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Abstract

The aim of the thesis is to study a posteriori error analysis of finite element method for linear
parabolic integro-differential equations (PIDEs) in a convex polygonal or polyhedral domain.
PIDEs and their variants arise in various applications, such as heat conduction in material
with memory, the compression of poro-viscoelasticity media, nuclear reactor dynamics and
the epidemic phenomena in biology. Since PIDE may be thought of as a perturbation of the
purely parabolic problem, it is therefore, natural to expect how the a posteriori error analysis
of parabolic problems can be extended to PIDEs. Such an extension is not straightforward in

the presence of Volterra integral term.

In isotropic settings, we derive a posteriori error estimators for both the spatially semidis-
crete and the fully discrete (backward Euler and Crank-Nicolson) schemes for PIDEs. A novel
space-time reconstruction operator is introduced which is an a posteriori counterpart of the
Ritz-Volterra projection. Moreover, this reconstruction operator is a generalization of the
elliptic reconstruction operator and we call it as Ritz-Volterra reconstruction operator. The
Ritz-Volterra reconstruction operator is used in a crucial way to derive optimal order a pos-
teriori error estimates in the L°(L?)-norm. The related a posteriori error estimates for the
Ritz-Volterra reconstruction error are also established. For the Crank-Nicolson scheme, the
derivation of the a posteriori error estimator relies essentially on the Ritz-Volterra reconstruc-

tion operator and a novel space-time quadratic (in time) reconstruction operator.

To reduce the number of degrees of freedom and computational effort to achieve the same
convergence as compared to the isotropic meshes, we also consider the a posteriori error anal-
ysis for PIDE in an anisotropic framework. We derive a posteriori error estimators for both
fully discrete backward Euler and Crank-Nicolson schemes for PIDEs in the L?(H!)-norm in
a two dimensional convex polygonal domain. The a posteriori error indicators corresponding
to space discretizations are derived using the anisotropic interpolation estimates in conjunc-
tion with a Zienkiewicz-Zhu error estimator to approach the error gradient. The error due to
time discretization is derived using continuous, piecewise linear polynomial in time in case of
backward Euler scheme, whereas to recover optimality for Crank-Nicolson scheme we intro-
duce continuous, piecewise quadratic time reconstructions, namely, Crank-Nicolson memory

reconstruction and three point reconstruction.

xi
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To observe the behaviour of the various estimators on isotropic mesh, we have carried out
extensive numerical simulations to verify our theoretical findings. The estimators are shown

to be of optimal order that matches with the error’s norm.

X1l
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NOMENCLATURE

PIDE

A ={ay(z)}

B(t, s)

B(t,s) = {by(z;t,5)}
Rn

o0

Uo

IP(w),1<p< oo

|- [ 2r ()

<'7 '>w
W ()

Il Ml
H™(Q)

H; (€)

cm™(Q)

Cg'(2)

Parabolic Integro-Differential Equation

Self-adjoint, uniformly positive definite second order linear
elliptic partial differential operator of the form —V - (AV)
Coefficient matrix corresponding to the operator A
Second order partial differential operator of the form

~V - (B(t,s)V)

Coefficient matrix corresponding to the operator B(t, s)
n-th dimensional Euclidean space

Bounded convex polygonal or polyhedral domain
Boundary of Q2

Exact solution of the PIDE

Non-homogenous term

Initial function

Standard Lebesgue space of order p over the measurable
set w

Norm on LP(w)

Standard L?(w) inner product

Standard Sobolev space of order (m,p) over the measurable
set w

Norm on W™P(Q)

Hilbert space W™2(Q)

Space of functions in H'(€) that vanish on the boundary
of

Space of functions with continuous derivatives up to and
including order m in Q

Space of all C™(2) functions with compact support in
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Q) Space of all infinitely differentiable functions with compact support
in €2

supp(¢) Support of ¢
a(-,-) Bilinear form corresponding to the elliptic operator A
b(t,s;-,-)  Bilinear form corresponding to the operator B(t, s)
bs(t,s;-,-) Bilinear form corresponding to the operator B;(t, s)
bss(t,s;+,-) Bilinear form corresponding to the operator Bss(t, s)
bi(t,s;-,-) Bilinear form corresponding to the operator B(t, s)
By(t, s) Matrix obtained by differentiating the matrix B(¢, s) with respect to s

Bgs(t, ) Matrix obtained by differentiating the matrix B(¢, s) with respect to s

twice

By(t,s) Matrix obtained by differentiating the matrix B(t, s) with respect to ¢

a Coercivity constant for a(-,-)

B Continuity constant for af(-, -)

v Continuity constant for b(t, s; -, -)

04 Continuity constant for by(¢, s; -, -)

~" Continuity constant for by(¢, s; -, -)

~" Continuity constant for by(t, s; -, )

T Shape regular, conforming triangulations of €2 for spatially
semidiscrete finite element discretizations

Tn Shape regular, conforming triangulations of €2 for fully discrete finite
element discretizations

TA Conforming triangulations of {2 for anisotropic finite element

discretizations
diam(K)  Longest side of K
hi diam(K)

En Set of internal sides of 7},

Xvi
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S, Set of internal sides of 7,

>on Union of all internal sides Upce, £

>on Union of all internal sides (Jgcs F

Aqv Regular part of the distribution —div(AVwv)

Ji[v] Spatial jump of the field AVv across an element side

B (t,s)v(s) Regular part of the distribution —div(B(t, s)Vu(s))

Jo[v(s)] Spatial jump of the field —div(B(t, s)Vu(s)) across an element side
Ap Discrete operator corresponding to A

B(t,s) Discrete operator corresponding to B(, s)

Wh Ritz-Volterra projection operator

R Elliptic reconstruction operator

I, n-th subinterval of [0, 7]

Tn Time step

hn Local meshsize function corresponds to each given triangulation 7,
\43 Finite element space for spatially semidiscrete isotropic triangulations
v Finite element space for fully discrete isotropic triangulations

v, Vf’o Finite element spaces for anisotropic triangulations

P, Space of polynomials of degree <[

11, Clément-type interpolation operator for isotropic mesh

Tk Standard invertible affine map which maps the reference triangle K

into the general element K

T1K, T2.K Stretching directions

ALK, A2k Magnitude of stretching

M K/ A2,k Stretching factor

Ul(t) Continuous, piecewise linear approximation in time for the fully
discrete finite element solution on isotropic mesh

Quadrature rule to approximate the Volterra integral term

xXvii
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ﬁS,t(Uh(t))
R [U]
J"[U]
aBE,n (’U)

BBE,n(U)

QBE,l,n(U)a QBE,z,n(U)

L? projection operator for the spatially semidiscrete scheme
L? projection operator for the fully discrete scheme

Ritz projection operator

Parabolic error

Ritz-Volterra reconstruction operator

Ritz-Volterra reconstruction error

Formal adjoint of the operator B(t, s)

Linear interpolant associated with R?~'U"! and R U"
for the fully discrete backward Euler scheme

Linear interpolant associated with the vectors w(¢,_1)

and w(t,)

Inner residuals for spatially semidiscrete scheme

Jump residuals for spatially semidiscrete scheme
Ritz-Volterra reconstruction error estimator in the L?-norm
for the spatially semidiscrete scheme

Oscillations of ¢ in the L?-norm for the spatially
semidiscrete scheme

Estimator for the time derivative of the Ritz-Volterra
reconstruction error for the spatially semidiscrete scheme
Inner residuals for fully discrete scheme

Jump residuals for fully discrete scheme

Ritz-Volterra reconstruction error estimator in the H'-norm
for the fully discrete backward Euler scheme

Ritz-Volterra reconstruction error estimator in the L?-norm
for the fully discrete backward Euler scheme

Quadrature error estimator for the fully discrete
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OBE,1,m, OBE,2;m

gBE,n

CBE,n

"BEn

HBEn

U (1)

Uy 5(t)

OCN,1,m> OCN,2,m
VCNn, ACN,n

&CN,H(U)

BCN,TL(,U)

backward Euler scheme

Total estimators for the parabolic error p for the fully
discrete backward Euler scheme

Linear interpolation error estimator for the Volterra

integral term for the fully discrete backward Euler scheme
Space error estimator for the fully discrete backward Euler
scheme

Time error estimator for the fully discrete backward Euler
scheme

Mesh modification error estimator for the fully discrete
backward Euler scheme

Data oscillation error estimator for the fully discrete
backward Euler scheme

Parabolic error for the fully discrete Crank-Nicolson scheme
Reconstruction error for the fully discrete Crank-Nicolson
scheme

Time reconstruction error for the fully discrete Crank-Nicolson
scheme

Linear interpolant associated with U (t,), U (t,—1)

Linear interpolant associated with U (tn—1/2)

Total estimators corresponding to parabolic error j(t) for the
fully discrete Crank-Nicolson scheme

Time reconstruction error estimators for the fully discrete
Crank-Nicolson scheme

Ritz-Volterra reconstruction error estimator in the H'-norm for
the fully discrete Crank-Nicolson scheme

Ritz-Volterra reconstruction error estimator in the L?-norm for
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the fully discrete Crank-Nicolson scheme

NCNn Time error estimator for the fully discrete Crank-Nicolson
scheme

Cenp1y CONm2 Space error estimators for the fully discrete Crank-Nicolson
scheme

EcNn Linear interpolation error estimator for the fully discrete

Crank-Nicolson scheme

Qenn Quadrature error estimator for the fully discrete
Crank-Nicolson scheme

HCNn Mesh change estimator for the fully discrete
Crank-Nicolson scheme

ACNn,1, ACNm,2 Data approximation error estimators for the fully discrete
Crank-Nicolson scheme

Un(t) Continuous, piecewise linear approximation in time for the
fully discrete finite element solution on anisotropic mesh

A

Ao imics Q8ponx Quadrature error estimators for the fully discrete

backward Euler scheme on anisotropic mesh

Un Crank-Nicolson memory reconstruction

U, Three-point reconstruction

Un.ra(t) Linear interpolant associated with the integral vector
Una(ta-1/2)

[v]h, r2(t) Linear interpolant associated with the integral vectors Uh72(tn)

and (v]hg(tn_l)

Un.11(t) Linear interpolant associated the integral vectors Uh,l(tnq/z)
and [A]h,l(tn,g/g)

Un.1a(t) Linear interpolant associated with the integral vectors

Una(tn-1/2) and Uy a(t,_3/2)
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A A
QCN,n,K? QCN,n,K

77
gK(Uh)

Ii;

Quadrature error estimators for the fully discrete
Crank-Nicolson scheme on anisotropic mesh
Zienkiewicz-Zhu

Post processing matrix

Lagrange’s interpolant corresponding to Vf’o

Approximate L? projection operator onto V3!

TH-1263_08612303

xx1




1.1

1.2

2.1

5.1

5.2

7.1a
7.1b
7.2a
7.2b
7.3a

7.3b
7.4a

7.4b

List of Figures

The affine transformation Ty : K — K , where K is the equilateral reference
triangle and K is an isosceles triangle. The unit circle is mapped into an
ellipse with directions r1 i and ro i, the magnitude of stretching being A1 k
andidor - . - . - JEEEEEEEE. . VRS . . . . ... . W

Pictorial representation of the thesis . . . . . . . . . . . . .. ... ....

Establishing optimality in the L?-norm: An interconnection between projec-

tions and reconstructions . . . . . . . . .o oo

Example of an acceptable patch, where the size of the reference patch A p
. H

does not depends upon the aspect ratio 3-. . . . . . . ... ...

Example of an unacceptable patch, where the size of the reference patch A

depends upon the aspect ratio 4-. . . . . ... ..o

This figure shows the behaviour of the error ||e| o ,.:12(q)) for P1 elements.
For the coupling T ~ h?, €]l Loo (0,t,;22(2)) decreases with second order. . . . .
This figure shows the behaviour of the error ||| 2 4,,;q1(q)) for P1 elements.
For the coupling T =~ h?, lellL2(0,t,n; 1 (2)) decreases with first order. . . . . .
This figure shows the behaviour of the Ritz-Volterra reconstruction error es-

timator for the L?-norm i.e., Og}lzzxmﬂBE,n(U") for Py elements. . . . . . . ..
For the coupling T ~ h?, Oinnaéxmﬁ BEn(U") decreases with second order.

This figure shows the behaviour of the Ritz-Volterra reconstruction error es-

m 1/2
timator for the H'-norm i.e., <ZTna23E,n(Un)> for Py elements. . . . . .
n=1

m 1/2
For the coupling T ~ h?, (ZTnaQBEm(U”)) decreases with first order. . .

n=1

xxil

TH-1263_08612303

145
145
146
146

147

. 147

148

148



7.5a

7.5b

7.6a

7.6b
7.7a

7.7b

7.8a

7.8b

7.9a
7.9b
7.10a
7.10b
7.11a

7.11b
7.12a

7.12b
7.13a
7.13b
7.14a

7.14b
7.15a

TH-1263_08612303

m
This figure shows the behaviour of the space estimator ZTnC BE;n for Pq

n=1
elements. . . . . .. .. Mttt e e e e 149
For the coupling T ~ h?, ZTn§ BE,n decreases with second order. . . . . . . 149
n=1

m
This figure shows the behaviour of the time estimator ZTnnBE,n for Py ele-

n=1

m
For the coupling T ~ h?, ZTnUBE’n decreases with second order. . . . . . . 150

n=1

This figure shows the behaviour of the total estimator in L>(L?(2)) for Py
elements. . AN VYN FAAN L ] W e L 151
This figure shows the inverse effectivity index of the total estimator in L>(L?({2))

for the coupling T = h%. . . . . . . ..o 151
This figure shows the behaviour of the total estimator in L*(H'(f2)) for Py
elements. . . . .. L L Lo e e e e e 152

This figure shows the inverse effectivity index of the total estimator in L?(H'(£2))

for the coupling T = h%. . . . . . . ... .o 152
This figure shows the behaviour of the error ||e||p(r2(q)) for Py elements. . . 153
For the coupling T = h, ||e||po(0,t,,;12()) decreases with first order. . . . . . 153
This figure shows the behaviour of the error ||e||r2(g1(q)) for P1 elements. . . 154
For the coupling T ~ h, ||e[|12(0,4,,;#1 ()) decreases with first order. . . . . . . 154
This figure shows the behaviour of the Ritz-Volterra reconstruction error es-
timator for the L?-norm i.e., 01<na<x BEn(U") for Py elements. . . . . . . .. 155
<n<m
For the coupling T ~ h, maxo<p<mBBEn(U") yields superconvergence. . . . . 155
This figure shows the behaviour of Ritz-Volterra reconstruction error estima-
m 1/2
tor for the H'-norm i.e., (ZTnQZBE,n(Un)> for Py elements. . . . . . .. 156
o 1/2
For the coupling T = h, (ZTnaQBE’n(U”)> decreases with first order. . . 156
n=1 Y
This figure shows the behaviour of space estimator ZTnC BE,n for P1 elements.157
m n=1
For the coupling T = h, ZTnCBEyn decreases with at least first order. . . . . 157
n=1 m
This figure shows the behaviour of time estimator ZTnnB E,n for Py elements. 158
m n=1
For the coupling T = h, ZTnnBEm decreases with first order. . . . . . . . . 158

n=1

This figure shows the behaviour of the L*>(L?(f))) total estimator for Py

elements. . . . . . . . . L 159



7.15b  This figure shows the inverse effectivity index of the L>°(L*(Q)) total estima-

tor for the coupling T =~ h. . . . . . . . ... 159
7.16a This figure shows the behaviour of the L?(H'(£2)) total estimator for P,
elements. . . . ... Lo 160

7.16b  This figure shows the inverse effectivity index of the L>(H'(f2)) total estimator

for the coupling T~ h. . . . . . . . . . .. e 160
7.17a This figure shows the behaviour of the error ||ef| - (z2(q)) for Py elements. 163
7.17b  We observe that L>°(L*(Q)) error is of O(h®> +72). . . . . . . . . .. . ... 163

7.18a This figure shows the behaviour of the Ritz-Volterra reconstruction error es-

timator for the L?-norm i.e., Oina<x Bcng for Py elements. . . . . . . .. .. 164
nsm
7.18b  This figure shows that ,Jax BcnN,n decreases with second order. . . . . . . . 164
_n_

m
7.19a  This figure shows the behaviour of the space estimator ZTnCCN,n for Py

n=1
elements. . . . . . .. m F P - - v 165
7.19b  This figure shows that ZTnCC N,n decreases with second order. . . . . . .. 165
n=1 m 1/2
7.20a  This figure shows the behaviour of the time reconstruction estimator (ZTnAchm)
n=1
for P1 elements. . . . . . . . . Lo 166
m 1/2
7.20b  This figure shows that <ZTnA% N,ﬂ) decreases with second order. . . . . 166
=1
7.21a  This figure shows the behaviour of the time reconstruction estimator X VONn
<n<m
for Py elements. . . . . . . . .. . e 167
7.21b  This figure shows that (X VON,n decreases with second order. . . . . . . . 167
<n<m
7.22a This figure shows the behaviour of the L>°(L?*(Q)) total estimator for Py
elements. . . . . . . . L e e e e e e e e e 168
7.22b  This figure shows the inverse effectivity index of the L>°(L?(2)) total estimator.168
7.23  Exact Solution of the PIDE (7.1) at T =0.1. . . . . . . . . . .. ... ... 169

7.24  The backward Euler FEM solution for the PIDE (7.1) is simulated using P;
elements and computed using 33025 free nodes at T = 0.1 corresponding to

T=.003125. . . M F - e WL )L 170
7.25  The Crank-Nicolson FEM solution for the PIDE (7.1) is simulated using P;

elements and computed using 33025 free nodes at T = 0.1 corresponding to

T=.003125. . . . .. 171

XXiv

TH-1263_08612303



Introduction

The main objective of this thesis is to study a posterior: error analysis of finite element
method for linear parabolic integro-differential equations (PIDEs). This chapter intro-
duces the problem and it contains the notations and preliminary materials to be used
in the thesis. It also provides the survey for relevant literature and motivation for the
present study. The chapter-wise description of the thesis is presented in the last section

of this chapter.

1.1 Problem description

Let 2 C R™,n > 1 be a bounded convex polygonal or polyhedral domain with boundary
0f). In this thesis, we shall consider linear PIDEs of the form

w(x,t) + Au(z,t) = /Ot B(t, s)u(z, s)ds + f(x,t), (z,t) € Qx(0,7]  (1.1)
subject to the initial condition
u(z,0) = up(x), x € (1.2)
and the homogeneous Dirichlet boundary condition
u(z,t) =0, (x,t) € 0 x[0,T], (1.3)

where u(z,t) is a real-valued function of z and ¢, w(z,t) = %%(z,t) and T < co. The

operator A is a self-adjoint, uniformly positive definite second order linear elliptic partial

differential operator of the form
Au = -V - (AVu)
and the operator B(t, s) is a second order partial differential operator of the form

B(t,s)u ==V - (B(t,s)Vu),
1
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CHAPTER 1. Introduction 2

where “V” denotes the spatial gradient. The coefficient matrices A = {a;;(z)} and
B(t,s) = {bij(z;t,s)}, 0 < s <t are two n X n real-valued matrices assumed to be in
L>(Q)"""™ in space variable. Moreover, the elements of B(t, s) are assumed to be smooth
in both ¢t and s. The initial function ug(x) and the nonhomogeneous term f(z,t) are

real-valued functions and assumed to be smooth for our purpose.
Such problems and variants of them arise in several physical phenomena such as heat

conduction in material with memory, the compression of poro-viscoelasticity media, nu-
clear reactor dynamics and the epidemic phenomena in biology. Rigorous discussions on
models for heat conduction in materials with memory can be found in Belleni-Morante
[14], Coleman [26], Coleman and Gurtin [27], Gurtin [44], Gurtin and Pipkin [45], Miller
[66], Nohel [67] and the references quoted therein. Further applications of the theory of
PIDEs include the compression of poro-viscoelastic media (cf. Habetler and Schiffman
[46]), nuclear reactor dynamics (cf. Pachpatte [69] and Pao [72, 73, 74]), the com-
partment model of a double-porosity system (cf. Hornung and Showalter [50]) and the

epidemic phenomena in biology (cf. Capasso [20]).
PIDESs are often referred to as the parabolic partial differential equations with mem-

ory term or the Volterra integral term i.e. fg B(t, s)u(z, s)ds. The presence of the
Volterra integral term helps to accurately describe several physical phenomena, which
causes some new difficulties in both theoretical analysis and numerical computation.
Despite being the importance of the PIDEs and their variants in the modeling of several
physical phenomena, the topic of a posteriori error analysis for such kind of equations
remains unexplored. An attempt has been made in this thesis to study the a posteriori
error analysis for PIDE (1.1).

1.2 Notations and preliminaries

In this section, we shall introduce some standard notations and preliminary materials to
be used in this thesis. All functions considered here are real valued. Let €2 be a bounded
domain in R (n-dimensional Euclidean space) and let 02 denote the boundary of €.
For x = (x1,29,...,2,) € §, set dv = dx;...dx,. Further, let T = (YTy,...,7,)
be an n-tuple with nonnegative integer components. Denote the order of T as |Y| =
T4+ YTy +...4+ T, Then, by DY¢, we shall mean the Yth derivative of ¢ defined by

oIl

Ox, 11 ... 0x,Tn

DY¢ =

We shall make frequent reference to the following well-known function spaces. Given a

Lebesgue measurable set w C R™, we denote by LP(w),1 < p < oo, the linear space of
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equivalence classes of measurable functions ¢ on w such that / |p(z)|Pdx exists and is
w

finite. The norm on LP(w) is given by

||u||L1’(w) = </ |¢(l‘)|pdl‘> ) 1 Sp < O0.

For p = 0o, L*™(w) denotes the space of functions ¢ on w such that

|@]| Loy = esssup |¢(x)| < oo.

rTEW

When p = 2, L*(w) is a Hilbert space with respect to the inner product

<¢7¢>w=/¢(x)z/1(x)dx.

Whenever w = 2, we remove the subscripts of || - || 12, and (-, ).
By support of a function ¢, denoted by supp(¢), we mean the closure of all points «

with ¢(x) # 0, i.e.,

supp(¢) = {7 : ¢(v) # 0}.

For any nonnegative integer m, C™(€2) denotes the space of functions with continuous
derivatives upto and including order m in Q. Ci*(f) is the space of all C™(Q) func-
tions with compact support in 2 and C§°(2) is the space of all infinitely differentiable

functions with compact support in €.
We now introduce the notion of Sobolev spaces. Let m be a nonnegative integer and

let p be such that 1 < p < oo. The Sobolev space of order (m,p) on €2, denoted by
Wm™P(Q), is defined as a linear space of functions (or equivalence class of functions) in

LP(Q2) whose distributional derivatives upto order m are also in LP(€), i.e.,
WmP(Q) ={¢: DY¢ € LP(Q) for 0 < |YT| < m}.

The space W™P(Q) is endowed with the norm

[Bllmp = ( /Q > \DTqﬁ(:c)\pdx)p

0<|Y|<m
1
p
- ( > HDW) Cispe
0<[T|<m

When p = oo, the norm on the space W™ () is defined by
m.0o — _DFr e} .
[6llmoe = 5 [D70() (0
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For p =2, W™P(Q) = H™(Q) and H°(Q) = L*(2). The space H™(f) is a Hilbert space
with natural inner product defined by
(& )m =D / DY¢D dx, ¢, € H™().
0<|T|<m ¥ ¢

The Sobolev space H™(2) (respectively, HJ*(2)) is also defined as the closure of C'*°(2)
(respectively, C5°(Q2)) with respect to the norm ||¢||,, = ||¢|lmz2- This result is true
under some smoothness assumption on the boundary 0€2. For a complete discussion on

Sobolev spaces, see Adams and Fournier [2].
We shall also use the following space-time function spaces in our error analysis. For

a given Banach space 28, we define the space

L*(0,T;8) = {(b(t) € B for a.e. t € (0,T) and /T |p(t)||3dt < oo}
0

equipped with the norm

T
1ol z20.mm) = (/0 ||¢(t)||2%dt) :

Similarly, for a Banach space 28, we define the space

N

L*>(0,T;8) = {qﬁ(t) € B for a.e. t € (0,7) and ess sup |[¢(t)]|s < oo}

t€[0,T]

equipped with the norm

6]l 2~ (0.:m) = ess sup [[(t) ]
t€[0,T]

When no risk of confusion exists we shall write L*(8) for L?(0,7;9) and L>(B) for
L>(0,T;9B).
Below, we shall discuss some preliminary materials and basic results to be used in

the subsequent chapters.
Let a(-,-) : H3(Q) x H}(2) — R be the bilinear form corresponding to the elliptic

operator A defined by

a(¢,¢) = (AV), V),V ¢,¢ € Hy(Q).

Similarly, let b(t, s; -, -) be the bilinear form corresponding to the operator B(t, s) defined
on Hy(Q) x Hy(Q) by

b(t, s16(s), ) == (B(t,s)V(s), Vi), V¥ (s),v € Hy(Q).
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Let bs(t,s;-,-) and bgs(t, s;+,+) be the bilinear forms corresponding to the operators
B.(t,s) and Bss(t, s), respectively defined on H}(Q) x H}(Q) by

bo(t, s:0(s),¥) = (Bs(t,s)V(s), Vi), ¥V o(s), v € Hy(Q)

and

bos(t,5:0(5), ) == (Bus(t,8)V(s), V), ¥V o(s),¢ € Hy(Q),

where By(t, s) and Bg(t, s) are obtained by differentiating B(t, s) partially with respect
to s once and twice respectively. Further, the bilinear form b;(t, s; -, -), corresponding to
the operator By(t,s), defined on H{(2) x Hi () is given by

bi(t,s;0(s),9) = (By(t,5)Ve(s), Vi), VY o(s). ¢ € Hy(Q),

where By(t,s) is obtained by differentiating B(t,s) partially with respect to t. We

assume that the bilinear form a(-,-) is coercive and continuous on Hj} () i.e.,

a(¢,¢) > aldlli and |a(¢,¥)| < Blolhllvlh. V¥ é,v € Hy() (1.4)

with «, 8 € RT. Further, we assume that the bilinear forms b(t,s;-,-), bs(t,s;-, "),

bes(t,s;+,+) and by(t, s;+, ) are continuous on H; () i.e.,

10(t, 53 9(5), V)| < Alle(s)lullll, ¥ é(s), 4 € Hy(9), (1.5)

1s(t, 5;6(s),0)] <ANe(s)lallwll, ¥ é(s),4 € Hy(), (1.6)

1ss(t, 55 0(5), )| < A" lo(s)allllh, Y ¢(s), 4 € Hy () (1.7)
and

1:(t, 5;0(5), )] <A [lo(s)Lllell, V¥ 6(s), ¢ € Hy(€) (1.8)

with v,v,9”,7"” € Rt. The weak formulation of the problem (1.1) may be stated as
follows: Find u : [0,T] — H} () such that

(e, &) + a(u, 8) = / b, 5:u(s), 6)ds + (f.6), Vo HYQ), te(0.T), (1.9)
u(0) = up.

For the purpose of finite element procedure we consider two types of spatial discretiza-

tions in this thesis namely, isotropic finite element discretization and anisotropic finite
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element discretization. We first describe the standard isotropic finite element discretiza-

tion as follows.

Isotropic finite element discretization. Let h(z) = diam(K'), where K € T, and x €
K, be a positive piecewise constant meshsize function corresponding to 7, = {K}, a
shape regular, conforming family of triangulations of Q. Let &, = {E} be the set of
internal sides of 7,. These internal sides are edges in n = 2 and faces in n = 3. Let ),

denotes the union of all internal sides of 7}, i.e., >, := U E.
Ee&y,
We now associate the following finite element space corresponding to 7y:

Vi i={x € Hy(Q) : x|x € P(K), forall K € T,}, (1.10)

where P; is the space of polynomials of degree < [ with [ € Z*. Let B, : L*(Q2) — V,,
be the L? projection operator defined by

(Phw, x) = (w, x), VX € V. (1.11)

We define the discrete operators Ay, : Hy(Q) — Vy, and By, (¢, s) : Hi(Q) — V;, by

(Apw, x) = a(w, x) and (By(t, s)w(s), x) = b(t, s;w(s), x) (1.12)

for all y € V;,,0 < s < t, respectively. The spatially semidiscrete finite element approx-
imation to (1.9) is then stated as follows: Find wy, : [0, 7] — V, such that

(unt, X) + alun, x) = /Ot b(t, s;up(s), x)ds + (f, x), Vx € Vy, (1.13)
Uh(.,O) = Phuo.

The following representation of the bilinear forms a(-,-) and b(t, s; -, -) will be of frequent

use in the error analysis.
Representation of the bilinear forms. For a function v € Vy,, the bilinear form a(u,v)

can be represented as

a(v, ¢) = Z (—div(AVv), ¢) i + Z Ji[v], ®) e, Vo € Hy().

KeTy, Eeg&y,

Here, Ji[v] denotes the spatial jump of the field AVwv across an element side E € &,
defined as

Ji[v]|g(x) = [AVV]g(z) = li_r}ré(AVU(x +eng) — AVu(z —eng)) - ng, (1.14)
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where ng is a unit normal vector to E at the point x. For v € V,, let A, v be the
regular part of the distribution —div(AVwv), which is defined as a piecewise continuous

function such that

(Aav,¢) = Y (=div(AVv),¢), Vo € Hj(Q). (1.15)

KeT,

Thus, we can represent our bilinear form a(-,-) as

a(v, ¢) = (Aaqv, ) + (L[], d)s,, VYo € Hy(Q). (1.16)

Similarly, one can represent the bilinear form b(t, s; -, ) as

b(t, s;v(s),9) = (Ba(t, s)v(s),8) + (Lv(s)], d)x,, V¢ € Hy(Q), (1.17)

where B (t, s)v(s) is the regular part of the distribution —div(B(t, s)Vu(s)), which is

defined as a piecewise continuous function such that

(Bu(t,s)o(s), @) = Y _ (=div(B(t,5)Vu(s)),4), V¢ € Hy(2) (1.18)
KeTy,
and Jp[v(s)] is the spatial jump of the field —div(B(t, s)Vu(s)) across an element side
E € &, as defined in (1.14) with B(¢, s) replacing A.

Now, we shall turn to introduce some notations for the fully discrete schemes. While
dealing with the fully discrete schemes, we shall use the same symbols introduced for
the spatially semidiscrete scheme by dropping the subscript index h and using the index
n. Whenever there is some exception in the notations for the fully discrete schemes, we
shall mention it explicitly.

Let 0 = tg < t; < ... < ty = T be a partition of [0,7]. For n € [1 : NJ, let
Tp = t, — t,_1 be the time step and I, := (t,_1,t,]. We set f*(-) = f(-,t,) for
t =tn, n € [0: N]. Let (Tn)nejo:n) be a family of conforming triangulations of the
domain Q. Let h,(z) = diam(K), where K € T, and z € K, denotes the local
meshsize function corresponds to each given triangulation 7,. Let S, denotes the set of

internal sides of 7, and ) denotes the union of all internal sides i.e., ) = U E.

EE€Sn
Each triangulation (7,,), for n € [1 : NJ, is a refinement of a macro-triangulation 7, of

the domain €2 that satisfies the same conformity and shape-regularity assumptions (cf.
Brenner and Scott [15]) on its refinements. We assume the following admissible criteria
on the mesh (cf. Lakkis and Makridakis [56]):

(A1) The refined triangulation is conforming.
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(A2) The shape-regularity of an arbitrary refinement depends only on the shape-

regularity of the macro-triangulation 7.

We allow only nested refinement of the space meshes at each time level t = t,,, n € [0 : N]
ie,for0<j<i<N,§NS; =S8;. Now, we associate with these triangulations the

finite element spaces:
V" :={p € Hy(Q): ¢|x €P, VK € T,}, (1.19)

where P; is as defined in (1.10).
Let P} : L*(Q2) — V™ denotes the L? projection operator and is given by

(Py'w, Xn) = (W, Xn), Vxn € V" (1.20)

Further, the fully discrete operators A" : Hg(2) — V™ and B""(s) : H}(Q) — V",
0 <r <1 are defined by

(A"w, xn) = a(w, Xn), VX, € V"

and
(B" " (s)w(s), xn) = b(tn—r, s;w(S), Xn), Vxn € V™.

Throughout this dissertation, the following notations will be used. Forn =1,2,---, N,

set
" — Un—l h o — ann—l
o= ——, Ot =Fovt = —0—,
Tn Tn
t th— o™+t

We now turn to describe anisotropic finite element discretization.
Anisotropic finite element discretization. In this thesis, residuals constitute the

main building blocks of the a posteriori estimators obtained. In this context, anisotropic
mesh plays an instrumental role to reduce the computational effort. The basic idea
behind anisotropic mesh is to use a small meshsize in the direction of larger residual value
and a larger meshsize in the direction of less residual value. To discretize the domain in
an anisotropic framework, we first assume that €2 is a bounded convex polygonal domain
of R2. Let T, (0 < h < 1) be a conforming triangulation of € into triangles K (not
necessarily satisfying the minimum angle condition) with hx < h. Here, hx denotes the
diameter of the triangle K and h denotes the meshsize function corresponding to 7,

We define by V! the usual finite element space of continuous, piecewise linear functions

on TA:

Vi = {vh € C(Q) : vp|x € Pi(K), VKG'HLA} (1.21)
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i Tk
2 ro K

SN N

Figure 1.1: The affine transformation Tk : K — K, where K is the equilateral reference

triangle and K is an isosceles triangle. The unit circle is mapped into an ellipse with directions

r1,kx and ro g, the magnitude of stretching being A1 x and Ao k.

and we set

V0= VAN HH Q). (1.22)
Below, we shall introduce some definitions to understand the mesh anisotropy. Let
Trx : K — K denotes the standard invertible affine map which maps the reference
triangle K into the general element K of the triangulation 7,4, Let Py € R?*2 denotes

the affine transformation matrix corresponding to Tk i.e.,
v = Tk(%) = Pxd +tx, VieR?

where tx € R2. Here, we study the spectral properties of the map Tk as it will be helpful
in obtaining the anisotropic information about the size and orientation of the mesh

element K. Now, invertibility of Px ensures that it has singular value decomposition
Px = REAK Sk,

where Ry and Sk are both orthogonal matrices and A is a diagonal matrix with

positive entries. Let us denote

A 0 rT
AK = b and RK = LR

T
0 Ak Ty K

(1.23)

with the choice A\ g > A k.
Thus, the deformation of any triangle K € T, with respect to K can be mea-

sured in terms of the stretching factor A x /Ay k(> 1). For examples of such kind of

transformation, we refer to Picasso [77, 78].
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From time to time we shall also use the following inequalities (see Hardy et al. [47]):

(1) Young’s inequality. For a,b > 0 and € > 0, the following inequality

b<a2+d)2
a[ —_— _—
- 2e¢ 2

holds.
(17) Cauchy-Schwarz inequality. For all a,b > 0,1 < p < oo and 11? + % =1,

a? b
ab < — + —.
b q

In integral form, if ¢ and v are both real valued functions with ¢ € LP(2) and ¢ € L((2),
then

Awmswwwq

For p = ¢ = 2, the above inequality is known as Schwarz’s inequality. The discrete
version of the Schwarz’s inequality may be stated as follows:

(119) Let ¢;,1;,7 =1,2,...,n be positive real numbers. Then

D9 < <Z¢?) <Z¢?> -
j=1 j=1 j=1

Now, we state Poincaré inequality which we shall use frequently in this thesis.

Lemma 1.2.1 (Poincaré inequality). Let 2 be a bounded open domain in R". Then

there exists a positive constant C' = C(§2) such that

ol < CIIVoll  for every ¢ € Hy(9).

In view of the Poincaré inequality, [[V(-)|| defines a norm on Hj (). Below, we state
without proof, the following continuous version of Grownwall’s lemma. For a proof, see

Rao [81].

Lemma 1.2.2 (Gronwall’s lemma). Let G(t) be a continuous function and H(t) a non-
negative continuous function on its interval to < t < ty + a. If a continuous function
F(t) has the property

F(t) <G(t)+ /tF(s)H(s)ds for t € [to, to + al,

to
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then
t

F(t) < G(t) +/

to

G(S)H(s)exp[/t H(T)dT] ds fort € [to,to + a).

In particular, when G(t) = C' a nonnegative constant, we have

F(t) < Cexp

/tH(s)dsl fort € [to, to + al.

The following lemma is proved to be convenient for later use (see Lakkis and Makridakis

[56]).

Lemma 1.2.3. For a = (ag,ay,...,a,), b= (bo,b1,...,b,) € R"™ and c € R, if
|CL|2 SCQ—f—(l'b,

then
la] < |c| + 0],

n 3
where |v| = (Zv?) , 0= (Vg, V1, ,Up).

=0
1.3 Background and motivation

This section presents a brief survey of the relevant literature concerning PIDEs and their

numerical solutions. It also elucidates the motivation for the present study.

Existence and uniqueness results. PIDE may be thought of as a perturbation of
purely parabolic problem. This makes it possible to adapt the well-established existence
and uniqueness theory of parabolic problems to such equations. Friedman and Shinbrot
[36] have first investigated existence and uniqueness of solution for a PIDE in a general
Banach space setting by constructing the resolvent operator when A = A(t) has a con-
stant dense domain and B(t, s) is of convolution type operator. The related results are
proved by Chen and Grimmer [25] under very reasonable assumptions which allows ker-
nel B(t, s) to be optimally unbounded relative to A. The existence of resolvent operator
for non-autonomous integro-differential equation in a Banach space setting is examined

by Grimmer [41]. Later, Acquistapace and Terreni [1] have studied the existence and

TH-1263_08612303



CHAPTER 1. Introduction 12

uniqueness results in an abstract Banach space for non-autonomous PIDEs. However,
their approach was different. They treated the problem as a perturbation of the purely
parabolic problem and then used a fixed point argument. Subsequently, Cannon and Lin
[18] have used the classical Picard iteration method to prove the existence and unique-
ness results for time dependent PIDEs by treating the integral term as a perturbation
of parabolic problem. Semigroup theoretic approach has been employed by Thomée and
Zhang [95] to discuss the existence and uniqueness results for PIDE (1.1). Among the
works concerning nonlinear versions of PIDEs, one may refer to Aizicovici [4], Bahuguna
and Raghavendra [11], Heard and Rankin [48, 49], Lunardi and Sinestrari [61], Nohel
[68], Sinestrari [86], Slodicka [89, 90], Tanabe [92], Vrabie [99] and Webb [100, 101].

The main focus of this thesis is to derive a posteriori error estimators for the problem
(1.1). In general, analytical solutions for (1.1) do not exist, hence numerical procedures
such as finite difference methods and finite element methods are employed. At the

outset we give a brief account of the literature concerning the finite difference methods

for PIDES.

Finite difference methods. The first contribution to the numerical solution of PIDEs is
made by Douglas and Jones [30] using the finite difference method. They have formu-
lated backward difference and Crank-Nicolson type methods for a nonlinear PIDE in
one space variable subject to homogeneous Dirichlet boundary conditions and derived
the convergence results. The proofs are based on finite-difference energy inequalities for
the pure difference equation. Later, Pavlov [75] has obtained estimates for PIDE in one
space dimension. Subsequently, Habetler and Schiffman [46] have discussed 8-method
with stability estimates. The stability and convergence of difference schemes for quasi-
linear PIDEs in two space variables is investigated by Djakonov [28]. In particular, he
has formulated and analyzed two-level difference schemes with a split difference oper-
ator. In [93], Tavernini has considered a quasi-linear PIDE in a general Banach space
settings and obtained convergence results using semigroup theoretic approach. Galeone

et al. [37] have studied the numerical solution of a reaction-diffusion system involving a
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reaction term of integral type arising from biological models. They have shown the exis-
tence and the asymptotic behaviour of nonnegative numerical solutions by introducing
upper and lower solutions. Further results in this direction are summarized by Brunner
[16] and Yanik and Fairweather [105].

Finite element methods. In recent years, the error analysis of finite element methods
for different class of problems has become one of the active research areas for applied
mathematicians. One of the main reasons for the popularity of this method over the
other numerical procedures in different fields of science and engineering is its ability to
solve a wide class of problems with complicated structures in a simple and systematic
way. The error analysis of finite element method is grouped into two categories: A priori
error analysis and a posteriori error analysis.

A priori error analysis. There are wide range of articles available in literature regarding
the a priori error estimates for PIDE (1.1) and their variants by finite element meth-
ods. The first contribution in this direction is given by Yanik and Fairweather [105].
Assuming the exact solution is smooth, they derived optimal order a priori error esti-
mates for fully discrete Crank-Nicolson scheme for nonlinear PIDEs with A = A(t) and
B(t,s) is a first-order partial differential operator. Subsequently, spatially semi-discrete
scheme for PIDE (1.1) is thoroughly examined by Thomée and Zhang in [95]. They
have obtained optimal order a priori error estimates in the L?-norm for both smooth
and non-smooth initial data by extending the spatially semidiscrete error analysis for
linear parabolic equations [94] to PIDEs with an integral kernel consisting of a partial
differential operator of order < 2. The proof is based on the following decomposition of

the main error e = u — uy, as
e = (u— Ryu) + (Rpu — up),

where u;, and v denote the semidiscrete finite element solution and the exact solution
of the PIDE, respectively. Here, Ry, : Hj(2) — V}, is the Ritz projection introduced by

Wheeler in [102] and is defined by
a(Rpv —v,x) =0, Vx €V, veH Q). (1.24)
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A simple alternative approach is proposed by Cannon and Lin [17, 19] and is further
developed by Lin et al. in [58]. The key technical tool used in these works is a gener-
alization of the Ritz projection operator Ry, namely the nonlocal projection [17, 19] or

the Ritz-Volterra projection operator [58] W, : H}(Q) — V,, and is defined by
¢
a(Whu —u)(t),x) = / b(t, s; (Whu —u)(s),x)ds, Yx € V,, te0,T]. (1.25)
0

The nonlocal projection or the Ritz-Volterra projection is used as an intermediate so-
lution to obtain optimal error estimates for the problem (1.1) and its nonlinear variant
with smooth initial data in [17, 19, 58]. Subsequently, stability estimates for Ritz-
Volterra projections are thoroughly studied by Lin and Zhang [59]. In order to reduce
the storage requirements during the time stepping of a general PIDE, Sloan and Thomée
[88] have first proposed the application of quadrature rules with relatively higher order
truncation error. Later on, several researchers have given valuable contributions towards
the convergence analysis of the finite element Galerkin solution to the solution of PIDEs
and its variants in the a priori framework. We refer to Cannon and Lin [17], Le Roux
and Thomée [57], Thomée and Zhang [96], Chen et al. [24], Pani et al. [71], Pani and
Sinha [70], McLean and Thomée [64], Chen and Shih [23], Zhang [106] and Sinha et al.

[87] for further works in this direction.

A priori error analysis yields bounds of the form
lu — Ullx < C(u)h", (1.26)

where u and U are the exact and numerical solutions of a given problem. C(u) is a
positive constant depends on the exact solution u, h denotes the mesh parameter and
X denotes a specified norm. The estimate (1.26) is not realistic in general as it depends
on the exact solution which is unknown for most of the partial differential equations.
Moreover, estimates of the form (1.26) can give asymptotic rates of convergence as the
mesh parameters goes to zero, but are not designed to give an actual error estimate for

a given mesh. The question of quantifying the error brings attention to a new error
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estimation method which is able to characterize explicitly the accuracy of approximate

solutions and is known as a posterior:i error estimation technique.

A posteriori error analysis. An a posteriori error estimate is a computable quantity
in terms of the finite element solution and data of the given problem i.e., a posterior:
error estimators employ the finite element solution and the data of the problem itself
to derive estimates on the actual errors. On the contrary to a priori error analysis, a

posteriort error analysis predicts bounds of the form
lu — Ul < (U, data), (1.27)

where (i) the estimator n(U, data) is a computable quantity which depends on the nu-
merical solution U and the data of the problem; (iz) n(U, data) decreases with optimal
order with respect to the mesh parameters requiring the lowest possible regularity per-
mitted by the problem. Estimates of the form (1.27) are of practical significance to
physicists and engineers particularly for providing bounds on the errors and they are
the basis for efficient adaptive meshing procedures designed to control and minimize the

error.

In order to put the results of this thesis in a proper perspective, we give some relevant
literature concerning a posteriori error analysis. Interest in a posterior: error estimation
of finite element methods for two point boundary value problems has began with the
pioneering work of Babuska and Rheinboldt [10]. A relatively complete theory for the
derivation of a posteriori estimators regarding elliptic problems has been developed in
Ainsworth and Oden [3], Babuska and Rheinboldt [9], Repin [82], Eriksson and Johnson
[32], Gréatsch and Bathe [39] and Verfiirth [97] and the references quoted therein. How-
ever, a posteriori error analysis of the finite element method for parabolic problems has
been a topic of investigation for the past two decades. The first significant contribution
towards a posteriori error analysis of parabolic problems has been given by Eriksson and
Johnson [33]. They have established quasi optimal error estimates in the L>(L*(Q))-
norm via duality technique. However, this technique hinges on the parabolic regularizing

effect which is not valid for estimates in the L?*(H'(£2))-norm which motivates one to
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consider the standard energy technique. Several contributions over the last few years are
devoted to a posteriori error estimates that are based on the energy approach. Picasso
[76] has derived optimal a posteriori error estimates of residual type in the L?(H'(Q))-
norm. Subsequently, optimal order estimates in the L?(H'(Q))-norm and suboptimal
estimates in the L>(L?*(§2))-norm are obtained by Verfiirth [98] using energy argument
for the heat equation. It is observed in [76, 98] that the energy technique for a posteriori
error analysis of finite element discretizations of parabolic problems yields suboptimal

rates in the L>°(L*(2))-norm.

Since the energy method is the most elementary technique for estimating the error in
the a priori analysis, the question of whether this technique can be successfully applied
in the a posteriori error analysis for the parabolic problems to obtain optimal bounds
in the L°°(L*(Q))-norm is very natural which is successfully addressed by Makridakis
and Nochetto in [63]. They have gifted elliptic reconstruction operator R which restores
optimality in the a posteriori error estimation for the purely parabolic problems in the
L>=(L?(2))-norm for the spatially semidiscrete case. Earlier, a similar function to the
elliptic reconstruction has been used by de Frutos and Novo [29] to prove a posteriori
error estimates of the p-version of spatially discrete schemes for parabolic equations
and its improved approximation properties are used by Garcia-Archilla and Titi [38].
Nevertheless, this approach has gained popularity later on after the introduction of
elliptic reconstruction operator R (cf. [12, 56, 63]) which is defined as follows: For a
function v € H} (), the elliptic reconstruction operator R : H} (Q) — H}(Q) is defined
by

a(Rv,¢) = (Apv, ¢) Vo € Hy(Q), (1.28)
where A}, is the discrete operator corresponding to the elliptic operator A. Note that the
elliptic reconstruction operator is an a posteriori dual to Wheeler’s elliptic projection

operator [102]. To restore the optimality, the usual idea is to split the error e = u — uy,

into two parts e := u — uy, := (u — Ruy) + (Rup, — up) such that

e well established theory of a posteriori error estimation techniques for elliptic prob-
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lems can be applied to bound the reconstruction (spatial) error Ruy, — uy,

e the parabolic (temporal) error u — Ruy, satisfies a variant of the original partial
differential equation with a right-hand side that can be controlled a posteriori in

an optimal way.

Since PIDEs may be thought of as a perturbation of the purely parabolic problems, it
is therefore, natural to see how the a posteriori error analysis of parabolic problems can
be extended to PIDEs. We would like to emphasize the fact that such an extension is

not straightforward in the presence of Volterra integral term.

We first study a posteriori error analysis for the spatially semidiscrete finite element
method for PIDE (1.1). More precisely, an attempt has been made to extend the analysis
for the spatially semidiscrete scheme for the parabolic problems (cf. Makridakis and
Nochetto [63]) to PIDE (1.1). A novel reconstruction operator is introduced, which is a
generalization of the elliptic reconstruction operator R [63]. This operator is the partial
right inverse of the Ritz-Volterra projection operator [17, 58] and hence, we call it as
the Ritz-Volterra reconstruction operator R,,. Using Ritz-Volterra reconstruction of the
finite element solution u; as an intermediate object, we split the main error e as Ritz-
Volterra reconstruction error € := R, u, — up and parabolic error p := u — R up. Thus,
the a posteriori error bound on the main error e in the L>(L?*(2))-norm (see Theorem
2.3.1) is obtained by combining the error bounds on the Ritz-Volterra reconstruction
error € (see Lemma 2.3.1) and the parabolic error p (see Lemma 2.3.3). However, it is
noteworthy that unlike for the parabolic problems [63], we don’t have any a posteriori
error estimators readily available in the literature to control the reconstruction error e.
Duality technique is used to derive bound on the reconstruction error e, whereas the
bound on the parabolic error p hinges on the energy argument. On the other hand,
bound on the parabolic error in turn relies on the a posteriori error bound on the time
derivative of the reconstruction error i.e., € := (Ryup — up); (see Lemma 2.3.2) which

again needs duality technique into consideration.

Our next objective is to study the fully discrete backward Euler time discretization
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scheme for PIDE (1.1). In the absence of memory term i.e., when B(t, s) = 0, a posteriori
error analysis for linear parabolic problems for fully discrete backward Euler scheme
has been investigated by Picasso [76], Verfurth [98], and Lakkis and Makridakis [56].
Picasso [76] and Verfiurth [98] have employed piecewise linear elements for the space
discretizations and backward Euler scheme for the time discretizations to obtain optimal
a posteriori error bounds in the L?(H'(Q))-norm but are valid without mesh change
effect. Later, Lakkis and Makridakis [56] have considered the effect of mesh change
and they have obtained optimal error estimate in the L*°(L?(Q2))-norm for the fully
discrete backward Euler scheme. Their analysis is based on energy technique in the

reconstruction framework.

In the present work, we have extended the spatially semidiscrete a posteriori error
analysis of the finite element method for PIDE (1.1) to the fully-discrete backward
Euler scheme. We decompose the main error e = v — U into what we call as the Ritz-
Volterra reconstruction error ¢ = U — R,U and the parabolic error p = R,U — u,
where U is the continuous, piecewise linear time approximation of the fully discrete
finite element solution. To obtain the a posteriori error bounds for the main error
e in the L>®(L*(Q))) and L*(H'(Q))-norms, we first derive a posteriori error bounds
on the Ritz-Volterra reconstruction error € (see Lemma 3.2.2) which in turn relies on
quadrature error bounds (see Lemma 3.2.1). An energy argument is used to bound the
parabolic error p (see Lemma 3.2.3) which in turn relies essentially on the bounds of
several errors namely, space discretization error (see Lemma 3.2.6), time discretization
error (see Lemma 3.2.7), mesh change error (see Lemma 3.2.8) and data oscillation
error (see Lemma 3.2.9). Finally, we estimate the main error e (see Theorem 3.2.1) by
combining the error bounds on the Ritz-Volterra reconstruction error € and the parabolic
error p. Moreover, the error estimators obtained for PIDE (1.1) concerning the fully
discrete backward Euler scheme generalizes the results of Lakkis and Makridakis [56]

for the purely parabolic problems to PIDE (1.1).

To study higher order scheme in time, our next aim is to introduce fully discrete
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Crank-Nicolson scheme for PIDE (1.1). When B(t,s) = 0, a posteriori error analysis
concerning the Crank-Nicolson method for the parabolic problems is studied by Akrivis
et al. [5], Bénsch et al. [12], Lozinski et al. [60], Picasso and Prachittham [79], and
Verfiirth [98]. For a continuous, piecewise linear approximation in time, Verfiirth [98]
has derived suboptimal (with respect to time steps) a posteriori error bound for the
heat equation for the fully discrete Crank-Nicolson scheme using the standard energy
technique. A continuous, piecewise quadratic polynomial so-called Crank-Nicolson re-
construction is then introduced by Akrivis et al. in [5] to restore the second order of
convergence for the time discretization of a general parabolic problem. Later, Lozinski
et al. [60] have introduced the reconstructions based on approximations on one time
level (two-point reconstruction) as well as on two time levels (three-point reconstruc-
tion) to obtain estimators in the L?(H'(€))-norm for the fully discrete Crank-Nicolson
scheme. Subsequently, the effect of mesh change has been considered by Bansch et al. in
[12] for the analysis for the fully discrete Crank-Nicolson scheme for parabolic problems.
They have employed the energy technique to establish optimal order a posteriori error

estimate in the L>°(L?())-norm.

In this thesis, an effort has been made to extend the analysis of the fully discrete
Crank-Nicolson finite element method for the parabolic problems of Béansch et al. [12]
to PIDE (1.1). Following the works [5, 12, 60], we have introduced a quadratic (in
time) space-time reconstruction U to obtain the second order convergence in time. The

function U is problem dependent, and is such that

e the difference U — R, U can be estimated in an a posteriort manner and is of

o(7?),
o U agrees with U at the nodal time points.

This quadratic space-time reconstruction operator along with the Ritz-Volterra recon-
struction operator are used in a crucial way to obtain a posteriori error bounds in the

L>=(L?(2))-norm of the error (see Theorem 4.3.1) for the PIDE (1.1). This is accom-
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plished by decomposing the error in a traditional way
eimu—U = @—U) + <U—RwU> n (RwU—U> —hto+e

where p = u — U denotes the parabolic error, o = U — R,U denotes the time recon-
struction error and ¢ = R,U — U denotes the Ritz-Volterra reconstruction error. We
have used energy argument to bound the parabolic error p which includes contributions
from other source of errors namely, space discretization error (see Lemma 4.3.7), time
discretization error (see Lemma 4.3.5), mesh change error (see Lemma 4.3.6) and data
oscillation error (see Lemma 4.3.8). The a posteriori error bounds on the reconstruction
error € are also established (see Lemma 4.3.1).

Next, we turn our attention to study a posteriori error analysis using anisotropic
finite element discretizations. In an isotropic finite element method the aspect ratio
(ratio of the diameters of the circumscribed and inscribed circles of a finite element) is
bounded by a constant. But, the recent literature survey reveals that, this restriction
on mesh can be relaxed and one can achieve a given level of accuracy with fewer vertices
using anisotropic mesh [34, 35, 60, 65, 77, 79]. Anisotropic mesh reduces the number
of degrees of freedom and computational effort leading to the reduction of memory
to achieve the same convergence as compared to the isotropic mesh. For a detailed
discussions on the anisotropic mesh, we refer to Apel [6] and Grosman [43], and the

references mentioned therein.

First mathematical consideration of anisotropic elements go back to the fifties [91]
and seventies [8, 40]. Nevertheless, the majority of works on the finite element method
excludes such elements. Recently, error estimates have been proposed for anisotropic
meshes, see Apel [6], Apel and Dobrowolski [7], Formaggia and Perotto [34, 35], Kiizek
[51], Lozinski et al. [60], Micheletti and Perotto [65], Picasso [77, 78], Picasso and Pra-
chittham [79] and Prachittham [80]. An a posteriori error estimator is developed for
anisotropic refinement of finite element grids in connection with second order linear ellip-
tic boundary value problems in two and three dimensions by Siebert [85]. Subsequently,

Formaggia and Perotto [35] have obtained a posteriori estimates for the elliptic par-
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tial differential equations in two dimensions on triangular meshes. In [78], Picasso has
established anisotropic a posteriori error estimates for the Laplace equation in H'()
semi-norm. Later, Picasso [77] himself extended the results to elliptic and parabolic
equations using the famous Zienkiewicz-Zhu (ZZ) estimator [108]. Among the various
a posteriori error estimation techniques available in the literature, Z7 estimator is one
of the most popular in practice. The idea behind this estimator is as follows. Since
the gradient Vuy, is less accurate than the solution, we recover an improved gradient,
say V*uy, by suitably fitting Vu, over some patches of elements. The discrepancy
|V*uy, — Vuy,|| then identifies an estimator for the H'(€2) semi-norm of the discretiza-
tion error u — uy. Earlier, Kiizek and Neittaanméki [52] have studied some averaging
techniques though the idea is nearly as old as the finite element method itself. Later on,
the pioneering work by Zienkiewicz and Zhu [108], and further papers [109, 110] by them
have motivated several researchers to study theoretically the amazingly good properties
of the ZZ estimator for various problems. Serious efforts have been made to understand
the approximation properties of this estimator and subsequently it has been realized
that this ZZ estimator is effective under some smoothness assumption on the solution
and the domain (see Durdn et al. [31], Kiizek and Neittaanméki [52, 53], Lakhany et
al. [55]). Theoretical properties of different types of ZZ like error estimators are also
considered in [13, 21, 54, 104, 107]. Other than the ZZ estimator, interpolation error
estimates [6, 7, 34, 35, 51] are proved to be the essential ingredients for the a posteriori

error analysis of different physical problems on anisotropic mesh in the past decade.

In this thesis, we have extended the results of Picasso [77] concerning the fully
discrete backward Euler discretizations for the parabolic problem to the PIDE (1.1) in
an anisotropic framework. The emphasis is on the theoretical aspect of the anisotropic
error analysis. We have derived two optimal order residual based anisotropic a posteriori
error bounds in the L?(H'(€))-norm (see Theorem 5.2.1 and Theorem 5.2.2). We first
relate the error to the equation residual. Then, by localizing the residual term over each

of the elements and the edges of the triangulation, we use the anisotropic interpolation
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error estimates [34, 35]. Finally, a ZZ estimator [108, 109, 110] is used to approach the
error gradient matrix. A linear approximation of the Volterra integral term is used to

estimate the quadrature error in the second estimator.

Our next and final objective is to study the fully-discrete Crank-nicolson scheme for
the PIDEs on the anisotropic mesh. When B(t,s) = 0, the literature concerning the
anisotropic error analysis of the fully discrete Crank-Nicolson finite element method for
the parabolic problems seems to be very limited. Inspired from Akrivis et al. [5], first
optimal anisotropic error estimators in the L?(H*(2))-norm are obtained by Lozinski
et al. [60] for the purely parabolic problem. Subsequently, anisotropic a posteriori
error estimates are obtained for the time-dependent convection-diffusion problem for

the fully-discrete Crank-Nicolson scheme by Picasso and Prachittham [79].

In the present work, an effort has been made to generalize the fully discrete Crank-
Nicolson anisotropic results of Lozinski et al. [60] for the purely parabolic problem
to PIDE (1.1). We have derived two optimal order residual based a posteriori error
estimates (see Theorem 6.3.1 and Theorem 6.3.2) for the PIDE (1.1) in the L*(H'(Q))-
norm. For the time discretization error, we introduce a continuous, piecewise quadratic
polynomial function so called Crank-Nicolson memory reconstruction in time which is
a direct transposition of the two point reconstruction introduced by Lozinski et al. [60].
While analyzing with the Crank-Nicolson memory reconstruction, a linear approxima-
tion of the Volterra integral term is used in a crucial way to estimate the quadrature
error. However, due to the presence of the memory term this reconstruction depends
on all the previous time levels and therefore, it is not locally defined in time. Thus, we
define a local time reconstruction (based on two subintervals) by considering an ana-
logue of the Crank-nicolson memory reconstruction so called three point reconstruction
based on finite difference approximation. Further, an extended linear approximation of
the Volterra integral term is used to estimate the quadrature error while analyzing with

the later reconstruction.
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1.4 Organization of the thesis

This thesis consists of eight chapters, and is organized as follows. Chapter 1 introduces
the problem and it contains the basic notations and preliminary materials to be used

throughout this thesis. The motivation for the present study is also discussed.

Chapter 2 deals with the error analysis for the spatial semidiscretization of the PIDE
(1.1). An attempt has been made to extend known results for the spatially semidiscrete
error analysis for the parabolic problems by Makridakis and Nochetto [63] to PIDE
of the form (1.1). A novel space-time reconstruction operator is introduced, which is
a generalization of the elliptic reconstruction operator, and we call it as Ritz-Volterra
reconstruction operator. The Ritz-Volterra reconstruction operator is used in a crucial
way to derive optimal order a posteriori error estimates in the L>(L?*(Q2))-norm. The
related a posteriori error estimates for the Ritz-Volterra reconstruction error are also

established.

Chapter 3 is devoted to the a posterior: error analysis for the fully discrete backward
Euler scheme for the problem (1.1). We derive optimal order a posteriori error estimates
in the L>*(L?(Q2)) and L*(H'(2))-norms of the error using energy argument. The proof
of these estimates requires a careful introduction of the fully discrete Ritz-Volterra
reconstructions. Moreover, the results of this chapter generalize the results of Lakkis et

al. [56] for the parabolic problems to PIDEs.

In Chapter 4, we derive a posteriori error estimate concerning fully discrete Crank-
Nicolson scheme for the problem (1.1) in the L>°(L?(2))-norm. A quadratic space-time
reconstruction is introduced to derive estimator which is second order accurate in time.
Moreover, these results generalize the results of Bansch et al. [12] from purely parabolic

problems to PIDEs.

In Chapter 5, we study a posteriori error analysis for the fully discrete backward
Euler scheme on anisotropic mesh. We derive a posterior: error estimators in the
L*(H*(2))-norm. Moreover, the results presented in this chapter generalize the results

of Picasso [77] from parabolic problems to PIDEs.
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Chapter 6 is devoted to study a posteriori error analysis in the L*(H'(2))-norm
of the error for the PIDE (1.1) concerning the fully discrete Crank-Nicolson scheme
on anisotropic mesh. The key technical tools used in deriving the error estimators
are continuous, piecewise quadratic reconstructions namely, Crank-Nicolson memory
reconstruction and three point reconstruction. While dealing with the Crank-Nicolson
memory reconstruction, a linear approximation of the Volterra integral term is used in
a crucial way to estimate the quadrature error. Moreover, an extended linear approxi-
mation of the Volterra integral term is used to estimate the error due to the quadrature

approximation of the memory term while analyzing with the three point reconstruction.

Chapter 7 presents some numerical experiments to study the asymptotic behaviour

of the proposed error estimators for two dimensional test problems on isotropic mesh.

Finally, Chapter 8 discusses the critical evaluation of the results highlighting the
contributions made by the thesis. It also provides information for the scope of future

investigations.

For clarity of presentation we have repeatedly mentioned the equation (1.1) and the
relevant preliminary stuffs at the beginning of every chapter. Moreover, the constants
C;,i=1,2,--- appeared in different chapters are not necessarily the same. The pictorial

representation of the thesis is shown as follows.
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Figure 1.2: Pictorial representation of the thesis

TH-1263_08612303




TH-1263_08612303



Spatially Semidiscrete Error Analysis

In this chapter, we derive a posteriori error estimator for the spatially semidiscrete
scheme for PIDE (1.1). A novel space-time reconstruction operator is introduced, which
is a generalization of the elliptic reconstruction operator [12, 56, 63], and we call it as
Ritz-Volterra reconstruction operator. Further, this reconstruction operator is shown
to be the partial right inverse of the Ritz-Volterra projection [17, 58] introduced in
the a priori analysis for PIDEs. The Ritz-Volterra reconstruction operator is used in
a crucial way to derive optimal order a posteriori error estimate in the L>(L?*(Q))-
norm. Moreover, these results generalize the results of purely parabolic problems (see

Makridakis and Lakkis [63]) to PIDE (1.1).
2.1 Introduction

Let 2 C R™,n > 1 be a bounded convex polygonal or polyhedral domain with boundary
00 and T < co. We now recall the following PIDE:

up(z,t) + Au(x,t) = /Ot B(t, s)u(z, s)ds + f(x,t), (z,t) € Qx(0,T] (2.1)
subject to the boundary condition
u(z,t) = 0, (x,t) € 02 x[0,T]
and initial condition

u(z,0) = wuo(x), =€

Published online in IMA J. Numer. Anal., doi:10.1093/imanum/drt059.
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The operator A is a self-adjoint, uniformly positive definite second-order linear elliptic

partial differential operator of the form
Au= -V - (AVu),
and the operator B(t, s) is of the form
B(t,s)u =—V - (B(t,s)Vu),

where “V” denotes the spatial gradient and A = {a;;(z)} and B(t,s) = {b;;(z;t,9)}

Xn

are two n X n matrices assumed to be in L*°(2)""" in space variable. Moreover, the

elements of B(t,s) are assumed to be smooth in both ¢t and s. The initial function

up = up(x) and the nonhomogeneous term f are assumed to be smooth for our purpose.

For the purpose of spatially semidiscrete scheme, we define H}(Q2) = {¢ € H'(Q) ‘ o=
0 on 9Q}. Further, we shall call back the bilinear forms a(-,-) : Hi(Q) x H}(Q) — R,
b(t,s;-,-) : HJ(Q) x HYQ) — R and b(t, s;-,-) : HJ(Q) x H}(Q) — R corresponding

to the operators A, B(t,s) and By(t, s), respectively i.e.,

a(v,¥) = (AVv,V¥), Vv, € Hy(f),

bt,siv(s),¥) = (B(t 5)Vu(s), Vi), Vu(s), ¢ € Hy(Q)
and
bi(t,s:0(5),0) = (Bilt,5)Vo(s), Vi), VY é(s),¢ € Hy(9).
We assume that the bilinear form a(-,) is coercive and continuous on Hj(f) i.e.,

a(¢,¢) > allglli and |a(¢,¥)] < Bllollllvl, ¥ ¢,v € Hy() (2.2)

with «, 5 € RT. Further, we assume that the bilinear form b(¢, s; -, -) is continuous on

Hi (Q) ie.,
[b(t, 53.0(s), V)| < Alld()allell, ¥ (s), v € Hy() (2.3)

with v € R*.
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Now, we recall the weak formulation of the problem (2.1) and the spatially semidis-
crete scheme. The weak formulation is stated as follows: Find u : [0, 7] — HJ(£2) such

that

(ur, &) + alu, 8) = / b, 5:u(s), 8)ds + (f.6), Vo€ HXQ), te(0.T), (24)
u(0) = up.

Recall the following finite element space corresponding to 7j:
Vi i={x € Hy(Q) : x|x € P(K), forall K € T}, (2.5)

where IP; is the space of polynomials of degree < [ with [ € Z™. The spatially semidiscrete

finite element approximation uy, : [0, 7] — Vj, of u is defined by

(s x) + ot ) = / b(t, 51 un(s),)ds & (£, X)) VX €V  (26)

uh(.,O) = Phuo,

where Py is the L%-projection operator as defined in (1.11). We now recall the represen-
tations for the bilinear forms from Chapter 1. The bilinear forms a(-,-) and b(t,s; -, -)

can be represented as

a(v,9) = (Aav, d) + (1i[v], ¢)5,, Vo € Hy(), (2.7)

and
b(t, s;0(s), ) = (Balt, s)u(s), ¢) + (hlv(s)], )y, VYo € Hy(2), (2.8)

where A, and B,(t, s) are given by (1.15) and (1.18), respectively. J;[v] and Jo[v(s)]
are the spatial jumps of the fields AVv and —div(B(t, s)Vu(s)) across an element side
Ecé,.

In the absence of the memory term i.e., when B(t, s) = 0, a posteriori error analysis
for spatially semidiscrete scheme has been carried out by Makridakis and Nochetto [63].
They have used elliptic reconstruction operator in combination with energy techniques

to derive optimal order a posteriori error estimates for the parabolic problem in the
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L>=(L?(2))-norm. In this chapter, we extend the a posteriori error analysis of parabolic
problems [63] to PIDE (2.1). We derive a posteriori error estimator for PIDE (2.1) in
the L°°(L?*(Q2))-norm. The notion of Ritz-Volterra reconstruction operator introduced

in this chapter is the key technical tool for deriving the estimator.

We organize this chapter as follows. Ritz-Volterra reconstruction operator is intro-
duced in Section 2.2. Section 2.3 is devoted to study a posteriori error analysis for the

spatially semidiscrete scheme.
2.2 Ritz-Volterra reconstruction

Following [63], we now recall the elliptic reconstruction operator which is defined as

follows.

Definition 2.2.1 (Elliptic reconstruction). For a given v € Hy(S2), the elliptic recon-
struction R : HY(Q) — Hy(Q) of v associated with the bilinear form a(-,-) is defined
by

a(Rv,d) = (Aww, ¢), Vo € Hi(Q). (2.9)

The following definition is a generalization of the elliptic reconstruction operator and

we call it as Ritz-Volterra reconstruction operator.

Definition 2.2.2 (Ritz-Volterra reconstruction). For v € HJ (), we define the Ritz-

Volterra reconstruction R, : H}(Q) — Hy(Q) of v by

a(Ryv, @) —/0 b(t, s; Ryv(s), p)ds = (Apv, d) —/O (By(t, s)v(s), ¢)ds, (2.10)
for all ¢ € Hi(Q).

The function R, is referred to as the Ritz-Volterra reconstruction of v. Note that
in the absence of the memory term, this definition coincides with the definition of the
elliptic reconstruction operator (2.9). Although, we define the domain of definition of
Ritz-Volterra reconstruction to be H} () but we will use it effectively on the finite

element spaces only. To motivate the definition of Ritz-Volterra reconstruction, we first
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consider the following elliptic Volterra equation in the weak form
t
oOVR(D0) = {anx) + [ (0.5 Wils) s, Ve HY and 1€ (0.T) (211)
0

where g, is given by
t
g = Anv - / Bu(t, s)u(s)ds, v € HY(Q).
0

The Ritz-Volterra reconstruction Wg(t) = R,v(t) € H () of v is the solution of the
problem (2.11). The existence and uniqueness of Wy follows from the theory of elliptic

Volterra equations.

Remarks. (i) For t € [0,T], an important property of the Ritz-Volterra reconstruction

operator R,, is that for v € H(Q), v — R,v is orthogonal to V, with respect to
a(-,-) — fot b(t,s;-,-)ds, i.e.,

a(Ry,v — v, ) — /0 b(t, s; (Ryv —v)(s),p)ds =0, Vo € V. (2.12)

This property is known as Galerkin orthogonality and is important in the sense that it

allows us to obtain a posteriori error estimates.

(i) Recall from [58], the following Ritz-Volterra projection W, : H}(Q) — V, defined
by

a(Whu — u, x) = /Ot b(t,s; Whu —u)(s), x)ds, Vx € Vy, te|0,T]. (2.13)

Note that Ritz-Volterra reconstruction operator R, defined by (2.10) is a partial right
inverse of the Ritz-Volterra projection W}, defined by (2.13). Let Wy denote the Ritz-
Volterra reconstruction of the finite element solution u;,. Then, by Galerkin orthogonal-
ity property (2.12)

Wr = Ryup, = Wi Wg = uy,.

2.3 Error analysis

In order to derive a posteriori error bounds, we decompose the main error e := u — uy,
as follows:

e :=¢€—p, wheree:=Ryup, —up, p:=Ryup— u. (2.14)
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Figure 2.1: Establishing optimality in the L?-norm: An interconnection between projections

and reconstructions
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Here, € is referred to as the reconstruction error (Ritz-Volterra reconstruction error)
whereas the time approximation error information is conveyed by p, which will be re-

ferred to as the parabolic error.

We now recall from [83] the following interpolation error estimates.

Proposition 2.3.1. Let T, : H}(Q) — V}, be the Clément-type interpolation operator.
Then, for sufficiently smooth 1 and finite element polynomial space of degree I, there
exist constants Cy; and Cy; depending only upon the shape-reqularity of the family of

triangulations such that for 3 <[+ 1

177 (% = )| < Cullell5,

and

IBY29 (4 ~ I)llss, < Collil;-

In this chapter, we shall derive traditional residual type a posteriori error estimators.
Residuals. Using the definitions of the discrete operators Aj; and By (t, s) and the dis-

tributional form of semidiscrete equation (2.6), we have

Apup, — / B(t, s)up(s)ds — Aqup, + / B (t, s)up(s)ds = Rlup] + (fn — f),
0 0

where

¢
Rlun] = f — une — Acrun + / Bai(t, s)up(s)ds
0

is the inner residual and f;, = P, f. Further, we define
t

Jlun] = Jius) _/o Jo[up(s)]ds

as the jump residual.

Unlike for the parabolic problem [56, 63], we don’t have any a posteriori error estimators
available in the literature to control the reconstruction error €. In this section, we first
derive a posteriori error estimate for the reconstruction error () in the L?(€)-norm

which will be used to obtain a posteriori error estimates for the main error e.
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Lemma 2.3.1 (Ritz-Volterra reconstruction error estimate). For any v € Vy,, the fol-

lowing estimate holds:
t t
[(Rov —0)(t)|| < Cih?*||Apv — Aqu —/ B (t, s)v(s)ds+/ Be(t, s)v(s)ds||
0 0
t
4Gl fol = [ Bfo(s)lds]s,
0

where C;,j = 1,2 are positive constants independent of the mesh parameter but depend

upon the interpolation constants and the final time T.

Proof. The proof will proceed by the duality technique. For v € Vy,, let ¢ € H?(2) N

H}(Q) be the solution of

AYy = Ryv—v in Q, (2.15)

v = 0 on €

satisfying the following regularity estimate (€2 is convex) with the constant Cq depending

on the domain €2:

[¥]l2 < CallRwv — 2. (2.16)

We first multiply (2.15) by R, v — v and integrate over €2. Now, using Galerkin orthog-

onality (2.12), we obtain

”va - U”Q o G(va e an - th) + Q(va -0, th)

= a(Ryv — v, = 1Y) — /t b(t, 8; (Ruwv — v)(s), ¢ — Iyap)ds
0

v bt 5; (R — 0)(s), 0)ds
0
= L+, +1s. (2.17)

Using (2.7), (2.8) and (2.10), we arrive at
Li+Zy, = a(Ryv—v,9—1I) — / b(t, s; (Ryv —v)(s), 1 — ph)ds
0
= (At =) — [ (Bt s)o(s)ds, v~ )
0

a4 — Thpe) + / bt 55 0(s), & — L) ds
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= (Apv — /Ot B(t, s)v(s)ds — Aqv + /Ot B (t, s)v(s)ds, vy — Tpa))
(o] /O Bfo(s)]ds, v — L)y | (2.18)

To bound Z3, using the fact

b(t, 55 (Ruv — 0)(s), ) i= (R — 0)(s), B*(t, 5)1), (2.19)
where B*(t, s) is the formal adjoint of the operator B(t,s) and ||B*(,s)y| < Cp:||v2,
we obtain

t
7l < Caglltlle [ (Ruv — 0)(5)ds. (2.20)
0

We use (2.18) and (2.19) in (2.17). Then apply Proposition 2.3.1 with the interpolation

constants as C; 2,7 = 1,2 and (2.20) to obtain
t
R —v||? < H¢||2{C’1,2h2||¢4hv — Aqv — / B(t, s)v(s)ds
0
t t
—|—/ B (t, s)v(s)ds|| + 0272h3/2||J1 [v] — / Jg[v(s)]dsHZh
0 0
t
+C’B;/ |(Ryv —v)(s)”ds}.
0
And hence, with an aid of (2.16), we have
t t
[Rov —v]| < C12C0h?||Apv — Aqu —/ B (t, s)’u(s)ds+/ B.(t, s)v(s)ds||
0 0
t
+C2Ch®2|[ o] = / Jafo(s)]ds]ls,
0
t
CaCs: / |(Rut — v)(s)]|ds.
0

Finally, an application of the Gronwall’s lemma yields the desired estimate with C; =

C1.¢(T)C;2Cq,1 = 1,2, where C ¢ is a constant appears due to Gronwall’s lemma. [
We now define the following error estimators.

Bs(un(t)) = Cih®|[R[un(®)]]l + Coh®?|[3[un (1], (2.21)

As(g(t)) = llgn(t) — g(®)]l (2.22)
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Here, 8s(up(t)) denotes the Ritz-Volterra reconstruction error estimator in the L?*-norm

and A\s(g(t)) denotes the oscillations of g in the L2-norm, where g, (t) = P,g(t).

The following lemma yields a bound for the time derivative of the reconstruction

error.

Lemma 2.3.2 (A posteriori error estimate for time derivative of the Ritz-Volterra
reconstruction error). For any v € V;,, the following bound holds in terms of the recon-

struction error:
t t
|(Rpv — )| < C’thH_{AhU Aelv—/ Bh(t,s)v(s)ds—l—/ Bel(t,s)v(s)ds}H
t 0 0
+c4h3/2H_{Jl[U]_ / Rfu(s))ds s,
+(J5/ (R )(8)|lds + Cs||Rwv — . (2.23)

In particular, for finite element solution uy,, the following a posteriori error bound holds:

t
|(Ropun —up)|| < 03h2H—{AhUh Aeluh—/Bh(t,s)uh(s)ds
0
¢ ¢
+/ B (t, s)uh(s)dS}H +C5Cl/ R*A\s(f(s))ds
0 0

+C5 /Ot Bs(up)(s)ds + C’4h3/2|’%{J1 [up] — /Ot JQ[uh(s)]ds}th

+CsBs(up) + CsCih*As(f (1)), (2.24)
where Cj,7 =1,2,3,4,5,6 are positive constants independent of the mesh parameter but
depend upon the interpolation constants and the final time T

Proof. Differentiating (2.12) with respect to t, for all ¢ € V,, we have
a((RwU - U)ta gb) - b(ta t; (va - U)(t)7 ¢)
t
- / bi(t, s; (Rywv —v)(s), ¢)ds = 0. (2.25)
0

Consider the dual elliptic problem with the forcing function to be (R,v — v);. For
v €V, let v € H2(Q) N HL () be the solution of

Ay = (Ryv—wv); in Q, (2.26)

v = 0 on €,
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satisfying the following regularity estimate (€2 is convex) with the constant Cr, depending

on the domain £2:

19]l2 < Call(Rwv — v)ill- (2.27)

We first multiply (2.26) by (R,v — v); and integrate over 2. Then, rearranging terms

and using (2.25), we obtain

[(Rwv —v)l? = a((Rypv —v)y, b — ) — /o be(t, s; (Ryv —v)(s), 9 — pth)ds

—b(t, 85 (Ruw — v) (1), — Thuth) -+ / bilt, 5 (Ryv — 0)(s), 1)ds
+0(t,t; (Ryv —0)(t), %) == 1+ Fo + Ts + Ts+ Ts. (2.28)

In order to handle the terms J; (i = 1,2,3), arguing analogously as in the proof of

Lemma 2.3.1, we have
G(va -, ¢ - Hh¢) _ /t b(ta 55 (va = U)(S), ¢ - thvz))ds
0
= (Apv— / B(t, s)v(s)ds — Aqv + / Bei(t, s)v(s)ds, ¥ — L)
0 0
~(hl) = [ lo(s)lds, b~ M)
0

We differentiate both sides of the above equation with respect to t. Then, use of Cauchy-

Schwarz inequality and Proposition 2.3.1 with the interpolation constants C;, @ = 1,2

leads to
la((Ryv — v)g, 0 — Hpth) — /0 bi(t, s; (Ryv —v)(s), 9 — Hpth)ds
_b(t7 t; (va - U)(t)7 w - th”
= |<%{Ahv — Agv — /0 B(t, s)v(s)ds + /0 B (t, s)v(s)ds}, W — Ty)
~( (b= [ Ao} o s,
< ||@Z)H2{C’1 QhQH—{AhU Aqv — /0 By (t, s)v(s)ds +/0 B (t, s)v(s)ds}”

+022h3/2|| {Jl / JQ dS}HZh}
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For the terms J; and J5, use the fact
bi(ts 5 (Ruwv = v)(s),4) := (Ruwv = v)(s), By (¢, $)¥),

and (2.19) together with ||B;(t,s)y|| < Cgsl|¢]l2 and ||B*(t,1)¢|| < Cg:ll¢]l2, where
B} (t, s) is obtained by differentiating the coefficient of the operator B*(t, s) with respect

to t, to obtain

[(Ruv — v)l?
d (i t
< Hw||2{0172h2l|£{¢4hv—Aelv—/ Bh(t,s)v(s)ds—f—/ Bel(t,s)v(s)ds}ﬂ
0 0

a5 ] - /O Tfo(s))ds I,

va—vH}.

t
+Cp; / |(Ryv —v)(s)|lds + Cps
0

Using (2.27), the desired estimate (2.23) follows with constants Cs = Cy,Cq, Cy =
027209, Cs = C'B;C_'Q and Cs = Cps Cq. The second estimate (2.24) follows immediately

from Lemma 2.3.1 (with u;, replacing v), (2.21) and (2.22). O
The first two terms on the right of (2.24) can be handled in the following way.
d t t
||E{Ahuh — Aqup, —/ B (t, s)uh(s)ds+/ B.(t, s)uh(s)ds}H
0 0
d
= |l Run] + (f = I < 1Refunlll + As(£:(2)),
and

15 { ) = [ Blulds s, = 13ufuls,

Now, we define the estimator for the time derivative of the reconstruction error by

Bsp(un(t)) = Csh*[|Rufun(] + Csh? Xs(fu(1)) + Cuh™? | F[un]llsz,

+C5 /Ot Bg(uh)(s)ds + 0501/0 h2 )\S(f(s))ds
+CsBs(up) + CsCrh? As(f(1)). (2.29)

We now derive a posteriori estimate for the parabolic error p in the following lemma.
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Lemma 2.3.3 (A posteriori error estimate for the parabolic error). The following es-

timate holds for the parabolic error p:

()] < C7 [{lp(0)] +2/0 {Bs.e(un(t)) + As(f (1))} ds |,

where Bgi(up(t)) is given by (2.29) and C7 is a positive constant independent of the

mesh parameter but depending on the final time T.

Proof. Using (2.6) and the definition of the Ritz-Volterra reconstruction, we have the

following error equation for p(t)

<m@>+»wm@—lbwam$@Ms
— (Rutih g &) + a(Ruttn, d) — /0 b(t, : Rutun(s), @)ds — (f, 8)

:mwww+mmﬁlsww%@m@—m@

= (e, 0) +{fu—f.¢), Vo€ Hy(Q), t [0, T). (2.30)

Set ¢ = p in the error equation (2.30). Apply Cauchy-Schwarz inequality and Young’s

inequality together with (2.3) to obtain

1d

5@”/)!\2 + a(p,p)=<6t,p)+(fh—f,p>+/0 b(t, s;p(s), p)ds

2
1 2 t
s§MWK+%(AHmmwQ + (el + 1 = £1) - (231)

Integrate (2.31) from 0 to t. Then, use coercivity property of a(-,-) and Cauchy-Schwarz

inequality to obtain
t C/ T ,}/2 t S
me+a/nﬂ%s|M®W+—Ll1//Wwﬂmmw
0 « o Jo
t
<2 [ (Il + 1w = 71 Dol

where C'(T') is a positive constant depending on the final time 7T". Applying Gronwall’s

lemma and letting |[p(%)|| = sup,<, [|p(s)|[, 0 <t < t, the desired estimate follows. O
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The semidiscrete a posteriori error estimate in the L>(L?)-norm is presented in the

following theorem.
Theorem 2.3.1 (Semidiscrete a posteriori error estimate). Let u and uy, satisfy (2.1)
and (2.6), respectively. Then the following a posteriori error bound holds:

— <
Ofg%XTH(U un) @) < Cr

1u(0) — un(0)]| + Bs(un(0)) + C3h*As(£(0))

+2/0t (ﬁs’t(uh(t))qt)\s(f(t)))ds + Bs(un(t)),

where Bs(un(t)), Bsi(un(t)) are given by (2.21), (2.29), respectively and Cy is a positive

constant as defined in Lemma 2.3.3.

Proof. Choosing R,u;, € Hg () as the comparison function, we express the error e as
e(t) = un(t) —u(t) = (Ruwun(t) = u(t)) — (Ruwun(t) — un(t)) = p(t) —€(t).  (2.32)
Also, we note that
lp(0)] < [[u(0) — un(O) [} + [[Ruten(0) — un(0)]] = [[(0) — un(0)[| + [le(0)]].

Now, apply triangle inequality to (2.32) and Lemmas 2.3.1 and 2.3.3 to complete the

rest of the proof. O

Remarks. (i) The a posteriori error estimator obtained in Theorem 2.3.1 generalizes the
result of purely parabolic problem to PIDE. In the absence of the memory term (i.e.,
B(t,s) = 0), our error estimator for PIDE is similar to that of the parabolic problem
[63].

(73) Theorem 2.3.1 gives the dual a posteriori analogue of a priori error estimate for

semi-discrete finite element approximations to PIDE (cf. [58]).
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Fully Discrete Backward Euler Error Analysis

This chapter is concerned with a posteriori error analysis of fully discrete backward
Euler finite element method for the PIDE (1.1). We extend the spatially semidiscrete
a posteriori error analysis (cf. Chapter 2) to the fully discrete backward Euler method.
The Ritz-Volterra reconstruction operator again plays a key role in obtaining a posteriori
error bounds in the L>°(L*(Q)) and L*(H'(2))-norms. Moreover, the results obtained
in this chapter generalize the results of parabolic problems (see Lakkis and Makridakis

56]) to PIDE (1.1).
3.1 Introduction

Let 2 C R™, n > 1 be a bounded convex polygonal or polyhedral domain with boundary
00 and T < co. We now recall the following PIDE

u(z,t) + Au(z,t) = /Ot B(t, s)u(z, s)ds + f(z,t), (z,t) € Qx(0,7] (3.1)
subject to the boundary condition
u(z,t) = 0, (x,t) € 02 x[0,T]
and initial condition

u(z,0) = wuo(x), =€

Published online in IMA J. Numer. Anal., doi:10.1093/imanum/drt059.
41
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The operator A is a self-adjoint, uniformly positive definite second-order linear elliptic

partial differential operator of the form
Au= -V - (AVu),
and the operator B(t, s) is of the form
B(t,s)u = =V - (B(t, s)Vu),

where “V” denotes the spatial gradient and A = {a;;(z)} and B(t,s) = {b;;(z;t,5)}

nxXn

are two m X n matrices assumed to be in L>(€) in space variable. Moreover, the

elements of B(t,s) are assumed to be smooth in both ¢t and s. The initial function
ug = up(x) and the nonhomogeneous term f are assumed to be smooth.

Let Hj(Q) = {¢ € H'(Q)|¢ = 0 on 62}. Recall the bilinear forms a(-,-), b(t, s; -, -),
bs(t,s;-,-) and by(t, s; -, -) corresponding to the operators A, B(t, s), Bs(t, s) and B;(t, s),

respectively i.e.,

a(v,¥) = (AVu, V), Vv, € Hy(f),

b(t, s;v(s),) = (B(t,s)Vu(s), V), VYu(s),v € Hi(Q), (3.2)

bs(t, 5 ¢(s5),¥) = (By(t,s)V(s), Vi), V¥ ¢(s), ¢ € Hy(Q)
and
bi(t,s;9(s),¢) = (Bi(t,s)Ve(s), V), ¥V ¢(s),¢ € Hy(Q).

We assume that the bilinear form a(-,-) is coercive and continuous on H}(Q) i.e.,

a(¢,¢) = alolli and |a(¢, )| < Bllolillvlh, V¢, € Hy(Q) (3.3)

with «, 8 € RT. Further, we assume that the bilinear forms b(¢, s; -, -) and by(t,s; -, -)

are continuous on H} () i.e.,

[b(t, s;9(s), 0) < e ()allolh, ¥ e(s), o € Hy (), (3-4)
[bs(t, s39(5), D) < AN(s)ullglh, Y b(s), ¢ € Hy(), (3.5)
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with v,7" € R*.
The weak formulation of the problem (3.1) is stated as follows: Find u : [0,7] —
H}(Q) such that

(ur, &) + alu, 8) = / b, 5:u(s), 8)ds + (f.6), Vo€ HXQ), te(0.T], (3.6)
uw(0) = up.

The fully discrete backward Euler scheme may be stated as follows: Given U° = Pdu/(0),
find U™ € V", n € [1: N] such that

N U = U 6,) + a(U™, ¢n) = 0™ (0(tn; U, 60)) + (f" bn), Vb, € V™, (3.7)

where V" is given by (1.19) and P§ is the L? projection operator defined by (1.20). o™
is the quadrature rule used to discretize the Volterra integral term. To be consistent

with the backward Euler scheme, we use the left rectangular rule given by

"(5) = Y myeanlt) ~ [ ulohds. 33)

so that

n—1

0" (b(tn; v, 9)) = (0" (B(ta)V0), V) = (Y 7j11Btns ;) Volt;), V).

Jj=0
Representation of the bilinear forms. For a function v € V", we can represent our

bilinear form a(-, -) as

a(v, ) = (Aqv, ) + (Li[v], d)s,, Vo € Hy(€), (3.9)

where

(Aav,¢) = Y (=div(AVv),¢), Vo € Hy()

KeTn

is the regular part of the distribution —div(AVwv) and

Ji[v]|e(x) = [AV]g(z) = Iim(AVu(xz + eng) — AVu(x — eng)) - ng (3.10)

e—0
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is the spatial jump of the field AVv across an element side E € S,,, where ng is a unit

normal vector to E at the point x.

But, the representation of the bilinear form b(¢,; -, ) needs a little modification. For

a function v € HJ (), we represent the bilinear form b(t,; -, -) as

0" (b(tn; v,9)) = (0" (Bav), ¢) + (0" (L2[v]), )5, Vo € Hy(Q), (3.11)

where " (B,v) is the regular part of the distribution —¢"(div(B(t,)Vv)) and o™ (J3[v])
is the spatial jump of the field —o™(div(B(t,)Vv)) across an element side £ € S, as
defined in (3.10) with B(t,,t;) replacing A.

In the absence of the memory term, i.e., when B(t, s) = 0, a posteriori error analysis
for linear parabolic problems concerning fully discrete backward FEuler scheme has been
investigated by Lakkis and Makridakis [56], Picasso [76] and Verfiirth [98]. For the purely
parabolic problems, Picasso [76] and Verfiirth [98] have obtained optimal order estimates
in the L?(H'(Q))-norm and suboptimal estimates in the L*°(L*(Q))-norm using the
standard energy method. In [56], the authors have used the elliptic reconstruction
operator in the a posterior: framework to recover optimality for the parabolic problems
in the L>°(L*(€)))-norm using energy techniques. In this chapter, an attempt has been
made to carry over a posteriori error analysis of purely parabolic problems [56] to the
PIDE (3.1). Optimal a posteriori error estimates in both the L>(L?(Q)) and L*(H'(Q))-

norms are derived.

The rest of the chapter is organized as follows. In Section 3.2, we introduce Ritz-
Volterra reconstruction for the fully discrete scheme. Further, a posteriori error estima-

tors for the fully discrete backward Euler scheme are established in this section.
3.2 Error analysis

For the purpose of fully discrete error analysis, we now define the Ritz-Volterra recon-

struction operator.

Definition 3.2.1 (Ritz-Volterra reconstruction). We define the Ritz-Volterra recon-

struction Wi € H}(Q) of v € HY(Q) to be a solution of the following elliptic Volterra
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integral equation in the weak form
tn
QOWix) = (00 + [ blta,si Was)0ds, e B, (312
0
where g™ 1s given by
tn
g =A" — / B"(s)v(s)ds, v € Hy(S).
0
Remark. The Ritz-Volterra reconstruction satisfies the Galerkin orthogonality relation
tn
CL(W}% -, ¢n) — / b(tna S5 (WR - U)(S)7 ¢n) = 07 v¢n e v (313)
0

In this section, we shall derive a posterior: error estimates for the error e = u — U where

U(t),t € I, is defined by
Ut) =l 1 (U +1,(t)U" forn € [1: N]. (3.14)

The functions [,,_1(¢) and [,(t) are given by

T SRR . gins (3.15)

Tn Tn

The Ritz-Volterra reconstruction of U(t), denoted by w(t) = R, U(t), is given by
w(t) ==l (0" + LW =L (ORETU 4 L (OREU™,

where [,,_1(t) and [,,(t) are defined by (3.15).

We shall use Ritz-Volterra reconstruction of U as the intermediate object to decom-
pose the main error e := v — U into two parts: the Ritz-Volterra reconstruction error
e and the parabolic error p. While the Ritz-Volterra reconstruction error depends on
the a posteriori error bounds of the quadrature error, the parabolic error p satisfies a
variant of PIDE (3.6) with a right hand side that can be controlled a posteriori in an
optimal way.

We now recall from [83] the following interpolation error estimates.

Proposition 3.2.1. Let 11" : H}(2) — V" be the Clément-type interpolation operator.

Then, for sufficiently smooth 1 and finite element polynomial space of degree I, there
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exist constants C; and Cy; depending only upon the shape-regularity of the family of

triangulations such that for j <1 +1

1hy? (& = TI")|| < Cugllell;,

and

17> (4 = TI9)||53, < Cogllv];.

In order to deal with the time discretization error, we introduce

w(t) ::/O B(t, s)Vw(s)ds. (3.16)

Further, for t € I,,, let @;(¢) be the linear interpolant associated with the vectors w(t,_1)

and w(t,) and is defined as
Or(t) ==l ()@ (tn—1) + Lo (t)w(Ls). (3.17)
Fully discrete scheme in distributional form. Using (3.7), for any ¢ € H;(f2), we have
(U™ + A"U" - o"(B"U) — By'f", ¢) = (0U™ + A"U™ — a™(B"U) — P ", P} )
= (0U", Fg'¢) + a(U", Py'¢) — 0" (b(tn; U, Py'9)) — (F5' f", F5'9)
=7, (U" = U™, Peg) + a(U", Fy'g) — o (b(ta; U, Py'9)) — (P f", Py'o)

n

=7, (U = U, By'o) + a(U", Fy'¢) — o™ (bt U, Bg'd)) — (", Fg'd)

n

=0.
Thus, the fully discrete scheme can be written in the following distributional form:
oU" + A"U™(x) = o™(B"U(x)) + Py f"(z), VY € Q. (3.18)
Residuals. For n € [0 : N], we now define the inner residual as

R(U) = AqU" — d"(ByU) — A"U" + o™ (B"U)
= AuU" —o"(ByU) — P f"+oU", (3.19)

R(U) = AU’ — AU°,
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and the jump residual as

J'U] = LU = o"(L]U]), (3.20)

U] = LU

The inner residual terms can also be written in the following form:

. . UTL _ PnUn—l
<RU), ¢ >= Y (—div(AVU") + 0™(div(B(t,)VU)) = Py "+ —————

T 7¢>K
KeTy "

We first obtain the following bounds on the quadrature error which will be used in our

subsequent analysis.

Lemma 3.2.1 (Quadrature error estimates). Assume that v(t) € H}(Q), t € [0,T] with
v(t) = L (v + 1,(E)0", t € I, where I, 1(t) and 1,(t) are given by (3.15). Then,
for all € HL(Q)

(i) 10" (b(tn;0,6) — / " bt 530(5), $)dsl

> millvi]l + Znnavfnl] ik
=1

J=0

< CQI%'”

and

(i) | / "B (s)o(s)ds,8) — (0"(B™), )]

>l AT || + Znnwvjn] 9]
j=1

J=0

< CQ2 T

hold true, where a"(-) is given by (3.8) and 7,, = m%lmj, Cg, and Cq, are two positive
j:
constants depending on the continuity constants of the bilinear forms b(t,s,-,-) and

bs(t,s;-,-) but independent of the mesh parameter.

Proof. For ¢1,,(s) = (t, — s), we have the following elementary fact

tn tn d
/ y(‘S)dS_Tny(tnl):/ wln(s)d_ids- (3.21)
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By setting y(s) = B(t,, s)Vo(s), s € I,,,v(s) € Hy(Q), we have

dy

7. = Bultas)Vo(s) + B(ta, 5)Vus(s)

= B(t,,s)Vu(s) + B(t,, s)Vou"

= 1y 1(8)By(tn, s)VU" 1 4 1,(8) By(tn, s) Vo™ + B(t,,s)Vou",

where we have used v(s) = [,_1(s)v" ! + [,,(s)v™ and vy(s) = ™.
For all ¢ € H}(Q), using (3.21) we have

| " bty 5: 0(s); 6)ds
_ <—Z/ ¢1j<s>a{3(tn’S)v(s)}ds,w

Js
= —Z/ s(tn, 53 9015(s ds—Z/ (tn, 8500 (s (5)O0v?, ¢)ds.

Noting the fact ¥Vt € I, 1,(t) < 1, l,_1(t) < 1, we use continuity of b(¢, s, -, ) and

bs(t,s; -, ) to obtain

0" (B{tni v, ) — / ey, e

'y’f'n n : . . )
2 E:U{Wﬂh+ﬂw Wd“%W%E:EW%WJHWM

L j=1 Jj=1

n n
YVt Y il 1+ v ZTJ’HWHl] 1l5-
L j=0 =1

IA

IN

Thus, the proof of Lemma 3.2.1 (i) follows with Cg, = max{y/,v}.
Next, we proceed to prove Lemma 3.2.1 (iz). For all ¢ € HJ(Q), using (3.21) we have

( / "B (s)0(s)ds, &) — (" (B"v), )

) Z 1/11] a{sngv(s)}d&@

_1(s)B™(s)v? "t 4 1;(s)B™(s)v?

- Z / Yys 5 }ds,a»
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Noting the fact Vt € I,,, 1,(t) <1, l,_1(t) < 1, we obtain

( / "B (s)0(s)ds, 8) — (o"(B™), 8)

/y/%n . n,.j n, j— A - na,.J
< [ S n{ 1Al + 1A+ v Y mllA av%] ol

L j=1 Jj=1

< v’%anjHAlewnZnHA"aijl] 611

J=0 J=1

Taking Cg, = max{y’, 7}, the desired result follows. O
The following lemma gives bounds on the Ritz-Volterra reconstruction error.

Lemma 3.2.2 (Ritz-Volterra reconstruction error estimates). For any v € V", the

following estimates hold:

IRav = vl

IA

a’BE,n(U)a

5BE,n(U)7

IA

IRuv =l

where appn(v) and Bppn(v) are Ritz-Volterra reconstruction error estimators and are

given by

appn(v) = C’l{a;(v) + thBE,gm(v)}, n€l0: NJ, (3.22)

Been(v) = Cz{ﬁ;('u) + hn,Qpp1n(v) + hiQBE,M(v)}, ne0:N], (3.23)

where al,(v) and (5, (v) are given by

) = halR )] + R, ne0: N,
Bi(v) = KR )|+ K13, nel0: N,

Cj,7 = 1,2 are positive constants independent of the mesh parameters but depend upon
the interpolation constants and the final time T'. Further, Qpg1,(v) and Qpga,(v) are

the quadrature error estimators and are given by

Qpp1(v) = Cgutu | D Tl + Y 73|00 1], (3.24)
j=0 j=1

TH-1263_08612303



CHAPTER 3. Backward Euler Error Analysis 50

QBE',Q,n (U> = CQQ%’I’L

> mllam | + ZUHNWHI . (3.25)
=0 j=1
Proof. For v € V", using (3.9), (3.11) and (3.12) we have

Ry —v.0) — | 7 bty 53 (R — 0)(s), 6)ds

= (A, ¢) - / (B (s)o(s)ds, B) — a(v, &) + [ bt 510(s), 9)ds

0

= <AnU — O'n(BnU) - .Aeﬂ) + O'n(BelU)a ¢> L+ <J1[U] - Un(JQ[U])v ¢>Z
~ / " B (s)0(s)ds, @) — (o"(B"v), )

n

b [ bt s:0(5). s = 0"t 00). Vo HD)
An application of the Galerkin orthogonality (3.13) yields
a(Ryv—wv, ) — /tn b(tn, s; (Ryv — v)(s), @)ds
= (il"v — 0" (B") — Aqv + 0" (Bav), ¢ — II"¢p)
—(Nilv] — 0" (La[v]), ¢ = 1I"¢)5,
([ B ety — "B, 0~ )
+ /tn b(tn, s;v(s),d — II"@)ds — o" (b(t,; v, ¢ — I1"P)).
0
Now, using the definition b(t,, s;v(s), ® — I1"¢) := (B(t,, s)v(s), ¢ — I1"¢), for the last
two terms above, we have
[ bt 006),6 ~T0g)ds (b= 10%)
0
= /0 " B (s)o(s)ds — o"(BM), 6 — TI")
Using Proposition 3.2.1 with C; 1,7 = 1,2 as interpolation constants, we obtain
[a(Ryv —v,0)] < Craha|[9l1[| A" — 0™(B"v) — Acv + 0™ (Bav)|
+Co i |GlLl1 1] = 0" (LD s,
+ /Otn bt 55 (R — v)(5), 8)|ds

tn
200l [ B s)os)ds = " (B ) o]
0
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Taking ¢ = R, v — v and using (3.4), we have

|a(Ryv — v, Ryv — v)|

< |[Rwv — U||1{C'171hn]|./4”v — Agqv — " (B") + " (Bev)]|
tn
+Coahy || I [0] = o™ ()5, + 7/ [(Ruwv —v)(s)]l1ds
0

+2C1 17, QBE 2.0 (V) }v

where we have used Lemma 3.2.1. Now, coercivity property of a(-,-) and an application
of the Gronwall’s lemma yield the first inequality with Cy = max{2C},C} ¢(T),
C51C1,¢(T)/a}, where Cy ¢ is a constant appear due to the application of Gronwall’s

lemma.

The proof for the L?-error estimate will proceed by the duality technique. For v € V",
let v € H*(Q) N HY(Q) be the solution of
Ay = Riv—wv in Q, (3.26)
v = 0 on €,
satisfying the following regularity estimate (€2 is convex) with the constant C depending

on the domain £2:

[¥]l2 < Cal[Ryv — o] (3.27)

Multiplying (3.26) by Ri:v — v and integrating over {2 and using Galerkin orthogonality
(3.13), we obtain

IREv —v]? = a(REv— v, — ") + a(REv — v, TI"Y)

= a(RZ}U -0, w - Hnw) - /Otn b(tna S; (va - U)(S)a ¢ - H”@/})ds

tn
—l—/ b(tn, s; (Ryv —v)(8),1)ds
0
== Il +1-2 +Ig

Using (3.12), (3.9) and (3.11), we arrive at
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Li+1T, = (A —0"(B") — Aqu + 0" (Bav), — "))
—([v] = 0" (2[v]), ¥ — IT"Y) 5
([ B )ty = o (B0) v~ 11w,
0

+/0 b(tn, s;v(s), Y — I™p)ds — a"(b(t,; v, ¢ — 1T™Y)).

Using the Cauchy-Schwarz inequality, we have
|Zy + I, = ||A"™ — 0" (B") — Aqv + o™ (Bv)||||¢ — [T

HAf) = 0" (Rl s, e — T,

+||/ B (s)o(s)ds — 0" (B[} — 11"

+| /0 n b(tn, 8;0(s), 9 — "p)ds — o™ (b(tn; v,y — T"P))].
Now, using the fact

b(tn, 57 (Ruwv — v)(s), ) := (Ruwv — v)(s), B*(tn, 5)1), (3.28)

where B*(t,,, s) is the formal adjoint of the operator B(t,, s) and ||B*(t,, s)¥|| < Cg:

¢’|27

we obtain

|Z5] < Cp:

¢||2/0n||(RwU—v)(s)||ds_

The above bounds on 7Z;, Z, and Z3, and an application of Proposition 3.2.1, Lemma

3.2.1 with the interpolation constants as Cj 2,7 = 1, 2, yields
Ry = ol? < [l{ Coatdll A" = Ao = o (B"0) + " (B
+Cohy || Tifv] — 0" (Jelo])lls, + C; /Otn [(Ruwv = v)(s)l|ds
+C1 27, Qprin(v) + 01,2]131 QBE,2,n(U)}~
And hence, with an aid of (3.27), we have
IRGv =l < CraColiy||A™ — Aqv — o™ (B"v) + 0" (Bav) |

tn
+CapCal?||Ti[v] = " (Bo[v])ls, + CaCs; / [(Ruwv = v)(s)l|ds
0

+C12Cohn, Qpp1,(v) + Cl,ZCth Qpran(v).
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Finally, an application of the Gronwall’s lemma yields the desired estimate with Cy =
max{Cy ¢(T)C12Cq, Co.c(T)Cy2Cq}, where Cy ¢ is a constant appear due to the appli-

cation of Gronwall’s lemma. 0
The next lemma yields a bound on the parabolic error p(t).

Lemma 3.2.3 (L>°(L?(Q)) and L*(H'(Q)) a posteriori error estimate for the parabolic

error). For each m € [1 : NJ, the following estimate holds:

£ 1/2
<max lp(®II* + a/ Hﬂ(t)lﬁdt> < [lp(to)ll +2C (tn) (0B 1.m + TBE2m) "%,
0

[Ovtm]
where
OBE,1,m = Z(CBE,n + NBEn + ABER)Th,
=1
O.%E,Q,m = Z(fBE,n + ,UBE,n)Z(Tn/O‘)’
n=1

and C(t,,) is a positive constant depends upon the time t,,. Moreover,

] 1/2
§BEn = (i/t |lo(t) — d}I(t)||2dt> , mnée[l:N] (3.29)

1s the linear interpolation error estimator for the Volterra integral term.

~ n—1
Tn n ~N j
Cosn = CaCly ((;) I KO, + 3 B0
J:
+hn Q812 (U) + hnQBE1n-1(U) + hiQBE,Q,n(U)

+hiQBE,2,n—1(U)>, ne[l:N] (3.30)
is the space error estimator, where Bpp,(U™) is given by (3.23). Let

P —oUut — AU°||, forn =1,
P A, .
LnloEg fr—aum)|,  forn e [2:N].

Then, the time error estimator Npg., 15 given by

npen ="+ Qpron-1(U) 4+ Qpr2,(U), ne€[l:N], (3.32)
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where Qpp oy is given by (3.25).

Un—l
ppen = Cihn||(Fg = I)(f" + I, nell:N] (3.33)
1s the mesh modification error estimator and
I
M= [ = f@lldt. nelt:N (3.34)
n tn—1

1s the data oscillation error estimator.

The proof of the Lemma 3.2.3 relies on several auxiliary results which we shall discuss

in details below. We begin with the following error equation for p(t).

Lemma 3.2.4. Fort € I, and ¢ € Hj (), we have the following parabolic error equation

)+ alp)— [ blt:0(5), s
= (e +af =) = [ Htsiu(s), 00
[ bt si(5) s + B = £.6) + 5 PO U )
_ /0 " B U(s)ds — oM (B D), ). (3.35)

Proof. For t € I,,, using (3.6), (3.12) and (3.18), we have V¢ € H;(Q)

(e d) + alp.d) - / b, 5: p(s), §)ds
= (o @)+ alw, §) - / bt 5:0(s), B)ds — (1, &)

= () + alw, ) — / b(t, 55 (s), d)ds — (f, 8) — (OU™, )
L PRU = U ) — (AU — 0" (BMU), ) + (PO A", )

= (o )+ alw, §) — / bt 5:0(s), B)ds — (f, 6) — (U™, )
L BUT - UM 6) — a(w”, @) + / bt s:0(s), S)ds + (FL ", )
0

— /0 "B (s)U(s)ds — 0" (B U), )
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:<%@+Mwﬂﬂ@—/ﬁwxM$@®+/%w»w@¢Ms
0 0
LR~ f.6) - EUT U g)

tn
([ B Us)s - 0" (B).6),
0
where we have used the fact that oU™ = U(t), Vt € I,. O

Remark. We observe that in the absence of time-discretization error, mesh change error
and quadrature error (i.e., in the absence of the second, third, fourth, sixth and seventh
terms on right of (3.35)), the fully-discrete parabolic error equation (3.35) reduces to that
of the parabolic error equation for the semidiscrete scheme (see (2.30), Chapter 2). This
shows that space-time discretizations are properly adapted to the space discretizations.
Moreover, when B(t, s) = 0, our error equation (3.35) coincides with the error equation

of purely parabolic problems (Lakkis and makridakis [56], Lemma 1.4).

The next result gives a clear picture of the terms to be estimated in order to obtain

a bound for the error p(¢) in different norms.

Lemma 3.2.5. The following bound holds for p(t):

lp(t5)11* + o /Otm lp@)lIdt < [|p(to)lI* + 2C(tm) L,

where

o)l = [l = max o), £, € [0, ]
€[0,tm]

and C(t,,) is a positive constant appeared due to the application of Gronwall’s lemma.

Moreover, Z,,,,m = 1,2,... N are defined by
Ln=Y (I+L+I+1I))
n=1
with I denotes the spatial error and is given by

ﬁ:[nWﬁM@Wu
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I3 denotes the time discretization error and is given by
tn t tn
o= [ o)~ p0) = [ btsio)pl)ds+ [ blta.siols). ple))ds
tn—1 0 0
tn
([ B U s)ds = " (B, pl0) i,
0
1% denotes the mesh change error and is given by
tn
L [ B - U U plelat
tn—1
and Iy denotes the data oscillation error, and is given by

7= | " = (), o0t

Proof. Set ¢ = p(t) in the error equation (3.35) to obtain

1d

5 o0

)

(p(t), (1)) = / blt, s: p(s), p(t))ds + (e(2), p(2))
£ afw(t) - W, plt)) - / b(t, s0(s), p(t))ds + / bt 530(s), pl1))ds
TR = £, p(0) + 7 (BRUT = U (1)

Y / " B (s)U(s)ds — (BT, p(t)).

Using (3.3), (3.4) and Young’s inequality, a standard kickback argument yields

e = P e (/ ()1l ds) + (e (8), )

+ la(w(t) =W, p(t ))—/ b(t, s;w(s), p(t))ds

n / bt 51 0(3). plt))ds — { / "B (s)U(s)ds — (BT, p(1))]
OB £ o)+ [ (P — U ()]

We now integrate with respect to t from ¢, ; to ¢, and then take summation over

n = 1:m. Finally, an application of Gronwall’s lemma leads to the desired result. [

We now proceed to estimate the terms 7,7 = 1,2, 3,4 appeared in Lemma 3.2.5.

First, we provide a posteriori error bounds on the spatial error in the following lemma.
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Lemma 3.2.6 (Spatial error estimate). With Z' as in Lemma 3.2.5, the following a

posteriori bound holds for the spatial discretization error:

ZIIZ S ”p(tin)” ZTnCBE,m
n=1 n=1

where (pp., 15 given by (3.50).

Proof. To estimate the term Z7, for n € [1 : N], we note that

tn
7= [ Kol
tn—1
tn
— o / (@ — W™t — U 4 U™ p(8))|dt (3.36)
tn—1

Since w™ — U™ is orthogonal to V"™ with respect to a(-,) — f(f" b(tn,s;-, "), the first term
in the inner product is orthogonal to V* N V"=, We use the orthogonality property of
the Ritz-Volterra reconstructions under the nested refinement condition. To estimate

(3.36), we shall use duality technique.
For t € (0,7), let ¥» € H*(Q2) N HJ () be the solution of the following dual elliptic

problem in the weak form

a(x; ¥(t)) = (x, p(t))

satisfying the following regularity estimate:
[Dll2 < Callpll, ¥x € Hy (%), (3.37)

where the constant Cq depends on the domain 2. Now, using the definition of the

Ritz-Volterra reconstruction and making adjustment of the terms, we have

(W= DU () = al — W U U ()
= a(W"—w" = U+ U ap(t) — TT"p(t))

+/O ' b(tn, s; (w—U)(s),[I"P(t))ds

_ /0 " bty 5 (@ — U)(s), T0(1))ds.
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where II" is the Clément-type interpolation operator. Using (3.12), (3.9) and (3.11), a

simple calculation leads to

W= U U (1)
= a(w" —w" = U+ U p(t) — T™(t))

- / bt 51 (w0 — U)(s)0(t) — T(E))ds

n / bt 51 (w0 — U)(s),0(t) — TP (1)) ds

+/0 ’ b(tn,s; (w—U)(s),¥(t))ds — /0 - b(tn-1,s; (w—U)(s),1(t))ds
= (A"U" — o"(B"U) — AqU™ + 0™ (BqU), ¥(t) — "4 (2))

—(ATUT = "N (BYTU) = AqU T 0" N (Bal), () — (1))

(o™ (JfU) — BU™] — o™ N fU]) + J U™, (E) — TT(0))s,

~ / "B (s)U(s)ds — 0" (BT, () — Tp(t))

+< / B () U(s)ds — 0" (BRID), (8) — TIM(E))

T / " bt 53U(),0(8) — TI9(8))ds — o™ (b{ts U, (8) — ()

{7 Mt U000 =) — 0 bt U le) = TP(0)

—l—/o ’ b(tn, s; (w—U)(s),¥(t))ds — b(tn_1,s;(w—="U)(s),1(t))ds.

0

Using (3.18) and (3.19), on each interval I,,, we have

AnUn - AnflUnfl _'_O_nfl(anlU> . O_n(BnU)
+ AelUn_l - A,U" + O'n(BelU) — O’n(BelU)

=R U) - R"(U) = —7,,0R™(U).

We now use (3.20) together with J"[U] — 3" ![U] = 7,,03"[U] to obtain
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(" — W™ — U U (1))
rall R ) [16(E) — TP(0)]| + 7|03 [0 |16E) — T (8,
Y / "B (s)U(s)ds — 0" (BT, () — TIMp(1))

IN

H[ B U6 — o B 0), 000 - )

[ Bt U061, 000) = IP(0) s = o 00 Usl0) ~ TP

4] / b, 53U (), 0(8) = I(0)ds — 0" (bt U, (1) — IT0(0)|
[ B 0= D)0 = [ bt~ D)) w0l (339)

For the last term above, use (3.28), Cauchy-Schwarz inequality and ||B*(t,,s)¢| <

Cp:[|1]|2 to obtain

[/”b £, 5 (w — U)(s), w(t))ds—/on_l bt 1, 5: (0 = U)(s), $(£))ds]
< \/ w— ), B (t,,, s)¥(t))ds — /o nil((w —U)(s), B*(tn—1,s)¥(t))ds|

<HZ / w = U)(5) 1B (b, $)0(0) 5

+||Z/t w — U)()IIB* s, 5)0(B)1ds

< 20y, [HZ / { ™! - UJ’1>+zj<s><wj—w>}dsu]waz
< o [#, Z Boss(0%) + 7as Y B0 000

< O, rn[ZﬁBm ]I (3.39)

where Cp: = 2Cp:. Using (3.39) in (3.38) and applying Proposition 3.2.1, Lemma 3.2.1
with C3 = max <CBZv C 9, Cg7g>, we obtain
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[(w" —w" = U™+ U p())]

< Gyl ( [hiuaRnu 203 Ul + ZﬁBE,jaﬂ)}
=0

+00OBE1n(U) + 7 Qprin1(U) + h2Qpr2,(U) + hiQBE,Q,nl(U)> , (3.40)

where Qpp1,(U) and Qpga,(U) are given by (3.24) and (3.25) respectively.
From (3.40) and (3.36), we arrive at

tn 4 )
A LI (fn[hiuamu+hi/2ua:s"mnzn+ZBBE,j<UJ>]
tn—1 =0

+h,QpE1n(U) + 7y Qpr1n-1(U) + hiQBE,Zn(U) + hiQBE,Q,nl(U))

<
< max ()| 70CBE R

where we have used (3.30) and the regularity result (3.37). Summing from n =1 : m,

the desired result is obtained. O

The next lemma gives the information on the a posteriori error contributions due to

time discretizations.

Lemma 3.2.7 (Time error estimate). With I} as in Lemma 3.2.5, the following a
posteriort bound holds for the time discretization error:

m m m tn 1/2

7 <3 ranmmat - ([ Io0le)  €mat,

n=1 n=1 n=1 tn—1

where {pp, and Mg, are given by (3.29) and (3.32), respectively.

Proof. Taking L?-inner product with Vp(¢) on both sides of (3.17), we obtain
tn—1
@r(1), Vp(t) = Lua(t) / bt 1, 5:0(s), plt))ds
0
tn
) [ bt (o), pl0)ds
0

Using (3.16) and noting that w(t) =, 1 (t)w™ * + L, (H)w"™, t € I, we write I as
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7 = [ lalhes o~ pl0) - G0, T0(0)
[ btwssts) p)as| = ([ B 061 = 0" B0,
= [ ettt o)~ pl0) = 0~ (0, Tl
ot [ " bty 50(5), ()5 + (1) / " bt 51 (5), p(0)ds
—/Ot" bt s bo( ds} - /0 s)ds — o™ (B"U), p(t))|dt
- / |zn_1<t>{a<w”-1,p<t>> - [ 1b<t (o), p(t)ds
)~ 1l p0) = [ B 5060, 005}
([ B UGS — B p(0) = (610) — 10, oo
Now, using the identity (In(t) — 1)/ln1(£) = —1,# € I, and (3.12), we obtain
7 = [ oo w) = o 5 00
L (O {(A"U”, p(8)) — (o (BU). (1))}
Lt [ BV (s — 050, p(0) = (610) = (1), Vo(0)
a0l B0 = [ B )0 6)ds,pl0)
An application of Cauchy-Schwarz inequality yields
I < /tt A (AU = o N (BYU) — APU™ 4 o™ (B"U) ||| p(t)]1dt
# [ s 0@aea i) + 0@l 0

" /t () — (0l e

< 1/2 7 max||p(t)]] [HA”_IU”” — 0" H(B"U) = AU + 0" (B"U)|

( / ot "

The desired result now follows from (3.29) and (3.32). O

1/2

+Qpran1(U) + Qpran(U)] + < R an<t>r|2dt>
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The next lemma captures a posteriori contributions due to mesh change.

Lemma 3.2.8 (Mesh change error estimate). With ZY as in Lemma 3.2.5, the following

a posteriori error bound holds on the mesh change error:

m m tn 1/2
ZI%?SZ( / Hp(t)H%dt) T2 0,
n=1 n=1 tn—1

where pipg., 15 given by (3.33).

Proof. The term ZF can be estimated using the orthogonality property of the L2-

projection operator. Since V" C ker(BPJ — I), we have
(Py = D(f"+ 7, U "), dn) =0, VYo, € V"
Using Proposition 3.2.1 and Cauchy-Schwarz inequality, we have
7= [ = DO, o)~ (o
no1

tn
< Cih / 1By — D™+ 7 U)o udt
tn—1

" 1/2
< b PI(F = D" + 7, 0" )| </ Ilp(t)llfdt> ~
tn

-1

Thus, the desired estimate follows by using (3.33). O
We consider the estimation of the data approximation error in the next lemma.

Lemma 3.2.9 (Data oscillation error estimate). With Z} as in Lemma 3.2.5, we have

the following bound on the data approximation error:

m m
YT <R 1D mAsEn,
n=1 n=1

where Agg.p, s given by (3.34).

Proof. We have

i< [ = £l < <%§§Hp<wn> | = s

Using (3.34), the proof of the lemma is completed. O
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Proof of Lemma 3.2.3. Combining the estimates of Lemmas 3.2.6 - 3.2.9, we arrive at

tm
17 +a / @Rt < o)l +20(0m) (157> (Comn + 3 + Appa)Te

n=1

1/2
+Z< / Hp()H%dt) €+ )|

For n = [1 : m], taking

o, 1/2
a0 = 107, anz(a i up(t)n%dt) - e=llotto)ll
tn—1

m

bo = 2C(tm) Y (CBEn + NBEn + A5En)Tns  bo = 20(tn) (7)) (Epn + 11BER),
n=1
we apply Lemma 1.2.3 to obtain the desired result. 0

The main results concerning fully discrete a posteriori error estimates in the L>(L?(12))

and L2(H'())-norms are stated in the following theorem.

Theorem 3.2.1 (A posteriori error estimate in the L>*(L?*(Q2)) and L?*(H*(Q2))-norms).
Let u satisfies (3.1) and U be given by (3.14). Then, for each m € [1 : N|, the following

error estimates hold:

mas [u(t) ~ U(E)]| < IRU — u(O)| + max. Fpr,(U) 4 20(t0) (01 m + o)

o 1/2
</0 HU(t)—U(t)H?> < a_l/Q[!\RiUO u(0)] +2C(¢ )(UBE1m+UBE2m)1/2:|

1/2

m 1/2 m
(ZTnaéE,n_lwn-l)) +(Zma?gE,n<U">) |
n=1 n=1

where 0pg1m, 0pE2m and C(ty,) are defined as in Lemma 3.2.3.

Proof. We decompose the error with Ritz-Volterra reconstruction of U as an intermedi-

ate solution and obtain

[u(®) = U@ < eI + l[e@]; (3.41)

where p(t) := w(t) — u(t) and €(t) = w(t) — U(1).
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Also, we know that for t € I,,,
e = s (B + L)€ < max (e 7] ).
Therefore, for t € [0, t,,], using Lemma 3.2.2 and (3.23) we have

el < max (e e} < max Spn(U7). (3.2

nel0,m ne|

Then, the first estimate follows from (3.41), (3.42) and Lemma 3.2.3.
To prove the second estimate, using Lemma 3.2.2 and (3.22) we obtain

1/2

( / ’ ||e<t>||%> d ( / " s (e +zn<t>e“r|%)

m 1/2 m 1/2
< (ZrnaéE,M(U"l)) +(Zrna23E,n<U">) .
n=1

n=1

1/2

The rest of the proof follows from Lemma 3.2.3. U

Remarks. (i) The a posteriori error estimators in Theorem 3.2.1 are formally of optimal
order. Since PIDE (3.1) may be thought of as a perturbation to the parabolic problem, it
is natural to expect that our a posteriori error estimators should reflect the contributions
to the error coming from the approximation of the memory term. This fact can easily be
observed through the estimators Qpp1,(U) and Qpp 2, (U) which are of O(7). Further,
in the absence of the memory term (i.e., B(t,s) = 0), the error estimators obtained in

Theorem 3.2.1 are similar to that for the parabolic problems [56].
(71) It is noteworthy that the term

tn 1/2
(i | et —w1<t>|12dt) (3.43)

appeared in Lemma 3.2.3 is not a traditional a posteriori quantity, where w(t) and w;(t)
are given by (3.16) and (3.17) respectively. We know the following elementary fact that
for t € I,,, the error in linear interpolation is bounded as

2

d
~ o~ 2 v
lot) = )] < Oy max |5 (@)1
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Now, the quantity %(dz(t)) in turn depends upon the quantities Vw,(t) and Vw(t). The

term ||Vw(t)|| can be estimated as

IVa @l = [IVe(t) = VU(1)]]

< [Va@I + VU]

IN

1 n n— n
—(IIVe"ll+ Ive=1) + Vo]
Moreover, the term |[[Vw(t)|| can be handled as

IVw@®)|| < [[Ve@)| + VU@
< N @OVET + LAOVE| + |l (VU 41, VU|

< max (e, [ Ve ) + max (|70, v 0m)).

Thus, the term (3.43) is now a meaningful a posteriori quantity by observing the fact

that bounds available for estimating the terms of the form ||Ve"|| (see Lemma 3.2.2).

(27¢) If the domain € is not convex in particular having reentrant corners, then we
don’t have the full regularity of the solution (cf. Grisvard [42]) due to the singularity
caused by the reentrant corners. Thus, applying duality technique will lead to subop-
timal bounds due to regularity issues. However, suboptimality of the bounds can be

avoided by the use of mesh refinement near the corners (cf. Chatzipantelidis et al. [22]).
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Fully Discrete Crank Nicolson Error Analysis

In this chapter, we study a posteriori error analysis for the fully discrete Crank-Nicolson
method for PIDE (1.1). We introduce a problem dependent quadratic (in time) space-
time reconstruction to obtain optimal order convergence in time. This quadratic space-
time reconstruction along with the Ritz-Volterra reconstruction operator are used to
derive a posteriori error bound in the L°°(L?(f2))-norm. Moreover, the results obtained
in this chapter generalize the results of parabolic problems (see Béansch et al. [12]) to

PIDE (1.1).

4.1 Introduction

Let 2 C R",n > 1 be a bounded convex polygonal or polyhedral domain with boundary
00 and T' < co. Recall the following PIDE

w(x,t) + Au(z,t) = /Ot B(t,s)u(z,s)ds + f(x,t), (z,t) € Qx(0,T] (4.1)
subject to the boundary condition
u(z,t) = 0, (x,t) € 02 x[0,T]
and initial condition

u(z,0) = wup(z), €.
67
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The operator A is a self-adjoint, uniformly positive definite second-order linear elliptic

partial differential operator of the form
Au= -V - (AVu),
and the operator B(t, s) is of the form
B(t,s)u=—V - (B(t,s)Vu),

where “V” denotes the spatial gradient and A = {a;;(z)} and B(t,s) = {b;;(z;t,s)}

"™ in space variable. Moreover, the

are two n x n matrices assumed to be in L>°(§2)
elements of B(t,s) are assumed to be smooth in both ¢t and s. The initial function

ug = up(x) and the nonhomogeneous term f are assumed to be smooth for our purpose.

We assume that the bilinear form af(-,-) is coercive and continuous on Hj (1) i.e.,

a(¢,¢) = allé? and la(g,¥)| < Bllolill¥l, V. € Hy() (4.2)

with o, 8 € R*.
Further, we assume that the bilinear forms b(t, s; -, ), bs(t, s; -, ) and bg(2, s; -, -) are

continuous on H}(Q) i.e.,

b(t, 5;6(), )| < Alo()lallelh, ¥ o(s),4 € Hy(), (4.3)

|bs(t, 5;0(5), )| < Allo()lalllle, ¥V é(s), ¢ € Hy(Q) (4.4)
and

[bss (£, 55 0(5), ¥)| < A"le(s)[allwll, ¥ ¢(s),% € Hy() (4.5)

with v,v/, 7" € R*.
The weak formulation of the problem (4.1) may be stated as follows: Find w : [0,7] —
H}(Q) such that

/ut¢dx+a(u,¢) = /tb(t,s;u(s),¢)ds+/f¢dx, Vo € Hy(Q), t€ (0,T], (4.6)
Q 0 Q
U(,O) = Upg.
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Let 0™ be the quadrature rule used to discretize the Volterra integral term. To be

consistent with the Crank-Nicolson scheme, we use the trapezoidal rule given by

o"(y) = Y () ylt) + ) Fultoe) (A7)

The fully discrete Crank-Nicolson scheme may be stated as follows: Given U° = Pu(0),

find U™ € V", n € [1: N] such that

7_—1<Un - Un—l7 ¢n> 1 (I(Un_l/Q, gbn)

n

= 0" (bltn_1/2;U, ¢0)) + ("% 00), Vo, €V (4.8)

Here, the quadrature rule ¢” is defined by (4.7) and V™ is given by (1.19).
Modified Crank-Nicolson scheme. In the case of parabolic problem, the authors in [12]

have observed that during refinements the discrete Laplace operator on the finer mesh
when applied to coarse grid function leads to the oscillatory behaviour. Since PIDE
may be thought of as the perturbation to the parabolic problem, the same oscillatory
behaviour is expected concerning the classical Crank-Nicolson scheme for the PIDE
(4.1). Therefore, we consider the following modified Crank-Nicolson scheme instead of
the classical Crank-Nicolson scheme.

For n,1 <n < N, find U™ € V" such that

1

SPRATIUM - (oM (BTPU) - B =0 (49)

- 1
ou™ + QA"U" +

Representation of the bilinear forms. For a function v € V", we can represent our

bilinear form a(-,-) as

a(v, ) = (Aqv, ) + (Li[v], d)s,, Vo € Hy(€), (4.10)

where

(Aav, @) = Y (=div(AVv), ¢), Vo € Hy(S)

KeT,
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is the regular part of the distribution —div(AVv) and
Ji[v]|e(z) = [AVV]g(z) = h_)I%(AV’U(QJ +eng) — AVu(z —eng)) - ng (4.11)

is the spatial jump of the field AVv across an element side E € §,,, where ng is a unit

normal vector to E at the point x.

Similarly, for all ¢ € H}(Q), we represent the bilinear form b(t,, s;-, ) as

/0 " bt 5 0(s), $)ds = ( /0 " Bu(tn, s)o(s)ds, 8) + ( /0 " Rlo)ds, d)y . (4.12)

where B (t,,s)v(s) is the regular part of the distribution —div(B(¢,,s)Vov(s)) and
Jo[v(s)] is the spatial jump of the field —div(B(t,,s)Vu(s)) across an element side
E € S, as defined in (4.11) with B(t,, s) replacing A.

In the absence of the memory term (i.e., when B(¢, s) = 0), a posteriori error analysis
for linear parabolic problems concerning Crank-Nicolson scheme have been investigated
by Akrivis et al. [5], Bansch et al. [12], Lozinski et al. [60] and Verfiirth [98]. For the
heat equation, a continuous, piecewise linear approximation in time is used to obtain
suboptimal (with respect to time step) a posteriori error bounds using standard energy
techniques in [98] by Verfiirth. A continuous, piecewise quadratic polynomial so-called
Crank-Nicolson reconstruction is then introduced by Akrivis et al. [5] to restore the
second order of convergence for semidiscrete time discretization of a general parabolic
problem. Subsequently, Lozinski et al. [60] have introduced the reconstruction based
on approximations on one time level (two-point reconstruction) as in [5] as well as the
reconstructions based on approximations on two time levels (three-point reconstruction)
in the L*(H'(Q))-norm. Recently, Bansch et al. [12] have used the elliptic reconstruction
in combination with energy techniques to derive optimal order a posterior: error estimate
for the Crank-Nicolson method in the L>°(L?(£2))-norm. In this chapter, an attempt has
been made to carry over a posteriori error analysis of parabolic problems [12] to PIDE
(4.1).

The rest of the chapter is organized as follows. In Section 4.2, we introduce quadratic

space-time reconstruction for PIDE. A posteriori error estimator for the fully discrete
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Crank-Nicolson scheme in the L>®(L?*(£2))-norm is derived in Section 4.3.
4.2 Quadratic space-time reconstruction

We shall use the following notations for the introduction of quadratic (in time) space-

time reconstruction.

Let © : [0,T] — Hj(Q) be defined by
Q) = L (t)PrA" U + 1, (1) A" U™ — PP (o™(B"V2U)), t€1,,  (4.13)

where [,,(t) and [,,_1(t) are given by

(t - tnfl) (tn - t)
e mmm _ = Y 4.14
1(t) = and  1,_1(t) . (4.14)
Similarly, define F: [0,T] — H(Q2) by
F(t) = O(t)— Pro(t), t eI, (4.15)

where o(t) := If(t). Here, I is a piecewise linear interpolant chosen such that

A

I(¢) € Pi(1n), f(¢)(tn—1) = ¢"' and f(¢)(tn—1/2) =g 1/2, (4.16)

We now define the quadratic space-time reconstruction U : [0, T] — H () as follows:

¢
Ut) = Ryt —RZ/ F(s)ds

tn—1
RrPrUM — R

+(t —tyh1) .

,tel, (4.17)

where RJ,U™ is defined in (3.12). This definition (4.17) is motivated by the fact that

U(t) satisfies the following relation:

. . R PnUnfl . RnflUnfl
U(t) +REF(t) = —20 w :

(4.18)

Tn

Observe that

Ultp_1) = REU™
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and

n An—17n—1 nyin
Ut,) = RngUM—Rng[POA U2 AU

—pr Fr1/2
~Fo"(B" D)),
where the integral is evaluated using the mid-point rule. Now, we use (4.9) to obtain
Ult,) = REU™.

Equivalently, the modified Crank-Nicolson scheme can be written as

U™ + @"1/2 — prfn=1/2 (4.19)
In view of (4.15)

oU™ + Fn1/2 = 0, (4.20)

where F(tn_l/g) = Fn1/2,

4.3 Error analysis

In this section, we shall derive a posteriori error estimates for the error e := u — U,

where u is the exact solution of the PIDE (4.1) and U is defined by
Uit) = LU +1L,,@6) U, tel, (4.21)

where [,,_1(t) and [,(¢) are defined by (4.14). Moreover, for ¢ € I,, we define the

Ritz-Volterra reconstructions of U(t) by
RoU(t) = Ly ()REIU 4 1, (H)REU™. (4.22)

We now decompose the total error e as e := p + ¢, where p (= u — U denotes the
parabolic error and € := U — U denotes the reconstruction error. Further, we decom-
pose the reconstruction error as € := € + o, where € := R,U — U is the Ritz-Volterra
reconstruction error and o := U —R,U is the time reconstruction error. With the above

decompositions, the error e may be expressed as

e:=p+o+e (4.23)
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The idea behind the above error decomposition is as follows: (i) optimal order a pos-
teriori error estimates for Ritz-Volterra reconstruction error € in standard norms like
L? and H! can be obtained; (i7) the parabolic error p satisfies a variant of the original
PIDE (4.1) with a right hand side that can be controlled a posteriori in an optimal way;
(#4i) the time reconstruction U is chosen in such a way that the difference U — R, U can

be estimated a posteriori and will be of O(72).

The following linear interpolations are useful in the error analysis. Set
¢
) = / B(t, s)VRWU(s)ds. (4.24)
0
For t € I,,, define w;(t) to be the linear interpolant associated with the integral vectors
O(tn_1), w(t,) and is given by
Or(t) := L1 ()@0(tn-1) + L (t)@(y). (4.25)
Further, let
t
Ut) = / B(t, $)U(s)ds, t € I, (4.26)
0

For ¢ € I,,, we define U 1(t) to be the linear interpolant associated with (t,), U (t,_1)

and U 5(t) to be the linear interpolant associated with (£, /2) as follows:

U1(t) = La(OUtpor) + L (UL, (4.27)
and
A N d ~
Ura(t) = Ultn-1p2) + (t — tn—1/2)au(t)}t:tn>
= Z;{(tn_l/g) + (t - tn_l/g)yn, (428)
where
d -
Vo = @“(”’t:tn- (4.29)

We define the jump residual, for n € [0 : NJ, as

J'U] = J1[U”]—/OnJ2[U(s)]ds, (4.30)

U] = LU
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To begin with, we shall derive the following a posteriori error estimates for the Ritz-
Volterra reconstruction error. The proofs are essentially relies on the arguments in the
Lemma 3.2.2 but with different inner residual structures. However, for the clarity of

presentation we provide the proof below.

Lemma 4.3.1 (Ritz-Volterra reconstruction error estimates). For any v € V", the

following estimates hold

IR — vl < aonn(v)

and
Ryv — v|| < Bona(v),
where
aonm(®) = CihnllA™ — Agv — /0 " B (s)u(s)ds
+ [ Battwssyuto)is] + Con 1, (@.31)
and

tn
Bena(v) = CghiHA%—Aew—/ B™(s)v(s)ds
0

tn
+/ Bei(tn, s)v(s)ds|| +C’4hi/2]|3”[v]||zn (4.32)
0

are the Ritz-Volterra reconstruction error estimators. Moreover, the constants appeared
i the estimators are positive constants depend upon the interpolation constants and the

final time T.

Proof. For v € V", using (4.10), (4.12) and (3.12) we have
a(Riv—v,¢) — /tn b(tn, s; (Ryv —v)(s), p)ds
0
= (A", ¢) — / (B"(s)v(s)ds, ) — a(v, d) + / b(tn, s;v(s), ¢)ds
0 0
= (A" — B" ds — A, Bei(tn, ds,
(A" /o (s)v(s)ds lv+/0 1[(tn, S)v(8)ds, @)

~(hl = [ Be)ds )5, Vo € HY(Q).
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An application of the Galerkin orthogonality (3.13) yields
tn
o(Rip=0.0) = [ blta,si (Ruw = v)(5), 0)ds
0
tn tn
= (A" — / B"(s)v(s)ds — Aqv + / Bei(tn, s)v(s)ds, o — 11"¢)
0 0

tn
()= [ Blos)ds, o - o)y,
0
where IT" : H}(2) — V" is the Clément-type interpolation operator satisfying Propo-
sition 3.2.1. Using Proposition 3.2.1 with C;;,¢ = 1,2 as interpolation constants, we

obtain

o(Rip=v.0) < Cubldlil Ao~ Ago— [ B (5)u(s)ds
0
" Bultn, )0(s)d bt 5 (Rt — 0)(s), 6)|d
+/0 e sr|+/0 b(ta, 53 (Ruv — v)(s), 6)|ds

tn
+Co ikl o] — / Jov(s)]dsls- .
0

Taking ¢ = RI'v — v and using (4.3), we have

la(Ryv — v, Riv —v)|

w

tn tn
< ||Riv— v||1{0171hn||¢4”v — Aqv — / B"(s)v(s)ds + / Bei(tn, s)v(s)ds]|
0 0

tn

tn
G2 Tifo] — / L(s)ldslls. + /
0 0

Now, coercivity property of a(-,-) and an application of the Gronwall’s lemma yields the

(R — v)(s>||1ds}.

first inequality with C; = Cy¢(T)Ci1/a,i = 1,2, where C ¢ is a constant appearing
due to the application of Gronwall’s lemma.

The proof of L? error estimate will proceed by the duality technique. For v € V", let
¥ € H*(Q) N HY(Q) be the solution of

Ay = Rlv—wv in Q, (4.33)
v = 0 on
satisfying the following regularity estimate (£ is convex) with the constant C, depending

on the domain :

[z < CalRyyv — v, (4.34)
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Multiplying (4.33) by Rl)v — v and integrating over 2 and using Galerkin orthogonality
(3.13), we obtain

IRyo —ol* = a(Ryv —v,¢ —1"P) + a(Ryv — v, 11"Y)
= CL(RZU -0, ¢ - Hnd)) - /tn b(tTM S, (RwU - U)(S)7 w - Hnw)d‘s
0

tn
+/ b(tn, s; (Ryv —v)(s),v)ds
0
== Il —|— IQ —|— Ig.

For 7, and Z,, we use (4.10), (4.12) and (3.12) to obtain
L+T = (A" —Agw— /0 " B (s)u(s)ds + /0 " Bulty, $)o(s)ds. 1 — T0)
~hio = [ Blols)lds, v =00,
Using Cauchy-Schwarz inequality, we have
T+ T < [A™ — Ago — /Ot” B(s)u(s)ds + /Ot" Bu(tn, s)v(s)ds|| || = I
HAk) = [ Bl 6 = Tl
Noting the fact

b(tn, 57 (Ruwv = v)(s), ) := (Ruwv — v)(s), B (tn, 5)1), (4.35)

where B*(t,,, s) is the formal adjoint of the operator B(t,, s) and ||B*(,, s)¥|| < Cg:||¢]|2,
we get

|Z3] < Cp:

e / " (R = 0)(s)ds.

Combining the bounds on Z;, 75, Z3 and applying Proposition 3.2.1 with the interpola-

tion constants as Cj 2, ¢ = 1,2, it now follows that
tn
Rio ol < oll{ Cuat ko — Ao~ [ B sJu(s)as
0
tn tn
+/ Bei(tn, s)v(s)ds|| + nghi/zHJl[’U] — / Jov(s)]ds||s>,
0 0

#Ca [ 1Ruv =)o)l |
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With an aid of (4.34), we have
tn tn
IRuv — || < CLQOthHAnU —Aqv — / B"(s)v(s)ds + / Bei(ty,, s)v(s)ds||
0 0
tn
+CaaCali? o] = [ Blo(o)ds]s,
0

tn
+CQCBT/ |(Ryv —v)(s)||ds.
0

Finally, an application of the Gronwall’s lemma yields the desired estimate with C5 =
Co.c(T)C12Cq and Cy = Cy(T)Cy2Cq, where Cy ¢ is a constant appearing due to the

application of Gronwall’s lemma. O

We now state the main result of this section concerning fully discrete Crank-Nicolson

a posteriori error estimate in the L>(L?(£2))-norm.

Theorem 4.3.1 (L>*(L*(2)) a posteriori error estimate). Let u(t) be the exact solution
of (4.1) and U(t) be as defined in (4.21). Then, for each m € [1 : N], the following

error estimate hold:

te[0,tm]

1/2
A 2 - 2 1/2 2 2 /
max u(t) U@ < |12 +Cr Y maldwa]  + | o2y + 0Znam
n=1

+ max Bonn,(U") + max voy
0§n<mﬁc ,n( ) 0<n<m CN,n;

where von,, and Aon,, are the time reconstruction error estimators and are defined by

vonn = 72| BoraW) + [Wall] (4.36)
and
_ b
ACN,n = m |:OJCN7n(Wn) + HWn”l] . (437)

Here, acn (W) and Bonn(W,) are given by (4.31) and (4.32) respectively. W, is an

a posteriori quantity given by

(4.38)

Tn

W, = EaA”U” - i <fn_1/2 - f’”)] .
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J%Nmm and O’%Nlm are the total estimators corresponding to parabolic error p(t) and

are defined by

m 2
TENLm = <C7 Z Tn |:770N,n + Conn2 + Conmt + /\CN,n,1]> (4.39)
n=1
and
402 & 2
O%’N,Q,m = 77 Z Tn [NCN,n + onm + )\CN,n,Q} . (4.40)
n=1

Here, non oy s the time estimator which captures quadrature error and linear approzi-

mation errors, and is defined by

nonn = Cs| Qo+ [Ura(8) =U)I| + IL4(1) —az,a(t)H], (4.41)

where U(t), Ura(t) and Uy o(t) are given by (4.26), (4.27) and (4.28), respectively and

Qong 15 given by

n
2
QCN,n = Z Ty

=0

7 | AU || + ;]| A" 007 || | - (4.42)

tn—1
o L A / B (5)U (s)ds
0

T
CCNna1 = Cg@z(-)
Tn

tn tn—1
— / B"(s)U(s)ds + AqU™ ' — AqU" + / B(tn—1,s)U(s)ds
0 0

tn n—1
= [ Bt U ) 4 2100 W, + Y e U7)| (443
0 7=0

and

CCN,n,Q = %BCN,n(Wn) (444)

are the space error estimators, where oy, (U™) and Bon (W) are given by (4.32).

6 1/2
Eong = <i/ Hw(t)—dzf(t)HZdt) , (4.45)
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is the linear interpolation error estimator for the Volterra integral term, where w(t) and

wr(t) are given by (4.24) and (4.25), respectively.

1
ponn = Cuaha| (B = DA™ U™ + |[(By = Do"(B™20)|
V3
on [l I (4.46)
1s the mesh change estimator.
I A
dewani= — [0 - T ®)]ar (447
n Jtn_1
and
Aoz = 2Cn ah max { (1 = B) /M N = B) 42} (4.48)

are the data approrimation error estimators, where I f s a piecewise linear interpolant of
f. Moreover, the constants appeared in the estimators are positive constants independent
of the discretization parameters but depend upon the interpolation constants and the final

time T.

The proof of Theorem 4.3.1 needs some preparations. We first proceed to estimate

p(t) which is a cumbersome task.

Lemma 4.3.2 (A posteriori error estimate for the parabolic error). For each m € [1 :

N], the following estimate holds for p(t):

. 1/2
a{ m
o(t)]1? — o(t)]|dt
<t;n[0§t§}||p<>u Ol )
m 1/2
~ 2 2 1/2 2 2
< [Ipo)I + G Y- matews| 4 (B + OB |
n=1

where Aocnm, Obn1m ANd Ofy 5, are given by (4.37), (4.89) and (4.40), respectively
and C5 is a positive constant independent of the discretization parameters but depends

upon the interpolation constants and the final time T'.
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The proof of the above lemma in turn hinges essentially on several auxiliary results
which we shall discuss in detail below. We shall use the notation p for the error u—"R,U

in the subsequent error analysis. We begin with the following error equation for p.

Lemma 4.3.3. Fort € I,,n € [1 : N] and for each ¢ € H}(Q), we have the following

error equation for p(t):
(5. +alp. )~ [ ot.s50(5).0)05 = (6.0, (4.49)
where G is defined by
(G, 6) 1= (G, 0) + (¢ = tu12) D, 0)
with
(G1.6) = (B = D{lLr AT — 0" (BP0) =70 | g)
H(Ry, = D(E() = F*Y2), 6) + U (t) = U(8), 8) + ((t) - &x(1), Vo)
HUE) — Ura(t), ¢) + { /0 o B"12U(s)ds — o™ (B"V2U), ¢)
HE(W) - 6(t) + f(8),6) — (2 |(Ri = U™ = (R = U™, 0)
and Y, is given by (4.29).

Proof. For t € I,, and V¢ € H}(2), we first multiply (4.18) by ¢ and integrate over (2.

Then, subtract the resulting equation from (4.6) to obtain

(5u().6) + alult), ) — / b, 53u(s), §)ds
= (f,0) + (RLE(),¢) — 7, (RLPYU™ = RLTU™, ).

Using (4.22)-(4.25), we obtain
(5(0): )+ alplt).0) = [ ¥t.5:p(). 00
= —l,_1(t) [G(RZ_IUTL_I, }) — /O " b(t,—1,s; R,U(s), ¢)d8]

ORIV 0) = [ bt R, 0)0s] + (1(0).0) + (RLF(0).0
M RLBUT = RTIU 6) + (@) - (1), V).
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By the definition of the Ritz-Volterra reconstruction (3.12), it follows that

(5u(8). ) + alp(t), &) — / b, 51 p(s), §)ds
= LA ) / B (s)U(s)ds, )]

L[V )~ ([ B U 0)] + (10.0) + RLF().0)
S MRLBRUT <RI 6) 4 (@lf) - @n(t), V).

Using (4.13) and (4.26)-(4.28), we get

(50,6) + alpfd):0) = [ bts5i0l6). 01
= (B = D{laa (A0 = g"(B20) |, ) + (Uia () ~ U (1), 0)
) ~thalt). 0)+ [ BRU$)s — 0" (5 0), )
H(t = tam1j2) (Vo 8) + (1), 8) + (@(2) — @(2), Vo)
+HREF(t) — O(t), p) — 7, (REPPU™ — RETLU™, ). (4.50)

For the last two terms on the right hand side of (4.50), an application of (4.9) yields

(RLE() — O(t),¢) =7, (RLBU" =Ry, 9)
= (R, = D(F(t) = F*712),0) + (F(t) — ©(t), )
H(Ry, = DF"Y2,0) — (R PIUM =Ry ¢)
= (R}, = D(F(t) = F"7'2),0) + (F(t) - ©(t), )
—7, (R}, = DU = U™ ), 6) — 7, (RLFIU™ = RyU™, 6)
= (R, = D(F(t) = F"'2),0) + (F(t) — O(t), )
—7, (RLU™ = RyTUML ) + 1 (U = FpU 6)
= (R, = D)(F(t) = F""'%),0) + (F(t) — O(t), )
—m Y(RE = DU — (R = DU ¢) — iy (PRU™™ — U1 9). (4.51)

n

Thus, the error equation (4.49) for p now follows using (4.50) and (4.51). O
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The next lemma presents a clear picture of the terms to be estimated in order to obtain

a bound for p.

Lemma 4.3.4. The following estimate holds for p(t):

tm
A a N N
s 601+ [ [200(OIR + IOI] de < 15OV + o,
0

t€[0,tm] 2
where
In = ) (ZF+ 02+ TR+ T54 + 50+ IDF)
n=1
= 1. AT+ T8+ Thseds. + 75,
with
tn
it = [ 6 - )R (4.52)
tn—1
tn tn—1/2
772 / ( / B0 (s)ds — 0" (B"/20), p(1)|
tn—1 0
|t = U, pO)| + @) — U a(t), 5(1))|
+[(@(t) —wi(t), Vo)) | dt, (4.53)
tn
M3 = / (R = D@ U! = 0" (B"20)
tn—1
—Tn_lUn_l}, ﬁ(t)>‘ dt, (4.54)
tn "
3t = [ Ry - D) - P p00) i (4.55)
tn—1
tn
755 = Tnl/ <(R;}, DU — (R - J)Unfl,ﬁ(t)»dt (4.56)
tn—1
and
tn .
706 . / (F(t)—0(0) + £(2). (1) ]t (4.57)
tn—1

Proof. Set ¢ = p(t) in (4.49) to obtain

IO+ alpl0).50)) = [ 0,53 p(s), (05 + (G (o)
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We integrate from ¢, 1 to ¢, and use the fact

a(plt), (1)) = Salp(t), p(t) + 5a(p(1), A1) — 5a(H(1) — o), (1) — (1)
to obtain
s~ it} 45 [ ot [ a0 pwpa
- %Lia@@wwmxmw—pumﬁ+tzlOl@ﬁmwxmwmwt

Using the coercivity of a(-,-), and continuity of a(-, -), b(¢, s; -, -) together with a standard

kickback argument, we obtain

1ﬁmmw2umnnw} 5[ oot S [ la

< 5/ £)|2dt + Cx(T Q/ /Wm I%ﬁ+/lK&ﬁ@Wm

where we have used the fact that

tn
/ (t - tn_l/g)dt = 0
th—1

Summing from n = 1 : m with an application of Gronwall’s lemma gives the desired

result with C; = max{8Cs(T),2Cs(T)}, where C4(T') is a Gronwall’s constant. O

Now, we proceed to estimate the terms appeared in Lemma 4.3.4. We start with

providing a posteriori error bounds on the time discretization error.
Lemma 4.3.5 (Time error estimators). The following a posteriori bounds hold for the
time discretization error terms I} and T2 :

I, <> Thinn, (4.58)

n=1

and

m tn 1/2
< 3 g (0 me+ZF”&%(/'Hmwa R
tn—1

n=1 n=1

where Aoy n, Nonn and Eon,, are given by (4.37), (4.41) and (4.45), respectively.
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Proof. We know that
o) — p(t) = —(U(1) — RLU (). (4.60)

Thus, to estimate the term I, we have to first estimate U(t) — R, U(t). Using (4.22),

(4.18) and (4.20), we have

RePpU™! — Ry U I T

U(t) — (RU)(t) = . — R E(t) -
n P(;LUnil — n i
| 0

- R [F”_W - F(t)]

We integrate from ¢,_; to ¢t and use the fact that U (t) interpolates with R, U(t) at ¢,

to obtain
A t A
Ult)—R,U() = —Rg/ {F(s) — F”’l/Q}ds. (4.61)
tn—1
Using (4.15), (4.13) and the identity I, (t) + l.(t) = 1, t € I,,, we have

F(t) = F"7'2 = O(t) = O(tn-12) = Filp(t) — @(tn-12)]
= LaOPA U + 1,0 AU — %PO”AHU"—1

_% AU — PPlo(t) = @(tnryo)]

- % In(t) = o (B)] [ A0 = P10

—Fyle(t) — (tn1/2)];

= 2(t = ty—1/2)Wh, (4.62)

where W, is given by (4.38).
Substituting (4.62) in (4.61), we get

t
U(t) - RwU(t) - _QRZ]WTZ/ (S — tn_l/g)ds
tn—1
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Using the coercivity and the continuity of the bilinear form a(-,-), it follows that
allpt) = pIT < alp(t) — p(t), p(t) — p(t))
= (tn = O)(t = tn1)a(RyyWa, p(t) — p(t))
< (= ) = ta1) BIRG W1 1A() — p(8)]]1,

where we have used (4.60) and (4.63).
Thus, we deduce that

16t) — (] < Mo =t

acnn(W,) + y|wn||1] (4.64)

Finally, with an aid of (4.64), we obtain

2

77— " la(s) 275 < DT 4.65
o = 15(s) — p(s)||ids (4.65)
tn—1

< S0 |aena(Wa) + [Wal

Thus, the first inequality (4.58) follows by taking summation over n and using (4.37).
Next, to prove the inequality (4.59), we first note that

~

(Ura (t) =U(8), (1))

tn tn—1/2
TH2 = / [’(/ B Y2 (s)ds — 0”(3”71/2U),ﬁ(t)>’ +
tn—1 0

~

U () = Urs(8), ﬁ(t)>’ + [(@(t) — @i (1), Vﬁ(t»l] dt,

ln
= [ (w1 1 1
tn—1

We start with estimating the term [J;. A standard Trapezoidal rule argument for a

sufficiently smooth function g(s) yields

b _% b
[ os =@+ 90) = 5 - as - ng's)as.

2
If we define
(s—tj,l)(s—tj) for s € [tjfl,tj] and 1 S] <n-— 1,
Uha;(s) = ‘

(S — tj_l)(S — tj_l/g) for s € [tj—la tj_l/g] and ] =n,
then

b 7j 1 [ "

g(s)ds = 2lglts) + ot )l =5 [ vaile)g"(5)ds (1.66)
tj—1 ti—1

TH-1263_08612303



CHAPTER 4. Crank Nicolson Error Analysis 86

and

/ " gsyds — 2 _ L "(s)d 4.67
o) = lglta) + 9ltaiall =5 [ dmo)9ds (@67

tn—1 2 tn—1

Using (4.21), (4.66) and (4.67), we obtain

tn—1/2
/ (B12(5)U (s)ds, (1)) — (o (B™20), p(8))
0
th_1/2 n—2 ~
— B 1/2 dS— td B 1/2 U] + B 1/2 U]+1
(| D e o

_%n |:Bn—1/2(tn_1)Un—1 + Bn—1/2(tn71/2)U”—1/2} : ﬁ(t»
_ %<Z/ wzj<s>%{8“”<s>v<s>}ds
—i—/nl%d’?n ds 2{ B"2(s)U(s) ds, p(t))
) / wzj {d2 Bn 1/2( ))U(S) N d(anl/2(3)) d(U(S))}dS

ds ds
. M 2(Bn—1/2(4 n—1/2(g S
+/t / w%(s){www e’ ds ( ))d(fli ))}ds,ﬁ(t»

n—1
1 2 7/, nrrj—1 nyrj / n j
5(2% [gTj(IIA 0= + A UJ||> + /7| AU |
,y//
o (Namum= A ) + s amaue | )1l

< 3Qenallp)], (4.68)

IN

472

n

where Qe is given by (4.42) and

vmaxﬂyﬂy
272

Thus, in view of (4.68) we have the following bound on J;

Tl < AQcenallp(t)].

Moreover, an application of Cauchy-Schwarz inequality gives

|Tal < U (t) = U@ 1A,
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| Ts| < U (t) = Ura ()16
and
| Tl < flw(t) = wr()[[[ Vo)l

Combine the bounds on | 7|, | 72|, |J3| and |J4| to obtain

tn N N . N
e < [ [wczv,wuul,l(t)—u(wu+Hu<t>—u1,2<t>u] 16(6) ]t
tn—1
7 1/2 tn 1/2
+< / H@(t)—wf(t)Hth> ( / |m<t>|r%dt) .

tn 1/2
717 <m0 e + 7826w [ 1017
th—1

sbm

Thus, we obtain

where oy, Eon,n are given by (4.41), (4.45), respectively and
Cs := max{7, 1}.
The desired estimate now follows by taking summation over n. O

The next lemma gives information on the a posteriori contributions due to mesh

change.

Lemma 4.3.6 (Mesh change estimate). We have the following bound on the mesh

3.
change error term I, :

pe £ 1/2
IS;SZT;/ZMCN,n< / Hﬁ(t)ﬁ%dt) , (169)
tn—1

n=1

where pon .y 15 given by (4.46).

Proof. The orthogonality property of Fj' now leads to

tn
M3 = / <(P51 - ]){ln_l(t)A”‘lU”‘l — (B2 — Tn_lUn_l}, ,a(t)>] dt
tn—1

tn
= [ @ = Dflario - o)
tn—1

—Tn—lU”—l}, pt) — H”p(t)>] dt.
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An application of the Cauchy-Schwarz inequality yields

n 2 1/2 n n—1lrrm—1
{[" e wa} ey - parwe
tn—1

(B = D™ (B™20) | + 7 2 (Fy = DU

< 712 " o(t)||2dt i
< 7,°HeNn ik :
tn—1

where pon, is given by (4.46). Taking summation over n completes the proof. O

M3 < Ci1hy,

([ wwoga”

The next lemma captures contributions due to the spatial discretizations.

Lemma 4.3.7 (Spatial error estimates). The following a posteriori error bound holds

on the spatial discretization error term Iy, :

[0,tm]

Z max || 5(t)[|ein,2; (4.70)

where (onna 15 given by (4.44). Moreover, the following error bound holds for I7,

corresponds to the spatial discretization error due to mesh change:

72 < max |p(t ”ZTnCCN,n,la (4.71)

tE[0,tm]
where (on 1 15 given by (4.43).

Proof. Using (4.62) and (4.32), we have

tn . - 2
25t = [ [(RL = D0 - 72,500 e < 2 max |90 5ovaO9,)
tn—1 yim
Hence, we obtain
" < mmax [ p(0)llGenna, (4.72)

m

where (on o is given by (4.44) and the first estimate (4.70) follows by taking the
summation over n. Next, to estimate Z5° as given in (4.56), we exploit the orthogonality

property of the Ritz-Volterra reconstructions and use the standard duality technique.
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Fort € (0,7), let v € H*(Q)NH{ () be the solution of the following elliptic problem

in the weak form

a(x, ¥(t) = (x, p(t)), Yx € Hy(Q) (4.73)

satisfying the following regularity estimate:

[¥(®)ll2 < Callp®)]l, (4.74)

where the constant Cq depends on the domain Q. Setting xy = R°U" — R-1U"! —
U™+ U™ " in (4.73) and using (3.12), (4.10) and, (4.12), we obtain

(RU™ = RyUM = U+ U™ p(8)
= a(RpU™ =Ry WU = U™ + U1, p(t) — TIM(1))

. / " bt 5 (Rl — U)(s),6(8) — T (1))ds

. / " Bty 1 (Rl — U)(s),20(0) — T0(2)) s

[ bt (R =~ 061,000 — [ Bt (Rl = U)(5), 00
— AT — /0 " B (5)U(s)ds — A" + /0 " Bty )U(s)ds, b16) ~ P (1)

—{Ariynt /O - B*!(s)U(s)ds — AqU"™"

n /O " Be(tn_1, $)U(s)ds, (t) — TI"p(t))

+< /0 " BU(s)]ds — AU — /0 " U )ds + AU, () — TOR()s,

tn tn—1
+/ b(tn, s; (RwU — U)(s),v(t))ds — / b(tn-1,; (RwU — U)(s),9(t))ds.
0 0
We now use (4.30) together with J*[U] — 3"~ [U] = 7,,03"[U] to obtain

(RLU™ = R,U™ = U™+ U™ (1))

TH-1263_08612303



CHAPTER 4. Crank Nicolson Error Analysis 90

tn tn
< JJA"U" - / B"(s)U(s)ds — AqU™ + / Be(tn, s)U(s)ds
0 0

—AI 4 /Otnl B (s)U(s)ds + AqU" ™ — /Otn1 Bei(tn—1,s)U(s)ds||
[3(t) — "(t)[| + 7 [|OT"[U]l] s, [|90(t) — T (t) ||,
+] /0 Cb(t, 5 (Rull — U)(s), (t))ds

—/0 b(ta_r, 51 (Rul — U)(s), (£))ds]. (4.75)
To handle the last term above, we use the fact
b(tn, 5; (RWU = U)(s), ¥(t)) := (RuU = U)(s), B"(tn, )1b(1)), (4.76)

where B*(t,,s) is the formal adjoint of the operator B(t,,s). Now, we apply Cauchy-

Schwarz inequality together with ||B*(t,,s)¢(t)| < Cps

¥(t)]]2 to obtain

| / bt 5 (RWU — U)(5),(8))ds / " bty 83 (R — U)(s), (8))ds|

IN

| / (Rl = U)(s), B (tn, ) (1)) ds
- / R = U)(S), B (b, 5)b(t))ds

IA

HZ / (Rull = U)()||B (ta: )8(8) | ds
+HZ / (Rl — UY(S) 1B (s $)86(8) s
|Z[ {i-eme -y

+i(s)(R,UT — Uj)}dSH] 1) l2

IN

m{

IN

G [ 3 oV + o 1Zﬁcm 1wl
< ch*Tn[zﬁcm 1|l (4.77)

Using (4.77) in (4.75) and applying Proposition 3.2.1 with Cy = max <QCB{>1>> we
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obtain

(RLU™ — RLU™ U+ U 5(1))]

IN

tn
Col[¥][2 (fn [hiHTnl(AnU" - / B"(s)U(s)ds — AqU"
0
tn tn—1
+/ Bu(tn, s)U(s)ds — A" U™ +/ B (s)U(s)ds
0 0
tn—1
+ AU - / Bei(tn-1,5)U(s)ds)[| + /203" (U],
0

+ Z Ben,j [U]} ) : (4.78)

Combining (4.56) and (4.78), we arrive at

tn tn
e B 09%_1/ [9(t) ||2dt (fn{hiHTn_l(A"U"—/ B"(s)U(s)ds — AqU"
tn—1 0
tn tn—1
+ / Bu(ty, $)U(s)ds — AU / B ()0 (s)ds
0 0

tn—1 n
+ AU — / Be(tn-1,9)U(s)ds)|| + 103" [U]ls, + D ﬁcN,j[U]D
0 j=0

< grgtfllﬁ(t)llfnCCN,n,l,

where we have used (4.43) and the regularity result (4.74). Summing from n = 1 : m,

the desired result is obtained. O

The data approximation error is estimated in the following lemma.

Lemma 4.3.8 (Data approximation error estimate). The following bound holds on the

data approzimation error term ZIC :

m b 1/2
<2 |mdenn max r|p<>||+T/ACNn2< / ||ﬁ<t>r|%dt) ] (4.79)
n=1 tn—l

where A\enn1 and Aoy are given by (4.47) and (4.48).

Proof. Using (4.13) and (4.15), We have
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D6 = /tt (F@) - o)+ 1), >’dt

_ / (7(6) ~ Byole), o)

< 7 () - o), 5 ar+ /

tn—1

(1= P (t), plt) )|t

= J1+Ja
Using Cauchy-Schwarz inequality, we obtain

t€[0,tm]

3 < max [4(0)] / 1£(6) — (8]t

For J,, we use orthogonality property of Fj to have

tn
J2 = /
tn—1
/ )
tn—1

tn
Corhn / 12— BRIt
tn—1

(L= Be(t), )|t

({1 = PY)e(t), () = T p(2) )|t

IN

a 1/2
< zcl,lhm;ﬂmax{nu—P&)f"1|\,|\<I—P§>f"1/2u}< / Hﬁ(t)ﬂ%dt) .
tn—1

Therefore,

tm]

. 1/2
20 < Tn/\Canté%aX ()] + 7L/ ACNn2 </ ||ﬁ(t)||%dt> ;
tn—l

where Aoy 1 and Aoy g2 are given by (4.47) and (4.48), respectively. Now, taking

summation over n, we obtain the desired result. O

Proof of Lemma 4.3.2. Application of Lemmas 4.3.5-4.3.8 in Lemma 4.3.4 yields

max {|4(t)||*

a t"l/ .
+5 [ 2ol + 1po2)
t€[0,tm) 2 Jo

< PO +Cr| 3o mAe + mas [5(1) r|ZTn[nCNn+CCNn2+ccm

n=1
m

tn 2
+AeNn 1} + Z /2 [MCN,n +&conn + /\CN,n,2:| (/ Hﬁ(t)”%dt) } ,

tn—1

3

n=1
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For n = [1 : m], taking

o [t 1/2
= s 1901 o= (5 [ ool
th—1

t€[0,tm]

. m 1/2
e = [I1t)II* + Cr > k|

n=1

?

by = Cr Z Tn |:770N,n + Conm2 + Conp + /\CN,n,l] )
=
bn T C?(QTn/CV)l/z [MCN,n + fCN,n + )\CN,n,2:|

in Lemma 1.2.3, we obtain the desired result. O

Proof of Theorem 4.3.1. In view of (4.23), we apply triangle inequality to have
[u(t) = U@ < 6@+ llo @)1 + lle@)]]- (4.80)
Forte I,
eIl = lin-1 (B + baE)e"]] < max ([l le"]1).

Therefore, for t € [0, t,,], using Lemma 4.3.1, we have

lell < max (fle* ], [le"]}) < max Bow,a[U). (4.81)
nel0,m] n€[0,m]
Also,
1T =R U@ < (¢~ ta-1)(tn — DIREWA|
< (= ta1)(tn — )| IR = Wl + [ Wi
S VCONn, (482)
where vop, is given by (4.36).
Finally, we use (4.80)-(4.82) and Lemma 4.3.2 to obtain the desired result. O

Remarks. (i) We observe that the a posteriori bound in Theorem 4.3.1 is formally of
optimal order. Since PIDE (4.1) may be thought of as a perturbation to the parabolic
problem, it is natural to expect that a posteriori error estimator for PIDE should reflect

the contributions to the error coming from the approximation of the memory term. This
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fact can easily be seen through the estimator ncy, which is of O(7?). Further, in the
absence of the memory term (i.e., B(t, s) = 0), the error estimator obtained in Theorem

4.3.1 is similar to that for the parabolic problems (cf. Béansch et al. [12]).

(i7) Tt is noteworthy that the mesh change error term Z3 can alternatively be esti-

mated as
I3 < . max o) || ey s
m < ;T max {150l
where fi¢y, is given by

1
Honn = Cuabn|SI(P = DATU™ + (P = Do™(B"/20))

+r, (g = DU |

This estimate for mesh change error will lead to an alternative a posterior: error estimate

for the error e(t). In Lemma 4.3.2, the terms O'%NJ’m and U%N’Zm take the form

” 2
U%‘N,l,m = <C7 Z T |:770N,n + MbNm + CenNn2 + Conpa + )\CN,n,li|)

n=1

and

402
: 77 Z Tn()\CN,n,2 + gCn,n)z-

aCN,2,m =

The corresponding changes take place in the Theorem 4.3.1.
(7ii) The term

- 1 1/2
( JREEC —@(twdt) (483

appeared in Theorem 4.3.1 (see (4.45)) is not a traditional a posteriori quantity, where
w(t) and wy(t) are given by (4.24) and (4.25), respectively. Since, the error in linear
interpolation is bounded as

2

d
~ o~ < 2 ~
lo(t) = @) < Crymax || 5 (W), ¢ € I,
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where %(@(t)) depends upon the quantities V(R,U).(t) and VR,U(t). The term

IV(R,U)(t)]| can be estimated as

IVRLU) DI = [IVe(t) + VU]

< [Va@I + VU]

IN

1 n n— n
—(IIve"ll+ Ive=1) + [ vou].
and for the term ||[VR,U(t)||, we have

IVRLU@I < VeIl + VU@

IN

L1 ()VE™ + L)V | + ||l () VU + L) VU |

< max (Ve [ Ver]) + max (VU w0,

This shows that (4.83) is now a meaningful a posteriori quantity by noting the fact that
|Ve™|| is bounded and is of O(h) (see Lemma 4.3.1). Taking 7 ~ h, it is easy to see

that the term (4.83) is optimal order.

(1v) The a posteriori error analysis of the classical Crank-Nicolson scheme leads to
one additional term 3|(Pg — I) A" U™ || in the error bounds. However, it does not

affect the optimality of the estimator.
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Backward Euler Anisotropic Error Analysis

In this chapter, we derive two optimal a posterior: error estimators for fully discrete
backward Euler space-time discretizations for PIDE (1.1) in an anisotropic framework.
The a posterior: error indicator corresponding to spatial discretization is derived us-
ing the anisotropic interpolation estimates in conjunction with a ZZ error estimator to
approach the error gradient. The error due to time discretization is derived using con-
tinuous, piecewise linear polynomial in time. We use the linear approximation of the
Volterra integral term to estimate the quadrature error in the second estimator. The

emphasis is on theoretical study of the error estimators.
5.1 Introduction

Let Q C R? be a bounded convex polygonal domain with boundary 09 and T' < oo.
Recall the following PIDE

u(z,t) + Au(z,t) = /t B(t, s)u(z, s)ds + f(x,t), (z,t) € Qx(0,7] (5.1)
0
subject to the initial condition
u(x,0) = ug(x), =€ (5.2)
and the homogeneous Dirichlet boundary condition

u(z,t) =0, (x,t) € 0Q x[0,T). (5.3)
97
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The operator A is a self-adjoint, uniformly positive definite second-order linear elliptic

partial differential operator of the form
Au= -V - (AVu),
and the operator B(t, s) is of the form
B(t,s)u=—V - (B(t,s)Vu),

where “V” denotes the spatial gradient and A = {a;;(x)} and B(t, s) = {b;;(z;t,s)} are
two 2 x 2 matrices assumed to be in L (Q)**® in space variable. Moreover, the elements
of B(t,s) are assumed to be smooth in both ¢ and s. The initial function ug = u(z)

and the nonhomogeneous term f are assumed to be smooth for our purpose.

We assume that the bilinear form af(,-) is coercive and continuous on Hj(f?) i.e.,

a(¢,¢) = al|Ve|* and |a(é,9)| < BIIV[[ VY, Vo e H(Q)  (54)

with o, 8 € RT. Here ||V(-)]| defines a norm on H}(f2) in view of the Poincaré inequality.
Further, we assume that the bilinear forms b(, s; -, ) and bs(¢, s; -, -) are continuous on

HL(Q) ie.,

[b(t, 51 6(5), V)] < AIIVO(S)IVYIlL ¥ d(s),4 € Hy(2) (5.5)
and

[bs(t,5:6(5), V)| <YV IVOS)IIIVEN, ¥ o(s), v € Hy() (5.6)

with v,7" € R*.
The weak formulation of the problem (5.1) may be stated as follows: Find w : [0,7] —
H{(€2) such that

(s, &) + alu, 8) = / b, 5:u(s), 8)ds + (£, ), Vo € HIQ), t e (0,T), (5.7)
u(-,0) = wup.
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Let I}, denotes the Lagrange’s interpolant corresponding to Vf’o, where Vf’o is the usual
finite element subspace of H}(€2) given by (1.22) corresponding to the triangulation 7,.
The backward Euler scheme may be stated as follows: Given U, where U} = Ijuo, find

Upr e Vi n e [1: N such that

QU ¢) + a(Up, ¢) = o™ (b(ty; Up, 0)) + (", ), Yo € V1O, (5.8)
where 1
0" (b(tn; v, 0)) = (O 741 B(tn, ;) Vo(t;), V).
j=0

Here, the left rectangular rule is used to discretize the Volterra integral term.

One feature of the classical finite element method is that the aspect ratio is bounded
by a constant for isotropic meshes. Since PIDE may be defined in narrow or irregular
domain, the computational cost will be very high when the regular partition (isotropic
mesh) is used (cf. Shi and Wang [84]). In such cases, a better choice is to employ
anisotropic mesh. Using the anisotropic mesh, one can reduce the computational cost
to achieve the same convergence as compared to the isotropic mesh. In the absence
of the memory term, i.e., when B(t,s) = 0, a posteriori error analysis for parabolic
problem has been investigated by Picasso [77] on anisotropic mesh by employing fully
discrete backward Euler method. In [77], Picasso has derived optimal order estimate in
the L?(H'(Q2))-norm for the heat equation. In this chapter, an attempt has been made
to carry over anisotropic a posteriori error analysis of parabolic problems [77] to PIDE
(5.1).

The rest of the chapter is organized as follows. Optimal order a posteriori error
estimates in the L?(H'(2)) norm are derived for the fully discrete backward Euler

scheme in Section 5.2.
5.2 Error analysis

In this section, we estimate the error e := u — Uy, where u satisfies PIDE (5.1) and U},

is a continuous, piecewise linear approximation in time defined by

Un(x,t) = LU+ L, (U, Ve, (5.9)

TH-1263_08612303



CHAPTER 5. Backward Euler Anisotropic Error Analysis 100

where [,,(t) and [,,_1(t) are given by

(t - tn—l) (tn - t)
l,(t) = ——, ln_1(t) == , 5.10
( = ((0)i= (5.10)
respectively. For ¢ € I,,, we observe that
OUy, (z, )
—= =0U;". 5.11

We use the standard energy argument to derive two optimal order a posteriori upper
bounds for the error in the L?(H*(2))-norm. In both the estimators, we first relate the
error to the equation residual and introduce Clément interpolant. Then by localizing
the residual term over each of the elements and the edges of the triangulation, we use
the anisotropic interpolation error estimates. The a posteriori error analysis for the
second estimator differs from the first estimator in the sense that we use the linear
approximation of the Volterra integral term to estimate the quadrature error in the

second estimator.

We now recall some results on anisotropic interpolation properties proved in [34, 35].
Recall the standard invertible affine map Tk : K — K from Chapter 1. Let Ak be
the union of the neighboring triangles sharing a vertex with the triangle K. Then the
following two assumptions must be satisfied by the mesh: (i) the number of triangles
belonging to Ax must be bounded above, uniformly with respect to h; (i7) the diameter
of the reference patch Ay = Ti'(Ak) should be bounded above, uniformly with respect
to h. The second assumption on the mesh prevents the stretching directions r; g and
r9,x from changing too abruptly between the adjacent triangles of the mesh though the

classical minimum angle condition is not required in this context.

Proposition 5.2.1. Let T, : H'(Q) — Vi be the standard Clément interpolation
operator. There is a constant C' independent of the meshsize and aspect ratio such that,

for any v € HY(Q) and any K € T2, we have

H’U — HhU”LQ(K) -+ )\ZKHV(’U — Hh/U)HLQ(K) + )\;(IQ(H’U — HhUHLQ(aK) < CUJK(U). (512)
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4

1 H

Figure 5.1: Example of an acceptable patch, where the size of the reference patch A does

. H
not depends upon the aspect ratio 7.

T

==

Figure 5.2: Example of an unacceptable patch, where the size of the reference patch Ay

. H
depends upon the aspect ratio 7.

TH-1263_08612303



CHAPTER 5. Backward Euler Anisotropic Error Analysis 102

Here, wi(v) is defined by
wi(v) = )\%,K(HT,KGK(U)TLK) + A%,K(T;KGK(U>T2,K)7
where \; i and r; g are as given by (1.23) and Gk (v) is the following 2 x 2 matriz
/ (@)2@6 @@dx
Gre(v) = Z x \ 071 Kk 011 0

ov v ov \ 2
Kehg a4 ] ~— )4
: K al'l al'g v /K <8x2) v

Theorem 5.2.1. Suppose the mesh satisfies that there exists a constant ¢ independent

of the time step, meshsize and aspect ratio such that
/\iK(TiKGK(e)rLK) < c/\gvK(T;KGK(e)rgvK), VK € 77;‘. (5.13)

Then there exists a constant C' depends on the interpolation constants of Proposition
5.2.1 (hence independent of the time step, meshsize and aspect ratio) and the final time

T such that the following a posterior: error bound holds.

T
le(- T)? + o / IVelPdt < fle(-, )]

+CD ) !/t (Hf — U + V - (AVUy) —/O V - (B(t, s)VUL(s))ds| r2(x)

n=1 KEThA
1 1 .

+A1TH[AVU}L . 'n,]||L2(3K) —f- )\ITH[ ; B(t, S)VUh(S) . nds]||L2(3K) CL)K(G)dt
2. K 2,K
tn 2

b [ 18 = e+ V00 B + 70 Qi) ] ,
tn—1

where QéEJﬂ%K is defined by

n

QBEink = { ZTJZ [’|VU£’|L2(K) + VUL 2y + HvanHLQ(K)} + Tul VU [ L2(x)

j=1
VU e + > 7 (||VU,{||L2(K) + ||VU,{*1||L2(K)) } (5.14)

j=1
Here [-] denotes the jump of the bracketed quantity across an internal edge, [-| = 0 for

an edge on the boundary OS2 and n is the unit edge normal.
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For t € I, set

t
U(t) = / B(t, s)VUy(s)ds. (5.15)
0
Let U (t) be a linear approximation of U(t) defined by

Ur(t) = Ly (U (tn_y) + () U(t,), (5.16)

where [,,_1(t) and [,,(t) are given by (5.10).
The following result is based on the linear approximation of the Volterra integral

term.

Theorem 5.2.2. Let the error equidistribution inequality (5.13) holds. Moreover, for
t € I,, let U(t) and Uy(t) be given by (5.15) and (5.16), respectively. Then there
exists a constant C' depends on the interpolation constants of Proposition 5.2.1 (hence
independent of the time step, meshsize and aspect ratio) and the final time T such that

the following a posteriori error bound holds.
T
e TP +a [ [9elPdr < et O)P

+CY D [/t_ <||f—8U£+V.(AVUh) —/0 V- (B(t,s)VUL(s))ds| 12(x)

n=1 KGThA

1 1 ¢
+1—/2||[AVUh . ’I’I,]||L2(3K) + 1—/2H[/ B(t, S)VUh(S) . nds]||L2(aK)>wK(e)dt
)‘2,K /\Q,K 0
tn
+/ 1f — an%%K)dt + 7'3HV8U,?H%2(K) + T [(QgE,Q,n,K)Q + (QgE,Q,n—l,K)Q
tn—1

)

32 1 + 10 = U1 (8) 32 |

where Qg 5, x and 0, i are defined by

n

QéE,Q,n,K = ZTJ‘Q |:||VU}{||L2(K)+||VU;;_1||L2(K)+||vajU}j;||L2(K) , (5.17)

J=1

n—1
buge = Y Tl VUL 2. (5.18)
=0
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The proofs of Theorem 5.2.1 and Theorem 5.2.2 require some preparations. We shall
first proceed to prove Theorem 5.2.1. For this purpose, we need to prove the following

lemma which gives a bound on the quadrature error.

Lemma 5.2.1 (Quadrature error estimate for Theorem 5.2.1). Let U, be defined by
(5.9) and Qpp ., x be given by (5.14). Then for t € I,,, the following bound holds for

the quadrature error
\/ (t, s:Up, pe)ds — o™ (b(tn; Up, IIne))| < 4 Z Qi1 x| Vel
eTA

where
5 = max{7,7}. (5.19)

Proof. We know that for a sufficiently smooth function y(¢, s)

/Ot y(t, s)ds = /Otn y(t, s)ds — /tt” y(t, $)ds.

Therefore, for t € I,

t n—1
|</ B(t, s)VUy(s)ds, VIIne) = (Y 7j41B(tn, t;) VU, VIIse)|
0 e
tn n—1 '
<\ / Bty $)VUA(s)ds = 3 731 B(ta, ;) VUL, Vie)|
0 e

I /t " B(t, s)VU(s)ds, VTIxe)|

+|(/Otn(B(t, s)VUL(8) — B(tn, s)VUL(S))ds, VIILe)|

= L] + L] + |Z5]. (5.20)

Thus, to obtain an upper bound for the quadrature error due to the approximation of
the Volterra integral term, it suffices to estimate the terms Z;, Zo and Z3. To estimate

7, we know for a smooth function g(s)

tn tn dg
/ g(s)ds — 1,g(tn—1) = / (t, — s)—ds. (5.21)
b - ds
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In view of (5.21), the term Z; may be written as

tn n—1

I, = (/ B(t,, s)VUy(s)ds, VIIne) — (Y 7541 B(tn, t;) VUL, Ve)
0 e
_ <; /tjl(tj — 5) = {Blta, $) VUi (s) }ds, VTLse).
Thus, over each K € T2
8B(tn,3)
Z Z / t — TVUh(S)dS
eTA i=1 2
+/ (t; — s)B(tn,s)Mds,VHhe)K
¥ 0s
Now, using (5.5), (5.6), (5.9) and (5.21) we get
t;
< A Y ZT][/ IVUL(3) 220 s | | VTl 20
KeTA j=1
b VU,
+r Y ZT][/ 7’“”9 K)ds} IV IThel 2
KeTA 5=1 !
= Z WQBE,Q,n,K”VHhe”H(K)’ (5.22)

KeTA

where QéE,Zn,K is an a posteriori quantity and is given by (5.17) and 7 = max{%, v}

Now, the continuity of the bilinear form b(t, s; -, -) in conjunction with the definition

(5.9) gives
o< 4y / IV U 220000 |V el e s
KeTA tn—1
< 30 B IVOR a0 + 190 o) | 9 el 2o
KeTA
and

< v > D n (V0 e + VUL g ) 19 Tnell2qr

KeTA j=1
Substituting the above estimates in (5.20), we obtain

n—1

t
\</ B(t, s)VUy(s)ds, VIIne) = (O 71 B(tn, t;) VU, VIIje)|
0

7=0

< Z :)/QgE,l,n,K Ve,

KeTA

(5.23)
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where Qfp 1, and 4 are given by (5.14) and (5.19), respectively. Here, the term
o4 Eink 18 an a posteriori quantity evolved due to the quadrature approximation of
the Volterra integral term and is defined on each triangle K in 7,2 and on each time
interval [,,. Thus, it gives the information for the quadrature error contributions coming

from each of the triangle K of 7,4, This completes the proof. O
Proof of Theorem 5.2.1. Using the weak formulation (5.7), V¢ € HJ(2) we have

0 ¢
5 a—j¢dx + ale, @) — /0 b(t, s;e(s), )ds

- / fodx — 6Uh gbdx — a(Up, ) + /t b(t, s; Up(s), @)ds.
Q 0

Taking ¢ = e in the above error equation and using (5.11), we obtain

/ % edz + ale,e) — /t b(t, s;e(s),e)ds
0
_ /Q(f _ U (e — The)da — a(Uh, e — Thne) + /Ot b(t, 5: Un(s), € — Thpe)ds
+ /Q(f — oUy )Ipedx — a(Uy, Ije) + /Ot b(t, s; Up(s), ILe)ds.
Using (5.8) together with the definition (5.9) and the identity 1,,_;(¢) +1,(t) = 1, t € I,,,
we get

Oe d
a—edw +a(e,e) — / b(t, s;e(s),e)ds
0

t
/(f — U ) (e — pe)dx — a(Uy, e — Ie) + / b(t,s;Un(s), e — Ie)ds
Q 0
+/(f — f") pedz + (t, — t)a(0U}, e)
Q
t
—|—/ b(t, S; Uh, Hhe)ds — O'n(b(tn; Uh, Hhe)). (524)
0
Integrating by parts on each triangle K of 7,4 and using Lemma 5.2.1, continuity of the

bilinear forms a(-,-), b(t, s; -, -) together with Cauchy-Schwarz and Poincaré inequalities,

we arrive at
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SO + afe.) <21 Telo)] [ 19e(s)lis

2.

KeTA

t
If — QU + V - (AVU,,) — / V- (B(t, 5)VUL(3))ds|| 20 le — Tnell 2
0

1 n
+§|HAVUh || z2@0x) lle — el 2or) + Call f — ™ |2 [ VHRe| L2 k)

1 t
+§|y[/ B(t, )VU(s) - nds] | 2om0lle — Taell2om
0

+[tn — 1 BIVOUR | 20| VIIne | L2y + ’A}/QgE,l,n,KHVHfbe”LQ(K)] :
where C} is the constant in the Poincaré inequality.
Using coercivity of the bilinear form a(-, -), Young’s inequality and Proposition 5.2.1,

it now leads to

v 70
2dt|\ e(t)|* + al[Ve* < 5!\%\\2 - / [Ve(s)||*ds

2.

KeTA

01<|1f—aU,7+v-(AVUh> /OV (B(t,5)VUL(s))ds| 2(x)

1 t
Sz AVU Bl + ol | BT - masllizor ()
2)\2K 20k /o
+CQC3”f . fn||L2(K)||V6HL2(K) + Cgﬁ|tn - t|||V8U}7||L2(K)||ve||L2(K)
+03’7Q§E,1,n,1<”ve”LQ(K)] )

where we have used ||VILye| r2(x) < Cs||Vel| L2y and Cj is the interpolation constant.

Again, we apply Young’s inequality for the last three terms to obtain

y vC
2dtH e(t)|* + al| Vel < 5I|V€I|2 g / [Ve(s)||*ds

2

KeTA

1 1 t
+—75 I[AVUL - 0| 20r) + —75 ] / B(t,s)VU(s) - nds]| 12(0r) | wic(e)
20 20 o

01<Hf — U} + V- (AVU,) —/O V- (B(t,5)VUn(s))ds|| L2

(G303 + 7°C3 + 03
2v

2
v
+§ (QgE,l,n,K) .

4 n 4 n
IVell7zu + §Hf — 2 + 5(1&” — 0)?|VOUR |72
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(C3034+B82C3+C345%+7)

= and integrate the above equation from ¢,,_; to t,.

Now, choose v =

Then, an application of Gronwall’s lemma yields

tn
le(tn)|? +a/ IVell*dt < lle(t,—)|I”
tn—1

+C >

/n (!\f—3U§+V~(AVUh)—/ V- (B(t, s)VUi(s))ds|| L2x)
th—1 0

KeTA
1 1 ¥
+1—/2H[AVUh . n]||L2(3K) + 1—/2H[ B(t, S)VUh(S) % IldS]||L2(3K) wK(e)dt
/\Q,K /\2,1( 0

tn 2
[ 0 = Fdto+ 7IVOUE e + Tn(QéE,M,K) ] ,
tn—1

where C(T) is the Gronwall’s constant, C' = max{2C,C(T"), C(T)v} and we have used

tn 3
/ (tn — t)2dt = 2.
tn—1 3

Taking summation from n = 1 to NV, we complete the rest of the proof. OJ

the fact that

Next, to prove Theorem 5.2.2, the following lemma proves to be convenient.

Lemma 5.2.2 (Quadrature error estimate for Theorem 5.2.2). Let U), be defined by
(5.9). Let U(t), U;(t), Qpponk and b,k be given by (5.15), (5.16), (5.17) and (5.18),

respectively. Then fort € I,, we have

t
| / b(t, s;Un(s), [Ipe)ds — o™ (b(t,; Un, Ixe))|
0

< Z 3 [ln(t) QéE,Q,n,K + lp-1(t) QgE,Q,nfl,K + ln1 (£)0n,
KeTA

+H|U(t) — 0I(t)HL2(K)] | VIIrel L2 (k) (5.25)
where
7 = max{%, 2v, 1}. (5.26)

Proof. Taking L*-inner product with VIIe over Q in (5.16) we obtain

({T0(), VTTe) = Lo (D) /0 T bty 5 Un(s). Thne)ds

tn
—i—ln(t)/ b(tn, s; Un(s), Iye)ds.
0
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Now by virtue of the identity [,,_1(t) + ,,(t) = 1, t € I,,, it follows that
/ bt 5: Un(3), Thae)ds — o™ (b(t,: Up. Tlye))
0 . .

= 1,(t) /0 b(tn, s; Un(s), pe)ds + 1,1 (t) /0 b(tn_1,s;Un(s), I e)ds
—(Ln—1(t) + Lo (£)) 0™ (b(tn; Up, Tye)) + (U(t) — Uy (t), VIIze)

= Lo /O " bt 5 Un(s), Tine)ds — 0" (b(t: U, me))]
o ()] /0 T bty 5 Un(s). e )ds — 0™ (b(tyy: U, Ic))]
(1) [an(b(tn; Un, Tne) — 0™ (b(tn1 Un; Hhe))}
+(U(t) — Ur(t), VII,e). (5.27)

From (5.22), we have

tn n—1 ‘
I / B(tn, $)VU(3)ds, VIIne) — (3 7511B(tn, 1;)V U}, VIL,e)|
< Z WQgE,z,n,K”VHh@”LQ(K)
KeT?
and
tn—1 n—2 ‘
1 / Bt 1,5)VUn(s)ds, VIne) — (3 1551 B(t 1, ) VU, VTe)|
0 s

= Z WQgE,Q,n—LK [VILnel| 2 (re)-

KeTA

Using (5.5) we obtain

10" (b(t; Up, pe) — o™ H(b(tn_1; Un, Iye))|

n—1 n—2
= O 71 B(tn, 1) VU] = > 711 B(tn1,1;)VU;, VIje)|
j=0 j=0

n—1
< 2y Z ZTj+1||vU}jL||L2(K)||VHh€||L2(K) < Z 296, k|| VIILel| L2 k),

Ke'ThA 7=0 KefThA

-1 ; . . .
where 6, k = > 7" Tj41[|VUj [l 22(x) is an a posteriori quantity. Moreover,

(U(8) = Ur(t), VILe)| < D 110(8) = Ur()l 20| VIne| 2.

KeTA

Thus, the desired result follows from (5.27) in view of the above estimates. O
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Proof of Theorem 5.2.2. We use Lemma 5.2.2 in (5.24) and integrate by parts on each
triangle K of 7,4. Then, using continuity of the bilinear forms b(t,s;-,-) and a(-,)

together with Cauchy-Schwarz and Poincaré inequalities leads to

eI + ale, ) < 7| Ve(t ||/||Ve )lds

+ Z [Hf 8Uh —I—V (AVUh / V- t S)VUh( ))ds||L2(K)He—HheHLz(K)

KeTA

+§H [AVU}, - 1| 20k le — Tnel| 2(ax)

1 t
+§H[/ B(t, S)VUh(S) . nds]||L2(3K)||e — Hh€||L2(8K)
0
+Coll f = [ 2o Ve 2y + |tn — EBIIVOUR || L2(x) || VInel| L2 k)

7|10 () Q2 + 1 () Qe + 1 (D

HIT () = Ur(®) |22 IIVHh6|!L2<K>] :

We use coercivity of the bilinear form a(-,-) and Young’s inequality to obtain

C
Hett1? +alvel? < Zivel+ X [ joes) e
th
+ Z \f —0oUy +V - (AVU,) /V B(t,s)VUi(s))ds| r2(ry|le — Hpel L2k
KeTA

+§H [AVU}, - ]| 20k le — Hrell 22 a5

1 t
+§H [/ B(t, S)VU}L(S) . HdS]”LQ(aK) H@ — Hhe”LQ(aK)
0
+Collf = [ 2o Vel 2y + [tn — B[ VOUR | L2y || VIIne]| L2 k)

3|10 () Q2 + 1 () Qe+t (D

HIT (@) = Ur(®) 22 ||VHh€||L2(K)] :

An application of Proposition 5.2.1 together with ||VII,el|z2(x) < Cs||Ve| p2(k) yields
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Y 70
thH e(t)]* + al|[ Vel < EHWH2 2 / IVe(s)||*ds

2.

KeTA 0

Cl{|!f—8U;?+V~(AVUh) / V- (B(t, s)VUn(s))ds|| L2(x)

1 1 ¢
+—1/2H[AVU}I . n]||L2(8K) + —1/2||[/ B(t, S)VUh(S) . ndsH|L2(3K) WK(G)
2/\2,1( 2)\27K 0
FC2Cs|| f = [ 2yl Vel 2y + CaBltn — tIVOU || L2 i) | Vel| 2y

[ In(1) QB 2k + a1(8) Q201 1 + b1 (D)
+H|U () — ﬁf(t)Hm(K)] IIV6!|L2<K>] :
Using Young’s inequality for the last three terms, we have

g ’YC
sl + al el < Zvel + 2402 [ yoeioas

2

KeT#

Gy (Hf — OUY +V - (AVU,) —/0 V- (B(t,5)VUi(s))ds|| L2(x)

1 1 ¢
o AV U allzon + Sl / B(t, s)VU(s) - nds]| 12(0x) | wic(e)
2, 20 o

(0202 + B*C3 4 45°C3)
2v

1% ~ ~
2|20/ QBpn )® + B (QBpanori)® + B ()5 + 0 (t) - U1<t>r|%2<K)]] .

4 n v n
IVellZz ) + §||f—f ”%Q(K)+§(tn_t)2HV8UhH%2(K)

(C202+B2C2+47%2C2+)

;. and integrate the above equation from ¢,,_; to t,,. Then,

Choose v =

an application of Gronwall’s lemma yields

tn

le(tn)||? +04/ [Vel?dt < |le(tn-1)]?
th—1

+C Z

KeTA

1 t
1/2 H[AVUh ”|L2(8K) + 1—/2”[/ B(t, S)VUh(S) . nds]||L2(aK)>wK(e)dt
/\2K )‘2,K 0

/ (Hf QU +V - (AV,) /v B(t, 5)VU(s))dsl| 120

tn
+/ 1f = fn”%%K)dt+TSHV8U;Z”%2(K) + T [(QgEQ,n,K) (QBE2n 1K)2
tn—1

)

02 1 + 10 = s (8) 32|
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where C(T) is the Gronwall’s constant and C' = max{2C,C(T"), C(T)v}. Taking sum

from n =1 to N gives the required result. 0

Remarks. (i) Due to the presence of the term wg (e) (and hence the gradient of the exact
solution u) in both the error estimators (see Theorems 5.2.1-5.2.2), the a posteriori error
bounds appear in Theorem 5.2.1 and Theorem 5.2.2 are not traditional a posteriori error
estimates. From [60, 77, 108, 109] and references therein we know that for a certain
class of meshes and for smooth solutions, in particular for the elliptic and parabolic
problems, ZZ like error estimators are asymptotically exact. Thus, in case of PIDE
to approximate the term wg(e) in an efficient way, we introduce ZZ error estimator as

proposed in [60, 77]. Consider the following ZZ error estimator [108, 109]

Z7Z _ OUp
oy (SO0 ) (¢ ]’?)(jjjl) |
54(Un) (I = I;)(5a2)

where I{! is an approximate L? projection operator onto V' and is defined by its values

at each vertex P as

> IKIG) I«

A(OUp
I (3)(P) > KL Y IKIGD I«
PeK,KeTy, PeK,KeT;, x2

Therefore, in Theorems 5.2.1-5.2.2, we replace the matrix Gx(e) in the term wg(e) by

the matrix Gy (Uy) to recover usual a posteriori error estimators. For any v, € Vi,

G (vp) is defined by

[ (@ yar [ @i
Gk (vn) = ZZK 27 P 2 ' (5:29)
/KCl (vn)¢5 “ (vp)dx K( 5% (vn)) d

(74) One can recover the isotropic a posteriori error estimates from that of anisotropic

a posteriori error estimates of Theorems 5.2.1-5.2.2. So, in case of isotropic mesh (A j >~
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Aok = hg), Theorem 5.2.1 and Theorem 5.2.2 respectively, take the form
T
2 2 2
(. T +a [ IVelPdt < e, 0]

+CY Y. [/t (hin —OUy +V - (AVUy) — /O V - (B(t, s)VU,(s))ds]| 2x)

n=1 KeTA

t
+hic|[[AVU, - 1l 20x) + hic| [/ B(t,s)VUy(s) - nds] |!L2<aK)) dt
0

tn 2
[ = 5 e+ VOV +Tn<Q£E,1,n,K) ]
tn—1

and
T
le.T) 2 + o / IVelPdt < Jle(-, 0)1

+CZ Z [/tnnl (hg(Hf — 8U}? +V. (AVUh) _/0 V- (B(t, S)VUh(S))dSHLQ(K)

n=1 KeTA

t
e (AT oy + Al | BtV () nds]|rLz<aK)) i
0
tn
4 [ = P Baodt+ 721V OUR g
th—1
47 (@ pank)® + (Qhpaa-ra + Ohuc + 10 1) = mugm}] ,

where the constant C' depends on the mesh aspect ratio and the contributions Q% EinK>
QB pon i and o, k are as given by (5.14), (5.17) and (5.18) respectively.

(ii)) When u is smooth enough, the error e in the L*(H'(Q))-norm is O(h + 7).
Thus, the terms related to the inner residual and the jump residual in Theorems 5.2.1-
5.2.2 are of the optimal order. The error due to the time discretization is estimated
by the last three terms in the error estimates for both the error estimators. In partic-
ular, the last term in both the estimators account for the contributions coming from
each of the element K due to quadrature time approximation of the Volterra integral
term. The common term involving 7.)[|VOU |72k in both the estimators is of opti-

mal order provided 2V TnHV8U[jH%Q( k) is bounded with respect to 7. A little more
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simplification by virtue of Young’s inequality reveals that Tn(Qé Eoin, K)2 is of optimal
order if we assume that S0, (X0 BIVUL 2 ) ol (0 VO )
N n j N n N n—

>t (Zj:lﬁ”vajUiH%Q(K))v > ne1 Tl VU H%Q(K) and ), 7| VUy 1”%2(1() are

bounded with respect to 7. Similarly, the contributions coming from taking quadra-
ture approximation of the Volterra integral term in Theorem 5.2.2 is of optimal or-
der if we assume that S0, (X0 IV 22 ) S0y (S5 7l VUL 22y ) and
27]1\[:1 (Z?Zl Tj||V8U£]|%2(K)> are bounded with respect to 7. Moreover, the term
1U(t) — Ul(t)]|%2(K) is an a posteriori quantity and is naturally of optimal order as

U;(t) is a linear approximation of the term U (t).

(1v) The results of this chapter extend the results of parabolic problem presented in
[77] to PIDE (5.1). It is known (cf. [77]) that a posteriori error estimators for parabolic
problems in the L?*(H'(Q))-norm are of optimal order. Since the PIDE (5.1) may be
thought of as a perturbation to the parabolic problem, it is natural to expect that our a
posteriort error estimators should reflect back the quadrature error coming from taking
the approximation of the memory term. We have already observed in previous remark
that the contributions comes due to quadrature approximation of the Volterra integral
term leads to optimality. When B(t,s) = 0, our estimators are similar to that of the

parabolic problems [77].
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Crank-Nicolson Anisotropic Error Analysis

In this chapter, we derive two anisotropic error estimators for PIDE (1.1) in a two dimen-
sional convex polygonal domain. A continuous, piecewise linear finite element space is
employed for the space discretization and the time discretization is based on the Crank-
Nicolson method. The a posteriori contributions corresponding to space discretization
is derived using the anisotropic interpolation estimates together with the ZZ error es-
timator to approach the error gradient. Two different continuous, piecewise quadratic
reconstructions are used to obtain the error due to time discretization. Moreover, linear
approximations of the Volterra integral term are used in a crucial way to estimate the
quadrature error in the approximation of the Volterra integral term. The emphasis is

on the theoretical aspect of the error estimators.
6.1 Introduction

Let © C R? be a bounded convex polygonal domain with boundary 9, and let (0, 7]

be a finite interval. We now recall the following PIDE
w(z,t) + Au(z,t) = /t B(t,s)u(z,s)ds + f(x,t), (z,t) € Q2 x(0,7]  (6.1)
0
subject to the initial condition
u(x,0) = ug(x), € (6.2)
and the homogeneous Dirichlet boundary condition

u(z,t) =0, (x,t) € 0Q x[0,T]. (6.3)
115
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The operator A is a self-adjoint, uniformly positive definite second-order linear elliptic

partial differential operator of the form
Au= -V - (AVu),
and the operator B(t, s) is of the form
B(t,s)u = -V - (B(t,s)Vu),

where “V” denotes the spatial gradient and A = {a;;(x)} and B(t, s) = {b;;(z;t,s)} are
two 2 x 2 matrices assumed to be in LC’O(Q)2><2 in space variable. Moreover, the elements
of B(t,s) are assumed to be smooth in both ¢ and s. The initial function ug = ug(z)

and the nonhomogeneous term f are assumed to be smooth.

We assume that the bilinear form a(-, ) is coercive and continuous on H}(Q) i.e.,

a(¢,¢) > al|Vol[* and |a(e,¥)| < BIVEIIIVYIL V¢, € Hy(Q) (6.4)

with o, 8 € RT. Here, |V(-)|| defines a norm on H}(Q) in view of the Poincaré inequal-
ity. Further, we assume that the bilinear forms b(t, s; -, ), bs(t, s;-,-), bss(t, s;+, ) and

b(t, s; -, ) are continuous on H}(Q) i.e.,

b(t, 5;6(s), V)] < ANVS)IIVLl, Y (s),4 € Hy(), (6.5)

[bs(t, 5, 6(5), )] <ANVoG)IIVYI, ¥ é(s),4 € Hy(2), (6.6)

[bss (t, 55 0(5), )| <A"IVO()IIVLNl, Y o(s),4 € Hy () (6.7)
and

[:(t, 53 0(5), V)| <" IIVO()IIVENl, V d(s), 0 € Hy(R) (6.8)

with v,7',79",7" € R™.
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The weak formulation of the problem (6.1) may be stated as follows: Find u : (0, 7] —
H}(Q) such that

/ uppdx + a(u, ) = /t b(t, s;u(s), p)ds +/ fodr, Yo € HY(Q), t € (0,T], (6.9)
Q 0 Q
u(.,0) = wup.

We now state the Crank-Nicolson scheme as follows: Given Uy, where U = I,ug, find

Ur e VX% n e [1: N] such that
[ Ut 4 U 60) = o (bt o)
R /Q Y2 udx, Yoy, € Vi, (6.10)
where

" (b(tn—1/2; Un, on))

n—2
Ti . ,
= (30 T Bltacra,t)) VU] + Blta-yja, 1) VUL | V)
=0
Tn n— L
+<Z[B(t”‘1/2’t”—1)VUh ' Bltn-1/2, ta172) VU, 1/2},V¢h>-

Here, the trapezoidal rule is used to discretize the integral term in order to be consistent
with the Crank-Nicolson scheme and [;, denotes the Lagrange’s interpolant correspond-
ing to V,?’O.

In the absence of the Volterra integral term (when B(t,s) = 0), a posteriori error
estimates concerning the Crank-Nicolson method for the parabolic problems are thor-
oughly studied in Akrivis et al. [5], Bénsch et al. [12], Lozinski et al. [60], Picasso
and Prachittham [79], Verfiirth [98]. For a continuous, piecewise linear approximation
in time, Verfiirth [98] has derived suboptimal (with respect to time steps) error bound
for the heat equation in the L*(H'())-norm using the standard energy techniques.
Subsequently, a continuous, piecewise quadratic polynomial function in time so-called
Crank-Nicolson reconstruction has been introduced by Akrivis et al. [5] to restore the
appropriate second order of convergence for the semidiscrete time discretization of a gen-

eral parabolic problem. The results of Akrivis et al. [5] are then extended by Lozinski
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et al. [60] to the fully discrete Crank-Nicolson method by introducing the quadratic re-
constructions based on approximations on one time level (two-point reconstruction) and
two time levels (three-point reconstruction). In this chapter, we extend the anisotropic

a posteriori error analysis for parabolic problems of Lozinski et al. [60] to PIDE (6.1).

We organize the chapter as follows. Section 6.2 is devoted to quadratic reconstruc-
tions for PIDE. Further, a posteriori error estimators in the L?( H'(2))-norm are derived

for the Crank-Nicolson method in Section 6.3.

6.2 Quadratic reconstructions for PIDE

Let Uy, be a continuous, piecewise linear approximation in time defined for all ¢ € I,, by

Un(z,t) = L,@)U} + L, 1)U
= UMY 4 (b=t 1)0UF, 1<n <N, (6.11)
where
b= e oy =
L(t) = g, a1 (t) = ( ). (6.12)
Tn Tn

We now introduce quadratic time reconstructions which play an instrumental role in
deriving a posteriori error bounds with second order accuracy in time for the Crank-

Nicolson scheme.

Crank-Nicolson memory reconstruction. Let U, be a continuous, piecewise quadratic

memory dependent reconstruction in time defined for allt € I,, 1 <n < N by

1
Un(wt) = Un(at)+ 5(t = tus)(t — ta)uif,

n— 1 )
- %]ﬂ+@—%4mmm+§@—m@@—%m; (6.13)

where W} € V,‘?’O is defined by

(W@ dn) = (OF" én) — alOUT, én) + / " Ob(t, 5: Un(s), én)ds
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Note that the quadratic time approximation U, is a generalization to the two point

reconstruction introduced by Lozinski et al. [60]. For t € I,,, 1 <n < N, we note that

U (x,t
% = QU + (t — by o)}, (6.15)
and
DU (w,t o
% = . (6.16)

The following definition will be useful in estimating the quadrature error in approximat-

ing the Volterra integral term. Set
~ t ~
Una(t) = / B(t, s)VU(s)ds. (6.17)
0

Fort € I,, 1 <n < N, we define Uh7171(t) to be the linear interpolant associated with

the integral vector Uh,1(tn_1 /2), and is given by

. . d -
Uh,f,l(t) = Uh,l(tnfl/Q) —f- (t = tnfl/Q)%Uhvl(t)}t:tn‘ (618)

In order to handle the time reconstruction error, we introduce the following definition.

Set
Upa(t) = /OtB(t, 8)(VUL(s) — VU (s))ds. (6.19)

For t € I,,, we define Uh7 r2(t) to be the linear interpolant associated with the integral

vectors Uh72(tn) and Uhg(tn,l), and is given by
[jh7[72(t) = ln(t)(jhg(tn) =+ ln—l(t)Uh,Q(tn—l)y 1 S n S N, (620)

where [,,(t) and 1,_1(t) are given by (6.12).

In the quadratic reconstruction (6.13), we observe that the integral term

fot” 0B(ty, s)VUy(s)ds appears due to the application of the Leibnitz formula on the
memory term. Further, we notice that, by applying any basic quadrature approximation
to the memory term which is consistent with the Crank-Nicolson scheme, the quadratic

reconstruction needs to be evaluated at all the previous time levels and thus, it is not
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locally defined in time. Therefore, in addition to the above memory reconstruction, we

define a local reconstruction by considering an analogue of it.

Three-point reconstruction. Let U, be a three point continuous, piecewise quadratic

reconstruction to (6.13) in time defined for all t € I,,, 2 <n < N by

~

1 ~n
Un(z,t) == Up(z,t)+ §(t — 1) (t — t) Wy,

n— 1 .
= UMY 4 (t = ty12)0Up + 5(t — 1) (t — tp)Wy, (6.21)

where

20U — oUy )
(Tn + Tnfl) .

AN . 921
wy, = 00U},

Here, Uy, U, and U, coincide at ¢1, s, - - -, ty and this property will later play a crucial
role in obtaining a posteriori estimate for quadrature approximation of the Volterra
integral term. An argument similar to [60] (see Remark 4.2) ensures that U, vanishes

on the boundary so that U, € V,?’O.

Forte I,,2 <n < N, we observe that

U (x, t
WMDY _ gtz 1 (¢~ tyms o) ", (6.22)
and
.
g t) Ugt(f D _ vy, (6.23)

In order to account for the time discretization error due to quadrature approximation

of the Volterra integral term in the context of three point reconstruction, set
A t A
Opa(t) = / B(t, $)V0i(s)ds. (6.24)
0

Fort € I,, 2 <n < N, define Uhvm(t) to be the extended piecewise linear interpolant

associated with the integral vectors Uh,l(tnfl /2) and [A]h,l(tn,g /2), and is given by

A~

Uh,[,1<t) () = lu—1/2(t) Up a1 (t—1/2) + ln—3/2(t>ﬁh,l(tn—3/2)7 (6.25)
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where
Loo1ja(t) =1 — % and  1,_gs(t) = % (6.26)
Set
Upo(t) := /OtB(t, $)(VU(s) — VU, (s))ds. (6.27)

For t € I,,, we define [A]h, 12(t) to be the extended linear interpolant associated with the

integral vectors Uhg(tn_l/g) and Uh’g(tn_g/g), and is given by

Unra(t) = o100 Una(tn_1/2) + ln_s/2(t)Uno(tn_ss2), 2 <n <N, (6.28)
where [, _1/5(t) and [,,_3/5(t) are given by (6.26).
6.3 Error analysis

In this section, we derive optimal order a posteriori upper bounds for the error e :=
u — Uy, in the L?2(H'(Q))-norm, where u satisfies (6.1) and Uj, is defined by (6.11),
respectively. We used the standard energy argument in the error analysis. First, we
relate the error to the equation residual and introduce Clément interpolant. Then by
localizing the residual term over each of the elements and the edges of the triangulation,
we use the anisotropic interpolation error estimates. In the first estimator (see, Theorem
6.3.1), a linear approximation of the Volterra integral term is used in a crucial way to
estimate the quadrature error for the approximation of the memory term. Moreover, an
extended linear approximation of the Volterra integral term is used to estimate the error

due to the quadrature approximation of the memory term in the the later estimator (see

Theorem 6.3.2).
For t € I, set

fe 1) = L@ f" P+ L0 1<n<N, (6.29)
feot) = V24 (t—ty 1)) (wa) 2<n<N. (6.30)
Tn—1 _'_ Tn

Set ¢ :=u— U, and é := u — ﬁh. We now state the main results of this section in the

following theorems.
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Theorem 6.3.1. Suppose that the mesh satisfies that there exists a constant ¢ indepen-

dent of the time step, meshsize and aspect ratio such that
Al K(7’1 KGK< Jri) < cA; K(T2 KGK< Jrox), VK € EA- (6.31)

Forany 1 < n < N, t € I, let Uy1(t), Unri(t), Una(t) and Un1a(t) be given by
(6.17), (6.18), (6.19) and (6.20) respectively. Then there exists a constant C' depending
on the interpolation constants of Proposition 5.2.1 (hence independent of the time step,

meshsize and aspect ratio) and the final time T such that the following a posteriori error

bound holds:

T
He(-,T)HQJrOz/O IVell*dt < le(-, 0)|

+CZ > [/ (Hf Uy +V - (AVUh)_/O V - (B(t, s)VUL(8))ds]| 2(x)

n=1 KeTA
1 t
/\1/2 I[AVU}, - n]|| L201) + WH[/O B(t, 5)VUy(s) - nds]||120x) |wi(€)dt
2K 2,K
tn
T el B + / 1 = FlZagydt + 7 O i) + 79572 1
tn—1
TSIV ey + e T+ [0a(8) — U Ol

10328 = Tt s (O30 |

where QéN%K and 1, x are defined by

QéNnk = 27]3 VUL 20y + IV U Hlzzgre) + T2V @ |22

j=1
‘I—ZT

7j=1

IVOU] || 2y + 75|V |l 2y | + Z HNCAE (6.32)

and
Mn, K 7= ZTJ'BHVI%HL?(K) (6.33)

with W} and f (the linear interpolant of f) are given by (6.14) and (6.29), respectively.
Here [-] denotes the jump of the bracketed quantity across an internal edge, [-| = 0 for

an edge on the boundary OS2 and n is the unit edge normal.
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Theorem 6.3.2. Suppose that the mesh satiesfies that there exists a constant ¢ inde-

pendent of the time step, meshsize and aspect ratio such that
; K(7"1 kGr(€)rix) < % K(7"2 kGr(@)raKx), VK € EA- (6.34)

Forany2 <n <N andt € I, let Uy1(t), Up11(t)(t), Una(t) and Uy 1 (t) be given by
(6.24), (6.25), (6.27) and (6.28) respectively. Then there exists a constant C' depending
on the interpolation constants of Proposition 5.2.1 (hence independent of the time step,

meshsize and aspect ratio) and the final time T such that the following a posteriori error

bound holds:

T
le(. D)IP + a / IVelPdt < lle(-t2)IP

t1

+CZ 3 [/ <||f U +V - (AVU,) — /v B(t, s)VUn(s))ds| L2

n=2 KeTA
1 ¢ .
+1—/2||[AVUh - || L20) + 1—/2”[/ B(t, 5)VU(s) - nds]|| 129k |wic(€)dt
)‘2,K )‘Q,K 0
tn ~
AT |00 By + [ 1 = P
tn—1
7] (D) + (@ 1) + 1001 (1) = Onra OO |

+{72 17' + Ty }”vazUhHLQ(K +Tn|:77nK+77n 1,5t HUM() Uh,l,2<t)”%2(1<)]]v

where QéNm,K, M. are defined by

n
3
QCNnK_E T;
7j=1
n
3
+ZTJ

Jj=1

VU |2y + VUL Ml 22y + TJZ|W32UZ|’L2(K)]

+ Y TIVOPUL |y, (6.35)

J=1

IVOU} || 2x) + 75 VO U || L2y

Mg = 3 _ T2 IVOPUL | 2y (6.36)

j=1
and f is given by (6.30). Here [-] denotes the jump of the bracketed quantity across an

internal edge, [-] =0 for an edge on the boundary 02 and n is the unit edge normal.
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The proofs of Theorem 6.3.1 and Theorem 6.3.2 requires some preparations. We shall
first proceed to prove Theorem 6.3.2. For this purpose, we need to prove a sequence of

lemmas.

Lemma 6.3.1. Let U, and U, be as defined by (6.11) and (6.21), respectively. Then,
forany 2 <n < N, tel, and for all ¢y, € Vf’o, we have
8U r Tn— n
Gronde +a(Un ) = [ fonda + 22 (U7 1)
Q 0

+ln71/2(t>0n<b<tn71/2; Uha (bh)) + ln73/2(t)an71(b(tn73/2; Uha (bh))a

t— tn71/2
(i)

where f is given by (6.50), ln—1)2(t) and l,,_3/5(t) are given by (6.26).

Proof. Let t € I, with 2 < n < N. For all ¢, € Vi"°, we use (6.11) and (6.10) to have

/QaU;?CthW + a(Un, ¢n) = 0" (b(tn—1/2; Un, ¢n)) + /an_l/%hdff
+(t - tn—l/Z)a(aUl?a ¢h) (637)

Using (6.22), we rewrite (6.37) as

8Uh b n—1/2

W@Ldl‘ + a(Un, ¢n) = 0" (b(tn-1/2; Upn, 0n)) + [ f opdx

Q Q
Q
With ¢ = t,,_1, (6.10) becomes
/ U puda + a(Uyr ™, 61) = 0™ (b(tn—s3/2; Un, o)) + / 13 gpdz. (6.39)
Q Q

A little simplification after subtracting (6.39) from (6.10) and then multiplying both

sides by the term 2/(7, 4+ 7,_1) we obtain
U» — UTL*Q n __ fn—2
/ U pndz + a<7h . gbh) = / W=7 e
Q Q

Tn—1 + Tn ’ (Tnfl + Tn)
2
+ [Un(b(tn—l/Q;Uha¢h)) — 0" (b(tn—3/2; Un, &n))|.  (6.40)
(Tn—l + Tn)
Noting the fact
U;;L — Ul?iz Tn—1 42
32— =9U; — o°uy
Tn, + Tn—1 h 2 i
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we have from (6.40)

fn — fniQ) Tn—1
O*UL pndx + a(OU}, ¢y) = / U= dr + o*U},
| PUionda+ @i on) = | Lt ot + Bra@07. 1)
2
— 0" (b(tn—1/2; — " (b(tn_3/2; . A1
oy 17 Oty U 610) = 0" (6t Vs 00)] (6.41)
Substituting (6.41) on the right of (6.38), we complete the rest of the proof. O

The following lemma yields a bound on the quadrature error.

Lemma 6.3.2 (Quadrature error estimate). Let U, and QAéN%K be as defined by (6.21)
and (6.35), respectively. Moreover, let Up1(t) and Uy ;1(t)(t) be given by (6.24) and
(6.25), respectively. Then for any ¢y € V?’O and t € I, with 2 < n < N, the following
bound holds:

| / b(t, 5 Un(s), Sn)ds = lno1ja(8)0™(B(tn—172; Un, $0))
0
—ln,3/2 (t)O'nil(b(tnfiS/% ﬁha (bh))‘

7Y (12 (@192 + a2 (8)| Qo i

KeTA

F|Th1(8) = Unra @) (@)l 220 | IV O 22026,

IN

where 7 = max{%",fy’,%,l}.

Proof. We choose any 2 < n < N and t € I,. Taking L? inner product with V¢, on
both sides of (6.25), we have

. tn_1/2 .
(Un,r1()(t), Von) = ln1/2(t) / b(tn-1/2,5; Un(8), ¢n)ds
0
tn—3/2 2 A0
—Fln_g/g(t)/ b(tn_g/g, S; Uh(S), (bh)ds, v¢h € th . (642)
0

Since l,—1/2(t) + ly—32(t) = 1, t € I, it follows that

/ b(t, 5; Un(s), dn)ds — Ln_1/a(t)a™ (b(ta—1/2; Un, d1))
0

—lp—3/0(t)0" (b(t—3/2; Uy, én))
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= ly_1y2() [/0 o b(tn—1/2, s; Un(s), ¢n)ds — " (b(tn—1/2; Uhﬁh))}

th—3/2 R ~
Hlpog/2(t) [/ b(tn—3/2, 5 Un(s), dn)ds — 0" (b(tn—3/2; Un, Cbh))}
0

+(Una(8) = Unra(6)(1), Vbn)
= ln_l/g(t)Il + ln_g/g(t)zg +Ig (643)
To estimate the quadrature error for approximating the Volterra integral term, we first

need to estimate Z;, Z, and Z3. A standard Trapezoidal rule argument for a sufficiently

smooth function g(s) yields

[ o) = OS2+ a0y = 5 [ as-ng’eras
If we define
o) (s—t_1)(s—1t)  forseftji,t] and 1<j<n—1,
(5—tj1)(s —tjo1p)  fors € [tj_1,tj—1/2] and j =n,
then
[ ayis = 2lott) + ot =3 | (el )i (6.4
and L [

/tn:—u? g(S)dS - Tzn[g(tn—l) + g(tn—l/z)] _ %/tni:lm ¢2n(3)g/,(5)d3' (6.45)

Using (6.44) and (6.45), we obtain
tn—1/2 R N
1, = / b(tn—1/2, 8 Un(8), dn)ds — 0" (b(tn—1/2; Un, dn))
0

ln—1/2 .
= </ B(ty—1/2,5)VUx(s)ds, V)
0

(3 2 [Blta 2,15 VU] + Blta12:t540) VU] Vo)

=
T o -
_<Z|:B(tn—1/2atn—1)VUh "+ B(tu-1/2, tn-1/2) VU, 1/2},V¢h>

n—1 t

: 2 )
_ 1<Z Ui(5) 7 { Bltu-1/2.5)VUn(s) }ds, V)
j=1 7ti-1
1

th—1/2 d? .
+§</tn1 wgn(s)@{B(tn,Uz,s)VUh(s)}ds,V¢h>.
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Thus, over each K € T;, we have

- % 2 [(Z j wzj(s){d (B(tgs;/?’s))vﬁh(s)
KeTA L =17t
d(B(tn-1/2,5)) d(VUx(s)) B(VU,(5))
ds ds _'_B(tnl/QaS)T}dS, V(bh)K

th—1/2 ~ o
Iy = / b(tn-1/2, 8 Un(s), dn)ds — 0" (b(tn—1/2; Un, 91))
0

A~

+2

+</ttn_1/z z/;%(s){dz(B(tn_l/Q, S))th(S) + Qd(B(tT;l_;ﬂ7 s)) d(vdﬁg(s))

ds?

i
+B(tn-1/2, 3>% }ds, Vén) i

Using (6.21) together with (6.5), (6.6) and (6.7), we obtain

ln—1/2 " )
|Z| = | / b(tn—1/2,5; Un(s), on)ds — 0" (b(tn—1/2; Un, &1))|
0
1 n—1 - ‘ - .
E 9 Z {(ZT]'QVN éHVUf]L”LQ(K)+§JHVU}]L_1||L2(K)
KeTA J=1

3 n—1 >
T : ‘ A ‘
+ L IVOPUi 2y | + D75 [27j||vaU,{||LQ(K) + EJHvazU;L”LQ(K)]
g=1

n—1
; 3Tn n . il
+2757|’V32Ui|’L2(K) + 727" ?HVUh”L?(K) + gHVUh 1”L2(1<)
j=1

T
+ 72 | TV OUR || 220y + Z|W32U/?HL2(K)]

TS 271N
+ﬁHV3 Up |l 22

T n
+?7HV32U11 HL?(K)) |W¢hHL2(K>}

< m Z QéN,n,KHV%”L?(K)a (6.46)
KeTA
where 3 = max {%,7’, %} and QéNW’K is given by (6.35).
Similarly,
ln—3/2 . A
T, = ‘/ b(tn—3/2,8; Un(s), on)ds — o™ (b(tn—32; Un, én))|
0
(6.47)

< Z QAé‘N,nfl,KHV(bhHLQ(K)'

KeTA
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Moreover,

Zs| = [(Una(t) = Un1a(t)(t), V)|
< Z 1Tk,1 () = Un,r.1(6) )|l 200 | V Ol 220 (6.48)
KeThA

Putting the estimates (6.46)-(6.48) in (6.43), we obtain the desired result and this com-

pletes the proof. O

The following lemma reveals the contributions for the time reconstruction error.

Lemma 6.3.3 (Time reconstruction error estimate). Let U, and U, be as defined by
(6.11) and (6.21), respectively. Let m, i be given by (6.36). Further, let Uys(t) and
(A]h7[72(t) be given by (6.27) and (6.28), respectively. Then for any ¢, € Vf’o andt € I,

with 2 <n < N, we have

| / b{t, 5 Un(5) — Uin(s)s )|

8
< Z [E{|ln—1/2(t>|77n,K”v¢hHL2(K) + |ln—3/2(t>|77n1,K”v¢hHL2(K)}

KeTA

| TUn2(t) = Onra (@) 2y | Vbl 2 )

Proof. We choose any 2 < n < N and t € I,,. Taking L? inner product with V¢, on

both sides of (6.27) and using (6.28), we obtain for all ¢, € Vi

| / b(t,5:Un(s) — On(s), on)ds]

IN

th—1/2 .
o1 o(0) / 1b(ta1/2, 8 Un(s) — On(s), én)lds
0

ln—3/2 N
+|ln—3/2(t)| / |b(tn—3/27 S Uh(s) - Uh(8)7 ¢h)|d8
0

A~

+|(Un2(t) — Uh,],z(t), V)|
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< Slhalt |Z/ a1/ (5 — t1)(s — £)0°U7, &) ds
n— 1/2
gl |/ b2, 81 (5 — 1) (5 — 2)OPUL, 6p)|ds
+— |ln 3/2(t |Z/ tn-g/2,5; (5 — tj—l)(S—tj)aQU;{a%”dS

n—3/2
+§|ln73/2(t)| / |b(tn—3/2,5; (5 — tp—2)(s — tn—1)0°UY, é1)|ds
tnh—2
+[{Un2(t) = Un12(t), V)|
\ T + | To| + | Ts] + | Ta| + | T (6.49)

To estimate |J;| over each element K € T4, we use (6.5) to obtain

|| = _|ln 1/2 |Z/ tn-1/2, 8 (s — tj)<s_tj+1)82Uia¢h)‘ds
Y-
< 1/2 ) > ZT3|]V82U]HL2(K 1V bnll 2
KeTA 5=1
Similarly,
7|ln— (t)| n
|l € =555 S RIVOPUR o IV ol 2o
KeTA
7|ln 3/2 |
| T3] < 172/ > Z#yw&ﬁw”p NIVl 26
KeTA j=1
7| n—3/2 |
7l & MOl S~ 20 1980 s [V
KeTA
and
1Tl < D 10n2(t) = Unr ()20 | Vbl 2oy
KeTA
We now combine these estimates with (6.49) to complete the proof. O

Proof of Theorem 6.3.2. Using the weak formulation (6.9), we have for any 2 <n < N
and t € [,

/Qagbdx%—a( ¢) — /Otb(t,s;e(s),cb)ds

_ / Fodz — / %asdx—awh,as) / bt 5 Un(s), d)ds, o € H(Q).
(9] Q 0

TH-1263_08612303



CHAPTER 6. Crank Nicolson Anisotropic Error Analysis 130

Choosing ¢ = ¢ in the above error equation and using (6.22) with some rearrangement

of terms gives

¢
/ —edx—i—a (e, ) — / b(t,s;e(s),é)ds
0
t
= /(f —ouy)(é —Ipée)dx — a(Up, é — T1,e) + / b(t, s; Up(s), e — Ié)ds
Q 0
¢
—(t = th-12) / O*US(é — TIpé)dx + / flpedz + / b(t,s; Un(s), Iré)ds
Q Q 0

oU 7 .
—a(Uy, T,e) — / a—thHhéd:ch / b(t, s;Up(s) — Up(s), Hpé)ds,
Q 0

where II;, : HY(Q2) — Vf’o is the C'lément interpolation operator satisfying Proposition

5.2.1. Using Lemma 6.3.1, we obtain

e . . ' .
—eédx + ale,é) — | b(t,s;e(s),é)ds
o Ot 0
t
= /(f — 8U,?)(é — Hhé)dl‘ = CL(Uh, e — Hhé) + / b(t, S; Uh(S), € — Hhé)ds‘
Q 0
—(t —th-1/2) / O*Ur(é — Tyé)dx + /(f — HI,eédz
0 Q
Tn 1(t

(=t
- . 1/2)a(82U,7,Hhé) +

t
/ b(t, s; Un(s), I1,é)ds
0

—ln_1)2(t)0" (b(tn—1/2; Un, Ixé)) — ln73/2(t)oﬂ_1(b(tn73/2; Un, 111€))

+/Ot b(t, 5; Un(s) — Up(s), Iyé)ds. (6.50)

Now, we integrate (6.50) on each element K of 7,4 and use the estimates of Lemmas
6.3.2-6.3.3. Then, using continuity of the bilinear forms b(t, s; -, -) and a(-,-) together

with Cauchy-Schwarz inequality and Poincaré inequality, we obtain
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S eI + afe.) < 2| Ve0)] [ 19e(s)]s

2.

KeTA

t
If = OUp + V - (AVU,,) — / V- (B(t, 5)VUL(3))ds|| 20 |6 — Thél sz
0

1 R R
+§|HAVUh ‘1| z2ar0) |6 — Tnél| 20k

t
511 B VULS) - ] 6 = Wl
Ht = tao12l10°UR 20016 — Théll 2oy + Coll f = Fll 2o | VITREl| 2
ol tnttl g 020 sy I Tl 4 328 Qi
Hlnes2(t)| Qénn1.x + U1 (E) Uh,f,l(t)(t)HLQ(K)} IVITnel| L2 )

+1—72 [lln_l/z(t)\nn,K + |ln—3/2(t)|nn717Ki| IV 22 x0)
-l—HUh,z(t) - Uh,l,z(t)HLz(K)HVHhé”LQ(K)] :

where (5 is a constant in the Poincaré inequality.

Now, we use the fact a(e, é) = %[a(e, e) +a(é,é) — a(e — é,e — €)]. Then, using (6.4),
Proposition 5.2.1 and Young’s inequality together with ||VII,é|[r2xy < Cs||Vé|| L2k,
we arrive at

| 2, Yoz o~ Y 12 + ’YCY
— . < A
el + Swel? + $1vel? < L ivelp+ 22502 [ e

2

KeTA

Ch (Hf — U} +V - (AVU,) — / V- (B(t,5)VUu(s))ds|| L2 (k)
0

1 1 5 .
+—1/2H[AVUh . n”|L2(8K) —= —1/2||[/ B(t, S)VUh(S) ; ndSH|L2(3K) wK(e)
2)\27K 2/\2,1( 0

+Ch |t = tn1 o [PUR | 20y (€) + CoCsl| f = fll 2o IVl L2y
F 2 alt ~ tacr el IV T Lz | P 20

+8119 (e = ) + Cs7[lln1/2(01 Qi

Hln-a2(1)| Q1,5 + 1 Un1 () — ffh,l,l(t)(t)HL?(K)] Vel L2

”YC X
a2 (8) 1 + |ln*3/2(t>|77n71,K} Vel Lz

+C3)|Una(t) = Unra(®)ll 22 HVéHL2(K)] ,
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where C] is the constant in the Proposition 5.2.1 and Cy (T') is the constant appeared

due to the application of the Young’s inequality.

Now, an application of Young’s inequality along with wi(é) < Cyrg k||Vé| L2k
which follows trivially from Proposition 5.2.1 under the error equidistribution assump-

tion (6 34) yields

2 O 2, ¥ a2 Y 51|12 & ’YCY
_ _ < L
Sl + 1wl + S1vel” < Zywer + 2250 [ joes) e
t
+ Z 01<Hf—5U;7+V'(AVUh)—/ V - (B(t,s)VUn(s))ds|| 2
KeTA 0

1 1 ¢ R
+—1/2H[AVU}1 . n]||L2(8K) + —1/2||[/ B(t, S)VUh(S) . ndS]”Lz(aK) wK(e)
2)\2,1( 2)\27K 0

14 . 1% N
§(t - tn71/2)2)‘§,K”82Uh ”%Q(K) + §”f B fH%?(K)

1 _ "
+5-(CLC} + G303 + G5 + 2039 + 2C57* + CP) | Vel

[zn 12D )" + By (D o )+ 1003(8) = O (O)O) s |

_|_

n 6 n
+ng71(t — tn172) IVOUR 20y + 3 (8 = tna)*(t — 0)* VO U 172y

V. ~ N
288 [ln 1/2( )7772L,K + lr2h3/2(t)n72hl,l( + §|‘Uh,2(t) - Uh,l,2(t)”%2(K)] )

where we have used the relation ||[V(e — &)||> = |[V(Uy — Up)|> = 1(t — tn1)2(t —
t)?|VO*U||2. Choosing v = =(CC3 + C5C5 + B*C3 + 2C35° + 2C59* + CF + ) and
integrating the above (?quation from ¢, to t,, we apply Gronwall’s lemma to obtain

le(t)IP + a / |Vel2dt < [lé(ta_)|?
o1

+C >

KeTA

1 ! ,
—|—1—/2H[AVU}L . n]”LQ(aK) —+ 1—/2’”/ B(t, S)VU}L(S) . HdS]|’L2(3K)>wK(€)dt
)‘Q,K )‘Q,K 0

/ (Hf oUy +V - (AVU) / V- (B(t,s)VUu(5))ds| r2(x)

tn .
+73)‘3,K||62Ui7”%2(1<) +/ If - fHL2 dt + 7' 173’|V62Uh ||L2(K
tn—1
+7n (Qé’N,n,K)2 + (Qé’N,n—l,K)Q + ||Uh,1(t) - Uh,l,l(t)(t)H%?(K)]

+IVOPUR 12 + T |:77721,K 0y g+ | Una(t) — UhJQ(t)H%?(K)]] ;
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where C' = maX{QC'lC'(T)AC’(T)I/, BC’(T)} with C(T) denoting the Gronwall’s con-
stant. Noting the fact e(t,) = é(t,), Vn and summing over n = 2 to N, we complete

the rest of the proof. O
The proof of Theorem 6.3.1 will follow the arguments of the proof of Theorem 6.3.2.

However, for the clarity of presentation, we present the proof which again relies on a

sequence of following lemmas.

Lemma 6.3.4. Let Uy, and U, be as defined by (6.11) and (6.13), respectively. Then

foranyt e I, withl <n < N, and for all ¢y, € V’,?’O, we have
aUh '3 n
e dndx + a(Uy, on) = | fondx + 0" (b(tn—1/2; Un, dn))
Q Q

(= o) /Ot" Ob(tn, 53 Un(s), @) + (t — t_1/2)b(tn, tas UL, 60,
where f is given by (6.29).
Proof. For ¢, € Vi we use (6.11) and (6.10) to have
/QaU;f%dl’ + a(Un, ¢n) = 0" (b(tn-1/2; Un, én)) + /Q 2 de
F(t = ta1/2)a(OUL, ¢). (6.51)
In view of (6.15), the equation (6.51) becomes
’ %%dfﬂ + a(Un, ¢n) = 0" (b(tn—1/2; Un, 1)) + /Q 1P gnd
(= tn1s2) (a(aU;;, dn) -+ /Q w,’;@@:). (6.52)
Now, an application of (6.14) gives the desired result. O
The following lemma shows the contributions for the time reconstruction error.

Lemma 6.3.5 (Time reconstruction error estimate). Let U, and U, be defined by (6.11)
and (6.13), respectively and let 0, x be given by (6.33). Then, for any ¢y € Vf’o and
tel,, 1 <n<N, the following bound holds:

| / b, 5: Un(s) — Un(s). én)ds

’y o o & >
< Z [E{ln(t)nn,l( + ln71<t)77nfl,K} + |Un2(t) = Unr2(t) | 2y [ IV Ol 220 -

KeTA
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Proof. The result follows analogously to the proof of Lemma 6.3.3 by using the definition
(6.20) instead of (6.28). O

Proof of Theorem 6.3.1. Let t € I, and 1 <n < N. We use the weak formulation (6.9)

to have
av t
/Qa—jqﬁdx—i—a(e,qﬁ)—/o b(t, s;e(s), p)ds
o, . oo
= [ sods— [ Shods—a(ti.0)+ [ se.5 0,6, 0)ds. Vo € (9.

Choosing ¢ = ¢ in the above error equation and using (6.22) with some rearrangement

of terms gives

/ —edx—i—a (e,€) — /t b(t, s;e(s),é)ds
0
= /(f—8U,’;)(é—Hhé)dx—a(Uh,é—Hhé)—I—/ b(t, s;Un(s), e — I,é)ds
Q 0

t
—(t — tn_l/g) / ’(IJ}TLL(é — Hhé)dl' == / thédl' 5 / b(t, S, Uh(s), Hhé)ds
Q Q 0

¢
—a(Up, Ixé) — / %Hhed:v +/ b(t, s;Un(s) — Un(s), Ié)ds.
Q 0

Using (6.18) and Lemma 6.3.4, the above equation leads to

oe

t
a—edm + a(e, ) — / b(t,s;e(s),é)ds
0

/(f — 8U[j)(é b Hhé)dl' == G(Uh, € — Hhé) + /t b(t, S Uh(S), é— Hhé)ds
Q 0

(= taosp) [ (e~ Tddo+ | (7~ F)lleds

Q

n—1/2 .
+ / b(tn_l/g, S Uh(S), Hhé)ds — O'n(b(tn_l/g; Uh, Hhé))
0

+ /Ot b(t, s;Un(s) — Up(s), 1) ds + (Up 1 (t) — ¢y (t), VIIE)
—F(t - tnfl/g) /t" 8b(tn, S Uh(S) — Uh(S), Hhé)ds. (653)

Now, we integrate (6.53) on each element K of 7,4 and plug back the estimates of (6.46)
with U replacing U. Then, using Lemma 6.3.5, (6.5), (6.8) and (6.4) together with
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Cauchy-Schwarz and Poincaré inequalities leads to

. dtn (0% + ale, &) < | V@) / IVe(s)llds

2.

KeTA

t
If — QU + V - (AVU,,) — / V- (B(t, $)VUL(3))ds|| 20 1€ — Thél 2
0

1
+§||[AVUh ‘1| z2or) [|€ — Tél| 2(0)

I . )
‘f‘a”[/ B(t, S)VUh(S) . nds]HLz(aK)He — Hh@HLQ(aK)
0

+t = tu_ ol 107 2y 1€ = Tnéll z2orc) + Collf = Fll 2o | VIRE] L2(ae)
"

51 O sl Ve 26) + 21t = bl | VI 20

2 1 (8116 + () || VT g2

12[
+[|Uh2(8) = U120l 200 VITRE L2 (i)
+[|Una(t) — Uh,l,l(t)HLQ(K)HVHhéHL?(K)] :

where (5 is a constant in the Poincaré inequality.

Using (6.4) and Proposition 5.2.1 with an application of Young’s inequality altogether

with [|VII el r2ky < Cs||VE| L2k, we arrive at

2 @ 2, ¥ o2 i 51|12 & ’YCY 2
. - <
Sl + 1wl + S1vel? < Zyve+ 229 e
t
+ Z C1(||f—3U/?+V'(AVUh)—/ V- (B(t, 8)VUn(3))ds| L2 (k)
KeTA 0

1 : .
2)\1/2 AV U, - 1| 2(0x) + 2)\—1/2||[/ B(t,s)VUn(s) - ndS]HL?(aK))WK(@)
2,k V0

2K
+C1 |t = tu_1pol |07 2oy wic (€) + CoCs |l f = Fll e | Vel 2
B

5= b2 = IV 2y + Ot O eIVl 1200
O ,y/l/ . 5 ’70 5 5 B
+ =t = s ol [ Vel ) + 252 b1 Dl + (Dl | 1] 22000

+C3)|Una(t) = Un,12(t)|| 20l Vel r2 () + Csl|Una (t) — ffh,l,l(t)HL?(K)HVéHLQ(K)] ;

where we have used the facts a(e, €) = 1 [a(e, e)+a(é, é)—ale—é, e—é)] and ||V(e—é)||* =

IV (Un—Up)||* = Lt —t,-1)%(t—t,)?|| Vop||*. Now, an application of Young’s inequality
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along with wg(€) < Cylg k|| Vé| r2(k), which follows trivially from Proposition 5.2.1

under the error equidistribution assumption (6.31), yields

S et

2.

KeTA

C
+ 2vel + 2pvel < Ly + 220 / [Ve(s)|Pds

& (Hf — OUy +V - (AVU,) —/ V- (B(t, s)VUn(s))ds|| 2(x)
0

1 y 3§
AV, -l oy + —7 / B(t,5)VU(s) - nds]l| 2o i (€)
2/\ 2X ;e Jo

2,K

v b v .
+§(t - tn—l/Q)QAg,KHwhH%Q(K) + §Hf = f”%?(K)

0202 + 0202 + 02 AV + 0272 + 202 2 ok 202 UV o
+( 1V 23 5(v") 371 37 3) HVéH%%K) " _<Qé‘N,n,K)2
2v 2
y g n
+@( — tn12) i i + Z(t — tn1)?(t — )V} | T2 )

Vo .
+288 L ()it i+ Loy (8)i75— 1K} §HUh,2(t) — Unra(O1 22
lhy - 2
+§”Uh71(t) 0 Uh,[,l(t)HL2(K) 2

(C2C2+C2C2+2C272 +202424+C2 )

Thus, choosing v = >

and integrating the above equation

from t,,_; to t,, with an application of Gronwall’s lemma leads to
tn
et + [ I9elPde < fetun)IP
tn—1
+C >

KeTA

/ (\\f—3U§+V'(AVUh)—/O V- (B(t, s)VUn(s))ds|| L2x)

1 t 5
—I——1/2 H[AVUh . n”|L2(8K) - —1/2 ||[/ B(t, S)VUh(S) . IldS]HL2(3K)>wK(€)dt
/\Q,K )‘2,K 0
tn
+Ts)‘§,K”wZ”%Q(K) +/ If — fH%%K)dt + Tn(Qé'N,n,K) + 7 77nK + 75”V’wh”L2(K
tn—1

2 17 e+ 1001 (0) = Tt (O 0y + 1002(8) = Dt (Ol

where C' = maX{QC’lC’(T), C(T)v, BC(T)} with C'(T") denoting the Gronwall’s constant.
Noting the fact e(t,) = é(t,), Vn and summing over n = 1 to N, we complete the proof.

O
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Remarks. (i) Note that the error estimators derived in Theorems 6.3.1-6.3.2 are not
traditional a posteriori error estimates because they contain the terms wg (€) and wg (é)
which involves the gradient of the exact solution w. It is known that ZZ like error
estimators (cf. [108, 109]) are asymptotically exact for smooth solutions, see [60, 65,
77, 79] for elliptic and parabolic problems. For the purpose of approximating the terms

wik (€) and wgk(é), we now recall from [108, 109] the following ZZ error estimator:

2 = n??(Un) \ [ (=I5
h) — . )
142 (Uy,) (I — I (3)

where [;! is an approximate L? projection operator onto Vi, and is defined by its values

at each vertex P as

> IKIGE) I

A 9U
vy = el Y 1 | reiRen
T4 (52)(P) > KL Y KNG Ik
PeK,KeT;, PeK,KeT;, L2

Therefore, in Theorems 6.3.1-6.3.2, we replace the matrices Gk (€) and G (€) appearing
in the terms wg(€) and wg(é) respectively, by the matrix Gx(U,) to recover usual a

posteriori error estimators. For any v, € Vi, the matrix G (Uy) is defined by

[y [ oo

gK(Uh) = 2
[ttt wids [ @F%w) s

(77) One can recover the isotropic a posteriori error estimators from the anisotropic
a posteriori error estimators of Theorems 6.3.1-6.3.2. In case of isotropic mesh (A; x ~

Aok = hg), Theorems 6.3.1-6.3.2 take the form
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T
He(-,T)HQJrOz/O IVel*dt < le(-, 0)|

Oy > [/t (h%Hf — OU +V - (AVU,) —/0 V- (B(t, 5)VUn(s))ds]| 12(xc)

n=1 KEThA

t
+hi [[AVU, - 0| 12 0K) + hK||[/ B(t,s)VUy(s) - nd8H|L2(aK)>dt
0

tn
+Tgh%(||wh”%2(l() + / If = f“%Q(K)dt g Tn(Qé’N,n,K)2 + 7’3777211(

th—1

VR gy + i [ e s+ 10 = g ()32

+10h2(t) = Tnra(®) s |

and

T
le(. T) 2 + o / IVelPdt < fle(-,t)IP

t1

RIS [ | (héuf—avmv-wvh)— | V- BVl

n=2 geTA
t
(AT, oy + Pl | Bt 3) VT () HdS]HL?(@K))lﬁ
0
tn ~
ST PUR ey + [ I = P
tn—1

v, [(QéN,n,Kﬁ + (Dbnnr ) + 1001 () = U1 () (D)]122 (K)]

+{ - } IV PRIy + 72 [ + 7+ W) — vh,,,2<t>y@2(K)]] ,

where the contributions QéN%K, MK 5 QéN’mK and 7, x are given by (6.32), (6.33),

(6.35) and (6.36), respectively.

(i17) When u is smooth enough, the error e in the L?(H'(Q))-norm is O(h + 72)

for the Crank-Nicolson scheme. Thus, the terms related to the data oscillation, inner

residual and the jump residual in Theorems 6.3.1-6.3.2 are of the optimal order. The

rest of the terms along with the data oscillation term estimate the error due to the time

discretization in both the error estimators. In particular, the error indicators QA ,

and QéN% & in the estimators account for the contributions coming from each of the
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element K due to quadrature approximation of the Volterra integral term whereas the
terms 7, x and 7, x convey the contributions for the reconstruction errors coming from
each of the element K. Since the error indicators QéN’m K Q(A;Nm’ x> T and n, k are
formally of optimal order, the terms associated with these indicators give the desired

rate of convergence. The term {7’2717'2 - TS}HV@QU[;H%Q (x¢) in the second estimator is

of optimal order provided 327, Tn||V32U[LL||%2(K) is bounded with respect to 7. Similar
argument holds for the term TgHVIEﬁH%Q( k) appeared in Theorem 6.3.1. Also, in view
of the error behaviour which is of O(h + 72), if we take h proportional to 72, the
common term TSh%H@ZU}JH%Q(K) in both the estimators is of higher order. Moreover,
the terms HUh,l(t) = (jh,f,l(t)H%?(K)’ ||Uh,1(t) - Uh,l,l(t)(t) H%%K)’ ||ﬁh,2(t) - (V]h,m(t) H%E(K)
and ||Upa(t) — w(t)H%Q( K are a posteriori quantities and they are eventually of optimal

order due to linear interpolations.

(tv) The introduction of the ZZ error estimator in Theorem 6.3.2 is not sufficient
to provide a meaningful a posteriori error estimator due to the presence of the term
le(., £1)]]* on right hand side of Theorem 6.3.2. Since the error bound in Theorem 6.3.1
is of optimal order in the L2(H'(Q))-norm, the a posteriori error estimate in Theorem

6.3.2 is thus justified by using the estimate of ||e(.,#;)||* from Theorem 6.3.1.

(v) When B(t,s) = 0, the error estimators in Theorems 6.3.1-6.3.2 are similar to
that of the purely parabolic problems [60]. Since PIDE (6.1) may be thought of as a
perturbation to the parabolic problem, it is natural to expect that our a posterior: error
estimators should reflect back the quadrature error coming from the approximation of
the memory term. The terms QéN’m x and QéN% x are indicators for the quadrature
errors which are of optimal order. Therefore, our results obtained in Theorems 6.3.1-

6.3.2 generalize the results of the parabolic problems [60] to PIDE.
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Numerical Experiments

In this chapter, we shall present numerical results for two dimensional test problems to
illustrate our theoretical findings. Our main emphasis here is to understand the asymp-
totic behaviour of the estimators. We perform numerical tests on uniform meshes with
uniform time steps. All computations are carried out using the software MATLAB-7.8.
Bisection algorithm (cf. Wissgott [103]) is used to generate the refined triangulations.
The behaviour of the a posteriori estimator of Chapter 3 are presented in Example 7.1.

Example 7.2 shows the behaviour of the a posteriori error estimator of Chapter 4.
Example 7.1.

This example is subjected to study the behaviour of the fully discrete backward Euler
a posteriori error estimators presented in Theorem 3.2.1. We consider the PIDE (1.1)
with the coefficient matrices A = I and B(t, s) = I, where I denotes the identity matrix.
Thus, we consider PIDE of the form

uy(z,y,t) — Vu(r,y,t) = flz,y,t) — /t V2u(z,y,s)ds, (z,y,t) € Qx (0,T], (7.1)
0
u(z,y,t) = 0, (z,y,t) € 9N x[0,T],
u(z,y,0) = sin(z)sin(y), (z,y) € Q,

where “V” denotes the spatial gradient. We consider a square domain Q = (0, 7)* C R2.

The forcing term f is chosen such that the exact solution is given by

u(z,y,t) = exp(—t/2) sin(x) sin(y). (7.2)
141
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Coupling | h(1) | 7(1) | {(runs) Co Figures

T~ h? | 7/8 | 0.025 3 1.6/w% | 7.1a-7.8b

T~h | 7/8 | 0.05 4 A/m | 7.9a-7.16b

Table 7.1: Choice of parameters for the problem (7.1)

Let (7;)”6[0; ~] be a family of conforming triangulations Q) into triangles K. We define

V™ to be the usual finite element spaces of continuous, piecewise linear functions on 7,,:
V' i={p€ Hy (D NC(Q): ¢|x € Py, VK € Ty},

where P is the space of polynomials of degree < 1.

To understand the asymptotic behaviour of the estimators, we choose a sequence of
meshsizes (h(7) : i € [1 : []) to which we couple a sequence of time steps (7(7) : 7 € [1 : 1]),
7(i) = coh(i)¥, with k equal either 1 or 2. Here, [ denotes the number of runs, ranging
from 3 to 4 in each of the experiment. For each run, the spatial meshsize becomes half
of the previous meshsize. For example, for the first run we have meshsize hy = /8, for
the second run meshsize hy = 7/16 and so on. Table 7.1 summarizes the choice of the

various parameters for each of the coupling.

For each run i € [1 : [], we compute the following quantities of interest for each time

tmE[O:toT(Z)thl]

e The error norms:
€] oo 0,tm,z2(2)) and [[€]|L2(0,t,; 11 ()

e The reconstruction error estimators:

0<n<m

m 1/2
(ZTnQQBE,n(Un)) and max Bpp,(U").
n=1
e The space error estimators:

m
Z 7-nCBE',n-
n=1
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e The time error estimators:

m
E TnT|BE n-
n=1

We drop the linear interpolation estimator for the approximation of the memory term,

data approximation estimator and mesh change estimator from study.

For each quantity of interest, we observe its experimental order of convergence
(EOC). The EOC is defined as follows: For a given finite sequence of successive runs
(indexed by i), the EOC of the corresponding sequence of quantities of interest E/(i)
(error, estimator or part of an estimator) itself is a sequence defined by

)/E())
)/h(1)) "

where h(i) denotes the meshsize of the run ¢. It is important to note that, in order to

_ log(E(i
log(h(i

+1)/

EOC(E(i
(EG)) =
exhibit the optimality of the estimators for different norms, a different coupling of the
meshsize h and the step size 7 must be chosen. Since, all the simulations are carried out
using the P; elements, we have taken the coupling 7 & h? to see that the L>(L?(Q))

error norm has second order of convergence while the L?*(H'(Q2)) error norm has first

order of convergence for the backward Euler method.

Moreover, we look at inverse effectivity index (IEI) for each error-estimator pair,

defined by

€]l oo 0, 22(02))

IEI(L>(L*(Q)) Estimator) =

)

m
max [pp, + E T (CBEn + NBER)
0<n<m .

n=

and
el L2(0,tm; 11 ()

m 1/2
(ZTna%Evn) +
n=1

All the constants involved in the estimators are taken to be 1 except Gronwall’s constant

IEI(L*(H'(Q)) Estimator) =

m

T(CBEn + NBER)
1

n—

which is taken to be exp(7"). This is of course not true and a fine tuning of constants
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should be performed, but since our purpose is to check the asymptotic behaviour of the

estimators, the IEI is to be understood only qualitatively.

Here, in each plot of the Figures 7.1a-7.16b, the abscissa represents time. We plot
the quantities of interest (errors and estimators) and below them the corresponding
EOC’s for the coupling 7 ~ h? in Figures 7.1a-7.6b whereas for the coupling 7 =~ h,
the behaviour of the quantities of interest and their EOC’s are presented in Figures
7.9a-7.14b. The value of the EOC of a given quantity of interest indicates its order.
The behaviour of the total estimators for the L=(L*(R2)) and L*(H'(Q))-norms of the
error along with their IEI's are shown in Figures 7.7a-7.8b for the coupling 7 ~ h?, and
in Figures 7.15a-7.16b for the coupling 7 ~ h. While observing the behaviour of the
quantities of interest and total estimators, each curve of the plots corresponds to a given
run. The most coarse grid corresponds to curve with the largest error value and the

finest grid corresponds to curve with the smallest error value.
Observations

From the Figures 7.1a-7.4b, it is apparent that for the coupling 7 ~ h?, the errors
€]l oo 0,tm:22(0)) AN ||e|| L2(0,4,; 1 () have EOC’s 2 and 1, respectively so are the estima-
1/2

tors max,c(o:m) pE,n and (anl Thll% Em) : , respectively. Moreover, for the coupling
T & h?, we observe that both the space estimator (3" | 7,,(gr,) and time estimator
(O™ TanpEns) decrease with second order.

Similarly, for the coupling 7 ~ h, the estimator max,¢[o.m] 8, has EOC 2 whereas the

1/2

errors ||ef| poo(0.4,:02(2))s |1€]l £2(0,6m;m1 ()) and the estimator (Z?Zl Tnai> / have EOC
1. Moreover, it is also evident from simulations that the time error estimator and the

space error estimator decrease with at least first order for 7 ~ h.

Our numerical experiment shows that the estimators have the optimal rate of con-

vergence which matches with that of the error’s norm.
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10" |
10° | ~
10} ~
10 °f ~
107
107 —h@)=m8 |]
i m—\(2) = TU16 | |
10+ h(3) = 32|
10 ‘ ‘ ‘ ‘ :
0 0.02 0.04 0.06 0.08 0.1

Figure 7.1a: This figure shows the behaviour of the error |le||ze (o +,,;12(q)) for P1 elements.

3

2

b — EOC(lell -2 |
EOClell 2 ()

O I I I I

0 002 004 006 008 01

Figure 7.1b: For the coupling T ~ h?, e[| Loo (0,t,m;22(02)) decreases with second order.
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10" |

10° | ~
10} ~
1022

10} z
10 —nh(1)=m8 |
—ro-s|
10°°L ‘ ‘ ‘ ‘ ~

0 002 004 006 008 01

Figure 7.2a: This figure shows the behaviour of the error ||e| 2o 4,,;r1 (0)) for P1 elements.

3
— EOC(||e||Lz(H1(Q))(1))
EOClell 3 (2)
2 ™ \ i
1r -
0

0 002 004 006 008 01

Figure 7.2b: For the coupling T ~ h?, llell 22 (0,6, 1 (2)) decreases with first order.
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10"

10°

10 '
10_2%
10}
10"} —h(1)= 18 |
—e
10°L ‘ ‘ ‘ ‘ ?

0 002 004 006 008 0.1

Figure 7.3a: This figure shows the behaviour of the Ritz-Volterra reconstruction error esti-

mator for the L?>-norm i.e., max Bpp,(U™) for Py elements.
0<n<m ’

3

2

b — EOC(max B, (U)(D)|]
EOC(max, . (U)(2)

% 002 004 o006 008 01

Figure 7.3b: For the coupling T ~ h?, ,Jax BEn(U") decreases with second order.
<n<m
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10"

10° }

10—
10 7}
100}
107} ——h(1) =118 |]
"
10°°L ‘ ‘ ‘ ‘ i

0 002 004 006 0.8

0.1

Figure 7.4a: This figure shows the behaviour of the Ritz-Volterra reconstruction error esti-

m 1/2
mator for the H'-norm i.e., (ZTnO‘ZBE,n(Un)) for Py elements.

0

n=1

N

—— EOC((Z,1, o5 ,(U) (1)
EOC((Z, T, 0 o(U")(2))

0

0.02

0.04 0.06 0.08 0.1

m 1/2
Figure 7.4b: For the coupling T ~ h?, <ZTna23E7n(U”)) decreases with first order.

n=1
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10"

10°

107t

10_2> /

10}

10} —nh(1)=m8 ||
s} —h(2) = 1716 | ]

10 + h(3) = 32| ]

10°°L ‘ ‘ ‘ ‘ i
0 002 004 006 008 0.1

m

Figure 7.5a: This figure shows the behaviour of the space estimator ZTHCBE,,L for Py ele-

ments.

m
Figure 7.5b: For the coupling T ~ h?, ZTHCBE,TL decreases with second order.

n=1

3
2 L
1 —EOC(EZ 1 _ ()|
EOC(, T 2 (2)
O ! ! ! !
0 0.02 0.04 0.06 0.08 0.1

n=1
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107} —h(@) =78 |.
_5f m—h(2) = TV16 | ]

10 ¢ h(3) = W32 | ]

0 002 004 006 008 01

[HEN
o

m
Figure 7.6a: This figure shows the behaviour of the time estimator ZTnnBE,n for Py elements.

3

2 L

1r —EoC(E TN (1) ]
EOC(annnBE’n(Z))

0

0 0.02 0.04 0.06 0.08 0.1

m
Figure 7.6b: For the coupling T ~ h?, ZTnnBEm decreases with second order.

n=1

TH-1263_08612303



CHAPTER 7. Numerical Experiments 151

10"

10° |

107

107}

10

10~ ——h(1) =18 |
s —h(2) = 1716 -

10+ h(3) = 32| ]

10 ‘ ‘ ‘ ‘ ?

0 0.02 0.04 0.06 0.08 0.1

Figure 7.7a: This figure shows the behaviour of the total estimator in L>(L*(Q)) for Py

elements.
— h(1) = 178
0.025 —h(2) = V16 |
0.015¢
0.01}
0.004r

0 0.02 0.04 0.06 0.08 0.1

Figure 7.7b: This figure shows the inverse effectivity index of the total estimator in L>(L?(2))

for the coupling T ~ h?.
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10"
10° ¢
B /
10 l/
10 °F
10}
10_4, —h(l) = 178 3
5 m—(2) = V16 |
10 7 h(3) = 132 |3
10°°L ‘ ‘ ‘ ‘ :
0 0.02 0.04 0.06 0.08 0.1

Figure 7.8a: This figure shows the behaviour of the total estimator in L*(H'(Q))) for P,

elements.
— (1) = 178
0.1 —N(2) = V16 |]
h(3) = 1732
0.08f -
0.06¢
0.04}
0.02}
0 0.02 0.04 0.06 0.08 0.1

Figure 7.8b: This figure shows the inverse effectivity index of the total estimator in L?(H'(£2))

for the coupling T ~ h?.
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10"
10" | A
10 '} A
10 |
_3: ]
10 —h(1) =18 |
10} —h(2) = 016 |
-5| h(3)=m32|
10 ol — h(4) = 64 |
10_ . ‘ L ! ‘ ]
0 0.02 0.04 0.06 0.08 0.1

Figure 7.9a: This figure shows the behaviour of the error ||e|| o (12(qy) for Py elements.

3
— EOC(”el |L°°(L2(Q))(1))
— EOC(”e”Lw(LZ(Q))(Z))
2 EOC(lell 2@ | |
1 L i
O I I I I
0 0.02 0.04 0.06 0.08 0.1

Figure 7.9b: For the coupling 7 = h, ||e|| 1o (0,t,,;12(q2)) decreases with first order.
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10" |
10° | A
10 1 A
10 *
_37 ]
10 —h(1) = U8 |7
10t —h(2) =16 ]
St h(3) = 32 |}
10_6 —h(4) = 164 |
10 N I A

0.02 0.04 0.06 0.08 0.1

Figure 7.10a: This figure shows the behaviour of the error |le||z2(g1(q)) for P1 elements.

3
—EOC(lell 21 (L)
—EOC(lell 2410 (2)

2l EOC(lell 241,03 |

\

1t —]

O I I I I

0 002 004 006 008 01

Figure 7.10b: For the coupling T ~ h, ||e||r2(0,1,.;i1(q)) decreases with first order.
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10"

10° |

10 :

10 2 j

10"} —h(1) =8 |-

107} ——h(2) = 1116
sl h(3) = W32 | |

10 —h(4) = 1764 | ]

10 °L ‘ ‘ ‘ ‘ ?

0 002 004 006 008 0.1

Figure 7.11a: This figure shows the behaviour of the Ritz-Volterra reconstruction error esti-

mator for the L?-norm i.e., max BEn(U") for Py elements.
0<n<m

3
2
1| — EOC(maanBE,n(U”)(l)) |
—_— EOC(maanBE,n(U“)(Z))
EOC(maanBE,n(Un)(3))
0 I

0 0.02 0.04 0.06 0.08 0.1

Figure 7.11b: For the coupling T ~ h, maxo<n<mBBEn(U™) yields superconvergence.
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10"

10° |

10 1=

10T
_3: ]

10+ —h(1) =18 |}

10} —h(2) = 16| ]
5| h(3) =132 |

o —h(4) = TU64 |

10°° ‘ ‘ ‘ ‘ A

0 0.02 0.04 0.06 0.08 0.1

Figure 7.12a: This figure shows the behaviour of Ritz-Volterra reconstruction error estimator

m 1/2
for the H'-norm i.e., (ZTnaQBEm(U”)) for Py elements.
n=1

3 ‘ ‘ ‘
— EOC((Z, 1, g (U)(2))
Al ——EOC((Z, 1,05, (UM *(2) |
EOC((Z T aZ_ (U)Y%(3))
1 L
0

0 0.02 0.04 0.06 0.08 0.1

m 1/2
Figure 7.12b: For the coupling T ~ h, <ZTnaQBE’n(U”)> decreases with first order.

n=1
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10"
10° |
10}
102}
10 0} —h(1) =18 |
10 '} —h(2) = 16| ]
)
10°L ‘ ‘ ‘ ‘ i
0 0.02 0.04 0.06 0.08 0.1

m
Figure 7.13a: This figure shows the behaviour of space estimator ZTHCBE,TL for P; elements.

n=1

3
2F i
e —————————_
1 — EOC(Z T ZBE n(l)) |
—EOC(Z, T, 0y ,(2)
EOC(Z, T Zgg 1(3)
0

0 0.02 0.04 0.06 0.08 0.1

m
Figure 7.13b: For the coupling T ~ h, ZTnCBEm decreases with at least first order.

n=1

TH-1263_08612303



CHAPTER 7. Numerical Experiments 158

10"
10" | A
10 ' A
107} *
_3: ]
10 ¢ —h(1) =178 |
10 ——h(2) = 716 |
-5 h(3) = 32| ]
10_6 —h(4) = TU64 | |
10 N ! i

0 002 004 006 008 01

m
Figure 7.14a: This figure shows the behaviour of time estimator ZTnnB E.n for Py elements.
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Figure 7.14b: For the coupling T ~ h, ZTnnBE,n decreases with first order.
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Figure 7.15a: This figure shows the behaviour of the L>°(L?(Q))) total estimator for Py ele-

ments.
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Figure 7.15b: This figure shows the inverse effectivity index of the L>(L?(§2)) total estimator

for the coupling T = h.
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Figure 7.16a: This figure shows the behaviour of the L*(H'(f2)) total estimator for P;

elements.
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Figure 7.16b: This figure shows the inverse effectivity index of the L?(H'(§2)) total estimator

for the coupling T ~ h.
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Example 7.2.

This example is devoted to study the behaviour of the a posteriori error estimator pre-
sented in Theorem 4.3.1 for the fully discrete Crank-Nicolson scheme. We consider the
same PIDE (7.1) with homogeneous Dirichlet boundary conditions in a square domain
Q = (0,7)* C R? with the exact solution is given by (7.2). We choose a sequence of
meshsizes (h(i) : i € [1:1]), to which we couple a sequence of step sizes (7(i) : 1 € [1:])
i.e., 7(i) = c1h(i), where ¢; is taken to be %1, The initial mesh size i(1) and the time
step 7(1) are chosen to be g and 0.05.

Here, we compute the following quantities of interest:

e The error norm:
llell oo (0.tm:L2(2))
e The Ritz-Volterra reconstruction error estimator:

max
0<n<m ﬁCN,n

e The space error estimator:

m
Z Tn§CN,n
n=1

e The time reconstruction error estimators:
m 1/2
g TnA%an and max Yoy,
i ’ 0<n<m K
n=

for each time t,, € [0 = to : 7(¢) : ty = .1]. Here, the time error estimator i.e.,
Z?Zl TaNon,y, 1S zero for Py elements. The estimators for linear approximation of the
memory term, data approximation and mesh change are dropped from study. For each
quantity of interest, we observe its EOC. Moreover, IEI is computed for the total esti-
mator for the L°(L*(Q2))-norm of Theorem 4.3.1, which is defined by

IEI(L*(L*(2)) Estimator)

€[] oo (0,6m:22(02))

m m 1/2
2
max Son, + max von,, + E TnCoNm + E Tn\EN
0<n<m 1 7 ’
n—= n=

0<n<m
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The constants involved in the estimators are taken to be 1 except Gronwall’s constant

which is taken to be exp(7T).
Here, in each of the plot in the Figures 7.17a-7.22b, the abscissa represents time.

The first plot in each of the Figure 7.17-7.22 shows the error or estimator behaviour
to a given run. The most coarse grid corresponds to curve with the largest error value
and the finest grid corresponds to curve with the smallest error value. The second plot
in Figures 7.17-7.21 corresponds to EOC of the quantity of interest and Figure 7.22b
corresponds to the IEI of the total estimator for the L°°(L?(Q2))-norm. The value of

EOC of a given quantity of interest indicates its order.

From the Figures 7.17-7.21, it is apparent that the error ||e||ze(oy,.;z2(2)) has sec-
ond order of convergence and the estimators have the optimal rate of convergence
which matches with that of the error’s norm. Moreover, for this example the esti-
mator maxo<,<m Bcn,, dominates the other estimators, namely space estimator, time

estimator and time reconstruction estimators.
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Figure 7.17a: This figure shows the behaviour of the error ||e|| ;o (r2(q)) for Py elements.
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Figure 7.17b: We observe that L>(L?(Q)) error is of O(h? + 72).
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Figure 7.18a: This figure shows the behaviour of the Ritz-Volterra reconstruction error esti-

mator for the L?-norm i.e., [max Ben,n for Py elements.
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Figure 7.18b: This figure shows that Oina<x Bcn,n decreases with second order.
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Figure 7.19a: This figure shows the behaviour of the space estimator ZTnCCNm for Py

n=1
elements.
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Figure 7.19b: This figure shows that ZTnCC N,n decreases with second order.
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Figure 7.20a:

m 1/2
(ZTnA%N’n) for Py elements.
n=1
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This figure shows the behaviour of the

time reconstruction estimator
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Figure 7.20b: This figure shows that (ZTnA%« N7n> decreases with second order.
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Figure 7.21a: This figure shows the behaviour of the time reconstruction estimator

max Von,, for Py elements.
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Figure 7.21b: This figure shows that Oina<x vcoN,n decreases with second order.
<n<m
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Figure 7.22a: This figure shows the behaviour of the L>°(L?(2)) total estimator for P ele-

ments.
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Figure 7.22b: This figure shows the inverse effectivity index of the L>°(L?(Q)) total estimator.
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Figure 7.23: Exact Solution of the PIDE (7.1) at T = 0.1.

TH-1263_08612303



CHAPTER 7. Numerical Experiments

170

0.9

0.8

0.7

0.6

0.5

0.4

Figure 7.24: The backward Euler FEM solution for the PIDE (7.1) is simulated using Py

elements and computed using 33025 free nodes at T' = 0.1 corresponding to 7 = .003125.
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Figure 7.25: The Crank-Nicolson FEM solution for the PIDE (7.1) is simulated using PP

elements and computed using 33025 free nodes at T = 0.1 corresponding to 7 = .003125.
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Conclusions and Extensions

This chapter is devoted to the critical assessment of the results highlighting the contri-
butions made by this thesis and the techniques used in deriving these. It also provides

information for the scope of possible extensions and future investigations.

8.1 Critical review of the results

In this thesis, the study was set out to explore the a posteriori error analysis of finite
element methods for PIDEs of the form (1.1). A posteriori error bounds are derived
on both the isotropic and anisotropic meshes. We believe that the work presented in
this thesis could be a first step towards the development of various space-time adaptive
algorithms for PIDEs. The Ritz-Volterra reconstruction introduced in this thesis unifies
a posteriori approach from parabolic problems to PIDEs. The critical review of the

results for each chapter is presented below.

Chapter 2 is devoted to a posteriori error analysis for the spatially semidiscrete
scheme for the PIDE (1.1). The basic essential tool used for the error analysis is the
Ritz-Volterra reconstruction operator, originated naturally from the theory of elliptic
Volterra equations. The Ritz-Volterra reconstruction of the finite element solution is
used as an intermediate solution to derive a posteriori error estimates in the L>(L*(Q2))-
norm (cf. Theorem 2.3.1). The a posteriori error estimates for the main error (e)
in turn depends upon the a posterior: bounds on the parabolic error and the Ritz-
Volterra reconstruction error. We use energy argument to derive an estimate for the

173
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related parabolic error (cf. Lemma 2.3.3) which again involves the time derivative of the
Ritz-Volterra reconstruction error. The a posteriori error bounds on the Ritz-Volterra
reconstruction error (cf. Lemma 2.3.1) and its temporal derivative (cf. Lemma 2.3.2)

are established using the duality technique.

The a posteriori error analysis for the fully discrete backward Euler time discretiza-
tion scheme for PIDE (1.1) is discussed in Chapter 3. Optimal a posteriori error bounds
for the main error in the L>(L*(Q2)) and L?*(H'(Q))-norms (cf. Theorem 3.2.1) are es-
tablished. The a posterior: error bounds on the Ritz-Volterra reconstruction error is
obtained in both the H' and L?*norms (cf. Lemma 3.2.2). We use energy technique
to estimate the parabolic error (cf. Lemma 3.2.3). Moreover, the estimation for the
parabolic error relies on the estimation for the space discretization error (cf. Lemma
3.2.6), time discretization error (cf. Lemma 3.2.7), mesh change error (cf. Lemma

3.2.8) and data oscillation error (cf. Lemma 3.2.9).

Chapter 4 deals with a posteriori error analysis for PIDE (1.1) concerning fully
discrete Crank-Nicolson scheme. The task of getting second order convergence in time
entails a thought of carefully introducing appropriate space-time quadratic (in time)
reconstruction operator. The choice of such an operator is non-trivial and is highly
problem dependent. The ancestral idea of splitting the main error using space-time
reconstruction operator together with the Ritz-Volterra reconstruction operator yields
the a posteriori error estimator for PIDE (1.1) in the L>°(L*(Q2))-norm (cf. Theorem

4.3.1).
Chapter 5 deals with anisotropic a posteriori error analysis of PIDE (1.1). We derive

two estimators (cf. Theorem 5.2.1 and Theorem 5.2.2) for the fully discrete backward
Euler scheme. The residual based a posteriori error bounds in the L?*(H'(£2))-norm
are obtained. The a posteriori error indicator corresponding to space discretization is
derived using the anisotropic interpolation estimates in conjunction with a ZZ error
estimator to approach the error gradient. The error due to time discretization is derived

using a continuous, piecewise linear polynomial in time. A linear approximation of the
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Volterra integral term is used to estimate the quadrature error in the second estimator.

Chapter 6 is devoted to study the anisotropic a posteriori error estimates (cf. The-
orems 6.3.1 and 6.3.2) for PIDE (1.1) concerning fully discrete Crank-Nicolson scheme.
The anisotropic interpolation estimates and ZZ error estimator are used to obtain a
posteriori error contributions corresponding to space discretization. However, for the
time discretization error, a continuous, piecewise quadratic Crank-Nicolson memory
reconstruction is introduced. While analyzing with the Crank-Nicolson memory recon-
struction, a linear approximation of the Volterra integral term is used in a crucial way
to estimate the quadrature error for the approximation of the memory term. However,
due to the presence of the memory term this reconstruction depends on all the previous
time levels and therefore, it is not locally defined in time. Three point reconstruction
(based on two subintervals) is then introduced. Moreover, an extended linear approxi-
mation of the Volterra integral term is used to estimate the error due to the quadrature
approximation of the memory term while analyzing with the three point reconstruction.
One can recover optimal order isotropic error estimators through the anisotropic error

estimators obtained in Chapters 5-6.

Chapter 7 is concerned with numerical experiments for two dimensional test prob-
lems to illustrate the theoretical findings of Chapters 3-4. All computations are carried
out using the software MATLAB 7.8. Bisection algorithm is used to generate the re-
fined triangulations. The main emphasis is to observe the asymptotic convergence of the
estimators so that the inverse effectivity index is to be understood only qualitatively.
Numerical experiments show the performance of the estimators. Moreover, the estima-
tors decrease with optimal order which matches with that of the error’s norm. The

different terms in the estimators capture the spatial and the temporal errors separately.

8.2 Extensions and remarks

Despite being so rich in the a priori analysis and in spite of the importance of

PIDE (1.1), and their variants in the modelling of several physical phenomena, the
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topic of a posteriori analysis for such kind of equations remains unexplored. To the
best of our knowledge, this is the first instance that a posteriori error estimates of finite
element method for the space-time discretization of PIDEs are revealed. Moreover, the
techniques developed in this thesis unlock several new research directions and interesting
open problems for future investigation. Below, we shall briefly outline some interesting

problems to be persuaded in future.

Reducing storage cost while time stepping. During a time stepping scheme, one
of the practical difficulties associated with PIDEs is that all the values of the discrete
solution U™ need to be stored at all previous time levels when the integral term is ap-
proximated with some quadrature rule (see Chapters 3-6). Thus, it leads to a great
demand of data storage and the computations. To reduce the memory and computa-
tional requirements during time stepping, Sloan and Thomée [88] have first proposed the
application of quadrature rules with relatively higher-order truncation error. Moreover,
they have analyzed this issue in the a prior: settings using the higher regularity of the
exact solution w in time. Since the a posteriori error estimates relies on the finite ele-
ment solution U, it would be interesting to see how the ideas in [88] can be accomplished

in an a posteriori framework.

Non-smooth data error analysis. In Chapters 2-6, the a posterior: results were
examined under the hypothesis that the initial data is smooth. It is a known fact that
the solution of a homogenous linear parabolic equation (i.e., when B(¢,s) = 0) is smooth
for positive time ¢, even when the initial data is not (cf. [62]). In quantitative form, it

can be expressed by the inequality
lu(®)llo < CE|lugll, ¢ € (0,7, (8.1)

which is valid for any o > 0. However, this is not the case with PIDEs as they have a
limited smoothing property due to the presence of the integral term. It has been shown

in [95] that the inequality (8.1) is valid only for o < 2.

Thus, it would be a challenging problem to study the convergence analysis of the
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proposed method for semidiscrete and fully-discrete schemes for both homogenous and
non-homogeneous PIDEs with non-smooth initial data i.e., when the initial function
up € L*(Q). We strongly believe that the Ritz-Volterra reconstruction introduced in

Chapters 2-3 will play a crucial role to tackle this issue.

Weakly singular PIDEs. Consider PIDEs of the form
t
ur(z,t) + Au(z,t) = / K(t — s)Bu(z,s)ds + f(x,t), (z,t) € Q x (0,77, (8.2)
0
subject to the initial condition
u(z,0) = up(z), =€ (8.3)
and boundary conditions
u(z,t) =0, (x,t) € 9Q x[0,T], (8.4)

where 2 C R",n > 1 is a smooth domain with boundary 02 and T < oco. Here, A is
a self-adjoint, uniformly positive definite second-order linear elliptic partial differential
operator and B is a time independent second-order linear partial differential operator.

Further, K (t) is a weakly singular kernel such that
K(t)<Ct™ with 0<a <1, te(0,T].

The main difficulty in case of weakly singular kernel is that the regularity of the so-
lution with respect to time is limited, which makes higher order quadrature formulas
less attractive. This in turn makes the problem (8.2) more difficult and requires more

complicated techniques to deal with (see Chen, Thomée and Wahlbin [24]).

It would be interesting to see how the analysis presented in Chapters 2-6 can be

extended to the PIDEs with weakly singular kernel.

Long time estimates. While deriving a posteriori error estimates in Chapters 2-6,
we have used the Gronwall’s lemma. Consequently, the constants appeared in the a

posteriori error bounds depend on the final time 7" and will grow exponentially with 7.
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We would like to study the problem of obtaining a posteriori error estimates with the
constant appeared in the bounds be independent of the final time 7" and hence they can

serve as long-time estimates.

Ezxtension of the results to hyperbolic integro-differential equations. Con-

sider the initial boundary value problem for the hyperbolic integro-differential equation:

uy(z,t) + Au(z,t) = /0 B(t,s)u(z,s)ds + f(x,t), (z,t) € Q2x(0,T], (8.5)
u(z,t) = 0, (z,t) € 00 x [0,T],
u(z,0) = wuo(z), z€Q

w(z,0) = w(x), =€

Here, @ C R",n > 1 is a smooth domain with boundary 02, wu;(z,t) = %(w,t}
and T < oo. Further, A is a self-adjoint, uniformly positive definite second-order
linear elliptic partial differential operator and the operator B(t, s) is an arbitrary partial

differential operator of second order. The functions wug, u; and f are assumed to be

smooth.

The problem of obtaining a posteriori error analysis for hyperbolic integro-differential
equations in the L>°(L*(2)) and L*(H'(2))-norms is still widely open. It would be
interesting to see how the a posteriori error analysis of Chapter 2, Chapter 4 and
Chapter 6 can be adopted to obtain a posteriori error estimates for hyperbolic integro-

differential equation (8.5).

Computational issues. The only omission within the realm of this thesis is numer-
ical study of the behaviour of the anisotropic error estimators. Due to the difficulty of
generating the anisotropic mesh, we have not discussed the numerical behaviour of the
estimators presented in Chapters 5-6. The numerical implementation of the proposed
error bounds to study the behaviour of the estimators by designing the adaptive algo-
rithms is a challenging work which deserves special attention and will be taken up in

future.
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