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ABSTRACT

The main objective of this thesis is to develop high-order numerical schemes for various
hyperbolic problems such as linear hyperbolic equations, semilinear hyperbolic equations
and quasi-linear hyperbolic equations. Numerous numerical techniques are available in
the literature that are intended for the numerical approximation of this type of hyper-
bolic problem. The collection of the existing literature has suggested that finite element
methods (FEMs) are one of the most accurate, efficient and reliable approximation
schemes in scientific computing due to their significant applications for real-world phys-
ical phenomena. However, there are still challenges in designing high-order accurate and
computationally efficient methods for PDEs defined in the complicated domain, partic-
ularly for hyperbolic problems. The consistency of classical FEMs is compromised by
limited options for the approximation spaces, underlying finite element partitions, low
global regularity of the exact solutions and interfaces with geometric singularities. In
reality, finite element partition using arbitrary shapes provides more flexibility in both
numerical approximation and general mesh generation such as hybrid meshes, polygo-

nal/polyhedral meshes, and mesh with hanging nodes.

In recent years, newly developed weak Galerkin finite element methods (skeletal DG
methods) offer a versatile numerical approach for solving partial differential equations on
polytopal partitions. It utilizes discontinuous functions to approximate the exact solu-
tion and its gradient, a characteristic feature of the WG-FEMs. Moreover, constructing
high-order WG spaces is generally more straightforward compared to conforming FEM
spaces due to the absence of continuity requirements on the approximation spaces. The
approach involves polynomial approximation within each polytopal element’s interior
and boundary, complemented by a straightforward stabilization technique to ensure the
necessary continuity of weak approximation functions. The WG formulation serves as
a natural extension of the conforming finite element formulation when nonconforming

elements are utilized.

In this thesis, we design and analyze high-order convergence of weak Galerkin finite

element approximations to the true solutions for hyperbolic problems.

First, we describe a systematic numerical study for second order linear wave equa-

xi
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tions using weak Galerkin finite element methods (WG-FEMs) for semidiscrete cases.
Various degrees of polynomials are used to construct weak Galerkin finite spaces. Er-
ror estimates in L>°(L?) norm as well as in L>(H') norms have been established for
general weak Galerkin space (P (K), P;(9K), [P;(K)]?), where k, j & [ are non-negative
integers with £ > 1. The fully discrete Scheme is based on the Crank-Nicolson time

discretization.

Next, we propose weak Galerkin finite element methods (WG-FEMs) for the semi-
linear Klein-Gordon equation. Optimal order error estimate in both L°(L?) norm and
L>*(H") norm have been executed for WG space (P (K),P(0K), [Pr_1(K)]?), where
k > 1 is an integer. For a fully discrete scheme, we employ the Newmark scheme for

temporal discretization.

Further, we propose weak Galerkin finite element methods for Westervelt’s model of
ultrasound waves. Specifically, we investigate the spatial discretization of Westervelt’s
quasi-linear, strongly damped wave equation using high-order weak Galerkin discretiza-
tion. Convergence analysis in L2-based spatial norms for linearized Westervelt’s equa-
tion has been performed with variable coefficients. Then the results have been extended
for Westervelt’s quasi-linear acoustic wave equation relying on the Banach fixed-point
theorem for sufficiently small data and mesh size, given an appropriate choice of initial

data.
In the last problem, we describe WG-FEMs for general linear hyperbolic interface

problems. Convergence analysis is carried out for both semidiscrete and fully discrete
schemes. For locally smooth solutions, optimal error estimates in L>(L?) norm as well
as L>°(H') norm have been obtained for the WG space (Px(K),Pr(0K), [Pi_1(K)]?),
k > 1. For a fully discrete scheme, we employ the Crank-Nicolson scheme for temporal

discretization.

Finally, several numerical experiments have been performed to justify the accuracy,
efficiency, flexibility and robustness of each proposed algorithm. Our numerical results
cover a wide range of applied problems such as discontinuous coefficients, variable coef-

ficients and interface problems aiming to fill the gap in the existing literature.

X1l
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Introduction

This thesis proposes to study high-order weak Galerkin finite element methods (WG-
FEMs) for some linear and nonlinear hyperbolic problems on polygonal meshes. Numer-
ical solutions of hyperbolic problems play a significant role in numerous fields of applied
sciences, medical sciences, engineering and industrial applications such as acoustics, fluid
dynamics, astrophysics, aerodynamics, shock wave lithotripsy or diagnostic ultrasound
imaging, ultrasound cleaning, welding and sonochemistry. This is an introductory chap-
ter that includes a description of problems, some common notations used in this thesis
and some preliminary material. A brief overview of relevant literature and the moti-
vation behind the current study are included. Finally, the last section of this chapter

presents a chapter-by-chapter summary of the thesis.

1.1 Problem Description

In this section, we introduce some linear and nonlinear hyperbolic problems that are to
be studied in this thesis. It also includes a brief description of these problems and their

applications in various fields of science and engineering.
Second Order Linear Wave Equation: We consider following second order linear

wave equation

uy — V- (uVu) = f in Q x (0,7], T < oo, (1.1.1)
with the initial conditions
u(0) = u°, 1, (0) =2" in Q (1.1.2)
and boundary condition
u=0 on 9N x (0,7T]. (1.1.3)

Here 2 is a convex polygonal domain in R? with boundary 92 and J = (0,7] is the

observation time period. The coefficient matrix g = (p; j(X))2x2 is considered to be sym-

1
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CHAPTER 1. Introduction 2

metric and positive definite in the domain Q. The initial functions {u®, v°}, coefficient

p and the source function f are considered to be sufficiently smooth.
The wave equation is a fundamental example of a hyperbolic partial differential

equation. Several forms of waves exist in the areas of acoustics, electromagnetics and
fluid dynamics, namely sound waves, light waves, water waves and seismic waves. The
wave equation models the propagation of numerous types of waves such as elastic waves
[70], sound waves in fluid and gas [73], electromagnetic wave [81]. Also, modeling of
wave equations is important in acoustics [65] and cosmology [123]. Moreover, the wave
equation has uses in geophysics [95], earthquake prediction and other seismic activities
[114].

Semilinear Klein-Gordon Equation: Let  C R? be a convex polygonal domain

with boundary 02. Consider the semilinear Klein-Gordon (KG) equation
uy — Au+ f(u) =g in Qx (0,7], T < o0, (1.1.4)
with the initial conditions
u(0) = u®, u;(0) =2° in Q (1.1.5)
and homogeneous boundary condition
u=0 on 09 x (0,7]. (1.1.6)

Initial data {u°,v°} and source function g are assumed to be smooth functions in their

respective domains of definition, and J = (0, 7] is the observation time period.
The nonlinear KG equation is used to model many nonlinear phenomena. In the well-

known sine-Gordon equation, the nonlinear force is given by f(u) = sinw. In the physical
applications, the nonlinear force has also other forms. The cases f(u) = sinu + sin 2u
and f(u) = sinh u + sinh 2u are called the double sine-Gordon equation and the double

sinh-Gordon equation, respectively.
Equation (1.1.4) plays a significant role in many scientific applications such as solid

state physics, nonlinear optics and quantum field theory [155]. Klein-Gordon equation
is the relativistic version of Schrodinger equation; however, the KG equation is second
order in time derivatives. The Klein-Gordon equation governs the quantum evolution of
wave functions for relativistic spinless particles [118], which is of great importance for
the high energy physicists and is used to model many different phenomena, including
the propagation of dislocations in crystals and the behaviour of elementary particles.
The Klein-Gordon equation plays an important role in mathematical physics. It can be
applied to model and predict the behavior of fields and particles under different scenarios

such as quantum mechanics [157], particle physics [72] and cosmology [13].

TH-3545_186123011



CHAPTER 1. Introduction 3

The equation has attracted much attention in studying solitons and condensed mat-
ter physics [26], in investigating the interaction of solitons in a collisionless plasma, the

recurrence of initial states and in examining the nonlinear wave equations [50].
Westervelt’s Quasi-linear Wave Equation: The Westervelt’s equation, modeling

nonlinear ultrasound propagation through a homogeneous medium for the acoustic pres-

sure u in dimensionless form, can be expressed as
(1 —20u)uy — Ay — bAu, = 20u?  in Q x (0,7, (1.1.7)

with the following initial and boundary conditions

u=20 on d2 x (0,77, (118)

u(0) = uy, u(0) = u* in Q.

Here ) is a convex polygonal domain in R? with boundary 0Q and J = (0,7] is the
observation time interval. The constant ¢ denotes the speed of sound, b is the sound
diffusivity and o = ,/(pmc?), where p,, is the mass density, and S, is the coefficient
of non-linearity of the medium. Again, setting @ = 1 — 20u and B = —20uy, equation

(1.1.7) can be rewritten as the following viscous wave equation
a(x, t)ug — Au — bAuy + B(x, t)uy = 0 in Q x J. (1.1.9)

Analysis of the linearization (1.1.9) will allow us to study the Westervelt’s equation with

quadratic nonlinearities.
Westervelt’s equation is a strongly damped quasi-linear wave equation. Wave-type

problems cover a wide range of applications in science and engineering. Due to their
simplicity, the consideration of linear wave-type problems based on linearized material
models is very appealing. However, this is not reasonable if waves with high frequency
or intensity occur. The modeling of nonlinear effects arising in the presence of high-
intensity acoustic fields plays an increasingly important role in diagnostic and therapeu-
tic medicine [77]. Thus, nonlinear material models have to be considered, which yield
quasi-linear wave-type problems. Nonlinear acoustics plays a central role in numerous
applications ranging from medical treatment like shock wave lithotripsy or diagnostic
ultrasound imaging to industrial applications like ultrasound cleaning or welding and

sonochemistry [22, 52, 130, 134].
General Hyperbolic Equations with interface: Let () be a convex polygonal do-

main in R? with Lipschitz boundary 99 and ; is an open domain with C? smooth
interface T' = 9 such that Q; € Q, and Qy = Q\ Q;(see, Figure 1.1.1). In Q, we

=
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CHAPTER 1. Introduction 4

Figure 1.1.1: Domain (2 and its sub domains €2, 25 with interface I'.

consider the following general linear second order hyperbolic equation
uy + Ouy + Eu — V.(nVu + vVu,) = f, in Q x (0,7, (1.1.10)

with the initial and boundary conditions

w(0) = u®, u(0) =° in Q,
© «0) (1.1.11)
u=0 on 9N x (0,7T],

where J = (0,77 is the finite terminal period. Coefficients are assumed to be positive
real valued functions defined in Q. Further, initial data {u°, v°} and the source function

f are sufficiently smooth in their respective domain.
Equation (1.1.10) has received a great attention in the context of various engineering

and medical applications. For example, dual-phase-lag bio heat model is described by

a time-dependent equation

O*T . oT 3 oF

TQPCW = kaT + Tjﬂkv2§ i 1 WbprbT — (qubeCb + pc)a
[ dq dq

+(wb10bcha + Qmet + let + Tq ér;et + Tq aetXt )’

where p,c, k are the density, specific heat and thermal conductivity of skin tissue, re-
spectively; pp, ¢, are the density and specific heat of blood, wj is the blood perfusion
rate; 1), and 1" are the temperatures of arterial blood and skin tissue respectively; gy et
is the metabolic heat generation in the skin tissue and gey¢t is the heat source due to ex-
ternal heating and 7, is defined as the thermal relaxation time. Due to heterogeneity in

the underlying media, the thermal properties of biological media vary between different

TH-3545_186123011



CHAPTER 1. Introduction 5

layers. In Q = Q; UQy UT (see, Figure 1.1.1), we assume that the physical coefficients

are discontinuous and piecewise constants. We write

(617517771,?)1) in €,

(@27527772,1)2) in (.

(©,&,n,v) =

Then the information between both the domains are transferred via following interface

conditions

au aut

[u] = @, {na—n+ an] W oon T x [0, 7], (1.1.12)

du ouy duy Oug
where [u] = u;|r — ug|r and [ + t} = Mg + Vigat + Mgy +U26 . Here u; is
a

5 18 the outer normal derivative Wlth respect to €2; for

Y

the restriction of w in €2; and
i=1,2.

The diffusive-viscous theory is provoked by numerous applications of nonlinear hy-
perbolic problems in medicine and industrial fields like acoustics, fluid mechanics, astro-
physics, aerodynamics and high-intensity focused ultrasound by appropriate selection
of the damping coefficients. When © = 0, Eq. (1.1.10) describes the wave propagation
phenomena of actual vibration through a viscoelastic medium representing a viscoelas-
tic wave equation [110]. The viscoelastic wave equation can describe the attenuation of
seismic waves in fluid-saturated systems. For instance, during the heat conduction in
memory materials [76], gas diffusion [116], propagation of sound through viscous media
[137]. Upon © # 0, as given by (1.1.10), represents a crucial viscous wave problem that
appears in simulating microscale heat transfer and propagation of acoustic waves. The
recent applications of deriving the viscous wave from physical principles are provided in
[108].

1.2 Notations and Preliminaries

In this section, we shall introduce some standard notations, function spaces and prelimi-
nary materials, which are essential for the writing of this thesis. All functions considered
in this thesis are real-valued. Now to introduce notations, we assume that {2 be a convex
polygonal domain in R? (d—dimensional Euclidean space) and 992 denote its boundary.
Now for x = (z1,- -+ ,x4) € Q, set dx = dxy - - - dxy. Further, let A = (A, Ao, -+, A\g)
be an d—tuple with non negative integer components and the order of A is defined as
IA| = A\ + X2 + - + Ag. Then Ath derivative of ¢ denoted by D*¢ and defined as

Ao 3|A|¢
Y= 8$1>‘18I2)‘2 <o al’d)‘d )

TH-3545_186123011



CHAPTER 1. Introduction 6

Next, for a function ¢ : @ — R, the support of it denoted by supp(y) and defined as
closure of the set {x € Q: p(x) # 0}, i.e.,

supp(p) = {x € Q: p(x) # 0}.

Now for any integer m > 0, C™(Q) denotes the space of functions with continuous
derivative upto order m in Q. Also, Ci(Q2) denote the space of functions with continuous
derivative upto order m with compact support in ©Q and C§°(Q2) is the space of all

infinitely differentiable functions with compact support in €.
Next, we recall some basic function spaces that we shall refer frequently. For any

domain Q C R¢,d =2 and K C Q with 1 < p < oo, LP(K) be the normed linear space

of equivalence classes of measurable functions ¢ in K with ||¢| L) < 00, where

1l = (/ o(x |de> I <p<oo

lollLe)y = esssup |p(x)| < oo.
xeK
For simplicity, we write the norm || - ||z2gc) on L*(K) by || - [l and when K = Q, we

remove the subscript K.
Now we introduce the concept of Sobolev space. For any integer m > 0 and real

number p with 1 < p < oo, the standard Sobolev space, denoted by W™P(KC), is a space
of all functions whose distributional derivatives of order upto m are in LP(K). More

precisely,
WmP(K) = {p € LF(K) : D*p € LP(K) for 0 < |A| < m}.
The spaces W™P(K) are Banach spaces associated with the norm

P

lelmpre = D 1D lppy | ~ 1< <00,
0<|A|I<m
lellnoox = max | D*¢ll=cx)

and the semi-norm on W"?(K) is defined as

Plmpc = Y 1Dl
[A|l=m
When p = 2, we denote W™?2(K) by H™(K) with the norm | - |lmox = || + |lmi. For

simplicity of notation, when K = €2, we omit the subscript I from the norm and inner

product.

TH-3545_186123011



CHAPTER 1. Introduction 7

The space H™(K) is a Hilbert space with the natural inner product given by

(‘Ph‘PQ)m,;C = /DA 1D)\ odx YV 1,9 € Hm(/C)
0<|A|[<m
The Sobolev space H["(€2) is the space of all functions in H™(2) whose traces up to

order m — 1 vanish on 0.
We shall also use the following space-time function spaces in this thesis. Let B be

a Banach space with norm || - [[g. Then for any integer p with 1 < p < oo, define the
standard Bochner space LP(J;B), where J = (0,7, consisting of all the measurable
functions ¢ : J — B such that

1
T P
lellrcrm = ( [ Ie@lfdr) < oo for 1<
0

ol oo (si) = ess sup ||p(t)||B < oo for p = oo.
t€[0,T]

Also, for 1 < k < oo, we denote by H*(J;B) as the space of all measurable functions

¢ J — B for which
2
[l (rm) = ( ) < 00.

Without any confusion, for our notational convenience, we use H*(B) instead of H*(J; B),
L*(B) instead of L?(J;B) and L>*(B) instead of L>=(J;B). Further, C(J;B) denote

the space of continuous functions ¢ : J — B induced with the norm [¢|op) =

8tl

maxcjo,7] ||¢(t)||B < oo. For a complete discussion on Sobolev spaces one may refer
to Adams and Fournier [5], Dautray and Lions [38] and Evans [58]. Furthermore,
H~™(Q) denotes the space of all bounded linear functionals on Hj"(£2). For a functional
f e H™(Q), its action on a function ¢ € HJ*(Q2) is defined by (f, ¢), which represents
the duality pairing between H~™(2) and HJ'(Q2). The negative Sobolev norm is define

by

f
lom= sup 29
ozeeHr (@) [|@llm

Also, to deal with the interface problem (1.1.10)-(1.1.11), we consider the following

Banach space
X ={peL*(Q): ¢lo, € H* (), i=12}, (1.2.1)

along with the norm

lellas = llell2) + el a2 + el m20,)-

TH-3545_186123011



CHAPTER 1. Introduction 8

Next, we shall review a few important inequalities for our subsequent analysis [80].
Young’s inequality: For any two positive real numbers aq,as and ¢ > 0, the

following inequality holds
2

ajas < sl + eag.
~ 4e
An important consequence of Young’s inequality is the Holder’s inequality. The discrete

version of Holder’s inequality is stated below.
Holder’s inequality: Let p > 1 and ¢ > 0 such that % + % = 1. Then for any

sequences of real numbers a;,b; e R, 1 =1,2,--- ,n,

D laibi| < <Z|ai|p> (ZV%\Q)
=1 =1 =1

In particular, when p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz

1
q

inequality in R".
The integral form of Holder’s inequality is as follows: Let p > 1 and ¢ > 0 such that
1

s+ é = 1. Then for any measurable function ¢, v : @ — R such that ¢ € LP(Q)) and

v € L1(Q) then following inequality holds

levlici < llellze@llvlzaw)-

For p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz inequality. Further,

a general version of Holder’s inequality is as follows:
General Holder’s inequality: Let p > 1 and ¢, > 0 are real numbers such that

% + % + % = 1. Then for ¢ € LP(Q)), v € LI(Q), ¥ € L"(Q2), then following inequality
holds

levy | iy < lellze@llvll L@ 1] r -

Poincaré inequality: Let  be an open bounded domain in R?. Then there exists a
positive constant C' = C(2) such that

lell < ClIVell Vo € Hy(Q).

In view of the Poincaré inequality, semi-norm ||V - || defines a norm in H}(Q).
Gronwall’s inequality: Let ¢(t) be a continuous function and v(t) is a non negative
continuous function in the interval ¢y <t < ¢y + a. If a continuous function (¢) has the

property that
»(t) < o(t) +/ Y(s)v(s)ds for t € [to, to + al, (1.2.2)
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then

() < o(t) + /tgo(s)v(s)exp {/StU(T)dT:| ds for t € [tg,to + al. (1.2.3)

to

In particular, when ¢(t) = C' a non-negative constant, then we have

W(t) < Cexp {/t:v(s)ds} for ¢ € [to, to + al.

A modified version of Gronwall’s inequality is required for our analysis (cf. Lemma 3.1
[63]).

Lemma 1.2.1. For two non negative continuous functions u, v and two positive con-

stants C, Cy < 0o such that

t
u(t) +ou(t) < Cy + Cg/ u(s)ds YV tel0,T].
0
Then the following modification of Gronwall’s inequality holds
u(t) +v(t) < Cre®’ Vit el0,T).

Remark 1.2.1. From Proposition 7.1 in [139], for any ¢ € H'(J;B), we have

sup l¢(t)[[B < Cll ¢l ;m)- (1.2.4)

teJ
More precisely, we have that ¢ € C(J;B) for ¢ € H'(J; B).
For our notational convenience, we shall be using %—f or ¢ or ¢, interchangeably to

denote first order time derivative of (. Similar notions are used for higher-order time

derivatives.

TH-3545_186123011



CHAPTER 1. Introduction 10

1.3 Background and Motivation

The existing relevant literature, our contributions and the reasons for the current

study are succinctly explained in this section.
The modeling of partial differential equations (PDEs) has become a prime topic in

science and engineering. Its application ranges from simulating the aerodynamics of
large aircraft to modeling of atoms on a quantum mechanic level. For instance, quan-
tum physics problems are described by Schrodinger equation and Klein-Gordon equa-
tion; electromagnetic fields involve the Maxwell equations. The Westervelt’s equation
can be utilized to model the non-linear propagation of ultrasound waves in biological tis-
sues. Also, Navier-Stokes equations describe the motion of viscous fluids such as liquids
and gases. The analytic solutions of these PDEs are often hard to determine. There-
fore, developing effective numerical techniques that are computationally economical is
beneficial for such PDEs. This thesis focuses on some hyperbolic equations, such as
wave equations, semilinear Klein-Gordon equations and quasi-linear Westervelt’s acous-
tic wave equations. Further, we expand the analysis to second order general hyperbolic
equations with interfaces. Numerous numerical techniques are available in the litera-
ture that are intended for the numerical approximations of these types of hyperbolic
problems. For many years, the finite difference method (FDM) has been known as the
most practical and dominant numerical algorithm for solving PDEs appeared in various
scientific fields, which approximates the PDEs on a uniform grid and its implementation
is very efficient on simple geometries. The hyperbolic equations, particularly for non-
linear conservation laws, the finite difference methods have been continuously playing a
significant role till now initiated with work by several researchers, e.g., Friedrichs, Lax
and Wendroff (cf. [8, 57, 103]). However, unstructured meshes offer more flexibility as
they show alignment with many complex geometries and thus, can be used with finite
element methods. In the last few decades, tremendous progress has been made in de-
veloping improved finite element methods for different classes of problems and it has
become an active research area for applied mathematicians. The ability of this method
to solve a wide class of problems with complicated structures systematically facilitates
its use over other numerical procedures in different fields of science and engineering.
In this thesis, we have analyzed newly developed efficient and accurate WG-FEMs for

some hyperbolic problems.
FEMs to accurately simulate hyperbolic problems are constantly being developed

and applied with increasing levels of sophistication. Numerical methods applied for

hyperbolic problems based on finite element framework can be mainly grouped by stan-
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dard conforming FEMs, Mixed FEMs and Discontinuous Galerkin (DG) methods. A
substantial amount of research on a priori and a posteriori error estimates in the design
of standard conforming finite element methods for the hyperbolic equations are available
in literature (e.g., [14, 15, 16, 21, 53, 67, 68, 92, 136] to name a few). The standard
Galerkin approximation of the second order wave equation can also be interpreted as
mixed discretization of the first order system. This method is especially beneficial for
problems where secondary variables, such as stresses or fluxes are significant. We re-
fer to [35, 55, 69, 87] and references therein for broad analysis of mixed finite element
methods for wave propagation problems. In practice, allowing arbitrary shape in a fi-
nite element partition provides a convenient flexibility in both numerical approximation
and mesh generation. The classical finite element methods based on conforming finite
element discretization, have limitations in practical computation. The conforming fi-
nite element space is restricted to piecewise polynomials with prescribed continuity that
ensures conformity and stability of the corresponding weak formulation, which is of-
ten very difficult to implement, particularly for problems in high dimensions and/or on
general polytopal partitions. Contrarily, discontinuous Galerkin (DG) methods can be
used for different types and shapes of irregular non matching grids and for locally vary-
ing polynomial order. Since their inception DG-FEMs have become popular in solving
hyperbolic equations among the research community. In the last two decades several
discontinuous finite element methods for solving the wave equation have appeared in
the literature, e.g. penalty DG-FEM [6, 74, 75|, local DG-FEM [10, 30], the hybrid DG
(HDG) [28, 34] and hybrid high-order (HHO) method [24, 25, 144].

Nonlinear phenomena, that appear in many areas of scientific fields such as solid state
physics, plasma physics, fluid dynamics, mathematical biology and chemical kinetics, can
be modeled by partial differential equations. A broad class of analytical solution methods
and numerical solution methods were used to handle these problems. For the finite
element approximations to semilinear hyperbolic problems, we refer to [2, 4, 135] and the
references therein. The numerical solutions to the nonlinear Klein-Gordon equation have
received considerable attention in the literature. Several numerical techniques have been
applied to solve the KG equation, namely finite difference method [1, 18, 78], Galerkin
finite element method [94], spectral methods [160, 161], among the others. Kirby et al.
[94] explored the finite element method for more general nonlinear term f satisfying the
growth condition | f'(u)| < C¢(1+]|ul?) for some number p > 0, but, they did not explore
fully discrete schemes properly. For the two-dimensional sine-Gordon equation, the first
local DG scheme was introduced in [12] and is based on the velocity-stress formulation.

This reference also provides a complete list of numerical methods for approximating
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the sine-Gordon equation, including finite differences and finite element methods. The
LDG method in [11, 12] uses alternating fluxes and it is also energy-conserving. Another
development using the high-order local discontinuous Galerkin (LDG) technique for the
KG equation can be found in [159]. Zhang et al. [164] approached with a linearized
high-order Galerkin finite element method for two-dimensional nonlinear time fractional
Klein-Gordon equations. In [84], a high-order numerical solution was obtained using the
cubic B-spline Galerkin method for space discretization and the finite difference method
of order four for time discretization. Recently, energy-preserving fully discrete finite
element schemes were analyzed by Dautov et al. [37]. An energy-conserving finite
element method for coupled nonlinear KG equations using the error splitting technique
and postprocessing interpolation were proposed by Cui et al. [36]. Hamiltonian finite
element methods, which combine finite element methods for space discretization with
symplectic methods for time discretization, can be found in [33, 140, 141]. Finite element
methods discretize the Hamiltonian system of PDEs in a way that results in a system
of ODEs that is also Hamiltonian. As a result, when the system is discretized by a
symplectic method, the conservation or non-drifting properties of the time integrators

apply, making it suitable for long-term simulations.
The generalized wave equation (1.1.10) serves as a linear model problem for more

challenging nonlinear models for wave propagation, which contain dissipative and atten-
uation parameters. There is plenty of literature available for the convergence analysis
for the general linear second order hyperbolic equation via the classical finite element
algorithm (cf. [62, 79, 91, 102, 133, 148] to name a few). In recent years, studies on
finite element error analysis for the Westervelt’s equation have gradually increased (cf.
(7,121, 129]). For the strongly damped Westervelt’s equation, error estimates for space
discretization using continuous and discontinuous Galerkin finite elements were derived
by Nikoli¢ & Wohlmuth [131] and Antonietti et al. [7], respectively. Both analyses rely
on the Banach fixed-point theorem combined with the stability and convergence of a
linearized Westervelt’s equation with variable coefficients. Optimal convergence rates
in L?-based spatial norms were derived for the approximate solution using the linear
conforming finite element method, which has been extended to the mixed finite ele-
ment method in [121]. The standard finite element method has limitations due to the
continuity requirement on the approximation spaces, which is often challenging to im-
plement, particularly for problems in high dimensions or on general polytopal partitions.
In contrast, the discontinuous Galerkin (DG) method offers flexibility in constructing
approximation spaces on hybrid meshes. In [7], the authors proposed a high-order DG

method for the Westervelt’s equation and derived an a priori error estimate in a suitable
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energy norm, extending the results to nonlinear elasto-acoustic problems with discon-
tinuous coefficients by Muhr & Wohlmuth [129]. An alternative approach based on
semigroup theory was proposed in [82, 119] for a general class of first and second order
quasi-linear wave-type problems. Using piecewise polynomials of degree at least p > 2,
error estimates of O(h?) under L*(H"') norm and H'(L?) norm were derived for the
Westervelt’s equation in inviscid media (b = 0) (see, Theorem 6.2, [82]) in a conforming
setting, with results extended to an implicit fully discrete scheme in [119] (see, Theorem
7.2 therein). Although stronger convergence rates were derived in [7, 131] compared to
Theorem 6.4 in [82], the results in [7, 131] deteriorate as b — 0%. However, the conver-
gence analysis for the inviscid Westervelt’s equation can be recovered in the standard
energy norm as well as a higher-order norm as b — 07 for small data (see, Theorem 5.1
in [88]). Recently, a hybridizable discontinuous Galerkin method for the Westervelt’s
model was discussed in [71], establishing optimal convergence for the gradient approx-
imation (Vu), stable as b — 07. Algorithmic aspects of finite element discretizations
without any a priori analysis for the Westervelt’s equation and in general, nonlinear
sound propagation by the finite element method, can be found in [61, 90, 149]. Interface
problems are frequently encountered in scientific computing and many applied sciences.
Typical examples are the elliptic, parabolic and hyperbolic equations with discontinuous
coefficients. Due to the practical relevance of interface problems in many engineering
and industrial applications, numerical methods for interface problems have been inves-
tigated widely. Finite element method (FEM) is another class of important approaches
for interface problems and a wide variety of FEM approaches have been proposed in
the literature. Classical finite element methods for interface problems are mainly based
on the interface-fitted discretization. The performance of such kind of interface-fitted
FEMs depends on the quality of underlying finite element partition and how well the
interface is resolved by the finite element mesh. A fitted linear finite element method
was proposed and analyzed for the interface problem (1.1.10)-(1.1.12) in [54]. Optimal
a priori error estimates for both semidiscrete and fully discrete schemes were proved
in L°°(L?) norm. The fully discrete space-time finite element discretization is based on

second order in time Newmark scheme.
Weak Galerkin finite element method (WG-FEMs) was proposed by Wang and Ye

in [152] for standard meshes, and later extended for general polygonal meshes in [153].
The computing procedure of the WG method for elliptic equations have been explained
in [125]. WG-FEMs refers to a numerical technique which permits domain to be dis-
cretized into arbitrary shape of polygons. As a result, mesh formation becomes much

more versatile for complicated geometries common in real-world problems. The weak
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Galerkin algorithm is based on some basic principles: the use of weak functions and
weak derivatives instead of the classical derivative present in the variational form of
the given problem, and a parameter-free stabilizer added to handle the discontinuity of
function. The use of weak functions allows WG-FEMs to be more adaptable and it has
been developed to handle a wide range of PDEs emerging from real-world engineering
and technological applications. However, one disadvantage is that, we might have to
evaluate integrals of rational functions rather than integrals of polynomials on the refer-
ence element [166]. There is a considerable collection of literature on such applications;
for example elliptic problems [105, 109, 112, 113, 126, 127, 150, 151], parabolic problems
[42, 43, 45, 107, 165, 168], hyperbolic equation [83, 124, 154, 163] etc. Hybrid high-order
(HHO) method is reported to be very closely related to WG finite element method as the
reconstruction operator in the HHO method corresponds to the weak gradient in WG
methods [25, 51]. The only difference between the HHO and WG methods is in the se-
lection of discrete unknowns and the stabilization strategy. However, the links between
HHO and WG methods are not fully explored yet, nevertheless they share something in
their roots (cf. [19, 32, 51]). It is noteworthy that WG, HHO and HDG use somewhat
different analytical techniques and are based on distinct conceptual frameworks. The
goal of this thesis is to analyze the weak Galerkin finite element method for linear wave
equations, the semilinear and quasi-linear hyperbolic equations, and extend it to the

general hyperbolic equation with the interface.
At first, we develop a systematic framework on weak Galerkin finite element methods

for second order linear wave equation (1.1.1)-(1.1.2) by allowing different degree polyno-
mial approximations for every local element. A general local WG finite space looks like
(P(K),P;(0K), [P1(K)]?), where k& > 1 is the degree of polynomials in the interior of
the element /C, 7 > 0 is the degree of polynomials on the boundary of X and [ > 0 is the
degree of polynomials employed in the computation of weak gradients or weak partial
derivatives. The choice of such polynomials has a considerable influence on the accuracy
and computing difficulty of the associated WG method. Error estimates in L? norm as
well as in discrete H' norm for semidiscrete and L? estimates for fully discrete schemes
have been established in general weak Galerkin space (Py(K), P;(9K), [P;(K)]?) for suf-
ficiently smooth solution. The time discretization for fully discrete scheme is based on
second order in time Crank-Nicolson scheme. The results illustrate the robustness of the
WG-FEMs with various polynomial combinations in the numerical scheme, addressing

a gap in the existing literature.
Next, we focus to study weak Galerkin finite element method for semilinear Klein-

Gordon equation (1.1.4)-(1.1.5). We have assumed that the nonlinear term f is globally
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Lipschitz i.e. there exists a constant C such that || f(u)—f(v)|| < C¢|lu—v]| for u,v. Op-
timal a priori error estimate in both L? norm as well as discrete H' norm for semidiscrete
case have been established for the weak Galerkin space (Px(K),Py(0K), [Pr_1(K)]?),
where k£ > 1 is an integer. Also, for fully discrete scheme, we employ implicit type time
Newmark scheme for temporal discretization and the error estimate in L? norm demon-
strates that the optimal convergence rate has been achieved. Some numerical examples

are provided to validate theoretical results.
Our third problem focuses on studying the weak Galerkin finite element method for

the Westervelt’s model [156] of ultrasound waves (1.1.7)-(1.1.8) on polygonal meshes.
More precisely, we study the spatial discretization of Westervelt’s quasi-linear strongly
damped wave equation by high-order weak Galerkin discretization in space. A signifi-
cant challenge in analyzing the Westervelt’s equation lies in avoiding the degeneracy of
the coefficient (1 — 20u) for the second time derivative wuy in (1.1.7). Typically, non-
degeneracy can be attained under high regularity for the solution and the application
of embedding results (e.g., H*(2) — L*°(9)); however, this approach is not feasible
for nonconforming finite element approximations. Instead, reliance on inverse estimates
for finite element functions and the stability and approximation properties of the in-
terpolation operator is necessary. Our work is inspired by a growing body of recent
literature on finite element approximations for Westervelt’s equation. Our contribution
lies in analyzing the spatial discretization of Westervelt’s quasi-linear, strongly damped
wave equation within a weak Galerkin finite space (Py(KC), Py (9K), [Pk_l(lC)}Q). We
derive optimal convergence rates in L? based spatial norms for sufficiently small data
and mesh size. Our approach hinges on the Banach fixed-point theorem in conjunction
with stability and a prior: error analysis of linear diffusive viscous wave equation (1.1.9)
with time-dependent coefficients. Notably, the numerical approximation of the linear
diffusive viscous wave equation is significant in its own right, as evidenced by existing
literature. Wave equations with time-dependent coefficients have received relatively less
attention, particularly for diffusive viscous wave models (1.1.9). Our results aim to en-
hance the numerical treatment of strongly damped quasi-linear wave equations, with
numerical experiments in two-dimensional settings serving to illustrate the theoretical

convergence results.
Next, we have made an attempt to extend the convergence analysis to the general

linear second order hyperbolic equation (1.1.10) with interfaces. It is worth noting that
rigorous finite element error analysis for the interface problem (1.1.10)-(1.1.12) with
non-homogeneous jump conditions is mostly missing. Only linear classical finite element

method was discussed in [54] for continuous solution. On the other hand, discontinuity of
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the solution along the interfaces adds more challenges than one would imagine. Further,
higher order of convergence is always one of the major research goals, because high order
methods are more accurate. Semidiscrete error estimate in L? norm as well as H! norm
have been executed for the weak space (P (K), Px(0K), [P)_1(K)]?), where k£ > 1 is an
integer. For the fully discrete scheme, we employ implicit second order Crank-Nicolson
scheme for temporal discretization. Optimal order error estimate in the L>°(L?) norm
is derived as O(h*1 +72), where h is the mesh size and 7 the time step. Few numerical

experiments are presented to illustrate our theoretical convergence findings.

1.4 WG Discretization for Elliptic Problem

In this section, we shall briefly discuss WG-FEMSs for elliptic problems. We also review

the definition of weak gradient operator and its discrete counterpart.
Let © C R? be a convex polygonal domain with boundary 9). We consider the

following linear elliptic problem
—V . (uVu)=f inQ, (1.4.1)
with the Dirichlet boundary condition
u=0 on 0f. (1.4.2)

We consider that the coefficient matrix p = (p; j(X))2x2 € [LOO(Q)]22 is symmetric and
positive definite in 2. The load function f is considered to be sufficiently smooth in its
domain of definition.

For some hy > 0 and h € (0,ho], let T, be a polygonal partition of the two-
dimensional domain €2. Assume that it meets a set of conditions for shape regularity
described in [151, 153]. Let &, be the collection of all edges of the polygons in 7;, and
let £ = &, \ 09 For any K € T, we denote by |K| the measure of K and its diameter

by hx and for Tj, mesh size by h, defined as h = maxxe7;, hx.
Weak Galerkin algorithm is based on two fundamental principles, namely, the use

of discrete weak functions defined on 7, and substituting the classical gradient with a
weak gradient operator presented in the variational form of the given problems. The

weak gradient operator and its discrete counterpart were discussed in [152, 153].
Let I € T, be an element with boundary 0K. A weak function ¢, on K is a pair

of scalar functions ¢, = {¢0, ¢} such that ¢y € L2(K) and ¢, € Hz(9K). Note that
¢p need not be necessarily related to the trace of ¢g on OK. Let the space of all weak

functions on K be represented by W(K); i.e.,

W(K) = {¢n = {0, B} : b0 € LX(K), ¢ € H2(IK)}. (1.4.3)
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Define a space
H(div,K) = {q:q€ [L*(K)]*,V-qe L*K)}.

For any weak function ¢, = {¢o,dp} € W(K), its weak gradient V,¢, is defined
(interpreted) as a linear functional on H(div,K), which acts on each q € H(div, K)

is defined as

(Vubn ) = — / (V- + | afa-mds, (1.4.4)

where n is the unit outword drawn normal to OK.
For non-negative integer k, let Py (k) be the space of all polynomials of degree not

greater than k on the polygon K € 7,. Similarly, for a non-negative integer j, let P;(e)
be the set of all polynomials of degree not greater than j on the edge e € &,. A discrete
weak function ¢p = {¢o, P} on K refers to the weak function ¢, = {¢o, ¢}, where
¢o € Pi(K) and ¢p|c € Pj(e), e C IK. Let W(k, j, K) be the space of all discrete weak

functions on C; i.e.

W(k,j,K) = {¢h = {¢0, P} : ¢o € Pr(K), ¢yl € Pj(e), e C (9/C}. (1.4.5)

Then the global weak Galerkin finite space W, is constructed from the local finite space
W(k, j,K) as

Wy = {¢h = {¢07¢b} : ¢|IC S W<k7]7 K)? [th]e - 0,\V/€ - 8}?}

Here [dn]e = [Pb]e = bblic,ne — Pblicane denotes the jump of ¢y, across interior edge e € &2,
such that e C K1 NOK,. Denote W, the subspace of W), containing all weak functions,

which vanishes on boundary 0¢); i.e.
Wy = {én € Wi : ¢plon = 0}

Next, for ¢, = {¢o, s} € W), we introduce discrete weak gradient operator, denoted
by V., is defined as the unique polynomial V,,¢;, € [P;(K)]? that satisfies the following

equation

(Vubnq) = — / (V- + | an(a-n)ds Va e [Py (1.4.6)

where n is the outward normal to the boundary 0K and [ > 0 is the prescribed non-

negative integer. By using divergence theorem to equation (1.4.6), we obtain

(Vuwdn, a) = (Voo, )k + (¢ — ¢o,d - nax ¥V q € [Py(K)]. (1.4.7)
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For the weak Galerkin approximation, using weak gradient V,,, we define a bilinear map

Ay W, X W, — R as

Aw(un, dn) = D (1Y ttn, Vadn) + S(un, én) Yun, o € Wh. (1.4.8)
=

Here S(-,-) : W, x W, — R is a semi-positive bilinear map. It is referred to a stabilizer
or smoother. We choose the stabilizer S(-, -) in such a manner that it is compatible with
both the WG theory and the execution of WG numerical schemes. Here two examples
are presented (cf. [104, 153]).

Example 1.4.1. (Projected Element-Boundary Discrepancy) For up, = {ug,up}, ép =
{bo, O} € Wh, the continuity of up and ¢, can be measured by the quantities up —
uolarc, db—dolox respectively, for each element IC € Ty,. The stabilizer based on projected-

element-boundary-discrepancy is given by

S(un, on) = Z B Qo (wy, — olox), Qun( By — dolax))oxc,

KeTh
where m = max{j,1} and Q,, : L*(0K) — P,,(0K) is the standard L*-projection.

Example 1.4.2. (Element-Boundary Discrepancy) For up,, ¢p € Wy, the stabilizer based
on element-boundary-discrepancy is given by: For uy = {ug,up}, ép = {¢o, dp} € W,

S(un, én) = > " ((up — uolax), (66 — Polox))axc-
KeTh
The notation (-, -)gx denotes the L? inner product on K and accordingly, we write

(-, Yo = Z () Yes

eCOK

where (-, ), denotes L? inner product on e C 9K.
The polynomial degree and stabilizer must be selected in the WG techniques so that

the bilinear map A, (-, -) is coercive with regard to the mesh-dependent semi-norm |- ||15,
(cf. [151]) defined as

N

I6nlln = ( S (1960l + g 16 %H%@) Von = (0.6} € Wh.  (149)

KeTn

In fact, the semi-norm || - ||; 4 is a norm in Wy.
The following lemma establishes the coercivity of the bilinear map A,(-,-) on WG

space (Px(K),P;(9K), [P;(K)]?). Details follow from [151].

TH-3545_186123011



CHAPTER 1. Introduction 19

Lemma 1.4.1. Suppose that | > k—1 and m = max{j,l}. Then there exist two positive
constants C, & C* such that following inequality holds true for any ¢ € Wi

Cullnllip < Auw(on, ¢n) < C*||bn17 - (1.4.10)

Under the mesh assumptions prescribed as in [153], the following trace inequality
holds on 7j,.

Lemma 1.4.2. (Lemma A.3, [153]) For each e € &, and ¢ € H'(K), we have

lelle < Clhctllellk + el Vell). (1.4.11)

The usual L? inner product on € can be written locally on each element as follows

(Vattn, Vadn) = > (Vutin, Vusn) for un, ¢ € Wi
KeTn

Remark 1.4.1. For a time dependent discrete weak function ¢y, : J = (0,T] — W)
such that ¢y, € CH(J; WD), we write ¢n(t) = {¢o(t), dp(t)} for allt € J and subsequently
we define ¢}, (t) = {&h(t), ¢y (t)} for all t € J, where “" stands for time derivative. For
simplicity, for all t € J, we use ¢, = {¢o, op} for on(t) and ¢} = {¢}, ¢} for ¢} (t).
Further, from the definition (1.4.7), we note that (V,én) = Vud), and (Vydn)|i—o =
Vu®r(0) for all ¢, € CH(J; W) with J = (0,T]. We shall follow similar notations for

other higher order time derivatives.

Throughout the thesis, C'is a positive constant independent of the mesh parameters,

whose value varies depending on the situation.

1.5 Organization of the Thesis

This thesis is composed of seven chapters, which are listed below.
Chapter 1, contains the description of the problems, notations and preliminary

materials to be used in the thesis. It also provides a brief survey on the relevant literature
concerning the problems and their numerical solutions. Further, motivations for the

present study is discussed.
In Chapter 2, we describe a systematic numerical study on weak Galerkin finite

element method for second order linear wave equation (1.1.1) with variable coefficients
by allowing polynomial approximations with various degrees for each local element.
Convergence of semidiscrete WG solutions are established in L>(L?) and L>(H"') norms

for different degree polynomials.
In Chapter 3, we extend the spatially discrete a priori error analysis to the fully dis-

crete approximation for second order wave equation (1.1.1). The space-time discretiza-

tion is based on a second order in time Crank-Nikolson scheme. Numerical experiments
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are reported to justify the robustness, reliability and accuracy of the WG finite element

method. Results and findings of this Chapter are published in [85].
Chapter 4 is concerned about the weak Galerkin finite element approximations

of semilinear Klein-Gordon equation (1.1.4). Optimal order error estimates in L>(L?)
as well as in L?*(H') norms are shown to hold for spatially discrete continuous time
scheme. The fully discrete schemes based on implicit type Newmark scheme. Some
numerical examples are provided to validate theoretical results. Results and findings of

this Chapter are published in [86].
Chapter 5 is devoted to the convergence analysis of weak Galerkin finite element

method for Westervelt quasi-linear wave equation. Stability and optimal L? error es-
timates of linear diffusive viscous wave equation with time dependent coefficients are
discussed for continuous weak Galerkin scheme. The error analysis for the Westervelt’s
equation has been carried out based on the Banach fixed-point theorem combined with
results for linearized equation. Numerical experiments carried out to illustrate the the-

oretical convergence results.
In Chapter 6, we design and analyze a weak Galerkin finite element method to ap-

proximate the second order general linear hyperbolic equation with interface. Semidis-
crete error estimate in L? norm as well as H! norm have been executed for the weak
space (P (K), P(0K), [Pr_1(K)]?), where k > 1 is an integer. For fully discrete scheme,
optimal L? error estimate have been carried out by employing Crank-Nicolson scheme
for temporal discretization. Also, some numerical results are provided to support our

theoretical results.
Finally in Chapter 7, we discuss the critical evaluation of the results reported in

this thesis. This chapter concludes with a brief discussion on the possible extensions

and future scopes.
For clarity of presentation, we have repeatedly mentioned the problems and relevant

preliminary materials at the beginning of each chapter.
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Semidiscrete WG-FEMs for Second Order Linear

Wave Equation

In this chapter, we present a systematic numerical study for second order linear wave
equation (1.1.1)-(1.1.3) using weak Galerkin finite element methods (WG-FEMs) for the
semidiscrete case. Various degrees of polynomials are used to construct weak Galerkin
finite spaces. Error estimates in L? norm as well as in discrete H' norm have been
established for general weak Galerkin space (P (K),P;(0K), [P;(K)]?), where k,j & [
are non-negative integers with £ > 1. Our results extend the numerical analysis of WG-

FEMs for elliptic problems [151] and parabolic problems [43] to hyperbolic problems.
2.1 Introduction

To begin with, let us first consider the following second order linear wave equation
ugy — V- (pVu) = f in Qx (0,7], T < oo, (2.1.1)
with the initial conditions
u(x,0) = u’(x), u(x,0) =0"(x) Vx€Q (2.1.2)
and boundary condition
u(x,t) =0 V(x,t) € 00 x (0,T]. (2.1.3)

Here Q is a convex polygonal domain in R? with boundary 992 and J = (0,T] is the
observation time period. The coefficient matrix g = [@; ;(x)]2x2 is considered to be
symmetric and positive definite in the domain 2. The initial functions {u°,v"}, the
coefficient matrix p and the source function f are considered to be sufficiently smooth.
Additional regularity assumptions were made throughout the chapter to carry out the

convergence analysis. For the related regularity results, we refer to [58, 111].

21
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The numerical solution of the wave equation is of fundamental importance to the
simulation of time dependent acoustic, electromagnetic, or elastic waves. For such wave
phenomena the second order wave equation often serves as a model problem. Numerous
numerical techniques based on the finite element structure have been developed namely
conforming finite element methods, Ritz-Galerkin finite element methods, Mixed-FEMs
and discontinuous Galerkin methods for solving such PDEs. There have been several
studies on error estimates using standard conforming FEMs for hyperbolic problems
in literature [15, 67, 92, 136]. Also, several discontinuous finite element methods are
developed to solve the wave equation such as penalty DG-FEM [6, 74, 75] and local
DG-FEM [10, 30]. The use of discontinuous approximation functions makes WG-FEMs
highly flexible in the construction of finite element spaces of any order with the price of
more degrees of freedom and more complex formulations. Unlike classical FEMs, WG-
FEMs refer to a numerical technique that permits domain to be discretized into arbitrary
shapes of polygons. As a result, mesh formation becomes much more versatile for
complicated geometries that are common in real-world problems. The present chapter is
aimed to investigate a systematic structure for the weak Galerkin finite element methods
for second order linear wave equation. For any K C R2, a general local WG finite
space is presented as (Py(K), P;(0K), [P1(K)]?), where k, j, [ are positive integers with
k > 1. In this study, we explore all possible combinations of polynomial functions in
the reconstruction of underlying differential operators. Systematic analysis on weak
Galerkin technique for elliptic problems was studied by Wang et al.[151], later extended
to parabolic problems in [43]. Our study is intended to expand the error analysis in
[43, 151] for the second order linear wave equation and it fills a gap in the existing
literature. The error analysis reported in this chapter shows that the WG finite element
solutions approximate the exact solutions with an optimal order in L°>°(L?) and L>(H")

norms.
The rest of this chapter is organized as follows. In Sec. 2.2, we go through the

weak Galerkin finite element discretization, the definition of the weak gradient with its
discrete analogs with suitable polynomial spaces and derive an important error equation.
Sec. 2.3 is devoted to optimal error analysis in both L>(L?) and energy norm based on

elliptic projection for the semidiscrete WG-FEMs technique.
2.2  Weak Galerkin Space and Semidiscrete Approximation

In this section, we deal with a spatially discrete scheme for the second order linear

wave equation (2.1.1)-(2.1.3).
Let 7, be a polygonal partition of the two-dimensional domain €2 as described in

TH-3545_186123011



CHAPTER 2. Semidiscrete WG-FEMs for Wave Equation 23

Chapter 1. Based on the discretization 7, for £ > 1 and 7 > 0, we recall the following
weak Galerkin finite space W), defined as

Wh = {¢h - {¢07¢b} : ¢|IC € W(k7]> IC)v [¢h]e = O,VG S Si?}

and
WY = {én € Wi, : ¢plaq = 0}.

Here [¢p]e = [¢o]e denotes the jump of ¢y € [[cor. W(K, j, K) along interior edge e € &),
where W(k, 7, K) is the local weak Galerkin space as defined in (1.4.5).
Next, for ¢, = {¢o, %} € Wh, we recall the discrete weak gradient operator, de-

noted by V,y, is defined as the unique polynomial V¢ € [P;(K)]? that satisfies the

following equation

(Vwon,q) = —/}C%(V -q)dK + » dy(q-n)ds Vq € [Pi(K)]?, (2.2.1)

where n is the outword normal to the boundary 0K and [ > 0 is the prescribed non-

negative integer. Applying divergence theorem to equation (2.2.1), we obtain

(Vuodn, d) = (Vdo, @)xc + (¢ — ¢, - n)ox ¥ q € [Py(K)] (2.2.2)

We recall some usual L? projections. On each K € Ty, let the operator QY : L?(K) —
P4(K) be the standard L? projection and for an edge e € &, let the operator Q? :
L*(e) — Pj(e) be the standard L* projection. Similarly, let Q) be the standard L?
projection onto the WG finite space W), such that Q| = {QY, Q?} Also, let Q :
[L3(K)]* — [P;(K)]? be another L? projection.

Let us discuss following important approximation properties of the projections QY
and Q; (cf. [153]).

Lemma 2.2.1. Let T, be a polygonal partition of ) that meets the shape reqularity
conditions as described in [153]. Then for ¢ € H™(Q), we have

) (Hso — QU+ IV (o szu,%) < ORIl B
KeTh

3 (nw QU + R|V(Ve @mw»u,%) < OR ooy,
KeT,

The continuous-time WG approximation to the problem (2.1.1)-(2.1.3) can be de-
scribed as follows: Find uy, = {ug,up} : (0,7] — WP, that solves the following equation

(uhtta ¢0) + Aw(uha ¢h) = (fv ¢0) v ¢h = {¢07 ¢b} € Wi?? (223)
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with up,(0) = Qpu® and uy(0) = Qpo°.
The above scheme (2.2.3) is well-posed because WG space W) is a normed linear

space with regard to the energy norm ||-|| associated with the bilinear map A, (-, )

defined as
lonll = v/ Aw(en, dn) for én € Wy, (2.2.4)

Now from the coercive inequality (1.4.10), we can conclude that discrete H* norm || - ||15

and triple norm |||-||| are equivalent.
Let u be the exact solution of (2.1.1)-(2.1.3) and wuy, be its semidiscrete solution given

by (2.2.3). Then due to Lemma 2.2.1, we only try to bound following projected error
en(t) = {eo(t), en(t)} = up(t) — Quu(t), t € [0,T]. (2.2.5)

For simplicity, we write e, = {eg, €p} = up — Qpu.
Further, we derive the following error equation for e, which is very important for

the subsequent error analysis.

Lemma 2.2.2. Let e, (t) = up(t) — Qupu(t). Then for all ¢, = {po, dp} € WP, we have

(entt, Po) + Aw(en, dn) = — {li(u, o) + la(u, o) + l3(w, n) +S(Qnu, ¢n)}, (2.2.6)

where U1(+,-), la(+,), l3(-, ) are bilinear maps given as
(

O (u, dn) = Y geer. (QupQV QQu) — uVu, Vy),,
o, dn) = Y ger {(QupQIV Qu) — pVu) -1, dy — ¢o) s (2.2.7)

\£3<“> On) = Yoxer. (Qu — QQu, Q(uVywdr) - 1), ..

Proof. For any ¢, = {¢g,dp} € W), we test the equation (2.1.1) against ¢y on each
K € T, to obtain

(f,¢0) = (uu, o) — Z (V- (1Vu), ¢o)xc

KeTh
= (Quuw, d0) + Y (1Vu, Vo)x — Y (uVu-n, do)ax
KeTn KeTs
= ((Qhu)tt7 ¢0) + Z (uVu, V¢O)IC - Z <[J:VU - 1, qb() — ¢b>8l€- (2.2.8)
KeTh KeTn

Here we have used the Gauss divergence theorem as well as the fact that » - (uVu-
n, ¢p)oc = 0. Combining (2.2.3) and (2.2.8), we have

(Unt; o) + Aw(un, Pn)
= ((Qu)u, d0) + > _ (WY, Vo) — 3 (6Vu 1, ¢ — ¢y)ax- (2.2.9)

KeTh KeTy
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Now using projection operator ; and weak gradient V,,, we have
(V0 Qnu, V) = (Vu Qnu, Qu(rVuwe))k
= (VQhu, Qu(pVuo))x + (Qu — Qhu, Qu(pV.¢) - n)ax
= (QpQUVQRu)), Vi) . + (Qfu — Qu, Qi(1V ) - n)oxc
= (Q(pQ(VQu)), Vo) . + (Qu — Qhu, Qu(puV o) - m)ax
+ (& — ¢0, Q(LQ(VQpu) - m)ax

Hence,

Au(Qnu dn) = D (V.0 Qutt, Vin)ic + S(Qutt, b1)

KETs,
= > (QuQ(VQu)), Vo), + > (Qhu— Qu, Qu(uV o) - n)ax
KeTh, KeTy,
+ ) (B — b0, Qu(pQu(V QRu) - n)ax + S(Qnu, d).
KeTh,

Therefore,

((Qnw)et, o) + Aw(Qnu, on)
= (2w, d0) + Y (U(pQI(VRu)), Vo) . + > (Q5u — QRu, Qu(1V ) - n)ax

KeTn KeTy

+ ) (dy — o, Qu(pQu(V Qhu) - n)axc + S(Quu, dn)- (2.2.10)

KeTh

Subtracting equation (2.2.10) from equation (2.2.9), we obtain the desired result. [

Next, for any shape regular polygonal discretization 7, of €2, we recall the following
significant estimation results for bilinear maps 41 (-, -), ¢2(-,-) and ¢3(-,-) . The following

estimates are borrowed from Lemma 4.2 - Lemma 4.4 of [151].
Lemma 2.2.3. Let A = min{l + 1,k}. Assume that u € H*1(Q) N HL(Q), then there

exists a constant C' > 0 such that

01 (u, dn)| < ChMJull gasr oyl dnllin Yon € Wy,
where C' depends only on ||p|/i11,00, the element-wise W1 norm of the matriz .

Lemma 2.2.4. Under the same assumptions as in Lemma 2.2.3, the following estimate

holds
0o (u, ¢n)| < ChMull grsr(yl|dnllin Yon € Wy
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Lemma 2.2.5. Suppose that the non-negative integers k,j and | are used to define the
weak finite space Wy, Then the following estimates hold:

(a) Suppose j <l and define s = min{k, j} > 1. Assume that u € H*"1(Q) N HL(Q),
then
[€3(u, dn)| < Ch?[lul

Hs+1(Q)||¢h||]_7h Vo € W,?
(b) If j > 1 and u € H*(Q) N H}(Y), then

1C3(u, ¢n)| < ChM|ull grrvay || dnllin Von € Wy.

2.3 Semidiscrete Error Analysis for Wave Equation

This section is devoted to error estimates for the semidiscrete scheme. The optimal
order of convergence in both L>°(H?') and L>(L?) norms are determined under suitable

regularity assumptions of the true solution.

2.3.1 Discrete H! norm Error Estimate for Wave Equation

In this subsection, we derive error estimate in discrete energy norm for the semidiscrete
scheme with stabilizer based on projected element-boundary-discrepancy. The following
crucial estimates for the stabilizer followed from the existing literature (cf. Lemma 4.7
in [151]).

Lemma 2.3.1. Suppose that the non-negative integers k,j and | are used to define the
weak finite space Wy, and let

S(un, dn) = D T (Qum(w, — tolox), Qum (D1 — dola))orc,

KeTh
where m = maz{j,l} and Q,, is the standard L* projection onto P, (0K). Then follow-
g hold:

(a) If 7 <l and define s = min{k,j} > 1. Also, assume the exact solution u of
(2.1.1)-(2.1.3) is so reqular such that u € H*™'(Q) N HY(Y). Then there exists a
constant C' such that

1S(Qnu, dn)| < Ch**||ul

mor1(@)|| Ol h-

(b) If 7 > 1 and let the exact solution w of (2.1.1)-(2.1.3) is so regular such that
u € H*H Q)N HL(Q). Then there exists a constant C' such that

[S(Qnu, ¢n)| < CR*|Jul|sris1 (|| dnll10-
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The following theorem establishes convergence results in discrete energy norm with
stabilizer based on projected element-boundary-discrepancy.

Theorem 2.3.1. Suppose that the non-negative integers k,j and l > k — 1 are used to
define weak finite space Wy,. Let

S(un, dn) = >l ( Qs — uolox), Qum (b6 — dolox))axc,

KeTh

where m = max{j,1} and Q,, is the standard L* projection onto P,,(0K). Then the
following estimates hold:

(a) If j <l and define s = min{k,j} > 1. Also, assume that the exact solution u of
(2.1.1)-(2.1.3) is so reqular such that u, € H*'(Q) N HY(Q), then

lenlZ, < ch2s{||u||%1s+1<m ; ||ut||%z(Hs+1>}-

(b) If 7 > 1 and the ezact solution u of (2.1.1)-(2.1.3) is so regular such that u; €
HML(Q) N HL(Q), then

||€h”ih < Oh%{”“”?{k“(ﬁ) + ”UtH%Q(HHl)}‘

Proof. Setting ¢;, = ey in the error equation (2.2.6), we have

(€ntt, ent) + Aw(en, ent) = —{l1(u, ent) + lo(u, ent) + 3(u, ent) + S(Qpu, ept) } .

We can rearrange above equation as

Sollend? + 5 5 Au(enen)
= —{l(u, en) + la(u, eny) + l3(u, epy) + S(Qpu, eny) } - (2.3.1)
Now integrating both sides of the equation (2.3.1) from 0 to ¢, we have
[ atend+ [ 35 Aufen,en
t t t t
=— {/0 O (u, en) +/0 Oo(u, epy) +/0 l3(u, en) +/0 S(Qnu, eht)}
= Hy+ Hy + H3 + H,.
Further, using the facts e,(0) = 0 and e;,(0) = 0, we obtain
%Heht(t)“2 - %Aw(eh(t), en(t)) = Hy + Hy + H3 + Hy. (2.3.2)
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Term H,; can be expressed as

H, = /0 01 (s, en)ds — Oy (u(t), en(t)).

Here we have used integration by parts and the fact that e,(0) = 0. Now for A =
min{l + 1, k} = k, Lemma 2.2.3 leads to

|Hy| < Chk{|IU||Hk+1(Q>||€hH1,h + /Ot ||Ut||Hk+1(Q)HehHl,hdS}~ (2.3.3)
Similarly, using Lemma 2.2.4, we have

i < O el + [ ullaoolenluads | 230
If j <land s =min{k,j} > 1. Then Lemma 2.2.5 and Lemma 2.3.1 yield

Hy| & |Hi| < Ohs{nm

t
H5+1(Q)||6h||17h—|—/ ||Ut|Hs+l(Q)H6h||1’hdS}. (235)
0

Now using inequalities (2.3.3), (2.3.5) in (2.3.2), we have

1 1 ¢
sllen I + 3 Au(er(0) ) < Cn L lalsrollenlin + [ Jusli-ovollenlads .
0

Next, applying coercivity (1.4.10) and further using Young’s inequality with appropriate
e > 0, we obtain
2s t 12s

€ h
o) T gllenllin + [ Sl
2 2
0

|

h
Clatli < ¢

1 t
2 12L15+1(Q)d8+ 5/0 HehHihds}.

Therefore, for e = C, and ¢ € (0, 7], we obtain

T
%{&Fl(Q) + /0 ||t

Now using standard Gronwall’s inequality, we have

T
%{s+1(ﬂ)d$} —l—C’/ llen]|3 nds.
0

lenIZ, < Ch%{um

T
len(®I2,, < ch%{nuuzwm + [l %Mmds}.
0

This completes the proof of part (a).
In the similar manner, when j > [, we can prove that

len(t)]2, < ch%{nuuékﬂ(m ; ||Ut||2L2(Hk+1)}7

which completes the rest of the proof. m
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2.3.2 L? norm Error Estimate for Wave Equation

In this subsection, we deal with the optimal order of error estimate in L? norm. The

basic concept is to employ elliptic projection as in [158].
For ¢ € H*(Q2) N H}(2), we write

fo==-V-(uVy) in Q.
Then we define elliptic projection Ry, : H*(Q) N HY(Q) — WY by
Aw(Rup, o) = (for ) Yon = {do, o} € W), (2.3.6)

Equation (2.3.6) implies that R is the standard weak Galerkin solution of the following
second order elliptic problem with exact solution ¢ € H?(2) N Hg () satisfying

-V - (uVe) = f,in Q and ¢ = 0 on 0.

Next, we assume the following important approximation result, which can be proved by

a slight modification in existing result in [43].

Lemma 2.3.2. Consider the non-negative integers k,j and | > k — 1 that define the
weak finite space Wy, and s = min{k, j}.Then for sufficiently smooth @, there exists a

constant C' such that

ChQ(S'H)HgD‘

%{S“(Q) for j <1,

1Qnep = Ruell” < (2.3.7)

Ch2(k+1)”‘ﬁ”§{k+l(g) for 3> 1.

Hence, for any smooth function ¢, using the fact that %(tho—Rhgo) = Onpi —Rup:
and then applying Lemma 2.3.2, we obtain

2

Ch*s+ 1) ||, (2)] e (yds for j <1,

1(Qnr — Rupe) ()II* < (2.3.8)

Chz(k“)ngt(t)Hf{kH(Q)ds for j > 1.
Next, we further split the error e, = u, — Qpnu with the help of elliptic projection as
en(t) = un(t) — Qru(t) = un(t) — Rpu(t) + Rpu(t) — Quu(t) = 0(t) — p(t),

where 0 = up, — Rpu and p = Qpu — Ryu.
Then it is easy to verify that

(Out, o) + A0, ) = (pu, on) Vo, € W}?- (2.3.9)
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Next, for some ¢ € (0,T], we define 0 as
R ¢
i, 1) :/ 0(,s)ds 0<t<T
¢

Therefore,
0(¢) =0 and 6, = —0(-,t) t e [0,T). (2.3.10)

Setting ¢, = 6 in (2.3.9) and integrating from 0 to ¢ with respect to time ¢, we have

¢ R ., N ¢ R
- / (6,,6)ds + (6:(), 6(C)) — (6:(0)., 6(0)) + / A, (6.0)ds

¢ y . .
_ / (oo, B)ds + (po(€),0(0)) — (p1(0),6(0)).
Then (2.3.10) yields

¢ ¢ - a ¢ 2
[ 5o = [ 550805 = [(pub)is+ @.0) - p0)60). (2311

Now we select ¢ € (0,7] such that ||6(¢)]] = maxo<i<r ||0(t)|]. Further, using the fact
that 6;(0) — p:(0) = ep:(0) = 0 in (2.3.11), we obtain

1 g 1 o 1 A A 1 5 ; ¢
S8 = 5100 = 54400 0) + 5Ax(0(0).00) = [ (1.0

Again, using (2.3.10), we obtain

1 1 . A 1 ¢
SO + 54u(600).600) = 5100+ [ (o 0)as.
Then standard inequalities and positivity of A, lead to
1OON” < CIOO)* + [l el Z2z2))- (2.3.12)
Again, as a consequence of Lemma 2.3.2, we obtain

2

Ch¥ 1) |0 Fre(q) for j <l

100)]1* = [|Qnu’ — Rpu||* < (2.3.13)
CRAED 00|20 ) for > 1.
Therefore, using (2.3.8) and (2.3.13) in (2.3.12), we have
o < 1)1
Ch2(5+1)(‘|uOH%I.9+1(Q) + \|utH%2(Hs+l)) for j <, (2.3.14)

Chz(k+l)(||uol|§{k+l(g) + Hut||%2(Hk+1)) for 7 >1,

for all ¢t € [0,T], where s = min{k, j}.
Finally, using Lemma 2.3.2 and inequality (2.3.14), we estimate error in L*°(L?)

norm.
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Theorem 2.3.2. Consider the non-negative integers k,j and l > k — 1 that define the
weak finite space Wy,. Let

S(un, ¢n) = Z hic (Qum (1 — uolax), Qn (D6 — dolax))axc,

KeTh

where m = maz{j,l} and Q,, is the standard L* projection onto P,,(0K). Then we

have the following error estimates:

(a) Suppose j <l and define s = min{k,j} > 1. Also, assume that the exact solution
w of (2.1.1)-(2.1.3) is so regqular such that uy € H*T1(Q) N HS(Q). Then we have

ler ()] < Ch(Jlu”]

Hs+1(Q) —+ |IUt||L2(Hs+1)).

(b) If 7 > 1 and the ezact solution w of (2.1.1)-(2.1.3) is so regqular such that u; €
H(Q) N HL Q). Then we have

len(®ll < O (| ves @y + lalzogarsony).
Proof. We have

en(t) = un(t) — Quu(?)
= up(t) — Rpu(t) + Ru(t) — Quult) = 0(t) — p(t).

Now triangle inequality yields

lea (I < 10 + [lp(®)]]

Then Lemma 2.3.2 and estimate (2.3.14) lead to the desired result. O
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Fully Discrete WG-FEMs for Second Order Linear

Wave Equation

The preceding chapter’s spatially semidiscrete a priori error analysis is now expanded
to a fully discrete weak Galerkin approximation. The fully discrete space-time finite
element discretizations can be reviewed as the Crank-Nicolson discretization of the re-
formulation of the governing equation in the first-order system as in Baker [14]. The
optimal error estimate in L°°(L?) norm is derived for the fully discrete solution. Finally,
numerical experiments are reported for several cases to justify theoretical convergence

results.

3.1 Introduction
We shall begin with recalling the second order linear wave equation
uy — V- (uVu) = f for (x,t) € Qx (0,7], T < o0, (3.1.1)
with the initial conditions
u(x,0) = u’(x), w(x,0)=1"(x) Vxe€Q (3.1.2)
and boundary condition
u(x,t) =0 V (x,t) € 92 x (0,77, (3.1.3)

where  is a convex polygonal domain in R? with boundary 9Q and J = (0,7 is the
observation time period. The coefficient matrix g = [p; j(X)]2x2 is considered to be
symmetric and positive definite in the domain Q. The initial functions {u®,v°}, coeffi-
cient p and the source function f are considered to be sufficiently smooth. Additional
regularity assumptions were made throughout the chapter to carry out the convergence

analysis. For the related regularity results, we refer to [58, 111].

32
TH-3545_186123011



CHAPTER 3. Fully Discrete WG-FEMs for Wave Equation 33

The rest of this chapter is as follows Sec. 3.2 introduces time discretization and fully
discrete approximation of the given problem using the Crank-Nicolson scheme. Also,
convergence analysis of the fully discrete solution is discussed in Sec. 3.2. In Sec. 3.3
several numerical data are provided to verify the rate of convergence. Also, we present

graphical representations of the errors for several combinations of k£, j and [ in Sec. 3.3.

3.2  Fully Discrete WG-FEMs for Wave Equation

First, to apply the Crank-Nicolson scheme, we convert second order problem (3.1.1) into
a system of first order equations. Let us take u; = p, where p is an auxiliary unknown
function. Then our model equation (3.1.1) is reduced to following first order system of
equation in time

u—p=01in Q x (0, 7], (32,1

pe— V- (uVu)=f inQx (0,77
We now turn our attention to some discrete time weak Galerkin methods. First,
let us divide the time period (0,7] into M uniformly distributed sub-intervals J,, =
(tn-1,t,) for n=1,2,---M with t, = 0, t, = n7 and t) = T, where 7 = % is the
time step.

For a continuous map ¢ : [0, T] — L*(Q), define " = (-, t,), n=0,1,--- M. Also,
for a sequence {©"}H! C L*(Q2), we define

1 1 n n
Ot =I1——T— and "tz = §(<p o™, (3.2.2)

Now by applying the Crank-Nicolson scheme to the system of equations in (3.2.1), the
fully discrete weak Galerkin finite element estimate to the equation (3.1.1)-(3.1.3) is
given by: Find U" € W) such that

O, U =p" 2 forn=0,1, - M—1 (3.2.3)
and

(00", o) + Au (U2, 6p) = (f42,60) Vo, € WY, (3.2.4)

with U° = Qpu® and p° = Q;,0°.
The following important result follows from the Taylor’s series expansion.

Lemma 3.2.1. For any ¢ € H*(J; L*(Q2)), we have

1
n+3

Or " — oy

2 3 ftd 2
<cr / et (3.2.5)
tn
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Now the error e} = U™ — Qpu" at time level ¢ = t,, is divided as
e, =U" — Qpu" =U" — Rpu" + Rpu" — Qpu”,

where Q) and R, are the standard L? projection and elliptic projection respectively.
For 1 <n < M, we write " = U™ — Rpu”. Also, for our convenience, we introduce

¢" =p" —Rpuy and x" =u" —Rpu".

The following estimate holds for 4", which is decisive for our L? norm estimate.

Lemma 3.2.2. Let u be exact solution of (3.1.1)-(3.1.3) and U™ be fully discrete WG
solution of (3.2.3)-(3.2.4). Then following estimates hold:

(a) Suppose j < | and define s = min{k,j} > 1. Also, assume that u is so regular
such that uw € HY(J; H*(Q)) N HY(J; L*(Q)). Then we have

max [[y[? < 0h2<8+1>(uu°|

0<n<M %15+1(Q) + HutH%Q(Herl)) + CT4||U'||2H4(L2)'

(b) If j > 1 and the solution w € H'(J; H*Y(Q)) N H*(J; L*(2)). Then we have

e 1P O (B + el ) + Ol

where C' > 0 is a constant independent of h and 7.

Proof. From the equation (3.2.4), for each ¢5, = {¢o, p} € WY, we have

(0-q", d0) + Au("F3, 1) = (8p", do) + Au(U" 2, é1) — (9, Ryul’, o)
+(V - (uVu™2), ¢)
= {(0:0", d0) + Au(U™ %, 6) — (f"%, do)}
"‘(u;?%a ¢0) — (0-Rpui, ¢o)
= (up"?, 60) — (O, R, o)
— (W Ol O — DRl o).

. nt+i . . .
Setting w™ = 0;uy —u, ° in the above equation, we obtain

(974", d0) + Auw(Y" 2, 1) = (DX — w", do) Yn = {0, B} € WY, (3.2.6)

It is easy to derive that

" =gtz + 0" —xi 2 — (", (3.2.7)
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where (" = 0,u" — u?ﬂ.
Hence, we have
gon_ )T 0N —xg = or =0,
" = .
I O+ I 0 X — X P for 1 <n < M — 1.
(3.2.8)

: 1+l
Now consider a sequence {s"}2 | defined as: s =0and s" =7 ;72 for1 <n <

M. Then we have

M=

for n =0,

L i
S 24—
{ i 07”2 + > 017”%}, for 1<n<M-—1.

MR

Using (3.2.8)-(3.2.9) in (3.2.6), we obtain
(877n7¢0) + Aw(5n+%7¢h) = (6n7¢0) for 0 <n< M — 17 V(bh = Wl?7

where €" is given by

o 0-x" = ¢ —Zw’ for n =0,
O X" — ¢ = Fw" —TZZOerl for 1<n<M-1.

n—+1
. +
Now setting ¢, = 0,s" = u

overn=0tor —1for1l<r <M, we arrive at

r—1

112 = 19002 W71 — ([Pl = 2 S (e

n=0

Then using the facts that s” =0 and [|s"[|* > 0, we obtain
r—1 . r—1
r n nt L
V1P < A0+ AT Yl + o Y I
n=0 n=0
r—1

n 1
< O +4Tr 3 e 4 5 max 7
n=0

Therefore, we have

max |7"|* < 207°)1° + 877 Y [le"||*.

0<n<M

(3.2.9)

(3.2.10)

(3.2.11)

in (3.2.10) and then summing the resultant equation

(3.2.12)

(3.2.13)
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Again, for the term €” (1 <n < M — 1), we have

- n—1
1
€ = 8Txn—C”—§w”—T g w2
1=0
- n—1 - n—1
— aTXn_Cn__wn__ wz+1__§ :wz
2 24 2
1= =0

Now for 0 < n < M —1, applying triangle inequality and the Cauchy-Schwarz inequality

to have

n n n 7—2 - % 7_2 - 7
€ 11” < N0 11+ 111 + | > wil® + i > wl|f?
=1 =0
7_2 M-1
< o x"P + 1)1 + M > llwf)?
=0

T M-1
< Jox"IP + 1P + 5 (7 > 1R,
1=0

Summing over n =0 to n = M — 1 and then multiplying both sides by 7, we obtain

M-—1 M-—1 M-—1 M—lT M-—1
DL MR SIS DE D DL HERCERE)
n=0 n=0 n=0 n=0 i=0

Using Lemma 3.2.1, we have

M-1
L Z leHQ S CT4HUttttHiz(L2)- (3.2.15)
i=0
Similarly, we have
M-1
T Z 1) < CT4HUttt||%2(L2)~ (3.2.16)
n=0

Further, Lemma 2.2.1 and Lemma 2.3.2 yield

M-1 CR¥HD |y || ooy if § <1
n (Hs+1) J y
7Y 1017 < Clixallfzgrey < (3.2.17)
n=0 ChQ(k+1)HUtHL2(H’9+1) if j>1.
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Using the estimates (3.2.15)-(3.2.17) in (3.2.14), we obtain

(
2070 + €7 ([l 32y + N 2212

+ CRPE D [T ey i G <1,

max ||7"[]* < (3.2.18)
0<n<M 0112 4 2 4 2
20112+ O (I3 g + 7 el B2
\ + ORPF w3, oy 3 521
Also, as a consequence of Lemma 2.3.2, we have
Ch2EFV 201y if G <,
17117 = 1@’ = Ral|? < 7
ChQ(k+I)HUOH§{k+1(Q) if j>1.
Finally, the above estimate together with (3.2.18) lead to desired result. O

Theorem 3.2.1. Let u be the exact solution of (3.1.1)-(3.1.3) and U™ be its fully discrete
approximation at t = t,, given by (3.2.8)-(3.2.4). Then following error estimates hold:
(a) For j <l and define s = min{k, j} > 1. Also, assume that v € H*(J; H*(Q)) N
H*(J; L*(2)). Then we have

n ~(,,0 s+1 2
Og}la’g}](\/[”eh” < O(U ,U)(h +7 )7

where

Cu’,u) = |||

e+ () + ullpoe ey £ el 2y + llull g2
(b) Suppose j > 1 and u € H'(J; H*1(Q)) N HX(J; L*(Q)). Then we have
n| < (a0 k1, 2
max |lenll < C(u’, w)(A™ +77),
where
C(u®,u) = [|u® | e ay + Nl poo iy + ol z2aeny + ull ).
Proof. We split the error e} as
e, =U" — Qpu" =U" — Rpu" + Rpu" — Qpu”.
Then using triangle inequality, Lemma 2.3.2 and Lemma 3.2.2, we obtain
el < CR*erh (||U0||§1s+l(sz) el ey + ||ut||%z<Hs+l>) + O ullfs ),
when j <l and s = min{k, j} > 1. Further, for j > [, we have
< O (1 g+l ey + Bl ) + Ol

This completes the proof. n

TH-3545_186123011



CHAPTER 3. Fully Discrete WG-FEMs for Wave Equation 38

3.3 Numerical Experiments

In this section, we have examined the results of computations for the wave equation

(3.1.1)-(3.1.3) in Q x J.

Example 3.3.1. Consider following second order linear wave equation
uy — V- (uVu) = f, in Qx (0,7], T < oo, (3.3.1)

with the initial and boundary conditions are given by

u(x,0) = u?(x), w(x,0) =v(x) ¥x €, (3.3.2)

u(x,t) =0 V(x,t) € 02 x (0,77,

where = (0,1) x (0,1) and (0, 7] = (0,1]. All the initial and boundary data appeared
n (3.3.1)-(3.3.2) are selected by setting p = I(identity matrix), and

u = t* exp(—t) sin(mz) sin(my) V(z,y,t) € Q x (0, T].

Here we have used rectangular meshes with various values on the degree of polynomi-
als in the weak Galerkin finite spaces. We have done uniform partitioning of the domain
into m x m sub rectangles with mesh size h = 1/m, where m is any non-negative inte-
ger. We have performed various experiments using different combinations of polynomial

spaces to justify our theoretical findings.

Let U™ be the fully discrete weak Galerkin solution defined by (3.2.3)-(3.2.4). Then

we have calculated the error
ep =U" — Qpu™ = {eg, e},

with respect to the H' norm and L? norm at final time 7" = 1. We have carried out
the WG scheme (3.2.3)-(3.2.4) for the problem (3.3.1)-(3.3.2) with the stabilizer S(-, )
which is given by

Uh,Uh Z h Qm ub - Uo’aic) Qm(vb - UO|6IC)>8IC7
KeTh

where m = min{j,[}. Also, we have applied the WG finite element scheme (3.2.3)-(3.2.4)

with the stabilizer term based on element-boundary-discrepancy given by

S(un,vn) = Y hi" (w, — uolaxc, v5 — volax)axc-
KETn

TH-3545_186123011



CHAPTER 3. Fully Discrete WG-FEMs for Wave Equation 39

We have reported the order of accuracy with distinct values of k (1 <k <4), 5 (0 <
j<4)and !l (0 <l<4)in Table 3.3.1, Table 3.3.2, Table 3.3.3 with the time step as

h® for j <, where s = min{k,j},
h*  for j > L.

Table 3.3.1: Order of convergence for Example 3.3.1 with stabilizer based on projected-

boundary-discrepancy

1=0 1/2 1/2 1/2 1/2 1/2 || NI NI NI NI NI

1=1 0/0 1/2 1/2 1/2 1/2 | 0/0 2/3 2/3 2/3 2/3

1=2 0/0 1/2 1/2 1/2 1/2 | 0/0 1/2 2/3 2/3 2/3

1=3 0/0 1/2 1/2 1/2 1/2 | 0/0 1/2 2/3 2/3 2/3

1=4 0/0 1/2 1/2 1/2 1/2 | 0/0 1/2 2/3 2/3 2/3

Here ”NI” means the corresponding WG scheme is unstable or not consistent. The
convergence order for each particular combination is indicated in the form n/m, where
n stands for the order of convergence in the triple bar norm and m for the order of
convergence in the L? norm. For example, 2/3 would mean that the method is convergent
at the rate of h? in the triple bar norm and h? in the L? norm. It is observed from
computation that for | < k — 1, the WG scheme works imperfectly. For numerical

justification, we refer to Figure 3.3.1.
From numerical observation, we have noticed that the WG scheme is solvable but

not consistent for [ = kK —2 with 7 > k and [ < k — 2, which is illustrated in Figure 3.3.2
- Figure 3.3.3. We do not have a mathematical justification for this curious development

and we leave it to interested readers.
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Table 3.3.2: Order of convergence for Example 3.3.1 with stabilizer based on projected-

boundary-discrepancy

=0 j=1 =2 j=3 j=4 | j=0 j=1 j=2 j=3 j=4

1=0 NI NI NI NI NI NI NI NI NI NI

1=1 NI NI NI NI NI NI NI NI NI NI

1=2 0/0 1/2 3/4 3/4 3/4 | NI NI NI NI NI

1=3 0/0 1/2 2/3 3/4 3/4 || 0/0 1/2 2/3 4/5 4/5

1=4 0/0 1/2 2/3 3/4 3/4 || 0/0 1/2 2/3 3/4 4/5

Remark 3.3.1. By comparing Table 3.3.2 with Table 3.3.3, we may observe some
differences in the performance of the two stabilizers discussed in this article. The method
of element-boundary-discrepancy seems to be more stable than the method of projected
element boundary-discrepancy. For example, the former one provides WG schemes that
are stable and convergent for j = 1,2,3 and [ = 2 with fix £ = 4 while the latter one is
unsolvable for such combinations. From Figure 3.3.1, we can see that the WG solution is
stable but not convergent with the projected based stabilizer term. On the other hand,
the latter one is more accurate than the former one for the case of j = k—1and [l = k—1.
We can observed from Figure 3.3.4 (bottom) that the order of convergence is O(h®) and
O(h*) in the L? norm and discrete H' norm respectively. Again, for such combinations,
we have obtained less order of accuracy using element-boundary-discrepancy stabilizer

term, see Figure 3.3.5 (bottom).

Log-log plots for Computational Results: We have provided numerical results

through Figures 3.3.4-3.3.5 for some combinations of weak Galerkin spaces.
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Table 3.3.3: Order of convergence for Example 3.3.1 with stabilizer based on element-

boundary-discrepancy

k=1 k=2
=0 j=1 j=2 j=3 j=4 =0 j=1 j=2 j=3 j=4
1=0 o/0 1/2 1/2 1/2 1/2 0/0 1/2 NI NI NI
1=1 0/0 1/2 1/2 1/2 1/2 o/0 1/2 2/3 2/3 2/3
1% o/0 1/2 1/2 1/2 1/2 0o/0 1/2 2/3 2/3 2/3
1=3 0/0 1/2 1/2 1/2 1/2 0o/0 1/2 2/3 2/3 2/3
1=4 o/0 1/2 1/2 1/2 1/2 0o/0 1/2 2/3 2/3 2/3
k=3 k=4
=0 j=1 j=2 j=3 j=4 =0 j=1 j=2 j=3 j=4
1=0 NI NI NI NI NI NI NI NI NI NI
1=1 0/0 1/2 2/3 NI NI NI NI NI NI NI
1=2 0/0 1/2 2/3 3/4 3/4 0/0 1/2 2/3 3/4 NI
1=3 0o/0 1/2 2/3 3/4 3/4 0/0 1/2 2/3 3/4 4/5
1=4 0/0 1/2 2/3 3/4 3/4 0/0 1/2 2/3 3/4 4/5
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WG solution with k=2, j=1, I=0
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Figure 3.3.1: Plots of the WG approximations at time ¢t = 1 for Example 3.3.1 with

stabilizer based on projected element-boundary-discrepancy for h = 1/32.
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WG solution with k=2, j=2, 1=0 WG solution with k=3, j=4, I=1

Figure 3.3.2: Plots of the WG approximations at time ¢ = 1 for Example 3.3.1 with

stabilizer based on element-boundary-discrepancy with h = 1/32.

Exact Solution
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Figure 3.3.3: Exact solution for Example 3.3.1 at t = 1.
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10°

Error

107

Figure 3.3.4: Log-log plot of the L? norm (left) and H' norm (right) errors versus

mesh size at time t = 1 for Example 3.3.1 with projected element-boundary-discrepancy
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Figure 3.3.5: Log-log plot of the L? norm (left) and H' norm (right) errors versus mesh

size at time t = 1 for Example 3.3.1 with element-boundary-discrepancy stabilizer term.
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WG-FEMs for Semilinear Klein-Gordon Equation

This chapter presents the development of the weak Galerkin finite element methods
(WG-FEMs) for semilinear hyperbolic problems. Semidiscrete error estimate in L? norm
as well as H! norm have been executed for the WG space (P (K), Pr(9K), [Pr_1(K)]?),
where k£ > 1 is an integer. For a fully discrete scheme, we employ the Newmark scheme
for temporal discretization. Finally, numerical results are provided to validate theoreti-

cal results.

4.1 Introduction

We consider the following semilinear Klein-Gordon equation
uy — Au+ f(u) =g, in Q x (0,7], (4.1.1)
with the initial conditions
u(x,0) = u’(x), u(x,0)=1(x) Vx€Q (4.1.2)
and homogeneous boundary condition
u(x,t) =0 V(x,t) € 90 x (0,T). (4.1.3)

Here € be a polygonal convex domain in R? with Lipschitz boundary 992 and J = (0, T]
with 7 > 0 be the final observation time. The initial functions {u° v’} and source
function g are smooth enough in their respective domain. Further, we assume that the
nonlinear function f is globally Lipschitz continuous with respect to u, i.e., there exists

a constant C'y > 0 such that

1f (w) = fF@)]| < Cyllu— o], (4.1.4)
for all u,v.

46
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Semilinear hyperbolic equations play a crucial role in geometry and many areas
of physics, namely relativity, fluid dynamics, acoustic, electromagnetic, mathematical
physics and many more; due to such variety of applications, semilinear hyperbolic equa-
tions are considered to be an essential research topic in the field of numerical analysis. In
particular, the existence and uniqueness of the semilinear degenerate hyperbolic Gour-
sat problem have been examined in [117]. The unique solvability of local and nonlocal
boundary problems for the semilinear Schrodinger equation is investigated in [9] in a
Hilbert space. FEMs for semilinear elliptic problems with discontinuous coefficients
are proposed in [60, 162]. Also, FEMs for semilinear elliptic and parabolic interface
problems are discussed in [143] for the polygonal domain. Error estimates using the
semidiscrete finite element technique for linear and semilinear parabolic problems are

discussed in [31] and for nonlinear heat equation [27, 169].
Equation of this model (4.1.1) often arises in relativistic quantum physics. It is used

to illustrate the free particle wave function, such as the Higgs boson. Several math-
ematical techniques have been applied to solve the Klein-Gondon equation, namely
finite difference method [1, 78|, Galerkin finite element method [94], spectral methods
[160, 161]. Also, very recently, virtual element methods have been proposed for semi-
linear hyperbolic problems on polygonal meshes in [4]. Another development using the
high-order local discontinuous Galerkin (LDG) technique for the Klein-Gordon equation
can be found in [159]. In this chapter, we are going to employ the weak Galerkin finite
element methods (WG-FEMs) to solve the Klein-Gordon equation (4.1.1). WG-FEMs
have been studied extensively for the approximation of linear problems; however, there
are only very few contributions dealing with nonlinear equations, for instance, Sun et
al. [145] studied the WG-FEMs for a class of quasi-linear elliptic equations. Then the
extension to semilinear parabolic problems using a linearized backward Euler scheme

can be found in [115]. For other related works, we refer to [97, 98, 167].
The weak formulation for the model problem (4.1.1)-(4.1.3) can be defined as follows:

Find u : (0, 7] — HJ(Q) satisfying

(v, 0) + Ao ) + (), 0) = (90) ¥ v € H3(Q) and 1€ OT] o

u(x,0) = u’(x), w(x,0)=1"(x) VxeQ.
Here (.,.) is L? inner product and A(u,w) = (Vu, Vw). The global Lipschitz continuity

of f ensures that equation (4.1.5) has unique solution.
The rest of the chapter is as follows: In Sec. 4.2, we have described the WG fi-

nite element discretization, existence and uniqueness of the semidiscrete WG solution.

Additionally, we have discussed the error equation. Sec. 4.3, devoted to optimal error
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estimates in both L>(L?) and discrete H' norms for the semidiscrete weak Galerkin
approximation. We deal with error estimates for fully discrete cases using the Newmark
scheme in Sec. 4.4. At last, in Sec. 4.5, some numerical experiments are presented to
validate theoretical results.

4.2 Weak Galerkin Space and Semidiscrete Approximation

In this section, WG finite element discretization is described and we recall the discrete

weak gradient operator.
Let 75, be a partition of Q C R? consisting of polygons as discussed in Chapter 1.

Suppose K € T;, be a polygon with boundary 9K. For an integer k > 1, let Px(K) be
the set of all polynomials of degree k in IC € T,,. Analogously, Py (e) be the collection of
all polynomials of degree k on e € &,. Therefore, a discrete weak function ¢y, = {¢o, ¢y}
on K is the weak function ¢, = {¢o, v}, where ¢y € Pr(K) and ¢, € Pi(e),e C OK.
Suppose W(k, k; KC) be the local discrete weak finite space corresponding to K; i.e.

Wik, ki KC) = {«sh — {60, 60} : 0 € Po(K)s s € Prle) e C azc}.

Therefore, the global weak finite space W), corresponding to 7}, is constructed by patch-
ing local weak finite spaces W(k, k; KC) as

Wy, = {én = {do, ¢} : dnlc € W(k, k; K), [¢n]e = 0,Ve € &5}

and
W;? = {(bh e W, : ¢b|3Q = 0}

where [¢p]e = [¢p]e is the jump of ¢, across interior edge e € &7.
Now for any ¢, € W, the discrete weak gradient of it, denoted by V,¢, €

[Pr_1(K)]? that satisfies the following equation

(Vudn,q) = —/}CQSO(V -q)dK + . bp(q-n)ds Vq € [Pr_1(K)]* (4.2.1)

Here n is outward normal to 0.
Hence, applying divergence theorem to equation (4.2.1), we have

(Vuwdn, a) = (Vgo, )k + (¢ — ¢o,d - n)ax Vq € [Pr_1(K)]%. (4.2.2)

Now we recall some standard L? projections. For K € Ty, let QY : L*(K) — P1(K) be
the usual L? projection and for e € &,, let Q% : L*(e) — Py(e) be another L? projection.
Further, we define the L? projection Q) onto the WG space W), which satisfies Qp,|x =
{99 Q). Also, define another L? projection Qi1 : [L*(K)]*> — [Px_1(K)]?. For the L?

projections, we have the following results (cf. [153]).
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Lemma 4.2.1. Let T, be a polygonal partition of 2 that meets the shape reqularity
conditions as described in [153]. Then for ¢ € H™1(Q), we have

Z(Hs@ Q|2 + 2| V(g — O )II?c)SCh?(r“)IISDII%M(m’

KeTh

5 (196 = QI + RIV(TY ~ Quea (Tl ) < OB ol
KeTh
Now for weak Galerkin approximation, define the bilinear map A,, from W) x W}

to R as

A (un, ¢n) = Z (Vawttn, Vudn) i + S(un, dn) Vun, dn € Wy. (4.2.3)
KeTh

Here S(-, -) is the stabilizer based on element-boundary-discrepancy as defined in Exam-
ple 1.4.2 in Chapter 1. So for u, = {ug,up}, én = {0, d} € WY, the stabilizer S(-,-)
(cf. [104])) is given by

S(un, ¢n) = Z hic' {(us — wolax), (&b — olox))ox- (4.2.4)
KETh
Following Lemma illustrates the coercive property of A, (-, -) with respect to || - ||1.n

norm on WG space W,. Details follow from [151].

Lemma 4.2.2. Let ¢;, € W), then there exit constants C, > 0 & C* > 0, such that
following inequality holds

Cillonll n < Awl(dn, o) < C*|dnllT - (4.2.5)
Now we define energy norm(triple bar norm) ||-||| related to the bilinear map A, (-, -)
defined by
lonll = v/ Aw(dn, dn) for ¢n € W, (4.2.6)
Hence, from above inequality (4.2.5), it can be conclude that || - ||, norm and triple bar
norm ||-|| are equivalent in Wy.

The continuous-time WG approximation to the problem (4.1.1)-(4.1.3) can be defined
as follows: Find uj, = {ug,us} : (0,T] — W) that satisfies following equation

(Untts Bn) + Aw(un, on) + (f(un), @) = (g, ¢0) ¥V ¢dn € W, (4.2.7)

with up,(0) = Qpu® and uy:(0) = Qp0°. Here (f(up), ¢r) is defined as

(f(un), dn) = > (f(uo), do)x. (4.2.8)

KeTh

TH-3545_186123011



CHAPTER 4. WG-FEMs for Semilinear Klein-Gordon Equation 50

Theorem 4.2.1. For global Lipschitz continuous function f(u), semidiscrete approxi-

mation (4.2.7) has a unique solution.

Proof. For a given IC € Ty, let {¢o,; :i = 1--- Ny} be the set of basis functions for Py ()
and {¢y;: j =1--- Ny} be the set of basis functions for »_ _gcqe Pr(e). Then for any

up, = {ug, up} € W can be written as

No N,
uplk = { > doi(t)doi Y db,j<t)¢b,j}a
i=1 =1

where dy;, dpj : [0, 7] — R are the coeflicients functions for 1 <i < Ny and 1 < j < N,
Now for 1 < i < Ny + Ny, we write ¢, = {Pos, Ppi} With ¢o; = ¢o,; for i =

1,---,Ny, ¢o;s=0fori=No+1,---,No+N, and¢,; =0fori=1,---, Ny, ¢p;=

pi-n, for i = No+1,--+ Ny + Np.

Similarly, we define d;, = dy; fori =1---Nygand d;, = dp;,—n, for i = No+1,--- , No+

Ny.

Hence,

No+Ny {N0+Nb No+Np,

uple = Z din(t)Pip = Z din(t)Po i, Z dj,h<t)¢b,j}> K €T
=1 =1 j=1

Next, set ¢p, = ¢ for j =1,2,--- , Ng+ Ny in (4.2.7) to obtain
N()+Nb N0+Nb
( Z d; 1, (O)in, b, h) w( > din()in, %)
i=1

No+Ny
+ (f ( Z di,h(t)¢i,h> 7¢j,h) - (gv QSO,]') for ]: 1727 * i 7N0 +Nb
i=1

After rearranging, we obtain

No+Ny No+Ny No+Np - ~
Z d;/,h( ¢0 9 ¢bj Z dz h ¢z h» ¢j h (f ( Z di,h(t)¢0,i> ) ¢0,j)
=1

i=1

"‘:(Qaﬁgo,j) for .]:1727 7NO+Nb.

Therefore, in matrix form, we need to find

Doy,
Dy(t) =
Dyy,
with
Do = [dip,dog, -+ dngn)s Don = [dngs1n, ANgrons =+ > ANgrnyb)”
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such that
MhICDZ(t) + AhICDh(t) = fh/C(‘Dh(t))u

Dy (0) = [d1n0, d2pos - 5 dNo s Nyho] (4.2.9)

Dpi(0) = [dyp1sdopy s dngrng i) s

where Dy, (0) and Dy, (0) are the coefficient vectors of Qnu® and Qjv° when expressed

as a linear combination of the basis functions, respectively. The matrix Fjx is given by

T Fo
Frc(t) = [Fi(t), Fa(t), - s Enga vy (D)) = ;
Fb
where Fy = [Fb Fyee 7FN0]T7 Fp = [FN0+17 FN0+27 te ,FN0+N,,]T = @Nbxl and

No
F; = (97@30,3‘) - (f (Z di,h(t)ﬁgo,z’> ,qz_ﬁo,j) for 1 < j < Ny,
i=1

and FjIOfOI" N0+1 Sj §N0+Nb.
Also, on each element IC, the local stiffness matrix Ay associated with the bilinear

map A, can be written as a block matrix defined as

Ahlc _ AOO AOb
AbO -Abb

where Agg, Aoy, Apo and Ay, are given by

Aoo = [Aw(@in Gin)li<ijene, Ao = [Aw(Onojin, din)li<isne, 1<i<n,

Avo = [Aw(@jins Onorin)1<i<ng, 1<j<ng,  Aw = [Aw(PNotjhs PNotih)1<i i<, -
Further, mass matrix M can be written as a block matrix defined as below

MOO MOb
MbO Mbb

M =

where Mg, Moy, Myo and My, are given by

MOO = [(éﬂ,j? &0,i)]1§i,j§Nga MOb = @N()XN[ﬁ Mbo = @NbXN07 Mbb = @NbXNb'

Now for any v = {vy,vg, -+ ,on5,}T € R\ {0}, we have
No 2 No ~ 2
v Mgov = / Z V;po,i| dr = Z V;Po,i >0
K=t i=1 L2(K)
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and for any w = {wy,ws, - ,wy, }T € RM \ {0}, using coercivity property of A, we

have
N, N
T
w Apw = Aw( E WD Nyt E wj¢N0+j,h) > 0.
j=1 j=1

Hence, matrices My, and Ay, are positive definite.
Therefore, the matrix equation (4.2.9) can be written as

;

Dy, (t) + Mgy Ao Don (t) + Meg Ao Den () = Mg Fo(t),

Dy (t) = — Ay, Awo Don(t) (4.2.10)

Dy (0) = [dinos d2noys -+ s ANgtNyn0) s

Dpe(0) = [dyp1, doy s ANt Nyh1) " -

\

Existence of the solution u, € H?(0,T; W) follows from standard ODE theory using
the fact f is globally Lipschitz (see, Chap. 13 in [147]). O

Let u be the exact solution of (4.1.5) and wuy, be the solution of semidiscrete problem

(4.2.7). Then the projected error can be presented as:
en(t) ={eo(t), en(t)} = upn(t) — Quu(t), t € [0,T]. (4.2.11)

Simply, we write e, = {eq, ep} = up, — Qpu.
Now we establish the following error equation for e, which is very crucial for further

analysis.

Lemma 4.2.3. Let ep,(t) = up(t) — Qnu(t). Then for all ¢, = {¢o, &} € WY, we have

(entt, do) + Aw(en, dn)
= (1(u, 6n) + La(u, &) + Cs(u, dn) — S(Qnut, é) + (f(w), d0) — > (f(uo), do)c,

KeTh,
(4.2.12)

where U1(+,-), la(+,-), l3(-,) are bilinear maps given as
El (U, ¢h) = ZICeTh (VU - VQ%“’» V¢0)K>

G(u,dn) = ger ((Vu—VQhu) -0, ¢y — ¢o) s (4.2.13)

\53(% bn) = ZKeTh < pu — Qhu, Viydy - n>a/c'
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Proof. For any ¢, = {¢o, s} € Wy, we test the equation (4.1.1) against ¢y on each
IC € T}, to obtain

(9, ¢0) = (uut, do) — Z (V- (Vu), ¢o)xc + (f (u), ¢o)

KeTh
= (Quus, do) + Y (Vu, Vo) — > (Vu-n, do)ax + (f(u), ¢o)
KeTh KeTh
= ((Quw), d0) + Y (Vu, Vo) — > (Vu-n, 0 — drax + (f(u), do).
KeTh KeTh

(4.2.14)

Here we have applied the Gauss divergence theorem and the fact that » .. (Vu -
n, ¢p)oxc = 0. Combining (4.2.7) and (4.2.14), we obtain

(Uhtt> (bo) + Aw(uha ¢h>
= ((Quu)s $0) + D (Y, Vo) + Y (Vu-m, ¢ = do)ax

KeT KeTh

+ (f(u),0) = Y (f(uo), do)k- (4.2.15)

KeTh

Now employing definition of weak gradient V,,, we obtain
(VuwQnu, Vi)
= (VQpu, Vudn )k + (Qhu — Qu, Vudr - m)ax

(VQRu, Vo) . + (Qhu — QRu, Voo - moxc + (B — do, VQRu - m) .

Hence,
A (Qnu, ¢p) = Z (Vi Qnu, Viudn)ic + S(Qnu, ép)
KeTh
= > (VQUu, Vo). + Y (Qhu = Qu, Vaudn - m)ax
KETh KeTh
+ ) (e — do, VQYu - n)axc + S(Quu, 6.
KeTh

Therefore,

((Qnw)st, bo) + Aw(Qnu, d1)
= ((Quw)w, d0) + Y (VQRu. Vo), + Y (Qhu — Qhu, Vs - m)ox

KeTy KeTh

+ Z (¢ — do, VQpu - m)ax + S(Qnu, d,). (4.2.16)

KeTh
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Subtracting equation (4.2.16) from equation (4.2.15), we have the desired result. O

We now require following important estimates for bilinear maps ¢;(-,-), ¢5(-,-) and
l3(-,-) for polygonal discretization 7, of €2, which is shape regular. Following results

followed directly from Lemma 4.2-Lemma 4.4 of the literature [151].

Lemma 4.2.4. Suppose that u € H*(Q) N HY(Q), then there exists a constant C > 0
such that

101 (u, ¢n)| < CR*|ul eyl dnllin Vén € Wy

Lemma 4.2.5. Under the similar assumptions as in above Lemma 4.2.4 the following
result holds

1o (u, ¢n)| < Ch*|ul ey llonllin Von € WY,
where C > 0 is a constant.

Lemma 4.2.6. Under the similar assumptions as in above Lemma 4.2.4, the following
result holds

105 (u, dn)| < CR*||ull gess ) | Dnllin Von € Wy,

where C' > 0 s a constant.
4.3 Semidiscrete Error Analysis for Klein-Gordon Equation

This section deals with the error analysis for the spatially discrete scheme (4.2.7).
Optimal order of convergence in both L? and discrete H' norms are established for the

semidiscrete scheme with stabilizer based on element-boundary discrepancy.

4.3.1 L? norm Error Estimate for Klein-Gordon Equation

In this subsection, we discuss the optimal order of error estimates in L? norm. The basic

idea is to use elliptic projection as in [158].
For p € H*(Q2) N HY (), we write

fo=-V-(Vyp) in Q.
Define the elliptic projection Ry, : H*(Q) N H}(Q) — W) by
Aw(Rup, 1) = (for n) Youn = {do, o} € Wy, (4.3.1)

Equation (4.3.1) suggests that R, is weak Galerkin solution to the following second
order elliptic problem with true solution ¢ € H*(Q) N H ()

—V - (Vo) = f,in Q and ¢ = 0 on 0.

Next, the following approximation result can be followed from [43].
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Lemma 4.3.1. For sufficiently smooth function v, we have

1Qu0(t) = Riw(®)12 < CREED ()]s .
Therefore, employing elliptic projection R, we further divide the projected error

en, = up — Qpu as
en(t) = up(t) — Qnu(t) = up(t) — Rpu(t) + Rpu(t) — Quu(t) = 0(t) — p(t),

where 0 = up, — Rpu and p = Qpu — Ryu.
Then it is easy to verify that for ¢, € Wy,

(O 0n) + A0, 60) = (o) = 3 5 Godulc + 3 (Goonde,  (432)

KeTh KeTh

where G is defined as
G(t) = /t(f(uh) — f(u))(s)ds for0 <t <T.
0

Next, for some ¢ € (0,T], we define 0 as

Therefore,
0(¢) =0 and 0, = —6(-,t) for t € [0, 7). (4.3.3)

Setting ¢, = 0 in (4.3.2) and integrating with respect to time ¢ from 0 to ¢, and using
the fact §(¢) = 0, we have

¢ A ¢ .
/0 (6,,6)ds — (6,(0), 6(0)) + / Au(6,6)ds

¢
= /(pt,et)ds— Pt /
0 0

Again, (4.3.3) and the fact that 6;(0) — p(0) = ep:(0) = 0 yield

‘1d , 44
[ ssiora [ ab0as= G- [*S @0 asy

0 ke,

ich/OC Z(G7ét)n-

ICGT KeTh

Now using Lipschitz condition (4.1.4) of f, Lemma 4.2.1 and Lemma 4.3.1, we have
1f (un) = f)I* < CFllun — ull?
< Cillun — Quull® + Ol Quu — ul|*
< CHIOI* + CHllpll* + CFll Quu — wlf?

< CIOIP + OB uldass g (43.5)
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/OC(G’Q) < O/OC (/Ot 1 f (un) — f(U)II) 16(t)]|dt

¢
< Chz(k“)HuH%Q(HkH) + C/ 0(¢)]]dt. (4.3.6)
0

Therefore,

Now we consider ¢ € (0,7] such that ||0(¢)|| = maxo<;<7 ||0(t)||. Hence, from equation
(4.3.4), we obtain

1

A o . ! ¢ ¢
117 = 5100 = 54,000 0(0)) + 544(6(0)60) = [ (p1.000s = [ (G.6).

Again, using (4.3.3), we have

R y ¢ ¢
SOOI + 5A4u(60).000) = 51001+ [ (o 0)as = ['(G.0).

Then inequality (4.3.5) together with positivity of A, and some standard inequalities
lead to

)1 < ORIl + 10O + sy - (437

Consequently, for p; = Qpu; — Rpuy, using Lemma 4.3.1, we obtain
IO < CRD a (8)] 2 s (4.3.8)

Once again, Lemma 4.3.1, yields
6017 = 1 Que® — Raa®|” < A o3y (139)
Hence, using (4.3.8), (4.3.9) in (4.3.7), for t € (0, T], we have
111" < 11e(C)|”*

< Ol + 1 By + il ). (4310

Finally, above inequality (4.3.10) and Lemma 4.3.1 lead to following error estimate

in L>°(L?) norm.

Theorem 4.3.1. Suppose that u € L*(J; H*1(Q)) and u; € L*(J; H*1(Q)). Then

there exists a constant C' > 0, such that the following estimate holds

HehHLN(L?) < ChF*! (||UO||Hk+1(Q) + ||UHL2(Hk+1) + ||Ut||L2(Hk+1)).
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Proof. We have
en(t) = un(t) — Qnu(t)
= up(t) — Rpu(t) + Ruu(t) — Quu(t) = 6(t) — p(t).

Hence, using triangle inequality, we have

len@I < 1161 + [lp(2)]]-

Therefore, Lemma 4.3.1 and inequality (4.3.10) lead to desired result. ]

4.3.2 Discrete H' norm Error Estimate for Klein-Gordon Equation

The following estimate result for the stabilizer follows from the existing results (cf.
Lemma 4.7 in [151]).

Lemma 4.3.2. Suppose that uw € H*1(Q) N H(Q) and

S(un, dn) = > hi"((us — olox), (d6 — Polax))oxc-

KeTh

Then there ezists a constant C > 0 such that the following result holds

1S(Qnu, dn)] < Ch*[lul| i oy | Bn 11,1
Now we shall present the main result of this section.

Theorem 4.3.2. Suppose that u € L>®(J; H*(Q)) and v, € L*(J; H*(Q)). Then

the following error estimate holds
feull <O (i + s
+ Chkt1 (HUUHHkH(m + H’I,L||L2(Hk+1) + ||utHL2(Hk+1)> ,

where C' > 0 is a constant independent of h.

Proof. Taking ¢y, = epy = {eot, e } in the error equation (4.2.12), we obtain

(entts ent) + Aw(en, €nt)

= (1, ene) + Co(u, ene) + C3(u, ene) — S(Quu, ene) + (fF(u), ene) — > (f(uo), eor)xc-
KeTh
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We can rearrange the above equation as

d
2 llend? + 3% Auen,en)
= ((u, ) + G, ) + Cs(u, ene) — S(Qnuen) + > (F(w),ear)c — Y (f(uo), eor)-

KeTh KeTh
(4.3.11)

Now integrating both sides of the equation (4.3.11) from 0 to t for some t € (0,77, we

‘1d 2, ! d
b
/ Oy (u, epn) + / lo(u, epy +/ U3(u, epnt)
0
/ (Quty ene) + / ((F(u) = F(u0)), o)y -
0

KeTh

have

Further, using the fact e,(0) = 0 and e;(0) = 0, we obtain

Slerc DI + 5 Au(en(t), ()

_ /0 (s ) + /0 ol ) + /0 ' y(uts o)
- [ s@uen)+ [ (076~ F)en). (4312)

Now using integration by parts and the fact that e,(0) = 0, we have

/51 u, €ht —51 /51 utyeh

Again, Lemma 4.2.4 yields

t
‘ / (2, ene)
0

Similarly, using Lemma 4.2.5-Lemma 4.3.2, we obtain

t
‘ / 0o, ene)
0
t
‘ / Oy, en)
0

t
/ S(Qnu, ent)
0

t
scM@wmmM@wmwm+/nwmw@wﬂmw} (4.3.13)
0

t
SOM@MMWM@MWMM+Anwmmmwmm@} (4.3.14)

t
SOM@MMWM@MWMM+/nmemem@} (4.3.15)
0

t
S Oh2k{||u(t)||Hk+1(Q)||eh(t)||1’h+/ ||U/tHHk+1(Q)HehHLhdS}. (4316)
0
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Therefore, using inequalities (4.3.13)-(4.3.16) in (4.3.12) and Cauchy-Schwarz inequality

we have

1 1
en®IF + S Au(en(t), en)
t
SCW“MWHmmwwmm+/HMMM@MMM%}
0

+5 [ W@ = s+ 5 [ el (43.17)

Again, from inequality (4.3.5), we have
1 (w) = Flan)l® < Cl10]1% + CR*ED [l Fpusa - (4.3.18)

Hence, using (4.3.10) in above inequality (4.3.18), we obtain

/ I1f(u) = f(up)|* < CRZEHD (HUOH%HI(Q) + [JullZ ey + Hutllimkﬂ)) - (43.19)

Therefore, using (4.3.19) in (4.3.17) and coercive inequality (4.2.5), we have

1 C.
Slew @I + = len®)2,

t
SCW{W@MMmWNMm+/HMMM@WNM%}
0
1 t
+OMW”@wﬁwmﬁwwamm+ww;wmQ+§AH%m. (4.3.20)
Now applying Young’s inequality with suitable ¢ > 0, we have

1 C.
Slen(®)IP + = len®)IE

Ch* € I I
< SOl @) + St g [ Moy +5 [ lleall uds
2 H]H'l(Q) 2 1,h 2 . Hk+1(Q) 2 0 1,h

<

e /0 a2 + CR2D (HuoH;ﬂH@ e sy + ||ut||§2(m+1)). (43.21)
Finally, setting ¢ = % and applying Gronwall’s inequality, we obtain
lene(0)I1* + llen ()17 1
< Ol gy + e
+ Ch*kD (HUOH%I’VH(Q) + ||u||%2(H’€+1) + HutH%?(HkH))’

Now the Theorem 4.3.2 follows form the fact that ||-|| and || - |1, are equivalent. [
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4.4 Fully Discrete WG-FEMs for Semilinear Klein-Gordon Equation

We shall expand analysis of previous section to a fully discrete weak Galerkin finite
element scheme. We employ the Newmark scheme for the temporal variable. Let M be
a natural number. First we split the time period (0,7] into M uniform sub-intervals
Jn = (tn_1,tn] for n=1,2,--- M with t, = 0, t, = n7 and t); = T, where 7 = % is
time step.

For any continuous function ¢ : [0,7] — L*(Q), define ¢" = (-, t,) for n =

0,1,--- M. Also, for any sequence {¢"} C L*(Q), define

n+i _ 1/ ntl n n+dl _ pntlopn,
e =5(e" T o), Ot = ;

T
(4.4.1)
2 il 2n+2_2 2'n,+1_,’_ 2n ) . 2n+2+2 2n+1+ 271
a‘rgpn i T2 ) (57-9071 _ 4 k

Now applying the above scheme, the fully discrete weak-Galerkin finite element estimate
to (4.1.1)-(4.1.3) is given by: For 0 <n < M — 2, find U™ € W) such that

(PU™, dp) + A (02U™, ¢p) + (62F™, ) = (826", é1) ¥ dn € WY, (4.4.2)
with U° = Q,u' and
7_2
(", 60 + T AU 0n)
,7_2 7_2
= (U° ¢n) — ZAw(UO7 én) + T(Wh,o, ) + T

Here F" = f(U(t,)) and ¢" = g(t,) for 0 < n < M, and wy is the suitable approx-

imation of v°. The above scheme is unconditionally stable [106] as the CFL condition

(9" + 9" — F' — F° ¢p) ¥ ¢, € Wh,.

automatically holds.
Now the projected error at the time level ¢ = ¢, is divided as

e, =U"—Qpu" =U" — Rpu" + Rpu" — Qu" =" — p",
where 7" = U" — Rpu™ and p" = Qu”™ — Ryu”.

Lemma 4.4.1. Let u be the exact solution of the problem (4.1.5) and U™ be the fully
discrete solution. Assume that uyy € LY(J;L2(Q)),u € L®(J; H**Y(Q)) and uy €
L>=(J; H*1(Q)). Then there exists a constant C > 0, independent of T and h such that

following estimate holds

n
Og%ﬂh |

1 1
scomw4Hvam)+O#meu@a+0M“{mmmmmu+meﬂmﬂﬁ-
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Proof. For ¢p, = {po, op} € W, we have
(837717 ¢h) + A’w<572-fyn7 ¢h>
aZUn7 ¢h> + “’4 (52Un7 ¢h (athun’ ¢h> - Aw<572'Rhun> ¢h)

=
= (079
= (9
= (0
= (67

) —
On) — (O2F", ¢n) — (O2Rpu”, o) — Aw(02Rpu", dn)
29", én) — (82F"™, ¢) — (O2Rpu”, ) + (62(V - Vu™), ép)
29", én) — (O2F", ¢n) — (2Rpu™, én) + (82(uy + f(u™) — ™), dn)
n)

— (07(F™ = f(u")); én) + (070", $1)
— (07(Qnu™ — ™), 6n) — (O2u”, ).

TUgyy @

Hence,
(029", ) + Aw (524", dn)
= (07ugy, ¢n) — (OZ(F™ = f(u™)), ¢n) + (020", dn) — (07(Quu" — u™), ¢n) — (02w, ¢n).
(4.4.3)
Next, we estimate the nonlinear term. Using Lipschitz condition (4.1.4) of f, we have

|(f(un) = f(u), @n)] < Cgllun = ullllgnll < Crllun = Quullllonll + Cpll Qnu = ulll| -

Now using Lemma 4.2.1, we obtain

|(fn(un) = fu)sdn)| < Cllun — Quullllgnl| + CA* [l s oy ll dnll. (4.4.4)
Therefore,

|(S2(FR — f(u™)s dn)| < CRH 820 | i oy llgnll + CllOZ" (|- (4.4.5)
Further,

1 T
R /_T(T (s, s + 5)ds.
Therefore, applying integration by parts twice, we have

T

1
02" = uli™ + = (7’ — 181 usset (- i1 + 8)ds. (4.4.6)

Also, using Taylor’s theorem

n+2 __ , n+l n+1
Uyy = Uy + T Ut / |S utttt tn+1 + S)dS,
0
0
n+1 n+1
Uy = Upy — Tl / T — |8 uuu (-, thsr + s)ds,
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which implies

1 T
6‘2(“2) = U;?_l + Z_l/ (T - |S|)Utttt('7tn+1 + S)dS. (447)

Again, using (4.4.6)-(4.4.7), we have

—T

T

J02u" — 82(up)|l < C(7) / et (- toss + ) ds. (4.4.8)

-7

Hence, using (4.4.5) and (4.4.8) in (4.4.3), we have

(O29", dn) + A (029", 1)
< Cl162y"lonll + CN1O2p™ | dn ] + CR*FH 2™ grisr o | n |

T

+ CH* 02 [[|n ] + O / laia s tasr + 5)l1dsl| gl (4.4.9)

=i

Next, setting ¢, = v’”;—v" in (4.4.9) and applying Lemma 4.3.1, we obtain

1 [Hv”” " It =t 92 =" R, Iyt — ’y”llih}

27 = T2 4 4
,7n+2 _,yn
< OR (1020 | s ) + 1020 | i ) ‘ o7
- n+2 _ n
+C {/ [t g + 8)ds + ||wu} ‘ —

Therefore, by multiplying 7 both sides of the above and applying Young’s inequality,

we have
™2 =2 ™ =" - " =R, I ="
2 T2 T2 4 4

T

2
< Cp2k+D) {Héfuanqu(Q) + Hafunﬂirm(g)} +Crt </ llwerte (- tnsr + 5>Hd3)

-7
u

R
-

1.e.

A N/ LA Y

T2 T2 4 4

T

2
| weree (-t + s)Hds)

2 \

< ORI L1520 s g+ 102" sy} + O ( /

—T

n+2 n+1 n+1 n

-7
T

T gl

O (2 R + ) + 0(\

i
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Now applying discrete Gronwall’s inequality and summing over 0 to n — 2, we obtain

n—1 n—1
(o2 + 21112
1 1 =
< (107312 + 193 112.) + O lumall3a ey + C72 D (e
r=0

+ Ch2(k+1) {HuH%oo(HkJrl) + ||utt||%oo(Hk+1)} .

-
Since, Y = A5 4 Eé?w"’%, so we have

n 1 1
I I1? < € (o 12+ 0218, ) + Cr* el iz
+ 07 3 AP + CR2D {3 vy + 3w vy }
r=0

Again, applying discrete Gronwall’s inequality, we obtain

n 1 1
117 < € (103 12 + 173 1.5) + Ol 123

+ Ch2k+D {HUHioo(HkH) + ||Utt||%oo(Hk+1)} .

m
Further, using Lemma 4.3.1, we have
o™ = | Qnu™ = Ruu|| < CREH |u”|| gnsi @
< Chk+1 {HUOHHIc+1(9) + HutHL1(Hk+1)} : (4410)

Theorem 4.4.1. Let u be solution of the problem (4.1.5) and U™ be the fully discrete
Lh = O(T% + h*1) and all the conditions

solution. Further, assume that ||(3¢7%|| + |Iv2|
of Lemma 4.4.1 are satisfied. Then we have

n 1 . 2
max [legl] < € (1092 + ¥ ln) + O sl oo 22
+ ol an {HU()HHkJrl(Q) + ||u||Loo(Hk+1) + H'U/tHLl(Hk+l) + HUtt||Loo(Hk+1)} ,
where C' > 0 is a constant independent of T and h.
Proof. Applying triangle inequality, we obtain
lerll < "Il + 11e" -

Hence, Lemma 4.4.1 and inequality (4.4.10) lead to the above Theorem 4.4.1. [
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4.5 Numerical Experiments

In order to examine the effectiveness of the proposed WG-FEMs for solving semi-
linear initial boundary value problems, we have taken different test problems in R%(d =
1.2). The time interval is fixed as (0,77 to verify the theoretical results provided in the
preceding section. Let U™ be the fully discrete weak Galerkin solution obtained from
equation (4.4.2). To demonstrate the convergence history of the WG technique in terms
of the discretization error, we calculate the projected error e} = U" — Qju(x,,t,) at the
final time t,, = 7. The errors e} are evaluated with respect to the |[||-||| norm, defined
in equation (4.2.6). These errors are reported in tables corresponding to the WG space
(P(K), Py(e), [Pr_1(K)]?), where h is the spatial step size and 7 = O(h¥) is the time

step size. Additionally, we examine the order of convergence of the error e} measured

1/2
leillzaay = (3 | legfPac) "

KeTh

in the L? norm

Experimental order of convergence (EOC) is defined as: EOC(i + 1) = %.
By analyzing the EOC, we can determine the convergence rate of the error e} as the

mesh is refined.

Example 4.5.1. Consider the following sine-Gordon equation in a one dimensional
domain
U — Uz +sinu =0 in Q x (0,77, (4.5.1)

where the domain 2 = [—20, 20] and the analytical solution is given by
V1= p? t
u(z,t) = 4tan_1( 22 cos(ut)

peosh(y/1 — p? x)

Thus, the initial conditions are defined as follows

_ -1 V1-p? o
u(z,0) = 4tan (—ucosh(mx)> in [—20, 20],

ur(z,0) =0 in [—20,20].

), 0<p<l.

We determine spatial and temporal convergence rates. The L? norm and triple-bar |||
norm errors along with corresponding convergence orders of the schemes are shown in
Table 4.5.1 and Table 4.5.2. With triple-bar and L? norms, respectively, we achieved
order of O(h*) and O(h**1) accuracy in space, and second order in time. This agrees

with our theoretical investigation.
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Table 4.5.1: The history of convergence with linear WG space under the [|-|| norm and
L? norm at final time t = 1 with p = 0.7 for Example 4.5.1.

h llenll EOC | leall EOC
1/8 9.704e-01 - 0.4167e-01 -

1/16 7.2022¢-01  0.43 5.1871e-01  0.86
1/32 6.6421e-01 0.1 4411701 0.23
1/64 3.3125¢-01  1.00 1.0973¢-01  2.00
1/128 | 1.4815e-01  1.16 2.1949e-02  2.32
1/256 | 7.5431e-02  0.97 5.6899¢-03  1.95

Example 4.5.2. Next, consider another example with a nonlinear source term

uy — Au = f(u) +g(z,y,t) in Qx (0,77, (4.5.2)

u=0 on 0,

where Q0 = [0,1] x [0,1], T =1 be the final time and f(u) = u?. We choose the source
term g(x,y,t) such a way that u(z,y,t) = e ‘xy(1—x)(1—y) becomes the exact solution

of (4.5.2).
We discretized the domain into Voronoi meshes. The results in Table 4.5.3 are

obtained for different refinement mesh sizes, denoted as h and time steps denoted as
7. The final time of the simulation is 7' = 1 and the time step 7 is chosen to be equal
to h. This choice ensures that the time step is proportional to the spatial mesh size,
which can affect the accuracy of the numerical solution. It is inferred that the current
approach needs fewer Newton iterations, which impacts the CPU time necessary for a
similar order of accuracy. We have observed that a WG scheme has high order accuracy

in space, which guarantees the theoretical results.
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Table 4.5.2: The history of convergence with linear WG space under the ||-|| norm and
L? norm at final time ¢t = 1 with p = 0.5 for Example 4.5.1.
h el EOC len]] EOC
1/8 1.2281e+00 - 1.5081e+00 -
1/16 8.4897e-01 0.53 7.2074e-01 1.06
1/32 8.3467e-01 0.02 6.9667e-01 0.04
1/64 4.2126e-01 0.98 1.7746e-01 1.97
1/128 1.8657e-01 1.17 3.4808e-02 2.35
1/256 9.5436e-02 0.96 9.1081e-03 1.93
1/512 4.7243e-02 1.01 2.2319e-03 2.02
.
07
02
Figure 4.5.1: Sample of polygonal mesh for unit square domain
Example 4.5.3. Next, we consider 2-dimensional sine-Gordon equation given by
Uy — Au+sinu =0 in Q x J, (4.5.3)
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Table 4.5.3: The history of convergence with linear WG space under the [|-|| norm and

L? norm at final time ¢ = 1 for Example 4.5.2.

h lllen]l EOC llexl| EOC

1/8 2.2737e-01 - 7.0406e-02 -

1/16 1.0402e-01 1.12 1.1948e-02 2.55

1/32 3.3064e-02 1.65 1.8622¢-03 2.68

1/64 1.5376e-02 1.10 3.9793e-04 2.22

1/128 7.1021e-03 1.11 7.9127e-05 2.33
I

Z - —on)

107!

Figure 4.5.2: Log-log plot of the L? norm (left) and energy norm (right) errors versus

mesh size at time t = 1 for WG spaces with £ = 2 & k = 3 for Example 4.5.2.

where the computational domain 2 = [-7,7] x [—7,7] and time interval J = (0,1]. We

have assumed the initial conditions as

uw(x,y,0) =4 tan"(exp(3 — /22 +42)) in [-7,7] x [-7,7],

w(z,y,0) =0 in [=7,7] x [-7,7].

TH-3545_186123011



CHAPTER 4. WG-FEMs for Semilinear Klein-Gordon Equation 68

We discretize the domain into Voronoi mesh with mesh size h = 0.25. The solutions

that appear in Figure 4.5.3 are homocentric. Figure 4.5.3 shows the numerical solution

includes shrinking and expanding phases.

=0

Figure 4.5.3: Numerical solutions at different time levels for Example 4.5.3.
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WG-FEMs for Analysis and Simulation of Nonlinear

Wave Propagation in Homogeneous Media

In this chapter, we propose a weak Galerkin finite element method for the Westervelt’s
model of ultrasound waves on polygonal meshes. Specifically, we investigate the spatial
discretization of Westervelt’s quasi-linear, strongly damped wave equation using high-
order weak Galerkin discretization. The primary challenges in the numerical analysis
include managing the nonlinear terms in the model and preventing the equation from
degenerating. We avoid the degeneracy of the semi-discrete Westervelt’s equation by
employing inverse estimates, the stability and approximation properties of the L? pro-
jection. Our convergence analysis relies on the Banach fixed-point theorem, along with
a stability and convergence analysis of a linear diffusive viscous wave equation with
variable coefficients for the first and second time derivatives. This approach yields op-
timal convergence rates in L?-based spatial norms for sufficiently small data and mesh
size, given an appropriate choice of initial data. Numerical experiments conducted in

two-dimensional settings illustrate the theoretical convergence results.

5.1 Introduction

The modeling of nonlinear effects arising in the presence of high-intensity acoustic fields
plays an increasingly important role in diagnostic and therapeutic medicine [77]. This
chapter considers the Westervelt’s equation [156], which is a fundamental mathemat-
ical model of nonlinear acoustics and addresses its numerical solution using the weak
Galerkin finite element methods (WG-FEMs). The Westervelt’s equation, modeling
nonlinear ultrasound propagation through a homogeneous medium for the acoustic pres-

sure u in dimensionless form, can be expressed as

(1 — 20u)uy — Au — bAu, = 20u3. (5.1.1)
69
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Here ¢ represents the speed of sound, b is the sound diffusivity and o = £,/(pmc?),
where p,, is the mass density and £, is the coefficient of nonlinearity of the medium (cf.
[56, 142]). The acoustic velocity potential i) can be obtained via the following equation
(cf. [7)

(1 — 269y — AP — DAY, = 0, (5.1.2)

where the constant r is given by xk = 3, /c?.
Wave-type problems encompass a wide range of applications in science and engineer-

ing. Linear wave-type problems based on linearized material models are often favored
for their simplicity. However, this approach is inadequate for high-frequency or high-
intensity waves. In certain parts of the domain, material properties necessitate the use
of the full nonlinear model, leading to nonlinear wave-type problems. Nonlinear acous-
tics plays a crucial role in many applications, from medical treatments like shock wave
lithotripsy and diagnostic ultrasound imaging to industrial processes such as ultrasound
cleaning, welding and sonochemistry [22, 52, 130, 134]. Notable analytical studies have
been conducted on the Westervelt’s equation [3, 88, 122], yet numerical methods are of-
ten required to further investigate these models. Despite advancements in finite element
approximations for linear wave equations, studies on quasi-linear acoustic wave equa-
tions remain limited. For space discretizations of quasi-linear elastic wave equations, we
refer to the work of Makridakis [120] and Ortner & Sili [132]. Makridakis [120] proved
an error estimate using Banach’s fixed-point theorem and inverse estimates. Ortner &
Siili [132] extended these results to nonconforming discretizations using discontinuous
Galerkin finite elements. Additionally, there are some results considering the full dis-
cretization of quasi-linear second order wave-type problems, see [17, 59, 64, 89]. Due to
several applications of Westervelt’s equation in many field of medicine and industrial ap-
plications, several numerical methods such as classical FEM, mixed FEM, discontinuous
Galerkin method have been investigated widely (for instance, see Section 1.3). There
are plenty of literature available on the numerical study of the Westervelt’s quasi-linear
wave equation (5.1.1). One may refer to [7, 119, 121, 129, 131] and reference therein.
It is worthwhile to note that only the semidiscrete scheme (space discretization) has
been discussed in [7, 131]. Recently error estimates of O(h*) under L>®(H') norm and
H'(L?) norm using piecewise polynomials of degree at least k > 2 were derived for the
Westervelt’s equation in inviscid media (b = 0) in conforming settings [82, 119]. The
approximation results have been extended to an implicit fully discrete scheme in [119]).
The fully discrete scheme (space-time discretization) error analysis is still unexplored
for b # 0. Although, Antonietti et al. [7] implemented discontinuous Galerkin FEM

for the Westervelt’s equation, but they have analyzed error estimate in suitable energy
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norm only.
The numerical method employed in this study relies on weak Galerkin (WG) space

discretization for the strongly damped Westervelt’s equation, assuming sufficiently smooth
and small data. Challenges in the numerical analysis lie in handling the nonlinearity
in the model and in preventing the equation from degenerating. We provide an anal-
ysis of the spatial discretization of the strongly damped Westervelt’s quasi-linear wave
equation in the WG space (P (K), Pr(0K), [Pk_l(lC)}z). A priori error analysis and
stability analysis of linearized Westervelt’s equation, together with the Banach fixed
point theorem, have been used to explore optimal order convergence analysis in the
L? norm under suitably small data and mesh size. Finally, numerical experiments in

two-dimensional settings illustrate theoretical results.
The rest of the chapter is organized as follows: In Sec. 5.2 we have described Model

problem with its weak form and regularity of the weak solution are presented. We have
discussed Linearized Westervelt’s equation with variable coefficients, its weak Galerkin
approximation along with wellposedness and a priori bound in Sec. 5.3 . Sec. 5.4
devoted to analyzed error of linearized Westervelt’s equation in L? norm. We extended
the results to quasi-linear Westervelt’s equation in Sec. 5.5. Sec.5.6 is concerned to fully
discrete approximation to equation (5.1.1) using backward Euler method. Also, some

numerical examples are provided in Sec. 5.6 to validate theoretical findings.

5.2 Model Problem and Weak Galerkin Discretization

5.2.1 Model Problem

We study a discretization of Westervelt’s wave equation for the acoustic pressure u
(1 — 20u)ug — Au — bAu; = 20u? in Q x (0,7], T < oo, (5.2.1)

with the following initial-boundary conditions

u=0 ondQ x (0,77, (5.2.2)

(u, up) = (ug, u*) in Q x {t =0}.

Here Q is bounded domain in R™ (n = 2,3) with boundary 92 and J = (0,7] is the

observation time interval.
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The weak form of the problem (5.2.1)-(5.2.2) is given by
(

((1 — 20U)Utt, ¢) + 02(vu7 v¢) + b(vub v¢) - 20—(“?’ ¢) = 07

for all ¢ € HY(Q) ae. in (0,7, (5.2.3)

u=u,, u =u* onx{t=0}
\

The wellposedness of this problem holds for sufficiently small data, which by continuity

implies that the solution u of (5.2.3) is so small in appropriate norms.

Theorem 5.2.1. Let b, o, ¢ >0 and T > 0 be arbitrary. Also, let 0 < m < % and
M >0 be arbitrary. Assume that

luall oy + 0 2@y < Ar

with pr sufficiently small ( but depends on T'). Then there exists a unique solution u of

(5.2.3) such that
ueD = {u € L=(J; L=(Q)) : lJullpozey < 0, Ntael p2any < M,
[t ]| poo () < M and u(0) = u., uy(0) = u*}

and satisfies Au, uy, Vu, € L°(J; L2()), Vuy € L*(J; L*(Q)).
Remark 5.2.1. Let R > 0 and T be chosen such that

R R N 11 1
CaCrexp (CRT) (" ey + IVtslio) B2 < g (5.2.4)
and
Crexp (Cofo| (R + R + BOT)(IVAw. [Foq) + | A [fa@) < B2, (5.2.5)

where the positive constants Cy, él, ég, Cy1 and Cy are as defined in Proposition 3.1 in

[88]. Under the following higher regularity assumptions
(s, u*) € {v € H*(Q) : v|ga =0, Av|aq = 0} x (Ha(2) N H?*(Q))
on the initial data, the solution u of (5.2.3) satisfies the energy estimate

||Vutt|]%2(L2) + esssup || Auy(t)]|72 + esssup || VAu(t)]|7 + b”VAutH%z(Lz) < R%
t€[0,T] t€[0,T]

Both smallness conditions (5.2.4) and (5.2.5) are mitigated by the fact that the non-
linearity parameter o is typically small in magnitude in ultrasonic applications. As

we going forward, we shall impose additional regqularity condition on the solution u for

convergence analysis.
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5.2.2 Weak Galerkin Discretization

For h € (0, ho], let T;, be a polygonal partition of a two-dimensional domain §2 satisfying
certain shape regularity assumptions (cf. [153]). Suppose &, denotes the collection of
all edges in T, and &) represents the set of all interior edges. The mesh parameter h is

defined as h = maxxe7;, hi, where hg represents the diameter of an element K € 7j,.
Let K € Tp, be a polygon with boundary 9KC. For an integer £ > 1, a local discrete

weak functions space on K is denoted by W(k, k; KC) and it is defined as

W(k‘, k,’C) = {Qbh = {¢0,¢b} : ¢0 & Pk(K),¢b S Pk(€),€ C 8IC}

Therefore, the global weak finite space W, corresponding to 7y, is constructed by patch-
ing local weak finite spaces W(k, k; K) as

Wi = {Qsh = {QbOu be} : ¢|IC S W(kv ]{?;IC), [¢h]€ = O,Ve < gf(z)}?

where [@p]c = [d]e is the jump of ¢, across interior edge e € EY. Recall WY, subspace

of W,,, containing all weak functions that vanishes on 0f2; i.e.

Wy = {én € Wi : ¢plon = 0}
For each ¢, = {¢o,dp} € Wy, the discrete weak gradient V¢, € [P_1(K)]? is

defined as follows
(Vodn,q) = /(;50 (V- q)dK + ¢p(q-m)ds Vq € [Pr_1(K)]?, (5.2.6)
oK
where n is the outword normal to the boundary 0K. By using divergence theorem to

equation (5.2.6), we obtain

(Vudn q) = (Voo,a) + (¢ — do,a-m)ax V q € [P_1(K)]*. (5.2.7)

Next, for the purpose of weak Galerkin approximation, we introduce a bilinear map

Ay Wi x W, — R, which is being considered in this work as

Aw(un; ¢n) = > (Vatin, Vadn)x + S(un, ¢n)- (5.2.8)

KeTh

where the stabilizer or smoother S(-,-) is based on element-boundary-discrepancy as
defined in Example 1.4.2 of Chapter 1. More precisely, for u;, = {ug, up}, ¢n = {0, v} €
Wy, the stabilizer S(-,-) (cf. [104]) is given by

S(un, dn) = > hi"{(up — olox), (¢ — dolox))oxc- (5.2.9)

KeTn
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For any ¢, = {¢o, d»} € Wy, we define a mesh-dependent semi-norm || - ||1 as in
Chapter 1 by
lonllin =D (IV@olli + A lés — dolli) - (5.2.10)
KeTh
In fact, the semi-norm || - ||, is a norm in Wy and following inequalities hold (cf. [151])
Cullgnllip < Auw(dn, dn) < C*lldnlli (5.2.11)

on W, for some constants C,, C* > 0.
Further, we have the following Poincaré-type inequality (cf. [126])

[6ol1> < CAw(dn, d1), dn = {0, B} € Wj. (5.2.12)

Also, define following energy norm in W) as

llénl” = Aw(@n. &n), én = {00, &} € W (5.2.13)
As a consequence to (5.2.11), triple-bar norm |||-|| is equivalent to norm || - ||;4 in WY.
Finally, we define a mesh dependent discrete supremum norm || - ||o, on W, as below
| Onlloon = ’211$ Polleegey ¥ b = {do, Pp} € Wh. (5.2.14)

€Tn

For the purpose of error analysis, we introduce following standard L? projections on

each KL € T, and e € &:
o Q) L*(K) = Py(K),
o Q: L2(e) = Pile)
o Qi : [LA(K))2 = [Pr_i(K))2.

By setting Qn¢ = {Q%, Q¢¢} € Wy, we shall combine both the local L? projections
QY% and Q? for any ¢ € H ().

We borrow following important approximation results for the local L? projections
from [153] (see, Lemma 4.1).

Lemma 5.2.1. Let T, be a polygonal partition of Q that meets the shape reqularity
conditions as described in [153]. Then for v € H™(Q) with 0 < r < k, we have

5 (0= Qi + B2V (o~ 0IR) < CH ol
KeTn
> (190 - @urVol} + BIV(T0 ~ Qua (TR ) < CH¥ ol

KeTn
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The following identity will be used in our subsequent analysis (cf. [126])
Qu_1(Vp) =V (Qnp) V€ HY(K). (5.2.15)

Under the mesh assumptions prescribed as in [153], the following trace and domain

inverse inequalities hold on 7j,.

Lemma 5.2.2. (Lemma A.3, [153]) For each e € &, and w € H(K), we have
lwllZaey < Clhic lwllZa ey + Pl Vel Z2gey)- (5.2.16)

Lemma 5.2.3. (Lemma A.5, [153]) Suppose K be a shape reqular 2-simplex in R? with
diameter hx. For any ball B C K which has diameter hg such that hg > (,hk for some
fized (. > 0. Then following inequality holds true

[Pl < (G B) 9] 5

for any polynomial 1 of degree not more than k, C' depends on (, and k.

Remark 5.2.2. Under the conditions of Lemma 5.2.3 and relying on the L™ inverse
estimates on shape reqular simplex S(KC) containing I € Ty, we have (see, equation
(3.8) in [66], Lemma 1 in [7])

19|y < Chic |9l z2 i) (5.2.17)

for any polynomial ¥ of degree not more than k. In fact, under the slightly more restric-

tive mesh assumption

he < C min h 5.2.18
max e < C'min b, ( )

one might substitute hi by the mesh size h. More precisely, for quasi-uniform partitions;
i.e., partitions for which hi/h is bounded from below and above uniformly in {KC € T},

we have

19| Loy < Ch™ || L2 i) (5.2.19)

for any polynomial v of degree not more than k.

Corollary 5.2.1. Let T;, be quasi-uniform polygonal partition of Q satisfying all the
shape regularity conditions A1-A4 in [153]. Then for u € L>(J; L>°(K)), we have

1Qhull ) < Cllullr=pey YK € Th.
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Proof. For a quasi-uniform polygonal partition 7, of €2 and for a shape regular simplex

S(K) containing K € Ty, and u € L>®(J; L>=(2)), we have

Q0| ooy < Ch™H [ Quill L2510y
< Ch™H|QQull 2y
< Ch7H|ull 2y
< Ch [l iy K2
< ChJull g o) | S (K) |2

< Ch_l ||u||Loo(,C)hS(;g).

Since, T, satisfies the shape regularity conditions A1-A4 as in [153], there exists 7. > 0
such that hgx) < 7.k leading to the desired estimate. O

Remark 5.2.3. The following result is related to the stability of the projection operator
Q. For any v € H*(Q), we have

2 —
IQroll* < C Y (IVQEullZaqey + hic 1 Q6w — QbvllZz o))
KeTh

< (3 Z (||VQ§U||%2(/<) + hEIHQSU - U||%2(a/c))
KETs

<C Z (”VQSUH%Q(IC) + hEQHQSU - UH%Q(IC) + ||V(Q]5U y U)”%mq)
KETs

< Clollin - (5.2.20)

Here we have used the fact ||Qfv — Q|| r200) < [|Q5v — vl 12(oK), Lemma 5.2.2 and
Lemma 5.2.1.

We end this section with the following important Lemma.

Lemma 5.2.4. For any ¢, = {¢o, %} € WY and given integer 2 < p < 6, there exists
a constant C(p) > 0, depending on p, such that

I¢nllzr) < D)l (5.2.21)

Proof. For p =2m (m > 1), we obtain

6y = I60ll2ney = S dollinge) < (Z ||¢o||ip(,<)> . (5.2.22)

KeTh KeTh

TH-3545_186123011



CHAPTER 5. WG-FEMs for Quasi-linear Westervelt’s Equation 7

Again, for a shape regular simplex S(K) containing C, as described in A4 of [153], we

obtain
Z [[boll 7oy < Z lboll 7o sy < Z Csioyplldoll Fr (s ey (5.2.23)
KeTh KeTh KeTy,

In the last inequality, we have used the Sobolev embedding inequality for two dimensions

(cf. Ren & Wei [138], Theorem 4.12 in [5]).
Since, T is quasi-uniform, there exists p* > 0 ensuring p*h < hy for all K € 7.

Consequently, {S(K) : K € Ty} is quasi-uniform and non-degenerate. Employing similar

arguments as in Proposition 4.4.11 of [23], we have:

Cso) < Clas))C (1),

where Ax = ag(x)X + bg(c) represents the affine transformation and (* is a positive
function dependent continuously on asy) € GL(R?). Since, {S(K) : K € T,} is non-
degenerate, {as(c) : K € T} forms a compact set of GL(IR?).

Now using domain inverse inequality Lemma 5.2.3, we have
H¢0||12ql(5(zc)) = HV(%H%?(S(IC)) + ||¢0||%2(S(IC))
< C (IIVgoll3m + 190132, ) <€ (IVg0ll300) + I90l2cx) )

where B is a ball inside of I with diameter proportional to hx. Using above inequality
in (5.2.23) and estimates (5.2.11)-(5.2.12), we obtain

2
> lgollzoge) < Cp > (IVoll720) + ldoll72 ) < Collignll®.
KeT KeTy

Finally,

Ibollzr(e) < (Z Hfbollipuq) < C)lllonll-

KeTh

For p=2m+1 (m > 1), we have

=

1
2 2
16011700y = D, lI2ollZrie I dollre) < (Z ||¢o||%?<;c>> (Z chollip(m)

KeTn KeTr, KeTr,
1
m 2
m 1 2(m 1
< (Z ||¢o|r%p(,q> (Z ||¢o|r%p(,q> < (Cp)™ 3| gn 20" 5).
KeT KeTy
This completes the proof of Lemma 5.2.4. O]

TH-3545_186123011



CHAPTER 5. WG-FEMs for Quasi-linear Westervelt’s Equation 78

9.3 WG-FEMs for the Linearized Westervelt’s Equation

We first consider a general linear second order wave-type equation with variable coef-
ficients which can be interpreted as a linearization of the Westervelt’s equation. We

analyze the following initial-boundary value problem for a non-degenerate equation

(

a(x, uy — AAu — bAu; + B(x, t)u; = f(x,t) in Q x (0,T],
u=0 ondQx (0,7T]. (5.3.1)

u=u,, u=u* onfx{t=0}.

\

We assume that there exists a,, a* > 0 such that
0<a, <a(xt)<a® ae in Qx[0,7]. (5.3.2)

Existence and uniqueness of a solution to the problem (5.3.1) is proved in [89] (Propo-
sition 7.2) and [88] (Proposition 3.1). For suitable coefficients «, 3, initial data (u.,u*)
and forcing function f, the problem (5.3.1) has a unique solution such that (u,wu;) €
C([0,T]; HI () x HI71(Q)), where j € {2,4}. If b > 0, then additionally

u € WH(0, T Hy () N H*(0,T; H(Q)),

where H2(Q) = {u € H*(Q) : ulsgg =0 & Aulgg = 0}.
Our aim is to provide convergence analysis of the linearization (5.3.1) and this will
allow us to study the Westervelt’s equation with quadratic nonlinearities. The case of

a damped wave equation and with « = 1, § = 1 is analyzed in [96]. For o € X =
L>=(0,T; H3(2)) N WEH(0,T; H*(2)) and 8 € L>(0,T; H*(Q)) (cf. [88]), let

an(t) = {ao(t),an(t)} & Bu(t) = {Fo(t), Bu(t)}

be suitable approximations of a(t) and 3(t), respectively. We assume ay,(t), S(t) € WY

for a.e. t € [0,7.
Now we are in a position to define the continuous time weak Galerkin finite element

approximation to (5.3.1), which is defined as follows: Find uy, = {ug,up} € H?(0,T; Wy)
satisfying

(nunee, dn) + A (un, dn) + b Ay (une, d1) + (Buuns, on) = (fa, dn) (5.3.3)
for all ¢y (t) = {Po(t), du(t)} € WP, a.e. in time and
Up =Upp  Upe = Upy 0 Qx {t =0} (5.3.4)

Here up o, up,1 and fj, are suitable approximations in W, of ., u* and f, respectively.
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Assumption 5.3.1. We assume that the approximate coefficients oy, = {g, aw}, B =

{Bo, Bv} and the source term fy satisfy the following conditions

ess suPyepo. 7] | (t)][oon <00 and F i an(x,t) > o >0 a.e. in Qx [0,T],
an, B € L=(J; L3(Q)) and f, € L*(J; L*(2)).

Remark 5.3.1. Under above Assumption 5.5.1 and Lemma 5.2.4, together with stan-

dard Holder’s inequality, for any wy, = {wo,wp}, vi, = {vo,vs} € WY, we obtain
|(anwn, va)| < |lanlloonllwnllllonll, [(anwn, vn)| < C(6)]|on |z lllwalllllvall-

Similarity, we obtain

|(Brwn, vn)l < 18l @ lwnllza@yllvalla) < (C(3))*[18ull e llwalllllvnll-

The following result deals with the existence and uniqueness of the WG solution uy,.

The basic technique is borrowed from [131].

Theorem 5.3.1. Let ¢*,b > 0 and let Assumption 5.3.1 holds. For each h € (0, ho),
there exists a unique discrete weak function uy, € H*(0, T; WY) satisfying (5.3.3)-(5.5.4).

Proof. For a given IC € Ty, let {¢o,; : i = 1--- Ny} be the set of basis functions for Py (K)
and {¢p; : j = 1--- Ny} be the set of basis functions for » _sc~e Pr(e). Then for any

up, = {up,up} € Wy can be written as

No N,
Uuplic = { > doi(t)dos Y db,j(t)fbb,j},
i=1 =1

where dy;, dp; : [0,7] — R are the coefficient functions for 1 <i < Ny and 1 < j < N,.
Now for 1 <17 < Ny + Ny, we write

¢i,h = {Q_SO,ZW ng,i}a

where Qf;o,i = ¢, for 1 < i < Ny, Qf;o,i =0 for Ng+1<i< Ny+ N, and Q_Sbﬂ = 0 for
1 S 1 S N(), ng,z' = ¢b,i—N0 for NO +1 S 1 S N() + Nb. Similarly, we define d@h = dO,i for
1 <i< Nyandd;), =dpi_n, for Ngo+1 <17 < Ny+ N,. Therefore,

No+Np {No-‘rNb No+Np

uplc = Z din (1) Pip = Z di () Po s, Z dj,h(t)¢b,j}, K€ Th.
i=1 i=1 j=1
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Now setting ¢y, = ¢;, for j =1,2,---, Ny + N, in (5.3.3), we obtain

No+Nyp - B No+Ny
(Oéh(t) Z d;/,h(t)%,u%,j) +02Aw( Z di,h(t)¢i,ha¢j,h>
i=1

i=1

No+Ny No+Npy B B B
+bAw( S d;,h<t>¢i7h,¢j,h) " (ﬁh@) S d;,h<t>¢o,i,¢o,j) — (fu o).
=1 =1

D
Equivalently, in matrix form, we need to evaluate unknown vector Dy (t) = o ,
Dy,
with Doy, = [dip dog -+ dngn)” & Den = [dngs1.n Aot -+ dngtn,p)T 5 satisfying
the following IVP
M D) (t) + Al Di(t) + A2 D5, (8) + Kne D}, (t) = Fie(t),
Dp(0) = [d1no dono - Ang+ny,h0]" s (5.3.5)
Dpi(0) = [ding dop -~ Angsngnt]” s

\

where Dy, (0) and Dy, (0) are the coefficient vectors of uy o and w1, when expressed as
the linear combinations of the basis functions, respectively. Further, matrices My, and

Ky are given by

Mo M Koo K
My — 00 ol Ko — 0o Kob |
My My Kvo Kb
where
Mo = [(andoj, Poi)nexnos Mob = [0]ngxnys Mio = [0, x 50> M = [0] 5, x Ny »
Koo = [(Budo P0.i)NoxNos Kov = [0lnoxnvy, Koo = [0lnyxNo> Kb = [0]n, <y -

Coefficient matrices A}, (i = 1,2) are given by

Ape = [Aij], Aij = Ay(Din, dip) for 1 <i,j < No+ Ny,
Al = [Bijl, Bij = bAy(djn, ¢in) for 1 <i,j < No+ N,

In fact, matrices A%, (i = 1,2) can be expressed as follows

A A By B
A}ZK _ 00 0b & A}ZLK _ 00 0b ’
AbO Abb BbO Bbb
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where block matrices with subscripts 00, 0b, b0 and bb are of orders Ny x Ny, Nog X Ny, N, X

Ny and N, X Ny, respectively. The source matrix Fji is given by

Fon . -
Fye = - with Fon = [(fas 0,5)]nvex1 & For = [0]nyx1-
bh

Due to Remark 5.3.1, note that the matrices and the right-hand-side vector are all
well-defined a.e. in time. Indeed, for any v = [v; vy« --vy,]T € R\ {0} and w =

[wy wy - - wp,|T € RM \ {0}, we have

No No

Z Vio,; Z vio,i(t)
i=1 i=1

Ny Ny
T
w BbbW = b.Aw < Z 'ijbNg—',-j,h: Z qubNo-H}h) > 0.
j=1 J=1

2
v Moov > a*/ dr = > 0,
K

2
L2(K)

Therefore, Mgy and By, are both positive definite, so are invertible. Hence, the system

(6.3.4) splits in two systems

(

Dy, (t) + Mgy AgoDon(t) + Mg Aoy Den () + Mg Boo Dy, (t) + Mag Bos Dy (t)

+ Mgy Koo Dfy, (t) = Mgg Fon(t),

kDOh(O) = [d1no dopo - dngnol’s Done(0) = [ding dop -+ dygnil”

(5.3.6)
and
(
Dy, (t) + By A Den(t) = =By, Byo Djy, (t) — By, " Aso Don(t),
Dy (0) = [dng+1.1.0 ANg+2.1.0 "+ = ANgt Ny 10) 5 (5.3.7)
\Dbht(o) = [dng 101 ANgr2.h1 AN Ny 1)

Again, differentiating equation (5.3.7) with respect to time variable once, we obtain

(
By, By Dy (t) + Dy (t) + By A DYy, (1) + By Aw Dy, (t) = 0,

Dy (0) = [dng+1.8.0 ANgt2.1.0 "+ ANgsNy.10) " (5.3.8)

Y

kaht(O) = [dNg+1.81 ANgr2.h1 " ANg+ Ny p1) -
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Finally, we combine (5.3.6) and (5.3.8) to have
(

M Dy () + Anc Dy, (t) + Guxe Dy (t) = Fux(2),

Dh(o) = {dl,h,() d2,h,0 te dNOJrNb,h,o]T, (5.3.9)

Dht(o) = [dl,h,l d2,h,1 e dNo—l—Nb,h,l]T,

\

where
I 0 Mg Boo + Moy Koo Moy Boy
Muc=| , Apc = 71 L )
_Bbb By I By, Ay By, Aw
Mo Aoo Moy Aoy Mo Fon
Gue = ;o Fue=
0 0 @)
Clearly, M is invertible. Hence, the existence of the solution w, € H?(0,T; W)
follows from the standard ODE theory. [

Remark 5.3.2. For uy, € H*(0,T; W), from (1.2.4), we obtain

sup [une(t)[l1p < Cllunllmz0,mm9)- (5.3.10)
t€[0,T]

Rigorous a priori bounds of u, on [0,T] in the appropriate norms are presented in the

next result.

Lemma 5.3.1. Let uy, be the solution of the problem (5.3.3)-(5.3.4) and let Assumption
5.3.1 holds. Then for 0 < h < hy, we have

T
[ nee |7 212y + esssup lun ()]|* + ess sup [lup (£)[]* + / e | ds
te[0,T] te[0,T] 0

< C(an, By, T) (|||Uh,o|||2 + lluna I + ||fh||%2(L2))7 (5.3.11)

where C' is given by

Can, B, T) = Cyexp (Calllanl3mqusy + 18330y + DT) | (5.3.12)
for some positive constants C3 and Cy.

Proof. For suitable > 0, we set ¢, = puy in (5.3.3) and then integrating from 0 to
t € (0,T], we obtain

2 ¢
M%Aw(uh(t),uh(t)) + ,ub/ Ay (upg, upg)ds
0
2

t t t
:M%Aw(uh(0>>uh(0))_/ (Bhuht,uuht)ds—/ (ahuhtt,uuht)d$+/ (fn, e )ds.
0 0 0
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Therefore, using Remark 5.3.1 and Poincaré type inequality, we have
2 t
,uE.Aw(uh(t),uh(t)) + ub/ Ay (g, upe)ds
0
c? 2 ! 2
< ug llun(O)™+ Cre [ Bull ooy llunell™ds
0
t t
+Cu/ ||Oéh||L3<Q)|||UhtH|HUhttHdS+Cu/ [ fn  l[ene s
0 0
Applying the Young’s inequality with suitable e > 0, we obtain
c? 2 ‘ 2
g llun (@) +ub/0 lleene () [l
w2 y t ) u2 [t )
< p llunoll” + ¢ [ llunell“ds +C5= | [l fa]"ds
0 €Jo

2 t
i
+ (CE (Iloch||%oo@3)+||6h||%oo(L3>)+ze)/ e ||Pds. (5.3.13)
0

We now turn to estimate the term ||wpy || 12(12) appears in the right hand side of (5.3.13).

Setting ¢5, = upy in (5.3.3), we have

4
dt

bd
(antn, up) + ¢ ( Aw(Un, Unt) — H|Uht|\|2> + E%Aw(uht; Une) + (Bntnt, Wnit)
== (fh;uhtt>~

Next, integrating from 0 to ¢ € (0, 7] and using the fact a(x,t) > a, >0 a.e. in Q x
[0,7], and Remark 5.3.1 we have

t
b

v [ NonalPds + 3 llune ()1

0

b
< O s O+ 5 OV + e e D)
t t t
¢ [ NanllPds+ [ fallonalds+ € [ 18ullscoluellled s
0 0 0

Again, for suitable € > 0 (same € as in (5.3.13)) and § > 0, we apply Young’s inequality

to obtain

t b
(s — ze)/ [t || >ds + (5 — 6) lfene (£) I
0

c? A+b ct 1 /[
< GO + 2o O + S5l + - [ 15l

C ¢ 2
+ (0l + @) [ luias
€ 0
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Setting § = % and applying Gronwall’s inequality, we have

t
b
(v = 25)/0 e |*ds + ;llﬂuht(t)W

2 2 4 ¢
c 2 & +b 2 C 2 1 / 2
<5 — |[||un (t — d
< S llunoll™ + ——Munall” + - llen @I + - i [fnl"ds
¢ 2 2\ [ 2
+ E”ﬂhuLm(Lii) tc [wnel|“ds. (5.3.14)
0

Adding inequalities (5.3.13) and (5.3.14), we obtain

62 4

t c b t
(0= 30) [l + (5 = 5 ) Nun I + o + b [ el

2 2 2 t
e 9  C°+D s Cus+1
< et 1) ool 4+ 5= an P+ =52 [ Al

C Y 2
+ (2€+02 i <||5h||ioo(L3) + 1 (llanllZoo (o) + ||5h||ioo(L3)>>) / [[fozn e
0

Finally, we select u = %, €=

essential supremum over [0, 7], we have

and then applying Gronwall’s inequality, and taking

T
tneel |22y + ess sup [lun (@I + esssup Ilune (DI + / Ilunell*ds
te[0,T 0

te[0,7)

2 2
< Crexp (Ca(llanlm gy + WBalqusy + DT) x (lunoll® + Munall® + 1l 3e(z2)) -
This completes the proof of Lemma 5.3.1. O]

Remark 5.3.3. Using Lemma 5.2.4, for all t € (0,T], we have
lun(B)]] = lluo@)] < Cllun@Il & [lune (D)l = llupg)] < Cllune )]

Then using Lemma 5.3.1, we obtain

esssup [|up () ||* + ess sup [|up (£)[|* < Clon, B, T) (|||uh,o|||2 + s lI” + Ilfhlliz(m)
t€[0,7) t€[0,7]

9.4 A Priori Error Analysis for Linearized Westervelt’s Equation

In this section, we now focus on proving an optimal a priori error estimate under L>(L?)
norm for the linearized Westervelt’s equation that also take into account approximation
error of the coefficients and the source term. We employ standard elliptic projection (cf.

[158]), which is crucial for L? norm error analysis
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Let u be the exact solution of (5.3.1) and uy, be the weak Galerkin solution as defined
in (5.3.3)-(5.3.4) respectively. We define the projected error e, as

en(t) = {eo(t), en(t)} = upn(t) — Quu(t) for t € [0, 7. (5.4.1)

To simplify the notation, we use e, = {eg, ey} = up, — Qpu for e, (t) = {eo(t), ep(t)}.
For p € H*(Q) N HY (), we define

f£=-V Vo in Q.

)

Clearly f € L*(2). Now we recall standard Ritz projection R;, : H*(Q2) N Hy(Q) — Wy,
defined as

Aw(RhSO, ¢h) = (f;; ¢0) v¢h = {¢07 ¢b} € W}? (542)

Next, we follow the standard approach in the finite element error analysis and split the

projected error e, = {eq, ey} = up — Qpu into
en =up — Rpu + Rpu — Qpu =0 — p,

where 0 = up, — Rpu and p = Qpu — Ryu.
We first recall the following useful result, which deals with the bounds for p (cf.
[43]).

Lemma 5.4.1. Let o € H*Y(Q) N HY(Q). Then there exists a constant C' > 0 such
that

19ne — Rupll + hll|Qnep — Rupll < CRE ||l s -

Remark 5.4.1. It is noteworthy that (Qnu); = Qpuy & (Rpu)y = Rpuy. Thus, for
u € H*(J; H*1(Q)), using Lemma 5.4.1 following bounds can be obtained for p, and py

eIl + Rlloe @)l < CREH () ) &
e + Pl pee (W) I] < CRHfaaee (8) [ 111

for a.e. t €[0,T].

Since, we are able to estimate p and analogous bounds for p; and p;, we now inter-

ested on deriving a priori bounds for 6. As a first step, for any ¢, = {¢o, dp} € WY,
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recalling the definition of projection R, and (5.3.1), (5.3.3), we note that

(nbue, dn) + 2 Au(0, dn) + bAL(Or, 1) + (B, Pn)
= (anunees dn) + A Aw(un, $n) + bAu (une, 1) + (Butine, dn)
— (an(Ruw)s, dn) — & Aw(Rutt; dn) — bAL((Ruw)es dn) — (Bu(Ruw)e, dn)

= (f, &n) — (@ Ruuse, dn) —  Aw(Rutt, dn) — bAw(Ruus, dn) — (B Ruus, dn)
= (f: &) — (@ Ruuse, dn) + (V- Vu, @) + (V- Vg, ¢1) — (Bu R, 1)
= (o, &n) — (anRuuse,; on) — (f, @n) + (Qtwse, @n) + (Bur, dn) = (B Ruuir, ¢n)-
Further, using L2 projection @, we have

(nbue, dn) + ¢ Au (0, dn) + 0AL(Or, 1) + (B, o)

= (fn = [, on) + ((a — an)uw, on) + (anpu, 1) + (n(uee — Qnua), dn)

+ ((8 = Br)us, &) + (Bupe, on) + (Bn(ue — Qnue), dn). (5.4.3)
Proposition 5.4.1. Let ¢?,b > 0 and let u be the solution of (5.5.1) that satisfies

wg, wy € L2(J; HFTH(Q)) 0 LA(J; L3(Q)).

Also, assume that Assumption 5.8.1 hold and ap; € L>®(J; L3(Q)). Furthermore, let
uno = Rpus and upy = Rpu*. Then there exists a positive constant C' = C(ap, Bp, T)
such that

T
2 2
104117 (r2) + esssup [[[0()]l +/ 161" ds
+€[0,T] 0
< C<h2(k+1)(HUtH%2(Hk+1) + ||uttH%2(Hk+1)> + Hfh - fH%2(L2)

+ [l = 04h||%oo(L2)||utt||%2(L3) +118 - 5h||%oo(L2)||Ut||%2(L3))- (5.4.4)

Proof. Setting ¢y, = 6; in (5.4.3) and then integrating from 0 to t € (0,T], we have

1

5 (@000 + S A00.00) +b [ Au(001

:%/O (ahtﬁt,Qt)dsqL/o (fh—f,Qt)ds+/0 (v — ap)uyy, 0y)ds

—l—/o (ozhptt,ét)ds—l—/o (aup (ugy — Qhutt),Qt)ds+/O (B = Br)uy, 0;)ds

n / (Bupes 0)ds + / (Bre — Q). 6,)ds — / (86, 0:) s

TH-3545_186123011



CHAPTER 5. WG-FEMs for Quasi-linear Westervelt’s Equation 87

Here we have used the fact that 6;(0) = up:(0) — Rpu:(0) = 0 and the following identity

t 1 1 t
/ / Ozh9tt9tdxds = —(Oéh(t)et(t), Qt(t)) — —/ (Oéhtet, Qt)ds.
0 JQ 2 2 0

Using Remark 5.3.1 and the fact ay,(x,t) > a, > 0 a.e. in  x [0, 7], we have

Oy 2 ? 2 ¢ 2
oo + SO +o [ lladiPds
0
C t t
<5 [ Nondalodiioas+ [ 15~ riledds
t t
+CAHa—%WWMmmWM%+CAH%hmﬂ%WWWS
t t
+o/n%mmmw—waWM@+O/Ww—mwwmmmwws
0 0
t t
+CAHmhmmeM%+CAH&hmﬂw—@MMMWs

t
+c£uwm@wwmw&

Therefore, applying Young’s inequality with suitable € > 0, results in

O[* 2 02 2 t 2
S W8I+ S WO +0 [ l6xflds
0

C
<
— 16¢

C 2 ! 2 C 2 ! 2
+ 4_”ah||L°°(L3) ol "ds + 4_HahHL°°(L3) [uee — Qnuwl|ds
€ 0 € 0

t t
C
||04ht||%oo(L3)/ ||9t||2d3+4_€||a_ah||%°°(L2)/ ||Utt||%3(sz)d3
0 0

C 2 ! 2 C 2 ! 2
+ 4—”5 — Bullzee 2y | Nwellzsds + Il‘ﬁhHLw(L?’) [pel|*ds
€ 0 € 0

C 2 ! 2 C 2 ! 2
+ 0 Bnllzeay | llue = Quuellds + [l Bullzo sy | 1647 ds
€ 0 € 0

t 1 t t
se [allds + 5 [ 15 f17as+ [ 6P
0 4 0 0

Then € = 1—1’6 yields
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2 t
Oy C ) b 2
S 6@+ S o)l +—/ 162 "ds
oI+ S 2 [l

4C 2 2 ! 2 1 ! 2
< (G Ulondimgn + 180 +1) [ 10dPds+ 3 [ s = F1Pds

4C ! ¢
+T<||a—04h||%oo(m)/ ||utt||2L3(Q)dS+||ahH2L°°(L3)/ | pel|*ds
0 0

t t
+ ||ah||2Loo(L3)/ e — Qhutt||2d3+ ||5—5h||2Loo(L2)/ ”Ut||2L3(Q)dS
0 0
t t
+Hﬁhllioo<m>/o Hptll2ds+llﬁhllim@3)/o lue — Que|*ds |. (5.4.5)

Finally, applying Lemma 5.2.1 and results for the estimates ||p¢||2(z2), || sl 2(22) stated
in Remark 5.4.1 to the above estimate (5.4.5), and then Gronwall’s inequality lead to

t
16:O1% + NI +/0 11611 ds

< C(ap, Bp,T) (Hfh — fliZ22y + o = anllfoo oy el Z2 ey + 18 = BullFoo g2y luell72 2oy
+ O (a3 + Bl 1 ) (a3 + |rutniz(m+1>)>,

for ¢ € (0,7] and C(an, B, T) = Cs exp(Co(llantl 2o 15y + 1Bull2 ey + DT).
Therefore, taking essential supremum over [0, 7] we have desired error bound (5.4.4)

and the constant appeared is given by

Clan, Bp, T)

= Cs([lanllZoe(zs) + 1BnllZoe sy + 1) X exp(Colllanellzoezs) + 118u T o) + 1)T)-
This completes the proof of Proposition 5.4.1. O

Proposition 5.4.2. Let ¢, b > 0 and let u be the solution of (5.5.1) that satisfies

u € L*°(J; HF(Q)),

u, € L2(J; L2 (Q)) N L=(J; HF1(Q)), (5.4.6)

Also, assume that Assumption 5.5.1 holds and oy, € L*°(J; L3(Q)), and fOT 1801120 <

0o. Furthermore, let up o = Rpus. and up; = Rpu*. Then there exists a positive constant
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C = C(ap, Bn,T) such that

T
2 2 2
||9tt||i2<L2>+||9t!|%oo(L2>+etSS[OS%P|||9(t)III + esssup |6, (2) | +/ 116
€10, 0

te[0,7

< C(hQ(kH) <||Ut||ioo(m+1) + ||Utt”%2(m+1)> +1fn — f”%Q(L?)
+ lla = anll7 oo ooy llueel 72y + 118 = BhH%OO(LQ)HutH%?(LOO))' (5.4.7)
Proof. Setting ¢y, = 0y, in (5.4.3) and using properties of projector Qj, we have

d b d
(anbu, Ou) + 62%./411,(9, ;) — 02,,410(@7 0;) + —

= (fn— f,0u) + (o — ap)us, Ou) + (anpu, On) + (on(ue — Qpuie), Oy

+ (B — Bn)us, Ou) + (Brpe, Ou) + (Br(uy — Qpue), Ou).

A (0, 6¢) + (BrO, Our)

Now integrating from 0 to ¢ € (0, 7] and using the facts #(0) = 0 and 6,(0) = 0, we have
t t b
/ (atht, Qtt)ds 3 C2Aw<9(t), 9t<t)> — 62/ Aw<0t; Qt)ds + QAw(Ht(t), Ht(t))
0 0

t t t
= / (frn = f,bu)ds + / ((o — an)use, ) ds + / (anpie Ou)ds

0 0 0

t

+/0 (cun(uge — Qpugy), Oy )ds +/0 ((B — Br)ut, O0n)ds

+/0 (Bhﬂt,ett)ds"”/o (Bh(ut_ Qh“t)aett)ds_/o (5h9t,9tt)d8-

Using the fact ap(x,t) > a. >0 ae. in Q x [0,7] and using Holder’s inequality and

Remark 5.3.1, we have
: b
o [ 10l + 5An00).0:0)
t
<ol + < | ledrds
t 0 t
s [ U= 7M6alds + [l = anllalli o ulds
Ot 0 t
" / lvnloos ot 1601l + / ool — Qntell |6
t t
n / 18 = el ooy Bl s + / 1Bulloclloel 16l s

t t
+/ Hﬁhlloo,hllut—Qhut|!||9tt|!d8+0/ [18nll 23 @ 101161 s
0 0
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For suitable € > 0 and 6 > 0, apply Young’s inequality to obtain
t ) b )
(o — 86)/0 190"ds + 5 ll6x ()]
c* 2 2 2 ' 2 L[ 2
< NI+ ollee )" + ¢ |||9t||| ds+ - ||fh — fIIFds
1
—||a — a2 HuttHLOO yds e esssup lewn |2, ||pttH ds

1
+ 4—esssup HahHooh Hutt — Quuy||*ds
€ tel0,1]

t
+ 18~ Bullia / [ o ey A
46 0 46 0
1 2 i 2 C 2 ¢ 2
2l = Quatleny [ 180l BBy [ 1P,
€ 0 € 0
Setting € = 7z and 0 = g, we have
Qo t b
— 0, 112ds + ~ [0 (£)|]|*
: / [0al%ds + 216,00
4 t
C ) 40 2
< U0 + (oI + ) [ s
* 0

4
+ a—{Hfh - f||2L2(L2) + [l — O‘hH%OO(L?)HUtt”QLQ(LOO) + (18— ﬁhH%W(L?)HutH%Z(LOO)

T
+ Ch2FHY (eSSSUp el plletee] 72 grmsny + HutH%N(H’“H)/ ||5h||go,h> } (5.4.8)
0

te[0,7

Next, to handle the term %IH@(t)H] present in the right hand side of above estimate
(5.4.8), we first multiply (5.4.5) by some positive A such that )\é > % and then add

to (5.4.8). Finally, Gronwall’s inequality and standard Sobolev embedding results, and
the facts [Jesl[22 g5y < CsZapmye ]y < OO 2, Vield

t t
/0 10:l%ds + 16: )1 + MO + 6O + / 10,12 ds

< C(an, @uT){Hfh — flIZ22y + llo = anllToo 2yl Z2 ooy + 118 = BullZoo (z2y el 2200y

T
+ ChQ k,‘+1) (esssup ||ah||oo h”utt”LQ Hk+1) + ||ut||Loo(Hk+1 / ||/6h||20,h>
0

t€[0,T]
+ Ch*HY <||ah||%°°(L3)Hutt“%?(Hk“) + ||5h||%°°(L3)||ut||%2(Hk+1)> }v

for all ¢ € (0, 7] and Can, B, T) = Crexp(Cs(l|ant |2 zs) + 18nl3ee ) + DT)-
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Therefore, taking essential supremum over [0,7] and the fact that ||ut||i2( ey <
Tl w3 o (rv+1) 1ead to the desired error bound (5.4.7), where the constant appeared in

the desired error bound (5.4.7) is given by

T
Clan, B, T) = Cq (ess sup [lon 1%, + / 181136 5 + llewnllZoe (1) + 1 BullZoe 1) + T + 1)
0

te[0,7

x oxp ( Collandlmqzs) + 18al3eisy + DT)
This completes the proof of Proposition 5.4.2. O

Theorem 5.4.1. Let ¢?,b > 0 and all the assumptions of Proposition 5.4.2 hold, and
w, up, be the solution of (5.3.1) and (5.5.3). Then following a priori estimate holds

lenttll72(z2y + lenlloe 2y + lentllo 2y + 17 esssup [len(@)ll* + b esssup [len (1)
t€[0,7) t€[0,7]

< C(an, Bn, T) (hQ(kH) (HUH%N(H’“JH) + [lwellF oo grisny + Hutt‘ﬁ?(HkH))

+ || fa — f||%2(L2) + |l — ahH%OO(L?)HuttH%?(LOO) + (|8 — BhH%OO(LQ)HutH%Q(LOO))v
(5.4.9)

where the constant C' is given by

T
o, T) = Co|(esssuplonlFp+ [ 1+ oo 1By + 7+ 1)
te|0,T' 0

X exXp (CIO(HOChtH%oo(Lii) + HﬁhH%oo(LL%) + 1)T =5 1) :| . (5.4.10)

Proof. Clearly by splitting e, = u, — Qpu into 6 and p, and applying triangle inequality,

we have

lenttll72(z2) + llenl e 2y + llentllioe 12y + h* ess sup fllen ()| + h* ess sup [len (t)|”
te[0,7) te[0,7)

2 2
< OsellTa ) + 100 (r2) + 10|70 12y + 72 esssup [0 ]|” + h* ess sup [[6:(1)]]
te[0,T] t€[0,T]

2 2
+lpeella 12y + esssup ([[p(t)]|* + B2 llp()II7) + esssup ([oe(E)II* + B [llpe (E)]) -
t€[0,T] t€[0,T]
Hence, using the fact [|]|p~(r2) < Cesssupeo ) [|0(2)]], Proposition 5.4.2 and Lemma

5.4.1 along with Remark 5.4.1, we have the desired result. O

Remark 5.4.2. If we do not have to take the coefficient error into account, then ||a —
anp|lrer2y = 0 and ||B — Bul|ree(z2y = 0. Therefore, reqularity condition (5.4.6) can be

relaxed to

we L¥(J; HYQ), w € L¥(J; HYQ), uy € LA(J; HH(Q)),
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5.5 WG Finite Element Approximations of Westervelt’s Equation
pPp q

In this section our aim is to study weak Galerkin discretization of the initial boundary
value problem for the Westervelt’s equation (5.2.1). To this extend, we shall employ

Banach fixed-point theorem alongwith results for the linearized Westervelt’s equation.

Theorem 5.5.1. Let ¢2,b,0 > 0 and T > 0. Assume that the initial-boundary value

problem for the Westervelt’s equation (5.2.1) has a unique solution which satisfies
w € L°(J; L°(Q) N HY(Q)), w, € LA(J; L>°(Q)) N L2 (J; H*(Q)),
uy € L*(J; L= (Q) N H1(Q))
Then for sufficiently small m and M, defined by
m = ||ul| Lo (1)
M = mazx {HUHLN(H’C“)a [[tel| oo (prery, el L2qzoey, el oy, Hutt||L2(L°°)} )

and hy, there exists a unique uy, = {ug,upt € H*(J;WY) in the neighborhood of Qpu,
such that

(1 = 20up)ups, on) + EAw(un, dn) + bAw(Un, @) = 20(uzy, dn), ¥ on € WY,

uh(O) = Rhu*, Uht(O) — Rhu*.
(5.5.1)

Furthermore, there exists a positive constant C independent of h, such that

| Qnter — unee | 222y + | Qnte = wp|| oo (r2y + || Qrtte — wne || oo (22

+ heesssup [[[(Quu — up) (t)[I] + ess sup [[(Quue — une) (1) < CHM.
te[0,7] t€[0,T]

Proof. We shall define an iterative map on which we employ Banach fixed-point theorem
relaying on the results for linearized problem. To this end, we consider the set B, C W,
defined as

B, = {wh €B: || Qpuu — whtt||L2(L2) + || Qpru — wh||L°°(L2) + | Qpus — wht||L°°(L2)

+ hesssup [|(Qnu — wi) (1) || + hesssup [[[(Quuy — wpe) (B[] < LA
te[0,7 te[0,7)

and wp,(0) = Rpus, wp(0) = Rhu*},
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where B = Wh>(J; W),)NH?(J; L*()) and the constant L > 0 independent of h < hq.
Clearly, By, is non empty as Qnu € By,. For w;, = {wog, wp} € By, consider the following

linearization problem: Find wj such that

¢

(1 — 20wp)upst, dn) + A Ay (un, dn) + bAy (une, on) = 20 (Whttine, Pn)

Y ¢ = {¢0, s} € Wi, ae. in [0,T], (5.5.2)

Uh(O) = Rhu*, uht(O) = Rhu*.

\

Approximation (5.5.2) can be treated as the weak Galerkin formulation for (5.3.1) with
a=1—20u, f=—20u; and f=0.

We define an iterative map F : B, — W) given by F(wy) = uy, where uy, is
the solution of (5.5.2). F is well defined, since, (5.5.2) has unique solution thanks to
Theorem 5.3.1. Clearly, a fixed point of F will solve (5.5.1). So we apply Banach

fixed-point theorem using the result for the linearized Westervelt’s problem.
Now we proceed to verify the conditions of Banach fixed-point theorem.
Step 1: (By,d) is a complete metric space:
By, is closed in the Banach space B = W (J; W) N H?(J; L*(Q)) with respect to the

metric induced by the norm

lwnlls = max{[|wnll 22, [lwnllwree z2), [[wnllwroeong) }-

Hence, (B, d) is a complete metric space.
Step 2:The self mapping property of F:
For any wy, € Bj, we want to show w, = Fj(w,) € By. Comparing (5.5.2) with the

equation (5.3.3), we have
ap =1—20wy,, Bp=—20wy and f, =0.

First we verify the conditions of Theorem 5.3.1 and Theorem 5.4.1. Now for the degen-

eracy condition of ay,, we shall use Remark 5.2.2 and Corollary 5.2.1.
For IC € T}, we have

lJwo(8) || zee i) < [[(wo — Qpu) (8) || Loy + 1Qpu() || Lo i)
< Ch™H|(wp — Qnu)(8) || 2200y + Cllult) || oo (o)

< ChH|(wn — Q) ()]l 12(0) + Cllu(t)] L= (q)-

TH-3545_186123011



CHAPTER 5. WG-FEMs for Quasi-linear Westervelt’s Equation 94

Therefore, for a.e. t € [0, T], we obtain

sup [Jwo(t)l o) < Ch™H|(wn = Quu) ()l z2() + Cllu(t) |z (o). (5.5.3)
S
Hence,
esssup ||wy () ||loon < CLR* + Cm < CLh{ + Cm. (5.5.4)
te[0,7

Now we choose hg and m sufficiently small such that

1
moy = CLhIS +Cm < ——y
20
which yields
0<a,=1-20my < ay(x,t) <14 20m, for ae. (x,t) € Qx[0,T].

T
Also, we need to bound |l || zee(zsy, [|nllzoe(zs) OF lovnel|Loe L3y and [ [|BallZ -
Using Lemma 5.2.4, Remark 5.2.3 and the fact w;, € By, we have

||| oorsy < T2 + 20 esssup ||wa]| L3
t€[0,T]

< TIQ| + 20C esssup |||wy|
te[0,T

< TIQ| + 20C esssup ||w, — Qpul|| + 20C esssup ||| Qpul|
t€[0,7) t€[0,T]

< T|Q| 4+ 20CLA* + 20C esssup ||[u(t) | i)
t€[0,T]

< T|Q| +20CLh§ + 200 |ul| oo 11y < T|Q| + 20CLA¢ + 20C M,

where || is Lebesgue measure of €.
Similar arguments yield

18a| o253y < 20C LA + 20C ||| ooy < 20CLhg + 20CM
and as a consequence, we obtain
latne|| Lo (£3) = || Brll oo (z3) < 20CLh +20CM.
Arguing as deriving (5.5.3), we can deduce

18r () lloc. = 20 sup [Jwor(t)[|zope) < Ch7H [ (wne — Quue) (B) z2(@) + Cllue(t) | o)

KeTh

< C’h_1||wht — Qhut||L°°(L2) + CHUt(t)HL‘X’(Q)’
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for a.e. t € [0,T]. Therefore, using the fact w, € By, we obtain

1
T 2
(/ |’5h”§o,hdt> < Ch7'T||wiy — Q|| poor2) + Cllue|| 2z
0
< CTLh* +CM < CTLh{ + CM. (5.5.5)

Hence, all the conditions of Theorem 5.3.1 and Theorem 5.4.1 hold. Hence, according to
Theorem 5.3.1, there exists a unique solution u, € Wy of (5.5.2). Further, by Theorem

5.4.1, a priori estimate for the linearized Westervelt’s equation stated in, we obtain

| Qs — Uhtt||%2(L2) + || Qnu — uhH%OC(L?) + (| Qnue — uht”%OO(LQ)

+ hess Fap 1(Qnte — un) ($)II* + B ess sup I( Qe — une) ()]

tel0,T te[0,T)

< @*{hz(“l){l\wliw(mﬂ) + el Zoognen) + Nuteel|Zgaeny}
+40%||lu — whH%m(L?)HuttH%Q(Lm) + 40 ||u, — wht”%m(LQ)Hut“%Q(Loo)}7
where the constant C* is computed according to (5.4.10) and uniform bounds of ay, Gy,
C* = CH{ ((1 + 20 Lh{ + m)? + (TLh§ + M)? + (T|Q| + 20 Lh§ + 20 M)?
+ (20LhE +20M)*> + T + 1) x exp (Cia(4(20Lh§ 4+ 20M)> + 1)T + 1) }

Further, using triangle inequality as ||u — wp||poo(r2y < [|u — Qpuf|poo(r2) + || Qru —
whHLOO(LQ); ||ut o wht||Loo(L2) < Hut - QhutHLOO(LQ) + HQhUt - whtHLoo(L?) and Lemma
5.2.1, and the fact wy, € Bj,, we obtain

| Qe — unee|| 222y + || Qnte — up || o2y + || Qrtte — Une|| Lo (22

+ hesssup [[[(Qnu — un) (@)l + hess sup [[|(Qnue — une) ()]
te[0,T] t€[0,T]

< VR {BM + 20 ((C + L) (lul| oo resny el 2oy + el oo meny lul| 2 o)) ) }
< CMBHY (34 20(C + L)M) < LA
for sufficiently small m, M and hq. So we can conclude that F(wy) = u, € By, which
implies .F(Bh) C B,

Step 3: F is a contraction map:
Now to prove the operator F is strictly contractive, we take wy, w, € By and set

Uup = {Uo,ub} = F(wh) and th = {ﬁg,ﬁb} = ./T"(?i)h)
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Therefore, uy, u, € By. So to prove F is strictly contractive, we need to show that
| F (wp) — F(p)]|s < qllwp, — p||s for some 0 < g < 1.

Then v, = u, — Uy, satisfies the following equation

((1 — 20wn ) Vhtt, Cbh) + A (Un, 1) + bAy(Unt, o) — 20 (wht¢ht, ¢h>
= (20(wht — Wt ) U + 20 (wy, — W) U, ¢h) Von € W),

with 1,(0) = 0 and ¥ (0) = 0.
Now comparing with (5.3.3), the above equation is particular case of (5.3.3) with

coefficients and force function given by
ap =1— 20wy, Bp=—20wp and fi, = 20(wp — Whe)upe + 20 (Wp — Wy ) lpg-
Similar to Step 2, we have
| poo(z) < TIQ| + 20CLhG +20CM, ||Bpllpe sy < 20CLh§ +20CM &
0<ae=1—-20my < ay(x,t) <1+ 20my for ae. (x,t) € Qx[0,T],
with

1

Hence, all the conditions of Lemma 5.3.1 hold. Therefore, from Lemma 5.3.1 and Re-

mark 5.3.3, we have the following a priori estimate
HwhttH%Z(LQ) + HWH%W(L?) i ‘Wht“%oo(m)

T
+esssuplun(t)]” + esssup RO + [ lunell*ds
t€[0,T] t€[0,T7] 0

< Cull fullZa 2y

O*HQU(wht — Wy )upe + 20 (wp, — l@h)ﬁhtt”%z(p)

T T
gwc*{ [ = sl + [ H(wh—whmhttu?dt}
0 0

IN

T

T
< 400, {hunc = ol [ NulBest 4 n = inlley [ Ninalnie ).
0 0

where the above constant C,, according to (5.3.12), is

C. = Cizexp (Cua ((T|Q + 20 LhE + 20M)? + (20 Lh§ + 20 M)? +1) T) .
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Arguing as deriving (5.5.5), we obtain

T
[ et < ORI e = Qe+ Clul
0

< C(TL*h** + CM?* < O(TL)*h3F + O M2,

Similarly, we have

T
| Nt < Ch s — Quelfy + Clu e
< Oh*L2 + CM? < ChZFL? + C M2
Hence, for sufficiently small M and hg, there exists a 0 < ¢ < 1 such that

[niellZ2 2y + N0n 7o 2y + 10nell 7o 12

T
+ess sup [[ya(t)]|* + ess sup [lyne(1)]* + / Ilnell*ds
0

te[0,T] te[0,T]

<  (Jlwne = nal[E g + lon = nlEegie ) -
Therefore,
[ Fwy, — Fiollzs < qllwn — don -

Finally, we can conclude that F is a contraction map with respect to the topology
induced by || - ||s in the Banach space B),. Therefore, Theorem 5.5.1 follows by applying
Banach fixed-point theorem. O]

5.6 Fully Discrete Weak Galerkin Scheme

We divide the time period (0,77 into M uniformly distributed sub-intervals .J,, =
(tn_1,t,] for n=1,2,---M with to = 0, t, = n7 and t); = T, where 7 = % is the
time step.

For any continuous function ¢ : [0, 7] — L*(Q), define ¢" = ¢(t,). We use backward
Euler finite difference scheme for the temporal discretization. So for a sequence {p"})! C
L?(92), we define

Or" = (" = 20" ")/ and " = (" — ")/
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Algorithm 1 : Fully Discrete WG Method
The fully discrete weak Galerkin finite element scheme for solving problem (5.2.1) is

defined as follows: Find U™ = {U}, U} € W), such that U = Q2§ on 09 and for any
bn = {Po, op} € WY, there holds

(5152U6L7 ¢0)+02Aw(Un7 ¢h)+bAw<5tUna ¢h) = 20(U55§U61+(6tU(7)1)27 ¢0)+(fn7 ¢0)7 n = 27
(5.6.1)
with U° = Quu, and U' = U° + 7Q,u*.

Again, for any continuous function ¢ : [0, 7] — L?*(€2), define
Nh<90n’ (pnfl’(pan) il Qpn(SOn - 2S0n71 4 SOnf2) 4 (Son - (pnfl)Z for 2 S n S M.
Then the fully discrete WG scheme (5.6.1) can be rewritten as

1 b
S5 (U = 2057 + Up=,60) + PAL(U” 68) + —Au(U" = U™ )

2
20 (N (U, 031, U2 + (77 o).

or equivalently

(UOna ¢0) + 7_202-’4111(Un7 ¢h) + TbAw(Una ¢h)

= (QU(?_l - Ug_Qa QSO) + TbAw(Un_la Cbh) + QU(Nh(U(;l7 U(?_la U(;L_Q)v ¢0) + Tz(fna qu)
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To resolve the nonlinear system, we use a fixed-point iteration as follows:

Algorithm 2 : Iterative Fully Discrete WG Method
The iterative fully discrete weak Galerkin finite element scheme for solving problem

(5.2.1) is defined as follows: iterate over i = 1,2, -+, Ny, with U™? = U""! and
1. Solve step: find U™ = {U", U"'} € W), such that U"" = Q%G on 9Q and

(Us", ¢o) + T2 A (U™, 1) + 7D AL (U™, 61
= (2Uy~' = Uy, o) + 70 A (U™, 1)
+20(Na(Uy "=, U571, UG %), d0) + 72 (7, o), (5.6.2)

for n > 2 with U° = Quu, and U' = U° + 7Q,u".

2. Check termination criterion: if

HUn,i _ Un,i—l”
[T

<TOL,

then set U™ = U™,

9.6.1 Numerical Experiments

In this section, we conduct numerical experiments to illustrate our theoretical findings.
The parameters in fixed-point iteration are chosen to be TOL = 10~'° and the maximum
number of iteration Ny, = 100 throughout all experiments. Figure 5.6.1 shows the
first two level of polygonal grids used in our computation, which are generated by the
MATLAB software package PolyMesher [146].

Example 5.6.1. (Test case 1: Exact solution known) Consider the Westervelt’s equa-
tion (5.2.1) with the domain Q = [0,1] x [0,2+/3] and the final time 7" = 0.8. The

parameters in the equation (5.2.1) are chosen to be
c=1,b=10"°6,=10"% p,, = 1.

Choosing the source term f, the boundary condition data g and the initial conditions

data (u.,u*) such that the exact solution is

u(t, z,y) = sin(4nt) sin(4nx).
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Figure 5.6.1: Sample of polygonal grids with 4 x 4 elements(left) and 8 x 8 ele-
ments(right).

We perform the numerical test on a polygonal mesh, as shown in Figure 5.6.1. The
convergence histories of both the L? error and gradient error are illustrated in Figure
5.6.2 for polynomial degrees k = 1,2. The obtained convergence rates align with the

theoretical insights outlined in Theorem 5.5.1.

Order of Convergence in HY norm

Order of Convergence in L2 norm

Error

- = k=1 100 F - = k=1|
—#—0(h?}| ] —i—O(h)
-— k=2 - = k=2

—d— o) —k—on?

102 10 10° 10 107 10°

Figure 5.6.2: Log-log plot of the errors versus mesh size at time 7' = 0.8 for WG spaces
k=1& k=2 with 7 = h**! for Example 5.6.1.

Example 5.6.2. (Test case 2: Exact solution unknown) Consider the Westervelt’s
equation (5.2.1) with a more realistic setting. The computational domain is Q = [0, S] x
[0, H] with S = 0.02v/3 m and H = 0.02 m. The physical parameters are now set to be

c=1500m/s,b =6 x 107" m?/s, B, = 7, pm = 1000 kg/m?>.

The final time is chosen to be T = 2.4 x 107° s, resolved by a step size of 7 = 2 x 107 s.

The source term f is set to be zero. The excitation signal is given in the form (¢, z,y) =
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¥1(t)1ha(z,y). Here in the temporal part responsible for the initialization of the wave

oscillations is given by

T(vt)?Asin(wt), ¢ <2/v,
Asin(wt), t>2/v,

Pi(t) =

where the driving frequency v = 210 kHz and the amplitude A = 0.01m?/s?, the
angular frequency w = 27v. The computational WG solution is visually depicted by
the polygonal grid as shown in Figure 5.6.3. Boundary parts enforce homogeneous
Dirichlet data, except for the left boundary’s excitation segment, which features non-
zero Dirichlet data denoted by g. On the right side, the solution is assessed along the
axis of symmetry, indicated by the blue line. The spatial part is given by a mollifier-
type function in order to get a spatially smooth transition between the inhomogeneous
excitation and the homogeneous remaining boundary data. In particular, we have

(

0, (z,y) = (0,0),
)

1 ( 0.005 )

» 5 1, (z,y) € {0} x [0.005,0.015],
20, Y) =
exp (1 - W) (x,y) € {0} x (0.015,0.02),
0, (x,y) = (0,0.02),
0, (x,y) € D={(z,y) € Q: x>0}

\

The function wu restricted to 02 is used as the boundary data ¢ in problem (5.2.1) and
the initial data are taken to be (u.,u*) = (¥(0,2,y),1:(0,2,y)). For the details, we

refer to numerical Example 8.2 in [7].
The exact solution is unknown in this more realistic setting. To analyze the con-

vergence behavior of the WG solution u;, = {ug,u} with respect to h-refinement, we

compute the measurement
M(up) = |[uoll Lo 02202
on different discretization levels. Noting that (cf. [7])
M (u) — M(up)| < [ju— UOHL‘”(O,T;L?(Q))a

so we expect that, for k fixed, M(uy,) behaves asymptotically as a; + ah**! for some

constants a; and as. The resulting data has been then fitted to a curve a; + ash? by
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employing the nonlinear least-squares solver 1sqcurvefit in MATLAB with the starting
point (1,1,2). We obtain 4 = 2.0 for the rate of convergence.

—
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Figure 5.6.3: The WG surf plot and a least-square fitted extrapolation-curve for Example
5.6.2.

Example 5.6.3. (Test case 3: Linearized Westervelt’s equation) Next, we have executed
a numerical example of linearized Westervelt’s equation to examine the theoretical re-
sults. Here we numerically verified the following linearized Westervelt’s equation with

variable coefficients.
(%, t)ug — V- (EVu + bVuy) + B(x, t)us = f(x,t) in Q x [0,T], (5.6.3)

where 2 = (0,1) x (0,1). It is worth to note that only semi-discrete error analysis has
been discussed in [131] and its provides a scope for the generalization of these works to
higher order of accuracy methods. The source term appearing in the above problem is

selected by setting the exact solution as
u = exp(—t) sin(mz) sin(my) sin(rz + 1y — t),

with coefficients choosing as 3 = z%y + t,¢* = 1500m/s,b = 1 and a = xyt®. Here
we have implemented the equation (5.6.3) with linear and quadratic weak Galerkin
approximation space at final time 7" = 1. It is clear from Table 5.6.1 that we have

obtained optimal order of convergence in both L? and discrete H! norms.
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Table 5.6.1: The history of convergence under the |||-|| norm and L? norm at final time

t = 1 for Example 5.6.3 with 7 = A*+1.

k=1

k=2

len|

EOC

lleall

EOC

llenl

EOC

lleall

EOC

1/2

1/4

1/8

1/16

1/32

1/64

7.786e-02

4.349e-02

1.609e-02

4.186e-03

1.052e-03

2.634e-04

0.84

1.43

1.94

1.99

1.99

4.753e-01

4.040e-01

2.536e-01

1.280e-01

6.393e-02

3.194e-02

0.23

0.67

0.98

1.00

1.00

8.081e-02

2.198e-02

3.971e-03

5.099e-04

6.386e-05

7.982e-06

1.87

2.46

2.96

2.99

2.99

5.309e-01

2.419e-01

9.177e-02

2.410e-02

6.094e-03

1.527e-03

1.13

1.39

1.92

1.98

1.99
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WG-FEMs for General Hyperbolic Equations with

Interface

In this chapter, we are concerned with a priori error analysis of weak Galerkin (WG)
finite element approximations to a general linear second order hyperbolic interface prob-
lem (1.1.10) with variable coefficients on polygonal meshes. Semidiscrete error analysis
in L>°(L?) norm as well as discrete H' norm have been executed for the weak space
(PL(K),PL(OK), [Pr_1(K)]?), where k > 1 is an integer. For a fully discrete scheme, we
employ the Crank-Nicolson scheme for temporal discretization after reformulating the
governing equation as a first-order system. The optimal order of convergence in L>°(L?)
norm is derived for the fully discrete scheme. Finally, some numerical experiments are

performed in a two-dimensional setting to support theoretical results.

6.1 Introduction

Let © be a convex polygonal domain in R? with Lipschitz boundary 992 and €, is an
open domain with C? smooth interface I' = 99y, such that ©; € Q, and Qy, = Q\
(see, Figure 1.1.1). We consider the following general linear second order hyperbolic

equation in multi-layered media
U + Oup + Eu — V.(nVu + vVuy) = f in Q x (0,7], T < oo, (6.1.1)

with the initial and boundary conditions

u(0) = u°, uy(0) =v" in Q, (6.1.2)

u=20 on 99 x (0,7].

The information between both the domains are transferred via following interface con-

ditions 9 9
_ gu gt
W = ®, & ["an+van} ¥ on T x [0,7], (6.1.3)
104
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where J = (0,7 is the finite terminal period, [u ] = 'U,lh“ - u2|p and [ + Uaut] =

M 8“1 + 8“” + 1 8n2 + Uy 3“2’5 Here u; i

normal der1vat1ve with respect to Q; for i =1, 2.
Coefficients are assumed to be positive real valued functions defined in €2. Further,

initial data {u® v} and the source function f are sufficiently smooth in their respec-
tive domain of definition. Due to heterogeneity in the underlying media, the thermal
properties of biological media vary between different layers. In Q = Q; U Qo UT (see,
Figure 1.1.1), we assume that the physical coefficients are discontinuous and piecewise

constants. So we write

(@17517771,111) in €,

(B9, &, 19, 9) in Q.

Equation (6.1.1) is provoked by numerous applications of hyperbolic interface prob-

(67 57 7, U) —

lems in medicine and industrial fields like viscous wave equation, network of linked
beams, hybrid chimney, bio heat transfer etc. Various numerical methods have been
attempted to handle interface problems as a consequence of practical achievements
in engineering and industrial applications. Numerical techniques based on finite ele-
ment framework can be grouped by conforming FEMs, Mixed FEMs, Discontinuous
Galerkin(DG) and Immersed FEMs. Based on the domain discretization, there are
two major classes of FEMs, namely, interface-fitted FEMs and unfitted FEMs. Con-
vergence analysis without the interface for a general linear hyperbolic equation using
FEMs has been studied in the literature (cf. [20, 91, 102, 133]). Classical FEMs for
interface problems are mainly based on interface-fitted meshes. Although the flux dis-
continuity of the solutions can be captured in variation formulation, the discontinuity
of the solution neither fits in the variation formulation nor is satisfied in classical FEM
solution spaces. So the conforming FEMs for interface problems assume continuity of
the solutions along the interfaces. Finite element analysis with the interface for linear
hyperbolic equations has been extensively discussed in [39, 40, 41, 49] and references
therein. Also, a priori error estimates of DPL-Bio heat problem in the heterogeneous
medium using FEMs has been studied by J. Dutta et al. (cf. [54] ) with a homogeneous
jump. Recently, weak Galerkin FEMs for interface problems are well studied in the lit-
erature (cf. [44, 46, 47, 48, 100, 101]). However, to our knowledge, weak Galerkin finite
element analysis for general second order hyperbolic equations with a non-homogeneous

interface condition has not been studied yet.
In this chapter, we focus on developing and analyzing a WG finite element approach

to the general linear second order hyperbolic interface problem (6.1.1). The main as-
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pect of our proof is to use a non standard elliptic type projection operator instead of
the usual elliptic projection. We have achieved O(h*) and O(h**1) for the WG space
(PL(K),PL(OK), [Pr_1(K)]?) in energy norm and L? norm, respectively for semidiscrete
error estimates. Further, semidiscrete error analysis has been extended to fully discrete
scheme. The fully discrete space-time discretizations can be revised as the Crank-
Nicolson discretization of the reformulation of the governing equation in the first-order
system as in Baker [14]. We have achieved O(72 + h*!) convergence rate for fully dis-
crete L? error estimate. Finally, several numerical experiments have been reported in

order to establish the efficiency of the WG method in scientific computing.
The rest of this chapter is organized as follows: Sec. 6.2 concerns with weak Galerkin

discretization for interface problems. Also, in Sec. 6.3 weak Galerkin approximation to
IBVP (6.1.1)-(6.1.2) and the existence, uniqueness of approximate solutions is described.
Further, error estimates in both L>(H*') and L>°(L?) norms are analyzed in this section.
Sec. 6.4 is devoted to fully discrete analysis by employing the Crank-Nicolson implicit
scheme. Finally in Sec. 6.5 some numerical experiments are presented to validate

theoretical results.

6.2 Weak Galerkin Discretization

Let T, be a polygonal partition of the domain 2 with mesh size h. We require that
the edges of the elements in T}, align with the interface I'. A simple and efficient interface
fitted mesh generation algorithm has been proposed in [29]. Elements in such interface
fitted meshes are not restricted to simplices but can be polygons or polyhedra. A typical
body fitted discretization is presented in Figure 6.2.1. Thus, the partition 7} can be
grouped into two set of elements denoted by 7, = 7,N; and 7,2 = TNy, respectively.
Let &, be the collection of all edges of the polygons in 7, and let ) = &, \ 992 be the
collection of all interior edges. Also, let I';, denote the subset of &, of all edges on I'.
Further, for any KC € 7Tj,, denote its diameter by hix and for 7T, mesh size by h, defined

as h = maxye7, hi. Note that,

Tn={KeTh:KZLQy or OKNT =0} U{LeT,:KCQy and ILNT # 0}
=T, UTs. (6.2.1)

Clearly, T; consist all elements in §2; as well as all non interface elements in €25 and Ty

contains all interface elements in §2y. Details follow in [128].
Let K € T;, be an element with boundary 0KC. For an integer k > 1, let P, (K) be the

space of all polynomials of degree not greater than k on the polygon I € 7;,. Similarly,
P (e) be the set of all polynomials of degree not greater than k on the edge e € &,. A
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Figure 6.2.1: A typical interface fitted discretization

discrete weak function ¢, = {¢g, ¢p} on K refers to the weak function ¢, = {¢g, ¢},
where ¢y € Pr(K) and ¢, € Pr(e),e C OK. Let W(k, k; KC) be the space of all discrete

weak functions on ; i.e.

Wik K) = {0 = {on.u} s 0 € PA(K). 01 € Pafe)e ok .
Then the global weak Galerkin finite space W, is constructed from the local finite space
W(k,k;K) as
Wy = {¢h = {00, B} : dnlc € W(k,K), [pn]e = 0,Ve € 5}?}‘

Here [¢p,]. denotes the jump of ¢, along interior edges e € £).
Let W) be the subspace of W, containing all weak functions, which vanishes on

boundary 0€2; i.e.

Wy = {¢n € Wi : dyloq = 0}
Now for ¢, = {¢o, P} € Wi, the weak gradient of ¢y, denoted by V¢, is a linear
functional from [Pj_;(K)]? to R, which acts on each q € [P} (K)]? as

(Vuon,q) = —/’Cqﬁo(v - q)dKC + - ¢p(q-m)ds Vq € [Ph_1(K)]?, (6.2.2)

where n is the outward normal to the boundary OKC.
By using divergence theorem to equation (6.2.2), we obtain

(Vudn, a) = (Voo,d)x + (¢ — ¢o,a-n)ox V¥V q € [Pr_1(K)]>. (6.2.3)

For the weak Galerkin approximation, we define bilinear maps A;, A, as:

Av(un, én) = > (1Vwttn, Vistn)ic + S(un, én),

KeTh

Aa(un, én) = > (VVwtin, Vadn)x + S(un, ¢n),

KeTh
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for up,, ¢p, € Wh,. Here S(-, -) : Wy, x W), — R is the stabilizer based on element-boundary-

discrepancy as defined in Example 1.4.2 in Chapter 1. So for u, = {ug,up}, ¢n =
{bo, pp} € Wi, the stabilizer S(-,-) (cf. [104]) is given by

S(un, én) = > " ((us — uolox), (6 — dolox))axc- (6.2.4)
KeTh
For any ¢, = {¢o, v} € Wy, we define a mesh-dependent semi-norm || - ||1 as in
Chapter 1 by
lonllin =D (IVollz + hc"llén — dollox) - (6.2.5)
KeTh
In fact, the semi-norm || - ||1 4 is a norm in Wy.

Next, the following Lemma establishes the coercivity of the bilinear maps A (-, -)
and As(-,-) on WG space Wj,. Details follows from [151].

Lemma 6.2.1. Let ¢, € W, then there are two positive constants C, & C* > 0 such
that following inequality holds true

C.llonll?n < Ai(dn, dn) < Cllgnllz, for i=1,2. (6.2.6)
Now we define the energy norm (triple bar norm) [||-|| on the space W) as:
llénll® = (Vawtdn, Vaon) + S(én, én) ¥ € W (6.2.7)

Therefore, it can be proved (cf. Lemma 7.2 [126]) that there exist constants C, > 0 and
C* > 0 such that

Cullonll* < As(@n, 8) < C*llgnl|* for i=1,2. (6.2.8)

Hence, from the coercive inequality (6.2.6) and inequality (6.2.8) we can conclude that
discrete H! norm ||-||; 4 and triple norm ||-|| are equivalent. Further, following Poincaré

type inequality holds true (cf. [126])

lénll = lgoll < Cllgnll ¥ ¢1 € Wy, (6.2.9)

where C' is a positive constant.
Now we define some usual L? projections. On each K € Ty, let the operator QY :

L*(K) — P(K) be the standard L? projection and for an edge e € &, let the operator
Qb : L%*(e) — Pp(e) be the standard L? projection. Also, let Q;, be the standard L?
projection onto the WG finite space W, such that Quv = {Q% Obv}. To ensure that
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bv takes unique value on any e € &,, Qv is defined as follows:

Q7 (vlkne) if eCI' and K C )y,
Qv = ¢ Qb (vlkne) + QLD if eCT and K C Qy,
Q7 (vlkre) if e and K € T,.

Similarly, let Qy_; : [L*(K)]* = [Px_1(K)]* be standard L? projection.
Now we recall the following Lemma that connects Q; and Qp_; operators from the
literature (cf. [128]).

Lemma 6.2.2. Let Q, and Qi_; be L? projections as defined. Then for each element
K € Th and for q € [Pr_1(K)]?, we have

(Vu(Qrv),a)k = (Qe—1(Vv),q), if KT,

(Vu(Qnv), d)kc = (Qr—1(Vv), q)c + (P, q - n)ocnr, if K€Ts, (6.2.10)
where Ty and Ty are defined as in (6.2.1).

Also, recall another crucial Lemma for approximation properties of the projections
QY and Qy_;. For details, we refer to [128] (Proof of Lemma 3.4 therein).

Lemma 6.2.3. Let T, be a polygonal partition of €2 that meets the shape reqularity
conditions as described in [153]. Then for p € H*1(Q;), i = 1,2, we have for 0 < r < k,

) (Hso Q|2 + h2[ V(o — kao>||,c)<0h2““annwm

KeTh 1=l

2
5 (196 - @Vl + BIT(T% = Qus(VoDIE ) < W S llrn
KETh i=1
Remark 6.2.1. Above Lemma 6.2.3 is also true element-wise for every IC € T, i.e.,

le — QplE + BNV (0 = Q)IIE < Chid™ @l 3einey for 0<r < k.

Also, for any e C I' be a common edge of two elements Ky C 2, and Ky C €y, we

define following forms

(®,0Vudnn)r, = > (L, mVudnn)ocar, = Y (®,0Vu(nlx,) n)e,

KeTs ecl’y,
(@, 0Vudnn)r, = Y (2,02 Vudpm)oxnr, = (2, 0Vu(dnlk,) ),
KeTs ecl'y,
hH®, ¢ — du)r, = D W HD, b0 — B)oxar, = Y D, dolic, — Dre
KeTs ecl'y,

(T d)r, = > (T, dpoxer, = > (¥, dp)e.

KeTs ecl'y,
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Next, we consider another result related to the projection operator Qj, for every ¢ €

H'(Q) N HY(Qy), we have

1Qwell* < C Y (IVQRellk + hi'1Qhe — Qellse)
KeTh

<C Y (IVelR + he' 1 — ¢ll5x)
KeTy

<O Y (IVQwllk + hll Qe — @il + IV (e — ¢)lIk)
KeTh

2
<C ) leliny: (6.2.11)
i=1

Here we have used the fact [|Q% — Qbpllox < [|Q% — »|lox, standard trace inequality
and Remark 6.2.1.
6.3 Semidiscrete WG-FEMs for General Hyperbolic Interface Problem

In this section, we deal with error estimates for the semidiscrete scheme. The optimal
order of estimates in both L>°(H') and L*°(L?) norms are determined under suitable

regularity assumptions of the true solution.
The continuous-time weak Galerkin finite element approximation to the problem

(6.1.1)-(6.1.2) can be described as follows: Find uy, = {ug, up} : (0, 7] — WY, such that

(Unet, On) + B(une, ¢n) + D(un, on) + Ai(un, ¢n) + A2 (une, on) = (f, d0) + (¥, d)1,

+ (P, nVyoénn)r, + (P, vVyopn)r, — h71<q) + @y, 00 — o)1y, Y O € W;(f,
(6.3.1)

with up,(0) = Qpu®, up(0) = Qo° and bilinear maps B, D are defined as

B(un, #n) = (Oun, ¢n),  D(un, ¢n) = (§un, dn)-

Now we define the bilinear map H as

H(T, ®)(¢n) = (W, Go)r, + (P, nVun-0)r, + (P, 0V ), — B + By, o — do)r,
(6.3.2)

Hence, equation (6.3.1) becomes

(unet, On) + Blunt, &n) + D(un, dn) + Ar(un, ) + Az(unt, ¢n) = (f, do) + H(Y, ®)(¢n).-
(6.3.3)

Existence and uniqueness of the solution of (6.3.1) follows from the following theorem.
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Theorem 6.3.1. For each h > 0 there exists a unique function u, € H*(J; W) satis-
fying (6.3.1).

Proof. For a given IC € Ty, let {¢o,; : i = 1--- Ny} be the set of basis functions for Py (K)
and {¢p; 1 j = 1--- Ny} be the set of basis functions for » s, Pr(e). Then for any

up, = {ug,up} € Wy can be written as

No Ny
up|x = { Z do,i(t) o, Z db,j(t)(bb,j}a
i=1 =1

where dg;, dp; : [0, 7] — R are the coefficient functions for 1 <i < Ny and 1 < j < N,
Now for 1 <i < Ny + N, we write

¢i,h = {ng,zﬁ ggb,i}a

where QBO,Z‘ = ¢O,i for 1 < 1 < ]\7()7 (50’2' = 0 for N() +1 < 1 < No - Nb and ng,i = 0 for
1<i< Ny, Gvi = dving for No+1 <14 < No+ Np.
Similarly, we define d;j, = dy; for 1 < i < Ny and d;j, = dp;—n, for Ng+1 < i <

Ny + N,. Therefore,

NQ+Nb {N0+Nb N0+Nb

uple = > din®)in =13 Y din)doi Y dj,h(t)dgb,j} for K € Tp.
i=1 =il il

Now setting ¢p, = ¢;p for j =1,2,--- , Ny + N, in (6.3.3), we obtain

No+Ny b . No+Np, y B No+Np, " B

( Z th(t)cbw,aﬁo,j) +B< Z d;,h(t)%,ucbog) +D< Z di,h(t)¢o,i>¢o,j)

i=1 i=1 i=1
No+Ny

No+Ny
+A1< > dz‘,h(t)ﬁbz‘,h,%h) +A2( > d;,h(t)¢i,h7¢j,h> = (f, ¢04) + H(W, @) ().
i=1 i=1

Doy,
Dy,

and Dbh = [dNo-i-l,h dNO_A'_Q,h e dNo—l—Nb,h]T such that

Hence, in matrix form, we need to find Dy (t) = , where Doy, = [dy s dop - dng ]t

(

My Dy(t) + Kpe Dj,(t) + L Di(t) + Aipc Di(t) + Aopie D) (t) = Fric(t) + Hpe(t),

Dy (0) = [dino dopo- - dngsnynol’

\ Dpi(0) = [dypa dopt - dngsngna]’s

(6.3.4)
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where Dy, (0) and Dy (0) are the coefficient vectors of Qnu® and Q,v° when expressed
as a linear combination of the basis functions respectively, and My, Kyx, Lnx are given
by

Moy Moy Koo Koy Loo Loy

My = , K = , L = ,
My My Ko Kb Lo Ly

where

Moo = [(Do.5, Do.i)]NexNgs, Mo = Oop, Myo = Oy, My = O,
Koo = [B(do.;, P0.i) Noxnes Kob = Oop, Kio = Opo, Ky, = O,
Loo = [D(doj, $0.i) NoxNos Lob = Oops Lo = Opo, Ly = Opp.

Also, Aipxe and Agpie are given by

AOO AOb BOO BOb
AlhIC = [Ai,j]No+Nb><No+Nb = ) AQhIC = [Bi,j]No-l-NbXNo-l—Nb = )
Ay Aw By By,

where A; ; = Ai(@jn, din) for 1 <i,j < No+ N, and B; ; = As(¢jn, ¢ip) for 1 <i,j <
Ny + Ny,
Here Agg, Aoy, Apo, Apy are No X Ng, Ng X Ny, N X Ny, N X N, matrices respectively.
Similarly, Bog, Boy, Bro, By are Ng X Ng, Ng X Ny, Ny X Ny, N, X Ny matrices respectively.
Further, Fjx and Hyx are given by,

where
Fon = [Fj]nox1 with Fj = (f,do;) and Fyp = [Fng1, Fotrzs o Faorn,]” = Ongxa,

HOh = [Hj]N0><17 th = [HN()—I—j]Nlea Where Hj = H(\II,CD)(quh) fOl"l S] S No + Nb.

Next, for any v = [v; vg - - v, |7 € RM\ {0} and w = [w; wq -+ wy,]T € RN\ {0}

we have,
No 2 NO 2
. _ _
v MgV = / Z%%,z’ dx = Zvi%,i(t) >0,
K15 i—1 L2(K)
Ny Ny
T
W' Byw = A ( Z Wi PNy-+3,hs Z wj¢No+j,h> > 0.
j=1 Jj=1
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Therefore, Mgy and By, are both positive definite, so are invertible. Hence, the matrix

equation (6.3.4) can be written as

4
Dy, (t) + Moo Koo Dy, (t) + Mgy LaoDon (t) + Meg Ao Don(t) + Mg Aoy Do (t)
+ Mgg Boo Dy, (t) + Mg B Dy, (t) = Mg Fou () + Mag Hon(2),
Don(0) = [dino dano- - dngnol’,

\DOht<O) = [dip1 dopr-dgni)

(6.3.5)
(
Dy, (1) + By Ay Dy (t) = By Hy — By Ayo Doy (t) — By, Byo Dy, (1),
Dy (0) = [dng+1.0.0 ANg 12,10+ ANgNy10) 5 (6.3.6)
kaht<O) = [dNo+ 101 ANg2.h1 " - ANgs Ny n1) -
Now differentiating (6.3.6) with respect to time once, we have
(
By, Byo Dy (t) + Dy, (t) + By Ao Diy, (t) + By, Au Dy, (t) = By Hiy,,
1 Don(0) = [dng+1.0.0 ANgr2.80 * = ANo+Ny 10 5 (6.3.7)
\Dbht<0) = [dNng 1.1 ANgr2.01 AN Ny n1) T -
Therefore, combining (6.3.5) and (6.3.7), we obtain
4
Mh;gDZ(t) + AhICD;L(t) + Ghchh(t) = Fh;C(t) + Ehjc(t),
Dy (0) = [dino dopo- - dng+nynol”s (6.3.8)
Dy (0) = [dipa1 dopt - dngengna)’s
where
O Mg Boo + Mg Koo Mg Bos
My = . , A = . .
B;'By I B Ay B Ay,
Mo Loo + Myg Age - Mg Aoy Mo Fon Mo Hon
G = . Fue = . Enc = .
0 0 0 B HI,

Clearly, M, is invertible. Hence, the existence of the solution u;, € H?(J; WY) follows
from the standard ODE theory. m
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Let u be the solution of (6.1.1)-(6.1.2) and uy, be the solution of semi discrete problem

(6.3.1). Then similar to the finite element method we split the error as:
u—up = (u— Qpu) + (Qpu — up).

First part of the above error can be estimated by Lemma 6.2.3. So we choose the

projected error as
en(t) = {eo(t), en(t)} = up(t) — Quu(t), t € (0,7]. (6.3.9)

For simplicity, we write e, = {eg, ey} = up — Qpu.

6.3.1 Discrete H' norm Error Estimate

Now we derive some error equation for ej, which is crucial for the subsequent analysis.

Lemma 6.3.1. Let e,(t) be the projected error defined in (6.5.9) and u € H*(J; X*)
(here X* is the space as defined in (1.2.1) ) be the exact solution of (6.1.1)-(6.1.2).
Then for any ¢, = {do, op} € WY, we have

(entts &n) + Blent; ¢n) + D(en, dn) + Ailen, ¢n) + Az(en, n)

== El (u7 Qbh) + EQ(U’IH gbh) + 63('&, ¢h) + £3(U’t7 gbh)? (6310)

where l1(+,-), la(+,-), L3(-,+) are bilinear maps given by

(

Guson) =D ket (N(Vu = Qp—1(Vu)).m, ¢ — ¢o)ax
ba(u, 0n) = 2xer, (W(Vu = Qi1 (Vu)).n, ¢, — do)ox, (6.3.11)

\53(% On) = Yoxer, b H{QRu — Qp(ulox), d» — do)ox-

Proof. For each element K € Ty, either K C Q; or K C Qy. So for ¢y, = {po, &} € WY,
we test the equation (6.1.1) against ¢ to obtain

(f? ¢0) = (utt7 ¢0) + B(ut7 ¢0) + D(U, ¢0) - Z (V : (vaa ¢0)’C - Z (V : (Uvut)a ¢O>/C-
KeTh KeTh
(6.3.12)
Now for I C Q; or K C Q,, we have

—(V-(mVu), o) = —(V - (0:Vu) = (0;Vu, Vo) — (n:Vu - 0, ¢o)axc.
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Hence, summing over K € 7, we have

=Y (V- (), do)x

KETs
=Y (Vu, Vo)e — Y (Vu-n,¢0 — dp)ox — Y (\Vu-n,dp)oc.  (6.3.13)
KeTy, KeTh KeT,

Here nVu -n = n;Vu -n on 0K if K C Q; for i = 1,2.
Again, using definition of weak gradient and properties of L? projector Q;_;, we have
(MQk-1(Vu), Vuon)c = (Voo, 1Qk—1(Vu))x + (s — ¢o, (1Qk-1(Vu)) - n)ax
= (MVu, Vo) — (¢o — &b, (nQs—1(Vu)) - n)oax (6.3.14)

Combining (6.3.13) and (6.3.14 ), we have

= > (V-(Vu), ¢o)c = > 1Qi-1(V), Vauthn)x

KeTh KeTy

+ Z 0 — Oby (N (Qr—1(Vu) — Vu) - n)g — Z (nVu -1, dy)ox. (6.3.15)

KeT KeTy

Similarly,

== Z (vVuy), ook = Z (VQr—-1(Vur), Vuodn)x

KeTh KeTh
+ ) (b0 = b, (V( Qe (V) — V) - mac — > (Ve - 1, B
KeT, KET,
(6.3.16)
Hence, using (6.3.15) and (6.3.16) in (6.3.12), we obtain
(fs @0) = (us, do) + Blug, do) + D(u, ¢o) + Z (1Qk-1(Vu), Vuon)c
KeTh

+ ) (0Qi 1 (Van), Vadn)ic + G (u, 6n) + Ca(ur, 6) — (U, dp)ax. (6.3.17)

KeTn

Again, using Lemma 6.2.2, we have

(e, @0) + Blur, do) + D(u, ¢o) + Y (Vi (Qu1e), Vi) + > (04 (Qntr) , Vi)

KeTy KeTn

- <(I)7 va¢h : n>Fh + <(I)t7 va¢h : n>Fh - gl(ua th) - 62(ut7 ¢h) + <f7 9250) + <\Ij7 ¢b>3/C'
(6.3.18)
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Now adding S(Qpu, ¢p) and S(Qpus, ¢p) to both side of (6.3.18) we have

(Qnuw, do) + B(Qnus, do) + D(Qpu, do) + A1 (Quu, o) + A2 (Qnue, dn)
= (f, ¢0) — l1(u, dn) — La(ug, dn) — €3(w, dn) — L3(ue, o) + H(V, @) (on). (6.3.19)

Therefore, subtracting equation (6.3.19) from equation (6.3.1), we have the desired error

equation. ]

Next, we recall following important Lemma for the estimate of bilinear maps /1, {s
and 03 (cf. [128]).

Lemma 6.3.2. Assume that T;, is shape reqular discretization of 2. Then for u €
Hk+1(Qi)7 L= 172 and (bh = {¢07¢b} € Wl?) we have

|1 (u, dn)| + |63, @) < ChE(lfull sy + ull e o) bl
[0 (e, dn)] + 1€ (e, @n)| < C*(I[uuellprrs ) + el s @)l onlll-

Now we are ready to present the main result of this subsection

Theorem 6.3.2. Let u, € W) be the solution of (6.5.1) and assume that the exact
solution u € H'(J; H*(Q;)) fori = 1,2. Then there exists a constant C > 0 such that

T
lenellzoe e, + esssup flea(D)]] + / llene(s)llds
0

te[0,7]
< CH(|ull g gsmmeranyy + 1l e e @a))- (6.3.20)

Proof. Setting, ¢, = ep; in the error equation (6.3.10) and then integrating from 0 to ¢

for some ¢ € (0,77, we have

t 1 d t t 1 d
/0 th(ehtaeht>+/0 B(eht,eht)+/0 §£D(€h,€h)
1d
+/ th«‘h(eh,@h / As(ent, ent)

t t t t
=/ &(u,eht)Jr/ Ez(ut,eht)+/ Eg(u,eht)Jr/ U3 (ug, ent).
0 0 0 0

Hence, using the facts e,(0) = 0 and e (0) = 0, we obtain
Sllenc O + [ Blewsen) + 5D(en(tcatt) + glente) en(®) + [ Aoteren)

< / 102 1ty ene) + L, ene)| + / (ot €ne) + L, ene)].
0 0

TH-3545_186123011



CHAPTER 6. WG-FEMs for General Hyperbolic Interface Problem 117

Therefore, using coercive inequality (6.2.8) and Lemma 6.3.2, we have

2

t 2 t 2
S/ Ch* (Z HUHHkH(Qi)) lllenl +/ Cht (Z ||ut”Hk+1(Qi)) llenll|-
0 i=1 0 i=1

Now applying Young’s inequality for suitable ;1 > 0 we have

1 t 1 C, ¢
§me+AB@wm+fwwmw»%;M@W+aAm%w

t 2 2 t
2
g%cﬁ(iﬂw%wm+zﬂw@m®0+wﬁm%m
i=1 i=1

Choosing u = % to obtain

1 ! 1 C. !
w1 + | Blenssen) + 5Dlen(t) entt)) + Flent®ll +C. [ lleell
0 0

lewe O+ | Blensenn) + Dlenthent)) + Slea(Oll* + 5 [ lew

¢ 2 2
S/O Ch?* (Z el s + ||Ut||§{k+1<ni)> :
=1 =1

Finally, taking essential supremum over [0, 7] we have

T T
||eht||2Loo(Lz) + / B(ens, ens) + esssup D(ep (), en(t)) + esssup |len®)]]* + / llenelll?
0 te[0,7] te[0,7] 0

< On <||U||§{1(J;Hk+1(nl)> T ||“”311(J;H'<+1(92>>> ‘

Hence, the Theorem follows. O]

6.3.2 L? norm Error Estimate

Now for optimal order of error estimate in L? norm we employ a non standard projection
operator. Let ¢ € H'(J;X*), where X* = L*(Q) N H*1(Q) N H*1(Qy), with [p] = @,
and [ng—ﬁ + U%] = W, we define

= V- (mVe+u1Ve,) in O
.=
—V - (Ve +1vVe) in Q.

Clearly f, € L*(Q). Define a non standard projection Ry, : H*(J; X*) — W) by

A1 (Ryp, én) + Ao(Ripr, én) =(for o) + (Yo, )1, + (P, nVudn.0)r,

+ <q)tpt7 vagbh‘n)Fh - h_1<q)gp + q)gph ¢0 - ¢b>Fh7
(6.3.21)
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with Ry, (0) = Qre(0) for all ¢, € W), and [p] = D, [ng—ﬁ + U%] = U, along I'y,.
In view of equation (6.3.21) it can be observed that Rpe is the standard weak

Galerkin solution of the following interface problem with exact solution ¢
V- (Ve +vVe) = f,in Q x (0,7,
¢ =00n 002 x (0,7,

with [p] = ®,, [7]%‘5 + U%%] =V, along I';.

Hence, error estimate between Qp¢ and Rj,p can be imported from the existing

result (Theorem 3.1 and Theorem 3.2 in [46]) as in the following Lemma.

Lemma 6.3.3. Let Ry, be defines as in (6.5.21). Assume that ¢ € H*(J; H*T1(€;)) for
t = 1,2. Then there exists a constant C' > 0 such that

2
1910(t) = Ruo (Ol < C* Y ol ssmrsy)-
i=1

2
1Qrep(t) — Rup(t)]| < Ch**! Z ||90||H1(J;Hk+1(9i))> Vield

i=1
Next, we further split the projected error e, = u, — Qnu with the help of non

standard projection Ry as
enlt) = un(t) — Quu(t) = un(t) — Rau(t) + Rau(t) — Qpult) = 6(¢) — p(t),

where 0 = u, — Ryu and p = Qpu — Rpu. Clearly p can be approximated by Lemma

6.3.3. So we try to bound 6 in L? norm.
Now for ¢, € WY, using the definition of Ry, we have

(Oue, 1) + B(6r, ¢n) + DO, dn) + A1(0, ¢n) + Az(6r, dn)
= (f, d0) + H(®, V)(dn) — (Rnuu, on) — B(Rpue, o) — D(Ryu, o)
— A1 (Rpu, o) — A2 (Rpuy, dr)
= ([ ¢0) — (fu> ®0) — (Ruuw, o) — B(Rpue, on) — D(Ryu, ép)
= (Qnus, o) + B(Qnue, d1) + D(Qnu, dn) — (Ripts, ¢1) — B(Ryue, ¢1) — D(Ryu, )
= (pit; &n) + B(pe, 1) + D(p, &n)-

Hence,

(Ost, dn) + B(0:, dn) +D(0, o) + A1(0, o) + A2(0r, dn) = (pse, dn) + Blpr, ¢n) +D(p, dn)-
(6.3.22)
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Next, for any ¢ € (0,T], we define 6§ as
¢
:/ 0(-,s)ds 0<t<T.
t

Therefore,
0(¢) =0 and 6,(-,t) = —0(-,t) t €[0,T]. (6.3.23)

Setting ¢, = 6 in (6.3.22) and then integrating from 0 to ¢ with respect to time ¢, and
using (6.3.23), we have

¢ R ¢ A . .
/O (6,.6) — (6:(0),6(0)) + / B(0,6) — B(9(0), 0(0)) + 5 D(0(0),6(0))
+ %A1<é<0), 6(0)) + /C Ay(0,0)ds — A;(6(0), 6(0))

= /<<pt,9t) /Bp, 0),6(0) /Dp,

Again, using (6.3.23) and the facts that p;(0) = 6;(0), p(0) = 6(0) = 0, we obtain

¢ ¢ X )
/O ;i”‘)HQdH/ B(0,9) + 12)(0( 0),(0)) + ,41 / Ay(6,6)

:_/Oc(pt,ét) / /D (6.3.24)

Further, the fact 6(0) = 0 leads to

SO+ [ B0.6) + 5D0),60) + 3400000 + [ 46,6)

0

:/Oc(pt,e)—I—/OCB(p,@)—l—/OCD(,O,é). (6.3.25)

Since, 6 is continuous in temporal direction, we select ( € (0,7] such that ||0(¢)| =

maXo<i<T ||0(t)” AISO,
. ¢ .
16C0)] S/O 16(s)llds < (Ol and [[6(E)[ < VIO

Therefore, using Holder’s inequality and then Young’s inequalities with suitable p > 0,

we have

< . . 2 ¢
0O+ [ 101 + 10 + [Jo) |+ [ o
C (¢ C (¢ ¢ ¢ 2T ¢
<5 [ o+ 5 [ 1o+ 161+ u [Cne+ L [l
0 0 0 0 K Jo
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Now choose p = % to obtain
1 2 ooz Malll? a2
SOOI+ [ i + |||+ [ e
2 0 0

¢ 2 ¢ 2 ¢ 2 CQTQ ¢ 2
<o [+ 1)+ [ worras+ S o
0 0 0 2 0

Hence, using Gronwall’s inequality, we have

oo+ [ 1o+ o [ <o [ o). @

Again, using the fact that p, = Qu; — Ryuy and then applying Lemma 6.3.3, we obtain

2
loe@I* < CR2EDS g} i )y VE € [0, 7). (6.3.27)
-

Therefore, using (6.3.27) and in (6.3.26), we have for t € [0, 7,

2 2
o)1 < l6(C)|* < Cr**HY (Z lullir sy + D H“t“?zlu;m+lmi>)>- (6.3.28)

=i =1

Finally, using Lemma 6.3.3 and inequality (6.3.28), we estimate error in L*(L?)

norm.

Theorem 6.3.3. Suppose that the exact solution u € H'(J; H*(Q;) fori = 1,2 and
u; € HY(J; H*Y(Q;) fori=1,2. Then there exists a positive constant C' > 0 such that
following holds

2

2
lenll Lo riz2 () < CHHHE ( D Ml sy + ) HutHﬂlu;HHl(m)))-
=1

i=1

Proof. We have
en(t) = up(t) — Quu(t) = 6(t) — p(t).
Hence, triangle inequality yields
lea@I < 110 + [lp(B)]] for a.e. ¢ € [0,T].

Then Lemma 6.3.3 and (6.3.28) lead to the desired result. ]
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6.4 Fully Discrete WG-FEMs for General Hyperbolic Interface Problem

In this section, we derive L? error estimate for a fully discrete weak Galerkin finite
element scheme. We employ the Crank-Nicolson scheme for the temporal variable. First,
we convert second order problem (6.1.1) into a system of first order equations. Let us
take u; = p, where p is an auxiliary unknown function. Then our model equation (6.1.1)

is reduced to following first order system of equation in time

u —p=01in Q x (0,7], (6.4.1)

pe+Op+&u—V.(pVu+ovVp)=f in Qx(0,7].

Let M be a natural number. First divide the time period (0,7 into M uniform

sub-intervals J, = (t,_1,t,] for n=1,2,--- M with to = 0, t, = n7 and t); = T,
where 7 = %
For a continuous function ¢ : [0, 7] — L*(Q2), define ¢" = ¢(-,t,), n=0,1,---, M.

Also, for any sequence {o"}) C L?(2), define

is the time step.

4

1 n+l _  n
P = (" ") and O = F——" for n =01, , M =1 (642)
T

2

Then the fully discrete weak Galerkin finite element estimate to (6.1.1)-(6.1.2) is defined
as follows: For n =0,1,---M — 1, find U™ € W} such that

o,U" = pt3, (6.4.3)
(ann> ¢h) + B(anr%a ¢h) + D<Un+%a ¢h) + A1<Un+%7 ¢h) . 1 A2<pn+%7 (bh)
= (/"5 60) + H(U"2,8745)(9n) Yoy € W, (6.4.4)
with U% = Ry, p = Ry0” and H is defined as in (6.3.2).

Remark 6.4.1. We have incorporated jump functions ® and W in the weak Galerkin

algorithm to avoid residue in the error estimate.

The existence and uniqueness of the fully discrete solution U™ in terms of auxiliary

variable p" follows from the following Lemma.

Lemma 6.4.1. There exists a unique sequence {U™}M., C WY satisfying (6.4.4) and a
corresponding unique sequence {p"}M., C WY satisfying (6.4.5).
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Proof. Clearly,

-
2
Therefore, using above equation in (6.4.4), we have

U™z = Z(p"t + p") + U™ (6.4.5)

A (p", ¢n) = F (o), (6.4.6)

where A, is the bilinear form defined as

2 2

Ar (U 61) = (T, 60) + 5B(Wn 0n) + T D(Wn, 1) + AL (T, 1) + 5 AoV 60).

for Uy, ¢, € W, and the linear functional F" is given by

Fron) = (£, 60) 4 0, ) = B 00) ~ TP 61)) ~ 7D(U”. )

2
~ TAW" 1) = AU 60) = G A" 6n) + H(ETE @) ().

Clearly, A, is a bounded as well as positive bilinear map and F" is bounded. Therefore,
there exists unique p"** € W) satisfying (6.4.6), so is U™ for 0 <n < M — 1. O

Now we discuss following important Lemma, which can be proved using Taylor’s

series expansion.

Lemma 6.4.2. For any Banach space B and ¢ € H*(J;B), the following inequality
holds

n n+3 12 3 y 2
lowe” — e HE <07 [ ol
tn
where C' > 0 is a constant independent of 7.
Next, to compute projected error e} = U™ — Qpu", we first establish the error
At =U"—Rpu" for 1 <n < M.
Now we define the following sequences
" =p" —Rpuy and x" =u"—Rpu" for 0 <n < M.

The following Lemma is crucial for the fully discrete error estimate.

Lemma 6.4.3. Let u be the exact solution of (6.1.1) and U™ be solution of fully discrete
approzimation (6.4.4). Assume that u,u; € L=®(J; H¥(Q,)) fori = 1,2 and u,u; €
HY(J; H*Y(SY,)) for i = 1,2. Further, assume that uy, € HY(J; H*(Q;)) fori = 1,2.
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Then there exists a constant C' > 0, independent of T and h such that following estimate

holds

2 2
n k+1
1271%}%/1 "] < Ch {z_; ”uHLOO(J;H’CH(Qi)) + Z; ||ut||L°°(J;H’€+1(Qi))

2 2
+ Z Nl im0,y + Z ||ut||H1(J;Hk+1(Qi))}
i—1

=1

2 2 T T
+0¢2(ZHutﬁanU;Hmin+Z|»um||mu;mmm+ / et + / ||utm||dt).
i=1 i=1 0 0

Proof. For cach ¢, = {¢o, ¢} € WP and for 1 <n < M — 1, we have

(0-q", én) + B(q" 2, 6n) + D(Y"2, ) + A1 (172, 61) + Aa(q" 2, 6p)

= (01", 6n) + B2, 6n) + DU, ¢p) + A (U™, 6p) + As(p™F2, 61)
— (O R}, 6n) — By 2, 41) — DRy, 0y)
— A (Rpu™ 3, ) — Az(RhU?+%7 bn)

— (73, g0) + H(U™HE, 8" 3)(6n) — (O, Raeif' 6n) — B(Riui) 2, 61)
— D(Ryu™ 3, gn) — (fu 2, d) — H(T™2, 0"H5)(g)

— ("%, 60) — (O Ruf, 6n) — BRyty 2, 64) — D(Rau™*, )
+ (V- (V™3 + oVt E), o)

— ("%, 60) — (O, Rau}, én) — BRytiy 2, 6n) — DRy 2, )

+ (ugy 2, do) + Blug 2, o) + D2, dp) — (f™2, o)
n—&-%

= (uy ? — Ry, o) + Blu; "> — Ryuy’ 2, ) + D(ut2 — Ryu™ 2, gy).
Therefore, we obtain
1 n+1 nt+l n+1
(0-4", ¢n) + B(¢""2,¢1) + D(Y"" 2, 9p) + A1(7"2, ) + As(¢"F2, ¢)
= (Orx) — w", do) + B(x; "%, do) + DIX"T2, 6), (6.4.7)
ntl
where w" = 0;uy — uy °
Now
07" = 0,U" — 3. Ry = p"*3 — 9, Rpu”

_ nti n
=q 2-}-(1/7
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where a” = Rhu?+§ — 0, Rpu™.
Therefore, using the fact 4° = U — R,u(0) = 0 and ¢° = p° — Rpus(0) = Ry0® —

R;,v° = 0, we have

n—1 n—1 n—1
LR MLEEE LR o
7=0 7=0 7=0

(6.4.8)

Now we define a sequence {s"}*, such that s’ = 0 and
s"=r 'Yj+% for n:1727'“7M'

So

M\»—‘

(ZW + Zw) (6.4.9)
Therefore, for any ¢, = {¢o, d»} € W}, using equation (6.4.7), we have for 0 <n < M —1
(97", 6n) + BOY™"2,60) + D572, 6n) + Ai ("2, 41) + Ao(37F2, )

(Z -q',6n) + B(@*2, 6n) + D(V*2, 1) + A ]+%7¢h)+v42(qj+5,¢h>)

j=0

-
2

H

+ %( (0rq?, dn) + B(g2, dn) + D2, dn) + AL (VW 2, 00) + As (g2, ¢h))
0

j:
n n—1 n n—1
+ (", ¢p) + %B(Zai +Zo/,¢h) + gAQ(Zaﬂ' + Zaﬂ',cph)
7=0 7=0 7=0 7=0
> {0t = wton) + B o)+ 00 o) |
§=0

{(afxt W, én) + B ”27¢h>+D<xf‘+%,¢h>}+<an,¢h>
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Hence, we have
(07" 0n) + B2, 6n) + D(s"™ 2, 6n) + Ai(s™ 2, 6n) + Aa(7""2, 6)
= (GY, ¢n) + B(G3 + G5, 6n) + D(GY, ¢n) + A2(GE, ¢n), (6.4.10)
where G, G5, G4 and G are given by
E {ZJ 0 Orxt + 32712 Orx —Z?:owj—Z?zéwj}M%
Gn = g(z;;o AR xi*é),
63 = 5( St + 0T,
|G = T(Zg o XTHE + 00 Xt >

Now setting ¢ = 0,s" = fy”*é in above equation (6.4.10), we obtain
(YA A+ 27 By R, ME) 4 D(sTH, s o Ay (8T 57+ 2m Ap (v R, )
= (3",7") + D(s", s") + Ai(s", s") + 27(G%, 4"*2) + 27B(GS + G, 7"3)
+27D(GY, 7" E) + 2745 (GE, 7 2).
Next, using Cauchy-Schwartz inequality and inequality (6.2.8), we have

(Y, 44 + 27B (Y3, 4T 3) 4 D(sFL, 5™ 4 Ay (57, s s

n n o n non n n+i n n n+i
< 912+ D(s", s™) + Au(s”, 8") + 27| G| I 2 + 27 (|G + Gl 2 |

I

Hence, using Poincaré type inequality (6.2.9) and then applying Young’s inequality with

|

(IGTI* + IG5 + G51* + 1G31?)

n n+ n n+i
+ 271G ([l 2] + 27 (| G5 [

suitable p > 0, we obtain

(’7n+1,’7n+1) + 276(’7n+%,’7n+%) + D(Sn+1,8n+1) + A1(8n+1, Sn+1> + 20*7_
027_2

< "IP+D(s", 8") + Ai (s, 8") +

T2 n||2 n+ 1
TGS +

Setting p = % leads to
n+1 n+1 n+% n+% n+l _n+l1 n+1 _n+l n+%
(V"L A 27B(YTR "TR) £ D(s"T, 8T 4+ A (87T, 8MT) + Cur

47’02

I

n n n n At n
— (IGT1° + 1G5 + GSIP + 1G1°) + o Gslre.

< YIP 4+ D(s™, 8™) + A (5™, 8™) +
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Therefore, using the positivity of B, we have
|wn+1||2 +D(Sn+1,8n+1) +A1(Sn+1,8n+1)
n n n n o n n n n n n||2
< I+ (s + A5+ O (IGHE + 165 + GBI+ [GEIE + G ).
Now summing above inequality over n =1ton =r — 1 for 2 <r < M, we have

n12 <||~12 1012 H|1’H2
max [ <o+ 117 + ||

r—1
—H%Ej@mW+mﬁ+Gw%Hmmﬂwwmﬁ. (6.4.11)
n=0

Next, for the estimate of ||y, ||s']| and [|s]]|, we set n =0 in (6.4.7), to obtain
(0-4".¢n) + Bla, 6n) + D(12, ) + Au(y2, 6) + Aa(a?, én)

= (02 — w°, 6n) + B(x?, én) + D(X3, 1.

Therefore, using the identities s' = Z~', q% =0, —a® = 771 and 0.q° = %71 — %ozo,
we have
2 1 1 1 1 1 1 1 1
_<’7 7¢h> + _8(7 7¢h) + _D(7 7¢h) + _Al(s 7¢h) + _A2(7 7¢h>
T2 T 2 T ir
2

1 1
= ;(OZO, on) + B(a’, ¢n) + Aa(@®, 6n) + (8-x7 — w°, ¢n) + B(xZ, ¢n) + D(XZ, dn)-
Hence, setting ¢, = v* = 25! and using inequality (6.2.8) and Poincaré type inequality

(6.2.9), we have

2 C*
W12 + 2By + =D ) + Gl + =2 (1
2 2

4
2 1 )
< a2l + €% ({16 = wlll + Hall+ I 1+ I I} I+ a1l )

Therefore, applying Young’s inequality with suitable py, ps > 0, we have

2 O*
12+ 2B ) + TGN + Clls P+ Sl
< 0l + - {In? = Wl + ol + I I + 1)
A 8fi1 ! ‘
7_4
+ 2 [l + C@\HQO\HQ + o ]
2
Gyt
8

Setting pu; = =T, g = % and Poincaré type inequality (6.2.9) lead to

I+ st + s

2 i 1
gc%ﬂwfw2+<%A{ux?—1ww2+na%F+—ma%H +nx5w-+nxwﬁ}. (6.4.12)
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Therefore, using above equation (6.4.12) in (6.4.11), we have

max 1y SC{T“HX? P + 72l +T4ma°Hl2}

2<n<r
r—1
n n n n n|(|2
+C7 ) (||G1||2 + 1G5 + G IPP + G + IG5l )7
n=0
ie.,
r—1
oo 1P < 07 3 (IGHP + 163 + G + IGHP + IGEIF) for 2.<r <
=n=r n=0
(6.4.13)
Now
- n Tnfl . n Tnil
n||2 . J - J||2 ° J o 7112 n
IGEE < 15 3000k + 230+ 153" ! + 2 3w + o
7=0 7=0 7=0 7=0
1 T =
= I =20 P 1w+ S+ P
=0
Again,

X1 =l — Qv |I* + [ Qn’ — Rt |*

2 2
< Ch?HY {Z [ W0 + D ||“tH?11<J;Hk+l<ﬂi>>} '
i=1 =1

Also, for 1 < n < M, we have

IXEI? < Jluf = Quuf |I* + 11 Qnuy’ — R’ |)®

2 2
< Ch2(k+1){ Z HU?IIEM(Q) + Z Hut||§{1(J;Hk+1(Qi))}'

i=1 =1

Hence,

HG?H2 SChQ(kJrl)

2

(HUOH?{MW i sy + Hu?ﬂuzmi))
1

(2

2
+ ORIl ey

i=1

tn+1 T tn+1
—|— C{TS/ ||utttt||2dt+7—5/ ||Utttt||2dt+7'3/ ||Rhuttt||2dt}.
tn 0 tn
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Further, using ||Rpuw|]? < ||Qnuwe!|? + || Rpuse — Qpue||? and then Lemma 6.3.3, we
g

have
2 2 2
IGT]1” < ChQ(kH){Z [0 Fn @y + D Nt ey + D Hut!l?pu;HHlmi»}
=1 =1

=1
tnt1 T
+C{T5/ ||utm||2dt+75/ |2t
tn 0

tn+1 2
+7'3/ ||uttt’|2dt+7—3h4z |’uttt”§{1(J;H2(Qi))}' (6414)
tn i=1
Also,
A n g n—1 41 n+1
n JT3 T35 j
6312 = 15 ( o™ + AP < I o
=0 =0 =0
n+l 2 L n+l 2
< ORI LSS S il + 3 D Il
=0 i=1 =0 i=1
2 2
= Chz(kﬂ){z HUtH%m(J;HkH(Qi)) + Z ”utHifl(J;Hk+1(Qi))}' (6.4.15)
=1 =1
Similarly,
2 2
IG]1” < OhQ(kH){Z el oo rsars1 0y + D ||U||§11(J;Hk+1(9i))}- (6.4.16)
=i =1

Again, using Lemma 6.4.2, we have

P

tni1 T
S C <7'5 / ’”RhutttHth + 7'5 / “‘RhutttHth) .
tn 0

Also, using Lemma 6.3.3, we obtain

- T n—1 ;
IG3IP = {|Za" + 7Y a
j=0

H‘Rhuttt”lz < H|Qhuttt|”2 + |HRhuttt - Qhuttt|l|2

2 2
<C Z ||Uttt||§{1(gi) +Ch? Z HutttH%-Il(J;H?(Qi))'
=1

=1
Therefore,
2 2
ni|2
el < €r° (X MunelBon + 703 BBy ). (04.1)
i=1 i=1
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Similarly, using Lemma 6.3.3

2 2
IG3)? < C7° ( Z il 220502000y + Th* Z ||utttH?{1(J;H2(Q¢))) : (6.4.18)
i—1 i—1

Hence, using above two inequalities (6.4.14), (6.4.18) in (6.4.13), we have

2 2
max " * < R {Z 1M + 2 el sy

2

+ Z Hut”Loo(J HRHL(Q) T Z HuHHl JHM1(Q)) T Z Hut”Hl(J SHEHL(Q; ))}

=1
2

g (T6 D Ml oy + 7 Z vaeee 102 02
i=1 i=1

T T
S | ||utttt||2dt). (6.4.19)
0 0

]

Finally, the following main theorem of this section states the optimal L? error esti-
mate for the fully discrete case.

Theorem 6.4.1. Let u be the exact solution of the interface problem (6.1.1)- (6.1.2)
and U™ be solution of fully discrete approzimation (6.4.4), respectively. Assume that
u,uy € L®(J; HFY()) fori= 1,2 and u,u, € HY(J; H*1(Q,)) fori=1,2. Further,
assume that uyy € H'(J; H*(SY;)) fori = 1,2. Then there exists a constant C' > 0 such
that

2 2

OLH%J lenll < Chkﬂ{z HUHLOO(J;H’“H(QZ-)) + Z ”utHLOO(J;H’C“(Qi))

2 2

+ Z fwll 1 (a4 (i) + Z HutHHl(J;Hk'H(Qi))}
] =1
T T
o (Z [ P Z el sy + [ ueda+ [ Huttttu%).
0 0

=1

Proof. Applying triangle inequality, we have
U™ = Qpu"|| < [|U" = Rpu" || + [|Rpu™ — Qpu”|.

Using Lemma 6.3.3 and Lemma 6.4.3 in the above inequality we have the required
results. O
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6.5 Numerical Experiments

In this section, we conduct numerical experiments to illustrate our theoretical find-
ings. To demonstrate high-order convergence, we consider different kinds of Lipschitz
continuous interfaces with complex structures in 2D model problems with sufficiently
smooth exact solutions. The non-uniform triangular meshes aligned with interface I"
(see, Figure 6.5.1 (right)) have been taken for the WG algorithm. The errors e} are
evaluated with respect to the |||-|| and L? norms, defined in equation (6.2.7). These er-
rors are reported in tables corresponding to the WG space (Py(K), Pr(e), [Pr_1(K)]?),
where h is the spatial step size and 7 is the time step size.

Example 6.5.1. Consider unit square domain Q = (0,1)* with the circular interface
with center (3, 1) with radius r = 1 (see, Figure 6.5.1(left)). Here ; is the interior

portion of the circular interface and Qs = Q \ €. The time interval J = (0, 1].

The exact solution u and physical coefficients are given by

. exp(—t) cos(m(z + 3y)) sin(ry) in O,

t(xy + cos(my)) in Q,

(©,&n,v) =
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Figure 6.5.1: The domain €2 with interface I' (left) and a refined mesh (right) at level 6.
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Table 6.5.1: The history of convergence under ||-|| and L? norms at time ¢ = 1 for

Example 6.5.1.

k Level h llen]] EOC lllen]l EOC
1 2.78e-01 9.35e-02 — 3.96e-01 —
2 1.39e-01 2.39e-02 1.96 1.99¢-01 0.99
3 6.96e-02 6.00e-03 1.99 9.98e-02 1.00

1 4 3.48e-02 1.50e-03 2.00 4.99e-02 1.00
) 1.74e-02 3.75e-04 2.00 2.49e-02 1.00
6 8.70e-03 9.39e-05 2.00 1.24e-02 1.00

Table 6.5.2: The history of convergence under ||-|| and L? norms at time ¢ = 1 for

Example 6.5.1.

k Level h llen]] EOC lller]l EOC
1 2.78e-01 1.94e-02 e 1.13e-01 —
2 1.39e-01 2.63e-03 2.88 3.04e-02 1.89
3 6.96e-02 3.35e-04 2.97 7.76e-03 2.00
2 4 3.48e-02 4.20e-05 3.00 1.95e-03 2.00
) 1.74e-02 5.26e-06 3.00 4.88e-04 2.00
6 8.70e-03 6.57e-07 3.00 1.22e-04 2.00

Example 6.5.2. Consider the square domain = (—1,1)? and the time period J =
(0,1]. This example explores the efficacy of the WG algorithm in handling a problem
characterized by a five-leaf shape interface embedded in Q = (—1,1)? (see, Figure 6.5.2

(left) for interface and subdomains €2, €), described by its parametric equation as
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Table 6.5.3: The history of convergence under ||-|| and L? norms at time ¢t = 1 for

Example 6.5.1.

k Level h llenl| EOC len ]Il EOC
1 2.78e-01 3.99e-03 — 2.46e-02 —
2 1.39e-01 2.34e-04 3.94 3.18e-03 2.95
3 6.96e-02 1.47e-05 3.99 4.01e-04 2.99
3 4 3.48e-02 9.23e-07 4.00 5.03e-05 2.99
) 1.74e-02 5.77e-08 4.00 6.29e-06 3.00
6 8.70e-03 3.60e-09 4.00 7.86e-07 3.00
1 1 1
05 Y ' 05 ‘/ 05
SN \
0 J\\\ o //J 0 0
05 — " »‘ 05 791 05
\\/s
i)
'1-1 05 0 05 i E 5 ) 05 f e 05 05
Figure 6.5.2: The shape of domain, subdomains and interface.
follows [99]

x(w) = r(1 + (0.2) sin(bw)) cos(w),

y(w) =

where r = 1/2 and w € [0, 27].

The exact solution and physical coefficient are given by

r(1+ (0.2) sin(bw)) sin(w),

(t + 3) exp(x) cos(x + y)

u =

(1 4 sin(t)) cos(9x) sin(9y)

in Ql,

in Qg,
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©.6p0) — { b
(t2> 60 3> 105) 10 o
Table 6.5.4: The history of convergence under [||-|| and L? norms at time ¢ = 1 for
Example 6.5.2.
k Level h llen]] EOC el EOC
1 2.75e-01 2.05e-02 — 1.00e-01 —
2 1.37e-01 5.31e-03 1.94 5.21e-02 0.94
3 6.89e-02 1.33e-03 1.99 2.64e-02 0.97
1 4 3.44e-02 3.34e-04 2.00 1.33e-02 0.99
) 1.72e-02 8.35e-05 2.00 6.67e-03 1.00
6 8.61e-03 2.08e-05 2.00 3.33e-03 1.00

Example 6.5.3. Consider the domain 2 = (—1,1)? and the time period J = (0, 1].
This example concerns with the arbitrary shape interface I', whose parametric equation

in polar coordinate w is given by [128]
z(w) = (0.40178 + (0.40178) cos(2w) sin(6w)) cos(w),
y(w) = (0.40178 4 (0.40178) cos(2w) sin(6w)) sin(w),

where w = [0, 27]. The subdomain 2, is the interior portion of interface I' and Qy =

2\ ;. For more details, see Figure 6.5.2 (middle).
The exact solution and physical coefficients are given by

(cos(t + 1) + exp(t)) exp(x + 2y) in Qy,

u =
(t+3)(sin(z) +y + 1) in €y,
(#7%a%a#) in Qh
(@7577%1}) =
1L 1 130
( )10 104° 106) m 2.
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Table 6.5.5: The history of convergence under [||-|| and L? norms at time ¢ = 1 for

Example 6.5.3.

k Level h llen| EOC eI EOC
1 2.05e-01 4.62e-01 — 2.03e4-00 —
2 1.02e-01 1.50e-01 1.61 1.22e4-00 0.72
3 5.14e-02 3.95e-02 1.93 6.35e-01 0.95
1 4 2.57e-02 9.94e-03 1.99 3.19e-01 0.98
) 1.28e-02 2.48e-03 2.00 1.60e-01 1.00
6 6.42e-03 6.22e-04 2.00 8.01e-02 1.00

Example 6.5.4. Let Q = (—1,1)? be square domain and time period J = (0, 1]. Con-
sider an arbitrary shape complex interface (see Figure 6.5.2 (right)). The parametric
equation of the interface I' embedded in (2 is set to be [128]

y(w) = r(w)sin(g(w)),

2(w) = r(w) cos(g(w)),

where 7(w) = 0.2401256 cos(4w + 7/2) + 0.6012563, g = sin(4w) + w.
The exact solution and physical coefficients are given by

(2 + 2)(cos(zy) +2* +7) in Oy,

u =
t(r+y+3) in Q,
(L#a%a#) n Ql7
(©,8,n,v) =
111 1yi4 0
(27107 710) m 2
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Table 6.5.6: The history of convergence under [||-|| and L? norms at time ¢ = 1 for

Example 6.5.4.

k Level h llen]] EOC lllex]l EOC
1 1.82e-01 6.37e-01 — 2.57e4-00 —
2 9.13e-02 1.85e-01 1.78 1.40e+00 0.88
3 4.56e-02 4.62e-02 2.00 6.93e-01 1.01
1 4 2.28e-02 1.15e-02 2.00 3.44e-01 1.00
) 1.14e-02 2.87e-03 2.00 1.72e-01 1.00
6 5.70e-03 7.19e-04 2.00 8.60e-02 1.00
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Conclusions and Future Scopes

In this chapter, we highlight the significance of current thesis work, the corresponding
results and techniques to derive them. We also provide information for the scope of

possible extensions and future investigations.

7.1 Summary of results

This thesis has considered recently developed high-order weak Galerkin finite element
methods for different hyperbolic problems on polygonal meshes. The work in this thesis
could be a crucial step for error analysis of the WG-FEMs for linear and nonlinear
hyperbolic problems. We aim to derive a priori error estimates in suitable norms for the
WG approximation solution. Further, theoretical results are supported by numerical
experiments. In the following, we highlight the critical review of the results obtained in

each chapter.
In Chapter 2, we have presented a priori error estimates for the spatially semidiscrete

scheme for second order linear wave equation (2.1.1)-(2.1.3) by allowing polynomial
approximations with various degrees for each local WG element. Our results are intended
to extend the work of [43, 151] to second order wave equation based on WG finite
element space (Py(K),P;(9K), [P;(K)]?), with arbitrary non negative integers{k, j,},
where k£ > 1. Optimal order error estimates in both L>(H") (see, Theorem 2.3.1) as well
as L>(L?) (see, Theorem 2.3.2) norms are established. Error equation (2.2.6) played a
crucial role in the derivation of optimal order error with respect to point-wise in time
discrete H' norm. Further, elliptic type projection operator R, has been introduced in
(2.3.6) to obtain optimal order of convergence for semidiscrete solution with respect to
L>(L?) norm.

In Chapter 3, we have extended the spatially discrete a priori error analysis to
the fully discrete approximation for second order linear wave equation (3.1.1)-(3.1.3) in
local WG space (Py(K),P;(0K),[P;(K)]?). The Crank-Nicolson scheme is applied for

136
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the time discretization. We have obtained the optimal order of convergence in L>°(L?)
(see, Theorem 3.2.1) norm for the fully discrete scheme. Finally, we have presented some
numerical experiments to justify the robustness, reliability and accuracy of WG-FEMs.
We observed that the method of element-boundary-discrepancy seems to be more stable

than the method of projected element boundary-discrepancy.
In Chapter 4, we have developed WG-FEMs for solving semilinear Klein-Gordon

equation (4.1.1)-(4.1.3) on polygonal meshes. The optimal order of convergence in
L>(L?) norm is proved in both semidiscrete and fully-discrete schemes (see, Theorem
4.3.1 and Theorem 4.4.1) in the WG space (Py(K), P1(0K), [Pr_1(K)]?), where k > 1.
Also, semidiscrete error estimate in discrete H' norm (see, Theorem 4.3.2) has been
established. For the fully-discrete case we have employed time Newmark scheme for
temporal discretization. At the end of the chapter, we have performed various numeri-

cal experiments that justify the theoretical results.
In Chapter 5, we have analyzed a weak Galerkin finite element method for the

quasi-linear Westervelt’s model (5.2.1)-(5.2.2) of ultrasound waves on polygonal meshes.
Specifically, we investigate the spatial discretization of Westervelt’s quasi-linear, strongly
damped wave equation using high-order weak Galerkin discretization. Our convergence
analysis relies on the Banach fixed-point theorem, along with stability (see, Lemma
5.3.1) and convergence analysis of a linear diffusive viscous wave equation (5.3.1) with
variable coefficients for the first and second time derivatives. This approach yields op-
timal convergence rates in L*-based spatial norm (see, Theorem 5.5.1) for sufficiently
small data and mesh size, given an appropriate choice of initial data and error estimate in
L>(L?) norm (see, Theorem 5.4.1) for linearized Westervelt’s equation in the WG space
(Pr(K),P(OK), [Pr_1(K)]?), where k > 1. Numerical experiments in two-dimensional
settings based on backward Euler time discretization illustrate the theoretical conver-

gence results.
Finally, in Chapter 6, we have studied a prior: error analysis of weak Galerkin finite

element approximations to a general linear second order hyperbolic interface problem
(6.1.1) with variable coefficients on polygonal meshes. Apart from standard projection
operators, a new non-standard elliptic type projection operator Ry has been introduced.
The derivation of error bound heavily depends on this new non-standard elliptic type
projection operator Ry,. Optimal order of convergence in both L>(H') norm and L>(L?)
norm are established (see, Theorem 6.3.2 and Theorem 6.3.3). We have extended the
spatially discrete a prior: error analysis to a fully discrete approximation for second
order hyperbolic interface problem (1.1.10). The fully discrete scheme is the well known

Crank-Nicolson scheme. Optimal order of convergence in L>(L?) norm is derived (see,
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Theorem 6.4.1). Numerical results for two dimensional test problems are presented
in support of theoretical convergence results. In each of these numerical experiments,
we have used different forms of interfaces indicating the adaptability, reliability and

accuracy of the method.

7.2 Future Scopes and Remarks

In this section, we have described some possible extensions of our thesis work. Here
we are briefly presented some uninvestigated models that can be demonstrated as the

future scopes of our findings.
Weak Galerkin finite element general Newmark scheme for acoustic wave

equation: In this thesis, we have employed the Crank-Nicolson scheme for tempo-
ral discretization for wave equation (see, Chapter 3) and general second order linear
hyperbolic equation (see, Chapter 6) and particular Newmark scheme for semilinear
Klein-Gordon equation (see, chapter 4). Although, the above approaches are implicit,
mesh parameters have no stability restriction. In Kim and Lim [93], it is found that the
implicit technique yields solutions that are less dispersive than the explicit one, which
is helpful for the numerical solution in highly oscillatory media. It could be interesting

to apply a more general Newmark scheme for the acoustic wave equation, defined as

(672-Un7 ¢h) + Aw(Ule,ZQa ¢h) = (.fmZhZQ) th) v¢h € W}?a (721)
where 9?U™ is defines by (3.2.2) and
1 1
U 22 — ZlUn+1 + (5 — 221 -+ 22) un aF (5 +z1 — ZQ) Uvnil7 (722)

and f™*1*2 is defined accordingly. Here 21, 2o > 0 are free parameters. Above scheme

(7.2.2) reduces to explicit scheme when z; = 0 and z, = 1.
Fully discrete a priori error analysis for semilinear Westervelt’s wave equa-

tion:

In Chapter 5, we have developed and examined efficient computational methods for
accurately approximating nonlinear wave propagation in uniform media. Our focus was
on investigating the Westervelt’s equation to address nonlinearity. Our convergence
analysis relies on the Banach fixed-point theorem, supplemented by a stability and con-
vergence evaluation of a linear diffusive viscous wave equation with variable coefficients.
Subsequently, we conducted several numerical experiments to validate the efficacy of
the WG method in scientific computing. However, a fully discrete convergent analysis
for the semilinear Westervelt’s equation is still unexplored. We are interested in ex-
tending spatially semidiscrete a priori error analysis to a fully discrete weak Galerkin

approximation for the semilinear Westervelt’s equation.
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A priori L>°(L?) error estimates of WG-FEMs for nonlinear sound waves: Con-
sider the Westervelt’s equation (5.1.1) to model nonlinear sound propagation through a
homogeneous media given in terms of the acoustic velocity potential 1 can be obtained

via the following equation (cf. [156]):

(1 — 2630, )y — AP — bAY, = 0. (7.2.3)

Here the constants ¢ represents the speed of sound, b is the so-called sound diffusivity,
Kk is given by k = B,/pmc?, where p,, is the mass density and 3, is the coefficient of
nonlinearity of the medium (cf. [56, 142]). Challenges in the numerical analysis lie in
handling the nonlinearity in the model (7.2.3), which involves the derivatives in time of
the acoustic velocity potential ¢ and preventing the equation from degenerating. Relying
on Banach fixed point theorem combined with a stability and convergent analysis of the
linear wave equation Antonietti et al. [7] implemented discontinuous Galerkin methods
to derive a priori error estimate in a suitable energy norm. Our aim is to analyze a

priori L>(L?) error estimates for the model problem (7.2.3).
Weak Galerkin finite element approximation for linearized Westervelt’s equa-

tion in heterogeneous media: In Chapter 5, we have developed and examined effi-
cient computational methods for accurately approximating nonlinear wave propagation
in uniform media. We focused on investigating the linearized Westervelt equation and
extending the results to quasi-linear Westervelt’s acoustic wave equation based on Ba-
nach fixed point theorem. We aim to extend these findings to linearized Westervelt’s

equation, which incorporates heterogeneity in the form of varying material parameters.
Let € is a convex polygonal domain in R? with Lipschitz boundary 99 and Q; C Q

with C? smooth interface I' = 9 and Qy = Q \ Q(see, Figure 1.1.1). In Q, consider

linearized Westervelt’s equation
a(x, t)uy — Au — bAuy + B(x, t)u, = f(x,t) in Q x (0,77, (7.2.4)

We assume that the physical coefficients «;, 5 are discontinuous and piecewise regular

in §2. Specifically,

(an(x,1), B1(x,t)) in Qq,
(aa(x,t), Ba(x,t)) in Q.

(O./(X, t)a B(X’ t)) =

Further, assume that physical coefficients ¢2, b are piecewise constants, i.e.

(C%, bl) n Ql,

A, b) =
(
(C%,bg) n QQ.
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The problem (7.2.4) is supplemented with the following physical interface conditions:

o’ ou

[u] = @, [a(x)a—n + b(X>8_n =¥ along I x (0,77, (7.2.5)

where [u] denotes the jump of a quantity across the interface I', i.e., [u|(x) = u1|r — ua|r
with u;(x) = u(x)|q,, ¢ = 1,2 and [oz(()u//é?n + b@u/(f)n} = a10u}/0n; + axduly/Ony +
b10uy /Ony +bedug /Oy with 0/0n; denoting the outer normal derivative with respect to
Q;, 1 = 1,2. We shall subsequently employ these results to establish coupling between

the linear acoustic equation and the Westervelt’s equation in heterogeneous media.
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