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ABSTRACT

The aim of this thesis is to construct and analyze some simple, yet very efficient nu-
merical methods to approximate solutions to fractional differential equations (FDEs) which
find wide-ranging applications across numerous fields. From understanding fluid dynamics
in engineering to modeling chemical reactions in chemistry, and from analyzing electrical
networks in physics to optimizing control systems in robotics, these mathematical models
underpin crucial aspects of modern technology and scientific inquiry. In FDEs, weakly singu-
lar kernels play a significant role. These kernels have singularities that are milder compared
to classical calculus. Since most FDEs lack analytical solutions, we look towards different
numerical methods as the optional way. However, when dealing with FDEs with weakly sin-
gular kernels, standard numerical techniques may not suffice, and thus specialized techniques
are needed to ensure accurate and efficient computations. The non-uniform mesh generation
strategies help us to get rid of this issue of singularities by distributing a sufficient number
of mesh points near the singular point.

In this work, the investigation begins with the analysis of a one-dimensional (1D) steady-
state fractional boundary-value problems (FBVPs) featuring a fractional convection term and
variable coefficients. Through rigorous analysis, the existence and uniqueness of solutions are
established, followed by numerical exploration using the well-known L1-method. Henceforth,
the discrete comparison principle is discussed and the error analysis is performed using the
properly chosen discrete barrier function. Attention then turns to a second-order scheme
utilizing spline techniques for FBVPs with integral boundary conditions. The existence
and uniqueness theorem for the considered FBVP is exposed. Then the error analysis is
conducted with subsequent discussions on discretization methods. Theoretical findings are
substantiated through numerical experiments.

Then we discuss the numerical solution of 1D nonlinear time-tempered k-Caputo frac-
tional diffusion equations. Initially, Newton’s quasilinearization technique is employed to
simplify the model problem and then we apply kL2-1σ scheme for the discretization. conduct
stability analysis for the proposed scheme. Exploring further, 1D nonlinear time-fractional
diffusion equations (TFDEs) with generalized memory kernels are addressed in the next
chapter. The same linearization technique is used for simplification of the model and then
we use non-uniform discretization methods to overcome the singularity. A generalized dis-
crete fractional Grönwall inequality is developed with the help of complementary discrete
generalized memory kernel. Further stability analysis, and error estimation are also estab-
lished in L2-norm. Few numerical experiments are addressed to justify the theoretical error
estimates.

Furthermore, two-dimensional (2D) FDEs are also focused in this thesis. A dimensional-
splitting weak Galerkin (WG) approach is introduced for numerically solving 2D TFDEs,
aiming to reduce computational complexity and storage requirements. Initially, the 2D
model problem is splitted into a set of individuals 1D problems in x- and y-directions, and
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then the stability analysis is provided in each direction. Also, an overall error estimate
of the proposed method is established in L2-norm. Lastly, we deal with a locally one-
dimensional (LOD) method for tackling the complexities of 2D nonlinear space-fractional
diffusion equations (SFDEs). The model problem is first linearized and then decomposed
into two 1D subproblems to minimize computational cost and storage necessities. Thereafter
the discrete maximum principle in each direction and the overall convergence analysis is
described in the maximum norm with the help of appropriately selected discrete barrier
function. In each problem few numerical examples are incorporated for empirical validation
of the theory. The thesis concludes with a summary of research findings and suggestions
for future exploration within this dynamic field, underlining the practical significance of
the developed numerical methods in diverse real-world applications critical for advancing
technology and scientific knowledge.
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CHAPTER 1
Introduction and Mathematical Preliminaries

The objective of this thesis is to design and analyze efficient numerical methods for differ-
ent types of fractional differential equations (FDEs). Numerical solutions of FDEs draw
significant attention in various fields of applied sciences, engineering and medicines like
acoustics, fluid mechanics, astrophysics, earthquake science, viscoelasticity etc. This chapter
is introductory and includes a description of the problems, some notations, and preliminary
material. It also includes a brief survey of the relevant literature and motivation behind the
current study. The chapter-wise description of the thesis is reported in the last section of
this chapter.

1
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Chapter 1: Introduction and Mathematical Preliminaries

1.1 Background

1.1.1 Genesis of classical calculus

The birth of classical calculus in the late seventeenth century created a monumental shift
in mathematical thinking, catalyzed by the pioneering contributions of luminaries such as
Sir Isaac Newton and Gottfried Wilhelm Leibniz. In 1687, Newton’s magnum opus [64],
the Philosophiae Naturalis Principia Mathematica, revolutionized scientific inquiry by for-
mulating the laws of motion and universal gravitation through the language of calculus.
Concurrently, Leibniz’s development of the symbolic notation for differentiation and inte-
gration provided a powerful toolkit for solving various kinds of scientific and engineering
problems.

Classical calculus developed around the idea of integer-order derivatives and integrals,
quickly emerged as a fundamental tool in the study of mathematical applications. It played
a pivotal role in advancing various fields including physics, astronomy, engineering, and eco-
nomics. From calculating planetary orbits and optimizing mechanical systems to modeling
population dynamics and analyzing financial markets, classical calculus has deeply influenced
virtually every aspect of scientific and technological progress. Its widespread application has
significantly reshaped the landscape of human knowledge and innovation.

As demands increased, scientific inquiry expanded to include more complex phenomena.
However, classical calculus shows its limitations in accurately describing certain complex be-
haviors like memory effects, non-local interactions, and fractal geometries. These limitations
prompted the search for a more generalized mathematical framework capable of addressing
these difficulties and ultimately encourages the scientists to search different but better tool to
replace the classical calculus, and this ultimately leading to the emergence of the fractional
calculus, a study or non-integer order derivatives and integration.

1.1.2 Birth of fractional calculus

The origin of fractional calculus dates back to the late 17th century through the works by
Gottfried Wilhelm Leibniz during this period. One of the earliest remarks on the meaning
of non-integer derivatives can be found in a letter [80] from Leibniz to L’Hospital dated
30.09.1695, where Leibniz gives a first answer to a question posed by L’Hospital about the
meaning of non-integer derivatives, especially the case 1/2. Leibniz acknowledges the ques-
tion raised by L’Hospital and produced a conclusion by writing that “one day very useful
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consequences will be drawn from this paradox, since there are little paradoxes without use-
fulness.” The topic of non-integer order derivatives also comes up in the correspondence
between Johann Bernoulli and Leibniz. In a letter [48] written to Leibniz in December 1695
Bernoulli reiterates the problem of “fractional or irrational” derivatives. Further advance-
ments in fractional calculus occurred in the late 18th century, notably with Leonhard Euler’s
introduction of the Gamma function [21] in 1783, which indirectly touched upon fractional
derivatives. Since then, lots of mathematicians have worked on fractional calculus, making
it clearer and more useful in math.

In the realm of fractional calculus, differential equations play a crucial role as they serve
as the mathematical framework for describing the behavior of systems with fractional-order
dynamics. These equations involve fractional derivatives, which capture memory and non-
local effects, making them suitable for modeling phenomena exhibiting complex behaviors
such as anomalous diffusion, viscoelasticity, and some complex geometries.

The modern formulation of fractional calculus is the outcome of tireless efforts of some
famous mathematicians and physicists. Some figures such as Joseph Liouville, Bernhard
Riemann, Marcel Riesz, Hadamard, Michele Caputo, Mauro Fabrizio, Abdon Atangana,
Dumitru Baleanu, etc. have played pivotal roles in refining the theory, providing rigorous
definitions and properties of fractional derivatives and integrals, and establishing the the-
oretical results necessary for the study of fractional differential equations (FDEs). Their
contributions have illuminated the advancement of modern mathematical analysis within
the framework of fractional differential equations.

1.1.3 Applications of fractional calculus

Fractional calculus, though as old as classical calculus, has not been given so much important
compared to classical calculus due to its complexity and lack of clear practical applications.
At the earlier stage, it was mainly studied as a theoretical concept without much consid-
eration for real-world applications. However, in recent years, there has been a surge in
interest among researchers exploring its applications in various fields like viscoelasticity [9],
electromagnetism [19], control systems [59], biomedicine and biology [35], option pricing [4],
earthquake modelling [56], hydrology [11], etc. One key advantage is that fractional calcu-
lus helps us to understand systems with memory [76], which classical calculus doesn’t fully
address.

Classical calculus focuses on instant changes, but fractional calculus allows us to account
for past influences. This makes it incredibly valuable for predicting long-term behavior, such
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as how materials age or how complex biological processes unfold.

With each new discovery, it is becoming evident that fractional calculus is not just a
niche topic—it is a powerful tool with the potential to solve real-world problems and drive
innovation across various scientific and engineering disciplines. Its applications, from under-
standing the behavior of materials over time to unraveling the mysteries of living organisms,
highlight its versatility and importance in advancing our understanding of the world around
us.

1.2 Some important definitions and preliminaries

This section delves into some fundamental definitions and well-established results that play
a pivotal role in the theoretical framework of this thesis.

In mathematics, some simple concepts are used to develop more intricate ideas. For
example, some concepts, true for natural numbers, can be extended in case of R+, space of
all positive real numbers. Like, the product of all positive integers less than or equal to some
positive integer n, gives the factorial of n, denoted by n!. But now the following steps show
how this concept will be extended to some number r ∈ R+.

1.2.1 Gamma function

Definition 1.2.1 ([21]). If z is a complex number with Re(z) > 0, then the Euler gamma
function is defined by,

Γ(z) =

∫ ∞

0

ζz−1e−ζ dζ. (1.2.1)

It is noticeable that when r ∈ R+, then the gamma function Γ(r+1) can be represented
as Γ(r+ 1) = rΓ(r) and for n ∈ Z+, Γ(n+ 1) = n!.

Now, we use this concept of gamma function to extend the concept of classical order
derivative to non-integer order derivative.

Let us consider a function g(x) = xk, x ≥ 0. Then the n-th order derivative of g(x) can
be written as

dn

dxn
g(x) =

k!

(k − n)!
xk−n =

Γ(1 + k)

Γ(1 + k − n)
xk−n, (1.2.2)

where k and n are non-negative integer numbers.

Then we can generalize the above equation (1.2.2) by extending the integer n to a real
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value r such as:
dr

dxr
g(x) =

Γ(1 + k)

Γ(1 + k − r)
xk−r. (1.2.3)

Considering the above concept of non-integer order derivative, there are so many interesting
properties e.g. the above derivative (1.2.3) of a constant number is not zero i.e.,

dr

dxr
(x0) =

Γ(1)

Γ(1− r)
x−r =

x−r

Γ(1− r)
.

All these definitions approach to classical-order derivative in integer order limit- this method
is called fractionalization algorithm i.e.,

lim
r→n

Drf(x) = Dnf(x), n ∈ N∪{0},

where D is a differential operator.

Now, we define an extension of the Euler gamma function, namely k-gamma function
[14]. We first define the Pochhammer k-symbol that will be utilized in further extension of
the gamma function.

Definition 1.2.2 ([14]). Let z ∈ C,k ∈ R, and n ∈ N. Then the Pochhammer k-symbol is
defined as

(z)n,k = z(z + k)(z + 2k) . . . (z + (n− 1)k). (1.2.4)

Definition 1.2.3 (k-gamma function). For any real number k > 0, the k-gamma function
Γk is defined by

Γk(z) = lim
n→∞

n!kn(nk)
z
k
−1

(z)n,k
, z ∈ C \ kZ−, (1.2.5)

and the integral representation of the k-gamma function is as follows:

Γk(z) =

∫ ∞

0

ζz−1e(−ζk/k)dζ.

Properties: Some properties of the k-gamma function are:

1. Γk(z + k) = zΓk(z).

2. Γk(z) = k
α
k
−1 Γ

( z
k

)
.

3. For k → 1, we can get back the Euler gamma function i.e., Γk(·) → Γ(·).

4. For k → 2, it reduces to an integral of Gaussian functions i.e.,

Γ2(z) =

∫ ∞

0

ζz−1e(−ζ2/2)dζ.
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1.2.2 Mittag-Leffler function

The Mittag-Leffler function arises naturally in the solution of fractional-order differential
equations. This function was first introduced by a Swedish Mathematician Gosta Mittag-
Leffler [60] in the year 1903 as a generalization of the exponential function exp(z), z ∈ C.
It is found particularly in the investigations of the fractional generalization of the kinetic
equation, random walks, Lévy flights, super-diffusive transport and in the study of complex
systems.

Definition 1.2.4. The one-parameter Mittag-Leffler function is defined as a power series
expansion

Eζ1(z) =
∞∑
j=0

zj

Γ(1 + j ζ1)
, for ζ1, z ∈ C with Re(ζ1) > 0.

The two-parameter Mittag-Leffler function is a generalization of the one-parameter Mittag-
Leffler function Eζ1(z) and it was introduced by Wiman [88] in the year 1905. The two-
parameter Mittag-Leffler function or Wiman’s function is defined by

Eζ1,ζ2(z) =
∞∑
j=0

zj

Γ(ζ2 + j ζ1)
, for ζ1, ζ2, z ∈ C with Re(ζ1), Re(ζ2) > 0.

After a gap, in the year 1971, Prabhakar [66] discovered another generalized form of the
Mittag-Leffler function which is known as the three-parameter Mittag-Leffler function and is
defined as a power series expansion

Eζ3
ζ1,ζ2

(z) =
∞∑
j=0

(ζ3)j
Γ(ζ2 + j ζ1)

zj

j!
, for ζ1, ζ2, ζ3, z ∈ C with Re(ζ1), Re(ζ2), Re(ζ3) > 0.

where (ζ3)j is the Pochhammer symbol with k = 1 in (1.2.4).

1.2.3 Definitions of fractional integrals and derivatives

In this subsection, we explore some key definitions of fractional order integrals and deriva-
tives, building upon the concepts from integer-order calculus.

Let us define the following space:

AC
n([a, b]) =

{
v ∈ C

n−1([a, b]) : v(n−1) is absolutely continuous on [a, b] i.e., v(n) ∈ L1([a, b])
}
,

(1.2.6)

where v(n)(x) =
dnv

dxn
.
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The classical Cauchy formula for the n-fold integration of any function v(x) with n ∈ N
is given by,

Ina,xv(x) =
1

(n− 1)!

∫ x

a

(x− ζ)n−1v(ζ) dζ.

Then using the fractionalization algorithm to expand the integer-order to arbitrary real order
β ≥ 0 with n → β gives

Iβa,xv(x) = D−β
a,xv(x) =

1

Γ(β)

∫ x

a

(x− ζ)β−1v(ζ) dζ, (1.2.7)

and it is known as the Riemann-Liouville (RL) fractional integral of order β.

Definition 1.2.5. The Riemann-Liouville fractional derivative of order β for any function
v(x) ∈ ACn([a, b]), proposed by Riemann in 1847, is defined by

RLD
β

a,xv(x) =
dn

dxn
(
D−(n−β)

a,x v(x)
)
=

1

Γ(n− β)

dn

dxn

∫ x

a

(x− ζ)n−β−1v(ζ) dζ, (1.2.8)

where n = ⌊β⌋+ 1, x > a.

The Riemann–Liouville fractional derivative stands as the well-established and in many
regards the most natural definition. However, its application in modeling physical phe-
nomena comes with certain disadvantages because a model including Riemann–Liouville
fractional derivative demands for fractional initial value conditions. To overcome these dif-
ficulties, Caputo fractional derivative [12] was introduced by Michele Caputo in 1967 as a
preferable choice for physical scenarios, as it includes only classical initial conditions, makes
it more suitable for real-world circumstances.

Definition 1.2.6. The Caputo fractional derivative of order β for any function v(x) ∈
ACn([a, b]), where n = ⌊β⌋+ 1 is defined as

CDβ
a,xv(x) = D−(n−β)

a,x (v(n)) =
1

Γ(n− β)

∫ x

a

v(n)(ζ)

(x− ζ)β−n+1
dζ, x > a. (1.2.9)

1.2.4 Relation between the Riemann-Liouville and Caputo frac-
tional derivatives

The Riemann-Liouville and Caputo fractional derivative of a function v(x) are connected by
following relationship

RLDβ
a,xv(x) =

n−1∑
k=0

v(k)(a)xk−β

Γ(k + 1− β)
+ CDβ

a,xv(x), n = ⌊β⌋+ 1,
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and if β ∈ (0, 1) then we have RLDβ
a,x[v(x)− v(a)] = CDβ

a,xv(x).

Thus, whenever β → n, Riemann-Liouville derivative, Caputo fractional derivative all
tend to the classical derivative of order n, but for non-integer order derivative, we have differ-
ent behaviour of same function under different fractional derivative, for example, Riemann-
Liouville derivative of a constant is non-zero but Caputo fractional derivative of that is zero
as the later one includes v′(x) inside integral sign.

1.2.5 Generalization of the fractional integral and fractional
derivatives

In the recent days, various types of extended versions of the fractional integral and fractional
derivatives have been introduced to capture the more realistic behaviour of the real-world
problems. Few of them are defined below.

Definition 1.2.7 ([73]). The tempered Riemann-Liouville fractional integral of order β > 0

and with tempering factor λ ≥ 0 is defined as

Iβ,λa,x v(x) =
1

Γ(β)

∫ x

a

(x− ζ)β−1e−λ(x−ζ)v(ζ) dζ = e−λxIβa,x
(
eλxv(x)

)
, x > a. (1.2.10)

Definition 1.2.8 ([73]). The tempered Caputo fractional derivative of order β > 0 is defined
as

CDβ,λ
a,xv(x) =

e−λx

Γ(n− β)

∫ x

a

1

(x− ζ)β−n+1

dn

dζn
(
eλζv(ζ)

)
dζ = e−λx CDβ,λ

a,x (e
λxv(x)), x > a.

(1.2.11)
where n = ⌊β⌋+ 1.

It is worth to mention that if λ = 0, then the tempered Riemann-Liouville fractional inte-
gral (1.2.10) and the tempered Caputo fractional derivative (1.2.11) reduce to the Riemann-
Liouville fractional integral (1.2.7) and the Caputo fractional derivative (1.2.9) respectively.

In 2012, Mubeen and Habibullah [62] introduced a variant of the fractional integrals,
namely k-fractional integral with k ≥ 1 based on the k-gamma function, defined in (1.2.5).

Definition 1.2.9. The k-fractional integral of order β > 0 for any function v(x) ∈
ACn([a, b]), where n = ⌊β⌋+ 1 is defined as

kI
β
a,x v(x) =

1

kΓk(β)

∫ x

a

(x− ζ)β/k−1 v(ζ) dζ, x > a. (1.2.12)

An additional generalization of the Caputo fractional derivative was introduced in [22],
known as the k-Caputo fractional derivative utilizing the k-gamma function.
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Definition 1.2.10. For any function v(x) ∈ ACn([a, b]), where n = ⌊β⌋ + 1, the k-Caputo
fractional derivative of order β > 0 is defined as

C
kD

β
a,x v(x) =

1

kΓk (n− β/k)

∫ x

a

v(n)(ζ)

(x− ζ)β/k−n+1
dζ, x > a. (1.2.13)

In particular, when k → 1, then the equations (1.2.12) and (1.2.13) transform into the
familiar Riemann-Liouville fractional integral (1.2.7) and the Caputo fractional derivative
(1.2.9) respectively.

1.2.6 Some important integral transforms and their properties

Integral transforms are very much useful in solving differential and integral equations. It
allows one to turn a complicated differential equation into an equation, often an algebraic
equation one can solve easily. Laplace transform is one of the mostly used integral transforms
in the study of differential equations. A novel integral transform was proposed by G. K.
Watugala [85] in 1993, and its application over the ordinary differential equations and control
engineering problems have been studied by the author. After that in 1994, S. Weerakoon
[87] applied the Sumudu transform over different partial differential equations and derived
the complex inversion for the Sumudu transform.

Definition 1.2.11. Let us consider the following space

Ds =

{
z(t) : ∃M, µ1, µ2 > 0, |z| <Me

|t|
µj , if t ∈ (−1)j × [0,∞)

}
. (1.2.14)

Definition 1.2.12. The Sumudu transform of a function z ∈ Ds is defined as

S [z(t);ϑ] = W (ϑ) =

∫ ∞

0

z (ϑt) e−t dt, t ≥ 0, −µ1 < ϑ < µ2. (1.2.15)

Some basic properties of the Sumudu transforms are discussed in [10] by Belgacem and
Karaballi.

Lemma 1.2.13. Let W (ϑ) and Z (ϑ) be the Sumudu transforms of two functions w(t) and
z(t) respectively. Then the Sumudu transform of the convolution

(w ∗ z) (t) =
∫ t

0

w (ζ) z (t− ζ) dζ, (1.2.16)

is given by S [(w ∗ z) (t);ϑ] = ϑW (ϑ)Z (ϑ).
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Lemma 1.2.14. If W (ϑ) is the Sumudu transforms of the function w(t), then the Sumudu
transform of the n-th order derivative, w(n)(t), denoted by Wn (ϑ) is given by

Wn (ϑ) = ϑ−n

[
W (ϑ)−

n−1∑
k=0

w(k)(0)ϑk

]
, n ≥ 1. (1.2.17)

Then the Sumudu transform has been extended to fractional integrals and derivatives
by Katatbeh and Belgacem in [41], and also authors used it to solve fractional differential
equations. The Sumudu transform of the Caputo fractional derivative is discussed in the
next lemma.

Lemma 1.2.15. If for a positive integer n, n − 1 < β ≤ n, and W (ϑ) is the Sumudu
transform of a function w(t), then the Sumudu transform Wβ

C (ϑ) of the Caputo fractional
derivative of w(t) of order β, CDβ

0,tw(t), is given by

Wβ
C (ϑ) = S

[
CDβ

0,tw(t)
]
= ϑ−β

[
W (ϑ)−

n∑
k=1

ϑk−1

[
dk−1w(t)

dtk−1

]
t=0

]
. (1.2.18)

Another novel integral transform, namely Elzaki transform was developed by T. Elzaki
[16] in 2011, and was applied on different ordinary differential equations to show its efficiency.
Thereafter, Elzaki and Elzaki [15] have shown the application of Elzaki transform on five
different partial differential equations that basically occur in many branches of physics, in
applied mathematics as well as in engineering.

Definition 1.2.16. The Elzaki transform of a function z ∈ Ds is defined as

E [z(t); ν] = T (ν) = ν

∫ ∞

0

z (t) e−t/ν dt, t ≥ 0, −µ1 < ν < µ2. (1.2.19)

Later, Elzaki et. al. [18] have studied the properties of the Elzaki transform and Laplace-
Elzaki duality result has been used to invoke a complex inverse Elzaki transform. In the
next lemma, we state the Laplace-Elzaki duality result.

Lemma 1.2.17. Let, F(s) be the Laplace transform of the function z(t), defined by

F(s) = L [z(t); s] =

∫ ∞

0

e−s tz(t) dt, Re(s) > 0,

and T (ν) be the Elzaki transform of the function z(t). Then the Laplace-Elzaki duality
relation is expressed as

T (ν) = νF

(
1

ν

)
, F (s) = sT

(
1

s

)
. (1.2.20)
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Next lemma provides the Elzaki transform of the convolution operator ∗ between two
functions w(t) and z(t).

Lemma 1.2.18 ([17]). Let V (ν) and T (ν) be the Elzaki transforms of two functions w(t)
and z(t) respectively. Then the Elzaki transform of the convolution

(w ∗ z) (t) =
∫ t

0

w (ζ) z (t− ζ) dζ, (1.2.21)

is given by E [(w ∗ z) (t); ν] = 1

ν
V (ν)T (ν).

Then, Khalid et. al. have extended the use of Elzaki transform to the fractional deriva-
tives in [43] and established the application of the Elzaki transform technique to some non-
homogeneous fractional differential equations.

1.2.7 Discretization of the domain

To study the numerical solution of a differential equation, we first need to consider the
discretized form of the given domain. We consider the spatial domains Ωx = (xl, xr) and
Ωy = (yl, yr) in the x- and y- directions respectively. The spatial domains are discretized in
following manner under the uniform mesh

Ω
Mx

x = {xi : xi = xl + ihx, i = 0, 1, 2, . . . ,Mx, hx = (xr − xl) /Mx} ,

Ω
My

y = {yj : yj = yl + jhy, j = 0, 1, 2, . . . ,My, hy = (yr − yl) /My} ,

where hx and hy are the step-size in the x- and y- directions respectively.

The time domain Ωt = (0, T ] is discretized as

Ω
N

t = {tn : 0 = t0 < t1 < t2 . . . < tN−1 < tN = T, 0 ≤ n ≤ N} ,

with the time-step size τn = tn− tn−1, 1 ≤ n ≤ N . If the temporal mesh is uniform then the
mesh size can be written as τ = T/N .

1.2.8 Numerical approximation of the space and time fractional
derivatives

In the study of FDEs, numerical approximation of fractional derivative plays a crucial role
due to the unavailability of closed-form analytical solution of FDEs in many cases. One
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of the commonly used numerical methods to approximate the fractional derivative is L1-
method, first proposed in [47]. The L1-method is described below to approximate the Caputo
fractional derivative with order lying in (0, 1) under both uniform and non-uniform meshes.

L1-discretization under uniform mesh: The Caputo fractional derivative CDα
0,xu(x)

is discretized utilizing the well-known L1-discretization method at a point x = xi ∈ Ω
Mx

x ,
i = 1, 2, . . . ,Mx − 1 as follows

CDα
0,xi
u(x) :=

1

Γ(1− α)

i−1∑
k=0

∫ xk+1

xk

(xi − ζ)−α u′(ζ) dζ

≈ 1

Γ(1− α)

i−1∑
k=0

∫ xk+1

xk

(xi − ζ)−α Uk+1 − Uk

hx
dζ

=
h−α
x

Γ(2− α)

i−1∑
k=0

(Uk+1 − Uk) b̂
(α)
i−k, i = 1, 2, . . . ,Mx, (1.2.22)

where

b̂
(α)
k =

{
k1−α − (k − 1)1−α, for k = 1, 2, . . . ,Mx,

0, for k ≤ 0.
(1.2.23)

L1-discretization under non-uniform mesh: Similar to the above, L1-method for
Caputo fractional derivative CDα

0,tv (t) at a point tn ∈ Ω
N

t under the nonuniform mesh is
given as

CDα
0,tv (tn) =

1

Γ(1− α)

n−1∑
k=0

vk+1 − vk

τk+1

∫ tk+1

tk

(tn − s)−α ds

=
1

Γ(2− α)

n−1∑
k=0

vk+1 − vk

τk+1

[
(tn − tk)

1−α − (tn − tk+1)
1−α]

=
1

Γ(2− α)

n−1∑
k=0

(
vk+1 − vk

)
b
(α)
n,n−k, (1.2.24)

where the coefficient b
(α)
n,n−k is given as

b
(α)
n,n−k =

(tn − tk)
1−α − (tn − tk+1)

1−α

τk+1

, k = 0, 1, . . . , n− 1. (1.2.25)
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1.3 Objective and motivation

In the assessments of FDEs, weakly singular kernels appear as a crucial part. The behavior
of these kernels at certain points may exhibit singularities that are weaker than those en-
countered in classical calculus. In general, most of the FDEs do not have analytical solution
and it leads to the search of numerical solutions. When it comes to numerically solving
fractional differential equations involving weakly singular kernels, specialized techniques are
required to ensure accurate and efficient computations. One common approach is to dis-
cretize the fractional derivative using finite difference methods (FDMs) [92, 81, 6, 75], which
approximate the derivative operator in terms of finite differences. However, when weakly
singular kernels are involved, standard numerical methods may create convergence issues or
accuracy problems.

To address these challenges, researchers have developed numerous numerical methods
specifically designed to handle weakly singular kernels in FDEs. These methods often in-
volve carefully choosing discretization schemes and integration techniques that take care the
peculiar behavior of weakly singular kernels. For instance, numerical techniques such as
quadrature rules with adaptive refinement or under the shade of graded meshes, developed
for handling weak singularities may be employed. Furthermore, certain regularity assump-
tions or smoothness conditions can be applied to weaken the effects of weak singularities in
numerical computations. The main goal is to design efficient computational methods and
perform their theoretical estimates for different kinds of FDE models.

The primary objective of this thesis is to develop and analyze compatible numerical
methods within a novel theoretical framework, using FDMs and finite element methods
(FEMs) for different FDEs. The motivation for this research originates from the increasing
relevance of numerical schemes in the field of FDEs. Presented below is a concise review of
recent advancements in this field.

In the past few decades, numerous researchers have delved into exploring solutions for
FDEs and have made efforts to establish numerical methods suitable for such equations,
employing finite difference and finite element techniques. We first discuss some notable
contributions using FDMs. Numerical study of fractional boundary-value problems (FBVPs)
has attracted the attention of many scientists from both practical and theoretical points of
view in different branches of pure and applied sciences. Few works on FBVPs are discussed
in the following paragraph.

Jajarmi and Baleanu [36] has established an efficient iterative method for solving a class of
non-linear FBVPs, which is free from perturbation, discretization, linearization, or restrictive
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assumptions, and provides the exact solution in the form of a uniformly convergent series.
They also provided an iterative algorithm that is computationally efficient to achieve an
approximate solution with enough accuracy. Mary and Tamilselvan [58] have applied the
FDM to obtain the numerical solution of a non-local FBVP on uniform mesh with the step-
size h and proved that the method is convergent with order O(hγ−1), 1 < γ < 2. A novel
numerical approach for handling FBVPs is established in [5] by Al-Nana et al. based on the
fractional central formula. They also investigated the stability of the proposed approach.

Besides FBVPs, fractional-initial-boundary-value problems (FIBVPs) find applications
in numerous fields due to their ability to capture complex behaviours such as non-locality,
memory effects, and anomalous diffusion. Its numerical study present unique challenges and
opportunities to the researchers and thus it motivates to develop various notable numerical
methods. An L1-stable scheme has been proposed by Langlands and Henry in [47] to address
the fractional-order time diffusion equation. Furthermore, Sun and Wu [74] derived a finite
difference method with L1-approximation for the fractional-in-time derivative. Similarly, Lin
and Xu [55] constructed and analyzed a finite difference scheme for the time discretization
of the time-fractional diffusion equations (TFDEs) with order α, 0 < α < 1, demonstrating
that the time convergence is of order (2 − α). Gracia et.al. [28] have established a finite-
difference scheme for an IBVP with a Riemann–Liouville–Caputo (RLC) fractional derivative
and established a discrete comparison principle and a discrete barrier function to prove the
convergence result.

In the recent days, scientists have also focused on developing various higher-order nu-
merical techniques for FDEs to reduce the computational cost and the requirement of large
storage. In [25], Gao et al. developed a new difference scheme to approximate the Caputo
fractional derivative with the order of approximation O (τ 3−α) called the L1-2 formula. This
method is valuable for implementing difference schemes for TFDEs in both bounded and un-
bounded spatial domains. Alikhanov [7] introduced a new scheme, namely the L2-1σ method,
and demonstrated the convergence of the numerical solution with order O (τ 3−α) in time.
Additionally, in [8], Alikhanov utilized quadratic interpolation to develop a higher-order
L2-method for TFDEs, and proved stability and convergence for the developed method.

Currently, spline techniques [44, 30, 52] have gained very much interests in numerically
solving the FDEs. Sousa [70] has derived a second-order implicit numerical method for
a fractional diffusion model with a spatial derivative of fractional order; author used a
spline approximation to discretize the Caputo fractional derivative and further discussed
the consistency and stability of the proposed method. In [37], Jesus and Sousa have derived
a fractional B-splines technique for a sub-diffusion problem including time-fractional RL
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derivative of order 0 < α < 1, and they discussed the von Neumann stability analysis and
convergence of the presented numerical method.

In general, the presence of a weakly singular kernel in the solution of FDEs compli-
cates the derivation of higher-order schemes. Particularly when the solution of an FDE
lacks smoothness, numerical methods on uniform meshes show poor convergence rates. For
these reasons, numerical methods on non-uniform meshes have gained considerable attention
among researchers. Zhang et al. [93] proposed a numerical technique in non-uniform mesh to
investigate the numerical solution of FDEs, along with a discussion on the stability and error
analysis of their developed scheme. In a related work, Li et al. [49] presented FDM utilizing
non-uniform meshes to tackle nonlinear fractional differential equations by introducing rect-
angle and trapezoid formulas and they investigated the error and stability analysis of their
proposed scheme. Stynes et al. conducted a new analysis in [72] discussing error analysis of
the finite difference method on graded meshes for reaction-diffusion FDEs. More recently,
Kedia et al. [42] proposed a generalized L1-method for analyzing the numerical solution of
a TFDE with generalized memory kernel. Also, the authors proved an optimal convergence
order of (2− α) in time on a non-uniform mesh.

Moreover, significant progress has been made in the finite element framework [3, 95, 63,
51] for handling FDEs. Noteworthy contributions are discussed in the next few paragraphs.
Ervin and Roop have developed a Galerkin finite element approximation in [20] for the sta-
tionary fractional advection-diffusion equation. They have introduced fractional derivative
spaces, equivalent to the usual fractional dimension Sobolev spaces Hs

(
Ω̂
)

under some do-

main Ω̂, and derived the existence and uniqueness results along with the error estimates for
the Galerkin approximation. In [23], Fu et al. have derived finite element solution for steady
state fractional convection diffusion equation. Furthermore, a rigorous regularity analysis
is carried out and error estimates for the finite element approximation are derived by the
authors.

In [39], Jin et al. considered standard Galerkin FEM for a 1D fractional-order parabolic
equation with a RL type space fractional derivative of order γ ∈ (1, 2). Authors have de-
rived error estimates in the L2

(
Ω̂
)
- and Hα/2

(
Ω̂
)
-norm for the semidiscrete scheme and in

the L2
(
Ω̂
)
-norm for the fully discrete schemes under some domain Ω̂. Huang et al. [33]

have studied the optimal error analysis in H1-norm for a time fractional-initial-boundary-
value problem using the FEM on a quasi-uniform mesh. Recently, in the article [90] Yang
et al. presented an α-robust stability and error analysis of FEM for space-time fractional
diffusion equation (STFDE). Authors have developed finite element approximation to frac-
tional Laplacian and provided a d-dimensional fast Fourier transform-based fast algorithm

Ph.D. Thesis 15 Aniruddha Seal

TH-3450_196123002



Chapter 1: Introduction and Mathematical Preliminaries

to derive spatial discretization and L1 scheme on graded temporal meshes to discretize the
time-fractional term of the STFDE. Kopteva [46] discussed a non-uniform L2-type discretiza-
tion technique with a convergence order of (3 − α) for fractional-order parabolic problems
with Caputo time derivative of order α ∈ (0, 1), and established a sharp pointwise-in-time
error bounds on quasi-graded temporal meshes with arbitrary degrees of grading.

In the last few years, weak Galerkin finite element method (WGFEM) [82, 61, 84, 83] has
attracted many researchers due its flexible discretization scheme that can handle irregular
meshes and non-smooth solutions more effectively compared to traditional Galerkin methods.
It was developed by Wang and Ye [82] in the year 2011, and after that it started gaining
popularity due to its large application on the multi-dimensional problems. Toprakseven [77]
has proposed WGFEM for time-fractional reaction-convection diffusion problem. Author
has also discussed the related stability and error analysis of the proposed scheme. In [34],
Hussein has proved stability analysis and the optimal order error estimate of WGFEM under
L2-norm for a 2D time-fractional coupled Burgers’ equations. A stabilizer-free weak Galerkin
(SFWG) FEM has been discussed by Ma et al. [57] with the L2-1σ formula in time for a
TFDE. Authors also obtained optimal convergence order of semi-discrete scheme in L2- and
H1-norm, and of fully-discrete L2-1σ-SFWG scheme in L2-norm.

For a TFDE type model problems on a multidimensional system, one needs to have a large
storage for the numerical computations due to the numbers of time integration steps. An
operator-splitting method or dimensional-splitting based on a class of the alternating direc-
tion implicit (ADI) method reduces the 2D TFDEs to sets of independent 1D subproblems.
The ADI Galerkin FEM for solving the distributed-order time-fractional mobile-immobile
equation in 2D has been proposed in [67]. They have used the backward Euler method in the
time direction to deal with the temporal first-order derivative, and the weighted and shifted
Grünwald formula is applied to discretize the distributed-order time-fractional derivative
while the spatial direction is dealt with the Galerkin FEM. In [32], authors studied two-grid
ADI finite element approximation for a nonlinear distributed-order fractional sub-diffusion
equation. They have used weighted and shifted Grünwald difference operator for solving
time distributed-order fractional derivative. They have discussed the stability and optimal
error estimates of their scheme.

In conclusion, recent research has showcased significant advancements in numerical meth-
ods for FDEs, particularly through the different higher-order schemes. These methodologies
offer efficient solutions to FDEs, paving the way for further exploration and application in
various scientific and engineering domains.
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1.4 Model problems

In this section, we introduce different kinds of fractional differential equations, considered in
this thesis and then we briefly discuss the assumptions on the associated functions and the
parameters in order to find convergent solution for the same.

1.4.1 1D steady-state FBVP involving fractional convection term
with variable coefficients

We consider the following steady-state advection-diffusion-reaction type two-point FBVP:−D
(
CDγ−α

0,x u(x)
)
+ a(x)CDα

0,xu(x) + c(x)u(x) = f(x), x ∈ Ωx = (xl, xr),

CDγ−α
0,x u(xl) = 0, u(xr) + µ CDγ−α

0,x u(xr) = ρ,
(1.4.1)

where 0 < γ − α < α < 1 < γ < 2 and D = d/dx represents the first-order derivative
operator with respect to x. Given functions a, c, f ∈ C(Ω) and µ(≥ 0), ρ are constants. Here
we consider xl = 0 and xr = 1 for our problem.

1.4.2 1D fractional differential equation with integral boundary
equations

Consider the following FBVP with Caputo fractional derivative and with two integral con-
ditions at both the boundary points:

Lu(x) ≡ − CDγ
0,xu(x) + b(x)u′(x) + c(x)u(x) = f(x), x ∈ Ωx = (xl, xr),

B0u(xl) ≡ u(xl)−
∫ xr

xl

ϕ(x)u(x)dx = ρ0,

B1u(xr) ≡ u(xr)−
∫ xr

xl

ψ(x)u(x)dx = ρ1,

(1.4.2)

where ρ0, ρ1 are constants and 1 < γ < 2.

The coefficients a(x), c(x)(> 0) and the source function f(x) are chosen sufficiently
smooth over the domain Ωx = [xl, xr] with xl = 0 and xr = 1 for our model problem.
The functions ϕ(x) and ψ(x) are chosen such that

ϕ(x), ψ(x) ≥ 0 and
∫ 1

0

ϕ(ξ) dξ < 1,

∫ 1

0

ψ(ξ) dξ < 1.

Ph.D. Thesis 17 Aniruddha Seal

TH-3450_196123002



Chapter 1: Introduction and Mathematical Preliminaries

1.4.3 1D nonlinear time-tempered k-Caputo FDE with variable
coefficients

Consider the following nonlinear time-tempered k-Caputo FDE with variable coefficients:
C
kD

α,λ
0,t u(x, t) = LNu(x, t)− f(x, t, u), (x, t) ∈ D = Ωx × Ωt,

u(x, 0) = û0(x), x ∈ Ωx = [xl, xr],

u(xl, t) = 0, u(xr, t) = 0, t ∈ Ωt = [0, T ],

(1.4.3)

where LN ≡ ∂

∂x

(
Ψ(x, t)

∂u

∂x

)
, 0 < α < 1,Ωx = (xl, xr),Ωt = (0, T ], 0 < ψ̂0 ≤ Ψ(x, t) ≤ ψ̂1

and ∂f/∂u > 0 for all (x, t) ∈ D = Ωx × Ωt with xl = 0 and xr = 1. Given functions û0
and f are sufficiently smooth, and the source function f(x, t, u) is nonlinear in the variable
u(x, t).

The tempered fractional derivative operator (1.2.11) is coupled with k-Caputo fractional
derivative operator (1.2.13) to develop a fractional derivative operator, namely tempered
k-Caputo fractional derivative operator C

kD
α,λ
0,t , with the parameter k ≥ 1 and tempering

factor λ ≥ 0, and the operator C
kD

α,λ
0,t is defined as

C
kD

α,λ
0,t u(t) =

e−λt

kΓk

(
1− α

k

) ∫ t

0

(t− ζ)−α/k
(
eλζu(ζ)

)′
dζ,

where Γk(α) is the k-gamma function. For k = 1, the tempered Caputo fractional derivative
operator CDα,λ

0,t u of order α can be achieved.

1.4.4 1D nonlinear time-fractional diffusion equation with gener-
alized memory kernel

Here, we study the following nonlinear TFDE with generalized memory kernel:
CD

α,ω(t)
0,t u(x, t) = LNu(x, t)− f(x, t, u), (x, t) ∈ D = Ωx × Ωt,

u(x, 0) = û0(x), x ∈ Ωx = [xl, xr],

u(xl, t) = 0, u(xr, t) = 0, t ∈ Ωt = [0, T ],

(1.4.4)

where LNu ≡ ∂

∂x

(
Ψ(x, t)

∂u

∂x

)
, Ωx = (xl, xr) and Ωt = (0, T ]. The functions û0 and f are

sufficiently smooth, and the source function f(x, t, u) is nonlinear in the variable u(x, t) with

the condition
∂f

∂u
< 0. The operator CD

α,ω(t)
0,t , defined as

CD
α,ω(t)
0,t u(t) =

∫ t

0

Q1−α(t− ξ)u′(ξ) dξ,
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with the generalized memory kernel Qα(t) = ω(t)tα−1/Γ(α) is the fractional derivative opera-
tor of order α, 0 < α < 1 in generalized Caputo sense with the weight function ω(t) ∈ C2(Ωt),
and 0 < ψ̂0 ≤ Ψ(x, t) ≤ ψ̂1. We also consider the following properties of the weight function
ω(t): (i) 0 < ω(t) ≤ 1 and ω′(t) ≤ 0 ∀t ∈ [0, T ], and (ii) ω(t1)ω(t2) = ω(t1 + t2) and
ω−1(t) = ω(−t) ∀t ∈ Ωt.

1.4.5 Two-dimensional time-fractional diffusion equation

Here, we focus on the following two-dimensional TFDE:
CDα

0,tu(x)−∆u(x) + d(x).∇u(x) + c(x)u(x) = f(x, t), (x, t) ∈ V × Ωt,

u(x, 0) = û0(x), x ∈ V ,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(1.4.5)

where u(x) := u(x, y) for any function u, Ωt = (0, T ], 0 < α < 1 and V = Ωx × Ωy is the
tensor product grids of the x-domain Ωx = (xl, xr) and the y-domain Ωy = (yl, yr) with the
boundary ∂V . The coefficient functions d = (d1, d2) and c = c1 + c2 are considered to be
smooth and bounded with d1 ≥ γx > 0, d2 ≥ γy > 0, and c1, c2 ≥ 0 in the domain V . To
confirm the existence of the solution of the model problem (1.4.5), the source function g(x, t)
and the initial value û0(x) are considered to be smooth enough, and we also assume that

c−
1

2
∇ · d ≥ 0.

1.4.6 Two-dimensional nonlinear space-fractional diffusion equa-
tion

We consider the following nonlinear two-dimensional (2D) SFDE:
∂u

∂t
− d(x, t).∆αu+ a(x, t).∇u+ f(x, t, u) = 0, (x, t) ∈ V × Ωt,

u(x, 0) = û0(x), x ∈ V = Ωx × Ωy,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(1.4.6)

where the operator ∆α is defined as ∆α ≡
(
∂

∂x
CD

α

0,x,
∂

∂y
CD

α

0,y

)
, with 0 < α < 1, u(x, t) =

u(x, y, t), the set V = Ωx×Ωy can be defined as the cartesian product grids of the x-domain
Ωx = (x

l
, xr) and the y-domain Ωy = (y

l
, yr), where the boundary of this grid is denoted as

∂V . The diffusion coefficient function d = (d1, d2) and the coefficient function a = (a1, a2)
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are considered to be smooth and bounded in the domain V with 0 < m1 ≤ d1, d2 ≤ m2 ≤ 1

for some real number m1,m2. To validate the presence of a solution to the model problem

(1.4.6), the nonlinear source function f(x, t, u) with
∂f

∂u
> 0 and the initial value û0(x), both

are assumed to be sufficiently smooth.

1.5 Structure of the thesis

This thesis has been composed of several chapters discussing various efficient computational
techniques for the numerical solution of model problems presented in the previous section.
We present a brief outline of the works carried out in this thesis as follows:

Chapter 1 describes a comprehensive overview of fractional calculus and fractional
differential equations along with the historical context and the evolution of related research.
Additionally, it presents the motivations and objectives behind addressing fractional differ-
ential equations in both one and two dimensions.

In Chapter 2 , we begin with a 1D steady-state FBVP with fractional convection term
and variable coefficients. First, we derive the existence and uniqueness of the solution of the
considered model problem and then apply the well-known L1-method to obtain the numerical
result. Also, the discrete comparison principle has been proved and later it has been used
to study the convergence analysis with a properly chosen discrete barrier function. Some
numerical results have been carried out to validate the theoretical result.

Chapter 3 is devoted to study a second-order scheme using the spline technique for
a FBVP with integral boundary conditions and its error analysis. We have established
the existence and uniqueness theorem for the considered FDE, and then discretized the
fractional derivative using second-order spline technique and the convection term has been
approximated using the second-order central difference scheme. To discretize the integral
terms present in boundary conditions, we have used the trapezoidal rule as it provides second-
order approximation. Finally, we carried out the convergence analysis and incorporated the
numerical examples in favour of the theoretical estimation.

In Chapter 4, we focus on the numerical study of a nonlinear time-tempered k-Caputo
fractional diffusion equation. At first, we have linearized the considered nonlinear FDE using
Newton’s quasilinearization technique, and then used kL2-1σ -central-difference method to
discretize the proposed model problem. Further, we have studied the stability analysis of the
proposed scheme and derived second-order convergence result in the L2-norm. Numerical
experiments are carried out to validate the theoretical error bounds.
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Chapter 5 deals with the numerical study of a nonlinear TFDE with generalized mem-
ory kernel. To study the numerical solution of this model problem, we first linearized the
model problem and then used the well-known L1-method in a more generalized sense to
discretize the generalized Caputo time-fractional derivative term in a graded mesh. Further,
we have developed a generalized discrete fractional Grönwall inequality to study the stability
analysis and to derive the error estimate result of the fully-discrete method in the discrete
L2-norm. Lastly, few numerical experiments have been addressed to justify the theoretical
error estimates.

In Chapter 6, we have numerically solved 2D TFDE by the dimensional-splitting L1-
WGFEM. The proposed scheme alleviates the computational complexity and the high storage
requirement for higher-dimensional problems. Initially, the 2D problem has been separated
into two 1D problems. Then the WGFEM has been implemented in spatial variable and L1-
method has been used in discretization of time-fractional derivative term. The stability of the
proposed method has been established in each directions and an overall error estimate result
is also carried out. Some numerical simulations are incorporated to validate the theoretical
error estimate.

Chapter 7 studies a locally one-dimensional (LOD) method for 2D nonlinear space-
fractional diffusion equation (SFDE). Initially, the nonlinear problem has been linearized
using the Newton’s quasilinearization technique, and subsequently it has been decomposed
into two 1D problems to reduce the computational cost. This method is based on the
combination of the Backward-Euler scheme for the temporal derivative and the L1-method
for the spatial fractional derivatives. The discrete maximum principle of the present method
has been discussed. The convergence of the fully-discrete scheme on a discrete L∞-norm
using is analyzed using discrete barrier function. Lastly, the justification of the theoretical
results is done by some numerical experiments.

Finally, Chapter 8 summarizes the works in this thesis and then conclude with a note
on some proposed future works in this direction.
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CHAPTER 2
Efficient finite-difference scheme for a
steady-state fractional differential equation

In this chapter, we study the finite-difference scheme to obtain numerical solution of the a
steady-state FBVP with fractional convection term. We use the well-known L1-method to
discretize the fractional derivative terms on a uniform mesh. Then we establish a discrete
maximum principle and further study the error analysis of the proposed scheme with the help
of a properly chosen discrete barrier function. The theoretical error estimates are validated
numerically with some test examples.
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Chapter 2: Accurate FDM for the numerical solution of a FBVP

2.1 Introduction

In this chapter, we consider a steady-state two-point FBVP with fractional convection term:−D
(
CDγ−α

0,x u(x)
)
+ a(x)CDα

0,xu(x) + c(x)u(x) = f(x), x ∈ Ωx = (xl, xr),

CDγ−α
0,x u(xl) = 0, u(xr) + µ CDγ−α

0,x u(xr) = ρ,
(2.1.1)

where 0 < γ − α < α < 1 < γ < 2 and D = d/dx represents the first-order derivative
operator with respect to x. Given functions a, c, f ∈ C

(
Ωx

)
and µ(≥ 0), ρ are constants.

Here we consider xl = 0 and xr = 1 for our problem.

The mixed-fractional differential operator D(CDγ−α
0,x ) with order lying in (1, 2), is the

combination of the first-order classical derivative operator D and the (γ−α)-th order Caputo
derivative operator CDγ−α

0,x is defined by

D
(
CDγ−α

0,x

)
u(x) =

d

dx

1

Γ(1− γ + α)

∫ x

0

(x− ζ)α−γu′(ζ) dζ,

provided u(x) ∈ AC2(Ωx).

Here, our aim is to solve the FBVP (2.1.1) numerically by applying the L1-method
based on the uniform mesh. Further, we study the stability of the proposed numerical
scheme and derive the error estimate. To validate the theoretical error estimate and order
of convergences, some numerical experiments are carried out.

This chapter is organized in the following manner: Section 2.2 discusses some useful re-
sults, properties as well as the existence and uniqueness theorem of the given model problem.
Section 2.3. starts with the discretization of the model problem followed by the discrete com-
parison principle. In Section 2.4, the truncation error bound and the convergence analysis
are established with the help of properly chosen discrete barrier function. An application
of the proposed method for a semilinear FBVP is described in Section 2.5. Some numerical
results are included in Section 2.6 and finally some conclusions are drawn in Section 2.7.

2.2 Preliminary results and properties

This section starts with an important lemma which shows the equivalency between the first-
order classical derivative and (γ − α)th− order Caputo derivative at the point x = 0.

Lemma 2.2.1. Suppose a, c, f ∈ C(Ωx) along with the presence of existence of D(CDγ−α
0,x u(x))

where u(x) is the solution of (2.1.1). Then u′(0) = 0.
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Preliminary results and properties

Proof. This can be proved in the similar way as given in [26, Lemma 2.1].

Now one may ask the reason behind the choice of the left boundary condition as
CDγ−α

0,x u(0) = 0 for our problem. This will be discussed in the following subsection.

2.2.1 Necessity of the left boundary condition

We check the requirement of the left boundary condition given in the FBVP (2.1.1) by using
the Sumudu transform in the both sides of (2.1.1).

Let us consider a special case of the model problem (2.1.1) such as:

−D(CDγ−α
0,x u(x)) + aDα

Cu(x) + cu(x) = f(x), on Ωx, (2.2.1)

where the coefficients a and c are considered as constants. The Sumudu transform of the
fractional derivative operator CDγ−α

0,x u(x) is given as follows

S
[
CDγ−α

0,x u(x);ϑ
]
= ϑ−(γ−α)S[u;ϑ]− ϑ−(γ−α)u(0).

And, the Sumudu transform of the first-order classical derivative of CDγ−α
0,x u(x) is

S
[
D
(
CDγ−α

0,x u(x)
)
;ϑ
]
=

S[u;ϑ]
ϑγ−α+1

− u(0)

ϑγ−α+1
−

CDγ−α
0,x u(0)

ϑ
.

Applying the Sumudu transform on the both sides of (2.2.1), one gets

− S[u;ϑ]
ϑγ−α+1

+
u(0)

ϑγ−α+1
+

CDγ−α
0,x u(0)

ϑ
+ a

[
S[u;ϑ]
ϑα

− u(0)

ϑα

]
+ cS[u;ϑ] = S[f ;ϑ],

which implies

S[u;ϑ] = u(0) +
CDγ−α

0,x u(0)

ϑ(ϑ−(γ−α+1) − aϑ−α − c)
+

c u(0)

ϑ−(γ−α+1) − aϑ−α − c
− S[f ;ϑ]
ϑ−(γ−α+1) − aϑ−α − c

.

(2.2.2)

Applying the inverse Sumudu transform [13, Equation 8] on the both sides of (2.2.2) one can
obtain

u(x) = ψ1(x)
CDγ−α

0,x u(0) + u(0)(1 + c ψ2(x))− f ∗ ψ2(x), (2.2.3)

where

ψ1(x) =
∞∑
r=0

arx(γ−2α+1)r+γ−αEr+1
γ−α+1,γ−α+1+r(γ−2α+1)(cx

γ−α+1),

ψ2(x) =
∞∑
r=0

arx(γ−2α+1)r+γ−α+1Er+1
γ−α+1,γ−α+2+r(γ−2α+1)(cx

γ−α+1),
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Chapter 2: Accurate FDM for the numerical solution of a FBVP

and Eζ3
ζ1,ζ2

is the three-parameter Mittag-Leffler function.

From (2.2.3), one can judge that the solution is only continuous and a troublesome
singularity exists in the solution u at x = 0 when CDγ−α

0,x u(0) ̸= 0. Thus, for the solution to
be in C1(Ωx), the left boundary condition should be CDγ−α

0,x u(0) = 0.

Remark 2.2.2. If we consider the reaction coefficient c = 0 and the source function f(x)

as constant f in the equation (2.2.1), then the solution will be

u(x) = u(0) + CDγ−α
0,x u(0)xγ−αE1+γ−2α, γ−α+1

(
axγ+1−2α

)
−fxγ−α+1E1+γ−2α, γ−α+2

(
axγ+1−2α

)
, (2.2.4)

where Eζ1,ζ2 is the two-parameter Mittag-Leffler function.

Remark 2.2.3. The solutions given by (2.2.3) and (2.2.4) include u(0), which can be cal-
culated using the right hand boundary condition due to the continuity of the solution in the
domain Ωx.

Remark 2.2.4. For α = 1, the choice of the left boundary condition for the existence of
continuously differentiable solution has been shown in [26, Subsecton 2.1] by considering a
special case with constant coefficient and constant function f along with use of the Laplace
transform in the corresponding model problem.

The space Ck,η(0, 1], for each positive integer k and −∞ < η < 1, contains functions
u ∈ C(Ωx) such that the functions u ∈ Ck(0, 1], and satisfy the bounds

|u(i)(x)| ≤


C, if i < 1− η,

C(1 + | ln(x)|), if i = 1− η,

Cx1−η−i, if i > 1− η,

(2.2.5)

for x ∈ (0, 1] and i = 1, 2, . . . , k.

For the given problem (2.1.1), the result from [65, Theorem 2.1] gives the following
assumption and theorem for the existence and uniqueness of the solution.

Assumption 2.2.5. If f ≡ 0 and ρ ≡ 0, the FBVP (2.1.1) has the trivial solution u ≡ 0.

Theorem 2.2.6. Let a, c, f ∈ Ck,η(0, 1] for some integer k ≥ 2 and some η ∈ (−∞, 1). Then
the FBVP (2.1.1) has a unique solution u ∈ C1(Ωx) with D(CDγ−α

0,x u) ∈ Ck,m(0, 1] where
m := max {η, 2α− γ} .

The bound of the derivatives of the solution u(x) to (2.1.1) by summoning the idea from
[26, Corollary 2.1] can be given as
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Corollary 2.2.7. Let a, c, f ∈ Ck,η(0, 1] for some positive integer k and some η ∈ (−∞, 1)

with η ≤ 2α−γ. Then from Theorem 2.2.6, the FBVP (2.1.1) has a unique solution u where
u ∈ C1(Ωx) ∩ Ck,η(0, 1] and there exists a constant C such that the solution u satisfy

∣∣u(i)(x)∣∣ ≤
 C, for i = 0,

Cxγ−α+1−i, for i = 1, 2, . . . , k + 1, and x ∈ (0, 1].
(2.2.6)

Proof. It can be proved in the same way as given in [26, Corollary 2.1].

2.3 Discretization scheme and discrete comparison
principle

This section includes the study of the discretization method for the model problem (2.1.1).
We apply the well known L1−approximation to discretize the fractional derivatives and
forward difference formula is used to approximate the first order classical derivative term.
Further the discrete comparison principle is also discussed in this section.

2.3.1 Discretization of the fractional derivatives

We consider the uniform mesh Ω
Mx

x to employ the L1−discretization method to approximate
the Caputo fractional derivatives CDγ−α

0,x u(x) and CDα
0,xu(x) at the point x = xi ∈ Ω

Mx

x ,
i = 1, 2, . . . ,Mx − 1. Using the L1-discretization (1.2.22) for the Caputo derivative, we have

CDγ−α
0,xi

u(x) ≈ hα−γ
x

Γ(2− γ + α)

i−1∑
k=0

(Uk+1 − Uk) b̂
(γ−α)
i−k := Dγ−α

C,L1Ui, i = 1, 2, . . . ,Mx, (2.3.1)

with

b̂
(γ−α)
k =

k
1−γ+α − (k − 1)1−γ+α, for k = 1, 2, . . . ,Mx,

0, for k ≤ 0,
(2.3.2)

and

CDα
0,xi
u(x) ≈ h−α

x

Γ(2− α)

i−1∑
k=0

(Uk+1 − Uk) b̂i−k := Dα
C,L1Ui, i = 1, 2, . . . ,Mx, (2.3.3)

with

b̂
(α)
k =

k
1−α − (k − 1)1−α, for k = 1, 2, . . . ,Mx,

0, for k ≤ 0,
(2.3.4)
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Chapter 2: Accurate FDM for the numerical solution of a FBVP

where Ui is the approximate value of the exact solution u(x) at the point x = xi.

Thus, the numerical approximation of the mixed-fractional derivative D
(
CDγ−α

0,x u(x)
)

at
the point x = xi can be obtained as

−D+(Dγ−α
C,L1Ui) = −

Dγ−α
C,L1Ui+1 −Dγ−α

C,L1Ui

hx

= − h
−(1+γ−α)
x

Γ(2 + α− γ)

[
i∑

k=0

(Uk+1 − Uk) b̂
(γ−α)
i−k+1 −

i−1∑
k=0

(Uk+1 − Uk) b̂
(γ−α)
i−k

]

= − h
−(1+γ−α)
x

Γ(2 + α− γ)

[
U0

(
b̂
(γ−α)
i − b̂

(γ−α)
i+1

)
+

i∑
k=1

(
b̂
(γ−α)
i−k+2 − 2b̂

(γ−α)
i−k+1 + b̂

(γ−α)
i−k

)
Uk

+Ui+1b̂
(γ−α)
1

]
,

for i = 1, 2, . . . Mx − 1 and D+Ui = (Ui+1 − Ui) /hx denotes the standard forward difference
formula.

Then the discretized version of (2.1.1) takes the following form:
Find the discretized solution {Ui}Mx

i=0 such that

LMxUi := −D+(Dγ−α
C,L1Ui) + aiD

α
C,L1Ui + ciUi = fi, for i = 1, 2, . . . ,Mx − 1,

−D+U0 = 0, UMx + µDγ−α
C,L1UMx = ρ,

(2.3.5)

where ai := a(xi) and similar expression holds for ci and fi.

Lemma 2.3.1. The following relations for the coefficients b̂(γ−α)
i and b̂

(α)
i follow directly

from [26, Section 3],

(i) b̂
(γ−α)
k+1 < b̂

(γ−α)
k and b̂

(α)
k+1 < b̂

(α)
k , for all integers k ≥ 1, (2.3.6)

(ii) b̂
(γ−α)
i−k+2 − 2b̂

(γ−α)
i−k+1 + b̂

(γ−α)
i−k > 0, for 1 ≤ i ≤Mx − 1, and k ∈ {1, . . . , i− 1, i+ 1} .

(2.3.7)

We next discuss the discrete comparison principle that will play an important role to
show the convergence of computed solution to the exact solution.

2.3.2 Discrete comparison principle

Lemma 2.3.2. Assume that the coefficients in our problem (2.1.1) satisfy (i) a, c, f ∈
Ck,η(0, 1] ⊂ C(Ωx) and (ii) c(x) ≥ 0 for x ∈ Ωx. Let {Zi}Mx

i=0 be a mesh function that satisfies

−D+Z0 ≥ 0, ZMx + µDγ−α
C,L1ZMx ≥ 0 and LMxZi ≥ 0, for i = 1, 2, . . . ,Mx − 1.
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Let the mesh width h satisfies the condition

h1+γ−2α
x < E(γ, α) min


(
b̂
(γ−α)
i − b̂

(γ−α)
i+1

b̂
(α)
i

)Mx−1

i=1

,

(
b̂
(γ−α)
i+2 − 2b̂

(γ−α)
i+1 + b̂

(γ−α)
i

b̂
(α)
i − b̂

(α)
i+1

)Mx−2

i=1

 ,

(2.3.8)

where E(γ, α) =
Γ(2− α)

∥a∥∞Γ(2− γ + α)
. Then Zi ≥ 0, for i = 0, 1, . . . ,Mx.

Proof. It can be observed from (2.3.5) that after some steps one can obtain

Z0

[
b̂
(γ−α)
i+1 − b̂

(γ−α)
i

hγ−α+1
x Γ(2− γ + α)

− aib̂
(α)
i

hαxΓ(2− α)

]
+

i+1∑
k=1

[−(b̂(γ−α)
i−k+2 − 2b̂

(γ−α)
i−k+1 + b̂

(γ−α)
i−k

)
hγ−α+1
x Γ(2− γ + α)

+
ai(̂b

(α)
i−k+1 − b̂

(α)
i−k)

hαxΓ(2− α)

]
Zk + ciZi = fi,

(2.3.9)

for i = 1, 2, . . .Mx − 1.

Let P =
(
p
i,k

)Mx

i,k=0
be the (Mx + 1) × (Mx + 1) matrix associated to the discretization

(2.3.5). Then we have a linear system P
−→
Z =

−→
f where

−→
Z = (Z0, Z1, . . . , ZMx)

T and
−→
f =

(f0, f1, . . . , fMx)
T , with f0 = 0 and fMx = ρ. By the hypothesis

P
−→
Z ≥ 0. (2.3.10)

Entries of the 0th row of the matrix P are

p0,0 =
1

hx
, p0,1 = − 1

hx
, p

0,k
= 0, 1 < k ≤Mx.

For i = 1, 2, . . .Mx − 1, the entries of ith row are

p
i,0

=
b̂
(γ−α)
j+1 − b̂

(γ−α)
j

hγ−α+1
x Γ(2− γ + α)

− aib̂
(α)
i

hαxΓ(2− α)
, (2.3.11)

p
i,k

=
−
(
b̂
(γ−α)
i−k+2 − 2b̂

(γ−α)
i−k+1 + b̂

(γ−α)
i−k

)
hγ−α+1
x Γ(2− γ + α)

+
ai

(
b̂
(α)
i−k+1 − b̂

(α)
i−k

)
hαxΓ(2− α)

, for k = 1, 2, . . . , i− 1, i+ 1,

(2.3.12)

p
i,i
=

2b̂
(γ−α)
1 − b̂

(γ−α)
2

hγ−α+1
x Γ(2− γ + α)

+ ai
b̂
(α)
1

hαxΓ(2− α)
+ ci, (2.3.13)

p
i,k

= 0, for k = i+ 2, i+ 3, . . . ,Mx. (2.3.14)
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The M th
x row of the matrix P is

p
Mx,0

= −µϱ b̂(γ−α)
Mx

, p
Mx,k

= µϱ
(
b̂
(γ−α)
Mx−k+1 − b̂

(γ−α)
Mx−k

)
, for k = 1, 2 . . . ,Mx − 1,

p
Mx,Mx

= 1 + µϱ b̂
(γ−α)
1 , (2.3.15)

where ϱ = hα−γ
x /Γ(2− γ + α). The entries given in (2.3.15) satisfy p

Mx,0
< 0, p

Mx,k
< 0 and

p
Mx,Mx

> 0.

We now prove P−1 > 0, by considering two cases for the different signs of the coefficient
function a(x).

First, considering the case a ≥ 0 and recalling Lemma 2.3.1, one can easily obtain that
the off-diagonal entries of the matrix P are non-positive and the diagonal entries are strictly
positive i.e. p

i,k
≤ 0 for k = 0, 1, . . . , i− 1, i+ 1, . . . ,Mx and p

i,i
> 0 where 0 ≤ i ≤Mx.

Now include the case a < 0. Denote ν̂ = Γ(2− α)/Γ(2− γ + α). For i = 1, 2, . . . ,Mx−1,
one can rewrite (2.3.11) as

p
i,0

= −
b̂
(γ−α)
i − b̂

(γ−α)
i+1

hγ−α+1
x Γ(2− γ + α)

+
(−ai)̂b(α)i

hαxΓ(2− α)

=
(−ai)̂b(α)i

hγ−α+1
x Γ(2− α)

[
hγ−2α+1
x − ν̂

b̂
(γ−α)
i − b̂

(γ−α)
i+1

(−ai)̂b(α)i

]
< 0,

because of the condition (2.3.8) on mesh width h.

From (2.3.12) one can write,

p
i,k

=
−
(
b̂
(γ−α)
i−k+2 − 2b̂

(γ−α)
i−k+1 + b̂

(γ−α)
i−k

)
hγ−α+1
x Γ(2− γ + α)

−
−(ai)

(
b̂
(α)
i−k+1 − b̂

(α)
i−k

)
hαxΓ(2− α)

=
(−ai)(̂b(α)i−k − b̂

(α)
i−k+1)

hγ−α+1
x Γ(2− α)

[
hγ−2α+1
x − ν̂

b̂
(γ−α)
i−k+2 − 2b̂

(γ−α)
i−k+1 + b̂

(γ−α)
i−k

(−ai)(̂b(α)i−k − b̂
(α)
i−k+1)

]
.

(2.3.16)

For k = 1, 2 . . . , i−1, one has 1 ≤ i−k ≤ i−1 with i = 2, 3, . . . ,Mx−1. Thus, using (2.3.8)
along with Lemma (2.3.1) it is clear to notice in (2.3.16) that p

i,k
< 0 and for k = i+ 1, we

have p
i,i+1

= −b̂(γ−α)
1 /(hγ−α+1

x Γ(2− γ + α)) < 0, where 1 ≤ i ≤Mx − 1.

It remains to discuss the bound for the diagonal entries. The assumption ci > 0 is already
mentioned in the statement of the lemma. The sum of first two terms in (2.3.13) can be
rewritten as

2b̂
(γ−α)
1 − b̂

(γ−α)
2

hγ−α+1
x Γ(2− γ + α)

− (−ai)
b̂
(α)
1

hαxΓ(2− α)
, for i = 1, 2, . . . ,Mx − 1,
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which shows that p
i,i
> 0 owing to the mesh-condition (2.3.8) and the relation 2b̂

(γ−α)
1 −

b̂
(γ−α)
2 > b̂

(γ−α)
1 − b̂

(γ−α)
2 .

Thus, the matrix P has positive diagonal entries and non-positive off-diagonal entries.
Also the entries of P satisfy

Mx∑
k=1

|p
0,k
| = 1

hx
= |p0,0|,

Mx−1∑
k=0

|p
Mx,k

| = ν̂ϱ b̂
(γ−α)
1 < |p

Mx,Mx
| and

Mx∑
k=0
k ̸=i

|p
i,k
| < |p

i,i
|.

Consequently, P is a irreducibly diagonally dominant matrix, and following [79], we have
P−1 > 0 . Thus, from (2.3.10), we get

−→
Z ≥ 0 and hence the result follows.

In the above lemma, we have discussed discrete comparison principle for LMx . Proceed-
ing similarly like [26, Lemma 3.2], one can prove the discrete comparison principle for the
fractional derivative operator Dγ−α

C,L1.

2.4 Error analysis

In this section, we will focus on the error estimation by determining the truncation errors
and its related bounds as well as the convergence of the computed solution to the exact
solution. Let u(xi) is the exact solution and Ui is the computed solution of the FBVP (2.1.1)
at the point xi ∈ Ω

Mx

x , i = 0, 1, . . . ,Mx.

2.4.1 Truncation error

The truncation errors of the discretization (2.3.5) of the FBVP (2.1.1) are given by

LMx(u(xi)− Ui) = −D+Dγ−α
C,L1(u(xi)− Ui) + aiD

α
C,L1(u(xi)− Ui) + ci(u(xi)− Ui)

= −(D+Dγ−α
C,L1 −DCDγ−α

0,x )u(xi) + ai(D
α
C,L1 −Dα

C)u(xi), for 0 < xi < 1,

and for the boundary conditions we have

−D+ (u(x0 = 0)− U0) =
u(0)− u(h)

hx
,

and

[u(x
Mx

)− UMx ] + µ
[
CDγ−α

0,x u(x
Mx

)−Dγ−α
C,L1UMx

]
= µ

[
CDγ−α

0,x u(x
Mx

)−Dγ−α
C,L1UMx

]
.

In order to get the truncation error bound, we need the following lemma.
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Lemma 2.4.1. For all integers i ≥ 2, there exists a constant C, independent of i, such that

i−1∑
k=1

[
(i− k)1−α − (i− k − 1)1−α

]
kγ−α−1 ≤ Ciγ−2α. (2.4.1)

Proof. For x ∈ R, we apply the mean-value theorem on the function m(x) = x1−α and
proceed like [71, Lemma 4.4] to get

[i/2]−1∑
k=1

[
(i− k)1−α − (i− k − 1)1−α

]
kγ−α−1 ≤

[i/2]−1∑
k=1

(1− α)(i− k − 1)−αkγ−α−1

≤ Ci−α

[i/2]−1∑
k=1

kγ−α−1.

Then, using the convergence-concept given in [72, Equation (5.9)] we get

[i/2]−1∑
k=1

[
(i− k)1−α − (i− k − 1)1−α

]
kγ−α−1 ≤ Ci−2iγ−2α+2 = Ciγ−2α, (2.4.2)

and for the remaining terms we calculate

i−1∑
k=[i/2]

[
(i− k)1−α − (i− k − 1)1−α

]
kγ−α−1 ≤

[
i

2

]γ−α−1 i−1∑
k=[i/2]

[
(i− k)1−α − (i− k − 1)1−α

]
≤ Ciγ−2α. (2.4.3)

Thus, combining (2.4.2) and (2.4.3) we get the required result (2.4.1).

Lemma 2.4.2. Let the functions a, c, f ∈ Ck,η(0, 1] for some positive integer k with η ≤
2α− γ. Then, we have the following bounds for the truncation errors

(i) |D+(u(x0)− U0)| ≤ Chγ−α
x , (2.4.4)

(ii) | [u(x
Mx

)− UMx ] + µ
[
CDγ−α

0,x u(x
Mx

)−Dγ−α
C,L1UMx

]
| ≤ Cµhmin{1+γ−α,2−γ+α}

x ≤ Cµhx,

(2.4.5)

(iii) |LMx(u(xi)− Ui) | ≤ Chx x
−1
i , for i = 1, 2, . . . ,Mx − 1. (2.4.6)

Proof. Our assumption clears that the FBVP (2.1.1) has a unique solution.

(i) Now, using (2.2.6) we have

|D+(u(x0)− U0)| ≤
1

hx

[∫ hx

0

(∫ ζ

0

|u′′(s)| ds
)
dζ

]
≤ Ch−1

x

∫ hx

0

ζγ−α dζ = Chγ−α
x . (2.4.7)

Ph.D. Thesis 32 Aniruddha Seal

TH-3450_196123002



Error analysis

Thus, |D+(u(x0)− U0)| ≤ Chγ−α
x .

(ii) For the right hand boundary condition, one can write the truncation error term as

CDγ−α
0,x u(x

Mx
)−Dγ−α

C,L1UMx =
1

Γ(1− γ + α)

Mx−1∑
k=0

∫ xk+1

xk

(x
Mx

− ζ)α−γ

[
u′(ζ)− Uk+1 − Uk

hx

]
dζ

=
Mx−1∑
k=0

T̂
Mx,k

,

where
T̂

Mx,k
=

1

Γ(1− γ + α)

∫ xk+1

xk

(x
Mx

− ζ)α−γ

[
u′(ζ)− Uk+1 − Uk

hx

]
dζ.

According to the derivation given in [72] and using (2.2.6) one gets

|T̂
Mx,0

| ≤ Ch1+γ−α
x and |T̂

Mx,Mx−1
| ≤ Ch2−γ+α

x . (2.4.8)

Now, for k = 1, 2, . . . ,Mx − 2 and through (2.2.6) we emulate the derivation given in [72] to
get

|T̂
Mx,k

| ≤ Ch2x

(
max

ζ∈[xk,xk+1]
|u′′(ζ)|

)∫ xk+1

xk

(x
Mx

− ζ)α−γ−1 dζ

≤ Chxk
γ−α−1 [Mx − (k + 1)]α−γ−1 . (2.4.9)

Inviting the bounds, given in [72] and using (2.2.6) we get

[Mx/2]−1∑
k=1

|T̂
Mx,k

| ≤ Ch2x and
Mx−2∑

k=[Mx/2]

|T̂
Mx,k

| ≤ Ch2+α−γ
x . (2.4.10)

Then calling these bounds all together to get

µ
∣∣ [CDγ−α

0,x u(x
Mx

)−Dγ−α
C,L1UMx

] ∣∣ ≤ Cµhmin{1+γ−α,2−γ+α}
x ≤ Cµhx. (2.4.11)

(iii) It remains to find the bound for xi ∈ ΩMx
x . Following the idea given in [26, Lemma 4.1],

we disintegrate the truncation error term for the mesh points x1, x2, . . . , xMx−1, into three
parts as follows:

LMx(u(xi)− Ui) = −
(
D+Dγ−α

C,L1 −D(CDγ−α
0,x )

)
u(xi) + ai(D

α
C,L1 −Dα

C)u(xi)

=
(
D −D+

)
CDγ−α

0,x u(xi) +D+
(
CDγ−α

0,x −Dγ−α
C,L1

)
u(xi)

+ai
(
Dα

C,L1 −Dα
C

)
u(xi). (2.4.12)
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For the first two parts in (2.4.12), one can obtain with the similar derivation same like [26,
Lemma 4.1] along with the condition (2.2.6)∣∣∣∣( d

dx
−D+

)
CDγ−α

0,x u(xi)

∣∣∣∣ ≤ Chx x
γ−α−1
i , (2.4.13)

and ∣∣D+
(
CDγ−α

0,x −Dγ−α
C,L1

)
u(xi)

∣∣ ≤ Chx x
−1
i . (2.4.14)

For the third part in (2.4.12), we follow the derivation of [71, Lemma 4.5].(
Dα

C −Dα
C,L1

)
u(xi) =

1

Γ(1− α)

∫ xi

0

(xi − s)−αu′(s) ds

− 1

Γ(1− α)

i−1∑
k=0

∫ xk+1

xk

Uk+1 − Uk

hx
(xi − s)−α ds = Ti,0 +

i−1∑
k=1

Ti,k.

(2.4.15)

For i = 2, 3, . . . ,Mx − 1, using the mean-value theorem we get

Ti,k =
1

Γ(1− α)

∫ xk+1

xk

(xi − ζ)−αu′(ζ) dζ − Uk+1 − Uk

hαxΓ(2− α)
b̂
(γ−α)
i−k

=
h1−α
x

Γ(2− α)

[
u′(x̂)− Uk+1 − Uk

hx

]
b̂
(γ−α)
i−k , for some x̂ ∈ (xk, xk+1).

Thus, ∣∣∣∣u′(x̂)− Uk+1 − Uk

hx

∣∣∣∣ ≤ Chx x
γ−α−1
k . (2.4.16)

Hence, we have

| Ti,k | ≤
Ch1+γ−2α

x

Γ(2− α)
kγ−α−1b̂

(γ−α)
i−k . (2.4.17)

Then, we obtain ∣∣∣∣∣
i−1∑
k=1

Ti,k

∣∣∣∣∣ ≤ Ch1+γ−2α
x

Γ(2− α)

i−1∑
k=1

b̂
(γ−α)
i−k kγ−α−1.

Using Lemma 2.4.1, we get∣∣∣∣∣
i−1∑
k=1

Ti,k

∣∣∣∣∣ ≤ Ch1+γ−2α
x

Γ(2− α)
iγ−2α ≤ Chx x

−(2α−γ)
i . (2.4.18)

Thus, we have ∣∣(Dα
C −Dα

C,L1

)
u(xi)

∣∣ ≤ Chx x
−(2α−γ)
i , i = 2, 3, . . . ,Mx − 1. (2.4.19)
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For k = 0,

Ti,0 =
1

Γ(1− α)

∫ x1

x0

(xi − ζ)−αu′(ζ) dζ − U1 − U0

hαxΓ(2− α)
b̂
(γ−α)
i .

Following accordingly to the derivation of [71, Lemma 4.5], one gets∣∣∣∣ 1

Γ(1− α)

∫ x1

x0

(xi − s)−αu′(ζ) dζ

∣∣∣∣ ≤ Chx x
−α
i−1, (2.4.20)

and thereafter the mean-value theorem gives∣∣∣∣ U1 − U0

hαxΓ(2− α)
b̂
(γ−α)
i

∣∣∣∣ ≤ Chx x
−α
i−1. (2.4.21)

Combining (2.4.20), (2.4.21) and using xi ≤ 2xi−1 to obtain

| Ti,0 | ≤ Cx−α
i−1h

γ−α
x ≤ Chx x

−α
i , i = 2, 3, . . . ,Mx − 1. (2.4.22)

Finally the bound for i = 1 will complete the bound of Ti,k.

Now, for i = 1,

| T1,0 | ≤
∣∣∣∣ 1

Γ(1− α)

∫ x1

x0

(x1 − ζ)−αu′(ζ) dζ

∣∣∣∣+ ∣∣∣∣ U1 − U0

hαxΓ(2− α)
b̂
(γ−α)
1

∣∣∣∣ .
Simulating the derivation of [71, Lemma 4.5], we get∣∣∣∣ 1

Γ(1− α)

∫ x1

x0

(x1 − s)−αu′(ζ) dζ

∣∣∣∣ ≤ C

Γ(1− α)

∫ x1

x0

(x1 − ζ)−αζγ−α dζ

≤ Chx x1
−(2α−γ), (2.4.23)

and ∣∣∣∣∣ b̂
(γ−α)
1

hαxΓ(2− α)
(U1 − U0)

∣∣∣∣∣ ≤ C b̂
(γ−α)
1 hγ−α

x

hαxΓ(2− α)
h ≤ Chx x1

−(2α−γ). (2.4.24)

Thus, (2.4.23) and (2.4.24) together yield

| T1,0 | ≤ Chx1
−(2α−γ). (2.4.25)

Putting all these inequalities (2.4.19)-(2.4.25) together, we obtain∣∣(Dα
C −Dα

C,L1

)
u(xi)

∣∣ ≤ Chx x
−α
i ≤ Chx x

−1
i , i = 1, 2, . . . ,Mx − 1. (2.4.26)

We get the required bound (2.4.6) by gathering all the bounds (2.4.13)-(2.4.26).
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The following theorem provides the estimation of the error in discrete maximum norm.

Theorem 2.4.3. Let the solution u(x) of the problem (2.1.1) satisfies the discrete comparison
principle (Lemma 2.3.2) as well as the truncation error bounds (2.4.4-2.4.6). Also assume
the coefficients a(x), c(x) are chosen such that a(x) ≤ 0 and c(x) ≥ 0 for x ∈ Ωx. Then there
exists a constant C such that

max
0≤i≤Mx

|ei| = max
0≤i≤Mx

|u(xi)− Ui| ≤ Chx| lnhx|α.

Before proceeding towards the proof of above theorem, we enter into the discussion of
discrete barrier function that will be used later in the proof of above theorem. We first
consider a non-negative mesh function {Θi}Mx

i=0, which satisfies

|LMx(u(xi)− Ui)| ≤ LMxΘi, for i = 1, 2, . . . ,Mx − 1, (2.4.27)

| −D+(u(x0)− U0)| ≤ −D+Θ0, (2.4.28)

|(u(x
Mx

)− UMx) + µ
(
CDγ−α

0,x u(x
Mx

)−Dγ−α
C,L1UMx

)
| ≤ ΘMx + µDγ−α

C,L1ΘMx .

(2.4.29)

Then, using the discrete comparison principle over Θi ± (u(xi)− Ui), we have

|u(xi)− Ui| ≤ Θi, for all i ≥ 0.

This mesh function {Θi}Mx

i=0 is called the discrete barrier function.

Now we call a lemma from [26, Lemma 4.2] which will be useful for the study of barrier
function and error estimate. The following lemma is given in the suitable form for our
problem.

Lemma 2.4.4. For a mesh function {Gi}Mx

i=0 along with the condition G0 = 0 and Gi ≤ Gi+1,
one has,

Dγ−α
C,L1Gi ≥

Gi

xiγ−αΓ(1− γ + α)
, for 1 ≤ i ≤Mx − 1.

Proof. The proof follows similarly from [26, Lemma 4.2].

We next define a non-negative mesh function [26, Equation (4.11)] {Bi}Mx

i=0 for a smooth
construction of the suitable discrete barrier function for our problem, by

Dγ−α
C,L1Bi =

e| lnhx|1−α

Γ(1− γ + α)
xi

| lnhx|−α

, i = 1, 2, . . . ,Mx and M0 = 0. (2.4.30)

Following the derivation given in [26, Section 4.2] one has
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1. B1 = (1− γ + α)hγ−α
x ,

2. Bi is a non-decreasing function for i ≥ 0,

3. 0 ≤ Mi ≤ Hi, i = 0, 1, . . . ,Mx, where the mesh function Hi plays the role of discrete
barrier function for Bi, defined by

Hi = xi
γ−α+| lnhx|−α

e| lnhx|1−α

.

Therefore, we have made the path ready to begin the proof of Theorem 2.4.3.

Proof. We start the proof with the consideration of two cases:

µ = 0 and µ > 0 .

Case 1 (µ = 0). Define a new mesh function Θi with the help of the mesh function Bi as

Θi = C1 hx| lnhx|α
(
e| lnhx|1−α −Bi

)
, for i = 0, 1, . . . ,Mx. (2.4.31)

Clearly one can obtain 0 ≤ Θi ≤ C hx| lnhx||α. Our aim is to show that Θi is a discrete
barrier function of the error function ei.

From the upper bound of Bi, it can be said that the mesh function Θi attains the non-
negative values for all i = 0, 1, . . . ,Mx.

Now, at the left end point x = 0 we have

−D+Θ0 = C1(1− γ + α)hγ−α
x | lnhx|α.

As the mesh function Bi is non-decreasing and the function c(x) ≥ 0, so using the non-
positivity condition over the function a(x) we have

aiD
α
C,L1Θi + ciΘi = −aiC1 hx| lnhx|αDα

C,L1Bi + ciΘi ≥ 0 .

Then, for any point xi, i = 1, 2, . . . ,Mx − 1 we have

LNΘi := −D+(Dγ−α
C,L1Θi) + aiD

α
C,L1Θi + ciΘi

≥ C1 hx| lnhx||αD+(Dγ−α
C,L1Bi)

≥ C1 hx
2Γ(1− γ + α)

x−1
i . (2.4.32)

Also u(x
Mx

)− UMx = 0 ≤ ΘMx .
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Thus, combination of the above inequalities along with the discrete comparison principle
imply that the mesh function Θi is a discrete barrier function for the error |u(xi)− Ui|, and
hence the result follows for the case µ = 0.

Case 2 (µ > 0). At the point x = x
Mx

, we have

ΘMx + µDγ−α
C,L1ΘMx = ΘMx − C1 µhx| lnhx|α

e| lnhx|1−α

Γ(1− γ + α)

≥ −C1 µhx| lnhx|αe| lnhx|1−α

Γ(1− γ + α)
. (2.4.33)

Thus, we can see that Θi is not the perfect choice for the case µ > 0 and hence some changes
are required in the structure of the discrete barrier function.

We define the modified mesh function as Θ̃i = Θi + Υi, where the discrete function Υi is
defined as

Υi =


C2hx| lnhx|α

(
hγ−α
x

µ
+

2

Γ(2− γ + α)

)
e| lnhx|1−α

, for i = 0, 1, . . . ,Mx − 1,

C2hx| lnhx|α
2e| lnhx|1−α

Γ(2− γ + α)
, for i =Mx.

(2.4.34)

At the point x = x0,

−D+Θ̃0 = −D+Θ0 −D+Υ0 ≥ C1C3Γ(2− γ + α)hγ−α
x | lnhx|α.

It is easy to calculate the following

Dγ−α
C,L1Υi = 0, for i = 1, 2, . . . ,Mx − 1, (2.4.35)

D+(Dγ−α
C,L1Υi) = 0, for i = 1, 2, . . . ,Mx − 2, (2.4.36)

Dα
C,L1Υi = 0, for i = 1, 2, . . . ,Mx − 1. (2.4.37)

But at the point x = x
Mx
,

Dγ−α
C,L1ΥMx =

1

hγ−α
x Γ(2− γ + α)

Mx−1∑
k=0

(Υk+1 − Υk)bMx−k

=
ΥMx − ΥMx−1

hγ−α
x Γ(2− γ + α)

b1

= − C2hx| lnhx|αhγ−α
x

µhγ−α
x Γ(2− γ + α)

e| lnhx|1−α

= −C2hx| lnhx|α e| lnhx|1−α

µΓ(2− γ + α)
≤ 0.
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Similarly one can have

Dα
C,L1ΥMx = −C2h

1+γ−2α
x | lnhx|α

µΓ(2− α)
e| lnhx|1−α ≤ 0.

Therefore,

−D+(Dγ−α
C,L1ΥMx−1) ≥ 0.

We next calculate LMxΘ̃i, for 1 ≤ i ≤Mx − 1.

For 1 ≤ i ≤Mx − 2,

LMxΘ̃i = LMxΘi + LMxΥi = LMxΘi + ciΥi ≥
C1 hx

2Γ(1− γ + α)
x−1
i .

At the point x = xMx−1,

LMxΘ̃Mx−1 = LMxΘMx−1 + LMxΥMx−1 ≥ LMxΘMx−1 + cMx−1ΘMx−1.

Inserting the condition c(x) ≥ 0, we get

LMxΘ̃Mx−1 ≥ LMxΘMx−1 ≥
C1 hx

2Γ(1− γ + α)
x−1
Mx−1. (2.4.38)

Now,

ΥMx + µDγ−α
C,L1ΥMx = C2hx| lnhx|α

2e| lnhx|1−α

Γ(2− γ + α)
− µC2hx| lnhx|αe| lnhx|1−α

µΓ(2− γ + α)

= C2hx| lnhx|α
e| lnhx|1−α

Γ(2− γ + α)
. (2.4.39)

Finally at x = x
Mx
,

Θ̃Mx + µDγ−α
C,L1Θ̃Mx =

(
ΘMx + µDγ−α

C,L1ΘMx

)
+
(
ΥMx + µDγ−α

C,L1ΥMx

)
≥ hx| lnhx|α

[
C2

Γ(2− γ + α)
− C1µ

Γ(1− γ + α)

]
e| lnhx|1−α

≥ Chx| lnhx|α, as e| lnhx|1−α ≥ 1, (2.4.40)

where C2 is chosen such a way that
C2

Γ(2− γ + α)
− C1µ

Γ(1− γ + α)
> C.

Thus, Θ̃i is the discrete barrier function of |u(xi)− Ui| in case of positive value of µ and
hence the result follows.
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2.5 Application on semilinear fractional differential
equation

In this section, we show the application of the proposed scheme over a semilinear FBVP
with the mixed-fractional derivative. Consider the following semilinear FBVP:−D(CDγ−α

0,x u(x)) + a(x)CDα
0,xu(x) + f(x, u(x)) = 0, x ∈ (0, 1),

CDγ−α
0,x u(0) = 0, u(1) + µCDγ−α

0,x u(1) = ρ,
(2.5.1)

where f(x, u(x)) is a nonlinear source function of u(x). Under sufficient smoothness imposed
on the functions a(x) and f(x, u(x)), the FBVP (2.5.1), in general, admits a unique solution
u(x).

To solve equation (2.5.1) numerically, the Newton method of quasilinearization is applied
to obtain a sequence

{
u(m)

}∞
0

of approximations with a proper choice of initial guess u(0)(x).

We define u(m+1) for each fixed non-negative integer m, to be the solution of the following
linear FBVP:−D

(
CDγ−α

0,x u(m+1)(x)
)
+ a(x)CDα

0,xu
(m+1)(x) + c(m)(x)u(m+1)(x) = g(m)(x), x ∈ (0, 1),

CDγ−α
0,x u(m+1)(0) = 0, u(m+1)(1) + µ CDγ−α

0,x u(m+1)(1) = ρ,

(2.5.2)
where c(m)(x) and g(m)(x) are given by

c(m)(x) =
∂f

∂u
(x, u(m)),

g(m)(x) = cm(x)um − f(x, u(m)).

(2.5.3)

Hence, for fixed m, we solve (2.5.2) by using the proposed numerical scheme (2.3.5) and then
for the above Newton quasilinearization process we use the following convergence criterion
for the solution

|u(m+1)(xi)− u(m)(xi)| ≤ tol, xi ∈ Ω
Mx

x , m ≥ 0. (2.5.4)

For computation, we have chosen tol = 10−8.

2.6 Numerical experiments

In this section, numerical examples are presented to affirm the theoretical results. The main
motive is to check the error estimates and convergence rates for different values of γ and α.
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Example 2.6.1. Consider the constant-coefficient problem:−D(CDγ−α
0,x u(x))− CDα

0,xu(x) = 1, 0 < γ − α < α < 1 < γ < 2, x ∈ (0, 1),

CDγ−α
0,x u(0) = 0, u(1) = 1.

(2.6.1)

Exact solution can be found by using the equation (2.2.4).

The maximum error and the corresponding order of convergence are given by,

EMx = max
0≤i≤Mx

|Ui − u(xi)| and COMx = log2

(
EMx

E2Mx

)
,

respectively.
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Figure 2.1: Exact vs Computed solution for α = 0.8, γ = 1.4, Mx = 256 of Example 2.6.1.

For α = 0.8 and γ = 1.4, Figure 2.1 shows the graph of exact and computed solution
with Mx = 256 and log-log plots are displayed in Figure 2.2.

The maximum pointwise error and the corresponding first-order convergence of the nu-
merical results for Example 2.6.1 are given in Tables 2.1 and 2.2 for some of those γ and α

satisfying the condition given in (2.1.1).

Example 2.6.2. Consider the following FBVP with variable-coefficient:−D
(
CDγ−α

0,x u(x)
)
− (1 + x2) CDα

0,xu(x) + e−xu(x) = x, x ∈ (0, 1),

CDγ−α
0,x u(0) = 0, u(1) + CDγ−α

0,x u(1) = 1,
(2.6.2)
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Figure 2.2: Log-log plot for Example 2.6.1 with α = 0.8.

Table 2.1: Maximum errors and orders of convergence for α = 0.8 of the Example 2.6.1.

α = 0.8 Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024

γ = 1.1 1.1091e-02 5.6327e-03 2.8565e-03 1.4462e-03 7.3100e-04 3.6895e-04

COMx 0.97753 0.97956 0.98199 0.98434 0.98645

γ = 1.2 1.1175e-02 5.6909e-03 2.8917e-03 1.4661e-03 7.4185e-04 3.7474e-04

COMx 0.97353 0.97674 0.97993 0.98278 0.98523

γ = 1.3 1.1415e-02 5.8319e-03 2.9706e-03 1.5089e-03 7.6463e-04 3.8669e-04

COMx 0.96887 0.97322 0.97722 0.98068 0.98360

γ = 1.4 1.1692e-02 5.9989e-03 3.0662e-03 1.5618e-03 7.9319e-04 4.0185e-04

COMx 0.96273 0.96826 0.97322 0.97747 0.98103

γ = 1.5 1.1891e-02 6.1349e-03 3.1507e-03 1.6114e-03 8.2124e-04 4.1728e-04

COMx 0.95469 0.96136 0.96733 0.97246 0.97680
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Table 2.2: Maximum errors and orders of convergence for α = 0.975 of the Example 2.6.1.

α = 0.975 Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024

γ = 1.1 1.2335e-02 5.8619e-03 2.7789e-03 1.3143e-03 6.2025e-04 2.9208e-04

COMx 1.0734 1.0768 1.0802 1.0834 1.0865

γ = 1.2 9.4132e-03 4.2381e-03 2.1333e-03 1.0739e-03 5.4054e-04 2.7207e-04

COMx 1.1513 0.99037 0.99026 0.99032 0.99044

γ = 1.3 8.5804e-03 4.3212e-03 2.1766e-03 1.0962e-03 5.5199e-04 2.7790e-04

COMx 0.98961 0.98936 0.98954 0.98981 0.99008

γ = 1.4 8.7758e-03 4.4272e-03 2.2330e-03 1.1257e-03 5.6721e-04 2.8569e-04

COMx 0.98712 0.98745 0.98814 0.98884 0.98944

γ = 1.5 8.9765e-03 4.5423e-03 2.2967e-03 1.1601e-03 5.8539e-04 2.9516e-04

COMx 0.98274 0.98388 0.98534 0.98672 0.98788

γ = 1.6 9.1263e-03 4.6396e-03 2.3554e-03 1.1938e-03 6.0413e-04 3.0531e-04

COMx 0.97602 0.97803 0.98041 0.98265 0.98458

γ = 1.7 9.1236e-03 4.6665e-03 2.3826e-03 1.2139e-03 6.1717e-04 3.1318e-04

COMx 0.96726 0.96979 0.97289 0.97594 0.97868

γ = 1.8 8.7845e-03 4.5198e-03 2.3223e-03 1.1907e-03 6.0909e-04 3.1091e-04

COMx 0.95869 0.96073 0.96378 0.96703 0.97014

γ = 1.9 7.7728e-03 3.9938e-03 2.0532e-03 1.0548e-03 5.4122e-04 2.7732e-04

COMx 0.96067 0.95989 0.96091 0.96267 0.96468
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where 0 < γ − α < α < 1 < γ < 2. The double-mesh principle [26] is used to derive the
differences and the order of convergences as exact solution is obscured to us. From the scheme
(2.3.5), we obtain two solutions

{
Ui

}Mx

i=0
and

{
Ũi

}2Mx

i=0
using the uniform meshes

{
xi
}Mx

i=0
and{

x̃i
}2Mx

i=0
, where xi = x̃2i for i = 0, 1, . . . ,Mx.

The differences using double-mesh principle and the corresponding orders of convergence
are calculated by

D̃Mx = max
0≤i≤Mx

|Ui − Ũ2i| and ĈOMx = log2

(
D̃Mx

D̃2Mx

)
,

respectively.

Figure 2.3 depicts the numerical solutions for α = 0.8, γ = 1.4 and α = 0.975, γ = 1.8

with Mx = 512. Log-log plots are displayed for the same γ, α in Figures 2.4 and 2.5.

Tables 2.3-2.5 cover the maximum differences and orders of convergence, obtained from
double-mesh principle, corresponding to α = 0.6, 0.8 and 0.975, respectively. First-order
convergence appears from the results given in the tables.

Table 2.3: Double-mesh differences and order of convergences for α = 0.6 of the Exam-
ple 2.6.2.

α = 0.6 Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024

γ = 1.1 2.7964e-03 1.3912e-03 6.8827e-04 3.4023e-04 1.6836e-04 8.3439e-05

ĈOMx 1.0073 1.0153 1.0164 1.0150 1.0127

Example 2.6.3. Consider the following semilinear FBVP:−D
(
CDγ−α

0,x u(x)
)
− (1 + x/2) CDα

0,xu(x) + f(x, u(x)) = 0, x ∈ (0, 1),

CDγ−α
0,x u(0) = 0, u(1) + 0.5 CDγ−α

0,x u(1) = ρ,
(2.6.3)

where ρ = 3 + 1/2 (Γ(2 + γ − α) + 1/Γ(2− γ + α)) and the nonlinear function f(x, u(x)) is
given by

f(x, u(x)) = 2u(x) + u2(x) + ŝ(x).

The function ŝ(x) is chosen in such a way that the exact solution of the FBVP (2.6.3) is
u(x) = xγ−α+1 which belongs to the space C1(Ωx).

Now using the Newton’s linearization process given in (2.5.2), we obtain the following
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Table 2.4: Maximum differences and order of convergences obtained by double-mesh prin-
ciple for α = 0.8 of the Example 2.6.2.

α = 0.8 Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024

γ = 1.1 4.5118e-03 2.2327e-03 1.1024e-03 5.4419e-04 2.6879e-04 1.3290e-04

ĈOMx 1.0149 1.0181 1.0185 1.0176 1.0162

γ = 1.2 4.2450e-03 2.1064e-03 1.0414e-03 5.1435e-04 2.5410e-04 1.2563e-04

ĈOMx 1.0110 1.0163 1.0177 1.0174 1.0162

γ = 1.3 3.9333e-03 1.9601e-03 9.7124e-04 4.8031e-04 2.3745e-04 1.1744e-04

ĈOMx 1.0049 1.0130 1.0159 1.0163 1.0157

γ = 1.4 3.5660e-03 1.7871e-03 8.8853e-04 4.4037e-04 2.1803e-04 1.0795e-04

ĈOMx 0.9967 1.0081 1.0127 1.0142 1.0142

γ = 1.5 3.1397e-03 1.5829e-03 7.9021e-04 3.9279e-04 1.9492e-04 9.6691e-05

ĈOMx 0.9880 1.0023 1.0085 1.0109 1.0114
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Figure 2.3: Numerical solutions of Example 2.6.2 for Mx = 512.
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Table 2.5: Maximum differences and orders of convergence obtained by double-mesh prin-
ciple for α = 0.975 of the Example 2.6.2.

α = 0.975 Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024

γ = 1.1 5.6976e-03 2.8506e-03 1.4235e-03 7.1025e-04 3.5423e-04 1.7663e-04

ĈOMx 0.99908 1.0018 1.0031 1.0037 1.0039

γ = 1.2 5.4770e-03 2.7425e-03 1.3701e-03 6.8373e-04 3.4103e-04 1.7006e-04

ĈOMx 0.99788 1.0012 1.0028 1.0035 1.0038

γ = 1.3 5.2450e-03 2.6303e-03 1.3151e-03 6.5658e-04 3.2758e-04 1.6338e-04

ĈOMx 0.99571 1.0001 1.0021 1.0031 1.0036

γ = 1.4 4.9907e-03 2.5091e-03 1.2563e-03 6.2781e-04 3.1340e-04 1.5636e-04

ĈOMx 0.99207 0.99794 1.0008 1.0023 1.0031

γ = 1.5 4.6985e-03 2.3715e-03 1.1904e-03 5.9580e-04 2.9775e-04 1.4867e-04

ĈOMx 0.98641 0.99440 0.99850 1.0007 1.0020

γ = 1.6 4.3490e-03 2.2073e-03 1.1120e-03 5.5806e-04 2.7944e-04 1.3974e-04

ĈOMx 0.97843 0.98908 0.99469 0.99789 0.99983

γ = 1.7 3.9223e-03 2.0039e-03 1.0143e-03 5.1089e-04 2.5658e-04 1.2863e-04

ĈOMx 0.96892 0.98227 0.98942 0.99360 0.99623

γ = 1.8 3.4063e-03 1.7497e-03 8.8937e-04 4.4956e-04 2.2651e-04 1.1389e-04

ĈOMx 0.96112 0.97623 0.98427 0.98894 0.99188

γ = 1.9 2.8070e-03 1.4399e-03 7.3111e-04 3.6933e-04 1.8606e-04 9.3583e-05

ĈOMx 0.96307 0.97778 0.98518 0.98915 0.99143

Ph.D. Thesis 46 Aniruddha Seal

TH-3450_196123002



Numerical experiments

10
2

10
3

10
-4

10
-3

10
-2

10
-1

Figure 2.4: Log-log plot for Example 2.6.2 with α = 0.8.
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Figure 2.5: Log-log plot for Example 2.6.2 with α = 0.975.
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sequence of linear FBVPs
−D

(
CDγ−α

0,x u(m+1)(x)
)
− (1 + x/2) CDα

0,xu
(m+1)(x) + (2u(m) + 2)u(m+1)(x) =(

2u(m) + 2
)
u(m)(x)− f(x, u(m)), x ∈ (0, 1),

CDγ−α
0,x u(m+1)(0) = 0, u(m+1)(1) + 0.5 CDγ−α

0,x u(m+1)(1) = ρ.

(2.6.4)

Hence, for fixed m, we solve (2.6.4) using the computational method discussed earlier. After
reaching the tolerance bound, mentioned in (2.5.4) we break the Newton’s sequence and
consider that as the solution of our problem.

The maximum point-wise errors and the corresponding order of convergence are found
using the same idea as followed in Example 2.6.1.

The numerical results of Example 2.6.3 are given in Table 2.6. The log-log plots for
Example 2.6.3 with γ = 1.3 and γ = 1.5 are portrayed in Figure 2.6. The graph of the exact
and approximate solutions for Mx = 256 and γ = 1.5 is depicted in Figure 2.7.

Table 2.6: Maximum errors and orders of convergence for α = 0.8 of the Example 2.6.3.

α = 0.8 Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024

γ = 1.1 1.6477e-02 8.3169e-03 4.2106e-03 2.1331e-03 1.0802e-03 5.4645e-04

COMx 0.9863 0.9820 0.9811 0.9817 0.9831

γ = 1.2 1.6841e-02 8.5603e-03 4.3577e-03 2.2167e-03 1.1259e-03 5.7081e-04

COMx 0.9762 0.9741 0.9751 0.9774 0.9800

γ = 1.3 1.7338e-02 8.8741e-03 4.5415e-03 2.3193e-03 1.1813e-03 6.0012e-04

COMx 0.9662 0.9664 0.9695 0.9733 0.9771

γ = 1.4 1.7850e-02 9.1986e-03 4.7332e-03 2.4276e-03 1.2406e-03 6.3185e-04

COMx 0.9565 0.9586 0.9633 0.9685 0.9734

γ = 1.5 1.8228e-02 9.4517e-03 4.8906e-03 2.5205e-03 1.2935e-03 6.6114e-04

COMx 0.9475 0.9506 0.9563 0.9625 0.9682

2.7 Conclusions

In this chapter, we have discussed a finite difference scheme based on the uniform L1−
method for a steady-state advection-diffusion-reaction type FBVP. The higher-order deriva-
tive term of the model problem (2.1.1) contains a mixed-fractional derivative. The discrete
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Figure 2.6: Log-log plot for Example 2.6.3 with α = 0.8.
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Figure 2.7: Exact vs Approximated solution for α = 0.8, γ = 1.5, Mx = 256 of Example
2.6.3.
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maximum principle has been addressed here. Further, the related error analysis has also
been investigated. The convergence of the scheme was studied with the help of properly cho-
sen discrete barrier function. Semilinear FBVPs have been solved by the proposed method
after using the Newton’s quasilinearization technique. At last some numerical examples were
established to corroborate the theory.
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CHAPTER 3
A second-order scheme for fractional
differential equation with integral boundary
conditions

In this chapter, we address the convergence properties of the second-order scheme for a
FBVP with integral type boundary conditions. We firstly prove the existence and uniqueness
of solution of the model problem. Then we use a second-order spline technique to discretize
the Caputo derivative term, central-difference scheme to discretize the convection term and
trapezoidal rule to approximate the integral boundary conditions. Further, we prove the
second-order convergence result of the proposed scheme and verify the theoretical result by
some numerical experiments.
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Chapter 3: Convergence analysis of a second-order scheme for FDE

3.1 Introduction

In this chapter, we consider the following fractional boundary-value problem (FBVP) with
Caputo derivative and integral boundary conditions:

Lu(x) ≡ − CDγ
0,xu(x) + a(x)u′(x) + c(x)u(x) = f(x), x ∈ Ωx = (xl, xr) ,

B0u(xl) ≡ u(xl)−
∫ xr

xl

ϕ(x)u(x)dx = ρ0,

B1u(xr) ≡ u(xr)−
∫ xr

xl

ψ(x)u(x)dx = ρ1,

(3.1.1)

where ρ0, ρ1 are constants, 1 < γ < 2. The coefficients a(x), c(x)(> 0), and the source
function f(x) are chosen sufficiently smooth over the domain Ωx = [xl, xr] with xl = 0 and
xr = 1 for our model problem. The functions ϕ(x) and ψ(x) are chosen such that

ϕ(x), ψ(x) ≥ 0, and
∫ 1

0

ϕ(ζ) dζ < 1,

∫ 1

0

ψ(ζ) dζ < 1. (3.1.2)

Under these assumptions, the FBVP (3.1.1) will admit a unique solution in Ωx.

Differential equations with integral boundary conditions will occur in many applications,
for example, in heat conduction, thermoelasticity, plasma physics, underground water flow,
etc. In [86], the author has shown that a second order boundary value problem with integral
type boundary conditions is effective for modeling of a thermostat with sensors expressed
as linear functionals. Fractional boundary-value problems with integral boundary condition
have been studied by several authors, for example, one can refer [24, 58].

Here, we propose a numerical method consists of the second-order spline method [70]
for the Caputo derivative and the classical central difference scheme for the advection term.
The integral-type boundary conditions are approximated by the trapezoidal rule. Then the
truncation error of the proposed scheme is obtained, and the convergence analysis is carried
out. In order to demonstrate the effectiveness and accuracy of the suggested approach,
numerical examples are included.

The remaining part of the chapter is organized as follows: Existence and Uniqueness
theorem of the FBVP (3.1.1) is established in Section 3.2. The discretized form of the model
problem (3.1.1) is included in Section 3.3. In Section 3.4, the error analysis is incorporated.
Section 3.5 describes the application of proposed method for a semilinear FBVP with integral-
type boundary conditions. Some numerical examples are described in Section 3.6 and finally
some conclusions have been provided in Section 3.7.
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3.2 Existence and uniqueness of solution

Here, in this section, we derive the existence and uniqueness of the solution of the FBVP
(3.1.1).

Theorem 3.2.1 (Existence and Uniqueness). Let the coefficients a(x), c(x) and the source
function f(x) be sufficiently smooth in Ωx. Then u(x) is the unique solution of the FBVP
(3.1.1), if, and only if, z(x) satisfies the following equation:

z(x) = Hz(x) + R̂(x), (3.2.1)

where

Hz(x) = (a(x) + xc(x))
A1(M2 − Iγ0,xz(1)) + A2(I

γ
0,xz(0)−M1)

B1A2 +B2A1

+c(x)
B1(M2 − Iγ0,xz(1)) +B2(M1 − Iγ0,xz(0))

B1A2 +B2A1

+ a(x)Iγ−1
0,x z(x) + c(x)Iγ0,xz(x),

(3.2.2)

R̂(x) = (a(x) + xc(x))
ρ1A1 − ρ0A2

B1A2 +B2A1

+ c(x)
ρ1B1 + ρ0B2

B1A2 +B2A1

− f(x). (3.2.3)

Proof. It is obvious that the FBVP (3.1.1) will admit the trivial solution u = 0, when
ρ0 = 0, ρ1 = 0 and f = 0.

Now let
CDγ

0,x u(x) = z(x), (3.2.4)

where u(x) is the solution of (3.1.1).

Then applying Iγ0,x on both sides of (3.2.4), we get

u(x) = κ1 + κ2x+ Iγ0,xz(x), (3.2.5)

where κ1, κ2 are constants.

By using (3.2.5) in the boundary conditions of the FBVP (3.1.1), one can obtain

u(0)−
∫ 1

0

ϕ(x)u(x) dx = κ1 + Iγ0,xz(0)−
(
κ1

∫ 1

0

ϕ(x) dx+ κ2

∫ 1

0

xϕ(x) dx

+

∫ 1

0

ϕ(x)Iγ0,xz(x) dx

)
, (3.2.6)

u(1)−
∫ 1

0

ψ(x)u(x) dx = κ1 + κ2 + Iγ0,xz(1)−
(
κ1

∫ 1

0

ψ(x) dx+ κ2

∫ 1

0

xψ(x) dx

+

∫ 1

0

ψ(x)Iγ0,xz(x) dx

)
. (3.2.7)

Ph.D. Thesis 53 Aniruddha Seal

TH-3450_196123002



Chapter 3: Convergence analysis of a second-order scheme for FDE

Thus (3.2.6) and (3.2.7) can be rearranged as

κ1

(
1−

∫ 1

0

ϕ(x) dx

)
− κ2

∫ 1

0

xϕ(x) dx+ Iγ0,xz(0)−
∫ 1

0

ϕ(x)Iγ0,xz(x) dx = ρ0, (3.2.8)

κ1

(
1−

∫ 1

0

ψ(x) dx

)
− κ2

(
1−

∫ 1

0

xψ(x) dx

)
+ Iγ0,xz(1)−

∫ 1

0

ψ(x)Iγ0,xz(x) dx = ρ1.

(3.2.9)

From (3.2.8) and (3.2.9), we get

κ1 =
B1(ρ1 − Iγ0,xz(1) +M2) +B2(ρ0 − Iγ0,xz(0) +M1)

A1B2 + A2B1

,

and

κ2 =
A1(ρ1 − Iγ0,xz(1) +M2) + A2(I

γ
0,xz(0)−M1 − ρ0)

A1B2 + A2B1

,

where

A1 = 1−
∫ 1

0

ϕ(x) dx, A2 = 1−
∫ 1

0

ψ(x) dx,

B1 =

∫ 1

0

xϕ(x) dx, B2 = 1−
∫ 1

0

xψ(x) dx,

M1 =

∫ 1

0

ϕ(x)Iγ0,xz(x) dx, M2 =

∫ 1

0

ψ(x)Iγ0,xz(x) dx.

Therefore, the solution u(x) of the FBVP (3.1.1) can be expressed as

u(x) =
(ρ1 − Iγ0,xz(1) +M2)

A1B2 + A2B1

(B1+xA1)+
ρ0 +M1 − Iγ0,xz(0)

A1B2 + A2B1

(B2−xA2)+ I
γ
0,xz(x). (3.2.10)

Hence, substituting (3.2.10) in (3.1.1), we finally have

z(x) = Hz(x) + R̂(x), (3.2.11)

Conversely, if, we assume that z(x) satisfies (3.2.1), then one can derive u(x) in the form
(3.2.10) which satisfies the FBVP (3.1.1).

In order to prove the uniqueness of the solution of (3.1.1), we assume that the problem
(3.1.1) has two solutions u1(x) and u2(x). Then, Y (x) := u1(x)−u2(x) satisfies the following
homogeneous FBVP:

−CDγ
0,xY (x) + a(x)Y ′(x) + c(x)Y (x) = 0, x ∈ Ωx = (0, 1),

Y (0)−
∫ 1

0

ϕ(x)Y (x)dx = 0,

Y (1)−
∫ 1

0

ψ(x)Y (x)dx = 0.

(3.2.12)
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It is well-known that the homogeneous FBVP (3.2.12) admits only the trivial solution Y = 0.
Therefore, u1 ≡ u2, ∀x ∈ Ωx, which shows the uniqueness of the solution of the FBVP
(3.1.1).

3.3 Discretization scheme

In this section, we will discuss the discretization scheme for the model problem (3.1.1) by ap-
plying the spline method to approximate the Caputo derivative and central difference scheme
for the first-order classical derivative term, and the trapezoidal method for the integral-type
boundary conditions.

Let Mx be a positive integer. Here, to discretize the domain Ωx, we use uniform mesh
with mesh width hx = 1/Mx and mesh points xi = (i− 1)hx, i = 1, 2, . . . ,Mx + 1.

3.3.1 Discretization of Caputo derivative using spline approxima-
tion

Following the idea given by Sousa [70], we use a linear spline sj(ζ) to approximate the Caputo
derivative CDγ

0,xu(x). The knots and nodes of the linear spline si(ζ) are presented at the
points xk, k = 1, 2, . . . , i. Then one can express

CDγ
0,xu(xi) =

1

Γ(2− γ)

∫ xi

0

(xi − ζ)1−γ d
2u(ζ)

dζ2
dζ

=
1

Γ(2− γ)

∫ xi

0

(xi − ζ)1−γsi(ζ) dζ

=: LS(xi), (3.3.1)

where sj(ζ) =
i∑

k=1

d2u(xk)

dζ2
si,k(ζ).

The function si,k(ζ) at each interval [xk−1, xk+1], for k = 2, 3, . . . , i− 1 is given by:

si,k(ζ) =



ζ − xk−1

xk − xk−1

, for xk−1 ≤ ζ ≤ xk,

xk+1 − ζ

xk+1 − xk
, for xk ≤ ζ ≤ xk+1,

0, otherwise.
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For k = 1 and k = i, we have

si,1(ζ) =


x2 − ζ

x2 − x1
, for x1 ≤ ζ ≤ x2,

0, otherwise,

and

sj,j(t) =


ζ − xi−1

xi − xi−1

, for xi−1 ≤ ζ ≤ xi,

0, otherwise.

Then, (3.3.1) becomes

LS(xi) =
1

Γ(2− γ)

i∑
k=1

d2u(xk)

dζ2

∫ xi

0

(xi − ζ)1−γsi,k(ζ) dζ

=
h2−γ
x

Γ(4− γ)

i∑
k=1

d2u(xk)

dζ2
wi,k, (3.3.2)

where

wi,k =


(i− 1)3−γ − i2−γ(i− 3 + γ), k = 1,

(i− k + 1)3−γ − 2(i− k)3−γ + (i− k − 1)3−γ, 2 ≤ k ≤ i− 1,

1, k = i.

(3.3.3)

The second-order derivative presents in (3.3.2) is approximated by the following second-order
central difference scheme:

d2u(xi)

dx2
=
u(xi+1)− 2u(xi) + u(xi−1)

h2x
+O(h2x), i = 2, 3, . . . ,Mx.

For i = 1, we use the following second-order approximation:

d2u(x1)

dx2
=

2u(x1)− 5u(x2) + 4u(x3)− u(x4)

h2x
+O(h2x).

Thus, we have

LS(xi) ≈ h−γ
x

Γ(4− γ)

{
wi,1(2U1 − 5U2 + 4U3 − U4) +

i∑
k=2

wi,k(Uk+1 − 2Uk + Uk−1)

}

=: Dγ
C,S Ui, (3.3.4)

where Ui is the approximated solution of u(x) at the point x = xi.
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Hence, the discretized form of (3.1.1) can be written as:

LMxUi ≡ −Dγ
C,SUi + aiD

oUi + ciUi = fi, i = 2, 3, . . . ,Mx,

B0U1 ≡ U1 −
hx
2

Mx∑
k=1

(ϕkUk + ϕk+1Uk+1) = ρ0,

B1UMx ≡ UMx+1 −
hx
2

Mx∑
k=1

(ψkUk + ψk+1Uk+1) = ρ1,

(3.3.5)

where ai := a(xi) and similar expression for ci, fi, ϕi, and ψi. The notation DoUi = (Ui+1 −
Ui−1)/2hx denotes the standard central difference formula and Dγ

C,S is used as the spline
approximate operator for the Caputo derivative of order γ. The integral boundary conditions
are approximated using the trapezoidal rule.

3.3.2 System of equations

Now, we construct a linear system of equations corresponding to the discretized form (3.3.5).
For i = 2, 3, . . . ,Mx, the difference scheme (3.3.5) can be expressed as

LMxUi ≡ − h−γ
x

Γ(4− γ)

{
wi,1(2U1 − 5U2 + 4U3 − U4) +

i∑
k=2

wi,k(Uk+1 − 2Uk + Uk−1)

}

+ai
Ui+1 − Ui−1

2hx
+ ciUi = fi, (3.3.6)

and

B0U1 ≡
(
1− ϕ1hx

2

)
U1 +

Mx∑
k=2

(−hxϕk)Uk +
−hxϕMx+1

2
UMx+1 = ρ0, (3.3.7)

B1UMx ≡ −ψ1hx
2

U1 +
j∑

k=2

(−hxψk)Uk +

(
1−

hxψMx+1

2

)
UMx+1 = ρ1. (3.3.8)

Thus, the discrete problem given in (3.3.6)-(3.3.8) makes the following system of linear
algebraic equations:

[−ε (W + P) + S + υ Z + hxR]U = F, (3.3.9)

where ε = h−γ
x /Γ(4 − γ), υ = 1/2hx, U = (U1, U2, . . . , UMx+1)

T , F = (ρ0, f2, . . . , fMx , ρ1)
T ,

and W ,P ,S, Z and R are the matrices of dimension (Mx + 1) × (Mx + 1) associated with
the discretization (3.3.5).
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Now, we define the matrices as follows:

W =



0 0 0 0 0 . . . 0

2w2,1 −5w2,1 4w2,1 −w2,1 0 . . . 0

2w3,1 −5w3,1 4w3,1 −w3,1 0 . . . 0

...
...

...
...

... . . .
...

2wMx−1,1 −5wMx−1,1 4wMx−1,1 −wMx−1,1 0 . . . 0

2wMx,1 −5wMx,1 4wMx,1 −wMx,1 0 . . . 0

0 0 0 0 0 . . . 0


,

P =



0 0 0 . . . 0 0 0

p21 p22 p23 . . . p2,Mx−1 p2N p2,N+1

p31 p32 p33 . . . p3,Mx−1 p3N p3,N+1

...
...

... . . . ...
...

...

pMx−1,1 pMx−1,2 pMx−1,3 . . . pMx−1,Mx−1 pMx−1,Mx pMx−1,Mx+1

pMx,1 pMx,2 pMx,3 . . . pMx,Mx−1 pMx,Mx pMx,Mx+1

0 0 0 . . . 0 0 0



,

where

pi,1 = wi,2, i = 2, 3, . . . ,Mx ; p2,2 = −2w2,2 ; pi,2 = −2wi,2 + wi,3, i = 3, 4, . . . ,Mx ;

pi,i = wi,i−1 − 2wi,i, i = 3, 4, . . . ,Mx; pi,i+1 = wi,i, i = 2, 3, . . . ,Mx

pi,k = wi,k+1 − 2wi,k + wi,k−1, k = 3, 4, . . . , i− 1, i = 4, 5, . . . ,Mx, and

pi,k = 0, k = i+ 2, i+ 3, . . . ,Mx + 1, i = 2, 3, . . . ,Mx, (3.3.10)

S =



1

c2

c3
. . .

cMx−1

cMx

1


, Z =



0

−a2 0 a2

−a3 0 a3
. . .

−aMx−1 0 aMx−1

−aMx 0 aMx

0


,
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and

R =



−ϕ1

2
−ϕ2 . . . −ϕMx

−ϕMx+1

2

0 0 . . . 0 0

...
... . . . ...

...

0 0 . . . 0 0

−ψ1

2
−ψ2 . . . −ψMx

−ψMx+1

2


.

Before we study of error analysis of the discretized scheme (3.3.5), we will discuss following
two lemmas.

Lemma 3.3.1. For 0 ≤ x ≤ 1 and 0 ≤ n ≤ 1, we have (1− x)n ≤ 1− nx.

Proof. For the given range of x and n, from the binomial expansion we have

(1− x)n = 1− nx− n(1− n)

2!
x2 − n(1− n)(2− n)

3!
x3 − . . .

≤ 1− nx, (3.3.11)

which is the required result.

Lemma 3.3.2. The elements wi,1, i = 2, 3, . . . ,Mx of the matrix W are decreasing.

Proof. From (3.3.3), we have

wi,1 = (i− 1)3−γ − i2−γ(i− 3 + γ).

For x ≥ 1, let us assume that

F(x) = (x− 1)3−γ − x2−γ(x− 3 + γ). (3.3.12)

Differentiating both sides of (3.3.12) with respect to x, we can have

F ′(x) = −(3− γ)
[
x2−γ − (x− 1)2−γ

]
+ (3− γ)(2− γ)x1−γ

= (3− γ)(2− γ)x1−γ

[
1− x2−γ − (x− 1)2−γ

(2− γ)x1−γ

]
. (3.3.13)

In order to show that F ′(x) < 0, we introduce a new function g(x) given by

g(x) =
x2−γ − (x− 1)2−γ

(2− γ)x1−γ
.
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Then proving g(x) > 1 for all x ≥ 1 will be equivalent to F ′(x) < 0.

The function g(x) can be rewritten as

g(x) =
x

2− γ

[
1−

(
1− 1

x

)2−γ
]
, ∀x ≥ 1. (3.3.14)

Here, we have 0 < 1/x ≤ 1 and 0 < 2 − γ < 1. Thus using Lemma 3.3.1, we can easily
conclude that g(x) > 1, directly follows from (3.3.14) and hence it shows that the function
F(x) is decreasing for all x ≥ 1.

Therefore, F(x) > F(x+ 1) for all x ≥ 1 and it proves the required result.

3.4 Error analysis

In this section, we will discuss the truncation error and the convergence of the approximate
solution obtained by the proposed numerical scheme.

Theorem 3.4.1. Let u(x) ∈ C4(Ωx) and 1 < γ < 2. Consider the discrete operator ∆γ

defined by

∆γu(xi) =
1

Γ(4− γ)

(
wi,1∆1u(x1) +

i∑
k=2

wi,k∆
2u(xk)

)
,

where ∆1u(x1) = 2u(x1)−5u(x2)+4u(x3)−u(x4) and ∆2u(xk) = u(xk+1)−2u(xk)+u(xk−1).

Then, we have

h−γ
x ∆γu(xi) =

CDγ
0,xu(xi) + ξ1(xi) + ξ2(xi),

with

max
0≤xi≤1

|ξp(xi)| ≤
1

Γ(3− γ)
O(h2x), p = 1, 2.

Proof. The detailed proof can be found in [70, Theorem 1].
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3.4.1 Truncation error

Let the truncation error be denoted by T := (T1, T2, . . . , TMx+1)
T , where the Ti’s are defined

as

T1 := (Au)1 − ρ0 = −hx
2

Mx∑
k=1

(ϕkUk + ϕk+1Uk+1) +

∫ 1

0

ϕ(x)u(x)dx, (3.4.1)

Ti := (Au)i − fi = (Au)i −
[
−CDγ

0,xu(xi) + biy
′(xi) + ciy(xi)

]
, i = 2, 3, . . . ,Mx,

(3.4.2)

TMx+1 := (Au)Mx+1 − ρ1 = −hx
2

Mx∑
k=1

(ψkUk + ψk+1Uk+1) +

∫ 1

0

ψ(x)u(x)dx, (3.4.3)

where u(xi) is the solution of the continuous problem (3.1.1) and Ui is the solution of dis-
cretized equation (3.3.5) at the points xi, i = 1, 2, . . . ,Mx + 1.

The following lemma will provide the truncation error bound for the discretized scheme
(3.3.5).

Lemma 3.4.2. Let u(x) ∈ C4(Ωx) be the exact solution of the FBVP (3.1.1). Then the
truncation error of the discretized scheme (3.3.5) is of order O(h2x).

Proof. For the left boundary condition, we have

|T1| ≤ Ch3x| [u′′(ζ1) + u′′(ζ2) + . . .+ u′′(ζN)] | ≤ Ch2x|u′′(ζ̂)| ≤ Ch2x, (3.4.4)

where xi ≤ ζi ≤ xi+1 for 1 ≤ i ≤ Mx and assumed the maximum value of u′′(x) exists at
some x = ζ̂.

Similarly, one can show for the right boundary condition

|TMx+1| ≤ Ch2x. (3.4.5)

Following [70] and using the truncation error for the approximation of first-order classical
derivative by the central-difference scheme, it can be also shown that

|Ti| ≤ Ch2x, for i = 2, 3, . . . ,Mx. (3.4.6)

Assembling (3.4.4)-(3.4.6), we get the required result.
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3.4.2 Error bound

In this section, we show that the proposed numerical scheme (3.3.5) is of second-order con-
vergent.

Let Ei := u(xi)−Ui represents the error of the numerical scheme (3.3.5) for 1 ≤ i ≤Mx+1,

then, one can express the error in the following form:

E = [−ε (W + P) + S + υ Z + hxR]
−1 T

=
[
I +

(
−εS−1(W + P ) + υ S−1Z + hxS−1R

)]−1 S−1 T , (3.4.7)

where E = (E1, E2, . . . , EMx+1)
T .

In order to get the bound of E , we need the following lemmas.

Lemma 3.4.3. If A is a square matrix of order Mx such that ∥A∥∞ < 1, then (I + A)−1

exists and ∥ (I + A)−1 ∥∞ < 1/ (1− ∥A∥∞).

Proof. For the detailed proof one can see [91, Lemma 4].

Now, following Lemma 3.4.3, we can have the corollary.

Corollary 3.4.4. If A and B are two square matrices of order Mx, such that
(
∥A∥∞ +

∥B∥∞
)
< 1, then (I + A+B)−1 exists and ∥ (I + A+B)−1 ∥∞ < 1/ (1− [∥A∥∞ + ∥B∥∞]).

Remark 3.4.5. The matrix S given in Section 3.3.2 is non singular for all x ∈ [0, 1] and
S−1 satisfies the following bound:

∥S−1∥∞ ≤ max {1, ∥1/c∥∞} .

Now, the following lemma will be used to find the bound for E .

Lemma 3.4.6. If

max
{
1,
∥∥c−1

∥∥
∞

} (
ε (12∥w∥+ ∥P∥∞) + 2υ ∥b∥+ hx max {∥ϕ∥1, ∥ψ∥1}

)
< 1,

then the matrix [−ε(W + P ) + S + υZ + hxR] is non singular.

Proof. For the matrix [−ε (W + P) + S + υ Z + hxR], we have

∥ [−ε (W + P) + S + υ Z + hxR]
−1 ∥∞

≤ ∥
[
I +

(
−εS−1(W + P) + υ S−1Z + hxS−1R

)]−1 ∥∞ ∥S−1∥∞. (3.4.8)
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Then, using Corollary 3.4.4, we can write

∥ [−ε (W + P) + S + υ Z + hxR]
−1 ∥∞

≤ ∥S−1∥∞
1− ∥S−1∥∞ [ε (∥W∥∞ + ∥P∥∞) + υ ∥Z∥∞ + hx∥R∥∞]

. (3.4.9)

Now
∥Z∥∞ ≤ 2υ∥b∥, ∥R∥∞ ≤ max {∥ϕ∥1, ∥ψ∥1} .

Again using Lemma 3.3.2, one can show that

∥W∥∞ ≤ 12w̃ = 12
[
1− 22−γ(γ − 1)

]
,

where w̃ = max {w2,1, w3,1, . . . , wMx,1}.

Also,

∥P∥∞ = max
2≤i≤Mx

{
i+1∑
k=1

pi,k

}
.

Then, from (3.4.9), we have

∥ [−ε (W + P) + S + υ Z + hR]−1 ∥∞

≤ max {1, ∥c−1∥∞}
1−max {1, ∥c−1∥∞} [ε (12w̃ + ∥P∥∞) + 2υ ∥b∥+ hx max {∥ϕ∥1, ∥ψ∥1}]

.

(3.4.10)

Thus, using the Lemma 3.4.3, one can get the required result.

The following theorem provides the second-order convergence of the proposed numerical
scheme (3.3.5).

Theorem 3.4.7. Let u(x) be the exact solution of the FBVP (3.1.1) and Ui, for i =

1, 2, ...,Mx + 1, satisfies the discrete problem given in (3.3.5). Then we have

∥E∥∞ ∼= O(h2x). (3.4.11)

Proof. Using Corollary 3.4.4 and Lemma 3.4.6, we have from relation (3.4.7) that

∥E∥∞ ≤ ∥S−1∥∞ ∥T ∥∞
1− ∥S−1∥∞ [ε (∥W∥∞ + ∥P∥∞) + υ ∥Z∥∞ + hx∥R∥∞]

≤ max {1, ∥c−1∥∞}Ch2x
1−max {1, ∥c−1∥∞} [ε (12w̃ + ∥P∥∞) + 2υ ∥b∥+ hx max {∥ϕ∥1, ∥ψ∥1}]

∼= O(h2x),

which is the required error bound.
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3.5 Application of semilinear fractional differential
equation

In this section, we consider the following semilinear FBVP:

−CDγ
0,xu(x) + a(x)u′(x) + f(x, u(x)) = 0, x ∈ (0, 1),

u(0)−
∫ 1

0

ϕ(x)u(x)dx = ρ0,

u(1)−
∫ 1

0

ψ(x)u(x)dx = ρ1,

(3.5.1)

where the source function f(x, u(x)) is nonlinear in u(x). Under sufficient smoothness con-
ditions on the functions a(x) and f(x, u(x)), the FBVP (3.5.1), in general, admits a unique
solution u(x). The conditions on ϕ(x) and ψ(x) remain same as given in (3.1.2).

To solve the semilinear FBVP (3.5.1) numerically, the Newton method of quasilineariza-
tion is applied to obtain a sequence

{
u(m)

}∞
0

of approximations with a proper choice of initial
guess u(0)(x).

We define u(m+1) for each fixed non-negative integer m, to be the solution of the following
linear FBVP:

−CDγ
0,xu

(m+1)(x) + a(x)(u(m+1)(x))′ + c(m)(x)u(m+1)(x) = g(m)(x), x ∈ (0, 1),

u(m+1(0)−
∫ 1

0

ϕ(x)u(m+1)(x)dx = ρ0,

u(m+1)(1)−
∫ 1

0

ψ(x)u(m+1)(x)dx = ρ1,

(3.5.2)

where c(m)(x) and f (m)(x) are given byc
(m)(x) = fu(x, u

(m)),

g(m)(x) = c(m)(x)u(m) − f(x, u(m)).
(3.5.3)

Hence, for each fixed m, we solve (3.5.2) by using the proposed numerical scheme (3.3.5)
and then for the above Newton quasilinearization process we use the following convergence
criterion for the solution

|u(m+1)(xi)− u(m)(xi)| ≤ tol, xi ∈ Ω
Mx

x , m ≥ 0. (3.5.4)

For computation, we have chosen tol = 10−8.
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3.6 Numerical experiments

In this section, first, we provide the numerical algorithm of the discretized scheme (3.3.5) and
then perform some numerical examples to illustrate the efficiency of the proposed scheme
(3.3.5).

3.6.1 Numerical algorithm for the spline scheme

To establish the proposed numerical scheme given in (3.3.5) and to get the corresponding
numerical solution, we use the following algorithm:

Step 1. Discretize the domain Ωx = [0, 1] using uniform mesh.

Step 2. Use the proposed method given in (3.3.5) to discretize the given FBVP (3.1.1).

Step 3. Generate the matrix [−ε(W + P ) + S + υZ + hxR] and the right hand side vector F
as given in (3.3.9).

Step 4. Solve the system of linear algebraic equations (3.3.9) using any suitable numerical
method. Here, we use the Gauss Elimination Method to solve (3.3.9).

3.6.2 Numerical results

Example 3.6.1. Consider the following FBVP:
−CDγ

0,xu(x) + (1− x2)u′(x) + (2 + ex)u(x) = f(x), x ∈ (0, 1), 1 < γ < 2,

u(0)−
∫ 1

0

x2u(x)dx = ρ0, u(1)−
∫ 1

0

x

3
u(x)dx = ρ1.

(3.6.1)

The exact solution of the FBVP (3.6.1) is u(x) = x4+γ(1 − x) + 1 and it clearly belongs to
the space C4(Ωx).

The maximum error and the corresponding order of convergence are given by

EMx = max
1≤i≤Mx+1

|Ui − u(xi)|, and COMx = log2

(
EMx

E2Mx

)
,

respectively.

Table 3.1 shows the maximum errors and corresponding of orders of convergence for
Example 3.6.1 by the present method (3.3.5) and the FDM given in [69]. Further, one can
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Chapter 3: Convergence analysis of a second-order scheme for FDE

notice the second-order convergence of the proposed scheme from the results given in Table
3.1. Figure 3.1 displays the log-log plots for Example 3.6.1 with γ = 1.4, and the exact and
numerical solutions for Mx = 128 and γ = 1.4 are plotted in Figure 3.2.
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Figure 3.1: Log-log plots for Example 3.6.1 with γ = 1.4.

Example 3.6.2. Consider the following semilinear FBVP:
− CDγ

0,xu(x) + (1− x)u′(x) + f(x, u(x)) = 0, x ∈ (0, 1), 1 < γ < 2,

u(0)−
∫ 1

0

xu(x)dx = ρ0, u(1)−
∫ 1

0

x2

3
u(x)dx = ρ1,

(3.6.2)

where the nonlinear function f(x, u(x)) is given by

f(x, u(x)) = 2u(x) + u2(x) + ŝ(x),

where ŝ(x) is chosen in such a way that the exact solution of the FBVP (3.6.2) is u(x) = x4γ

which belongs to the space C4(Ωx).

Now, using the Newton’s linearization process given in (3.5.2), we obtain the following
sequence of linear FBVPs:

−CDγ
0,xu

(m+1)(x) + (1− x)(u(m+1)(x))′ +
(
2u(m) + 2

)
u(m+1)(x) =(

2u(m) + 2
)
u(m)(x)− f

(
x, u(m)

)
, x ∈ (0, 1), 1 < γ < 2,

u(m+1)(0)−
∫ 1

0

xu(m+1)(x)dx = ρ0, u(m+1)(1)−
∫ 1

0

x2

3
u(m+1)(x)dx = ρ1.

(3.6.3)
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Table 3.1: Maximum errors and order of convergences of Example 3.6.1.

γ Method Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024 Mx = 2048

Spline 7.873e-04 1.980e-04 4.962e-05 1.241e-05 3.104e-06 7.762e-07 1.941e-07
1.1 COMx 1.9911 1.9968 1.9990 1.9996 1.9998 1.9999

FDM 1.084e-02 5.712e-03 2.933e-03 1.487e-03 7.491e-04 3.760e-04 1.884e-04
COMx 0.9239 0.9616 0.9798 0.9894 0.9945 0.9971
Spline 8.079e-04 2.035e-04 5.106e-05 1.278e-05 3.198e-06 7.997e-07 1.999e-07

1.2 COMx 1.9892 1.9947 1.9981 1.9991 1.9995 1.9997
FDM 1.057e-02 5.603e-03 2.888e-03 1.469e-03 7.414e-04 3.727e-04 1.869e-04
COMx 0.9163 0.9562 0.9752 0.9863 0.9924 0.9958
Spline 8.272e-04 2.095e-04 5.262e-05 1.319e-05 3.302e-06 8.264e-07 2.067e-07

1.3 COMx 1.9816 1.9930 1.9962 1.9978 1.9987 1.9992
FDM 1.025e-02 5.456e-03 2.832e-03 1.447e-03 7.333e-04 3.696e-04 1.857e-04
COMx 0.9103 0.9463 0.9681 0.9809 0.9885 0.9931
Spline 8.476e-04 2.151e-04 5.422e-05 1.362e-05 3.416e-06 8.558e-07 2.142e-07

1.4 COMx 1.9786 1.9878 1.9929 1.9955 1.9971 1.9981
FDM 9.807e-03 5.257e-03 2.754e-03 1.419e-03 7.230e-04 3.660e-04 1.845e-04
COMx 0.8994 0.9326 0.9573 0.9723 0.9821 0.9884
Spline 8.614e-04 2.199e-04 5.568e-05 1.404e-05 3.530e-06 8.862e-07 2.222e-07

1.5 COMx 1.9700 1.9815 1.9877 1.9916 1.9941 1.9959
FDM 9.188e-03 4.980e-03 2.639e-03 1.374e-03 7.063e-04 3.601e-04 1.825e-04
COMx 0.8836 0.9163 0.9419 0.9597 0.9720 0.9805
Spline 8.639e-04 2.222e-04 5.661e-05 1.435e-05 3.624e-06 9.129e-07 2.295e-07

1.6 COMx 1.9593 1.9723 1.9800 1.9854 1.9891 1.9918
FDM 8.335e-03 4.574e-03 2.459e-03 1.298e-03 6.755e-04 3.480e-04 1.779e-04
COMx 0.8659 0.8956 0.9217 0.9420 0.9570 0.9680
Spline 8.474e-04 2.196e-04 5.642e-05 1.440e-05 3.658e-06 9.262e-07 2.340e-07

1.7 COMx 1.9479 1.9610 1.9704 1.9767 1.9815 1.9852
FDM 7.164e-03 3.978e-03 2.174e-03 1.168e-03 6.179e-04 3.230e-04 1.673e-04
COMx 0.8488 0.8716 0.8966 0.9184 0.9357 0.9493
Spline 8.011e-04 2.089e-04 5.402e-05 1.388e-05 3.551e-06 9.054e-07 2.302e-07

1.8 COMx 1.9393 1.9512 1.9604 1.9667 1.9718 1.9759
FDM 5.571e-03 3.114e-03 1.731e-03 9.487e-04 5.124e-04 2.732e-04 1.441e-04
COMx 0.8390 0.8473 0.8676 0.8886 0.9072 0.9228
Spline 7.102e-04 1.846e-04 4.772e-05 1.229e-05 3.153e-06 8.073e-07 2.063e-07

1.9 COMx 1.9436 1.9519 1.9578 1.9621 1.9656 1.9687
FDM 3.422e-03 1.879e-03 1.053e-03 5.880e-04 3.252e-04 1.777e-04 9.604e-05
COMx 0.8647 0.8358 0.8402 0.8549 0.8718 0.8876
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Figure 3.2: Exact vs Approximate solution for Example 3.6.1 with Mx = 128 and γ = 1.4.

Hence, for fixed m we solve (3.6.3) using the computation method given in (3.3.5). We use
the stopping criteria given in (3.5.4).

The maximum point-wise error and the corresponding order of convergences are calcu-
lated by using the same idea as followed in Example 3.6.1.

The numerical results of Example 3.6.2 are given in Table 3.2, which indicates the second-
order convergence of the proposed method to the semilinear FBVP (3.6.2). The log-log plots
for Example 3.6.2 with γ = 1.4 and γ = 1.8 shown in Figure 3.3 confirm the second-
order convergence of the proposed spline method. The graph of the exact and approximate
solutions for Mx = 256 and γ = 1.8 is depicted in Figure 3.4.

Example 3.6.3. Consider the following FBVP:
−CDγ

0,xu(x) +
x3

3
u′(x) +

1 + x

2
u(x) = x, x ∈ (0, 1),

u(0)−
∫ 1

0

x2u(x)dx = 1, u(1)−
∫ 1

0

xu(x)dx = 2.

(3.6.4)

The exact solution of (3.6.4) is not known explicitly, therefore, to calculate the errors and
the corresponding order of convergences, we use the double-mesh principle given in [27, Test
Problem 2].

By using the numerical scheme given in (3.3.6)-(3.3.8), we obtain two solutions
{
Ui

}Mx+1

i=1
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Table 3.2: Maximum errors and orders of convergence of Example 3.6.2.

γ Method Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024 Mx = 2048

Spline 1.272e-03 3.184e-04 7.954e-05 1.987e-05 4.966e-06 1.241e-06 3.103e-07
1.1 COMx 1.9981 2.0008 2.0009 2.0006 2.0004 2.0002

Spline 1.452e-03 3.634e-04 9.083e-05 2.270e-05 5.673e-06 1.418e-06 3.545e-07
1.2 COMx 1.9986 2.0003 2.0005 2.0003 2.0002 2.0001

Spline 1.701e-03 4.265e-04 1.067e-04 2.670e-05 6.677e-06 1.670e-06 4.175e-07
1.3 COMx 1.9958 1.9984 1.9991 1.9995 1.9997 1.9998

Spline 1.999e-03 5.033e-04 1.263e-04 3.165e-05 7.924e-06 1.983e-06 4.961e-07
1.4 COMx 1.9904 1.9946 1.9966 1.9978 1.9985 1.9990

Spline 2.330e-03 5.902e-04 1.487e-04 3.737e-05 9.378e-06 2.351e-06 5.888e-07
1.5 COMx 1.9812 1.9888 1.9924 1.9946 1.9962 1.9973

Spline 2.672e-03 6.812e-04 1.726e-04 4.358e-05 1.098e-05 2.759e-06 6.927e-07
1.6 COMx 1.9718 1.9805 1.9857 1.9894 1.9920 1.9940

Spline 2.975e-03 7.652e-04 1.953e-04 4.961e-05 1.256e-05 3.173e-06 7.998e-07
1.7 COMx 1.9588 1.9702 1.9768 1.9816 1.9853 1.9881

Spline 3.179e-03 8.225e-04 2.114e-04 5.406e-05 1.378e-05 3.501e-06 8.876e-07
1.8 COMx 1.9505 1.9604 1.9671 1.9722 1.9763 1.9798

Spline 3.172e-03 8.195e-04 2.107e-04 5.402e-05 1.381e-05 3.525e-06 8.979e-07
1.9 COMx 1.9527 1.9594 1.9639 1.9674 1.9704 1.9729
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Figure 3.3: Log-log plots for Example 3.6.2 with γ = 1.4 and γ = 1.8.
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Figure 3.4: Exact vs Approximated solution for Example 3.6.2 with Mx = 256 and γ = 1.8.

and
{
Ũi

}2Mx+2

i=1
with uniform meshes

{
xi
}Mx+1

i=1
and

{
x̃i
}2Mx+2

i=1
, where xi = x̃2i for i =

1, 2, . . . ,Mx + 1.

Then, the double-mesh differences and the corresponding orders of convergence are cal-
culated by the following double-mesh principle:

D̃Mx = max
1≤i≤Mx+1

|Ui − Ũ2i|, and ĈOMx = log2

(
D̃Mx

D̃2Mx

)
,

respectively.

The computed results for Example 3.6.3 are given in Table 3.3, where we compared the
results between spline based scheme (3.3.5) and FDM [69]. Here also, we observed that the
proposed numerical scheme (3.3.5) is of second-order convergent from the results given in
Table 3.3, as well as from the log-log plots shown in Figure 3.5 for the Example 3.6.3 with
γ = 1.6.

3.7 Conclusions

This chapter studies the numerical solution of FBVPs of the form (3.1.1). The numerical
scheme consists of the spline approximation for the Caputo derivative, and the second-order
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Table 3.3: Double-mesh differences and order of convergences of Example 3.6.3.

γ Method Mx = 32 Mx = 64 Mx = 128 Mx = 256 Mx = 512 Mx = 1024 Mx = 2048

Spline 1.177e-03 2.958e-04 7.410e-05 1.854e-05 4.637e-06 1.160e-06 2.900e-07
1.1 ĈOMx 1.9917 1.9972 1.9988 1.9994 1.9996 1.9997

FDM 8.791e-03 4.760e-03 2.472e-03 1.259e-03 6.353e-04 3.191e-04 1.599e-04
ĈOMx 0.8849 0.9452 0.9736 0.9870 0.9934 0.9967
Spline 9.753e-04 2.451e-04 6.145e-05 1.538e-05 3.850e-06 9.630e-07 2.409e-07

1.2 ĈOMx 1.9923 1.9960 1.9980 1.9987 1.9991 1.9993
FDM 6.157e-03 3.442e-03 1.814e-03 9.310e-04 4.716e-04 2.374e-04 1.191e-04
ĈOMx 0.8391 0.9237 0.9627 0.9812 0.9904 0.9951
Spline 8.543e-04 2.150e-04 5.392e-05 1.350e-05 3.381e-06 8.459e-07 2.116e-07

1.3 ĈOMx 1.9904 1.9954 1.9972 1.9982 1.9988 1.9992
FDM 4.125e-03 2.415e-03 1.300e-03 6.748e-04 3.439e-04 1.737e-04 8.731e-05
ĈOMx 0.7727 0.8927 0.9465 0.9724 0.9855 0.9923
Spline 7.776e-04 1.956e-04 4.909e-05 1.230e-05 3.080e-06 7.707e-07 1.928e-07

1.4 ĈOMx 1.9909 1.9946 1.9967 1.9979 1.9986 1.9990
FDM 2.477e-03 1.575e-03 8.794e-04 4.646e-04 2.392e-04 1.215e-04 6.128e-05
ĈOMx 0.6536 0.8406 0.9203 0.9581 0.9772 0.9872
Spline 7.263e-04 1.827e-04 4.584e-05 1.149e-05 2.877e-06 7.200e-07 1.801e-07

1.5 ĈOMx 1.9912 1.9945 1.9965 1.9976 1.9984 1.9988
FDM 1.565e-03 8.883e-04 5.310e-04 2.898e-04 1.518e-04 7.793e-05 3.957e-05
ĈOMx 0.8175 0.7422 0.8738 0.9326 0.9622 0.9778
Spline 6.924e-04 1.740e-04 4.364e-05 1.093e-05 2.738e-06 6.854e-07 1.715e-07

1.6 ĈOMx 1.9926 1.9953 1.9967 1.9976 1.9983 1.9987
FDM 1.642e-03 7.273e-04 3.504e-04 1.758e-04 8.949e-05 4.569e-05 2.329e-05
ĈOMx 1.1745 1.0534 0.9953 0.9741 0.9699 0.9724
Spline 6.698e-04 1.681e-04 4.215e-05 1.056e-05 2.644e-06 6.619e-07 1.656e-07

1.7 ĈOMx 1.9942 1.9959 1.9970 1.9977 1.9982 1.9985
FDM 1.669e-03 7.452e-04 3.627e-04 1.840e-04 9.471e-05 4.887e-05 2.516e-05
ĈOMx 1.1632 1.0389 0.9793 0.9579 0.9544 0.9581
Spline 6.500e-04 1.631e-04 4.089e-05 1.024e-05 2.566e-06 6.426e-07 1.608e-07

1.8 ĈOMx 1.9948 1.9959 1.9967 1.9973 1.9977 1.9984
FDM 1.570e-03 6.987e-04 3.421e-04 1.756e-04 9.168e-05 4.802e-05 2.508e-05
ĈOMx 1.1685 1.0302 0.9624 0.9374 0.9330 0.9371
Spline 6.315e-04 1.583e-04 3.965e-05 9.932e-06 2.487e-06 6.228e-07 1.559e-07

1.9 ĈOMx 1.9965 1.9969 1.9972 1.9975 1.9977 1.9985
FDM 1.252e-03 5.274e-04 2.521e-04 1.292e-04 6.828e-05 3.639e-05 1.939e-05
ĈOMx 1.2469 1.0649 0.9638 0.9205 0.9078 0.9087
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Figure 3.5: Log-log plots for Example 3.6.3 with γ = 1.6.

classical finite difference for the advection-term and trapezoidal rule for the integral-type
boundary conditions. Truncation error of the proposed scheme was obtained, and stability
analysis has been carried out. Second-order convergent error estimates were derived for
the proposed method. Semilinear FBVPs were also solved by the proposed method after
using the Newton’s quasilinearization. Some numerical experiments have been carried out
to validate the theoretical error estimates and efficiency of the method.
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CHAPTER 4
Numerical study of nonlinear time–fractional
diffusion equation

In this chapter, we focus on the numerical study of a nonlinear time-tempered k-Caputo
fractional diffusion equation. Here, we first linearize the considered nonlinear FDE using
Newton’s quasilinearization technique, and then use kL2-1σ -central-difference method to
discretize the proposed model problem. Further, we study the stability analysis of the
proposed scheme and derive second-order convergence result in the L2-norm. Numerical
experiments are carried out to validate the theoretical error bounds.
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Chapter 4: Efficient computational technique for nonlinear TFDE

4.1 Introduction

In this chapter, the following nonlinear time-tempered k-Caputo fractional diffusion equation
(FDE) with variable coefficients is considered:

C
kD

α,λ
0,t u(x, t) = LNu(x, t)− f(x, t, u), (x, t) ∈ D = Ωx × Ωt,

u(x, 0) = û0(x), x ∈ Ωx = [xl, xr],

u(xl, t) = 0, u(xr, t) = 0, t ∈ Ωt = [0, T ],

(4.1.1)

where LN ≡ ∂

∂x

(
Ψ(x, t)

∂u

∂x

)
, 0 < α < 1,Ωx = (xl, xr),Ωt = (0, T ], 0 < ψ̂0 ≤ Ψ(x, t) ≤ ψ̂1

and ∂f/∂u > 0 for all (x, t) ∈ D = Ωx × Ωt with xl = 0 and xr = 1. Given functions û0
and f are sufficiently smooth, and the source function f(x, t, u) is nonlinear in the variable
u(x, t).

In this chapter, we first derive the newly developed Elzaki transform of the tempered
k-Caputo fractional derivative and apply it to find the semi-analytical solution of the given
problem (4.1.1) using the Elzaki decomposition method which is a combination of Elzaki
transform and Adomian decomposition method [2]. Further, we linearize the nonlinear
problem (4.1.1) with the help of Newton’s quasilinearization technique, and discretize the
temporal term of the quasilinearized problem based on the numerical method, named as
tempered kL2-1σ scheme and the spatial term by second-order central difference scheme. By
analysing the stability and the error estimation in the L2−norm, we prove the second order
convergence of the proposed numerical scheme both in time and space. Numerical example
with smooth solution is provided to support the theory.

The remaining part of this chapter is organized as follows: Semi-analytical solution is
established in Section 4.2. The quasilinearization and the discretization technique are in-
cluded in Section 4.3. Section 4.4 describes the stability and the convergence analysis of the
proposed scheme. Numerical example is added in Section 4.5 and finally some conclusions
are drawn in Section 4.6.

4.2 Semi-analytical solution using Elzaki decomposi-
tion method

In this section, we study the Elzaki decomposition method to find the semi-analytical solution
of the nonlinear problem (4.1.1). We first derive the Elzaki transform of the tempered k-
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Semi-analytical solution using Elzaki decomposition method

Caputo fractional derivative in the following theorem.

Theorem 4.2.1. The Elzaki transform of the tempered k-Caputo fractional derivative
C
kD

β,λ
0,t u(t) with λ ≥ 0,k ≥ 1, and n− 1 ≤ β < n for n ∈ N is given by

E
(
C
kD

β,λ
0,t u(t); ν

)
=

Γ
(
n− β

k

)
kΓk

(
n− β

k

) νn−
β
k

(1 + λν)n−
β
k

[
(1 + λν)n

νn
E (u(t); ν)

−
n−1∑
i=0

n−i∑
j=1

(
n

i

)
λiνi+j+1−n d

(j−1)u(t)

dt(j−1)

∣∣∣∣
t=0

]
, (4.2.1)

where
(
n

i

)
=

n!

i! (n− i)!
is the binomial coefficient.

Proof. The tempered k-Caputo fractional derivative C
kD

β,λ
0,t u(t) with n − 1 ≤ β < n can be

written as

C
kD

β,λ
0,t u(t) =

e−λt

kΓk

(
n− β

k

) ∫ t

0

(t− ζ)n−β/k−1 d
n

dζn
(
eλζu(ζ)

)
dζ

=
1

kΓk

(
n− β

k

) n∑
i=0

(
n

i

)
λi
∫ t

0

e−λ(t−ζ)(t− ζ)n−β/k−1d
n−iu(ζ)

dζn−i
dζ

=
1

kΓk

(
n− β

k

) n∑
i=0

(
n

i

)
λi
(
e−λttn−β/k−1 ⋆ u(n−i)(t)

)
, (4.2.2)

where u(r)(t) =
dru(t)

dtr
.

Now applying the Elzaki transform at both sides of (4.2.2) and using the Laplace-Elzaki
duality result, stated in Lemma 1.2.17, we get

E
(
C
kD

β,λ
0,t u(t); ν

)
=

ν

kΓk

(
n− β

k

) n∑
i=0

λi
(
n

i

)
L
(
e−λttn−β/k−1;

1

ν

)
L
(
u(n−i)(t);

1

ν

)
.

Then, the Laplace transform and [17, Theorem (1-2)] provide the required result.

Remark 4.2.2. For n = 1 and 0 < α < 1, we have from Theorem 4.2.1

E
(
C
kD

α,λ
0,t u(t); ν

)
=

Γ
(
1− α

k

)
kΓk

(
1− α

k

) (1 + λν)α/k

να/k

[
E(u(t); ν)− ν2

1 + λν
u(0)

]
. (4.2.3)
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4.2.1 Elzaki decomposition method for the time-fractional diffu-
sion equation

In this subsection, we investigate the semi-analytical solution of the TFDE (4.1.1) in the
form of a series, obtained by using the Elzaki decomposition method.

Applying the Elzaki transform on both sides of the TFDE (4.1.1) with respect to t and,
using Remark 4.2.2 and the given initial condition along with the linearity property of the
Elzaki transform, we obtain

E(u; ν) =
kΓk

(
1− α

k

)
Γ
(
1− α

k

) να/k

(1 + λν)α/k

[
E
(
∂

∂x

(
Ψ(x, t)

∂u

∂x

)
; ν

)
−

E (f(x, t, u(x, t)); ν)

]
+

ν2

1 + λν
u(x, 0). (4.2.4)

Thus, taking the inverse Elzaki transform we get

u(x, t) =
kΓk

(
1− α

k

)
Γ
(
1− α

k

) E−1

{
να/k

(1 + λν)α/k

[
E
(
∂

∂x

(
Ψ(x, t)

∂u

∂x

)
; ν

)

−E (f(x, t, u(x, t)); ν)

]}
+ e−λtu(x, 0). (4.2.5)

Adomian method consists in writing the solution u(x, t) of (4.1.1) as an infinite series

u(x, t) =
∞∑
i=0

ui(x, t), (4.2.6)

provided the infinite series is uniformly convergent, and the nonlinear term can be decom-
posed as

f(x, t, u) =
∞∑
i=0

Hi, (4.2.7)

where Hi’s are the He’s polynomials, which can be calculated by the formula:

Hi =
1

i!

∂i

∂θi

[
f(x, t,

i∑
j=0

θjuj)

]
θ=0

, i = 0, 1, 2, . . . . (4.2.8)

Substituting (4.2.6) and (4.2.7) into (4.2.5), we get

∞∑
i=0

ui(x, t) =
kΓk

(
1− α

k

)
Γ
(
1− α

k

) E−1

{
να/k

(1 + λν)α/k

[
E

(
∂

∂x

(
Ψ(x, t)

∞∑
i=0

ui,x(x, t)

)
; ν

)

−E (f(x, t, u(x, t)); ν)

]}
+ e−λtu(x, 0), (4.2.9)
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where ui,x =
∂ui
∂x

.

Comparison of both sides of the equation (4.2.9) leads to

u0(x, t) = e−λtu(x, 0),

u1(x, t) =
kΓk

(
1− α

k

)
Γ
(
1− α

k

) E−1

{
να/k

(1 + λν)α/k

[
E
(
∂

∂x
(Ψ(x, t)u0x(x, t)) ; ν

)
− E (H0; ν)

]}
,

u2(x, t) =
kΓk

(
1− α

k

)
Γ
(
1− α

k

) E−1

{
να/k

(1 + λν)α/k

[
E
(
∂

∂x
(Ψ(x, t)u1x(x, t)) ; ν

)
− E (H1; ν)

]}
,

and so on.

Thus, in general we get the following recursive relation

ui+1(x, t) =
kΓk

(
1− α

k

)
Γ
(
1− α

k

) E−1

{
να/k

(1 + λν)α/k

[
E
(
∂

∂x
(Ψ(x, t)uix(x, t)) ; ν

)
− E (Hi; ν)

]}
,

for i = 0, 1, 2, . . . .

Finally, the semi-analytical solution can be given by the following truncated series

u(x, t) = lim
i→∞

(
i∑

j=0

uj(x, t)

)
. (4.2.10)

Convergence result of the Adomian method can be followed from [31].

4.3 Quasilinearization and discretization

In this section, we discuss the linearization process and the discretization technique of the
given nonlinear equation (4.1.1).

In order to solve the model problem (4.1.1), we first use Newton’s quasilinearization
technique to obtain the sequence

{
u(m)

}∞
0

with the initial assumption u(0) satisfying the
given initial and boundary conditions of the given problem (4.1.1). Therefore, we define
u(m+1) for each fixed m, to be the solution of the following linear time-tempered k-Caputo
FDE: 

C
kD

α,λ
0,t u

(m+1)(x, t) = L(m)u(m+1)(x, t) + g(m)(x, t), (x, t) ∈ D,

u(m+1)(x, 0) = û0(x), x ∈ Ωx,

u(m+1)(0, t) = 0, u(m+1)(1, t) = 0, t ∈ Ωt,

(4.3.1)

Ph.D. Thesis 77 Aniruddha Seal

TH-3450_196123002



Chapter 4: Efficient computational technique for nonlinear TFDE

where m = 0, 1, 2, . . . ,

L(m)u(m+1)(x, t) =
∂

∂x

(
Ψ(x, t)

∂u

∂x

(m+1)
)

− c(m)(x, t)u(m+1)(x, t),

and c(m)(x, t) =
∂f

∂u
(x, t, u(m)(x, t)),

g(m)(x, t) = u(m)(x, t)c(m)(x, t)− f(x, t, u(m)(x, t)).

If the initial assumption u(0) is chosen sufficiently close to the solution u(x, t) of the equation
(4.1.1), then the sequence

{
u(m)

}∞
0

converges quadratically [40] to the solution u(x, t) of
(4.1.1).

4.3.1 Time-semi discretization using tempered kL2-1σ scheme

On the time domain Ωt, we consider the uniform mesh Ω
N

t with time step size τ = 1/N .

Following Alikhanov’s work [7], here we have introduced a generalized parameter σk =

1 − α/2k that will depend on the value of k. We discretize the tempered k-Caputo
fractional derivative C

kD
α,λ
0,t u(t) of the function u(t) at the non-integer grid points tn+σk

,
n = 0, 1, . . . , N − 1 using the numerical method, namely the tempered kL2-1σ scheme.
Then, we have

C
kD

α,λ
0,tn+σk

u(t) =
e−λtn+σk

kΓk

(
1− α

k

) ∫ tn+σk

0

z′(ζ)

(tn+σk
− ζ)α/k

dζ

=
e−λtn+σk

kΓk

(
1− α

k

)( n∑
j=1

∫ tj

tj−1

z′(ζ)

(tn+σk
− ζ)α/k

dζ +

∫ tn+σk

tn

z′(ζ)

(tn+σk
− ζ)α/k

dζ

)
,

where z(ζ) = eλζu(ζ).

By using the quadratic polynomial Π2,jz(ζ) on each interval [tj−1, tj] to approximate
the function z(ζ) with the help of three discrete points (tj−1, z(tj−1)), (tj, z(tj)) and
(tj+1, z(tj+1)), we get

Π2,jz(ζ) = z(tj)− (tj − ζ)

[
z(tj)− z(tj−1)

τ
+
z(tj+1)− 2z(tj) + z(tj−1)

2τ 2
(ζ − tj−1)

]
,

(Π2,jz(ζ))
′ = δ+t zj−1 + (ζ − tj−1/2)δ

+
t δ

−
t zj,

and

z(ζ)− Π2,jz(ζ) =
z′′′(ζ̂j)

6
(ζ − tj−1)(ζ − tj)(ζ − tj+1), for ζ̂j ∈ (tj−1, tj) ,
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where we have used the following notations

δ+t zj =
z(tj+1)− z(tj)

τ
, δ−t zj =

z(tj)− z(tj−1)

τ
, and tj−1/2 = tj−1 + τ/2.

In the interval [tn, tn+σk
], the linear interpolation Π1,nz(ζ) is used to approximate the function

z(ζ). Then, the approximation of C
kD

α,λ
0,tn+σk

u(t) at the point t = tn+σk
can be written as

C
kD

α,λ
0,tn+σk

u(ζ) ≈ k∂
α,λ
0,tn+σk

u(ζ)

=
e−λtn+σk

kΓk

(
1− α

k

) ( n∑
j=1

∫ tj

tj−1

(Π2,jz(ζ))
′

(tn+σk
− ζ)α/k

dζ +

∫ tn+σk

tn

(Π1,nz(ζ))
′

(tn+σk
− ζ)α/k

dζ

)

=
e−λtn+σk

kΓk

(
1− α

k

) ( n∑
j=1

∫ tj

tj−1

δ+t zj−1 + (ζ − tj−1/2)δ
+
t δ

−
t zj

(tn+σk
− ζ)α/k

dζ

+δ+t zn

∫ tn+σk

tn

dζ

(tn+σk
− ζ)α/k

)

= e−λtn+σkτ 1−α/k

{ n∑
j=1

(
p
(α,k,σk)
n−j+1 δ

+
t zj−1 + τq

(α,k,σk)
n−j+1 δ

+
t δ

−
t zj

)
+ p

(α,k,σk)
0 δ+t zn

}

= e−λtn+σkτ 1−α/k

n∑
j=0

r
(α,k,σk)
n−j δ+t zj

= e−λtn+σkτ−α/k

[
r
(α,k,σk)
0 zn+1 −

n∑
j=0

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
zj − r(α,k,σk)

n z0

]
= e−λtn+σkτ−α/k

[
r
(α,k,σk)
0 eλtn+1u(tn+1)−

n∑
j=0

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
eλtju(tj)− r(α,k,σk)

n eλt0u(t0)

]
, (4.3.2)

where

p
(α,k,σk)
0 =

σ
1−α/k
k

kΓk

(
1− α

k
+ k
) , p

(α,k,σk)
l =

(l + σk)
1−α/k − (l + σk − 1)1−α/k

kΓk

(
1− α

k
+ k
) , l ≥ 1,

q
(α,k,σk)
l =

1

kΓk

(
1− α

k
+ k
)[(l + σk)

2−α/k − (l + σk − 1)2−α/k

2− α
k

−

1

2

{
(l + σk)

1−α/k + (l + σk − 1)1−α/k
}]
. (4.3.3)
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For n = 0, we have r(α,k,σk)
0 = p

(α,k,σk)
0 , and for n ≥ 1, we have

r
(α,k,σk)
l =


p
(α,k,σk)
0 + q

(α,k,σk)
1 , l = 0,

p
(α,k,σk)
l + q

(α,k,σk)
l+1 − q

(α,k,σk)
l , 1 ≤ l ≤ n− 1,

p
(α,k,σk)
n − q

(α,k,σk)
n , l = n.

(4.3.4)

The following lemma gives the truncation error of the tempered kL2-1σ scheme.

Lemma 4.3.1. The truncation error of the tempered kL2-1σ scheme (4.3.2) with u(t) ∈
C3[0, tn+1], 0 ≤ n ≤ N − 1, gives∣∣∣CkDα,λ

0,tn+σk
u− k∂

α,λ
0,tn+σk

u
∣∣∣ ≤ O(τ 3−

α
k ).

Proof. We estimate the truncation error in the similar way to [7]. Let us first denote the
truncation error of the estimate (4.3.2) as follows:

T n+σk = C
kD

α,λ
0,tn+σk

u− k∂
α,λ
0,tn+σk

u. (4.3.5)

Now, we write T n+σk = T n+σk
1 + T n+σk

n , where

T n+σk
1 =

e−λtn+σk

kΓk

(
1− α

k

) n∑
j=1

∫ tj

tj−1

(z(ζ)− Π2,jz(ζ))
′

(tn+σk
− ζ)α/k

dζ

=
−αe−λtn+σk

6k2Γk

(
1− α

k

) n∑
j=1

∫ tj

tj−1

z′′′(ζ̂j)(ζ − tj−1)(ζ − tj)(ζ − tj+1)(tn+σk
− ζ)−α/k−1 dζ,

and thus, we have ∣∣T n+σk
1

∣∣ ≤ α |z′′′(t)| τ 3

3k2Γk

(
1− α

k

) ∫ tn

0

(tn+σk
− ζ)−α/k−1 dζ

=
|z′′′(t)| τ 3−α

k

3kΓk

(
1− α

k

) [σ−α/k
k − (n+ σk)

−α/k
]

≤ |z′′′(t)|σ−α/k
k

3kΓk

(
1− α

k

)τ 3−α
k , t ∈ (0, tn), (4.3.6)

and

T n+σk
n =

e−λtn+σk

kΓk

(
1− α

k

) ∫ tn+σk

tn

(z(ζ)− Π1,nz(ζ))
′

(tn+σk
− ζ)α/k

dζ

=
e−λtn+σk

kΓk

(
1− α

k

) ∫ tn+σk

tn

z′(tn+1/2)− δ+t zn
(tn+σk

− ζ)α/k
dζ

+
e−λtn+σk

kΓk

(
1− α

k

)z′′(tn+1/2)

∫ tn+σk

tn

(ζ − tn+1/2)

(tn+σk
− ζ)α/k

dζ +O(τ 3−
α
k ).
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Then, using σk = 1− α/2k, one gets

T n+σk
n = O(τ 3−

α
k ). (4.3.7)

Hence, combining (4.3.6) and (4.3.7), one can obtain the required result.

4.3.2 Spatial discretization and fully-discrete scheme

We consider the finite difference approximation on a uniform mesh Ω
Mx

x at the n-th time
level.

Then, the discretized form of the domain D is given as

DN

Mx
= {(xi, tn) : i = 0, 1, . . . ,Mx; n = 0, 1, . . . , N} .

Let u(x, t) ∈ C
4,3
x,t(Ωx) be the exact solution of the given model problem (4.1.1) and ϑn

i be
the approximated value of uni = u(xi, tn) at the point (xi, tn) ∈ DN

Mx
, where C

4,3
x,t(Ωx) denotes

the space of the function u(x, t) such that u(x, t) ∈ C4(Ωx) ∩ C3(Ωt).

Thus, the fully-discretized form of the quasilinearized problem (4.3.1) at the point
(xi, tn+σk

) is

k∂
α,λ
0,tn+σk

ϑ
(m+1),n
i = Λϑ

(m+1),n+σk

i + g
(m),n+σk

i , (4.3.8)

where

Λϑ
(m+1),n+σk

i
=

((
Ψϑ(m+1)

x

)
x
− c(m)ϑ(m+1)

)
(xi, tn+σk

)

=
Ψn+σk

i−1/2 ϑ
(m+1),n+σk

i−1 −
(
Ψn+σk

i−1/2 +Ψn+σk

i+1/2

)
ϑ
(m+1),n+σk

i +Ψn+σk

i+1/2 ϑ
(m+1),n+σk

i+1

h2x

−c(m),n+σk

i ϑ
(m+1),n+σk

i +O(h2x)

=
χn+σk
i ϑ

(m+1),n+σk

i−1 −
(
χn+σk
i + χn+σk

i+1

)
ϑ
(m+1),n+σk

i + χn+σk
i+1 ϑ

(m+1),n+σk

i+1

h2x

−c(m),n+σk

i ϑ
(m+1),n+σk

i +O(h2x),

for i = 1, 2, . . . ,Mx − 1, and
∂3Ψ

∂x3
∈ C(Ωx), Ψ

n+σk
i = Ψ(xi, tn+σk

), χi = Ψi−1/2,

ϑ
(m+1),n+σk

i = σkϑ
(m+1),n+1
i + (1− σk)ϑ

(m+1),n
i + O(τ 2), c

(m),n+σk

i = c(m)(xi, tn+σk
), and

g
(m),n+σk

i = g(m)(xi, tn+σk
).

Hence, considering the Lemma 4.3.1, the truncation error of the difference scheme (4.3.8)
can be written as

|T m,n+σk
i | = O(h2x + τ 2). (4.3.9)
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Lemma 4.3.2. For l = 1, 2, 3 . . ., the following inequality holds
1

2
< Θl <

1

2− α/k
,

where

Θl =
(l + σk)

2−α/k − (l + σk − 1)2−α/k − (2− α/k) (l + σk − 1)1−α/k

(2− α/k) [(l + σk)1−α/k − (l + σk − 1)1−α/k]
.

Proof. The proof can be done in the similar fashion as given in [7].

Remark 4.3.3. The coefficient ql as defined in (4.3.3) can be reformed as

q
(α,k,σk)
l =

Θl − 1/2

kΓk

(
1− α

k
+ k
) [(l + σk)

1−α/k − (l + σk − 1)1−α/k
]
. (4.3.10)

In the following lemma, we discuss some properties of the coefficient r(α,k,σk), defined in
(4.3.4).

Lemma 4.3.4. For any α ∈ (0, 1), r(α,k,σk)
l , for 0 ≤ l ≤ i, satisfies the following relations

(i) r
(α,k,σk)
i >

(i+ σk)
−α/k

2kΓk

(
1− α

k

) , (4.3.11)

(ii) r
(α,k,σk)
0 > r

(α,k,σk)
1 > . . . > r

(α,k,σk)
i > 0, (4.3.12)

(iii) τ−α/kr
(α,k,σk)
i >

1

2T
α
kkΓk

(
1− α

k

) , (4.3.13)

(iv) (2σk − 1) ξ
(α,k,σk)
i − σkξ

(α,k,σk)
i−1 > 0, i = 1, 2, . . .Mx, (4.3.14)

where ξ(α,k,σk)
n = r

(α,k,σk)
i−n , 0 ≤ n ≤ i.

Proof. Following the similar path as given in [7], from (4.3.4), we have

r
(α,k,σk)
i = p

(α,k,σk)
i − q

(α,k,σk)
i

=
(i+ σk)

1−α/k − (i+ σk − 1)1−α/k

kΓk

(
1− α

k
+ k
) (

3

2
−Θi

)
, for i ≥ 1.

Then, using Lemma 4.3.2, one has

r
(α,k,σk)
i >

(i+ σk)
1−α/k − (i+ σk − 1)1−α/k

kΓk

(
1− α

k
+ k
) (

3

2
− 1

2− α/k

)

>
1

2kΓk

(
1− α

k

) ∫ 1

0

(i+ σk − ζ)−α/k dζ

>
1

2kΓk

(
1− α

k

) (i+ σk)
−α/k , (4.3.15)
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which is the required result (i).

The bound given in (iii) can be proved directly from (i) since (i+ σk)τ = ti+σk
.

For the results (ii) and (iv), one can follow [7].

4.4 Stability and convergence analysis

In this section, we will be analysing the stability as well as the convergence of the proposed
scheme (4.3.8) for our model problem (4.1.1).

We first denote the space of mesh functions as follows

Y(m+1)
h =

{
Θ

(m+1)
h =

{
Θ

(m+1)
0 ,Θ

(m+1)
1 , . . . ,Θ

(m+1)
Mx

}
|Θ(m+1)

0 = 0 = Θ
(m+1)
Mx

}
.

For two mesh functions Θ
(m+1)
h , φ

(m+1)
h ∈ Y(m+1)

h , we define the discrete inner

product as ⟨Θ(m+1)
h , φ

(m+1)
h ⟩ = hx

Mx∑
i=0

Θ
(m+1)
i φ

(m+1)
i , the discrete L2−norm ∥·∥2 as∥∥∥Θ(m+1)

h

∥∥∥
2

=

√
⟨Θ(m+1)

h ,Θ
(m+1)
h ⟩ and the discrete H1−semi norm |·|1 as

∣∣∣Θ(m+1)
h

∣∣∣
1

=√
hx

Mx−1∑
i=0

(
δ

1
2
xΘ

(m+1)
i+1/2

)2
, where δ

1
2
xΘ

(m+1)
i+1/2 =

Θ
(m+1)
i+1 −Θ

(m+1)
i

hx
.

Before proceeding towards the stability result, we state the following lemmas that will
be used later.

Lemma 4.4.1. ([53]) Since Ψ ≥ ψ̂0 > 0 and c(m)(x, t) is positive for all (x, t) ∈ D, then for
any mesh function ϑ

(m+1)
h ∈ Y(m+1)

h , we have

−⟨Λϑ(m+1)
h , ϑ

(m+1)
h ⟩ = hx

Mx−1∑
i=0

Ψi+1/2

(
δ

1
2
x ϑ

(m+1)
i+1/2

)2
+ hx

Mx−1∑
i=1

c
(m)
i

(
ϑ
(m+1)
i

)2
≥ ψ̂0

∣∣∣ϑ(m+1)
h

∣∣∣2
1
. (4.4.1)

Lemma 4.4.2. ([94]) If the condition (iv), given by equation (4.3.14) of Lemma 4.3.4 holds
and a function u(t) is defined in the space Ω

N

t , then we have

⟨k∂α,λ0,tn+σk
un, un+σk⟩ ≥ 1

2
e−λtn+1

k∂
α,λ
0,tn+σk

∥∥∥un∥∥∥2
2
. (4.4.2)

We discuss the stability of the difference scheme (4.3.8) in the following theorem.
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Theorem 4.4.3. The numerical scheme (4.3.8) is unconditionally stable under the L2−norm
and there holds the following a priori bound∥∥∥ϑ(m+1),n+1

∥∥∥2
2
≤ eλT

[∥∥∥ϑ(m+1),0
∥∥∥2
2
+

kΓk

(
1− α

k

)
4ψ̂0

Tα/k max
0≤n≤N−1

∥∥∥g(m+1),n+σk

∥∥∥2
2

]
.

(4.4.3)

Proof. We take the inner product at the both sides of (4.3.8) with ϑ(m+1),n+σk

i to get

⟨k∂α,λ0,tn+σk
ϑ(m+1),n, ϑ(m+1),n+σk⟩ − ⟨Λϑ(m+1),n+σk , ϑ(m+1),n+σk⟩ = ⟨gm,n+σk , ϑ(m+1),n+σk⟩.

Using the Lemma 4.4.1 and Lemma 4.4.2, we get from the above equality

⟨gm,n+σk , ϑ(m+1),n+σk⟩

≥ 1

2
e−λtn+1

k∂
α,λ
0,tn+σk

∥∥∥ϑ(m+1),n
∥∥∥2
2
+ ψ̂0

∣∣∣ϑ(m+1),n+σk

∣∣∣2
1

=
τ−α/k

2
e−λ(tn+1+tn+σk

)
[
−r(α,k,σk)

n

∥∥∥ϑ(m+1),0
∥∥∥2
2
−

n∑
j=1

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
eλtn

∥∥∥ϑ(m+1),n
∥∥∥2
2

+r
(α,k,σk)
0

∥∥∥ϑ(m+1),n+1
∥∥∥2
2
eλtn+1

]
+ ψ̂0

∣∣∣ϑ(m+1),n+σk

∣∣∣2
1
. (4.4.4)

Now, using the Young’s inequality and [53, Remark 4] with ε̂ = 4ψ̂0, we have

⟨gm,n+σk , ϑ(m+1),n+σk⟩ ≤

∥∥∥gm,n+σk

∥∥∥2
2

4ε̂
ε̂
∥∥∥ϑ(m+1),n+σk

∥∥∥2
2

∀ ε̂ > 0

≤

∥∥∥gm,n+σk

∥∥∥2
2

4ε̂
+
ε̂
∣∣∣ϑ(m+1),n+σk

∣∣∣2
1

4
. (4.4.5)

Then, we have

r
(α,k,σk)
0

∥∥∥ϑ(m+1),n+1
∥∥∥2
2
eλtn+1 ≤ τα/keλ(tn+1+tn+σk

)

∥∥∥gm,n+σk

∥∥∥2
2

8ψ̂0

+ r(α,k,σk)
n

∥∥∥ϑ(m+1),0
∥∥∥2
2

+
n∑

j=1

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
eλtn

∥∥∥ϑ(m+1),n
∥∥∥2
2

≤ r(α,k,σk)
n e2λtn+1

∥∥∥ϑ(m+1),0
∥∥∥2
2
+

∥∥∥gm,n+σk

∥∥∥2
2

8ψ̂0r
(α,k,σk)
n

τα/k


+

n∑
j=1

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
eλtn

∥∥∥ϑ(m+1),n
∥∥∥2
2
.
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The equation (4.3.11) of Lemma 4.3.4 delivers

r
(α,k,σk)
0

∥∥∥ϑ(m+1),n+1
∥∥∥2
2
eλtn+1 ≤ r(α,k,σk)

n e2λtn+1

(∥∥∥ϑ(m+1),0
∥∥∥2
2
+
Tα/kkΓk

(
1− α

k

)
4ψ̂0

∥∥∥gm,n+σk

∥∥∥2
2

)

+
n∑

j=1

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
eλtn

∥∥∥ϑ(m+1),n
∥∥∥2
2
.

Now, to prove ∥∥∥ϑ(m+1),n+1
∥∥∥2
2
≤ eλtn+1Wk, (4.4.6)

where

Wk =

[∥∥∥ϑ(m+1),0
∥∥∥2
2
+

kΓk

(
1− α

k

)
4ψ̂0

Tα/k max
0≤n≤N−1

∥∥∥g(m+1),n+σk

∥∥∥2
2

]
,

we use the mathematical induction.

For n = 0 in (4.4.3), we can see the result (4.4.6) is true. Suppose the result (4.4.6) is
true up to n. Then, we have

r
(α,k,σk)
0

∥∥∥ϑ(m+1),n+1
∥∥∥2
2
eλtn+1 ≤ r(α,k,σk)

n e2λtn+1Wk +
n∑

j=1

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)
eλtneλtnWk

≤ e2λtn+1

[
r(α,k,σk)
n +

n∑
j=1

(
r
(α,k,σk)
n−j − r

(α,k,σk)
n−j+1

)]
Wk, (4.4.7)

which yields r(α,k,σk)
0

∥∥∥ϑ(m+1),n+1
∥∥∥2
2
eλtn+1 ≤ r

(α,k,σk)
0 e2λtn+1Wk, and hence the required result

(4.4.3) can be obtained.

4.4.1 Convergence analysis

In this subsection, we establish the convergence result for the proposed difference scheme
(4.3.8). Let us assume that the error term E (m+1),n

i = u
(m+1),n
i − ϑ

(m+1),n
i for (xi, tn) ∈ DN

Mx
.

The following theorem provides the point-wise convergence result for the proposed scheme
in the L2-norm.

Theorem 4.4.4. If u(m+1),n
i is the solution of (4.3.1) and ϑ

(m+1),n
i is the solution of the

difference scheme (4.3.8) at the point (xi, tn), 0 ≤ i ≤Mx, 0 ≤ n ≤ N , then we have

∥∥E (m+1),n+1
∥∥
2
≤ 1

2

√
eλT kΓk

(
1− α

k

)
Tα/k

ψ̂0

O
(
h2x + τ 2

)
. (4.4.8)
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Proof. It is clear that the error term E (m+1),n
i satisfies the following equation:

k∂
α,λ
0,tn+σk

E (m+1),n
i = ΛE (m+1),n+σk

i + T m,n+σk
i , (4.4.9)

with the initial error term E (m+1),0
i = 0.

Invoking Theorem 4.4.3, we can arrive at

∥∥E (m+1),n
∥∥2
2
≤ eλT

kΓk

(
1− α

k

)
4ψ̂0

Tα/k max
0≤n≤N−1

∥∥∥T (m+1),n+σk

∥∥∥2
2
, (4.4.10)

and with the help of (4.3.9), the required result can be established.

4.5 Experimental results

In this section a numerical example is presented to show the efficiency of the proposed scheme
and to validate the theoretical analysis for different values of the parameters α, k and λ.

Since the convergence order O(h2x) for the spatial term is standard, so we only examine
the errors in the temporal direction due to the tempered kL2-1σ method of the tempered
k-Caputo fractional derivative. We define the discrete error under the L2−norm ∥.∥2 as

EN
Mx

= max
1≤n≤N

∥∥∥u(tn)− ϑ(m+1),n
∥∥∥
2
,

and the corresponding convergence order is given by

CON = log2

(
EN

Mx

E2N
2Mx

)
.

Also, for each fixed m, the quasilinearized problem (4.3.1) is first solved by using the
proposed scheme (4.3.8) and then for the Newton’s quasilinearization technique we use the
following convergence criterion∣∣u(m+1)(x, t)− u(m)(x, t)

∣∣ ≤ tol, (x, t) ∈ D, m ≥ 0. (4.5.1)

We have chosen tol = 10−8 for our computational purposes.

Example 4.5.1. Consider the time-tempered k-Caputo FDE:
C
kD

α,λ
0,t u(x, t) =

∂

∂x

(
Ψ(x, t)

∂u

∂x

)
− f(x, t, u(x, t)), (x, t) ∈ D,

u(x, 0) = sin(πx), x ∈ Ωx,

u(0, t) = 0, u(1, t) = 0, t ∈ Ωt,

(4.5.2)
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where the coefficient and the nonlinear source term are respectively given by

Ψ(x, t) = 2− cos(xt), f(x, t, u(x, t)) = exp(u(x, t)) + ξ̂(x, t),

and the function ξ̂(x, t) is such that the exact solution of the problem (4.5.2) is u(x, t) =

e−λt sin(πx)(t3+α + 3t2 + 1).

The errors EN
Mx

and order of convergences CON of Example 4.5.1 are presented in Table
4.1. Figure 4.1 portrays the numerical solutions for Mx = N = 80. Figure 4.2 shows the
numerical solutions for different values of the tempering parameter λ of the Example 4.5.1
and it can be noticed that the peak of the numerical solutions is higher for the small values
of λ. The log-log plots are displayed in Figure 4.3.

Table 4.1: L2 error and order of convergences of Example 4.5.1 with Mx = N .

k = 4

λ = 3 λ = 6

α = 0.3 α = 0.6 α = 0.9 α = 0.3 α = 0.6 α = 0.9

N EN
Mx

CON EN
Mx

CON EN
Mx

CON EN
Mx

CON EN
Mx

CON EN
Mx

CON

10 2.430e-03 – – 1.781e-03 – – 1.610e-03 – – 4.412e-04 – – 3.672e-03 – – 6.900e-03 –
20 6.517e-04 1.899 4.534e-04 1.974 4.077e-04 1.981 1.314e-04 1.748 1.151e-03 1.674 2.159e-03 1.676
40 1.693e-04 1.944 1.1467e-04 1.983 1.029e-03 1.987 3.679e-05 1.837 3.241e-04 1.829 6.055e-04 1.834
80 4.316e-05 1.972 2.884e-05 1.991 2.584e-05 1.993 9.831e-06 1.904 8.603e-05 1.913 1.600e-04 1.920
160 1.089e-05 1.987 7.231e-06 1.996 6.474e-06 1.997 2.548e-06 1.948 2.213e-05 1.959 4.097e-05 1.965

k = 7

λ = 3 λ = 6

α = 0.3 α = 0.6 α = 0.9 α = 0.3 α = 0.6 α = 0.9

N EN
Mx

CON EN
Mx

CON EN
Mx

CON EN
Mx

CON EN
Mx

CON EN
Mx

CON

10 2.981e-03 – – 2.282e-03 – – 1.852e-03 – – 9.512e-04 – – 9.064e-04 – – 2.770e-03 – –
20 8.165e-04 1.868 6.057e-04 1.914 4.758e-04 1.961 3.109e-04 1.613 2.791e-04 1.699 8.686e-04 1.673
40 2.145e-04 1.928 1.565e-04 1.952 1.207e-04 1.979 8.836e-05 1.815 7.869e-05 1.827 2.450e-04 1.826
80 5.502e-05 1.963 3.978e-05 1.976 3.040e-05 1.989 2.348e-05 1.912 2.100e-05 1.905 6.520e-05 1.910
160 1.393e-05 1.982 1.002e-05 1.988 7.630e-06 1.994 6.045e-06 1.958 5.432e-06 1.951 1.681e-05 1.955

4.6 Conclusions

This chapter focuses on the semi-analytical and numerical solutions of a nonlinear time-
tempered k-Caputo FDE. The Elzaki decomposition method was considered to find the
semi-analytical solution of the model problem (4.1.1). The model problem (4.1.1) has been
linearized using Newton’s quasilinearization method and to discretize the quasilinearized
problem (4.3.1), a numerical scheme namely tempered kL2-1σ method has been proposed.
The stability and convergence analysis of the fully discretized problem (4.3.8) have been
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Figure 4.1: Numerical solutions of Example 4.5.1 for Mx = N = 80.
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Figure 4.2: Numerical solutions for different values of the tempering parameter λ of Example
4.5.1 at T = 1, α = 0.6, and k = 7.
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Figure 4.3: Log-log plots corresponding to Table 4.1.
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carried out in the L2−norm using the energy method, and the second-order convergence in
both time and space has been substantiated in the theoretical analysis. In support of the
theoretical results, a numerical experiment has been appended.
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CHAPTER 5
Error estimate for nonlinear time-fractional
diffusion equation with generalized memory
kernel

In this chapter, we focus on the numerical study of a nonlinear TFDE with generalized
memory kernel. To study the numerical solution of this model problem, we first linearize
the model problem and then use the well-known L1-method to discretize the generalized
Caputo time-fractional derivative term in graded mesh. Further, we develop a generalized
discrete fractional Grönwall inequality to study the stability analysis and to derive the error
estimate result for the fully-discrete scheme in the discrete L2-norm. Lastly, a few numerical
experiments are addressed to justify the theoretical error estimates.

91
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Chapter 5: Numerical analysis of nonlinear TFDE with generalized memory kernel

5.1 Introduction

In this chapter, we consider the following nonlinear time-fractional diffusion equations with
generalized memory kernel:

CD
α,ω(t)
0,t u(x, t) = LNu(x, t)− f(x, t, u), (x, t) ∈ D = Ωx × Ωt,

u(x, 0) = û0(x), x ∈ Ωx = [xl, xr],

u(xl, t) = 0, u(xr, t) = 0, t ∈ Ωt = [0, T ],

(5.1.1)

where LNu ≡ ∂

∂x

(
Ψ(x, t)

∂u

∂x

)
, Ωx = (xl, xr) and Ωt = (0, T ], 0 < ψ̂0 ≤ Ψ(x, t) ≤ ψ̂1. The

functions û0(x) and f are sufficiently smooth, and the source function f(x, t, u) is nonlinear

in the variable u(x, t) with the condition
∂f

∂u
< 0.

Memory is defined as a output at current time that also depends on the history of change
of input on a finite or infinite time interval. Memory is described by the functions that are
called memory functions and these are the kernel of an integro-differential operator. These
are also known as power-law memory in the study of fractional calculus. The fractional
derivatives are preferable over the derivatives of positive integer orders in describing processes
with memory, and for this reason various works based on memory type kernel are being taken
into consideration in the recent days.

The main result of this chapter is to comprise the generalized discrete fractional Grönwall
inequality for non-uniform generalized L1-scheme. Further, this inequality is taken into
account to establish the stability for the fully discrete scheme, and under the following
regularity condition on the solution u(x, t)∥∥∥∥∂4u∂x4

∥∥∥∥
L2(Ωx)

≤ C, and
∥∥∥∥∂lu∂tl

∥∥∥∥
L2(Ωx)

≤ C
(
1 + tα−l

)
, l = 0, 1, 2, (5.1.2)

an optimal time accuracy is proved in non-uniform mesh with order O (Nα−2), where N is
an integer to be used in discretization of the time interval Ωt. Some numerical calculations
are put in to corroborate the theoretical aspects.

The remaining part of this chapter is decorated as follows: in Section 5.2, we include
the quasilinearization technique and the discretization process by L1-method, and also we
introduce the complementary discrete generalized memory kernel to develop the generalized
discrete fractional Grönwall inequality in this section. The fully discrete scheme is incorpo-
rated in Section 5.3, and further the stability and the error analysis are studied. Section 5.4
contains some numerical experiments in support of the theoretical estimation. Finally some
conclusions are drawn in Section 5.5.
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Discretization method and discrete inequality

5.2 Discretization method and discrete inequality

This section is devoted to address the quasilinearization technique and discretization method
for the given nonlinear equation (5.1.1). Therewith, the generalized discrete fractional Grön-
wall inequality will also be vindicated at the end of this section.

5.2.1 Quasilinearization technique

To deal with the given nonlinear problem (5.1.1), the use of Newton’s quasilinearization
process is taken into account to obtain a sequence

{
u(m)

}∞
0

with the initial assumption u(0)

satisfying the given initial and boundary conditions of the given equation (5.1.1). Thus we
can define u(m+1) for each fixed non-negative integer m, to be the solution of the following
quasilinearized problem:

CD
α,ω(t)
0,t ϑ(x, t) = L(m)ϑ(x, t) + g(m)(x, t), (x, t) ∈ D,

ϑ(x, 0) = û0(x), x ∈ Ωx,

ϑ(xl, t) = 0, ϑ(xr, t) = 0, t ∈ Ωt,

(5.2.1)

where ϑ(x, t) = u(m+1)(x, t),

L(m)ϑ(x, t) =
∂

∂x

(
Ψ(x, t)

∂ϑ(x, t)

∂x

)
+ c(m)(x, t)ϑ(x, t),

and c(m)(x, t) = −∂f
∂u

(x, t, u(m)(x, t)) > 0,

g(m)(x, t) = −u(m)(x, t)c(m)(x, t)− f(x, t, u(m)(x, t)).

Convergence of the quasilinearized problem

If the initial assumption u(0) is chosen sufficiently close to the solution u(x, t) of the equation
(5.1.1), then the sequence

{
u(m)

}∞
0

converges quadratically [40] to the solution u(x, t) of
(5.1.1).

Also for each fixed m ≥ 0, the quasilinearized problem will converge under the Newton’s
quasilinearization technique with following convergence criterion∣∣ϑ(x, t)− u(m)(x, t)

∣∣ ≤ tol, (x, t) ∈ D, m ≥ 0. (5.2.2)

We will choose tol = 10−8 for our computational purposes.
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5.2.2 Time semi-discretization

We use graded mesh for temporal discretization to deal with the non-smoothness of the
solution at the point t = 0. The graded mesh has the advantage in the analysis of non-
smooth solution as it helps to concentrate the grid points near t = 0. To this end, let N > 0

be an integer. On the time domain Ωt, we consider the partition Ω
N

t of the time-interval
with the non-uniform time-step size τn = tn − tn−1. Define tn = T (n/N)r for n = 1, . . . , N,

with a user-chosen mesh grading parameter r ≥ 1. Note that if r = 1, then the mesh is
uniform. Observe that

τn+1 = T

(
n+ 1

N

)r

− T
( n
N

)r
≤ CTN−rnr−1 for n = 0, 1, . . . , N − 1, (5.2.3)

with the following assumption

τk
τk+1

≤ 1, k = 1, 2, . . . , N − 1. (5.2.4)

Now, we follow [42] to approximate the generalized Caputo derivative CD
α,ω(t)
0,tn ϑ(t) at

the point t = tn by using a generalized version of the popular L1−method on the graded
time-domain Ω

N

t as follows

CD
α,ω(t)
0,tn ϑ(t) =

1

Γ(1− α)

∫ tn

0

ω(tn − ζ)

(tn − ζ)α
ϑ′(ζ) dζ

=
1

Γ(1− α)

[
n∑

k=1

∫ tk

tk−1

ω(tn − ζ)

(tn − ζ)α
ϑ(tk)− ϑ(tk−1)

τk
dζ

+
n∑

k=1

∫ tk

tk−1

ω(tn − ζ)
(
ϑ(ζ)− Π1,kϑ(ζ)

)′
(tn − ζ)α

dζ

]
.

Now, using the transformation ζ → tk−1 + z τk, we get

dζ = zτk and ω(tn − ζ) = Ψ̂ +
(
ω(tn − tk−1 − zτk)− Ψ̂

)
,

where

Ψ̂ = ω

(
tn − tk−1 −

τk
2

)
+
[
ω(tn − tk)− ω(tn − tk−1)

]
(z − 1/2).
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Thus, we have

CD
α,ω(t)
0,tn ϑ(t) =

1

Γ(2− α)

n∑
k=1

(
ϑ(tk)− ϑ(tk−1)

)[
ω
(
tn − tk−1 −

τk
2

)
q
(n)
n−k

+
(
ω(tn − tk)− ω(tn − tk−1)

)
r
(n)
n−k

]
+ T n

d + T n
ω

=
n∑

k=1

s
(n)
n−k

(
ϑ(tk)− ϑ(tk−1)

)
+ T n

d + T n
ω , (5.2.5)

where

Π1,kϑ(ζ) = ϑ(tk)
ζ − tk−1

τk
− ϑ(tk−1)

ζ − tk
τk

, (5.2.6)

q
(n)
n−k =

(tn − tk−1)
1−α − (tn − tk)

1−α

τk
, (5.2.7)

r
(n)
n−k =

1

τ 2k

(
1

2− α

[
(tn − tk−1)

2−α − (tn − tk)
2−α
]
− τk

2

[
(tn − tk−1)

1−α + (tn − tk)
1−α
])
,

(5.2.8)

T n
d =

1

Γ(1− α)

n∑
k=1

∫ tk

tk−1

ω(tn − ζ)(ϑ(ζ)− Π1,kϑ(ζ))
′

(tn − ζ)α
dζ, (5.2.9)

T n
ω =

1

Γ(1− α)

n∑
k=1

(ϑ(tk)− ϑ(tk−1))

∫ 1

0

ω
(
tn − tk−1 − zτk

)
− Ψ̂

(tn − tk−1 − zτk)α
dz,

(5.2.10)

and

s
(n)
n−k =

1

Γ(2− α)

[
ω
(
tn − tk−1 −

τk
2

)
q
(n)
n−k +

(
ω(tn − tk)− ω(tn − tk−1)

)
r
(n)
n−k

]
.

(5.2.11)

Therefore, the numerical approximation by using L1 formula on non-uniform mesh is

△α,ω(t)
0,tn ϑ(t) =

n∑
k=1

s
(n)
n−k

(
ϑ(tk)− ϑ(tk−1)

)
. (5.2.12)

5.2.3 Some properties

In this subsection, we discuss some properties of the coefficients q(n), r(n) and s(n):
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Lemma 5.2.1. [42] For any n = 1, 2, . . . , N, the coefficients q(n)n−k and r(n)n−k with α ∈ (0, 1)

satisfy the following inequalities

q
(n)
0 > q

(n)
1 > . . . > q

(n)
n−1 >

1− α

(tn − t0)α
,

and
r
(n)
0 > r

(n)
1 > . . . > r

(n)
n−1 > 0.

Lemma 5.2.2. [42] For any n = 1, 2, . . . , N, the coefficient s(n)n−k, α ∈ (0, 1) and ω(t) ∈
C2(Ωt) where ω(t) > 0, ω′(t) ≤ 0 for all t ∈ Ωt, the following inequality holds

s
(n)
0 > s

(n)
1 > . . . > s

(n)
n−1 >

ω(tn − t0 −
τ1
2
)

Γ(1− α)(tn − t0)α
> 0.

5.2.4 Complementary discrete kernel and discrete fractional
Grönwall inequality

We first introduce the complementary discrete generalized memory kernels in this subsection.
The following property of the generalized memory kernel Q1−α(t− ξ) says that

n∑
j=k

∫ tj

tj−1

Qα(tn − ζ)Q1−α(ζ − tk−1) dζ = Q1(tn − tk−1) = ω(tn − tk−1), (5.2.13)

and it inspires us to define the discrete generalized memory kernels (DGMKs) H(n)
n−j with the

following identical property:
n∑

j=k

H(n)
n−j s

(j)
j−k ≡ ω(tn − tk−1), (5.2.14)

which can be rewritten in the recursion relation such as

H(n)
0 =

ω(τn)

s
(n)
0

, H(n)
n−k =

ω(tn − tk−1)

s
(k)
0

n∑
j=k+1

H(n)
n−j

(
s
(j)
j−k−1

ω(tn − tk)
−

s
(j)
j−k

ω(tn − tk−1)

)
,

for 1 ≤ k ≤ n− 1. (5.2.15)

Corollary 5.2.3. In the similar way to the relation (5.2.13), we can find that∫ tn

0

Qα(tn − ζ)
(
CD

α,ω(t)
0,t ψ

)
(ζ) dζ =

n∑
k=1

∫ tk

tk−1

ψ′(ζ)ω(tn − ζ)dζ. (5.2.16)

We next study some properties of the DGMKs H(n)
n−j in the following lemma.
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Lemma 5.2.4. The DGMKs H(n)
n−j, defined in (5.2.15) satisfy the following bounds

0 ≤ H(n)
n−j ≤

ταj Γ(2− α)ω(τj)

ω
(τj
2

)
+

α

2(2− α)
(1− ω(τj))

, 1 ≤ j ≤ n, (5.2.17)

and
n∑

j=1

H(n)
n−jQ1−α(tj) ≤ ω (τn)ω

(τ1
2

)
. (5.2.18)

Proof. We start with the proof of (5.2.17). The definition (5.2.15) of H(n)
n−j implies that

H(n)
0 = ω(τn)/s

(n)
0 .

Now, from the expression of s(n)0 in (5.2.11) we have

s
(n)
0 =

1

Γ(2− α)

[
ω(τn/2)q

(n)
0 + (ω(0)− ω(τn))r

(n)
0

]
. (5.2.19)

The equations (5.2.7) and (5.2.8) give

q
(n)
0 = τ−α

n and r
(n)
0 =

α

2(2− α)
τ−α
n . (5.2.20)

Hence, (5.2.19) and (5.2.20) combinedly imply

H(n)
0 =

ταnΓ(2− α)ω(τn)

ω( τn
2
) + α

2(2−α)
(ω(0)− ω(τn))

, (5.2.21)

where the equality holds for j = n.

For j ̸= n, the non-negative property of the DGMKs H(n)
n−j says

H(n)
n−j ≥ 0, and

H(n)
n−ks

(k)
0

ω(tn − tk−1)
≤

n∑
j=k

H(n)
n−j s

(j)
j−k

1

ω(tn − tk−1)
= 1, (5.2.22)

and, thus by using (5.2.19) and the decreasing property of the weight function ω(t), the
required result (5.2.17) is obtained.

Now, the expressions (5.2.7) and (5.2.11) together imply

s
(n)
n−k ≥ ω(tn − tk−1 − τk/2)

(tn − tk−1)
−α

Γ(1− α)
= ω(−τk/2)Q1−α(tn − tk−1). (5.2.23)

Then, changing the index n to j and taking k = 1 we get

Q1−α(tj) ≤ s
(j)
j−1ω

(τ1
2

)
. (5.2.24)
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Taking a multiplication of the above inequality with the DGMKs H(n)
n−j and summing over

the index j we have

n∑
j=1

H(n)
n−jQ1−α(tj) ≤

n∑
j=1

H(n)
n−js

(j)
j−1ω

(τ1
2

)
≤ ω (τn)ω

(τ1
2

)
, (5.2.25)

and hence the result (5.2.18) is obtained.

In the following lemma, we discuss the Chebyshev’s sorting inequality [29] that will be
used in Lemma 5.2.6.

Lemma 5.2.5 (Chebyshev’s sorting inequality). If F and G are two integrable functions
such that F is monotone increasing and G is monotone decreasing on the interval [l1, l2],
then

(l2 − l1)

∫ l2

l1

F(ζ)G(ζ)dζ ≤
∫ l2

l1

F(t)dt

∫ l2

l1

G(ζ)dζ. (5.2.26)

Now, we prove the following property of the generalized Caputo derivative (1.4.4).

Lemma 5.2.6. If Φc : Ωt → R is any continuous, piecewise C1 function such that Φ′
c is

non-negative and monotone then

n−1∑
j=1

H(n)
n−j

(
CD

α,ω(t)
0,t Φc

)
(tj) ≤ ω(τn)

∫ tn

0

Φ′
c(ζ) dζ, for 1 ≤ n ≤ N.

Proof. We will start the proof by considering two cases: (i) the function Φ′
c is monotone

decreasing, and (ii) the function Φ′
c is monotone increasing.

Case (i). We first write the generalized memory kernel Qα(t) in the form

Qα(t) = ω(t)Bα(t), where Bα(t) =
tα−1

Γ(α)
.

From the definition (1.4.4), one can write

(
CD

α,ω(t)
0,t Φc

)
(tj) =

∫ tj

0

ω(tj−ζ)B1−α(tj−ζ)Φ′
c(ζ)dζ ≤

j∑
k=1

ω(tj−tk)
∫ tk

tk−1

B1−α(tj−ζ)Φ′
c(ζ)dζ.

Now, considering [l1, l2] = [tk−1, tk], F(ζ) = B1−α(tj − ζ), and G(ζ) = Φ′
c(ζ) in Lemma

5.2.5, we get
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(
CD

α,ω(t)
0,t Φc

)
(tj) ≤

j∑
k=1

1

τk
ω(tj − tk)

∫ tk

tk−1

B1−α(tj − t)dt

∫ tk

tk−1

Φ′
c(ζ)dζ

≤
j∑

k=1

1

τk

ω(tj − tk)

ω(tj − tk−1)

∫ tk

tk−1

Q1−α(tj − t)dt

∫ tk

tk−1

Φ′
c(ζ)dζ

≈
j∑

k=1

ω(tk−1 − tk) s
(j)
j−k

∫ tk

tk−1

Φ′
c(ζ)dζ. (5.2.27)

Then, multiplying both sides of (5.2.27) by the DGMKs H(n)
n−j and summing over the

index j from 1 to n− 1 we have

n−1∑
j=1

H(n)
n−j

(
CD

α,ω(t)
0,t Φc

)
(tj) ≤

n−1∑
j=1

H(n)
n−j

j∑
k=1

ω(tk−1 − tk) s
(j)
j−k

∫ tk

tk−1

Φ′
c(ζ)dζ

=
n−1∑
k=1

ω(tk−1 − tk)

∫ tk

tk−1

Φ′
c(ζ)dζ

n−1∑
j=k

H(n)
n−js

(j)
j−k

≤
n−1∑
k=1

ω(tn − tk)

∫ tk

tk−1

Φ′
c(ζ)dζ

≤ ω(τn)
n∑

k=1

∫ tk

tk−1

Φ′
c(ζ)dζ, (5.2.28)

as the function Φc is non-negative.

Case (ii). If the function Φ′
c is monotonically increasing, then we have

n−1∑
j=1

H(n)
n−j

(
CD

α,ω(t)
0,t Φc

)
(tj) ≤

n−1∑
j=1

H(n)
n−j

j∑
k=1

Φ′
c(tk)

∫ tk

tk−1

Q1−α(tj − ζ)dζ

≈
n−1∑
j=1

H(n)
n−j

j∑
k=1

τkΦ
′
c(tk)s

(j)
j−k

=
n−1∑
k=1

τkΦ
′
c(tk)

n−1∑
j=k

H(n)
n−js

(j)
j−k

≤
n−1∑
k=1

τk+1Φ
′
c(tk)ω(tn − tk−1)

≤ ω(τn + τn−1)

∫ tn

0

Φ′
c(ζ)dζ, (5.2.29)

Ph.D. Thesis 99 Aniruddha Seal

TH-3450_196123002



Chapter 5: Numerical analysis of nonlinear TFDE with generalized memory kernel

where we have used the condition (5.2.4).

Hence, by combining the results (5.2.28) and (5.2.29), the required result holds.

Next in the following lemma, we will study the property of Mittag-Leffler function Eα(z)

when it is combined with the DGMKs H(n)
n−j .

Lemma 5.2.7. For any real ν > 0, we have

ν
n−1∑
j=1

H(n)
n−jω(tj)Eα(νt

α
j ) ≤ ω(τn) [Eα(νt

α
n)− 1] .

Proof. From the definition of the Mittag-Leffler function Eα(z), we have

Eα(νt
α) =

∞∑
k=0

νktαk

Γ(1 + kα)
=

∞∑
k=0

νkB1+kα(t), (5.2.30)

where the derivative B′

1+kα(t) = Bkα(t) is positive for all k ≥ 1. It can be easily shown that
the function Bkα(t) is monotonically increasing for k ∈ [1, 1/α] and monotonically decreasing
for k ∈ (1/α,∞).

Now, we have

n−1∑
j=1

H(n)
n−j

(
CD

α,ω(t)
0,t B1+kα

)
(tj) =

n−1∑
j=1

H(n)
n−j

∫ tj

0

Q1−α(tj − ζ)Bkα(ζ) dζ

=
n−1∑
j=1

H(n)
n−j

∫ tj

0

ω(tj − ζ)B1−α(tj − ζ)Bkα(ζ) dζ

≥
n−1∑
j=1

H(n)
n−jω(tj)

∫ tj

0

B1−α(tj − ζ)Bkα(ζ) dζ

=
n−1∑
j=1

H(n)
n−jω(tj)B1+(k−1)α(tj). (5.2.31)

Then, by applying the Lemma 5.2.6, we have

n−1∑
j=1

H(n)
n−jω(tj)B1+(k−1)α(tj) ≤ ω(τn)B1+kα(tn). (5.2.32)
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Multiplying both sides of (5.2.32) by νk and summing over the index k, we have

m∑
k=1

νk
n−1∑
j=1

H(n)
n−jω(tj)B1+(k−1)α(tj) =

n−1∑
j=1

ω(tj)H(n)
n−j

m∑
k=1

νkB1+(k−1)α(tj)

≤
m∑
k=1

νkω(τn)B1+kα(tn). (5.2.33)

Using the absolutely convergent property of the series
∞∑
k=1

νkB1+kα(t) and taking the limit

m→ ∞, the required result can be obtained.

Now, it is worthy to point out that in [42], authors have discussed the stability of the
model problem (1.1) with linear term −f(x, t, u) = −p(x, t)u+ϕ(x, t). The stability analysis,
in their work requires the condition p(x, t) ≥ 0, and thus this technique for analyzing the L1-
formula (5.2.12) can not be applied directly to the linearized problem (5.2.1) with c(m)(x, t) >

0. Therefore to overcome this difficulty, we will develop the generalized discrete fractional
Grönwall inequality in the next theorem that will help us to analyze the stability and error
estimate of the fully discrete scheme (see (5.3.1)) in the next section.

Theorem 5.2.8 (Generalized discrete fractional Grönwall inequality). Let, for a given non-

negative sequence
{
Υd

}N−1

d=0
, ∃ a constant Υ, independent of time-steps such that

N−1∑
d=0

Υd ≤ Υ.

Assume further that for any grid function {zn|n ≥ 0} such that

△α,ω(t)
0,tn (zn)2 ≤ ω(2tn)

n∑
d=1

Υn−d(z
d)2 + zn

(
3∑

i=1

Θn
i

)
, n ≥ 1, (5.2.34)

where {Θn
i | 1 ≤ i ≤ 3, 1 ≤ n ≤ N} are non-negative sequences. If the maximum time-step

size satisfies

τN ≤

(
ω(0) + α

2(2−α)
[ω(0)− ω(T )]

2ΥΓ(2− α)

)1/α

, (5.2.35)

then it holds that

zn ≤
{
2ω(−tn)Eα(2Υt

α
n)
}
×

{
z0 + ω (−tn − tn−1)ω

(τ1
2

)
Γ(1− α) max

1≤j≤n

(
tαj

3∑
i=1

Θj
i

)}
.

(5.2.36)

Proof. By using the L1−formula (5.2.12), we have

△α,ω(t)
0,tn (zn)2 =

n∑
k=1

s
(n)
n−k

(
(zk)2 − (zk−1)2

)
. (5.2.37)
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Thus, from (5.2.34), we get

n∑
k=1

s
(n)
n−k

(
(zk)2 − (zk−1)2

)
≤ ω(2tn)

n∑
d=1

Υn−d(z
d)2 + zn

(
3∑

i=1

Θn
i

)
. (5.2.38)

After changing the index n to j, we multiply both sides of (5.2.38) by the DGMKS H(n)
n−j

and take the sum over j to obtain

n∑
j=1

H(n)
n−j

j∑
k=1

s
(j)
j−k

(
(zk)2 − (zk−1)2

)
≤

n∑
j=1

H(n)
n−jω(2tj)

[
j∑

d=1

Υj−d(z
d)2 + zj

(
3∑

i=1

Θj
i

)]
.

(5.2.39)

Interchanging the order of the summation in the left hand side of (5.2.39) and using the
identity (5.2.14), we obtain

n∑
k=1

(
(zk)2 − (zk−1)2

) n∑
j=k

H(n)
n−js

(j)
j−k =

n∑
k=1

(
(zk)2 − (zk−1)2

)
ω(tn − tk−1)

≥ ω(tn)
n∑

k=1

(
(zk)2 − (zk−1)2

)
= ω(tn)

(
(zn)2 − (z0)2

)
. (5.2.40)

Thus, (5.2.39) gives

(zn)2 ≤ (z0)2 + ω(−tn)
n∑

j=1

H(n)
n−jω(2tj)

[
j∑

d=1

Υj−d(z
d)2 + zj

(
3∑

i=1

Θj
i

)]
. (5.2.41)

For the term
n∑

j=1

H(n)
n−j

(
3∑

i=1

Θj
i

)
, we apply Lemma 5.2.4 (ii) to receive

n∑
j=1

H(n)
n−j

(
3∑

i=1

Θj
i

)
≤ max

1≤j≤n


3∑

i=1

Θj
i

Q1−α(tj)

 n∑
j=1

H(n)
n−jQ1−α(tj)

≤ ω (τn)ω
(τ1
2

)
max
1≤j≤n


(

3∑
i=1

Θj
i

)
tαj Γ(1− α)

ω(tj)


≤ ω (−tn−1)ω

(τ1
2

)
Γ(1− α) max

1≤j≤n

[(
3∑

i=1

Θj
i

)
tαj

]
.

(5.2.42)
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To proceed further, let us define a non-decreasing sequence
{
χn

}
n≥1

by

χn = z0 + ω (−tn − tn−1)ω
(τ1
2

)
Γ(1− α) max

1≤j≤n

[(
3∑

i=1

Θj
i

)
tαj

]
. (5.2.43)

and assume Ξn = {2ω(−tn)Eα(2Υt
α
n)} which is an increasing function as Ξn ≥ Ξn−1 ≥ 2ω(0)

for n ≥ 2.

We will apply the mathematical induction to evaluate the claimed inequality (5.2.36) in
the form of zn ≤ Ξn χn .

Now, we first inspect for n = 1. If z1 ≤ z0, then z1 ≤ χ1 ≤ Ξ1χ1 and the result (5.2.36)
holds for n = 1. Apart from that, if z1 ≥ z0, then for n = 1 we have from (5.2.41)

(z1)2 ≤ (z0)2 + ω(−t1)H(1)
0 ω(2t1)

[
Υ0(z

1)2 + z1(Θ1
1 +Θj

2 +Θj
3)
]
. (5.2.44)

Applying (5.2.42) and using the representation (5.2.43) to get

(z1)2 ≤ z1

(
z0 + ω(−t1)ω

(τ1
2

)
Γ(1− α)

[
(Θ1

1 +Θ1
2 +Θ1

3)t
α
1

])
+ ω(−t1)H(1)

0 Υ0(z
1)2

= z1χ1 + ω(−t1)H(1)
0 Υ0(z

1)2.

Lemma (5.2.17)(i) yields

(z1)2 ≤ z1χ1 + ω(−t1)Υ(z1)2
τα1 Γ(2− α)ω(τ1)

ω
(τ1
2

)
+

α

2(2− α)
[ω(0)− ω(τ1)]

≤ z1χ1 +
1

2
(z1)2, (5.2.45)

where the limitation τ1 ≤

(
ω(0) + α

2(2−α)
[ω(0)− ω(T )]

2ΥΓ(2− α)

)1/α

over the time-step size τ1 has

been implemented, and thus the result z1 ≤ 2χ1 ≤ Ξ1χ1 arrives and the desired result holds
for n = 1.

Now, we consider that the expected result (5.2.36) holds for k = 1, 2 . . . n− 1 i .e.,

zk ≤ Ξkχk
, k = 1, 2 . . . n− 1, (5.2.46)

where 2 ≤ n ≤ N .

Let us take some integer i0, 0 ≤ i0 ≤ n− 1 such that zi0 = max
0≤j≤n−1

zj. Now for k = n, we

take two cases into consideration:
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Case(a). If zn ≤ zi0 , then

zn ≤ zi0 ≤ Ξi0χi0
≤ Ξnχn , (5.2.47)

and thus the inequality (5.2.36) holds for k = n.

Case(b). If zn ≥ zi0 , then from (5.2.41) we have

(zn)2 ≤ znz0 + ω(−tn)(zn)2H(n)
0 ω(2tn)

j∑
d=1

Υj−d

+ω(−tn)zn
n−1∑
j=1

H(n)
n−jω(2tj)

j∑
d=1

Υj−dz
d + ω(−tn)zn

n∑
j=1

H(n)
n−j

(
3∑

i=1

Θj
i

)

≤ zn

(
z0 + ω(−tn)

n∑
j=1

H(n)
n−j

(
3∑

i=1

Θj
i

))
+ (zn)2ω(−tn)H(n)

0 Υ

+ω(−tn)zn
n−1∑
j=1

H(n)
n−jω(2tj)

j∑
d=1

Υj−dz
d. (5.2.48)

Then, recalling the step size condition (5.2.35) and the induction hypothesis (5.2.46), we can
rewrite the inequality (5.2.48) as

zn ≤ χn + ω(−tn)
n−1∑
j=1

H(n)
n−jω(2tj)

j∑
d=1

Υj−dΞdχd
+

1

2
zn

= 2χn + 2ω(−tn)
n−1∑
j=1

H(n)
n−jω(2tj)

j∑
d=1

Υj−d2ω(−td)Eα(2Υt
α
d )χd

≤ 2χn + 4ω(−tn)
n−1∑
j=1

H(n)
n−jω(tj)Eα(2Υt

α
j )χj

j∑
d=1

Υj−d

≤ 2χn + 4ω(−tn)chin−1Υ
n−1∑
j=1

H(n)
n−jω(tj)Eα(2Υt

α
j )

≤ 2χn + 2ω(−tn)χnω(τn) [Eα(2Υt
α
n)− 1] ≤ 2χnω(−tn)Eα(2Υt

α
n),

and hence it completes the proof.

5.3 Fully discrete scheme and theoretical results

In this section, we focus to study the fully discrete scheme of the linearized problem (5.2.1)
as well as the error analysis of the proposed scheme with help of the DGMKs H(n)

n−j.
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5.3.1 Spatial discretization and fully-discrete scheme

We consider a uniform mesh Ω
Mx

x to further study the numerical solution of the given model
problem (5.1.1). Then the discretized mesh of the domain D is given as

DN

Mx
= {(xi, tn) : i = 0, 1, . . . ,Mx; n = 0, 1, . . . , N} .

Let ρni be the approximation of the solution ϑn
i = ϑ(xi, tn) for xi ∈ Ω

M

x , 0 ≤ n ≤ N . Then
the fully discrete scheme of the quasilinearized problem (5.2.1) at the point (xi, tn) is

△α,ω(t)
0,tn ρi = Λρni + g

(m),n
i , xi ∈ ΩMx

x , 1 ≤ n ≤ N,

ρ0i = ϕ(xi), xi ∈ Ω
Mx

x ,

ρn0 = 0, ρnMx
= 0, 1 ≤ n ≤ N,

(5.3.1)

where

Λρni =
(
(Ψρx)x + c(m)ρ

)
(xi, tn)

=
Ψn

i−1/2 ρ
n
i−1

−
(
Ψn

i−1/2 +Ψn
i+1/2

)
ρn

i
+Ψn

i+1/2 ρ
n
i+1

h2x
+ c

(m),n
i ρni +O(h2x)

=
χn
i ρ

n
i−1

−
(
χn
i + χn

i+1

)
ρn

i
+ χn

i+1 ρ
n
i+1

h2x
+ c

(m),n
i ρn

i
+O(h2x)

= △hρ
n
i
+ c

(m),n
i ρn

i
+O(h2x),

(5.3.2)

and △hρi
=
[
χi ρi−1

− (χi + χi+1) ρi
+ χi+1 ρi+1

]
/h2x for i = 1, 2, . . . ,Mx − 1. Also, we have

∂3Ψ

∂x3
∈ C(Ωx), Ψ

n
i = Ψ(xi, tn), χ

n
i = Ψn

i−1/2, c
(m),n
i = c(m)(xi, tn), and g(m),n

i = g(m)(xi, tn).

Next, we denote a space of mesh functions as follows

Yh = {Θh = {Θ0, Θ1, . . . , ΘM} |Θ0 = 0 = ΘM} .

For any two mesh functions Θh, Φh ∈ Yh, define the discrete inner product as ⟨Θh, Φh⟩ =

hx
Mx∑
i=0

ΘiΦi and the discrete L2−norm as
∥∥∥Θh

∥∥∥
2
=
√

⟨Θh, Θh⟩.

5.3.2 A priori estimate

We will establish the a priori estimate for the fully discrete scheme (5.3.1) in the following
theorem and later this result will be used in the analysis of the error estimate.
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Theorem 5.3.1. Let us consider that the non-uniform temporal grid size satisfies the con-
dition (5.2.4). Then the following result will hold for the fully discrete scheme (5.3.1)

∥ρn∥2 ≤
{
2ω(−tn)Eα

(
4ω(−2tn)

∥∥c(m),n
∥∥
∞ tαn

)}
×{

∥ϕ∥2 + 2ω(−tn − tn−1)ω
(τ1
2

)
Γ(1− α) max

1≤j≤n

(
tαj
∥∥g(m),j

∥∥
2

)}
, n = 1, 2, . . . , N,

(5.3.3)

if the maximum temporal step size satisfies the condition

τN ≤

(
ω(0) + α

2(2−α)
[ω(0)− ω(T )]

4 ∥c(m),n∥∞ Γ(2− α)

)1/α

. (5.3.4)

Proof. The approximation of the time fractional derivative term △α,ω(t)
0,tn ρi can be explicitly

rewritten in the form

△α,ω(t)
0,tn ρi = ρni s

(n)
0 −

n−1∑
k=1

(
s
(n)
n−k−1 − s

(n)
n−k

)
ρki − ρ0i s

(n)
n−1. (5.3.5)

Thus, the fully discrete scheme (5.3.1) takes the form

ρn
i
s
(n)
0 −△hρ

n
i
− c

(m),n
i ρn

i
=

n−1∑
k=1

(
s
(n)
n−k−1 − s

(n)
n−k

)
ρki + ρ0i s

(n)
n−1 + g

(m),n
i . (5.3.6)

Then, taking the inner product at both sides of (5.3.6) by 2ρn and using the monotonicity
property of the coefficient sn, one can have

2s
(n)
0 ⟨ρn, ρn⟩ − 2⟨△hρ

n, ρn⟩ = ⟨c(m),n
i ρn, ρn⟩+

n−1∑
k=1

(
s
(n)
n−k−1 − s

(n)
n−k

)
⟨ρk, ρn⟩

+s
(n)
n−1⟨ρ0, ρn⟩+ ⟨g(m),n, ρn⟩. (5.3.7)

The Young’s inequality, Cauchy-Schwarz inequality and the positive semi-definite property
⟨−△hρ

n, ρn⟩ ≥ 0 give

s
(n)
0 ∥ρn∥22−

n−1∑
k=1

(
s
(n)
n−k−1 − s

(n)
n−k

)∥∥ρk∥∥2
2
− s

(n)
n−1

∥∥ρ0∥∥2
2
≤ 2

∥∥c(m),n
∥∥
∞ ∥ρn∥22+2

∥∥g(m),n
∥∥
2
∥ρn∥22 .

Then, the representation (5.3.5) gives

△α,ω(t)
0,tn ∥ρn∥22 ≤ 2

∥∥c(m),n
∥∥
∞ ∥ρn∥22 + 2

∥∥g(m),n
∥∥
2
∥ρn∥22 , for n ≥ 1. (5.3.8)
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Now, comparing above inequality with the relation (5.2.34) one gets

zn = ∥ρn∥2 , ω(2tn)Υ0 = 2
∥∥c(m),n

∥∥
∞ , Υl = 0, for l ≥ 1, and

3∑
i=1

Θn
i = 2

∥∥g(m),n
∥∥
2
,

and thus replacement of the above equalities in the Theorem 5.2.8 gives the required result.

5.3.3 Truncation error estimate

In this subsection, we will state the truncation error of the temporal discretization (5.2.5).
The truncation error of the temporal discretization (5.2.5) can be written as

T n = CD
α,ω(t)
0,tn u(tn)−△α,ω(t)

0,tn u(tn),

= T n
d + T n

ω , for n ≥ 1, (5.3.9)

where T n
d and T n

ω are defined in (5.2.9) and (5.2.10) respectively.

The following lemma exhibits the truncation error estimate for the temporal approxima-
tion by the non-uniform L1-method in (5.2.12).

Lemma 5.3.2. For all (xi, tn) ∈ DN

Mx
, there is a constant C such that there holds

|T n
d + T n

ω | ≤ Cn−min{2−α,rα}. (5.3.10)

Proof. The detailed proof can be found in [42].

5.3.4 Error analysis

The convergence of the solution ϑ(x, t) of the quasilinearized problem (5.2.1) will be studied
in this subsection. Let us denote the error function En

i = ϑn
i − ρni for (xi, tn) ∈ DN

Mx
. Then

the error term En
i satisfies the following governing equation

△α,ω(t)
0,tn Ei = ΛEn

i + T n
d,i + T n

ω,i + T n
s,i, xi ∈ ΩM

x , 1 ≤ n ≤ N,

E0
i = 0, xi ∈ Ω

M

x ,

En
0 = 0, En

M = 0, 1 ≤ n ≤ N,

(5.3.11)

where T n
d,i, T n

ω,i are the temporal truncation error and T n
s,i is spatial truncation error term at

the point (xi, tn) ∈ DN

Mx
. By plugging the regularity condition (5.1.2) we can get the second

order approximation in the spatial direction
∥∥T n

s,i

∥∥ ≤ Ch2x. The following theorem gives the
error bound for the fully discrete scheme (5.3.1).

Ph.D. Thesis 107 Aniruddha Seal

TH-3450_196123002



Chapter 5: Numerical analysis of nonlinear TFDE with generalized memory kernel

Theorem 5.3.3. Let ϑ(xi, tn) be the solution of the quasilinearized problem (5.2.1) and ρn
i

be the solution of the fully discrete scheme (5.3.1) at the point (xi, tn) ∈ DN

Mx
with α ∈ (0, 1).

Also, consider that the non-uniform time step size satisfies the bound (5.2.4) along with the
condition (5.3.4), then under the graded mesh tn = T (n/N)r, n = 1, 2, . . . , N with grading
parameter r ≥ 1, the error En

i attains the following bound with respect to the L2-norm

∥En∥
2

≤ Cω(−tn)Eα

(
4ω(−2tn)

∥∥c(m),n
∥∥
∞ tαn

)
×{

ω(−tn − tn−1)ω
(τ1
2

)
Γ(1− α)

(
TαN−min(rα,2−α) + tαnh

2
x

)}
, (5.3.12)

for n = 1, 2, . . . , N .

Proof. Under the given condition on the mesh size and imposing the Theorem 5.3.1, the
solution En

i of the error equation (5.3.11) satisfies the following inequality for n = 1, 2, . . . , N

∥En∥
2
≤
{
4ω(−tn)Eα

(
4ω(−2tn)

∥∥c(m),n
∥∥
∞ tαn

)}
×{

ω(−tn − tn−1)ω
(τ1
2

)
Γ(1− α) max

1≤j≤n

(
tαj
∥∥(Rt

1)
j + (Rt

2)
j
∥∥

2
+ tαj

∥∥(Rs
3)

j
∥∥

2

)}
.

Thus, recalling Lemma 6.3.2 and the truncation error in the spatial direction to get

∥En∥
2

≤ Cω(−tn)Eα

(
4ω(−2tn)

∥∥c(m),n
∥∥
∞ tαn

)
×{

ω(−tn − tn−1)ω
(τ1
2

)
Γ(1− α)

(
max
1≤j≤n

tαj j
−min(rα,2−α) + tαnh

2
x

)}
,

(5.3.13)

for n = 1, 2, . . . , N .

Now, under the graded mesh tn = T (n/N)r, n = 1, 2, . . . , N with grading parameter
r ≥ 1, one can write

tαnn
−min(rα,2−α) = Tα

( n
N

)rα
n−min(rα,2−α)

= Tα
( n
N

)rα−min(rα,2−α)

N−min(rα,2−α)

≤ TαN−min(rα,2−α). (5.3.14)

Hence, using the bound (5.3.14) in the inequality (5.3.13), one can receive the required result
(5.3.12).
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Remark 5.3.4. To obtain an optimal convergence rate O
(
N−(2−α)

)
in time, we choose the

optimal grading parameter ropt = 2−α
α

. Also, we can note that the uniform mesh under the
case r = 1 will produce the convergence order near to O (N−α) in time.

Remark 5.3.5. We also note that one can replace the regularity condition (5.1.2) with the
following assumption ∥∥∥∥∂lu∂tl

∥∥∥∥
L2(Ω)

≤ C
(
1 + tσ−l

)
, l = 0, 1, 2, (5.3.15)

where σ is the regularity parameter such as σ ∈ (0, 1) ∪ (1, 2). Then under the regularity
condition (5.3.15), the temporal convergence rate O

(
N−min(rσ,2−α)

)
can be obtained with

respect to the graded meshes tn = T (n/N)r , n = 0, 1, . . . , N , and by choosing the optimal grid
parameter roptσ = max

{
1, 2−α

σ

}
, one can achieve the optimal convergence rate O

(
N−(2−α)

)
in time. We will validate this result with an example in the next section for different values
of σ.

5.4 Numerical experiments

In this section, some numerical examples will be performed in favor of the theoretical analysis.
We will establish the numerical results for different values of the fractional order α and of the
grading parameter r such as r = 1, ropt, 5/4ropt in Example 5.4.1. Also, for different values
of the regularity parameter σ and grid parameter r such that r = 1, roptσ , 5/4roptσ the errors
and convergence order will be investigated in Example 5.4.2. In both the examples, we will
choose Mx = 2N to discretize the spatial domain.

Since the convergence order O(h2x) for the spatial term is standard, so we only examine
the errors of the quasilinearized problem (5.2.1) in the temporal direction due to the non-
uniform L1-scheme of the generalized Caputo derivative. We define the discrete error under
the norm ∥.∥2 and the corresponding convergence order as

EN
Mx

= max
1≤n≤N

∥∥∥u(tn)− ρn
∥∥∥
2
, and CON = log2

(
EN

Mx

E2N
2Mx

)
,

respectively.

Example 5.4.1. We demonstrate an example with a nonlinear source term f(x, t, u) =

e−u + ξ̂(x, t), where the function ξ̂(x, t) is chosen such a way that the exact solution of the
problem (5.1.1) is u(x, t) = Q1+α(t) sin(πx) by considering the coefficient function Ψ(x, t) =

2−cos(x, t), the domain D = (0, 1)× (0, 1), and the weight function ω(t) = e−5t in the model
problem (5.1.1).
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It is clear that the solution has a singularity at the point t = 0 and henceforth the graded
mesh is suitable to experience the better rate of convergence.

The numerical solution plot is drawn in Figure 5.1 with N = 100 and α = 0.6. The errors
and orders of the Example 5.4.1 are shown in Tables 5.1-5.3. Table 5.1 shows the errors EN

Mx

and confirms the orders around O (N−α) under the uniform mesh for different values of α
and N . In Tables 5.2-5.3, the errors EN

Mx
and the related optimal orders around O

(
N−(2−α)

)
are observed in temporal direction. Figure 5.2 displays the log-log plots for different values
of the grid parameter r, given in Tables 5.1-5.3.

Table 5.1: L2 errors and CON of the Example 5.4.1 with r = 1 for different values of N and
α.

N
α = 0.4 α = 0.6 α = 0.8

EN
Mx

CON EN
Mx

CON EN
Mx

CON

50 1.4197e-02 – 1.0212e-02 – 4.7801e-03 –

100 1.2158e-02 0.2237 7.4390e-03 0.4571 2.7971e-03 0.7731

200 1.0405e-02 0.2246 5.3455e-03 0.4768 1.6333e-03 0.7761

400 8.8336e-03 0.2362 3.7785e-03 0.5005 9.5181e-04 0.7790

800 7.4057e-03 0.2544 2.6274e-03 0.5242 5.5559e-04 0.7766

1600 6.1198e-03 0.2752 1.8011e-03 0.5448 3.2425e-04 0.7769

min {rα, 2− α} 0.40 0.60 0.80

Example 5.4.2. We consider the next example with the similar inputs as taken in Example
5.4.1 such that the problem (5.1.1) has an exact solution u(x, t) = Q1+σ(t) sin(πx).

This solution also has a singularity at the point t = 0 with the regularity condition (5.3.15)
and therefore the graded mesh is the better choice to gain optimal convergence rate.

Figure 5.3 depicts the numerical solutions plot with N = 100, α = 0.4 and σ = 0.75.
The errors EN

Mx
of the Example 5.4.2 are revealed in Table 5.4 for r = 1 as well as the

convergence orders, near about O (N−σ) are also exhibited in this table. Tables 5.5-5.6
represent the errors EN

Mx
of the Example 5.4.2 and the time accuracy which is closed upon

the optimal rate O
(
N−(2−α)

)
is also illustrated in the same table. The corresponding log-log

plots are portrayed in Figure 5.4 for different values of the grid parameter r.
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Table 5.2: L2 errors and CON of the Example 5.4.1 with r = ropt for different values of N
and α.

N
α = 0.4 α = 0.6 α = 0.8

EN
Mx

CON EN
Mx

CON EN
Mx

CON

50 6.1852e-04 – 1.0405e-03 – 1.6862e-03 –

100 2.2957e-04 1.4299 4.5129e-04 1.2051 7.9956e-04 1.0765

200 8.1850e-05 1.4879 1.8770e-04 1.2656 3.7382e-04 1.0969

400 2.8457e-05 1.5242 7.5870e-05 1.3068 1.7340e-04 1.1082

800 9.7691e-06 1.5425 3.0039e-05 1.3367 7.9948e-05 1.1170

1600 3.3281e-06 1.5535 1.1727e-05 1.3570 3.6631e-05 1.1260

min {rα, 2− α} 1.60 1.40 1.20

Table 5.3: L2 errors and CON of the Example 5.4.1 with r = 5
4
ropt for different values of N

and α.

N
α = 0.4 α = 0.6 α = 0.8

EN
Mx

CON EN
Mx

CON EN
Mx

CON

50 3.8922e-04 – 6.4266e-04 – 1.1929e-03 –

100 1.3631e-04 1.5137 2.5362e-04 1.3414 5.3668e-04 1.1523

200 4.7010e-05 1.5358 9.8263e-05 1.3679 2.3821e-04 1.1718

400 1.6045e-05 1.5509 3.7715e-05 1.3815 1.0486e-04 1.1837

800 5.4337e-06 1.5621 1.4405e-05 1.3886 4.5955e-05 1.1903

1600 1.8290e-06 1.5709 5.4863e-06 1.3927 2.0084e-05 1.1942

min {rα, 2− α} 1.60 1.40 1.20
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Figure 5.1: Numerical solutions plot for N = 100 with r = 5
4
ropt.

Table 5.4: L2 errors and CON of the Example 5.4.1 with r = 1 and α = 0.6 for different
values of N and σ.

N
σ = 0.75 σ = 1.25

EN
Mx

CON EN
Mx

CON

50 3.7196e-03 – 1.9107e-04 –

100 2.3362e-03 0.6710 1.2313e-04 0.6339

200 1.4728e-03 0.6656 6.5600e-05 0.9085

400 9.2431e-04 0.6721 3.1805e-05 1.0444

800 5.7468e-04 0.6856 1.5200e-05 1.0652

1600 3.5362e-04 0.7006 7.0078e-06 1.1171

min {rσ, 2− α} 0.75 1.25

Ph.D. Thesis 112 Aniruddha Seal

TH-3450_196123002



Conclusions

10
2

10
3

N

10
-3

10
-2

10
-1

L
2
 e

r
r
o
r
s

Errors for =0.6

O(N
-

)

(a) Log-log plot for r = 1

10
2

10
3

N

10
-5

10
-4

10
-3

10
-2

L
2
 e

r
r
o
r
s

Errors for =0.8

O(N
-(2- )

)

(b) Log-log plot for r = ropt

10
2

10
3

N

10
-5

10
-4

10
-3

10
-2

L
2
 e

r
r
o
r
s

Errors for =0.6

O(N
-(2- )

)

(c) Log-log plot for r = 5
4ropt

Figure 5.2: Log-log plots corresponding to Tables 5.1-5.3.
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Table 5.5: L2 errors and CON of the Example 5.4.1 with r = roptσ and α = 0.6 for different
values of N and σ.

N
σ = 0.75 σ = 1.50

EN
Mx

CON EN
Mx

CON

50 5.1387e-04 – 1.5021e-04 –

100 2.2171e-04 1.2127 7.1116e-05 1.0787

200 9.3446e-05 1.2465 3.2213e-05 1.1425

400 3.8427e-05 1.2820 1.3905e-05 1.2121

800 1.5481e-05 1.3116 5.8348e-06 1.2528

1600 6.1401e-06 1.3342 2.3807e-06 1.2933

min {rσ, 2− α} 1.40 1.40

Table 5.6: L2 errors and CON of the Example 5.4.1 with r = 5
4
roptσ and α = 0.6 for different

values of N and σ.

N
σ = 0.75 σ = 1.50

EN
Mx

CON EN
Mx

CON

50 3.6114e-04 – 6.1805e-05 –

100 1.4057e-04 1.3613 2.5977e-05 1.2505

200 5.4160e-05 1.3760 1.0600e-05 1.2932

400 2.0741e-05 1.3847 4.1803e-06 1.3423

800 7.9134e-06 1.3901 1.6221e-06 1.3657

1600 3.0121e-06 1.3935 6.2352e-07 1.3794

min {rσ, 2− α} 1.40 1.40
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Figure 5.3: Numerical solutions plot for N = 100 with r = roptσ .
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Figure 5.4: Log-log plots corresponding to Tables 5.4-5.6.
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5.5 Conclusions

The study in this chapter investigated an analysis of the non-uniform L1-method to find
the numerical solution of a nonlinear time-fractional diffusion equation (5.1.1) with gener-
alized memory kernel. To overcome the difficulty due to the presence of singularity in the
solution at t = 0, the graded meshes tn = T (n/N)r , n = 0, 1, 2 . . . , N have been conducted
as it has advantage to concentrate the mesh points near t = 0. Complementary discrete
generalized memory kernel has been introduced to develop a generalized discrete fractional
Grönwall inequality for the non-uniform L1-formula (5.2.12). Stability and the error esti-
mate of the proposed scheme with convergence order O

(
N−min(rα,2−α)

)
were carried out in

the L2-norm. Also, a regularity parameter σ ∈ (0, 1)∪(1, 2) has been taken into account and
the convergence rates O

(
N−min(rσ,2−α)

)
have been enumerated in temporal direction under

the regularity condition (5.3.15). Some numerical simulations have been comprehended in
support of the performance of theoretical aspects and the computed results have shown good
agreement with the presented analysis.
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CHAPTER 6
An efficient dimensional-splitting L1-WGFEM
for 2D time-fractional diffusion equation

In this chapter, 2D TFDE is numerically solved by the dimensional-splitting WGFEM. The
proposed scheme alleviates the computational complexity and the high storage requirement
for higher-dimensional problems. Initially, the 2D problem is separated into two 1D
problems. Then the WGFEM is implemented in spatial variable and L1-method is used in
time-fractional derivative term. The stability of the proposed method is established in each
directions and an overall error estimate result is carried out. Some numerical simulations
are incorporated to validate the theoretical error estimate.
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Chapter 6: A dimensional-splitting WGFEM for 2D TFDE

6.1 Introduction
In this chapter, we study the following two-dimensional time-fractional diffusion equation
(TFDE): 

CDα
0,tu−∆u+ d(x).∇u+ c(x)u = f(x, t), (x, t) ∈ V × Ωt,

u(x, 0) = û0(x), x ∈ V ,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(6.1.1)

where u(x) := u(x, y) for any function u, Ωt = (0, T ] and V = Ωx×Ωy is the tensor product
grids of the x-domain Ωx = (xl, xr) and the y-domain Ωy = (yl, yr) with the boundary ∂V .
The coefficient functions d = (d1, d2) and c = c1+c2 are considered to be smooth and bounded
with d1 ≥ γx > 0, d2 ≥ γy > 0, and c1, c2 ≥ 0 in the domain V . To confirm the existence of
the solution of the model problem (6.1.1), the source function f(x, t) and the initial value
u0x are considered to be smooth enough, and we also assume that c− 1/2∇ · d ≥ 0.

The main motive of this chapter is to study the numerical solution of the time-fractional
diffusion equation using the WGFEM along with the ADI-type dimensional-splitting tech-
nique to approximate the spatial derivatives and the L1-method to approximate the Caputo
fractional time derivative to discretize the TFDE (6.1.1). Initially, we disintegrate the 2D
TFDE (6.1.1) into two one-dimensional sub-problems with the help of dimensional-splitting
and then apply the non-uniform L1-scheme in time, and thereafter the WGFEM is imple-
mented separately over each of the sub-problems. Finally, the stability and optimal error
analysis of the proposed method are studied in L∞ (L2(V))-norm.

The rest of the chapter is constructed as follows: in Section 6.2, the subproblems are
introduced with the help of dimensional-splitting technique. The fully discrete scheme, time-
discretization and the stability analysis are incorporated in Section 6.3. The error estimate is
analyzed in Section 6.4. Section 6.5 contains numerical experiment in favor of the theoretical
estimation. Finally some conclusions are drawn in Section 6.6.

6.2 ADI-type dimensional-splitting technique

In this section, we establish the idea of ADI-type dimensional-splitting technique for the
model problem (6.1.1). Let us propose two operators defined as:

Lx ≡ − ∂2

∂x2
+ d1(x)

∂

∂x
+ c1(x), ∀ y ∈ Ωy,

Ly ≡ − ∂2

∂y2
+ d2(x)

∂

∂y
+ c2(x), ∀ x ∈ Ωx,

(6.2.1)
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in the both spatial discretization, and the force function f is decomposed as f = f1 + f2 in
such a way that it fulfils the following compatibility condition that is an essential assumption
in the asymptotic study of the semi-discrete formulation of the problem:

f1(x, 0, t) = f2(0, y, t) = f1(x, 1, t) = f2(1, y, t) = 0. (6.2.2)

Now, we can rewrite the model problem (6.1.1) as follows:

CDα
0,tu+ (Lx + Ly)u = f1(x, t) + f2(x, t) in V × Ωt. (6.2.3)

We use the non-uniform temporal mesh Ω
N

t for time discretization of the interval Ωt with the
non-uniform time-step length τn = tn − tn−1, n = 1, 2, . . . , N, where N ∈ N is the number of
mesh intervals of ΩN

t .

Now, we represent the following sub-problems in each time subinterval (tn, tn+1] for n =

0, 1, . . . , N − 1 as

Step 1.

Seek a solution u(+) : V × (tn, tn+1] → R such that ∀ y ∈ Ωy
CDα

0,tu
(+) + Lxu

(+) = f1(x, tn+1) in V × (tn, tn+1],

u(+)(x, t) = 0, (x, t) ∈ ∂Ωx × Ωy × (tn, tn+1],

u(+)(x, tn) = u(x, tn), x ∈ V ,

(6.2.4)

and

Step 2.

Seek a solution u : V × (tn, tn+1] → R such that ∀x ∈ Ωx
CDα

0,tu+ Lyu = f2(x, tn+1) in V × (tn, tn+1],

u(x, t) = 0, (x, t) ∈ Ωx × ∂Ωy × (tn, tn+1],

u(x, tn) = u(+)(x, tn+1), x ∈ V .

(6.2.5)

In Step 1, we first solve the time-fractional initial-boundary value problem (FIBVP) (6.2.4)
along the x − axis by considering y as a parameter, and after solving for each y ∈ Ωy, the
solution u(+)(x, tn+1) will be the initial step for the second step (6.2.5). In Step 2, we next
consider y − axis and in a similar fashion we solve the problem (6.2.5) ∀ x ∈ Ωx. In other
words, we have used their initial conditions to couple the above two subproblems.
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We define the standard Sobolev space

Hm(V) =
{
v ∈ L2(V) : Dqv ∈ L2(V), |q| ≤ m

}
,

where, V = Ωx × Ωy ∈ R2.

Also, we recall the following Sobolev spaces in the both spatial variables

H1
0 (Ωx) :=

{
v(x) ∈ L2(Ωx) :

dv

dx
∈ L2(Ωx), v|∂Ωx

= 0

}
, (6.2.6)

and

H1
0 (Ωy) :=

{
v(y) ∈ L2(Ωy) :

dv

dy
∈ L2(Ωy), v|∂Ωy

= 0

}
. (6.2.7)

The standard weak form of the subproblems (6.2.4) and (6.2.5) can be obtained after multi-
plying by the functions v1 ∈ H1

0 (Ωx) and v2 ∈ H1
0 (Ωy) respectively and integration by parts,

as follows

Weak form: (x−direction)
(
CDα

0,tu
(+), v1

)
+
(
Lxu

(+), v1
)
= (f1, v1) , ∀v1 ∈ H1

0 (Ωx), t ∈ (tn, tn+1] ,

u(+)(x, tn) = u(x, tn), x ∈ V ,
(6.2.8)

and

Weak form: (y−direction)
(
CDα

0,tu, v2
)
+ (Lyu, v2) = (f2, v2) , ∀v2 ∈ H1

0 (Ωy), t ∈ (tn, tn+1] ,

u(x, tn) = u(+)(x, tn+1), x ∈ V .
(6.2.9)

6.3 Weak Galerkin finite element discretization and
stability analysis

In this section, discretization technique of the model problem (6.1.1) will be addressed in
both spatial and temporal direction. The stability result of the fully discrete scheme will
also be established in this section. Let Mx and My be two positive integers in the x- and y-
directions respectively. In our problem, we consider M =Mx =My in both the directions.
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(Along x−direction)

Let Ω
M

x = {xi : 0 = x0 < x1 < . . . < xM−1 < xM = 1, i = 0, 1, . . . ,M} be a partition of the
interval Ωx, Ixi

= [xi−1, xi] be mesh, triangulation KM
x = {Ixi

, i = 1, 2, . . . ,M} and hx =

xi − xi−1, i = 1, 2, . . . ,M is the uniform step-size.

Let k be a positive integer. The weak function space W (Ixi
, k) on Ixi

∈ KM
x is defined as

W (Ixi
, k) = {u(+)

h = {u(+)
0 , u

(+)
b } : u

(+)
0 |Ixi ∈ Pk(Ixi

), u
(+)
b |∂Ixi ∈ P0(∂Ixi

)}, (6.3.1)

where Pk(Ixi
) is the set of polynomials defined on Ixi

of degree at most k and P0(∂Ixi
) denotes

the constant polynomials on ∂Ixi
.

A global weak Galerkin finite element space Shx can be defined as putting together the
weak function space W (Ixi

, k) that has a single value on the mesh points of the triangulation
KM

x . That is, wh = {w0, wb} ∈ Shx means that w0 ∈ Pk(Ixi
) for i = 1, . . . ,M, and wb is a

single-valued on the nodes of the partition KM
x .

We next define S0
hx

as the subspace of Shx with zero boundary values, given by

S0
hx

=
{
u
(+)
h = {u(+)

0 , u
(+)
b } : u(+) ∈ Shx , u

(+)
b (0) = u

(+)
b (1) = 0

}
. (6.3.2)

(Along y−direction)

In a similar fashion, we can define the following for y−direction:

Let Ω
M

y = {yj : 0 = y0 < y1 < . . . < yM−1 < yM = 1, j = 0, 1, . . . ,M} be a partition of
the interval Ωy, Iyj = [yj−1, yj] be mesh, triangulation KM

y =
{
Iyj , j = 1, 2, . . . ,M

}
and

hy = yj − yj−1, j = 1, 2, . . . ,M be the uniform step-size.

Let k be a positive integer. The weak function space W
(
Iyj , k

)
on Iyj ∈ KM

y is defined
as

W
(
Iyj , k

)
= {uh = {u0, ub} : u0|Iyj ∈ Pk(Iyj), ub|∂Iyj ∈ P0(∂Iyj)}, (6.3.3)

where Pk(Iyj) is the set of polynomials defined on Iyj of degree at most k and P0(∂Iyj)

denotes the constant polynomials on ∂Iyj .

A global weak Galerkin finite element space Shy can be defined as putting together the
weak function space W

(
Iyj , k

)
that has a single value on the mesh points of the triangulation

KM
y . That is, vh = {v0, vb} ∈ Shy means that v0 ∈ Pk(Iyj) for j = 1, . . . ,M, and vb is a

single-valued on the nodes of the partition KM
y .
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We next define S0
hy

as the subspace of Shy with zero boundary values, given by

S0
hy

=
{
uh = {u0, ub} : uh ∈ Shy , ub(0) = ub(1) = 0

}
. (6.3.4)

We define weak derivative dw,Ixi
v
(+)
h ∈ Pk−1 (Ixi

) of a weak function v(+)
h = {v(+)

0 , v
(+)
b } ∈

W (Ixi
, k) as the unique polynomial such that the following equation holds

(dw,Ixi
v
(+)
h , q)Ixi = −(v

(+)
0 , q′)Ixi + ⟨v(+)

b , qn̄⟩∂Ixi , ∀q ∈ Pk−1(Ixi
), (6.3.5)

where (φ, ψ)Ixi :=
∫
Ixi
φ(x)ψ(x)dx and ⟨φ, ψn⟩∂Ixi := φ(xi)ψ(xi)− φ(xi−1)ψ(xi−1).

The weak derivative dw,Iyj
vh ∈ Pk−1

(
Iyj
)

can be defined similarly.

The convection parts d1ux and d2uy can be approximated by a weak convection derivative
defined as follows.

For any weak function v(+)
h = {v(+)

0 , v
(+)
b } ∈ W (Ixi

, k), the weak convection derivative of
v
(+)
h is the unique polynomial dd1w,Ixi

v
(+)
h ∈ Pk(Ixi

) satisfying

(dd1w,Ixi
v
(+)
h , q)Ixi = −(v

(+)
0 , (d1q)

′)Ixi + ⟨v(+)
b , d1qn̄⟩∂Ixi , ∀q ∈ Pk(Ixi

). (6.3.6)

Similarly, we can define the weak convection derivative dd2w,Iyj
vh ∈ Pk(Iyj) of vh in the y-

direction.

The weak derivatives dw and dd1w on the WG finite element space Shx are computed on
each interval Ixi

for i = 1, . . . ,M , respectively. That is,

(dwv
(+)
h )|Ixi = dw,Ixi

((v
(+)
h )|Ixi ), (dd1w v

(+)
h )|Ixi = dd1w,Ixi

((v
(+)
h )|Ixi ), ∀v

(+)
h ∈ Shx .

Similarly, the weak derivatives dw and dd2w on the WG finite element space Shy can be
computed.

For simplicity, we adopt the following notations

(ϕ, ψ)KM
x

=
M∑
i=1

(ϕ, ψ)Ixi
, ⟨ϕ, ψ⟩∂KM

x
=

M∑
i=1

⟨ϕ, ψ⟩∂Ixi ,

and the corresponding L2-norm is defined as ∥ϕ∥KM
x

=
M∑
i=1

∥ϕ∥Ixi . Similarly, the notations

can be defined in the y-direction.

We introduce the following bilinear forms on Shx for our formulation of the WG-FEM.
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For any u(+)
h = {u(+)

0 , u
(+)
b }, v(+)

h = {v(+)
0 , v

(+)
b } ∈ Shx , we define

a(+)
(
u
(+)
h , v

(+)
h

)
=
(
dwu

(+)
h (t), dwv

(+)
h

)
KM

x

+
(
dd1w u

(+)
h (t) + c1u

(+)
0 , v

(+)
0

)
KM

x

,

s(+)
c (u

(+)
h , v

(+)
h ) =

M∑
i=1

⟨d1n̄(u(+)
0 − u

(+)
b ), v

(+)
0 − v

(+)
b ⟩∂+Ixi

,

s
(+)
d (u

(+)
h , v

(+)
h ) =

M∑
i=1

⟨h−1
x (u

(+)
0 − u

(+)
b ), v

(+)
0 − v

(+)
b ⟩∂Ixi ,

where ∂+Ixi
= {x ∈ ∂Ixi

: d1(x)n̄Ixi
(x) ≥ 0}. Similarly, we define the bilinear forms on Shy

for our formulation of the WG-FEM. For any uh = {u0, ub}, vh = {v0, vb} ∈ Shy , we define

a (uh, vh) = (dwuh(t), dwvh)KM
y
+
(
dd2w uh(t) + c2u0, v0

)
KM

y
,

sc(uh, vh) =
M∑
j=1

⟨d2n̄(u0 − ub), v0 − vb⟩∂+Iyj
,

sd(uh, vh) =
M∑
j=1

⟨h−1
y (u0 − ub), v0 − vb⟩∂Iyj .

We introduce an energy norm ∥ · ∥(+)
W in the WG finite element space Shx . For any

v
(+)
h = {v(+)

0 , v
(+)
b } ∈ Shx , define

∥v(+)
h ∥(+)

W := |v(+)
h |(+)

1 + ∥
√
c1v

(+)
0 ∥2KM

x
+ |v(+)

h |(+)
C , (6.3.7)

where

|v(+)
h |(+)

1 := ∥dwv(+)
h ∥2KM

x
+ s

(+)
d (v

(+)
h , v

(+)
h ),

|v(+)
h |(+)

C :=
M∑
i=1

ς
(+)
i |
√
d1(v

(+)
0 − v

(+)
b )|2(x−i ),

with

ς
(+)
i =

{
1
2
, i =M,

1, i = 1, . . . ,M − 1.

Similarly, one can define the norm ∥ · ∥W in the y-direction.

From [96, Lemma 3.2], we have the following coercivity of the bilinear forms A(+)(·, ·)
and A(·, ·) on S0

hx
and S0

hy
with respect to the norm ∥ · ∥(+)

W and ∥ · ∥W , respectively.
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Lemma 6.3.1. [96] The bilinear forms A(+)(·, ·) and A(·, ·) is coercive on S0
hx

and S0
hy

with
respect to the norm ∥ · ∥(+)

W and ∥ · ∥W , respectively, that is,

A(+)(v
(+)
h , v

(+)
h ) ≥ (∥v(+)

h ∥(+)
W )2, ∀v(+)

h ∈ S0
hx
, (6.3.8)

A(vh, vh) ≥ ∥vh∥2W , ∀vh ∈ S0
hy
, (6.3.9)

where

A(+)
(
u
(+)
h (t), vh

)
:= a(+)(u

(+)
h (t), vh) + s(+)

c (u
(+)
h , vh) + s

(+)
d (u

(+)
h , vh),

(6.3.10)

A (uh(t), wh) := a(uh(t), wh) + sc(uh, wh) + sd(uh, wh). (6.3.11)

The semidiscrete continuous time WGFEM for the problem (6.2.8) and (6.2.9) can be
formulated by replacing the derivative by weak derivative operators as follows: Find u(+)

h (t) =

{u(+)
0 (t), u

(+)
b (t)} ∈ S0

hx
for t > 0 such that(

CDα
0,tu

(+)
0 (t), v0

)
KM

x

+ A(+)
(
u
(+)
h (t), vh

)
= (f1, v0)KM

x
, ∀vh = {v0, vb} ∈ S0

hx
, t ∈ (0, T ],

(6.3.12)
and(

CDα
0,tu0(t), w0

)
KM

y
+ A (uh(t), wh) = (f2, w0)KM

y
, ∀wh = {w0, wb} ∈ S0

hy
, t ∈ (0, T ].

(6.3.13)

6.3.1 Time discretization

We use the following graded mesh for temporal discretization to deal with the singularity
of the solution at t = 0 . To this end, let N > 0 be an integer. Define tn = T (n/N)r for
n = 1, . . . , N, with a user-chosen mesh grading constant r ≥ 1. Note that if r = 1, then the
mesh is uniform. Let τn = tn − tn−1 for n = 1, . . . , N be the time step. Observe that

τn+1 = T

(
n+ 1

N

)r

− T
( n
N

)r
≤ CTN−rnr−1 for n = 0, 1, . . . , N − 1. (6.3.14)

To approximate the Caputo derivative CDα
0,tv of a function v(·, t) at the point t = tn, we use

the L1-scheme, described in (1.2.24) of Chapter 1 on the graded time-domain Ω
N

t as follows:

CDα
0,tv (x, tn) =

b
(α)
n,1

Γ(2− α)
vn − b

(α)
n,n

Γ(2− α)
v0 +

1

Γ(2− α)

n−1∑
k=1

vn−k
(
b
(α)
n,k+1 − b

(α)
n,k

)
+ T̂ n(x)

= △α
Nv

n + T̂ n(x), (6.3.15)
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where vn := v(·, tn) and the temporal truncation error T̂ n(x) has the following expression.
When k = 1, we have b

(α)
n,1 = τ−α

n . Using the mean value theorem, one can show that

b
(α)
n,k+1 < b

(α)
n,k for 0 ≤ k ≤ n− 1 ≤ N − 1. (6.3.16)

The temporal truncation error T̂ n(x) is given as:

T̂ n(x) := CDα
0,tv (x, tn)−∆α

Nv(x, tn)

=
n−1∑
k=1

1

Γ(1− α)

∫ tk+1

tk

(tn − ζ)−α

(
∂v(x, ζ)
∂ζ

−
v(x, tk+1)− v(x, tk)

τk+1

)
dζ.

The following lemma shows the convergence rate of the L1-WG-FEM.

Lemma 6.3.2. For all (x, tn) ∈ V × Ωt, there is a constant C such that there holds

|T̂ n| ≤ Cn−min{2−α,rα}.

Proof. The proof can be found in [72, Lemma 5.2] in details.

6.3.2 Fully-discrete scheme

Using the L1−method (6.3.15), we discretize the semi-discrete problems (6.3.12) and (6.3.13)
in time. The fully discrete WG scheme can be formulated as follows:

(Along x-direction)

Find u
(+),n+1
h (x, yj) =

{
u
(+),n+1
h,0 , u

(+),n+1
h,b

}
∈ S0

hx
for given u

(+),n
h (x, yj) with yj ∈ Ihy such

that (
△α

Nu
(+),n+1
h,0 (x, yj), v0

)
KM

x

+ A(+)
(
u
(+),n+1
h (x, yj), v

)
KM

x

=
(
fn+1
1 (x, yj), v0

)
KM

x
,

∀v = {v0, vb} ∈ S0
hx
,

(6.3.17)

and

(Along y-direction)

Find un+1
h (xi, y) ∈ S0

hy
for given unh(xi, y) and for all xi ∈ Ω

M

x such that(
△α

Nu
n+1
h,0 (xi, y), w0

)
KM

y
+ A

(
un+1
h (xi, y), w

)
=

(
fn+1
2 (xi, y), w0

)
KM

y
,

∀w = {w0, wb} ∈ S0
hy
, (6.3.18)
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where fn+1
l (x, y) := fl(x, y, tn+1) for each l = 1, 2 and u(+),0

h (x, yj) = u0h(x, yj)

∀j = 0, . . . ,M and u0h(x, yj) = πyu0(x) is the L2 projection of the initial condition u0(x) on
the WG-FEM space.

6.3.3 Stability analysis

In this subsection we will study the stability of the proposed dimensional-splitting WG
method. The results will be studied for each sub-problem to establish the stability theorem
in each x and y directions.

Theorem 6.3.3. Let u(+),n+1
h and un+1

h be the numerical solutions computed by the fully
discrete WG schemes (6.3.17) and (6.3.18) respectively. Then we have the following stability
bounds∥∥∥u(+),n+1

h,0

∥∥∥
KM

x

≤ ταn

[
Γ(2− α)

∥∥fn+1
1

∥∥
KM

x
+ b(α)n,n

∥∥∥u(+),0
h,0

∥∥∥
KM

x

+
n−1∑
i=1

(
b
(α)
n,i − b

(α)
n,i+1

)∥∥∥u(+),i+1
h,0

∥∥∥
KM

x

]
,

and

∥∥un+1
h,0

∥∥
KM

y
≤ ταn

[
Γ(2− α)

∥∥fn+1
2

∥∥
KM

y
+ b(α)n,n

∥∥∥u(+),0
h,0

∥∥∥
KM

y

+
n−1∑
i=1

(
b
(α)
n,i − b

(α)
n,i+1

)∥∥ui+1
h,0

∥∥
KM

y

]
,

for each n = 0, 1, . . . , N − 1.

Proof. From now onwards, we will denote u
(+),n+1
h (x, yj) = u

(+),n+1
h , un+1

h (xi, y) = un+1
h ,

fn+1
1 (x, yj) = fn+1

1 and fn+1
2 (x, yj) = fn+1

2 for the simplicity. We set v = u
(+),n+1
h in the

equation (6.3.17) to obtain(
△α

Nu
(+),n+1
h,0 , u

(+),n+1
h,0

)
KM

x

+ A(+)
(
u
(+),n+1
h , u

(+),n+1
h

)
=
(
fn+1
1 , u

(+),n+1
h,0

)
KM

x

,∀v ∈ S0
hx
.

Now, using the Cauchy-Schwarz inequality, we get(
fn+1
1 , u

(+),n+1
h,0

)
KM

x

≤
∥∥fn+1

1

∥∥
KM

x

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

.

Now, recalling the coercivity of the bilinear form A(+)(·, ·) given by (6.3.8), we have

A(+)
(
u
(+),n+1
h , u

(+),n+1
h

)
≥ C(∥u(+),n+1

h ∥(+)
W )2.

Thus, we have ∥∥fn+1
1

∥∥
KM

x

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

≥
(
△α

Nu
(+),n+1
h,0 , u

(+),n+1
h,0

)
KM

x

. (6.3.19)
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We will prove that the L1 method is coercive. It follows from the Cauchy-Schwarz inequality
and the fact that b

(α)
n,i − b

(α)
n,i+1 > 0 that(

△α
Nu

(+),n+1
h,0 , u

(+),n+1
h,0

)
KM

x

=
b
(α)
n,1

Γ(2− α)

(
u
(+),n+1
h,0 , u

(+),n+1
h,0

)
KM

x

− b
(α)
n,n

Γ(2− α)

(
u
(+),0
h,0 , u

(+),n+1
h,0

)
KM

x

− 1

Γ(2− α)

n−1∑
i=1

(
b
(α)
n,i − b

(α)
n,i+1

)(
u
(+),n−i
h,0 , u

(+),n+1
h,0

)
KM

x

≥
b
(α)
n,1

Γ(2− α)

∥∥∥u(+),n+1
h,0

∥∥∥2
KM

x

− b
(α)
n,n

Γ(2− α)

∥∥∥u(+),0
h,0

∥∥∥
KM

x

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

− 1

Γ(2− α)

n−1∑
i=1

(
b
(α)
n,i − b

(α)
n,i+1

)∥∥∥u(+),n−i
h,0

∥∥∥
KM

x

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

=

(
△α

N

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

)∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

.

Therefore, from (6.3.19), we obtain∥∥fn+1
1

∥∥
KM

x

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

≥
(
△α

N

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

)∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

.

Cancelling
∥∥∥u(+),n+1

h,0

∥∥∥
KM

x

, we get

△α
N

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

≤
∥∥fn+1

1

∥∥
KM

x
.

Now, using (6.3.15) to expand △α
N

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

yields

b
(α)
n,1

Γ(2− α)

∥∥∥u(+),n+1
h,0

∥∥∥
KM

x

≤
∥∥fn+1

1

∥∥
KM

x
+

1

Γ(2− α)

[
b(α)n,n

∥∥∥u(+),0
h,0

∥∥∥
KM

x

+
n−1∑
i=1

(
b
(α)
n,i − b

(α)
n,i+1

)∥∥∥u(+),i+1
h,0

∥∥∥
KM

x

]
,

which gives the desired result and we complete the proof for the stability estimate in the
x−direction.

Similar to the above calculation, one can establish the stability result in the y−direction.

6.4 Error analysis

In this section, we will study the convergence of the above discretized scheme. We first
introduce the local L2-projections in each direction as follows. For each Ixi

∈ KM
x , πx,0 : v ∈

L2(Ixi
) → π0,xv ∈ Pk(Ixi

) is defined by
(
πx,0v − v, ϕ) = 0, ∀ϕ ∈ Pk(Ixi

), i = 1, . . . ,M.
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The Bramble–Hilbert lemma implies that

∥v − πx,0v∥L2(Ixi )
+ hx ∥v − πx,0v∥H1(Ixi )

≤ C(hx)
s∥v∥Hs(Ixi )

, 0 ≤ s ≤ k + 1. (6.4.1)

We define a projection operator πx : H1 (Ixi
) → W (Ixi

, k) such that

πxv|Ixi = {πx,0v, πx,bv} = {πx,0v, {v(xi−1), v(xi)}}, i = 1, . . . ,M.

We emphasize that πxv ∈ S0
hx

when v ∈ H1
0 (Ω

M

x ).

Similarly, we define a projection πy : H1(Iyj) → W (Iyj , k) with πyv|Iyj = {πy,0v, πy,bv}
and that

∥v − πy,0v∥L2(Iyj )
+ hy ∥v − πy,0v∥H1(Iyj )

≤ C(hy)
s∥v∥Hs(Iyj )

, 0 ≤ s ≤ k + 1. (6.4.2)

For any function φ ∈ H1(I), the following trace inequality holds true (see [82] for details):

∥φ∥2L2(∂I) ≤ C
(
h−1
I ∥φ∥2L2(I) + hI∥φ′∥2L2(I)

)
, (6.4.3)

where hI is the mesh size of the interval I.

In order to derive an optimal order convergence rate, we follow the Wheeler’s projection
technique in defining an elliptic (Ritz) projection Px : H1

0 (Ωx) → S0
hx

given by

A(+)(Pxu
(+), v

(+)
h ) = (Lxu

(+), v
(+)
0 ), ∀v(+)

h = {v+0 , v+b } ∈ S0
hx
. (6.4.4)

For the sake of notation, we denote Pxu
(+) = {Px,0u

(+), Px,bu
(+)}, where P0,xu

(+) represents
the value in the interior of elements, and P0,bu

(+) represents the value on the end points of
Ixi

.

Similarly, we define the Ritz operator Pyu = {Py,0u, Py,bu} of u ∈ H1
0 (Ωy) in the y-

direction as follows.

A(Pyu, vh) = (Lyu, v0), ∀vh = {v0, vb} ∈ S0
hy
. (6.4.5)

Lemma 6.4.1. Assume that u(+) and u be the solution of (6.2.4) and (6.2.5) respectively,
and u(+) ∈ Hk+1(Ωx), u ∈ Hk+1(Ωy), we have

(i)
∥∥u(+) − Px,0u

(+)
∥∥
L2(Ωx)

+ hx
∥∥u(+) − Pxu

(+)
∥∥(+)

W
≤ Chk+1

x ∥u(+)∥k+1,

(ii) ∥u− Py,0u∥L2(Ωy)
+ hy ∥u− Pyu∥W ≤ Chk+1

y ∥u∥k+1,

(iii)
∥∥CDα

0,t

(
u(+) − Px,0u

(+)
)∥∥

L2(Ωx)
≤ Chk+1

x

∥∥CDα
0,tu

(+)
∥∥
k+1

,

(iv)
∥∥CDα

0,t (u− Py,0u)
∥∥
L2(Ωy)

≤ Chk+1
y

∥∥CDα
0,tu
∥∥
k+1

.
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Proof. [96, Lemma 3.1] implies that there exist positive constants C1 and C2 such that for
any v+h ∈ S0

hx

C1∥v+h ∥M ≤ ∥v+h ∥W ≤ C2∥v+h ∥M, (6.4.6)

where
∥∥v+h ∥∥2M :=

∥∥∥∥∥dv
(+)
h

dx

∥∥∥∥∥
2

L2(Ωx)

+
∥∥∥√c1v(+)

0

∥∥∥2
L2(Ωx)

+ ∥v(+)
h ∥(+)

C .

From [54, Lemma 3.6], we obtain, for 0 ≤ s ≤ k

∑
Ixi∈KM

∥∥u(+) − πx,0u
(+)
∥∥2
L2(Ixi )

+ h2x

∥∥∥∥∥d(u(+) − πx,0u
(+))

dx

∥∥∥∥∥
2

L2(Ixi )

 ≤ Ch2(s+1)
x ∥u∥2s+1.

(6.4.7)
On the other hand, we have from [54, Theorem 3.8] that

∥πxu(+) − Pxu
(+)∥W ≤ Chkx∥u(+)∥k+1. (6.4.8)

Combining (6.4.6) -(6.4.8) yields

∥u(+) − Pxu
(+)∥W ≤ Chkx∥u(+)∥k+1. (6.4.9)

Now, we proceed with the following dual problem that seeks Φ ∈ H1
0 (Ωx) ∩H2(Ωx) such

that

−
d2Φ

dx2
−
d(d1Φ)

dx
+ c1Φ = e0 := u(+) − Px,0u

(+). (6.4.10)

We assume that the dual problem (6.4.10) has the following H2−regularity. That is,

∥Φ∥2 ≤ C∥e0∥. (6.4.11)

By testing (6.4.10) with e0 yields

∥e0∥2 = −

(
d2Φ

dx2
, e0

)
−

(
d(d1Φ)

dx
, e0

)
+
(
c1Φ, e0

)
. (6.4.12)

Using [Lemma 3.3, Lemma 3.4 and Lemma 3.5 from [54]], we have

∥e0∥2 = ℓa(u
(+), πxΦ) + ℓb(u

(+), πxΦ) + ℓc(u
(+), πxΦ) + s

(+)
d (πxu

(+), πxΦ)

+ s(+)
c (πxu

(+), πxΦ)− ℓa(Φ, eh)− ℓb(Φ, eh)− ℓc(Φ, eh)

− s
(+)
d (eh, πxΦ)− s(+)

c (eh, πxΦ),
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where

ℓa(u
(+), πxΦ) =

M∑
i=1

⟨
d(u(+) − πx,0u

(+))

dx
n, πx,0Φ− πx,bΦ⟩∂Ixi ,

ℓb(u
(+), πxΦ) =

(
u(+) − πx,0u

(+), d1
d(πx,0Φ)

dx

)
+

M∑
i=1

⟨u(+) − πx,bu
(+), d1n(πx,0Φ− πx,bΦ)⟩∂Ixi ,

ℓc(u
(+), πxΦ) = −

(
c1(u

(+) − πx,0u
(+)), πx,0Φ

)
.

From [50, Theorem 6.4, (6.26)-(6.29)], we have the following error estimates:

∣∣ℓa(u(+), πxΦ)
∣∣ ≤ Chk+1

x ∥u(+)∥k+1∥Φ∥2,∣∣∣s(+)
d

(
πxu

(+), πxΦ
)∣∣∣ ≤ Chk+1

x ∥u(+)∥k+1∥Φ∥2,∣∣∣s(+)
d (eh, πxΦ)

∣∣∣ ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2,

|ℓa (Φ, eh)| ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2. (6.4.13)

It follows from (6.4.3), the Cauchy–Schwarz inequality, and (6.4.7) that,

∣∣s(+)
c

(
πxu

(+), πxΦ
)∣∣

≤ C

(
M∑
i=1

∥∥|d1n|1/2 (πx,0u(+) − u(+) + u(+) − πx,bu
(+)
)∥∥

∂Ixi

)1/2

×

(
M∑
i=1

∥∥|d1n|1/2 (πx,0Φ− Φ + Φ− πx,bΦ)
∥∥2
∂Ixi

)1/2

≤ C

2

(
M∑
i=1

∥d1∥L∞(Ixi )

)(
M∑
i=1

∥∥(πx,0u(+) − u(+)
)∥∥2

∂Ixi

)1/2( M∑
i=1

∥(πx,0Φ− Φ)∥2∂Ixi

)1/2

≤ Chk+2
x ∥u(+)∥k+1∥Φ∥2,

where we have used that ∥u(+) − πx,bu
(+)∥L2(∂Ixi )

≤ ∥u(+) − πx,0u
(+)∥L2(∂Ixi )

and ∥Φ −
πx,bΦ∥L2(∂Ixi )

≤ ∥Φ − πx,0Φ∥L2(∂Ixi )
The estimates (3.13) with k = 1 and (3.15) from [54]

yield that

|s(+)
c (eh, πxΦ)| ≤ Ch3/2x ∥Φ∥2∥eh∥W ≤ Chk+3/2

x ∥u(+)∥k+1∥Φ∥2.

We next derive the error bound for the term ℓb(u
(+), πxΦ). Let d1Ixi be the constant value

of the average of d1 over the element Ixi
. Using the Cauchy-Schwarz inequality, (6.4.7) and

Ph.D. Thesis 132 Aniruddha Seal

TH-3450_196123002



Error analysis

the Poincare inequality, we have

M∑
i=1

(
u(+) − πx,0u

(+), d1
d(πx,0Φ)

dx

)
L2(Ixi )

=
M∑
i=1

(
u(+) − πx,0u

(+),
(
d1 − d1Ixi

) d(πx,0Φ)
dx

)
L2(Ixi )

−
M∑
i=1

(
u(+) − πx,0u

(+),
(
d1 − d1Ixi

) d(Φ− πx,0Φ)

dx

)
L2(Ixi )

≤
M∑
i=1

∥∥u(+) − πx,0u
(+)
∥∥
L2(Ixi )

∥∥∥d1 − d1Ixi

∥∥∥
L∞(Ixi )

∥
d(πx,0Φ)

dx
∥L2(Ixi )

+
M∑
i=1

∥∥u(+) − πx,0u
(+)
∥∥
L2(Ixi )

∥∥∥d1 − d1Ixi

∥∥∥
L∞(Ixi )

∥∥∥∥∥d(Φ− πx,0Φ)

dx

∥∥∥∥∥
L2(Ixi )

≤ Chk+1
x ∥u(+)∥k+1∥Φ∥1 + Chk+2

x ∥u(+)∥k+1∥Φ∥2

≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2.

Moreover, using the Cauchy-Schwartz inequality, the trace inequality (6.4.3) and (6.4.8), one
can obtain 〈

u(+) − πx,bu
(+), d1n(πx,0Φ− πx,bΦ)

〉
=
〈
u(+) − πx,bu

(+), d1n(πx,0Φ− Φ + Φ− πx,bΦ)
〉

≤ C

M∑
i=1

∥∥u(+) − πx,bu
(+)
∥∥
L2(∂Ixi )

∥d1∥L∞(Ixi )
∥πx,0Φ− Φ∥L2(∂Ixi )

≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2,

where we have again used the facts that ∥Φ − πx,bΦ∥L2(∂Ixi )
≤ ∥Φ − πx,0Φ∥L2(∂Ixi )

. As a
result, we have

|ℓb(u(+), πxΦ)| ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2. (6.4.14)

Similar arguments show that

|ℓb(Φ, eh)| ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2,

|ℓc(u(+), πxΦ)| ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2,

|ℓc(Φ, eh)| ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2. (6.4.15)
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Combining (6.4.13)- (6.4.15) yield

∥e0∥2 ≤ Chk+1
x ∥u(+)∥k+1∥Φ∥2,

which together with theH2 regularity (6.4.11) and (6.4.8) completes the proof of (i). One can
prove the rest of the results using similar arguments. Thus, we have finished the proof.

By considering [77, Lemma 4.1], we state the error estimate for Pxu
(+) and Pyu in the

following lemma.

Lemma 6.4.2. Let u(+) ∈ Hk+1(Ωx) and u ∈ Hk+1(Ωy) be the solutions of the equa-
tions (6.2.4) and (6.2.5) respectively. Also assume that Pxu

(+) and Pyu are the elliptic
projections defined in (6.4.4) and (6.4.5) respectively. If πxu(+) =

{
πx,0u

(+), πx,bu
(+)
}

and
πyu = {πy,0u, πy,bu}, then there exists a constant C such that

(i)
∥∥πx,0u(+) − Px,0u

(+)
∥∥
L2(Ωx)

≤ Chk+1
x

∥∥u(+)
∥∥
k+1

,

(ii) ∥πy,0u− Py,0u∥L2(Ωy)
≤ Chk+1

y ∥u∥k+1 ,

(iii)
∥∥dw(πxu(+) − Pxu

(+))
∥∥
L2(Ωx)

≤ Chkx
∥∥u(+)

∥∥
k+1

,

(iv) ∥dw(πyu− Pyu)∥L2(Ωy)
≤ Chky ∥u∥k+1 .

We now split the overall error term into two parts given as follows:

En+1
h,i,j =

(
u(+)(x, yj, tn+1)− u

(+),n+1
h (x, yj)

)
+
(
u(xi, y, tn+1)− un+1

h (xi, y)
)

=: e
(+),n+1
h,j + en+1

h,i , i = 0, 1, . . . ,M, j = 0, 1, . . . ,M, (6.4.16)

where e(+),n+1
h,j and en+1

h,i are the errors between the numerical solutions of problems (6.3.17)
and (6.3.18) and the solutions of (6.2.4) and (6.2.5) ate time level tn+1, respectively.

We will use the following error splitting.

e
(+),n+1
h,j =

(
u(+)(x, yj, tn+1)− πxu

(+)(x, yj, tn+1)
)
+
(
πxu

(+)(x, yj, tn+1)

−Pxu
(+)(x, yj, tn+1)

)
+
(
Pxu

(+)(x, yj, tn+1)− u
(+),n+1
h (x, yj)

)
=: θ

(+),n+1
h,j + ν

(+),n+1
h,j + η

(+),n+1
h,j , j = 0, . . . ,M, and, (6.4.17)

en+1
h,i =

(
u(xi, y, tn+1)− πyu(xi, y, tn+1)

)
+
(
πyu(xi, y, tn+1)

−Pyu(xi, y, tn+1)
)
+
(
Pyu(xi, y, tn+1)− un+1

h (xi, y)
)

=: θn+1
h,i + νn+1

h,i + ηn+1
h,i , i = 0, . . . ,M. (6.4.18)
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The interpolation error estimates θ(+),n+1
h,j =

{
θ
(+),n+1
0,j , θ

(+),n+1
b,j

}
and θn+1

h,i =
{
θn+1
0,i , θ

n+1
b,i

}
follow from (6.4.1) and (6.4.2). Also the error estimates ν(+),n+1

h,j =
{
ν
(+),n+1
0,j , ν

(+),n+1
b,j

}
and

νn+1
h,i =

{
νn+1
0,i , νn+1

b,i

}
can be estimated by using Lemma 6.4.2 (i) and (ii). We will estimate

the discretization errors ηn+1
h,i and η(+),n+1

h,j . To this end, we need the following error equations
in the error analysis.

Lemma 6.4.3. Let u(+) and u be the solutions of (6.2.4) and (6.2.5), respectively. Then,
we have for any v(+)

h = {v(+)
0 , v

(+)
b } ∈ S0

hx

−
(
u(+)
xx , v

(+)
0

)
KM

x
=
(
dwπxu

(+), dwv
(+)
h

)
KM

x
− Z

(+)
d (u(+), v

(+)
h ), (6.4.19)

where Z(+)
d (u(+), v

(+)
h ) =

M∑
i=1

〈
u
(+)
x − πx,0u

(+)
x , (v

(+)
0 − v

(+)
b )n

〉
∂Ixi

, and for any vh = {v0, vb} ∈

S0
hy

−
(
uyy, v0

)
KM

y
=
(
dwπyu, dwvh

)
KM

y
− Zd(u, vh), (6.4.20)

where Zd(u, vh) =
M∑
j=1

〈
uy − πy,0uy, (v0 − vb)n

〉
∂Iyj

.

Proof. Using the definition of the weak derivative (6.3.5), integration by parts and the defi-
nition of πx, we have that for any ṽ ∈ Pk−1(Ixi

)(
dwπxu

(+), ṽ
)
Ixi

= −
(
πx,0u

(+), ṽx
)
Ixi

+
〈
πx,bu

(+)n, ṽ
〉
∂Ixi

=
(
u(+), ṽx

)
Ixi

+
〈
u(+)n, ṽ

〉
∂Ixi

=
(
u(+)
x , ṽ

)
Ixi

=
(
πx,0u

(+)
x , ṽ

)
Ixi
,

which implies that
dwπxu

(+) = πx,0u
(+)
x , ∀u(+) ∈ H1(Ω). (6.4.21)

It follows from (6.4.21), the definition of the weak derivative (6.3.5), and integration by parts
that (

dwπxu
(+), dwv

(+)
h

)
Ixi

=
(
πx,0u

(+)
x , dwv

(+)
h

)
Ixi

= −
(
v
(+)
0 , (πx,0u

(+)
x )x

)
Ixi

+
〈
v
(+)
b n, πx,0u

(+)
x

〉
∂Ixi

=
(
(v

(+)
0 )x, πx,0u

(+)
x

)
Ixi

−
〈
(v

(+)
0 − v

(+)
b )n, πx,0u

(+)
x

〉
∂Ixi

=
(
(v

(+)
0 )x, u

(+)
x

)
Ixi

−
〈
(v

(+)
0 − v

(+)
b )n, πx,0u

(+)
x

〉
∂Ixi

. (6.4.22)
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On the other hand, we have

−
(
u(+)
xx , v

(+)
0

)
Ixi

=
(
u(+)
x , (v

(+)
0 )x

)
Ixi

−
〈
u(+)
x , (v

(+)
0 − v

(+)
b )n

〉
∂Ixi

, (6.4.23)

where we have used the fact that
M∑
i=1

⟨u(+)
x , v

(+)
b n⟩∂Ixi = 0. The desired result (6.4.19) follows

from substituting (6.4.23) into (6.4.22).

Similarly, we can prove (6.4.20). The proof is now completed.

Lemma 6.4.4. Let u(+) and u be the solutions of (6.2.4) and (6.2.5), respectively. Then,
we have for any v(+)

h = {v(+)
0 , v

(+)
b } ∈ S0

hx(
d1u

(+)
x , v

(+)
0

)
KM

x

=
(
dd1w
(
πxu

(+)
)
, v

(+)
0

)
KM

x

− Z(+)
c

(
u(+), v

(+)
h

)
, (6.4.24)

where Z(+)
c

(
u(+), v

(+)
h

)
=
(
u(+) − πx,0u

(+), (d1v
(+)
0 )x

)
KM

x

+
〈
u(+)−πx,bu(+), d1v

(+)
0 n

〉
∂KM

x
, and

for any vh = {v0, vb} ∈ S0
hy

(d2ux, v0)KM
y

=
(
dd2w (πyu), v0

)
KM

y
− Zc(u, vh), (6.4.25)

where Zc(u, vh) = (u− πy,0u, (d2v0)y)KM
y
+
〈
u− πy,bu, d2v0n

〉
∂KM

y
.

Proof. It follows from the weak convectional derivative (6.3.6) that

(dd1w (πxu
(+)), v

(+)
0 )KM

x
= −(πx,0u

(+), (d1v
(+)
0 )x)KM

x
+
〈
πx,bu

(+), d1v
(+)
0 n

〉
∂KM

x
. (6.4.26)

Integration by parts leads to

(d1u
(+)
x , v

(+)
0 )KM

x
= −(u(+), (d1v

(+)
0 )x)KM

x
+
〈
u(+), d1v

(+)
0 n

〉
∂KM

x
. (6.4.27)

Combining (6.4.26) and (6.4.27) gives the desired conclusion (6.4.24). Similar reason shows
that the equation (6.4.25) holds true. Thus we complete the proof.

Lemma 6.4.5. Let πxu(+) be the projection of the solution u(+) of (6.2.4) and u
(+)
h be the

numerical solution computed by (6.3.12), respectively. Then, for any v(+)
h = {v(+)

0 , v
(+)
b } ∈

S0
hx

, we have (
CDα

0,t

(
πx,0u

(+) − u
(+)
0

)
, v

(+)
h

)
KM

x

+ A(+)
(
πxu

(+) − u
(+)
h , v

(+)
h

)
= Z(+)

(
u(+), v

(+)
h

)
+ s(+)

c

(
πxu

(+), v
(+)
h

)
+ s

(+)
d

(
πxu

(+), v
(+)
h

)
, (6.4.28)

where

Z(+)(u(+), v
(+)
h ) = Z

(+)
d (u(+), v

(+)
h ) + Z(+)

c (u(+), v
(+)
h ) + Z(+)

r (u(+), v
(+)
h ), (6.4.29)

where Z(+)
r (u(+), v

(+)
h ) = (c1(πx,0u

(+) − u(+)), v
(+)
0 )KM

x
.
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Proof. Multiplying (6.2.4) by v(+)
h = {v(+)

0 , v
(+)
b } ∈ S0

hx
, we arrive at(

CDα
0,tu

(+), v
(+)
h

)
KM

x

+
(
Lxu

(+), v
(+)
h

)
KM

x

=
(
f1, v

(+)
h

)
KM

x

.

Substituting (6.4.19) and (6.4.24) into the above equation and using the definition of the
projection πx give(

CDα
0,tπx,0u

(+), v
(+)
h

)
KM

x

+ a(+)
(
πxu

(+), v
(+)
h

)
=
(
f1, v

(+)
h

)
KM

x

+ Z(+)
(
u(+), v

(+)
h

)
.

Adding s(+)
c (πxu

(+), v
(+)
h ) and s(+)

d (πxu
(+), v

(+)
h ) on the both sides of the equation yields(

CDα
0,tπx,0u

(+), v
(+)
h

)
KM

x

+ A(+)
(
πxu

(+), v
(+)
h

)
=
(
f1, v

(+)
h

)
KM

x

+ Z(+)
(
u(+), v

(+)
h

)
+ s(+)

c

(
πxu

(+), v
(+)
h

)
+ s

(+)
d

(
πxu

(+), v
(+)
h

)
.

(6.4.30)

Subtracting (6.3.12) from (6.4.30) gives the error equation (6.4.28). Thus, we complete the
proof.

Similar argument can be used for the proof of the following lemma.

Lemma 6.4.6. Let πxu be the projection of the solution u of (6.2.5) and uh be the numerical
solution computed by (6.3.13), respectively. Then, for any vh = {v0, vb} ∈ S0

hy
, we have(

CDα
0,tπx,0u− u0, vh

)
KM

y
+ A(πxu− uh, vh) = Z(u, vh) + sc(πy,0u, vh) + sd(πy,0u, vh),

(6.4.31)

where Z(u, vh) = Zd(u, vh) + Zc(u, vh) + Zr(u, vh).

Lemma 6.4.7. Suppose that w ∈ Hk+1(Ω). Then for vh ∈ S0
hy

, there holds

|Z(w, vh)| ≤ Chky∥|vh∥|W .

Proof. The Cauchy-Schwarz inequality, the trace inequality and (6.4.2) imply that

|Zd(u, vh)| ≤
M∑
j=1

∥uy − πy,0uy∥L2(∂Iyj )
∥v0 − vb∥L2(∂Iyj )

≤
( M∑

j=1

hy∥uy − πy,0uy∥2L2(∂Iyj )

)1/2( M∑
j=1

(h−1
y )∥v0 − vb∥2L2(∂Iyj )

)1/2

≤
( M∑

j=1

(∥uy − πy,0uy∥2L2(Iyj )
+ h2y∥uy − πy,0uy∥2H1(Iyj )

)
)1/2

∥vh∥W

≤ Chky∥uy∥Hk+1(Ω)∥vh∥W . (6.4.32)
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We now estimate Zc(u, vh) + Zr(u, vh) as follows:

Zc(u, vh) + Zr(u, vh) =
(
u− πy,0u, d2(v0)y

)
+
(
((d2)y + c)(πy,0u− u), v0

)
+
〈
u− πy,bu, d2v0n

〉
=: T1 + T2 + T3. (6.4.33)

We estimate each term in (6.4.33) separately. Let d̂2 be a piecewise constant function whose
value is the average of d2 over the element. It follows from the projection error (6.4.2) and
an inverse inequality that

|T1| ≤
(
u− πy,0u, d2(v0)y

)
=
(
u− πy,0u, (d2 − d̂2)(v0)y

)
≤ Chk+1

y ∥u∥Hk+1(Ω)∥v0∥.

The Cauchy-Schwarz inequality and (6.4.2) gives that

|T2| ≤ Chk+1
y ∥uy∥Hk+1(Ω)∥v0∥.

Finally, it follows from the definition of πy,b, the trace inequality (6.4.3), the projection error
(6.4.2), and the Cauchy-Schwarz inequality that

|T3| = |
〈
u− πy,bu, d2(v0 − vb)n

〉
|

≤
( M∑

j=1

∥u− πy,bu∥2L2(∂Iyj )

)1/2
∥vh∥W

≤ C
(
h−1
y ∥u− πy,0u∥2L2(Iyj )

+ hy∥(u− πy,0u)
′∥2L2(Iyj )

)1/2
∥vh∥W

≤ Chk+1/2
y ∥uy∥Hk+1(Ω)∥vh∥W ,

where we have used that ∥u− πy,bu∥L2(∂Iyj )
≤ ∥u− πy,0u∥L2(∂Iyj )

.

It follows from the trace inequality (6.4.3), Cauchy-Schwarz inequality, and the projection
error estimates (6.4.2) that

| sc (πyu, vh) |

≤
M∑
j=1

∣∣∣⟨bn (πy,0u− πy,bu) , v0 − vb⟩L2(∂+Iyj )

∣∣∣
≤

(
M∑
j=1

∥∥|bn|1/2 (πy,0u− u+ u− πy,bu)
∥∥2
L2(∂Iyj )

)1/2( M∑
j=1

∥∥|bn|1/2 (v0 − vb)
∥∥2
L2(∂Iyj )

)1/2

≤ C

(
M∑
j=1

∥∥|bn|1/2 (πy,0u− u)
∥∥2
L2(∂Iyj )

)1/2( M∑
j=1

∥∥|bn|1/2 (v0 − vb)
∥∥2
L2(∂Iyj )

)1/2

≤ Ch
k+ 1

2
y ∥uy∥Hk+1(Ω)∥v∥W .
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Similar argument shows that

| sd (πyu, vh) |≤ Chky∥uy∥Hk+1(Ω)∥v∥W .

Therefore, we complete the proof.

Similar estimates holds for x-direction as well.

Lemma 6.4.8. Suppose that w ∈ Hk+1(Ω). Then for v(+)
h ∈ S0

hx
, there holds

|Z(+)(w, v
(+)
h )| ≤ Chkx∥v

(+)
h ∥(+)

W .

We now establish the theorem for optimal error estimate. Let u(+),n+1 = u(+)(x, yj, tn+1)

be the exact solution of the problem (6.1.1) at the time level t = tn+1 and u
(+),n+1
h be the

approximated solution of the fully discrete scheme be the solution of the fully discrete scheme
given in (6.3.17).

We resume to estimate the error η(+),n+1
h,j =

{
η
(+),n+1
0,j , η

(+),n+1
b,j

}
for j = 0, 1, . . . ,M in the

following theorem.

Theorem 6.4.9. Let Pxu
(+) be the elliptic projection defined by (6.4.4) of the solution u(+)

of the problem (6.2.4) and u
(+),n
h be the solution of the problem (6.3.17). Then, for n =

1, 2, . . . , N there holds

∥η(+),n
0,j ∥KM

x
≤ C

(
hk+1
x +N−min{2−α,rα}

)
, j = 0, 1, . . . ,M.

Proof. The error term η
(+),n+1
0,j satisfies the following equation for any v(+)

h ∈ S0
hx(

∆α
Nη

(+),n
0,j , v

(+)
0

)
KM

x
+ A(+)(η

(+),n
h,j , v

(+)
h )

=
(
Px,0∆

α
Nu

(+), v
(+)
0

)
KM

x
+ A(+)(Pxu

(+),n, v
(+)
h )−

(
∆α

Nu
(+)
h,0 , v

(+)
0

)
KM

x
− A(+)(u

(+)
h , v

(+)
h )

=
(
(Px,0 − πx,0)∆

α
Nu

(+), v
(+)
0

)
KM

x
+
(
πx,0∆

α
Nu

(+), v
(+)
0

)
KM

x

+
(
Lu(+),n, v

(+)
0

)
KM

x
−
(
fn
1 , v

(+)
0

)
KM

x

=
(
(Px,0 − πx,0)∆

α
Nu

(+), v
(+)
0

)
KM

x
+
(
πx,0∆

α
Nu

(+), v
(+)
0

)
KM

x

+
(
πx,0(Lu(+),n), v

(+)
0

)
KM

x
−
(
πx,0f

n
1 , v

(+)
0

)
KM

x

= −
(
∆α

Nν
(+),n
0,j , v

(+)
0

)
KM

x
+
(
πx,0(f

n
1 + Φn), v

(+)
0

)
KM

x
−
(
πx,0f

n+1
1 , v

(+)
0

)
KM

x

= −
(
∆α

Nν
(+),n
0,j , v

(+)
0

)
KM

x
+
(
πx,0(Φ

n), v
(+)
0

)
KM

x
, (6.4.34)
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where we have used the definitions of Φn, ν(+),n
0,j and the projection πx.

Now, taking v(+)
h = η

(+),n
h,j in (6.4.34) yield(

∆α
Nη

(+),n
0,j , η

(+),n
0,j

)
KM

x
+ A(+)(η

(+),n
h,j , η

(+),n
h,j ) = −

(
∆α

Nν
(+),n
0,j , η

(+),n
0,j

)
KM

x
+
(
πx,0(Φ

n), η
(+),n
0,j

)
KM

x
.

Using the coercivity of the L1 method [45, Lemma 2.1] stating that
(
∆α

Nη
(+),n
0,j , η

(+),n
0,j

)
KM

x
≥

(∆α
N∥η

(+),n
0,j ∥KM

x
)∥η(+),n

0,j ∥KM
x

and the coercivity of the bilinear form A(+)(·, ·) and Cauchy-Schwarz inequality, we have(
∆α

N∥η
(+),n
0,j ∥KM

x

)
∥η(+),n

0,j ∥KM
x

≤ C
(
∥∆α

Nν
(+),n
0,j ∥KM

x
+ ∥Φn∥KM

x

)
∥η(+),n

0,j ∥KM
x
,

where we have used the fact that ∥πx,0Φn
KM

x
∥ ≤ ∥Φn∥KM

x
. Cancelling out the term ∥η(+),n

0,j ∥KM
x

,
we get

∆α
N∥η

(+),n
0,j ∥KM

x
≤ CRn,

where

Rn := ∥∆α
Nν

(+),n
0,j ∥KM

x
+ ∥Φn∥KM

x
. (6.4.35)

Now using (6.3.15) to expand fully out ∆α
N∥η

(+),n
0,j ∥KM

x
gives

b
(α)
n,1

Γ(2− α)

∥∥∥η(+),n
0,j

∥∥∥
KM

x

≤ C ∥Rn∥KM
x
+

1

Γ(2− α)

[
b(α)n,n

∥∥∥η(+),0
0,j

∥∥∥
KM

x

+
n−1∑
i=1

(
b
(α)
n,i − b

(α)
n,i+1

)∥∥∥η(+),i
0,j

∥∥∥
KM

x

]
.

Following [72, (4.6)], we define the positive real numbers θn,r, for n = 1, 2, . . . ,M and r =

1, 2, . . . , n− 1 by

θn,n = 1, θn,r =
n−r∑
i=1

ταn−i

(
b
(α)
n,i − b

(α)
n,i+1

)
θn−i,r.

As in [72, Lemma 4.2], one can deduce the following stability estimate∥∥∥η(+),n
0,j

∥∥∥
KM

x

≤
∥∥∥η(+),0

0,j

∥∥∥
KM

x

+ CταnΓ(2− α)
n∑

j=1

θn,j
∥∥Rj

∥∥
KM

x
for n = 1, 2, . . . ,M. (6.4.36)

Now, plugging Rj in (6.4.35) into (6.4.36) yields

∥η(+),n
0,j ∥KM

x
≤ ∥η(+),0

0,j ∥KM
x
+ CταnΓ(2− α)

n∑
r=1

θn,r(∥∆α
Nν

(+),r
0,j ∥KM

x
+ ∥Φr∥KM

x
) (6.4.37)
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for n = 1, 2, . . . ,M. Thus, we get∥∥∥∆α
Nν

(+),r
0,j

∥∥∥
KM

x

=
∥∥∥∆α

Nν
(+),r
0,j − CDα

0,tν
(+),r
0,j + CDα

0,tν
(+),r
0,j

∥∥∥
KM

x

≤ ∥Px,0(
CDα

0,tu
(+),r −∆α

Nu
(+),r)− πx,0

(
CDα

0,tu
(+),r −∆α

Nu
(+),r

)
∥KM

x

+
∥∥∥CDα

0,tν
(+),r
0,j

∥∥∥
KM

x

≤ ∥Px,0Φ
r∥KM

x
+ ∥πx,0Φr∥KM

x
+ Chk+1

x

∣∣CDα
0,tu

(+),r
∣∣
k+1

≤ 2 ∥Φr∥KM
x
+ Chk+1

x

∣∣CDα
0,tu

(+),r
∣∣
k+1

,

where we have used ∥Px,0Φ
r∥KM

x
≤ ∥Φr∥KM

x
, ∥πx,0Φr∥KM

x
≤ ∥Φr∥KM

x
, Lemma 6.4.1

and Lemma 6.4.2. As a result, we have
∥∥∥∆α

Nν
(+),r
0,j

∥∥∥
KM

x

+ ∥Φr∥KM
x

≤ 3 ∥Φr∥KM
x

+

Chk+1
x

∣∣CDα
0,tu

(+),r
∣∣
k+1

. Plugging this estimate into (6.4.37) and recalling Lemma 6.3.2 gives∥∥∥η(+),n
0,j

∥∥∥
KM

x

≤
∥∥∥η(+),0

0,j

∥∥∥
KM

x

+ CταnΓ(2− α)
n∑

r=1

θn,r

(
Chk+1

x

∣∣CDα
0,tu

(+),r
∣∣
k+1

+ 3 ∥Φr∥KM
x

)
≤

∥∥∥η(+),0
0,j

∥∥∥
KM

x

+ CταnΓ(2− α)
n∑

r=1

θn,r

[
hk+1
x

∣∣CDα
0,tu

(+),r
∣∣
k+1

+ r−min{2−α,rα}
]

≤ Chk+1
x + Cταn

n∑
r=1

θn,r
[
hk+1
x + r−min{2−α,rα}] (6.4.38)

≤ C
(
hk+1
x +N−min{2−α,rα}) ,

where we have used the fact that ∥CDα
0,tu

(+)(·, t)∥k+1 ≤ C from [45], and by Lemma 6.4.2∥∥∥η(+),0
0,j

∥∥∥
KM

x

=
∥∥Px,0u

(+),0 − πx,0u
(+),0

∥∥
KM

x
=
∥∥∥ν(+),0

0,j

∥∥∥
KM

x

≤ Chk+1
x ∥u(+),0∥k+1 ≤ Chk+1

x ,

and the inequality ταn
n∑

r=1

r−sθn,r ≤ TαN−s

1−α
, provided that s ≤ rα, from [72, Lemma 4.3] is

used in (6.4.38) with s = 0 for the hk+1
x factor and s = min{2− α, rα} for the r−min{2−α,rα}

factor. Thus, we complete the proof.

Theorem 6.4.10. Let u(+) be the solution of the problem (6.2.4) and u(+),n
h be the solution

of the problem (6.3.17). Then, for n = 1, 2, . . . , N there holds

∥e(+),n
0,j ∥KM

x
≤ C

(
hk+1
x +N−min{2−α,rα}

)
, j = 0, 1, . . . ,M.

Proof. By using the triangle inequality one can write∥∥∥e(+),n
0,j

∥∥∥
KM

x

≤
∥∥∥θ(+),n

0,j

∥∥∥
KM

x

+
∥∥∥ν(+),n

0,j

∥∥∥
KM

x

+
∥∥∥η(+),n

0,j

∥∥∥
KM

x

, j = 0, . . . ,M.

Then applying (6.4.1), Lemma 6.4.2(i) and Theorem 6.4.9, the desired result holds.
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Similar to Theorem 6.4.9 and Theorem 6.4.10, one can establish the following error
estimates in the y−direction.

Theorem 6.4.11. Let Pyu be the elliptic projection defined by (6.4.5) of the solution u of
the problem (6.2.5) and unh be the solution of the problem (6.3.18). Then, for n = 1, 2, . . . ,M

there holds
∥ηn0,i∥KM

y
≤ C

(
hk+1
y +N−min{2−α,rα}

)
, i = 0, 1, . . . ,M.

Theorem 6.4.12. Let u be the solution of the problem (6.2.5) and unh be the solution of the
problem (6.3.18). Then, for n = 1, 2, . . . ,M there holds

∥en0,i∥KM
y

≤ C
(
hk+1
y +N−min{2−α,rα}

)
, i = 0, 1, . . . ,M.

Now the error estimate result of the proposed WG method can be proved under the
L∞(L2(V)) norm in the following theorem.

Theorem 6.4.13. Let En
h,i,j = {En

0,i,j, En
b,i,j} be the error defined by (6.4.16). Then, for

n = 1, 2, . . . ,M there holds

max
1≤n≤N

∥En
0,i,j∥L2(V) ≤ C

(
hk+1 +N−min{2−α,rα}

)
, ∀ i, j = 0, 1, . . . ,M,

where h := max{hx, hy}.

Proof. The proof follows from Theorem 6.4.10 and Theorem 6.4.12. Thus, we have completed
the proof.

6.5 Numerical experiments

In this section, we present a numerical example that will be solved with the help of pro-
posed scheme in support of the theoretical results. The dimensional-splitting weak Galerkin
methods (6.3.17) and (6.3.18) are implemented over the polynomial spaces P1 and P2. To
obtain the optimal convergence rate O(N−(2−α)) in time, we have chosen the mesh grading
parameter r = (2− α)/α. We define the error as

EN
M = max

1≤n≤N
∥un − unh,0∥, (6.5.1)

and the convergence rates are calculated as

CON = log2

(
EN

M

E2N
M

)
, and COM = log2

(
EN

M

EN
2M

)
, (6.5.2)
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in time and space respectively.

To calculate the error EN
M , defined in (5.1) we have taken supremum over all time step

τn, n = 1, 2, . . . , N and the space step h.

Example 6.5.1. Consider the following two-dimensional TFDE:
CDα

0,tu−∆u+ d(x).∇u+ u = f(x, t), (x, t) ∈ V × Ωt,

u(x, 0) = û0(x), x ∈ V ,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(6.5.3)

where d(x) = (x(1 − x) + 1, y(1 − y) + 1), Ωt = (0, 1] and the domain V = (0, 1) × (0, 1).
The functions û0 and f are chosen such a way that the exact solution of the equation (6.5.3)
is u(x, t) = sin(πx) sin(πy)(tα + 2t3 + 2).

Numerical solution at the time level t = 1 is portrayed in the Figure 6.1 with N = 256

and order α = 0.7. In Table 6.1, the errors EN
M in time and orders CON for the Example 6.5.1

have been included for different values of N and α. To discretize the spatial domain, we have
considered the M number of mesh points with M = [N (2−α)/k+1] in the x and y direction,
where [X] represents the greatest integer less than or equal to any given real number X. For
better understand of the orders, log-log plots, related to the errors are depicted in Figure
6.2. These results are in good agreement with the theoretical findings obtained in Theorem
6.4.13.

Table 6.1: L2 errors and CON of the Example 6.5.1 for different values of N and α using
the P1 element.

N
α = 0.3 α = 0.5 α = 0.7

EN
M CON EN

M CON EN
M CON

64 1.6336e-02 – 4.0869e-02 – 1.0151e-01 –

128 5.3840e-03 1.6013 1.4349e-02 1.5101 3.9229e-02 1.3716

256 1.6757e-03 1.6839 5.1940e-03 1.4660 1.6430e-02 1.2556

512 5.2404e-04 1.6771 1.8866e-03 1.4611 6.6602e-03 1.3027

1024 1.6079e-04 1.7045 6.6470e-04 1.5050 2.6984e-03 1.3034

We next fix the number of intervals N = 2000 along the temporal direction that is
sufficiently large to neglect the errors in time. Table 6.2 represents the errors EN

M in space and
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Figure 6.1: Numerical solution of the Example 6.5.1 at the time t = 1 using the P1 element.

Table 6.2: L2 errors and COM of the Example 6.5.1 with α = 0.5 using the P1 and P2

elements.

M
P1 P2

EN
M COM EN

M COM

16 8.2428e-02 – 1.6397e-02 –

32 2.1218e-02 1.9584 2.0667e-03 2.9880

64 5.3929e-03 1.9786 2.5717e-04 3.0069

128 1.3563e-03 2.0008 3.0914e-05 3.0564

256 3.2725e-04 2.0512 3.8017e-06 3.0235
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Figure 6.2: Log-log plots corresponding to the Table 6.1.
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Figure 6.3: Log-log plot of the convergence rates in the spatial direction using the P1 element.
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Conclusions

orders COM for the different values of M along the spatial direction, and it gives the (k+1)-
th order convergence when Pk is employed, i.e., the second order and third order convergence
are obtained using the P1 and P2 element respectively in the approximation space. Again,
these results show that the proposed method has the optimal order of convergence in space
as stated in Theorem 6.4.13. The log-log plot corresponding to the P1 element is sketched
in Figure 6.3.

6.6 Conclusions

In this chapter, we investigated the WGFEM, coupled with the ADI–type dimensional-
splitting technique to find the numerical solution of a class of time-factional diffusion equa-
tion. It helped us to easily deal with the 2D time-fractional diffusion problem. This
dimensional-splitting technique assists to reduce the computational cost in solving the 2D
time-fractional problem (6.1.1). The well known L1-method has been used to approximate
the time-fractional derivative term over a non-uniform mesh and the uniform dimensional-
splitting WGFEM was used for the space discretization. We have analyzed the stability
and the error estimate of the proposed scheme. In support of the theoretical estimate, a
numerical example has been proposed.
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CHAPTER 7
Novel LOD technique for 2D nonlinear
space-fractional diffusion equation

In this chapter, we deal with a locally one-dimensional (LOD) method for 2D nonlinear
space-fractional diffusion equation (SFDE). Initially, the nonlinear problem is linearized
using the Newton’s quasilinearization technique, and subsequently it has been decomposed
into two 1D problems to reduce the computational cost. This method is based on the
combination of the Backward-Euler scheme for the temporal derivative and the L1-method
for the spatial fractional derivatives. The discrete maximum principle of the present method
is also discussed. The convergence of the fully-discrete scheme on a discrete L∞-norm is
analyzed using discrete barrier function. Lastly, the justification of the theoretical results is
done by some numerical experiments.
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Chapter 7: A novel LOD method for 2D nonlinear SFDE

7.1 Introduction

In this chapter, we consider the following nonlinear two-dimensional (2D) SFDE:


∂u

∂t
− d(x, t).∆αu+ a(x, t).∇u+ f(x, t, u) = 0, x ∈ V , t ∈ Ωt,

u(x, 0) = û0(x), x ∈ V = Ωx × Ωy,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(7.1.1)

where the operator ∆α is defined as ∆α ≡
(
∂

∂x
CD

α

0,x,
∂

∂y
CD

α

0,y

)
, with 0 < α < 1, u(x, t) =

u(x, y, t), the set V = Ωx × Ωy ⊂ R2 can be defined as the cartesian product grids of
the x-domain Ωx = (x

l
, xr) and the y-domain Ωy = (y

l
, yr), where the boundary of this

grid is denoted as ∂V . The diffusion coefficient function d = (d1, d2) and the coefficient
function a = (a1, a2) are considered to be smooth and bounded in the domain V with
0 < m1 ≤ d1, d2 ≤ m2 ≤ 1 for some real number m1,m2. To validate the presence of a solution
to the model problem (7.1.1), the nonlinear source function f(x, t, u) with ∂f/∂u > 0 and
the initial value û0(x), both are assumed to be sufficiently smooth. CD

α

0,x and CD
α

0,y are the
Caputo derivative operators in the x- and y-directions respectively..

Initially, we linearize the model problem (7.1.1) using the Newton’s quasilinearization
method. Subsequently, we partition it into two one-dimensional subproblems by employ-
ing the LOD approach to handle the linearized SFDE. We then use the well-known L1-
discretization technique to approximate the fractional derivative term, while the convection
term is taken care of by the standard central difference scheme. Furthermore, we establish
an error estimate using a discrete maximum principle, aided by a suitably chosen discrete
barrier function, under the following regularity condition on the solution u(x, t)

∣∣∣∣∂ku∂tk (x, t)
∣∣∣∣ ≤ C, for k = 0, 1, 2, and

∣∣∣∣∂lu∂zl (x, t)
∣∣∣∣ ≤ Czα+1−l, for l = 1, 2, 3, (7.1.2)

where z = x, y.

The rest of the chapter is structured as follows: Section 7.2 describes the quasilineariza-
tion and LOD method applied to the given model problem (7.1.1). In Section 7.3, we
implement the renowned L1-discretization method into the linearized subproblems and con-
duct an error analysis. Section 7.4 showcases some computational results in favour of the
theoretical aspects. Finally, a brief summary is incorporated in Section 7.5.
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7.2 Quasilinearization and LOD technique

In this section, we will set up the linearization process that will be followed by the splitting
process of the model problem (7.1.1) in a set of one-dimensional problems. The simplified
linearized version of the model problem (7.1.1) enables us to use the numerical schemes in a
comfort way.

7.2.1 Newton’s quasilinearization process

To streamline the nonlinear problem outlined in (7.1.1), we employ Newton’s quasilineariza-
tion technique, yielding a sequence

{
u(m)

}∞
0

. We initiate this sequence with the initial guess
u(0) adhering to the initial and boundary conditions provided by the equation (7.1.1). Hence-
forth, we establish u(m+1) for every non-negative integer m as the solution of the following
quasilinearized problem:

∂v

∂t
− d(x, t).∆αv+ a(x, t).∇v+ c(m)(x, t)v = g(m)(x, t), x ∈ V , t ∈ Ωt,

v(x, 0) = û0(x), x ∈ V ,

v(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(7.2.1)

where v(x, t) = u(m+1)(x, t),c(m)(x, t) =
∂f

∂u
(x, t, u(m)(x, t)) > 0,

g(m)(x, t) = u(m)(x, t)c(m)(x, t)− f(x, t, u(m)(x, t)).

Convergence of the quasilinearized problem

If the initial guess u(0) is selected to be adequately near to the solution u(x, t) of the equation
(7.1.1), then the sequence

{
u(m)

}∞
0

will exhibit quadratic convergence [40] to the solution
u(x, t) of the equation (7.1.1).

Further, for every fixed m ≥ 0, employing Newton’s quasilinearization technique to
achieve the convergence of the quasilinearized problem, subject to the following convergence
criterion ∣∣v(x, t)− u(m)(x, t)

∣∣ ≤ tol, ∀(x, t) ∈ V , m ≥ 0. (7.2.2)

For our computational requirements, we will select tol = 10−8.
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7.2.2 LOD method

Let us propose two operators defined as:
Lx,α ≡ −d1(x, t)

∂

∂x
CD

α

0,x + a1(x, t)
∂

∂x
+ c

(m)
1 (x, t), ∀ y ∈ Ωy,

Ly,α ≡ −d2(x, t)
∂

∂y
CD

α

0,y + a2(x, t)
∂

∂y
+ c

(m)
2 (x, t), ∀ x ∈ Ωx,

(7.2.3)

in the both spatial discretization such that c(m) = c
(m)
1 + c

(m)
2 with c

(m)
1 , c

(m)
2 > 0 and the

function g(m) can be partitioned as g(m) = g
(m)
1 + g

(m)
2 , ensuring it satisfies the subsequent

compatibility condition, serving as a fundamental assumption in the asymptotic study of the
semi-discrete formulation of the problem.

g
(m)
1 (x, 0, t) = g

(m)
2 (0, y, t) = g

(m)
1 (x, 1, t) = g

(m)
2 (1, y, t) = 0. (7.2.4)

Then, the model problem (7.1.1) can be rephrased in the following manner:

∂v

∂t
+ (Lx,α + Ly,α) v = g

(m)
1 (x, t) + g

(m)
2 (x, t), (x, t) ∈ V × Ωt. (7.2.5)

For the temporal discretization of the time interval Ωt , we have considered the uniform mesh
Ω

N

t with the time-step length τ = T/N .

Next, we delineate the subsequent sub-problems within each time sub-interval (tn−1, tn]

for n = 1, . . . , N as:

Sub-problem 1 (x− direction)

Find a solution v⊗ : V × (tn−1, tn] → R such that ∀y ∈ Ωy
∂v⊗

∂t
+ Lx,αv

⊗ = g
(m)
1 (x, y, tn), in V × (tn−1, tn] ,

v⊗(x, t) = 0, (x, t) ∈ ∂Ωx × Ωy × (tn−1, tn] ,

v⊗(x, tn−1) = v(x, tn−1), x ∈ V ,

(7.2.6)

Sub-problem 2 (y − direction)

Find a solution v : V × (tn−1, tn] → R such that ∀x ∈ Ωx
∂v

∂t
+ Ly,αv = g

(m)
2 (x, tn), in V × (tn−1, tn] ,

v(x, t) = 0, (x, t) ∈ Ωx × ∂Ωy × (tn−1, tn] ,

v(x, tn−1) = v⊗(x, tn), x ∈ V ,

(7.2.7)
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for every non-negative integer m.

To initiate the process, we initially tackle the equation (7.2.6) along the x-axis, treating
y as a parameter. After solving for each y ∈ Ωy, the solution v⊗(x, tn) serves as the initial
step for the subsequent Step-2 (7.2.7). In Step-2, we then address along the y-axis similarly,
solving the problem (7.2.7) for all x ∈ Ωx. In essence, we utilize their initial conditions to
interconnect the aforementioned two sub-problems.

7.3 Discretization technique and theoretical analysis

In this section, we will delineate the discretization process of the linearized problem (7.2.1)
and analyze the theoretical estimation of the error associated with the discretized version of
the problem (7.2.1).

7.3.1 Fully-discrete scheme

To derive the fully-discrete scheme of the model problem (7.2.1), we consider the uniform
meshes Ω

Mx

x with the uniform step size hx and Ω
My

y the uniform step size hy in the x− and
y− direction respectively.

Therefore, the discretized grid across the domain V × Ωt is established as follows:

Ω
N

Mx,My
= {(xi, yj, tn) : 0 ≤ i ≤Mx, 0 ≤ j ≤My, 0 ≤ n ≤ N} . (7.3.1)

We first employ the well-known L1-method to discretize the Caputo derivative operator CD
α

0,x

at the point x = xi, 0 < i < Mx. The first-order classical derivative operator, presented in
the convection term will be discretized using the well known second-order central difference
formula and the classical time derivative in (7.1.1) will be approximated using the backward
Euler method at a point t = tn, n = 1, 2, . . . , N .

Using the L1-scheme (1.2.22), the Caputo derivative CD
α

0,xu(x) at the point x = xi is
written as

CD
α

0,xu(xi) ≈
h−α
x

Γ(2− α)

i−1∑
k=0

(u(xk+1)− u(xk)) b̂
(α)
i−k = δ

α

xui, i = 1, 2, . . . ,Mx − 1. (7.3.2)

Similarly, in the y-direction one can obtain

δ
α

y uj =
h−α
y

Γ(2− α)

j−1∑
k=0

(u(yk+1)− u(yk)) b̂
(α)
j−k, j = 1, 2, . . . ,My − 1. (7.3.3)
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We define the following operators for the convenience of the representation

δ+x wi,j =
wi+1,j −wi,j

hx
, δ+y wi,j =

wi,j+1 −wi,j

hy
,

δ0xwi,j =
wi+1,j −wi−1,j

2hx
, δ0ywi,j =

wi,j+1 −wi,j−1

2hy
, (7.3.4)

Then, the fully-discrete scheme for the problem (7.2.6) and (7.2.7) can be written as:

x-direction
LN

Mx
v⊗,n
i,j := δtv

⊗,n
i,j − dn1,ijδ

+
x δ

α

xv
⊗,n
i,j + an1,ijδ

0
xv

⊗,n
i,j + c

(m),n
1,ij v⊗,n

i,j = g
(m),n
1,ij , 0 ≤ j ≤My,

v⊗,n−1
i,j = vn−1

i,j , 0 ≤ i ≤Mx, 0 ≤ j ≤My,

v⊗,n
0,j = v⊗,n

Mx,j
, 0 ≤ j ≤My,

(7.3.5)
and

y-direction
LN

My
v⊗,n
i,j := δtv

n
i,j − dn2,ijδ

+
y δ

α

y v
n
i,j + an2,ijδ

0
yv

n
i,j + c

(m),n
2,ij vni,j = g

(m),n
2,ij , 0 ≤ i ≤Mx,

vn−1
i,j = v⊗,n

i,j , 0 ≤ i ≤Mx, 0 ≤ j ≤My,

vni,0 = vni,My
, 0 ≤ i ≤Mx,

(7.3.6)
where δtwn = wn−wn−1

τ
for some function wn, the notations v⊗,n

i,j and vni,j are the approx-
imation of v⊗(xi, yj, tn) and v(xi, yj, tn) respectively, at the point (xi, yj, tn) ∈ Ω

N

Mx,My
,

anij = a(xi, yj, tn), and similar expressions hold for c, d and g also.

7.3.2 Discrete maximum principle

Lemma 7.3.1. Suppose the mesh function v⊗,n
i,j with 0 ≤ i ≤ Mx, 0 ≤ j ≤ My, 0 ≤ n ≤ N

satisfies the following conditions:

v⊗,0
i,j ≥ 0, for 0 ≤ i ≤Mx, 0 ≤ j ≤My,

v⊗,n
0,j ≥ 0, v⊗,n

Mx,j
≥ 0, for 0 ≤ j ≤My, 0 ≤ n ≤ N,

and LN
Mx

v⊗,n
i,j ≥ 0, for 0 ≤ i ≤Mx, 0 ≤ j ≤My, 0 ≤ n ≤ N.
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If the step size hx maintains the following bound

hx <

(
2m2(̂b

(α)
3 − 2b̂

(α)
2 + b̂

(α)
1 )

∥an1∥∞ Γ(2− α)

)1/α

, (7.3.7)

then v⊗,n
i,j ≥ 0 for 0 ≤ i ≤Mx, 0 ≤ j ≤My and 0 ≤ n ≤ N .

Proof. Let us consider a matrix Pj =
(
p
l,k

)Mx

l,k=0
associated with the fully-discrete scheme

(7.3.5) for all j = 0, 1, . . . ,My. Then, we have a linear system Pj
−→
v ⊗,n

j = −→g n
j where

−→
v ⊗,n

j =
(
v⊗,n
0,j , v

⊗,n
1,j , . . . , v

⊗,n
Mx,j

)T and −→g n
j =

(
gn0,j, g

n
0,j, . . . , g

n
0,j

)T for all j = 0, 1, . . . ,My. Then
Pj

−→
v ⊗,n

j ≥ 0 holds as hypothesized.

The entries of the matrix Pj related to the boundary conditions at x = xl and x = xr

are specified as follows:

p
j,00

= 1, p
j,0k

= 0, for 1 ≤ k ≤Mx,

p
j,(Mx,Mx)

= 1, p
j,(Mx,k)

= 0, for 0 ≤ k ≤Mx − 1,

and for 0 < l < Mx, the entries of the l-th row of the matrix Pj are expressed as:

p
j,l0

= dn1,1j
b̂
(α)
l+1 − b̂

(α)
l

hα+1
x Γ(2− α)

−
an1,1j
2hx

δl,1, 1 ≤ l ≤Mx − 1,

p
j,lk

= dn1,lj
−b̂(α)l−k+2 + 2b̂

(α)
l−k+1 − b̂

(α)
l−k

hα+1
x Γ(2− α)

−
an1,lj
2hx

δl−1,k, 1 ≤ k ≤ l − 1,

p
j,ll

=
1

τ
+ dn1,lj

2b̂
(α)
1 − b̂

(α)
2

hα+1
x Γ(2− α)

+ c
(m),n
1,lj > 0,

p
j,(l,l−1)

= dn1,lj
−b̂(α)3 + 2b̂

(α)
2 − b̂

(α)
1

hα+1
x Γ(2− α)

−
an1,lj
2hx

, l = 2, 3, . . . ,Mx − 1,

p
j,(l,l+1)

= −dn1,lj
b̂
(α)
1

hα+1
x Γ(2− α)

+
an1,lj
2hx

,

for all j = 0, 1, . . . ,My.

Then, it is clear that the matrix Pj is a lower Hessenberg matrix, with the above entries
and also suppose Q is another diagonal matrix with the following entries

q
l,l
=


1

τ
, for l = 1, 2, . . . ,Mx − 1,

0, for l = 0,Mx.
(7.3.8)
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We will now use the induction on n to prove −→
v ⊗,n

j ≥ 0 for all j = 0, 1, . . . ,My. From the
given conditions, −→v ⊗,0

j ≥ 0 and also suppose −→
v ⊗,n

j ≥ 0 for n = 0, 1, . . . , N − 1.

Our aim is to prove −→
v ⊗,n+1

j ≥ 0, which is equivalent to prove P−1
j > 0 in the relation

Pj
−→
v ⊗,n+1

j ≥ 0.

Following the steps outlined in [26, Lemma 3.1], it is shown that the matrix Pj is an
irreducibly diagonally dominant matrix, and hence P−1

j > 0. Consequently, the required
result is proved.

Similar to the Lemma 7.3.1, one can prove in the y-direction:

Lemma 7.3.2. Suppose that the mesh function vni,j with 0 ≤ i ≤Mx, 0 ≤ j ≤My, 0 ≤ n ≤ N

satisfies the following conditions:

v0i,j ≥ 0, for 0 ≤ i ≤Mx, 0 ≤ j ≤My,

vni,0 ≥ 0, vni,My
≥ 0, for 0 ≤ i ≤Mx, 0 ≤ n ≤ N, and

LN
My

vni,j ≥ 0, for 0 ≤ i ≤Mx, 0 ≤ j ≤My, 0 ≤ n ≤ N.

If the step size hy maintains the following bound

hy <

2m2

(
b̂
(α)
3 − 2b̂

(α)
2 + b̂

(α)
1

)
∥an2∥∞ Γ(2− α)

1/α

, (7.3.9)

then vni,j ≥ 0 for 0 ≤ i ≤Mx, 0 ≤ j ≤My and 0 ≤ n ≤ N .

Truncation error estimates

The temporal truncation error T n
i,j is given as

T n
i,j =

∂u

∂t
(xi, yj, tn)− δtu(xi, yj, tn),

and it is easy to see that ∣∣T n
i,j

∣∣ ≤ Cτ. (7.3.10)

Then, for n = 1, 2, . . . , N , (7.3.10) and [26, Lemma 4.1] combinedly give∣∣∣LN
Mx

(
v⊗(xi, yj, tn)− v⊗,n

i,j

)∣∣∣ ≤ C(hxx
−1
i + τ), for 0 < i < Mx, 0 ≤ j ≤My,

and ∣∣∣LN
My

(
v(xi, yj, tn)− vni,j

)∣∣∣ ≤ C(hyy
−1
j + τ), for 0 < j < My, 0 ≤ i ≤Mx.
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7.3.3 Convergence result

This subsection will explore the error analysis of the presented method. Initially, to proceed,
we divide the overall error into two parts as follows:

En
h,ij =

(
v⊗(xi, yj, tn)− v⊗,n

i,j

)
+
(
v(xi, yj, tn)− vni,j

)
(7.3.11)

= En
hx,ij

+ En
hy,ij

, 0 ≤ i ≤Mx, 0 ≤ j ≤My, (7.3.12)

where v⊗(xi, yj, tn) and v(xi, yj, tn) are the exact solution of the equations (7.2.6) and (7.2.7)
respectively, and v⊗,n

i,j and vni,j are the solutions of the fully-discrete schemes (7.3.5) and (7.3.6)
respectively at the point (xi, yj, tn), 0 ≤ n ≤ N. Now to bound the error parts En

hx,ij
and

En
hy,ij

, we will take the help of barrier function.

Discrete barrier function

We start the analysis in the x-direction for the error term En
hx,ij

. Let, Bn
i,j be a non-negative

grid function in the computational domain Ω
N

Mx,My
satisfying



∣∣∣LN
Mx
En

hx,ij

∣∣∣ ≤ LN
Mx
Bn

i,j, 0 < i ≤Mx, 0 ≤ j ≤My, 0 < n ≤ N,∣∣∣En
hx,0j

∣∣∣ ≤ Bn
0,j, 0 ≤ j ≤My, 0 < n ≤ N,∣∣∣En

hx,Mxj

∣∣∣ ≤ Bn
Mx,j

, 0 ≤ j ≤My, 0 < n ≤ N.

(7.3.13)

Then, we can obtain
∣∣∣En

hx,ij

∣∣∣ ≤ Bn
i,j for i = 0, 1, . . . ,Mx, j = 0, 1, . . . ,My, and n = 0, 1, . . . , N

by importing the Lemma 7.3.1 to the grid functions Bn
i,j ± En

hx,ij
. Then the non-negative

function Bn
i,j is called the discrete barrier function. We next construct a suitable discrete

barrier function Bn
i,j for the error function En

hx,ij
and then this barrier function will be used

in establishing the theoretical estimate of the error term.

We follow [26, Section 4] to define the discrete barrier function

Bi = Chx |lnhx|
(
(xr − xl)

|lnhx|−1+α − Q̂i

)
, 0 ≤ i ≤Mx, (7.3.14)

where the function
{
Q̂i

}Mx

i=0
is defined as follows:

δ
α

x Q̂i =
1

Γ(1− α)
x
|lnhx|−1

i , i ≥ 1, and Q̂0 = 0. (7.3.15)
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Also, following [26, equation 4.14], the bound 0 ≤ Q̂i ≤ x
|lnhx|−1+α
i , i = 0, 1, . . . ,Mx can

be shown. In the next theorem, the error estimate for the computed solution result will be
addressed.

Theorem 7.3.3. Let the solution v⊗ of the subproblem (7.2.6) satisfying the condition
(7.1.2). Then there exist a constant C such that the following error estimation holds

max
∣∣∣En

hx,ij

∣∣∣ ≤ C (τ + hx |lnhx|) , 0 ≤ i ≤Mx, 0 ≤ j ≤My, and 0 ≤ n ≤ N. (7.3.16)

Proof. In order to establish the error estimate result in the x-direction for all yj ∈ Ω
My

y , we
now consider a suitable barrier function Gn

i , defined by

Gn
i = C (τtn + Bi) , for 0 ≤ i ≤Mx, 0 ≤ n ≤ N. (7.3.17)

Following the idea given in [26], we can also show that

LN
Mx

Bi ≥
C1hxe

−1

2Γ(1− α)
x−1
i , for some constantC1, (7.3.18)

considering the coefficient a1(x, y, t) ≤ 0 for all (x, y, t) ∈ V × Ωt.

Then, from (7.3.17) and (7.3.18), we have

LN
Mx

Gn
i ≥ C

(
τ
tn − tn−1

τ
+

C1hxe
−1

2Γ(1− α)
x−1
i

)
= C

(
τ +

C1hxe
−1

2Γ(1− α)
x−1
i

)
. (7.3.19)

Therefore, the mesh function Gn
i is a discrete barrier function of the error function En

hx,ij
for

all j = 0, 1, . . . ,My, and accordingly the result follows from the Lemma 7.3.1.

Likewise, in the y-direction it can be proved that

Theorem 7.3.4. Let the solution v of the subproblem (7.2.7) satisfying the condition (7.1.2).
Then there exist a constant C such that the following error estimation holds

max
∣∣∣En

hy,ij

∣∣∣ ≤ C (τ + hy |lnhy|) , 0 ≤ i ≤Mx, 0 ≤ j ≤My, and 0 ≤ n ≤ N. (7.3.20)

Therefore, the overall error estimate of the proposed LOD-L1-method can be proved
under the maximum norm as follows:
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Numerical experiment

Theorem 7.3.5. Let En
h,ij be the error term as mentioned in (7.3.11). Then, for n =

0, 1, . . . , N, ∃ a constant C such that

max
∣∣En

h,ij

∣∣ ≤ C (τ + h |lnh|) , for 0 ≤ i ≤Mx, 0 ≤ j ≤My, (7.3.21)

where h = max {hx, hy}.

Proof. The proof can be done directly by combining the Theorems 7.3.3 and 7.3.4, and hence
the result follows.

Remark 7.3.6. In the given model problem (7.1.1), one can replace the classical convection
term ∇u with a fractional convection term of the form ∆

1/2

ϖ u, where ∆
1/2

ϖ ≡
(
Dϖ

x , D
ϖ
y

)
and

the fractional order ϖ ∈ (0, 1). This concept has found applications in various fields such
as porous media flow, where non-local transport phenomena are prevalent, and in biological
systems, where anomalous diffusion behaviour is observed. The fractional convection term
allows for a more accurate description of these complex transport processes.

In numerical studies, the fractional convection term can be computed using the well-known
L1-method, as demonstrated in Section 7.3. If the proposed method is extended to a SFDE
with fractional derivatives in both diffusion and convection terms, it is anticipated that first-
order accuracy can be achieved in both spatial and temporal directions. The validation of this
assertion will be presented in the subsequent section through a numerical example.

7.4 Numerical experiment

In this section, we will demonstrate some numerical examples to validate our theoretical
findings. We compute the maximum discrete error EN

M and the corresponding convergence
rate CON

M as

EN
M = sup

0≤n≤N
sup

0≤i≤Mx
0≤j≤My

∣∣u(xi, yj, tn)− vni,j
∣∣ , and CON

M = log2

(
EN

M

E2N
2M

)
, (7.4.1)

respectively, with the same number of grid points in the spatial directions as well as in the
temporal direction.

Example 7.4.1. Consider the following 2D SFDE:
∂u

∂t
− d(x, t).∆αu−

(
1− xy

2
+ t, 1 +

xy

2
− t
)
.∇u+ f(x, t, u) = 0, x ∈ V , t ∈ Ωt,

u(x, 0) = (xα+1 − x2)(yα+1 − y2), x ∈ V ,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(7.4.2)
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Chapter 7: A novel LOD method for 2D nonlinear SFDE

with the domain V = (0, 1)2,Ωt = (0, 1) and with the diffusion coefficient d(x, t) =

e−t (xα, yα) and nonlinear source term f(x, t, u) = eu + ξ̂(x, t), where the function ξ̂(x, t)
is selected in such a manner that the exact solution of equation (7.4.2) is u(x, t) =

(t2 + 1)(xα+1 − x2)(yα+1 − y2).

Implementing the Newton’s quasilinearization technique as discussed in (7.2.1), we can
obtain the following sequence of linear SPDEs
∂v

∂t
− d(x, t).∆αv−

(
1− xy

2
+ t, 1 +

xy

2
− t
)
.∇v+ c(m)(x, t)v = g(m)(x, t), x ∈ V , t ∈ Ωt,

v(x, 0) = (xα+1 − x2)(yα+1 − y2), x ∈ V ,

v(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(7.4.3)
where v(x, t) = u(m+1)(x, t),c

(m)(x, t) = eu
(m)

> 0,

g(m)(x, t) = u(m)(x, t)c(m)(x, t)− f(x, t, u(m)(x, t)).

Therefore, for a fixed m ≥ 0 we solve equation (7.4.3) using the computational method
discussed earlier in Section 7.3. Upon reaching the tolerance bound specified in (7.2.2),
we terminate the Newton sequence and consider the current iterate as the solution to our
problem. To employ the proposed LOD technique, we express the source function as the
following decomposition:

g
(m)
2 (x, t) = y

(
g(m)(x, 1, t)− g(m)(x, 0, t)

)
+ gm(x, 0, t),

g
(m)
1 (x, t) = g(m)(x, t)− g

(m)
2 (x, t), (7.4.4)

so that it satisfies the compatibility condition (7.2.4). Numerical solution plot, depicted in
Figure 7.1a shows the results obtained using 64 number of grid points in spatial as well as
temporal directions. The errors and convergence orders for Example 7.4.1 are provided in
Table 7.1, and notably, the first-order accuracy is obtained in spatial and temporal directions.
Additionally, Figure 7.1b illustrates the log-log plots of the Example 7.4.1.

Next, we incorporate an example with the fractional type convection term.

Example 7.4.2. Consider the following 2D SFDE with a fractional convection term:
∂u

∂t
−∆αu− (1 + t2)(1 + x+ y, 1− x− y).∆

1/2

ϖ u+ f(x, t, u) = 0, x ∈ V , t ∈ Ωt,

u(x, 0) = (xα+1 − 2x3 + x2)(yα+1 − 2y3 + y2), x ∈ V ,

u(x, t) = 0, (x, t) ∈ ∂V × Ωt,

(7.4.5)
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Table 7.1: Maximum errors and convergence rates of the Example 7.4.1 for different values
of N and α.

N
α = 0.3 α = 0.5 α = 0.8

EN
M CON

M EN
M CON

M EN
M CON

M

16 1.1795e-02 – 3.6571e-03 – 5.0894e-04 –

32 6.6033e-03 0.8369 2.0994e-03 0.8007 2.9858e-04 0.7694

64 3.4706e-03 0.9280 1.1270e-03 0.8975 1.6385e-04 0.8657

128 1.7724e-03 0.9695 5.8284e-04 0.9513 8.6136e-05 0.9277

256 8.9478e-04 0.9861 2.9610e-04 0.9770 4.4169e-05 0.9636

(a) Numerical solution of the Example 7.4.1 at
the time t = 1 for α = 0.5
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(b) Log-log plots for various α

Figure 7.1: Figures corresponding to the Table 7.1.
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with the domain V = (0, 1)2,Ωt = (0, 1) and the nonlinear source term is considered as
f(x, t, u) = u(1 − u) + ξ̂(x, t), where the function ξ̂(x, t) is selected in such a manner that
the exact solution of equation (7.4.5) is u(x, t) = e−t(xα+1 − 2x3 + x2)(yα+1 − 2y3 + y2).

The Newton’s quasilinearization technique is implemented in the same way as demon-
strated in (7.4.3).

Table 7.2: Maximum errors and convergence rates of the Example 7.4.2 for various values of
N , α with ϖ = 0.8.

N
α = 0.3 α = 0.5 α = 0.8

EN
M CON

M EN
M CON

M EN
M CON

M

16 4.3440e-02 – 4.3457e-02 – 3.8965e-02 –

32 2.4320e-02 0.8369 2.5397e-02 0.7749 2.4318e-02 0.6801

64 1.2712e-02 0.9359 1.3766e-02 0.8835 1.3852e-02 0.8120

128 6.4534e-03 0.9781 7.1392e-03 0.9473 7.4400e-03 0.8967

256 3.2448e-03 0.9920 3.6271e-03 0.9769 3.8582e-03 0.9474

(a) Numerical solution of the Example 7.4.2 at
the time t = 1 for α = 0.5 and ϖ = 0.8
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(b) Log-log plots for various α

Figure 7.2: Figures corresponding to the Table 7.2.

In Figure 7.2a, the numerical solution plot shows the results obtained using 64 grid points
in both spatial and temporal directions. Table 7.2 presents the errors and convergence orders
for Example 7.4.2, affirming the first-order convergence achieved in both space and time.
Furthermore, Figure 7.2b displays the log-log plots of the Example 7.4.2 with ϖ = 0.8.
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Conclusion

7.5 Conclusion

In this chapter, we introduced a numerical technique based on a LOD process to solve 2D
nonlinear SFDE (7.1.1). Initially, the model problem has been linearized using Newton’s
quasilinearization process, after which it has been partitioned into two one-dimensional sub-
problems along the x and y directions. The well-known L1-method over a uniform mesh was
employed to discretize the spatial fractional term, and the discrete maximum principle was
established for the discretized scheme. Further, the discrete maximum principle and con-
vergence analysis have been discussed for the presented numerical scheme using a well-fitted
discrete barrier function. Numerical results have been provided to confirm the truthfulness
of the theoretical estimation.
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CHAPTER 8
Concise overview and future extensions

This chapter summarizes the important results that have been carried out in the previous
chapters of this thesis and discusses some future directions of the proposed concepts.
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Chapter 8: Overview and future scopes

8.1 Summary of the works

Some important results of this thesis are highlighted below:

In Chapter 2, we considered a steady-state advection-diffusion-reaction type FBVP with a
fractional convection term. The higher order derivative term of the model problem contains
a mixed-fractional derivative. We have discussed a finite difference scheme based on the
uniform L1− method to discretize the fractional derivative terms. The discrete maximum
principle has been addressed here. Further the related error analysis has been investigated
and an error bound CM−1

x (lnMx)
α has been proved. The convergence of the scheme was

studied with the help of properly chosen discrete barrier function. An application of the
proposed method was shown on the semilinear FBVPs. At last some numerical examples
were established to corroborate the theory.

Chapter 3 studied the numerical solution of FBVPs with integral type boundary condi-
tions. The numerical scheme consists of the spline approximation for the Caputo derivative,
and the second-order classical finite difference for the advection-term and trapezoidal rule
for the integral-type boundary conditions. Truncation error of the proposed scheme was ob-
tained, and stability analysis has been carried out. Second-order convergent error estimate
was derived. Semilinear FBVPs were also solved by the proposed method after using the
Newton’s quasilinearization. Some numerical experiment were carried out to validate the
theoretical error estimates and efficiency of the method.

Then, Chapter 4 focused on the semi-analytical and numerical solutions of a nonlinear
time-tempered k-Caputo FDE. The Elzaki decomposition method was considered to find
the semi-analytical solution of the model problem and then it has been linearized using
Newton’s quasilinearization method. To discretize the quasilinearized problem, a numerical
scheme namely tempered kL2-1σ method has been proposed. The stability and convergence
analysis of the fully discretized problem have been carried out in the L2−norm using the
energy method, and the second-order convergence O (M−2

x +N−2) in both time and space
has been established in the theoretical analysis. In support of the theoretical results, a
numerical experiment has been appended.

Chapter 5 investigated an analysis of the non-uniform L1-method to find the numerical
solution of a nonlinear time-fractional diffusion equation with generalized memory kernel.
To overcome the difficulty due to the presence of singularity in the solution at t = 0, the
graded meshes tn = T (n/N)r , n = 0, 1, 2 . . . , N have been conducted as it has advantage
to concentrate the mesh points near t = 0. Complementary discrete generalized memory
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kernel has been introduced to develop a generalized discrete fractional Grönwall inequality
for the non-uniform L1-formula. Stability and the error estimate of the proposed scheme
with convergence order O

(
N−min(rα,2−α)

)
were carried out in the L2-norm. Also, a regu-

larity parameter σ ∈ (0, 1) ∪ (1, 2) has been taken into account and the convergence rates
O
(
N−min(rσ,2−α)

)
have been enumerated in temporal direction under a regularity condition

(5.3.15). Some numerical simulations have been comprehended in support of the perfor-
mance of theoretical aspects and the computed results have shown good agreement with the
presented analysis.

In Chapter 6, we have proposed the WGFEM, coupled with the ADI–type dimensional-
splitting technique to find the numerical solution of a class of time-factional diffusion equa-
tion. It helped us to easily deal with the 2D time-fractional diffusion problem. This
dimensional-splitting technique assists to reduce the computational cost in solving the 2D
time-fractional problem. The well known L1-method has been used to approximate the time-
fractional derivative term over a non-uniform mesh and the uniform dimensional-splitting
WGFEM was used for the space discretization. We have analyzed the stability of the pro-
posed scheme and proved the error estimate of order O

(
hk+1 +N−min(rα,2−α)

)
. In support

of the theoretical estimate, a numerical example has been proposed.

Finally, a numerical technique based on a LOD process has been introduced in Chapter 7
to solve 2D nonlinear SFDE. Initially, the model problem has been linearized using Newton’s
quasilinearization process, after which it has been partitioned into two one-dimensional sub-
problems along the x and y directions. The well-known L1-method over a uniform mesh
was employed to discretize the spatial fractional term, and the discrete maximum principle
was established for the discretized scheme. Further, the discrete maximum principle and
convergence analysis have been discussed for the presented numerical scheme using a well-
fitted discrete barrier function. Numerical results are provided to confirm the truthfulness
of the theoretical estimation.

8.2 Future scopes

Here, we are briefly proposing some problems that can be considered as future scope in this
thesis work:
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8.2.1 Weak Galerkin FEM for multi-term TFDE

Multi-term fractional differential equations [78] stand out as a crucial category of FDEs,
including multiple fractional differential operators. It has become increasingly important
in modeling numerous significant processes, particularly those characterized by multi-rate
systems. Notably, multi-term fractional order differential equations offer advantageous prop-
erties and describe complex multi-rate physical phenomena in various way [38]. We wish
to extend the dimensional-splitting L1-WGFEM, discussed in Chapter 6 to the following
multi-term TFDE. Let V ⊂ Rd(d ≥ 1) be a convex polyhedral domain with a boundary ∂V .
Consider the following fractional-order parabolic problem for the function u(x, t) :

P
(α)
c (∂t)u(x, t)−∇ · (Ψ(x, t)∇u(x, t)) = f(x, t), (x, t) ∈ V × (0, T ],

u(x, t) = 0, (x, t) ∈ ∂V × (0, T ],

u(x, 0) = û0(x), x ∈ V .

(8.2.1)

Here, V = Ωx × Ωy ⊂ R2, where Ωx = (xl, xr) and Ωy = (yl, yr) with the boundary ∂V ,
u(x, ·) = u(x, y, ·) and T > 0 is a fixed final time. The functions f ∈ L∞ (0, T ;L2(V)) and
û0 ∈ L2(V) are given source term and initial data, respectively, and Ψ(x, t) ∈ Rd×d is a
symmetric matrix-valued diffusion coefficient such that for some constant λ ≥ 1

λ−1|ξ|2 ≤ Ψ(x, t)ξ · ξ ≤ λ|ξ|2, ∀ξ ∈ Rd,∀(x, t) ∈ V × (0, T ],

|∂tΨ(x, t)|+ |∇xΨ(x, t)|+ |∇x∂tΨ(x, t)| ≤ c, ∀(x, t) ∈ V × (0, T ].
(8.2.2)

Here, the fractional differential operator P (α)
c (∂t) is defined by

P (α)
c (∂t)u(x, t) := CDα

0,tu(x, t) +
m∑
i=1

qi
CDαi

0,tu(x, t),

where qi are given positive constants, 1 ≥ α > α1 ≥ α2 ≥ . . . ≥ αm > 0.

8.2.2 Weak Galerkin FEM for time-fractional Burgers’ equation

Burgers’ equations are a type of nonlinear partial differential equations (PDEs) that describe
the movement of waves in a unique way. Those equations are often used to model traffic
flow, showing how traffic behaves with nonlinear effects like spreading out and sharpening
at the front. Interestingly, they share similarities with the famous Navier-Stokes equations,
which describe how fluids flow without any pressure pushing them along, but they’re tai-
lored specifically for situations like traffic flow. The presented scheme of Chapter 6 can be
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considered to numerically solve the following nonlinear time-fractional Burgers’ problem [1]
in 2D: 

CDα
0,tu− ε∆u+ u

(
∂u

∂x
+
∂u

∂y

)
= f(x, t), (x, t) ∈ V × (0, T ],

u(x, t) = ĝ(x, t), (x, t) ∈ ∂V × (0, T ],

u(x, 0) = û0(x), x ∈ V .

(8.2.3)

Here, V = Ωx × Ωy, where Ωx = (xl, xr) and Ωy = (yl, yr) with the boundary ∂V in R2,
u(x, ·) = u(x, y, ·), T > 0 is a fixed final time, û0(x), f(x, t) and ĝ(x, t) are given functions,

the parameter ε =
1

Re

is diffusion constant and Re is the Reynolds number.

8.2.3 Weak Galerkin FEM for two-dimensional time-fractional
mobile/immobile equation

The time-fractional mobile/immobile model plays a central role in describing various phe-
nomena including heat diffusion and propagation of ocean sounds, among others. Moreover,
it has been verified that the long term limit of continuous time random walks can be con-
trolled by the fractional mobile/immobile equation [89], which interprets the probabilistic
nature of the latter. The dimensional-splitting WGFEM of Chapter 6 can be taken into con-
sideration to numerically solve the following 2D time-fractional mobile/immobile equation
[68]: 

∂u

∂t
+ CDα

0,tu = ∆u+ f(x, t), (x, t) ∈ V × (0, T ],

u(x, t) = ĝ(x, t), (x, t) ∈ ∂V × (0, T ],

u(x, 0) = û0(x), x ∈ V .

(8.2.4)

Here, V = Ωx × Ωy, where Ωx = (xl, xr) and Ωy = (yl, yr) with the boundary ∂V in R2,
u(x, ·) = u(x, y, ·), T > 0 is a fixed final time, û0(x), f(x, t) and ĝ(x, t) are given smooth
functions.
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