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Abstract

In this work, the most singular contribution to the density density correlation functions (DDCF) of
strongly inhomogeneous Luttinger liquids is derived and is shown to be expressible as compact an-
alytical functions of position and time with second order poles and involving the scale independent
bare reflection and transmission coefficients. The results are validated on comparison with standard
fermionic perturbation theory. The DDCF is a crucial input to the powerful non-chiral bosonization
technique (NCBT) that has been successfully used to obtain the correlation functions of inhomoge-
neous systems in one dimension whilst treating the impurity backscattering non-perturbatively, unlike
conventional methods. The exact dynamical non-equilibrium Green functions (NEGF) for a system
of noninteracting chiral quantum wires coupled through a point-contact is obtained analytically. The
system considered is isomorphic to integer quantum Hall (IQHE) edge states coupled through a point-
contact constriction. The tunneling I-V characteristics is obtained for an arbitrary time-dependent bias
in the case of infinite bandwidth in the point-contact. The case of finite bandwidth in the point-contact
is also studied and non-Markovian transients in the tunneling current is observed upon sudden switch
on of a bias voltage. The transient phenomena is consistent with numerical simulations and is observed
to be a consequence of the appearance of a short distance cutoff in the problem when a finite band-
width is considered. In a subsequent work, an unconventional bosonization procedure similar to NCBT
is introduced, and is used to reproduce the exact NEGF of noninteracting chiral quantum wires coupled
through a point-contact driven out of equilibrium by application of a bias. The novel unconventional
bosonization scheme is shown to be internally consistent with Wick’s theorem used to obtain four-point
functions. The proposed bosonization procedure can be extended to the case of fractional quantum
Hall (FQHE) edge states with a point-contact wherein interparticle interactions become important.
The FQHE edge states with single channel edge modes like in the Laughlin series, are modelled as
chiral Luttinger liquids. In subsequent works, the DDCF for chiral Luttinger liquids with an impu-
rity is computed using a generating functional method and is shown to be consistent with fermionic
perturbation theory. The obtained interacting DDCF is used in conjunction with the unconventional
bosonization procedure to derive the tunneling density of states (TDOS) at the point-contact for elec-
tron tunneling and quasiparticle tunneling cases, and the results agree with the accepted literature,
thereby demonstrating the utility of the novel bosonization procedure in obtaining non-perturbatively,
the correlation functions (most singular part) of inhomogeneous systems in one dimension.
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Chapter 1

Physics of fermions in one dimension:
An introduction

Mutual interaction among the particles in a one-dimensional system gives rise to several physically
interesting and special properties. The behavior of interacting electrons in higher dimensional metallic
systems has been successfully explained by Landau’s Fermi liquid theory [2]. The central result of the
Fermi liquid theory is that the low energy excitations consist of creating quasiparticles ( and quasiholes)
with momenta just above (below) the Fermi surface. The quasiparticles (quasi-free excitations) are
interpreted as electrons dressed by the particle-hole excitations of the electron gas. The quasiparticle
excitations behave as fermions and are approximated as essentially free particles. So the qualitative
behavior of the Fermi liquid is similar to a free electron gas. The occupation of a state with momentum
k still has a discontinuity at the Fermi surface but with a reduced amplitude (Z < 1). The spectral
function A(k,w) is characterized by Lorentzian peaks centered at w = E(k), where E(k) is the linearized
dispersion (a reasonable approximation close to the Fermi surface)

kr

_i_i
m*

B(k) ~ B(ke) + ~=(k - kp) (L1)
and mx is the renormalized mass of the electron in the Fermi liquid. For free electrons m* = m. The
total weight of the peaks in the spectral function is Z and it describes the fraction of the excitations
present in the quasiparticle state. Whereas the spectral function is simply a delta function peak for
the free electron gas. The success of Landau’s Fermi liquid theory can be attributed to the fact that
it is not restricted to weak coupling and works well even in the regime of strong interactions. But the
situation is drastically different in one dimension. Electron interactions have a more profound effect in
1D systems than in 2D or 3D systems. Even weak interactions invalidate a Fermi liquid description
of the 1D electron system. One dimensional interacting fermions are described by the Luttinger liquid
model, where the low energy excitations are not weakly dressed quasiparticles, but are collective density
waves.

1.1 Breakdown of Fermi liquid theory in one dimension

In higher dimensional interacting systems, nearly free quasiparticle excitations exist. However in one
dimension in presence of interactions, individual excitations are not possible, this is because an indi-
vidual propagating electron pushes all other electrons also along with it. This is a rough way of saying
that only collective excitations are possible in 1D contrary to higher dimensions. Since only collective
excitations exist, this means that for fermions with spin, a single fermionic excitation splits into a
collective excitation carrying charge (holons) and a collective excitation carrying spin (spinons). These
excitations in general have different velocities and this phenomenon in which the electron breaks into
two elementary excitations is called spin-charge separation. This means that well defined nearly free
quasiparticle excitations do not exist in 1D. These properties are strikingly different from that of Fermi
liquids and form the essence of the Luttinger liquid model for interacting fermions in one-dimension [3].
The drastic departure of the physics of interacting electrons in one dimension from the physics of free
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electrons is evident from the fact that a perurbative treatment of the interactions results in singulari-
ties. The perturbation theory in one dimension is plagued by logarithmic divergences at low momenta
(infra-red divergences), owing to the fact that the Fermi surface (which consists of only two points) is
totally nested. Another striking feature of a one dimensional system is the existence of particle-hole
excitations with well defined momentum and energy. The excitations of an electron gas constitutes
particle-hole pairs, where an electron is destroyed below the Fermi level leaving behind a hole, and is
created above the Fermi level. In higher dimensions (D > 2) it is possible to create particle-hole pairs
of arbitrarily low energy leading to a continuum of excitations upto zero energy with momenta q < 2kp.
But in one dimension, the Fermi surface is reduced to just two points and it is possible to create low-
energy particle-hole excitations only for momenta ¢ = 0 and ¢ = 2kp. These excitations in 1D can be
shown to have well defined momentum and energy with a finite lifetime that increases when the energy
tends to zero. Similar to fermionic quasiparticles in higher dimensions, robust particle-hole excitations
are present in 1D and these excitations are bosonic in nature since they constitute the destruction and
creation of a fermion. This is a key reason why the method of bosonization is so effective in solving the
1D interacting problem.

1.2 Tomonaga model

The breakdown of Fermi liquid theory and the failure of the perturbative approach meant that radical
new ideas were needed to solve the problem of interacting fermions in one dimension. A pioneering step
towards this was made by Tomonaga [4] in 1950, who showed that fermions in 1D can be described by
collective degrees of freedom that behave approximately as bosons. The Hamiltonian considered in the
Tomonaga model is

1
H=vp Y ple)otro+ 57 D Vor(p)p(—p) (12)
P,o P
where the density operator is defined as
p(p) = Z Cz_p/z,gck—&-p/lo (1.3)
k,o

with system size L and where vg is the Fermi velocity. The label 0 = £1 denotes spin and V), represents
interactions between the fermions. The idea of Tomonaga was to decompose the density operator into
two parts such that p(p) = p4(p) + p—(p), where

p+(p) = Z C;Tc_p/g,gcker/Q,a
k>0,0

p-0) = Y o0 (1.4)
k<0,0

The density operators at different wavevectors commute with each other. But p;. and p_ do not
commute with themselves for different wavevectors. The two parts satisfy the following commutation
relations for p < 2kp,

[0+ (p), p+(=p)] = 5@?’%
lo—(p), p—(=")] = —5p,p’p7L
[0+(p), p—(=p")] = 0 (1.5)

The expectation value of the above commutators are exact and hence this is a reasonable approxima-
tion. It is possible to construct certain bosonic creation and annihilation operators using these density
operators by making the following definitions
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for positive p and [b), b;f),] = pp- The Hamiltonian in Eq in terms of these boson operators is
Vp
H_Z< bib, + =L |p’ 2 (b, +b' )(b;+b_p)> (1.7)
P

The original Hamiltonian which was quartic in the fermion operators is now quadratic in the bosonic
operators and becomes exactly diagonalizable now. The main features of this model are the linear
dispersion and the bosonic commutation relations, but both these features are approximate. The
Tomonaga model is applicable only for sufficiently long-range interactions. Nevertheless, the introduc-
tion of the Tomonaga model was a significant revelation in our understanding of interacting fermions
in one dimension.

1.3 Luttinger liquid

The next major development in this field came with the proposal of the Luttinger model [5]. This
is similar to the Tomonaga model but uses lesser number of approximations. In this model a linear
spectrum is considered from the beginning, with two species of fermions - right movers (¢, = pvp) and
left movers (e, = —pvr), unlike the Tomonaga model which involved only one type of fermion. In the
Luttinger model there is a negative energy sea of particles extending to negative infinity. The fermion
operators anticommute

{CLp’g, C;r',p’,a’} = 5i,j5p,p’5o,a’ (1.8)
where i, 7 = R for right movers and L for left movers. The density and spin operators are defined as
follows,

p) = Z szk"’_p:aci’k’o-
k,o
= Z Cg,k,aci,kﬂ?,cf (1.9)
k,o
and

ZU Ckipo ik
ZJ Clko'cz k+p,o (110)

They have the property

pi(=p) = pl(p) ; s:(—p) = 5! (p) (1.11)

The density operators in the Luttinger model have similar commutation relations as in the Tomonaga
model but now they are valid for all values of p,

o (®), pr(—#)] = By

lpL(p), pL(—=p')] = —%,y%

[or(p), pr(—p)] =0 (1.12)
and

[sm(=),sn()] = Oy

(52(=p),52.09)] = ~0ppr

[sr(p),sL(p)] =0 (1.13)
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Figure 1.1: Linearized dispersion of the Luttinger model showing two species of chiral fermions.

and also

[si(p), pi (p)] = 0 (1.14)

Bosonic operators are constructed out of the densities,

pL pL
PR(P) = brp\[— ; PR(P) b —
pL pL
pL(=p) =V, _p\[ 5 pL(p) = br—py/ (1.15)
pL pL
sr(p) = aR.p f sr(p) = aTR,p o
pL pL
si(-p) =a}_, i su(p) = arp\[ " (1.16)

The interaction terms become quadratic in the bosons and the Hamiltonian becomes exactly solvable.
This description of interacting fermions in one dimension is also called Tomonaga-Luttinger liquid
theory. But the disadvantage is that it invokes the presence of an infinite sea of negative energy
particles. Yet this model captures the low-energy physics of a wide class of conducting systems in 1D,
including spin chains, carbon nanotubes, edge states of quantum Hall systems [6] and recently quantum-
wire networks in twisted bilayer Graphene [7, [, 9} [10]. Mattis and Lieb [I1] provided a correct solution
of the original model proposed by Luttinger. Following several important contributions [12| [13] [14]
the theory was nurtured to its present form by Haldane [I5]. Our understanding of interacting one-
dimensional systems is centered around the Luttinger liquid paradigm.

A good number of analytical [16, 17, 18] and numerical approaches [19] 20} 21} 22} 23] have made
their mark in the long history of strongly correlated 1D systems.

1.4 Bosonization

Bosonization is the technique of expressing a fermionic operator as a function of bosonic operators. It
is a very efficient method to study strongly correlated fermions in one dimension. Here we provide a
brief overview of this technique.

The idea of bosonization initially started circulating in the particle physics community thanks to Cole-
man and Mandelstam [24]. Alan Luther and Daniel Mattis showed that the Fermi field operator is
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expressible in terms of bosonic fields. In the context of one dimensional fermions it was Tomonaga
who showed first that the fermions could be described by a quantized field of sound waves that obey
Bose statistics. Mattis and Lieb provided the correct exact solution to the Luttinger model [11]. The
introduction of fermion number lowering Klein factors to the bosonization description was due to Hei-
denreich et al. [14] and Haldane [25]. Transport through a weak link was studied in the pioneering work
of Kane and Fisher [26] in 1992 and they showed with the help of bosonization and renormalization
group (RG) techniques that the nature of the interactions (attractive or replusive) played a key role
in the transport. Recently attempts have been made to use bosonization to study Luttinger liquids
beyond the low energy limit wherein the curvature in the dispersion becomes important [27], 28]. The
mapping between fermions and bosons is exact in one dimension but works have been done to extend
this technique to higher dimensions as well [29], B0, [3I], but this is a challenging problem and still
the utility of this technique is best realized in 1D systems. Numerous works have been done on Lut-
tinger liquid theory and bosonization over the past 50 years or so and this subject has been extensively
discussed in several review articles available in the literature [32} 33] 34].

1.5 General considerations

The essential idea of bosonization is to write down an explicit formula for the fermion field operator in
terms of currents and densities. The density p(x) and the current J(x) are defined as

p(z) =P (@)v(@) ; J(2) = Im[!(2)0,0(x)] (1.17)

These are bilinears in the field operator ¥. The aim is to invert these relations and express ¥(x) as a
function of p and J, that is ¥(x) = F(p, J;x). The field operator ¢ (z) annihilates a particle but the
right-hand side constitutes a function of number conserving operators. If this relation is considered to
be an operator identity then it becomes necessary to introduce Klein factors on the right-hand side that
remove a particle. This is the usual point of view adopted by the bosonization community. Another
perspective is to not consider the relation as a strict operator identity but rather as a mnemonic to
obtain the correlation functions, then there is no need to enforce Klein factors if we are interested in
obtaining only the correlation functions which are of course number conserving. The conjugate of the
density is introduced

J(z,t) = —p(x,t)0,11(x,t) (1.18)
The currents and densities satisfy the current algebra:
[p(l’,t), p(‘rlv t)] =0; [H(:C, t), H(l’/, t)] =0
[(z,t), p(z',t)] =i 6(x — ) (1.19)

and this can be used to achieve the inversion of interest. The general claim is that the field maybe
written as

W() = U(lpl;z) e/ p(x) (1.20)

The current algebra obeyed by the current and density does not distinguish between bosons and
fermions, so as shown in [35] the additional object U is necessary to capture the statistics of the
underlying particle. Also it is useful to write the density as p(x,t) = po + p(z,t), where pg is the
average density which is nonzero and p is the fluctuation in the density from the uniform average.
The Fermi-Bose correspondence in Eq[I.20] should be seen as a mnemonic to obtain the correlation
functions instead of as a strict operator identity. The object U has the following properties (since
p(x) = YT (2)¢(x) and —p(z, )0, (x,t) = Im[¢pT(2)0,3(z)] and TI(x) and p(z) are Hermitian),

Ut ([p);2)U([p]; ) = 1 (1.21)
and

Ut ([p}; 2)(0:U ([p]; )) = 0 (1.22)
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This would imply that U is independent of z if UT is the inverse of U. This in turn would result in v (z)
lose its meaning as a Fermi field. We can overcome this inconsistency by enforcing that the inverse of
U shouldn’t exist. This means that U is not unitary but is in fact a partial isometry.

The following choice of the Fermi-Bose correspondence reproduces the correct expressions for the current
and density and also the fermion commutation rules in addition to the correct correlation functions
that give the proper noninteracting limit [35],

1 i iTsgn * —ill(z
W(z) = = an(p)elg(p)e 92p) [Z oo PW)AyY o—ill() | /5 (1.23)
Y P

where np(p) = 0(kr — |p|) and No = > np(p) and consistency checks with the expressions for density
and current gives the identity P %) — Opp'-

1.6 Bosonization of a homogeneous Luttinger liquid

The Fermi-Bose correspondence in Eq[1.23]is generally valid and in principle can be applied to models
with non-linear dispersion as well. But here we use it to study the low energy physics of the Luttinger
model with linear dispersion and with short-range forward scattering mutual interactions. The asymp-
totic correlation functions are obtained by working in the random phase approximation (RPA) limit
(kp,m — oo and vy = %F < ©0). In this limit the Fermi fields are peaked in momentum k = +kp and
close to the Fermi surface we can decompose the field to write

U(x,t) = e*FThp(x,t) + e Froyy (x, 1) (1.24)

Which means the harmonic analysis of the density operator can be written as (making the spin indices
explicit)
p(x,0,t) = po + ps(w,0,1) + % py(, 0,1) + e >0 pl(x, 7, 1) (1.25)

where p; = pr + pr denotes the slow part and p; is the fast oscillating part of the density. Using
Haldane’s harmonic analysis [36] we can express the slow part of the density in terms of the fast parts

pr(x,0,t) ~ X" [ oo ps(y,0,t)dy (1.26)

This expression is used in the harmonic analysis of the density operator and the result is substituted
into Eq whilst restricting to only the slow part of the density to obtain the standard bosonization
identity

b (3,0,) o eiB@) (1.27)
where the local phase is given by
v 4 1 / /
Ou(z,0,t) =7 vps(y,o,t) — —0ps(y', 0, t)dy’ | dy (1.28)
sgn(z)oo sgn(y)oo VF

where v = 1 and —1 for R and L movers respectively. This conventional bosonization prescription is
used to calculate the correlation functions of the Luttinger liquid, and it is obtained by using

< @ZJ,,(x,o*,t)dJZ/ (2,0 1) > ~ <efrl@at)e=iby @ o't (1.29)

Model dependent prefactors present in the Green functions are not obtainable by the bosonization
method, only the dynamical part of the Green function is calculable using the formula for bosonization.
The standard bosonization prescription in Eq[1.27] gives the correlation functions only for a homoge-
neous system i.e. with unbroken translation invariance. The Green functions are evaluated using a
version of the Baker-Campbell-Hausdorff cumulant expansion

< (@, 0, )0 (2 o' ) >~ 03 <0, (2,0,)2> 3 <(=i0,/ (20" #))*> < (i, (2,0,1)) (=6, (2 0 ') > (1.30)
» v/ ) ’ .
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All higher order (beyond quadratic) moments of the density are zero for the homogeneous case. In the
strongly inhomogeneous case two possibilities present themselves - a) We use the unmodified Luther-
Haldane Fermi-Bose correspondence in which case we are stuck with having to include all higher even
moments of the density beyond quadratic (the odd ones vanish identically) and equally unfortunately
we are stuck with having to deal with a highly nonlinear sine-Gordon theory. b) We modify the Fermi-
Bose correspondence as shown in this thesis so that the most singular parts of the Green functions
are correctly captured by the second order cumulant, most crucially even when mutual interactions
between the fermions are included (mutual forward scattering). This novel method allows us the
luxury of treating the action of this strongly inhomogeneous theory as being purely quadratic in the
bosons even when mutual interactions are present - a feature made possible by the observation that we
are only interested in the most singular parts of the correlation functions. We naturally prefer the latter
approach in this thesis. The asymptotic Green functions are characterized by a power-law behavior
with exponents that depend on the forward scattering interaction parameter,

1

o —oP

<P ()l (@) > ~ (1.31)
The exponent v = 1 in the noninteracting case. The standard bosonization procedure solves fully the
low-energy physics of the problem of interacting fermions in one dimension without impurities in the
system. Impurities break the translational invariance and the number of right movers and number of left
movers are not independently conserved due to backscattering from the impurity. The conventionally
used standard bosonization procedure is not well suited to deal with impurities. It is only useful in the
homogeneous limit (|R| = 0) and in the half-line (|R| = 1) limit, where |R| is the reflection amplitude
of the impurity. Even in the absence of interactions this procedure doesn’t reproduce the correct
Green functions in presence of an impurity. For a noninteracting Fermi gas with an arbitrary impurity
(0 < |R| < 1) at the origin the RL Green function obtained using standard Fermi algebra is of the form

1
T Ol (1) > ~ 1.32
< wR(xv )¢L(ﬂ77 ) > ($+l‘l —’UF(t—tl)) ( 3 )
Whereas using Eqs and the bosonized Green function obtained is of the form
1
< Tyr(z, )l (', 1) > ~ (1.33)

(z + 2’ —vp(t —t'))EP

which is obviously incorrect due to the nontrivial exponent |R|2. This shows that the standard bosoniza-
tion technique is not suitable to deal with impurity backscattering even when the fermions are non-
interacting.

1.7 Bosonization of an inhomogeneous Luttinger liquid

Let us consider a Luttinger liquid with a localised impurity modelled by a potential at the origin.
The usual bosonization formulae are not well suited to study this problem. The bosonized action is
no longer quadratic due to the appearance of cosine (sine-Gordon) terms and is not exactly solvable.
The presence of impurities in one dimensional systems continues to be a challenging problem in spite
of several decades of pathbreaking theoretical efforts [37, [38] B89, [40, 41], 26, 42]. The conventional
method is to use a renormalization group (RG) approach to deal with the impurities. This is reflected
in several seminal works in the literature [37, [I7, 43]. Kane and Fisher [37] treated the impurity as
a perturbation and showed that for attractive interactions the weak barrier limit is a stable RG fixed
point and that for repulsive interactions the weak link limit is a stable RG fixed point. This observation
is popularly dubbed as ’healing the chain’ and ’cutting the chain’ phenomena. In [42] they studied the
effect of electron interactions on resonant tunneling in presence of a double barrier and showed that the
resonances are of non-Lorentzian line shapes with a width that vanishes as T" — 0, in striking contrast
to the noninteracting one dimensional electron gas. Standard bosonization is effective in both the weak
barrier and weak link limits. In [I7] Matveev et al. used an RG technique to calculate conductance
in a Luttinger liquid with impurity but in the limit of weak mutual interactions. The functional
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0<|R| <1

Figure 1.2: For (0 < |R| < 1) conventional bosonization gives an incorrect exponent even for the noninteracting
Green’s functions

renormalization group (fRG) [43] 44] has proved useful in dealing with impurities and boundaries in
Luttinger liquids. Although these methods have provided valuable insights in dealing with impurities in
1D systems, they cannot be used to calculate the Green functions for an arbitrary impurity strength. All
these methods in some sense treat the impurity merely as an afterthought, however an arbitrary impurity
significantly affects the correlation functions and this can only be gleaned by using an unconventional
bosonization method that treats the impurity in a non-perturbative manner circumventing the use
of RG. Such an alternative approach is the non chiral bosonization technique (NCBT) [45] proposed
by our group. NCBT uses a modified version of the Fermi-Bose correspondence that can be used to
calculate the most singular part of the asymptotic Green functions of inhomogeneous Luttinger liquids
[46]. This technique has been successfully used to study transport properties of Luttinger liquids with
impurities [47, 48] 49, 50l 51].

The idea behind NCBT is to use a non-standard harmonic analysis [45] that takes into account impurity
backscattering. Haldane’s standard harmonic analysis in EqJI.26 is replaced with the following one

pf(w’ O-7 t) P~ 62271- ffoo(ps(y707t)+>\p5(_y707t))dy (1‘34)

Here the parameter A only takes values 0 or 1. The field operator derived from the non-standard
harmonic analysis is

¢V(x’ o, t) Py, eiey(x,a,t)+27ri)\u fszgn(z)oo ps(—y,0.t)dy (135)

where 6, is given by Eq[I.28 The expression for the field operator in Eq[I.35|is a mnemonic to obtain
the Green functions and is not a strict operator identity. The fermion commutation rules are satisfied
by this field operator. While calculating the Green functions, either the annihilation or the creation
operator takes A = 1 while the other operator should have A = 0, this is to satisfy certain point-
splitting constraints as shown in [45]. This modified Fermi-Bose correspondence of NCBT gives the
correct single particle Green functions for free fermions with impurity of arbitrary strength in terms
of the noninteracting density-density correlations. When mutual interactions are present, the density-
density correlation functions (DDCF) with interactions are obtained using the generating functional
method [52] and this is used in the NCBT formula to obtain the many-body Green functions (most
singular part) exactly. The Green functions (most singular part) of a strongly inhomogeneous Luttinger
liquid obtained using NCBT in [46] is given below:

Case 1 - Both z; and z5 on the same side of origin

4dxyz0) M
T )b (g, t > ~ (
< T/JR(JJL 1)1/13(362, 2) ($1 — 1 — UthQ)P(—I'l + a9 — ’UthQ)Q(l‘l + a9 — Uthg)X
1 (1.36)
(—x1 — xa — vp712)X (X1 — T2 — VETI2)0D
4331132)71
T 1) (o, > ~ (
< vr(es, by (e t) (r1 — 22 — vpT12)Q (=21 + 22 — vp712) P (21 + T2 — VETI2)X
i (1.37)
(—z1 — g — Uthz)X(—fm + x2 — UF7'12)0‘5
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(2$1)1+72 (2.1‘2)71

<T¢R(€U17f1)¢z($2»f2)> ~

2(x1 — w2 — vpm12)% (—21 + 2 — vpTI2)% (21 + T2 — VpTI2)Y
1
(—361 — T2 — Uh712)Z(IE1 + x2 — UFT12)0‘5
N (23@1)71(2:32)1*72
2(x1 — w2 — vpm12)% (—21 + T2 — vpTI2)% (21 + T2 — VpTI2)Y
1

(—361 — T2 — Uh712)Z(IL°1 + x2 — UFT12)0‘5

(2x1)1+72 (2%2)71
Tapr (1, t1) 0 (2o, to > ~

< Vil )wR( ) 2(xy — a2 — vh7'12)5(—331 + 2 — Uh,7'12)5(371 +x2 — Uh7'12)Z

1
(—z1 — o — vp712)Y (21 — 22 — VET12)0P

(2x1)71 (23;2)1*72
2(1’1 — Ty — ’Uthg)S(—x1 + Xro — Uthg)S(.Tl + Xro — Uthg)Z

1

(—z1 — @3 — vp712)Y (—21 — 22 — VET12)0P

Case 2 - 1 and z2 on opposite sides of the origin

(221) 172 (220) 1 (21 + 22) (@1 + 22 + vET12)00

T “$1)0 bes, ¢ > ~
< Yr(w1,t1)Yp(22, t2) 2(x1 — 3 — vpm12) (=21 + T2 — VpTI2) B (21 + 2 — VpT12)C

1

(—z1 — 29 — vp712)P (21 — T2 — VET12)0P

n (2.%1)71 (21‘2)1+72 (.Tl + CUQ);l(l‘l + 9 — 'UFT12)0'5

2(x1 — 3 — vpm2) (21 + T2 — vpTI2) B (21 + 22 — VR TI2)P

1

(—z1 — w3 — vpT12)% (X1 — 22 — VETI2)0D

(221)1772(222) " (21 + 2) 7 (21 + 22 — VETI2)"D

<T¢L(ﬂ?17t1)¢2(1’27t2)> ~

2(x1 — Ty — Uthg)A(—xl + 2 — Uthg)B(xl + 20 — Uthg)D
1
(—z1 — 22 — vpm12)C(—21 + T2 — VpTI2)0P

(2331)’71 (2:52)1"'72 ($1 + xg)_l(xl + x9 + UF712)0'5

2(z1 — z9 — vpT12) B (=21 4+ 22 — vpT12) A (@1 + T2 — VRTI2)C
1

(=1 — 3 — vpT12) P (=21 + T2 — VFTI2)

+

0.5

<T¢R($1,t1)¢2($2,t2)> ~0

<T¢L($1,t1)¢2($2,t2)> ~0

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

The impurity at the origin breaks the translational invariance of the system, hence the form of the
two-point Green functions depends on whether the two points are on the same side or on the opposite
side of the origin. In writing down the above expressions for the Green functions the weak equality

9 4

~¢ symbol is used to imply that bosonization does not yield the possible prefactors in the Green
functions that may in general be spatially inhomogeneous. The prefactors of the Green functions are
not obtainable through bosonization, only the dynamical parts are obtained. The power-law exponents
of the Green functions are in general dependent on the bare reflection amplitude of the impurity. The
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H = Ho + Himp + Hipe
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Figure 1.3: Schematic flowchart of steps involved in NCBT

explicit expressions for the exponents are:

(vh —vp)? o |R|*(vh — vp)(vp + vF) oo YR

Supvp T 8up(uvn — |RI2(vh — vF)) 4oy,

where the holon velocity is vy, = \/v% + 2“)%. The other exponents can be expressed in terms of the
above exponents

1 01 1
P—§+Q, 5_5(5_ i Y—§+X—C’
Z7=X-C; A:%—FQ—X; B=Q-X
1
D=—§+C;71:X;72=—1+X+20 (1.44)

This is an important result as the most singular parts of the asymptotic Green functions are obtained
exactly in terms of simple functions of position and time. Fig[l.3]is a schematic flowchart showing all
the steps involved in NCBT.

1.8 Comparison of NCBT with DMRG

It is not easy to compare the results of NCBT exactly with numerical techiques like the Density Matrix
Renormalization Group (DMRG). First of all the results of bosonization methods are valid in the
thermodynamic limit and it is difficult to access both numerically and experimentally, the system sizes
where the low energy physics described by bosonization could be probed. The computational resources
needed to extract Luttinger liquid physics using DMRG is considerable. Nevertheless notable attempts
have been made to compare DMRG simulations with the predictions of standard bosonization. Of
interest to us are the works [53, [54], where the local spectral weight and boundary exponents were
calculated using DMRG and functional renormalization group (fRG) methods for different values of
impurity strengths and compared with the universal values predicted by standard bosonization. The
Green functions obtained through NCBT generally have non universal power-law exponents that depend
on the impurity. For a given interaction strength, the local spectral density exponent (boundary
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exponent) predicted by NCBT is not a universal constant but changes with impurity strength, unlike
standard bosonization that predicts a constant universal power-law exponent that depends only on the
interparticle interaction strength. Another point to note is that existing DMRG studies for Luttinger
liquids tend to include both the forward and backward scattering interactions but in NCBT we include
only short-range forward scattering interactions.

Consider a model with dual species of fermions (R and L) without spin

H = Hy+ Hiymp + Hipt (1.45)
where the kinetic energy term is
Hy = vak cp(k vak cy (k)er(k) (1.46)
and the impurity term in the Hamiltonian is
Himp = % > (ch(B)er(K) + ] (k)er (k) + % > chk)er (k) + Vfl STl (k)er(k)  (1.47)
kK’ kK’ kK’

and the forward scattering fermion-fermion interaction is
vo
Hint = 57 D p(a)p(—q) (1.48)
q

where the density fluctuation operator is defined as

pq) = D (ch(k + q)cr(k) + b (k + q)ep (k) (1.49)
k

This model has to be mapped to a lattice system in order to be able to do DMRG simulations. So let
us consider a lattice such that k£ — w with lim,_,¢ and define

by, (n) etkna ¢, (1.50)
- w2
where n is the site index. Now we can convert this effectively to a lattice model with
’UF 7 ’ ’
Hy=—"7 (5n,7n+1 — 0, 1) (b (0 )bR(n) — bl (n)br(n)) (1.51)
and
Vi 1% 1%
Himp = = (bR (0)DR(0) + b, (0)b1,(0)) + ~0R(0)b(0) + ~L-b] (0)bR(0) (1.52)
and
Vo
Hint = 54 2 O(mbr(rn) + by (mbs (m)* (1.53)

This model with dual species spinless fermions can be converted to one with a single species of spinful
fermions (with 1 as R and | as L) to which the DMRG codes are well suited. This gives

Ho =" 1S 0LG + 001G) — 66+ D0,() — 22 ST0HG ~ 1bi() — BG — Dbi(4)
J J
and
Vo Vi Vi

Himp = = (B1(0)b1(0) + b[ (0)b,(0)) + ~—-b}(0)b,(0) + ~-b] (0)b1(0)
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Figure 1.4: Local spectral density exponent near a impurity for a spinless fermion chain with fixed interaction
strength U = 0.5 and various impurity strengths V: V = 1 circles, V = 2 squares, V = 4 diamonds, V = oo
triangles. Filled symbols are DMRG results and empty symbols are fRG results. The thick lines show the
results predicted by NCBT. The line marked V' = oo is the half-line limit where NCBT matches exactly with
conventional bosonization.

and
Hine = 50 3 (n4(3) + ny () + 2n4(3)ny (3))
J

where n,,(§) = b},(j)by(j). The universal physics (universal power-law exponents) predicted by bosoniza-
tion only become evident at extremely long and practically irrelevant length scales. We make a compar-
ison of the results in [53] for the local spectral density exponent near the impurity with that obtained
using NCBT. The local density of states of spinless fermions near the impurity obtained using conven-
tional bosonization is of the form

D(e) ~ |e|* (1.54)
where o = % — 1 with K being the Luttinger interaction parameter. The local density of states for an
interacting many-body system is related to the Green functions of the system by the formula

D(e) = / T e Be) ¢ ((a,1), 0 (2,0)) > (1.55)

oo 2T

Using the NCBT Green functions to calculate the local density of states near the impurity we obtain
the following exponent

(g+1)A—-g)IRP? | (1-g)?

a= 1.56)
2(1- (1= glfP) " 2 (
For the half-line limit (|R| = 1) the exponent reduces to
1
a=-—1 (1.57)
9

where g = K = 7;—1:, which matches with the conventional bosonization result. However NCBT is more
general as it captures the |R| dependence of the exponent for arbitrary impurity strengths as well. The
TH-3519 186121016
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drawback of standard bosonization is that the impurity is treated perturbatively and the linearization
and continuous limit processes eliminate all relevant length scales in the problem. The authors of
[53, 54] consider a simple system of spinless fermions with nearest neighbour hopping and Coulomb
repulsion that shows Luttinger liquid behavior

H = Z — t(c;rci_H + h.C) +U ninjy1 +V n; (1.58)
7

with U > 0 and an on-site impurity at site j. FiglI.4shows the local spectral density exponent near the
impurity for a fixed interaction strength for various impurity strengths, showing the DMRG and fRG
results obtained in [53] along with the NCBT and standard bosonization results valid in the thermo-
dynamic limit. The DMRG computation is limited by system size (only upto 768 sites) and is far from
the thermodynamic limit, however the DMRG exponents appear to be closer to the NCBT predictions
at different impurity strengths than to the universal value predicted by standard bosonization. The
fRG computations extend to larger system sizes but involve certain approximations. These observations
though inconclusive nevertheless make a strong case for the applicability of unconventional bosonization
methods such as NCBT for inhomogeneous systems.

1.9 Overview of the thesis

The work contained in this thesis clarifies certain technical aspects of the previously developed non chiral
bosonization technique and extends this formalism to chiral Luttinger liquids driven out of equilibrium.
The density-density correlation functions (DDCF) of inhomogeneous Luttinger liquids forms a crucial
input to the NCBT procedure. In Chapter [2] we show the detailed derivation of the DDCF by including
only the most singular moments of the density in the RPA generating functional. The DDCF obtained
is compared with the results of standard perturbation theory and is found to match term by term.
In Chapter [3| we study the problem of two noninteracting chiral quantum wires coupled through a
point-contact driven out of equilibrium. We derive the nonequilibrium Green functions (NEGF) for
the problem for infinite bandwidth as well as for finite bandwidth in the point contact and study the
transport properties. In Chapter [4] we develop an unconventional bosonization ansatz that reproduces
the NEGF of the noninteracting system in presence of a point-contact. The noninteracting chiral
quantum wires are isomorphic to the edge states of an integer quantum Hall system with filling fraction
v = 1. The edge states of a fractional quantum Hall effect (FQHE) system are equivalent to chiral
Luttinger liquids where the fermions are interacting. Bosonization is an invaluable tool to study edge
state transport in a FQHE system. In order to use the unconventional bosonization technique, it is
necessary to compute the density-density correlations for chiral Luttinger liquids with a point contact
and this is discussed in Chapter |5, The tunneling density of states (TDOS) at a point-contact for a
FQHE edge is calculated using unconventional bosonization in Chapter [6] and the TDOS exponents are
shown to match with earlier works.
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Chapter 2

Density-density correlation functions of
strongly inhomogeneous Luttinger
liquids

2.1 Introduction

Analytical expressions of the correlation functions of Luttinger liquids with arbitrary strength of mutual
interactions and in presence of a scatterer of arbitrary strength are yet to be a part of the literature.
Nevertheless, the attempts to reach this central goal of calculating the most general result has led to
many peripheral results where the arbitrariness of one or more parameters had to be compromised.
The most prevalent analytical tool to deal with these systems, which belong to the universal class of
Luttinger liquids [5] is bosonization, where a fermion field operator is expressed as the exponential of a
bosonic field [55 56]. However the results of this method are exact only for the extreme cases of very
weak impurity and very strong impurity (apart from some isolated examples such as the Bethe ansatz
solutions [57, 58]) and to deal with the general result one has to rely on a perturbative approach in
terms of the impurity strength (or inter-chain hopping in the other extreme) and renormalize the series
to obtain a finite answer [37].

The study of the density correlations of a Luttinger liquid is important, which is well reflected in the
literature. lucci et al. obtained a closed-form analytical expression for the zero-temperature Fourier
transform of the 2kp component of the density-density correlation function in a spinful Luttinger
liquid [59]. Schulz studied the density correlations in a one dimensional electron gas interacting with
long ranged Coulomb forces and calculated the 4kr component of the density which decays extremely
slowly and represents a 1D Wigner crystal [60]. Parola presented an exact analytical evaluation of the
asymptotic spin-spin correlations of the 1D Hubbard model with infinite on-site interaction (U — 00)
and away from half filling [61]. Their results suggested that the renormalization-group scaling to
the Tomonaga-Luttinger model is exact in the U — oo Hubbard model. Stephan et al. calculated
the dynamical density-density correlation function for the one-dimensional, half-filled Hubbard model
extended with nearest-neighbor repulsion for large on-site repulsion compared to hopping amplitudes
[62]. Caux et al. studied the dynamical density density correlations in a 1D Bose gas with a delta
function interaction using a Bethe-ansatz-based numerical method [63]. Gambetta et al. have done
a study of the correlation functions in a one-channel finite size Luttinger liquid quantum dot [64].
Protopopov et al. investigated the four-point correlations of a Luttinger liquid in a non-equilibrium
setting [65]. In [66] Sen et al. performed a numerical study of the Luttinger liquid type behaviour of
the density-density correlation functions in the lattice Calogero-Sutherland model. Aristov analyzed
the modified density-density correlations when curvature in the fermionic dispersion is present [67].

In addition to this, numerical methods such as the density matrix renormalization group (DMRG)
[68] [69] have been employed to study gapped fermionic and spin systems in 1D [70, [71], [72] [73]. However
the system which we are interested in viz. Luttinger Liquids with impurities, are gapless and it is difficult
to justify the application of DMRG to such systems. But notable attempts have been made in this
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direction [74} [75 176} [77].

A recently developed alternative to this was developed by our group. This technique which goes by
the name ‘Non chiral bosonization technique (NCBT)’, does a better job of avoiding RG methods and
tackling impurities of arbitrary strengths [46, 45]. But it can yield only the most singular part of the
Green functions. The four-point Green functions in the context of Friedel oscillations in a Luttinger
Liquid were calculated using NCBT and the most singular contribution to the slow part of the local
density oscillations were obtained in the form of power laws [78]. Closed analytical expressions for the
dynamical density of states exponents were also obtained. In a previous work, Matveev et al. [I7]
dealt with impurities of arbitrary strengths using fermionic renormalization only and without using
bosonization methods, however their results are valid only for weak strengths of mutual interactions
between the fermions.

The main achievement of the NCBT method is the careful redefinition of the meaning of the random
phase approximation (RPA) in the context of strongly inhomogeneous Luttinger Liquids (so called due
to the presence of a localised impurity backscattering of arbitrary strength that breaks the translation
invariance in the system) which is by no means an obvious extension of the corresponding notion
in homogeneous systems. This redefinition involves a systematic truncation and resummation of the
perturbation series in powers of the fermion-fermion coupling with the impurities being arbitrary.
However, DMRG methods (and conventional bosonization) apply it to the full system without any
such truncation carried out. As a result we don’t expect favourable comparisons between DMRG
and NCBT except in limiting cases (half line and fully homogeneous system). The truncation and
resummation method employed in our work is not a shortcoming since it is only when such a procedure
is implemented, closed analytical expressions for the N-point functions of the system become feasible.
There is no other limit in which it is possible to write down closed formulae in terms of elementary
functions of positions and times for the N-point functions of a system as complicated as mutually
interacting fermions in presence of impurities.

Moreover in DMRG, both forward scattering and backward scattering interactions between the fermions
are taken into account. But the model we study using NCBT, includes only short-range forward
scattering interactions between the fermions. So our results are bound to be different than what
is obtained using techniques like DMRG. We make this distinction clear by taking the example of

Oshikawa et.al [77]. Equations (1) and (3) of [77] involve terms such as V'.S7S7,; . According to Jordan

Wigner transformation, S = n; — %, and n; = cgci is the full density which includes both the slowly

varying and rapidly varying parts. By contrast, our model described in Section 2 considers only the
slow part of the density (Eq. of the present work). Hence a comparison between such approaches
and ours is not possible. The reason why we don’t include backward scattering between fermions is -
the correlation functions cannot be expressed in terms of elementary functions thereby limiting its use
to theoretical physics. Also it is unlikely that such numerical methods are able to capture the most
singular parts of the Green’s functions that NCBT provides. The NCBT results have already been
validated analytically using the Schwinger-Dyson equation [45] and a host of other ways as shown in
our group’s published works [78], 46} [79], 47, [49] [51].

The contents of this chapter is based on our published work [80]. In the following sections of this
chapter, it is shown that the most singular contributions (precise meaning defined later) of the slow part
of the density density correlation functions of a spinful Luttinger liquid (also spinless) with short-range
forward scattering mutual interactions in presence of localized static scalar impurities is expressible in
terms of elementary functions of positions and times which involve only second order poles and also
involve only the bare reflection and transmission coefficients of a single particle in the presence of these
impurities.
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2.2 Model description

Consider a quantum system that comprises a 1D gas of electrons with forward scattering short-range
mutual interactions and in the presence of a scalar potential V' (z) that is localized near an origin. The
full generic-Hamiltonian of the system contains three parts and can be written as follows,

H = HO —+ Himp + Hfs (21)

where Hy is the Hamiltonian of free fermions and Hjy,yp is that of the impurity (or impurities). This
has an asymptotic form in terms of its Green function which is given in [46]. Hy is the Hamiltonian
of short-range forward scattering mutual interactions between the fermions. Using the linear dispersion
relations near the Fermi level (F = Er + kvp) one can write,

HO - _iUF /dl’ Z (: w;{(l‘?g)axlbl%(xva) B wTL(fCaU)aﬂﬁL(%U) :) (2.2)
o="1

and the impurity Hamiltonian is given to be in Hermitian form as follows (the expression below taken
at face value is ill-defined and a regularization procedure is implied as discussed below).

Himp =Vo > ($5(0,0)1r(0,0) + ¢} (0,0)¢L(0,0) + Vi > v5(0,0)5(0,0) + V7 Y 9} (0,0)¢r(0,0)
o="1,) o="1,J o=",{
(2.3)

where the subscripts R (¥ = +1) and L (v = —1) are the usual right and left movers. The impurity
Hamiltonian in equation is ambiguous without proper regularisation. The point of view taken
here is that the meaning of equation is indirectly fixed by demanding that the Green function of
Hy + H;ppy be given by the following equation.

-i- ’ ’ ’ _ , V,V/ . ’ / ’ !
<T hy(a, 0,00, (0, 1) >0 =6,, Z G2 (a2, 1) O(y2)f(y z) (2.4)
vy ==%1

where 6(x > 0) = 1, (x < 0) = 0 and 0(0) = } is Heaviside’s step function. It can be shown that

! ro g~ \V, l/l
G, (x, b2 ,t ) = ol (v) : (2.5)
Py v —va —up(t—t)

. 7/(1/, ') may be related to Vg and Vi, alternatively, to the (bare) transmis-
sion (T') and reflection (R) amplitudes as shown in [46]. In terms of the reflection and transmission
amplitudes, we have

The complex numbers g

) * *
971,"/2(’/17 VQ) = % [51/1,112(5“/1,72 + (T(SVIJ’Q + R5V1,—V2)5’71,V15’Y27—l/2 + (T 61/1,1/2 +R 51/1,—1/2)(5“/1,—1/15’)/2,112]
(2.6)
These amplitudes may also be related to the details of the impurity potentials. The relation between

Vo, V1 in equation (2.3) to the bare transmission and reflection amplitudes is given by (see |Appendix]
for derivation),

b 2ive (T =T
O 9T f T+ T+ 2.7)
ViV = 4ive R*T  4ivp RT* :

COTT* + T +T* 2TT*+T +T*
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The slow part of the asymptotic density-density correlation may be written down using Wick’s theorem
as (after subtracting the uncorrelated average product: g5 = ps— < ps >),

) o lgw )! 0(v2)0(v'z)
<T ps(x,0,t)ps(x 0 1) >0 = _50,0' Z Z (va — —vp(t—1t))?2
vy =t1v =41
= — 0. ( sgn(z1)sgn(x2) A + sgn(z)sgn(xz) AP
(2m)2 BRIV 6 — )+ Jaa] + o) T OE I ) — o] — [a)?

1 1
+ +
(vp(ty —t2) + 1 — 22)?  (vp(t1 —t2) — 21 + 22)?

where,
ps(z,0,t) = (: Ph(z, 0, )R, 0,t) : +: Ol (2,0, )01 (2,0,1) ) (2.9)

In the presence of short-range forward scattering given by the additional piece,

Z /dx /dx v( T —a ) ps(, at)ps(:c o 1) (2.10)

UGfTi

it is not possible to write down a simple formula such as equation for the correlation function
described there. The reason is because |g. (v, v')|? involves only the bare reflection and transmission
coefficients - but in conventional chiral bosonization, they are renormalized to become scale-dependent.
Also there is no guarantee that the function will continue to have simple second order poles as shown
in equation . The main claim of the non-chiral bosonization technique (NCBT) is that if one is
willing to be content at the most singular part of this correlation function then it is indeed possible to
write down a simple formula very similar to equation even when short-range forward scattering
i.e. equation is present. Furthermore, this most singular contribution will only involve the bare
transmission and reflection coefficients as is the case in equation . This most singular part of
the slowly varying asymptotic density-density correlation (ie. DDCF in presence of equation ) is
given below and the proof is given in the next section.

(T pr(z1,t1)pr(@2, t2)) + 0102(T pn(z1,t1)pnlz2, t2)))  (2.11)

= =

(T ps(x1,01,t1)ps(x2,02,t2)) =
where,

2
i sen(a)sgn(az) ¢ =

(T pp(z1,t1)pn(wa,t2)) i . Z (_ ( 1 1= =R )>

r1 — T2 + Vvh(t1 - tg))2 p (~$1| + |x2| + I/Uh(tl — tg))2

sgn(zq)sgn(x 2
(T palar ezt 505 3 (= 1 L)

x1 —xa +vop(ts —t2)?  (Jz1| + |z2| + vor(ts — t2))?

(2.12)
with vy, = (/% + 22 and o =1 (+1) and o =] (-1).

One of the main results of NCBT is the assertion that the most singular contribution to
< T ps(x1,01,t1)ps(xa,09,t2) > in the presence of short-range forward scattering between fermions

viz. equation (2.10) is given by equation ([2.11) and equation (2.12)).

2.3 Density density correlation function results

The density density correlation functions (DDCF) in absence of mutual interactions is given by equation
(2.8]). This has to be systematically transformed to include mutual interactions. Firstly, the space time
TH-3519 186121016
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DDCEF is related to the momentum frequency DDCF as follows (21 # z2 and 21 # 0 and x3 # 0).

I

< T ps(x1,t1;01)ps(w2,ta;09) >0= % Z e 4P e~ B2 g—wn(hi—t2) ps(q,n;01)ps(q , —n; 02) >0
0.4 n
(2.13)
From this we can obtain the DDCF in momentum and frequency space as follows (here § is the inverse
temperature which comes into the calculation because of converting summation to integration which is

allowed in the zero temperature limit: > f(z,) = % | f(2)dz where z, = %)
: So1,05 (207G ) (20rq) 91,1 (1, =1)[?|wn|(27)
<T ps(g:n;o1)ps(q,—n;02) >0 = =27 7
(@.m01)ps( ) 5 ((ora) +wd)(ord 7 + w3) -
Sovr.00  2G°UF L

B w2+ (qup)? 9t 0 (27)

In |[Appendix B|we show how to recover equation (2.8)) from equation (2.13|) and equation (2.14). Now

the generating function for an auxiliary field U in presence of mutual interactions between particles
given by v(z1 — x2) can be written as

Z[U] = /D[p]ei‘sﬁff,()[p]eZq,n,d Pq,n,o—Uq,n,o’e_i fOﬁiB dtfd$1fdZ'Q%’U($1—$2)p(3}17t1;.)p($2,t1;-) (215)

where Sy is the action of free fermions and
1 —iqx jwnt
p(xbtl;-) = Zze € Pq,n;.
q,n

1 .
v(xy —19) = = Z e—zQ(m—m)UQ
Q

p(x1,t1;.) = p(xr, t1; 1) + p(z1,t15 )

Thus the generating function can be written as follows,
210) = [ DiplefSessobleZan tanation.c o= Eun Getansp-an (2.16)
If one denotes the generating function in absence of interactions as Zj, then

Z()[U] — /D[p]eisefﬂ()[p}ezq,n,o-pqm,UUq,n,U

!

—s ¢iSef,00P) :/D[U’]B—Zq,n,apq,n,UU;,n,a ZolU']

Inserting in equation ([2.16)),

’ ’ ! Bv
ZlU) = / Dip] / D[U'] Zo[U'] eXano PanoWane=Uyno) g~ g 32 Pasni-P—a.—n. (2.17)
Set,
1 1 1 1 / 1 1 /
Pano = 5Pan;. + 59 Tan ; Ugn,o = §Uq,n;~ + 57 Waon 5 Upno = §Uq’”?~ + 27 Wan (2.18)

Using these relations the generating function can be written as

’ Bug

Z[U] B /D[p} /D[U,] Zo[Ul] ei Zq,n,o‘(p%n%~+a UQ»”)((U%”%*U;,n;.)‘FU (WLZ»nqu,n))ei Zq,n quﬁn;‘p_qﬂ_n;‘
(2.19)
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where in the RPA sense (for the homogeneous system, this choice corresponds to RPA, for the present
steeplechase problem this choice corresponds to the most singular truncation of the RPA generating
function)

ZO[U ] 61 Zq q/’n;o<Pq,an/77n>o Uq’";UUq/,—n;a (220)

where < pg, nPy —n >0 is equation 1D with o1 = o9. It is to be noted that we have neglected the
higher moments of p in Zy[U’] beyond the quadratic as they are less singular than the second moment

(see section [2.4.1). Now,
l 1 ’ ’
/D /D 2 qql7n;0<pq‘npql - >O 4(U +U W n)(Uq/ﬁn;.—HT Wq/ﬁn)

! ’ ﬁ
el Zq,n,g(Pq,n;-+J Uq,n)((Uq,n;-_Uq,n;)"‘U (Wq,n_Wq,n))e_ Zq,n %Pq,n;-/’*qﬁn;-

/ ’ / !

/ DU o2 Zag <Pty >0 5Wan Uy | AWouW, )

K\J

q ,—n;. q,—n

/D 62 an(ﬂqn (Ug,n;. U n ) togn(Wen— W ))e*Zq,n %Pq,mp—q,—m

! !

1
:/D[U/ eZ q,q/,n<pq’"pq',—n>0 Wq’"Wq',— e’ Zq,q/,n<pq’"pq',—n>0 UgmiU s

n q ,—n;.
4 B
/D[p] e% Zq,n Pq,n;-(Uq,n;~_Uq,n;.)6_ Zq,n Q?Pq,n;ﬁfqﬁm

The last result follows from the extremum condition viz.
L )

P—q,—n;. = m(qu;- - Uq,n;-) (2.21)
Thus (including only the holon part),
_ / D[U/] e% quql’n<pq«npq/77’n>0 Uq n; Uq . 64 Zq n 25110 (U—gq,—n; Uiq,fn;‘)(qu’n;»_U;,n;.) (222)

The integration has to be done using the saddle point method which involves finding the extremum
of the log of the integrand with respect to U’ and that leads to the answer we are looking for. This

means,
/ L !
Z < Panpy >0 Uy . = %_UO(U_(]’_”;' =Uogn) =0 (2.23)
q/
From equation we have,

(20rq ) (2vFq) o 2¢%vp L

< A , 1,-1 ) ——d 5

B < banpy —n >0= [T ) (opg ) St b TPl C2m) & ey Ot 0
(2.24)

This means,
(20r0) (20rq)
; 1,—1 w,, | (27

(vrq)? + w3) Z ((vrq')? + w?) Ui ool el (2.25)

2¢°vp / L L /
5 ————U_g_p.. — U =0

Let us define the Hilbert transform,

2’UFq ’ o
LZ (ord )2 + u2) Uy e = Un (2.26)

then,

(2urq)
(vrq)? +w2)

2¢%vr / L L /

upLlg1,1(1, = 1) wn|(27) + w2+ (que)? Ve @y T %(U—q,—m —U_gn)=0
n

5.

TH-3519_186121016

19



or,

L L 2¢%vp / (2vrq) / 9 L
= ==Y Llgia(1, -1 27) + —U_y_n.
<2U0 + (27T) w% n (C]UF)2> —q,—n;. ((UF(])2 —i—w%)u” |gl,1( )| ‘wn|( 77) + 2U0 q,—mn;.
This means,
g o)) g DPwlen) | AU .
—q,—n;. 2 2 2¢2 L L 2 .
(raf ) (s + dartiair) (o + oot
Set the holon velocity v? = v% + MTUO
U (opq 20l (L Dl 2m) (w0 4 (g06) )y 29
e (wi + (qu)?) (wi + (qv)?)
Hence
i1 (20pq)? 2UFC] Uq’ —ns. /
U, — 7 y 2v, 1, —1)|*|wy|(27) =u .
"L 2 Tord P w4 o) el ALE: o) e (229)
and we obtain the expression,
;1 (2vrq Uy _,.
"= L2 1) W+ (230
q (otop)o 1911 7)) Wn T gV
We have,
/ L !
Z < PgnPy —p >0 Uq’,—n;. ~ 2800 (U—gon;. —U_g—p;) =0 (2.31)
q
Hence,
Z[U] = ei Y an 2555 U-a,-n5.=U_g _n; Wa,ns. (2.32)
and

(2vrq)Uy _,, 2v0lg1,1 (1, —1) P*|wn|(27)

4vgvp 2 - 2 "2\ 2 (QUFQ)
1= e gy 1 (1,-1)2(2m) ) (w3 + (¢'0)?)
(qv)* = (qur)®

" owp + (q)?

U_q,—'n,;. - _q7 n;. L Z <

(w2 + (qv)?)

+ U_q7_n

(2.33)
But we had

/ 4 ’ ’

1
1 Uy iU 1 L _ _
Z/D[U'] 1 S Py >0 UgniUy o 35 g (Umgoms U YU ~Ug )

This means

(qvp)% = (qvp)?
ansﬁvqu” U gy, 2on) " —(avp)”

S o3
Z[U] =e vk (2.34)
@opd Wans. Uy 2091911 (1,— )| wnl (2m)
Yan 85L 3 —= (2vpq) =T
, vo q 4vgup ) (w2 (a0, )2 wd +(qup)?
. (1= g0 11,11 DP2 o )) (whera vn)2) (wh+(avn)?)
Here,
2Upvg
Up = fv% —+ (235)

s
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The two-point density correlations are obtained from the generating functional by differenting Z[U]
twice w.r.t the auxiliary field U which is taken to zero,

0?Z[U]
—— 1 |y, = "y 2.36
0Tyl V=0 = WPl i) (230
Since we have,
Pani. = Panit t Panil 5 Tgn = Pant — Pamnsl (2.37)

Thus the holon part of the density correlations is obtained as,

1 < >=9 £%
4 S PeniPe—n 7T %04d 0 4B (w2 (qup)?)
1 (20rq)(20rq )|g1,1 (1, —1)[?|w,| (27) (2.38)

_l’_i
28 (1= Lazeed 1, 1 (1, 1) 2(2m)2) (w3 + (4'0n)?) (w3 + (qun)?)

h

and the spinon density correlation is

¢*vpL

(2vrq ) (20pq) 5
27 B(w2 + (qup)?) 4te0

2B((vrq)? + w2)((vrq')? + w3)

7 S Oan0y > = |9,1(1, =1)[*wn|(27) +

4

’
q,—n

< Jf]»npq/,fn;. > =0
(2.39)
Finally, the full density density correlation functions in momentum frequency space can be written as,

1 1
< Pgnoly o' >= 7 < Pani Py —ps. > +ZUU < Ogn0

, 2.40
i n 3 (2.40)

q,—n

Doing an inverse Fourier transform of the above we get the DDCF in real space time.

’

<T ps(x1,t1;0)ps(w2,t250 ) >=

'U2

;%mmmm<

h

8 1 LB L >1 91,11, =1)*(2m)
2 (b —to) + B 2T [(ta —ta) — FRlp ) 26 (3 cene g, (1, 1) (2m) )

_ sgn(z1)sgn(x2) < B 1 _ B 1 > L/B|£;1’1(17 —1)|2(27r00/)

1)%, o [(t1 —t2)+ \mlL-;ImQI]Q 2T [(t1 _t2) _ ‘ml‘v‘;|m2|]2 2

e (B 1 N !
dmBuy \ 2T [(t, — t2) + %]2 2T [(ty — tg) — lzi=z2l)2

Vh

_ oo B 1 " B 1
Aoy \ 2w [(t1 — to) + \111)7;12”2 21 [(ty —to) — |m1—r2|]2

vF

(2.41)
One can separate the holon and spinon parts of the DDCF and write as follows.
e son(zy)sgn(ws) — Bl
(T o tipn(on ) =5 3 1 o ) (i ) )
x1, Z2, = — _
PRAT1:51)Ph 2, b2 2r%v, (1 — o + vop(ty —t2))? (|e1| + |z2| + vop(ts — t2))?
1 1 sgn(xq)sgn(z2) |R|? )
T n 7t n ,t =5 9 - -
< P (CEI 1)p ($2 2)> 272 Z ( (1,1 — 2y +I/UF(t1 7152))2 (‘Il‘ ¥ |:172| +I/UF(t1 — t2))2

v==%1

(2.42)
The full density density correlation functions can thus be written in a compact form as follows.

(T ps(x1,01,t1)ps(x2,00,t2)) = — ((T pp(w1,t1)pr(w2, t2)) + 0102(T pu(x1,t1)pn(r2,t2)))  (2.43)

> =
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2.4 Key aspects of our result

In this section we highlight and discuss certain key aspects of our result for the DDCF. We justify the
use of the Gaussian approximation in the generating functional Zy[U’] allowing us to obtain the most
singular part of the correlations. The relation between the fast and slow parts of the density through
the non-standard harmonic analysis is an important aspect of our work and it is elaborated. We also
show how to obtain the DDCF for the case of spinless (spin polarized) fermions using our general result.

2.4.1 Gaussian approximation

In equation , it is seen that only the quadratic moment of p in the Zy[U’] is included, neglecting
all the higher moments. The reason for this is the following. The connected parts of the odd moments
p vanish identically (in the RPA limit) and that of the even moments are less singular than the second
moment, etc. For example, the connected 4-density function,

< Tp@)p(w2)p(@s)p(es) >e ~ < Toh(@r () >< Tl (25) >< Toh(ws)* (1) >< Toh(wa)ir*(21) >
+ permutations

(2.44)
has only first order poles and no second order poles. The NCBT does not claim to provide the asymp-
totic Green functions of strongly inhomogeneous interacting Fermi systems exactly but it does claim
to provide the most singular part of the asymptotic Green functions of strongly inhomogeneous inter-
acting Fermi systems exactly. However this is not the case for the homogeneous systems (|R| = 0) and
half-lines (|R| = 1) where both the even and the odd moments higher than the quadratic moment of
density functions vanishes. Hence for these extreme cases, the density-density correlation functions are
not just the most singular part but the full story. To prove this, a quantity ‘A’ is defined as follows.

A= <T ps(xr,01,t1)ps(x2, 02, t2) ps(x3, 03, 03, t3) ps (@4, 04, t4) >0
— < T ps(x1,01,t1)ps(x2,02,t2) >0 < T ps(3,03,t3)ps(T4,04,t1) >0
— < T ps(z1,01,t1)ps(x3,08,t3) >0 < T ps(xa,02,t2)ps(a,04,ts) >0
— < T ps(1,01,t1)ps(xa,04,ta) >0 < T ps(xa,02,t2)ps(x3,03,t3) >0

(2.45)

If A =0 it means Wick’s theorem is applicable at the level of pairs of fermions which makes the Gaus-
sian theory valid. So now, the question is whether A is zero or not. Expanding the above expression
using conventional Wick’s theorem and using the form of the Green function shown in equation
we have the following results for various cases.

Case I: All four points on same side (1 > 0,29 > 0,23 > 0,24 > 0)

We have ps(x,0,t) =: wg(x, o, t)Yr(z,0,t) —i—wTL(m, o,t)1r(x,0,t) : where :: represents normal ordering.
For this case we obtain,

|RI?|T|?
<T ps(x1,0,t1)ps(w2,0,t2)ps (3,0, t3) ps (T4, 0,t4) >c = ot <
( 1
((ts — t1)vr + o1 + 23)((ts — t2)vp + z2 + 23)((ta — t1)vF + 21 + 24)((ta — t2)vp + 22 + T4)
1
+
((t1 — ta)vp + 1 + 22)((t3 — ta)vp + 22 + 3)((t1 — ta)vp + 21 + 24)((t3 — ta)vp + 23 + T4)
1
Jr
((t2 = t1)vr + 21+ 22)((ts — t1)vp + 21 + 23) (T2 — ta)vr + 22 + 24)((t3 — ta)vp + x5+ 24)  (2.46)
1
_|_
((t2 — t1)vr + 21 + z2)((t2 — t3)vp + x2 + x3)((ta — t1)vr + 21 + 24)((ta — t3)vF + 23 + T4)
1
+

((t1 — tQ)UF +x1 + Ig)((tl — tg)’UF +x1 + 1‘3)((154 — tQ)UF + x9 + x4)((t4 — tg)’UF +x3 + Q?4)

1
+ ((tl — tg)’UF +x1 + xg)((tg — tg)vF + 2o + :Cg)((tl — t4)’UF +x1 + .’E4)((t2 — t4)UF —+ 2o + (E4)>
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Case II: Three points on same side (x; < 0,z2 > 0,23 > 0,24 > 0)

|RI?|TJ?
<T ps(x1,0,t1)ps(w2,0,t2)ps (3,0, t3) ps (T4, 0,t4) >c = 9
( 1
((tr = t3)vr + 21 — 23)((t3 — t2)vp + w2 + 23)((t1 — ta)vr + 21 — 24)((ta — t2)vp + 22 + T4)
1
((tl — tz)’UF — T + xg)((tg — tg)UF + 2o + $3)((t1 — t4)1}F — 1 + $4)((t3 — t4)’UF + x3 + 33‘4)
1
((tr = t2)vr + 21 — 22)((t1 — t3)vp + 21 — 23)((t2 — ta)vr + @2 + ) ((t3 — ta)vp + 3+ 24)  (2.47)
1
a ((t1 — t2)vp + 21 — z2)((t2 — t3)vp + 22 + x3)((t1 — ta)vr + 21 — x4)((ta — t3)vF + 23 + T4)
1

((tl — tQ)UF — 1 + .CEQ)((tl = tg)’UF — I+ 1’3)((t4 — tz)UF + 29 + I4)((t4 — tg)’UF + x3 + .174)

1
+ ((tg — tl)’UF +x1 — .’Eg)((tg = t3)vF + x9 + :L’3)((t1 = t4)vp — X1+ x4)((t2 — t4)UF + x9 + {E4)>

Case III: Two points on same side (z1 < 0,29 < 0,23 > 0,24 > 0)

_ [RPITP

< T ps(x1,0,t1)ps(w2,0,t2) ps (23,0, t3) ps(24, 0, ta) >¢ P

1

( (1 — ta)vr + a1 — 23)((t3 — t2)vp — T2 + 73

)(t1 — ta)vr + 21 — 24)((t2 — ta)vr + T2 — 24)
2
B ((tg —i tg)’UF + X2 — I’g)((tl — tg)UF — 21 + 1133)((151 - t4)’UF — 21+ 1‘4)((t2 = t4)1)F — T2 + $4)

1
a ((t2 — tg)vp + 22 — x3)((t3 — t1)vp — 21 + x3)((t1 — ta)vr + 21 — 24)((t2 — ta)vp + z2 — 564))

R*2T2< 1

+ =

4 ((t1 = t2)vp + 21 + 22)((t1 — t3)vr + 21 — x3)((t2 — ta)vp — T2 + x4)((t3 — ta)vp + 23 + 24)
1

© ((t1 — t2)vr + 21 + 32)((t2 — t3)vr — zo + 23) (01 — ta)vr + o1 — 24)((ta — t3)vF + T3 + 74)
1

B ((ta — t1)vp + 21 + x2)((t1 — t3)vep — 21 + x3)((t2 — ta)vr + 22 — x4)((t4 — t3)vp + 23 + x4)
1

- +

((t2 = t1)vr + 21 + 22)((t2 — t3)vp + 22 — 23)((t1 — ta)vr — 21 + 24)((t3 — ta)vp + 23 + 964))
R2T*? < B 1
44 ((tl — tQ)’UF +x1 + Z‘Q)((h — t3)1}F +x1 — $3)((t2 — Tf4)’UF — Ty + 334)((t3 — t4)1}F +x3 + 1‘4)

1

- ((t1 — tg)UF + 1+ Iz)((tz — tg)’UF — X2 + mg)((tl — t4)UF +x1 — Z‘4)((t4 — tg)UF +x3 + 334)
1

((t2 = t1)vr + 21 +22)((t1 — t3)ve — 21 + 23)((t2 — ta)vr + 22 — 24)((ts — t3)vp + 23 + 24)

1
- ((tz — tl)UF + 1+ x2)((t2 — tg)UF + 2o — zg)((tl — t4)’UF —x1 + 1’4)((t3 — t4)UF + x3 +ZE4))

(2.48)
Now it is easy to see that for all the three possible cases above, the fourth moment of density will vanish
when either of |R| or |T'| vanishes. Hence the Gaussian theory is exact for a homogeneous system and
a half line. For all intermediate cases (0 < |R| < 1), the fourth moment (and similarly the higher even
moments) are less singular with first order poles as compared to the second moment which contains
second order poles. Also note that all the above cases were done for all the four spins to be identical.
If any one of them is different, then all the results on the RHSs of the above cases will also vanish.
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2.4.2 Relation between fast and slow parts of DDCF

In the RPA sense, the density p(z,0,t) may be “harmonically analysed” as follows.
p(x,0,t) = ps(x,0,t) 4+ 2kFe pf(x,o,t) + e~ 2ikrT py(z,0,1) (2.49)

Here ps and p; are the slowly varying and the rapidly varying parts respectively. The most singular
parts of the rapidly varying components of the DDCF may be obtained by the following “non-standard
harmonic analysis” ‘

pi(x,0,t) ~ €2 J7 dy(ps(yt)+X ps(=y.t)) (2.50)

where A = 0 or A = 1 depending upon which correlation function we want to reproduce. The presence
of ps(—y,t) automatically incorporates (at the level of correlation functions), the presence of localised
impurities in the system. This is unlike the conventional chiral bosonization method where the impu-
rities lead to non-local hamiltonians whereas the Fermi-Bose correspondence is left untouched. The
conventional method, though correct in principle, is unwieldy and unnatural since the impurities which
lead to strong qualitative changes in the ground state of the system are introduced as an afterthought
whereas the short-range forward scattering which leads only to subtle (but qualitative) changes are
treated exactly. NCBT does a good job of including both but it is still not exact as it can only provide
the most singular parts of the correlation functions in terms of elementary functions of positions and
times.

Furthermore, in NCBT, the field “operator” (only a mnemonic for the correlation functions it generates)
has a modified form which automatically takes into account the presence of impurities.

Wy (,0,t) ~ €= B0,

EV(Z7U7 t) = HV(xa g, t) + 271—)‘”/ dy ps(_y707 t)

(2.51)

where v = R, L and A = 0,1 depending upon which 2-point correlation function we are looking for (
right-right, right-left, left-right, left-left movers and both points on same (opposite) sides of the origin
) . Also 0,(z,0,t) is the same as what is found in chiral bosonization. It may be related to currents
and densities and through the continuity equation, finally only to the slow parts of the density.

x y / i
0,(z,0,t) = 7T/ dy <1/ps(y,a, t) —/ dy Oypips(y , 0, t)> (2.52)

As usual ps(y,o0,t) =: ¢E(y, o, t)r(y,o,t) + wz(y, o, )1 (y,o,t) : Note that unlike in chiral bosoniza-
tion, equation (2.51)) is not an operator identity. It is only meant to capture the most singular parts of
the two point functions by employing the following device. We assert that the most singular parts of
the 2-point functions are given by retaining only the leading terms in the cumulant expansion.

<@ o), (@0 t) > ~ < B i, @0t S b <E (@0 )> ~4<EL (@ 0t)> <E(w.00)F, (ot )>
' (2.53)
As long as the symbol < ... > on both sides of the equation is read as “most singular part
of the expectation value”, equation is in fact the exact answer for the (most singular part of
the) two-point functions of a strongly inhomogeneous Luttinger liquid. The higher order terms in the

cumulant expansion are purposely dropped as they can be shown to be less singular (see subsection
2.4.1)).

The other important point worth mentioning is that in chiral bosonization, the 2-point Green functions
in presence of impurities are discontinuous functions of the short-range forward scattering strength.
This means in presence of impurities, the full asymptotic Green functions for weak short-range forward
scattering are qualitatively (discontinuously) different from the corresponding quantities for no short-
range forward scattering. This is the origin of the “cutting the chain” and “healing the chain” metaphors
applicable for repulsive and attractive short-range forward scattering respectively.
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However NCBT only yields the most singular part of the asymptotic Green functions. This attribute
exhibits a behaviour complementary to what is seen in the full Green function. The most singular
part of the 2-point Green functions are discontinuous functions of the impurity strength in presence
of short-range forward scattering between fermions. This means the NCBT Green functions with
weak impurities are qualitatively (ie. discontinuously) different from the corresponding quantity for no
impurities.

This is the main reason why the results of chiral bosonization and NCBT cannot be easily compared
with one another as they are fully complementary. The only exception is for a fully homogeneous system
or its antithesis viz. the half line where the two results coincide.

2.4.3 Results for the spinless case

It is easy to transform equation (2.42)) and equation (2.43]) to show the results for the spinless fermions.
For doing so, the density density correlation functions of the holons (pppn) needs to be doubled and
that of the spinons (p,p,) are allowed to vanish. The holon velocity in this case will be related to the
Fermi velocity as vy, = ,/v% + voup/m. Hence the density density correlation function for the spinless
case is the following.

or_ g (_ : 1 |R|? o sgn(z1)sgn(z2) )

T A2y 1
h v==41

T ps(x1,t1)ps(xa,t
(T ps(z1,t1)ps(z2,t2)) o -, DT (1 B (/Uh*UF”R'Q) (Jz1] + |z2| 4+ von(ts — t2))?
Vh

(2.54)

2.5 Perturbative comparison of our results

The density density correlation functions of a strongly inhomogeneous Luttinger liquid given by equation
can be verified by a comparison with those obtained using standard fermionic perturbation (the
comparison for the limiting cases, viz., |R| = 0 and |R| = 1 are given in [Appendix C|and [Appendix]|
D] respectively). The general case viz. 0 < |R| < 1 is given in Since the spinon DDCF
is the same as that of the non-interacting DDCF (it is only the total density that couples with the
interaction), hence it will suffice only to compare the holon DDCF to perturbative results. For this, the
holon DDCF is expanded in powers of the interaction parameter vg. Note that the holon velocity vy, is
related to the Fermi velocity and the interaction parameter vy by the relation vy, = vpy/1 4 2vo/(7vR).
The holon DDCEF is given as follows.

vE |R|>
. " 1 . sgn(x122) (17<vh;hvp)|R‘2)
x1,t r9,t2)) =—— = -
< ph( ! l)ph( 2 2)> 27T2’Uh VZ:I:I ( (xl — T2 + V’Uh(tl e t2>)2 (’331| + ‘.’L’Q’ + I/’Uh<t1 — t2))2 )
(2.55)
Expanding in powers of interaction parameter vy and retaining up to the first order, the following is
obtained.
(T pn(z1,t1)pn(z2,t2)) (2.56)
= (T pn(1,t1) pn(@2,12))° +vo (T pp(1, 1) pu(@a, t2))" + Ofwg]
Now
1 sgn(z1)sgn(a2)| R|? sgn(z1)sgn(a2)| R|?
T pp(z1,t T2,1))0 = — < 4
(T pn(z1,t1)pn(z2,t2)) o2 \ (Jo1| + |wo| + vp(ts —t2))2 ' (Ja1| + w2 — vp(t1 — t2))2 2.57)

1 1
+ +
(x1 —x2 +op(ti —t2))? (21 — 22 —vp(t1 — t2))2>
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and

(T pn(z1,t1)pn(wa,t2))" =

1 (|R\QSgH(I1)SgH($2)(—(|R|2 = Dzi| = (IR]* = 1) [z2| + (|B]* = 3)vr(ts —t2))
dmdvp (lz1| + [z2] + vp(t — t1))?

| R|*sgn(1)sgn(z2) |R[*sgn(w1)sgn(ws)

(Jz1] + [z2| +vp(ts —12))  ([z1] + |22 + vp(t2 — 11))?

_|RPsgn(a1)sgn(ze) (|R]* = 1) [z1] + (|RI* = 1) [z2| + (|R* = 3)vr(t: — t2))
(Jz1] + |22 + vp(t — t2))?
21}F(t1 —tg) 2’UF(t1 —tg) 1 + 1
(tyvp — tovp + 11 —x2)3  (t1vp —tovp — 1 + 22)%  (t1vp —tovp + 21 — 22)%2  (t1vp — tovp — o1 + 22)2

(2.58)
The first order term viz. equation (2.58)) has to be compared with that obtained using standard
fermionic perturbation theory. Using the perturbative approach, the density density correlation func-
tions in presence of interactions can be written in terms of the non-interacting ones as follows.

(TS pn(x1,t1)pn(x2,t2))0

(T pn(@1,t1)pn(x2, t2)) = (TS (2.59)
Here T represents the time ordering and the action S can be written as follows.
S = Hs(Mdt — 1 —z’/Hfs(t)dt + ... (2.60)

Hence the zeroth order term is simply (T" pp(x1,t1)pp(z2,t2))o and the first order perturbation term
can be written as follows.

(T pn(x1,t1)pn(wa, t2))' = —i/<T Hiy(t)pn(z1,t1)pn(2,t2))odt

From equation ([2.10]) the interacting part of the Hamiltonian can be written as

]. o0 o0 / / !
Hp(t) = 5/ da:/ dx v(x —z) pp(z,t)pp(z ,t)

Hence the first order term in the perturbation series can be written as follows.

Tontorstiypntan ) = =5 [dr [y [ @y vl = )T o700 Dopn(ar. tr)omlaas )

(2.61)
Here v(y —y') = vgd(y — ¢') is the short ranged mutual interaction term. The symbol (..)g on the RHS
indicates single particle functions. The next step is crucial. We wish to only include the most singular
contributions to the exact first order term in Eq.. This involves simply pairing up the densities
(as explained in section . Using equation , the most singular contribution up to the first
order in interaction parameter can be obtained as follows:

(T pn(z1,t1)pn(xa,t2))' = —ivg /CdT /oo dy (T pr(y, 7)pn(z1,t1))o (T pr(y, 7)pn(x2,t2))o
(2.62)

This has been worked out separately for |[R| = 0, |R| =1 and 0 < |R| < 1 in [Appendix C} [Appendix|
and respectively. In the perturbation series to all orders is exhibited in

momentum and frequency space and is explicitly evaluated up to second order in vyg.

2.6 Summary

The most singular contributions of the slow part of the density density correlation functions of a
Luttinger liquid with short-range forward scattering mutual interactions in presence of static scalar
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impurities has been rigorously shown to be expressible in terms of elementary functions of positions
and times. This formula has simple second order poles (when the 2-point functions are seen as functions
of the complex variable 7 =t — t/). Furthermore, it only involves the bare reflection and transmission
coefficients of a single fermion in presence of the localised impurities.

In chiral bosonization, the 2-point Green functions in presence of impurities are discontinuous
functions of the short-range forward scattering strength. This means in presence of impurities, the full
asymptotic Green functions for weak short-range forward scattering are qualitatively (discontinuously)
different from the corresponding quantities for no short-range forward scattering. This is the origin
of the “cutting the chain” and “healing the chain” metaphors applicable for repulsive and attractive
short-range forward scattering respectively.

However NCBT only yields the most singular part of the asymptotic Green functions. This attribute
exhibits a behaviour complementary to what is seen in the full Green function. The most singular
part of the 2-point Green functions are discontinuous functions of the impurity strength in presence
of short-range forward scattering between fermions. This means the NCBT Green functions with
weak impurities are qualitatively (ie. discontinuously) different from the corresponding quantity for no
impurities.

This is the main reason why the results of chiral bosonization and NCBT cannot be easily compared
with one another as they are fully complementary. The only exception is for a fully homogeneous system
or its antithesis viz. the half line where the two results coincide.
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Chapter 3

Non-equilibrium Green functions of
chiral quantum wires coupled through a
point-contact

3.1 Introduction

This chapter is based on our published work [81], in which we study non-equilibrium transport in a
one-dimensional system using the exact non-equilibrium Green function. Even when inter-particle in-
teractions are absent, investigation of non-equilibrium dynamics is a non-trivial task. Experimental
techniques have advanced in recent years to observe ultrafast transient responses in nanoscale elec-
tronic devices. Also experimental methods using tunneling spectroscopy have assisted researchers in
understanding the non-equilibrium dynamics of low-dimensional systems better [82, 83]. Computa-
tional Wigner-function approach has been used in the past to study steady state as well as transient
regime in a resonant tunneling diode [84]. But the theoretical tool of choice to study the subtle physics
of non-equilibrium systems is the non-equilibrium Green function (NEGF) method (also known as
Keldysh formalism). Although there are several techniques such as reduced density matrix methods
[85], time-dependent DFT [86) 87], quantum master equation [88], density matrix renormalisation group
[89 90, 91], quantum Langevin equation [92] 93], Bohm trajectories [94} 95], Wigner transport equa-
tion [96], 97, O8], none are well suited to naturally include interactions in the system. The Keldysh
formalism to handle the non-equilibrium Green function (NEGF) is a popular choice [99, 100]. This
method has been extensively used to study tunneling conductance in generic tight binding junctions
[101], nonequilibrium currents in quantum dots [102] as well as time dependent transport in double
barrier resonant tunneling systems [103].

In this work, we explore the problem of non-equilibrium transport across a point-like contact between
two chiral (i.e. unidirectional) non-interacting one-dimensional quantum wires (see Figl3.1). In [104]
the authors consider tunneling between interacting chiral quantum wires albeit treating the point con-
tact perturbatively. Since we treat the point contact exactly, our work complements this earlier work
[104] and contributes to a comprehensive understanding of this model. We exactly solve for the non-
equilibrium Green functions (NEGF) in real space and time from the equation of motion of the Fermi
fields as opposed to Fourier transformed energy domain. We extend our analysis beyond the infinite
bandwidth limit and consider the case of a finite bandwidth in the point-contact. We obtain a tran-
sient in the tunneling current and this term involves an integral over the past history of the system and
hence exhibits non-Markovian dynamics. Non-Markovian effects in quantum transport in nanodevices
has attracted much attention in recent years over potential applications in quantum computing and
nanotechnology. The non-Markovian master equation approach [105], analyses based on Keldysh non-
equilibrium Green function formalism [103] [106], 107, T08] and theories based on the Feynman-Vernon
influence functional [I09] have proven to be very useful in studying transient transport beyond the infi-
nite bandwidth limit. In this work we treat the infinite bandwidth case to be the zeroth order result of
a systematic perturbation approach and consider the effects of a finite bandwidth in the point-contact
upto first order.

TH-3519_186121016
28



|]—_L

Figure 3.1: Schematic diagram of a tunneling point-contact between two chiral (unidirectional) quantum wires
labelled R and L. An arbitrary time dependent potential V,(t) is applied on the R branch. A point contact is
formed by applying an electrostatic gate voltage.

Exact analyses on time-dependent transport properties in out of equilibrium systems have been done
by other authors that go beyond the infinite bandwidth limit [I06]. However in our approach, we
analytically obtain the exact non-equilibrium Green functions in space and time domain (two space-
time points) as opposed to these other approaches that only consider constant bias and obtain the
Green functions in a Fourier transformed frequency domain. When the point-contact has a finite band-
width, closed formulas for the full NEGF are possible only as a perturbative series in the inverse of the
bandwidth. It is remarkable indeed that a closed formula for the out-of-equilibrium space-time Green
function with a general bias of a problem as important as the present one has not been written down
till now. This formula provides a convincing derivation of the I-V characteristics that is able to account
for a variety of situations such as, time-dependent bias and nonlinearities in the I-V characteristics and
so on. Given these observations, it is hard to overstate the importance of the work discussed in this
chapter.

3.2 Model and formalism

The tunneling through a point-contact is described by the addition of a tunneling Hamiltonian [110].
The full Hamiltonian for the system under consideration is,

r
H= Z vip + eVi(t))c! Cp RCp.R + Z —vpp)c Lch,L + L( iRC”L + c_T,Lc‘,R) (3.1)
p P

where R and L label the right and left moving chiral spinless modes and V;(t) is the generic time
dependent bias voltage applied to one of the contacts , the right(R) moving one in this case. c;r, and
cp are the spinless fermion creation and annihilation operators in momentum space and we use the
notation cT R= Z l bR and I' = I'* is the tunneling amplitude of the symmetric point-contact junction
and L that does not appear in the subscript is the system size. Note that a reqularisation scheme
is implicit when writing down Eql3.1. We call this Dirichlet’s reqularisation. Here summing over all
momenta implicitly means summing over an interval p € {—A, A} and then setting A — oo. This leads
us to conclude, among other things, that the values of discontinuous functions are always the average
of left and right hand limits. Specifically in the Dirichlet reqularisation, the step function that appears
repeatedly in the rest of this chapter is defined as 0(z > 0) = 1,0(z < 0) = 0,0(z = 0) = 3. We
postulate that the right mover experiences a potential V;(¢) more than the left mover at all spatial
locations. Note that we have considered a generic time-dependent bias and hence our method is not
restricted to the case of a dc-bias alone.
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3.2.1 Equations of Motion

We may now go ahead and write down the equations of motion for the Fermi fields for the Hamiltonian
in Eq[3.1] and systematically solve them to obtain the position-time non-equilibrium Green’s function.
The equations of motion are

r

ircp,r(t) = (vrp + eVo(t)) e r(t) + 7 c,1(t)

. I
i0pcp, (1) = —vpp cp 1(t) + T c.r(t) (3.2)

On solving the above coupled differential equations we write down the solutions explicitly in real space
and time (where ¢/ () = % > €7 Cpr/L)-

Yr(e.t) = Ulto, ) [1 +20pT sgn(to —t + v”;)g(x,t)] Yr(@ — vp(t — to), to)
—i(20p)2U (t — %,t) E(z,t) Yi(—z + vp(t —to), o) (3.3)
and
Yr(—z,t) = [1 + 2upT sgn(to —t+ %) f(m,t)} Yo~z +vp(t —to), to)
~i(20p)? Ulto,t = ) £(x,1) wn(x — vl — to), o) (3.4)

Where we have set,

[0(z) — O(vpto +  — vpt)]

r
E (3.5)
vp 2 — 4F29(t = % = t())g(t() —t+ %) aF 4’1)%

&(x,t) =

and we have defined U(7,t) = e* JreVs(s)ds  The time to specifies, at this stage, some (arbitrary)
initial time. Here 0(z) is the Heaviside step function but regularised using the Dirichlet criterion (i.e.
0(0) = 3). Also sgn(z) = 0(z) — 6(—=z). It is easy to verify that the above expressions for the fields do
satisfy the equations of motion in real space and time which are

iatwR(xv t) = (_ivFam 4 e‘/b(t»wR(xa t) +T 6(:6) ¢L(0’ t)
iatl/JL(SC,t) = ivpf)xsz(a:,t) + T (5($) ¢R(O,t) (36)

3.3 The non-equilibrium Green functions

We assume that the system is in thermal equilibrium with a reservoir at temperature Tep), = % in the
remote past since the voltage bias is zero at these early times. Now setting the time {g = —oo means
the same as the system being in the equilibrium state, i.e. before the bias voltage is applied. Using
this condition in Eqs[3.3] and [3.4 we may write,

2

Yr(z,t) = U(—o0,t) [1 —6(x) 112%{40%] Yro(z —vp(t —ty) <O0,to)

T 2up)?
— ZG@(H?) U(t — %,t) Iéjfjjv% 1/JL70(—.$ + ’UF(t — t()) > O,to) (3.7)

and
212
wL(—.’E,t) = |:1 — 9(1‘) IW:| wL,O(_Jj + ’UF(t - to) > O,to)
F

T (2vp)? U(—o0,t — %)

— '7 UF J— J—
ZUFQ(J}) T2 & 41)% TZJRyD(Z' UF(t to) < 0, to) (38)
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Before calculating the two-point Green’s function it is crucial to note how the point-contact tunneling
amplitude is related to the reflection (R) and transmission (7) amplitudes (|T'|> 4+ |R|> = 1) when
modelled as an isolated impurity as shown in the reference [80],

4ivp RT
== —+—- 3.9
272 + 2T (3.9)
This means,
4Tvp v —T?
T2 1402 T2 1 402 (8.10)
Note that since ¢y is in the equilibrium region (t9 = —oo) the quantities z — vp(t — tp) < 0 and
—x +vp(t —tg) > 0 for any fixed x,t. The correlation functions at time tg = —oo then are the well-

known finite temperature equilibrium Green functions [46]. Set z = z —vp(t—to), 2 =& —vp(t —to),

<Phol2 < 0,t0)ro(z < 0,t0) > = <9f (=2 >0,t0)ro(—2z>0,t0) > =

¢ Buvr
- , : 3.11
2r sinh(g7—(z — 2" —vp(t — 1)) (8.11)

where ( is the inverse temperature. The R, L and L, R correlations with the position coordinates at
the opposite sides of the point-contact are zero.

< 71’%,0(2, < 0,t0)Yro(—2 > 0,19) >

Using Eqgs in Egs and the corresponding conjugates, we get the full non-equilibrium
Green functions (NEGF),

™

A, - { Bur
< / N ) > = — == 77 7 / 3.13
LRI AC) 2m sinh (57— (ve — vz —vp(t—t)))’{”’” (3:13)

where v,v) = +1 with R =1 and L = —1 and

Kii = (U(t/7t) [1 —0(z') %} [1 — 0(x) FT?‘QT%]
n <UFF mf 8(x)8() U ¢ — ) Ut — x,t)> (3.14)
K11 = ( {1 —0(—2) Wirivl%} {1 — 6(—x) %}

. ( r (211F)2>2 O—)f(—) U(E + %t t 9“)) (3.15)

vp T2+ 40% vp vp

ki1 = (— Ut — %t) {1 —0(—2) inrzv%} 0(z)
+ Ut + i,t) {1 —0(z) 1“22I;§] 9(—x’)>i;% (3.16)
. . or?
Koig = ( SOt ) [1 —0(z) W} o(—x)
FUE A - Z) [1 (=) inr;%} H(x/)) z;m (3.17)
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Figure 3.2: Transient in NEGF': This figure shows density plots of the real part of the equal-time RR Green
function Re[< wg(:v/,t)z/m(x,t) >] vs time (¢) in presence of a step bias that is switched on at ¢ = 0. The
real part of the non-equilibrium Green functions shows transient dynamics (a)-(e) before reaching a steady state
(f)-(i). The other parameters are chosen to be I' = 2 and vp = 1.

TH-3519_186121016
32



For illustrative purposes, let us consider a step bias that is initially zero but is turned on suddenly at
t = 0 and remains constant for all positive times. We can show by plotting the equal-time NEGF versus
the spatial coordinates for different times that at small times the NEGF captures the transient behaviour
of the system and reaches a steady state at large positive times. In Figl3.2] the zero temperature equal-
time RR non-equilibrium Green function for various times is plotted, clearly showing the initial transient
regime followed by the appearance of a steady state at sufficiently long times after the switching on of
a constant bias. We show below how the space-time non-equilibrium Green function we have written
in Eq[3.13] can be interpreted as the Keldysh contour ordered NEGF.

The meaning of the average of an observable < @ > has the following interpretation. Let |[¥ >q; be
the eigenstate of a time independent Hamiltonian with eigenvalue Ep;. In the remote past, the system
was in such a state. Let us consider an adiabatic switch on of a bias. This means that the state now
obeys a time-dependent Schrodinger equation,

m%w) S = HolU(t) > +Hys (1) T(t) > (3.18)

This has a unique solution with the initial condition |V(t = —o0) >= [¥ >¢ ;. Let us call this solution:
|®;(t) >. The average of the observable < @ > is
i€ < Bi(D)|QIi(Y) >

<Q> = S o hho. (3.19)

For Green functions Q = ¢'(t1)c(t2) we need to solve (with Ho and Hy;,s(t) written in second quantised
notation):

.0

7’hEC(T) = [C(T)a HO + Hb’ias(T)] (320)
subject to the condition that ¢(7 = —00) = ¢¢q Where < clqceq S—ll= < ceqczq > is the Fermi-Dirac
distribution at temperature 1.

3.3.1 Time ordering on the Keldysh contour

It is easy to reinterpret the space-time dependent Green functions as Keldysh Green functions where
the times are ordered on the Keldysh contour as shown in Fig[3.3] For this we reinterpret U as follows,

U(t,t’) o2 6—ideT ec(t—T)ec(T—t,) eVb(T) (321)

The standard meaning of the contour ordering 6 (t —t') is that 6o (t —t ) = 1 if ¢ is to the right of ¢ on
the contour C and A (t —t') = 0 if t is to the left of ¢ on this contour and ¢ (0) = 3 consistent with
Dirichlet regularisation. The claim is that the Keldysh contour ordered Green function of the system
may simply be written down as,

s

ro 1 Bv
T Dot ) > = 7 : : 3.22
<Ted(@t)y, (@,¢) 2m sinh (57— (ve —v'a’ —vp(t —t )))KJ”’V (3.22)

where v, = +1. We may recall that the quantities x contains evolution functions such as U (t+ %, t+

g—p) For example if ¢ is on the lower branch and ¢ is on the upper branch of the contour and Vp(r) =0

when 7 is purely imaginary then,

’ /

U(t—|— i,t/ n .73‘7) _ e—ifc dr Gc(t—‘r%—ﬂ')ec(ﬂ'—t —f—F) eVp(7) <323)
(ya (ya
But since,
x / (L'/ t+ﬁ
/ dr 0ot + -5 — PYoo(r —t — 2y evi(r) = / T dr eViy(r) (3.24)
c UF UF t+s
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as before, we see that the reinterpretation has no effect on the results. Similarly, if ¢,¢ are on the upper

branch,
xr ’ JJI X ’ .I‘/ t+%
/ﬂh90a+—rwcu-4/—)d@7): mﬁ+—t—x/ TdreVy(r)  (3.25)
C VEp VEp (ya (ya t' +:7F
where 6 is now the ordinary Heaviside step function with a real argument.
’ ;L'I
t + —

—00 vE o

+oc 400
t(] h - g to h — =

A N,
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Figure 3.3: (a) The extended complex-time Keldysh contour on which Keldysh Green function theory is con-
structed. Times on the lower branch are greater than the upper branch. The contour is extended along the
imaginary axis in a third branch to include the possibility of finite temperature Green functions. (b) ¢ is on the
lower branch and ¢ is on the upper branch, so ¢ > ¢ although on the real time axis it appears that t > ¢. (c)
Both ¢ and ¢ are on the same branch of the contour.

Therefore reinterpreting the evolution function in the manner shown is sufficient to allow a recasting
of the Green function in the Keldysh language where the time ordering is on the Keldysh contour.

3.3.2 Consistency check in the equilibrium limit

In a steady-state, the NEGF is a function of the time-difference ¢ —t . The equilibrium Green’s function
also depends only on the time difference but the non-equilibrium nature of the problem is evident in
the fact that the NEGF does not obey the KMS boundary conditions in imaginary time [I11] [112] even
when the system has reached a steady state. It is an important consistency check to make sure that
the NEGF reduces to the equilibrium Green’s function when the times ¢ and ¢ are set to be in the
equilibrium region (remote past). This is equivalent to setting U (t',t) = 1 since there is no voltage bias
when the system is in equilibrium. Note that when 2z > 0,

<Pw5)fﬂ2} P%@ﬂﬂ]w@w@)<r(%”2f>:ﬂ (3.26)

T2+ 402 T2+ 402 vp T2 + 402,

whereas from Eq it is clear that when zz' < 0,

R T2 (T (20p)? \?
([0 =] o0 g ooone () )
B PO IN R A (3.27)
- T2+ 42| ‘
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The NEGF in this case, reduces to the well-known [46] equilibrium Green functions given in Eq

< T¢I/ (LU/, t/)d]V ($7 t) >equil

3 Bw O(yx)0(y x)g, . (v,v) (3.28)

vp sinh(g7—(ve — v'a’ —vp(t —t)))

where in terms of the reflection and transmission amplitudes

’

1 * *
9, V) = o <5W,5M, + (T8, + RO, _ /)00, + (T8, + R 5y7_,)5%_ya¢,y,> (3.29)

It is easy to show that the non-equilibrium Green functions satisfy the equation of motion for the two-
point functions. Now that we have obtained the NEGF we can use it to study the transport properties of
the system particularly the tunneling current and differential tunneling conductance with general time-
dependent bias voltage of which the well studied problem of a de-bias [I0T], 113}, [1T4] is a special case. In
the infinite bandwidth case only steady state behaviour in the I — V characteristics is observed. When
we consider the case of a finite bandwidth in the point-contact we observe non-Markovian transient
transport dynamics in presence of an arbitrary time-dependent bias voltage.

3.4 Tunneling current and conductance in the infinite bandwidth

case

In this section, we evaluate the tunneling current and differential tunneling conductance. The tunneling
current is defined usually as the rate of change of the difference in the number of right and left movers,

AN . .
Lun(t) = € =5~ = e% [H,AN] = e% [H, Ng — Ny] (3.30)
We use the convention as in [I15], where they have considered ujr — pur = eV. In our case the

bias is applied to the right movers so that, ug = eVj(t) and py = 0. Hence in our case we use
wur, — g = —eVy(t) = eV (t). The current becomes,

Tun(t) = —iel' lim < < L (0,8)91(0,8) > — < ¢ (0,)Pr(0,¢) > ) (3.31)
t' >t
From the expression for the Green functions Eqs m and using the Dirichlet criterion 6(0) = % we
can write
. s 2 2
T / i) 7 Bug ( ’ > T 2’()F r
< 0,t 0,t) =it - ; -U(t,t)+1) i— 1-
YR(0,¢ )L (0,1) 2 sinh (57— (—vr(t — 1)) (F:1) + ZUF 2 + 40, 2+ 4v%,
(3.32)

then we get,

™

, 1 3 / / I 27 r?
Liun(t) = iel 1i — La . (Ut,t —Ut,t)— LA |
tun(t) = iel" lim (27rsinh( ot =)\ ) U)o T2+ 402 | T2+ 402

Bur
(3.33)

Note that we have defined U(t, t/) — iy dr eVe(n), Evaluating the limit using L’Hospital’s rule,

Lan(t) = -T2 — %1 - v (t) (3.34)

i 2+ 402 T2 4402 | 27" ‘
Expressing the tunneling amplitude in terms of a tunneling parameter ¢, defined as I' = 2vpt, [116],
so that the tunneling current upon restoring dimensional units and using V;(t) = —V (¢) is obtained as
Liun(t) o V() (3.35)

tun - (t}% + 1)2 h .
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and the differential tunneling conductance

o dItun o 4t129 2

[
Cdv(r) M T (2412 h

G (3.36)

is obtained as a function of the tunneling parameter and agrees with the predictions of standard
scattering theory [117, I18]. The tunneling conductance shows t, — % duality between the strong
and weak tunneling regimes as predicted [116] 115]. Although our calculations are done when the
system was at a finite temperature in the distant past, the temperature dependence naturally drops
out of the expression for tunneling current when there are no interparticle interactions. Also it is
worth mentioning that the current is linearly dependent on the time-dependent voltage bias (linear
response) and the nonlinear dependence arises only when interactions between the fermions are taken
into account.

For a step bias it is clear from Eq[3.35| that for the case of an infinite bandwidth no transients appear
in the tunneling current even though the NEGF (Eq shows transients. But these transients
drop out when one evaluates the equal space-equal time two-point functions at the origin such as
< wE(O,t)l/JL 0,t) > and < wTL(O,t)wR(O,t) > that are present in the expression for the tunneling
current (Eq . This could be explained by thinking of the variable |z — | as serving as a length
scale or inverse bandwidth (for < w};(x,t)wR(a:/,t) > and < zpz(x,t)wL(m/,t) >). This proxy for a
inverse bandwidth is present in the full NEGF but is zero when one evaluates the tunneling current
(because in this case x = ac/). So in order to investigate transients in the tunneling current one has
to introduce a finite bandwidth in the problem description explicitly which is what we do in Sec[3.9]
In that case one has to forego the idea of an exact solution and resort to a systematic perturbative
approach.

3.5 Bias-induced anomalies

In this section, we point out two interesting features of the problem we are studying. They are caused by
the presence of a bias in the system which leads to physical quantities that normally vanish identically
to be non-zero.

Specifically, we contrast the behavior of a) the time-rate of change of the density difference between
the local right and left mover densities and b) the time-rate of change of the difference between the
total number of right movers and left movers.

The quantity in a) is,

d
0lp(e,t) = - (pr(2,t) — pr(@,?)) (3.37)
where pgr(z,t) and pr(z,t) are the (normal-ordered) right and left moving particle densities respectively,
whereas the quantity in b) is,

DAN(E) = (Na(t) ~ Ni(t) (3.38)

where Ng/(t) = [ dx pg/(z,t). Naively, AN(t) = [dz Ap(z,t)

The striking result is this: in the limit when the bias becomes time independent, the answer for a) is
zero but the answer for b) is non-zero. This is what we mean by bias-induced anomaly. Normally we
expect that both should be zero since b) is obtained by spatially integrating a). The reason for this
anomaly is that integrating over an infinite domain of x-values effectively multiplies the quantity by
this infinity. Thus even if this quantity was tending to zero, when multiplied by a quantity tending to
infinity, leads to a value that could be and in this case, is — finite.
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To see this mathematically we write,

o Ap(z,t) = lim vpd< <L O)p(x,t) > — <@l (@, Oy (z,t) > )

2 =z dt
_ e (D (e )1 v (e — 2l (3.39)
N m \vp 2+ 402 U Vo vp '
whereas,
B vp (T (2up)? 2
N Fry ) e IO Vi) (3.40)

Let us choose Vj(t) = e**V}(0) with o — 0F. This means the bias is slowly switched on from a zero
value in the remote past and remains turned on at least until time ¢. In the limit o — 0T, the bias is
always on but the endpoints are mathematically well defined. In this case,

2
) , vp (T (2up)? 1 ) |,
WAp(z,t) = — Limg_yo+ - (UF 2+ 402 T eV, (t UF) ~ 0 (3.41)
whereas,
. ve (T (20p)? \?
O:AN(t) = — L — | — =—= Vio(t) — Vi (—
AN =~ Limosr £ (52 G5 ) e [0~ V(=)
. vr (T (20p)2 )
= —L — | — =— V(0 0 3.42
o (0 ) O £ (3.42)

This is the first of the “bias-induced anomalies”.

The second example is the one-particle Green function itself - specifically the one which involves turning
a right mover to a left mover i.e. < w;r: (z,t)yr(z’,t) >. In the absence of a bias, this quantity vanishes
identically when z and z are on opposite sides of the origin. However in the present case we obtain
something interesting,

/

7 ,BzF q1 X / x
= 5 Ut — —,1 Ut +—,t
27 sinh(g— (2 + 2" — vp(t — 1)) (-U( vp’ J+UE+ vp’ )

(3.43)

<l (@' <0, )r(z > 0,t) >=

2
2 ] j L Qve) - mhig quantity is identically zero when there is no bias since the

T T24+40% | CuR D2H40Z
point contact causes reflection and turns a right mover to a left mover on the same side of the origin
but not on opposite sides. But the presence of a bias leads to a non-equilibrium situation where what

is opposite sides of the origin at one time is effectively the same side of the origin at other times as
seen by the presence of the evolution factor (=U(t — ;%,1) + Ut + = t)).

where g1 = [1

3.6 Dynamical density of states

In this section, we present the formula for the dynamical density of states D(w;z,T) at position z.
D(w;x,T) dw is the number of fermionic states per unit length with energy between fiw and A(w + dw)
relative to the Fermi energy. The DDOS at 2' = x is given by the formula

D(w;z,T) = /dT e T < Lop(z, T + %),wT(x,T - g)} > (3.44)

A closed expression for D(w;z,T) can be obtained by using the formulas for the non-equilibrium Green
functions obtained earlier. We evaluate the DDOS for the right movers in and it can be
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evaluated in a similar manner for the left movers as well. The DDOS for the right movers is obtained
as

1

D(w;z,T) = Deguit(w;z,T) = E

(3.45)
In other words, it is the same as what one would expect when there is no bias, no mutual interactions
between particles and the system is in equilibrium. The reason for this simple result is that in absence
of mutual interactions between fermions, the anticommutator in eq.(3.44) is a Dirac delta-function at
7 = 0 (since the space dependence and time dependence appear additively for chiral fermions).

3.7 Time-dependent tunneling parameter

In this section we consider the case of a time-dependent tunneling parameter ¢,, which means I' is now

time-dependent I'(¢). We show that when the time-dependence of T' is present only as a phase factor

Trp(t) = Lei®rp(t) the results are same as in the previous sections. But when the magnitude of I" itself

is time-dependent i.e. D'rp(t) = I'(t)e??7p() then these two approaches are not equivalent and we get

different results. In general we can write a modified Hamiltonian for the system with a complex I'rp(t),
Lrp(t) I7p(t)

H = Z VEP b;Rbp,R + Z(—Upp)b;r)’pr,L a0 i bin,7L + TbiLb"R (3.46)
p p

Here we have used the same notations as in section [3.21 and the Fermi fields are modified with the
addition of a time-dependent phase b, r(t) = ¢, p(t) €972® and b, 1(t) = ¢, 1(t). The equations of
motion for the modified fields then become,

. I'rp(t
Dby lt) = vrp by(®) + 2 (1
' - L7p(t)
Dby () = = vr byolt) + 2 b 4(1) (3.47)

3.7.1 |I'rp(t)| is independent of time

When the magnitude of the tunneling amplitude |I'zp(t)| is independent of time we can write

Trp(t) =T efro® (3.48)
On comparing Eqs and so that,
! T
i0icp,r(t) = (vEp+ 007D (1)) cp r(t) + LIJCp,L(t)
| I
i0pcp,(t) = —vpp ¢ r(t) + %cp,R(t) (3.49)

we can see that the case of |[I'rp(t)| independent of time is equivalent to the case of a time-independent
real T" considered in the previous sections, provided one identifies 9;07p(t) = eV;(t). However when the
time-dependence of the tunneling amplitude is such that the magnitude |I'7p(t)| is dependent on time
the two approaches are not equivalent.

3.7.2 |I'rp(t)| is time-dependent
When the magnitude of the tunneling amplitude is itself time-dependent we may write,
Trp(t) =T(t) 7 (3.50)

Following a similar procedure as in Section we write down the finite temperature non-equilibrium
Green functions for the case of a time-dependent tunneling parameter,

™

T o Z B'UF
/ 7t v 7t = T L. 77 7 ! 3.51
<Y, (@) (@) > 27 smh(ﬁgF (ve —v'a —op(t—t )))C””’ (8:51)
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where v,v) = +1 with R=1 and L = —1 and

7 X ) ’ .’El ror ro
=14+—Thpt——)E t 1—-—T t ——)ZF t = t) =3 t
= (14 50 Tl = -2 Zale >)( S Trolf - 2z >>+ Bl 1) Tl 1)

(3.52)

—_ ro ) * X —_ —_ ) * ’ l‘/ —_ 1o
G-1=EL(x,1) (1 T oum Lrp(t — E) ‘:'R(xat)) — Eg(z,t) <1 T Sum Lrp(t + E) Er(z,t ))

(3.53)

2up VE (%3
(3.55)
where
. 6(z) Trp(t — =) ;0(—z) Thp(t + )
- _ v vp/ . = _ o TD vE
=r(@,t) = vF ICrp(t—72)P =1(z,t) UF IPrp(t+5)12 (3.56)
(2up)? (2vp)?

The tunneling current can be computed using the same definition as in Eq but with the Hamiltonian
given in Eq[3.46] This gives,

Ln(t) = —ie lim (I‘TD(t) <L (0,8)0L(0,8) > —Thp(t) < ¢h(0,4)4r(0,t) >> (3.57)

After some effort we conclude,

tiev}: (T (OTp(t) — Cro (T p (1))

Lun(t) = (3.58)
T (’FTD(t)P + 4’0%)2
As the magnitude of I'7p(t) is time-dependent in this case we set Drp(t) = I'(t) €?70(®) and using
the relation 67.,(t) = eV, (t) we get
8 2,2 (¢ 2
Toun(t) = R0y (3.59)

- T (F(t)2 + 41)%)2

The time-dependent tunneling amplitude in terms of the tunneling parameter t,(¢) can be written
as I'(t) = 2upty(t). Also using the convention as in [II5] we pick up a minus sign V,(t) = =V (¢).
Finally the following expression for the time-dependent tunneling current is obtained after restoring
dimensional units

2 At

Liun(t) = " W

V(t) (3.60)
The above expression is similar in form to Eq. except that ¢, is now time-dependent and this
tells us that so long as t,(t) is switched on and held at a constant value, the current is proportional to
voltage and there are no transients in the current. However if ¢,(t) itself depends in some complicated
way on the bias, this may not be the case. In such situations, this dependence has to be specified
separately.
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3.8 Double barrier resonant tunneling

The type of impurity present at the point contact is given by the form of I'rp(t). Here we show that
the results from the previous section can be used to easily study resonant tunneling by treating the
point contact impurity as a double barrier structure such as a lead-device-lead junction at the origin.
It can be pictured as a symmetric double delta potential with an inter-barrier separation a. We neglect

Figure 3.4: Schematic of a double delta potential with inter-barrier separation a

Coulomb interactions and dynamics in the device and only focus on point-contact coupling between the
left-lead and the device and the right-lead and the device. In this case the tunneling amplitude takes
the form

Trp(t) = T(t)e’®T0 = (Wpe?0 4+ Wre2€0)®10() (3.61)

where ©7.,,(t) = eVj(t) = —eV/(t) and the coupling between the double barrier at the origin and the
left and right chiral quantum wires is W, and Wg respectively which can be time-dependent in general
but we assume them to be independent of time for simplicity as it doesn’t change the form of the
I-V characteristics. Eq[3.61]is valid in the limit kz — oo and inter-barrier separation a — 0 such that
0 < kpa = & < oo is fixed. For the case of a symmetric double barrier W, = W = W and substituting

Eq in EqJ3.58 we obtain

8e2vE W2 (e2i0 ¢~ 2i0)2

Tiun(t) = 7r(4v]2; + W2(62i§o + 6‘21'50)2)2

V(t) (3.62)

The tunneling conductance is given by

8 2 2w2 2i&o —2i€0)\2
G=——"F (™ +e7™) (3.63)
71-(4,UF_|_W2(€21&)+672Z§0)2)2

This is of the form G = —>EILlwhich for [[|? = 402 peaks at G = & = < (since /i = 1). Thi
is is of the form G =~ 7y, whic or |I'|* = 4vy peaks at G = §- = S (since h = 1). This

is used to determine the condition for resonant tunneling. One can tune the inter-barrier separation
in the device region by external means in order to achieve resonance. When the resonance condition is
satisfied the conductance attains its peak value G = Gy = % (see Fig. The condition for resonance
in the symmetric double barrier case is determined to be

W?2(2cos(4&) +2) — 4vE =0 (3.64)
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For the more general case of an asymmetrical double barrier the expression for current is obtained as

862’0% (eZifO Wy, + e 20 WR) (6_2i§0 Wy, + e%o WR)
71'(41)% + (e280 W, + e~ 2180 Wg) (e 210 W, + €280 Wg))?2

Tun(t) = V() (3.65)

The tunneling conductance attains its maximum value Gy = S~ when the resonance condition for this
case is satisfied, which is

W3+ 2cos(460)WLWr + Wi — 403 =0 (3.66)
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Figure 3.5: This figure shows G/Gq vs & for a symmetric double barrier. The conductance peaks when
the resonance condition (Eq/3.64]) is satisfied. The figure is plotted choosing W = 2 and vp = 1.

3.9 Transient quantum transport in the case of finite bandwidth

So far what we have considered is the simplest possible scenario of non-interacting fermions with a linear
dispersion and no momentum cutoffs (infinite bandwidth). In such a circumstance the I-V characteristic
(Eq for point-contact tunneling is linear and only shows steady state behaviour when a constant
voltage is turned on suddenly. We expect deviations from these properties when we take into account
the effects of a momentum cutoff (finite bandwidth) A in the point contact such that |p| < A. This
implicitly means that there is a short distance cutoff (%) in the problem, which makes the quantum
point contact (QPC) region to occupy a non-zero size. Here we calculate the leading correction to the
tunneling current due to a finite bandwidth and show the appearance of a transient in the current in
presence of a (subsequently constant) bias that is suddenly switched on. The correction to the current
involves integration over the past history of the system and thus encodes memory effects ie. it displays
non-Markovian behaviour.

In presence of a finite bandwidth, the Hamiltonian is written as
r
H = Zp:(va + eVb(t))c;’chyR + Zp:(—va)c;ch,L + z(ciRc,L + CT,LC~,R) (3.67)

where now we have defined c , = lel <A Cp,y With the momentum restricted to a finite bandwidth A.
We set ¢, = cfjoy +dc., where cf’j, = Zp ¢p,y and dc_, is the deviation from the infinite bandwidth case.
The other quantities have their usual meaning as in the previous sections. The equations of motion for
the right and left moving Fermi fields in this case are

04y (1) = (vrp -+ eVilt))ep, n(t) +0(A — |pl) T 1 (1)
104y () = —vppen 1 (1) + O(A — yp|)%c_,R(t) (3.68)
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with (A — |p|) taken to be the Dirichlet regularized step function. Exact solution to the problem
is possible only in the simplest case of infinite bandwidth. If we wish to investigate the case of a
finite bandwidth analytically, we shall have to settle for perturbative corrections in powers of % In
this section, we are interested in the finite bandwidth correction to the current 01,,(t) and we shall
evaluate it upto O(%) i.e. we assume a large but finite bandwidth. In this case we may write,

’Lel—‘ / ’
Oy (t) = — =5 Limy (< ¢l gt (8) > — < 8¢l (DRt >)
tel’ / 00 ’
— - Limy_, (< 5 ()de,n(t) > — < T (B)oc.r() >) (3.69)

Upon solving the equations in Eq we may write,

c.rt)=| D eprlto)e ™ TPr | Uty t) — il /tC.L(tQ)(SA(vF(t—tQ)) U(to,t) dts (3.70)

Ip|<A i
and
t
cn(t)=| D cprlto)et=0Pr | —ip / c. r(ta)on(vp(t — ta)) dts (3.71)
lpl<A °

where we have defined the broadened Dirac delta as 0p(z) = %lel <r€P". We find the need to
introduce a quantity A(z) that corresponds to the difference between this broadened and actual Dirac
delta function. In terms of the usual Dirac delta function §(X) = % Zp ¢PX this can be written as

SA(X) = 8(X) — A(X) (3.72)

Computing the finite bandwidth correction to leading order in 1/A is itself not a straightforward task
and involves a tedious calculation In order to calculate 01, (t) we have to evaluate correlations of the
type < dc! (@t e (t) > and < cf ,( t')dc.,(t) >. The procedure to calculate these correlations is as
follows. We already know from the der1vat1on for the infinite bandwidth case the following expressions,

to

C (Z R tO —i(t— to)P’UF> U(to, t) — /t Cﬁ(tQ)(S(UF(t — tg)) U(tg, t) dtz (3.73)

and

to

. (Z%L 1oy to)va> T / % (12)0(vp (t — t2)) dis (3.74)

Making use of the relation c_,(t) = c*(t) + dc ,(t) and Eqsi3.73] [3.74} |3.70] and [3.71] we obtain the
following coupled equations

Se.r(t) = (= Y cCg(to) + Y dcpr(te))e  U10P0r Uty 1)
[p|>A p
T /t (o (t £2))0c.1.(t) — &5 (ta) A(vp(t — 1)) Uk, t) dta (3.75)

and

de.n(t) = (= D lto) + Y deyrto))eitrowre

[p|>A p
— I /tt(5(vp(t — tg))éc,ﬁ(tg) — A(Up(t — tg))cf%(tg)) dto (376)
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We solve the above two equations and write separate expressions for éc_g(t) and dc. r,(t).

2v .
be,R() = g (Qur((= D lto) + 3 dcp r(to))e ™" Ulto, 1)
F Ip|>A P
t
+iT / % (t2) A(vp(t — 1)) Ulta,t) dta) —iD((— > % (to) + Y depp(to))e!Troror
fo lp|>A P
t
+il [ A(vp(t — t2))cR(t2) dbs)) (3.77)
to
and
2v (t—t Vv
Se.r(t) = miivz(m((— D7 (to) + > depplto))elttromer
F [p|>A D

+iT | Avp(t — t2)cR(t2) dtz) — iT((= > ¢r(to) + > 6¢p r(te))e™—Pr Tty 1)

to

[p|>A p
t
4T / €5 (1) A(vp(t — £2)) Ulta, 1) dta) (3.78)
to
Also Egs and reduce to
- 2up(20r (3, R (to)e " TIOPUET (tg, £)) — iT(32,, 5, (o) et torvr))
r(t) = e 4,2 (3.79)
Uk

and

. 2 (2v%(2p e (to) e Emt0IPry — Tup(35, ¢ (to)e = tolror (to,t)))
pt) = EEw (3.80)

Using Eqs. [3.77 [B.78] [3.79] and [3.80] and the correspondlng complex conjugates we can write down
expressions for the correlations of the type < dc' St t)e °o(t) > and < cf ,( t')oc.,(t) >. After some

simplification these correlation functions are obtamed as some non—trwlal combinations of the bias
Vp(t) and the equal-time equilibrium infinite bandwidth Green functions which we already know but
for <T 5wR(m,t0)wI}°°(xl,to) >eq and < T 51/1L(x,t0)¢i’,°°(x/,to) >, (where v' = R, L) which we are
required to explicitly calculate. Note that the Green functions at equal-time ¢y implies equilibrium
Green functions as we take tg — —oo i.e. long before the bias is switched on. In equilibrium we have

i01cy alt) = vrp dcy mlt) + -0 1(6) — 0(1p| — A) e (1)
A)

L
) T T
018y, 1(£) = —0mp ey 1 (1) + T8¢, R () — 61| — 1) 7 H(D) (3.81)

We transform from time to discrete Matsubara frequency (z, = %) and write down the correla-
tions,

% ()t r 1 t.00
<T c”L(n)cp’, (n)>+————— <Tdc r(n )c ; ,(n) >

<T 6cp’3(n)c;’,?j, (n) >= —0(|p| - L (iz, — vpp)
(3.82)

and

<T 5cp,L(n)c;;°j, (n) >= —0(|p| — <T 6c.,R(n)cj,>?j, (n) >

(3.83)

T
L (iz, + vpp)

After some algebra we Fourier transform to real space which allows for further simplification. We then
transform the discrete frequencies back to time taking the time interval ¢ — ¢ to be small. Finally we
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obtain the following correlations for small ¢ — ¢ and large finite bandwidth

(20 )2 i iFG(:U:L‘I) coth <”(;;f)> csch <”(gj; ))
T Jf’/oo o . ~ 4iTveT F /
ST OURE ) U2 ¢ a2y Zig 28 A,
~ iTL?(sgn(x)f(—xz")) coth <7r(~”v,—r)> csch (ﬂ(x,_x)>
B I A L0 S S i) o .
(FQ + 4U12$)2 —Zﬂ vl 2 QﬁAU%
(3.84)

and

<T (2, 02 t) >eq A~

ﬂ'(m—i—xl) 7r(:t+x’)
2h%e Iy i 7 coth ( For ) csch < For >
iwpl'd, | 0(zz) o %

T QL (2vp)? T
L? vp (T2 + 40%)? tAvi —ifs

I L (2vp)? 0 0, . / /
L? wp (F2+4U%)2 7TA’U% —iﬁ(l—‘ (2vr) )5;/,—1 (sgn(z )0(—zx))

W(a:—x/) 7r($—a:/)
i T coth <W> csch (ﬂv‘F>

VR 20

(3.85)

o0

Now we have all the ingredients to calculate < (5cTV, (t/)cf,oj(t) > and < CTV, (t')dc.,(t) >. Substituting
in Eq and simplifying we obtain the following7 expression 7

0 un(t) =
_ del’ ( ALvg (40 = T?) (U(t o) — U(to, t)) /d Az —vr(t—to) gy 0-2)(R - R
L (T2 + 4022 E omi sinh (5T (—x + vp(t — to)))
323 Loy, [ 1 Bor
m \ A(vp(t —t2)) Tmm (U(t,82)U(t, t2) — Ulta,t) Ulta,t)) dtz)

(3.86)

Here R is the reflection amplitude (for the infinite band-width point contact), /3 is inverse temperature,
x is position and tgy is an arbitrary initial time when the system is in equilibrium. Since we are going
to set tg — —oo as we did in the case of infinite bandwidth, the first term in Eq drops out and we
are left with only the second term which involves an integral over the past history of the system.

iel' 32iI3Lvf,

Stun®) =~ ey | e ey UG ) U0 Ul ) de

(3.87)

Note that the function A may be written as A(vp(t — t2)) = d(vp(t — t2)) — % The
expression for &1y, (t) in Eq exhibits non-Markovian behaviour as the current at a given time is
depends not only on the voltage applied at that time but also on the voltage at all previous times.
When the bias is switched on suddenly and remains constant thereafter, the tunneling current shows a
transient (gradual) build up before settling into its steady state constant value. Even when a constant
voltage is present eternally, there is a non-linear dependence of the current on this bias voltage which
is seen in terms such as U (t, t2), where U(t, t2) = e~ Ji? V(s)ds | Note that according to our convention
Vp(t) = —V(t) and hence U(t,t2) = ¢ Ji? eV (s)ds (where V(¢) is the convention of [I15]). In Fig
we plot 0y, (t) vs t for the case of a step bias (sudden switching on) V(t) = Vj 6(t) showing the
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Figure 3.6: Current transients: This figure shows 61;,,(t) vs t for different values of dimensionless bias eV
defined as eVy = 5:0/\ where we have considered a step bias V(t) = 6(t)V and for dimensionless temperature
Ty = WLA = 0.1. The other parameters are 'A = 100 and vgA = 100 in appropriate units. The red-dashes

indicate the tDM RG result for the time-evolution of current in an Anderson dot model (see Fig.1 in [I]), which
we have rescaled and overlayed on our plot to show the qualitative similarity between the current transients even
in a completely different model to ours.

transients in the current before reaching a steady state. The transients are qualitatively similar to
that observed in the experimental investigation of split-gate quantum point-contacts [119] and also in
numerical simulations of non-equilibrium transport through an Anderson dot using methods like time-
dependent density matrix renormalization group (tDM RG) [1] and the iterative summation of path
integrals (ISPI) [120] approach.

Our analysis shows that even in non-equilibrium transport through a simple quantum point-contact,
transient dynamics appear in the tunneling current when a short distance cutoff is introduced in the
problem. This is the reason why numerical methods like tDM RG, that work on a lattice, predict a
transient in the current before a steady state is reached. Fig[3.7] shows the steady state current 6I,,
as a function of constant time-independent bias (eVy = UEF‘;) for different temperatures Ty = TR
The three energy scales in the problem are temperature (7'), bias potential (V') and the energy scale
associated with the bandwidth (vpA). The energy scale due to the bandwidth is the dominant one as
we assume the bandwidth to be large but finite in our calculation.

0.0 0.2 0.4 0.6 0.8

eVd|

Figure 3.7: Nonlinear I-V characteristics: The temperature dependence of §I,, in steady state is shown

when plotted vs eVy = UEFVA. The dimensionless temperature is defined as Ty = UFLA The other parameters are

T'A =100 and vgA = 100 in appropriate units.
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3.10 Nonequilibrium Green functions of a 1D Fermi gas with a mo-
bile impurity

Let us consider a Fermi gas in one dimension with a mobile impurity injected into the system, described
by the Hamiltonian

2
H =32 cley+ Vo vl (X(0)6(X (1) (3.89)

where 1}y is the impurity potential at the position X (¢). We consider here a classical impurity injected
into the quantum gas of free fermions. Here we consider the case of the impurity moving with a
constant drift velocity proportional to some external applied force i.e. a nonequilibrium steady state.
The fermion operator ¥ (x) can be expressed as a summation over the momentum states as follows

Y(X) = % > X ¢, (3.89)

where L is the system size. The equation of motion for the momentum states is

2

idyep(t) = 2

—ipX
o P (X, ) (3.90)

1
cp(t) + Vo—=e
p( ) \/f
Linearizing the energy momentum dispersion near the Fermi surface and confining to the RPA limit

we can analytically solve the equation of motion for the Fermi field

e*r@=X®) o (5, t) + e REE=XO) 4 (2, ¢)

— iV / " dr XV (@ — X(r) — vplt — 7)) WRX()T) + Pu(X (), )

t1

t
—iVo / dr e *rEXO) 5 (2 = X (7)) + or(t — 7)) Wr(X(7),7) +P(X(7),7)]

t1
+ ethr@—X(0)) oz —vp(t —t1), 1) + e *FE X)) ) (2 4 vp(t —t1), ) (3.91)

where we have decomposed the field in terms of the slowly varying parts in the following manner
w(x7 t) . eikp(zfX(t))ef%mv%t @;R(‘T, t) + efikp(a:fX(t))efémv%t T;L({L’, t) (392)

The solution is obtained as

Yr(z,t) = —iVy / dr e rXO=XON 6 (2 = X()) =vp(t — 7)) Gr(X(7),7) +¢r(X(7),7))

t1
+ eRrXO=X)) fp (2 — vp(t — t1), t1) (3.93)

and

Yr(z,t) = =iV / dr =M XO=XO) § (@ = X (7)) + vp(t = 7)) (WDr(X(7),7) + $1(X(7),7))

t1
+ e kP (XO=X()) (2 + vp(t — 1), 1) (3.94)

In the remote past the system is assumed to be in equilibrium with a temperature 5~! with a stationary
impurity such that X (7 < ¢t;) = X where t; is an arbitrary initial time. But for 7 > t; the impurity
moves with a drift velocity X (7) = vpT where vp > 0 is proportional to some applied force on the
impurity.
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3.10.1 Consistency in the equilibrium limit

We can check that this solution is consistent with the equilibrium limit. At equilibrium the impurity
is localised at a position X. Since the system is in equilibrium in the remote past we may set t; = —o0
and in this limit we have x —vp(t —t1) < 0, z +vp(t —t1) > 0, 2X — 2 —vp(t —t1) < 0 and
2X — x4+ vp(t —t1) > 0 and equal-time correlations at ¢; such as < T LZV(z,tl)LZi,(z/,tl) > are the
known equilibrium Green functions. Taking the equilibrium limit of the above solutions for the fields
we obtain the known expressions for the Green functions with a localised impurity at X,

’ w((t—t/)v —m—&-a:/)
(X —z)f(z — X) (csch (%))
28(Vo + ivr)

' W((t—tl)'l) —x+zl)
Olx — X)(X —x) <csch <Bvi>>

<T Yp(z, )Lz t) > =

28(Vo — ivr)
and
Ny § 0(X — 2)0(x' — X) (h (%»
< Tl guple,t) >o = = 28(Vo — ivr)
0(z — X)0(X —2') (h (L% >>
! 28(Vo + ivr)
b((x — X)(@' — X)) (h <%‘>>>
and

Bvr

0(x — X)0(z' — X) <Vo csch <”(_(t—t Jorta—2X+w )))
<T ¢R($,t)¢2($ , T

28vp(vr +1iVp)
0(X — 2)0(X — ') (vo sch (ﬂ—(t—t s >>)
- 2Bvr (v — V) (3.97)

and

0(x — X)g(x’ ~X) <V0 csch (ﬂ'((t—t )u%;s-;c—2x+x )>>
2Bvp(vr —iVp)

(X —x)0(X — x') <Vo csch <7r((t—t )uz;i-;f—2x+a: )>>

< T p(a, t)dh(z' 1) >0 =

2Bur(vr + iV3) (3.98)

Here the step functions are the Dirichlet regularized step functions defined as 6(z) = 3(1 + sgn(z)).

3.10.2 Nonequilibrium Green functions with a mobile impurity

Given that our solution is consistent with the equilibrium answer we can compute the full nonequilibrium
Green function with a mobile impurity. Let us consider X (t) = vpt where 0 < vp < v is the drift
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velocity. The nonequilibrium Green functions (NEGF') are obtained from the solutions to the equation
of motion,

<L YRz, t) > ~ (3.99)

/ ! / ikpv —t+t/+2<177m,) . ’
O(x)0(x) (icsch <”(t”F_tﬁZ£_x+x )> (V(]ze " D( vF ) + v2eikron (it )))

3.100
2Bvp (V@ +v2) ( )
0(2)0(—2) <eikFuD<tt')Csch (MMF?HH/)))
VR
3.101
’ 26V — 2ipup ( )
9(—1‘)9(1‘/) (eikaD(t—tl)CSCh (W(tUF_ZUF—JC-Fw/)))
vp
3.102
vp
3.103
" 20vp ( )
and
< Q;E(xl?t/)zh(x’w > = 3.104)
. / - ik _ /_i ) /
Vobl(~)o(a) <k () L heume J) sl (ter=rtat)
(3.105)
25 (VG + )
VOQ(—Q?)Q(—x/)eikFUD (t—t +%)Csch (ﬂ(tvF_t[_;z;'m"'m/))
3.106
" 2802 + 2iBVovr ( )
;. tkrvp (—t—&-t/—i) . —t/ 0
%9($)9($ )e YF J esch (7"( VF 5Z§+I+m ))
3.107
28v% — 2ifVourp ( )
and
< Qb )r(a,t) > ~ 5108
! 1 g M i ,
if(—x)0(—z )csch (W(tvF—tﬂZi—l-z—m )) <2Z'V02e =B iy (kaD(tvF;;vp—l-r—a: )) n Vo2 n U%>
2Bvp (V3 + v%)
(3.109)
0(x)0(—x") <z’e—“€FtvD ((Vo + ivp)etkrtvn Voez‘kFt’uD> esch (W(tvp—%zi_t,_a;_x )>>
i ' 3.110
2Bvr (Vo + ivr) ( )
9(—x)9(x/) <e—z’kptvp (Voeikpt'vp - (VO _ ivF)eikFtvD> csch <7r(tvF—7;)51}::4%_;r )))
i ) 3.111
2Bvr(vr + Vo) ( )
0(x)0(") (icsch (”WF—%;H—J: >>>
: (3.112)

2pvp
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and

<P} (@, )br(x,t) > ~ (3.113)
, ikaD(ftvF%»t,'uF«l»QI) ikaD(tvpft,vF72z/) L !
9(1‘)9(—$ ) (‘/0 (6 v —e v ) CSCh <7T(t’UF Ifgzi T—x )>>

(3.114)
26 (Vi + vir)
, ik-FvD(tv}:}—t,vF—Zx,) ﬂ(tvp—tlvp—w—m/)
0(—x)0(—x ) [ Voe F csch For
_ 3.115
251}% — 27;,8%1]}:‘ ( )
, _ikaD(tvf—t/vF—Qz) W(tvp—t/vp—z—a:/)
O(x)b(x) | Voe F csch For
3.116
* 2Bv% + 2i8Vovr ( )
3.10.3 Mobility of the impurity
The current operator at a point x and time t is given by the following expression.
(2, t) = vp(< dh(z, )r(@,t) > — < ¥l (2,01 (2, 1) >) (3.117)

The total momentum of the fermions in the system, assuming the mass of each fermion to be m, is
given by

P(t) = m/ dz j(x,t) (3.118)
We may reinterpret j(x,t) as
j(a,t) = vp Limy_,. Re(< dh(a', )dp(z,t) > — < i (z', ) (z, 1) >) (3.119)
This is evaluated using the NEGF
kFVO2UD

j(x,t) = 0(z — vpt1 + vpt)0(tvp — tivp — ) (3.120)

(Vg +vF)
The total momentum of the fermions is

QkFTTLVOZUDUF(L‘ — tl)H((t — tl)UF)
(V3 + o)

o0
P(t) = m/ dz j(z,t) = (3.121)
—00
Since we set the initial time to be t; = —oo, we always have ¢t > t; and the force acting on the Fermi
gas due to the mobile impurity (which is equal to the force on the mobile impurity by the fermions in
the system) is given by

_dP(t) 2l<:FmV02vDUF

F —
dt o (VF+op)

(3.122)

Here vp is the drift velocity of the impurity and Vj is the strength of the coupling between the heavy
particle and the fermions. Mobility p is defined as the ratio between the terminal velocity of the
impurity and the force acting on it so that,
7 (VE + v2
pm ) (3123)
0rF

The mobility diverges when the coupling between the impurity and fermions tends to zero, indicating
that the impurity accelerates in reaction to an external force instead of attaining a fixed velocity.
Conversely, when the coupling diverges - which means no tunneling of fermions through the impurity
is permitted, the mobility saturates to its minimum value of ug = [121].
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3.11 Summary

In this work, we have investigated the non-equilibrium transport between two non-interacting chiral
quantum wires by computing exactly the non-equilibrium Green function (NEGF) expressed in terms
of simple functions of positions and times unlike previous analytical approaches that deal only with the
steady state response to a constant bias. We have calculated the time-dependent tunneling current and
differential conductance across an infinite bandwidth point contact for an arbitrary time-dependent
bias. In this case no transients in the tunneling current are seen when a step voltage bias is considered
Vp(t) = 0(t) V. In this case, the steady state in the current is reached instantaneously which may
be attributed to the extreme ideal situation of absence of interactions between fermions and infinite
bandwidth in the point contact. The NEGF method allows us to study transient phenomena as well as
steady state properties. The full space-time NEGF that we have obtained exhibits transient behavior
upon sudden switch on of a bias even when the bandwidth of the point-contact is infinite. We also
examine the situation where in addition to the bias voltage, the tunneling amplitude also becomes time-
dependent. We calculate the NEGF and the time-dependent transport properties in such a scenario.
We also demonstrate how resonant tunneling through a simple double barrier structure can be easily
studied using our method.

We go beyond the infinite bandwidth limit and consider the situation when a finite bandwidth (A)
in the point-contact is introduced in the problem. Although exact treatment of time-dependent non-
equilibrium transport in a similar system has been studied before using Keldysh NEGF formalism, our
method is different as we work in the position and time domain and our method applies for an arbitrary
time-dependent bias unlike previous works [106] that are restricted to special cases like a sharp step
bias or a square pulse voltage bias. When a finite bandwidth is introduced in the point-contact, a short
distance cutoff (%) becomes implicit. A systematic perturbative treatment in this parameter allows the
calculation of the correction to the tunneling current upto O(%) We have shown that the transport
properties are non-Markovian in this case. The tunneling current now shows transient behaviour before
reaching a steady state (for a bias that is suddenly switched on) which is merely a consequence of the
presence of a short-distance cutoff in the problem description and not on other details.

In addition to the non-equilibrium two-point function, it is also possible to write down (using
Wick’s theorem) the four-point functions. Using these correlations in conjunction with powerful novel
bosonization techniques [46] it is possible to extend our NEGF approach to study non-equilibrium
transport between chiral fermionic edges with mutually interacting particles like in the case of Fractional
Quantum Hall edge states [122]. This approach could shed more light on the universality of power-
law exponents, or more generally, the scaling functions [123], in systems with chiral Luttinger liquid
character.
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Chapter 4

Unconventional bosonization of
nonequilibrium chiral fermions

4.1 Introduction

The quantum physics of low-dimensional systems has been a source of rich theoretical results in con-
densed matter physics for the past few decades. The advent of modern experimental techniques has
made it possible to investigate such systems in practice in the context of nanostructures, carbon nan-
otubes, quantum Hall edges and confined ultracold atoms. In one-dimension, interacting fermionic
systems are described by the Luttinger liquid paradigm [33, 32, (15 [3]. Since the early works of Tomon-
aga [124] and Luttinger [125] it has been evident that even at low energies the interparticle interactions
cannot be treated perturbatively in Luttinger liquids in contrast to the case of Fermi liquids in higher
dimensions. The technique of bosonization was developed to deal with interactions in one-dimensional
systems and it has been successful to a large extent. Bosonization involves replacing fermionic exci-
tations with bosonic degrees of freedom. This technique is widely used and is well understood in the
context of one-dimensional systems in equilibrium. Recently there is a growing interest in nonequilib-
rium phenomena in nanostructures and quantum wires [82, [126) [83]. Bosonization is a very versatile
technique and a major fraction of the theoretical research on one-dimensional systems relies on this
technique which could, in principle be extended to out-of-equilibrium situations as well. It has been well
demonstrated in the literature that a consistent bosonization scheme could prove to be a powerful tool
in analysing nonequilibrium transport problems in one-dimension. Using the framework of the Keldysh
action formalism Gutman et.al [127, [128] have developed a bosonization technique for one-dimensional
fermions in nonequilibrium and subsequently used this method to study an interacting quantum wire
attached to two electrodes with arbitrary energy distributions but their methods work with the crucial
assumption of no electron backscattering due to impurities. Conventional or standard bosonization
is ill-suited to study systems where there is backscattering from impurities. In this work, we restrict
to leads with noninteracting chiral fermions in contact with reservoirs at different chemical potentials
and with a point contact tunneling junction at the origin [129] [I30]. This is similar to the situation
considered in [I31], where it was shown that the conventional bosonization-debosonization procedure
fails to give results that are consistent with the exact solution to this noninteracting problem. In this
paper we set up a bosonization formalism for this problem in the spirit of the Non-chiral bosonization
technique (NCBT) [132] which involves a radical new way of looking at the Fermi-Bose correspondence
as a mnemonic to obtain the correct correlation functions rather than an operator identity and has
been proven to be more successful than conventional bosonization in studying Luttinger liquids with
impurities [45] [132] [133] 134 [49] 135] 136], [52]. The present chapter which is based on our preprint
[137], extends this idea to systems that are driven out of equilibrium by the application of a bias be-
tween the left and right movers. We show that an appropriate version of NCBT reproduces the exact
single-particle Green functions of this system under bias [137].
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Figure 4.1: Schematic diagram of a tunneling point-contact between two chiral (unidirectional) quantum wires
labelled R and L. This can be realized as opposite edge states of an integer quantum Hall effect (IQHE) fluid
brought into close proximity with each other using an electrostatic gate voltage. An arbitrary bias potential V}(t)
is applied on the R branch.

||1

4.2 Model Description

We consider the same model as we did in our previous work [81] wherein we have computed the exact
space-time nonequilibrium Green function (NEGF) for the problem. The model Hamiltonian is

Y t r
H= zp:(qu +eViy(t))eh pepr + Zp:(—va)cpﬁch,L + Z(CTﬁchL +clpe.r) (4.1)

where R and L label the right and left moving chiral spinless modes and V;(t) is the generic time
dependent bias voltage applied to one of the contacts , the right(R) moving one in this case. c;r, and

c¢p are the spinless fermion creation and annihilation operators in momentum space and we use the

notation c_T R= Zp CL g and I' = I'* is the tunneling amplitude of the symmetric point-contact junction

and L that does not appear in the subscript is the system size. We have considered a generic time-
dependent bias potential defined as pr — pur = —pur = —eVj(t) = eV (t) following the same convention
as in [I3I]. Note that we assume the bias to be applied only to the right movers, hence u;, = 0 and
pr = eViy(t). A schematic of the model is shown in Fig[f.1] In [81] we obtain the exact dynamical
nonequilibrium Green function (NEGF) by solving Dyson’s equation analytically and this allows us to
write down the two-point and four-point functions for this system in a closed form in terms of simple
functions of position and time. The full NEGF as obtained in [81] is,

™

.y 7 Bom
T o, (2t " = — i , 4.2
< ¢V (CE ) )1/}1/(.%7 ) > 27]' Slnh(ﬁZF (I/[L‘ . I/,xl _ ’UF(t ™ t/))),{'[V’V ( )
, , 21?2 212
(@0 N e v - o S @)
vp T2+ 40% U ’ 0 vp’ '

212 21
can = (o) g [ o0

N ( r (2”F>2>2 O(—2)0(—2) U + 2t + x)) (4.4)

vp T2 + 4v% vp vp
xT ’ 2F2
Ki,-1 = (— Ut — Evt) [1 —0(—z) 1124_41}%} 0(x)
— or? 'N\. T (20p)?
Ty -6 | o) )i 2 4.
+U(t +vp’t) { 0(x) I‘2+4v%] o( x))vaP2+4U% (4.5)
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’ X ’ 2F2
K-11 = <U(t,t+1}p) 19(%)F2+4U%:| 9(71’)
ot xl 2F2 ’ r (QUF)Q
2y 1=6(-2) —— j— 4.
FUWE =) [ o(~x) FQHU%]@(:C )) Ty (4.6)

where v,v' = +1 with R = 1 and L = —1. Here U(r,t) = et J7 eVe(s)ds ang O(x) is the Dirichlet
1

regularized step function (this means 6(x > 0) = 1,0(x < 0) = 0,0(0) = 3) and the time ordering is
along the Keldysh contour [I38]. In the equilibrium limit (limit of zero bias) i.e. U(7,t) = 1, the NEGF
in the above equation reduces to a similar form as the equilibrium noninteracting Green functions in
[132] but they are not fully the same since in [I32] the impurity terms in the Hamiltonian include
both forward scattering and backward scattering terms, however in our present case only backward
scattering (tunneling term) from the impurity (point-contact) is considered. Upon sudden switch on of
a bias, the NEGF shows an initial transient regime before the appearance of a steady state. However,
the transport characteristics show only steady state behaviour (at least in the case of a point contact
with infinite bandwidth in the momentum to which we will be restricting ourselves in the rest of the
paper). To develop a bosonization scheme that can reproduce the nonequilibrium Green functions is
a challenging task even in the absence of interparticle interactions. The Fermi-Bose correspondence of
chiral fermions is an exact operator identity for chiral fermions. But the presence of a point-contact in
the model breaks translation invariance and hence conventional bosonization formulas are unwieldy in
this case since the framework has been developed keeping the free particle in mind (e.g. all momentum
states upto some level are filled for each chirality suggesting free particles and the number of each
chirality is conserved). But in case of a half-line, it is possible to adapt this approach to even account
for mutual interactions between fermions. Such situations have been dealt with in [I39] by bosonizing
a translation invariant reference system and imposing appropriate boundary conditions.

But in order to obtain the full space-time correlation functions in a closed form for an impurity of
a finite strength (not vanishingly small or infinitely large), the use of radical new ideas like the non-
chiral bosonization technique (NCBT) becomes important. In the NCBT approach, the notion that
the Fermi-Bose correspondence is a strict operator identity is eased and the point of view taken is
that the Fermi-Bose correspondence is a mnemonic valid at the level of correlation functions. This
technique has been successfully used to obtain the most singular parts of the correlation functions in
strongly inhomogeneous Luttinger liquids in equilibrium [132]. The effect of the backward scattering
of the fermions due to an impurity is encoded in the Fermi-Bose correspondence and the Hamiltonian
remains local in this method (unlike conventional approaches where the Fermi-Bose correspondence is
sacred, as a result the Hamiltonian is nonlinear and nonlocal when impurities are present).

4.3 Density-density correlation functions with a constant bias

The density-density correlation functions (DDCF's) are certain four-point functions that are crucial to
this approach. In the absence of interparticle interactions and assuming a constant bias one can use
Wick’s theorem to write the DDCF as follows,

<T py(z,t)p,(z,t) >0 — <pulx,t) >0<p,(x,t)>0

= — <T ozt (1) >0 <T@, t)l,t) > (4.7)
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Here the subscript < >g denotes the absence of mutual interactions. Assuming a constant bias we
get the following expressions for the DDCF:

<T pR(LL",t)pR(CC/,t/) >0 — < pR(xat) >o< pR(:’U/’t/) >0

= <T pp(—z,t)pr(—a,t') >0 — < pr(—z,t) >0< pr(—a,t) >0
2

N BZF
27 sinh(g—(z — 2’ —vp(t —t)))

( [1 o) QPQ]Z [1 o) W]z + ( : (2””2)4 0(2)0(z)

2+ 41}%7 2+ 41}%7 vp T2+ 41}%7

or2 1* /T (2up)? 2 / —ieVb(t—t/—i-i-z—/) —ieVb(t/—t—z—/—&-i)
e mra) (o) @0 (¢ e )
8

<T pR(x7t)pL(_x/>t,) >0 — < pR(x7t) >0< pL(_xlvt/) >0
= <T pL(_x7t)pR(xlvtl) >0 — < PL(—x’t) >0< PR(ZL‘/»t,) >0

~ 2
_ | e Bur
2m Sinh(ﬁ%F(SC —a’' —vp(t —t)))
T (20p)? 2 or2 1% / 21?2 ?
T (2vp)* gy 2 — 1= 7
< (ZUF I'2 + 402 1=0@) + 4o o) ) + g, 4
2 2 ] / x, & . / T x/ 2 2 /
N << ) ‘””””) - g o)

vp T2 + 42 T2 402
(4.9)

It is easy to check using the above equations that the density-density correlation functions satisfy the
following identities,

<T po(v @, )(pu(v @', t) + pou(—v @) >0 = < pu(@,t) >0< (pu(v @, 1) + p_u(~v 2, t)) >
= <T (p(v a,t)+por(—v z,)pu(v 2, 1) >0 — < (pu(v 2,8) + p_y(—v 2,1)) >0< py(v z,t) >0

< o 2
_ | X BuF
[27r sinh(g7— (v — 2" —wp(t —t)))

(4.10)

where v take values +1 with 1 denoting R (right movers) and —1 denoting L (left movers).

4.4 Bosonization scheme

In this section we introduce an unconventional bosonization scheme that reproduces the noninteracting
NEGF for the inhomogeneous system under consideration.
4.4.1 General formalism

Because the fermions have a linear dispersion, it is expected that one should be able to express the
low-energy degrees of freedom in terms of bosons. The Fourier transform of the right mover density is,

1 R
pR<x7t) - z Eq Pg € qu (411)
where pf =>4 CL’ RCk+q,R * - The commutator of the densities is

R R qL
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_4aLs

A similar calculation gives [pg , pj,] = —5; hence apart from a numerical factor the density

/
q+q ,0°
operators are bosons. In conventional bosonization, the chiral Fermi fields are expressed in terms of

the density as,
qﬁy(;p’ t) = @27”' v [* pu(yt)dy (413)

where v = + for R or L respectively. The density is related to bosonic fields ¢, (x,t) as

xX
27r/ dy pu(y,t) = ¢, (x,t) (4.14)
and they obey the commutation relations

[br(w,t),¢r(x' 1) = ~[or(2,t), dr(a,1)] = —im sgn(z — ') (4.15)

The fermionic anticommutation relations hold in this boson representation [140]. The Fermi-Bose
correspondence in Eq. is proved by resorting to the basis states of homogeneous (translation-
invariant) systems. When we have an impurity in the system like the point-contact tunnel junction
present in the model under consideration, the number of right movers and left movers are not separately
conserved, hence bosonization using the conventional approach is very inconvenient.

4.4.2 Unconventional bosonization

We handle this situation by modifying the standard Fermi-Bose correspondence to include the effects
of backscattering of fermions from the impurity. The modified Fermi-Bose correspondence takes the
form,

¥y (z,t) = ™ T (o (yt) A p—v(—yt))dy (4.16)

where the value of A which is either 0 or 1 dictates the presence of the additional p_,(—y,?) term. The
presence of a bias completely spoils the partial symmetry that previously existed between left and right
movers. This necessitates a completely new ansatz to replace the original ansatz found in previous
works published on the non-chiral bosonization technique, although superficially they look similar. We
show that the correlation functions calculated using the correspondence in Eq. reproduce the exact
Green functions in Eq.

Since [pr(x), pr(z)] = 0 and [p, (), p, (z')] = 1/%5'(33 — '), fermion anticommutation relations are
satisfied when z # 2" at the level of operators even for this modified Fermi-Bose correspondence seen
in Eq.. For z =z , however, the correct anticommutation relations are only recovered at the level
of correlation functions. One should note that the ansatz in Eq[4.16] is not a strict operator identity
but merely a mnemonic to get the correlation functions. It has been shown in previous works that
the non-chiral bosonization technique (NCBT) can be used to obtain the most singular parts of the
Green’s functions of interacting Luttinger liquids with impurities exactly [45]. The series expansion of
the NCBT Green’s functions in powers of fermion-fermion interaction strength matches term by term
with standard fermionic perturbation theory (most singular terms). It has also been shown that the
NCBT Green'’s functions with forward scattering between fermions satisfy the (most singular parts of
the) exact Schwinger-Dyson equations [45]. These results settle any suspicion the reader may have that
this formalism is mere phenomenology.

There are several terms that can possibly contribute to the evaluation of the two-point function.
These are listed below:

<T (o, 0l (1) > = < eI o) dy i | SICERRTEN (4.17)
<T (e, ), (1) > = </ (pu (W) o (—y,t) dy ,—2mi) s Py ) dy (4.18)
<T ¢u($at)¢1/(x/7t,) > = < 2 [Toulyt) dy e—%ivl II/ (s (vt )4p_ s (—y' ) dy' > (4.19)
<T wu(%t)?ﬂir(x/?t,) S = < 2w [t o (—ut) dy 2w f””/ (0t )4y (=o' Ny
(4.20)
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These terms are evaluated using a version of the cumulant expansion (Baker-Campbell-Haussdorff
formula).

< eAeB s 5 <A*> 5<B’> <AB> (4.21)
For a homogeneous system this identity is exact since all higher order moments of the density are zero.
But for an inhomogeneous system all odd moments of the density vanish but the even moments do not.
We make the crucial observation that all higher order even moments of the density are less singular than
the second moment (refer to [52] for the proof). So if only the most singular parts of the correlations
are desired then all higher order even moments can be ignored. In other words using Eq[4.21] yields the
most singular parts of the correlation functions exactly. The identity in Eq[4.21] is the most singular
truncation of the cumulant expansion and this what we employ to calculate the most singular parts of
the Green’s function exactly.

The terms of the type in Eq[4.20]can be discarded straightaway as they do not even correctly reproduce
the correct Green’s function, and more importantly violate point-splitting constraints (shown in [45]).
A linear combination of the other three terms repfoduce the exact Green functions apart from the bias
—i [ eVpdt

dependent exponential prefactors U(7,t) = e However we note that terms of the standard

!/
Fooo ’o ’

bosonization form < €27 J” prwt) dy =27 [7 £, Wot) Ay o 6 ot always reproduce the correct form

. . /
of correlation functions. For example let us evaluate for z > 0,z > 0,

/7
. . /ol / . ’ /
< 2mi [T or(yt) dy =2mi [T pr(y t) dy <  _ 52 [T dy [T dy <pr(yt)pr(y b)>

/

e3@m)? [T dy [T dy <pr(yt)er(y t)>
o—@m)2 [T dy [T dy <pr(yt)pr(y t)> (4.22)

The rhs of the above equation upon evaluation for z > O,a:/ > 0 using Eq doesn’t reproduce the
dynamical part of the exact RR Green function. The conventional bosonization choice in Eq[4.17] only
works for the cases: < Yr(x < O,t)zp;(a:/ < 0,t) > and < ¥ (z > O,t)wz(xl > 0,t') >. We show in
Section[4.5] where we evaluate the four-point functions that for these two cases the conventional choice
that amounts to setting A = 0 in Eq[4.16]is the one that works. As for all other cases it is necessary to
use the modified Fermi-Bose correspondence i.e. A = 1 in Eq/4.16] this means that in order to obtain
the two-point functions in these cases the Eqs[4.18 and must be used. This makes sense because
the Green functions of the inhomogeneous system are in fact piecewise discontinuous.

In order to obtain the correct bias dependent U(7,t) terms as in Eq using this bosonization scheme,
we make the following unitary field transformations

'(;R(m’t) = U(_Ooat)¢R(xvt) (423)
dnlw1) = Ul — o 1)n(et) (4.24)
&L(xvt) = wL(:Cat) (425)
br(z,t) = U(—oo,t+ —)ibr(x,t) (4.26)

VR

This asymmetrical transformations are invoked because the bias is only applied to one of the chiralities.
We construct a bosonization prescription using a combination of the above mentioned field transfor-
mations along with the bosonized version of the two-point functions in Eqs[4.17[4.18 and [.19] that
reproduces the full non-interacting Green functions apart from constant prefactors. Since bosonization
procedures don’t give the prefactors, they are fixed on comparison with the known result for the non-
interacting inhomogeneous Green functions. The correlations of the transformed fields can be written
in a bosonized form as follows.
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For the RR case,

/

~ ~ ) 7 €T X
<T p(e, )L 1) >xm= Ut — Ut — —, 1)
(Ja VR

/

1( < 27 [T(pr(yt)+pr(—y.t) dy ,—=2mi [T pr(y )dy

/

1< 2 [T o) dy o=2mi [T (pr(y ) HpL(—y t) dy > (4.27)

and for

< T Yo, )z’ ) >xo = Ut 1) ;( < 2m PR oL (ut) dy 27 [T ol O

’

Lo 2 [Tort) dy 2w [T (pr(y ) Ho(—y ) dy ) (4.28)
and we will also use the conventional choice in this case,

< T Pz, )l f) >amo = Ut 1) < 2™ S ot dy o=2mi [* pr(y.t) dy (4.29)

The LR correlations of the transformed fields are written as,

/

< T P, )R, 1) >aar = ;<< =2 T pL(wt) dy o=2mi [* (oY ) ton(—y' ) dy 5 4

< =27 [T (pr( ) +or(—yb) dy p=2mi [* pr(y't) dy - >U(tl,tl _ i)

(U
(4.30)

and

< T dp(z,t)h(x 1) >xo = Ut + vi) %( < 72T pn(u) dy o=2mi [* (R oLy )
F

/

+ < e 2mi [T (p(y,)+pr(=y,t)) dy ,—2mi [* PR ) dy ) (4.31)

The choice of A = 0 is not valid in this case.
(4.32)

The RL correlations of the transformed fields can be written as,

!/

1 ( < 2™ [ (pr(y)+pL(—y;t) dy 2mi [* p(y ) dy >

A~ ~ ! ! x
< T pz, )Pl (z',t) >amy = U(t — —, ) =
VR 2

+ < 2" pr(yt) dy 27"f (pr@ & )+pr(—y t) dy > (4.33)

and
<T §rla, ) (2 1) >ac1 = U + 1) ;< < il (et tpr(—y) dy G2mi [ pu(y'E) Ay
vF

/

1< 2 [T Rt dy G2mi [T (pr(y ) +pr(—y t) dy >> (4.34)

Again in this case the choice of A = 0 is invalid. The LL correlations of the transformed fields are

written as

<T (e, (1) >at = UG + 4+ ) ;<<e—2mf pLt) dy 2 [ (on ' A o=y )
F UR

!

4 o< e 2m T (pL(yt)+pr(—y.t)) dy 2mi [* pr(y b)) dy > ) (4.35)
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and

< T Yr(z,t)p(a' ) >rmr = ;( < &2 enwt) dy o2mi [7 (o ) tor(—y ) Ay

L < e 2mi [TloL ) +or(—yb) dy 2mi [T pr(y X)) dy ) (4.36)

and we also use the conventional choice

!

< Tp ()0} (& ) >amg =< e 277010 dy 27 [ pn () dy' (4.37)
4.4.3 RR Green function:
The NCBT ansatz for the nonequilibrium RR Green function is
<T Up(z, )T, t) > = 0(—2)0(—2") < T Yr(z, )dh(z,t) >rm0
#H Ou<T @@R(x»t)wR(xlatl) >a=1
+ Oy < T gz, )Ph(x',t) >rm (4.38)

Bosonization doesn’t give us the prefactors so by comparing with the exact results we fix the constant

prefactors (see for details),

) T (2vp)? :
1 vF 24402, 0 ’

Ci = 0 4.39
'™ 28up sinh(ﬂfj;) ¢ (#)6() (4:39)
where
o3 @mi)? [* dy [T dy' <(pr(yt)+or(—y.t) (PR B+er(—y )> _ Sinh(i)

vF
where € is a regularization factor that is eventually taken to zero and we define

G = ex @[T dy [T dy <pr(y £)pr(WL)> with 2 > 0 which is ultimately independent of 2" and ¢t
and

I

. (1 _ o(x’)Fi—Fjg) (1 - 9@)%) —(—2)f(—2)

~ 26ur sinh(F2) 3((6(x) + 0'))6 + (6(—a) + 0(—a')) sinh( )

Cy (4.40)

(SIS

)

The term sinh(z )2 comes from evaluating ez®7)° /" dv [* dy <pr(w1)pr(W 1)> with 7 < 0. This

form of C; and Cs in Eq conspires to give us the correct constant prefactors as in the exact Green
functions.

4.4.4 LR Green function:
The LR Green function can be written as

<T (e, )0, 1) > = C3 <T gp(a, )bz 1) >acr — Cu < T dp(z, )dh(a' 1) >rm1
(4.41)

On comparison with the exact results we fix the constant prefactors to be (see|Appendix H|for details),

ol 212 T (2up)?
[1 0(~x) F2+4UJ2J Yo T 4T, )

7

C3=— : : —0(x) (4.42)
2Bvp : sinh(z7;-)(0(—2)%2 + 1 + 0(x) sinh(5)?2)
and
| 1= 0(0) iy | i e
O = ) [ 244 %} F 24407, 0(—x) (4.43)

* 2B0r L sinh( Z)(0(a' )61 + G + O(—2) sinh(£5)2)

/

where %, = e3(2mi)? [* dy [ dy <prwt )y )> with ' < 0 which is ultimately a constant indepen-
dent of 2" and ¢t
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4.4.5 RL Green function:

The RL Green function can be written as

<T Up(z, )0l (2 6)> = —Cs <T drla, )Pl (x',t) >am1 + Cs <T drla, )] (@, t) >rm
(4.44)

Comparing with the exact results we can express,

[1 —f(—a') 2L }iL (2vr)”

1 F2+4v% VR 1"2—1—411%

Os = 0(x) (4.45)
2Bvr L sinh(F)(6(—2')6, + 61 + 0(2') sinh(%)%)
and
. 1—0(z) 2] il (2o ,
. i [ F2+4UF:| F 2 4+4vf, 0(—z) (4.46)

 2fup Lsinh(££)(0(x) %1 + G, + 0(—x) sinh(£<)?)

4.4.6 LL Green function:

Finally the LL Green function is expressed as,

<T Up(z, )0 (' 8) > = 0@)0(a)) < Top(z, )} (z',¢) >xm0 + Cr < T Or(a,0)0) (2',1) >rm1
+ Cg < T 9p(x, )l (2, 1) >ren (4.47)

Again on comparing with exact results we can express,

. (L P(Z%Z)Q)
1 VF +4v2 ’
Cr=— - EL_Q(—x)0(— 4.48
o 2Bvp smh(BffF)(Kg (=2)0(-=) (4.48)
and
: 1-0(-2") w2y | [1-0(-2) p2y | — 0(x)0(z)
Oy = { [ Il F] [ 244 F] (4.49)

200 Lsinh(F2)((6(=x) + 6(—'))%, + (0(x) + 0(x)) sinh(£<)?)

Although this bosonization procedure seems like a roundabout and complicated way to study an exactly
solvable system (i.e. free fermions plus infinite bandwidth impurity and time dependent bias) it should
prove to be very useful for future prospective research on systems with interparticle interactions like
fractional quantum Hall edges out of equilibrium.

4.5 Four-point functions

In this section we evaluate four point-functions using our unconventional bosonization scheme. We
still have not made clear why we have chosen only the conventional bosonization form (with A = 0)
for the cases < T Up(z < O,t)\llg(ml < 0,t) >and < T Up(z > O,t)\I'E(:L'/ > 0,t') > whereas the
unconventional choice (A = 1) superficially seems to work for all cases. Evaluating the four-point
functions will provide clarity on this issue by means of some consistency checks. Since we are not
considering interparticle interactions we can use Wick’s theorem to write down the four-point functions.
Let us first consider

<T PR(!ELthIz(%t)d)R(x/,f’) > = —=<T ¢R($/,t/)¢k($1,t1) > <T ¢R($1,f1)¢k($at) >
(4.50)
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We shall use the proposed bosonization scheme to reproduce the RHS of Eq Expressing 1/12(3:, t)
and Yg(z',t) in bosonized form we can write this as

-<T ¢R($/,t/)¢k($1vt1) > <T ¢R($1,t1)¢2($,t) >

/
- rx . rx / 7
= wy < pr(z1,ty)e 2™ W PrWt) 2 [T dy pr(y.t) 5
/
+wiy < prlz,ty)e 27 W (oD ToL(-yt) 2mi [” dy pr(y' ) <

!

+way < pr(wy,ty)e 2™ W prWt) G2mi]” dy (pr(y A )HpL(=y ) - (4.51)

where wy is the prefactor for the term with A = 0 in the exponent (conventional choice) and wi; and
w1z are the prefactors for the terms with A = 1 in the exponent of 1/1}[%(:6, t) and z/JR(x/, t/) respectively.
Without loss of generality we can write pg(x1,t1) = lim,_y %e“ Pr(*1,11) and we consider only the most
singular parts of the RHS of Eq[4.51] In order to reproduce the exact result for the four-point function
obtained using Wick’s theorem we come to the conclusion that the terms on the RHS with A = 0 are
only valid for the case with z < 0,2 < 0 (see for details) while for all remaining cases only
the unconventional bosonization terms with A = 1 will give us the correct results with the prefactors
appropriately fixed as shown in For the case x < 0,:1:/ < 0 it appears at the outset that
both the conventional as well as the unconventional bosonization choices should work, but evaluating
the four-point function of the type < T pr(—1, tl)w};(aﬁ, t)r(z',t') > gives additional constraints that
force the condition that the prefactors for the A = 1 terms be zero for the case < 0,2 < 0. Using
Wick’s theorem we write

<T pr(—z1, t)h(@, )r(a ) > = — <Tgla Wz, t1) > < T dp(—z1,t)Ph(x,t) >
(4.52)

Similar to Eq[4.51] we can write this as,
— <ak wR($,>t,)w2(_fC1,t1) by < I 1/1L(—931,t1)¢£($»t) >

= qo < pp(—w1,ty)e 2" W PrRWY (2T dy prOE) 5

+ g < pL(—xl,tl)e_Q“ifz dy (pr(yt)+oL(-yt) 2mi [* dy pry t) >

+ qu < pr(—z1,t)e 2" W pREH (2mi [T dy’ (Pr(Y ¥ ) +oL(=y' ) 5 (4.53)

In we show that in order to reproduce the correct Wick’s theorem result for the case
x <0,z <0, the prefactors ¢i; and ¢i2 should be identically zero. This means that the unconventional
bosonization terms with A = 1 in the exponent do not play any role in this particular calculation. So we
can argue on grounds of self consistency that when evaluating the two-point functions the conventional
bosonization procedure is the only valid choice for the < T" W r(z < 0, t)\I/LL(x/ < 0,t') > correlations.
A similar procedure evaluating the four-point functions < T pR(—xl,tl)lbz(x,t)l/}L(x,,t,) > and <
T pr(z1, tl)wz(x, )i (z', ) > can be used to show that for writing the bosonized form of < T Wy (z >
0, t)\IITL(:v, > 0,t) > the conventional bosonization formula is the only valid choice. This makes sense
because the right mover fermions in the spatial region x < 0 and the left mover fermions in the
spatial region & > 0 have not scattered across the localised point-contact impurity at the origin and so
the conventional bosonization method (which works for the homogeneous system) gives the correlation
functions of these fermions. But for all other cases it is necessary to use the unconventional bosonization
scheme to obtain the correct form of the two-point correlations in presence of impurity.

4.6 Tunneling current and conductance

The tunneling current is defined in the usual sense as the rate of change of the difference in the number
of right and left movers

un = ¢ 950" = e [H, AN] = L [H, Ny~ Ny (4.5)
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From the Green functions obtained using our bosonization ansatz we obtain the expected results for
the tunneling current [T 141, 142],

Liun = —iel lim < < UL0,6)0L(0,8) > — < W (0,6)TR(0,£) > ) (4.55)

t'—t

Using Eqs and along with the bosonized correlations in Eqs}4.30H4.34] we get,

<UL, )0L0,8) > = — - o (UG )+ 1) PRANEL N P
R 2m sinh (g7 (—vp(t — 1)) vp I'? + 402, 2 4+ 40%,
(4.56)

Note that we use the Dirichlet regularized step function (6(0) = ). This gives us

I el i EITS (U(t )y —-U(t t)) L2 1 F2
= jel’ lim | — ; 1) = , — -
fun ¢~ \ 27 sinh(g=(vp (t — 1)) vp T2 + 402, T2 + 402,
4 I e?
=-I? 1- —V 4.57
F2+4v%[ F2+4v%] o (4.57)
We define the tunneling amplitude in terms of a tunneling parameter t, as I' = 2vpt,, [143] and since
we adopt the same convention as in our previous work we replace V, = —V and we get
42 2
Ly, = —2— — (4.58)
8 (t2+1)2 h
and the differential tunneling conductance is obtained as
1 47% e?
G = T > 4.59

These results agree with standard scattering theory [117, [118] and also it is apparent that there is
a duality between the strong and weak tunneling regimes (¢, — %) in the tunneling conductance.
The I(V) characteristics is linear and nonlinearities in the transport are expected only when mutual
interactions between the fermions are present or when a finite bandwidth point-contact is considered

I81].

4.7 Summary

In summary, we use a modified version of the Fermi-Bose correspondence (viz. Eq and construct
an ansatz to obtain the bosonized version of the nonequilibrium Green functions (NEGF) for two non-
interacting chiral quantum wires coupled through a point contact at the origin with a bias between
the right and left movers. The standard bosonization formalism cannot be employed easily as it does
not yield the exact Green functions in a closed form for models with impurity backscattering with or
without bias while treating the impurity non perturbatively. The main result of this paper viz. the non-
interacting NEGF using bosonization is remarkable as there is no guarantee (and no precedent either)
that the full Green functions of such a complicated nonequilibrium system would come out correctly
when described using commuting variables rather than anticommuting variables. We also show that the
modified unconventional bosonization ansatz can be used to evaluate the relevant four-point functions
consistent with Wick’s theorem in the absence of interparticle interactions. This is a crucial cross-check
that validates our method. The purpose of this article is to lay the foundation for our future work which
is to show that the non-chiral bosonization technique (NCBT) can be used to write down the most
singular parts of the full NEGF for the above mentioned system (considered in [123]) in terms of simple
functions of position and time, when mutual interactions between fermions are included. Evaluating
the full nonequilibrium Green function (NEGF) in presence of interparticle interactions is a highly
nontrivial task. It is known that the edge states of fractional quantum Hall fluids can be described as
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chiral Luttinger liquids [144] 145, [146]. Due to the nature of the chiral Luttinger liquid a power-law
dependence in the tunneling I (V') characteristics is expected (at zero temperature). More generally, the
tunneling behaviour as a function of bias voltage V' or temperature T follows a universal scaling form.
Fendley, Ludwig and Saleur [123] have shown that the problem of tunneling between chiral Luttinger
edges is integrable for certain values of the filling fractions (between 1/4 and 1) using thermodynamic
Bethe ansatz and they obtain the universal scaling functions for the nonequilibrium tunneling current
and conductance.

In bosonization (both NCBT and conventional) inclusion of forward scattering is as easy (or difficult)

as solving the theory without forward scattering. This is because bosonization is essentially describing
fermions using commuting variables. Ultimately forward scattering mutual interaction between the
fermions results in just a Gaussian deformation of the non-interacting theory (Hubbard Stratanovich
transformation). But including the effects of impurity backscattering (the point-contact in this case)
even without interparticle interactions is tremendously nontrivial. Being able to solve for the proper-
ties of free fermions but in presence of backward scattering from an impurity requires radically new
approaches such as NCBT if one desires to treat the impurity properly (non-perturbatively). In our for-
malism, interparticle interactions can be treated non-perturbatively by calculating the density-density
correlation functions (DDCF) using a generating functional with an auxiliary field in a manner sim-
ilar to the procedure in [52]. The interacting DDCF can be used in our bosonization ansatz for the
nonequilibrium correlation functions. The previously obtained NCBT Green’s functions (most singular
part) [132] for an interacting Luttinger liquid with impurities in equilibrium does indeed show universal
power-law scaling behaviour in the equal space-equal time limit (see . However, in our
earlier works, the equal space but unequal time NCBT Green functions (most singular parts) which are
important for extracting the density of states near the impurity have exponents that are not universal
[132]. At first glance this may seem to contradict previous established results that predict the exponent
to be independent of (bare) impurity strength [147, 54] 44, [148], but in fact these works study the
full Green functions including non-singular parts but only in the vicinity of the half-line limit and the
homogeneous limit. On the other hand, in our previous works and also in the present one, we only focus
on the most singular parts of the Green functions for arbitrary impurity strength as they are given ex-
actly [45] by the NCBT formalism even when mutual interaction between fermions are included. Hence
it is a mistake to naively compare the NCBT results directly with previous works of other authors.
This unconventional approach to bosonization enables the calculation of the most singular parts of the
correlation functions of fermions with localized scattering centers where backscattering takes place and
in presence of mutual fermion-fermion forward scattering interactions (in the case of a Luttinger liquid
[132]) to be expressed in terms of elementary functions of position and time.
The conventional bosonization scheme of the above mentioned model leads to a Lagrangian density
that is nonlinear (Sine-Gordon) [I49] but has a spatially local expression. Because of the Sine-Gordon
term, it is not soluble. The most singular parts of the mutual (auto) correlations of density fluctua-
tions involves realising (with proof [52]) that all the odd moments of the density fluctuations of the
above system vanish identically whereas all the higher order even moments although non-zero are less
singular than the leading second order moment and therefore ignorable. The most singular part of the
Lagrangian density then becomes spatially non-local but purely quadratic in the bosons and therefore
soluble (refer to Section [6.7)). The conventional bosonization scheme has a Fermi-Bose correspondence
that is an operator identity that is tied to the translationally invariant fermion basis.

The main message is that it is possible to study backward scattering from a stationary impurity in such
a way that (only) the most singular parts of the correlation functions can be written down exactly
using a modified bosonization framework that transfers the burden of shouldering the Sine Gordon
character of the conventional approach to the modified Fermi Bose correspondence while retaining the
action of the theory quadratic (albeit spatially non-local) in the bosons and therefore, soluble. The cen-
tral achievement of this paper is being able to describe fermions backward scattering from an impurity
in presence of a bias that drives the system out of equilibrium exactly using commuting variables as
opposed to anticommuting variables. In the former approach, inclusion of mutual interaction between
fermions is a (relatively) trivial Gaussian deformation of these results (formidable practically). In the
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latter approach, inclusion of even forward scattering between fermions is intractable. Technically, be-
ing able to solve the free fermion theory using bosonization is the crux of the problem, even though
nontrivial physical phenomena are seen upon inclusion of forward scattering between fermions.
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Chapter 5

Density-density correlation function of
chiral Luttinger liquids with a
point-contact

In this chapter based on our work [150], we evaluate the most singular parts of the density-density cor-
relation functions (DDCF) of chiral Luttinger liquids (assumed spinless) with a point-contact junction
at the origin. This is isomorphic to a system of fractional quantum Hall effect (FQHE) edge states with
a point-contact constriction. The right (R) and left (L) moving edges are spatially separated by the
bulk and the densities of the right and left moving edges are coupled through an interaction mediated
by the bulk. The most singular part of the DDCF is obtained using a generating functional method
and the results are compared with standard perturbation theory.

5.1 Model Hamiltonian

We consider a system of two chiral Luttinger liquids with a point-contact tunnel junction at the origin.
This can be realized as edge states of a fractional quantum Hall effect (FQHE) fluid with a narrow
constriction in the middle that forms a point-contact between the opposite edges. The FQHE systems
belonging to the Laughlin series [151] with filling fraction ¥ = 1/m where m is an odd integer have
only single edge modes that can be treated as chiral Luttinger liquids [144]. The non-interacting part
of the Hamiltonian is

r
Hy = Z(UFP)C;RCJD,R + Z(_'UFP)C;LC;J,L + Z(C,T,RC.,L + C,T,LC.,R) (5.1)
p p

where R and L label the right and left moving chiral spinless modes. The fermion creation and

annihilation operators in momentum space are c}; and ¢, respectively and we use the notation cl R=
*y

Zp c; r- The tunneling amplitude of the symmetric point-contact junction is I' and L is the system
size. The interaction part of the Hamiltonian is

Hmt = /dJJ Vo pR(aZ,t)pL(IL’,t) (52)

The right mover and left mover densities are coupled through an interaction parametrized by vy. The
full Hamiltonian of interest is

H = Hy+ Hin (5.3)

The exact Green functions in space-time domain for the noninteracting problem was obtained using
analytic methods in [81]. The noninteracting density-density correlation functions (DDCF') are obtained
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from the two-point Green’s functions using Wick’s theorem and are written as,

<T pr(z,t)pr(a' t') >0 — < pr(x,t) >0< pr(z’, ') >0
= < T pr(—z,t)pr(=2",t") >0 — < pr(—2,t) >0< pr(—2',') >0

” 2
_ s Buvr
2w sinh(z7-(z — 2" —vp(t — ¢')))

+ 2[1 QFQ]Q (F W>2 9(:::)9@:’)) (5.4)

T2 4 4ol vp T2 + 40
and

<T pr(z,t)pr(—2',t") >0 — < pr(z,t) >0< pr(=2',t") >o
= <T pr(—z,t)pr(a’,t") >0 — < pr(—z,t) >0< pr(z’,t') >o

- lzirsmh(ﬁgF(x —BE/F— op(t — t’)))] 2
( G;%)Q <— [1 — 0(a) %} " o) [1 p %} : 9(3;))

T (20p)2 \? [ CieW e b =) eVttt g2 or %~
+<i ——Q( vr) > <e Ve = “F+“F)+e V(i ”F+”F)) [1 k} 9(:E)9($/)>

vp T2 + 402, T2 4 402
(5.5)
The density-density correlations satisfy the following identities,
<T py(x 2, ) (px(x @', 1) + p—x (=X 2/, 1)) >0 = < py(2,8) >0< (px(x &', 1)) + p—x(—x 2, )) >0 =
<T (px(x 2,1) + p—x(—x 2, 1)) px (X &', t) >0 = < (px(x 2,t) + p—x (=X . 1)) >0< py(x 2, 1) >0
2
s
L Bur
= | — 5.6
[271' sinh(ﬁ(x—x’—vp(t—t’)))] (5.6)

where y takes values +1 with 1 denoting R (right movers) and —1 denoting L (left movers). The
regularization scheme implied in writing Eql5.1] is that summimg over all momenta implicitly means
summing over momenta in the interval p € {—A,A} and taking A — oo. The implication of this
Dirichlet regularization scheme is that the values of discontinuous functions are always the average
of the left and right hand limits. The step function appearing throughout this paper is the Dirichlet
regularized step function defined as: 6(z > 0) = 1, 6(z < 0) =0, f(z = 0) = 5. In presence of the
interactions it is in general not possible to write down a simple formula such as in Eqs[5.4] and for
the correlation functions when the point-contact is present. There is no guarantee that the correlation
function will have simple second order poles. However it is possible to obtain the most singular part of
the density-density correlation function even in the presence of forward scattering interactions, that is
when Eq[5.2] is present in the Hamiltonian. By most singular we mean terms with higher order poles
(second order in this case). In the following sections we derive the most singular contribution to the
interacting DDCF using a generating functional. Before proceeding let us make the following definition
of the symmetric and antisymmetric density (fluctuation) operators

psym(xa t) = PR(fEa t) + PL(—l“, t) ;
pasy(xa t) = pR(xv t) - pL(_$7 t) (57)
This means we can write,

pula, 1) = LB X a2 6:5)
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and

Psym («T t) Pasy (377 t)
2

pr(—z,t) = (5.9)

Using Eqs and [5.6|we express the noninteracting correlations of the symmetric and antisymmetric
densities as,

2
. s
{ Bu
< ,t "Y>q = 2 E 5.10
psym(l‘ )psym(x ) 0 27rsmh( (x_$ —’I)F(t—t,))) ( )

< psym (T, ) pasy (@', 1) >0 = 0 (5.11)

< Pasy(T, 1) psym (2, t') >0 = 0 (5.12)

< Pasy(@, V) pasy (2, 1) >0 = (0(za’) +r1 0(—z2")) < Tpsym(z,t) psym(z',t") >0 (5.13)

where | = <1 - m> We choose to work with the pgyn, and pgsy fields as they prove to be

convenient in evaluating the path integrals in the generating functional. The interaction part of the
Hamiltonian is expressed in terms of these new fields as

Hip = /d:p vo pr(z,t)pr(x,t) = % /dx (Psym (2, 1) + pasy(x, 1)) (Psym (=2, 1) — pasy(—x,t)) (5.14)

5.2 Generating functional for the density-density correlations

Interparticle interactions are systematically introduced non-perturbatively in the density correlations
by means of a generating functional approach. The generating functional we employ to calculate
the < psympPsym > and < pusypPasy > correlations with auxiliary fields Usy,, and U,y in presence of
interactions and the point-contact impurity can be written as

U] . /D[psym] /D[pasy] eisoeisintef psmesym+f pasyUasy (515)

where Sy and S;,; are the free and interacting actions respectively. The generating functional in the
absence of interactions is

Zy[U] _/D[psym]/D[Pasy] 150 o J PsymUsym=+ [ pasyUasy
= i = / D[U4n] / D[U,,,) e/ pomUssm=1 pesnli - Z4[U] (5.16)

Hence we can write
/D sym /D asy ZO /Dpsym /Dpasy
—zfcdt fdz T (psym (,t)+pasy (2,8)) (pPsym (—2,t) —pasy (—x,t))

olodt [de psym (@) Usym (@,8)—Usym (2,0)+ [ dt [ do pasy (@) (Uasy (@,)~Usy, (,1)) (5.17)

since ¢Sint = e~iJcdt Hint  The path integrals are evaluated using the saddle point method and after
integrating over the psym and pgsy fields we get

= / DU, / D[U,,,] Zo|U'] (5.18)
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’ / / /
X 6 “’0 fc dt fd:l? Uasy( m7t)_Uasy(_x7t)_Usym(_Ivt)""US’ym(_mvt))(Uasy(x’t)_Uasy(w’t)""Usym(x’t)_USym(mvt))

We perform the most singular truncation of Zy by making the Gaussian approximation
ZO[U/] _ 6% Jodt [da [, dt’ [da' <Tpsym(w,t)psym (' t')>0 U;ym(x,t)U;ym(x’,t’)

6% fc dt [ dx fc dt’ [ da’ <Tpasy(z,t)pasy(z’t')>0 U:lsy(az,t)U;sy(m/,t’) (519)

The idea here is that we ignore the higher order moments of p in ZO[U'] as they are less singular
than the second moment. The connected parts of all the odd moments of p vanish and all the higher
order even moments are less singular than the second moment as shown in [52]. The higher order
even moments only involve first order simple poles whereas the second moment of the density involves
second order poles hence is more singular. This means that this procedure will yield only the most
singular part of the DDCF. The most singular part captures essentially the important physics and
when used in conjunction with novel bosonization techniques like the non-chiral bosonization technique
(NCBT) [45, 132} [137] give the most singular part of the two-point Green functions of the interacting
inhomogeneous system. Solving for the saddle point of the U’ fields we obtain the following equations

/ ' / 42’ < Tpaym(,8) paym(&st) >0 Uty (', )+2Z (Usgm(—2,1) — ULy (—, 1)) = 0 (5.20)
and
/Cdt’/da:’ < Tpasy(T, t) pasy (@’ 1) >0 Uasy( t) — %(Uasy(—az,t) - Uclbsy(—x,t)) =0 (5.21)
The generating functional now in terms of these saddle points is

Z[U] _e “’O fc,dtfda: sym( It) Usym( xt))Usym(xt_'ifcdtfdx Uasy( Z‘t) Uasy( Irt))Uas’y(x7t) (522)

We see that the auxiliary fields of the symmetric and antisymmetric densities decouple and hence the
< PsymPsym > and < pasypPasy > correlations can be separately obtained whereas the < psympasy >
correlations are zero.

5.3 Correlation function of the symmetric density fields

In this section we obtain the correlations of the symmetric densities from the generating functional. In
order to proceed we have to obtain the saddle point by solving Eq“ 0| for U. It helps to work in

sym:
the Fourier space. Transforming Eq to momentum and Matsubara frequency space we get

. 29 /
_ZB < Psym(%”)Psym(_q’ _n) >0 Usym( ) + ’Ui() (Usym(_%n) - Usym(_qvn)) =0 (523)

where we have used the transformations

1 PN A
< Tpsym(x’ t)psym(x/a t/) >0 = E Z € el ewn(t 2 < psym(Qv n)psym(_Q7 _n) >
q’n

and Ugym(—x,t) = ﬂﬁL D qn€ etent Ugm(g,n) and wy, = are bosonic Matsubara frequencies

with n € Z. The saddle point for U, sym 18 obtained from Eq

/ Q(UOﬁRsym(*Qa n)Usym(*(b n) - 2Usym(Qa ’I’L))

U q,n) = 5.24
sym( ) —4 + 52U8Rsym(_q, n)Rsym(Qa n) ( )
where Roym(q,n) = < psym(q,n)psym(—¢,—n) > = — Wﬂlw(wﬁif.gm is the noninteracting cor-

relation in momentum-Matsubara frequency space. The generating functional for the < psympsym >
correlations is

Z[Usym] = ¢~ Zaim 75T Ueym (@:71)~Usym (0,=m) Usym (0.7)

1 Rsym (—q,m) (2Usym (—q,n) —Bvg Rsym (¢,7)Usym (q,n)) U _
— LZ n 4*52’0(2)Rsym(*‘lan)Rsym(Qv”) sym(q, Tl) (525)
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Now the correlation functions can be evaluated using the relation

1 Raym(—q,n) QUsym(—q,n) — BroRsym(q, n)Usym(q,n
72 ym ( )( y22< ) 0 Lsym (4, 1) Usym ( ))Usym@’_n)
L an 4—-p U()Rsym(_%n)Rsym(Qa TL)
= i < Psym(fbn)Psym(q/v —n) > Usym(Qa n)Usym(qla —n) (5.26)
2L -
q,9",n

This allows us to write down the interacting density-density correlations in momentum space

4mq(qup — iwy,)

< ;M —q,—mn) > = 5.27
Psym (¢ 1) psym(—q, —n) B (a2 (202 + u2) — ¢207) (5.27)
and
2¢*vo
< psym(@; M) psym (¢, —n) > = — (5.28)
sym sym B (4772 (QZU% o w%) — q%g)
The correlations in space-time are calculated using
1 . _y
< Tpsym(z, ) psym (2, 1)) > = T Ze ig(z—a') qun(t—t) Psym(q; ) psym(—¢q, —n) >
q7n
1 . / o
I 7 Ze tg(@ta) gun(t—t) Psym(q, 1) psym (g, —n) > (5.29)
q?n

and we obtain the most singular part of the correlation function of the symmetric density fields
/ ! / !
UO(Cﬂhz(ﬂ<u—t%£fw+w))+€&ﬁ;(w(—u_2%?+m+z>>

/ ’ ’ !/
+ 27 ((vh—vp)csch2 (%’W) —(vp—+up)esch? (%’{xm))

!4/
< Tpsym(xy t)psym(,l? 7t ) > = 8#521)%

(5.30)

2
where the holon velocity vy, is defined by the relation v} = v% — 41%. In the noninteracting limit (vg — 0)

Eq reduces to Eq

5.4 Correlation function of the antisymmetric density fields

In this section we calculate the correlation function of the antisymmetric densities from the generating
functional. The most singular part of the correlation function of the p,s, fields will involve the bare
reflection and transmission coefficients of the point-contact impurity. We obtain the saddle point of the

/

U,,, field by solving Eq In momentum and frequency space we have

asy
. / 21 /
_l/BZ < Pasy(Qvn)Pasy(q/’ _n) >0 Uasy(_qlvn) - ;O(Uasy(_%n) - Uasy(_Q7 n)) =0 (531)
q/

The Fourier transform to momentum-Matsubara frequency space of the noninteracting correlations is

(1qur)dg+q 0 (r1 — Dwpsgn(wy,)
< Pasy(q:M)pasy(d’, —n) >0 = — S : . 5.32
Pasy(q; 1) Pasy(q', —n) >0 (mBvp)(wy, —iqur)  TRL(qup + iwy) (¢ ve — iwy,) ( )

Therefore we may write Eq in the form

—i(—=1+ r1)wpsgn(wy,) i wpq / 21 ,
U - U - — U —q, =
aor iy Urasy () + S Uy (@:1) = - (Uasy (=4.1) = Uggy (—4:1))

(5.33)
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where we have introduced the Hilbert transform U}J, asy(1) Which is defined as

/

U,

, 1 asy(ds 1)
Ukt asy () L Z (¢'vr + twy,) (5:34)

This allows us to obtain the saddle point in terms of the Hilbert transform

((n —1)vown U;{’asy (n)sgn(wn)(—quo+2mquEp~+2iTws )

—27(qur+iwn)(quoUasy (—q,n)+27(qup _iwn)Uasy (‘L”)))

/

U ,n) = 5.35
asy (1) q2 (vg - 47r2v%) — 4dm?w? (5:35)
The generating functional for the Uy, fields is
— L fodt [ do (Uasy(—2,)=Usgy (=2,6))Uasy (2.)
Z|Ugsy] =€ ™0 7© 4 (5.36)
which in Fourier space is
Zasy[U] — e_v()ﬁ Zq,n(UaSy(Q7n)_Uz/zsy(qvn))UaSy(qv_n) (537)
Using the definition of the Hilbert transform we may write,
U’ (n) _ Z 27T(qv0Uasy(_Q7 n) + 277(qu = 'iwn)Uasy(Q7 n)) (538)
H,asy L( 9 (’U2 _ 47_‘_2,02) . 471'2’[1)2) ((rl—l)(vo—i-Qﬂ'(vF—vh)) + 1)
q 4~ \Yo F n 2(vo+2mvr)
Hence we have,
In(Z[Ussyl) =
UO@”Q(Q”F 13 iwn)Uasy(_Q> TL)Uasy((b _n)) B qzv(%Uasy((L n)Uasy(% _n)
T (BLwy) (¢? (v — 4m2v2) — dm2w?) ™ (BLvo) (2 (v3 — 4n2v2) — Am2w2)
s (r1—1)vown sgn(wy)(quo—27quE —2imwy ) 27 (—pvo+27(pvE—iwn ) ) Uasy (P,n) Uasy (¢,—n) (5 39)
T (B200) (¢ (13-am203 ) —an>u2 ) (o2 (B —dm2e} ) —am?u?) (R0 TnlE)) 1) )) '
This allows us to evaluate the most singular part of the correlation from the relation
UO(27FQ(Q'UF + iwn)Uasy(_Qa n)Uasy((L _n)) . q2ngasy(Qa n)Uasy(Qa _n)
o (BLvo) (¢ (v — Am2v%) — 4mw?w?) " (B L) (¢% (v — 4m2v%) — Am2w2)
(r1—1)vownsgn(wy)(quo—27quE —2imwy ) 27 (—pvo+27 (pvF —iwn ) ) Uasy (p,n) Uasy (¢,—1)
P (5200) (a2 (0§ —4m03) —anw2) (0 (v —4nop ) —4n?w?) (R0 2= 1))
1
= by Z < Pasy(pa n)Pasy(Qa —n) > Uasy(pan)Uasy(Qa —n) (5'40)

p7q7n

We obtain

2 Eq7ne_iq(_$+x/)ewn(t_t/) UO§27T(](Q'UF + an))

<T x,t o) > e
pasy( )pasy( ) vo3L (q2 (UO - 471'%}%) — 471'210721)

2 5 iglata) gwn(t—t) v
voBL " (¢? (v} — Am20v%) — Am2w?)
2(r1—1)vown sgn(wn ) (27 (—quo+2m(qur —iwn))) (¢ vo—27¢' vE —2iTwy, )
R [ R O e )
(5.41)

. v 4
+Zq7q',ne iqz quewn(t t')
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Figure 5.1: Equal time density density correlation function | < pgr(z,t)pr(2’,t) > | as a function of spatial
coordinates x and ' for different values of the reflection amplitude |R| of the point contact impurity. We have
taken vp 8 = 100 for the plots.
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The correlations in space-time are obtained as

<T pasy(xv t)pasy(xlv t/) > =

! —Tv x I’ TV I*I’ TV — T I’
vo (csch2 (%) +csch? (%)) (vp—vp)csch? ((%%h)) +(vF+vp)esch? (%)

8%52112 452112
N o ,/
0(zz") ((n —1)(vo+27mvp)(vo+27 (v —vE)) (27 (VE+vp)—v0) (csch2 (%}Tﬂ”) +csch? (%ﬁﬁm)) ))
167r262v;t((r1 +1)vo+27(rivp—rivp+vrp+uvg))

7T(*T'L)h+f1)*$l) 2 2 7r(77'1;h7I+z/)
(Tl—l)(vo+27r’l)F)(—(Uo—QTF(UF+Uh))2CSCh2(T>—(’UO+2F(U}1—UF)) csch (T

/
+0(-aa’) 1672 B2v ((r1+1)vo+2m (rive—rivp+vp—+up))
(5.42)
2 2,,2
where 7 = t — t/ and U,% = v% - 41%. We have defined r; = <1 — %) The point-contact
UF

tunneling amplitude is related to the bare reflection and transmission amplitudes of the point-contact
impurity [81].

5.5 Compact expression for the density density correlation function

The density-density correlation functions of the right and left moving fermions can be written compactly
in terms of the correlations of the symmetric and antisymmetric densities in the following manner,

1
<T px(:v, t)px’ (x,,t/) > = Z(< T Psym(X xz, t)Psym(X/ 55”75’) > +XX, <T pasy(X xvt)Pasy(X/ xlyt/) >)
(5.43)

where y and y/ can take values &1 for R and L movers respectively. In Figl5.1] the equal time density
correlations are plotted for various values of the impurity reflection amplitude.

5.6 Comparison with perturbation theory

In this section we compare the results we have obtained using the generating functional method with
those obtained using standard fermionic perturbation theory. We expand the most singular parts of
the DDCF we have obtained in powers of the interaction parameter vy and perform a term by term
comparison with S-matrix perturbation expansion of the DDCF retaining only the most singular terms.
We explicitly show upto O(v% ) that each term in the perturbation expansion matches with the S-matrix
expansion and this implicitly means that perturbation expansion of the most singular terms matches
upto all orders with standard perturbation theory.

5.6.1 Perturbative comparison of < pgympsym >

The density-density correlations in presence of interactions is written in terms of the noninteracting
ones in the following manner,

<TS Psym(l‘latl)psym(x%b) >0
<T S8 >

< T psym(1,t1)psym (T2, t2) > = (5.44)

where § = e~ tJedtHint apq Hjy, is given by Eq The perturbaton expansion in powers of vy gives

<T S psym(x1,t1)psym(x2,t2) >0
<T S >q

<T psym(ila tl)psym(ﬂf2>t2) > =

= <T psym($1>t1)psym(x2at2) >0 _Z/ dt <T Hint(t)psym<$1>tl)psym(x2;t2) >0,c
C

2
+ (22)/ dt/ dt' <T Hmt(t)Hmt(t/)psym(xl,t1)p5ym($2,t2) >0,c Feeeeeennnns (5.45)
C C
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where < > . denotes the noninteracting connected correlation functions. We retain only the most
singular terms and use Eqs/5.11], [5.12] and [5.14] and express the first order term in the perturbation
series in the form (note that < psympasy >0 = zero),

<T psym(xlytl)psym(x27t2) >(1)

.U
- Z40/ dt/dﬂ:‘( <T psym($at)psym(x17t1) >o< T psym(_l'at)psym(antQ) >0
C

+ < T poym(x,t) psym(x2,t2) >0< T poym(—2,t)psym(x1,t1) >0 > (5.46)

It is more convenient to work in momentum and frequency space,

<psym(q',1) psym (¢, —n) >

vof
= - T < Z < psym(Qv _n)psym(qla n) >0< psym(Qy n)psym(qna _n) >0
q
+ D < Paym(@:1) psym(d”, =1) >0< sy (g, =) psym(d's 1) >0 ) (5.47)
q

1 WEq

— hor Ton i) Og+¢',0 We get,

Making use of < psym(q,n)psym(Q’a —n) >o=
qlz’UU 5

It is easy to see that the first order term in the expansion of Eq in powers of vy is equal to the
expression in Eq The second order term in the expansion in Eq is written as

< paym (@', M)psym(g", —n) >W= — ( (5.48)

<T psym(xly tl)psym(x% t2) >(2)

)2
= R0 [ dt [ dt’ [ de [ d2'<T paym(@.t)psym(—2:t)psym (@) psym (—' ') psym (21,61 )psym (z2,62) >0 (5.49)

Evaluating this term in the momentum and frequency space (refer to|Appendix K|) while retaining only
the most singular parts we get,

’3,,2
q Yy

A3 8(q'vp — iwy) (¢ v + iwy)?

< psym(qla n)psym(qﬂv _n) >(2) = 5q/+q//70 (550)

This is precisely equal to the second order term we get on expanding Eq[5.27 in powers of .

5.6.2 Perturbative comparison of < p,gy 04y >

Similar to the previous section the standard perturbation expansion of the < pgsypasy > correlation
function in powers of vy is,

<TS pasy(mlytl)pasy(x%tQ) >0

<T Pasy(xlatl)Pasy(x%t?) > =

<T S >
= < T pasy(T1,t1)pasy(T2,t2) >0 _i/ dt <T Hipi(t)pasy(z1,t1)pasy(T2,t2) >0,
C
—i)?
+ ( 2) / dt/ dt/ < T Hint(t)Hmt(t/)pasy(xhtl)pasy(x27t2) >O,C F (551)
C C

Retaining only the most singular parts the first order term can be written as (note that < psympasy >0
= zero),

<T pasy(xlvtl)pasy(x%tQ) >(1)

)
= TO /dt/dl‘( <T pasy(l'yt)pasy(l'htl) >o< T pasy(_x7t)pasy($27t2) >0
c
+<T pasy(xut)pasy(l'%t?) >o< T pasy(_xat)pasy(xlatl) >0 > (552)
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In frequency and momentum space this is
/ "o (1)
<Pasy(q an)pasy(q y n) >
o, .
= T(_Zﬁ) < Z < pasy(Q> _n)pasy(q/> n) >0< pasy(Q7 n)pasy(qﬂa —TL) >0
q

+ Z < ,Oasy(q, n)pasy(qﬂa _n) >0< pasy(Qa _n)pasy(q/a ’I’L) >0 > (5-53)
q

Using Eq[5.32] we evaluate this term and obtain
<pasy(q/a n)Pasy (q”) _n) >(1)

. <(rl—l)wnsgn(wn)(qv%(q’(2(r1+1)UF—r1vh+vh)+i(r1+1)wn)+wn((rl—1)thn—iq’(r1+1)v%))
0 m2BL (¢*v} + w?) (¢%v} + w2) (rivp — rivp + vp + vp)?

0*dq,q
4 ] 5.54
2126 (q*vf, + w}) > (559
This is equal to the first order term obtained upon expanding the < pasy (¢', ) pasy (¢, —n) > correlation
function that can be inferred from the rhs of Eq[5.41] The second order term in the expansion is

<T Pasy (:L‘la tl)pasy(xQ, t2) >(2)
92
= (_231)20) fC dt fc dt’ f dx f dz' <T pasy(,t)pasy(—2:t)pasy ('t )pasy(—2' st ) pasy(T1,t1)pasy (€2,t2)>0,c (555)

Retaining the most singular parts and evaluating this term (refer to [Appendix L)) in momentum and
frequency space we get

<Pasy(q/7 n)ﬂasy(‘]”u _n) >(2)
q/(q”vp((T%—l)’[}pvh—F(’r‘l—‘f-l)QU%—(7‘171)21)}%)“1’1'(7'1*I)thn(2(T1+1)'UF‘T1’Uh+’Uh))

(r1—Lwnsgn(wn) ( +(r1—Dvpwn ((r1+1)wn—iq” (2(r1+1)vp —rivp+op))

2
= —= E
0 < 27r3BL(q’2v}2L+wi) (q”QU}QLer,%)(1"1vp77“11)h+1)1r:+vh)“3

+ q’35q/7_q// ) (556)

47r3,8(q/'uF7iwn)(q/vF+iwn)2

This is exactly equal to the second order term obtained upon perturbative expansion of the
< Pasy(q', 1) pasy(q”, —n) > correlation function (present in the rhs of EqJ5.41)) in powers of vy.

5.7 Two-terminal current in response to a difference in potential
between the edges

We use the density correlations we have obtained in the previous sections to calculate the two-terminal
conductance (source-drain conductance) both in the absence and presence of the point-contact. The
right movers and left movers are separated with a different potential for the right and left moving edges.
We consider that the difference in chemical potentials is u;, — ugr = —pur = eV, that is a bias is applied
to the right movers and the chemical potential of the left movers is taken to be zero. This means we
have

Hpias = —eV/dpr(y,t) (5.57)

The current is calculated using the definition [3],

Je(z,t) = evpv(llg(z,t) —i(x,t)) = evp(pr(z,t) — pr(z,t)) (5.58)
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Figure 5.2: Conductance in units of % for different values of v in the Laughlin series as a function of the
reflection amplitude |R|. The black line indicates the noninteracting case v = 1.

where II(x,t) = p(x,t)/v is the conjugate momentum of the ¢ fields for fractional quantum Hall edge
states with v = 1/m where m is an odd integer [152]. The average current is evaluated using

< T 8pr(,t) — pr(,1)) >vi=o0

5.99
<TS >V, =0 ( )

<Je(z,t) > = ev
where § = e /e dHbias  The current in linear response to the bias maybe computed directly

9] —if8
<Je(z,t) > = evh(iev)/_ dy/o dty (< pr(y,t1)pr(2,t) > — < pr(y, t)pr(z,t) >)  (5.60)

In the absence of the point-contact (I' = 0) we use Eq with 71 = 1 and evaluate the current to
obtain
e2 vo + 2mup

i A 61
< Je > W 2ron Vv (5.61)

The interaction parameter vg of the Luttinger liquid is related to the bulk filling factor through the

2(v2-1
equation vy = w This leads to the correct formula for the Hall conductance

62

G=v— 5.62
~ (562)
In the presence of a point-contact, there appears an additional term quantifying the loss of current due

to backscattering at the point-contact. The linear response conductance in this case is given by

2 —1
v (i +1)

G = N

(5.63)

This expression is valid only at zero temperature (7" = 0), but the impurity is treated exactly to all
orders in the tunneling amplitude.

5.7.1 Limiting case checks

No interactions: In the absence of interactions v = 1 the conductance reduces to

62
G = ﬁm? (5.64)
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2,,2
which is the Landauer’s formula [I53] for conductance. Here we have used r| = <1 — m) and
VF

the relation between the tunneling amplitude I" and the bare reflection and transmission amplitudes,
|R| and |T'| respectively [81],

2|R|

!UFF! =13 (5.65)
No impurity: In the absence of the point-contact we set r; = 1 and we get back G = I/%
Half-line limit: In the case of a half-line |[R| = 1 and we get
G=0 (5.66)

irrespective of the interactions. In Fig[5.2] the linear conductance in units of the conductance quantum
is plotted as a function of the reflection amplitude of the point-contact impurity.

5.8 Summary

In this chapter, the most singular part of the density density correlation functions (DDCF') of chiral
Luttinger liquids at the edges of fractional quantum Hall systems coupled through an interaction
mediated by the bulk in presence of a point-contact impurity has been rigorously derived and shown to
be expressible in terms of simple functions of position and time. The expressions for the DDCF have
simple second order poles and involve the scale independent bare reflection and transmission amplitudes
of a single fermion in the presence of a localised impurity potential. Our results are compared with
standard perturbation theory and are shown to match term by term. The standard linear response Hall
conductance is also obtained from the density correlations and is a crucial validation of our results.
For the inhomogeneous system under consideration, the idea is to neglect all higher order (connected)
moments of the density operator beyond the second order. The reason being that all odd moments
of the density vanish identically whereas all the higher order even moments are less singular than
the second moment as shown in [52]. This result is a crucial input to unconventional bosonization
techniques that retrieve the most singular part of the two-point correlations for arbitrary impurity
strengths and interactions. On the other hand conventional bosonization methods are only able to
obtain analytical expressions for the Green’s functions in the homogeneous limit (|R| = 0) or the half-
line limit (|R| = 1) where higher order moments of the density beyond the second moment vanish
identically. In order to bosonize the interacting nonequilibrium problem we need to obtain themost
singular part of the nonequilibrium interacting DDCF with an arbitrary bias. This is necessary to
recover the scaling function of the tunneling current. It is an immensely arduous task to obtain the full
nonequilibrium Green’s functions in presence of interactions and arbitrary impurities and is beyond the
scope of the current thesis. But the equilibrium DDCF we have obtained can be used in conjunction
with the unconventional bosonization method to extract the tunneling density of states (TDOS) at
the point-contact. Formally this can be used to study the tunneling transport properties. In Fig/5.3 a
flowchart diagram giving an overview of the steps involved in calculating the correlation functions with
interactions using the proposed unconventional bosonization method is shown. In the next chapter we
obtain the correct TDOS power-law exponents using the unconventional bosonization method.
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Figure 5.3: Flowchart describing the steps involved in obtaining the Green functions using the proposed uncon-
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Chapter 6

Tunneling density of states of fractional
quantum Hall edges: an unconventional
bosonization approach

6.1 Introduction

In one dimension, electron interactions have a drastic effect and a Fermi liquid description of such a
system fails [154], 13| [155]. Instead it was found that the 1D interacting system exhibits a Luttinger
liquid phase [36]. The Luttinger liquid exhibits only collective low energy excitations moving to the
right and left. It was shown by Wen [156] that the fractional quantum Hall effect (FQHE) [157] edge
excitations could be described in terms of 1D interacting electrons. In fact it was shown that the edge
states of a FQHE bulk with filling factor v = 1/m with m an odd integer (termed the Laughlin series
[158]) can be described as chiral Luttinger liquids. The Laughlin FQHE states have only a single edge
excitation and the top edge or bottom edge can be considered equivalent to the right moving or left
moving half of a conventional Luttinger liquid. The FQHE edge states are the most experimentally
accessible systems where one encounters Luttinger liquid physics. The FQHE edge states are immune to
impurity backscattering and the low energy properties cannot be inferred by probing the bulk. But inter
edge tunneling can be made possible by bringing the opposite edges of the sample together by forming
a point contact. This is achieved by forming a constriction in the bulk through the application of a gate
voltage. The low energy physics of the edge states can be probed by studying the tunneling transport
properties through the point contact. The point contact in a ¥ = 1/m Hall fluid is isomorphic to a
point impurity in a conventional one-channel Luttinger liquid. The transport properties through the
point contact depends on the tunneling density of states (TDOS) of each edge. Power law suppression
of TDOS is characteristic of a Luttinger liquid.

The proper way to deal with interactions in one dimensional systems is using bosonization. This involves
replacing fermions with bosonic degrees of freedom. But conventional or standard bosonization is ill
suited to be applied to systems with impurity backscattering. Therefore the common method to study
transport through the point contact is by a perturbative treatment of the impurity [152]. As an
alternative, we can treat the impurity exactly by modifying the standard Fermi-Bose correspondence
itself to take into account the impurity backscattering. This radical new method involves treating the
Fermi-Bose correspondence as a mnemonic to obtain the correct correlation functions rather than a
strict operator identity. This allows one to compute the most singular parts of the interacting Green’s
functions in presence of an impurity in one dimension and this technique has proven to be very successful
in studying Luttinger liquids with impurities [52, 132} [45] 133, 134], [135] 136]. In the present chapter
based on our preprint [I59] we extend this idea to FQHE edge states with a point contact constriction
at the origin. We show that the universal power law in the TDOS is recovered using the unconventional
bosonization procedure in the presence of a point contact in both the cases of electron tunneling as well
as quasiparticle tunneling,.
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6.2 Model Hamiltonian

We consider a system of two chiral Luttinger liquids with a point-contact tunnel junction at the origin.
The non-interacting part of the Hamiltonian is

r
Hy = Z(UFP + eVb)CL,RCpﬂR + Z(—UFP)C;LCP,L + Z(CT,RQL + CT,LC.,R) (6.1)
p P

where R and L label the right and left moving chiral spinless modes and V}, is the bias voltage applied
to the right movers. The fermion creation and annihilation operators in momentum space are ¢, and ¢,
respectively and we use the notation ci R= Zp cL’ - We consider a symmetric point-contact junction
with tunneling amplitude I and the L that does not appear in the subscript is the system size. We
define the bias potential as pu;, — ur = —ur = —eV = eV following the same convention as in [I31].
The coupling at the point contact is not treated as a weak perturbation in our approach but is treated
exactly as an impurity of arbitrary strength. The right mover and left mover fermions are coupled

through a density-density interaction governed by vy,

i /da; vo pr(z,t)pr(x,t) (6.2)

This system of chiral Luttinger liquids is a good model for the edge states of fractional quantum Hall
systems, at least the ones with a single edge mode as in the Laughlin series with filling fraction v = 1/m
with m an odd integer. We will show how this connection is made in the subsequent sections. The full
Hamiltonian of interest is

The non-equilibrium Green functions for Hy were obtained in [81] and are discussed in Chapter 2 of
this thesis.

6.3 Bosonization of the noninteracting edge states with interedge
tunneling

In this section we show that the Integer Quantum Hall Effect (IQHE) edge can be bosonized in the
presence of backscattering due to a point contact that brings the opposite edges into close proximity.
Although the bosonized description is not necessary for the IQHE edges, it is of use since it can be
generalized to the case of Fractional Quantum Hall Effect (FQHE) edges where fermion interactions
need to be taken into account. So in this section our Hamiltonian is H = Hy. Let us consider an IQHE
edge with only one edge mode i.e. one filled Landau level. One can linearize the low energy states
near the Fermi momentum and it is possible to express the low energy degrees of freedom in terms of
bosons. The Fermi surface consists of two Fermi points at +kr and —kpr. We are dealing with chiral
fermions here i.e. right movers (kr) and left movers (—kp). Let us consider the edge with right mover
fermions (i.e. with momentum kr). We may define the edge density (fluctuation) operator

px) = i (@)p(z) : (6.4)

It is normal ordered with respect to the filled Fermi sea. The Fourier transform of the density is

1 »
pr(x) =7 Y pge ™ (6.5)
q
where pff =>4 c,t:’ RrCk+q,R - - The commutator of the densities can be shown to be

R R qL
[pq 7pq’] = %5q+q'70 (66)
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Simlarly for the edge with left movers it is [pqL , p(]j,] S L) The commutator is zero for densities

21 q+q’,0'
of opposite chiralities. Hence the commutation relation between the density operators is bosonic like.

Thus we can construct bosonic annihilation and creation operators of the form
2w
by = m Z 0(xq)px(q) (6.7)
X
and
.i_ 27'['
% =\ Zig] > 0(xq)px(—q) (6.8)
X

where x can take values R (+1) and L (—1). These operators satisfy the usual bosonic commutation
relations [bg, b,/] = 0, [bZ, bj},] = 0 and [by, b:;/] =0,/ S0 we may write the right mover density operator

in terms of these bosonic operators as

Pr(2) =/ 5 b (6.9)
or
—g) =4/ =22 1
PR(—4) 5.0 (6.10)
The commutator of the densities in real space is
or(e), pr(@)] = 3 sLeite=) = L' — o) (6.11)
’ . 2L 2
It is convenient to introduce a new field ¢ defined by
Ox(z,t) = 27r/ dy py(y,t) (6.12)

where x can be R or L. It can be shown that the ¢ operators obey a Kac Moody commutation relation

[CZ)R(I‘, t)v ¢R($/a t)] = —[qu(l‘, t)a ¢L(xlv t)]
= —im sgn(z — ) (6.13)

In conventional bosonization the chiral Fermi fields are expressed as [152]
Wy (@, ) = e2mi x [T px(wt)dy (6.14)

where x = +1 for R or L respectively. The Fermi-Bose correspondence in Eq[6.14]is proved by resorting
to the basis states of homogeneous (translation-invariant) systems. Edge states are generally insensitive
to disorder. Backscattering becomes possible only when the edges of opposite chirality are brought close
together as in a point contact and inter-edge tunneling can take place. When we have an impurity in
the system like the point-contact tunnel junction present in the model under consideration, the number
of right movers and left movers are not separately conserved, hence bosonization using the conventional
approach is not suitable.

We propose a method to handle this issue by modifying the standard Fermi-Bose correspondence in
Eql6.14] to include the effects of backscattering of fermions from the point contact impurity. The
modified Fermi-Bose correspondence takes the form,

Wy (, 1) = 27X S (x(WFA pox(=y 1)y (6.15)

where the value of A which is either 0 or 1 dictates the absence or presence of the additional p_,(—y, t)
term respectively. This is similar to the non-chiral bosonization technique (NCBT) that has been used to
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obtain the most singular parts of the Green’s functions of interacting Luttinger liquids with impurities
[52, [132]. It has been shown that the series expansion of the NCBT Green’s functions in powers
of fermion-fermion interaction strength matches term by term with standard fermionic perturbation
theory (most singular terms). It has also been shown that the NCBT Green’s functions with forward
scattering between fermions satisfy the (most singular parts of the) exact Schwinger-Dyson equations
[45]. These results are a clear indication that this formalism is not mere phenomenology. In [137] it is
shown how one can construct a bosonization ansatz using Eq[4.16] and reproduce the nonequilibrium
Green functions for this noninteracting problem. The two point correlations are recovered using

!

<T %T((ﬂfvt)l/fx(x/,t/) S~ < e 2mx [T ox W) Fo—x(—yD)dy 2mix [T oyt )dy (6.16)

or equivalently

/

<TGl (@ ) >~ < e 2 ey i [ (o ) +p—x =y Ny (6.17)

The choice of taking A = 1 for both the Fermi operators while evaluating the two-point correlations has
been shown to be invalid as it doesn’t obey the point-splitting constraints (as shown in Eq.23 of [45]).
In a homogeneous system all but the lowest nontrivial moment (second moment) of the density vanish
identically. In a system with impurity all odd moments of the density vanish identically but none of
the even moments do. We make the crucial assertion that dropping all but the second moment in an
inhomogeneous system amounts to studying the most singular parts of the Green functions (the proof
of which is shown in [52]). Hence the Green functions are evaluated using the truncated version of the
cumulant expansion

1_ 42« 1_p2
< GACB >~ 62<A >62<B >6<AB> (618)

The piecewise constant prefactors are fixed by comparing with the exact solution obtained in [81].

6.4 Bosonizing the FQHE edge states with interedge tunneling

A two dimensional electron system at low temperatures subject to a perpendicular magnetic field gives
rise to some of the most important phenomena in quantum condensed matter physics namely the
integer quantum Hall effect (IQHE) and the fractional quantum Hall effect (FQHE). The FQHE is an
example of a collective quantum state of matter that can be attributed to strong electronic correlations
in the system. A perpendicular magnetic field applied to the 2D electron fluid leads to the creation
of degenerate discrete quantum states known as Landau levels. The filling factor is an important
characteristic parameter of the system and is defined as the ratio of the number of electrons to the
degeneracy (number of available states) of each Landau level. At low temperatures and low amount
of disorder, the FQHE leads to the condensation of electrons into an incompressible quantum fluid
state formed at specific filling factors v. Typically the FQHE states are more pronounced at very high
perpendicular magnetic fields when the lowest Landau level is fractionally filled with electrons. The
striking experimental signature of this collective state of matter is the observation of quantized plateaus
of the Hall resistance,

h
ve?

Ry = (6.19)
where h is Planck’s constant, e is the magnitude of the electron charge and v is the filling factor
which is a fraction. These phases are generally stable for filling fractions with an odd denominator.
The most robust FQHE states occur when the lowest Landau level is fractionally filled with filling
factors v = % and v = % These states are well described by Laughlin’s [I51] theory in terms of trial
wavefunctions that belong to the Hilbert space of the lowest Landau level. The bulk quantum Hall
states exhibit gapped excitations but the edge states that live on the boundary of the two dimensional
system behave differently and exhibit gapless modes that can be effectively described by a 1D chiral
Luttinger liquid model. The nontrivial transport properties of quantum Hall states come from these
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gapless edge excitations. A FQHE fluid with filling factor ¥ = 1/m with m an odd integer (Laughlin
series) has only a single edge mode. The right (left) edge state is equivalent to the right (left) half of
a conventional Luttinger liquid. A point contact constriction in the fluid is isomorphic to an impurity
barrier in a 1D Luttinger liquid. It follows from Wen’s [156, [160] hydrodynamic approach to describe
the low-energy physics of the fractional quantum Hall edge states, that the edge density operators have
the following commutation relation

Lq
g Pyl = xv5 04440 (6.20)
where v is the filling factor. This is pretty much same as the corresponding relation for the ordinary
Luttinger liquid except for the additional factor of v. Hence it follows that the Kac Moody algebra of
the ¢ fields picks up an extra v factor.

[Pr(z,1), ¢R($/a )] = —loL(, 1), ¢L($/a t)]
=—i7mvsgn(x— x/) (6.21)

So the operator for an edge excitation is written down with the following Fermi-Bose correspondence
Wy (2, 1) = X2V = 27 Xy [ px(y:t)dy (6.22)

This operator generally has fractional statistics and is not exactly fermionic but for the special case of
v = 1/m with m odd this excitation is fermionic with charge e and it represents an edge electron. In
order to consider the effect of backscattering from a point contact between the edges we modify the
Fermi-Bose correspondence as

Wy (@, t) = e2mixy [ (ox () +X p—x(=y,t))dy (6.23)

The idea is that EqJ6.23|should be seen as a mnemonic that gives the most singular parts of the Green’s
functions for FQHE edge states with a point contact at the origin. We need to determine the density-
density correlation functions in presence of interactions before we can evaluate the two-point functions.
This calculation was done in [150] and is discussed in chapter [5| of this thesis.

6.5 Tunneling density of states of FQHE edge states

Power-law suppression of the tunneling density of states (TDOS) at zero energy is characteristic of
Luttinger liquid physics. In the case of FQHE edge states one can consider a case of electron tunneling
through the point-contact or there can also be a situation where the fractionally charged quasiparticles
tunnel through the point-contact as explained below. The TDOS at the point-contact shows enhance-
ment at low energies for quasiparticle tunneling rather than being suppressed. We recover the known
results for the TDOS exponents using the proposed unconventional bosonization method.

6.5.1 Electron tunneling

A gate voltage can be used to control the point contact electrostatically. Let us first consider the
case where the point contact is completely pinched off such that now the tunneling between the edge
states does not happen through the bulk quantum Hall fluid and the particles that are transferred
between the edges during the tunneling process are actual electrons of charge e (see Fig. We
use the unconventional bosonization ansatz discussed in chapter [4]in conjunction with the interacting
density density correlations obtained in chapter [5| to calculate the tunneling density of states for the
right-moving edge. For the case of electron tunneling the Fermi-Bose correspondence to be used is that
given in Eql6.23] modified to include impurity backscattering. The RR Green function written using
the unconventional bosonization ansatz, apart from prefactors will involve terms like

< TYl (R ) > ~ < 2L ol i [ oy ) bos (DAY (6.24)
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Figure 6.1: Schematic diagram of a completely pinched off point-contact geometry for electron tunneling. The
point contact is controlled by electrostatic gate voltage.

The expectation value on the RHS is evaluated using a variant of the Baker-Campbell-Hausdorff for-
mula,
< o278 " PRy 27 [ (pry ¥ )+pn (' )y’ S

— o32mi)? 5 [T dy [T dy'<pr(yt)or (v 1)>
. zl z/ /
03?5 [T dy [T dy' <(pr(y:t )+oL(=yt)) (pr(Y ) +oL(—y t')>

o~ (2T 5 [T dy ™ dy <pr@D(orW &) +pL(—y 1')> (6.25)

Using the expression for the density-density correlations in Eq. [5.43] of chapter [ we calculate the
tunneling density of states (TDOS) at the point contact for the right-moving edge at zero temperature
and obtain

1

< TYh(0,)PR(0,£) > ~ (6.26)

vot+2mv R )

=5 (
(t _ tl) 2 2mvp,

The filling factor v is related to the interaction parameter in order to make a connection between the
Luttinger liquid paradigm and FQHE edge states [161]. So we have

UO _"_ 1
V= 727?‘}}? o (627)
- 2mup
. . ! 2(v2-1 .
From this we obtain the relation ?r% = %IT) It is easy to check that the exponent turns out to be

1

ol (6.28)

< TYh(0,)YR(0,8) > ~

After a Fourier transform the result for the TDOS at zero temperature may be written in general as
Dr(w) ~ Jw]™ ! (6.29)

where v = 1/m with m an odd integer. This is a power-law with universal exponent as expected for
Luttinger liquid behaviour [162] 152]. For v = 1 that is m = 1 (IQHE edge state) the TDOS is a
constant at the Fermi energy. For the most robust fractional quantum Hall state with v = 1/3 (m = 3)
[158] the electron tunneling density of states exponent has a value of 2, in agreement with previous
results [162]. A similar calculation will give the same exponent for the TDOS of the left-moving edge
as well.
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Figure 6.2: Schematic diagram of a point-contact geometry for quasiparticle tunneling through the bulk quantum
Hall fluid. The point contact is controlled by electrostatic gate voltage.

6.5.2 Quasiparticle tunneling

Let us consider the case where the point-contact is not pinched off. In this case the particles can
tunnel between the top edge and the bottom edge through the bulk quantum Hall fluid (see Fig.
Therefore, it is the Laughlin quasiparticles with charge e/m that tunnel between edges. In this case
the operators we consider are for charge e/m edge excitations and the Fermi-Bose correspondence to
be considered is

by (@, 1) = eX® = 2 X" px(wit)dy (6.30)

These particles show fractional statistics, acquiring a phase factor e™™ under exchange. The modified

Fermi-Bose correspondence we consider due to the presence of the point contact is

Wy (w, 1) = 27X S (W D+A px(—yt)dy (6.31)

The two-point functions are evaluated in the same manner but without the % factor appearing in the

exponent. The TDOS at the point-contact for the right-moving edge is obtained as

/ 1 1
R (t . t/)( 0;7r2vh F) (t i t/)l/

Upon a Fourier transform, the zero temperature TDOS takes the form
Dp(w) ~ |w|m ! (6.33)

Unlike the case of electron tunneling the TDOS at zero energy is enhanced for the case of quasiparticle
tunneling [152]. The TDOS for the left-moving edge can be calculated in a similar manner to obtain
the same exponent. The tunneling density of states is a constant at zero energy (Fermi energy) for the
integer quantum Hall effect (IQHE) at v = 1.

6.6 Tunneling through a point-contact

Once we know the low-energy behaviour of the tunneling density of states (TDOS), this can be used
to calculate the well known standard result of the two-terminal conductance through the point contact
in the perturbative regime for small tunneling amplitude. For a voltage V across the junction, the
tunneling rate to leading order can be obtained using Fermi’s Golden rule and is expressed in terms of
the TDOS as

Tun = % / dE (D7 (E)D3(E —eV) — D5 (E — eV)D3(E)) (6.34)

where D and Dy are local tunneling in and tunneling out density of states for the edge modes. They
are related to each other by D~ (F) = D<(—FE). The electron tunneling density of states vanishes at
zero energy and this gives rise to a non-Ohmic I-V characteristic of the form

Liyp ~ D2y 2m=1 (6.35)
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At non-zero temperature the tunneling conductance vanishes as power-law for low temperatures
G o I27?*m—2 (6.36)

This is a consequence of the electrons at the edge of a Laughlin FQHE fluid forming a Luttinger liquid
phase. For the case of quasiparticle tunneling, the tunneling current and the conductance is of the
form,

Tun ~ T2V w1 (6.37)
and

G oc T2Tm 2 (6.38)

6.7 Most singular part of the action

The densities psym, pasy are defined such that they are decoupled, < psym(a:,t)pasy(x,,t’) >= 0 even
when there is backscattering at the impurity. The full action can be written as,

S = Ssym [psym] + Sa,sy [Pasy]

The crucial claim (proved in [52]) is that the generating function of the current and density include
only the most singular quadratic terms. We define,

Zo[Usym, Uasy) = / D|psym] D[pasy] e S1psym-pasyl o dz [ dt pasy(@t)Uasy(z,t)+[ dz [, dt psym(2:)Usym (2,t)

Given that we are only including the most singular parts of the correlation functions (all higher odd
moments anyway vanish identically, but the even ones are less singular than the leading quadratic terms
included), the form of Zj is the exponential of a quadratic form in psym, pasy-

1 / ! 17 o
ZO,most—sing[Usyma Uasy] — 3 Jdz [dx [dt [dt 3 ,_ ey sym <T pa(@)palz t)>0 Ua(zt)Valz ,t)

These non-interacting density correlations viz. < T' pg(,t)pa( t/) >0 maybe derived explicitly using
elementary Fermi algebra and are written down below:

"y i 53F
< Psym 7t sym 7t > = 2|—= 7 7 6.39
Paym(@ 8)Psym (@ 1 £) >0 2m sinh(F(z — @' — op(t — 1)) (6:39)

<} psym@vt)Pasy(x,,t,) >y =0 (6.40)
.y —((4v% +T2)% — 3202120 (x)) ((4v% + T'2)? — 3202126(x"))
< pasy(xat)pasy(l' t) >0 = F2 3712 211 : T L 7 147 B
2v33%(4vg, + I'?)* sinh(5 F(:z:—:n —vp(t—1)))
64(— 40T + 0pT?)2 cos(~2Velz=2 - —vp(i- 1)) o(2)0(z)

20342 (4vf + T4 sinh (57— (z — 2" —vp(t —t')))?

(6.41)

This means the most singular part of the action is spatially non-local but quadratic in the boson terms

which we may formally write,
eismostfsing[psymypasy] —

/D[Usym] /-D[Uasy] 6% fdxfdz’l fdtfdt/ Pa—asy,sym <T pa(x,t)pa(x/,t/)>o Ua(x,t)Ua(J:/,t/)
% e—fdx fc dt pasy(z,t)Uasy(z,t)— [ dx fc dt psym (z,t)Usym (,t)
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It is this action we are (indirectly) using in lieu of the full Sine-Gordon action. While the full action
correctly captures all aspects of the model, it is not soluble. The effective quadratic (albeit spatially
non-local) action above only gives the most singular parts of the correlation functions of the theory
provided in addition we also modify the Fermi-Bose correspondence to shoulder part of the burden
of capturing the effect of back-scattering at the impurity in the manner we have described in the
manuscript. Thus the claim is

[Sfull:Sine—Gordon]most—singular—part = Sspatially—nonlocal—but—quadratic—and—soluble
and

27" dy pr(y:t)] = [e2™ )" dy (R pL(-u1))

[wR(wyt)]most—singular—part = most—singular—part — A=0,1

The modified Fermi-Bose correspondence rather than being tied to the inappropriate spatially homo-
geneous basis now encodes the effect of back-scattering at the impurity through the additional term in
the exponent (while calculating the two point function A = 1 should be used at most once, the reason
is due to point splitting considerations [45]).

6.8 Summary

We have used the modified Fermi-Bose correspondence in Eq[6.23] to recover the correct tunneling
density of states of FQHE edge states with a point contact. A major advantage of this approach is
that the action remains quadratic in the bosonic operators even when backscattering due to the point
contact impurity is included. However this method only gives the most singular parts of the correlation
functions correctly. This quadratic (bosonic) action is used to derive the correlation functions in
presence of mutual interactions using the generating functional method in Chapter |5} In conventional
bosonization, the backscattering between the right and left movers due to the impurity produces a
boundary sine-Gordon model that is not quadratic in the bosonic fields [I49]. But in this alternative
approach, the modified Fermi-Bose correspondence encodes the backscattering while leaving the action
quadratic even with impurity and mutual (forward scattering) interaction between the fermions present.
This method gives the most singular parts of the correlation functions of inhomogeneous Luttinger
liquids exactly [52]. Our goal is to obtain the most singular parts of the non-equilibrium Green’s
function for this system exactly with a non-perturbative treatment of the point contact impurity. This
is crucial in order to obtain the non-Ohmic tunneling I-V characteristics and express the conductance
as a universal scaling function for a generic impurity strength. It involves calculating the < pgsypasy >
correlations out of equilibrium (with bias) with interactions and in presence of a point contact, which
is a challenging task and we do not have the final results yet.

To summarize, this unconventional approach to bosonization enables the calculation of the most singular
parts of the correlation functions of fermions with localized scattering centers where backscattering
takes place and in presence of mutual fermion-fermion forward scattering interactions to be expressed
in terms of elementary functions of position and time. This is accomplished by verifying, a-posteriori,
the following claims:

(i) Fact I: The conventional bosonization scheme of the above mentioned model leads to a Lagrangian
density that is nonlinear (Sine-Gordon) [149] but has a spatially local expression. Because of the Sine-
Gordon term, it is not soluble. The most singular parts of the mutual (auto) correlations of density
fluctuations involves realising (with proof [52]) that all the odd moments of the density fluctuations of
the above system vanish identically whereas all the higher order even moments although non-zero are
less singular than the leading second order moment and therefore ignorable.

(ii) Claim I: The most singular part of the above Lagrangian density in Fact I that recovers the density
density correlation correctly and yields the result that all higher moments vanish (they are less singular
so we feel entitled to ignore them) is spatially non-local but purely quadratic in the bosons and therefore
soluble.
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(iii) Fact II: The conventional bosonization scheme has a Fermi-Bose correspondence that is an operator
identity that is tied to the translationally invariant fermion basis.

(iv) Claim II: The main message is that it is possible to study backward scattering from a stationary
impurity in such a way that (only) the most singular parts of the correlation functions can be written
down exactly using a modified bosonization framework that transfers part of the burden of shouldering
the Sine Gordon character of the conventional approach to the modified Fermi Bose correspondence
while retaining the action of the theory quadratic (albeit spatially non-local) in the bosons and therefore,
soluble.

The main contribution of this work is to show that important physical attributes such as tunneling
density of states exhibit universal power law behavior consistent with other well-established approaches
found in the literature, even as the (most singular parts of the) full space-time Green functions - which
only the present approach can calculate - will involve non-universal exponents.
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Chapter 7

Conclusions

The Luttinger liquid model represents a fascinating paradigm in condensed matter physics, specifically
for the description of one-dimensional interacting electron systems. Unlike conventional Fermi liquids
prevalent in higher dimensions, Luttinger liquids emerge due to the unique nature of electron-electron
interactions in 1D and such systems could be experimentally realised in quasi-one-dimensional mate-
rials like carbon nanotubes or quantum wires and also in edge states of quantum Hall systems. The
collective behavior of the electrons dominates the physics of Luttinger liquids and well defined quasi-
particles characteristic of Landau’s Fermi liquid theory are absent. The interactions in these systems
lead to a breakdown of the conventional Fermi liquid theory, manifesting as power-law correlations
and fractionalized excitations. These novel properties make Luttinger liquids a unique and intriguing
field of study with implications for understanding quantum transport in low-dimensional systems. In
one-dimension there is the absence of a Fermi surface in the traditional sense. The Fermi surface is
constituted by just two points at +kp and —kp. Due to the totally nested nature of the 1D Fermi
surface a perturbative treatment of the interactions is plagued by divergences. Bosonization is a pow-
erful theoretical technique used to describe interacting fermion systems nonperturbatively in 1D. The
complexity in handling the interactions directly arises due to the quartic fermion-fermion interaction
term and hence the Hamiltonian is non diagonalizable. Bosonization involves mapping the fermionic
degrees of freedom onto equivalent bosonic degrees of freedom and it turns out that the interaction term
becomes quadratic in the boson operators thereby making the Hamiltonian diagonalizable, facilitating
the study of the low-energy properties of the Luttinger liquid.

The conventional field theoretic bosonization (g-ology) provides the n-point correlations of a clean Lut-
tinger liquid in presence of mutual forward scattering interactions [36]. However, when the translation
invariance is broken by an impurity, one has to rely on the renormalization group (RG) treatment, yet
these methods can’t provide closed analytical expressions of the Green functions of the inhomogeneous
system. Impurities in one-dimensional quantum many body systems have a significant effect on the
low-energy physics [37]. The work in this thesis promulgates a novel method of bosonization, which
is ideally suited to study inhomogeneous systems. The non chiral bosonization technique (NCBT) has
been successful in obtaining the most singular part of the Green functions of a Luttinger liquid with an
impurity at the origin [46], for a one step fermionic ladder [79] and for mobile impurities in a Luttinger
liquid [47].

In the second chapter of this thesis we show in pedagogical detail that the most singular part of the
asymptotic density-density correlation function (DDCF) of Luttinger liquids with localised scalar static
impurities and short-range forward scattering mutual interactions, has a compact analytical expression
with second order poles and involves only the scale-independent bare reflection and transmission co-
efficients. We also show that for such systems the (connected) moments of the density operator can
be ignored beyond second order since the odd ones vanish identically and the even moments are less
singular than the second order moment and can be neglected as long as only the most singular parts are
desired. We show that our results match with conventional fermionic perturbation theory. The DDCF
is a crucial input to NCBT and this work [52] clarifies the technical details behind the applicability of
NCBT. For a homogeneous system or its opposite extreme viz. the half-line, all higher order connected
moments of the density vanish identically which means the result of chiral bosonization and NCBT are
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indeed the same in these two limiting cases.

The third chapter deals with noninteracting one-dimensional chiral quantum wires coupled through a
point-contact and driven out of equilibrium [8I]. We systematically solve Dyson’s equation analytically
and obtain the exact dynamical non-equilibrium Green function (NEGF). We also obtain the DDCF in
a closed form in terms of simple functions of position and time. The tunneling I-V characteristics are
obtained for an arbitrary time dependent bias. By considering a finite bandwidth in the point-contact
we account for transient phenomena in the transport properties which exhibit non-Markovian behavior.
The transients in the I-V are consistent with numerical simulations ({DMRG) of lattice systems which
suggests that the transient behavior is merely due to the presence of a short-distance cutoff in the
problem. Our aim in studying this problem was to construct a bosonization technique in the spirit of
NCBT that reproduces exactly the nonequilibrium Green functions. This is precisely what we have
shown in our next work.

In the fourth chapter we develop an unconventional bosonization method that provides the NEGF for
chiral quantum wires coupled through a point-contact driven out of equilibrium [I37]. The proposed
unconventional bosonization scheme is shown to be internally consistent as the four-point functions
obtained through bosonization are related to the two-point functions through Wick’s theorem as it
should be. This system of noninteracting chiral quantum wires is isomorphic to integer quantum Hall
effect (IQHE) edge states with filling factor v = 1, with a point-contact constriction across which tun-
neling can take place upon application of a bias. For a similar setup involving fractional quantum Hall
effect (FQHE) edge states, interparticle interactions need to be taken into account and this is where
bosonization is very useful. In order to apply the unconventional bosonization method to FQHE edge
states it becomes necessary to compute the interacting density-density correlations of the edge states
in presence of a point-contact tunnel junction. This is precisely what we compute in the next chapter.
We systematically derive the DDCF (most singular parts) of chiral Luttinger liquids forming the FQHE
edge in presence of a point-contact constriction acting as a localised scalar impurity, using a generating
functional. The results are validated on comparison with standard fermionic perturbation theory. The
two-terminal current in linear response to a potential difference between the right moving and left mov-
ing edges is calculated using the DDCF at zero temperature. Obtaining the nonequilibrium DDCF for
this problem analytically is very difficult but important transport properties can be gleaned by using
the equilibrium DDCF in the unconventional bosonization method to extract the power-law exponent
of the tunneling density of states (TDOS). The TDOS for both the electron tunneling and Laughlin
quasiparticle tunneling is obtained in the sixth chapter and is found to agree with previous results in
the literature. This is a convincing demonstration of the utility of the novel bosonization technique
discussed in this thesis, that treats impurity backscattering in a Luttinger liquid exactly yet remains
solvable for the most singular parts of the correlations.

Future directions

An immediate extension of this work is the challenging task of obtaining the full nonequilibrium Green
functions for FQHE edge states coupled through a point-contact by solving for the nonequilibrium
DDCEF first. Also, the unconventional bosonization idea may be extended to systems with impuri-
ties with quantum degrees of freedom like a Kondo impurity. Another promising endeavour is the
generalization of bosonization to higher dimensions.
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Appendices

APPENDIX A: Derivation of formulas for the parameters of the gen-
eralized Hamiltonian (Vg,V, Vi, V() in terms of T, R

Hy=—i vp / do (Yh(2)0s ¥R (x) — YL ()81 (2)) + VR h(0)$r(0) + VLl (0)¢L(0)

+ Vi YR (0)4(0) + Vi UL (0)R(0)
Note that we may write V; = |V3| €. This phase may be absorbed by a redefinition of the fields
Yr(x) — er(z) for example. This means V; can be chosen to be real without loss of generality.

(A1)

24 (z,2")

.. _ A2
<T¢V($,t)’¢u,(l‘,t)> Z/.CL'—I/IJ,',— v (t_t/) ( )
and [
T ()= Y 0(yx)0(ya) g, (1v) (A.3)
v =£1
- P s =i L (x,a) A4
'Lat < ¢V(x,t)¢y,(x 7t) > =1vF (VCC . _ vp (t N t/))z ( )
i < (@, )l (2',1) > = < [ (x,t), Hol!, (2, ) > (A.5)
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i0 < (2, )], (1) > = —ivp v <O (@t (L) >
+ < [ (@, 1), VRU L (0RO, (' t) > + < [y (@, 1), Veor] (0w (09, (1) >
+ < [y (@, 1), Vi YR O O]Y], (2',1) > + < [¢u(2,8), V7 w5 (0)¢r(0)]0], (1) >
or
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or

. / 1 / 1 '
0= Z (=i vp vy g,m/(l/,y )+ 601 VRE g%,yz(l, v)+ VL5V7,1§ g%,y/(fl, V)
y==£1

1 1 ,
+ V15V71§ g’Y,’Yl (—17 1% ) + Vl 5;/7_1 5 g’Y,’Y/ (1, v ))

The above equation gives,

% vp (T — T
V= vy = 2or )

2TT* + T + T (A6)
vy M RT 4i vp RT* '

TOTT* T+ T+ 2TT*+ T +1T*
This automatically means

—R*T = RT*
(A7)

APPENDIX B: Fourier transform of the DDCF

In the main text, we are required to show that equation (2.8) may be recovered from equation (2.13))
and equation 1) For this we are required to make sense of integrals such as (x # 2 and z,z’ #0),

/ ooz 24
Ip(z—z) = zq: e~W(@=2) m (B.1)
and y S0p
hm:;emaﬁ@gg (B.2)
We write, ,
Iz —a)=) e al==r) G +q(qu) + e qu L (B.3)

q

Set X =2 — z'. Then,

d ' 1 1 d
Io(X) =i— —iX + — =i—L(X
0(X) =iz Eq:e (iwﬂ oy prows s (qUF)) T 1(X) (B.4)
and |wn| |z
i 1 1 iL sgn(r) e vF
Lz)=) e (- + — = (B.5)
1(@) Zq: (zwn + (qup)  —iwy, + (qu)) vp
Now,
L _"wn‘ X L |lwn| X
'UF ’UF
]1(X>0):_L; [1(X<0):L (B.6)
a UF
and
L _lwn| X | ’L |wnl|vX
’UF v
Iy(X > 0) = —[wnl Ee L (X <0)= 1= T (B.7)
VF VF UF VR
or I lwn| IX|
o(x) = ~Elnl i (B3)
Vp
Finally we are called upon to transform the Matsubara frequency to (imaginary) time.
Jo(z) = e Lh(x) s Ji(z) = e Ii(x) (B.9)

n n
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_lwn]| |=|
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Thus equation (2.41)) is just some combination of these functions Jy, J;.

APPENDIX C: Perturbative comparison of DDCF for |R| =0 case

(T pa(z1,t1)pa(z2,t2)) Z%?)TF% u;;l <— B, ylva(tl — t2))2> (C.1)
where a = n or h,
v = 4/ V% 2UF Y0 (C.2)
Up = UF
(T pn(z1,t1)pn(x2,12)) =$ Z (— — ! > 2) (C.3)
" (1 — x2 + vop(t — t2))

and (T pp(x1,t1)pn(w2,t2)) = 0. This means (T' p,(z1,t1)pn(z2,t2))t = 0.

On the one hand
Simply expanding the full final answer equation (C.1)) to first power in vy we get,

Vo

T t)pn(za, t2)) = ——
(T pr(x1,t1)pn(w2,t2)) o3
2’(}F(t1 — tg) 2’UF(t1 — tg) 1 + 1
((tl — tg)UF —x1 + 1‘2)3 ((tl — tQ)UF +x1 — 332)2 ((tl — tQ)UF — T + xg()Q )
C4

((t1 — ta)vp + 21 — x2)3

On the other hand
Using standard perturbation and retaining the most singular terms we get,

(T pp(z1,t1)pn(xa,t2))! = (=i)vg / dr /OO dy (T pn(y,7)pn(x1,t1))o (T pu(y, 7)pn(x2, t2))o
© o (C.5)

But,
(T pn(x1,t1)pn(z2,t2))0 :% Z <— @ — 72 1 V%UF(tl — t2))2) (C.6)
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Hence,
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Specifically consider ¢; > to (t1 is on the lower contour and t9 is on the upper contour). In this case,
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O(—(1 — 11))0(7 — t2) — 0(1 = t1)0(—(7 — t2)) = O(—(7 — 11))0(7 — t2)
O(r —t1)0(—(1 — t2)) — O(— (7 — t1))0(7 — t2) = —O0(—(7 — t1))0(7 — t2)
or,
(T pn(z1,t1)pn(wa,t2))t = (—i)vo /ch 4%74(—111?(7—1?1) _mfiiUF(T_t2)+$2)3 (O(—(1 = t2)) = 0(T —t1))
‘ 1 A
+ e /dT T o7 — ) — a1 +or(r — ) Fagp 0 T R)
1 A
i /‘“H( or(r— )~ or(r — ) F e AT )
1 47
I /C I T e (O — )0 1)

or,

(T pr(r, t1)pn(2, t2))" = (=i)vg ﬁ(/_z dr — /t_oo dT)(—qu(T —t1) — $;L7iiUF(T —tg) + x9)3

) 1 - 47
+ (=ivo 47r4(/t1 a7 = /_oo ) Corr —t0) — @1 & vr(r — ) + 7]

+ (i) 1/tld Ami
t/% 44 to T (—’UF(T—tl) — X +UF(T—t2) —‘r.%'g)?’

1 h A
oo —(— | d
+(=)vo 4774( /t2 ™) (vp(T —t1) =21 —vp(T — t2) + 22)3
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Or,
1 T n LT
2 UF(tl’UF —tQ’UF — I +x2)2

T t ta))t = (—i)vo —
< ph(ml’ 1)ph(1'27 2)> ( Z)UO 47T4(’I}F(t1’l)p—t2’UF+fU1 —.%'2)

+( ) 1 T n T
Doy ——
0 Yt vp(tivp — tovp + 11 — 22)2  vp(tivp — tavp — 21 + x2)?
T (i) gl (1~ ts)
Doy —— _
0 47’[‘4 (IL‘Q — T + ’L)F(tl — tg))3 ! 2
) 1 471
+ (=)o 47t (xg —x1 —vp(ty —t2))3 (=t~ 1))
Or,
(T pr(x1,t1)pn(w2, t2))' = ;TOUF
( ZUF(tl — tz) 2’UF(t1 — tz) i, + 1 )
((tl — tg)UF +x — 562)3 ((t1 — tg)’l)p — X1+ .%'2)3 ((t1 — tQ)UF +x — 1‘2)2 ((tl — tQ)UF — X1+ $2)2

(ks
equation ((C.7)) matches with the earlier result equation (C.4]).

APPENDIX D: Perturbative comparison of DDCF for |R| =1 case

o
vp 1 o sgn(z1)sgn(z2) Zp
T pr(z1,t1)pp(z2,t2)) = —— ( - L
(T pnler,t)pn(@s; t2)) 2m2uy, u§1 (w1 — @2 +vop(ty — t2))2  (|z1| + |22] + vop(ts — t2))?
(D.1)
1 209vF
Zh = y Up = U2 aF
1 - 41}0,UF L @ T (D.2)
(vntvp)vp (27)
Expanding to first power of vy we get,
(T pr(z1,t1)pn(@2,t2)) =
B L( sgn(x1)sgn(xs2) . sgn(x1)sgn(xs2) n 1 . 1 )
22 M (x| + |z2| +vr(tr — £2))2  (|z1] + |z2] —vp(t1 —62))?2 (21— 22 +vp(ti —t2))2 (21— 22 —vr(t1 — t2))?
(s n(z1)sgn(x )( ! 4 !
2mvp "R (ot [ fma] 4 on(t — £2))2 (] + o] — vr (t1 — £2))2
+ 2’0}7‘@1 — t2) . QUF(t1 — tz) )
(lz1] 4 |z2| +vr(ts —t2))3  (lo1| + |z2| —vr(ts — t2))?
_ 21)F(t1 — tz) A QUF(tl — tg) n 1 [ 1 >
(r1 —m2 —vrp(t1 —t2))3  (x1 — w2 +vr(ti —12))2  (z1 —z2+vr(ts —£2))?2 (21 —z2 —vp(ts — t2))?
Or,
T pr(z1,t1)pn(z2,t2)) =
0(x122) ( 1 + 1 + L + L )
1 2mvp (21 + @2 +vr(ts — t2))? (1 +z2 —vp(ts —12))?  (x1 —z2 +or(ts —2))?2 (21— 22 —vp(ts — t2))?
Vo 2up(t1 — t2) _ 2up(t1 — t2) _ 20p(t1 — t2) 2up(t1 — t2)
+0(z122) 2m3up ( (1 4+ 22 + vr(t1 — t2))3 (x1 4+ 22 —vp(ti —t2))® (z1 —z2 —vp(t1 — t2))3 + (x1 —z2 + ’UF(tl(— tz)))3)
D.3

On the other hand, using standard perturbation and retaining the most singular terms we get,

(T on(er, 1) pn(a, £2))* = (—i)uo / dr / T dy (T pu(ys T)on(an,t0))o (T oy, )pm(2, 12))o
C —00

(D.4)
This means,
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(T pn(@1,t1)pn(@s, t2))! = vo/dT/ dy

1 —sgn(z1) —sgn(z1) 1 1

272 ((—y+ ]+ or(r— 02 | (gt o] —vr(r— )2 | (y—mi tor(r—t))? | (y—an —w(r—h))z)

1 —sgn(x2) —sgn(z2) 1 1

272 (( YT el +or(r —12))2 | (—y + [w2] — vr(r — £2))2 +<y—x2+vF(Tft2>>2+<y7mzfvp<wt2>>2>
1)vo /dT/ dy

1 sgn(x1) sgn(x1) 1 1

2 <<y+ il tor(r— )2 Wt —vr(r—t)) | (y—m tor(r —t))2 | (y—m —vp<r—t1>>2>

e sgn(x2) sgn(z2) 1 1

2 (<y+ ol + or(r —12))2 | (gt Jwal —vr(r — )2 | (y—wz tor(r—62))® | (y—aa —ww—tz))?)

This means,

(T pn(r t)pn (2, 12))" = (—i)vo O(—21)0(—2) /C dr / &

L( 1 n 1 n 1 " 1 )
2 \(—y—2z1+or(T— 1))  (—y—z1—vr(r—10))? (y—a1+tor(t—4))? (y—o1—vr(T—1))?

1 1 1 1 1
ﬁ((—y—mw(r—ta)) +<_y_m2_vm_t2 *(y—mw(r—tz))?+<y—x2—vF<T—t2>>2)
+ (=%)vo 6(z1)0 /dr/ dy

L( 1 . 1 . 1 )
22 \(y+ a1 +or(r—10))*  (y+a —UF(T—tl))2 (y—ztor(t—t))?  (y—=1 —ve(r —t1))?

7( 1 n 1 n 1 n 1 )
22 \(y+ a2 +or(T—12))>  (y+a2—vr(T—12))*  (Y—22t+vr(r—12))®  (y—a2—vr(r —12))?

This means,

0
: 1
(T pn(z1,t1)pn(@2, t2)) = (—i)vo O(z122) Oz Oy / dr / dy s
C —oo

1 n 1 . 1 y 1
(y—z1—vr(T—t1)) (y—m1+vr(t—t)) (H+z—vr(t—t)) (Y+z1+or(T—t))
1 N 1 B 1 y 1
(y—z2—vr(T=12)) (Y—m2+vp(T—1t2)) (y+x2—vp(T—1t2)) (y+2z2+or(T—1t2))

x (
x(

)

This means,

(T pn(z1,t1)pn(z2,t2))"

= Z (—i)vo O(z122 8»L1812/d7'/ dy 47r4 ax as

4 —a1x1 —up(T — 1)) (y — asxe — vovp(T — 12))

This also means,
(T pn(a1,t1)pn(xa, t2))*

a a
= Z (—i)vo O(z122) 8w18w2/d7'/ dy 47r4 1 2

a1 ags—t1 —ai1ry — lll’UF(T — tl)) (y — ax9 — I/Q’UF(’T — tg))

This means,

(T pr(x1,t1)pn (22, t2)>1

1
p— —. —_— d d —
Z O(z122) / T / 4 471'4 y—arxy — vop(T —61))2(y — asxe — vovp(T — t2))?

ﬂl,V17027V2::|:1
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This means,

(T pn(x1,t1)pn (22, t2))"

N e 1 1
= —i)— O(x1x dr dy —
Z ( ) 2 ( 1 2) /Cj [oo Y 47-‘-4 (3/_0«1371_V1UF(T—t1))2(y—CL2332—Z/QUF(T—tQ))Q

ai,vi,az,ve==+1

(T pn(x1,t1)pn(wa,t2))"

N, 1 47
= > (_2)50 0(x122) /Cdr — (D.6)

At (—arzy — op(T —t1) — (—agxe — Vovp(T — t2)))3

ai,vi,az,ve==+1

X (O(=Im[—vi (T — t))0(Im[—va(T — t2)]) = O(Im[—v1 (T — t1)])0(=Im[—v2(T — 12)]))

(T pn(xy,t1)pn(@s, t2))!

= Y )Pt [ g ik
2 ! c A7t (—aywy — vp(T —t1) — (—aowe — VoVR(T — t2)))3

a1,v1,a2,v2==%1

(Oc(—vi(T = t1))0c (va(T — t2)) — Oc(vi(T — t1))0c(—va(T — t2)))

(T pn(21,t1)pn(za,t2))"

A V0 1 471
- _n g g —
Z ( 2) 2 (11711112) /C T 474 (—0,1131 —+ asx2 + Z/UF(tl 3 t2)>3

ay,az,v==x1

(Oc(—v(T = 11))0o(V(T = t2)) = o (W(T — 11))0c(—v(T — 12)))

A Vo 1 47
N2 g dr —
pr Z (=9) 2 (122) /c T A (—a1x1 + asxs + vop(t; + t2) — 2vvpT)3

ai,az,v==x1

(b (= (1 = t)0o(—v(T —t2)) = 0o (v(T — 1)) (v(T — t2)))

(T pr(er, t)pon(aa,t2)) = S (=)L O(a122)

ay,ax==*1 2
1 471
< /CdT 47t (—ar21 + aszs + vp(t — t2))? Bo(=7 = t)fc(r =t = bo(n ~)bo(~{r — 1))
* /CdT ﬁ (—arz1 + az:v;m—i vp(ts —t2))3 Oor = t)e(~(7 712)) = bo(~(r —h))fo(r ~ t2))
+ /CdT ﬁ (—a121 + asxs — jiitl +ta) + 20pT)3 (Oo(r =t1)0o(r = t2) = bo(=(1 = t1))0e(=(r — 1))
4 /Cdr ﬁ e 37:@ g (el )l — 1)) = el — )0l - tg))
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If t1 > to,

(T pn(z1,t1)pn (s, t2))"

Vo 1 dmi "
= —i)—= 0 — d
Z (=) 2 (2122) 4drt (—a1z1 + asxs +vp(ty — t2))3 (/tz ")

ar,az==+1
. .
X 0T e wn s ), ) 0.7
+a1§ﬂ<—z‘>1§ Uars) g (- /—; i /_; ) e
+ ) ;il(—i)v; 0(z122) ﬁ (/_: dr + /_t; dr) (Cares + dazs —&—37:(251 Y ts) — 20p7)°
(T pn(x1,t1)pn(xa,t2))" |
:al @Z:il(—i)§ 0(z122) It oz + agx;hz orlh — 1)) (t1 —t2)
+ m,a;ﬂ(i)? o(r122) g - azx;hr_z o () o
+a1,a;1(i)? O(z122) 4714 (- /—; B — /_too ) e T f;i(tl FU S -
+aha2§;ﬂ<i>“§ Oars) g ( /_; o /too )
v ph(xhtl)ph(x%tz»l - ab;ﬂ(—i)vo Aeziizn) ﬁ (—a1z1 + mjﬁ vr(ti —t2))3 (t1 —12) (D.9)
i almzzﬂ(%)vo f(7122) ﬁ (UF(alxl - aza:zij— tivp — taup)? y vr(—ai1z1 + azfﬂi:-‘r tivp — tavp)?
(T p(@1, tr)pn (w2, t2))' = aly;ﬂ Q:T(;F O(z122) ((_alxl +222Fx(§1+_vi2()t1 7 + 7 j_ - t2))2)
(D.10)

Hence equation (D.3) matches with equation (D.10))

APPENDIX E: Perturbative comparison of DDCF for 0 < |R| < 1 case

The conventional method of performing perturbation expansion is the S-matrix method viz. ps(z1,t1) =
ps(gfl? Ta tl) + Ps($la \1/7 tl)v

<T S ps(w1,t1)ps(z2,t2) >0
<T S >

T pylan, 1) p (2, t2) S —i / dt < T Hyo(t) ps(ar, t)ps(a, t2) >0,
C

(=i)?
2

<T ps(x1,t1)ps(z2,t2) > =

/dt /dt/ <T Hp () Hps(t) ps(ar, t1)ps(@a,ta) >0,
C c
(E.1)
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where § = e~ tJed Hps(t) where H ts is given by equation li Retaining only the most singular
terms,

<T ps(@1,t1)ps(xa,t2) >=<T ps(z1,t1)ps(x2,t2) >0 —iUO/ dt /dy <T ps(z1,t1)ps(y, 1) >0< T ps(y, t)ps(x2,t2) >0
C

+v(2)(—i)2/ dt /dt/ /dy /dz < T ps(z1,t1)ps(z,t) >0 <Tps(z,t)ps(y,t/) >0 <Tps(y,tl)ps(x2,t2) >0 +....
c c
(E.2)

Since we are going beyond leading order, it is more convenient to work in momentum and frequency
space.
1 . o _ _
< T ps(z1,t1)ps(xa, t2) >= Iz Z e amemia memun(hi—2) o Pani Py —n: > (E.3)
0.4 ,n

Thus the most singular parts are captured by the following perturbation series,

vo
< Pan;. Py —p. >= < Pan;- Py —ns. >0 L Z < Pan;.PQ’ —n;. >0< P— 1Py —ns. >0
Ql
v2 B
+ 1.2 Z < Pq,n;.PQ/,_m >o< p—Q/,n;.pQ",—n;. >o< p—QH,n;.pq/,—n;. >0 +....
Q/7QH

(E.4)

NCBT says that when the above series is summed to all orders we get,

< Pgni Py . >=0, . L 2’ |wn] |R|? (2vrq)(20rq)

pe T Br(u - (qu)) T w8 (1 - ) ) (uf 4 (000)?) (wF o+ (g00)?)
h

(E.5)

where v, = /v + 2”0% However when v, = vp (no short-range forward scattering between fermions),

L 2upg? |wn || 9 (20rq)(20rq)
< P> = 4 )N — —+ 7 (EG)
Pars.le . >0 = Sard 0 BT (qop)®) T 7B T @2+ (qgor)?) (WE + (qur)®)

Here we want to verify that this is consistent upto second order. The resummation to all orders has
already been done using the generating function method in the main text. The series equation ([E.4])

may be evaluated as follows:

The term proportional to vy in < Pans. Ly —p:. > = < PaniPy _p. >0 in the series equation 18

2 "1 p4 4 2
) I [>® 16gq7q |R|*vovE |wn|
_ 4Lq2q 21)01)12;‘(507(1_’_(1/ N f—oo 7T25L(qzv%:+’w%)(q%v%+w%)2(q/2v%+w%) dCh
26 (¢?v% + w2) (¢%v} + w2) 27 (E.7)
844 3| R[*vov} |w] 8¢°¢ |R[*vov} |wa)

28 (20h +wd) (2h+wd)’ 726 (¢2h + wl)” (420} + wl)
This simplifies to,

/ ! I ! ’
4qq vovr (qu v (@od+wd) (¢ 20wl )o, o —IRPlwal (620 2 (IRP=4)oh+(RIP-2)v3w3 (¢*+q 2)+|R2w:£)>

Ti=- 203 (2,2 22 (/2,2 2)2
2B (?v% + w2)” (¢'2v% + w?)
(E.8)
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The term proportional to U% N < Pgns Py —pe >~ < PaniPyf . >0 N the series equation 1s:

8Lq2q4v§v%507q+q/
B (v + w?) (203 + w3) (v} +w?)
N <L>2 I 6409 QQ"? R vof [w, 1040
21 ) Jooo Jooo WBL2 (203 + wd) (q20% + w2) (Q 20 + w2)® (Q 2% + w2)?
L[ 3294 Q3 Q| R[*v3v} |w, | a0
271 J oo mBL (203 + w2) (4203 + w3) (Q20% + w2)* (Q2v% + w)
Lo 32¢°(—q)g' Q2[RI vv], [wn[* Q" (5.9)
27 J oo mBL (>0} + w2) (20} + wd) (¢ 203 + w2) (Q"2v} + w2)”
L [® 3294 °Q"%| R[*v3v} [w,|”
2 oo WBL (20 +w?) (¢ 20h + w2)” (Q 2R + wi)’
- 16°(—q)*q | RI*v3v |wy
™38 (20 + w2) (¢Pv3 + w2) (2% + w2) (¢ 20} + wl)
169 > 2| R[*v3v}, [wn| B 164*(—q)q ®|R*v v |wn]
™36 (20 +w2) (¢ 20} + w2)” (¢} +wl) 7B (203 +w2) (¢2v} + w2) (¢} + w2)’
This simplifies to,
Ty = 2qq vj (4Lq2q/2v3 (Pv% + w2)(q 2vh + w?) (qq vE — w2)s .
m3B(q2v% + w2)3 (g0} + w3)3 e R e
+ R Jwal (¢*q *(|RIP(2IRI? — 11) + 24)v% + 2¢%¢ 2(|RP2IRP — 9) + 12)v3w (¢ + ¢ %) (E.10)

+2|RP2[R[* - 5)viwf(¢® +q %) + vpwi(IRPEIRP = 7) +8)(¢* +4)

+4¢° *(IRP IR - 7) +2)) + [RPQIR) - 3)w8)>

n

It is easy to verify that both 77 and T5 may also be obtained by simply expanding equation (E.5) in
powers of vg and retaining upto order U%.

APPENDIX F: DDOS for right movers

The dynamical density of states for the right movers is given by the equation

D(w;z,T) = /dT e T < {y(x, T + g),wT(a:,T - g)} > (F.1)

Using Eq we can write,

< {er(@, T+ 2wk’ T - D)} >

. s s
]

v Bvr _ Bur
2 \sinh(g7— (v — 2" —vpT +ivpe))  sinh(g-(z — 2’ — vpT — ivFe))

<U(T . g,T + %) [1 —0(z) Wffw%] [1 —9(x) FZZFL%}
( I (2vp)?

E I2 —1-41)12J

/

2
’ T T x T T T

(F.2)

_l’_
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where we have taken ¢t =T + 7 and t =T-— 5 and € > 0. In the zero temperature limit 3 — oo doing
an expansion in powers of € and finally taking the limit ¢ — 0 we can write

i ﬁ'UF o Bup — (F 3)
2m \sinh(g7—(z — 2" —vpT +ivpe))  sinh(z-(z — 2’ —vpT —ivpe)) ‘
1 o /7
o/ R (F.4)
Qg (( + x—l-w )2 + 62) 2uF VE

This means,

<A{¢Yr(z, T+ 3 wR(w T - )}>

—x 4 — z—x / oI 212
T - T 1— - -
2vF5( VR U 2vp T 20p ) ( [ o) 2+ 4v12j [ b(a) 2 + 402,
I (2up)? \? ,
— 0(x)0 F.
(5 fort) f@e) (F.5)
At z' = z, the DDOS for the right movers is,
D(wia,T) = /dT T < {n(e, T+ ), b, T - D)} >
1 or2 17 /T (20p) \° 1
2up ( [ b@) —1—41)]2;,] - <’UF T2 —|—4v}2;,> e(a:)> 20 (F-6)

Appendix G: Calculation of the RR Green function from the uncon-
ventional bosonization ansatz

In this appendix we show in detail the calculation of the RR Green function from the unconventional
bosonization (NCBT) ansatz. The LL Green function is also obtained in a similar manner and hence
is not shown separately. We have to begin with,

<T Uz, )WLz t) > = 0(—2)0(—z') < T Pp(z, (', t) >r=0
+ O < T Pp(a, )dh(z',t) >aar + Co < T gla, )dh(z' 1) >rm
(G.1)
Using Eqs[4.27 and we can write this as,
< T Up(z, )0h(z,t) >
= 0(—2)0(=2 Ut ,t) < 2™ rrvt) dy 6727rif””/ PR ) dy

+C U - ‘L)U(t _ £) i < 27 [T(pr ) +pr(=yt) dy ,—=2mi [T pr(y £ )dy
’ i vp' 2

L o< 2 [T Rt dy o=2mi [T (pr(y ) Hpr(—y ) dy >
+ Cy U(t,t) 1( < 27 [T (R +pL(—y,t)) dy =27 [ pr(y £ )dy <
T2

4 o< 2T [T orwd) dy o=2mi [T (pr(y ) Hpr(—y 1)) dy ) (G.2)

Let us now evaluate the expectation using a version of the Baker-Campbell-Haussdorff formula (Eq.

21).

< 27 [*(or oL (—y) dy (=27i [T pr(y W)y < _ o322 [*dy [* dy <(pr(u.0)+pL(~0.0))(pr(Y 1) oL~y 1)>

!/ !

o3 @mi)? [7 dy [T dy <pr(yt )pr(y t)>

/

= @r)* [*dy [7 dy' <(pr(yty+or (—u0)or( £)> (q.3)
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Using the form of the density-density correlation functions in Sec[d.3] we evaluate the integrals in the

exponents,
< 2 I ortr 0oL (v0) dy o=2mi S om0 (T (0(a)%, + 0(—a) sinh( - )F)
Bop Bor
1
: ! / G.4
sinh(z7—(z — 2’ —vp(t = t))) (G-4)

Here € is a regularization factor that will eventually be taken to zero (e — 0) and

€ = e [T dy [T dy <pr(y )pr(W)> evaluated with # > 0 is ultimately a constant term. Simi-
larly we get,

’
7 /
< 2™ [T per(yt) dy  —2mi [* (pr( vt ) +pn(—y ) dy >=sinh( e

Bup

)7)

(G.5)

) (6(z)%) + 0(—) sinh( 6M
(%3
1

T(z =2 —vp(t—1)))

On comparing with the exact Green functions in Eq/4.2] we see that for the first term the constant

L (QUF)z
vp I2+4v%,

sinh(z

. 2 ,
prefactors are of the form 57 ( ) 0(x)0(x ) and since bosonization doesn’t give the prefactors
F

we fix (1 such that

(T ()22
7 UFF2+4UF 0 ’

2fvp sinh(z>) €1 (2)8(z') (G.6)

C =

so that the term in the denominator cancels with a Corresponding term that comes from evaluating the
expectatlon values of the bosonized fields ( Eqsm G.4 and |G.5) and substituting in Eq- Note that the

sinh (¢

F
! 2

Now in the second term the prefactor is Zﬁva (1 — 0(z )£> (1 — Oz )L) , hence we fix Cy

)2 term drops out since C is non-zero only for z,z >0,

24492 24402
to be
i (- e (1 te) i) - o-e)=s) o
> 2Bup sinh(F€) 3((0(z) + 0(z")) 1 + (0(—z) + 6(—2")) sinh(ﬂq};ﬁ) -

The term in the denominator cancels with the same term appears from substituting Eqs]G.4] and
in Eq[G.2] So evaluating EqlG.2 reproduces the correct exact RR Green function as in Eq[4.2]

/

o ) T (2’[}F)2 2 ’ il T T
T U o — (W (- _\EUF) _ P e X
<TWale W ) > = (g (G ey ) ) UEE — U= )

i p—12
1— 0z
* 2Bun < @) +4v%>
212

<1 — 0(96)7112 n 40%

A similar calculation gives us the correct LL Green function as well.

) U(t’,t)) csch(ﬁ F(x—x’ —op(t—1t))) (G.8)

Appendix H: Calculation of the LR Green function from the uncon-
ventional bosonization ansatz

Here we show the calculation of the LR Green function from the unconventional bosonization ansatz.
The RL Green function is also obtained in a similar manner and hence is not shown separately. We
have

<T \I/L(ac,t)\f[/;(:p/,t/) > = Cg <T I;L(l',t)l/AJTR(:C/,t/) >A\=1 — C4 <T @L(x,t)zﬁ;;(w,,tl) >a=1
(H.1)
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Using Eqns[4.30] and [4.32 we write,

<T Wp(z, )0 1) > =
Cs U(t/,t’ — i) 1( < e 2mi [T pLyt) dy —2mi [* (pr( ) +oL(=y ) dy S
vp

+ < e 2mi [T (L (yt)+pr(=y:t)) dy —2mi [* PR ) dy )

—CL U+ —) ; ( < o2 T o) dy 2w [ (ol ron ()
VR

’

L < e 2mi [T pn ) pr(—yD) dy o=2mi [T pr(y ) dy > (H.2)

Let us evaluate

<e2mi [T pL(yit) dy —27r%f (PR o=y t) dy

’

_ o3 @m)? [Tdy [T dy <pr(yt)or(y B> ,3(2m0)% [ dyf dy' <(pr(y.t )+or(~y.t )o@yt )+pr(—y 't )>

o2r)? [7dy [* d <1t (pr( £ Vo (—y E))> (H.3)

Using the form of the density-density correlation functions in Sec[4.3] we evaluate the integrals in the
exponents,

/

< 2T pLlyt) dy =2mi 7 (pr(y ) oLy ) dy 5 sinh(-— — )(0(—2)%2 + 0(z) sinh( a )%)
Purp Bup
1
; ; H.4
sinh(77—(z + 2’ +vr(t —t))) (H4)

Here € is a regularization factor that is eventually made zero and 65 = e3(2m)? [T dy [T dy <pr(yt)pr(y t)>
with ' < 0 is a constant term. Similarly we get

I

< 6727”;fm(pL(yvt)+pR(_y7t)) dy 6_27Ti fx pR(yl:t,) dy, > — Slnh( e )(Q(xl)%l —|— 0(—.’13'l) Sinh( e )%)
Bvp pup
1
H.5
sinh( 57— (x—l—x +op(t—1"))) (H.5)
On comparing with the exact Green functions in Eq/4.2] we fix
oar2 | .1 (2vp)?

c i [1 7 0-2) F2+4v%} Tor T2 402 6(z) (H.6)

3 = — .

260F L sinh(££)(0(—2)€2 + €1 + 0(x) sinh(£5)?)

such that the terms in the denominator cancel with corresponding terms that appear from substituting
Eqs/H.4] and [H.5] in Eq[H.2] and we get the correct prefactors. For the other prefactor we fix it to be

, - or? |, 1 (2vp)?
i [1 0(z) r2+40% | Yop D24 402

2BvF Lsinh(Fi£)(0(2") 61 + 2 + 0(—') sinh(F< )%)

Ci=—

0(—x) (H.7)

so that the terms in the denominator cancel with corresponding terms that appear from substituting
Eqs[H.4 and [H.5 in Eq[H.2] and we get the correct prefactors. So upon evaluating Eq[H.2| we obtain the
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exact LR Green functions as in Eq/4.2]

ST Up(e, )V (2 ) > :( ! [1-9(-@ m] PRAN TP

2BvE 2+ 402 | vp 2?4+ 40%
;@ i N
Uuit.,t ——)— 1-6 —_

( ’ ’UF) 2Bvp [ (l‘ ) 2+ 4’[}%:|
. T (21]17)2
F il

O(—a) Ut + x))

vp 2+ 41}12; (%3

csch(ﬁ%F(—w —z —vp(t—1t))) (H.8)

Appendix I: Evaluating the four-point functions using unconventional
bosonization ansatz

First let us consider the general form of following four-point function,

< T przy, t)0h (@, DY@ t) > = — < T yr(e )@, tiy) > < T gz, t)h(z,t) >
= wy < prlzy,tr)e 2™ W PrD

!

o2 [ dy’ pr(y t) >

+wyp < pR(xhtl)e*?'”fm dy (pr(y,t)+pL(—y,t))
o2 fm, dy pr(y' ) <

Fwyy < prlwy,tr)e 2™ W prD

’
- /7 Vi A
eme dy (pr(y ,t )+pL(—y ,t)) >

(L1)

where wp, w1 and we; are prefactors. We can write pr(z1,t1) = lim,—0 dcé e® PR(111) hence we get,

— < T gz Wz, t) >< T Yglar, t) (e, t) >

I
x

X
= ’w0< - 27Ti/ dy <T pr(z1,t1)pr(y,t) > +27Ti/

e3(2mi)? [Tdy [T dy <T pr(yt)pr(y >

dy < T prlz1,t1)pr(y,t) > )

%27”)2f dy [* dy <T pr(y ¢ )or(yt )> = (2mi)? [Tdy [* dy <Tpr(y)pry t)>

’

+ w < - 2m’/ dy <T pr(e1,t)(pr(y,t) + pr(~y, 1) > +2m‘/ dy' < T pp(z1,t1)pr(y 1) > >

/ /

o3 @mi)? [Ty [T dy <T (pr(yt)+or(~yt)(pr(y H+pr(—y 0> ,2@m)? [* dy' [ dy <T pr(y t )pr(yt)>

/

s T
o= (2mi)? [Ty [T dy <T (pr(y)+pL(—yt)pr(y ,t)>+w21<2m'/ dy <T prlzi,t1)pr(y,t) >

I

+ 2m’/ dy < T prz1,t)(pr(y ,t) + pr(=y ) >)

/ ’

3@ [Tdy [Tdy <T prlyt)pr(y £)> ,3C@m)? [ dy' [T dy <T (pr(y & )+pr(=y' £ ) (pr(yt )+or(—yt )>
e—(2mi)? [Tdy [* 4y <t PR (PR ) +oL(—y t)> (1.2)
We define the symmetric and antisymmetric density fields as follows
psym(2,t) = pr(z,t) + pr(—,1)
Pasy(@:1) = pr(e,t) — pr(—a, 1) (13)
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This means that we can write

t t
pR(x,t) — psym(xa );‘pasy(xv )

oty = LoD Loy, (L1

Using this in Eq[.2] we get,
- <T wR(lU,,t,WL(J?l,tl) ><T ¢R($1,t1)¢2(9€7t) >

x
. 1
= 'w0< - 27”/ dy Z(< Tpsym(xlvtl)psym(yat) >+ < Tpasy(xhtl)pasy(y:t) >

. xl ’ 1 ror o
+ 27”/ dy Z(< Tpsym(wlatl)psym(y 7t ) >+ < Tpasy(xlatl)pasy(y 7t ) >)>

. / U /
e3(2m)? 5 [T dy [T dy (<Tpeym(y.0)psym(y ) >+<Tpasy(y;t)pasy(y ,t)>)
! /

. i 1. ! ! ! !
e3@m)? 3 [T dy [T dy (<Tpsym(y b )psym (Ut )>+<Tpasy(y ,t )pasy(y,t )>)

!
. ’ o o
6*(27”)2% fx dy fx dy (<Tpsym(Yt)psym (Y it )>+<Tpasy(yst)pasy(y ,t )>)

T
. 1
+ w11 (_27”/ dy 5 < Tpsym(wlatl)psym(%t) >

/

1 o ’ o ’o
+ 27”4/ dy (< Tpsym(xlatl)psym(y b/ ) >+ < Tpasy(fplatl)pasy(y ot ) >))

/ /
. . ’ ’ . ’ o ’ o ’
e3(2mi)? [Ty [Tdy <Tpsym(y:)psym(y £)>3@2m)% 5 [T dy [ dy (KTpsym(y t)psym (¥t )>+<TPasy(y ,t )pasy(y;t )>)

/

. ! /A
o= (mi)? 5 [Tdy [T dy <Tpsym(y,t)psym(y t )>

M /e
+ w2y ( = 27”1/ dy (< Tpsym(xlatl)psym(yyt) >+ < Tpasy(xlatl)pasy(yat) >

. 1 xl ’ ro
+ 27['22/ dy < Tpsym(wlatl)psym(y T ) > )
6%(27”;)2%IE dy [* dyl (<Tpsym(y,t)psym(yl7t)>+<TPasy(y7t)Pasy(y/ ,t)>)6%(2m‘)2 J* dy, J* dy <Tpsym(y/ ,t/)psym(y,t')>

o= (@mi)?L [Tdy [T dy <Tpaym(vt)psym (' £ )> (1.5)

The correlations of the symmetric and antisymmetric fields are,

2
. ™
o i Bor
<T Jt A > 2| —— , , 1.6
and
<T pasy(as,t)pasy(x'7t') >0 =
—((4034T2)2=3203120(2)) (403, +12)2 3203720 (x))~64( 40} T+v[9)2 cos( “bE=Z 2R g(a)g(a”) (1.7)

20%.8%(4vF + I'2)4 sinh( 57 (¢ — 2" —vp(t = )))?

Let us consider the cases z > 0,2 > 0 or z > 0,2 < 0or z < 0,2 > 0, the A\ = 0 term does not
reproduce the correct terms for these cases as is evident from the presence of terms of the type

/

. ’ ’o ’o
e—(27rl)2i fz dy fz dy (<T,03ym(y7t)psym(y ,t )>+<Tpasy(y7t)ﬂasy(y ,t )>)
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. So for these cases wy = 0 and we can write Eq[[] as,

— < T yp(a )z, tiy) >< T Yrlen, t)dh(z,t) > =

[T 1 7 53
w11 —2m/ dy =2 | —— -
< 27 |27 smh(ﬁ(ml —y—vp(ty —t)))

2

2

!
s

1 x ’ ) Bu
+2m/ dy (2 | —— - - 7
4 2 Slnh(ﬂTF(ﬂfl -y —vp(t1 —1)))

+ < Pasy<$17t1)pasy(y/7t/) >)>

T 2

1(2mi)? [T d f”d'z{iﬁw]

2( Y Y 27 gin S — 7
e h(gym (=v))

Lioonol (o o ! 2 i Bop ’ i !

E(27”) 7 f dy f dy (2 ST w T +<pasy(y it )pasy(yvt )>)
. sinh( Bop (¥ —v))

’ vis 3

—2mi)?L [Tdy [T dy 2|5 8

. ( i ) 2 f Y f Y 27 sinh( ﬁ;rF (y—y/—vF(t—t/)))

2

1 i Bv
—ormi= | dy (2 |— .
+ w21< 7”4/ v {% sinh(gi—(z1 — y — vr(h — 1))
1o : Bor 2
i ’ (3 Bug
+2m/ dy 2 | —— = 7 7 >
2 y [27’( Slnh(m(l'l -y _UF(tl _t)))]

2
’
+<pasy (y,t)pasy (y 7t)>)

+ < Pasy(xlytl)pasy(yat) >

1 21 rz z ! i BUL
s@m)’y [Tdy [Tdy (2 |:27Tmml(57rl?zq—y/n
vF

e

i , / B"' 2
;(27”-)2 fr dy fﬂv dy 2 L#
62 2T sinh( g (y' —v))

i

I 2
—(2m)2L [* 4 L) ~ 9| i Bvp
( ) 2 f Y f Y 27 sinh( ﬁ:’rF (yfylf’UF(tft,)))

e
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We include only the most singular terms of the expression in the RHS of the above equation. Then
Eq[[:§ reduces to,

— < T yp(a O Whz, tiy) >< T Yp(zn, t)ph(z,t) > =

i Bor 2I? \2I?
U(t 1-6 —_— -0 —_
o sinh(g7— (2" — 21 —vp(t' —t1))) ( (t.t) [ (z1) 2 +4v%] [ (@) 2+ 4%,

; ,
+ (F W) 0()0(x) Ut t — 1) U - ”7t'>>

o T2 4407 T
BgF
27T sinh( B—(azl -z — UF(tl —t)))
2 212

(t,t1) 1-46 —
o 2] -]

I 2UF iy x1
(o M) e Ut = ) U= L)

/)
w11 1Bop
2 ! !
<2 coth <7T(UF(t —t1) —x+ x1)> S ’ ((F2 +4v)” — 167207 (=20(x1,2) + 0(21) + 0(2 )))
Bup (2 + 402)?
r(zy =o' —op(t = 1)) ) A6 ( T s ‘ )
coth e“e csch| —(x—2 —vp(t—t
( _ ) o Pt 1))
(32F2 2(—20(z, x1)+0(w)+9(zl)) _ 2)
1 (T2+402)° m(op(t —t) —z + 1)
+w21<( 2mi) 4 o Bup COth( Bug
th—t1 — + 1) m g ]
| (@e2 csch [ (x — 2 — vp(t — ¢ I.
2UFBC ( )) s e csc ﬁvp(x T —vp( ) (1.9)

where

+ < Pasy(Ys t) pasy(y , ) >)

= mi)? —
((z) = 2 /dy/ dy [27rs1nh(ﬁv (y—1v))

- 27” / dy / dy 2 [27r smh(

and

(y —y))]
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It is easy to appropriately fix the prefactors wq; and wa; such that the correct Wick’s theorem expression
for the four-point function is obtained. For the case z, 2,21 < 0 Eq reduces to

27 sinh( 57— (2" — 21 — vp(t' — 1)) 27 sinh( 57— (21 — 2 — vr(t1 — 1))

_2miwp m(x1 — 2 +vp(t —t1))
- AnBup (coth < pug >

m(xy —x —ovp(ty —t)) ) o m(x—a —ovp(t—1t))
— coth ( For )) sinh (5”1?) csch ( Bop )

+ w11 4ﬁzvp <200th (F(UF(t _élv)p_ r —|—x1)> — 2coth (ﬂ(xl i ﬁ_v";F(tl —1 ))) )

A (< T . ’ . ' ’ 1
e~e< csch <,3UF (x—x —vp(t—t ))) + wayy <2UF,B
i m(op(t —t) — 2 +x1) TN s / /
= %ord coth ( Bop ) ) e><e~ csch <BTF(:U —z —vp(t—t ))> (I.10)

and for =z, < 0,21 >0 Eq becomes

- Ut tm 2 smh(ﬁ—(:c —z1 —vp(t' —t1))) %sinh(ﬁ(xl —xz—vp(t; — t)))
= wy 2m’iﬂz11) /BUF( <5ZF(x1_m+UF(t_tl))) — coth (5 F(:)sl —z +op(t —tl))>)

(wi1+w21 71)

€T — $/ = ’Z)F(t — t/)) 7 coth( (vp(t—t1)— SC+331))
sinh ( ) csch < Bor > + 28vp ( (w11 Mtwa)

COth(ﬁ(:El—Zl—’UF(tl—t/)))
—(r—2x —’Up(t—t/))) (I.11)
5
(P2 —4p2.)? / .
where v; = m. Hence for z,x < 0 it appears that both A = 0 and A = 1 terms can be used
F

to obtain the four-point functions with the only constraint on the prefactors being wi; = ws; which
is evident from Eq But by evaluating < T pr(— ml,t1)¢R(x t)pg(x ,t) > we'll see that only the

conventional (A = 0) choice is the consistent one for z,2 < 0. We can write,

< T pr(—z1,t)¥h(x, )r( t) >= = < T yp(a’, ¢ )] (~a1,t1) > < T p(—z1,t1)dh(z,t) >

= qo < pr(—z1,ty)e 2T W orwd) 2mi[T W pr( )

+qu < pr(—a1,t1) e 27" W (orlt)+er(-y)) o2mi [ dy pr(y' ) <

tqo1 < pr(—ay,ty)e 2 v pr(yt) 2mi [ dy' (pr(y ) +pL(—y 1) 5
(I.12)

Following a similar procedure as shown above we can conclude that for the cases = > O,x/ > 0 or
z>0,2 <0orz <0,z >0, the A\ =0 term will not reproduce the correct form of the concerned
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four-point function. Considering only the most singular terms in Eq[[.12 we get,

x 212 x1 2F2 L (2up)?
-U(t,t——)|1—-6 —— |0 Ut,t1——) |1—-0(z)=—=———|0 — =
(vt [1- ooy gor | )+ Uttt = 2 [1 =)y 1o | o) )i (0

Q Bup ’ x/ ’ 212 ’
- -U(lt ——,t)|1—40 ——| 0
27 sinh(BULF(a:' —x1 —vp(t' —t1))) ( ( vp ) [ (xl)FQ + 41)%] (@)
zy ) or? T (2up)? i Bor
Uti——,t)|1-0(x)=———1|0 =
+Uln vp’ ) [ (@ )F2 —1—41)%] (:cl))va T2+ 402 27 sinh(g7—(z — 21 — vp(t — 1))

— coth (ﬁv (r1 —x+vp(t— tl))>
817TF2 / B’UF s ’ ’ A ((z ’)
_ m O(—z1 ) — coth <ﬁ(x1 —x —vp(ty —t )))) e~e
csch <BZF(33 —a —vp(t— tl))> + g1 (—252 coth <,BUF (z1 — 2 4 op(t — tl))>
Sim[?
B2 (12 4 403)”
e®e¢(®) csch <ﬁi

epmw)@’cth< ml—x—mﬂh—OO)

por
@—xﬁﬂmu—£»> (1.13)

VR

Solving for the prefactors so that the above equation holds gives us,

ine=S) (12 (1% 4 00)° 1620 a) o
qi1 = — .
2Bvp((I2 + 41)%)4 — 256040 }0(—xx1)0(—z12"))

ine=A=¢@) (2 + 41)12[7)2 ((F2 + 4@%)2 - 16F20%0(—x1x/)>

qo1 = — (I.15)
2BvE ((F2 + 41)12;)4 — 2560 v h0(—za1, —5[21113/))
where,
16F2’U12_7 ’ .’IJI / 2F2 / xry1 / 2F2
= —— F (Ui - ) |1-6@1)=— | O Uty — =2 ) [1 =02 )=—— | 0
1= g (U = ) L= b | 06 + U — 2 |1 =0y )
T 21?2 T 21?2
Ut t——) |1 = 0(z)—— | 0 Ult,ti — —2) |1 —0(x)——5 | 0 1.16
(~utt= ) 1=t g | o+ Vet = T 1=t o) a0

So using only the terms with A = 1 in the exponent we obtain the correct four-point function as well
as the correct two-point functions for these cases. Now let us consider the case < 0,2 < 0 in Eq
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and including only the most singular terms we get,

L : Bur , (—U(t/ - x—/,t’) [1—9(:c1)2rz] o(z)

27 sinh (57— (2" — 21 —vp(t’ — 1)) VR 2 + 402,

U - [1 . e<x’>2r2] 9(m1)>ir (20r)?

o R or T2 47
) T 2
1 Bup z 2r
7 —-U(t,t——)|1—-6 —— |0
27 sinh(ﬁvip(x —x1 —vp(t—1t1))) < (¢ UF) [ (xl)FQ +4U12J (=)

YU — 22 [1 — e(x)w} g(xl))if (2vp)?

vE 2 + 407, vp T2+ 40,

— coth <5UF (r1 — 2 +vp(t - tl)))
8i7TF2 / 5
o -
B2 (T2 + 4v2)” o)

A coeh [ (4 — & — _
e“e csc (BUF(QC z —vup(t t))>

coth <6UF(x1 — ' —up(t —t ))>)

+ o1 (—=—
g21 28vp
Qin[2

52 (1 + 40}

e2ef(®) csch <i

coth (5 (o1~ velt ~ 1)

O(—x12) ﬁ% coth ( (1 —x —vp(ty — t))))

Bur
(x— 2 —vp(t— t’)))

U

8il2vpf(x1) <coth (BZJTF (x1 —z —vp(ty — t))) — coth (5
B (T2 + 402)?

sinh (?) csch (6%(93 — —wp(t— t’))) (L17)

VR

o= o~ ot 1) )

)

+ qo(

The only relevant case here is z < O,x/ < 0,21 > 0 as the Wick’s theorem result is zero for
z < 0,2 < 0,71 > 0. A subtle point to note is that in both the four-point functions of inter-
est < TpL(—xl,tl)wg(x,t)wR(a:/,t/) > and < T pR(xl,tl)wTR(:v,t)wR(x/,t/) >, we write the term
w};(x, t)yr(z’,t') in bosonized form which is the same in both cases with the only difference being the
presence of the pr(—xz1,t1) or pr(x1,t1) term when evaluating the expectation value. This means that
the prefactors in both the cases i.e. the w’s and the ¢’s should have the same qualitative properties
in order to match the Wick’s theorem result for the four-point functions. We have already obtained
the constraint wy; = woy for CE,CL‘, < 0. So it follows that g1 = go1 for z < O,x/ < 0,z;1 > 0
and solving for the prefactors to obtain the correct Wick’s theorem result we get g11 = ¢o1 = 0 and
- (F2+4UF) CSCh(ﬁvF)
9 = — 3251"2 3
bosonization choice does not play any role this case as its prefactors are identically zero and it entirely
drops out from the calculation. The implication here is that the conventional bosonization procedure
(ie. without the anomalous term in the exponent) is the only valid choice for writing the bosonized

, where 7 is as defined in EqJl.16] This means that the unconventional

version of the < T Up(z < O,t)\I/J]r%(x/ < 0,t') > correlation function. A similar analysis shows that
for <T VUp(x > O,t)\IIE(;r/ > 0,t') > also only the conventional method of bosonization is valid. But
for all the other cases it is necessary to include the unconventional anomalous term in the exponent to
obtain the correct form of the Green functions.
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Appendix J: Universal power-law behaviour in NCBT Green’s func-
tions of strongly inhomogeneous Luttinger liquids in equilibrium

The most singular parts of the full interacting Green’s functions of a strongly inhomogeneous Luttinger
liquid in equilibrium obtained using NCBT are shown in Eqs.14 and 15 of [132]. Substituting z; = =,
x9 = = + € (to avoid infinities/zeroes) and ¢; = to =t in the RL same side (z; and z2 on same side of
the origin) Green’s function, we obtain

_ _Q _ _ _
<Rl @) > ~ o (<20 — X (= E @+ ¥ 2w+ @ 4 (24 02) ~ 27
(J.1)
where g = Z—f}‘: is just the Luttinger liquid interaction parameter. The expressions for the anomalous
exponents that appear in the NCBT Green functions are as follows,

(Uh—UF)2 ‘ _ ‘R|2(Uh_UF)(Uh+UF) 0= Vp — UF
8upvp 8un(un — |RI*(vp — vp)) 4oy

Q=

where v is the Fermi velocity, vy, is the holon velocity and |R| is the reflection amplitude. Hence in the
limit 1 — 2 the power law exponents turn out to be universal (i.e. independent of impurity strength)
although the exponents in the general expresssion for the Green functions do depend on the impurity
strength. For the RR same side Green’s function we obtain,

<¢R(x)1/1TR(ac) > ~ 4% (=22 — ) X (—e) Q) 2z + )2z + )N ~ 20 (J.2)

The z-dependence drops out in the RR and LL cases. The impurity dependence in the exponent drops
out in one case and the final power-law exponent is universal as it depends only on the interaction
parameter and in the other case the overall exponent adds up to zero making it trivially universal.
On the basis of these observations, it is reasonable to suspect that similar universal behaviour (i.e.
impurity strength independence) may be expected even in a system driven out of equilibrium by the
application of a bias. In the present problem we expect to obtain the correct universal exponent for
the tunneling density of states (TDOS) at the point-contact for fractional quantum Hall edge (FQHE)
states.

APPENDIX K: Perturbative comparison of second order (O(v7)) term
for < psympsym >

The second order term in the expansion in Eql5.45| is

<T psym(xla tl)psym(xQ, t2) >(2)

o 2
= 007 [ dr [ dt! [ da [ de'<T psym (@,) psym(—2,t)psym (@' ) psym (=2 ) psym (@1,t1) psym (@2,t2) >0, (K1)

Retaining only the most singular parts involves making the Gaussian approximation [52] which
means that Wick’s theorem is applicable at the level of pairs of fermions. This means we can write

2
<T psym(xlatl)psym(SUQatZ) >( )
—ivg)?2
- 7( 320> fC dt fC dt’fd:rfdz/<T Psym(ib,t)psym(*ﬂ?,t)psym(xl,tl)psym(71/,tl)psym(1‘1,tl)psym(1‘27t2)>0’0

—ivn)2
- ( 131]20) IC dt fC dt,fd.l’fd$/ <<T Psy'm(xvt)ps:wn(xlytl)>O<T psynL($,7t/)psy7n($27t2)>0<T psym(_Ivt)psy7rL(_$,7tl)>0

@) psym (©2,82) >0<T psym (') psym (21,61)>0<T psym (—x,t)psym(—z',t")>0
+ <T psym(—2,1) psym (€1,61)>0<T psym (2" ,t") psym (22,£2)>0<T psym (@,t) psym (—z',t')>0
+ <T psym(=z,t)psym (x2,t2)>0<T psym (¢’ ,t")psym (x1,61)>0<T psym (,t)psym (=2’ ,t')>0
)
)

)
+ <T Psym _-Tlat/)psy7rL(x17t1)>0<T ps:um(x7t)l)sym(-7727t2 >o<T psym(_mvt)psy7rl(x/7t,)>0
)

+ <T psym(=2",t')psym (22,t2)>0<T psym(—2,t)psym(z1,t1)>0<T Psym(%t)/)sym(x’7t’)>o> (K.2)
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In momentum and Matsubara frequency space the second order term takes the form,
<psym(q/7 n)ﬂsym (q//7 _n) >3

3 2
= (;1;0)(_25)2 Z ( < psym(q; —n)psym(q’,n) >0 < psym(Q,n)psym(q”, —n) >
q,Q

< Psym (@, 1) psym (Q, —n) >0 + oo ) (K.3)

Using the expression for the noninteracting correlation in Fourier space
1 Wrq

 1Bur (w, — ivpq

< psym(q, n)psym(qla —n) >o= )5Q+q/70

we evaluate the second order term and obtain

3,2
q Yy

43 8(q'vp — iwy) (¢ vE + iwy,

< psym(q,an)Psym(qNa —n) SSE= )2 Og/+q",0 (K.4)

Upon expanding Eq in powers of vg, the O(v%) term is equal to Eq
APPENDIX L: Perturbative comparison of second order (O(v3)) term
for < pusypasy >

The second order term in the expansion < 7" pasy(21,t1)pasy(x2,t2) > is

<T pasy(xly tl)pasy(l‘% t2) >(2)

—ivp)2
= ! ?20) fC dt fc dt’fdxfda:’<T PGSy(17t)Pasy(_m’t)Pasy($/’t/)Pasy(_x/’t/)ﬁ’asy(ml:tl)Pasy(xQ’t2)>0,c (Ll)

Retaining the most singular parts alone we may write,

<T pasy(l'h tl)pasy(x% t2) >(2)

o)
= s Z?;UQO) fC dt fC’ dt’fdzfdx’<T pas'y(x’t)pasy(—mit)pasy(mlvtl)pasy(_xl:t/)pasy(zl7t1)Pasy(x2;t2)>07C

—ivn)2
== ( 3U20) fC dt fC’ dt/fd$fdl', (<T Pasy(xyt)pasy(wlytl)>O<T ,Uasy(xlvt/)Pasy($27t2)>0<T pasy(_x7t)pasy(_xlat/)>0

+ <T pasy(@,t)pasy(@2,62)>0<T pasy(x',t'")pasy(€1,t1)>0<T pasy(—,t)pasy(—x',t")>0
+ <T pasy(—@,t)pasy(T1,t1)>0<T pasy(®’,t')pasy(T2,t2)>0<T pasy(®,t)pasy(—z't')>0
+ <T pasy(—x,t)pasy(w2,t2)>0<T pasy(T',t")pasy(x1,t1)>0<T pasy(T,t)pasy(—z',;t')>0
+ <T pasy(—=x' ;") pasy(®1,61)>0<T pasy(@;t)pasy(x2,t2)>0<T pasy(—,t)pasy(x’,;t')>0
+ <T pasy(—2',t")pasy(x2,t2)>0<T pasy(x,t)pasy(®1,t1)>0<T pasy(—2,t)pasy(x’,t")>0
+ <T pasy(—x' ;") pasy(®1,61)>0<T pasy(=2,t)pasy(x2,t2)>0<T pasy(®,t)pasy(x’,t')>0
+ <T pasy(—2",t')pasy(x2,t2)>0<T pasy(—2,t)pasy(w1,t1)>0<T Pasy(xvt)Pasy(xlvtl)>0> (L2)

This is written in Fourier space as

<pasy(q,a n)pasy(q//7 _n) >

_q 2
) (;:;O)(_ZIB)Q ZQ ( < Pasy(4; _n)pasy(q’,n) >0 < Pasy(Qyn)pasy(q/I7 —n) >q
q,
< pasy(q,n)pasy(Q, n) >0 4 .o ) (L 3)

Making use of

~ (iqur)dgiqg0 (r1 — Dwnsgn(wy)
(mBvp)(wy, —iqur)  7RL(qup + iwy,)(¢vE — iwy,)

< pasy(Q> n>pa5y<q/7 _n) >0 (L'4)
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we evaluate the second order term and obtain the following expression,

<Pasy (qla n)pasy(q”a _n) >(2)
q’(q”vF((r%—l)vpvh—ﬁ-(rl—l—l)QU%—(T1—1)2v§)+i(r1—1)vhwn(2(7"1+1)vp—r1vh+vh))

(r1—1)wnsgn(wn)< —|—(T1—l)vhwn((7‘1+1)wn—iq//(2(7’1+1)'UF—7’1’Uh+'Uh)))

2
= —
0 < 27r3BL(q’2UfL+wEL) (q”ZUfL—l—w%)(rlvp—rlvh—i-vp—i-vh)S

qlsaq’,—q” > (L'5)

4m3B(q'v p—iwn) (a'vp +iwn)?

This is exactly equal to the second order term obtained upon perturbative expansion of the
< Pasy(q's 1) pasy(q”, —n) > correlation function (present in the rhs of Eq5.41)) in powers of wy.
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