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Abstract

Investigation of open channel flows includes the study of routing in rivers and channels.
The study of channel routing allows us to examine the change in the behavior of the flow
discharge and the flow depth along the length of the channel by observing the change in
the shape of the hydrograph as the mass moves down the slope. The values of the flow
discharge or the flow depth are recorded at different gauging stations along the channel,
and these values are used as the boundary conditions for the study of the flow in the
channel. Saint-Venant equations are popularly used to represent the flow in a channel in
mathematical form. These equations are derived by using the concept of conservation of
mass and momentum. The assumptions for the Saint-Venant equations are that the flow
is considered one-directional; the slope of the bed is small, the pressure distribution is
hydrostatic, the flow is gradually varied, etc. These solutions predict the flow discharge
and the flow depth in overland flows, floods, and irrigation canals.

A model governed by the full Saint-Venant equations is also known as the dynamic
wave model. The diffusive wave model is a simplified form of the dynamic wave model
which ignores the impact of the inertial forces and can provide results as close as the dy-
namic wave model. This thesis focuses on finding the analytical solutions for the linearized
Saint-Venant equations or their simplified forms subject to different lateral inflows in a
channel of finite length. Ignoring the downstream boundary is a common practice that
reduces the mathematical complexity of the problem to be solved analytically. However,
ignoring the downstream boundary is not always appropriate. It can be implemented for
very long rivers or channels, but in a channel of short length, the downstream boundary
significantly alters the flow behavior. This is why we focus on working with channels of
finite length. The boundary conditions in this study are considered in one of the following
forms: a flow-discharge hydrograph, a flow-depth hydrograph, and a stage-discharge rela-

tionship. In most of the problems, the solution is presented for both the unknowns: the
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flow discharge and the flow depth. The results are presented in the form of convolution.

The lateral inflow is considered in one of the following forms:
o uniformly distributed throughout the length of the channel,

« concentrated at a location (e.g., tributary of negligible width that can be considered

as a concentrated source),

o uniformly distributed between any two locations along the length of the channel

(e.g., any tributary of significant width).

The first problem looks at the solution for the complete linearized Saint-Venant equa-
tions in a finite length channel with a uniformly distributed lateral inflow along the length
of the channel. Since the response functions corresponding to the upstream and down-
stream boundaries are already present, the behavior of the lateral channel response func-
tion is explored. The solution is presented for the flow discharge only. The behavior
of the flow discharge is studied for different parameters controlling the flow, like bed
slope, channel width, reference flow discharge, and roughness coefficients. Furthermore, a
comparison with the already existing results corresponding to the semi-infinite channel is
shown by plotting hydrographs. To study the effect of a space- and time-dependent lateral
inflow, the diffusive wave model, also known as the non-inertia wave model, is considered.
For the rest of the problems, the lateral inflow is considered either to be concentrated
at a location or uniformly distributed between any two locations along the length of the
channel. The solutions are presented for the flow discharge and the flow depth. The re-
sults are compared with the analytical solutions for the semi-infinite channels available in
the literature. For the second and third problems, a flow-depth hydrograph is considered
as the downstream boundary with two types of upstream boundary conditions: a flow-
discharge hydrograph and a flow-depth hydrograph. The distinction in the problems is as
per the type of lateral inflow considered. The first problem of these two focuses on the
behavior of the flow discharge and the flow depth corresponding to a concentrated lateral
inflow while the second one accounts for a uniformly distributed lateral inflow between
any two locations. The behavior of the unknowns is thoroughly discussed for both types
of upstream boundary conditions and for different values of the Péclet number along the
length of the channel. The difference in their behavior corresponding to different types of
upstream boundary condition is also highlighted.

For the fourth problem, only one upstream boundary is considered in terms of a flow-
depth hydrograph, and a flow-discharge hydrograph is imposed at the downstream end.
The behavior of the flow discharge and the flow depth is studied at different locations
of the channel for different parameters like the Péclet number and the locations of the
lateral inflow. The results are compared with the corresponding semi-infinite channel

responses. The effect of the flow-discharge-based downstream boundary is found to be
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Xi

different from that of a flow-depth-based downstream boundary. For the fifth and sixth
problems, a stage-discharge relationship is considered as the downstream boundary with
two types of upstream boundary conditions: a flow-discharge hydrograph and a flow-depth
hydrograph. The distinction in the problems is as per the type of lateral inflow considered.
For these two problems, the effect of the downstream boundary is controlled by a feedback
parameter. The fifth problem focuses on the results corresponding to a concentrated
lateral inflow. The behavior of the response functions for the flow discharge and the flow
depth is thoroughly studied for different concentrated lateral inflows, different values of
the Péclet number, and the feedback parameter. The results are also compared with
the corresponding semi-infinite channel responses. In the sixth problem, the considered
lateral inflow is uniformly distributed between any two locations, and the behavior of
the response functions of the flow discharge and the flow depth is studied along the
entire channel corresponding to different values of the Péclet number and the feedback
parameter. The backwater effect of the lateral inflow is also shown for the flow discharge
and the flow depth.
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CHAPTER 1

Introduction

1.1 Preface

A fluid is known as a substance whose molecules are loosely packed, which means that the
force of attraction between its molecules is not strong enough to keep it in a particular
shape. It is a substance that continuously deforms under a small amount of shear or
tangential stress. This makes the rate of deformation of a fluid an exciting study. Fluid
mechanics is the study of a fluid at rest and also of its behavior under the application
of various types of forces. Fluid mechanics is mainly focused on the combined behavior
of the molecules of a fluid instead of the individual behavior of a molecule. To study
the physics behind the motion of a fluid, fundamental concepts like conservation of mass,
momentum, and energy are used. The mathematical representation of these concepts
requires an application of differential calculus. However, differential calculus cannot be
applied directly to a fluid in motion because properties like velocity, density, or mass are
not continuous since the molecule distribution for a fluid in motion is not smooth enough.
To deal with this, the concept of continuum is used, which translates to a continuous
medium. This means that all the properties of a fluid, like density, velocity, and mass,
are continuous enough that we can study the combined physical behavior of a fluid under
motion or at rest.

Fluids can be categorized in various ways under some basic properties. A fluid is called
a Newtonian fluid when the relation between the stress and the deformation rate (strain)
is linear (e.g., water, air, alcohol, etc.). The category which does not hold the Newtonian
properties (e.g., paint, blood, etc.) is called a non-Newtonian fluid. If the volume of a

fluid changes significantly under the application of external forces or normal compressive
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forces, then the flow is termed as a compressible fluid flow. The normal compressive
stress at rest is called the hydrostatic pressure for a fluid. When the change in normal
compressive forces does not significantly change the volume, the resulting flow is called
an incompressible fluid flow, e.g., the flow of water. The property of a fluid due to which
it offers resistance to its flow is called wviscosity. If the viscosity is negligible, the flow is
called an inviscid flow, and when it cannot be ignored, the flow is termed as a wviscous
flow. If the fluid flow is random and its properties can change randomly with space and
time, the flow is called a turbulent flow; otherwise, it is called a laminar flow. To study
the dynamics of the flow, some idealization of fluid properties is often required. An ideal
fluid is the one which experiences no shear stress implying that the viscosity of the fluid
is zero. This assumption is often made for water. Although water is not an ideal fluid, it
does have negligible viscosity, which makes the ideal fluid assumption for water flow an
acceptable one. Ideal fluid, as the name suggests, is an idealization of a real fluid. A fluid
which experiences the shear stress, that is, possessing positive viscosity, is called a real
fluid. Most of the fluids around us are real fluids.

The motion of a fluid can be described in one of the following ways: a Lagrangian
approach and an Fulerian approach. In the Lagrangian approach, the motion of the fluid
is described by following the path of each and every particle in the flow. A particle is
specified by its location at a given time. For any other instant of time, the position of a
particle is defined as a function of time and its initially specified location. However, in fluid
mechanics, it is quite difficult to follow the path of a single particle. For the Eulerian
approach, the behavior of the fluid flow is observed at a location. Various particles
passing through a particular location can be easily observed by using this approach. All
the hydrodynamic properties are functions of space and time. Due to this property,
the Eulerian approach, or control volume approach, is considered more useful in fluid
mechanics where the flow can be described at each location as a function of time. The
governing laws of a fluid flow are described by using a control volume approach. A control
volume is a specific region of space which is selected for the study where the fluid enters
and leaves. To analyze a control volume, three laws always hold true: conservation of
mass, conservation of momentum, and conservation of energy. The conservation of mass
states that the total mass entering the control volume is equal to the mass exiting the
control volume plus the mass stored within the control volume. The conservation of
momentum is based on Newton’s second law of motion. It states that the rate of change
of momentum of a system is equal to the sum of the external forces acting on the body.
The conservation of energy states that the net energy supplied to a system is equal to the
increase in energy of the system plus the energy that leaves the system.

In general, the law of conservation of mass in a fluid leads to an equation called the
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equation of continuity expressed as

dp —

— +V.(pV)=0 1.1

LY. (o7) =0, (11)
where V is the velocity of the fluid and p is the density of the fluid. For an incompressible,

inviscid fluid, the above equation of continuity reduces to
V.V =0. (1.2)

With respect to the conservation of momentum, there are two types of forces acting
on a control volume: the surface forces (e.g., pressure and shear stress) and the volume
forces (e.g., gravity) applied at the center of mass of the control volume. It leads to an
equation called the equation of motion given by

V) . " h,
(gt ) 4 (V) (o) = pF, — VP + Fonme, (1.3)

where F"U is the resultant of volume forces (per unit volume), ﬁvisc is the resultant of viscous
forces (per unit volume), and P is the hydrodynamic pressure. For an incompressible,
inviscid fluid, where the gravity (g) and pressure forces are considered to act on the fluid,
the above equation of motion reduces to

ov -

B (V.V)V =g§— -VP. (1.4)

D =

A streamline is an imaginary line in the fluid flow which is everywhere tangent to
the fluid velocity vector. The interpretation of conservation of mechanical energy was
first described by Daniel Bernoulli in 1738. If the fluid is inviscid with constant density
and the flow is steady, Bernoulli’s equation along a streamline states that the sum of the
kinetic energy, potential energy, and flow energy per unit weight remains conserved as
it is transmitted from one point to another in the flow field along a streamline. In the
mathematical form, for a fluid flow in the xyz-plane, Bernoulli’s equation is represented

in the following way:
2

P v
—+gz+ 5 = constant, (1.5)
p

where v is the velocity along the streamline. Here, P/p represents the flow work per unit
mass of the flowing fluid, gz and v?/2 can be considered as the potential energy and the
kinetic energy, respectively, per unit.

The next section introduces the concepts of an open channel flow and includes all the

essential elements relevant to this thesis.
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1.2 Open channel flow

Fluids get transported from one location to another through natural or artificial struc-
tures. Rivers are one of the leading transporters of water on the earth. They can be
termed as a fundamental building block to human civilization. The widespread network
of waterways on the surface of the earth resembles the blood flow system in the human
body, and so does the task they fulfill. The rivers carry a range of discharges, from com-
pletely vanishing in some small streams in the summer to the yearly floods in the rainy
season. In hydrology terminology, river flow comes under the category of open channel
flow. An open channel flow is the one in which the liquid flows with a free surface. In
most of the cases, this liquid is water, and the air above the flow is at rest due to which the
pressure at the free surface is the standard atmospheric pressure. Some other examples of
open channel flow include the flows in irrigation canals, sewers, and natural streams. The
main factor in the analysis of the open channel flow is to know the location of the free
surface, which changes in response to any perturbation to the flow. The other category
is a closed conduit flow with no free surface, e.g., pipe flow. The study of open channel
flows is dependent on various geometric parameters of the channel like roughness, width,
and slope of the bed; and some properties of the flowing fluid like density and viscosity.
The behavior of the flow is studied with respect to the parameters like discharge, depth,
velocity, and cross-sectional area. There are different criteria to classify open channels:
based on the shape of the channel - prismatic or non-prismatic; types of boundaries -
rigid or mobile. The flow in an open channel can also be categorized as follows: steady
or unsteady, uniform or non-uniform, gradually varied or rapidly varied, etc. A typical
sketch of a one-directional open channel flow is given in Fig. 1.1. In this figure, @ is
the flow discharge, h is the flow depth, d is the channel depth, z; is the elevation of the

channel from the bottom, and x is the direction of the flow.

Free Surface

Atmosphere

Flow Discharge (Q)

Velocity
Profile

—

g

Bed Slope

Figure 1.1: A typical sketch of an open channel flow

For engineering applications, the study of the behavior of the flow parameters like the

flow discharge and the flow depth along the length of the channel is predominant. These
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computations determine the flow-surface elevations along the length of the channel for a
specified flow discharge. The flow discharge and the flow depth data are required for the
planning and design of open channels to assess the effects of various engineering works and
channel modifications. For example, a dam-like structure at the downstream end increases
the flow depth level at the upstream locations to the downstream end, and it is necessary
to know the flow depth and the flow discharge in the upstream area to determine the
magnitude of flooding. The computation of the flow depth or the flow velocity of a flood
wave as it propagates in a body of water is called flood routing. This water body could be
a river, an artificial channel, a stream, etc. The various ways to handle flood routing can
be classified into two categories: hydrologic routing and hydraulic routing. The hydrologic
method is primarily based on the conservation of mass, and the storage in the channel
is related to the inflow and outflow discharge of the channel. The hydraulic methods
are mathematically more complex, based on the conservation of mass and momentum
equations. Linsley et al. [31] explained two categories of flood wave. In the first case, the
flood wave is fast rising, which is frequent in the channel of a steep slope, and the flow
is governed by acceleration and momentum. In the second case, the flood wave is slowly
rising, and the friction force imposed by the channel or stream is the dominant force that
alters the behavior of the flood wave. It moves along the flow direction; if a downstream
boundary is present, the wave moves back in the upstream direction after the interaction
with the structure imposed at the downstream end.

The following section briefly describes some basic definitions, terminology, and gov-
erning equations related to the open channel flows. The information related to the Saint-

Venant equations and the relevant simplified forms is provided in detail.

1.3 Definitions and governing equations

1.3.1 Types of channels

The classification of open channels based on their shapes and sizes goes as follows:

o Prismatic/Non-prismatic channel: A fixed cross-sectional shape and size with
a constant bottom slope is called a prismatic channel, e.g., artificial channels, irri-
gation canals, etc. As the name suggests, a channel with a varying cross-sectional

shape and size is called a non-prismatic channel, e.g., rivers, streams, etc.

« Rigid/Mobile boundary channel: A channel with a fixed boundary such that its
shape and roughness magnitude do not change is called a rigid boundary channel. A
channel where the boundary gets deformed, like in a river is called a mobile boundary

channel.
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1.3.2 Types of flows

The classification of flows in an open channel is as follows:

» Steady/Unsteady flow: A flow in which the flow velocity does not change with
time is called a steady flow, and a flow in which the flow velocity does change with
time is called an unsteady flow. Most of the flows in our surroundings fall in the
category of unsteady flows since the surface of water continuously changes due to
different applied forces. In contrast, a steady flow is an idealization of an unsteady

flow which allows convenient but feasible modeling.

e Uniform/Non-uniform flow: A flow in which the flow velocity does not change
along the length of the channel is called a uniform flow whereas when the flow

velocity changes along the length of the channel, it is called a non-uniform flow.

« Gradually/Rapidly varied flow: A flow in which the change in the water surface
elevation is gradual is called a gradually varied flow, and the case where the flow
depth changes significantly over a shorter length of the channel is called a rapidly

varied flow.

o Critical/Sub-critical/Super-critical flow: A flow is called critical if the flow
velocity is equal to the velocity of a gravity wave having a small amplitude. A change
in the flow depth may produce a gravity wave. If the flow velocity is less than the
critical flow velocity, then the flow is called sub-critical, and if the flow velocity is
greater than the critical flow velocity, then the flow is called super-critical. Another
criterion to classify flows into critical, sub-critical or super-critical is described in

the next subsection.

1.3.3 Some hydrology-related definitions and formulas

* Response function: The response of a linear system for any particular type of

input is called a response function.

1. Impulse response function: The output of a linear system to a unit amount of

input given instantaneously is called an impulse response function.

2. Step response function: The output of a linear system to a unit-step input that
goes from 0 to 1 at time 0 and then remains the same after that, is called a

step response function.

3. Pulse response function: The output of a linear system to a unit pulse input

of unit amount for a fixed duration is called a pulse response function.
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« Hydrograph: A plot of the flow discharge or the flow depth against time is called
a hydrograph. This is the most useful tool that helps in assessing the behavior of the
flow discharge and the flow depth at different locations of a channel. Additionally,
the flow information at the boundaries of a channel are often available in the form
of hydrographs. When displaying water level readings and forecasts visually in a
single image, hydrographs can be considered a useful tool. Hydrographs provide
vital information to all water users and channel building designers. An annual
update of the hydrographs of all streams being measured is usually published by

the governments of majority of countries.

The unit hydrograph is the unit pulse response function of a linear hydrologic system.
It was first proposed by Sherman [29] in 1932. It is defined as a direct runoff hy-
drograph resulting from one unit (one inch or one em) of constant intensity uniform
rainfall occurring over the entire watershed. Based on the principles of superposi-
tion and proportionality, the unit hydrograph concept is derived from the theory
of linear systems. The unit hydrograph is considered unique for a given watershed
and invariable with respect to time. Unit hydrographs are applicable when channel
conditions remain the same. In hydrology, the step response function is usually
called the S-hydrograph, and the impulse response function is called the instanta-
neous unit hydrograph, which is the hypothetical response to a unit depth of excess

rainfall deposited instantaneously on the watershed surface.

o Rating curve: It is a relation between the flow discharge and the flow depth given
at a particular channel location. It is also known as a stage-discharge relationship.
The flow discharge is given as a function of the flow depth. When this relation
is used as a boundary condition, the linearized form of the relation is expressed in
terms of a feedback parameter, which ultimately controls the effect of the downstream

boundary.

o Lateral inflow: The flow through which fluid is added from the sides of the channel
to the main flow is called a lateral inflow. This encompasses cases like a tributary

joining the channel, rain falling along the length of the river reach, etc.

e Chezy’s formula: This resistance formula was derived by an engineer named
Antoine Chezy in the year 1769 for uniform flows, which gives a relation between

the mean flow velocity V' and the slope S, of the bed. This formula is given by

vV =CRS,, (1.6)

where R is called the hydraulic radius defined as A/P, which is the ratio of the

cross-sectional area A and the wetted perimeter P. The wetted perimeter is the
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portion of the surface of the channel at a particular cross-section that is in contact
with the flow within the channel. C' is called the Chezy’s coefficient which depends
on the nature of the surface of the channel and the flow therein, and its dimension
is [LY/2T71).

o Manning’s formula: A flow resistance formula was proposed for uniform channels
by an engineer named Robert Manning in the year 1889 as an alternative to Chezy’s

formula given in Eq. (1.6). It is given by

1

n

2/3 q1/2
V =—R¥3312, (1.7)
where the new notation n is the Manning’s coefficient with the dimension [L~/3T].
The values of n for different channel flows are usually selected from the table pro-
vided by Robert Manning [48]. The use of Manning’s formula is more frequent than

Chezy’s formula.

However, it may be noted that the friction formulas are not limited to these two
only. The friction formula for a particular open channel flow can be derived by
using the Darcy-Weisbach equation, which is used to calculate the head loss due to

wall friction. More details of the applicability range of various friction formulas can
be found in [4].

o Friction slope: The rate of energy loss along the length of the channel is called
Jriction slope which is denoted by S,. The friction slope is dependent on the type of
friction law assumed for the study (e.g., Manning’s or Chezy’s formula), the shape
and roughness of the cross-section, the flow discharge at the cross-section, and the
area of the cross-section. Usually, the friction slope can be written as a function of

the flow discharge and the area of the cross-section.

o Froude number: It is a dimensionless quantity defined as the ratio of the inertial
force to the gravitational force, and denoted by F'. The flow in an open channel can
be categorized as sub-critical for /' < 1 and super-critical for F' > 1. The flow is
considered critical if ' = 1. The Froude number is a function of the flow discharge

and the cross-sectional area of a channel.

o Péclet number: It is a dimensionless quantity that gives a relation among the
length of the channel, the wave celerity, and the diffusivity coefficient. This is
mainly used for the diffusive wave model where the Péclet number signifies the role
of the downstream boundary. The relation can be written as P, = —, where L is
the length of the channel, C' is the wave celerity, and D is the diffusivity coefficient.

The Péclet number usually quantifies the influence of downstream disturbances on
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the flow within the channel. The greater is the Péclet number, the lesser is this
influence. To understand this, it is sufficient to consider that high values of the
Péclet number are associated with high values of celerity C' (the flow is able to wash
disturbances out of the channel), high values of the channel length L (the down-
stream disturbances are produced far from the upstream end), and low diffusivity
D (the diffusive model reduces to the kinematic model in which the downstream

boundary is not taken into account).

o Backwater effect: An interaction between the flood wave and the downstream
boundary can lead to variations in the flow discharge and the water surface profile
in the upstream direction. This behavior is known as the backwater effect. This
commonly occurs at the locations closer to the downstream end of a river, mostly
near the mouth of the river. It is an important phenomenon that presents a severe
threat to lakes, tributaries, and downstream areas. The backwater effect of the river
needs to be taken into consideration while designing river structures like dams, weirs,
etc.

1.3.4 Saint-Venant equations

Saint-Venant equations consist of two quasi-linear, first-order partial different equations
derived by using the concepts of conservation of mass and momentum. A J C Barre de-
Saint Venant first derived these equations in 1871 [11] for an unsteady, gradually varied
flow. These equations were derived explicitly for open channels. To describe the flow
at a particular cross-section, the information on any two variables, flow depth and flow
discharge or flow depth and flow velocity, is necessary. The assumptions involved in

deriving these equations are as follows:

o The flow is considered one-directional since the change in velocity components along
the vertical and transverse directions are usually small and negligible compared with
the change in the velocity along the flow direction. Due to this, the change along

the vertical and transverse directions is ignored.

o The pressure distribution is hydrostatic, which is a valid assumption if the stream-

lines do not have sharp curvatures.

e The channel bed slope is small so that the flow depths measured normal to the

channel bottom or measured vertically are approximately the same.
o The flow velocity over the entire channel cross-section is uniform.

o The channel is prismatic. For some cases, the varying cross-section or bottom slope

can be considered by approximating the channel using prismatic reaches.
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e The energy losses in an unsteady flow are usually estimated by using the steady-
state resistance formulas, such as the Manning’s or Chezy’s formula, i.e., energy
losses for a given flow velocity during unsteady flow are the same as those during
the steady flow. Therefore, it is a usual practice to evaluate the friction slope by
using either Eq. (1.6) or Eq. (1.7).

The first equation appearing in the Saint-Venant equations is the equation of continuity,
which is given by

0Q B
= ba —0. (1.8)

It can also be written as G 9A 9
A—+V—+b— = 1.9
Ox Ox ot 0 (1.9)
using the relation () = AV. Here, x is the space variable along the length of the channel,
t is the time variable, @) is the flow discharge, A is the cross-sectional area, h is the flow
depth, V is the flow velocity, and b is the top width of the channel at a depth h given as
0A/0h.

The second equation is the equation of motion, which can be written as

%—l—vav—i-la—szo—S (1.10)
dr g Odx g Ot

where ¢ is the gravitational constant. In the left-hand side of Eq. (1.10), the first term
represents the pressure gradient, the second represents the convective acceleration, and
the third represents the local acceleration. There are different ways to express the Saint-
Venant equations, with some popular ones listed below:

Considering flow discharge ) and flow depth / as the dependent variables:

gig ba =0, (1.11a)

90, 2 (L) 4galh—ga -5, i

Considering flow discharge () and cross-sectional area A as the dependent
variables:

%+% 0, (1.12a)

N L AT AY (1.12)
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Considering flow velocity V' and cross-sectional area A as the dependent vari-

ables:

0A 0A oV

%—Z+vg—2+%g—i — gA(S, - S,). (1.13b)
When the equation of motion is kept in the form as above, the Saint-Venant equations
are also known as the dynamic wave model. The equation of motion leads to various
approximations of the Saint-Venant equations giving rise to some simplified models which
are based on the magnitude of the forces acting on the flow in the channel. An approxi-
mate model produces satisfactory results if the assumptions used to simplify it are valid,
which means that discarding the ignored term from the governing equations is justified
for the cases where the approximate model is applied. These simplified models have the
advantage that they require less information with respect to the properties of the chan-
nel for their application in comparison with the full Saint-Venant equations. The known
approximate models are as follows:
Kinematic wave model: Kinematic wave approximation of the system given in Eq. (1.11)
was first explained by Lighthill and Whitham [30] in 1955. The kinematic wave theory
applies to a long and flat channel where the friction slope is almost the same as the bed
slope. The magnitude of all the other terms in the equation of motion is almost negligible,
and it gets converted to
S, = 5,. (1.14)

In the cases where this model is applicable, one can directly evaluate flow discharge as a
function of A by using Manning’s or Chezy’s formula. Since all the forces are considered
negligible, the flow surface does not change along the length of the channel. The name
of this model is such because it is mainly based on the equation of continuity, and it
approximates the equation of motion with a uniform flow condition. This model can
accommodate the upstream boundary condition and lateral inflow, but it cannot assess
the effect of the downstream boundary condition.

Diffusive wave model: The diffusive wave approximation is the one where the effect
of the inertial forces is negligible compared to the other forces in action. This leads to
neglecting the convective and local acceleration terms from the equation of motion, and

it gets reduced to

oh

5 =55, (1.15)
Taking Eq. (1.15) into account, this model becomes the simplest form of the Saint-Venant
equations, which can incorporate the effect of the downstream boundary condition. This

model is also known as the non-inertia wave model [55].
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Gravity wave model: For this approximation, friction and gravity terms are neglected;
however, the effects of inertial forces and pressure are considered. Subsequently, the

equation of motion reduces to

oh VOV 19V

8—x+gax+§at =0. (1.16)

Quasi-steady dynamic wave model: This approximation is obtained by ignoring the

local acceleration term from the equation of motion, which leads to
—+t——=—=5,-5,. (1.17)

Among all these simplified models of the Saint-Venant equations, the kinematic and the
diffusive wave models are the most widely used ones. They are frequently used for overland

flows and channel routing.

1.4 Used mathematical tools

Method of variation of parameters: It is a method used to solve a non-homogeneous
ordinary differential equation where the solution corresponding to the non-homogeneous
part of the equation is solved with the help of the solution of the homogeneous part of
the equation.

Method of undetermined coefficients: It is another method used to solve a non-
homogeneous ordinary differential equation where the solution for the non-homogeneous
part of the equation is guessed based on the function present as the non-homogeneous
term of the differential equation.

Laplace transform: The Laplace transform f of a function f : [0, 00) — R is defined as

ﬂ@;uﬂmzﬁfmmﬂwmw, (118)

where o[ is the Laplace transform operator. This integral exists for a piece-wise continuous
function and a function of exponential order. A function is said to be of exponential order
if 3 constants M > 0, T > 0, and ¢, € R such that

|f(t)| < Mexp(c,t) fort >T. (1.19)

The Laplace inverse for the function f is defined as follows:

f@=£*ﬁ@%=L/wmmﬂwm (1.20)

27 .

TH-3462_186123102



1.4. Used mathematical tools 13

where L1 is the inverse Laplace operator, ~ is a line parallel to the imaginary axis and
all singularities of the function f lie to the left of this line. This result is known as Laplace
inversion theorem or Bromwich integral.

To solve a partial differential equation for an unknown U(x,t) by using the Laplace
transform, we need to apply it to U(z,t) as well as to its derivatives. The Laplace
transform is usually applied with respect to the variable ¢, which mostly means time,
whose values vary from 0 to oo. The Laplace transform of a function U(x,t) of two

variables with respect to the variable t, and for each fixed value of x, can be defined as

Uz, s) = L{U(x,t)} = /000 exp (—st)U(x, t)dt. (1.21)

The Laplace transform formulas for its derivatives, up to the second-order, are as follows:

5 {%} =sU(x,s) — U(x,0), (1.22)
I{Q%%?Q}:sﬁﬂm)—sU@O) %Z , (1.23)
(2,0)

T {8U(x,t)} _ dU(z, s) (1.24)
ox dz '

T {M} _ LU(,s5) (1.25)
2 dz? '

I{%}:%I{%}:%(sﬁ(x,s)—U(x,O)). (1.26)

Some Laplace inverse properties for two Laplace transformable functions f(¢) and g(t)

that have been used in this thesis are given below [1, 15]:

L7Hf(s —a)} = exp(at) f(t), (1.27)

L Hexp(—as)f(s)} = f(t — a)u(t — a), where a > 0, (1.28)
L exp(—kvVs? — a?) — exp(—k )}:—géﬁhm%ﬁfﬁm@—m,mmek>q

(1.29)

L7HF(s)g(s)} = f(t) ® (1), (1.30)

e2(12)- from

where u(.) is the unit-step function, I;(.) is the modified Bessel function of first kind of

order 1, and ® is the convolution operator which is defined for two Laplace transformable
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function in the following way:

F(t) @ g(t) = / F(r)g(t — 7)dr. (1.32)

Residue theorem: The integral in Eq. (1.20) can be evaluated by using the residue

theorem stated below:

f(t) = ZRes (exp (st)f(s);s =s,), (1.33)

k=0

where s, are the poles of the function f(s). The residue for exp (st)f(s) corresponding to

a pole s, of order m is defined as

1 ’ dm—l (
1m
(m — 1)! s—=s, dsm—1

Res(exp (st)f(s),s = so> = (s —s,)™exp (st) f(s)) . (1.34)
One important aspect while evaluating the Bromwich integral to find the Laplace inverse,
where the poles are the only singularities of the function, is that the Jordan’s lemma is
usually required to be used. In this context, the attribute of the Jordan’s lemma that,
for a function f, it must be true that f(z) — 0 as |z| — oo, should be satisfied.

Perturbation technique: It is one of the most useful tools for solving nonlinear dif-
ferential equations. Using perturbation, the unknown variable is linearized around some
function, which is comparatively easier to handle. The unknown variable can be linearized
around a steady, uniform condition for the flow in an open channel. The linearized forms

of the unknowns () and A can be written as

Q(z,t) = Q, + Q,(z,t) + higher-order terms, (1.35a)
A(x,t) = A, + A, (z,t) + higher-order terms, (1.35b)

where (), and A, represent the values of the flow discharge and the cross-sectional area,
respectively, for the steady uniform flow condition; ), and A, are the first-order incre-
ments in the flow discharge and cross-sectional area, respectively, with the higher-order
terms ignored. In this text, this linearization theory is used for a gradually varied flow,
where the magnitude of the reference condition is much higher than its first-order incre-
ments. A similar linearization technique is used if the unknown variables are changed.
In this thesis, most problems are solved by using the linearization process on the flow
discharge and the flow depth.
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1.5. Brief literature survey 15

1.5 Brief literature survey

Our thesis is mainly based on what de Saint Venant [11] initiated by introducing a system
of two first-order partial differential equations to study the one-dimensional, gradually
varied, unsteady flow in an open channel. These equations are mathematical descriptions
of the conservation of mass and momentum. Due to the nonlinear momentum equation,
an analytical solution of the complete Saint-Venant equations (SVEs) is still unavailable.
However, some idealizations have led to feasible solutions obtained by different researchers.
Dooge and Napiérkowski [16] studied the effect of the upstream and the downstream
boundary conditions in the absence of any lateral inflow and derived the upstream and
downstream response functions for the linearized SVEs in a finite length channel. They
showed that the effect of the downstream boundary gets transmitted in the upstream
direction. The solution was presented for one unknown variable which could be used
for the flow discharge and the cross-sectional area. Later, Napiérkowski [41] presented
the linearized solution of the SVEs for the general case of a channel of arbitrary shape
and for any friction law. Tsai and Yen [52] presented a detailed analysis on the effect
of the upstream and the downstream boundaries for all the simplified forms of the SVEs
in a finite length channel. They also ignored the effect of any lateral inflow and the
presented solution could be used for both the flow discharge and the cross-sectional area.
Using the upstream and the downstream response functions, they exhibited the similarity
and distinction among all the approximations of the SVEs in terms of their mathematical
properties and physical characteristics. In the direction of the development of the solution
of the full SVEs with the inclusion of the lateral inflow, Moramarco et al. [37] derived an
analytical solution by considering a uniformly distributed lateral inflow for the linearized
SVEs in a semi-infinite channel. The solution methodology is similar to the one followed by
Dooge and Napiérkowski [16]. Although the result obtained by them is limited to a semi-
infinite channel only, they did emphasize on the importance of the selection of reference
flow discharge for different slopes. They performed an error analysis with respect to the
selection of the reference flow discharge for channels with different slopes and widths.
The solution for the linearized SVEs has also been explored with the use of Green’s
function method. Brutsaert [3] used the Chezy’s and Manning’s formulas to calculate
Green’s function of the linearized SVEs, or their responses to an impulsive source term.
Starting from an initial uniform state, the solution of the linearized model in a semi-infinite
channel was presented with a prescribed time-varying flow rate in the upstream portion
based on the analytical expression of Green’s function. Ridolfi et al. [43] also presented an
analytical solution for the linearized SVEs in a semi-infinite channel of rectangular cross-
section by using Green’s function method. They showed the existence of three simple
linear waves whose interaction determined all the evolutions of the solution. They also

showed the role of the Froude number for both sub-critical and super-critical cases. Di

TH-3462_186123102



16 Introduction

Cristo et al. [13] extended the methodology of Ridolfi et al. [43] to find a solution of
the linearized SVEs by using Green’s function in laminar and turbulent flows with the
incorporation of the Darcy-Weisbach friction law, which is valid for the Newtonian fluids
in both laminar and turbulent flows.

The linearization technique mentioned in Eq. (1.35) has been used for all such problems
where the reference conditions represented by a uniform steady condition are assumed to
be known. Litrico and Fromion [33] extended this methodology by considering a steady
non-uniform condition as the reference condition. In this case, the reference condition for
the flow discharge was steady and uniform; however, the reference condition for the flow
depth or the cross-sectional area was steady but non-uniform. Litrico and Fromion [34, 32]
derived the solution for the SVEs in a finite length channel by linearizing the unknown
variables around a steady non-uniform condition. They approximated the backwater curve
induced by the downstream boundary with the employment of a step-wise linear function.
For the upstream part which corresponds to the uniform part of the flow, the backwater
curve was considered as a line parallel to the channel bed. For the downstream part, which
corresponds to the non-uniform part of the flow, the backwater curve was approximated
as a line tangent to the real curve at the downstream end. Munier et al. [40] extended
this methodology and derived the solution of the SVEs in a finite length channel by using
the moment matching method. Huang and Lee [24, 25] presented an improved quasi-
linear method which replaced the linear method used to derive the response functions
for the upstream and downstream boundary, originally presented by Dooge et al. [17].
They presented the results for different types of downstream boundary conditions by
considering a time-varying reference flow discharge and the reference hydraulic quantities
according to the Manning’s formula and the cross-sectional shape. This led to precision
in describing the flow response to the flood prediction. Furthermore, Huang [23] used the
neural network algorithm to expand the applicability of this model in natural channels
having an irregular cross-section and which can be affected by the unsteady inflow, lateral
flow, and the variation of the tide level.

Coming to the simplified models of the SVEs, Tsai [50] provided the applicability of
the kinematic wave, non-inertia wave, and quasi-steady dynamic wave approximations to
the dynamic wave model for an unsteady flow routing by studying the propagation of a
sinusoidal perturbation to the steady gradually varying flow. She provided a justification
of the situation when the approximate model can be used in place of the full SVEs. It
was shown that the downstream boundary could significantly alter the wave propagation
in a channel flow, and due to this, the importance of the downstream boundary needs to
be taken into account while selecting the approximate models of the full SVEs. Tsai [51]
also carried out a linear stability analysis to investigate the propagation of flood waves
in the spatially varying channel flow in a mild-sloped river. For this, the reference flow

was considered to be steady. From this analysis, the non-inertia wave and quasi-steady
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dynamic wave were found to be more capable of accounting for the downstream backwater
effect in modeling floods for a mild-sloped river among all the other simplified models of
the SVEs. Exploring the analytical solutions developed for the diffusive or non-inertia
wave model, Hayami [22] was the first one who presented an analytical solution for the
diffusive wave model in a semi-infinite channel without the inclusion of the lateral inflow.
He solved the diffusive wave equations and presented the solution for the flow depth.
Subsequently, Moussa [38] solved Hayami’s model by including a uniformly distributed
lateral inflow with the application of the Laplace transform. He presented the solution for
the flow discharge and attempted the inverse problem of finding the lateral inflow in the
channel for a given outflow hydrograph. Both these solutions were derived for semi-infinite
channels, implying the effect of the downstream boundary being completely ignored. This
is mathematically represented by considering the dependent variable at the downstream
end to be zero. Mizumara [36] presented an analytical solution corresponding to the
nonlinear diffusive wave model without any lateral inflow and downstream boundary.
The linearization method used by him is based on the assumption that the product
of two dependent variables is equal to the summation of the two dependent variables.
Through comparisons with linearized diffusive wave model and the dynamic wave model,
he concluded that the linearized diffusive wave model is applicable in river flows only if
the change in the flow depth caused by flood is small. However, the linearized diffusive
wave model was found to be inaccurate when a flood significantly altered the flow depth.
In the direction of finding the results for a finite length channel, an analytical solution for
the flow depth was presented by Tingsanchali and Manandhar [49] with the consideration
of the backwater effect of the downstream boundary and the impact of a lateral inflow in
a finite length channel with the flow depth given at the upstream and downstream ends.
They also validated the results by showing comparison with the low depth data of a flood
condition for a reach of Lower Mun River in Northeast Thailand. The comparisons were
found to be satisfactory, showing the effectiveness of the analytical solution to simulate
real flood data. Fan and Li [19] presented an analytical solution for the flow discharge
in finite and semi-infinite channels by using the techniques of the separation of variables
and the Laplace transform with a concentrated and a uniformly distributed lateral inflow
when the flow discharge was given at the two ends. These results analyze well the effect
of concentrated and distributed lateral inflow on the flow discharge but cannot be used
for different combinations of upstream and downstream boundaries. All these analytical
solutions have been presented for the Dirichlet-type boundary condition where the value
of the unknown is known at the two ends of the channel.

Cimorelli et al. [7] derived an analytical solution for the linearized diffusive wave model
in terms of both flow discharge and flow depth in the Laplace transform and time domains,
considering a uniformly distributed lateral inflow and two different types of downstream

boundaries, namely a stage-discharge relationship and a time-dependent flow depth. The
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downstream boundary was controlled by the feedback parameter. They compared the fi-
nite length channel responses with the available semi-infinite channel responses for differ-
ent values of the Péclet number and the feedback parameter, and showed the applicability
range of the semi-infinite channel to be used for the approximation of the finite channel
results. In continuation of this work, Cimorelli et al. [6] proposed a flow-depth-based ana-
lytical solution for the linearized diffusive wave model by considering a stage-hydrograph
at the upstream end. They used a uniform distribution of the lateral inflow throughout
the channel in their formulation. A comparison of the experimental data of Rashid and
Chaudhry [35] with the upstream response of the flow depth was also presented. It showed
the correctness of the finite channel responses to simulate real flows when a flow-depth
hydrograph was given at the upstream end and a stage-discharge relationship was im-
posed at the downstream end. They also provided a comparison establishing that the
finite channel responses were more appropriate in comparison with the semi-infinite chan-
nel responses to simulate that experimental data. They further presented the comparison
with the available results for semi-infinite channels. They studied the behavior of the flow
depth and flow discharge for different values of Péclet numbers and feedback parameters.

The Laplace transform technique is the most common and popular technique for solv-
ing time-dependent problems. However, the inversion of the function from the Laplace
domain is not always possible. Due to this, some semi-analytical approaches have been
considered to solve the equations with the Laplace inverse obtained by using appropriate
numerical techniques. In this direction, Chung et al. [5] presented an analytical solution
for the linearized diffusive wave model in the Laplace transform domain with a constant
flow depth and a stage-discharge relationship employed at the downstream end. They
ignored the effect of any lateral inflow, and used the numerical inverse Laplace transform
to find the solution. Kazezyilmaz-Alhan and Medina [27] presented a semi-analytical so-
lution for the diffusive wave model with constant wave celerity and hydraulic diffusivity
and applied it to overland flow problems. They used the Stehfest algorithm to find the
Laplace inverse of the flow depth. They further developed an algorithm by using the
MacCormack explicit finite difference method to solve the kinematic and diffusive wave
governing equations for both overland and open channel flow. Kazezyilmaz-Alhan [26]
improved this method by using the De Hoog algorithm instead of the Stehfest algorithm.
Instead of constant wave celerity and hydraulic diffusivity, the solution was presented for
variable wave celerity and hydraulic diffusivity. They also compared the performances
of the Stehfest and the De Hoog algorithms. Cimorelli et al. [8] presented an analytical
solution for a cascade of diffusive channels in the Laplace transform domain. They con-
sidered a stage-discharge relationship at the downstream end with a stage hydrograph or
a flow-discharge hydrograph at the upstream end. The time domain expressions for the
dependent variables were obtained by using the Crump algorithm, which gives a Fourier

series approximation of the Laplace inversion integral. They compared some parts of their
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results with the experiment performed by Rashid and Chaudhry [35]. Nazari and Seo [42]
presented two quasi-analytical methods for solving the one-dimensional linear diffusive
wave model with a lateral inflow for finite channels and applied them to different routing
problems. They presented the solution for the flow discharge only.

Concerning the finding of numerical solutions for such type of problems which includes
lateral inflows as well, several research works are available in the literature (Moussa and
Bocquillon [39], Singh et al. [47], Wang et al. [53], Wang et al. [54], etc.). Franchini and
Todini [21] provided an unconditionally stable scheme to solve the diffusive wave model,
which included a uniformly distributed lateral inflow as well as the flow discharge loss due
to side weirs or overflow of the flow discharge over levees. This can be applied to artificial
channels. Numerical works focused on alluvial channels and meandering rivers, which take
into account the effect of the downstream boundary and spatial variation of lateral inflow,
are also present in the literature (Crosato [9], Zhang and Duan [56], Duré et al. [18]). In
a similar direction, Kefayati et al. [28] presented a numerical scheme to simulate mud and
debris flows. Di Cristo et al. [14] presented an investigation concerning the applicability of
the kinematic, diffusive, and quasi-dynamic wave models on the shallow mud-flows. They
emphasized on the fact that the criteria developed for flows in turbulent conditions cannot
be directly applied to mud-flows because the flow rheology can affect the characteristics
of the propagating flood waves. Di Cristo et al. [12] also numerically investigated the
conditions of the applicability of the nonlinear diffusive wave model for the prediction of
mud-flows. There is a reasonable advancement in the development of numerical methods
for this model (Savant et al. [46], Fenton [20], Sarkhosh et al. [45]). However, explicit
closed-form analytical solutions may be preferred over numerical results to study issues
such as error analysis, inference on how parameters affect the dependent variables, and
when solutions at a particular location are needed quickly by avoiding lengthy integration
at all grid points. In this context, there is still significant interest among researchers in

taking up such problems analytically.

1.6 Motivation

The flow dynamics along a channel length are affected by many factors. The lateral inflow
can significantly alter the flow dynamics along the channel length. This lateral inflow can
be present in any form and at any location along the channel. The analytical solutions
for the SVEs in a semi-infinite channel, which are derived by ignoring the effect of the
downstream boundary, are still in use for assessing the flow behavior in a channel of finite
length. This possibly cannot provide an accurate prediction of the flow behavior since it
ignores the downstream boundary effect, which can highly influence the behavior of the

flow in the channel. Another issue which came to our notice is that the information of the
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flow data is not always available at the gauging stations in the desired forms. In river flow,
the information of the flow discharge and the flow depth both are usually required for
better management of the water resources, flood prediction, water quality management,
navigation and transportation purposes, and research purposes as well. The flow data
is required at different locations of the channel no matter what type of upstream and
downstream boundary conditions are present. This has immensely motivated us to make
an attempt to derive closed-form solutions for the flow discharge and the flow depth
which can help understand in clear terms the influence of different types of lateral inflow
and different types of boundary condition on them. A theoretical study centered around
the effect of the lateral inflow in a finite length channel can be significantly helpful in
understanding the behavior of the flow under different circumstances.

Having extensively gone through a large number of works including those in the pre-
vious section, we realize that there is still a reasonable amount of scope left to derive
and analyze analytical solutions of the SVEs corresponding to different types of lateral
inflow in channels of finite length. In addition, most of the earlier results correspond to
the Dirichlet-type boundary condition and are either presented for the flow discharge or
the flow depth. Physically, the data at two ends of a channel are not always available
in the desired way. To tackle this, in this thesis, we consider different combinations of
boundary conditions so that these analytical solutions could be used for any case as per
the availability of the data at the gauging stations. Further, the analytical solutions are
presented for the flow discharge as well as the flow depth for most of the problems dis-
cussed in this thesis. The spatial variation of the lateral inflow has also not been explored
enough, and to deal with this, the solution for the diffusive wave model corresponding
to a concentrated lateral inflow and a uniformly distributed lateral inflow between any
two locations along the length of the channel is presented. We strongly feel that all the
problems considered in this thesis are physically relevant. To the best of our knowledge,
the solutions for these types of problems have not been presented earlier, and hopefully,

this study will shed some light on these unexplored topics.

1.7 Outline of the thesis

This thesis consists of 6 chapters. The present chapter introduces the topic and discusses
the fundamental governing equations and the tools to be used in the following chapters.
It also provides a brief survey of most of the main works available in the literature and
relevant to the current research study. Chapter 2— Chapter 5 provide the discussion for the
six investigated problems, and Chapter 6 summarizes the obtained results with a glance
into the future scope of the current research work. In these problems, three types of

lateral inflows are considered: (i) a uniformly distributed lateral inflow, (ii) a lateral inflow
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concentrated at a location, and (iii) a lateral inflow distributed between any two locations.
The upstream and downstream boundaries are considered in one of the following forms: a
flow-discharge hydrograph, a flow-depth hydrograph, and a stage-discharge relationship.
The nonlinear problem in each chapter is linearized around some reference conditions,
and the Laplace transform is used to find the analytical solutions.

In Chapter 2, the solution for the flow discharge is presented which corresponds to
the full linearized Saint-Venant equations by considering a uniformly distributed lateral
inflow along the channel length for a finite length rectangular channel. The flow discharge
due to the lateral inflow is presented as the convolution of two functions: the lateral
inflow distributed along the channel length and the lateral channel response function.
The solution is obtained by using the Laplace transform, and the inverse of the Laplace
domain function is obtained by using the already available Laplace inverses. The behavior
of the lateral channel response function is studied for different cases of the reference flow
discharge, channel width, Manning’s roughness coefficient, and bottom slope. The results
are compared with the existing semi-infinite channel results by using hydrographs.

The analytical solutions for the linearized diffusive wave model represented by a simul-
taneous system of two first-order partial differential equations focused on spatial variation
of the lateral inflow in a finite channel are presented in Chapter 3. Two upstream bound-
aries are considered here: a flow-discharge hydrograph and a flow-depth hydrograph, while
the downstream boundary is subject to a flow-depth hydrograph. The lateral inflow is
considered in the form of either a concentrated lateral inflow or a uniformly distributed
lateral inflow between any two locations along the length of the channel. This leads to
two distinct problems as per the type of the lateral inflow considered. The first of these
problems discusses the effect of the concentrated lateral inflow, whereas the other one
focuses on the effect of the uniformly distributed lateral inflow between any two locations
of the channel. The solution corresponding to the lateral inflow distributed between two
locations can also include a lateral inflow distributed along the length of the channel. The
unit-step responses are also derived corresponding to the presented impulse responses for
all the problems corresponding to the diffusive wave model. The behavior of the flow
discharge and the flow depth is discussed for the entire channel for different values of the
Péclet number and different locations of the lateral inflow. The effect of the concentrated
and uniformly distributed lateral inflows at different locations of the channel is thoroughly
studied and also compared with the semi-infinite channel results wherever possible.

In Chapter 4, an analytical solution to the diffusive wave model is presented by obtain-
ing the solution for two unknowns in the flow discharge and the flow depth. The upstream
boundary is considered as a flow-depth hydrograph while the downstream boundary is
considered as a flow-discharge hydrograph. Two different lateral inflows are considered:
a concentrated lateral inflow and a uniformly distributed lateral inflow between any two

locations along the channel length. The unit-step responses are derived to analyze the
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behavior of the responses of the flow discharge and the flow depth to different types of
lateral inflows and boundary conditions. The flow properties are analyzed for different
values of the Péclet number and for different locations of the lateral inflow. Some of the
responses are compared with the corresponding semi-infinite channel responses wherever
possible.

An analytical solution for the diffusive wave model with a stage-discharge relationship
imposed at the downstream end is discussed in Chapter 5. A flow-depth hydrograph or a
flow-discharge is taken as the upstream boundary. The downstream boundary is controlled
by a coefficient called the feedback parameter. The problem is discussed for two types
of lateral inflows: a concentrated lateral inflow and a uniformly distributed lateral inflow
between any two locations along the channel length. This leads to two distinct problems
as per the type of lateral inflow considered. The focus is on analyzing the impact of
the lateral inflow on the flow discharge and the flow depth. The first of these problems
discusses the effect of the concentrated lateral inflow whereas the other one focuses on the
effect of the uniformly distributed lateral inflow between any two locations of the channel.
For the first one, the unit-step responses corresponding to the concentrated lateral inflow
are compared with the corresponding results of a semi-infinite channel. The behavior of
the flow discharge and the flow depth is studied for different values of the Péclet number
and the feedback parameter, and for different locations of the lateral inflow for both the
problems. For the other problem, the behavior of the flow discharge and the flow depth
is also discussed for both types of upstream boundaries for large times, and the similarity
and distinction in their behavior corresponding to both types of upstream boundaries are

discussed.
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CHAPTER 2

Analytical solution for linearized Saint-Venant equations with a

uniformly distributed lateral inflow in a finite rectangular channel

The analytical solution for the flow discharge corresponding to linearized full Saint-Venant
equations by considering a uniformly distributed lateral inflow along the channel length
for a finite length rectangular channel is obtained. The flow discharge due to the lateral
inflow is presented as the convolution of two functions: a lateral inflow distributed along
the channel length and the lateral channel response function. The behavior of the lateral
channel response function for different cases of the reference flow discharge, channel width,

Manning’s roughness coefficient, and bottom slope is shown.

2.1 Mathematical description

2.1.1 Governing equations and other assumptions

We consider the one-dimensional SVEs in their conservative form which include both mass
and momentum conservation equations for a simple rectangular channel as described by
(following [37])

9Q 9A
o0 2Q\ 0Q o0 gAOA _
ot T (7) %Hl_F )T%_QA(SO 5;) (22)

where @ is the flow discharge, A is the cross-section area, g, is the lateral inflow, b is the

top surface width, g is the gravitational constant, S, is the bed slope, x and t are the

23
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space and time variables, respectively, F' is the Froude number given by F? = Q?*b/gA3,
and S, is the friction slope which can be evaluated by Manning’s formula as (same as the

one given in Eq. (1.7) in Chapter 1, Section 1.3)

@Ay

Sf - R4/3

The schematic diagram for a one-dimensional flow in a rectangular channel of length L

is given in Fig. 2.1. Following Napiérkowski [41], Eq. (2.2) is linearized by expressing )
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Figure 2.1: Schematic diagram for flow in a rectangular channel

and A, respectively, as (they are the same as Eq. (1.35))

Q(z,t) = Q, + Q,(z,t) + higher-order terms, (2.3)
A(x,t) = A, + A, (x,t) + higher-order terms, (2.4)

with (@,, A,) representing the steady uniform condition of the flow, (Q,, A,) the first-
order increments in the flow discharge and the cross-section area, respectively. The Tay-
lor’s series expansion for S, for a non-uniform flow condition around a steady uniform

condition represented by (Q,, A,) gives

85

S, -8, ~ a Q (2.5)

Q

where 0S,/0Q and 0S,/0A are evaluated at the reference values @, and A,. Using
Egs. (2.3)—(2.5) in Egs. (2.1) and (2.2), we get

0
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Qo sz Vo aSf So aS So
where V, = —; F, = —= = ; =2—; = —2c—.
A, 94’ 9Y, 0Q Q) 0A @,

Here, V, is the linearized reference value of the flow velocity, F} is the linearized reference
value of F', y, is linearized reference value of the flow depth, c is the kinematic wave
speed [30] which is related to V, through the relation ¢* = ¢/V,. In addition to the
regular assumptions for the SVEs, it is further assumed that the flow is sub-critical (i.e.,
F, < 1). Differentiating Eq. (2.6) with respect to x and Eq. (2.7) with respect to t, and

then combining them, the following equation is obtained:

2 2
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(2.8)

Equation (2.8) can be perceived as the linearized dynamic wave equation which governs
the propagation of shallow water waves. We now present a solution to this equation

satisfying initial and boundary conditions as follows:

9Q,
ot

Q1(07t) = QU<t>7 Q1 (L7t) = Qd(t)'

Q1 (27, O) = Q1 (07 0) +q, (O)LL’, ('T 0) 07

2.2 Proposed method and analytical solution

Laplace transform has been found to be the most popular method used by many re-
searchers, e.g., [16, 37, 41, 52] to solve any form of the SVEs. We apply the Laplace
transform to Eq. (2.8) with respect to the variable ¢, and this results in a second-order

non-homogeneous ordinary differential equation as follows:

1-F )g%;Q +(Aas —QV)dQI (SgAaiH)@l:

I 54 do Te)
oS, _ 03,
08_AQZ - {2‘/0% (O) + S(Ql (07 0) =+ %(O) ) + ng 8@

gA (@, (0,0) + ql<o>x>] . (29)

where Q (z,s) and g,(s) are the Laplace transforms of @, (z,t) and ¢,(t), respectively.

The transformed boundary conditions are obtained as

Q,(0,5) =Q,(s) and  Q(L,s) = Qq(s). (2.10)
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The solution corresponding to the homogeneous part of Eq. (2.9) is

Q,(x,5) = c1(s) exp(ay(s)x) + ca(s) exp(az(s)z). (2.11)

Here oy (s) and ay(s) are the roots of the auxiliary equation corresponding to Eq. (2.9)

given by
a19(8) = as+ag £ \/a352 + ay4s + as,
where
Vo CSO ‘/;)2 + (1 - F02)gyo
=y G2 = g 3 T,
gyo(l_Fo ) (I_Fo )Voyo (1—F0 ) g2y02
25()(6‘/;) % (1 = FO2)gyO). " 50262
7 2 ) 5 — 2
(1 r F02) yOQQVI) (1 - F02> %2y02

The method of undetermined coefficients is employed to evaluate the particular integral
for the non-homogeneous component of Eq. (2.9). By considering Q (z,s) = (i + l»x),
where [, and [y are the associated coefficients, and by using this as the particular integral
of Eq. (2.9), we get [; and [y as

S, as
—nga—Aql +2V,¢,(0) + —L 1+5)Q,(0,0) + X1(s)ly

L= X2<O ‘)9@ o (212)
with Iy = R ] )Z;Z (2.13)
‘o Xo(s) '
where  X(s) = gA, =~ 95, —2V,s,  Xy(s) =8>+ sgA, ==~ 95, .
dA 0Q
The general solution of @ (z, s) can be written as
Q. (z,5) = c1(5) exp(an (5)7) + ca(s) exp(aa(s)z) + Iy + lo. (2.14)

From here onward, we write a;(s) and as(s) simply as a; and ay, respectively, for conve-
nience. We solve for ¢;(s) and cy(s) by using the transformed boundary conditions given

in Eq. (2.10), and rewrite the general solution given in Eq. (2.14) as

Qa(s) = Qu(s) exp(en L)
exp(asL) — exp(a; L)
1 —exp(ay L)
exp(aeL) — exp(ai L)

_ ~ Qu(s)exp(aal) — Qy(s)
@, (2,5) = exp(agL) — exp(ay L)

exp(ar)

exp(aix) +

1 — exp(aqL)
+04
exp(as L) — exp(ay L

] exp(aix) — exp(asx) + 1)
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2.2. Proposed method and analytical solution 27

, <L (exp(a1x) — exp(aqx)) N x) (2.15)

exp(asL) — exp(ay L)

If it is assumed that ¢,(0) = 0 and @, (0,0) = 0, it implies that no perturbation exists for
the reference flow discharge @), before the application of the input. Then, the expressions
for {; and [y reduce to
" s,
—940 57,4,
L= —3A l,=0.

Y

s? + sgA,— 8@

Subsequently, the general solution takes the form

= Qu(5) exp(asl) — Qu(s) Qa(s) — Q. (s) exp(as L)

Gl s) = exp(azL) — exp(ou L) plans) exp(azL) — exp(a L) exp(az?)
S,
(1 = exp(arl)) exp(asz) (1= exp(asl))exp(anz) ] 9 A gal
4 - . (2.16)
exp(asL) — exp(ay L) exp(agl) — exp(ay L) .
s? + sgA, —
3@
2.2.1 Inverse transformation
The inverse of @ (7, s) in Eq. (2.16) can be written as
Q,(7,1) = Qu(t) ® h,(2,1) + Qa(t) ® hy(2,t) + ¢,(t) ® h,,, (z,1), (2.17)

where ® represents the convolution of two Laplace transformable functions; h, is the
upstream boundary response function, h, is the downstream boundary response function
and their expressions have already been found by Dooge and Napiorkowski [16] without
the inclusion of any lateral inflow. The last term in Eq. (2.17) represents the flow discharge
obtained due to the consideration of the uniformly distributed lateral inflow. This term
can be added to the solution obtained by Dooge and Napiérkowski [16] to obtain the
complete solution. Focusing on the contribution of the lateral inflow, and denoting the
roots by aq, as = ki(s) £ \/F(s) with ki(s) = a1s + as and ko(s) = azs® + ags + as, we
get the expression for h,  (z,s) with the help of Eq. (2.16) as

h (5.5) = 2645, { exp(—(ki(s) + V/ka(s))L) — 1

<1—exp ZLW) (s2 4+ Bs)

exp(~(ka(s) + VR(DL) — exp(-2Ly/Ra3) ) 1 }

- exp (ki(s)r + Vka(s)r ) + — ,
(1—exp(—2L kg(S))) (52 + Bs) p< ) s?+ Bs

exp (kl(s)x - kg(S)I)

(2.18)
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28 Linearized SVEs with a Uniformly Distributed Lateral Inflow

dS, S, dS, S, .
where [ =gA,—* 20 2g70, gA, = oA = gA, (—QCQ—O) = —2c"gS,. (2.19)

Moramarco et al. [37] had further simplified Eq. (2.16) by assuming a semi-infinite channel
(i.e., L — 00) and considering Q,(t) = Q4(t) = 0. Here, a finite length channel is consid-
ered and the standard formulas for inverse Laplace transform given in Eqs. (1.27)—(1.30)
in Chapter 1, Section 1.J are used. To find the inverse of Elat (z,s), it is split into three

parts as follows:

hlat(x S) - 26 gS {fl(xu S) —|—72(l‘7 S) —73(ZE, 8)}7 (220)
where

— 1

fi(z,s) = JER (2.21)

- _exp(—(ki(s) + y/ka(s))L) — 1 N
Fale8) = F A S ot i) exp (ki(s)z — Via(5)e) 5

7 ons) = SPU(s) + RGDL) — ep(-2Ly/(5)
(1 —exp(—2L kg(S))) (s2 + Bs)

o ﬂs (2.22)

exp (k‘l(s)x + ]{72(8)1’).

(2.23)

Now, we can write

hua(2.1) = 2698 L7HT (2, )} + L7 o(@,9)} = L7 {Talz, 9)} ), (2:29)

with L™ f,(z,8)} = L {% (é — Jlr 5)} = %(1 —exp(—fBt)).  (2.25)

The other two terms require further simplification. Therefore, f,(x,s) and f4(x,s) are

rewritten in the following way:

— 1

folx,s) = 21 58 {exp (—=k1(s)(L — z)) exp (—(L + ) k:g(s)>

—exp <(k1(5) - \/F(s)) x)} i: exp (—QmL\/F(sD

- mz_:oexp (=Fk1(s)(L — z)) exp <—(2mL +L+x) k2(3)> = i 75
_ T;)exp (k1(s)z) exp (—(2mL + ) /@(s)) ﬁ
= Z(El)m(x, s) — Z(Eg)m(l’, s) = hy(x,s) — hy(x, s), (2.26)
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with

L7Hfo(z,5)} = L7H{M(z,5)} — L7 H{ha(z,5)}

= S LBl )} = S L (B)mles)}, (227)

where

L7 ()l )} = 5 (1= exp (=31) & (exp {—(L - a) ( - ) - ait}

2(1,3 2&3

vvas(2mL + L + x)
V({t —ai(L —2))? —as(2mL + L + x)2

L (7\/(75 —ay (L —2))? —as(2mL + L + :U)2>

><u[t_(al(L—x)+\/@(2mL+L+x))}> +%exp (—az(L — ) = (2mL + L+x)232—3)

X {1 — exp{—ﬁ(t — (a1 (L — ) + Vaz(2mL + L + x)))}}

xuft — (a1 (L — ) + \az(2mL + L+ z))], (2.28)

and

L), 5)} = (Xp{( ), gt ) ” O

2a3 t+ a1z)? — az(2mL + x)?

x I <’y\/(t + a12)? — az(2mL + :C)2) uft — (vaz(2mL + ) — alx)]) ® %(1 —exp (—ft))

) {1- it - (Vartemt +) - )}

x u[t — (Vaz(2mL + z) — ayz)], (2.29)

Qg

2./as

1
+ 3 exp (a2x — (2mL + x)

[ 2
with v = (;—;) — Z—Z.

Similarly, we get

Foes) = D exp(-hls)(L—)ew (~@nL+ L - VEE) o -
- 1
_ mZ:Oexp(kl(s)x) exp (—(2mL +2L —x) k2(3)> R
= > (hs)m(z,8) = > (ha)m(w, 8) = hy(,5) — ha(w, s), (2.30)
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with

L7 fs(,5)} = LTHhs(x,5)} — L7 H{Da(z,5)}

- Z I_l{(ﬁ?))m(x’ S)} - Z oL‘_l{(ﬁ4)m(l’78>}’ (2'31)

where

LY (h3)p(z,8)} = %(1 —exp(—pft)) ® (exp {—(L — ) (az _ a1a4) - ‘L‘:t}

2@3 20,3
vVas(2mL + L — x)
Vit —ai(L—2))?2—a;2mL+L—x

)211 (’Y\/(t —ay(L —1x))? —a3s(2mL + L — 3;)2)

1 ay
X uft— (\/@(QijLL—x)—i—al(L—m))]) —i—gexp <—a2(L —z)—2mL+ L — x)Q\/a_g,)

X {1 —exp{—pB(t — (vas(2mL + L — z) 4+ a1(L — a:)))}}
xu[t — (Vaz(2mL+ L — ) + a;(L — z))], (2.32)

and

LRl s)} = (1= exp(=t) & (exp o 5) o)

2@3 2@3
2mL + 2L —
VG Wﬁ( - (; L 2 e (W@ + @2 = as@mL +2L - 27)
+a1x)* — az(Z2mLl + — T

xult — (vaz(2mL + 2L — x) — am:)]) + 1 exp (agx —(2mL +2L — x) a )

B 2,/a3
X {1 —exp{—B(t — (Vaz(2mL +2L — z) — alx))}}u[t — (az(2mL+2L — z) — ayz)].

(2.33)

For the details of the derivation of the inverse, one may refer to Appendix A. The functions
L7 (2,8)), L7H fo(x,8)}, and L7Hf4(,5)} in Eq. (2.24) contain 3 in the denomi-
nator. Taking 8 out and still using the same terminology for the remaining functions, we
get (2¢*¢S,)/ B = ¢, which converts Eq. (2.24) into

P (1) = { LT )} + L7 Fale, )} = L7 (Tl 0)} ) (239)

Setting the upstream and downstream boundary values of the flow discharge as the ref-
erence discharge, for a unit impulse input at time ¢ = 0 distributed uniformly along the

length of the channel, the interpretation for the lateral channel response function can be
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2.3. Results and discussion 31

given as the total flow discharge obtained at a particular location x in a channel of length

L at some time t > 0 corresponding to this impulse input.

2.3 Results and discussion

It is to be noted that our results involve calculations of series summations of terms from
m = 0 to co. The time duration considered here is from 0 to 300 minutes. As it can
be observed, unit step function and exponential function are present in almost all the
terms of h,,(x,t). The summation index m is present in the argument of the unit step
functions and exponential functions. As m increases, for this choice of the time interval,
most of the terms in the series reduce to zero. If one wants to evaluate the solution for
a different time interval, the same issue will surface. After a while, most of the terms in
the series summation will become zero because of the unit step functions. The presence
of the exponential function with negative argument also decays the value of the response
function. For any time t along with given values of the physical characteristics, the
evaluation of the response function is possible at any location x of the channel. The
physical parameters used here are given next. For the whole study, the upstream and
downstream boundary values are set the same as the reference flow discharge which allows
us to take zero boundary condition for the perturbed quantity, i.e., Q,(t) = Qq(t) = 0.
The objective is to study the behavior of the lateral channel response function and to
plot hydrographs for a lateral inflow with the input taken from Moramarco et al. [37]. By
considering some fixed parameter values such as S, = 0.0002, n = 0.04 m~Y3s, b =20 m,
and Q,, = 0.6752 m3s~!, we present the lateral channel response function. To use the
discrete convolution in place of the continuous one, we use a time step of 6t = 30 s, since
smaller time steps give more accurate values of the discrete convolution (Wang et al. [54]).
Here m stands for meter and s stands for second’. To calculate the final solution, it is
required to know the reference values of the flow discharge, velocity, cross-section area
and Froude number in advance. As this solution is for a sub-critical flow only, there is
a requirement to pick values while keeping F, < 1. Either F, and V, can be chosen first
and then be used to evaluate ), and A, or it can be done the other way around, i.e.,
first choosing (), and A, and then calculating F, and V,. Here, (), is taken as the mean
flow discharge of the lateral inflow input and then A, is calculated by using Manning’s

formula, with the assumption of a steady uniform flow:

Qo = %A0R2/3 \% Soa (2'35)

where R is the hydraulic radius with R = A,/P. Here P is the wetted perimeter, which,

tThese are not to be confused with the summation index m and Laplace transform variable s used
elsewhere.
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32 Linearized SVEs with a Uniformly Distributed Lateral Inflow

for a rectangular channel is

p=_—"0_ (2.36)

A
b+2—=
* b

We study the behavior of the lateral channel response function at different locations of
the channel for different parameters like reference flow discharge, Manning’s roughness
coefficient, channel length, width and bottom slope of the channel. This is achieved by
plotting lateral channel response function against time corresponding to different values
of a specific parameter as per the requirement. We also compare the present hydrographs

with one of the hydrographs plotted in [37]. The obtained results are presented next.

2.3.1 Behavior of lateral channel response function (%) at a

fixed location for different channel length L

The observation regarding the limitation of the work of Moramarco et al. [37] is that they
presented the solution for semi-infinite channels only, and this result fails to work for chan-
nels of smaller length where the downstream boundary condition can have a significant
effect on the flow discharge at different locations. In the process of considering a channel
as a semi-infinite one, the effect of the downstream boundary was ignored. Although tak-
ing L — oo simplified the process of calculating the inverse but it overestimated the flow
discharge corresponding to the uniformly distributed lateral inflow at different locations.
For a channel of finite length, their result seems not useful since it gives the same result
for every location x of the channel, no matter what channel length is considered.

In Fig. 2.2, the response function for the flow discharge is plotted at location z = 990 m
for different values of L with some fixed values of the parameters. For comparison, h, ,(x,t)
from Eq. (2.34) and the corresponding part of the analytical solution from Moramarco
et al. [37] are plotted for different channel lengths. As can be observed in Fig. 2.2 the
response function taken from [37] is the same for x = 990 m, no matter what channel
length is considered. For L = 1500 m, the response function at x = 990 m approaches
zero sooner as compared to larger values of L. This may have happened because the
downstream boundary value is set the same as (), and the distance between z and the
downstream boundary is small. The response function at x = 990 m for L = 3000 m
is almost the same as that of Moramarco et al. [37] which means that, for x = 990 m,
the downstream boundary can be ignored. We can further say that, for the considered
parameters, any channel length less than 3000 m affects the hydrographs plotted at x =
990 m or upstream to this location. Therefore, the result presented here is expected to
produce more feasible values in estimating the outflow for channels of smaller lengths than
the one in [37].
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Lateral Channel Response Function h, , (x, t)
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Figure 2.2: Lateral channel response function for x = 990 m, Q, = @, S, = 0.0002, b =
20 m, n = 0.04 m~3s with Q,(t) = Q,(t) =0

2.3.2 Behavior of h (z,t) at different locations of the channel

for different values of base flow @),

To understand the effect of ),, the response function for the flow discharge is plotted
in Fig. 2.3, at different locations of the channel for different values of ), by fixing other
parameters for a channel length L = 1000 m. For Fig. 2.3, we consider four locations of
the channel, viz., x = 10,400,600 and 990 m. It can be observed that different choice of
the base flow has a significant effect on the response function which reaches its maximum
very quickly, and then there is a sudden decline in that maximum. For the locations
closer to the upstream boundary (i.e., forx = 10 m) and downstream boundary (i.e.,
forz = 990 m), it is observed that smaller the value of @ , higher is the maximum of
the response function. As the reference flow discharge decreases, the response function
reduces in such a way that it approaches zero at a later time as compared to the higher
values of the reference flow discharge. This may have happened because the flow discharge
at the upstream and downstream end is set the same as the reference flow discharge. For
a location near the mid portion of the channel, this behavior is completely reversed as
can be seen from Fig. 2.3. For these locations, the decay in the maximum of the response

function is also smoother for lower values of the base flow as compared with the higher
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Figure 2.3: Lateral channel response function (h, ,(x,t)) at different location for (a)
z = 10m, (b) z = 400 m, (c) x = 600 m, (d) z = 990 m; with L = 1000 m, S, =
0.0002, Q,, = 0.6752 m?s™!, b= 20 m, n = 0.04 m~'3s, Q () =Q,(t) =0

ones. This may have happened because the effect of the upstream and downstream
boundaries is at its minimum near the mid location of the channel. Therefore, we need to
choose @), carefully depending upon at which location of the channel we want to observe

the hydrograph.

2.3.3 Behavior of h, ,(z,t) at different locations of the channel
for different values of channel width b
To understand the effect of the channel width, the response function for the flow dis-

charge is plotted in Fig. 2.4, at different locations of the channel for different values of

b keeping the length of the channel and other parameters fixed. We show the results
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for four locations of the channel, viz., x = 10,500,800 and 990 m. In Fig. 2.4, we can
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Figure 2.4: Lateral channel response function (h,,,(x,t)) at different location for (a)
r = 10m, (b) z = 500 m, (c) x = 800 m, (d) z = 990 m; with L = 1000 m, S, =
0.0002, Q, = 0.675 m3/s, n = 0.04 m~'/3s, Q,(t) =Q,(t) =0

observe that, for different values of the channel width, there is a significant effect on the
response function. For locations closer to the upstream and downstream boundaries, the
response function reaches its maximum instantly and drops down giving a sharp peak.
The upstream and downstream boundaries set at reference flow discharge have a signif-
icant effect on the response function as it can be observed that higher the value of b,
higher is the maximum of response function for x = 10, 990 m. For x = 10 m, there
is not much difference in the shape of the response function for different widths, except
that they have different maxima. For x = 990 m, as the channel width is increased, the
response function reduces slowly corresponding to higher values of the channel width.

At = = 500 m, the response function reaches its maximum instantly but in place of a
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sharp peak, a smooth peak is observed. This smoothness reduces as we go closer to the
downstream end which is observed in the case of z = 800 m. For the locations away from
the upstream or downstream ends, the decay in the maximum of the response function
is also smoother for higher values of b as compared to the lower one. In contrast to the
case of x = 10m, 990m, it is observed that, corresponding to lower values of b, higher

maximum of the response function appears.

2.3.4 Behavior of h (z,t) at different locations of the channel

for different values of channel roughness n

To analyse the effect of Manning’s roughness coefficient, the response function for the flow
discharge is plotted in Fig. 2.5, at different locations of the channel for different values of
n keeping the length of the channel and other parameters fixed. We take the range of n
from 0.02 to 0.05 for this study. Again, we show the results for the same locations of the
channel. In Fig. 2.5, we observe that, Manning’s roughness coefficient has a significant
effect on the response function. For the locations closer to the upstream boundary and
downstream boundary, the response function reaches its maximum instantly and drops
down giving a sharp peak. For x = 10 m, there is not much difference in the shape of
the response function for different values of n, except that they have different maxima.
For other cases, only after some variation in the dropping of the maxima, for all values
of n, the response function converges after a certain time. Higher the value of n, lower
is the maximum of the response function. This difference in peak has a significant effect
on the hydrograph generated for any choice of the uniformly distributed lateral inflow
hydrograph. The shape of the response function gets distorted after the drop in the peak
as we go toward the downstream boundary which is not the case for the locations near
the upstream boundary. One of the reasons for this behavior is the choice of the other
reference parameters. For b > 20 m, this sharpness fades away. For the locations near the
downstream end, if we choose a smaller value of n, then we need a higher value of b to get
a smooth graph of the response function. But the pattern of the graph will certainly be
different from the one corresponding to the locations far away from downstream boundary.
The dominance of the downstream boundary may be the other reason behind the different

patterns of the graphs for the locations closer to it.

2.3.5 Behavior of h ,(z,t) at different locations of the channel
for different values of channel bottom slope S,
To study the effect of S, we plot the response function for the flow discharge in Fig. 2.6,

at different locations of the channel for different values of S, keeping the values of L, @),
and n fixed. We take the range of S, from 0.0001 to 0.001 for this study. Depending
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Figure 2.5: Lateral channel response function (h,,,(x,t)) at different location for (a)
r = 10m, (b) z = 500 m, (c) x = 800 m, (d) z = 990 m; with L = 1000 m, S, =
0.0002, Q, = 0.675 m®*/s, b=20m, Q,(t) = Q,(t) =0

on the value of S, we also change the width of the channel. For gentle bed slopes, a
higher value of channel width can be considered but not for higher slopes. Again, we
show the results for the same locations of the channel. In Fig. 2.6, we observe that
changing the slope has a significant effect on the response function. For a location closer
to the upstream boundary and downstream boundary, the response function reaches its
maximum instantly and drops down giving a sharp peak. For z = 10 m, there is not
much difference in the shape of the response function for different slopes, except that
they have different maxima. For all the channel locations, higher value of S, gives a
higher maximum of the response function which achieves its highest peak in the case of
x = 500 m. As we move toward the downstream end, a reduction in its peak is observed.

We can say that due to this behavior, we can predict the hydrograph for higher values of
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Figure 2.6: Lateral channel response function (h,,,(x,t)) at different location for (a)
z = 10m, (b) x = 500 m, (¢) x = 800 m, (d) x = 990 m; with L = 1000 m, Q, =
0.675 m®/s, n = 0.04 m™3s, Q,(t) = Q,(t) =0

the slope in a more profound way.

2.3.6 Comparison of hydrographs at different locations for a lat-

eral inflow input taken from Moramarco et al. [37]

To plot hydrographs at different locations, a uniformly distributed lateral inflow is con-

sidered. Let @,(t) be the total lateral inflow hydrograph. Then, for a uniformly dis-
Q,

tributed lateral inflow along the channel reach, we can take ¢, (t) = —* (m?s™') as also
considered in [38]. To calculate the flow discharge from Eq. (2.17), we apply discrete
convolution on ¢,(¢t) and h,,(x,t) in MATLAB. Through Fig. 2.7, we compare our re-

sult with that of Moramarco et al. [37] at z = 1500 m for the parameters considered
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Figure 2.7: Hydrograph comparison at x = 1500 m for different channel lengths with
Qy = Qm, S, = 0.0001, b =10 m, n = 0.05 m~3s, Q,(t) = Q,(t) =0

in [37], ie., Q, = Qm, S, = 0.0001, b = 10 m, n = 0.05 m~'/3s. For comparison, we
take the inflow hydrograph to be the same as the one in [37]. Their analytical solution
is independent of the channel length but they considered a channel length of 1500 m for
observation and plotted the hydrographs at the downstream end. We consider different
lengths of the channel and observe here that, for these parameters, as we increase the
length of the channel, the outflow agrees with that in [37]. Relying on the fact that their
solutions work well for semi-infinite channels, this result shows, for x = 1500 m, which
channel lengths can actually be considered as semi-infinite ones where the effect of the
downstream boundary condition can be ignored. For the flow discharge at x = 1500 m in
a channel of length L = 5000 m, the result obtained in [37] seems to have overestimated
the outflow hydrograph. From this observation, we can infer that, for x = 1500 m or any
location upstream to this location, any channel of length greater than 6000 m (approx.)
can only behave like a semi-infinite channel corresponding to these parameters.

In Fig. 2.8, our result is compared with that of Moramarco et al. [37] at z = 1500 m for
the parameters considered in [37], i.e., Q, = Qm, S, = 0.001, b = 3 m, n = 0.03 m~'/3s,
We take different lengths of the channel and observe that, for these parameters, as the
length of the channel is increased, the outflow agrees well with the inflow hydrograph with
a shift at the time of the peak of the hydrograph. For the flow discharge at x = 1500 m in a
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Figure 2.8: Hydrograph comparison at = 1500 m for different channel lengths with
Q, = Qm, S, =0.001, b =3m, n=0.03m Y3s, Q,(t) = Q,(t) =0

channel of length L = 2000 m, the result obtained in [37] seemed to have overestimated the
outflow hydrograph. This implies that, for each distinct slope, a different interpretation of
semi-infinite length channel can be given. Accordingly, for the hydrograph at = = 1500 m
or for that matter, at any location upstream to this one, any length of the channel greater
than or equal to 2200 m, which is much smaller in comparison with the one observed in
Fig. 2.7, falls under the category of semi-infinite length for a channel corresponding to

these parameters.

2.4 Conclusion

An attempt has been made to find an expression for the flow discharge obeying the lin-
earized SVEs with a uniformly distributed lateral inflow for a finite length rectangular
channel and to present the analytical solution mainly with respect to the response func-
tion. The primary focus is on the study of the effect of the lateral inflow, for which the
upstream and downstream boundary values are kept as the same as the reference flow dis-
charge. Two cases of outflow hydrograph have been discussed. For rectangular channels,

this result can be combined with that of Dooge and Napiorkowski [16] to get the complete
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solution of the linearized SVEs with the lateral inflow and the flow discharge for non-zero
upstream and downstream boundary conditions. We have emphasized on the behavior of
the response function corresponding to the lateral inflow and named it 'lateral channel
response function" which gets affected by the presence of both the upstream as well as
the downstream boundary conditions. In all the cases, the peak of the response function
for x = 500 m was up to 10 times of the peak for the locations near the upstream and
downstream ends. It is concluded here that this difference gives the maximum peak of
the hydrograph near the mid-point location of the channel. Because the upstream and
downstream boundaries were set at the reference flow discharge value, for a particular
choice of lateral inflow hydrograph, a smaller peak for the locations near the ends was ob-
served. From Figs. 2.2—2.6, it was observed that, for small length channels, the influence
of the upstream and downstream boundaries on the lateral channel response function is
significant which was clearly visible in the corresponding hydrographs as well. As can
be observed from Figs. 2.7 and 2.8, the hydrographs changed significantly for smaller
slopes. Here, the reference flow discharge was very small, and although this reference
flow discharge can work fine for larger values of the slope, but for flat channels, much
larger values of (), are required to be considered. Therefore, in choosing the reference
flow discharge, utmost care is to be taken since, for wider channels, there is a requirement
of greater reference flow discharge for an accurate prediction of the hydrograph. The
interpretation of semi-infinite channels also varies with respect to the considered slope
of the channel. Our main observation in this respect is that the downstream boundary
condition cannot always be ignored and for these cases, we observe its influence on the
hydrographs plotted upstream. By comparing our results with those of Moramarco et
al. [37], we have tried to provide the feasibility of the situation when it is appropriate to
ignore the downstream boundary. The presented form of the analytical solution will hold

for other prismatic channels as well.
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CHAPTER 3

Diffusive wave model in a finite length channel with different types
of lateral inflow subject to a flow-depth hydrograph at the

downstream end

In this chapter, an analytical solution is presented for the linearized diffusive wave model
represented by a simultaneous system of two first-order partial differential equations fo-
cused on the spatial variation of the lateral inflow in a finite channel. A concentrated
lateral inflow which can represent the case of an inflow from a small-width tributary is
considered through the Dirac delta function, while a uniformly distributed lateral inflow
between any two locations is represented through the unit-step function. The Laplace
transform method is used to solve these equations analytically. Two types of upstream
boundaries are considered here: a flow-discharge hydrograph and a flow-depth hydrograph,
while keeping a flow-depth hydrograph as the downstream boundary. Using unit-step re-
sponses, the effect of different boundaries and lateral inflows on the flow discharge and

the flow depth is studied corresponding to different values of the Péclet number.

3.1 Mathematical formulation

3.1.1 Governing equations and the proposed method

The diffusive wave approximation of the SVEs ignores the effect of inertial forces and is
described by the following equations in the unknowns @ and h [10]:
10QQ 0Oh q,
i 2T 3.1
bor "ot b 8.1)
43
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44 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

Oh

8_[E - SO—S

f?

(3.2)

where x and ¢ are the independent space and time variables, respectively; h(z, ) is the flow
depth; Q(x,t) is the flow discharge; b(h) is the water surface width; ¢,(z,t) is the lateral
inflow per unit length; S, is the bed slope; S,(Q,h) is the friction slope. A schematic

diagram corresponding to the formulated problem is given in Fig. 3.1.

Water surface

Q) o 0 %
) |how Q ) h(L.y
—
x=0 X ) ’ﬁt ................................... A J
SO x=L

Figure 3.1: A schematic diagram for the formulated problem

Following the work of Cimorelli et al. [7], we consider a prismatic channel in order to
linearize Eqgs. (3.1) and (3.2). When the flow is perturbed, the unknown variables () and

h can be written as

Q(z,t) = Q, + Q,(z,t) + higher-order terms, (3.3)
h(z,t) = hy, + h,(z,t) + higher-order terms, (3.4)

where (Q,, h,) are the reference values corresponding to the uniform-steady flow; (Q,, h,)
are the first-order increments with higher-order terms being ignored. The friction slope
is dependent on @) and h, and its Taylor series expansion around the point (Q,, h,) can

be expressed as follows [16]:

oS

S, =85.(Q,, hy) + (2—2) (Q—Q,) + (a—hf) (h — h,) + higher-order terms, (3.5)
0 0

where
oS ; B oS ; oS ; B oS ;
0Q /, N 0Q "\ Oh 0 -~ Oh

Using Egs. (3.3)—(3.5) in Egs. (3.1) and (3.2), and ignoring the higher-order terms, we

(Qovho) (Q()7h0)
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get
00, oh,
o + b, oy =q,, (3.6)
oh, a8, dS, B
5 (a0),@ (G) =0 3D

with b, = b(h,) as the linearized water surface width around the reference condition.
To simplify the formulation, the non-dimensional form of the variables can be consid-
ered as (Cimorelli et al. [7]):

. . 4 L _ 1 dS,/oh
E =t/ (L/C), @" =afly W =hifhy, QF=Q)/Qy, with € == (an/aQ>o’

(3.8)

where t*, z*, Q*, h* are the dimensionless time variable, the space variable, the flow dis-
charge and the flow depth, respectively; L is the channel length and C| is the celerity of
the linearized model. Using these dimensionless quantities in Eqgs. (3.6) and (3.7), we get

the following system:

on 0Q*
% +r, Q" +r,h" =0, (3.10)
where
] _h, _ 95,\ @Q, » a5,
ql _qlL/Qou ﬁ_Q_OboOoa ry _L(% Oh_07 7”2—L % 0. (311)

Here, ¢*(2*,t*) is the dimensionless lateral inflow and 3 is the dimensionless water surface
width. We assume that there is no perturbation in the flow depth and flow discharge before
the application of any input, i.e., h,(2,0) = 0 and @, (x,0) = 0. Then, applying Laplace
transform on Egs. (3.9) and (3.10), we get

dQ* o =
W + Bsh* =, (3.12)
+7,Q* +1,h* =0, (3.13)

dx*

where Q*(z*, 5), h*(z*, 5), and q*(2*, s) are the Laplace transforms of Q*(z*,t*), h*(z*,t*),

and ¢*(z*,t*), respectively. This system can also be written in the following form [7]:

dU (z*, s)

da*

— M(s)U(z*,s) = R(z*, 5), (3.14)
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where T (a", s) = [C;fi((jj;] CM(s) = [_(1 :fj R(zs) = q_7<”i)*’ 5)] |
The solution of Eq. (3.14) is given by
U(x*,s) = exp(M(s)x*)U(0, s) + /Ox exp(M(s) (z* — ¢)) R(¢p, s)do, (3.15)

where U(0,s) = (Q*(0,s) h*(0, s))T is the vector representing the upstream boundary
condition. The entries o, of the matrix exp(M (s)z*) were evaluated by Cimorelli et al. [7]
by finding the eigenvalues and eigenvectors of the matrix M(s) and these entries are as

follows:

2
VZ ’

V/Z cosh (%\/2) — P.sinh <x—\/7)

(3.16)

<Pezx*) - %ﬁ) ’ (3.17)
a, (2%, 5) = QTfe exp (P 25”) o (2\/2> , (3.18)

Py V/'Z cosh (%\/7) + P, sinh (%\/Z)
a,, (z",8) = exp ( 62 ) Nz f

with Z = P? + 4P,s where P, = C,L/D, is the Péclet number; D, = Q,/(2b,S5,) is the
linearized diffusivity coefficient. The significance of the Péclet number is already described
in Chapter 1, Section 1.3.

Cimorelli et al. [7] further simplified Eq. (3.15) by replacing ¢*(z*, s) with ¢*(s), and

(3.19)

solved the given system of two ordinary differential equations. We try to use this method
to study the effect of different types of lateral inflow. In many cases, the temporal and
spatial components of the lateral inflow discharge ¢, (x,t) are independent. Consequently,
we can write it as a product of two functions, i.e., ¢ (z,t) = X(2)T(t). Here, X(z)
represents the discharge distribution in space and T'(¢) is the total discharge of the lateral
inflow [19]. The non-dimensional form of ¢,(z,t) and the corresponding Laplace transform
can be written, respectively, as

X(x) T(t) —

q (x", ") = L Q. = X*(2")T*(t") and ¢ (2", s) = X" (2")T*(s), (3.20)

where T*(s) is the Laplace transform of T*(t*).
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We take up the problem for two types of lateral inflow as discussed below.
Concentrated lateral inflow: We first consider the case of a concentrated lateral inflow
at some location of the channel. This can represent the cases where the lateral inflow is
due to a tributary whose width is negligible in comparison with the length of the channel
under study. For a concentrated lateral inflow at a location z,, X*(z*) can be expressed

through the Dirac delta function §(.) which satisfies the following property [44]:
/ f(@")o(z* — a2)da™ = f(z)), with §(2" —2)) =0V 2" # a7, (3.21)

for a function f. Here, 7 is the non-dimensional form of z,, also called the source of the
lateral inflow. Using Eqs. (3.20) and (3.21) in simplifying the integral of Eq. (3.15), we

get
z* g _ T E o, (27 — 9, 8)5(¢ ) ;>
/0 exp(M(s) (z* — ¢)) R(¢,s)dg =T (‘9)/0 [%1 r* — $,8)0(p — xF 10
—_— Qo (‘T* — Ty S
T*(s) 0 , for z* > a7,
— Qyy (l‘* o ‘T;’ S) (3 22)
0, for z* < x7.

Finally, using Eqs. (3.15) and (3.22), we get the following form of the vector U(x*, s):

U(x*,s) = exp(M(s)x*) Ci:(((()),;) + [z“gi : ﬁ’j;;gz; ,  foraz* >z (3.23a)
U(x*,s) = exp(M(s)x*) Ci:((g’j)) : for 2* < ¥ (3.23b)

The system given in Eq. (3.23a) represents the effect of the lateral inflow concentrated
at ¥ on the subsequent downstream locations whereas the one in Eq. (3.23b) shows the
effect on the locations upstream to the concentrated lateral inflow.

Distributed lateral inflow: The second type of lateral inflow is present between
two locations along the length of the channel. This can represent the lateral inflow into a
river from a tributary of reasonable width. We consider this lateral inflow to be uniformly
distributed between locations x, and x, with z] and ] as the non-dimensional forms,
respectively. Let the non-dimensional width of this portion be x5 — 3. For this, X*(z*)

can be written as [19]

1
£ o) ol — ot , for z* € [x* x7],
Xy = W xlz “i‘” w) _Ju-a v (3.24)
T2 T 0, for x* ¢ [x7, x7],
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where u(.) is the unit-step function with x} — 2 # 0. Using Eq. (3.24), the integral in
Eq. (3.15) can be simplified as

0, for 0 <a* <7,

= o, (2F— o, s
x ) T+ (s) / “( ¢5) do, for z* <a* < af,
| o) @ - 0) Rio.5)0 = 3 S Nt = 6.9
0 2 1

/ 2@ =09) do, for ¥ <a* <1,

L 3 2% (l‘* - 9257 S)
0, for 0 <™ <]
- ﬁ(S>Au (x*, 5) (325)

for z* > x7,

-l o

with

A (2%, 8) = LP, h VZ
o9 <o (55 ){ Gl )
* _ * 1
_cosh [ —T1y/Z +——— fora’ <z*<al, (3.26a)
2 s(xr — %) ! 2
1 i T

A, (xFs) = —— 2P, h 2N Z

L (x%)s) e exp ( 5 ){cos ( > )

2

1 * * Pe 2 * *
—i——_exp(m 21‘1Pe){ \;—Zssinh<x 2901\/2)

— cosh (x ;:El \/Z) }, for z; < a* <1, (3.26Db)

_Pe+2ssmh<m —xzﬁ)}

1 A P A
A, (z%,8) = ———exp ( ! e) —= sinh ( ! \/Z)
s =) N 2

* _ * 1
S (i Bv7) i QI S L <zt <zl (3.27a)
BS<$ 1 2

)

1 * * * *
A, (2%, s) = —)exp (a: 5 ! Pe> { cosh (x ! \/2)

2
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_F sinh (x _$2\/§>}

JZ 2

1 r* — x* P ¥ — x*
+——ex LP. ){ —=sinh 1\/Z)
Bs(x; — =) p( 2 ){¢Z ( 2

— cosh (x ;xl \/Z) }, for z; < 2" < 1. (3.27b)

Finally, using Eqs. (3.15) and (3.25), we get the following form of the vector U(x*, s):

] o 4 P I
U(x*,s) = exp(M(s)x*) Ci:(((()],;) : for o* < a¥.  (3.28b)

The system given in Eq. (3.28a) represents the effect of the lateral inflow on locations
downstream to x%, whereas the one in Eq. (3.28b) shows the effect on the locations

*
upstream to x7.

3.2 Solution in the time domain

It is assumed that Q*(0,¢*), h*(0,t*) and h*(1,t*) as well as the corresponding Laplace
transforms Q*(0, s), h*(0,s) and h*(1,s) are known. In addition to this, it is assumed

that x,, x,, x,, and T'(t) are all known.

3.2.1 For the flow-discharge hydrograph at the upstream end

For this case, the upstream boundary and the downstream boundary are considered as
Q*(0,t*) and h*(1,t*), respectively. The solutions for both types of lateral inflows are
discussed next.

Concentrated lateral inflow

Using the upstream and downstream boundary conditions, h*(2*,s) at #* = 1 can be

obtained from the system given in Eq. (3.23) as

h*(1,8) = ay, (1,8)Q%(0,8) + v,y (1, 8)h*(0, 8) + ay, (1 — z, $)T*(s). (3.29)
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Using Eq. (3.29), h*(0, s) can be written as

hr(Ls) oy (1s)

ay (1 — :c;*,s)

0.8 = i " e T 00 Ty T (30
Subsequently, the system given in Eq. (3.23) gets converted to

Q*(z*,5) = R, (2*,5)Q*(0,8) + R,(z*, s)h*(1, 5) + R, (z*, 8)T*(s), (3.31)

h*(z*,s) = S, (z%,8)Q*(0,5) + S, (x*,s)h*(1,8) + S, (z*, s)T*(s). (3.32)

The inverses of R, (x*,s), R,(z* s),S,(z* s) and S, (2% s) are already provided by

Cimorelli et al. [7], and the two new terms R,(z*,s) and S,(z*,s) can be written as

Pe
. €Xp B 1’ iL‘

R, (2", s)

4P * 1—2a"
e sinh (%ﬁ) sinh ( 2$ ﬁ)

V' Z cosh (g) + P, sinh <\/2?> { 2

[\3

1 *_ * 1 *_ *
—i—\/Ecosh( R x\/_)+Ps1nh(#\/Z)},forx*>x:7

(3.33a)

P, :
—4P,sexp (—(:c* — x*)) sinh (x—\/?>
. 2 0 2
R (2%, s

) =
VZ (ﬁcosh (g) + P, sinh (g))

1_ *
sinh( 2% \/2), BT D2 T,

(3.33h)
and
S (2" 5) = 2P eXp< (2" x;>>smh(1 fﬁ)
() ()
7z :

_ P. 1—z*
S, (x*,s) = 2P, exp <7($* — xj)) sinh ( Yoz
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2
X Jfor % < . (3.34b)

B\/E (\/7 cosh (%7) + P, sinh (g))

The inverse transforms for Q*(x*, s) and h*(x*, s) can be obtained, respectively, as

V7 cosh (%ﬁ) 4+ P.sinh (iﬁ

QO (z*,t*) = R, (2", ") ® Q*(0,+) + R, (", ") ® B*(1,t*) + R, («*, ") ® T*(*), (3.35)
R (z%, %) = 5, (a5, ¢) ® Q*(0,¢7) + 5, (2%, 1) ® h*(1,87) + 5, (", t") @ T*(t"),  (3.36)

where ® is the convolution operator; R, (z*,t*), R, (z*,t*), R (:U t*), S, (z*,t*), S, (a*, t*)
and S, (z*, t*) are the inverse transforms of R, (2%, s), R, (2%, s), R,(z*,s), S, (*, s), S, (z*, 5)
and S, (z*, s), respectively.

Uniformly distributed lateral inflow

Using the upstream and downstream boundary conditions, we obtain h*(z*,s) at 2* = 1

from the system given in Eq. (3.28) as
P*(1,8) = 0, (1, 8)@%(0, 5) + gy (1, 8)h*(0, 5) + Ay, (1, 5)T(s). (3.37)

Using Eq. (3.37), h*(0,5) can be written as

F(l,s) a,, (1, )_ M_*S
a22(1vs) a,,(1, )Q( 5) = o (s)- (3.38)

Subsequently, the system given in Eq. (3.28) gets converted to

h*(0,5) =

T (a,5) = Tl T (0,5) + By (0, (1L 8) + B, (), (3.39)
S, (x*,8)Q*(0,s) + S, (x*,s)h*(1,5) + S,,(z*, 8)T*(s). (3.40)

Inverses of R, (z*,s), R, (z*,s), S,(z*,s) and S,(z*, s) are already provided by Cimorelli

et al. [7], and the two new terms R,,(z*,s) and S,,(z*, s) can be written as

sinh (x*ﬁ)
_ 2 2
) om N (\/Ecosh (g) + P, sinh (g))
X {exp (a:*;x;‘ e) (ﬁcosh( % ) smh(l;x: Z)>
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— exp (x;x ) (\/Zcosh(l;xfx/?) —Pesinh(lgxfﬁ>)}7

for 0 < a* < a7, (3.41a)
— ) 7 1 — o* 1 — *
2exp (x 5 2 P) Smh( 2 > \/Ecrosh< 2% Z) —Pesinh( 2%\/7)
Rd(m*’ 5) = Tr—at VZ VZ VZ
: ' V/Z cosh (T) + P, sinh (T)
Tt — ]
N ] exp | —5 1
3\/? e
(z; D) V/Z cosh (g) + P, sinh (g)
. {\/Z (Pe cink (%\/z) — Zecsh (—f” Y ﬁ))
— 2ssinh (%\/E) (\/Ecosh <xT\/E) + P, sinh <_x 5 \/Z)) },
1 * * *
+ s@ — %) for 7 < " <), (3.41b)
z* — xi‘P
. 1 exp - ’
de(x 78) =

sﬁ(xi—xf)ﬁcosh <g>+Pesinh (g)

x{\/Z(Pesinh(m\/?) \/Zcosh( ;U ! ))

@

2
- (/2 (Voo (7)o (1) )
X exp (x = Pe)

sx/ﬁ(x;‘—xf)ﬁcosh (g)JrPesinh (\/77)

x {\/E (Pe sinh (x_—‘%_l\/?) —V/Z cosh (x_Tm?_l ))

N

2
~osinh (2vZ) (VZeot (£ ) + posan (T2 ) }

for ) < 2" <1, (3.41c)
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and

V/'Z cosh (x f) + P, sinh (x f)
_ 1

Sld(x*78) = - s(z* — o+
& ? 1) N (\/?cosh (g) + P, sinh (g))

x{exp(x*;xzpe) (\/Ecosh( % ) smh(l_ajz\/Z))
() (s () (55

for 0 < 2" < a7, (3.42a)
V' Z cosh (m f) + P, sinh (m f)
ES\/Z(:Uj —¥)
1—a )
2\ Z
2

vz

2

T —x

* 1 2
Sld(ﬂﬁ,S) W—GXP( 9 Pe

1_ *
\/Z cosh ( 2% \/2) — P.sinh

V/'Z cosh (g) + P, sinh (
1

¥ — ¥ ‘ T —
2P, exp ( 5 ! Pe) sinh < 5

Bs(zy — x7) VZ
V/'Z cosh ( ﬁ) + (P, + 2s) sinh (w*;/?)

>< for ¥ < a* <z}, (3.42b)

A (\/f) +F Smh( Z) |
RS
T e () ()
X {exp (x*;gcfpe) (ﬁcosh (fﬁlf) + (P. + 2s) sinh (xlf»
o (52 (V2o (557 < 0200 (547 |

for x) < 2" <1, (3.42¢)

X

VZ
+
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54 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

Inverse transformation

Laplace inverses of the functions described in the previous subsection are derived here
by using the Laplace inversion theorem. Apparently, the functions in Eqgs. (3.33)—(3.34)
and (3.41)—(3.42) are two-valued in the neighborhood of the point s where Z = 0. But
all these functions give the same value for Z and —Z. So, these functions are all single-
valued with no branch points. Subsequently, the only singularities here are the zeros of
and S,,. The attribute of the Jordan’s

lemma provided in Chapter 1, Section 1.4 also holds true for all four of these functions.

the denominators of the functions R,, S,, R,,,
As both the numerator and the denominator of these functions vanish at s = —P,/4,
therefore, it need not be considered as a singularity [15]. Using the similar technique as
used by Cimorelli et al. [7] to find the poles of the functions in Eqgs. (3.33), (3.34), 3.41),
and (3.42), we need to find the roots of the following:

vZ\ | P vZ
Z cosh (T) {ﬁtanh (7) + 1} = 0. (3.43)

The roots of Eq. (3.43) correspond only to the roots given by the quantity inside {}, and
these are the only poles of the functions in Egs. (3.33), (3.34), 3.41), and (3.42). Equation
(3.43) has roots for the negative values of s only. Replacing s by —r, we get

P, 1
————  tan (—\/41367« - Pﬁ) +1=0, (3.44)
V/4P,;r — P.? 2

by using the property tanh(iy/z) = itan(y/x). Equation (3.44) has one root in each

interval given by

(Pe (2k —1)*x2 P, (2k+1)*n?
s, € e

— 1P ) , where k € N. (3.45)

1T T ap
There are no repeated roots of Eq. (3.44) and hence, all the poles of R, (z*,s), S,(z*,s),
R, (z*,s), and S,,(z*, s) are simple poles only. Then, we use the Residue Theorem [2]

to evaluate the integral for these functions appearing in the Laplace inversion theorem.
Therefore, f(t*) takes the form

f(t") = Z Res(exp(st*)?(s) , 8= sk> = Z slirgl (s —s,)exp (st*) f(s). (3.46)

k=1 k
Now, using Laplace inversion theorem and Eq. (3.46), we can write

o0

R (z*,t) =) a,(x")exp(—s,t%), (3.47)

k=1
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3.2. Solution in the time domain 55

S (@) =3 b (x") exp (—s,t), (3.48)
k=1
R, (x*,t") = Zalk(x*) exp (—s,t"), (3.49)
k=1
S, (z*,t") = Z b, (x%)exp (—s,t"), (3.50)
k=1
with
P
exp (?e(x* — xz)) - 1 — 2
a,(x*)=— 4P,s, sin (—M/Zk) sin ( \/Zk>
N 2
(4P.s, + 2P,) cos >
1 * A * 1 * 0 *
+ P.\/Z,_sin (#\/ZJ + Z, cos <#VZ,€) }, for x* > a7,

and

b, (z*) = — exp (%(x* - x:)) sin (1 — % \/7>
Ve (%\/7) ¢ Posin (%ﬁ) |
B(2s, + 1) cos (\/Z>

\)

2
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56 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

Furthermore,

_exp($ 2x1 e)( Z, cos (Txlw/Zk>—Pesin< 2$1\/Zk))},

for 0 < z* < 27, (3.53a)

o (507)

A I <2Z>2P+4Ps
R (S5 —VE) v (S5 VE))

R ) )

* *
T —fL'l
e
2

2 )(QP +4P.s,)

] exp

W)= ) (

coS
2

R o () e (5202
casin (VZ) (VEws (S5 o (257202) )
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3.2. Solution in the time domain 57

Z<x x2p)

(2P. 4+ 4P.s,)

1

)
) s (55 E)) )

for 27 < 2" <1, (3.53¢)

l\)*

s, (wr — %) <
vz (ran (5

+2$ksin(§:\/_) (\/_cos(

2

Z, cos (%) + P, sin (m \/Z>

A pa—
Pule — i) cos (\/Z> (2P. +4PF.s,)

2
oo (5% (s (57E) (577

—exp(x 2x1P€> <\/chos< Qxlx/Zk)—Pesin( 2$1\/Zk>)},

for 0 < 2" < a7, (3.54a)
RV ML
Z, cos (%) + P, sin (3: > ’“)

Bs, (x: — x*)
b x) ) L —ux
chos( 5 \/Zk>—Pesm( 5 \/Zk)

N
cos ( 5 k) (2P, +4P.s,)

Z, cos (xté/z_k) + (P. — 2s,)sin (@\2/7;@)
cos <\/Z> (14 2s,)

for 27 < a* <z}, (3.54b)

2
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58 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

b, (z") = L o (x 2_ 1\/Z>
Bl = 1) cos <\/Z_k> (14 2s,)

2

ol e ()22
_exp(x — ><\/—COS( \/7>+(P—28)sm<x 22))}

for ) <a* <1, (3.54c¢)

with Z,_ = 4P.s, — P?. The unit-step response is defined as the response of the system
for a unit-step input given at initial time, i.e., u(¢*). We can get the unit-step response
of the lateral inflow by the evaluation of the integral of the impulse response from 0 to t*

which can be obtained as

Z ) exp (=5,t") for z* > z*

t* ) 07

A, (2%, 1) =/0 R,(x*,7)dT = i Jesxp = o t) (3.55)
, for 2" < x7,

{ —exp( e(z” = 1))}

)exp (—s, t*
Z P (=5 ),fora:*>a:;‘,

B (x*,t") = D S, (z*, 7)dr = (3.56)
/0 l {exp (Pe(z* — a¥)) — exp(Pe(z* — 1)) }

(x*) exp (—s, t*
—Z p(=s, ), for 2% < 7.

o0 *
—Z—alk(m ) exp (—s,t), for 0 < 2™ < a7,
=1 O -
t* x* — r* a. (x*
C(z",t") = / R, (z*,7)dT = pra xi - Z lks( ) exp (—s,t*), for 7 <" <],
0 2 1 k=1 k
o *
1-— Zalks—x) exp (—s,t*), for ) <" <1,

\ k=1 k

(3.57)
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( exp(P.x")
BPe(x} — x*)

_E exp(P.(z* — 1))

(exp(—Pea*) — exp(—P.z}))

o0

b *
—ZM exp (—s,t"), for 0 <z < a7,
Sk

1 ]—ck:j[’e(x* —17) —exp(Pe(2* —27}))  exp(P.(z* — 1))

t*
Dl(x,t):/o S, (", 7)dr = - 5P(x*_xiﬁ) - 3
Zblk exp (—s,t*), for o7 < 2" <],
k:l X
(1 exp(Fe(z” —1)))
b (7)

exp (—s,t), for ; < 2” < 1.

S
\ k=1 k

(3.58)

These unit-step responses are derived by using the Laplace transform property given by
Eq. (1.31) given in Chapter 1, Section 1.4.

3.2.2 For the flow-depth hydrograph at the upstream end

For this case, the upstream boundary and the downstream boundary are considered as
h*(0,t*) and h*(1,t*), respectively. The solutions for both types of lateral inflows are
discussed below.

Concentrated lateral inflow

Using the boundary conditions, we get

F(lvs) azz(LS)_ 0521(1—56378)
— h* g™ @ Ok
a21(178) a21(173> 0121(1,8)

Using Eq. (3.59), we can get the system given in Eq. (3.23) in the following form:

Q*(0,5) = (0,5) — T=(s). (3.59)

Q*(z*,s) =m, (2%, 8)h*(0, s) +m, (z*, s)h*(1, s) + m, (x,
h*(z*,s) = m, (x*,s)h*(0,8) + 71, (2%, s)h*(1,8) + 7, (z*, 8)T*(s), (3.61)

where

1— " 1— g P (Pezx*
m,(z",s) = (\/Zcosh( _QI \/E) —|—Pesinh< —2x ﬁ)) 26
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60 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

V/Z cosh (x*ﬁ) — P.sinh (x*ﬁ)
2 2 3

m,(z*,s) = — (ﬁ) 2p, P <%(m* — 1)), (3.63)
sinh [ —
m,(z*,s) = (\/Zcosh (1 _296*\/_) + P, sinh <1 i \/_))
T VZ
v/Z sinh <7Z>

m (2", s) = (\/Zcosh <%\/?) — P, sinh (%ﬁ))

P, |
exp (?(x* — x;‘)) sinh (mo > \/7)

X , for 2% < a7, (3.64Db)
V/Z sinh (g)
b L= :v*\/?
n, (%, s) = exp (Pex*) - ( 2 ) (3.65)
u ) T 2 ) .
sinh (@>
2
. sinh (x*;/?)
n,(x*, s) = exp (76(1‘* — 1)) - <@> , (3.66)
and
op p sinh (%:\/7) sinh (1 —2x* \/7)
n,(z*,s) = ﬁexp (f(x* - x(f)) , for 2" > a7,
V'Z sinh (g)
(3.67a)
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sinh (Zv/Z ) sinh ( 2" /7

* *
5 , for 2" <z

(3.67b)

The inverse transforms for Q*(z*, s) and h*(x*, s) can be written, respectively, as

Q" (z",t") =m, (2", t") ® h*(0,t") + m, (2", ") ® K" (1, t") + m, (2", t") ® T*(t*), (3.68)
R*(z*,t") =n, (2", t") ® h*(0,t") +n, (2", t") ® K" (1, t") + n, (2", t") ® T*(t*),  (3.69)

where m, (z*,t*), m,(z*, t*), m,(«*, t*), n, (2*,t*), n, (z*,t*), and n,(z*, t*) are the inverse
transforms of m, (z*,s), m,(z*,s), m,(z*,s), n,(z*,s), m,(x* s), and @, (z*,s), respec-
tively.

Uniformly distributed lateral inflow

Using the boundary conditions, we get Q*(0, s) from the system given in Eq. (3.28) as

_ Ch(1s)  ag(l,s)— A, (1, 5)
Q*(0,5) = a, (1,s) oy, (1,s) o, (Ls)

T*(s). (3.70)

Q*(z*,5) =m, (z*, 5)h*(0, s) + m, (z*, s)h*(1, s) + m,, (x*, s)T*(s), (3.71)
y (3.72)

>
*
S
- *
V)
N—
]
5
I3
—
)
- *
@
*
—~
\‘O
@
_|_
5
=9
8
- *
o
>
*
:,:
&
_'_
=
j=H
)
3
*
D

where m, (x*,s), m, (z* s), m,(x*s), and 7, (z*, s) are the same as the ones obtained
in Egs. (3.60) and (3.61). The new terms m,,(z*,s) and @, (z*,s) are obtained in the

following form:

*

. \/Zcosh (a:*;/?) — P, sinh (x*;/?)
Tl ) = SRy ) VZsinh <@>
2

y {exp (7550 (vZeon (15507) st (15 57))

2 2

_ exp (m*;xfpe) (\/Zcosh (1 _295\/2) — P.sinh (1 _2:”\/?»}

for 0 <z* <2,  (3.73a)
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*

exp <x ;% Pe> V' Z cosh (%\/2) — P, sinh <%\/§)
2P, s(xf — x*) 7
V' Z sinh (%)

x (\/Zcosh (1 ;x\/?) — P.sinh (1 ;xﬁ>)

exp (x 5 ! Pe) P, sinh (%\/7) —/Z cosh (xT\/?)
2P, s(x; — x%) 7
V' Z sinh (g)

X (\/?cosh (xf;/?) + P,sinh (3:1‘;/7))

A
siZse P

m, (lL'*, 3) =

+

for z¥ < a* <,  (3.73b)

*

P,_sinh (x 2_ 1\/7) — V/Z cosh (%ﬁ)
)= 2P,s(z: — ¥) /7 <iah <\/_7>
2

X {exp (Q; 5 u Pe) (\/zcosh (xl;/_> + P, sinh :171\/_>

- (m . %y ) (x/?cosh (xf) £ P,sinh (xﬁ»

and

n,,(z*,s) =

Bs(xy — x7) JZ sinh (@)
X {exp (I;x > (ﬁcosh (1 ;Iﬁ> _ P,sinh <1 ;xﬁ))

—ew (55 (VZeon (F55v2) —Pesinh(l;xfﬁ))}’

for 0 < 2" < 27, (3.74a)
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= . T*
] exp ( 5 Pe> sinh <5\/2)

ﬁld(x*a‘S) = -

Bs(a; —a7) Bs(a; —x}) /7 sinh <g>

x (ﬁcosh (1 ;x\/?> — P.sinh (1 —2;5\/7))

ol N\ (et =1
N expﬂg(x: 2_ w;) Sj;gﬂ:(\/f)) (ﬁcosh (#) + P, sinh (#)) ,
2

for x7 < 2" < a7}, (3.74b)

1 sinh(x*;lx/?>
Bs(a; —x7) JZsinh (g)

X {exp (x 5 % Pe) (\/Ecosh (xl;/_> + P, sinh ml\/_

ﬁm(x*v 5) =

— exp (m 5 %, e) (\/Zcosh <x2;/_> + P, sinh (ng_)) },
for 2 < a* < 1. (3.74¢)

The inverse transforms for Q*(x*, s) and h*(x*, s) can be written, respectively, as

Q" (z*,t*) =m, (z", t") ® h*(0,t") + m, (2", ") ® h*(1,t*) + m,, (=", t") ® T*(t*), (3.75)
h*(x*,t") = n, (z*,t") ® h*(0,t") + n, (", t") ® h*(1,t") + n, (", ") ® T*(t"), (3.76)
where m, (*,t*), m,(z*, t*), m,,(2*,t*), n,(2*,t*), n,(z* t*), and n,,(2z*,t*) are the in-
verse transforms of m, (z*, s), m,(z*, s), m,,(x*,s), m,(z*%, s), m,(z*, s), and 7, (2%, 5), re-

spectively.

Inverse transformation

To find the time domain expressions for the functions in Egs. (3.62)—(3.67), (3.73) and
(3.74), we again use Laplace inversion theorem. All these functions are single-valued with
no branch points. Looking at the previous instances, it is obvious that the attribute of

the Jordan’s lemma given in Chapter 1, Section 1.4 holds true. The only singularities of

these functions are the roots of the denominator given by s, = — <k;:2 + %) for k € N.

No repetition of the roots of the denominator gives all poles as simple poles, and now the
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64 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

Residue Theorem can be used to write

m, (x*,t%) = Z d, (x")exp (—s,t"), with (3.77)

k=1

P.x
_ exp - -

d, (z%) 2]:2 o ( 2\/)7k {Pesin< 5 \/Z_k) + chos( \/Z)},

\/—Z_k cos (T)

(3.78)

m,(z*, t") = Zek(x*)exp( s, t*), with (3.79)

m,(x*,t") = ka (") exp (—s,t"), with (3.81)

fila®) = T (\/Z_>
2
X{P31n(2\/—)+\/_cos( \/_>} a* < (3.82h)
ng )exp (—s,t*), with (3.83)
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(3.84)

n, (@, t7) = i (%) exp (—s,t%), with (3.85)

*) = —ex i " —
) = e (G- 0) A (3:80
\/Z_kCOS J
nl(:p*,t*):ij(x*)exp(—skt*), with (3.87)

my, (2%, 1) =) fo (") exp (=s,t"), with (3.89)

X {exp (m Q%Pe) (\/chos( 2x2\/Zk> —Pesin( 2x2\/Zk)>

—exp(z 2x1 e)( chos(Txl\/Zk)—Pesin< 2x1\/Zk)>},

for 0 < o™ < a7, (3.90a)
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_ *

exp (x 5 % Pe> \/Z, cos <%\/Zk> — P.sin (%\/Zk)
2P,s, (x: — x*) /7
* P, cos ( 5 k)

flk(x*) =

(/7))

Tt =] . fxr—1 x
exp< 5 : e) Pesm( 5 w/Z,g)—«/Z,gcos(
2P.s, (x; — x¥) s (« /Zk>

. COS

V2, \VZ
(w/ cos (z 5 )—i—P sin (CE . k)), for z* < a* < a7, (3.90b)

=1

9

_l_

* R (1’*2‘ 1@) /7 cos (—"””*2‘ 1\/2)
Julr) = 2P.s, (z} — x%) NA
P, cos ( 5 >
{exp(x ;x <\/_cos< >+P sm( \2/7>)
— eXp <:v* > <\/_COS (x ﬁ) + P, sin (x*\Q/Z>>}7
for z; < 2" <1, (3.90¢)
Zm ) exp (—s,t"), with (3.91)
o X sin 5
Jue (") B, (e —ar) b (@)
2

*
1:82

* * 1_ *
X {exp (x 5 $2P€) (\/Zk COS( 2x2\/Zk> —Pesin<
— exp (x 5 $1P6) («/Zk cos( 2$1\/Zk) —Pesin< 2:[1\/Zk)>},
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xr =t zt =1
exp ( L e) sin ( \/Z_k> . N
+ 2 2 <\/Zcos <$1\2/Z> + P sin (%)) ;

for 27 < 2% < ], (3.92b)

for ) < az* < 1. (3.92¢)

The unit-step responses to analyze the results are evaluated as follows:

= d, (v*) exp (—s,t*)
1) b .
(x* / m, (z*,7) l—eXp 2; r . (3.93)
B € (2) exp (=5, 1)
)= [ mtet = =2 e (3.99)
(1 —exp (—P.af)
1—exp( P)
Zf ) exp (=5t ), for x* > a7,
M, (2", %) :/0 m, (e T)dr =4 = P)_exp< Py (3.95)
l—exp( P)
Zf ) oxp (=3, >, for x* < a7,
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t*
Nld(x*,t*):/ n,,(z*, 7)dr
0

;

L, op(P) (exp(=P}) — exp(—Pea?))
exp(P.) — 1 P.(z} — x¥) (exp(F.) — 1)

Zf”“ ) exp (—s,t*), for 0 < 2™ < a7,

exp(P,) (exp(— Paz?) — exp(—Pea}) + Po(a" — a7)
Po(w; — 7) (exp(P.) — 1)

| ) exp(P) 1)
Z 1’“S<x)exp (1), for o7 <ot < ol
exp(R) | esp(P.) (xp(~Paxs) — exp(—Pury))
exp(P,) — 1 P.(xr — ) (GXP<P) —1)

o) *)

(=s,t"), for 27 < 2" < 1.

(3.96)

_l—exp (P T+ — 1 Z g, (x*)exp (—s,t*)
(3.97)

\

=1l %
L (- exp ( Px i, (z*) exp (—s, 1)

3.98
e z - 399

(l—exp ) (1 —exp (P.(z*=1)))

5 (1 — exp (= Pe))

Z‘]’“ Joxp (=5,1") for x* > x*
) 0’

(exp (P.x*) — 1) (exp (B = ash 1)
o 6 (eXp (Pe) - 1)
_Z]k(x*) 2y (_Skt*)

* *
, for z* < 7,

(3.99)
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( 1 — exp(P.z*)
BPe(x; — x*)(exp(F.) — 1)

— E j—lk(w ) exp (—s,t*), for 0 < 2" < a7,
s
k=1 k

(exp(P.) (exp(—Pex?) — exp(—P.a®)) + Po(z] — x7))

P exp(—P.xt) — exp(—P.a*) — exp(P.(x* — x¥)) + Po(z* —a*) + 1
xp(Fe) BP,(zz —a7) (exp(P.) — 1)

+Pe(x’f —x}) exp(Pex®) + Po(v] — 2%) + exp(Pe(z* — 27)) — 1

- BP.(x: — x*) (exp(F.) — 1)

— g L exp (—s,t"), for 27 < 2" < 2],
s
k=1 k

exp(P,) — exp(P.z*) exp(—P.x}) — exp(—=P.at) 4+ Pa(x} — x¥)
BP.(x; — x7) exp(P.) — 1

— E j—lk(w ) exp (—s,t"), for 2 < 2" < 1.
s
k=1 %

\

(3.100)

Tingsanchali and Manandhar [49] presented a solution for the flow depth with the lateral
inflow considered as source and sink with the water depth given at both boundaries in its
dimensional form. The unit-step responses for the flow depth corresponding to different
inputs, i.e., Egs. (3.97)—(3.99), are the non-dimensional forms of the responses given by
Tingsanchali and Manandhar [49]. As a consequence, we deem it not necessary to explain
the behavior of these responses any further to avoid repetition. However, it is to be noted
that they did not provide any solution for the flow discharge subject to the same boundary
conditions. These flow-discharge responses corresponding to different inputs are discussed

in the next section and those are depicted through Figs. 3.8—3.12.

3.3 Results and discussion

The responses presented in the previous section are an extension to the work done by
Cimorelli et al. [7]. Since the usefulness and accuracy of finite channel results to simulate
the real flows was established by Cimorelli et al. [6], we show the results for different
Péclet numbers and present comparisons with the corresponding semi-infinite channel
responses. The main motivation behind these comparisons in our study is to check the
appropriateness of semi-infinite channel responses when they are used to approximate
finite channel results for the types of boundary conditions that are considered in this
work. We present the comparisons with semi-infinite channel responses because of the
unavailability of the analytical solutions for the considered types of boundary conditions.
This section is divided in two parts. In the first part, the responses for the flow discharge
and the flow depth corresponding to the concentrated lateral inflow, upstream boundary,

and downstream boundary are discussed for two types of upstream boundaries. The
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70 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

second part discusses the behavior of the flow discharge and the flow depth corresponding

to a uniformly distributed lateral inflow between the locations z7 and z.

3.3.1 Comparison of the unit-step responses for different values

of the Péclet number
For the flow-discharge hydrograph at the upstream end

For the validation of the results presented in the previous section as well as to find the
limitations of the semi-infinite channel responses when used to approximate the finite
channel results, we compare the obtained finite channel unit-step responses with those of
Fan and Li [19]. The dimensionless forms of the responses of the flow discharge to the
concentrated unit-step input lateral inflow for a given flow discharge at the upstream end

in a semi-infinite channel are expressed as

1 * * __t*
Aoz, t") = B (1 — erf (&\/Pe))

At*
+ 3 exp(P.x™) (1 — erf <%\/P€)) , for % > a7, (3.101a)
Al ) = (et (22 V) —1)
2 4t
+ 3 exp(P.z") (1 — erf (%VR&) , for o < a7, (3.101b)

where erf(.) is the error function. The corresponding expression for the flow depth can

be calculated, by using Eq. (3.9), as

I 9
Bl oz = E/o (ql*(q:*,T) — %Az,oo(ﬂf*, T)) dr. (3.102)

Since the lateral inflow is concentrated at a7, for a* # z7, ¢(z*,t*) = 0, and hence the

above expression reduces to

1 [ 9

Bt =5 ), 2w
0

Ajoo(2”, 7)dr, for a* # x7. (3.103)
It is difficult to solve this integral analytically, and consequently, we use numerical inte-
gration technique to evaluate it by using the inbuilt function integral in MATLAB which
takes three arguments: integral(fun,zmin,xmax); fun is used for the expression in-
side the integral of Eq. (3.103) with zmin as zero and zmaz taking the value of ¢*.
works only as a scaling factor, and hence its value is set as 1. Figures 3.3 and 3.6, re-

spectively, present the comparison of the responses for flow discharge A,(z*,t*) and flow
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depth B, (z*,t*) in a finite channel with the responses for flow discharge A; . (z*,t*) and
flow depth Bj . (z*,t*) in a semi-infinite channel for different values of the Péclet num-
ber. In all the comparisons, the results of the finite channel are plotted with continuous
curves, and those of the semi-infinite channel results are plotted with dashed curves. In
Figs. 3.2—3.7, the flow-discharge and flow-depth responses to the unit-step lateral inflow
input are plotted by taking the upstream and downstream boundary condition as zero,
ie, @*(0,t*) =0 and h*(1,t*) = 0. Physically, this means that there is no perturbation
in the flow discharge at the upstream end to the uniform steady condition (Q,) and also

in the flow depth at the downstream end to the uniform steady condition (h,).

P_ =05
e
z5=10.2 x5 =10.2
x5 =04 x5 =04
x5 = 0.6 ——x; =06
x5 =08 x5 = 0.8
1 1.5 2 25 3 2.5 3

x5 = 0.2

x5 =04

zy = 0.6
——ua;=0.8

2 25 3

Figure 3.2: Flow-discharge response given in Eq. (3.55) at 2* = 1 to the unit-step lateral
inflow concentrated at z? with Q*(0,#*) = 0 and h*(1,t*) = 0: (a) F. = 0.5, (b)
P.=25,(c) P.=5

In Fig. 3.2, the flow-discharge responses to the unit-step lateral inflow input given
at different x* are plotted at the downstream end (2* = 1) for different values of F..

As observed from this figure, the graphs converge to 1 for all the cases. The convergence
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Figure 3.3: Comparison between flow-discharge response for finite channel given in
Eq. (3.55) — continuous curves, and flow-discharge response for semi-infinite channel given
in Eq. (3.101) — dashed curves, to a unit-step lateral inflow concentrated at «* = 0.2 for
different z* with Q*(0,t*) = 0 and h*(1,t*) =0: (a) P.=0.5,(b) P.=25,(c) P.=5

process takes longer for higher values of P,. Larger the distance between the concentrated
lateral input and downstream boundary, slower is the convergence of the graphs. This
means that, when the distance between 7 and the downstream end is small, the effect
of the unit-step lateral input can be observed more clearly, and the time lag between the
input and output is observed to be small.

In Fig. 3.3, the effect of the unit-step lateral input given at z7 = 0.2 on the flow
discharge at different locations of the channel is examined and compared with the corre-
sponding semi-infinite channel results for different values of P.. For z* < z}, a negative
value of discharge is observed which is the result of the backwater effect induced by the
lateral inflow. Since this lateral inflow response is derived by considering the upstream
boundary condition as zero, this effect is much smaller and almost close to zero for the

locations closer to the upstream end. However, it can be observed prominently on the
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upstream locations closer to the tributary. To get a positive value for the discharge, these
responses should be combined with the appropriate upstream and downstream boundary
conditions. This dip in the discharge values gets reduced as the value of P, is increased
which shows that the backwater effect of the lateral inflow and the downstream bound-
ary is less effective for higher values of P.. The sharpness in the dip is caused by the
combined backwater effect of the downstream boundary and the lateral inflow which is
more prominent for lower values of P, as can be observed from Fig. 3.3(a). The sharp-
ness in the dip also reduces as the value of P, is increased. For the case z* > z7 in the
finite channel results, the difference in the graph for the locations z* = 0.8 and z* = 1
is insignificant for P, = 0.5 as can be observed from Fig. 3.3(a). This difference in these
two responses increases as we increase the value of P,. This is visible from Figs. 3.3(b)
and 3.3(c). This means that the effect of the downstream boundary present in terms of
a flow-depth hydrograph is clearly noticeable for lower values of the Péclet number. Due
to this, the effect of the lateral input given at x> = 0.2 is almost similar at the locations
closer to the downstream end. The decay in the inputs is also prominent for the locations
far from 7. The convergence pattern for z* > x* is similar to the one observed in Fig. 3.2.
For xz* < x7, the response predicted by the semi-infinite channel result is quite close to
the finite channel response for P, = 0.5, but it is not the case for z* > z?. Although
the semi-infinite channel results do reciprocate the results well for the locations closer to
the lateral inflow for P, = 5, but as the distance between z and x* increases in both
directions, it is observed that the semi-infinite channel results underestimate the value
of the discharge. The difference in the magnitude of the limiting value for z* > z* and

r* < x? is exactly 1, giving a discontinuity in the discharge at x7. This shows the direct

*

effect of the concentrated lateral inflow located at the location x

which gives rise to this
discontinuity:.

To study the effect of the lateral inflow along the entire channel, the behavior of the
discharge response to the unit-step lateral inflow input given at different values of z is
presented in Fig. 3.4 at different locations of the channel for P, = 1. Here, for z* < z7,
the reduction in the backwater effect of the lateral inflow is clearly visible as the distance
between x* and z? is increased. The effect of the lateral inflow for x* > 27 approaches
the value 1 as time progresses. But, for a particular value of z7, its effect reduces as
the distance between z* and x} is increased. This clearly shows the disturbance in the
discharge caused by the lateral inflow. The discharge reduces for the upstream locations
closer to z}, and then a sudden jump is observed for the downstream locations closer to
x? due to the lateral inflow input. The sharpness in the dip in the discharge response for
r* < a7 is more visible for ¥ closer to the downstream end (z* = 1). As the location of
the concentrated lateral inflow is moved farther from the downstream end, the sharpness
of the dip in the discharge responses decreases for #* < x? which can be observed from

Fig. 3.4(a). This might have happened because, for the locations closer to the downstream
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Figure 3.4: Flow-discharge response given in Eq. (3.55) for different z* to the unit-step
lateral inflow concentrated at =¥ for P, = 1 with @*(0,%*) = 0 and h*(1,t*) = 0: (a)
rvr=04,(b) 7 =06, (c) 27 =0.8

end, the combined backwater effect of the lateral inflow and the downstream boundary
gives a sharper dip in the discharge. But for the locations closer to the upstream end,
the backwater effect of the lateral inflow is more prominent compared with the backwater
effect of the downstream boundary.

Figure 3.5 presents the behavior of the flow depth at a location closer to the down-
stream end, viz., z* = 0.9, induced by the unit-step lateral input given at different loca-
tions of the lateral inflow for different values of .. We choose this location of observation
because the downstream boundary is present in terms of the flow depth. The unit-step
response given in Eq. (3.56) is derived under the assumption of flow depth as zero at
the downstream end. The behavior of the effect of the lateral input on the flow depth
is similar to the graphs in Fig. 3.2 except for the change in the convergence limits. The

convergence value for each case is different, and it increases as the value of P. increases.
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Figure 3.5: Flow-depth response given in Eq. (3.56) at z* = 0.9 to the unit-step lateral
inflow concentrated at =¥ with g =1, @*(0,£*) = 0 and h*(1,¢*) = 0: (a) P. =0.5, (b)
P.=25,(c) P.=5

The responses for higher Péclet numbers take a longer time to converge as can be observed
from Fig. 3.5(c). From Fig. 3.2 and Fig. 3.5, we can say that, for a given flow discharge
at the upstream end, the flow discharge and flow depth are not sensitive to the lateral
inflow location for large times for x* > x7, which is not the case for a flow-depth-based
upstream boundary as shown later in Fig. 3.10.

Figure 3.6 presents the comparison of the effect of the unit-step lateral inflow con-
centrated at x> = 0.2 on the flow depth at different locations of the channel with the
corresponding semi-infinite channel response. For finite channels, although the value of
the convergence limit increases as the value of P, increases, it decreases with an increase
in the value of z* for the case r* > z7. The most interesting observation is for the case
P, = 0.5, for which higher values of the flow depth are observed for the location upstream

to the location of the lateral inflow, i.e., x* = 0.1. The convergence rate is also slower
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for higher values of 2* which can be clearly observed from Fig. 3.6(c). For 2* > z7, the
convergence limit is dependent on the point of observation but it is independent of the
location of the lateral inflow. This means that, for any value of x7 with a given flow
discharge at the upstream end, the convergence limit of the flow depth for z* > z7 is
the same for all z* in the case of a finite channel. But this limit is equal to 1 for the
case of a semi-infinite channel. For x* < z7, the convergence limit is dependent on z; as
well. When z* is closer to the upstream end, the responses estimated by the semi-infinite
channel result is very close to the finite channel response for the case P, = 5 as shown in
Fig. 3.6(c). But, as the distance between z* and the downstream end (z* = 1) reduces,
the semi-infinite channel response completely fails to estimate the finite channel response.
The presence of the downstream plays a much dominant role in the behavior of the flow

depth as compared with the presence of the concentrated lateral inflow.
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Figure 3.6: Comparison between flow-depth response for finite channel given in Eq. (3.56)
— continuous curves, and flow-depth response for semi-infinite channel given in Eq. (3.103)
— dashed curves, to the unit-step lateral inflow concentrated at z7 = 0.2 for different z*

with 8 =1, Q*(0,¢*) = 0 and h*(1,¢*) = 0: (a) P.=0.5,(b) P.=25,(c) P.=5
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The behavior of the flow-depth response to the unit-step lateral inflow input given at
different z is presented in Fig. 3.7 for different locations of the channel and P, = 1. The
flow depth is continuous throughout the domain in contrast to the flow discharge which
was shown in Fig. 3.4. Higher values of the flow depth are observed for the locations
x* closer to x) with »* < z7 as is evident from Figs. 3.7(a)—3.7(c). This is the com-
bined backwater effect of the lateral inflow and the downstream boundary which is more
prominent here since we consider a lower value of P,, viz., P, = 1. The flow depth does
decrease as the distance between z7 and the downstream end decreases. But the flow
depth increases overall along the channel due to the lateral inflow and the downstream
boundary. In a general sense, the flow depth slowly decreases as the distance between
x* and z} is increased but higher values for the flow depth are observed at the locations

closer to xz
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Figure 3.7: Flow-depth response given in Eq. (3.56) for different 2* to the unit-step
lateral inflow concentrated at x* for P, = 1 with 8 = 1, @Q*(0,%*) = 0 and R*(1,t*) = 0:
(a) ¥ =04,(b) 27 =06, (c) 27 =08
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Cimorelli et al. [7] presented the flow-discharge and the flow-depth responses to a
flow discharge given at the upstream end, a flow depth given at the downstream end,
and a uniformly distributed lateral inflow. It is observed that the behavior of the lateral
response obtained here is quite different from the one in Cimorelli et al. [7]. However, the
behavior of the lateral response presented for the case x* > z; resembles the behavior of

the corresponding upstream responses given in Cimorelli et al. [7].

For the flow-depth hydrograph at the upstream end

Here, we plan to compare the flow-discharge responses to a unit-step input as the flow-
depth hydrograph imposed at the upstream end for a finite channel and semi-infinite
channel for different values of the Péclet number. For this comparison, the semi-infinite
channel result from Cimorelli et al. [6] is considered. The flow-discharge response derived

by them is given as

Yioo(z™ t") = Eerfc N/ VP |+ JibE

where erfc(.) denotes the complementary error function.

* t* 2
exp (—%Pe), (3.104)

For this case, the downstream boundary condition and lateral inflow are taken as zero,
ie., h*(1,t*) = 0 and T*(¢*) = 0. Physically, this means that there is no perturbation in
the flow depth at the downstream end to the uniform steady condition (h,) and there is no
contribution of the lateral inflow to the channel. In Fig. 3.8, the flow discharge response
M, (x*,t*) for a finite channel is compared with the flow discharge response Y, _(z*,t*)
for a semi-infinite channel, to a unit-step flow depth at the upstream end, for different
values of P, and x*. Again, the value of § is kept as 1. One can clearly notice a peak
of the response function which decays as one moves away from the upstream boundary.
This peak is observed for both the finite channel and the semi-infinite channel. This peak
reduces as the value of P, is increased, and for large values of P,, it completely vanishes.
Cimorelli et al. [6] carried out this comparison with a stage-discharge relationship imposed
at the downstream end at which the semi-infinite channel result mimics the finite channel
result well for P, = 5 except at z* = 1. Graphs for P, = 5 show a similar behavior as
was mentioned in Cimorelli et al. [6], but the semi-infinite channel results do not match
with the finite channel results at all the locations. Here, the difference is quite significant
in the convergence limit when smaller values of the Péclet number are considered. This
difference does decrease with an increase in the value of P, but does not vanish completely.
The convergence rate is also slower for the semi-infinite channel in comparison to the finite
channel case.

Next, we consider that the upstream boundary condition and lateral inflow are zero,
i.e., h*(0,t*) = 0 and T*(t*) = 0. Physically, this means that there is no perturbation in
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Figure 3.8: Comparison between flow-discharge response for finite channel given in
Eq. (3.93) — continuous curves, and flow-discharge response for semi-infinite channel
given in Eq. (3.104) — dashed curves, to the unit-step upstream flow depth at different
z* with 8 =1, h*(1,t*) =0 and T*(t*) = 0: (a) P.=0.5,(b) P.=25,(c) P.=5

the flow depth at the upstream end to the uniform steady condition (h,) and there is no
contribution of the lateral inflow to the channel. Figure 3.9 presents the flow discharge
response M (x*,t*) to a unit-step flow depth given at the downstream end for different
values of P, and x. Here, negative values of the flow discharge exist for all values of P..
This dip corresponds to the effect of reduction in the flow discharge level in the upstream
direction due to the downstream boundary which is the backwater effect. All values of
the flow discharge are negative because the downstream response is derived under the
assumption of zero upstream boundary condition. Therefore, this downstream response
should be used with an upstream boundary, whether it is the flow discharge as given in
Cimorelli et al. [7] or the flow depth which is presented above and shown in Fig. 3.8.

For the locations very close to the downstream end (say, for z* = 0.8), the dip in the
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flow discharge reduces as the Péclet number increases. This effect also reduces as the
distance between x* and the downstream boundary increases. For P. = 5, the effect of
the downstream boundary at the location x* = 0.2 is almost negligible. The time taken

to converge to the limiting value is longer for higher values of P..

0 02 04 06 08 i
(c)

Figure 3.9: Flow-discharge response given in Eq. (3.94) to the unit-step downstream flow
depth at different z* with g = 1, h*(0,¢*) = 0 and 7*(¢*) = 0: (a) P. = 0.5, (b)
P.=25,(c) P.=5

To compare the finite channel discharge response to a unit-step lateral inflow with

a semi-infinite one, the method used in Fan and Li [19] is followed to derive the same.
In order to obtain this form, we require a second-order partial differential equation for
h*(x*,t*) which can be found from the system of equations given by Egs. (3.9) and (3.10)
e 1 9%k Oh*  Oht
_E&z’*? + e + o = E, (3.105)

with h*(z*,0) = 0 as the initial condition, and an upstream boundary given as a function
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of t*, i.e., h*(0,t*). The response to the unit-step lateral inflow is first solved for h*(z*,t*)
by using the methodology followed by Fan and Li [19]. Then, the corresponding flow-
discharge response is obtained by using Eq. (3.10). The flow-discharge response to the
unit-step concentrated lateral inflow at z?, for a given flow depth at the upstream end,

can be written as

1 Pe * * * eXp (—Pef[‘:) Pe * * *
2Peerfc< 4—t(a: —:Uo—t)>+2—Peerfc \/4—15(1’ +ar—t7) |,

for z* > 7. (3.106)

Ml,oo(x*a t*> =

The flow-discharge responses to the unit-step lateral inflow are presented in Figs. 3.10—3.12
by taking the upstream and downstream boundary conditions as zero, i.e., h*(0,t*) = 0
and h*(1,t*) = 0. Physically, this means that there is no perturbation in the flow depth
at the upstream and downstream ends to the uniform steady condition (h,).

Figure 3.10 shows the behavior of the flow discharge at the downstream end (z* = 1)
induced by the unit-step lateral inflow given at different z7. Here, higher values of the
flow discharge at the downstream end are observed when the location of the concentrated
lateral inflow is closer to it. Conforming to the behavior explained in the earlier cases,
the asymptotic convergence takes more time for higher values of P.. The steepness of
the graph is also higher for the locations of the concentrated lateral inflow closer to the
downstream boundary, which can be physically explained by the fact that the effect of a
concentrated lateral inflow can be clearly observed at the locations nearer to the source.
For P. = 0.5, the effect of the lateral inflow at the downstream end from the farthest
location, i.e., ¥ = 0.2, is not prominent as observed from Fig. 3.10(a). As the limiting
value is dependent on P, as well as on 7, there exists a higher convergence limit for
higher values of z7. Since the limiting value is dependent on 7, it means that, if a
flow-depth-based upstream boundary is considered, there will be a significant effect of
the lateral inflow for large times as well. When higher values of P. are considered, the
difference in these limits is smaller for the locations of the concentrated inflow closer to
the downstream end as can be observed from Fig. 3.10(c). When the product term P,z
is very high for even the smallest value of z7, all graphs seem to approach the same limit
as can be observed from the expression given in Eq. (3.95).

Figure 3.11 shows a comparison between the discharge response M, (z*, t*) and the cor-
responding semi-infinite channel discharge response M, _(2*,t*) to understand the effect
of a concentrated lateral inflow at x7 = 0.2, for different values of P, and x*. Here, the
semi-infinite channel result completely fails to reproduce the results of the finite channel
responses. The behavior of the semi-infinite channel flow-discharge responses to the unit-
step flow depth given at the upstream end is found satisfactory for higher Péclet numbers

as shown in Fig. 3.8(c). However, this is not the case here which can be clearly observed
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(c)

Figure 3.10: Flow-discharge response given in Eq. (3.95) at 2* = 1 to the unit-step lateral
inflow concentrated at different x* with A*(0,*) = 0 and h*(1,t*) = 0: (a) P.=0.5, (b)
P.=25,(c) P.=5

from Fig. 3.11(c). The convergence limits of the semi-infinite channel response decrease
with an increase of the Péclet number, whereas the limiting values of the finite channel
response are observed to be increasing with the Péclet number. The flow-discharge re-
sponses for the downstream end and the location closer to it, viz., z* = 0.8, are almost
similar. This behavior was also observed in the previous comparisons. This means that
the effect of any type of input can be observed more clearly at the locations closer to the
source, whether it be a concentrated lateral input or an upstream boundary input. In
addition to this, the effect of different inputs on the flow discharge at the locations closer
to the downstream end is overshadowed by the effect of a flow-depth-based downstream
boundary due to which the difference in the responses at z* = 0.8 and 2* = 1 is almost
negligible for smaller values of P,.

In Fig. 3.12, the behavior of the discharge response corresponding to the unit-step
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Figure 3.11: Comparison between flow-discharge response for finite channel given in
Eq. (3.95) — continuous curves, and flow-discharge response for semi-infinite channel given
in Eq. (3.106) — dashed curves, to the unit-step lateral inflow concentrated at =} = 0.2 at
different 2* with A*(0,¢*) = 0 and h*(1,¢*) =0: (a) P.=05,(b) P.=25,(c) P.=5

lateral inflow concentrated at different x} is presented at different locations of the channel
for P, = 1. Similar to the observation made from Fig. 3.4, in this case also, there is a
discontinuity in the flow-discharge responses at x* = z7 which leads to distinct limiting
values for the cases z* < 7 and z* > z7. The magnitude of the difference between

these two limits is again 1 due to the unit-step input given for the concentrated lateral
inflow at x7. Furthermore, the values of the discharge are negative for the case »* < z
which was also observed in Fig. 3.4. But, in contrast to that case, the limiting value
for these cases does not reach 0 as the distance between x* and the upstream boundary
is decreased. This happens because the upstream boundary is present in terms of the
flow depth here. The limiting values are dependent on the values of P, and z7, and they

increase as the value of x(’: is increased. As the distance between x: and the downstream

TH-3462_186123102



84 Diffusive Wave Model with Flow-depth Hydrograph at the Downstream End

0.8 r
z* =0.1 z* =0.1
z* =03 zt=0.3
z* = 0.5 z* =05
z* =0.7 z* =0.7
z* =1.0 "t =1.0
0
\
0.2
-0.6 - - - - ! -0.4
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t 1
(a) (b)
1 -
0.8
x5 = 0.8
0.6
/“ z* =0.1
0.4 1/ z* = 0.3
& | zt =05
0.2 J‘ z* =0.7
\“ " =1.0
|
I
0 \
02 V
0.4 . . . . )
0 0.2 0.4 0.6 0.8 1
#*
(c)

Figure 3.12: Flow-discharge response given in Eq. (3.95) at different z* to the unit-step
lateral inflow concentrated at x? for P, = 1 with 2*(0,*) = 0 and h*(1,t*) = 0: (a)
rr=04,(b) =06, (c) 2 =038

end is increased, there is a sharpness in the dip in the flow-discharge responses for the case
r* < x¥ and it is clearly visible from Fig. 3.12(c). This dip is expected to get sharper as
the value of x? is increased further; it appears for the locations closer to the downstream
end. When z is moved closer to the downstream end (z* = 1), the limiting values of the
flow-discharge response M, (x*,t*) reach the value 1 for the case 2* > x* and 0 for the
case * < x; which will be the same as the limiting values of the flow-discharge response
A, (x*,t*). This means that, for large times, the response of the flow discharge to a unit-
step lateral inflow concentrated at a location x? is independent of P, z7, and the type of
the upstream boundary considered for the study. The behavior of the response functions
given by Egs. (3.97)—(3.99) will be the same as the ones presented by Tingsanchali and
Manandhar [49].

After observing the behavior of the unit-step responses of the flow depth and flow
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discharge for different inputs, we can infer that the results are not the same for both
types of boundary. The response for a flow-depth hydrograph imposed upstream presents
an adequate impact of all the parameters in its limiting value in comparison with a flow-
discharge hydrograph imposed upstream. When a unit-step input of the concentrated
lateral inflow is given at x? for a given flow discharge imposed upstream, the limiting
value of the discharge response is 1 for the case #* > z} irrespective of the location of
the concentrated lateral inflow, and the limiting value is 0 for the case z* < x7. This
is not the case for the discharge response for a given flow-depth hydrograph imposed
upstream as can be observed from Eq. (3.95). Here, the limiting value does change with
the change in the location of the lateral inflow and it has a positive value for the case
xr* > x7, but a negative one for x* < z7. The discharge responses for both types of
upstream boundaries are found to be discontinuous at the location z* = 7 because this
lateral inflow is concentrated at this location. However, the flow depth is found to be
continuous along the channel length for both the cases, but its derivative Oh*/0dx* is not
continuous at this point which clearly agrees with Eq. (3.10). The limiting value of the
flow-depth responses for both scenarios is dependent on the location of observation. The
comparison shown above makes it clear that, for smaller values of P,, the results for a
semi-infinite channel cannot mimic the results of a finite channel for the flow-discharge
responses. However, for higher values of P., the semi-infinite channel responses do agree
with the finite channel responses at the locations closer to the concentrated lateral inflow
locations. For the flow-depth responses, as the distance between 2 and the location of
observation is increased, the semi-infinite channel results are not the same even for higher
values of the Péclet number. This happens because the flow depth is found to be more
sensitive to the effect of the downstream boundary and the concentrated lateral inflow.
Although the semi-infinite channel response gives satisfactory results for higher values of
the Péclet number in finding the effect of the lateral inflow on the flow discharge, they are
not efficient enough in finding the flow depth for the locations closer to the downstream

boundary.

3.3.2 Responses corresponding to a uniformly distributed lat-

eral inflow between locations xf and :L';"

This part focuses on the difference in the responses of the flow discharge and the flow depth
to a uniformly distributed lateral inflow for both types of upstream boundary conditions.
An attempt is made to highlight the similarities and the differences in the behavior of the

dependent variables for both types of upstream boundary conditions.
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Behavior of the flow-discharge responses to distributed lateral inflow

In Fig. 3.13, the flow-discharge response C,(z*,t*) to a unit-step lateral inflow uniformly
distributed between 2* = 0.5 and 2} = 0.7 is presented. For this case, Q*(0,*) = 0
and h*(1,t*) = 0, which means that there is no perturbation in the flow discharge to the
reference value (), at the upstream boundary and no perturbation in the flow depth to
the reference value h, at the downstream boundary. The backwater effect induced due
to the lateral inflow can be observed for z* < z7, where a dip in the discharge is present
for lower values of P,. This dip reduces as the value of P, increases, and for a particular
value of P,, it reduces as the distance between z* and the upstream boundary decreases
and the distance between z* and x* increases which is clearly visible from Fig. 3.13(a).
For z* > z7, the limiting value is 1 while, for 27 < 2* < x7, the limiting value linearly
increases with an increase in z*. However, for * < z7, the limiting value diminishes to
zZero.

In Fig. 3.14, the flow-discharge response M, (z*,t*) to a unit-step lateral inflow uni-
formly distributed between ¥ = 0.5 and } = 0.7 is presented. For this case, h*(0,t*) =0
and h*(1,t*) = 0, which means that there is no perturbation in the flow depth to the refer-
ence value h, at the upstream and the downstream boundaries. In this case, the limiting
values for all the values of z* are less than the respective values observed in Fig. 3.13.
Due to the backwater effect induced due to the lateral inflow, for 2* < z7, lower values for
the discharge are observed for location close to x7, but the limiting value does not reach
zero because the upstream boundary is present in terms of flow depth. For a particular
value of F,, the limiting value of the flow discharge for 7 < * < z] linearly increases
with 2%, and for * > 27, it converges to some particular value. These limiting values
increase with an increase in P., and for some higher values of P., the limiting values for
the flow-discharge responses will be same as the one obtained for for a flow-discharge type
upstream boundary which is presented in Fig. 3.13. Irrespective of the type of upstream
boundary, higher values of the flow discharge are obtained for z; < z* < 1 which can be
observed from Figs. 3.13 and 3.14.

For the case of a uniformly distributed lateral inflow along the channel length, the flow-
discharge responses are compared with the corresponding semi-infinite channel responses
taken from Cimorelli et al. [7, 6, 21]. When a flow-discharge hydrograph is imposed
at the upstream end, the flow-discharge response to a unit-step lateral inflow uniformly

distributed along the channel length for a semi-infinite channel can be expressed as [7, 21]

Cp (@™, %) =" = {(t* —2")N (—(:ic* —t%) ;i)

+ (t" 4 x¥) exp(P.2")N <—(x* +t") Fe ) }, (3.107)

2t*
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where N(.) is the standard normal distribution which can also be expressed in terms of

the error function erf(.).

Similarly, when a flow-depth hydrograph is imposed at the upstream end, the flow-

discharge response to a unit-step lateral inflow uniformly distributed along the channel

length for a semi-infinite channel can be expressed as [7, 21|
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Figure 3.14: Flow-discharge response given in Eq. (3.96) at different z* to a unit-step
lateral inflow uniformly distributed between z* = 0.5 and x} = 0.7 with ~*(0,¢*) = 0 and
h*(1,t*)=0: (a) P.=1,(b) P.=25,(c) P.=5

In Fig. 3.15, a comparison of the flow-discharge response C,(z*,t*) for a finite channel
given in Eq. (3.57) with the corresponding flow-discharge response for the semi-infinite
channel given by Eq. (3.107), to a unit-step lateral inflow uniformly distributed along the
channel length is presented. For this case, we again take Q*(0,¢*) = 0 and h*(1,t*) = 0.
The semi-infinite channel responses are observed to be very close to the finite channel
responses. Responses for P, = 2.5 plotted in Fig. 3.15(b) are quite close to each other
up to * = 0.4. This agreement in these two responses further increases up to z* = 0.8
as shown in Fig. 3.15(c). This means that, if a flow-discharge hydrograph is imposed
at the upstream end, for P, > 2.5, the semi-infinite channel flow-discharge response
corresponding to a uniformly distributed lateral inflow is a good approximation of finite
channel responses for the locations closer to the upstream end. But, for the locations

closer to the downstream end, the semi-infinite channel results underestimate the flow
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discharge values even for P, = 5. Following this observation, for the locations closer to
the downstream end, the results presented here can be used to predict flow-discharge

increase due to the lateral inflow in a finite length channel.
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Figure 3.15: Comparison between flow-discharge response for finite channel given in
Eq. (3.57) — continuous curves, and flow-discharge response for semi-infinite channel
given in Eq. (3.107) — dashed curves, to the unit-step lateral inflow uniformly distributed
between ¥ = 0 and x} = 1 for different z* with Q*(0,¢*) = 0 and A*(1,t*) = 0: (a)
P.=1,() P.=25,(c) P.=5

In Fig. 3.16, a comparison of the flow-discharge response M, (z*,t*) for a finite channel
given by Eq. (3.96) with the corresponding flow-discharge response for the semi-infinite
channel given in Eq. (3.108), to a unit-step lateral inflow uniformly distributed along the
channel length is presented. For this case, we again take h*(0,¢*) = 0 and h*(1,¢*) = 0.
It is observed that the semi-infinite channel response underestimates the values of the
finite channel responses. Although these two responses do not agree in Figs. 3.16(a) and
3.16(b), they come very close to each other for z* < 0.8 in Fig. 3.16(c). This shows that,
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for P, > 5, the semi-infinite channel responses can be used to predict the flow discharge in
a finite channel. In the finite channel responses, negative values of the flow discharge are
observed at the locations closer to the upstream boundary corresponding to lower values
of P.. This effect is the result of the dominance of the downstream boundary for lower
values of P,. The behavior of these responses is different than the ones observed for a

flow-discharge type upstream boundary in Fig. 3.15.
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Figure 3.16: Comparison between flow-discharge response for finite channel given in
Eq. (3.96) — continuous curves, and flow-discharge response for semi-infinite channel
given in Eq. (3.108) — dashed curves, to the unit-step lateral inflow uniformly distributed
between z¥ = 0 and 2} = 1 for different z* with ~*(0,#*) = 0 and R*(1,t*) = 0: (a)
P.=1,(b) P.=25,(c) P.=5

Behavior of the flow-depth responses to distributed lateral inflow

In Fig. 3.17, the flow-depth response D,(z*,t*) to a unit-step lateral inflow uniformly
distributed between ¥ = 0.4 and 2} = 0.6 is presented. For this case, Q*(0,t*) = 0
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and h*(1,t*) = 0, which means that there is no perturbation in the flow discharge to the
reference value (), at the upstream boundary and no perturbation in the flow depth to
the reference value h, at the downstream boundary. As opposed to the behavior observed
for the flow discharge, the flow depth is dependent on the value of x* along the whole
channel length. The flow depth is observed to increase with an increase in P. and the
highest values are observed for the location z* = 0.5, which is between the locations z?
and z;. For a particular value of P, the flow depth slowly increases and achieves its
highest value for some z* between x7 and x} and then decreases for z* > z7, to reach zero

at the downstream end (z* = 1).
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Figure 3.17: Flow-depth response given in Eq. (3.58) at different z* to a unit-step lateral
inflow uniformly distributed between #* = 0.4 and z¥ = 0.6 with 3 =1, Q*(0,%*) = 0 and
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For Figs. 3.18 and 3.19, we take h*(0,t*) = 0 and h*(1,t*) = 0, which means that
there is no perturbation in the flow depth to the reference value h, at the upstream and

the downstream boundaries. In Fig. 3.18, the flow-depth response N, (z*,t*) to a unit-
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step lateral inflow uniformly distributed between z7 = 0.4 and z; = 0.6 is presented.
The backwater effect due to the downstream boundary as well as the lateral inflow both
influence the behavior of the flow depth along the channel. For the values of the Péclet
number presented here, higher values of the flow depth are observed for locations between
r7 and z}, but this pattern does not stay the same if the value of the Péclet number
or the values of x7 and ] are changed. Even for higher values of P, higher values of
the flow depth are present at the locations between the downstream end (z* = 1) and
r;, because for higher values of P, the downstream boundary is less important and it
cannot influence the flow depth to that extent which it can do for lower values of P,. For
lower values of P,, the combined backwater effect of the downstream boundary and lateral
inflow is forceful enough to obtain higher values of the flow depth between the locations
x} and x}. The convergence rate is faster for the flow depths presented in Fig. 3.18 than
the ones shown in Fig. 3.17 for all the cases of P.. This means that the importance of the
downstream boundary is also dependent on the type of the upstream boundary. To bring
out the limitations as well as the efficacy of semi-infinite channel responses, the flow-
depth responses to the uniformly distributed lateral inflow along the channel length are
compared with the corresponding semi-infinite channel responses taken from Cimorelli et
al. [6, 21]. When a flow-depth hydrograph is imposed at the upstream end, the flow-depth
response to a unit-step lateral inflow uniformly distributed along the channel length for

a semi-infinite channel can be expressed as [6, 21]

P * 1 A " N . P,
N, (25 t7) =t —§(t — z*)erfc <(:c -9 4_15*)

— %(t* + 2*) exp(P.x™)erfc ((a:* +t) ;i) ; (3.109)
In Fig. 3.19, a comparison of the flow-depth response N, (z*, t*) for the finite channel given
in Eq. (3.100) with the corresponding semi-infinite channel response given in Eq. (3.109),
to a unit-step lateral inflow uniformly distributed along the channel length is presented.
The semi-infinite channel responses completely fail to approximate the finite channel
results for the cases of P, = 0.5 and 2.5 as observed from Figs. 3.19(a) and 3.19(c). The
values estimated by the semi-infinite channel response increase with an increase in z*,
which is not the case for the finite channel results. Due to the backwater effect of the
downstream boundary, higher values of the flow-depth are observed at the location z* =
0.5 in Figs. 3.19(a) and 3.19(c). However, for Fig. 3.19(c), the higher values for the finite
channel results are obtained at x* = 0.7. The semi-infinite channel results fail to predict
this behavior of the flow depth. For P, = 5, these two responses agree for the locations
closer to the upstream end, but the difference between these two responses increases with

an increase in x*, i.e., moving closer to the downstream end. This shows that the semi-
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Figure 3.18: Flow-depth response given in Eq. (3.100) at different 2* to a unit-step lateral
inflow uniformly distributed between 27 = 0.4 and ) = 0.6 with = 1, h*(0,t*) = 0 and
h*(1,t*)=0: (a) P.=1,(b) P.=25,(c) P.=5

infinite channel results can be used only to predict the flow-depth at locations far away
from the downstream end and closer to the upstream end.

The flow-discharge and flow-depth responses to both types of lateral inflows can also
be combined with the upstream and downstream responses to get the combined effect of

the lateral inflows, upstream and downstream boundaries along the entire channel.

3.4 Conclusion

We have derived analytical solutions for the linearized diffusive wave model subject to two
types of upstream boundary conditions: a concentrated lateral inflow, a uniformly dis-
tributed lateral inflow, and a flow-depth hydrograph imposed at the downstream bound-

ary. The reason for considering a concentrated inflow is to include some special cases of
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Figure 3.19: Comparison between flow-depth response for finite channel given in
Eq. (3.100) — continuous curves, and flow-depth response for semi-infinite channel given
in Eq. (3.109) — dashed curves, to the unit-step lateral inflow uniformly distributed be-
tween 27 = 0 and x} = 1 for different 2* with § = 1, h*(0,¢*) = 0 and h*(1,t*) = 0: (a)
P.=1,((b) P.=25,(c) P.=5

the spatial variation of the lateral inflow such as, when the width of the tributary joining
the main channel is very small in comparison to the length of the main channel. On a
point of note, a lateral inflow distributed between any two locations of a channel can in-
clude a wide range of lateral inflows. We can combine these results together and can also
use them for more than one source of lateral inflow. The results presented in Cimorelli
et al. [7, 6] did not take into account a space-dependent lateral inflow. As a consequence,
the results presented by them for the lateral inflow cannot be used for such cases. We
have presented the results for response functions of the concentrated lateral inflow as well
as the uniformly distributed lateral inflow between any locations of the channel that can

be combined with the upstream and downstream responses given by Cimorelli et al. [7].
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We have obtained the unit-step response functions for all the inputs and shown the effect
of the Péclet number on these responses.

The finite channel responses were compared with the corresponding semi-infinite chan-
nel responses to bring out the efficacy and limitations of the semi-infinite channel responses
when used to approximate the finite channel results. These comparisons clearly establish
the difference in the behavior of the responses for finite and semi-infinite channel cases.
The comparison of the finite and semi-infinite channel results agrees with the fact that
the downstream boundary cannot be ignored for lower values of the Péclet number (that
is P, < 5 in this case). Even for the highest value of the Péclet number that is considered
here, the semi-infinite channel case cannot completely mimic the finite channel results.
Although semi-infinite channel responses for a concentrated lateral inflow work satisfac-
torily in finding the flow discharge for higher Péclet numbers when a flow-discharge is
given at the upstream end, they are not efficient in evaluating the flow depth at the loca-
tions closer to the downstream boundary. But if the flow depth is given at the upstream
boundary, then the semi-infinite channel responses fail to simulate the behavior of the
flow-discharge and the flow-depth responses.

In all the cases, the flow depth was observed to be more sensitive to the downstream
boundary, the location of the lateral inflow, and the other parameters used in the study.
For both types of lateral inflows, the response functions behaved differently depending on
what type of upstream boundary was considered. The limiting value of the flow-depth
responses corresponding to both types of lateral inflows were dependent on the Péclet
number, channel width, location of observation, and location of lateral inflow for both
types of upstream boundaries. For a given flow discharge at the upstream end, the limiting
value for the flow discharge was independent of the channel parameters which was not the
case for a given flow depth at the upstream boundary. In comparison to the flow depth,
the flow discharge was found to be more robust to any change in the upstream boundary or
the lateral inflow. This was also true for respective semi-infinite channel responses for both
types of upstream boundaries. In fact, when a flow-discharge-based upstream boundary is
present, for P, > 2.5, the semi-infinite channel responses to a uniformly distributed lateral
inflow were found to be good approximations for predicting the flow discharge in finite
channel for the locations closer to the upstream end. But even for P, = 5, the prediction
of the flow discharge is not accurate at the locations closer to the downstream boundary.
For P, > 5, when a flow-depth hydrograph was taken at the upstream end, the semi-
infinite channel flow-discharge responses to the upstream boundary and the uniformly
distributed lateral inflow were found as appropriate approximation of the corresponding
finite channel responses in comparison to the flow-discharge response to the concentrated
lateral inflow. The results presented corresponding to the uniformly distributed lateral
inflow between any two locations could include various types of lateral inflows including

a lateral inflow uniformly distributed along the channel length.
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CHAPTER 4

Diffusive wave approximation with different types of lateral inflow

and a flow-discharge hydrograph imposed at the downstream end

In this chapter, an analytical solution for the diffusive model is presented for the flow
discharge and the flow depth. The upstream boundary is considered as a flow-depth
hydrograph while the downstream boundary is considered as a flow-discharge hydrograph.
Two different types of lateral inflows are considered: a concentrated lateral inflow and a
uniformly distributed lateral inflow between any two locations along the channel length.
The analytical solution is derived by utilizing the Laplace transform through an extensive
use of the Laplace inversion theorem and residue theorem. Some of the responses are

compared with the corresponding semi-infinite channel responses.

4.1 Methodology

4.1.1 Governing equations and proposed method

The diffusive wave approximation of the Saint-Venant equations is derivable when the
effect of the inertial forces is less in comparison to the other forces. The following equations

depict the scenario [10]:

10Q 0Oh g,

vor T o b (4.1)
oh
7 =5 =5, (4.2)

A schematic diagram is given in Fig. 4.1.
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Figure 4.1: A schematic diagram for 1D flow structure in a prismatic channel

Our primary focus is to explore the contribution of the space- and time-dependent
lateral inflow on the flow discharge and the flow depth at different locations of a finite
channel of length L. Based on the concepts used in Chapter 3, the lateral inflow can be

written as

q,(z,t) = X(z)T(?), (4.3)

where X (x) and T'(t) represent the discharge distribution of lateral inflow in space and
the total discharge of the lateral inflow, respectively [19]. Following the work of Cimorelli
et al. [7], a prismatic channel is considered to linearize Eqgs. (4.1) and (4.2). The perturba-
tion technique is employed on two unknown variables A and (). The perturbed quantities
are Q,(z,t) and h, (z,t) with the higher-order terms being ignored with a reference con-
dition of steady uniform flow represented by (Q,, h,). In order to simplify the discussion,
dimensionless variables are used in this analysis. Here, the following transformations are

considered [7]:

t 1 (0S,/0h
L/OO, xz fE/ ) 1/ 07 Q Ql/Qoa 0 bo ((9Sf/8Q> X )
(QO’ 0)
where b, is the linearized water surface width and C| is the celerity of the linearized
model.
Using the dimensionless quantities in Eqs. (4.1) and (4.2), the following system in h*

and QQ* is obtained:
oh*  0Q*
Por T o
+r,Q +r,h" =0, (4.5)

= X" ()T (1), (4.4)

Oh*
ox*
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with

X(z) T(t)

X = o

(4.6)

The other parameters are as follows:

h Q. [0S oS
5 = —ObC,leL—O(—f) 7T2:L(—f) ,
QO 0~"0 h() aQ <Q07h0> 8h (QO’hO)

where 3 is the dimensionless water surface width. It is assumed that there is no perturba-
tion in flow discharge and flow depth before the application of any input, i.e., @*(xz*,0) = 0
and h*(z*,0) = 0. Then, applying the Laplace transform on the system comprising
Egs. (4.4) and (4.5), we get

d@ T *\ %
@ + Bsh* = X (z*)T*(s), (4.7)
i + 7, Q* + r,h* = 0. (4.8)

dx*

where Q*(z*,s), h*(z*,s), and T*(s) are the Laplace transforms of Q*(z*,t*), h*(z*,t*),

and T*(t*), respectively. The above system can also be equivalently written in the follow-

ing form:
g % = M(s)U(z*, s) + R(z*, s), (4.9)
where
The solution to Eq. (4.9) is obtained as
U(a*,s) = exp(M(s)2z")U(0, s) + /0 ) exp(M(s) (2" — ¢)) R(¢, 5)d, (4.11)

where U(0,s) = (Q*(0,s) F(O,s))T is the vector representing the upstream boundary
condition. The entries o, of the matrix exp(M(s)z*) have the following expressions as

given by Cimorelli et al. [7]:

a,, (z7, s) = exp (Pf*) - <%*\/7)\/Zpe - (%ﬁ> o (412)
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sinh (x—ﬁ>

a, (", s) = —20sexp (Pe;*) \/27 , (4.13)
.\ sinh <$—*\/?)
a,, (z*,s) = _2E exp <P€x ) 2 : (4.14)
s 2 VZ
P V/'Z cosh (%*\/?) + P, sinh (%*\/2>
a,, (", s) = exp ( 82 ) 77 : (4.15)

with Z = P> + 4P,s where P, = C,L/D, is the Péclet number; D, = Q,/(2b,5,) is the
linearized diffusivity coefficient. Now, we use two forms of X*(z*) to study the effect
of two different types of lateral inflow which are space-dependent in addition to being
time-dependent.

4.1.2 Concentrated lateral inflow

The Dirac delta function can be used to represent the case of a lateral inflow concentrated
at a location x, (with z as the non-dimensional form). It can represent the cases of a
lateral inflow from a tributary of negligible width in comparison with the length of the
channel under consideration. Using the property of the Dirac delta function, the integral
of Eq. (4.11) can further be simplified as

| expa) @~ ) Rior )0 =) [ lau@c -

0, for z* < 7.

Finally, using Eqs. (4.11) and (4.16), we get the following form of the vector U(x*, s):

e s o [ @09, o 2 )T (s) -

U(z*,s) = exp(M(s)z™) __*(O, 9| + (2 — 27, $)T(s)| for * > ¥, (4.17a)

U(x*,s) = exp(M(s)x*) E(O’S) , for x* < z*.  (4.17b)
770, 5) | :

The system given in Eq. (4.17b) is valid for the locations upstream to the concentrated
lateral inflow, whereas the system given in Eq. (4.17a) is valid for the subsequent locations
downstream to the concentrated lateral inflow.

The upstream and downstream boundaries are considered as h*(0,t*) and Q*(1,t*), re-
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spectively. To utilize this fact effectively, we evaluate Q*(2*, s) at #* = 1 from Eq. (4.17a)

as
Q*(1,5) = a,,(1,5)Q*(0,5) + a, (1, 5)h*(0,5) + a,, (1 — 7, s)T*(s).

Using Eq. (4.18), the expression for Q*(0, s) can be obtained as

a,, (1 —x;,s)

a11(17 8)

Subsequently, the system given in Eq. (4.17) gets converted to

T*(s).

T = o - T -

Q*(z",5) = A, (2%, 5)h*(0,5) + A, (2%, 5)Q*(1,5) + A, (", 5)T*(s),
h*(a*,s) = B, (z*,5)h*(0,5) + B,(z*,5)Q*(1, s) + B, (¢*, s)T*(s),
with
1— 2"
. 2/3s sinh VZ
A (x 3)—exp(P62$) \/E< 2 )\/2 ;
V/'Z cosh ( 5 ) — P, sinh (T
. V' Z cosh (m*;/?) — P.sinh ﬁf)
A (2%, 8) = exp (I 2_ D NG Jz\
V/'Z cosh (T) — P, sinh T)
V7 cosh (x*; Wz) + P.sinh (x - Wz)

/7 o
sinh xo\/_ sinh <1 < \/7)
— vt —ax; \4P.s 2 2
A, (z",s) = exp P. 77 77 77 ,
\/ZCOSh (T) — Pe sinh <T>

for 2% > x7,

2
vZ . (VZ ’
V/'Z cosh < > — P.sinh <T>

(4.18)

(4.19)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26a)
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1- 1-

\/?cosh( fﬁ) _ P.sinh ( 236:\/?)
A ()

A (z",s) = —exp <:v ;xo Pe>

for * < x7, (4.26Db)
and
— V' Z P,
B, (z*,s) = 2P, sinh (.’13'0\2/_> exp <76(x* — x(’j))
e | |
VZeosh (ZAVZ) + psini (V)
2 2 3 N
X , for 2" > a7, (4.27a)

ﬁ\/? (\/Ecosh <g> — P, sinh <@>>

— *NZ P,
B, (z*,s) = 2P, sinh (x ;/_> exp (—(x* — :EZ))

2
1-— 1—2x*

\/Ecosh< 23”:\/7) —Pesinh( 5 0\/7)
BVZ (ﬁ cosh (\/77) — P.sinh <@>>

X

, for 2" < x7. (4.27D)

2

The inverse of the system comprising Eqs. (4.20) and (4.21) is obtained as

Q(z*,t*) = A, (%, 1) ® h*(0,£*) + A, (z*,t*) ® Q*(1, ") + 4,
h*(a*,t*) = B, (2", ¢*) ® h*(0,¢*) + B,(a*,t") ® Q*(1,t") + B,

(@, ) @T*(t*), (4.28)
(", ) ® T*(t*), (4.29)

c

where A (z*,t*), A, (z*, t"), A, («*,t*), B, (*,t*), B

inverses of A, (z%,5), A (2*,s), A

(*,t*) and B, (x*,t*) are the Laplace
z*,s), B (z*,s), B (z*,s) and B, (z*, s), respectively.
c u d lc

d

l

4.1.3 Uniformly distributed lateral inflow between two locations

In this case, the lateral inflow is considered to be uniformly distributed between two
locations x, and x,, with 27 and x] as the non-dimensional forms of z, and z,, respectively.
This can be represented by using the unit-step function [19]. This case can handle the
scenarios where the lateral inflow is from a tributary which is of significant width such

that the width cannot be ignored, and z, and x, represent the two ends of the mouth of
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the tributary. Here, we write

1
*af) _oulet — ot for a* € [x*, 2]
u(z* —x u(z* —x ; - REAE
X*(z*) = ( 12 £ ) = T, — T (4.30)
Ty ™ 0, for x* ¢ [x7, 23],

where u(.) is the unit-step function with z} — ¥ # 0. Using Eq. (4.30), the integral in
Eq. (4.11) can be simplified as

0, for 0 < 2™ < a7,
= [, (¥ — o, s
x . T*(s) / u é) do, for a7 <a* <z,
| o) @ = o) Reo )0 = Z2 8 g a0 = 009)
1
/ ) do, for z* < z* <1,
L 3 Qs (I* R 8 S)
0, for 0 < 2™ <]
= T*(s)A,, (z*, 4.31
T (431

Finally, using Eqs. (4.11) and (4.31), we get the following form of the vector U(z*, s):

LRI A Y . R e
U(x*,s) = exp(M(s)x*) Ci:((g’::)) : for +* < a7, (4.32b)

where

s(zr —a* NV
I* - x* * * *
_COSh( 5 1@)}‘}'@, for ZL‘l S(L’ <£L’2, (433&)
1 * _ * * _ *
A, (2%s) = S(x*—_m*)exp (x 5 ~ e) { cosh (x 5 ! \/E)
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— cosh (;1: ;:1:1 \/2) }, for 27 < 2" <1, (4.33b)

. 1 =] P, . =]
Am(x ,S) = WGXP ( 5 e> {ﬁsmh ( 9 \/E)

* _ * 1
— cosh (x 5 ! \/?) } + B =) for 27 < 2" < a7, (4.34a)

A, (z%)s) = ;_)exp (x ;xQ Pe> { cosh (glj % \/2)

2

1 ¥ —x* P, ¥ —x*
P ex LP. ){ —=sinh 1\/2)
Bs(a; — a7) p( 2 ){ﬁ ( 2

— cosh (x ;xl \/E) }, for z; <z* < 1. (4.34b)

The system given in Eq. (4.32b) is valid for the locations upstream to x*, whereas the
system given in Eq. (4.32a) is valid for the subsequent locations downstream to z¥. The
expressions of A, (z*,s) and A,, (z*, s) are the same as the ones obtained in Chapter 3.

It is known that ~*(0,t*) and Q*(1,t*) are the upstream and downstream boundaries,
respectively. By utilizing this information, we can evaluate Q*(z*,s) at z* = 1 from
Eq. (4.32a) as

Q*(1,8) = a,, (1,5)Q*(0,8) + ay,(1,8)h*(0,5) + A, (1,8)T*(s). (4.35)

Using Eq. (4.35), the expression for Q*(0, s) can be obtained as

O

Upon using Eqgs. (4.33) and (4.34), the system given in Eq. (4.32) gets converted to

Q

I
pN

(2, 8)h*(0,5) +
(z*,8)h*(0,5) +

b
sH
—~

S
\‘(‘JJ
~—
O

*
—~
l—‘

Va)

~—

A (2%, 8)T*(s), (4.37)

Q (", 3)
h* (4.38)

", s
C)

I
]

ol

&

3

S|

\.)—‘

3

+ o+
]

R

\.03

=

>

where A, (z*,s), A, (z*,s), B,(z*,s) and B,(z*,s) are the same as the ones obtained in
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Egs. (4.20) and (4.21). The other two terms are obtained as follows:

V7 cosh (%\/7) P siuh (%ﬁ)

S(x; - x;‘) N (ﬁcosh (%7) — P.sinh (g))

x {exp <x*;xfpe> (\/Ecosh (1 _$Tﬁ> (P, +2s)sinh (1 _mfﬁ»

Zld (x*7 S) = 1

2 2

— exp (I _‘7”311,) <\/Ecosh (1 _IZ\/E> — (P + 25) sinh (1 _xﬁ»}

2 2 2

for 0 < 2" < a7, (4.39a)

1+x*—m: 1—|—a:*—:p;

o (2 ;x: Pe> VZ cosh <Tﬁ) _ P.sinh (Tﬁ)
sy — 1) \/Z cosh (%7) _ P.sinh (‘g)

*

V/Z cosh (%\/?) + P, sinh

N4 T — 2
’ V/'Z cosh - | P, sinh
1
T 7~ for z7 < z* < a7}, (4.39b)
s(xr —a*)
exp o . . V/Z cosh ﬁﬁ + P, sinh ﬂ\/E
. P 2 (-1 2 2
A, (x%s) = N y 5. sinh 5 vZ

V/Z cosh (g) — P,sinh (g)
V7 cosh (%ﬁ) + P.sinh (%ﬁ)
V'Z cosh <g> — P,sinh (g) |

for ) < 2" <1, (4.39¢)

(x - )
exp A .
2 2 . sinh <$ 5 1\/2)
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sinh (%*\/7)
Palw; — =) N (x/?cosh (\/72) — P.sinh (g))

x {exp (1; ; foe) (\/Ecosh (1 _ xf\/?) — (P, +2s)sinh <1 — \/2))

2 2
e ( = ) (ﬁh( 2 ﬁ) (P +29) Smh( 2 ﬁ)) }
for 0 < 2" < a7, (4.40a)
: x*
- o 2P, . (x*xzp)&nh(?\/?)
T ,s)= X e
i Bs(x: — x*) P 2 VZ
V/Z cosh <582T\/2) + (P. 4 2s) sinh (932 5 \/2)
X
Z 7
V/'Z cosh (%) — P, sinh (g)
] P V/Z cosh (%ﬁ) + P.sinh (%ﬁ)
_ Lp,
Bs(as—a7) ( 2 ) VZ
ot =1 ] zt—1
cos ) sinh | ——
ﬁh(zﬁ)w h(zﬁ) X
X +
Bs(zr — x*)’
V/Z cosh (g) — P, sinh <g> ’ ’
for z7 < 2" <, (4.40Db)

_ | YZcosh (552— 1\/?) " et (372_ 1\@)
B, (z%s) =
(2 8) Bs(ar — %) 7 (ﬁcosh (g) , Fasmh <g>>

y {exp (7550 (vZeon (2v7) + rosn (57))

2
~exp (x ngPe) (\/Zcosh (%ﬁ) + P, sinh (%ﬁ)) }

for x) <a2* <1, (4.40¢)
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The inverse of the system comprising Eqs. (4.37) and (4.38) is obtained as

Q (0, 17) = A, (2", 07) @ 1(0,87) + A, (2, ) ® Q*(1,#7) + A, (", 1) @ T(+"), (4.41)
W (2%, t7) = B, (2", ") ® B*(0,t") + B,(2*,t") ® Q*(1,t*) + B, (z*,t*) @ T*(t*), (4.42)

where A, (z*,t%), A, (z*,t*), B, (2*,t*), and B, (z*,t*) are the same as the ones obtained in
Eqgs. (4.28) and (4.29) whereas A, (z*,t*), B,,(x*,t*) are the Laplace inverses of A, ,(z*, s)

and B, (x*, s), respectively.

4.2 Inverse transformations

To evaluate the time domain expressions, the Laplace inversion theorem is used. The
functions in Eqs. (4.22)—(4.27), Eq. (4.39) and Eq. (4.40) appear to be two-valued in
the neighborhood of the point s where Z = 0 but all of these give the same value for
Z = exp(im), exp(—im). As a consequence, these functions are all single-valued with no
branch points. The attribute of the Jordan’s lemma given in Chapter 1, Section 1.4 holds
true for the functions in Egs. (4.22)—(4.27), Eq. (4.39) and Eq. (4.40). Subsequently, the
only singularities here are the zeros of the denominators of the functions given in these
equations. We need to find the roots of the following equations to evaluate the integral

in Laplace inversion theorem:

VZ cosh (%7) — P.sinh (g) — 0 and (4.43)
VZ <\/Ecosh (g) — P.sinh (*g)) = 0. (4.44)

Equations (4.43) and (4.44) can be simplified as

V'Z cosh <g> {1 - \]/D%tanh (g) } = 0, (4.45)

vZ P, vZ
Z cosh <T> {1 — \/Ztanh (T) } = 0. (4.46)

The roots of these equations are the roots of the expression inside the braces, because the

extra v/Z factor is non-zero except for s = —P,/4, and this case is handled separately.

Here, all roots exist only corresponding to the negative values of s. Using tanh (v/—z) =
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itan (y/z), with s replaced by —s, leads to

P ViP5 — P?
1 ©__tan ( S ) — 0, (4.47)

which can be written as

ViP5 — P?
VAP.s — P? = P, tan <;> (4.48)

2

Now, the roots of Eq. (4.48) belong to Ij:

(2k = 1)*z* P, (2k+1)*z% P, :
L=+ — ———+ — thk € N. 4.4
Sk © e ( bt e 4p ahlthee (4.49)
However, there is an extra root in the following cases:
P, 7 P,
Case 1: If 0 < P, < 2, a root s, exists in the interval I = T 47T_P + Z)’ and only

one root exists in each interval Iy as given in Eq. (4.49).
Case 2: If P, = 2, aroot s, = P./4 exists and there is only one root in the interval I}
for each k.

P
Case 3: If P, > 2, a root s, exists in (0, Ze) and only one root exists in each interval

1.

Using the residue theorem, the integral present in the Laplace inversion theorem can be
evaluated for the functions in Egs. (4.22)—(4.27), Eq. (4.39) and Eq. (4.40) by obtaining
the residues of these functions at the poles s,. Since all the poles are simple ones, the

evaluation of the residues can be performed by using the following standard formula:

Res (exp (st)f(s);s = —s,) = lim exp (st)(s+ s,)f(s) (4.50)

S—r— Sk

to obtain f(t) as
= ZRes (exp (st)f(s);s = —s,). (4.51)
k=0
Using Eq. (4.51), we have

A, (z" LA (2%,8)} = Zalk )exp (—s,t"), (4.52)

with
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z* —1

pa B/ Zosin (S V7,

a, (z*) =exp , 4.53
o) = (55 Nea (4.53)
(2P.s, — P.) cos 5
A1) = LA 9)} = >, (@) exp (—s,), (454)
k=0
with
N < Z,_cos (x—*\/Z) — P, sin (x—*\/Z ))
. I* o 1 k k 2 k € 2 k
a,, (x*) = exp ( Pe> ., (4.55)
2 /7,
(4P.s, — 2P,) cos 5
A () =L7H A (2% 5)} = Za% (") exp (—s,t"), (4.56)
k=0
with
S
o g 4P,s, sin (—\/Zk) sin ( \/Zk)
a,, (z*) = exp ( 0P6> , for % > a7,
2 N
(4P.s, — 2P,) cos g
(4.57a)
a, (x*) = —exp (a: ;xo Pe) ( Z, cos (%\/Zk> — P.sin <%\/Zk)>
1—z* o (1=x
chos< Ow/Zk)—Pe&n( Ow/Zk)
X . , for 2" < a7, (4.57Db)
(4P.s, — 2P.) cos < : 5 k)
A () =LA@, 5)} =) a, (a7 exp (—s,17), (4.58)
k=0
with
1 Z, cos (—\/Zk) — P,_sin x—«/Z,@)
a4k<x*) -
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) {exp (555n) (Vs (F55VE) - (-2 (<557 )
—exp(x*_m )(\/_COS( *\/Z>—(Pe—QSk)SiHC_;:\/Z))},

for 0 < 2" < a7, (4.59a)
exp (:1: 2 )\/ cos( o 2\/Zk>—Pesin <#\/Zk>
s, (xr — %) /7
* (4P.s, — 2P.) cos ( 5 k>
) \/Z, cos (%\/Zk) + P, sin <x—\/Zk)
(2P.s, — P.) cos ( )
x* ) x*
) \/Z, cos (?lw/Zk> + P, sin <?1\/Zk>
Z )
(2P.s, — P.) cos ( ‘2 k)

for 2% < 2" <7, (4.59Db)

exp (w ;xlpe) o \VFieos (%m)wesm %\/7)
sin( ﬁ)

)
. sin<x22 Z,

a4k<x*) =
ik 2 /7
‘B’ (2P.s, — P.) cos ( 5 k>
Tzt — xt i y Tk
exp( 5 2Pe) P \/ 4, cos (?2\/20—1-1368111 fw/Zk)
_ - - sin 5 V2, \/Z_ ,
T*— 1
A (2P.s, — P.) cos ( 5 k)
for z7 <" <1, (4.59¢)
B0 = 7 (B 9) = 30 s () 0
with

P R e
e ) ()
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B, (z" =L B, (z%,s)} = Zb% )exp (—s,t*), (4.62)
with
A x—*\/Z
2P, 21 S G VA
b, (x%) = — 3 exp 5 P. =\ (4.63)
(4P.s, — 2P.) cos ( : 5 ’“)
B, (2", t) = L7 B, (a%,5)} = D b, (a") exp (—s,1%), (4.64)
k=0
with
2Pe x ‘ *
b, (zF = exp i P, | sin ﬂ\/Zk
3 2 2
*—1 *—1
Z, cos ( 5 \/Zk> + P, sin ( \/Zk>
X > , for 2% > a7, (4.65a)
(4P.s, 2P)cos<‘2k)
. 2P, T — 4
b, (%) = 3 exp( 5 OP)SID(Q\/Zk>
1—zF 1—z*
chos( 2x°\/Zk> Psm( QION/Z,C)
X - ¥ ol <%, (4.65b)
(4P.s 2P)cos<‘2k>
B, (z* B, (z%,s)} = Zb4k )exp (—s,t"), (4.66)
with
:I;*
op sin ?1/Zk
by (27) = -
s, (x; — x}) VZ
(4P.s, — 2P.) cos 5 u
¥ —x* 1—2z* ) 11—z
x{exp< 5 ! e) ( chos( 5 1\/Zk>—(P —2sk)sm< 5 \/Zk))
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*

— exp (;1: 2x2Pe> <\/chos <T:BQ\/Z,€) —(Pe—25k)sin( 2:1:2\/216))}7
for 0 <2 <27, (4.67a)

b, (") = 55 (QPG ) exp (m* 5 2P) sin <J; \/Z_k)

rr — x*
1—z*

Z,cco:(#\/?)ﬂ% —P)sm< 5 2\/Z>
(4P.s, 2P)cos<\/7k>

() (Ve (3 v7) s (5 V7))

JZ cos (f’“"T‘
X

Vs (“”” = \/7) 1 P,sin (”" ~ Wz—k)

(4P.s, — 2P.) cos (

o270 (e () )

(55 (e )01 () b

(4.67c)
where Z, = 4P,s, — P2. For the exceptional cases, we obtain different coefficients.
P P
Case 1: When there is a root s, i T 47;) +— 1 , the coefficients in Egs. (4.53),

(4.55), (4.57), (4.59), (4.61), (4.63), (4.65) and (4.67) remain unchanged for s, .
Case 2: When P, = 2, implying s, = P,./4 as a simple pole, the coefficients for k = 0 are
replaced by

ap(a) = (@~ Dexp (@), (4.68)

Ay (") = g(l —z")exp (z* — 1), (4.69)

a,,(x*) = 3;: ¥ —1)exp (z* — 1)), (4.70)
B (e VR B " -

a,,(z*) = S — o) ((zF 4+ 1)exp (¥ —a¥) — (zf + 1) exp (z* — 2)) , (4.71)

TH-3462_186123102



4.2, Inverse transformations 113
by (z") = 3;3* exp (z*), (4.72)
by (") = —3;* exp (2" — 1), (4.73)
bafa?) = 2T exp o — ), (171)
b, (z7) = % (& + Dexp(e® —2%) — (& + Dexp(a® —a3)).  (4.75)

Case 3: When there is a root s, in (0, P./4), then for & = 0, the functions in Eqs. (4.53),
(4.55), (4.57), (4.59), (4.61), (4.63), (4.65) and (4.67) will be replaced by the negative of
the respective function, and the hyperbolic function replacing the corresponding trigono-
metric function, with Z, = P? — 4P,s,.

To study the physical behavior of these impulse responses, we derive the corresponding

unit-step responses which have the following forms:

ad =
azc(x*7t*) =<
am(x*?t*) = 9

_1
B
[1

*

ia exp —s,t%),

Z 0o (T exp —s,t"),
=0

_1 _ - G’Bk(‘r*)

exp (—s,t*), for z* < a7,

L k=0
*
— M exp (—s,t"), for z* > a7,
k=0 K
Z.a, (z*)
. Z‘““— exp (—s,t"), for 0 < o* < a7,
s
k=0 K
-z oma,, (o
- :Bi = Z% exp (—s,t*), for a* <a* < al,
2 1 k=0 k
0 *
a, (z
—Z% exp (—s,t%), for ¥ < a* <1,
k=0 K

puni
oo b * )
ﬁ(exp (P.x*) Z a exp —s,t"),
=0

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

for z* < 7,

for z* > 7,

(4.82)
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( 00
1 b, (z*
B(exp (Px*)—1) — 5 1 (") exp (—s,t"), for 0 < 2" < a7,
S
k=0 k
l’* — ZL’: exXp (Pel'*) * * * *
_Pe - _Pe Pe -
B =) + BB, (at — o) (exp (—P.a*) — exp (—Poa*) + Po(z} — 7))
ld(flﬁ,t)— § S exp( Sy )7 Orl'l_l’ <l‘2,
k=0 k
exp (Peflf*) * * * *
m (exp (—PeI'Q) — exp (—Pexl) + _F)e(l’2 - [El))
€\7a 1
o b %
— g %exp(—skt*), for 27 <a2* < 1.
\ k=0 k

(4.83)

4.3 Results and discussion

In this section, the finite channel responses are compared with the corresponding semi-
infinite channel responses due to the lack of availability of the analytical solutions in the
literature for the same. A comparison for the upstream and lateral responses for the
flow discharge is presented. The upstream responses are compared with the semi-infinite
channel responses used in Cimorelli et al. [6] for a given flow depth at the upstream end.
The flow-discharge upstream response for the semi-infinite channel with a flow-depth-

based upstream boundary is given as

au,m(x,t)ZEerfc \/E\/Pe —}—m

Similarly, the flow discharge response to the uniformly distributed lateral inflow for the

4t*

oxp (_up> (4.84)

semi-infinite channel with a flow-depth type upstream boundary, based on [21, 6], is given
as

3 1 ¥ —t*
Y =8 — 2 ¢ = 2 s f Pe
ald,oo(x ) =0 3 * 2 erfc T \/

+ % exp(P.z*)erfc <x* + 7 \/E> _ B =) exp (—Mpe>

VAt VAT P t* 4t*
— ﬁ eXp(Pex )exp —%Pe . (485)

In Fig. 4.2, the upstream responses for the flow discharge a,(z*,t*) evaluated in the
previous section are compared with the corresponding semi-infinite channel responses
a, . (z*,t*) given in Eq. (4.84). For this comparison, we take Q*(1,¢*) = 0 and T*(t*) = 0,
which physically means that there is no perturbation in the flow discharge to the reference

value @), at the downstream end, and there is no lateral inflow in the channel. The values
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of the Péclet number are considered between 0.5 and 8. For P, = 0.5 and 2, the response
at ¥ = 0.2 gets an instant peak. As the observed location moves away from the upstream
end, the peak of the response becomes smooth. This peak is the effect of the instant input
given at the upstream end, whereas the fall of the peak is the effect of the downstream
boundary. As one increases the Péclet number, the effect of the downstream boundary
reduces and the response takes a longer time to reduce to zero. This can be observed from
Figs. 4.2(b) and 4.2(c) for both of which the flow discharge does not reach zero for t* = 3
corresponding to P. = 2, 8. On the contrary, this does not happen for P, = 0.5 as can be
observed from Fig. 4.2(a) that every response goes to zero after t* = 1. Cimorelli et al. [6]
presented this comparison with similar conditions except that the downstream boundary
was considered as a stage-discharge relationship. In their comparison, the semi-infinite
channel responses were in decent agreement with the finite channel responses for P, = 5.
Here, even for P, = 8, the semi-infinite channel responses overestimate the finite channel
responses for the locations closer to the downstream boundary. Both types of responses
agree upto x* = 0.4, but after that, the semi-infinite channel responses fail to estimate the
responses for the finite channel. From this comparison and the one provided in Cimorelli
et al. [6], we can infer that the usability of the semi-infinite channel responses in place
of the finite channel responses also depends on the type of the considered downstream
boundary.

In Fig. 4.3, the downstream response for the flow discharge corresponding to a unit-
step flow discharge provided at the downstream boundary is presented. Here, we take
h*(0,t*) = 0 and T*(t*) = 0, which physically means that there is no perturbation in
the flow depth to the reference value h, at the upstream end, and there is no lateral
inflow in the channel. The responses take a longer time to converge as the value of the
Péclet number is increased. The effect of the downstream boundary seems to dominate
the behavior of the responses. Although the values of the discharge reduce significantly
for P, = 8, the effect of the downstream boundary is still visible at x* = 0.8. From the
expression in Eq. (4.77), these responses are expected to reach 1 for large times, which
also agrees with the condition of unit-step flow discharge imposed at the downstream
boundary. Based on the pattern observed here, we can infer that these responses will
take a long time to reach that stage. Even for lower values of P,., the responses for
x* = 0.8 show a different pattern in initial times. These responses are very different from
the ones obtained for a flow depth given at the downstream end which was discussed in
Chapter 3. For all the considered values of P., the discharge increases and hence, always
has positive values. This shows that the flow-discharge-based downstream boundary is
responsible for the increase in the value of the flow discharge along the channel, and its
effect gets reduced as one moves toward the upstream end, which is not the case for a
flow-depth-based downstream boundary.

In Fig. 4.4, the flow-discharge response at z* = 0.9 to the unit-step lateral inflow con-

TH-3462_186123102



116 Diffusive Wave Model with Flow-discharge Hydrograph at the Downstream End

=02 —— -z =02 2 : : : : :

ot =04 ———z* =04 Py —— —
@ =06 ———2° =06 P.=2 04 — — —2* — 04
=038 " =038 *=0.6 — — 2" =06

z* =02 — — 2" = 0.2]|
=04 ——-2* =04
8 =06 —— -z =0.6
z* = 0.8 ¥ = 0.8

Figure 4.2: Comparison between flow-discharge response for finite channel given in
Eq. (4.76) — continuous curves, and flow-discharge response for semi-infinite channel
given in Eq. (4.84) — dashed curves, to the unit-step flow depth at the upstream end for
different 2* with Q*(1,t*) =0 and T*(t*) =0: (a) P.=0.5,(b) P.=2,(c) P.=38

centrated at different 7 is plotted corresponding to different values of .. Here, we take
h*(0,t*) = 0 and Q*(1,¢*) = 0, which physically means that there is no perturbation in
the flow depth to the reference value h, at the upstream end, and there is no perturbation
in the flow discharge to the reference value (), at the downstream end. The behavior of
the concentrated lateral inflow responses is very similar to the upstream responses plotted
in Fig. 4.2 except that the difference in the convergence limit is very significant. The con-
vergence pattern agrees with the fact that, for higher Péclet numbers, the dominance of
the downstream boundary reduces which is the reason behind the values of the discharge
diminishing to zero for lower Péclet numbers.

In Fig. 4.5, the combined effect of unit-step flow-depth-based upstream boundary and

unit-step flow-discharge-based downstream boundary on the flow depth is presented at
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Figure 4.3: Flow-discharge response for finite channel given in Eq. (4.77) to the unit-step
flow discharge at the downstream end for different x* with h*(0,¢*) = 0 and T*(¢*) = 0:
(a) P.=05,(b) P.=2,(c) P.=4

different locations of the channel. To plot this, no lateral inflow is considered in the
channel which means 7*(t*) = 0. As can be observed from Figs. 4.5(a)—4.5(b), the
flow depth takes negative values initially, and then slowly increases to reach the value 1;
this convergence limit is dependent on 8 which is kept at 1. These negative values are
observed only for the locations closer to the downstream boundary. This means that a
flow-discharge-based downstream boundary reduces the flow depth, and its effect reduces
as one moves toward the upstream end, where the flow depth seems to increase from the
starting time due to the presence of a unit-step flow depth imposed at the upstream end.
The clear difference of the dominance of the downstream boundary is visible for the cases
x* = 0.6 and x* = 0.8 for all cases of P, that are plotted here. When considered separately,
the convergence limit of these responses is dependent on all the parameters, i.e., P., [,

and x. However, it can be observed from Fig. 4.5(c) that, although initial negative values
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Figure 4.4: Flow-discharge response at z* = 0.9 to the unit-step lateral inflow con-

centrated at different 27 for finite channel given in Eq. (4.78) with h*(0,t*) = 0 and
Q*(1,t*)=0: (a) P.=0.5,(b) P.=2,(c) P.=38

exist for the flow depth, the combined responses reach the value 1 for some large time.
As the value of P, increases, the responses take a longer time to converge. To show that
this response takes a longer time to converge, results for P, = 4 are plotted for a larger
time scale. This convergence time increases rapidly as one considers increasing values
of the Péclet number. If the value of [ is increased, the effect of the downstream end is
observed to reduce and the effect of the upstream boundary dominates the behavior of the
flow-depth responses. Although the dimensionless channel width is dependent on various
parameters, it is directly proportional to the linearized channel width b, and celerity C,.
This may mean that, for channels with large widths or with high celerity, the effect of the
upstream boundary is more dominant than the effect of the downstream boundary. The
value of 3 also increases with an increase in the reference value h, of the flow depth and

with a decrease in reference value @), of the flow discharge.

TH-3462_186123102



4.3. Results and discussion 119

Figure 4.5: Combined flow-depth response to the unit-step flow depth at the upstream
end given in Eq. (4.80) and unit-step flow discharge at the downstream end given in
Eq. (4.81) at different z* with T*(¢*) =0, 6 =1: (a) P.=05,(b) P.=2,(c) P.=4

For Figs. 4.6—4.9, we consider h*(0,t*) = 0 and Q*(1,¢*) = 0. This physically means
that there is no perturbation in the flow depth to the reference value h, at the upstream
end, and there is no perturbation in the flow discharge to the reference value @), at the
downstream end.

In Fig. 4.6, the effect of a uniformly distributed unit-step lateral inflow on the flow
discharge is shown at different locations of the channel. The lateral inflow is uniformly
distributed between the locations z7 = 0.2 and x] = 0.5. The responses for z* < z¥
converge to the value —1, and then the convergence limit increases as the distance between
r* and the downstream end decreases. The backwater effect for 2* < 27 is almost similar
for the cases z* = 0.1, 0.2. However, the responses for z* with z7 < z* < z shows a
different pattern as compared to the responses for #* >z} and z* < x7. For large times,

the responses for 7 < x* < x) are dependent on x*, but for locations downstream to
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Figure 4.6: Flow-discharge response to the unit-step lateral inflow uniformly distributed
between locations ¥ = 0.2 and 7 = 0.5 given in Eq. (4.79) at different z* with 2*(0,¢*)
0 and @Q*(1,t*)=0: (a) P.=05,(b) P.=2,(c) P.=4

location x}, all the responses approach zero as time progresses. This convergence process
slows down as the Péclet number increases. To illustrate this slow convergence, a different
time scale is taken while considering P, = 4 as shown in Fig. 4.6(c). For z* < z¥, due
to the combined backwater effect of the downstream boundary and the lateral inflow, the
flow discharge reduces in the upstream direction. Higher values of the flow discharge are
observed for the locations closer to z;. Beyond this, the flow discharge reduces as the
observed location moves toward the downstream boundary. It ultimately reaches zero in
agreement with the condition of zero flow discharge at the downstream end which was
taken into account to derive the unit-step responses of the distributed lateral inflow.
The response of the flow depth to the unit-step lateral inflow distributed between the
locations z7 = 0.1 and z} = 0.7 is shown in Fig. 4.7. The limiting value increases with an

increase in the value of x* or P,. Here, we take the value of P, up to 2.5. A slight variation
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Figure 4.7: Flow-depth response to the unit-step lateral inflow uniformly distributed
between locations 2* = 0.1 and #} = 0.7 given in Eq. (4.83) at different z* with § = 1,

h*(0,t*) = 0 and Q*(1,t*) =0: (a) P.=0.5, (b) P. =

2,(c) P.=25

in the discharge due to the lateral inflow shows a significant impact on the flow depth.

Even for x* > z;, the flow-depth response increases further as the value of the Péclet

number is increased. The difference between the responses at the locations upstream and

downstream to x} increases as the value of P, is increased further. This happens because

of the downstream boundary present as a flow-discharge hydrograph. The effect of the

downstream boundary appears to dominate up to x* = 0.8 which is very close to the

location z = 0.7. As one moves in the upstream direction, this effect reduces.

The responses of the flow depth to a uniformly distributed lateral inflow between

locations z7 and x; presented in the previous section can be used to find the flow-depth

response corresponding to a lateral inflow uniformly distributed along the channel length.

These responses are shown in Fig. 4.8. The flow depth increases as the value of x*

increases, and for higher Péclet numbers, an exponential growth is visible. This may
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Figure 4.8: Flow-depth response to the unit-step lateral inflow uniformly distributed
along the channel length given in Eq. (4.83) for 27 = 0, } = 1 at different 2* with § = 1,
h*(0,t*) =0 and Q*(1,t*) =0: (a) P.=0.5,(b) P.=2,(c) P.=4

mean that even the slightest change in the flow-discharge distribution along the channel
has a huge impact on the flow depth, and the exponential increase for the locations closer
to the downstream boundary shows the sensitivity of the flow depth to the discharge-type
downstream boundary. This is not the case for the flow discharge as can be observed from
Fig. 4.9 presented next.

In Fig. 4.9, the flow-discharge response to the unit-step lateral inflow uniformly dis-
tributed along the channel length, i.e., 7 = 0 and 2} = 1 is compared with the cor-
responding semi-infinite channel response. For P, = 10, the responses are in complete
agreement upto z* = 0.4, but the semi-infinite channel response overestimates the re-
sponse for £* = 0.8. Since the finite channel lateral response is derived by taking a zero
downstream boundary, its effect brings down the flow discharge values as one moves to-

ward the downstream end. For lower values of P,, the semi-infinite channel response does
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Figure 4.9: Comparison between flow discharge response for finite channel given in
Eq. (4.79) — continuous curves, and flow discharge response for semi-infinite channel given
in Eq. (4.85) — dashed curves, to the unit-step lateral inflow uniformly distributed along
the channel length for 2¥ = 0, 27 = 1 at different 2* with h*(0,¢*) = 0 and Q*(1,t*) = 0:
(a) P.=05,(b) P.=5,(c) P.=10

not provide a satisfactory match with the finite channel responses. This shows that, for
higher values of the Péclet number, the semi-infinite channel responses can be used to

estimate the discharge for locations away from the downstream end.

4.4 Conclusion

Focusing on the simplified models of the Saint-Venant equations, we have derived an
analytical solution for the linearized diffusive wave model in a finite length channel with a

flow-depth-based upstream boundary and a flow-discharge-based downstream boundary.
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Two types of lateral inflows were considered: a concentrated lateral inflow, and a uniformly
distributed lateral inflow. The solutions for the flow discharge and the flow depth were
presented. The system of equations was solved by using the Laplace transform, where the
time domain solution was derived by using the Laplace inversion theorem.

For some cases, the unit-step responses were compared with the semi-infinite channel
results subject to the same upstream condition and lateral inflows without considering
the downstream boundary. To represent the case of a lateral inflow where the width
of the segment with the lateral inflow is negligible in comparison to the length of the
channel under consideration, a concentrated source was considered at x?. For the second
case, the lateral inflow was uniformly distributed between the locations z7 and z with
0 < 27 < 2} <1 which holds true for the case of a lateral inflow uniformly distributed
throughout the channel. For all the unit responses corresponding to different inputs, the
limiting value of the flow-depth responses is dependent on all the parameters, i.e., P., 3,
x*, xy, r; and x}. But the flow-discharge responses were independent of these parameters
except for the response to the uniformly distributed lateral inflow. This may mean that a
flow-depth-based upstream boundary and a flow-discharge-based downstream boundary
could bring out prominently the sensitivity of the flow depth; however they cannot display
the same for the flow discharge. Cimorelli et al. [6] presented these solutions by consid-
ering a stage-discharge relationship at the downstream end. Considering a flow-discharge
hydrograph in place of the stage-discharge relationship changes the dynamics significantly.
The stage-discharge relationship was reflected in the solution by using a feedback param-
eter which ranges between 0.6 to 1.3 for most of the downstream boundary presented in
river application [6]. But a downstream boundary in terms of a flow-discharge hydrograph
needs a separate solution to show the effect of the downstream boundary explicitly on the
flow discharge and the flow depth. The semi-infinite channel response completely failed
to approximate the results for the finite channel for lower values of the Péclet number. In
all the responses presented, the flow-depth responses were affected by the flow-discharge-
based downstream boundary as compared to the flow-discharge responses. For lower
value of the Péclet number, the solutions presented could be used for predicting flow dis-
charge and flow depth if a flow-discharge type downstream boundary and a flow-depth
type upstream boundary were considered. Even for P, = 10, the prediction of the flow
discharge by the semi-infinite channel result was not accurate for the locations closer to
the downstream boundary. Since the value of the Péclet number is directly related to the
importance of the downstream boundary, this showed that the effect of a flow-discharge-
based downstream boundary was more influential than a flow-depth-based downstream
boundary which was discussed in Chapter 3. For the problems with a flow-discharge type
downstream boundary imposed, the solutions presented here will be a better alternative

to the semi-infinite channel solutions available in the literature.

TH-3462_186123102



CHAPTER b

Impact of different types of lateral inflow and stage-discharge
relation imposed at the downstream end of a finite channel for the

diffusive wave model

In this chapter, an analytical solution for the diffusive wave model with a concentrated
and a uniformly distributed lateral inflow for a finite channel is presented. The upstream
boundary is taken as a flow-discharge hydrograph or a flow-depth hydrograph whereas the
downstream end is subject to a stage-discharge relationship. The focus is on analyzing the
impact of the lateral inflow concentrated at different locations or uniformly distributed
between any two locations along the channel length on the flow discharge and the flow
depth. The unit-step responses corresponding to the impulse responses for the lateral
inflow are presented and the responses corresponding to the concentrated lateral inflow
are also compared with the corresponding results of a semi-infinite channel where the
downstream boundary is ignored.

5.1 Governing equations and proposed method

Under suitable assumptions for the Saint-Venant equations, a prismatic channel of length
L for which the cross-sectional shape of the channel is fixed is considered and the bottom
slope is taken as constant. The diffusive wave approximation of the Saint-Venant equa-
tions can be derived when the effect of the inertial forces is small in comparison with the
other forces, which is described by the following equations [10]:

10Q oh g
bor Tor b (5.1a)
125
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oh

5= =55

f?

(5.1b)

and the notations involved in these equations are the same as the ones described in

Chapters 3 and 4. A schematic diagram for the flow problem is presented in Fig. 5.1.

Ry

Water surface

QLY =f(h(L.1)

Figure 5.1: A schematic diagram for 1D flow structure in a prismatic channel

Our primary focus is to study the effect of different types of lateral inflow on the flow
discharge and the flow depth at different locations of the channel of length L. Based on
the concepts used in Chapters 3 and /4, it is possible to express ¢, (z,t) as a product of

two functions as follows [19]:
¢, (z,t) = X(2)T(t), (5.2)

where X (x) represents the discharge distribution in space and T'(¢) is the total discharge
of the lateral inflow. The work of Cimorelli et al. [7] is followed to linearize Eq. (5.1). We
use the perturbation technique on the unknown variables ) and h. The flow is perturbed
around a steady uniform reference condition represented by (Q,, h,) with Q,(z,t) and
h,(z,t) as the first-order increments in the flow discharge and the flow depth where
higher-order terms are ignored. In order to simplify the formulation, we use dimensionless

variables in this analysis. The following transformations are considered [7]:

t x h Q@
f'=——,2"=—, h"=-2 Q"' ==, 5.3
L/C, L h, Q, (53)
where C, is the celerity of the linearized model given by
1 /0S,/0h
S (—/> , (5.4)
b, \9S,/0Q Qo)
with b, as the water surface width corresponding to the reference condition.
Using the dimensionless quantities in Eq. (5.1), we get the following system:
oh*  0Q*
= X" ()T (t" 5.5
B ST = X)), (5.52)
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oh*
ox* + TlQ* + T2h* = 07 (55b)
with
ol v ey _ (@) T(t)
X* (2T () = L 0. (5.6)

The other parameters are

h oS ) a9
5 = _Obocoa T, = L (_f) _07 Ty, = L (_f) )
Qo aQ (Qq-ho) ho oh (Qg>hg)

where [ is the dimensionless water surface width.

We assume that there is no perturbation in the flow discharge and the flow depth
before the application of any input, i.e., @*(z*,0) = 0 and h*(z*,0) = 0. Then, applying
Laplace transform on the system given by Eq. (5.5), we get

dQ* — —

¢ + Bsh* = X (x*)T*(s), (5.7a)
o’
@ =+ T’l@ = TQF = 07 (57b)

where Q*(z*,s), h*(2*,s) and T*(s) are the Laplace transforms of Q*(x*,t*), h*(z*,t*)
and T*(t*), respectively. This system can also be written in the following form:

dU (z*, s)

1= = M()U(a",8) + R(a", 9), (5.8)
where
o= [T o= [0 4] = [F1470). o

The solution of Eq. (5.8) has the form (Cimorelli et al. [7])

U(x*,s) = exp(M(s)z*)U(0, s) + /Om exp(M(s) (z* — ¢)) R(¢, s)do, (5.10)

where U(0,s) = (Q*(0,s) F(O,s))T is the vector representing the upstream boundary

condition. The entries ;,; of the matrix exp(M (s)z*) can be written as

V/Z cosh <%\/7) — P, sinh (%ﬁ)

a,, (a*,5) = exp (P‘f*) 7 . (5.11)
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sinh (%ﬁ)

a, (", s) = —20sexp (Pe;*) 77 , (5.12)
: x*
a,, (z*,s) = _2E exp <P€I*) " <7\/?) (5.13)
21 ’ 6 2 \/2 Y

V'Z cosh (%ﬁ) + P, sinh (%ﬁ)

a,,(a*,5) = exp (Pe;*) 7> . (5.14)

with Z = P.”> + 4P.s where P, = C,L/D, is the Péclet number; D, = Q,/(2b,5,) is

the linearized diffusivity coefficient. Cimorelli et al. [7, 6] presented the solution for

the diffusive wave model by considering a uniformly distributed lateral inflow along the
channel length and a stage-discharge relationship at the downstream end. We use the
similar methodology to study the effect of space- and time-dependent lateral inflows.

In this work, two different types of upstream boundary condition are considered: a
flow-discharge hydrograph or a flow-depth hydrograph. The downstream boundary is
given by a rating curve or stage-discharge relationship, i.e., Q(L,t) = F (h(L,t)). Fol-
lowing Cimorelli et al. [7], after the linearization of the downstream boundary condition

around the reference condition with @, = F (h,), we get

dF B
L.t)=—| h,(L,t *(1,t") = =h*(1,t"). 5.15
QL) = G, L) = Q1) =T (5.15)
b,C, . : dF
Here a = is known as the feedback parameter with k£ = Tl The feedback
0,L
parameter now takes the form
a9
~dhln,
dh lny

When the uniform steady condition is given at the downstream end, we get a = 1, but
any deviation of a from 1 means that the downstream boundary moves away from the
steady uniform flow condition. Application of the Laplace transform to Eq. (5.15) gives
(1 o) = B+
Q*(1,s) = —=h*(1,s). (5.17)

a
5.1.1 Concentrated lateral inflow

In the first problem of this chapter, a concentrated lateral inflow is considered. For a
concentrated lateral inflow at a point x, (with 2 as the dimensionless form), X*(2*) can

be represented by using the Dirac delta function. The integral of Eq. (5.10) can further
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5.1. Governing equations and proposed method 129

be simplified, by using the Dirac delta function property provided in Chapter 3, Section
3.1, as

T*(s) L, for 2t > a,
= a,, (x* — 2%, s) (5.18)

0, for z* < x7.

Finally, using Eqs. (5.10) and (5.18), we get the following form of the vector U(z*, s):

o i * * * T* x ok ﬁ
T ) = [0 @ T + e O (0.9) + e — T
(27, 5)@%(0, 5) 4 0y (%, )00, 5) + @y, (7 — a7, )T(s) ’
(5.19a)
o [ * * * F
U(x*,s) ) 1 au(x 78>Q_(0’S) —|—a12(x 73)_(078) . for 2% < a7, (519b)
ay, (27, 8)Q%(0, 5) + 0, (2%, 5)h*(0, s ’

where Eq. (5.19a) represents the effect of the lateral inflow on the subsequent downstream
locations while Eq. (5.19b) represents the effect on the locations upstream to the location

of the concentrated lateral inflow.

5.1.2 Uniformly distributed lateral inflow

For the second problem in this chapter, a lateral inflow is considered to be uniformly

distributed between two locations z, and z,. Here, we write

1
* _o%) ozt — ot for 2* € [x¥, x¥],
Xy = W xlz “E“’ U v (5.20)
T 0 for x* & [z7, 2],

where u(.) is the unit-step function, #* and z?¥ are the non-dimensional forms of x, and
r,, respectively, with x7 — 2% # 0. This definition is the same as the one used in Chapter
3. Using Eq. (5.20), the integral in Eq. (5.10) can be simplified as

0, for x* < a7,

/Oz exp(M(s) (=" — 8) R s)do = 4 (A (2" ) (5.21)

T*(s) for x* > a7,
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Using this in the system given in Eq.(5.10), we get

7 |y, (27, 5)Q7(0, 5) + g, (%, 5)h*(0, 5) + A, (27, 5)T(s) | v
(5.22a)
U(x*,s) = 0 (27, 8)Q7 (0, 8) o+ e, (a7, S)ﬁ(o’ s for o* < x* (5.22b)
’ ay, (2%, 5)Q*(0,8) + au, (2%, 5)h*(0,5) | v '
where

1 *_ * Pe 2 >k_ *
AL (z%)s) = ——exp (:r: 2x1 e){ L Ssinh(x 2x1ﬁ>

1
\/Z)} + s — o) for 27 < a” < ], (5.23a)
s(x

*_xr)’

1 * *k * *
A11($*73) - —_)eXp (‘r 9 T Pe) { cosh (37 5 % \/2)

P, 42 g
Lt ssinh(x xzﬁ)}

2
1 * _ * Pe 2 * _ *
-I-—)eXp (:c lee){ i % sinh (m i \/Z)

s(xr — x* 2 N 2

2 1
=g
— cosh ( 5 . \/E) }, for 27 < 2" <1, (5.23b)

1 T — x* P r* — x*
A * S W “wa ___1L —° <inh A
") = g = (5 ){ﬁ( V)

N Ny, | GRS S e (5.24a)
— cos orz* <z*<zx 24a
Bs(xr — a*)’ L 27

1 r* — x* r* — x*
A * = — 2P, h LRVA
9= = (5 ){( ;v7)

1 Tt — P . r*—x*
— P, h “VZ
*ﬁs@:—x:)“"( 2 ){ﬁ( 2 f)

— cosh (x 4 \/E) }, for 7 <" < 1. (5.24b)

2
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Here, Eq. (5.22a) represents the effect of the lateral inflow on the locations downstream to
x* while Eq. (5.22b) represents the effect on the locations upstream to #*. The expressions

of A, (z*, s) and A,, (x*,s) are the same as the ones obtained in Chapters 3.

5.2 Analytical solutions for two types of upstream

boundaries

We discuss the solutions with respect to two types of lateral inflow in the form of a concen-
trated one and a uniformly distributed one subject to two types of upstream boundaries

as detailed below.

5.2.1 Flow-discharge hydrograph imposed at the upstream end

First, the case of concentrated lateral inflow is discussed. The upstream boundary is
considered as Q*(0,t*). Taking this into account, we evaluate the system in Eq. (5.19a)

at ¥ =1 as

Q*(1,5) = a,,(1,5)
h*(1,5) = a,, (1, s)

(0, 8) + ay, (1, 8)h*(0, 5) + vy, (1 — x5, 5)T*(s), (5.25a)
“(0,8) + ay, (1, 8)h*(0, s) + o, (1 — 2, 5)T*(s).  (5.25b)

Now using Eqgs. (5.17) and (5.25), we get h*(0, s) as

_ O‘11(175) _ é0421(175)_ au(l—(L‘;,S) _éazl(l _‘rzvs)_
h*(()? S) — g Q*(07 8) 3 % T*(S)
0412(1,3) - _&22(173) 0412(1,5) 0422(1 8)
a a
(5.26)
Using this, the system given in Eq. (5.19) is obtained as
Q*(z*,s) =R, (z*,5)Q*(0,s) + R, (x*, s)T*(s), (5.27a)
R (2", 5) = B, (a%, )@ (0, 5) + B, (2", 5)T7(s). (5.27b)

The Laplace inverses of R, ,(z*,s) and S, ,(z*,s) are already provided by Cimorelli et

al. [7]. We try to find the inverse for the other two new terms. We can write them as

2

( Z cosh < f) + P.(a — 2)sinh <x:;/2>>}

T -{ V2 (p (1 L7 e (L5 7))

+ 2s smh
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) exp ( ; 0P8>
VZ <\/Ecosh (g) + (P, + 2as) sinh (g))

VA
sinh (m )
— ¥ — * 2
R, (z%,5) = —2sexp ( OPe)

2 VZ
1—a 1—a
Zcosh( 2%\/2) +PE(2—a)sinh( 2$0\/Z>

7 7 , for z* < a7,
V'Z cosh (TZ> + (P, + 2as) sinh <TZ>

(5.28b)

for 2* > 27, (5.28a)

X

=)
exp
gl’a (z*,s) =

6\/?( Z cosh (?) + (P. + 2as) sinh (?))

. {af (ﬁh (%ﬁ) —Pesinh<1_x _’ ﬁ))
+ 2P, sinh (1 _296 ﬁ) (\/Ecosh (“2/2> + (P, + 2as) sinh ﬁ))}

2
for 2 > 7, (5.29a)
VZ NZ
. . V' Z cosh (x ;/_> + P, sinh (m ;/_>
S, (z%,8) = exp (x — % Pe)

BZ
Z cosh <1 _2370 \/2) + P.(2 — a) sinh <1 _2330 \/7)

77 g , for 2™ <.
V'Z cosh (TZ> + (P. 4 2as) sinh <TZ>

(5.29b)

Similarly, for the case of a uniformly distributed lateral inflow between z7 and 7, the
system given in Eq. (5.22a) is evaluated at * =1 as

Q*(1,5) = ay, (1,5)Q%(0,5) + ay,(1,8)h7(0,5) + A, (1,5)T%(s),  (5.30a)
h*(1,5) = a,,(1,5)Q*(0,5) + a,,(1,s)h*(0,5) + A, (1,s)T*(s). (5.30Db)
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Now using Eqgs. (5.17) and (5.30), we get h*(0, s) as

B B

— au(lvs) - _a21(175)_ An(l?s) - —A21(1,S)_
h*(0,s) = — g Q*(0,s) — g T*(s). (5.31)
&12(1,8) - _a22(178) 0412(1,5) - —0622(1,8)
a a
Using this, the system given in Eq. (5.22) is obtained as
Q*(z*,5) = Rya(a*,5)Q%(0,5) + R, (a*, s)T*(s), (5.32a)
h*(z*,5) = Sua(z*, $)Q*(0,8) + S, (z*,5)T*(s). (5.32b)

The functions Ew and ?w are the same as the ones obtained in Eq. (5.27). The functions

R,,, and S,,, have the following forms:

— A, (1,8) = BatA, (1,5)
R * e * 11 Y 21 ) f * * 533
ld,a(m 78) O‘12(ZE 78) 012(1’ S) _ 5(1_10422(1,8) ) orzr < l‘l, ( a)
— A, (1,8) = BatA, (1,5)
R, (z%,5) = —a, (2", s)—= 22+ A (xfs), forzt >a¥, (5.33b
ua28) = 0o ) S TS R 4, (0%, 5) L (533)
— A (1,s) = BatA,(1,s)
S * L _ * 11 U 21 Y f * * 534
o)== o (1,9 = e, (1) WG G
— A, (1,s)—BatA, (1, s)
S * _B * 11 ? 21 Y A * f * > * 534b
ld,a(l‘ 78) a??(x 78) a12(1’ S) | /Ba,_loz22(1, S) + 21 (x 78)7 or T —_ ‘/L‘17 ( )
where
*Z
2 sinh (x )
Rld,a<x*7 5) = = Z

\/E(x; —r5 ) (\/Zcosh (%_) + (P. + 2as) sinh (T))

x {exp ('I ~ ’ Pe> ((Pe(a 1) + 2as) sinh (1 _2"”: ﬁ)

(a4 — 1)VZ cosh <1 ‘”Q/Z))

2

~ exp (x 3 i Pe) ((Pe(a 1) + 2as) sinh <1 5 \/E)

2

1 _ *
—(a—l)ﬁcosh( 21'1 \/E))}, for 0 < 2" < a7, (5.35a)
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“Z
sinh (m 5 )
R, (¢ s) = 2 p,
) = Sy o O ( 2 ) VZ

(Pe(a—1) + 2(:5) sinh (1 _296: Z) + (1 - a)\/zcosh (1 ;x: \/Z)

V'Z cosh <g> + (P, + 2as) sinh (%2)

1 - V/Z cosh <%\/2) + (P. 4 2s) sinh <%\/§)
+ ey exp ( P

2 V' Z cosh (g) + (P. + 2as) sinh (g)

¥ —1

zt—1
2

(P, + 2as) sinh ( \/Z) —v/Z cosh ( \/7)

£ ,
(7 205) s (57 ) - VZ o (£
W _m( zCosh( ) (P. + 2as)siah (“27 ))
x{exp (350 (vZeon (BvZ) + (B amsnn (57
o (2558 (VEeon (597 + (7v 2 (507 }

for x) <a* <1, (5.35¢)

X

for 27 < 2" < ],

(5.35b)

Rld,a (iL'*, 8) -

and

V'Z cosh <x*;/7> + P, sinh (x*;/?>
BsvVZ(x: — %) (\/ZCOSh <g> + (P, + 2as) sinh (g))

x {exp (”T ~ m:Pe) ((Pe(a 1) + 2as) sinh (1 ;x: \/E)

— (a — 1)VZ cosh (1 ;xﬁ>)

—exp (x — 4 Pe> ((Pe(a 1) + 2as) sinh (1 —23:;‘ ﬁ)

gld,a (l’*, S) = =

2
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1 _ *
_(a—l)\/Zcosh( 23:1\/2))}, for 0 < z* < a7, (5.36a)
v Z cosh (x 5 Z> + P, sinh (m 5 Z)
= 1 x* —al
S *7 = - QPe
9= e oo (TR b5V Z(a; — 7)

(P.(a — 1) + 2as) sinh (1 _237: Z) + (1 — a)V/Z cosh <1 _Q:C: ﬁ)
V'Z cosh (g) + (P. + 2as) sinh <ﬁ>

1 Ja— V'Z cosh ( ) (P, + 2s) sinh (%\/Z)
+ ——exp LP,
Bs(z; — x7) ( 2 ) 7
? ' V/Z cosh (P, + 2as) sinh \/2_

zt—1

P.(2 — a)sinh ( N Z cosh (T\/Z)

* * *
X , forat <a* <),

VZ

(5.36b)

*_ *_1
P.(2 — a)sinh <x 5 1\/2) — av/ Z cosh (xT\/E)

) = Bsv/Z (x% — x%) (x/?cosh (g) + (P, + 2as) sinh (g))
x {exp <x . " ) <\/Zcosh (‘%\/Z) + (P, + 25) sinh (%ﬁ))
Zexp <x . * ) <ﬁcosh (‘%\/Z) + (P, + 2s)sinh (%ﬁ)) }

for 7 < 2" < 1. (5.36¢)

§zd,a (:L‘*, S

For z7 = 0 and x} = 1, these expressions will be the same as the one obtained by Cimorelli
et al. [7].
The inverse of the system given by Eq. (5.27) can be written as

Q (", %)
h*(x7,17)

R, (x%,t) ® Q*(0,£°) + R, (2", ") & T*(t), (5.37a)
S (@ ) ®Q7(0,47) + S, (x", 1) ® T*(t*), (5.37b)

while the inverse of the system given by Eq. (5.32) can be written as

Q* (" t°) = R, . (a",£") ® Q*(0, ) + R, (x", %) ® T"(t), (5.38a)
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h*(z*t") = S, (2", ") ® Q*(0,t") + S, (z", ") ® T™(t"), (5.38b)
with

R, (z",t") = i (P, (") +p,, (z7)) exp (—s,17), (5.39)

k=0
S, (@) = i (¢, (2%) + q,, (")) exp (—s,t"), (5.40)

k=0
R, ( Zpsk Jexp (—s,t"), (5.41)
Sl qu )exp (—s,t"), (5.42)

where s, is the k-th pole for the corresponding functions in the Laplace domain. The pole
finding process is elaborated in Appendix B.1. Here ® is the convolution operator. The

coefficients in Egs. (5.39)—(5.42) are obtained in the following forms:

exp P,
X 2
plk-(x):—
(MZ,C) <2—|—Pe—2as,c N P, +2a )
2

4s, — P, P, —2as

X (Pesin <x+\/ ) +\/Z COS< :v2 ’ \/Zk)>, for 2% > a7,
(5.43a)

pl,k(x*) =0, for 2™ < a7,
(5.43Db)

* *

- 1 — o
2s, exp (x onpe) sin( 2:r \/Zk)
Palt) = JZ (P, + 2a)(4s, — P,)
Pecos< 2") <2+Pe—2ask+ e T 24075 e)
Sk:

P, —2a

RV RV
X (a\/chos <x02 k>+Pe(a—2)sin <I02 ")), for o™ > a7, (5.44a)

- —2s, exp <x ;350136) sin (%M%)

Dy T ) =

’ 4 P.+ 2a)(4s, — P,
PGCOS(\/2k><2+PE_2aSk+< + 2a)(4s, >>

P, —2as,
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1—a 1—a
X <a\/chos (T%\/Zk)+Pe(2—a)sin( 2$°\/Zk>), for 2* < a7,

(5.44D)

(a:*—:v(’j >
a exp 5 P,

57 COS(«/Z,g) <2+Pe—2as,c n P, + 2a )
k
2

4s, — P, P, —2as,

X (P6 sin (%\/Zk) +\/Z, cos (%w&g)) , for a* > a7,

ql,k (‘T*> - -

(5.45a)
quk(:r*) =0, for z* < a7,
(5.45Db)
. * 1_ *
2exp (x 5 xOPe> sin( 293 \/Zk)
L) = (P, + 2a)(45, — P.)
) (24P —2 i /ic i, - o
Bcos( 5 )( + P, — 2as, + P, — 2as,
eV VA
X ( Z, cos <x0 5 k) + (P. — 2as,) sin <I° 5 k)), for x* > x7, (5.46a)
q2’k(x*):—exp( 5 LP. (\/chos(Tx\/Zk>+Pesin< 290 \/Zk))
1—2z* ) 1—2z*
a chos( 5 O\/Zk)—i-Pe(Q—a)sm( 5 Ow/Zk)
X = : Y ) , for x* < a7,
\/ P, +2a)(4s, — P,
5Pecos< 2k> <2+P€—2a3k+ Pe—Qal;k )
(5.46b)

ps,k(aj*) = _F
) (27 — %) cos <\/QZ_’“> (2 + P, — 2as, + (Pe +20)(4s, — Pe))

P, —2as,

x {exp (x 5 *s Pe) <(Pe(a — 1) - 2as,)sin (1 _2:”: \/7)
o oo (57))
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* * 1 _ *
— exp (:1: 5 udt e) ((Pe(a —1) — 2as, ) sin < 2:1:1 \/Zk)
1 —.Z'T * *
—(a—1)\/Z, cos 5 V2, > : for 0 <z <2¥, (5.47a)
2 * * * Z
pg,k(x*) = —————<€exp (:z: 2 Pe) sin (z v k)

2
(Pe(a—l)—Qask)sin(l;x:\/Z>+(1—a)\/7kcos<1_2x:\/2_k)
Cos<\/7k><2+Pe—2ask+(P+2a - >

2 R

Gt (BVE) + th=an (7)

P eSk (.’L‘; - xt)

z* —ZL’
con (50

¥ —1 1

(P. — 2as,)sin ( \/Z_k) /7 cos <~"L‘T— \/Z)
= <\/27) (2+ P, — 2as, 4+ Lot 205, - Pe))

= e

X

* * *
, for ol <ot <z,

(5.47b)

*

(P. — 2as,) sin (‘” . 1@) _ (”C ﬂ—)
P,s, (xt — 2%) cos (\/22_ ) <2 4P 2as 4 et 20)s, - Pe)>

P, — 2as,
oo () (Ve (5E) s (§02))
e (x -z Pe> <¢—COS< \/—) + (P, — 2s,)sin (%ﬁ))}

forgr<'w"<'1, (5.47¢)

—

pak(x*) =

x5\ 7 [ xt\/Z
\/Zcos< \2/_k>+Pesm< \2/_’“>

VZ P. +2a)(4s, — P,
BP.s, (x;* — 37’1") CoS (Tk> (2 + P, —2as, + ( +Peaz(222k ))

x {exp (‘” ; %y Pe) ((Pe(a 1) — 2as, ) sin <1 _2’““3 \/7)

q5 (:)3*) = =
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R
—exp(m ;x < a—l)—2as)sm(1_2xr\/2_k)

11—
(a—1)\/Z cos( i \/Zk)>}, for 0 <z <27, (5.48a)

Tt — x*
y, (77) = —exp < 5 - Pe)

BP.s, (z — x¥)
(Pe(a—l)—Zask)sin( ) (1—a) \/_cos( 5 \/Z_k)
cos<\/Z_'“> (2—|—Pe—2ask (Fe +2a)( )

2 P, —

g xy
. ) chos(j\/Z,J—i—(Pe— sm(;dZ)

a,/.*
IPe
L 3 ( 2 6Pesk (x* o :)Sf)

2
1

Re- o (S5 VE )~/ (T Z)
' cos <E> (2 + P. — 2as, + (Fe + 2a) (45, — Pe))

2 Pg=12as;

* * *
, for 2 <o <z,

(5.48D)
* 3

8

i \/Z_k>—a chos<x*2_1\/Z_k)
‘/Z> (2+Pe—2as + <P€+2a)<48k_P6))

where Z, = 4P,s,_— PZ.
There are some exceptional cases corresponding to the poles of R’a(x*, s), gl,a(x’ﬂ s),

R,,.(z*,s),and S, (z*, s) which are elaborated in Appendix B.1. The coefficients corre-
sponding to these exceptional cases are as follows:

Case 1: When there is a root s, in (0, P./4), then for k = 0, the coefficients are nega-
tive of those given in Eqs. (5.43)—(5.48) with the trigonometric functions replaced by the
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corresponding hyperbolic functions and Z, = P? — 4P.s,.
Case 2: The case P, — 2as + 2 = 0 gives s, = P./4 as a simple pole. The coefficients
corresponding to k = 0 are to be replaced by

. . - 3a*(P.xt + 2)
Pro(@") + poe(a”) = exp ( 5 : ) 2P, +°3a> : (5.49)
. . Tt — 3(Pex* 4 2)(Pex} 4 2)
= Fe ; 5.50
G0 (I‘ ) + 450 (I ) exp ( 2 ) ﬁPe(Pe -+ 3a) ( )
") = LP. | (4 + Pt
Peal®) = B P T 3a) oy - ) {eXp ( 2 >( i)

K-z,
— exp ( - 3 Pe> 4+ Pex:)}, (5.51)

6(2 + P.a* f
(2+ P.a*) {exp(x Qa:lpe)wpexj)

40() = 3PP, 1 30) (@ =)

- 7Y
— exp ( > 2 Pe> 4+ Pex:)}. (5.52)

Pe 2 €
Case 3: When there is a root s, in (Z’ 47T_P 4r Z)’ then the coefficients given in

Egs. (5.43)—(5.46) remain unchanged for s,.
To understand the behavior of these impulse responses, the unit-step responses are ob-
tained by taking the time integral of the impulse responses from 0 to t*. Laplace transform
is used to evaluate these integrals as
—me(m*)w, for z* < a7,

k=0_ k

t*
l(x ) ) /0‘ l,a(x 77_) T . i} eXp(—Skt*) i §
1= 3 (1, (0 + 92, 0) SR >
k=0 k

(5.53)

t* s
S (z*,t") = / Sl’a(l’*,T)dT = k=0 ¥
0

5 (la=Dexp(Pa = 1) +1)
_Z (ql,k(x*) + 9ok (x*)) = (S_Skt*), for x* > 13:7
\ k=0 k

(5.54)
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4 o .T*
—ZM exp(—s,t*), for 0 <a* <27,
k=0 k
t* A
R, (x*,t") = / R, (z%,7)dT = i Zp exp —s5,t%), for x¥ <a* <af,
0 2 1 k=0 k
o0 x*
1—2 P () exp(—s, t*), for z* <az* <1,
\ k=0 5k
(5.55)
t*
S, (z*,t") = / Spp.(@*, 7)dr
0
((a—1) exp (z*P.)
exp ((z* = 1)P.) + 5~ (exp (—z] ) —exp (—x] F,
/B (( ) ) BPe(xQ _ 'IT) ( ( ) ( ))
ZE*
—qu’k( ) exp(—s,t*), for 0 <a* < a7,
7o ( )
1 [z"— a7 1 —exp ((z* —af)P.
g g + (a—1)exp x*—lPe>+ :
7 (55 - Dew(@ =R ) + 5 R
,T*
L q3”“s< ) exp(—s,t*), for 7 <" <],
k=0 k
1 - z*
—<1 + (a—1)exp ((a* — 1)Pe)) — Z%’k( ) exp(—s,t), for z; <" < 1.
B k=0 k

(5.56)

5.2.2 Flow-depth hydrograph imposed at the upstream end

In this case, the upstream boundary is considered as h*(0,¢*). Taking this into account

in Egs. (5.17) and (5.25), we get Q*(0, s) as

5 . B .
__ 0412(1,5) —50422(1,8)_ O‘11(1_x075)_Eazl(l_xovs)_
Q*(0,s) = — 3 h*(0,s) — 5 T*(s).
au(lvs) L Eam(lvs) 0511(1,8) - aam(l 8)
(5.57)
Using this, the system given by Eq. (5.19) is obtained as
Q*(z%,s) = Mw(x*, S)F(O, s) + Ml,a(x*, S)TT*(S), (5.58a)
(o, 5) = W, (@, $)7(0,8) + ,, (&, 5T (s). (5.58b)
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The Laplace inverses of M, (z*,s) and N (2%, s) are already provided by Cimorelli et
al. [6]. We now proceed to find the inverses of M, (z*,s) and N, (z*,s) where

2P, exp <:r; ;xop) sinh (91: ;/_>

M, (z%,s) = N 7z
’ A A
\/Z(& Zcosh( 5 >+P (2—a) smh( 5 ))
1 *
X {(P€+2as)sinh( 296 \/_> +\/Ecosh( 236 VZ }, for z* > a7,
(5.59a)
N Z V4
V/'Z cosh (x ;/_) — P, sinh (x ;/_>
M *8)=— P,
l,a(x 78) eXp< 2 \/Z
) 1—2z* 1—2z*
P.(2 — a) sinh 5 °\/Z | + av/Z cosh ) V7
V7 77 , for o < a7,
Z A
Z cosh (T) + P.(2 — a)sinh (T)
(5.59b)

* . * * Z
2P, exp (.7: 5 %o Pe) sinh (xo\/_

N, (as) = : )
BVZ (a 7 cosh (é_) P.(2 — a)sinh (g )
X {P(Q—a)smh (1—3: \/_> + aV'Z cosh (1_2:6*\/7)}, for * >z
(5.60a)
B 2P, exp (x* ; % Pe) sinh (fk;/?)
s BV Z (a Z cosh (%7) + P,(2 — a) sinh (g))
(=

X {Pe(2 — a) sinh (
(5.60D)
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Similarly, for a uniformly distributed lateral inflow between z* and z}, using Eqs. (5.17)
and (5.30), we get Q*(0, s) as

J— a12(173) - éam(l?'s)_ Au(l?s) - éAzl(LS)_
Q*(0,s) = — % h*(0,s) — % T*(s). (5.61)
O‘11(175) - EO‘M(LS) O‘11(175) - EO‘M(LS)
Using this, we get the system given by Eq. (5.19) as
Q*(z*,s) =M, (z",5)h*(0,s) + M, (z*,5)T*(s), (5.62a)
h*(z*,s) =N, (¢*,5)h*(0,5) + N, (z*, $)T*(s), (5.62Db)

where the functions M, , and N, , are the same as the ones obtained in Eq. (5.58). The

other two terms are expressed as

V/Z cosh (m*;/?) — P.sinh (m*;/?)
5\/2(:6; - (a Z cosh (g) + P.(2 — a) sinh (g))
x {exp (x 5 2 Pe) ((Pe(a — 1) + 2as) sinh (1 —2:(;; \/Z>

— (a — 1)VZ cosh (1 _290\/2)>

a

Mld,a (iL'*, 3) =

—exp (x _ xfpe> ((Pe(a 1) + 2as) sinh (1 _233? \/?)

2
1 ., *
— (a— 1)VZ cosh ( 2301 \/Z)) } for 0 < 2" < a7, (5.632)
“Z 7
v Z cosh (x 5 ) — P, sinh (x ;/_>
M, (x*,s)= + ex 2P6>
9 = e (5 ;—77)

(P.(a — 1) + 2as) sinh (1 ;x; \/7) — (a — 1)v/Z cosh (1 —Qz;‘ \/?)
av Z cosh (@) + P.(2 — a) sinh (g)
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exp <x g”jfpe) (\/Z:osh (%ﬁ) + P.sinh (‘%ﬁ))
sV Z(x: — a¥) <a Z cosh (g) + P.(2 — a)sinh (g))

X ((P6 + 2as) sinh (IT\/Z) — VZ cosh (a: 5 ﬁ)) , for a7 <2 <,
(5.63b)

+

*

(P, + 2as) sinh (m > 1\/2) —V/Z cosh (x — 1\/?)

2

Mld,a('r*7 5) =
S\/Z(ZU; —¥) (a Z cosh (g) + P.(2 — a)sinh <\/—7)>

2

X {exp (m 5 o Pe) (\/Zcosh (%\/E) + P, sinh (‘%ﬁ))

—exp (‘T* ; %, Pe) (\/Zcosh (%ﬁ) + P,sinh (%:\/5» },

for 27 < 2" <1, (5.63¢)

and

—2P, sinh (

ld,a(‘r 75) =
BsVZ(xr — x7) (a Z cosh (g) + P.(2 — a) sinh (g))

x {exp (x . *y Pe) ((Pe(a — 1) + 2as) sinh (1 —290; \/E)

— (a — 1)V/Z cosh (1 ”’WZ))

7
2

N

>
~ exp (w ;xf ) <(P€(a 1)+ 2as) sinh (1 —ij \/Z)

—(a—l)ﬁcosh(l_xjx/?)>}, for 0 <" < a7, (5.64a)

2

— 1 2P, - ) V7
N, (z%,s) = - exp (x T Pe> sinh | =
’ Bs(ry — %) BsVZ(x; — a7) 2 2
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(P.(a— 1) + 2as) sinh (1 _2”5: Z) — (a - 1)v/Z cosh (1 _Qx; ﬁ)

X
av/ Z cosh (g) + P.(2 — a) sinh (g)

X exp (x* ; y e) (\/Zcosh (%Tﬁ) + P, sinh (%ﬁ))
BsVZ(x: — x7) (a Z cosh (%7) + P.(2 — a) sinh (%7))

X (Pe(Q — a)sinh (—f) Z cosh <I2_ 1\/2))  for 2% < 2% < af,
@> + P,(2 — a)sinh (

(5.64b)
BsVZ(x: — %) (a Z cosh ( 5 ))
X {exp (x P “ Pe) (\/Ecosh (%ﬁ) + P, sinh (%ﬁ))

— exp (x* ;x;‘ e) (\/Ecosh (%ﬁ) + P sinh (%;\/Z>) }7

for 7 < a* < 1. (5.64c)

P.(2 — a) sinh (x 5 \/Z)—a Z cosh (xT\/?)

Nld,a ($*v S) i

*[N

The inverses of the system given by Eq. (5.58) can be written as

Q*(z*,t*) =M, (") ® Q*(0,t") + M, (2", ") ® T"(t"), (5.65a)
h*(z*,t*) = N, (2, t") ® Q*(0,t") + N, (2", ") ® T"(t"), (5.65Db)
while the inverses of the system given by Eq. (5.62) can be written as
Q" (2, #) = M, (&%, 1) @ Q*(0,4) + M,,, (¢, 1) @ T*(#*),  (5.66a)
h*(x*,t") = N, (2", ") ® Q*(0,t") + N, (2", ") ® T"(t"), (5.66b)
with
M, Z b, (77)exp (—s,17), (5.67)
* (5.68)

N, me ) exp (—s,t"),
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M, ( wa )exp (—s,t"), (5.69)
Ny ( Zb“ )exp (—s,t"), (5.70)

(5.71)

where s, is the k-th pole for the corresponding functions in the Laplace domain. The
poles finding process is elaborated in Appendix B.2. The coefficients of the functions
given in Egs. (5.67)—(5.70) are obtained in the following form:

e« When e = P.(2a7! —1) >0,

* * * /Z
b, (z%) = —2eexp (x %o e) sin (xo k)

2

Pl — 1 -2
(Pe—2ask)sin( ‘ \/Zk) +\/chos< ’ \/Zk)
X , for z* > a7,
V Zk
a(Z, + e(e+2))cos 7
(5.72a)
b, (%) = < exp T "%p ) [vZcos S P, sin K V%
: P, 2 9 9
) 1-— 1—x
€ sin 5 \/Z + /4, cos 5 VZ,
X N , for z* < a7, (5.72b)
(Z, + e(e+2)) cos ( 5 )
LT * * Z
b, (%) = —2eexp < %o e) sin (xo 5 '“)
1 -2 1—2a
esin( 233 \/Zk)+\/chos( 2$ \/Zk>
X , for o > a7, (5.73a)
V Zk
B(Z, + e(e +2)) cos 5

* * * /Z
b, (z*) = —2eexp (m 5 Zo e> sin <x 5 k)
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esin(l_zx\/_) \/_cos(l;x >

B(Z, +e(e+2)) cos(

X

, for o < a7, (5.73b)

N Z N Z
Z, cos (m 5 k) — P.sin (m '“>
aP,
s, (zx —2*)(e(e +2) + Z,) cos

il * 1_ *
X {exp (x 5 ! e) ((Pe(a — 1) — 2as, ) sin ( 2:1:2 \/Zk>
1=x;
S VZ))
* * 1 _ *
— exp (:v 5 ! Pe) ((Pe(a — 1) — 2as, ) sin ( 2:101 \/Zk)
1 _ *
2“’3 \/Zk)>}, for 0 < 2" < a7, (5.74a)
N 2 N 4
Z, cos (%) — P.sin (az ’“)

2

X
va s
(e(e—l—2)+Zk)cos< 2'°>
Z, cos x—rw/Z + P, sin x—;k,/Z
N € x*_x;kp k 2 k € 2 k
aP, P 2 ‘ s, (xr — %)

zr—1

(P. — 2as, ) sin (

X > forz* <" <ux
(e(e+2) + Z,) cos ( '2 k)
(5.74b)
. (" =1 zt—1
] (Pe—2ask)sm< \/Zk) —+\/Z, cos \/Zk)
b3,k(x*) =

2
ol s, (xr —*)(e(e +2) + Z,) cos <\/Z_k>
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_ *

oo (5570 (Vo (G 07) i (7))
exp (35 5 % Pe) (\/Zcos (%ﬁ) + P.sin <%\/Z_)> }

for 7 <2 < 1. (5.74c¢)

sin (x\/Z_k>

2

B, (w5 — @) (ele + 2) + Z, ) cos (
x {exp (5” > *s > ((Pe(a 1) - 2as,)sin (1 _25”3 ﬁ)

—(a— 1)y/Z, cos (1 _2‘”\/7))

—exD (x - i Pe) ((Pfa—1) = 2as,)sin (1 ;xf \/7>

—(a—- 17, cos(l;xr\/Z)>}, for 0 < 2" < a”, (5.75)

* S T\ 4
exp (x 2 e) sin u
2¢ 2 2
2

hua(et) == B =)
(Pa=) )i (52VE) - a-1vZis (557
(e(e +2)+ Z,) cos <\/QZ_’“>
e (""“*;‘”Tpe) V7 o8 (‘%\/7) + Psin (%ﬁ)

al’ s, (xF —at
Bl ) (e(e+2)+ Z,)cos <\/2Z—k>

-1 -1
X <Pe(2—a) sin (x 5 \/Zk) —ay/Z, cos <$T\/Zk)> , for ot < 2" < ],

(5.75b)
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z*—1 *—1

€

b4,k(x*> = a/P

F2—a) Si“( ﬁ) — /7 cos (ff
Bs, (w; — x7)(e(e +2) + Z,) cos (\/QZ_k)

V7)

2

e (0] (v (7)o (7))
e (5750 (v (547) o (57)) |

for 27 < 2" < 1. (5.75¢)

e When € = 0,

b, (2°) z:(zzxépe) ?;(1 2/€—17r) L
X {Tﬂ cos (x > (:c ) } , (5.76)
b, (2%) = 2 exp (x ;x ) s ( 2k — 1) ”) o < 1)”), (5.77)

B
k—Dm (%=1 N\ _ (2%—1_
j2) 5 7 5 7

((2k — 1)%72 + PZ)(z} — x%)

=gz 2k —1 2k -1
X < exp i . | | (2k — 1)7 cos x| + P.sin i
2 2 2 2 2
o = g 2k —1 2k —1
— exp (m 5 - e) ((Qk — 1) cos < 5 xfw) + P, sin ( 5 xfw)) },

2k —1
4sin( 5 x*w)

bl = G @k = 1 1 )

- 2k —1 2k -1
X < exp i P. | | (2k — 1)7 cos zim | + P.sin i
2 2 2 2 ?
-t 2k —1 2k —1
— exp <x > Ly ) ((Qk — 1) cos < 5 xfw) + P.sin ( 5 xfw)) }

e When —2 < € <0, the coefficients b, ,(z*), b, ,(z*), b, ,(2*), and b, ,(2*) for the root
s, are the same as the ones given in Eqgs. (5.72)—(5.75), respectively.

b3,k (x*) =2
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o When € = —2, the coefficients corresponding to the pole s, = P./4 are

3 * * _ *
b, ,(a*) = 2;0 exp (x 5 %o Pe> (Pa* —2), (5.80)
3 * * _ *
byo(z%) = xgx exp (x 5 = Pe), (5.81)
3(P.x* —2) A 2+ P.x* ¥ —x* 2+ P.x
b *) Lp, 1 2 p ’
0(77) p3 {exp( 2 ) ri— P 2 Tl —
(5.82)
6x* rr -z 24+ P.x* r* — ¥ 2+ P.x
(") = Lp, L 2P,
e BP?{GXP( 2 )x; 7 exp( >x;—xr}
(5.83)

When e < —2, the coefficients corresponding to the new pole s, are negative of
those given in Egs. (5.72)—(5.75) with the trigonometric functions replaced by the
corresponding hyperbolic functions, and Z, = P> — 4P,s,.

The unit-step responses for these impulse responses are evaluated by using Laplace trans-

form as follows:

exp(=aiP) + (a—1)exp(—P)

(1+(a—1)exp(—PF.))
—b, . (z")

_Z 18

exp (—s,t"), for 2" < a7,

t*
M, (z*,t") = /0 M, (z%,7)dT = < 1 — exp (=27 P.) (5.84)

(14 (a— 1) exp (—F,))
Zblk * * *
— exp (—s,t*), for 2* > a7,

( (a — 1) exp ((z* — 1)P,) (1 — exp (—x*P.))

B(1+(@—Dexp(—P,)
exp ((z* —27)P.) (1 — eE)(p (—z"F.))

B (1 + (@ —1)exp (=Fe))

t* 2k * * *
N (25, 1) :/ N, (2", 7)dr = —Z exp —s,t%), for 2* <7,
0

(1 — exp( z*P.)) (1+ (a — 1) exp (P.(z* — 1)))
—, SR

—Z bau( exp —s,t%), for 2* > a7,
\

(5.85)

3: t / lda dr
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( exp(Pe) (eXp(—ZE:Pe) - eXp(_$TPe)) - Pe(a B 1)(%: T J]T)
Po(z; —2*)(a — 1+ exp(F.))

o0 *

Z 3k l’ * * *
— exp —s,t%), for 0 <z* < a7,

eXP(Pe) (P (z* — 2%) + exp(—2}P.) — exp(—2*P,)) 4+ Pe(a — 1)(z — z7)
P.(xf —x*)(a — 1 + exp(F,))

— ~ ) .
—Z 1 (@) exp(—s,t*), for 27 <a* <],
s
k= k
exp(P.) exp((1 — %) P.) —exp((1 — z¥)P.)
a— 1—i-exp(P) Pe(z; — 2%)(a — 1+ exp(F.))
—Z b exp —s,t"), for ») <" <1,
\
(5.86)
I
Nld($*7t*) i / Nm,a<x*77—)d7_
0
( Pe *P _ *Pe _ Pe _ 1 * ¥
{ exp(xpe)) exp(By) (exp(—2P,) — exp(~w; ) — Pyla— )} — )
ﬁPe(x2 —a¥)(a — 1+ exp(F.))
—Z bas exp —s,t%), for 0 <z* < a7,

1 t (" — 2}) P + Pe(z; — z7) exp(z*F) — exp ((z* — z}) %)

BPe(x; —x*)(a — 1+ exp(Fe))
IS Ll eXp( viP,) —exp (—x7FP,) — exp ((v* — 2})F,)

(a-1)

= (& — —
+exp(F) BP.(x: —x¥)(a— 1+ eXp(Pe))
2.0, (z%)
_E i exp(—s,t"), for z7 <" <z,

écxI[))(Pe) + (a — 1) exp(z*P,)
BP(z} = xf))(a — 1+ exp(FP.))

275

(P.(z; — 27) + exp(—z:P.) — exp(—x7P.))

4k

exp(—s, t*), for ) <z* <1

(5.87)

Equations (5.84)—(5.87) are valid under the condition P.(2a~! — 1) # 0.

5.3 Results and discussion

First, the results corresponding to the concentrated lateral inflow are discussed thor-
oughly. The discussion is carried out in two parts depending on the type of the upstream
boundary. Then for the results corresponding to the uniformly distributed lateral inflow,
the discussion is carried out in two parts based on the flow-discharge responses and the

flow-depth responses.
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5.3.1 Flow-discharge hydrograph imposed at the upstream end

The results derived for the concentrated lateral inflow in the previous section are compared
with those obtained by Fan and Li [19] to ascertain the similarity and differences with
respect to the Péclet number and the feedback parameter. The dimensionless form of the
flow-discharge response to the unit-step input lateral inflow concentrated at z; for a given
flow discharge at the upstream end in a semi-infinite channel can be expressed as (based
on [19])

1 * _ * _t*
R, (z%,t") = 3 (1 —erf (&\/PJ)
1
2

4t*

* * t*
exp(P.x*) (1 — erf (%Vﬂ)) for z* > x7. (5.88)

The corresponding response for the flow depth can be calculated, by using Eq. (5.5), as

5. (et = 3 /0 t* <X*(:c*)T*(T) —— le(x*,f)) ar. (5.89)

Since the lateral inflow is concentrated at a7, for * # 2%, we get X*(z*)T™(t*) = 0 and
hence, Eq. (5.89) reduces to

1 ("0
S (a7 t) = _B/o %le (z*,7)d7 for 2" > x7. (5.90)

It is difficult to evaluate this integral analytically. Hence, we use the technique of numer-
ical integration in MATLAB. The value of g is kept at 1 since it works only as a scaling

factor.

Behavior of the flow-discharge responses for different values of the Péclet

number and the feedback parameter

The behavior of the lateral responses of flow discharge in the finite channel, i.e., R, (z*,t*)
given in Eq. (5.53) is discussed, and also compared with the response given in Eq. (5.88),
for different values of the Péclet number and the feedback parameter. In these compar-
isons, the results of the finite channel are plotted by continuous curves, and of the semi-
infinite channel are plotted by dashed curves. In Figs. 5.2—5.5, the upstream boundary
is taken as Q*(0,t*) = 0, which means there is no perturbation in the flow discharge to
the reference value (), at the upstream end.

A comparison between the expressions in Egs. (5.53) and (5.88) is presented in Fig. 5.2
for different values of the Péclet number and the feedback parameter. In all the compar-

isons presented, P, varies from 0.5 to 5 and a varies from 0.5 to 1.5. The responses are

TH-3462_186123102



5.3. Results and discussion

153

08  —

06+ .77

0.4

02 fff

75 =02 ——-z =02
25 =04 25 =04
25 =06 — x5 =06
=08 ———x) =08

2= 0.6 ——-zj = 0.6
2 =08 —— -z =08

Tp =02 ——-zp =02
zp =04 2y =04
2= 0.6 ——-zj= 0.6
=08 —— -z =08

0.8

0.6

+

3

04ty 7

02 Il ////

75 =02 ——-z =02
zp =04 =04
@5 = 0.6 ———a; = 0.6
2= 0.8 —— -z = 0.8

75 =02 —— 15 =02
25 =04 25 =04
2= 0.6 ——-zj = 0.6
2= 08 —— -z =08

T =02 ——-z) =02
25 =04 o =04
2= 0.6 — ——zj = 0.6
=08 —— -z =08

0.8

06t 77

2

Iy

> = 0.5
a=15

0.4 1y

027

T =02 - ——z;=02
) =04 25 =04
=06 — — ;=06
2 =08 —— -z =08

3

2= 0.6 —— )= 0.6
25 =08 —— -z =08

2= 0.6 ———zj = 0.6
T =08 —— -z =08

2
"

2 3
+

2 3 4
+

Figure 5.2: Comparison of the flow-discharge response for finite channel given in Eq. (5.53)
— (continuous curves) with the flow discharge response for semi-infinite channel given in
Eq. (5.88) — (dashed curves) at the downstream end (z* = 1) to the unit-step lateral
inflow concentrated at different x* for different values of a and P, with Q*(0,*) =0

compared at the downstream end (z* = 1) for different lateral inflow locations, i.e., x.
Here, the limiting value is independent of a and P,, and is equal to 1 for finite channel
response as well as for the semi-infinite one. For the finite channel case, the convergence
of the flow discharge slows down as the value of a increase, and speeds up as the value of
P, is increased. It is observed here that the semi-infinite channel response can work as
a substitute for the finite channel response corresponding to higher Péclet numbers, and
when a steady uniform condition is applied at the downstream end, i.e., a = 1. In fact,
as P, is increased further for a = 1, the responses will be in complete agreement. The
semi-infinite channel response does not agree with the finite channel response as a moves
away from 1, or if smaller values of P, are considered. The semi-infinite channel response
underestimates the values of flow discharge for a < 1 and overestimates for a > 1. Here,
a < 1 means that the coupling between the discharge and flow depth is smaller for * < 1
as compared to the coupling at z* = 1. Physically, this happens for the cases of small
bed slopes as mentioned in [7].

The function given in Eq. (5.53) is plotted in Fig. 5.3 to show the flow-discharge
response to the lateral inflow concentrated at x7 = 0.2 for the subsequent locations of the
channel. We observe that the responses corresponding to P, = 0.5 increase suddenly for
some time and then converge to the limiting value of 1. Due to this sudden jump in the

value of flow discharge, a sharpness in the response is observed for the locations closer to
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—z" =04

z* = 0.6
—z" =08
—z* =10

Figure 5.3: Flow-discharge response given in Eq. (5.53) at different locations of the channel
to the lateral input given at 2} = 0.2 for different values of a and P, with Q*(0,*) =0

the lateral input locations because of the instantaneous input given there. For P, = 5,
the responses are very smooth because the effect of the downstream boundary reduces as
the Péclet number is increased. It is expected that the pattern will persist for any P, > 5.
The responses take more time to converge as the value of a is increased. For a particular
case of a and P,, it takes more time to converge for an observed location as its distance

from the lateral input location is increased.

Behavior of the flow-depth responses for different values of the Péclet number

and the feedback parameter

The behavior of the lateral responses of flow depth in the finite channel, i.e., S,(z*,t")
given in Eq. (5.54) is discussed, and also compared with the response given in Eq. (5.90),
for different values of the Péclet number and the feedback parameter.

The expressions in Egs. (5.54) and (5.90) are compared at the downstream end (z* = 1)
in Fig. 5.4 for different locations of lateral inflow. Here, the limiting value for the finite

channel case is dependent on P,, a, z* and 5. When we fit the expressions given in

Egs. (5.53) and (5.54) in the definition of a, we get R,(1,t*) = éSl(l,t*) which implies
a

that the flow depth converges to 2 at the downstream end (z* =1) as R,(z*,t*) converges

to 1 for all values of z. Since [ acts as a scaling factor and its value is set to 1, the flow

depth converges to a at the downstream end (z* = 1). This is clearly visible from

the limiting value of the function given in Eq. (5.54). This means that the flow-depth
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Figure 5.4: Comparison of the flow-depth response for finite channel given in Eq. (5.54)
— (continuous curves) with the flow depth response for semi-infinite channel given in
Eq. (5.90) — (dashed curves) at the downstream end (z* = 1) to the unit-step lateral
input given at different 27 for different values of @ and P, with Q*(0,¢*) =0

responses are more sensitive to the downstream boundary in comparison with the flow-
discharge responses. For the semi-infinite channel case, the limit approaches 1 for all the
values of P.. This clearly means that the semi-infinite channel responses do not provide
a suitable alternative for the finite channel responses. The closest resemblance between
these two responses arises for P, = 5 and a = 1, that too is not satisfactory. For P, = 0.5,
the responses at the downstream end (z* = 1) for different lateral inputs are almost
similar: the effect of the downstream boundary is dominant for smaller values of the
Péclet number.

The flow-depth responses given in Eq. (5.54) are plotted in Fig. 5.5 to show the
behavior of the responses to a unit-step lateral inflow concentrated at z7 = 0.2, at the
subsequent locations. We observe that the limiting value depends on z* and due to this,
we have different limiting values for different observed locations except for the case a = 1
as shown in Fig. 5.5. For P, = 0.5 and a = 1, the responses are almost identical, and for
P, =5 and a = 1, the responses at z* = 0.8, x* = 1 are very close to each other. For
a = 0.5, the limiting value slowly decreases along the channel to reach the limiting value

0.5 in contrast to the case a = 1.5, where the limiting value increases slowly to reach a.
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Figure 5.5: Flow-depth response given in Eq. (5.54) at different locations of the channel
to the unit-step lateral inflow concentrated at z7 = 0.2 for different values of a and P
with Q*(0,t*) =0

5.3.2 Flow-depth hydrograph imposed at the upstream end

In this subsection, the results corresponding to the concentrated lateral inflow for a flow-
depth-based upstream boundary are discussed. In Figs. 5.6—5.9, h*(0,t*) = 0, which
means there is no perturbation in the flow depth to the reference value h, at the upstream
end. The finite channel flow-depth responses are compared with the semi-infinite channel
flow-depth responses at different locations of the channel with respect to the Péclet number
and the feedback parameter. The semi-infinite channel response to the concentrated
lateral inflow for a given flow depth at the upstream end can be obtained by solving the

system given by Eq. (5.5). Its combined form can be written as

1o o oh* T Oh*  X*(x*)T*(t*)
P.ox*?  OQz*  Ot* I6] ’

(5.91)

with A*(z*,0) = 0 as the initial condition and h*(z*,t*) given at z* = 0. Following the
method used in [19], the flow-depth response to the unit-step lateral inflow concentrated

at x? for a given flow depth at the upstream end can be written as

* gk ]' Pe * * * * P6 * * *
N, (2%,t") = 25Pg{erfc< pTe (=t —t )) —exp (P.x )erfc( pT® (" +af+t )>

P
+ exp (—P.1)) {erfc < pre (z* +af — t))

TH-3462_186123102



5.3. Results and discussion 157

P,
— exp (P.z")erfc < 4; (" — 2 + t*)) } }, for z* > 7. (5.92)

The response of the flow discharge to the unit-step lateral inflow concentrated at x7, when

the flow depth is given at the upstream end, can be obtained from

/8 a]\fl,oo

M, (z*,t") = ﬂNl,oo(x*,t*) TP o

L

(5.93)

Substituting Eq. (5.92) in Eq. (5.93), we get
]_ P@ _Pe 4 Pe
M, (2",t") = 2—Peerfc< @(I* — T — t*)> + werfcbl @@* + ) — t*))

Behavior of the flow-discharge responses for different values of the Péclet

number and the feedback parameter

The behavior of the lateral responses of the flow discharge M, (x*,t*) given in Eq. (5.84)
is discussed, and also compared with the response given in Eq. (5.94), for different values

of the Péclet number and the feedback parameter.

D
—— 2y =08 ———z; =02
— =06 —— -z =08

Figure 5.6: Comparison of the flow-discharge response for finite channel given in Eq. (5.84)
— (continuous curves) with the flow discharge response for semi-infinite channel given in
Eq. (5.94) — (dashed curves) at the downstream end (z* = 1) to the unit-step lateral
inflow concentrated at different x* for different values of @ and P, with h*(0,*) =0

In Fig. 5.6, the flow-discharge responses given by Egs. (5.84) and (5.94) are compared
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at the downstream end (z* = 1) for different locations of lateral inflow. The limiting
value for the finite length channel response is independent of x here, but it depends on
P, a and x7. The limiting value seems to increase with an increase in x} for all values
of a. The difference in the limiting values for different a can be observed by the rate
of convergence of these graphs. For a = 0.5, the graphs converge faster to the limiting
value as compared to the higher values of a. For the highest value of P, considered,
the responses for large values of x7 seem to come closer. It is expected that, for some
large values of P., these responses will be identical to each other because higher values
of P, do not show the backwater effect of the downstream boundary due to which these
responses come out almost the same. We can clearly observe that, for a given flow depth
at the upstream end, the flow discharge is sensitive to different parameters as well as to
the backwater effect induced by the downstream boundary which is not the case for a
given flow discharge at the upstream end. The discharge responses for the semi-infinite
channel fail to reciprocate the same behavior. In fact, the behavior is reversed for the
semi-infinite channel response. Here, for smaller values of z7, a higher limit is observed.
But the limiting value does decrease with an increase in P, whereas the convergence is
slower for lower values of P,. The convergence of the semi-infinite channel responses is
slower compared to the finite channel responses in all the cases that are presented here.
In Fig. 5.7, the flow-discharge responses for a unit-step lateral inflow concentrated at
x? = 0.2 are plotted against time. When we observe these responses at the subsequent
downstream locations, a spike appears in the responses for P, = 0.5 corresponding to all
values of a. This spike fades away as the observed location moves away from the lateral
inflow location and moves toward the downstream boundary. This happens because the
sudden rise of the input given at x? is clearly visible on the location closer to it and the
effect of the downstream boundary reduces the responses after a certain time. For P, = 5,
this behavior is not exhibited since the downstream boundary is not dominant for higher
values of P,.. All responses converge to a particular value for different combinations of
P, and a. The convergence limit increases with an increase in P, but decreases with an
increase in a. The convergence also slows down as the value of a increases, and it also

takes more time to converge as P, increases.

Behavior of the flow-depth responses for different values of the Péclet number

and the feedback parameter

The behavior of the lateral responses of the flow depth in the finite length channel
N, (z*,t*) given in Eq. (5.85) is now discussed, and also compared with the response
given in Eq. (5.92), for different values of the Péclet number and the feedback parameter.
For studying the lateral responses of the flow depth for flow-depth hydrograph imposed at

the upstream end, it is again required to look at the definition of the feedback parameter
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Figure 5.7: Flow-discharge response given in Eq. (5.84) at different locations of the channel
to the unit-step lateral inflow concentrated at x7 = 0.2 for different values of a and P,
with A*(0,¢t*) =0

a. As a consequence, we get N,(1,t*) = gMl(l,t*). Since [ is kept at 1 without loss of

generality, the limiting value for the flow-depth response is a times the limiting value of
the flow-discharge responses at the downstream end (z* = 1). This is clear from Figs. 5.6
and 5.8.

The flow-depth response N, (z*,t*) given in Eq. (5.85), and the semi-infinite response
given in Eq. (5.92), are compared at the downstream end (z* = 1) in Fig. 5.8 for different
lateral inflow locations. For the finite channel responses presented in Fig. 5.8, the limiting
value slowly increases with an increase in the Péclet number for a = 0.5. For a particular
value of P,., the limiting value also increases with an increase in a. The convergence pattern
agrees with the results presented earlier. The semi-infinite channel responses again fail to
reproduce the results for the finite channel responses. Here, the limiting values decrease
with an increase in the Péclet number. In the semi-infinite channel responses, the flow
depth grows slowly for smaller values of x? initially but after some time, it increases
rapidly as compared to the responses of larger values of z;.

To show the effect of a lateral inflow concentrated at x7 = 0.2, the flow-depth response
given in Eq. (5.85) is plotted in Fig. 5.9 at the subsequent downstream locations. For
this case, the flow depth changes with a change in x* as can be verified from the limiting
value of the function given in Eq. (5.85). For all the values of a considered here, the
response at the location x* = 0.4 is almost the same for a particular value of P.. But the

responses for the location closer to the downstream end increase with an increase in a and
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Figure 5.8: Comparison of flow-depth response for finite channel given in Eq. (5.85)
— (continuous curves) with the flow depth response for semi-infinite channel given in
Eq. (5.92) — (dashed curves) at the downstream end (z* = 1) to the unit-step lateral
inflow concentrated at different x* for different values of a and P, with ~*(0,t*) = 0

converge to the same value for all values of x as a reaches 1. It surpasses the response for
x* = 0.4 when a crosses the value of 1. This happens because the effect of the downstream
boundary can be felt for all the values of a; even for the highest value of P. taken here.
For the case of uniformly distributed lateral inflow, the discussion is carried out on
the basis of the type of unknown irrespective of the upstream boundary. The unit-step
responses derived in the previous section for the case of an uniformly distributed lateral
inflow are plotted for the flow discharge and flow depth against time for different values
of the Péclet number and the feedback parameter at different channel locations. The
lateral inflow is considered to be uniformly distributed between z} and ;. These graphs
are plotted for P, = 1, 2.5, 5 and a = 0.5, 1, 1.5. The dimensionless width 3 acts as a
scaling factor, keeping its value at 1. The poles for the functions given in Egs. (5.86),
(5.87), (5.55), and (5.56) are evaluated in MATLAB, and the graphs are also plotted in
MATLAB. The responses are not compared with any result since the special cases of the
results presented here are already available. Cimorelli et al. [7, 6] have shown a thorough
comparison with semi-infinite channel results for the case of a uniform distribution of the

lateral inflow along the length of the channel, i.e., 27 =0, 2} = 1.
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Figure 5.9: Flow-depth response given in Eq. (5.85) at different locations of the channel
to the unit-step lateral inflow concentrated at x7 = 0.2 for different values of a and P,
with h*(0,t*) =0

5.3.3 Flow-discharge response to a lateral inflow distributed be-

tween locations xf and :13’2“

Here, the behavior of the flow-discharge response to the unit-step lateral inflow for a
stage-discharge relationship imposed at the downstream end is discussed for the upstream
boundary conditions: a flow-depth hydrograph and a flow-discharge hydrograph. The
lateral inflow is uniformly distributed between the locations ¥ = 0.4 and z = 0.7.

In Fig. 5.10, the flow-discharge response to the unit-step lateral inflow uniformly dis-
tributed between the locations 2% and z given in Eq. (5.86) is plotted against time at
different locations of the channel for different values of P, and a. For this case, the up-
stream boundary that is present in terms of a flow-depth hydrograph is considered as
zero, i.e., h*(0,t*) = 0. This means that there is no perturbation in the flow depth at the
upstream boundary to the uniform steady value of the flow depth (h,). The backwater
effect induced by the lateral inflow can be observed for the locations upstream to the
location x¥ and also for the locations between z7 and z}. For P, = 1, this backwater
effect is prominent for the locations closer to z7 and slowly fades away as the value of z*
increases. The negative value of the discharge is due to the backwater effect. However,
the negative limiting values for the locations closer to the upstream end are due to a
flow-depth hydrograph imposed at the upstream end. The lateral inflow starts from the

location z7 = 0.4, and the negative discharge is observed for the locations closer to it.
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Figure 5.10: Flow-discharge response to the unit-step lateral inflow uniformly distributed
between the locations z7 = 0.4 and z7 = 0.7, given in Eq. (5.86) at different locations z*
with 2*(0,t*) = 0 and different values of P., a

This backwater effect reduces as the value of P. increases. To get a positive discharge
for all the locations in the channel, this response should be studied in combination with
the upstream response to a non-zero value of ~*(0,¢*). For the cases 0 < z* < z7 and
r; < x* < 1, the responses converge to a fixed value, increasing with an increase in P
and decreasing with an increase in a. The change in the limiting values due to a change
in the value of a is most visible for the cases with lower values of P, since the effect of the
downstream boundary is more prominent for lower values of P,. The convergence rate
slows down as the value of P, is increased or the value of a is increased. For the case
z* < 2% < af, the limiting value for the response given in Eq. (5.86) is dependent on all
the parameters, i.e., P, a, ¥, =7, ¥, and it linearly increases with an increase in z*. But
for the cases 0 < x* < 7 and x] < x* < 1, the limiting value is dependent on all other
parameters except z*.

In Fig. 5.11, the flow discharge response to the unit-step lateral inflow uniformly dis-
tributed between the locations 7 and 2} given in Eq. (5.55) is plotted against time at dif-
ferent locations of the channel for different values of P, and a. For this unit-step response,
the upstream boundary is taken as zero, which is present in terms of a flow-discharge hy-
drograph, i.e., Q*(0,t*) = 0. Physically, this means that there is no perturbation in the
discharge at the upstream boundary to the uniform steady condition represented by @),.

For the locations upstream to the location z7, a dip in the discharge can be observed for
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Figure 5.11: Flow-discharge response to the unit-step lateral inflow uniformly distributed
between the locations x7 = 0.4 and 27 = 0.7, given in Eq. (5.55) at different locations z*
with @Q*(0,t*) = 0 and different values of P,, a

the initial time, and it slowly reaches zero. This dip is due to the backwater effect induced
by the lateral inflow, which is most visible for the locations closer to x7. However, the
limiting values reach zero because the discharge at the upstream boundary is zero. This
dip slowly fades away as the value of P, increases, which means that the backwater effect
induced by the lateral inflow is most prominent for smaller values of P,. For r, <z* <1
and lower values of P,, the discharge increases sharply for some initial time and then
slowly approaches the limiting value 1. The convergence rate slows down as the value
of a is increased. For the case 0 < z* < x7, the limiting value reduces to zero while for
7 < x* <z}, the limiting value linearly increases with an increase in x*, and takes the
value 1 for the case z; < 2* < 1. By comparing with the responses presented in Fig. 5.10,
it is found that the convergence value is not dependent on all the parameters under con-
sideration. It mainly depends on the locations of the tributary and the observer. This
may mean that, as the time approaches infinity, the discharge response for the case of a
flow-discharge hydrograph imposed at the upstream end is more robust to the physical
conditions of the channel under study in comparison with the flow-discharge response for
the case of a flow-depth hydrograph imposed at the upstream end.

When the time variable approaches infinity (#* — o0), a comparison between the
limiting values of the flow-discharge responses given in Egs. (5.86) and (5.55) is shown

against x* in Fig. 5.12 for different values of a and a lateral inflow distributed between
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Figure 5.12: Comparison between tlim M, ,(z*,t") — (continuous curves) with 2*(0,t*) =0
*—00

and t}i_rgoRld(x*,t*) — (dashed curves) with @*(0,*) = 0, ¥ = 0.4 and 2 = 0.6 for

different values of a: (a) P, =1, (b) P. =5

the locations 27 = 0.4 and x} = 0.6. The comparison is shown for two cases: P, =1
and 5. For smaller values of P,, a clear difference between the discharge limits for both
types of upstream boundaries can be clearly observed. The limits of M, (z*,t*) slowly
decrease as the value of a is increased, which means that the discharge within the channel
decreases as the feedback parameter increases. But the limits of L, (z*,t*) are unaffected
by any change in the downstream boundary condition. For larger values of P., the limits
of M, (z*,t*) are almost similar for all values of a, which means that the downstream
boundary effect starts fading away for this case. For P, > 10, the limits of the responses
given in Eqgs. (5.86) and (5.55) will be the same, which means that, for these cases, the
type of upstream boundary does not matter for large times, i.e., whether it is a flow-depth

hydrograph or a flow-discharge hydrograph.

5.3.4 Flow-depth response to a lateral inflow uniformly distributed

between locations x’f and x;‘

Here, the flow-depth response to the unit-step lateral inflow for a stage-discharge relation-
ship imposed at the downstream end is discussed for the upstream boundary conditions:
a flow-depth hydrograph and a flow-discharge hydrograph. The parameter values are set
as the same as the ones described earlier. In Fig. 5.13, the flow depth response to the
unit-step lateral inflow uniformly distributed between the locations z] and z given in
Eq. (5.87) is plotted against time at different locations of the channel for different values
of P, and a. For this case, the upstream boundary that is present in terms of a flow-

depth hydrograph is considered as zero, i.e., h*(0,¢*) = 0. This means that there is no
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Figure 5.13: Flow-depth response to the unit-step lateral inflow uniformly distributed
between the locations x7 = 0.4 and 27 = 0.7, given in Eq. (5.87) at different locations z*
with different values of P,, a and 8 =1, h*(0,t*) =0

perturbation in the flow depth at the upstream boundary to the uniform steady value
of the flow depth (h,). At the downstream end (z* = 1), the limiting value of the flow

a
depth response given in Eq. (5.87) is B times the limiting value of flow discharge response

given in Eq. (5.86) which satisfies the linearized downstream boundary condition given
in Eq. (5.15). The limiting value for the response given in Eq. (5.87) is dependent on
all the parameters, i.e., 3, P, a, z*, 7, x; for 0 < z* < 1, which shows the sensitivity
of the flow depth to all the parameters controlling the flow in the channel. Even for the
cases ¥ < x] and x* > ], the limiting value is dependent on the location x*, which is
not the case for the flow-discharge response derived for similar boundary conditions and
plotted in Fig. 5.10. As the value of a is increased, the backwater effect of the downstream
boundary appears to dominate for z* > z7 due to which, for @ = 1.5, the limiting value
is the highest at the downstream end (z* = 1) for all the values of P, shown in Fig. 5.13.
This is not true for the case a = 0.5. This shift in behavior happens as the value of a
crosses 1. For a = 1, all the responses for z* > z7 converge to a single value, and the case
a = 1 is a representation of a steady-uniform flow condition imposed at the downstream
end. The converging pattern changes accordingly as the downstream boundary deviates
from the steady-uniform condition. The backwater effect of the lateral inflow can be seen
for the locations upstream to the location z7, where the flow depth is increased despite

the presence of a zero upstream boundary condition. The maximum value of the limiting
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Figure 5.14: Flow-depth response to the unit-step lateral inflow uniformly distributed
between the locations z7 = 0.4 and z7 = 0.7, given in Eq. (5.56) at different locations z*
with @Q*(0,t*) = 0 and different values of P,, a

value of the flow depth is different for different values of a. For a = 0.5, higher values
for the flow depth are observed for the locations between 27 and ], viz., * = 0.6. As
the value of a is increased, the backwater effect of the downstream boundary is dominant
than the backwater effect of the lateral inflow. Due to this, the highest values for the flow
depth are obtained at the downstream end.

In Fig. 5.14, the flow-depth response to the unit-step lateral inflow uniformly dis-
tributed between the locations z¥ and z} given in Eq. (5.56) is plotted against time at
different locations of the channel for different values of P, and a. For this case, no per-
turbation in the uniform steady reference condition @), is considered at the upstream
boundary. This means the upstream boundary is considered to be zero, i.e., @*(0,t*) = 0.
The convergence limit for the flow depth at the downstream end (z* = 1) satisfies the
downstream boundary condition given in Eq. (5.15) since it is a multiple of the limiting

value of the flow-discharge response at z* = 1 given in Eq. (5.55) by a factor of 9 Since

the value of 8 is kept at 1, the flow-depth responses at the downstream end (z* = 1)
approach a. Although the limiting value for the case 0 < 2* < 27 is dependent on all the
parameters under consideration, but for 7 < z* <1, the limiting value is independent of
the location of the lateral inflow. This is not the case for the flow-depth response obtained
for a flow-depth hydrograph given at the upstream end. This means that, whether it is
the flow discharge or the flow depth, the effect of the location of the lateral inflow cannot
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be observed for locations z* > 7 if a flow-discharge hydrograph is given at the upstream
end. This shows the robustness of the models designed with a flow-discharge hydrograph
imposed at the upstream end. The flow-depth responses slowly increase as the value of
r* is increased for 0 < z* < z}, and then it decreases for z* > z; corresponding to
a < 1. However, for a > 1, the responses for z* > z slowly increase but for a = 1, these
responses reach the limiting value 1. For z* > x7, the effect of the downstream boundary
is more dominant than the effect of the lateral inflow. Due to this, the limiting values
increase for higher values of a because the coupling between the flow discharge and the
flow depth at the downstream end is more in comparison with the locations within the
channel [7]. The increase in the flow depth at the locations upstream to the locations of
the lateral inflow can be observed for all the cases plotted in Fig. 5.14. The magnitude
of the flow depth is higher along the whole channel in comparison with the flow depth
plotted in Fig. 5.13. Similar to the plot presented in Fig. 5.13, for a = 0.5, higher value
of the flow depth is observed for a location between z?¥ and z. This is not true for a > 1
since, for these cases, the highest value of the flow depth is obtained at the downstream
end (z* = 1). This means that, for both types of upstream boundaries, the effect of the

downstream boundary is prominent for the flow depth.
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Figure 5.15: Comparison between tlim (2", ") — (continuous curves) with ~A*(0,¢*) = 0
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and tlim S, (2", t*) — (dashed curves) with Q*(0,*) = 0, 27 = 0.4 and ] = 0.6, for
*—00
different values of a: (a) P. =1, (b) P. =5

When the time variable approaches infinity (#* — o0), a comparison between the
limiting values of the depth responses given in Eqs. (5.87) and (5.56) is shown in Fig. 5.15
against x* for different values of a and a lateral inflow distributed between the locations
7 = 0.4 and z} = 0.6. The comparison is shown for two cases: P, = 1 and 5. For
P, =1, a clear difference between the depth limits for both types of upstream boundaries

can be clearly observed. The limiting values for S, ,(z*,t*) are much higher than those for
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N,,(z*,t*) in the channel. The limits of both functions increase as the value of a increases.
This shows the sensitivity of the flow depth to the presence of the downstream boundary
irrespective of the type of the upstream boundary. For P, = 5, these response limits come
quite close to each other for z7 < x* < z7, and then slowly approach a for x* > z7. For
these values of z7 and x] and P, > 10, these limits will coincide with each other, and the
type of upstream boundary condition will not matter. But, the effect of the downstream

boundary is visible on the flow depth even for higher values of P..

5.4 Conclusion

An analytical solution for the diffusive wave model with a concentrated lateral inflow and
a uniformly distributed lateral inflow has been presented with a focus on studying the
impact of the lateral inflow on the flow discharge and the flow depth in a finite length
channel. The feedback parameter a controlling the downstream boundary with 0.6 <
a < 1.3 can represent most of the physically present downstream boundary conditions [6].
The upstream responses for both types of upstream boundary conditions are already
presented by Cimorelli et al. [7, 6]. The lateral inflow given by them is found to be a
particular case of the results presented in this work by considering ¥ = 0 and z = 1.
Results presented here can be used with the upstream responses given in [7, 6]. The
concentrated lateral inflow can represent the case of lateral inflow from a tributary whose
width is negligible in comparison with the length of the channel under study and it is
mathematically represented by using the Dirac delta function, whereas the uniformly
distributed lateral inflow between any locations z] and z can represent the cases of
fixed-width tributaries of a channel.

The responses of the flow discharge and the flow depth to the concentrated lateral
inflow results were compared with the semi-infinite channel responses with the respective
upstream boundaries imposed. The semi-infinite channel responses failed to reproduce
satisfactory results for finite channel in many cases. The semi-infinite channel responses
can be used to predict flow discharge in finite channels when a flow discharge is imposed
at the upstream boundary and a steady uniform condition is applied at the downstream
boundary, that too for higher Péclet numbers. If the flow depth is given at the upstream
end or lower values of the Péclet number are considered, the semi-infinite channel re-
sponses are not appropriate approximations for finite channel responses. When the flow
depth was applied at the upstream end, the finite channel responses were more sensitive
to different parameters, viz., the location of the lateral inflow, the location of observation,
the Péclet number and the backwater effect induced by the downstream boundary.

For the flow-discharge and the flow-depth responses corresponding to the uniformly

distributed lateral inflow, for a given flow-depth hydrograph at the upstream end, the
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convergence rate for the flow discharge and the flow depth slows down if the value of
P, was increased as opposed to the case of a flow-discharge hydrograph given at the
upstream end where the convergence rate increased if the value of P. was increased.
The responses for the case of a flow-depth hydrograph given at the upstream end were
found to be more sensitive to the parameter controlling the channel flow. However, as
time approached infinity, the flow-discharge responses for z* > 2 were independent of
the location of the observation. This was not the case for a flow-discharge hydrograph
given at the upstream end. For this case, the flow-discharge and flow-depth responses for
r* > x were independent of the location of the lateral inflow, and in addition to that,
the limiting value for the flow-discharge response was independent of all the parameters.
For 0 < z* < x7, the backwater effect induced by the lateral inflow could be observed
for lower values of the Péclet number in the responses of the flow discharge as well as
the responses of the flow depth. For a flow-depth hydrograph imposed at the upstream
end, this backwater effect on locations close to 27 was more prominent. As the value of
x* was increased, the responses for the flow discharge slowly increased and then reduced
for 2% > x7 before it converged to a particular value. However, the responses for the flow
depth showed a different type of behavior for * > ] as the value of a was increased.
The responses for z* > z increased as the value of a crossed 1 and decreased for a < 1.
This shows the sensitivity of the flow depth to the downstream boundary compared with
the flow discharge. In addition to this, for P, upto 5, and a < 1, higher values for the
flow depth were observed for the locations between x7 and x, while for a > 1, the highest
values for the flow depth were observed at the downstream end (z* = 1). This is not
true for the flow discharge for similar values of P,, where higher values were observed for

> which was closer to the location SL’;
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CHAPTER 6

Conclusion and future directions

This chapter provides a concise overview of the findings and contributions made by this
thesis. Additionally, it offers a glance into the future research works and expansions of
the current study.

6.1 Conclusion

In this thesis, the effect of different types of lateral inflow is studied in a finite length
channel subject to different types of boundary conditions.

Chapter 2 is focused on the analytical solution for the complete linearized Saint-
Venant equations for a uniformly distributed lateral inflow in a rectangular channel of
finite length. The upstream and downstream boundaries are present in terms of a flow-
discharge hydrograph. The flow is linearized around a steady-uniform reference condition
and the series form solution is presented for the flow discharge. From the study of the
behavior of the flow discharge for different physical parameters, it is observed that the
flow discharge in the channel is highly sensitive to the consideration of the reference flow
discharge. The selection of the reference flow discharge is dependent on the slope of the
channel bed. The results are compared with the semi-infinite channel results which were
found to be satisfactory for some cases. But the interpretation of the semi-infinite channel
is also dependent on the slope of the channel. For different slopes, different channel lengths
can be considered as semi-infinite channel. The results presented in this chapter may be
preferred over semi-infinite channel results for the evaluation of the flow discharge for
smaller values of the slopes.

In Chapter 3, an analytical solution for the diffusive wave model is derived for a
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prismatic channel. Two types of upstream boundaries are considered: a flow-discharge
hydrograph and a flow-depth hydrograph. The downstream boundary is considered as a
flow-depth hydrograph. The solution for the diffusive wave model is presented by consid-
ering two different types of lateral inflow: a concentrated lateral inflow and a uniformly
distributed lateral inflow between any two locations of the channel. The results are dis-
cussed for different values of the Péclet number, and some of them are also compared
with the corresponding semi-infinite channel responses to bring out the importance of the
downstream boundary. From a thorough analysis, the flow depth is found to be more sen-
sitive to the downstream boundary in comparison with the flow discharge. The backwater
effect induced due to the downstream boundary and the lateral inflow is more dominant
for lower values of the Péclet number. The semi-infinite channel also failed to approxi-
mate the finite channel results for lower values of the Péclet number. For Péclet number
close to 5, the semi-infinite channel responses were found an appropriate approximation
to estimate flow discharge in a finite length channel but that is not the case for the flow
depth.

Chapter / focuses on the analytical solution of the diffusive wave model for a pris-
matic channel with a flow-depth hydrograph considered at the upstream end, and a flow-
discharge hydrograph considered at the downstream end. Two different lateral inflows
are considered: a concentrated lateral inflow and a uniformly distributed lateral inflow
between any two locations along the channel length. The flow properties are analyzed for
different values of the Péclet number and various locations of the lateral inflow. Some
of the responses are compared with the corresponding semi-infinite channel responses
wherever possible. In contrast to the result obtained in Chapter 3, the semi-infinite chan-
nel results did not give satisfactory approximation for the finite channel results. The flow
depth is found to be highly sensitive to any change in the flow discharge at the downstream
end. The backwater effect induced due to a flow-discharge-based downstream boundary
shows different behavior than the one induced due to a flow-depth-based downstream
boundary.

In Chapter 5, an analytical solution for the diffusive wave model is derived for a
prismatic channel by considering two types of upstream boundaries: a flow-discharge
hydrograph and a flow-depth hydrograph. The downstream boundary is considered as
a stage-discharge relationship and it is controlled by a term called feedback parame-
ter which, when in the range 0.6 to 1.3 can accommodate a wide range of downstream
boundaries present in river flow. The solution for the diffusive wave model is presented
by considering two different types of lateral inflows: a concentrated lateral inflow and
a uniformly distributed lateral inflow between any two locations of the channel. This
chapter is mainly focused on the effect of the lateral inflows on the flow discharge and the
flow depth corresponding to both types of upstream boundaries. The results correspond-

ing to the concentrated lateral inflow are also compared with the respective semi-infinite

TH-3462_186123102



6.2. Future works 173

channel responses. Similar to the observation found in Chapters 3 and 4, the flow depth
is more sensitive to the downstream boundary than the flow discharge. The convergence
rate for the flow discharge and the flow depth is found to be dependent on the type of
the upstream boundary. The behavior of the unit-step responses is shown for a steady
state condition. This comparison shows that the flow discharge is insensitive to all the
parameters for large times. The results corresponding to a flow-depth type upstream
boundary bring out the sensitivity of the dependent variables to the physical parameters

more clearly.

6.2 Future works

Here, we provide some ideas how the current research can be extended.

1. In all the problems considered in this thesis, the initial condition is taken as zero.
A non-zero initial condition does contribute to change in the flow behavior upto
some extent. Therefore, all these problems can be extended to combine the effect of
the initial conditions in addition to the considered boundary conditions and lateral

inflows.

2. For all the considered problems, the unknown variables are linearized around a
steady uniform reference condition. In this study, we found that the flow depth is
more often dependent on the location of observation than the flow discharge. So, a
steady non-uniform condition, which includes a steady uniform flow discharge and a
steady non-uniform flow depth as the reference value, may help in providing better

approximation of the dependent variables.

3. To find the solution for a space- and time-dependent lateral inflow, we have used
the diffusive wave model which exhibits less complexity than the complete Saint-
Venant equations. The methodology followed in Chapters 3—5 may be tried on the
complete Saint-Venant equations. This will increase the mathematical complexity

of the problem, but might provide solutions for a wider range of channel flows.
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APPENDIX A

Explaining the Laplace inverse process

The Laplace inverse for one series is derived in full and this procedure works for all other

series too. The inverse calculation process for (hy)m(z, s) is explored in the following way:

() = exp(—a(s)(E = ) exp (~@mE + L +2)VRal)) 1
r exp(—(a1s + az)(L — z))
s2+ fs
X exp (2mL+L+:1:\/_\/ s+2—a3 —72
= (h1)m(z,s) = exp <—a2(L — ) —a(L —x) (S + 2a_(; r %)) Wlﬁs

X {exp —az(2mL + L —i—x)\/(s + ﬂ)z e

~exp (—vaRmL+ L4 a) (s + T))}

n {exp(—\/a_3(2mL + L+ z)s) exp <—(2mL + L+ xb%) }
1
s2+ s’

x exp (—(az + a18)(L — x)) (A.1)
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184 Ezxplaining the Laplace inverse process

To find the inverse, breaking Eq. (A.1) into two parts and considering two constituent

functions F; and F, for convenience, we have

Fi(z,s) = exp <—(L—x) (a2 - ‘;ﬁ*)) exp (_al(L_m) (84—2@—;3)) ﬁ

« {exp —Jas(2mL + L+x)\/(5 n E)Q e

2@3

—exp (—\/a_3(2mL+L+x) <s+ ﬂ)) } (A.2)

2@3

whose Laplace inverse is

2CL3 2@3

L7THF (2,5)} = %(1 —exp (—ft)) ® (exp {—(L —2) (a2 - a1a4> - G;J}
v/az(2mL + L + )
V(t = ai(L = 2))2 — a32mL + L + x)?
x 1 (7\/(75 —a;(L—1))?—az(2mL+ L + x)2>

x uft — (al(L—a:)+\/a_3(2mL+L+x))]>. (A.3)

Similarly, by considering

Fy(z,s) = exp (—az(L —a) = (2mL+ L+ x)zj/ZL@)

X exp(—(al(L —z)+ as(2mL + L + x))s) (A.4)

52 + (s’

its Laplace inverse can be obtained as

LTy (z,8)} = %exp (—aQ(L —z)—(2mL+L+ w)Q?/Lla_g)

xult — (a1(L — z) + az(2mL + L + z))]
X {1 — exp{—B(t — (ar(L — ) + \/a—g(sz+L+x>>>}}. (A.5)

Now, using Egs. (A.3) and (A.5), the Laplace inverse of (hi),,(, s) can be written as
L7H () (@, 5)} = L7 Fi(2,5)} + L7 H{Fy(,5)} (A.6)

The same process is followed to find the inverse of each of all other series.
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APPENDIX B

Poles finding method

B.1 The flow-discharge hydrograph imposed at the
upstream end and the stage-discharge relation

imposed at the downstream end

We already know that, the Laplace inversion theorem for a function f : [0,00) — R with

Laplace transform f is given by

1 =
)= g | exe ()70, (B.)
where v is a line parallel to the imaginary axis, and all singularities of the function f
lie to the left of this line. The functions R, , S,,, R,,,, and S,,, given in Eqs. (5.28),
(5.29), (5.35), and (5.36), respectively, appear to be two-valued in the neighborhood of the
point s where Z = 0 but these functions give the same value for Z = exp(ir), exp(—in).

ld,a?

Therefore, all of them are single-valued with no branch points. Subsequently, the only
singularities here are the zeros of the denominators of these functions. The attribute of
the Jordan’s lemma given in Chapter 1, Section 1.4 holds true for all of these functions.
We need to find the roots of the following equations to evaluate the integral given in
Eq. (B.1) for these functions:

V'Z cosh (%7) + (P. 4 2as) sinh (g) =0, (B.2)
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186 Poles finding method

vZ <\/§cosh (g) + (P. + 2as) sinh (g)) = 0. (B.3)

Equations (B.2) and (B.3) can be simplified as

N (P, + 2as) N
V'Z cosh (T) {1 L tanh <7> } =0, (B.4)

vVZ (P + 2as) vVZ
Z cosh (T) {1 + VA tanh <T> } = 0. (B.5)

The roots of these equations are the roots of the expression inside the braces, because the
extra v/Z factor is non-zero except for s = —P, /4, which is considered under exceptional
cases. These roots exist only for negative values of s and are the same as the ones given
in [7]. Using tanh (/—z) = itan (y/x) and replacing s by —s, the equation gets converted

to
P2 \/4P,s — P?
ViP5 — P? 2

which can be written as

J/4P.5s — P
_\/4P.5s — P? = (P, — 2as) tan <;> . (B.7)

2

Now, the roots of Eq. (B.7) belong to Iy, i.e.,

e

% 1 (2k —1)?x%2 P, (2k+1)*x* P,
S Sl —
Bk 4P, 4’ 4P, 4

) with k € N. (B.8)

However, there are few exceptions as follows:

1. If (P. — 2as) changes sign from positive to negative in some interval [, among
It, then Eq. (B.7) has two roots in that interval. We split this interval into two

sub-intervals:

(2m —1)272 P, P, P. 2m+1)*z* P,
o L R (O G i L S WG
™ ( . T 102) T\ a1 (B.9)

Other intervals will contain only one root each.
2

2. If (P. — 2as) changes sign in (0 e

4P 4 ), then the following three cases arise:

o If (P. —2as) changes sign for s < P./4 and a > 2+4/P,, then a root s, exists
in the interval Iy = (0, P./4), and only one root exists in each interval I} given
in Eq. (B.8).
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o If (P. — 2as) changes sign for s < P./4 and P, — 2as + 2 = 0, then a root

s, = P./4 exists and there is only one root in the interval I}, for each k.

P, m P,
o If (P, — 2as) takes negative value for s € (Z’ I? + Z) and a <2+ 4/P,,
s . m P o
then one root s, exists in RPT: + T and only one root exists in each

interval 1.

Using the residue theorem, the integral in Eq. (B.1) can be evaluated for R, (z*s),
S, (z*,s), R, (z%,s), and S, (2%, s) by obtaining the residues of these functions at the

l,a
poles s,. Since all the poles are simple ones, then the residues can be evaluated by using
the formula
Res (exp (st)f(s);s = —s,) = lim exp (st)(s+s,)f(s) (B.10)

S*}*Sk

to obtain f(t) as
f(t) = ZRes (exp (st)f(s);s = —s,). (B.11)
k=0

Upon using the above, the inverses of R, (z*,s), S, (z*,s), R, (z*,s), and S,, (2%, s)

are calculated.

B.2 The flow-depth hydrograph imposed at the up-
stream end and the stage-discharge relation im-

posed at the downstream end

The functions M, ,, N,,, M,,,, and N,,, given in Egs. (5.59), (5.60), (5.63), and (5.64),
respectively, appear to be two-valued in the neighborhood of the point s where Z = 0

ld,a?

but these functions give the same value for Z = exp(in), exp(—in). So, all of them are
single-valued with no branch points. Subsequently, the only singularities here are the
zeros of the denominators of these functions. The attribute of the Jordan’s lemma also
holds true. The functions Hl,a, Nw, M, 40> and N, 4. have the same expression in the

denominator. We need to find the roots of the following equation to evaluate the integral

given in Eq. (B.1) for these functions:

vVZ (x/Zcosh (g) + esinh (*g)) =0, (B.12)

where € = P,(2a™! — 1). The roots of this equation are the same as the ones provided by
Cimorelli et al. [6] because the extra v/Z factor is non-zero except for s = —P,/4 which

is considered under exceptional cases. The roots of this equation exist for negative values
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Poles finding method

of s only, and they belong to the expression inside the braces. The above expression can

be rearranged as

4AP.s — P? ¢ V/AP.s — P2
R AL NoTrEy=: tan 5 = 0.

(4P.s — P?) cos (

Here onward, we write Z = 4P,s — P2. Now, the roots are classified as follows:

Using Eq. (B.11), the inverses of M, (z*,s), N, (z*,s), M

Z
1. e = 0, which corresponds to a = 2. Here, the roots correspond to Z cos (g) =0

. (2k —1)*x% P,
hich d ANV LA Sy e
which are expressed as s, ) +5

When e > 0, we need to find the roots of

tan (ﬁ) — —@ (B.13)

and they belong to I, i.e.,

2k —1)2x2 P, (2k+1)*x%2 P, ,
L=+ ——+— h L B.14
s, € Iy ( iP + 1 1P - 1 with £ € N ( )

. There are few exceptions for ¢ < 0. When —2 < € < 0, there is a root s, €

P. 2 /A
(Z’ % + Z) in addition to s, given in Eq. (B.14).

. When ¢ = =2, we get s, = P./4 as a root, and the roots from Eq. (B.14) are

retained as they are.

Pe
. When € < —2, there is a root s, € (0, Z) in addition to s, given in Eq. (B.14).

ld,a (z*,s), and Nld’a (x*,s) are

calculated.
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