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Abstract

This thesis presents the derivation of general analytical solutions of the transient stor-

age model and also of the diffusive transfer model for the longitudinal solute transport

in streams with transient storage and hyporheic zones for conservative and reactive

solutes. These general analytical solutions are derived by means of Laplace trans-

form. The transient storage model deals with the first order mass transfer between

the main channel of stream and the storage zone, and the diffusive transfer model

deals with the diffusive mass transfer of solute between the main channel of stream

and the hyporheic zone. Parameters of the transient storage model and also of the

diffusive transfer model are estimated for the Uvas Creek tracer experiment by using

the large scale Newton reflexive method. The analytical results of these models for

conservative solutes are compared with the observed data of the Uvas Creek tracer

experiment for chloride concentration. Sensitivity analysis is performed in order to

identify the critical parameters on solute concentrations. Effects of different param-

eters that represent physical, chemical and hydrological processes involved in the

transport of solutes in streams are studied for hypothetical situations. Results are

presented for conservative solutes considering step concentration-time profile as the

upstream boundary condition whereas in the case of reactive solutes, an instantaneous

release of the solute is considered to be the upstream boundary condition.
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concentration-time curve (solid line) calculated with the analytical so-

lution given by Eq. (2.17) at 433 m. . . . . . . . . . . . . . . . . . . 28

2.5 Sensitivity of ratio of cross-sectional area and lateral inflow rate on

the concentration-time curve (solid line) calculated with the analytical

solution given by Eq. (2.17) at 433 m. . . . . . . . . . . . . . . . . . 28

2.6 Effects of lateral inflow rate and exchange Damköhler number on the
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Chapter 1

Introduction

1.1 Introduction

Analysis of solute transport with the effects of transient storage and hyporheic zones

has been an active research area since 1966’s (first described by Hays et al. (1966)).

It is a common practice to discharge waste materials into the water systems from

different type of sources e.g. domestic sources, chemical plants, industrial or agricul-

tural effluents, accidental release of pollutants. These waste materials are discharged

into the main flow of stream undergo stages of mixing while being transported down-

stream. Some part of the waste materials normally goes into storage zone or hyporheic

zone. Due to exchange of water between the main flow of stream and storage zone or

hyporheic zone, a part of waste materials releases back into the main flow of stream

(which can be seen from Figure 1.1).

It is well-established from the field studies of river contamination that the storage

zone and hyporheic zone play an important role in the transport of contaminants in

river systems. It is important to understand the transport properties of water and

solutes through the storage and hyporheic zones in order to elucidate the mechanisms

of instantaneous and continuous injection of solute in the main stream of the river

as well as in the storage zone or in the hyporheic zone. Accidental and continuous

pollutant spills can influence the water quality of rivers up to several hundred kilome-

ters due to the rapid interaction of water between the surface and subsurface zones.

1
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Figure 1.1: Schematic physical system for stream and storage zone hydrologic process.

Therefore, the calculation of transport of solute in such a large domain is restricted

to one dimensional approach. Transport of solutes through the water systems is also

affected by several physical, chemical and hydrological processes. These processes are

difficult to understand clearly from the field experiments. In order to improve the

prediction ability of these processes in the main channel and in the hyporheic zone,

several modeling and tracer experiment approaches are developed (e.g. Bencala and

Walters [2], Bencala [3], Bencala et al. [4], Broshears et al. [5], Gooseff et al. [16],

Harvey et al. [18], Hays et al. [19], Holley and Jirka [20], Jackman et al. [21], Keefe

et al. [24], Runkel [30], Rutherford [32], Wagner and Harvey [39], Wörman [40]).

The most commonly used solute transport model is the advective-dispersive equa-

tion (ADE) (Fischer et al. [14]). This equation is based on solute transport in a

homogeneous and isotropic medium with constant and uniform flow. Analytical solu-

tions of these solute transport equations are available in the literature. The solution

of the ADE due to instantaneous injection of solute produces asymmetric shape of

concentration-time curve in comparison with the Gaussian shape. But in the tracer

experiments, the asymmetric nature in the shape of the concentration-time curves fur-

ther increases. The asymmetric shape of the concentration-time curve reveals short

rising limbs and long tails in the concentration-time curves. Due to the slow release

of the solute particles from the storage zone into the main channel of the stream, it

2
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is observed that some part of the solute particles returns only after the main portion

of the solute cloud has passed the sampling location (e.g. Fischer et al. [14]) and

this process is responsible for the appearance of long tail. The ADE model is inca-

pable of reproducing the asymmetric shape of the observed concentration-time curves

obtained in the tracer experiments.

To address this problem, Hays et al. [19] described the dead zone model (DZM)

in the form of two coupled partial differential equations, one for the main channel

of stream and the second one for the storage zone. They have not solved these

coupled partial differential equations analytically but found approximate solutions

only. They showed that the approximate solutions of these equations could describe

the natural behavior of longitudinal concentration distribution more accurately than

the solution of classical advection-dispersion equation. They also stated that two

additional parameters due to the transient storage (i.e. exchange coefficient and the

dead zone ratio, which is the ratio between cross-sectional areas of the dead zone

and of the main channel), were difficult to predict with the help of bulk hydraulic or

geometrical parameters.

Thackston and Schnelle [38] used the similar approximate solution as obtained by

Hays et al. [19], which is in the transformed (Laplace) domain. The approximate

solution is a function of four parameters: mean residence time, Péclet number or

dimensionless dispersion coefficient, fraction of stream volume which is dead zone

and mean residence time in a dead zone. Thackston and Schnelle [38] estimated

these parameters with the help of field data. In their analysis, they assumed the

exchange co-efficient to be constant and the dead zone volume to be a function of the

friction factor.

Later, several models were proposed to describe the physical, chemical, hydrolog-

ical and geochemical processes in streams. Two types of models are mostly used to

describe the solute exchange between the main channel of the stream and the tran-

3
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sient storage/hyporheic zone for conservative as well as for reactive solute. The first

model is based on the classical advection-dispersion phenomenon with the first order

mass exchange between the main channel of the stream and the transient storage.

This model is known as transient storage model (TSM) (Bencala and Walters [2],

Bencala [3], Runkel and Chapra [30], Wagner and Harvey [39]). The second one is

based on the classical advection-dispersion equation with diffusive transfer between

the main channel of the stream and the hyporheic zone (De Smedt [13], Jackman et

al. [21], Wörman [40] ).

Several physical and chemical processes are responsible for contaminant transport

in stream with transient storage and hyporheic zones. The physical processes affecting

the solute concentrations include advection, dispersion, lateral inflow, lateral outflow

and transient storage. The chemical processes affecting the solute concentrations

include sorption to the stream bed and decay. Some of the important terminologies

related to contaminant transport in streams with transient storage and hyporheic

zone are listed below:

• Solute

Solute can be any substance or entity that is transported downstream by the

flowing water. Under this definition, solutes could be waste materials, such as

pesticides and hydrocarbons, or naturally occurring substances such as dissolved

gases, nutrients, and trace elements.

• Storage zone

Storage zone is a stagnant water zone which is stationary relative to the main

flow of the stream. e.g. pools, side arms of the stream or adjacent wetland

areas. Waste materials are usually temporarily trapped in the storage zones

and slowly released back into the main channel.

4
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• Hyporheic zone

Hyporheic zone is a porous area that connects surface water and subsurface

water and exchange of water takes place through this zone. e.g. porous areas

and bed sediments under and near the stream.

• Advection

Advection is the process by which the mass of solute is transported due to the

movement of the surrounding medium and the direction is determined by a flow

field.

Mathematically, advection is represented by the scalar product u?
m.4c?

m, which

is the magnitude of u?
m times the component of 4c?

m in the direction of u?
m.

Here 4c?
m is the concentration gradient and u?

m is the advective velocity.

• Diffusion

Diffusion is the process by which the mass of solute is transported from one part

of the system to another as a result of random movement of the surrounding

medium which forces mass to spread out in any direction.

Mathematically, diffusion can be described by using Fick’s law. It states that

the mass flux of a solute is proportional to the gradient of concentration of the

solute. Thus, q?
x = −D?.5 c?

m, where q?
x is the mass flux of the solute and D?

is the diffusion coefficient of the solute.

• Dispersion

Dispersion is the spreading of the mass of a solute by the combined effects of

velocity distribution and diffusion.

• Lateral inflow

Lateral inflow is a flow of water that is added to the stream due to ground water

inflow, overland flow and small springs. The main channel solute concentration

5
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gets diluted or concentrated depending on the concentration coming through the

lateral inflow is less or more compared to the main channel solute concentration.

• Lateral outflow

Lateral outflow is a flow of water that is discharged from the main flow of the

stream to the surrounding watershed.

• Partition coefficient

Partition coefficient is a proportionality constant in an equilibrium adsorption

isotherm. It is the ratio of adsorbed content to the concentration in an aqueous

solution for the linear equilibrium isotherm.

1.2 Transient storage models due to first order

mass exchange

Transient storage model for conservative solute due to first order exchange is described

by dividing the domain (streams) into two distinct zones. The first zone represents the

main channel of the stream. The advection and dispersion processes in the stream

is described by one dimensional advection dispersion equation. The second zone

represents the storage zone. The exchange of solute between the main channel of

the stream with storage zones is represented by a first order exchange term (i.e.

α?(c?
m − c?

s), where α? is the exchange coefficient, c?
m is the solute concentration in

the main channel of streams, c?
s is the solute concentration in the storage zone).

The advection-dispersion equation in the main channel of the stream is linked to

the storage zone equation through the exchange term. This model is mostly used as

a predictive tools and also to simulate the observe concentrations of the solutes of

different tracer experiments (e.g. Sodium chloride(NaCl), Uvas Creek, [1]; Lithium

chloride (LiCl), Potassium bromide (KBr), St. Kevin Gulch, [25]).

Bencala and Walters [2] described the physical TSM to characterize the different

6
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behavior of solute transport for conservative solute (i.e. chloride) in a mountain pool-

and-riffle stream under low flow condition. The storage zone concept is introduced

to characterize the smaller peaks and longer tails in the mountain streams. Bencala

and Walters [2] applied the model to a tracer experiment conducted in the Uvas

Creek and emphasized the importance of the transient storage mechanism to describe

the behavior of solutes in the Uvas Creek. They were estimated the parameters of

the TSM by the trial and error approach for the best fit of the observed solute

concentration curve of the Uvas Creek tracer experiment to the numerical solution of

the TSM. However, Bencala and Walters [2] found that the effects of lateral inflow

was negligible in the simulation procedure.

Bencala et al. [4] simulated the observed concentrations of conservative solute

(i.e. Lithium) in the Snake river. They considered the lateral inflow as distributed

inflows and estimated the parameters of the TSM. It was found that the estimated

cross-sectional area of the stream channel and the estimated volumetric inflow rate

varied by a factor of 3.

Runkel and Chapra [29] presented numerical solution of the coupled transient

storage equations by using the Crank-Nicolson numerical scheme. They reduced the

computational costs by decoupling the transient storage equations and using the

Thomas algorithm. This is the basis to describe ”One-dimensional Transport with

Inflow and Storage (OTIS)”. It also includes the numerical solution for reactive solute

transient storage model.

Hart [17] presented a stochastic model for solute transport in streams with tran-

sient storage zones. He found a semi-analytical solution in the form of a rapidly

converging infinite series for the model without considering the effects of lateral in-

flow.

Wagner and Harvey [39] analyzed the field experiments through parameter sensi-

tivity, where it is assumed that informative periods are those time steps during which
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the model outputs show a high sensitivity to the changes in the model parameters.

Davis et al. [10] found an analytical solution for instantaneous injection of con-

servative solute (i.e. Rhodamine WT dye). The solution was successfully applied to

interpret the physical mechanisms of transport of solutes in the tracer experiments

conducted in river Severn.

Rowiński et al. [28] presented numerical solution of the TSM. They used an

upwind scheme for the advection term, Crank-Nicolson scheme for the dispersion term

and Runge-Kutta method for the storage zone equations. The solution was applied to

the observed data of conservative solute (i.e. fluorescent red dye ) obtained from the

Wkra River tracer experiment. The parameter estimation was accomplished using

the control random search method.

De Smedt et al. [11] found analytical solutions of the TSM described by Bencala

and Walters [2] without considering the lateral inflow for instantaneous injection of

solute in a river with constant and uniform flow. De Smedt et al. [11] evaluated

the parameters of the TSM for the five tracer experiments conducted in the Chillán

river, Chile. In all experiments, the exchange of solute between the main channel and

transient storage zones is markedly present. Later, De Smedt [12] obtained analytical

solutions of the TSM for decaying solutes only, without considering the effects of lat-

eral inflow and background concentrations. However, in all these analytical solutions

the volumetric flow rate is constant throughout the study reach. Effects of the back-

ground concentrations and the lateral inflow solute concentration can be observed

through the analytical solution of De Smedt [12] only when these concentrations are

equal and constant.

Transient storage model for reactive solute is described by including the effects of

decay and sorption in the transport equations of conservative solute. Both the zones

include decay and sorption. There is a first order kinetic mass transfer between the

stream water and stream bed sediment. It is represented by the difference between

8
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the solute concentration on the streambed sediment and its potential equilibrium con-

centration in the main channel. Also, a first order kinetic reaction is considered in the

storage zone. It is described by the difference between the storage concentration and

equilibrium concentration. This model is used to simulate the observed concentra-

tions obtained in different tracer experiments (e.g. Strontium chloride hexahydroxide

(SrCl26H2O), Uvas Creek, [1, 3]).

Bencala [3] proposed the reactive solute transport model (RSTM), in which de-

cay is absent in both the zones, for small pool-and-riffle mountain streams. Usually

in these streams, the flow rate is low and that allows solutes to have repeated op-

portunities to be in contact with the relatively immobile bed materials. If a solute

(e.g. strontium) can sorb onto bed materials, then both hydrodynamic and chemical

processes control solute transport. Parameters of the RSTM are evaluated for the

best fit to the observed solute concentration curve obtained in the Uvas Creek tracer

experiment by using the numerical solution to the differential equations. The effects

of lateral inflow were found to be negligible in this study.

Schmid [33] developed a semi-analytical solution to the transient storage equa-

tions accounting for different decay rates in main channel and the storage zone. He

considered the physical mechanisms of the transient storage as a stochastic process.

Runkel [31] extended the OTIS with the nonlinear least squares method to opti-

mize the parameters. This extended OTIS is known as OTIS-P. This is extensively

used to estimate the transient storage behavior of streams through tracer experiments

(e.g. Choi et al. [7], Fernald et al. [15]).

1.3 Transient storage models due to diffusive ex-

change

Transient storage model for conservative solute due to diffusive exchange is described

by dividing streams into two distinct zones. The first zone represents the main channel
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of the stream. The advection and dispersion processes in the streams are described by

one dimensional advection-dispersion equation in the main channel of the stream. The

second zone represents the hyporheic zone. The one dimensional diffusion equation

is used to describe the diffusion process in the hyporheic zone. It is assumed that

the solute concentration at the interface (i.e. z? = 0) of the two zones is equal. The

exchange of solute between the main channel of the stream and the hyporheic zone

is represented by a diffusive exchange term (i.e. D?
h

∂c?
m

∂z? z?=0, where c?
m is the solute

concentration in the main channel, z? is the lateral co-ordinate, D?
h is the diffusive

exchange coefficient). The advection-dispersion equation in the main channel of the

stream is linked to the diffusive exchange term.

Jackman et al. [21] described three different conceptual models to represent the

transient storage of solute in the streambed: (1) the exchange model, (2) the diffusion

model, and (3) the underflow model. The exchange model is based on the classical

advection-dispersion equations with the exchange of mass due to the concentration

gradient between the main channel and its bed sediment. The diffusion model is

based on the classical advection-dispersion equations with the exchange of mass due

to the lateral diffusive transfer of solutes. The underflow model assumes a convective

channel in one portion of the bed through which stream water flows by entering at

one location and returning to the stream at another location, and the exchange model

is used to describe storage throughout the rest of the bed. Jackman et al. [21] found

that the diffusion model is more complex compared to the TSM but the diffusion

model predicts the observed concentration profiles better than the TSM.

Transient storage model for reactive solute due to the diffusive exchange is de-

scribed by considering the effects of sorption in the stream water and in the hyporheic

zone in both the adsorbed and dissolved phases of solute. The kinetic reaction in the

stream water as well as in the hyporheic zone is represented by the difference in

concentrations of adsorbed and dissolved phases of solute at the equilibrium [23].
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Maloszewski and Zuber [26] presented similar transport equations as considered

by Jackman et al. [21] but they considered the chemical transport in a single fissure

in a porous matrix. Maloszewski and Zuber [26] derived analytical solution for the

transport equations by considering instantaneous injection as the upstream boundary

condition.

Wörman [40] developed a model for the solute transport that includes the effects

of hyporheic exchange, sorption and first order reaction. He derived an analytical

solution for this model which describes the stream concentration as a function of

distance along the stream, depth of the storage zone and time. However, he found

that the effects due to dispersion in the stream was negligible. He applied the solution

to several tracer experiments.

Wörman et al. [41] described the exchange mechanisms of the dissolved and

adsorbed phases of a sorbing solute between the stream water and the hyporheic

zones of the stream retaining the solute. They did the analysis for Chromium solute

based on the Lanna Brook tracer experiment data.

In another work, Wörman [42] compared three models for transient storage of

solutes in small stream, which are (1) first order mass transfer model (FOT model),

(2) impermeable surface model (IS model) and (3) water infiltration model (WI). In

the FOT model, the exchange term is based on the assumption that the mixing in the

storage zone is instantaneous and the exchange is taking place only in the dissolved

form of solute. The IS model is based on the similar concept as described by Jackman

et al. [21] and Wörman [40] for diffusion model. The WI model includes both the

advection and diffusion processes in the storage zone also. Wörman [42] found that

these models yield similar representations of the first three temporal moments due to

instantaneous input at the upstream boundary. In all these models, dispersion in the

stream was not taken into account.

De Smedt [13] extended the approach of Wörman [40] to include the dispersion
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in the main channel. De Smedt [13] presented an analytical solution for the case

of instantaneous injection of solute assuming the flow to be constant and uniform.

Solutions were applied to the five tracer experiments conducted in the Chillán river,

Chile.

Jonsson et al. [23] introduced a diffusive transfer model for reactive solutes. Pa-

rameters of the proposed model were evaluated for the best fit of the observed solute

concentration data obtained from the Säva stream tracer experiment to the approxi-

mate analytical solution of the model. They did the analysis of a conservative as well

as a reactive solute. They found that a first-order kinetic description of the sorption

process could acceptably describe the concentration-time curves in both the stream

water and the bed sediment. However, no complete analytical solution of this model

is available in the literature.

1.4 Objectives

Solute transport in streams is a complex phenomenon that involves physical, chem-

ical and hydrological processes and has not yet been fully explored. Though many

different models are available in the literature, but their complete analytical solutions

are not yet known. An overall objective of this thesis is to improve the fundamental

understanding of the solute transport in streams with transient storage and hyporheic

zones. This thesis focuses on deriving complete analytical solutions for the contami-

nant transport problems in streams with storage zone and hyporheic zone. Sensitivity

analysis is performed for transient storage models, in order to find the critical pa-

rameters on solute concentrations. Effects of different parameters, which represent

physical, chemical and hydrological processes involved in the transport of the solutes

in streams, are also studied.

In the first problem, general analytical solutions of the TSM are derived consider-

ing initial concentrations and lateral inflow concentration are non-constant. Analyt-
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ical results for the main channel of streams are compared with the observed chloride

concentrations of the Uvas Creek tracer experiment. Step concentration-time pro-

file is considered as upstream boundary condition. Effects of lateral inflow rate and

exchange Damköhler number on concentration distribution are studied.

In the second problem, we derive analytical solutions of the RSTM with decay,

sorption and lateral inflow. These solutions are derived for a general situation, in

which initial concentrations, lateral inflow concentration and equilibrium storage zone

concentration are considered to be non-constant like previous study. Analytical so-

lutions are presented for instantaneous release of solute. Effects of decay Damköhler

numbers, reaction Damköhler numbers and lateral inflow are presented as well.

In the third problem also, we derive general analytical solutions of the diffusive

transfer model for conservative solute for variable initial concentrations. Analytical

solution for the main channel is compared with the observed data of the Uvas Creek

tracer experiment for conservative (Chloride) solute. Effects of dilution factor, Péclet

number and porosity in the hyporheic zone on the concentration-time curves are stud-

ied. A step concentration-time profile is considered as upstream boundary condition

in this study as well.

In the fourth problem, we derive analytical solutions of the diffusive transfer model

for reactive solute with sorption in the hyporheic zone. These solutions are also

for a general situation, like previous studies. An instantaneous injection of solute

is taken as an upstream boundary condition to show the effects of dilution factor,

Péclet number in the hyporheic zone, porosity in the hyporheic zone and sorption

Damköhler number.
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Chapter 2

An analytical study on solute
transport in streams with transient
storage and lateral inflow:
Conservative solute

This chapter deals with the derivation of analytical solutions for solute transport in

a stream in the presence of storage zone where the exchange of solute between the

main channel and the storage zone is dominated by a first order mass exchange. In

this study, we follow the model proposed by Bencala and Walters [2] for conservative

solute. This model is based on mass balance approach.

2.1 Introduction

Over the last few decades, the analysis of solute transport in streams with the effects

of transient storage has become an active research area. Several models are proposed

to describe the solute transport in streams with transient storage (e.g. Bencala and

Walters [2], Harvey et al. [18], Hays et al. [19], Runkel [29], Wagner and Harvey

[39], Wörman [40]). A commonly referenced model known as transient storage model

(TSM) or dead zone model (DZM) is based on the classical advection-dispersion

phenomenon with the exchange of solute between the main channel of a stream and

the stagnant water zones such as pools, side arms of the river or adjacent wetland
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Main channel

Storage zone

Advection
    and
dispersion

Downstream transport

exchange due to transient storage
Lateral inflow

Figure 2.1: Conceptual model describe the stream and storage zone hydrologic process
for conservative solute.

areas (Bencala and Walters [2], Runkel and Chapra [30], Wagner and Harvey [39]).

Generally, streams are divided into two distinct zones in the TSM for conservative

solute. The first zone represents the main flow region that includes the process of

advection, dispersion and lateral inflow. The second one represents the storage zone

area, which is stagnant relative to the main channel flow of a river. Both the zones

are linked by the mass exchange process (which can be seen from Fig. 2.1).

Both semi-analytical and analytical solutions are available for the model. Hays

et al. [19] found the approximate solution of the transient storage model by means

of Laplace transform. They found that the dead zone parameters (i.e. exchange

coefficient and dead zone ratio) were difficult to predict with the help of field data.

Thackston and Schnelle [38] evaluated the dead zone parameters using similar approx-

imate solution given by Hays et al. [19] with the help of field data. In their analysis,

they assumed the exchange co-efficient to be constant and the dead zone volume to be
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a function of the friction factor. In 1995, Hart developed a semi-analytical solution for

conservative solutes whereas Schmid [33] developed it for decaying solutes. Both of

them considered the physical mechanisms of transient storage as stochastic processes

and they did not consider the effects of lateral inflow in their studies. Later, Bencala

and Walters [2] included the term due to the lateral inflow in the dead zone model

proposed by Hays et al. [19]. Parameters for the TSM were evaluated for the best

fit to the observed solute concentration curve by using the numerical solution of the

TSM. Bencala and Walters [2] found that the effect of lateral inflow was negligible.

Runkel [30] explained the TSM by using the mass balance approach. Subsequently,

several experimental studies are made to characterize the physical transport proper-

ties and hydrological processes in streams (e.g. Harvey et al. [18], Scott et al. [35]).

The effects of transient storage on solute transport in streams with lateral inflow were

among the main issues discussed in these experimental studies. Harvey et al. [18]

and Wagner and Harvey [39] presented sensitivity analysis in order to improve the

understanding of different parameters reliability to stream tracer approach.

Runkel and Chapra [29] presented a numerical solution of the TSM by using the

Crank-Nicolson numerical scheme. This is the basis to describe ”One-dimensional

Transport with Inflow and Storage (OTIS)”. It also includes the numerical solution

of the transient storage model for reactive solute. OTIS was extended by Runkel [31]

with the nonlinear least squares method to optimize the parameters. This extended

OTIS is known as OTIS-P. This is extensively used to estimate the transient storage

behavior of streams through tracer experiments (Choi et al. [7], Fernald et al. [15]).

Davis et al. [10], De Smedt et al. [11] and De Smedt [12] found analytical solutions

of the TSM for instantaneous solute release without considering the effects of lateral

inflow and background concentration. They all assumed that the flow was constant

and uniform in their studies.

In the present chapter, we derive general analytical solutions for the main channel
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solute concentration as well as for the storage zone solute concentration for conser-

vative solute transport. In this study, the initial solute concentrations are considered

to be the function of space and the lateral inflow concentration to be the function of

both time and space. Present analytical solutions also consider that the flow of the

stream varies linearly with the longitudinal distance between the injection location

and the downstream sampling location. Analytical solution in the absence of storage

zone can easily be obtained from the present analytical solution. The present ana-

lytical results for the main channel are compared with the observed concentrations

of the Uvas Creek tracer experiment. A sensitivity analysis is presented in order to

identify the critical parameters for solute concentration. A hypothetical situation is

considered to study the effects of exchange Damköhler number and lateral inflow rate

on the concentration-time curves. Step concentration-time profile is considered as an

upstream boundary condition for the analytical solutions.

2.2 Governing equations

The present problem is intended to study the solute transport in a stream in the

presence of a storage zone where the exchange of solute between the main channel

and the storage zone is considered as a first order mass transfer. In order to obtain

the governing equations, the following assumptions are made.

2.2.1 Assumptions for the model

1. Medium is isotropic and homogeneous in both the zones.

2. Physical transport processes (advection, dispersion and lateral inflow) are af-

fecting the solute concentration in the main channel.

3. Advection, dispersion and lateral inflow don’t occur in the storage zone. Tran-

sient storage is the only process affecting solute concentrations in the storage

zone.
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4. Lateral inflow enters directly into the main channel bypassing the storage zone.

5. The exchange of solute between the main channel and the storage zone is con-

sidered to be first-order mass exchange. It is represented by the difference in

concentrations between the main channel and the storage zone.

6. The volume of the storage zone is considered to be constant with time.

7. Solute concentrations in the main channel and in the storage zone vary only in

the longitudinal direction.

8. Usually in conservative tracer experiments, the distance and time interval are

short. So, all the parameters may be assumed to be constant throughout the

study reach [11]. In our study, we assume all the parameters to be constant

except the volumetric flow rate Q?
x which vary linearly with the longitudinal

distance between the injection and the downstream sampling location.

Based on these assumptions and following the work of Bencala and Walters [2],

the governing equations can be written as:

∂c?
m

∂t?
+ u?

m

∂c?
m

∂x?
= D?

m

∂2c?
m

∂x?2
+ α?(c?

s − c?
m) +

q?
L

A?
m

(c?
L − c?

m) (2.1)

∂c?
s

∂t?
=

α?A?
m

A?
s

(c?
m − c?

s) (2.2)

where c?
m is the solute concentration in the main flow direction of the stream, c?

s is

the solute concentration in the storage zone, c?
L is the solute concentration in lateral

inflow, u?
m is the cross-sectional average velocity, x? is the longitudinal distance, t? is

time, D?
m is the longitudinal dispersion coefficient in the main flow, A?

m is the cross-

sectional area of the main channel of stream, A?
s is the cross-sectional area of the

storage zone, α? is the stream storage exchange coefficient, q?
L is the lateral inflow

rate into the stream per unit stream length.
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Eq. (2.1) is obtained by linking the one-dimensional classical advection-dispersion

equation with a first order mass exchange term between the main channel and the

storage zone (the second term on the right hand side), and a term for lateral inflow

that enters directly into the main channel bypassing the storage zone (the last term on

the right hand side). Eq. (2.2) represents that the rate of change of solute concentra-

tion in the storage zone is proportional to the difference in the solute concentrations

between the main channel and the storage zone.

2.2.2 General boundary and initial conditions

Generally, in tracer experiments, a known amount of solute is injected at a constant

rate at the injection location over a certain interval of time and then the solute

concentrations are measured at different sampling locations (Bencala and Walters [2],

Schmid [34]). So, the upstream boundary condition can be expressed as

c?
m(x? = x?

0, t
?) = c?

u(t
?) for t? > 0. (2.3)

where x?
0 is the upstream boundary location and c?

u(t
?) is the upstream concen-

tration at the location x?
0 and time t?. It is assumed that Laplace transform of c?

u(t
?)

exists and is bounded.

The other boundary condition at far downstream location is taken as:

c?
m(x? →∞, t?) = 0 for all t?, (2.4)

The initial conditions for the main channel and the transient storage are

c?
m(x?, t? = 0) = c?

minit(x
?), (2.5)

c?
s(x

?, t? = 0) = c?
sinit(x

?), (2.6)

where c?
minit(x

?) and c?
sinit(x

?) are the initial concentrations in the main channel and

in the storage zone respectively.
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2.2.3 Dimensionless forms of governing equations, general
boundary and initial conditions

The dimensionless forms of the governing equations, general boundary and initial

conditions given in (2.1)-(2.6) are written as

∂cm

∂t
+

∂cm

∂x
=

1

Pem

∂2cm

∂x2
+ Daem(cs − cm) + qL(cL − cm) (2.7)

∂cs

∂t
=

Daem

kr

(cm − cs) (2.8)

cm(x0, t) = cu(t) for t > 0. (2.9)

cm(x →∞, t) = 0 for all t, (2.10)

cm(x, t = 0) = cminit(x), (2.11)

cs(x, t = 0) = csinit(x), (2.12)

where x(= x?

l?
) is the distance in the longitudinal direction, l?(≈ √

2.5A?
m) is the

characteristic length, t(= u?
mt?

l?
) is the dimensionless time, u?

m is a constant quantity,

cm(= c?
m

c?
0
) is the concentration in the main channel of the stream, c?

0 is the plateau

concentration at the head of the tracer experiment, cs(=
c?
s

c?
0
) is the concentration

in the storage zone, cL(=
c?
L

c?
0
) is the concentration in the lateral inflow, cminit(x)(=

c?
minit(x

?)

c?
0

) is the initial concentration in the main channel, csinit(x)(=
c?
sinit(x

?)

c?
0

) is the

initial concentration in the storage zone, cu(t)(=
c?
u(t)
c?
0

) is the upstream concentration,

Pem(= u?
ml?

D?
m

) is the Péclet number in the main channel of the stream, Daem(= α?l?

u?
m

)

is the exchange Damköhler number in the main channel, kr(=
A?

s

A?
m

) is the ratio of

cross-sectional area of storage zone and the cross-sectional area of the main channel,

and qL(=
q?
Ll?

A?
mu?

m
) is the lateral inflow rate.

2.2.4 Calculation of the cross-sectional average velocity (u?
m):

Both of the equations (2.1) and (2.2) are based on the theory of conservation of mass.

The conservation of mass of water can be written, following Yan and Boufadel [43],
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as dQ?
x

dx? = q?
L − q?

Lout, where q?
Lout is the lateral outflow per unit stream length. In

our study, we assume that the water does not leave the main channel throughout the

study reach, which means q?
Lout is zero. So, the volumetric flow rate at the downstream

river reach (Q?
1) can be obtained, integrating the resulting equation over [x?

0, x
?
1], as

Q?
1 = Q?

0 + q?
L(x?

1 − x?
0) , where subscripts 0 and 1 represent the injection location

and the downstream location respectively. We consider the averaged value of the

volumetric flow rate (Q?), which is a constant quantity throughout the study reach,

as Q? = (Q?
0 + Q?

1)/2 to calculate the cross-sectional average velocity u?
m(= Q?/A?

m),

which is also a constant quantity throughout the study reach.

2.3 Analytical solution for conservative solutes with

storage zone

The solution of the initial-boundary value problem (2.7)-(2.12) is obtained by means

of Laplace transform.

Laplace transform of a function f(t) is defined as

f(s) = L{f(t); t → s} =

∫ ∞

0

f(t)e−stdt, (2.13)

where s is the Laplace variable, which is a complex number.

By using the initial condition (2.12) in the Laplace transform of Eq.(2.8), we get

cs =
csinit(x) + Daem

kr
cm

(s + Daem

kr
)

, (2.14)

where cm and cs are Laplace transforms of cm and cs respectively.

Applying Laplace transform to Eq. (2.7) and using Eq. (2.14), we obtain a linear

nonhomogeneous differential equation as,

1

Pem

d2cm

dx2
− dcm

dx
−R cm = −cminit(x)− Daemcsinit(x)

(s + Daem

kr
)
− qL cL(x, s), (2.15)

where cL(x, s) is the Laplace transform of cL(x, t) and

R =

(
s + qL + Daem − Da2

em

kr(s + Daem

kr
)

)
.
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Using the boundary conditions (2.9) and (2.10) in the solution of Eq. (2.15), we

obtain

cm(x, s) = cu(s)e
m1x

− Pemem1x

(m2 −m1)

∫ +∞

0

[
cminit(x

′
) +

Daemcsinit(x
′
)

(s + Daem

kr
)

+ qLcL(x
′
, s)

]
e−m2x

′
dx

′

+
Pemem1x

(m2 −m1)

∫ x

0

[
cminit(x

′
) +

Daemcsinit(x
′
)

(s + Daem

kr
)

+ qLcL(x
′
, s)

]
e−m1x

′
dx

′

+
Pemem2x

(m2 −m1)

∫ +∞

x

[
cminit(x

′
) +

Daemcsinit(x
′
)

(s + Daem

kr
)

+ qLcL(x
′
, s)

]
e−m2x

′
dx

′
,

(2.16)

where where cu(s) is the Laplace transform of cu(t) and m1,2 = Pem

2
∓√Pem

√
Pem

4
+ R.

With the help of the convolution theorem (details are given in Appendix A),

inverse Laplace transform of Eq. (2.16) gives,

cm(x, t) =

∫ t

0

cu(η)f1(x, t− η)dη

+

∫ +∞

0

[
cminit(x

′
)(f2(x− x

′
,−1, t)− ePemxf2(x + x

′
, +1, t))

+ Daemcsinit(x
′
)(f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t))

+ qL

∫ t

0

{cL(x
′
, η)(f2(x− x

′
,−1, t− η)− ePemxf2(x + x

′
, +1, t− η))}dη

]
dx

′
,

(2.17)

where

a = Daemη, b =
Daem

kr

(t− η), a1 = Daemγ, b1 =
Daem

kr

(t− γ − η),

f1(x, t− η) = c0(x, t− η)e−Daem(t−η) +
Daem

kr

∫ t−η

0

c0(x, γ)e−a1−b1

√
a1

b1

I1(2
√

a1b1)dγ,

(2.18)

f2(x, si, t) = c1(x, si, t) exp(−Daemt)+
Daem

kr

∫ t

0

c1(x, si, γ) exp(−(a+b))

√
a

b
I1(2

√
ab)dγ,

(2.19)

f3(x, si, t) =

∫ t

0

c1(x, si, γ) exp(−(a + b))I0(2
√

ab)dγ, (2.20)
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I0 and I1 are the modified Bessel function of first kind, and of order zero and one

respectively,

c0(x, t) =
x
√

Pem

2
√

πt3
exp

(
− Pem(x− t)2

4t
− qLt

)
, (2.21)

c1(x, si, t) =

√
Pem

2
√

πt
exp

(
− Pem(x + si t)2

4t
− qLt

)
. (2.22)

The analytical solution for the storage zone is obtained by substituting Eq. (2.16)

into Eq. (2.14) and taking inverse Laplace transform, we get

cs(x, t) = csinit(x)e−
Daem

kr
t +

Daem

kr

∫ t

0

cu(η)f4(x, t− η)dη

+

∫ +∞

0

[
Daem

kr

cminit(x
′
)(f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t))

+ Daemcsinit(x
′
)(f5(x− x

′
,−1, t)− ePemxf5(x + x

′
, +1, t))

+ qL

∫ t

0

{cL(x
′
, η)(f3(x− x

′
,−1, t− η)− ePemxf3(x + x

′
, +1, t− η))}dη

]
dx

′
,

(2.23)

f4(x, t− η) =

∫ t−η

0

c0(x, γ) exp(−(a1 + b1))I0(2
√

a1b1)dγ, (2.24)

f5(x, si, t) =

∫ t

0

c1(x, si, γ) exp(−(a + b))

√
b

a
I0(2

√
ab)dγ, (2.25)

It is verified that Eqs. (2.17) and (2.23) are satisfying the initial-boundary problem

(2.7)-(2.12). This assures the analytical expressions given in Eqs. (2.17) and (2.23)

are the exact analytical solutions of the TSM [i.e. Eqs. (2.7) and (2.8)] with lateral

inflow for conservative solutes.

It is easy to see that the analytical solution presented in Eq. (2.17) reduces to the

analytical solution of the classical advection-dispersion equation with lateral inflow

when Daem = 0 (i.e. the exchange of mass between the storage zone and the main

channel is absent).

2.4 Results and Discussion

In order to compare the present analytical solutions with the existing experimental

data [1, 2], parameters are estimated for the Uvas Creek tracer experiment. A sen-
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Figure 2.2: Schematic diagram of the solution domain with step-concentration profile
as upstream boundary condition.

sitivity analysis is presented in order to identify the critical parameters for solute

concentration. Effects of lateral inflow rate and exchange Damköhler number on so-

lute concentrations are studied for a hypothetical situation. Integrations appearing in

the different analytical expressions are evaluated by the Simpson’s rule. The modified

Bessel functions I0 and I1 are approximated by the polynomials

I0(2
√

ab) =
n=∞∑
n=0

an

n!

bn

n!

and

I1(2
√

ab) =
n=∞∑
n=0

an+1

n + 1!

bn

n!

as given in Carslaw and Jaeger [6].

The upstream boundary condition is chosen to be a step-concentration profile as

shown in Fig. 2.2.
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x? A?
m Q? D?

m q?
L(×10−6) A?

s α?(×10−6) Pem

m m2 m3/s m2/s m3/s.m m2 1/s −
38 0.3496 0.0125 0.015785 1.64 0 0 2.26
105 0.3880 0.0126 0.08295 1.5 0 0 0.39
281 0.3771 0.0136 0.1217 8.3 0.0689 7.5 0.29
433 0.4201 0.0141 0.181 7.556 0.0999 8.1667 0.18
619 0.4897 0.0154 0.1798 9.34 0.3822 0.14 0.17

Table 2.1: Estimated values of parameters for the transient storage model for the
observed chloride concentrations of the Uvas Creek tracer experiment.

2.4.1 Application to tracer experiment

In the Uvas Creek tracer experiment (Avanzino et al. [1]), a concentrated solution

of dissolved sodium chloride was added to the stream at a rate of 50 ml/min for 3

hours. The conservative solute (chloride) concentration was 11.4 mg/l at the injection

location and the background concentration was 3.7 mg/l. The concentration-time

curves were measured at different downstream locations (i.e. x? = 38, 105, 281, 433

and 619 m) from the injection location. The solute concentration profile at upstream

boundary location (x?
0 = 0) is chosen to be a step-concentration profile to simulate

the observed concentration profiles at each downstream location by the analytical

solution given in Eq. (2.17). The parameter estimation was accomplished using the

Matlab Optimization Toolbox (The MathWorks, 2003). Parameters are estimated by

minimizing the sum of the squared differences between the observed and theoretical

results. In order to solve the nonlinear parameter estimation problem, a subspace

trust region method algorithm based on the interior-reflective Newton method [8, 9]

was used. Dimensional estimated values of parameters are presented in Table 2.1.

The estimated value of the lateral inflow (q?
L) gradually increases with slight oscil-

lation and also the averaged volumetric flow rate (Q?) increases along the downstream

as given in Table 2.1. This ensures that the conservation of mass is obeyed by the

predicted values of q?
L and Q?. Consequently, the increase in the value of volumetric

flow rate often dilutes solute concentrations. The Péclet number gradually decreases
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Figure 2.3: Comparison of concentration profiles of the analytical solution given by
Eq. (2.17) (solid lines), and observed concentration profiles (open dots) of the Uvas
Creek tracer experiment for the TSM.

along the longitudinal direction of the stream, which implies that the spread of solute

increases along the downstream locations. Similar observation can be noticed in the

observed data (which can also be verified from Fig. 2.3). The exchange Damköhler

number found to be maximum at the sampling location 433 m and the ratio of cross-

sectional areas found to be maximum at the last sampling location. All parameters

are found to be nearly constant or in the same order of magnitude along the down-

stream direction of the stream, which confirm the validity of the assumption made for

the mathematical models. Values of the parameters also follow the similar trend as

presented in the work of Bencala and Walters [2]. Using the estimated values of the

parameters, results are calculated by Eq. (2.17) in dimensionless form and presented

in dimensional form in Fig. 2.3 to compare with the observed data. It is found that

the concentration-time curves of the analytical solution agree well with the observed

concentration-time curves of the Uvas Creek tracer experiment.
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pj dcmin dcmax dcmax − dcmin

Pem -0.59 0.59 1.18
Daem -252.95 126.35 379.30

qL -310.43 0.0 310.43
kr -0.31 0.0 0.31

Table 2.2: TSM: minimum (dcmin) and maximum (dcmax) values of sensitivity of
solute concentration in the main channel to the parameter pj.

Sensitivity Analysis

A sensitivity analysis is performed in order to identify the critical parameters for the

present situation. Sensitivity is the partial derivative of the simulated stream tracer

concentration with respect to a change in the value of a parameter (Wagner and

Harvey [39]),

sij =
∂cmi

∂pj

, (2.26)

where sij is the sensitivity of simulated stream tracer concentration cmi
to the pa-

rameter pj. Sensitivities of Péclet number (Pem), exchange Damköhler number in

the main channel (Daem), ratio of cross-sectional areas (kr) and lateral inflow rate

(qL) are calculated at 433 m. Results are presented in Table 2.2 and in Figs. 2.4

and 2.5. From the table and figures, it is clear that the Daem and qL are much more

sensitive compared to the Pem and kr. However, Daem is the most sensitive and kr

is the least sensitive among all these parameters. It reveals that the change in main

channel concentration is maximum due to the exchange of solute between the main

channel and storage zone.

2.4.2 Hypothetical Experiment

In order to study the effects of lateral inflow rate and exchange Damköhler number,

a hypothetical situation is considered on taking the values of the parameters same

as given in Table 2.3. It is assumed that 25 unit of conservative solute is injected at

the injection location x0 = 0 with a constant rate over a time interval of 252 unit.
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Figure 2.4: Sensitivity of Péclet number and exchange Damköhler number on the
concentration-time curve (solid line) calculated with the analytical solution given by
Eq. (2.17) at 433 m.
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Figure 2.5: Sensitivity of ratio of cross-sectional area and lateral inflow rate on the
concentration-time curve (solid line) calculated with the analytical solution given by
Eq. (2.17) at 433 m.

Results are obtained at a distance of 1000 unit from the injection location along the

downstream direction and presented in the dimensionless form.

Effect of lateral inflow rate and exchange rate

In order to discuss the effects of lateral inflow rate and exchange Damöhler number,

the initial concentrations and lateral inflow concentration are considered to be equal
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cinj x Q?
0 Pem Daem kr qL

25 1000 10 0.21 9.5238×10−4 0.2 4.7619×10−5

Table 2.3: Parameter values for the analysis of results of conservative solute.
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Figure 2.6: Effects of lateral inflow rate and exchange Damköhler number on the
concentration-time profiles of the analytical solution given by (a) Eq. (2.17) and (b)
Eq. (2.23) at 1000 unit downstream from the injection location.

to 5 unit. The concentration-time curves are presented in Fig. 2.6. If the lateral inflow

solute enters into the main channel of a stream, then the solute mass increases in the

main channel of the stream and the solute concentration gets diluted throughout the

study reach compared to the case of no lateral inflow. When a solute is injected into

the main channel of a stream, a portion of it initially enters into the storage zone and

slowly releases back into the main channel of the stream over a period of time. This

exchange of mass is the main cause of reduction in the solute mass and also forms

a long tail in the downstream edge of the solute concentration profiles in the main

channel at a downstream location compared to the case in which the storage zone is

absent. Fig. 2.6 also shows that the effects of lateral inflow are not influenced by the

presence of storage zone.
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2.5 Conclusions

Analytical solutions for conservative solute concentrations in rivers with lateral in-

flow and transient storage are found and are presented in this chapter. The already

existing analytical solutions for the case of no transient storage can easily be obtained

from the present analytical solution on assuming Daem = 0. The solution for concen-

tration in the main channel of the stream is applied to the analysis of the Uvas Creek

tracer experiment. A sensitivity analysis for this case is also carried out in order to

study the sensitivity of predicted concentrations to controlling parameters. Finally,

a hypothetical case is considered to investigate the effect of lateral inflow rate and

exchange Damköhler number.

The analytical results are found to be in good agreement with the observed data

of the Uvas Creek tracer experiment. Sensitivity analysis shows that the exchange

Damköhler number in the main channel (Daem) and lateral inflow rate (qL) are much

more sensitive compared to the Péclet number in the main channel (Pem) and ratio

of cross-sectional areas (kr).

Due to the lateral inflow rate, it is noticed that the solute mass gets diluted at

the downstream locations. Due to the exchange Damköhler number, the solute mass

gets reduced and the long tail appears in the downstream edge of the concentration

profile. Present analytical solutions clearly reveal the effects of lateral inflow rate and

the exchange Damköhler number. The solutions are presented for step concentration-

time profile. It can be concluded that the present solutions can be reliably used for

the analysis of solute transport in tracer experiments.
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Chapter 3

An analytical study on solute
transport in streams with transient
storage and lateral inflow:
Reactive solute

In this chapter, analytical solutions are derived for the transport of reactive solute in

a stream in the presence of storage zone where the exchange of solute between the

main channel and the storage zone is due to the first order mass exchange. The first

order reaction and the decay are considered in the main channel as well as in the

storage zone. In this study, we follow the model proposed by Bencala [3] for reactive

solute. This model is based on mass balance approach.

3.1 Introduction

Reactive solute transport models (RSTM) are frequently used for the analysis of tracer

experiments for reactive solute. The transient storage model (TSM) of Bencala and

Waters [2] was extended by Bencala [3] for reactive solute by incorporating the effects

of sorption in the main channel as well as in the storage zone. This extended model

is commonly known as RSTM. Two distinct zones are usually considered in RSTM

also like in transient storage model (TSM) for conservative solute. The first zone

represents the main flow region that includes the processes of advection, dispersion

31

TH-798_04612305



and lateral inflow. The second zone represents the storage zone that is stagnant

relative to the main flow of stream such as pools, gravel beds, side arms of the stream

or adjacent wetland areas. These two zones are linked by the mass exchange process

(Bencala and Walters [2], Runkel and Chapra [29], Wagner and Harvey [39]). In the

case of reactive solute, kinetic submodels are considered in both the zones (Bencala

[2]). In the main channel, the kinetic submodel relates the first order mass transfer

reaction between the main channel of stream and the streambed sediment, whereas

in the storage zone, the kinetic submodel relates the first order kinetic reaction by

the concentration difference between the storage concentration and its equilibrium

concentration. Both the zones include the first order decay (Runkel [31]).

There are two kinds of RSTM available in the literature. The first model deals

with the decay in the main channel as well as in the transient storage (De Smedt [12],

Schmid [33]) whereas the second one deals with the sorption on streambed sediments

with lateral inflow [3]. Both the models are considered in the present study (which

can be seen from Fig. 3.1).

Bencala [3] described the RSTM, without taking the effects of decay into account.

Parameters of this RSTM are evaluated for the best fit of the observed solute con-

centration curve by using the numerical solution of the proposed model. In his study,

Bencala [3] found that the effect of lateral inflow was negligible. Later, a number

of experimental studies are conducted to characterize the physical transport prop-

erties and hydrological processes in streams (e.g. Gooseff et al. [16], Scott et al.

[35]). The effects of transient storage on solute transport in streams with lateral

inflow are discussed in these studies. Runkel [31] developed OTIS-P for the RSTM,

with the nonlinear least squares method to optimize the parameters, by using the

Crank-Nicolson scheme. OTIS-P is extensively used to estimate the transient storage

behavior of streams through tracer experiments (Choi et al. [7], Fernald et al. [15]).

Schmid [33] found semi-analytical solution of the RSTM, including the effects
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Main channel

Storage zone

Advection, dispersion,
decay and sorption Downstream

transport

exchange due to transient storage
Lateral inflow

Decay and sorption

Figure 3.1: Conceptual model describe the stream and storage zone hydrologic process
for reactive solute.

of decay in both the zones. He treated the physical mechanisms of the RSTM, as

stochastic processes. De Smedt [12] obtained analytical solutions for decaying solutes

without taking the effects of lateral inflow and sorption into consideration. In chapter

2, we have derived analytical solutions of the TSM for conservative solute without

including the effects of decay and sorption.

In this chapter, we derive analytical solutions of the RSTM for a general situation

(i.e. including the effects of sorption and decay). Analytical solutions are derived

for the main channel, the storage zone and the stream sediment bed solute concen-

trations. The initial concentrations are considered to be the function of longitudinal

distance whereas lateral inflow concentration and equilibrium solute concentration in

the storage zone are assumed to be the functions of both space and time. Analytical

solutions are presented for instantaneous release of the solute for a hypothetical situ-

ation. Sensitivity analysis is presented in order to identify the critical parameters for
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reactive solute. Effects of decay Damköhler numbers, reaction Damköhler numbers

and lateral inflow are presented as well.

3.2 Governing equations

The governing equations presented in the previous chapter is valid only for the trans-

port of a conservative solute. Often in practice, reaction of a solute can occur due

to various chemical and biogeochemical processes (Broshears et al. [5], Choi et al.

[7], Keefe et al. [24], Stream Solute Workshop [37]). Generally, first order decay

and reaction processes are considered to study the transport of reactive solute. In

the present problem, the exchange of solute mass between the main channel and the

storage zone is due to both the first order mass transfer and the kinetic transfer of

solute. In this study, we follow the model proposed by Bencala [3], which is based

on mass balance approach. Along with the assumptions already made in the case of

conservative solute in the previous chapter, the following points are also included for

reactive solutes.

3.2.1 Assumptions for the model

1. Chemical reaction and decay affect the solute concentration in the main channel

as well as in the storage zone.

2. First order kinetic reaction due to sorption is assumed to take place between

the main channel of stream and its sediment bed.

3. In the transient storage, it is assumed that the solute (e.g. strontium) that

enters the storage zone is rapidly and permanently lost from the water in the

storage zone. Since the solute resides for relatively longer period of time in the

storage zone in comparison to the time scale of the stream transport, the solute

in the storage zone is assumed to be in equilibrium. The sorption in the storage

zone is represented by first order mass transfer reaction (Bencala [3]).
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4. Solute which enters into the storage zone has the opportunity for essentially

continual contact with the stagnant bed materials.

5. The combined time for transport into a storage zone, sorption, desorption and

transport back into stream channel is very long compared to the time for passage

of the solute pulse.

6. Like the previous chapter, all parameters except Q?
x are assumed to be constant.

The physical transient storage model developed by Bencala [3] and also presented

by Runkel [31], can be written under the above assumptions as:

∂c?
m

∂t?
+u?

m

∂c?
m

∂x?
= D?

m

∂2c?
m

∂x?2
+α?(c?

s−c?
m)+

q?
L

A?
m

(c?
L−c?

m)+ρλ̂?
m(c?

sed−kdc
?
m)−λ?

mc?
m, (3.1)

∂c?
s

∂t?
=

α?A?
m

A?
s

(c?
m − c?

s) + λ̂?
s(ĉ

?
s − c?

s)− λ?
sc

?
s, (3.2)

∂c?
sed

∂t?
= λ̂?

m(kdc
?
m − c?

sed), (3.3)

where c?
m is the solute concentration in the main flow direction of stream, c?

s is the

solute concentration in the storage zone, ĉ?
s is the equilibrium solute concentration in

the storage zone, c?
sed is the sorbate concentration on the streambed sediment, c?

L is

the solute concentration in lateral inflow, u?
m is the cross-sectional average velocity in

the main channel, x? is the longitudinal distance, t? is time, D?
m is the longitudinal

dispersion coefficient in the main flow, A?
m is the cross-sectional area of the main

channel of stream, A?
s is the cross-sectional area of the storage zone, α? is the rate by

which mass exchanges from the main channel to storage zone, q?
L is the lateral inflow

rate into the stream per unit stream length, ρ is the mass of accessible sediment per

volume of stream water, λ̂?
m is the first order sorption rate coefficient in the main

channel, kd is the distribution coefficient, λ̂?
s is the first order sorption rate coefficient

in the storage zone, λ?
m is the first order decay coefficient in the main channel and λ?

s

is the first order decay coefficient in the storage zone.
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Governing Eqs. (3.1) and (3.2) of this study are obtained by adding the terms for

the first order mass transfer reaction and also for the first order decay in the main

channel as well as in the storage zone to the Eqs. (2.1) and (2.2) of the transient

storage model (TSM) for conservative solute (described in chapter 2). Eq. (3.3)

represents that the rate of change of concentration of the sorbing element on the bed

sediment is proportional to the difference between the solute concentration on the

streambed sediment and its potential equilibrium concentration in the main channel.

3.2.2 General boundary and initial conditions

The boundary condition due to the continuous injection of solutes is given by

c?
m(x? = x?

0, t
?) = c?

u(t
?) for t? > 0. (3.4)

where x?
0 is the upstream boundary location and c?

u(t
?) is the upstream concentration

at the location x?
0 and time t?. It is assumed that Laplace transform of c?

u(t
?) exists

and is bounded.

The other boundary condition at far downstream location is taken as:

c?
m(x? →∞, t?) = 0 for all t?. (3.5)

The initial conditions for the main channel, storage zone and sediment bed are

c?
m = c?

minit(x
?) at t? = 0, (3.6)

c?
s = c?

sinit(x
?) at t? = 0, (3.7)

c?
sed = c?

sedinit(x
?) at t? = 0, (3.8)

where c?
minit(x

?), c?
sinit(x

?) and c?
sedinit(x

?) are initial concentrations in the main chan-

nel, in the storage zone and in the stream sediment bed respectively.
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3.2.3 Dimensionless forms of governing equations, general
boundary and initial conditions

The dimensionless forms of the the governing equations, boundary and initial condi-

tions (3.1)-(3.8) are given as

∂cm

∂t
+

∂cm

∂x
=

1

Pem

∂2cm

∂x2
+Daem(cs−cm)+qL(cL−cm)+ρDarm(csed−kdcm)−Dadmcm,

(3.9)

∂cs

∂t
=

Daem

kr

(cm − cs) + Dars(ĉs − cs)−Dadscs, (3.10)

∂csed

∂t
= Darm(kdcm − csed), (3.11)

cm(x0, t) = cu(t) for t > 0, (3.12)

cm(x →∞, t) = 0 for all t, (3.13)

cm(x, t = 0) = cminit(x), (3.14)

cs(x, t = 0) = csinit(x), (3.15)

csed(x, t = 0) = csedinit(x), (3.16)

where x
(
= x?

l?

)
is the distance in the longitudinal direction, l?(≈ √

0.05A?
m) is the

characteristic length, t
(
= u?

mt?

l?

)
is the time, u?

m is a constant quantity, cm

(
= c?

m

c?
0

)
is

the concentration in the main channel of the stream, c?
0 is the plateau concentration

at the head of the tracer experiment, cs

(
= c?

s

c?
0

)
is the concentration in the storage

zone, cL

(
=

c?
L

c?
0

)
is the concentration in the lateral inflow, csed

(
=

c?
sed

c?
0

)
is the sorbate

concentration on the streambed sediment, cminit(x)
(
=

c?
minit(x

?)

c?
0

)
is the initial concen-

tration in the main channel, csinit(x)
(
=

c?
sinit(x

?)

c?
0

)
is the initial concentration in the

storage zone, csedinit(x)
(
=

c?
sedinit(x

?)

c?
0

)
is the initial concentration in the stream sedi-

ment bed, cu(t)
(
= c?

u(t)
c?
0

)
is the upstream concentration, Pem

(
= u?

ml?

D?
m

)
is the Péclet

number in the main channel, Daem

(
= α?l?

u?
m

)
is the exchange Damköhler number in

the main channel, kr

(
= A?

s

A?
m

)
is the ratio of cross-sectional areas, Dadm

(
= λ?

ml?

u?
m

)
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is the decay Damköhler number in the main channel, Dads

(
= λ?

s l?

u?
m

)
is the decay

Damköhler number in the storage zone, Darm

(
= λ̂?

ml?

u?
m

)
is the reaction Damköhler

number in the main channel, Dars

(
= λ̂?

s l?

u?
m

)
is the reaction Damköhler number in the

storage zone and qL(=
q?
Ll?

A?
mu?

m
) is the lateral inflow rate.

3.3 Analytical solution for kinetic transport of re-

active solutes with storage zone

The analytical solutions of (3.9)-(3.16) are obtained by using Laplace transform.

By using the initial conditions (3.15) and (3.16) in the Laplace transform of Eqs.

(3.10) and (3.11) respectively, we obtain

cs =
csinit(x) + Daem

kr
cm + Darsĉs(x, s)

s + Daem

kr
+ Dars + Dads

, (3.17)

csed =
csedinit(x) + Darmkdcm

s + Darm

, (3.18)

where cm, cs, ĉs(x, s) and csed are the Laplace transforms of cm, cs, ĉs(x, t) and

csed respectively.

On applying Laplace transform to Eq. (3.9), using Eqs. (3.17) and (3.18), we

obtain a non-homogeneous ordinary differential equation as,

1

Pem

d2cm

dx2
− dcm

dx
−R1cm = −R2(x), (3.19)

where

R1 =

(
s+qL+Dadm+Daem+ρkdDarm− Da2

em

kr

(
s + Daem

kr
+ Dars + Dads

)− ρkdDa2
rm

s + Darm

)

and

R2(x) = cminit(x) +
Daem(csinit(x) + Darsĉs(x, s))

s + Daem

kr
+ Dars + Dads

+
ρDarmcsedinit(x)

s + Darm

+ qLcL(x, s);

cL(x, s) is the Laplace transform of cL(x, t).
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Using the boundary conditions (3.12) and (3.13) in the solution of Eq. (3.19), we

obtain

cm(x, s) = cu(s)e
m1x − Pemem1x

(m2 −m1)

∫ +∞

0

R2(x
′
)e−m2x

′
dx

′

+
Pemem1x

(m2 −m1)

∫ x

0

R2(x
′
)e−m1x

′
dx

′
+

Pemem2x

(m2 −m1)

∫ +∞

x

R2(x
′
)e−m2x

′
dx

′
,

(3.20)

where cu(s) is the Laplace transform of cu(t) and m1,2 = Pem

2
∓√Pem

√
Pem

4
+ R1.

With the help of convolution theorem (given in Prudnikov et al. [27], Sneddon

[36]), inverse Laplace transform of Eq. (3.20) gives,

cm(x, t) =

∫ t

0

cu(η)f1(x, t− η)dη

+

∫ +∞

0

[
cminit(x

′
)(f2(x− x

′
,−1, t)− ePemxf2(x + x

′
, +1, t))

+ Daemcsinit(x
′
)(f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t))

+ ρDarmcsedinit(x
′
)(f4(x− x

′
,−1, t)− ePemxf4(x + x

′
, +1, t))

+

∫ t

0

{qLcL(x
′
, η)(f2(x− x

′
,−1, t− η)− ePemxf2(x + x

′
, +1, t− η))

+ DaemDarsĉs(x
′
, t)(f3(x− x

′
,−1, t− η)− ePemx

× f3(x + x
′
, +1, t− η))}dη

]
dx

′
, (3.21)

where

f1(x, t) = c0(x, t)e−(Daem+ρkdDarm)t

+
Daem

kr

∫ t

0

c0(x, γ)e−a−b−p−r

√
a

b
I1(2

√
ab)dγ

+ Darm

∫ t

0

c0(x, γ)e−a−p−q

√
p

q
I1(2

√
pq)dγ

+
DaemDarm

kr

∫ t

0

c0(x, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
ap

b1q1

I1(2
√

ab1)

× I1(2
√

pq1)dµdγ, (3.22)
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f2(x, si, t) = c1(x, si, t)e−(Daem+ρkdDarm)t

+
Daem

kr

∫ t

0

c1(x, si, γ)e−a−b−p−r

√
a

b
I1(2

√
ab)dγ

+ Darm

∫ t

0

c1(x, si, γ)e−a−p−q

√
p

q
I1(2

√
pq)dγ

+
DaemDarm

kr

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
ap

b1q1

I1(2
√

ab1)

× I1(2
√

pq1)dµdγ, (3.23)

f3(x, si, t) =

∫ t

0

c1(x, si, γ)e−a−b−p−r I0(2
√

ab)dγ

+ Darm

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
p

q1

I0(2
√

ab1)

× I1(2
√

pq1)dµdγ, (3.24)

f4(x, si, t) =

∫ t

0

c1(x, si, γ)e−a−p−q I0(2
√

pq)dγ

+
Daem

kr

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
a

b1

I1(2
√

ab1)

× I0(2
√

pq1)dµdγ, (3.25)

where

a = Daemγ, b =
Daem

kr

(t− γ), p = ρkdDarmγ, q = Darm(t− γ),

r = (Dads+Dars)(t−γ), b1 =
Daem

kr

µ, r1 = (Dads+Dars)µ, q1 = Darm(t−γ−µ),

c0(x, t) =
x
√

Pem

2
√

πt3
e−

Pem(x−t)2

4t
−(Dadm+qL)t, (3.26)

and

c1(x, si, t) =

√
Pem

2
√

πt
exp

(
− Pem(x + si t)2

4t
− (qL + Dadm)t

)
, (3.27)
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The analytical solution for the storage zone is obtained by substituting Eq. (3.20)

into Eq. (3.17) and applying inverse Laplace transform as,

cs(x, t) = csinit(x)e−p1t +
Darsĉs(x, t)

p1

(1− e−p1t) +
Daem

kr

∫ t

0

cu(η)f5(x, t− η)dη

+

∫ +∞

0

[
cminit(x

′
)(f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t))

+ krcsinit(x
′
)(f6(x− x

′
,−1, t)− ePemxf6(x + x

′
, +1, t))

+ ρDarmcsedinit(x
′
)(f7(x− x

′
,−1, t)− ePemxf7(x + x

′
, +1, t))

+

∫ t

0

{qLcL(x
′
, η)(f3(x− x

′
,−1, t− η)− ePemxf3(x + x

′
, +1, t− η))

+ Darskrĉs(x
′
, η)(f6(x− x

′
,−1, t− η)− ePemxf6(x + x

′
, +1, t− η))}dη

]
dx

′
,

(3.28)

where p1 = Daem

kr
+ Dads + Dars,

f5(x, t) =

∫ t

0

c0(x, γ)e−a−b−p−r I0(2
√

ab)dγ

+ Darm

∫ t

0

c0(x, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
p

q1

I0(2
√

ab1)

× I1(2
√

pq1)dµdγ, (3.29)

f6(x, si, t) =

∫ t

0

c1(x, si, γ)e−a−b−p−r

√
b

a
I1(2

√
ab)dγ

+ Darm

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
b1p

aq1

I1(2
√

ab1)

× I1(2
√

pq1)dµdγ, (3.30)

f7(x, si, t) =

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1I0(2
√

ab1)I0(2
√

pq1)dµdγ, (3.31)

The analytical solution for the stream sediment bed is also obtained by substitut-

ing Eq. (3.20) into Eq. (3.18) and applying inverse Laplace transform as,
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csed(x, t) = csedinit(x)e−Darmt + Darmkd

∫ t

0

cu(η)f8(x, t− η)dη

+

∫ +∞

0

[
Darmkdcminit(x

′
)(f9(x− x

′
,−1, t)− ePemxf9(x + x

′
, +1, t))

+ kd

{
DaemDarm

kr

csinit(x
′
)(f7(x− x

′
,−1, t)− ePemxf7(x + x

′
, +1, t))

+ ρDarmcsedinit(x
′
)(f10(x− x

′
,−1, t)− ePemxf10(x + x

′
, +1, t))

+

∫ t

0

{qLcL(x
′
, η)(f9(x− x

′
,−1, t− η)− ePemxf9(x + x

′
, +1, t− η))

+
DaemDars

kr

ĉs(x
′
, η)(f7(x− x

′
,−1, t− η)− ePemxf7(x + x

′
, +1, t− η))}

× dη

}]
dx

′
, (3.32)

where

f8(x, t) =

∫ t

0

c0(x, γ)e−a−p−q I0(2
√

pq)dγ

+
Daem

kr

∫ t

0

c0(x, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
a

b1

I1(2
√

ab1)

× I0(2
√

pq1)dµdγ, (3.33)

f9(x, si, , t) =

∫ t

0

c1(x, si, γ)e−a−p−q I0(2
√

pq)dγ

+
Daem

kr

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
a

b1

I1(2
√

ab1)

× I0(2
√

pq1)dµdγ, (3.34)

f10(x, si, , t) =

∫ t

0

c1(x, si, γ)e−a−p−q

√
q

p
I1(2

√
pq)dγ

+
Daem

kr

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
aq1

b1p
I1(2

√
ab1)

× I1(2
√

pq1)dµdγ, (3.35)

It is verified that Eqs. (3.21), (3.28) and (3.32) satisfy the initial-boundary prob-

lem (3.9)-(3.16). This assures the analytical expressions given in Eqs. (3.21), (3.28)

and (3.32) are the exact analytical solutions of the RSTM [i.e. Eqs. (3.9)-(3.11)].
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M x Q?
0 Pem Daem kr Dadm Dads Darm Dars kd ρ

500 2000 20 4×10−2 5×10−4 0.25 10−4 10−3 5×10−3 10−3 9×10−5 750

Table 3.1: Parameter values for the analysis of results of reactive solute.

3.4 Results and Discussion

Effects of decay Damköhler numbers, reaction Damköhler numbers and lateral inflow

rate, are studied through a hypothetical situation. A sensitivity analysis is presented

in order to obtain the critical parameters. u?
m is calculated in similar way as described

in the section 2.2.4.

3.4.1 Hypothetical Experiment

In order to discuss the effects of decay Damköhler numbers (Dadm, Dads), reaction

Damköhler numbers (Darm, Dars) and lateral inflow rate (qL), a hypothetical situa-

tion is considered based on the parameters values given in Table 3.1.

An instantaneous injection (M?

Q?
0
δ(t?)) serves as the upstream boundary at the

injection location, so the upstream boundary condition in the dimensionless form will

be (shown in Fig. 3.2),

cm(x0 = 0, t) = cu(t) = Mδ(t). (3.36)

where M

(
= M?u?

m

Q?
0l?c?

0

)
is the dimensionless mass, M? is the injected mass and Q?

0

is the volumetric flow rate at the injection location.

The analytical solutions for the main channel, the storage zone and the stream sed-

iment bed are obtained from the Eqs. (3.21), (3.28) and (3.32) respectively (assuming

initial concentrations, lateral inflow concentration and equilibrium solute concentra-

tion are zero), using the upstream boundary condition given in Eq. (3.36), as

cm(x, t) = Mf1(x, t), (3.37)

cs(x, t) =
MDaem

kr

f5(x, t), (3.38)
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Figure 3.2: Schematic diagram of the solution domain with an instantaneous injection
of solute as upstream boundary condition.

and

csed(x, t) = MDarmkdf8(x, t), (3.39)

where f1, f5, f8 are given by Eqs. (3.22), (3.29) and (3.33) respectively. The analytical

expressions given in Eqs. (3.37)-(3.39) are evaluated in the similar way as described

in the previous chapter.

The solute concentration profiles for the main channel, the storage zone and the

stream sediment bed are calculated at 2000 unit downstream from the injection loca-

tion x0 = 0 using the time step ∆t = 2 unit.

RSTM without sorption and lateral inflow

Effects of decay Damköhler numbers

In order to study the effects of decay Damköhler numbers, solutions of the RSTM are

considered on assuming the parameters related to reaction Damköhler number and

lateral inflow are zero. The resulting concentration-time curves are shown in Fig. 3.3.

In all these figures, three situations (1. decay in main channel, 2. decay in storage
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(a) Main channel solute concentration
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(b) Storage zone solute concentration

Figure 3.3: Effects of decay Damköhler numbers on the concentration-time profiles of
the analytical solution given by (a) Eq. (3.37) (b) Eq. (3.38), at 2000 unit downstream
from the injection location.

zone and 3. decay in both the zones) are discussed and they are compared with the

no decay case.

Fig. 3.3(a) shows the effects of the decay Damköhler numbers on main channel

solute concentration. From the graph it is clear that the solute concentration decreases

due to the presence of decay effects in both the zones. When decay takes place

only in the main channel (Dadm = 10−4, Dads = 0), the reduction in concentration

value is more compared to the case of decay taking place only in the storage zone

(Dadm = 0, Dads = 10−3) but as time elapses the situation becomes slowly reverse

which can be seen from the figure. If decay takes place in the storage zone only, the

return of solute from the storage zone is very less and this could be the reason that

main channel concentration is less affected compared to the case when decay takes

place in the main channel only. However, maximum reduction is noticed when decay

takes place in both the zones.

Fig. 3.3(b) shows the effects of decay Damköhler numbers on the storage zone

concentration-time curves. The effects are slightly different from the previous case

(Fig. 3.3 (a)). Reduction in storage zone solute concentration value is more when
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decay takes place in the storage zone instead of in the main channel and this is true

for all time.

RSTM without decay

In the case of RSTM without decay, the effects of background concentrations can be

realized by simply adding the background concentration to the results of Eqs. (3.37)-

(3.39). The background concentration is taken to be 5 unit in the present study.

Bencala [3] estimated the parameters of the model by taking the equilibrium solute

concentration in the storage zone is equal to the stream’s background concentration.

In the present situation we also follow the similar consideration for the equilibrium

solute concentration in the storage zone. Its value is taken as 5 unit.

Effects of reaction Damköhler numbers
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(a) main channel solute concentration
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(b) storage zone solute concentration

Figure 3.4: Effects of reaction Damköhler numbers on the concentration-time pro-
files of the analytical solution given by (a) Eq. (3.37) (b) Eq. (3.38) at 2000 unit
downstream from the injection location.

In order to discuss the effects of reaction Damköhler numbers (Darm, Dars), the ef-

fects of decay and lateral inflow are not considered in the solutions of the RSTM given

by Eqs. (3.37)-(3.39). The solute concentrations in the main channel, in the storage

zone and in the stream sediment bed are calculated. The resulting concentration-time
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curves based on the analytical solutions of the above situation are presented in Figs.

3.4 and 3.5. When the solute mass is injected in the main channel of the stream, a

portion of solute mass goes into the storage zone due to exchange between the main

channel and storage zone and some amount goes into the stream sediment bed due

to adsorption. As solute mass moves along the longitudinal direction of the channel,

some amount of solute mass returns into the main channel of the stream with time due

to desorption from the stream bed. Consequently, the resulting concentration-time

curve gradually shifts to the right and the peak concentration become less compared

to the solute concentration profile for the case of no reaction. This indicates that

the solute moves faster when reaction does not take place compared to the case with

reaction. If the reaction Damköhler number in the main channel (Darm) is zero (i.e.

the stream bed is absent), the solute mass does not return to the main channel from

the sediment bed and the storage zone reaction Damköhler number acts as a sink.

As a result, the difference between the two solute concentration profiles (without and

with reaction Damköhler number in the storage zone) increases. This can be clearly

observed from the Fig. 3.4. If we choose the value of Dars as 53 (as given in Bencala

[3], Scott et al. sco03), the effects of Dars is found to be negligible on the analytical

concentration-time curve. Similar observations of Dars are noticed by Scott et al. [35]

for the observed concentrations. The value of Dars used in the present hypothetical

situation agree well with the estimated value in the work of Jonsson et al. [23] for

Chromium solute. Due to increase in the value of Darm, the kinetic transfer of solute

between the main channel and its sediment bed increases. As a result, more solute

particles enter into the sediment bed due to adsorption. Consequently, the solute con-

centrations in the stream sediment bed are increased at downstream locations (which

can be seen from Fig. 3.5). It is observed that the concentration-time curves show

similar effects of Dars in the main channel and its sediment bed.
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Figure 3.5: Effects of reaction Damköhler numbers on the concentration-time pro-
files of the analytical solution given by Eq. (3.39) at 2000 unit downstream from the
injection location for the stream sediment bed .

Effects of lateral inflow

The effects of lateral inflow rate can be studied through the results of Eq. (3.37)

without taking the decay term into consideration. The concentration profiles of the

main channel are presented in Fig. 3.6. With the increase in the lateral inflow rate,

the solute mass decreases. This can be seen from Fig. 3.6. It is observed that the

breakthrough curves show the similar effects in the storage area also. However, the

maximum reduction in the solute mass occurs when sorption takes place in both the

zones and the lateral inflow is present in the main channel (the innermost curve in

the Fig. 3.6 represents this case).

Sensitivity Analysis

A sensitivity analysis is performed for the parameters: decay Damköhler number in

the main channel (Dadm), decay Damköhler number in the storage zone (Dads), reac-

tion Damköhler number in the main channel (Darm) and reaction Damköhler number
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Figure 3.6: Effects of lateral inflow in the main channel solute concentration profiles
at 2000 unit downstream from the injection location through the analytical solution
presented in Eq. (3.37).

pj dcmin dcmax dcmax − dcmin

Dadm -456.41 0.0 456.41
Dads -41.69 0.0 41.69

Table 3.2: RSTM without sorption and lateral inflow: minimum (dcmin) and maxi-
mum (dcmax) values of sensitivity of solute concentration in the main channel to the
parameter pj respectively.

in the storage zone (Dars). Results for the sensitivities of the solute concentration to

different parameters are presented in the forms of Tables 3.2-3.3 and Figs. 3.7-3.8.

In the case of RSTM without sorption and lateral inflow, it is observed that decay

Damköhler number in the main channel (Dadm) is approximately 10 times more sensi-

tive compared to that in the storage zone (Dads), and the reaction Damköhler number

in the storage zone (Dars) is approximately 4.5 times more sensitive compared to that

in the main channel (Darm) in the case of RSTM without decay and lateral inflow.
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pj dcmin dcmax dcmax − dcmin

Darm -5.44 4.87 10.32
Dars -46.61 0.0 46.61

Table 3.3: RSTM without decay: minimum (dcmin) and maximum (dcmax) values of
sensitivity of solute concentration in the main channel to the parameter pj respectively.
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Figure 3.7: Sensitivity of decay Damköhler numbers on the concentration-time curve
(solid line) calculated with the analytical solution given by Eq. (3.37) at 2000 unit
downstream from the injection location.

3.5 Conclusions

In this chapter, analytical solutions are presented for reactive solutes in streams with

the lateral inflow and the transient storage and for a general situation in which initial

concentrations are the functions of space and lateral inflow concentration and the

storage zone equilibrium concentration are the functions of space and time. In order

to discuss results, instantaneous release of solute and a hypothetical situation are

considered. A sensitivity analysis is presented in order to identify the critical param-

eters. Effects of background concentration can be observed through the solutions for

the case of RSTM without decay, by simply adding the background concentration.

The peak values of the breakthrough curves decrease due to the effects of de-

cay Damköhler numbers. Delaying of the solute concentrations due to the reaction
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reaction Damköhler number in the

main channel

1000 2000 3000 4000 5000 6000
−50

−45

−40

−35

−30

−25

−20

−15

−10

−5

0

∂
c

m

∂
D

a
r

s

Time
1000 2000 3000 4000 5000 6000

0

0.05

0.1

0.15

0.2

0.25

0.3

C
on

ce
nt

ra
tio

n

(b) sensitivity (dashed line) to the
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Figure 3.8: Sensitivity of reaction Damköhler numbers on the concentration-time
curve (solid line) calculated with the analytical solution given by Eq. (3.37) at 2000
unit downstream from the injection location.

Damköhler number in the main channel is also noticed by our analytical solutions.

The dilution of solute concentration takes place when the effect of lateral inflow is

included. Present analytical solutions clearly reveal the effects of decay, reaction and

lateral inflow. Sensitivity analysis shows that the decay Damköhler number in the

main channel is more sensitive compared to that in the storage zone in the case of

RSTM without sorption and lateral inflow, whereas in the case of RSTM without

decay and lateral inflow, reaction Damköhler number in the storage zone is more sen-

sitive compared to that in the main channel. It can be concluded that our analytical

solutions for reactive solute transport in streams can be reliably applied for the analy-

sis of tracer experiments and transport characteristics in streams with mass exchange

in transient storage. The analytical solutions can also be used for the verification of

more complex models.
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Chapter 4

Analytical solution and analysis for
conservative solute transport in
streams with diffusive transfer in
the hyporheic zone

This chapter deals with the derivation of analytical solutions for the solute transport

in a stream in the presence of hyporheic zone where exchange of solute between the

main channel and the hyporheic zone is dominated by the diffusive exchange. In this

study we follow the model proposed by Jonsson et al. [23], for conservative solute,

which is based on mass balance approach.

4.1 Introduction

Several modelling approaches are developed to describe the solute transport in streams

with hyporheic zone. The most commonly used solute transport model is the transient

storage model (TSM) (e.g. Bencala and Walters [2], Harvey et al. [18], Hays et al.

[19], Runkel [29], Wagner and Harvey [39], Wörman [40]). The model described

in chapters 2 and 3 is based on the idea of first order mass exchange between the

main channel and the stagnant zone whereas in the present chapter the exchange of

mass between the main channel and the hyporheic zone is considered to be diffusive

exchange. The Diffusive transfer model for conservative solute was introduced by
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Main channel

Hyporheic zone

Advection
    and
dispersion

Downstream transport

diffusive   exchange

diffusion

Figure 4.1: Conceptual model describe the stream and hyporheic zone hydrologic pro-
cess for conservative solute.

Jackman et al. [21]. Like the model of Bencala and Walters [2], Jackman et al. [21]

also considered two distinct zones to describe the diffusive transfer model. The first

zone represents the main flow region, where advection and dispersion processes take

place. The second one represents the hyporheic zone area, where only diffusion takes

place. Both the zones are linked by the diffusive exchange process between them

(which can be seen from Fig. 4.1).

The model described by Jackman et al. [21] is based on the classical advection-

dispersion equations with the exchange of mass due to the lateral diffusive transfer

of solutes. Jackman et al. [21] found that the diffusion model is more complex

compared to the TSM but the diffusion model predicts the concentration profiles

better than the TSM. Maloszewski and Zuber [26] have presented similar transport

equations as described by Jackman et al. [21] but they considered the chemical

transport in a single fissure in a porous matrix. Maloszewski and Zuber [26] presented
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analytical solutions of the transport equations considering instantaneous injection

as the upstream boundary condition. In 1998, Wörman [40] found an analytical

solution of the diffusive transfer model without considering the effects of dispersion.

In 2000, he compared the diffusive transfer model with the TSM and water infiltration

model. Wörman [42] found that these three models yield similar representations of the

first three temporal moments due to instantaneous input at the upstream boundary.

De Smedt [13] considered the dispersion in the main channel to extend the work

of Wörman [40]. De Smedt [13] presented an analytical solution of the model in

the case of instantaneous injection of conservative solute for constant and uniform

flow. Jonsson and his group (2001; 2003) described the diffusive transfer model for

conservative as well as for reactive solute. However, the analytical solutions, available

in the literature, of this model are restricted to the instantaneous injection of a solute

only.

The purpose of the present study is to derive analytical solutions of the model

described by Jonsson et al. [23], for the continuous injection of a conservative solute.

The solutions are derived for a very general situation, in which the initial concen-

trations are not constant. The present analytical results for the main channel are

compared with the observed data of the Uvas Creek tracer experiment for chloride

concentration. A hypothetical situation is considered to study the effects of dilution

factor, Péclet number and porosity in the hyporheic zone on the breakthrough curves.

Step concentration-time profile is considered as upstream boundary condition.

4.2 Governing equations

The present problem describes the solute transport in streams with hyporheic zone

due to diffusive transfer between the two zones. In this study, we derive the analytical

solutions of the model proposed by Jonsson and his group [22, 23] for conservative

solutes. The model is mainly based on the mass balance approach. The following
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assumptions are also considered in order to obtain analytical solutions.

4.2.1 Assumptions for the model

1. The medium is isotropic and homogeneous in both the zones.

2. Advection and dispersion processes are affecting the solute concentration in the

main channel.

3. Advection don’t occur in the hyporheic zone and only diffusion affects the solute

concentration in this zone.

4. Solute concentration in stream water can vary only in the longitudinal direction

while the solute concentration in the hyporheic zone can vary in the longitudinal

as well as in the lateral direction.

5. Exchange of solute between the main channel and the hyporheic zone is rep-

resented by a diffusive exchange term. It is assumed that only the diffusive

exchange is occurred between the main channel and the hyporheic zone and is

driven by the concentration gradient at the interface of the stream water and

the hyporheic zone [21].

6. All parameters are assumed to be constant except the volumetric flow rate (Q?
x),

which varies exponentially along the downstream between the injection location

and the downstream sampling location.

7. Porosity in the hyporheic zone is assumed to be independent of depth.

8. There is no sorption in both the zones.

The governing equations based on the above assumptions can be written following

Jonsson [23] as:
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∂c?
m

∂t?
+

1

A?
m(1 + kr)

(
c?
m

∂Q?
x

∂x?
+ Q?

x

∂c?
m

∂x?

)
=

D?
m

1 + kr

∂2c?
m

∂x?2
+

D?
hε

A?
m

∂c?
h/ε

∂z? z?=0, (4.1)

∂c?
h

∂t?
= D?

h

∂2c?
h

∂z?2
, (4.2)

where, c?
m is the solute concentration in the main channel of stream, c?

h is the so-

lute concentration in the hyporheic zone, A?
m is the cross-sectional area of the main

channel, Q?
x is the in-stream volumetric flow rate, u?

m is the cross-sectional average

velocity in the main channel, x? is the longitudinal distance, t? is time, z? is the

lateral co-ordinate, D?
m is the dispersion coefficient in the main channel, D?

h exchange

diffusion coefficient in the hyporheic zone, ε is the porosity in the hyporheic zone (-),

kr is the ratio of the cross-sectional area of the hyporheic zone and the cross-sectional

area of the main channel (-), P ? is the wetted perimeter of the main channel and

R?
h(=

A?
m

P ? ) is the hyraulic radius.

Eq. (4.1) is obtained by linking the one-dimensional classical advection-dispersion

equation with a diffusive exchange between the main channel of the stream and the

hyporheic zone. Eq. (4.2) represents the one dimensional diffusion equation for the

hyporheic zone.

4.2.2 General boundary and initial conditions

The upstream boundary condition due to the continuous injection of solutes in the

main channel is given by

c?
m(x? = x?

0, t
?) = c?

u(t
?), (4.3)

where x?
0 is the upstream boundary location, c?

u(t
?) is the solute concentration in

the main channel of stream at x?
0 at time t?. It is also assumed that Laplace transform

of c?
u(t

?) exists and is bounded.

The other boundary condition at the downstream location is given as,
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c?
m(x? →∞, t?) = 0 for all t?, (4.4)

Apart from this, the concentrations in the main channel and in the hyporheic zone

are equal at the interface,

c?
h(x

?, z? = 0, t?) = ε c?
m(x?, t?), (4.5)

and the other boundary condition in the hyporheic zone is taken as,

c?
h(x

?, z? →∞, t?) = 0 for t? > 0, (4.6)

The initial conditions in the main channel and in the hyporheic zone are

c?
m(x?, t? = 0) = c?

minit(x
?), (4.7)

c?
h(x

?, z?, t? = 0) = c?
hinit(x

?, z?). (4.8)

where c?
minit(x

?) and c?
hinit(x

?, z?) are initial concentrations in the main channel

and in the hyporheic zone respectively.

4.2.3 Dimensionless forms of governing equations, general
boundary and initial conditions

The dimensionless forms of the governing equations, boundary and initial conditions

(4.1)-(4.8) are given as

∂cm

∂t
+

φ

(1 + kr)
cm +

1

(1 + kr)

∂cm

∂x
=

1

Pem(1 + kr)

∂2cm

∂x2
+

ε

RhPeh

∂(ch/ε)

∂z
z=0, (4.9)

∂ch

∂t
=

1

Peh

∂2ch

∂z2
, (4.10)
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cm(x0, t) = cu(t), (4.11)

cm(x →∞, t) = 0 for all t, (4.12)

ch(x, z = 0, t) = ε cm(x, t), (4.13)

ch(x, z →∞, t) = 0 for t > 0, (4.14)

cm(x, t = 0) = cminit(x), (4.15)

ch(x, z, t = 0) = chinit(x, z) (4.16)

where x
(
= x?

l?

)
is distance in the longitudinal direction, l?(≈ √

2.5A?
m) is the

characteristic length, t
(
= u?

mt?

l?

)
is time, u?

m(=
Q?

1

A?
m

) is a constant quantity, Q?
1 is the

volumetric flow rate at the sampling location, cm

(
= c?

m

c?
0

)
is concentration in the main

channel of the stream, c?
0 is the plateau concentration at the head of the tracer experi-

ment, ch

(
=

c?
hd

c?
0

)
is concentration in the hyporheic zone, cminit(x)

(
=

c?
minit(x

?)

c?
0

)
is ini-

tial concentration in the main channel, chinit(x, z)
(
=

c?
hinit(x

?,z?)

c?
0

)
is initial concentra-

tion in the hyporheic zone, cu(t)
(
= c?

u(t)
c?
0

)
is upstream concentration, Pem

(
= u?

ml?

D?
m

)

is Péclet number in the main channel, Peh

(
= u?

ml?

D?
h

)
is Péclet number in the hyporheic

zone, φ
(
= l?

u?
mA?

m

dQ?
x

dx?

)
is the dilution factor and Rh

(
=

R?
h

l?

)
is the hyraulic radius.

It is easy to see that Eq. (4.9), in the absence of dilution factor, becomes the

classical advection-dispersion equation when Peh → ∞ (i.e. the tracer particles do

not enter into the hyporheic zone).
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4.3 Analytical solution for diffusive transfer of con-

servative solutes with hyporheic zone

The analytical solutions of (4.9)-(4.16) are obtained by using Laplace transform.

By using the initial conditions (4.16) in the transformed form of Eq. (4.10), we

obtain

1

Peh

d2ch

dz2
− sch = −chinit(x, z), (4.17)

Applying the boundary conditions (4.13) and (4.14) in the solution of Eq. (4.17),

we obtain

ch(x, z, s) = e−z
√

Pehs

[
εcm +

√
Peh

2
√

s

{ ∫ +∞

0

−chinit(x, z
′
)e−z

′√
Pehsdz

′

+

∫ z

0

chinit(x, z
′
)ez

′√
Pehsdz

′
}]

+

√
Peh ez

√
Pehs

2
√

s

∫ +∞

z

chinit(x, z
′
)

× e−z
′√

Pehsdz
′
, (4.18)

where cm and ch are Laplace transforms of cm and ch respectively.

Applying Laplace transform to Eq. (4.9) and using Eqs. (4.15) and (4.18), we

obtain a linear nonhomogeneous differential equation as,

1

Pem(1 + kr)

d2cm

dx2
− 1

1 + kr

dcm

dx
−

(
s +

φ

1 + kr

+ a1

√
s

)
cm = −cminit(x)

− 1

Rh

∫ +∞

0

chinit(x, z
′
)e−z

′√
Pehsdz

′
, (4.19)

where a1 = ε
Rh
√

Peh
.

Using the boundary conditions (4.11) and (4.12) in the solution of Eq. (4.19), we

obtain
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cm(x, s) = cu(s)e
m1x

− Pem(1 + kr)

(m2 −m1)
em1x

∫ +∞

0

[
cminit(x

′
) +

∫ +∞

0

chinit(x
′
, z

′
)

Rh

e−z
′√

Pehsdz
′
]
e−m2x

′
dx

′

+
Pem(1 + kr)

(m2 −m1)
em1x

∫ x

0

[
cminit(x

′
) +

∫ +∞

0

chinit(x
′
, z

′
)

Rh

e−z
′√

Pehsdz
′
]
e−m1x

′
dx

′

+
Pem(1 + kr)

(m2 −m1)
em2x

∫ +∞

x

[
cminit(x

′
) +

∫ +∞

0

chinit(x
′
, z

′
)

Rh

e−z
′√

Pehsdz
′
]
e−m2x

′
dx

′

(4.20)

where cu(s) is the Laplace transform of cu(t) and m1,2 = Pem

2
∓

√
Pem(1 + kr)

√
Pem

4(1+kr)
+ A1

and A1 =

(
s + φ

1+kr
+ a1

√
s

)
.

With the help of convolution theorem (given in Prudnikov et al. [27], Sneddon

[36]), inverse Laplace transform of Eq. (4.20) gives,

cm(x, t) =

∫ t

0

cu(η)f1(x, t− η)dη

+

∫ +∞

0

cminit(x
′
)

(
f2(x− x

′
,−1, t)− ePemxf2(x + x

′
, +1, t)

)
dx

′

+
1

Rh

∫ +∞

0

∫ +∞

0

chinit(x
′
, z

′
)

(
f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t)

)

× dz
′
dx

′
, (4.21)

f1(x, t) =

∫ t

0

c0(x, γ)c1(a1γ, t− γ)dγ, (4.22)

f2(x, si, t) =

∫ t

0

c2(x, si, γ)c1(a1γ, t− γ)dγ, (4.23)

f3(x, si, t) =

∫ t

0

c2(x, si, γ)c1(a1γ + z
′√

Peh, t− γ)dγ, (4.24)

where

c0(x, t) =
x
√

Pem(1 + kr)

2
√

πt3
exp

(
− Pem(x(1 + kr)− t)2

4(1 + kr)t
− φt

1 + kr

)
, (4.25)
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c1(a1τ1, τ2) =
a1τ1

2
√

πτ2
3

exp

(
− (a1τ1)

2

4τ2

)
, (4.26)

c2(x, si, t) =

√
Pem(1 + kr)

2
√

πt
exp

(
− Pem(x(1 + kr) + si t)2

4(1 + kr)t
− φt

1 + kr

)
, (4.27)

The analytical solution for the hyporheic zone solute concentration is obtained by

substituting Eq. (4.20) into Eq. (4.18) and applying inverse Laplace transform as,

ch(x, z, t) = ε

[ ∫ t

0

cu(η)f4(x, t− η)dη

+

∫ +∞

0

cminit(x
′
)

(
f5(x− x

′
,−1, t)− ePemxf5(x + x

′
, +1, t)

)
dx

′

+
1

Rh

∫ +∞

0

∫ +∞

0

chinit(x
′
, z

′
)

(
f6(x− x

′
,−1, t)− ePemxf6(x + x

′
, +1, t)

)

× dx
′
dz

′
]

+

∫ +∞

0

chinit(x, z
′
)(c3(z + z

′
, t)− c3(z − z

′
, t))dz

′
, (4.28)

f4(x, t) =

∫ t

0

c0(x, γ)c1(a1γ + z
√

Peh, t− γ)dγ, (4.29)

f5(x, si, t) =

∫ t

0

c2(x, si, γ)c1(a1γ + z
√

Peh, t− γ)dγ, (4.30)

f6(x, si, t) =

∫ t

0

c2(x, si, γ)c1(a1γ + (z + z
′
)
√

Peh, t− γ)dγ, (4.31)

c3(z, t) =

√
Pehe

− z2Peh
4t

2
√

πt
, (4.32)

It is verified that Eqs. (4.21) and (4.28) are satisfying the initial-boundary problem

(4.9)-(4.16). This assures the analytical expressions given in Eqs. (4.21) and (4.28)

are the exact analytical solutions of Eqs. (4.9) and (4.10).
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x? A?
m Q?

1 D?
m kr D?

h(10−5) R?
h ε φ(10−4) Pem

m m2 m3/s m/s − m2/s m − m −
38 0.3599 0.0127 0.0183 − − − − 4.888 1.93
105 0.3977 0.0128 0.0918 − − − − 2.5742 0.35
281 0.3189 0.0134 0.0808 0.0539 2.5815 1.4772 0.8213 2.4417 0.52
433 0.3403 0.0135 0.1030 0.0449 2.7146 1.5424 0.8805 1.7508 0.39
619 0.3563 0.0143 0.0985 0.0936 3.8 1.3717 0.8432 2.2109 0.42

Table 4.1: Estimated values of parameters for the diffusive transfer model for the
observed chloride concentrations of the Uvas Creek tracer experiment.

4.4 Results and Discussion

The present analytical solution, given in Eq. (4.21), is compared with the observed

data of the Uvas Creek tracer experiment for conservative solute (chloride) as de-

scribed in chapter 2. Parameters of the model are estimated for the Uvas Creek

tracer experiment by using the large scale algorithm. A sensitivity analysis is per-

formed in order to identify the critical parameters for the present situation. Effects

of dilution factor (φ), Péclet number in the hyporheic zone (Peh) and porosity in the

hyporheic zone (ε) on solute concentration are studied for a hypothetical situation.

We use Q?
1 = Q?

0 eφx?
to calculate the cross-sectional average velocity u?

m =

Q?
1/A

?
m, where subscript 0 represents the injection location.

4.4.1 Application to tracer experiment

Uvas Creek tracer experiment for conservative solute (chloride) is used in the present

study. The parameters of the present model is estimated using the similar proce-

dure as described in chapter 2 and presented in Table 4.1. Breakthrough solute

concentrations are measured at different sampling points (i.e. x? = 38, 105, 281,

433 and 619 m respectively). In order to simulate the observed concentration pro-

files at each downstream locations by the analytical solution given in Eq. (4.21), the

solute concentration profile at upstream boundary location (x?
0 = 0) is chosen as a

step-concentration profile.
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Figure 4.2: Comparison of concentration profiles of the analytical solution given by
Eq. (4.21) (solid lines), and observed concentration profiles (open dots) of the Uvas
Creek tracer experiment for the diffusive transfer model.

Table 4.1 shows that the value of volumetric flow rate increases along the lon-

gitudinal direction of the stream. Due to increase in the value of volumetric flow

rate, solute concentration gets diluted (which can be noticed from Fig. 4.2). The

estimated value of the Péclet number in the main channel gradually decreases with

slight oscillation along the downstream as given in Table 4.1, which implies that the

dispersion of solute dominates over the advection of solute. The diffusive exchange

coefficient (D?
h) increases from the sampling location 281 m to the downstream sam-

pling locations, which indicates that the exchange between the two zones increases

along the downstream direction of the stream. This implies that there is more in-

teraction between the main channel and the hyporheic zone. The estimated values

of all other parameters (i.e. hydraulic radius, porosity and ratio of cross-sectional

areas) are found to be nearly constant along the downstream direction of the stream,

which confirm the validity of the assumption of constant parameters values made

for the mathematical models. Using the estimated values of parameters, results are
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calculated from Eq. (4.21) in the dimensionless form and presented in dimensional

form in Fig. 4.2. It shows that the simulated concentration-time curves agree well

with the observed concentration-time curves of the Uvas Creek tracer experiment.

Fig. 2.3, which is based on the TSM, shows a good agreement between the analyt-

ical and the observed concentration-time curves except at the long tails of the curves

obtained at large downstream distances. So, the TSM fails to produce accurate results

when comparisons are made with the experimental data obtained at far downstream

distances from the injection point (e.g. 619 m) at larger time. On the other hand,

Fig.4.2 shows that the diffusive transfer model is free from the above drawbacks of

the TSM and produces more accurate results. Also, the diffusive transfer model is

computationally more efficient than the TSM.

Sensitivity Analysis

Sensitivity analysis is performed to characterize the sensitivities of the parameters of

the diffusive transfer model. Sensitivities of different parameters (i.e. Péclet numbers,

(Pem, Peh); ratio of cross-sectional areas, (kr) ; hydraulic radius, (Rh) ; porosity, (ε))

are calculated at a downstream location 433 m. Results for the sensitivities of the

solute concentration to different parameters are presented in Figs. 4.3-4.5 and Table

4.2. From the table and figures, it is clear that the kr is much more sensitive compared

to the Pem, Peh, Rh and ε. It is also noticed that though Pem, Rh and ε are of the

same order of magnitude, Peh is the least sensitive parameter.

4.4.2 Hypothetical Experiment

In order to study the effects of dilution factor (φ), Péclet number in hyporheic zone

(Peh) and porosity in the hyporheic zone (ε), a hypothetical situation is considered

and the values of the parameters are used from the Table 4.3. It is assumed that 25

g/m3 of conservative solute is injected at the injection location x?
0 = 0 with a constant

rate for 5 hours. The initial concentrations in the main channel and in the hyporheic
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pj dcmin dcmax dcmax − dcmin

Pem -1.48 1.51 2.99
kr -15.67 14.61 29.78

Peh -3.62 ×10−4 0.0028 0.0032
ε -3.81 0.76 4.57

Rh -0.45 2.23 2.68

Table 4.2: Diffusive transfer model for conservative solute: minimum (dcmin) and
maximum (dcmax) values of sensitivity of solute concentration in the main channel to
the parameter pj respectively.
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Figure 4.3: Sensitivity of Péclet number in the hyporheic zone and ratio of cross-
sectional areas on the concentration-time curve (solid line) calculated with the ana-
lytical solution given by Eq. (4.21) at 433 m.

zone are considered to be constant and are assumed to be equal to 5 g/m3. Results

are obtained at a 1000 unit downstream distance from the injection location.

Effects of dilution factor (φ)

In order to discuss the effects of dilution factor, the concentration-time curves are

presented in Fig. 4.6. The increase in the dilution factor is the main cause of reduction

in the solute mass in the main channel at the downstream locations.
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Figure 4.4: Sensitivity of Péclet number in the main channel and porosity on the
concentration-time curve (solid line) calculated with the analytical solution given by
Eq. (4.21) at 433 m.

cinj x Pem Peh kr ε φ Rh

25 1000 0.4773 1.2×103 0.112 0.6761 2.2×10−4 1.3341

Table 4.3: Parameter values for the analysis of results of conservative solute for
diffusive transfer model.

Effects of Péclet number in hyporheic zone (Peh)

Results are calculated for at a 1000 unit downstream distance from the injection point

for different values of Peh(= 1.6×103, 1.2×103 and 0.7×103) and the concentration-

time curves are presented in Fig. 4.7. It shows that with the decrease in the value of

Peh, the concentration-time curve becomes more asymmetric. Fig. 4.7 also depicts

that the peak concentration value of the curve decreases and the long tail gradually

becomes more prominent with the decrease in the value of Peh. The main cause for

these effects on the concentration-time curves could be the diffusive exchange between

the main channel and the hyporheic zone.
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(solid line) calculated with the analytical solution given by Eq. (4.21) at 433 m.
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Figure 4.8: Effects of porosity on concentration-time curve at 1000 unit downstream
from the injection location.
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Effects of porosity in the hyporheic zone (ε)

In order to study the effects of porosity (ε) on the concentration-time curves in the

main channel of the stream, different values of ε are chosen and results are presented

in Fig. 4.8. It shows that the peak concentration decreases with the increase in the

value of ε. It also accounts for the clipping of the shoulders of the leading edges.

These effects are mainly because of more solute particles enter into the hyporheic

zone but reside there for the lesser period of time.

4.5 Conclusions

In this study, general analytical solutions for the continuous injection of solute are

derived. The analytical solution of the classical advection-dispersion equation can

easily be obtained from the general analytical solution of the main channel, when the

Péclet number in the hyporheic zone tends to infinity and the dilution factor becomes

zero. The analytical results of the main channel are compared with the observed data

of the Uvas Creek tracer experiment. Parameters are estimated by using the large

scale algorithm. A sensitivity analysis is performed in order to identify the critical

parameters in the present situation. Apart from this, the effects of dilution factor;

Péclet number in the hyporheic zone and porosity in the hyporheic zone are also

studied.

The analytical results for the main channel are found to be in excellent agreement

with the observed data of the Uvas Creek tracer experiment. It is observed in the

present analysis that the diffusive transfer model is computationally more efficient and

realistic compared to the TSM. Sensitivity analysis shows that the kr is much more

sensitive compared to the other parameters Pem, Peh, Rh and ε. Present analytical

solutions reveal that the solute concentration gets diluted because of dilution factor,

which is similar to the expected results. Results depict that the long tail gradually

becomes more prominent with the decrease in the Péclet number in the hyporheic
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zone. Increased porosity accounts for decrease in the peak concentration and also for

clipping of the shoulders of the leading edges at downstream locations in the main

channel. It can be concluded that the analytical solutions are reliable and usefully

applied for the analysis of tracer experiments.
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Chapter 5

Analytical solution and analysis for
reactive solute transport in
streams with diffusive transfer in
the hyporheic zone

This chapter deals with the derivation of analytical solutions for the reactive solute

in presence of the hyporheic zone where exchange of solute between the main channel

and the hyporheic zone is dominated by the diffusive exchange in the dissolved phase

of solute. In this study, we follow the model proposed by Jonsson et al. [23], which

is based on mass balance approach, for reactive solute.

5.1 Introduction

Two types of models are commonly used to describe the solute exchange between the

main channel and the storage/hyporheic zone. The first type is the transient storage

model (TSM), in which streams are divided into two distinct zones. The first zone

represents the main flow region that includes the process of advection, dispersion

and lateral inflow and the second zone includes the storage zone area. These two

zones are linked by mass exchange process between them (Bencala and Walters [2],

Runkel and Chapra [29], Wagner and Harvey [39]). Bencala [3] included kinetic

submodels in the transport equations of the TSM for conservative solute. But in these
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Main channel

Hyporheic zone

Advection
    and
dispersion

dissolved adsorbed

dissolved adsorbed

kinetic sorption

Downstream
transport

diffusive  exchange

diffusion

Instantaneous sorption

Figure 5.1: Conceptual model describe the stream and hyporheic zone hydrologic pro-
cess for reactive solute.

submodels, there is no distinct representation of the sorption process for the adsorbed

and dissolved phases of solute within the sediment. The second type of model is

based on the hypothesis of diffusive hyporheic exchange, which relates the classical

advection-dispersion equation with diffusive transfer between the main channel of the

stream and the hyporheic zone in the dissolved phase of solute (Jackman et al. [21],

Wörman [40]). Jonsson et al. [23] described that sorption on the particulate matter

is instantaneous in the stream water whereas sorption in the hyporheic zone is not so.

They considered the sorption in the hyporheic zone as a kinetic first order reaction

between the adsorbed and dissolved phases of solute in their model (which can be

seen from Fig. 5.1). The detailed study is already described in 4.1.

Jonsson [22] and Jonsson et al. [23] considered the dispersion in the main channel

and the kinetic reaction due to sorption in both the zones. They did the analysis of

conservative as well as for reactive solute, based on the Säva stream tracer experiment
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data, using the semi-analytical solution of the model.

The purpose of the present study is to derive complete analytical solution of the

model described by Jonsson [22] and Jonsson et al. [23] in the case of continuous in-

jection of reactive solutes. The solutions are derived for a general situation, in which

the initial concentrations are not constant. A hypothetical situation is considered

to study the effects of dilution factor (φ), Péclet number (Peh), porosity (ε), sorp-

tion Damköhler number (Dash) and equilibrium distribution coefficient (kh) on the

concentration-time curves in the main channel. A sensitivity analysis is presented in

order to find the critical parameters on the main channel solute concentration. An

instantaneous injection of solute is adopted as upstream boundary condition.

5.2 Governing equations

The governing equations presented in the chapter 4 is for the conservative solute

transport. The present chapter is intended to study the transport of reactive solute.

In the present problem, the exchange of solute mass between the main channel and

the hyporheic zone is due to diffusive transfer of solute. There is kinetic transfer of

solute in the hyporheic zone which takes place between the adsorbed and dissolved

phases of solute. In this study, the transport equations presented by Jonsson [22]

and Jonsson et al. [23] are followed. The model described in the chapter 4 does

not consider two distinct phases of solute concentration in any of these zones. In

the present chapter, due to reactive nature of the solute and distinct phase of solute

concentration, the following points can be included in the list of assumptions already

considered in the chapter 4.

5.2.1 Assumptions for the model

1. The exchange between the main channel and hyporheic zone is represented by

a diffusive exchange term. It is assumed that the diffusive exchange is occurred
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only in the dissolve phase of solute and is driven by the concentration gradient

at the interface of the stream water and the hyporheic zone [23].

2. In the stream water, sorption on the particulate matter attains its equilibrium

instantaneously, and the sorption in the hyporheic zone is described as a kinetic

first order reaction.

The governing equations for the model, based on the above assumptions, can be

written as (Jonsson [22], Jonsson et al. [23]):

∂c?
m

∂t?
+

1

A?
m(1 + kr)

(
c?
m

∂Q?
x

∂x?
+ Q?

x

∂c?
m

∂x?

)
=

D?
m

1 + kr

∂2c?
m

∂x?2
+

P ?εD?
h

A?
m

∂c?
hd

/ε

∂z? z?=0, (5.1)

∂c?
hd

∂t?
= D?

h

∂2c?
hd

∂z?2
− λ̂?

h(khc
?
hd
− c?

ha
), (5.2)

∂c?
ha

∂t?
= λ̂?

h(khc
?
hd
− c?

ha
), (5.3)

where c?
m(= c?

ma
+ c?

md
) is the total solute concentration in the stream water, c?

ma

is the adsorbed solute concentration in the stream water, c?
md

is the dissolved solute

concentration in the stream water, c?
ha

is the adsorbed solute concentration in the

hyporheic zone, c?
hd

is the dissolved solute concentration in the hyporheic zone, A?
m is

the cross-sectional area of the main channel, Q?
x is the volumetric flow rate, u?

m is the

cross-sectional average velocity in the main channel, x? is the longitudinal distance,

t? is time, z? is the lateral co-ordinate, D?
m is the dispersion coefficient in the main

flow, D?
h exchange diffusion coefficient in the hyporheic zone, ε is the porosity in the

hyporheic zone (-), kr is the ratio of the cross-sectional area of the hyporheic zone

and the cross-sectional area of the main channel (-), λ̂?
h is the sorption rate coefficient

in the hyporheic zone, kh(=
c?
ha

c?
hd

) is the equilibrium distribution coefficient in the

hyporheic zone and P ? is the wetted perimeter of the main channel.
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Eq. (5.1) is obtained by linking the one-dimensional classical advection-dispersion

equation for the main channel with a diffusive exchange between the main channel

of stream and the hyporheic zone. Eq. (5.2) represents the one-dimensional diffusion

equation for the dissolved solute concentration in the hyporheic zone with a first order

kinetic reaction between the adsorbed and dissolved solute concentrations. Eq. (5.3)

represents a first order linear relationship between the adsorbed and dissolved phases

of solute concentration in the hyporheic zone.

5.2.2 General boundary and initial conditions

The upstream boundary condition due to the continuous injection of solutes in the

main channel is given by

c?
m(x? = x?

0, t
?) = c?

u(t
?), (5.4)

where x?
0 is the upstream boundary location, c?

u(t
?) is the solute concentration in

the stream water at x?
0 at time t?. It is also assumed that Laplace transform of c?

u(t
?)

exists and is bounded.

The other boundary condition at the downstream location is given as,

c?
m(x? →∞, t?) = 0 for all t?, (5.5)

Apart from this, the dissolved phase concentrations in the main channel and in

the hyporheic zone are equal

c?
hd

(x?, z? = 0, t? ≥ 0) = ε c?
md

(x?, t? ≥ 0), (5.6)

and the other boundary condition in the hyporheic zone is taken as,

c?
hd

(x?, z? →∞, t?) = 0 for t? > 0, (5.7)

The initial conditions in the main channel and in the hyporheic zone are
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c?
m(x?, t? = 0) = c?

minit(x
?), (5.8)

c?
hd

(x?, z?, t? = 0) = c?
hdinit

(x?, z?), (5.9)

c?
ha

(x?, z?, t? = 0) = c?
hainit

(x?, z?). (5.10)

where c?
minit(x

?), c?
hdinit

(x?, z?) and c?
hainit

(x?, z?) are initial concentrations of solute

in the main channel, in the dissolved and in the adsorbed phases of hyporheic zone

respectively.

5.2.3 Dimensionless forms of governing equations, general
boundary and initial conditions

The dimensionless forms of the governing equations, boundary and initial conditions

(5.1)-(5.10) are given as

∂cm

∂t
+

φ

(1 + kr)
cm +

1

(1 + kr)

∂cm

∂x
=

1

Pem(1 + kr)

∂2cm

∂x2
+

ε

RhPeh

∂(chd
/ε)

∂z
z=0, (5.11)

∂chd

∂t
=

1

Peh

∂2chd

∂z2
−Dash(khchd

− cha), (5.12)

∂cha

∂t
= Dash(khchd

− cha), (5.13)

cm(x0, t) = cu(t), (5.14)

cm(x →∞, t) = 0 for all t, (5.15)

chd
(z = 0, t) = ε cmd

(x, t), (5.16)
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chd
(z →∞, t) = 0 for t > 0, (5.17)

cm(x, t = 0) = cminit(x), (5.18)

chd
(x, z, t = 0) = chdinit

(x, z), (5.19)

cha(x, z, t = 0) = chainit
(x, z), (5.20)

where x
(
= x?

l?

)
is the distance in the longitudinal direction, l?(≈ √

2.5A?
m) is the

characteristic length, t
(
= u?

mt?

l?

)
is the time, u?

m(=
Q?

1

A?
m

) is a constant quantity, Q?
1 is

the volumetric flow rate at the sampling location, cm

(
= c?

m

c?
0

)
is the concentration in

the main channel of the stream, c?
0 is the plateau concentration at the head of the

tracer experiment, ch

(
=

c?
h

c?
0

)
is the concentration in the hyporheic zone, chd

(
=

c?
hd

c?
0

)
is

the concentration in dissolved form in hyporheic zone, cha

(
=

c?
ha

c?
0

)
is the concentration

in adsorbed form in hyporheic zone, cminit(x)
(
=

c?
minit(x

?)

c?
0

)
is the initial concentration

in the main channel, chdinit
(z)

(
=

c?
hdinit

(z?)

c?
0

)
is initial concentration in dissolved form

in hyporheic zone, chainit
(z)

(
=

c?
hainit

(z?)

c?
0

)
is initial concentration in adsorbed form

in hyporheic zone, cu(t)
(
= c?

u(t)
c?
0

)
is the upstream concentration, Pem

(
= u?

ml?

D?
m

)
is

the Péclet number in the main channel, Peh

(
= u?

ml?

D?
h

)
is the Péclet number in the

hyporheic zone, Dash

(
=

λ̂?
hl?

u?
m

)
is the sorption Damköhler number in the hyporheic

zone and φ
(
= l?

u?
mA?

m

dQ?
x

dx?

)
is the dilution factor.

5.3 Analytical solution for diffusive diffusive trans-

fer of reactive solutes with hyporheic zone

The analytical solutions of (5.11)-(5.20) are obtained by using Laplace transform.

Using the given initial conditions (5.19) and (5.20) in the transformed forms of

Eqs. (5.12) and (5.3), we get
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1

Peh

d2chd

dz2
− A1chd

= −chdinit
(x, z)− Dashchainit(x, z)

s + Dash

, (5.21)

cha =
chainit

(x, z) + khDashchd

s + Dash

, (5.22)

where A1 = s + khDash − khDa2
sh

s+Dash
, chd

and cha are Laplace transforms of chd
and

cha respectively.

Using the boundary conditions (5.16) and (5.17) in the solution of Eq. (5.21), we

obtain,

chd
(x, z, s) = e−z

√
PehA1

[
εcm

1 + kd

+

√
Peh

2
√

A1

{ ∫ +∞

0

−A2(x,−1, z
′
)dz

′

+

∫ z

0

A2(x, +1, z
′
)dz

′
}]

+

√
Peh ez

√
PehA1

2
√

A1

∫ +∞

z

A2(x,−1, z
′
)dz

′
,

(5.23)

where cm is Laplace transform of cm and

A2(x, si, z
′
) =

(
chdinit

(x, z
′
) +

Dashchainit(x, z
′
)

s + Dash

)
esi z

′√
PehA1

On applying Laplace transform to Eq. (5.11), using Eqs. (5.18) and (5.23), we

obtain a non-homogeneous differential equation as,

1

Pem(1 + kr)

d2cm

dx2
− 1

1 + kr

dcm

dx
− A3cm = −cminit(x)− 1

Rh

∫ +∞

0

A2(x,−1, z
′
)dz

′

(5.24)

where A3 =

(
s + φ

1+kr
+ a1

√
A1

)
and a1 = ε

Rh(1+kd)
√

Peh
.

Using the boundary conditions (5.14) and (5.15) in the solution of Eq. (5.24), we

obtain

cm(x, s) = cu(s)e
m1x +

Pem(1 + kr)

(m2 −m1)

[
− em1x

∫ +∞

0

A4(x
′
)e−m2x

′
dx

′

+ em1x

∫ x

0

A4(x
′
)e−m1x

′
dx

′
+ em2x

∫ +∞

x

A4(x
′
)e−m2x

′
dx

′
]
, (5.25)
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where cu(s) is the Laplace transform of cu(t) and m1,2 = Pem

2
∓

√
Pem(1 + kr)

√
Pem

4(1+kr)
+ A3

and A4(x
′
) = cminit(x

′
) + 1

Rh

∫ +∞
0

A2(x
′
,−1, z

′
)dz

′

With the help of convolution theorem (given in Prudnikov et al. [27], Sneddon

[36]), inverse Laplace transform of Eq. (5.25) gives,

cm(x, t) =

∫ t

0

cu(η)f1(x, t− η)dη

+

∫ +∞

0

cminit(x
′
)

(
f2(x− x

′
,−1, t)− ePemxf2(x + x

′
, +1, t)

)
dx

′

+
1

Rh

∫ +∞

0

∫ +∞

0

chdinit
(z

′
)

(
f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t)

)
dz

′
dx

′

+
Dash

Rh

∫ +∞

0

∫ +∞

0

chainit
(z

′
)

(
f4(x− x

′
,−1, t)− ePemxf4(x + x

′
, +1, t)

)
dz

′
dx

′
,

(5.26)

f1(x, t) =

∫ t

0

c0(x, γ)

[
c1(a1γ, t− γ)e−khDash(t−γ)

+ Dash

∫ t−γ

0

c1(a1γ, µ)e−a2−a3

√
a2

a3

I1(2
√

a2a3)dµ

]
dγ, (5.27)

f2(x, si, t) =

∫ t

0

c2(x, si, γ)

[
c1(a1γ, t− γ)e−khDash(t−γ)

+ Dash

∫ t−γ

0

c1(a1γ, µ)e−a2−a3

√
a2

a3

I1(2
√

a2a3)dµ

]
dγ, (5.28)

f3(x, si, t) =

∫ t

0

c2(x, si, γ)

[
c1(a1γ + z

′√
Peh, t− γ)e−khDash(t−γ)

+ Dash

∫ t−γ

0

c1(a1γ + z
′√

Peh, µ)e−a2−a3

√
a2

a3

I1(2
√

a2a3)dµ

]
dγ,

(5.29)

f4(x, si, t) =

∫ t

0

c2(x, si, γ)

[ ∫ t−γ

0

c1(a1γ + z
′√

Peh, µ)e−a2−a3I0(2
√

a2a3)dµ

]
dγ,

(5.30)
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where a2 = khDashµ, a3 = Dash(t− γ − µ),

c0(x, t) =
x
√

Pem(1 + kr)

2
√

πt3
exp

(
− Pem(x(1 + kr)− t)2

4(1 + kr)t
− φt

1 + kr

)
, (5.31)

c1(a1τ1, τ2) =
a1τ1

2
√

πτ2
3

exp

(
− (a1τ1)

2

4τ2

)
, (5.32)

c2(x, si, t) =

√
Pem(1 + kr)

2
√

πt
exp

(
− Pem(x(1 + kr) + si t)2

4(1 + kr)t
− φt

1 + kr

)
, (5.33)

The analytical solution for the hyporheic zone solute concentration is obtained by

substituting Eq. (5.25) into Eq. (5.23) and applying inverse Laplace transform as,

ch(x, z, t) =
ε(1 + kh)

1 + kd

[ ∫ t

0

cu(η)f5(x, t− η)dη

+

∫ +∞

0

cminit(x
′
)

(
f6(x− x

′
,−1, t)− ePemxf6(x + x

′
, +1, t)

)
dx

′

+
1

Rh

∫ +∞

0

∫ +∞

0

(chdinit
(x

′
, z

′
)

(
f7(x− x

′
,−1, t)− ePemxf7(x + x

′
, +1, t)

)
dx

′
dz

′

+
Dash

Rh

∫ +∞

0

∫ +∞

0

chainit
(x

′
, z

′
)

(
f8(x− x

′
,−1, t)− ePemxf8(x + x

′
, +1, t)

)

× dx
′
dz

′
]

+ (1 + kh)

∫ +∞

0

chdinit
(x, z

′
)(f9(z + z

′
, t)− f9(z − z

′
, t))dz

′

+ Dash

∫ +∞

0

chainit
(x, z

′
)(f10(z + z

′
, t)− f10(z − z

′
, t))dz

′
, (5.34)

f5(x, t) =

∫ t

0

c0(x, γ)

[
c1(a1γ + z

√
Peh, t− γ)e−khDash(t−γ)

+ Dash

∫ t−γ

0

c1(a1γ + z
√

Peh, µ)e−a2−a3

√
a2

a3

I1(2
√

a2a3)dµ

]
dγ,(5.35)

f6(x, si, t) =

∫ t

0

c2(x, si, γ)

[
c1(a1γ + z

√
Peh, t− γ)e−khDash(t−γ)

+ Dash

∫ t−γ

0

c1(a1γ + z
√

Peh, µ)e−a2−a3

√
a2

a3

I1(2
√

a2a3)dµ

]
dγ,

(5.36)
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f7(x, si, t) =

∫ t

0

c2(x, si, γ)

[
c1(a1γ + z

√
Peh, t− γ)e−khDash(t−γ)

+ Dash

∫ t−γ

0

c1(a1γ + z
√

Peh, µ)e−a2−a3

√
a2

a3

I1(2
√

a2a3)dµ

]
dγ,

(5.37)

f8(x, si, t) =

∫ t

0

c2(x, si, γ)

[ ∫ t−γ

0

c1(a1γ + (z + z
′
)
√

Peh, µ)e−a2−a3I0(2
√

a2a3)dµ

]
dγ,

(5.38)

f9(z, t) = c3(z, t)e
−khDasht + Dash

∫ t

0

c3(z, γ)e−a4−a5

√
a4

a5

I1(2
√

a4a5)dγ, (5.39)

f10(z, t) =

∫ t

0

c3(z, γ)e−a4−a5I0(2
√

a4a5)dγ, (5.40)

a4 = khDashγ, a5 = Dash(t− γ)

c3(z, t) =

√
Pehe

− z2Peh
4t

2
√

πt
, (5.41)

It is verified that Eqs. (5.26) and (5.34) satisfy the initial-boundary problem

(5.11)-(5.20). This assures the analytical expressions given in Eqs. (5.26) and (5.34)

are the exact analytical solutions of Eqs. (5.11)-(5.13).

5.4 Results and Discussion

Effects of dilution factor, Péclet number, porosity, sorption Damköhler number and

equilibrium distribution coefficient in the hyporheic zone on the concentration-time

curves in the main channel are studied for a hypothetical situation. A sensitivity

analysis is presented in order to obtain the critical parameters for reactive solute. u?
m

is calculated in the similar way as described in the section 4.4.
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x M Pem Peh kr ε φ Rh kh

500 500 0.4275 1.0443×103 0.112 0.6761 2.2×10−4 1.3341 2.0×10+4

Table 5.1: Parameter values for the analysis of results of reactive solute for diffusive
transfer model.

5.4.1 Hypothetical Experiment

In order to discuss the effects of dilution factor (φ), Péclet number in the hyporheic

zone (Peh), porosity in the hyporheic zone (ε), sorption Damköhler number in the

hyporheic zone (Dash) and equilibrium distribution coefficient in the hyporheic zone

(kh) on the main channel solute concentration, a hypothetical situation is considered

and the parameters values are chosen from the Table 5.1.

An instantaneous injection (M?

Q?
0
δ(t?)) serves as upstream boundary at the injection

location, so the upstream boundary condition in the dimensionless form will be,

cm(x0 = 0, t) = cu(t) = Mδ(t). (5.42)

where M

(
= M?u?

m

Q?
0l?c?

0

)
is the dimensionless mass, M? is the injected mass and Q?

0

is the volumetric flow rate at the injection location.

The analytical solution for the main channel is obtained from the Eq. (5.26),

using the upstream boundary condition given in Eq. (5.42), as

cm(x, t) = Mf1(x, t), (5.43)

where f1 is given by Eq. (5.27).

The solute concentration profiles for the main channel is calculated at 500 unit

downstream from the injection location x0 = 0 using the time step ∆t = 0.05.

Effects of dilution factor (φ)

In order to discuss the effects of dilution factor, the concentration-time curves are

presented in Fig. 5.2. The increase in the dilution factor decreases the peak value of
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Figure 5.2: Effects of dilution factor on concentration-time curve at 500 unit down-
stream from the injection location.

the concentration-time curve in the main channel at downstream locations and the

overall solute concentration also gets diluted (which can be seen from Fig. 5.2).

Effects of Péclet number in hyporheic zone (Peh)

Results are obtained at 500 unit downstream from the injection location for differ-

ent values of Peh(= 1.20×103, 1.04×103 and 0.63×103) and the concentration-time

curves are presented in Fig. 5.3. It shows that with the decrease in the value of Peh,

the concentrations of the front shoulder of the concentration-time curve decreases.

Difference between any two curves for different Péclet numbers increases with time

and reaches its maximum at the peak. As time elapses the difference become insignif-

icant. Fig. 5.3 also depicts that the peak concentration decreases with the decrease

in the value of Peh. The main cause for these effects on the concentration-time curves

could be the diffusive exchange between the main channel and the hyporheic zone.
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Figure 5.3: Effects of Péclet number in the hyporheic zone on concentration-time
curve at 500 unit downstream from the injection location.
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Figure 5.4: Effects of porosity on concentration-time curve at 500 unit downstream
from the injection location.
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Figure 5.5: Effects of sorption Damköhler number in the hyporheic zone and equilib-
rium distribution coefficient in the hyporheic zone on the concentration-time curve at
500 unit downstream from the injection location.

Effects of porosity in the hyporheic zone (ε)

In order to study the effects of porosity (ε) on the concentration-time curves in the

main channel of stream, different values of ε are chosen and results are presented in

Fig. 5.4. It shows that the peak value of the concentration-time curve decreases with

the increase in the value of ε. It is seen that the concentration graph moves towards

right with decrease in ε. This effect is mainly because of more solute particles enter

into the hyporheic zone but reside there for the lesser period of time.

Effects of the sorption Damköhler number and equilibrium distribution
coefficient in the hyporheic zone

In order to discuss the effects of the sorption Damköher number (Dash) and equilib-

rium distribution coefficient (kh), the resulting concentration-time curves based on

the analytical solution are presented in Fig. 5.5. Due to increase in the value of

Dash and kh, the value of concentration decreases after passing the front edge of the
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pj dcmin dcmax dcmax − dcmin

Pem -7.27 9.95 17.21
kr -67.33 41.58 108.91

Peh -5.18 ×10−4 0.0036 0.0041
ε -11.18 1.60 12.78

Rh -0.81 5.67 6.48
Dash -6.16 ×109 0.0 6.16 ×109

Table 5.2: Diffusive transfer model for reactive solute: minimum (dcmin) and maxi-
mum (dcmax) values of sensitivity of solute concentration in the main channel to the
parameter pj respectively.

concentration-time curves. Normally, the solute particles enter into the hyporheic

zone due to the diffusive transfer between the main channel and the hyporheic zone.

These particles reside for a longer time in the hyporheic zone due to slow kinetic

transfer of solute between the adsorbed and dissolved phases of the solute in the

hyporheic zone.

Sensitivity Analysis

Sensitivity analysis is performed to elucidate the most sensitive parameters on the

main channel concentrations. Sensitivities of different parameters (i.e. Péclet num-

bers, (Pem, Peh); ratio of cross-sectional areas, (kr) ; hydraulic radius, (Rh) ; porosity,

(ε); sorption Damköhler number in the hyporheic zone (Dash)) are calculated at 500

unit downstream from the injection location. Results for the sensitivities of the solute

concentration to different parameters are presented in Figs. 5.6-5.8 and Table 5.2.

From the table and figures, it is clear that Dash is the most sensitive and Peh is

the least sensitive parameters. Among rest of the parameters, kr is relatively more

sensitive.

5.5 Conclusions

In this chapter, general analytical solutions for the continuous injection of reactive

solute are presented. A hypothetical situation is considered to study the effects of
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Figure 5.6: Sensitivity of Péclet number in the hyporheic zone and ratio of cross-
sectional areas on the concentration-time curve (solid line) calculated with the analyt-
ical solution given by Eq. (5.43) at 500 unit downstream from the injection location.

400 500 600 700 800 900 1000 1100
−8

−6

−4

−2

0

2

4

6

8

10

∂
c

m

∂
P

e
m

Time
400 500 600 700 800 900 1000 1100

0

2

4

6

8

10

C
on

ce
nt

ra
tio

n

(a) sensitivity (dashed line) to main
channel Péclet number

400 500 600 700 800 900 1000 1100
−12

−10.0

−8.0

−6.0

−4.0

−2.0

0.0

2

∂
c

m

∂
ε

Time
400 500 600 700 800 900 1000 1100

0

2

4

6

8

10

C
on

ce
nt

ra
tio

n

(b) sensitivity (dashed line) to ratio of
cross-sectional areas

Figure 5.7: Sensitivity of Péclet number in the main channel and porosity in the hy-
porheic zone on the concentration-time curve (solid line) calculated with the analytical
solution given by Eq. (5.43) at 500 unit downstream from the injection location.

dilution factor, Péclet number, porosity, sorption Damköhler number and equilibrium

distribution coefficient in the hyporheic zone on the concentration-time curves in

the main channel. A sensitivity analysis is presented in order to find the critical

parameters on the solute concentration in the main channel. Results are presented
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Figure 5.8: Sensitivity of hydraulic radius and sorption Damköhler number in the hy-
porheic zone on the concentration-time curve (solid line) calculated with the analytical
solution given by Eq. (5.43) at 500 unit downstream from the injection location.

for the instantaneous injection of solute.

Present analytical solutions reveal that the solute concentration gets diluted be-

cause of the dilution factor, as expected. With the increase in the value of porosity

(ε), the solute concentration in the main channel decreases. With the decrease in the

value of Péclet number in the hyporheic zone (Peh), the overall solute concentration

in the main channel decreases. Due to increase in the value of the sorption rate co-

efficient in the hyporheic zone, solute particles once enter into the hyporheic zone,

reside for a longer time in the hyporheic zone. Sensitivity analysis shows that the

Damköhler number in the hyporheic zone is the most sensitive parameter among all

the parameters.
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Chapter 6

Conclusions

6.1 Observations and Remarks

This thesis focuses on the derivation of analytical solutions of the transient storage

models. To analyze the different properties (e.g. hydrological, geochemical) of the

solute transport in streams, new analytical solutions are derived for conservative as

well as for reactive solutes for a general situation, in which initial concentrations are

not constant. These solutions are derived with the help of Laplace transform. Ana-

lytical solutions for conservative solute are compared with the existing experimental

data of the Uvas Creek tracer experiment for chloride concentration. A sensitivity

analysis is performed in order to find the critical parameters on solute concentrations

for the transient storage models. Also, effects of different parameters, that represent

physical, chemical and hydrological processes are studied. A step concentration-time

profile is used as an upstream boundary condition for conservative solute, whereas

an instantaneous injection of solute is used as an upstream boundary condition for

reactive solute.

Analytical solution for the conservative solutes in streams with lateral inflow and

transient storage is derived. The analytical solution for the case of no storage zone

can easily be obtained from the present analytical solution. Analytical solution for the

main channel of stream is applied for the analysis of the Uvas Creek tracer experiment.

The analytical results are found to be in good agreement with the observed data
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of the Uvas Creek tracer experiment. Sensitivity analysis shows that the exchange

Damköhler number in the main channel (Daem) and lateral inflow rate (qL) are much

more sensitive compared to the Péclet number in the main channel (Pem) and ratio

of cross-sectional areas (kr). Due to the presence of lateral inflow rate, solute mass

gets diluted at downstream locations. Due to the the exchange Damköhler number

also, the solute mass gets reduced but the long tail appears in the downstream edge

of the concentration profile.

Analytical solutions of the reactive solutes by including the effects of decay and re-

action are also derived for a general situation in which initial concentrations are func-

tion of space, lateral inflow concentration and the storage zone equilibrium concentra-

tion are both the function of time and space. Results are presented for instantaneous

release of the solute for a hypothetical situation. Effects of background concentration

can be realized through the solutions in the case of RSTM without decay, by sim-

ply adding the background concentration. It is observed that the peak values of the

concentration-time curves decrease with the increase in the decay Damköhler num-

bers. Delaying of the solute concentration profiles with the increase in the reaction

Damköhler number in the main channel is also noticed by our analytical solutions.

The dilution of solute concentration takes place when the effect of lateral inflow is

included. Present analytical solutions clearly reveal the effects of decay, reaction

Damköhler numbers and lateral inflow. Sensitivity analysis shows that the decay

Damköhler number in the main channel is more sensitive compared to that in the

storage zone in the case of RSTM without sorption and lateral inflow, whereas in the

case of RSTM without decay and lateral inflow, the reaction Damköhler number in

the storage zone is more sensitive compared to that in the main channel.

Analytical solutions of the diffusive transfer model are derived for conservative

solute for a general situation in which the initial concentrations are not constant.

The analytical solution of the classical advection-dispersion equation can be obtained
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from the general analytical solution of the main channel, when the Péclet number in

the hyporheic zone tends to infinity in the absence of dilution factor. Solutions are

used to analyze the parameters of the model for the Uvas Creek tracer experiment

for chloride concentration. The analytical results are found to be in good agreement

with the observed data of the Uvas Creek tracer experiment. It is observed that the

diffusive transfer model is computationally more efficient and realistic compared to

the TSM. Sensitivity analysis shows that the ratio of the cross-sectional areas (kr) is

much more sensitive compared to the other parameters Péclet numbers (Pem, Peh),

hydraulic radius (Rh) and porosity (ε) and Peh is less sensitive. Present analytical

solutions reveal that the solute concentration becomes diluted because of the dilution

factor, which is similar to the expected results. Results depict that the long tail

gradually becomes prominent with the increase in the Péclet number in the hyporheic

zone. Increased porosity accounts for decrease in the peak concentration and also for

clipping of the shoulders of the leading edges at downstream locations in the main

channel.

New analytical solutions for the reactive solutes by including the effects of sorption

in the hyporheic zone are derived for a general situation in which initial concentrations

are not constant. Present analytical solutions reveal that with the decrease in the

value of Peh, the overall solute concentration in the main channel decreases. Due

to increase in the value of the sorption rate coefficient in the hyporheic zone, solute

particles once enter into the hyporheic zone, reside for a longer time in the hyporheic

zone. Sensitivity analysis shows that the Damköhler number in the hyporheic zone

is the most sensitive parameter.

The analytical solutions derived in this thesis are useful in several situations.

1. Models describe the different properties (e.g. hydrological, geochemical) of the

solute transport in streams. These models also describe the exchange processes

between the main channel and the storage/hyporheic zone. Similar type of
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equations are generally used in the study of soil dynamics, heat transfer and

porous media. Thus, it can be concluded that solutions can be reliably applied

to these kind of studies.

2. Analytical solutions play an important role in the testing of models evaluated

by numerical methods. These analytical solutions can be used as tools to verify

the numerical schemes used in the transport problems and the accuracy of their

solutions.

3. The solutions can also be used as tools to verify the complex models for solute

transport problems.

4. The examination of the sensitivity of each parameter (hydrological or chemical)

to the behavior of the transport process is easy to perform, when the analytical

solutions are available.

5. The closed form analytical solutions are obtained based on the fact that the vol-

umetric flow rate varies linearly and exponentially between the injection location

and downstream sampling location for the two different transport models. It

is noticed that the closed form analytical solutions are in good agreement with

the observed results. So, it can be concluded that the present analytical so-

lutions can be reliably applied for the analysis of processes involved in tracer

experiments.

6.2 Scope for future work

The work also opens up a host of interesting research possibilities, the major ones of

which are listed below.

1. As mentioned earlier, we have derived general analytical solutions for the tran-

sient storage models in the case of stagnant water zones (where advection and
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dispersion are absent) and hyporheic zone (where only diffusion processes are

taking place). This opens up the possibility to derive the analytical solutions

in which advection and dispersion processes are included in the hyporheic zone

also.

2. All the analytical solutions derived in this work are obtained by considering

the medium to be homogeneous. This opens up the possibility to derive the

analytical solutions for more complex models involving nonlinearities and het-

erogeneity.

3. The analytical solutions for the diffusive transfer model are found in which the

first order kinetic reaction is considered in the hyporheic zone only. This opens

up the possibility to derive the analytical solutions for the model in which the

first order kinetic reaction can be assumed in the main channel as well.
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Appendix A

Outline to find inverse Laplace
transform

The purpose of this appendix is to give an outline to find inverse Laplace transform

with the help of the generalized convolution theorem of the Laplace transform given

in Sneddon [36].

Eq. (3.20) is written as,

cm(x, s) = cu(s)e
m1x − Pemem1x

(m2 −m1)

∫ +∞

0

R2(x
′
)e−m2x

′
dx

′

+
Pemem1x

(m2 −m1)

∫ x

0

R2(x
′
)e−m1x

′
dx

′
+

Pemem2x

(m2 −m1)

∫ +∞

x

R2(x
′
)e−m2x

′
dx

′
,

(A.1)

where

m1,2 =
Pem

2
∓

√
Pem

√
Pem

4
+ R1(s),

R1(s) =

(
s+qL+Dadm+Daem+ρkdDarm− Da2

em

kr

(
s + Daem

kr
+ Dars + Dads

)− ρkdDa2
rm

s + Darm

)
,

R2(x) = cminit(x) +
Daem(csinit(x) + Darsĉs(x, s))

s + Daem

kr
+ Dars + Dads

+
ρDarmcsedinit(x)

s + Darm

+ qLcL(x, s),

cL(x, s) and cu(s) are the Laplace transforms of cL(x, t) and cu(t) respectively.
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The following procedure is used to find the inverse Laplace transform of the first term

on the right hand side of the Eq. (A.1), which is

cu(s)e
Pemx

2
−x
√

Pem

√
Pem

4
+R1(s).

This term is the product of two individual functions: the first function is cu(s) and

the second one is e
Pemx

2
−x
√

Pem

√
Pem

4
+R1(s). Inverse Laplace transform of first function

cu(s) is cu(t). In order to find inverse Laplace transform of the second function, we

consider

L[f1(x, t)] = f 1(x, s) = e
Pemx

2
−x
√

Pem

√
Pem

4
+R1(s), (A.2)

To obtain inverse Laplace transform of Eq. (A.2), we make use of the generalized

convolution theorem of the Laplace transform given in Sneddon [36] as

L

[ ∫ t

0

f(γ, t− γ)dγ; t → s

]
= L{L[f(t1, t2); t2 → s]; t1 → s} (A.3)

Inverse Laplace transform is performed in two steps by considering two different

indices of Laplace variable such as s1 = s2 = s. So, the Eq. (A.2) can be written as

f 1(x, s1, s2) = e
Pemx

2
−x
√

Pem

√
Pem

4
+R1(s1,s2), (A.4)

where

R1(s1, s2) =

(
s1 + qL + Dadm + Daem + ρkdDarm − Da2

em

kr

(
s2 + Daem

kr
+ Dars + Dads

)

− ρkdDa2
rm

s2 + Darm

)
.

The inverse Laplace transform of Eq. (A.4) with respect to s1 gives

L[f1(x, t1, t2); t2 → s2] = e
Pemx

2
x
√

Pem

2
√

πt31
e
−x2Pem

4t1 e−R
′
1(s2)t1 , (A.5)

where

R
′
1(s2) =

Pem

4
+qL+Dadm+Daem+ρkdDarm− Da2

em

kr

(
s2 + Daem

kr
+ Dars + Dads

)− ρkdDa2
rm

s2 + Darm
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Eq. (A.5) can be rewritten as

L[f1(x, t1, t2); t2 → s2] = c0(x, t1)e
−(Daem+ρkdDarm)t1eR

′
2(s2)t1eR

′
3(s2)t1 , (A.6)

where

c0(x, t1) =
x
√

Pem

2
√

πt1
3
e
−Pem(x−t1)2

4t1
−(Dadm+qL)t1 ,

R
′
2(s2) =

Da2
em

kr

(
s2 + Daem

kr
+ Dars + Dads

) and R
′
3(s2) =

ρkdDa2
rm

s2 + Darm

.

Inverse Laplace transform of eR
′
2(s2)t1 and eR

′
3(s2)t1 with respect to s2 ([27]) gives,

L−1
s2

[eR
′
2(s2)t1 ] = e−(Daem

kr
+Dars+Dads)t2

{
δ(t2)+Daem

√
t1

krt2
I1

(
2

√
Da2

em

kr

t1t2

)}
, (A.7)

I1 is the modified Bessel function of first kind, and of order one,

L−1
s2

[eR
′
3(s2)t1 ] = e−Darmt2

{
δ(t2) + Darm

√
ρkdt1

t2
I1

(
2
√

ρDa2
rmkdt1t2

)}
(A.8)

The standard convolution theorem of the Laplace transform given in Sneddon [36] as

L−1[f(s)g(s)] =

∫ t

0

f(t)g(t− µ)dµ (A.9)

In view of Eqs. (A.7)-(A.9), the inverse Laplace transform of eR
′
2(s2)t1eR

′
3(s2)t1 with

respect to s2 gives,

L−1
s2

[eR
′
2(s2)t1eR

′
3(s2)t1 ] =

∫ t2

0

e−(Daem
kr

+Dars+Dads)µ

{
δ(µ) + Daem

√
t1

krµ

× I1

(
2

√
Da2

em

kr

t1µ

)}
e−Darm(t2−µ)

{
δ(t2 − µ) + Darm

√
ρkdt1
t2 − µ

× I1

(
2
√

ρDa2
rmkdt1(t2 − µ)

)}
dµ. (A.10)

Now, Eq. (A.6) can be rewritten as

f1(x, t1, t2) = c0(x, t1)e
−(Daem+ρkdDarm)t1

∫ t2

0

e−(Daem
kr

+Dars+Dads)µ

{
δ(µ)

+ Daem

√
t1

krµ
I1

(
2

√
Da2

em

kr

t1µ

)}
e−Darm(t2−µ)

{
δ(t2 − µ)

+ Darm

√
ρkdt1
t2 − µ

I1

(
2
√

ρDa2
rmkdt1(t2 − µ)

)}
dµ. (A.11)
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In view of Eqs. (A.2) and (A.3), Eq. (A.11) yields

f1(x, t) =

∫ t

0

c0(x, γ)e−(Daem+ρkdDarm)γ

∫ t−γ

0

e−(Daem
kr

+Dars+Dads)µ

{
δ(µ)

+ Daem

√
γ

krµ
I1

(
2

√
Da2

em

kr

γµ

)}
e−Darm(t−γ−µ)

{
δ(t− γ − µ)

+ Darm

√
ρkdγ

t− γ − µ
I1

(
2
√

ρDa2
rmkdγ(t− γ − µ)

)}
dµdγ, (A.12)

Using the property of Dirac delta function in the Eq. (A.12), we get

f1(x, t) = c0(x, t)e−(Daem+ρkdDarm)t

+
Daem

kr

∫ t

0

c0(x, γ)e−a−b−p−r

√
a

b
I1(2

√
ab)dγ

+ Darm

∫ t

0

c0(x, γ)e−a−p−q

√
p

q
I1(2

√
pq)dγ

+
DaemDarm

kr

∫ t

0

c0(x, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
ap

b1q1

I1(2
√

ab1)

× I1(2
√

pq1)dµdγ, (A.13)

where

a = Daemγ, b =
Daem

kr

(t− γ), p = ρkdDarmγ, q = Darm(t− γ),

b1 =
Daem

kr

µ, r1 = (Dads + Dars)µ, q1 = Darm(t− γ − µ),

and

c0(x, t) =
x
√

Pem

2
√

πt3
e−

Pem(x−t)2

4t
−(Dadm+qL)t, (A.14)

Inverse Laplace transform of cu(s)e
Pemx

2
−x
√

Pem

√
Pem

4
+R1(s) is now obtained by means

of Eq. (A.9) and is expressed as
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∫ t

0

cu(γ)f1(x, t− γ)dγ, (A.15)

In the similar way, we can find inverse Laplace transform of other terms present in

the right hand side of the Eq. (A.1). Hence, the complete analytical solution of Eq.

(A.1) can be written as:

cm(x, t) =

∫ t

0

cu(η)f1(x, t− η)dη

+

∫ +∞

0

[
cminit(x

′
)(f2(x− x

′
,−1, t)− ePemxf2(x + x

′
, +1, t))

+ Daemcsinit(x
′
)(f3(x− x

′
,−1, t)− ePemxf3(x + x

′
, +1, t))

+ ρDarmcsedinit(x
′
)(f4(x− x

′
,−1, t)− ePemxf4(x + x

′
, +1, t))

+

∫ t

0

{qLcL(x
′
, η)(f2(x− x

′
,−1, t− η)− ePemxf2(x + x

′
, +1, t− η))

+ DaemDarsĉs(x
′
, t)(f3(x− x

′
,−1, t− η)− ePemx

× f3(x + x
′
, +1, t− η))}dη

]
dx

′
, (A.16)

where

f2(x, si, t) = c1(x, si, t)e−(Daem+ρkdDarm)t

+
Daem

kr

∫ t

0

c1(x, si, γ)e−a−b−p−r

√
a

b
I1(2

√
ab)dγ

+ Darm

∫ t

0

c1(x, si, γ)e−a−p−q

√
p

q
I1(2

√
pq)dγ

+
DaemDarm

kr

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
ap

b1q1

I1(2
√

ab1)

× I1(2
√

pq1)dµdγ, (A.17)
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f3(x, si, t) =

∫ t

0

c1(x, si, γ)e−a−b−p−r I0(2
√

ab)dγ

+ Darm

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
p

q1

I0(2
√

ab1)

× I1(2
√

pq1)dµdγ, (A.18)

I0 is the modified Bessel function of first kind, and of order zero,

f4(x, si, t) =

∫ t

0

c1(x, si, γ)e−a−p−q I0(2
√

pq)dγ

+
Daem

kr

∫ t

0

c1(x, si, γ)

∫ t−γ

0

e−a−b1−p−q1−r1

√
a

b1

I1(2
√

ab1)

× I0(2
√

pq1)dµdγ, (A.19)

r = (Dads + Dars)(t− γ),

and

c1(x, si, t) =

√
Pem

2
√

πt
exp

(
− Pem(x + si t)2

4t
− (qL + Dadm)t

)
, (A.20)

Eq. (A.16), which is the inverse Laplace transform of Eq. (3.20), is presented as

Eq. (3.21) in the chapter 3.
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