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Abstract

Standard nodal finite elements in electromagnetic analysis have well-known limitation of

occurrence of spurious solution. In order to circumvent the problem, a penalty function

method or a regularization method is used with potential formulation. These methods

solve the problem partially by pushing the spurious mode to the higher end of the

spectrum. But it fails to capture singular eigen values in case of the problem domains

with sharp edges and corners. To circumvent this limitation, edge elements have been

developed for electromagnetic analysis where degree of freedoms are along the edges. In

this work, we have developed a technique to convert nodal data structure to edge data

structure for electromagnetic analysis. Thereafter, we have demonstrated the relative

performances of different nodal and edge elements through a series of examples. All

possible complexities like curved boundaries, non-convex domains, sharp corners, non-

homogeneous domains have been addressed in those examples. The robustness of edge

elements in predicting the singular eigen values for the domains with sharp edges and

corners is evident in the analysis. A better coarse mesh accuracy has been observed for

all the edge elements as compared to the respective nodal elements.

In time domain to solve electromagnetic radiation and scattering problems, several

numerical methods are available in literature. Among these numerical methods Finite

Difference Time Domain (FDTD) method and Time Domain FEM (TDFEM) method

are more popular. Here we have proposed a quantity in continuum, which is conserved

under certain boundary conditions. We have also proposed a time marching scheme

within edge element framework, which satisfy this conservation characteristics in algo-

rithmic sense irrespective of the choice of time step. We have used same conversion

algorithm as mentioned earlier.

While doing electromagnetic analysis using FEM (Finite element method), if we can

implement the underlying symmetric nature of the problem, there will be significant

reduction in the computational cost. Symmetric nature of the problem can be identi-

fied from the given physical loading and boundary conditions of the problem. But for

electromagnetic analysis in potential formulation, it is not very straight forward to im-

plement the symmetric boundary condition. Here, a novel implementation of symmetric

boundary condition in potential formulation within nodal framework, has been demon-
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strated. The implementation has been carried out in both electromagnetic harmonic

and transient analysis for a wide range of radiation and scattering problems.
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Chapter 1

Introduction

This chapter presents a brief overview of various numerical methods in computational

electromagnetics, with a focus on finite element strategies in electromagnetic analysis.

Following this, the section identifies the unexplored research gaps within the existing

literature and outlines the objectives of the current work. Finally, it provides an overview

of the thesis structure and arrangement.

Several numerical methods have been developed to solve the partial differential equa-

tions (PDE) in studying the transmission of electromagnetic waves, performing either

harmonic or transient analysis in various engineering and scientific applications. Among

the mesh based methods, Finite Element Method (FEM), and Finite Difference Method

have gained a wide popularity due to their application to complex structures [1]. How-

ever, there are other powerful alternative methods also exist, such as mesh-free meth-

ods [2–5] and Isogeometric Analysis (IGA) [6–10]. The Spectral element method [11–14],

an advanced numerical technique that combines aspects of FEM and spectral methods,

has been applied to electromagnetic radiation and scattering problems. Recently, the

Domain Decomposition Method (DDM) [15–17] has gained attention in recent years

within the CEM community. Some of the applications of electromagnetic waves includes

wireless satellite communication and optics, radar, remote sensing, bioelectromagnetics,

electromagnetic forming etc. In the transmission of electromagnetic waves, waveguide

structures are used to transmit the waves with minimum losses of energy.

The Finite Element Method (FEM) has been widely used for radiation and scatter-

ing problems in interior and exterior domains which has large applications in antenna

radiations, waveguide transmissions etc. [1, 18]. In order to apply the FEM technique

the domain can be discretized with either edge element or nodal element. Like other

wave propagation problems, in electromagnetic wave analysis, the mesh size of finite

elements for converged results is dependent on the operating frequency. At higher fre-

quencies, a refined mesh is required for accurate results. However, the occurrence of

spurious solutions in nodal FEM cannot be eliminated with mesh refinement strategy.

In order to circumvent the problem, the penalty function method and regularization
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Chapter 1. Introduction

method [19–21] have been used extensively in nodal FEM framework. These methods

solve the problem partially by pushing the spurious mode to the higher end of the spec-

trum. In order to capture singular eigen value in case of sharp edges and corners, in the

regularization method we have to use a penalty parameter varying from 0 at the sharp

edge to 1 at a large distance from the sharp edge. Also, in order to take care of inherent

tangential continuity and normal discontinuity across material interface, potential for-

mulation is used in nodal finite element framework [22–26]. In [27], a two field variation

formulation in electromagnetics was presented, which can predict the eigen frequencies

very accurately with correct multiplicities. There is no ad-hoc term in the mixed for-

mulation as in the penalty function or the regularization method. This method worked

very well for all two dimensional geometries like non-convex domains with sharp corners,

in-homogeneous domains, curved domains etc. In three-dimensions, mixed FEM worked

for plane structures (structures without any curvature) quite well; there, it worked flaw-

lessly with sharp edges and in-homogeneous domains. But in the case of curved three

dimensional geometries, this mixed formulation failed. But, in literature to overcome

the aforementioned limitations, edge elements were introduced.

1.1 Edge elements in electromagnetic analysis

Edge elements were introduced by Whitney, which are also called curl-conforming ele-

ments. J C Nedelec presented the conceptual theory of edge elements [1]. He presented

a non conforming tetrahedron and cube finite elements construction [28] conforming the

H curl and H div spaces. Whitney spaces can act as bases for edge elements in FEM

for field type of problems [29] and eddy current problems. In [30–36] edge elements are

used to solve the eigenvalue problems with different shapes. In [37], Alain Bossavit et

al. solved the 3-D eddy current problems using the combination of FEM and Bound-

ary Integral Element Method (BIEM) methods. Edge elements can be easily applied

to an exterior domain problems where the coupling of other methods like Absorbing

Boundary Condition (ABC) [38], Boundary Integral (BI) [39], Perfectly Matched Layer

(PML) [40] are required. Zoltan J. Cendes et al. [39] presented the implementation of

the tangential vector finite element method to analyse the dielectric waveguides. In

the literature various methods like method of moment, spectral-domain methods, finite

difference and finite element are adopted for analysis of dielectric waveguide problems.

Recently edge finite elements have been applied to model widely different domain prob-

lems, like marine controlled source electromangetics [41–44], geophysical electromagnetic

problems [45, 46].

J P Webb [47] broadly discussed the useful properties of edge elements. Vector finite

element or edge element [28, 30, 31, 48, 49] was proposed to circumvent the spurious

solution problem of nodal FEM. Electromagnetic radiation and scattering problems

require special elements where normal discontinuity and tangential continuity exists
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across material interfaces met by edge elements. In [50], M. L. Barton et al. showed

that continuity of tangential components of the vector field is sufficient in vector based

FEM to compute the magnetic fields. Another advantage of edge elements is that electric

or magnetic fields can be directly computed without any differentiation on potentials.

Also, no penalty or regularization term is required in edge element framework. While

modelling sharp, perfectly conducting objects, the electric field has to be infinite inside

the domain and its direction changes rapidly at the sharp edges and corners. In order

to do eigen analysis of such geometries in nodal framework singular trial functions are

required, whereas due to tangential continuity of edge elements, no such function is

required.

T. V. Yioultsis et al. [51, 52] presented the systematic approach to construct the

higher order tetrahedral edge elements and used them to solve the waveguide problems

with material discontinuity. General expressions for the shape functions were presented

and unknown coefficients were found by following the decoupling procedure. In [53],

the formation of higher order Whitney p-elements was shown. In [54], the construction

of higher order two dimensional and three dimensional H1 curl elements are presented

to solve the electromagnetic scattering problems. In [55], Roberto D. Graglia et al.

presented the general approach of interpolatory vector basis functions of various two

dimensional and three dimensional elements. Edge elements can be constructed by

using hierarchial vector basis functions also. Jon P. Webb [56] proposed hierarchical

vector basis functions for higher order triangle and tetrahedral finite elements. In [57],

Seung-Cheol Lee et al. implemented higher order hierarchical vector finite elements in

the field of microwave engineering to the wave guiding structures. In hierarchial type

implementation, there can be p refinement in some part of the domain and in some

part we can have h refinement. But, in interpolatory type we can only have one type of

refinement in the entire domain. However, recently, a new type of second-order hexhedral

and tetrahedral edge elements were proposed by using the idea of edge unification. Here,

the element has one edge variable on each side as a result of unifying both edge on the

side. By adopting these edge elements, considerable reduction in computational cost

without any loss of accuracy was achieved [58, 59].

When defining edge degrees of freedom (DoFs), special attention is needed to ensure

proper continuity across cells and to avoid sign conflicts. Various solutions have been

proposed to ensure consistency [60–63]. For instance, in [61, 62], the authors introduced

a sign flip condition for first-order 3D finite elements, ensuring that all local DoFs shared

by two or more tetrahedral elements correspond to the same global DoF. In [60, 61],

another approach based on the constructing all possible shape functions combined with a

permutation that depends on the local edge/face orientations. There are several software

libraries, such as NGSOLVE [64], FreeFEM++ [65], and HERMES [66] that provide

higher-order elements defined on curved boundaries, suited for complex computations.

However, these codes are often challenging to understand and modify unless the user is
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already familiar with them. Modifying or adding features that are not readily available

can be difficult. Commercial mesh generation packages (ANSYS, ABAQUS, Maxwell

2D & 3D, and COMSOL) for both nodal and edge elements are also widely available,

but understanding their implementation can be tedious and making adjustments to meet

specific needs can be challenging.

To address these challenges, a general conversion algorithm that provides full imple-

mentation details would be highly beneficial for students and researchers who wish to

familiarize themselves with edge elements and prefer to implement their own solutions.

In our research, one of our objectives is to develop a systematic conversion algorithm

from nodal to edge elements. Further, we want to validate the generated node-to-edge

elements by performing electromagnetic eigen analysis.

1.2 Electromagnetic harmonic and transient analysis

While solving electromagnetic radiation and scattering problems using FEM, the infinite

exterior domain is required to be truncated at some finite radius as our computational

domain should be finite. To mimic the infinite nature, some appropriate absorbing

boundary condition (ABC) is imposed on the truncation surface [22]. This ABC is

determined based on Sommerfeld radiation condition [67]. In [67–70], various second-and

higher-order ABCs were implemented. Over past 20 years, analytical ABCs, Perfectly

Matched Layers (PML) and different versions of Huygens ABCs [71, 72] have been

introduced and applied to finite element methods. ABCs are not limited to FEM, as

many authors have also used them in electromagnetic radiation and scattering analysis

within the finite-difference time-domain (FDTD) method. In [73–76], different types

of ABCs were implemented in FDTD to simulate electromagnetic wave propagation.

A brief historical review of ABCs, along with their advantages and limitations, can

be found in [77, 78]. Overall, the FEM-ABC technique is effective for handling open-

region problems, but ABCs are not exact cannot perfectly absorb all outgoing fields.

This introduces small errors in the solution. To minimize these errors, the artificial

boundary must be placed far from the source to reduce reflections, though this increases

computational cost.

In [67–70, 79, 80], authors modelled the interior computational domain with edge

FEM and the truncation surface with Boundary Integral (BI) method. Even though this

technique is more accurate than traditional ABCs, a key disadvantage is the generation

of densely populated matrix by BI elements, which results in higher memory requirement

and computational time.

In certain electromagnetic problems, the presence of symmetry allows for a reduction

in the computational domain, leading to a significant decrease in computational cost. If

a plane of symmetry exists based on the loading conditions and boundary setup, only

half (or even a portion) of the domain needs to be considered in the analysis. To achieve
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this, appropriate boundary conditions must be applied on the plane of symmetry. This

approach significantly reduces computational cost.

The implementation of symmetric boundary condition in computational electromag-

netics has been extensively studied. Numerous studies have demonstrated the use of

various numerical methods that leverage symmetry for solving cavity resonant problems,

as well as radiation and scattering problems. Key developments based on a comprehen-

sive literature survey are outlined here. The connection between Maxwell’s equations

and symmetry lies in the fact that these equations, along with boundary conditions and

material properties, remain invariant under specific symmetry transformations, such as

reflections, rotations, or periodic transformations [81]. For instance, in [82], resonance

frequencies for cylindrically symmetric cavities were computed using the finite integra-

tion technique (FIT), which shares similarities with finite difference methods. In [81],

author discusses boundary conditions for various types of symmetries, such as reflec-

tion symmetry about a plane, periodic structures, symmetric periodic structures and

axisymmetric structures. Eigenvalue analysis was then performed on these different 2D

domains to explore these symmetries in the context of FEM. David et al. proposed an

efficient formulation based on the method-of-moments to analyze planar structures with

azimuthal symmetry [83]. Additionally, in [84], 3D inhomogeneous cavities were simu-

lated using symmetries in the variational meshless method (VMM). Recently, an efficient

method based on FEM was introduced in [85] to characterize waveguides with arbitrary

cross sections that exhibit discrete rotational symmetries (CN ) symmetries. In [86],

a method for imposing symmetry planes using conformal and non-conformal uniform

meshes was introduced for waveguide ports in both FDTD and FDFD simulations.

On the symmetry plane, symmetric conditions are typically enforced by applying

the perfect electric conductor (PEC) boundary condition or perfect magnet conductor

(PMC) boundary condition. However, implementing these conditions in potential for-

mulation is not very straightforward [87]. Inspired by this idea, we aim to propose some

novel technique to implement this symmetric boundary condition in potential formula-

tion in the nodal framework, for both electromagnetic harmonic and transient analysis.

Being inspired from the Wilcox asymptotic expansion for electric field in exterior do-

main [88], A. Nandy et al. proposed an amplitude formulation [22] in nodal FEM, using

potentials, to carry out harmonic electromagnetic analysis, for solving electromagnetic

radiation and scattering problems in exterior domain. In the current work, we want to

extend our novel implementation of symmetric boundary condition in the Amplitude

formulation [22].

A wide range of numerical methods are available to solve Maxwell’s electromagnetic

wave equation in time domain. They can be classified in two broad categories such as

Finite Difference Time Domain (FDTD) method and Time Domain FEM (TDFEM)

method. FDTD, introduced by Yee [89], gained popularity due to its ease in implemen-

tation of the numerical integration. TDFEM [90–96] soon replaced FDTD as it could
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be easily generalized to complex geometries. In TDFEM, two approaches were followed

to solve for electromagnetic field variables. In first approach [94–99], second order elec-

tromagnetic wave equation was solved for either electric or magnetic field. Then from

post processing, other field was obtained. In the other approach [90, 92, 93], two cou-

pled first order Maxwell’s equations were solved for both field variables simultaneously.

In [94, 100–102], Finite Element Boundary Integral (FEBI) method was developed for

exterior domain problems. In transient electromagnetic analysis, different time stepping

strategies such as leapfrog strategy [103, 104], central difference method [94, 101, 105],

were used for temporal discretization.

Ensuring the stability of the algorithm is crucial for obtaining reliable solutions in

transient electromagnetic analysis. Factors such as the finite element mesh size and

the time step used during the time-marching process, influence the stability of the al-

gorithm [106]. There exists a close relationship between the unconditional stability of

an algorithm and the conservation or dissipation of energy in the physical model [106].

According to Poynting’s theorem [107], in a lossless medium without sources, the electro-

magnetic energy of a wave remains constant over time. Therefore, any numerical scheme

must adhere to this principle to achieve unconditional stability. In [99], authors devel-

oped an unconditional stability time marching scheme for higher order TD-MFEM for

different boundary conditions. In [24], the authors introduced a time-stepping strategy

for TDFEM, which demonstrated unconditional stability from an energy perspective.

Consequently, we aim to extend the time-stepping strategy outlined in [24] into the edge

element framework to solve electromagnetic radiation and scattering problems.

1.3 Maxwell’s Equations in Electromagnetics

The governing differential equations for electromagnetic analysis are Maxwell’s equa-

tions, given in the strong form as [108]

∂B

∂t
+∇×E = 0, (1.1a)

∇ ·B = 0, (1.1b)

∂D

∂t
−∇×H = −j, (1.1c)

∇ ·D = ρ, (1.1d)

where the electric and magnetic fields are given by E and H, the electric displacement

(electric flux) is D, the magnetic induction (magnetic flux) is B, the charge density is ρ,

and the current density is j. The following constitutive relations complement the above

governing equations

D = εE, (1.2a)
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B = µH, (1.2b)

where µ and ε are the magnetic permeability and electric permittivity, respectively.

Considering that ε and µ are independent of time and substituting the constitutive

relations into Eqs. (1.1a), (5.16) and (1.1d), and also after eliminating H we get

ε
∂2E

∂t2
+
∂j

∂t
+∇×

(
1

µ
∇×E

)
= 0. (1.3)

We get the compatibility condition from Eqs. (5.16), (1.2a) and (1.1d) as

∂ρ

∂t
+∇ · j = 0.

We have the boundary condition as on conducting boundary, E × n = 0. Also,

across the material interface, both E × n and H × n are continuous as there is no

impressed surface currents.

Introducing the relative permeability and relative permittivity µr := µ/µ0 and εr :=

ε/ε0, where µ0 and ε0 are the permeability and permittivity for the vacuum, Eq. (1.3)

can be written in the frequency domain as

∇×
(

1

µr
∇×E

)
− k2

0εrE = −iωµ0j, (1.4)

where k0 = ω/c is the wave number, c = 1/
√
ε0µ0, and i =

√
−1. Considering j to be

zero, the Eq. 1.4 becomes

∇×
(

1

µr
∇×E

)
= k2

0εrE. (1.5)

which governs the eigenvalue problem.

1.4 Objectives of the present work

Based on the scope of research gaps identified from the literature survey, the objectives

of the present work are as follows:

1. Developing a node to edge conversion algorithm. This algorithm uses coordinates

and connectivity data of nodal finite element and it does necessary conversion to

solve the problem using edge finite element.

2. Performing eigen value analysis of different electromagnetic problems in edge

element framework using this conversion algorithm. Thereafter, to carry out

detailed comparison of the performance between nodal and the edge elements.

3. Applying this conversion algorithm for transient electromagnetic analysis. In

transient electromagnetic, one mathematical quantity (Ē) is proposed in con-

tinuum framework which conserves under certain conditions. A suitable time
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stepping strategy is proposed. It has been proved both algorithmically as well as

with numerical examples that the proposed time stepping strategy mimic con-

servation of Ē under required condition.

4. In nodal finite element frame work with potential formulation, to implement sym-

metric boundary condition in electromagnetic harmonic and transient analysis.

1.5 Organization of the thesis

We divide the thesis into six chapters. Throughout the thesis we follow the SI unit con-

vention, unless otherwise stated. SI units of different variables are given in page xxvi.

For solving the final matrix equations, we use the WSMP (Watson Sparse Matrix Pack-

age) package [109]. The outline of each chapter is discussed below.

In Chapter 1, an overview of the literature survey is presented based on application

of numerical methods in computational electromagnetics, focusing on finite element

strategies in electromagnetic analysis. Additionally, the chapter identifies unexplored

research gaps within the existing literature and outlines the objectives of the current

work, with the explicit aim of introducing a novel contribution to the scientific discourse.

In Chapter 2, a standalone conversion algorithm is presented, capable of generating

edge connectivity information from the supplied nodal connectivity data. Additionally,

this chapter provides the details of the various two-dimensional and three-dimensional

nodal-to-edge elements utilized in our work. For electromagnetic wave equation under no

loading conditions, variational and FEM formulations in both nodal and edge framework

are outlined. Finally, the conversion flow of the algorithm is presented, accompanied by

suitable examples in both two and three-dimensions.

In Chapter 3, focus lies on assessment of numerical performance of the transformed

edge elements introduced in chapter 2. The chapter provides the details of the several

numerical examples of eigenvalue analysis in both 2D and 3D. These examples are

part of our comparative performance analysis between the generated edge elements and

corresponding conventional nodal finite elements. Finally, important observations made

in our comparative analysis are summarized.

In Chapter 4, the initial focus is on providing an overview of state-of-the-art in tran-

sient electromagnetics. Following that, the chapter presents the variational statement

and edge based FEM implementation to solve electromagnetic radiation and scattering

problems in time domain. Following this, a specific quantity (Ē) is derived, and its con-

servation is demonstrated both in the continuum framework and algorithmically, for the

adopted time-stepping strategy. Finally, the chapter presents details of the benchmark

examples considered for simulating electric fields, along with the demonstration of the

conservation of Ē.

In Chapter 5, a novel implementation of symmetric boundary condition in potential

formulation within nodal framework is demonstrated through the thin-patch method.
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Then, this method is applied to selected numerical examples that exhibits a plane of

symmetry, to demonstrate the computational efficacy of the proposed method as com-

pared to the existing formulation. Finally, an extensive study is conducted for proper

selection of the thickness in the thin patch method.

In Chapter 6, a comprehensive summary of the work and its novel contributions to

the existing literature is presented. The conclusions drawn from the results presented in

various chapters are then outlined, offering insights into the implications of the findings.

The chapter concludes by presenting the potential avenues for future research, identifying

areas where further exploration and advancements can be made in the field.
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Chapter 2

Conversion algorithm for creating

Edge data structure from Nodal

data structure∗

For electromagnetic analysis in edge element framework, element data is required in

the form of edge data structure. To achieve this, a standalone conversion algorithm is

needed where the edge information is generated as output from the supplied nodal data

as input. Here, every edge is generated by joining the two nodes of the element. In

this chapter, we are presenting such conversion algorithm to different edge elements in

both two-dimensions and three-dimensions. Such kind of program is necessary because

most of the available commercial mesh generator create and generate nodal element data

structure.

The remaining chapter is organized as follows: In section 2.1, variational and finite el-

ement formulations of electromagnetic eigen analysis is presented. In section 2.2, details

of the different two-dimensional edge elements used in our work are given. Then, differ-

ent variables used in the conversion algorithm are presented in section 2.3. Thereafter,

in section 2.4 we have explained the flow of the algorithm in minute details with associ-

ated flowcharts and simple conversion examples for different two-dimensional elements

like four edge quadrilateral, three edge triangle, twelve edge quadrilateral and eight edge

triangle. Then, it is followed by the description of the different three-dimensional edge

finite elements in section 2.5 and the conversion flow in generating the edge connectivity

data for these elements in section 2.6.

∗D. Kamireddy and A. Nandy, “A novel conversion technique from nodal to edge finite element data
structure for electromagnetic analysis”, Computer Assisted Methods in Engineering and Science 28(4),
291−319 (2022). https://cames.ippt.gov.pl/index.php/cames/article/view/384
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Chapter 2. Conversion algorithm for creating Edge data structure from Nodal data
structure

2.1 Variational and FEM formulations

2.1.1 Variational statement for Potential formulation

For homogeneous domains, we get wrong multiplicities of eigenvalues and for inhomo-

geneous domains, we get spurious values using regularized formulations in the nodal

framework [19]. It is partially overcome in the regularized potential formulation [110],

which is fairly robust in all convex domains, homogeneous or inhomogeneous. Only,

it fails to find the singular eigenvalues for a non-convex domain, owing to the penalty

term.

Replacing E by A+∇ψ in Eq. (1.5), we have

∇×
(

1

µr
∇×A

)
= k2

0εrA+ k2
0εr∇ψ, (2.1)

where ψ and A are scalar and vector potentials. We get the required variational state-

ment after adding the penalty term [110] as

∫
Ω

1

µr
(∇×Aδ) · (∇×A) dΩ +

∫
Ω

1

εrµr
(∇ ·Aδ)[∇ · (εrA)] dΩ =

k2
0

∫
Ω
εrAδ ·A dΩ + k2

0

∫
Ω
εrAδ ·∇ψ. (2.2)

Multiplying Eq. (1.1d) by the variation ψδ, replacing E by A+∇ψ, and considering no

charge for eigen analysis we have

k2
0

∫
Ω
∇ψδ · (εrA) dΩ + k2

0

∫
Ω
∇ψδ · (εr∇ψ) dΩ = 0. (2.3)

On parts of the boundary where E × n = 0, we specify ψ and A× n to be zero.

2.1.2 FEM Formulation in nodal framework

The vector potential A and its variation Aδ are discretized as

A = NÂ,

Aδ = NÂδ,

leading to

∇×A = BÂ, ∇ ·A = BpÂ,

∇×Aδ = BÂδ, ∇ ·Aδ = BpÂδ.
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Similarly, for the scalar potential ψ, we have

ψ = Nψψ̂, ∇ψ = Bψψ̂,

ψδ = Nψψ̂δ, ∇ψδ = Bψψ̂δ,

where

N =


N1 0 0 N2 0 0 . . .

0 N1 0 0 N2 0 . . .

0 0 N1 0 0 N2 . . .

 , Nψ =
[
N1 N2 N3 . . .

]
,

B =



0 −∂N1

∂z

∂N1

∂y
0 −∂N2

∂z
−∂N2

∂y
. . .

∂N1

∂z
0 −∂N1

∂x

∂N2

∂z
0 −∂N2

∂x
. . .

−∂N1

∂y

∂N1

∂x
0 −∂N2

∂y

∂N2

∂x
0 . . .


,

Bp =

[
∂N1

∂x

∂N1

∂y

∂N1

∂z

∂N2

∂x

∂N2

∂y

∂N2

∂z
. . .

]
,

Bψ =



∂N1

∂x

∂N2

∂x

∂N3

∂x
. . .

∂N1

∂y

∂N2

∂y

∂N3

∂y
. . .

∂N1

∂z

∂N2

∂z

∂N3

∂z
. . .


.

The discretized forms of Eqs. (2.2) and (2.3) are given by[
KAA 0

0 0

][
Â

ψ̂

]
= k2

0

[
MAA MAψ

MψA Mψψ

][
Â

ψ̂

]
, (2.4)

where

KAA =

∫
Ω

1

µr

[
BTB +BT

pBp

]
dΩ, (2.5a)

MAA =

∫
Ω
εrN

TN dΩ, (2.5b)

MAψ =

∫
Ω
εrN

TBψ dΩ, (2.5c)

MψA =

∫
Ω
εrB

T
ψN dΩ, (2.5d)

Mψψ =

∫
Ω
εrB

T
ψBψ dΩ. (2.5e)
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2.1.3 FEM formulation in edge element framework

The variational formulation of Eq. (1.5) can be derived as∫
Ω

1

µr
(∇×Eδ) · (∇×E) dΩ = k2

0

∫
Ω
εrEδ ·E dΩ. (2.6)

where the boundary conditions E × n and H × n are specified on the surfaces Γe and

Γh of the domain respectively. For the conducting boundary, we have E × n = 0 and

for eigen analysis, we have H = 0.

We discretize the fields and their variations in Eq.(2.6) as

E = V Ê, Eδ = V Êδ,

∇×E = BÊ, ∇×Eδ = BÊδ,

where Ê is the values of E at different edges, Êδ denote the respective variation of Ê.

Edge shape functions matrix, V and B-matrix are given as

V =

v1x v2x . . .

v1y v2y . . .

v1z v2z . . .

 , B =



∂v1z

∂y
− ∂v1y

∂z

∂v2z

∂y
− ∂v2y

∂z
. . .

∂v1x

∂z
− ∂v1z

∂x

∂v2x

∂z
− ∂v2z

∂x
. . .

∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .


.

where vx, vy and vz are the x, y, z components of each edge shape function.

After substituting the above discretizations into Eq.(2.6) and using the arbitrariness

of variations we get

KÊ = k2
0MÊ, (2.7)

where,

K =

∫
Ω

1

µr
BTB dΩ, (2.8a) M =

∫
Ω
εrV

TV dΩ. (2.8b)

2.1.4 Calculation of
∂ξ

∂x
,
∂ξ

∂y
,
∂ξ

∂z
,
∂η

∂x
,
∂η

∂y
,
∂η

∂z
,
∂ζ

∂x
,
∂ζ

∂y
and

∂ζ

∂z

The shape functions of edge element contains the terms of inverse Jacobian (Γ) and

its components
∂ξ

∂x
,
∂ξ

∂y
,
∂ξ

∂z
,
∂η

∂x
,
∂η

∂y
,
∂η

∂z
,
∂ζ

∂x
,
∂ζ

∂y
, and

∂ζ

∂z
which can be obtained as

discussed below. In two dimensions, we have the following relation as
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
∂f

∂ξ

∂f

∂η

 = J


∂f

∂x

∂f

∂y

 =⇒


∂f

∂x

∂f

∂y

 = J−1


∂f

∂ξ

∂f

∂η


where J is Jacobian can be written as

J =

J11 J12

J21 J22

 =


∂x

∂ξ

∂y

∂ξ

∂x

∂η

∂y

∂η

 and assume J−1 = Γ =

Γ11 Γ12

Γ21 Γ22

 ;

therefore,


∂ξ

∂x

∂ξ

∂y

 =

Γ11

Γ21

 and


∂η

∂x

∂η

∂y

 =

Γ12

Γ22

 .

Similarly the components of inverse Jacobian in three dimensions can be obtained

as:

From the relation,

∂f

∂ξ

∂f

∂η

∂f

∂ζ


= J



∂f

∂x

∂f

∂y

∂f

∂z


=⇒



∂f

∂x

∂f

∂y

∂f

∂z


= J−1



∂f

∂ξ

∂f

∂η

∂f

∂ζ


where

J =


J11 J12 J13

J21 J22 J23

J21 J22 J23

 =



∂x

∂ξ

∂y

∂ξ

∂z

∂ξ

∂x

∂η

∂y

∂η

∂z

∂η

∂x

∂ζ

∂y

∂ζ

∂z

∂ζ


and Γ =


Γ11 Γ12 Γ13

Γ21 Γ22 Γ23

Γ31 Γ32 Γ33

 ;

therefore,



∂ξ

∂x

∂ξ

∂y

∂ξ

∂z


=


Γ11

Γ21

Γ31

 ,



∂η

∂x

∂η

∂y

∂η

∂z


=


Γ12

Γ22

Γ32

 and



∂ζ

∂x

∂ζ

∂y

∂ζ

∂z


=


Γ13

Γ23

Γ33

 .
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2.2 Different edge elements in two dimensions

Different two-dimensional nodal elements used in this work are well known in the lit-

erature. We denote Four node quadrilateral elements by Q4, Nine node quadrilateral

elements by Q9, and Six node triangular elements by T6. In this section, we are pre-

senting different edge elements adopted in our work.

2.2.1 Four edge quadrilateral element

For four node quadrilateral element Fig. 2.1a shows the local nodal connectivity for

which Fig. 2.1b shows the required local edge connectivity sequence. Edge e1 is formed

by connecting the local node set (1,2). Similarly, e2, e3 and e4 are the other three edges

generated by connecting the node sets (4,3), (1,4) and (2,3) respectively. We denote this

element by EQ4. The edge shape functions of four edges are given as [1]

v1

v2

v3

v4


=



l1
4 (1− η)∇ξ
l2
4 (1 + η)∇ξ
l3
4 (1− ξ)∇η
l4
4 (1 + ξ)∇η


,

where l1, l2, l3, and l4 are lengths of edges e1, e2, e3, and e4 respectively.

(a) Element with four nodes. (b) Element with four edges.

Figure 2.1: Quadrilateral element

The components of ∇×E can be calculated by using the relation,

∇×E =

[
∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y

∂v3y

∂x
− ∂v3x

∂y

∂v4y

∂x
− ∂v4x

∂y

]


E1

E2

E3

E4


= BÊ,
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where E1, E2, E3 and E4 are the tangential electric fields along the edges 1, 2, 3 and 4

edges respectively. The components of the B-matrix is obtained as below.

[
∂v1x

∂x

∂v1x

∂y

]
=

[
∂v1x

∂ξ

∂v1x

∂η

]Γ11 Γ21

Γ12 Γ22

 .
We can derive partial derivative terms

∂v1x

∂ξ
,
∂v1y

∂η
, ... etc. with finite difference or by

mathematica software [111].

2.2.2 Three edge triangular element

(a) Element with three nodes. (b) Element with three edges.

Figure 2.2: Triangular element

Lower order three edge triangular element is formed from three node triangle and

Fig. 2.2a shows the nodal connectivity (local) of the triangular element. For this element

the expected edge connectivity can be shown in Fig. 2.2b. With the help of node sets

(1,2), (2,3) and (3,1) three edges e1, e2 and e3 are formed respectively and we represent

this element as ET3. For this triangular element three edge shape functions are [1] given

as


v1

v2

v3

 =


l1(ξ∇η − η∇ξ)

l2(−η∇ξ − (1− ξ)∇η)

l3((1− η)∇ξ + ξ∇η)

 ,

where l1, l2 and l3 are the edge lengths of three edges.
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From the relation,

∇×E =

[
∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y

∂v3y

∂x
− ∂v3x

∂y

]
E1

E2

E3

 = BÊ,

where E1, E2 and E3 are tangential components of electric fields along the three edges

e1, e2 and e3 respectively. The components of the B-matrix can be obtained by using

the relation, [
∂v1x

∂x

∂v1x

∂y

]
=

[
∂v1x

∂ξ

∂v1x

∂η

]Γ11 Γ21

Γ12 Γ22

 .
We can derive the

∂v1x

∂ξ
,
∂v1x

∂η
, ... etc., explicitly.

2.2.3 Eight edge triangular element

(a) Triangular element with six nodes. (b) Triangular element with eight edges.

Figure 2.3: Higher order triangular element

Higher order triangular edge element (eight edge triangle) is formed from six node

triangular element. Fig. 2.3a is the local nodal connectivity of six node triangular

element. Fig. 2.3b represents the desired local edge connectivity of eight edge triangular

element. Here eight edges e1, e2, e3, e4, e5, e6, e7 and e8 are formed by using the

node sets (1,4), (4,2), (2,5), (5,3), (3,6), (6,1), (6,5) and (5,4) respectively. l1, l2, ..., l8

are the edge lengths of the element. Here, three edges can be formed on the face of the

element. But one edge can be ignored due to independancy of three edges. This element
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is denoted by ET8. The edge shape functions of the element are [112] expressed as

v1

v2

v3

v4

v5

v6

v7

v8



=



l1(4ξ − 1)(ξ∇η − η∇ξ)

l2(4η − 1)(ξ∇η − η∇ξ)

l3(4η − 1)(η∇α− α∇η)

l4(4α− 1)(η∇α− α∇η)

l5(4α− 1)(α∇ξ − ξ∇α)

l6(4ξ − 1)(α∇ξ − ξ∇α)

4l7η(α∇ξ − ξ∇α)

4l8ξ(η∇α− α∇η)



,

where α = 1− ξ − η and ∇×E can be calculated by using the relation,

∇×E =

[
∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .

∂v7y

∂x
− ∂v7x

∂y

∂v8y

∂x
− ∂v8x

∂y

]


E1

E2

...

E7

E8


= BÊ,

where E1, E2, ..., E8 are tangential components of electric fields along the edges e1, e2,

..., e8 respectively. Here, we can obtain the components of the B-matrix explicitly.

2.2.4 Twelve edge quadrilateral element

(a) Quadrilateral element with nine nodes. (b) Quadrilateral element with twelve
edges.

Figure 2.4: Higher order quadrilateral element
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Higher order quadrilateral edge element with twelve edges is formed from the nine

node quadrilateral element. The edges e1, e2, e3, ..., e12 are formed from the local

node sets (1,2), (2,3), (4,5), (5,6), (7,8), (8,9), (1,4), (2,5), (3,6), (4,7), (5,8) and (6,9)

respectively. Local nodal connectivity and edge connectivity are shown in Fig. 2.4a

and Fig. 2.4b respectively. EQ12 is used to denote this element and twelve edge shape

functions are [1] 

v1

v2

v3

v4

v5

v6

v7

v8

v9

v10

v11

v12



=



−l1
2 η(η − 1)(ξ − 0.5)∇ξ
l2
2 η(η − 1)(ξ + 0.5)∇ξ

l3(η2 − 1)(ξ − 0.5)∇ξ

−l4(η2 − 1)(ξ + 0.5)∇ξ
−l5
2 η(η + 1)(ξ − 0.5)∇ξ
l6
2 η(η + 1)(ξ + 0.5)∇ξ
−l7
2 ξ(ξ − 1)(η − 0.5)∇η

l8(ξ2 − 1)(η − 0.5)∇η
−l9
2 ξ(ξ + 1)(η − 0.5)∇η
l10
2 ξ(ξ − 1)(η + 0.5)∇η

−l11(ξ2 − 1)(η + 0.5)∇η
l12
2 ξ(ξ + 1)(η + 0.5)∇η



,

where l1, l2, ..., l11, and l12 are lengths of edges 1, 2, ..., 11, and 12 respectively and

∇×E of the element can be calculated by using the following relation.

∇×E =

[
∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .

∂v11y

∂x
− ∂v11x

∂y

∂v12y

∂x
− ∂v12x

∂y

]


E1

E2

...

E11

E12


= BÊ,

where E1, E2, ..., E12 are tangential components of electric fields along the edges e1, e2,

..., e12 respectively. We can obtain the components of the B-matrix explicitly by using

the finite difference method or mathematica software tool [111].
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2.3. Different variables in the conversion algorithm

2.3 Different variables in the conversion algorithm

In this section we define and discuss the various variables used in the algorithm.

1. Variables defining computational limits of the programme:

(i) mx nmnode - maximum number of global nodes,

(ii) mx nmele - maximum number of elements,

(iii) mx nm elend - maximum number of nodes in one element,

(iv) mx nm eleedge - maximum number of edges in one element,

(v) mx nmnnd - maximum number of nodes which are connecting more than

four edges,

(vi) mx exedge - maximum additional edges after four edges, shared by one

node,

(vii) mx nmedge - maximum number of edges.

2. Other scalar variables:

(i) nedge - number of edges in each element,

(ii) nele - number of elements,

(iii) eletyp - type of the element,

(iv) edgej - number of existing connecting edges at the end node ndi,

(v) nd1 - starting node of the edge,

(vi) nd2 - end node of the edge,

(vii) nndexn - number of nodes which are associated with more than 4 edges.

3. Array variables:

(i) nodecon :

dimension : (mx nmele, mx nm elend)

The ith row contain global node numbers of the ith element as per nodal

connectivity.

(ii) nodarr :

dimension : (mx nm elend)

This is a local variable inside the loop of element numbers. It extract the

nodal connectivity data from nodecon for the running element.

(iii) edgecon :

dimension : (mx nmele, mx nm eleedge)

The ith row contain global edge numbers of the ith element as per edge

connectivity.

(iv) edgearr :

dimension : (mx nm eleedge)

This is a local variable inside the loop of element numbers. It accumulates

the edge connectivity data for the running element in the programme flow.
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(v) edgenode :

dimension : (mx nmedge, 2)

(j, 1)th entry ⇒ starting node of the jth edge.

(j, 2)th entry ⇒ end node of the jth edge.

(vi) nodeedgenum :

dimension : (mx nmnode)

The ith row contains total number of edges connected with global node i.

(vii) nodeedge :

dimension : (mx nmnode, 8)

ith row contains of informations about first 4 connecting edges associated

with the ith global node. The odd columns (1, 3, 5, 7) contain the edge

numbers and the even columns (2, 4, 6, 8) have the other node number

of the edge in previous column. Odd columns of nodeedge also contain

direction information of the edge in the following manner. The edge number

is stored as positive number if the ith global node is the starting node of

the edge. On the other hand, odd column contain negative integer for the

edge if the edge directs from the other node to the ith global node.

(viii) ndexn :

dimension : (mx nmnnd)

This array contains only those node numbers which has more than four

connecting edges. The entries are according to the order of occurrence.

(ix) nodeedgeexn :

dimension : (mx nmnnd, 2 × mx exedge)

(i, 1)th entry ⇒ 5th edge no. for the node ndexn(i). Direction convention

is same as nodeedge array.

(i, 2)th entry ⇒ Other end node of the 5th edge for node ndexn(i).

All subsequent odd columns have the edge numbers for 6th, 7th, . . . con-

necting edges. Each of the even column contain other node no. of the edge

in the previous odd column.

2.4 Conversion algorithm in two dimensions

In this section, we explain the flow of the conversion technique to generate edge connec-

tivity information from nodal connectivity data for two-dimensional finite elements.

2.4.1 Conversion algorithm with four edge quadrilateral element: one

representative example

To describe the conversion algorithm, we have considered a domain which is meshed

with quadrilateral elements as shown in Fig. 2.5a. Fig. 2.5b shows the global nodal
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2.4. Conversion algorithm in two dimensions

connectivity of the meshed domain. Nodal connectivity list for all the elements for the

mesh is given in Table 2.1.

(a) Domain with global elements. (b) Domain with global nodes.

Figure 2.5: Discretized domain

Table 2.1: Element nodal connectivity

Element Nodal connectivity
number (Global node no.)

1 1, 4, 5, 2

2 2, 5, 6, 3

3 4, 7, 8, 5

4 5, 8, 9, 6

In this algorithm, the outermost loop runs over the total number of discretized

elements and the next inner loop runs over total number of local edges (nlocedge) of

each element. One global counter el is used which is updated to the last assigned global

edge number at the end of each element loop. Inside the loop of nlocedge, a subroutine

edgend as shown in Fig. 2.6 returns global node numbers of two end nodes (endnd1

and endnd2) of the edge using local nodal connectivity and local edge connectivity

information as shown in Fig. 2.1a and Fig. 2.1b. We follow the convention that each

edge direct from endnd1 to endnd2.

For example, two local nodes 4 and 3 (see Fig. 2.1a) are connected to form the local

edge e2 of the element as shown in Fig. 2.1b. These two local node numbers are the

position in the nodal connectivity array (nodarr) of the element, this array contain

global node numbers as shown in Table 2.1. Thus, for example, for second element,

global nodes 6 and 3 are two end nodes for edge e2. Local edges and its corresponding

connected nodes of the elements for the discretized domain is tabulated in Table 2.2.

After successful collection of output from the edgend subroutine i.e., information

about two end nodes of local edge (i), last assigned global edge (el) and existing edge

connectivity array (edgearr) are further supplied into edgedata structure as shown in
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Start

Input:Running local edge no.,
i; Global node no’s as per

connectivity for the element,
nodarr;Element type, eletype

Select proper case
based on eletype

Find end nodes from nodarr
for i as per edge connectivity

Stop

Figure 2.6: Flow chart of edgend structure

Table 2.2: Local edges and its end nodes of elements of discretized domain.

Element Local edge End nodes
number number (endnd1, endnd2)

1

1 1, 4
2 2, 5
3 1, 2
4 4, 5

2

1 2, 5
2 3, 6
3 2, 3
4 5, 6

3

1 4, 7
2 5, 8
3 4, 5
4 7, 8

4

1 5, 8
2 6, 9
3 5, 6
4 8, 9

Fig. 2.7. In this data structure at the end of each iteration (for each local edge), different
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variables like nodeedgenum, nodeedge, nodeedgexn, edgenode, edgearr are updated for

every endnode (nd1 and nd2) of each edge which are discussed as below.

1. nodeedgenum: Global one dimensional static array of dimension maximum num-

ber of global nodes (mx nmnode) in which ith row store the number of edges

shared by the ith global node.

2. nodeedge: This is two dimensional array of dimension (mx nmnode × 8) where

8 columns of ith row store two information of 4 connecting edges shared by ith

node. 1st column store global edge no. of 1st connecting edge, second column

store other end node of that connecting edge. 3rd and 4th column store (edge

no., other end node no.) of the second connecting edge. 5th to 8th column store

similar set of information for third and fourth connecting edge. If some node is

shared by more than four connecting edges then additional information from 5th

edge are stored in nodeedgeexn.

Also this array nodeedge have the direction information of the edge. If the ith

node is the start node of the edge i.e. if the edge is going from ith node to the

other node then edge no. is stored in the odd column as positive integer. If the

edge is towards ith node from the other node then edge no. is stored as negative

integer. Total no. of negative edges are kept in account with one counter variable.

3. nodeedgeexn: Global two dimensional array of size(maximum number of nodes

in the programme shared by more than 4 edges (mx nmnnd), 2 × maximum

additional edges after four edges sharing one node (mx exedge)). Each row

consists of the information about the node having more than four connecting

edges. It consists of the information from the fifth edge onwards. Global number

of the node whose information are stored in the ith row of nodeedgeexn is stored

in ith row of ndexn.

nndexn - No. of nodes which are associated with more than 4 edges.

ndexn(i) - ith node number connected with more than 4 edges (according to

occurrence)

nodeedgeexn(i, 1) and (i, 2) are 5th edge no. for the node ndexn(i) and other

end node of that edge, (i, 3) and (i, 4) are 6th edge no. for the node ndexn(i)

and other end node of that edge and so on.

4. edgenode: Global variable of dimension(Maximum number of edges in the pro-

gramme, 2) in which jth row contains global number of starting node and ending

node of jth edge in two columns respectively.

5. edgearr: Local argument variable in the element loop which store in the process

global edge numbers of all the edges of the element according to edge connectivity.
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Start

Input variables:

• i - Running local edge;

• nd1, nd2 - End nodes;

• el - Last assigned global edge;

• edgearr - Existing edge connectivity array;

Check if any

edge is already

there between

nd1 and nd2

Current edge is assigned

a global edge no. el+1

edgej, no. of existing

connecting edges at the

end node ndi, is obtained

If

edgej < 4

For the end node

ndi, nodeedgenum,

ndexn, nodeedgeexn,

edgearr are updated

For the end node

ndi, nodeedgenum,

nodeedge, edgearr

are updated

el = el + 1

Output/Updated variables:

• Argument variables - edgearr, el;

• Global variables - nodeedgenum, nodeedge,

ndexn, nodeedgeexn;

edgearr

is updated from

nodeedge/nodeedgexnDo this portion for both

end nodes ndi (i = 1, 2)

Stop

No

No Yes

Yes

Figure 2.7: Flow chart of edgedata structure.
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Table 2.3: Edge connectivity array of ele-
ments of the discretized domain.

Element Edge connectivity
number (Global edge no.)

1 1, 2, 3, 4

2 2, 5, 6, 7

3 8, 9, 4, 10

4 9, 11, 7, 12

Figure 2.8: Element to edge connectivity
sequence of the meshed domain

Global Starting End
edge(i) node node

1 1 4

2 2 5

3 1 2

4 4 5

5 3 6

6 2 3

7 5 6

8 4 7

9 5 8

10 7 8

11 6 9

12 8 9

Table 2.4: edgenode array of nodes of the discretized domain.

In edgedata subroutine, there is a running counter called edgej which stores the

associated number of edges of the starting end nodes of the current local edge. The

information is interchanged between local edgej and global array nodeedgenum. In

order to understand the update of the variables let us first summarize stored values in

different variables after completion of element loop for first element.

(i) first, second, fourth and fifth rows of ‘nodeedgenum’ array are assigned ‘two’

because first element has global nodes 1, 2, 4, and 5 (see Fig. 2.5b), and after the

loop for element 1 each of these nodes associate with ‘two’ edges.

(ii) Last assigned global edge i.e., el with the value 4.

(iii) nodeedge will have following values as shown in Table 2.5.

For first row (for global node 1) we have 1 (associated first edge), 4 (other node

of the first edge), 3 (associated second edge), and 2 (other node of the second
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Table 2.5: nodeedge array of nodes after element loop of the first element

Associated edge and
Global other node of the edge(nodeedge(1:8))
node 1st Other 2nd Other 3rd Other 4th Other

edge node edge node edge node edge node

1 1 4 3 2 0 0 0 0

2 -3 1 2 5 0 0 0 0

3 0 0 0 0 0 0 0 0

4 -1 1 4 5 0 0 0 0

5 -2 2 -4 4 0 0 0 0

6 0 0 0 0 0 0 0 0

7 0 0 0 0 0 0 0 0

8 0 0 0 0 0 0 0 0

9 0 0 0 0 0 0 0 0

edge). The reason for the negative sign in (2,1) position of nodeedge is that the

first associated edge of the node 2 i.e. edge 3 is directing from the other node (1,

stored in (2,2)) towards the current node 2 (see Fig. 2.8). For node 1, both the

associated edges (1 and 3) are directing from the current node 1 to the respective

other nodes. Therefore, those edge numbers are stored with ‘+’ sign. In the first

row (i.e., for first global edge) of edgenode array, starting node (1) and end node

(4) are stored as shown in Fig. 2.4. Similarly for the other global edges of the

element 1, starting and end nodes are stored in 2nd, 3rd and 4th rows of this array.

Table 2.4 shows such information for the edges 1 to 4.

(iv) First row of edge connectivity array is stored with the edge numbers of the first

element, 1, 2, 3 and 4 as shown in the first row of Table 2.3.

Now for the next entity of the outer element loop i.e., for element 2, for local edge 1

we have starting and end nodes as 2 and 5 (see Fig. 2.5b) as per convention of Fig. 2.1a

and Fig. 2.1b. At first, from nodeedgenum, we get the total number of already associated

edges of the starting node. For our starting node 2, there are two associated edges. After

that we get the other node numbers of the associated edges from the even columns of

row 2 (our current node) of nodeedge array. If any of these other node number match

with our current end node (5) then the associated edge no. (available in respective odd

column) will be the global edge no. of that local edge. In this case the edge no. is 2,

we will update the current edge number with global edge number 2. In this local edge

loop we will not update last assigned global edge(el). Also, the first column of edgearr

is assigned with 2.

For the 2nd local edge starting and end nodes are 3 and 6 as shown in Fig. 2.5b.

As there is no data available in 3rd row of nodeedge array, the end node 3 is appearing

for the first time. So, a new edge number is assigned just by updating el to el + 1

i.e., with the digit 5. Therefore, in the nodeedge array, first and second columns of
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third(current end node) row are assigned with 5 (associated edge no.) and 6 (other

end node) respectively. For end node number 6, the sixth row of this array is updated

with -5 and 3 in the first two columns. Because the edge 5 is pointing away from the

current end node 6, a negative symbol is assigned to the digit 5. 5th row of the edgenode

array is updated with the end node informations (3 and 6) of this new edge (5). In the

2nd column of edgearr, this new edge number 5 is assigned. In nodeedgenum, existing

number in third and sixth rows are incremented by 1 because global node 3 and global

node 6 become associated with new edge ‘5’ in this local edge loop.

For the third local edge, 2 and 3 are supplied as starting and end nodes (see Fig. 2.5b)

respectively from the edgend subroutine. For starting node 2, there are two connected

edges 3 and 2. Other end nodes of these connected edges (available in the even columns)

i.e., 1 and 5 are not matching with other end node 3. As there is no already existing

edge between these two nodes, last assigned global edge (el) is incremented from 5 to

6. After this, edgearr is updated with this value in the third row. In the second row

of nodeedge array this new edge data (global edge 6) and its other end node (3) are

updated in the fifth and sixth columns. For end node 3, the corresponding row of this

array (3rd row) is updated with -6 and 2 in the third and fourth columns. ‘-’ symbol

is assigned to the digit 6 because the edge 6 is pointing away from the current node 3.

Also, the second row of nodeedgenum array(related to 2nd global node) is updated from

the previous count 2 to 3. Similarly, third row (related to 3rd global node) is updated

from 1 to 2. edgenode array is also updated with the end nodes (2 and 3) of the newly

formed edge in the first and second columns of the corresponding (sixth) row.

For the fourth local edge, end nodes as 5 (starting node) and 6 (end node), el with

6 and existing edgearr (2, 5 and 6) are supplied. After checking the end node 6 with

the other nodes (2 and 4) available in the fifth row of the nodedge array, el is updated

from 6 to 7. This value is assigned to the running local edge. Now, fourth column of

edgearr is updated with 7. Thus we complete the 2nd row of Table 2.3 which shows the

element to edge connectivity array of second element. Fig. 2.8 shows such element to

edge connectivity for all the global elements of finite element meshed domain.

After this, nodeedge array is updated with the new edge number 7 and its associated

other node 6 in the 5th and 6th columns of fifth row. Similarly, in the 6th row corre-

sponding to global node 6, third and fourth columns is updated with the digits -7 and 5

respectively. Also, the existing no. of edges in the fifth and sixth rows of nodeedgenum

array are incremented by 1 and updated as 3 and 2. Finally, global edge number 7 and

its end nodes (5 and 6) are stored corresponding row (seventh) of edgenode array as

shown in Table 2.4.

After updation of all the global variables, program comes out from the inner (local

edge) loop as shown in Fig. 2.9 and enters in to outer (element) loop after incrementing

as ele = ele+ 1. Now, the program runs for local edges of third element. This process

repeats until all the discretized elements are finished. Table 2.3 shows the edge con-
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Start

Input variables:

• nodecon - Nodal connectivity array;
• eletype - Element type;
• nele - Total no. of elements;

ele = 1

Based on eletype, find nodarr
from nodecon; No. of edges

in each element, nedge

i = 1

Using edgend find nd1 and nd2

Using edgedata update global
variable edgearr(el), nodeedgenum,
nodeedge, ndexn, nodeedgeexn

i = i + 1

Update edge connectivity array,
edgecon appending edgearr to it

ele = ele + 1

Output/Updated variables:

• Global variables - nodeedgenum,
nodeedge, ndexn, nodeedgeexn;

Stop

L
o
op

i
=

1
to
n
ed
g
e

L
o
op

el
e

=
1

to
n
el
e

Figure 2.9: Flow chart of node to edge structure.

nectivity array for the entire domain; Table 2.4 shows the end nodes for all the edges;

Table 2.6 shows complete nodeedge array of all the global nodes of the finite element

meshed domain after finishing the outer loop for all four elements.

This algorithm can be implemented to other edge elements. These edge elements

include 3-edge triangle, 8-edge triangle and 12-edge quadrilateral elements. In the fol-

lowing sections we discuss about the implementation of these elements.
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Table 2.6: nodeedge array of global nodes of the meshed domain.

Global Total no. of Connecting edge and corresponding
node connecting edges other node(nodeedge(1:8))

(nodeedenum) 1
st

e
d

g
e

O
th

e
r

n
o
d

e

2
n
d

e
d

g
e

O
th

e
r

n
o
d

e

3
r
d

e
d

g
e

O
th

e
r

n
o
d

e

4
th

e
d

g
e

O
th

e
r

n
o
d

e

1 2 1 4 3 2 - - - -

2 3 -3 1 2 5 6 3 - -

3 2 5 6 -6 2 - - - -

4 3 -1 1 4 5 8 7 - -

5 4 -2 2 -4 4 7 6 9 8

6 3 -5 3 -7 5 11 9 - -

7 2 -8 4 10 8 - - - -

8 3 -9 5 -10 8 12 9 - -

9 2 -11 6 -12 8 - - - -

(a) Domain discretized with 3-node trian-
gular element.

(b) Domain discretized with 3-edge trian-
gular element.

Figure 2.10: Discretized domain

2.4.2 Conversion technique with three edge triangle: one illusrative

example

Like four edge quadrilateral elements, edge data structure for three edge triangle can

be constructed as described in section 2.4.1. Fig. 2.10a shows one general domain dis-

cretized with nodal elements which can be transformed into a domain discretized with

three edge triangular elements as shown in Fig. 2.10b. If any node is shared by more

than four edges then some additional data-structure is required as follows. In this al-
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(a) Nodal connectivity of the elements. (b) Edge connectivity of the elements.

Figure 2.11: Discretized circular domain with coarse mesh

gorithm if any ith node is shared by more than 4 edges then the information from the

fifth edge onwards is stored in nodeedgeexn, nndexn and ndexn arrays. In entire ge-

ometry, there will be few nodes which will be associated with more than four edges.

Our nodeedge array has number of rows as total number of nodes and number of col-

umn as 8 in order to accommodate first four associated edges which is very common.

nodeedgeexn is initialized with number of rows far less than total number of nodes, it has

16 columns to accommodate next eight edges. When we come across a node which is

associated with more than four edges nndexn is incremented by 1. Suppose in a flow, we

have jth occurrence of such node which is associated with more than four edges. Then

ndexn(j) will store the corresponding node number. jth row of nodeedgeexn will store

the information of associated edge and other node from the fifth edge onwards. This can

be understood from the case as shown in Fig. 2.11a and Fig. 2.11b Node no. 9 of the

discretized domain is shared by 8 edges. So the information of the first four connecting

edges of Node no. 9 and its other end nodes are stored in nodeedge array as shown in

Table 2.7 after element loop for fifth element. But from the fifth to eighth associated

edge of node 9, the information is stored in nodeedgeexn array. Table 2.8 shows upda-

tion of the information of nodeedgeexn array after the end of the element loop for fifth

element. After the element loop runs for the remaining existing elements, nodeedgeexn

array is updated as shown in Table 2.9. Here, nndexn will be 1 and ndexn(1) will be 9.

2.4.3 Illustrative example of conversion from six node triangle to eight

edge triangle

We have used the conversion algorithm as discussed in section 2.4.1 to convert one

general domain as shown in Fig. 2.12a discretized with four 6-node triangular elements

into the domain meshed with four eight edge elements shown in Fig. 2.12b.
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Table 2.7: nodeedge array of nodes after element loop of the fifth element.

Total no. of Associated edge
Global connecting and
node edges other node of the edge(nodeedge(1:8))

(nodeedgenum) 1
st

e
d

g
e

O
th

e
r

n
o
d

e

2
n
d

e
d

g
e

O
th

e
r

n
o
d

e

3
r
d

e
d

g
e

O
th

e
r

n
o
d

e

4
th

e
d

g
e

O
th

e
r

n
o
d

e

9 6 1 3 3 2 4 5 6 7

2 2 -2 3 -3 9 - - - -

3 3 -1 9 2 2 -5 5 - -

5 3 -4 9 5 3 -7 7 - -

7 3 -6 9 7 5 -9 1 - -

1 3 -8 9 9 7 -11 8 - -

8 2 -10 9 11 1 - - - -

- - - - - - - - - -

Table 2.8: nodeedgeexn array of nodes after element loop of the fifth element

Global Associated edge and
node other node of the edge (nodeedgeexn(1:16))

5
th

e
d

g
e

o
th

e
r

n
o
d

e

6
th

e
d

g
e

o
th

e
r

n
o
d

e

7
th

e
d

g
e

o
th

e
r

n
o
d

e

8
th

e
d

g
e

o
th

e
r

n
o
d

e

9
th

e
d

g
e

o
th

e
r

n
o
d

e

1
0
th

e
d

g
e

o
th

e
r

n
o
d

e

1
1
th

e
d

g
e

o
th

e
r

n
o
d

e

1
2
th

e
d

g
e

o
th

e
r

n
o
d

e
9 8 1 10 8 - - - - - - - - - - - -

- - - - - - - - - - - - - - - - -

Table 2.9: nodeedgeexn array of nodes of the discretized domain after complete con-
version.

Global Associated edge and
node other node of the edge (nodeedgeexn(1:16))

5
th

e
d

g
e

o
th

e
r

n
o
d

e

6
th

e
d

g
e

o
th

e
r

n
o
d

e

7
th

e
d

g
e

o
th

e
r

n
o
d

e

8
th

e
d

g
e

o
th

e
r

n
o
d

e

9
th

e
d

g
e

o
th

e
r

n
o
d

e

1
0
th

e
d

g
e

o
th

e
r

n
o
d

e

1
1
th

e
d

g
e

o
th

e
r

n
o
d

e

1
2
th

e
d

g
e

o
th

e
r

n
o
d

e

9 8 1 10 8 12 6 14 4 - - - - - - - -

- - - - - - - - - - - - - - - - -
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(a) Domain meshed with 6-node triangu-
lar element.

(b) Domain meshed with 8-edge triangu-
lar element.

Figure 2.12: Meshed quadrilateral domain

2.4.4 Representative example of conversion in twelve edge quadrilat-

eral

For the general domain shown in Fig. 2.13a which shows the domain meshed with four

9-node quadrilateral elements we have used the conversion algorithm to transform into

the domain as shown in Fig. 2.13b. This generated domain is discretized with four

twelve edge quadrilateral elements.

(a) Domain meshed with 9-node quadri-
lateral element.

(b) Domain meshed with 12-edge quadri-
lateral element.

Figure 2.13: Discretized quadrilateral domain
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2.5. Different edge elements in three dimensions

2.5 Different edge elements in three dimensions

In this section, different three-dimensional edge elements adopted in our work is pre-

sented. Also, we have considered different three-dimensional nodal elements such as

8-node hexahedral and 10-node tetrahedral elements which are denoted as HexN8 and

TetN10 respectively. These elements are well known and described in literature.

2.5.1 Six-edge tetrahedral element

(a) Element with four nodes. (b) Element with six edges.

Figure 2.14: Tetrahedral element

The six-edge tetrahedral element is formed from the four node tetrahedral element.

Fig. 2.14a and Fig. 2.14b shows the local nodal connectivity and the desired local edge

connectivity respectively of the tetrahedral element. For this edge element, with the

node sets (1,2), (1,3), (1,4), (2,3), (4,2) and (3,4), six edges e1, e2, e3, e4, e5 and e6

respectively are formed. Six edge shape functions [1] of the element, are given as

v1 = l1(1− η − ζ)∇ξ + l1ξ(∇η +∇ζ),

v2 = l2(1− ξ − η)∇ζ + l2ζ(∇ξ +∇η),

v3 = l3(1− ξ − ζ)∇η + l3η(∇ξ +∇ζ),

v4 = l4(ξ∇ζ − ζ∇ξ),

v5 = l5(η∇ξ − ξ∇η), and

v6 = l6(ζ∇η − η∇ζ),

where l1, l2, ..., l6 are the lengths of the six edges of the tetrahedral element. We

represented this element as TetE6.
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By using the following relation we can calculate ∇×E,

∇×E =



∂v1z

∂y
− ∂v1y

∂z

∂v2z

∂y
− ∂v2y

∂z
. . .

∂v5z

∂y
− ∂v5y

∂z

∂v6z

∂y
− ∂v6y

∂z
∂v1x

∂z
− ∂v1z

∂x

∂v2x

∂z
− ∂v2z

∂x
. . .

∂v5x

∂z
− ∂v5z

∂x

∂v6x

∂z
− ∂v6z

∂x
∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .

∂v5y

∂x
− ∂v5x

∂y

∂v6y

∂x
− ∂v6x

∂y





E1

E2

...

E5

E6


= BÊ,

where E1, E2, ..., E6 are the tangential electric field components along edges e1, e2, ...,

e6 respectively. We can use various relations as given in Eq. (2.9), to obtain different

constituent terms in the B-matrix.

[
∂v1x

∂x

∂v1x

∂y

∂v1x

∂z

]
=

[
∂v1x

∂ξ

∂v1x

∂η

∂v1x

∂ζ

]
Γ11 Γ21 Γ31

Γ12 Γ22 Γ32

Γ13 Γ23 Γ33

 , (2.9)

where partial derivatives
∂v1x

∂ξ
,
∂v1x

∂η
, and

∂v1x

∂ζ
can be obtained explicitly.

2.5.2 Twelve-edge hexahedral element

(a) Hexahedral element with eight
nodes.

(b) Hexahedral element with twelve
edges.

Figure 2.15: Hexahedral element

In three-dimensions, another important edge element is twelve-edge hexahedral ele-

ment, which is denoted as HexE12 . In this work, we have generated twelve-edge element

(Fig. 2.15b) from eight node finite element (Fig. 2.15a). The twelve edges, namely, e1,

e2, e3, ..., e12 are formed by connecting local node pairs of 8-node hexahedral element as

(1,2), (4,3), (1,4), (2,3), (5,6), (8,7), (5,8), (6,7), (1,5), (2,6), (4,8) and (3,7) respectively.
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Twelve edge shape functions [1] are

v1 =
l1
8

(1− η)(1− ζ)∇ξ, v2 =
l2
8

(1 + η)(1− ζ)∇ξ, v3 =
l3
8

(1− ξ)(1− ζ)∇η,

v4 =
l4
8

(1 + ξ)(1− ζ)∇η, v5 =
l5
8

(1− η)(1 + ζ)∇ξ, v6 =
l6
8

(1 + η)(1 + ζ)∇ξ,

v7 =
l7
8

(1− ξ)(1 + ζ)∇η, v8 =
l8
8

(1 + ξ)(1 + ζ)∇η, v9 =
l9
8

(1− ξ)(1− η)∇ζ,

v10 =
l10

8
(1 + ξ)(1− η)∇ζ, v11 =

l11

8
(1− ξ)(1 + η)∇ζ, and

v12 =
l12

8
(1 + ξ)(1 + η)∇ζ,

where l1, l2, l3, ... and l12 are lengths of the twelve edges of the element. ∇×E can be

calculated by using the following relation,

∇×E =



∂v1z

∂y
− ∂v1y

∂z

∂v2z

∂y
− ∂v2y

∂z
. . .

∂v11z

∂y
− ∂v11y

∂z

∂v12z

∂y
− ∂v12y

∂z
∂v1x

∂z
− ∂v1z

∂x

∂v2x

∂z
− ∂v2z

∂x
. . .

∂v11x

∂z
− ∂v11z

∂x

∂v12x

∂z
− ∂v12z

∂x
∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .

∂v11y

∂x
− ∂v11x

∂y

∂v12y

∂x
− ∂v12x

∂y





E1

E2

...

E11

E12


= BÊ,

where E1, E2, E3, ... and E12 are tangential electric fields along the twelve edges of the

hexahedral element. The different components of the B-matrix are obtained combining

various derivatives as follows:

[
∂v1x

∂x

∂v1x

∂y

∂v1x

∂z

]
=

[
∂v1x

∂ξ

∂v1x

∂η

∂v1x

∂ζ

]
Γ11 Γ21 Γ31

Γ12 Γ22 Γ32

Γ13 Γ23 Γ33

 .

For the edge shape functions v1, v2, ... , v12, partial derivatives with respect to ξ, η

and ζ i.e.
∂v1x

∂ξ
,
∂v1x

∂η
,
∂v1x

∂η
, ...,

∂v12y

∂η
,
∂v12z

∂ζ
are obtained by finite difference method.
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2.6 Conversion technique in three-dimensions

This section discusses the conversion process involved in generating edge connectivity

information from three dimensional conventional nodal elements.

2.6.1 Conversion technique with six edge tetrahedral element: one

representative example

In this section, we outline the conversion programme flow with respect to one nodal

tetrahedral mesh as shown in Fig. 2.16. For that triangular prismatic domain, Ta-

ble 2.10 gives the information about the nodal connectivity of the element.

Table 2.10: Element nodal connectiv-
ity of discretized triangular prism.

Element Nodal connectivity
number (Global node no.)

1 1, 3, 2, 4

2 2, 5, 3, 4

3 3, 5, 6, 4

Figure 2.16: Domain discretized with 4-
node tetrahedral element.

The flow contains two major loops such as the outer loop over element numbers and

the inner loop over local edge numbers as shown in Fig. 2.9.

In the inner loop, the edge data structure is created by two subroutines, namely,

edgend and edgedata. One counter variable el keeps track of creation of new edges in

the flow.

In the inner loop, for each local edge, subroutine edgend (see flowchart 2.6) detects

two end nodes (nd1 and nd2) of the edge for the element types, using the nodal connec-

tivity of the element. For six edge tetrahedral element, we have followed local node to

edge conversion as shown in Fig. 2.14. Table 2.11 consists of end nodes for all the six

edges of the three elements, generated by this subroutine.

For the local edge i, end node informations (nd1 and nd2) are supplied to edgedata

subroutine (Fig. 2.7). edgedata is the main subroutine in creating the edge data structure

where different variables, like nodeedgenum, nodeedge, nodeedgeexn, edgearr, nnedxn,

ndexn etc., are updated for both the end nodes.
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Table 2.11: End nodes (nd1, nd2) for all the edges in the domain (Fig 2.16).

Local Edge Element number
number 1 2 3

1 1, 3 2, 5 3, 5

2 1, 2 2, 3 3, 6

3 1, 4 2, 4 3, 4

4 3, 2 5, 3 5, 6

5 4, 3 4, 5 4, 5

6 2, 4 3, 4 6, 4

Let us understand the flow in the edgedata subroutine for the second element when

all the above variables have been updated for the first element as below.

Table 2.12: nodeedge array after the completion of first element loop

1st Other 2nd Other 3rd Other 4th Other
edge node edge node edge node edge node

1 3 2 2 3 4 0 0

-2 1 -4 3 6 4 0 0

-1 1 4 2 -5 4 0 0

-3 1 5 3 -6 2 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

(i) The first element has global nodes 1-4 (Fig. 2.16). After the loop for ele = 1, edge

data structure have been updated for the first element. Hence, all these four nodes

have been associated with three edges. Therefore, we have nodeedgenum(1 : 4) =

3 and remaining entries in nodeedgenum are 0.

(ii) Six edges have been constructed in the first loop. Hence, el = 6.

(iii) nodeedge array has the values as shown in Table 2.12 where ithrow is for the ith

global node.

(iv) After first element loop, no nodes are associated with more than 4 edges. So,

nodeedgeexn, nndexn, ndexn arrays remain in initialized condition with zero

entries.

(v) After the loop ele = 1, first row of the edgecon array have been updated as

1, 2, 3, 4, 5, 6.

After various global variables are updated in the first element loop, the element loop

runs for the second element and flow enters into the local edge loop. Now for the first

local edge, different variables store the informations as follows.

(i) nd1 and nd2 from edgend : 2 & 5,
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(ii) For nd1 (2),

• Existing associated edge : 2, 4 & 6 (odd columns of 2nd row of Table 2.12).

• Respective other nodes are 1, 3 & 4 (even columns of 2nd row of Table 2.12).

(iii) 1, 3 & 4 are not matching with nd2 = 5,

(iv) Therefore, there is no existing edge between nd1 = 2 and nd2 = 5.

(v) el is incremented from 6 to 7. So, edge 7 is created from node 2 to node 5.

(vi) So, edgearr(1) = 7.

(vii) nodeedge(2, 7) = 7, nodeedge(2, 8) = 5.

(viii) Consequently, for nd2 (5),

• nodeedge(5, 1) = -7, nodeedge(5, 2) = 2.

• nodeedge(5, 1) is negative as for edge 7, node 5 is the end node.

(ix) Now, nodeedgenum(2) = 4, nodeedgenum(5) = 1.

(x) For the 7th edge, edgenode(7, 1) = 2, edgenode(7, 2) = 5.

For the second local edge, global variables are updated as given below.

(i) nd1 and nd2 from edgend : 2 & 3,

(ii) For nd1 (2),

• Existing associated edge : 2, 4, 6 & 7 (odd columns of 2nd row of Table 2.12).

• Respective other nodes are 1, 3, 4 & 5 (even columns of 2nd row of Ta-

ble 2.12).

(iii) From the other nodes, 3 is matching with nd2 = 3.

(iv) Therefore, there is an already existing edge between nd1 = 2 and nd2 = 3.

(v) So, nodeedge(2, 3) = 4 is assigned as global edge number to the 2nd local edge.

(vi) Therefore, edgearr(2) = 4.

(vii) el is not incremented from previous value 7. Hence, el = 7.

For the third local edge, we have end nodes as nd1 = 2 & nd2 = 4 from edgend. We

can see from nodeedge array (Table 2.12) that already there exists edge 6 between nd1

= 2 & nd2 = 4. As the edge is repeating, we follow the similar arguments as discussed

for the second local edge.

For the fourth local edge, we have end nodes as nd1 = 5 & nd2 = 3 from edgend.

After observing existing nodeeage array (Table 2.12), we can see that there is no edge

between nd1 = 5 & nd2 = 3. Hence, one new edge and associated data structure will

be created, following the similar arguments as discussed for the first local edge.

In the similar manner, we update different variables for remaining fifth and sixth

local edges for element 2. After completing the inner local edge loop, ele is incremented

to 3, and the flow enters into the third element loop. This procedure is repeated for all

the discretized elements.

Let us understand the updation of the variables like nodeedgeexn, nndexn, ndexn

arrays, when any node has more than four connecting edges. We can see from Fig. 2.16
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that global node numbers 3 and 4 are associated with more than four connecting edges.

Fig. 2.16 also reveals that upto the second element loop, both node numbers 3 and 4 are

connected with four edges. Table 2.13 represents the nodeedge array after completion

of the second element loop.

Table 2.13: nodeedge array after completion of the second element loop

1st Other 2nd Other 3rd Other 4th Other
edge node edge node edge node edge node

1 3 2 2 3 4 0 0

-2 1 -4 3 6 4 7 5

-1 1 4 2 -5 4 -8 5

-3 1 5 3 -6 2 9 5

-7 2 8 3 -9 4 0 0

0 0 0 0 0 0 0 0

For the third element, nodal connectivity is 3, 5, 6, 4 (from Table 2.10). From

Fig. 2.14, we can see that node 3 (local node 1) is connected with the local edges

e1, e2 and e3 whereas node 4 (local node 4) is connected with the local edges e3, e5 and e6.

Now, for local edge e1,

(i) nd1 and nd2 from edgend : 3 & 5,

(ii) For nd1 (3),

• Existing associated edges are 1, 4, 5 & 8 (odd columns of 3rd row of Ta-

ble 2.13).

• Respective other nodes are 1, 2, 4 & 5 (even columns of 3rd row of Ta-

ble 2.13).

(iii) Between 3 & 5, edge 8 exists. There is no creation of any new edge.

(iv) So, edgearr(1) = 8.

(v) nodeedge, nodeedgeexn, nndexn, and ndexn remain unchanged.

Now, for the second local edge e2,

(i) nd1 and nd2 from edgend : 3 & 6,

(ii) For nd1 (3),

• Existing associated edges are 1, 4, 5 & 8 (odd columns of 3rd row of Ta-

ble 2.13).

• Respective other nodes are 1, 2, 4 & 5 (even columns of 3rd row of Ta-

ble 2.13).

(iii) 1, 2, 4 & 5 are not matching with nd2 = 6,

(iv) Therefore, there is no existing edge between nd1 = 3 and nd2 = 6.

(v) el is incremented from 9 to 10. So, edge 10 is created from node 3 to node 6.

(vi) So, edgearr(2) = 10.

(vii) edgej = 5 (>4), therefore, nndexn = 1 and ndexn(1) = 3.
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(viii) For the fifth connecting edge of node 3, nodeedgeexn(1, 1) = 10, nodeedgeexn(1, 2)

= 6.

(ix) For nd2 (6),

• nodeedge(6, 1) = -10, nodeedge(6, 2) = 3.

• nodeedge(6, 1) is negative as for edge 10, node 6 is the end node.

(x) Now, nodeedgenum(3) = 5, and nodeedgenum(6) = 1.

(xi) For the new edge 10, edgenode(10, 1) = 3, and edgenode(10, 2) = 6.

Similarly, for the global node 4, in the case of sixth local edge loop, a new edge 12

is formed with the other node 6. This new edge 12 is the fifth connecting edge for the

node 4. Therefore, nndexn, ndexn, and nodeedgeexn are further updated.

For this problem, final nodedgeexn array is shown in Table 2.14. Table 2.15 shows

the final nodeedge array for all the global nodes after finishing all the element loops.

Table 2.16 shows the edge connectivity array of entire domain. For all the global edges,

corresponding end nodes are shown in Table 2.17. Fig. 2.17 represents the edge connec-

tivities of the triangular prismatic domain.

Table 2.14: nodeedgeexn array for the triangular prismatic domain.
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10 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0

12 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 2.15: nodeedge array for the meshed triangular prism.

1st Other 2nd Other 3rd Other 4th Other
edge node edge node edge node edge node

1 3 2 2 3 4 0 0

-2 1 -4 3 6 4 7 5

-1 1 4 2 -5 4 -8 5

-3 1 5 3 -6 2 9 5

-7 2 8 3 -9 4 11 6

-10 3 -11 5 12 4 0 0
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Table 2.16: Edge connectivity infor-
mation of global elements of the finite
element discretized domain.

Element to edge
Element connectivity
number (Global edge no.)

1 1, 2, 3, 4, 5, 6

2 7, 4, 6, 8, 9, 5

3 8, 10, 5, 11, 9, 12

Table 2.17: edgenode array data of nodes
of the discretized domain.

Global Starting End
edge(i) node node

1 1 3

2 1 2

3 1 4

4 3 2

5 4 3

6 2 4

7 2 5

8 5 3

9 4 5

10 3 6

11 5 6

12 6 4

Figure 2.17: Domain discretized with 6-edge tetrahedral element.

2.6.2 Illustrative example of conversion from nodal hexahedral ele-

ment to nodal-to-edge hexahedral element

An irregular hexahedral domain is discretized with two 8-node hexahedral elements, as

shown in Fig. 2.18. For this domain, Table 2.18 gives the nodal connectivity information

of the discretized elements. We have applied the conversion algorithm to transform this

domain to the domain meshed with 12-edge hexahedral elements as shown in Fig. 2.19.

For the 12-edge hexahedral element, we have followed the local nodal to edge conversion

as shown in Fig. 2.15. Table 2.19 gives the edge connectivity array information for the

transformed domain (shown in Fig. 2.19).
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Table 2.18: Element nodal connectiv-
ity of discretized irregular hexahedral
prism.

Element Nodal connectivity
number (Global node no.)

1 1, 2, 4, 3, 5, 6, 8, 7

2 5, 6, 8, 7, 9, 10, 12, 11

Figure 2.18: Discretized irregular hexa-
hedral domain with 8-node hexahedral el-
ement.

Table 2.19: Edge connectivity information
of global elements of the finite element dis-
cretized domain.

E∗ Element to edge connectivity
(Global edge no.)

1 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12

2 5, 6, 7, 8, 13, 14, 15, 16, 17, 18, 19, 20

E∗-Element number

Figure 2.19: Discretized irregular
hexahedral domain with 12-edge hexa-
hedral element.

For the whole domain, for all the global nodes, Table 2.20 gives the final nodeedge

array information, and Table 2.21 shows the nodeedgenum array data. Table 2.22

provides the edgenode array for all the global edges.
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Table 2.20: nodeedge array for the meshed irregular hexahedral prism.

1st Other 2nd Other 3rd Other 4th Other
edge node edge node edge node edge node

1 2 3 3 9 5 0 0

-1 1 4 4 10 6 0 0

2 4 -3 1 11 7 0 0

-2 3 -4 2 12 8 0 0

5 6 7 7 -9 1 17 9

-5 5 8 8 -10 2 18 10

6 8 -7 5 -11 3 19 11

-6 7 -8 6 -12 4 20 12

13 10 15 11 -17 5 0 0

-13 9 16 12 -18 6 0 0

14 12 -15 9 -19 7 0 0

-14 11 -16 10 -20 8 0 0

Table 2.21: nodeedgenum array data
of nodes of the discretized domain.

Global Number of
node(i) connecting edges

1 3

2 3

3 3

4 3

5 4

6 4

7 4

8 4

9 3

10 3

11 3

12 3

Table 2.22: edgenode array data of
nodes of the discretized domain.

Global Starting End
edge(i) node node

1 1 2

2 3 4

3 1 3

4 2 4

5 5 6

6 7 8

7 5 7

8 6 8

9 1 5

10 2 6

11 3 7

12 4 8

13 9 10

14 11 12

15 9 11

16 10 12

17 5 9

18 6 10

19 7 11

20 8 12

2.7 Inter-element continuity in edge elements

The shape functions of edge elements are constructed or developed in such a way that

they impose tangential continuity condition across adjacent elements that share a com-
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mon edge. This characteristic can be understood by examine the construction of these

shape functions for both triangular and quadrilateral edge elements in 2D. For a 4-

edge quadrilateral element, the edge shape functions of four edges, in terms of the local

coordinates ξ and η, are given as (see [1])

v1

v2

v3

v4


=



l1
4 (1− η)∇ξ
l2
4 (1 + η)∇ξ
l3
4 (1− ξ)∇η
l4
4 (1 + ξ)∇η


,

where l1, l2, l3, and l4 are lengths of edges e1, e2, e3, and e4, respectively. The nature of

these shape functions guarantee tangential continuity across inter-element boundaries,

since they have tangential components only along the associated edges and none along

the other edges. For example, the term involving ∇ξ in the shape functions v1 and v2

ensures a tangential component only along edges e1 and e2 respectively. However, there

is no tangential component of both v1 and v2 along the other edges e3 and e4, as ξ is

constant along these edges. This behaviour is also visually represented through vector

plots of the shape functions v1 and v2, as shown in Fig. 2.20a and Fig. 2.20b. These

plots illustrate how a vector basis function maintains a tangential component along the

associated edge and no tangential component along the remaining edges of the element.
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(b) Variation of v2 for the edge e2.

Figure 2.20: Vector plots of edge shape functions for 4-edge quadrilateral element.

A similar interpretation applies to higher-order quadrilateral edge elements, as their

shape functions are built on the principles established by lower-order vector basis func-

tions. For example, for a 12-edge quadrilateral element, the edge shape functions for

edges e2 and e6 are given as v2 = l2
2 η(η−1)(ξ+ 0.5)∇ξ and v6 = l6

2 η(η+ 1)(ξ+ 0.5)∇ξ.
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Fig. 2.21a and Fig. 2.21b illustrate the behaviour of the v2 and v6, showing how these

basis functions ensure a tangential component only along the corresponding edges e2

and e6 respectively.
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Figure 2.21: Vector plots of edge shape functions of 12-edge quadrilateral element.

Now, let us understand the behaviour of shape functions of triangular edge elements,

focusing on a 3-edge triangular element with three edges e1, e2 and e3. The edge shape

functions v1, v2 and v3, expressed in natural coordinates ξ and η, are given as (see [1])
v1

v2

v3

 =


l1(ξ∇η − η∇ξ)

l2(−η∇ξ − (1− ξ)∇η)

l3((1− η)∇ξ + ξ∇η)

 ,

where l1, l2 and l3 are the edge lengths of three edges. Consider the unit vector n1 along

the edge e1, which is formed by joining the nodes 1 and 2, as shown in Fig. 2.22a. Using

shape function v1, we find that n1 ·∇ξ = −1/l1 and n1 ·∇η = 1/l1, since ξ is a linear

functions that varies from unity at node 1 and zero at node 2, and η is unity at node 2

and zero at node 1. Therefore, we have n1.v1 = ξ+η = 1 along the entire length of edge

1. This implies that v1 has a constant tangential component along edge 1. Moreover,

since ξ vanishes along edge 2, ∇ξ is normal to edge 2, η vanishes along edge 3, and

∇η is normal to edge 3, v1 has no tangential components along these edges. Similar

observations apply to v2 and v3. Thus, tangential continuity is preserved across inter-

element boundaries, but normal component is not. Fig. 2.22a and Fig. 2.22b illustrate

the variation of the basis functions v1 and v2 for the edges e1 and e2, respectively.

These vector plots make it easy to visualize how the constant tangential component of

a specific shape function is maintained only along the associated edge.

This same analysis applies to understand the behaviour of shape functions of higher

order triangular edge elements. Because, the higher-order triangular shape functions are

constructed by multiplying the interpolatory polynomial of higher order at the respective
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Figure 2.22: Vector plots of edge shape functions of 3-edge triangular element.

vertex with the lower-order triangle shape functions. For example, for an 8-edge triangle,

the shape functions for edges e2 and e3 are v2 = l2(4η − 1)(ξ∇η − η∇ξ) and v3 =

l3(4η − 1)(η∇α − α∇η), respectively. Fig. 2.23a and Fig. 2.23b show the variation of

these shape functions for edges 2 and 3, respectively, illustrating the behaviour of v2

and v3 at those edges.
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(b) Variation of v3 for the edge e3.

Figure 2.23: Vector plots of edge shape functions of 8-edge triangular element.

Similarly, we can explore the behaviour of edge shape functions for 3D edge elements,

particularly for hexahedral and tetrahedral elements. The formulation used to derive

the shape functions of 2D edge elements can be extended to 3D edge elements in a

straightforward manner. These shape functions are constructed not only to guarantee

tangential continuity across the edges, but also to guarantee the tangential continuity

across the surfaces of the elements.
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(a) For 12-edge hexahedral element, variation of
v1 for the edge e1.

(b) For 6-edge tetrahedra, variation of v1 for the
edge e1.

Figure 2.24: Vector plots of edge shape functions of 3D edge elements.

Let us consider the 12-edge hexahedral element which has 12 edges (see Fig. 2.24a).

The edge shape functions of the twelve edges in natural coordinates ξ, η, and ζ are given

as (see [1])

v1 =
l1
8

(1− η)(1− ζ)∇ξ, v2 =
l2
8

(1 + η)(1− ζ)∇ξ, v3 =
l3
8

(1− ξ)(1− ζ)∇η,

v4 =
l4
8

(1 + ξ)(1− ζ)∇η, v5 =
l5
8

(1− η)(1 + ζ)∇ξ, v6 =
l6
8

(1 + η)(1 + ζ)∇ξ,

v7 =
l7
8

(1− ξ)(1 + ζ)∇η, v8 =
l8
8

(1 + ξ)(1 + ζ)∇η, v9 =
l9
8

(1− ξ)(1− η)∇ζ,

v10 =
l10

8
(1 + ξ)(1− η)∇ζ, v11 =

l11

8
(1− ξ)(1 + η)∇ζ, and

v12 =
l12

8
(1 + ξ)(1 + η)∇ζ,

where l1, l2, l3, ... and l12 are lengths of the twelve edges of the element. To illustrate,

let us observe the behaviour of v1. This vector basis function, defined by ∇ξ, has

nonzero tangential component only along the edge 1, which is parallel to the ξ-axis.

This is because ξ varies linearly along the edge 1 (which is parallel to the ξ-axis) and

remains constant along the other edges. This means v1 maintains tangential continuity

along the edge 1, as well as on the surfaces contained by edge 1. This behaviour can be

illustrated from the vector plot of v1 as shown in Fig. 2.24a. Therefore, the edge shape

functions constructed possess all the necessary properties that guarantee the tangential

continuity across the element edges as well as across element surfaces.

For a 6-edge tetrahedral element which has 6 edges as shown in Fig. 2.24b. From

the nodal shape functions of 4-node tetrahedra N1 = 1− ξ− η− ζ, N2 = ξ, N3 = ζ and

N4 = η edge shape functions are derived. Then, the six edge shape functions expressed
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in natural coordinates ξ, η and ζ are given as (see [1])

v1 = l1(1− η − ζ)∇ξ + l1ξ(∇η +∇ζ), v2 = l2(1− ξ − η)∇ζ + l2ζ(∇ξ +∇η),

v3 = l3(1− ξ − ζ)∇η + l3η(∇ξ +∇ζ), v4 = l4(ξ∇ζ − ζ∇ξ), v5 = l5(η∇ξ − ξ∇η),

and v6 = l6(ζ∇η − η∇ζ),

where l1, l2, ..., l6 are the lengths of the six edges of the tetrahedral element. Similar

to observation of shape functions for the triangular element, we can analyze the shape

functions for tetrahedral element. The derivation of the shape functions for the tetrahe-

dral element follows the same pattern as for triangular vector basis functions. Consider

the shape function of edge 1, i.e., v1, which is derived from the nodal shape functions

of node 1 and node 2. From the analysis of the lower-order triangle, by considering unit

vector n1 pointing from node 1 and node 2, we can observe that v1 has only tangential

component along edge 1. Moreover, since N1 vanishes along edges e4, e5, and e6 and

N2 vanishes along edges e2, e3 and e6, v1 has no tangential component along these five

edges. Furthermore, because N1 vanishes on the element facet defined by (2,3,4) and

N2 vanishes on the element facet defined by (1,3,4), v1 has no tangential component on

either of these faces. Its tangnetial component appears only on the element facets that

contain edge e1. This behavior can be easily visualized from the vector plot of v1, as

shown in Fig. 2.24b.

2.8 Summary

We have presented a very useful conversion technique, which transform the nodal con-

nectivities into edge connectivities for both two-dimensional and three-dimensional finite

elements. Also, this conversion algorithm generates other necessary data structures in

edge formulations like direction information of the edges, connecting nodes of a particu-

lar edge, associated edges of a particular node and respective other node of those edges.

This algorithm converts 4-node quadrilateral into 4-edge quadrilateral, 3-node triangle

into 3-edge triangle, 6-node triangle into 8-edge triangle, and 9-node quadrilateral into

12-edge quadrilateral in the case of two-dimensional finite elements. Whereas, for three-

dimensional finite elements, this algorithm generates 6-edge tetrahedral elements from

4-node tetrahedral elements, and 12-edge hexahedral elements from 8-node hexahedral

elements. Also, for each transformed edge element, detailed explantation of conversion

algorithm is provided with relevant examples.
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Chapter 3

Eigenvalue analysis and

comparative performance of

Nodal-to-Edge finite elements

over conventional Nodal

elements†

In electromagnetics, eigenvalue problems that are often encountered include those of

cavity resonance and wave propagation in both closed and open structures such as

waveguides, cavity resonators, and optical fibres. In these problems, one is interested in

finding the resonant frequencies corresponding to eigenvalues and the associated resonant

or propagation modes corresponding to eigenvectors.

To assess the numerical performance of the nodal-to-edge elements introduced in

the previous chapter, several benchmark problems both in two-dimensions and three-

dimensions have been thoroughly studied in this chapter. Eigen analysis is performed

using the Eq. (1.5) for finding the square of the eigenvalues k2
0. Additionally, the per-

formance of the proposed elements is compared with that of the conventional nodal

elements through a series of examples. These problems have been solved for meshes

with successive refinement levels for both nodal and edge elements. The proposed two-

dimensional nodal-to-edge elements consists of four edge quadrilateral (EQ4), three edge

triangle (ET3), twelve edge quadrilateral (ET12), and eight edge triangle (ET8). Where

as nodal elements include four node quadrilateral (Q4), nine node quadrilateral (Q9),

and six node triangle (T6). In three-dimensional nodal elements, we have considered

†D. Kamireddy, S. Madhukar Chavan, and A. Nandy, “Comparative Performance of Novel Nodal-
to-Edge finite elements over Conventional Nodal element for Electromagnetic Analysis”, Journal of
Electromagnetic Waves and Applications 37(1), 131−161 (2023). https://doi.org/10.1080/09205071.
2022.2117102
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ten node tetrahedra (TetN10), and eight node hexahedra (HexN8), while the trans-

formed edge elements consist of six edge tetrahedra (TetE6), and twelve edge hexahedra

(HexE12).

For all the problems discussed in this chapter, we have assumed εr = µr = 1.0. In the

following examples, we have compared edge and nodal elements with respect to a certain

error percentage with analytical benchmark values. In that bar-diagram comparison,

each bar represents the minimum no. of required FDOF (free degrees of freedom) for

that particular element to attain an error percentage less than the predefined scale.

There are black crosses in some bar diagrams which signify that it is not possible

to generate less than 10% error with that element with available computational re-

sources. We have mentioned best possible result for those cases. Such situations mostly

occur with nodal element which further establish the better performance of edge ele-

ments. Also, the first non-zero eigenvalues of all the elements appeared after stating the

number of zeros generated at the machine precision level. These zeros indicate the ap-

proximation of null space. The remaining chapter is arranged in the following manner:

In section 3.1, the relative performance of two-dimensional nodal and transformed edge

elements has been compared using several numerical examples. Thereafter, the effect of

mesh distortion on edge elements along with the computational cost in numerical analy-

sis has also been presented. And in section 3.2, we delve into the comprehensive details

of the comparative performance study conducted between three-dimensional nodal and

edge elements, accompanied by a series of numerical examples.

3.1 Numerical examples of eigenvalue problems in two-

dimensions

In this section, we present the results of eigenvalue analysis conducted for two-dimensional

domains with all possible complexities. These domains encompass shapes with regular

boundaries, curved boundaries, sharp corners, non-convex shapes, and domains with

non-homogeneous materials. In our simulations, we have modelled the computational

domain using two-dimensional nodal finite elements, including Q4, T8, and Q8, as well

as two-dimensional edge finite elements such as EQ4, ET3, EQ12 and ET8.

3.1.1 Square domain

A square domain with a side length of π is considered. The square domain’s sides

or boundaries are all perfectly conducting. Analysis data of different nodal and edge

elements, like number of free degrees of freedom (FDOF) i.e. total number of equations,

is presented in Table 3.1.

The square of eigenvalues for each type of element is given in Table 3.2 along with

analytical results reported in [31]. All of these elements have produced correct eigenval-

ues along with the correct multiplicities.For all the elements the first non zero eigenvalue
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Table 3.1: Analysis data of different nodal and edge elements for the square domain
problem.

Nodal element Edge element

Element No. of No. of Element No. of No. of
Type elements equations/FDOF Type elements equations/FDOF

Q4 64 231 EQ4 196 364
T6 98 663 ET8 112 530
Q9 64 855 EQ12 100 760

Table 3.2: k2
0 on the square domain for different elements.

Nodal element Edge element
Analytical Q4 Q9 T6 EQ4 EQ12 ET8

1 1.012916 0.999843 0.999919 1.004203 1.000013 0.999990
1 1.012916 0.999843 0.999919 1.004203 1.000013 1.000015
2 2.025832 1.999264 2.000128 2.008407 2.000027 2.000150
4 4.209548 3.998554 4.000663 4.067583 4.000850 3.999844
4 4.209548 3.998554 4.001671 4.067583 4.000850 4.000469
5 5.222465 4.997901 5.003591 5.071786 5.000863 5.000285
5 5.222465 4.997901 5.007171 5.071786 5.000863 5.000285
8 8.419096 7.996779 8.033095 8.135166 8.001700 8.008889
9 10.080293 9.007072 9.024805 9.344778 9.009435 8.998040
9 10.080293 9.007072 9.024956 9.344778 9.009435 9.005165
10 11.093208 10.002567 10.038396 10.348982 10.009449 10.003717
10 11.093208 10.012254 10.048274 10.348982 10.009449 10.011721
13 14.289839 13.015767 13.088936 13.412361 13.010285 13.014842
13 14.289839 13.015767 13.179304 13.412361 13.010285 13.048523
16 19.453669 16.064853 16.145861 17.100354 16.051302 15.989497
16 19.453669 16.076531 16.158926 17.100354 16.051302 16.025185

Number of computed zeros

- 77 245 221 45 121 65

has occurred after a certain number of zero eigen values at the machine precision level

which signifies the approximation of null space. We have noticed a significant difference

between nodal and edge elements in the mesh convergence analysis. With edge elements,

we have found a far better coarse mesh accuracy. This fact is presented in bar diagrams

in Fig. 3.1. We have compared Q9 and EQ12 in Fig. 3.1a on a scale of less than 1%

error. Q4 and EQ4 elements are compared for less than 6% error in Fig. 3.1b. A scale

of less than 0.2% error is chosen in Fig. 3.1c to compare T6 and ET8 elements. From

Fig. 3.1 we can see that we can attain the required level of accuracy for all five eigen

values with a coarser edge element mesh than the required nodal element mesh for both

quadrilateral and triangular elements.
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(c) Minimum number of FDOF required for less
than 0.2% error (T6 vs ET8).

Figure 3.1: Comparative study of numerical performance of nodal elements with edge
elements in predicting eigenvalues for square domain.

3.1.2 Circular shape domain

Here, the domain is a circle of radius unity and Fig. 3.2 shows the discretized domain.

The circular domain has a perfectly conducting boundary. No. of elements for different

meshes of various element types are given in Table 3.3. The results are found with these

meshes and they are closely matching with the benchmark values presented in [113, 114].

For all the elements squared of the obtained eigenvalues are listed in Table 3.4. The

required degrees of freedom required to get less than 7% error for various elements has

been presented in Fig. 3.3.
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Figure 3.2: Discretized circular domain.

Table 3.3: Analysis data of different nodal and edge elements for the circular shape
domain problem.

Nodal element Edge element

Element No. of No. of Element No. of No. of
Type elements equations/ Type elements equations/

FDOF FDOF

Q9 & T6 256 2979 EQ4 & ET3 1600 3160
EQ12 & ET8 600 4720

Table 3.4: k2
0 on the circular domain for different elements (bracketed values show the

multiplicity).

Nodal element Edge element
Benchmark Q9 & T6 EQ4 & ET3 EQ12 & ET8

3.391122 (2) 3.388867 3.410866 3.380563
9.329970 (2) 9.318499 9.443712 9.329356
14.680392 (1) 14.668347 14.768032 14.756723
17.652602 (2) 17.609686 18.043890 17.662206
28.275806 (2) 28.161350 28.586164 28.262108
28.419561 (2) 28.376474 29.300835 28.343555
41.158640 (2) 40.896578 43.394573 41.404578
44.970436 (2) 44.858738 45.351002 44.973322
49.224256 (1) 49.098151 49.598925 49.656871
56.272502 (2) 55.747995 60.581974 56.956837
64.240225 (2) 64.023638 65.163560 64.271251

Number of computed zeros

- 992 401 450
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Figure 3.3: Minimum number of FDOF required for less than 7% error in predicting
eigen values for the circular domain.

3.1.3 L-shaped domain

The L-shaped domain is obtained by deleting one quadrant from the square domain of

side π which has been considered in the previous example (Section 3.1.1). Here, the

domain is a non-convex domain with sharp corners. In numerical analysis, conducting

boundary conditions are applied to all the boundaries of domain. The discretized L

shape domain with Q9 elements is shown in Fig. 3.4. The L-shaped domain is discretized

with different mesh sizes for different elements, which is given in Table 3.5. Square of

the eigenvalues are listed in Table 3.6 for all the elements along with standard values

reported in [31].
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Figure 3.4: Discretized L shape domain.

As nodal elements can not capture the singular eigen value (0.591790), we have

compared the accuracy of squared of the obtained eigenvalues in Fig. 3.5 from the
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Table 3.5: Analysis data of different nodal and edge elements for the L shape domain
problem.

Nodal element Edge element

Element No. of No. of Element No. of No. of
Type elements equations/FDOF Type elements equations/FDOF

Q4 768 2481 EQ4 432 805
T6 384 2481 ET8 384 1856
Q9 192 2481 EQ12 192 1457

Table 3.6: k2
0 on the L-shaped domain for different elements.

Nodal element Edge element
Benchmark Q4 Q9 T6 EQ4 EQ12 ET8

0.591790 - - - 0.596170 0.597191 0.596538
1.432320 1.479654 1.507641 1.481174 1.434491 1.432148 1.432253

- 1.620830 2.277630 1.623752 - - -
4.005540 4.012869 3.997995 3.998716 3.781632 3.815079 3.999995
4.005540 4.012869 3.998150 3.998852 4.022899 4.000132 4.000019
4.613200 4.649897 4.645948 4.636011 4.418905 4.427041 4.616022
5.067330 5.577478 5.960861 5.561194 4.946604 4.939201 5.090472
7.955130 8.025738 7.990559 7.995340 7.821276 7.806319 8.000462
8.647370 9.404155 9.563233 9.336718 8.731623 8.649600 8.671775
9.481660 9.597178 9.838923 9.528452 9.575278 9.457106 9.460954
11.426100 12.380478 13.563361 12.304280 11.421820 11.349739 11.534996
14.448600 14.808709 14.771906 14.700390 14.611556 14.451696 14.542718
16.086200 16.206662 15.974127 15.984640 16.368790 16.008200 16.000365

Number of computed zeros

- 828 827 827 64 39 22

second eigen frequency. All the nodal elements are not able to capture the singular

eigen value, as well as all of them, generate one spurious eigen value, whereas all the

edge elements are able to predict the singular eigen value properly and they do not

generate the spurious eigen value. We have found better coarse mesh accuracy with

edge elements which is depicted in bar diagrams in Fig. 3.5. We have compared Q9

and EQ12 elements in Fig. 3.5a on a scale of less than 6% error. Q4 and EQ4 elements

are compared on the scale of 6% error in Fig. 3.5b whereas T6 and ET8 elements are

compared for less than 4% error in Fig. 3.5c.

3.1.4 Cracked circular domain

Here, the domain is a circle of radius unity but it is with a crack as shown in Fig. 3.6.

All the boundaries of the computational domain are subjected to perfectly conducting

boundary conditions.
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than 5% error (T6 vs ET8).

Figure 3.5: Comparative study of numerical performance of nodal elements with edge
elements in predicting eigenvalues for L shape domain.

Figure 3.6: Cracked Circular domain.
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Table 3.7: Analysis data of different nodal and edge elements for the cracked circular
domain problem.

Nodal element Edge element

Element No. of No. of Element No. of No. of
Type elements equations/ Type elements equations/

FDOF FDOF

Q9 & T6 256 3030 EQ4 & ET3 384 723
EQ12 & ET8 400 3161

Table 3.8: k2
0 for the circular domain with crack for different elements.

Analytical Nodal element Edge element
Benchmark Q9 & T6 EQ4 & ET3 EQ12 & ET8

1.358390 - 1.328769 1.243789
3.391122 3.732977 3.429584 3.368877
6.059858 6.059539 6.155568 6.051724

7.907027 - -
9.329970 9.315916 9.540422 9.329118
13.195056 13.171354 13.594326 13.201251
14.680392 14.664092 14.941521 14.763221
17.652602 17.601145 18.337851 17.662210
21.196816 22.594381 21.136960 20.034173
22.681406 28.140650 23.799963 22.709148
28.275806 28.589967 28.986891 28.067093

Number of computed zeros

- 1009 40 8
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Figure 3.7: Minimum number of FDOF required for less than 4% error in predicting
eigen values for the cracked circular domain.

The discretization of meshed domain with different types of elements is shown in

Table 3.7. The results are found with these meshes and are listed in Table 3.8 along

with the benchmark values from [113, 114]. Numerical results are compared and they
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are closely matching with the benchmark values. As nodal elements can not capture

the singular eigen value (1.358390), we have compared the accuracy of the obtained

eigenvalues in Fig. 3.7 from the second eigen frequency. The degrees of freedom required

to get an error less than 4% is shown in Fig. 3.7. With Q9 & T6 elements, we have

obtained error of 10.1% with 3030 FDOF for second eigen value.

3.1.5 Curved L-shaped domain

-1 -0.5 0 0.5 1
X

1

1.5

2

2.5

3

Y

Figure 3.8: Discretized curved L shape domain.

Table 3.9: Analysis data of different nodal and edge elements for the curved L shape
domain problem.

Nodal element Edge element

Element No. of No. of Element No. of No. of
Type elements equations/FDOF Type elements equations/FDOF

Q4 270 909 EQ4 200 480
T6 96 657 ET8 90 418
Q9 48 657 EQ12 84 790

This example is taken from [115]. Here, the domain has three straight and three

circular sides of radii 1, 2, and 3, and Fig. 3.8 shows the discretized domain. All the

sides of the domain are perfectly conducting. This is one of the challenging problem

as the domain is curved, non-convex along with sharp corner. Details of the meshed

domain for different nodal and edge elements are given in Table 3.9.

For all the elements, squared of the obtained eigenvalues are listed in Table 3.10 along

with the benchmark values from [115]. All the nodal elements are not able to capture

the singular eigen value (1.818571) (due to the presence of a sharp corner) as well as all

of them generate one spurious eigen value. Whereas all the edge elements are able to

predict the singular eigen value properly and they do not generate the spurious eigen
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(c) Minimum number of FDOF required for less
than 8% error (T6 vs ET8).

Figure 3.9: Comparative study of numerical performance of nodal elements with edge
elements in predicting eigenvalues for curved L shape domain.

value. Therefore we have compared accuracy from the second eigenvalue in Fig. 3.9.

We have found better coarse mesh accuracy with edge elements which is depicted in bar

diagrams in Fig. 3.9. We have compared Q9 and EQ12 elements in Fig. 3.9a on a scale

of less than 2.5% error. A scale of 6.5% error is chosen in Fig. 3.9b to compare Q4 and

EQ4. T6 and ET8 elements are compared for less than 8% error in Fig. 3.9c. With

657 FDOF of Q9 element, we have obtained 10.4% error for the second eigen value and

21.7% error for the fifth eigen value. An error of 11.3% is obtained for Q4 element with

909 FDOF for the fifth eigen value. With T6 element for the fifth eigen value we get an

error of 10.6% with 657 FDOF.
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Table 3.10: k2
0 on the curved L-shaped domain for different elements.

Nodal element Edge element
Benchmark Q4 Q9 T6 EQ4 EQ12 ET8

1.818571 - - - 1.809583 1.814099 1.804651
3.490576 3.689097 3.854593 3.718116 3.505945 3.490535 3.489638

- 5.033585 6.889177 5.070643 - - -
10.065602 10.153471 10.047738 10.056494 10.198870 10.066721 10.071826
10.111886 10.284415 10.252722 10.194525 10.241690 10.116060 10.109109
12.435537 13.845497 15.141449 13.759140 12.554637 12.427678 12.420649

Number of computed zeros

- 303 219 219 184 173 149

3.1.6 Inhomogeneous L shape domain

In this example, the efficacy of the edge elements for the inhomogeneous domain becomes

evident. This example is considered from [31]. Fig. 3.10 represents the domain where

relative permittivities are 1 and 5 for grey and the light green regions respectively. Here,

the walls of the domain are assumed to be perfectly conducting. Discretization details

of the domain for various elements are presented in Table 3.11. For all the elements

squared of the obtained eigenvalues are listed in Table 3.12. All the nodal elements are

not able to capture the singular eigen value (0.175980) as well as all of them generate

one spurious eigen value.
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Figure 3.10: Inhomogeneous L shape domain.

Whereas all the edge elements are able to predict the singular eigen value properly

and they do not generate the spurious eigen value, thus we have compared the accuracy

of elements from the second eigen value in Fig. 3.11.We have found better coarse mesh

accuracy with edge elements which is depicted in bar diagrams in Fig. 3.11. We have

compared Q9 and EQ12 elements in Fig. 3.11a on a scale of less than 6% error. Q4 and
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Table 3.11: Analysis data of different nodal and edge elements for the inhomogeneous
L shape domain problem.

Nodal element Edge element

Element No. of No. of Element No. of No. of
Type elements equations/FDOF Type elements equations/FDOF

Q4 768 2481 EQ4 768 1457
T6 384 2481 ET8 384 1856
Q9 192 2481 EQ12 192 1457

Table 3.12: k2
0 on the inhomogeneous L shape domain for different elements.

Nodal element Edge element
Benchmark Q4 Q9 T6 EQ4 EQ12 ET8

0.175980 - - - 0.176192 0.176090 0.176085
0.398080 0.410869 0.418399 0.411088 0.397985 0.397393 0.397395

- 0.410993 0.526242 0.411234 - - -
0.964840 0.973806 0.973085 0.970759 0.872179 0.853464 0.966204
0.978740 0.998372 1.003343 0.994894 0.976496 0.973764 0.980699
1.524310 1.785034 1.783645 1.775821 1.529238 1.521521 1.522974
1.765930 1.816265 1.973428 1.807250 1.768005 1.758150 1.761401
2.274180 2.306054 2.292383 2.293151 2.252808 2.233477 2.293116
2.389530 2.563009 2.694188 2.544549 2.395908 2.381229 2.412659
3.394090 3.428865 3.380034 3.382655 3.424851 3.385157 3.384739
3.397400 3.433245 3.384257 3.386683 3.427972 3.388137 3.388719
3.646940 3.695923 3.664321 3.663456 3.664173 3.630283 3.641584
3.664270 3.906853 4.096015 3.873663 3.686256 3.655079 3.658646

Number of computed zeros

- 827 827 827 19 56 15

EQ4 elements are compared on a scale of 10% error in Fig. 3.11b whereas T6 and ET8

elements are compared for less than 5% error in Fig. 3.11c.

With Q9 elements for 2481 FDOF there is 17% error for the fifth eigen value. For

EQ12 elements we obtained error of 11.8% with 1457 FDOF for the third eigen value

while for Q4 element we get 17.1% error for 2481 FDOF with the fifth eigen value. Error

of 16.5% is obtained with T6 element for 2481 FDOF for the fifth eigen value.

3.1.7 Comparative study of mesh convergence analysis with L2-norm

error between nodal and edge elements

In this section, we have conducted a comparative analysis of numerical accuracy in

terms of L2 error norm with mesh convergence, between nodal and edge elements in

2D. For this study, we have chosen four different numerical examples such as square,

curved L shape, L shape and inhomogeneous L shape geometries. For each problem,
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than 5% error (T6 vs ET8).

Figure 3.11: Comparative study of numerical performance of nodal elements with edge
elements in predicting eigenvalues for inhomogeneous L shape domain.

five different meshes of nodal and edge elements are used to perform the convergence

analysis. Table 3.13 shows the detailed mesh analysis data for all four domains. L2-norm

error is calculated between numerical and analytical benchmark values as

L2-norm error =

√√√√√√√√
N∑
i=1

[
(FEM value)i − (Analytical value)i

]2

×mi

N∑
i=1

[
(Analytical value)i

]2

×mi

, (3.1)
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3.1. Numerical examples of eigenvalue problems in two-dimensions

where, N is maximum no. of non singular eigen values obtained with the coarsest mesh,

mi is multiplicity of one particular eigen value.

Table 3.13: Analysis data of different nodal and edge elements for L2-norm error
convergence analysis.

Square domain

Total No. of Total No. of Total No. of
no. of equations/ no. of equations/ no. of equations/

elements FDOF elements FDOF elements FDOF
Q4 EQ4 Q9 EQ12 T6 ET8

16 63 24 16 135 112 18 135 120
36 96 60 25 351 180 32 231 196
64 135 112 36 495 264 50 351 264
144 260 180 49 663 480 72 495 380
256 480 231 64 855 760 98 663 560

Curved L shape domain
Q4 EQ4 Q9 EQ12 T6 ET8

24 98 93 27 177 84 24 177 144
60 219 163 36 261 112 36 288 261
96 717 295 48 381 264 54 432 381
168 813 367 84 501 480 72 501 448
270 909 560 108 760 657 96 680 657

L shape domain
Q4 EQ4 Q9 EQ12 T6 ET8

192 483 345 48 657 345 96 657 448
300 962 551 75 1005 551 150 1005 710
432 1425 805 108 1425 805 216 1425 1032
588 1817 1107 147 1917 1107 294 1917 1414
768 2081 1457 192 2381 1457 384 2381 1856

Inhomogeneous L shape domain
Q4 EQ4 Q9 EQ12 T6 ET8

192 483 345 48 657 345 96 657 448
300 962 551 75 1005 551 150 1005 710
432 1425 805 108 1425 805 216 1425 1032
588 1817 1107 147 1917 1107 294 1917 1414
768 2081 1457 192 2381 1457 384 2381 1856

L2-norm error values of both nodal and edge elements are plotted along with free

degrees of freedom (FDOF) for all the problems, as shown in Fig. 3.12. The error values

are compared between nodal and edge elements for each problem. For example, in a

square domain problem with 32 elements (196 equations), ET8 edge element predicts

eigenvalues with 0.025% error, whereas T6 nodal element achieve 0.045% error with the
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finest mesh we have chosen i.e., of 98 elements (663 equations). In the case of Q12

element, eigen frequencies are predicted with 0.26 % error by using 36 elements (180

equations). But, for the same number of nodal elements 495 equations are solved to

achieve 0.23 % of error prediction. For 256 Q4 and EQ4 elements, numerical results are

predicted by EQ4 elements with more accurately (2.7 % error) than Q4 elements (4.8

% error).

We want to assess the robustness of edge and nodal elements in predicting eigenval-

ues for the curved objects with sharp edges and corners. For that reason, convergence

analysis has been carried out for curved L shape domain. From Fig. 3.12b, when com-

paring EQ12 with Q9, for almost the same degrees of freedom i.e., 264 FDOF (Q9) and

261 FDOF (EQ12), Q9 element predict eigenvalues with an error of 16.54 %, whereas

EQ12 element achieve almost more than ten times more accuracy with 1.4 % error. Sim-

ilarly, among ET8 and T6, ET8 is more accurate for almost equivalent FDOF whereas

EQ4 has better accuracy than Q4 for meshes with close FDOF.

We have observed similar trends for other two examples, namely, homogeneous L

shape domain (Fig. 3.12c) and inhomogeneous L shape domain (Fig. 3.12d). For all three

types of elements, namely, linear quadrilateral, quadratic quadrilateral, and quadratic

triangular elements; the edge elements have almost one order lower error norm than

that of corresponding nodal elements having equivalent FDOF. Here FDOF is same as

the no. of equations, hence it can be taken as an equivalent measure of computational

cost.

3.1.8 Performance analysis for distorted mesh

To analyze the performance of the distorted mesh we have considered the standard

curved L shape problem. To obtain the eigenvalues, the curved L shape domain is

discretized using a uniform and deformed mesh made of 198 Q4 and EQ4 elements, 75

Q9 and EQ12 elements and 72 T6 and ET8 elements. The distorted meshes of different

elements are shown in Figs. 3.13a, 3.13b and 3.13c. All of the elements’ results are

presented in Table 3.14. The results of a distorted mesh of all the elements are almost

the same as the results of a uniform mesh.

Now, we want to assess the influence of mesh distortion on numerical performance

of finite elements quantitatively. For this, we are defining one metric Md, a measure of

distortion in the entire domain, as Md = ns ×
ps

100
, where ps is % of shift of the nodes

to introduce distortion, ns is the total no. of shifted nodes in the entire domain. In our

numerical experimentation, four different cases are considered which are presented in

Table 3.15 along with the corresponding values of Md. Among total no. of shifted nodes

ns, half of the nodes are shifted in radial direction and the remaining points are shifted

in θ direction. We have chosen curved L shape domain for the analysis and the domain

is discretized with 336 Q4 and EQ4 elements. Fig. 3.14 represents distorted meshes for

all four cases mentioned in Table 3.15. For all the meshes, 628 (EQ4 elements) and 1125
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Figure 3.12: Convergence plots in L2-norm with increasing mesh refinement in pre-
dicting eigenvalues for four different domains.

(Q4 elements) FDOF/equations are solved for the eigen frequencies. In each case, for

first four nonsingular eigenvalues, the percentage of error is calculated with benchmark

values available from [115]. For each eigenvalue, the percentage of error values is plotted

in Fig. 3.15 with the distortion metric parameters for both nodal and edge elements.

Fig. 3.15 shows that the numerical performance of both nodal and edge elements is not

affected due to mesh distortion.

67TH-3492_176103010



Chapter 3. Performance Comparison between Nodal-to-Edge elements and
Conventional Nodal elements

(a) (b)

(c)

Figure 3.13: Curved L-shaped domain discretized with (a) distorted Q4 elements, (b)
distorted Q9 elements and (c) distorted T6 elements.

3.1.9 Computational cost analysis

In this section, we have compared the required computational cost along with no. of

required free degree of freedoms and L2 error norm for Q9 and EQ12 elements while

solving the problem of curved L shape domain. Different mesh refinements such as 27,

36, 48, 84, and 108 Q9 and EQ12 elements are used to discretize the computational

domain in our numerical analysis and Table 4.2 represents respective no. of free degree

of freedoms. Our computational codes are run on a Dell vostro model, using Intel Core

i3 4.1 GHz processor with 4 GB RAM. We have plotted the computational time in

seconds required to achieve the certain L2-norm error along with total free degrees of

freedom as shown in Fig. 4.5. We can see that with EQ12 we achieve 0.02 L2 error

norm with around 670 FDOF in 1.3 seconds, whereas with almost same no. of FDOF

in Q9 we have achieved L2 error norm as 0.17 in 3.2 seconds. Also from Fig. 4.5, we

can notice that with Q9 element we can achieve L2 norm of 0.15 in computational time
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Table 3.14: k2
0 on the curved L shape domain for normal and distorted meshes of lower

order higher order of nodal and edge elements.

Q4: 198 elements (681 FDOF) EQ4: 198 elements (362 FDOF)

Benchmark Nodal element (Q4) Edge element (EQ4)

- Normal Distorted Normal Distorted

1.818571 - - 1.810926 1.810926
3.490576 3.725217 3.729079 3.508771 3.508770

- 5.084991 5.085667 - -
10.065602 10.145899 10.148647 10.141604 10.141603
10.111886 10.386313 10.407295 10.348577 10.348577
12.435537 13.897028 13.902881 12.501734 12.501734

Number of computed zeros

- 65 65 227 227

Q9: 75 elements (1005 FDOF) EQ12: 75 elements (560 FDOF)

Benchmark Nodal element (Q9) Edge element (EQ12)

- Normal Distorted Normal Distorted

1.818571 - - 1.813849 1.816383
3.490576 3.798913 3.799074 3.490505 3.495839

- 6.828452 6.843561 - -
10.065602 10.049142 10.058195 10.067992 10.088585
10.111886 10.242052 10.245292 10.113374 10.140025
12.435537 15.071954 15.085305 12.429564 12.443714

Number of computed zeros

- 335 335 261 261

T6: 72 elements (501 FDOF) ET8: 72 elements (332 FDOF)

Benchmark Nodal element (Q9) Edge element (EQ12)

- Normal Distorted Normal Distorted

1.818571 - - 1.803444 1.799088
3.490576 3.753233 3.751064 3.489667 3.484439

- 5.118928 5.109720 - -
10.065602 10.063793 10.063864 10.070665 10.059423
10.111886 10.204527 10.212374 10.110606 10.110596
12.435537 13.806202 13.824826 12.414018 12.407989

Number of computed zeros

- 167 167 117 117

of 4.2 seconds whereas with EQ12 with in computational time of 0.4 seconds we can

achieve L2 norm of 0.04.
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Table 3.15: Mesh distortion metrics for different cases.

% of shift No. of nodes
ps

100
Distortion metric,

(ps) shifted (ns) Md=ns ×
ps

100
Case -I 20 8 0.2 1.6
Case -II 30 8 0.3 2.4
Case -III 20 16 0.2 3.2
Case -IV 30 16 0.3 4.8

(a) mesh with 1.6 distortion metric (b) mesh with 2.4 distortion metric

(c) mesh with 3.2 distortion metric (d) mesh with 4.8 distortion metric

Figure 3.14: Discretized Curved L-shaped domains with different distortion metrics.
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Figure 3.15: Comparative study of convergence analysis with different distortion met-
rics for curved L shape domain meshed with Q4 and EQ4 elements.

Table 3.16: Analysis data
of Q9 and EQ12 elements for
curved L shape problem.

Total No. of Equations
no. of /FDOF

elements Q9 EQ12

27 381 192
36 501 260
48 657 352
84 1125 628
108 1425 816 0 200 400 600 800
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Figure 3.16: Computational cost and con-
vergence analysis of curved L shape domain
meshed with Q9 and EQ12 elements.
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3.2 Numerical examples of eigenvalue problems in three-

dimensions

In this section, we provide detailed insights into the numerical examples examined in

our comparative performance analysis between three-dimensional nodal and edge ele-

ments. Our selection encompasses the domains with regular shapes, sharp corners and

also non-convex configurations to ensure a comprehensive evaluation. For these analy-

ses, we employed TetN10, HexN8, TetE6, and HexE12 finite elements to represent the

computational domains.

3.2.1 Cubical domain with perfectly conducting surfaces

In the first example, we have considered a cubical domain with perfectly conducting

walls. This is one convex domain. A cube of dimension π×π×π, as shown in Fig. 4.2, is

discretized with HexE12, TetE6, HexN8, and TetN10 finite elements. Detailed numerical

analysis data for various elements, is shown in Table 3.17. In Table 3.18, k2
0 values are

listed for all four types of meshes along with the analytical benchmark values [115].

Besides the analytical values, we can see the multiplicity of each eigen value in the

bracket.

Figure 3.17: Cube with perfectly conducting walls.

Table 3.17: Details of numerical analysis of various elements for the cubical domain
problem.

Nodal element Edge element

Element No. of No. of equations Element No. of No. of equations
Type elements /FDOF Type elements /FDOF

HexN8 481 2922 TetE6 481 376
TetN10 343 1800 HexE12 343 756

Numerical results of both nodal and nodal-to-edge elements closely match with the

analytical values. We have also observed that the multiplicity of the eigenvalues also

match. The last row of the Table 3.18 represents the number of computed zero eigen

values (in machine precision) for different meshes with different nodal and edge elements.

We can observe from Table 3.17 that in case of the proposed nodal-to-edge elements,
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Table 3.18: k2
0 values for the cubical domain for different elements.

Analytical Nodal element Edge element
TetN10 HexN8 TetE6 HexE12

2(3) 2.003500 2.033791 1.960873 2.033791
- 2.003612 2.033791 1.970371 2.033791
- 2.003769 2.033791 1.985529 2.033791

3(2) 3.011475 3.050687 2.916051 3.050687
- 3.011652 3.050687 2.941088 3.050687

5(6) 5.042407 5.291983 4.726775 5.291983
- 5.044139 5.291983 4.781211 5.291983
- 5.046123 5.291984 4.831787 5.291984
- 5.049152 5.291984 4.881658 5.291984
- 5.049566 5.291984 4.914506 5.291984
- 5.054583 5.291984 4.925642 5.291984

6(6) 6.074598 6.308879 5.479826 6.308879
- 6.078698 6.308879 5.590799 6.308879
- 6.088814 6.308879 5.632758 6.308879
- 6.089015 6.308879 5.670128 6.308879
- 6.092767 6.308880 5.753275 6.308880
- 6.093264 6.308880 5.868806 6.308880

8(3) 8.147867 8.550176 7.692972 8.550176
- 8.172563 8.550176 8.023065 8.550176
- 8.188397 8.550176 8.043613 8.550176

Number of computed zero eigen values

- 950 551 427 319

the required numerical results are generated solving less no. of equations as compared

to that with nodal elements.

For the first five eigenvalues, we have presented a comparative study of convergence

analysis between nodal and edge elements. For HexN8 and HexE12 elements, a scale of

7.5% error is selected. Among successive refined meshes, the limiting mesh is decided

for each eigen frequency in such a way that the obtained percentage error for that mesh

is less than the 7.5% scale. Fig. 3.18a depicts no. of FDOF of all such limiting meshes,

for both HexN8 and HexE12, and for all five eigen frequencies.

Similarly, an error value of 5% is chosen as the scale to compare the tetrahedral

elements TetN10 and TetE6. Fig. 3.18b represents the no. of FDOF of the limiting

meshes to have percentage error which is less than that 5% scale. From our study,

it is evident that both the edge elements are converging faster than respective nodal

elements.
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Figure 3.18: A comparison of the numerical performance between nodal and nodal-
to-edge elements in predicting k2

0 values for cubical domain.

3.2.2 3D-L shaped domain with perfectly conducting walls

We have selected this 3D-L shaped domain [115] to test the effectiveness of the trans-

formed nodal-to-edge elements for non convex domains with sharp edges. The 3D-L

shaped domain as shown in Fig. 3.19, is generated by removing the cube [0, 1]× [0, 1]×
[0, 1] from the rectangular parallelepiped [−1, 1]× [0, 1]× [−1, 1]. All the boundaries of

the domain are perfectly conducting.

Figure 3.19: 3D-L shaped domain.

Table 3.19 shows the mesh details for the 3D-L shaped domain with TetN10, HexN8,

TetE6 and HexE12 finite elements. k2
0 values generated from the numerical analysis with

these elements, are tabulated in Table 3.20 along with the benchmark values from [115].

Both the nodal elements, namely, TetN10 and HexN8 elements, could not predict the

second eigen frequency 11.345226. Detailed observation on Table 3.20 reveals that both

TetE6 and HexE12 generate more accurate eigen values as compared to TetN10 and
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Table 3.19: Details of numerical study of various elements for the 3D-L shaped domain.

Nodal element Edge element

Element No. of No. of equations Element No. of No. of equations
Type elements /FDOF Type elements /FDOF

TetN10 544 3256 TetE6 1172 999
HexN8 375 1640 HexE12 375 800

Table 3.20: k2
0 values for the 3D-L shaped domain for different elements.

Benchmark Nodal element Edge element
TetN10 HexN8 TetE6 HexE12

9.639724 9.725360 9.985664 9.681325 9.985664
11.345226 - - 11.040918 11.663421
13.403636 13.695116 14.038256 13.150709 13.766370
15.197252 14.057556 14.411929 14.909535 15.697204
19.509328 15.252165 15.697204 19.194623 20.184054
19.739209 19.841714 - 19.304015 20.396780
19.739209 19.849318 20.396779 19.508339 20.396780
19.739209 19.855788 20.396779 19.666336 20.396780
21.259084 20.943397 20.396780 20.944727 21.924222

Number of computed zero eigen values

- 1205 951 857 780

HexN8 elements. Mesh details in Table 3.20 further illustrate that the better accuracy

of both the edge elements, is obtained solving less than half of the equations solved for

respective nodal elements.

Fig.3.20a represent the minimum number of FDOF of the limiting meshes for HexN8

and HexE12, to attain a percentage error of less than 9% for different eigen frequencies.

We can see that solving less than 300 equations, all four eigen frequencies can be accu-

rately predicted by HexE12 elements, whereas more than 1400 equations are required

to solve with HexN8 elements in predicting the third eigen frequency.

Similarly, 5% error scale is selected to compare TetN10 and TetE6 elements. Fig. 3.20b

depict the relative performance for four eigen values. Here, minimum 1200 equations are

required to solve with TetN10 to achieve required accuracy for all the eigen frequencies,

whereas TetE6 element require to solve only 400 equations.

Thus, it is evident from both the comparisons that even in the case of non convex

domains with sharp edges, both the edge elements are performing far better in predicting

the benchmark eigen frequencies as compared to the respective nodal elements.
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Figure 3.20: A comparison of the numerical performance between nodal and nodal-
to-edge elements in predicting k2

0 values for 3D L-shaped domain.

3.2.3 Fichera corner domain with perfectly conducting boundaries

This is another example [115] of a non-convex domain with sharp edges and corners.

Fichera corner domain, as shown in Fig. 3.21, is obtained by removing the cube [0, 1]×
[0, 1]× [0, 1] from the cube [−1, 1]× [−1, 1]× [−1, 1]. All the boundaries of the volume are

treated as perfectly conducting. Table 3.21 represent the mesh details with various nodal

and edge elements in terms of no. of elements and total no. of equations . Table 3.22

contains the obtained natural frequencies with various nodal and edge elements along

with the analytical benchmark values reported in [35, 115].

Figure 3.21: Domain of Fichera corner problem.

Both the nodal elements, namely, TetN10 and HexN8 elements, fail to capture the

first singular eigenvalue which is due to the sharp corner in the non convex domain.

But the nodal-to-edge elements, TetE6 and HexE12, are successful in predicting that

eigenvalue. It is evident from the Tables 3.21 and 3.22 that both the edge elements
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Table 3.21: Details of numerical analysis with various elements for the Fichera corner
problem.

Nodal element Edge element

Element No. of No. of equations Element No. of No. of equations
Type elements /FDOF Type elements /FDOF

TetN10 671 4609 TetE6 2969 2789
HexN8 875 3794 HexE12 1008 2363

Table 3.22: k2
0 values for the Fichera corner domain for different elements.

Benchmark Nodal element Edge element
TetN10 HexN8 TetE6 HexE12

3.234320 - - 3.022205 3.170671
5.882670 6.49579776 6.504939 5.858868 5.927803
5.883710 6.49937643 6.523407 5.864368 5.940017
10.678900 7.27994948 7.328486 10.651293 10.098595
10.683200 10.86519883 11.055402 10.797808 10.386231
10.694500 10.87897155 11.197529 10.821931 10.874614
12.365300 12.67583357 12.940076 12.078230 12.050320
12.372300 - - 12.264810 12.514143

Number of computed zero eigen values

- 1050 851 657 540

are predicting the benchmark eigenvalues more accurately than the nodal elements.And

also, the edge elements are solving around 35% less equations than respective nodal

elements.

For the comparative study between HexN8 and HexE12 elements, a scale of 7.5%

error is chosen. Fig.3.22a shows that it is required to solve around 700 equations with

HexE12 elements to achieve the selected accuracy level for all the frequencies. Whereas,

in the case of HexN8 element, to predict second and third eigen frequencies with less

than 12.5% error, minimum 3800 FDOF are required. The black crosses are representing

that we can not find a mesh with HexN8 elements within our computational capacity,

which can predict second and third eigen frequencies within 7.5% error limit.

Fig. 3.22b depicts the comparative performance between TetN10 and TetE6 elements

with respect to the scale of 5% error. TetE6 elements are capable to predict all the

eigen frequencies solving maximum 500 equations. Whereas TetN10 element requires

minimum 4000 FDOF to predict second and third eigen values with an error of less than

11%. Again, the black crosses are representing the same meaning for TetN10 elements

for the error limit of 5%.

In this example, edge elements have shown far better performance as compared to

the nodal elements. Both the edge elements can predict all five eigen frequencies within
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the desired accuracy whereas the respective nodal elements fail to deliver the similar

performance even with five times more number of equations.
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Figure 3.22: A comparison of the numerical performance between nodal and nodal-
to-edge elements in predicting k2

0 values for Fichera corner domain.

3.3 Order of convergence for nodal and edge elements

To find the order of convergence for both nodal and edge elements in terms of num-

ber of free degrees of freedom (N), we have chosen the findings/results presented in

section 3.1.7. In that section, we have conducted a comparative analysis of numer-

ical accuracy in terms of L2 error norm with mesh convergence, between nodal and

edge elements in 2D. For this study, we have chosen four different numerical examples

such as square, curved L shape, L shape and inhomogeneous L shape geometries. For

each problem, five different meshes of nodal and edge elements are used to perform the

convergence analysis. Nodal elements include Q4, Q8, and T6, whereas edge elements

include EQ4, EQ12, and ET6. Table 3.23 shows the detailed mesh analysis data for all

four domains. L2-norm error is calculated between numerical and analytical benchmark

values as

L2-norm error =

√√√√√√√√
K∑
i=1

[
(FEM value)i − (Analytical value)i

]2

×mi

K∑
i=1

[
(Analytical value)i

]2

×mi

,
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where, K is maximum no. of non singular eigen values obtained with the coarsest mesh,

mi is multiplicity of one particular eigen value.

Table 3.23: Analysis data of different nodal and edge elements for L2-norm error
convergence analysis.

Square domain

Total No. of Total No. of Total No. of
no. of equations/ no. of equations/ no. of equations/

elements FDOF elements FDOF elements FDOF
Q4 EQ4 Q9 EQ12 T6 ET8

16 63 24 16 135 112 18 135 120
36 96 60 25 351 180 32 231 196
64 135 112 36 495 264 50 351 264
144 260 180 49 663 480 72 495 380
256 480 231 64 855 760 98 663 560

Curved L shape domain
Q4 EQ4 Q9 EQ12 T6 ET8

24 98 93 27 177 84 24 177 144
60 219 163 36 261 112 36 288 261
96 717 295 48 381 264 54 432 381
168 813 367 84 501 480 72 501 448
270 909 560 108 760 657 96 680 657

L shape domain
Q4 EQ4 Q9 EQ12 T6 ET8

192 483 345 48 657 345 96 657 448
300 962 551 75 1005 551 150 1005 710
432 1425 805 108 1425 805 216 1425 1032
588 1817 1107 147 1917 1107 294 1917 1414
768 2081 1457 192 2381 1457 384 2381 1856

Inhomogeneous L shape domain
Q4 EQ4 Q9 EQ12 T6 ET8

192 483 345 48 657 345 96 657 448
300 962 551 75 1005 551 150 1005 710
432 1425 805 108 1425 805 216 1425 1032
588 1817 1107 147 1917 1107 294 1917 1414
768 2081 1457 192 2381 1457 384 2381 1856

In the order of convergence formula, Lu2 ≤ CNγ where Lu2 represents the L2− norm

error, N is the degrees of freedom, C is a constant, and γ is the rate of convergence.

After transforming this equation into a logarithmic form:

log(Lu2) ≤ log(C) + γlog(N).
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In this expression, the term log(C) is arbitrary and included for mathematical complete-

ness, representing the intercept at the Lu2 axis in the log − log plot. The parameter γ

is slope of the line in a log − log plot, denoting order of convergence. Log(N) repre-

sents the logarithm of the total degrees of freedom. In the log − log plot, Log(N) is

plotted on the x−axis, and provides insight into how the error decreases as the number

of degrees of freedom (i.e. mesh refinement) increases. For the nodal finite element

formulation, for each node, two degrees of freedom are assigned in case of 2D, whereas

in 3D, three degrees of freedom are assigned. In edge finite element formulation, one

degree of freedom is assigned to each edge, both in 2D and 3D.

To conduct the order of convergence study, for each problem, the logarithm of the

L2 norm error and degrees of freedom for both 2D nodal and edge elements are cal-

culated. These values are then plotted, as shown in Fig. 3.23. The error values are

compared between nodal and edge elements for each problem. Fig. 3.23a represents the

rate of convergence of both 2D nodal and edge elements for square domain problem.

Lower order edge element exhibit an order of convergence value (γ) of approximately 1,

indicating a linear rate of convergence with the mesh refinement. For higher order edge

elements, the γ value is 3, indicating a cubic rate of error reduction with refinement.

This figure demonstrates the fundamental convergence behaviour of nodal and edge in

a simple domain.

For curved objects with sharp edges and corners such as curved L shape domain,

Fig. 3.23b illustrates the convergence rate for different elements. For other two examples

such as homogeneous L shape domain and Inhomogeneous L shape domain, Fig. 3.23c

and Fig. 3.23d represent the convergence plots for different nodal and edge elements.

Although a similar trend is observed for nodal elements, edge elements provide accurate

results compared to nodal elements. It is also noted that the rate of convergence varies

for both nodal and edge elements depending on the complexity of the problem, as shown

in Fig. 3.23b, Fig. 3.23c, and Fig. 3.23d.

Also, in our study, we have analysed the order of convergence for various 3D nodal

and edge elements for three different problems such as cube, Fichera and 3D L shape

domains, as discussed in Section 3.2. The nodal elements inlcude HexN8 and TetN10,

whereas the edge elements are HexE12 and TetE6. Table 3.24 presents the mesh details

along with N used in the study. Fig. 3.24 illustrates the rate of convergence for both

3D nodal and edge elements across the three problems: cube, Fichera and 3D L shape

domains.

For a cube with conducting walls problem, Fig. 3.24a represents the rate of conver-

gence for 3D nodal and edge elements. With mesh refinement, both nodal and edge

elements predict results with a linear rate of convergence, having a value of γ nearly 1.

Fig. 3.24b and Fig. 3.24c are the convergence plots for Fichera and 3D L shape domain

problems, respectively. Similar to 2D edge elements, 3D edge elements provide more

accurate results than 3D nodal elements with mesh refinement.
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Figure 3.23: Order of convergence for different 2D edge elements.

3.4 Summary

A detailed performance comparison between conventional nodal and transformed edge

finite elements has been presented. Various solved examples in two-dimensions include

all possible complexities like curved boundaries, non-convex domains, sharp corners, dis-

torted meshes, and non-homogeneous domains. In every case, edge elements have shown

better coarse mesh accuracy than nodal elements. We have observed in many cases that,

in order to achieve the same level of accuracy, the required no. of equations with edge

element is less than half of that with nodal elements. For the non-convex domains with

sharp corners, nodal elements can not predict the singular eigen value which is well pre-

dicted by all the edge elements. In addition, for such domains, nodal elements predict

one additional spurious eigen value which is not present with edge elements. Also, we

have observed that mesh distortion does not affect the performance of both nodal and

edge elements. Edge elements are performing better with less computational cost than
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Table 3.24: Analysis data of different 3D nodal and edge elements for L2-norm error
convergence analysis.

Cube

Total No. of Total No. of Total No. of
no. of equations/ no. of equations/ no. of equations/

elements N elements N elements N
HexN8 HexE12 TetN10 TetE6

27 168 36 17 81 17 14
64 378 108 59 338 59 38
125 704 240 263 1586 263 199
216 1170 450 481 2922 481 376
343 1800 756 960 5638 960 856

Fichera
HexN8 HexE12 TetN10 TetE6

25 81 40 18 73 69 40
56 213 192 72 403 445 333
189 799 798 154 925 982 829
449 1935 1084 450 2687 1806 1627
875 3794 2092 671 4013 2969 2789

3D L shape
HexN8 HexE12 TetN10 TetE6

24 80 26 24 120 120 173
96 332 160 55 324 324 427
192 829 372 206 1228 1228 555
375 1640 800 266 1636 1636 641
768 3621 1760 544 3256 3256 999

nodal elements. We have also carried out detailed performance comparison between

three-dimensional edge elements and respective nodal elements. We have observed that

edge elements can predict the singular eigenvalues for non-convex domains with sharp

corners unlike the nodal elements. Moreover, in all the examples, edge elements have

far better coarse mesh accuracy as compared to the nodal elements.
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Figure 3.24: Order of convergence for different 3D edge elements.
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Chapter 4

Exact Conservation in Transient

Electromagnetics using

Nodal-to-Edge Elements‡

In chapter 3, we have conducted electromagnetic eigenvalue analysis using the proposed

conversion algorithm. In this chapter, we aim to further extend the application of the

conversion technique in electromagnetic transient analysis. We present the variational

statement and edge based FEM implementation to solve electromagnetic radiation and

scattering problems in time domain. In section 4.1, we summarize the state of art in tran-

sient electromagnetics. Then the mathematical formulation is presented in section 5.1,

followed by standard benchmark examples in section 4.3.

4.1 Literature survey

In computational electromagnetics, different numerical methods to solve Maxwell’s equa-

tions in time domain can be broadly classified as Finite Difference Time Domain (FDTD)

method [116] and Time Domain FEM (TDFEM) method [95]. FDTD method is sim-

pler to implement whereas TDFEM method offers the flexibility to use unstructured

grid [90–96, 102]. In TDFEM method, either one second order equation of a single vari-

able is solved [94–96] or two coupled first order Maxwell’s equations are simultaneously

solved [90, 92, 93]. In TDFEM, field variables can be interpolated with nodal basis func-

tions [24, 117, 118] or edge elements can be used for discretizations [90–96, 102, 119].

Material discontinuities can be taken care more efficiently with edge elements.

Finite Element Boundary Integral method (FEBI) is also used to solve the time

domain electromagnetic radiation and scattering problems in unbounded domains [94,

100–102] where the infinite solution domain is divided into interior and exterior regions

‡D. Kamireddy, and A. Nandy, “Exact Conservation in Transient Electromagnetics using edge Ele-
ments”, International Journal for Computational Methods in Engineering Science and Mechanics, 1−15
(2024). . Available at: https://doi.org/10.1080/15502287.2024.2372813
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by an artificial boundary. The exterior domain is modelled by boundary integral method

whereas FEM is implemented in the interior domain. Two methods are interlinked by

field continuity on the artificial boundary. In [96, 120], perfectly matched layer (PML)

is used in time domain finite element analysis of radiation and scattering problems.

While solving transient problems, it is crucial to ensure stability of the time-marching

scheme to obtain bounded and reliable solutions. Stability depends on the finite ele-

ment mesh size as well as on the time step used in time-marching [106]. In the FDTD

method, proposed by Yee [116], time step has to satisfy the Courant-Friedrich-Levy

(CFL) condition to ensure stability. It results in a significant increase in computational

time, specially for high spatial mesh resolutions. To bypass the CFL constraint, several

new methods [121–124] based on alternating direction implicit (ADI) operator splitting

scheme have been proposed. These methods are unconditionally stable while solving

a tridiagonal system of equations at each time step. Furthermore, there exist other

methods, including locally-one dimensional FDTD (LOD-FDTD) [125, 126], the split-

step FDTD (SS-FDTD) method [127], the Crank-Nicholson based factorization splitting

scheme (CN-FDTD) [128, 129], and the Leapfrog ADI-FDTD methods [130–132], in

which time steps remain independent of mesh sizes.

For a non-homogeneous media or dispersive media, Kole et. al. [133] presented a

generalized unconditionally stable algorithm. They achieved this through orthogonal

transformations of the skew-symmetric time evolution operator for the electromagnetic

fields. Two other FDTD methods in dispersive media are based on evaluation of convolu-

tion integrals [134, 135], and on the solution of auxiliary differential equations [136, 137].

Issue of numerical stability happens while solving coupled first order Maxwell’s equa-

tions with Leapfrog scheme [103, 104, 117, 138] in TDFEM approach. While solving

second-order wave equation in TDFEM, time-discretization is done by forward differ-

ence, backward difference [139], central difference [91, 140], Newmark methods [141, 142]

etc. Although, both Newmark method and central difference have second-order accu-

racy, the former one is preferred for its unconditional stability [1]. In [143], a general

approach based on the theory of discrete finite system analysis was proposed to inves-

tigate the stability behavior of TDFEMs for electromagnetic simulations in dispersive

media. This approach was later employed to various methods like evolution of convolu-

tion integral [144], FEBI [94], and orthogonal TDFEM [105] for stability analysis.

There is an intimate relation between the unconditional stability of an algorithm

and the conservation or dissipation of energy in the physical model [106]. Poynting’s

theorem [107] states that in a lossless medium without sources, the electromagnetic en-

ergy of a wave remains constant over time. Any numerical scheme should not violate

this principle to attain unconditional stability. Rieben et. al. [103] presented a sym-

plectic method, which maintains the conservation of total electromagnetic energy. In a

relavent study [145], authors proposed efficient energy-conserved splitting schemes for

three-dimensional Maxwell’s equations. In [24], trapezoidal rule was applied to solve the
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interior and exterior domain electromagnetic radiation and scattering problems within

the nodal framework. The authors also presented conservation of different quantities in

continuum framework and they validated that trapezoidal rule mimic these conservation

characteristics both algorithmically and in a series of numerical examples. Hence, the

time stepping strategy was unconditionally stable, having no limitation on time step

from stability viewpoint.

In the present work, the time-stepping strategy presented in [24] is extended into

the edge element framework to solve radiation and scattering problems. In edge based

TDFEM approach, we have considered the conversion technique discussed in [146] to

obtain edge data structure from nodal mesh informations. Here, we have derived one

quantity in continuum framework, which should conserve under certain boundary con-

ditions. Furthermore, we have algorithmically shown that the applied time-stepping

strategy conserves the quantity. This also has been demonstrated through a series of

numerical examples.

The remaining chapter is structured in the following manner. At first, in section 4.2,

we will present the variational formulation followed by the time-stepping strategy and

edge finite element formulation. After that, we will derive one quantity and prove

its conservation in continuum framework as well as algorithmically for the adopted

time stepping strategy. Finally, in section 4.3, present strategy is used to solve various

standard benchmark examples. Under proper boundary conditions, conservation of the

derived continuum quantity is evident in some examples. Accurate numerical simulation

for the transient electric fields in various examples exhibit the efficacy of the proposed

numerical strategy.

4.2 Mathematical Formulation

In this section, we develop the finite element equation for Maxwell’s equation in edge

element framework. Also, one quantity is derived in continuum framework which con-

serves under certain boundary conditions. The developed FEM strategy mimics this

conservation characteristic.

4.2.1 Variational statement

Electromagnetic radiation and scattering is governed by following Maxwell’s electromag-

netic wave equation

ε
∂2E

∂t2
+
∂j

∂t
+∇×

(
1

µ
∇×E

)
= 0, (4.1)

where ε and µ are electric permittivity and magnetic permeability of the space, j is the

current density.
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The variational statement of Eq. (4.1) can be obtained by taking its dot product

with the variation of electric field Eδ and performing integration by parts as∫
Ω
Eδ ·

[
ε
∂2E

∂t2
+∇×

(
1

µ
∇×E

)
+
∂j

∂t

]
dΩ = 0. (4.2)

After using the vector identity a · (∇× b) = (∇×a) · b−∇ · (a× b), Eq. (4.2) can

be expressed as

∫
Ω

[
(∇×Eδ) · (

1

µ
∇×E)−∇ ·

(
Eδ ×

1

µ
∇×E

)
+Eδ ·

(
ε
∂2E

∂t2
+
∂j

∂t

)]
dΩ = 0.

(4.3)

Using Gauss-divergence theorem and the following vector identity

a · (b× c) = b · (c× a) = c · (a× b),

Eq. (4.3) can be rewritten as

1

µ

∫
Ω

(∇×Eδ)·(∇×E) dΩ+
1

µ

∫
Γ
Eδ·(n×∇×E) dΓ+

∫
Ω
εEδ·

∂2E

∂t2
dΩ+

∫
Ω
Eδ·

∂j

∂t
dΩ = 0.

(4.4)

Here surface, Γ is Γe∪Γh∪Γ∞. We specify E×n = 0 on perfectly conducting surface Γe

and magnetic field H = − 1
µ∇×E is prescribed on Γh. For exterior domain problems,

on the spherical truncation surface Γ∞, the following first order absorbing condition

n× (∇×E) +
√
εµn×

(
n× ∂E

∂t

)
= 0 (4.5)

is applied.

Applying above boundary conditions, Eq. 4.4 become∫
Ω

1

µ
(∇×Eδ) · (∇×E) dΩ +

∫
Ω
εEδ ·

∂2E

∂t2
dΩ +

∫
Γ∞

√
ε

µ
(Eδ × n) ·

(
∂E

∂t
× n

)
dΓ

= −
∫
Ω
Eδ ·

∂j

∂t
dΩ +

∫
Γh

(Eδ × n) ·
(
∂H

∂t

)
dΓ.

(4.6)

4.2.2 Time-stepping strategy and Finite element equation

Following time-stepping strategies over a time interval [tn, tn+1] with t∆ := tn+1 − tn
have been used.

vn + vn+1

2
=
En+1 −En

t∆
, E =

En +En+1

2
, (4.7a)

∂E

∂t
=
En+1 −En

t∆
,

∂2E

∂t2
=
vn+1 − vn

t∆
. (4.7b)
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Then, Eq.(4.6) can be written as∫
Ω

1

µ
(∇×Eδ) ·

[
∇×En +∇×En+1

2

]
dΩ +

∫
Ω
εEδ ·

(
vn+1 − vn

t∆

)
dΩ+∫

Γ∞

√
ε

µ
(Eδ × n) ·

(
En+1 −En

t∆
× n

)
dΓ = −

∫
Ω
Eδ ·

(
jn+1 − jn

t∆

)
dΩ+∫

Γh

(Eδ × n) ·
(
∂H

∂t

)
dΓ. (4.8)

We discretize the fields and their variations in Eq.(4.7a) as

E = V Ê, Eδ = V Êδ,

∇×E = BÊ, ∇×Eδ = BÊδ,

E × n = nTmatV Ê, Eδ × n = nTmatV Êδ,

where Ê is the edge values of E, Êδ denote the respective variation of Ê and

V =

v1x v2x . . .

v1y v2y . . .

v1z v2z . . .



is the element edge shape functions matrix, vx, vy and vz are the x, y, z components of

each edge shape function. B-matrix is given as

B =


∂v1z

∂y
− ∂v1y

∂z

∂v2z

∂y
− ∂v2y

∂z
. . .

∂v1x

∂z
− ∂v1z

∂x

∂v2x

∂z
− ∂v2z

∂x
. . .

∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .

 and nmat =

 0 −n3 n2

n3 0 −n1

−n2 n1 0



is the skew-symmetric matrix whose axial vector is n and n1, n2 and n3 are the com-

ponents of the vector n. After substituting the above discretizations into Eq. (4.8), and

eliminating vn+1 we get

KÊn+1 = f , (4.9)

where

K =

∫
Ω

[
1

2µ
BTB +

2ε

t2∆
V TV

]
dΩ +

∫
Γ∞

1

t∆

√
ε

µ
V Tnmatn

T
matV dΓ,

f =

∫
Ω
V T

[
−
(
jn+1 − jn

t∆

)
+

2ε

t2∆
En +

2ε

t∆
vn

]
dΩ +

∫
Γh

V Tnmat

(
∂H

∂t

)
dΓh

−
∫
Ω

1

2µ
BT (∇×En) dΩ +

∫
Γ∞

1

t∆

√
ε

µ
V Tnmatn

T
matEn dΓ.
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After solving for Ên+1, we can obtain Hn+1 by using the following relation

Hn+1 = Hn −
t∆
2µ

(∇×En +∇×En+1).

4.2.3 Conservation of continuum quantity

Here, we derive a quantity in continuum framework which conserves under certain

boundary conditions and in the absence of loading. Taking dot product of Eq. (4.1)

with Ė and performing integration by parts we get∫
Ω

[
Ė · ε∂

2E

∂t2
+ Ė · ∂j

∂t
+ Ė ·∇×

(
1

µ
∇×E

)]
dΩ = 0. (4.10)

Using the relation d
dt

[∫
Ω
ε
2

(
Ė · Ė

)
dΩ
]

= ε
∫
Ω Ė ·

∂2E
∂t2

dΩ and the vector identity a ·
(∇× b) = (∇× a) · b−∇ · (a× b) Eq. (4.10) can be expressed as

d

dt

[∫
Ω

ε

2
Ė · Ė dΩ

]
+

∫
Ω
Ė · ∂j

∂t
dΩ+

∫
Ω

(
∇× Ė

)
·
(

1

µ
∇×E

)
dΩ−∫

Ω
∇ · Ė ×

(
1

µ
∇×E

)
dΩ = 0.

(4.11)

Applying Gauss-divergence theorem and including the different surface boundary

conditions, Eq.(4.11) is given as

d

dt

[∫
Ω

ε

2
Ė · Ė dΩ

]
+

∫
Ω
Ė · ∂j

∂t
dΩ +

∫
Ω

(
∇× Ė

)
·
(

1

µ
∇×E

)
dΩ−∫

Γh

Ḣ ·
(
Ė × n

)
dΓ +

∫
Γe

(
1

µ
∇×E

)
·
(
Ė × n

)
dΓ+∫

Γ∞

√
ε

µ

(
Ė × n

)
·
(
Ė × n

)
dΓ = 0.

(4.12)

Under no loading i.e., j = 0, and if E × n = 0 on Γe and H × n = 0 on Γh, and

considering interior domain problems we can write Eq. (4.12) as

1

2

d

dt

[∫
Ω
ε
(
Ė · Ė

)
+

∫
Ω

(
1

µ
∇×E

)
· (∇×E)

]
dΩ = 0. (4.13)

Finally, we get as

1

2

∫
Ω

[
ε
(
Ė · Ė

)
+

(
1

µ
∇×E

)
· (∇×E)

]
dΩ = constant. (4.14)

i.e., Ē = 1
2

∫
Ω

[
ε
(
Ė · Ė

)
+
(

1
µ∇×E

)
· (∇×E)

]
dΩ is conserved.

Now, we algorithmically prove that the applied time stepping strategy conserves the

derived quantity Ē. The semi discrete form of the FEM equation can be written from
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Eq. (4.6) as

M ˆ̈E +C ˆ̇E +KÊ = f , (4.15)

where

M =

∫
Ω
εV TV dΩ, C =

∫
Γ∞

√
ε

µ
V Tnmatn

T
matV dΓ,

K =

∫
Ω

1

µ
BTB dΩ, f = −

∫
Ω
V T ∂j

∂t
dΩ +

∫
Γh

V Tnmat
∂H

∂t
dΓh.

For interior domain problems without loading (i.e., j = 0) and under specific boundary

conditions i.e., E × n = 0 on Γe and H × n = 0 on Γh, Eq. (4.15) takes the form as

M ˆ̈E +KÊ = 0. (4.16)

After applying the time stepping strategy from Eq. (4.7), Eq. (4.16) is expressed as

M

(
ˆ̇En+1 − ˆ̇En

t∆

)
+K

(
Ên+1 + Ên

2

)
= 0. (4.17)

Now we premultiply the term
t∆
2

(
ˆ̇En+1 + ˆ̇En

)T
to Eq. (4.17). Then using the relation

1

t∆

(
Ên+1 − Ên

)
=

1

2

(
ˆ̇En+1 + ˆ̇En

)
, Eq. (4.17) can be written as

1

2

(
ˆ̇En+1 + ˆ̇En

)T
M
(

ˆ̇En+1 − ˆ̇En

)
+

1

2

(
Ên+1 − Ên

)T
K
(
Ên+1 + Ên

)
= 0. (4.18)

Finally using symmetry of K and M , Eq.(4.18) can be expressed as

1

2
ˆ̇ET
n+1M

ˆ̇En+1 +
1

2
Ê
T
n+1KÊn+1 =

1

2
ˆ̇ET
nM

ˆ̇En +
1

2
Ê
T
nKÊn. (4.19)

Hence, we have demonstrated algorithmically that the quantity Ē is conserved, irre-

spective of the choice of time-step t∆. This ensures that our proposed time stepping

strategy is unconditionally stable from physical argument. A mathematical justification

of unconditional stability has been proved in following section 4.2.4.

4.2.4 Stability analysis of the time marching scheme

In this section, we want to present the details of the stability analysis performed for

the presented time marching scheme using Z-transform. From Section 4.2, consider the
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variational statement given by Eq. 4.6:∫
Ω

1

µ
(∇×Eδ) · (∇×E) dΩ +

∫
Ω
εEδ ·

∂2E

∂t2
dΩ +

∫
Γ∞

√
ε

µ
(Eδ × n) ·

(
∂E

∂t
× n

)
dΓ

= −
∫
Ω
Eδ ·

∂j

∂t
dΩ +

∫
Γh

(Eδ × n) ·
(
∂H

∂t

)
dΓ.

(4.20)

We discretize the fields and their variations in Eq. (4.20)

E = V Ê, Eδ = V Êδ,

∇×E = BÊ, ∇×Eδ = BÊδ,

E × n = nTmatV Ê, Eδ × n = nTmatV Êδ,

where Ê is the edge values of E, Êδ denote the respective variation of Ê and

V =

v1x v2x . . .

v1y v2y . . .

v1z v2z . . .



is the element edge shape functions matrix, vx, vy and vz are the x, y, z components of

each edge shape function. B-matrix is given as

B =


∂v1z

∂y
− ∂v1y

∂z

∂v2z

∂y
− ∂v2y

∂z
. . .

∂v1x

∂z
− ∂v1z

∂x

∂v2x

∂z
− ∂v2z

∂x
. . .

∂v1y

∂x
− ∂v1x

∂y

∂v2y

∂x
− ∂v2x

∂y
. . .

 and nmat =

 0 −n3 n2

n3 0 −n1

−n2 n1 0



is the skew-symmetric matrix whose axial vector is n and n1, n2 and n3 are the com-

ponents of the vector n.

After substituting above into Eq. (4.20), we can obtain the ordinary differential

equation in the time domain as

M
d2Ê

dt2
+C

dÊ

dt
+KÊ = f , (4.21)

where

M =

∫
Ω
εV TV dΩ, C =

∫
Γ∞

√
ε

µ
V Tnmatn

T
matV dΓ,

K =

∫
Ω

1

µ
BTB dΩ, f = −

∫
Ω
V T ∂j

∂t
dΩ +

∫
Γh

V Tnmat
∂H

∂t
dΓh.
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4.2. Mathematical Formulation

Using Newmark’s method with β = 0.25 and γ = 0.5 values, we can obtain the following

relations:

vn + vn+1

2
=
En+1 −En

t∆
, E =

En +En+1

2
, (4.22a)

∂E

∂t
=
En+1 −En

t∆
,

∂2E

∂t2
=
vn+1 − vn

t∆
, (4.22b)

vn+1 − vn
t∆

=
v̇n+1 + v̇n

2
, (4.22c)

where t∆ is the time-step size. Applying the above relations to discretize Eq. 4.21, we

obtain[
2M

t2∆
+
C

t∆
+
K

2

]
Ên+1 =

[
2M

t2∆
− K

2

]
Ên +

2M

t∆
v̂n +

C

t∆
Ên +

fn + fn+1

2
. (4.23)

With the following relation:

vn =
En −En−1

t∆
+
t∆
2

(
v̇n + v̇n−1

2

)
,

vn−1 + vn
2

=
En −En−1

t∆
, (4.24a)

Eq. 4.23 becomes as[
M

t2∆
+
C

2t∆
+
K

4

]
Ên+1 =

[
2M

t2∆
− K

2

]
Ên −

[
M

t2∆
− C

2t∆
+
K

4

]
Ên−1 + f̄n, (4.25)

where f̄n =
fn−1+2fn+fn+1

8 .

4.2.4.1 Stability analysis using Z-transforms

For the system derived, to analyse the stability of the time-marching process, we employ

the method proposed in [143]. For a lossless media such that C = 0, Eq. 4.25 can be

written as[
M

t2∆
+
K

4

]
Ên+2 −

[
2M

t2∆
− K

2

]
Ên+1 +

[
M

t2∆
+
K

4

]
Ên = f̄n+1. (4.26)

Performing Z-transform to the left hand side of the Eq. 4.26, we obtain as

1

t2∆
Mz2{Ẽ}+

1

4
Kz2{Ẽ} − 2

t2∆
Mz{Ẽ}+

1

2
Kz{Ẽ}+

1

t2∆
M{Ẽ}+

1

4
Kz{Ẽ} = 0,

(4.27)

where {Ẽ} denotes the Z-transform of Ên. Finally, we can express the Eq. 4.27 as

−4(z − 1)2

(z + 1)2
{Ẽ} = t2∆M

−1K{Ẽ}. (4.28)
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Clearly, −4(z−1)2

(z+1)2
is the eigenvalue of matrix t2∆M

−1K. To obtain the condition on

stability of the TDFEM numerical schemes, the magnitude of z should be bounded by

one or inside the unit circle in the complex z plane. Assuming the maximum eigenvalue

of the matrix t2∆M
−1K to be λmax, then the condition on the time-step t∆ is given as

t∆ ≤
√
λmax√

ρ(M−1K)
, (4.29)

where ρ(M−1K) denotes the spectral radius of matrix M−1K. To determine λmax, we

can seek the roots of the following characteristic equation:

(z − 1)2 +
λ

4
(z + 1)2 = 0, (4.30)

by varying λ value from zero to λmax. The roots of Eq. 4.30 can be found as

z =
1− λ

4 ± 4
√
−λ

1 + λ
4

(4.31)

in a lossless media. For some λ value, if the roots of the Eq. 4.31 go beyond the unit

circle in the complex plane, corresponding λ gives some limit on t∆. In our formulation,

for any value of λ, the roots of the Eq. 4.31 always on the unit circle, indicating that the

derived time marching scheme is unconditionally stable. To illustrate this, |z| values are

calculated for λ values ranging from 0 to 1×106 with an increment of 0.1. The results

are plotted in Fig. 4.1, confirming the stability of the scheme as |z| remains constant at

1.
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Figure 4.1: Plot showing |z| values for different λ values.
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4.2.5 Scattering from conducting and dielectric bodies

In this section, we describe additional mathematical formulation for scattering from

conducting and dielectric bodies. Let us consider an incident wave Einc impinges on a

conducting or dielectric body and it is known that total field, E = Escat +Einc. In the

scattering analysis, the scattered field also satisfies the radiation absorbing boundary

condition (Eq. 4.5) on the truncation boundary Γ∞ as

n× (∇×Escat) +
√
εµn×

(
n× ∂Escat

∂t

)
= 0. (4.32)

It can be rewritten in terms of the total field E as

n× (∇×E) = −√εµn×
(
n× ∂E

∂t

)
+
√
εµn×

(
n× ∂Einc

∂t

)
−n×µ∂H inc

∂t
. (4.33)

Hence, 2nd term in left hand side (LHS) of Eq. (4.4) can be expressed as

1

µ

∫
Γ
Eδ · (n×∇×E) dΓ = −

√
ε

µ

∫
Γ∞

Eδ ·
[
n×

(
n× ∂E

∂t

)]
dΓ

+

√
ε

µ

∫
Γ∞

Eδ ·
[
n×

(
n× ∂Einc

∂t

)]
dΓ −

∫
Γ∞

(Eδ × n) ·
(
∂H inc

∂t

)
dΓ.

Using the proposed time stepping strategy, we can rewrite the above term as

1

µ

∫
Γ
Eδ · (n×∇×E) dΓ =

∫
Γ

√
ε

µ
(Eδ × n) ·

[(
En+1 −En

t∆

)
× n

]
dΓ

−
∫
Γ∞

√
ε

µ
(Eδ × n) ·

(
∂Einc

∂t
× n

)
dΓ −

∫
Γ∞

(Eδ × n) ·
(
∂H inc

∂t

)
dΓ.

Therefore, for scattering analysis, load vector f from Eq. (4.9) is modified to f̄ with

additional terms as

f̄ = f +

∫
Γ∞

√
ε

µ
(Eδ × n) ·

(
∂Einc

∂t
× n

)
dΓ +

∫
Γ∞

(Eδ × n) ·
(
∂H inc

∂t

)
dΓ.

4.3 Numerical examples

To validate the proposed formulation, we have conducted transient analysis for differ-

ent benchmark numerical examples including electromagnetic radiating and scattering

analysis of both conducting and dielectric bodies. In our simulation, 6-edge tetrahedral

element (TetE6) is used to mesh the computational domain. To ensure consistently

accurate and reliable results, we have chosen two different mesh sizes for each problem.

And also, we choose speed of the light c = 3×108/
√
εrµr m/s.
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4.3.1 Cube with conducting walls and internal electromagnetic fields

and currents

A cube of dimension π × π × π as shown in Fig. 4.2 is considered. All the sides of

the cube are treated as perfectly conducting. Here, conducting boundary condition

is implemented by applying E × n = 0 on the elements of the boundary surfaces.

Analytical solution [27] which is shown below, exactly satisfies the governing equations

and boundary conditions.

Figure 4.2: Cube

Ex = 2 cos(x) sin(y) sin(z) [cos(ωt)− sin(ωt)] ,

Ey = sin(x) cos(y) sin(z) [sin(ωt)− cos(ωt)] ,

Ez = sin(x) sin(y) cos(z) [sin(ωt)− cos(ωt)] , Hx = 0,

Hy =
−3

µω
cos(x) sin(y) cos(z) [cos(ωt) + sin(ωt)] ,

Hz =
3

µω
cos(x) cos(y) sin(z) [cos(ωt) + sin(ωt)] ,

jx =

(
2εµω2 − 6

µω

)
cos(x) sin(y) sin(z) [cos(ωt) + sin(ωt)] ,

jy =

(
3− εµω2

µω

)
sin(x) cos(y) sin(z) [cos(ωt) + sin(ωt)] ,

jz =

(
3− εµω2

µω

)
sin(x) sin(y) cos(z) [cos(ωt) + sin(ωt)] ,

(4.34)

where Ex, Ey, Ez are the components of electric field in x, y and z directions, respec-

tively. Similarly, Hx, Hy, Hz are the components of magnetic field, whereas jx, jy, and

jz are the components of current density.

Table 4.1: Mesh and equation details of a cube with conducting walls and supply of j.

No. of elements No. of Equations

Coarse mesh 908 798
Fine mesh 2648 2586
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For transient analysis, the cube is modelled with both coarse and fine meshes, de-

tailed in Table 4.1. Throughout our simulation, we have supplied an external current

density j as shown by Eq. 4.34 to the domain. Additionally, initial electric field values

i.e., E at time t = 0 seconds, obtained from the Eq. 4.34, are applied. With the pa-

rameters, ω = 3 × 108 rad/s, εr = µr = 1, and time-step t∆ of 10−9 second, we have

simulated electric field upto 4 × 10−8 seconds. We have compared FEM results with

the analytical counterpart for the transient electric fields at (2.78, 0.49, 2.67) in Fig. 5.9.

Both the coarse and fine mesh results are perfectly matching with the analytical one.

Fig. 4.4 shows the time response of the derived mathematical quantity Ē based on FEM

data. For the current numerical example, supply of current density j is stopped after 4

× 10−8 seconds. Therefore, as discussed in section 4.2.3, quantity Ē should be conserved

after this point of time which is accurately reflected in Fig. 4.4.
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Figure 4.3: Comparison of transient electric fields at (x, y, z) = (2.78, 0.49, 2.67) for
the cube with conducting walls problem.
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Figure 4.4: Conservation of Ē in the absence of j and with E × n = 0 on boundary
of the domain.

To understand the effectiveness of the transformed edge elements over nodal elements

in time domain problems, computational cost analysis is performed. We have compared

the required computational cost along with number of required free degrees of freedom

(FDOF) and L2 error norm for HexN8 and HexE12 elements. Different mesh refinements

such as 64, 125, 216, 343, and 512 HexN8 and HexE12 elements are used to discretize

the computational domain in our numerical analysis. Table 4.2 represents respective no.

of free degrees of freedom. Throughout our simulation, we have supplied an external

current density j as shown by Eq. 4.34 to the domain. Additionally, initial electric field

values i.e., E at time t = 0 seconds, obtained from the Eq. 4.34, are applied. With

the parameters, ω = 3 × 108 rad/s, εr = µr = 1, and time-step t∆ of 10−9 second,

we have simulated electric field upto 4 × 10−8 seconds. Our computational codes are

run on a Dell vostro model, using Intel Core i3 4.1 GHz processor with 4 GB RAM.

We have calculated the L2-norm error between the simulation results (EFEM) obtained

from both Nodal and Edge finite elements and analytical benchmark values (EA) as

L2-norm error =
1

N

√√√√√√√√
N∑
i=1


∑

k=x,y,z

(
Ek(FEM)i

− Ek(A)i

)2

(Ex(A)i
)2 + (Ey(A)i

)2 + (Ez(A)i
)2


where N is the total number of nodes of the discretized domain.

We have plotted the computational time in seconds required to achieve the certain

L2-norm error along with total free degrees of freedom as shown in Fig. 4.5. We can see
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Table 4.2: Analysis data of
HexN8 and HexE12 elements
for radiation analysis of a cube
with conducting walls prob-
lem.

Total No. of Equations
no. of /FDOF

elements HexN8 HexE12

64 192 162
125 352 240
216 650 352
343 1080 628
512 1666 816

0 200 400 600 800 1000 1200 1400 1600 1800

No. of free Degrees of Freedom

0

0.5

1

1.5

2

2.5

3

T
im

e
 (

s
e
c
o
n
d
s
)

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

L
2
 N

o
rm

Figure 4.5: Computational cost and convergence anal-
ysis of cube with conducting walls meshed with HexN8
and HexE12 elements.

that with HexE12 we achieve 0.015 average L2 error norm with around 756 FDOF in

aroud 1.73 seconds, whereas with almost same no. of FDOF in HexN8 we have achieved

average L2 error norm as 0.06 in 0.9 seconds. Also from Fig. 4.5, we can notice that

with HexN8 element we can achieve average L2 norm of 0.035 in computational time

of 2.7 seconds whereas with HexE12 with in computational time of 1.15 seconds we

can achieve average L2 norm of 0.013. Overall computational efficacy of edge elements

is clearly visible. It will be scaled up to a significant value for realistic large problem

domains.

4.3.2 Cube with prescribed magnetic field on the boundary

This example is chosen from [139], and the analytical solution is given as

Ex = sin(ωt− kz), Ey = sin(ωt− kx), Ez = sin(ωt− ky),

Hx =
k

µω
sin(ωt− ky), Hy =

k

µω
sin(ωt− kz), Hz =

k

µω
sin(ωt− kx),

jx =

(
k2

µω
− ωε

)
cos(ωt− kz), jy =

(
k2

µω
− ωε

)
cos(ωt− kx), and

jz =

(
k2

µω
− ωε

)
cos(ωt− ky).

(4.35)

A cube having each side of dimension 2 is modelled with properties ω = 2, k = 3,

µ = 30/8 and ε = 0.2. Table 4.3 provides mesh and equation details about the numerical

analysis. Using Eq. 4.35 current density j is supplied as loading condition, electric field

at time t = 0 seconds is supplied as initial condition and the magnetic field H is also

supplied to all the boundary walls of the cube as the boundary condition. With a time

step of 0.1 second, the simulation is conducted upto 4 seconds.
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Table 4.3: Details of the numerical analysis of cube problem with magnetic loading on
walls.

No. of elements No. of Equations

Coarse mesh 4217 5765
Fine mesh 7302 9572

Fig. 4.6 shows the time response of FEM results from both meshes along with ana-

lytical values at a point (1.01, 0.16, 0.98) inside the cube. The plot demonstrates a good

match between the FEM results and the analytical values. We set H × n to zero after

4 seconds, and after 5 seconds j is set to zero. Fig. 4.7 shows the time variation of Ē as

per FEM data. After 5 seconds there is no loading i.e., j = 0, H × n = 0 on Γh and

there is no Γe. Hence, Ē should be conserved as discussed in section 4.2.3. The adopted

time-stepping strategy perfectly mimic this conservation characteristics in Fig. 4.7.

4.3.3 Sphere with Transverse Magnetic (TM) loading

In previous two examples, we have solved electromagnetic radiation problems in interior

domain. The present example from [27] is one radiation analysis in exterior domain.

The computational domain is a hollow sphere with inner and outer radii a and R∞,

respectively. Radiation absorbing boundary condition is imposed on the outer surface,

whereas on the inner surface at a, transverse magnetic loading H is applied as per

Eq. (4.36) Solution for this problem with transverse magnetic loading from [27], is given

as

Er =
ωn(n+ 1)

kr
sin(mφ)P (m)

n (cos θ) [jn (kr) sin(ωt)− yn (kr) cos(ωt)] ,

Eθ = t1t2 [t4 cos(ωt)− t5 sin(ωt)] ,

Eφ = −t3 [t4 cos(ωt)− t5 sin(ωt)] ,

Hr = 0,

Hθ =
ωrt3
cµ

[jn (kr) cos(ωt) + yn (kr) sin(ωt)] ,

Hφ =
ωrt1t2
cµ

[jn (kr) cos(ωt) + yn (kr) sin(ωt)] ,

(4.36)

where m and n are any integers, and

t1 =
sin(mφ)

r sin θ
,

t2 = (n+ 1) cos θP (m)
n (cos θ) + (m− n− 1)P

(m)
n+1 (cos θ) ,

t3 =
m cos(mφ)P

(m)
n (cos θ)

r sin θ
,

t4 = c(n+ 1)yn (kr)− ωryn+1 (kr) , and
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Figure 4.6: Comparison of transient electric field components at (x, y, z) =
(1.01, 0.16, 0.98) for the problem of cube with prescribed magnetic loading on walls.

t5 = c(n+ 1)jn (kr)− ωrjn+1 (kr) .

For m = n = 1, we have the following limiting values:

Eθ|θ→0 = [t6 cos(ωt)− t7 sin(ωt)]ω sinφ,

Eφ|θ→0 = [t6 cos(ωt)− t7 sin(ωt)]ω cosφ,

Hθ|θ→0 = [t8 cos(ωt) + t9 sin(ωt)] t10 cosφ,

Hφ|θ→0 = − [t8 cos(ωt) + t9 sin(ωt)] t10 sinφ,

Eθ|θ→π = −Eθ|θ→0, Eφ|θ→π = Eφ|θ→0,
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Figure 4.7: Conservation of Ē when there is no external loading i.e., j = 0, and
H × n = 0 on boundary of the domain.

Hθ|θ→π = Hθ|θ→0, Hφ|θ→π = −Hφ|θ→0,

where

t6 =
2

kr
y1 (kr)− y2 (kr) , t7 =

2

kr
j1 (kr)− j2 (kr) ,

t8 = kr cos(kr)− sin(kr), t9 = kr sin(kr) + cos(kr),

and t10 =
ω

µck2r2
.

Table 4.4: Mesh details for the problem of sphere with transverse magnetic loading on
boundary.

No. of elements No. of Equations

Coarse mesh 17397 22070
Fine mesh 28913 36152

In our simulation, we set parameters ka = 2, kR∞ = 6, µr = 1 and εr = 1. For

two different levels of mesh refinement, simulation of the electric field is carried out for

a duration of 2 × 10−8 seconds, with a time-step of 1 nanosecond. Table 4.4 provides

the information about the mesh details and resulting equations in our analysis. Fig. 4.8

and Fig. 4.9 illustrates the time response of different electric field components at two

different locations within the computational domain. It is evident from these plots that

FEM results are in good agreement with the analytical benchmark solutions.
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Figure 4.8: Transient electric field at near field for kr = 2.24, θ = 47.5◦, φ = 21.5◦ for
sphere with transverse magnetic loading.

4.3.4 Scattering from a conducting sphere

After solving three electromagnetic radiation problems in previous sections, here electro-

magnetic scattering analysis from a conducting sphere [94] is presented. A conducting

sphere having radius of 0.8 m is subjected to an incident wave, expressed as

Einc = 2{t− t0 − k̂ · (r − r0)/c} exp

[
−{t− t0 − k̂ · (r − r0)/c}2

τ2

]
Ê, (4.37)
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Figure 4.9: Transient electric field at far field for kr = 4.4, θ = 137◦, φ = −147◦ for
sphere with transverse magnetic loading.

where the parameters t0, r0 and τ denote the temporal reference point, spatial reference

point and pulse shape, respectively.

Table 4.5: Mesh details in scattering from a conducting sphere.

No. of elements No. of Equations

Coarse mesh 27096 33455
Fine mesh 54236 67011
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The computational domain is truncated at R∞ = 3 m. Considering the parameters

from [94] as k̂ = ẑ, Ê = x̂, r0=-1.2ẑ m, εr = 1, µr = 1, t0 = 25.99 ns and τ =

5.25 ns, scattering analysis is conducted using two different meshes. Details of the

numerical analysis is presented in Table 4.5. Time variation of ∂Ex
∂t values from coarse

and fine meshes, obtained at (0.33,−1.03,−0.45), is plotted in Fig. 4.10 along with the

benchmark results [94]. It is clearly evident from Fig. 4.10 that FEM results for both

the meshes are perfectly matching with the benchmark result.
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Figure 4.10: Comparison of variation of ∂Ex
∂t with time at (0.33,−1.03,−0.45) for

scattering from a conducting sphere.

4.3.5 Scattering from a dielectric sphere

Table 4.6: Mesh details in scattering from a dielectric sphere.

No. of elements No. of Equations

Coarse mesh 17210 21757
Fine mesh 32251 40249

In this example, scattering from a dielectric sphere is analyzed where a sphere having

radius of 0.5 m, having material properties µr = 1 and εr = 6.0, is exposed to Neumann

pulse wave as described in Eq. (5.21). The pulse parameters of the wave are specified

as k̂ = ẑ, Ê = x̂, t0 = 25.9 ns, r0 = −1.3ẑ m and τ = 5.25 ns. Here, the computational

domain is truncated at R∞ = 2 m, and the domain is modelled with two different level of

meshes and time-step as 0.5 ns. Table 4.6 presents the mesh details and corresponding

equations for both coarse and fine mesh. In Fig. 4.11, time variation of E · t for two
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different t i.e., t = 0.96x̂ + 0.26ŷ + 0.13ẑ at (−0.04,−0.07,−0.72), and t = −0.89x̂ −
0.08ŷ + 0.44ẑ at (0.05, 0.05,−0.96) is plotted along with the benchmark results [147].

Once again, it is evident from the plot that FEM results for both coarse and fine mesh

are in excellent match with the benchmark results from [147].
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(a) E.t at (x, y, z) = (−0.04,−0.07,−0.72)
with t = 0.96x̂ + 0.26ŷ + 0.13ẑ
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(b) E.t at (x, y, z) = (0.05, 0.05,−0.96) with
t = −0.89x̂− 0.08ŷ + 0.44ẑ

Figure 4.11: Comparison of transient variation of E · t for scattering from a dielectric
sphere.

4.4 Summary

In the present study, Maxwell’s electromagnetic equation has been solved in time domain

in edge finite element framework. One mathematical quantity in continuum framework

is derived, which conserves in the absence of electromagnetic loading and under spe-

cific boundary conditions. Furthermore, a time-stepping strategy is proposed within

edge element framework which mimic the conservation characteristic of the quantity

under specific boundary and loading conditions. The proposed strategy is formulated

to simulate electromagnetic radiation and scattering problems of both conducting and

dielectric materials. To validate the proposed formulation, a series of numerical exam-

ples have been demonstrated. Very close agreement of the results obtained from the

proposed strategy with the analytical and other benchmark results exhibit the efficiency

and robustness of the proposed formulation.

107TH-3492_176103010



Chapter 4. Application of Conversion Algorithm for Electromagnetic Transient
Analysis

108TH-3492_176103010



Chapter 5

A novel implementation of

Symmetric Boundary Condition

in Harmonic and Transient

analysis of electromagnetic wave

propagation‡

While doing electromagnetic analysis using FEM (Finite element method), if we can

implement the underlying symmetric nature of the problem, there will be significant

reduction in the computational cost. Symmetric nature of the problem can be identified

from the given physical loading and boundary conditions of the problem. But for electro-

magnetic analysis in potential formulation, it is not very straight forward to implement

the symmetric boundary condition. In the present chapter, a novel implementation of

symmetric boundary condition in potential formulation within nodal framework, has

been demonstrated in form of thin-patch method. The implementation has been car-

ried out in both electromagnetic harmonic and transient analysis for a wide range of

radiation and scattering problems. The thin patch method also has been successfully

extended to amplitude formulation.

The remaining chapter is arranged as follows: in section 5.1, we have briefly presented

the mathematical and FEM formulation for both harmonic and transient electromag-

netic analysis. We have presented the implementation of symmetric boundary condition

in potential formulation in section 5.1.5. Thereafter, we have selected various electro-

magnetic radiation and scattering examples in both harmonic (section 5.2) and transient

(section 5.3) analysis in such a way that there exist some plane of symmetry in those

‡D. Kamireddy, S. Karanam, and A. Nandy, “A Novel Implementation of Symmetric Boundary
Condition in Harmonic and Transient Analysis of Electromagnetic Wave Propagation” (Under review).
Available at: https://arxiv.org/abs/2212.04957
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problems. We have implemented our novel method in those problems to demonstrate

the computational efficacy of the proposed method as compared to the existing formula-

tions. Finally, a detailed numerical analysis is conducted in section 5.4 to represent the

requirement of having thin patch as compared to other dimensions of the computational

domain in accurately predicting the electric fields.

5.1 Mathematical Formulation

In this section, after brief presentation of the mathematical and FEM formulation for

harmonic and transient electromagnetic analysis using potential formulation, we elabo-

rately present implementation of the symmetric boundary condition.

Maxwell’s electromagnetic wave equation in terms of electric field E [108] can be

written as
εr
c2

∂2E

∂t2
+ µ0

∂j

∂t
+∇×

(
1

µr
∇×E

)
= 0, (5.1)

where c = 1/
√
ε0µ0 is the speed of light and j is the current density. Relative

permittivity, εr and relative permeability, µr are given as εr = ε
ε0

and µr = µ
µ0

, where ε0

and µ0 are the electric permittivity and magnetic permeability for vacuum, and ε and

µ are the electric permittivity and magnetic permeability of the medium, respectively.

5.1.1 Harmonic electromagnetic analysis

For harmonic excitation, Eq. 5.14 can be expressed as

∇×
(

1

µ
∇×E

)
− k2

µ
E = −iωj, (5.2)

where i =
√
−1, ω is the excitation frequency, k = k0

√
µrεr is the wave number of the

medium, and k0 = ω/c is the wave number of the vacuum. For no charge condition, the

electric field is subjected to the following constraint

∇ · (εE) = 0. (5.3)

For perfectly conducting boundary (Γe), E × n = 0, whereas for other part (Γh),

H×n is prescribed. Assuming no surface current at material discontinuity, both E×n
andH×nmust be continuous across the material interface [1]. In Potential formulation,

electric field E is replaced as A+∇ψ. Then, the governing differential equation given

by Eq. (5.2), and the constraint equation given by Eq. (5.3), can be written as

∇×
(

1

µ
∇×A

)
− k2

µ
(A+∇ψ) = −iωj, (5.4a)

∇ · (εA) +∇ · (ε∇ψ) = 0. (5.4b)
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In the variational statements of the Eqs. (5.4a) and (5.4b), we have to include a regu-

larization term corresponding to the Coulomb gauge condition ∇ ·A = constant, and

the first-order absorbing boundary condition on truncated boundary (Γ∞) [22]. Finally,

the finite element equation can be expressed as[
KAA KAψ

KψA Kψψ

][
Â

ψ̂

]
=

[
FA

F ψ

]
. (5.5)

Detailed derivation of the above FE equation are presented in [22].

From the expansion theorem of Wilcox [88, 148], for exterior domain electromagnetic

problems, field E can be presented as

E =
e−ik|x|

|x|

∞∑
n=0

an(θ, φ)

|x|n
, (5.6)

where |x| is the distance of a point from the origin, or, alternatively, the radial coordinate

in the spherical coordinate system (r, θ, φ). Being inspired from this expansion theorem,

Amplitude formulation for harmonic electromagnetic analysis has been proposed in [22].

Here, rapidly varying part e−ik|x|

|x| is separated out apriori from the potentials as

A =
1

|x|
Ā(x)e−ik|x|, (5.7a)

ψ =
1

|x|
ψ̄(x)e−ik|x|. (5.7b)

FEM has to capture a relatively gentle variation of Ā and ψ̄. Finally the resulting finite

element equations are given as[
KAA KAψ

KψA Kψψ

][
ˆ̄A
ˆ̄ψ

]
=

[
FA

F ψ

]
. (5.8)

Different terms in the above equations have been derived elaborately in [22].

5.1.2 Transient electromagnetic analysis

For transient electromagnetic analysis using potential formulation [24], electric and mag-

netic fields are expressed in terms of v := ∂A/∂t and w := ∂(∇ψ)/∂t as

E = −w − v, (5.9)

H =
1

µ
∇×A. (5.10)

Then, Eq. 5.14 and Eq. 5.3 are expressed as

ε

[
∂2A

∂t2
+∇

(
∂2ψ

∂t2

)]
+
∂j

∂t
+∇×

(
1

µ
∇×A

)
= 0, (5.11)
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∇ ·
[
ε

(
∇∂ψ
∂t

+
∂A

∂t

)]
= 0. (5.12)

In transient analysis choice of time stepping strategy is very crucial to conserve cer-

tain physical quantities with a view to make our numerical formulation unconditionally

stable. After following the detailed derivations as depicted in [24], the finite element

equation can be written as [
KAA KAψ

KψA Kψψ

][
Ân+1

Ψ̂n+1

]
=

[
fA

fψ

]
. (5.13)

5.1.3 Application of the symmetric boundary condition in electromag-

netic analysis

Let us consider that for an electromagnetic radiation or scattering problem, the geometry

of physical domain, say Ω, and physical loading exhibit a symmetry about a plane Γ.

Then, the domain Ω can be separated into two sub-domains i.e., Ω+ or Ω− which are

symmetric with respect to the symmetric plane Γ. As in the electromagnetic analysis,

normal electric field to the symmetric plane Γ should be zero, we have E · n = 0 on

Γ. Here, n represents the outward normal vector to Γ considering either Ω+ or Ω− as

computational domain. Therefore, to solve the electric field for entire domain Ω, it is

sufficient to consider the electromagnetic problem within Ω+ (or Ω−), and ensure that

the boundary condition E · n = 0 is satisfied on Γ.

In nodal finite element analysis, potential formulation is used in solving harmonic

and time domain problems. Here, the symmetric boundary condition is implemented

as (A · n +∇ψ · n) = 0 on Γ. We implemented this condition in two different novel

methods: (1) Adding a Lagrange multiplier λ to the condition E · n = 0 on Γ, (2)

Adding a thin patch to the symmetric surface Γ. The condition (A ·n+∇ψ ·n) = 0 is

implemented explicitly on the nodes of the finite elements created in the patch.

Based on our numerical experimentations we found that for the same mesh resolution,

the former method could not accurately predict the desired electric fields whereas the

thin patch method successfully simulate various harmonic and transient problems. In the

following sections, we elaborate on the implementation of both the methods: Lagrange

multiplier method and the thin patch method using a specific example.

5.1.4 Implementation of the symmetric boundary condition using La-

grange multiplier method

Consider the condition ∫
λ(E · n) dΓ = 0, (5.14)
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where λ is Lagrange multiplier. From potential formulation, electric field (E) can be

expressed as E = A+∇ψ. Therefore, Eq. 5.14 can be written as∫
λ [(A+∇ψ) · n] dΓ = 0. (5.15)

Applying variational operator to the above Eq. 5.15, we get as∫
(λδ (A · n+∇ψ · n) + λ (Aδ · n+∇ψδ · n)) dΓ = 0. (5.16)

Let the fields and their variations in the Eq. 5.16 be interpolated as

A = NÂ, Aδ = NÂδ, A · n = nTNÂ, Aδ · n = nTNÂδ,

ψ = Nψψ̂, ψδ = Nψψ̂δ, ∇ψ = Bψψ̂, ∇ψδ = Bψψ̂δ,

λ = Nλλ̂, λδ = Nλλ̂δ,

where

N =

N1 0 0 N1 0 0 . . .

0 N2 0 0 N2 0 . . .

0 0 N3 0 0 N3 . . .

 , Nψ =
[
N1 N2 N3 . . .

]
,

Nλ =
[
N1 N2 N3 . . .

]
, Bψ =


∂N1
∂x

∂N2
∂x . . .

∂N1
∂y

∂N2
∂y . . .

∂N1
∂z

∂N2
∂z . . .

 .

Here, n is the unit normal to the surface parameterized by natural coordinates (ξ, η)

which has three components n1, n2 and n3 and can be expressed as

n =

n1

n2

n3

 .
The individual terms in Eq. 5.16 are interpolated and can be expressed as

λδ(A · n) = λ̂δ
T
Nλ

TnTNÂ, λ(Aδ · n) = Âδ
T
NTnNλλ̂,

λδ(∇ψ · n) = λ̂δ
T
Nλ

TnTBψψ̂, λ(∇ψδ · n) = ψ̂δ
T
Bψ

TnNλλ̂.

In harmonic analysis the Eq. 5.16 is added to the variational statements of the Eqs. (5.4a)

and (5.4b). Then, the finite element equation for harmonic analysis can be expressed as
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KAA KAψ KAλ

KψA Kψψ Kψλ

KλA Kλψ Kλλ


Âψ̂
λ̂

 =

FA

F ψ

0

 , (5.17)

where

KAA =

∫
Ω

1

µ

[
BTB +BT

pBp − k2NTN
]
dΩ + i

∫
Γ∞

k

µ
NTnmatn

T
matN dΓ,

KAψ = −
∫
Ω

k2

µ
NTBψ dΩ,

KψA =

∫
Ω
εBT

ψN dΩ −
∫
Γ∞

εNT
ψn

TN dΓ −
∫
Γh

εNT
ψn

TN dΓ,

Kψψ =

∫
Ω
εBT

ψBψ dΩ +

∫
Γ∞

ε

R
NT

ψNψ dΓ −
∫
Γh

εNT
ψn

TBψ dΓ,

KAλ =

∫
NTnNλ dΓ, Kψλ =

∫
Bψ

TnNλ dΓ, KλA =

∫
NT

λn
TN dΓ,

Kλψ =

∫
Nλ

TnTBψ dΓ, Kλλ = 0,

FA = −iω
(∫

Γh

NT H̄ dΓ +

∫
Ω
NT j dΩ

)
, F ψ = 0.

On imposing the symmetry boundary condition the Eq. 5.5 in harmonic electromagnetic

analysis is modified into Eq. 5.17. In harmonic analysis the terms in Eq. 5.17 KAA,

KAψ, KψA, and Kψψ are same as of terms in [22].

5.1.5 Implementation of the symmetric boundary condition using a

thin patch

Figure 5.1: Plane electromagnetic wave incident on a conducting sphere.

Let us first understand the existence of symmetry in electromagnetic analysis with

one example. Consider one conducting sphere whose center is located at the origin as
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shown in Fig. 5.1. One electromagnetic plane wave, E = Exe
−ikzêx, impinges on the

sphere. The geometry of the sphere is symmetric about the origin. The incident wave

has field component in x-direction and the wave is travelling from z-direction. Thus, the

incident wave is symmetric about the xz-plane. There will be electromagnetic scattering

by the conducting sphere. As the geometry and the loading condition (incident wave) is

symmetric about the xz-plane, the scattered electromagnetic field also will be symmetric

about the xz-plane.

When there exists some plane of symmetry, we can consider half of the domain on any

one side of the symmetry plane for our numerical analysis. In that case, one additional

boundary surface gets created in the new half domain in form of the symmetric plane.

Proper boundary condition should be applied on that plane.

Because of symmetry, always normal electric field to the symmetric plane should

be zero. This is the required boundary condition on the symmetric plane for electro-

magnetic analysis. Thus, for the above example, on the symmetric plane (xz-plane),

we have to satisfy Ey = 0. In potential formulation, it is not very straight forward to

satisfy E · n = 0 as we have to eventually satisfy (A · n+∇ψ · n) = 0 .

In this work, we have proposed a novel method of implementation of the symmetric

boundary condition, (A·n+∇ψ·n) = 0. Here, a thin patch of finite elements is attached

to the symmetric plane, which extend our numerical domain. The patch thickness t

should be very small as compared to the other dimensions of the domain. For this

extended domain, on the boundary surface which is parallel to the symmetric plane,

A · n = 0 is implemented explicitly on all the surface nodes. In addition to that, for

all the volume nodes inside this thin patch, ψ = 0 is applied explicitly. As the patch is

very thin, it will result in ∇ψ · n = 0 on the symmetric plane.

Figure 5.2: Sphere with a thin cylindrical patch of thickness, t.

In the context of our example, the full FEM analysis domain is one hollow sphere.

After considering the existing symmetry of the problem, we can take hollow hemisphere

as our computational domain. The flat face of the hollow hemisphere is the symmetric

xz-plane. As shown in Fig. 5.2, one thin yellow patch of finite elements are attached to

the symmetric flat face. On the green surface which is parallel to the original symmetric
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plane, Ay = 0 is imposed for all the surface nodes. For all the nodes inside the yellow

volume of the cylindrical patch, ψ = 0 is applied so that we have ∇ψ · n = 0 on the

symmetric face.

In different examples, we have shown that the original converged solution field of the

full domain is accurately predicted by the half domain with this novel implementation.

Detailed numerical analysis has been done, and electric fields are compared for both

full and half domains along with the benchmark values. In each and every case, results

of both the domains are perfectly matching with the analytical/ benchmark values.

Moreover, it is also observed that in all the cases, with adoption of the present method,

electric fields are simulated efficiently with less number of unknowns as compared to the

full domain analysis. Thus, the proposed method can be computationally efficient in

electromagnetic analysis. We have implemented the proposed method in both harmonic

and transient electromagnetic analysis. The proposed method has also been extended

in amplitude formulation [22] for harmonic electromagnetic analysis.

5.2 Numerical Examples with Electromagnetic Harmonic

Analysis

In this section, we have presented the efficacy of the proposed method of implementing

symmetric boundary condition, while solving various examples using potential formula-

tion in harmonic analysis. 27 node hexahedral brick elements (B27) and 18 node wedge

elements (W18) are used. The results obtained from the implementation of the symmet-

ric boundary condition in the half domain, are compared with the full domain results,

and the analytical benchmark results. To assess the accuracy of the proposed method

in predicting the electric field throughout the entire domain, L2-norm is calculated be-

tween the simulation results (EFEM) obtained from the half domain with thin patch and

analytical benchmark values (EAnalytical) as

L2-norm error =
1

N

√√√√ N∑
i=1

[ ∑
j=x,y,z

(Ej(FEM)i
− Ej(Analytical)i

Ej(Analytical)i

)2]
(5.18)

where N is the total number of nodes of the discretized domain.

5.2.1 Scattering from a conducting sphere

As the first example, we have solved scattering problem from one conducting sphere [22].

Here, one electromagnetic plane wave, Einc = E0e
−ikzêx, impinges on a conducting

sphere of radius a. To implement FEM, our computational domain (air surrounding

the conducting sphere) is one hollow sphere which is truncated at radius R∞. On this

truncated surface, we apply Sommerfeld absorbing boundary condition. Conducting

boundary condition is imposed on the inner spherical surface at radius a. Our interest
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is to find the scattered electric field in the hollow spherical air domain having inner

and outer radii of a and R∞ respectively. From the discussion in section 5.1.5, we can

understand that the problem is symmetric about the xz-plane. Therefore, we consider

half of the hollow sphere on one side of the xz plane as our computational domain,

and we apply symmetric boundary condition on the symmetry face (xz) using two

approaches as discussed in sections 5.1.4 and 5.1.5. Considering the results in [22],

we discretize the hemispherical domain with two different level of mesh sizes. The

coarse mesh consists of 8 × 6 × 8 B27 and W18 elements, whereas the fine mesh has

16 × 12 × 12 B27 and W18 elements. As discussed in section 5.1.5, the symmetric

boundary condition is implemented with a thin cylindrical patch having 16 × 12 × 1

(r × θ × t) B27 elements in case of fine mesh, whereas for coarse mesh we have used

8 × 12 × 1 elements. Similarly, as discussed in section 5.1.4, the symmetric boundary

condition is implemeneted implicitly for the hemispherical domain and solved for electric

fields using both coarse and fine meshes. In Table 5.1, mesh details along with the total

number of equations, are presented for both full domain (existing formulation) and half

domain with the thin patch, as well as half domain with Lagrange multiplier (current

formulation). We have considered k0a = 1, k0R∞ = 5 with E0 = 1.

Table 5.1: Mesh and equation details for scattering from a conducting sphere.

Half domain with Half domain with Full domain
thin patch method Lagrange multiplier method [22]

Coarse mesh Fine mesh Coarse mesh Fine mesh

Mesh size
(r × θ × φ) 8× 6× 8 16× 12× 12 8× 6× 8 16× 12× 12 16× 12× 24

+ + +
(r × θ × t) 8× 12× 1 16× 24× 1

Number
of 13689 80125 9585 75133 106858

equations

Fig. 5.3 and Fig. 5.4 represent variations along φ for all three components of the

scattered electric field obtained using thin patch method at θ = π/4, at near field

(k0r = 1.25) and at far field (k0r = 4.75) respectively. Likewise, for the Lagrange

multiplier method, Figs. 5.5 and 5.6 depict the electric field variations in the near and

far fields, respectively. During numerical analysis for the half domain, we directly solve

for 0 ≤ φ ≤ π. For the remaining half domain, we can use E(π − φ) = E(φ) due to

symmetry.
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Figure 5.3: Near field field variation along φ in the electric field for parameters k0r =
1.25, θ = π/4, k0a = 1, k0R∞ = 5 for the scattering from a conducting sphere using
thin patch method.
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Figure 5.4: Far field variation along φ in the electric field for parameters k0r = 4.75,
θ = π/4, k0a = 1, k0R∞ = 5 for the scattering from a conducting sphere using thin
patch method.
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Figure 5.5: Near field field variation along φ in the electric field for parameters k0r =
1.25, θ = π/4, k0a = 1, k0R∞ = 5 for the scattering from a conducting sphere using
Lagrange mulitplier method.
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Figure 5.6: Far field variation along φ in the electric field for parameters k0r = 4.75,
θ = π/4, k0a = 1, k0R∞ = 5 for the scattering from a conducting sphere using Lagrange
mulitplier method.
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From our analysis, we observe 3.65 % error in the half domain results with fine

mesh (from thin patch method), while solving 25 % less equations than the equivalent

full domain. Whereas, the coarse mesh requires 87.1 % less equations to predict the

numerical results with a 15.95 % error. Fig. 5.3 and Fig. 5.4 indicate that with both

coarse and fine meshes, numerical results are converging with analytical values. From

Figs. 5.5 and 5.6, it can be observed that the thin patch method produces more accurate

result than the Lagrange multiplier method.

5.2.2 Scattering from a conducting ellipsoid

This example is chosen to show that the proposed implementation of symmetric bound-

ary condition also works for non spherical geometry. A wave of the form e−ik0zex

impinges on one conducting ellipsoid having diameters 2a, 2a, and 2c along X, Y and Z

axes, respectively. The domain is truncated at a spherical surface given by k0R∞ = 24.

We present our results for k0a = 12 and c = a/4. In this problem, the symmetry bound-

ary condition E · n = 0 is implemented as described in section 5.1.5. The half annular

ellipsoidal domain is meshed with 12 × 20 × 8 (r × θ × φ) B27 and W18 elements and

an additional cylindrical patch has 12× 40× 1 (r × θ × t) B27 elements. Then we have

to solve 73,949 equations. Table 5.2 summarizes the mesh details of half domain along

with the full domain.

Table 5.2: Mesh and equation details for scattering from a conducting ellipsoid.

Half domain Full domain [22]

Mesh size
(r × θ × φ)+ 12× 20× 8 + 12× 20× 16
(r × θ × t) 12× 40× 1

Number of equations 73949 123018

We have taken E0 = 1, k0a = 12, k0R∞ = 24. The scattered electric field components

are compared in Fig. 5.7 along θ for k0r = 24 and φ = π
4 . We have compared the results

of the half domain with symmetry (HDWS) in both conventional (Con) and amplitude

formulation (OWF) with the converged HFSS [149] result obtained using a very fine

mesh (1,49,530 unknowns). In Fig. 5.7, we have also presented the respective full domain

result for both Con and OWF formulations. In the current half domain analysis, we

directly solve for 0 ≤ φ ≤ π, and because of symmetry we have E(2π−φ) = E(φ) for the

remaining half domain. We obtain equivalent accuracy with half domain (thin patch)

solving a system of equations having 40% less unknowns than that of full domain.
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Figure 5.7: Electric field variation along θ for k0r = 24, φ = π/4, k0a = 12, k0R∞ = 24
for the scattering from a conducting ellipsoid.
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5.2.3 Scattering from a dielectric sphere

An incident wave of the form Einc = E0e
−ikzêx, impinges on a dielectric sphere. The

relative permeability and relative permittivity of the dielectric sphere and the surround-

ing medium are denoted by (µ1, ε1) and (µ2, ε2), respectively. The analytical solution

has been presented by Stratton [107]. In our numerical analysis, we assume the dielec-

tric sphere to be in vacuum i.e., µ2 = ε2 = 1 and it has material properties µ1 = 1 and

ε1 = 1.5. We choose ka = 8, kR∞ = 24, and E0 = 1. For the proposed implementation

of the half domain with symmetric boundary condition, we have used two different levels

of meshing to discretize the domain. For coarse mesh 750 B27 and W18 elements are

used to model the hemisphere, whereas the thin cylindrical patch is modelled with 250

B27 elements. In case of finer mesh, hemisphere is discretized with 1050 B27 and W18

elements and 350 B27 elements discretize the attached patch. In Table 5.3, information

regarding the mesh details along with the resultant equations can be found.

Table 5.3: Mesh and equation details for scattering by dielectric sphere.

Half domain Full domain
Coarse Fine [22]

750(hemispherical 1050(hemispherical
Mesh details domain) + domain) + 1500

(No. of elements) 250(cylindrical patch) 350(cylindrical patch)

No. of equations 28496 38427 44692

Fig. 5.8 shows the results for the scattered electric field Ex inside the dielectric sphere

at k0r = 6.4, at a point just outside the dielectric sphere (k0r = 9.6), and at a point in

the far-field (k0r = 16) respectively. We have compared the results of both full domain

(FD) and half domain with symmetry (HDWS) with analytical benchmark results as

given by equation 34 in [22]. In Fig. 5.8, results from both conventional and OWF

formulations have been presented. It is evident from these plots that the simulation

results of both coarse and fine mesh are converging with analytical results. We have

observed that with fine mesh using the conventional formulation, HDWS results exhibit

a 4 % error, using 14 % less equations than corresponding full domain. Whereas, for

the same mesh, using OWF formulation, 2.17 % error is achieved. However, with the

chosen coarse mesh (36 % less equations than full domain), electric fields are predicted

with 8.9 % error and 4.8 % error for conventional and OWF formulations, respectively.
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Figure 5.8: For two different meshes, variation of electric field Ex along θ at different
locations for the scattering from dielectric sphere problem.
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5.3 Numerical Examples with Electromagnetic Transient

Analysis

In this section we apply the novel implementation of the symmetric boundary condition

for various electromagnetic transient problems from [24] to analyze the efficacy of the

proposed method in time domain. These problems includes radiation inside a cube with

conducting boundaries, scattering from a conducting and dielectric sphere. Again, we

choose B27 and W18 elements to discretize the computational domains and we take

c = 3× 108/
√
εrµr m/s.

5.3.1 Electromagnetic radiation inside a cube with conducting walls

A cube of dimension π × π × π with conducting walls is excited with j and with initial

A values given in [24] as

Ex = 2 cos(x) sin(y) sin(z) [cos(ωt)− sin(ωt)] ,

Ey = sin(x) cos(y) sin(z) [sin(ωt)− cos(ωt)] ,

Ez = sin(x) sin(y) cos(z) [sin(ωt)− cos(ωt)] ,

Hx = 0,

Hy =
−3

µω
cos(x) sin(y) cos(z) [cos(ωt) + sin(ωt)] ,

Hz =
3

µω
cos(x) cos(y) sin(z) [cos(ωt) + sin(ωt)] ,

Ax =
−2

ω
cos(x) sin(y) sin(z) [sin(ωt) + cos(ωt)] ,

Ay =
1

ω
sin(x) cos(y) sin(z) [cos(ωt) + sin(ωt)] ,

Az =
1

ω
sin(x) sin(y) cos(z) [cos(ωt) + sin(ωt)] ,

ψ = 0,

jx =

(
2εµω2 − 6

µω

)
cos(x) sin(y) sin(z) [cos(ωt) + sin(ωt)] ,

jy =

(
3− εµω2

µω

)
sin(x) cos(y) sin(z) [cos(ωt) + sin(ωt)] ,

jz =

(
3− εµω2

µω

)
sin(x) sin(y) cos(z) [cos(ωt) + sin(ωt)] .

(5.19)

We have taken ω = 3× 108m/s, and simulated upto 4× 10−8sec with a time step of

t∆ = 1× 10−9sec.
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Table 5.4: Mesh and equation details for electromagnetic radiation inside a cube with
conducting walls.

Half domain Full domain
Coarse mesh Fine mesh [24]

Mesh size 2× 4× 2 (cuboid) + 3× 3× 3 (cuboid) + 8× 8× 8
(x× y × z) (1×4×2) + (2×4×1) (1×3×3) + (3×3×1)

+ (1× 4× 1) (patches) + (1× 3× 1) (patches)

No. of elements 36 48 64

No. of equations 890 1208 1666
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Figure 5.9: Variation of the electric fields at (x, y, z) = (1.1780, 0.3926, 0.7853) with
respect to time for the cube with conducting walls.
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To implement the symmetric boundary conditions, we have taken one quarter of

the original cube with π
2 × π ×

π
2 . On the symmetry faces i.e., on xy and yz-planes,

we have applied E · n = 0 as explained in section 5.1.5, and on the remaining faces

of the cuboid, conducting boundary conditions E × n = 0 are applied. For transient

analysis, two distinct meshes are used to mesh the quarter domain and the thin patches

with B27 elements, whereas full domain is meshed with 64 B27 elements. For the

quarter domain, the coarse mesh comprises of 36 elements, and the fine mesh employs

48 elements. Table 5.4 summarizes the mesh details for both the domains. In Fig. 5.9,

a comparison has been carried out for the electric field components at (x = 1.1780, y =

0.3926, z = 0.7853) among obtained results in the proposed formulation for both meshes

of the quarter domain, the corresponding results from the full domain, and the analytical

solution [24]. Again, it is evident, by adopting the symmetric boundary conditions, 1208

equations (for finer mesh) are sufficient for the perfect match with analytical benchmark

as compared to 1666 unknowns for the full domain. The coarse mesh solution (with only

890 equations) is deviating by little amount from the benchmark solution.

5.3.2 Electromagnetic scattering from a conducting sphere

Table 5.5: Mesh and equation details for scattering from a conducting sphere.

Half domain with thin patch Full domain
Coarse mesh Fine mesh [24]

Mesh size
(r × θ × φ)+ 7× 8× 5 + 8× 8× 5 + 8× 8× 10
(r × θ × t) 7× 16× 1 8× 16× 1

Number of elements 392 448 640

Number of equations 11169 11411 14946

To know the time domain performance of the proposed method on curved objects,

we consider the present example where we simulate the transient scattering electric fields

from a conducting sphere. An incident wave as stated in [24] given as

Einc = 2{t− t0 − k̂ · (r − r0)/c} exp

[
−{t− t0 − k̂ · (r − r0)/c}2

τ2

]
Ê, (5.20)

impinges on a conducting sphere. Here, t0 is the temporal reference point, r0 is the

spatial reference point, and τ is the pulse shape. Following pulse parameters such as

k̂ = ẑ, Ê = x̂, t0 = 25.99 ns, r0 = −1.2ẑ m and τ = 5.25 ns are used for simulation.

Computational full domain which is truncated at a radius R∞ = 3.8 m, is meshed with

640 B27 and W18 elements which results in 14,946 equations in [24]. In the current

symmetric boundary condition implementation, the half domain with cylindrical patch
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Figure 5.10: Time variation of the ∂Ex
∂t at (x, y, z) = (0.33,−1.03,−0.45) for scattering

from a conducting sphere.

is meshed with 392 B27 and W18 elements resulting in 11,169 equations for the coarse

mesh, and 448 elements (11,411 unknowns) for the fine mesh, as specified in Table 5.5.

Boundary conditions such as E ·n = 0 is implemented on the surface of the thin patch as

described in section 5.1.5, and E×n = 0 is applied on the conducting surface. We have

taken a time step of 5 × 10−10sec in our simulation. From Fig. 5.10, it is evident that
∂Ex
∂t values at (0.33,−1.03,−0.45) in both full domain and half domain with symmetry,

are perfectly matching with the standard benchmark results in [94]. While solving for

electric fields, with proposed symmetric boundary condition around 25% (for coarse

mesh) and approximately 23% (for finer mesh) less equations are required to solve as

compared to the full domain. This clearly illustrates the computational efficacy of the

proposed method.

5.3.3 Electromagnetic scattering from a dielectric sphere

Table 5.6: Mesh and equation details for scattering from a dielectric sphere.

Half domain Full domain
Coarse Fine [24]

Mesh size 1536 (hemispherical + 2196 (hemispherical +
domain) + domain) +
512 (patch) 732 (patch)

No. of elements 2048 3702 4239

No. of equations 49076 73755 106139
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This example is chosen to test the effectiveness of the proposed method in predicting

scattering electric fields from a dielectric body in time domain. On a dielectric sphere

of radius 0.5 m, having µr = 1 and εr = 6.0, Neumann pulse wave as given by

Einc = 2{t− t0 − k̂ · (r − r0)/c} exp

[
−{t− t0 − k̂ · (r − r0)/c}2

τ2

]
Ê, (5.21)
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Figure 5.11: Transient variation of the E.t for scattering from a dielectric sphere.

in [24] is impinged. The computational domain which is truncated at radius R∞ =

2 m, is modeled with B27 and W18 elements. Table 5.6 gives the numerical analysis

details for both full and half domains. Proper symmetric boundary condition is applied

with thin cylindrical patch as described in section 5.1.5. With a time step of 0.5 ns,

simulations are performed. We have plotted E ·t along time in Fig. 5.11 for full domain,

half domain with symmetry and compared it with the edge element results in [147] at

two locations: (a) at (−0.04,−0.07,−0.72) with t = 0.96x̂ + 0.26ŷ + 0.13ẑ and (b) at

(0.05, 0.05,−0.96) with t = −0.89x̂i− 0.08ŷ+ 0.44ẑ. Fig. 5.11 shows the efficacy of our

proposed method for transient scattering problem with dielectric body. Our proposed

method predicts the benchmark electric fields with 54% (for coarse mesh) and 30% (for

fine mesh) less equations as compared to the full domain analysis.
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5.4 Study on the effect of variation of thickness of a patch

It is important to understand the performance of the proposed method with respect

to the variation of thickness of the cylindrical patch attached to the symmetry face.

For this, one non-dimensional parameter t̄, the ratio of thickness of the patch to the

characteristic length of the full domain, is defined. We perform numerical simulation

for four different values of t̄ with t = 0.1, 0.05, 0.01, and 0.005 for three representative

electromagnetic harmonic and transient problems.

5.4.1 Scattering from a conducting sphere (Harmonic analysis)

Table 5.7: Patch thickness variations for scattering from a conducting sphere.

Mesh size Number Thickness R = 1
(r × θ × φ)+ of of Parameter, L2-norm

(r × θ × t) Equations patch (t) t̄ =
t

R
values

16× 12× 12 0.1 0.1 4.3290 × 10−2

+ 80125 0.05 0.05 3.7952 × 10−2

16× 24× 12 0.01 0.01 3.6947 × 10−2

0.005 0.005 3.6671 × 10−2

To demonstrate the thickness variation analysis, let us consider the numerical exam-

ple presented in section 5.2.1. For four different cases, cylindrical patches are generated

with four different thickness (t) values. Here, we have chosen a mesh size of 16×12×12

to discretize the hemisphere using B27 and W18 elements. On the other hand, the thin

patch is meshed with a mesh size of 16× 24× 12 B27 elements. With a total of 80125

equations, simulations are executed to generate the electric fields. Considering the ra-

dius of sphere R = 1, t̄ =
t

R
, is calculated for all the t values as displayed in Table 5.7.

The resulting L2-norm values, obtained from Eq. (5.18) are also presented in Table 5.7.

At φ = π/4 and at two different locations, namely the near field (k0r = 1.25) and far

field (k0R∞ = 4.75), variation of electric fields along the azimuthal angle (φ) are plotted

for different t̄ values along with the analytical values. Fig. 5.12 and Fig. 5.13 illustrate

these plots for near field and far field, respectively. The observation from these plots

indicates a divergence between the simulation results and the corresponding analytical

values as the thickness (t) increases. Our analysis suggests that, for accurate solutions,

the patch should be thinner (t̄ < 0.01) in comparison to the other dimensions of the

computational domain.
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Figure 5.12: For different values of t̄, near field variation along φ in the electric field
for parameters k0r = 1.25, θ = π/4, k0a = 1, k0R∞ = 5 for the scattering from a
conducting sphere.
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Figure 5.13: For different values of t̄, far field variation along φ in the electric field
for parameters k0r = 4.75, θ = π/4, k0a = 1, k0R∞ = 5 for the scattering from a
conducting sphere.
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5.4.2 Scattering from a dielectric sphere (Harmonic analysis)

In this section, effect of thickness variation is analysed for harmonic scattering problem

from a dielectric sphere, presented in section 5.2.3. Here, the hemisphere and thin patch

are modeled with 750 B27 and W18 elements, and 250 B27 elements respectively. By

solving a set of 28496 equations, electric fields are obtained for four different thickness

(t) cases using both conventional and OWF formulations. In Table 5.8, for four t̄ values,

computed L2-norm error values are presented and compared for both the formulations.

At three different locations, namely at k0r = 6.4 with φ = π/6, k0r = 9.6 with φ = π/4,

and at k0r = 16 with φ = π/6, Ex values are plotted along θ for four thickness param-

eters in Fig. 5.14 and Fig. 5.15 for conventional and OWF formulations, respectively.

Numerical results obtained with t = 0.1 exhibit a more pronounced deviation from the

actual values. This finding again emphasizes the need to conduct the analysis with an

extremely thin patch to achieve accurate solutions.

Table 5.8: Patch thickness variations for scattering from a dielectric sphere.

Number Number Thickness R = 1 L2-norm values
of of of Parameter,

elements Equations patch (t) t̄ =
t

R
Conventional OWF

750(hemispherical 0.1 0.1 11.34 × 10−2 8.51 × 10−2

domain)+ 28496 0.05 0.05 10.93 × 10−2 7.86 × 10−2

250(cylindrical 0.01 0.01 9.54 × 10−2 6.61 × 10−2

patch) 0.005 0.005 8.91 × 10−2 4.85 × 10−2

5.4.3 Radiation inside a cube with conducting walls (Transient analy-

sis)

Now, to analyse the effect of thickness variation in transient electromagnetic problems,

we consider the problem of cube with conducting walls having a side length a = π, as

outlined in section 5.9. In the same manner, one quarter of the domain is considered

to apply the proposed method. Various thickness values are considered for the mesh

with 36 B27 elements and 890 equations (see table 5.4). For different t values, thickness

parameters (t̄) and are listed in Table 5.9 along with the mesh details. In Fig. 5.16, we

can observe the electric field time response for various components for three different

t values at a specific point (1.1780, 0.3926, 0.7853) along with the analytical results.

It is worth noting that the field components match more effectively with a decrease

in t̄. Hence, it again becomes evident that, for precise finite element solutions using

the proposed method, the patch thickness should be very small in comparison to other

dimensions of the domain.
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Figure 5.14: For distinct values of t̄ i.e., t̄ = t
R , Ex variation (conventional formulation)

along θ at different locations for the scattering from dielectric sphere problem.
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Figure 5.15: For various values of t̄ i.e., t̄ = t
R , variation of Ex (OWF formulation)

along θ at different locations for the scattering from dielectric sphere problem.
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Table 5.9: Variation of patch thickness for electromagnetic radiation inside a cube
with conducting walls.

Mesh size Number Number Thickness side, a = π
of of of Parameter (t̄)

(x× y × z) elements equations patch (t) t̄ =
t

a
2× 4× 2 (cuboid)+ 0.05 0.0159

(1× 4× 2)+(2× 4× 1) 36 890 0.01 0.0031
+(1× 4× 1)(patches) 0.005 0.0015
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Figure 5.16: For different values of t̄ (t̄ = t/a), variation of the electric fields at
(x, y, z) = (1.1780, 0.3926, 0.7853) with respect to time for the cube with conducting
walls.
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5.5 Summary

One novel method is proposed to implement symmetric boundary conditions to elec-

tromagnetic problems for both harmonic and transient analysis. In nodal framework,

potential formulations are followed and it is not very straight forward to implement the

symmetric boundary condition in that formulation. In the proposed method, a very thin

patch is attached to the symmetry faces of the domain. In that thin patch, two different

conditions are required for scalar and vector potentials for proper implementation of

the symmetric boundary condition. We have validated the proposed method solving

a wide range of problems from radiation to scattering, from spherical to non-spherical

domains, from harmonic to transient analysis. For all the problems, we have validated

our results against either analytical benchmark results or other benchmark from exist-

ing literatures. For harmonic analysis, we have implemented the proposed novel method

in amplitude formulation [22] also. Furthermore, we have presented the computational

efficacy of our proposed method as compared to the existing full domain analysis for

all the examples. Lastly, we have studied the effect of thickness variation of the thin

patch on the proposed method in both harmonic and transient problems. In order to

obtain more accurate results with the proposed method, it is recommended that the

patch should be very thin as compared to the other dimension of the domain.
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Chapter 6

Conclusions and future scope of

the research work

6.1 Conclusions

In this chapter, we want to conclude the work done in our research work briefly, along

with the future scope of the work.

In the present work, different finite element strategies for solving electromagnetic

problems have been enriched with some additional numerical strategies.

In Chapter 1, a comprehensive literature review is provided on various numerical

methods in computational electromagnetics. The methods discussed include Finite El-

ement Method (FEM), Finite Difference Time Domain (FDTD), Time Domain Finite

Element Method (TDFEM), Perfectly Matched Layer (PML), Boundary Integral Ele-

ment Method (BIEM), Finite Element Boundary Integral Method(FEBIM), etc. Addi-

tionally, a brief overview of the development and application of edge elements in FEM

is presented. The chapter also covers different strategies and algorithms available for

implementing edge elements in computational electromagnetics. Furthermore, numer-

ical methods in the time domain, such as FEM, FDTD, TDFEM, etc., are discussed.

Finally, the chapter concludes with a brief discussion of the different numerical methods

available for applying symmetric boundary condition in electromagnetics.

In Chapter 2, a conversion algorithm which generates edge finite element data from

nodal finite element data, is proposed. This algorithm transforms 2D edge elements,

including lower-order elements such as 3-edge triangle, 4-edge quadrilateral, as well as

higher-order elements such as 8-edge triangle, and 12-edge quadrilateral. The algorithm

is then extended to generate the 3D edge elements, including 12-edge hexahedral and

6-edge tetrahedra. The basic intrinsic details of the algorithm are provided with suit-

able examples to enable anyone interested in developing their own code for simulating

electromagnetic problems. Then, the transformed edge elements are validated through

eigenvalue analysis.
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A detailed performance comparison between conventional nodal and edge elements

has been presented in Chapter 3. Various solved examples include all possible complex-

ities like curved boundaries, non-convex domains, sharp corners domains. 2D domains

include square, homogeneous and inhomogeneous L shape, curved L shape, circle with

and without crack, whereas 3D domains include cube, Fichera, and 3D L shape. In

every case, edge elements have shown better coarse mesh accuracy than nodal elements.

We have observed in many cases that, in order to achieve the same level of accuracy,

the required no. of equations with edge element is less than half of that with nodal ele-

ments. For the non-convex domains with sharp corners, nodal elements cannot predict

the singular eigen value which is well predicted by all the edge elements. In addition, for

such domains, nodal elements predict one additional spurious eigen value which is not

present with edge elements. A computational cost analysis is also performed between

standard nodal and transformed edge elements in 2D to evaluate the effectiveness of the

edge elements.

Further, in Chapter 4, these edge elements are extended to perform electromag-

netic transient analysis. One quantity (Ē) is proposed in continuum framework which

conserve under certain loading and boundary conditions. A time-stepping strategy is

developed in edge-element framework which exactly mimic the conservation of the con-

tinuum quantity. Then, electromagnetic radiation and scattering analysis for conducting

and dielectric domains have been performed with the developed strategy.

Finally, in Chapter 5, one novel method is proposed to implement symmetric bound-

ary condition to electromagnetic problems for both harmonic and transient analysis.

Then we have validated the proposed method solving a wide range of problems from

radiation to scattering, from spherical to non-spherical domains, from harmonic to tran-

sient analysis. For all the problems, we have validated our results against either ana-

lytical benchmark results or other benchmark from existing literatures. For harmonic

analysis, we have implemented the proposed method in amplitude formulation [22] also.

An extensive study is also carried out for proper selection of the thickness in the thin

patch method.

The following are the objectives which can be carried out as future scope of the

present work:

In our present work, conversion algorithm is implemented in 2D lower and higher

order node-to-edge elements, and in 3D lower order tetrahedral and hexahedral finite

elements. As the future scope of work, conversion technique can be extended to higher

order tetrahedral, hexahedral and wedge finite elements. To know the efficacy of these

elements, comparative performance analysis can be performed with the corresponding

nodal finite elements.

In the present study, electromagnetic radiation and scattering analysis in time do-

main problems involving both conducting and dielectric bodies are conducted using 3D

transformed edge elements. As a future scope of work, these elements can be imple-
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mented in electromagnetic harmonic analysis. Additionally, an extension of the work

could involve implementing amplitude formulation within the context of an edge-based

framework. Further, we can perform the comparative study of nodal and edge elements

for time domain problems.

In this work, we have implemented the proposed time integration scheme using the

Newmark−β method, with the parameters β and γ as 0.25 and 0.5, respectively. To

extend the research work, different time marching schemes can be developed by varying

the values of β and γ. Then, performance comparison of these newly developed methods

could then be conducted to evaluate their effectiveness.
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