1

⌋
− 2

⌊〈
−pi

2

〉
+ api

q−1

⌋
. Using the fact

that
∏r−1

i=0 Γp

(〈
pi

2

〉)2
= (−1)rφ(−1) and Lemma 1.10 with t = 3 and a = q−1

2
, we

obtain

r−1∏
i=0

Γp

(〈
pi

3

〉)
Γp

(〈
2pi

3

〉)
= (−1)rφ(−3)

×
r−1∏
i=0

Γp

(〈
−pi

2

〉)2

Γp

(〈
pi

6

〉)
Γp

(〈
5pi

6

〉)
.

(5.8)

Substituting (5.8) in (5.7) and replacing a by −a, we obtain identity (3). ■

Corollary 5.3.1. Let p ≥ 3 be a prime and q = pr, r ≥ 1.

1. We have

∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|t


q

= −1

q
− φ(2).

2. Let x ̸= 0, 1 and x−1
x

a square in F×
q . If

x−1
x

= a2 for some a ∈ F×
q , then

∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|xt


q

= −φ(x)
q

− φ(2)(φ(1 + a) + φ(1− a)).

3. Let x ̸= 0. If x−1
x

is not a square in F×
q , then

∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|xt


q

= −φ(x)
q

.
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Proof. Taking d = 4 and k = 2 in Theorem 5.4, we have the following identity

∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|xt


q

= −3G3

 1
4
, 1

2
, 3

4

0, 1
2
, 1

2

|x


q

.

Using Lemma 5.5, we obtain

∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|xt


q

= −2G2

 1
4
, 3

4

0, 1
2

|x


q

− φ(x)

q
.

Using [61, Theorem 1.2], we obtain the required result. ■

Remark 5.3.1. Using Lemma 5.6 (2) in Corollary 5.3.1 and replacing x by 1
x
, we

obtain [61, Theorem 1.7].

Corollary 5.3.2. Let p > 3 be a prime and q = pr, r ≥ 1.

1. We have

∑
t∈Fq

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
|t


q

= −1− q.

2. Let x ̸= 0, 1 be such that φ(3x(1− x)) = −1. Then, we have

∑
t∈Fq

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
| t
x


q

= −1.

Proof. Taking d = 3 and k = 1 in Theorem 5.3, we find that

−
∑
t∈Fq

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
| t
x


q

= 1 + q · 2G2

 1
3
, 2

3

0, 1
2

|1
x


q

.

We obtain (1) and (2) using [62, Corollary 1.3] and Theorem 2.5, respectively. ■
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Corollary 5.3.3. Let p > 3 be a prime and q = pr, r ≥ 1. Let q ≡ 1 (mod 3) and

χ3 be a character of order 3.

1. We have

∑
t∈F×

q

φ(t(t− 1))2F1

 χ3, χ3

ε
|1
t


q

= 1 +
1

q
.

2. Let x ̸= 0, 1 be such that φ(3x(1− x)) = −1. Then, we have

∑
t∈F×

q

φ(t(t− 1))2F1

 χ3, χ3

ε
|x
t


q

=
1

q
.

Proof. For x, t ∈ F×
q , Lemma 1.9 and Proposition 1.7 yield

2G2

 1
3
, 2

3

0, 0
| t
x


q

= 2F1

 χ3, χ3

ε
|x
t

∗

q

=

(
χ3

ε

)−1

2F1

 χ3, χ3

ε
|x
t


q

= −q · 2F1

 χ3, χ3

ε
|x
t


q

,

where we obtain the last equality using (1.5). Now,

∑
t∈Fq

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
| t
x


q

=
∑
t∈F×

q

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
| t
x


q

= −q ·
∑
t∈F×

q

φ(t(t− 1))2F1

 χ3, χ3

ε
|x
t


q

.

Using Corollary 5.3.2, we obtain the desired result. ■
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Remark 5.3.2. Combining (3.29) and (3.30) and taking d = 4 and k = 2, we

obtain

3G3

 1
4
, 1

2
, 3

4

0, 1
2
, 1

2

| 1

16α


q

= nq(α)− 1 +
(1− q)φ(α)

q
,

where nq(α) is the number of distinct zeros of the polynomial hα(y) = y4−2y3+y2−α.

We can check that if α is not a square in Fq then hα(y) has no zero in Fq and hence,

nq(α) = 0. Applying Lemma 5.5, we deduce that

2G2

 1
4
, 3

4

0, 1
2

| 1

16α


q

= 0,

which partially gives [61, Theorem 1.2].

We have proved all the required lemmas and corollaries to prove the identities

for the trace of Frobenius of elliptic curves. Let E1 and E2 be the elliptic curves

over Fq given by

E1 : y
2 = x3 + fx2 + gx, f ̸= 0,

E2 : y
2 = x3 + ax+ b with j(E2) ̸= 0, 1728.

In [53], McCarthy expressed the trace of the Frobenius endomorphism on E2 as a

special value of the function 2G2[· · · ] as given in the following theorem.

Theorem 5.7. ([53, Theorem 1.2]). Let p > 3 be prime. Consider an elliptic curve

E2/Fp of the form E2 : y
2 = x3 + ax+ b with j(E2) ̸= 0, 1728. Then

ap(E2) = p · φ(b) · 2G2

 1
4
, 3

4

1
3
, 2

3

|−27b2

4a3


p

.
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In [12], Barman and Saikia did the same for the elliptic curve E1.

Theorem 5.8. ([12, Theorem 3.5]). Let p be an odd prime and q = pr, r ≥ 1. The

trace of Frobenius on E1 is given by

aq(E1) = q · φ(−fg) · 2G2

 1
2
, 1

2

1
4
, 3

4

|4g
f 2


q

.

Remark 5.3.3. McCarthy proved Theorem 5.7 for Fp for all primes p > 3. In [12],

it was verified that Theorem 5.7 is true for Fq, where q = pr, r ≥ 1 and p > 3.

Theorem 5.9. Let p > 3 be a prime and q = pr, r ≥ 1 such that q ̸≡ 1 (mod 3).

For b, t ∈ F×
q , consider the elliptic curve Et,b : y

2 = x3 + tx + b over Fq. Then we

have

∑
t∈F×

q

φ(t(t3 − 1))aq(Et,b) = −q · φ(b) · 3G3

 1
4
, 1

2
, 3

4

0, 1
3
, 2

3

|−27b2

4


q

.

Proof. Taking d = 4 and k = 3 in Theorem 5.4, we have

∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
3
, 2

3

|x0t


q

=
∑
t∈F×

q

φ(1− t)2G2

 1
4
, 3

4

1
3
, 2

3

|x0t


q

= −3G3

 1
4
, 1

2
, 3

4

0, 1
3
, 2

3

|x0


q

.

Since q ̸≡ 1 (mod 3), therefore t 7→ t−3 is an automorphism on F×
q and we obtain

∑
t∈F×

q

φ(t(t3 − 1))2G2

 1
4
, 3

4

1
3
, 2

3

|x0
t3


q

= −3G3

 1
4
, 1

2
, 3

4

0, 1
3
, 2

3

|x0


q

.
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Taking x0 =
−27b2

4
with b ∈ F×

q yields

∑
t∈F×

q

φ(t(t3 − 1))2G2

 1
4
, 3

4

1
3
, 2

3

|−27b2

4t3


q

= −3G3

 1
4
, 1

2
, 3

4

0, 1
3
, 2

3

|−27b2

4


q

.

Note that for t, b ∈ F×
q , we have j(Et,b) ̸= 0, 1728. Hence, using Theorem 5.7, we

obtain the desired result. ■

Theorem 5.10. Let p ≥ 3 be a prime and q = pr, r ≥ 1. For f, t ∈ F×
q , consider

the elliptic curve Et,f : y2 = x3 + fx2 + x
t
over Fq. Then we have

∑
t∈F×

q

φ(t(t− 1))aq(Et,f )

=


−φ(f)− q · φ(2f), if f 2 = 4;

−φ(f), if f 2 − 4 is not a square;

−φ(f)− q · φ(2f)(φ(1 + a
f
) + φ(1− a

f
)), if f 2 − 4 = a2.

Proof. We consider a character sum Ax0 and then using Lemma 5.6 (1), we have

Ax0 :=
∑
t∈Fq

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|x0t


q

=
∑
t∈F×

q

φ(1− t)2G2

 1
4
, 3

4

1
2
, 1

2

|x0t


q

=
∑
t∈F×

q

φ(1− t)2G2

 1
2
, 1

2

1
4
, 3

4

| 1

x0t


q

. (5.9)

Let Ef,t : y
2 = x3 + fx2 + x

t
, where f, t ∈ F×

q . Then by Theorem 5.8, we have

aq(Ef,t) = q · φ(−ft) · 2G2

 1
2
, 1

2

1
4
, 3

4

| 4

f 2t


q

. (5.10)
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Taking x0 =
f2

4
in (5.9) and using (5.10), we have

A f2

4

=
φ(f)

q

∑
t∈F×

q

φ(t(t− 1))aq(Ef,t). (5.11)

Combining (5.11) and the expression for the character sum A f2

4

from Corollary 5.3.1,

we obtain the required result. ■

Next, we recall the Hessian form of elliptic curve over Fq. Let a ∈ Fq be such

that a3 ̸= 1. Then the Hessian curve over Fq is given by the following cubic equation

Ca(Fq) : x
3 + y3 + 1 = 3axy.

Let #Ca(Fq) denote the number of Fq-points on Ca(Fq). In [13], Barman and Saikia

expressed the number of Fq-points on Ca(Fq) in terms of 2G2[· · · ]q as given in the

following theorem.

Theorem 5.11. ([13, Theorem 3.3]). Let a ∈ F×
q such that a3 ̸= 1. Let p > 3 be a

prime and q = pr, r > 1. Then we have

#Ca(Fq) = α− 1 + q − q · φ(−3a) · 2G2

 1
2
, 1

2

1
6
, 5

6

| 1
a3


q

,

where α =

 5− 6φ(−3), if q ≡ 1 (mod 3);

1, if q ̸≡ 1 (mod 3).

In the following theorem, we prove an identity for #Ca(Fq).

Theorem 5.12. Let p > 3 be a prime and q = pr, r ≥ 1 such that q ̸≡ 1 (mod 3).

For t ∈ Fq, t ̸= 0, 1, consider the Hessian curve Ct : x
3 + y3 + 1 = 3txy over Fq. If

#Ct(Fq) denotes the number of Fq-points on Ct(Fq), then we have

∑
t∈F×

q ,t̸=1

φ(t(t3 − 1))#Ct(Fq) = 1.
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Proof. Corollary 5.3.2 (1) gives

∑
t∈Fq

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
|t


q

=
∑
t∈F×

q

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
|t


q

= −1− q.

Using Lemma 5.6 (3),

∑
t∈F×

q

φ(t(t− 1))2G2

 1
3
, 2

3

0, 0
|t


q

= q ·
∑
t∈F×

q

φ(3(1− t))2G2

 1
2
, 1

2

1
6
, 5

6

|1
t


q

= −1− q.

Since q ̸≡ 1 (mod 3), therefore t 7→ t3 is an automorphism on F×
q . This yields

q ·
∑
t∈F×

q

φ(3(1− t3))2G2

 1
2
, 1

2

1
6
, 5

6

| 1
t3


q

= q ·
∑

t∈F×
q ,t̸=1

φ(3(1− t3))2G2

 1
2
, 1

2

1
6
, 5

6

| 1
t3


q

= −1− q.

Let Ct : x
3 + y3 + 1 = 3txy, where t ∈ F×

q such that t ̸= 1. Using Theorem 5.11, we

obtain

−1− q =
∑

t∈F×
q ,t̸=1

φ(t(t3 − 1))(q −#Ct(Fq))

= q ·
∑
t∈Fq

φ(t(t3 − 1))−
∑

t∈F×
q ,t̸=1

φ(t(t3 − 1))#Ct(Fq)

= q ·
∑
t∈Fq

φ(t(t− 1))−
∑

t∈F×
q ,t̸=1

φ(t(t3 − 1))#Ct(Fq).

Using the fact that
∑

t∈Fq
φ(t(t− 1)) = −1, we obtain the desired result. ■
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6
Weight Three Newforms and p-adic

Hypergeometric Functions

6.1 Introduction

Rodriguez-Villegas [60] studied the relationship between the number of points

over Fp on certain Calabi-Yau manifolds and truncated hypergeometric series which

corresponds to a particular period of the manifold. In the same article, he examined

18 supercongruences where he related the truncated hypergeometric series to the

1The contents of this chapter have been published in J. Math. Anal. Appl. (2025).
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Fourier coefficients of modular forms of weight three and four. All the 14 supercon-

gruences of Rodriguez-Villegas associated with the modular form of weight four are

proved, see for example, [31, 42, 49, 51]. For a nice survey and more conjectural

supercongruences, one can also see [24].

Dedekind’s eta function η(z) is defined by

η(z) := q
1
24

∞∏
n=1

(1− qn),

where q := e2πiz and Im(z) > 0. The integers a(n), b(n), and c(n) are defined by

∞∑
n=1

a(n)qn := η6(4z) ∈ S3

(
Γ0(16),

(
−4

d

))
, (6.1)

∞∑
n=1

b(n)qn := η3(6z)η3(2z) ∈ S3

(
Γ0(12),

(
−3

d

))
, (6.2)

∞∑
n=1

c(n)qn := η2(8z)η(4z)η(2z)η2(z) ∈ S3

(
Γ0(8),

(
−2

d

))
. (6.3)

These weight three newforms are related to modular K3 surfaces. Rodriguez-

Villegas [60] conjectured that for any prime p > 3 we have

p−1∑
n=0

(2n)!3

n!6
64−n ≡ a(p) (mod p2), (6.4)

p−1∑
n=0

(3n)!(2n)!

n!5
108−n ≡ b(p) (mod p2), (6.5)

p−1∑
n=0

(4n)!

n!4
256−n ≡ c(p) (mod p2), (6.6)

p−1∑
n=0

(6n)!

(3n)!n!3
1728−n ≡ γ(p)a(p) (mod p2), (6.7)

where γ(p) := −1 if p ≡ 5 (mod 12) and γ(p) := 1 otherwise.

Supercongruence (6.4) has already been proved by several authors including
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6.1 Introduction 121

Ahlgren [1], Ishikawa [40], Mortenson [56], and Van Hamme [70]. The supercongru-

ences (6.5)-(6.7) were studied by Mortenson in [56]. Using finite field hypergeometric

functions, Mortenson proved (6.5) for p ≡ 1 (mod 3), (6.6) for p ≡ 1 (mod 4) and

(6.7) for p ≡ 1 (mod 6). When p ≡ −1 (mod d), where d = 3, 4, 6, Mortenson’s

approach only allowed him to show the supercongruences up to sign. For example,

for p ≡ −1 (mod 3), he proved that

(
p−1∑
n=0

(3n)!(2n)!

n!5
108−n

)2

≡ b(p)2 (mod p2).

Sun [67] was the first to prove the remaining cases of (6.5)-(6.7). He used another

approach, namely Schröder polynomials and the Zeilberger algorithm to complete

the proof of (6.5)-(6.7). In [4], a general congruence result relating the hypergeomet-

ric functions defined by Beukers et al. [20] and truncated classical hypergeometric

series was also studied.

In this chapter, we study the supercongruences (6.5)-(6.7) via McCarthy’s p-adic

hypergeometric functions involving the p-adic Gamma function and extend Morten-

son’s approach to give a complete proof of (6.5)-(6.7). Firstly, we establish certain

transformation identities for McCarthy’s p-adic hypergeometric function nGn[· · · ]p.

We use these transformation identities to find the special values of p-adic hyper-

geometric functions which come out to be precisely the p-th Fourier coefficients of

weight three newforms.
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6.2 Transformations for 2G2[· · · ]p and 3G3[· · · ]p

The following transformation for classical hypergeometric series is due to Kum-

mer [7, p. 4, Eq. 1].

2F1

 a, b

c
|x

 =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
2F1

 a, b

a+ b+ 1− c
|1− x


+

Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− x)c−a−b

2F1

 c− a, c− b

1 + c− a− b
|1− x

 . (6.8)

Barman and Saikia [14] found a p-adic analogue of (6.8) when a = 1
4
, b = 3

4
, and

c = 1. We prove a p-adic analogue of (6.8) for two more cases. We first prove a

proposition which gives a relation between the traces of Frobenius of two elliptic

curves. This proposition plays an essential role in the proof of a p-adic analogue of

(6.8).

Proposition 6.1. Let p > 3 be a prime and Et : y
2 + 3xy + ty = x3 be a family of

elliptic curves where t ∈ Fp such that t ̸= 0, 1. Then we have

ap(Et) =

(
−3

p

)
ap(E1−t).

Proof. We have Et : y
2 + 3xy + ty = x3 where t ∈ Fp such that t ̸= 0, 1. Clearly,

P = (0, 0) is a point of order 3 on Et. Using [72, Theorem 12.16], we can find an

isogeny α from Et to E
′
t such that ker(α) = {O,P,−P} and E ′

t is given by

E ′
t : y

2 + 3xy + ty = x3 − 15tx+ (−27t− 7t2).

We reduce E ′
t to the form (1.6) and obtain

E ′
t : y

2 = x3 +
9

4
x2 − 27t

2
x− 27

4
(t2 + 4t).
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We know that trace of Frobenius is invariant under isogeny. Therefore,

ap(Et) = ap(E
′
t). (6.9)

Also, E1−t : y
2 + 3xy + (1− t)y = x3. We write E1−t in the form (1.6) as follows.

E1−t : y
2 = x3 +

9

4
x2 +

3(1− t)

2
x+

(1− t)2

4
.

The (−3)-quadratic twist of E1−t is given by

y2 = x3 − 27

4
x2 +

27(1− t)

2
x− 27

4
(1− t)2. (6.10)

Employing x 7→ x+ 3 in (6.10) yields

y2 = x3 +
9

4
x2 − 27t

2
x− 27

4
(t2 + 4t),

which is the elliptic curve E ′
t. Therefore, E

′
t is a (−3)-quadratic twist of E1−t. Hence,

(1.7) yields

ap(E1−t) =

(
−3

p

)
ap(E

′
t). (6.11)

Combining (6.9) and (6.11), we obtain the desired result. ■

In the following theorem, we prove a p-adic analogue of (6.8) when a = 1
3
, b = 2

3
,

and c = 1 with the help of Proposition 6.1.

Theorem 6.2. Let p > 3 be a prime and t ∈ Fp such that t ̸= 0, 1. We have

2G2

 1
3
, 2

3

0, 0
|1
t


p

= φ(−3) · 2G2

 1
3
, 2

3

0, 0
| 1

1− t


p

.

Proof. Let Ea1,a3 : y
2 + a1xy+ a3y = x3 be a family of elliptic curves where a1, a3 ∈
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F×
p . We let T denote a generator of F̂×

p . From the proof of Theorem 1.1 of [48], we

have

ap(Ea1,a3) = −1

p
− 1

p(p− 1)

p−2∑
l=0

g(T−l)3g(T 3l)T l

(
−a3
a31

)
.

Taking T = ω and then using Gross-Koblitz formula we obtain

ap(Ea1,a3) = − 1

p− 1
− 1

p(p− 1)

p−2∑
l=1

ωl

(
−a31
a3

)
(−p)3⟨

l
p−1⟩+⟨− 3l

p−1⟩

× Γp

(
l

p− 1

)3

Γp

(〈
−3l

p− 1

〉)
= − 1

p− 1
− 1

p(p− 1)

p−2∑
l=1

ωl

(
−a31
a3

)
(−p)−⌊

−3l
p−1⌋

× Γp

(
l

p− 1

)3

Γp

(〈
−3l

p− 1

〉)
.

Using Lemma 1.11 with t = 3 and Lemma 1.13 with d = 3, we deduce that

ap(Ea1,a3) = − 1

p− 1
− 1

p(p− 1)

p−2∑
l=1

ωl

(
−a31
27a3

)
(−p)−⌊

1
3
− l

p−1⌋−⌊ 2
3
− l

p−1⌋+1

×
Γp

(
l

p−1

)3
Γp

(〈
1
3
− l

p−1

〉)
Γp

(〈
2
3
− l

p−1

〉)
Γp

(〈
1− l

p−1

〉)
Γp

(
1
3

)
Γp

(
2
3

) .

Using (1.10) and then adding and subtracting the term under the summation for

l = 0, we have

ap(Ea1,a3) = − 1

p− 1

p−2∑
l=0

ωl

(
a31
27a3

)
(−p)−⌊

1
3
− l

p−1⌋−⌊ 2
3
− l

p−1⌋

×
Γp

(
l

p−1

)2
Γp

(〈
1
3
− l

p−1

〉)
Γp

(〈
2
3
− l

p−1

〉)
Γp

(
1
3

)
Γp

(
2
3

)
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= 2G2

 1
3
, 2

3

0, 0
| a

3
1

27a3


p

.

Taking a1 = 3, a3 = t and a1 = 3, a3 = 1− t, we obtain

ap(E3,t) = 2G2

 1
3
, 2

3

0, 0
|1
t


p

,

ap(E3,1−t) = 2G2

 1
3
, 2

3

0, 0
| 1

1− t


p

.

Now using Proposition 6.1, we complete the proof of the theorem. ■

The following theorem is a p-adic analogue of (6.8) when a = 1
6
, b = 5

6
, and

c = 1.

Theorem 6.3. Let p > 3 be a prime and t ∈ Fp such that t ̸= 0, 1. We have

2G2

 1
6
, 5

6

0, 0
|1
t


p

= φ(−1) · 2G2

 1
6
, 5

6

0, 0
| 1

1− t


p

.

Proof. Let Et : y
2 = x3 − 3x2 + 4t be a family of elliptic curves where t ∈ Fp such

that t ̸= 0, 1. From [12, Theorem 3.4], we obtain

ap(Et) = p · φ(t) · 2G2

 1
2
, 1

2

1
3
, 2

3

|t


p

= −p · φ(t)
p− 1

p−2∑
l=0

ωl (t) (−p)−⌊
1
3
+ l

p−1⌋−⌊ 2
3
+ l

p−1⌋−2⌊ 1
2
− l

p−1⌋

×
Γp

(〈
1
2
− l

p−1

〉)2
Γp

(〈
1
3
+ l

p−1

〉)
Γp

(〈
2
3
+ l

p−1

〉)
Γp

(
1
2

)2
Γp

(
1
3

)
Γp

(
2
3

) .
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Letting l = p−1
2

− k, we have

ap(Et) = − p

p− 1

p−1
2∑

k=1− p−1
2

ωk

(
1

t

)
(−p)−⌊

1
6
− k

p−1⌋−⌊ 5
6
− k

p−1⌋−2⌊ k
p−1⌋−1

×
Γp

(〈
k

p−1

〉)2
Γp

(〈
1
6
− k

p−1

〉)
Γp

(〈
5
6
− k

p−1

〉)
Γp

(
1
2

)2
Γp

(
1
3

)
Γp

(
2
3

) .

Using Lemma 1.11 with t = 3 and a = p−1
2
, and the fact that Γp

(
1
2

)2
= −φ(−1),

we deduce that

ap(Et) = −φ(−3)

p− 1

p−1
2∑

k=1− p−1
2

ωk

(
1

t

)
(−p)−⌊

1
6
− k

p−1⌋−⌊ 5
6
− k

p−1⌋−2⌊ k
p−1⌋

×
Γp

(〈
k

p−1

〉)2
Γp

(〈
1
6
− k

p−1

〉)
Γp

(〈
5
6
− k

p−1

〉)
Γp

(
1
6

)
Γp

(
5
6

) .

Since the above sum is invariant under k 7→ k + (p− 1) so we have

ap(Et) = −φ(−3)

p− 1

p−2∑
k=0

ωk

(
1

t

)
(−p)−⌊

1
6
− k

p−1⌋−⌊ 5
6
− k

p−1⌋−2⌊ k
p−1⌋

×
Γp

(〈
k

p−1

〉)2
Γp

(〈
1
6
− k

p−1

〉)
Γp

(〈
5
6
− k

p−1

〉)
Γp

(
1
6

)
Γp

(
5
6

)
= φ(−3) · 2G2

 1
6
, 5

6

0, 0
|1
t


p

. (6.12)

Replacing t with 1− t, we obtain

ap(E1−t) = φ(−3) · 2G2

 1
6
, 5

6

0, 0
| 1

1− t


p

. (6.13)
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Now, taking x 7→ x+ 1 in Et and E1−t gives the following curves, respectively,

Et : y
2 = x3 − 3x+ 4t− 2,

E1−t : y
2 = x3 − 3x+ 2− 4t.

It is easy to verify that E1−t is a (−1)-quadratic twist of Et. Therefore,

ap(Et) =

(
−1

p

)
ap(E1−t). (6.14)

Combining (6.12), (6.13), and (6.14) we complete the proof of the theorem. ■

Remark 6.2.1. In [38, Lemma 4], authors also proved the identities given by The-

orems 6.2 and 6.3.

We prove another identity for McCarthy’s p-adic hypergeometric functions. We

recall Bailey’s cubic transformation [6, Eq. 4.06]:

3F2

 a, 2b− a− 1, a+ 2− 2b

b, a− b+ 3
2

|4x


= (1− x)−a · 3F2

 a
3
, a+1

3
, a+2

3

b, a− b+ 3
2

| 27x2

4(1− x)3

 . (6.15)

In the following theorem we prove a p-adic analogue of (6.15) when a = 1
2
and b = 1.

Theorem 6.4. Let p > 3 be a prime and x ∈ Fp such that x ̸= 0, 1. Then we have

p2 · 3F2

 φ, φ, φ

ε, ε
|4x


p

= 3G3

 1
2
, 1

2
, 1

2

0, 0, 0
| 1
4x


p

= φ(1− x) · 3G3

 1
2
, 1

6
, 5

6

0, 0, 0
|−4(x− 1)3

27x2


p

TH-3689_206123021



128 modular forms and p-adic hypergeometric functions

+ δ(x+ 2) · φ(−1) · p.

We prove Theorem 6.4 using a transformation of Fuselier et al. [30, Theorem

9.14]. We remark that there is a typo in [30, Theorem 9.14]. The factor 1
(q−1)2

should

be 1
q−1

, and we recall the result below with this correction.

Proof of Theorem 6.4. For x ̸= 0, 1, using [30, Theorem 9.14] with A = B = φ and

Lemma 1.2 for χ = φ and χ = ε, we have

Ax := 3F2

 φ, φ, φ

ε, ε
|4x


p

=
φ(1− x)

p− 1

∑
χ∈F̂×

p

g(φχ3)g(χ)3

g(φ)
χ

(
x2

4(x− 1)3

)

+δ(x+ 2)φ(−1)p. (6.16)

Using Davenport-Hasse relation with ψ = χ3 and m = 2, we have

g(φχ3) =
g(χ6)g(φ)χ3(4)

g(χ3)
. (6.17)

Substituting (6.17) in (6.16), we obtain

Ax =
φ(1− x)

p− 1

∑
χ∈F̂×

p

g(χ6)g(χ)3

g(χ3)
χ

(
x2

44(x− 1)3

)
+ δ(x+ 2)φ(−1)p.

Taking χ = ωa yields

Ax =
φ(1− x)

p− 1

p−2∑
a=0

g(ω−6a)g(ωa)3

g(ω−3a)
ωa

(
44(x− 1)3

x2

)
+ δ(x+ 2)φ(−1)p.

Using Gross-Koblitz formula, we have

Ax = −φ(1− x)

p− 1

p−2∑
a=0

ωa

(
44(x− 1)3

x2

)
(−p)3⟨

a
p−1⟩+⟨−6a

p−1⟩−⟨−3a
p−1⟩
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×
Γp

(
a

p−1

)3
Γp

(〈
−6a
p−1

〉)
Γp

(〈
−3a
p−1

〉) + δ(x+ 2)φ(−1)p

= −φ(1− x)

p− 1

p−2∑
a=1

ωa

(
44(x− 1)3

x2

)
(−p)−⌊

−6a
p−1⌋+⌊−3a

p−1⌋
Γp

(
a

p−1

)3
Γp

(〈
−6a
p−1

〉)
Γp

(〈
−3a
p−1

〉)
− φ(1− x)

p− 1
+ δ(x+ 2)φ(−1)p.

Employing Lemma 1.11 with t = 6 and t = 3, and Lemma 1.13 with d = 3 and

d = 6, we deduce that

Ax = −φ(1− x)

p− 1
− φ(1− x)

p− 1

p−2∑
a=1

ωa

(
4(x− 1)3

27x2

)
(−p)−⌊

1
6
− a

p−1⌋−⌊ 5
6
− a

p−1⌋−⌊ 1
2
− a

p−1⌋

×
Γp

(
a

p−1

)3
Γp

(〈
1
6
− a

p−1

〉)
Γp

(〈
5
6
− a

p−1

〉)
Γp

(〈
1
2
− a

p−1

〉)
Γp

(
1
6

)
Γp

(
5
6

)
Γp

(
1
2

)
+ δ(x+ 2)φ(−1)p.

Since ωa(−1) = (−1)a, we have ωa(−1)(−1)a = 1. Substituting this value and then

adding and subtracting the term under the summation for a = 0, we deduce that

Ax = −φ(1− x)

p− 1

p−2∑
a=0

ωa

(
−4(x− 1)3

27x2

)
(−1)a(−p)−⌊

1
6
− a

p−1⌋−⌊ 5
6
− a

p−1⌋−⌊ 1
2
− a

p−1⌋

×
Γp

(
a

p−1

)3
Γp

(〈
1
6
− a

p−1

〉)
Γp

(〈
5
6
− a

p−1

〉)
Γp

(〈
1
2
− a

p−1

〉)
Γp

(
1
6

)
Γp

(
5
6

)
Γp

(
1
2

)
+ δ(x+ 2)φ(−1)p

= φ(1− x) · 3G3

 1
2
, 1

6
, 5

6

0, 0, 0
|−4(x− 1)3

27x2


p

+ δ(x+ 2)φ(−1)p. (6.18)
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Also, using Definitions 1.9, 1.10, and 1.11, we obtain

Ax = 3F2

 φ, φ, φ

ε, ε
|4x


p

=
p2

J(φ, ε)2
· 3F2

 φ, φ, φ

ε, ε
|4x


p

. (6.19)

Using (1.3) and (1.5), we have J(φ, ε)2 = 1. Now, Proposition 1.7, Lemma 1.9, and

(1.5) yield

Ax = 3G3

 1
2
, 1

2
, 1

2

0, 0, 0
| 1
4x


p

. (6.20)

Combining (6.18), (6.19), and (6.20), we obtain the required identity. ■

For p ≡ 1 (mod 3), Greene proved the finite field analogue of (6.8) in [36, The-

orem 4.4 (i)]. We have φ(−3) = −1 when p ≡ 2 (mod 3) and φ(−1) = −1 when

p ≡ 3 (mod 4). Hence, using Theorems 6.2 and 6.3 for t = 1
2
, we obtain the following

special values of 2G2[· · · ]p.

Corollary 6.2.1. Let p > 3 be a prime.

1. For p ≡ 2 (mod 3), we have

2G2

 1
3
, 2

3

0, 0
|2


p

= 0.

2. For p ≡ 3 (mod 4), we have

2G2

 1
6
, 5

6

0, 0
|2


p

= 0.

Employing Theorem 6.4, we find certain special values of 3G3[· · · ]p as listed in
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the following corollary. For t ∈ Fp, let

G̃(t, p) := 3G3

 1
2
, 1

6
, 5

6

0, 0, 0
|t


p

.

Corollary 6.2.2. Let p > 3 be a prime. We have

(i) G̃

(
1331

8
, p

)
=

 φ(33)(4x2 − p), if p ≡ 1 (mod 4), x2 + y2 = p, x is odd;

−pφ(33), if p ≡ 3 (mod 4).

(ii) G̃

(
125

27
, p

)
=

 φ(10)(4x2 − p), if p ≡ 1, 3 (mod 8), and x2 + 2y2 = p;

−pφ(10), if p ≡ 5, 7 (mod 8).

(iii) G̃

(
125

4
, p

)
=

 φ(5)(4x2 − p), if p ≡ 1 (mod 3), and x2 + 3y2 = p;

−pφ(5), if p ≡ 2 (mod 3).

(iv) G̃

(
−125

64
, p

)
=

 φ(105)(4x2 − p), if p ≡ 1, 2, 4 (mod 7), x2 + 7y2 = p;

−pφ(105), if p ≡ 3, 5, 6 (mod 7).

(v) G̃

(
614125

64
, p

)
=

 φ(1785)(4x2 − p), if p ≡ 1, 2, 4 (mod 7), x2 + 7y2 = p;

−pφ(1785), if p ≡ 3, 5, 6 (mod 7).

Proof. (i) Taking x = − 1
32

in Theorem 6.4 and then employing [57, Theorem 6 (ii)],

we obtain the required values.

(ii) Taking x = −1
4
in Theorem 6.4 and then employing [57, Theorem 6 (iii)], we

obtain the required values.

(iii) Taking x = 1
16

in Theorem 6.4 and then employing [57, Theorem 6 (v)], we

obtain the required values.

(iv) Taking x = 16 in Theorem 6.4 and then employing [57, Theorem 6 (vi)], we

obtain the required values.

(v) Taking x = 1
256

in Theorem 6.4 and then employing [57, Theorem 6 (vii)], we

obtain the required values. ■
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6.3 Weight three newforms and 3G3[· · · ]p

In this section, we use the transformations listed in Theorems 6.2 and 6.4, and

express the p-th Fourier coefficients of the modular forms defined in (6.1)-(6.3) in

terms of special values of 3G3[· · · ]p. We first state a theorem of Beukers and Stienstra

that describes the Fourier coefficients of the three modular forms given by (6.1)-(6.3).

Theorem 6.5. ([66, Eq. 14.2]). If we define Φ4(p) := a(p), Φ3(p) := b(p), and

Φ2(p) := c(p), then the p-th Fourier coefficients of the modular forms are given by

ΦM(p) =

 0 if
(

−M
p

)
= −1;

4a2 − 2p if
(

−M
p

)
= 1, p = a2 +Mb2.

The following lemma expresses certain product of values of p-adic gamma func-

tions in terms of a character sum.

Lemma 6.6. ([31, Lemma 3.4]). For p an odd prime and a ∈ Z, with 0 < a < p−1,

we have

Γp

(〈
a

p−1

〉)
Γp

(〈
1
2
− a

p−1

〉)
Γp

(
1
2

) (−p)−⌊
1
2
− a

p−1⌋ = −
p−1∑
t=2

ωa(−t)φ(t(t− 1)).

The following classical identity is a quadratic transformation due to Whipple [5,

p. 130, Eq. 3.1.15]:

3F2

 a, b, c

1 + a− b, 1 + a− c
|z


= (1− z)−a · 3F2

 a
2
, a+1

2
, 1 + a− b− c

1 + a− b, 1 + a− c
| − 4z

(1− z)2

 . (6.21)

In the following theorem, we recall a p-adic analogue of (6.21) when a = b = c = 1
2
.
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Theorem 6.7. ([31, Theorem 2.5]). Let p be an odd prime and define s(p) :=

Γp

(
1
4

)
Γp

(
3
4

)
Γp

(
1
2

)2
= (−1)⌊

p−1
4 ⌋+⌊ p−1

2 ⌋. For 1 ̸= x ∈ F×
p ,

3G3

 1
2
, 1

2
, 1

2

0, 0, 0
|1
x


p

= s(p) · φ(2(1− x)) · 3G3

 1
2
, 1

4
, 3

4

0, 0, 0
| − (1− x)2

4x


p

+ δ(x+ 1) · φ(−1) · p.

We now express the p-th Fourier coefficients of the modular forms defined in

(6.1)-(6.3) in terms of special values of certain p-adic hypergeometric functions.

Theorem 6.8. Let p be an odd prime. Then we have

3G3

 1
2
, 1

4
, 3

4

0, 0, 0
|1


p

= c(p).

Proof. Using Theorem 6.7 with x = −1, we obtain

3G3

 1
2
, 1

2
, 1

2

0, 0, 0
| − 1


p

= s(p) · 3G3

 1
2
, 1

4
, 3

4

0, 0, 0
|1


p

+ p · φ(−1).

It is easy to check that s(p) = φ(2). Therefore, we have

3G3

 1
2
, 1

4
, 3

4

0, 0, 0
|1


p

= φ(2) · 3G3

 1
2
, 1

2
, 1

2

0, 0, 0
| − 1


p

− p · φ(−2)

= φ(2) · p2 · 3F2

 φ, φ, φ

ε, ε
| − 1


p

− p · φ(−2). (6.22)
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From [57, Theorem 6 (iii)], we obtain

3F2

 φ, φ, φ

ε, ε
| − 1


p

=

 −φ(2)
p
, if p ≡ 5, 7 (mod 8);

φ(2)(4x2−p)
p2

, if p ≡ 1, 3 (mod 8) and x2 + 2y2 = p.

(6.23)

Combining (6.22), (6.23), and Theorem 6.5 with the fact that φ(−2) = 1 if p ≡ 1, 3

(mod 8) and φ(−2) = −1 if p ≡ 5, 7 (mod 8), we obtain the required result. ■

Theorem 6.9. Let p > 3 be a prime . Then we have

3G3

 1
2
, 1

3
, 2

3

0, 0, 0
|1


p

= b(p).

Proof. Let p ≡ 1 (mod 3). From Lemma 1.9, Proposition 1.7, and (1.5), we have

3G3

 1
2
, 1

3
, 2

3

0, 0, 0
|1


p

= p2 · 3F2

 φ, χ3, χ2
3

ε, ε
|1


p

,

where χ3 is a character on Fp of order 3. Employing [56, Proposition 4.2] with d = 3,

we obtain the desired result. Next, we prove the result for p ≡ 2 (mod 3). Consider

A := 3G3

 1
2
, 1

3
, 2

3

0, 0, 0
|1


p

= − 1

p− 1
− 1

p− 1

p−2∑
a=1

(−1)a(−p)−⌊
1
3
− a

p−1⌋−⌊ 2
3
− a

p−1⌋−⌊ 1
2
− a

p−1⌋

×
Γp

(
a

p−1

)3
Γp

(〈
1
3
− a

p−1

〉)
Γp

(〈
2
3
− a

p−1

〉)
Γp

(〈
1
2
− a

p−1

〉)
Γp

(
1
3

)
Γp

(
2
3

)
Γp

(
1
2

) .
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Using the fact that ωa(−1) = (−1)a and Lemma 6.6, we obtain

A = − 1

p− 1
+

1

p− 1

p−1∑
t=2

φ(t(t− 1))

p−2∑
a=1

ωa

(
1

t

)
(−p)−⌊

1
3
− a

p−1⌋−⌊ 2
3
− a

p−1⌋

×
Γp

(
a

p−1

)2
Γp

(〈
1
3
− a

p−1

〉)
Γp

(〈
2
3
− a

p−1

〉)
Γp

(
1
3

)
Γp

(
2
3

) .

Adding and subtracting the term under the summation for a = 0, we have

A = − 1

p− 1
+

1

p− 1

p−1∑
t=2

φ(t(t− 1))

p−2∑
a=0

ωa

(
1

t

)
(−p)−⌊

1
3
− a

p−1⌋−⌊ 2
3
− a

p−1⌋

×
Γp

(
a

p−1

)2
Γp

(〈
1
3
− a

p−1

〉)
Γp

(〈
2
3
− a

p−1

〉)
Γp

(
1
3

)
Γp

(
2
3

) − 1

p− 1

p−1∑
t=2

φ(t(t− 1))

= −
p−1∑
t=2

φ(t(t− 1)) · 2G2

 1
3
, 2

3

0, 0
|1
t


p

,

where the last equality is obtained by using the fact that
∑p−1

t=2 φ(t(t − 1)) = −1.

Employing Theorem 6.2 with the fact that φ(−3) = −1 for p ≡ 2 (mod 3), we

obtain

A =

p−1∑
t=2

φ(t(t− 1)) · 2G2

 1
3
, 2

3

0, 0
| 1

1− t


p

.

Taking t 7→ 1− t, we obtain

A =

p−1∑
t=2

φ(t(t− 1)) · 2G2

 1
3
, 2

3

0, 0
|1
t


p

= −A.

This yields 2A = 0 and hence A = 0. Using Theorem 6.5, we complete the proof of

the theorem. ■
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Theorem 6.10. Let p > 3 be a prime. Then we have

3G3

 1
2
, 1

6
, 5

6

0, 0, 0
|1


p

= γ(p)a(p),

where γ(p) := −1 if p ≡ 5 (mod 12) and γ(p) := 1 otherwise.

Proof. Substituting x = −2 in Theorem 6.4, we obtain

p2 · 3F2

 φ, φ, φ

ε, ε
| − 8


p

= φ(3) · 3G3

 1
2
, 1

6
, 5

6

0, 0, 0
|1


p

+ φ(−1)p. (6.24)

From [57, Theorem 6 (i)], we obtain

3F2

 φ, φ, φ

ε, ε
| − 8


p

=

 −1
p
, if p ≡ 3 (mod 4);

4x2−p
p2

, if p ≡ 1 (mod 4), x2 + y2 = p, x is odd.

(6.25)

Combining (6.24), (6.25), and Theorem 6.5 with the fact that φ(3) = −1 if p ≡

5, 7 (mod 12) and φ(3) = 1 if p ≡ 1, 11 (mod 12), we complete the proof of the

theorem. ■

6.4 Proof of the Rodriguez-Villegas conjectures

In this section, we prove the Rodriguez-Villegas conjectures (6.5)-(6.7). We first

recall a theorem that gives a congruence relation between p-adic hypergeometric

functions 3G3[· · · ]p and truncated hypergeometric series 3F2[· · · ]p−1.

Theorem 6.11. ([50, Theorem 2.5]). Let 2 ≤ d ∈ Z and let p be an odd prime such
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that p ≡ ±1 (mod d). Then

3G3

 1
2
, 1

d
, d−1

d

0, 0, 0
|1


p

≡ 3F2

 1
2
, 1

d
, d−1

d

1, 1
|1


p−1

(mod p2).

In the following theorem, we prove the Rodriguez-Villegas conjectures (6.5)-(6.7).

Theorem 6.12. Let p ≥ 5 be a prime. We have

p−1∑
n=0

(3n)!(2n)!

n!5
108−n ≡ b(p) (mod p2), (6.26)

p−1∑
n=0

(4n)!

n!4
256−n ≡ c(p) (mod p2), (6.27)

p−1∑
n=0

(6n)!

(3n)!n!3
1728−n ≡ γ(p)a(p) (mod p2), (6.28)

where γ(p) := −1 if p ≡ 5 (mod 12) and γ(p) := 1 otherwise.

Proof. We have

3F2

 1
2
, 1

3
, 2

3

1, 1
|1


p−1

=

p−1∑
n=0

(3n)!(2n)!

n!5
108−n.

Now, Theorem 6.11 with d = 3 and Theorem 6.9 readily yields (6.26).

Similarly, we have

3F2

 1
2
, 1

4
, 3

4

1, 1
|1


p−1

=

p−1∑
n=0

(4n)!

n!4
256−n.

Combining Theorem 6.11 with d = 4 and Theorem 6.8, we obtain (6.27).
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Finally, we have

3F2

 1
2
, 1

6
, 5

6

1, 1
|1


p−1

=

p−1∑
n=0

(6n)!

(3n)!n!3
1728−n.

Combining Theorem 6.11 with d = 6 and Theorem 6.10, we obtain (6.28). ■
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