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Abstract

The dissipative nature of time dependent systems is well known to have an
intriguing feature of superradiance like phenomena when interacting with radiation
either classically or quantum mechanically. In this thesis we have considered two
particular dynamical systems arising in two different realms namely, oscillating black
holes (BH) in the sky and oscillating bubbles in the laboratory. In the first part of
the thesis, we studied the classical scattering of massless fields from oscillating BHs
and calculated the absorption cross-section. In the second part of the thesis, we have
considered a laboratory system of an oscillating gas bubble, where we have proposed
a framework and studied the phenomena of quantum mechanical particle production
mapping the system into an analog geometric background.

The first system of the oscillating BH emerges in the merging event of binary
BHs. This merging of two back holes comprises three distinct stages: inspiral, merger
and ringdown. The recent detection of gravitational waves by LIGO-Virgo has been
shown to describe these three phases with great detail which should be extremely
useful to gain deep insight into the nature of spacetime. One of the motivations of
this thesis would be to further study the properties of the oscillating BHs by exploring
the scattering processes of different fundamental fields. Particularly, as a first case
study we have attempted to study the last phase of the merger which is the ringdown
phase. We have analysed the absorption cross section of the BHs in its ringdown
phase for two fundamental fields: scalar and electromagnetic field. The absorption
cross section turns out to be oscillating in time reflecting the time dependent nature
of the ringing BHs. Interestingly, in the appropriate parameter range (discussed in
detail in the thesis) the cross section turns negative during the course of its evolution,
and such change suggests that the ringing BHs is superradiant within the time scale
of its oscillation. The time dependent superradiant cross section naturally encodes
the information of the decay time scale of the gravitational wave perturbation of the
BH under consideration, which is related to the quasinormal modes of gravitational
waves bearing the signature of the ringdown phase.

To observe this signature, we have proposed two possible scenarios in the context
of scalar and electromagnetic field scattering. In the first case, we assumed the scalar
field to be axion-like and exploited its natural interaction with the electromagnetic
field via the well known Chern-Simons coupling and with the Fermion via dipole like
coupling. Due to superradiant scattering of the ringing BHs, the scattered axion
acquires enhanced amplitude with non-trivial time dependence, and that induces a
time varying rotation of the plane of polarization of the photon and dipole moment
of a nucleon. In the second scenario, we have directly analyzed the scattering of
the electromagnetic field from the ringing BHs and computed the time dependent
absorption cross-section which is superradiant in nature. The observable so calculated
associated with the electromagnetic field can possibly be detected directly by different
electromagnetic wave detectors. Taking into account the frequency range and precision
time scale of such detectors we have put constraints on the BH mass for which
superradiance could be observed.

In the second case, we have studied a special laboratory system where an air
bubble submerged in the water is perturbed by an external sound wave, and the bubble
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undergoes rapid oscillation. Experimentally it is found that during the course of its
oscillation, the bubble emits a periodic flash of light within the ranges from visible to
far ultraviolet wavelength. This phenomenon is popularly known as sonoluminescence.
Over the years the mechanism of such light emission has been formulated in the
framework of both classical and quantum mechanics with limited success, and various
potential drawbacks. Particularly, we should point out that all the proposed quantum
mechanical models predict divergent photon flux. In this thesis, we have attempted
to explain this phenomenon by proposing a model in the framework of quantum
field theory in curved spacetime. We modelled the oscillating bubble as a time
dependent analog geometric background. This background geometry is described
by an acoustic metric. We have introduced a conformal breaking coupling of the
quantum field such as photon with the Ricci curvature scalar of this effective acoustic
metric. With this set up we utilize the well known technique of quantum particle
production in time dependent background and computed physical quantity namely
the particle number spectrum which has been experimentally observed. We argue
that the sonoluminescence is indeed a non-perturbative phenomena, and it is the
parametric resonance in the oscillating background which is responsible for the photon
production without any ultraviolet divergences. To this end, we should point out that
due to extreme stiffness in the systems of differential equations, we could compute the
spectrum up to an order of magnitude lower frequency compared to the experimentally
observed values. However, the trend of the spectrum with frequency implies that
the present formalism has the potential to match the experimentally measured data,
which we have fitted with our results by extrapolation.

The universal nature of particle production in time dependent background has
motivated us to propose a similar formalism for neutrino production from the oscil-
lating air bubble in sonoluminescence phenomena. We have minimally coupled the
massive fermion field to the same effective time dependent background as introduced
in the case of photon production. With this coupling, we have quantified the produced
number spectrum and power spectrum. The maximum mass of the fermion for which
we have obtained production happens to be ~ 1076 eV. This has motivated us to
identify the fermion as a neutrino. Therefore, the oscillating bubble in the water gives
rise to an intriguing event of neutrino production in Laboratory settings.
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Introduction 1

"...We lost the skyline, We stepped right off the map
Drifted into black space, And let the clocks
relapse..."

Steven Wilson 'The Sky Moves Sideways’

1.1 Dynamical physical systems: classical and
quantum phenomena

Our universe is full of dynamical events [1, 2]. A static system may be interesting in its own
right. However, it is the dynamical behaviour which captures the most fundamental natures
of a system. Objects far away from us naturally may not show anything interesting but can
reveal their characteristics through some probable means such as the emission of radiation if
they happen to be in a dynamical condition, at least, for some duration. This radiation may
be in the form of gravitational waves from the quadrupole oscillation of massive compact
objects [1], electromagnetic flux from supernova explosions [3] or Sonoluminescence [5] due
to oscillating gas bubbles in water. We particularly mentioned the above systems, for those
are the focus of our present study. The fundamental features shared by all these systems
are their inherent dissipative and oscillatory nature. Importantly, dissipative systems play
a very significant role in testifying underlying theories of physics and their predictions. We
will be particularly focussing on dynamical events that arise in two contexts: astrophysical
systems and fluid systems. We will start with astrophysical systems first.
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1.

INTRODUCTION

1.2 Astrophysical system: ringing black hole

Einstein’s formulation of gravity in terms of the general theory of relativity (GTR) has been
very crucial in our understanding of the universe [0, 7]. In the context of strong gravity,
this formulation has been proven to be highly effective, whereas the Newtonian approach
encounters difficulties [7]. GTR has systematically linked the geometry of spacetime with
the presence of matter through Einstein’s field equation, which can be obtained from the
following Einstein-Hilbert action, including a matter lagrangian, £,,, as,

S = /\/—_g d'x [ +£m} : (1.1)

16mG
Where G is Newton’s gravitational constant, R is the Ricci scalar curvature of the metric
G, and the determinant of the metric is denoted as g = det|g,,]. Applying the variational
principle, one could be able to derive the famous Einstein equation [7],

1
Ry, = 5Rgu = 87CT,, (1.2)

where R, is the Ricci tensor of the background metric and 7, describes the energy
momentum tensor of the matter existing in the space time. However, in the absence of
matter, the above equation takes the following obvious form

1
R;w - §Rg,ul/ - 07 (13)
which is known as the vacuum Einstein equation. The most general solution of the above
equation is the Kerr solution, which describes an axis symmetric, spinning BH space time.
In 1963, Kerr developed [3] this solution. In Boyer-Lindquist coordinates, the Kerr BH
spacetime metric is expressed as follows:

2Mra?sin? 6
2

.2
Js? _(1_2M7‘)dt2_4aMrsm 0

2
- s dtdo T dr i d (r2+a2+
p p

> sin? fdy?.

(1.4)
Where p? = r? + a? cos? and A = r? — 2Mr + a®. M and a are the mass and angular mo-
mentum of the BH respectively. This space-time allows two horizons, r4 = M 4+ M? — a2,
where r, is the outer event horizon. However, in the investigation of perturbations in the
BH spacetime, our primary focus will be on the static spherically symmetric solution of the
vacuum Einstein equation, derived by Schwarzschild in 1916. This solution is described by
the following metric, known as the Schwarzschild metric,

ds® = —f(r)dt* + f(r) " dr®* + r*df* + r*sin® 0dp® (1.5)

where, f(r) =1 —2GM/r and interestingly, M initially appears as a parameter, which
we can be interpreted as the Newtonian mass. As it turns out, Schwarzschild’s metric
provides for a unique spherically symmetric solution of the vacuum Einstein’s equation,
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1.2. Astrophysical system: ringing black hole

which is known as a statement of Birkhoff’s theorem [9]. Curvature invariant for this space
time turns out as R,,.sR**® = 48G*M?/r?. Hence, the above metric essentially describes
the space time outside a spherically symmetric source characterized by the parameter M.
Henceforth, we will consider the unit system with Newton’s gravitational constant G' = 1.
In the following analysis, we will discuss the ringing black hole by developing perturbation
on the Schwarzschild black hole.

1.2.1 Quadrupole perturbation to Black hole: ring down phase
in radiation gauge

Black holes (BHs) can interact through various channels with the surrounding environment,
which, due to Einstein’s formulation, enter into the picture through the energy-momentum
tensor. The analysis of BH perturbation, in general, is very old but still very relevant and
become diversified throughout the years. The importance of this study stems from the
fact that the properties of the BHs, such as the information of mass, charge and angular
momentum, get imprinted in the emitted radiation known as gravitational waves (GW).
In this section, we will particularly discuss the generation of gravitational waves due to
the perturbation in Schwarzschild space time and derive the space time structure of this
perturbed Schwarzschild background during the period of this GWs emission.

As discussed before, Schwarzschild BH space time being the vacuum solution of the
Einstein equation, we will start with the vacuum Einstein equation, (1.3), and apply a
small perturbation with

G — 921/ + T (1.6)

where, the condition |h,,|/|g),| << 1 should be satisfied. As a result, (1.3) will take the
following form [10],
R, +0R,, =0, (1.7)

with 01, signifying the linearized perturbation, upto first order in h,,. Whereas, RIOW
represents the unperturbed components, and this can be put to zero. Hence the above
equation finally becomes

R, = 0. (1.8)

As the unperturbed Schwarzschild space time is spherically symmetric, the general form
of the perturbation, h,,, can be built in the basis, constructed out of spherical harmonics.
Moreover, depending on the nature of the components of h,, as to how they change under
parity transformation, (6,¢) — (7 — 0,7 + ¢), can be separated into parity-even and
parity-odd parts. The general form of the perturbation following this decomposition has
been constructed a long time back by Regge-Wheeler [11] and Zerrili [12] (having issues of
typos, one may look at [13]) and can be given as [14],

(him)r = (i) + (B2 (1.9)

The index (o) and (e) in the exponents signify the odd and even parity part of the
perturbation respectively. Suppressing the space-time index, u, v, and using boldface to
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represent these tensorial quantities, we express the above decomposition as
hy, = h +h{) (1.10)
where,

i 1
h{?) = 200+ 1) I8 )l + By rels) — oo/ = D+ 2R )i (111)

and

m Im

1
= S (i) b + ibf) b)) (1.12)

r

O D= D)+ 2)/2 Gt )i + V2K (1.7 — %Glm(t,'r)}glm.

o 2M 2MN !
by, = (1- =5 )He rall) - VEHR @l + (1= =5) 2 (¢ r)af)
T T

Where, a},ﬂ’j, al(;l) and al(frz represent the scalar basis, with the respective components of per-
turbation, Hl(,%)(t,r),Hl%)(t,r) and Hl(i) (t,r), which transform as scalar. b}ﬁ?,b}iﬁ,e}fg
and cl; represent the vector basis, with the respective components of perturbation,
RO ¢ 1), hDO @, ), RO (¢, r) and B (¢, r), which transform as vector. Whereas dip,, fin,
and g;,,, represent the 2nd rank tensor basis, with the respective components of perturbation,
hﬁz (t,7), Gim(t,r) and Ky (t, 1) — 3G (t, r), which transform as tensor of rank-2. The
explicit form of these bases is given in Appendix (A). hy,, being a symmetric metric tensor,
it primarily contains 10 independent components (among them three belong to odd parity
components and seven belong to the even parity components).

Quasinormal mode (QNMs) of GWs: In their pioneering work, Regge-Wheeler
[11] and Zerrili [12] derived the perturbation equations governing the components of (1.11)
and (1.12). They found that all the perturbation equation ultimately boil down to a single

differential equation, which resembles to a form of Schrodinger like equation.

d*Z;
dr?

+ (W =V)Z; = 0. (1.13)

Where the Tortoise coordinate is denoted as dr. = dr/f(r), and upon integrating one
gets r, = r+ 2M In(r/2M — 1). Whereas, the Z; with ¢ = {(e), (0)} represent a spatial
function arising in even and odd parity respectively, while the temporal part for both
of the perturbation is governed by e . The potential corresponding to the odd parity
perturbation, V(. is referred to as Regge-Wheeler potential, which for quadrupole mode
(I = 2), assumes the following form [11],

Vi :f(r)<l(l+1) B 6M>'

5 = (1.14)
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Where, f(r) =1—2M /r with M signifying the BH mass. The potential corresponding to
the even parity perturbation, V) is referred to as Zerrili potential, which for quadrupole
mode takes the following form [12],

2X2 (N 4+ 1)rd + 6A2Mr? + 18AM?r + 18m?
r3(Ar + 3M)? ’

Viey = f(r) (1.15)

where A = (I —1)(1+2)/2. It is important to note that azimuthal mode, m does not appear
in the potential. Moreover, both the even and odd parity potentials have the following
limiting form

1

Vo {f(r), r— T, (1.16)
72 r — OQ.

Similarly, it is straightforward to deduce the limiting form of Z; (1.13). A particular set
of the asymptotic solution, which constitutes the quasinormal mode (QNM) boundary
condition, can be given as,

iwrs

—iwrs —
Zi — {6 N (1.17)
ewr,  r— oo,

with the temporal part of the perturbation e~ !, these solutions demonstrate an ingoing
mode near the horizon of BH and an outgoing mode near spatial infinity. There are various
methods to find out the solution of Z;, which satisfies the above set of QNM boundary
conditions. A long time back, S. Chandrasekhar [15, 16] implemented the shooting method
to find out the solution and discovered that the QNM boundary condition is satisfied for a
set of complex values of the frequency w. These frequencies are popularly known as QNM
frequency, such as for [ = 2, w = (0.74734 — i 0.17792)(r;)~'. Where rj, = 2M is the radius
of the event horizon of Schwarzschild BH. Moreover the perturbation potentials, V; being
independent of the azimuthal mode, m, QNMs also turn out to be independent of m.

The gauge choice given in Regge-Wheeler is suitable for analysing the stability of the
BH. However, it does not provide for the expected asymptotic behaviour of the perturbation,
which should decrease as 1/r" (n > 1) in r — oo. The reason is attributed to the bad
choice of the coordinate system (one may look at [17] for detail). Therefore, later studies
[14, 17] have attempted to achieve the correct asymptotic behaviour of the perturbation
by modifying the gauge choice of Regge-Wheeler. This modified gauge choice is known
as a radiation gauge. The invariance of the curvature of the perturbed space time under
different choice of coordinate system leaves a redundancy in the perturbation variables.
Hence, this freedom could be exploited. Under infinitesimal diffeomorphism transformation,
z, — x, + (,, the perturbation (h'™),, modifies to

("™ = (B = (VG 4 VG, (1.18)

With ¢, acting as an infinitesimal displacement four vector, we can fix four of the components
of perturbation. The covariant derivatives are computed with respect to the background
metric.
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Gauge fixing of the odd parity components: We will be specifically following the
procedure detailed in [14] while dealing with the radiation gauge, and for the odd parity
components of the perturbation it is given as,

() = L N (£,7)(0,0, LY, (), (1.19)

r

(four components of ¢ are understood from the parenthesis) where, L = —i{é,0p —
é9(1/sinB)0,}, €y and é4 are the unit vectors along 6 and ¢ respectively. Consequently,
by adjusting A, (t,7), one of the components (1.18) of the transformed perturbation (full
expression is given in Appendix.A) could be fixed. We list here the expressions of the odd
parity perturbation components under gauge transformation,

. a/\lm
ot

- 0 (A
(1) _ (@ 2 lm 1.20
hlm (t’ T) — hlm (t, T) =T or ( r2 ) ) ( )

R (t,1) = B2 (8, 7) + 204 (£, 7).

WO (t,r) = hiD(t,r)

In the radiation gauge, we will set iLl(gz (t,7) to be zero, which can be obtained by fixing the
gauge A, in the following way;,

_ A

B (t,7) = 0 = higi(t.r) = =

1
=0 = Ap=——h"(, 7). (1.21)
1W

Where, the quantities with tilde represent the components of the perturbation in the
radiation gauge, while the same without tilde signify the components which have been
obtained by Regge-Wheeler gauge. We have listed in Appendix.A the functional form of
the gauge fixed perturbation components obtained by Regge-Wheeler [11]. Tt is important
to note that the temporal part, e ! of the perturbation remains the same in this new
gauge. We utilize this temporal part of the components as per the need. Remember that we
are only concerned with the asymptotic radial behaviour of the perturbation as previously
discussed. Once the gauge fixing function, Ay, is fixed, we will be able to obtain other odd
parity components as,

~ 2\ 2M
M) = (1

1 7 (2 2 0
w272 T‘) h§773<t7r)7 hl(n”z (t,T) - _Ehl(nfz (t,T), (122)
where A = (I — 1)(I +2)/2. We have also utilized the Einstein equations governing the
perturbation [13, 141] that connect hl(frf (t,r) and hl(},? (t,r) to obtain le(iz (t,r).

We will be mainly considering quadrupolar perturbation to the BH. Hence, we present
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here the matrix form of the gauge fixed odd parity perturbation for
0 0 0 0
o2 | 0 0 Ry (t,7)5909 a0
= ~
0 0 0 LRSS (£, 7)Ca0(0)
0 A%y BgYao LhSg (t,7)Ca0(0 0
20 (£,7)800 Y20 20 (£, 7)C20(0)

1
2

[ =2and m =0,

(1.23)

Y

where, Coo(0) = (cpOpYao — 5903 Ya0). Whereas, s = sin @ and cy = cos 6.
Gauge fixing of the even parity components: To address the even parity component

of the perturbation, we choose the following gauge transformation,

bt = Mo(t,7)Yiun ()20 + Ma(t,7) Vi ()2, + Ma(0, Vi),

(1.24)

with, V = éy0yp+¢€4(1/sin 0)0,. Using this transformation, three even parity components can

be fixed by selecting M, My, and M, in a manner closely resembling

the approach taken in

the odd parity scenario. We list here the even parity components of the perturbation under
gauge transformation (one may look at Appendix.A for the expression of the transformed

components),
- (© 0 QMN\—t /oMy M
A ) = ) =2(1= 22 ) (5570 - 5= 2m)My),
~ oM oM 2M
il ) = ) = (P, DM _ )
lm(ar) lm(>r) ot or 70(7,_2]\4>~/\/10 )
~(2) ) 2M> (8/\/11 M >
t,r) = t,r)—2(1—
lm(’r) lm(7T) < r 87' T(T—QM)Ml )
7 e e aM
W (t) = bl (1) = (S50 + Mo, (1.25)
~(1)(e A oM 2
B0 = 0 = (220, 4 ),
or r
- 2
Klm = Klm(t,T) — 7“72(7‘ — 2M)M1,
. 2
Glm(t, T) = Glm(t, T) — ﬁMQ
We have found that for the following choice,
1 2MN\ LT 3M
Mi(t,r) = 27"(1 _ r) [lw _ w} Zio(t,7), (1.26)
one of the even parity perturbation components becomes,
- 2
K (t,r) = K (t, 1) — ﬁ(r — 2M ) M,. (1.27)
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This component goes as 1/r in r — oo, leaving out the plane wave part e @) (
as Z ~ €“™). Once M(t,r) is chosen, My and M, can be obtained by fixing the
other components in the following manner. From the Einstein equation, governing the
perturbation, one can find that having no source term implies, H, l(fl) = H 1(31) = Hj,,, (here we
have introduced a new function Hy,, for the equality) [13, 1], and accordingly, we also fix

Hl(,?l) = Ffl(,i) = H,,,, which implies(1.25),

2
Mg = —,1{<1—QM) ACN (1_21\4)21\4/\41}’ (1.28)
iw r or r 72

(remember time dependence of the perturbation assumed to be e™*“*) which fixes M, in

terms of M;. Making Bl(rorg(e) = 0 would lead (A.4) to My = L M. Therefore substituting
M, in terms of My in (1.28) one can fix M, as,

2
M2=.1{—i{<1—%) 8M1+(1—%)2MM1H. (1.29)
iw iw r or T 2
To summarize, we have fixed M; (1.26) in terms of the background solution, so that K,
behaves as O(1/r) asymptotically, and we have fixed the other two gauge parameters,
My, Ms, in terms of M;. Again considering the quadrupolar modes of the perturbation,
we present here the matrix form of the gauge fixed even parity components for [ = 2 and

m =0,

Hog(t,7)(1 — 2M )Yy, HY (t,7)Ya0 0 0

lff(l) Y- o 1 — 2M\-1y0 7(1)(e) Y-
B _ 20’ (t,7)Yag 20(t, 7)( )Yy hyg 7 0pYa0 0 (1.30)

0 RU© 9, Yoo 12Dy 0

0 0 0 2 sin2 0Dy

where, Dyy = f(go(t, 7“)Y20—|—(~}'20(t, )03 Y5y and Doy = [N((t, 7)Ya0+cot 9@’(1&, 7)0pY20. Keeping
in mind that the terms containing d,Y20(= 0) have been omitted. One can check the trace
of the perturbation behaves as

~ ~ 1
hitns[ Koy — (A + 1)Gao] ~ o<7§) r — o0, (1.31)

After achieving the appropriate asymptotic behaviour of the perturbation components, we
simply add the matrix of gauge-fixed perturbation components of both odd and even parity.
The near horizon values of the ringing fields will be parameterized by (|Z(,)(r — 2M)| =
Oy, |Z(e)(r — 2M)| = &). Implementing the shooting method [15, 16, 18] with the QNMs
boundary conditions, one will be able to solve the Regge-Wheeler equations(1.13) to find
out the quasinormal mode eigenfunctions. With these eigenfunctions, one can reconstruct
the full solution of ringing Schwarzschild BH background, which depicts a Schwarzschild
BH subjected to quadrupolar perturbation. The oscillation of this space time, governed by
the quasinormal mode, is a consequence of the ringdown phase. We henceforth refer to this
BH as ringing BH.
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FIGURE 1.1: This figure has been taken from the LIGO-Virgo’s published paper [l].
Estimated strain of the gravitational wave signal observed in the GW150914 event. As
reported by LIGO-Virgo collaboration [1], the numerical relativity result, represented by
the red solid line, matches 99.9% with the result, represented by the grey line, obtained
from the received signal.

1.2.2 Direct detection of gravitational wave

In 2015 [1], the LIGO-Virgo collaboration achieved a groundbreaking milestone by success-
fully detecting the gravitational wave signature for the first time. This remarkable feat
has paved the way for the emergence of a new field called gravitational wave astronomy.
Subsequently, new observatories, such as KAGRA also joined in this endeavour and to-
gether, LVK (LIGO-Virgo-KAGRA) have made several detections [1, 19-32] (90 events
have been detected so far [33]). These observations not only confirm the prediction of
GTR in the strong field gravity regime, but they have correctly reproduced theoretically
(numerical relativity) simulated phases in the merging of compact objects that consist of
inspiral- merger-ringdown Fig.1.1. The consecutive observations by LVK have reported the
gravitational signals coming from BH-BH, BH-NS (Neutron star) and NS-NS merger. In
2017, simultaneous observation [21] of the GW signal by LVK and EM signal by Fermi
GRB have set forth the source for both of the signals as an NS-NS merger. Which in
a way provides a complementary signature of the same event. In a similar setting, the
question arises as to what else could be observed that may bear the signature of this
merging event. Although most of the astrophysical BHs are spinning, the first step one
may take for simplification is to consider a Schwarzschld BH as the end state of a binary
BH merging event. During the ringdown phase, the structure of the BH can be constructed
through gravitational perturbation as discussed in the preceding subsection. Once this
information about the background space time is known, the next question is to define a
suitable observable quantity, which can be measured. To start with, the absorption cross
section of the BH, which is going through the ringdown phase, could be one such physical
quantity. Therefore it will be interesting to look at the existing study on the absorption
cross section of BHs.
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1.2.3 Absorption cross section of static and stationary black
holes

In the present case, the BH being the scatterer, the absorption cross-section is defined as
the energy absorbed by the BH horizon, divided by the energy density of the wave incident
at asymptotic spatial infinity. For a generic BH space time which allows killing vector, &,
one will have the following covariant conservation equation [7],

V,P' =0, P'=g"e¢", (1.32)

where P* is the conserved quantity associated with the Killing vector £#. Whereas, J*, is
the energy momentum tensor of the scattering field. The next step is to find out the Killing
vectors for a given space time. We will discuss about the definition of absorption cross
section for static Schwarzschild BH, however, it can be suitably generalized to stationary BH.
The Schwarzschild metric is given in (1.5), which allows time like killing vector, §, = §40,,.
The conserved quantity associated with this particular Killing vector turns out as,

F= [ dey=gP" (1.33)

where, go denoted the determinant of Schwarzschild metric (1.5). Taking the time derivative
on both sides of the above equation we get

O F = / d*x0, (vV=goP°) = — / d*x0; (vV=goP") (1.34)

By choosing a r-constant hypersurface and applying the divergence theorem in the above
Th

equation one will arrive at
= — [/ TQngTt
Th
(1.35)

Where, df) = sin 0dfd¢p. We can see that two terms in the last equality of the above
equation are equal by the fact that 9,F = 0, as mentioned previously. Therefore, one may
infer that the energy being absorbed by the BH horizon per unit time could be equated
with, 0;F, 0. Now, the definition of the absorption cross section [34] is the amount of
energy being absorbed by the BH horizon divided by the incident energy density. We
define the incident energy density as, 0;G = 7%, which sometimes called as energy density
current [35]. Utilizing this technology we obtain the absorption cross section in terms of
the stress-energy tensor of the fields as,

O F _ [rdQTT

~ a9 T

Important to note that for an incident plane wave, the energy density per unit time, .7%; is
independent of the spatial coordinate, which will be discussed in the following section for
different matter fields.

O,F = — / r2dOP"

Th

— - [ 12077

— /TZngrt
—00

r

(1.36)

r—00 r—00
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1.2.3.a Absorption cross section of the static Schwarzschild black hole for
scalar field

In this section, we shall elaborately discuss the procedure to evaluate the absorption cross
section of static Schwarzschild for the scalar field. We leave out the extension of this
procedure to the electromagnetic field case for the later chapters. Nevertheless, for minimal
interaction with the BH space time, the governing equation of the scalar field is given by

1
——0,(v/—99"0,¢0) = 0. 1.37
N (v ) (1.37)
As the background space time is spherically symmetric, we decompose the scalar field with
the help of spherical harmonics, Yy, (6, ) as,

Z./\/l EM (L, r)Yim (0, ), (1.38)

where Nl‘fn is the normalization constant for the scalar field, ¢. Expanding the above scalar
field equation, the mode function satisfies,

W+ 1>§lm( r) = 0. (1.39)

1
ORE™(t.7) + £ ()50 F(1)0,Em (2, 1)} = ()
Utilizing the static nature of the background space time we can identify the frequency (k)
modes of the scalar fields as,

§m(tr) = [ dke ™ (k). (1.40)

The remaining task is to find out the solution of &< (r), which satisfies the following
equation,

o) ooy + - "D | ey <o

11+ 1)]
At this point, we should mention that this equation could be solved analytically for limiting
cases of frequency, k [31]. However, to find out the absorption cross section for all the
frequency ranges, the above equation should be solved numerically. Definition of absorption
cross section requires that the modes have to be ingoing near the horizon (r;,) of the BH.
Hence the relevant asymptotic form of modes, which are straightforward to derive from the
above equation, can be expressed as the,

ﬁleiikhy T — Th,

. ) 1.42
Ikleﬂkr* + RklelkT*, r — 00, ( )

where Ty, 7y and Ry are the transmission, incidence and reflection coefficients respectively.
With the ingoing initial condition, one needs to evolve the field modes, £5™(r), governed
by (1.41) up to r — oo (which, for practical purpose, is considered to be far away from

11
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the BH horizon). Once this solution is obtained near infinity for different modes, one will
immediately be able to evaluate the numerator of (1.36), from the stress energy tensor of
the scalar field,
1 * * 1 |k
‘Zw = 5(811925 VQS + alt¢aV¢ ) - §gm,8 gb agb' (1‘43)
The energy flux rate integrated over a spherical surface at spatial infinity gives us,
1 * *
/ AT, = 5 / ke S ING [ [0 (1, 1), (k) + 0™ (k, 1), (e, 7)] . (1.44)
Im
Hence, the mode wise energy flux rate can be expressed as
1 * *
OF =% NGl 0™ (7)™ (6, 7) + 0™ (K, 1) D™ (k)] (1.45)
Im
Furthermore, in the spatial infinity, the numerical solution of the scalar field could be
matched with the asymptotic analytical form of the modes given in (1.42), so that we will
obtain the following simplified expression,
ki b 121,22 R}%l
Im ki
It is important to note that the azimuthal index does not appear in the energy flux rate.
This will be clear in a moment. We are now left with the evaluation of the normalization
factor and the incident energy density (the denominator of (1.36)). An incident plane wave
of unit amplitude propagating along the z-direction can be expressed as,
o(t,x) = e K+2)) (1.47)
which evaluates the incident energy density as,
1
0G = T* = S(016°0:6 + 0,90-6") =K. (1.48)
Now the strategy to evaluate the normalization factor is to express the plane in spherical
coordinates and match the expression with the incident part of the asymptotic form of the
scalar field at spatial infinity. Rayleigh expansion of a plane wave propagating along the
z-direction given by [34, 30],
" e—ik(t—i—r*)
e Kli=) 3 Tkr\/élﬂ@l +1)Y,°(2) + Outgoing. (1.49)
Comparing the right hand side with the asymptotic form of the scalar field at spatial infinity
provides for the normalization factor,
\VAT(20+ 1)
=75 1.50
K 2ikT, " (1.50)
12
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FI1GURE 1.2: Partial absorption cross section of Schwarzschild BH has been plotted for
different orbital modes, [ with frequency.

Utilizing this normalization factor, finally, the absorption cross section can be expressed as,

ol = O _ ZM( Rl?‘l) (1.51)

G T k2 7

Absorption cross section corresponding to individual modes, often dubbed as partial
absorption cross section, has been plotted with the frequency in Fig.1.2. In the low
frequency limit, the absorption cross section is dominated by the [ = 0 mode and the
corresponding value resembles the area of the BH. This is a universal feature of static
spherically symmetric BHs as identified by [37]. However, for high frequency the absorption
cross section is dominated by the higher [ modes.

1.2.3.b Negative absorption cross section of Kerr-Newman Black Hole:
Superradiance

In this subsection, we will consider a little more general case of a rotating and charged

BH, which is well described by the Kerr-Newman solution [38]. In the Boyer-Lindquist

coordinate, this metric is given as,

2Mra?sin® 0
2

> sin? dy?,

(1.52)
where p? = r? + a?cos?f and A = r? — 2Mr + a? + Q?. Whereas, Q, M and a are the
charge, mass and angular momentum of the BH. This space time allows two horizons,
ry = M £/ M? — a?> — (Q?, where r, is the event horizon. On this background, we consider
the action of a minimally coupled massless complex Scalar Field, which is governed by the
following equation of motion,

g5 (1 2Mr>dt2 4aMr sin® @
5= —1- -

2
- - dtd¢+%dr2+p2d82+ (r2+a2+
p p

(V, — igA,) (V" — igA™)¢ = 0. (1.53)
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Where V, represents the metric covariant derivative, and ¢ denotes the charge being carried
by the field. The background electromagnetic field will be considered as,
. 2 0
Ay = (_Q;“’O,O’ aQr 82111 ) : (1.54)
P p
The stationary and axis symmetric nature of the background space time prompts us to
decompose the scalar field as,
o(t,7,0,0) = e e Ry, (k, ) S (6), (1.55)
Im
where [ and m are the orbital angular mode and the azimuthal mode of the scalar field
respectively. Substituting the expansion in the field equation we get two separate equations,
for Sy, (0) and Ry, (r), the equation governing R(r) is
d delm('r)
A—|A———= m(k, ) =0, 1.
(AT L () R, 1) = 0 (1.56
with the effective potential, U(r), turns out as
U(r) = [k(r* 4+ a®) — am — qQr]* + A (2amk — Cyy,,) - (1.57)
Where C,,, is the separation constant, and it can be determined from the equation corre-
sponding to S(6), which is given as,
1 d d m?
—( sin 60— Sy, (0 Cim — a’k*sin® 6 — Sim(0) = 0. 1.58
sin6d9<sm o ( >)+{ S sin2d [ () (1.58)
The physical solution of the above equation is well studied in the literature[39, 40], and
corresponds to spheroidal-eigenfunction which resembles the usual Legendre’s function in
the limit, a or k — 0. The radial equation (1.56) can simply be solved in the near horizon
and near infinity limit by parametrizing the variable in the following way[11],
dr - 1?4+ a? Em(k, 1)
—=———, Rk, r) = ==, 1.59
e N Y b (1.5
where tortoise coordinate for Kerr-Newmann BH is given by
. 2M r—r r—r_
r=r 7“+—7“_<T+1n 2M+ —7r_1In i > (1.60)
With this setup the radial equation (1.56) can be transformed into a equation in terms of
as,
d?&n (k1)
T + V(T’)flm(k, 7’) = 0, (161)
14
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V(r):<k am__ qQr )2_( A )2{Clm—2amw+m;{w}.
6

Cr24a? r24a? r? + a? (r2 +a2)2
2)

(1.

The asymptotic form of the above potential turns out as,

2
am qQr
(k_r2+a2_r2+a2) ) r—=r,

Vi(r)= (1.63)

k2, r — 00.

Given the above form of the potential, now, it is straightforward to derive the asymptotic
form of the scalar field, and can be expressed as,

Tk 67i(kfmﬂfq<1>)f’ r— T,
Gim(k, ) = 1 (1.64)
Iﬁle_ikf—FR}(meikf, r — 00,

where, © = %= is the angular velocity of the BH and ® = 12%722 is the electrostatic
potential. In accordance with the definition of absorption cross section we have considered
the boundary condition, which states that the scalar wave is purely ingoing near the horizon
and superposition of ingoing and outgoing near special infinity. Without doing the actual
calculation, the amplification of the reflected signal can be understood with the help of the

Wronskian of (1.61), which turns out to be
W&k (1, 7), 3 (1, 7)] = Eim (K, )05, (K, 1) = &1 (1, 7) O (, 1),
2i(k — mQ — q®)|TXE 12, r—ry, (1.65)
2ik(|Z5, 12 — |RX.1?), r— oc.
Then the conservation of the Wronskian implies
(1Zil? — IR [?) ~ sign (ke — mQ — q®). (1.66)

This suggests that the incoming wave will be scattered with enhanced amplitude as long as
the frequency of the scalar field satisfies the condition, k < m{2 + ¢®. This phenomenon is
popularly known as superradiance. The amplification of the reflected wave will automatically
make the absorption cross section negative; we refer the reader to [12] for rigorous analysis.

Importantly, there is a more fundamental viewpoint [13] to conceive the notion of super-
radiance in the case of rotating and charged BH, following the laws of BH thermodynamics.
The first law of BH thermodynamics is stated as

dM = 8idA + QdJ + 3dQ. (1.67)
T
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where A and k are respectively the area and the surface gravity of the BH. Substituting
the variation of the angular momentum of the BH, dJ/dM = m/w and the variation in the
electrostatic potential d®/dM = q/w, we can rewrite the above equation as

= A (1.68)

dM<1_mQ+q@>_
8

k

if the energy of the wave packet k < m{) + q®, the change in the mass of the BH dM will
be negative implying mass loss of the BH.

1.2.3.c Other cases where Superradiance phenomena is reported to happen

Energy extraction from a moving BH: The negative absorption cross section of moving
Schwarzschild BHs as reported in [35], is fundamentally different compared to what we
discussed just above. In this context, using isotropic coordinates, the metric of Schwarzschild
BH is written as 1l 4

d82 = —H—Adt2 + (1 + A)4<dCL'2 + dy2 + dZZ), (169)
where, A = M/(2p) with p?> = 22 + y* + 22 and M denoting the BH mass. The above
structure of the Schwarzschild metric could be obtained with the transformation r = p(1+A).
To obtain the moving BH, one can apply a boost along the direction-z in the following
manner,

t=7(t+wv2), Z=v(z+vt), §=y,2=2. (1.70)

With this setup, one can analyse the behaviour of the null geodesics associated with the
moving BH space time. In the high frequency limit, massless scalar waves or photons
propagate along the null geodesics [7]. One can evaluate the absorption cross section in the
high frequency range by studying the geodesic capture cross section, o [11]. In [35] authors

have obtained the value of ¢ in the high frequency limit as,

v(1+v)
1—-wv

TM?, (1.71)

g~ 27—a1v—a2

where a; = 28.8 and ay = 29.1 are some fitting constants. With v = 0.90, the absorption
cross section has been shown to reach a large negative value, o ~ —496.87M?2. With
this result, authors have argued about the possibility of extracting energy from a moving
BH. One can speculate as to whether the existence of an ergoregion is always a necessary
criterion to extract energy from BH.

Superradiance in non-GR case: A rotating body inside a cavity resonator is one of
the earliest models put forward by Zeldovich [15, 16] to investigate the amplification of
scattered waves. Qualitatively (one may look at [17] for rigorous discussion) the line of
argument is the following. For a dissipative medium in a vacuum, the governing equation
of a scalar field can be written as

do

06 +a- =0, (1.72)
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1.3. Fluid system: Oscillating air bubble in water

where, the term with the a symbolizes the damping with a as the damping factor. This
term breaks the Lorentz invariance, a characteristic feature of a dissipative system. In a
coordinate system, where the rotating body seems to be moving along x direction, where
x = rp, this damping term looks like

0 0 0
aaf — (af — U@f) , (1.73)

with the Lorentz factor v = +/1 — v2, with v as the boost factor. Considering the Fourier
modes of the scalar field as ¢(¢,r) ~ &(r)e *e™? the damping term effectively becomes
ak — a(k — mQ), where Q = vr. So, as long as k < mf2, the effective damping term
happens to be negative, which implies that the scalar field fluctuation rather than being
absorbed gets amplified.

Therefore, the above discussion suggests that the premise of superradiance is very broad
[18] and relevant conditions are also debatable [19, 50]. However, one common characteristic
that we can identify is the dissipative nature of the systems. Motivated by this aspect, we
have taken up the investigation of the scattering of fields in the background of a Shwarzschild
BH, which is going through the ringdown phase. Moreover, if superradiant enhancement can
be obtained for BHs in the ringdown phase, this could address two issues simultaneously:
whether there are other instances where BHs can exhibit superradiant scattering and the
alternative avenue for further exploration of gravitational waves from merging event.

1.3 Fluid system: Oscillating air bubble in water

In the remaining section of the Introduction chapter, we will delve into another time-
dependent system that emerges in a fluid medium. The crucial aspect of this study is that
any predictions made can experimentally be tested within a laboratory framework. As
previously noted in this chapter, dynamical systems hold significant potential for energy
conversion or amplification. Driven by this prospect, dynamical fluid systems have been
extensively studied for a long time [51-57]. One such physical system is an air bubble in
a water medium driven by acoustic perturbation [5]. Experiments have revealed that the
acoustic energy applied at a macroscopic length scale could be concentrated on a microscopic
scale by the quasiperiodic oscillation of the bubble. In each period of the oscillation as
the bubble comes to its minimum radius there will be flashes of light. This mysterious
phenomena, which had been long known as sonoluminescence, remains an unsolved problem
despite many efforts.

1.3.1 Brief description of the sonoluminescence event

Although Sonoluminescence was known for a long time [58], it was difficult to drive the
bubble under stable oscillation and obtain repeated flashes of light. Felipe Gaitan [59], in
1989, first successfully performed the experiment for a single bubble and found repeated
emission of light from the pulsating bubble under the sound field. A schematic sketch of a

17
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FIGURE 1.3: A typical setup to perform the experiment of Sonoluminescence has been
given here. The above schematic figure is inspired from [5, (4]

typical experimental setup is given in Fig.1.3. A flask containing the fluid is subjected to
the sound wave via the piezoelectric (PZT) ceramic attached to the flask. It is also found
that some amount of inert gas is necessary for sonoluminescence to happen. The pressure
amplitude of the fluid due to the sound wave is controlled by an audio amplifier. When this
pressure amplitude becomes larger than the ambient pressure (~ 1 atm) inside the jar, the
fluid gains high acoustic drive and cavitation forms. To drive the bubble formed in such a
manner, into resonance with the sound field, one needs to tune the frequency of the sound
wave. Experiments have found that this resonant frequency depends on several factors such
as the temperature in the fluid, inert gas content, etc. Typical values of this frequency lie in
the range of 20 — 40kHz. During each period, the bubble expands from its ambient radius
of Req = 4.5um to the maximum R,,,, = 45um, given the sound wave frequency ~ 27kHz.
After which the bubble wall collapses to its minimum radius R,,;, ~ 0.5um rapidly (typical
collapse speed is found out to be 4 times the speed of sound) and a flash of light comes
out. The emitted radiation displays [59-(1] a broadband spectrum, which starts from the
visible range and extends up to the ultraviolet range. The intensity peaks at far ultraviolet
near ~ 200nm, which is attributed to the ultraviolet cutoff of water. This limit obstructs
the experiment, and beyond that, the nature of the spectrum is thus unknown. A typical
spectrum, as shown in Fig. 1.4, (the spectrum is obtained by extracting the data from
the plot given in [01]), can be fit to a black body spectrum. From this one can infer the
corresponding temperature, which usually turns out to be in the order of several thousand
Kelvin. For example, Sonoluminescence occurring at a temperature of 22°C conforms to
the black body spectrum for a temperature of 25000 K. Depending on the temperature of
the fluid, it can reach up to 40000K-50000K. In each flash, 10° numbers of photons are
emitted. It appears to the naked eye as a diffuse glow due to a very short pulse width
of the spectrum and a short time period of bubble oscillation. Experiments [60, (1] have
reported this pulse width falls in the range of picoseconds. Total emitted power for a single
flash measured to be in the range of 30 — 100mW.
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k(m™) ((b)) This figure is obtained from [],
((a)) This figure is generated with the data repre- which depicts the power spectrum as mea-
sented by black points in the figure of the right panel sured in the experiment. Two dotted lines
excluding the error bars. This plot exhibits the Power were obtained via two different types of cal-
spectrum with frequency k, which ranges from the ibration. The black solid line, which fits
visible to far ultraviolet range. We will utilize this very well with the experimental data cor-
plot to match our models in the later chapters. responds to the black body spectrum of

temperature 25000 K.

FIGURE 1.4: (a) describes the frequency spectrum of the emitted photon in sonolumines-
cence. The bold points are the measured data extracted from the plot given in [1], which
we have presented in the right panel (b).

1.3.2 Dynamics of the bubble motion

The dynamics of the oscillating air bubble in water is well described by the Rayleigh-Plesset
(RP) equation. In the following discussion, we will be presenting the derivation of the RP
equation through the method of energy balance between the interior and exterior medium
of the bubble. In the context of incompressible fluid flow, the velocity of the medium is
governed by the following inverse square law type formula [62, (3],

u(t,r)  R*(t)

Ut,ry r2 "’
where, the coordinate r represents the measure of distance from the centre of the bubble.
u(t,r) denotes the velocity at r > R, i.e. for the exterior region of the bubble of radius
R(t), while U(t,r) represents the velocity at the surface of the bubble. Substituting the
velocity at the surface, U ~ R(t) (note that the dot represent the time derivative) in the
above equation, one directly arrives at

(1.74)

a(t.r) = 0 oy (1.75)

r2
As the sound wave perturbs the air bubble within the fluid, one can compare the kinetic
energy of the fluid outside the bubble with the work done by the net pressure acting on the
bubble’s surface. Therefore, quantitatively one can write

1 (R R
) @#MW:/ [P(R,t) — Poy — P,(t)Ar R%dR, (1.76)

2 =00 =00
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FIGURE 1.5: Evolution of the radius of the bubble is plotted with time. Apart from some
initial fluctuation, repeated oscillation can be identified at ~ 50 us and 90 us. In the later
chapters, we will be mainly focussing on a particular period, ~ 20 us to 60 us.

where the left-hand side represents the kinetic energy of the fluid with p denoting the
density of the fluid. Whereas the right-hand side represents the work done with, P, the
ambient pressure in the fluid at equilibrium, P,(t), the acoustic drive pressure arising from
the sound wave perturbation. The bubble wall being a fluid-gas interface, the pressure
on the interior surface of the wall, P(R,t) can be further expressed in terms of the gas
pressure, Py(R,t), as [4, 6],
P(R,1) = Py(R,t) — 418 _ 97 1.77
( ) ) r g( ) ) R R? ( . )
where 7 is the shear viscosity of the fluid and o denotes the surface tension of the fluid.
Now, substituting the above expression in (1.76) and integrating both sides with respect to
R(t), we arrive at,

¥y 1 nR o
—R*=—-|P, t)— P, P(t)—4——2—]. 1.

RR +
Furthermore, the gas pressure inside the bubble can be expressed as, van der Waals hard
core radius, a = 0.5 pm [1],

Py RY
(7= ')
where, v is the adiabatic index of the fluid inside. Air being the medium inside the bubble
v = 1/4. Including the effect of damping due to the sound wave emission from the bubble
itself, finally the governing equation (1.78) of the bubble radius can be recast into the
following form [4, (4],

Py(R) = (1.79)
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—RR<1_2R>_3RZ<1_4R>+1[ Py 4nR 20

Cs 2 3 ¢q p | (R?—a3)Y R R
1 [-3YR3PR3 . 20 . dn, . . P. R¥ coswt R Py
(o ey O Mhpi o )| 2 ea 2 b sinwt — 0 = 0,
e l (e R R =y~ pe
(1.80)

where we have used the acoustic drive pressure as P,(t) = P, coswt. ¢, represents the
sound speed in the fluid. Now, considering the fluid as the water, (as experiments have
found the water medium to be the most suitable component for stable sonluminescemce)
we will discuss about the value of the parameters’, which one will require to solve the
above equation. It is important to note that we will fix these parameters as has been used
in the experiment by Putterman [5] for discussions in the later chapters. Shear viscosity,
n = 0.003 Kg/(m — sec), surface tension, o = 0.03 Kg/sec?, the density of the water
p ~ 1000 Kg/m3, pressure-amplitude of the sound field, P, = 1.35 atm, while the ambient
pressure is usually taken as P., = 1 atm. In water the speed of sound, ¢, = 1481 m/sec.
The frequency of the sound wave is w = 27(26.5) kHz,

With these parameters, one will be able to solve the radial dynamics of the bubble by
suitable fixing the initial conditions R(t = 0) = Req = 4.5um (ambient radius of the bubble)
and R(t = 0) = 0. However, the very nature of the graph is independent of these initial
conditions. We have plotted the solution in Fig.1.5 describing the quasiperiodic oscillation
of the radius of the bubble. This above hydrodynamical explanation of the bubble dynamics
has been found to be well matched with the experiment. As already described earlier, it is
the repeated flash of light in accordance with the bubble oscillation which has not been well
understood yet. In the following, we will briefly describe the existing theoretical analysis
which primarily can be categorized in to two main domains: hydrodynamical processes and
quantum vacuum radiation. Hydrodynamical models, which rely on the Bremsstrahlung
process, and those based on quantum vacuum radiation, center around the dynamical
Casimir effect.

1.3.3 Sonoluminescence as a Bremsstrahlung process and its
drawbacks

There have been numerous efforts to explain the light emission mechanism of Sonolumi-
nescence. Among them, Bremsstrahlung radiation from an imploding gas bubble is a well
studied and well motivated [64, 65] candidate for Sonoluminescence. As described in the
previous section, due to the acoustic drive pressure the gas-filled bubble undergoes repeated
oscillation. Due to such rapid contraction, it is assumed that a shock wave may form in the
medium inside the bubble (see Fig.1.6) when the bubble shrinks to half of its maximum
expanded radius. The speed of the bubble wall at this moment becomes four to five times
the speed of sound. This accelerating shock font leads to the heating of the inside gas
medium, consequently, a dense ionized region is formed with large number of free electrons.
Accelerated free electrons so produced lead to the emission of thermal photons. In this
framework, ambiguities arise due to the requirement for the Bremsstrahlung process to

21
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Shock front

FIGURE 1.6: This schematic figure, drawn with the help of the diagram given in [5] and
[66], demonstrates the shock formation due to the rapid contraction of the air bubble in
the water.

have a linearly focussed shockwave, even in the micrometer length scale. However, in the
contraction phase, the bubble surface shrinks nonlinearly to its minimum radius.Therefore,
later studies [67] has analysed the development of the shock front, and found that the con-
vergence of the shock wave ceases upon approaching the van der Waals volume of the fluid.
Another concern, argued also by the authors [5] who initially introduced this formalism, is
that the cut-off wavelength of the thermal Bremsstrahlung spectrum is determined by the
Planck constant. This cut-off scale does not account for the ultraviolet cut-off imposed by

the water in Sonoluminescence.

1.3.4 Issues with the models based on Dynamical Casimir effect
to explain sonoluminescence

Schwinger’s proposal: It has been predicted long ago by Hendrick Casimir [68] that the
presence of conducting boundaries in a vacuum can modify the zero point energy of the
existing fields. The associated effect is popularly known as the Casimir effect. This effect
has been experimentally observed[09, 70]. J. Schwinger, later implemented this idea for a
time dependent spherical boundary to explain sonoluminescence. In his simplified treatment,
the excess energy due to having a spherical vacuum cavity in an infinite dielectric medium

has been put forward as the responsible factor for light emission [71-77]. This excess energy
with an approximation of the instantaneous collapse of the bubble is given as,
4 K 4nk?dk 1 1 1 1
e=ork [Nk (1- ) = o RK (1 — 1.81
3" (27)3 2 ( ﬁ) 127 Je) (181)

where € is the dielectric constant of the medium outside the cavity and R is the radius of
the spherical cavity. In the above expression an ad-hoc cut off momemtum k£ = K, of the
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wave number is introduced. Although later studies [78] have provided a probable argument
for this cut off, suggesting that the dielectric constant goes to unity as one approaches the
ultraviolet region. Nevertheless, one can obtain the average number of photons emitted per
flash, from the above expression,

4 K dAnk?dk 1
N =R / S (Ve—1
mh (27)3 2 (Ve-1)

3

To see how much this expression provides, Schwinger proceeds by substituting the values of
the parameters derived from experimental measurements of Sonoluminescence. The value
of R =4 x 1073cm is chosen for the maximum radius of the bubble. In accordance with
the propagation of visible light in a water medium, the value of the dielectric constant,
€ = 16/9 is used. Then considering, N = 3 x 10° number of photons emitted per flash, the
cutoff wavenumber turned out as K = 1.7 x 10°cm~!. Interestingly this value of K belongs
to the ultraviolet range as observed in the experiment.

Time dependent refractive index: Following the same approach of quantum vacuum
production, S. Liberati et al.[78-81] further extended the formalism to take into account
the change in the dielectric medium in a more elaborate manner. The photon spectrum
has been computed using Bogoliubov coefficients, which connect the quantum field modes
before and after the collapse of the bubble in an infinite homogenous dielectric medium.
Maxwell’s equations in this time dependent dielectric medium become

V (()E) =0, VxB= %@@)E), (1.83)

1

97T(RK)3(\/E —1). (1.82)

where the authors have introduced pseudo time defined as dr = dt/¢e(t), so that the equation
of motion for the vector potential becomes

0? 9

ﬁA = ¢(7)V=A. (1.84)
Which interestingly resembles the dynamical equation derived for a scalar field discussed in
[82]. In a similar setting, the authors consider the following time profile of the homogenous
dielectric medium,

1 1
€(7) = a+ btanh(r/79) = §(nfn - nzut) + §(nfn - ngut) tanh(7 /1), (1.85)

where 73 is the time scale over which the dielectric constant varies. Wherein n;,, and ng,;

represent the refractive index inside and outside the bubble respectively. However, again
this setup has led to the divergent total energy flux in the wavenumber as,

_ 1 (nout - nm)
© 1672 nn?
™ Nin Moyt

&

2
R*k*. (1.86)

Eberlin’s approach: With a more natural coupling of the electromagnetic field to the
bubble motion, Eberlin [83, 84] has considered the following Lagrangian,
1 e—1

L(e, ) = —1 M —

u, U Fy,, (1.87)

23
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where u* denotes the four-velocity of the medium, with the time dependent dielectric
constant, € taken to be of the form,

e(r,R(t)) =1+ (n* — D)O(r — R(t)), (1.88)

where 6 denotes the Heaviside step function, and the dielectric constant inside the bubble
is taken to be 1 and outside as square of the refractive index n? with . The Hamiltonian
corresponding to the above Lagrangian turns out as,

H = Hy(R(t)) + AH(R /d3 [<+B)+€;1Bf-(D><B)+O(52) :

(1.89)
where the velocity parameter, § = R /c. Whereas the first term, Hy, in the above equation
with electric displacement, D and magnetic field B represents the usual Hamiltonian due to
Maxwell’s action. However, the second, AH and higher order terms emerge for considering
the interaction of the electromagnetic field with the fluid velocity. Therefore the time
dependent Schrodinger equation of the state vector |1(t)) of photon can be expressed as

I@/)( )) = (Ho(R(t)) + AH(R(1), 5))[(1))- (1.90)

For this Hamiltonian, the transition amplitude has been computed following purely quantum
mechanical treatment of time dependent perturbation theory using

Ho(R(t))[a(R(t))) = Ea(R(t))[a(R(?))), (1.91)

where |a(R(t))) denotes the eigenvector of the unperturbed Hamiltonian and E,(R) is the
corresponding eigenvalue. Utilizing this eigenvector, the total wave vector for the perturbed
Hamiltonian can be computed as

Z |a(R))(a(R)[¢(1)). (1.92)

4( 2

Note that the summation over should be considered as a summation over discrete
quantum modes and integration over continuous quantum modes. All of these quantum
modes are supposed to be incorporated in |a(R)). Now the transition amplitude from the
vacuum to the excited states, defined as (a|t)) can quantified as,

(alt)) = ca(t) exp { " E(t )] (1.93)

to

Since the Hamiltonian (1.89) is second order in the fields, the perturbation will induce a
transition to the two-photon state |k, k') of wave number k and k' and using the Shrédinger
equation one can compute the time evolution of the coefficient ¢, (which for two-photon
states denoted by cgpr) as,
8ckk/ (t)
ot

= (k, K'|AH|0), (1.94)
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Then total energy emitted in one acoustic cycle (T') for this transition becomes,
1
W= /d3l<;/d3l<:’(w + o) eww (T2, (1.95)

where, w and ' are the frequency of the modes k and k' respectively. We refer the reader
to [84], for the actual computation, which will lead to the following expression for the total

energy,
2

n—1 1 T PR
=1.1
w 0 n? 480w /0 dt ot

The remaining task is to find out the time profile of the bubble’s surface. Eberlin considers
the following analytical form of the radius of the bubble,

2 2
(Req - Rmzn)

(t/7)7+ 1

The value of the parameters, considered by the authors, as Req ~ 10um, Ry, ~ 0.5um,
n = 1.3, Eberlin obtained W = 2.5 x 10716, considering the collapsing time scale, v ~ 1fs,
which is far too short time scale to be feasible as far as the experimental measurement is
concerned. Moreover, [85, 80] pointed out that the velocity of the bubble surface needs to
be superluminal in order to match the experimental results.

Milton’s argument: Later studies [$0-589] have cast doubt on the suitability of formalisms
relying on the dynamical Casimir effect in explaining the phenomenon of sonoluminescence.
It’s important to mention that within all the specified quantum mechanics based models
(with the exception of Bremsstrahlung process) the typical photon energy flux was found to
diverge in wave number. Therefore, an ad hoc cutoff has been implemented to address these
phenomena. Milton’s analysis ([$7, 88]) also contended that such divergent contributions
within the quantum theory framework should vanish through renormalization.

All the quantum mechanical modeling of this phenomena suffers from ultraviolet di-
vergence, and that has not been resolved yet. In this thesis we approach this problem
in the proper quantum field (QFT) theory framework and utilize the well known analog
spacetime formalism [90] where actual temporal evolution of the bubble surface will be
taken into account. We point out the origin of the aforesaid divergence as a generic feature
of perturbative QFT. We further argue that the sonoluminescene phenomena is rather
non-perturbative in nature which does not give rise to any divergences.

® pysee). (1.96)

5

R*(t) = R, — (1.97)

1.3.5 Emergence of the acoustic analog metric for fluctuation in
the fluid system

In his famous paper [90], Unruh conjectured that the dynamics of the sound wave in an
incompressible fluid mimics the governing equation of a classical field propagating in a
gravitational background. For an incompressible and irrotational fluid, the corresponding
energy-momentum tensor satisfies the following covariant conservation equation, where,

V" =0, T" = (p+ Pyutu’ + Py, (1.98)

25
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with p and P symbolizing density and pressure respectively and n** is the Minkowski metric
describing the flat space time. Whereas, the four-velocity u* = (1,v). Then the above
conservation equation can be expressed in three coupled equations,

V x v =0, (1.99)

[g: t(v-V) 1 — _Vp— pVo, (1.100)

ap
EJFV (pv) = 0. (1.101)

Where, the first equation signifies the irrotational nature of the fluid, whereas the subsequent
equations represent the Fuler equation and the continuity equation, respectively. In the
Euler equation, the righthand side asserts that the force present in the medium is due to
the pressure, and the external driving force, which is expressed as a gradient of a potential
®. For irrotational fluid flow the vanishing curl of the velocity prompts us to express the
velocity as a gradient of a velocity potential, v = V1. Now we simplify the above fluid
equation with the help of the following parametrization,

e d /
90 = [ 554y (1.102)

where, ¢ = log p. Utilizing the above quantity, the set of fluid equation simplifies to

881?+ —v-v+g(()+®=0, (1.103)

and

gi—l—v V(+V.v=0. (1.104)

With this form of the fluid equations, we proceed to introduce fluctuations in the fluid as

(=G+¢ ¢—= o+ (1.105)

Where the fluctuation in ( signifies the perturbation to the density p. Substituting these
perturbed fields in the covariant conservation equation one can derive

?,;f +35Vo- Vi + ¢ (¢)C =0, (1.106)

- (poC)
po | Ot

Note that the external driving potential, ® being a fixed quantity goes in the background
equation [02]. Whereas, the background fluid parameters are vo = V1)y and py = . The
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above two fluctuation equation can be decoupled and the equation governing the fluctuation,
¥, turns out as[90, 92, 93],

1[@( o )atwat s -V¢+V-('0”V° atw)

o 9'(Co) 9 (Co) 9'(Co)

(1.108)
7 Lo - .

-V. (poVw) +V- (VOQ’(CO)VO : V¢> ] =0,

Interestingly this fluctuation equation mimics a massless scalar field propagating in the
following background space time, which is often referred to as analog metric (AM) [90],

~ \ —1 2 2 i, i
2 [ Po (po/c?) G 0000\ 2 ;.0 0] j i 7.
dsay = <02> {(00/0)2 [— (»02 ¥ o )c dt” — 2; dij dx’cdt + 6;; da* da? | 3. (1.109)

Where 2" denotes the spatial coordinates under consideration. Whereas v, represents the
local velocity of the fluid along x?. The above analog metric can be thought of as emerging
due to the fluctuation in the medium inside the air bubble in the water medium, which
constitutes the Sonoluminescence setup. Therefore, the local sound speed denoted by
co ~ ¢'(Co) = ¢'(Inpy) assumes the value corresponding to air, ¢y ~ 343 m/s. We have
also introduced an arbitrary density parameter gy to attribute a dimension of length to
the analog metric, dsay. Note that all the fluid equations are independent of this new
arbitrary parameter. Now, we are left with two more fluid parameters, vy representing the
background velocity and py symbolizing the fluid density. Assuming the background flow to
be spherically symmetric, we will mainly consider the background velocity, v} to be radial,
which is approximately expressed as [1],

Vg = =T (1.110)

with vy = \/(L-jvévg representing the background velocity in spherical coordinate. Where
R(t) denotes the radius of the air bubble in the water. The above form of the velocity
satisfies the conditions, vo(r = 0) = 0 and vo(r = R) = R. With the help of vy, one can
derive the background density from the continuity equation [92], and is given by,
RS
1) = Peg—mre, 1.111
pO( ) Peq R3 ( t) ( )

where, pe; = po(t — to) representing the density of air inside the bubble at any arbitrary
time ¢, when the bubble is not dynamical with fixed radius R.q = R(t — (), which we have
often referred to as ambient radius. This equilibrium situation motivates us to compare the

3

above equation with the equation of state, expressed as, py = Peigeq%, with Py = pegc?.
1

Hence, we express the factor involving the background density as 2 chp 0 = R%:)S’ where ¢ is
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a new arbitrary parameter that includes the old ones. Incorporating this parametrization,
we finally express the line element of the acoustic metric in a spherical coordinate as,

53

RO |~ (c3 —v3) dt? — 2uodrdt + dr® + r2dQ?|. (1.112)

2 _
dsay =

The expression in the parenthesis originally appeared in the paper of Unruh[91]. Whereas,
the overall factor, outside, carries the information of the oscillating bubble in the present
context of the fluid system of Sonoluminescence. Our goal would be to utilize this analog
metric and study the quantum particle production phenomena which is assumed to be
connected to the sonoluminescence we are interested in. For this, we propose that any
quantum field see this analog metric as a fluctuating part of the following effective spacetime
background,

dt’ i
ds® = ( — — 4 dr’+7r? sz) + th)i” [— (c5 —v3) dt* — 2uodrdt + dr’® + rdeQ] . (1.113)
€

The dielectric constant € is associated with the air medium inside the bubble. This metric
can be rewritten in a compact form,

ds® = — f(t,r)dt* + 2g(t, r)drdt + p(t) (dr® + r*dQ?) , (1.114)
with the essential matrix elements given as,

53
ﬁ?

R2
flt,r) =14 > <c§ - ﬁﬁ) : (1.115)

p(t) =1+

However, one can get rid of the off-diagonal term by transforming the radial coordinate in
the following manner,

dr

The above equation can be integrated (see Appendix.C) to obtain the scaling in the radial
coordinate, 7 = rp'/3. Utilizing this redefined radial coordinate we recast the effective
metric as,

2
ds® = — (f + 9) di* + p'* (di* + 7 d0?). (1.117)
p

This form of the acoustic metric can be further simplified by taking into account the fact
that experimental measurement suggests that the photon flux is emitted as the bubble
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1.3. Fluid system: Oscillating air bubble in water

comes to its minimum radius [, 59]. Hence one can impose a limit 7 — 0 in the fluctuation
part of the metric. In this limit the metric coefficients (1.115) become,

3
PO =1+ 5
f(t) = H}f;cg (1.118)
g = 0.

This leads to the following simplified form of the acoustic metric,
ds® = — f(t) dt* + p'*(t) (dr* + 72 dQ?) . (1.119)

Due to the spherically symmetric nature, the spatial section of the above metric can also
be recast into Cartesian coordinates (z,y, z),

ds* = —f(t)dt* + p'3(¢) (da® + dy? + d2?) (1.120)

This time dependent form of the effective acoustic metric will lead to particle production if
coupled with a matter field.

1.3.6 Formalism of particle production in a time dependent
background

Quantum field theory plays a significant role in understanding the subatomic world [94].
The standard model of particle physics has been built on the premise of interacting quantum
field theory in flat space time [95]. However, in the presence of curved space time, various
new phenomena arise [32]. The analysis primarily involves quantization of the matter field
while keeping the gravitational background as classical. This semi-classical treatment has
been very successful, specifically in the context of structure formation in early universe
cosmology [6] and also in the scenario of black hole evaporation [43]. The primary distinction
from flat space time is the departure from Lorentz invariant structure in the vacuum states
of the matter field. Hence, the vacuum state cannot be uniquely determined for general
background space time and may appear differently to different observers [96].

Much of the primary steps in the formulation of quantum field theory in curved space
time follow from its classical version [97]. First one needs to find out a complete set of
classical mode functions, which satisfies certain orthonormalization conditions. To see that,
let us start with a minimally coupled action for a real massive scalar field,

A= —;/\/—_gd“x [0,60%6 +m3g] . (1.121)

By varying the action one will obtain the equation of motion for the scalar field,

_\/i_gau (\/—_93“(15) +mi¢ = 0. (1.122)
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Now the inner product of the fields is defined as [98],

(61,62) = [ a/Ihln (939,61 = 619 ,6) (1.123)
where ¥ is the space like hypersurface, n* is the future directed normal to the hypersurface,
and h is the determinant of the induced metric b, = g,, — n,n,. Taking the hypersurface
as space like, t=const., n* = (n° 0,0,0) and gopon°n® = 1, which leads to the following
expression of the inner product,

(61,62) = [ V=29 (930161 — 610162) (1.124)
This inner product can be shown to be independent of the choice of the space like hypersur-
face, 3. Therefore one defines the following orthonormalization conditions to be satisfied
by mode functions
9,5, Kronecker delta for discrete quantum numbers and Dirac delta functions for continuous
quantum numbers. With this generic discussion, we now resort to spatially flat spacetime
case which is our primary interest (see Eq.1.120). For spatially flat space time, we can now
promote the classical field in quantum field operator and expand the fields in Fourier modes
in the following manner,

6(t.%) = [ oot 10e + el (1, 1] (1.126)

X) = ¢ e ¢ e )

) (27’(’)3 k ) k ) )

where, & and & satisfy the usual harmonic oscillator commutation relation
A oAt ] — (93831, 1L\ A A ] — s A
b | = @k - K), & a0 =0, |e,d] =0 (1.127)
Now from the Lagrangian density of the scalar field, one can obtain the conjugate momentum
as,
oL
Il = = —/—99"0,¢. 1.128
Imposing the canonical commutation relation
A%\
= £ ik-(x—y)
[6(t,).11(t, )] =1 [ 5356 (1.129)
Let’s write the Fourier mode expansion of (1.130) as
d3k :
t,x) = / 2t K)elkx 1.130
ot = [ Rt ke (1.130)
where,
R(tK) = &t k) + &7 (8, k), 7t k) = —/=gg"[ed/ (1, k) + ¢3¢ (8, k)] (1.131)
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Introducing another set of time dependent creation and annihilation operators as

de(t) = (k) + \/zl—wk 2R, —k)—\/;_wkfr(t,—k) (1.132)

2
where, wy, = (/k? + mi. We connect the two sets of creation and annihilation operators in
terms of Bogoliubov coefficients as

di(t) = ar(t) + By, di(t) = af(t)el + Bu(t)ex (1.133)

#(t,k), di(t) =

where the time dependent Bogoliubov coefficients are given by

ol L =00y
2 V2
0 (1.134)
Bult) = /500 F) + —5=/=38 (1. k)
2 ’ ka ’
From the quantization condition (1.129) we can obtain the following relation of Bogoliubov
coeflicients

|l (t)]? — [Be(t)]? = 1 (1.135)

If the Heisenberg picture is adapted to describe the quantum dynamics, then |0;,) is the
state of the system for all time. However the physical number operator which counts
particles in the out-region is /Ny = dkdk, which acting on the initial vacuum state gives,

(Nie) = (Ogn|dldi|0in) = |B]? (1.136)

The quantity 37 denotes the particle number density in the mode k. The usual explanation
[82] for particle production is that initial vacuum states appear as excited states to an
observer at a later time. To determine |8;|?, the primary challenge one encounters involves
determining the mode function for a generic time-dependent background. In the majority
of the cases [99], numerical computation with appropriate boundary or initial conditions
is necessary. In some cases, one may be able to find out the solution to the equation of
motion analytically following the perturbative expansion of the mode function in high
frequency range. However, it is well known that the perturbative approach leads to very low
production, which is a natural outcome for high frequency modes. Therefore for significant
production, one needs to find out the mode function in the low to medium frequency range,
we have to perform numerical computation.

1.4 Outline of the thesis

The entire thesis is segmented into six chapters including the introduction and conclusions.
Motivated by the interesting aspects of time dependent systems, we have studied observable
quantities in two different scenarios. The first involves astrophysical systems, with a focus
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on oscillating black holes (BHs), while the second entails investigating particle production
due to an oscillating air bubble in water.

In the first case, our focus has been specifically directed towards the evaluation of the
absorption cross section of Schwarzschild BH as it rings down after the merging phase (we
have referred to this BH as ringing BH). In chapter 2, we have considered a scalar field
propagating on this ringing BH with minimal interaction. We have formally treated this
scalar field as an axion. Due to the quadrupole fluctuation (GWs) in the background space
time, the scalar field obtains nontrivial dynamics. Particularly, quasinormal modes (QNMs)
of GWs enter into the evolution of the scalar field. To bypass the difficulty associated with
the definition of absorption cross section as the ringing BHs lack the asymptotic flatness,
we have introduced a hypothetical interaction surface. With this setup, we have been able
to compute the absorption cross section, which turns out to be oscillating quasi-periodically
with negative values during some parts of its evolution. We have argued that these negative
values are arising due to the superradiant enhancement of the outgoing flux. Interestingly,
it appears that the decay time scale of this time dependent superradiant feature in the
absorption cross section matches with decay time scale of the QNMs. It is well known
that the detection of axion is difficult. Therefore, to measure the enhanced flux, we have
proposed a scenario, where an incoming light ray is interacting with this axion, which
carries the GW induced fluctuation. Then, we have obtained an interesting feature in
the rotation of the plane of polarization of the passing light ray. Next, we have discussed
various existing experiments where this rotation angle can be measured.

In chapter.3, we have extended the formalism of the previous study on the scattering
of fields in the ringing BH for the case of electromagnetic fields. The main motivation is
associated with the greater prospect of observability as compared to the scalar field case.
All the basic formalisms remain the same as before. However, to avoid complicacy regarding
the gauge choice of the EM field, we have developed our framework in terms of gauge
invariant variables. It is found that electromagnetic fields are also similarly amplified due
to the ringing of BHs. There are existing ground based detectors which measure EM flux of
various frequency ranges. We deduce the frequency ranges within which the amplified EM
signal may be observed, and it turns out to be inversely proportional to the mass of the BH.
Considering solar mass BHs, we have estimated that superradiant amplification happens
for EM waves with a frequency around 10 kHz. This is below the existing Low Frequency
Array (LOFAR) telescopes’ operating range, 10 — 240MHz. Hence, to be able to connect
with the experiments, we need to consider less than solar mass BHs. Interestingly, such a
low mass BH indeed arises in the early universe cosmology and those are called primordial
BHs (PBHs). We briefly discuss the possible mass range of those PBHs which are assumed
to be formed after merging and their observational prospects.

In the second scenario, in chapter.4, we have considered an oscillating bubble in a fluid
medium, firstly to explain a light-emitting phenomena called Sonoluminescence. We have
utilized the effective acoustic metric that emerges analogously in the context of fluid due
to fluctuation induced by sound waves. Then we have coupled the EM field with this
acoustic metric, which can be recast into a conformally flat metric. It is well known that
the minimally coupled EM field in four dimensions is conformal invariant. Therefore we
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have introduced nonminimal coupling of EM field to the analog acoustic metric through the
corresponding Ricci curvature scalar. This conformal breaking coupling leads to photon
production. We have presented our numerical findings, which demonstrate that due to
the oscillating nature of the background acoustic metric, particles such as photons will be
produced via parametric resonant amplification from the quantum vacuum. We further
computed the power spectrum of the produced particle and compared it with the the
experimental results.

The production of particles in the presence of time dependent background is a ubiquitous
phenomena. Motivated by this, in chapter 5, we have put forward a proposal for fermion
production in a very similar manner to photon production from the oscillating air bubble of
Sonoluminescence. Minimally coupled massless fermionic action in four dimensions is also
a conformally invariant theory in the presence of a conformally flat space time. However,
massive fermion breaks this invariance. Hence, following the methodology discussed for the
photon we have computed the power spectrum of the produced fermions. The mass range
for which we have calculated the spectrum is within 1071° — 1075 ¢V, which suggests that
the fermion could be very well treated as a Neutrino. However, with the present coupling
prescription the magnitude of the produced flux appears to be extremely low.

In the concluding chapter 6, we summarize the key findings of our analysis for the
two time-dependent systems: ringing BH in the context of an astrophysical scenario and
oscillating bubble in the case of fluid systems. This section also serves to list all the
important issues pertaining to the works presented in the thesis. We will also briefly discuss
how these issues can be addressed in the future. Then we will end with the possible future
outlook and extensions of the present analysis.

33
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Superradiant scattering of scalar field from ringing

black holes 2

"In space, no one can hear you scream; and in a black
hole, mo one can see you disappear.”

— Stephen Hawking, Black Holes: The Reith Lectures

2.1 Introduction

The first observation of gravitational waves (GWs) by LIGO [1] in 2016 is such a remarkable
achievement as it confirms the predictions of Einstein’s general theory of relativity. Moreover,
it establishes the existence of compact objects, such as black holes (BHs) and neutron stars
(NSs) in our universe. Importantly, GW signals encode the quasinormal mode (QNMs)
ringing in the merging event of binary BH (BBH) [1], BH-NS [100] and NS-NS [24]. In
addition, these QNMs carry the information on the intrinsic parameters of BHs, such
as mass, charge and spin[l]. Therefore, an elaborate study of the merging phase is very
motivating. This may lead to theoretical predictions of new signatures in the observed
signal, either through the emission of GWs or via scattering of fundamental fields from the
compact object undergoing the merging phase. However, the transient gravitational wave
(GW) signals that have been detected so far, match very well with the predicted waveform
of the merging event, which consists of inspiral, merger and ringdown [I]. Hence, it is
very significant to investigate the possibility of a complementary prediction of gravitational
waves via scattering of fundamental fields.

As a first case study, we have mainly focussed on the ringdown phase, the last phase of
the merging event. Particularly we have considered a scalar field being scattered by the
BH as it rings down (which we referred to as ringing BH). Investigation of the possibility
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of a complementary prediction of GWs requires exploration of the observable phenomena,
apart from gravitational waves (GW). To serve this purpose, the absorption cross section
of the ringing BH for the scalar field could be a potential physical quantity. Moreover, the
dissipative nature of a system may lead to a superradiant absorption cross section as we
have argued in the Introduction chapter of this thesis. During the ringdown phase, the black
hole undergoes damped oscillation which has been extensively studied using the method
of BH perturbation theory. Because of inherent dissipation, the oscillation frequency is
quasi-normal. Therefore, if superradiance indeed appears in the absorption cross section of
ringing BH, the observation of the enhanced scattered flux of the scalar field is more viable.

The superradiantly amplified flux can act as a complementary observable along with
the gravitational waves during the ringing phase of the black holes. The focus of this study
will be confined to the ultralight scalar field, which can be described as axions or axion-like
particles. Axion holds significant importance as a potential candidate for dark matter. The
detectability of dark matter remains a pressing concern, prompting numerous proposals and
experiments [L01-103]. We have examined various observables that capture the distinctive
signature of the oscillating scalar field, which encodes information on the ringdown phase
of the BH. Detecting such a time-varying effect would be more feasible.

2.2 Background and Framework

We start with the Ringing Schwarzschild BH metric, g, = gg,, + h,., where gfw is the
standard Schwarzschild metric and the fluctuation part h,, can be expressed in radiation
gauge in the following manner as discussed in (1.2.1) putting together the odd and even
parity perturbation, specifically choosing quadrupole mode,

Hoo(w, ) f(r)Yag ﬁéé) (w,r)Yao 0 0
hw:e_m H(w,r) Yoo Haolw,r) )" Wao 78D (w,7)8pYa0 7D (w, 7) 5905 Ya0 e
2 0 A, )0Ye0 2 Dao(w,r8) LA (w,r)Cao(6)
0 B(QB)(O) (w, 7)8909 Y20 %B(Q) (w, 7)Ca0(0) 7“2531520(% r,0)
(2.1)

where, symbols are, Cyo = (cg0pYa0 — $602Y20), Dag = KogYao + Gag03Ya0, and Dyy =
KogYao + cot 0GogyYay. S¢ = sin 0, co = cosf. Note that we have added the complex
conjugate (c.c.) part to make the fluctuation, h,,, real. Our goal is to compute the absorption
cross-section of the ultra-light scalar field in this ringing Schwarzchild background. The
equation of motion of a minimally coupled scalar field on this background is given by,

0,0 + ¢ = 0. (2.2)

where p is the mass of the scalar field. Importantly, in our analysis, we can always maintain
scalar field amplitude ¢ < L by multiplying a small number as (2.2) remains invariant
under constant scaling. Using such scaling, the scalar energy momentum tensor can always
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be made subleading compared to that of the GW background. With this assumption, we
solve the scalar field perturbatively in terms of GW fluctuation, h,,. For simplicity, most
of our discussion will be for 1 ~ 0. One of the potential candidate scalar fields could be
ultra-light axion which is of interest as a potential dark matter candidate. Considering the
spherical harmonic expansion of the scalar field, ¢ = 3 N E™(t, 7)Y (0, @), where Ny,
being normalization constant, utilizing (2.2), the mode equation becomes,

Lo (,7) + Prmey (R)ET(E,7) + Primer (R)E (8,7) = 0, (2.3)
with £, symbolizing the radial differential operator corresponding to static Schwarzschild
space-time ;

m d 1 m l(+1) 4,
EOfl = _atZé:l (ta 7“) - f(r)ﬁar{r2f<r)arfl <t7 7")} =7 f(r)%gl (ta T)'

Note that repeated indices have been assumed to be summed over. Whereas P, 751ch,
(see Appendix.B.1 for detail expression) are the differential operators dependent on the first-
order complex and its conjugate part of the metric fluctuation “h” respectively. Gravitational-
wave background naturally breaks spherical symmetry, due to which different angular
momentum modes of the scalar field will be coupled to each other. Following perturbative
approach, the field £ is expanded as,

g (t,r) = EGE,T) + E5 G T) + O([hw]?), (2.4)
where the successive terms represent the gauge field in the order of [h,]. Field variables
with subscript “(0)" denote the solution for the static background and the same with

subscript “(1)" denote the same corresponding to the perturbed part. Substituting the
above expansion in (2.3) we obtain the linearized equations of motion, up to O([h,,]°),

Lo(t,r)E(t,r) =0, (2.5)
and up to O([huw]),
Lo(t, )E (8, 7) + Praner (WEQ) (8, 7) + Pimer (R)EG (E,7) = 0. (2.6)

By using the properties of the inhomogeneous differential equation, we have decomposed
the perturbed part of the scalar field, £73(t,r) = £1™(t, ) + §™(t,7), such that,

Lo&y" (t.7) + Puney (W€ (,7) = 0 5 Lo&™ + Pimey (W)EG) (8,7) = 0 (2.7)

The above set of equations can be thought of as scalar waves propagating in the static
Schwarzschild (g,) background with oscillatory source term.
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2.3 How the GW-QNMs manifest in the scalar field
The zeroth order part of the scalar field &, (¢, r) being the solution for static Schwarzschild
BH, we can rewrite it as,
€)= [k eMeg () (2.8
with k representing the corresponding frequency. Now, recall that the time dependence of
the ringing fluctuation (2.1) is dictated by e " so that, one will be able to extract it out
of (Pimey) and (Pyney). The preceding two arguments help us to express (2.7) as,
Lo(t,M)ER(t,7) + / dk e EF Py (I, w, )€l (k1) = 0, )
Lo(t,r)ER) )+ [ die e Py ()€ () = 0,
We only consider the particular solution for the {f’f)b(t, r) and éég’”)b(t, 1), hence, it is plausible to
consider the following decomposition,
g (t,r) = / dk emHgm(k, r), (2.10)
and, in the same fashion, we can express,
E(tr) = [ dk e g 1) (2.11)
Substituting these above forms of the fields’ decomposition, we obtain from (2.9),
Lok, w0, M)E (k. 7) + Primey (k, w0, 7)EQ) (k,7) = 0, 2.1
Lok, w*, r)géﬁ(k, 7) + Plmery (k, w*, r)gégﬁ(k, r) =0,
Where,
l(l+1
Lol w.7) = F)0 ()0 + () = F) (213)
and
% ), (l+1
Lollew, ) = FOOL(F0)0) + (k — w9 — fr) EY, (214)
can be derived by acting Lo(¢,r) on (2.10) and (2.11). To solve the above set of differential
equations we fix the following ingoing initial boundary condition near the horizon of the static
black hole,
lm lm (16M2k2 — l(l + 1)) lm
= —2M 2.1
0 N°<0 +r ) oM(AiMk—1) 0 T (2.15)
with arbitrary normalization constant ¢§™. Ny = e~ f(r)=2Mk which corresponds to the ingoing
mode near the Schwarzschild horizon of momentum k.
38
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2.4 Defining the absorption cross section

Usually one defines the absorption cross-section in the asymptotic flat space region. To compute
such quantity for the ringing black hole we propose the following method: the spatial section is
divided into region-I (shaded) with the ringing background and region-II with pure Schwarzschild
(see Fig.2.1). Between the regions, a hypothetical surface, named as an "interaction surface",
is defined at r = 7, where at t = t;,; = 7},;, the incoming scalar wave interacts with the
gravitational wave. Considering Eq.(2.15), we numerically solve for each mode (k) of the scalar
field up to the first order in A in the region-I described as,

17t 1) = TR () e FDRET (I ) 4 e T T (i, ) (2.16)
In region-II, since we consider the pure Schwarzschild background, the solution will be
Wm(t,r) = 6™t r) with Lo(t, r)E§™(t,7) =0, (2.17)

We want to clarify that the notation used to denote the fields with subscript “0” in the exterior of
interaction surface in contrast to the same quantity with the subscription “(0)” (see the discussion
below (2.4)), which represents the solution for the static Schwarzchild BH without the prior
fluctuation. The primary motivation for complicating the subscription of the variable, &, rather
than using different variables altogether is to convey the fact that they represent the same
physical quantity in various circumstances. Now, the above second order partial differential
equation involving two variables (¢, r) requires four boundary conditions. Therefore, in Region-II,
the appropriate boundary/initial condition would be as follows: we provide two spatial initial
conditions at the interaction surface r;jy,;,

i{Ilm(ta )Vt —srine = }dm(tar)’\ﬁ,ramm (2.18)
Or&Ht™ (b, 7) Wt —srine = OrEE ™ (6 7) Vet '
while we provide the time conditions as boundary conditions at t — co,
ﬁm(tﬂa)‘t%oo,w = glm(tu 7) |t 00,7 (2.19)
O™ (8,7 —socywr = —TKEG™ (8,7) [ -sc0,0r '
Within the lightcone, the quasi-normal oscillation is exponentially decaying in time. Hence, in

t — oo fluctuation part of the scalar field (¢/™, &™) at the interaction surface vanishes. This

essentially sets our last two boundary conditions which make sure that the scalar field absorption
cross-section of ringing BH boils down to static Schwarzschild value within the characteristic time
scale of the oscillation 7 ~ 27 /w. Using the boundary condition Eq.2.18, we solve Eq.2.19 within
the region t > r, of the box bounded in (r,t) plane as ([rint, 00, [tint, 00]). Asymptotically, the
gravitational wave propagates along the outgoing null coordinate. Hence, once the solution is
obtained, we transform it into outgoing null coordinate (¢,7) — (u =t — r*,r) and define the
absorption cross-section, which will naturally be r;,; dependent.

2.4.1 Energy Flux:

In our framework, the procedure to determine the absorption cross section for an oscillating black
hole arises from the definition followed (1.2.3) in the case of static and stationary black holes. For
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I1

FIGURE 2.1: Interaction of the scalar wave with the gravitational wave. The shaded
region(I) represents the spatial extent of ringing fluctuation, outside (II) is considered to
be static Schwarzschild space-time.

this, we first study the case of static and stationary black holes in (u,r) coordinate, and then
we extend the formalism to the oscillating black hole. To proceed we write down the covariant
conservation equation on a generic spacetime background with the associated Killing vector, &+,
as [7],

V. (THE) =0, (2.20)

which can be explicitly checked using the covariant conservation of the symmetric stress energy
tensor, V7", = 0, and the killing equation V#&” 4 V¥&# = 0. Let us symbolize the quantity
inside the parenthesw of the above equation as the generalized four momentum, P* = J#,£Y. To
determine the conserved quantity, one needs to find out the allowed Killing vectors. For example,
the static spherically symmetric (Schwarzschild type black hole) spacetime, in (u =t — r,,7),

ds? = — f(r)du® — 2dudr + r*(d6* + sin® 0d¢?), (2.21)

This metric allows one of the time like Killing vectors as & = 40,. For this particular Killing
vector, the associated conserved quantity turns out to be

- /d?’x\/mpo, (2.22)

Where, go(u,r) is the determinant of metric given in (2.21). The above statement also implies,
Oy F = 0. Taking the time derivative on both sides of the above equation we get

Oy F = /d3x8u( —go(u,r) > /d x0; < —go(u,r)P* > . (2.23)

By choosing a r-constant hypersurface and applying the divergence theorem in the above equation

one will arrive at
o
= — l/ r2dQJ",

Th

0.F =~ [ rdap

Th

=— / r?dQ.J" &

—/erQﬂru

] . (2.24)

r—00

Where, df) = sin0dfd¢. We can see that two terms in the last equality of the above equation are
equal by the fact that 9,F = 0, as mentioned previously. Therefore, one may infer that the energy
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being absorbed by the black hole horizon per unit time could be equated with, 0,F,_oo. Now,
the definition of the absorption cross section [34] is the amount of energy being absorbed by the
black hole horizon divided by the incident energy density. We define the incident energy density

as, 0,G = 7%, which sometimes called as energy density current [35]. Utilizing this technology
we obtain the absorption cross section in terms of the stress-energy tensor of the fields as,
K Dy FH oo,

o (2.25)

r1ng(u7r1nt) = augk yzu
This expression, in principle, should be evaluated at spatial infinity (one may look at eq.(23) of [122]
for a similar definition using current density). For practical purposes, we have presented our results
considering r = 75ry, however, we have checked that all the results are stable with » = 50r;, —100r,.
The subsequent part of the analysis very much follows from the discussion given in the Introduction
chapter.(1.2.3). We have to first substitute the scalar field ¢ = > Mam ™ (u, 7)Yin (0, ¢) in the
stress energy tensor of the above definition of absorption cross section using the numerical solution
of €XIm(w, 7). The procedure to find out the mode solution, &< (u, ), has been discussed in the
preceding section. However, to figure out the normalization factor Ny, we should reiterate that
we have solved the scalar field modes starting from the black hole horizon to the interaction surface
(rint) with an ingoing boundary condition. For this, the ringing Schwarzschild metric is playing
as a source. Then using that solution as the time dependent initial condition at the interaction
surface, we solve the same mode equation in the static Schwarzschild background. This procedure
renders it difficult to identify the plane wave component at the asymptotic infinity, thereby finding
the normalization factor Ny,. We proceed by considering an approximate asymptotic solution of
the scalar field as,

T—00 T—00

lglm(t, ,r,) — Nklm (Ilkm(u7rint)€—ik(u+27”*) + R%{m(u7 r’i?’bt) e—iku) . (226)
r r

Due to the oscillating nature of the ringing black hole background, the ingoing/outgoing coefficients
(Ilkﬁlw / R%(mw ) naturally become time dependent and the dependency on the r;,; appears for the initial
condition set at the interaction surface. Following the standard procedure [37], the assumption of
incoming plane wave along the z-direction in the asymptotic infinity sets the constant normalization
factor. Therefore, to identify the incoming scalar wave propagating along ‘z-direction, we first use
the well known Rayleigh expansion of the plane wave in terms of the partial wave as

—ikrs
—ik(utzs) ,—ikzs —ik(utrs) € 0 ;
e e E e S \/4m (20 + 1)Y;"(©2) + Outgoing (2.27)

where z, = r, cosf (recall that we have transformed, ¢ — u + z,). Considering the asymptotic
solution Eq.(2.26), we first choose the time independent normalization condition as,

dr(20+1) 5
kTS (u — 00, Tint)

Nklm =

(2.28)

The ingoing/outgoing coefficients (Ill;f / R;(nf ) will match with that of the static Schwarzschild case
in w — oo limit. Using the above normalization factor, the ingoing plane wave at the asymptotic
infinity is assumed as,

S Nam T, (w, 1int) Yin () d92 il (u+2z:)

bin [ V/Ar 21+ )Y (Q)d0

(2.29)
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Where time dependent amplitude is averaged over angle. This amplitude is defined in such a way
that in the u — oo limit, it reduces to unity. With this approximated ¢;,, we obtain the total rate
of ingoing flux for a given mode k by substituting it in the stress energy tensor in the denominator
of the definition (2.25) of absorption cross section. With all these ingredients we have been able to
numerically compute the absorption cross-section Jllfilng. In the following section, we have discussed
ki

our numerical results of 0,5, (4, 7int), Which is the partial absorption cross section.

2.5 Numerical Computation of allfifag

As mentioned earlier, the gravitational wave background is assumed to be quadrupole oscillation
(2.1) with the QNMfrequency w = (0.74734 —i 0.17792)(r,) ! [16], where, Schwarzschild horizon
radius r, = 2M. We express all physical parameters in units of r,. Ringdown phase in general
should contain all possible QNM modes[!5]. However, we consider the one which is long-lived. The
background ringing field solutions are so chosen that the perturbativeness defined as dg/go hl, <
1 is maintained for a wide range of initial parameters. Given the ringing black hole background
with a specific QNM frequency, we solve for the scalar field (2.3). Importantly, we should reproduce
the well known static value of the absorption cross-section (1.2.3.a) associated with Schwarzschild
black hole in the limit, lim, oo allfilng (u, 7int) = 0°(k, ). Hence, before the static limit is reached
over the time scale 7 ~ 40, aﬁilg(u, Tint) Will also undergo a ring down phase. It is during the
ring-down phase when the superradiance is observed.

Elaborating more on the numerics, our final solutions have been observed to be stable for a
wide range of initial conditions parametrized by C(l)m within ~ 1072 — 20. Up to a small fluctuation,
our results are also stable for a range of asymptotic radial infinity within r» = 75r, — 100r,. This
fluctuation may be arising due to our approximate normalization. Nonetheless, the characteristic
features of absorption cross-section for different angular momentum modes have been observed
to be the same. Hence, we particularly focus on [ = 0 mode. As emphasized in the beginning
the most important characteristic that emerged from our study is the super-radiant(negative)
absorption cross-section in its ringing phase for all angular momentum modes (see Figs.2.2, 2.3,
2.4).

We identify five main theory parameters of our interest (k,[, rin¢) and the GW amplitudes
(En, Op) (1.2.1). We have considered the following fixed values of the parameters for our analysis,
En ~ O ~ 1073 and 7, = 20, as well as have investigated the effect due to their variation.
For the given w and (&, Op), the maximum super-radiant absorption cross-section amplitude
symbolized as ok (k), decreases with increasing momentum k. We also derived a fitting

maxN

formula oXl=01 (k) = —1021 + 20065k — 131798k + 292061k>, withing the range (k = 0.06 — 0.14).
Following our expectation, we observe the existence of a maximum value of k., above which
super-radiance vanishes. However, the absorption cross-section will still remain oscillatory with
a positive magnitude and attain its static Schwarzschild value in the ringdown time scale (see
Fig.2.2). The physical reason behind the vanishing of superradiance can be attributed to the
decoupling of higher momentum modes from the gravitational wave fluctuations. Our numerical
analysis provides: | = 0, k0 ~ 0.13 51 = 1,Kpae ~ 0.45 51 = 2, kipae ~ 1.0 5 1 = 3, kg ~ 1.5 ;
Il =4, Kkinae ~ 1.8. Of course, decreasing the background amplitude would make k;,q, lower.

As our methodology suggests, the ringing phase of the absorption cross-section and its

amplitude depend on the location of the interaction surface 7;,; shown in Fig.(2.2). For each (I, k)
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ulr, u/ry

FIGURE 2.2: Left panel: we have plotted ol with respect to time considering [ = 0,k = 0.1

ring
for different r;,;. In the inset the variation of maximum Negative value symbolized as
okl «n is plotted with respect to r;,; Right panel: we have plotted the same for [ = 0 and
vary k. The inset shows the variation of maximum negative value o' (k) with respect

to k. All plots are from p = 0.
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F1GURE 2.3: The partial absorption cross-section is plotted with respect to time for two
frequencies k = 0.2(left) and k = 0.4(right) for different {. All plots are from p = 0.

value, there exists a maximum possible super-radiant amplitude (oX!__~(7int)) as one varies 7.

For example, for [ = 0 it occurs approximately at r;,; ~ 20, for higher range k values. In the low
k region this location of maximum super-radiant amplitude shifts towards higher r;,; ~ 30 — 40.
This behavior can again be fitted as oXl=00 (1) = 63.7 — 14.474¢ + 0.6r2,, — 0.007r3,, within the
range (riny = 10 — 30). Each super-radiant mode has been observed to be saturated to a particular
negative value of the absorption cross-section for large r;,:. So far we discussed the absorption
cross-section for a fixed value of & ~ O ~ 1073. However, background gravitational wave
amplitude plays a crucial role in enhancing the outgoing amplitude of the scalar wave compared to
the incoming one. This fact motivates us to look into the variation of afﬁlg with respect to (Ex, Op)
as shown Fig.(2.4). Decreasing background amplitude of (£, Op,) reduces the overall amplitude of
Ullfilng in its ringing phase as shown in the Fig.(2.4), and finally super-radiance ceases to exist at
around &, Oy, = 10~*(in units of black hole mass) for I = 0. This conclusion has been observed to
be true for higher I mode as well. Thus far we discussed a particular angular momentum mode
I = 0. Behavior of aﬁlng(u, rint) for different [ is important. For a given location of the interaction
surface (7i,¢ = 20), the left panel of Fig.2.3 shows that in the lower momentum region (k = 0.2) the
super-radiant amplitude first increases up to [ = 2 and then become suppressed after [ = 3. This

does not hold for all the momentum modes as can be seen in the right panel of Fig.2.3 for k = 0.4.
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FIGURE 2.4: Left panel:we have plotted afilng with respect to time for [ = 0, Vk? + u? =

0.1, 73y = 20 for different mass of the scalar field. Right panel: we have plotted the same
for | =0,k =0.1,7r;,; = 20 and vary &, = O, for massless case, u = 0.

Because of the non-trivial dependence on 7;,+ described before, maximum super-radiant amplitude
happens to be at different locations of the interaction surface r;,, for different (I,k). Hence, overall
our study suggests that with increasing [ the enhancement of super-radiance amplitude can be
attributed to “mode-mixing" and an increasing number of modes contributing as a background
source term in Eq.2.12. A similar kind of feature has been observed for moving black holes where
absorption cross-section has been shown to diverge logarithmically with angular momentum [ [35].

Finally, we perform preliminary analysis for (Fig.(2.4)) massive scalar. What we observed
is that for a given mode, (0 = /k? + p2,1) and r;,¢, as we increase the mass of the scalar field,
superradiant amplitude increases towards a maximum value and then after it decreases towards zero
for a critical value of i < @. For example pir; ~ 0.071 in (Fig.2.4) for [ = 0,&0 = 0.1, r4,, = 20.
Our primary observation is that along with the increasing [, the p.,; is increasing approximately
linearly. Detailed study for the massive scalar and its bound needs further analysis, which will be
an important future project.

2.6 Mean absorption cross section and Energy
extraction at spatial infinity

To find out the absorption cross section in a time-dependent background, such as that of a ringing
black hole, we introduced the concept of the interaction surface. As a computational tool, the
position of the interaction surface, ri,s should not turn up in the final result. Although the reader
has already noticed that the absorption cross section significantly depends on rjyt, this does not
provide the complete picture. This is because the incoming wave, in principle, interacts with the
gravitational background at every point. Therefore we further compute the mean value of the
absorption cross section, which is independent of the position of the interaction surface, 7y, by
integrating over ri,, and dividing by a large spatial domain in the following manner,

5kl (u) N fo'll-(ilng(ua Tint)drint
e fdrrint

Although this definition, a priori, may seem arbitrary, it correctly reproduces the standard result

for the absorption cross section of a static Schwarzschild black hole in the expected limit as u© — oo.

(2.30)
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FIGURE 2.5: Mean absorption cross section has been plotted with time by averaging over
the position of the interaction surface, ry,; for a fixed frequency, k = 0.17’}71 and [ = 0.

To numerically evaluate the above quantity, first, we have obtained the absorption cross section
at a particular instant of time for 7y € (575, 50ry). In this interval, we have fitted the points
using Polynomial fit, which will provide a functional form of the absorption cross section in terms
of the 7y and integrated it in the same interval. Repeating this procedure for various instants
of time, we have generated the plot of Fig.2.5. One may extend the domain of riyy, but that
will negligibly affect the result as we have already seen in Fig.2.2 that the maximum amplitude
occurs at 7, ~ 207, and decreases on both sides. The mean absorption cross section presented in
Fig.2.5, thus independent of riyt, however, shares very much the same feature as given in Fig.2.2
and Fig.2.3.

Energy Extraction: By definition, the absorption cross section entails the fractional energy
gain (see [123]), if it happens so, as can be realized by looking at the numerator in the definition
(2.25), expanding which in terms of the fields, we obtain,

/ r2dOT", ~ [ Wiam!” (T () = [RE, (w)[?) ],
g (auEfr?t - auEéiﬁ;)v

(2.31)

where, Fy, and FEqoy represents respectively the total ingoing and outgoing energy flux, which can
be obtained by substituting (2.26) in the numerator of (2.25). Note that there will be additional
terms in the first line of the above equation, however, the contribution of them turns out to be
negligibly small. Nevertheless, the negative values of the absorption cross section thus imply,
Oy El°t < 0, B which happens in certain time intervals as shown in Fig.2.2,2.3 and Fig.2.5. In
these durations energy will be extracted by the scalar field from the ringing BH. Of course, the
positive part of the absorption cross section, presented in Fig.2.2, Fig.2.3 and Fig.2.5 suggest
that there will be absorption in some intervals. However, the superradiance will happen in the
rest of the intervals within the decay time scale of the ringdown phase. An observer sitting at
spatial infinity will receive this amplified scalar wave as a repeated flash, which eventually decays,
exhibiting the transient nature of the ringing phase of the BH.
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2.7 Observables effects of the oscillating scalar field

Superradiance phenomena is known to occur in the context of static Kerr and charged black
hole [12]. However, a most striking feature of our present study is its oscillatory nature which is
observed to carry the information of black holes through their quasi-normal modes. Any time
varying observable is always physically motivating when it comes to observation compared to the
static one. Identifying the ringing scalar field as axion, we calculate multiple observables, which
can in principle be observed in the laboratory [104, 105].

Rotation of the plane of polarization of a photon beam: Treating the axion field as time varying
background, we consider the well known Chern-Simons, axion-photon interaction,

1 1 1 -
S = / VI (0,000 + mEGP) — LFu P — 0 @F P (2.32)
where, g4~ is the axion-photon coupling costant. Choosing the radiation gauge, V-A =0, Ag = 0,
both the scalar and Maxwell equation can be simplified as,

— 07+ V¢ —mid+ goryB - LA =0

(2.33)
OE—-V xB — g¢WB8t¢ — ngA/V(ﬁ xE=0

Having a time varying axion background the evolution of the electric field will be affected due to
the presence of the term involving time derivative of axion in the above second equation. Actual
calculation (see Appendix.B.2) shows that this interaction will induce rotation of the plane of
polarization of photons, which can be expressed as,

= _i(Atﬁ - AZ) ~ Yoy 9(1) (2.34)

Where, A¢ =" b % Jéyy Op @, with axion-photon coupling taken as, ggyy ~ 10713 =107 Gev !
[106]. Experimental searches of such rotation due to background axion have been extensively
studied in the literature [107, 108]. Our analysis suggests that there would be an extra time
varying contribution (see Fig.2.6) originating from the ringing oscillation, which can in principle
be observed in the near future.

Nucleon electric dipole moment: The time varying nucleon electric dipole moment (Negp,),
is calculated as N4y, = hé(t), considering the following nucleon(N)-axion-photon interaction
L~ —%hqﬁN o5 NF* . The value of axion-nucleon coupling h is typically set from decay
constant for QCD axion [103]. The time profile of the two observables mentioned above is depicted
in the left panel of Fig.2.6 for different momentum of the axion.

Precession of the spin of fermion: Finally we consider axial axion-fermion type coupling
L~ —%C@uqbizw“'yf’@b, which describes a physical system where spin of the fermion will be
precessing around the direction of local momentum, v 0;¢, of the axion, as can be seen from the
Hamiltonian arising due to this coupling, H ~ (0;¢V - 0, where g, is the fermion spin operator.
That leads to a shift in the energy levels of the fermions (nuclear or electron), AE,,,(t) ~ ¢|v|0:¢
due to its axial moment. The coupling parameter ¢ ~ 1079 GeV ™!, [109] is constrained from
supernova cooling rates, and v is the relative velocity (in astrophysical context galactic virial
velocity |v| ~ 1073 may be used) between axion and fermion [103]. The time variation of this
energy shift is shown in the right panel of Fig.2.6. Detecting such extra time varying contribution
to the energy shift is promising given the several existing proposals of measuring those quantities
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FI1GURE 2.6: Real part of the outgoing axion wave, subtracting the contribution of the static
black hole, has been plotted in the left panel, with respect to time for a fixed frequency,
k = (0.1,0.2,0.3,0.4). The time derivative of the same quantity has been plotted in the
right panel. Time is measured from a point ¢;,; = 7,5 on the light cone. The location of
the interaction surface is taken as r;,; = 30

[110] using the method of “Precision magnetometry" using cold molecules [111]. In order to show
the oscillating features of all the observables, we consider the s-wave(l = 0) outgoing mode of the
ringing axion and subtract the effect due to the static black hole. Time is measured from a point
tinf = Ting on the light cone, where the detector is assumed to be placed [112, 113].

2.8 Summary And Discussion

Despite being widely discussed in the literature, recent observation of GWs has led to a resurgence
of exploring the phenomena of black hole superradiance in a more general gravitational setting.
Such phenomena were so far shown to exist in Kerr and charged black hole background. In this
study, we have worked out for the first time that the black hole in its ringing phase can also
lead to superradiance when interacting with an incoming scalar wave. Apart from detecting
gravitational waves, our present study opens up interesting possibilities of observing black hole
merging phenomena through complementary observables in terms of other fundamental fields.
The basic mechanism behind this superradiance is simple. When an incoming scalar wave passes
through the ringing GW background, gravitational energy can be transferred into the scalar wave
leading to the enhancement of its outgoing flux. This is precisely what makes the scalar field
absorption cross-section a}ffng also go through the ringing phase. Before settling down to its
standard Schwarzschild value, Ulr‘fng in its ringing phase assumes the negative value indicating
the superradiance phenomena in the ringing black hole background. Finally, we computed
different possible time varying observables through axion-photon and axion-fermion coupling. All
the observables namely, rotation of photon polarization (6(t)), nucleon electric dipole moment
(Nedm (t)) and shifting of the energy levels (AE,,,(t)) due to fermionic axial moment are found to
naturally encode the ringing oscillation through the axion. However, this complicacy of the indirect
approach of obtaining the superradiant signature straightforwardly drives us to investigate the
scattering of the electromagnetic field itself in the ringing black hole background. This scenario is
more motivating as the scattered electromagnetic field can be directly observed in existing ground
based detectors. This particular aspect will be the topic of our discussion in the next chapter.
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Superradiant scattering of electromagnetic field due
to minging black hole 3

"The main thing in science is the effort to discover
truth, the mode in which this ts done constitutes art"

James Clerk Mazwell

3.1 Introduction

In the previous chapter, we investigated the scattering of an ultralight scalar field with a ringing
Schwarzschild BH and demonstrated that the field may experience superradiant scattering,
particularly in the infrared regime. However, the detection of such transient superradiant signals
in the scalar sector is experimentally challenging. In this chapter, we investigate instead the
scattering of electromagnetic (EM) fields which is experimentally more relevant. Apart from direct
gravitational waves, any complementary signature such as time dependent superradiant scattering
of EM waves from ringing BH could be of paramount importance in light of the recent spate of
research activity on the aspects of black holes, and gravitational waves in particular. Thus the
question of obtaining a detectable complimentary signature of the black hole ringdown phase and
for that matter superradiant enhancement has motivated us to extend our previous analysis of
the scalar field to the electromagnetic field.

On the observational front, the dynamics of fundamental fields in time dependent background
have been the subject of investigation in recent times[l 14], where the superradiant evolution leads
to significant enhancement in the emitted flux. The dynamical character of the superradiance
very often gives rise to interesting effects in BH shadow[1 15, 116] and polarization [117, 118]. In
the present analysis, we initiate a novel study of electromagnetic wave scattering through the
ringing black hole background. Moreover, there are existing ground-based Low Frequency Array
(LOFAR), radio telescopes which are currently operational and receiving electromagnetic signals
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in the radio frequency range. Therefore it would be an interesting premise to understand different
observables in relation to BHs which could be relevant for future observation.

3.2 Minimally coupled gauge field in the ringing BH
background

The minimally coupled EM field on the ringing BH background (2.2) satisfies the standard equation
of motion as,

Ou(vV/—99"*g"" Fop) = 0. (3.1)

It is important to understand that one can always maintain the amplitude of the EM field,
F,, < h*, with an overall multiplication by a small number as (3.1) remains invariant. This way
we can make the energy momentum tensor of the EM field subleading with respect to that of
the ringing background. To construct a linearized version of the equation of motion (3.1), up to
O(h), we consider the determinant of the metric as, \/—g = /—go(1 + h*,/2), with the trace of
the metric taken to be h*, = gh*hy,. For the same purpose, we express the inverse metric as,
g™ = gh” — W*. With this setup, the equation of motion can be expressed up to linear order in
fluctuation (O(h)) as,

8 (V=9095 95" Fap)

h7y pa v oy v pa VB
+0u |[V—90 790 9o — 9y W7 —ht%gy" | Fop| = 0.

(3.2)

Notice that the first part of the above equation describes the governing equation of the EM field
for the static Scwarzschild BH, while the second part corresponds to that for the leading order
ringing fluctuation. Since the non-ringing part of the background is spherically symmetric, we
decompose the EM field components as [15]

Ag(tr) =0 (1) Yin (),
Ilm

Aty r) = 3 d" (8, 7)Y (), (3.3)
Im
Ag(t,7) = D [l (£, 7)WE"(2) + am (£, 1) D™ (Q)]

Im

where we have used the well known orthogonal vector spherical harmonic basis [119, 120] for the
azimuthal field components,

\I’lsm = as}/lmv 3.4
" = ¢,,0°Y; (34)
s — Cts¢ Im-

Here, and throughout the paper, s, s’ indices correspond to angular coordinates (6, ¢). Levi-Civita
symbols, €gg = €44 = 0,€9p = —€4p = sinf. In our analysis, we work with the following gauge
invariant variables,

2
r
o dlm _ &»blm : Im _ Cle?
o R (3.5)

X:lgm _ dlm o aTklm : Xim _ blm _ atklm,

lm
X1 =
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(see Appendix.D of [48] for stationary BHs), which can be obtained from (3.3) utilizing the gauge
transformation A, — A, —0,(E(t,7)Yim (6, ¢)), with Z representing some arbitrary function. With
this setup the governing dynamical equation (3.2) can be expressed in the following simplified
form in terms of gauge invariant variables (3.5) up to linear order in fluctuations,

LO(t ) i + Q;mc'y(h’) ;! + Qlimcy( *)Xz?’y = 07

o (3.6)
‘Co(t ) +lec'y(h) +lec'y(h ) Xi = 0,
with Ly(¢,r) representing a Klein-Gordon operator for static Schwarzschild BH,
(l+1
Lo(t,r) = 110, (F1)0,) - 87 — F) L), (37)

r

where i — (1,2,3,4). All the repeated indices are assumed to be summed over. Whereas

I ey le oy (for detailed expression see the appendix B.3), are the differential operators depending
on the first complex part of the fluctuation metric, while le - le o corresponds to the differential
operators for the complex conjugate (as the metric in (2.1) is expressed terms of complex quantities)
part of the fluctuation metric (reason for A* in the parenthesis). The new index ¢ and ~ represent
the orbital and azimuthal angular momentum modes respectively, in a similar manner as [ and m.
Therefore we use these sets ((I,m) and (c,~)) of indices interchangeably.

The ringing background is constructed out of quadrupole perturbation, and hence the spherical
symmetry of the system under study is naturally lost. As a consequence, different angular modes
of the EM field are now coupled to each other. Therefore, to make the the equation (3.6) solvable
we proceed via considering perturbative expansion of the field x'™

X" () = Xi{o) (8 7) + X4 (8 7) + O([hyw]?), (3.8)

where the successive terms represent the gauge field in the order of [h,,]. Field variables with
subscript “(0)" denote the solution for the static background and the same with subscript “(p)"
denote the same corresponding to the perturbed part. Substituting the above expansion in (3.6)
we obtain the linearized equations of motion, up to O([hy]?),

Lo(t, )Xy =0,
£O(ta T)XIQ%) b (39)

and up to O([hw)),

LO(tv T)Xllr(r;) + Q?mcy(h)Xf&)) + Q;mcy(h ) 1(0) =0

o ) o _ . (3.10)
Lo(t,7)X5(p) + Rimey (M)X;0) + Rimery (B )Xi(oy = O-

Once again we neglect the O([h,,]?) terms given the amplitude of the ringing fluctuation very
small with respect to the background. Nevertheless, the remaining two gauge-invariant variables

[ and Xim also lead to similar equations, however, it will not be required to find out the solution
directly, as we will see in the later sections. Now, using the properties of the nonhomogeneous
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differential equation, we now simplify the above equations (3.9)(3.10), with the decomposition of
the fields taken as, Xl{(r;) = xlﬂ) + )Zé% and Xl;(r;) = xlﬂ) + )Zlﬂ), such that,

£ ( )le + lecw( ) ( ) =0 (311>

['0( 7r)X1,p + lecw(h*)xsgo) =0
and : .

£O(t7 T)XQWE) + R%mcy(h) (0) =0 (3 12)

EO(tu r))_<12 §s) + lec*y(h*) ( ) =0. ‘

In the next section, we will discuss the procedure to solve these equations.

3.3 How the GW-QNMs manifest in the EM field

The above set of equations can be thought of as EM waves propagating in the static Schwarzchild
(9;,,) background with oscillatory source term. Moreover, X%) (t,r) being the solution for static
Schwarzschild BH, we can rewrite it as,

Xf&))(t,r) = /dk e_iktxf?o)(k,r) (3.13)
with k representing the corresponding frequency. Now, recall that the time dependence of
the ringing fluctuation (2.1) is dictated by e ! so that, one will be able to extract it out of
(Qimeys Rimey) and (Qimey, Rimey)- The preceding two arguments help us to express (3.11) and
(3.12) as

Lo(tyrxity + [ dic 705D (i, w)xy (k) = O
(3.14)
Lol )Ry + [ dic 0G0 ) =0,
and
Lot r)xi™ + / di e OFNRE (k)X T (k) = 0
(3.15)
Lo(t,r) X2p—i—/dk IR (k)X () = 0.
We only consider the particular solution for the X1 b X1 b and X2 b X2 b, hence, it is plausible to
consider the following decomposition,

le (t,r) /dk o ) txll";,(k,r) (3.16)
and similar expressions for Xlﬂ) is understood. In the same fashion,

le (t,7) /dk e i(k—w)tgim (k) (3.17)
and similar expressions for )Zlg% is understood. Substituting these forms of the fields, we obtain
from (3.14)(3.15),

Lok, w ’I”)le(k r) + lecv(k w)Xs Xi(0 )(k r) =0, (3.18)
£O(k> w 7T>X17p(kv T’) + lec*y(ka w )XZ‘(())( 7T) =0, .
52

TH-3484_166121105



3.4. Setting up the boundary condition

and )
Lok, w, 7)X5 (K, 7) + Ry (ks )Xo (k) = 0
Lo(k,w™, r))Zlﬂ)(k, )+ ﬁfmw(k, w*)x%) (k,r) =0. (8.19)
Where,
Lollwr) = FD(F()0,) + (e ) — £ EY, (3.20)
and
Loll,w®,r) = FIO(F()D) + (k- w*)? — Fr) D). (3.21)

r2
can be derived by acting Lo(¢,r) on (3.17) and other components. Finally, we are left with
(3.18)(3.19), which describe a nonhomogeneous differential equation with spatial variable, r. To
solve these equations, we will mainly focus on the source contribution, i.e., the second term
in each equation of (3.18) and (3.19). Following the property of a nonhomogenous differential
equation, fixing the initial condition for X%) would be sufficient, as the source term depends
(along with the ringing metric components) on the zeroth order solution of the EM field. To find
out the zeroth order solution of all the gauge invariant variables, X%) (k,r) we solve Xé%) (k, )

and Xé%) (k,r) first, by setting the ingoing boundary condition near the horizon of the static
BH, as, Xl{(nb)(k,r”r*)QM = C{mf(r)_QiMk and Xé%)(k,r)|r_>2M = Cém (r)_2iMk, with arbitrary
constant ¢!™ and ¢{™. Although our final results do not depend on these overall constants, we

have obtained stable solutions for a range of values, (¢{™, ¢}™) ~ 1072 — 1. Once the solution of
Xll%) and Xlg%) are obtained, we find out the solution of the remaining gauge invariant variables,

Xé%) and Xﬁf(%) using the following coupled equation,

F)x) + Xty =0,

iy o (3.22)
Ax1(0) + fF(r)xs0) = 0,

which are the governing equations (see appendix.B.5 for the derivation) of the electromagnetic
field for static Schwarzschild BH space time. Once all the zeroth order solutions are obtained we
substitute these solutions in the source terms of the nonhomogeneous eq. (3.11) and (3.12) and
again solve these nonhomogeneous differential equations numerically using “StiffnessSwitching"
method built in Mathematica.

3.4 Setting up the boundary condition

In the static Schwarzschild space time, asymptotic flatness helps us to normalize the field solution
such that an incoming wave of unit amplitude from infinity gets scattered by the BH potential.
Such normalization is used to define [34] the absorption cross section of a static BH. For our
present case, however, the ringing BH background being oscillatory in nature does not have
the same asymptotic structure. Further, due to quadrupole perturbation, spherical symmetry
is also lost. Therefore, to compute the absorption cross section for such a case, we proposed a
methodology in the previous chapter (2) for the scattering of the scalar field, we have outlined the
important steps here. We introduce a hypothetical surface Fig.(2.1), in a very similar manner to
the scalar case, at some radial distance r = riy from the BH event horizon calling it an interaction
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surface. The wave coming towards the black hole is assumed to perceive the presence of ringing
BH once it hits the interaction surface. Outside the surface r > riy, the spacetime is assumed
to be approximately static Schwarzschild BH, and this is the approximation which helps us to
appropriately define the normalization of the incoming wave. We label the region inside the
interaction surface as region-I, and outside as region-II. With this setup, the individual mode
(corresponding to k) of the EM wave solution in region-I will assume,

X (8, m) = €M (i r) 4 e T (1 ) 4 eI (i, ) (3.23)
where, j = (1,2), i.e. the expansion of both lefﬁl and Xlgfﬁl in the region-I. In the region-II,
it would be in the background of static Schwarzschild BH, hence, the mode functions can be

expressed as,
Xy (8,7) = X (&, r) with Lo(t, r)xo(t,7) = 0. (3.24)

We want to clarify that the notation used to denote the fields with subscript {j,0} in the exterior
of interaction surface in contrast to the same quantity with the subscription {j(0)}/{i(0)} (see
the discussion below (3.8)) which represents the solution for the static Schwarzchild BH without
the prior fluctuation. The primary motivation for complicating the subscription of the variable,
X, rather than using different variables altogether is to convey the fact they represent the same
physical quantity in various circumstances. Important to note that due to the interaction surface,
the evolution of X%ﬂ in the exterior of the interaction surface will be different as compared to
the situation of the usual static Schwarzschild background. Therefore, the interaction surface
will naturally provide for the first two boundary conditions (3.25). However, the above second
order partial differential equation involving two variables (¢, r)(the field solution at the interaction
surface may not be separable in space and time) requires four boundary conditions. Therefore, in
region-I1, the appropriate boundary condition would be as follows: we provide two spatial initial
conditions at the interaction surface r;y;,

ki ki
X][inl] (t7 T)|Vt,r—>rint = Xj[ﬁl(ta r)|Vt,r—>rint’ (3 25)
8TX‘1;[l{nI] (t7 T) ‘Vtﬂ‘—}rim - 87"X;{[IHL (tv T) |Vt,7’—>7‘im7

and the remaining two conditions for the time we provide as boundary conditions at ¢ — oo as,

X;{fImI] (t7 T)‘t%oo,Vr = e_iktxyégf(r)‘t%oo,Vra (3 26)
atX?fImI] (t’ T) |t—>007VT = _ike_iktX?éQ; (r) |t—>oo,V'r- ‘

Where the last two boundary conditions arise due to the following reason: at a fixed distance
from the black hole r, ringing oscillation amplitude decays exponentially with time due to its
quasinormal nature. Therefore, in t — oo limit, the perturbative components of the gauge field,
(Xl(‘é’)”,)_gl(‘é’)n) which are the explicit function of h,, must also be vanishing at the interaction
surface. Such a condition will naturally ensure the calculated absorption cross-section of ringing
BH reducing to its static Schwarzschild value within the characteristic time scale of the oscillation
T ~ 27 /w. By employing the boundary condition described in Eq.3.25, we proceed to solve Eq.3.24
in the domain, ([rint, 00], [tint, 00]) lying inside light cone, ¢t > r,. For solving the partial differential
equation, we have used the “PDEDiscretization” method built in Mathematica. Whereas the
convergence criteria for the solutions have been taken care of by setting the Accuracy goal (AG)

and Precision goal (PG), which ensure that the solution, X%"(t,r), is obtained as far as the
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absolute error, Er < 1074C + | Xklm(t, 7)| x 107PG [121] is maintained. We have checked by varying
(AG,PG) from (8,8) to (12,12) that the results remain stable with the specified error tolerance.

The asymptotic nature of the GWs is better expressed in the outgoing null coordinates.
Therefore, after obtaining the solution, we perform a transformation into the outgoing null
coordinate system. (t,r) — (u =t — 1y, 7) using A,(z') = (9z"/02'*)A,(x) [7] and define the
absorption cross-section accordingly as described in the following section.

3.5 Defining Absorption Cross Section

We follow the definition of the absorption cross section as discussed in the previous chapter (2) for
the scalar field. Of course, for an electromagnetic field, the evaluation will be more complicated
as compared to the scalar case. Nevertheless, to evaluate the absorption cross section (2.25) we
start with the total energy being absorbed by the ringing BH per unit time that can be expressed
in terms of gauge invariant variables as,

1 - ~ * ~ ~ * 3 ~ *
0T = U1+ 1) [5 {8 () R Ca ) + U (s PORE ) + 0, X85 (0, )OS (1)

+ OB (u, 1) KB () b = { A () RAE (1, 7) + OB (e, 1)OURER ()}

(3.27)

Note that to define the absorption cross-section we used ingoing light-cone coordinate (u, ), in

which all the field variables are expressed in “tilde" when transforming from (¢,r) — (u,r) (see

Appendix.B.6 for detailed derivation). Coming to the evaluation of the above expression, we find

out the solution of ¥4 (u,r) and X5§"(u,r) by transforming the solution obtained in (¢,r) (3.24),

whereas for the solution of the remaining gauge invariant variables, we use the following coupled
equation,

Xén%( ) - _arf(ll%(u7r)

3.28
u,r) = Buy (u, 1) + X (u, ), (529

which are the governing equations (see appendix.B.6 for the derivation) of the electromagnetic field
for static Schwarzschild BH space time in (u, r) coordinate. The procedure outlined above supports
our earlier assertion that there’s no need to directly solve all the gauge invariant variables. This
justifies our previous claim about obtaining the energy flux in terms of the two gauge invariant
variables, x} "6 (u, ) and X%(u, r). Now, the incident energy density per unit time for a plane EM
wave propagating in the z-direction is constructed as before (2.25),

0,GX =TH,. (3.29)

Having evaluated the solution of the EM wave in spherical coordinates with a damped oscillating
time dependent feature we find it convenient to recast the expression for incident energy density
in the spherical coordinates as (one may look at (B.36) and (B.38)),

1
0uG = {508 (1) (DuAs — 0, A) (0, A — D,A7) + e} — g5 (,7) (B Ay — DoAu) (D AT — D, A7),

(3.30)
Once again represents coordinates, (6, ¢), as before. Also, notice that all the raising and
lowering of mdlces have been done with respect to gf”(u,r) (2.21), keeping in mind that the

44 7
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incident energy density should be evaluated at a considerable distance from the interaction surface,
i.e. in the exterior region where spacetime is characterized as Schwarzschild. With the help of
(3.3) and (3.5) one can express (of course, one has to take care of the coordinate transformation
from (t,7) to (u,r)) the field combinations of (3.30) in terms of the invariant variables as,

uAs — 054y = 3 [0 — 0,345 ) Wi () + D8 el ()]
bm (3.31)
O As = DAy = 3 [0, W + 0, X5

Ilm

The remaining task is to figure out the incident part of EM wave, )Zlfl{)” and )Zlg‘l(’)“ that can be
obtained by assuming an approximate asymptotic form,

R (1, r) = NI ()42 4 Ry (),

. . (3.32)
K50 () = N [Tp(w)e < H27) 4 Ry (u)e ™),

where the coefficients, (Z;(u), R1(u)) and (Z2(u), Ra(u)) are related to ingoing (incident) and
outgoing (reflected) wave amplitude of ﬁ%(u,r) and )Z%(u,r) respectively. We evaluate these
amplitudes numerically from the solutions of )le%(u, r) and )Zé%(u, r). Now comparing the above
two expressions with the same quantities constructed (see Appendix.B.4) for circularly polarized
incident plane EM wave we derive the normalization factors as [124],

Ar(20+ 1) 1
I0+1) 2kTi(u— o0)’

an(2+ 1) 1
I(1+1) 2kZo(u — 00)’

lelm — —i(—l)l+l(5m1
(3.33)

Nlem = (_1)157711

Where §,,,1 appears due to the fact that the EM field potentials, A, (z), transforms as a vector,
and that shows up in the spherical wave expansion of the incident circularly plane polarized
EM wave (see details in the appendix B.4) coming from z-direction, with azimuthal index
m = 1 [122, 124] similar to that of scalar field analysis where d,,0 appears due its spin zero
property[35]. We also normalize the combinations of (3.31) by dividing the right hand side

with 3, (= 1)H 16,14/ 4?((125{)1) [®Lm(Q) + 1Pl (Q)], consequently the gauge invariant combinations

finally become,
OuAs — 05 Ay = Eus(k, u)(—ik A, (u, 1)),

OrAs — 05 A, = &5(k, u)(—2ik AL (u, 1)), (3.34)

with the nontrivial time dependent coefficients, &,s(k, u), & s(k, u) with the property that they
become unity as the static limit, u — oo, of the ringing BH is approached (for details one may look
at Appendix.B.4). Importantly, the sum in (3.31)with normalization factors exhibits a convergent
nature for increasing [ having alternative 4+/— sign in the summation, therefore, we have taken
up to I = 6 for our numerical analysis. Whereas, A/ (u,r), denotes the spherical polar expansion
[122] of the incident circularly polarized EM wave, which can be suitably factored out from the
expression of the incident energy density. Now, we have all the tools required to evaluate the
absorption cross section (2.25) for the EM field and we have provided our numerical findings in
the next section.
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FIGURE 3.1: On the left panel absorption cross section of the ringing BH for the EM field
has been plotted with time, u, for various interaction surfaces, r;,;, considering frequency,
k = 0.1r;' and I = 1. On the right panel, we have plotted the same by varying the
background amplitude, &, Oy, considering frequency, k = 0.17"}:1 and [ = 1 at a particular
interaction surface r;,; = 20r,. All the parameters written inside the plots are in units of
Th-

3.6 Numerical Results

As previously mentioned, the ringing BH background is constructed taking only the quadrupole
oscillation [10] or the lowest I(= 2) mode with the corresponding quasinormal frequency w =

(0.74734 — i 0.17792)(r,)~% [16, 18]. 7, = 2M is the horizon radius for the Schwarzschild BH.

The chosen frequency is known to be the long-lived one among all the other modes. Further,
the frequency for both even and odd parity perturbation was found to be the same as per the
existing literature [15, 16, 18]. All physical quantities and associated parameters have been made
dimensionless utilizing the characteristic scale, r,. We consider the solution of the background
ringing field for which the perturbative scheme is valid ensuring dg/go o< hf; <1 for a diverse range
of initial parameters. Once the solution for the ringing black hole background is obtained, we solve
for the EM field Eq.3.24. Unless stated throughout our presentation we have shown the results
for a fixed background amplitude, &,, Q) ~ 1075 within the perturbative limit. As mentioned
earlier, as a consistency check we also reproduce the well studied static limit of the absorption
cross-section [124] of Schwarzschild BH for EM field in the limit, lim,_, allfilng(u, i) = 00(k, 1).

We evaluate the absorption cross section at r ~ 75r, and further numerically ensure that all
the necessary results remain intact even afterwards, apart from very small fluctuations induced by
numerical precisions due to the extension of the domain of the solutions. Our final results are
summarized in Fig.3.1 and 3.2.

According to our construction, time dependent boundary conditions at the interaction surface
would introduce time varying features in the absorption cross section. Such transient nature of
the GWs is clearly seen to be imprinted in the behaviour of EM absorption cross section and
exhibits the quasi-periodic oscillation along with its characteristic time scale. One can indeed
observe that within the GW time scale Tqw ~ 357}, associated with the quasinormal frequency
w = (0.74734 — i 0.17792) () "', the EM absorption cross section o (u, ry:) undergoes a time
dependent oscillation, which can assume large negative values, and this negative amplitude of the
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absorption corss-section precisely signifies the phenomena of superradiant scattering.

We identify five main theory parameters of our interest (k,[, rin) and the GW amplitudes
(En, Op) (1.2.1). However, for all our practical purposes we choose both the GW amplitudes to be
the same. With decreasing GW amplitude the EM superradiant amplitude is expected to decrease
which we have consistently observed in our numerical results, and indeed be seen in the second
panel of the Fig. 3.1. This also provides us confidence as a consistency check of our numerical
methodology.

Interaction surface: We provide the plots choosing the interaction surface located at ript ~ 207y,
Interestingly, the superradiant amplitude turned out to be maximum at riy ~ 20 — 257 for all
angular modes, [ and frequency, k that we have considered. For example o ~ —3547‘,% is the
maximum value for [ = 1 at frequency k ~ 0.17“,:1 and 7iny ~ 257,. As it turns out the final
results are significantly dependent on r;,;. Moreover, the matter field, being coupled with the
ringing black hole background, interaction with space-time should be taken throughout the region
from the horizon to the spatial infinity. This fact points out that the value of r;,; is not a choice.
Hence, the robust approach would be to integrate out the r;,¢, accounting for the aggregated effect.
With our present numerical methodology, we find it difficult to perform this numerical integration.
However, the characteristics exhibited by the absorption cross section at r;,; corresponding to the
maximum enhancement bear the features of the aggregated result. This is exactly the reason for
demonstrating our results for the 7;,; corresponding to the maximum enhancement. Moreover,
the time profile of the absorption cross section for different 7;,; suggests that the aggregated effect
may not vanish.

In the perturbative framework, the scatter solution of a particular order depends on the GW
background and lower order EM solution as the source. Particularly when the maximum amplitude
of the lower order EM solution appears away from the BH, GW amplitude is always maximum
near the horizon. The resultant of those two contributing factors effectively decides the location
of the interaction surface for which superradiant amplitude is maximized. This is reminiscent of
much studied [18, 125] superradiance from rotating BHs whose effective potential maximizes itself
a little away from the event horizon.

\ ol
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FI1GURE 3.2: On the left panel absorption cross section of the ringing black hole for the EM
field has been plotted with time, u, by varying the frequency, k, of the EM field considering
[ = 1. On the right panel, we have plotted the same various angular modes, [, of the EM
field considering k = 0.1, . All the parameters written inside the plots are in units of 7.
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F1GURE 3.3: Mean absorption cross section has been plotted with time by averaging over
the position of the interaction surface, ry, for a fixed frequency, k = 0.17’,71 and [ = 1.

In Fig.3.2 we have shown the behaviour of the superradiant absorption cross section with
different frequencies. Like the usual case of static charged or rotating BHs [126], a ringing BH
also exhibits superradiance at low frequency with distinct time varying features induced by the
GWs. We have obtained the expected cut-off frequency beyond which the superradiance ceases to
exist for different angular momentum (7). For example, we obtain kyax = 0.287“,;1 for [ = 1 above
which superradiance vanishes, and similarly for [ = 2, kpyax ~ 0.557‘,:1, and [ = 3, kpmax ~ 0.87“,:1.
A non-trivial point to note is that for the higher angular momentum mode the cut-off frequency
kmax increases contrary to the usual expectation as exciting higher frequency mode would be
difficult. For example, only long wavelength modes are amplified in the usual superradiance
phenomena from black hole [124, 126-128]. For the ringing case, however, the reason could be
due to complicated mode coupling and their competition in the source terms (see details in the
Appendix.B.3). Our result seems to suggest that the perturbative scheme may not be valid
above certain angular modes which could be further inferred from the increasing superradiant
amplitude for higher angular mode [ shown in Fig.3.2. However, this is not a unique feature to
the ringing case, for the moving BH system similar behaviour in the absorption cross-section has
been observed shown in [35]. Nonetheless, further details need to be investigated to decode such
behaviour, and that is beyond the scope of our present study.

3.7 Mean absorption cross section and Energy
extraction at spatial infinity

Following the analysis performed for the scalar field in Sec.2.6 to compute the mean absorption
cross section, we have also evaluated the same quantity for the EM field. The mean absorption
cross section presented in Fig.3.3, is independent of riy, moreover, it shares very much the same
feature as given in Fig.3.1 and Fig.3.2. This average quantity will be the actual physical outcome,
as observed by an asymptotic observer. As found in the scalar case, the black hole in the ringdown
phase, therefore, also exhibits the superradiance effect for the EM field.
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Energy Extraction: In a similar fashion to the scalar field fractional energy gain can
be quantified for the EM field (see [123]), by looking at the numerator in the definition (2.4),
expanding which in terms of the EM fields, we obtain,

[raor .~ [N (1T = Ra@)P) + W (1T - Ra()?) |,
~ (auEitr?lt - auEtOlt ),

out

(3.35)

where, Ej, and E,, represent respectively the total ingoing and outgoing energy flux. Note that
there will be additional terms in the first line of the above equation, however, their contribution
turns out to be negligibly small as discussed for the scalar field. Nevertheless, the negative values of
the absorption cross section thus imply, 9, B! < 0, EL%  which happens in certain time intervals
as shown in Fig.3.1,3.2 and Fig.3.3. In these durations, the electromagnetic field will extract
energy from the ringing BH. Of course, the positive part of the absorption cross section, presented
in Fig.3.1,3.2 and Fig.3.3 suggest that there will be the absorption of radiation in some intervals.
However, the superradiance will happen in the rest of the intervals within the decay time scale of
the ringdown phase. An observer sitting at spatial infinity will receive this amplified radiation as
a repeated flash, which eventually decays, exhibiting the transient nature of the ringing phase of
the BH.

3.8 Observability

The evaluated flux of EM waves with enhanced amplitude could be detected in low frequency ground-
based observatories. From our analysis, the cutoff frequency for the occurrence of superradiance
turned out to be, w ~ 10%kmax (Ms /M) Hz, where, M, is the solar mass and M is the BH mass
under consideration. Whereas, k. is the dimensionless cutoff frequency discussed before. As an
example for a solar mass BH, with EM field parameters | = 1, kyax = 0.28, we obtain w ~ 10*Hz
in the very low radio frequency range below which we would expect to observe the superradiant
scattering.

The Existing ground-based observatories such as LOFAR (Low Frequency Array), are sensitive
to the EM wave within the frequency band, 10 — 240MHz, or wavelength ~ 30 — 1.2m [129, 130].
Converting this experimental range of frequency in our present context, we obtain the required BH
mass range would be within M ~ 1072 — 10~! M, from which superradiant scattering of EM field
could be relevant for detection. However, the smallest compact object in the binary coalescence
found by LIGO, VIRGO [28] is M ~ 2.6 Mg, which falls in the mass gap region of a neutron star
and very light black hole. Further, for the astrophysical BHs, the lower limit of mass is set by
Chandrasekhar limit M ~ 1.4Mg [131, 132]. Therefore, to be able to observe any superradiant
scattering of the EM field, the required mass of the BHs should not be of astrophysical origin. The
interesting way out appears to be primordial BHs (PBHs) which have garnered a lot of interest in
the recent past, particularly in cosmology [133, 134]. At this point, we should mention there are
some interesting studies already [135—137] on superradiance from PBHs.

PBHs are assumed to form due to gravitational collapse during the usual cosmological evolution
if the density perturbation is very large in some spatial region (details of the formation mechanism
can be found in [138-141] and for observational perspective [142, 143]). If the universe is radiation-
dominated, and density perturbation satisfies the appropriate condition, the PBH formation mass
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Observatory Frequency range | Precision time
LOFAR 10 — 240MHz ~ 0.1ns
GMRT 50MHz — 1.5GHz ~ 81lus

VLA 7AMHz - 50GHz ~ 5ms
BH mass range Superradiant afilng
frequency time scale ()
0.1Ms5 —0.01M, | 1MHz — 10MHz 20pus — 2us

Table 3.1: The frequency and precision-time-scale of existing observatories along with the
same quantities corresponding to EM absorption cross-section for a particular range of
detectable BH mass range

can be estimated from [141]
M~MAH™ (3.36)

where the Hubble radius H =

energy density p, = (72¢./30)T*. T is the radiation temperature and g, is the effective number
of relativistic degrees of freedom. Utilizing these expressions we can estimate the early universe
temperature when a BH of particular mass is formed, 7% ~ MSI‘/ 90/(2gs)/M. For example
the BH of mass M ~ 1072Mg, at present is formed when the temperature of the universe
was T ~ 128 GeV. If we have a large number of such PBHs formed in the early epoch of the
universe, their merger can go through the ringing phase leading to superradiant amplification
within the detectable range of frequency as mentioned. Moreover, it can be shown that if
the PBHs mass M < 10 gram, those will evaporate by now given the age of the universe
~ 10%r [43, 144, 145]. Therefore, in principle, one can extend the mass range of the PBH within
107'My > M > 10~ M, that can survive till now and merge. Depending upon their merger
rate and distribution, they can in principle lead to superradiant scattering within a wide observable
frequency range 10% Hz < w < 10?2 Hz. However, it is important to note that cross-section being
0 X r% o M?, lowering the mass naturally reduces the superradiant signal strength. Therefore,
BH mass within the range M ~ 107! Mg —1072M, could be of importance from the observational
point of view. Several ground-based radio observatories are fully operational to explore EM
signals, such as the Giant Metrewave Radio Telescope (GMRT) with frequency range, w 2 50MHz
[116-148], Square Kilometer Array (SKA)[119], and Very Large Array (VLA) [150] other than
LOFAR (already mentioned). Moreover, the latest addition, LOTAAS (LOFAR Tied-Array
All-Sky Survey)[151-154] is capable of receiving signals throughout the northern hemisphere.
To this end, we must point out the time scale of the evolving superradiant amplitude 7 ~
200(M /Mg )ps which is of the order of GW oscillation time scale. Therefore, to measure such a
signal the sensitivity in the time measurement is extremely important, and in this range with,

\/pr/ 3M§1, M, is the reduced Planck mass. Whereas, radiation
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M ~ 1072Mg), implying 7 ~ 2us, only LOFAR with precision ~ 0.1 ns [130], could detect those.
To put the above estimates in perspective, in the Table.3.1 we provide the frequency range and
precision-time-scale of the existing observatories along with the frequency ranges corresponding to
superradiant absorption cross-section and its oscillation time scale, (7) for a range of BH mass.
Our findings may open up an enormous opportunity to explore the prospect of direct detection of
the superradiance phenomena, and a new way of observing the PBHs of cosmological origin.

3.9 Summary And Discussion

To summarize, we have achieved superradiant scattering for the EM field during the ringing phase
of the black hole. Unlike the static case, GW-induced superradiance phenomena are transient
in nature and the time scale is directly proportional to the GW oscillation time scale. We have
interpreted the negative values of the absorption cross section during the course of its fast evolution
as superradiant scattering. Our analysis reveals that superradiance phenomena arise not only in
the presence of rotating horizon [/9], EM wave scattered through the ringing fluctuation of BH can
also undergo superradiant enhancement. Detecting the BH superradiance itself is difficult because
of its extremely weak signal. GW induced time varying superradiance signal, in principle, should
be easier to detect than the static one. For such a case, though, the challenge arises due to its very
short time scale of oscillation. We further would like to point out that BH-BH or BH-Neutron star
mergers detected by LIGO, Virgo and KAGRA [1, 19-32] should have produced such transient
superradiant EM signals. However, due to their mass > M, the wavelength of the signal they
produced is very large of 2 10 km, and observing such EM waves is far from any present day
experimental limit. This immediately suggests us to look for the BH mass which should be very
low M < Mg and consequently they can produce a detectable superradiant signal in the radio
or higher frequency range. Interestingly those mass ranges should be of primordial origin that
has gained widespread interest in the recent past as an alternative to dark matter candidate. We
found within the existing experimental setup LOFAR may have the potential to detect such a
radio signal within its existing sensitivity limit.

To this end, we must reiterate the significance of our outcome which is its complementary
nature as a potential observable signature of the ringdown phase of BHs. Along with our previous
findings for the scalar field (2), the effect on the EM field analyzed in the present chapter establishes
a generic feature of the ringing BHs of having the superradiant scattering of any fundamental
field. Although, fermions have been shown not to exhibit superradiant enhancement [18, 155] in
case of a rotating BH, existing studies point out that certain BHs, such as extremal BH [156] or
in case of charged AdS BH [156, 157], it may be possible for the fermions to develop superradiant
instability. In our future publication, we would like to take up these issues along with their direct
detection prospects.
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Photon production from oscillating bubble in fluid:
Sonoluminescence 4

"...Let there be sound, and there was sound
Let there be light, and there was light..."

AC/DC, Let There Be Rock

4.1 Introduction

The fascinating phenomena of Sonoluminescence due to a quasi-periodically oscillating air bubble
reveal another aspect of the dissipative systems, albeit in a fluid medium. Instead of amplifying
fluctuations, this light-emitting event can be viewed as an energy conversion process, wherein
energy carried by the sound wave trapped within the bubble transforms into light. However, the
exact mechanism leading to the light emission in Sonoluminescence remains debatable, as we have
discussed in the Introduction chapter of the thesis. There are broadly two lines of approaches
in the existing proposals, classical models based on shockwave Bremsstrahlung process (1.3.3)
and quantum mechanical models based on dynamical Casimir effect (1.3.4). In our proposal, we
will be particularly following the quantum mechanical production. In this framework of quantum
field theory where fields, such as photons, are excited from the quantum vacuum due to time
dependent background.

Important to note that in all the stated (1.3.4) quantum mechanical formulations, typical
photon energy flux turned out to be divergent in wave number. Hence adhoc cut-off has been
introduced to account for the produced power spectrum. In our framework, we indeed show that
this divergent contribution can be easily accounted for in the perturbatve QFT framework which
generically comes as k? divergence, and has been interpreted as the produced flux, as has been
argued by Milton [87, 88]. We also argue that it is the non-perturbative parametric resonance
which may be an appropriate mechanism that can explain the sonoluminescence.
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We utilize the well known analog spacetime formalism [90] taking into account the actual
temporal evolution of the bubble surface by solving the well known Rayleigh-Plesset (RP)[4, 62, (3]
equation. We couple the Ricci scalar curvature, R, of the analog geometry with an EM field
preserving Lorentz symmetry following the idea that has been widely used in cosmology. This
scalar curvature acts as a conformal breaking factor leading to the production of photons, which
is otherwise absent in conformal space time [32].

Though we do not claim to explain sonoluminescence in the observed frequency range [59, 61],
present theoretical results, however, seem to suggest that our framework for quantum mechanical
particle production in time dependent analog spacetime may well be an interesting avenue to
explore. Due to our present numerical limitation, we could not reach the actual frequency range
of observation. However, we certainly obtained the photon spectrum in the lower frequency with
reasonable magnitude which could be extrapolated to match the observation.

4.2 General formalism

Simply keeping the Lorentz invariance intact, generically, one can couple the EM field to the
background space time in the linear order in curvature as shown below [158, 159],

[—_ g\/4—9 |:Fp,yFl“/ 4 XMVQB(QIF;LVFOJ,B -+ CIQF;WFa,B)}a (41>

with

Xuyaﬁ _ alR(guagy,B - g,uﬁgya) + OQ(R,uagyﬁ — R gua . Ruﬂgua - Ruaguﬁ) + agRuuaﬂ,
(4.2)
where F),, is the field strength tensor of the EM field and F#** = ehvep F,53/2 is the dual tensor.
Whereas, (q1,¢2) and (a1, a9, as) are arbitrary constants need to be fixed. Here, R, R* and
RMB represent the Ricci scalar, Ricci tensor and Riemann tensor of the background metric
(1.120) respectively. Now the metric (1.120) can be recast into a conformally flat form as,

ds? o p(T)%(—dTQ + dz? + dy? + d2?), (4.3)

with conformal time dr = dt\/f/p'/3. Keeping the symmetry intact, we have used Cartesian
coordinate to describe the spatial part of the metric to simplify the analysis. Throughout our
analysis, we will work assuming the parameter, £ = 0.2R¢q, where Req = 4.5um is the ambient
radius of the bubble (1.3.1), such that {/R(t) < 1, which compels us to consider 7 ~ t, i.e.
conformal time approximated as real time. Important to note that having this conformally flat
metric, the first term in the given Lagrangian does not lead to any real particle production as the
minimally coupled action of the EM field in this space time is conformally invariant [160, 161].
The rest of the terms in the Lagrangian represent non-minimal coupling and lead to particle
production. Furthermore, the coupling with the dual tensor (F F) signifies a parity breaking
term that leads to the production of the helical EM field (one may look at [162—-165], where such
considerations are often studied in the context of magnetogenesis in early universe cosmology).
We do not consider such terms leading to non zero helicity which may interesting in the context of
observation, and we will consider this in our future course of study. Therefore we will put g = 0
for the present work. The coupling with Reimann tensor and Ricci tensor, however, is equally
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FI1GURE 4.1: Evolution of the curvature scalar of the analog metric, with time

important as the Ricci coupling with the F'F. For the simplification of the numerical computation,
we restrict ourselves to the Ricci coupling only, for the present analysis, keeping ag = a3 = 0
(otherwise, the equation of motion of the EM field will involve 4 non-zero components of the Ricci
tensor and 12 non-zero components of the Riemann tensor for the metric under consideration).
The analysis with consideration of these other couplings, we leave for our future work.

4.2.1 Quantization of the EM field

We consider the following Lagrangian for the Maxwell field with conformal symmetry breaking
coupling,

L= _L;g [FWF/“’ + %(QFWFW] , (4.4)

where a? = 1/(ay1q;) from (4.1). The Ricci scalar of the background metric turns out to be,

3 2 2
R(t) ~ —3% [@—; —4 (%) ] , (4.5)

which captures the oscillating features of the bubble, as can be seen from Fig.(4.1). « is a
controlling parameter of mass dimension unity. We ignore all the higher order £”, n > 3 coupling.
We symbolize the conformal breaking coupling factor as Z(t) = 1 + R(t)/a?. Throughout our
analysis, we fix a = 3 x 10% in the unit of Ricci scalar, R, such that |Z(¢) — 1| < 1. We should also
mention that breaking the conformal invariance, considering such a coupling prescription is not
totally new, as one may find in [162-165], and the formulations of non-perturbative production in
curved space time are also well studied [99]. However, to the best of our knowledge, we have not
found any work where such analyses have been performed in the context of analog systems.
With this setup, one obtains the equation of motion from the Lagrangian (4.4),

Ou(V=99"" " L(t)Fug) = 0. (4.6)
The spatial part of the metric being flat (4.3), we can suitably choose the Coulomb gauge condition,

A, =0, V-A=0. (4.7)

65

TH-3484_166121105
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Only with time-dependent coupling, we can expand the vector potential in Fourier mode in the
following manner,
Ai(t, T) = ﬂ[ FAt R)ENT + cr AX(t, R)e ™R, (4.8)
i(t, ) = (27[‘)30]{:1 Jk)e .
where ¢, and ¢} are some arbitrary constants for the time being. Substituting the above mode
expansion of the EM field in (4.6) we arrive at,
O Z(t
O Aq(t, k) + ;(()>atA-<t, B) + [KI2Ai(t, k) = 0, (49)
where we have used ¢™0,4; = 0, i.e. the gauge condition and k? = ]15]2 = 6"k, k; denotes
the square of the amplitude of wave vector, k. In the following discussion, we demonstrate the
quantization procedure of this classical field.
4.2.2 Calculation of Bolgoliuobov coefficients
We now write the classical EM field (4.8) in polarization basis and promote it to the quantum
field operator by making the constants, cg, ¢;, as creation and annihilation operator respectively,
d3k _
=S / e (FERAx(t, ) + Mo (L, k)le 2, (4.10)
A=1,2
where, ég and égT satisfy the usual harmonic oscillator commutation relation,
AA A)\ AT AN
[ k? ] 0 [CkT7 k/T] y 07 (4 11)
22,2 “ 1= @m)3aM 88 (k — k).
Whereas orthonormalized polarization basis vectors satisfy the following relation
(k) - ki =0, ek)e} (k) = an,
L R (4.12)
S e = o -
A=1,2
From the Lagrangian (4.4) the canonically conjugate momentum of A;(¢,x) turns out to be,
= —/—9Z(t)g"¢" 9, A; = T(t)07 0, A;. (4.13)
Imposing the equal time canonical commutation relation between the EM potentials and their
conjugate momentum we obtain
; PR e xey) Ay
(A W1 y)] =1 [ G5O k)6 0. (4.14)
where, e;\(];)ef\(k) (5] ks k]) From this commutation relation we can deduce the quantization
condition for the EM potentials as [166],
ANt ) AR (1 k) — AR (8, k) AL (t k) = m (4.15)
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where, A (t, k) = 0, A\(t, k) also 67} (k) J)‘/( k) = 6xn. We assume each mode starts its journey
from the quantum vacuum with no particle state at an initial time, &3 T]0> = 0, which is quite
similar to the Bunch-Davies[32, 167] vacuum considered in cosmology The associated mode
function takes the form, Ay (t,k) ~ Nye™ ™, with positive frequency outgoing mode, and the
initial normalization can be fixed using Eq.4.15, as Ny = 1//2kZ(to). Let’s write the Fourier
mode terms of (4.10) as

Ba(t, k) = 60 Ax(t, k) + & AL (8, k),

4.16
77/\(t>k) ( )[ékA)\(t k) +cC A)\T A)\( 7k)] ( )

Introducing another set of time dependent creation and annihilation operators in terms of the
above field operators as,

_ k i -

= 2 )\ I(t)kﬂ-)\(t? k)v (4 17)
A)\T _ I(t)k i 5

= 9 )\ 2 (t)k (t7 _k>7

we define late time creation and annihilation operators expressed in terms of respective initial
time operators and time dependent Bogoliubov coefficients [32] in the following manner:

dp(t) = o (t)eg + B (t )AAL,

) (4.18)
di' (1) = a* (O + BR(6)E
The time dependent Bogoliubov coefficients are given by [168, 169],
aR(t) = I(t)(\/gm, B) + ——44(t,B)),
2 Vg (4.19)

B = \/I<t>(\/§AA<t, b =~ A (1. 1)).

From the quantization condition (4.15) one can derive the following constrained relation of the
Bogoliubov coefficients,

lan (O = 18R ()] = 1. (4.20)
Now using the expression of 8 (t) (4.19) and with the relation (4.15) we obtain

‘Al/\(: k)|2> 1 (4.21)

Z(t)

Arpy(2 2

t)|° = —=(k|Ax(t, k
B = =57 (kAR + 3
which physically represents the photon number density produced from the quantum vacuum due
to time dependent background [97].

In the following discussion, we will analyze the time evolution of this quantity and present

the interpretation of the produced photon flash from the growth of | 6,’3 (t)|2. In our framework,
we have introduced two arbitrary parameters a and &. Depending upon those parameter values,
we show particles can be produced both through perturbative and non-perturbative processes.
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FIGURE 4.2: Spectral number density has been plotted with time for a fixed k = 0.3 x
103 m~!. In the Y-axis we have used a log scale.

However, it is generically true and also we show that for the perturbative process, the particle
production is insignificant, and it is the non-perturbative resonance due to the oscillating bubble
background which will contribute the most. To study this analogy, we proceed by numerically
finding out the solution of the EM field from the equation of motion (4.9). It is important to
note that the extreme stiffness of the Ricci scalar and its time derivative, make this equation
very stiff. When dealing with stiff ordinary differential equations, it is well known that implicit
numerical methods, characterized by a greater number of discretization steps, work better than
explicit methods in ensuring stable solutions [170, 171]. Naturally, this advantage comes at the
cost of increased time consumption. For our present analysis, we have used such an implicit,
Cranck-Nicholson method[172, 173] (see also Appendix.C.1).

Using the solution of the EM field in the expression (4.21) we have plotted |3 (¢)|? with time
in Fig.4.2 for a fixed frequency. It is indeed observed that at the moment say ¢t = 50us when
the bubble comes to its minimum radius (Fig.1.5) a sudden enhancement in the photon number
density appears. Most importantly, the enhancement gets repeated with the time period of the
bubble shrinking to its minimum radius. This indeed indicates parametric resonance due to the
breakdown of adiabaticity. We interpret this enhancement of the energy density at each successive
period as the indicator of the periodically emitted photon flux as observed in the experiment
[79-61]. The sudden growth of number density at the time of collapse is expected to occur within a
specific frequency band which is a typical feature of the Floquet system [174], and this is indeed a
significant result of our present proposal accounting for the experimental findings[61]. The particle
production happens at the moment when the bubble comes to its minimum radius. Therefore, by
tuning (o, §) values where the effect is maximized, surprisingly we obtain the magnitude of the
number spectrum |3y |? very close to that of the experimentally observed value, as we will see in a
moment.

Under our adopted numerical method, we could get the spectrum in the range (1,10°) m~! of k&,
as shown in blue dotted points Fig.4.3. On the same plot we also provide data for the experimentally
observed frequency ranges [61] around 107 m~! that extend from visible to ultraviolet range
reviling the broadband nature of the spectrum, and is shown in purple dots. As previously
stated, the implicit numerical method might be the most effective approach. However, even
following such a numerical technique, the Crank-Nicholson method, we could not get a reliable

TH-3484_166121105



4.2. General formalism

1010 ;
* Numerical
107} e Observation |
M / — Polynomial Fit
10 ]
3
~
<10+
0.01r £=0.2Req, @=3x10°
—vom
10—5,
10 1000 10° 107

k(m™)

FIGURE 4.3: The spectral number density is plotted with frequency using a log scale for
both axes. The experimental data is given along with the data numerically calculated from
our model for comparison. We have fitted both results using Polynomial fit in Mathematica.

solution for k& > 10> m~!. Nevertheless, the trend of the numerically obtained photon number
appears to indicate that our analog metric framework could explain the actual observation. This
motivated us to extrapolate our results taking into account the experimentally measured data
using the Polynomial fit (look at Appendix.C.2 for the fitting function), which is highlighted
in red coloured line in Fig.4.3. The nice fitting of the extrapolated curve accounting for the
experimental data seems to suggest that vacuum production through parametric resonance could
be a possible mechanism of sonoluminescence. To this end, we should mention that addressing
the relevant numerical challenges requires a thorough investigation into more robust numerical
analysis techniques, such as implementations of the implicit methods discussed in [175-177]. In
particular, the Parallelization technique presented in [175], aimed at addressing time consumption
in the implicit method, could be a suitable approach. By employing these methods, it may
become possible to address the stiffness problem in the model equations, thereby obtaining a
stable solution within the experimentally observed frequency range. Then, it will be possible to
confirm whether the current formulations are capable of accurately reproducing the fitted line in
the high-frequency range, aligning with the actual measured data, or if they might deviate from it.
In the next section, we calculate photon energy flux that has also been experimentally measured.

4.2.3 Photon Energy Flux

To connect with the experimental observation we evaluate the spectral energy density (energy
density per £ mode) from the Hamiltonian that can be calculated from the Lagrangian (4.4). The
final expression for Hamiltonian in terms of creation and annihilation operators (with the help of
(4.17)) can be expressed as,

DY (6)d) (1) (4.22)

HZ/

A=1,2
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The expectation value of this Hamiltonian operator on the initial vacuum state discussed in
Sec.4.2.1, turns out as,

3
= ¥ [ G HAOPE ) (4.23)

A=1,2

where §2(0) = Volume in the above equation appears from the commutators of the creation and
annihilation operators, signifies infinite spatial volume emerging due to the quantization of the

EM field throughout the space-time [97]. Therefore, the energy density comes out to be,
H
£= <3 ) _ = /dk 4nk3|BR ()2, (4.24)
20\

and the associated spectral energy density assumes the following form,

IE
% 3 S Ankt|BR(t)* (4.25)
A=1,2

The dimension of the above quantity is simply energy per unit volume. Converting this into the
unit of experimentally measured quantity as

Flux Of  47m(0.2um)? {Watt]

= 4.26
sxnm Olnk % 50ps ( )

nm

where, the typical radius of the bubble at the time of the emission is considered as ~ 200nm|[178],
and we have used experimentally measured pulse width ~ 50ps [01]. we numerically evaluate the
above expression using (4.21), and plotted in Fig.4.4. Interestingly, one can see the increasing
trend in the flux, shown in blue dotted points, with the wave number k. The nature of the
spectrum indicates that it sufficiently produces the required amount of flux which is close to the
observed one, shown in purple dotted points. For example, we obtained the maximum numerical
value of flux, 1.5 x 10~ *Watt/nm for a frequency ~ 0.7 x 10°m~!. The upward trend of the flux
seems to suggest that by invoking an improved numerical method one can indeed reach the level
of experimentally observed amplitude ~ 5 x 10~'2 Watt/nm near around k ~ 10’m~" since the
production is mainly driven by parametric resonance. It might also happen that in the observed
frequency range, our model could not reach the measured amplitude of the photon flux (the same
issue discussed in the previous subsection with the possible way out). Whether the nature of our
results can have the potential to match the experimentally observed flux, we have extrapolated our
results including measured data points, utilizing the polynomial fit used in Fig.4.3, and highlighted
the fitting function with a red solid line in Fig.4.4.

4.3 Perturbative spectrum at high-Frequency:
analytical Estimation

In this section, we discuss perturbative photon production in the high frequency limit. We use the
well known WKB method to get the analytic spectrum and also show the emergence of divergent
contributions if the conformal property of the EM field is not appropriately taken into account.
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FIGURE 4.4: The power spectrum of the photon emission from the sono bubble is demon-
strated using a log scale for both axes. The experimental data is given along with the data
numerically calculated from our model for comparison. We have fitted both results using
Polynomial fit in Mathematica.

To use the WKB method we rewrite the EM mode Eq. (4.9) in terms of newly defined field,
A;(t, k) = /Z(t)A;(t, k), and obtain the modified field equation as,
D2 A;(t, k) + wi(t)Ai(t, k) =0, (4.27)
where the time dependent frequency is expressed as
_ ) 1)

wi(t) = REORE0] +e(®)k? = T(1t) + e(t)k2, (4.28)

with J(t) = %(tt)) - % While the factor €(t) multiplied with & is the time dependent dielectric
constant of the fluid inside the oscillating bubble. In our previous analysis, we assumed it to be
unity. This particular time dependent term can be identified with the conformal modification of
the flat Minkowski background, as it can always be absorbed into the modified time. However,
without any time modification, we argue that the presence of such a term will always lead to
divergent contributions indicating the non-physical contribution to the photon flux.

Remembering the well known WKB method in the high frequency limit, the temporal part of
the EM field A;(t, k) is expressed as[179],

A A
% W) i [t dt PR(t) i [wn(t) dt
Ax(t k) = ————=c¢ o 4+ —E——e'J ¥k 4 (4.29)
0= V20 V2
Utilizing this the original EM field mode assumes,
_ ’y]i\(t)e_ifwk(t) dt pz (t)eifwk(t) dt
2Z(t)wi (1) 2Z(t)wr(t)

Comparing the above expression with (4.19) we deduce the expression for the Bogoliubov coeffi-

cients as,
k —i|w
a?(t) = Pyli‘(t) fk(t)e f k(1) dt,
” (4.31)

k .
A 1fwk(t) dt
t e .

Ax(t, k) (4.30)

=

>

—~
~

~
I
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Finally, the EM field equation can be equivalently written in terms of WKB functions from (4.27)
as the following first order differential equations [179],

A Wk( 21] wr(t)dt A
Vie (t) = e Pk (t),

- _ wk 7211 wy(t

Pt 'y t).
The initial no particle state (Bunch-Davis Vacuum) can be identified by assuming the condition
) (to) = 1, pp(te) = 0. As time evolves due to time dependent background particles will be
produced. In the perturbative limit, at later time we can assume pz(t) << 1, and fy,i‘(t) ~ 1. With
this approximation, we get

d /Wk; ) —21f wk(tl/ dt"’
o) ~ 5 / wn(t)

(4.32)

_ 1/t wi(t) 1 ( —2i0 (¢') )
2 wi (") (—2iwg(t))
Llapt) 1 20t 1 1 wr(®) 1 1 g0, gp
=—= e 3 e dt
k2w (t") (—2i) ( ok 2wk t') (—21)}
_11g) + etk ( 2 (¢ ) F J() + )k 1 } 200 (t') g4
T k4 W) (—2 dt'la W2t (—2i)

(4.33)
where we have defined Qi (t') = [ v wi(t")dt"”. For such integrals, the leading contribution usually
comes from the stationary phase approximation. However, we numerically checked that the
phase factor Qi (t') does not have any stationary point within the integration limit of one bubble
oscillation. In such a case, integration by parts leading to a series in 1/k in the high frequency
limit (the Riemann-Lebesgue lemma, look at page.439 of [180]). Therefore, the number density in
the high frequency limit up to sub-leading order turns out as,

é é(t)J 2
162 () ~ | (®)] ~ 62(15(;112 + 2622)&(4) ix(t:k) Z?/iz) (4.34)

where, the phase factor, x(t, k), arises due to quantum interference [181]. This immediately leads
to the following form of the spectral energy density,
o8 ek | 2(t)J () (k) T2 ()
dlnk €2(t) €2(t) e2(t)k?
As stated earlier we indeed see the diverging spectral energy density o< k2 contribution originated
from the time dependent dielectric constant, €(t) which is due to non-conformal time coordinate.
However, if one chooses the conformal time, for example, the case when ¢ = 1, leading order
spectral energy density falls as 1/k? in large k. This is the case we have discussed previously.
This particular decaying behaviour of the spectral energy density with the frequency, k, in the
high frequency limit infers that the perturbative approach is not sufficient to produce the required
amplitude of the sonoluminescence flux that demands an increasing trend with the frequency up to
the ultraviolet range. From our crude estimate, in the experimental range, k ~ 107m ™!, spectral
energy density turns out as % ~ 1073"Watt /nm. This estimated amount of flux is much less
compared to the nonperturbative production, which we have obtained in the high frequency near
the experimentally observed frequency range.

(4.35)
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4.4 Summary And Discussion

Particle production in time dependent background is an intriguing and well-known phenomenon
in quantum field theory (QFT) [182—184]. It has been successfully applied in the early universe
cosmological scenario. It would indeed be interesting if such phenomena could be observed in
a real laboratory system. Sonoluminescence is one such phenomena where quantum photon
production is believed to be one of the possible mechanisms. A large number of attempts have
been made towards this direction in the past with their own pros and cons. In our analysis, we
have attempted to revisit this event to understand the photon production mechanism better. We
have to say that in the QFT framework if this phenomena is of quantum mechanical origin the
underlying mechanism of production should be non-perturbative in nature.

We have modelled the oscillating bubble as an analog geometric system and proposed a
nonminimal coupling prescription of the EM field with the analog geometry through the Ricci
scalar. Due to oscillating bubble dynamics, the Ricci scalar plays the role of periodic time
dependent coupling, and that also breaks the underlying conformal invariance of the EM field.
Due to the periodic nature of the Ricci scalar source, and the appropriate values of the coupling
parameters, the EM field is observed to show parametric amplification and that can seen as the
production of photons flux from the quantum vacuum. Throughout our analysis, we stress the
fact that it is this parametric resonance which could be the potential mechanism to explain the
observed sonoluminescence phenomena.

We have computed the photon flux in the parametric resonance regime in the experimental
unit. Whereas the experimentally observed frequency is around & ~ 10"m~!, due to our numerical
limitation and high stiffness of the Ricci scalar function, we could obtain the flux in the low
frequency region up to ~ 10°m~!. Interestingly magnitude of the produced flux in terms of
frequency (k) turned out to be in the required order which may reach the experimental value with
good numerical technique. For completeness, we further computed the analytic photon spectrum
in the perturbative framework and showed that the produced amplitude of the flux is very low as
expected.

Our model thus suggests that quantum production might be the actual mechanism responsible
for photon production in contrast to the existing model on thermal production. Hence, the
promising next step would be to analyse the quantumness of the produced spectrum by defining
quantum observables, such as Poincare’s sphere [185, 186], which utilizes time dependent squeezing
parameter (one may look at [185]) for such dynamical systems. Squeezing parameters are
connected to the Bogoliuobov coefficients, however, the analysis could be performed in a somewhat,
independent manner (see [187, 188]), which can also provide for a consistency check of our model.

In the end, we should mention that the phenomena of sonoluminescence is sensitive to the
nature of the gas inside the bubble. In this regard, we want to point out that the theory proposed
here is very much dependent on the bubble dynamics including all the parameters of the medium
inside the bubble. Hence, it will be our next task to take into account different experimental
issues in the future [59, 61].
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Neutrino production from oscillating bubble in fluid:
Sononeutrinoescence 5

"The career of a young theoretical physicist consists
of treating the harmonic oscillator in ever—increasing
levels of abstraction."”

Sidney Coleman

5.1 Introduction

We have seen in the previous chapter that the formalism of particle production in the time dependent
background plays a very crucial role in realizing the photon emission in the sonoluminescence.
However, particle production in the time dependent background is a universal phenomena in the
sense that one can talk about the production of other fundamental particles in the same context.
This particular aspect has motivated us to look for the possibility of producing neutrino, which
may be emitted due to the oscillating bubble in the fluid, along with the photon.

In accordance with the formalism developed in the previous chapter for photons, we have
also proposed here the same non-perturbative mechanism to produce particles from the effective
time dependent acoustic metric that emerged due to the fluctuation in the oscillating bubble in
water. However, in the present case of fermion, we have considered minimal coupling with this
time dependent background, which is conformally flat to Minkowski space time. This simplified
prescription can give rise to massive fermion production, as the mass of the fermion breaks the
conformal symmetry of the action. This is a slightly different way to break the symmetry as
compared to the case of photons (4.4), where we chose explicit conformal breaking coupling.
Nevertheless, the mass range of the fermions, which could be produced with the minimal coupling
prescription, prompts us to treat the fermions as neutrinos. Therefore we call this phenomena of
neutrino production from the oscillating bubble in water as Sononeutrinoescence.
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In the framework of the standard model of particle physics, Neutrinos are characterized by their
weak interaction and definite chirality. Experiments on neutrino oscillations reported [189, 190]
their possible mass range, with the upper limit to be ~ 0.5 eV [191, 192], including all the flavors.
However, there exists no experimental constraint on the minimum limit of neutrino. Thus, in
our analysis, we consider the neutrino mass as a free parameter. There are various scenarios
where fermion production in time dependent background has been studied, particularly in the
scenario of early universe cosmology, [179, 193-201]. However, the prospect of producing fermions
in the analog system is not very intuitive. Therefore our motivation to explore Sononutrinoscence
stems from the fact that one may be able to observe neutrinos in the laboratory experiment of
sonoluminescence in the near future.

5.2 Neutrinos in analog background: a prescrition

We start with the following action of the neutrino as a massive Dirac fermion ), minimally coupled
with the acoustic metric (4.3), which we have used in the previous chapter,

A= [ d'ay=gblir"D, - myl v, (5.1)

where, my, is the mass of the fermion, v* = e,#y* and covariant derivative D,, = 9, + I, with,

r,= %wﬁb%’yb [179, 197]. Flat space- Gamma matrices satisfy the usual anti commutation relation

{7%,4°} = 2n® with 7% as the Minkowski metric, and the connection to the curved-space gamma

matrices are made through the Vierbein, which is chosen as, e, = pt/ 6(t)5au. With these setup
P'(t)

we obtain Y#I',, = Wyo. Whereas, gamma matrices, in the Dirac representation, are given by,

A= = | (52)

In terms of the rescaled field 9 (z) = p~/4(t)x(z), the equation of motion governing the fermion
field can be derived from the action as,

iV 0y x — m¢p1/6(t)x = 0. (5.3)
Conjugate momentum of v, ne derived from the action as

o(v/—gL) . _
I, = 7( (9)'(9 ) =ix7Y, II; = 0. (5.4)

We decompose x(x) into eigen spinors as,
d3k 7 7t ik-x
x(@)= ) / @n)p (Beallian(t) + dl i \Vora(®)) €,

A=EL (5.5)

Bk - . e
@ = 3 [ s (olald) + dacav !y 0) e
A==+1
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where the creation and annihilation operator satisfies the anticommutation relation,

{Ba By | = 2m)%6(0 = K)o,

R (5.6)
{dk,m dM{a,y} = (2m)*6(k — K')érn-
Given the following quantization condition,
{Xa(t:3): X5t ¥)} = 8 (x = ¥)dag, (5.7)
one can show that spinor basis satisfies the following orthonormal relations [197],
U,Iﬂ\(t)l/lk’/\/ (t) - 5)\/\/, V;;A(t)]/k’)\/ (t) —, (5)\)\/7 (5 8)
U\ (Vi (t) =0,
where,
frt)ex(k) =95 (1) (k)
Up\(T) = ) s Ver = ) ; (5.9)
gk(t)o - kG (k) —fe(t)o - kC-x(k)

with the () as the eigenstates of helicity operator, o - kéy, = Ak£,. The antiparticle modes
can be obtained utilizing the charge conjugation operator Vi = Ui, = C Z;l,z: \ = 1721/1,:‘7 \ and
—ioa(y (k) = A(_a(k). Using the normalization of the modes we derive the following relation
between the time dependent function associated with the spinors as

@ + gk (@) = 1. (5.10)

Now to find out Uy \(t) and Vj \(t) we follow the approach of [197]. Substituting the mode
decomposition in (5.3) we obtain

100 f1() — Akgi(t) — myp'/* () fi(t) = 0, (5.11)
10,1 (t) — Nk fi(t) + myp"/S (£)g(t) = 0.
We decouple the equation to obtain the e.o.m of the individual field as,
OF fu(t) + |12 +mps (&) +imyd, (p°()) | fu(t) = 0, -

OFgi(t) + [k 4 mips (1) —imyde (p°() | ax(t) =0

To solve these differential equations numerically we consider the initial vacuum state as Bunch-
Davies [52, 167], fu(t) ~ Npe Wt with w(t) = ,/k? +m12/)p1/3(t) denoting the positive fre-
quency mode, at some initial time ¢ = t3. One might consider this instant as the point
when the fluctuation is turned on. The initial normalization can be fixed from (5.10) as Ny =
\/(wk (t) + p'/6(t)ymy) /2wy (t), that will provide for the required initial conditions, fi(t) ~ Nye “rt
and O, fi(t) ~ —iNjwre . With this setup, we find out the solution of fi(¢) from (5.12) numer-
ically in Mathematica. This solution will be used to evaluate the observable quantities discussed
in the following section.
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FIGURE 5.1: Spectral number density has been plotted with the conformal time for fixed,
k = 0.33m™!, tuning parameter, & = 0.2R,, where R., = 4.5um is the ambient radius of
the bubble. Whereas the mass of the fermion considered to be, my = 6.6 x 107% eV.
5.3 Neutrino number spectrum
The Hamiltonian of the system can be written as [196, 199],
H=Y / (B, \Brer — dosendl s ) Ee(t) + dosenbieaFit) + B @l F (8)]. (5.13)
A=+1
where, energy Ej and squeezing Fj, functional [196] are,
Ey(t) = Im{ fr(£)0: S5 (8) + gr(D)egiy (1)} = —2X\kRe[ fi(£)gi (0)] + myp' *(0){2] fi(®)* — 13,
Fi(t) = —i(— fi(t)Orgr(t) + gr(t)0: fr (1))
(5.14)
Introducing time dependent creation and annihilation operators
b (t) = ak(t)biy + Br ’
) (t) (t) (t)d' kAT/\ (5.15)
di (1) = —Br(t )bk,/\ + o (t)dly v,
with the Bogoliubov coefficients, ay(t), Bk (t)c satisfying the following constraint,
|ok|? +18x|* = 1. (5.16)
Diagonalization of the Hamiltonian (5.13) requires that the coefficient of cz_k ,\IA)kA to be zero
[196],
2B, (1) B (t) e (t) + Fio(t)ai (1) — Fii ()8:2(1) = 0, (5.17)
which leads to the following expression of the Bogoliubov coefficient,
|Fx () wi(t) — Ex(t)
Be () = = ; (5.18)
2w (1) (Ek(t) + wi (1)) 2wi (1)
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5.4. Neutrino Energy Flux
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FIGURE 5.2: Behaviour of the Number spectrum of the fermion. Log scale is used in both
of the axes.

where we have used EZ(t) + F2(t) = wi(t). Finally, substituting the expression of Ex(t) from
(5.14) we obtain the expression for the occupation number density |3;|? as [179, 199],

oz L mygpt® — 2i(fL0ifx — frOLf})
1B ()" = 3 + 20 (D) ; (5.19)

We now analyze in detail the characteristics of the neutrino number spectrum |37 (¢)|? in terms of
tuning parameters { and neutrino mass, m,;,. Using the solution of the Dirac equation (5.11) in to
(5.19) we have plotted the time evolution of the neutrino number density |3 (¢)[? in Fig.5.1 for a
fixed wave number k£ = 0.33m !, also considering the mass of neutrino my, = 6.6 X 10~% eV. From
the plot, it is clear that at the time when the bubble shrinks to its minimum radius say ¢t = 60us,
the sudden jump in the neutrino number density occurs, and such a jump is repeated with the
same time period as that of the oscillating bubble. Therefore, the parametric resonance, which is
responsible for the photon flux as observed in the experiment [59, (1], also causes the production
of flashes of neutrinos and can in principle be detected. We further plotted the number spectrum
which shows a peak near around 1 m~!. Under our adopted numerical method, we could get the
spectrum in the range (0,10%) m~! of k, as shown in blue dotted points Fig.5.2. Further numerical
investigation is needed to extend that range to a higher frequency. We should also mention that
the magnitude of the produced number density is small compared to the maximum allowable
value of |Bx|? ~ 1 (5.16). It will be interesting to consider explicit conformal breaking coupling as
has been utilized for photon in the previous chapter and check whether this magnitude could be
enhanced. We save this analysis as our future project. In the next section, we define neutrino
energy flux that can also be experimentally measured. .

5.4 Neutrino Energy Flux

The expectation value of this Hamiltonian can be expressed in terms of neutrino number spectrum
as [179],

3
1) = 3 [ G cdIROFS ) (520)

A=1,2
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my,=6.6x10"° eV
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F1GURE 5.3: Neutrino energy flux per unit time has been plotted with the frequency, k for
various values of the tuning parameter &.

where 6%(0) = spatial volume [97]. This immediately leads to spectral energy density as,

: (%F S k(1) B (1) 2. (5.21)

Olnk o

The dimension of the above quantity is simply energy per unit volume. Upon converting into the
unit of Watt per nanometer which is convenient for the experimental measurement we have

(5.22)

1n1m

Flux  9¢€ y 47(0.2pm)? [Watt]
sxnm Olnk 50ps

where, in the definition, we have made use of the experimentally measured bubble radius
~ 0.2um[178] at the moment of emission of the photon flux with pulse width ~ 50ps [(1], as
neutrino emission will follow the same pattern as that of the photons. We numerically evaluate
the above expression using (5.1), and plotted in Fig.5.3 for three different values of the parameter
¢ = (0.20,0.15,0.10)Req, with the wave number k. Interestingly, one can see the increasing
trend in the flux with the wave number k. As expected, from the coupling prescription with
the background, increasing the value of ¢ will lead to more production, which is clearly visible
from Fig.5.3 in the low frequency range up to k ~ 100m~!. However, in the high frequency
range, generally, production being very less (see Fig.5.2) and frequency of the modes playing the
dominant role, we find it hard to distinguish the effect of £&. Now, recall that the proposed analog
metric (1.120) is conformally flat, hence the neutrino mass plays the primary role in realising
the parametric resonance as it is the mass term (5.3) which breaks the conformal invariance.
Therefore, we have further plotted the energy flux in Fig.5.4 for three different values of neutrino
mass, m,, = (6.6 x 10719,6.6 x 107%,6.6 x 107°) eV. Initially, the energy spectrum increases in
magnitude as we increase the mass, and then it saturates at around m,, ~ 1075 eV. Saturation is
more explicit in the high frequency range as the frequency plays the dominant role in the effective
potential of the equation of motion (5.12) at a higher frequency. The sudden jump of the bubble
during moments of transition to the minimum radius poses a challenge in obtaining the numerical
solution for heavier masses, which appears in the equation of motion (5.12) as a multiplying factor
with the metric coefficients. Hence, a more advanced numerical method (such as the methods
discussed in [175, 176]) suitable to handle stiff ordinary differential equations is required to present
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FIGURE 5.4: Neutrino energy flux per unit time has been plotted with the frequency, k& for
the different mass of the neutrino.

a better representation of the spectrum for heavier mass. Nevertheless, in the present analysis, we
have mainly shown that the neutrino can be produced periodically via parametric amplification
[200]. To our knowledge, this is the first case study of neutrino production in the context of analog
fluid medium.

5.5 Summary And Discussion

In the time dependent background quantum particle production is an intriguing phenomena which
is the subject of investigation for a long time [179, 193-201]. It has been successfully applied in
the early universe cosmological scenario. It would indeed be interesting if such phenomena could
be observed in real laboratory systems. Sonoluminescence is assumed to be one such phenomena
where quantum photon production is believed to be one of the possible mechanisms. In the
previous chapter, we studied this event and proposed a formalism in the framework of analog
geometric model. We further emphasised that non-perturbative parametric resonance plays a
central role in explaining such phenomena.

The geometric framework is universal in nature which motivates us to look into the possibility
of neutrino production in such an analog model. Therefore, we proposed a minimal coupling
prescription of the neutrino field with the analog geometry of the oscillating bubble. Along
with the flashes of photons, the neutrino field is indeed observed to experience parametric
amplification due to the oscillating bubble, and that produces flashes of neutrinos from the
quantum vacuum. We have computed both the neutrino number density and energy density
spectrum in the experimental unit. We have been able to obtain the flux in the low frequency
region up to ~ 10°m~!. Interestingly the produced flux in terms of frequency (k) can be matched
with the experimental results if it is observed. The smallness of the magnitude can be attributed
to the fact that we have restricted our analysis to purely minimal interaction with the background
acoustic metric. To enhance production, further exploration with more explicit conformal breaking
coupling could be an interesting project for the future.
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Conclusion and outlook 6

"They became acquatinted with sorrow and loved sorrow;
they thirsted for suffering, and satd that truth could
only be attained through suffering. Then science
appeared. "

—Fyodor Dostoevsky, The Dream of a Ridiculous Man, and the
Little Orphan

In this thesis, we have presented our analysis broadly within the context of time-dependent
systems. In the first scenario, our focus has been specifically directed towards the Schwarzschild
black hole as it rings down during the last phase of the BH-BH or BH-NS merger. Considering
scalar (2) and electromagnetic field (3) we have shown that these fields can extract energy from the
ringing black holes. This excess energy turns up in the form of a negative absorption cross section
of the ringing black holes. In the literature, this negative absorption cross section is attributed to
the superradiant nature of the BHs. This suggests that during the course of its ringdown phase
interacting fields can extract energy from the BHs and become amplified. The absorption cross
section further oscillates quasi-periodically with time and encodes the decay time scale of the
gravitational quasinormal modes of the black holes. GW induced time varying superradiance
signal, in principle, should be easier to detect than the static one. For such a case, though, the
challenge arises due to its very short time scale of oscillation.

Our primary goal has been to obtain a detectable signature of the ringdown phase. With this
motivation, in the context of scalar superradiance we treated the scalar field as an axion. However,
direct detection of axion is challenging. Therefore, we have exploited the natural interaction
of axion with photon/fermions and calculated the observable such as rotation of the plane of
polarization, and nucleon dipole moment which can in principle be measured in the laboratory
located far away from the BHs.

Compared to the above, the direct signal of the superradiant electromagnetic field would be of
greater importance, and we have analysed it in the subsequent chapter (3). BH-BH or BH-Neutron
star mergers should have produced such transient superradiant EM signals. However, due to their
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large mass > Mg the wavelength of the superradiant signal would be very large of order 10 km,
and observing such signal is far from any present day experimental limit. However, for PBHs such
constraints can be ameliorated, and those can emit superradiant signals in the higher frequency
range. We found within the existing experimental setup LOFAR may have the potential to detect
such superradiant signals within its existing sensitivity limit for the PBHs mass ~ 0.1 M.

The key issue that remains to be understood is the role of the interaction surface 7;,; which
plays an integral part in the evaluation of the absorption cross section. Given the fact that
any external field should feel the ringing black hole space time up to spatial infinity, a probable
approach to account for this effect would be to integrate the absorption cross section with respect
to Tint. We find this procedure numerically challenging. Hence the future study should aim at
simplifying this formalism and devise a strategy to integrate out the effect of the interaction surface
from the framework. Given this issue, we should reiterate that the nature of the superradiant cross
section makes it intuitively obvious that the aggregated effect may not vanish. This particular
aspect makes our analysis very much significant.

An immediate extension to this analysis could be a generalization to the spinning black hole
as it rings down, given the fact that usual rotating black holes already exhibit the superradiant
cross section for bosonic fields. Other potential extensions may include the scattering of a GW
wave [202-204] itself due to the ringing black hole and finding the observable signature in the
current GW detectors, LIGO/Virgo/KAGRA. Another important direction could be to consider a
binary black hole system [205] in the ringing phase.

In the context of a fluid system in the chapter.(4), we have taken up the interesting phenomena
of Sonoluminescence due to an oscillating air bubble in water. We have attempted to propose a
mechanism for the repeated light emission during each period of oscillation of the bubble, utilizing
the effective acoustic metric. With a nonminimal coupling via the Ricci scalar of this metric, the
electromagnetic field breaks the conformal symmetry of the action, thereby producing photon flux.
We have obtained the number spectrum through our non-perturbative analysis which accounts for
the resonant production of photons. We have also elaborately discussed the issue of divergence in
the existing models based on the dynamical Casimir effect in our perturbative analysis (4.3) to
further validate our formalism of non-perturbative production.

The universality of the nature of particle production in time dependent background has
motivated us to put forward a proposal for a fermion in the chapter.(5) in a very similar manner to
photon production. However, as we have seen, for fermion the conformal symmetry can be broken
more simply by considering minimal coupling and talking about massive fermion. Following the
same non-perturbative formalism we have deduced the number spectrum and power spectrum
of the produced fermion of mass range 10~!° — 107%V. For this smallness of the mass, we have
identified the fermion as a neutrino. Being inspired by the event of Sonoluminescence we have
referred to this phenomena of producing neutrinos as Sononeutrinoescence. These findings could
open up a window of opportunity to detect neutrinos in a laboratory-based setup. Of course,
given the smallness of the produced spectrum, further investigation is required to increase the
amount of production. One possible approach is to consider various conformal breaking coupling
and check the magnitude of the produced flux.

Culminating the two contexts of dynamical systems that we have broadly discussed in the
thesis, a possible future scenario is to investigate the scattering phenomena in the time dependent
analog systems, that have characteristic similarities with the astrophysical systems[206-208]. This
could be an interesting development on top of the already existing studies [55, 209-212] about the
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superradiant enhancement of fluid fluctuations in the analogue background, as the case of the
oscillating analog system have not been explored in detail.
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Appendix A

Metric perturbation

Here, we provide the explicit form of the ten independent basis tensors in terms of g;jf =
(0268 + 6562) as,

i
(g megW . (i) = Ym0l (@m) Yzm s
by =T (9,1 G + 8,Yi, Gl Do)y =~ (8pYim G2, + 85 Yy G
(lm)ﬂ 2l(l—|—1)(01 g,uu+ ¢lmguu) ; (l )M 2l(l+1)(0l g#z/+ oLl g,uu)v
(e —Z&"H( 05YinGll ~ sudu¥inGLs )

ir 1
(Ctm) v 2l(l—|—1)< O YumGl — Seaeﬁmgﬁ) ;

—ir2 1

dm = m Wm o9 Xm >
(i), \/2l(l+1)(l—1)(l+2)( g Xim i+ 50Wim G + 5 X

2
r
(glm)lw = T\/ﬁ(iflmgzg ™ Sg}/lmgﬁg)) )

(flm)M

’1“2

T AT DI -1+ 2)

1 s

(A.1)
where, X, = 204(0p — cot 0)Y},,, and W, = (03 — cot 099 — (1/sin? 0)) Vi,
The odd parity perturbation components under gauge transformation take the following form,

nf2) = L2 D [i{n 0 r) — Z3m el (@) 4 (A1) 1o (M) Y ()

— g U= DA 1) + 28008, 7)) el ()]

where the radial parts of the non-zero components of odd parity perturbation (temporal part is
governed by e~“!) in the Regge-Wheeler gauge are given by,

(A.2)

2
h(l)(w,r) . Z(0) (w,r)

f—dQM (A.3)
0
hign (,7) = o (rZy(w,m))
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Expression of the even parity perturbation components under gauge transformation turns out as,

by, = (1- QM){HZ(,J( r)—2(1- %)_1(({”\40 M- 2M) M) }ajy)

r 7
o (22 B
+ (1= 50 e —20- S 5+ ) o
200+ D{R2 (1) — (2582 + Mo) o) (A4)
20( + D) {9 (t,r) (% - %MQ + M) Pbum
+ \/{z(z + 1) - 1) +2)/2H G (t,7) — %Mg}flm

+ [Va{Kin(t.) — 50— 2000} =D G ) - 2

where the radial parts of the non-zero even wave components (temporal part is governed by e~“?)
in the Regge-Wheeler gauge are given by,

0) Ar(r —2M) — w?r* + M(r — 3M) M +1) —w?r® )
H = K H
im (0:7) (r —2M)(Ar + 3M) m{w,T) + iwr(\r +3M) Tim (.7)
(1) _ = A2 —3\Mr — 3M . dZ(e) (w, 7") As
H, (w,r) = —iw (- — 200) (M + 3M) Z(e)(w, T) 1wr—dr (A.5)
A+ 1)r? + 3AMr + 6 M2 r—2M dZg)(w, )
K = Z
im(w, ) r2(Ar 4+ 3M) @ m) + r dr
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Appendix B

Superradiance due to ringing BH

B.1 Expression of the source terms P, and 75[ch

The source term in the Eq.(2.3) can be given as, P& (¢, 1) = %e‘i“tle(t, r), with Py, (t,r) =
Pl(:L) (t,r) + Pl(;;) (t,r), where,

P(e (t,r) ZA 20 [ [ Y(Hao + Ko0) (w0 (¢, 1) — 0767 (¢, 7))

cylm

+ 7257«{7“2]0(7“)(—}[20 + K20)0,£7(t,7)} — 3f(r) ' Goo(1wde (t,7) — 0267 (¢, 7))

_ 3ia (2 (1) CaoDe€ (£, 1)} — 1w ESD 8,657 (2, 1) + A0, (1,7)
c(c+ 1)
T‘

+ 8 (r 2H2 & (t,r)) + 6 2f( ) €7 (t, 1) —
1 (2,0) (2,-1)
72 Z 27Acvlm + 3\/>Z \/ C - C St I)AC(V‘H)ZW} x

[6 ey Hoh (1)(6)85 (1) = Gant (1, 7)]

\/>G2()l [+1 flm t 7’) f( ) 2G20 \/>£lm( )

) L 2 [ RO (6,1} + FORS D€ 0, 1) — Cane™ (7).

Gon (1,1
(B.1)

PIS;ZI(T) = f(r )7“ Zyy\ﬁ/\;ﬁ}l[ar{f( )h(l)(o)fw(t "} + fr ) 1) 0)8 £ (t,r) + 7h(1)§c'7( )]

Y

+f(r)2\/§:4~g§>[f22 Ac,ylm+2\/%ZA e = M(et v+ D]ine ).
(B.2)

We have made use of Wigner-3j symbols as can be seen in the above equations, with the main
definition given as

Y (0,0)Y;" (0,6 ZAlfn;Z ¥2(0,9) (B.3)
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where,
'm! 2l 1)(21 1 l U C A
AL = ([ REED@IAD ey
mcry 47T ,
m m  —v 0 00
I ' ¢
For the non-zero value of the Wigner 3j coefficient , all the [ values should satisfy

m m —v
the triangle law; the sum of any two [ should be greater than equal to the third one and the sum of
all the m values should be zero. Similarly, for the other source term in the Eq.(2.3), we will have
associated operator ﬁlmm which is the function of the complex conjugate of metric fluctuation,
h},,. For this case ﬁlmwgwoe, A= %ei“*tf_’lm(t, r), where P, (t,7) can be obtained by replacing
w — —w™* in the expression of Py, (t,r) and simultaneously taking the complex conjugate of the
radial part of the fluctuation components.

B.2 Time varying rotation of the plane of
polarization of photon

In this section we will study the conversion of axion to photon (vice-versa), specifically focussing
on the axion background. However to start with we will consider a constant magnetic field along
with the time dependent axion background. In the later part, we will only consider the axion
part only, having additional effects in the final results. Taking the following action, where axion
couples (g4~ is the coupling constant) with photon,

1 1 1 ~
S= /\ﬁgd4x[—§(aﬂ¢8“¢ + m3¢¢2) 1 ZFWFW - quﬁwd)FWFW] (B4)

we obtain the inhomogeneous Maxwell equation by varying the action with respect to A, as,
uF™ + 9o FM 9, = 0 (B.5)

and inhomogeneous scalar equation by varying the action with respect to ¢ as,
1 -
0, 0" = mgp — Z%WFWFW =0 (B.6)

Considering the radiation gauge, V- A = 0, Ag = 0, both the scalar (B.6) and Maxwell equation
(B.5) can be simplified as,
8tE — ? X B — g(z,WB@t(ﬁ — g(ﬁ'y’y?(b X E =0

2 2 2 — T (B.7)
— 070+ V0 —myd + ggyy B - 0 A=0

Symmetry of the background-fields motivate us to consider the propagation direction of the axion
and photon fluctuation along z, for simplification. So, expressing the scalar and em field as
background with fluctuation,

(B.8)
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B.2. Time varying rotation of the plane of polarization of photon

we can derive the linearized equation governing the evolution of fluctuation as,
—3?121 +V?A - gtb'w[BOatd;(ta z) + 8t¢0(t)@ X A] =0

and
—07d+ V2 —m3d+ goryBo - %A =0

(B.9)

(B.10)

Assuming the time scale of variation of the background field is much larger than the axion-photon
wavelength. Also, we consider w ~ k, so that we can write the fluctuation as plane waves like

Qg(t, 2) = g(t)e W12

(e
Alt,z) =1 e “*

AY (t)e—iwt

w

(B.11)

We obtain the fluctuation equation of the Fourier modes of axion and photon, like the Schrodinger

equation as,
K. iz 1 " i .
10042 (t) = — 507 B 8(t) + 50, 00(t) AL(0)

0L (1) =~ 0 BYlt) — 5 9omado(t) AL (8)

: mi 1 T AT 1 T AY
1at¢w(t) = %ﬁbw(t) - §9¢WBO Aw(t) - §9¢WBO Aw(t)

In matrix form these equations can be assembled as

bu(t) n A A [ 6u®)
0 [ Azt | = | An 0 A, |4z
ay)) \a, —ay 0 ) \Ane

m2

where A, =
we rewrite the above equation

i0,V = [Hy + H(t)|¥

where ,

In the following discussion we will work in interaction picture

Uit (t) = U () (t), Hine = U O HOUG), UR) =) " Ho(t')dr

TH-3484_166121105

(B.12)

(B.13)

Tjjv A= —%gdw'yBi(i -, y)» A(ﬁ = %meﬁﬁo. Considering lll<t) = {wa(t)a Ai (t)’ A%(t)},

(B.14)

(B.15)

(B.16)
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so that the equation (B.14) becomes
101 Vint(t) = Hint Wint,

, B.17
— Uu(t) = ot Hine(t)dt Uit (0) = W0HL(¢ ——1/ Hips (' )dt'w? (¢ ) ( )

int int

Taking upto second order (considering the coupling g4, very small) we get

Wiy = (11 / Hipt (1) dt' — / Hine(¢')dt’ Hmt( ")dt") ¥ (0) (B.18)

After substituting this expression we get

Au() = A (0) — iAL A, ( —1/ Agdt! A% (0 / dt A¢/ dt" A, Aud® (0)
¢ - ¢
—/ dt’(AxAm/ dt’ ApAnm, A¢/ i Ag) A2 (0) / dt' DA, / dt’ A, A, A% (0)
Ay (1) = Ay (0) — A, And®(0) +i / Agdt' A2(0) + / di'A, / dt" A A, 8°(0)

/dt’AA/thA—A¢/th¢>A“ /dt’AA/thAA”()

(B.19)

where, we have used W;,;(0) = ¥(0) and A,, = [*A,,dt/(B.13). Upto second order in the

perturbative evaluation of stokes parameters we have found that the magnetic field background

contributes separately with the axion background. We will consider the contribution coming solely

from axion background. So, without magnetic field background. We have found the expression of
Stokes parameters (considering A, =0 = A,)

I(t) = I(o){l +AZA, + /t dt'(AgAy + c.c)} + (A + A3V (0)

Q) :Q(O){l—A*A¢+/ dt' (AR + )} —i(Ay - AU ()
U(t):U(O){l—A¢A¢+/ d(Dshs + o)} +iQO)A, - AY) (B-20)
V(t):V(O){l—A¢A¢+/ 0 (DB + c.c) ) + T(0)(Ag + A)

Q) £1U(t) = {17 (Ay — A)HQ(0) £iU(0)) ~ e¥(Q(0) +iU/(0))

It can be checked from the above expressions of stokes parameters that, ¢ being real, there will be
no conversion between axion and photon. But different helicity states will be affected and time
dependence of the axion field would lead to distinguishable effects. The rotation (up to first order
in the coupling constant) of the plane of linear polarization, for very small 6, can be identified as
0 ~ (A¢ — A;‘;) /i. And the interesting point is that because of the ringing oscillation we will see
time varying rotation of the linear polarization.
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B.3. Source terms in the nonhomogeneous differential equations of the EM field

B.3 Source terms in the nonhomogeneous differential
equations of the EM field

In this section, we have presented the explicit expression of the source terms of the following set
of equations, discussed (3.6) in the chapter.3,

EOXl + lec'y( ) ;;’Y + Q;mc'y(h*) ;=0

o | s o ey (B.21)
'COX2 +lecw(h)Xi +lecw(h’ )Xz =
The expression for the source terms Q}vmw(h) X;! can be expressed as
, 1

where, Fg and E7 have the following structure:

o [A““” { = F0)ele+ 1N (1) (2RO @VE)) + 500 (6, RS (2vB)e(e + 1)

2 cylm
¢ & 1 c 7(2) 3 /6 w1
— x5 (t,r)Gaoc(c + 1)2V5 + ﬁatxf(t,r)h% 2\/;473\/4?}
1,0 . ¢ = ~ - 3 /5 -
T Agvlrzb( ){W&‘/XQV(ta 7“)( — 2(Hog + G20) V15 — 2G202\/;(27\/;))
— 2f(r)3x5 (t,7) (—ind, By O V15) — f (r)( — e(e+ 1)axS(t, ) (2(Ka0 — 3G20))
—20,x4'(t, r)(—ivﬁ%)(o) V15) — 2x5 (¢, ) (=ivd, h%)(o) V15)
_ Qiyﬁéé)arx?(t, T)\/ﬁ—i—c(c—% 1)xi' (¢, r)2h§0 (— l’Y\/») + 20,0.X5 (t,7)(— B%)(e)\/ﬁ))

ey 7(2) (o . 7r§\/3_.3\/§\/7
Xq (t,7)hsg (317\/64- 21727\/g2 y 172 7r2 3)
+ Aﬁi}(jr)z{ - f(T)( = C(C F 1)X{l:fy(t, ’f')ar(2(f~(20 — 3@20)) + C(C + 1)Xi’7(t7 7”)4;2,%%))@)

+ 2Xg7(t, r)f]é(l))c(c + 1)) — x4 (¢, r)( —2c(c+ 1)ﬂ20 — 2@200(0 + 1))

1, ¢ (2) 3 /5 2
+ T—Q&gx;(t,r)hm ( —2c(c+1)+ 2\/747, \/207)}

+AZD { ) (2057 (1) + 2x57 (170,750 — el + DX (8, 1)2h85" + 2x57 (¢, 7) Fily)

cylm

+ 40,05 (1, )RSG + 20057 (8, 1)0,h " ) = 2§ (8, 7) (Flag + Giao) + dgx?(t r)h@)}

1 2) I -1
+ ﬁatx (¢, )hgo{ \/>< V2 \/ (c=7)(c+~v+ 1)71&&7“27”)} 2X4 (t,r) Ggom ]
B 23)
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and,

—iwt

7(2)
_¢ (0,0) hyg 3 /5, T 1
El=— [Ammu,r){ x5 () F(r) =55 ~4(y = ele + 1)) 5

(1 )( )
+2Xg7(t,r)<—c(c+1)f()h ( )+clc+1) \[f h20 15( 1 ))
NGy (6 rele+ DaE =)} +Ag;;gg{zxgm,Wagwm
— Orxy ! (t,7) f(r) 21y (Hao _GQO)\/—‘F&&XZ’Y(t r)thO VB~ x5 (¢, r)(—ZﬁQ%)\/ﬁify
+2’Y°~’hgo)( )\/‘) 8t2 7 (t, )(—217/120 e)\/_) + 2x5" (t,r)(—c(c+ 1 )wf(r)h%)(e)\/ﬁ)

4 i
X0 (VT = 3) + 1(r) oy 220 1125

- @
+AG T (2 \/T\/c— Je+ v+ D) {ing ) fr )h
e .
4 ALY {20610 r) ALY (o 1) = 056 £ ) 2202 2 — el + >
7 (1)(0) P (1)(0)
+ 957 (= el DI )2 (=) + e+ 102/ 2 10) 2V 2))

r2

+ 207/ (1S () 2

+ X7 (t,7) f(r)(2Hape(e + 1)) + 2(Ka — 3Ga0) (iwe(e + )X (8,7) = e(e+ 1)ax{ (¢, 7))
50y 2 (= 1§t 1) )
DAL o) ) 12 2 2[( vamfle— ety + %E)

2

e '* 7 e c 7 e (& h
+ A0 {2)(27(1‘/, T)HQ%) + 2xfﬂ(t,r)iwh%)( ) _ 28tx47(t,r)h%)( ) _ I xs' (¢, ’f')?)f(?“)%

cylm
- (1)(0) B(U(O)
— Oixy (t,m){— 21Wh20 } + X5 (t, ) (—2hyg ) + QXS’Y( —clc+1)f(r)—2%—

2
+ x5 (t, T)f@")( — 2Hs0 + 2620)}

H2
+ f(r)ézog\/zxém(t, r)(=2m? +1(1+1)) + 8rxl2m(t,r)f(r)f;2§;\/§(2m2 ~ 11 +1))

(B.24)
Given the expression for Qfmm(h)xz , one can derive the contribution lecw(h*) coming from
the complex conjugate part of the background metric by simply taking the conJugate of every
metric coefficients that appeared in the previous equation for (B.22). As a consequence, we also
have a 1/2 factor in front of every source term. For the source terms in the equation (B.21)
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B.3. Source terms in the nonhomogeneous differential equations of the EM field

governing x4, we have,

. . o—iwt . 2 (VR B2 00y + £ 8,]1(2)
lem(h)xiv =— [Agg}%{xsv(_ f(r?i 20 +( 50 /' (7) r2f( ) 20))2\/5’7(74‘1)
oy 2 Tﬁ(l)(o) c iw -
oy 200 1220 2y(y + VB + oy L0 ) 2 2f7(7+1)+xim7r2f(r)h§20)2\/57(7+1)

+ixg’ f( ) 5 (7+1)—7(w )(mwx?(t,r) O (t,7) )bl (VIO — V/5)
- (t,r)2v(7+1)(%f(r)ﬁ§10)() 0RO — R () (VIO - VB)
N0 7")7(7+1):72(f(2o—3020)(\/1— — VB) + 5™ () (£ + 1)2C05

~ f() LoR @911+ 1)V5 + f(r )= Lot + DAY (VIO - VB) - diwH3,l(1 +1)V5)
+a,?xgm(t, r) ()il + 1)2G20V/5}

+ AL { 29w Bl VIBXS (1, 7) w\f 8, Gaox3' (t,r) — f'(r)2Gao V15 XS (¢, 7)

(1)(e)
() + )0 o)V ING (1) + L0 0 4 41 41)) VT (1.1

— F(r)2(Gap — Hao)VI5iyd,5 () — X (£, 7)2iyV/150, Yy — 2x5 (¢, T)\/ﬁm(ﬁzo — Gia)

. 1 ~
—|—2\/ﬁimH2(é)6rxim(t, )+ 2GJT5i78txj7(t, r)+ —7(77’—; ) (inva(t, r) — Oxy (¢, T))\/ﬁivh%)(e)

_<2f(r)ﬁ%)(e) _ (R rw) + f(?")arﬁ%)(e)))\/ﬁwx?(t )

r3 r2

7(2) 7(2) g1
‘|’81"ng(t,7“)< _ 2f(r)hyg n (hgg (1) +r2f(7“)8 ))2\/—17

r3

+20,x57 (t,7) f(r)i2 507 ((2+ 1 + 1) V5 + VIBI(L + 1)iv)

+O2x5 (t, ) f(r) 12B520)\/ﬁm+atx;7(t,r)lw B;?))zf 5iy — 02X (¢, r)TQ f() h22v/15 w}
AL 20 (- 2f(271§%) L (7 + L B3 4 1

—8x3’(t, 7")Qf(r)]z%)(o)l(l +1) — 20,5 (t, T)%v(v +1) - XZ%B%)Q’Y(V +1)
+;(i:)8txfﬁ(t,r)( V15 Hagr +(7+ )h(2>) W(mx — o )R (2v2 + 4)

: h ¢ f 7 e 1- e
x5 (= 21+ 1) (AR - Qarh%’( ) LA ) v+

(T 1):72(1%20 ~3C0)(2v2 +4)
10 (1,) (= 2y + DF () o + 1y + 10260 + F(r) 20y + DAG (233 +12)
+2iw ) 8y(v+ 1)) = 02X57 (8,7) F (1) (y + 1)2Gag

—0ix5 (¢, 7) (= 20, Hyg y(7+1) =
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PREO Lo~ M hyy (b 1'(r) + S0 >ahm>)

cylm 73 r2
. 21 (r h(l)(o) 4 f(r ]NZ(2) . iw -
', r><2;°2 (0 )+ 0+ 1)+ 20080 52 )2
> oy +1) . y(y+1 c = (1)(o
26tX4 (t, 7") f( ) (2) M (2 %Xf(t,r) - ( r2 )atXN(ta?“))hglo)( )

0§ (60) (290 + D (SFOR = S8R = SRP () - 1003 1) 4(Rao — 3Gin)
05T (6,7 (F () Han + /(112G = () 52080 O @y + 1) = ) 5200+ 1))

— [ ()20, (K — 8Gia0) — 2iwH3g(3 + (3 + 1)) + 02x5 (1) (F(r)2Ga0 + 2 () Han)
00 (8,7) (200 HSY) + S (Hag — Gian)) + 5 (8, 7) < (g

7 7
RYANI0 ) :
4 318y x5 (0r) (= 1) o LY 351,10 ) ) + 01 (0,7 G

(2) 7(2) pr 7(2)
+@~X§7(t, 7,)(( i 2f(7°)h20 4 (hog f'(r) + f(1)0rhag )) +2f(r ) Il %)(0))

(Hao — Gao) — 40,0-x5 (¢, T)ﬁé(l))}

7‘3 7.2
FOBXE (1, 1) () B2 + B (8, )i My XS (1, 7) s ﬁ<2)}
A " 2 r2f(r) PR 2 f(r) 0
. /5 ) F(r)Rsy RO _ gl
+3S8cvim ;{ — X3 (t,r)—r—2—2 (v +1) + 9 x5 ( — iwHy, )}
= 2) (5.(2) g
lm 2 5 f( )h’20 (h20 f ( a h20 20

7(2)
rondr e {25 (= amty[2)} 4 e 7~>{T2f< )h;0><— wﬁ)}
ot - r2;(r) (- 3m2\/i>} T ()]~ P+ 122K — 3C0) ) )}

a6+ 20 — £~ 20+ 109, (Koo — 360) — 1'(18m* G|
() 20 (3m2 [ 2)
+2z‘wfféé)(3m2\/§)}—azxém<t,r>{f<r>(3m2émﬁ)} R (¢, m){ f(lT) (3m2@20ﬁ)}]

(B.25)
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B.4. Evaluation of the normalization factors

(t';m”)

Some mathematical quantities we have utilized in the above equation, constructed out of A

lmC’y )
are,
27 _
Stmey = szZA;ng?y + 2,/§\/(z —m)(I+m+ 1AL
- 4 _
Simey = v AZS@% 3 ﬂAl(fnSL + 422 \/ L—m)(l+m+ 1)\?/\[(3”;@ (B.26)
(2,0 2,0) 2 (2,-1
Al(mC')y [2 Al(mC'y + \[Almcq/ \/ l + m+ 1)3\/;Al(m+1)07}

Given the expression for lecv(h)x 77 one can derive the contribution lecv(h)xfy in the same
way described for lec,y(h)xZ .

B.4 Evaluation of the normalization factors

In the following discussion, our main focus will be to calculate the incident energy density and
to formulate the procedure to calculate the normalization factors. We start with a circularly
polarized [120] ingoing plane EM wave, in u-coordinate, propagating along z-direction towards
the black hole as,

Ax(u,x) _ e—ik(u+2z)

. (B.27)

Ay(u, z) = je kut22),
The approach to finding out the normalization factor is to compare the incident plane wave with
the asymptotic form of the field solution, which is obtained in spherical coordinates. We, therefore,
need to transform the plane EM wave written in cartesian coordinate, A = A, + A7, to spherical
coordinate by using, Aj,(z) = (0z"/9x'") A, (z) as,

Al (u,r) = Ay(u,x);  AlL(u,r) = sin0e'® A, (u, ) (B.28)
Al (u,r) = rcos0el? A (u, T); Ay (u,r) = irsin 0e'® Ay (u, ), '

where, we have used A, = 0 and A, = iA,. Of course, A, (u,z) should be expressed in spherical
coordinates using Rayleigh expansion of the spatial part of a plane wave propagating along the
z-direction given by
e % = emkreost = N (91 4 1)iljy (k) PP (cos 0). (B.29)
=0

Taking the derivative with respect to € on both sides of the above equation one can discover the
following expression also

1 Ji(kr) (9,9Pl (cosf)

B.30
ikr sin 0 ( )

efikz _ efikrcose _ Z(Ql + 1)
=0

TH-3484_166121105
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B. SUPERRADIANCE DUE TO RINGING BH

Where one needs to use the relation P!(cos@) = —9pP?(cos ). Finally, one obtains the components
of plane EM waves for circularly polarized light in spherical coordinates as [124],

Al (u,r) = A (u,r) Y (Q) =0
Im

Al (u,r) ZA’lm (u, 7)Y (2)

—ik(u+2rs) B.31
= Z(—l)l+15m1\/47r(21 + DI+ l)eszlm(Q) + outgoing part ( )
) A2+ 1) 1. —ik(ut2r.) .
Al(u,7) = — Z(—l)l+15m1 % [1\11?”((2) + q)ém(Q)} eT + outgoing part

lm

Note that the ,,; factor in the above expressions comes due to €’® in the Al and A;ﬁ components
of the gauge field (see Eq.B.28 and B.31). The above expansions could be checked following

gitkr) + ing(kr) ~ (= )Hl lkr, Jitkr) — ing(kr) ~ Hlk ™ for r — 0o or kr >> 1, that implies
Gi(kr) ~ gttt 62_];1:” + (= )l+1 ¢ Gauge invariant variables for circularly polarized light in this new
gauge become

klm lm r nm nm
§: Yim@) =3 A 9 A

Ilm
—ik(u+2ry)
= —iZ(—l)lHéml 47;((?3_—‘1)1) € ok Yim () + out going
(B.32)
Also in the expansion of A’(u,7) (B.31) one can check that the term with ®!(Q) does not
transform, and we denote this as,

om0 t goi B.
0+ 1) ok Q) + out going  (B.33)

>R, )@ (Q) = = (= 1) o
lm

lm

(recall the l(l +1) factor in the definition of x; from the main chapter). With the above gauge
invariant variables, one can deduce the normalization factors from the asymptotic form of these

fields,
Z ~klm u 7“ Ylm ZNklm —1k(u+2r*) + R ( ) 1ku]lem(Q)’
. (B.34)
Z ~klm U 7“ @lm ZNklm —1k (u42r4) + Ry ( ) —1ku]q)ém(Q)
Comparing with (B.32) we fix the normalization factor to be
dw (20 + 1) 1
kim : I+1
= —i(—-1 5m )
M Dm0 ) 3T (0 = o) B.35)
Ar(20+ 1) 1

N = (=1)'0m

I(1+1) 2kZy(u — o0)’
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B.4. Evaluation of the normalization factors

We proceed with this crude approximation, considering only the effect in the static limit u — oo
and time dependent effect in the energy density will come from the rest of the part of the solution.
We follow the definition of the incident energy density discussed in the previous section,

but we will transform this quantity to the spherical coordinate using,
Tula') = (02° (0a") (027 /02") Fup(2) (B.37)

So, after simplification,
1
oG = {igss(auAs — 0sA4)(0r A — 05 A7) + C~C-} = g% (0uds — 05A44) (0 A — 0,47)  (B.38)

and as the incident plane wave is considered to be propagating along the z-direction we suitably
choose, 6 — 0, as per the requirement.

In the following discussion, we want to express the gauge invariant combinations taking only
the ingoing part of (B.34),

DuAs = 0sAu = > [(0,X4" — O™ ) WIM(Q) + Duxy" DI ()]
lm
: im Im
= (1) Gy dm(20 + 1) [1 d ( 75" (u) ) pim o D" im
lm

10+1) kdu \Tm(u—0) ) ° " TI(u— o0) °

id( 7" , Tim(u) oo e ikt2) ‘
| =7 | gm plm . ;
* k du (Ilm(u — 00) s T Tim (y — Oo)l s } 5 + outgoing par
81"143 - 85147" = Z {ﬁrxl U, + 8TX }
lm

. 4m(20 + 1) T4 (u) Iimw) | o—ik(u+2r)
-9 ) l+16m 2 (le 0 1 \I]lm (0)) P
(=1 o I(+1) ll’ém(u%oo) " )+I{M(u—>oo)l (@) 2

+ outgoing part

Im

(B.39)
where we have used the equations governing the gauge invariant variables in (u,r) coordinate for
asymptotic Schwarzschild space-time (One may look at Appendix.B.6) as our aim to calculate the
absorption cross section at r — oo. We express the above invariant combinations in Cartesian
Coordinates in the following way :

OuAs — 05A,

i d Zhm (u) ! i (u) gl
k du (IémQ(u—}oo) (I) Mt Ilm(u—ﬂ)o) (I)Sm

— } x (—ik A (u, 1))

St (— 1) 0ty | T L@ (Q) + 104 ()]

id (_Z"w Im (W) glm
du< zHoo)>‘I’ +Ilm( Vs ]

(—1)H18, 4”(2“1) (DI (Q) + 1 Tbm(Q)]

(B.40)

x (—ik A% (u, 1))
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102

and

Ié’"(u) @lm(ﬂ)_‘_ Iim(u) i\Iflm(Q)

Iém(u—x)o) s I?"(u—)oo)

St (1)L [ 172D

B, Ay — O, A, = (—2ik A’ (u, 1))

St (— D) | T @I (Q) + 1047 ()]

= &s(k, u)(—2ik AL (u,r)).
(B.41)
Where, &,5(k,u) and &5(k,u), are used to denote the terms involving the ratio of /-sum in the above
equation and have to be evaluated numerically. Whereas, A% (u,r)) is the spherical representation
of the plane wave in flat space. Substituting the above combinations in the expression of incident
energy density we arrive at,

1
0uG = {5988(@#45 — 0sA4)(0r A — 05 A7) + C~C'} — 9% (0uds — 0544)(0uAg — 05 A7)
k2
= 205 g a0 () AL (1, 2) AL ) - .} — 127 |, )P AL, ) A% o, ),
(B.42)
As a consistency check, one may look for the case of static black hole limit, which corresponds to
u — 00. In this limit the combinations (B.40) and (B.41) become

Oy As — 0sA, = —ikAlL(u,r),

B.43
OpAs — 0sA, = —2ik Al (u, ). ( )

Now substituting these combinations in (B.42), we get the incident energy density as,
0uG = 2k? cos® 0 + 2k* — k? cos® § — k* = 2k? (B.44)

and as the incident plane wave is considered to be propagating along the z-direction we suitably
choose, 8 — 0. The above value of the incident energy density for a static black hole limit matches
with the result obtained in the existing literature [124].

B.5 Gauge field equations in (¢,r)-coordinate for
static Schwarzschild space time

Substituting the field components (3.3) in the equation of motion (3.1) of the gauge field, for
static Schwarzschild space time dictated by the metric gf”(¢,7) we obtain the following set of
equation,

S (T)l(lil)ar(r?(atd’m — 0,6™)) 4 (b'™ — 9k'™) = 0,

2
Z(/”T”at(atdlm — 0,6™) + fF(r)(h™ — 8,k =0, (B.45)
£ )0 — 2 — ) D g — g,
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B.6. Gauge field equation in (u,r) coordinate for static Schwarzschild space time

which can be simplified and expressed in terms of the gauge invariant variables (3.5) as,
Fr)oxi™ +x4" =0
Axi™ + f(r)x5" =0 (B.46)

S0 (P)amdsm) — aidm — f (L i g

r2

The first two of the above set of equations can be decoupled to obtain the governing equation of
Ilm
Xl as,

I(l+1
L+ )Xl{”:o (B.47)

FRFIT) = B — £
B.6 Gauge field equation in (u,r) coordinate for static
Schwarzschild space time

In this section, we discuss the coordinate transformation from (¢,7) to (u(=t — r.),r) and derive
the expressions for EM field components and their invariant combinations. Consider the general
definition of coordinate transformation for rank-1 tensor, from z#(t,r) — 2" (u,r), given as [7],

Ay(a) = %Ay(a:) (B.48)

under which the components (3.3) of the EM wave transform as

flu(u, T %At(t,r) = A(t,r) = blm(t,r)Y}m(Q)
~ - ot or y 1 - - lm(t,r)
Ar(u,r) = 5 At r) + 5o Ar(tr) = mAt(t,r) + An(t,r) = (d™(tr) + e )i (92)

(B.49)
One can see that only one of the components changes due to the coordinate transformation, that
is, d"™(u,r) = d™(u +r*,7) + "™ (u + r*,7)/f(r). Utilizing this we rewrite the components of
the propagating EM wave as,

Au(’uv F) - blm(“? T)}/lm(Q)
flr(u, T) = Jlm(u, 7)Y (2)
Ag(u, 7) = kg (u, 7)T™(Q) + agmic(u, 7“)<I>lsm(Q).

S

(B.50)

From the equation of motion, V,F*” = 0, one gets the following coupled equation of the EM field
propagating in Schwarzschild space time,

8r>~(l1m + Xém =0

~lm ~lm ~lm (B51)
ouxi" + f(r)x3" — x4 =0,
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which can be further combined to obtain a decoupled equation of the following form

l(l —+ 1) ~lm

O (f(r)OTI") = 20,0, 7" — ==X = 0. (B.52)
Also, the equation governing Y4™ turns out to be,

.18 — 20,055 — LE D gm — o (B.53)
where the expression for transformed invariant variables are ¥{™(u,r) = l(%l)(@ucﬂm(u,r) -

0.6 (u,r)) and X4 (u,r) = @™ (u,r) = a"™(u +rs, 7). Other invariant variables can be computed
from the above constrained equation (B.51).
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Appendix C

Diagonalization of the effective
acoustic metric

The off-diagonal fluctuation metric discussed in the text is given by

ds? = — f(t,r)dt* +2g(t,r)drdt + p(t) (dr? + 12d0?). (C.1)
Now we rewrite the above metric to make it suitable for diagonalization,
ds? = —f(t,7)dt* — goT) 4o n (,/p(t) dr + 97 dt>2 + p(t)r2dQ? (C.2)
’ p(t) p(t) ' '

Considering the following transformation in the radial direction (look at Chapter-7 of [7] for
discussions on coordinate transformation to diagonalize a spherically symmetric metric),
dr g(t,7)
=/p(t)dr +
X(t,r) p(t)

Where X (¢,7) some arbitrary function, will be found out in a moment. This transformation leads
us to deduce the following relations:

dt. (C.3)

or or g(t,r)
| e — =X ) 4
5 = X(e.ryol0. 5 = Xe.n) 20 (€4
Recall the metric coefficients p(t) and g(t,r) given in the main chapter as,
3
p(t) =1+ %7
A (C.5)
R¢

g(r,t) = Tk

Denoting, o(t) = £3/(R3), we have the following integral equations respectively,

r X(t,r)
5/ s+ o)

f:\/W/ drX(t,r) + ().

105
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To simplify our task we proceed by considering X (¢,7) =~ X(o(t)), i.e. dependence of X only on
time. This gives us the following equation for r,

o ¢lo)
r_g/do' 1+U—T‘\/1—|—O‘X(O’), (C.7)

where, we have set v(r) = §(t) = 0. Differentiating the later two equations w.r.t o gives us the
following differential equation for X,

—%X — 3(1 + o)X (C.8)

Integrating both sides of the above equation, we arrive at,

1

X0) = e (C.9)

Now, we know the functional form of the arbitrary function we assumed. Substituting the function
in (C.7) we finally obtain,
7 =114 0)/3 =rp!/3. (C.10)

This rescaling of the radial coordinate will help one to diagonalize the metric.

C.1 Discretization of second order ODE using
Crank-Nicholson Method

Having stiffness in the differential equation, arising from the sudden collapse of the water bubble,
we resort to using those numerical discretization methods, which provide for better stability. The
crank-Nicholson method is a popular implicit method [172, 173], mostly used in the case of partial
differential equations, such as the heat equation, to discretize the first order differentiation in the
time part. Generically, one can consider the following model differential equation
d*y dy
Plx)— z)— 4+ R(x)y =0 C.11

(0) 5 + Q@)L + Ry =, (1)
with the initial conditions given as, y(z¢) and y1(zp). Now, we decompose the above second order
ODE into two first order ODE,

dy dyi — Q(@)y + R(x)y

= =— ' C.12
dr Y dw P(x) ( )
The crank-Nicholson method is attributed to the following discretization scheme,
h (d d
yn+1:yn+2<di'/x Cliix—i—h),
b " " (C.13)
=y + 5 Wilon +Yilan+n),
which we can also apply to the second equation of (C.12) to obtain,
h (dy dyi >
=yl (= —== : C.14
Yy Uty <dx on AT lzath (C-14)
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C.2. Fitted polynomial for the number density

Where n € Z, set of integers, and y" = y(x,,), ¥y = y1(x,). Using the explicit expressions for
dy;/dzx from (C.12), we can rewrite the above equation as,

h [ dy
n+l _  n 0 2IL

(C.15)

L QU+ )yt + Rlwn + byt
Tn P(:L‘n + h) )

Now substituting the discretization of 4! from (C.13) we obtain,

hildyy)  Q@a+hyi™  R(zn+h) { h ( )}
n+1 __ I n _
=S 1, Pan + h) TP Y T2 WL, T ) S
n+1 { (I“Jrh%} T2 {f; Tn ngﬁh; yn}
h Q(zn+h) 2 R(zn+h)
{1 T 2 Planth) T (5) P(wnth)

(C.16)
In the second step of the above equation, we have rearranged the terms, such that all the known
quantities stay on the right-hand side. The steps up to the evaluation of the solution proceed
as follows: starting from the initial conditions y(zg) and y;(xo), evaluate the yi(xg + h) from
the above equation, and substitute in (C.13), which will provide for the solution y(xzo + h). Now
repeat the iteration to generate the solution for the consecutive points.

C.2 Fitted polynomial for the number density

Having a promising trend (fig.5.2) in the number density of photons, evaluated through our
formalism, with the experimental measurement, we are compelled to fit our results by utilizing
the following polynomial,

y =93.6x — 105.52% + 51.32% — 12.62* + 1.62° — 0.082°% — 0.004z" + 0.0008z°

C.17
—5x107%% + 1.4 x 1075219 — 1.6 x 1078z, ( )

where = Ink and y = In ||
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