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Abstract

Spectroscopy and stabilization of the laser at a particular transition is key in the

modern area of atomic and optical physics. The present thesis details the mechanism

of induced atomic coherence between multi-level atomic system driven by lasers and

their role in the absorption and fluorescence spectrum. The theoretical study presents

a frame work to identify the nature and the role of interference between the excitation

paths associated with the Autler-Townes (AT) peaks (i.e., a pair of transitions from

the ground state to the dressed states) in a multi-level system. In three-level system

the excitation paths associated with the two AT peaks interferes pair-wise and the

nature of interference is very simple which can be constructive, destructive or no

interference depending upon the decay rate of the states coupled by the strong control

lasers. In four-level system the nature of interference is more complicated but again

the excitation paths associated with all the three AT peaks interferes pair-wise. For

any system, if the decay rate of the levels coupled by the control lasers are equal then

there is no interference between any of the excitation paths associated with the AT

peaks.

We further studied the saturated fluorescence spectroscopy which is a very useful spec-

troscopic technique for weak transitions. In the study, the Doppler-free fluorescence

dip in the fluorescence spectra is caused by velocity selective saturation (VSS) effect

and the dip is further modified by velocity induced population oscillation (VIPO)

effect. The VIPO effect is caused by the beating of two counter-propagating elec-
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tromagnetic fields in a moving atomic frame (due to opposite Doppler shift for a

given velocity). The line-shape of the saturated fluorescence dip is sensitive to the

laser beam misalignment in the case of the atomic beam. The shifts of the fluores-

cence dip is dependent on the average velocity of the atomic beam and the angles of

misalignment of the laser beams.

The theoretical study is experimentally utilized for double resonance spectroscopy at

infrared (5S1/2 → 5P3/2) strong transition and blue (5S1/2 → 6P1/2) weak transition

in Rb atom. The double resonance (at 780 nm and 421 nm) is implemented using EIT

effect in a V-type system and enhanced absorption (EA) effect in optical pumping

system. The scan non-linearity of the blue laser (which is the dominant source of

error in the experiment) is minimized by using acousto-optic modulator to shift the

laser frequency within a small range of frequencies around the neighboring hyperfine

level. The hyperfine splitting of the 6P1/2 state is measured with a precision of < 400

kHz and the magnetic dipole hyperfine constant is also calculated.

We further utilized VIPO at infrared transition, VSS at blue transition and the combi-

nation of the two effects to resolve closely spaced hyperfine levels of a weak transition

by eliminating the residual (or partial) two-photon Doppler broadening in a wave-

length mismatched double resonance spectroscopy. The double resonance experiment

is conducted on 5S1/2 → 5P3/2 strong transition (at 780 nm) and 5S1/2 → 6P3/2 weak

transition (at 420 nm) in Rb atom at room temperature. The residual Doppler broad-

ening is caused by the thermal motion of the atoms in the vapor cell. The elimination

of the partial Doppler broadening using the VIPO and VSS effects is followed by the

subtraction of the broad background of the two-photon spectrum. Since the VIPO

and VSS effects are phenomena for near zero velocity group atoms, the subtraction

gives rise to Doppler-free peaks and the closely spaced hyperfine levels of the 6P3/2

state in Rb are well resolved. The resolved peaks with narrow linewidth, are impor-

tant for stabilizing the blue laser at a particular transition (i.e., for tight laser locking)

for future goals of laser cooling and trapping at this transition. The spectroscopy and
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stabilization of the blue laser is also beneficial for quantum information processing

with coherent excitation of Rydberg states in Rb atoms.

TH-2412_166121022



List of publications

Publications for the work reported in this thesis:

[1] Elijah Ogaro Nyakang’o, Dangka Shylla, Kirthanaa Indumathi, and Kan-

haiya Pandey, “Nature of interference between Autler-Townes (AT) peaks in

generic multi-level system”, Eur. Phys. J. D (2020) 74: 187

(https://doi.org/10.1140/epjd/e2020-10187-3)

[2] Elijah Ogaro Nyakang’o, Dangka Shylla, Vasant Natarajan and Kanhaiya

Pandey, “Hyperfine measurement of the 6P1/2 state in 87Rb using double reso-

nance on blue and IR transition”, J. Phys. B: At. Mol. Opt. Phys. 53 (2020)

095001 (6pp) (https://doi.org/10.1088/1361-6455/ab7670).

[3] Elijah Ogaro Nyakang’o and Kanhaiya Pandey, “Role of velocity induced co-

herent population oscillation in saturated fluorescence spectroscopy”, Eur. Phys.

J. D (2020) 74: 96 (https://doi.org/10.1140/epjd/e2020-100519-0)

[4] Elijah Ogaro Nyakang’o and Kanhaiya Pandey,“Resolving closely spaced lev-

els for Doppler mismatched double resonance”, Phys. Rev. A 103, 013107

(2021) (https://doi.org/10.1103/PhysRevA.103.013107)

TH-2412_166121022



xi

Additional publications:

[1] Dangka Shylla, Elijah Ogaro Nyakang’o and Kanhaiya Pandey, “Highly sen-

sitive atomic based MW interferometry”, Sci Rep 8, 8692 (2018)

(https://doi.org/10.1038/s41598-018-27011-1)

TH-2412_166121022



Contents

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Table of contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

List of figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii

List of tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Thesis overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2. Theoretical background of light-atom interaction . . . . . . . . . . . . . . . 9

2.1 The Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Rotating wave approximation . . . . . . . . . . . . . . . . . . 11

2.1.2 Corotating frame . . . . . . . . . . . . . . . . . . . . . . . . . 12

TH-2412_166121022



Contents xiii

2.2 Density matrix formalism . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 The fine and hyperfine structures . . . . . . . . . . . . . . . . . . . . 14

2.3.1 Fine structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.2 Hyperfine structure . . . . . . . . . . . . . . . . . . . . . . . . 15

3. Nature of interference between excitation paths associated with AT peaks in
multilevel system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2 The theoretical model . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.1 Dressed state approach . . . . . . . . . . . . . . . . . . . . . . 19

3.2.2 Bare state TOC approach . . . . . . . . . . . . . . . . . . . . 23

3.3 The nature of interference in the multi-level systems . . . . . . . . . . 24

3.3.1 Three-level system . . . . . . . . . . . . . . . . . . . . . . . . 24

3.3.2 Four-level system . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3.2.1 Chain configurations with all the control lasers at res-
onance . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.2.2 Branching configurations with all control lasers at res-
onance . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.3 Four-level loopy system . . . . . . . . . . . . . . . . . . . . . . 45

4. Hyperfine measurement of 6P1/2 state in 87Rb using double resonance on blue
and IR transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

TH-2412_166121022



Contents xiv

4.2 Measurement Schemes . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2.1 Coherent Control Scheme . . . . . . . . . . . . . . . . . . . . 53

4.2.2 Optical Pumping Scheme . . . . . . . . . . . . . . . . . . . . . 57

4.3 Experimental Details . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.3.1 Set-up and Results . . . . . . . . . . . . . . . . . . . . . . . . 59

4.3.2 Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.3.2.1 Systematic Errors . . . . . . . . . . . . . . . . . . . 63

4.3.2.2 Statistical Error . . . . . . . . . . . . . . . . . . . . 65

5. Role of velocity induced population oscillation in saturated fluorescence spec-
troscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.2 Theoretical Formulations . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2.1 Velocity selective saturation effect on fluorescence dip . . . . . 75

5.2.2 Velocity induced population oscillation effect on fluorescence dip 77

5.2.3 Effect of laser intensity and temperature . . . . . . . . . . . . 78

5.2.4 Effect of laser beams misalignment . . . . . . . . . . . . . . . 80

6. Resolving closely spaced levels for Doppler mismatched double resonance . 85

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.2 Energy level schemes and configurations . . . . . . . . . . . . . . . . 86

6.2.1 Transparency for a V-type open system . . . . . . . . . . . . 86

TH-2412_166121022



Contents xv

6.2.1.1 V-type open system . . . . . . . . . . . . . . . . . . 86

6.2.1.2 VIPO at IR transition for a V-type open system . . . 88

6.2.1.3 VIPO at IR and VSS at blue transition for a V-type
system . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.2.2 Enhanced absorption for optical pumping system . . . . . . . 96

6.2.2.1 Optical pumping system . . . . . . . . . . . . . . . . 96

6.2.2.2 VIPO at IR transition for optical pumping system . 97

6.2.2.3 VIPO at IR and VSS at blue transition for optical
pumping system . . . . . . . . . . . . . . . . . . . . 99

6.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.3.1 Set-up description . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.3.2 Resolving the 6P3/2 hyperfine levels in 85Rb . . . . . . . . . . 105

6.3.2.1 The V-type system . . . . . . . . . . . . . . . . . . . 105

6.3.2.2 The optical pumping system . . . . . . . . . . . . . . 107

6.3.3 Resolving the 6P3/2 hyperfine levels in 87Rb . . . . . . . . . . 110

6.3.3.1 The V-type system . . . . . . . . . . . . . . . . . . . 110

6.3.3.2 The optical pumping system . . . . . . . . . . . . . . 111

6.3.3.3 Effects of Power broadening on the resolution . . . . 114

6.3.3.4 VSS at blue transition for a V-type system . . . . . . 116

7. Conclusions and future work . . . . . . . . . . . . . . . . . . . . . . . . . . 120

TH-2412_166121022



Contents xvi

Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

A. Analytical solution for probe absorption in a generic multilevel system . . 123

B. Analytical solution of the excited state population in two level system . . . 126

C. Floquet expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

C.1 VIPO at IR transition for a V-type closed system . . . . . . . . . . . 128

C.2 VIPO at IR and VSS at blue transition for a V-type closed system . . 130

D. Analytical solution of VIPO at IR transition for optical pumping system . 132

E. Density matrix formulation for two-level system driven by pump and probe
lasers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

TH-2412_166121022



List of Figures

3.1 The general n-level atomic system: a) Bare atomic state picture. b)
Dressed state picture. c) Transfer of coherence shown by curly line
between various levels not directly driven by the lasers . . . . . . . . 20

3.2 Comparison of the probe absorption obtained using TOC and dressed
state approach for a five-level atomic system. . . . . . . . . . . . . . . 24

3.3 Three level atomic system: a) Bare atomic state picture. b) Dressed
state picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 AT peaks and the effect of interference for probe absorption vs its
detuning (δ12/Γ) with control laser detuning, δ23 = 0 . . . . . . . . . 29

3.5 Four-level atomic system in bare and dressed state picture. . . . . . . 31

3.6 AT peaks and the effect of interference for probe absorption vs its
detuning (δ12/Γ) for various four-level systems (chain configurations)
with δ23 = δ34 = 0 and Ω23 = Ω34 . . . . . . . . . . . . . . . . . . . . 37

3.7 AT peaks and the effect of interference for probe absorption vs its
detuning (δ12/Γ) for various four-level systems (chain configurations)
with δ23 = δ34 = 0 and Ω23 = Ω34 . . . . . . . . . . . . . . . . . . . . 39

3.8 Variation of coherent decay between dressed state |d1〉 and |d3〉, i.e.,
κ13 as a function of the coupling strength Ω34 of the control laser. . . 41

3.9 AT peaks and the effect of interference for probe absorption vs its de-
tuning (δ12/Γ) for various four-level systems (branching configurations)
with δ23 = δ24 = 0 and Ω23 = Ω24 . . . . . . . . . . . . . . . . . . . . 44

3.10 Four-level loopy system in bare and dressed state picture. . . . . . . . 45

TH-2412_166121022



List of Figures xviii

3.11 AT peaks and the effect of interference for probe absorption vs its
detuning (δ12/Γ) for various four-level loopy systems with δ23 = δ34 =
δ24 = 0, Ω23 = Ω34 = Ω24 . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.12 AT peaks and the effect of interference for probe absorption vs its
detuning (δ12/Γ) for various four-level loopy systems with δ23 = δ34 =
δ24 = 0, Ω23 = Ω34 = Ω24 . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.1 A diagrammatic energy scheme (and hyperfine splitting in MHz) of
measuring the hyperfine splitting interval of the 6P3/2 state in 87Rb
using (a) a V-type energy scheme and (b) optical pumping energy
scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2 Comparison of the transparency spectrum due to EIT plus optical
pumping effects in a V-type open system (for the solution given in
Eq. 4.5) and the transparency spectrum due to only EIT effect in a
V-type closed system (for the solution given in Eq. 4.3). . . . . . . . 56

4.3 Enhanced absorption (EA) spectrum of optical pumping system for
the solution given in Eq. 4.8. . . . . . . . . . . . . . . . . . . . . . . 59

4.4 Experimental setup for measuring hyperfine structure using coherent
control and optical pumping schemes. . . . . . . . . . . . . . . . . . . 61

4.5 Theoretical and experimental spectrum of the 6P1/2 hyperfine levels in
87Rb. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.6 Spectrum of shifted (black color) and unshifted (red color) beams fitted
with a lorentzian line profile (dashed green color) to obtain frequency
difference (∆diff) between the matched peaks. . . . . . . . . . . . . . . 64

4.7 A plot of frequency shift (2× AOM frequency) vs frequency difference
(∆diff) for the two schemes. . . . . . . . . . . . . . . . . . . . . . . . . 65

4.8 Comparison of the measured hyperfine splitting interval for the 5S1/2 →
6P1/2 transition of 87Rb. . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.1 Schematic diagram of a two-level system interacting with counter-
propagating fields. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

TH-2412_166121022



List of Figures xix

5.2 (a)Steady state of population for atoms with velocity vx = 0, (b) pop-
ulation oscillation for atoms with velocity vx = Γ/2k . . . . . . . . . 72

5.3 The lineshape of the excited state population with VSS effect of the
fields only and with VSS plus VIPO effects. . . . . . . . . . . . . . . 74

5.4 Doppler averaged excited state population for orders 1−5 in the density
matrix. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.5 Comparison of saturated fluorescence dip height vs laser intensity be-
tween VSS plus VIPO dip and only VSS dip given in Eq. 5.9 and
5.10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.6 Comparing saturated fluorescence dip linewidth vs laser intensity be-
tween VSS plus VIPO dip for various temperatures and only VSS dip
given in Eq. 5.9 and 5.10. . . . . . . . . . . . . . . . . . . . . . . . . 81

5.7 Excited state population spectra of the atomic beam at various angles
of counter-propagating laser fields. . . . . . . . . . . . . . . . . . . . 82

6.1 Energy levels (85Rb) with hyperfine splitting (in MHz) and the various
transitions in different configurations for EIT. . . . . . . . . . . . . . 87

6.2 Numerically calculated thermal averaged probe absorption vs detuning
of 420 nm pump laser for V-type open system with various configura-
tions shown in Fig. 6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6.3 Graphical representation of the individual terms I, II and III given in
Eq. 6.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.4 Graphical representation of the individual terms I, II and III given in
Eq. 6.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.5 Energy levels (85Rb) with hyperfine splitting (in MHz) and the various
transitions in different configurations for EA scheme. . . . . . . . . . 97

6.6 Numerically calculated thermal averaged probe absorption vs detuning
of 420 nm pump laser for optical system with various configurations
shown in Fig. 6.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

6.7 The graphical representation of the individual terms I and II given in
Eq. 6.11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

TH-2412_166121022



List of Figures xx

6.8 The graphical representation of the individual terms I and II given in
Eq. 6.14. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.9 The experimental setup for for resolving the closely spaced hyperfine
levels of the 6P3/2 state in Rb atom . . . . . . . . . . . . . . . . . . . 104

6.10 The transparency spectrum of the 6P3/2 hyperfine levels in 85Rb under
various configurations shown in Fig. 6.1. . . . . . . . . . . . . . . . . 106

6.11 The EA spectrum of the 6P3/2 hyperfine levels in 85Rb under various
configurations shown in Fig. 6.5. . . . . . . . . . . . . . . . . . . . . 109

6.12 Energy levels (87Rb) with hyperfine splitting (in MHz) and the various
transitions in different configurations for EIT. . . . . . . . . . . . . . 110

6.13 The transparency spectrum of the 6P3/2 hyperfine levels in 87Rb under
various configurations shown in Fig. 6.12. . . . . . . . . . . . . . . . 112

6.14 Energy levels (87Rb) with hyperfine splitting (in MHz) and the various
transitions in different configurations for EA. . . . . . . . . . . . . . . 113

6.15 The EA spectrum of the 6P3/2 hyperfine levels in 87Rb under various
configurations shown in Fig. 6.14. . . . . . . . . . . . . . . . . . . . . 115

6.16 The result of the final spectra of the VIPO dips of the 6P3/2 hyperfine
levels in 87Rb recorded for various powers of IR pump laser . . . . . . 117

6.17 A diagrammatic energy scheme (and hyperfine splitting in MHz) of
resolving the 6P3/2 hyperfine levels in 87Rb using VSS . . . . . . . . . 118

6.18 The transparency spectrum of the 6P3/2 hyperfine levels in 87Rb under
various configurations shown in Fig. 6.17. . . . . . . . . . . . . . . . 118

C.1 Numerically calculated thermal averaged probe absorption vs detuning
of 420 nm pump laser for V-type closed system . . . . . . . . . . . . 130

TH-2412_166121022



List of Tables

4.1 Hyperfine splitting interval (Vhfs) and magnetic dipole constant A for
6P1/2 state in 87Rb. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

TH-2412_166121022



1

Introduction

1.1 Introduction

The interaction of coherent light fields with an atomic medium has been immensely

studied in the past few decades, especially on the ability to control and manipulate

optical properties of the atomic medium. The formation of atomic coherence is the

key to control and manipulate optical properties of the atomic medium for a variety

of applications such as slowing and stopping of light [1, 2], storage of light [3, 4],

quantum memory [5, 6, 7], atomic clock [8, 9], laser cooling [10] and also in laser

spectroscopy. Atomic coherence is the induced coherence between levels of a multi-

level atomic system, when it interacts with lasers.

Atomic coherence in a three-level system has been studied in a Λ-type, V-type and

Ξ-type atomic systems [11, 12, 13]. In these systems, the fields drives the two differ-

ent transitions with a shared common atomic level. This creates atomic coherences

between the different transition pathways of the three level system which can interfere

and leads to exciting quantum optical phenomena. The induced quantum phenom-

ena includes, coherent population trapping (CPT) [14], electromagnetically induced
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1. Introduction 2

transparency (EIT) [11, 15], electromagnetically induced absorption (EIA) [16], and

lasing without inversion (LWI) [17, 18].

For example, the CPT phenomena occurs when two resonant optical fields interacts

with atoms in a Λ-type system. If the frequency difference between the two optical

fields matches the two-photon resonance (i.e., the microwave transition frequency of

the two ground states), the atoms are placed in coherent superposition of states which

is completely decoupled from both optical fields (also known as the dark state). The

CPT phenomena is studied in the regime where two lasers (pump and probe) are

of same intensity and the lasers should be phase coherent which is necessary for the

stability of the induced dark superposition state.

The EIT effect on the other hand, is observed when a strong resonant pump drives

one transition while the weak probe scans across the shared atomic level on the other

transition. There are generally two approaches to theoretically study the EIT effect.

The first approach is laser induced coherence between the levels which is also known

as transfer of coherence since, the simultaneous driving of different levels with lasers

induces coherence between levels which are not directly driven. The other approach is

dressed states created by the pump laser and their excitation by the probe laser. The

resonant strong pump laser shifts the atomic levels through the ac stark shift effect

(or Autler-Townes (AT) splitting) [19]. The splitting of the atomic levels is equal to

the Rabi frequency of the pump laser. The absorption of the probe laser tuned at

the line center is reduced by two effects. One is the absorption due to the dressed

states (or AT absorption peaks) and the other is quantum interference between the

different excitation pathways of the dressed states created by the pump laser [17, 20].

Atomic coherences play a key role in high precision spectroscopy [21, 22, 23, 24] to

discribe the line profile of the spectrum. For example, in the pump-probe spectroscopy

of a two-level atomic system, a dip is induced in the probe absorption profile when

it interacts with two coherent light fields. The induced dip is commonly known as
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the Lamb dip and is due to two closely related effects. The first one is the saturation

of the transition by the strong pump [25, 26] and the other is coherent population

oscillation due to the beating of the fields [27]. In the atomic frame of moving atoms,

the two counter-propagating laser fields (pump and probe) with the same polarization

and driving the same transition, will be beating due to opposite Doppler shift. The

beating of the two laser fields causes a temporal modulation of population difference

between the levels driven by the lasers. The spectroscopy based on the Lamb dip

effect is known as saturated absorption spectroscopy [28, 29]. Saturated fluorescence

spectroscopy is another technique which is very useful for the spectroscopy of weak

transitions when absorption by the medium is much smaller than intensity noise in

the laser beam [30, 26, 31, 32]. In this method, a fluorescence dip is observed in

the Doppler broadened fluorescence profile of the two strong counter-propagating

laser beams [26, 27]. The observed fluorescence dip is due to the velocity selective

saturation and coherent population oscillation effects.

The atomic coherence also plays important role in pump-probe spectroscopy of a

three-level atomic system such as the V-type [22, 33, 34] and Ξ-type [24] atomic

systems. The method is very useful for the spectroscopy of weak transitions (such as

5S→ 6P in Rb) where direct detection of absorption is a bit challenging [21, 35] and

also for transitions which are not directly accessed from the ground state (the Ξ-type

atomic system [24]). The absorption of the weak probe (locked to resonance in one

transition) is monitored as the strong pump scans across the shared atomic level on

the other transition. As soon as the scanning pump comes to resonance, (i.e., when

both laser beams are addressing zero velocity group atoms), the probe absorption

is reduced at the line center (and hence the name double resonance spectroscopy).

The reduction of probe absorption is due to population transfer caused by the strong

pump and the coherence effect causing EIT.
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1.2 Motivation

In this section, we describe the motivation behind the spectroscopy of 5S→ 6P tran-

sition in Rb, which is a widely used element in atomic physics for the spectroscopy

[36, 37, 38, 39, 40, 41] and laser cooling experiments. For the laser cooling of atoms,

it is crucial to stabilize the laser frequency to the correct value by first perform-

ing accurate spectroscopy of the atom. The laser cooling (or Doppler cooling) and

trapping (magneto-optical trapping) of Rb atoms is routinely implemented using the

5S1/2 → 5P3/2 transition (at 780 nm) with a cooling temperature of up to around

200 µK in a magneto-optical trap [42, 43]. However, the weak and narrow linewidth

(2π × 1.32 MHz [44]) transition in the blue region (i.e., 5S1/2 → 6P3/2 at 420 nm) is

unexplored for cooling and trapping of Rb. The expected cooling temperature on the

blue transition is 5 times lower in the magneto-optical trap than the routinely used

IR transition, which is similar to the case of K [45] and Li [46].

Stabilization of the laser frequency is also crucial for precise measurements of atomic

transition frequencies and hyperfine structure of various lines. The precision measure-

ments on the blue transition (5S→ 6P) adds important input to theoretical calcula-

tions of physical quantities such as hyperfine structure constants (magnetic dipole and

electric quadrupole constants) [21, 22, 47]. Accurate values of physical quantities, are

useful for experimental innovations on novel ways to manipulate atomic states e.g.,

quantum computation and information processing with coherent Rydberg excitation

of Rb atoms [48]. The Rb Rydberg atoms are commonly excited from the 5S ground

state to Rydberg states via a three-level ladder scheme 5S → 5P → nS or nD (high

n principal quantum numbers) using the lasers at 780 nm and 480 nm respectively.

The 480 nm laser is generated using frequency doubling of 960 nm laser [49], which

unfortunately limits the available laser power. An alternative and promising route

for excitation of Rydberg states, is the use of the 6P state as the intermediate state

via a three-level ladder scheme 5S→ 6P→ nS or nD using the lasers at 420 nm and
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1016 nm respectively [50]. The commercially available external cavity diode lasers

(ECDL) at 420 nm and 1016 nm respectively, have high power which allows high

Rabi frequencies for the excitation to Rydberg states.

The precisely measured absolute frequency of the 5S1/2 → 5P3/2 transition in Rb

using the single-photon at 780 nm [36, 37, 38], is used as a low cost optical frequency

standards for measuring unkown transitions [38]. However, the weak and narrow

linewidth 5S → 6P [51] transition in the blue region (at 420 nm and 421 nm) has

the advantage of high precision for frequency standards [52, 53] and is a promising

candidate for metrology. The hyperfine splitting measurement of the 6P states has

been carried out using saturated absorption [21] for both 6P1/2 and 6P3/2 states, or

fluorescence spectroscopy [54] for 6P3/2 state on 5S→ 6P transition, double resonace

in a Doppler mismatched configurations for 6P1/2 [22] and using RF transition with

electrical discharge [55].

The direct detection of absorption of the blue laser on 5S → 6P transition requires

heating of Rb vapor cell up to 80 − 100◦C [21, 35] and using a photodiode with

blue enhanced sensitivity. Heating of the cell adds further experimental complicacy

such as the coating on the cell which reduces the signal to noise ratio. The heating

of the Rb cell also increases atom-atom collision and can cause collisional/pressure

shift [56] which can contribute to systematic shift in the hyperfine measurement. An

altinative method is the use of double resonance spectroscopy [22, 33, 57, 58] which

again suffers through residual (or partial) Doppler broadening for the two-photon

electromagnetically induced transparency (EIT) [11, 15]. The cancellation of the

Doppler broadening is only possible if the wavelength of the lasers is approximately

the same [11, 59, 60, 61] otherwise suffers through partial Doppler broadening due to

wavelengths mismatch of the transitions involved [24, 57, 62, 63].

The partial Doppler broadening due to wavelengths mismatch between the probe and

pump lasers in the double resonance spectroscopy, is overcome using velocity induced
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population oscillation (VIPO) and velocity selective saturation (VSS) effects. In the

atomic frame of moving atoms, the two counter-propagating laser fields (IR pump

and probe) driving the same transition and have same polarization, will be beating

due to opposite Doppler shift. The beating of the two laser fields causes a temporal

modulation of population difference between the levels driven by the lasers and the

phenomenon is called population oscillation [64, 65, 66, 67, 68, 69, 70]. Since the two

beating fields have same frequency, the induced population oscillation is dependent on

the velocity of the atom and hence the name velocity induced population oscillation

(VIPO) [27]. The VIPO effect occurs only for a narrow range of beat frequencies

(i.e., near zero velocity range) because of the inherent population inertia causing a

slow response of electric dipoles to incident fields. The range of beat frequencies

is determined by the inverse of population relaxation times of the upper levels [27,

70, 71]. Similarly, VSS effect is also for near zero velocity group atom (for the two

scanning counter-propagating pump on the blue transition 5S → 6P). The effect of

partial Doppler broadening is removed for multi-photon resonance by the subtraction

of the broad transparency or absorption background.

1.3 Thesis overview

Spectroscopy and stabilization of the laser at a particular transition is key in the

modern area of atomic and optical physics. The spectroscopy of weak transitions is

challenging and is the main goal of this thesis. The thesis details the mechanism

of induced atomic coherence between multi-level atomic system driven by lasers and

their role in the absorption and fluorescence spectrum. The theoretical study is

further experimentally utilized for double resonance spectroscopy at infrared (strong

transition) and blue (weak) transition in Rb atom. The spectroscopy of the blue

transition is very important for future goals of laser cooling and trapping at this

transition and also for quantum information processing with coherent excitation of
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Rydberg states in Rb atoms. The thesis consist of seven chapters with the following

details.

Chapter 1 gives an introduction to atomic coherence in multilevel systems and its spec-

troscopic applications, the motivation of the research work and the general overview

of the thesis.

Chapter 2 describes the theoretical background of atom-light interaction using a semi-

classical approach. The approach, treats light as a classical field and the atom as a

quantum system with discrete levels in-order to derive the Hamiltonian of light-atom

interaction. The next section of the chapter discusses the density matrix formalism

which is important to describe the spectral profile of the probe laser. The last section

of the chapter presents the basic concepts of atomic hyperfine structure.

Chapter 3 discusses a theoretical frame work to identify the role and the nature of

interference between the excitation paths associated with Autler-Townes (AT) peaks

(i.e., a pair of transitions from the ground state to the dressed states) in generic multi-

level system. The destructive interference between the excitation paths associated

with the AT peaks, give rise to sharp transparency window known as electromagnet-

ically induced transparency (EIT). The chapter presents a detailed analysis on the

nature of interference between the excitation paths associated with the AT peaks in

the three-level and four-level systems in subsequent sections.

Chapter 4 discusses the spectroscopy of the 6P1/2 state in 87Rb using double resonance

technique at 780 nm and 421 nm. The chapter begins with a detailed theoretical

description of the double resonance technique using the EIT effect in a V-type system

and enhanced absorption (EA) effect in the optical pumping system. The subsequent

sections of the chapter, discusses the measurement of the hyperfine splitting of the

6P1/2 state using this techniques with precision of < 400 kHz.
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Chapter 5 discusses a theoretical framework to identify the role of velocity induced

coherent population oscillation in saturated fluorescence spectroscopy in a two-level

system, which is a very useful spectroscopic technique for weak transitions. The

fluorescence dip in a fluorescence spectra is due to the VSS and VIPO effects. The

chapter further discusses the effect of the temperature of the atomic gas and the

applied laser beam intensity on the linewidth and dip height of the fluorescence dip

in subsequent sections. The last section of the chapter presents a detailed discussion

on the fluorescence dip in the case of an atomic beam and the effects of laser beams

misalignment.

Chapter 6 discusses experimental techniques to resolve the closely spaced hyperfine

levels of weak transition by eliminating the residual (or partial) two-photon Doppler

broadening and cross-over resonances in a wavelength mismatched double resonance

spectroscopy. The first sections of the chapter presents a theoretical analysis on the

VIPO and VSS effects in a V-type and optical pumping systems. The subsequent sec-

tions of chapter discuses experimental result of resolving the closely spaced hyperfine

levels of the 6P3/2 state in Rb using the VIPO and VSS effects.

Chapter 7 presents the conclusions of the thesis and future work.
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Theoretical background of light-atom interaction

This chapter reviews the formulation of light-atom interaction using a semi-classical

approach. The approach, treats light as a classical field and the atom as a quantum

system with discrete levels. The semi-classical theory, successfully explains most of

the experimentally observed phenomena arising from light-atom interaction in quan-

tum optics [19, 72]. The theory is used to study the various experimental observations

related to light-atom interaction in the present thesis research work. To begin with,

the following section gives a quantum description by considering a time-dependent

Schrödinger equation and the equations of motion for the density matrix.

2.1 The Hamiltonian

The Hamiltonian H of the atomic system is given as H = H0 + HI , where H0 is the

Hamiltonian of the atom without interaction and HI is the interaction Hamiltonian

between the atom and the driving light fields. Using the complete orthonormal basis
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2. Theoretical background of light-atom interaction 10

of the atomic states,
∑

i |i〉 〈i| = 1 and 〈i|j〉 = δij, H will transforms as,

H =
∑
i, j

|i〉 〈i| (H0 +HI) |j〉 〈j|

=
∑
i, j

|i〉 〈i|H0 |j〉 〈j|+
∑
i, j

|i〉 〈i|HI |j〉 〈j| , (2.1)

with H0 of the atomic system given as follows:

H0 =
∑
i, j

|i〉 〈i|H0 |j〉 〈j|

=
∑
i

~ωi |i〉 〈i| , (2.2)

where, H0 |j〉 = ~ωj |j〉 and 〈i|j〉 = δij.

We define HI = E0ε̂.d cos
(
ωlijt
)

where, E0 is the electric field amplitude, ε̂ is the

unit polarization vector of the light field, ωlij is the laser frequency near resonance to

|i〉 → |j〉 transition and d is the dipole operator. From Eq. 2.1 HI is given as follows:

HI = E0ε̂.d cos
(
ωlijt
)

= E0 cos
(
ωlijt
)(∑

i, j

|i〉 〈i| ε̂.d |j〉 〈j|
)

= E0 cos
(
ωlijt
)∑

i, j

dij |i〉 〈j| , (2.3)

where, dij = 〈i| ε̂.d |j〉 is a dipole matrix element. Note that the dipole matrix

element 〈i| ε̂.d |i〉 = 0, because the dipole operator ε̂.d is odd parity and does not

couple states of the same parity. Similarly, the dipole matrix element 〈i| ε̂.d |j〉 = 0

if the states i and j have same parity. We also define Ωij =
E0dij

~ cos
(
ωlijt
)

which is

known as Rabi frequency. From the definition of the Rabi frequency, Ωij = Ω∗ij and

HI becomes:

HI =
∑
i, j

Ωij

2

(
eiω

l
ijt + e−iω

l
ijt
)
|i〉 〈j| , (2.4)
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2. Theoretical background of light-atom interaction 11

where, the sum is over all possible transition.

2.1.1 Rotating wave approximation

The Hamiltonian given in Eq. 2.4 is transformed into the interaction picture using a

unitary matrix U1 defined as,

U1 = eiH0t/~ =
∑
j

eiωjt |j〉 〈j| , (2.5)

and therefore HI transforms as U1HIU
†
1 and is given as follows:

HI =
∑
i, j

Ωij

2

(
eiω

l
ijt + e−iω

l
ijt
)
e−i(ωj−ωi)t |i〉 〈j| . (2.6)

The rapidly oscillating terms under this transformation will average out. The ex-

ponential terms with large imaginary arguments such as e∓i(ω
l
ij+(ωj−ωi))t (if ωj > ωi

and ωi > ωj respectively) are therefore dropped out. While the slowly oscillating

exponential terms with imaginary arguments of the form e±i(ω
l
ij−(ωj−ωi))t are retained.

This approximation is called rotating wave approximation (RWA) and is valid when

|Ωij| � ωlij. The detuning of the driving light field is defined as δij = ωlij − (ωj − ωi)

and therefore HI is now written as follows:

HI =
~
2

{
Ω12e

iδ12t |1〉 〈2|+ Ω13e
iδ13t |1〉 〈3|+ · · ·+ Ω23e

±iδ23t |2〉 〈3|+

Ω24e
±iδ24t |2〉 〈4|+ · · ·+ Ωn−1ne

±iδn−1nt |n− 1〉 〈n|+ H.c.
}
, (2.7)

(where, H.c. is Hermitian conjugate) and the total Hamiltonian H = H0 +HI is now
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written as follows:

H =
~
2

{
Ω12e

iδ12t |1〉 〈2|+ Ω13e
iδ13t |1〉 〈3|+ · · ·+ Ω23e

±iδ23t |2〉 〈3|+

Ω24e
±iδ24t |2〉 〈4|+ · · ·+ Ωn−1ne

±iδn−1nt |n− 1〉 〈n|+ H.c. + 2
∑
i

ωi |i〉 〈i|
}
.

(2.8)

2.1.2 Corotating frame

The Hamiltonian H appearing in Eq. 2.8, transforms in the rotating basis as H̃ =

U2HU
†
2 where, U2 is a unitary matrix defined as,

U2 =1 |1〉 〈1|+ eiδ12t |2〉 〈2|+ ei(δ23t±δ12t) |3〉 〈3|+ ei(δ34t±δ23t±δ12t) |4〉 〈4|+ · · · , (2.9)

for atomic systems such as ladder-type, lambda-type, N-type and M-type systems

(the plus sign is for ωj > ωi and the minus sign is for ωi > ωj) and

U2 =1 |1〉 〈1|+ eiδ12t |2〉 〈2|+ eiδ13t |3〉 〈3|+ · · ·+ eiδ1nt |n〉 〈n| , (2.10)

for the V-type system. The rotating basis ˜|ψ〉 is related to the old basis |ψ〉 by

˜|ψ〉 = U2 |ψ〉 and the Schrödinger equation holds in the new basis as well,

H̃ ˜|ψ〉 = i~
∂

∂t
˜|ψ〉

= i~
∂

∂t

(
U2 |ψ〉

)
= i~

(∂U2

∂t
|ψ〉+ U2

∂ |ψ〉
∂t

)
=
(
i~
∂U2

∂t
U †2 + U2HU

†
2

)
U2 |ψ〉 ,

H̃ ˜|ψ〉 =
(
i~
∂U2

∂t
U †2 + U2HU

†
2

)
˜|ψ〉. (2.11)
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2.2 Density matrix formalism

The atomic systems consist of discrete energy levels which are associated with a

unique wave function, |ψ〉 which gives a complete information about a system in a pure

state. Experimentally, the expectation value of the quantum mechanical operators

is measured directly and not |ψ〉. The physical observables are represented by the

Hermitian operators, Â and the corresponding measured experimental value is written

as the expectation value as follows,

〈Â〉 = 〈ψ| Â |ψ〉 . (2.12)

Alternatively, the state of the system is defined by the density operator ρ = |ψ〉 〈ψ|

for a pure system. The density matrix operator of a mixed ensemble of the system is

ρ =
∑
i

Pi |ψi〉 〈ψi| , (2.13)

where, Pi is the probability that the system is in state |ψi〉 at time t. The equation

of motion for the density matrix is obtained from the time derivative of Eq. 2.13 and

the time dependent Schrödinger equation (i~∂|ψ〉
∂t

= H |ψ〉) as follows:

ρ̇ =
∑
i

Pi( ˙|ψi〉 〈ψi|+ |ψi〉 ˙〈ψi|)

= − i
~
∑
i

Pi(H |ψi〉 〈ψi|+ |ψi〉 〈ψi|H)

= − i
~

[H, ρ]. (2.14)

Equation 2.14 is the Liouville-Von Neumann equation and describes only the coherent

interaction processes. The incoherent processes such as spontaneous decay, collisional

relaxation and the transit relaxation rates are incorporated phenomenologically as
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follows:

ρ̇ = − i
~

[H, ρ]− 1

2
{Γ, ρ}, (2.15)

where, Γ is the relaxation operator defined as 〈i|Γ |j〉 = γiδij (δij = 1 if i = j and 0

if i 6= j) and γi is the decay rate of state |i〉. The equations of motion expressed in

Eq. 2.15 will be used to numerically and theoretically analyze the atomic spectra for

a variety of systems considered in the thesis.

2.3 The fine and hyperfine structures

In the light-atom interaction, the fine and hyperfine levels are involved for a variety

of studies in quantum optics. The hyperfine levels in particular, are used to construct

a variety of different atomic systems (such as Λ-type, V-type, Ξ-type, N-type and M-

type) for a variety of applications. In addition, precise measurements of the hyperfine

structure of various lines is particularly useful to extract key information about the

properties of the nucleus (such as the electric and magnetic moments) and its influence

on atomic wavefunctions [73]. Atomic spectra are useful tools for probing the different

kinds of interactions in the atom. In this section we provide a brief discussion on the

theory of fine and hyperfine interaction.

2.3.1 Fine structure

The fine structure is the splitting of the spectral lines of atoms which arises from the

spin-orbit coupling (i.e., the coupling of orbital angular momentum L of the outer

electron with its spin angular momentum S). The total electron angular momentum
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is related to L and S as follows:

J = L + S, (2.16)

where, the quantum number J lies in the range |L− S| ≤ J ≤ L+ S, the magnitude

of J is
√
J(J + 1)~ and the eigenvalue of Jz is mJ~. In the case of Rb the outermost

shell has only one unpaired electron and so S = 1/2. In the ground state (5S) L = 0

and therefore the orbital angular momentum is J = 1/2. For the first excited state

(5P), the orbital angular momentum is L = 1 and therefore value of J are 1/2 or

3/2. The energy shift of the levels is dependent on the value of J and thus, the

L = 0 → L = 1 transition (D line) is split into two transitions (D1 line transition

52S1/2 → 52P1/2 and D2 line transition 52S1/2 → 52P3/2).

2.3.2 Hyperfine structure

Hyperfine structure arises from both the electron-nucleus interaction, and the nuclear

quadrupole interaction (i.e., the coupling of total electron angular momentum J with

the total nucleus angular momentum I). The total angular momentum is expressed

as follows:

F = J + I, (2.17)

where, the quantum number F lies in the range |J − I| ≤ F ≤ J+ I. For example, in

87Rb the total nucleus angular momentum is I = 3/2, J = 1/2 for the ground state

and F takes values 1 or 2. For the first excited state of D1 line (5P1/2), J = 1/2 and

F will take values 1 or 2 while for the D2 line (5P3/2), J = 3/2 and F takes values

0, 1, 2 or 3. In 85Rb the total nucleus angular momentum is I = 5/2, J = 1/2 for

ground state and F takes values 2 or 3. For the first excited state of D1 line (5P1/2),

J = 1/2 and F takes values 2 or 3 while for the D2 line (5P3/2), J = 3/2 and F
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takes values 1, 2, 3 or 4. Note, the F values corresponding to the 6P state takes same

values as the F values corresponding to the 5P state since the values of J are the

same in both cases. For example, F takes values 0, 1, 2 or 3 for the 6P3/2 state in

87Rb or F takes values 2 or 3 for the 6P1/2 state in 85Rb.

The above hyperfine interactions for the electron-nuclear system is given by the Hamil-

tonian of the form:

Hhfs = AhfsI.J + Bhfs

3(I.J)2 + 3
2
(I.J)− I(I + 1)J(J + 1)

2I(2I − 1)J(2J − 1)
, (2.18)

where, Ahfs is the magnetic dipole hyperfine constant, Bhfs is the electric quadrupole

hyperfine constant, I is the total nuclear angular momentum, J is the total electronic

angular momentum. Note, the magnetic octupole hyperfine interaction is not included

in the expression of the Hamiltonian since it is about four orders of magnitude weaker

than Ahfs and Bhfs [74, 75]. The hyperfine splitting interval from F to F-1 is expressed

in terms of hyperfine constants as follows:

∆Vhfs(F→ F− 1) = (∆Ehfs(F)−∆Ehfs(F− 1))/h

=AhfsF + Bhfs

3
2
F{F2 − I(I + 1)− J(J + 1) + 1

2
}

I(2I− 1)J(2J− 1)
, (2.19)

where, h is Planck’s constant and the hyperfine energy shift ∆Ehfs is defined as:

∆Ehfs =
1

2
hAhfsK + hBhfs

3
2
K(K + 1)− 2I(I + 1)J(J + 1)

4I(2I− 1)J(2J− 1)
, (2.20)

where, K = F(F + 1)− I(I + 1)−J(J + 1). The electric quadrupole hyperfine constant

Bhfs = 0 for I, J ≤ 1 and therefore, the magnetic dipole hyperfine constant Ahfs of

the D1 line (5P1/2) is expressed as follows:

Ahfs =
∆Vhfs(F→ F− 1)

F
, (2.21)

where, F = 2 in the case of 87Rb and F = 3 for 85Rb isotopes respectively. For the
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D2 line (5P3/2), the following set of equations are solved in the case of 87Rb:

∆Vhfs(F = 3→ F = 2) = 3Ahfs + Bhfs,

∆Vhfs(F = 2→ F = 1) = 2Ahfs − Bhfs,

∆Vhfs(F = 1→ F = 0) = Ahfs − Bhfs. (2.22)

For 85Rb the following are the set of equations:

∆Vhfs(F = 4→ F = 3) = 4Ahfs +
4

5
Bhfs,

∆Vhfs(F = 3→ F = 2) = 3Ahfs −
9

20
Bhfs,

∆Vhfs(F = 2→ F = 1) = 2Ahfs −
4

5
Bhfs. (2.23)
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3

Nature of interference between excitation paths as-

sociated with AT peaks in multilevel system

3.1 Introduction

This chapter describes a theoretical frame work to identify the role and the nature of

interference between the excitation paths associated with Autler-Townes (AT) peaks

in generic multi-level system. AT peaks are spectroscopic features which arise from a

transition between a pair of transitions of the dressed states. The dressed states on the

other hand, refers to particular energy levels which are created by the pump/control

laser(s). The destructive interference between the excitation paths associated with AT

peaks, give rise to sharp transparency window known as electromagnetically induced

transparency (EIT). In three-level system, the excitation paths associated with the

two AT peaks interferes pair-wise, almost similar to the two-slit interference. In four-

level system, the interference between the excitation paths associated with the three

AT peaks is also pair-wise analogous to three-slit interference but has a bit more

complicated nature of interference. However, in many practical situations in atomic

systems only the simple form of interference similar to three-level system dominates.

In the three-level system, the nature of interference (i.e., constructive, destructive
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or no interference) between the excitation paths associated with the two AT peaks

is purely determined by the natural decay rate of the states coupled by the control

laser. However, in four-level system the nature of interference between the excitation

paths associated with the two extreme AT peaks can be tuned from constructive to

destructive by tuning the power of the control laser.

The first section of the chapter discuses a generic theoretical frame work for probe

absorption in the dressed state approach and the transfer of coherence approach. The

derived formula of the probe absorption using the dressed state approach, is used in

subsequent sections to analyze the nature of interference between the excitation paths

associated with AT peaks for a variety of systems.

3.2 The theoretical model

3.2.1 Dressed state approach

We consider the generic system as shown in Fig. 3.1, in which a weak probe laser is

driving the transition |1〉 → |2〉 with Rabi frequency Ω12 and the detuning δ12 (note,

the detuning is defined as δi−1,i = ωli−1,i ∓ (ωi − ωi−1) if ωi > ωi−1 and ωi < ωi−1

respectively, where ωli−1,i is the frequency of the laser, ωi and ωi−1 are the frequency

of the energy levels). The strong control lasers are driving the transitions |2〉 ↔

|3〉, |3〉 ↔ |4〉 , · · · , |n− 1〉 ↔ |n〉 with detunings δ23, δ34, · · · , δn−1,n and the Rabi

frequencies Ω23, Ω34, · · · ,Ωn−1,n. The Hamiltonian associated only with the control

lasers in the rotating frame with rotating wave approximation is given as:

Hc = −~δ23 |3〉 〈3| − ~(δ23 ± δ34) |4〉 〈4| − · · · − ~(δ23 ± δ34 ± · · · ± δn−1,n) |n〉 〈n|

+
{~Ω23

2
|2〉 〈3|+ ~Ω34

2
|3〉 〈4|+ · · ·+ ~Ωn−1,n

2
|n− 1〉 〈n|+ H.c.

}
, (3.1)
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Fig. 3.1: The general n-level atomic system: a) Bare atomic state picture. b) Dressed state
picture. c) Transfer of coherence shown by curly line between various levels not
directly driven by the lasers

where, H.c. is Hermitian conjugate. The sign ± of δi−1,i is chosen according to the

level structure. If the energy of the state |i〉 is higher than the state |i− 1〉, then δi−1,i

will have + sign and if the energy of the state |i〉 is lower than the state |i− 1〉, then

δi−1,i will have - sign. For example, if the two control lasers form a ladder system,

the two photon detuning is given as δ23 + δ34 and if they form a lambda system the

two photon detuning is δ23 − δ34. Similarly the two photon detuning of a Vee system

(which is an inverted lambda system) is also δ23− δ34. This in general gives δ23± δ34,

hence the ± sign. The eigenvalues (Edi = ~∆di) of the Hc determines the position

of the dressed states (|di〉) and hence the position of the AT absorption peaks. The

eigenvectors will determine the dressed states which is a linear combination of the

bare atomic states.
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The transformation from the bare states, |ΨB〉 (i.e., |1〉 , |2〉 , · · · , |n〉) to dressed state

(similar to Morris-Shore transformation [76]), |ΨD〉 is given by the unitary matrix U

of dimension (n− 1)× (n− 1) i.e.,

|ΨD〉 = Û |ΨB〉 . (3.2)

The general element ij (i = 1, · · · , n− 1, j = 2, · · · , n) of this unitary matrix is uij

and the generic form of the ith (i = 1, · · · , n− 1) dressed state |di〉 is,

|di〉 = ui2 |2〉+ ui3 |3〉+ · · ·+ uin |n〉 . (3.3)

If the total decay rate of the bare atomic state |i〉 is Γi, the decay matrix Γ̂ in the

bare state can easily be written as,

Γ̂ =
n∑
i=2

Γi
2
|i〉 〈i| . (3.4)

This decay matrix, Γ̂ will transform in the dressed state basis as Û Γ̂Û †. The general

ijth element of this matrix, κij(= 〈i| Û Γ̂Û † |j〉) will be,

κij =
1

2
(u∗i2uj2Γ2 + u∗i3uj3Γ3 + · · ·+ u∗inujnΓn). (3.5)

The diagonal elements, κii(= Γdi) of this matrix corresponds to incoherent decay of

the dressed states |di〉 and contributes to AT absorption peaks linewidth,

Γdi =
1

2
(|ui2|2Γ2 + |ui3|2Γ3 + · · ·+ |uin|2Γn). (3.6)

The coherent decay terms κij gives rise to interference between the excitation paths

of the dressed states. Note that if Γi(= Γ) is the same for all bare states, κij =

〈i| Û Γ̂Û † |j〉 = Γ
2
〈i| Û 1̂Û † |j〉 = 0 for i 6= j. In this case there will be no interference

between the excitation paths of the dressed states. This might not be clearly evident

in the bare state density matrix approach.
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The dressed states |di〉 couples with |1〉 through the probe laser with a coupling

strength Ωpi = −〈1| ~D. ~E0
12 |di〉 /~ where, ~E0

12 is the electric field amplitude associated

with the probe laser and ~D is the electric dipole moment operator. With the rotating

wave approximation 〈1| ~D. ~E0
12 |di〉 /~ = 〈1| ~D. ~E0

12ui2 |2〉 /~ and hence Ωpi = ui2Ω12.

The amplitude of the excitation path for AT peaks corresponding to the dressed

states |di〉 will be proportional to the Ωpi . The amplitude for the probe absorption

corresponding to this peak will be proportional to |Ωpi |2.

The equation of motion for the dressed states |di〉 and the bare state |1〉 is:

i
d

dt



C1

Cd1

.

.

Cdn−1


=



0
Ωp1

2

Ωp2
2

..
Ωpn−1

2

Ω∗p1
2

−iγd1 −iκ12 .. −iκ1,n−1

.

.
Ω∗pn−1

2
−iκ∗1n −iκ∗2,n−1 .. −iγdn−1





C1

Cd1

.

.

Cdn−1


, (3.7)

where, γdi = Γ1

2
+ Γdi + iδdi with δdi = δ12 + ∆di . We consider the steady state

for the dynamics of all the dressed states |di〉 i.e.,
dCdi
dt

= 0. The absorption of the

probe laser is given by the rate of loss of population in state |1〉 which is expressed

as, d|C1|2
dt

=
dC∗1
dt
C1 + dC1

dt
C∗1 . For the weak probe we consider C1 ≈ 1 and probe

absorption is now given as d|C1|2
dt

=
dC∗1
dt

+ dC1

dt
. The absorption of the probe laser

is normalized as −{(Γ1 + Γ2)/(2|Ω12|2)}(dC
∗
1

dt
+ dC1

dt
) so that in the absence of all

the control lasers, probe absorption is 1 at resonance (δ12 = 0). The absorption

coefficient is given by the normalized absorption times the optical thickness of the

medium, σnl (where, σ = 3λ2/2π is the on-resonance scattering cross-section, λ is the

wavelength of the probe, n is the atomic density and l is the length of the medium)

i.e., −{(Γ1 + Γ2)/(2|Ω12|2)}(dC
∗
1

dt
+ dC1

dt
){3λ2nl/2π}.
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3.2.2 Bare state TOC approach

The other approach which is commonly used to analyze the absorption of the probe

laser in a multilevel system is the transfer of coherence (TOC) between the bare states

using density matrix formalism [77] and is derived in appendix A for completeness.

The absorption of the probe laser is written in terms of the density matrix element

between level |1〉 and |2〉 (i.e., ρ12 given in Eq. A.6). In the weak probe regime, all the

population will be pumped to state |1〉, i.e., ρ11 ≈ 1 and Eq. A.6 reduces as follows:

ρ12 =

i
2

Ω12

γ12

1 +

1
4
|Ω23|2
γ12γ13

1 +

1
4
|Ω34|2
γ13γ14

1 +

1
4
|Ω45|2
γ14γ15

1 +

1
4
|Ω56|2
γ15γ16

1 +
.

1 +
.

1 + 1
4

|Ωn−1,n|2
γ1,n−1γ1,n

, (3.8)

where,

γ1j =
Γ1 + Γj

2
− i

j−1∑
i=1

(−1)i+1δi,i+1 (3.9)

is the decoherence rate of transferred coherence between |1〉 and |j〉 of ρ1j. The

normalized absorption of the probe laser is given as Γ1+Γ2

Ω12
ρ12 so that absorption of

the resonant probe laser is 1 in the absence of the control lasers. The validity of

the dressed state approach is tested by comparing the probe absorption in the two

approaches. The absorption of the probe completely match in the two approaches

for various number of levels and of various type of systems for different atomic and

control laser parameters. For example, the probe absorption of the five-level system

for the parameters given in the annotation is as shown in Fig. 3.2.
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Fig. 3.2: Comparison of the probe absorption obtained using TOC and dressed state ap-
proach for a five-level atomic system.

3.3 The nature of interference in the multi-level systems

3.3.1 Three-level system

The nature of interference in the three-level system has been addressed in earlier works

[13, 78, 79, 80, 81, 82, 83], however, we present this system here for completeness and

in a comprehensive way for the rest of the work. We consider the three-level systems

shown in Fig. 3.3, in which a strong control laser is driving the transition |2〉 ↔ |3〉

and a weak probe laser is driving the transition |1〉 → |2〉. The detuning of the probe

laser and the control laser is δ12 and δ23 respectively in the bare atomic state picture.

The Rabi frequency of the probe laser is Ω12 and the control laser is Ω23. The strong

control laser creates dressed states whose position is determined by the eigenvalues

of the Hamiltonian associated with the control laser,

Hc = ~

 0 Ω23

2

Ω∗23

2
−δ23

 . (3.10)
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Using Eq. 3.7, the equation of motion for the coefficients of |1〉, |d1〉 and |d2〉 are

given as,

i
dC1

dt
=

Ωp1

2
Cd1 +

Ωp2

2
Cd2 ,

i
dCd1

dt
=

Ω∗p1

2
C1 − iγd1Cd1 − iκ12Cd2 , (3.11)

i
dCd2

dt
=

Ω∗p2

2
C1 − iκ∗12Cd1 − iγd2Cd2 .

Considering the steady state case for the time evolution of the dressed states i.e.,
dCd1
dt

=
dCd2
dt

= 0, the following equation which is proportional to probe absorption is

obtained:

dC1

dt
= − 1/4

1− |κ12|2
γd1γd2︸ ︷︷ ︸

Normalization

 |Ωp1|2

γd1

+
|Ωp2|2

γd2︸ ︷︷ ︸
AT peaks

−
κ12Ω∗p1

Ωp2 + c.c

γd1γd2︸ ︷︷ ︸
Interference

 . (3.12)

The eigenvalues of the two dressed states |d1〉 and |d2〉 corresponding to the Hamil-

tonian in Eq. 3.10 and the various parameters are given as follows:

Ed1 =
~
2

[−δ23 −
√
δ2

23 + Ω2
23],

|d1〉 =
1√

Ω2
23 + (δ23 −

√
δ2

23 + Ω2
23)2

((δ23 −
√
δ2

23 + Ω2
23) |2〉+ Ω23 |3〉)

= cos θ |2〉+ sin θ |3〉 ,

Γd1 =
1

2
(cos2 θΓ2 + sin2 θΓ3), Ed2 =

~
2

[−δ23 +
√
δ2

23 + Ω2
23],

|d2〉 =
1√

Ω2
23 + (δ23 +

√
δ2

23 + Ω2
23)2

((δ23 +
√
δ2

23 + Ω2
23) |2〉+ Ω23 |3〉)

=− sin θ |2〉+ cos θ |3〉 ,

Γd2 =
1

2
(sin2 θΓ2 + cos2 θΓ3), κ12 = −1

4
(Γ2 − Γ3) sin 2θ,

Ωp1 =Ω12 cos θ, Ωp2 = −Ω12 sin θ, (3.13)
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where,

tan 2θ =− Ω23

δ23

(i.e., sin 2θ = − Ω23√
δ2

23 + Ω2
23

and cos 2θ =
δ23√

δ2
23 + Ω2

23

),

and the unitary transformation in Eq. 3.2 is thus expressed as: |d1〉

|d2〉

 =

 cos θ sin θ

− sin θ cos θ


 |2〉
|3〉

 .

The coherent decay κij and the incoherent decay κii = Γdi are determined using the

unitary transformation of the decay matrix, Γ̂ given in Eq. 3.4 (i.e., Û Γ̂Û †) as follows,

 cos θ sin θ

− sin θ cos θ


 Γ2 0

0 Γ3


 cos θ − sin θ

sin θ cos θ


=

 1
2
(cos2 θΓ2 + sin2 θΓ3) −1

4
(Γ2 − Γ3) sin 2θ

−1
4
(Γ2 − Γ3) sin 2θ 1

2
(sin2 θΓ2 + cos2 θΓ3)

 .

The diagonal elements of this matrix gives κii = Γdi , i = 1, 2 and the off-diagonal

elements gives κ12. In terms of θ parameters given in Eq. 3.13, Eq. 3.12 is also

written as follows,

dC1

dt
= − |Ω12|2/4

1− |κ12|2
γd1γd2︸ ︷︷ ︸

Normalization

cos2 θ

γd1

+
sin2 θ

γd2︸ ︷︷ ︸
AT peaks

− Γ2 − Γ3

4

sin2 2θ

γd1γd2︸ ︷︷ ︸
Interference

 . (3.14)

For the three-level system, Eq. 3.8 for TOC approach is reduced as follows,

ρ12 =

i
2

Ω12

γ12

1 + 1
4
|Ω23|2
γ12γ13

. (3.15)

The comparison of probe absorption using Eq. 3.14 (or Eq. 3.12) and Eq. 3.15 for

the two approaches shows a complete match for the various parameters.
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The nature of interference between the excitation paths of the two dressed states |d1〉

and |d2〉 is determined by the parameter κ12. The interference parameter κ12 given

in Eq. 3.13 can change its sign for a given Γ2 and Γ3 by tuning the control laser

detuning (δ23) from positive to negative and vice versa. However, in the interference

term of Eq. 3.14, the minimum value of sin2 2θ is 0 and the maximum is 1 as the

detuning of the control laser is changed. Therefore, the interference term will not

change sign even though the interference parameter κ12 changes its sign. It is not

possible therefore to change the sign of interference by changing the detuning of the

control laser for a three-level system.

From Eq. 3.14, the interference between the excitation paths associated with the AT

peaks is destructive when Γ2 > Γ3, or no interference when Γ2 = Γ3, or is constructive

when Γ2 < Γ3 (see also Fig. 3.4). For Γ3 = 0 which is the case for a Λ-system, the

destructive interference completely cancel out the absorption of the two AT peaks

at resonance (see Fig. 3.4a). In Fig. 3.4b with Γ3 = 0.5Γ2 (Γ2 − Γ3 > 0) which is

valid for the ladder system, the interference is partially destructive as there is a finite

absorption for the solid red curve at resonance. For Γ2 = Γ3 there is no interference

between the excitation paths associated with the two AT peaks as the dashed green

curve is superimposed on the solid red curve in Fig. 3.4c. For Γ2 � Γ3 which is valid

for a V-system, the interference is constructive as the dashed green curve is lower

than the solid red curve at resonance (see Fig. 3.4d). From Eq. 3.14 the minimum

value of sin2 2θ in the interference term is 0 and the maximum value is 1 as the laser

parameters (Ω23 and δ23) are changed. Hence, the nature of interference between the

excitation paths associated with the two AT peaks can not be tuned from constructive

to destructive interference for the given atomic levels by tuning the laser parameters.

Note that in a V-system, the presence of the control laser will cause population

transfer. However, in order to study the nature of interference we can ignore pop-

ulation transfer. The population transfer will modify the overall amplitude of ab-

sorption but the lineshape will remain the same. The ladder system in Sr using
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(5s2)1S0, |1〉 ↔ (5s5p)3P1, |2〉 ↔ (5s6s)3S1, |3〉 with decay parameters Γ2 = 2π × 7.5

kHz and Γ3 = 2π × 16 MHz is having Γ2 � Γ3 [32]. This parameter system is very

similar to a V-system. In the ladder system, population transfer due to a weak probe

laser can be ignored. A similar parameter system is also possible in Yb atom.

3.3.2 Four-level system

The various four-level system have been studied for different applications in two

configurations namely the chain configuration such as N [84, 85, 86], Ladder-Lambda

[87, 88], Ladder [89], and the branching configuration such as Y [90], Tripod [91,

92, 93], Inverted Tripod [94] as shown in Fig. 3.5. Different names have been given

for the four-level system depending upon the energy levels of |1〉, |2〉, |3〉 and |4〉

and other possible four-level systems can also be constructed by changing the energy

levels. The dressed state picture of all possible four-level systems will be the same as

shown in Fig. 3.5.

The response of the four level chain system to the weak probe laser in steady state is

given by ρ12 element of the density matrix using the TOC between levels |1〉 and |3〉

and |1〉 and |4〉,

ρ12 =

i
2

Ω12

γ12

1 +
1
4
|Ω23|2
γ12γ13

1+ 1
4
|Ω34|2
γ13γ14

. (3.16)

For the branching configuration system, branching at level |2〉 the above equation will

have the following form,

ρ12 =

i
2

Ω12

γ12

1 + 1
4
|Ω23|2
γ12γ13

+ 1
4
|Ω24|2
γ12γ13

. (3.17)

The above density matrix solution given in Eq. 3.16 and 3.17 is a good cross check of
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Fig. 3.5: Four-level atomic system in bare and dressed state picture.
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our calculation for the four-level system in the dressed state picture and identification

of the nature of interference between the excitation paths associated with the various

AT peaks. The Hamiltonian associated with the control lasers for the four-level chain

system is written as,

Hc = ~


0 Ω23

2
0

Ω∗23

2
−δ23

Ω34

2

0
Ω∗34

2
−(δ23 ± δ34)

 . (3.18)

Similarly, the Hamiltonian associated with the control lasers for the four-level system

branching at level |2〉 such as Y, Tripod and Inverted Tripod is,

Hc = ~


0 Ω23

2
Ω24

2

Ω∗23

2
−δ23 0

Ω∗24

2
0 −δ24

 . (3.19)

The rate equation for the bare state |1〉 and the dressed states |d1〉, |d2〉, |d3〉 are

given below:

i
dC1

dt
=

Ωp1

2
Cd1 +

Ωp2

2
Cd2 +

Ωp3

2
Cd3 ,

i
dCd1

dt
=

Ω∗p1

2
C1 − iγd1Cd1 − iκ12Cd2 − iκ13Cd3 , (3.20)

i
dCd2

dt
=

Ω∗p2

2
C1 − iκ∗12Cd1 − iγd2Cd2 − iκ23Cd3 ,

i
dCd3

dt
=

Ω∗p3

2
C1 − iκ∗13Cd1 − iκ∗23Cd2 − iγd3Cd3 .

Considering the steady state case for the time evolution of the dressed states i.e.,
dCd1
dt

=
dCd2
dt

=
dCd3
dt

= 0, the following equation which is proportional to probe
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absorption is obtained:

dC1

dt
= −1/4

N

[
|Ωp1|2

γd1

+
|Ωp2|2

γd2

+
|Ωp3 |2

γd3︸ ︷︷ ︸
Three AT peaks

−
κ12Ω∗p1

Ωp2 + c.c.

γd1γd2

−
κ23Ω∗p2

Ωp3 + c.c.

γd2γd3

−
κ13Ω∗p1

Ωp3 + c.c.

γd1γd3︸ ︷︷ ︸
Interference1

+
κ12κ23Ω∗p1

Ωp3 + c.c.

γd2γd1γd3

+
κ23κ

∗
13Ω∗p2

Ωp1 + c.c.

γd3γd2γd1

+
κ∗13κ12Ω∗p3

Ωp2 + c.c.

γd1γd3γd2︸ ︷︷ ︸
Interference2

−|κ12|2|Ωp3 |2 + |κ23|2|Ωp1|2 + |κ13|2|Ωp2 |2

γd1γd2γd3︸ ︷︷ ︸
Correction for AT peaks

]
, (3.21)

where,

N = 1 +
[κ∗13κ12κ23 + c.c.]

γd1γd2γd3

− |κ12|2

γd1γd2

− |κ23|2

γd2γd3

− |κ13|2

γd1γd3

. (3.22)

The above equation represents the absorption of the probe laser. The terms denoted

as “Three AT peaks” represents the absorption of the probe laser due to the three

individual dressed states |d1〉, |d2〉 and |d3〉 giving rise to three AT peaks. The am-

plitude of the individual AT peaks is proportional to |Ωp1|2, |Ωp2|2 and |Ωp3|2 and

is further modified by the “Correction for AT peaks” term as − |κ23|2
γd2γd3

, − |κ13|2
γd1γd3

and

− |κ12|2
γd1γd2

respectively. The interference between the excitation paths associated with

the AT peaks is denoted by the terms “Interference1” and “Interference2”. The mag-

nitude and sign of the interference is proportional to κ12, κ23 and κ13 respectively.

The term “Interference1” denotes pairwise interference of the excitation paths associ-

ated with the AT peaks due to coherent decay between the dressed states and is very

similar to the three-slit interference. For example, κ12Ω∗p1
Ωp2 + c.c is the interference

between the excitation paths of the dressed states |d1〉 and |d2〉 due to coherent decay

κ12.
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We also observe the interference between the excitation paths associated with the

AT peaks which are little bit more complicated and denoted as “Interference2”. The

“Interference2” is the interference between the excitation paths associated with the

two AT peaks pair-wise only, but the magnitude and sign are dependent on the

coherent decay to the other dressed state. For example, κ12κ23Ω∗p1
Ωp3 + c.c is the

interference between the excitation paths of the dressed states |d1〉 and |d3〉 but the

magnitude and sign is dependent on coherent decay to the other dressed state |d2〉

through the terms κ12 and κ23. So overall, all the interference terms are pair-wise

i.e., like Ω∗p1
Ωp2 + c.c, Ω∗p2

Ωp3 + c.c and Ω∗p1
Ωp3 + c.c and not like Ω∗p1

Ωp2Ωp3 . This is

again similar to the three-slit interference and it indicates the absence of higher order

interference between the excitation paths associated with the Autler-Townes peaks.

We have also done similar calculation in five-level system (and other higher levels)

and we find the interference to be only pair-wise with no higher order interference.

3.3.2.1 Chain configurations with all the control lasers at resonance

The analytical expression for the eigenvalues and eigenvectors of the Hamiltonian in

Eq. 3.18, are complicated for general detunings. However, when all control lasers are

at resonance the expression is simple and easy to interpret the nature of interference

between the excitation paths associated with the AT absorption peaks. In this par-

ticular case, the eigenvalues of the dressed states and the associated parameters are
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listed below:

Ed1 =−
√

Ω2
23 + Ω2

34

2
,

|d1〉 =
1√
2

(
Ω23√

Ω2
23 + Ω2

34

|2〉 − |3〉+
Ω34√

Ω2
23 + Ω2

34

|4〉) =
1√
2

(cos θ |2〉 − |3〉+ sin θ |4〉),

Γd1 =
1

4
(cos2 θΓ2 + Γ3 + sin2 θΓ4),

Ed2 =0, |d2〉 = − Ω34√
Ω2

23 + Ω2
34

|2〉+
Ω23√

Ω2
23 + Ω2

34

|4〉 = − sin θ |2〉+ cos θ |4〉 ,

Γd2 =
1

2
(sin2 θΓ2 + cos2 θΓ4),

Ed3 =

√
Ω2

23 + Ω2
34

2
,

|d3〉 =
1√
2

(
Ω23√

Ω2
23 + Ω2

34

|2〉+ |3〉+
Ω34√

Ω2
23 + Ω2

34

|4〉) =
1√
2

(cos θ |2〉+ |3〉+ sin θ |4〉),

Γd3 =
1

4
(cos2 θΓ2 + Γ3 + sin2 θΓ4), κ12 = −(Γ2 − Γ4)

2
√

2
cos θ sin θ,

κ13 =
1

4
(Γ2 cos2 θ − Γ3 + Γ4 sin2 θ), κ23 = −(Γ2 − Γ4)

2
√

2
cos θ sin θ,

Ωp1 =Ωp3 =
1√
2

cos θΩ12, Ωp2 = − sin θΩ12, (3.23)

where,

tan θ =
Ω34

Ω23

(i.e., sin θ =
Ω34√

Ω2
23 + Ω2

34

and cos θ =
Ω23√

Ω2
23 + Ω2

34

),

and the unitary transformation in Eq. 3.2 is similarly expressed as,
|d1〉

|d2〉

|d3〉

 =
1√
2


cos θ −1 sin θ

−
√

2 sin θ 0
√

2 cos θ

cos θ 1 sin θ



|2〉

|3〉

|4〉

 .

The coherent decay κij and the incoherent decay κii = Γdi are determined using

the unitary transformation of the decay matrix, Γ̂ given in Eq. 3.23 (i.e., Û Γ̂Û †) as
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follows,

1√
2


cos θ −1 sin θ

−
√

2 sin θ 0
√

2 cos θ

cos θ 1 sin θ




Γ2 0 0

0 Γ3 0

0 0 Γ4

 1√
2


cos θ −

√
2 sin θ cos θ

−1 0 1

sin θ
√

2 cos θ sin θ



=


1
4
(cos2 θΓ2 + Γ3 + sin2 θΓ4) − (Γ2−Γ4)

2
√

2
cos θ sin θ 1

4
(Γ2 cos2 θ − Γ3 + Γ4 sin2 θ)

− (Γ2−Γ4)

2
√

2
cos θ sin θ 1

2
(sin2 θΓ2 + cos2 θΓ4) − (Γ2−Γ4)

2
√

2
cos θ sin θ

1
4
(Γ2 cos2 θ − Γ3 + Γ4 sin2 θ) − (Γ2−Γ4)

2
√

2
cos θ sin θ 1

4
(cos2 θΓ2 + Γ3 + sin2 θΓ4)

 .

The diagonal elements of this matrix gives κii = Γdi , i = 1, 2, 3 and the off-diagonal el-

ements gives κ12, κ13 and κ23. This calculations are similarly applied to the branching

configuration and the four-level loopy system.

For the chain configuration, Eq. 3.21 is also written in terms of θ parameters given

in Eq. 3.23 as follows,

dC1

dt
= −|Ω12|2/8

N

[
cos2 θ

γd1

+
sin2 θ

γd2

+
cos2 θ

γd3︸ ︷︷ ︸
Three AT peaks

− cos2 θ
((Γ2 − Γ4) sin2 θ

γd1γd2

+
(Γ2 − Γ4) sin2 θ

γd2γd3

+
Γ2 cos2 θ − Γ3 + Γ4 sin2 θ

2γd1γd3

)
︸ ︷︷ ︸

Interference1

+
(Γ2 − Γ4) cos2 θ sin2 θ

4γd1γd2γd3

(
3Γ2 cos2 θ − 2Γ3 + Γ4 cos 2θ

)
︸ ︷︷ ︸

Interference2

− sin2 θ

8γd1γd2γd3

(
(Γ2 − Γ4)2 cos2 θ + (Γ2 cos2 θ − Γ3 + Γ4 sin2 θ)2

)
︸ ︷︷ ︸

Correction for AT peaks

]
. (3.24)

Various combinations of Γ2, Γ3 and Γ4 are considered to see the nature of interfer-

ence between the excitation paths associated with the AT peaks. The interference

parameters κ12 = κ23 = κ13 = 0 when Γ2 = Γ3 = Γ4 (see Eq. 3.23) and similarly, the

interference terms “Interference1” and “Interference2” and the “Correction for the
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Fig. 3.6: AT peaks and the effect of interference for probe absorption vs its detuning (δ12/Γ)
for various four-level systems (chain configurations) with δ23 = δ34 = 0 and Ω23 =
Ω34 i.e., Ωp1 = Ωp3 = Ω12

2 , Ωp2 = −Ω12√
2

. a) κ12 = κ23 = κ13 = 0, Γd1 = Γd2 =

Γd3 = Γ
2 , b) κ12 = κ23 = + Γ2

8
√

2
, κ13 = −Γ2

16 , Γd1 = Γd3 = 11Γ
16 , Γd2 = 5Γ

8 c)

κ12 = κ23 = − Γ2

8
√

2
, κ13 = +Γ2

16 , Γd1 = Γd3 = 5Γ
16 , Γd2 = 3Γ

8 , d) κ12 = κ23 = − Γ2

4
√

2
,

κ13 = +Γ2
8 , Γd1 = Γd3 = Γ

8 , Γd2 = Γ
4 .
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AT peaks” are identically zero (see Eq. 3.24) which is an indication of no interference

between any of the excitation paths associated with the AT absorption peaks. The

complete overlap of the solid red curve (AT peaks plus interference) and the dashed

green curve (AT peaks only) in Fig. 3.6a is an indication of no interference. For

Γ2 < Γ4 = Γ3, the terms κ12 and κ23 are positive and κ13 is negative for Ω23 = Ω34

in Eq. 3.23. The overall interference terms of “Interference1” and “Interference2”

are all positive (see also Eq. 3.24) and the interference between the excitation paths

associated with the three AT peaks is constructive. However, the contribution of

“Interference2” and “Correction for the AT peaks” are negligibly small as shown Fig.

3.6b.

For Γ2 > Γ4 = Γ3, the terms κ12 and κ23 are negative and κ13 is positive for Ω23 = Ω34

in Eq. 3.23. Similarly, all the interference terms in “Interference1” are negative (see

Eq. 3.24) and hence the interference between the excitation paths associated with

the three AT peaks is destructive. The destructive interference however, partially

reduces absorption of the AT peaks at the region of overlap. The interference terms

of “Interference2” are positive and the contribution of the constructive interference

is very small. The correction to individual AT peaks is equally negligible as shown

in Fig. 3.6c. For the decay rate parameters Γ2 > Γ4 = Γ3 = 0 in Fig. 3.6d, κ12

and κ23 are negative and κ13 is positive. Hence, all the terms in “Interference1” are

negative and in “Interference2” are positive. The destructive interference completely

destruct absorption of the three AT peaks at the overlap region giving rise to a

double transparency window. The correction to the individual AT peaks from the

terms in “Correction for AT peaks” is significant while the interference contribution

of “Interference2” is small.

In Fig. 3.7a and 3.7b with the decay rates Γ2 > Γ4 6= Γ3, κ12 and κ23 are negative and

κ13 is positive for Ω23 = Ω34. Hence, all the terms in“Interference1” are negative and

in “Interference2” are positive. However, the contribution from “Interference2” is very

small and the interference between the excitation paths associated with the AT peaks
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Fig. 3.7: AT peaks and the effect of interference for probe absorption vs its detuning (δ12/Γ)
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2
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16
√

2
,

κ13 = +Γ2
32 , Γd1 = Γd3 = 9Γ

32 , Γd2 = 5Γ
16 b) ladder system: κ12 = κ23 = − Γ2

8
√

2
,

κ13 = +Γ2
8 , Γd1 = Γd3 = Γ
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is essentially destructive. The modification of the individual AT peaks by “Correction

for AT peaks” terms is also negligible. For parameters relevant to N-system in Fig.

3.7c i.e., Γ3 = 0,Γ4 = Γ2, both κ12 and κ23 are zero but κ13 is positive. This implies,

the first two terms in “Interference1” are zero and the third term is negative. All the

terms in “Interference2” are zero and therefore the overall interference between the

excitation paths of the dressed states |d1〉 and |d3〉 is destructive which partially reduce

the absorption of the AT peaks. The contribution of “Correction for AT peaks” is

significant as seen by the deviation of the dashed cyan curve from the solid red curve.

For the parameters relevant to the ladder-lambda system i.e., Γ3 = Γ2,Γ4 = 0 in

Fig. 3.7d, the terms κ12, κ23 and κ13 are all negative. Hence, the first two terms

in “Interference1” are negative and the third term is positive. Similarly, the first

two terms in “Interference2” are negative and the third term is positive. In the said

figure, destructive interference between the excitation paths associated with the three

AT peaks dominates and both “Interference2” and “Correction for AT peaks” have

a significant contribution.

The possibility of tuning the interference from constructive to destructive by tuning

the control laser parameter such as the Rabi frequencies is illustrated in Fig. 3.8. In

the three-level system we noted that the nature of interference can not be tuned from

negative to positive or zero by changing the laser parameters. However, if we consider

a simple case in four-level-system where Γ3 < Γ2 and Γ4 = 0 it is possible to tune

the interference from negative to positive between the excitation paths of the dressed

states |d1〉 and |d3〉. The interference between the excitation paths of the dressed

states |d1〉 and |d3〉 is given by the third term in “Interference1” given in Eq. 3.24. In

Fig. 3.8, we plot the interference parameter κ13 vs Ω34 for a system with Γ3 = 0.75Γ2

and Γ4 = 0 and from Eq. 3.24 the interference between the excitation paths of the

dressed states |d1〉 and |d3〉 is expressed as (Γ2 cos2 θ(0.75 − cos2 θ))/(2γd1γd3). The

minimum value of cos2 θ is 0 and the maximum value is 1 as Ω34 changes. There

is no interference between the excitation paths of the dressed states |d1〉 and |d3〉

when cos2 θ = 0, the interference is negative when cos2 θ = 1 and it is positive when
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Fig. 3.8: Variation of coherent decay between dressed state |d1〉 and |d3〉, i.e., κ13 as a
function of the coupling strength Ω34 of the control laser.

cos2 θ < 0.75. Therefore, it is possible to tune the interference between the excitation

paths of the dressed states |d1〉 and |d3〉 from constructive, to zero and to destructive.

3.3.2.2 Branching configurations with all control lasers at resonance

We similarly consider the case when all the control lasers are at resonance for the

Hamiltonian given in Eq. 3.19. In this particular case the energy of the dressed
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states and the related parameters are listed below:

Ed1 =−
√

Ω2
23 + Ω2

24

2
,

|d1〉 =
1√
2

(− |2〉+
Ω23√

Ω2
23 + Ω2

24

|3〉+
Ω24√

Ω2
23 + Ω2

24

|4〉) =
1√
2

(− |2〉+ cos θ |3〉+ sin θ |4〉),

Γd1 =
1

4
(Γ2 + cos2 θΓ3 + sin2 θΓ4,

Ed2 =0, |d2〉 = − Ω24√
Ω2

23 + Ω2
24

|3〉+
Ω23√

Ω2
23 + Ω2

24

|4〉 = − sin θ |3〉+ cos θ |4〉 ,

Γd2 =
1

2
(sin2 θΓ3 + cos2 θΓ4),

Ed3 =

√
Ω2

23 + Ω2
24

2
,

|d3〉 =
1√
2

(|2〉+
Ω23√

Ω2
23 + Ω2

24

|3〉+
Ω24√

Ω2
23 + Ω2

24

|4〉) =
1√
2

(|2〉+ cos θ |3〉+ sin θ |4〉),

Γd3 =
1

4
(Γ2 + cos2 θΓ3 + sin2 θΓ4), κ12 = −(Γ3 − Γ4)

2
√

2
cos θ sin θ,

κ13 =
1

4
(−Γ2 + cos2 θΓ3 + sin2 θΓ4), κ23 = −(Γ3 − Γ4)

2
√

2
cos θ sin θ,

Ωp1 =− Ωp3 =
Ω12√

2
, Ωp2 = 0, (3.25)

where,

tan θ =
Ω24

Ω23

(i.e., sin θ =
Ω24√

Ω2
23 + Ω2

24

and cos θ =
Ω23√

Ω2
23 + Ω2

24

),

and the unitary transformation in Eq. 3.2 is similarly expressed as,
|d1〉

|d2〉

|d3〉

 =
1√
2


−1 cos θ sin θ

0 −
√

2 sin θ
√

2 cos θ

1 cos θ sin θ



|2〉

|3〉

|4〉

 .

For the chain configuration, Eq. 3.21 is also written in terms of θ parameters given
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in Eq. 3.25 as follows,

dC1

dt
= −|Ω12|2/8

N

[
1

γd1

+
1

γd3︸ ︷︷ ︸
Two AT peaks

+
Γ3 cos2 θ − Γ2 + Γ4 sin2 θ

2γd1γd3︸ ︷︷ ︸
Interference1

− (Γ3 − Γ4)2 cos2 θ sin2 θ

4γd1γd2γd3︸ ︷︷ ︸
Interference2

− (Γ3 − Γ4)2 cos2 θ sin2 θ

4γd1γd2γd3︸ ︷︷ ︸
Correction for AT peaks

]
. (3.26)

The central AT peak shown by the dashed blue curve (corresponding to eigenvalue

0) in Fig. 3.9 has zero amplitude as Ωp2 = 0. Therefore, only two dressed states |d1〉

and |d3〉 can be excited by the probe laser and the branching system behaves like the

three-level system. For the Tripod system [92] where Γ3 = Γ4 = 0, both the terms

“Interference2” and “Correction for AT peaks” vanishes. The interference between

the excitation paths of the dressed states |d1〉 and |d3〉 is destructive (see also Eq.

3.26) and completely destructs absorption of the two AT peaks at resonance (see also

Fig. 3.9a).

For the decay rate parameters Γ2 = 0, Γ1 = Γ3 = Γ4 = Γ in Fig. 3.9b (valid for the

inverted tripod system [94]), the terms “Interference2” and “Correction for AT peaks”

vanishes and the interference between the excitation paths of the dressed states |d1〉

and |d3〉 is constructive which enhances absorption. For the Ladder-lambda system

with Γ1 = Γ3 = 0, Γ2 = Γ and Γ4 = 0.5Γ the interference term κ13 is negative and

the interference between the excitation paths of the dressed states |d1〉 and |d3〉 is

destructive interference (see also Eq. 3.26). The non-zero term of “Interference2”

is also negative and contribute to destructive interference. The “Correction for the

AT peaks ” is non-zero for the two AT peaks leading to further reduction in the

absorption as shown in Fig. 3.9c. For the decay rate parameters Γ2 = Γ3 = Γ4 = Γ

(valid for Y-system), the terms “Interference1”, “Interference2” and “Correction for

AT peaks” are zero as κ12 = κ13 = κ23 = 0. There is no interference between any

of the excitation paths associated with the AT peaks as evidenced by the complete

overlap between the solid red curve and the green dash curve in Fig. 3.9d.
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Fig. 3.9: AT peaks and the effect of interference for probe absorption vs its detuning (δ12/Γ)
for various four-level systems (branching configurations) with δ23 = δ24 = 0 and
Ω23 = Ω24 i.e., Ωp1 = −Ωp3 = Ω12√

2
, Ωp2 = 0 a) Tripod-system: κ12 = κ23 = 0,

κ13 = −Γ
4 , Γd1 = Γd3 = Γ

4 , Γd2 = 0 b) Inverted tripod system: κ12 = κ23 = 0,
κ13 = +Γ

4 , Γd1 = Γd3 = Γ
4 , Γd2 = Γ

2 c) Lambda-ladder-system: κ12 = κ23 = + Γ
8
√

2
,

κ13 = 3Γ
16 , Γd1 = Γd3 = 5Γ

16 , Γd2 = Γ
8 d) Y-system: κ12 = κ23 = κ13 = 0,

Γd1 = Γd2 = Γd3 = Γ
2 .
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Fig. 3.10: Four-level loopy system in bare and dressed state picture.

3.3.3 Four-level loopy system

The four-level loopy system is as shown in Fig. 3.10. It can be of various types

depending upon the energy level of the states |1〉, |2〉, |3〉, |4〉 as we discussed in

the previous section. The study of the loopy system is very important as it further

authenticates our approach for the dressed states as in this case the interference terms,

κ′s and Ω′ps can be complex. The various loopy system has been discussed previously

[95, 96, 97, 98]. The density matrix element for the probe absorption in the four-level

loopy system shown in Fig. 3.10 is given by the following equation,

ρ12 =

i
2

Ω12

γ12

1 +

1
4
|Ω23|2
γ12γ13

+ 1
4
|Ω24|2
γ12γ14

+ i
8

Ω∗23Ω∗34Ω24+c.c.

γ12γ13γ14

1 + 1
4
|Ω34|2
γ13γ14

. (3.27)

TH-2412_166121022



3. Nature of interference between excitation paths associated with AT peaks in multilevel system 46

The Hamiltonian associated with the control lasers for this system is given below:

Hc = ~


0 Ω23

2
Ω24

2

Ω∗23

2
−δ23

Ω34

2

Ω∗24

2

Ω∗34

2
−δ24

 . (3.28)

The general control laser Rabi frequencies will be Ω23 = |Ω23|eiφ23 , Ω34 = |Ω34|eiφ34

and Ω24 = |Ω24|eiφ which can be considered (without loss of generality) as Ω23 =

|Ω23| and Ω34 = |Ω34| and Ω24 = |Ω24|eiφ i.e., considering Ω23 and Ω34 as real and

Ω24 = |Ω24|eiφ as complex where φ = φ24−φ23−φ34. The eigenvalue and eigenvector

corresponding to general parameters in the above Hamiltonian given in Eq. 3.28 is

complicated. However, it is relatively simpler for the case where all the control lasers

are at resonance and Ω23 = Ω34 = Ω and Ω24 = Ω1e
iφ where Ω and Ω1 are real

quantities.

The eigenvalues, eigenvectors and the various other parameters for φ = 0 are listed
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Fig. 3.11: AT peaks and the effect of interference for probe absorption vs its detuning
(δ12/Γ) for various four-level loopy systems with δ23 = δ34 = δ24 = 0, Ω23 =
Ω34 = Ω24 i.e., Ωp1 = −Ω12√

2
, Ωp2 = Ω12√

6
, Ωp3 = Ω12√

3
and φ = 0. a) κ12 = − Γ

4
√

3
,

κ23 = + Γ
6
√

2
, κ13 = − Γ

2
√

6
, Γd1 = Γ

4 , Γd2 = Γ
12 and Γd3 = Γ

6 b) κ12 = κ13 = 0,

κ23 = + Γ
3
√

2
, Γd1 = Γ

2 , Γd2 = Γ
6 and Γd3 = Γ

3 c) κ12 = + Γ
4
√

3
, κ23 = − Γ

6
√

2
,

κ13 = + Γ
2
√

6
, Γd1 = Γ

4 , Γd2 = 5Γ
12 and Γd3 = Γ

3 .
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below:

Ed1 = −Ω1

2
, |d1〉 = −

√
1

2
|2〉+

√
1

2
|4〉 , Γd1 =

Γ2

2
+

Γ4

2
,

Ed2 =
Ω1 − Ω′′

4
, |d2〉 =

√
2Ω
[
|2〉 −

(
Ω1+Ω′′

2Ω

)
|3〉+ |4〉

]
√

Ω′′(Ω′′ + Ω1)
,

Γd2 =
2Ω2

[
Γ2 +

(
Ω1+Ω′′

2Ω

)2

Γ3 + Γ4

]
Ω′′(Ω′′ + Ω1)

,

Ed3 =
Ω1 + Ω′′

4
, |d3〉 =

√
2Ω
[
|2〉+

(
Ω′′−Ω1

2Ω

)
|3〉+ |4〉

]
√

Ω′′(Ω′′ − Ω1)
,

Γd3 =
2Ω2

[
Γ2 +

(
Ω′′−Ω1

2Ω

)2

Γ3 + Γ4

]
Ω′′(Ω′′ − Ω1)

,

κ12 = − (Γ2 − Γ4)Ω

2
√

Ω′′(Ω′′ + Ω1)
, κ23 =

(+Γ2 − 2Γ3 + Γ4)Ω

2
√

2Ω′′
,

κ13 = − (Γ2 − Γ4)Ω

2
√

Ω′′(Ω′′ − Ω1)
, Ωp1 = −Ω12√

2
, Ωp2 =

√
2Ω√

Ω′′(Ω′′ + Ω1)
Ω12,

Ωp3 =

√
2Ω√

Ω′′(Ω′′ − Ω1)
Ω12, where, Ω′′ =

√
8Ω2 + Ω2

1. (3.29)

We consider the decay rate parameters Γ1 = Γ3 = Γ4 = 0, Γ2 = Γ (valid for loopy-

tripod-system) and also take Ω23 = Ω34 = Ω24 = 0.5Γ for the various loopy systems.

For this system, all the individual terms of “Interference1” are negative and that

of “Interference2” are positive but negligibly small. The destructive interference

completely destructs probe absorption at the crossing regions of the AT peaks as

shown in Fig. 3.11a. For the decay rate parameters Γ2 = Γ4 = Γ, Γ1 = Γ3 = 0

(valid for the loopy N-system), the interference terms κ12 = κ13 = 0 and κ23 is

negative. Hence, corresponding to “Interference1” there is no interference between

the excitation paths of the dressed states |d1〉 and |d2〉 and |d1〉 and |d3〉 while there

is destructive interference between the excitation paths of the dressed states |d2〉 and

|d3〉. For this system, all the terms corresponding to “Interference2” are zero. The

probe absorption and the AT peaks of the system are shown in Fig. 3.11b. For the

decay rate parameters Γ1 = Γ3 = Γ4 = Γ, Γ2 = 0 which is valid for loopy inverted-
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tripod system (see Fig. 3.11c), all the individual terms of the “Interference1” and

“Interference2” are positive and hence there is constructive interference between the

excitation paths associated with the AT peaks.

For φ = π/2 the different parameters for the dressed states are given below:

Ed1 = −Ω′

2
, |d1〉 =

√
Ω2

1 + Ω2

√
2Ω′

[
Ω′ − iΩ1

Ω′ + iΩ1

|2〉 − 2Ω

Ω′ + iΩ1

|3〉+ |4〉

]
,

Γd1 =
Ω2

1 + Ω2

2Ω′2

[
Γ2 +

4Ω2

Ω′2 + Ω2
Γ3 + Γ4

]
,

Ed2 = 0, |d2〉 = − Ω

Ω′
|2〉 − iΩ1

Ω′
|3〉+

Ω

Ω′
|4〉 ,

Γd2 =
Ω2

Ω′2
Γ2 +

Ω2
1

Ω′2
Γ3 +

Ω2

Ω′2
Γ4,

Ed3 =
Ω′

2
, |d3〉 =

√
Ω2

1 + Ω2

√
2Ω′

[
Ω′ + iΩ1

Ω′ − iΩ1

|2〉+
2Ω

Ω′ − iΩ1

|3〉+ |4〉

]
,

Γd3 =
Ω2

1 + Ω2

2Ω′2

[
Γ2 +

4Ω2

Ω′2 + Ω2
Γ3 + Γ4

]
,

κ12 = −Ω
√

Ω2 + Ω2
1

2
√

2Ω′2

[
Ω′ + iΩ1

Ω′ − iΩ1

Γ2 −
i2Ω1

Ω′ − iΩ1

Γ3 − Γ4

]
,

κ13 = −Ω2 + Ω2
1

4Ω′2

[
−
(Ω′ + iΩ1

Ω′ − iΩ1

)2

Γ2 +
4Ω2

(Ω′ − iΩ1)2
Γ3 − Γ4

]
,

κ23 = −Ω
√

Ω2 + Ω2
1

2
√

2Ω′2

[
Ω′ + iΩ1

Ω′ − iΩ1

Γ2 −
i2Ω1

Ω′ − iΩ1

Γ3 − Γ4

]
,

Ωp1 =

√
Ω2

1 + Ω2

√
2Ω′

Ω′ − iΩ1

Ω′ + iΩ1

Ω12, Ωp2 = − Ω

Ω′
Ω12,

Ωp3 =

√
Ω2

1 + Ω2

√
2Ω′

Ω′ + iΩ1

Ω′ − iΩ1

Ω12, where, Ω′ =
√

2Ω2 + Ω2
1. (3.30)

Similarly we consider the case for Γ1 = Γ3 = Γ4 = 0, Γ2 = Γ which is valid for

the Loopy-tripod system and also take Ω23 = Ω34 = Ω24 = 0.5Γ for the various

loopy type systems. For this case, all the individual terms of “Interference1” and

“Interference2” are negative and hence there is prominent destructive interference

between the excitation paths associated with the AT peaks (see Fig. 3.12a), since
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Fig. 3.12: AT peaks and the effect of interference for probe absorption vs its detuning
(δ12/Γ) for various four-level loopy systems with δ23 = δ34 = δ24 = 0, Ω23 =

Ω34 = Ω24 i.e., Ωp1 = 1√
3

√
3−i√
3+i

Ω12, Ωp2 = −Ω12√
3

, Ωp3 = 1√
3

√
3+i√
3−iΩ12 and φ =

π/2. a) κ12 = κ23 = −
√

3+i√
3−i

Γ
6 , κ13 = +

(√
3+i√
3−i

)2
Γ
6 , Γd1 = Γd2 = Γd3 = Γ

6

b) κ12 = κ23 = − i√
3−i

Γ
3 , κ23 = +

[(√
3+i√
3−i

)2
+ 1

]
Γ
6 , Γd1 = Γd2 = Γd3 = Γ

3 c)

κ12 = κ23 = +
√

3+i√
3−i

Γ
6 , κ13 = −

[(
2√
3−i

)2
− 1

]
Γ
6 , Γd1 = Γd2 = Γd3 = Γ

3 .
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the probe absorption goes to zero at the overlapping region of the AT peaks. This

case is also similar for Γ2 = Γ4 = Γ, Γ1 = Γ3 = 0 which is valid for loopy N-system

(see Fig. 3.12b). However, the magnitude of the interference terms are less compared

to the loopy-tripod system. For Γ1 = Γ3 = Γ4 = Γ, Γ2 = 0 which is valid for loopy

inverted-tripod system (see Fig. 3.12c), all the individual terms of the “Interference1”

and “Interference2” are positive and hence there is constructive interference between

the excitation paths associated with the AT peaks.

The result of this chapter appear in the following publication: The European Physical

Journal D (Eur. Phys. J. D (2020) 74: 187; https://doi.org/10.1140/epjd/e2020-

10187-3).
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Hyperfine measurement of 6P1/2 state in 87Rb using

double resonance on blue and IR transition

4.1 Introduction

This chapter describes the spectroscopy of 6P1/2 state in 87Rb using double resonance

technique at 780 nm and 421 nm. The double resonance technique is implemented

using electromagnetically induced transparency (EIT) and optical pumping methods.

Using these spectroscopy methods, the hyperfine splitting of 6P1/2 state is measured

with precision of < 400 kHz and the magnetic dipole hyperfine constant is also cal-

culated.

The chapter begins with a detailed theoretical description of the double resonance

technique using the EIT effect in a V-type system (or coherent control scheme) and the

optical pumping scheme. The experimental set-up and the results are also discussed

in the subsequent sections.
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4.2 Measurement Schemes

4.2.1 Coherent Control Scheme

The relevant energy level diagram for coherent control scheme is given in Fig. 4.1a.

The 780 nm probe laser is locked to resonance on 5S1/2(F = 2)→ 5P3/2(F = 3) cycling

transition with oscillator strength, f = 0.668 and a lifetime, τ1 = 26.23 ns [99]. The

absorption of the probe is monitored as the co-propagating 421 nm control laser

beam scans 5S1/2(F = 2)→ 6P1/2 weak transition with oscillator strength, f = 0.004

[100, 101] and a lifetime, τ2 = 125.32 ns [102]. As soon as the 421 nm scanning

control laser comes to resonance (i.e., when both laser beams are addressing the zero

velocity group atoms), absorption of the 780 nm probe laser is reduced giving rise to

a Doppler-free dip. However, the linewidth of the transition is finite and therefore

kinetic theory gives a finite range of velocities (i.e., near zero velocity groups atoms)

which also contribute to the peak lineshape. There are two factor contributing to

the reduction of probe absorption at the line center. One is due to coherent effect

which cause EIT in a V-type system [23, 103] and the other is optical pumping to

other ground hyperfine level, 5S1/2(F = 1) [104, 105, 106] via 5S1/2(F = 2) → 6P1/2

excitation and 6P1/2 → 5S1/2(F = 1) decay channels.

We consider the effect of optical pumping on the EIT spectrum of a V-type system

shown in Fig. 4.1a. This V-type of system is open as the population from the 6P1/2

state decays to the other ground state hyperfine level, 5S1/2(F = 1) and can not be

recycled. The mixing rate, Πg ≈ 2π×40 kHz, for the hyperfine ground states is due to

thermal collisions and the time of fight of atoms across the laser beam [11, 107]. The

contribution due to time of flight is defined as d/ṽ where, ṽ is the thermal velocity

of the atoms in the atomic medium and d is the diameter of the laser beam. The

Hamiltonian H of a closed V-type system under electric-dipole and rotating-wave
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Fig. 4.1: A diagrammatic energy scheme (and hyperfine splitting in MHz) of measuring the
hyperfine splitting interval of the 6P3/2 state in 87Rb using (a) a V-type energy
scheme and (b) optical pumping energy scheme.

approximation and in the rotating frame is obtained using Eq. 2.11 as follows:

H =
~
2

{
Ωp |1〉 〈2|+ Ωc |1〉 〈3| −∆p |2〉 〈2| −∆c |3〉 〈3|+ H.c.

}
, (4.1)

where, H.c. is Hermitian conjugate, 5S1/2(F = 2) = |1〉, 5P3/2(F = 3) = |2〉,

6P1/2(F = 1) = |3〉, ∆p = ωp − (ω2 − ω1) + k1v is the detuning of the 780 nm

laser, k1 = 2π/λ1 is the wave-vector of the 780 nm laser and λ1 is the wavelength, v

is the velocity of the atom in the direction of the probe, ∆c = ωc− (ω3− ω1)− k2v is

the detuning of the 421 nm laser, k2 = 2π/λ2 is the wave-vector of the 421 nm laser

and λ2 is the wavelength. The Rabi frequency for the fields is ΩL = −dijELe
iφL/~

where, dij = 〈i| d̂ |j〉 is the dipole matrix element, d̂ is the atomic dipole operator,

φL is the phase of the fields and subscript L = p, c represent the fields (i.e., p is the

probe of the 780 nm laser and c is the pump of the 421 nm laser).

The dynamics of the atom-field interactions is described by Eq. 2.15. The substitution
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of Eq. 4.1 into Eq. 2.15 yields the following set of equations of motion:

ρ̇12 =
iΩp

2
(ρ11 − ρ22)− iΩc

2
ρ32 − γ12ρ12,

ρ̇13 =
iΩc

2
(ρ11 − ρ33)− γ13ρ13 −

iΩp

2
ρ23,

ρ̇22 =
iΩp

2
ρ21 −

iΩ∗p
2
ρ12 − Γ2ρ22,

ρ̇23 =−
iΩ∗p
2
ρ13 +

iΩc

2
ρ21 − γ23ρ23,

ρ̇33 =− iΩ∗c
2
ρ13 +

iΩc

2
ρ31 − Γ3ρ33, (4.2)

where, γ12 = i∆p+γdec12 , γ13 = i∆c+γ
dec
13 , γ23 = i(∆c−∆p)+γdec23 and γdecij = 1

2
(Γi + Γj)

is the decoherence rates denoting the total coherence relaxation rates between states

|i〉 and |j〉. The remaining density matrix equations are obtained using the population

conservation law
∑3

j=1 ρjj = 1 and the complex conjugate ρ̇ji = ρ̇∗ij. The absorption

of the probe field is obtained by considering the steady state solution of Eq. 4.2 in the

weak probe approximation i.e., the absorption of the weak probe field is proportional

to Ωp (Ω2
p = Ω3

p, · · · ≈ 0). The steady state solution is expressed as,

ρ12 =
Ωp(

Ω2
c(iΓ2+4∆c−2∆p)

Γ2+Γ3−2i(∆c−∆p)
+ i(Γ2

3 + 4∆2
c))

(Γ2
3 + 4∆2

c + 2Ω2
c)(

Ω2
c

Γ2+Γ3−2i(∆c−∆p)
+ Γ2 + 2i∆p)

. (4.3)

The absorption of the probe is proportional to the imaginary part of ρ12 and the

Doppler broadened spectrum of Eq. 4.3, is accounted for by thermal average over all

the velocities of the atoms in the vapor cell.

The Hamiltonian H of the open V-type system, is the same as that of the closed

V-type system given in Eq. 4.1. However, the equations of motion will be modified

to include optical pumping to the other hyperfine ground state and the ground state
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Fig. 4.2: Comparison of the transparency spectrum due to EIT plus optical pumping effects
in a V-type open system (for the solution given in Eq. 4.5) and the transparency
spectrum due to only EIT effect in a V-type closed system (for the solution given
in Eq. 4.3). Ωp =

√
0.0005Γ2, Ωc =

√
1.5Γ3, Γ2 = 2π × 6.065 MHz, Γ3 =

2π × 1.27 MHz.

mixing rates as follows:

ρ̇12 =
iΩp

2
(ρ11 − ρ22)− iΩc

2
ρ32 − γ12ρ12,

ρ̇13 =
iΩc

2
(ρ11 − ρ33)− γ13ρ13 −

iΩp

2
ρ23,

ρ̇14 =− iΩc

2
ρ34 − γ14ρ14 −

iΩp

2
ρ24,

ρ̇22 =
iΩp

2
ρ21 −

iΩ∗p
2
ρ12 − Γ2ρ22,

ρ̇23 =−
iΩ∗p
2
ρ13 +

iΩc

2
ρ21 − γ23ρ23,

ρ̇24 =−
iΩ∗p
2
ρ14 − γ24ρ24,

ρ̇33 =− iΩ∗c
2
ρ13 +

iΩc

2
ρ31 − Γ3ρ33, (4.4)

ρ̇34 =− iΩ∗c
2
ρ14 − γ34ρ34,

ρ̇44 =Γ34ρ33 + Πg(ρ11 − ρ44),

where, γ12 = i∆p + γdec12 , γ13 = i∆c + γdec13 , γ14 = γdec14 , γ23 = i(∆c − ∆p) + γdec23 ,

γ24 = −i∆p+γdec24 , γ34 = −i∆c+γdec34 , Γ1 = Γ4 = Πg, γ34 = i∆c+γdec34 , Γ3 = Γ31 +Γ34,

and γdecij = 1
2
(Γi + Γj), Γi is the decay rate of the ith level, Γ31 and Γ34 are the decay
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rates of level 3 to level 1 and level 4 respectively. The remaining density matrix

equations are obtained using the population conservation law
∑4

j=1 ρjj = 1 and the

complex conjugate ρ̇ji = ρ̇∗ij. The steady state solution of Eq. 4.4 in the weak probe

approximation, is expressed as follows,

ρ12 =
iΠgΩp(Γ3((Γ3 + Πg)2 + 4∆2

c) +
Ω2

c(Γ2(Γ3+Πg)−2i∆c(2Γ3+Πg)+2i∆p(Γ3+Πg))
Γ2+Γ3−2i(∆c−∆p) )

(Ω2
c(Γ3 + Πg)(Γ34 + 3Πg) + 2Γ3Πg((Γ3 + Πg)2 + 4∆2

c))(
Ω2

c

Γ2+Γ3−2i∆c+2i∆p
+ Γ2 + Πg + 2i∆p)

.

(4.5)

The transparency spectra of the closed V-type system (Eq. 4.3) and open V-type

system (Eq. 4.5) is compared in Fig. 4.2. The transparency window due to EIT

effect is further enhanced by optical pumping effect.

4.2.2 Optical Pumping Scheme

Fig. 4.1b is the energy level diagram for optical pumping scheme and the experimental

setup is also given in Fig. 4.4. The 780 nm probe laser is locked to resonance on

5S1/2(F = 2) → 5P3/2(F = 3) cycling transition and its absorption is monitored

as the co-propagating 421 nm control laser beam scans around the 6P1/2 hyperfine

levels on 5S1/2(F = 1)→ 6P1/2 transition instead of 5S1/2(F = 2)→ 6P1/2 transition.

The 421 nm scanning control laser beam, partially transfers population from the

lower ground hyperfine level (5S1/2(F = 1)) to the upper ground hyperfine level

(5S1/2(F = 2)) via 5S1/2(F = 1)→ 6P1/2 excitation and 6P1/2 → 5S1/2(F = 2) decay

channels. Thus, optical pumping of the zero velocity group atoms to the upper ground

hyperfine level [104, 105, 106] and coherence dephasing rate of the ground hyperfine

levels [108, 109, 110] increases absorption of the probe giving rise to Doppler-free

peaks. Since all velocity group atoms are optically pumped from 5S1/2(F = 1) to

5S1/2(F = 2) ground hyperfine level, extra peaks will form outside the main spectrum.

The EA spectrum is theoretically modeled by considering the Hamiltonian H of a

four level optical pumping system in Fig. 4.1b under electric-dipole and rotating-
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wave approximation and in the rotating frame is obtained using Eq. 2.11 as follows:

H =
~
2

{
Ωp |1〉 〈2|+ Ωc |4〉 〈3| −∆p |2〉 〈2| −∆c |3〉 〈3|+ H.c.

}
, (4.6)

where, 5S1/2(F = 2) = |1〉, 5P3/2(F = 3) = |2〉, 6P1/2(F = 1) = |3〉 and 5S1/2(F =

1) = |4〉. The dynamics of the atom-field interactions is similarly obtained from Eq.

2.15 and 4.6 which gives the following set of equations of motion:

ρ̇12 =
iΩp

2
(ρ11 − ρ22)− γdec12 ρ12, (4.7)

ρ̇13 =− iΩp

2
ρ23 +

iΩ∗c
2
ρ14 − γ13ρ13,

ρ̇14 =− iΩp

2
ρ24 +

iΩc

2
ρ13 − γ14ρ14,

ρ̇22 =−
iΩ∗p
2
ρ12 +

iΩp

2
ρ21 − Γ2ρ22,

ρ̇23 =−
iΩ∗p
2
ρ13 − γ23ρ23 +

iΩ∗c
2
ρ24,

ρ̇24 =−
iΩ∗p
2
ρ14 − γ24ρ24 +

iΩc

2
ρ23,

ρ̇33 =− iΩc

2
ρ43 +

iΩ∗c
2
ρ34 − Γ3ρ33,

ρ̇34 =− iΩc

2
(ρ33 − ρ44)− γ34ρ34,

ρ̇44 =− iΩ∗c
2
ρ34 +

iΩc

2
ρ43 + Γ34ρ33 + Πg(ρ11 − ρ44),

where, γ12 = i∆p + γdec12 , γ13 = γdec13 , γ14 = i∆c + γdec14 , γ23 = −i∆p + γdec23 , γ24 =

i(∆c−∆p)+γdec24 , γ34 = i∆c+γ
dec
34 , Γ1 = Γ4 = Πg, Γ3 = Γ31+Γ34 and γdecij = 1

2
(Γi + Γj)

is the decoherence rates denoting the total coherence relaxation rates between states

|i〉 and |j〉. The remaining density matrix equations are similarly obtained using

the population conservation law
∑4

j=1 ρjj = 1 and the complex conjugate ρ̇ji = ρ̇∗ij.

The steady state solution of Eq. 4.7 in the weak probe approximation which gives

enhanced absorption spectrum of the probe is expressed as follows,

ρ12 =
iΩp(Ω

2
c(Γ3 + Πg)(Γ31 + Πg) + Γ3Πg((Γ3 + Πg)

2 + 4∆2
c))

(Γ2 + Πg + 2i∆p)(Ω
2
c(Γ3 + Πg)(Γ31 + 3Πg) + 2Γ3Πg((Γ3 + Πg)

2 + 4∆2
c))
. (4.8)
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Fig. 4.3: Enhanced absorption (EA) spectrum of optical pumping system for the solution
given in Eq. 4.8. Ωp =

√
0.0005Γ2, Ωc =

√
1.5Γ3, Γ2 = 2π × 6.065 MHz, Γ3 =

2π × 1.27 MHz.

The expression in Eq. 4.8, gives enhanced absorption (EA) line profile of the probe

for the optical pumping system. The Doppler broadened spectrum of the probe, is

obtained by thermal averaging of Eq. 4.8 over all the velocities of the atoms in the

vapor cell and is shown in Fig. 4.3.

4.3 Experimental Details

4.3.1 Set-up and Results

The 780 nm beam is generated from (thorlab laser diode L785H1) a home-assembled

extended cavity diode laser (ECDL) with typical linewidth of 500 kHz. The error

signal for locking the 780 nm laser is generated by frequency modulation using the

current of ECDL at 50 kHz. The error is fed to the piezo using a home-made analog

PID controller for locking to the particular transition. The 421 nm beam is generated

from a commercially available ECDL (TOPTICA with model no. DL PRO HP) with

output power of 70 mW and linewidth of < 200 kHz.

TH-2412_166121022



4. Hyperfine measurement of 6P1/2 state in 87Rb using double resonance on blue and IR transition 60

In the experimental setup given in Fig. 4.4, the 421 nm laser beam addressing the

6P1/2 hyperfine level is divided into two laser beams. The first laser beam is passed

directly through the Rb vapor cell and co-propagates with one of the 780 nm probe

laser. The second 421 nm laser beam is passed through the acousto-optic modulator

(AOM) twice and its frequency is shifted to be approximately the hyperfine splitting

interval value. The double-pass AOM configuration has the advantage of preserving

the direction of propagation of the laser beam as the frequency of AOM is changed

[111]. The AOM frequency in the double-pass setup is shifted between 130−136 MHz.

The double passed laser beam through the AOM, is also passed through the same Rb

vapor cell where it co-propagate with the second 780 nm probe laser. The two sets

of co-propgating 421 nm and 780 nm laser are around 12 mm apart in the same cell.

The single-mode operation of the 421 nm laser is monitored using a confocal Fabry-

Pérot interferometer with free spectral range of 150 MHz. The beam diameter of the

780 nm probe laser is 2 × 3 mm with measured power of 42 µW (or peak intensity,

I = 1.8 mW/cm2 and corresponding Rabi frequency of 2π × 4.3 MHz). The beam

diameter of the 421 nm control laser is 3 × 4 mm with measured power of 1.0 mW

and calculated peak intensity, I = 20.1 mW/cm2. The intensity corresponds to Rabi

frequency of 2π × 1.2 MHz using the dipole moment in reference [51].

The transparency spectrum of 5S1/2(F = 1)→ 6P1/2 weak transition and the absorp-

tion spectrum of 5S1/2(F = 2) → 6P1/2 weak transition driven by 421 nm laser is

shown in Fig. 4.5a and 4.5b respectively. The spectra are recorded using a commer-

cially available PC-based oscilloscope (i.e., USB oscilloscope which is called picoscope

from Pico Technology) through the changes in the absorption spectrum of 780 nm

probe laser driving 5S1/2(F = 2)→ 5P3/2(F = 3) strong transition.

Besides the two hyperfine peaks due to groups of atoms with velocities around

zero, there are other extra peaks outside the main spectrum. Since the linewidth

of the transition is finite, the extra peaks are caused by groups of atoms moving

with velocities around 208 m/s and 330 m/s respectively. Atoms moving with ve-
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Fig. 4.4: Experimental setup for measuring hyperfine structure using coherent control and
optical pumping schemes. L: Plano-convex lens; λ/2: half-wave plate; λ/4:
quarter-wave plate; M: confocal mirror; DM: Dichroic mirror; PBS: polarization
beam splitter; PD: photo-diode; AOM: acousto-optic modulator; FP: Fabry-Pérot
cavity.

locities around 208 m/s will see the 780 nm probe laser to be on resonance with

5S1/2(F = 2) → 5P3/2(F = 2) transition. The corresponding two extra peaks are

separated by the hyperfine splitting interval of the 6P1/2 state and are located at

494 MHz from the main peaks respectively. Similarly, atoms moving with velocities

around 330 m/s will be resonant for 5S1/2(F = 2) → 5P3/2(F = 1) transition and

another two fold of extra peaks are located at 783 MHz from the main peaks.

The theoretical plot in Fig. 4.5 is generated using the density matrix calculation for

a seven-level system in a Doppler-broadened Rb atomic vapors at room temperature

(300 K). Due to non-linearity in the scan of the laser, there is a mismatch of the extra

peaks position between the experiment and theory. The linewidth of the experimental

spectrum for the plot in Fig. 4.5a ranges between 29 and 31 MHz and the theoretical

simulation curve has a linewidth of 26 MHz. While the linewidth of the experimental

spectrum for the plot in Fig. 4.5b ranges between 29 and 34 MHz and linewidth for

theoretical simulation curve is 23 and 34 MHz. However, this linewidth is larger than

the natural linewidth (6.065 + 1.27 MHz) due to the residual (or partial) two-photon

Doppler broadening in the double resonancy spectroscopy and optical pumping of
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Fig. 4.5: Theoretical and experimental spectrum of the 6P1/2 hyperfine levels in 87Rb. The
spectra in Fig. 4.5a corresponds to the configuration of Fig. 4.1a while the spectra
in Fig. 4.5b corresponds to the configuration of Fig. 4.1b.
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population to the other ground state hyperfine level. The partial two-photon Doppler

broadening arises from the thermal motion of the atoms and wavelength mismatch

between the 780 nm probe and 421 nm control lasers [112].

The red and black traces of the experimental spectrum in Fig. 4.6 corresponds to un-

shifted and shifted AOM beams respectively. One of the traces is deliberately inverted

to see the matching of the two hyperfine peaks for the shifted and unshifted spectrum.

The matching of the peaks is a measure of shifting the frequency of the laser beam

by exactly the hyperfine splitting interval. The frequency difference (∆diff) between

the two peaks being matched is obtained by fitting the peaks with a Lorentzian line

profile (see Fig. 4.6) and finding the difference in the peaks location. Fig. 4.7 shows a

plot of frequency shift (2× AOM frequency) vs the frequency difference between the

two peaks (∆diff). The hyperfine splitting interval is obtained using a linear fit on the

plot of frequency shift vs ∆diff. The frequency shift corresponding to zero frequency

difference (∆diff = 0) in the linear fit is the hyperfine splitting interval (Vhfs). This

method removes the error due to scan non-linearity and hence improves the precision

of measurement. From the linear fit, a value of Vhfs = 265.13± 0.040 MHz for the co-

herent control scheme and Vhfs = 265.19±0.034 MHz for the optical pumping scheme

is obtained.

4.3.2 Errors

4.3.2.1 Systematic Errors

The main source of the systematic errors is the light shift and stray magnetic field

through Zeeman shift. The systematic error arising due to stray magnetic field is

minimized using a µ-metal magnetic shield around the Rb cell. The residual fields

is below 1 mG which corresponds to errors less than 1 kHz. The light shift error is
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Fig. 4.6: Spectrum of shifted (black color) and unshifted (red color) beams fitted with a
lorentzian line profile (dashed green color) to obtain frequency difference (∆diff)
between the matched peaks.

due to presence of the hyperfine levels and the lasers driving simultaneously many

levels off resonance causing the light shift of the levels driven resonantly. The locked

probe laser on 5S1/2(F = 2)→ 5P3/2(F = 3) cycling transition, also drives 5S1/2(F =

2) → 5P3/2(F = 2(1)) transitions off resonance causing the light shift to the ground

state 5S1/2(F = 2) upward and excited state 5P3/2(F = 3) downwards. However, this

shift does not cause any error for hyperfine splitting interval because it will cause

equal shift in the resonance for both the hyperfine levels of 6P1/2. The scanning

control laser is the source of systematic error in the measurement of hyperfine splitting

interval. This is because, when it is resonant on 5S1/2(F = 2) → 6P1/2(F = 1)

transition, it also driving the 5S1/2(F = 2) → 6P1/2(F = 2) transition off resonance

(negative detuning equal to hyperfine splitting interval, Vhfs) causing the ground state

5S1/2(F = 2) to shift downwards by Ω2/4Vhfs. This effect causes resonant frequency

for 5S1/2(F = 2)→ 6P1/2(F = 1) transition to shift by +Ω2/4Vhfs. Similarly, when the

control laser is resonant on 5S1/2(F = 2)→ 6P1/2(F = 2) transition, it is also driving

the 5S1/2(F = 2)→ 6P1/2(F = 1) transition off resonance (positive detuning equal to

hyperfine splitting interval) causing the ground state 5S1/2(F = 2) to shift upwards

by Ω2/4Vhfs. This causes resonant frequency for 5S1/2(F = 2) → 6P1/2(F = 2)

transition to shift by −Ω2/4Vhfs. The overall light shift error calculated using the
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splitting interval.

laser intensities in the previous section is 13 kHz and 6 kHz for the coherent control

scheme and the optical pumping scheme respectively. Therefore, the total systematic

errors is 14 kHz and 7 kHz for the coherent control scheme and the optical pumping

scheme respectively.

4.3.2.2 Statistical Error

The above systematic error is much smaller than the statistical error in the experi-

ment. The non-linear scan of the laser is the main cause of the statistical error. This

error is minimized by shifting AOM frequency within a small range of frequencies

around the neighboring hyperfine level. To quantify the statistical error, two traces

(shifted and unshifted spectrum) are recorded on two input channels of the com-

mercially available PC-based oscilloscope (called the picoscope) with averaging of 20.

Three such samples are taken for each AOM frequencies and the spread of the data

(∆diff) is shown by the histogram in the inset of Fig. 4.1. The spread of the data

gives the statistical error in the experiment and is extracted from the histogram using

a Gaussian fit [113]. The extracted statistical error and is 326 kHz for the coherent
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control scheme and 337 kHz for the optical pumping scheme.

Tab. 4.1: Hyperfine splitting interval (Vhfs) and magnetic dipole constant A for 6P1/2 state
in 87Rb. The number indicated in normal bracket is the statistical plus fitting
error and in curly bracket is systematic error.

Vhfs (MHz) A (MHz) Reference

Coherent control 265.13(40) 132.57(20) This work
Optical pumping 265.19(40) 132.60(20) This work

265.12(66) 133.24(28) [21]
265 [114]

132.56(3) [55, 73]

In summary, the statistical error is dominating over systematic errors (light shift and

stray magnetic field errors) and fitting error. The total error is about 400 kHz for

the coherent control scheme and the optical pumping scheme respectively. Hence the

hyperfine splitting interval in the case of coherent control scheme is Vhfs = 265.13(40)

MHz and optical pumping scheme is Vhfs = 265.19(40) MHz. The measured hyperfine

splitting interval is related to the magnetic dipole hyperfine constant, A = Vhfs(F→

F−1)/F. The values of A are 132.57(20) MHz and 132.60(20) MHz for the two schemes

respectively. A comparison of hyperfine splitting interval (Vhfs) and magnetic dipole

constant A with the earlier works is given in Tab. 4.1. Figure 4.8 gives a graphical

representation comparing the results of the hyperfine splitting interval with the earlier

works given in Tab. 4.1 for the 5S1/2 → 6P1/2 transition of 87Rb.

The result of this chapter appear in the following publication: Journal of Physics B:

Atomic, Molecular and Optical Physics (J. Phys. B: At. Mol. Opt. Phys. 53 (2020)

095001 (6pp); https://doi.org/10.1088/1361-6455/ab7670).
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Fig. 4.8: Comparison of the measured hyperfine splitting interval for the 5S1/2 → 6P1/2

transition of 87Rb.
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5

Role of velocity induced population oscillation in

saturated fluorescence spectroscopy

5.1 Introduction

This chapter describes a theoretical framework to identify the role of velocity induced

population oscillation (VIPO) in saturated fluorescence spectroscopy in a two-level

system which is a very useful spectroscopic technique for weak transitions. The

fluorescence dip in a fluorescence spectra is generally explained as a saturation effect

(also known as velocity selective saturation, VSS). However in this work, we find that

the Doppler-free dip in a fluorescence spectra is due to both the VSS and VIPO effects.

The fluorescence dip is further modified by Doppler averaging and its linewidth and

dip height are dependent on the temperature of the atomic gas and the applied laser

beam intensity. For an atomic beam, the shift of the fluorescence dip from the line

center is dependent on the average velocity of the atomic beam and the misalignment

of the laser beams with respect to the atomic beam.

The chapter begins with a detailed theoretical description of the VSS and VIPO

effects, which induce a dip in the fluorescence spectra. The the subsequent sections
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of the chapter discusses the effect of the atomic gas temperature and the applied laser

intensity on the fluorescence dip profile. The last section of the chapter presents a

detailed discussion on the fluorescence dip in the case of an atomic beam and the

effects of laser beams misalignment.

5.2 Theoretical Formulations

Fig. 5.1 shows the schematic diagram of the saturated fluorescence spectroscopy and

the energy level diagram for a two-level system (TLS). The numerical calculations for

this work, considers the parameters for the intercombination line in Yb of the tran-

sition 6s2; 1S0; m = 0 → 6s6p; 3P1; m=0. However, features hold true for the other

element’s parameters as well. The first configuration of the saturated fluorescence

spectroscopy is shown in Fig. 5.1b where the laser beam is passed through an absorp-

tion cell and retro-reflected across the cell by the mirror M1 as a counter-propagating

beam. The second configuration is shown in Fig. 5.1c where the laser beam is passed

through the effusive atomic source normally and retro-reflected by the mirror M1 as a

counter-propagating beam. The electric field associated with the transition |i〉 ↔ |j〉

is of the form:

~E =~E1 cos(ω1t) + ~E2 cos(ω2t), (5.1)

where, ω1 & ω2 are the laser frequencies and ~E1 & ~E2 are the amplitudes of field 1 and

2 respectively. Field 1 is the laser beam passing through the absorption cell or effusive

atomic source and field 2 is the beam retro-reflected by mirror M1 into the cell as a

counter-propagating beam. The Rabi frequency for the fields is ΩL = −dijELe
iφL/~

where, dij = 〈i| d̂ |j〉 is the dipole matrix element, d̂ is the atomic dipole operator, φL

is the phase of the fields and subscript L = 1, 2 represent the laser fields.

The Hamiltonian H = H0 + HI of the system under electric-dipole and rotating-wave
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Fig. 5.1: Schematic diagram of a two-level system interacting with counter-propagating
fields. (a) Energy level diagram of Yb at the intercombination line (1S0, m=0→
3S1, m=0) similar to [30]. Schematic for saturated fluorescence in (b) a vapor cell
(c) a atomic beam or effusive source and (d) illustrates the misalignment of the
laser beams along the atomic beam; the misalignment of Ω2 across the atomic
beam (i.e., out of plane) by an angle φ is not shown.
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approximation is obtained using Eq. 2.2 and 2.6 and is expressed as follows:

H0 =~ωg |g〉 〈g|+ ~ωe |e〉 〈e| ,

HI =
~
2

[
{Ω1 + Ω2e

i((ω2−kvx)−(ω1+kvx))t}ei((ω1+kvx)t) |g〉 〈e|+ H.c.
]
, (5.2)

where, H.c. is Hermitian conjugate, H0 is the Hamiltonian of the atom without

interaction, HI is the Hamiltonian describing atom-field interaction and ~ωj(j = g, e)

is the energy of state |j〉. In the rotating frame of field 1, the total Hamiltonian H̃ of

the system is calculated using Eq. 5.2 and 2.11 which is expressed as follows:

H̃ =
~
2
{(Ω1 + Ω2e

iδt) |g〉 〈e| − 2∆1 |e〉 〈e|+ H.c.}, (5.3)

where, δ = (ω2 − kvx) − (ω1 + kvx) = −2kvx is the Doppler frequency difference

between fields 1 and 2 since the two laser fields are from the same laser source i.e.,

ω2 = ω1, k = 2π/λ is the wave-vector of the fields with wavelength λ, vx is the

velocity of the atom in the direction of field 2 and ∆1 = ω1 − (ωe − ωg) + kvx is the

detuning of the fields. The dynamics of the atom-field interactions is obtained by the

substitution of Eq. 5.3 into Eq. 2.15 which yields the following set of equations of

motion with time-dependent coefficients:

ρ̇gg =
i

2
(Ω∗1 + Ω∗2e

−iδt)ρge −
i

2
(Ω1 + Ω2e

iδt)ρeg + Γρee,

ρ̇ge =
i

2
(Ω1 + Ω2e

iδt)ρgg − (
Γ

2
+ i∆1)ρge −

i

2
(Ω1 + Ω2e

iδt)ρee,

ρ̇eg =− i

2
(Ω∗1 + Ω∗2e

−iδt)ρgg − (
Γ

2
− i∆1)ρeg +

i

2
(Ω∗1 + Ω∗2e

−iδt)ρee, (5.4)

ρ̇ee =− i

2
(Ω∗1 + Ω∗2e

−iδt)ρge +
i

2
(Ω1 + Ω2e

iδt)ρeg − Γρee.

In the considered two level atomic system interacting with a pair of counter-propagating

fields, the coupling strength is given as Ω1 = Ω2 = Ω and detuning ∆1 = ∆2 = ∆

i.e., the two laser fields have equal intensity and detuning. The temporal behaviour

of the coefficients in Eq. 5.4 is velocity dependent, i.e., δ = −2kvx which is caused
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Fig. 5.2: (a) Steady state of population for atoms with velocity vx = 0, (b) population
oscillation for atoms with velocity vx = Γ/2k, (c) Fourier transform of the oscil-
lating population and (d) absolute value of Fourier transform of the oscillating
population.

TH-2412_166121022



5. Role of velocity induced population oscillation in saturated fluorescence spectroscopy 73

by the Doppler effect. For zero velocity the time evolution of the density matrix

element will reach steady state behavior as shown in Fig. 5.2a. However, for the

non-zero velocity a periodic behavior occurs i.e., the time evolution of the density

matrix will not reach steady state but instead it will oscillate at the harmonics of

the beat frequency δ = −2kvx (see Fig. 5.2b). Mathematically, the time dependence

can be ignored in the specific case of zero group velocity atoms. The oscillation of

the population for non-zero velocity group atoms is due to the interference of the two

fields addressing the same transition giving rise to modulation of the total field at the

beat frequency [64, 65, 66, 67, 68, 69, 70]. When such beating of the fields is less than

or approximately equal to the inverse of the population relaxation time of the excited

state, the velocity induced population oscillations (VIPO) can lead to a decreased

absorption of the fields which is the source of enhanced saturated fluorescence dip in

a TLS.

The time evolution of equations of motion given in Eq. 5.4 can be studied in steady

state using Floquet expansion approach. In the Floquet approach, the atomic dy-

namics are described in terms of Fourier harmonics of the density matrix elements as

follows:

ρij(t) =
∞∑

n=−∞

ρ
(n)
ij (t)einδt, (5.5)

where, ρ
(n)
ij (t) (nth order) are slowly varying harmonic amplitudes and the atomic

variables for the TLS will respond at harmonics of Doppler shifted frequency δ. Sub-

stitution of Eq. 5.5 into Eq. 5.4 and comparing coefficients of the same power in

nδ, yields the following set of steady state equations of motion for the slowly varying
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Fig. 5.3: The lineshape of the excited state population with VSS effect of the fields only
(green trace) and with VSS plus VIPO effects (blue trace). The saturation pa-
rameter I/Is = 1 is for a single beam.

harmonic amplitudes:

ρ̇(n)
gg =− inδρ(n)

gg +
iΩ∗

2
{ρ(n)

ge + ρ(n+1)
ge } − iΩ

2
{ρ(n)

eg + ρ(n−1)
eg }+ Γρ(n)

ee , (5.6)

ρ̇(n)
ge =

iΩ

2
{ρ(n)

gg + ρ(n−1)
gg } − {Γ

2
+ i
(
(∆ + kvx) + nδ

)
}ρ(n)

ge −
iΩ

2
{ρ(n)

ee + ρ(n−1)
ee },

ρ̇(n)
eg =− iΩ∗

2
{ρ(n)

gg + ρ(n+1)
gg }+

iΩ∗

2
{ρ(n)

ee + ρ(n+1)
ee } − {Γ

2
− i
(
(∆ + kvx)− nδ

)
}ρ(n)

eg ,

ρ̇(n)
ee =− iΩ∗

2
{ρ(n)

ge + ρ(n+1)
ge }+

iΩ

2
{ρ(n)

eg + ρ(n−1)
eg } − (Γ + inδ)ρ(n)

ee .

The set of steady state equations of motion in Eq. 5.6 can easily be solved by

numerical integration,

dρ(n)(vx)

dt
= Aρ(n)(vx), (5.7)

ρee(vx) =
+α∑

n=−α

ρ(n)
ee (vx),

where, ρee(vx) is the excited state population as seen in Fig. 5.3 for a single velocity

group atoms and A is n×n matrix of a truncated series of the harmonic amplitudes.
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In a truncated basis we replace the infinite Fourier expansion in Eq. 5.5 by a finite

expansion ρij(t) =
∑α

n=−α ρ
(n)
ij (t)einδt where α is the cut-off of the series and ρ(n) ≡ 0

for n > |α|.

5.2.1 Velocity selective saturation effect on fluorescence dip

In Fig. 5.2c and 5.2d the amplitude of the higher harmonics are very small for a

given velocity and only a few contribute in the fluorescence spectrum. The complete

match of the Doppler averaged excited state population for orders 1− 5 in Fig. 5.4a,

shows that the solution of the excited state population to first order is sufficient to

describe the fluorescence spectra of the TLS. The total excited state population up

to first order is given as,

ρee = ρ(0)
ee + ρ(+1)

ee + ρ(−1)
ee . (5.8)

The steady state analytical solution of ρ
(0)
ee , ρ

(+1)
ee and ρ

(−1)
ee are given in appendix B.

The term in curly bracket in Eq. B.1 can be recognized as the excited state population

in terms of saturation of the transition by the counter-propagating field for a given

single velocity group atoms. The saturation of the excited state by the fields can

therefore be written in terms of the saturation parameter, s, as follows:

ρ(0)
ee =

1

2

{
s∆−kvx + s∆+kvx

1 + s∆−kvx + s∆+kvx

}
, (5.9)

where,

s∆+kvx =
Ω2

2
Γ2

4
+ (∆ + kvx)2

and s∆−kvx =
Ω2

2
Γ2

4
+ (∆− kvx)2

,

are the saturation parameter for the two beams. Similarly, in terms of the on res-

onance saturation parameter, I/Is = 2Ω2

Γ2 (where, I & Is are the laser intensity and
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Fig. 5.4: (a) Doppler averaged excited state population for orders 1 − 5 in the density
matrix. |Ω2| = |Ω1| = 1.0Γ, Γ = 2π × 184 kHz [115], Temperature, Ttr = 300 mK
(This is the transverse temperature corresponding to collimation of the atomic
beam in the experiment [30]). (b) Doppler averaged fluorescence VSS dip (green
trace) and fluorescence VSS dip enhanced by VIPO effect (blue trace).

saturation intensity respectively) the saturation of the excited state population is,

ρ(0)
ee =

1

2

{ I/Is

1+
4(∆−kvx)2

Γ2

+ I/Is

1+
4(∆+kvx)2

Γ2

1 + I/Is

1+
4(∆−kvx)2

Γ2

+ I/Is

1+
4(∆+kvx)2

Γ2

}
. (5.10)

The green trace in Fig. 5.3 shows the fluorescence dip due to VSS effect of the fields

as expressed in Eq. 5.9 or 5.10. The fluorescence dip is a double peak lineshape
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for monokinetic atoms in counter-propagating laser beams. The scanning fields are

resonant with the atom moving with velocity vx when ∆ + kvx = 0 for field 1 and

∆− kvx = 0 for field 2. The resulting excited state population lineshape is therefore

a double peak spectra with peak-to-peak separation of two times the Doppler shift.

5.2.2 Velocity induced population oscillation effect on fluorescence dip

The saturation fluorescence dip in Fig. 5.3 is further modified by the VIPO effect. The

effect of the VIPO is through the higher order terms such as ρ
(±)
ee . The VIPO effect

leads to enhanced transparency of the fields in a narrow range of beat frequencies

determined by the inverse of relaxation time of the excited state, δ ≤ Γ [64, 65, 66,

67, 68, 69, 70]. The expression of the VIPO effect on the fluorescence dip at low

power of the fields (i.e., I� Is) in Eq. B.2 can be further reduced. For lower values

of Ω, Ω2 � Ω4 which means in the numerator,

2γ4Ω2(γ2γ9 + γ3γ8)�Ω4(2γ4γ5 + γ2γ4 + γ2γ6 + γ3γ7 + γ3γ4),

and in the denominator,

2(4γ1γ2γ3γ4)�2(4Ω2(γ2γ3γ10 + γ2γ4γ9 + γ3γ4γ8)+

Ω4(γ2γ4 + 2γ2γ6 + 2γ4γ5 + γ2γ3 + 2γ3γ7 + γ3γ4)).

In this limit the terms B and C are also close to 1. The fluorescence dip due to the

VIPO can then be expressed as,

ρ(+1)
ee =

1

2

{ I/Is

1 + 4(∆−kvx)2

Γ2

Γ2

2
+ 2kvx(∆− kvx)
Γ2 + (2kvx)2

+
I/Is

1 + 4(∆+kvx)2

Γ2

Γ2

2
− 2kvx(∆ + kvx)

Γ2 + (2kvx)2

}
.

(5.11)
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In general, the effect of VIPO on the fluorescence dip is well illustrated in Fig. 5.3

for single velocity and in Fig. 5.4b for the Doppler broadened media. In both cases

the fluorescence dip caused by VSS effect is smaller compared to the dip caused by

VSS plus VIPO effects.

The Doppler-broadened spectrum of the excited population of the atomic gas shown in

Fig. 5.4 is obtained by integrating the solution of Eq. 5.8 over the velocity component

along the laser beam as follows:

ρee =
1√

2πṽtr

α∑
n=−α

∫
ρ(n)
ee (vx)e

−( vx
2ṽtr

)2

dvx, (5.12)

where, ṽtr =
√
kBTtr/m, m is the atomic mass and Ttr is the temperature correspond-

ing to velocity spread of the atomic gas along the laser beams. The limit of vx for

numerical integration in the above equation is from -3
√

2ṽtr to +3
√

2ṽtr which cor-

responds to a velocity distribution amplitude of 1/e9. In steady-state, the scattering

rate, Γsc, of light from the laser fields is given as Γsc = Γρee where, ρee is the total

excited state population and Γ is the decay rate.

5.2.3 Effect of laser intensity and temperature

The important parameters of the lineshape of the saturated fluorescence dip is, its

height and the linewidth which depend upon the laser intensity and temperature

(i.e., the spread of the atomic velocity components along the laser beam) of the

atomic gas. The saturated fluorescence dip as a function of intensity is compared

for VSS plus VIPO effect (solid line) and VSS effect only (dashed line) for various

temperatures (see Fig. 5.5). For the case of VSS effect only, the dip height increases

with intensity and saturates for large laser intensity. However, for VSS plus VIPO

effect the dip height increases with intensity, attains a maximum value and gradually

decreases as the intensity is further increased. When the power broadened linewidth
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Fig. 5.5: Comparison of saturated fluorescence dip height vs laser intensity between VSS
plus VIPO dip and only VSS dip given in Eq. 5.9 and 5.10. (a) Fluorescence dip
before normalizing the fluorescence spectrum, (b) Fluorescence dip after normal-
izing the fluorescence spectrum. I/Is is a single beam saturation parameter.
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is roughly comparable to the transverse Doppler broadening i.e., 2k
√

2kBTtr/m is

O(Γ
√

1 + I/Is), the saturated fluorescence dip will attain a maximum value before

decreasing which is a typical case at lower atomic temperature for the plotted intensity

range in Fig. 5.5.

The variation of the saturated fluorescence linewidth with the applied laser intensity

is plotted in Fig. 5.6. The linewidth increases with intensity of the laser beams

for each atomic temperature. The power broadened natural linewidth Γ
√

1 + I/Is is

equal to
√

2Γ (or 1.414Γ) when I/Is = 1 where, Γ = 2π × 184 kHz [115]. At 300 mK,

the the linewidth of the VSS dip and VSS plus VIPO dip is 1.525Γ and 1.868Γ respec-

tively when I/Is = 1. At 300 mK, the Doppler broadening due to thermal velocity

of the atoms is much higher than the power broadened linewidth for the plotted in-

tensity range i.e., 2k
√

2kBTtr/m = 2π × 19.2 MHz � 2π × 184
√

1 + I/Is kHz. This

means, the variation of the linewidth of the fluorescence dip with the applied laser

intensity at room temperature (300 K) does not show any significant difference with

the corresponding linewidth at 300 mK (see also Fig. 5.6 the red and green traces).

However, the overall amplitude of the fluorescence dip is much lower because there

is a small number of zero velocity group atoms for high temperatures(see also Fig.

5.5 the red traces before and after normalizing the fluorescence spectrum). The dip

height also increases with the applied laser intensity and shows a similar behavior as

the corresponding dip heights at 300 mK.

5.2.4 Effect of laser beams misalignment

The effect of the misalignment of the two laser beams with respect to the atomic beam

is considered in this section. Ideally the two laser beams should be perpendicular to

the atomic beam, however, the general case can be represented in Fig. 5.1d which

includes the misalignment of the two laser beams. The complete Doppler-broadened

spectrum of the excited population in the case of the atomic beam is obtained by inte-
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Fig. 5.6: Comparing saturated fluorescence dip linewidth vs laser intensity between VSS
plus VIPO dip for various temperatures and only VSS dip given in Eq. 5.9 and
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grating the solution of Eq. 5.8 over two velocity components i.e., velocity component

along the laser beam and velocity component along the atomic beam as follows:

ρee =
1

2
√

2πṽtrṽ4
l

α∑
n=−α

∫∫
ρ(n)
ee (vx, vz)v

3
z × e

−( vx
2ṽtr

)2

e
−( vz

2ṽl
)2

dvxdvz, (5.13)

where, ṽtr =
√
kBTtr/m, ṽl =

√
kBTl/m, Tl is the temperature corresponding to

the longitudinal velocity spread along the atomic beam and Ttr is the temperature

corresponding to the transverse velocity spread along the laser beams, vz is velocity

of the atom along atomic beam (or longitudinal velocity w.r.t atomic beam) and vx

is the velocity of the atom along the laser beam (or transverse velocity w.r.t atomic

beam). The limit of vz for numerical integration in Eq. 5.13 is from 0.005m/s(≈

0 and corresponds to a velocity distribution amplitude of 1/e32) to +3
√

3ṽl which

corresponds to a velocity distribution amplitude of 1/e9. The value of Tl and Ttr

are 673K and 200mK in the above numerical calculation. The diameter, dbeam, of

both laser beams are taken to be 10mm which gives a transit time broadening of

δtt = 2(vavez /dbeam)
√

2 ln 2 = 2π × 12.6 kHz [116] where, vavez =
√

9πkBTl/8m is the

average longitudinal velocity of the atomic beam. With two components of velocities

(vx and vz), the frequency difference between Ω2 and Ω1 becomes δ = −kvx{cos(β) +
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Fig. 5.7: Excited state population spectra of the atomic beam at various angles of counter-
propagating laser fields. The shift of the saturated fluorescence dip is calculated
from the full density matrix which includes the VSS and VIPO effects. |Ω2| =
|Ω1| = 1.0Γ, Γ = 2π × 184 kHz.

cos(α)} − kvz{sin(β) − sin(α)} in the atomic frame and the detuning, ∆1 of Ω1 is

∆ + kvx cos(β) − kvz sin(β) where, β and α are respectively the angles made by the

laser fields Ω1 and Ω2 with respect to the normal of the atomic beam. In an ideal

situation both the laser beams should be exactly counter-propagating to each other

and aligned normal to the atomic beam (β = α = 0). The saturated fluorescence dip

is exactly at ∆1 = 0 (the line-center) as is shown with the blue curve in Fig. 5.7.

However, there is a significant shift of the fluorescence dip in the case where only

one of the laser beam Ω2 is misaligned by a small angle e.g., α = 0.05◦ and no

misalignment of Ω1 (β = 0). The saturated fluorescence dip shift from the line-center

a shown by the red curve with a decreased amplitude. If both the laser beams are

misaligned by the same angle e.g., α = β = 0.05◦ the shift of the fluorescence dip

is doubled with a decreased amplitude a shown by the green curve. The effect of

misalignment of the laser beams results in the shift of the saturated fluorescence dip

from resonance by ∆shift = 1
2
kvavez {sin(β) + sin(α)} with a decreased dip height for

each shift. The frequency shift of the VSS dip with misalignment given in Fig. 5.7

includes both VSS and VIPO effects. We have also considered calculation with the
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VSS effect only and the shifts are precisely the same, however, the dip amplitude is

higher when the VIPO effect is included. The shifts of the fluorescence dip depends on

the average velocity of the atomic beam and the angles of misalignment of the laser

beams, which means both the VSS dip and VSS plus VIPO dip will shift equally.

In the case where both the laser beams are misaligned by same amount (e.g., 0.8◦)

but exactly counter-propagating (β = −α), the fluorescence dip is comprised of a

wide dip due to the longitudinal velocity and the narrow dip due to the transverse

velocity as shown with black curve. For large misalignment w.r.t the atomic beam

but exactly counter-propagation of the two laser beams, the narrow fluorescence dip

due to the transverse velocity disappear and only the wide dip is observed. This is

because Doppler broadening effect due to the longitudinal velocity dominates over

Doppler broadening of the transverse velocity since vz � vx.

The laser beams can also be misaligned across the atomic beam rather than along the

direction of the atomic beam. With regard to Fig. 5.1d, this would mean inclining

one of the beams out of the plane of the page at an angle φ (in this case we consider

the misalignment of Ω2). The misalignment introduces an additional Doppler shift

due to the velocity component vy across the atomic beam in a direction which is

perpendicular to vx. With the three velocity components (vx, vy and vz), the frequency

difference between Ω2 and Ω1 becomes δ = −kvx{cos(β)+cos(α) cos(φ)}−kvy sin(φ)−

kvz{sin(β)−sin(α)} in the atomic frame and the detuning, ∆1 of Ω1 is ∆+kvx cos(β)−

kvz sin(β). The Doppler-broadened spectrum of the excited population in Eq. 5.13 is

now integrated over the three velocity components (vx, vy and vz) as follows,

ρee =
1

4πṽ2
trṽ

4
l

α∑
n=−α

∫∫∫
ρ(n)
ee (vx, vy, vz)v

3
z × e

−
v2
x+v2

y

(2ṽtr)2 e
−( vz

2ṽl
)2

dvxdvydvz. (5.14)

The additional misalignment of the laser beams a cross the atomic beam results in the

shift of the saturated fluorescence dip from resonance by ∆shift = 1
2
[kvavez {sin(β) +

sin(α)}+kvavey sin(φ)] where, vavey is the average transverse velocity across the atomic

beam in the y-direction. For symmetric divergent atomic beam along x- and y-
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direction (which is the case considered in Fig. 5.7), the average velocity along the x-

and y-direction are all zeros i.e., vavex = vavey = 0 and the φ dependent frequency shift

vanishes. The saturated fluorescence dip broadens and the dip height decreases as

the value of φ is increased and vanishes for large misalignment cross the atomic beam.

For asymmetric divergent atomic beam along x- and y-direction, the average velocity

along the respective axes is not zero and the φ dependent frequency shift does not

vanish. The asymmetry can arise due to the misalignment between the atomic source

and the mechanical collimators used.

The result of this chapter appear in the following publication: The European Physical

Journal D (Eur. Phys. J. D (2020) 74: 96; https://doi.org/10.1140/epjd/e2020-

100519-0).
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Resolving closely spaced levels for Doppler mismatched

double resonance

6.1 Introduction

This chapter describes experimental techniques to resolve the closely spaced hyperfine

levels of a weak transition by eliminating the residual (or partial) two-photon Doppler

broadening in a wavelength mismatched double resonance spectroscopy. The partial

Doppler broadening is caused by the thermal motion of the atoms in the vapor cell.

The elimination of the partial Doppler broadening is based on velocity induced pop-

ulation oscillation (VIPO) and velocity selective saturation (VSS) effects followed by

the subtraction of the broad background of the two-photon spectrum. Since the VIPO

and VSS effect are the phenomena for near zero velocity group atoms, the subtrac-

tion gives rise to Doppler-free peaks and the closely spaced hyperfine levels of the

6P3/2 state in Rb are well resolved. The double resonance experiment is conducted

on 5S1/2 → 5P3/2 strong transition (at 780 nm) and 5S1/2 → 6P3/2 weak transition

(at 420 nm) at room temperature.

The chapter begins with a description of the relevant energy levels and transitions for
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the various configurations and the experimental setup. The subsequent sections of the

chapter, describe the density matrix formalism for the various systems considered and

the numerical simulation for the probe absorption profile. The experimental results

on resolving the closely spaced hyperfine levels of the 6P3/2 state in Rb is presented

in last sections of the chapter.

6.2 Energy level schemes and configurations

The relevant energy levels and transitions is illustrated in Fig. 6.1 for a V-type

system. The propagation direction of the probe and pump lasers at 780 nm (IR) and

420 nm (blue) transitions in various configurations is shown below the energy level

scheme. The probe and the counter-propagating pump lasers at 780 nm are locked

to resonance on 5S1/2(F = 3) ↔ 5P3/2(F = 4) transition. The lifetime, τ1 of the

5P3/2 state is 26.25 ns [99, 117, 118]. The absorption of the probe is monitored as the

420 nm pump laser scans across the 6P3/2 hyperfine levels on 5S1/2(F = 3) ↔ 6P3/2

weak transition for a V-type system or 5S1/2(F = 2)↔ 6P3/2 weak transition for the

optical pumping system. The lifetime, τ2 of the 6P3/2 state is 120.7 ns [44].

6.2.1 Transparency for a V-type open system

6.2.1.1 V-type open system

This corresponds to the energy level configuration shown in Fig. 6.1a and has been

extensively studied [57, 119]. The V-type system is open because the population from

the 6P3/2 state also decays to the other ground state hyperfine level, 5S1/2(F = 2) and

can not be recycled. In the presence of the blue pump laser, c2, there is transparency

of the IR probe laser due to two effects. One is coherence effect causing EIT in a

TH-2412_166121022



6. Resolving closely spaced levels for Doppler mismatched double resonance 87

63.401
29.372

52P
3/2

62P
3/2

1
2
3
4

52S
1/2 3

(b) (a) 

4

120.640

F

F

2

F

2

Pu
m

p 
la

se
r, 

c2
 

42
0.

29
8n

m

39.127
62P

3/2

52S
1/2

3035.73

Pu
m

p 
la

se
r, 

c1
 

78
0.

24
1n

m

52P
3/2

Pr
ob

e 
la

se
r

1

3 20.967
10.048

52P
3/2

52S
1/2

62P
3/2

(c) 

Π
g

Fig. 6.1: Energy levels (85Rb) with hyperfine splitting (in MHz) and the various transitions
in different configurations for EIT. (a) V-type open system, (b) V-type open
system with the VIPO effect at IR transition (c) V-type open system with the
VIPO effect at IR transition and VSS effect at blue transition. Πg ≈ 40 kHz [11]
is the ground state mixing rate.

V-type atomic system [23, 103] and the other is optical pumping effect [104, 105, 106]

to the other ground hyperfine level 5S1/2(F = 2).

Theoretically, the V-type open system is modeled by considering optical pumping of

population to the other ground hyperfine level and the non-radiative mixing rate of

the ground state (to allow for thermalization of the ground state hyperfine levels), Πg

[11, 108, 110]. The mixing rate, Πg, for the hyperfine ground states is due to thermal

collisions and the time of fight of atoms across the laser beam. The contribution due

to time of flight is defined as d/ṽ where, ṽ is the thermal velocity of the atoms in the

atomic medium and d is the diameter of the laser beam.

The transparency spectrum of the closed and open V-type system is discussed in

chapter 4 subsection 4.2.1 for the case of the D1 line. The numerically simulated

absorption spectrum of the IR probe laser locked to resonance on 5S1/2(F = 3) ↔
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5P3/2(F = 4) cycling transition vs detuning of the blue pump laser (for the case of

the D2 line) is plotted in Fig. 6.2 (see the blue trace). The Lorentzian fitting to

this curve gives a linewidth of 16 MHz compared to a linewidth of 11 MHz if the

pump laser wavelength is 780 nm instead of 420 nm. This broadening by a factor of

about 1.5 is due to the residual or partial Doppler broadening caused by wavelength

mismatch between the probe and pump laser.

6.2.1.2 VIPO at IR transition for a V-type open system

The configuration of the VIPO at IR transition, corresponds to the energy scheme

given in Fig. 6.1b. In this scheme a 780 nm counter-propagating pump laser is locked

to resonance on 5S1/2(F = 3) ↔ 5P3/2(F = 4) transition with the probe laser. The

absorption of the probe is monitored as the co-propagating 420 nm pump laser scans

the 5S1/2(F = 3)↔ 6P3/2 transition.

Theoretically, the VIPO at IR transition for a V-type open system is modeled by

considering the Hamiltonian H of the configuration shown in Fig. 6.1b. The Hamil-

tonian of the system under electric-dipole and rotating-wave approximation and in

the rotating frame is obtained using Eq. 2.11 which is expressed as follows:

H =
~
2

{
(Ωc1 + Ωpe

iδ1t) |1〉 〈2|+ Ωc2 |1〉 〈3| −∆c1 |2〉 〈2| −∆c2 |3〉 〈3|+ H.c.
}
, (6.1)

where, H.c. is Hermitian conjugate, 5S1/2(F = 3) = |1〉, 5P3/2(F = 4) = |2〉,

6P3/2(F = 2) = |3〉, 5S1/2(F = 2) = |4〉, δ1 = (ωp − k1v) − (ωc1 + k1v) = −2k1v

is the Doppler frequency difference between 780 nm probe and pump beams (since

the two laser fields are from the same laser source i.e., ωp = ωc1), k1 = 2π/λ1 is the

wave-vector of the 780 nm laser and λ1 is the wavelength, v is the velocity of the

atom in the direction of the probe, ∆c1 = ωc1 − (ω2 − ω1) + k1v is the detuning of

the 780 nm laser, ∆c2 = ωc2 − (ω3 − ω1) − k2v is the detuning of the 420 nm laser,
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Fig. 6.2: Numerically calculated thermal averaged probe absorption vs detuning of 420 nm
pump laser for V-type open system with various configurations shown in Fig.
6.1 (where Ωp =

√
0.0005Γ2). The blue curve corresponds to Fig. 6.1a with

Ωc2 =
√

1.5Γ3. The red curve corresponds to Fig. 6.1b with Ωc1 = Γ2 and
Ωc2 =

√
1.5Γ3. The green curve corresponds to Fig. 6.1c with Ωc1 =

√
0.5Γ2,

Ωc2 =
√

1.5Γ3, Γ2 = 2π × 6.065 MHz and Γ3 = 2π × 1.32 MHz. The vertical axis
of the blue trace is on left and the red and green trace on the right.

k2 = 2π/λ2 is the wave-vector of the 420 nm laser and λ2 is the wavelength. The

Rabi frequency for the fields is ΩL = −dijEL/~ where, dij = 〈i| d̂ |j〉 is the dipole

matrix element, d̂ is the atomic dipole operator and subscript L = p, c1, c2 represent

the fields (i.e., p is the probe and c1 is the pump of the 780 nm laser and c2 is the

pump of the 420 nm laser).

The dynamics of the atom-field interactions is given by Eq. 2.15. The substitution

of Eq. 6.1 into Eq. 2.15 gives the following set of equations of motion with time-
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dependent coefficients:

ρ̇12 =
i

2
(Ωc1 + Ωpe

iδ1t)(ρ11 − ρ22)− iΩc2

2
ρ32 − γ12ρ12,

ρ̇13 =
iΩc2

2
(ρ11 − ρ33)− γ13ρ13 −

i

2
(Ωc1 + Ωpe

iδ1t)ρ23,

ρ̇14 =− iΩc2

2
ρ34 − γ14ρ14 −

i

2
(Ωc1 + Ωpe

iδ1t)ρ24,

ρ̇22 =
i

2
(Ωc1 + Ωpe

iδ1t)ρ21 −
i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ12 − Γ2ρ22,

ρ̇23 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ13 +
iΩc2

2
ρ21 − γ23ρ23,

ρ̇24 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ14 − γ24ρ24,

ρ̇33 =− iΩ∗c2

2
ρ13 +

iΩc2

2
ρ31 − Γ3ρ33, (6.2)

ρ̇34 =− iΩ∗c2

2
ρ14 − γ34ρ34,

ρ̇44 =Γ34ρ33 + Πg(ρ11 − ρ44),

where, γ12 = i∆c1 + γdec12 , γ13 = i∆c2 + γdec13 , γ14 = γdec14 , γ23 = i(∆c2 − ∆c1) + γdec23 ,

γ24 = −i∆c1+γdec24 , γ34 = −i∆c2+γdec34 , Γ1 = Γ4 = Πg, γ34 = i∆c2+γdec34 , Γ3 = Γ31+Γ34,

and γdecij = 1
2
(Γi + Γj), Γ31 and Γ34 are the decay rates of level 3 to level 1 and

level 4 respectively. The remaining density matrix equations are obtained using the

population conservation law
∑4

j=1 ρjj = 1 and the complex conjugate ρ̇ji = ρ̇∗ij.

The temporal behavior of the coefficients in Eq. 6.2 is velocity dependent due to

the Doppler effect. The time evolution of the density matrix will therefore oscillate

at the harmonics of the beat frequency δ1 = −2k1v. The oscillation is caused by

interference (or beating) of the two fields addressing the same transition 5S1/2(F =

3) ↔ 5P3/2(F = 4) in Fig. 6.1a. The beating of the two fields causes a temporal

modulation of population difference between the lower level 5S1/2(F = 3) and upper

level 5P3/2(F = 4) [64, 65, 66, 67, 68, 69, 70] a phenomenon which is known as

velocity induced population oscillations (VIPO). The VIPO effect occurs only for a

narrow range of beat frequencies because of the inherent population inertia i.e., the

slow response of electric dipoles to incident fields. The range of beat frequencies is
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determined by the inverse of population relaxation times of the upper levels 5P3/2

and 6P3/2 [27, 70, 71]. The contribution of the population oscillation is significant

when 2k1v ≤ 1/τ2 and τ1 � τ2.

The harmonically oscillating density matrix elements at beat frequency can be writ-

ten in the Floquet expansion [72, 120, 121] given in Eq. 5.5 by replacing the beat

frequency δ with δ1. The imaginary part of the zeroth harmonic, ρ
(0)
12 corresponds to

the IR pump absorption, while the imaginary part of the first harmonic, ρ
(+1)
12 is pro-

portional to IR probe absorption in first order and all the others are for wave-mixing

[25]. This explanation is considered in detail in appendix E for a two-level system

driven by pump and probe laser fields. In the steady state condition (ρ̇
(n)
ij = 0 for

all n, i and j), the absorption of the probe laser (ρ
(+1)
12 ) is obtained by substituting

the truncated series of the Floquet expansion given in Eq. 5.5 up to first-order into

Eq. 6.2. The coefficients of the same power in nδ1 are then compared (for details on

the Floquet expansion see appendix C section C.1). The ρ
(+1)
12 element of the density

matrix is expressed as follows:

ρ
(+1)
12 =

iΩp

2(γ12 + iδ1)
(ρ

(0)
11 − ρ

(0)
22 )︸ ︷︷ ︸

I

+
iΩc1

2(γ12 + iδ1)
(ρ

(+1)
11 − ρ(+1)

22 )︸ ︷︷ ︸
II

− iΩc2

2(γ12 + iδ1)
ρ

(+1)
32︸ ︷︷ ︸

III

,

(6.3)

where, γ12 = i∆p + γdec12 , ∆p = ∆c1 = 0, γdecij = 1
2
(Γi + Γj) and Γi is the decay rate of

the ith level. The quantity (ρ
(0)
11 −ρ

(0)
22 ) in term I is the population inversion created by

the pump lasers at IR and blue transition. The quantity (ρ
(+1)
11 − ρ(+1)

22 ) in term II is

the population oscillation difference and its contribution is significant for the velocity

group atoms in the range of |v| ∼ Γ2/k1 and forms a dip inside the transparency

window. The density matrix element ρ
(+1)
32 in term III is the coherence oscillation

which further modifies the lineshape of the dip inside the transparency window. The

role of individual terms for the probe absorption is shown in Fig. 6.3.
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Fig. 6.3: Graphical representation of the individual terms I, II and III given in Eq. 6.3.
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√
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The absorption of the probe laser is obtained by thermal averaging of Eq. 6.3 at

room temperature as follows, 1√
2πṽ

∫
ρ

(+1)
12 e−( v

2ṽ
)2

dv, where, ṽ =
√
kBT/m, m (= 85

a.m.u) is the atomic mass and T (= 300 K) is the temperature. The lineshape of the

probe absorption after thermal averaging is shown in Fig. 6.2 (see the red trace). The

linewidth of the dip inside the transparency window is around 7 MHz which is less

than the linewidth for a V system if the pump laser wavelength is 780 nm instead of

420 nm. The linewidth of the dip is determined by fitting with a Gaussian line-profile

(which fits better than a Lorentzian line-profile). The FWHM of a Gaussian fit (i.e.,

Ae−(x−x0)2/(2σ2)), is 2
√

2 ln 2σ where A, x0 and σ are the fitting parameters and x is

the frequency detuning.

6.2.1.3 VIPO at IR and VSS at blue transition for a V-type system

The energy scheme for this configuration is given in Fig. 6.1c where the probe and

IR pump are similarly locked to resonance on 5S1/2(F = 3) ↔ 5P3/2(F = 4) cycling

transition. The blue pump scans across the hyperfine levels of the 6P3/2 state on
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5S1/2(F = 3) ↔ 6P3/2 weak transition and is retro-reflected by mirror M into the

Rb vapor cell to counter-propagate with the incident blue laser beam. The VIPO on

5S1/2(F = 3) ↔ 5P3/2(F = 4) transition will induce a dip on the transparency peak

as previously explained in section 6.2.1.2. This dip is further enhanced by the VSS

effect of the two counter-propagating blue pump laser fields.

The VSS effect can be understood in the following simple way. We consider population

dynamics between the two states, |1〉 (5S1/2, F=2) and |3〉 (6P3/2) due to two counter-

propagating blue pump laser fields only in the absence of the IR laser. For simplicity,

consider three velocity group of atoms, +v, 0 and −v. For detuned case of the blue

pump laser, (∆c2) both the non-zero velocity group of atom ±v = ∆c2/k2 will be

resonant with either of the two counter-propagating blue pump laser fields and hence

the number of atoms in the excited state will be doubled. For zero detuning case, the

near-zero velocity (< Γ3/k2) group of atom will be resonant with both the blue pump

laser fields and the intensity seen by this group of atoms will be doubled. However,

the excited state population will be less than double due to saturation effect, thus

inducing a dip in the absorption spectrum of the probe beam with the scan of the

blue pump laser. The linewidth of this dip is in the range of Γ3. This qualitative

picture is also presented in [26]. Mathematically, the population transfer due to blue

pump lasers is expressed as follows [27],

ρ
(0)
33 =

1

2

{ Ω2
c2/2

Γ2
3
4

+(∆c2−k2v)2
+

Ω2
c2/2

Γ2
3
4

+(∆c2+k2v)2

1 +
Ω2
c2/2

Γ2
3
4

+(∆c2−k2v)2
+

Ω2
c2/2

Γ2
3
4

+(∆c2+k2v)2

}
. (6.4)

For a given velocity v there is also a beating of the two counter-propagating blue

pump lasers in the atomic frame with the beat frequency (δ2 = −2k2v). Therefore,

the Hamiltonian H of a V-type system given in Fig. 6.1c under electric-dipole and

rotating-wave approximation and in the rotating frame (which is obtained using Eq.
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2.11) will have two different time dependence:

H =
~
2

{
(Ωc1 + Ωpe

iδ1t) |1〉 〈2|+ (Ωc2 + Ωc2e
iδ2t) |1〉 〈3| −∆c1 |2〉 〈2| −∆c2 |3〉 〈3|+ H.c.

}
.

(6.5)

The dynamics of the atom-field interactions is obtained from Eq. 2.15 and 6.5 which

gives the following set of equations of motion with time-dependent coefficients:

ρ̇12 =
i

2
(Ωc1 + Ωpe

iδ1t)(ρ11 − ρ22)− γ12ρ12 −
iΩc2

2
(1 + eiδ2t)ρ32, (6.6)

ρ̇13 =
iΩc2

2
(1 + eiδ2t)(ρ11 − ρ33)− γ13ρ13 −

i

2
(Ωc1 + Ωpe

iδ1t)ρ23,

ρ̇14 =− iΩc2

2
(1 + eiδ2t)ρ34 − γ14ρ14 −

i

2
(Ωc1 + Ωpe

iδ1t)ρ24,

ρ̇22 =
i

2
(Ωc1 + Ωpe

iδ1t)ρ21 −
i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ12 − Γ2ρ22,

ρ̇23 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ13 +
iΩc2

2
(1 + eiδ2t)ρ21 − γ23ρ23,

ρ̇24 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ14 − γ24ρ24,

ρ̇33 =− iΩ∗c2

2
(1 + e−iδ2t)ρ13 +

iΩc2

2
(1 + eiδ2t)ρ31 − Γ3ρ33,

ρ̇34 =− iΩ∗c2

2
(1 + e−iδ2t)ρ14 − γ34ρ34,

ρ̇44 =Γ34ρ33 + Πg(ρ11 − ρ44).

The coefficients of the harmonically oscillating density matrix elements have two

different time dependence, which is also the case for the Hamiltonian in Eq. 6.5. The

Floquet expansion for the density matrix elements in such a case is modified and

written as follows:

ρij(t) =
∞∑

m=−∞

( ∞∑
n=−∞

ρ
(n,m)
ij (t)ei(nδ1+mδ2)t

)
, (6.7)

where, n is the nth harmonic component due the beating of the IR laser beams and m
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Fig. 6.4: Graphical representation of the individual terms I, II and III given in Eq. 6.8.
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is the mth harmonic component due the beating of the blue pump laser beams. The

imaginary part of ρ
(0,0)
12 corresponds to the IR pump absorption, while the imaginary

part of ρ
(+1,0)
12 is proportional to IR probe absorption and all the others are for wave-

mixing. In the steady state condition (i.e., ρ̇
(n,m)
ij = 0 for all n, m, i and j), ρ

(+1,0)
12 is

obtained by substituting the truncated series of the Floquet expansion given in Eq.

6.7 up to first-order into Eq. 6.6. The coefficients of the same power in (nδ1,mδ2)

are similarly compared (for details on the Floquet expansion see appendix C section

C.2). The ρ
(+1,0)
12 element of the density matrix is expressed as follows,

ρ
(+1,0)
12 =

iΩp(ρ
(0,0)
11 − ρ(0,0)

22 )

2(γ12 + iδ1)︸ ︷︷ ︸
I

+
iΩc1(ρ

(+1,0)
11 − ρ(+1,0)

22 )

2(γ12 + iδ1)︸ ︷︷ ︸
II

− iΩc2(ρ
(+1,0)
32 + ρ

(+1,−1)
32 )

2(γ12 + iδ1)︸ ︷︷ ︸
III

. (6.8)

In Eq. 6.8, the quantity (ρ
(0,0)
11 −ρ

(0,0)
22 ) in term I is the population inversion induced by

the IR pump and the saturation of the counter-propagating blue pumps and (ρ
(+1,0)
11 −

ρ
(+1,0)
22 ) in term II is the population oscillation induced by the beating of the IR probe

and pump laser beams and the saturation of the counter-propagating blue pumps. The

density matrix elements, ρ
(+1,0)
32 and ρ

(+1,−1)
32 in term III, are the oscillating coherence
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terms due to the beating of the fields on IR and blue transitions. The contribution

of individual terms (I, II and III) to probe absorption is shown in Fig. 6.4. The

thermal averaged probe absorption, 1√
2πṽ

∫
ρ

(+1,0)
12 e−( v

2ṽ
)2

dv is calculated numerically

and is plotted in Fig. 6.2 (see the green trace). The linewidth of the induced dip is

around 6 MHz.

6.2.2 Enhanced absorption for optical pumping system

6.2.2.1 Optical pumping system

The energy level scheme and configuration of the optical pumping system is given in

Fig. 6.5. In this scheme, the 780 nm probe laser is locked to resonance on 5S1/2(F =

3) ↔ 5P3/2(F = 4) transition. The absorption of the probe is monitored as the co-

propagating 420 nm pump laser scans around the 6P3/2 hyperfine levels on 5S1/2(F =

2) → 6P3/2 transition instead of 5S1/2(F = 3) → 6P3/2 transition. The absorption

of the probe is increased by optical pumping of population to the upper ground

hyperfine level 5S1/2(F = 3) [104, 105, 106] via 5S1/2(F = 2) → 6P3/2(F = 1, 2, 3)

excitation and various decay channels (i.e., direct, 6P3/2(F = 2, 3) → 5S1/2(F =

3) and indirect decay channels [122] such as 6P3/2(F = 1) → 6S1/2 → 5P3/2 →

5S1/2(F = 3)). Therefore, optical pumping [108, 110] gives rise to enhanced absorption

(EA) Doppler-free peaks of the 6P3/2 hyperfine levels. The numerically simulated

absorption spectrum considering only one hyperfine level is plotted in Fig. 6.6 (see

the blue trace) and is well discussed in chapter 4 subsection 4.2.2 for the D1 line.

The Lorentzian fitting to this curve gives a linewidth of 17 MHz, while it is 11 MHz

if we consider the pump laser wavelength to be 780 nm instead of 420 nm. This

broadening by 1.5 times is again due to residual or partial Doppler broadening caused

by wavelength mismatch between the probe and the pump laser.
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Fig. 6.5: Energy levels (85Rb) with hyperfine splitting (in MHz) and the various transitions
in different configurations for EA scheme. (a) optical pumping system, (b) optical
pumping system with the VIPO effect at IR transition (c) optical pumping system
with the VIPO effect at IR transition and VSS effect at blue transition. Πg ≈
40 kHz [11] is the ground state mixing rate.

6.2.2.2 VIPO at IR transition for optical pumping system

This corresponds to the energy level and the configuration given in Fig. 6.5b. It

is theoretically modeled by considering the Hamiltonian H of a four level optical

pumping system in Fig. 6.5b. The Hamiltonian of the system under electric-dipole

and rotating-wave approximation and in rotating frame is obtained using Eq. 2.11

which is expressed as follows:

H =
~
2

{
(Ωc1 + Ωpe

iδ1t) |1〉 〈2|+ Ωc2 |4〉 〈3| −∆c1 |2〉 〈2| −∆c2 |3〉 〈3|+ H.c.
}
, (6.9)

where, 5S1/2(F = 3) = |1〉, 5P3/2(F = 4) = |2〉, 6P3/2(F = 1) = |3〉 and 5S1/2(F =

2) = |4〉. The dynamics of the atom-field interactions is obtained from Eq. 2.15

and 6.9 which gives the following set of equations of motion with time-dependent
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coefficients:

ρ̇12 =
i

2
(Ωc1 + Ωpe

iδ1t)(ρ11 − ρ22)− γ12ρ12, (6.10)

ρ̇13 =− i

2
(Ωc1 + Ωpe

iδ1t)ρ23 +
iΩ∗c2

2
ρ14 − γ13ρ13,

ρ̇14 =− i

2
(Ωc1 + Ωpe

iδ1t)ρ24 +
iΩc2

2
ρ13 − γ14ρ14,

ρ̇22 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ12 +
i

2
(Ωc1 + Ωpe

iδ1t)ρ21 − Γ2ρ22,

ρ̇23 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ13 − γ23ρ23 +
iΩ∗c2

2
ρ24,

ρ̇24 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ14 − γ24ρ24 +
iΩc2

2
ρ23,

ρ̇33 =− iΩc2

2
ρ43 +

iΩ∗c2
2
ρ34 − Γ3ρ33,

ρ̇34 =− iΩc2

2
(ρ33 − ρ44)− γ34ρ34,

ρ̇44 =− iΩ∗c2
2
ρ34 +

iΩc2

2
ρ43 + Γ34ρ33 + Πg(ρ11 − ρ44),

where, γ12 = i∆c1 + γdec12 , γ13 = γdec13 , γ14 = i∆c2 + γdec14 , γ23 = −i∆c1 + γdec23 , γ24 =

i(∆c2 −∆c1) + γdec24 , γ34 = i∆c2 + γdec34 , Γ3 = Γ31 + Γ34, and γdecij = 1
2
(Γi + Γj).

The equations of motion (Eq. 6.10) are solved in steady state after the Floquet

expansion given in Eq. 5.5 and the imaginary part of the density matrix element

ρ
(+1)
12 is proportional to the absorption of the probe and is expressed as follows,

ρ
(+1)
12 =

iΩp

2(γ12 + iδ1)
(ρ

(0)
11 − ρ

(0)
22 )︸ ︷︷ ︸

I

+
iΩc1

2(γ12 + iδ1)
(ρ

(+1)
11 − ρ(+1)

22 )︸ ︷︷ ︸
II

. (6.11)

Equation 6.11 is similar to Eq. 6.3 except the coherence term. The first term, I in

Eq. 6.11 is due to population inversion created by the pump laser at IR and blue

transition and gives only the EA line-shape. The second term, II in Eq. 6.11 is due

to VIPO at IR transition and gives a dip inside the EA spectrum as shown Fig. 6.6

(see the red trace). The linewidth of the dip is 9 MHz using Gaussian line profile fit.

The contribution of each of the terms I and II is given in Fig. 6.7 and the solutions
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Fig. 6.6: Numerically calculated thermal averaged probe absorption vs detuning of 420 nm
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√
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of the density matrix elements ρ
(0)
11 , ρ

(0)
22 , ρ

(+1)
11 and ρ

(+1)
22 are given in appendix D.

6.2.2.3 VIPO at IR and VSS at blue transition for optical pumping sys-

tem

The energy levels and configuration of of the system is given in Fig. 6.5c. The probe

and the IR pump lasers are similarly locked to resonance on 5S1/2(F = 3)↔ 5P3/2(F =

4) cycling transition. The blue pump laser is scanning across the hyperfine levels of

6P3/2 on the weak transition, 5S1/2(F = 2)↔ 6P3/2 and is retro-reflected to generate

the two counter-propagating beams inside the Rb vapor cell. The Hamiltonian H

for this system (see Fig. 6.5c) under electric-dipole and rotating-wave approximation
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and in the rotating frame is given as follows,

H =
~
2

{
(Ωc1 + Ωpe

iδ1t) |1〉 〈2|+ (Ωc2 + Ωc2e
iδ2t) |4〉 〈3|

−∆c1 |2〉 〈2| −∆c2 |3〉 〈3|+ H.c.
}
. (6.12)

The dynamics of the atom-field interactions is similarly obtained from Eq. 2.15

and 6.12 which gives the following set of equations of motion with time-dependent
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coefficients:

ρ̇12 =
i

2
(Ωc1 + Ωpe

iδ1t)(ρ11 − ρ22)− γdec12 ρ12, (6.13)

ρ̇13 =− i

2
(Ωc1 + Ωpe

iδ1t)ρ23 +
i

2
(Ω∗c2 + Ω∗c2e

−iδ2t)ρ14 − γ13ρ13,

ρ̇14 =− i

2
(Ωc1 + Ωpe

iδ1t)ρ24 +
i

2
(Ωc2 + Ωc2e

iδ2t)ρ13 − γ14ρ14,

ρ̇22 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ12 +
i

2
(Ωc1 + Ωpe

iδ1t)ρ21 − Γ2ρ22,

ρ̇23 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ13 +
i

2
(Ω∗c2 + Ω∗c2e

−iδ2t)ρ24 − γ23ρ23,

ρ̇24 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ14 +
i

2
(Ωc2 + Ωc2e

iδ2t)ρ23 − γ24ρ24,

ρ̇33 =− i

2
(Ωc2 + Ωc2e

iδ2t)ρ43 +
i

2
(Ω∗c2 + Ω∗c2e

−iδ2t)ρ34 − Γ3ρ33,

ρ̇34 =− i

2
(Ωc2 + Ωc2e

iδ2t)(ρ33 − ρ44)− γ34ρ34,

ρ̇44 =− i

2
(Ω∗c2 + Ω∗c2e

−iδ2t)ρ34 +
i

2
(Ωc2 + Ωc2e

iδ2t)ρ43 + Γ34ρ33 + Πg(ρ11 − ρ44).

The probe absorption is obtained in the steady state condition using the equations of

motion given in Eq. 6.13 and the Floquet expansion given in Eq. 6.7. The imaginary

part of the density matrix element ρ
(+1,0)
12 in the Floquet expansion is proportional to

probe absorption and is expressed as follows,

ρ
(+1,0)
12 =

iΩp(ρ
(0,0)
11 − ρ(0,0)

22 )

2(γ12 + iδ1)︸ ︷︷ ︸
I

+
iΩc1(ρ

(+1,0)
11 − ρ(+1,0)

22 )

2(γ12 + iδ1)︸ ︷︷ ︸
II

. (6.14)

In Eq. 6.14, the quantity (ρ
(0,0)
11 − ρ(0,0)

22 ) in term I is the population inversion induced

by the 780 nm and 420 nm pump lasers. The quantity (ρ
(+1,0)
11 − ρ

(+1,0)
22 ) in term

II is the population oscillation induced by the beating of the 780 nm laser beams

and saturation effect induced by the counter-propagating 420 nm pump beams. The

contribution of each of the terms I and II is given in Fig. 6.8. The thermal averaged

absorption in this configuration is shown in Fig. 6.6 (see the green trace). The

linewidth of the induced dip on the EA peak is about 6 MHz.

TH-2412_166121022



6. Resolving closely spaced levels for Doppler mismatched double resonance 102

-100 -80 -60 -40 -20 0 20 40 60 80 100

Detuning, 
c2

 of 420 nm laser (2  MHz)

1.4

1.5

1.6

1.7

1.8

Im
(

1
2

+
1
,0

)

10
-4

1.15

1.2

1.25

1.3

1.35

1.4

1.45

1.5

Im
(

1
2

+
1
,0

)

10
-4

I+II
I
II

Fig. 6.8: The graphical representation of the individual terms I and II given in Eq. 6.14.
Ωc1 = Γ2, Ωc2 =
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6.3 Experimental results

6.3.1 Set-up description

The 780 nm laser beam is generated from the thorlab laser diode L785H1 which

is a home-assembled extended cavity diode laser (ECDL) with typical linewidth of

500 kHz. This laser is locked to resonance on 5S1/2(F = 3)↔ 5P3/2(F = 4) transition

shown in Figs. 6.1 and 6.5 using saturated absorption spectroscopy (SAS) set-up.

The error signal for locking the laser is generated by frequency modulation using the

current of ECDL at 50 kHz. The recorded experimental spectra is frequency scaled

using the resolved peaks location of the green trace (in each of the configurations) for

the hyperfine splitting values given in reference [21].

The 420 nm laser beam is generated from a commercially available ECDL from TOP-

TICA of model no. DL PRO HP with a typical linewidth of < 200 kHz and output

power of 70 mW. A portion of the beam is fed to Fabry-Pérot interferometer for

monitoring the single-mode operation of the blue laser. The beam diameter of the
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780 nm probe and pump beams is 2 × 3 mm and that of 420 nm pump beams is

3× 4 mm. The power of the probe beam used in the experiment is 42 µW (or peak

intensity, I = 1.8 mW/cm2).

The detailed experimental set up is shown in Fig. 6.9. In order to extract the narrow

linewidth, the probe laser beam is divided into two beams with same polarization

and power and propagating in the Rb cell with a spatial separation of about 1 cm.

The blue beam is also divided into two beams with the same polarization as the IR

beams and co-propagates with the two probes as shown in the experimental set-up

of Fig. 6.9. The IR pump beam which counter-propagates with one of the probe

beam, has the same polarization as the probe beam since same polarization is key

for the interference (or beating) of the two fields. The beating of the fields requires

the polarization of the two fields to be identical and this aspect has been verified

experimentally by rotating the polarization of one of the fields. When the polarization

of the two fields are orthogonal, the VIPO dip disappear. There is a retro-mirror for

reflecting the blue beam (which is overlapping with IR pump beam) back into the Rb

cell to counter-propagate with the incident blue beam, when shutter 2 is open. It is

very important to keep the angle between the beams as small as possible (i.e., near

zero angles with the help of dichroic mirrors, DM) and the use a magnetic shield to

minimize broadening of the spectrum.

There are three shutters which are used to generate various conditions and config-

urations in the experiment. The configuration represented by Fig. 6.1a or 6.5a is

generated with all the shutters closed. The configuration represented by Fig. 6.1b or

6.5b is generated with shutter 1 open and shutter 2 closed. The configuration repre-

sented by Fig. 6.1c or 6.5c is generated with shutter 1 and shutter 2 open. Opening

the shutter 3 removes the broad background of the transparency and EA peaks. The

broad background is removed by the subtraction of the absorption (or transparency)

spectra of the two probes using two identical IR photo-detectors (PD1 and PD2) in

the differential transimpedance amplifier.
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6.3.2 Resolving the 6P3/2 hyperfine levels in 85Rb

6.3.2.1 The V-type system

The transparency spectrum of the energy scheme in Fig. 6.1a is shown by the red

trace of Fig. 6.10a. This spectrum is obtained when all the three shutters in the

experimental set-up of Fig. 6.9 are closed. The three peaks of the 6P3/2(F = 2, 3, 4)

hyperfine levels are merged forming a broad transparency spectrum due to the resid-

ual Doppler broadening effect. When shutter 1 is open, dips corresponding to three

hyperfine levels are induced inside the broad transparency peaks caused by VIPO at

IR transition (see the blue trace of Fig. 6.10a). However, the dips appear very small

due to the broad transparency background. The effect is removed when shutter 3 is

open to subtract the broad transparency profile and the spectrum of the resolved hy-

perfine levels is shown by the green trace of Fig. 6.10a. The linewidth of the resolved

peaks are as follows: F = 4 is 13.3 MHz, F = 3 is 14.1 MHz and F = 2 is 12.1 MHz.

The power of the pump beams labeled c1, c2 and c3 used for optimal signal-to-noise

ratio of the spectrum are 276 µW (or peak intensity I=11.7 mW/cm2), 5.0 mW (or

peak intensity I=106.5 mW/cm2) and 3.6 mW (or peak intensity I=77.2 mW/cm2)

respectively.

Further line narrowing of the resolved peaks is achieved using the configuration shown

in Fig. 6.1c i.e., VIPO at IR and VSS at blue transition. The energy configuration

scheme in Fig. 6.1c (i.e., VIPO at IR and VSS at blue transition) is implemented

in the experimental set-up given in Fig. 6.9, when shutter 1 and shutter 2 are open.

Lower power of IR pump beam is used in this configuration since the induced dips

by VIPO at IR are enhanced by VSS effect at blue transition. The transparency

spectrum of this configuration is shown by the blue trace of Fig. 6.10b. The broad

transparency background is removed when shutter 3 is open and the well resolved

peaks of the 6P3/2(F = 2, 3, 4) hyperfine levels is shown by the green trace of Fig.
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Fig. 6.10: The transparency spectrum of the 6P3/2 hyperfine levels in 85Rb under various
configurations shown in Fig. 6.1. The red trace is for the V-type open system
(Fig. 6.1a), the blue trace in Fig. 6.10a is for the V-type open system with VIPO
effect at IR transition (Fig. 6.1b) while the blue trace in Fig. 6.10b is for V-
type open system with VIPO effect at IR and VSS effect at blue transition (Fig.
6.1c). The green trace is the final result after removing the broad transparency
background and it is magnified 3 times for visibility purpose.
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6.10b. The linewidth of the resolved peaks are as follows: F = 4 is 10.8 MHz, F = 3 is

9.1 MHz and F = 2 is 11.4 MHz. The power of the pump beams labeled c1, c2 and c3

used for optimal signal-to-noise ratio of the spectrum are 176 µW (or peak intensity

I=7.5 mW/cm2), 6.0 mW (or peak intensity I=127.5 mW/cm2) and 8.6 mW (or peak

intensity I=182.9 mW/cm2) respectively.

In the final result of the resolved peaks (see the green trace of Fig. 6.10b), there

are small peaks between the main peaks of F = 3 and F = 4 and between F = 2

and F = 3. These are not cross-over peaks (or real peaks), but the residue due to

incomplete removal of the broad transparency background in the overlapped regions.

The effect also occur for the optical pumping system when the broad absorption

background is removed (see the green trace of Fig. 6.11b the small peak between

F = 2 and F = 3).

6.3.2.2 The optical pumping system

The EA spectrum of the optical pumping system is shown by the red trace in Fig.

6.11. This spectrum is obtained when all the three shutters in the experimental set-up

of Fig. 6.9 are closed. The absorption peaks corresponding to the 6P3/2(F = 1, 2, 3)

hyperfine levels are completely merged. The levels 6P3/2(F = 2, 3) are detected by

the probe via both the direct decay and indirect decay channels [122] while level

6P3/2(F = 1) is detected via the indirect decay channels to 5S1/2(F = 3) only. When

shutter 1 is open, dips corresponding to the hyperfine levels are induced inside the

broad EA peaks due to VIPO at IR transition (see the blue trace of Fig. 6.11a).

The dips appear small due to broad EA background caused by the residual Doppler

broadening effect. The broad EA background is removed when shutter 3 is open and

the dips corresponding to the hyperfine levels 6P3/2(F = 1, 2) are still not resolved

while the 6P3/2(F = 3) peak is resolved (see the green trace of Fig. 6.11a). The

linewidth of the resolved peak F = 3 is 13.9 MHz. The power of the pump beams
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labeled c1, c2 and c3 used for optimal signal-to-noise ratio of the spectrum are 806 µW

(or peak intensity I=34.2 mW/cm2), 5.0 mW (or peak intensity I=106.3 mW/cm2)

and 1.8 mW (or peak intensity I=39.0 mW/cm2) respectively.

The peaks corresponding to the 6P3/2(F = 1, 2, 3) hyperfine levels, can be completely

resolved using the configuration shown in Fig. 6.5c i.e., VIPO at IR and VSS at blue

transition. This configuration is implemented when shutter 1 and shutter 2 are open in

the experimental set-up of Fig. 6.9. The broad EA spectrum is removed when shutter

3 is open and the green trace of Fig. 6.11b shows well resolved peaks of the 6P3/2(F =

1, 2, 3) hyperfine levels. Note, the frequency scaling of the spectra in Fig. 6.11 is

assigned using the peak locations of F = 2 and F = 3 after the complete resolution of

all the three peaks of 6P3/2(F = 1, 2, 3) hyperfine levels. The linewidth of the resolved

peaks are as follows: F = 3 is 9.8 MHz, F = 2 is 10.1 MHz and F = 1 is 7.2 MHz.

The power of the pump beams labeled c1, c2 and c3 used for optimal signal-to-noise

ratio of the spectrum are 276 µW (or peak intensity I=11.7 mW/cm2), 5.0 mW (or

peak intensity I=106.7 mW/cm2) and 15.2 mW (or peak intensity I=322.3 mW/cm2)

respectively.

Besides the main peaks due to near zero-velocity groups atoms in Fig. 6.11a, the extra

peaks outside the main spectrum are caused by groups of atoms moving with velocities

around 94 m/s and 143 m/s respectively (since the linewidth of the transition is finite,

a finite range of velocities contributes). Atoms moving with velocities around 94 m/s

and 143 m/s along the propagation direction of the IR probe, will see the probe laser

to be on resonance with the 5S1/2(F = 3) → 5P3/2(F = 3) and 5S1/2(F = 3) →

5P3/2(F = 2) transitions respectively. The corresponding extra peaks location will

be at 224 MHz and 342 MHz from the main peaks. In Fig. 6.11b, the counter-

propagating blue laser beams will form extra peaks on both the left and right side of

the main peaks. Ideally the extra peak on the right side of the green spectrum should

vanish, but it is still visible due to incomplete subtraction.
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Fig. 6.11: The EA spectrum of the 6P3/2 hyperfine levels in 85Rb under various configura-
tions shown in Fig. 6.5. The red trace is for the optical pumping system (Fig.
6.5a), the blue trace in Fig. 6.11a is for the optical pumping system with VIPO
effect at IR transition (as shown in Fig. 6.5b) while the blue trace in Fig. 6.11b
is for the optical pumping system with VIPO effect at IR and VSS effect at blue
transition (Fig. 6.5c). The green trace is the final result after removing broad
absorption background and it is magnified 3 time for visibility purpose.
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Fig. 6.12: Energy levels (87Rb) with hyperfine splitting (in MHz) and the various transitions
in different configurations for EIT. (a) V-type open system, (b) V-type open
system with the VIPO effect at IR transition (c) V-type open system with the
VIPO effect at IR transition and VSS effect at blue transition. Πg ≈ 40 kHz
[11] is the ground state mixing rate.

6.3.3 Resolving the 6P3/2 hyperfine levels in 87Rb

6.3.3.1 The V-type system

The 6P3/2 hyperfine levels of 87Rb is resolved using the configurations shown in Fig.

6.12. The 780 nm probe beam and the counter-propagating pump are locked to

resonance on 5S1/2(F = 2) ↔ 5P3/2(F = 3) cycling transition which has a lifetime,

τ1 = 26.25 ns [99, 102, 117, 118]. The absorption of the probe is monitored as the

co-propagating 420 nm pump laser scans the 5S1/2(F = 2) ↔ 6P3/2 weak transition

which has a lifetime, τ2 = 112 ns [51, 102].

The transparency spectrum of the 6P3/2(F = 1, 2, 3) hyperfine levels (when all the

three shutters are closed) is shown by the red trace in Fig. 6.13a. The peaks of the

6P3/2(F = 2, 3) hyperfine levels are well resolved but the peaks of 6P3/2(F = 1, 2)

are partially resolved due to the residual Doppler broadening effect. The peaks corre-

sponding to the 6P3/2(F = 1, 2, 3) hyperfine levels are resolved using the configuration
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shown in Fig. 6.12b (i.e., VIPO at IR transition). The configuration is implemented

when the shutter 1 is open in the experimental set-up of Fig. 6.9. The dips in-

duced inside the broad transparency peaks (by VIPO at IR transition) corresponds

to the three hyperfine levels of the 6P3/2(F = 1, 2, 3) state (see the blue trace of Fig.

6.13a). The broad transparency spectrum is removed when shutter 3 and the well

resolved hyperfine levels 6P3/2(F = 1, 2, 3) are shown by the green trace of Fig. 6.13a.

The linewidth of the resolved peaks are as follows: F = 3 is 16.4 MHz, F = 2 is

17.6 MHz and F = 1 is 17.1 MHz. The power of the pump beams labeled c1, c2 and

c3 used for optimal signal-to-noise ratio of the spectrum are 601 µW (or peak inten-

sity I=25.5 mW/cm2), 4.8 mW (or peak intensity I=101.8 mW/cm2) and 3.7 mW

(or peak intensity I=78.5 mW/cm2) respectively.

Further line narrowing is achieved using the configuration shown in Fig. 6.12c for

87Rb. When shutters 1 and 2 are open, the dips induced by VIPO at IR and VSS

at blue transition inside the broad transparency peaks corresponds to the three hy-

perfine levels of the 6P3/2(F = 1, 2, 3) state (see the blue trace of Fig. 6.13b). The

residual Doppler broadening effect is removed when shutter 3 is open and the spec-

trum of the resolved hyperfine levels is shown by the green trace of Fig. 6.13b. The

linewidth of the resolved peaks are as follows: F = 3 is 14.4 MHz, F = 2 is 15.7 MHz

and F = 1 is 15.8 MHz. The power of the pump beams labeled c1, c2 and c3

used for optimal signal-to-noise ratio of the spectrum are 302 µW (or peak intensity

I=12.8 mW/cm2), 4.8 mW (or peak intensity I=102.3 mW/cm2) and 13.2 mW (or

peak intensity I=280.1 mW/cm2) respectively.

6.3.3.2 The optical pumping system

The energy level scheme of this system is given in Fig. 6.14a and the 780 nm laser

beams (probe and pump) are locked to resonance on 5S1/2(F = 2) ↔ 5P3/2(F = 3)

transition. The absorption of the probe is monitored as the co-propagating 420 nm
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Fig. 6.13: The transparency spectrum of the 6P3/2 hyperfine levels in 87Rb under various
configurations shown in Fig. 6.12. The red trace is for the V-type open system
(Fig. 6.12a), the blue trace in Fig. 6.13a is for the V-type open system with
VIPO effect at IR transition (Fig. 6.12b) while the blue trace in Fig. 6.13b is for
V-type open system with VIPO effect at IR and VSS effect at blue transition (Fig.
6.12c). The green trace is the final result after removing the broad transparency
background and it is magnified 3 times for visibility purpose.
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Fig. 6.14: Energy levels (87Rb) with hyperfine splitting (in MHz) and the various transi-
tions in different configurations for EA. (a) optical pumping system, (b) optical
pumping system with the VIPO effect at IR transition (c) optical pumping sys-
tem with the VIPO effect at IR transition and VSS effect at blue transition.
Πg ≈ 40 kHz [11] is the ground state mixing rate.

pump laser scans around the 6P3/2 hyperfine levels on 5S1/2(F = 1) → 6P3/2 tran-

sition. The EA spectrum (when all the three shutters are closed) is shown in Fig.

6.15a by the red trace. The absorption peaks corresponds to the 6P3/2(F = 0, 1, 2)

hyperfine levels in 87Rb. The peaks for 6P3/2(F = 0, 1) are compltely merged while

the peaks for 6P3/2(F = 1, 2) are partialy merged. The levels 6P3/2(F = 1, 2) are

detected by the probe via both the direct decay and indirect decay channels [122]

while level 6P3/2(F = 0) is detected via the indirect decay channels to 5S1/2(F = 2)

only.

The peaks corresponding to the 6P3/2(F = 0, 1, 2) hyperfine levels are resolved using

the configuration shown in Fig. 6.14b (i.e., VIPO at IR transition). When shutter

1 is open, dips corresponding to the hyperfine levels are induced inside the broad

EA peaks due to VIPO at IR transition (see the blue trace of Fig. 6.15a). The dips

appear small due to broad EA background caused by the residual Doppler broadening
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effect. The broad EA background is removed when shutter 3 is open and the dips

corresponding to the hyperfine levels 6P3/2(F = 0, 1, 2) are resolved (see the green

trace of Fig. 6.15a). The linewidth of the resolved peaks are as follows: F = 2 is

19.4 MHz, F = 1 is 14.8 MHz and F = 0 is 10.5 MHz. The power of the pump beams

labeled c1, c2 and c3 used for optimal signal-to-noise ratio of the spectrum are 1.1 mW

(or peak intensity I = 45.4 mW/cm2), 4.3 mW (or peak intensity I = 90.4 mW/cm2)

and 3.4 mW (or peak intensity I = 72.6 mW/cm2) respectively.

Large and narrow peaks are achieved using the configuration shown in Fig. 6.14b

(i.e., VIPO at IR and VSS at blue transition). When shutters 1 and 2 are open, dips

corresponding to the hyperfine levels 6P3/2(F = 0, 1, 2) are induced inside the broad

EA peaks due to VIPO at IR and VSS at blue transition (see the blue trace of Fig.

6.15b). The broad EA background is removed when shutter 3 is open and the dips

corresponding to the hyperfine levels 6P3/2(F = 0, 1, 2) are resolved (see the green

trace of Fig. 6.15b). The linewidth of the resolved peaks are as follows: F = 2 is

16.4 MHz, F = 1 is 13.1 MHz and F = 0 is 12.3 MHz. The power of the pump beams

labeled c1, c2 and c3 used for optimal signal-to-noise ratio of the spectrum are 823 µW

(or peak intensity I=35.0 mW/cm2), 4.8 mW (or peak intensity I=102.3 mW/cm2)

and 15.3 mW (or peak intensity I=325.5 mW/cm2) respectively.

6.3.3.3 Effects of Power broadening on the resolution

The contribution of the IR pump power broadening effect to the final result (i.e., the

resolved spectrum of the 6P3/2 state), is illustrated in Fig. 6.16a. The configuration

used here is given in Fig. 6.14b (i.e., VIPO at IR transition) for the case of 87Rb. The

power of the blue pump laser beams is fixed (i.e., c2 is 4.2 mW and c3 is 3.2 mW)

as the the power of IR pump is changed. At 1 mW of the IR pump, all the three

peaks corresponding to the 6P3/2(F = 0, 1, 2) hyperfine levels are well resolved (see

the red trace of Fig. 6.16a). However, as the IR pump power is increased to 5 mW,
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Fig. 6.15: The EA spectrum of the 6P3/2 hyperfine levels in 87Rb under various configura-
tions shown in Fig. 6.14. The red trace is for the optical pumping system (Fig.
6.14a), the blue trace in Fig. 6.15a is for the optical pumping system with VIPO
effect at IR transition (Fig. 6.14b) while the blue trace in Fig. 6.15b is for optical
pumping system with VIPO effect at IR and VSS effect at blue transition (Fig.
6.14c). The green trace is the final result after removing the broad transparency
background and it is magnified 3 times for visibility purpose.
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the peaks corresponding to the 6P3/2(F = 0, 1) are completely merged as shown by

the green trace of Fig. 6.16a. High intensity of the IR pump broadens the VIPO dips

and limits the resolution of the closely spaced hyperfine levels of F = 0 and F = 1

which are 23.739 MHz apart [21]. The frequency scaling of the spectra in Fig. 6.16a

is assigned using the resolved peak locations of F = 1 and F = 2 of the red trace.

The variation of the linewidth of the resolved peak corresponding to F = 2 with the

IR pump power is shown in Fig. 6.16b.

6.3.3.4 VSS at blue transition for a V-type system

Figs. 6.17 illustrate the energy level scheme of a V-type system in 87Rb with VSS

effect only. The IR probe laser is locked to resonance on 5S1/2(F = 1)↔ 5P3/2(F = 2)

transition while the blue pump laser scans the 5S1/2(F = 1)↔ 6P3/2 transition. The

transparency spectrum of the 6P3/2(F = 0, 1, 2) hyperfine levels (when all the three

shutters are closed) is shown by the red trace of Fig. 6.18.

The spurious resonance peaks outside the main spectrum are caused by the non zero

velocity group atoms (i.e., atoms moving with velocities 123 m/s and 179 m/s). Atoms

moving with velocity 123 m/s will see the 780 nm probe laser to be on resonance with

5S1/2(F = 1)→ 5P3/2(F = 1) transition. The three corresponding spurious resonance

peaks are located at 291 MHz from the respective real resonance peaks. Similarly,

atoms moving with velocity 179 m/s will be resonant for 5S1/2(F = 1)→ 5P3/2(F = 0)

transition and another three manifold of the spurious resonance peaks are located at

425 MHz from the respective real resonance peaks (see the red trace of Fig. 6.18a).

The spurious resonance peaks are merged up due to the residual Doppler broadening

effect.

When the shutter 2 is open (configuration of Fig. 6.17b), dips corresponding to

6P3/2(F = 0, 1, 2) hyperfine levels are induced on the real resonance peaks only by
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Fig. 6.16: (a) The result of the final spectra of the VIPO dips of the 6P3/2 hyperfine levels
in 87Rb recorded for various powers of IR pump laser after removing the broad
absorption background. (b) The variation of the linewidth of the resolved peak
F = 2 with the power of IR pump.
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Fig. 6.17: A diagrammatic energy scheme (and hyperfine splitting in MHz) of resolving the
6P3/2 hyperfine levels in 87Rb using VSS at blue transition.
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Fig. 6.18: The transparency spectrum of the 6P3/2 hyperfine levels in 87Rb under various
configurations shown in Fig. 6.17. The red trace is for the V-type open system
(Fig. 6.17a) and the blue trace is for the V-type open system with VSS effect at
blue transition (Fig. 6.17b). The green trace is the final result after removing
the broad transparency background.
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the VSS at blue transition (see the blue trace of Fig. 6.18b). Note, the VSS effect (or

VIPO effect) is a phenomena for near zero velocity group atoms and hence cannot

induce dips on the spurious peaks. The spurious resonance peaks appearing on the

left side of the real resonance peaks are caused by the counter-propagating blue pump

laser beam. The green trace of Fig. 6.18b shows the saturation peaks of the 6P3/2(F =

0, 1, 2) hyperfine levels after removing the residual Doppler broadening when shutter

3 is open. The frequency scaling of the spectra in Fig. 6.18 is assigned using the

resolved peak locations of F = 1 and F = 2 of the green trace. The power of the

pump beams labeled c2 and c3 used for optimal signal-to-noise ratio of the spectrum

are 7.8 mW (or peak intensity I = 165.5 mW/cm2) and 4.4 mW (or peak intensity

I = 93.4 mW/cm2) respectively.

The result of this chapter appear in the following publication: Physical Review A

(Phys. Rev. A 103, 013107 (2021); https://doi.org/10.1103/PhysRevA.103.013107).
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Conclusions and future work

In this thesis work, we have studied the mechanism of induced atomic coherence

between multi-level atomic system driven by lasers and their role in the absorption

and fluorescence spectrum. In the theoretical study, the electromagnetically induced

transparency (EIT) is Autler-Townes splitting (or dressed states) plus quantum inter-

ference between the excitation paths of the dressed states. The excitation paths of the

dressed states interferes pair-wise and the nature of interference can be constructive,

destructive or no interference depending upon the decay rate of the states coupled by

the strong control lasers. Further, saturated fluorescence spectroscopy which is a very

useful spectroscopic technique for weak transitions was also studied. The fluorescence

dip in a fluorescence spectra is caused by velocity selective saturation (VSS) effect

and is further modified by velocity induced population oscillation (VIPO) effect.

The theoretical study was experimentally utilized to precisely measure the hyperfine

splitting interval of the 6P1/2 state in 87Rb using double resonance spectroscopy at

infrared (strong) transition and blue (weak) transition. The double resonance tech-

nique is implemented using EIT effect in a V-type system and enhanced absorption

(EA) effect in optical pumping system. The VIPO effect at IR and VSS effect at

blue transition were experimentally utilized to resolve closely spaced hyperfine level
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of the 6P3/2 state in Rb by eliminating the residual two-photon Doppler broadening

in a Doppler mismatched double resonance spectroscopy.

The resolved peaks of the 6P3/2 state with narrow linewidth, are important for stabiliz-

ing the blue laser at a particular transition (i.e., for tight laser locking) for applications

in laser cooling and high precision spectroscopy experiments. The spectroscopy of the

blue transition is also important for quantum information processing with coherent

excitation of Rydberg states in Rb atoms.
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Appendix A

Analytical solution for probe absorption in a generic

multilevel system

The Hamiltonian of the generic system shown in fig. 3.1 in the rotating frame with

RWA is given as follows:

H =
n−1∑
j=1

Ωj,j+1

2
|j〉 〈j + 1|+ 0 |1〉 〈1|+

n∑
j=2

j∑
i=2

(−1)iδi−1,i |j〉 〈j| , (A.1)

where, Ωj,j+1 is Rabi frequency of the lasers driving levels |j〉 ↔ |j + 1〉 and δj,j+1 is the

detuning. The probe laser drives |1〉 → |2〉 transition while the control lasers drives

|2〉 ↔ |3〉 ↔ |4〉 , ...., |n− 1〉 ↔ |n〉 transitions. Time evolution of the population in
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the various levels is given as follows:

ρ̇11 = −Γ1ρ11 +
n∑
i=2

Γi1ρii +
i

2
Ω∗12ρ12 −

i

2
Ω12ρ21,

ρ̇22 = −Γ2ρ22 +
n∑

i=1,i 6=2

Γi2ρii +
i

2
Ω12ρ21 −

i

2
Ω∗12ρ12 +

i

2
Ω∗23ρ23 −

i

2
Ω23ρ32,

...

ρ̇jj = −Γjρjj +
n∑

i=1,i 6=j

Γijρii +
i

2
Ωj−1,jρj,j−1 −

i

2
Ω∗j−1,jρj−1,j +

i

2
Ω∗j,j+1ρj,j+1 −

i

2
Ωj,j+1ρj+1,j,

...

ρ̇nn = −Γnρnn +
n∑

i=1,i 6=n

Γinρii +
i

2
Ω∗n−1,nρn−1,n −

i

2
Ωn−1,nρn,n−1, (A.2)

where, Γij is the spontaneous decay rate of level |i〉 into |j〉 and Γi

(
=
∑n

j=1,j 6=i Γij

)
is the total decay rate of the level |i〉. The time evolution of the coherence between

level |1〉 and various other levels is given as follows:

ρ̇12 = −
[

Γ1 + Γ2

2
− iδ12

]
ρ12 +

i

2
Ω12(ρ11 − ρ22) +

i

2
Ω∗23ρ13,

ρ̇13 = −
[

Γ1 + Γ3

2
− i (δ12 − δ23)

]
ρ13 −

i

2
Ω12ρ23 +

i

2
Ω23ρ12 +

i

2
Ω∗34ρ14,

...

ρ̇1n−1 = −

Γ1 + Γn−1

2
− i

n−1∑
i=2

(−1)iδi−1,i


 ρ1n−1

− i

2
Ω12ρ2,n−1 +

i

2
Ωn−2,n−1ρ1,n−2 +

i

2
Ω∗n−1,nρ1n, (A.3)

ρ̇1n = −

Γ1 + Γn
2

− i

 n∑
i=2

(−1)iδi−1,i


 ρ1n −

i

2
Ω12ρ2n +

i

2
Ωn−1,nρ1,n−1.

In the steady state condition (i.e., ρ̇ij = 0 for all i and j) Ω12ρ23, Ω12ρ24 · · ·Ω12ρ2n ≈ 0

and ρ22 ≈ 0 for a weak probe. Using this approximation, the density matrix element
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ρ13 is expressed as:

ρ13 =

i
2

Ω23

γ13

1 +

1
4
|Ω34|2
γ13γ14

1 +

1
4
|Ω45|2
γ14γ15

1 +

1
4
|Ω56|2
γ15γ16

1 +
.

1 +
.

1 + 1
4

|Ωn−1,n|2
γ1,n−1γ1n

,

(A.4)

while the density matrix element ρ12 is expressed in terms of ρ11 and ρ13 as follows:

ρ12 ≈
i

2

Ω12

γ12

ρ11 +
i

2

Ω∗23

γ12

ρ13. (A.5)

The substitution of Eq. A.4 into Eq. A.5 yields the expression of ρ12 in terms of ρ11

as follows,

ρ12 =

i
2

Ω12

γ12
ρ11

1 +

1
4
|Ω23|2
γ12γ13

1 +

1
4
|Ω34|2
γ13γ14

1 +

1
4
|Ω45|2
γ14γ15

1 +

1
4
|Ω56|2
γ15γ16

1 +
.

1 +
.

1 + 1
4

|Ωn−1,n|2
γ1,n−1γ1n

.

(A.6)

The imaginary part of ρ12, Im(ρ12) represents the absorption of the probe laser while

the real part represents the dispersion.
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Analytical solution of the excited state population

in two level system

The steady state analytical solution of ρ
(0)
ee , ρ

(+1)
ee and ρ

(−1)
ee for a two level system

given in Eq. 5.8 (see chapter 5) are as follows, where the γi i = 1, 2, 3, ... are given as:

γ1 =Γ2 + δ2, γ2 =
Γ2

4
+ ∆2, γ3 =

Γ2

4
+ (∆ + δ)2, γ4 =

Γ2

4
+ (∆− δ)2,

γ5 =
Γ2

4
−∆(∆ + δ), γ6 =

Γ2

4
+ δ2 −∆2, γ7 =

Γ2

4
+ ∆(∆− δ), γ8 =

Γ2

2
+ δ∆,

γ9 =
Γ2

2
− δ(∆ + δ), γ10 =

Γ2

2
+ δ(∆− δ), γ11 =

3Γ2

4
+ ∆2 − δ2,

γ12 =
3Γ2

4
−∆(∆− δ).
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ρ(0)
ee =

1

2

{
Ω2

2
(Γ2

2
+ (∆ + kvx)

2 + (∆− kvx)2)

(Γ2

4
+ (∆ + kvx)2)(Γ2

4
+ (∆− kvx)2)

[
1 +

Ω2

2
( Γ2

2
+(∆+kvx)2+(∆−kvx)2)

( Γ2

4
+(∆+kvx)2)( Γ2

4
+(∆−kvx)2)

]}× B, (B.1)

ρ(+1)
ee =

{
2γ4Ω2(γ2γ9 + γ3γ8) + Ω4(2γ4γ5 + γ2γ4 + γ2γ6 + γ3γ7 + γ3γ4)

2γ4γ5 + γ2γ3 + 2γ3γ7 + γ3γ4))

2(4γ1γ2γ3γ4 + 4Ω2(γ2γ3γ10 + γ2γ4γ9 + γ3γ4γ8) + Ω4(γ2γ4 + 2γ2γ6 +

}
× C, (B.2)

ρ(−1)
ee = ρ(+1)

ee , ρ(+1)
gg = −ρ(+1)

ee , ρ(−1)
gg = −ρ(−1)

ee and ρ(0)
gg = 1− ρ(0)

ee ,

B =
4γ3(2γ10 + 2γ4 + Ω2) + 4γ5(4γ4 + Ω2)))

(γ3Ω2 + γ2(2γ3 + Ω2))(8γ1(γ2 + γ3)γ4 + Ω2(4γ2(2γ10 + 2γ4 + Ω2) +

+γ4(8γ8 + 6Ω2)) + 2γ2(2γ3(4γ10 + Ω2) + Ω2(4γ12 + 2Ω2) + γ4(8γ9 + 6Ω2))))

(γ2 + γ3)(8γ1γ4(γ3Ω2 + γ2(2γ3 + Ω2)) + Ω2(4γ5Ω2(6γ4 + Ω2) + 2γ3(Ω2(4γ11 + 2Ω2)
,

C =
γ2(4γ6Ω2 + 2γ3(4γ10 + Ω2) + 2γ4(4γ9 + Ω2))))

4γ4(8γ1γ2γ3γ4 + Ω2(4γ4γ5Ω2 + γ3(4γ7Ω2 + 2γ4(4γ8 + Ω2)) +

+8γ2
4(4γ8 + 3Ω2)) + 4γ2γ4(2γ3(4γ10 + Ω2) + Ω2(4γ12 + 2Ω2) + γ4(8γ9 + 6Ω2))))

(16γ1γ
2
4(γ3Ω2 + γ2(2γ3 + Ω2)) + Ω2(8γ4γ5Ω2(6γ4 + Ω2) + γ3(4γ4Ω4 + 4γ4Ω2(4γ11 + Ω2)

.
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Appendix C

Floquet expansion

C.1 VIPO at IR transition for a V-type closed system

We consider a V-type closed system with VIPO at IR transition. The dynamics of

the atom-field interactions is described by Eq. 2.15 and the Hamiltonian given in Eq.

6.1. The substitution of Eq. 6.1 into Eq. 2.15 yields the following set of equations of

motion with time-dependent coefficients:

ρ̇12 =
i

2
(Ωc1 + Ωpe

iδ1t)(ρ11 − ρ22)− iΩc2

2
ρ32 − γ12ρ12,

ρ̇13 =
iΩc2

2
(ρ11 − ρ33)− γ13ρ13 −

i

2
(Ωc1 + Ωpe

iδ1t)ρ23,

ρ̇22 =
i

2
(Ωc1 + Ωpe

iδ1t)ρ21 −
i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ12 − Γ2ρ22,

ρ̇23 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ13 +
iΩc2

2
ρ21 − γ23ρ23,

ρ̇33 =− iΩ∗c2

2
ρ13 +

iΩc2

2
ρ31 − Γ3ρ33, (C.1)

where, γ12 = i∆c1 + γdec12 , γ13 = i∆c2 + γdec13 and γ23 = i(∆c2 − ∆c1) + γdec23 , γdecij =

1
2
(Γi + Γj) and Γi is the decay rate of the ith level. The remaining density matrix

equations are obtained using the population conservation law
∑3

j=1 ρjj = 1 and the
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complex conjugate ρ̇ji = ρ̇∗ij.

The absorption of the probe field is obtained by considering the steady state solu-

tion of Eq. C.1 to first order in the probe field. In the steady state condition, the

absorption of the probe laser (which is proportional to the imaginary part of ρ
(+1)
12 ) is

obtained by substituting the truncated series of the Floquet expansion given in Eq.

5.5 up to first-order into Eq. C.1. The coefficients of the same power in nδ1 are then

compared which yields the following set of steady state equations of motion in the

Floquet expansion:

ρ̇
(n)
12 =

iΩc1

2
(ρ

(n)
11 − ρ

(n)
22 ) +

iΩp

2
(ρ

(n−1)
11 − ρ(n−1)

22 )− iΩc2

2
ρ

(n)
32 − (γ12 + inδ1)ρ

(n)
12 ,

ρ̇
(n)
13 =

iΩc2

2
(ρ

(n)
11 − ρ

(n)
33 )− (γ13 + inδ1)ρ

(n)
13 −

i

2
(Ωc1ρ

(n)
23 + Ωpρ

(n−1)
23 ),

ρ̇
(n)
21 =

iΩ∗c1

2
(ρ

(n)
22 − ρ

(n)
11 ) +

iΩ∗p
2

(ρ
(n+1)
22 − ρ(n+1)

11 ) +
iΩ∗c2

2
ρ

(n)
23 − (γ21 + inδ1)ρ

(n)
21 ,

ρ̇
(n)
22 =

i

2
(Ωc1ρ

(n)
21 + Ωpρ

(n−1)
21 )− i

2
(Ω∗c1ρ

(n)
12 + Ω∗pρ

(n+1)
12 )− (Γ2 + inδ1)ρ

(n)
22 ,

ρ̇
(n)
23 =− i

2
(Ω∗c1ρ

(n)
13 + Ω∗pρ

(n+1)
13 ) +

iΩc2

2
ρ

(n)
21 − (γ23 + inδ1)ρ

(n)
23 ,

ρ̇
(n)
31 =

iΩ∗c2

2
(ρ

(n)
33 − ρ

(n)
11 )− (γ31 + inδ1)ρ

(n)
31 +

i

2
(Ω∗c1ρ

(n)
32 + Ω∗pρ

(n+1)
32 ),

ρ̇
(n)
32 =

i

2
(Ωc1ρ

(n)
31 + Ωpρ

(n−1)
31 )− iΩ∗c2

2
ρ

(n)
12 − (γ32 + inδ1)ρ

(n)
32 ,

ρ̇
(n)
33 =− iΩ∗c2

2
ρ

(n)
13 +

iΩc2

2
ρ

(n)
31 − (Γ3 + inδ1)ρ

(n)
33 . (C.2)

The imaginary part of the density matrix element ρ
(+1)
12 is proportional to probe

absorption and is shown by the red trace of Fig. C.1.
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Fig. C.1: Numerically calculated thermal averaged probe absorption vs detuning of 420 nm
pump laser for V-type closed system with VIPO dip at IR transition (red trace)
and VIPO dip at IR plus VSS at blue transition (green trace). The linewidth
of the dip due to the VIPO dip at IR transition is 4.2 MHz while the linewidth
of the dip due to the VIPO dip at IR plus VSS at blue transition is 5.2 MHz.
Ωc1 = Γ2, Ωc2 =

√
1.5Γ3, Γ2 = 2π × 6.065 MHz, Γ3 = 2π × 1.32 MHz.

C.2 VIPO at IR and VSS at blue transition for a V-type

closed system

We consider a V-type closed system with VIPO at IR and VSS at blue transition.

The dynamics of the atom-field interactions is obtained from Eq. 2.15 and 6.5 which

gives the following set of equations of motion with time-dependent coefficients:

ρ̇12 =
i

2
(Ωc1 + Ωpe

iδ1t)(ρ11 − ρ22)− γ12ρ12 −
i

2
(Ωc2 + Ωc2e

iδ2t)ρ32, (C.3)

ρ̇13 =
i

2
(Ωc2 + Ωc2e

iδ2t)(ρ11 − ρ33)− γ13ρ13 −
i

2
(Ωc1 + Ωpe

iδ1t)ρ23,

ρ̇22 =
i

2
(Ωc1 + Ωpe

iδ1t)ρ21 −
i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ12 − Γ2ρ22,

ρ̇23 =− i

2
(Ω∗c1 + Ω∗pe

−iδ1t)ρ13 +
i

2
(Ωc2 + Ωc2e

iδ2t)ρ21 − γ23ρ23,

ρ̇33 =− i

2
(Ω∗c2 + Ω∗c2e

−iδ2t)ρ13 +
i

2
(Ωc2 + Ωc2e

iδ2t)ρ31 − Γ3ρ33.
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The absorption of the probe field is obtained by substituting the truncated series of the

Floquet expansion given in Eq. 6.7 up to first-order into Eq. C.3. The coefficients

of the same power in nδ1 and mδ2 are compared which gives a set of steady state

equations of motion as follows:

ρ̇
(n,m)
12 =

iΩc1

2
(ρ

(n,m)
11 − ρ(n,m)

22 ) +
iΩp

2
(ρ

(n−1,m)
11 − ρ(n−1,m)

22 )− iΩc2

2
(ρ

(n,m)
32 + ρ

(n,m−1)
32 )

− (γ12 + i(nδ1 +mδ2))ρ
(n,m)
12 ,

ρ̇
(n,m)
13 =

iΩc2

2
(ρ

(n,m)
11 − ρ(n,m)

33 ) +
iΩc2

2
(ρ

(n,m−1)
11 − ρ(n,m−1)

33 )− (γ13 + i(nδ1 +mδ2))ρ
(n,m)
13

− i

2
(Ωc1ρ

(n,m)
23 + Ωpρ

(n−1,m)
23 ),

ρ̇
(n,m)
21 =

iΩ∗c1

2
(ρ

(n,m)
22 − ρ(n,m)

11 ) +
iΩ∗p
2

(ρ
(n+1,m)
22 − ρ(n+1,m)

11 ) +
iΩ∗c2

2
(ρ

(n,m)
23 ρ

(n,m+1)
23 )

− (γ21 + i(nδ1 +mδ2))ρ
(n)
21 ,

ρ̇
(n,m)
22 =

i

2
(Ωc1ρ

(n,m)
21 + Ωpρ

(n−1,m)
21 )− i

2
(Ω∗c1ρ

(n,m)
12 + Ω∗pρ

(n+1,m)
12 )− (Γ2 + i(nδ1 +mδ2))ρ

(n,m)
22 ,

ρ̇
(n,m)
23 =− i

2
(Ω∗c1ρ

(n,m)
13 + Ω∗pρ

(n+1,m)
13 ) +

iΩc2

2
(ρ

(n,m)
21 + ρ

(n,m−1)
21 )− (γ23 + i(nδ1 +mδ2))ρ

(n)
23 ,

ρ̇
(n,m)
31 =

iΩ∗c2

2
(ρ

(n,m)
33 − ρ(n,m)

11 ) +
iΩ∗c2

2
(ρ

(n,m+1)
33 − ρ(n,m+1)

11 )− (γ31 + i(nδ1 +mδ2))ρ
(n,m)
31

+
i

2
(Ω∗c1ρ

(n,m)
32 + Ω∗pρ

(n+1,m)
32 ),

ρ̇
(n,m)
32 =

i

2
(Ωc1ρ

(n,m)
31 + Ωpρ

(n−1,m)
31 )− iΩ∗c2

2
(ρ

(n,m)
12 + ρ

(n,m+1)
12 )− (γ32 + i(nδ1 +mδ2))ρ

(n,m)
32 ,

ρ̇
(n,m)
33 =− iΩ∗c2

2
(ρ

(n,m)
13 + ρ

(n,m+1)
13 ) +

iΩc2

2
(ρ

(n,m)
31 + ρ

(n,m−1)
31 )− (Γ3 + i(nδ1 +mδ2))ρ

(n,m)
33 .

(C.4)

The imaginary part of the density matrix element ρ
(+1,0)
12 is proportional to probe

absorption and is shown by the green trace of Fig. C.1.
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Appendix D

Analytical solution of VIPO at IR transition for op-

tical pumping system

The steady state analytical solution of the density matrix elements ρ
(0)
11 , ρ

(0)
22 , ρ

(+1)
11

and ρ
(+1)
22 for a four-level optical pumping system given in Eq. 6.11 (see chapter 6)

are as follows:
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ρ
(0)
11 =

(Γ2((Γ2 + Πg)
2 + 4∆2

c1) + Ω2
c1(Γ2 + Πg))(Ω

2
c2(Γ3 + Πg)(Γ31 + Πg) + Γ3Πg((Γ3 + Πg)

2 + 4∆2
c2))

(2Γ2((Γ2 + Πg)
2 + 4∆2

c1) + 3Ω2
c1(Γ2 + Πg))

2Ω2
c2(Γ3 + Πg)(

1
2
Γ2(Γ31 + 3Πg)((Γ2 + Πg)

2 + 4∆2
c1) + Ω2

c1(Γ2 + Πg)(Γ31 + 2Πg)) + Γ3Πg((Γ3 + Πg)
2 + 4∆2

c2)
, (D.1)

ρ
(0)
22 =

Ω2
c1(Γ2 + Πg)(Ω

2
c2(Γ3 + Πg)(Γ31 + Πg) + Γ3Πg((Γ3 + Πg)

2 + 4∆2
c2))

(2Γ2((Γ2 + Πg)
2 + 4∆2

c1) + 3Ω2
c1(Γ2 + Πg))

2Ω2
c2(Γ3 + Πg)(

1
2
Γ2(Γ31 + 3Πg)((Γ2 + Πg)

2 + 4∆2
c1) + Ω2

c1(Γ2 + Πg)(Γ31 + 2Πg)) + Γ3Πg((Γ3 + Πg)
2 + 4∆2

c2)
, (D.2)

ρ
(+1)
11 =

+
(ρ

(0)
11 − ρ

(0)
22 )((Γ2 − Πg)(4∆2

c1 + (Γ2 + Πg + 2iδ1)2) + Ω2
c1(Γ2 + Πg + 2iδ1))

(Γ2 + iδ1)(4∆2
c1 + (Γ2 + Πg + 2iδ1)2) + Ω2

c1(Γ2 + Πg + 2iδ1)
− (ρ

(0)
11 − ρ

(0)
22 ))

(
iΩ2

c2(Γ31 − Πg)(ρ
(0)
11 − ρ

(0)
22 )(Γ3 + Πg + 2iδ1)(2∆c1 + i(Γ2 + Πg + 2iδ1))(Γ2 + Πg + 2i(δ1 + ∆c1))

((Γ2 + iδ1)(4∆2
c1 + (Γ2 + Πg + 2iδ1)2) + Ω2

c1(Γ2 + Πg + 2iδ1))((Γ3 + iδ1)(4∆2
c2 + (Γ3 + Πg + 2iδ1)2) + 2Ω2

c2(Γ3 + Πg + 2iδ1))

Ωc1Ωp(Γ2 + Πg + iδ1)(Γ2 + Πg + 2i(δ1 −∆c1))

−
Ω2
c1(Γ2 + Πg + 2iδ1)((Γ2 − Πg)(4∆2

c1 + (Γ2 + Πg + 2iδ1)2) + Ω2
c1(Γ2 + Πg + 2iδ1))

B
+ 1)

(−
iΩ2

c1Ω2
c2(Γ31 − Πg)(Γ2 + Πg + 2iδ1)(Γ3 + Πg + 2iδ1)(Γ2 + Πg + 2i(δ1 −∆c1))(Γ2 + Πg + 2i(δ1 + ∆c1))

B(δ1 − iΓ3)(4∆2
c2 + (Γ3 + Πg + 2iδ1)2)− 2iBΩ2

c2(Γ3 + Πg + 2iδ1)

A(Γ2 + Πg − 2i∆c1)((2Πg + iδ1)(Γ2 + Πg + 2i(δ1 −∆c1))(Γ2 + Πg + 2i(δ1 + ∆c1)) + Ω2
c1(Γ2 + Πg + 2iδ1))

,

(D.3)
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ρ
(+1)
22 =− Ωc1(−ρ(+1)

11 Ωc1(Γ2 + Πg + 2iδ1)(Γ2 + Πg − 2i∆c1)− Ωp(ρ
(0)
11 − ρ

(0)
22 )(Γ2 + Πg + iδ1)(Γ2 + Πg + 2i(δ1 −∆c1)))

(Γ2 + Πg − 2i∆c1)((Γ2 + iδ1)(4∆2
c1 + (Γ2 + Πg + 2iδ1)2) + Ω2

c1(Γ2 + Πg + 2iδ1))
, (D.4)

where,

A =1 +
Ω2
c2(Γ31 − Πg)(Γ3 + Πg + 2iδ1)(Γ2 + Πg + 2i(δ1 −∆c1))(Γ2 + Πg + 2i(δ1 + ∆c1))

((2Πg + iδ1)(4∆2
c1 + (Γ2 + Πg + 2iδ1)2) + Ω2

c1(Γ2 + Πg + 2iδ1))((Γ3 + iδ1)(4∆2
c2 + (Γ3 + Πg + 2iδ1)2) + 2Ω2

c2(Γ3 + Πg + 2iδ1))
,

B =A((Γ2 + iδ1)(4∆2
c1 + (Γ2 + Πg + 2iδ1)2) + Ω2

c1(Γ2 + Πg + 2iδ1))((2Πg + iδ1)(4∆2
c1 + (Γ2 + Πg + 2iδ1)2) + Ω2

c1(Γ2 + Πg + 2iδ1)).
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Appendix E

Density matrix formulation for two-level system driven

by pump and probe lasers

The density matrix component which corresponds to the absorption of a particular

laser field, is identified when working in the Schrödinger picture. The Hamiltonian

HI in the RWA given in Eq. 2.7, is transformed into the Schrödinger picture under a

unitary transformation U †1HIU1. For a two-level system coupled with a probing laser,

the Hamiltonian HI in the RWA is:

HI =
~
2

{
Ωpe

iδp12t |1〉 〈2|+ Ω∗pe
−iδp12t |2〉 〈1|

}
, (E.1)

and it transforms into the Schrödinger picture as,

HI =
~
2

{
Ωpe

iωpt |1〉 〈2|+ Ω∗pe
−iωpt |2〉 〈1|

}
, (E.2)

under the unitary transformation U †1HIU1. Where, U1 = eiω1t |1〉 〈1|+ eiω2t |2〉 〈2| and

δp12 = ωp− (ω2− ω1) is the detuning of the probing laser from resonance on |1〉 → |2〉

transition. The equations of motion for the two-level system without the incoherent

processes such as spontaneous decay rates is obtained by substituting Eq. E.2 into
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Eq. 2.14 and is expressed as:

ρ̇11 =
iΩ∗p
2
e−iωptρ12 −

iΩp

2
eiωptρ21,

ρ̇12 =
iΩp

2
eiωptρ11 −

iΩp

2
eiωptρ22,

ρ̇21 =−
iΩ∗p
2
e−iωptρ11 +

iΩ∗p
2
e−iωptρ22, (E.3)

ρ̇22 =−
iΩ∗p
2
e−iωptρ12 +

iΩp

2
eiωptρ21.

From the equations of motion (Eq. E.3), the density matrix element ρ̇21 is oscillating

at the frequency of the probing laser field (Ω∗pe
−ωpt). However, since ρ21 = ρ∗12, the

imaginary part of ρ12 is proportional to the absorption of the probing field.

For a two-level system coupled by two lasers (i.e., a strong pump and a weak probe

laser fields), the Hamiltonian HI in the RWA is given as:

HI =
~
2

{
(Ωc + Ωpe

iδt)eiδ
c
12t |1〉 〈2|+ (Ω∗c + Ω∗pe

−iδt)e−iδ
c
12t |2〉 〈1|

}
, (E.4)

where, δ = ωp − ωc is the probe field detuning with respect to the pump field and

δc12 = ωc− (ω2−ω1) is the pump field detuning with the atomic resonance transition.

The Hamiltonian HI given in Eq. E.4 transforms into the Schrödinger picture under

the unitary transformation U †1HIU1 as,

HI =
~
2

{
(Ωc + Ωpe

iδt)eiωct |1〉 〈2|+ (Ω∗c + Ω∗pe
−iδt)e−iωct |2〉 〈1|

}
. (E.5)

The equations of motion for the two-level system coupled with two lasers is also
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obtained by substituting Eq. E.5 into Eq. 2.14 and is expressed as:

ρ̇11 =
i

2
(Ω∗c + Ω∗pe

−iδt)e−iωctρ12 −
i

2
(Ωc + Ωpe

iωpt)eiωctρ21,

ρ̇12 =
i

2
(Ωc + Ωpe

iδt)eiωctρ11 −
i

2
(Ωc + Ωpe

iδt)eiωctρ22,

ρ̇21 =− i

2
(Ω∗c + Ω∗pe

−iδt)e−iωctρ11 +
i

2
(Ω∗c + Ω∗pe

−iδt)e−iωctρ22, (E.6)

ρ̇22 =− i

2
(Ω∗c + Ω∗pe

−iδt)e−iωctρ12 +
i

2
(Ωc + Ωpe

iδt)eiωctρ21.

Treating the strong pump field Ωc correctly to all orders and the weak probe field Ωp

to first order only in the above equations of motion, ρ21 oscillates at three dominant

frequencies: ωc, ωp and 2ωc − ωp. Using the Floquet expansion to first order in the

probe field:

ρij(t) = ρ
(ωc)
ij (t)e−iωct + ρ

(ωp)
ij (t)e−iωpt + ρ

(2ωc−ωp)
ij (t)e−i(2ωc−ωp)t, (E.7)

ρ
(ωc)
21 oscillates at the frequency of the pump field Ωc, ρ

(ωp)
21 oscillates at the frequency

of the probe field Ωp and ρ
(2ωc−ωp)
21 is for wave-mixing. In the rotating frame of the

pump field, the above Floquet expansion (Eq. E.7) is of the form:

ρij(t) = ρ
(0)
ij (t) + ρ

(δ)
ij (t)e−iδt + ρ

(−δ)
ij (t)eiδt, (E.8)

which is also expressed as ρij(t) =
∑∞

n=−∞ ρ
(nδ)
ij (t)e−inδt for the infinity series, where

δ = ωp − ωc. The Floquet expansion in Eq. E.8 is obtained from Eq. E.7 by

subtracting the index of ρij with ωc and then multiply with eiωct. Since ρ21 = ρ∗12, the

imaginary part of ρ
(0)
12 , ρ

(+1)
12 and ρ

(−1)
12 is proportional to the absorption of the strong

pump field, the weak probe field and wave-mixing response respectively.
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