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ABSTRACT

This thesis is devoted to the development of a robust and aceurate partially satu-
rated cells (PSC) based lattice-Boltzmann (LB) solver for incompressible flows and its
application to conjugate heat transfer process. The lattice-Boltzmann (LB) method
has emerged as a promising alternative to the conventional Navier-Stokes solvers in
the last two decades owing to its simplicity of implementation, utilization of equation
of state dismissing any requirement. of pressure-velocity coupling, use of Cartesian
meshes, and ease of parallelization. Despite certain promising advantages, the conven-
tional treatment of boundary conditions on the curved surfaces using LB approaches
suller staircase representation of the surface. This disparity pets exacerbated in mov-
ing boundary problems with continuous interchange of fuid and solid lattice nodes
necessitating refilling algorithms at each time, and leads to an increased computa-
tional expense. Hence, the need for a fast and robust computational framework for
moving body problems has led to the emergence of non-body conformal methods,
like the coupled immersed boundary-lattice Boltzmann (1B-LB) method, over the last
two decades. Recently, one such variant of the 1B-LB method, namely the partially
saturated computational cells (PSC) method, has evolved as a promising numerical
framework for several moving boundary applications. The key advantage of the tech-
nique is that, it employs a unified evolution equation for all media (solid and fuid)
present in the computational domain comprising a weighting function based on solid
volume fraction and an additional solid collision operator. The latter two elements of
the PSC technique are responsible [or alfecting the boundary conditions to be imposed

on the solid body, which may be stationary or moving,

The present thesis demonstrates a comprehensive appraisal of the PSC algorithm
subjected to moving boundary scenarios that have hitherto not been explored in open
literature but are important for the practical viability of the approach. Key aspects
pertaining to the performance assessment of the approach comprise accuracy studies,
discrete conservation of properties, dependence of spurious fluctuations on grid resolu-
tion for moving boundary problems and Galilean invariance. In addition, the solver's
robustness is exhibited for a wide range of non-trivial benchmark problems encompass-
ing stationary and moving boundary problems for hydrodynamic and thermal Hows.
Furthermore, a novel algorithm for simulating conjugate heat transfer problems using
PSC is expounded. A novel strategy for implementation of adiabatic boundary con-
ditions is also elaborated in the present work. Both of these sirategies are validated
with standard free, forced and mixed convection problems.

Keywords: Partially saluraled compulational cells, immersed boundary lallice Bollz
mann, moving boundary, conjugate heal transfer
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CHAPTER. 1

INTRODUCTION

“We repeal that CFD is a growth industry, with an unlimiled number
of new applications and new ideas just wailing in the fulure”

- John D, Anderson, Jr., 1995

A general solution of Navier-Stokes (N-5) equations in three-dimensional space and
time still remains a dream and is one of the six open Millennium Prize Problems of-
fered by the Clay Mathematics Institute. By the turn of the twentieth century, the
necessity to have a more mature form of closed analytical solutions was realized for
field problems. Analytical solutions to a large number of problems were not possi-
ble, which gave birth to approximate semi-analytical techniques and development of
numerical methods. With the advent of high-speed computers and robust numerical
algorithms, computational fluid dynamics (CFD) has established itself as capable of
churning out much remarkable information for a broad range of practical problems
from N-5 equations. CFD synergistically complements pure experiments as well as
pure theory to deal with the enormous cost and complicated equations respectively,
associated with these approaches. The origin of the modern CFD can be traced back
to the late 1950s to the T3 group of the Los Alamos National Laboratory under the
leadership of Francis H. Harlow. During the 1960s, the pioneering work of Prof. 1.
B. Spalding and co-workers at Imperial College simultaneously laid the foundation
of CFD technology applied to a large number of engineering flows applicable to the
industries. With the emergence of several sophisticated algorithms in the past seven
decades, it has become feasible Lo analyze complex flow features pertaining to tur-
bulence, fluid-structure interactions, multiphase flows, micro/nano flows, high-speed
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Figure 1.1: Mustrations of body-conformal and non-body-conformal grids.

flows, thermal flows, ete. The core philosophy of such N-5 based flow solvers lies in
discretizing the governing non-linear partial differential equations into linear algebraic
equations. Several discretization technigues like Finite Difference Method (FDM), Fi-
nite Volume Method (FVM), Finite Element Method (FEM), Arbitrary-Lagrangian
Eulerian (ALE) method, and Lattice Boltzmann Method (LBM), ete., are some of
the notable mentions that have evolved immensely since the inception of modern day
CFD. These discretized algebraic equations, alongwith appropriate boundary, and ini-
tial conditions, are solved over a numerical mesh and iterated until convergence is
reached to yield a near-exact solution of the flow field. One of the pivotal require-
ments towards a consistent. and stable solution by any ClD-solver is a good quality
mesh of the flow field. Traditionally, body-conformal grids (as shown in Fig. 1.1a'
were employed across a multi-component flow field. While body-fitted grids can ac-
commodate the accurate implementation of boundary conditions, a major bottleneck
occurs when estimating interfacial guantities in a moving boundary problem. In par-
ticular, the generation of a body-fitted grid involving complex moving structures and
subsequent. implementation of the discretized equation requires significant expertise
and computational overhead due to the tedious regeneration of conformal meshes in
each time step. Furthermore, the estimation ol gradients pertaining to the convective
and viscous fluxes and resulting spurious fluctuations of the interfacial vector quanti-

ties are key challenges of this approach.

| Reprinted from Computers and Fluids, vol. 222, Y.Y. Liu, C. Shu, H W. Zhang, L.M. Yang and
. Lee, An cfficient high-order loast square-based finite difference-finite volume method for solution
of compressible Navier-Stokes equations on unstructured grids, p. 104926, Copyright {2021), with
permission from Flsevier
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Therefore, the need for an approach that mitigates the above mentioned issues
and simultaneously ensures accurate implementation of the boundary conditions has
led to the emergence of non-traditional approaches like mesh-free methods [2] and
immersed-boundary (IB) methods [3]. The IB methods have gained prominence over
the past decade owing to their inherent requirement of a simple Cartesian grid and
thus reducing the dependency on highly skilled users for good quality mesh genera-
tion. The true utility of such non-body conformal methods (shown in Fig. 1.1h) also
lies in the smooth exchange of information across multi-component interfaces while
mitigating the re-meshing process, unlike body-conformal approaches. The IB meth-

ods can effectively handle complex bodies and their motion in conjunction with any

discretization scheme such as FDM, FVM, FEM, and LBM, ete.

In addition, numerical simulations of Huid fows over complex geometries have
been a continuing field of research with efforts to obtain accurate solutions at a lesser
computational cost. Anderson [4] has aptly penned, "Modern CFD is awash with dif-
ferend techniques - some old, some new, some quile simple and stratghiforward, and
some very sophisticated and elaborate”. The need for fast and robust solvers for three-
dimensional problems, particularly involving moving bodies, has led researchers to
explore newer techniques and improve existing approaches. Among the several possi-
ble techniques that have [ound favor, the lattice-Bollzmann method has emerged as a
promising alternative to conventional finite-volume-based N-8 solvers in the last two
decades. Key advantages of LBM solvers include simplicity ol implementation, utiliza-
tion of equation of state dismissing any requirement of pressure-velocity coupling, use
of Cartesian meshes, and ease of parallelization due to locality of operations. The LBM
approach solves the discrete Boltzmann equation [5] at each lattice node for the contin-
uous particle distribution funetion, which can then be integrated in velocity space to
obtain macroscopic variables of interest. Despite these attractive features, implemen-
tation issues in the LBM framework must be addressed with care to obtain accurate
results. A prominent issue is the need to enforce boundary conditions consistent. with
the macroscopic flow and this has led to researchers proposing several schemes that in-
clude bounce-back [6], interpolated bounce-back [7-9], non-equilibrium extrapolation
[10] and non-equilibrium bounce-back [11]. Another drawback with the conventional
LBM approach employing a Cartesian lattice is that il approximates curved surfaces
using a staircase representation creating a disparity between the physical and simu-
lated boundaries. This disparity gets aggravated in moving boundary problems with
continuous change of fluid and solid lattice nodes necessitating reconstruction of dis-

tribution functions at each time, which leads to an inereased computational expense.
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Researchers have therefore devised methodologies that blend the LBM approach with
the IB philosophy. The key idea is to represent the body that is considered "immersed”
in the lattice by means of a set of Lagrangian surface points while the macroscopic
variables are determined at the Eulerian lattice nodes. Afier solving the governing
equations, the information available in the Eulerian nodes (such as velocity, pressure,
and temperature) are interpolated to the Lagrangian boundary points using a suitable
spreading function. These are then employed to evaluate the forces due to particle
motion and fuid-particle interactions at the Lagrangian points, and these forces are
then interpolated back to the lattice nodes. This two-way exchange allows coupling
between the solid and fluid by ellectively communicating the presence of bodies to
the underlying lattice while also ensuring that Huid-solid interactions are accurately

computed.

Thus, the present thesis is devoted towards the development of a general in-house
immersed-boundary lattice-Boltzmann (IB-LB) solver. To achieve this overall goal, the
author beging by carrying out a comprehensive literature survey of existing numerical
efforts in developing an 1B-LB computational framework for thermo-hydraulic flows.

1.1 Development of lattice-Boltzmann method

The lattice Boltzmann method has its historical provenance in Lattice Gas Automata
(LGA) [12, 13], which conceptualizes the discrete particle-based proposition, thereby
presaging the physical system as a unification ol multiple fictive particles with con-
strained motion. The nature of migration of such particles to their respective neigh-
borhoods is governed by loeal collision, translation, and reaction rules, consequently
lacilitating the replication of most of the macroscale [uid behavior. The boolean in-
teractions allow near-perfect. imitation of collision while being numerically stable and
expediting the easier implementation of boundary conditions, along with the promise
ol aiding massive parallelization. However, the same boolean redistribution rule in-
variably insinuates substantial statistical noise, even with lattice in equilibrium, neces-
sitating spatial and/or temporal averaging for smoothed macroscopic profiles. LGA
faces further challenges from the intrusion of anisotropy in the Navier-Stokes equa-
tion, possible non-Galilean invariance, and velocity-dependent pressure. In an effort
to surmount such impediments, with the primary compulsion being the eradication
of statistical noise, McNamara and Zanetti [14] proposed the lattice-Boltzmann equa-
tion (LBE) that replaces the boolean particle occupation variable with its anticipated
value retrieved rom the mesoscopic kinetic theory, thereby stimulating the evolution

ol the How field on timescales comparable with mean collision time. Later Hipuera
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and Jiménez [15] proposed a linear collision operator to reduce computational cost
and excessive memory requirement associated with the non-linear LBE. Although the
utilization of the equilibrium distribution function in collision operator originated from
the LGA, the limitations associated with the velocity-dependent pressure and density-
dependent convection coeflicient due to lack of Galilean invariance persisted. Eventu-
ally, these issues were eliminated by invoking Maxwell-type equilibrium distribution
functions [16, 17]. This simplified version of collision operator was originally proposed
by Bhatnagar, Gross and Krook [18] is also popularly known as BGK collision opera-
tor. 1t utilizes a constant value for the relaxation time (7) and has the capability to
conserve mass, momentum, and energy while recovering the accurate behavior of the

macroscopic N-5S equations.

The LBM has established itsell as a robust numerical framework that can cap-
ture discontinuous mechanics and hydrodynamics (Knudsen number less than unity),
as well as its kinetic nature can accurately predict the discontinuous phenomena in-
volving Knudsen number close to unity without using large computational resources.
Presently, it has been widely used in various field of research like multiphase flows
[19, 20], non-Newtonian flows [21], heat transfer [22, 23], porons media [24, 25], tur-
bulent, flows [26, 27] and microfluidics [28, 29], to cite a few. Some salient features of
the LBM in comparison to the conventional N-5 based solvers are enlisted as follows-

e The lundamental governing equations pertaining to LBM are at mesoscopic level
compared to the macroscopic transport equations used in the traditional CFD
solvers, like the continuity, the N-5 equations for momentum, and the energy

equation.

e The advection term of LBE is linear in contrast to the non-linear operator in

N-5 equations.

e Pressure is evaluated using the equation of state in LBM that facilitates a scope
for efficient. parallelization while relying on the pressure-Poisson equation in N-5

solvers is a tedious and expensive affair.

e In LBM, the Boltzmann transport equation is discretized in a lattice space, ve-
locity, and time to yield the discretized LBE. This evolution equation tracks
the particle distribution function (pdf) and recovers the macroscopic parame-
ters like velocity, pressure, and temperature through velocity moments of these
pdfs. The recovery of macroscopic N-S equations [rom the discretized LBE can
be achieved through the Chapman-Enskog multiscale expansion. While in con-

ventional CFD solvers, the N-5 equations are discretized into linear alpehraic
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equations in macroscopic time and space using a suitable discretization tech-
nique. These system ol equations, along with initial and boundary conditions,
are iterated until convergence to yield macroscopic variables like velocity, pres-

sure, and temperature.

e If the functional form of the collision operator is known a priers, the algebraic op-
crations pertaining to the discretized LBE are explicit in nature and local to the
lattice nodes. It facilitates highly parallelizable schemes in LBM in comparison
to the N-S solvers.

Despite possessing several advantages over traditional CFD approaches, LBM
sulfers from serious challenges in implementing boundary conditions due to its kinetic
nature. The boundary conditions are mostly prescribed in macroscopic quantities;
however, a standard realizable counterpart at the mesoscopic level is challenging. For
instance, a no-slip boundary condition on a solid surface can be directly implemented
by taking zero relative veloeity of the tangential component of the velocity field in
N-5 based solvers. Whereas, in LBM, due to its kinetic nature, the particle density
leaving out a system must be replaced by particle density entering it. The prop-
erties of these incoming particles set the basis for the lattice-Boltzmann (LB) level
boundary conditions, and they can be either known a priori or computed from the
information available through the leaving particles. Generally, a perfect knowledge of
the properties of these particles is not available, and some approximations are used
to formulate the boundary conditions. The fundamental difficulty associated with the
LB boundary condition is that the particles’ mesoscopic level degree of freedom is
more than the macroscopic moments that they need to satisly. Conventionally, the
bounce-back (as depicted in Fig. 1.2) or multireflection schemes [30, 31] were used to
treat the no-slip boundary condition. Despite being old, it is still a popular method to
treat a wall boundary in the LB community due to its simplicity of implementation.
Zou and He [11] further proposed specified pressure and veloeity conditions in terms
ol non-equilibrium distribution [unction for LB boundary conditions that maintain
second-order spatial accuracy. Chen et al. [32] proposed an extrapolation scheme to
deal with open boundaries by taking a fictitious layer of nodes outside boundaries.
Accurate implementation of boundary conditions is already arduous, and the com-
plexity increases further for fluid systems involving moving and complex boundaries.
To attempt such problems, Fillippova and Hénel [7], Mei et al. [8], Bouzidi et al.
[9], Yu et al. [33] proposed bounce-back like schemes to appraise unknown pdfs at
curved boundaries based on the fraction of intersected link crossing the interface in
fluid region. These schemes were second-order accurate but simultaneously encoun-

tered several challenges. Some notable limitations pertaining to these schemes are
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Figure 1.2: lustration of a basic curved wall treatment scheme, Blue and grey circles
represent fluid and solid lattice nodes, respectively, The purple circles denote the
half-way locations intended lor the bounce-back of distribution functions in hall-way
bounce-back schemes. The dashed line represents a staircase like approximation of the
curved surface.

presented below-

e Schemes are unable to prediet the aceurate representation of the solid-fluid inter-
face due to staircase-like approximation (as shown in Fig. 1.2) of the boundaries.

¢ The continuous movement of the solid body inside the computational domain
results in birth and death of the solid-fluid node as shown in Fig. 1.3. This fur-
ther necessitates ancillary treatment using refill algorithms [34, 35] to determine
the unknown distribution functions and conserve mass and momentum simulta-

neously. Such treatments increase the computational time and complexity of the

algorithm.

e The schemes yield spurious fluetuations in the hydrodynamic force caleulation
[34, 36] (Fig. 1.4)°. Furthermore, interpolations associated with these schemes

greatly affect the mass and momentum conservation at the boundary.

e Refinement of lattice mesh becomes necessary for capturing high velocity and
thermal gradient zones. Multiblock techniques [37] used to account for this issue

are computationally expensive and possess complex implementation.

The need for a fast and robust computational framework for moving body prob-

lems encountered in [uid-structure interaction has led to the emergence ol the coupled

2 Reprinted from Computer and Fluids, vol. 135, 8. Tao, J. Hu, and Z. Guo, An investigation on
moementum cechange methods and refilling algorithms for lattice Boltzmaonn simulation of porticulate
fows, p. 1-14, Copyright (2016, with permission from Elsevier
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Figure 1.4: Time history of spurious force fluctuations yielded by bounce-back like
schemes [36].

immersed boundary method over Lhe last two decades. Specifically, the inherent re-
quirement. of uniform Cartesian mesh in both IB and LB methodologies has led to
their amalgamation. Among several immersed boundary—lattice Bolizmann method-
ologies (IB-LB) available in the open literature, we will now brielly review some of the
prominent variants in the next section.

1.2 TImmersed boundary-lattice Boltzmann (IB-LB)
Methods

The term "immersed boundary method" was first coined in the pioneering work of Pe-

skin [38], which demonstrates the numerical simulation of blood flow associated with
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cardiac mechanics. The key idea of the method is to employ a non-body conformal grid
with the complex boundary represented by a set of Lagrangian points while immersed
into an Eulerian fluid domain. Upon solving the governing equations on BEulerian
nodes, various flow field parameters such as velocity, pressure, and temperature are
spread to Lagrangian boundary nodes. The resulting force that evolves out of particle
motion and fluid-particle interactions at Lagrangian nodes can now be distributed into
Fulerian fluid nodes while simultaneously advecting the Lagrangian nodes to account
for the motion of the body. A detailed utility of the 1B philosophy can be found in

the review work of Mittal and laccarino [3].

Among the earliest notable efforis to develop the IB-LB framework was the
penalty-force approach proposed by Feng and Michaelides [39] in a Lagrangian—Fulerian
framework which considers deformable particles with a high stiflness coeflicient and
adds to the evolution equation an external force density term that accounts for fuid
and particle velocity field. This approach was used to study a couple of fluid-particle
interaction problems—DKT motion of two particles and sedimentation of muliiple
particles, from which the authors concluded that coupled IB-LB method is capable
of accurately resolving fluid-particle boundary condition. They also found that the
method is more accurate than bounce-back schemes and reduces initial fluctuations
in particle forces and torques, which are common in general LB approaches. The
penalty-force approach, however, sullers the limitation that it requires a careful choice
ol user-delined [ree parameters. This limitation was overcome in the direct [orcing
immersed boundary-lattice Boltzmann (DF-IB-LB) [40] method by adding a forcing
term in momentum equation that enforees no-slip condition on the boundary and was

found to be eflicient in simulations of high Reynolds number flows. Their work high-
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Figure 1.5: Illustration of the Immersed Boundary method. The Lagrangian points
represent the boundary, and the intersection ol the mesh lines represents the Eulerian
fluid points.
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lighted the capability of the approach to offer a smooth computational boundary as
compared to the conventional "bounce-back™ schemes used in LBM. While they re-
marked that the DF-1IB-LB method possesses the same order of accuracy as the LB
method, no quantitative data were provided to support this claim. Dupuis et al. [41]
introduced the interpolating forcing approach that exhibited an order of accuracy of
1.9 in drag coefficients of an impulsively started cylinder as compared to a 1.5 conver-
gence rate using direct-forcing method. Although the interpolating forcing approach
is a nearly second order accurate method, it involves tedious interpolations, which in

turn increases the computational cost and time for moving boundary problems.

Yet another approach is the momentum exchange based method of Nin et al. [42],
where the particle distribution function on the boundary is obtained from interpola-
tion using Lagrangian polynomials from the Eulerian lattice, but is relatively more
difficult to implement compared to other approaches. Wu and Shu [43] devised the ve-
locity correction based 1B-LB approach where the velocity is contributed in two parts,
one from density distribution function referred to as intermediate velocity and the
other from the external forcing term considered as velocity correction. These velocity
corrections are calculated so that non-slip boundary conditions are imposed on the
solid boundaries. Zhang and co-workers [44] formulated an iferative force correction
method to obtain external force term involved in the LB eguation that ean accurately
implement no-slip boundary conditions on solid boundaries considering the eflects of
present and next time steps. They employed Lagrangian polynomial interpolations
instead of the Dirac delta lunetion to determine velocities on boundaries from neigh-

boring fluid nodes,

An interesting approach proposed by Noble and Toreyznski in the late nineties
is the partially saturated computational cells method (PSC) [45]. This method may
also be classified as belonging to the IB-LB class of schemes, although it has not been
traditionally referred to in that manner. This technigue employs a unified evolution
equation for all media (solid and fluid) present in the compuiational domain with a
weighting function based on solid volume fraction and an additional solid collision
operator. The latter two elements of the PSC technique are responsible for effecting
the boundary conditions to be imposed on the solid body which may be stationary or
moving. Studies carried out for low past a stack of eylinders showed the approach to
be second-order accurate and capable of accurately computing the flow past multiple
objects. Strack et al. [46] carried out several test cases of stationary and moving
spheres in creeping flow regime using PSC. Their studies showed that velocity, foree

and torque errors exhibited a second-order decay with grid refinement for stationary
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body problems while the force and torque errors demonsirated quadratic and lin-
ear decay in a settling sphere problem. Chen et al. [47] reported that the sudden
transformation of fluid nodes into solid nodes in moving boundary problems leads to
a violation of geometric conservation laws (GCL) that were responsible for spurious
foree oscillations (SFOs). To mitigate these oscillations, they coupled the ghost-fluid
method along with the cut-cell based PSC methodology to treat the solid boundary
in sharp-interface 1B sense enforcing the GCL.

Owen et al. [48] proposed a coupled PSC-DEM [ramework [or solid-fluid interac-
tion problems where the the bounce-back variant of solid collision operator was found
to be more accurate than other variants. However, they found that the method failed
to compute the shear stresses aceurately in the low Reynolds number regime, A more
recent effort by Najuch and Sun [49] has analysed the role of the solid collision op-
erator in two variants of the PSC method in computing the hydrodynamic stresslet
and hence rheology of granular suspensions. Rettinger and Riide [50] have carried out
resolution and viscosity dependence studies of several variants of momentum exchange
method (MEM) and PSC in a periodic array of spheres in Stokes flow regime. They
found that using the superposition model of solid collision operator led to less than
second order convergence, whereas the bounce back and Holdych’s model resulted in
second order convergence rate with grid refinement. Interestingly, the MEM variants,
despite having non-smooth convergence ol errors, exhibited smaller errors than the
PSC approach. Their studies also highlighted that while MEM variants yielded force
errors independent of choice of relaxation time (7), force errors from PSC variants
exhibited strong dependency on 7. The authors also studied these variants in purview
of fluid-solid interaction of a moving sphere in ambient fluid in different flow regimes
and concluded that, while MEM approaches could provide an accurate prediction of
stream-wise velocities, the span-wise velocities were accurately predicted when PSC
technigques was employed.

A more recent study on the PSC approach and its variants vis-a-vis moving bound-
ary methods (MBM) was performed by Haussmann and co-workers [51] with an em-
phasis on Galilean invariance, volume approximation methods and relill algorithms.
The volume approximation methods in PSC approach were [ound to possess smaller
Galilean invariance errors as compared to refill algorithms used for MBMs, along-
with the smaller pressure fluctuations and better momentum conservation, which were
attributed to the continuous deseription of the domain due to diffusive nature of the al-
gorithm. They also extensively investigated the problem of vortex-induced vibrations

of a eylinder at Re=100 and identified the best algorithms in the elass of PSC and
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MBM approaches. It is also important to note herein that both the studies of Rettinger
and Ride [50] as well as those of Haussmann et al. [51] have reported a lower order
of spatial accuracy (close to unity) for the PSC approaches as compared to the MBM
frameworks. In recent times, the PSC approaches have been extensively employed in
the field of computational rheology, such as to study particle migration and deposition
characteristics in a microchannel [52] and particle suspension characteristics exposed
to thermal effects involving conjugate heat transfer and temperature-dependent vis-
cosity [53]. They have also been applied to investigate large-scale geophysical flows
involving dynamics of densely packed granular flows and pore-scale physics [54], suflu-
sion process in granular flows [55], seepage [ailure of saturated granular soils [56] and
interaction hetween complex shaped air borne particles with porous media structures
in filtration processes [57] among other studies in porous media and rheological flows

[49, 58-60].

1.3 Immersed boundary-thermal lattice Boltzmann
(IB-TLB) Methods

The previous section illustrated that the direct-lorcing-based 1B-LB method has been
extensively used in hydrodynamie and isothermal problems. Likewise, the direct-
forcing thermal 1B-LB method also paved ils way as an eflicient methodology that can
incorporate thermal boundary conditions accurately. The forcing term principles in
both momentum and energy equations are same; the difference lies in the fact that
only Dirichlet type boundary condition is considered in momentum-forcing while both
Dirichlet and Neumann types can be considered in energy-forcing immersed boundary
method. Zhang et al. [61] presented a direct-forcing immersed boundary scheme over
the underlying predictor-corrector-based finite-difference framework. The proposed
scheme oflers an independent selection of the number of IB grid points irrespective
of the resolution of the computational grid and also ensures the implementation of
boundary conditions on 1B locations intersecting the grid points as well as in any lo-
cations between these grid points. The methodology revealed second-order accurate
spatial convergence [or Dirichlet and Neumann-type boundary conditions. It also pro-
duced fewer spurious kinks and a smoother curve compared to the existing literature
during the estimation of the local Nusselt number for heat convection over a circular
cylinder in stationary and imposed motion scenarios. Jeong et al. [62] proposed a
coupled immersed boundary thermal lattice Boltzmann method based on the equilib-
rinm internal energy density approach. The external forcing term is constituted using
the "equilibrium velocity” that takes care of the change of momentum as proposed by
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Shan and Chen [19]. The increase in error norms with the increase in relaxation time
for the energy model was attributed to noticeable artificial boundary slip and artificial
boundary temperature. The algorithm is tested over natural convection phenomena in-
volving heated square and circular eylinders inside a cold wall square enclosure, which
revealed that the results are in good agreement with the previous literature. However,
the algorithm still possesses an arbitrariness in the selection of free parameters and

hence prone to induce instabilities.

Kang and Hassan [63] developed a direct-forcing based immersed boundary ther-
mal lattice Boltzmann model based on two thermal LB models, viz., double popu-
lation model and a hybrid model with advection-diffusion equation. In contrast to
the use of Dirac-delta function in hydrodynamic direct forcing diffuse interface 1B-LB
method [40], they incorporated a sharp-interface-based interpolation scheme. The hy-
brid thermal LB (TLB) model consumed 50% less computational time as compared
to the simplified thermal LBE model. However, comparable error norms in Nusselt
estimation were reported by them. Khazaeli et al. [64] proposed ghost fluid-based
TLE method using a double population based model. The ghost fluid method decom-
poses the unknown distribution function of ghost nodes at solid-fluid interface into its
equilibrium and non-equilibrium parts. The equilibrium part is reconstructed using
the extrapolated quantities (e.g., velocity, density, distribution lanctions, ete.) from
the corresponding image points, while the non-equilibrium parts are evaluated using
bounce-back schemes. The method exhibited second-order spatial order of accuracy
and good agreement with previous literature when tested upon cylindrical thermal
Couette flow, natural conveetion in an annulus, and convective heat transler in a semi-
circular lid-driven cavity problem. Seta [65] proposed a redefined temperature source
term for implicit correction immersed boundary thermal lattice Boltzmann method,
which enhances the accuracy of the boundary conditions for temperature and velocity
as well as restricts penetration of streamline across the immersed body. The method
revealed that the boundary errors strongly depend on the choice of relaxation time.
The value of relaxation time less than unity was recommended to ensure accuracy and

simultaneously reduce boundary slip for temperature.

Hu et al. [66] proposed a diffuse-interface immersed-boundary thermal lattice
Boltzmann method for Dirichlet, Neumann, and Robin type thermal boundary con-
ditions. The Dirichlet type temperature boundary condition is realized using an it-
erative procedure. Neumann and Robin type boundary conditions are implemented
through derived jump conditions of derivative of temperature and further smoothening

them using the Dirac-delta function. Subsequently, implicit heat flux equations are
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evaluated on the immersed Lagrangian nodes, and the temperature field is corrected
by spreading the heat flux to neighboring Eulerian nodes. The algorithm exhibited
second-order spatial accuracy in maximum and Ls velocity errors when tested upon the
Taylor-Green vortices problem with an embedded stationary cylinder. When tested
upon a rotational problem, the algorithm exhibited first-order spatial accuracy for
both temperature and velocity error norms for all types of boundary conditions. This
degradation of the order of aceuracy was attributed to the lack of smooth transition of
velocity and temperature field at the solid-fluid interface, unlike the previous test case.

Eshghinejadfard and Thévenin [67] presented the efficacy of the direct forcing
and direct heating 1B-TLE method [or two and three-dimensional flow simulations in-
volving natural convection heat transfer phenomena in stationary and moving bodies.
Direct-forcing IB-LB method suflers a limitation of momentum leakage across the solid
surface and subsequently leads to boundary velocity slip and temperature jump at the
solid-fluid interface. To mitigate this drawback, a multi-direct-heating scheme [68] is
proposed that applies the direct-forcing and direct-heating in momentum and thermal
governing equations, respectively, until the no-slip condition is satisfied. Wu et al. [69]
proposed an iterative correction IB-TLE method that modifies the heat source term
as in Cheng’s approach [70] for hydrodynamic IB-LB. The proposed scheme can elimi-
nate the temperature jump irrespective of the choice of relaxation time. However, the
spatial order of accuracy for temperature errors are found to be first order, and the use
of the firsi-order Dirac delta function is atiributed to its cause. Seta et al. [71] under-
took an extensive numerical and analytlical analysis of two different, types of iterative
correction method wiz., Guo's forcing [72] and Cheng's split-forcing [70] approaches to
demonstrate boundary velocity slip and temperature jump in IB-TLBM with a two-
relaxation-time (TRT) collision operator. The proposed iterative correction method
and mulli-direct forcing method alongwith TRI collision model can eliminate velocity
slip and temperature jump even at high relaxation times, unlike the commonly used
SRT multi-direct forcing methods. However, all IB-TLBM models analyzed by Seta
et al. [71] exhibited first-order convergence rate in velocity, temperature, and torque
errors with respect to grid refinement, whereas a superlinear convergence is observed

i pressure.

Suzuki el al. [73] proposed a multi-direct heating IB-TLB method that ensures
implementation of Dirichlet type boundary condition for the temperature field by un-
dergoing an iterative correction process of heat source term while the Neumann type
temperature field is determined [rom the difference between desired heat Hux and the

temporary temperature field regardless of the boundary. This method, too exhibited
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first-order convergence in temperature and rate of heat errors with respect to grid
refinement for both types of boundary conditions. The degradation of the order of
accuracy while coupling IBM with LBM, unlike the second-order accurate LBM, was
attributed to the discontinuous temperature gradient at the solid-fluid interface. Apart
from validating the algorithm with several stationary and moving boundary heat trans-
fer benchmark problems, the authors also reported to consider a virtual boundary in
order to accommodate the effective thickness ol immersed boundary. Moreover, the
incorporation ol internal heat effect for moving boundary problems subjected to iso-
heat flux conditions was highlighted by them. However, the internal heat effect can
be neglected for problems having iso-thermal conditions with constant temperature

unless subjected to space-and /or time-dependent temperature.

Kefayati [74] proposed an 1B-LB method to simulate different thermal and thermo-
solutal problems using Newtonian and non-Newtonian fluids. The method can also
implement Dirichlet and Nenmann boundary conditions straightforwardly by macro-
scopic parameters, unlike the complex conventional approach of converting them to
distribution functions at the LB level. In contrast to the previously established direct
heating IB-TLE methods that possess expensive computational steps to treal tem-
perature gradient, Wang et al. [75] proposed a novel way of expressing discrete heat
source terms at the mesoscopic level. The method reduces computational complexi-
ties to treal Dirichlet and Neumann boundary conditions without incorporating any
artificial parameters. Nevertheless, the method exhibited first-order accurate spatial
convergence for Dirichlet and Neumann-type boundary conditions. Chen et al. [76]
proposed an immersed boundary-simplified thermal lattice Boltzmann method consti-
tuting predictor-corrector steps in order to facilitate the boundary conditions. The
predictor step evaluates the intermediate flow field regardless of the immersed bound-
ary. The corrector step rectifies the flow variables by incorporating the boundary-
condition enforced IBM as a source term in the evolution equation. Although the
method ensures the least use of virtual memory and eliminates the penetration of
streamlines or isotherms over the solid wall, but experiences a bulky computational
sequence. Romanus et al. [77] proposed a domain transferring scheme to enable the
simulation of non-spherical particle in an inhinite domain. However, the scheme re-
duced the memory demand but exhibited a first-order spatial order ol accuracy in
velocity errors. Suzuki et al. [78] used the extended version of their 2D model of ice
slurry flow to investigate the cooling performance of three-dimensional ice slurry flow

in a square duet using the thermal 1B-LB method.

To mitigate the scalar mass conservation issue pertaining to the grid-based meth-
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ods in moving boundary problems, Zhang et al. [79] coupled the Random Walk Method
(RWM) and PSC-based Discrete Element Method (DEM). The proposed scheme uti-
lized the RWM to evaluate scalar transport equations and DEM to handle the complex
fluid-particle interfacial dynamics and thus strictly satisfies the scalar mass conserva-
tion. Chen and Miiller [80] introduced the partially saturated computational cells
method for thermal problems. The asymptotic analysis of the method while consider-
ing the Dirichlet type boundary condition indicated it to be a second-order accurate
method. Furthermore, the numerical analysis of the method for a pure heat conduction
problem confirmed second-order spatial convergence in Nusselt number and lempera-
ture errors. The authors also presented the method’s elicacy in accurately estimating
heal transfer characteristics of static and moving boundary problems. The original
PSC algorithm [45] for hydrodynamic boundary conditions possesses the promising
potential to solve incompressible fuid fows past complex moving structures with lesser
spurious foree oscillations. It can efficiently diffuse the solid-fluid interface present in a
non-body-conformal grid while accurately satisfying the boundary conditions. These
factors motivate us to further investigate the methodology for heat transfer problems.

1.4 Objectives of the thesis

In light of the comprehensive literature review earried out in the previous section, one
may conelude that the PSC framework has not been the subject of a thorough analysis
for classical hydrodynamic and heat transfer problems, unlike its IB counterparts in
the finite volume framework [81-84]. In particular, hydrodynamic studies concern-
ing the discrete conservation, accuracy on stationary and moving body problems, and
dependence of spurious foree oscillations with lattice size have not been discussed in
detail in the open literature to date. Morcover, investigations using PSC methodol-
ogy for heat transfer problems are very limited, even though it possesses appealing
potential to simulate incompressible flows. So far, Chen and Miller [80] presented the
PSC algorithm [or conduction-dominated flow and mostly lorced convection problems.
Present work’s emphasis will be largely devoted to benchmarking the PSC methodol-
ogy over a broad spectrum of heat transfer problems encompassing forced, natural, and
mixed convection phenomena while the particle is subjected to stationary, imposed,

and induced motion scenarios.
Furthermore, the PSC method identifies itsell as an immersed boundary method;

however, it diflers [rom the conventional 1B-LB approaches as it oflers a unilied evo-

lution equation [or all the media in a physical system. A comparative analysis ol the
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PSC and DF-IB-LB method is also presented for incompressible hydrodynamic and
thermal flows to review the viability of the PSC philosophy at par with the direct-
forcing philosophy. The extensive literature survey also unveiled that there exists no
work which utilizes the PSC methodology for practical scenarios involving conjugate
heat transfer. Thus, the author has extended his experience and understanding to
develop a novel PSC strategy for simulating conjugate heat transfer problems. It
has further motivated the author to utilize this philosophy to employ an adiabatic
boundary condition to an immersed surface. It must be mentioned here that the PSC
methodology investigated in this thesis expects constant values of velocity and tem-
perature at a lattice node, with no provision to accommodate their gradients. Thus
it. becomes challenging to implement the Neumann boundary conditions, particularly
with this class of diffuse interface 1B methods. The present thesis's focal points of

investigation using the PSC ramework may be summarized as follows-

1. Development of a robust partially saturated computational cells (PSC)

solver for incompressible flows with stationary and moving bodies:

e Studies of spatial acenracy and conservation properties.

e Spurious force oscillations in moving body problems and role of lattice res-

olution.

e Lffect of virtual (added) mass on accuracy of hydrodynamic force and
torque coellicients.

e Numerical simulations and benchmarking of incompressible hydrodynamic
flows involving single and multiple bodies with imposed as well as induced

medion.

2. Development of the PSC solver for thermal flows involving stationary

and moving bodies:

e Investigation of spatial order of accuracy and Galilean invariance of PSC
framework for thermal flows.

e Detailed analysis of PSC evolution equation to recover the macroscopic
energy equation using Chapman-Enskog multiscale analysis.

e Development of a mechanism for evaluating the local temperature gradi-
ents over the immersed surface and verily its congruity in the subsequent
simulations.

e Numerical benchmarking of the PSC ramework for a wide range of thermal

flows encompassing natural, forced and mixed convection [lows along with

stationary, imposed, and induced motion of the immersed particle.
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3. Comparative analysis of the PSC solver with respect to the direct-
forcing IB-LB methodology:
A comparative study of the alorementioned methodologies in terms of spatial
order of accuracy, discrete conservation of the properties, Galilean invariance,
and quantification of the effect of lattice size in spurious force oscillations is
presented. The study endorses the PSC algorithm’s applicability for thermo-
fluidic applications comparable with the popular DF-1B-LB methodology.

4. Development of a novel PSC algorithm to simulate conjugate heat
transfer problem:
The development of a novel algorithm to simulate conjugate heat transfer prob-
lems using the PSC strategy and benchmarking the solver across natural, forced,
and mixed convection flows is demonstrated. It further exhibits a novel strategy
Lo implement adiabatic boundary conditions at immersed surlaces. The strategy
is validated through benchmarking pure conduction, natural and mixed convec-

Lion cases.

It must reiterated that such a full-fledged assessment of the PSC approach has not
been [orthecoming in literature to the best of the anthor’s knowledge and is clearly a
novel contribution to the lield which can be beneficial to computational LB community.
The solver used for the numerical simulations in the present thesis is developed in-
house using openMP shared memory parallelization and utilizes the computational
facilities available at the Indian Institute of Technology, Guwahati, India.

1.5 Outline of the thesis

The remainder of the thesis is organized as lollows. Chapter 2 demonstrates a brief
overview of the governing equations of the LBM and the mathematical formulation of
the PSC approach with a discussion of the computation of solid volume fraction, hy-
drodynamic forces, and loeal temperature gradients. Chapter 3 presents a study of the
PSC approach’s accuracy and quantification of the mass defect and SFOs pertaining
to incompressible viscous flows. A wide range of test problems that involve stationary
and moving bodies, including fluid-structure interaction, are carefully examined in this
chapter. The subsequent chapter 4 highlights the accuracy and Galilean invariance
ol the method [or thermal ows. Furthermore, the method is investipated in a broad
spectrum of benchmark test eases, which include natural, forced, and mixed convec-
tion phenomena along with stationary, imposed, and induced motion of the particle.
This is followed by chapter 5, wherein a comparative analysis of the PSC and DF-1B-

LB approaches exhibit their efficacies and robusiness for simulating thermo-hydraulic
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problems. Chapter 6 details the development of the PSC algorithm for conjugate heat
transfer problems and a novel strategy for implementing adiabatic boundary condi-
tions on the immersed surface. Finally, chapter 7 showeases the salient conclusions
from the extensive investigations and provides directions for future efforts with this
approach.
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CHAPTER. 2

GOVERNING EQUATIONS AND MATHEMATICAL
PRELIMINARIES

“No knowledge can be certain, if it is nol based upon mathemalics or
upon some other knowledge which is ilself based upon the mathemalical

sciences”

- Leonardo da Vinei, 1425-1519

T.Fe.e chapler demonstrales a bricf overview of the governing equalions of the latlice
Boltzmann method applicable to the incompressible hydrodynamic and thermal flows.
Subsequently the partially saluraled compulational cells method is introduced for the
conservalion equalions of momenlum and energy. The strategy for evaluation of solid
volume fraction, interacting forces and local Nussell number over the curved surfaces

is presented meticulously.

2.1 Basic LBM formulation

The lattice-Boltzmann method (LBM) has originated from Lattice Gas Automata
(LGA) [12, 13], which utilizes discrete population-based formulation to describe a
physical system. The Huid motion in lattice pas is dictated by local collision, transla-
tion, and reaction rules which can come across many microscopic level complex Huid

behaviors. LGA method utilizes boolean/discrete distribution rules that specily the

The contents of this chapter are published in “Re-examining the partially saturated-cells
method for incompressible lows with stationary and moving bodies”, Computers and
Mathomatics with Applications, 110 (2022) 19-39
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presence or absence ol populations at any node. Over the years, LBM emanated with
the intention to replace boolean particle occupation variables with continuous particle
distribution function in the Lattice Bolizmann equation. Particle distribution func-
tions evolved rom the kinetic theory of gases, which signifies the probable density of a
particle being found at a particular location and instant. Discretized lattice Boltzmann
equation can be evaluated at each lattice node to obtain particle density using collision
and relaxation rules and then propagate (stream) them to the neighboring nodes. In-
tegration of these distribution functions in velocity space yields macroscopic variables
such as density, velocity, and temperature. Thus, the LB method can capture dis-
continnous mechanics and hydrodynamics (Knudsen number less than unity), as well
as its kinetic nature, offers to predicl discontinuous phenomena involving Knudsen
number close to unity regardless of using large computational resources. Numerical
simulation using LBM possesses less computational eflort, easy algorithm, and can be
naturally adapted to parallel computing, LBM also offers explicit first order linear
partial differential equation of hyperbolic nature, which utilizes equation of state dis-
missing any requirement of pressure-velocity coupling.

The translation of particles within lattice is realized in LBM in terms of the par-
ticle distribution function f(x,¢,t), envisaged as the probability of finding a particle
at a specific location at an instant. While the analytical solution of the Boltzmann
equation itsell is too cumbersome, with the primary variable being a function of five
variables in a simple 2D lattice, its numerical form discretized in velocily space is
rather simple to implement. The discrete form of the force-free Boltzmann equation
yields a simple hyperbolic shape, where the exodus of the distribution [unection f; (x, 1)

with velocity ¢; in the i*® vectorial direction is presented as,
fi (x + &t t+ AL) = f; (x,1) + 2P (x,1) (2.1)

where, QPFR is the collision operator proposed by Bhatnagar, Gross and Krook [18],
which relaxes the population towards the equilibrium distribution (f{") based on the

relaxation time (77) as,

QFOK (x, 1) 5: U2 (o) — fi (5, ) (2.2)

Embracing a functional form of [ is an important step towards recovering the Navier-
Stokes equation. Many plausible variations are available in literature based on the
selected set of conservation equations and derived [rom multi-scale Chapman-Enskog

expansion. A well-established formulation, primarily favored for incompressible ows
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owing to its simplicity, robustness and linearity, in a nine-speed square lattice (D20Q91)
is adopted here, and the same is presented below.
£ (pp.u) = w i u-{:;+{u-c,-]z u-u
i \Af i | Pf T o 9 (_,} 2 (-'f

¢

(2.3)

Here ¢, is the acoustic speed (= ¢/v/3), ¢ is the lattice velocity (= Ax/At), and Az
and Al are representatives of the adopted grid spacing and time step respectively. The
fluid density (ps) can be expressed as py = pg + dpy, with py, dpy and u respectively
being Muid density averaged over the entire domain, density fluctuation localized to
a cell and nodal fluid velocity. A fully complete set of information regarding the
selection of weight w; germane to the concerned velocity direction c; in a D20Q9i lattice
arrangement is summarized in Fig. 2.1. Macroscopic quantities such as density and

velocity can be recovered by taking velocity moments of the distribution function as,

Pr (x, if) — E fi I:J(, f’} {24‘-]‘}

u(x,t) = i WD (24D)

while the physical properties of the eoncerned flnid can be introduced through the

relaxation time as,

At .
L = (1" = —) lf:;E {2,5)
2
The pressure in LBM simulations can be straightforwardly obtained nsing the equation
—1/9
wg — 1,36 EJ: {;J{L.], iy = 1,26
e — (—e.c) t e — (¢,c)

Wy Il.-rEl‘ wy — 19
cs = (—¢,0) ¢ = (c,0)
g = 136 ' wy — 1/6
¢y = (—¢, —¢) ty = 19 cg = (g, —¢)

oy = (0, —)

Figure 2.1: Schematic showing velocity directions (¢;) and corresponding weights (us;)
for a D209 lattice arrangement.
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of state as shown in Eq. (2.6).
p = psc (2.6)

The hydrodynamic boundary conditions on plane surfaces at the LB level are realized
through the non-equilibrium bounce-back method (popularly known as Zou/He) [11]

in the present work.

2.1.1 Simplified Thermal Lattice Boltzmann Method

The thermal lattice-Boltzmann method (TLBM) for simulation of heat transfer pro-
cesses can be broadly classified on the basis of the choice of distribution function as
(1) the single population model (or multi-speed model), (2) the double population
model, and (3) the hybrid model. Single population model [85] comprises only density
distribution function with higher order velocity terms. The enerpy equation utilizes
additional discrete velocities. The passive scalar model utilizes a separate distribu-
tion function to obtain the temperature feld. It possesses higher numerical stability
than the multi-speed model but lacks viscous dissipation and compression work terms.
Similarly, in the double population model [22], an additional distribution function
is considered for thermal LBE along with the density-distribution funetion to solve
for momentum using isothermal LBE. The double population model also possesses
advanlages over the single population model in terms of numerical stability, narrow
temperature range applications, and considering viscous dissipation and compression
work. Simplified thermal LBE [23] is a case of a double population model correspond-
ing to the energy equation without viscous heat dissipation term and compression
work done by pressure. In the hybrid TLB model [63], the energy-forcing term is
added to the simplified TLE equation by discretizing the macroscopic energy equation
using the hnite difference method, whereas the mass and momentum conservation are

solved using the usual isothermal LB discretization.

The simplified thermal lattice-Boltzmann equation (STLBE) in a uniform lattice
with single relaxation time BGK collision operator (W75 can be expressed as [23]

gi(x + AL, L+ AL — gi(x, 1) = ¥79K -
Al

WECK — — [g8M(x, 1) — gi(x, 1)] (28)
Ta.f

where g; and g7 is the energy distribution function and equilibrinm energy distribution
function along the particle velocity direction ¢; for the temperature field (T'(x,t))
respectively. 7,5 represents the dimensionless relaxation time for the STLBE. The
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equilibrium energy distribution function in a 250y lattice setup for incompressible
thermal flows, can be determined as [22][23]

wipeT [—38452], i=0
!I:m —1 u‘iM]TI l% + f_;':‘::fuj -+ %':“'II;‘?}B e _L{‘::;}J i i-. l:. 2:- 3;4 {2!}]
wipoT' [3+ 20858 4 Jlesgh 10| —56,7,8

The thermal dilfusivity xy is related to the dimensionless relaxation time 7, 5 as,
xf = 21, — 0.5)c2At (2.10)

The macroscopic temperature can be recovered by using

mT =g (2.11)
i

In the present study, the coupling of energy and momentum equations is realized
through the Boussinesq approximation of the body force term during natural and
mixed convection problems. Boussinesq approximation assumes constant thermo-fluid
properties (like density, viscosity, thermal diffusivity, etc.) except for the density
involved in the body force term, which is again considered a linear function of tem-

perature. Thus the buoyaney force term can be expressed as,
F(x, t) = pogh(T — Ty) (2.12)

where g is the acceleration due to gravity, g is the coefficient of thermal expansion, and
Ty is the bulk fluid temperature. This body force density term ean be incorporated
in the SRT LBE using Guo's [72] discrete forcing term (F;), and thus Eq. (2.1) is
modified as

Jilx+ AL, L+ At} — filgi)'= ?[;'{‘“{x,z} - filx, t)] + FAL (2.13)
I
Fi(x,4) = (1 = %) i [“"Lﬂ 2 %L] F(x, 1) (2.14)
.r L ‘8

The fluid velocity used in Eq. (2.14) is constituted through a corrector step as
Al
pou(x,t) = Y cif + S F(x, ) (2.15)

The temperature boundary conditions on the plane surfaces are applied using the

methodology proposed by Liu et al. [86] in the present work.
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2.2 Introduction to PSC

The fully explicit nature of the discretized LB equation, coupled with uniform grid,
bestows an amiable numerical framework, conjoined with ease of parallelization, for
problems involving complex boundaries. Conventional LB procedure, however, is ap-
plicable solely to the fluid domain, with bounce-back-like schemes being popularized
for contriving the unknown distribution functions at the solid-fluid interfaces. While
such an approach vouches for mass conservation and promises second-order accuracy,
the quality ol prediction of hydrodynamic [orces at moving Huid-particle interlaces can
be significantly degraded, often paired with spurious Huctuations of non-negligible am-
plitude. This necessitates the evolution of a generalized equation capable of uniformly
delineating both fluid and solid behavior, with particular emphasis on precise emula-
tion of the interfacial parameters for any intricate non-body-conforming grid scenario,
while retaining the locality of the collision operator and linearity of the streaming ex-
ercise. This leads to the PSC approach, where the LB evolution equation [lq. (2.1)]
is augmented with an additional collision operator (©27), facilitating the resultant gov-
erning equation to act as a weighted-average one pertaining to all components present
within the purview ol the domain, coupled with meticulous exertion of the boundary
conditions. This newly-introduced solid collision operator treats each of the solid, fluid
and interfacial cells distinctly based on the consequent magnitude of the solid volume
[raction, and ils evolution equation can be presented in accordance with Noble and

Torczynski [45] as,

Jibet eyt + AL) = i (x,0) 4 [1 ZB{Q:H‘,T,)] QoK

° (2.16)

+ > B(®g, )% + [l = ZB{%-W}] AL
5 s

Here the solid volume fraction 5 local to a cell is computed as the cumulative contri-
bution from each of the individual particles within the set 5 interacting at that specific
node, while the local weight function B (®g,7y) is determined from @5, as detailed
later. The implementation of PSC approach, pioneered by Noble and Torczynski [45],
is relatively straightlorward for problems involving staltionary interfaces requiring a
one-time evaluation of 5 al every computational cells. For moving boundary situ-
ations, the solid fraction needs to be updated at every time instant, considering the
particle kinetics and amended positioning, One of the most lucrative features of PSC
over conventional LBM refers to this precise context, as it involves zero additional
obligation to confront the continual birth and death of both fluid and solid nodes con-
sequent to the particle motion. While contemplating the contributions from each of the
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neighbors to a particular node during collision, all the adjoining cells will be suitably
dealt with, thereby warranting mass and momentum conservation. The PSC approach
climinates the staircase nature of the bounce-back approach but does not exactly rep-
resent, the solid boundary either, because only an averaged solid volume fraction is
available. Nevertheless, this suffices to mitigate the momentum discontinuity at the
interface for reasonable grid resolutions. The computation of the solid volume fraction
and the solid collision operator specific to the present work and implementation of the
PSC approach are detailed in the following subsections.

2.2.1 Computation of solid volume fraction

Appraisal of the solid volume fraction (®5) is the ceniral and most computation-
intensive constituent of PSC, especially for moving-boundary problems, which com-
pels re-assessment of @ at every computational cell with each time advancement. The
exact value of the volume [raction at the interface cells can be ascertained through
simple geometric inferences, provided the particle assumes a unilorm geometric sil-
houelte. For configurations involving complex boundary or with delormable bodies,
however, such approach can become circuitous, clamoring lor a comprehensive and
generalized solution. In the present study, the cell decomposition technique with the
lattice nodes placed at the center of each computational cells throughout the domain
is adopted. The volume [ractions (®g) for the interior solid cells (denoted by black
color) and exterior fluid eells (denoted by white color) are initially demarcated as 1.0
and 0.0 respectively, as shown in Fig. 2.2. The computational cells accommodating
the particle boundary are subsequently lagged as the interface cells (denoted by grey
color), which are then subdivided into n?,, equal-sized sub-squares. An inside-outside
algorithm [87] is adopted to determine the number of sub-cells persisting interior to the
particle boundary, thercby allowing the estimation ol @5 as the ratio of the number
of such interior sub-cells to the total nmumber of sub-cells available in the concerned

computational cell.

2.3 Partially Saturated Computational Cells Method

for Momentum Equations

The evolution equation for momentum equations using PSC is expressed in Eq. (2.16).
The weighting function B(®g, 7¢) can be modeled in two linear and non-linear versions
viz., Bl and B2 as

Bl : B(®p, 1) = Pp (2.17a)
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Figure 2.2: (a) PSC strategy of assigning ®5. Black, white and grey cells represents
solid, fluid and interface cells respectively; (b) A partially saturated cell is zoomed in
and decomposed into n* = 25 sub-cells; (¢) Volume fraction of an interface cell (®5) is
the ratio of number of sub-cells covered by solid particle (represented by black color)
to total number of sub-cells

(/AL —1/2)
(1—®p) + (rp/AL — 1/2)

It is evident that the weight [unction converges to zero and one for the respective

B2 : ﬂ{':b;_;.. T_Ir'} =z

(2.17b)

limiting cases of pure fluid and pure solid cells, while maintaining a value within these
two limits [or the interlace cells, as desired. 'With continuous rise in the relaxation
time (1), B approaches the solid volume fraction (Fig. 2.3). Such interface smoothing
is imperative towards the success of the evolved LB algorithm, as it emulates the
classical LB equations with standard BGK collision operator in the fluid domain and
solid kinetic equation in the solid domain, and employs the weighted collision operator
for the interface cells engaging the concerned solid volume fraction.

Two different. forms for the solid eollision operator (£27) were proposed by Noble
and Torezynski [45], as follows-
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Figure 2.3: Variation of weighting function (B(®g, 7)) as a funetion of solid volume
fraction (@) for different values of 7.

Superposition model:

, Al
Qf = [7(ps Up) — filx, ) + (1 = jr}*) [filx.t) — [{%(py. )] (2.18a)
Bounce back of non-equilibrium part /non-equilibrium reflection model:

QF = [.4(x,8) — fi(x,8) + {07, Up) — [“4(ps: 0) (2.18b)

While the former, utilizes the deviation of current distribution from its equilibrium,
the latter accordant to its name, enforces the bounce-back of the non-equilibrium part
of the distribution function at the limiting situation of pure solid. It also needs to
be noted that the collision term tends to econverge towards its equilibrinum pattern
with the time step equaling the relaxation time. Equation (2.18a) along with Eq.
(2.17h) exhibits sublinear convergence with respect to grid resolution and lesser errors
with increase in 7; as compared to the latter variant of the collision operator [50]
and therefore has been adopted for hydrodynamic simulations in the present study.
In addition to it, the recovery of Navier-Stokes equations using the above-mentioned
maodels through Chapman-Enskog analysis are elaborated in detail by Najuch and Sun
[49]. Henceforth, the algorithm for the evaluation of momentum equations is referred
to as the hydrodynamic-PSC method in this thesis.
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Figure 2.4: Time varying control surface (I'y(t) and I'g(t)) and its corresponding con-
trol volumes ({,(t) and ¢(t))

2.3.1 Incorporation of particle dynamics

Accurate evaluation of forees and moments on the solid (particle) due to the fluid
is necessary in problems involving fuid-structure interaction. Traditional LB prac-
tices ol apprising hydrodynamic forees like momentum exchange method [6, 88] and
stress integration method [7] necessitates complicated and tedious interpolations of
the particle distribution function to identify the magnitude at the interface. A mov-
ing boundary scenario instills further intricacy with the continuous fluid-to-solid and
converse transformation of certain nodes, thereby requiring reconstruetion of the dis-
tribution function, using methods like the refilling schemes [50], at every time-step.
The PSC algorithm leads to substantial respite in this regard due to lesser number of
interpolations and also leads to considerable smoothening in spurious [luctuations.

To understand the procedure of hydrodynamie force evaluation in the PSC ap-
proach, a solid particle of time-varying surface area I',(f) and volume (1) is envisioned
to be immersed into a time-dependent fluid control volume of surface area 1'y(t) and
volume (¢(1), as detailed in Fig. 2.4. The arbitrary velocity directions and outward
normal surface vectors lor both the particle and control volume at any random instant
are also shown there. Consequently, the net surface force exerted by the fluid over
the particle (f — p) can be estimated by integrating of the concerned forces over the
complete surface of the particle as,

Frop=— f. [pu(u—w,) +o]-m, dl (2.19)

with o being the viscous stress tensor. The concerned fluid mass at this particular
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instant can be considered to be constrained by the control surfaces I'y, and I'y. Iis
conservation of linear momentum can, therefore, be presented following the Cauchy's

stress principle as,
Esj - =l 5]
Ef pad¢ = —f [pu (u — uy) + o]m; dI —fq lou (u— u,) + o]-(—n,) dI' (2:20)
<t Ty e

which can subsequently be combined with Eq. (2.19) to yield,

a ol
EJ;JPUEE(:=—Ff_,p—ﬁf[ﬂU{u—uI}—Fg],ﬂjdl {221}

The unified equation for the eonservation of linear momentum for the complete domain
encompassing both solid ({,) and fuid volumes ((;) ean similarly be written as,

ad

TP o dg = jr; [pu(u—uy) o] -n, dl F d¢ (2.22)

CIU‘:II

with F corresponding to the [luid-particle interaction force. Accordingly, an updated
expression for the surface force acting on the particle owing to the momentum inter-
action with the fluid can be obtained by subtracting lq. (2.21) from Eq. (2.22), as

lollows.

= . a
From= o fc pud¢— | R (2.23)
—

added mass
A meticulous deliberation of the virtual mass (added mass) effect, appearing as the
first term on the right-hand side of Eq. (2.23), is of acute importance in moving
boundary problems. It corresponds to the angmentation in the inertia of the fuid
neighboring to the body during its translocation, and hence relevant solely for ac-
celerating particles and lor [lnid nodes in immediate proximity of the instantaneous
interface. Incorporation of such ancillary acceleration is tricky as the general evolution
equation is construed at all computational nodes, regardless of its topography relative
to the interface. No-slip condition needs to be externally enforeed at the surface, which
emanates hypothetical uid motion interior to the interface. The solid collision opera-
tor introduced in the evolution equation of PSC [Eq. (2.16)], however, can effortlessly
distinguish fluid and solid nodes, consequently allowing evaluation of the interaction
force at the interfacial nodes, and hence giving a better estimate of the virtual mass.

There are quite a few approaches available in the literature to emulate the Auid-

particle interaction in immersed-boundary mode, such as Uhlmann’s rigid body ap-

proximation [89], Feng’s rigid body approximation [90] and Lagrangian points approx-
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imation [91], to name a few. Despite being reasonably popular, Uhlmann’s method
has limited success for solid-to-fluid density ratio greater than 1.5, with the aceu-
racy being reliant on problem configuration, mesh details and numerical scheme. The
present. work employs Feng's approach, which promises stable computation with no
known restriction on density ratio. Accordingly, the added mass term of Eq. (2.23)
is replaced by the acceleration experienced by a virtual fluid element having identical

volume to the particle ((;) and moving with its center-of-mass velocity (u,.).

fha,
T o f Fd 2.24

fo =P ot ¢ 7 ¢ a2
For a non-accelerating particle (stationary or moving with constant linear or rotational
veloeity), the first term on the right-hand side of the above equation vanishes, reducing
the force evaluation procedure to a simple numerical integration of boundary forces,
regardless of the position of the particle.

] F dC ~ S FAs” (2.25)
CliCp

where I stands for the dimension of the problem. The motion of the particle needs
to be tracked in the PSC [ramework [or the appraisal of the virtual mass formulation,
which can be realized by solving the Newton's linear and angular momentum conser-
vation equations for the particle itself. Accordingly, the translational velocity can be
traced as,
du, 5 :
Fpgrrm“ = Fprpt(pp—pr)GE+F (2.26)

where F° corresponds to the particle-particle and particle-wall collision, which is con-

ceived following Feng et al. [40]. Conservation of angular momentum can be achieved

by taking a moment over Eq. (2.26), while neglecting F* in the present study, as
dsl,

i
Lygl = a7 . O %) X pruc dd — [ (%) X F dg (2.27)

where [, {1, x,, and x, are mass moment of inertia, angular velocity, position vectors
of the interfacial point and the reference point respectively. Also note that the first
term on the right-hand side is the manifestation of the added mass effect of a rigid
body having non-uniform angular velocily. Once the particle motion is completely

described, its position and surface velocity can regularly be updated as,

dX, e
5 = Ue (2.28a)
i s G (= X (2.28h)
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The first-order Euler explicit method is utilized for numerically evaluating the temporal
derivatives of FEqgns. (2.26), (2.27) and (2.28a), while the new interfacial force and

torque are resolved considering momentum transfer involving each of the solid nodes

as [46],
= Z BY Qe (2.29a)
"5“{ Wb =00k
Ax?
e ; Y (X,-X,)xB Zuf"’q (2.20b)
Wi g =000

with & being the lattice velocity directions. The complete numerical procedure of
the PSC algorithm which has been implemented in the indigenous in-house solver is

summarized in Algorithm 1.

Algorithm 1: Computational steps lor partially saturated computational cell
(PSC)-based lattice Boltzmann method

Grid generation;

Initialization;

for each time step ¢ do

Obtain solid volume fraction ®5 and weighting lunction B values at each
cell;

Apply PSC governing equations via collision and streaming steps
alongwith the evaluation of solid eollision operator for each cell
[Eq. (2.18b) or Eq. (2.18a)};

Apply boundary condition at domain boundaries;

Evaluate macroscopic variables using Eqns. (2.4a) and (2.4b);

Obtain total force [Eq. (2.29a)] and torque [Eq. (2.29h) on the particle;

Calculate translational [Eq. (2.26)] and angular velocities of the particle
[Eq. (2.27)];

Update particle location X, using Fq. (2.28a);

Obtain desired particle velocity U, on the surface of the particle using Iq.
(2.28h)

end

2.4 Partially Saturated Computational Cells Method
for Energy Equations

PSC methodology for heat transfer problems [80], likewise the hydrodynamic-PSC, also
offers a unified evolution equation for solid and lluid media present. in a computational
domain. The augmentation of an additional solid collision operator (¥f) to STLBE
[Eq. (2.7)], along with a volume of solid (@) based weighting function [By(®g, 7, r)]

provides accurate implementation of Dirichlet type temperature boundary conditions
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over the immersed surface. The evolution equation of the method, hereafter referred

to as thermal-PSC, is represented as,

gi(x + Ci&!-,i A .&.l{} oE g;_{x! f.:] — ll - Z BIEQ)H,T:QJ:J 11‘_:;(;;\.-
s (2.30)
+ 3 B ®p, 7y )W
5

In addition to smooth dilfusion of the boundary conditions al the solid-[uid interface,
thermal-P5C retains the locality of collision operations and the linearity of streaming
inherent to LB philosophy. Moreover, the method offers several advantages over the
conventional STLBE methodology like the elimination of staircase-like representation
of solid-fluid interface, no ancillary treatment for continuous birth and death of solid
and fluid cells during particle motion, and smoother representation of force and tem-
perature signals. In the present work, the additional collision operator introduced by
Chen and Miller [80] is inducted in Eq. (2.30).

WP = g (x,8) — gi(x, 1) + 9oy, Ups Tp) g (o7, 0. T) (2.31)

The mathematical formulation of weighting function [By(®p, 7, )] utilized in Eq.
(2.30) is analogous to that expressed in Eqns. (2.17), and can be written as,

Bl : BL("I'B,TFJJ =&y [2.32&]

Dy, /AL — 1/2)
(1—®p) + (1g.5/OL = 1/2)

Rettinger and Riide [50] reported that the combination of Eq. (2.18b) and Bl [Eq.

(2.17a)] lacks in terms of accuracy whereas the combination of Eq. (2.18a) and B2

B2: By®p,7,,)= (2.32b)

[Eq. (2.17b)] is recommended to oblain reasonably aceurate results in hydrodynamie
problems. Present simulations also reveal that the combination of Eqns. (2.18h),
(2.31) and B2 [Eqns. (2.17b) and (2.32b)] outperforms the accuracy ol results that
utilize the Bl model. Nevertheless, the results comprising Bl combinations are not
included to maintain the brevity of the thesis. Henceforth, the present work utilizes
Eqns. (2.17b), (2.18b), (2.31) and (2.32b) for all the thermal simulations presented
in chapter 4. Additionally, the fluid properties like density and viscosity are assumed
to be constant, uniform, and independent ol temperature in the present simulations.
The viscous dissipation due to heat is also considered to be negligibly small. Such
assumptions are adopted in many studies [61, 63, 73], pertaining to thermal immersed
boundary methods, and can be regarded as wvalid for problems investigated in the

present work. The recovery of the macroscopic energy equation Irom the thermal-PSC
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governing Eq. (2.30) is elucidated in the Appendix A.

2.4.1 Procedure for calculation of local Nusselt number

Spurious lorce oscillations are inevitable during any particle motion in a flow hield, and
its invesligalion is an important aspect ol immersed boundary methods. The present
thesis quantifies the dependence of such oscillations as a function of grid resolution
using hydrodynamic-P5C in Section 3.3. Likewise, the determination of tempera-
ture gradient on any complex arbitrary surface of an immersed body is an effortful
task. Since the surface of immersed bodies is not aligned with the underlying regu-
lar Cartesian lattice mesh, and in particular, there is no sharp representation of the
surface, obtaining a normal gradient of temperature on this surface becomes arduous.
In the present work a mechanism to obtain local temperature gradient on any arbi-
trary shape is devised, which is inspired by the Fulerian-Lagrangian computational
framework. The appraisal of local Nusselt number (Nu) using this mechanism for the
thermal-P5C algorithm is a novel aspect of the present study which was not forth-
coming in the available literature. Let us consider an arbitrary surlace immersed into
an Fulerian How field as shown in Fig. 2.5. The immersed surface is divided into
a [inite number of Lagrangian nodes. Here, X, and x represent position vectors of
Lagrangian and Eulerian nodes, respectively. Let, h{X,, {) be heat flux vector such
that h = ih, -I—_;hn and X;, = ix,g.+_'?yb. Supposing that, g:(x, t) and T(x, t) are known,

-lr'—'_'_Xﬁ
Lagrangian node

x -~

, .
| Eulerian node

T

Figure 2.5: Schematic showing showing an arbitrary surface having Lagrangian nodes
immersed into a flow field having Eulerian points.
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heat flux vector at Eulerian nodes can be evaluated as,
hix,t) = —k;VT (2.33)

The temperature gradient in Eq. (2.33) is obtained using a second-order accurate
finite difference scheme, and the thermal conductivity of fluid at the LB level is given
as [73]

1 &
kf = :—;*ry,_;ﬂ:r: (2.34)
The heat flux vector at the Lagrangian nodes can now be obtained by interpolating

heat Hux from Fulerian nodes using the Dirac-delta funetion.

h(X, t 4 Af) =Y h(x, t + AL)D (x — X,) b (2.35)

where, h represents mesh spacing and D(r) is a continuous kernel distribution which

approximates Dirac-delta function d(r) as,

o3 = 13 (7 2)o(5)

For a two-dimensional coordinate system, 4(r) can formulated as,

it +cos()] Ir| <2 N
a(r) = { 0 | > 2 (2.37)

Thus, the normal heat flux vector along the unit normal to the surface (7) is evaluated
as

hu(Xs, t + At) = 7.h(X,, t + Al) (2.38)

The local and averaged Nusselt number over the surface of a circular cylinder having

diameter d, is determined as

Nu(f) = Ff%%—dj (2.39)
o 1 qom d
Nu=— [} Nu(0)5 do (2.40)

Here, AT represents characteristics temperature difference. The magnitude of temper-
ature in the present work is non-dimensionalized across all the test cases. Previously,
inverse distance weighting and staircase approximation of the immersed surface have
been used by De [83] and Kumar and Natarajan [87] respectively, during the evaluation

ol the local Nusselt number in the finite-volume counterpart of the diffuse interface-
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immersed boundary method. Suzuki et al. [73] proposed a correction-based heat-flux
calculation technique comprising energy distribution function. The preliminary re-
sults reveal that the present methodology yields a comparable variation of the local
Nusselt number as compared to the aforementioned technigques in the thermal-PSC
method. Highly spurious signals of temperature gradients are inevitable pertaining
to the diffuse-interface 1B methods. Thus, a smoother distribution of these gradients
are presented by passing them through a low-pass filter. It must be mentioned here
that Ren et al. [92] utilized the temperature gradient on Lagrangian nodes akin to the
present methodology in a velocity and heat correction based hinite difference-immersed
boundary method as a part of its solution procedure. However, in the present work,
the heat flux vector al Lagrangian nodes is solely used in post-processing, and they are

never a part of the solution process of the thermal-PSC algorithm. The computational

Algorithm 2: Computational steps for hydrodynamic and thermal-PSC

method
Grid generation;
Initialization;
for each lime slep | do

Reconstruet the immersed body and evaluate volume fraction ($g) and
weighting functions (B and B;) using Eqns. (2.17) and (2.32);

Obtain discrete forcing term using Eq. (2.14);

Apply hydrodynamic-PSC governing Eq. (2.16), via collision and
streaming operations;

Apply hydrodynamic boundary conditions at domain boundaries following
Zou and He [11];

Evaluate macroscopic density and velocity using Eqns. (2.4a) and (2.4b)
respectively ;

Apply thermal-PSC governing Eqgs. (2.30), via collision and streaming
operations;

Apply thermal boundary conditions at domain boundaries following Liu et
al. [86];

Evaluate macroscopic temperature (T') using Eq. (2.11) ;

Obtain total hydrodynamic forces and torque on the particle following
Eqns. (2.29a) and (2.29b) respectively;

Evaluate body force densily using 2.12 (applicable for natural and mixed
convection problems);

Caleulate translational [Eq. (2.26)] and angular velocities of the particle
[Eq. (2.27)];

Update particle location X, using Eq. (2.28a);

Obtain desired particle velocity U, on the surface of the particle using Eq.
(2.28h);

Modily fuid velocity using a corrector step as 2.15.

end
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steps of the present thermal-PSC methodology are outlined in the Algorithm 2.

In the subsequent chapters of the thesis, the alorementioned evolution equations
and the post processing techniques will be utilized to investigate various numerical
aspects and validate the in-house solver for a wide spectrum of fluid-particle interaction

problems.
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CHAPTER. 3

REVISITING THE PSC METHOD FOR HYDRODYNAMIC
STUDIES

“To really learn CKFD, you must gel your hands dirty; i.e; you must

wade inlo the calculations and do them yourself”

- John D. Anderson, Jr., 1995

T.I’H: present chapter revisits the hydrodynamic-PSC method in the conlext of in-
compressible single-phase flows past stationary and moving bodies. The focus of the
chapler largels four focels - numerical aceuraey, discrele conservalion, spurious force
oscillalions, and benchinarking the methodology for a wide range of stationary and
moving boundary problems. The study proves lhat the PSC approach exhibils nomi-
nal second-order accuracy in presence of straight and curved boundaries for pressure,
although spatial order of accuracy in velocily degrades Lo first-order. The analysis
also reveals thal PSC is approrimalely discrelely conservalive in the incompressible
limil with the mass conservalion errors being dependent on the latlice size and relar-
alton time. For simulalions involving moving body problems, the method is found lo
infroduce aceeplable level of spurious force oscillalions, which rapidly decrease with
inereasing grid resolution. Fzlensive numerical experiments are performed involving
both stationary and mowving bodies, with imposed and induced molion, lo assess the
applicability of the PSC approach. The findings of the study illustrale that the inclu-
sion of added mass effecls are important for accurale foree and lorgue compulalions

The contents of this chapter are published in “Re-examining the partially saturated-cells
method for incompressible flows with stationary and moving bodies”, Computers and
Mathematics with Applications, 110 (2022) 19-39
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in case of accelerating solids. Numerical investigations, thal include unsteady flows
[featuring three degrees-of-freedom flusd-particle interactions clearly highlight the ability
of the PSC approach in resolving complex hydrodynamical phenomena. This in-depth
evalualion of the PSC approach conclusively demonsirales ils efficacy as a promising
compulalional framework for efficient and robust computations of incompressible fluid
flows over a range of flow scenarios.

The PSC approach combines the simplicity of the underlying LB algorithm with
a unified evolution equation [Eq. (2.16)] based on the solid volume fraction and an
associaled solid collision operator, thereby acting like an LB analogue of the volume-
of-solid immersed boundary method in the finite volume framework [81, 82], to devise a
robust, and accurate methodology for fluid-structure interactions. The comprehensive
survey of PSC literature in Chapter 1 reveals some studies associated with the accuracy
146, 47). However, no known studies can be found that discuss the ability of the PSC
approach 1o conserve mass and momentum at the discrete level and the performance
of this technique for computing temporal histories of foree coefficients when moving
geometries are encountered. Hence the present chapter investigates these [acets of the
algorithm to establish its proficiency for simulation ol incompressible hydrodynamic
flows. The remainder of the chapter is organized as follows. Section 3.1 presents
the accuracy of the hydrodynamic-PSC algorithm subjected to stationary and moving
curved boundary problems. The discrete conservation and spurious [oree oscillations
(SFO) of PSC are dealt in detail in Sections 3.2 and 3.3, respectively. Finally, the
Section 3.4 demonstrates the eflicacy of the PSC algorithm by validating the solver
for a wide range of non-trivial benchmark curved boundary problems involving sta-
tionary and moving boundary scenarios. While the PSC is a simple-to-implement and
promising approach in principle, the studies presented in this chapter shed light on
aspects of the methodology that have hitherto not been explored in literature but are
important for the practical viability of the approach.

3.1 Accuracy study

3.1.1 Taylor-Green decaying vortex

The well-known unsteady flow configuration of Taylor-Green decaying vortex in a
square domain is contemplated as the first test case, where the following analytical
velocity and pressure solutions are available in space and time, thereby providing a

TH-3110_176103031



Rewvisiting the PSC Method for Hydrodynamic Studies 40

direct option of assessing the numerical accuracy of the proposed solver.

ulx,y, 1) = —U cos (kz)sin (ky) e 2" (3.1a)
v(z,y,t) = Usin (kz) cos (ky) e 25 (3.1b)

2
ol k) = g [cos (2kx) + cos (2ky)] N (3.1¢)

where k = w/d, d being the associated length-scale. A concentric circle of diameter d is
artificially embedded into the computational domain of size [2d x 2d], for the purpose
of investigating the order of accuracy, and it must be remarked that this configura-
tion does not alter the flow. The Reynolds number (Re = Ud/vy) and lattice-level
relaxation time (77) are fixed as 10 and 0.65 respectively. Time-dependent analyti-
cal solutions and periodie boundary conditions are adopted at immersed and domain
boundaries respectively, whereas the domain is initialized with the analytical solutions
at { = 0. The spatial accuracy is envisaged by considering four different numbers of
grids across the diameter, viz., 10, 20, 40 and 80 at a fixed 75 = 0.65.

The effect of grid resolution on the pressure and velocity error norms are il-
lustrated in Fig. 3.1a, as the L, norm for both are clearly second-order-accurate,
demonstrated further by observing the slope of the concerned dashed line. Selection
of relaxation time 75 is also a key parameter in ensuring numerical aceuracy, the el-
fect of which ean be analyzed from Fig. 3.1b. The numerical test is carried out by
fixing the number of grids along the diameter equal to 20. The pressure and velocity

10 10°
i) 1!
0k B 2
: “ e 10
E IUﬂ L e St -\-\""'\-\.,_\_'-\"'H. g
3 4 % =10°
: . U EY:
[ s M 107
S’ H‘h__h - . b
g o R = 0"
e
ol g 107
[ ] Velocity error ~m
L] Pressare error I“-E
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IU.J i i I WA I B, I v L1 T, e -[“3
20 4 Gl 8O 100
Mumber of lallice nodes across the cylinder

(a)

Figure 3.1: Variation of L, errors with respect to (a) number of grids across the
cylinder and (b) relaxation time (7y).
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errors quantified by the L -norms decrease with 7y adhering roughly to second- and

third-order decay, and drops below the tolerable limit of 10~ for 7, < 1.

3.1.2 Taylor-Couette problem

The How solver is now tested with the Taylor-Couetie How where, unlike the previous
subsection, an analytical solution is not imposed over the domain. Two concentric
cylinders of radii i, = 0.2L and R, = 0.4L are embedded into a computational
domain of size L x L, as shown in Fig.3.2. The inner cylinder is rotating with a
constant angular velocity £2p = U/ Ry, while the outer cylinder remains stationary.
No-slip and impermeable wall boundary conditions are imposed over the shaded solid
zones, restricting the flow within the annulus. Corresponding steady-state analytical
solutions are of the following form.

2 2
u(z,y) el (ﬁ — l) Uy (3.2a)

B-m\”
OpR: (R ,
vz, y) = o (r_"* —1)z (3.2b)
QeR2 12 (12 R ‘
p(z.v) = L—ﬁg;—;éﬁ] {—-2— - ﬁ R log (T'g:]} (3.2¢)
2 a2
T = —dmpuy ek Ry (3.2d)
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Figure 3.2: Computational domain for Taylor-Couette problem.
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Figure 3.3: Spatial accuracy test of Taylor-Couette problem: (a) L., and (b) L, error
norms for velocities and pressure

where r = /22 + 32 is the position vector and T' represents the driving torque associ-
ated with the rotary motion.

To analyze the spatial accuracy in present problem, four different grid resolu-
tions are considered, namely, Az = Lfo, Lfso, Lf160, Lfs20, while maintaining identical
Re = U(2R,) fv; = 50, 77 = 0.6 and convergence criterion of 107, Variation in cor-
responding error norms with grid spacing is summarized in Fig. 3.3. Both L; and L,
norms exhibit monotonic convergence with first-order aceuracy (approximate slope of
about 1.34 and (.99 respectively), with the former being about one order smaller than
the latter. A similar first order decline in velocity error was also reported by Owen el
al. [48]. 1t is interesting Lo note here the degradation in the aceuracy of velocity pre-
diction from second-order in the previous case, where the imposition of exact boundary
conditions inside the solid is possible, to first-order in the present moving-boundary
problem. The pressure error, however, continues to have a second-order decline, with
an approximate slope of 1.8 in this case. Excellent degree of conformity is also ob-
tained in the velocity profiles with the exact solution (Fig. 3.4) which substantiates
the capability of the PSC approach in dealing with moving and non-grid-conforming
boundary. A lirther evidence of the competence of the approach ean be found in the
quantitative comparison of the simulated value of torque with its exaclt magnitude, as
presented in Table 3.1, The reduction in relative torque error with grid refinement,

which is also nearly first order, clearly highliphts that the approach is also able to

compule integrated hydrodynamic quantilies accurately.
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Figure 3.4: Comparison of numerical and analytical solutions of veloeity profiles: (a)
u-velocity profile at = 0 and (b) v-veloeity profile at y =0

Table 3.1: Relative % error of the torque with respect to analytical solution
(Tanalvtical — () 4654) for different grid resolutions.

Ax Tnumertcal Relative % error

a0 -(1.4380 5.9056
180 -0.4511 3.072
1/160 -0.4583 1.540
1/330 -0.4621 0.703

3.2 Discrete conservation study

The apprehension over the lack of mass conservation [93] is among the long-standing
concerns with conventional LBM and it is therefore logical to explore the conserva-
tion properties of the PSC [ramework which is atleast frst-order accurate. A solid
computational domain of size L x L is considered, with one-fourth of an annular flow
passage, having inner and outer radii of 0.7L and 0.9L respectively, immersed into it
(Fig. 3.5a). This curved flow domain is subjected to a uniform velocity inlet (with Re

10, defined based on annular gap), and constant pressure and zero normal velocity
gradient at the exit. Figure 3.5b reveals that the local maximum divergence over the
entire computational domain is confined to the order of 1071, which is an acceptable
mass conservation error in most numerical setups. It is pertinent, to mention here that
the LBE algorithm (and hence PSC) is inherently susceptible to density fluctuations
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Figure 3.5: (a) Schematic representation of the computational domain with a flow
throngh curved channel and its corresponding volume fraction ($5) and (b) time
evolution of local maximum divergence in the entire computational domain

emerging from the compressibility eflfect, which is the manifestation of density variation
and velocity divergence source term present in the recovered Navier-Stokes' equation
from the LBE while adopting the pseudo-equation of stale p = pe:, thereby deviating
from true incompressible nature in classical mechanics sense [94]. These effects are
negligible il density variations are small and thermodynamic considerations are not
significant. The mass defect for the present problem and maximum density fluctua-
tion over the entire domain encountered for multiple combinations of grid spacing and
relaxation time are listed in Table 3.2. It is fairly evident that with the increasingly
finer grid structure, both these quantities decrease considerably. The magnitude of
Aprmae also assures aboul inconsequential compressibility effect during simulations.
With increase in relaxation time, however, the mass defect initially reduces and then
rises to a significantly higher level, while the density fluctuations are contimally am-
plified, thereby necessitating a careful and optimized selection of 7. Such a trend can
be attributed to the strong dependence of the solid collision operator on the relaxation
time and can possibly be highlighted as one of the limitations of the PSC methodol-
ogy. Similar viscosity-dependent nature of the relative errors in force estimation and
perturbed convergence behavior using PSC were also reported by Rettinger and Riide
[50]. Another important point to be noted is the negligible velocity magnitude outside
the flow domain, affirming adherence to the no-slip boundary condition within the
solid and absence of any hypothetical flow initiation despite the channel boundaries
being non-aligned to the underlying Cartesian mesh structure. This study affirms that

the PSC approach puarantees approximate discrete mass conservation and is arguably

TH-3110_176103031



Rewvisiting the PSC Method for Hydrodynamic Studies 45

the first known demonstration of this fact.

Table 3.2: Mass flux defect and maximum density fluctuation for varying grid and 7

Mass flux defect  Maximum density Huctuation

|ﬁ‘m Thw1| (&P]Trm:r
Variable grid resolution (L x L) for 7y = 0.6
250 x 250 1.75 % 1073 1.98 x 103
500 x 500 1.34 x 1073 7.75 x 1077
750 x 750 1.00 x 1073 4.68 x 1071
Variable relaxation time (77) for grid resolution of 250 x 250
0.60 1.75 x 10~ 1.98 x 10—
0.70 5.57 »x 101 7.15 % 1073
0.80 5.86 x 109 1.58 x 102
0).90 1.97 x 1072 273 % 102

3.3 Spurious force oscillations study

Another facet of paramount importance in simulation of moving-boundary problems
is the encroachment ol spurious oscillations during interfacial foree estimation. It
though, has hardly received any attention under the purview of IB-LB approaches in
general and possibly none with the PSC approach. In order to substantiate the eflicacy
of the PSC algorithm for moving body problems and fuid-structure interaction in
particular, it is an absolute must to elucidate its performance in this particular frond.
To facilitate the study, an oscillatory motion of a circular eylinder within an initially
quiescent domain of size 4d x 4d is considered. The eylinder of diameter d is forced to
oscillate in the z-direction about the domain center and its motion is deseribed as,

Xo(t) =X+ Al —cos(2nft)] , u.(t) = Upsin (2x ft) (3.3)

where, X4, A, [ and Uy are initial position of the cylinder, amplitude and frequency of
oscillation and maximum cylinder velocity respectively. A = 0.05d, and corresponding
Reynolds number (Re = todfy.) and Strouhal number (St = fd/u,) are set as 31 and
3.2 respectively following Seo and Mittal [95]. Neumann boundary condition with
zero velocity gradient is realized at each of the domain boundaries adopting the non-
equilibrium bounce-back (NEBB) approach[11]. For a quantitative assessment of the
spurious force oscillations, il is necessary to lirst understand the numerical procedure
towards interfacial force estimation. Referring to Fig. 3.6, F, and F, represent the

x- and y-components of the resultant lorce, conventionally identilied as drag and lift,
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Figure 3.6: Schematic showing pressure force calculation.

while the net force F = /F2 + F? makes an angle ¢ with the horizontal and can be
quantified using Eq. (2.29a). Both the components of F can separately be appraised
using the vector descriptions of all ¢s involved in D:Qy lattice configuration (Fig.
2.1). The pressure force at that particular (z, y) interfacial location can subsequently
be evaluated by realizing the outward normal component of this resultant as,

Faiig) = Figsin (72— ¢ + 0) (3.4)
with # = tan~! (y/x). Net aerodynamiec forees and concerned coeflicients can accord-

ingly be achieved as,

Fe="2 Fep, B5="% Fun,Fa= 2 By (3.50)
Wi By =10 W”t..f =00 Wat,;l L]
B F, F,

— — e W WLl 3.51
0.50u2d° ' 05pudd’ TP 05pdf? (3.5b)

It must be remarked that a different non-dimensionalization for C'pp is employed as
compared to €y but that does not alter the conclusions arrived herein.  Following
the approach of Seo and Mittal [95], spurious fluctuations are comparatively more
significant in pressure transients than the viscous forees and may be guantified nsing
the 24-discontinuity in the temporal history of the pressure drag coeflicient as,

28 ) pmtl T m—1 .
(’P.U' ==Is Ir”J'-'I_J 2‘I‘:}-’.I'J I {-’P’J‘J {3-h}

with n being time-step index.
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Figure 3.7: Variation of C%), discontinuity with respect to the grid resolution.

Simulations are performed on a sequence of progressively refined grids following
the sequence of 4%/ = /16, a2, 161, and /128 at constant 7, = 0.65A¢. The root-mean-
square values of the 26-discontinuity for all the four grid structures are presented in Fig.
3.7, where Axy = 4116. A consistent decline in Uﬁ-ﬁﬂ can be observed with reduction
in Az, characterized by an approximate slope of 1.67 (in a log-log plot), which is
comparable to the near-quadratic decay reported by Seo and Mittal [95]. This also
augurs well with the observations made using a volume-of-body IB-FV solver [82]
where C%, ~ Az'¥ indicating that spurious force oscillations decrease at a faster
than linear rate with increasing grid resolution.

The temporal foree history shown in Fig. 3.8 does not have any visible spurious
oscillations even on coarse meshes and has much smoother history ol the pressure drag

coellicient on the finest mesh. In a nuitshell, the spurious [orce oscillations in present

1B-LB framework may be related to the nodal distance as,
Cip ~ (Ax)"™ (3.7)

and re-emphasizes the advantage of the PSC algorithm in simulating moving boundary
problems. Indeed, the subsequent section shows that this advantage of a smooth
temporal history does not compromise the accuracy ol the numerical solution.

A final feature of the PSC algorithm that requires exploration is the trait of
volume conservation, particularly considering the continual obligation of re-defining
and re-meshing the solid domain at every time-step for moving body problems, raising
skepticism about possible loss of volume and accordingly alfecting the overall accuracy
of the simulation outcome. Referring to the cell-decomposition method illustrated in
Fig. 2.2, solid sub-cells are identified based on the location of cell center with respect
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Figure 3.8: Time history of pressure drag coellicient (Cpp) of an inline oscillating
cylinder for different grid resolution (Ax) (a) d/16, (b) d/32, (c) d/64 and (d) d/128.

to the actual solid boundary, which may introduce some volumetric error. To test this
hypothesis, the temporal evolution of volumetric error for 7., = 5 and 10 are shown
in Fig. 3.9. It is clearly obvious that increasing the number of subeells decreases
the volume conservation errors, albeit at a marginally increased computational cost,
necessitaling a trade-ofl. Considering the small and acceptable error levels in this
problem and computational time requirement, the present work continued with n,,,

= b for all the test cases demonsirated in the remainder of this thesis.

3.4 Numerical studies on incompressible fluid flows

The studies on accuracy, conservation and spurious foree oscillations have shown that
the PSC algorithm is a promising framework [or [urther investigations. The method-
ology puarantees at least first-order accuracy with approximate mass conservation and
leads to tolerable spurious foree oscillations on moderate grid resolutions. The present
secltion concentrates on serutinizing its robustness and eflicacy by investigating a large
spectrum of test eases encompassing several stationary and moving boundary scenar-
ios, which involves both imposed and induced motion of the particle. It must also
be mentioned here that care is taken to ensure grid-independeney for all the cases
discussed in this section, while facilitating a trade-ofl between accuracy and computa-

tional cost.
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Figure 3.9: Relative volume error of the solid body over time.

3.4.1 Uniform flow past a stationary circular cylinder

The flow past a stationary circular cylinder is olten viewed as a benchmark problem
for hydrodynamics and also involves a non grid-aligned immobile interface. It also
has direct relevance to real-life lows around bluff bodies, such as those encountered
in aerodynamics, and can exhibit diverse hydrodynamics, consequently finding exten-
sive interest in computations. The study firstly aims towards validating the solver
for both steady and unsteady flows by considering a circular eylinder of diameter
placed inside a two-dimensional domain, detailed in Fig. 3.10. The computational do-
main is subjected to uniform flow at inlet, characterized by Re, and constant density
and Neumann velocity boundary condition at exit, while the horizontal boundaries
are also experiencing zero velocity gradient. The coefficient. of drag (Cy) and non-
dimensional recirculation length (%r/a) rear of the eylinder for low Reynolds numbers

ol Re =2() and 40 are presented in Table 3.3, where the data reported by several other

U—- 10d 16 d

ad

30 d

Figure 3.10: Schematic diagram of flow past a circular eylinder
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Table 3.3: Comparison of coefficient, of drag (Cy) and recirculation length (L, /d) with

literature.
Method Re = 20 Re = 40}
Cy L./d  Cy L./d
Present P5C 2039 0.940 1529 2.362
Dennis and Chang [96] FDM 2.045 0.940 1.522 2.345
Ye et al. [97] FVM 2030 0.920 1.520 2.270
Wu and Shu [43] DF-IB-LB  2.091 0.930 1.565 2310

Kang and Hassan [98] DF-IB-LB 2076 0.940 1.560 2.350

researchers are also available. Numerical investigations by Dennis and Chang [96] and
Ye et al. [97] were performed using finite difference method (FDM) and finite vol-
ume method (FVM) respectively. The results using PSC are seen to be in excellent
agreement on both counts. 1t is also imperative to eritically inspect parameters that
are varying locally, such as pressure for this test case, which features a curved solid
that does not conform to the underlying Cartesian mesh., The azimuthal variations
in the coefficient. of pressure (C,) along the cylinder surface are compared with the
results of He and Doolen [99] in Fig. 3.11. Here the pressure coeflicient is defined as,
Cp = 2(p — pin) /pinU?, where pin, pim and U respectively represent average pressure,
average [luid density and velocity at the inlet plane. It is evident from the figure that,

variation of C, is symmetrical aboul the central horizontal axis due to the formation
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) -tgs, f 1 %“ "#
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Figure 3.11: Comparison of variation of coefficient of pressure (C,) with eylinder angle
f# for (a) Re = 20 and (b) Re = 40, with He and Doolen [99]. #=0 at stagnation point
and inereases along counter-clockwise direction).
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Table 3.4: Comparison of average drag coefficient (Cy), maximum and minimum
and Strouhal number (5t) for different Reynolds numbers with literature for flow past
circular eylinder

Method Cq Cy St
S  Present 1.368 +0.340 0.166
7 Kang and Hassan [98] 1.368 +0.345 0.163
& Wu and Shu [43] 1.364 +0.344 0.163
&  Present 1.347  £0.535 0.185
'ﬂ' Kang [100] 1.355 £0.543 0.181
& Liu ef al. [101] 1.334  £0.530 0.182
= Present 1.363 X0.706 0.197
9l Braza ef al. [102] 1.380 =+0.780 0.190
&= Chen el al. [108] 1.374 40.700 0.195

of steady recirculating eddies behind the eylinder. The cylinder experiences maximum
pressure at the stagnation point @ = 0°, whilst the lowest pressure appears around
# = 90° for the cases considered here. Despite PSC being a cell-based approach, which
requires the wall pressure to be evaluated at nodes in close proximity to the actual
boundary and thereby raising possibility of non-smooth prediction, the present results
are in excellent accord with the literature.

Further, an unsteady laminar flow is considered where initial perturbation in the
flow field results in alternate shedding of vortices popularly known as Karman vortex
street. The observations for three different Reynolds nmambers in the shedding regime
are summarized in Table 3.4, along with the selected data from literature. While
the average drag coeflicient (Cy) remains nearly unchanged with increase in Re, the
lift. coefficient (C;) and Strouhal number (St = f4/v) exhibit gradual increase but all
quantities agree well with those reported in open literature. Time histories of both
drag and lift coeflicients are also presented in Fig. 3.12. Beyond a period of initial
development, drag coellicient shows very little Huctuations, adhering the mean value
quite closely. The lilt coellicient, however, experiences Muelualions with much larger
amplitude, albeil. lollowing a periodic patiern with a periodicity twice that of the drag
coefficient. Fig. 3.13 presents the steady-state vorticity contour for a low-Re flow,
characterized by symmetrical recirculation zones, and the instantaneous contours for

a moderate-Re llow, displaying the unsteady Karman vortex street.
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Figure 3.12: Temporal history of drag and lift coeflicients for llow past stationary
circular eylinder at Re = 100.
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Figure 3.13: Vorticity contours behind the eylinder (solid and dashed lines represent
positive and negative vorticily respectively).

3.4.2 Flow induced by inline oscillating cylinder

Having validated the PSC algorithm for a problem involving stationary body, moving
body problems with enforced motion are now considered. As a first moving body test,
a circular cylinder of diameter d is placed at the middle of a quiescent fluid domain of
size 30d x 20d (Fig. 3.14) which is subjected to a harmonic oscillation of the following
form.

Xc Xd] — Asin {Zﬂfﬂ) {33)

where the used notations have similar meanings to those in Eq. (3.3). The periodic

movement of the eylinder triggers fluid motion and the unsteady hydrodynamics can
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Figure 3.14: Schematic of oscillating eylinder immersed into an enclosure

be characterized in terms of Reynolds number (Re = Uudfy) and Keulegan-Carpenter
number (KC' = Un/gd), with Uy being the maximum velocity. A constant value of
KC = 5 is maintained, while studies have been perlormed for He values of 10 and 100.
Neumann boundary condition is realized at all the four domain boundaries, whereas
the cylinder surface is a no-slip wall.

Vorticity contours, veloeity vectors and streamlines in the vicinity of the eylinder
for different phase angles of eylinder oscillation are shown in Fig. 3.15 and 3.16 for
Re = 100. It ean be observed that an upper and lower boundary layer flow is developed
in front of the eylinder during its forward motion. As a result of flow separation,
two counter-rotating vortices of same strength and shape are developed. Owing to
the backward motion of the cylinder (after half a cycle), the vortex pair produced
during forward motion starts splitting resulting in a wake reversal. The comparison
of the velocity profiles in the vieinity of the eylinder for different phase angles with
the experimental data of Ditsch et al. [104] at four different locations exhibit fairly
consistent match, in terms of both magnitude and silhouette.

A pertinent aspect of study in this test problem pertains to the aceuracy of the

i & ] i1 | G ..'. ,h_ | ; ._ '.‘1\ .|"
”\. -. .?‘-:{Evr.i.:_. = o i x"\-".."--"... d : '_-. S, --H-'“’ 2 e | "'-.__::’:s

(a) O° (b) 96° (c) 192° (d) 288°

Figure 3.15: Vorticity isolines at different phase angles for Re = 100 and KC' = 5
(solid and dashed lines represent positive and negative vorticily respectively).
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Figure 3.16: Velocity vectors and streamlines in the vicinity of cylinder different phase
angles for Re = 100 and KC' = 5.
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Figure 3.17: Comparison of variation of coeflicient of drag 'y with respect to time
cycle between PSC and Dritsch et al. [104] and Suzuki and Inamuro [91] at KC =5
and (a) Re = 100 and (b) Re = 10.

TH-3110_176103031



Rewvisiting the PSC Method for Hydrodynamic Studies 55
30 20
L Re=T85 Pl [ Re=753
[ A =002s . | Ard=0125
L =1 : . L =127 :
anf Si=1.27 g .
- 1l o
I' - t ] v N
o v //.' \\ / \'\.\
.'I - L ‘k;
[ S X \h
[_l-‘ l] L 4 :_.I' - Uv »,
4 \;l‘ii Wy
i A N
In = [ Yl 1) A
L - 0 % 1
-t PR ¥ . By
i) - i - Chen ci al. {2013) | E: » Li exal. (HN6)
[ P Witkowt adkded mass (present) i T Wiithout added mass {present)
F - Wilh added mass (prescent) k= Wiith added msss (present)
0 R D L | IR S ey IR S Ty —— 1 T R S | | R S
1 1.2 1.4 1.6 1.E 2 I 1.2 1.4 1.6 18 2
T T
() (b)

Figure 3.18: Comparison of coellicient of drag of PSC with (a) Chen et al. [47] and
(b) Li et al. [105] at Re = 78.5, A/d = 0.125 and 5t = 1.27

time history of foree coefficients. Figure 3.17 indicates that the stream-wise drag
coellicients [rom the PSC approach compare well with earlier computations and ex-
perimental data. The excellent comparison is however possible for a higher e only
when the added mass term is accounted for. A higher Reynolds number corresponds
to greater particle acceleration and neglecting the added mass term leads to inaccurate
peak amplitude of the drag coefficient. although there are no perceptible phase errors
as is evident from Fig. 3.18. It must be remarked that the need for considering added
mass effect for accelerating bodies has however found no mention in earlier works
adopting LB methodology, regardless of following PSC [47] or bounce-back schemes
[105].

The comparison in Fig. 3.19 [urther highlights the considerable suppression of
spurious force oscillations in this ease. FEvidently, the amplitude of spurious oscilla-
tions from the PSC approach is significantly smaller when compared to those from
conventional sharp-interface 1B approaches [95, 100, 106]. This attribute of the PSC
approach also closely mirrors the diffuse interface immersed boundary /finite volume
method [81, 82] which also employs a solid-fraction based unified evolution equation
for the macroscopic variables. It must be mentioned that Kang [100] reported severe
spurious oscillations with sharp-interface IB-LB schemes which may be mitigated by
using standard smoothing or FFT iltering techniques, at the cost of additional compu-
tation. He also adopted the concept ol effective radius in direct-forcing IB-LB scheme
Lo abate over-prediction of surface [oree coeflicients. In contrast, the PSC methodol-

ogy requires no such ancillary treatment for accurate prediction of interfacial physics
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Figure 3.19: Comparison of spurious fluctuations in coeflicient of drag €' between
P5SC and Seo and Mittal [95] for Re = 100 and KC = 5.
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Figure 3.20: Comparison of velocity profiles between PSC and experimental data
obtained by Ditsch et al. [104] at phase angle 180° for Re = 100 and KC = 5. x*

and u* represents non-dimensionalized position and velocity respectively.
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Figure 3.21: Schematic of oscillating eylinder immersed into an enclosure having uni-
form velocity inlet

and unlike cut-cell based sharp-interface IB approaches [47, 95| has a simple imple-
mentation that approximately conserves geometrical volume and results in aceeptably
accurate numerical solutions. Furthermore, Fig. 3.20 reveals computed horizontal and
vertical velocities using PSC are in good agreement with experimental data obtained
by Diitsch et al. [104].

3.4.3 Flow past a transverse oscillating cylinder

In order to further test the PSC methodology for fluid-particle interaction problems
with moving bodies, an imposed transverse oscillation of a eylinder in a flow field is
considered. This test case considers a non-quiescent flow with a prescribed velocity
inlet and Lo the best of anthor’s knowledge has not been simulated using PSC approach
till date, despite the involvement of intricate hydrodynamics. In this study, a circular
cylinder of diameter d is immersed in a flow field of dimension 40d x 40d (Fig. 3.21).
A unilorm velocity field corresponding to Reynolds number 185 is invoked at the inlet
and constant pressure is satisfied at the outlet. Neumann boundary condition with
zero velocity gradient is applied at top and bottom sides of the computational domain
and no-slip condition is satisfied on the cylinder surface. The forced motion of the
cylinder follows a periodic pattern given as,

Y, (t) = Yo — Asin (21 /1) (3.9)

with Y., ¥4, A and [, representing instantancons vertical position of the eylinder cen-
tre, initial position of the same at £ = 0, enforced amplitude ol oscillation (= 0.2d)

and excitation frequency respectively.
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Figure 3.23: Comparison of flow coeflicients for flow past a transverse oscillating cylin-
der using PSC with the literature.[103, 107, 108]
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Simulations are performed for several values of the frequency ratio f = /. Here,
fo is the natural vortex shedding [requency corresponding to Strouhal number (St)
of 0.192, which is obtained beforehand by simulating flow past a stationary circular
cylinder at fte — 185. It can be observed [rom time histories of the coeflicient of drag
and lift (Fig. 3.22) that spurious force oscillations are not prominent in the present
study and results obtained are in good agreement with literature. Figure 3.23 shows
the comparison of time-averaged coeflicient of drag (< Cy =), RMS coeflicient of drag
and RMS coeflicient of lift obtained using PSC approach with those reported in open
literature [103, 107, 108].

3.4.4 Flow past a rotating circular cylinder

Having considered translational imposed motions, low past a rotating circular cylinder
is now considered, which is also a test problem not simulated using PSC till date. The
cylinder is assumed to be rotating with a constant angular velocity, thereby eliminating
any rotational acceleration of the solid. A uniform velocity Leld corresponding to
Reynolds number of 100 is invoked at the inlet and constant pressure is set at the outlet.
Neumann boundary condition is applied at top and boltom [aces of the computational
domain, while non-slip condition is satisfied on the cylinder surface. The geometrical
details are shown in Fig. 3.24. Forty nodes along the diameter of the eylinder suffice
for the simulations with non-dimensional rotation rates (o = 95#e/y) of 1.0. A
comparison of the present results using PSC approach are compared with literature
in Table 3.5. Computed values of the average drag (Cy) and lift coefficient (C}) and
Strouhal number (51} are in reasonable agreement with literatures studied herein. It
must be remarked that unlike the translational cases, the added mass term, although

40d

- EE 5

40d

2

L ]

Figure 3.24: Schematic of rotating cylinder immersed into an enclosure having uniform
velocity inlet
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Table 3.5: Comparison of average drag coefficient (C'y), average lifi coefficient (C})
and Strouhal number (St) for Re = 100, o = 1.0 with literature for flow past rotating
circular eylinder.

Re =100, = 1.0 Ca ) St

PSC 1.172 2412 0.166
Kang et al. [109] 1.040 —2.488 0.166
Stojkovic et al. [110] 1.108 —2.504 0.166

Paramane and Sharma [111] 1.095 —2.490 0.165

included herein, has no effect for this test case sinee there is no rotational acceleration.
Moreover, there are no [resh/dead cells because of the motion and no spurious force

oscillations are observed in this study.

3.4.5 Sedimentation of a symmetrically placed particle

Having explored the ability of PSC approach to simulate linear and rotational imposed
motion, the PSC methodology is now subjected to [uid-particle interaction problems
involving particle motion induced by gravity. Firstly, the numerical experiment of
sedimentation of a circular particle is performed in a narrow quiescent medium whose
computational domain, material properties and boundary conditions are set according
to Glowinski et al. [112]. In Fig. 3.25, the dimensions are set as, d (diameter of
particle) = 025 cm, a = 1 em, H = 6 em, L = 2 em, b = 4 cm and g represents
acceleration due to gravity. Initially both fluid and particle are at rest, the position
of the particle at ¢ = (0 being marked in the figure. The density (p;) and dynamic
L

-—— »

d
Hi

q

s

T

Figure 3.25: Schematic of sedimentation of a particle
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Figure 3.26: Time evolution comparison of (a) longitudinal coordinate of the parti-
cle and (b) longitudinal veloeity of the particle while freely falling in an enclosure
literature. [108, 112]

viscosity () of the fluid are selected as 1 g/em® and 0.1 g/em s respectively, while the
particle is 1.25 times denser than the fluid. Forty nodes are placed along the diameter
of the eylinder and relaxation time is set as 7; = 0.8 during the present simulation
where the cylinder has three degrees of freedom.

The variation of position and velocity of this circular particle in the y-direction,
which is positive downwards, with time are compared with reported results in literature
in Fig. 3.26. The present solver's data agree well with the results obtained with a
Lagrange-multiplier based fictitious domain approach by Glowinski et al. [112] as well
as the IB-LB solver based on fractional step method proposed by Wang et al. [108].
Glowinski et al. [112] reported that the particle moves slightly towards right of the
axis of vertical symmetry of the enclosure in the course of its journey. This symmetry-
breaking was atiributed to the triggering of perturbations associaled with the selection
of their numerical procedure. No such symmetry-breaking nor appearance ol rotational
kinetic energy is observed using PSC. Time histories of the particle’s Reynolds number
{Rep) and translational kinetic energy (1) are also compared with literature [108, 113

in Fig. 3.27 where the quantities are defined as,

yui+vid
A (3.10)

Fy = 0.5my, (u:f + ‘VE) , Rep =
¥

Here, my, and I, are mass and mass moment of inertia of the particle. The maximum

particle Reynolds number Rep using PSC approach is found to be 17.57, which is in
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Figure 3.27: Time evolution comparison of (a) particle Reynolds number and (b)
translational kinetic energy of the particle with literature. [108, 113]

well agreement with the value of 17.51 reported by Glowinski et al. [112]. Figure
3.28 shows the time evolution of vorticity contours while the particle is [reely falling
in the enclosure, which also indicates that the particle falls vertically and attains the
terminal velocity well before it strikes the bottom of the enclosure.

3.4.6 Sedimentation of an asymmetrically placed particle

The symmetric nature of the previous configuration resulted in solely one-dimensional
translational motion of the particle, as can be substantiated by near-zero magnitudes of
the z-component of velocity and angular acceleration. To evaluate the PSC methodol-
ogy lor a genuinely three degree-of-freedom case, the previous arrangement is modified
to orient the initial location of the particle away from the centerline. The repelling
cffect, inflicted by the boundary layer developed on the nearer wall is expected to shove
the particle towards the center and, with gravity acting vertically downward (positive
y-direction), induce angular acceleration.

The computational domain and boundary conditions are selected according to
Wen et al. [114]. Following the schematic in Fig. 3.25, dimensions are set as d =
0.1 em, L = 0.4 em and @ = 0.076 cm. The height (H) of the enclosure can be
taken such that adequate physics is captured till the particle settles at the bottom.
Stipulated values of concerned particle-to-fluid density ratio (f+/s;) and fluid kinematie
viscosity () are 1.01 and 0.01 em?® /s respectively. In the present simulation, 26 nodes
along the cylinder's diameter is considered at the LB-level, which leads to the domain
being discretized into 104 x 800 lattice nodes. This corresponds to a physical grid
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Figure 3.28: Time evolution of instantaneous vorticity contours of a symmetrically
placed particle sedimentation

resolution of Ax = 3.85 x 1079 em and time step size, Al = 4.93 x 10°° 5. The particle
descends through the fluid adopting a circuitous orbit and its trajectory is governed
by the Newtonian dynamies, which necessitates an interplay among the gravitational,
inertial and viscous forces within the fluid domain. The particle trajectory and time
history of relevant velocity components can be inferred from the plots presented in Fig.
3.29 and 3.30 respectively. Onece the particle is allowed to descend under the action of
gravity, it experiences a briel period of quivering, belfore settling along the centroidal
axis around { = 2 s, and subsequently continuing with a near-constant vertical velocity
till it reaches the base of the enclosure. No wall collision model is included here, as it
is extraneous to the scope of the present study. Despite the absence of a particle-wall
collision model, the hydrodynamics is complex and the PSC methodology is able to
reproduce the same with excellent accuracy, as can be corroborated by comparing with
the trends reported by Wen et al. [114]. The magnitude of terminal Reynolds number
predicted by the present solver is 3.37, which is in close proximity to the value of 3.23
documented by Wen et al. [114].

3.4.7 Sedimentation of two particles of different weight

The final demonstration of the proficiency of the PSC methodology in replicating com-
plex phenomena in fluid-particle interactions is a two-particle sedimentation problem.
Two circular eylinders of identical dimension, but unequal densities are allowed to fall
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Figure 3.29: Comparison of (a) Trajectory of the particle, time dependent history
of (b) velocity in horizontal direction, (¢) velocity in vertical direction, (d) angular
velocity of particle with Wen et al. [114].
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Figure 3.30: Time evolution of instantaneons vorlicity contours ol a asymmetrically
placed particle sedimentation

TH-3110_176103031



Rewvisiting the PSC Method for Hydrodynamic Studies 66

t=0.94s t=3.28s t=5.63s t=7.97s
0 0 0 0

Pl e o el o =5
I | | !
m-ll 0 1 Iﬂl[ 0 1 1':-"-] 0 1 Il“-I 0 1
¥ ¥ ¥
(a) (b) (e) (d}
Figure 3.31: Time evolution of instantaneous vorticity contours of two particle sedi-
mentation

freely under gravity within a quiescent [luid column. Onee they are suitably positioned
al the instant of inception, the trailing particle can be expected to encroach into the
wake developed ab the rear of the leading particle, raising the prospect of fascinating
hydrodynamic communications. Such an event is more likely with the heavier particle
being the leading one, as it is expected to descend faster owing to the larger mass.
Therefore such a computational effort embraces multi-faceted force interaction for each
particle, with the reduced-pressure region interior to the wake adding a new dimension
towards dictating the motion of the trailing particle.

The investigation considers two particles of diameter d = (1.2 unit, which are
initially located at XV|,—o = (0.8,-0.13) and X®|_y = (1.2,0.13) respectively in a
rectangular domain of size [0, 10] x [—1, 1]. Particle-to-fluid density ratios are selected
to be similar to the work of Uhlmann [89] as p},'] /p; = 1.5 and p}f] [pr = 1.25. Kine-
matic viscosity of the fluid is set to be 8 x 107 units. A discrete domain of size
4000 x 800 is adopted with Az = Ay = 0.0025 unit and 7, = 0.59, which corresponds
to a physical time step of 2.344 x 107" 5. These numbers can be combined to yield
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a lattice-level gravity of 2.156 x 107! lattice-units. Simulations are carried out with
zero velocity initialization everywhere within the domain and continued till a physical
time of 8.648 5, which corresponds to the heavier particle reaching within 2d distance
from the base of the domain. The predicted maximum particle Reynolds numbers
with the PSC approach of both particles are 279.08 and 237.47, which are very close
to the one obtained by Uhlmann [89] (280 and 230 respectively). Figure 3.31 shows
instantaneous vorticity contours of two particles at different time levels illustrating
the complex induced motion of the particles. One can also observe from Fig. 3.32a
that the heavier particle exhibits an undulated trajectory as compared to the lighter
particle due to oscillating lift, force produced by ilts vortex shedding while the latter
one exhibits deviation from vertical trajectory because of its presence and interaction
with the preceding vortices. Moreover, Fig. 3.32¢ reveals that the heavier particle
reaches maximum velocity at an early stage and decelerates when il enters a steady
periodic vortex shedding state. The strong interaction of the trailing lighter parti-
cle with the vortices is also evident from Fig. 3.32f which reveals an increase in its
angular velocity with time while the heavier particle has negligible angular velocity.
Furthermore, the data obtained in Fig. 3.32 using PSC are in excellent agreement
with the same reported by Uhlmann [89]. The ability of the PSC approach in ac-
curately resolving the complex dynamies of a multi-body problem is sulficient proof
that the present approach offers an excellent alternative to conventional N-5 solvers

for accurate computation ol incompressible Huid-structure interaction problems.

3.5 Summary

The present. chapter demonstrates a comprehensive evaluation of the Partially Salu-
rated Computational cells (PSC) approach for incompressible hydrodynamies involving
one or more rigid bodies undergoing imposed and indueced motion. Studies on aceu-
racy with the PSC approach reveal that it is nominally second-order accurate with
errors smaller for values of relaxation time 7, < 1. For moving boundary problems
though the spatial accuracy in velocity prediction declines towards first-order owing to
the diffuse nature of the interface. The solid collision operator is found to be strongly
influenced by the choice of ;. But for stable computations with 77 < 1, the PSC ap-
proach exhibits negligible compressibility errors and a mass defect that reduces with
increasing grid resolution. The PSC approach also leads to much lesser spurious foree
oscillations (SFOs) for moving body problems on a given lattice and the oscillations
reduce super-linearly with grid refinement. The studies on 5FOs and discrete mass
conservation of the PSC approach are novel aspects of the present study that have

not. been dealt, with in past studies. A wide range of problems thal range [rom How
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Figure 3.32: Sedimentation of particles of different weight (a) trajectory, time evolution
of particles’ (b-c) center location, (d-e) linear velocities, (f) angular velocity and (g)
angular location.
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past a stationary cylinder to two-particle sedimentation showcase the ability of the
PSC approach in accurately computing the llow dynamics, whilst also highlighting the
importance of accounting added mass effects for higher Reynolds number Hows. The
sensitivity of the relaxation time and the difficulty in handling Neumann boundary
conditions need further exploration. The present work, which supplements the re-
cent studies of Rettinger and Riide [50] and those of Haussmann and co-workers [51],
clearly highlights that the PSC approach is a promising alternative for incompress-
ible hydrodynamics and it is extended to solve lundamental problems and engineering

applications involving heatl transfer in the subsequent chapters.
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CHAPTER. 4

PARTTIALLY SATURATED CELLS METHOD FOR
THERMAL FLOWS

“Debugging is lwice as hard as wriling the code in the first place. There-
Jore, if you wrile the code as cleverly as possible, you are, by definition,

nol smarl enough lo debug iL”

- Brian Kernighan, Kernighan's Law

Thi& chapler presents a comprehensive investigalion of Partially-Saturated-Cells
method (PSC) for the simulations of incompressible thermal flows in this chapter.
The focal points of the investigalion comprise the evalualion of ils order of accuracy,
(ralilean invariance and efflicacy {o simulate heal {ransfer processes. The analysis re-
veals that the method is firsi-order accurale for moving body simulations irrespective of
the straighl or curved boundary. Il is also Galilean invariani and demonstrates identi-
cal heal transfer characteristics in stationary and moving reference frames. In addition
to i, a thorough analysis of the PSC algorithm is presented to enlighten ils suilabilily
for predicting thermo-hydrodynamic charaeteristics in free, forced, and mired convec-
tion phenomena involving both stalionary and moving boundary scenarios. So far these
aspects pertaining lo the thermal-PSC methodology have not been discussed in the Lil-
eralure Lo the best of author’s knowledge.

The thermal-PSC methodology introduced in Chapter 2 identifies itsell as a
diffuse-interface immersed boundary method; however, it differs from the conventional
IB-TLB approaches as it oflers a unified evolution equation [or all the media in a phys-
ical system. The evolution equation [Eq. 2.30] comprises an additional collision op-

erator included into the conventional simplified thermal lattice-Boltzmann (STLBM)
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method which is dictated by the volume [raction of the solid medium and facilitates
a smooth transition of boundary conditions at the solid-fluid interface. From the
in-depth survey of literature presented in Chapter 1, one may conclude that several
researchers have explored the IB-TLE method at length. However, investigations us-
ing the PSC methodology for heat transfer problems are very limited, even though it
possesses appealing potential to simulate incompressible flows. Hence, in the present
chapter, a critical assessment of the thermal-PSC model with respect to its order of
accuracy, Galilean invariance, and eflicacy of the solver for thermal problems are pre-
sented. The remainder of the chapter is organized as follows. Section 4.1 and 4.2 high-
lights the accuracy and Galilean invariance ol the method. Furthermore, the method
is carefully examined in a wide range of benchmark test cases in Section 4.3, which in-
clude different types of heat transfer phenomena along with stationary, imposed, and
induced motion of the particle. Finally, the salient conclusions of all-encompassing

analysis and directions for future efforts are summarized in Section 4.4.

4.1 Accuracy Study

This section is devoled towards examining the order of accuracy of the thermal-PSC al-
gorithm for moving boundary problems. It should be mentioned here that an accuracy
study reported by Chen and Miiller [80] is presented for Eq. 2.31 to a conduction-
dominated flow. However, the present study focuses on conveetion dominating cases
and, in particular, showeases the algorithm’s accuracy pertaining to moving straight
and curved boundaries. Initially, the thermal Couette flow with wall injection is solved
and its accuracy is compared with respect to the thermal lattice Boltzmann method
(TLBM). Then, the ecylindrical thermal-Couette flow is investigated to evaluate the
alporithm’s accuracy when subjected to complex boundaries which are not alipned

with the underlying Cartesian mesh.

4.1.1 Thermal Couette flow with wall injection

The schematic representation of the thermal Couette flow with wall injection is illus-
trated in Fig. 4.1 along with the hydrodynamic and thermal boundary conditions. The
periodic boundary condition at left and right computational boundaries is provided for
both hydrodynamic and thermal governing equations. The Reynolds number based on
the height of the channel () and injection velocity (Vg) is set as Re = YWH /i, = 10.0.
In order to conduct the spatial accuracy test, the number of lattice nodes on channel
height are varied from 20 to 160, the relaxation time is set to 7; = 1.0, Prandtl num-
ber Pr = 0.71 and the physical parameters are set identical for all cases as : channel
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Figure 4.1: Schematic representation of thermal Couette flow with wall injection.

height (H = 10 %m) and kinematic viscosity of fluid (¢ = 107%m*/s). The simulations
are run until the velocity and temperature errors are converged at 107 as per the Eq.
(4.1).

err(t)
err(0)

Convergence criteria = (4.1)

where, err(f) and err(0) represent the root-mean-squared error at any instant (t) and
the initial error value at £ = 0, respectively. The analytical velocity and temperature
profile of the flow field is expressed as:

o exp(Rey/H) —1
-y [ exp(Re) — 1 j[ a)
e o, |expl(Re.Pry/H) —1
Ty =+ l exp(Re.Pr) — 1 ] i ()

The primary objective of this study is to assess the accuracy of thermal-PSC models.
To facilitate the same, extra layers of solid cells are added beyond top and bottom
boundaries. The pure solid cells and solid-fuid interface cells are assigned volume of
body (®5) as 1.0 and (1.5, respectively. Ly, and Ly error norms are evaluated in the

entire computational domain as:

L error = max|T** — T Y&, < 1.0 (4.4)
1 .
Ly error — % |rona — prum|? (4.5)
NV@;}{I.I}

where, N denotes number of lattice nodes in that range and 7" and T™™ represent
analytical and numerical solutions of temperature, respectively. The TLBM exhibits
first and second order accurate spatial convergence in Ly, and Lo temperature errors
respectively, as shown in Fig. 4.2a.

It should be mentioned here that the present TLBM solver exhibits quadratic

TH-3110_176103031



Partially Saturated Cells Method for Thermal Flows 73

1 i) 10 g | v
F 1 {TLE F —*— L e (TL
10 e : I:::{'I‘Iu::.d.ﬁl'!] I ——a—— L_errar { Thermsl PSC)
& I, ervor {TLEM) I e = Ly errar (TLBM)} .
r & I.,rrn-rl'l‘hmml-l"ﬁii] 1y E —_ —— — I.*err'rl:'.lbﬂhi-ﬂﬂ.l
10k Slopo=1 E
; S i i — e
e R 2
F e 107
£ 10k " g =
E === E ol
gt = o g
e i
'k f N !
il il '
il qr""’ﬂf oaan ™ Slope =2 E
H_'I‘- i el i : 1 i AT eI g IUS il PR LN PRI AT WE ] FERTH AT R
2E-05 405 GRS LIX ] (L8 1.0 12 14 L6 182022
Garid resolution (Ax) T
(a) (b)

Figure 4.2: (a) Variation of temperature error norms with respect to (a) grid resolution
(Az) and (b) varying 7, for thermal Couette flow with wall injection.

spatial convergence in maximum relative temperature error when evaluated over a
single plane perpendicular to the flow direction, which is in well accordance with the
study of Liu et al. [86]. Thermal- PSC solver converges with at least first-order rate
with respect to the grid refinement. The asymptotic analysis of Eq. (2.31) as proposed
by Chen and Miiller [80] revealed it to be a second-order scheme; however, the analysis
was solely carried out for a solid-fluid interface cell. In addition to it, they reported
the scheme to be second-order aceurate in temperature errors by undergoing numerical
simulations in a conduction-dominated flow. A best-fit curve through the discrete data
points of the relative error plot of the study reported by Chen and Miiller [80] reveals
approximately 1.5 order ol convergence rate with respect to grid relinement. The
present analysis reveals that the thermal-PSC algorithin converges approximately at a
rate of 1.42 with grid relinement in Ly error norms for a convection-dominated test case.
A similar trend in the order of accuracy ol these models is observed using 75 = 0.6,
however, the plots pertaining to it are not shown for the brevity of the thesis. Further
a 7y sensitivity test is conducted in the range [0.6,2.0] while fixing the number of
lattice nodes on channel height to 80, to re-assure the influence 74 in the thermal-PSC
model. Fig. 4.2b shows, the TLBM errors decrease till 7, = 1.2 and 1.0 for L., and
Ly errors respectively, and further increase with respect to 7;. The TLBM possesses
at-least, one decade smaller magnitude of error than the thermal-PSC algorithm. The
thermal-PSC model is apparently insensitive to the choice of 7; and exhibits identical
order of magnitude of errors across the range of 7;. However, the 7; sensitivity of

the model needs to be further explored in the context of moving boundary problems
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Figure 4.3: Temperature profile of thermal Couette flow with wall injection.

and other types of heat transfer processes. To ascertain Lhe accuracy of the models
in prediction of the temperature profile across channel width, non-dimensionalized
temperature profiles (6 = T-Te/n,—7e) are plotted against the analytical solution [Eq.
(4.3)] in Fig. 4.3. Even though TLBM and thermal-PSC model exhibit good proximity
of numerical profile with the analytical solution, a temperature jump is evident on the
moving wall at #/s = 1.0 for the thermal-PSC model, which is inherent to immersed-
boundary methods [65, 73].

4.1.2 Cylindrical thermal-Couette flow

The present subsection examines the accuracy of the thermal-PSC algorithm applied to
two-dimensional cylindrical Couette flow between two circular eylinders for Dirichlet
boundary conditions. The motivation behind choosing this test case is to analyze
the PSC algorithm [or immersed structures thal are not aligned with the underlying
regular Cartesian mesh and have curved surfaces, unlike the preceding test case. As
depicted in Fig. 4.4, two concentric cylinders of radii i, and R, are placed such
that H; = 2R,. The inner cylinder is subjected to constant angular velocity £2p, and
the outer eylinder remains static. The inner and outer cylinders are provided with
constant hot and cold temperatures as Ty = 1 and T3 = 0, respectively. Note that the
cylinders in the present study are placed in a computational domain of size L x L,
and the grey shaded part shown in Fig. 4.4 represents the solid part with temperature
according to the adjacent cylinder temperature. The non-dimensional parameters for
this problem are defined and set as : Reynolds number (Re = (Rafte)2R)f,, = 10)
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Figure 4.4;: Computational domain for cylindrical thermal-Couette flow.

and Prandtl number (Pr = ¥1fyx, = (.73). The spatial order of aceuracy test of the
solver is performed by varying grid size as Az = Bfao, Bfso, /160, /320 and constant
relaxation time (77) at 1.0 . The Ly and Ly errors for temperature are determined
using expressions (4.4) and (4.5). The analytical solution for temperature is evaluated

* In(r/Rs)
In (R] ;"Rg:l

The convergence criterion [Eq. (4.1)] for these simulations is set to be 1078, Fig. 4.5a

™ =T,— {13 —T4) (4.6)

shows the spatial convergence of L, and Ls error norms of temperature. The thermal-
P5C method shows hirst-order accurate grid convergence. This nding is in coherence
with other IB-TLB models [66, 71, 73]. Temperature error norms of the model at
different values of 74 and fixed grid resolution (Az = fso) are depicted in Fig. 4.5b.
Interestingly, for a complex boundary scenario, the thermal-PSC model exhibits an
increase in error norms with an increase in ;. Nevertheless, the temperature profile
produced by the thermal-PSC model in the llow field is in excellent agreement with
respect to its analytical solution, as depicted in Fig. 4.6. An inevitable temperature
jump at the solid-fuid interface, especially close to the moving surface, is also evident
in the figure. The present and former sections dictate that the thermal-PSC model is
approximately insensitive to the choice of 7 for straight. boundaries but responds to it
in a curved boundary problem. It also exhibits first-order accurate spatial convergence
irrespective of straight or curved boundaries. However, these inferences must not
be construed at this stage to justily the model’s suitability for thermal flows. Iis
ellicacy needs to be investigated further in the context of predicting local heat transfer

characteristics under diflerent types ol heat transler processes illustrated in subsequent
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Figure 4.5: (a) Variation of temperature error norms with respect to grid resolution and
(b} variation of error norms of temperature with respect to varying 7y for cylindrical
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Figure 4.6i: Comparison ol temperature profile of eylindrical Conette flow between
thermal-PSC and analytical solution.
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Figure 4.7: Schematic of a cylinder in a Couette How.

sections.

4.2 Galilean invariance study

So far it is established that, thermal-PSC model is atleast lirst order accurate for
moving boundary problems irrespective of the boundaries being straight or curve. In
addition to the accuracy study, Galilean invariance is also a study ol paramount impor-
tance particularly for moving boundary problems. It ensures thal the computational
method will produce identical low field irrespective ol the choice of relerence frame
being stationary or moving. A recent study by Haussmann et al. [51] shows the hydro-
dynamic PSC method is Galilean invariant. However, the thermal-PSC method has
not. been tested for the same to the best of the authors’ knowledge. To [acilitate this
study, numerical simulation of transient Couette How past a heated circular cylinder
is conducted. The schematic and parameters of the test case is inspired by the work of
Lallemand and Luo [34] and shown in Fig. 4.7. A heated circular eylinder of diameter
d = 0.05m is maintained at constant temperature 7}, while the top and bottom bound-
aries are provided lower temperature T,. The simulations of stationary relerence frame
is facilitated by providing the initial flow field (Uy) and moving cylinder’s velocity (/)
in -direction as 0.02m/s. The top and bottom boundaries of the channel are moving
opposite to each other with velocity (U,,) 0.1m/s in z-direction. The hydrodynamic
and thermal boundary conditions at LB-level for top and bottom boundaries are im-
plemented using methods proposed by Zou and He [11] and Liu et al. [86], respectively,
while periodic boundary conditions are applied on the left and right boundaries, The
moving reference frame simulations are conducted by adopting a constant reference
velocity (Uep = —0.02m/s) in the z-direction. Hence, the initial flow feld becomes
quiescent (Uy + Uiy = 0.0m/s) and cylinder stays static (U, + Uyey = 0.0m/s). The
resultant velocity of the top and bottom boundaries becomes (U, + Urep = 0.08m/s)
and (U, + Uy.y = —0.12m/s) respectively. The non-dimensional parameters for these
simulations are set as Re = #%/y, = 11.36, Pr = (.7 and 1 = 0.714. The shear
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Figure 4.8: Variation of (a) local Nusselt number distribution as a function # at time
(t = 10.0s) and (b) average Nusselt number as a function of time.

rate of the flow is represented as £ = 2Uwfaa. Fig. 4.8a shows the local Nusselt num-
ber distribution over the eylinder’s surface at time, £ = 10.0s. The distribution of
the Nusselt number is not symmetrical, which e¢an be attributed to the asymmetrical
placement of the eylinder between the plates. It can be observed that the moving
and static eylinder cases reveal an excellent match amongst themselves, which in turn
asserts the method to be Galilean invariant. The aceuracy of the thermal-PSC model
in predicting temperature field and Nusselt number for varied elass of problems will
be dealt with in detail in the subsequent section.

The time evolution of average Nusslet number (< Nu =) (shown in Fig. 4.8b)
also suggests that the values obtained in moving and static eylinder cases are almost
identical for thermal-PSC model. To ratily the observation, the Ly-normed difference
{As) of local and average Nu between moving and static cylinder cases are evaluated.
The A; expressions for local and average Nu, are respectively given as

: 2 | [Nt () — Nuy(6:)]]?

As(loeal Nu) J >, INu )P (4.7)
[l — NP

Ag(< Nu >) = J SN (4.8)

where, the subscripts m and s, represent moving and static eylinder cases, respectively.
The Az magnitude of local Nu at an instant £ = 10.0s, and average Nu in the period
0.0s < ¢ < 10.0s is 1.98 x 1077 and 7.70 x 102, respectively. Such low order of
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Figure 4.9: Schematic of an eccentrically placed heated circular cylinder inside a cold

cavity

magnitude of Ay suggests that the thermal-PSC model can be concluded as Galilean

invariant.

4.3 Validation of benchmark problems using thermal-
PSC

The accuracy and Galilean invariance studies presented so far have established that
the thermal-PSC method is & promising framework for carrying out heat transfer
simulations. However, a formal benchmarking of the method is imperative to establish
its robustness and efficacy. The present section carries out a validation study for a wide
spectrum of test cases encompassing natural, mixed, and forced convection phenomena
that also involve stationary and moving structures. In addition to it, the performance
ol the solid collision operator is examined while evaluating the local How lield and heat

transler characteristics.

4.3.1 Natural convection of heated circular cylinder inside

cold cavity
Numerical simulation of natural convection of an eccentrically placed heated circular
cylinder inside a cold cavity is presented in this section. A stationary circular eyvlinder
having diameter d is immersed into a square cavity of size L, such that d = 0.4L as rep-

resented in Fig. 4.9,  The eylinder is eccentrically placed at a distance 8, measured
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Figure 4.10: Streamline and temperature distribution contours of natural convection
of circular cylinder inside a cavity at Ha = 10% and eylinder offset (a) é = 0.0, (b)
d = 0.15L and (c) 6 = 0.25L.
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Figure 4.11: Streamline and temperature distribution contours of natural convection
of circular cylinder inside a cavity at Ra = 10" and eylinder offset (a) § = 0.0, (b)
d = 0.15L and (¢) = 0.25L.
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Figure 4.12: Streamline and temperature distribution contours of natural convection
of circular cylinder inside a cavity at Ra = 10" and cylinder offset (a) 6 = 0.0, (b)
d = 0.15L and (¢) § = 0.25L.
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in positive g-direction from the domain center. The cylinder is provided Dirichlet
type higher temperature Ty, whereas the initial temperature and cavity boundaries
are st to lower temperature T.. The temperature boundary conditions at cavity walls
are incorporated as discussed in Lin et al. [86] while no-slip boundary conditions
al the enclosure walls are set following the Zou/He boundary conditions [11]. The
temperature difference between the circular cylinder and enclosure walls triggers nat-
ural convection in the enclosure, and the fluid experiences buoyant force. This body
force density is evaluated using Boussinesq approximation [Eq. (2.12)], where T is
taken as the average of T), and T,.. Non-dimensional parameters are set as Pr = (.7,
Rayleigh numbers Ra = 102, 10%, 10° while varving the cylinder location according to
o = 0.0, 0.15L, (1L.25L. The computational domain is constituted ol uniform rectan-
gular lattices of size 151 x 151, 251 x 251 and 551 x 551 for Ra = 10, 10 and 10°
respectively. The above choices of grid size are based on grid-independent solutions
of respective Rayleigh numbers. The relaxation time 7 is set to 0.75 [or all the cases
of the Rayleigh number. The parameters are carefully selected so as to ensure the
flow within the incompressible limit of Mach number (Ma) < 0.3. The viscosity and
thermal diffusivity of the fluid is related to the non-dimensional parameters in natural

| Pr
== EUCL (4.9a)

U.L

U, =4/ fgATL (4.9¢)

Here, U, L and AT represent characteristic velocity, length, and temperature dif-

convection problems as

ference (T, — Te), respectively. Steady state solution for the present simulation is
obtained by setting convergence eriteria to 10719,

Fluid adjacent to the hot cireular eylinder gradually gets warmer and moves up-
ward to touch the cold cavity at the top. It subsequently cools down and becomes
denser to descend along the cold cavity wall while simultaneously forming two symimet-
rie free circulations in the cavity. Fig. 4.10, 4.11 and 4.12 shows streamline and tem-
perature contours at different, eylinder locations for Ra = 10°%, 10? and 10° respectively.
At § = 0.0, Ra = 10°, the flow is conduetion dominant, and the cirenlation displays
two symmetrically rotating vortices. Circulation inside the cavity at § = 0.0, Ra = 10°
exhibits a similar pattern as compared to that at Ra = 10%, while a closer observation
reveals that thermal boundary layer at bottom part of the eylinder is thinner than
that at the top of the cylinder. Moreover, the vortex at the lower part of the cylinder

is weaker and smaller than its counterpart at the top. This is because of the fact that,
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at a higher Rayleigh number, convection heat transfer takes over the conduction mode
of heat transfer. As the Rayleigh number increases to Ra = 10°, 6 = 0.0, convection
heat transler becomes dominant in the cavity resulting in a thinner thermal boundary
layer along the inner cylinder surface. It is observed that a plume is formed at the top
of the cylinder which gives rise to a stronger gradient there in contrast to a weaker
thermal gradient at the cylinder bottom. In addition, the merger of two inner vortices
leads to a dominant flow and recirculating eddies at the top of the cylinder in contrast
to the lower Rayleigh number cases. Weak flow at the bottom region of the cavity
reveals stratilication of the ow in this region.

When the cylinder advances in the positive y-direction at Ra = 10%, the space
between the eylinder surface and cavity wall decreases al the top, which results in a
gradual decrease in size of the upper vortex and finally merges into a single vortex at
the lower part of the cavity. Moreover, as the Rayleigh number increases, the vortex's
size increases and its core moves towards the center of the cavity. The isotherm
contours reveal that, as § increases, they appear denser atl the top of the eylinder than
the bottom part giving rise to a high thermal gradient at the top. A similar trend
like Ra — 107 is also observed for Ra — 10" while moving the cylinder in the upward
direction. The effect of convection heat transfer is more in this case as compared to
the Ra = 10%. A cold stagnation region with poorer heat transfer is observed at the
bottom of the cylinder compared to strong convective heat transler al the cylinder
top. While increasing § in positive y-direction at Ra = 10° similar scenario of single
recirculation region is observed as in 6 = (L.0. As the space between the cylinder and
top wall of the cavity narrows, the locally conduclive mode of heal transler dominates
over the convective heat transfer due to the restricted vertical motion of the fow.
These isotherm and streamline contours are in well agreement with the observations
made by Kim et al. [115].

Fig. 4.13 shows the local Nusselt number over the cold cavity's surface (only
the right half of the domain is shown because of the symmetry) for different cylinder
locations and Rayleigh numbers. Fig. 4.14 shows local Nusselt number over the
hot cylinder’s surface for Ra = 103, 10" and 10°. The angle # starts at the top of
the cylinder at the vertical cenferline and increases in the clockwise direction. At
Ra = 10%,§ = 0.0, Nusselt number variation is large at cavity surface as compared
to the cylinder surface. Whereas, in both the cases symmetric variation of Nussell
number due Lo conduction dominant [ow held is observed. Fig. 4.13a also reveals
that Nu at mid-length of the top surface of the cavity is maximum for the location
being the stagnation point. It decreases towards the right and attains a minimum
al the top right corner of the cavity. As one traverses down along the surface, Nu

increases till it attains maximum value at the mid-length of the right surface and
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Figure 4.13: Comparison of local Nusselt number along the cavity’s surface with Kim
et al. [115] at (a) Ra = 10*, (b) Ra = 10" and (¢) Ra = 10°.
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Figure 4.14: Comparison of local Nusselt number along the cylinder’s surface with
Kim et al. [115] at (a) Ra = 10*, (b) Ra = 10" and (¢) Ra = 10°.
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subsequently decreases again till the bottom right corner of the cavity. As the eylinder
advances in the positive y- direction, symmetry of the domain along y = 0 is lost and
s0 as the Nu variation along the cavity and cylinder’s surface. With increase in 4,
the space between cylinder and cavity’s top surface becomes narrower that results
into higher thermal gradient for higher & at 0° < # < 90° and again subsequently
decrease at 90° < # < 180" as compared to & = 0.0 (Fig. 4.14a). Similarly, the local
Nusselt number variation for 0 < L < 1 increases with increase in 4 and decreases for
1 < L <2 with increase in § as compared to the 4 = 0.0.

Fig. 4.13b and 4.14b reveal, Nusselt number increases with increase in Rayleigh
number. The Nu variation at both the surlaces is not symmetric anymore at § = (0.0}
as compared to § = 0.0, Ra = 10%, which can be attributed to the increasing effect
of convection heat transfer. With the increase in 8, variation of Nu along both the
surfaces exhibit a similar pattern as observed in Ra = 10%, Fig. 4.14¢ shows that, with
an increase in § for Ra = 10°, the maximum value of Nu is observed above the eylinder
at the constricted passage, which can be attributed to the strong thermal gradient at
this location. Nu decreases gradually to a minimum value with an inerease in #, which
further increases in the presence of the rising plume. It can also be observed that the
location of minimum Nw also increases [rom top to bottom with an increase in § due
to the movement of the thermal plume in an increasing @ direction. As observed from
Fig. 4.13¢, the maximum wvalue of Nu for ¢ = 0.15 is less than any of the other
cases considered here because of the prevailing upwelling and downwelling plumes and
secondary eddies at the upper surface ol the inner eylinder. Prediction of local Nu
along the cavity’s surlace using the thermal-PSC method is in excellent agreement
with that reported by Kim et al. [115]. However, thermal-PSC over-predicts Lhe local
Nu at location of high thermal gradients in comparison to Kim et al. [115], across
all the variations of Ra and oflset distance (4) considered in the present work. This
can also be atiributed to the high oscillations of temperature gradient signals at that
location and subsequent smoothening of the data.

4.3.2 Natural convection in a concentric cylinder

Buoyancy-driven flow with differentially heated surfaces in a concentrie annulus is one
of the basic phenomena in many engineering applications like energy management
systems, heat exchangers, heating and cooling systems, ete. The present subsection
demonstrates this system 1o reveal the capability of the solver to simulate curved
boundary problems that are not aligned relative to the lattice mesh. As shown in
Fig. 4.15, two concentric cylinders having radii R; (inner cylinder radius) and R,
(outer cylinder radius) are immersed such that, L = R, — R;. The inner and ounter
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Figure 4.15: Schematic of computational domain for natural convection in an annulus
subjected to Dirichlet boundary conditions.

cylinders are subjected to hot and cold Dirichlet-type temperature conditions as T; = 1
and T, = 0 respectively. The working fluid is confined between these cylinders and
experiences a buoyancy effect due to natural convection, and the buoyant force is
determined using Boussinesq approximation [Eq. (2.12)], where T is taken as the
average of Ty and T,. Note that the shaded part in Fig. 4.15 is considered solid in
the present solver, and the temperature in this region is set accordingly in consistent
with the adjacent cylinder temperature. Governing non-dimensional parameters to
this problem are set as: Prandil number (Pr = vy/x; = 0.7), Rayleigh number
(Ra = (gBATL*)/(vyxs) = 5 x 10Y), and L/D; = 0.8. Here, D; = 2R; is the
diameter of the inner eylinder. The computational domain is constituted of grid size
451 x 451, 160 number of lattice nodes across the diameter of the inner cylinder, and
the relaxation time is provided as 77 = 0.6. The problem is devised in such a way that
the present simulation results can be compared with the experimental results of Kuehn
and Goldstein [116]. Steady-state solution for the present simulation is obtained by
setting convergence criteria to 107",

Fig. 4.16 shows streamline and isotherm contours of the problem are in good
agreement with the observation made by Kuehn and Goldstein [116]. It is also evident
from the higure that, as the temperature of fluid near the hot inner eylinder boundary
is more, the fluid rises up along the inner boundary and creates a plume at the center,
while fluid adjacent to the outer boundary is relatively cold and thus moves downward
along the outer cylinder. At such a high Rayleigh number, the natural convection of

the fluid dominates, which results in a narrower plume of hot fluid at the top of the
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Figure 4.16: Streamline and temperature distribution contours of natural convection
in an annulus at Ra =5 x 10°

annulus.

Fig. 4.17 shows the dimensionless temperature distribution [ = (T"— T,)/(T; —
T,)] as a funetion of non-dimensional radial distance (r— R;)/(R, — R;) in the annulus
gap at different angles. The angles are measured from the positive y-direction and
increase in the clockwise direetion such that 0% and 180° are at the top and bottom
of the eylinder, respectively. Fluid at the bottom of the inner cylinder exhibit the
smallest thermal boundary layer thickness resulting in the largest temperature gradient
and heat [lux. As one moves from the bottom to the top of the cylinder, thermal
boundary layer thickness increases gradually and creates a high-temperature gradient
plume at the top of the cylinder. As the heat convection deominates in such a high
Rayleigh number, it forms an inversion region such that fAuid temperature near the
outer cylinder is more than that near the inner eylinder. Fig. 4.17 and 4.18 clearly
reveals the temperature and How inversion between angles 307 to 90°.

The thermal-PSC model exhibits good agreement in angular velocity profile (Fig.
4.18) and temperature distribution with respect to the radial distance at various angles
() as compared to the experimental and munerical data obtained by Kuehn and
Goldstein [116]. Fig. 4.19 shows the variation of local equivalent conductivity (kq) of
both the eylinder boundaries. Local equivalent conductivity (k) is defined as the ratio
ol local heat flux to the heat fhux due to pure conduction in the absence of fluid motion.
It can be depicted from the figure that k., for the inner cylinder is maximum at the
bottom due to the maximum temperature gradient, and it gradually decreases from
the bottom to the top of the cylinder owing to the minimum temperature gradient
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Figure 4.17: Comparison of dimensionless temperature distribution at diflerent angles
with Kuehn and Goldstein [116]. The numerical results are for Ra = 5 x 104, Pr=0.7

& L/D; = 0.8 and the experimental results are for Ra = 4.7 x 101, Pr
L/D; =08

Figure 4.18: Comparison of angular velocity distribution at different angles for Ra
5x 108, Pr = 0.7 and L/D; = 0.8 with Kuehn and Goldstein [116].
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Figure 4.19: Comparison of local equivalent thermal conductivity with the numerical
and experimental results of Kuehn and Goldstein [116]. The numerical results are
for Ra = 5 x 104, Pr = 0.7 & L/D; = 0.8 and the experimental results are for
Ra=47x 104, Pr=0.7& L{D;=0.8

due to the impinging plume. In contrast to the inner cylinder surface, the outer
cylinder surface experiences a maximum temperature gradient at the top resulting
in higher k., and gradually decreases [rom top to bottom. The thermal-PSC model
predicts a qualitatively correet trend of k., while maintaining the average value close
to that reported by Kuehn and Goldstein [116]. In a nutshell, the preceding and the
present test case on natural convection using thermal-PSC reveals that it is capable
ol predicting local temperature gradient over straight boundaries accurately but over-

predicts at high thermal gradient location near curved surfaces.

4.3.3 Forced convection through an iso-thermally heated cir-

cular cylinder

Having investigated the natural convection phenomena using the thermal-PSC method,
the present investigation steps towards appraising the eflicacy of the PSC method for
simulations of forced convection heat transfer processes involving complex boundaries.
A forced convection heat transfer phenomenon over a heated stationary circular cylin-
der is investigated in this section. A circular eylinder having diameter d, is immersed
at location (18d, 20d) in a computational domain of size 40d x 40d as represented in
Fig. 4.20. A uniform velocity (U) flow field and lower temperature field (T, = () are

prescribed at the domain inlet. Higher temperature (7}, = 1.0)) is imposed on the cylin-
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Figure 4.20: Schematic of computational domain for foreed convection through an
iso-thermally heated stationary circular eylinder,

der’s surface. Constani pressure al outlet and slip boundary condition (du/dy = 0
and v = ()) with adiabatic condition (97T /dy = 0) is applied at the top and bot-
tom boundaries of the domain. The governing non-dimensional parameters for the
test case are selected as Reynolds number (Re = Ud/yy = 20) and Prandtl num-
ber (Pr = vy/x; = 0.73) so as to facilitate the comparison of present results with
other numerical methods like arbitrary-Lagrangian-Eulerian (ALE) approach utilized
by Gan et al. [117] and IB-TLB method used by Suzuki et al. [73]. 40 number of
lattice nodes are put across the eylinder’s diameter, and the relaxation time is chosen
as 7y = 0.7205. It results in a free siream velocity U = 0.03675 in lattice units, which
is well within the incompressible flow limit. The efficacy of the hydrodynamic-PSC
solver for [low past a stationary circular cylinder is well reported in the previous work
done by Owen ef al. [48] and the preceding chapter of this thesis. Hence, the current
investigation conlines to examine the heat transfer characteristics only.

Fig. 4.21 shows Lhe distribution of local Nusselt mumber over the heated cylinder’s
surface. The maximum value of the Nu is experienced at the front stagnation point
of the cylinder, whereas the minimum is located at the rear. It can be attributed to
a stronger temperature gradient at the front stagnation point, which is reflected in an
isotherm contour as shown in Fig. 4.22. The thermal-PSC model exhibits excellent
agreement in predicting local Nu distribution on the eylinder’s surface with that of
Gan et al. [117] and Suzuki et al. [73].

TH-3110_176103031



Partially Saturated Cells Method for Thermal Flows 91

Thermal-PSC
Gan et al.
——+—— Suzuki et al.

= L
<
2 L
if U=
u I i F i 1 1 I I i i | 5 i i F 1 i i 1 1 [ i i i 1 I i i i
0 30 &0 a0 120 150 180
&

Figure 4.21: Distribution of local Nusselt number on the cylinder’s surface for a forced
convection over a heated circular cylinder at Re = 20 and ils comparison with Gan et

al. [117] and Suzuki et al. [73].
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Figure 4.22: Isotherm contour for a forced convection over a heated circular cylinder
at Re = 20).
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Figure 4.23: Schematic of computational domain for foreed convection through a trans-
versely oscillating heated circular eylinder.

4.3.4 Forced convection through transversely oscillating heated

circular cylinder

The present section demonstrates the investigation of the thermal-PSC model when
it is subjected to an imposed motion scenario and simultaneously undergoing lorced
convection heat transfer phenomena. A cireular eylinder having diameter d, is embed-
ded at location (16d,20d) in a computational domain of size 40d x 40d as depicted in
a schematic Fig. 4.23. The inlet and initial flow field of the computational domain are
prescribed with a uniform veloeity (U7) and lower temperature (T, = 0.0). The cylinder
is subjected to a transverse oscillatory motion as Y, = Asin(2x f1) and higher temper-
ature (T, = 1.0). The top and bottom boundaries of the computational domain are
provided with zero velocity gradient conditions (Ju/dy = 0.0 & dv/dy = 0.0) with adi-
abatic condition (9T /8y = 0.0). A constant pressure condition with an adiabatic heat
transfer condition is applied at the domain’s outlet. The governing non-dimensional
parameters for the problem are chosen as: Reynolds number (Re = Ua!f.u! = 200)
and Prandtl number (Pr = 0.7). The amplitude (A) and [requency of cylinder’s os-
cillation (f = [./f.) are set to 0.15d and 0.2, respectively. Here, f. and f, stand
for the excitation frequency and natural vortex shedding frequency of the eylinder,
respectively. 1t should be mentioned here that, in order to obtain the f,, the Strouhal
number (St = fud/U) for the flow past a stationary cirenlar cylinder at Re = 200 is
taken as 0.197, which has been obtained a priori using the hydrodynamic solver in the
preceding chapter. The LB level input parameters to the problem consist of 60 lattice
nodes across the diameter of the circular cylinder, and relaxation time, 7, is set to

0.59. It also corresponds to the free stream velocity value as U7 = (1.1 lattice units,
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Figure 4.24: Distribution of local Nusselt number on the eylinder’s surface for a forced
convection over a transversely oscillating eylinder at Re = 200, f = 0.2 and A = 0.15d
and its comparison with Zhang et al. [61].

which confines the flow within the incompressible limit. The prediction of local Nusselt
number over the cylinder’s surface at t = T'/2 (T=time period of oscillation), using the
thermal-PSC model is in good agreement with the data obtained by Zhang et al. [61]
and shown in Fig. 4.24. The maximum heat transfer is experienced at the [ront stag-
nation of the eylinder. The minimum heat transfer occurs at an approximate angle of
1:35% which is close to the flow separation point from where the vortex starts shedding.
In a nutshell, the present and preceding forced convection problems that involve sta-
tionary and moving boundary scenarios suggest that the present thermal-PSC model
can efficiently predict local heat transfer characteristics with finite accuracy, which is
also in accordance with the studies reported by Chen and Miiller [80].

4.3.5 Mixed convection in a lid-driven cavity with circular

cylinder

This section investigates the efficacy of the thermal-PSC solver for the mixed convec-
tion problem. A circular eylinder having radius r is immersed into a lid-driven square
cavity of side (H) such that r = 0.2H. The bottom wall of the cavity is prescribed at a
higher temperature (T,) as compared to the lower temperature (T,) prescribed on the
cylinder's surface and the top surface of the cavity. The top lid is moving with a con-
stant speed ([7) which corresponds to the Reynolds number of the flow inside the cavity
as Re = (UH[v;) = 100. The velocity and temperature boundary conditions used in
this problem are represented in the schematic shown in Fig, 4.25. Non-dimensional

parameters for the problem are chosen as: Prandtl number (Pr = 0.7), and Richard-
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Figure 4.25: Schematic of mixed conveetion in lid-driven cavity with circular cylinder

son number (Ri = Gr/Re* = 0.01, 1 and 10). Here, Gr stands for the Grashol number
and can be expressed as Gr = Ra/Pr. Fig. 4.26 shows the streamline and temper-
ature distribution of the flow inside the cavity at various Richardson number (Ri).
Higher Ri suggests a natural convection-dominated flow, which is evident from the
expanded isotherms at the upper part of the cavity. Whereas low Ri signifies a forced
convection-dominated flow wherein a recirculation vortex appears at the top of the
circular eylinder. Higher Ri also instigates larger temperature gradient and eventually
a larger heat transfer rate near the isothermal surfaces like the bottom and top wall of
the cavity. Fig. 4.27 confirms this [act in terms of variation of local Nu over the heated
surface. Moreover, the thermal-PSC solver shows good agreement with literature [118]
across all the cases of B considered in this work. Determination of local Nu over the

evlinder is a erucial objective of the present thesis. Due to the lack of open litera-
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Figure 4.26: Streamline and temperature distribution contours of mixed convection in
a lid-driven cavity with circular eylinder at (a) Ri = 0.01, (b) Ri = 1 and (¢) Ri = 10.
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Figure 4.27: Comparison of local Nusselt number over heated wall with Ansys™ Fluent
and Khanafer and Aithal [118] at various Richardson number.

ture that provides such variation over the cylinder’s surface, the same test cases are
conducted in a commercial finite—volume framework Ansys® Fluent. The body-fitted
mesh around the eylinder surface is 80 created that the grid resolution is comparable
to the LB simulation setup ol the problem. The numerical setup comprises SIMPLE
algorithm as the pressure-velocity coupling scheme while maintaining a second-order
upwind scheme for spatial diseretization of the momentum and energy equations. The
convergence criteria is set as 107° for all the equations. The mentioned discretization
scheme is followed while using the Ansys® Fluent in all test cases appearing in the
subsequent. chapters of this thesis.

Fig. 4.28 shows the variation of surface Nu over the cylinder’s surlace, where the
smooth variation of the Nu using Angys® Fluent can be attributed to the use of body-
fitted mesh around the cylinder. However, several peaks and valleys in thermal-PSC
data is evident due to the spurious signals pertaining to the diffuse-interface treat-
ment and subsequent smoothening of these signals.  Despite this limitation, which
is inevitable in any diffuse-interface 1B solver, thermal-PSC shows an excellent agree-
ment of the surface Nu over the eylinder in comparison to that obtained using Ansys®
Fluent.

4.3.6 Sedimentation of a cold particle in a heated channel

So far, the capability of the thermal-PSC models for simulating natural, forced, and

mixed convection problems, including both stationary and imposed motion problems,
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Figure 4.28: Comparison of local Nusselt, number over cylinder surface with Ansys®
Fluent at various Richardson number.

has been investigated. Now it is intended to put the solver to test its eflicacy and ro-
bustness when subjected Lo a complex induced motion scenario, including heat transfer
phenomena. In this section, the sedimentation of a constant temperature cold particle
is examined in a long-wall bounded heated channel using various thermal-P5C mod-
els. This problem involves complex mechanisms between forced convection, natural
convection, and the strong wall confinement effect, and thus it's a good selection to
validate the solver. This problem was first investigated by Gan et al. [117] using
the Arbitrary Lagrangian-Eulerian method (ALE), where the particle is set initially
at the vertical center line of the channel and allowed to fall in the channel freely.
Based on the evolution ol the particle’s lateral equilibrium position and diflerent wake
structures behind the particle, they classilied five How regimes according to different
Grashol numbers (Gr). Subsequently, Yu et al. [119] investigated the problem using
the fictitions domain method by placing the initial loeation of the particle one radius
ollset from the vertical centerline. The reason for such modification, in contrast to the
case of Gan et al. [117] is attributed to the [act that some cases where a particle’s
trajectory moves away [rom the domain centerline are not deterministic due 1o random
numerical disturbances. In later years, this problem is revisited by other researchers
[63, 67, 73].

As shown in Fig. 4.29, the dimensions ol Eshghinejadfard and Thévenin [67)
and Suzuki et al. [73] are followed so that direct comparison can be done. Cireular
cylinder of diameter d is placed at loeation (X.,Y.) = (1.5d,4d) in a long channel
of size 4d x 40d. The particle to fluid density ratio (p, = pp/py) is set to 1.00232
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Figure 4.29: Schematic showing the computational domain and boundary conditions
of cold particle sedimentation in a heated channel

and is allowed to fall freely under the action of gravity. The buoyancy force due to
thermal expansion is evaluated nsing Boussinesq approximation [Eq. (2.12)], where
the reference temperature (Tj) is taken as T} in the present problem. The cylin-
der is maintained at constant cold temperature (7, = () whereas the side walls and
the initial temperature of the fhid are set to hot temperature condition at Tj, = 1.
The channel initially contains a quiescent medium, and all channel walls and cylinder
boundaries are subjected to no-slip boundary conditions. The particle motion and
its associated dynamics using PSC methodology are elaborated in detail in the pre-
ceding Chapter 3. The governing non-dimensional parameters for the problem are:
Reynolds number (Reyep = Upepd/vy), Prandil number (Pr = v;/xs) and Grashof
number (Gr gﬁ&]"dafu}} where AT = Ty, — T;.. The reference velocity (Uy.r) based
on reference Reynolds number (Re,..f) is defined as

Ures = JW (g) glor — 1) (4.10)

In the present simulation, 600 number of lattice nodes are set across the diameter of
the particle, 7 = 0.62, and Pr = 0.7, which leads to 7, ; = (.586 and LB level
acceleration due to gravity, g = 3.334 x 1072 [using Eq. (4.10)]. The Gr is varied
(G'r = 0,564, 2000, 2500, 4500) corresponding to dilferent flow regimes classified by
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Figure 4.30: Trajectory of parlicle’s center of mass for diflerent. Grashol numbers.

Gan et al. [117]. As pointed out by Yu et al. [119], Gan et al. [117] did not
provide sullicient, information to caleulate the reference Reynolds number whereas they
mentioned Re based on terminal settling velocity Rep = 21 at Gr = 0. Yu et al. [119]
found Re,.; = 40.5 corresponding to Rep = 21.2 at G'r = [} which is in well agreement
with Gan et al. [117] result. Thus, the present simulations also utilize Re,.; = 40.5.
It is to be mentioned here that the terminal Reynolds number {Rep) corresponding
to the isothermal case (i.e., Gr = 0) using the thermal-PSC model is 20.98. It is in
well agreement, and within 1.04% relative error with respect to that obtained by Gan
et al. [117] and Yu et al. [119] as 21.0 and 21.20, respectively. Different flow regimes
(as classified by Gan et al. [117]) based on the particle’s lateral equilibrium position
and wake structure behind the particle at different Grashol numbers are tabulated in
the Table 4.1.

Fig. 4.30 and 4.31 shows trajectory of the particle’s center of mass and instan-

taneous vorticity contours corresponding to dillerent How regimes mentioned above.
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Figure 4.31: Instantaneous vorticity contours of cold particle sedimentation at diflerent
Grashol numbers.
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Figure 4.32: Time evolution of particle’s lateral position for different Grashol numbers
and comparison with Eshghinejadfard and Thévenin [67] and Suzuki et al. [73].

These figures reveal that the present solver re-produeced the flow physies in accordance
with the flow regimes classified by Gan et al. [117]. Furthermore, Yu el al. [119]
reported having observed a new Regime F in eontrast to Gan et al. [117] observation
at Gr = 4500, in which the particle oseillates violently along the centerline and ex-
hibited turbulence-like flow. However, the reason for such discrepancy was not clear
to them but atiributed the result to the fact that fine mesh is required at far field,
too, in order to capture this flow regime. However, the present solver does not reveal
any such turbulence-like flow as well as large amplitude oscillations of the particle,
although a noticeable larger value is observed at Gr = 4500 in accordance with the
observation made by Eshghinejadfard and Thévenin [67] and Suzuki et al. [73]. Fig.
4.32 represents comparison of time evolution of particle’s lateral trajectories using the
thermal-PSC solver with literature [67, 73]. At Gr =0, i.e., the isothermal case, and
at Gr = 564, the thermal-PSC model exhibits an excellent match in trajectory with
respect to that obtained by Eshghinejadfard and Thévenin [67] and Suzuki et al. [73].
Although no data was available in the considered literature [67, 73] for comparison
at Gr = 100 and 2500, the trajectory of the particle is in well accordance with the
flow physics remarked in Table 4.1. It becomes interesting to note that when the
particle starts experiencing oscillations at Gr = 2000 and approaches near the wall,
where it again experiences high-velocity gradients due to the wall effects, the thermal-
PSC model starts deviating from the literature [67, 73] post non-dimensional time
tUpeg/d = 30.0. Subsequently, when the lateral oscillations of the particles re-emerges
al Gr = 4500, similar deviation is noticed post non-dimensional time .z /d > 30.0
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Figure 4.33: Instantaneous temperature contours of cold particle sedimentation at
different, Grashof numbers.

for both models. Nevertheless, the snapshots of instantaneous temperature contours
(Fig. 4.33) at different Grashofl numbers using the present solver are in well agreement
with that obtained by Suzuki el al. [73] and Eshghinejadfard and Thévenin [67]. In
a nutshell, one can conclude that the thermal-PSC model can be reckoned for mixed
convection problems involving stationary and moving houndaries.

4.4 Summary

The present chapter deals with an extensive analysis of the Partially Saturated Com-
putational cells (PSC) method for simulating incompressible thermal flows involving
forced, [ree, and mixed convection phenomena, which also encompasses stalionary,
imposed, and induced motion scenarios. The accuracy study of the algorithm during a
moving boundary scenario reveals it to be a first-order aceurate method with respect
to the grid resolution irrespective of the solid surface being straight or curved. The
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thermal-PSC model exhibits more sensitivity towards 77 in curved boundaries than
straight ones. The algorithm is Galilean invariant and exhibits approximately iden-
tical local and average Nusselt number variation in moving and stationary relerence
frames. Furthermore, the algorithm is investigated in terms of the prediction of local
heat transfer characteristics in a wide spectrum of benchmark problems. The present
maodel can estimate the local Nusselt number over curved surfaces with better accuracy
for forced and mixed convection problems as compared to the [ree convection prob-
lems. This limitation of the model can be worked upon in the future to obiain a better
version ol the PSC model for natural convection problems. However, with specilic ad-
vantages and limitations, the present work conclusively demonstrates the eflicacy and

robustness ol the thermal-PSC algorithm for incompressible thermal flows.
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CHAPTER. D

COMPARATIVE STUDY OF DIRECT-FORCING IB-LB
AND PSC METHODOLOGY

“Theory is good, bult mankind has always needed numbers”

- Gretar Tryggvason, CFD Symposium, 2010

T.I’H: presend chapler demonstrales a comparative analysis of the Parlially Salurated
Cells method with respect to a popular IB-LB method in the literature, namely the
direct-forcing IB-LB melhod. The focal point of the analysis largels four facels of
numerical appratsal, 1z, accuracy, diserele conservation of properties, spurious force
oscillalions in moving boundary problems, and the Galilean invariance in thermo-
fluidic applications. The investigation reveals that PSC and DF-IB-LEB methods exhibil
a linear decay in velocily and temperalure ervors, while the pressure error experiences
a quadratic declinalion with respecl lo grid refinement. In addilion, the 77 sensilivily
analysis for velocily, pressure, and lemperalure errors is presenled in this chapler. The
discrele conservalion sludy assures that PSC can ensure discrele mass conservalion
comparable to the DF-IB-LB approach. Furthermore, the spurious force oscillalions
experienced by the PSC method decay al a rate of 1.67, while the DF-1B-LB approach
decays al o rate of 2.48 with grid refinement. Nevertheless, the pressure drag coefficient
using the PSC approach reveals lesser spurious fluctuations than the DF-IB-LE method
al any instant. The study also reveals thal the PSC and the DF-IB-LB approaches are
Galilean invariant for hydrodynamic and heal transfer applicalions. In a nulshell, the

The contents of this chapter are published in “Computational assessment of immersed
boundary—lattice Boltzmann method for complex moving boundary problems”, Compu-
tational Particle Mechanics, (2022) 2196-4386, http: //doi.org/10.1007/240671-022=-00487-5
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present investigation endorses that the PSC approach can predicl accurate thermo-
fluidic characleristics in comples boundary problems comparable to the conventional
DF-1B-LEB method.

The Chapter | of the present thesis highlights that the prominent variants of im-
mersed boundary-lattice Boltzmann methodologies (IB-LB) are penalty-force method
[39], direct forcing IB-LB method [40], momentum-exchange based method [42], veloc-
ity correction method [43] and partially saturated cells method [45]. The conventional
treatment of boundary conditions [7, 120] in LBM instigates spuriousness in hydrody-
namic [orces at the Huid-particle interface, further necessitating to use of specialized
techniques such as the refill-algorithm [34, 121] to mitigate the same. However, the
limitations of the conventional LBM can be overcome by coupling Immersed Boundary
(IB)-Lattice Boltzmann method (LB) [39, 40]. The author realizes that the DF-IB-
LB method is popular and extensively utilized in open literature owing to its simple
algorithm and exhibition of comparable accuracy compared to the alorementioned vari-
ants of the IB-LB methods. However, the PSC model also exhibits promising efficacy
and robustness for simulating incompressible Hows past complex moving structures as
demonstrated in several articles [50, 51] and Chapter 3 of the present thesis. Thus
the motivation behind a comparative analysis of the PSC and the DF-IB-LB method
is attributed to the boundary condition implementation of these techniques. While
these methods recognize themselves in the class of diffuse-interface 1B-LB techniques,
the former utilizes a volume [raction-based formulation, and the latter comprises the
Eulerian-Lagrangian framework [or realizing the solid-fluid interface. The boundary
conditions in PSC are implemented by virtue ol the solid collision operator incorpo-
rated in the evolution equation, whereas the same is achieved through momentum
balance at Lagrangian node poinis in the DF-1B-LB method. While the accuracy of
such implementations in PSC can be attributed to the robustness of the solid collision
operator, the DF-1B-LB method primarily relies on the distribution techniques used
for interpolating flow parameters rom Eulerian nodes to the Lagrangian nodes and
vice-versa. Hence, the comparative analysis would reveal the viability ol the present
PSC algorithm as compared to the conventional DF-IB-LB method used by the com-
putational LB community. In the next section, briel mathematical formulations of the
DF-1B-LB and DF-IB-TLB methods are presented to enhance the readability of the

thesis.
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5.1 Direct forcing IB-LB and IB-TLB formulation

The evolution equation for the DF-1B-LB method can be expressed by adding a discrete
forcing term (#;) in the discretized LB governing equation [Eq. (2.1)] as

fi(x+ et t+ At) = fi(x,8) + Q7 (x,1) + FAL (5.1)

The Eq. (5.1) is solved at Bulerian lattice nodes, from where information (in terms of
pressure, velocily, temperature, ete.) is interpolated to immersed Lagrangian nodes as
shown in Fig. 5.1. Hydrodynamic forces experienced by the body due to its motion
and fuid-particle interactions are computed at Lagrangian boundary nodes, which are
then suitably re-distributed onto the Eulerian nodes in the fluid regime. The direct
foreing term (#}) in Eq. (5.1) can be expressed as,

, 1 C;— 1 . h "
F; (J. = E) (g (T W EC;‘) Fy {42}

where Fy(x,t) is the fluid body force density. Onee the non-forced velocity at the
Lagrangian nodes is obtained, one can caleulate the particle boundary force density

th

at the m'™ Lagrangian node at position X,,, using Eq. (5.3).

F(Xony 1) = = [U4(Xomy 1) — U* (Ko, )] (5.3)
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Figure 5.1: Hlustration of the Immersed Boundary method. The Lagrangian points
represent the boundary and the intersection of the mesh lines represent the Eulerian
fluid points. This figure is identical to Fig. 1.5. It is put here to enhance the readability
of the chapter.
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where U? is the desired velocity at the Lagrangian point, and U* is the interpolated

fluid velocity at the Lagrangian node obtained from Eq. (5.4).

U* (X, t) = > u(x, t)du(x — X)) (5.4)
i
The non-forced fluid velocity u(x, ) at the Eulerian nodes is obtained using Fq. (2.4b),
and the particle boundary force density F(X,,, 1) is spread to neighboring Eulerian
nodes as
Fh{xu ” ZF{XWM Ljﬁh(x = Xﬂ-a]&& {55)

where As is the arc length. du(xi; — Xis) is a continuous kernel function which ap-
proximates the Dirac Delta function as

n{x — Xm) = %‘ﬁ' (J: —th) ¢ (y _hym) (5:6)

where h is mesh spacing. As should be adopted such that it averts mass-leakage and
ensures no-slip boundary condition. Peskin [122] proposed As < /2 and Cheng el al.
[123] suggested As < h for obtaining aceurate results. In the present study, number
of Lagrangian nodes over the particle’s surface is adopted as 1.2 times (C'/h), where
(' is the circumlerence of the particle. It leads to As = 0.83h. Finally, the velocity is
updated according to Eq. (5.7) that reads,

pou(x,£) = 3 cifi + 05F(x, )AL (5.7)

The present work considers a two-point stencil kernel function which is expressed as

s J=lr. JF=a
%}_{ 0, |r|>1 (58)

The evolution equation for the direct-forcing immersed-boundary thermal lattice-
Boltzmann (DF-IB-TLB) method applicable for thermal flows can be expressed by
adding a heat source term [65] in each lattice direction in the STLBE [Eq. (2.7)] as

gi(x + c;iAL, ¢+ At) = gi(x, 1) + at l9:7 (%, t) — gi(x, 1)] + (1 — 2:

Taf a.f

) “lU.ng At {59}

Here, {2 represents the heat source term at each Eulerian node. The heat source term

on each Lagrangian node (m) can be expressed as

Q(Xom, 1) % |74 X g, 1) — T (Xom, 1) (5.10)
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The Td{Xm, t) signifies the desired temperature, and the T*(X,,, t) refers to the no-
heating temperature on each Lagrangian node which is obtained by interpolating tem-

perature from the neighbouring Eulerian nodes.

T (X, t) =3 T(x,£)8,(x — X, )2 (5.11)
i

T(x,t) at Eulerian node is evaluated using the Eq. (2.11). The heat source term at
m™ Lagrangian node obtained using q. (5.10) can be spread to the neighbouring
Eulerian nodes to determine the (2 following the Eq. (5.12).

Qu(%, 1) = D Q(Xpu, 1)In(x — Xpm)As (5.12)
Finally, the temperature of each Eulerian node is updated using Eq. (5.13).

T(dt = Zj gi(x, £) + 0.5Q(x, t) At (5.13)

Detailed computational steps for mumerical simulations using the DF-IB-LDB and DF-
IB-TLB methods are illustrated in Algorithm 3.

5.2 Accuracy study

The Sections 3.1.2 and 4.1.2 illustrate that the PSC model exhibits first-order spatial
convergence in velocity and temperature errors while maintains a second-order con-
vergence in pressure errors with respect to grid refinement. In addition, the model
also reveals a dependence on 7p while evaluating these errors. In light of these [acts,
the present section compares the order of accuracy of the PSC algorithm for hydro-
dynamic and thermal flows with respect to the DF-IB-LB and DF-IB-TLB methods,
respectively. The popular Taylor-Couette problem and the eylindrical-Couette flow are
chosen for the investigations primarily because of the involvement of curved surfaces
which are not aligned with the underlying Cartesian grid. In addition to evaluating
spatial order of aceuracy, the algorithms’ dependency on the selection of relaxation
time (77) is also presented.

5.2.1 Taylor-Couette problem

The well-known Taylor-Couette problem is a classical test case often used to estab-
lish the accuracy of moving boundary problems as it constitutes both stationary and
moving complex boundaries. The lact that this flow field has an exact analytical so-
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Algorithm 3: Computational steps for DF-IB-LB and DF-IB-TLE ap-
proaches.

Grid generation;

Initialization;

for each lime step | do

Obtain direct-forcing term in each lattice direction using Eq. (5.2). This
[oree would also include thermal forees during natural and mixed
convection problems;

Apply DF-IB-LB governing equations via collision and streaming steps
[Eaq. (5.1)];

Apply boundary condition at domain boundaries [ollowing Zou and He
[11];

Evaluate macroscopic variables using Eqns. (2.4a) and (2.4b);

Interpolate veloeities from Eulerian nodes Lo the Laprangian nodes using
Eq. (5.4) ;

Compute hydrodynamie forces at Lagrangian nodes using Eq. (5.3);

Spread the Lagrangian forces to neighbouring Bulerian nodes using Eq.
(5.5);

Update the Eulerian velocities using Eq. (5.7). The correction is
constituted using the hydrodynamic forces evaluated in Eq. (5.5);

Apply DF-IB-TLB governing equations via collision and streaming steps
[Eq. (5.9)];

Apply thermal boundary conditions al domain boundaries following Lin et
al. [86];

Evaluate macroscopic temperature (T') using Eq. (2.11) ;

Interpolate temperature from Eulerian nodes to the Lagrangian nodes
using Eq. (5.11) ;

Compute heat source term at Lagrangian nodes using Eq. (5.10);

Spread the computed direet-heating term from Laprangian nodes to the
neighbouring FEulerian nodes using Fq. (5.12);

Update the temperature of Eulerian nodes using Eq. (5.13);

Obtain thermal force following the Boussinesq approximation using q.
(2.12);

Update the Eulerian velocities using Fq. (2.15). The correction is
constituted using the thermal forces evaluated in Eq. (2.12);

Obtain total hydrodynamic forces as F = — 3, F(X,,,, t)As;

Calculate translational [Eq. (2.26)] and angular velocities of the particle
[Eq. (2.27)];

Update particle location X, using Kq. (2.28a);

Obtain desired particle velocity U, on the surface of the particle using Eq.
(2.28h)

end
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Figure 5.2: Computational domain for Taylor-Couette problem. This figure is identical
to Fig. 3.2. It is put here to enhance the readability of the chapter.

lution [Eqns. (3.2)] makes it an ideal validation case for spatial accuracy studies. To
facilitate the study, two concentric cylinders of radii £y = 0.2L and Rz = 0415 are
immersed into a square computational domain of side L = 1 as represented in Fig.
5.2. The inner cylinder is subjected to a constant angular velocity @, = U/R; while
the outer cylinder is static. The computational domain boundaries are prescribed
as no-slip walls, and impermeable cylinder surfaces should restrict the flow only in-
side the annular region. Four different grid resolutions are considered to [lacilitate
the order of accuracy analysis, viz. Az = Bfao, /s, Lf160, and Lfazo, while maintaining
identical Re = U(2R;)/v; = 10 and convergence criterion of 107® for steady state
computations. The rates ol velocity and pressure error decay with respect to the grid
relinement at 7p=1.0 are depicted in Fig. 5.3. Both L., and L error norms lor velocity
errors decay approximately linearly with grid refinement. The average experimental
order of convergence (EOC) in (L, and Ly) velocity error norms are (0.956, 1.0568) and
(0.918,0.978) using the PSC and DF-IB-LB methods, respectively. The first-order de-
cline in velocity errors can be attributed to the presence of discontinuity in velocity
gradients on the fluid-solid interface of IB-LB methods [44, 66, 124]. However, the
pressure error exhibits nearly quadratic decay with grid refinement having an average
EOC around 1.7 for both the methodologies, independent. of the value of 7.

In order to establish the dependence of relaxation time (77) on error norms of the
DF-IB-LB method, the grid resolution is fixed at Az = Lfso and the 7y is varied from
(L6 to 2.0. Figure 5.4 reveals that velocity error norms using the DF-1B-LB method

decrease with an increase in 77 until 7; = 1.5 beyond which they exhibit an increasing
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Figure 5.3: Comparison of the velocity and pressure error norms using PSC and DF-
IB-LB methods with respeet to grid resolution (a) L error and (b) Ls error.
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Figure 5.4: Comparison of the velocity and pressure error norms using PSC and DF-
IB-LB methods with respect to varying 7y for Taylor-Couette problem. (a) Ly, error
and (b) Ly error.
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Table 5.1: Comparison of relative % error of the torque using PSC and DF-IB-LB
methods with respect to the analytical torque (7™ = —2.3271) for different grid
resolutions.

Ax PSC DF-1B-LB
Torque % error Torque % error
0.025 -2.0299 12.77  -2.5430  9.276
0.0125  -2.1702  6.741  -2.4206 4.013
0.00625 -2.2470 3442 23743 2.029
0003125 -2.2871 1.719  -2.3514  1.044

L — — &+ — — DF-IB-LE \\ - — = - — DF-IB-LB
i Analytical I Analyiical
02 A
N4 6
=2 3 = L
RIE o (4=
_D-E 1 If' D.E L I.'./ .__-
I 1 | ke
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Figure 5.5: Comparison of numerical and analytical solutions of velocity profiles using
PSC and DF-IB-LB methods. (a) u-velocity profile at z = ) and (b) v-velocity at
y = (L

trend. On the contrary, velocity error norms using PSC exhibit an increase in error
with the increase in 7; and possess a higher magnitude of errors as compared to that
obtained using DI-1B-LB. The pressure error norms, however, exhibit a monotonic in-
crease in magnitude with the increasing 7; and carry the identical magnitude of errors
for both approaches. Table 5.1 shows the relative torque error of PSC and DF-1B-
In
addition to i, the comparison of velocily profiles using PSC and DF-IB-LB methods

LB methods reduces with grid refinement at a rate of approximately first order.

in Fig. 5.5 reveals that both the methods exhibit an excellent degree of conformity
with the exact velocity profiles. However, a deviation in the prediction of the veloc-
ity adjacent to the moving cylinder is observed for the PSC approach. This minute
aberration can be attributed to its volume fraction-based diffusive algorithm for im-
plementing the boundary conditions, unlike the presence of Lagrangian points on the
exact curved surfaces for the same act in the DF-IB-LB approach. Nevertheless, the
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Figure 5.6: Comparison ol the temperature error norms using PSC and DF-1B-TLB
methods with respect to (a) grid resolution (Az) and (b) variation in 7.

present investigation demonstrates that the PSC algorithm is comparable to the con-
ventional DF-1B-LB method for aceurately predicting hydrodynamical characteristics
across complex geometries.

5.2.2 Cylindrical thermal-Couette flow

The present subsection examines the preceding problem subjected to Dirichlet ther-
mal boundary conditions, which will facilitate a direct comparison between DEF-1B-
TLB and thermal-PSC methodologies. The inner cylinder is prescribed a higher
temperature Ty while the outer cylinder is set to a lower temperature Ty as illus-
trated in Fig. 4.4. The hydrodynamic boundary conditions and simulation param-
cters are defined identically to that mentioned in the previous Section 5.2.1. The
non-dimensional parameters for this problem are defined and set as Reynolds number
(Re = (Raftp)2R)f,, = 10) and Prandtl number (Pr = #1/y, = 0.73). The analyti-
cal solution to the temperature field is expressed in Eq. (4.6) while the convergence
criterion for steady state computations is set to 1075,

Fig. 5.6a reveals that both PSC and DF-IB-TLB approaches decay approximately
linearly with grid refinement in L., and Ly temperature error norms. The DF-1B-TLB
method experiences a lesser magnitude of L, error than the PSC method. However,
the rate of decay of the error using the PSC and DF-IB-TLB methods is 0.99 and
0.84, respectively. Furthermore, the PSC method exhibits a lesser magnitude of Ls
errors than the DF-IB-TLB approach. The slope of the decay experienced by PSC and
DF-1B-LB methods in a log-log plot of the temperature error versus the grid resolution
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Figure 5.7: Comparison ol numerical and analytical solutions of temperature profiles
using PSC and DF-1B-TLB methods.

is 1.36 and 0.95, respectively. In addition to it, the 77 sensitivity test at a fixed grid
resolution of Ax = L/seillustrated in Fig. 5.6b reveals that the L and L, temperature
error norms degrade until 7y = 1.6 using the DF-IB-TLB approach. However, the
PSC approach experiences inereased errors with the increase in relaxation time. It
can also be observed that the magnitude of Ly error obtained using the PSC method
is lower than that obtained by DF-IB-TLB until 7y = 1.2. Furthermore, comparing
temperature profiles using PSC and DF-1B-TLB methods with respect to the analytical
temperature field reveals an excellent agreement and is depicted in Fig. 5.7. Hence,
one can conclude from the investigations performed in this section that thermal-PSC

yields comparable heat transfer characteristics until relaxation time 7, < 1.2,

5.3 Discrete conservation study

The appraisal of discrete conservation of properties is an important aspect pertaining
to the IB-LB method. Yin et al. [93] showed that the artificial treatment ol local
mass conservation at fluid-solid interface is extrancous in conventional LB boundary
condition schemes and could pollute the aceuracy of solution in fluid-structure interac-
tion problems. The global mass flux error in simulation using the PSC and DF-1B-LB
methods on curved boundary problems is examined, and it reveals that they remain
atl acceptable levels despite any ancillary treatment atl the solid-fluid interface. The
investigation is facilitated by considering a flow through a curved channel which is

immersed into the underlying regular Cartesian mesh in a computational domain of
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Inlet

Outlet

Figure 5.8: Schematic representation of the computational domain with a flow through
curved channel.

size L % L. The schematic of the problem is illustrated in Fig. 5.8 and detailed in
Section 3.2 of the present thesis.

Figure 5.9 reveals that the local maximum divergence over the entire computa-
tional domain is confined to the order of 10~ for both PSC and DF-1B-LB methods,
which is an acceptable mass conservation error in most numerical setups. Moreover,
the PSC method experiences lower local maximum divergence than the DF-1B-LB
method during the course of its iterations. It must also be emphasized that although
the lattice- Boltzmann equation recovers Navier-Stokes’ equation in the incompressible
limit, density eannot be kept constant in LB simulations as otherwise, the pressure
changes cannot be captured. Hence, it is necessary to analyze the maximum density
fluctuations in the present simulations. The mass [lux errors and the maximum density
fluctuations using the DF-IB-LB and PSC methods for a fixed value of 7 = 0.6 and
different grid resolutions are summarized in Table 5.2, It is fairly evident from the
table that the mass Aux errors and the maximum density fluctuations decay with grid
reflinement for both methodologies considered here. The magnitude of mass flux error
in the DF-IB-LB method is two decades lesser than the PSC approach in finer grids.
However, the PSC method experiences lesser density fluetuations than the DF-1B-LB
method owing to its locality of solid collision operator in the evolution equation. The
fact that they decay with grid refinement aflirms that the PSC and DF-IB-LB ap-
proaches are discretely conservative in the limit of lattice size approaching zero. The
next quest of the investigation extends towards examining the effect of relaxation time

(77) in discrele conservation of properties. To facilitale the study, simulations are
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Figure 5.9; Time history of local maximum divergence in flow through curved channel
using PSC and DF-1B-LB methods.

Table 5.2: Comparison of mass flux defect and maximum density Huctuation for vary-
ing grid and 7; using PSC and DF-1IB-LB

[Th:'u s mml

Mass flux defect  Maximum density fluctuations

(Ap)mar

Variable grid resolution (L x L) for 77 = 0.6

— Y 175 x 103 108 x 1079
DF-IB-LB  1.67 x 10~ 428 x 10~

PSC 134 x 103 775 % 10 !

00500 pp iR 447 x 1075 1.95 x 103
— 7 1.00 x 10°3 .68 x 10~
DFIBLB 182 x 10°° 1.25 x 10°3

Variable relaxation time (77) for grid resolution of 500 x 500

=06 PSC 1.34 x 1073 7.75 x 104
£~ DFRIBLB 4.47 x 1075 1.95 x 1073
PSC 245 x 1073 2.60 x 1073
77=07 pripLB 3.42 x 1074 4.10 x 1073
PSC 2.20 x 1073 592 x 1073
=08 HSpmIR 1.11 x 1073 728 x 1073
PSC 1.90 x 1075 1.03x 1072
=09 pDrIBLB 257 x 10°3 1.11 x 102
PSC 5.00 x 1073 1.56 x 102
a=4 prmm 4.80 x 1073 1.54 x 1072
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performed at a fixed grid resolution of L = 500 while varying the relaxation time. It
is evident from Table 5.2 that the mass flux error increases with 77 in both PSC and
DF-1B-LB methods; however, a local minimum is observed using PSC at 77 = 0.9. The
maximum density fluctuations increase with an increase in 75 irrespective of the PSC
or DF-IB-LB method. Moreover, not. shown herein, negligible velocity magnitudes are
observed outside the low domain using both approaches in the vicinity of the curved
boundaries, indicative that the no-slip boundary condition is approximately enforced
despite the channel boundaries being non-aligned to the underlying Cartesian mesh.
This study endorses that the PSC approach can guarantee approximate discrete mass

conservation as comparable to the DF-IB-LB methodology.

5.4 Spurious force oscillations

Spurious force oscillations (SFOs) in temporal histories of force coeflicients are a ma-
jor issue pertaining to moving boundary problems. While a body is in motion, the
underlying lattice nodes experience a change in identity due to the birth and death of
solid-fluid nodes. This identity transformation is often neither continuous nor smooth
and can be atiributed as the primary cause of SFOs. Kang [100] reported the presence
of SKFO in force signals for sharp-interface IB-LB schemes and mitigated the same by
using standard smoothing or FI'T filtering techniques. Although there were no spe-
cific comments on SFOs in the direct foreing approach in their studies, it was reported
that the approach led to over-prediction of the surface foree coefficients. Several other
studies [44, 47] have reported the presence of SFOs in the IB-LB methods, but the
quantitative comparison of these osecillations as a lunction ol grid resolution for PSC
and DF-1IB-LB methods are presented in this work.

To [acilitate this study, a circular cylinder of diameter d is subjected to an oscil-
latory motion within an initially quicscent computational domain of size 4d x 4d. The
simulation parameters and boundary conditions are set identical to those in Seo and
Mittal [95] and previously demonstrated in Section 3.3 of this thesis. Two sources of
spurious fluctuations [125] pertaining to diffuse interface IB methods are attributed
to spatial discontinuity in pressure across the immersed surface in newly born fluid
nodes and the temporal discontinuity in velocity of dead fluid nodes. The spurious
oscillations are comparatively more signilicant in pressure transients than the viscous
forces and hence may be quantified using the 2d-discontinuity in the temporal history
of the pressure drag coefficients as expressed in Eq. (3.6). In the present study, the
grid resolutions are varied as Az /d = 1/16, /32, I/61 and 1/128 while maintaining constant
relaxation factor 7p = (L.65.

Figure 5.10a depicts the root-mean-square values ol 24-discontinuity in pressure
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Figure 5.10: {a) C}), discontinuity as a function of grid resolution using PSC and DF-

IB-LB methods. (b) Comparison of spurious fluctuation in pressure drag coefficient
(Cpp) using PSC, DF-IB-LB and sharp IB-FD method proposed by Seo and Mittal
[95].

drag coefficient, where Axy represents the coarsest grid resolution (4/16). The best-fit
power-law curve through the discrete values reveals that (’.?i.‘iﬂ decays approximalely al
a rate of 2.48 using the DF-IB-LB approach, which is higher than near-quadratic decay
reported by Seo and Mittal [95] for sharp-interface immersed boundary-finite volume
(IB-FV) method and approximately a linear decay (C2, ~ (Az)""") using a volume-
ol-body IB-FV solver [81]. However, the decay of the same at a rate of 1.67 using
the PSC approach is comparable to that obtained by Seo and Mittal [95] and De [81].
In addition to it, the comparison of the temporal history of pressure drag coeflicient
(Cpp) (Fig. 5.10b) using PSC and DF-1B-LB with sharp-interface IB-FV [95] confirms
the efficacy of both DI-IB-LB and PSC towards smooth estimation of aerodynamic
forces in moving boundary problems. It can also be observed that the PSC method
obtained smoother Cppp signal as compared to the DF-IB-LB approach. Hence, the
present investigation enlightened that PSC methodology can diminish SFOs with grid

refinement. comparable Lo the conventional IB-FV and DF-1B-LB solvers.

5.5 Galilean invariance study

The study of Galilean invariance in the context of comparative analysis of the DF-
IB-LB and PSC approaches is important given that conventional approaches with
momentum-exchange method [88] in LBM at the fluid-solid interface are known to

exhibit non-Galilean invariance behavior. In addition, there have been algorithmic
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Figure 5.11: Schematic representation of the computational domain of a cylinder in
a Couette flow. This figure is identical to Fig. 4.7. It is put here to enhance the
readability of the chapter.

improvements for the momentum-exchange method [126, 127], but no such studies were
found forthcoming in the DF-1B-LB [ramework. The Galilean invariance study ensures
that the method will yield an identical How field irrespective of using a stationary or
moving reference frame. Or in other words, the underlying computational framework
is independent of the choice of reference frame for a moving body problem. Towards
this objective, the test case of the transient Couette flow past a moving cylinder is
considered which is inspired by the work of Lallemand and Luo [34] and [ormerly
presented in Section 4.2 of this thesis.

A circular cylinder with diameter d and higher temperature (1) is eccentrically
placed in a channel of domain size 8dx 4d as shown in Fig. 5.11. Two inertial frames are
considered in this study, with the first being a stationary (rest frame) where the initial
flow field (Uy) and the moving cylinder (I/.) velocities in z-direction are prescribed
as 0.02 m/s. The upper and bottom walls (U,,) of the channel were moving with a
constant velocity of (.1 m/s opposite to each other in z-direction and maintained at
lower temperature (7).). At LB-level, no-slip boundary conditions on channel walls are
implemented using Lthe non-equilibrium bounce back method proposed by Zou and He
[11] while in z-direction, periodic boundary conditions are applied. The temperature
boundary conditions at domain boundaries are implemented [ollowing the method
proposed by Liu et al. [86]. The second scenario is the moving reference frame with
a constant reference velocity (Uy.y = —0.02 m/s in z-direction. The cylinder thus
becomes static with U, + Uy.p = 0.0 m/s, and the initial condition of the flow field
becomes quiescent Uy + Uy = 0.0 m/s as well. The upper wall gains a velocity of
U+ Usep = 0.08 m /s whilst the velocity of the bottom wall becomes U, +U,.p = —0.12
m/s. The simulation parameters for either scenarios are set as Re = 5/, = 11.36,
7y = 0.714 and physical diameter of the cylinder as d = 0.05m. The shear rate of the
flow is chosen as k = 2Uw/1a where vy represents the kinematic viscosity of the fluid.

The time variation of the aerodynamic force coeflicients depicted in Fig. 5.12
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Figure 5.12: Time variation of acrodynamic force coellicients of a cylinder in a Couette
flow in moving and static reference frames at Re = 11.36 and 77 = 0.714 using PSC
and DF-IB-LB methods.
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Figure 5.13: Comparison of (a) local Nusselt number distribution as a [unction # at

time (t = 10.0s) and (b) average Nusselt number as a function of time nsing PSC and
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sugpests that oscillatory signals in the moving cylinder cases follow it’s mean close
to the signal obtained in the stationary cylinder cases. It can be observed that the
PSC signals exhibit more [luctuations than the DF-IB-LB data. Nevertheless, both
approaches follow Galilean invariance in incompressible flows involving complex strue-
tures. Furthermore, the local Nusselt distribution as a function of # and the average
Nusselt number as a function of time illustrated in Fig. 5.13 signifies that PSC and
DF-1B-LB methods are Galilean invariant in thermo-fluidic applications.

5.6 Summary

The present chapter demonstrates a comparative analysis of the PSC and the DF-
IB-LB approaches targeting four [acets of mumerical appraisal, viz., aceuracy, discrete
conservation of properties, spurious force oscillations in moving boundary problems,
and Galilean invariance in thermo-fluidic applications. The major inferences [rom the

investigation are summarized as follows

e The accuracy study reveals that the velocity and temperature error norms decay
linearly, while the pressure error exhibils a second-order convergence with grid

refinement.

e The 7y sensitivity analysis infers that the velocily and temperature errors using
P5C increases with an increase in 77, while they decrease until 7, = 1.5 and
7r = 1.6, respectively, beyond which they exhibit an increasing trend using the
DF-1B-LB approach. However, the pressure error norms exhibit a monotonic in-
crease in error with the increasing 7, and carry the identical magnitude of errors

for both approaches.

e The study on discrete conservation of properties reveals that the PSC approach
possesses a lower magnitude of local maximum divergence than the DF-1B-LIB
approach. Farthermore, the mass flux error and the maximum density [luctu-
ations decay with grid refinement in PSC and DF-IB-LB approaches. On the
contrary, the maximum density fluctuations inerease with an increase in 7y in
both approaches.

e The spurious foree oscillations in moving boundary problems decay at a rate of
248 with respect to the grid refinement using the DF-1B-LB approach, while the
same exhibits the decay at a rate of 1.67 using the PSC method. Nevertheless,
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the PSC method obtains a smoother pressure drag signal in comparison to the

DF-1B-LB approach.

e The study of hydrodynamic and thermal characteristics using PSC and DF-1B-
LB methods in moving and stationary reference frames reveal that both methods

are Galilean invariant in thermo-fluidic applications.

In light of the above conclusions, it can be inferred that the PSC approach predicts
accurate thermo-fluidic characteristics in complex moving boundary problems, which

is comparable to the conventional DF-1B-LB method.
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CHAPTER. 6

PARTTALLY SATURATED CELLS APPROACH FOR
CONJUGATE HEAT TRANSFER PROBLEMS

“If anyone thinks thal all of our developmenis look place in a direcl
Jashion with ne glilches along the way, I have lo assure you thal lols of

Jalse slarts and twns occurred in virtually every project that we underfook”

- Francis H. Harlow, J. Comp. Phys., 195 (2004) 414-433

Thi& chapler propeses a unified governing equalion for the [luid and solid media
undergoing the conjugale heal transfer process. The proposed algorithm is based on the
partially salurated compulational cells method thal so far has proven Lo be an accurale
and efficient methodology for treating complexr boundaries which are nol aligned with
the underlying Carlesian grid. The state-of-the-art lilerature survey for conjugatle heal
transfer (CHT) problems using the latlice Bollzmann method highlighis thal mosl of
the popular algorithms in this topic either reconstruct the unknouwn energy distribution
Sunetion or add an additional source term lo satisfy the interfacial boundary conditions.
Very limited work utilizes the tmmersed boundary method for CHT problems, let alone
the PSC' approach. The chapler discusses the development of the proposed algorithm
and validales the solver with respecl Lo non-trivial benchmark problems encompassing
free, forced, and mired convection phenomena. Furthermore, the inferences from these
lest cases molivales the author to presenl a novel straleqy for the implementalion of
adiabalic boundary condilions using the PSC approach, which hitherio has not been
discussed in the open lilerature.

The conjugale heal transler phenomena arise rom the coupled thermal interac-

tions between the solid and fuid media having a common solid-fluid interface. The
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utility of this phenomenon can be found in a large variety of industirial applications
such as nuclear reactors, blade cooling in jet engines, micro-devices, electronic cool-
ing, chemical processes, ete. The interface boundary conditions applicable for CHT
problems comprise two crucial physical requirements: (i) continuity of temperature
and (ii) continuity of heat [lux. Let us consider a solid-fluid interface across which the
CHT phenomena may oceur, as depicted in Fig. 6.1. The conjugate condition at the

interface can then be mathematically expressed as

Tlr="1T]; (6.1)
I I

7. (kVT) | =n. (kVT) (6.2)
I s

Here . I, [ and s represent the normal vector to the surface, interface, fluid, and
solid, respectively. Computational solution techniques used in literature to solve these
interface conditions in CHT problems can be broadly classified as partitioned and
monolithic approaches. The partitioned approach enforees the interface boundary
conditions of continuity of heat flux and temperature explicitly on the solid-fluid in-
terface while separately solving the energy equation in the solid and fluid domain. It
further requires extrapolation of temperature and heat fluxes at the interface. Addi-
tionally, the implementation of Neumann boundary condition on curved surface using
conventional thermal bounce-back like schemes [128] involve special interpolation and
extrapolation techniques [129] owing to the determination of more than one unknown
distribution function at the boundary. Hence the conjugate heat transfer problems in-

volving complex interface geometry necessitate considerable computational efforts and

g
\ v 1| Fluid
N
Solid \ Interface

Figure 6.1: Schematic showing a solid-fluid interface during conjugate heat transfer
problem.
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complex algorithms. In contrast to the partitioned approach, the monolithic approach
offers a single governing equation for energy over the entire computational domain, ir-
respective of the solid and fluid media present. Compared to the monolithic approach,
the partitioned approach, in conjunction with the immersed boundary method, re-
quires additional bookkeeping for identifying fluid and solid immersed cells to couple
temperature across the solid-fluid domains. In the subsequent paragraphs,a compre-
hensive survey of the numerical methodologies is presented which is developed so far
to simulate CHT problems using the LB method.

Wang et al. [130] proposed an algorithm for conjugate heat transfer that includes
a generalized heat source term in the TLBM capable of including the viscous dissi-
pation and pressure compression effects. The temperature and heat fux continuities
at the solid-fluid interface are insured by a "hall-lattice division" scheme presented
by them. This method utilizes a half-way bounce-back model for the How evolution
equation at the interface, while for the heat transfer evolution equation, local solid or
fluid properties are obtained using the interfacial constraints, The proposed algorithm
is validated for pure heat conduction and low through a heated thick-wall microchan-
nel against classical CFD solvers, where straighl interfaces are placed at the center
of the lattice links. The half-lattice division approach proposed by Wang et al. [130]
and Chen and Han [131] obtains thermal relaxation time from the respective local
properties of the solid or fluid nodes; however, no interface nodes were considered for
such calculations. The algorithm [ollowed by Wang el al. [130], also known as the
pseudo-density approach, replaces each node's density by ils heat capacitance (pe,).
Whereas Chen and Han [131] suggested that solid and {luid heat capacitance could be
equated at the interface to apply the interface boundary conditions.

In contrast to the half-lattice division approach, Seddiq et al. [132] proposed a
scheme for interface treatments by considering lattice nodes exactly on the fluid-solid
boundary. The non-tangential energy distributions of these interfacial nodes were ob-
tained using an interpolation function that utilizes the energy distributions of neigh-
horing nodes and respective relaxation times of solid-fluid nodes as weighting factors.
The tangential energy distribution functions were evaluated by supposing the difler-
ence of these distribution functions is proportional to their difference of post-streaming
values. Finally, the interface temperature is obtained as a summation ol these inter-
facial distribution [unctions. In another approach, Meng et al. [133] utilized the
equilibrium of counter-slip internal energy [134] with the thermal boundary-condition
al the solid-fluid interface for simulating CHT in high-Trequency oscillating lows. The

method consists of two separate models of internal energy distribution function for
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the solid and the fluid medium. The unknown distribution linctions at the solid-fluid
interface are obtained using the counter-slip internal energy for each unknown, which
is determined using the temperature and heat flux continuity constraints at the inter-
face. Unlike the hall-lattice division approach, this scheme requires the interface to be
located precisely on the lattice nodes.

So far, the LBM schemes for CHT problems have been limited to straight in-
terface geometries. Li et al. [135] proposed a generalized method to treat curved
interfaces, eliminating the existing techniques of coupling interfacial Huxes along the
discrete velocity direction. Guo et al. [136] extended the work of Li et al. [135] that
treats the interfacial jump conditions intrinsically eliminating the need [or iterative
computations as compared to that followed in conventional FDM and FVM solvers.
Apart from that, the scheme relies on the interface topology, and needless to say, the

complicated formulation of associated coeflicients needs to be tuned accordingly.

The algorithmic limitations of the node or link-based LB schemes can effectively
be alleviated using coupled immersed boundary-lattice Boltzmann method., One such
exposition pertaining to conjugate heat transfer problems was highlighted in the work
of Hu et al. [137]. They utilized the "psendo-solid-specific-heat” technique to imple-
ment. heat flux continmity at the solid-fluid interface which suggests that the ratio of
heat capacitance of solid to that of Huid under steady-state conditions equals one.
Unlike the halF-lattice-division technique, the conjugate conditions at the interface are
sought by invoking a double distribution model of TLEM with zero value for the source

Lermm.

When considering different heat capacitance for solid and fluid media, the pseudo-
specific-heat approach fundamentally fails to recover the standard energy equation
from the conventional TLBM approaches. To address this issue, Lu et al. [138]
proposed a "virtual-heat-capacity-correction” based LB algorithm for CHT problems.
Initially, it assumes equal heat capacitance of solid and [luid media to ensure the con-
tinuity of heat flux at the interface and then rectifies the temperature and distribution
[unctions by considering unequal heat capacitance at the end of each time step. In
addition to the steady state cases, the method can be successlully implemented to the
iransient conjugate problems but limits its applicability for (pe,)s/(pey); = 1 condi-
tions and stationary cases only. In another approach proposed by Lu et al. [139],
a corrected streaming step is devised based on the difference method, which ensures
that the adjacent nodes to the interface obtain distribution functions from the interface

nodes. The interfacial distribution functions are evaluated by coupling the continuity
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of temperature and heat flux using a non-equilibrium extrapolation scheme. Although
the method can reliably predict steady and transient problems but limits its interface

topology Lo staircase-like approximation.

Mu et al. [140] proposed a general interface formulation for conjugate heat and
mass transfer problems which considers either the continuity or discontinuity of inter-
facial conditions. The unknown distribution functions at the interface are oblained
utilizing the existing post-collision distribution functions along with the interfacial
jump conditions. Hosseini et al. [141] proposed an energy evolution equation that
deals with variable specilic heatl capacity and recovers the conservative [orm of the to-
tal sensible enerpy transport equation. The modilied equilibrinum distribution inetion
proposed by them eliminates the inconsistencies of heat flux at the solid-fluid inter-
face while considering unequal heat capacities of solid and fluid media. Kumar and
Natarajan [87] proposed a diffuse-interface monolithic immersed boundary conjugate
heat transfer algorithm that utilizes unified governing equations for momentum and en-
ergy across the entire computational domain. The solver is based on the finite-volume
method and shows that it can predict the interfacial heat transfer characteristics in
accordance with the existing literature for natural and forced convection problems.
The local Nusselt number distribution over curved surlaces shows significant, spurious
oscillation over curved surfaces but exhibits a good match in the prediction of averaged

quantities.

The above comprehensive survey of literature for CHT problems using LBM sug-
gests that the interface treatment strategies can be broadly classified into two cate-
gories: (1) reconstruction of unknown populations depending upon the interface ge-
ometries [132, 133, 142] and (2) addition of source terms specifically to the nodes near
the interface instead of correcting the unknown populations [143, 144]. Despite having
promising features in the IB-LB method to account for the accurate implementation
of the boundary conditions on complex structures, very limited work was found for
the simulation of CHT problems, let alone no literature reporis the utilization of PSC
methodology for such problems as per the author's knowledge. The primary reason
behind it can be attributed to the complex implementation of the CHT interfacial
boundary conditions. The present thesis proposes a unified thermal evolution equa-
tion for simulating the conjugate heat transler problems using the partially saturated
computational cells method. The PSC governing equation for CHT problems can be

mathematically expressed as

GilX + AL L+ AL) — gi(x, 1) = (1 — ®p) WICK 4 @ fCHT (6.3)
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. Ad
PBOHT _ 28 fpeni, UL T — gilx, t)] (6.4)

Tiia
where, the dimensionless relaxation time () for solid cells can be related to their
thermal dillusivily as

Xs = 27y, — 0.5)EAL (6.5)

Here @5 represents the volume fraction of the immersed solid and signifies the similar
meaning in the thesis described in the section 2.2.1. In order to account for the
interfacial boundary conditions, the proposed methodology neither modifies the energy
distribution function nor adds any additional source term to the governing equations,
unlike the LB schemes mentioned above schemes. Instead, the BGK collision operator
explicitly takes care of the boundary conditions because of its simplicity and ease of
implementation. It must be mentioned here that under steady-stale conditions, the
thermal conductivities of the medinm play a erucial role in obtaining the temperature
distributions in the conjugate heatl transfer problems. Hence the applicability ol the
heat capacitance (pe,) becomes irrelevant in such conditions, and one can represent
the ratio of heat capacitance of solid to that of the fluid medium as the ratio of
their respective thermal conductivities (Xs/x; ~ ¥/k;) [131]. A briel strategy to obtain
the relevant LB parameters in CH'T problems using the proposed methodology is
illustrated in the Algorithm 4. The subsequent sections of this chapter will now present
the efficacy and robustness of the present PSC solver to simulate CHT phenomena
involving straight and curved boundaries for a wide range of non-trivial benchmark
problems.
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Algorithm 4: Computational strategy for implementation of partially satu-
rated computational cells method in conjugate heat transfer simulations.

Grid generation;

Set 7¢, Pr, ®s/k,, characteristic dimensions (say H) and governing
non-dimensional numbers like Re, Gr, Ri etc.;

Obtain vy following the Eq. 2.5;

Evaluate gf — Srvifarns (Applicable for free and mixed convection problems);

Evaluate the thermal diffusivity of the fluid medium as x; = »1/pr;

Find 75y = En%idﬁ +0.5;

Obtain the thermal diffusivity of solid as y, = %’? X/

Find 74, = g8% +0.5;

Evaluate characteristics velocity (if applicable);

Initialization;

for each time slep | do

Obtain solid volume fraction ®5 at each eell:

Obtain discrete foreing term using 2.14 (if applicable);

Apply PSC governing equations via collision and streaming steps
alongwith the evaluation of solid collision operator for each cell
[Eq. (2.18b) or Eq. (2.18a)];

Apply hydrodynamie boundary condition at domain boundaries [ollowing
Zou and He [11];

Evaluate macroscopic variables using Eqns. (2.4a) and (2.4b);

Apply PSC evolution equation for CHT using Eq. 6.3, via collision and
streaming operations:

Apply thermal boundary conditions at domain boundaries following Liu et
al. [86];

Evaluate macroscopic temperature (T') using Eq. 2.11 ;

Modify fluid velocity using a corrector step as 2.15.

end
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6.1 Conjugate natural convection in a cavity

The natural convection in a cavity having a thick wall is chosen as the first problem
to validate the CH'T solver. The square cavity comprises size H where a thick wall of
width (L2H is immersed into it, resulting in a computational domain of size 1.2H x H.
The grey and white shade in Fig. 6.2 depicts solid and fluid zone, respectively. Though
the solid-fluid interface is parallel to the vertical boundaries but is located such that
it, does not align with the grid lines. The intention for selecting such a conlipuration
is Lo adjudge the eflicacy of the PSC solver subjected to non-binary solid volume [rac-
tions. Thus the interface cells in the present problem possess solid volume [raction
value as @5 = 0.5, The boundary conditions for the temperature of the problem can
be expressed as T(0,y) = T.., T(1.2H,y) = T}, and T(x,0) = T, (z, H) = 0, where T
signifies #/ay, The simulations are conducted [or three different thermal conductivity
ratios and Grashof number viz., k+/k; = 1,5,10 and Gr = a8ATH 3 — 107 105, 107,
The computational domain comprises 480 x 400 lattice nodes, while the Prandt] num-
ber and relaxation time of the Boussinesq fluid across all the simulations is set as
Pr = 0.7 and 7y = 0.6, respectively. Fig. 6.3a reveals that the non-dimensional
temperature profiles (6 = T-T¢/m,—7.) at the solid-fluid interface for different thermal
conductivity ratios at Gr = 107 show an excellent, agreement with that obtained by
Pan et al. [145]. It further indicates that with the increase in (%/k,), the thermal con-
duction through the solid wall increases and results in an increase in the temperature.
Furthermore, the increase in temperature along the vertical direction across all cases
of thermal conductivity ratios can be atiributed to the downward and upward move-
ment of fluid along the cold and hot walls of the cavity, respectively, The variation of
local Nusselt number along the vertical direction in Fig. 6.3b reveals that the thermal

f[ ar/oy—0.u—0,v—0]
< | ]
o || : by s |
e
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) H T 02H

Figure 6.2: Schematic showing the natural convection in a cavity.
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Figure 6.3: Comparison of (a) temperature for Gr = 107 and (b) local Nusselt number
for ks/ky = 10 at the solid-fluid interface with respect to data reported by Pan et al.
[145].

Table 6.1: Comparison of the average Nusselt number for diflerent values of Grashof
numbers and thermal conductivity ratios at solid-fluid interface with the data reported
by Pan et al. [145]

= Gr = 10° Gr = 10° Gr = 107

kr Present Pan et al. [145] Present Pan et al. [145] Present Pan et al. [145]
1 2.07 2.08 2.84 2.85 3.47 3.51

5 3.39 3.41 H.82 H.85 8.91 H.01

10 3.69 3.70 6.73 6.76 11.19 11.30

convection strengthens with an increase in Grashofl number at a fixed */k, = 10. The
decrease in the Nusselt number with an increase in i/ H value can be attributed to the
increase in boundary layer thickness along the vertical direction at location x/H = 1.
This can [urther be visualized in isotherm contours in Fig. 6.4. An excellent agreement
ol local Nusselt number al the solid-fluid interface with respect Lo that obtained by
Pan et al. [145] depicted in Fig. 6.3b suggests that the present PSC solver is eflicient
enough to capture local thermal characteristics along straight interfaces in CHT prob-
lems, Table 6.1 lurther asserts thal the average Nusselt number for different values of
Grashof number and thermal conductivity ratios at the solid-fluid interface is in good
agreement with that reported by Pan et al. [145] and within 1.2% relative error,
Further an exercise is performed to evaluate the temperature gradient utilizing
the fluid and solid side lattice nodes separately. Let us consider the location of the
solid-fluid interface is represented as I. The temperature gradient at the adjacent
fluid location, i.e., at (I — 1) lattice node, be represented as (9T /0z|;-). Similarly
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Figure 6.4: Isotherms at thermal conductivity ratio (a)k,/k; = 1 and (b) k,/ky = 10
for conjugate natural convection in a eavity.

Table 6.2: Temperature gradient utilizing the fluid and solid side nodes of the interface.

fj::ﬁﬁﬁﬁffﬁﬁﬁﬁﬁﬁ’;;;;;;;;:;

% T Fluid side  Solid side

1 0.00868 0.00874 0.993
3] 0.02228 0.00451 4.940
10 0.02797 0.00285 9.5814

the solid side temperature gradient be represented as (97 /8z|;+). These pradients are
evaluated using a second-order backward or forward difference scheme, which utilizes
the temperature of the fluid and solid nodes, respectively. The ratio of the fluid
side to the solid side temperature gradient for all cases of thermal conductivity ratios
are presented in Table 6.2. It must be noted that the ratio of temperature gradient
(o fﬂxl.—}f{mw}q 1+ ) corresponds to the ratio of caleulated thermal conductivity ratio.

O1/0s), ) @T/oel,) _ k.
(OT/0z|1v)  (0T/0x])  kf| ietated

(6.6)

The above exercise is carried out at identical grid resolution for all cases considered
here. It can be observed that the calculated thermal conductivity ratio is within 2%
relative error with respect to the inputl thermal conductivity ratio. The small deviation
al large thermal conductivity ratio can be minimized with finer grid resolution. This
particular analysis and the data shown in Table 6.2 guarantees that the present PSC
solver ensures the continuity of heai flux at the straight solid-fluid interface. The

subsequent. sections will present the efficacy of the PSC solver to simulate conjugate
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heat transfer across curved boundaries.

6.2 Forced convective conjugate heat transfer: Flow
past a heated non-homogeneous circular cylin-

der

The present section deals with validating the PSC solver for the conjugate heat trans-
fer process across curved surfaces that are not aligned with the underlying Cartesian
mesh. A forced convective phenomena past a heated non-homogeneous circular eylin-
der is considered for the study. A cold stream having temperature T, flows over a
concentric cylinder whose inner core is heated at temperature Tj,. The diameter of
the inner core is hall of the outer cylinder’s diameter (d). The cylinder is located at
{(6dd, 6d) in a computational domain of size 20d x 12d whose boundary conditions are
illustrated in Fig. 6.5. The present test case is performed for four different thermal
conductivity ratios viz., %=k, = 0.5,1,4,20 at Re = Udfy; = 40 and Pr = 0.72. The
LB level simulation parameter comprises 60 lattice nodes across the outer diameter of
the eylinder while the relaxation time is set as 7 = 0.6 for all test cases in the present
section. A comparative plot in Fig. 6.6 comprises of the non-dimensional temperature
(& = T-To/m,—7.) distribution over the outer cylinder’s surface with respect to that
obtained by Pareschi et al. [142] ensures the validity of the PSC solver. The increase
in temperature with an increase in thermal conductivity ratio signifies the increase in
heat conduction through the non-homogeneous zone of the eylinder. The temperature

difference between the front and rear stagnation points inereases with the decrease in

iy — 0,0 = 0,87 dy =1

= conslant 124

d1 iz — 10

ufohy — 0,0 — 0,87y — 0

Ml

Figure 6.5: Schematic representation of forced convective heat transfer past a heated
non-homogeneous circular eylinder (Figure not to scale).
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Figure 6.6: Comparison ol temperature profile [or diflerent thermal conductivity ratios
at the solid-fluid interface with respect to the data reported by Pareschi et al. [142]
at Re = 40

the thermal conductivity ratio. These can be further verified through the isotherms
represented in Fig, 6.7, The local Nusselt distribution over the outer cylinder’s sur-
face is evaluated as per the Nu formulation depicted in the section 2.4.1. It must be
mentioned that only fuid cells are utilized for the Dirac-delta interpolation of heat
flux vectors from Kulerian nodes to the Lagrangian ones in the present PSC solver.
The investigation reveals the oscillatory distribution of the Nusselt number over the
curved surface for all eases of thermal conductivity ratio; however, only two such cases
(ks/k; = 0.5 and 20) are shown for the brevity of the Fig. 6.8a. Such oscillatory behav-
ior is in contrast to a smoother distribution obtained in the previous section despite
the fact that both of these cases are not aligned with the underlying grid. It can be
attributed Lo the [act that the solid-fluid interface in the preceding Lest case possesses
a constant value of solid volume fraction, whereas it changes across the interface cells
in the curved boundary problems. The solid volume fraction of the interface cell is
a critical parameter in this class of diffuse-interface 1B method as it influences the
implementation of the boundary condition and the post-processing signals.  Similar
spurious signals in surface Nusselt number distribution were also reported in the dif-
fuse interface IB-FV solver developed by Kumar and Natarajan [87]. Nevertheless,
one can realize that the qualitative trend of the spurious signal follows close proximity
to the data reported by Pareschi et al. [142]. To comprehend a smoother variation of
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(b)

Figure 6.7: lsotherms of forced convective conjugate heat transfer for He = 40 at
thermal conductivity ratio (a) k,/ky = 0.5 and (b) k./ky = 20

the surface Nusselt number, a low-pass filter is utilized to smoothen the data and the
resulting signals are in good agreement, with the Rel. [142] for all thermal conductivity

ratios.

Furthermore, Fig. 6.8b portrays that with a decrease in #+/k;, the Nusselt number
decreases and becomes [lat along the cylinder’s surface. Interestingly, it gives us a
meaningful insight into the fact that a further decrease in the value of % /i, might
eventually decrease the temperature gradient towards zero. This limiting case would
help devise an adiabatic condition at the eylinder’s surlace and will be deliberated in

section 6.4,
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Figure 6.8: (a) Distribution of local Nusselt number along the fluid-solid interface and
its comparison with Pareschi et al. [142] at Re = 40. (b) Smoothened distribution
of the local interfacial Nusselt number using a low-pass filter for different thermal
conductivity ratios at He = 4l).

6.3 Mixed convective conjugate heat transfer: Non-
homogeneous circular cylinder in a lid driven
cavity

In this section, a mixed convective conjugate heat transfer test case is earefully devised
to validate the PSC solver. A non-homogeneous circular eylinder is immersed at the
geometrical center of a square cavity of size H as illustrated in Fig. 6.9. The radii
of the inner and outer eylinders are related to the cavity size as v, = (0.1H and
rg = 0.2H, respectively. The inner surface of the cylinder and the bottom wall of
the cavity are prescribed higher temperature (73,) than the temperature (7)) of the
top wall of the cavity to [acilitate natural convection and conjugate heat transfer in
the respective zones simultaneously. The left and right boundaries of the cavity are
insulated. The top lid of the cavity is subjected to a uniform velocity (U). The
present simulations are performed for three different thermal conductivity ratios, viz.
kafe, = 0.1,1, 10 at Reynolds number Re — VHf,, — 100. Three different types of
convection, namely free, mixed, and forced convection, were investigated at Richardson
number Ri = Gr/re2 = 10,1 and 0.01, respectively. The Boussinesq working fluid is
considered as air having Prandtl number Pr = (1.7. All simulation cases comprise
250 x 250 lattice nodes in the cavity while the relaxation time (1) is prescribed as
0.6. Due to the lack of open literature for such a mixed convective CHT problem, the
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Figure 6.9: Schematic representation of mixed convective heat transfer through a
heated non-homogeneous cireular eylinder inside lid driven cavity.

present data are compared with a commercial finite volume solver, namely Ansys®
Fluent. In Fluent simulations, the body-fitted grid around the cylinders is so created
that its resolution is comparable to that prescribed in the present solver's setting. The
setup comprises air as the working fluid with thermal conductivity as 0.0242 W /m-K.
The thermal conductivity of the immersed solid is manually set in accordance to the
selected thermal conductivity ratio (%+/k;) while the discretization scheme is followed
identical to that mentioned in Section 4.3.5 of the thesis. Similar strategies are followed
in Section 6.4 of the current chapter.

Fig. 6.10 represents a comparative plot of the distribution of local Nusselt num-
ber over the outer eylinder’s surface with respect to that obtained using the Ansys®
Fluent solver at Ri = 10 and k,/k; = 10. 1t is evident that although the Nu signal
possesses severe spuriousness but maintaing a good qualitative agreement with the
Ansys®™ Floent. Since such fluctuations are inevitable because of the dilfuse-interface
characteristics of the present solver, the Nu signals are presented [or all the test cases
by smoothening it through a low-pass filter in Figs. 6.11a, 6.11¢ and 6.11e. Further-
more, Figs. 6.11b, 6.11d and 6.11[ illustrates the non-dimensionalized temperature
(6 = T-Tofr,—re) profile along the solid-fluid interface for dilferent cases of Ri and
ksfi;. Additionally, the distribution of Nu over the heated bottom wall of the cavity
for different eases of Ri = 10 and k,/k; = 10 is portrayed in Fig. 6.12. These fig-
ures assert, that the present PSC solver ean capture the local thermal characteristics
around the curved solid-fluid interface and straight boundaries in mixed convective

CHT problems and agrees well with that obtained using Ansys® Fluent.
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Figure 6.10: Comparison of local Nussell number at solid-lluid interface with the
Ansys® Fluent at i = 10 and k,/k; = 10.

Figs. 6.13, 6.14 and 6.15 illustrates the isotherm and streamline contours for
Iti = 0.01, 1 and 10 respectively for different thermal conduectivity ratios. At Ri = 10,
greater homogenization of the temperature field is observed as compared to the lower
Iti due to the significant buoyancy effect of the fluid in the former. The appearance of
a recirculation eddy at the top right seetion of the cavity for Ri = 0.01 is evident, due to
the forced convective dominance of the flow field, which diminishes as the Ri increases.
These figures also suggest that the temperature field of the non-homogeneous circular
cylinder experiences the effect of the external flow field and is hence suggestive of the
fact that the present solver salishies the continuity of temperature and heat flux at the

solid-fluid interface effectively.

TH-3110_176103031



Partially Saturated Cells Approach for Conjugale Heal Transfer Problemns 139

Ri= (.01

=]
FA
B
P
2 1
: o~ e
! Present (smoothened) \E‘ I —-—-—--—a_..__________________T____
- Ansys® Fluent f._..3 _ i
b ] :. Ki= 1} ‘-,_\H- -F/-' 08 '_ ‘,-""_r' -—-—.-.—__\___hr-ﬁ--
i ﬂﬂ e il " "
! s
06k - k=1
: T .
L T et
WAL =B T
i » .
a et k&, =Ll
- II\ ' --.-;.-
e Ri=10
Prescal
Ansys® Flueni
0 1 I ity i
e 10 T80 M0 30 3D
8

Figure 6.11: Distribution of local Nusselt number (smoothened} (Nu) and tempera-
ture profiles (8) at solid-fluid interface for different Richardson number and thermal

conductivity ratios.
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Figure 6.12: Variation of local Nusselt number at the bottom wall of the cavity at
dilferent Richardson number and thermal conductivity ratios.
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Figure 6.13: Isotherm and streamline contours of mixed convective conjugate heat
transfer of non-homogeneous circular cylinder in a lid driven cavity at Ri = (.01 and
different thermal conduetivity ratios.
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Figure 6.14: Isotherms and streamlines of mixed convective conjugate heat transfer
ol non-homogeneous circular cylinder in a lid driven cavity at R: = 1 and diflerent
thermal conductivity ratios.
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Figure 6.15: Isotherm and streamlines of mixed convective conjugate heat transfer
ol non-homogeneous circular cylinder in a lid driven cavity at Ri = 10 and different
thermal conductivity ratios.

TH-3110_176103031



Partially Saturated Cells Approach for Conjugale Heal Transfer Problemns 144

6.4 A novel strategy for implementation of adia-

batic boundary condition on curved surfaces
using PSC

So far, the thesis has established that the present PSC solver can predict complex
thermo-fluidic interactions at any complex solid-fluid interface involving different types
ol convective and conjugate heal transler problems. However, all of these simulations
were subjected to Dirichlet boundary conditions only, The implementation of Neu-
mann and Robin boundary conditions at the immersed surface is impossible with
the present class of diffuse-interface IB-LB method. It can be attributed to the fact
that the collision operator responsible for implementing boundary conditions, as rep-
resented in Eq. 2.31, demands a constant value for the velocity and temperature field.
However, the adiabatic boundary condition requires the local temperature gradient
(T/am) 10 be enforeed zero on the surface. The Nu distribution over the cylinder’s
surface in the preceding sections portrayed that it becomes flat and approaches zero
as one decreases the thermal conductivity ratio (¥/k;). Furthermore, a closer look
into the heat flux continuity condition (Eq. 6.7) at the solid-fluid interface reveals
that one can achieve zero temperature gradient (97/an)|; in a limiting sense by opting

sufficiently small thermal conductivity ratio (%+/k;).

or| _ kot -
in f kg dn |,

In addition, the combination of Eq. 6.3 and Eq. 6.4 does not obligate any constraints
for temperature and velocity field. Therefore, these inferences are strategized to imple-
ment the adiabatic boundary conditions on an immersed boundary through the present
PSC algorithm. The author believes that such an approach has not been forthcoming

in the LB literature and is a novel contribution to this community.

In the subsequent sections, the efficacy of the PSC solver for simulating non-
trivial benchmark problems involving adiabatic boundary conditions is presented. The
benchmark cases are so selected that they encompass a wide variety of heat transfer

processes involving pure conduction and natural and mixed conveclion phenomena.

6.4.1 Purely conductive heat transfer of an adiabatic cylinder

inside a cavity

The first test case comprises pure conduction phenomena inside a square cavity of

size H, inscribed with an adiabatic circular eylinder of diameter d as depicted in Fig.
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Figure 6.16: Schematic representation of a purely conductive heat transfer of an adi-
abatic cylinder inside a cavity

6i.16. The bottom and top boundaries of the eavity are prescribed higher (7},) and
lower (T.) temperature, respectively, while the left and right. boundaries of the cavity
are insulated. Although there are no convection phenomena involved in the present
problem, the hyvdrodynamic PSC evolulion equation is solved considering zero Huid
velocity for the sake of completeness of the PSC algorithm. Moreover, to maintain
the uniformily of notations in the present thesis, let us consider the ratio of thermal
conductivity of the eircular eylinder to that of the cavity medium to be represented as
(*+/k;). Apart from it, due to the lack of relevant literature for the present problem,
the present solver’s data are validated with a commereial finite volume solver, namely
Ansys® Fluent, Firstly, it is intended to ensure the limiting value of the thermal
conductivity ratio for the proposed scheme. Hence, the thermal conductivity ratios
are considered as %k, = 1072, 107" and 107° in the present problem. Fig. 6.17a
shows that the non-dimensional temperature (0 = T-Tofn,—1.) distribution over the
adiabatic cylinder using all cases of % /e, agrees well with the distribution obtained
using Ansys® Fluent. Fig. 6.17h also reveals a good match in local Nu distribution
over the heated bottom wall of the cavity between present cases and the Fluent data.

The local rate of heat flux over the cylinder’s surface is illustrated in Fig. 6.18a.
As expected, the heat flux values are close to zero at most of the eylinder’s locations
but experience certain, sharp peaks close to the 0°, 90°, 180° and 270°. The high-
est magnitude of these peaks is experienced by the %5k, = 107° case. Finally, the
isotherms of all the above-mentioned cases are plotted in Figs. 6.18b, 6.18¢ and 6.184,
in order to select an optimal limiting value of *+/k;. It reveals that the ks /e, = 10°°
condition experiences a greater uniformity in temperature inside the circular eylinder
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Figure 6.17: (a) Temperature distribution over the adiabatic cylinder’s surface at
different. thermal conductivity ratios and its comparison with Ansys® Fluent. (b)
Distribution of local Nusselt number at the heated botiom wall of the cavity at different
thermal conductivity ratios.

as compared to the other ks/k, cases. Thus, +/k, is selected as 107 for the rest of the

simulations in Lhe present section.

6.4.2 Natural convection of an adiabatic cylinder inside a cav-
ity
The present section investigates the natural convecltion in a square cavity that is
immersed in an insulated circular cylinder. The diameter of the circular cylinder
is related to the cavily size as d = 0.4H and depicted in Fig. 6.19. The left and
right boundaries of the cavity are provided higher (T},) and lower (7}.) temperatures,
respectively, while the top and bottom boundaries are insulated, The working [luid in
the cavity follows the Boussinesq approximation having thermal conductivity &y and
Prandt]l number .7. Three cases of Rayleigh number are considered in the present
study, viz, Ra = e8(Tu-T)H 0, 0y = 10, 10" and 10°. As mentioned in the previous
section, the ratio of the thermal conductivity of the circular cylinder to the thermal
conductivity of the working fluid is considered as k/k, = 1075, 550 x 550 lattice
nodes are set across the computational domain along with the relaxation time as
7y = 0.6, In the present study, the data from the commercial finite volume solver
Ansys® Fluent is utilized to validate the present solver. Fig. 6.20a depicts that the
non-dimensional temperature profile (6 = 77/, —1.) over the eylinder’s surface is in

good agreement with that obtained using the Ansys® Fluent for all cases of Rayleigh
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Figure 6.18: (a) Rate ol heat flux distribution over the cylinder's surface. (b)-(d)
Isotherms ol purely conductive heat transfer of an adiabatic cylinder inside a cavity
at different. thermal conduetivity ratios.
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Figure 6.19: Schematic representation of a natural convective heat transfer of an
adiabatic eylinder inside a cavily

number considered in this problem. The distribution of local Nusselt number (6.20b)
over the heated left boundary of the cavily also agrees well with the data obtained
using the Ansys® Fluent. Furthermore, the fluid adjacent to the heated wall in the
Ra = 10° case experiences a higher thermal gradient than the others and is evident

from the isotherm contours presented in Fig, 6.21.

6.4.3 Mixed convection of an insulated cylinder inside a lid

driven cavity

Finally, the eflicacy of the proposed methodology is investigated for a mixed convec-
tive heat transfer phenomenon in a square cavity around an insulated circular eylinder.
Fig. 6.22 shows the schematic representation of the computational setup where a cir-
cular cylinder having diameter o is immersed at the geometric center of the square
cavity such that d = 0.4H, where H represents the size of the square cavity. The bot-
tom and top lid of the cavity are prescribed higher (T},) and lower (T.) temperature,
respectively, while the left and right boundaries are set insulated. The top lid moves
in a horizontal direction with constant velocity (I) such that the Reynolds number
is maintained as Re = UHf,, = 100. The working [luid inside the cavity follows
the Boussinesq approximation and possesses the Prandtl number Pr = 0.7. Three
Richardson numbers are investigated viz. Bi = Bafge2pr = 0,01, 1 and 10 which sig-
nifies the dominating forced, mixed, and natural convection phenomena, respectively.

The data presented in the present section corresponds to the cavity siwe 500 x 500 and
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Figure 6.20: (a) Temperature distribution over the adiabatic cylinder’s surface at
different Rayleigh numbers and its comparison with Ansys® Fluent. (b) Local Nusselt
number variation over the heated left wall of the cavity at different Rayleigh numbers.

(a) (b)

Figure 6.21: Isotherms ol natural convective heat transfer ol an adiabatic cylinder
inside a cavity at (a) Ra = 10* and (b) Ra = 10°.
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Figure 6.22: Schematic representation of a mixed convective heat transler of an adia-
batic cylinder inside a lid driven cavity

relaxation time 7p = 0.6,

Fig. 6.23a shows the variation of local heat flux around the cylinder’s surface. It
is evident from the figure that the computed rate of heat flux around the cylinder is
close to zero for most of the eylinder locations. Certain peaks close to angle 0°, 907,
180° and 270° have magnitude in the order of 10~*, which further decrease with grid
refinement. These inferences indicate that the present CHT solver can effectively im-
pose the adiabatic condition on a curved surface. The distribution of non-dimensional
temperature profile (0 = T-Tu/7; —1.) for all ecases of Ri considered in the present study
shows excellent agreement, with the distribution obtained by Wang et al. [146]. It fur-
ther reveals that the temperature distribution varies substantially around the cylinder
for Ri = 1 and 0.01 while attaining minima around the extreme right position of the
cylinder. The minimum temperature shifts to the upper right location of the cylinder
for Ri = 10 and exhibits relatively smaller variation as compared to the other cases.
In addition, the local Nusselt number along the cavity’s heated bottom wall and the
non-dimensional temperature profiles at location z/H = 0.15 agrees well with the
literature [118, 146] for all cases of Ri.

The isotherm and streamline contours illustrated in Fig. 6.25 reveal that a large
vortex is generated at the upper right part of the cavity at low Ri = 0.01 which
gradually gets suppressed while one increases Rt to 1 and finally 101, Only a small
secondary vortex can be seen at the bottom right corner of the cavity at Rt = 10
(wing to the recirculation in the cavity, the temperature close to the left wall is higher
than the right wall. Most importantly, the isotherms can be seen perpendicular to the

cylinder surface, indicating the accurate implementation of the adiabatic (Neumann)
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Figure 6.23: {a) Rate of heat flux distribution over the eylinder’s surface at different
grid resolution. (b) Temperature distribution over an insulated eylinder’s surface at
different Richardson number and its comparison with Wang et al. [146]. The angle is
measured along the clockwise direction starting [rom the extreme left position of the
cylinder.
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Figure 6.24: (a) Local Nussselt number distribution over the heated bottom wall of the
cavity at different Richardson numbers and its comparison with literature [118, 146]
(b) Temperature profile inside the cavity at location x/H = 0.15 for different Ri and
its comparison with the literature [118, 146].
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Figure 6.25: Isotherm and streamlines of mixed convective conjugate heat transfer of
an insulated circular eylinder in a lid driven cavity for different Richardson numbers.

(a-b) Ri =0.01, (¢-d) Ri =1 and (e-f) Ri = 10
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boundary condition on a curved surface.

6.5 Summary

In this chapter, a unified evolution equation for simulating conjugate heat transfer
problems has been developed utilizing the partially saturated computational cells
(PSC) method. The validation of the solver with respect to a wide range of bench-
mark problems involving straight and curved boundaries encompassing free, foreed,
and mixed conveetion problems indicate the aceuracy and robustness of the approach.
The approach eliminates any ancillary treatment to the solid-fluid interface while effec-
tively imposing the interfacial boundary conditions. Moreover, severe spurious signals
are observed in enrved boundary problems, which are inevitable owing to the diflusive
nature of the algorithm for interfacial treatment. However, such signals qualitatively
follow an accurate trend which can be averaged by passing through a low-pass [ilter

in order to obtain a smoother variation.

It is further observed that the temperature gradient approaches zero around the
solid surface while decreasing the solid to fuid thermal conductivity ratio. This in-
ference motivated the author to devise a strategy to implement adiabatic boundary
condition at the solid-fluid interface, which hitherto has not been discussed using the
PSC methodology in the open literature. The proposed methodology has shown ex-
cellent. agreement with the reference data when applied to pure conduction, free and

mixed convection phenomena.
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CHAPTER. 7

CONCLUSIONS AND FUTURE SCOPE

“Bring forward what is true. Wrile il so thal il is elear. Defend it o
your last breath”

- Ludwig Edward Boltzmann,

This thesis presents the development of an in-house partially saturated cells (PSC)
based lattice-Boltzmann solver for thermo-fluidic applications. The key aspects of
the thesis comprise a comprehensive assessment of the hydrodynamic and thermal-
PSC solver in the purview of aceuracy studies, discrete conservation of properties,
dependence ol spurious fluctuations on grid resolution for moving boundary problems
and Galilean invariance. In addition to it the solver's robustness is demonstrated for
a wide range of non-trivial benchmark problems encompassing stationary and moving
boundary scenarios for hydrodynamic and thermal Hows. The thesis also elucidates
the recovery of macroscopic energy equation from the thermal-PS5C governing equation
through Chapman-Enskog mulliscale analysis. A mechanism for the evaluation of
local thermal gradients on the curved surfaces is devised for the PSC framework.
A comparative analysis is carried out to establish the viability of the PSC method
with the conventional DF-IB-LB and DF-IB-TLB methods. Furthermore, a novel
algorithm is presented for sirnulating conjugate heat transfer problems using the PSC
methodology. A novel strategy for implementation of adiabatic boundary conditions
is also elaborated in the present work. Both ol these strategies are validated with
standard [ree, forced and mixed convection problems. The present chapter provides

salient, inferences of these investigations and draws the directions for future work.
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7.1 Major Observations

1. The investigation of spatial order of accuracy for velocity errors reveals that
the PSC method is atleast first-order accurate for incompressible flows involving
moving boundary scenarios. The integrated hydrodynamic quantities also decay
linearly with grid refinement. The pressure error, however, exhibits second-order

convergence with respect to the grid refinement.

2. The PSC method is approximately discretely conservative in the incompressible
limit. The mass conservation errors and the maximum density fuctuations de-
crease with grid refinement, while both exhibit dependence on the relaxation
time (77). The hydrodynamic PSC simulations are recommended at 77 < 1 for

stable computations with negligible compressibility errors.

3. The spurious fluctuations in pressure drag transients in moving boundary prob-
lems decay at a rate of 1.67 with grid refinement using PSC methodology.

4. The thermal-PSC algorithm is lirst-order accurate in space for moving boundary
problems, irrespective of the boundary being straight or curved. However, the
method is nearly insensitive to the choice of 7, in straight boundaries, whereas
demonstrales an increase in errors with an increase in 77 in curved boundary

problems.

5. The thermal-PSC method exhibits identical distribution of the local Nusselt
number (Nu) in moving and stationary reference frames. In addition, the low
order of magnitude observed in Lgo-normed difference of local and average Nu
indicate the model is Galilean invariant.

6i. A thorough analysis of the thermal-PSC algorithm reveals that the present model
can estimate the local Nusselt number over curved surfaces with better accuracy
for forced and mixed convection problems than the free convection problems.
However, with specilic advantages and limitations, the present work conclusively
demonstrates the ellicacy and robustness ol the thermal-PSC algorithm for in-

compressible thermal [Hows.

7. The linear decay of velocily and temperature errors with grid refinement using
PSC is comparable to the deeay at similar rate using the conventional DF-1B-
LB method. The pressure error exhibits quadratic spatial convergence for both
methodologies.

8. The PSC method exhibits an increase in velocity and temperature errors with the

increase in 77, On the contrary, the DF-IB-LB approach experiences a decrease
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in velocity and temperature errors until 75 = 1.5 and 1.6, respectively, beyond
which they exhibit an increasing trend. The pressure errors, however, carry

identical magnitude of errors and increase with increasing 7.

9. The magnitude ol local maximum divergence using the PSC are found to be lower
than the DF-1B-LB approach in the hydrodynamic simulations. In addition, the
mass flux errors and maximum density Huctuations decay with grid reflinement,

while exhibit an increasing trend with increase in 75 using both methodologies.

10. The PSC method produces a smoother signal in pressure drag transient as com-
pared to the DF-IB-LB approach. Furthermore, these methods unveil identical
hydrodynamic and thermal characteristics in moving and stationary reference
frames, indicative of the methods being Galilean invariant.

11. The proposed PSC-based solver for simulating conjugate heat transfer (CHT)
problems reveals excellent agreement in predicting heat transfer characteristics
with respect to the reference data. 1t is benchmarked with non-trivial test cases
involving free, forced and mixed convection problems encompassing low to high
thermal conductivity ratios.

12. An important inference from the CHT study that the temperature gradient ap-
proaches zero around the solid-fluid interface while deereasing the solid to fuid
thermal conduetivity ratio, led to the development of a novel strategy for im-
plementation of adiabatic boundary condition using the PSC approach. It is
observed that the thermal conduetivity ratio in the order of 107" produces de-
sirable effect towards achieving an insulated surface condition. Finally, the pro-
posed technique is benchmarked [or establishing its robustness and accuracy by
simulating non-trivial test cases like pure conduction, free and mixed convection

problems.

With specific advantages and limitations, the present thesis endorses that the
P5C methodology possesses an enormous potential for simulating complex and mov-
ing boundary thermo-hydraulic applications as comparable to the conventional 1B-LB

solvers,

7.2 Major contributions

The major contributions of the thesis which have hitherto not been presented in open

literature are enlisted as follows
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Studies on key aspects of numerical appraisal of the hydrodynamic-PSC algo-

rithm like accuracy, discrete conservation of properties and spurious force oscil-
lations in moving boundary problems. Besides, benchmarking the solver for a

wide range of stationary and moving boundary problems.

e Studies on the accuracy and Galilean invariance of the thermal-PSC algorithm.
Benchmarking the solver for a broad spectrum of thermal Hows involving free,
forced and mixed convection encompassing stationary and moving boundary
sCenarios.

e Development of a novel formulation for simulating conjugate heat transfer pro-

cess based on the PSC algorithm.

e A novel strategy for implementation of adiabatic boundary conditions on curved

surfaces using the PSC approach.

7.3 Directions for future research

In view of the development of the PSC solver carried out in the present thesis, one
can infer that several important aspeects of numerical appraisal have been discussed
in both hydrodynamic and thermal front. However, challenging applications like two-
dimensional vortex-induced-vibrations, ete., need to be taken up in future to clearly
highlight the limitations and advantages of the method. Additionally, some of the
possible directions for immediate explorations in near luture are elaborated below.

e Spatial order of accuracy of the PSC model: The present thesis shows that the
spatial order of aceuracy of the PSC solver is first-order. The aceuracy improve-
ment of any LB solver is not straightforward as it invelves several sources of errors
[120]. However, the quest for such improvement would necessitate some math-
ematical intervention ol the existing evolution equations. Primarily, the solid
collision operator ol the PSC model, responsible for accurately implementing the
boundary conditions, could be targeted [or determining the [actors contributing
to the accuracy improvement. Although the Chapman-Enskog multiscale anal-
ysis for PSC models presented by Najuch and Sun [49] yields extraneous error
terms in the recovered macroscopic N-S equations but fails to provide specifie
guidelines for its accuracy improvement. Nevertheless, the Taylor series analysis
of the LB model presented by Holdych et al. [147] yields truncation and com-
pressibility error terms as a lunction of relaxation time, grid size, and temporal
size. A similar analysis of the PSC evolution eqguation would be helphal to de-
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termine definite terms responsible for the lower order of accuracy and eventually

guide toward developing modified collision operators with improved accuracy.

e Mitigation of artilicial slip velocity and temperature jump: The artificial slip
velocity and temperature jump at the solid-fluid boundary are inevitable in any
diffuse-interface 1B-LB method owing to its diffuse nature and discontinuity in
the velocity [124] and temperature gradient [73] while implementing the bound-
ary conditions. However, the severity of such hydrodynamic and thermal slip can
be mitigated by identifying tunable key parameters through a rigorous analysis
of the density distribution function as presented in literature [65, 148]. A similar
analysis for PSC models would be beneficial to recognize key tunable parame-
ters which can reduce the severity of the artificial slip and eventually improve

its accuracy.

e Development of a PSC-based multiphase solver: The present. PSC solver can be
coupled with multiphase models to simulate complex thermo-fluidic interaction
of multiphase flows with irregular structures. The development of an accurate
P5C model which can simultaneously predict the interfacial [orces and efficiently
Lrack the solid-Ouid interface would be an essential contribution to the LB com-

mnnity.

o lmplemeniation of Neumann and Robin-type boundary conditions: The imple-
mentation of Nenmann and Robin-type boundary conditions is not [easible using
the present PSC models owing to the requirement of constant velocity and tem-
perature values in the solid collision operator lor the implementation of boundary
conditions, However, a deeper understanding of these models to overcome the
limitation of handling only Dirichlei-type boundary conditions is necessary for

broadening the scope of this approach.
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Appendix A

In this section we intend to recover the macroscopic energy equation from thermal-PSC
equation via Chapman-Enskog analysis. In the remainder of the analysis, we would
use Finstein notations and use shorter notations lor expressing partial derivatives like
% = 0, and :TJ: = ¢ for brevity. Distribution functions will be henceforth, written as
gilx, 1) = gi, and g (pr, Uy, Tp) = 95" (pg. Upa Tp) for readability. Thermal-PSC Eq.

{2.30) can be rearranged as
gi(x + c; AL, ¢ + AL — gi(x,t) = ¥ECK 4 Qi(x,T,u,1) (7.1)
where, Qi(x, T, u,t) = — Y5 Bi(x, 740 )UK 4+ ¥5 By(x, 7, 1) ¥ L.
The expression for @; using Eq. (2.31) can be expressed as,
Al -
Qulx,0) = 32 B, o M = loulx, 1) — 6"(py, 0, T)]
& oS {TE}
=906, 1) — g, 1) + 6" (pr, Up, Tp) + 955 py 0, ’i')}

The perturbation ansatz for energy distribution function (g;), spatial and tempo-
ral derivatives and source term is given as

7 =9 +eg" + ¢ 1 . (7.3a)
8, = Y + 28 + 28 + ... (7.3b)
a‘-’* E@E ) [{?3'3:'

Quo= Q) + Q8 (7.3d)

¢ signifies a small parameter that represents Knudsen number, Applying Taylor series

expansion to Eq. (7.1) and some algebra yields

&L(ﬂ, + c:;,ﬂﬂﬂ)m + O(ALY)

Al

(7.4)
= "'l'rfGK e {?fﬂ TE ? (az T Ci,r:aer) (wfﬁﬁ g = ":Jt',nr)

where, higher order terms than O(At)? are neglected. Applying multiscale expansion
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1]

(Eqgs. 7.3), to the above equation gives €”, ¢ and ¢*-order equations as follows

O(”) : ¢ = g%(ps, tan T) (7.5)
1) 1 .© {‘:l Q{IJ
O(c) : |01" + ;w0 9" = b (7.6)
Ad
O() :0%9” (1 = —) [a:i”+<;.na£,”] 9.
ZTI"J
(7.7)
{J:I Q{?] 1 {:l] ){]'J II] }
4 ~ (0" 4 €001 Q!
From Eq. (7.6) we get,
QU}
(n (1) {1y ()
0" =T | 2o — (0" + ;.a0L") o (7.8)
Substituting Eq. (7.8) into Eq. (7.7) yields @(¢*) equation as
52O (Tﬁ, ss ) [0 + ;0] 6
(7.9)
(2) ()
£ O I_ﬂ.;i( 0, & ;;m) )
TaS 1 Ad At 0" + 1000 (i
The 0 and 1% moment of @(e") equation yield respectively as,
Z g - (7.10)
Zq Cia = PpuaT (7.11)

Thus, 0" moment of O(e) equation can be expressed on the time scale (1) = ¢f as

Q“}
T + u, 00T = Z (7.12)
piT
From 1** moment of @(¢) equation, we obtain
(1), 5 w2 2 i Qf deia
3 o0 = —7s |00 (pyuaT) + 0" (SppeiT ) — S (7.13)
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Table A: Moments of perturbed expansions ol ;

QY Qg
= @ s Bipg(T, — T) 0
l:-i? Qi'::ia}ﬂi,u ZS BLPI{Up.nTp - unT} 0

And, the 2™ term at LHS of Eq. (7.9) alongwith the constraint ¥, g‘-(ﬂ} =0 forn =1

can be rewritten as

2
o i 1
Z ((!}E]} | r-:i,nfjia}) [:U:I - j“) Z iﬂ: _rfjiljl qu-{jf:t,m
Ta.f

¥ (7.14)
i{” E i?f].i Cia
Thus, putting Eq. (7.13) into Eq. (7.14) yields
\ Q
5 (0 +eaf?) o <05 % 1 2o
i (7.15)
e ﬂ{u‘zT}
Hence, 0" moment of O(e?) equation is expressed on the time scale 12 = &2t as
) ()2 z Qia [”Z (1)
ﬁt T v T + 1# = Q
) prAt 2'“ (7.16)
ok o1
()
Tt o0 Qe

Eq. (7.16) gives us the relation of thermal diffusivity (y) as a function of non-
dimensional relaxation time (7, ;) which is already expressed in Eq. (2.10). Now,
multiplying Eq. (7.12) with ¢ and Eq. (7.16) with €* and adding them while reversing

the perturbation we obtain,

: 0 o2
{TT:-I b sl = X‘FET | E £ Z Q Z
. ) i (7.17)

j{‘JZQU] 2 9-"' }U)ZQEE Circe
A

The summary of moments of perturbed expansions of ; are listed in table A, Thus,

using moments listed in table A, Eq. (7.17) can be rewritten as
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I | kol = XV?T + —[ Zm(aﬂ -7)|

ot
2 (7.18)
(1) -
- —u‘r [Z By(1, —T)| - M«rg,;di]}z By [UpaTy — uaT|
For Dirichlet boundary condition, above equation becomes
il Py
E+uaﬂ‘a1—x?1+—[ ZBE{I 1)
(7.19)

+ S BT+ S > Bl (ual')
2 £ Ly m”S (A5

Thus, the macroscopic energy equation is recovered from the thermal-PSC evolution equa-
tion. It is to be noted here that, 2 term onwards in the RHS of Eq. (7.19) represent error

terms which may dictate temperature jump at the solid-fluid interface.
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