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ABSTRACT

The present work is concerned about the study of convective flows of water near its density inversion.
Linear stability and heat transfer characteristics of the water flows are studied. The present study
focuses on the temperature range in which water shows density inversion. First, the solutions of con-
vection boundary layer flows are obtained using perturbation and similarity transformation methods.
The linear stability analysis of natural and mixed convection boundary layer flows is carried out for
temporal and spatial stability. The global stability of mixed convection flows in lid driven cavity is
studied.

Solutions of mixed convection boundary layer flows of water, with density inversion, about a
vertical plate are presented using perturbation method. Solutions are presented for both varying wall
temperature and heat flux. Aiding as well as opposing mixed convection flow configurations are
considered in the study. The perturbation solutions are presented in terms of universal functions which
are valid for arbitrary continuous variation of wall temperature or wall heat flux thermal conditions,
and hence, the solutions of boundary layer flows with arbitrarily varying wall temperature or wall
heat flux can be obtained. Similarity solutions for natural and mixed convection boundary layer flows
over a vertical plate with power law varying wall heat flux, are presented which are not available
in the literature. The similarity solutions for mixed convection are presented for both assisting and
opposing mixed convection configurations. The above perturbation solutions and similarity solutions
are presented for velocity, temperature, velocity and thermal boundary layer thicknesses, skin friction
coefficients, Nusselt numbers for various flow parameters such as Richardson number and Reynolds
number.

Further, linear stability analysis of natural convection boundary layer flows of water near its den-
sity inversion is carried out. Both the temporal and spatial stability analysis are carried out. The stabil-
ity of natural convection is studied for isothermal and isoflux wall conditions. Inclination effect on the
natural convection is presented. The critical value of buoyancy parameter for natural convection over
isothermal plate is found to be 22.84 and the corresponding wave number and circular frequencies
are 0.604, and 0.0944. The critical value of buoyancy parameter for natural convection over isoflux
plate is found to be 75.481 and the corresponding wave number, circular frequency and phase speed
are found to be 0.633, 0.056 and 0.036, respectively. For both isothermal and isoflux plates, when the
plate is tilted in anti-clockwise and clockwise directions, the convection becomes more unstable and
more stable, respectively, compared to vertical orientation. For both thermal conditions, critical wave
number and critical frequency of the most unstable disturbance increases with inclination. However,
the phase speed is not affected by the inclination. The inclination has stronger effect at higher wave
numbers. The instability at lower wave numbers are not affected by the inclination.

Linear stability analysis is also carried out for mixed convection boundary layer flows over an
isothermal vertical flat plate. The stability is studied for both temporal and spatial stability charac-
teristics. The results are presented for neutral stability curves, Eigenvalue spectrum, critical Eigen-
functions and critical convection parameters. Mixed convection flow is formulated such a way that
when Richardson number varies from 0 to∞, the convection varies smoothly from pure forced con-
vection to pure natural convection through mixed convection. For Ri = 0 and Ri → ∞, from the
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mixed convection formulation, the results of forced and natural convection asymptotes are recov-
ered accurately. Such formulation is carried out by choosing an appropriate scaling parameters for
non-dimensionalisation. The inclination effect is also studied.

The work is extended to study global linear stability of mixed convection flows of water with
density inversion in a lid driven differentially side heated square cavity. The stability characteristics
show dramatic changes with variation of Richardson number. In the range of Richardson number 0
to 0.4, the critical Reynolds number is almost constant with a value of about 4550. In the range of
0.4 to 0.6, the critical Reynolds number decreases drastically to a values of 1325. For Richardson
number 0.6 to 1, critical Reynolds number increases to 2354.23. Beyond which the Reynolds number
decreases with Richardson numbers. The drastic instability near Richardson number 0.4 to 0.5 is
found to be due to the formation of thin recirculation under primary recirculation, which is highly
unstable. In the range of Richardson number 0 to 0.4, the most unstable Eigenvalue has zero real part
indicating a stationary mode which does not change with time. For Richardson number greater than
0.4, the most unstable Eigenvalue is a pair of complex conjugate Eigenvalues indicating a Hopf mode
which is a time dependent disturbance. For pure forced convection asymptote, the most unstable
mode is found to be thermal mode.

v
TH-2490_146103014



Contents

Declaration iii

Abstract iv

Nomenclature x

List of figures xiii

List of tables xvii

1 Introduction and literature review 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Literature on convection boundary layer flows and their solutions . . . . . . . . . . . 5

1.2.1 Mixed convection over temperature specified wall . . . . . . . . . . . . . . . 5
1.2.2 Mixed convection over flux specified wall . . . . . . . . . . . . . . . . . . . 7
1.2.3 Literature on convection boundary layers of water including density inversion 8

1.3 Literature on linear stability of convection flows . . . . . . . . . . . . . . . . . . . . 9
1.3.1 Stability of natural convection boundary layers . . . . . . . . . . . . . . . . 9
1.3.2 Stability of mixed convection boundary layers . . . . . . . . . . . . . . . . . 12
1.3.3 Stability of lid driven cavity flows . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.4 Stability of convection flows of water including density inversion . . . . . . 15

1.4 Summary of the literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.5 Objectives of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.6 Organisation of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Aiding and opposing mixed convection about a wall of varying temperature 19
2.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3 Solution of the governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 Velocity, skin friction coefficient and Nusselt number calculations in terms of univer-

sal functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 Mixed convection flow for power law wall temperature variation . . . . . . . . . . . 28

2.5.1 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.5.2 Fluid flow solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

vi
TH-2490_146103014



2.5.3 Heat transfer solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 Mixed convection heat transfer about a vertical surface of variable heat flux 36
3.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 Solutions of the equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 Velocity, skin friction coefficient and Nusselt number in terms of universal functions 42
3.5 Mixed convection for power-law wall heat flux variation . . . . . . . . . . . . . . . 45

3.5.1 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5.2 Flow field calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.5.3 Heat transfer calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4 Similarity solutions of natural and mixed convection boundary layer flows over flux spec-
ified vertical plate 52
4.1 Similarity solutions of natural convection boundary layer . . . . . . . . . . . . . . . 52

4.1.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.1.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.1.3 Solution of the equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.1.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 Similarity solutions of mixed convection boundary layer . . . . . . . . . . . . . . . 58
4.2.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.2.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.2.3 Solution of the equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.2.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5 Formulation for linear stability analysis of boundary layer flows 70
5.1 Parallel stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.2 Temporal stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.3 Spatial stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.4 Numerical methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.4.1 Discritization of disturbance equation . . . . . . . . . . . . . . . . . . . . . 73
5.4.2 Chebyshev polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.4.3 Calculation of Chebyshev coefficients . . . . . . . . . . . . . . . . . . . . . 77
5.4.4 Lagrange interpolation polynomial . . . . . . . . . . . . . . . . . . . . . . . 77
5.4.5 Differentiation in the physical space . . . . . . . . . . . . . . . . . . . . . . 78
5.4.6 Gauss-Lobatto grid points . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.4.7 Mapping from infinite to finite domain . . . . . . . . . . . . . . . . . . . . . 79
5.4.8 Numerical solution of temporal stability Eigenvalue problem . . . . . . . . . 80

vii
TH-2490_146103014



5.4.9 Numerical solution of Eigenvalue problem of spatial stability analysis . . . . 82

6 Stability analysis of natural convection boundary layer flows 84
6.1 Stability of natural convection boundary layer over an isothermal plate . . . . . . . . 84

6.1.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
6.1.2 Governing equations for base flow . . . . . . . . . . . . . . . . . . . . . . . 84
6.1.3 Disturbance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
6.1.4 Base flow solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.1.5 Temporal stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.1.6 Effect of plate inclination on temporal stability . . . . . . . . . . . . . . . . 95
6.1.7 Spatial stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.1.8 Effect of plate inclination on spatial stability . . . . . . . . . . . . . . . . . 102

6.2 Stability of natural convection over a plate of constant heat flux . . . . . . . . . . . . 105
6.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.2.2 Disturbance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6.2.3 Base flow solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.2.4 Temporal stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
6.2.5 Effect of plate inclination . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
6.2.6 Spatial stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7 Stability analysis of mixed convection boundary layer flows 120
7.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
7.2 Mathematical modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

7.2.1 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
7.3 Base flow solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7.3.1 Solution Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
7.3.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
7.3.3 Base flow velocity and temperature profiles . . . . . . . . . . . . . . . . . . 126

7.4 Temporal stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
7.4.1 Solution methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
7.4.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
7.4.3 Grid sensitivity tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
7.4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

7.5 Effect of plate inclination . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
7.6 Spatial stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

7.6.1 Numerical treatment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
7.6.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
7.6.3 Grid independence tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
7.6.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
7.6.5 Effect of plate inclination . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

viii
TH-2490_146103014



7.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

8 Global stability analysis of mixed convection flow in cavity 147
8.1 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
8.2 Mathematical modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
8.3 Derivation of disturbance governing equations . . . . . . . . . . . . . . . . . . . . . 148

8.3.1 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
8.4 Numerical methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

8.4.1 Base flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
8.4.2 Disturbance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
8.4.3 Interpolation of base flow variables on to Eigenvalue grid . . . . . . . . . . . 155

8.5 Code validations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
8.5.1 Validation of base flow solver . . . . . . . . . . . . . . . . . . . . . . . . . 156
8.5.2 Validation of stability solver . . . . . . . . . . . . . . . . . . . . . . . . . . 157

8.6 Grid sensitivity tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
8.7 Base flow solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
8.8 Stability solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

8.8.1 Appearance of spurious Eigenvalues in computation . . . . . . . . . . . . . 185
8.8.2 RAM size and CPU time taken for global stability analysis . . . . . . . . . . 187

8.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

9 Conclusions 188
9.1 Perturbation and similarity solutions of mixed convection boundary layer flows . . . 188
9.2 Conclusions from similarity solutions of natural and mixed convection boundary layer

flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
9.3 Stability of natural convection boundary layer flows . . . . . . . . . . . . . . . . . . 189
9.4 Stability of mixed convection boundary layer flows . . . . . . . . . . . . . . . . . . 190
9.5 Global stability analysis of mixed convection flows in a lid driven square cavity . . . 190
9.6 Future scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

ix
TH-2490_146103014



Nomenclature
A constant in power law variation of wall temperature or wall heat flux
A11, A12, A21, A22 matrices in temporal Eigenvalue formulation
B11, B12, B21, B22 matrices in temporal Eigenvalue formulation
cp specific heat (J/kg-K)
c dimensional phase speed (m/s)
C dimensionless phase speed
Ci imaginary part of dimensionless phase speed
Cr real part of dimensionless phase speed
Cf skin friction coefficient
C0, C1, C2, C3, C4, matrices of spatial stability Eigenvalue formulation
C5, C6, C7, C8, C9

E0, E1, E2, E3, E4, E5 matrices of spatial stability Eigenvalue formulation
D differential operator
f non-dimensional stream function
F, f0, f1, . . . , universal functions for velocity in
f00, f11(η) . . . perturbation technique
g gravitational acceleration (m/s2)
G dimensionless buoyancy parameter
Gr Grashof number
h heat transfer coefficient (W/m2 K)
H, θ0, θ1, . . . , universal functions for temperature
θ00, θ11(η) . . . in perturbation technique
i imaginary unit in complex number
k thermal conductivity of fluid (W/m K)
L length of the cavity (m)
m power index of power law variation of wall temperature or wall heat flux
N number of grid points
Nu Nusselt number
p̄ base flow pressure (kg-m/s2)
p̂ disturbance pressure (kg-m/s2)
Pr Prandtl number
qw wall heat flux (W/m2)
Ra Rayleigh number
Ri Richardson number
Re Reynolds number
Rex Reynolds number based on stream wise distance from the leading edge

x
TH-2490_146103014



Reδ Reynolds number based on boundary layer thickness
S dimensionless disturbance temperature
t time (s)
T temperature (◦C)
Tk(x) Chebyshev polynomials
T1, T2, T3, T4 the most unstable Eigen modes
T̄ base flow temperature (K)
T̂ disturbance temperature (K)
T̄0 base flow temperature corresponds to maximum density of

water near density inversion (K)
T0 dimensional temperature at maximum density of

water in the temperature range of density inversion (3.98◦C)
u, v velocity components in x and y-directions, respectively (m/s)
u0 velocity of lid in lid driven cavity (m/s)
uref reference velocity (m/s)
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Chapter 1

Introduction and literature review

In the present chapter, introduction and literature review is presented. Objectives of the present work,
the organisation of the thesis are also presented.

1.1 Introduction

It is well known that for most of the fluids, the density decreases with increasing temperature due
to thermal expansion of fluids. However, some fluids such as water, molten bismuth, antimony and
gallium, liquid helium and pseudobinary electronic alloy (Hg1−xCdxTe) show increase in density with
increasing temperature in certain range of temperatures and then decreases. The peculiar phenomena
of increasing density with respect to temperature is referred as density inversion. It is observed from
the experiments that the density of the fluid shows local maximum near the density inversion. For
example, water, liquid helium and pseudobinary electronic alloy (Hg1−xCdxTe) show local density
maximum at 3.98◦C, −271.15 ◦C and 750 ◦C at atmospheric pressure, respectively. The high density
of liquid water is mainly due to the cohesive nature of the hydrogen-bonded network, with each
water molecule capable of forming four hydrogen bonds. This reduces the free volume and ensures a
relatively high-density, partially compensating for the open nature of the hydrogen-bonded network.

Near the density maximum point, density shows nonlinear variation with temperature. A typical
variation of water density near density inversion is shown in Fig. 1.1. This nonlinear behaviour is
unlike the usual density variation which varies linearly with temperature. The buoyancy forces are
induced in fluids due to the density differences created. The above peculiar density variation leads
to peculiar behaviour of convection process near the density inversion point. Such peculiarities bring
complications in flow and heat transfer characteristics. Many models are used in the literature for the
density variation with temperature near the density maximum. Some of them are as following.

A relation for density with respect to temperature near the density inversion is given by Mcdonugh
and Faghri [7] is as

ρ

ρ0

= [1 + β1T + β2T
2 + β3T

3 + β4T
4]−1, (1.1)

where ρ0 is the maximum density of water. Values of density maximum and the coefficients are
as follows: ρ0 = 999.8396(kg m−3), β1 = −0.678964520 × 10−4(◦C−1), β2 = 0.907294338 ×

1
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Figure 1.1: Density variation of water with temperature near density inversion according to Eq. (1.3)
given by Tong and Koster [1]

10−5(◦C−2), β3 = −0.964568125× 10−7(◦C−3) and β4 = 0.873702983× 10−9(◦C−4).
Few authors such as Lin and Nansteel [8], Gebhart and Mollendorf [9] have used the following

density temperature relation which is given by,

ρ

ρ0

= 1− γ|T − T0|q, (1.2)

where, ρ0 = 999.9720(kg m−3), γ = 9.297173×10−6(◦C−q), T0 = 4.029325(◦C) and q = 1.894816.
Lin and Nansteel [8] reported that the correlation shows good agreement with Kell [10] which gives
them confidence to use this density-temperature relation in their studies.

Tong and Koster [1] used density variation with temperature through polynomial of second degree
which is defined as

ρ

ρ0

= 1− βT (T − T0)2, (1.3)

where, ρ0 is the density maximum of water and T0 is the respective maximum temperature. The values
of constants are ρ0 = 1000.2(kg m−3), T0 = 3.98◦C and βT = 8.00026 × 10−6 (◦C)−2. The above
density relation with temperature is shown in Fig. 1.1. In the present work, the density-temperature
relation (1.3) is used. This correlation given by Eq. (1.3) is valid for the temperature range 0− 12◦C
with admissible error limit which was reported by Tong and Koster [1].
Applications of density inversion of water
The density inversion of water plays an important role in many applications. Some of such applica-
tions are

1. Density inversion in water has many practical implications in the nature. The density maxi-
mum ensures that the bottoms of freezing fresh water lakes generally remain at about 4◦C and
unfrozen.

2. Formation and melting of ice, freezing of water, atmospheric flows and oceanic movements.
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3. The industrial applications of density inversion can be seen in cryogenic industry, refrigeration
and air-conditioning applications, heat exchangers etc.

4. Thermal energy storage system using ice by melting and freezing process.

Boundary layer flows play an important role in many applications in engineering and science.
Boundary layers along with heat transfer are crucial in many industrial applications and in nature.
The study of convective boundary layers has been an active research area for many decades due to
its importance. Finding the solutions of boundary layers play the key step for understanding the
physical phenomena. Stability of the boundary layers are important to find the process of laminar
state undergoes instability and eventually becoming completely turbulent through a transition process.
Hence, finding out the solutions of boundary layer flows of water with density inversion and study
of their stability is carried out in the present work. Along with boundary layer flows, the stability
of convection flows of water in a cavity with density inversion effect is carried out. The issues of
boundary layer solutions, the solution methodologies of stability of boundary layers and cavity flows
are discussed below.

As the boundary layer flows are governed by partial differential equations, the solutions of such
flows pose mathematical challenges. In general, finding the analytical solution of the boundary layer
flows is not possible. However, with the advent of computational power and development of numerical
methods paved a way to find the solution numerically for a given set of conditions of the flow. The
following methodologies are followed for the boundary layer solutions depending on the type of
problem.

1. Similarity solutions

2. Approximate integral solutions

3. Asymptotic analysis

4. Perturbation methods

5. Numerical methods

When a boundary layer flow admits similarity in the profiles of the flow variables such as velocity,
the similarity variable method is used. In the similarity variable method, the governing equations
along with the boundary conditions which are in partial differential equations are transformed into
ordinary differential equations using similarity coordinate transformations. In the integral method,
the equations are expressed in the integral form. An approximate profiles are assumed for the flow
variables. The constants of the assumed profiles are found by applying the boundary conditions. The
asymptotic analysis is carried out by applying the asymptotic limit to the governing equations. In the
perturbation methods, the flow variables are expanded in terms of powers of perturbation elements.
Equating the terms of same powers of perturbation elements, a series of system of ordinary differential
equations are derived. By solving the system of ordinary differential equations, we get the perturba-
tion solutions. In the numerical methods, we directly solve the governing equations of the boundary
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layer flow by discretising the equations using methods such as Finite Difference Method (FDM), Fi-
nite Volume Method (FVM), Finite Element Method (FEM). Methods such as space marching from
the leading edge towards the downstream direction, Keller-Box method, etc. are well known methods
for solving boundary layer flows, numerically.

When we consider heat transfer along with the fluid flow, we need to solve the energy equation
along with the fluid flow equations. When buoyancy forces are present in the convection, additional
complexities arise. Large number of studies have been conducted to find the solutions of boundary
layer convective flows due to their enormous important applications.

In boundary layers, the flow remains laminar up to certain distance from the leading edge. The
laminar boundary layers undergo instability when the governing parameters such as Reynolds number,
Grashof number, Richardson number become more than critical values. The instabilities in the flow
can further undergo transition to make the flow completely turbulent. The knowledge of the critical
parameter values below which all the disturbances decay with time is extremely important. The
critical parameter values can be predicted using linear stability analysis. Theory of linear stability is
the subject matter of numerous books such as Lamb [11], Lin [12], Chandrasekhar [13], Drazin and
Reid [14], Drazin [15], Charru [16], Schmid and Henningson [4] and Sengupta [17].

One of the methods of studying instability is the application of parallel flow stability analysis in
which the base state is assumed to be homogeneous in two coordinate direction and inhomogeneous in
the other direction. Then, the problem is mathematically formulated to be an Eigenvalue problem. The
Eigenvalue problem is given by the system of Orr-Sommerfeld Equation (OSE) and Square equations.
Many studies attempted to extend the parallel linear stability theory to incorporate non-parallel and
non-linear phenomenon. In non-parallel flow analysis, the base flow is assumed to be inhomogeneous
in more than one coordinate directions. One of such analyses is carried out by using Parabolised
Stability Equations (PSE) which are derived by assuming the base flow to be varying in the cross-
stream direction and also weakly varying in the streamwise direction. For example, Bertolotti et
al. [18] used PSE in the study of boundary layer flows to include the effect of development of boundary
layers. Similar weakly variation of base flow in the streamwise direction is adopted in the references
by Sahu and Govindrajan [19, 20], and Sahu et al. [21].

In the non-linear analysis, we consider the terms which are weakly non-linear. The linear sta-
bility can predict behaviour of the disturbances when the disturbances are small and as long as the
disturbance size is in the range at which linearisation is valid. Another method of studying stability
is through Direct Numerical Simulation (DNS). In DNS, we solve the governing equations such as
Navier-Stokes equations and energy equation in time and observe the linear and non-linear dynamics
of the disturbances.

The stability of boundary layer flows are usually carried out using parallel flow assumption. For
example, Wazzan et al. [22], Kaplan [23] used parallel flow stability analysis. The accuracy of those
predictions are improved by adopting the Parabolised Stability Equations which were carried out by
studies Bertolotti [24], Bertolotti [25], Bertolotti et al. [18], and Herbert [26]. Some of the studies
considered the view point of whether the stability is of convectively unstable or absolutely unstable.
The convective and absolute instabilities are reviewed by Huerre and Monkewitz [27].
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Many studies considered receptivity of boundary layer flows. A review of receptivity of boundary
layers can be found in Saric et al. [28]. When the infinitesimal disturbances in the boundary layer
grow to a finite amplitude and saturates, the disturbance along with the base flow forms a new base
flow state. The new base flow state can undergo further instability. Such instabilities are known as
secondary instability. The secondary instability of boundary layers has been studied using Floquet
theory in the works such as by Herbert [26].

In a pure hydrodynamic situation, instabilities are caused due to the interaction of viscous, inertial
and pressure forces. However, when heat transfer is also involved additionally, the instability mecha-
nism becomes more complex in which the energy and momentum will be coupled to each other. The
added buoyancy effects will make the analysis further complex. Prandtl number will be an additional
parameter which comes into play its own role in the instability mechanism.

The stability analysis of convective flows using Orr-Sommerfeld equation (OSE) or PSE are usu-
ally applicable when the basic flow is parallel or nearly parallel such as channel flows and boundary
layer flows. However, when the base flow is highly inhomogeneous in more than one directions, the
linear stability predictions by these methods would be inaccurate. For the flows which are inhomoge-
neous in multiple dimensions, the linear stability is studied using global stability analysis.

In the following sections, the literature on convection boundary layer flows, the boundary layer
solutions, the stability of boundary layer convective flows are presented. Literature on the stability of
flows in enclosures are also reviewed.

1.2 Literature on convection boundary layer flows and their so-
lutions

1.2.1 Mixed convection over temperature specified wall

Many authors studied the mixed convection flow over vertical plate with different wall thermal con-
ditions. Study of mixed convection flow over isothermally heated vertical surface for various Prandtl
number was carried out by [29, 30]. Lloyd and Sparrow [29] used local similarity method for mixed
convection flows, for various values of Richardson number and found that method was not accurate
for large values of Richardson number for studied Prandtl number range. However, Acrivos [30] theo-
retically investigated the combined effect of free and forced convection using asymptotic solution for
various Prandtl number. The author reported that mixed convection depended on both Richardson and
Prandtl numbers when Prandtl number was greater than 1, while the convection depends on Richard-
son number only, for lower Prandtl number. Szewczyk [31] presented series solution for aiding and
opposing mixed convection flow for few Prandtl number. The results were demonstrated using ve-
locity and temperature distributions, shear stress, and heat transfer for various values of Richardson
number. Hussain and Afzal [32] numerically investigated aiding and opposing mixed convection flow
over vertical plate for uniform wall temperature/heat flux conditions. The authors implemented com-
puter extension perturbation series method and predicted the results up to three-digit accuracy for skin
friction coefficient and heat transfer rates. The obtained results were compared with available numer-
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ical results and found good agreement. Lin and Chen [33] numerically studied aiding and opposing
mixed convection over isothermal vertical plate for wide range of Prandtl number using Keller’s box
method. They proposed a new mixed convection parameter, which was valid for any Prandtl number
value, to replace usual mixed convection parameter (Richardson number).

Both free and forced convection from an isothermal vertical moving plate was numerically ex-
amined for wide range of Prandtl number by Lin and Hoh [34]. The plate was moving either in
streamwise or in opposite to streamwise direction. They presented correlations for heat transfer in
terms of Prandtl number. Raju et al. [35] investigated mixed convection boundary layer flow over ver-
tical and horizontal isothermal surfaces for aiding and opposing flow situations. The authors found out
flow separation points in case of opposing flow and obtained the relationship for local Nusselt number
with Prandtl number. Chen et al. [36] studied the effect of Prandtl number on mixed convection flow
for various plate orientation. Correlations were obtained for local and average Nusselt number for
both aiding and opposing flow situations. The results were compared with those of experimental and
numerical results.

The effect of variable wall temperature on mixed convection boundary layer flow was studied
by few researchers. Merkin and Pop [37] numerically studied the effect of small and large Prandtl
numbers on mixed convection flow over vertical surface for various values of mixed convection pa-
rameter. The surface temperature of plate was inversely proportional to the distance from leading
edge. It was found that unique solutions exist for all considered mixed convection parameter in case
of aiding flow, while dual solutions were observed for opposing flow. Saeid [38] numerically studied
the effect of surface temperature variation on mixed convection flow for air and water. The author an-
alyzed the convection for wall temperature varying with periodic oscillations with time and constant
wall temperature. It was reported that Nusselt number and skin friction coefficient showed periodi-
cal variations for different amplitudes and frequencies of temperature for both aiding and opposing
flows. Numerical investigation of mixed convection boundary layer flow in a stable stratified medium
adjacent to a vertical surface for various Prandtl number was carried out by Ishak et al. [39], using
Keller’s box method. The wall temperature is a linear function of vertical distance. They found the
existence of dual solutions and boundary layer separation due to thermal stratification for assisting
flow.

Several experimental results were reported for mixed convection flows over vertical plate. An
experimental investigation of combined forced and free convection boundary layer flow over vertical
isothermal surface was carried out by Gryzagoridis [40]. The velocity and temperature profiles, ob-
tained using hot wire anemometry, were presented for various governing parameters. The calculated
heat transfer rates were compared with those of theoretical results available in literature. Kobus and
Wedekind [41] analysed development of thermal boundary layer along a vertical isothermal surface
by introducing a special model. Special closed-form solutions for local and average Nusselt numbers
were presented for various Prandtl numbers for both aiding and opposing mixed convection. The
experimental study was also performed and experimental results matched well with those of theo-
retical results available in literature. An experiment was conducted for mixed convection flows over
isothermally heated vertical plate by Venugopal et al. [42]. The correlation for Nusselt number was
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presented and experimental results found good agreement with available numerical results.
The effect of porous medium on mixed convection is area of interest by few authors. In another

analysis, Kumaran and Pop [43] theoretically studied the free convection boundary layer flow over
a vertical plate in a porous medium with water near its density inversion. They studied the effect
of wall temperature, heat flux on natural convection which were a power law function of vertical
distance from leading edge of the plate. They derived the similarity form of boundary layer equations
and presented their numerical and analytical results for velocity and temperature distributions and
heat transfer rates. The effect of variable viscosity of fluid with temperature on mixed convection
flow in a porous medium over an isothermal vertical surface, was studied by Chin et al. [44]. They
studied the effect of mixed convection and variable viscosity parameters on fluid flow and heat transfer
characteristics. They observed dual solutions and boundary layer separations in case of opposing
flows.

1.2.2 Mixed convection over flux specified wall

Mixed convection boundary layer flow over vertical wall with uniform heat flux surface condition
was numerically studied by [45–47]. Wilks [45] presented series solutions for leading and trailing
edges which are valid for Prandtl number of order 1. For the same mixed convection problem Carey
and Gebhart [46] considered higher order series solutions. They compared their results with those
of Wilks [45] at trailing edge and found that Wilks results were of lower accuracy due to first order
approximation. Accurate finite-difference marching technique was used to investigate the effect of
buoyancy in forced convection flow over vertical wall by Moulic and Yao [47]. It was found that
forced convection was the dominant mode of heat transfer at the leading edge, whereas, free convec-
tion prevails at the trailing edge of the plate. Merkin and Mahmood [48] used similarity solutions to
analyse the effect of buoyancy parameter on mixed convection flows. It was reported that solutions
approach free convection asymptote for large value of buoyancy parameter in aiding flows, while dual
solutions exist for opposing flows. Consequently, the same problem was extended in Merkin et al. [49]
to study the Prandtl number effect on mixed convection. The results imply that, for fixed values of
other parameters, solutions approach pure forced convection with increasing Prandtl number.

The orientation of the surface shows strong influence on mixed convection. Such effect was the
subject of several studies. The effect of plate orientation on mixed convection flows was numerically
studied by Wickern [50] for both aiding and opposing flows. It was found that the flow separa-
tions were reported for opposing flow situation which could be singular or regular. The same author
extended the study, in [51], to investigate the effect of Prandtl number on mixed convection. The
convection characteristics ware studied using asymptotic expansion for wide range of Prandtl number
and compared with results obtained using numerical method. The asymptotic analysis results were
consistent with the numerical results. Yeh et al. [52] analysed the effect of Prandtl number, buoyancy
induced pressure gradient and ratio of wall to free-stream velocity on mixed convection over a hori-
zontal plate using local non-similarity method. The results showed profound influence of buoyancy
on overall heat transfer for certain range of parameters. Armaly et al. [53] analytically studied the
combined effect of free and forced convection over heated vertical surface for a wide range of Prandtl
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number. They presented the correlations for local and average Nusselt number for both aiding and
opposing flow situations. Mixed convection flow over vertical plate with specified heat flux in water
with nanofluid was studied by Trimbitas et al. [54] using similarity solution. Higher values of skin
friction coefficient and heat transfer rates were found with inclusion of nanofluids in water, compared
to those without nanofluids.

Mixed convection in porous medium was the focus of many studies. Finite-difference scheme was
used by Ranganathan and Viskanta [55] to study the mixed convection boundary layer over a vertical
surface in a porous medium. Various parameters such as Prandtl number, Gr/Re and low blowing
velocity showed significant impact on velocity and temperature distributions, while porosity variation
showed insignificant effect. Mixed convection boundary layer flow in a porous medium over vertical
plate was numerically investigated by Ahmad and Pop [56] for various nanofluids. For the same
parameter values, significant amount of heat transfer enhancement was registered when nanofluids
were used compared to that without nanofluids.

In many works, the radiation effect is included in the mixed convection study. The effect of vari-
able viscosity and thermal conductivity of air along with the effect of radiation over a non-isothermal
horizontal permeable surface on fluid flow and heat transfer were studied by Mahmoud [57]. The
local skin friction coefficient and Nusselt number were found to be increasing with increasing values
of radiation and suction parameters, while decreasing with increasing value of blowing parameter.
Combined effect of conduction, mixed convection and surface radiation from a vertical plate with
internal heat generation was numerically studied by Sawant and Rao [58]. The effect of surface
emissivity and modified Richardson number on fluid flow behaviours were investigated. Correlations
were presented for average temperature, average Nusselt number and skin friction coefficients for a
wide range of parameters. The effect of thermal radiation and variable heat source or sink on un-
steady mixed convection on stretching permeable sheet was studied by Pal [59]. The effect of Prandtl
number, buoyancy, radiation and unsteadiness parameters on aiding and opposing mixed convection
was studied. The local Nusselt number increased with increasing values of unsteadiness parameter,
buoyancy parameter and Prandtl number.

1.2.3 Literature on convection boundary layers of water including density in-
version

Boundary layer flows of water near its density inversion are investigated in many studies such as
[5, 9, 60]. The effect of buoyancy force on boundary layer flow of water over a vertical plate was
numerical investigated by Goren [60]. The author studied the free convection boundary layer flow of
water near its density inversion about a vertical plate. The author presented the results for temperature
and velocity distributions. It was found that for a small temperature difference, at maximum density,
convective currents becomes weak compared to that of water without density inversion. Gebhart et
al. [9] numerically examined buoyancy induced flows adjacent to a horizontal surface of water density
inversion for constant wall temperature and heat flux conditions. They presented the solutions for
various values of wall temperature variation parameter. They found sudden decreases in heat transfer
rate near density inversion point. Vighnesam and Soundalgekar [5] studied mixed convection flow of
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water near its density inversion about a vertical plate with power-law varying wall temperature using
similarity solution. The effect of various values of Gry/Re2

y and power-law index were studied for
both aiding and opposing flows. They reported that Nusselt number increased with increasing value
of power-law index for both aiding and opposing flows. But, skin friction coefficient decreased with
power-law index values in aiding flow, while it increased in opposing flow situation. The authors
presented similarity solutions for velocity, temperature, and Nusselt number variations for various
values of modified Richardson number. Numerical study of free convection flows over isothermal
horizontal plate in a porous medium filled with water was carried out by Lin and Gebhart [61]. The
authors studied the effect of density inversion parameter on free convection and reported the existence
of reversal of normal component of velocity in the inner region of flow. Kumaran and Pop [43]
investigated free convection boundary layer flows of water near its density inversion over vertical
plate in a porous medium for various wall thermal conditions such as variable wall temperature,
variable heat flux conditions etc., and presented similarity solutions for the flow and thermal field.

1.3 Literature on linear stability of convection flows

1.3.1 Stability of natural convection boundary layers

A comprehensive review of buoyancy driven flows can be found in Gebhart et al. [62]. In this refer-
ence, the linear stability of natural convection was also reviewed. Szewczyk [63] studied instability
and transition of natural convection along a vertical plate through experiments and linear stability
analysis. The double-row vortex system formed in the convection layer was reported. The wave mo-
tion provoke outside the velocity maximum was found to be of stronger instability than that provoked
inside the velocity maximum. The mechanics and overall effects of the instability and transition of
the natural convection were presented. The marginal stability curves for vortex mode instability were
reported by Haaland and Sparrow [64] by including non-parallel effect of the boundary layer flow.
Iyer and Kelly [65] studied Tollmien-Schlichting mode and vortex mode of spatial linear stability un-
der the parallel flow assumptions. The flow showed subharmonic instability. Wakitani [66] reported
non-parallel effects of buoyant plumes by applying multiple scale analysis. Day et al. [67] carried
out parallel and non-parallel Gortler instability analysis. They found the neutral point which depends
on the initial conditions at some locations from the leading edge of the plate. However, non-parallel
analysis results became independent at locations farther from the leading edge. Lee et al. [68] per-
formed non-parallel stability analysis. Hall and Morris [69] carried out linear stability analysis using
space marching for forced convection boundary layer and found results similar to Gortler instability.
Luchni and Bottaro [70] reported results of marching solutions and obtained a universal disturbance
shape.

Daniels and Patterson [71] studied long-wave instability of natural convection boundary layer
formed due to sudden heating of a vertical infinite wall. With a quasi-steady approximation, the
authors analysed asymptotic form of lower range of neutral curves. This branch of disturbances were
of wavelengths much greater than the boundary layer width. The critical wave number for neutral
stability and maximum speed of travelling waves were obtained for a range of Prandtl numbers. In a
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subsequent study, the same authors, Daniels and Patterson [72] conducted investigation on short wave
instability of natural convection boundary layers over a vertical wall. Natural convection boundary
layer was formed due to sudden heating of a vertical wall. Asymptotic form of growth rate and
phase speed of disturbances, whose wavelength was comparable to the width, was obtained using
quasi-steady state approximation. Both inviscid and viscous instability were considered. The phase
speed of the disturbances were found to approach the maximum speed of the boundary layer when the
wavelength was increased. A five star structure was found to extend outside and across the boundary
layer. Dachun and Hanxun [73] presented instability analysis of natural convection boundary layer
about a vertical heated plate. Parallel flow stability analysis and experimental results were presented.

Williamson and Armfield [74, 75] studied conjugate natural convection boundary layers to inves-
tigate stability characteristics. The boundary layers were formed by joining adjacent two dimensional
rectangular vertical cavities, joined along the vertical wall with infinite thermal conductivity. The
conjugate nature of boundary layers preponed the absolute instability. The aspect ratio of the cavities
showed weak influence on the instability. Aberra et al. [76] studied instability of natural convection
boundary layer flow on a vertical plate subjected to uniform heat flux. They performed direct numer-
ical simulations and linear stability analysis for air and water. The critical Rayleigh numbers were
obtained separately for velocity and temperature signals. The dependence of instability on Prandtl
number, Rayleigh number and excitation frequency was presented.

The inclination of the plate can show a dramatic influence on the stability characteristics of the
natural convection boundary layers as the orientation of the plate is changed the direction of interac-
tion of buoyancy forces with the viscous and inertial forces change. Many studies have reported the
inclination effect on the instability. Sparrow and Husar [77] reported an array of longitudinal vortices
in natural convection of water flows on an inclined plate. At the downstream locations, vortex pair-
ing was observed. The vortex pairing resulted in turbulent flow. Lloyd and Sparrow [78] performed
experiment on instability of flow over inclined plate. Two types of instability modes were found de-
pending on the inclination angle of the plate with respect to vertical direction. Tollmien-Schlichting
waves were found for inclinations less then 14◦. For inclination angle greater than 17◦, a system
of longitudinal vortices were generated as a result of instability. For inclinations between 13◦ and
17◦, both Tollmien-Schlichting type and longitudinal vortices were present. Pera and Gebhart [79]
conducted analytical and experimental study on natural convection boundary layer flow about a hor-
izontal and slightly inclined surfaces. The study also included diffusion of chemical species. Their
linear stability results predicted the correct trends of stability limits for both horizontal and slightly
inclined surfaces. However, the actual values were not in good agreement with experimental obser-
vations. The difference between theory and experiment may be due to three dimensional effects in
the attached boundary layer region and from separation like phenomenon in the downstream. Natural
convection over inclined plate was studied by Shaukatullah and Gebhart [80].

Temporal linear stability of inclined natural convection boundary layer was studied by Chen et
al. [81]. Zeurcher et al. [82] presented experimental results of pairing of vortices. Natural convection
flow over an inclined plate subjected to constant heat flux was studied by Jeshke and Ber [83]. The
authors performed analysis of linear and non-linear vortex instabilities by adopting marching proce-
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dure. Spatial stability of natural convection flows over inclined plates was studied by Tumin [84].
Modes of travelling waves and stationary longitudinal vortices were analysed in the study. Method of
multiple scales was adopted for non-parallel stability analysis. The results showed that non-parallel
effects show stabilising influence. For the vortex instability mode, neutral point at some location from
the leading edge depended on the initial conditions. However, at farther locations downstream, the
neutral points became independent of the initial conditions.

Stratification of the medium outside of the boundary layer is another important parameter which
influenced the stability of natural convection boundary layers. Several studies investigated the effect
of stratification of the medium. Jaluria and Gebhart [85] experimentally and theoretically studied the
effect of stratified medium on the stability of buoyancy induced flow about a vertical plate subjected
to uniform heat flux. The stratification was found to stabilise the flow initially, but destabilise the flow
in the downstream. Results were presented for air and water, for several degree of ambiance stratifica-
tion. Their theoretical results agreed well with their experiment results conducted with water. Tao and
Zhuang [86] presented theoretical investigation of spatio-temporal instability of natural convection in
a vertical heated slot. Two unstable modes which were travelling waves and secondary cell, were
found. The travelling wave mode showed convective instability and secondary cell showed absolute
instability. Lei and Patterson [87] studied natural convection instability of water filled in a shallow
wedge. The wedge bottom was subjected to absorption of radiative heat transfer. The boundary layer
formed on the wedge was shown to be potentially unstable to the Rayleigh-Benard instability. The
study presented critical Grashof number value.

Tao et al. [88] investigated spatio-temporal instability of vertical natural convection boundary
layer which was immersed in a thermally stratified medium. The study was carried out for plate tem-
perature varying linearly. Absolute-convective instability transition of this flow was observed in the
context of parallel stability analysis. Increasing of the temperature gradient along the plate decreased
the domain of absolute instability and at sufficiently large temperature gradient, absolute instability
disappeared. When the plate was isothermal, the absolute instability decreased with Prandtl num-
ber and absolute instability disappears for Prandtl number greater than 70. For uniform flux surface
condition, the instability was found to be convective for wide range of Prandtl numbers. The base
flow showing the absolute-convective instability transition were found to have inviscid origins of con-
vective instability. In a similar study, Tao et al. [89] reported spatio-temporal instability of natural
convection over a heated plate immersed in a thermally stratified medium. The temperature gradient
ratio between the wall and ambient fluid caused many absolute-convective instability transitions. The
authors presented numerical simulations which were consistent with their theoretical results. McBain
et al. [90] studied linear stability of buoyancy layer about a uniformally heated vertical wall embed-
ded in a stratified fluid. The authors carried out the study using linear stability and direct numerical
simulation. The base flow considered was varying in time and height. For Reynolds number greater
than critical value, two dimensional unstable travelling waves were found for certain Prandtl number
values. Their linear stability results were in good agreement with those results of direct numerical
simulations. Dodgson et al. [91] studied vortex instability of natural convection boundary layers em-
bedded in a porous medium. The results showed that vortex instability was not an absolute instability
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as a result of growing disturbances travel in the downstream direction faster than upstream direction.
Their computations were in good agreement with the parabolic simulation which was valid for near
vertical limit.

1.3.2 Stability of mixed convection boundary layers

Mucoglu and Chen [92] performed linear stability analysis of mixed convection flow over a vertical
plate of uniform surface temperature. The study included assisting and opposing mixed convection
flows. The buoyancy makes the flow more stable in assisting flow situation, and makes the opposing
flow to be more unstable. Wave instability characteristic of mixed convection flow about an isothermal
vertical flat plate was carried out by Lee et al. [93] for the Prandtl number of 0.7 and 7. Dual solutions
for critical parameter values were reported in certain parameter range. This showed the limiting
case of Blasius flow and pure free convection flow correspond to two different modes. Brewster and
Gebhart [94] studied linear stability of mixed convection boundary layer over an isothermal surface.
The study was carried out for aiding and opposing mixed convection where the forced convection
effects were small compared to natural convection effects. For aiding mixed convection of air, a
small separated region of instability in the upstream of usual neutral curve. In this region, selective
amplification of narrow band of disturbance frequencies with small growth rate was found. In the
further downstream locations, disturbance growth for aiding free stream were found to be slower than
those of natural convection. However, for opposing mixed convection, the growth rates were faster
than those of natural convection. For the case of water, aiding flow was destabilising factor compared
to the natural convection. The opposing flows stabilise the flow compared to pure natural convection.

Moresco and Healey [3] performed study on spatio-temporal instability in mixed convection
boundary layer over vertical isothermal plate. The study adapted mixed convection formulation such
a way that as Richardson number varied from 0 to∞, the formulation represented smooth variation
from pure forced convection to pure natural convection through the mixed convection regime. The
base flow equations were solved using Keller-Box method. Disturbance equations were discretised
using spectral method. The study showed that for aiding mixed convection, the instability mode was
of convective instability. Absolute instability was observed for certain parameter value for opposing
mixed convection configuration. Their analysis of Rayleigh equation showed that the absolute in-
stability had inviscid origin. Venkatasubbaiah and Sengupta [95] reported spatial stability analysis of
mixed convection boundary layer flows using linear stability analysis and direct numerical simulation.
A double loop in the neutral curve was reported in the opposing mixed convection for small Richard-
son numbers. They also performed direct numerical simulation to verify the linear stability analysis
results. Mureithi and Denier [96] investigated mixed convection boundary layer flows which were
subjected to external pressure gradient. Their study showed that the flow was convectively unstable
below a critical buoyancy parameter and was absolutely unstable greater than the critical buoyancy
parameter. The convective type spatial mode was found in the study showed mode crossing behaviour
at lower frequencies. Thermal buoyancy acted as destabilising factor to the absolutely unstable spatial
mode.

The mixed convection boundary layers adjacent to vertical plate differ much from the boundary
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layers formed over a horizontal plate due to the difference in the direction of heating and gravity
force. Stability of mixed convection over horizontal plates were examined in many studies. For
instance, thermal instability of mixed convection along an isothermal horizontal plate was reported
by Wu and Cheng [97]. The study was based on non-parallel base flow assumption. The critical
Grashof number values were presented for wide range of Prandtl numbers. The vortex instability
mode was examined in this study. For the same flow configuration, linear stability results for wave
instability were reported by Chen and Mucoglu [98]. Sengupta et al. [99] studied spatial stability
of mixed convection boundary layer flow over a horizontal plate. The study was carried out for
wall temperature varying inversely proportional to square root of the distance from the leading edge.
Compound Matrix Method (CMM) was used for the solution of the disturbance equations. For certain
Richardson number values, the study reported two-lobed neutral curve. The above study reported
some corrections of the results presented in Sengupta and Venkatasubbaiah [100]. In a similar study,
stability analysis of mixed convection flow over an isothermal horizontal plate was performed by
Venkatasubbaiah [101]. The mixed convection flow was considered for small Richardson numbers.
The non-similar mixed convection boundary layer equations were solved numerically. Neutral and
critical parameters were reported for assisting and opposing mixed convection flows. The results
showed that as the buoyancy force was increased, the flow became less stable in assisting mixed
convection, and more stable in the opposing mixed convection flow.

Sengupta et al. [102] performed study on direct numerical simulation of mixed convection insta-
bility over a horizontal and wedged flow. The receptivity study of mixed convection flow was carried
out for an adiabatic horizontal plate, significantly cooled and strongly heated isothermal wedge flow.
The receptivity study was carried out for disturbance due to wall excitation. The authors initially tried
to find equilibrium solutions using direct numerical simulation of Navier-Stokes equations. However,
the equilibrium solutions could not be achieved, which prompted to re-investigate various instability
mechanism of mixed convection flows. The authors presented the necessary conditions for inviscid
instability, for a mixed convection parallel flow. The study explained relative rules of inviscid and vis-
cous mechanism for strong heat transfer effects. Lee et al. [103] carried out non-parallel flow analysis
of linear wave instability of mixed convection flow along an inclined isothermal plate. The results
showed that net effect of buoyancy force on critical Reynolds number became zero for inclination
angle of 1.05◦. For inclination greater than 1.05◦, increase in Richardson number stabilised the flow.
For the inclination less than 1.05◦, increasing value of Richardson number destabilised the flow.

1.3.3 Stability of lid driven cavity flows

The linear stability of boundary layer flows can be carried out by assuming the base flow to be parallel
or varying weakly in the streamwise direction. However, for the flows in enclosures such as lid
driven cavity, such parallel flow assumptions can not be made as the base flow is highly non-parallel.
Hence, for the flows in the enclosures, base flow should be considered as two dimensional or three
dimensional. To study linear stability of such flows, global linear stability analysis is used. The global
stability analysis is computationally much more expensive than the parallel linear stability analysis.
The studies on linear stability of lid driven cavity flows are reviewed below.
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The detailed review of flows in lid driven cavities are provided by Shankar and Deshpande [104].
Ramanan and Homsy [105] studied linear stablity of lid driven cavity flow. They presented the critical
Reynolds number and damping rate. The variation of damping rate with respect to spanwise wave
number was presented. The results were analysed through energy calculations. The stability curves
were found to be relatively flat implying any shorter wavelength modes at a slightly higher values of
Reynolds number. For Reynolds number 730, second competing mode with a wave length close to
the cavity width was found. In a series of papers, Ding and Kawahara [106–108] studied instability
of two dimensional cavity flow with applied three dimensional disturbances over a range of Reynolds
numbers. The presented the critical wave lengths, stability curves. They obtained Taylor-Gortler like
vortices in the cavity by means of reconstruction of three dimensional flows. Linear stability results
of three dimensional lid driven magneto hydrodynamic cavity flows were presented by Shatrov et
al. [109]. In their study, the flow was subjected to external magnetic field in the direction parallel
to the lid. Two dimensional flow structure was strongly influenced by the Lorentz forces resulting
change in shape, strength and number of the eddies. In some parametric range, magnetic field was
found to stabilise the 3D flow. However, the flow around Re = 3100, several branches of neutral
stability curves existed. In this range, for a given Reynolds number, the increased magnetic field
could lead to transition from steady state to oscillatory unstable flow. Theofilis et al. [110] presented
linear viscous global stability results for rectangular duct flow, Coutte flow, cavity flows and 2D-
Coutte lid driven cavity flows. For lid driven cavities, they presented critical Reynolds number and
the first few Eigen modes for various values of spanwise wave numbers. Comparison was made with
the results of Ramanan and Homsy [105], Ding and Kuwahara [106]. For lid driven cavity flows, the
authors also presented results for various cavity aspect ratios and they found that most unstable mode
was stationary mode which followed three traveling wave modes. The variation of growth rate with
wave number for various Reynolds number were presented.

Non et al. [111] extended the linear global stability analysis for three dimensional lid driven cav-
ity flows. The computation was extended for larger range of spanwise wave numbers (in the range
of 0 to 25). The authors discussed rich dynamics of flow beyond the bifurcation. They used adaptive
piecewise linear continuation method for finding the neutral stability curves in the wide range of span-
wise wave numbers. Global stabiliy analysis of lid driven cavity was studied by Chicheportiche et
al. [112]. The first bifurcation characterised by three-dimensional Taylor-Gortler like stabilities were
studied for cubical cavity applying periodic boundary condition in spanwise direction for Re = 1000.
The modes predicted by linear global stability analysis were compared to their direct numerical sim-
ulation. The bifurcation found in the study differed much with the bifurcation found in the cavity
with no slip walls in the spanwise direction. Their study predicted a stationary mode as most unstable
mode. Bopanna and Gajjar [113] presented global linear stability analysis results for lid driven cav-
ity using a hybrid scheme with spectral collocation and high order finite difference schemes. They
reported global stability of lid driven cavities for various aspect ratios. Kuhlmann and Stefan Alben-
soeder [114] studied stability of three dimensional flow in a lid driven cube using collocation method.
They found the bifurcation was of Hopf type and slight sub-critical. The flow above critical point
was oscillatory and symmetric with respect to symmetric mid-plane. The oscillation amplitude grew
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slowly and appeared to saturate for a longer duration. The constant amplitude oscillations were un-
stable. The periodic oscillations were interrupted by sharp bursts. During the bursts, amplitude of
oscillations substantially grew and the spatial structure of stream wise vortices changed. The insta-
bility of lid driven flow in a cube was studied by Gelfgat [115], for the case of lid moving parallel to
the cube side wall and lid moving parallel to diagonal plane. Their results showed the bifurcation to
be sub-critical for zero spanwise wave number. For the case of lid velocity parallel to wall, the flow
was found to be symmetric with respect to mid plane. The corresponding limit cycle was unstable.
Hence, the flow was oscillatory and non-symmetric. For the case of lid driven in direction parallel to
the diagonal, the most unstable disturbance was non-symmetric.

1.3.4 Stability of convection flows of water including density inversion

Hwang et al. [116] reported that the density inversion effect stabilised the fluid layer. Malkus and
Veronis [117] carried out non-linear analysis through perturbation technique. They expanded non-
linear equations as a sequence of linear equations for small deviations from neutral stability. Vero-
nis [118] studied linear stability of water layer near density inversion. The bottom wall was kept at
0◦C and the top wall was kept at 4◦C or 8◦C. The author presented critical Rayleigh number based
on the height of the unstable layer. Yen [119] investigated linear stability of water layer by melting
ice from below. The study suggested that the critical value of Rayleigh number was not a unique
value. The critical Rayleigh number varied with temperature of lower rigid surface. In a subsequent
work, the same problem was also studied by including heating from the top in the study by Yen and
Galea [120]. Sun et. al [121] examined linear stability of water layer near its density inversion which
was subjected to heating from above and below. The authors reported the critical Rayleigh number
of instability which depended on two defined thermal parameters. Moore and Weiss [122] studied
water layer subjected to stress free boundary conditions. Their transient simulations showed that the
convection could show oscillations in the stable upper layer. The authors reported sub-critical bifur-
cation. The non-linear oscillations were found to be pronounced near the density interface separating
the unstable and stable fluid layers. Wu and Cheng [123] performed study on the thermal instability
of horizontal fluid layer. The effect of surface tension and buoyancy force on the instability in the
layer is studied. The stability results reported for Rayleigh, Morangoni and Biot numbers. Merker et
al. [124] conducted an analytical and experimental study on stability of horizontal water layer. The
study also investigated the effect of non-linear density variation with respect to temperature versus
linear density variation with temperature.

Seki et al. [125] studied horizontal water layer including density inversion with a rigid-rigid
boundary condition on top and bottom walls. In the study, the horizontal ice was melted due to
the applied heat on the top surface. The study was carried out using both analytical and experimental
methods. Their analytical results agreed well with the experimental results. The same authors [126]
conducted study on stability of horizontal water layer near its density inversion with free and rigid
boundary condition. Solutions were obtained using linear perturbation analysis. The neutral curves
were presented for various Rayleigh and Biot numbers. Merker et al. [127] performed linear stability
analysis of horizontal water layer near with density inversion point. They used Galarkin method to
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solve perturbation equations. The stability analysis was carried out for top boundary subjected to
either constant temperature or constant heat flux, while the temperature of bottom boundary kept as
variable. Experiments were conducted to study the above problem by Merker and Straub [128]. Blake
et al. [129] carried out numerical study to find the effect of Rayleigh number, bottom wall temperature
and aspect ratio on the conduction characteristics. They reported critical Rayleigh number were an
agreement with the critical Rayleigh number obtained from linear stability. Natural convection of wa-
ter near its density inversion was discussed in detail in the monograph by Yen [130]. The convection
in confined horozontal layers, confined vertical layers and rectangular enclosures and annulus, were
addressed. The stability of horizontal water layers and vertical water layers were presented in detail.
Tong and Koster [131] presented numerical solutions for the onset of stability of an infinite horizontal
layer of water near its density inversion using finite element method. The study was carried out for
both heating from top and heating from bottom. The influence of aspect ratio on critical Rayleigh
number was presented. The study also presented correlation for critical Rayleigh number when the
water layer was heated from below and above. Mamou et al. [132] conducted linear stability analysis
of a horizontal porous cavity filled with water near its density inversion. The study used Brinkman-
extended Darcy model. The disturbance equations were solved using Galarkin and finite element
method. The results are presented for onset of convection for various cavity aspect ratios and Darcy
number.

1.4 Summary of the literature review

Several mathematical techniques were used in the literature to solve the boundary layer convective
flows. For the solutions of boundary layer flows, similarity methods by [29, 37], approximate solu-
tions such as local non-similarity method by [133, 134] and series expansion method by [135] were
used. Perturbation method were used to solve boundary layer flows by few authors such as Yang
and Jerger [136] and Seetharamu and Dutta [137], due to its inherent advantages. In a recent study,
Gavara et al. [138] used perturbation method to solve the boundary layer mixed convection over a ver-
tical plate in air with temperature boundary condition. The main advantage of perturbation method
is that the calculated universal functions are valid for an arbitrary wall temperature variation. Hence,
the results can be easily used to get solutions for any arbitrary wall temperature variation condition
without need for solving any differential equation again for different temperature variation. From the
literature, it can be found that perturbation solutions of boundary layer mixed convection of water
flows with the effect of density inversion for arbitrary varying wall temperature and wall heat flux are
not available in the literature.

The similarity solutions for boundary layer flows of water with density inversion are presented
in few studies. Goren [60] presented similarity solution of free convection boundary layer flow over
isothermal plate for density inversion of water. Similarity solutions of natural convection boundary
later flows of water near its density inversion over a surface of power-law varying temperature, are
presented by Soundalgekar [139]. Similarity solutions for natural convection boundary layer flow
over a plate subjected to constant heat flux in a porous media filled with water near density inversion
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is reported by Kumaran and Pop [43]. Vighnesam and Soundalgekar [5] presented similarity solu-
tions for mixed convection boundary layer flows over a surface with power-law varying temperature.
However, it is found from the literature that similarity solutions for natural convection and mixed con-
vection boundary layer flows over a vertical plate of power-law varying surface flux were not reported
in the literature.

Stability of natural and mixed convection boundary layer flows were addressed in numerous stud-
ies. Most of the studies on boundary layer flows treated the base flow with the assumption of parallel
or weakly non-parallel. Wave type and Taylor-Gortler type of instabilities are reported for natural
as well as mixed convection boundary layer flows. Some flows considered the non-linear stability
through weakly non-linear assumption or through Direct Numerical Simulations (DNS). Many stud-
ies in the past, performed non-linear direct numerical simulation to validate the predictions of linear
stability analysis. Many experimental studies are also reported for natural as well as mixed convection
boundary layers. Several linear instability studies are reported for lid driven cavity flows. The critical
Reynolds number, the type of most unstable disturbance whether it is a stationary or time varying
mode, was the focus of the studies. The studies were carried out by assuming wave type disturbance
in the third direction.

From the literature survey on linear stability, it can be concluded that even though the bound-
ary layer convection flows without density inversion were addressed in large number of studies, the
convection flows of water with density inversion, has not been addressed sufficiently. Even though,
the linear stability of lid driven cavity flows without heat transfer were reported in many studies,
the stability characteristics of lid driven flow including heat transfer with density inversion was not
addressed. The present study aims to address the above gaps in the literature.
Novelty
The following novelties are drawn from the literature;

• Perturbation solutions of mixed convection boundary layer with effect of density inversion for
arbitrary wall temperature/heat flux.

• Similarity solution for mixed/natural convection boundary layer with power-law varying surface
flux.

• Linear stability of natural/mixed convection boundary layers with density inversion.

• Stability characteristics of lid driven cavity with density inversion.

1.5 Objectives of the thesis

The objective of the present work is to study the effect of density inversion of water on stability and
convection characteristics of water flows. The objectives are set as following regarding the convection
flows of water with density inversion:

• Perturbation and similarity solutions for arbitrarily varying wall temperature and heat flux with
density inversion.
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• Temporal and spatial stability analysis with density inversion.

• Global stability of lid driven cavity.

1.6 Organisation of the thesis

In chapter 1, introduction to convection of density inversion in water is described along with the
applications. It also includes the literature survey and conclusions from the literature, followed by the
objectives of the present work. In chapter 2, study of mixed convection boundary layer flows about
a vertical plate with varying temperature near density inversion of water, is presented. In chapter 3,
the effect of density inversion of water in convective flows of varying heat flux over vertical plate is
described. Chapter 4 reports the similarity solutions of natural and mixed convection flow of water
about a vertical plate specified with variable wall heat flux. In chapter 5, numerical formulations
of linear stability analysis of boundary layer flows is presented. Linear stability analysis of natural
convection boundary layer flow over a flat plate of uniform surface temperature and uniform heat flux
is described. The plate inclination study on stability is also described in chapter 6. Chapter 7 consists
of linear stability analysis of mixed convection boundary layer flows over vertical isothermal plate.
Chapter 8 reports linear global stability analysis of mixed convection flows in a lid driven square
cavity. The conclusions and future scope of the present work are discussed in chapter 9.
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Chapter 2

Aiding and opposing mixed convection about
a wall of varying temperature

In this chapter, mixed convection boundary layer flows over a wall of arbitrarily varying surface
temperature, including density inversion effect is solved using perturbation method. The physical
system, solution methodology and the obtained results are presented.

2.1 Physical system

The physical system of the present study is shown in figure 2.1. Water flows over the vertical surface
and forms the mixed convection boundary layer. The free stream velocity is v∞ and free stream
temperature of the water is T0, which is the temperature corresponding to density maximum (ρ0).
The temperature of the wall and water are considered in the range, for which the density inversion of
water is valid. The plate is subject to an arbitrarily varying wall temperature which is a function of
vertical distance. Both the aiding as well as opposing mixed convection are solved in this study. The
physical and coordinate systems are shown in figures 2.1(a) and 2.1(b) for aiding and opposing mixed
convection, respectively.

2.2 Mathematical model

The steady, laminar and incompressible flow is assumed. The effect of viscous dissipation and ra-
diation on mixed convection, are assumed to be negligible. The study is carried out for which the
boundary layer approximations are valid. The temperature in the boundary layer is assumed in the
range for which water show density inversion. The properties of water are assumed to be constant, ex-
cept the density variation with respect to temperature in buoyancy term. The variation of density with
respect to temperature is approximated using different function by various authors such as [1,5,9] in
the literature. In the present study, the following density-temperature approximation is taken which is
used in [5],

ρ

ρ0

= 1− γ(T − T0)2 (2.1)
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Figure 2.1: Schematic of physical and coordinate systems

where, ρ0 is the maximum density at temperature of T0 = 3.98◦C and γ = 8.0×10−6 C−2 is a constant.
This correlation is valid for the temperature range 0 − 12◦C with admissible error limit which was
reported in [1]. Under the above assumptions, the governing equations for mixed convection flows
can be written as follows,
Continuity equation

∂u

∂x
+
∂v

∂y
= 0 (2.2)

y-momentum equation

u
∂v

∂x
+ v

∂v

∂y
= ν

∂2v

∂x2
± gγ(T − T0)2 (2.3)

Energy equation

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂x2
(2.4)

The ‘+’ and ‘−’ signs in Eq. (2.3) refer to aiding and opposing mixed convection flows, respec-
tively.

No slip and no penetration conditions are specified at the wall. The free stream velocity and
temperature are uniform and v∞ and T0, respectively. Mathematically, the boundary conditions are

At x = 0 : u = v = 0, T = Tw(y) (2.5)

At x→∞ : v → v∞, T → T0 (2.6)

To eliminate the coupling between continuity and momentum equations, u and v velocities are
expressed in terms of stream function as

u = −∂ψ
∂y
, v =

∂ψ

∂x
. (2.7)
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With these u and v velocities definitions, the momentum and energy equations given by Eqs. (2.3)
and (2.4), respectively, are converted into

∂ψ

∂x

∂2ψ

∂x∂y
− ∂ψ

∂y

∂2ψ

∂x2
= ν

∂3ψ

∂x3
± gγ(T − T0)2 (2.8)

∂ψ

∂x

∂T

∂y
− ∂ψ

∂y

∂T

∂x
= α

∂2T

∂x2
(2.9)

The boundary conditions (2.5) and (2.6) in stream function forms are as following,

At x = 0 :
∂ψ

∂x
=
∂ψ

∂y
= 0, T = Tw(y) (2.10)

At x→∞ :
∂ψ

∂x
→ v∞, T → T0. (2.11)

2.3 Solution of the governing equations

For the solutions of the governing equations, the following transformations are applied in terms of
dimensionless stream function f , dimensionless temperature θ and independent variable η

f(η, λ0, λ1, · · · , λn, · · · ) =
ψ(x, y)
√
νv∞y

(2.12)

θ(η, λ0, λ1, · · · , λn, · · · ) =
T (x, y)− T0

Tw(y)− T0

(2.13)

η(x, y) = x

√
v∞
νy

(2.14)

In the above transformations, λ0, λ1, · · · , λn are a set of perturbation variables which are functions
of vertical distance y. It can be observed that the above transformations are similar to the transforma-
tions by similarity variable method except that in the above transformations, perturbation variables
present additionally.

Using the transformations, given by Eqs. (2.12), (2.13) and (2.14), the momentum and energy
equations (2.8) and (2.9), respectively, transformed into the following forms

∂3f

∂η3
= −f

2

∂2f

∂η2
± Gry
Re2

y

θ2 − ∂2f

∂η2
y
∞∑
n=0

∂f

∂λn

∂λn
∂y

+
∂f

∂η
y
∞∑
n=0

∂2f

∂λn∂η

∂λn
∂y

(2.15)

1

Pr

∂2θ

∂η2
= −f

2

∂θ

∂η
− ∂f

∂η
y
∞∑
n=0

∂θ

∂λn

∂λn
∂y

+
∂θ

∂η
y
∞∑
n=0

∂f

∂λn

∂λn
∂y

+ y
∂f

∂η

(
θ

Tw − T0

)
∂Tw
∂y

(2.16)

In the above equations, Gry/Re2
y is the governing parameter which is local modified Richardson

number. Gry and Rey are modified Grashof number and Reynolds number, respectively, which are

Gry =
gγ(Tw − T0)2y3

ν2
(2.17)
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and
Rey =

v∞y

ν
. (2.18)

The boundary conditions (2.10) and (2.11) in terms of dimensionless parameters f , θ and η are as

At η = 0 : f = 0,
∂f

∂η
= 0, θ = 1 (2.19)

At η →∞ :
∂f

∂η
→ 1, θ → 0 (2.20)

It is examined that Eqs. (2.15) and (2.16) involve two independent variables y and η and the
equations are in the form of partial differential equations. It can also be observed from the analysis
that Eqs. (2.15) and (2.16) become functions of η and λn if λn(y) is taken in the following form
( [137])

λn(y) =
yn+1

Tw − T0

dn+1

dyn+1
(Tw − T0) (2.21)

where, Tw−T0 is infinitely differentiable with respect to y. It is found that even with above definition
of λn(y), the resulting equations contain independent variables as η and λn(y) and the equations
are still partial differential equations. To convert these equations into sets of ordinary differential
equations, the dimensionless stream function and dimensionless temperature are expanded in the
following forms

f(η, λ0, λ1, · · · , λn, · · · ) = F (η) + λ0f0(η) + λ1f1(η) + λ2f2(η) + · · ·+ λ2
0f00(η) + · · · (2.22)

θ(η, λ0, λ1, · · · , λn, · · · ) = H(η) + λ0θ0(η) + λ1θ1(η) + λ2θ2(η) + · · ·+ λ2
0θ00(η) + · · · (2.23)

where, λ0, λ1, · · · , λn(y), · · · are the perturbation variables while F (η), f0(η), f1(η), · · · , f00(η), · · ·
and H(η), θ0(η), θ1(η), · · · , θ00(η), · · · are coefficient functions for stream function and temperature,
respectively. Substituting Eqs. (2.21), (2.22) and (2.23) into the Eqs. (2.15) and (2.16), the equations
take the following forms

F ′′′ + λ0f
′′′
0 + λ1f

′′′
1 + λ2f

′′′
2 + . . .+ λ2

0f
′′′
00 + λ2

1f
′′′
11 + · · · = −1

2
FF ′′ ± Gry

Re2
y

H2 + λ0

(
−1

2
Ff0

′′

−3

2
f0F

′′ + F ′f ′0 ±
Gry
Re2

y

2Hθ0

)
+ λ1

(
−1

2
Ff1

′′ − 5

2
f1F

′′ ± Gry
Re2

y

2Hθ1 − F ′′f0 + F ′f0 + 2F ′f
′

1

)
+ λ2

(
−1

2
Ff ′′2 −

7

2
f2F

′′ ± Gry
Re2

y

2Hθ2 − F ′′f1 + F ′f ′1 + 3F ′f ′2

)
+ λ2

0

(
−1

2
Ff ′′00 −

5

2
f00F

′′ − 3

2
f0f

′′

0 ±
Gry
Re2

y

(Hθ00 + 2Hθ0) + F ′′f0 + 2F ′F
′

00 + f
′

0f
′

0 − F ′f
′

0

)
+ λ2

1

(
−1

2
Ff ′′11 −

5

2
F ′′f11 −

3

2
f1f

′′
1 − f0f

′′
1 +2F ′F ′11 ±

Gry
Re2

y

(θ2
1 + 2Hθ11) + f ′0f

′
1 + 2f ′1f

′
1

)
+ · · ·

(2.24)
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1

Pr
(H ′′ + λ0θ

′′
0 + λ1θ

′′
1 + λ2θ

′′
2 + . . .+ λ2

0θ
′′
00 + λ2

1θ
′′
11 + . . .) = −1

2
FH ′ + λ0

(
−1

2
Fθ

′

0

−3

2
f0H

′ + F ′θ0 +HF ′
)

+ λ1

(
−1

2
Fθ

′

1 −
5

2
f1H

′ + F ′θ0 + 2F ′θ1 −H ′f0

)
+ λ2

(
−1

2
Fθ′2 −

7

2
f2H

′ + F ′θ1 + 3F ′θ2 −H ′f1

)
+ λ2

0

(
−1

2
Fθ

′

00 −
5

2
f00H

′ + 2F ′θ00 −
3

2
f0θ

′

0 + f
′

0θ0 +H ′f0 +Hf0

)
+ λ2

1

(
−1

2
Fθ′11 −

9

2
f11H

′ + 4F ′θ11 −
5

2
f1θ
′
1 + f ′0θ0 + 2f ′1θ1 − f0θ

′
1

)
+ · · · (2.25)

Note that in the above equations, primes (′) denotes the differential with respect to η.
Equating on either sides of coefficients such as λ0, λ1, λ2, · · · , · · · , λn(y), · · · of above ordinary

differential equations, we get infinite number of sets of ordinary differential equations of various
universal functions. More number of sets of equations considered in the calculation, more will be the
accuracy of the solutions ( [140, 141]). The change in the solutions was found to be negligible, if the
sets of equations are considered beyond λ0, λ1, λ2, λ2

0 and λ2
1. The sets of equations considered in the

present study are as following.
Constant term:

F ′′′ = −1

2
FF ′′ ± Gry

Re2
y

H2

1

Pr
H ′′ = −1

2
FH ′

(2.26)

The set of coefficient of λ0:

f
′′′

0 = −1

2
Ff0

′′ − 3

2
f0F

′′ ± Gry
Re2

y

2Hθ0 + F ′f
′

0

1

Pr
θ′′0 = −1

2
Fθ

′

0 −
3

2
f0H

′ + F ′θ0 +HF ′
(2.27)

The set of coefficient of λ1:

f
′′′

1 = −1

2
Ff1

′′ − 5

2
f1F

′′ ± Gry
Re2

y

2Hθ1 − F ′′f0 + F ′f0 + 2F ′f
′

1

1

Pr
θ′′1 = −1

2
Fθ

′

1 −
5

2
f1H

′ + F ′θ0 + 2F ′θ1 −H ′f0

(2.28)

The set of coefficient of λ2:

f ′′′2 = −1

2
Ff ′′2 −

7

2
f2F

′′ ± Gry
Re2

y

2Hθ2 − F ′′f1 + F ′f ′1 + 3F ′f ′2

1

Pr
θ′′2 = −1

2
Fθ′2 −

7

2
f2H

′ + F ′θ1 + 3F ′θ2 −H ′f1

(2.29)
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The set of coefficient of λ2
0:

f
′′′

00 = −1

2
Ff00

′′ − 5

2
f00F

′′ − 3

2
f0f

′′

0 ±
Gry
Re2

y

(θ2
0 + 2Hθ00) + F ′′f0 + 2F ′F

′

00 + f
′

0f
′

0 − F ′f
′

0

1

Pr
θ′′00 = −1

2
Fθ

′

00 −
5

2
f00H

′ + 2F ′θ00 −
3

2
f0θ

′

0 + f
′

0θ0 +H ′f0 +Hf ′0

(2.30)

The set of coefficient of λ2
1:

f ′′′11 = −1

2
Ff ′′11 −

5

2
F ′′f11 −

3

2
f1f

′′
1 ±

Gry
Re2

y

(θ2
1 + 2Hθ11)− f0f

′′
1 + 2F ′F ′11 + f ′0f

′
1 + 2f ′1f

′
1

1

Pr
θ′′11 = −1

2
Fθ′11 −

9

2
f11H

′ + 4F ′θ11 −
5

2
f1θ
′
1 + f ′0θ0 + 2f ′1θ1 − f0θ

′
1

(2.31)

Expanding Eqs. (2.19) and (2.20) using Eqs. (2.22) and (2.23) and comparing the same powers of
λn(y), we get the following forms of boundary conditions for the above sets of differential equations
of coefficient functions.

At η = 0 : F = 0, f0 = f1 = f2 = f00 = f11 = 0

H = 1, θ0 = θ1 = θ2 = θ00 = θ11 = 0

F ′ = 0, f ′0 = f ′1 = f ′2 = f ′00 = f ′11 = 0

(2.32)

At η →∞ : F ′ = 1, f ′0 = f ′1 = f ′2 = f ′00 = f ′11 = 0

H = 0, θ0 = θ1 = θ2 = θ00 = θ11 = 0
(2.33)

The above sets of ordinary differential equations are coupled equations. For a given wall tempera-
ture variation, these equations are solved using shooting method. The ordinary differential equations
are integrated using fourth-order Runge-Kutta method. In the solutions, Prandtl number of water near
density inversion is taken to be 11.4. The solutions of the differential equations yield values of coef-
ficient functions with respect to independent variable η. The solutions of these functions are valid for
any arbitrary wall temperature variation. These functions are of general nature and hence, called as
“universal functions”.

For the fluid flow and heat transfer calculations of both aiding and opposing flows, universal
functions of stream function and temperature are required along with perturbation variables (see
Eqs. (2.22) and (2.23)). The universal functions for variousGry/Re2

y values are shown in figures 2.2–
2.3 for aiding and opposing flows. Figure 2.2 shows the universal functions of stream function and
temperature for Gry/Re2

y = 0, which corresponds to forced convection extreme. It can be seen from
figure 2.2(a) that the universal functions such as f0, f1 and f00 come out to be zero, for forced convec-
tion. This is due to the fact that forced convection flow field remains independent of wall temperature
variation. Since, perturbation variables λ0, λ1, . . ., λ00, . . . depend on wall temperature variation, to
get velocity independent of these functions, we need to have f0, f1 and f00 as zeros from Eq. (2.22).
Hence, the universal functions associated with perturbation variables do not contribute in the calcula-
tion of skin friction coefficient for forced convection. Figures 2.3(a) and 2.3(b) show the variation of
universal functions of stream function and temperature for aiding and opposing flows, respectively.
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2.4 Velocity, skin friction coefficient and Nusselt number calcu-
lations in terms of universal functions

The study predicts the velocity and temperature distributions in the boundary layer, drag and heat
transfer rates along the wall in mixed convection flows. The temperature distribution in terms of
universal functions can be directly calculated by Eq. (2.23). The velocity distribution and skin fric-
tion coefficient and heat transfer rates along the wall, in terms of universal functions are derived as
following.
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Figure 2.3: Universal functions of temperature and stream function for aiding and opposing flow

In stream function form, the vertical component of velocity can be written as v =
∂ψ

∂x
. From this

expression, v is obtained, using Eqs. (2.12) and (2.14), as follows

v =
∂ψ

∂x
=
√
v∞νy

∂f

∂η

∂η

∂x
= v∞f

′(η) (2.34)
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Substituting Eq. (2.22) in above equation, the dimensionless form of vertical component of velocity
in terms of universal functions is derived as,

v

v∞
= f ′(η) = F ′(η) + λ0f

′
0(η) + λ1f

′
1(η) + λ2f

′
2(η) + . . .+ λ2

0f
′
00(η) + λ2

1f
′
11(η) + . . . (2.35)

Skin friction drag in terms of universal functions is derived below. The local skin friction coefficient
can be written as,

Cfy =
τw

ρv2
∞

(2.36)

where, v∞ is free-stream velocity and τw is shear stress at wall (x = 0). Now, the wall shear stress in
the form of universal functions becomes,

τw = µ
∂v

∂x

∣∣∣∣
x=0

= µ
∂

∂x

(
∂ψ

∂x

)∣∣∣∣
x=0

= µv∞

√
v∞
νy

∂2f

∂η2

∣∣∣∣
η=0

(2.37)

Using Eq. (2.36) and Eq. (2.37) we get

Cfy

Re
−1/2
y

= f ′′(η)|η=0 = F ′′(0) + λ0f
′′
0 (0) + λ1f

′′
1 (0) + λ2f

′′
2 (0) + · · ·+ λ2

0f
′′
00(0) + λ2

1f
′′
11(0) + · · ·

(2.38)

To calculate the heat transfer rates along the wall, the local heat transfer coefficient h(y) can be
written as following,

h(y) =
qw(y)

Tw − T0

(2.39)

Now, the local Nusselt number is given as,

Nuy =
h(y) y

k
(2.40)

Using Eq.(2.39) in above equation, the local Nusselt number is derived,

Nuy =
qw(y)

Tw − T0

y

k
(2.41)

From Eq. (2.13), the temperature difference (Tw − T0) can be given as,

Tw − T0 = θη=0
qw(y)

k
y Re−1/2

y (2.42)

where, θη=0 is the dimensionless temperature corresponds to wall (η = 0). Substituting Eq. (2.42) in
Eq. (2.41) we get the heat transfer rates as

Nuy

Re
1/2
y

=
1

θη=0

(2.43)

26
TH-2490_146103014



Using Eq. (2.23), the heat transfer rates in Eq. (2.43) in the form of Nuy/Re1/2
y becomes

Nuy

Re
1/2
y

=
[
H(0) + λ0θ0(0) + λ1θ1(0) + λ2θ2(0) + · · ·+ λ2

0θ00(0) + λ2
1θ11(0) + · · ·

]−1 (2.44)

Table 2.1: Values of universal constants of stream function for aiding mixed convection flow for
various Gry/Re2

y values

Gry
Re2

y

F ′′(0) f ′′0 (0) f ′′1 (0) f ′′2 (0) f ′′00(0) f ′′11(0)

0 0.3321 0.0000 0.0000 0.0000 0.0000 0.0000
0.5 0.5366 -0.0655 0.0206 -0.0051 0.0030 0.0007
1 0.7170 -0.1162 0.0366 -0.0091 0.0032 0.0012
5 1.8496 -0.3998 0.1253 -0.0311 0.0014 0.0038
10 2.9790 -0.6695 0.2088 -0.0518 0.0003 0.0061
15 3.9730 -0.9045 0.2813 -0.0698 0.0001 0.0080

Table 2.2: Values of universal constants of stream function for opposing mixed convection flows for
various Gry/Re2

y values

Gry
Re2

y

F ′′(0) f ′′0 (0) f ′′1 (0) f ′′2 (0) f ′′00(0) f ′′11(0)

0 0.3321 0.0000 0.0000 0.0000 0.0000 0.0000
0.05 0.3096 0.0082 -0.0026 -0.0006 -0.0009 -0.0001
0.1 0.2865 0.0170 -0.0053 -0.0013 -0.0021 -0.0002
0.2 0.2385 0.0367 -0.0112 -0.0027 -0.0058 -0.0004
0.3 0.1875 0.0607 -0.0183 -0.0044 -0.0132 -0.0006

Table 2.3: Values of universal constants of temperature for aiding mixed convection flow

Gry
Re2

y

H ′(0) θ′0(0) θ′1(0) θ′2(0) θ′00(0) θ′11(0)

0 -0.7609 -0.4675 0.1028 -0.0228 0.0000 0.0000
0.5 -0.8297 -0.4958 0.1055 -0.0233 0.0162 0.0004
1 -0.8816 -0.5227 0.1088 -0.0239 0.0272 0.0007
5 -1.1160 -0.6628 0.1302 -0.0279 0.0635 0.0014
10 -1.2773 -0.7640 0.1473 -0.0312 0.0817 0.0019
20 -1.4810 -0.8923 0.1698 -0.0357 0.1016 0.0024

It can be seen from the Eqs. (2.38) and (2.44) that Cfy/Re−1/2
y andNuy/Re1/2

y depend on the uni-
versal functions of stream function (F ′′(0), f ′′0 (0), f ′′1 (0), f ′′2 (0), f ′′00(0), f ′′11(0), · · · ) and temperature
(θ(0), θ0(0), θ1(0), θ2(0), θ00(0), θ11(0), · · · ), respectively, and also on the perturbation variables (λ0,
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Table 2.4: Values of universal constants of temperature for opposing mixed convection flow

Gry
Re2

y

H ′(0) θ′0(0) θ′1(0) θ′2(0) θ′00(0) θ′11(0)

0 -0.7609 -0.4675 0.1028 -0.0228 0.0000 -0.0000
0.05 -0.7524 -0.4650 0.1026 -0.0228 -0.0019 -0.0001
0.1 -0.7436 -0.4627 0.1025 -0.0227 -0.0037 -0.0002
0.2 -0.7244 -0.4592 0.1025 -0.0227 -0.0068 -0.0004
0.3 -0.7026 -0.4584 0.1030 -0.0227 -0.0076 -0.0008

λ1, λ2, λ2
0, λ2

1, · · · ). Since, the universal functions need to be calculated only once for any particular
flow, the calculation of skin friction coefficient and heat transfer rates require perturbation variables.
As the perturbation variables depend on boundary conditions then for a given wall temperature, the
perturbation variables can be calculated. For a particular wall temperature, velocity, temperature, skin
friction coefficient and heat transfer rates can be calculated using universal functions and perturbation
variables using simple algebraic calculations, without solving any differential equations. To calcu-
late the skin friction coefficient, the universal functions of stream function at η = 0 for aiding and
opposing convection are shown in tables 2.1 and 2.2, respectively for various values of Gry/Re2

y.
For calculation of heat transfer rates, the required universal functions for temperature are given in
tables 2.3 and 2.4 for aiding and opposing flows, respectively.

2.5 Mixed convection flow for power law wall temperature vari-
ation

The universal functions found above are valid for any arbitrary wall temperature variation. In this sec-
tion, the results are applied for power law wall temperature. Power law variation of wall temperature
is chosen because many functions can be expressed in terms of power series. Hence, these results are
applicable for functions expressible in power series. The wall temperature is taken in the following
form

Tw − T0 = Aym (2.45)

where, A and m are constants. For the above power law wall temperature, the variables λ0, λ1, λ2
0,

· · · can be calculated using Eq. (2.21). They can be expressed in terms of m as

λ0 = m, λ1 = m(m− 1), λ2 = m(m− 1)(m− 2),

λ2
0 = m2, λ2

1 = m2(m− 1)2, · · · (2.46)

From the above expressions, for a given m value, perturbation variables (λ0, λ1, λ2, λ2
0, λ2

1, · · · )
can be calculated. Since, the perturbation variables and universal functions are known, velocity,
skin friction coefficient and heat transfer rates can be calculated from Eqs. (2.35), (2.38) and (2.44),
respectively. It is noticed that calculation of velocity and skin friction coefficient require derivatives
of universal functions for stream function which come as a solution of system of ordinary differential
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equations. The temperature variation with respect to η is found out using Eq. (2.23).

2.5.1 Validation

To validate the present methodology, mixed convection boundary layer flow of water over a vertical
plate, with density inversion effect, is simulated. The plate is specified with power law varying
temperature. The boundary layer flow is solved for various Gry/Re2

y and power law index values.
The skin friction coefficient for various values of Gry/Re2

y and power law index m is shown in
table 2.5. From the table, it can be seen that the present results show good agreement with the results
obtained by Vighnesam and Soundalgekar [5].

Table 2.5: Comparison of Cfy/Re−1/2
y for power law wall temperature variation obtained in the

present study to those presented by Vighnesam and Soundalgekar [5]

m
Gry
Re2

y

Present Vighnesam and % Deviation

study Soundalgekar [5]

0 0 0.3321 0.3320 0.03
0 -0.5 0.0705 0.0705 0
1 0.5 0.4741 0.4743 0.04
1 0.7 0.5272 0.5273 0.02

2.5.2 Fluid flow solutions

The dimensionless velocity (v/v∞ = f ′) for different η can be calculated using Eq. (2.35). The
variation of dimensionless velocity with respect to η is shown in figures 2.4 and 2.5 for aiding and
opposing flows, respectively for various values of Gry/Re2

y and wall temperature power index m = 0

and m = 1. It can be seen from the figures that for a given η value, the dimensionless velocity
increases with Gry/Re

2
y values in aiding flow, whereas, it decreases in opposing flows, for both

m values. This is due to the fact that external and buoyancy forces act in the same direction in
aiding flow situation. For a given values of Rey, increase in Gry/Re2

y represents increase in Gry.
Increase in Gry value physically represents increase in buoyancy force. Hence, in aiding mixed
convection, as the values of Gry/Re2

y increases, the strength of fluid flow increases resulting increase
in dimensionless velocity. However, in opposing flow, the buoyancy forces oppose the external forces.
Hence, increased buoyancy forces results in decreased effective driving force. This leads to reduction
in dimensionless velocity as the value of Gry/Re2

y increases.
From the variation of dimensionless velocity with respect to η, we can find out velocity bound-

ary layer thickness. The velocity boundary layer thickness corresponds to η at which v/v∞ equal to
0.99. The variation of dimensionless velocity boundary layer thickness (δy[v∞/νy]1/2) with Gry/Re2

y

for various values of m are shown in figures 2.6(a) and 2.6(b), respectively, for aiding and opposing
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Figure 2.4: Variation of dimensionless velocity with η for various values of Gry/Re2
y for aiding flow
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Figure 2.5: Variation of dimensionless velocity with η for various values of Gry/Re2
y for opposing

flow

flows. For a givenm value, the boundary layer thickness decreases with increasing values ofGry/Re2
y

in case of aiding mixed convection. This is because convection becomes stronger with increasing
Gry/Re

2
y values resulting thinner boundary layer. The opposite trend is observed for opposing flow

due to weaker convection as a result of opposing interaction of buoyancy and external forces. It may
be noted that dimensionless velocity curves for different m values coincide for Gry/Re2

y = 0 for
both aiding and opposing mixed convection. This is due to the fact that Gry/Re2

y = 0 represents
forced convection. In forced convection, velocity boundary layer is not affected by the wall temper-
ature boundary condition. Hence, it should be independent of m values. Hence, for Gry/Re2

y = 0,
boundary layer thickness becomes same for all m values.

The variation of skin friction coefficient (Cfy/Re−1/2
y ) with Gry/Re

2
y values is shown in fig-

ures 2.7(a) and 2.7(b) for aiding and opposing flows, respectively, for various m values. In both the
above flows, Cfy/Re−1/2

y values start with forced convection values and vary towards natural convec-
tion asymptote with increasing values of Gry/Re2

y for all power-index values. For a given m value,
value of skin friction coefficient is greater than corresponding forced convection values in aiding
mixed convection and Cfy/Re−1/2

y increases with increasing Gry/Re2
y values because buoyancy and

external forces act in same direction in aiding flow. Here, higher the value of Gry/Re2
y, stronger the
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Figure 2.6: Variation of velocity boundary layer thickness (δy[v∞/νy]1/2) with Gry/Re2
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m values

flow. Due to increased flow strength, the shear stress on the wall increases due to increased velocity
gradient on plate. Hence, skin friction coefficient increases with increasing Gry/Re2

y values.
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Figure 2.7: Variation of skin friction coefficient with Gry/Re2
y for various power index values m

In opposing flow, the value of skin friction coefficient is lower than corresponding forced convec-
tion values and it decreases with increasing Gry/Re2

y values. This trend is opposite to the trend in
aiding mixed convection. This is due to the opposite nature of interaction of buoyancy and external
forces in opposing flows.

The variation of skin friction coefficient with m values for various Gr/Re2 values is shown
in Figs. 2.8(a) and 2.8(b), for aiding and opposing flows, respectively. For aiding flow, it can be
seen from the figure 2.8(a) that the skin friction coefficient decreases with increasing value of m for
higher Gr/Re2 values while it remains almost constant for small Gr/Re2 values. It can be seen from
Eq. (2.38) that skin friction coefficient depends on universal constants (F ′′(0), f ′′0 (0), f ′′1 (0), etc.) and
associated constants such as λ0, λ1, λ2

0, · · · , etc. in Eq. (2.38), where λ0, λ1, λ2
0, · · · , etc. are propor-

tional to m values. In Eq. (2.38), first few terms dominate the skin friction coefficient and remaining
terms have comparatively less effect on skin friction coefficient. Table 2.1 shows that the first most
dominant term F ′′(0) is having big and positive values whereas the second most dominant term f ′′0 (0)
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is having negative and relatively small values for different Gr/Re2 values. Hence, the overall effect
of all dominating terms in the calculation decrease skin friction coefficient with increasing values of
m for aiding flow. While, in case of opposing flow, both F ′′(0) and f ′′0 (0) are found to be positive,
resulting increase in the value of skin friction coefficient with increasing values of m. In the figures,
plot for Gry/Re2

y = 0 corresponds to forced convection in both aiding and opposing flows. It also
can be observed that for Gry/Re2

y = 0, the value of skin friction coefficient remains constant with
increasing m values because forced convection flow is independent of the wall temperature boundary
condition.
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Figure 2.8: Variation of skin friction coefficient with m for various Gry/Re2
y values

2.5.3 Heat transfer solutions

The variation of dimensionless temperature with η is presented for m = 0 and m = 1 which is
shown in figures 2.9 and 2.10 for aiding and opposing mixed convection, respectively for various
Gry/Re

2
y values. It is observed from the figures that at particular η value, the dimensionless tempera-

ture decreases with increasing values of Gry/Re2
y for aiding flow, while the reverse trend is observed

for opposing flow. As the increased Gry/Re2
y represents strengthened resulting convection in aiding

flow, it leads to lowered temperatures. But in opposing flow increasingGry/Re2
y represents weakened

convection leading to higher temperatures.
From the computations of θ variations with η, the thermal boundary layer thickness can be found

out. Thermal boundary layer thickness corresponds to horizontal distance from wall to a point in
boundary layer at which θ value becomes 0.01. This means that the boundary layer thickness cor-
responds to η value at which θ value becomes 0.01. The variation of dimensionless boundary layer
thickness δT (v∞/νy)1/2 with Gry/Re2

y for various values of power-index m is shown in figure 2.11
for both cases of aiding and opposing mixed convection. It can be observed from figures that boundary
layer thickness, at a given y value, decreases monotonically with increasing Gry/Re2

y values for aid-
ing mixed convection. In aiding flow, as buoyancy complement external forces, increasing Gry/Re2

y
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Figure 2.9: Variation of dimensionless temperature with η for various values of Gry/Re2
y for aiding

flow
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Figure 2.10: Variation of dimensionless temperature with η for various values of Gry/Re2
y for oppos-

ing flow

value results in stronger convection and thinner boundary layer. The opposite trend is observed for
the case of opposing flow because, in this case, buoyancy opposes external forces.
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Figure 2.11: Variation of thermal boundary layer thickness (δT [v∞/νy]1/2) with Gry/Re2
y for various

m values
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To see the effect of Gry/Re2
y values on heat rates, the variation of Nuy/Re1/2

y with Gry/Re2
y

values for aiding case is shown in figure 2.12(a), for various m values. The corresponding plots for
opposing mixed convection are shown in figure 2.12(b). In aiding flow case, for a given m value,
heat rates increase with increasing Gry/Re2

y values. However, the heat rates decrease with values
of Gry/Re2

y in opposing flow case. In the above results, Nuy/Re1/2
y values for Gry/Re2

y = 0,
corresponds to forced convection asymptote. The Nusselt number starts with forced convection values
and varies towards natural convection asymptote with increasing Gry/Re2

y. When mixed convection
approaches forced convection extreme, the variation of Nusselt number becomes constant. This is
typical in mixed convection flows. It can be seen from the figures that for a given value of Rey,
Nusselt number increases with Grashof number. This is due to the fact that increased Grashof number
represents higher buoyancy forces, hence higher the heat transfer rates. For a given set ofGry andRey
values, the Nusselt numbers in case of aiding mixed convection are higher than those of opposing flow.
This is because the external flow complement buoyancy forces in aiding flow. However, in opposing
flow, the external forces oppose buoyancy forces, resulting lower heat transfer rates. For opposing
mixed convection, solutions are obtained for lower values of Gry/Re2

y, because at higher values, flow
separation takes place for which boundary layer approximations are not applicable as the boundary
layer tends to separate.
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Figure 2.12: Variation of Nuy/Re1/2
y with Gry/Re2

y for various values of m

The variation of heat transfer rates in terms of Nuy/Re1/2
y with variation of power index value

m is shown in figures 2.13(a) and 2.13(b), respectively, for aiding and opposing cases for various
Gry/Re

2
y values. From these figures, it is observed that the heat transfer rates increases with power

indexm for a givenGry/Re2
y value for both aiding and opposing flow situations. This is because with

increasing m value, temperatures increase at all points on the plate. Hence, at any given location of
the plate, the temperature difference between the plate and fluid increases with increasing m for any
given Gry/Re2

y value, resulting higher heat transfer rates. This is the reason why heat transfer rates
increase with increasing m values for all Gry/Re2

y values in both the cases of aiding and opposing
flows.

The essence of the perturbation method used in the present study is that the above results can
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Figure 2.13: Variation of Nuy/Re1/2
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y

be readily used for any arbitrary wall temperature variation without need for solving any differential
equation. For different temperature variations, λ0, λ1, λ2, λ2

0, λ2
1, . . . need to be calculated from

Eq. (2.46) which involves simple algebraic calculations.

2.6 Conclusion

Mixed convection flow over a vertical surface varying wall temperature is studied using perturbation
method. The wall temperature differentials are taken as perturbation functions. The sets of coupled
differential equations are solved to find out universal functions for stream function and temperature
which are independent of any arbitrarily wall temperature. Power law variation for wall temperature
is taken to demonstrate the universal applicability of universal functions. The results are presented for
velocity and temperature distributions in boundary layer, velocity and thermal boundary layer thick-
nesses, skin friction coefficient and heat transfer rates along the plate for various values of Gry/Re2

y

and wall temperature power law index. It is found that heat transfer rates increase linearly with in-
creasing value of power law index for both aiding and opposing flows, for all Gry/Re2

y values, for the
range of Gry/Re2

y values considered in the study. The main advantage of the perturbation method is
that the obtained universal functions are valid for any arbitrarily temperature variation. Hence, for dif-
ferent boundary condition, solutions can be obtained by calculating only perturbation variables along
with simple algebraic calculations. We do not need to solve any differential equation additionally to
get the solutions.
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Chapter 3

Mixed convection heat transfer about a
vertical surface of variable heat flux

In this chapter, mixed convection boundary layer flows over a wall of arbitrarily varying surface heat
flux, including density inversion effect is solved using perturbation method. The physical system,
solution methodology and the obtained results are presented.

3.1 Physical system

The physical system consist of a vertical flat plate. Water flows over the plate such that mixed con-
vection boundary layer is formed. The surface of the plate is subjected to wall heat flux varying
with arbitrary function of vertical distance. The free stream velocity and temperature are v∞ and T0,
respectively, where T0 is the temperature corresponds to the density maximum point near density in-
version. The temperature of the plate and water are in the range of temperatures in which water shows
density inversion. The schematic of the physical and coordinate systems are shown in figures 3.1(a)
and 3.1(b) for aiding and opposing mixed convection conditions, respectively.

3.2 Mathematical model

In the present study, mixed convection is assumed to be steady, laminar and incompressible. The
flow is assumed to be such that boundary layer approximations are valid. The viscous dissipation
and radiation effects are assumed to be negligible. The properties of the water are considered to be
constant except for the density variation with temperature in buoyancy term. The temperatures within
the boundary layer are assumed to be in the range of temperatures in which water shows density
inversion. The density variation of water with temperature in the buoyancy term is modelled with
different functions in different studies such as [1, 5, 43]. In the present study, the density variation
considered in the work of [1] is adopted, which is given by

ρ

ρ0

= 1− γ(T − T0)2 (3.1)
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Figure 3.1: Schematic of physical and coordinate systems

where, ρ0 is the maximum density at the temperature of T0 = 3.98◦C and γ = 8.0×10−6 ◦C−2 is a
constant. This correlation is within acceptable error limit in temperature range 0− 12◦C [1]. With the
above considerations, governing equations for boundary layer flows take the following form
Continuity equation

∂u

∂x
+
∂v

∂y
= 0 (3.2)

y-momentum equation

u
∂v

∂x
+ v

∂v

∂y
= ν

∂2v

∂x2
± gγ(T − T0)2 (3.3)

Energy equation

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂x2
(3.4)

where, α is thermal diffusivity of water. The ‘+’ and ‘-’ signs associated with body force term in
Eq. (3.3) represent the aiding and opposing mixed convection flows, respectively. The above gov-
erning equations are subjected to following boundary conditions. No slip, no penetration conditions
prevail at the plate surface. The velocity and temperature outside of the boundary layer are uniform
with v∞ and T0, respectively. These boundary conditions can be mathematically expressed as

At x = 0 : u = v = 0, q = qw(y) (3.5)

At x→∞ : v → v∞, T → T0 (3.6)

To convert the above governing equations in the form of stream function, the velocity components are
expressed in stream function as

u = −∂ψ
∂y
, v =

∂ψ

∂x
(3.7)

Substituting Eq. (3.7) in Eqs. (3.3) and (3.4), resulting stream function forms of momentum and
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energy equations are
∂ψ

∂x

∂2ψ

∂x∂y
− ∂ψ

∂y

∂2ψ

∂x2
= ν

∂3ψ

∂x3
± gγ(T − T0)2 (3.8)

∂ψ

∂x

∂T

∂y
− ∂ψ

∂y

∂T

∂x
= α

∂2T

∂x2
(3.9)

The boundary conditions in stream function form take the following form

At x = 0 :
∂ψ

∂x
=
∂ψ

∂y
= 0, q = qw(y) (3.10)

At x→∞ :
∂ψ

∂x
→ v∞, T → T0 (3.11)

3.3 Solutions of the equations

To seek perturbation type of solutions, the governing Eqs. (3.8) and (3.9) need to be suitably trans-
formed. The momentum and energy equations are transformed using the following dimensionless
variables

f(η, λ0, λ1, · · · , λn, · · · ) =
ψ(x, y)
√
νv∞y

(3.12)

θ(η, λ0, λ1, · · · , λn, · · · ) =
T (x, y)− T0

qwy
k

√
ν

v∞y

(3.13)

η(x, y) = x

√
v∞
νy

(3.14)

Here, λ0, λ1, . . . , λn are set of infinite number of variables which are functions of y. These variables
are the perturbation elements which are yet unknown functions of y. The above transformations
closely resemble with the similarity transformations, except that in the present form additional set of
functions λn(y) are present. Applying the above transformations, the governing equations become

∂3f

∂η3
= −f

2

∂2f

∂η2
±
(
Gry
Re3

y

)
θ2 − ∂2f

∂η2
y

∞∑
n=0

∂f

∂λn

∂λn
∂y

+
∂f

∂η
y

∞∑
n=0

∂2f

∂λn∂η

∂λn
∂y

(3.15)

1

Pr

∂2θ

∂η2
= −f

2

∂θ

∂η
− ∂f

∂η
y

∞∑
n=0

∂θ

∂λn

∂λn
∂y

+
∂θ

∂η
y

∞∑
n=0

∂f

∂λn

∂λn
∂y

+ y
∂f

∂η

θ

qw(y)

d

dy
qw(y) (3.16)

where, modified Grashof number is given by

Gry =
gγ(qwy/k)2y3

ν2
(3.17)

and Reynolds number is given by
Rey =

v∞y

ν
. (3.18)

The difference in the above form of expression for modified Grashof number compared to the
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usual form of Grashof number is due to the presence of density inversion effect, being represented by
γ and given by Eq. (3.1), which brings peculiarities.

From the above equations, we can see that Gry/Re3
y is an important governing parameter of

the mixed convection with density inversion. The boundary conditions in terms of dimensionless
variables f and θ are

At η = 0 : f = 0,
∂f

∂η
= 0,

∂θ

∂η
= −1 (3.19)

At η →∞ :
∂f

∂η
→ 1, θ → 0 (3.20)

Study of Eqs. (3.15) and (3.16) reveals that the equations become function of η and λn, if we
define λn(y) as ( [137])

λn =
yn+1

qw(y)

dn+1

dyn+1
(qw(y)) (3.21)

Here, qw(y) is infinitely differentiable with respect to y. After substitution of λn from Eq. (3.21),
the governing equations (3.15) and (3.16) are still be in the form of partial differential equations. To
convert the partial differential equations into ordinary differential equations, the functions f and θ are
expressed in following power series of λn(y) with coefficients which are functions of η

f(η, λ0, λ1, · · · , λn, · · · ) = F (η) + λ0f0(η) + λ1f1(η) + · · ·+ λ2
0f00(η) + λ2

1f11(η) + · · · (3.22)

θ(η, λ0, λ1, · · · , λn, · · · ) = H(η) + λ0θ0(η) + λ1θ1(η) + · · ·+ λ2
0θ00(η) + λ2

1θ11(η) + · · · (3.23)

Substituting Eqs. (3.21), (3.22) and (3.23) in Eqs. (3.15) and (3.16), we get the governing equations
in the following form.

F ′′′ + λ0f
′′′
0 + λ1f

′′′
1 + · · ·+ λ2

0f
′′′
00 + · · · = −1

2
FF ′′ ± Gry

Re3
y

H2

+ λ0

(
−1

2
Ff0

′′ − 3

2
f0F

′′ ± Gry
Re3

y

2Hθ0 + F ′f
′

0

)
+ λ1

(
−1

2
Ff1

′′ − 5

2
f1F

′′ ± Gry
Re3

y

2Hθ1 − F ′′f0 + F ′f0 + 2F ′f
′

1

)
+ λ2

0

(
−1

2
Ff00

′′ − 5

2
f00F

′′ − 3

2
f0f

′′

0 ±
Gry
Re3

y

(Hθ00 + 2Hθ0 )

+F ′′f0 + 2F ′F
′

00 + f
′

0f
′

0 − F ′f
′

0

)
(3.24)
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1

Pr
(H ′′ + λ0θ

′′
0 + λ1θ

′′
1 + · · ·+ λ2

0θ
′′
00 + · · · ) = −1

2
FH ′ +

1

2
F ′H

+ λ0

(
−1

2
Fθ

′

0 −
3

2
f0H

′ + F ′θ0 +HF ′ +
1

2
f0H

′ +
1

2
F ′θ0

)
+ λ1

(
−1

2
Fθ

′

1 −
5

2
f1H

′ + F ′θ0 + 2F ′θ1 −H ′f0 +
1

2
F ′θ1 +

1

2
f ′1H

)
+ λ2

0

(
−1

2
Fθ

′

00 −
5

2
f00H

′ + 2F ′θ00 −
3

2
f0θ

′

0 + f
′

0θ0 +H ′f0 +Hf0

+
1

2
f ′00H +

1

2
θ0f

′
0 +

1

2
F ′θ00

)
(3.25)

From the Eqs. (3.24) and (3.25), if we equate the coefficient of λ0 on either sides of the govern-
ing equations, we obtain a set of ordinary differential equations of coefficient functions. Similarly,
equating the coefficients of λ1, λ2

0, . . ., other sets of ordinary differential equations will be obtained.
Similarly, infinite number of sets of ordinary differential equations can be obtained equating the coef-
ficients of same power of λn(y) variables. The above sets of equations are coupled equations. In the
calculations, larger the number of equation sets considered, higher is the accuracy of results we obtain
( [140,141]). It is found in the calculation that when we include beyond sets of equations correspond-
ing to constants, λ0, λ1 and λ2

0, the change in the solution is found to be negligible. Hence, the sets
correspond to constant, λ0, λ1, λ2

0 only are considered in the present study, which are as following.
Constant terms:

F ′′′ = −1

2
FF ′′ ±

(
Gr

Re3

)
H2

1

Pr
H ′′ = −1

2
FH ′ +

1

2
F ′H

(3.26)

The set of coefficient of λ0:

f
′′′

0 = −1

2
Ff0

′′ − 3

2
f0F

′′ ±
(
Gr

Re3

)
2Hθ0 + F ′f

′

0

1

Pr
θ′′0 = −1

2
Fθ

′

0 −
3

2
f0H

′ + F ′θ0 +HF ′ +
1

2
f0H

′ +
1

2
F ′θ0

(3.27)

The set of coefficient of λ1:

f
′′′

1 = −1

2
Ff1

′′ − 5

2
f1F

′′ ±
(
Gr

Re3

)
2Hθ1 − F ′′f0 + F ′f ′0 + 2F ′f

′

1

1

Pr
θ′′1 = −1

2
Fθ

′

1 −
5

2
f1H

′ + F ′θ0 + 2F ′θ1 −H ′f0 +
1

2
F ′θ1 +

1

2
f

′

1H

(3.28)

The set of coefficient of λ2
0:

f
′′′

00 = −1

2
Ff00

′′ − 5

2
f00F

′′ − 3

2
f0f

′′

0 ±
(
Gr

Re3

)
(θ2

0 + 2Hθ00) + F ′′f0 + 2F ′F
′

00 + f
′

0f
′

0 − F ′f
′

0

1

Pr
θ′′00 = −1

2
Fθ

′

00 −
5

2
f00H

′ + 2F ′θ00 −
3

2
f0θ

′

0 + f
′

0θ0 +H ′f0 +Hf
′

0 +
1

2
f

′

00H +
1

2
θ0f

′

0 +
1

2
F ′θ00

(3.29)
The sets of differential equations correspond to other λn and higher powers of λn contribute neg-

ligibly small to the solutions, and hence they are neglected. The ‘+’ and ‘-’ signs associated with
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Gry/Re
3
y in above equations correspond to aiding and opposing mixed convection flows, respectively.

The boundary conditions for the above differential equations are as follows:

At η = 0 : F = 0, f0 = f1 = f00 = f2 = 0

H ′ = −1, θ′0 = θ′1 = θ′00 = θ′2 = 0

F ′ = 0, f
′

0 = f
′

1 = f
′

00 = f
′

2 = 0

(3.30)

At η →∞ : F ′ = 1, f
′

0 = f
′

1 = f
′

00 = f
′

2 = 0

H = 0, θ0 = θ1 = θ00 = θ2 = 0
(3.31)

The above sets of coupled equations for the subjected boundary conditions are solved using shoot-
ing method to find the coefficient functions. Fourth order Runge-Kutta method is used for the integra-
tion of ordinary differential equations. The value of Prandtl number of water near density inversion
is taken as 11.4 in the calculations. The solutions of the above equations yield the values of coeffi-
cient functions for various η values. The above coefficient functions are obtained for any arbitrary
wall heat flux variation and hence, they are valid for any continuous wall heat flux variation. They
are independent of type of wall heat flux variation and hence, they are called “universal functions”
for a given fluid. The obtained universal functions for stream function and temperature are shown in
figures 3.2–3.4 for various values of Gry/Re3

y. Figure 3.2 for Gry/Re3
y = 0 corresponds to forced

convection asymptote. Figures 3.3– 3.4 shows the universal function of stream function and temper-
ature, respectively for aiding and opposing mixed convection flows.
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Figure 3.2: Variation of universal functions of stream function and temperature for forced convection
asymptote
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Figure 3.3: Universal functions of stream function for Gry/Re3
y values in aiding and opposing flows
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Figure 3.4: Universal functions of temperature for Gry/Re3
y values in aiding and opposing flows

3.4 Velocity, skin friction coefficient and Nusselt number in terms
of universal functions

In mixed convection flows, the objective is to find important quantities which are velocity and tem-
perature distribution in the boundary layer, and drag and heat transfer rates along the wall. The
temperature distribution is given by Eq. (3.23). The velocity, drag in the form of skin friction coef-
ficient and heat transfer rates in the form of Nusselt number can be expressed in terms of universal
functions. The relations can be obtained as following.

The vertical component of the velocity can be expressed as v =
∂ψ

∂x
. Using Eqs. (3.12) and (3.14)

in this expression, v becomes

v =
∂ψ

∂x
=
√
v∞νy

∂f

∂η

∂η

∂x
= v∞f

′(η) (3.32)

Using Eq. (3.22) in the above equation, vertical velocity in terms of universal functions can be ex-
pressed as

v

v∞
= f ′(η) = F ′(η) + λ0f

′
0(η) + λ1f

′
1(η) + . . .+ λ2

0f
′
00(η) + . . . (3.33)
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To calculate skin friction drag, the local skin friction coefficient can be expressed as,

Cfy =
τw

ρv2
∞

(3.34)

where, v∞ is free-stream velocity and τw is shear stress at wall (x = 0). The wall shear stress can
be expressed as

τw = µ
∂v

∂x

∣∣∣∣
x=0

= µ
∂

∂x

(
∂ψ

∂x

)∣∣∣∣
x=0

= µv∞

√
v∞
νy

∂2f

∂η2

∣∣∣∣
η=0

(3.35)

Using Eq. (3.34) and Eq. (3.35) we get

Cfy

Re
−1/2
y

= f ′′(η)|η=0 = F ′′(0) + λ0f
′′
0 (0) + λ1f

′′
1 (0) + · · ·+ λ2

0f
′′
00(0) + · · · (3.36)

Similarly, the relation between local heat transfer coefficient h(y) and local wall heat flux is given
as

h(y) =
qw(y)

Tw − T0

(3.37)

Heat transfer rates are expressed in terms of local Nusselt number which is expressed as

Nuy =
h(y) y

k
(3.38)

Combining Eqs. (3.37) and (3.38), we get

Nuy =
qw(y)

Tw − T0

y

k
(3.39)

From the definition of dimensionless temperature given by Eq. (3.13) we can express (Tw − T0) as

Tw − T0 = θη=0
qw(y)

k
y Re−1/2

y (3.40)

where, θη=0 is the dimensionless temperature corresponds to wall for which x = 0 and hence η = 0.
Substituting Eq. (3.40) in Eq. (3.39) we get the heat transfer rates as

Nuy

Re
1/2
y

=
1

θη=0

(3.41)

The heat transfer rates in Eq. (3.41) can be expressed in form of universal constants, using Eq. (3.23),
as

Nuy

Re
1/2
y

=
[
H(0) + λ0θ0(0) + λ1θ1(0) + · · ·+ λ2

0θ00(0) + · · ·
]−1

(3.42)
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Table 3.1: Values of universal constants of stream function for various Gry/Re3
y values (aiding flow)

Gry/Re
3
y F ′′(0) f ′′0 (0) f ′′1 (0) f ′′00(0)

0 0.3321 0.0000 0.0000 0.0000
0.05 0.3477 -0.0100 0.0031 0.0013
0.5 0.4658 -0.0815 0.0247 0.0030
1 0.5694 -0.1406 0.0423 -0.0014
5 0.9865 -0.3632 0.1073 -0.0334
10 1.5105 -0.6302 0.1842 -0.0804
20 2.1153 -0.9327 0.2708 -0.1366

Table 3.2: Values of universal constants of stream function for various Gry/Re3
y values (opposing

flow)

Gry/Re
3
y F ′′(0) f ′′0 (0) f ′′1 (0) f ′′00(0)

0 0.3321 0.0000 0.0000 0.0000
0.05 0.3157 0.0106 -0.0033 -0.0018
0.1 0.2984 0.0220 -0.0068 -0.0042
0.2 0.2605 0.0480 -0.0149 -0.0125
0.3 0.2162 0.0802 -0.0251 -0.0300

Table 3.3: Values of universal constants of temperature for aiding mixed convection flow for various
Gry/Re

3
y values

Gry/Re
3
y H(0) θ0(0) θ1(0) θ00(0)

0 0.9591 -0.2301 0.0644 0.0000
0.05 0.9516 -0.2272 0.0633 -0.0032
0.5 0.9017 -0.2095 0.0566 -0.0178
1 0.8656 -0.1980 0.0525 -0.0234
5 0.7436 -0.1644 0.0412 -0.0290
10 0.6826 -0.1494 0.0368 -0.0286
20 0.6214 -0.1352 0.0327 -0.0273

Table 3.4: Values of universal constants of temperature for opposing mixed convection flow for vari-
ous Gry/Re3

y values

Gry/Re
3
y H(0) θ0(0) θ1(0) θ00(0)

0 0.9591 -0.2301 0.0644 0.0000
0.05 0.9673 -0.2332 0.0656 0.0039
0.1 0.9761 -0.2368 0.0671 0.0088
0.2 0.9968 -0.2456 0.0706 0.0230
0.3 1.0235 -0.2579 0.0757 0.0495

Eq. (3.36) and Eq. (3.42) show that Cfy/Re−1/2
y and Nuy/Re1/2

y depend on universal functions
of stream function (F ′′(0), f ′′0 (0), f ′′1 (0), f ′′00(0), . . .) and temperature (H(0), θ0(0), θ1(0), θ00(0),
. . .), respectively as well as the perturbation variables λ0, λ1, λ2

0, . . .. Since, universal constants
are same for all boundary conditions, the skin friction drag and heat transfer rates depend on the
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perturbation variables. For a given wall flux variation, one can find out the values of perturbation
variables of velocity and temperature to find out the skin friction drag and heat transfer rates along
the wall. It may be noted that the calculations of skin friction drag and heat transfer rates for different
boundary conditions involve only finding the perturbation variables, which require simple algebraic
calculations, and we do not need to solve any differential equation. The universal functions of stream
function (correspond to η = 0) for aiding and opposing flows are shown in tables 3.1 and 3.2 which
are required to calculate the skin friction drag. For calculation of heat transfer rates, the required
universal functions of temperature (correspond to η = 0) are given in tables 3.3 and 3.4 for aiding and
opposing cases, respectively, for various Gry/Re3

y values.

3.5 Mixed convection for power-law wall heat flux variation

As the above results are valid for any arbitrary wall heat flux variation, the results are applied for
power-law wall flux variation. The results of power-law wall heat flux can be extended to any wall
heat flux variation function which can be expanded in power-law series. The wall heat flux is assumed
to vary in the form

qw(y) = Aym (3.43)

where, A andm are constants. Wall heat flux variation corresponds to constant heat flux whenm = 0.
For the above form of wall heat flux variation, perturbation functions can be calculated using

Eq. (3.21). The perturbation functions λ0, λ1, λ2
0, · · · are as follows

λ0 = m, λ1 = m(m− 1), λ2
0 = m2, · · · (3.44)

For any given m value, perturbation function values are calculated using Eq. (3.44). Once the
perturbation function values are known, velocity, skin friction coefficient and Nusselt number cal-
culations require the derivatives of universal functions with respect to η in the expressions given by
Eq. (3.33), Eq. (3.36) and Eq. (3.42), respectively. These derivatives are available as part of the so-
lutions of sets of ordinary differential equations, hence they are known. Temperature is given by
Eq. (3.23).

3.5.1 Validation

Before presenting the results for present problem, the code is validated by computing heat transfer
rates for special case of forced convection for which results are available in Sparrow and Lin [6]. In
the present study Gry/Re3

y = 0 corresponds to forced convection case. The heat transfer rates for
forced convection obtained using Eq. (3.44) and Eq. (3.42), by setting Gry/Re3

y = 0 in the present
study, are compared with those of Sparrow and Lin [6] in table 3.5. From the table 3.5 we can see
that the present results closely match with the reference results.
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Table 3.5: Comparison of Nuy/Re1/2
y values obtained in the present study with those obtained by

Sparrow and Lin [6] for Gry/Re3
y = 0 in power-law varying wall heat flux

m Present
study

Sparrow
and Lin [6]

% error

Pr = 0.7
0 0.45710 0.46320 0.013
1 0.60550 0.60940 0.010
2 0.70470 0.70770 0.004

Pr = 10
0 0.45716 0.46318 0.004
1 0.60544 0.60938 0.003
2 0.70467 0.70766 0.005

3.5.2 Flow field calculations
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Figure 3.5: Variation of dimensionless vertical velocity with η for various values ofGry/Re3
y in aiding

flow

The dimensionless velocity variation is obtained using Eq. (3.33) and Eq. (3.44) for various
Gry/Re

3
y values and power-index values of m = 0 and m = 1, which are presented in figures 3.5

and 3.6. Figure 3.5 corresponds to aiding mixed convection, and figure 3.6 corresponds to opposing
mixed convection. In figures, the curves for Gry/Re3

y = 0 corresponds to forced convection extreme.
It can be seen from the figures that velocities are greater than corresponding forced convection ve-
locities in aiding mixed convection. However, in opposing mixed convection, the velocities are lower
than corresponding forced convection.

From the obtained velocity variations with η, we can find out the velocity boundary layer thickness
δv(v∞/νy)1/2. The boundary layer thickness corresponds to η at which v/v∞ becomes 0.99. The
variation of dimensionless boundary layer thickness with various Gry/Re3

y for various m values are
shown in figure 3.7, for both aiding and opposing situations. We can see from the figures that for a
givenm value, δv(v∞/νy)1/2 decreases with increasingGry/Re3

y for aiding mixed convection. In this
case, for a given Gry/Re3

y, δv(v∞/νy)1/2 increases with given m values. The opposite trends can be
observed for opposing mixed convection in which δv(v∞/νy)1/2 increases with increasing values of
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Figure 3.6: Variation of dimensionless vertical velocity with η for various values of Gry/Re3
y in

opposing flow

Gry/Re
3
y and decreases with power index values m.
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Figure 3.7: Variation of velocity boundary layer thickness with Gry/Re3
y for various m values

The variation of skin friction coefficient in the form of Cfy/Re−1/2
y with respect to m, for various

Gry/Re
3
y values, is shown in figure 3.8(a) for aiding mixed convection. The figure corresponds to

Gry/Re
3
y = 0 is for forced convection and the skin friction coefficient increases with increasing m

values and also with values of Gry/Re3
y. The values of skin friction coefficient in mixed convection

are higher than the forced convection and its value increases with Gry/Re3
y.

The variation of Cfy/Re−1/2
y with m for various values of Gry/Re3

y for opposing mixed convec-
tion is shown in figure 3.8(b). The skin friction coefficient increases with increasing m values. Skin
friction coefficient values, in opposing mixed convection are less than those of forced convection val-
ues. With increasing Gry/Re3

y values, the value of Cfy/Re−1/2
y decreases which is opposite to the

trend of aiding mixed convection in which skin friction coefficient increases with increasingGry/Re3
y.

This is due to the fact that buoyancy and external forces cooperate each other to increase the velocity
in aiding flow resulting increasing skin friction coefficient. However, in opposing case, these forces
resist each other resulting decreased velocity shows decreased wall skin friction coefficient. In this
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Figure 3.8: Variation of skin friction coefficient with power index m for various Gry/Re3
y
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Figure 3.9: Variation of skin friction coefficient with Gry/Re3
y for various power index values m

opposing mixed convection, flow reaches to flow separation conditions for higher Gry/Re3
y values.

Hence, the solutions are obtained for lower values of Gry/Re3
y in opposing mixed convection.

The variation of Cfy/Re−1/2
y with respect to Gry/Re3

y for various power index values is shown in
figures 3.9(a) and 3.9(b), respectively, for aiding and opposing mixed convection. At Gry/Re3

y = 0,
the plot shows the skin friction coefficient for forced convection flow. In aiding mixed convection,
skin friction coefficient values start from forced convection values and increases towards natural con-
vection asymptote, with increasing Gry/Re

3
y values. In case of opposing mixed convection flow,

skin friction coefficient begins with forced convection values and decreases as Gry/Re3
y increases.

When Gry/Re3
y is increased till the skin friction coefficient becomes zero, the flow separation occurs,

beyond which the boundary layer approximations are not applicable.

3.5.3 Heat transfer calculations

The variation of θ is presented for various Gry/Re3
y values for m = 0 and m = 1, and shown in

figures 3.10 and 3.11 for aiding and opposing mixed convection, respectively. From the figures, we
can see that for a given η value, values of θ decrease with increasing values of Gry/Re3

y in case of
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Figure 3.10: Variation of dimensionless temperature with η for aiding mixed convection
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Figure 3.11: Variation of dimensionless temperature with η for opposing mixed convection

aiding mixed convection. However, the opposite trend is found for opposing mixed convection.
From the θ variation with η, the thermal boundary layer thickness δT (v∞/νy)1/2 can be found.

From this η value, boundary layer thickness can be calculated using Eq. (3.14). The thermal boundary
layer thickness corresponds to η value at which dimensionless temperature θ equals to 0.01. The
thermal boundary layer thickness is found for various Gry/Re3

y and m values, which are derived
in dimensionless form as δT (v∞/νy)1/2. The variation of boundary layer thickness with Gry/Re3

y

for various m values are presented in figure 3.12 for both aiding and opposing mixed convection.
The figures show that the boundary layer thickness at given y location decreases with increasing
Gry/Re

3
y values in aiding mixed convection. However, for opposing mixed convection, boundary

layer thickness increases with Gry/Re3
y values.

The heat transfer rates calculated using Eqs. (3.42) and (3.44) are presented in tables 3.3–3.4. The
heat transfer rates are calculated in dimensionless form of Nuy/Re1/2

y for various values of m and
Gry/Re

3
y. The values for m = 0 correspond to the case of uniform wall heat flux.

The variation of Nuy/Re1/2
y with power index value m for various values of Gry/Re3

y is shown
in figures 3.13(a) and 3.13(b), respectively, for aiding and opposing mixed convection. The Nusselt
number increases with power index for all Gry/Re3

y values. The plot for Gry/Re3
y = 0 in the figures
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Figure 3.12: Variation of thermal boundary layer thickness with Gry/Re3
y for various m values in

mixed convection

corresponds to forced convection asymptote. The heat transfer rates increase with increasingGry/Re3
y

and wall heat flux power-index value. The value of Nuy/Re1/2
y varies almost linearly with power

index m in the range of 0 to 1. In aiding mixed convection, heat transfer rates are higher than those
of forced convection values. Heat transfer rates increase with increasing values of Gry/Re3

y.
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Figure 3.13: Variation of heat transfer rate withm for variousGry/Re3
y values for aiding and opposing

flows

In opposing mixed convection, heat transfer rates are less than those correspond to forced con-
vection. The heat transfer rates decrease with increasing Gry/Re3

y. This is opposite to the trend of
aiding mixed convection. This is due to the fact that in aiding mixed convection buoyancy forces
act in the same direction of external forces and results in increasing flow velocities. The increased
flow velocities result in high heat transfer rates. In opposing mixed convection, buoyancy forces op-
poses external forces resulting separation of convection. In this case, heat transfer rates are lower
than that of forced convection values. It may be noted that the opposing mixed convection is solved
for Gry/Re3

y values lower than those values for which aiding mixed convection is solved. This is
because for higher Gry/Re3

y values in the opposing mixed convection boundary layer tends towards
flow separation where boundary layer approximations are no longer applicable. Hence, opposing
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mixed convection is solved for lower values of Gry/Re3
y.
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Figure 3.14: Variation of heat transfer rate withGry/Re3
y for variousm values for aiding and opposing

flows

To study the effect of Gry/Re3
y on heat transfer rates, the variation of Nuy/Re1/2

y with Gry/Re3
y

is plotted for various values of m in figures 3.14(a) and 3.14(b) for aiding and opposing mixed con-
vection, respectively. In the figures, the plot for Gry/Re3

y = 0 corresponds to forced convection
asymptote. From the figures, we can see that heat transfer rates start with forced convection values
and vary towards natural convection with increasing values of Gry/Re3

y. This is typical in mixed
convection heat transfer.

3.6 Conclusions

The steady laminar boundary layer mixed convection of water over vertical flat surface of varying
heat flux with density inversion is solved using perturbation technique. Heat flux differentials are
used as perturbation elements. The solutions are obtained in terms of universal functions which are
valid for any arbitrary wall heat flux variation. The solutions are applied to power law varying wall
heat flux condition. The velocity and temperature distributions in the boundary layer, boundary layer
thickness, local skin friction coefficient and heat transfer rates along the wall are presented for various
Gry/Re

3
y values and power law index values. It is observed that, in the parameter range of the present

study, heat transfer rates and skin friction coefficient are found to increase almost linearly with wall
flux power index, for a given combination of Grashof and Reynolds numbers, for both the cases of
aiding and opposing mixed convection. The solutions from perturbation method have advantage that
the solutions are valid for any arbitrary wall heat flux variation. Solutions for different wall heat flux
varying conditions can be obtained using simple algebraic calculations without need for solving any
differential equations.
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Chapter 4

Similarity solutions of natural and mixed
convection boundary layer flows over flux
specified vertical plate

As discussed in the literature review section, the similarity solutions for boundary layer flows of
water with density inversion are presented in few studies. Goren [60] presented similarity solution of
free convection boundary layer flow over isothermal plate for density inversion of water. Similarity
solutions of natural convection boundary layer flows of water near its density inversion over a surface
of power-law varying temperature, were presented by Soundalgekar [139]. Similarity solutions for
natural convection boundary layer flow over a plate subjected to constant heat flux in a porous media
filled with water near density inversion was reported by Kumaran and Pop [43]. Vighnesam and
Soundalgekar [5] presented similarity solutions for mixed convection boundary layer flows over a
surface with power-law varying temperature. However, it is found from the literature that similarity
solutions for natural convection and mixed convection boundary layer flows over a vertical plate of
power-law varying surface flux are not reported in the literature. Similarity solutions for such flows
are obtained in the present study which are presented in this chapter.

4.1 Similarity solutions of natural convection boundary layer

4.1.1 Physical system

The physical system of free convection boundary layer flows over a vertical plate is shown in Fig. 4.1.
The plate is specified with power-law varying surface heat flux. The temperature of water in the
boundary layer are within the temperature range in which water shows density inversion. The tem-
perature outside the boundary layer is T0 which is the temperature corresponds to density maximum
point in the density inversion temperature range. The variation of wall heat flux (qw) is given by

qw(y) = Aym, (4.1)
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where, A is a constant and m is power index. The above wall heat flux represents uniform heat flux
plate for m = 0.

g

u

v

qw

x

y

(y)

o

Figure 4.1: Schematic of natural convection boundary layer flow over a plate of power-law varying
surface heat flux

4.1.2 Mathematical model

The flow is assumed to be steady state, laminar, incompressible. Thermo-physical properties of water
are considered to be constant with temperature except for density in buoyancy term. The density
variation of water with temperature, in the density inversion range, is taken [1, 5] in the form

ρ

ρ0

= 1− γ(T − T0)2 , (4.2)

where, ρ0 and T0 are density and temperature corresponding to density maximum point (at 3.98◦C)
and γ is a constant. Under the above assumptions, the governing equations for natural convection
boundary layer flow are as following
Continuity equation

∂u

∂x
+
∂v

∂y
= 0, (4.3)

y-momentum equation

u
∂v

∂x
+ v

∂v

∂y
= ν

∂2v

∂x2
+ gγ(T − T0)2, (4.4)

Energy equation

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂x2
. (4.5)

The above equations are subjected to following boundary conditions,

At x = 0 : u = v = 0, q = qw(y), (4.6)

At x→∞ : v = 0, T = T0. (4.7)
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Introducing stream function in the form,

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (4.8)

The equations (4.4)–(4.5) in the stream function form can be written as,

∂ψ

∂x

∂2ψ

∂x∂y
− ∂ψ

∂y

∂2ψ

∂x2
= ν

∂3ψ

∂x3
+ gγ(T − T0)2, (4.9)

∂ψ

∂x

∂T

∂y
− ∂ψ

∂y

∂T

∂x
= α

∂2T

∂x2
. (4.10)

The boundary conditions (4.6)–(4.7) in stream function form are

At x = 0 :
∂ψ

∂x
=
∂ψ

∂y
= 0, q = qw(y), (4.11)

At x→∞ :
∂ψ

∂x
= 0, T = T0. (4.12)

4.1.3 Solution of the equations

To find the similarity transformation which can converts the governing equations and boundary con-
ditions into ordinary differential equations, we define the variables as

θ = c3
T − T0

xm−r
, ψ = c1x

s−rf(η), η = c2yx
r. (4.13)

In the above, the values of r and s needs to be found so that the converted governing equations and
boundary conditions will not contain x and y variables. Substituting expressions in the Eqs. (4.13) in
Eqs. (4.9)–(4.10), after some algebra, we get

sx2(s+r−m−1)f ′2 − (s− r)x2(s+r−m)−1ff ′′ = ν
c2

c1

xs+4r−2m + gγ
1

(c1c2c3)2
θ2, (4.14)

α
c2

c1

θ′′ + (s− r)xs−2r+2m−1fθ′ + rxs−2r−2m−1f ′θ = 0. (4.15)

If the above transformation needs to be similarity transformation, the above equations should contain
only η as independent variable and no other independent variables should present. To make x variable
go out of the equation, the power of x should be made zero. Equating powers of x to be zero in the
left and right sides of the equation (4.14), we get

s+ r −m− 1 = 0, (4.16)

2(s+ r −m)− 1 = 0, (4.17)
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which gives r and s values as

r =
1

3
(m− 1

2
), (4.18)

s =
2

3
(m+ 1). (4.19)

Note that if we substitute the above values of r and s in Eq. (4.14), all the powers of x in the equations
become zero and the equations contain only η as independent variable. This means that the above
values of r and s represent similarity transformation.

Now, we can choose the constants c1, c2, c3 such a way that the resulting coefficients in the
equations will be constants. Choosing c2 as

c2 =

(
A2gγ

6k2ν2

)1/6

, (4.20)

and making the choice of c1 and c3 in terms of constants and fluid properties, we can express the
similarity variable in the following form.

f =
ψ

6ν (Gry/6)1/6
, (4.21)

θ = 6
T (x, y)− T0

qwx/k

(
Gry

6

)1/6

, (4.22)

η =
x

y

(
Gry

6

)1/6

, (4.23)

where, Gry = gγ(qwy/k)2y3/ν2.
Using the definitions given by Eqs. (4.21)–(4.23) in Eqs. (4.9) and (4.10), the momentum and

energy equations are converted into ordinary differential equations,

f ′′′ + (2m+ 5) ff ′′ − 4 (m+ 1) f ′
2

+ θ2 = 0, (4.24)

θ′′ + Pr (2m+ 5) fθ′ − Pr (4m+ 1) f ′θ = 0. (4.25)

The respective boundary conditions in the form of similarity variables are

At η = 0 : f = 0, f ′= 0, θ′ = −1, (4.26)

At η →∞ : f ′ = 0, θ = 0. (4.27)

4.1.4 Results and discussion

From the definitions given by Eqs. (4.21)–(4.23), the dimensionless streamwise velocity can be ex-
pressed as

V =
v

(6ν/x)
(
Gry

6

)1/6
= f ′(η). (4.28)
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From Eq. (2.7), we know that

v =
∂ψ

∂x
.

Using Eqs. (4.47) and (4.49) in the above expression, the velocity is expressed as

v =
∂ψ

∂x
=
∂ψ

∂η

∂η

∂x
=

∂

∂x

[
f6ν

(
Gry

6

)1/6
]

=
6ν

x

(
Gry

6

)1/6

f ′. (4.29)

Now, we define dimensionless streamwise velocity as

V =
v

(6ν/x)
(
Gry

6

)1/6
= f ′(η). (4.30)

The local heat transfer coefficient is expressed as

h(y) =
qw(y)

Tw(y)− T0

. (4.31)

Heat transfer rates are expressed in terms of local Nusselt number which is expressed as

Nuy =
h(y) y

k
. (4.32)

Combining Eqs. (4.31) and (4.32), we get

Nuy =
qw(y)

Tw − T0

y

k
. (4.33)

From the definition of dimensionless temperature given by Eq. (4.22), wall temperature can be ex-
pressed as

Tw − T0 =
θη=0

6

qw(y)

k
y Gr−1/6

y , (4.34)

where, θη=0 is the dimensionless temperature corresponds to wall for which x = 0 and hence η = 0.
Substituting Eq. (4.34) in Eq. (4.33) we get the heat transfer rates as

Nuy

(Gry/6)1/6
=

6

θ η=0
. (4.35)

The governing ordinary differential equations (4.24)–(4.25) along with the boundary conditions (4.26)–
(4.27) are solved using shooting method utilising fourth order Runge-Kutta method for the integra-
tion. Prandtl number value of 11.57 is used for water in the calculations. Dimensionless velocity
and temperature profiles are shown in Fig. 4.2 for various values of power index m. With increas-
ing power index, the dimensionless velocity and temperature decreases for a given dimensionless η
value. However, the dimensional velocities and temperatures may increase with increasing power-law
index value. The decrease of dimensionless velocity and temperature with increasing m is due to the
definition of dimensionless values given by the Eqs. (4.13). With increasing m value, the dimen-
sional velocity and temperature increase, but denominator which contains the reference quantities
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which also increase with increasing m. With increasing m, the numerical values of denominator
grows faster than the numerator, resulting increase of dimensional velocities and temperatures with
m, despite their dimensional values increase.
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Figure 4.2: Variation of dimensionless velocity and temperature with η for various of power index
value m

Fig. 4.3 shows the variation of velocity and thermal boundary layer thickness. The velocity bound-
ary layer thickness (δv) is the normal distance from the wall to the location at which dimensionless
velocity becomes 0.01. Similarly, thermal boundary layer thickness (δT ) is the normal distance from
the wall to the location at which the dimensionless temperature reaches to a value of 0.01. The ve-
locity boundary layer thickness decreases with increasing m value, as increasing m represents higher
heat flux, higher velocities and hence, thinner boundary layer. Similarly, thermal boundary thickness
also decreases with m.
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(b) Thermal boundary layer thickness

Figure 4.3: Variation of velocity and thermal boundary layer thickness with power index m

The variation of dimensionless heat transfer rates with m value is shown in Fig. 4.4. The Nusselt
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number increases with increasing power-law index value m. When we increase m value from 0 to 50,
Nusselt number increases from 5 to 11. The Nusselt number increases almost linearly with m in the
m values range of 0 to 1. The rate of increase in Nusselt number is much higher for this range of m
values 0 to 1, compared to m greater than 1. The Nusselt number for uniform heat flux (m = 0) is
found to be about 4.35.
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Figure 4.4: Effect of power index value m on heat transfer rates

4.2 Similarity solutions of mixed convection boundary layer

4.2.1 Physical system

The physical system consists of a vertical surface of power-law varying surface heat flux. Water
near its density inversion flows over the vertical surface and the mixed convection boundary layer is
formed. The free-stream velocity and temperature are v∞ and T0, respectively. The temperature in
the boundary layer are in the range in which water shows density inversion near its density inversion
point (about 3.98◦C). The mixed convection is studied for cases of aiding and opposing mixed flows.
The physical and co-ordinate systems are shown in Figs. 4.5(a) and 4.5(b) respectively, for aiding and
opposing flows.

4.2.2 Mathematical model

The flow is assumed to be steady state, laminar, incompressible with negligible radiation and viscous
dissipation effects. Thermo-physical properties of water are considered to be constant with temper-
ature except for density in buoyancy term. The density variation of water with temperature, in the
density inversion range, is taken [1, 5] in the form

ρ

ρ0

= 1− γ(T − T0)2 , (4.36)
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Figure 4.5: Physical and coordinate systems

where, ρ0 and T0 are density and temperature corresponding to density maximum point (at 3.98◦C)
and γ is a constant. Under the above assumptions, the governing equations for mixed convection
boundary layer flow are as following
Continuity equation

∂u

∂x
+
∂v

∂y
= 0, (4.37)

y-momentum equation

u
∂v

∂x
+ v

∂v

∂y
= ν

∂2v

∂x2
± gγ(T − T0)2, (4.38)

Energy equation

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂x2
. (4.39)

The ‘+’ and ‘-’ signs associated with buoyancy term show the aiding and opposing flows of mixed
convection. The above equations are subjected to following boundary conditions

At x = 0 : u = v = 0, q = qw, (4.40)

At x→∞ : v → v∞, T → T0. (4.41)

Introducing stream function in the form,

u = −∂ψ
∂y
, v =

∂ψ

∂x
. (4.42)

The above governing equations in stream function form can be written as,

∂ψ

∂x

∂2ψ

∂x∂y
− ∂ψ

∂y

∂2ψ

∂x2
= ν

∂3ψ

∂x3
± gγ(T − T0)2, (4.43)
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∂ψ

∂x

∂T

∂y
− ∂ψ

∂y

∂T

∂x
= α

∂2T

∂x2
, (4.44)

and the boundary conditions become

At x = 0 :
∂ψ

∂x
=
∂ψ

∂y
= 0, q = qw(y), (4.45)

At x→∞ :
∂ψ

∂x
→ v∞, T → T0. (4.46)

4.2.3 Solution of the equations

Now the following dimensionless stream function f , temperature θ and similarity variable η are in-
troduced

f =
ψ(x, y)
√
νv∞y

, (4.47)

θ =
T (x, y)− T0

qwy
k

√
ν

v∞y

, (4.48)

η(x, y) = x

√
v∞
νy
. (4.49)

In the definition of θ in Eq. (4.48), the wall heat flux (qw) is given by

qw(y) = Aym, (4.50)

where, A and m are constants. The above wall heat flux represents uniform heat flux plate for m = 0.
Using Eqs. (4.47)–(4.49) in Eqs. (4.43) and (4.44), the momentum and energy equations are converted
into ordinary differential equations,

f ′′′ +
1

2
ff ′′ ± Gry

Re3
y

θ2 = 0, (4.51)

θ′′ +
1

2
Prfθ′ − Pr

(
m+

1

2

)
f ′θ = 0, (4.52)

where, Rey and Gry are local Reynolds and modified Grashof numbers, respectively, which are given
by

Gry =
gγ(qwy/k)2y3

ν2
, (4.53)

and
Rey =

v∞y

ν
. (4.54)

Boundary conditions in terms of similarity variables are

At η = 0 : f = 0, f ′ = 0, θ′ = −1, (4.55)

At η →∞ : f ′ → 1, θ → 0. (4.56)
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4.2.4 Results and discussion

The above obtained ordinary differential equations (4.51)–(4.52) along with the boundary conditions
(4.55) and (4.56) are solved using fourth-order Runge-Kutta method. Prandtl number value of 11.57

is used for water in the calculations. The dimensionless velocity in terms of similarity variables can
be expressed according to the following.

From Eq. (4.42), we know that

v =
∂ψ

∂x
.

Using Eqs. (4.47) and (4.49) in the above expression, the velocity is expressed as

v =
∂ψ

∂x
=
√
v∞νy

∂f

∂η

∂η

∂x
= v∞f

′(η). (4.57)

Now, from above equation, the dimensionless velocity is given by

v

v∞
= f ′(η). (4.58)
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Figure 4.6: Variation of dimensionless velocity (v/v∞ = f ′) with η for various Gry/Re3
y values for

aiding flow (a-c) and opposing flow (d-f)

The variation of dimensionless velocity (v/v∞ = f ′) with η for various values of Gry/Re3
y is

shown in Fig. 4.6 for aiding and opposing flows. From the figure, it can be seen that for a given η
value, the dimensionless velocity increases with increasing Gry/Re3

y values in case of aiding flow.
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The opposite trend is observed for opposing flow. This is due to the fact that in aiding flow, buoyancy
forces complement external forces with increasingGry/Re3

y value. However, buoyancy forces oppose
external forces in case of opposing mixed convection. It may be noted that the plots corresponding to
Gry/Re

3
y = 0 in the figure are for forced convection extreme, and the plots for m = 0 correspond to

uniform heat flux case.

0 1 2 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

η

θ

 

 
Gr

y
/Re

y

3
=0

Gr
y
/Re

y

3
=0.5

Gr
y
/Re

y

3
=1

Gr
y
/Re

y

3
=5

Gr
y
/Re

y

3
=10

(a) m = −0.5

0 1 2 3
0

0.2

0.4

0.6

0.8

1

η

θ

 

 
Gr

y
/Re

y

3
=0

Gr
y
/Re

y

3
=0.5

Gr
y
/Re

y

3
=1

Gr
y
/Re

y

3
=5

Gr
y
/Re

y

3
=10

(b) m = 0

0 1 2 3
0

0.2

0.4

0.6

0.8

1

η

θ

 

 
Gr

y
/Re

y

3
=0

Gr
y
/Re

y

3
=0.5

Gr
y
/Re

y

3
=1

Gr
y
/Re

y

3
=5

Gr
y
/Re

y

3
=10

(c) m = 0.5

Aiding flow

0 1 2 3
0

0.5

1

1.5

η

θ

 

 
Gr

y
/Re

y

3
=0

Gr
y
/Re

y

3
=0.05

Gr
y
/Re

y

3
=0.1

Gr
y
/Re

y

3
=0.2

(d) m = −0.5

0 1 2 3
0

0.2

0.4

0.6

0.8

1

η

θ

 

 
Gr

y
/Re

y

3
=0

Gr
y
/Re

y

3
=0.05

Gr
y
/Re

y

3
=0.1

Gr
y
/Re

y

3
=0.2

Gr
y
/Re

y

3
=0.3

(e) m = 0

0 1 2 3
0

0.2

0.4

0.6

0.8

1

η

θ

 

 
Gr

y
/Re

y

3
=0

Gr
y
/Re

y

3
=0.05

Gr
y
/Re

y

3
=0.1

Gr
y
/Re

y

3
=0.2

Gr
y
/Re

y

3
=0.3

(f) m = 0.5

Opposing flow

Figure 4.7: Variation of dimensionless temperature with η for variousGry/Re3
y values for aiding flow

(a-c) and opposing flow (d-f)

Fig. 4.7 shows the variation of dimensionless temperature (θ) with η for various Gry/Re3
y val-

ues for aiding and opposing flows. Figure shows that the dimensionless temperature decreases with
increasing Gry/Re3

y values, for a given value of η in aiding mixed convection, while increases with
increasing Gry/Re3

y for opposing flow. In aiding mixed convection, increased fluid velocity due to
complementing nature of both buoyancy and external forces leads to increased heat transfer rates, and
hence, the dimensionless temperature decreases. The opposite trend can be observed for opposing
flows because buoyancy and external forces oppose each other in this case.

The effect of power indexm on the variation of dimensionless velocity and temperature with η are
shown in Fig. 4.8 for both aiding and opposing flows. It may be noted from the figure that for a given
Gry/Re

3
y value, the value of dimensionless velocity v/v∞ decreases with increasing m values for

individual η value for aiding flow. The trend is reversed in opposing flow, meaning v/v∞ increases
with increasing m values. The dimensionless temperature decreases with increasing m values for
both aiding and opposing flows. This shows that the velocity field responds in opposing trend to that
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Figure 4.8: Effect of m on velocity and temperature: variation of dimensionless velocity (v/v∞ = f ′)
and dimensionless temperature (θ) with η for various m values for aiding (a-b) and opposing (c-d)
flow

of temperature field with variation of m values for aiding and opposing flows. But the temperature
responds in the similar way on the variation ofm value for both aiding and opposing flows. This is due
to the fact that momentum equation contains±

(
Gry/Re

3
y

)
θ2 which changes corresponding to aiding

and opposing flow condition, hence velocity variation trend is changed, when the flow is changed from
aiding to opposing flow. However, the energy equation does not contain ±

(
Gry/Re

3
y

)
θ2 term and

hence, the temperature variation shows similar trends for aiding and opposing flows, with variation of
m values.

The variation of dimensionless temperature with η for various m values in case of both aiding and
opposing flows is shown in figures 4.8(b) and 4.8(d), respectively. It can be seen from the figures that
for a given η value, the dimensionless temperature decreases with increasing m values. This is due to
the fact that increasing m value implies increase in wall heat flux resulting decrease in dimensionless
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temperature. This can be verified from the fact that heat flux is present in denominator in the definition
of dimensionless temperature θ in Eq. (4.48). Since, heat flux increases with increasing m value
according to Eq. (4.50), dimensionless temperature decreases with increasing m values.
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Figure 4.9: Variation of velocity and thermal boundary layer thickness with Gry/Re3
y for various m

values for aiding (a-b) and opposing (c-d) flow

From the calculated dimensionless variation of velocity with η, we can calculate velocity bound-
ary layer thickness. The velocity boundary layer thickness corresponds to η value, which is expressed
in dimensionless form as δv(v∞/νy)1/2, at which v/v∞ becomes 0.99. The dimensionless velocity
boundary layer thickness for various Gry/Re3

y values and power-law index m values, are computed.
Similarly, thermal boundary layer thickness can be found from the dimensionless temperature varia-
tion with η. The thermal boundary layer thickness corresponds to η values at which θ becomes 0.01.
Thermal and velocity boundary layer thickness are computed for various Gry/Re3

y and power-law
index values. The variation of velocity and thermal boundary layer thickness with Gry/Re3

y values
are shown in Fig. 4.9 for both aiding and opposing flows. In aiding flow, the velocity and thermal
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Table 4.1: Values of velocity boundary layer thickness (δv(v∞/νy)1/2) and thermal boundary layer
thickness (δt(v∞/νy)1/2)

aiding opposing
Gry
Re3

y

δv

(
v∞
νy

) 1
2

δt

(
v∞
νy

) 1
2 Gry

Re3
y

δv

(
v∞
νy

) 1
2

δt

(
v∞
νy

) 1
2

m = −0.5

0 4.9055 2.1309 0 4.9055 2.1309
0.5 4.6804 1.9500 0.05 4.9461 2.1646
1 4.5536 1.8574 0.1 4.9929 2.2067
5 4.0912 1.5773 0.15 5.0572 2.2644
10 3.7911 1.4429 0.2 5.1665 2.3659

m = −0.25

0 4.9055 1.9662 0 4.9055 1.9662
0.5 4.7674 1.8537 0.05 4.9268 1.9832
1 4.6769 1.7858 0.1 4.9478 2.0023
5 4.3337 1.5555 0.15 4.9730 2.0242
10 4.1141 1.4359 0.2 5.0023 2.0501

m = 0

0 4.9055 1.8371 0 4.9055 1.8371
0.5 4.8088 1.7580 0.05 4.9183 1.8479
1 4.7414 1.7055 0.1 4.9320 1.8596
5 4.4629 1.5113 0.15 4.9469 1.8723
10 4.2822 1.4041 0.2 4.9631 1.8864

m = 0.25

0 4.9055 1.7320 0 4.9055 1.7320
0.5 4.8324 1.6722 0.05 4.9147 1.7397
1 4.7786 1.6298 0.1 4.9243 1.7479
5 4.5443 1.4623 0.15 4.9345 1.7565
10 4.3884 1.3654 0.2 4.9454 1.7658

m = 0.5

0 4.9055 1.6443 0 4.9055 1.6443
0.5 4.8513 1.5968 0.05 4.9125 1.6501
1 4.8069 1.5616 0.1 4.9198 1.6563
5 4.6045 1.4146 0.15 4.9275 1.6627
10 4.4664 1.3261 0.2 4.9392 1.6696

boundary layer thickness decreases with increasing Gry/Re3
y values. It may be noted that curves for

velocity boundary layer thickness for various m values coincide for Gry/Re3
y = 0 for both aiding and

opposing flows. This is due to the fact that velocity boundary layer is unaffected by thermal condi-
tions of the wall and hence, it is independent of m value which involves in representation of thermal
condition. It can be seen from the figure that for a given Gry/Re3

y value, both velocity boundary layer
thickness and thermal boundary layer thickness decreases for both aiding and opposing flows. The
values of velocity and thermal boundary layer thickness in dimensionless form for various Gry/Re3

y

and m values are tabulated in table 4.1, for both aiding and opposing mixed convection.
The local Nusselt number and skin friction coefficient are calculated along the vertical wall to

study the heat transfer characteristics and drag on the vertical wall. These dimensionless quantities
can be expressed as following.
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Local skin friction coefficient can be expressed as

Cfy =
τw

ρv2
∞
, (4.59)

where, v∞ is free-stream velocity and τw is shear stress at wall (x = 0). The wall shear stress is given
by

τw = µ
∂v

∂x

∣∣∣∣
x=0

= µv∞

√
v∞
νy

d2f

dη2

∣∣∣∣
η=0

. (4.60)

Using Eq. (4.59) and Eq. (4.60) we get

Cfy

Re
−1/2
y

= f ′′(0) (4.61)

Now, skin friction coefficient can be calculated from Eq. (4.61) which is a function of dimensionless
stream function.

The local heat transfer coefficient is expressed as

h(y) =
qw(y)

Tw − T0

, (4.62)

and local Nusselt number is expressed as

Nuy =
h(y) y

k
. (4.63)

Using Eqs. (4.62), (4.63) and (4.48), we can express Nusselt number in the form

Nuy

Re
1/2
y

=
1

θ η=0
. (4.64)

The values of Cfy/Re−1/2
y and Nuy/Re1/2

y are calculated using Eqs. (4.61) and (4.64), respec-
tively. The values of Nusselt number and skin friction coefficient for various values ofm andGry/Re3

y

are presented in table 4.2 for both aiding and opposing flows. It can be seen from the table that for
a given m value, both Nusselt number and skin friction coefficient increase with increasing values of
Gry/Re

3
y in case of aiding mixed convection. However, Nusselt number and skin friction coefficient

decreases with increasing Gry/Re3
y values in opposing mixed convection. This is due to the fact that

both buoyancy and external forces assist each other in aiding flow, resulting increased fluid velocity
leads to increase in Nusselt number and skin friction coefficient. However, buoyancy and external
forces oppose each other in opposing mixed convection, resulting lower the fluid velocity, reduces the
values of Nusselt number and skin friction coefficient.

The variation of heat transfer ratesNuy/Re1/2
y withGry/Re3

y values, for various power-law index
m values, is shown Figs. 4.10(a) and 4.10(b), for aiding and opposing mixed convection, respectively.
It can be observed from the figures that heat transfer rates increase with increasing Gry/Re3

y values
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Table 4.2: Values of Nuy/Re1/2
y and Cfy/Re−1/2

y for variable heat flux (qw = Aym)

aiding opposing
Gry/Re

3
y Nuy/Re

1/2
y Cfy/Re

−1/2
y Gry/Re

3
y Nuy/Re

1/2
y Cfy/Re

−1/2
y

m = −0.5

0 0.7609 0.3321 0 0.7609 0.3321
0.5 0.8509 0.6075 0.05 0.7454 0.2912
1 0.9020 0.7944 0.1 0.7265 0.2437
5 1.0841 1.6619 0.15 0.7015 0.1849
10 1.1910 2.3355 0.2 0.6596 0.0964

m = −0.25

0 0.9206 0.3321 0 0.9206 0.3321
0.5 0.9968 0.5121 0.05 0.9096 0.3085
1 1.0459 0.6446 0.1 0.8975 0.2831
5 1.2348 1.2869 0.15 0.8837 0.2552
10 1.3504 1.7947 0.2 0.8676 0.2239

m = 0

0 1.0426 0.3321 0 1.0426 0.3321
0.5 1.1090 0.4658 0.05 1.0339 0.3157
1 1.1552 0.5694 0.1 1.0244 0.2984
5 1.3449 1.0911 0.2 1.0032 0.2605
10 1.4651 1.5105 0.3 0.9771 0.2162

m = 0.25

0 1.1427 0.3321 0 1.1427 0.3321
0.5 1.2018 0.4385 0.05 1.1353 0.3196
1 1.2453 0.5240 0.1 1.1275 0.3065
5 1.4332 0.9685 0.2 1.1104 0.2786
10 1.5560 1.3314 0.3 1.0908 0.2476

m = 0.5

0 1.2284 0.3321 0 1.2284 0.3321
0.5 1.2819 0.4205 0.05 1.2219 0.3219
1 1.3229 0.4934 0.1 1.2152 0.3115
5 1.5079 0.8834 0.2 1.2006 0.2894
10 1.6321 1.2063 0.3 1.1846 0.2655

for all m values in aiding mixed convection, whereas opposite trends is observed for opposing flow. It
can also be seen that for a given Gry/Re3

y values, heat transfer rate increases with m for aiding flow.
In opposing flow, for a given Gry/Re3

y value, decreasing behaviour of heat transfer rates are observed
with increasing m values.

Figs. 4.11(a) and 4.11(b) show the variation of skin friction coefficient with Gry/Re3
y values for

various power-law index values m for aiding and opposing mixed convection, respectively. In aiding
mixed convection, the skin friction coefficient increases with Gry/Re3

y values for all power-law index
values. However, skin friction coefficient follows decreasing trend with values of Gry/Re3

y in case
of opposing mixed convection, for all power-law index values. It can also be seen from the figures
that for a givenGry/Re3

y value, skin friction coefficient decreases with increasingm values for aiding
mixed convection, while it increases with m values for opposing mixed convection. The curves for
different m values converge towards decreasing values of Gry/Re3

y. They coincide for Gry/Re3
y = 0

indicating the friction coefficients are independent of m values. This is due to the fact that small
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Figure 4.10: Variation of Nuy/Re1/2
y with Gry/Re3

y for various m values

values of Gry/Re3
y = 0 indicate the values near the forced convection asymptote and the velocity is

not effected by temperature. Hence, the friction factor is independent of m values, as the variable m
is associated with thermal boundary condition.
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Figure 4.11: Variation of skin friction coefficient with Gry/Re3
y for various m values

4.3 Summary

In the present chapter, the similarity solutions are presented for the natural and mixed convection
boundary layer flows over a flat plate of power-law varying surface heat flux condition. The mixed
convection is solved for both assisting and opposing flow configurations. The following conclusions
are drawn from the natural convection study.

1. In the natural convection, at a given location, the dimensionless streamwise velocity and di-
mensionless temperature decreases with increasing power-law index despite the fact that the
corresponding dimensional velocity and temperature increases with power-law index.
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2. Velocity and thermal boundary layer thickness decreases with increasing power index.

3. Local Nusselt number increases with increasing power-law index.

The conclusions from mixed convection boundary layer flows are as following.

1. For a given value of power-law index, dimensionless velocity and temperature increases and
decrease with respect to Gry/Re3

y for aiding flow. The reverse trend is observed for opposing
flow.

2. For a given Gry/Re3
y, dimensionless velocity decreases with power-law index value for aiding

flow, and increases for opposing flow. However, dimensionless temperature decreases for both
aiding and opposing flows.

3. The velocity and thermal boundary layer thicknesses increases and decreases, respectively, with
increasing power-law index value for a given values Gr/Re3 for aiding flow. The opposite
trends are observed for opposing flow.

4. For a given Gry/Re3
y, Nusselt number increases with power-law index for aiding flow. How-

ever, the opposite trend is observed for opposing flow.
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Chapter 5

Formulation for linear stability analysis of
boundary layer flows

In the present study, the stability of natural and mixed convection boundary layer flows of water in-
cluding density inversion are studied. The stability analysis is carried out for temporal and spatial
stability. First, the details of temporal and spatial stability analysis are presented. Then, the dis-
cretisation of governing equations, using spectral Chebyshev collocation method, and formation of
Eigenvalue problem, which are followed in the present study, are described.

5.1 Parallel stability analysis

In the literature, the stability of boundary layer flows are studied using parallel stability analysis with
large extent of success. For example, studies of Wazzan et al. [22] and Kaplan [23]. In the present
work, parallel flow stability analysis is adapted for natural and mixed convection boundary layer
flows. First to begin with, the basic steps of parallel flow stability which leads to Orr-Sommerfeld
equation is briefed here.

In parallel stability analysis, the base flow is assumed to be parallel and the flow variables are
assumed to vary only in cross-stream direction. Mathematically, parallel flow assumptions for base
flow quantities are written as,

ū = ū(y), v̄ = 0, p̄ = p̄(y). (5.1)

In parallel flow stability, first we write a governing equation for base flow. Then, the variables such
as velocity and pressure are added with perturbations. The governing equations for the combination
of base flows and disturbance fields are written. Then, the equations of combined flow are subtracted
with the equations of base flow which give the disturbance governing equations. After applying the
parallel flow conditions on base flow, we obtain the following disturbance governing equations.

∂û

∂x
+
∂v̂

∂y
= 0, (5.2)

∂û

∂t
+ ū

∂û

∂x
+ û

∂ū

∂x
+ v̄

∂û

∂y
+ v̂

∂ū

∂y
+

1

ρ

∂p̂

∂x
= ν

(
∂2û

∂x2
+
∂2û

∂y2

)
, (5.3)
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∂v̂

∂t
+ ū

∂v̂

∂x
+ û

∂v̄

∂x
+ v̄

∂v̂

∂y
+ v̂

∂v̄

∂y
+

1

ρ

∂p̂

∂y
= ν

(
∂2v̂

∂x2
+
∂2v̂

∂y2

)
. (5.4)

Neglecting the non-linear terms of disturbance, the linearized form of the disturbance equations
are,

∂û

∂x
+
∂v̂

∂y
= 0, (5.5)

∂û

∂t
+ ū

∂û

∂x
+ v̂

∂ū

∂y
+

1

ρ

∂p̂

∂x
= ν

(
∂2û

∂x2
+
∂2û

∂y2

)
, (5.6)

∂v̂

∂t
+ ū

∂v̂

∂x
+

1

ρ

∂p̂

∂y
= ν

(
∂2v̂

∂x2
+
∂2v̂

∂y2

)
. (5.7)

To eliminate the variable p̂, differentiate Eq. (5.6) and (5.7) with respect to y and x, respectively
and subtract them from each other, we get

∂2û

∂t∂y
− ∂2v̂

∂t∂x
+ ū

(
∂2û

∂x∂y
− ∂2v̂

∂x2

)
+
∂ū

∂y

∂û

∂x
+ v̂

∂2ū

∂y2
+
∂ū

∂y

∂v̂

∂y

= ν

(
∂3û

∂y3
+

∂3û

∂x2∂y
− ∂3v̂

∂x∂y2
− ∂3v̂

∂x3

)
. (5.8)

Now, disturbance stream function (ψ̂) is introduced and û and v̂ are expressed in terms of distur-
bance stream functions as,

û =
∂ψ̂

∂y
, v̂ = −∂ψ̂

∂x
. (5.9)

The stream function is expanded in normal modes in the form

ψ̂(x, y, t) = ψ(y)eiᾱ(x−c̄t). (5.10)

Substituting Eqs. (5.9) and (5.10) in the Eq. (5.8), we get the following form of disturbance equation

−ψ′′c+ ᾱ2cψ + ψ′′ū− ψᾱ2ū+ ψ′ū′ − ψū′′ − ψ′ū′ = ν

iᾱ

(
ψ

′′′′ − 2ᾱ2ψ′′ + ᾱ4ψ
)
.

Arranging the above disturbance equation, the following equation is obtained

(ū− c)(ψ′′ − ᾱ2ψ)− ū′′ψ =
ν

iᾱ

(
ψ

′′′′ − 2ᾱ2ψ′′ + ᾱ4ψ
)
. (5.11)

The above equation is generalized disturbance equation for fluid flow in dimensional form. To convert
the equation into dimensionless form, the following dimensionless parameters are used,

η =
y

δ
, φ =

ψ

Ueδ
, U =

ū

Ue
, C =

c

Ue
, α = ᾱδ. (5.12)

Substituting the above dimensionless parameters in Eq. (5.11), the dimensionless form of governing
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equation becomes,

(U − C)
(
φ′′ − α2φ

)
− U ′′φ =

1

iαReδ

(
φ′′′′ − 2α2φ′′ + α4φ

)
, (5.13)

where, Reδ =
Ueδ

ν
and C = ω/α. The above equation (5.13) is well known Orr-Sommerfeld equa-

tion. The Orr-Sommerfeld equation governs the disturbance equations for velocities. Similarly, we
can also derive the disturbance equation for temperature. With appropriate non-dimensional parame-
ters, we can obtain the temperature disturbance equation as

(U − C)S − θ′φ =
1

iαReδPr
(D2 − α2)S, (5.14)

where, S is the dimensionless temperature disturbance, θ is dimensionless base flow temperature.
Reδ is Reynolds number based on boundary layer thickness and Pr is Prandtl number. The stability
of convection flows governed by the combination of both the above Orr-Sommerfeld equation (5.13)
and disturbance temperature equation (5.14).

5.2 Temporal stability analysis

In temporal stability analysis, we study evolution of the disturbance in time for a specified periodic
variation in space. This means, in the disturbance variation of the form given by Eq. (5.15), we seek
values of C which satisfies the disturbance equation along with boundary conditions for a specified
real value of α for a given combination of parameter values such as Reynolds number, Prandtl number.
This means that in temporal stability analysis, α is specified as given real value and C is, in general,
a complex value which acts as an Eigenvalue.

φ̂(x, y, t) = φ(y)eiα(x−ct) (5.15)

= φ(y)eiαxe−iα(cr+ici)t.

In the above, α is a real value. From the above equations, we can see if ci

flow is stable: ci < 0 for all Eigenvalues

flow is unstable: ci > 0 atleast for one Eigenvalue

flow is neutrally stable: ci ≤ 0 for all and ci = 0 for atleast for one Eigenvalue

5.3 Spatial stability analysis

In spatial stability analysis, we study evolution of the disturbance in space for a specified periodic
variation in time at a given location. This means, in the disturbance variation of the form given by
Eq. (5.16), we seek value of αwhich satisfies the disturbance equation along with boundary conditions
for a specified real value of ω for a given combination of parameter values such as Reynolds number,
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Prandtl number. This means in spatial stability analysis, ω is specified as given real value and α is in
general a complex value which acts as an Eigenvalue.

φ̂(x, y, t) = φ(y)eiα(x−ct)

= φ(y)ei(αr+iαi)xe−iαct

= φ(y)ei(αr+iαi)xe−iωt (5.16)

where, ω = αc.
In the above, ω is the real value. From the above equations, we can see that if αi

flow is stable: αi > 0 for all Eigenvalues

flow is unstable: αi < 0 atleast for one Eigenvalue

flow is neutrally stable: αi ≤ 0 for all and αi = 0 for atleast for one Eigenvalue

5.4 Numerical methodology

5.4.1 Discritization of disturbance equation

The stability of the system is governed by the Eigenvalues of Eigenvalue problem given by velocity
disturbance and temperature disturbance equations. From the Eigenvalue problem, we need to extract
the information:

1. To find the most unstable Eigenvalue which represents fastest growing mode consequently find-
ing the neutral curve (marginal stability curve).

2. Structure of Eigenvalue spectrum.

3. Eigen vectors.

A review of numerical methods used for the solutions of the disturbance equations is given in
Drazin and Reid [14]. In the linear stability analysis, the prediction of instability can be influenced
by the accuracy of the discretisation method. Hence, higher accurate methods are needed for the
discretisation. The following methods are usually used for the discretisation of disturbance equations.

Finite difference method (FDM): When we want to solve only the most unstable Eigenvalue,
finite difference method is an efficient method which needs less computation than that of spectral
methods. However, the computation of complete spectrum, FDM may not be the better method.

Spectral method: Spectral methods provide accurate solutions of the governing equations. Cheby-
shev spectral methods are usually used for the non-periodic configurations.

Initial value methods (Shooting method): In the initial value method, the solution of the gov-
erning equations are written into a form of initial value problem and the equations are integrated from
y = 0 to y = ymax. When we use initial value methods for solving Orr-Sommerfeld equation, the
parasitic growth problem inherently present in the solutions as different independent solutions have
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growth rates of large difference. The use of Riccati method and compound matrix methods are used
as remedy for overcoming the parasitic error growth.

Due to the high accuracy and possibility of obtaining the complete Eigenvalue spectrum and
Eigen functions, Chebyshev spectral method is used in the present study for the discretisation of
disturbance equations. There are many references on the topic of spectral methods such as books
by Trefethen [142], Canuto et al. [143] and Boyd [144]. Next, the details of Chebyshev polynomi-
als and discretisation of differentials using Chebyshev polynomials are given below. The details of
Chebyshev polynomial can be found in references such as Schmid and Hennigson book [4].

5.4.2 Chebyshev polynomials

The Chebyshev polynomials are the solutions of Sturm-Liouville problem which is given by

d

dx

(√
1− x2

d

dx
Tk(x)

)
+

k2

√
1− x2

Tk(x) = 0. (5.17)

The Chebyshev polyomial of its first order in the interval [-1,1] can be defined by

Tk(x) = cos(k cos−1 x), k = 0, 1, 2, · · · . (5.18)

The above Eq. (5.18) is the solution of an Eigenvalue problem given by Eq. (5.17). From the
Eq. (5.18), it is clear that −1 ≤ Tk ≤ 1. If we put x = cos z in Eq. (5.18), we get

Tk = cos kz. (5.19)

From the above equation, the Chebyshev polynomial functions can be expressed as

T0 = 1,

T1 = cos z = x

T2 = cos 2z = 2 cos2 z − 1 = 2x2 − 1,

· · · .

(5.20)

From the Moivre formula, we can write as

cos kz = Re
{

(cos z + i sin z)k
}

(5.21)

and then using the Binomial formula, the expression for Chebyshev polynomial (Tk) given by Eq. (5.19)
converts into following form,

Tk =
k

2

[k/2]∑
m=0

(−1)m
(k −m− 1)!

m!(k − 2m)!
(2x)k−2m, (5.22)

where, the quantity [k/2] represents the integer part of [k/2]. From the property of trigonometrical
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identity

cos(k + 1)z + cos(k − 1)z = 2 cos z cos kz (5.23)

and using the relations Eqs. (5.18), (5.19), the recurrence relation for Chebyshev polynomial between
k − 1, k and k + 1 can be written as

Tk+1 − 2xTk + Tk−1 = 0, k ≥ 1. (5.24)

From the above equations, for k ≥ 2, we can find out the series of polynomials expressions for Tk
using the expressions for Tk−1 and Tk−2, starting from known expressions for T0 and T1 as initial
expressions for the recurrence formula.

The expression for polynomial Tk and its first order derivatives T ′k at point x = ±1 is given by,

Tk(±1) = (±1)k, T ′k(±1) = (±1)k+1k2. (5.25)

The values at above points are useful for the boundary conditions.

Tk(−x) = (−1)kTk(x). (5.26)

The polynomial values of Tk become zero at points xi which are called Gauss point and given by,

xi = cos

(
i+

1

2

)
π

k
, i = 0, · · · , k − 1. (5.27)

The above expression reaches its extremum values (+1 or -1) at points xi which are called Gauss-
Lobatto points. The expression for Gauss-Lobatto points are defined by,

xi = cos
πi

k
, i = 0, · · · , k. (5.28)

The Gauss and Gauss-Lobatto points are zeros of the polynomial (1− x2)T ′k(x).
The differentiation of Tk = cos kz becomes,

T ′k =
d

dz
(cos kz)

dz

dx
= k

sin kz

sin z
. (5.29)

Using trigonometric relations, we can write the recurrence formula for derivatives

T ′k+1

k + 1
−

T ′k−1

k − 1
= 2Tk, valid for k > 1. (5.30)

One of the important properties of Chebyshev polynomial is the orthogonal property. Chebyshev
polynomials are orthogonal on [-1,1] with the weight

w = (1− x2)−1/2. (5.31)
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The spectrum of functions are orthogonal which means, for any two functions u and v in the spectrum,
the scaler product becomes

(u, v)w =

∫ 1

−1

u v wdx, (5.32)

= 0 if u and v are not the same functions, (5.33)

6= 0 if u and v are same functions. (5.34)

For Chebyshev polynomials, the orthogonal property is according to

(Tk, Tl)w =

∫ 1

−1

Tk Tl wdx =
π

2
ck δk,l, (5.35)

where, δk,l is Kronecker delta and ck is given by

ck = 2 if k = 0, (5.36)

ck = 1 if k ≥ 1. (5.37)

In the Chebyshev approximations to any function governed by differential equation, Gauss quadrature
formula is used. The quadrature formula applied to any function p(x) using Gauss-Lobatto points
xi = cosπi/N, i = 0, . . . , N (which are generally used in any collocation methods) is given by

∫ 1

−1

p wdx ≈ π

N

N∑
i=0

p(xi)

c̄i
, (5.38)

where,

ck = 2 if k = 0, (5.39)

ck = 1 if 1 ≤ N − 1, (5.40)

ck = 2 if k = N. (5.41)

The relation given by Eq. (5.38) is exact if p(x) is a polynomial of degree 2N − 1 at most.

π

2
ck δk,l =

∫ 1

−1

Tk Tl wdx =
π

N

N∑
i=0

1

c̄i
Tk(xi)Tl(xi). (5.42)

N∑
i=0

1

c̄i
Tk(xi)Tl(xi) =

c̄k
2
Nδk,l, (5.43)

which is valid for 0 < k, l ≤ N .
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5.4.3 Calculation of Chebyshev coefficients

Residue RN = u− uN at the collocation points xi = cos(πi/N), i = 0, 1, 2, · · · , N

u(xi) = uN(xi) i = 0, · · · , N, (5.44)

writing ui = u(xi) = uN(xi), the above equation becomes,

ui =
N∑
k=0

ûk cos

(
kπi

N

)
, i = 0, · · · , N. (5.45)

Eqs. (5.44) and (5.45) give us algebraic system of equations for û with 2(N + 1) coefficients. The

associated matrix T = cos

(
kπi

N

)
, k, i = 0, · · · , N is invertible. T−1 = [2(cosπi/N)/(c̄kc̄iN)],

k, i = 0, · · · , N

ûk =
2

c̄kN

N∑
i=0

1

c̄i
uiTk(xi), k = 0, · · · , N, (5.46)

or

ûk =
2

c̄kN

N∑
i=0

1

c̄i
ui cos

(
kπi

N

)
, k = 0, · · · , N. (5.47)

In the form of matrix-vector products, the above can be written as,

U = T Û, Û = T−1U, (5.48)

where, U and Û are vectors contain grid points and expansion coefficients, respectively.

5.4.4 Lagrange interpolation polynomial

Let us approximate a function u(x) in terms of the values of Tk(x) at N + 1 Gauss-Lobatto points
given by xi = cosπi/N, i = 0, . . . , N

uN(x) =
N∑
k=0

ûkTk(x). (5.49)

Eq. (5.49) is a polynomial of degree N and ûk are the coefficients of the polynomial. The approxi-
mation given by Eq. (5.49) is nothing but the Lagrange interpolation polynomial based on the set of
points {xi}. Hence, it can be written as

uN(x) =
N∑
j=0

hj(x)u(xj), (5.50)
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where uN(xj) = u(xj) and hj(x) is the N th degree polynomial which is given as

hj(x) =
(−1)j+1(1− x2)T ′N(x)

c̄jN2(x− xj)
. (5.51)

The expression for hj(x) can be constructed from the fact that the collocation points given by Gauss-
Lobatto points are zeros of polynomial (1 − x2)T ′N(x) (as given in section 5.4.3). The derivative of
(1− x2)T ′N(x) at the limit of Gauss-Lobatto points is given by

lim
x→xj

(1− x2)T ′N(x)

x− xj
→ (−1)j+1c̄jN

2 for j = 0, . . . , N. (5.52)

5.4.5 Differentiation in the physical space

To approximate pth derivative values of polynomial u(xi) at collocation points given by Gauss-Lobatto
points, first we approximate the polynomial using the expression given by Eq. (5.49) as

uN(x) =
N∑
k=0

ûkTk(x). (5.53)

To find the derivative values at the collocation points, we apply derivatives on both sides of the above
expression which gives

u
(p)
N (x) =

N∑
j=0

hpj(xi)UN(xj). (5.54)

The values of hpj(xi) can be calculated using expression given by Eq. (5.51). Hence, the derivative
hpj(x) can be obtained by finding the pth derivative of hj(x) given by Eq. (5.51) at the collocation
points using the limit of x − xj → 0. The expression for d(p)

i,j for first order derivatives (p = 1) are
given by

d
(1)
i,j =

c̄i
c̄j

(−1)i+j

(xi − xj)
, 0 ≤ i, j ≤ N, i 6= j

d
(1)
i,i = − xi

2(1− x2
i )
, 1 ≤ i ≤ N − 1

d
(1)
0,0 = d

(1)
N,N =

2N2 + 1

6
,

(5.55)

where, xi = cos(πi/N), c̄0 = c̄N = 2, c̄j = 1 for 1 ≤ j ≤ N − 1.
The vector of first derivative of any variable U can be written as

U (1) = DU. (5.56)

Here, D is the derivative matrix whose components are given by Eq. (5.55). Once, we find derivative
matrix D, the derivative matrix for second order derivatives is given by

U (2) = D2U, (5.57)
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where, D2 is the matrix multiplication of matrix D and D (matmul(D,D))
Similarly, for any pth order derivative vector can be expressed as

U (p) = DpU, (5.58)

where, Dp is derivative matrix for pth order derivative which is found by multiplying matrix D, p
times to itself.

5.4.6 Gauss-Lobatto grid points

In Chebyshev spectral methods, we need to use Gauss-Lobatto points as grid nodal points for the dis-
cretisation. In Chebyshev spectral method with Gauss-Lobatto points, once we choose number of grid
points N , then the distribution of the grid points will be fixed by the Gauss-Lobatto grid distribution.
The grid distribution according to the Gauss-Lobatto points deploy finer mesh near the boundaries
of computation domain at x = −1 and x = 1. This type of grid inherently shows advantage if the
variables show sharp variation at the boundaries. For example, if the physical problems have solid
wall at x = −1 and x = 1, as in channel flows, physically the velocity and temperature show sharp
gradients near the walls. For such problems, the Gauss-Lobatto point distribution captures the sharp
variation naturally. On the other hand, if in any problem, due to physical reasoning, we need uniform
mesh then we have to use grid transformation to map from the Gauss-Lobatto grid to uniform grid.
Such transformation is used by Jotkar et. al [145] to distribute grid in streamwise direction uniformly
for solving flows in a converging-diverging channel.

The Chebyshev polynomial varies between -1 to 1 and hence, the computational domain has to be
in range of -1 to 1. If the physical system has a different coordinate ranges, then we have to transform
the physical domain to the computational domain of [-1, 1] in which the Chebyshev spectral method
can be applied. When we perform such transformation, the derivatives in the physical domain need
to be converted from physical to computational domain using the relation,

dφ

dy
=
dφ

dη

dη

dy
, (5.59)

where, y and η are coordinate systems in physical and computational domain, respectively. φ is the
general dependent variable.

5.4.7 Mapping from infinite to finite domain

In certain flows, the physical system consists of infinite or semi-infinite domains. For example, bound-
ary layer flows, which are analysed in the present study, the physical system extends to infinity on
one side (semi-infinite domain). However, if we use Chebyshev spectral methods for discretisation
of disturbance governing differential equations, we need to use coordinate transformation from semi-
infinite domain ([0 ∞)) to a domain of [-1,1]. This is because Chebyshev polynomials are defined
only in the domain of [-1,1]. In the literature, various mapping functions have been used. Some
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mapping functions are (Schmid and Henningson [4])

η =
1 + x

1− x
, x =

η − 1

η + 1
, (5.60)

and,

η = −ln
(

1− x
2

)
, x = 1− 2e−η, (5.61)

x = a
1 + η

b− η
, (5.62)

where, a =
xixmax

xmax − 2xi
and b = 1 +

a

xmax
. a is the stretching parameter which cluster the grids near

the wall that gives accurate solutions. xmax is the length of infinite domain (in computation, xmax is
finite but sufficiently large depending on the problems). To get the accurate solutions, the half of the
total grid points should be located in region 0 ≤ x ≤ xi. In the present study, the following mapping
function is used which is given by Malik [146],

x = a
1 + η

b− η
, (5.63)

where, a is constant and b = 1 +
a

xmax
. a is stretching parameter and xmax is length of infinite domain.

The mapping functions given by Eqs. (5.62) and (5.63) are almost same. The only difference is
that in Eq. (5.62), a is a function of variable η, whereas a is a constant in Eq. (5.63).

5.4.8 Numerical solution of temporal stability Eigenvalue problem

As mentioned in the section 5.2, for a particular combination of parameters such as Reynolds number,
Grashof number, we specify real value for α then find theC value as an Eigenvalue. In the disturbance
equations for flow α appears with power 1 (linearly). Hence, we can convert the governing equations
and boundary conditions of the disturbance equations into the form of Aφ̄ = λBφ̄, where A and
B matrices are obtained from the disturbance governing equations. For a given set of values of
parameters such as Re, Gr and α values, we first construct the matrices A and B then the Eigenvalue
problem is solved using open source code LAPACK.

In a general form, the velocity disturbance equation can be written in the form of Eigenvalue
problem as follows,(

a4φ
′′′′

+ a3φ
′′′

+ a2φ
′′

+ a1φ
′ + a0φ

)
+
(
b2S

′′
+ b1S

′ + b0S
)

=

λ
[(
a5φ

′′
+ a6φ

′ + a7φ
)

+
(
b3S

′′
+ b4S

′ + b5S
)]
. (5.64)
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Similarly, the disturbance energy equation in the form of Eigenvalue problem, can be given as,(
a8φ

′′′′
+ a9φ

′′′
+ a10φ

′′
+ a11φ

′ + a12φ
)

+
(
b6S

′′
+ b7S

′ + b8S
)

=

λ
[(
a13φ

′′
+ a14φ

′ + a15φ
)

+
(
b9S

′′
+ b10S

′ + b11S
)]
.

(5.65)

Using the differentials defined in the section 5.4.5, the above disturbance equations can be written
into the following forms,

A11φ+ A12S = C (B11φ+B12S) , (5.66)

A21φ+ A22S = C (B21φ+B22S) , (5.67)

where,C = ω/α is the Eigenvalue in temporal stability andA11,A21,B11,B21 are coefficient matrices
of φ of size N ×N , and A12, A22, B12, B22 are coefficient matrices of S of size N ×N . φ and S are
vectors of disturbance stream function and temperature, respectively, of the size N . The coefficient
matrices are,

A11 = a4D
4 + a3D

3 + a2D
2 + a1D + a0,

A12 = b2D
2 + b1D + b0,

A21 = a8D
4 + a9D

3 + a10D
2 + a11D + a12,

A22 = b6D
2 + b7D + b8,

B11 = a5D
2 + a6D + a7,

B12 = b3D
2 + b4D + b5,

B21 = a13D
2 + a14D + a15,

B22 = b9D
2 + b10D + b11.

Eqs. (5.66) and (5.67) together, can be written in the Eigenvalue form as,[
A11 A12

A21 A22

][
φ

S

]
= C

[
B11 B12

B21 B22

][
φ

S

]
. (5.68)

The above equation is in the form of generalized Eigenvalue problem, so it can be solved by any
Eigenvalue problem solver.

For example, using above procedure, pure Orr-Sommerfeld equation (5.13) can be written as,

a4φ
′′′′

+ a3φ
′′′

+ a2φ
′′

+ a1φ
′ + a0φ = λ

(
a5φ

′′
+ a6φ

′ + a7φ
)
. (5.69)

Using the differentials, the above equations can be written as

(
a4D

4 + a3D
3 + a2D

2 + a1D + a0

)
φ = λ

(
a5D

2 + a6D + a7

)
φ, (5.70)
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where,

a0 = −Uα2 − U ′′ − α4 1

iαReδ
,

a1 = 0,

a2 = U + 2α2 1

iαReδ
,

a3 = 0,

a4 = − 1

iαReδ
,

a5 = 1,

a6 = 0,

a7 = −α2.

5.4.9 Numerical solution of Eigenvalue problem of spatial stability analysis

Solutions of polynomial Eigenvalue problem

As mention in the section 5.3, in spatial stability analysis, we specify a real value for ω (which is
proportional to C) and find the value of α as an Eigenvalue which is in general a complex number.
However, in the disturbance equations, α appears with non-linear powers. For example, in Orr-
Sommerfeld equation α appears with highest power 4. Hence, in spatial stability of heat transfer and
fluid flow problems, we get an eigenvalue problem in the form of

[
C4α

4 + C3α
3 + C2α

2 + C1α + C0

]
φ+

[
E2α

2 + E1α + E0

]
S = 0, (5.71)[

C9α
4 + C8α

3 + C7α
2 + C6α + C5

]
φ+

[
E5α

2 + E4α + E3

]
S = 0. (5.72)

The Eigenvalue problem in which the Eigenvalue appears in power more than 1, is called poly-
nomial Eigenvalue problem. To solve a Polynomial Eigenvalue problem, first we have to convert
this into generalized Eigenvalue problem of the form AX = λBX . The conversion of polynomial
Eigenvalue problem is done using the following linearisation

φ1 = φ, (5.73)

φ2 = αφ = αφ1, (5.74)

φ3 = α2φ = αφ2, (5.75)

φ4 = α3φ = αφ3, (5.76)

S1 = S, (5.77)

S2 = αS = αS1. (5.78)

Eq. (5.71) can be written as following in terms of φ1, φ2, φ3, φ4, S1 and S2 as,

−C0φ1 − C1φ2 − C2φ3 − C3φ4 − E0S1 − E1S2 = α (C4φ4 + E2S2) (5.79)
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−C5φ1 − C6φ2 − C7φ3 − C8φ4 − E3S1 − E4S2 = α (C9φ4 + E5S2) (5.80)

From Eqs. (5.74)–(5.79), the polynomial Eigenvalue problem can be written in the form of system
of Eigenvalue problem which is given by,

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 I 0 0

−C0 −C1 −C2 −C3 −E0 −E1

0 0 0 0 0 I

−C5 −C6 −C7 −C8 −E3 −E4





φ1

φ2

φ3

φ4

S1

S2


= α



I 0 0 0 0 0

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 C4 0 E2

0 0 0 0 I 0

0 0 0 C9 0 E5





φ1

φ2

φ3

φ4

S1

S2


, (5.81)

where, φ1, φ2, φ3 and φ4 are Eigen functions of disturbance stream function and S1 and S2 are the
Eigenfunctions of disturbance temperature. The coefficient C0, C1, C2, C3, C4, C5, C6, C7, C8, C9

are coefficient square matrices for φ and I is identity matrix.E0, E1, E2, E3, E4 and E5 are coefficient
matrices for S.
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Chapter 6

Stability analysis of natural convection
boundary layer flows

In this chapter, the study of stability of natural convection boundary layer flows of water near its
density inversion is presented. The stability of natural convection is studied for uniform temperature
and uniform heat flux wall conditions. For both the wall conditions, temporal and spatial stability
analysis is carried out. The effect of inclination on the stability is also studied.

6.1 Stability of natural convection boundary layer over an isother-
mal plate

6.1.1 Physical system

The physical system of the problem consists of a vertical plate of constant wall temperature Tw. The
schematic of the problem is shown in Fig. 6.1. The ambient fluid is stationary and at temperature T0,
where T0 is the temperature corresponding to density maximum point. Due to the induced buoyancy
caused by temperature differences, water near its density inversion forms the free convection boundary
layer flow over the vertical plate.

6.1.2 Governing equations for base flow

The base flows is assumed to be steady and incompressible. The viscous dissipation and effect of
radiation are considered to be negligible. The thermo-physical properties of the water are taken
constant except for the density in buoyancy term in y-momentum equation. The variation of density
with temperature is taken according to the parabolic profile given by Eq. (1.3)

ρ = ρ0[1− (T/T0)2],

where, ρ is the density of water and ρ0 and T0 are the density and temperature of the maximum
density point near the density inversion. Under the above assumptions, continuity, momentum and
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Figure 6.1: Natural convection boundary layer flow over a plate of constant wall temperature

energy equations, respectively, can be written as

∂u

∂x
+
∂v

∂y
= 0, (6.1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2

)
, (6.2)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2

)
+ gγ(T − T0)2, (6.3)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

k

ρcp

(
∂2T

∂x2
+
∂2T

∂y2

)
. (6.4)

After applying the boundary layer approximations to the above equations, the following equations are
obtained.

∂u

∂x
+
∂v

∂y
= 0, (6.5)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
+ gγ(T − T0)2, (6.6)

u
∂T

∂x
+ v

∂T

∂y
=

k

ρcp

∂2T

∂y2
. (6.7)

No-slip and no penetration conditions are applied at the plate wall. The plate wall is at constant
temperature Tw, whereas the ambient temperature of fluid is T0. For the base flow, the boundary
conditions are given by

At y = 0, u = v = 0, T = Tw, (6.8)

At y →∞, u = 0, T = T0. (6.9)

The above governing equations along with the boundary conditions admit similarity solutions. To
convert the above partial differential equations into ordinary differential equations, the following sim-
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ilarity transformation is used.

η =
y

x

(
Grx

4

)1/4

, U = f ′ =
v̄

ν

(
x

Gr
1/2
x

)
, θ =

T̄ − T̄0

∆T̄
,

Grx =
gγ(∆T̄ )2x3

ν2
, ∆T̄ = T̄w − T̄0. (6.10)

With the above transformation, the governing equations (6.5)–(6.7) and boundary conditions (6.8)–
(6.9) convert into the following form.

f ′′′ +
3

2
ff ′′ − 1

2
f

′2 + 2θ2 = 0 (6.11)

θ′′ +
3

2
Prfθ′ = 0 (6.12)

where, derivative of above variables are derivative with respect to dimensionless variable η, f is
dimensionless stream function and θ is dimensionless temperature.

At η = 0, f = f ′ = 0, θ = 1 (6.13)

At η →∞, f ′ = 0, θ = 0. (6.14)

The above ordinary differential equations are solved using shooting method. Fourth order Runge-
Kutta method is used for the numerical integration of the ODEs.

6.1.3 Disturbance equations

Now, parallel flow stability analysis is considered to study the natural convection boundary layer flow.
In parallel flow stability, the base flow is assumed to be parallel. Hence, streamwise velocity, pressure,
temperature are functions of x only. The cross stream velocity components are zero.

ū = ū(y), v̄ = 0, p̄ = p̄(y), T̄ = T̄ (y). (6.15)

Imposing perturbations u′, v′, p′ and T ′ on base flow defined by variables ū, v̄, p̄ and T̄ , the governing
equations for combined flow become

∂ū

∂x
+
∂v̄

∂y
+
∂u′

∂x
+
∂v′

∂y
= 0, (6.16)

(
�
�
�∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y

)
+

(
∂u′

∂t
+ u′

∂u′

∂x
+ v′

∂u′

∂y

)
+ ū

∂u′

∂x
+ u′

∂ū

∂x
+ v̄

∂u′

∂y
+ v′

∂ū

∂y

= −1

ρ

∂p̄

∂x
+ ν

(
∂2ū

∂x2
+
∂2ū

∂y2

)
− 1

ρ

∂p′

∂x
+ ν

(
∂2u′

∂x2
+
∂2u′

∂y2

)
,

(6.17)

(
�
�
�∂v̄

∂t
+ ū

∂v̄

∂x
+ v̄

∂v̄

∂y

)
+

(
∂v′

∂t
+ u′

∂v′

∂x
+ v′

∂v′

∂y

)
+ ū

∂v′

∂x
+ u′

∂v̄

∂x
+ v̄

∂v′

∂y
+ v′

∂v̄

∂y

= −1

ρ

∂p̄

∂y
+ ν

(
∂2v̄

∂x2
+
∂2v̄

∂y2

)
− 1

ρ

∂p′

∂y
+ ν

(
∂2v′

∂x2
+
∂2v′

∂y2

)
,

(6.18)
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(
∂T̄

∂t
+ ū

∂T̄

∂x
+ v̄

∂T̄

∂y

)
+
∂T̂

∂t
+ u′

∂T ′

∂x
+ v′

∂T ′

∂y
+ ū

∂T ′

∂x
+ u′

∂T̄

∂x
+ v̄

∂T ′

∂y
+ v′

∂T̄

∂y

=
k

ρcp

(
∂2T̄

∂x2
+
∂2T̄

∂y2

)
+

k

ρcp

(
∂2T̂

∂x2
+
∂2T̂

∂y2

)
.

(6.19)

After subtracting the base flow equations from the above combined flow equations and linearising the
resulting equations, the following linearised disturbance equations are obtained.

∂û

∂x
+
∂v̂

∂y
= 0, (6.20)

∂û

∂t
+ ū

∂û

∂x
+ v̂

∂ū

∂y
= −1

ρ

∂p̂

∂x
+ ν

(
∂2û

∂x2
+
∂2û

∂y2

)
+ 2gγ(T̄ − T̄0)T̂ , (6.21)

∂v̂

∂t
+ ū

∂v̂

∂x
= −1

ρ

∂p̂

∂y
+ ν

(
∂2v̂

∂x2
+
∂2v̂

∂y2

)
, (6.22)

∂T̂

∂t
+ ū

∂T̂

∂x
+ v̂

∂T̄

∂y
=

k

ρcp

(
∂2T̂

∂x2
+
∂2T̂

∂y2

)
. (6.23)

The disturbance pressure p̂ is eliminated by differentiating Eq. (6.21) and (6.22) with respect to x
and y, respectively, and subtracting them from each other, we get

∂

∂t

(
∂û

∂y
− ∂v̂

∂x

)
+ ū

(
∂2û

∂x∂y
− ∂2v̂

∂x2

)
+
∂ū

∂y

∂û

∂x
+ v̂

∂2ū

∂y2
+
∂ū

∂y

∂v̂

∂y

= ν

(
∂3û

∂y3
+

∂3û

∂x2∂y
− ∂3v̂

∂x∂y2
− ∂3v̂

∂x3

)
+ 2gγ

[
(T̄ − T̄0)

∂T̂

∂y
+ T̂

∂

∂y
(T̄ − T̄0)

]
, (6.24)

∂T̂

∂t
+ ū

∂T̂

∂x
+ v̂

∂T̄

∂y
=

k

ρcp

(
∂2T̂

∂x2
+
∂2T̂

∂y2

)
. (6.25)

Expressing the disturbance variables in terms of normal mode form as

φ̂(x, y, t) = φ̄(y)eiᾱ(x−ct), T̂ (x, y, t) = s(y)eiᾱ(x−ct), (6.26)

where, φ̄ and s are amplitude of disturbance stream function and temperature, respectively. ᾱ is wave
number and c is phase speed. Now, disturbance velocity û and v̂ can be expressed as,

û =
∂φ̂

∂y
, v̂ = −∂φ̂

∂x
. (6.27)

Using the definitions of φ̂, T̂ , û and v̂ in the Eqs. (6.24) and (6.25), the final disturbance equations for
momentum and energy equations in the dimensional forms are as following,

(ū− c)(φ̄′′ − ᾱ2φ̄)− ū′′
φ̄ =

ν

iᾱ

(
φ̄

′′′′ − 2ᾱ2φ̄
′′

+ ᾱ4φ̄
)
,

+
2gγ

iᾱ

[
(T̄ − T̄0)s′ + s(T̄ − T̄0)′

]
, (6.28)
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iᾱ(ū− c)s− iᾱ(T̄ − T̄0)′φ̄ =
k

ρcp

(
s′′ − ᾱ2s

)
. (6.29)

Here, c = ω/α is phase speed of disturbance.
At the plate surface, x and y components of disturbance velocity are zero as there is no disturbance

at the solid plate. Similarly, the temperature disturbance at the plate is zero. Mathematically, the
boundary conditions for the above disturbance equations in dimensional form are,

At y = 0 : φ̄ = φ̄′ = 0, s = 0, (6.30)

At y →∞ : φ̄′ = 0, s = 0. (6.31)

The equations are non-dimensionised using the following form of dimensionless variables,

δ =
x
√

2

Gr
1/4
x

, η =
y

δ
, uref =

ν

x
Gr1/2

x , φ =
φ̄

uref δ
, S =

s

Tw − T0

, C =
c

uref
, α = ᾱδ.

Using the above dimensionless parameters, the dimensionless form of disturbance governing equa-
tions for momentum and energy equations becomes,

[
(U − C)(D2 − α2)− U ′′

]
φ =

1

iαG

[ (
D4 − 2α2D2 + α4

)
φ+ 2 (Dθ + θ′)S

]
, (6.32)

(U − C)S − θ′φ =
1

iαGPr
(D2 − α2)S, (6.33)

where, D =
d

dη
and G =

√
2Gr1/4

x , where Grx is modified Grashof number given by Grx =

(gγ(Tw − T0)2x3)/ν2.
The boundary conditions for the above disturbance equations in dimensionless forms are,

At η = 0 : φ = φ′ = 0, S = 0, (6.34)

At η →∞ : φ′ = 0, S = 0. (6.35)

6.1.4 Base flow solutions

The governing coupled ordinary differential equations (ODEs) (6.11) and (6.12) for the base flows
are solved using shooting method. In this method, the higher order ordinary differential equations are
converted into set of first order differential equations. Fourth order Runge-Kutta method is used for
the integration of differential equations.

The profile of base flow velocity (U ) and temperature (θ) in η domain is shown in Fig. 6.2. From
the Fig. 6.2(a), it can be seen that base flow velocity increases up to particular η value and then it
continuously decreases until it reaches to 0 as η increases.
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Figure 6.2: Base flow solutions : Dimensionless stream-wise velocity and temperature of free con-
vection boundary layer flow

6.1.5 Temporal stability analysis

Solution methodology

The disturbance governing equations (6.32) and (6.33) along with boundary conditions (6.34) and
(6.35) form an Eigenvalue problem. In temporal stability, we specify real value for α and find the
corresponding C value as an Eigenvalue. The governing equations and boundary conditions are dis-
cretised using the Chebyshev spectral method and the Eigenvalue problem is formulated according to
the details given in section 5.4.8. The Eigenvalue problem is written in the form:

A11φ+ A12S = C (B11φ+B12S) , (6.36)

A21φ+ A22S = C (B21φ+B22S) , (6.37)

where,

A11 = U
(
D2 − α2

)
− U ′′ − 1

iαG

(
D4 − 2α2D2 + α4

)
,

A12 = θ′ + θD,

A21 = −θ′,

A22 = U − 1

iαGPr

(
D2 − α2

)
,

B11 = D2 − α2,

B12 = 0,

B21 = 0,

B22 = I.
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Validation

The code is validated by solving the temporal stability of natural convection boundary layer flow
of water over a vertical isothermal flat plate. The disturbance for velocity and temperature at the
wall and free stream are specified to be zero. The present results are compared with those of results
by Nachtsheim [2]. The comparison of neutral curve of free convection flow from present study is
compared with that of Nachtsheim [2] which is shown in Fig. 6.3. Figure shows that neutral curve
from the present study almost overlap with reference study, and hence, the present code result matches
well with the reference result.

20 40 60 80 100 120 140

G*

0

0.2

0.4

0.6

0.8
Present

Reference

Figure 6.3: Comparison of neutral curves of free convection flows obtained from the present results
with that of Nachtsheim [2] for water (Pr = 6.7)

Table 6.1 shows the quantitative comparison of real part of critical Eigenvalue of free convection
flow from the present study with that of Nachtsheim [2] for parameters G∗ = 34 (G∗ = 2

√
2Gr1/4

y ,
whereGry is local Grashof number) and α = 0.45. It can be seen from the table that the present result
matches very well with that of reference result up to three decimal points.

Table 6.1: Comparison of real part of critical Eigenvalue of free convection flow from the present
study with that of Nachtsheim [2] for parameter values ofG∗ = 34 and α = 0.45 for water (Pr = 6.7)

Cr

Present result 0.1555
Nachtsheim [2] 0.1556

Grid sensitivity tests for Eigenvalue spectrum

To check the sensitivity of results with respect to grid points, Eigenvalue spectrum of temporal sta-
bility of free convection flow is calculated using various sizes of grids which is shown in Fig. 6.4.
From the figure it is clear that Eigenvalue spectrum for grid sizes more than 301, there is no consid-
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erable change in the Eigenvalue spectrum. Hence, grid size of 301 is used for computation of natural
convection boundary layer flows.
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Figure 6.4: Effect of grid size on Eigenvalue spectrum (G = 35 and α = 0.5)

Results and discussion

Temporal stability of natural convection boundary layer flow is solved for various combination of
G and α values and obtained the corresponding C = Cr + iCi. Fig. 6.5 shows typical Eigenvalue
spectrum which is calculated for α = 0.5 and G = 35. The spectrum consists of continuous branch
(CS) and discrete Eigen modes (T1, T2, T3, T4). The continuous spectrum CS originates due to the
extension of the domain to infinity in the free stream. The discrete modes originate from the fact that
the flow is bounded by the wall. The discrete Eigenvalues have the non-zero circular frequency, and
hence they are travelling modes. The travelling modes T1, T2, T3 and T4 are denoted in the order
of decreasing Ci value. The discrete Eigenvalues which has maximum Ci value is the most unstable
mode of the flow which decides the overall stability of the flow. In the above figure, T1 mode decides
the stability of the flow.

Fig. 6.6 shows the neutral curve, which separates the stable and unstable regions on the G-α
plane. The critical buoyancy parameter (Gcr) value is the minimum value of G on the neutral curve
below which all the disturbance decay exponentially and the flow is stable for all infinitesimal small
disturbances. The G and α values corresponding to critical point is shown in table 6.2.

Table 6.2: Critical values of G, α, C and ω

Gcr αcr Ccr ωcr

22.246 0.60623 0.15667 + 0i 0.09498

Fig. 6.7 shows the Eigenvalue spectrum corresponding to the critical point. Figure shows that real
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Figure 6.5: Eigenvalue spectrum for G = 35 and α = 0.5
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Figure 6.6: Neutral curve of natural convection boundary layer flows
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Figure 6.7: Eigenvalue spectrum at critical value Gcr = 22.246 and α = 0.6062
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part of lower modes are less than that of of the most unstable mode meaning, the lower modes travel
with lower phase speeds than mode 1.

The Eigenvalues of three most unstable modes are presented in table 6.3. From the table we can
see that the real C value of mode 1 is about 0.09 indicating that the disturbance of phase speed is larger
than the maximum velocity inside the boundary layer. The maximum velocity inside the boundary
layer is about 0.07 which can be seen from base flow velocity profile shown in Fig. 6.2(a). The phase
speed of the mode 2 and 3 are about 38%, 69% of the phase speed of mode 1.

Table 6.3: Few most unstable Eigen modes of free convection boundary layer flows at critical values
of G and α

Mode Eigenvalue (C) ωr

Mode 1 0.15667 + 0i 0.09498
Mode 2 0.09750− 3.88554× 10−2i 0.05911
Mode 3 0.04957− 4.65671× 10−2i 0.03005

The real and imaginary parts of Eigenfunctions corresponding to critical G value is shown in
Fig. 6.9(a) and 6.9(b) for stream function and temperature disturbances, respectively. From the ve-
locity disturbance Eigenfunction, we can see that the maximum disturbance velocity is about at 0.65.
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Figure 6.8: Eigen functions of disturbance velocities for critical values of G and α
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Figure 6.9: Eigen functions of disturbance stream function and temperature for critical values of G
and α
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6.1.6 Effect of plate inclination on temporal stability

The plate inclination can play a significant role on the stability of boundary layer flows as it changes
the way, the gravitational force components interact with the flow. Hence, the effect of inclination is
studied in this section. The physical system is same as that described before in section 6.1.1, except
the plate is inclined in the inclination study. The inclination angle (Φ) is measured in the anticlockwise
direction with respect to the vertically upward direction as shown in Fig. 6.10.

x y

g

φ
T

w

u

plate

v

Figure 6.10: Free convection boundary layer flow with inclination effect

The governing equations of base flow and disturbance equations are same as that of vertical bound-
ary layer flow except that the gravitational acceleration g is replaced with g cos Φ. Hence, the base
flow and disturbance equations (Eqs. (6.11)–(6.12) and (6.32)–(6.33), respectively)) are modified to
the following form to include the inclination effect.

f ′′′ +
3

2
ff ′′ − 1

2
f

′2 + 2θ2 cos Φ = 0 (6.38)

θ′′ +
3

2
Prfθ′ = 0. (6.39)

For the base flows, the boundary conditions are

At η = 0, f = f ′ = 0, θ = 1, (6.40)

At η →∞, f ′ = 0, θ = 0. (6.41)

The governing equations for disturbance equations including inclination effect become

[
(U − C)(D2 − α2)− U ′′

]
φ =

1

iαG

[ (
D4 − 2α2D2 + α4

)
φ

+ 2

{
(D − iα tan Φ)θ +

(
1 + η

tan Φ

G

)
θ′
}
S

]
, (6.42)

(U − C)S − θ′φ =
1

iαGPr
(D2 − α2)S, (6.43)
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where, D =
d

dη
and G =

√
2Gr1/4

x , where Grx is modified Grashof number given by Grx =

(gγ(Tw − T0)2x3)/ν2.
The boundary conditions for the above disturbance equations in dimensionless forms are,

At η = 0 : φ = φ′ = 0, S = 0, (6.44)

At η →∞ : φ′ = 0, S = 0. (6.45)

It may be noted that the above governing equations for base flow and disturbance equations are valid
for small inclination values. The above form of equations are used for the effect of inclination for
Φ = 0◦ to 17◦ in the study by Iyer and Kelly [65]. In the present study, the variation of inclination
is limited in the range of −15◦ to 15◦ as the governing equations for base flow ((6.38)–(6.39)) and
disturbances ((6.42)–(6.42)) are valid only in this inclination range.

The neutral curves for various plate inclinations are shown in Fig. 6.11. With increasing plate in-
clination, the region of unstable zone increases. This means that the range of wave numbers which are
selectively amplified broadens with increasing inclination. Increasing the inclination causes neutral
curves to move towards left side, resulting lower critical buoyancy parameter. With increasing plate
inclination, the upper part of the neutral curve moves upwards. However, the lower part of neutral
curve is not influenced significantly by the change in inclination angle. This implies that inclination
has stronger effect on disturbances with larger wave numbers but has no effect on the dynamics of
disturbances with smaller wave numbers.

The modification of Eigenvalue spectrum due to the variation of inclination is demonstrated in
Fig. 6.12. The spectrum contains Eigenvalues for Φ = −15◦, Φ = 0◦ and Φ = 15◦. The Eigenvalues
move as the inclination is varied from −15◦ to 15◦. For the intermediate inclinations, the respective
Eigenvalues will be located between those of Φ = −15◦ and Φ = 15◦. The Eigenvalues move in the
negative direction of the real axis with increasing inclination, causing the disturbance waves to move
with lowered phase speeds.

The variation of critical buoyancy parameter with inclination is shown in Fig. 6.13. The critical
buoyancy parameter decreases with inclination. The flow becomes unstable at lower buoyancy pa-
rameter as we tilt the plate in anticlockwise direction. The critical buoyancy parameter decreases by
about 14% as the plate inclination is varied from 0◦ to 15◦. When we change the inclination from 0
to -15◦, the critical buoyancy parameter increases by 16%. This means tilting the plate in clockwise
direction makes the flow more stable.

Fig. 6.14 shows the variation of critical wave number with inclinations. The critical modes have
increased wave number with inclination. The critical wave number increases by about 14% when
the plate inclination varies from 0◦ to 15◦. When we tilt the plate in clockwise direction from 0 to
-15◦, the critical wave number decreases by about 13%. The critical values of buoyancy parameter,
wave number and phase speed for various plate inclinations are presented in table 6.4. From the table,
we can see that the critical frequency increases with plate inclination. We can also notice that the
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Figure 6.11: Neutral stability curves for various plate inclinations
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Figure 6.12: Eigenvalue spectrum at critical G value for various plate inclinations

Table 6.4: Critical values of G, ω, α and phase speed (Cr)

Φ Gcr αcr phase speed (Ccr) ωcr

−15◦ 24.485 0.52828 0.15221 + 0i 0.08041
−12◦ 24.144 0.53331 0.15326 + 0i 0.08174
−9◦ 23.775 0.55523 0.15437 + 0i 0.08571
−6◦ 23.334 0.57410 0.15535 + 0i 0.08929
−3◦ 22.779 0.57799 0.15573 + 0i 0.09001

0◦ 22.246 0.60623 0.15644 + 0i 0.09396
3◦ 21.588 0.62752 0.15573 + 0i 0.09772
6◦ 20.828 0.63298 0.15535 + 0i 0.09133
9◦ 19.984 0.65546 0.15437 + 0i 0.10111
12◦ 19.410 0.67328 0.15326 + 0i 0.10312
15◦ 18.754 0.68320 0.15221 + 0i 0.10399

inclination has no significant effect on the phase speed of the disturbance.
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Figure 6.14: Variation of critical wave number with plate inclination
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6.1.7 Spatial stability analysis

In spatial stability analysis, we study the disturbance growth or decay with space for a given temporal
variation of disturbance at a given spatial location. In the present section, the results of spatial stability
analysis are presented.

Numerical treatment

The disturbance governing equations for spatial stability analysis can be given in Eigenvalue form (as
discussed in section 5.4.9),

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 I 0 0

−C0 −C1 −C2 −C3 −E0 −E1

0 0 0 0 0 I

−C5 −C6 −C7 −C8 −E3 −E4





φ1

φ2

φ3

φ4

S1

S2


= α



I 0 0 0 0 0

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 C4 0 E2

0 0 0 0 I 0

0 0 0 C9 0 E5





φ1

φ2

φ3

φ4

S1

S2


, (6.46)

where,

C0 = D4 + iωGD2,

C1 = iωG(U ′′ − UD2),

C2 = −(2D2 + iωG),

C3 = iωGU,

C4 = I,

C5 = −iGPrθ′,

C6 = 0,

C7 = 0,

C8 = 0,

C9 = 0,

E0 = 2

(
θD +

[
1 +

η tan Φ

2Re

]
θ′
)
,

E1 = −2iωθ tan Φ,

E2 = 0,

E3 = −(iωGPr +D2),

E4 = iGPrU,

E5 = I.

The above can be written in Eigenvalue form as,

Aφ = αBφ. (6.47)
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The above Eigenvalue problem matrix A and B are of size 6N × 6N . This is unlike the size of
the Eigenvalue problem which comes from the temporal stability analysis. Hence, the spatial stability
analysis is computationally more expensive compared with temporal stability analysis.

Grid sensitivity tests

The grid sensitivity tests are carried out for spatial stability analysis of free convection flow by solving
governing equations in various grid sizes. The Eigenvalue spectrum for various grid sizes is shown
in Fig. 6.15. From the figure, it can be seen that the results are insensitive to the grids for more than
N = 151. Hence, grid size of N = 151 is used for the computation of neutral curves.
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Figure 6.15: Grid sensitivity of spatial Eigenvalue spectrum (G = 43.35, ω = 0.055)

Results of spatial stability analysis

Spatial stability analysis is carried out by solving various combinations of G and ω values, treating α
as Eigenvalue. Fig. 6.16 shows the typical Eigenvalue spectrum for spatial stability of free convection
flows. The spectrum contains continuous and discrete parts. The continuous spectrum originates from
the infinite domain in free stream. The discrete spectrum comes from the stability dynamics inside
the boundary layer. The Eigenvalue having lowest αi represents the most unstable mode.

The neutral curve of spatial stability is shown in Fig. 6.19 which represents the division between
unstable and stable zones on G − ω plane. The least value of G on the neutral curve is the critical
G below which all the disturbances damp out. The obtained critical value and the corresponding α
value are given in table. 6.5. It can be seen from the table that the critical value of G, ω and α from
the spatial stability are same as the values obtained in the temporal stability analysis (table 6.2). This
confirms that the present results from the spatial and temporal stability are aligned with the fact that
the critical values from both the analysis should be same.
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Figure 6.16: Typical Eigenvalue spectrum for G = 10 and ω = 0.01
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Figure 6.17: Spatial neutral stability curve

Table 6.5: Critical values of G, ω, α and phase speed (Cr)

Gcr ωcr αcr phase speed (Cr)

22.843 0.09440 0.60431 0.15621

The Eigenvalue spectrum for critical value of buoyancy parameter G is shown in Fig. 6.18. The
discrete Eigenvalues in the spectrum represent the disturbance dynamics at the locations which are in
the downstream of the origin of disturbance. All the discrete Eigenvalues in the spectrum have positive
real value, meaning that all the modes travel in the downstream direction. All the discrete Eigenvalues
other than the critical Eigenvalue has αr greater than that of the critical Eigenvalue. Higher the αr,
lower the phase speed. Hence, all the higher modes travel slower than the critical mode.

The Eigenvalues and corresponding phase speeds of the first three most unstable Eigen modes are
presented in table 6.6. The first mode is the critical mode. The phase speeds of the second and third
modes are about 0.552 and 0.492 times of the critical mode, respectively. This means that the higher
modes travel with phase speed slower than the critical mode.
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Figure 6.18: Eigenvalue spectrum at critical value (Gcr = 43.35 and ω = 0.055)

Table 6.6: Few most unstable Eigenvalues at critical G value from the spatial stability analysis

Mode Eigenvalue (α) phase speed (Cr)

Mode 1 0.60431 + 0i 0.15621
Mode 2 0.84214 + 0.22289i 0.11210
Mode 3 0.95193 + 0.35860i 0.09917

6.1.8 Effect of plate inclination on spatial stability

The effect of plate inclination on spatial stability of free convection boundary layer flow is studied.
The physical system (Fig. 6.10) and governing equations of base flow and disturbance (Eqs. (6.42)–
(6.43)) presented for temporal stability analysis are same for spatial stability also. The spatial stability
analysis is carried out for inclination in the range −15◦ to 15◦.

Validation

To validate the solver for the computation of spatial stability of natural convection over inclined plate,
the spatial stability of natural convection boundary layer flow over an inclined plate is solved, and the
critical Eigenvalue of buoyancy parameter computed using the present code is compared with that of
Tumin [84]. The values presented in table 6.7 are for R = 100, ω = 0.1, Φ = 5◦ and Pr = 0.71.
Here, ω is circular frequency, Φ is the inclination angle, and R represents the strength of natural
convection which is defined as R = 2

√
2(gβ∆Tx3/ν)1/4. The present results match well with the

reference results.

Table 6.7: Validation: The most unstable Eigenvalue (α) of spatial stability of free convection flows
over inclined plate for R = 100, ω = 0.1, Φ = 5◦, Pr = 0.71

Present result Tumin [84] % deviation
0.7305− 0.03326i 0.7302− 0.03326i 0.04 + 0i
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Results and discussion

Fig. 6.19 shows the spatial stability neutral curve for various plate inclinations. It can be observed
from figure that neutral curve moving towards left side as the plate inclination increases. With in-
creasing inclination, the unstable region broadens. The range of selectively amplified wave numbers
increases with increasing inclination. With increasing inclination, the neutral curves deviate from that
of zero inclination at the upper edge of the neutral curves. However, the neutral curves do not deviate
much at the bottom edge. This means the inclination affects at higher wave numbers. At lower wave
numbers, inclination effect is weaker.
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Figure 6.19: Neutral curves of spatial stability for various plate inclinations

Table 6.8: Critical values of G, ω, α and phase speed (Cr)

Φ Gcr ωcr αcr phase speed (Cr)

−15◦ 25.014 0.08370 0.53360 0.15686
−12◦ 24.597 0.08506 0.54236 0.15683
−9◦ 24.134 0.08796 0.56092 0.15681
−6◦ 23.551 0.09094 0.58047 0.15667
−3◦ 23.027 0.09303 0.59438 0.15651

0◦ 22.843 0.09440 0.60431 0.15621
3◦ 21.970 0.09699 0.62275 0.15574
6◦ 20.958 0.09934 0.64006 0.15521
9◦ 19.937 0.10097 0.65297 0.15463
12◦ 19.475 0.10629 0.69487 0.15296
15◦ 18.931 0.11443 0.75937 0.15070

The effect of plate inclination on critical value of buoyancy parameter (Gcr) is shown in Fig. 6.20.
It can be seen from the figure that the value of Gcr decreases almost linearly as plate inclination
increases. It means that the plate inclination destabilises the natural convection boundary layer flow.
From this we can see that when the plate is tilted in clockwise direction (Φ varies from 0◦ to −15◦),
the flow becomes more stable and Gcr values increases by about 10%. When the plate is tilted in
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anticlockwise direction (Φ varies from 0◦ to 15◦), the flow becomes more unstable and Gcr decreases
by about 18%. It means that the flow becomes unstable with anticlockwise tilting with faster rate
compared to the rate of stabilisation with clockwise tilting. This is evident from the figure of Gcr

versus inclination shown in Fig. 6.20; the magnitude of the slope of curve for negative inclination is
less than that of positive inclinations.
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Figure 6.20: The effect of plate inclination (Φ) on Gcr

The variation of critical frequency (ωcr) with plate inclination is shown in Fig. 6.21. The critical
frequency increases with increasing inclinations. When the inclination is varied from -15◦ to 15◦, ωcr

changes by about 40%. However, the phase speed is almost insensitive to the variation of inclination
which can be seen from the values in table 6.8. That means, with increasing plate inclination, the
disturbances have higher frequencies and higher wave numbers, still having travelling with almost
same phase speed.
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Figure 6.21: The effect of plate inclination (Φ) on ωcr and αcr
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6.2 Stability of natural convection over a plate of constant heat
flux

The physical system consists of natural convection boundary layer flow over a vertical flat plate sub-
jected to constant heat flux is shown in Fig. 6.22. The flow induced due to the heating of fluid layer
adjacent to the plate sets the natural convection.

g

u

v

qw

y

x

Figure 6.22: Schematic of natural convection boundary layer flow over heat flux specified plate

6.2.1 Governing equations

After applying the boundary layer approximations, the boundary layer equations are

∂u

∂x
+
∂v

∂y
= 0, (6.48)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
+ gγ(T − T0)2, (6.49)

u
∂T

∂x
+ v

∂T

∂y
=

k

ρcp

∂2T

∂y2
. (6.50)

No-slip and no penetration conditions are applied at the plate wall. The plate wall is specified with
constant heat flux whereas the ambient temperature of fluid is T0. The boundary conditions for base
flow are

At y = 0, u = v = 0,
∂T

∂y
= −q

′′
w

k
, (6.51)

At y →∞, u = 0, T = T0. (6.52)
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The above governing equations along with the boundary conditions admit similarity solutions.
To convert the above partial differential equations into ordinary differential equations, the following
similarity transformations are used.

η =
y

x

(
Grx

6

)1/6

, U =
ū

uref
= f ′ =

ū

ν/x

(
Grx

6

)1/6

, θ = 6

(
T̄ − T̄0

q′′wx/k

)
Grx =

gγ(q′′wx)2y3

k2ν2
, uref =

ν

x
(
Grx

6

)1/6
. (6.53)

With the above transformation, the governing equations (6.48)–(6.50) and boundary conditions
(6.51)–(6.52) convert into the following form.

f ′′′ + 5ff ′′ − 4f ′
2

+ θ2 = 0, (6.54)

θ′′ + 5Prfθ′ − Prf ′θ = 0, (6.55)

where, derivative of above variables are derivative with respect to dimensionless variable η, f is
dimensionless stream function and θ is dimensionless temperature. The boundary conditions in terms
of similarity variables are

At η = 0, f = f ′ = 0, θ′ = −1, (6.56)

At η →∞, f ′ = 0, θ = 0. (6.57)

The above ordinary differential equations are solved using shooting method. Fourth order Runge-
Kutta method is used for the numerical integration of the ODEs.

6.2.2 Disturbance equations

The disturbance equations derived for the natural convection boundary layer flows for constant tem-
perature case is equally valid for constant heat flux also as the disturbance equations derived are
independent of the boundary conditions. Hence, equations (6.28)–(6.29) are governing equations for
disturbance for flux specified wall also, which are given by,

(ū− c)(φ̄′′ − ᾱ2φ̄)− ū′′
φ̄ =

ν

iᾱ

(
φ̄

′′′′ − 2ᾱ2φ̄
′′

+ ᾱ4φ̄
)

+
2gγ

iᾱ

[
(T̄ − T̄0)s′ + s(T̄ − T̄0)′

]
, (6.58)

iᾱ(ū− c)s− iᾱ(T̄ − T̄0)′ φ̄ =
k

ρcp

(
s′′ − ᾱ2s

)
. (6.59)

Here, c = ω/α is phase speed of disturbance.
The boundary conditions are,

At y = 0, û = v̂ = 0, T̂ ′ = 0 (6.60)

At y →∞, û = 0, T̂ = 0. (6.61)
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The following dimensionless parameters are taken to convert the above dimensional form of equa-
tions into dimensionless forms,

δ =
x (6)1/6

Gr
1/6
x

, η =
y

δ
, Uref =

ν

x
Gr1/6

x , φ =
φ̄

Uref δ
, S =

s

q′′wy/k
, C =

c

Uref
, α = ᾱδ.

Using the above dimensionless parameters, the dimensionless form of disturbance governing
equations for momentum and energy equations becomes,

[
(U − C)(D2 − α2)− U ′′

]
φ =

1

iαG

[ (
D4 − 2α2D2 + α4

)
φ+ 2 (Dθ + θ′)S

]
, (6.62)

(U − C)S − θ′φ =
1

iαGPr
(D2 − α2)S, (6.63)

where, D =
d

dη
and G = 61/6Gr1/6

x , where Grx is modified Grashof number given by Grx =

gγ(q′′wy)2x3

k2ν2
.

The boundary conditions for the above disturbance equations in dimensionless forms are,

At η = 0 : φ = φ′ = 0, S ′ = 0, (6.64)

At η →∞ : φ′ = 0, S = 0. (6.65)

6.2.3 Base flow solutions

The base flow solutions are found by solving Eqs. (6.54)-(6.55) along with boundary conditions
(6.56)–(6.57). The equations are solved using shooting method. The integration of ODEs are carried
out using fourth order Runge-Kutta method. The dimensionless velocity and temperature profiles
obtained are shown in Fig. 6.23.
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Figure 6.23: Dimensionless velocity and temperature of base flow
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6.2.4 Temporal stability analysis

Temporal stability analysis of the natural convection boundary layer flow for the case of flux spec-
ified wall is carried out. Fig. 6.24 shows the Eigenvalues spectrum for G = 50 and α = 0.5. The
Eigenvalue spectrum contains continuous and discrete parts. The Eigenvalue having highest imagi-
nary value corresponds to most unstable mode. In the figure, the modes are marked with T1, T2, T3

and T4 in the sequence of decreasing imaginary value.
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Figure 6.24: Typical Eigenvalue spectrum (G = 50 and α = 0.5)

Neutral curve is shown in Fig. 6.25. The features of the neutral curve is similar to those of
the neutral curve of plate of constant temperature. The critical values of buoyancy parameter, wave
number are given in table. 6.9. The Eigenvalue spectrum corresponding to the critical buoyancy
parameter (Gcr) is shown in Fig. 6.26. The Eigenvalues of first four modes corresponding to criticalG
value is given in table 6.10. From the table, we can see that the real part of first mode is larger than the
remaining modes. This means the most unstable mode travels with phase speed greater than those of
the lower modes. The phase speed of the second mode is about 62% of the most unstable mode. The
imaginary part of the second and third Eigenvalues are approximately equal indicating these modes
decay with almost equal rate with time.

Table 6.9: Critical values of G, α, ω and phase speed (Cr)

Gcr αcr Ccr ωcr

75.481 0.63275 0.05641 + 0i 0.03569

The Eigen functions corresponding to the critical buoyancy parameter are shown in Fig. 6.27 and
6.28 for disturbance velocities Û and V̂ , disturbance stream function and disturbance temperature,
respectively.
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Figure 6.25: Neutral curve of natural convection boundary layer flows for isoflux wall
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Figure 6.26: Eigenvalue spectrum at critical value Gcr = 75.481 and α = 0.63275

Table 6.10: Few most unstable Eigen modes of free convection boundary layer flows at critical values
of G and α

Mode Eigenvalue (C) ωr

Mode 1 0.05641 + 0i 0.03569
Mode 2 0.02134− 1.32396× 10−2i 0.01351
Mode 3 0.01808− 2.28297× 10−2i 0.01144

109
TH-2490_146103014



0 5 10 15
-0.04

-0.02

0

0.02

0.04

(a) Û vs η
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Figure 6.27: Eigen functions of disturbance Û and V̂ -velocity for critical values of G and α
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Figure 6.28: Eigen functions of disturbance stream function and temperature for critical values of G
and α
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6.2.5 Effect of plate inclination

The physical system is same as that described before in section 6.2, except the plate is inclined in the
inclination study. The inclination angle (Φ) is measured in the anticlockwise direction with respect to
the vertically upward direction as shown in Fig. 6.29.
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Figure 6.29: Schematic of natural convection boundary layer flows over an inclined plate specified
with constant heat flux

The governing equations of base flow and disturbance equations are same as that of vertical bound-
ary layer flow except that the gravitational acceleration g is replaced with g cos Φ. Hence, the base
flow and disturbance equations (Eqs. (6.11)–(6.12) and (6.62)–(6.63), respectively)) are modified to
the following form to include the inclination effect.

f ′′′ + 5ff ′′ − 4f ′
2

+ θ2 cos Φ = 0, (6.66)

θ′′ + 5Prfθ′ − Prf ′θ = 0. (6.67)

The boundary conditions are,

At η = 0, f = f ′ = 0, θ′ = −1, (6.68)

At η →∞, f ′ = 0, θ = 0. (6.69)

[
(U − C)(D2 − α2)− U ′′

]
φ =

1

iαG

[ (
D4 − 2α2D2 + α4

)
φ

+ 2

{
(D − iα tan Φ)θ +

(
1 + η

tan Φ

G

)
θ′
}
S

]
, (6.70)

(U − C)S − θ′φ =
1

iαGPr
(D2 − α2)S. (6.71)
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The boundary conditions for the above disturbance equations in dimensionless forms are,

At η = 0 : φ = φ′ = 0, S ′ = 0, (6.72)

At η →∞ : φ′ = 0, S = 0. (6.73)

It may be noted that the above governing equations for base flow and disturbance equations are valid
for small inclination values. Hence, in the study of inclination effect, the inclination angle is limited
in the range −15◦ to 15◦.

The neutral curves for various inclination angles for flux specified case is shown in Fig. 6.30.
With increasing inclination, the region of selective wave number amplifications widens. For a given
buoyancy parameter, the disturbances of wider wave number amplify at higher inclinations. The
widening is broader at higher wave lengths than at the lower wave lengths. It may be noted, the
widening of the selective amplification for the case of heat flux is larger than that correspond to
temperature case. The critical buoyancy parameter value decreases with increasing inclination. The
values of buoyancy parameter, wave number and phase speed at the critical value are presented in
table. 6.11. The Eigenvalue spectrum for different inclinations are shown in Fig. 6.31. The variation
of Grcr is shown in Fig. 6.32. The critical buoyancy parameter decreases linearly with increasing
inclination. This implies that if we tilt the plate in clockwise direction, the convection becomes
more stable, and if we tilt in the anticlockwise direction, the flow becomes more unstable. When we
tilt the plate in clockwise direction, the critical G increases about 18%. When we tilt the plate in
anticlockwise direction, the critical buoyancy parameter decreases by 18%.

The variation of critical wave number with inclination is shown in Fig. 6.33. The critical wave
number decreases by about 13% when we tilt the plate in clockwise direction and increases by about
13% when we tilt the plate in anticlockwise direction. From the table 6.11, we can see that even
though Grcr and αcr vary with inclination, the phase speed of the critical disturbance is not affected
by the inclination.
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Figure 6.30: Neutral curve for various plate inclinations
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Table 6.11: Critical values of G, ω, α and phase speed (Cr)

Φ Gcr αcr phase speed (Cr) ωcr

−15◦ 89.2568 0.55612 0.05768 0.03208
−12◦ 84.3979 0.56582 0.05764 0.03261
−9◦ 82.3840 0.57333 0.05736 0.03289
−6◦ 80.2417 0.59163 0.05695 0.03369
−3◦ 78.0593 0.60556 0.05684 0.03442

0◦ 75.4806 0.63275 0.05641 0.03564
3◦ 73.1139 0.65561 0.05620 0.03684
6◦ 70.4170 0.66445 0.05580 0.03708
9◦ 67.6627 0.68153 0.05562 0.03791
12◦ 64.7290 0.70610 0.05520 0.03898
15◦ 61.8055 0.72074 0.05519 0.03978

0 0.02 0.04 0.06 0.08

C
r

-0.15

-0.1

-0.05

0

C
i

=-15
°

=0
°

=15
°

Figure 6.31: The Eigenvalue spectrum for various plate inclinations (Φ)
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Figure 6.32: The effect of plate inclination (Φ) on critical buoyancy parameter (Gcr)
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Figure 6.33: The effect of plate inclination (Φ) on critical wave number (αcr)
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6.2.6 Spatial stability analysis

Spatial stability of natural convection over a flat plate with uniform flux is carried out. The typical
Eigenvalue spectrum calculated at G = 50 and ω = 0.01 is shown in Fig. 6.34. The structure of
Eigenvalue spectrum for spatial stability of flux specified plate is similar to that of the temperature
specified plate (shown in Fig. 6.26). The spectrum contains continuous and discrete parts. The most
unstable Eigenvalue has the lowest real value, implying travelling with higher phase speed than those
of lower modes.
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Figure 6.34: Typical Eigenvalue spectrum for G = 50 and ω = 0.01

The neutral curve of the spatial stability is shown in Fig. 6.35. The critical values of buoyancy pa-
rameter, frequency, wave number and phase speed are presented in table 6.12. These results obtained
from the spatial stability analysis match well with those obtained through temporal stability analysis
(given in table 6.9). This matching is in line with the fact that both temporal and spatial stability
analysis are expected to give same critical values.

The Eigenvalue spectrum at the critical value of buoyancy parameter is shown in Fig. 6.36. The
Eigenvalues of first few most unstable modes are given in table 6.13. From the table, we can see that
the most unstable mode travels with higher phase speed than the lower modes. The phase speed of the
second mode is about 44% of the first mode. The second and third mode travel with approximately
with same phase speed.

Table 6.12: Critical values of G, ω, α and phase speed (Cr)

Gcr ωcr αcr phase speed (Cr)

75.8877 0.03683 0.65913 0.05587
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Figure 6.35: Neutral curve of spatial stability for flux specified flat plate
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Figure 6.36: Eigenvalue spectrum at critical value Gcr = 75.481 and ω = 0.63275

Table 6.13: Few most unstable Eigen modes of free convection boundary layer flows at critical values
of G and ω

Mode Eigenvalue (α) phase speed (Cr)

Mode 1 0.65913 + 0i 0.95998
Mode 2 1.16517 + 0.43015i 0.54305
Mode 3 1.30162 + 0.70026i 0.48612

116
TH-2490_146103014



Effect of plate inclination

The effect of inclination on the stability is studied through spatial stability analysis. The stability is
studied for inclinations in the range -15◦ to 15◦. The neutral curves for various inclinations are shown
in Fig. 6.37. With increasing inclination, the unstable zone of selective amplifications widens. The
critical Eigenvalue spectrum for various inclinations is shown in Fig. 6.38

The critical values obtained through the spatial stability analysis are shown in table 6.14. These
values from the spatial stability match well with those obtained through temporal stability analysis
(shown in table 6.11). Since, the critical values obtained from the temporal and spatial stability
analysis will be same, the conclusions made in the study of inclination through temporal stability
discussed in section 6.2.5 are equally applicable to the results obtained through spatial stability given
in the present subsection.
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Figure 6.37: Neutral curve of spatial stability of free convection boundary layer flow
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Figure 6.38: The Eigenvalue spectrum for various plate inclinations (Φ)
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Table 6.14: Critical values of G, ω, α and phase speed (Cr)

Φ Gcr ωcr αcr phase speed (Cr)

−15◦ 86.6036 0.03155 0.54710 0.05767
−12◦ 84.4532 0.03209 0.55902 0.05741
−9◦ 82.9028 0.03292 0.57529 0.05722
−6◦ 80.7449 0.03342 0.58549 0.05708
−3◦ 77.9639 0.03395 0.59611 0.05695

0◦ 75.8877 0.03683 0.65913 0.05588
3◦ 72.5683 0.03690 0.65980 0.05593
6◦ 70.8307 0.03698 0.66215 0.05585
9◦ 68.1058 0.03750 0.67380 0.05565
12◦ 65.4632 0.03825 0.69109 0.05560
15◦ 62.0787 0.03901 0.70843 0.05507

6.3 Conclusions

In the present chapter, linear stability of natural convection boundary layers is studied for both isother-
mal and isoflux wall conditions. Both temporal and spatial stability analysis are carried out. The
following conclusions are drawn.

1. The critical value of buoyancy parameter for natural convection over isothermal plate is found
to be 22.84 and the corresponding wave number and circular frequencies are 0.604, and 0.0944,
respectively. The critical value of buoyancy parameter for natural convection over isoflux plate
is found to be 75.481 and the corresponding wave number, circular frequency and phase speed
are obtained as 0.633, 0.056 and 0.036, respectively.

2. For both isothermal and isoflux plates at critical buoyancy parameter, the most unstable distur-
bance travels with phase speed higher than the lower modes.

3. For both isothermal and isoflux plates, when the plate is tilted in anticlockwise and clockwise
directions, the convection becomes more unstable and more stable, respectively, compared to
vertical orientation.

4. For isothermal plate, the critical buoyancy parameter decreases about 18% when we tilt 15◦ in
anticlockwise direction, and increases about 10% when we tilt in clockwise direction compared
to the value of vertical orientation.

5. For isoflux plate, the critical buoyancy parameter decreases about 18% when we tilt 15◦ in
anticlockwise direction, and increases about 18% when we tilt in clockwise direction compared
to the value of vertical orientation.

6. For both thermal conditions, critical wave number and critical frequency of the most unstable
disturbance increases with inclination. However, the phase speed is not affected by the inclina-
tion.
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7. The inclination has stronger effect at higher wave numbers. The instability at lower wave
numbers are not affected by the inclination.
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Chapter 7

Stability analysis of mixed convection
boundary layer flows

In this chapter, the study of linear stability of mixed convection boundary layer of water flow with
density inversion over a flat plate of uniform temperature is presented. Both temporal and spatial
stability analysis are carried out. The study of inclination effect is also presented.

7.1 Physical system

The physical system consists of mixed convection boundary layer flow over a vertical flat plate heated
at constant temperature Tw as shown in Fig. 7.1. The free stream temperature of water is T0, where
T0 is the temperature corresponds to density maximum point near the density inversion. Tempera-
ture difference between the plate and fluids near the plate cause density difference which produces
buoyancy forces due to gravity. The combined effect of free stream velocity and buoyancy forces
leading to mixed convection boundary layer flow. The temperatures within the boundary layer and
free-stream are considered in the temperature range in which density inversion of water is valid.

7.2 Mathematical modeling

The base flow is assumed to be steady, laminar and incompressible. The viscous dissipation and effect
of radiation are negligible. The thermo-physical properties of the water are taken constant except for
the density in buoyancy term. The variation of density with temperature is taken according to the
parabolic profile given by Eq. (1.3)

ρ = ρ0[1− (T/T0)2],

where, ρ is the density of water and ρ0 and T0 are the density and temperature of maximum density
point near the density inversion. Under the above assumptions, continuity, momentum and energy
equations, respectively, can be written as
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Figure 7.1: Schematic of mixed convection boundary layer over an isothermal plate

Continuity equation:
∂u

∂x
+
∂v

∂y
= 0, (7.1)

x-momentum equation:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2

)
, (7.2)

y-momentum equation:

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2

)
+ gγ(T − T0)2, (7.3)

energy equation:
∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

k

ρcp

(
∂2T

∂x2
+
∂2T

∂y2

)
. (7.4)

Under the boundary layer assumptions, the governing equations for base flow can be given as,

∂ū

∂x
+
∂v̄

∂y
= 0, (7.5)

ū
∂ū

∂x
+ v̄

∂ū

∂y
= ν

∂2ū

∂y2
+ gγ(T̄ − T̄0)2, (7.6)

ū
∂T̄

∂x
+ v̄

∂T̄

∂y
= α

∂2T̄

∂y2
. (7.7)

To convert the dimensional form of governing equations into their dimensionless form, the fol-
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lowing dimensionless parameters are taken,

δ =

√
2νx

u∞

1

(1 +Ri)1/4
, U =

ū

uc
, V =

v̄

uc
, θ =

T̄ − T̄0

∆T̄
, η =

y

δ
, ω =

ω̄

uc/δ
,

α = ᾱδ, Û =
û

uc
, V̂ =

v̂

uc
, φ =

φ̄

ucδ
, S =

s

∆T̄
, uc = u∞(1 +Ri)1/2, C =

ω

α
, (7.8)

where, ∆T̄ = T̄W − T̄0.
It is important to note that the above choice of dimensionless variables provides a means to simu-

late the entire range of convection flows starting from pure forced convection to natural convection as
Richardson number is varied from 0 to∞. For forced convection, the appropriate scale for velocity
for non-dimensionalisation is the free stream velocity, leading to dimensionless free stream velocity
becoming one. For natural convection, the ambiance is taken to be stationary and hence, dimension-
less velocity in the free stream should be zero. These requirements are fulfilled simultaneously by the
above choice of scales for non-dimensionlisation of dimensionless variables, as the dimensionless ve-
locity of forced and natural convection becomes one and zero for Ri = 0 and Ri→∞, respectively.
Hence, the above formulation can represent the entire convection regime. The above choice of dimen-
sionless variables are used in many studies such as Hunt and Wilks [147], Moresco and Healey [3].
Similar formulation of mixed convection which covers entire range of convection of forced, mixed
and natural convection regimes is used by Lee et. al [148].

In the above, in the limit Ri→∞, the velocity scale uc becomes as following,

uc = u∞(1 +Ri)1/2 ≈ u∞Ri
1/2 = u∞

(
Grx
Re2

x

)1/2

= u∞
Gr

1/2
x

Rex
= u∞

Gr
1/2
x

u∞x/ν

uc =
ν

x
Gr1/2

x . (7.9)

Similarly, in the limit Ri→∞, the boundary layer thickness (δ) and Reynolds number (Reδ) become
as following.

δ =

√
2νx

u∞

1

(1 +Ri)1/4
≈
√

2νx

u∞

1

Ri1/4
,

=

√
2νx

u∞

1

(Grx/Rex)1/4
,

=

√
2νx

u∞

Re
1/2
x

Gr
1/4
x

,

=

(
2νx

u∞

)1/2 (u∞x
ν

)1/2 1

Gr
1/4
x

,

=

√
2x

Gr
1/4
x

,

=
41/4x

Gr
1/4
x

,

δ =
x

(Grx/4)1/4
.
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Reδ =
ucδ

ν
=

(
ν

x
Gr1/2

x

x

(Grx/4)1/4

)
/ν =

√
2 Gr1/4

x . (7.10)

The above dimensionless variable formulations is identical to the dimensionless formulation used for
natural convection given in section 6.1.2 (See Eq. (6.10). In the limit of Ri → ∞, the expression of
Reynolds number in the above formulation becomes equal to

√
2Gr1/4

x , which represents governing
buoyancy parameter of pure natural convection.

Using the above dimensionless parameters, the dimensionless form of governing equations for
base flows are as follow,

∂U

∂X
+
∂V

∂Y
= 0, (7.11)

U
∂U

∂X
+ V

∂U

∂Y
=

1

Rex

∂2U

∂Y 2
+Riθ2, (7.12)

U
∂θ

∂X
+ V

∂θ

∂Y
=

1

RexPr

∂2θ

∂Y 2
, (7.13)

where, Ri = Grx/Re
2
x, Grx = gγ(∆T )2x3/ν2, Rex = u∞x/ν and Pr = ν/α. Grx is modified local

Grashof number, Rex is local Reynolds number, Pr is Prandtl number and Ri is modified Richardson
number.

Adding infinitesimally small perturbations in base flow quantities and substituting the resultant
quantities in Eqs. (7.1)–(7.4), the governing equations for combined base flow and disturbance vari-
ables are obtained. Then, the resultant governing equations are subtracted by the base flow governing
equations to obtain the disturbance governing equations. By linearising the obtained disturbance
equations, linearised form of disturbance equations are derived which are given by,

∂û

∂x
+
∂v̂

∂y
= 0, (7.14)

∂û

∂t
+ ū

∂û

∂x
+ û

∂ū

∂x
+ v̄

∂û

∂y
+ v̂

∂ū

∂y
= ν

∂2û

∂y2
+ 2gγ(T̄ − T0)T̂ , (7.15)

∂T̂

∂t
+ ū

∂T̂

∂x
+ û

∂T̄

∂x
+ v̄

∂T̂

∂y
+ v̂

∂T̄

∂y
=

k

ρcp

∂2T̂

∂y2
. (7.16)

Under the parallel flow assumptions, normal mode form of disturbance stream function (φ̂) and
temperature (T̂ ) are taken as

φ̂(x, y, t) = φ̄(y)ei(ᾱx−ω̄t), T̂ (x, y, t) = s(y)ei(ᾱx−ω̄t), (7.17)

where, φ̄ and s are amplitude of disturbance stream function and temperature, respectively. ᾱ is wave
number and ω̄ is a frequency of disturbance.

Introducing disturbance stream function in the form,

û =
∂φ̂

∂y
, v̂ = −∂φ̂

∂x
, (7.18)
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and utilising Eqs. (7.17)–(7.18) in Eqs. (7.15) and (7.16), the disturbance governing equations are
obtained as

(ū− c)(φ̄′′ − ᾱ2φ̄)− ū′′
φ̄ =

ν

iᾱ

(
φ̄

′′′′ − 2ᾱ2φ̄
′′

+ ᾱ4φ̄
)

+
2gγ

iᾱ

[
(T̄ − T̄0)s′ + s(T̄ − T̄0)′

]
, (7.19)

iᾱ(ū− c)s− iᾱ(T̄ − T̄0)′φ̄ =
k

ρcp

(
s′′ − ᾱ2s

)
. (7.20)

Here, c = ω/α is phase speed of disturbance.
The above dimensional form of governing equations for disturbance are converted into dimen-

sionless form using dimensionless parameter (7.8), which are,

(
U − ω

α

) (
φ′′ − α2φ

)
− U ′′φ =

1

iαReδ

(
φiv − 2α2φ′′ + α4φ± 2Ri

1 +Ri
2 [θ′S + θS ′]

)
, (7.21)(

U − ω

α

)
S − θ′φ =

1

iαReδPr

(
S ′′ − α2S

)
, (7.22)

where, Reδ = ucδ/ν.

7.2.1 Boundary conditions

Base flow: No slip and no penetration condition is applied on the wall. The wall is specified with
constant temperature. The applied boundary conditions for base flow are as following

At X = 0, U = 1/(1 +Ri)1/2, V = 0, θ = 0, (7.23)

At Y = 0, U = 0, V = 0, θ = 1, (7.24)

At Y →∞, U = 1/(1 +Ri)1/2, V = 0, θ = 0. (7.25)

Disturbance equation: The disturbance velocities in streamwise and cross-stream directions are
zero at the plate and in the free stream. The disturbance temperature is zero at the wall and in the free
stream.

At η = 0, φ = 0, φ′= 0, S = 0, (7.26)

At η →∞, φ = 0, φ′= 0, S = 0. (7.27)

7.3 Base flow solutions

7.3.1 Solution Methodology

The governing equations of the base flow are solved by discretising governing equations using Finite
Volume Method (FVM). Since, the steady state boundary layer equations are parabolic in streamwise
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space coordinate, the equations are solved by marching from the leading edge. FVM with staggered
grid is used. The Crank-Nicholson implicit scheme is used to discretise the derivatives along x-
direction and second-order central difference is adopted for derivatives along y-direction. Tri-diagonal
matrix algorithm (TDMA) is used to solve the linear equation obtained from discretisation. At a
given space location, the simulation is continued until the error max

(
|Uk − Uk−1|

)
< 10−8 criteria

is satisfied, where k is the iteration number.

7.3.2 Validation

To validate the accuracy and correctness of developed code, mixed convection boundary layer flow
over vertical wall is solved for various values of Richardson number for air. The vertical wall remains
stationary while the free-stream is of uniform velocity. The plate is specified with uniform tempera-
ture. The study is carried out for both aiding and opposing mixed convection flows. The solutions are
obtained for the velocity profiles of base flow for various Richardson number and compared the ve-
locity profile with those of Moresco and Healey [3] which are shown in Fig. 7.2. The present profiles
almost overlap with those of reference results for all given values of Richardson number.
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Figure 7.2: Comparison of the variation of dimensionless velocity (U ) with η for various Richardson
number from present results with those of Moresco and Healey [3]
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7.3.3 Base flow velocity and temperature profiles

The base flow solutions of mixed convection boundary layer flows are calculated by solving system
of coupled equations (7.11)–(7.13) along with boundary conditions (7.23)–(7.25). By solving these
equations, dimensionless velocity and temperature profiles are obtained. The variation of dimension-
less streamwise velocity and temperature with η is shown in Fig. 7.3(a) and 7.3(b), respectively. In
the figures, velocity and temperature profiles corresponding to Ri = 0 refers to forced convection
flow. The profiles for large Richardson number (Ri = 1015) correspond to the natural convection
asymptote.
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Figure 7.3: Base flow solutions of mixed convection flow boundary layer flow with density inversion
of water for various Ri values

7.4 Temporal stability analysis

7.4.1 Solution methodology

In temporal stability analysis, the value of wave number α is specified and the phase speed C is
found as an Eigenvalue. The disturbance governing equations (7.21) and (7.22) and the boundary
conditions (7.26) and (7.27) can be arranged into following Eigenvalue problem form, (as discussed
in section 5.4.8)

A11φ+ A12S = C (B11φ+B12S) ,

A21φ+ A22S = C (B21φ+B22S) ,

where, the coefficient matrices of the above equations are,

A11 = U
(
D2 − α2

)
− U ′′ − 1

iαReδ

(
D4 − 2α2D2 + α4

)
,
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A12 = ± 2Ri

1 +Ri
2 (θ′ + θD) ,

A21 = −θ′,

A22 = U − 1

iαReδPr

(
D2 − α2

)
,

B11 = D2 − α2,

B12 = 0,

B21 = 0,

B22 = I.

7.4.2 Validation

The stability solver is validated by solving the temporal stability of mixed convection boundary layer
flow over an isothermal vertical flat plate for air. The neutral curves of mixed convection are calculated
for aiding and opposing flows for various values of Richardson number. The comparison of neutral
curves obtained from the present study for various Ri values with those of Moresco and Healey [3] is
presented in Fig. 7.4, for aiding and opposing flow situations. From the comparison, it is evident that
the present results match closely with reference results.
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Figure 7.4: Comparison of temporal neutral curves for various Ri values for aiding and opposing
flows with those of Moresco and Healey [3].

7.4.3 Grid sensitivity tests

To find grid independent results, grid sensitivity tests are carried out. The Eigenvalue spectrum is
calculated using different grid sizes which is shown in Fig. 7.5. From the figure, it can be observed
that Eigenvalue spectrum contains continuous branch of Eigenvalues as well as discrete Eigenvalue
points. The discrete Eigenvalues coincide with each other for all the grid points while the continuous
branch of Eigenvalue merge with vertical Eigenvalue spectrum for higher grid points. Since, only
discrete Eigenvalues contribute to growth of the disturbances, hence, N = 301 is chosen to study the
stability of mixed convection flow as the Eigenvalue spectrum do not have significant change when
grid is varied from 301 to 401 grid points.
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Figure 7.5: Grid sensitivity of temporal Eigenvalue spectrum (Ri = 5, Re = 80, α = 0.1)

7.4.4 Results and discussion

In temporal study, we specify value of α for a given combination of Reδ and Ri and find phase
speed C as an Eigenvalue of the problem. The Eigenvalue with maximum value of Ci represents the
most unstable Eigenvalue, which decides temporal stability of the convection flow. If Ci of the most
unstable Eigenvalue is positive, the flow is unstable.
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Figure 7.6: Typical Eigenvalue spectrum and different Eigen modes (Ri = 0,Reδ = 429.4, α = 0.25)

Fig. 7.6 shows the Eigenvalue spectrum for Ri = 0 (forced convection asymptote). The circle
symbols in the spectrum are the Eigenvalues from the combination of flow and heat transfer stability
equations. Eigenvalue spectrum contains continuous spectrum and discrete part of the spectrum. In
the figure, the continuous spectrum which is marked with ‘CS’, is the part of the spectrum which is
originated due to the infinite range of the domain length in the free stream. The location of continuous
branch of Eigenvalue spectrum depends on the value of Richardson number, which can be found using
asymptotic method which is described in Schmid and Henningson [4]. The spectrum branch which is
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marked with ‘S’ is discrete branch. The Eigenvalues denoted with A, B, C, D and E are also discrete
part of the Eigenvalue spectrum. This part of the spectrum is originated due to the presence of wall.

0 0.2 0.4 0.6 0.8 1

C
r

-1

-0.8

-0.6

-0.4

-0.2

0

C
i

with heat transfer

without heat transfer

Figure 7.7: Eigenvalue spectrum (Ri = 0, Reδ = 429.40, α = 0.25)

To find out the origin of discrete spectrum denoted byA,B,C,D andE, the temporal Eigenvalues
for flow without heat transfer (Blasius flow) are computed and plotted with star symbols in the figure.
The branch which is marked with ‘S’ is not present in pure fluid flow; but is present in the spectrum
including heat transfer. This discrete branch originated from the heat transfer characteristics. Hence,
the modes originated from the only flow equation is denoted as hydrodynamic modes in the present
study. The modes originated from the heat transfer are thermal modes.
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Figure 7.8: Eigenvalue spectrum for Ri = 0.2, Reδ = 564.58 and α = 0.22

The temporal stability of the mixed convection flow corresponds to the above spectrum (see
Fig. 7.6) is decided by the Eigenvalue denoted byA as this Eigenvalue is the most unstable Eigenvalue
from discrete branch which contains the maximum imaginary part. Clearly, for forced convection
Ri = 0 (from Fig. 7.7), the most unstable Eigenvalue is originated from the fluid flow characteristics
rather than heat transfer characteristics. Hence, the most unstable mode is a hydrodynamic mode.
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The spectrum corresponding to Ri = 0.2, Reδ = 564.58 and α = 0.22 is shown in Fig. 7.8.
The structure of the above spectrum has all the features of Eigenvalue spectrum corresponding to that
of forced convection (Fig 7.7). The only difference is that the Eigenvalues move with reference to
forced convection spectrum. The structure of the Eigenvalue spectrum varies from forced convection
asymptote to natural convection asymptote as the values of Ri varies from 0 to∞.

Neutral curves, the contours corresponding to zero imaginary value of phase speed (Ci = 0), of
mixed convection boundary flows for various Ri values are shown in Fig. 7.9. The neutral curves
presented in the figures represent mixed convection flows starting from pure forced convection (Ri =

0) to natural convection asymptote (Ri → ∞). Fig. 7.9(a) shows the neutral curve corresponds to
Ri = 0 which is attributed to forced convection flow. The neutral curve matches with neutral curve for
Blasius boundary layer flow presented by Wazzan et al. [22]. It may be noted that the most unstable
mode of the forced convection is a hydrodynamic mode which is originated from the fluid flow,
and hence, match with the neutral curve of Blasius flow without heat transfer. If the most unstable
mode was a thermal mode, the neutral curve of forced convection would not have been matched
with the neutral curve of Blasius flow. The neutral curve presented in Fig. 7.9(g) corresponds to
Ri = 1015 which is obtained with mixed convection formulation is similar to the neutral curve of
natural convection boundary layer flow presented in Fig. 6.6 from the natural convection formulation.
The shape of the neutral curves gradually varies from the shape of Blasius solution to shape of neutral
curve of natural convection.

The critical values of Reδ, α and respective most unstable Eigenvalue C of mixed convection
flows for various values of Ri is tabulated in table 7.1. The critical Reynolds number for forced
convection (Ri = 0) is found to be 429.472. This boundary layer thickness based Reynolds number
is equivalent of Reynolds number of 522.57 based on displacement thickness (Equivalent numerical
value is obtained by multiplying conversion factor of 1.21678). The predicted critical Reynolds num-
ber based displacement thickness is close to the value with the critical Reynolds number (520) given
in Schmid and Henningson [4], Schilshting [140] and White [149]

Table 7.1: Critical values of Reδ, α, phase speed (Cr) and ω for various values of Ri

Ri Recr αcr Ccr ωcr

0 429.472 0.25026 0.09164 + 0i 0.02293
0.2 564.587 0.22115 0.07728 + 0i 0.01709
1.5 216.545 0.09259 0.30680 + 0i 0.02841
2 80.792 0.12750 0.02174 + 0i 0.00277
5 29.382 0.22747 0.03666 + 0i 0.00834
10 28.225 0.27350 0.05298 + 0i 0.01447
100 27.578 0.57737 0.19714 + 0i 0.11382
1015 23.355 0.58794 0.18246 + 0i 0.10727

The Eigenvalue spectrum for various values of Richardson number at critical Reynolds number
is shown in Fig. 7.10. From the figures, it can be observed that with increasing Richardson number,
the discrete as well as continuous parts of spectrum move in negative direction of real axis (Cr values
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Figure 7.9: Temporal neutral curves for various Ri values

of Eigenvalues decrease). In addition, continuous part of the spectrum moves faster than the discrete
part of the spectrum. As a result, discrete Eigenvalues are on the left side of the continuous part of the
spectrum up to Richardson number 10, beyond which the discrete Eigenvalues are on the right side
of the continuous part of spectrum. The spectrum for Ri = 1015 which represents natural convection
is similar to the Eigenvalue spectrum shown in Fig. 6.7 at critical buoyancy parameter in the natural
convection study.

The spectrum for Richardson number values nearRi = 10 (For example, as shown in Fig. 7.10(e)),
the discrete Eigenvalues including the most unstable Eigenvalue are close to the continuous spectrum.
One has to take utmost care to distinguish between the continuous and discrete parts of Eigenvalues
while finding the most unstable Eigenvalue in the simulations to generate neutral curve.

The real and imaginary part of Eigenfunctions of various disturbance quantities such as Û , V̂ , φ
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Figure 7.10: Eigenvalue spectrum for various Ri values at their respective Recr values
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Figure 7.11: Eigenfunctions for disturbance stream wise velocity (Û ) for various Ri values

and S are shown in Figs. 7.11–7.14. The first three most unstable Eigenvalues of mixed convection
flow for critical values of Reδ and α for various Ri values are shown in table 7.2. In the table, mode 1
refers to neutral stable mode of the disturbance at critical Reynolds number and similarly, mode 2 and
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Figure 7.12: Eigenfunctions for disturbance cross stream velocity (V̂ ) for various Ri values
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Figure 7.13: Eigenfunctions for disturbance stream function for various Ri values
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Figure 7.14: Eigenfunctions for disturbance temperature for various Ri values
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mode 3 refer to second and third most unstable Eigen modes, respectively. In the table, the imaginary
part of mode 1 is zero for all Ri values as these Eigen modes are of zero growth rate (presented
for critical values of Reδ and C). Hence, mode 1 represents the neutral stable mode of disturbance
flow. Similarly, Mode 2 and mode 3 refer to second and third most unstable Eigenvalues, respectively.
Mode 2 and mode 3 are stable modes for which the disturbance decay with time.

Table 7.2: A few most unstable Eigen modes of mixed convection flows for various values of Ri for
their respective critical values of Recr and αcr

Ri Recr αcr Eigen modes Eigenvalues

Mode 1 9.94699× 10−2 + 0i
0 429.47 0.25026 Mode 2 2.23281× 10−2 − 1.50830× 10−2i

Mode 3 2.12491× 10−2 − 1.63444× 10−2i

Mode 1 7.61609× 10−2 + 0i
0.2 564.5872 0.22102 Mode 2 1.79490× 10−1 − 9.29904× 10−3i

Mode 3 1.72429× 10−1 − 1.00479× 10−3i

Mode 1 2.17385× 10−2 + 0i
2 80.79140 0.12750 Mode 2 2.56995× 10−2 − 7.84282× 10−3i

Mode 3 2.37363× 10−2 − 9.36055× 10−3i

Mode 1 3.66646× 10−2 + 0i
5 29.3823 0.22750 Mode 2 4.19675× 10−2 − 9.22790× 10−3i

Mode 3 5.10979× 10−2 − 1.47901× 10−2i

Mode 1 5.29786× 10−2 + 0i
10 28.2252 0.27350 Mode 2 5.69565× 10−2 − 7.29281× 10−3i

Mode 3 5.10294× 10−2 − 3.29094× 10−2i

Mode 1 1.01774× 10−1 + 0i
100 27.5782 0.57749 Mode 2 6.80491× 10−2 − 1.23148× 10−2i

Mode 3 6.43816× 10−2 − 1.401416× 10−1i

Mode 1 9.08840× 10−2 + 0i
1015 23.3634 0.60251 Mode 2 3.01442× 10−6 − 6.85085× 10−4i

Mode 3 1.13784× 10−5 − 7.34848× 10−4i

The value of critical Reynolds number for Ri = 1015 obtained is 23.36. Ri = 1015 value is ap-
proximately Ri → ∞, representing natural convection. At Ri → ∞, the expression for Reynolds
number (Reδ) becomes identical to G =

√
2Gr1/4

x as given by Eq. (7.10) which is explained in sec-
tion 7.2. The critical values obtained from the mixed convection formulation carried out in this section
are compared to those obtained using natural convection formulation (section 6.1.2) are tabulated in
table 7.3. The comparison shows that the mixed convection formulation retrieve the results of pure
natural convection accurately.
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Table 7.3: Comparison of critical values of natural convection obtained from two different numerical
formulations

Gcr αcr

Mixed convection formulation 23.36 0.6025
Natural convection formulation 22.25 0.6062

7.5 Effect of plate inclination

The inclination effect on the stability of mixed convection is studied. The plate inclination (Φ) is
measured in the anticlockwise direction with respect to vertically upward direction.The inclination
effect is studied for inclination angles of -15◦ to 15◦ for Richardson number value of 5. The governing
equations for the flow with inclination are same as those of vertical orientation, except the buoyancy
term is modified by a multiplication factor of cos Φ. The corresponding governing equations for base
flow are as following.

∂U

∂X
+
∂V

∂Y
= 0, (7.28)

U
∂U

∂X
+ V

∂U

∂Y
=

1

Rex

∂2U

∂Y 2
+Ri θ2 cos Φ, (7.29)

U
∂θ

∂X
+ V

∂θ

∂Y
=

1

RexPr

∂2θ

∂Y 2
. (7.30)

The following are the boundary conditions for base flows,

At X = 0, U = 1/(1 +Ri)1/2, V = 0, θ = 0, (7.31)

At Y = 0, U = 0, V = 0, θ = 1, (7.32)

At Y →∞, U = 1/(1 +Ri)1/2, V = 0, θ = 0. (7.33)

The disturbance governing equations including inclination effect are,

(
U − ω

α

) (
φ′′ − α2φ

)
− U ′′φ =

1

iαReδ

(
φiv − 2α2φ′′ + α4φ

± 2Ri

1 +Ri
2

[
(S ′ − iα tan ΦS)θ +

(
1 + η

tan Φ

G

)
θ′S

])
, (7.34)(

U − ω

α

)
S − θ′φ =

1

iαReδPr

(
S ′′ − α2S

)
. (7.35)

The boundary conditions for disturbance equation are given by,

At η = 0, φ = 0, φ′= 0, S = 0, (7.36)

At η →∞, φ = 0, φ′= 0, S = 0. (7.37)

The neutral curves for various inclinations are shown in Fig. 7.15. With increasing inclination,
the neutral curves move towards left side. For positive inclinations, the neutral curves are almost
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overlapping with the neutral curve corresponds to Φ = 0 which are not shown in figure. The critical
values of Reynolds number, wave number, circular frequency and phase speed correspond to various
inclinations are shown in table 7.4. The variation of critical Reynolds number with inclination is
shown in Fig. 7.17. From the figure, it can be observed that with decreasing inclination, critical
Reynolds number increases. As we vary the inclination from 0◦ to -15◦, the critical Reynolds number
varies from 29.38 to 29.66. When we change the inclination from 0◦ to 15◦, the Reynolds number
remains almost constant. This implies, unlike the natural convection, stability of mixed convection is
affected only when the plate is tilted in the clockwise direction. It may be noted that even though the
critical Reynolds number increases with clockwise orientation, the increase in the critical Reynolds
number is small. Overall, the stability of mixed convection boundary layer is much less sensitive to
inclination compared to the natural convection boundary layer flows.

Fig. 7.16 shows the critical Eigenvalue spectrum for various inclinations. The variation of critical
wave number with respect to inclination is shown in Fig. 7.18. The critical wave number decreases as
we tilt the plate in the clockwise direction. The wave number is insensitive to tilting the plate in the
anticlockwise direction.
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Figure 7.15: Neutral stability curves for various plate inclinations
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Figure 7.16: Eigenvalue spectrum at critical Re value for various plate inclinations

Table 7.4: Critical values of Re and α and the respective most unstable Eigenvalue for Ri = 5

Φ Recr αcr Ccr

−15◦ 29.6642 0.21735 0.30727 + 0i
−12◦ 29.6533 0.21466 0.30763 + 0i
−9◦ 29.610 0.21460 0.30764 + 0i
−6◦ 29.5759 0.21851 0.30712 + 0i
−3◦ 29.4988 0.22740 0.3060 + 0i

0◦ 29.3822 0.22724 0.30389 + 0i
3◦ 29.3820 0.22726 0.30389 + 0i
6◦ 29.3810 0.22728 0.30389 + 0i
9◦ 29.3805 0.22740 0.30247 + 0i
12◦ 29.3802 0.22744 0.30578 + 0i
15◦ 29.3795 0.22750 0.30103 + 0i
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Figure 7.17: Variation of critical Reynolds number (Recr) with plate inclination
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Figure 7.18: Variation of critical wave number with plate inclination
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7.6 Spatial stability analysis

In spatial stability analysis, we study the disturbance growth or decay with space for a given temporal
variation of disturbance at a given spatial location. In the present section, the results of spatial stability
analysis are presented.

7.6.1 Numerical treatment

The disturbance governing equations for spatial stability analysis can be given in Eigenvalue form (as
discussed in section 5.4.9),

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 I 0 0

−C0 −C1 −C2 −C3 −E0 −E1

0 0 0 0 0 I

−C5 −C6 −C7 −C8 −E3 −E4





φ1

φ2

φ3

φ4

S1

S2


= α



I 0 0 0 0 0

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 C4 0 E2

0 0 0 0 I 0

0 0 0 C9 0 E5





φ1

φ2

φ3

φ4

S1

S2


, (7.38)

where,

C0 = D4 + iωReδD
2,

C1 = iωReδ(U
′′ − UD2),

C2 = −(2D2 + iωReδ),

C3 = iωReδU,

C4 = I,

C5 = −iReδPrθ′,

C6 = 0,

C7 = 0,

C8 = 0,

C9 = 0,

E0 =

(
2Ri

1 +Ri

)
2 (θD + θ′) ,

E1 = −2iωθ,

E2 = 0,

E3 = −(iωReδPr +D2),

E4 = iReδPrU,

E5 = I,
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where, I is identity matrix of size N ×N . The above can be written in Eigenvalue form as,

Aφ = αBφ. (7.39)

The above Eigenvalue problem matrix A and B are of size 6N × 6N . This is unlike the size of the
Eigenvalue problem which comes from the temporal stability analysis.

7.6.2 Validation

Validation of the code is carried out by solving spatial stability of boundary layer flows over a flat
plate. The results are presented by Eigenvalue spectrum for Re = 1000, ω = 0.26 and compared
with the spectrum obtained by Schmid and Henningson [4] as shown in Fig. 7.19. The spectrum of
boundary layer flow from present study agree well with that of reference spectrum.
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Figure 7.19: Comparison of Eigenvalue spectrum of boundary layer flow from present study with that
of reference study (Schmid and Henningson [4])

The three discrete spatial Eigenvalues of boundary layer flow for Re = 1000, ω = 0.26, are
compared with those of Schmid and Henningson [4] which is shown in table 7.5. It is clear from the
table that the present Eigenvalues match up to 3 decimal points with reference Eigenvalues.

Table 7.5: Comparison of three discrete Eigenvalues (α) of boundary layer flow for Re = 1000,
ω = 0.26 from present study with that of Schmid and Henningson [4]

Present result Schmid and Henningson [4]
0.54313 + 0.083523 i 0.54213 + 0.083968 i
0.30050 + 0.230386 i 0.29967 + 0.230773 i
0.74095 + 0.343529 i 0.74155 + 0.345132 i
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7.6.3 Grid independence tests

Grid independence tests are carried out for spatial stability of mixed convection flow. The Eigenvalue
spectrum for various grid sizes for Ri = 5, Reδ = 104 and ω = 0.0335 are compared in Fig. 7.20.
It can be observed from the figure that the Eigenvalue spectrum show continuous branch and discrete
points. The discrete Eigenvalues fall on the right hand side of the continuous spectrum, coincide with
each other for all the three grid sizes. Since, only discrete Eigenvalues contribute to the growth of dis-
turbance, grid size 151 is chosen in the present study as the discrete Eigenvalues are not significantly
changing for grids with size above 151.
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0
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i

N=101

N=151

N=201

Figure 7.20: Grid sensitivity tests for spatial Eigenvalue spectrum (Ri = 5, Reδ = 104, ω = 0.0335)

7.6.4 Results and discussion

A typical spectrum of spatial stability is shown in Fig. 7.21 for Ri = 0.2, Reδ = 565.0313 and
ω = 0.074. The spectrum contains continuous part and discrete part. The continuous spectrum is
typical for any unbounded flows such as boundary layer flows. The smallest imaginary part of α
(αi) among the discrete part of the spectrum decides the spatial growth of the disturbance in space
(upstream or downstream location of the origin of the disturbance).

The spatial neutral curves of mixed convection flow for various Ri values is shown in Fig. 7.22.
In the figure, neutral curve for Ri = 0, represents the neutral curve for forced convection flow. The
critical value of Reynolds number from the present study match with that of boundary layer flow
without heat transfer (Blasius flow).

The critical values of Reδ and ω of mixed convection for various Ri values are presented in
table. 7.6. From the table, it can be seen that the critical Reynolds number continuously decreases
with increasing Ri for Ri > 2. The opposite trend is observed for critical value of both frequency and
Eigenvalue with increasing Ri values. It can be noticed that the imaginary part of critical Eigenvalue
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Figure 7.21: Typical Eigenvalue spectrum (Ri = 0.2, Reδ = 565.03, ω = 0.074)
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Figure 7.22: Neutral curves for spatial stability analysis for various Richardson numbers

is zero for all Ri values because the values of governing parameters such as Reδ and ω are at their
critical values.

The Eigenvalue spectrum of mixed convection flow is shown in Fig. 7.23 for various Ri values
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Table 7.6: Critical values of Reδ, ω and α for various values of Ri

Ri Reδcr ωcr αcr

0 430.7392 0.09873 0.24889 + 0i
0.2 565.0313 0.07401 0.20977 + 0i
2 81.5580 0.02200 0.08401 + 0i
5 29.2590 0.03300 0.12421 + 0i
10 28.3536 0.05200 0.21640 + 0i
100 27.7580 0.1017 0.59948 + 0i
1015 23.4500 0.0910 0.59199 + 0i

at their respective critical values of Reδ and ω. In the figure, the continuous branch originated from
unbounded domain in temperature equation, moves in the anti-clockwise direction with increasing
Richardson number. The most unstable Eigenvalue from the discrete part of the spectrum moves in
the negative real axis direction (circular frequency of the disturbance αr decreases) up to Ri = 5. For
Ri > 5, most unstable Eigenvalue moves towards positive real axis direction. Fig. 7.23(f) shows the
Eigenvalue spectrum for Ri = 1015 representing natural convection asymptote. The spectrum has a
curvy continuous branch along with discrete Eigenvalues. This spectrum is similar to the spectrum
presented in Fig. 6.18 for natural convection at critical buoyancy parameter value computed using the
natural convection formulation.
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Figure 7.23: Spatial Eigenvalue spectrum for variousRi values at their respectiveRecr and ωcr values
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7.6.5 Effect of plate inclination

The effect of plate inclination on stability of mixed convection boundary layer is studied through
spatial stability analysis. The governing equations for the base flow (given by Eqs. (7.28)–(7.30)) and
disturbance equations (given by Eqs. (7.34)–(7.35)) and the respective boundary conditions (7.31)–
(7.33) and (7.36)–(7.37) are same as those of temporal stability analysis. The inclination study is
carried out for inclinations in the range -15◦ to 15◦ for Richardson number value of 5.

The neutral curves for various plate inclination effect are shown in Fig. 7.24. The neutral curve
shifts towards left side as the inclination is increased from 0◦ to 15◦. The neutral curves for inclination
range of 0◦ to −15◦ are almost overlapping with the neutral curve corresponding to zero inclination.
This means that tilting in the clockwise direction does not have any influence on the mixed convection
boundary layer stability. The critical values of Reynolds number, frequency, wave number and phase
speed for various inclinations are presented in table 7.7. The critical values presented in the table
are very close to the values obtained for inclination effects of temporal stability which is given in
table 7.4. The results of inclination effects from both the temporal and spatial stability are same due
to the fact that the temporal and spatial stability analysis should give the same critical values. Since,
these critical values from spatial stability are same as those from the temporal stability, the conclusions
drawn from the temporal stability are equally applies to the results from the spatial stability.

20 30 40

Re

0

0.05

0.1

 =-15
°

 =-9
°

 = 0
°

 = 9
°

 = 15
°

Figure 7.24: Neutral stability curves for various plate inclinations
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Table 7.7: Critical values of Reδ, ω, α and phase speed (Cr) for various inclinations

Φ Reδcr ωcr αcr phase speed (Cr)

−15◦ 29.099 0.06594 0.21607 0.30518
−12◦ 28.992 0.06726 0.22037 0.30521
−9◦ 28.828 0.06743 0.22061 0.30565
−6◦ 28.602 0.06753 0.22062 0.30595
−3◦ 28.323 0.06893 0.22522 0.30606

0◦ 28.003 0.07022 0.22955 0.30610
3◦ 27.601 0.07021 0.22929 0.30612
6◦ 27.134 0.07115 0.23242 0.30613
9◦ 26.592 0.07196 0.23505 0.30615
12◦ 25.965 0.07332 0.23974 0.30620
15◦ 25.238 0.07421 0.24273 0.30624
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7.7 Conclusions

In this chapter, the stability of mixed convection boundary layer flows over an isothermal flat plate is
studied for both temporal and spatial stability. The mixed convection formulation is carried out such
a way that as we vary Richardson from 0 to∞, the flow smoothly varies from pure forced convection
to pure natural convection. The following conclusions are drawn from the study.

1. For forced convection flow, most unstable mode is a hydrodynamic mode, which is originated
from the fluid flow characteristics.

2. The critical Reynolds number decreases with Richardson number for Ri > 2.

3. The effect of plate inclination on the stability of mixed convection is weaker than that observed
for the natural convection flow for stability. In mixed convection flow, clockwise inclinations
widen range of selectively amplified wave numbers.

4. For small Richardson numbers, the most unstable modes come from the flow characteristics of
the boundary layer and hence, it is a hydrodynamic mode.

5. The critical wave number and phase speed increases with Richardson number for Ri > 2.

6. The mixed convection formulation used in the study recovers the results of pure natural and
forced convection results, accurately.
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Chapter 8

Global stability analysis of mixed convection
flow in cavity

In the sequence of studying stability of water flows with density inversion, global linear stability of
mixed convection of water flow in a lid driven square cavity is studied including density inversion
effect. The results are presented in this chapter. Many studies such as [105, 105–111, 113–115, 150,
151] have been investigated the global stability of fluid flow of lid driven cavity. However, the stability
of lid driven cavity with mixed convection heat transfer is not reported in the literature. Hence,
the mixed convection in lid driven square cavity with density inversion is studied. The numerical
formulation, solution methodology and the global stability results are presented in this chapter.

8.1 Physical system

The physical system consists of a two-dimensional square cavity filled with water near its density
inversion point which is shown in Fig. 8.1. The top wall of cavity is moving with uniform velocity
in positive x-direction while the other walls of cavity are stationary. The left wall of the cavity is
kept at uniform higher temperature of TH = T0 + ∆T/2. The right wall of the cavity is kept at
uniform lower temperature TC = T0 − ∆T/2. ∆T is the temperature difference between left and
right wall. The above expressions for TH and TC imply, the temperature of the left and right walls
are symmetrically placed with respect to the temperature of density maximum point near density
inversion. The temperature of both left and right walls are within the temperature range of water
density inversion. The top and bottom walls of the cavity are insulated. Due to the combined effect
of top moving wall and buoyancy forces due to temperature difference between left and right walls of
the cavity, mixed convection flow is developed in the cavity.

8.2 Mathematical modeling

Steady, laminar and incompressible flows are considered as base flow for the stability study of mixed
convection. All thermo-physical properties of water are taken constant except for density in buoyancy
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Figure 8.1: Physical and co-ordinate systems of mixed convection flow in a differentially side heated
cavity

term. The parabolic variation of density with temperature given by Eq. 1.3 is used for buoyancy term.

8.3 Derivation of disturbance governing equations

The dimensional form of governing equations for two-dimensional mixed convection flow with den-
sity inversion of water is given by,
continuity equation:

∂u

∂x
+
∂v

∂y
= 0, (8.1)

x-momentum equation:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2

)
, (8.2)

y-momentum equation:

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2

)
+ gγ(T − T0)2, (8.3)

energy equation:
∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

k

ρcp

(
∂2T

∂x2
+
∂2T

∂y2

)
. (8.4)

The steady state form of above equations are the governing equations of base flow. In the present
study, the base flows are considered as two-dimensional flows. Hence, the variation of base flow
quantities such as ū, v̄, p̄ and T̄ are,

ū = ū(x, y), v̄ = v̄(x, y), p̄ = p̄(x, y), T̄ = T̄ (x, y). (8.5)
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Using the above expressions in the equations (8.1)–(8.4), the governing equations for the base flows
are derived as,

∂ū

∂x
+
∂v̄

∂y
= 0, (8.6)

∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y
= −1

ρ

∂p̄

∂x
+ ν

(
∂2ū

∂x2
+
∂2ū

∂y2

)
, (8.7)

∂v̄

∂t
+ ū

∂v̄

∂x
+ v̄

∂v̄

∂y
= −1

ρ

∂p̄

∂y
+ ν

(
∂2v̄

∂x2
+
∂2v̄

∂y2

)
+ gγ(T̄ − T̄0)2, (8.8)

∂T̄

∂t
+ ū

∂T̄

∂x
+ v̄

∂T̄

∂y
=

k

ρcp

(
∂2T̄

∂x2
+
∂2T̄

∂y2

)
. (8.9)

The above equations are base flow governing equations for two-dimensional mixed convection cavity
flow with water density inversion.

To derive the disturbance equations for the base flows, add small disturbance û, v̂, p̂ and T̂ in base
flow velocities, pressure and temperature, respectively, which can be written as following.

u = ū+ û, v = v̄ + v̂, p = p̄+ p̂, T = T̄ + T̂ . (8.10)

The above disturbances can grow or decay in any spatial direction and in time. Mathematically, they
can be written as following

û = û(x, y, t), v̂ = v̂(x, y, t), p̂ = p̂(x, y, t), T̂ = T̂ (x, y, t). (8.11)

Using Eqs. (8.10)–(8.11) in the Eqs. (8.1)–(8.4), the disturbance equations are converted into,

∂ū

∂x
+
∂v̄

∂y
+
∂û

∂x
+
∂v̂

∂y
= 0, (8.12)

(
∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y

)
+

(
∂û

∂t
+ û

∂û

∂x
+ v̂

∂û

∂y

)
+ ū

∂û

∂x
+ û

∂ū

∂x
+ v̄

∂û

∂y
+ v̂

∂ū

∂y
+

= −1

ρ

∂p̄

∂x
+ ν

(
∂2ū

∂x2
+
∂2ū

∂y2

)
− 1

ρ

∂p̂

∂x
+ ν

(
∂2û

∂x2
+
∂2û

∂y2

)
,

(8.13)

(
∂v̄

∂t
+ ū

∂v̄

∂x
+ v̄

∂v̄

∂y

)
+

(
∂v̂

∂t
+ û

∂v̂

∂x
+ v̂

∂v̂

∂y

)
+ ū

∂v̂

∂x
+ û

∂v̄

∂x
+ v̄

∂v̂

∂y
+ v̂

∂v̄

∂y
+

= −1

ρ

∂p̄

∂y
+ ν

(
∂2v̄

∂x2
+
∂2v̄

∂y2

)
− 1

ρ

∂p̂

∂y
+ ν

(
∂2v̂

∂x2
+
∂2v̂

∂y2

)
+

gγ(T̄ − T̄0)2 + gγ([T̄ − T̄0] + T̂ )2,

(8.14)

(
∂T̄

∂t
+ ū

∂T̄

∂x
+ v̄

∂T̄

∂y

)
+

(
∂T̂

∂t
+ û

∂T̂

∂x
+ v̂

∂T̂

∂y

)
+ ū

∂T̂

∂x
+ û

∂T̄

∂x
+ v̄

∂T̂

∂y
+ v̂

∂T̄

∂y
+

=
k

ρcp

[(
∂2T̄

∂x2
+
∂2T̄

∂y2

)
+

(
∂2T̂

∂x2
+
∂2T̂

∂y2

)]
.

(8.15)

Subtracting Eqs. (8.12)–(8.15) from Eqs. (8.6)–(8.9), respectively, the disturbance equations are ob-
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tained. From these equations, the linearised form of disturbance equations for two-dimensional dis-
turbances are derived as,

∂û

∂x
+
∂v̂

∂y
= 0, (8.16)

∂û

∂t
+ ū

∂û

∂x
+ û

∂ū

∂x
+ v̄

∂û

∂y
+ v̂

∂ū

∂y
= −1

ρ

∂p̂

∂x
+ ν

(
∂2û

∂x2
+
∂2û

∂y2

)
, (8.17)

∂v̂

∂t
+ ū

∂v̂

∂x
+ û

∂v̄

∂x
+ v̄

∂v̂

∂y
+ v̂

∂v̄

∂y
= −1

ρ

∂p̂

∂y
+ ν

(
∂2v̂

∂x2
+
∂2v̂

∂y2

)
+ 2gγ(T̄ − T̄0)T̂ , (8.18)

∂T̂

∂t
+ ū

∂T̂

∂x
+ û

∂T̄

∂x
+ v̄

∂T̂

∂y
+ v̂

∂T̄

∂y
=

k

ρcp

(
∂2T̂

∂x2
+
∂2T̂

∂y2

)
. (8.19)

The above equations (8.16)–(8.19) are governing equations for 2D disturbance of mixed convection
flows.

To reduce the number of unknowns in the calculations, the formulation is carried out in stream
function form. Hence, the disturbance velocities in the form of disturbance stream function are taken
as,

û =
∂ψ̂

∂y
, v̂ = −∂ψ̂

∂x
. (8.20)

For global stability analysis, the disturbance stream function (ψ̂) and temperature (T̂ ) are written
in normal mode form as,

ψ̂(x, y, t) = φ̄(x, y)e−iω̄t, T̂ (x, y, t) = s(x, y)e−iω̄t. (8.21)

Using Eq. (8.20) and (8.21) in disturbance equations and after rearranging the terms, the distur-
bance equation of momentum and energy equations are derived as follows.[

ν

(
∂4

∂x4
+ 2

∂4

∂x2∂y2
+

∂4

∂y4

)
−
(
ū
∂

∂x
+ v̄

∂

∂y

)(
∂2

∂x2
+

∂2

∂y2

)
−
(
∂2v̄

∂x∂y
− ∂2ū

∂y2

)
∂

∂x

−
(
∂2ū

∂x∂y
− ∂2v̄

∂y2

)
∂

∂y

]
φ̄+

[
2

(
(T̄ − T̄0)

∂

∂x
+
∂(T̄ − T̄0)

∂x

)]
s = −iω̄∇2φ̄, (8.22)[

∂T̄

∂y

∂

∂x
− ∂T̄

∂x

∂

∂y

]
φ̄+

[
k

ρcp

(
∂2

∂x2
+

∂2

∂y2

)
− ū ∂

∂x
− v̄ ∂

∂y

]
s = −iω̄s. (8.23)

The above equations show the dimensional form of two-dimensional disturbance equations.
To convert the dimensional form of governing equations into dimensionless form, the following

dimensionless parameters are taken,

X =
x

L
, Y =

y

L
, Uref = u0, U =

ū

u0

, V =
v̄

u0

, P =
p̄

ρu2
0

, θ =
T̄ − T0

∆T̄
,

λ =
λ̄

u0/L
, U =

u

u0

, V =
v

u0

, P =
p

ρu2
0

, φ =
φ̄

u0L
, S =

s

∆T̄
. (8.24)
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where, ∆T̄ = T̄H − T̄C .
Using the dimensionless parameters from Eq. (8.24) in governing equations (8.6)–(8.9), the di-

mensionless form of governing equations are,

∂U

∂X
+
∂V

∂Y
= 0,

U
∂U

∂X
+ V

∂U

∂Y
= − ∂P

∂X
+

1

Re

(
∂2U

∂X2
+
∂2U

∂Y 2

)
,

U
∂V

∂X
+ V

∂V

∂Y
= −∂P

∂Y
+

1

Re

(
∂2V

∂X2
+
∂2V

∂Y 2

)
+
Gr

Re2
θ2,

U
∂θ

∂X
+ V

∂θ

∂Y
=

1

RePr

(
∂2θ

∂X2
+
∂2θ

∂Y 2

)
,

(8.25)

where, Re =
u0L

ν
, Gr =

gγ(∆T̄ )2L3

ν2
, Pr =

ν

αf
and αf =

k

ρcp
.

For the disturbance equations, using the dimensionless parameters given by Eq. (8.24) in Eqs. (8.22)–
(8.23), the dimensionless form of disturbance equations are derived as,[

1

Re
∇4 −

(
U

∂

∂X
+ V

∂

∂Y

)
∇2 −

(
∂2V

∂X∂Y
− ∂2U

∂Y 2

)
∂

∂X
−
(

∂2U

∂X∂Y
− ∂2V

∂X2

)
∂

∂Y

]
φ

+

[
2
Gr

Re2

(
θ
∂

∂X
+

∂θ

∂X

)]
S = λ∇2φ, (8.26)[

∂θ

∂Y

∂

∂X
− ∂θ

∂X

∂

∂Y

]
φ+

[
1

RePr

(
∂2

∂X2
+

∂2

∂Y 2

)
− U ∂

∂X
− V ∂

∂Y

]
S = λS, (8.27)

where, differential operator ∇2 =
∂2

∂X2
+

∂2

∂Y 2
and ∇4 =

∂4

∂X4
+ 2

∂4

∂X2∂Y 2
+

∂4

∂Y 4
. The above

equations (8.26) and (8.27) are dimensionless form of governing equations for linear global stability
of two-dimensional mixed convection flows of water near the density inversion.

8.3.1 Boundary conditions

Base flows: The top wall of cavity is moving with uniform velocity u0 along positive x-direction
while the normal velocity of the top wall is zero. No slip and no penetration conditions prevail at
the remaining walls of the cavity. Initially, the water in the cavity is at rest and the temperature is
at T0. The left wall of the cavity is heated at higher temperature TH while cavity is cooled at the
right wall with temperature TC . The remaining walls of the cavity are adiabatic. Mathematically, the
dimensional form of boundary conditions for base flow can be written as,

At x = 0, u = 0, v = 0, T = TH = T0 + ∆T/2, , (8.28)

At x = L, u = 0, v = 0, T = TC = T0 −∆T/2, (8.29)

At y = 0, u = 0, v = 0,
∂T

∂y
= 0, (8.30)

At y = L, u = u0, v = 0,
∂T

∂y
= 0. (8.31)
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Using the dimensionless parameters from Eq. (8.24), the above dimensional form of boundary
conditions are converted into dimensionless forms which are as follows,

At X = 0, U = 0, V = 0, θ = 0.5, (8.32)

At X = 1, U = 0, V = 0, θ = −0.5, (8.33)

At Y = 0, U = 0, V = 0,
∂θ

∂Y
= 0, (8.34)

At Y = 1, U = 1, V = 0,
∂θ

∂Y
= 0. (8.35)

Disturbance flows: The normal and streamwise components of disturbance velocity at all the walls of
cavity are zero. The disturbance of temperature at the hot and cold walls are zero. For adiabatic walls
of cavity, the gradient of disturbance temperature is zero. Mathematically, the boundary conditions
for disturbance flows in dimensional form are given below

At x = 0, û = 0, v̂ = 0, T̂ = 0, (8.36)

At x = L, û = 0, v̂ = 0, T̂ = 0, (8.37)

At y = 0, û = 0, v̂ = 0,
∂T̂

∂y
= 0, (8.38)

At y = L, û = 0, v̂ = 0,
∂T̂

∂y
= 0. (8.39)

Since, the disturbance governing equations of mixed convection flow are solved in stream function
form, the above boundary conditions in the form of disturbance stream function converted using
Eqs. (8.20)–(8.21) which are,

At x = 0, φ̂ = 0,
∂φ̂

∂x
= 0, T̂ = 0, (8.40)

At x = L, φ̂ = 0,
∂φ̂

∂x
= 0, T̂ = 0, (8.41)

At y = 0, φ̂ = 0,
∂φ̂

∂y
= 0,

∂T̂

∂y
= 0, (8.42)

At y = L, φ̂ = 0,
∂φ̂

∂y
= 0,

∂T̂

∂y
= 0. (8.43)

The above boundary conditions for disturbance flows are transformed into dimensionless form
using Eq. (8.24), which are following,

At X = 0, φ = 0,
∂φ

∂X
= 0, S = 0, (8.44)

At X = 1, φ = 0,
∂φ

∂X
= 0, S = 0, (8.45)

At Y = 0, φ = 0,
∂φ

∂Y
= 0,

∂S

∂Y
= 0, (8.46)

At Y = 1, φ = 0,
∂φ

∂Y
= 0,

∂S

∂Y
= 0. (8.47)
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8.4 Numerical methodology

8.4.1 Base flow

The base flow governing equations are discretised using Finite Volume Method (FVM). The details
of solution methodology followed for the base flow computation is given in Patankar [152]. Base
flow calculations are carried out by discretising the base flow governing equations using FVM. The
discretisation is carried out using staggered grid. All scalar quantities are defined at the cell center
of control volume. x and y components of velocity are staggered in their respective directions from
the scaler control volume. Second order upwind scheme is used for the convective terms. Second
order central difference scheme is used to discretise the diffusive and pressure terms. The solutions
are obtained for the steady state. SIMPLE algorithm is used for overall solution procedure to find
the appropriate pressure and velocities, so that the momentum and continuity equations are satisfied.
The resultant system of linear equations obtained from the discretisation of governing equations are
solved using Tri-Diagonal Matrix Algorithm (TDMA) solver. TDMA sweeps are performed in x

and y-directions alternatively. The iteration is continued until the maximum value of the error of
continuity equation in the domain falls below 10−5.

8.4.2 Disturbance equations

The disturbance equations of mixed convection (Eqs. (8.26) and (8.27)) consist of partial differentials
in x and y-directions. The discretisation of partial derivatives are carried out using Chebyshev spectral
method. The Chebyshev spectral method works only in the square computational domain in the range
of [−1 1]×[−1 1]. However, the present physical system is in the range of [0 1]×[0 1]. Hence,
the following linear transformation is used between physical and computation domains according to
the

η = 1− 2x, ξ = 1− 2y. (8.48)

The transformed differential equations are discretised using the Chebyshev differentiation. For the
discretisation using Chebyshev differentiation, the Gauss-Lobatto points are used for the grid distri-
bution in η and ξ coordinates. If Nx + 1 and Ny + 1 are the number of grid points used in η and
ξ-directions, respectively, then the grid is distributed according to

ηi = cos(πi/Nx) i = 0, . . . , Nx (8.49)

ξj = cos(πj/Ny) j = 0, . . . , Ny, (8.50)

respectively, in η and ξ-directions.
The differentiation matrices of discretisation for partial differentials are obtained from the dif-

ferential matrices of one dimensional differentiation matrices correspond to grid distribution of the
individual coordinates. For example, in η computational direction, the differentiation matrix corre-
sponds to one dimensional Gauss-Lobatto point distribution is Dη can be found from the expressions
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of elements of differentiation matrix given by Eq.(5.55). The one dimensional differentiation matrix
Dη is of size (Nx + 1) × (Nx + 1). Similarly, the differentiation matrix of one dimension Dξ in ξ-
direction, which is of the size (Ny + 1)× (Ny + 1) can be formed.

Iη and Iξ are identity matrices of the size (Nx + 1) × (Nx + 1) and (Ny + 1) × (Ny + 1),
respectively. Now, the differentiation matrices for partial derivatives of two-dimensional problem are
formed using Kronecker products of the above Dη, Dξ, Iη and Iξ matrices. For example,

Kη =
∂

∂η
= Iξ ⊗Dη,

Kξ =
∂

∂ξ
= Dξ ⊗ Iη,

Kη2 =
∂2

∂η2
= Iξ ⊗D2

η,

Kηξ =
∂2

∂η∂ξ
= Dξ ⊗Dη,

Kξ2 =
∂2

∂ξ2
= D2

ξ ⊗ Iη,

Kη3 =
∂3

∂η3
= Iξ ⊗D3

η,

Kη2ξ =
∂3

∂η2∂ξ
= Dξ ⊗D2

η,

Kηξ2 =
∂3

∂η2∂ξ
= D2

ξ ⊗Dη,

Kξ3 =
∂3

∂ξ3
= D3

ξ ⊗ Iη,

Kη4 =
∂4

∂η4
= Iξ ⊗D4

η,

Kη2ξ2 =
∂4

∂η2∂ξ2
= D2

ξ ⊗D2
η,

Kξ4 =
∂4

∂ξ4
= D4

ξ ⊗ Iη,

(8.51)

where, K is Kronecker differentiation matrix and subscripts η and ξ represent the partial derivative
with respect to these variables. In the above, A⊗B is Kronecker product of matrices A and B. Note
that the resulting differentiation matrices of partial differentials formed using the above Kronecker
product is of size (Nx+ 1)(Ny + 1)× (Nx+ 1)(Ny + 1).

The discretized disturbance equations (8.26)–(8.27) along with their boundary conditions (8.44)–
(8.47) form an Eigenvalue problem. Circular frequency ω acts as an Eigenvalue of the problem which
decides the global stability of the flow. Since, the disturbance is taken in the form φ(x, y, t) =

φ(x, y)e−iωt (Eq. (8.21), the flow is stable if imaginary part of all the Eigenvalues

flow is stable: ωi < 0 for all Eigenvalues

flow is unstable: ωi > 0 atleast for one Eigenvalue

flow is neutrally stable: ωi ≤ 0 for all and ωi = 0 for at least for one Eigenvalue
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The resulting generalized Eigenvalue problem is solved using an open source linear solver package
LAPACK.

8.4.3 Interpolation of base flow variables on to Eigenvalue grid

In the present study, the base flow is solved using FVM and the disturbance equations are solved
using Chebyshev spectral method. The Chebyshev spectral method requires grid distribution in a
specific manner given by Gauss-Lobatto point distribution in the individual computational directions.
However, the grid for the discretisation for the base flow governing equations are different from the
grid used for discretisation of disturbance equations. However, for the discretisation of disturbance
equations, the base flow quantities and their derivatives at the Eigenvalue grid nodes are required.
Since, the base flow grid and Eigenvalue grid nodes do not coincide each other, we need to transfer
the base flow information to the Eigenvalue grid nodal points. In the present study, interpolation of
the base flow quantities from the base flow grid to Eigenvalue grid is done using cubic splines. Such
usage of cubic splines are done in Jotkar et al. [145].

Cubic spline interpolation is used to interpolate the base flow solutions on to Eigenvalue grids.
The function of f(x) at grid point i on base flow is expressed in the form of ( [153]),

fi(x) = ai + bix+ cix
2 + dix

3, i = 1, 2, 3, · · · , Nx, (8.52)

where, Nx is number of grid points in x-direction. ai, bi, ci and di are constants which need to be
calculated to fit a cubic splines. These constants are calculated by imposing known values of fi−1, fi
and fi+1 at base flow grid nodal points xi−1, xi and xi+1. Once, the constants are found, the value of
f(x) at x values which are not on the base flow grid are calculated.

The final form of interpolation can be expressed by ( [153]),

fi(x) =
f ′′i−1

6(xi − xi−1)
(xi − x)3 +

f ′′i
6(xi − xi−1)

(x− xi−1)3

+

[
fi−1

xi − xi−1

−
f ′′i−1

6
(xi − xi−1)

]
(xi − x)

+

[
fi

xi − xi−1

− f ′′i
6

(xi − xi−1)

]
(x− xi−1). (8.53)

In the above, xi−1, xi and xi+1 are the nodal points on base flow grid at which the base flow quantities
represented by fi−1, fi and fi+1, respectively are known from the base flow computation. x is the
coordinate of the grid node on Eigenvalue grid to which the interpolation is carried out. The quantities
f ′′i−1, f ′′i and f ′′i+1 in the above, are calculated using second order finite difference method.
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8.5 Code validations

8.5.1 Validation of base flow solver

The base flow code is validated by solving mixed convection flow of air in a lid driven square cavity
for various Reynolds and Grashof numbers. The physical system of validation problem in shown in
Fig. 8.2. The top wall moves with uniform velocity and the remaining walls are stationary. The cavity
is heated at the top wall while it is cooled at the bottom wall. The left and right walls are insulated.
The average Nusselt numbers along the top wall obtained from the present solver are compared with

x

y

T
C

T
H

L

g

u
0

L

Figure 8.2: Schematic for the validation of mixed convection flow in square cavity

those available in the literature which is presented in table 8.1 for various Reynolds and Grashof
numbers. In the table, the present results agree well with those of reference values.

Table 8.1: Validation of the base flow solver: Average Nusselt numbers of mixed convection along
top wall of a lid driven square cavity

Re Author(’s) Gr = gβ∆TL3/ν2

102 104 106

400 Present study 4.35 3.91 1.21
Cheng [154] 4.14 3.90 1.21
Sharif [155] 4.05 3.82 1.17

1000 Present study 6.85 6.73 1.82
Cheng [154] 6.73 6.68 1.75
Sharif [155] 6.55 6.50 1.81
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8.5.2 Validation of stability solver

The stability solver of the global stability analysis is carried out by solving the global stability of
lid driven cavity. The global stability of lid driven cavity flow is reported by many authors such
as [113,150,151]. The lid driven cavity is a square cavity with top wall moving with uniform velocity,
while all the other walls are stationary as shown in Fig. 8.3.

U

x

y

L

L

Figure 8.3: Schematic of lid driven cavity flow for the validation of global stability analysis

The critical value of Reynolds number and the corresponding most unstable Eigenvalue of lid
driven cavity from the present study is compared with the values presented in references [113, 150,
151], is shown in table 8.2. It can be seen from table 8.2 that values of critical Reynolds number
and critical Eigenvalue of present study, agree with the reference results. From the table, it can be
observed that the smaller the real part of ωcr we target for, slightly higher the critical Reynolds number
we obtain. Since, the present study and the study by Fortin et al. [151], the targeted ωr is of the order
of 10−5, the present results match very close to those of Fortin et al. [151]. If we had targeted for ωr to
be of the order of 10−6, the present results would have been close to those of Bopanna and Gajjar [113]
and Kalita and Gogoi [150]. The contours of real and imaginary part of critical disturbance stream

Table 8.2: Validation: Comparison of critical Reynolds number (Recr) and critical Eigenvalue (ωcr)

Author(’s) Recr ωcr

Bopanna and Gajjar [113] 8026.6 2.620× 10−6 ± 2.8356i
Kalita and Gogoi [150] 8025.9 2.340× 10−7 ± 2.8164i
Fortin et al. [151] 8000.0 5.477× 10−5 ± 2.8356i
Present study 7995.0 6.537× 10−5 ± 2.8475i

function from the present study are compared with the contours of Bopanna and Gajjar [113]. The
present results are found to be in good agreement with the reference Eigenfunction contours (Not
shown).
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8.6 Grid sensitivity tests

After conducting the grid sensitivity tests, the grid size of 151 × 151 is selected for the base flow
computation of the present study. In global stability analysis, the Eigenvalue problem requires huge
amount of computation. Hence, the selection of Eigenvalue grid size is crucial in the global stability
analysis computations. To find the suitable grid, grid sensitivity tests are conducted for the Eigenvalue
problem using grid sizes of 41×41, 61×61 and 81×81. It is found for most of the Richardson numbers
61× 61 grid provides sufficiently accurate results for Richardson number greater than 2. However, it
is found that for Richardson number in the range 0 to 0.4, the spurious Eigenvalues appear as the most
unstable Eigenvalues for grid of size less than 101 × 101. For such range of Richardson numbers,
computations are carried out using 101× 101 grid size.

8.7 Base flow solutions

The global stability analysis is carried out for Richardson numbers ranging from 0 to 200. For every
Richardson number, the flow is solved for various Reynolds number to find the critical Reynolds
number. For every simulation of stability equations, the base flow needs to be solved. The stability
characteristics of the flow strongly depend on the structure of the base flow. Here, the main features of
the base flow are briefly presented using stream function and temperature contour plots. Note that in
the stream function contours, solid line represents the contours with negative stream function value.
The re-circulations encircled by negative stream function values and the recirculations encircled by
positive stream function values rotate in opposite direction. The temperature contours with negative
values are plotted with dotted lines to emphasis the region occupied with temperatures that are on
the left side of the density inversion point in density variation with temperature. Similarly, isotherms
with positive temperature values are plotted with solid lines indicating temperatures on the right side
of the density inversion point.

To visualize the variation of flow and thermal fields with varying Richardson number, stream
function contours and temperature contours are shown in Fig. 8.4 and 8.5, respectively, for various
increasing Richardson numbers. All the contours shown in the above figure are for a fixed Reynolds
number value of 1800. Fig. 8.4 shows stream function contours for Ri = 0, which is a forced convec-
tion asymptote solution. The flow is characterized with a primary recirculation which occupies most
of the cavity which is centered near the center of the cavity. Along with this primary recirculation,
there are two smaller re-circulations at left-bottom and right-bottom corners of the cavity. These recir-
culations are formed due to the flow separations from the walls. When Richardson number increased
to Ri = 0.3, the left-bottom recirculation is replaced with two counter rotating recirculations. Let the
recirculation at the left-bottom corner is denoted with R1 and its associated recirculation is R2. The
right-bottom recirculation is R3. The size and the location of all the recirculations depends on the
values of Richardson and Reynolds numbers. With increasing Richardson number, the sizes of R2
and R3 increases and merge each other forming a single resultant re-circulation on the bottom wall at
aboutRi = 0.46. Further increase in Richardson number, increases the size of the lower recirculation.

The base flow temperature contours corresponding to the above described stream function con-
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tours are shown in Fig. 8.5. The temperature in the primary recirculation is almost uniform as the
velocities in the primary recirculations are large compared to the velocities in the other recirculations.
The primary recirculation is associated with negative value of dimensionless temperature indicating
temperatures on the left side of density inversion point in the density versus temperature profile. With
increasing Richardson number, primary recirculation temperature increases towards the density max-
imum point (zero dimensionless temperature). For Ri = 0.3 to 1.25, most of the cavity is occupied
with negative dimensionless temperatures. For Ri = 2.5, the temperatures of negative and positive
values equally occupied in the cavity.

Some more base flow solutions will be presented in the stability solutions section (section 8.8)
wherever is necessary for the explanation and interpretation of the global stability solutions.
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Figure 8.4: Stream function contours of base flow for Re = 1800
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Figure 8.5: Temperature contours of base flow for Re = 1800
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8.8 Stability solutions
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Figure 8.6: Eigenvalue spectrum for Ri = 5, Re = 100

A typical Eigenvalue spectrum is shown in Fig. 8.6(a) which is computed for Ri = 5 and Re =

100. The structure of the Eigenvalue spectrum is similar to the spectrum of lid driven cavity flow
without heat transfer. The spectrum consists of bow shaped branches. Such spectrum is inherent for
the lid driven cavity flows. Such spectrum is reported in the studies of isothermal lid driven cavity
flows in the studies of Bopanna and Gajjar [113], Kalita and Gogoi [150], Fortin et. al [151], Ramanan
and Homsy [105] and Theofilis [110]. The spectrum is symmetric with respect to imaginary ω axis.
Due to the existence of symmetry, all the Eigenvalues should have either zero real part or should be
associated with a complex conjugate Eigenvalue. This means the critical mode should be either have
zero real part or should be a pair of complex conjugate Eigenvalues. The existence of the symmetry of
Eigenvalue spectrum comes from the fact that all the elements of matrices of disturbance Eigenvalue
problem given by Eqs. (8.26)–(8.27) are real numbers. First few most unstable Eigenvalues are shown
in subfigure 8.6(b). If the Eigenvalue containing the largest imaginary part has negative imaginary
part then the flow is stable, and if it is positive then the flow is unstable. Otherwise the flow is neutrally
stable.

Few most unstable Eigenvalues for Ri = 0.2 and Re = 4522.12 are plotted in Fig. 8.7(a) and the
most unstable modes are marked with symbolsA,B,C andD. The Eigen functions of the disturbance
stream function and temperature corresponding to the marked modes are shown in Fig. 8.8. The A,
B and D modes are with pure imaginary numbers and C mode is associated with pair of complex
conjugate numbers. Similarly, few most unstable Eigenvalues for Ri = 5 and Re = 172.17 are
shown in Fig. 8.7(b). Different modes are marked with symbols A, B, C and D. The Eigen functions
of the disturbance stream function and temperature for the marked Eigen modes are presented in
Fig. 8.9.
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Figure 8.7: Few most unstable Eigenvalues for Ri = 0.2 and Ri = 5
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Figure 8.8: Disturbance stream function and temperature contours for Ri = 0.2 and Re = 4522.12
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Figure 8.9: Disturbance stream function and temperature contours for Ri = 5 and Re = 172.17
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Figure 8.10: Variation of critical Reynolds number with Richardson number
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Figure 8.11: Variation of real part of critical frequency of disturbance with Richardson number

The variation of critical Reynolds number with Richardson number is shown in Fig. 8.10. The
enlarged plot for the range Ri = 0 to 10 is shown in Fig. 8.10(b) with linear scale for Richardson
number. The corresponding values of critical Reynolds number and critical circular frequency (ω)
are presented in the table 8.3. The critical Reynolds number decreases from 4773.4 to 4545 when the
Ri is increased from 0 to 0.4. This means the addition of buoyancy forces makes the flow unstable.
When Richardson number slightly increased from 0.4 to 0.5, the critical Reynolds number decreases
from 4545 to 1675 (about 36%). This means that at this Ri value range, the flow stability drastically
decreases. The reasons for such drastic change will be discussed in more details below. When Ri is
increased from 0.5 to 1, flow regains stability and the critical Reynolds number increases from 1675
to 2354.23 . When Richardson number is varied from 1 to 10, critical Reynolds number decreases
from 2354.23 to 80.21. For Ri > 10, critical Reynolds number decreases slowly.
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Table 8.3: The critical Reynolds number (Recr) and critical value of ω for various Ri values

Ri Recr Most unstable Eigenvalue

0 4473.45 −3.91465× 10−4 − 4.19779× 10−10i
0.1 4567.75 −3.70831× 10−4 − 4.99096× 10−10i
0.2 4522.125 −3.60097× 10−4 − 2.20151× 10−10i
0.3 4557.175 −3.43154× 10−4 + 2.04839× 10−10i
0.4 4559.375 −3.53363× 10−4 + 2.86642× 10−10i
0.5 1675.0 6.97964× 10−5 ± 0.041772i
0.6 1325.0 −6.88641× 10−5 ± 0.063620i
0.7 1356.25 −2.97026× 10−5 ± 0.072030i
0.9 1871.875 −2.65557× 10−5 ± 0.072843i
1 2354.230 7.14222× 10−5 ± 2.125538i
1.5 2203.688 −9.58021× 10−4 ± 3.329227i
2 1390.742 9.80674× 10−5 ± 1.154707i
3 1060.625 −7.27718× 10−5 ± 1.334877i
4 298.9180 4.13252× 10−5 ± 0.5744296i
5 172.1680 −6.76206× 10−5 ± 0.6526086i
10 80.21118 −3.19893× 10−5 ± 0.8486098i
50 31.83629 −6.39553× 10−5 ± 1.817935i
100 19.20868 −4.69154× 10−6 ± 2.523139i
200 18.39179 −2.96106× 10−6 ± 3.789852i

The variation of critical frequency (ωcr) with Richardson number is shown in Fig. 8.11 reveals
that for the range of Ri = 0− 0.4 and Ri > 4, the critical ωcr slowly varies with Richardson number.
For the range ofRi = 0.4−1, the sudden instability is associated with sharp increase in the frequency
of most unstable mode. When the flow regains stability between Ri = 1 − 4, the frequency of most
unstable mode decreases. Note that higher the frequencies for a given wave number in the third
direction represents higher phase speed.

The Eigenvalue spectrum for Ri = 0 representing pure forced convection is shown in Fig. 8.12.
In the forced convection flow, the momentum equation of the base flow and the disturbance equations
are decoupled from their respective energy equation. The Eigenvalues shown in the figure are the
combination of Eigenvalues which come from disturbance equations of both flow and temperature
equations. To distinguish the Eigen modes which come from the flow from those originated from
heat transfer, the Eigenvalue spectrum of flows without heat transfer is computed and superimposed
in the figure. The circles in the Eigenvalue spectrum are the Eigenvalues come from the disturbance
equations of both flow and heat transfer (Eqs. (8.26) and (8.27)). The star symbols are from the
solution of lid driven cavity without heat transfer. The star symbols which coincide with the circles
are the Eigenvalues originated from the hydrodynamic characteristics of the flow. Hence, they can be
called as hydrodynamic modes. The star symbols which do not coincide with circle symbols are the
Eigenvalues originated due to the heat transfer aspect of the convection. Clearly, the most unstable
mode of pure forced convection with heat transfer is a thermal mode.

To verify whether the instability of lid driven cavity flows including heat transfer always originates
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Figure 8.12: Comparison of Eigenvalue spectrum for with and without heat transfer for Ri = 0,
Re = 4473.3

from thermal mode or not, the stability of lid driven flow with heat transfer is solved for various
Prandtl numbers for Ri = 0. Out of solutions for many Prandtl numbers, the Eigenvalue spectrum
corresponding to Pr = 0.71, Pr = 3 and Pr = 11.57 are shown in Fig. 8.13. In the figure, circles
are the Eigenvalues of flows without heat transfer. The stars symbols are the Eigenvalues of flow
including heat transfer. In the figure, the star symbols which coincide with circles are originated due
to the hydrodynamic characteristics. The stars which do not coincide with circles are the Eigenvalues
originated due to the temperature effect. In subfigure 8.13(a), the most unstable Eigenvalues are
coinciding with the circles and hence, they are hydrodynamic modes. In subfigures 8.13(b)–8.13(c),
the most unstable Eigenvalues indicated with stars do not coincide with the circles and hence, they
are thermal modes. It is found that for Pr < 3, the most unstable mode is hydrodynamic mode and
for Pr > 3, the most unstable mode is thermal mode.

The stream function contours of base flow for various Richardson number are plotted in Figs. 8.17
and 8.18. The corresponding temperature contours are presented in Figs. 8.19 and 8.19, respectively.
For the Richardson number range 0 to 0.4 (shown in subfigures 8.17(a)–8.17(e)), the flow varies
slightly. With increasing Richardson number, the left-bottom and right-bottom recirculations increase
their size. They merge each other at about Ri = 0.4. In the range of Ri = 0.4 to 0.5, the two bottom
recirculations merge each other. The resulting flow structure contains the primary recirculation is
supported on the lower newly formed recirculation. However, the lower recirculation fluid layer is
thin near Ri = 0.4 to 0.5. The lifting off the primary recirculation has to be supported by the lower
thin fluid layers. As the lower recirculation fluid layer is thin, it is very unstable for any disturbances.
This highly unstable bottom recirculation brings down the critical Reynolds number sharply to a much
lower value.

With increasing Richardson number, the size of the bottom recirculation increases, resulting in
increasing its thickness. The increased thickness helps in increasing ability of holding the primary re-

167
TH-2490_146103014



-5 -4 -3 -2 -1 0 1 2 3 4 5

r

-0.1

-0.05

0

0.05
i

With heat transfer

Without heat transfer

(a) Pr = 0.71, Re = 7995

-5 -4 -3 -2 -1 0 1 2 3 4 5

r

-0.1

-0.05

0

0.05

i

With heat transfer

Without heat transfer

(b) Pr = 3, Re = 7995

-5 -4 -3 -2 -1 0 1 2 3 4 5

r

-0.1

-0.05

0

0.05

i

With heat transfer

Without heat transfer

(c) Pr = 11.57, Re = 4473.4

Figure 8.13: Eigenvalue spectrum with and without heat transfer for various Prandtl numbers at re-
spective critical Reynolds numbers (pure forced convection)

circulation. Hence, for Ri = 0.5 to 1, the stability of the lower recirculation increases and the critical
Reynolds number increases. The decrease in the value of critical Reynolds number, can be explained
using the temperature contours presented for Ri ≥ 2 which are presented in subfigures 8.20(c)–
8.20(i). The subfigure 8.20(c) show temperature contours for Ri = 2. The temperature of the primary
recirculation is almost uniform. The temperature in the bottom recirculation has variation from 0 to
−0.2. The temperature decreases from the bottom wall towards the center of the bottom recirculation,
establishing negative temperature gradient in a vertically upward direction. As the density increases
with decreasing temperature, this region of negative temperature gradient is thermally unstable con-
figuration. Higher the temperature gradients, lower its stability. For Ri > 2, we can see from the
isotherms that with increasing Richardson number the region of thermally unstable configuration (re-
gion of negative temperature gradient) increases. This increasing unstable configurations makes the
flow to be more unstable. Hence, critical Reynolds number decreases for Richardson numbers range
of 2 to 200.

The Eigenvalue spectrum at critical Reynolds number for various Richardson numbers are shown
in Figs. 8.14–8.16. The Eigenvalue spectrum for various Richardson numbers are similar in their
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structures. However, the nature of the most unstable Eigenvalue differs among the flows of different
Richardson numbers. From Ri = 0 to 0.4 (Figs. 8.14(a)–8.14(d)), the most unstable Eigenvalue has
zero real part and hence, represents disturbance of stationary mode. For Ri > 0.4 (Figs. 8.14(d)–
8.16(d)), a pair of complex conjugate Eigenvalues represents the most unstable Eigen mode. Such
Eigen mode represents a time varying disturbance. Appearance of such modes with Richardson num-
ber variation represent Hopf bifurcation. Such Hopf bifurcation is reported by Bopanna and Gaj-
jar [113], Kalita and Gogoi [150], Fortin et. al [151], Ramanan and Homsy [105] and Theofilis [110],
in their study of isothermal lid driven cavity flows. For Ri > 4 (Figs. 8.15(e)–8.16(d)), the magnitude
of the real part of most unstable Eigenvalue increases with Richardson number.
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Figure 8.14: Few most unstable Eigenvalues of mixed convection flow for various Ri values at re-
spective Recr
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Figure 8.15: Few most unstable Eigenvalues of mixed convection flow for various Ri values at re-
spective Recr
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Figure 8.16: Few most unstable Eigenvalues of mixed convection flow for various Ri values at re-
spective Recr
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Figure 8.17: Stream function contours of the base flow for various Ri values at their respective Recr
values
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Figure 8.18: Stream function contours of the base flow for various Ri values at their respective Recr
values

The real part of Eigenfunctions of disturbance stream functions for various Ri values at their
respective critical Re values are shown in Figs. 8.23 and 8.24. Figs. 8.23(a)–8.24(a) show the Eigen-
functions of disturbance stream functions for Ri ≤ 1. The stream function disturbance field for
Ri = 0 to 0.4 which are presented in subfigures 8.24(a)–8.23(e) have similar structure. This is due to
the fact that in this range the flow becomes unstable through the same Eigen mode which is evident
from the similarity in the Eigenvalue spectrum for Ri = 0 to 0.4 shown in subfigures 8.14(a)–8.14(e).
Similarly, disturbance stream function contours for Ri = 0.6 to 0.9 are similar due to the fact that
they originate from the same kind of mode which can be observed from respective Eigenvalue spec-
trum plotted in subfigures 8.14(g)–8.15(b). The most unstable Eigenvalue for Ri = 1 to 200 are a
pair of complex conjugate mode and the most unstable Eigen mode for these Richardson numbers are
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Figure 8.19: Temperature contours for base flow for various Ri values at their respective Recr values

from the similar mode, except the magnitude of the real part. The Eigenvalue spectrum for Ri = 1

contains the most unstable complex conjugate pair as the first mode following a stationary mode as a
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Figure 8.20: Temperature contours for base flow for various Ri values at their respective Recr values

second most unstable mode. However, for Ri = 1, the complex conjugate first most unstable mode
is followed by pair of complex conjugate Eigenvalues. Due to the difference in the spectrum, the dis-
turbance stream function field differs between Ri = 1 and Ri = 2 (subfigures 8.15(c) and 8.15(d)).
As the sequence of Eigen mode for Ri = 4 to 200, the disturbance stream function fields shown in
subfigures 8.24(c)–8.24(h) are similar. Such kind of patterns are also followed for the imaginary parts
of temperature disturbance.

The Eigen functions of imaginary part of disturbance temperature is shown in Figs. 8.27 and 8.28.
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Figure 8.21: Real part of disturbance stream function contours for various Ri values at respective
Recr
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Figure 8.22: Real part of disturbance stream function contours for various Ri values at respective
Recr
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Figure 8.23: Imaginary part of disturbance stream function contours for various Ri values at respec-
tive Recr
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Figure 8.24: Imaginary part of disturbance stream function contours for various Ri values at respec-
tive Recr
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Figure 8.25: Real part of disturbance temperature contours for various Ri values at respective Recr
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Figure 8.26: Real part of disturbance temperature contours for various Ri values at respective Recr
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Figure 8.27: Imaginary part of disturbance temperature contours for various Ri values at respective
Recr
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Figure 8.28: Imaginary part of disturbance temperature contours for various Ri values at respective
Recr
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8.8.1 Appearance of spurious Eigenvalues in computation

For Richardson number in the range of 0 to 0.4, the spurious Eigenvalues are found to appear as the
most unstable Eigenvalue at Eigenvalue grid sizes lower than 101 × 101. The spurious Eigenvalues
appeared as a pair of complex conjugate Eigenvalues, even though the actual most unstable Eigenvalue
is an Eigenvalue with zero real part. The spurious Eigenvalues are associated with Eigen functions
representing physically unrealistic disturbance field. For such Richardson number range, Eigenvalue
grid size of 101× 101 is used. It is observed that even with the lower Eigenvalue grid size the second
most unstable Eigenvalue present in the spectrum is the actual most unstable mode. The second most
unstable mode found using the lower grid is the same as the first most unstable Eigenvalue computed
with grid size of 101× 101 which provides Eigenvalues without spurious Eigenvalues.

Fig. 8.29 shows the Eigenvalue spectrum computed using grid sizes of 81×81 and 101×101. The
complex conjugate pair of Eigenvalues with highest imaginary part (shown inside the square box) is
shown in Fig. 8.29 for 81× 81 grid are the spurious Eigenvalues which disappear from the spectrum
when the grid is refined to 101× 101.
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Figure 8.29: Appearance of spurious Eigenvalues (Ri = 0.1, Re = 4.56775× 103)

In Fig. 8.30, the left and middle columns show the disturbance Eigen functions corresponding to
the the first and second most unstable modes, respectively, computed using 81× 81 Eigenvalue grid.
The right most column shows the disturbance Eigen functions of the most unstable mode computed
using Eigenvalue grid 101 × 101. From the figure, we can see that the first column Eigen functions
are physically unrealistic. The second column and third column Eigen functions are same. Hence, the
second mode from grid 81 × 81 represents the actual correct mode. The computations for Ri = 0 to
0.4 are carried out using Eigenvalue grid 101× 101.
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Figure 8.30: Detection of spurious and correct Eigenvalues (Ri = 0.1 and Re = 4.56775× 103)
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8.8.2 RAM size and CPU time taken for global stability analysis

In the present study, global linear stability analysis is carried out for mixed convection flow in square
cavity. The Eigenvalue problem of the disturbance equations forms large size of matrices and require
large computation time. The RAM size and CPU time required depends on the Eigenvalue grid. In a
typical run, for Eigenvalue grid of size 81× 81, the RAM of about 20 GB is required. The CPU time
taken for one run for a Eigenvalue grid size of 81 × 81 is about 45 hours. For one run with grid size
101× 101, CPU time taken is about 120 hours (about 6 days).

8.9 Conclusions

The global stability analysis is carried out for the stability of mixed convection lid driven cavity flows.
The following conclusions are drawn from the study.

1. The flow and stability characteristics of the mixed convection vary dramatically with variation
of Richardson number.

2. In the range of Ri = 0 to 0.4, the critical Reynolds number is almost constant with a value of
about 4550. In the range of 0.4 to 0.6, the critical Reynolds number decreases drastically to
a value of 1325. For Ri = 0.6 to 1, critical Reynolds number increases to 2354.23. Beyond
which the critical Reynolds number decreases with Richardson number.

3. The drastic instability near Ri = 0.4 to 0.5 is found to be due to the formation of thin recircula-
tion under primary recirculation. At this Richardson number, the bottom thin layer is strongly
unstable.

4. In the range of Ri = 0 to 0.4, the most unstable Eigenvalue has zero real part indicating a
stationary mode which does not change with time. For Ri > 0.4, the most unstable Eigenvalue
is a pair of complex conjugate Eigenvalues indicating a Hopf mode which is a time dependent
disturbance.

5. The critical circular frequency varies dramatically with variation of Richardson number. The
circular frequency is zero forRi = 0 to 0.4. The value increases forRi = 0.5 to 1.5, reaching to
highest value of 3.33 and decreases withRi up to 4. Beyond which, it increases with Richardson
number.

6. For pure forced convection asymptote, the most unstable mode is found to be thermal mode for
the water flows. For the flows other than water, the most unstable mode depends on the value of
Prandtl number. For Pr ≤ 3, the most unstable mode is hydrodynamic mode and for Pr > 3,
the most unstable mode is thermal mode.
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Chapter 9

Conclusions

In the present work, linear stability and heat transfer characteristics of the water flows are studied.
The present study focuses on the temperature range in which water shows density inversion. First the
solutions of convection boundary layer flows are obtained using perturbation and similarity transfor-
mation methods. The linear stability analysis of natural and mixed convection boundary layer flows
is carried out for both temporal and spatial stability. The global stability of mixed convection flows
in lid driven square cavity is studied. The following conclusions are drawn from the different studies
of the present work.

9.1 Perturbation and similarity solutions of mixed convection bound-
ary layer flows

The solutions of perturbation method are presented using universal functions. The solutions for the
boundary layer flows for any arbitrary wall temperature or wall heat flux can be obtained using the
universal functions presented from the study. Appropriate similarity solutions are derived for mixed
convection boundary layer flows about a vertical plate of power-law varying wall heat flux.

1. The results are valid for arbitrary continuous variation of wall temperature and wall heat flux.

2. For both varying wall temperature and heat flux conditions, heat transfer rates and skin friction
coefficient increase almost linearly with increasing value of power-law index in case of both
aiding and opposing flows, for all Richardson number.

3. For arbitrary varying wall temperature, both velocity and thermal boundary layer thicknesses
decrease with increasing modified Richardson number in aiding flow configuration. The reverse
trend is observed for opposing flow situations.

4. The similar trend is observed for velocity and thermal boundary layer thickness for varying wall
heat flux condition which is found for arbitrary varying wall temperature.
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9.2 Conclusions from similarity solutions of natural and mixed
convection boundary layer flow

The conclusions from natural convection are:

1. In the natural convection, at a given location, the dimensionless streamwise velocity and di-
mensionless temperature decreases with increasing power-law index despite the fact that the
corresponding dimensional velocity and temperature increases with power index.

2. Velocity and thermal boundary layer thickness decreases with increasing power-law index.

3. Local Nusselt number increases with increasing power-law index.

The conclusions from the mixed convection boundary layer flows are as following.

1. For a given value of power-law index, dimensionless velocity and temperature increases and
decrease with respect to Gry/Re3

y for aiding flow. The reverse trend is observed for opposing
flow.

2. For a given Gry/Re3
y, dimensionless velocity decreases with power-law index value for aiding

flow, and increases for opposing flow. However, dimensionless temperature decreases for both
aiding and opposing flows.

3. The velocity and thermal boundary layer thicknesses increase and decrease, respectively, with
increasing power-law index value for a given values Gr/Re3 for aiding flow. The opposite
trends are observed for opposing flow.

4. For a given Gry/Re3
y, Nusselt number increases with power-law index for aiding flow. How-

ever, the opposite trend is observed for opposing flow.

9.3 Stability of natural convection boundary layer flows

1. The critical value of buoyancy parameter for natural convection over isothermal plate is found
to be 22.84 and the corresponding wave number and circular frequencies are 0.604, and 0.0944,
respectively. The critical value of buoyancy parameter for natural convection over isoflux plate
is found to be 75.481 and the corresponding wave number, circular frequency and phase speed
are found to be 0.633, 0.056 and 0.036, respectively.

2. It is found for both isothermal and isoflux plates at critical buoyancy parameter, the most un-
stable disturbance travels with phase speed higher than the lower modes.

3. For both isothermal and isoflux plates, when the plate is tilted in anticlockwise and clockwise
directions, the convection becomes more unstable and more stable, respectively, compared to
vertical orientation.
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4. For isothermal plate, the critical buoyancy parameter decreases about 18% when we tilt 15◦ in
anticlockwise direction, and increases about 10% when we tilt in clockwise direction compared
to that value of vertical orientation.

5. For isoflux plate, the critical buoyancy parameter decreases about 18% when we tilt 15◦ in
anticlockwise direction, and increases about 18% when we tilt in clockwise direction compared
to that value of vertical orientation.

6. For both thermal conditions, critical wave number and critical frequency of the most unstable
disturbance increases with inclination. However, the phase speed is not affected by the inclina-
tion.

7. The inclination has stronger effect at higher wave numbers. The instability at lower wave
numbers are not affected by the inclination.

9.4 Stability of mixed convection boundary layer flows

1. For forced convection flow, most unstable mode is a hydrodynamic mode, which is originated
from the fluid flow characteristics.

2. The critical Reynolds number decreases with Richardson number for Ri > 2.

3. The effect of plate inclination on the stability of mixed convection is weaker than that observed
for the natural convection flow for stability. In mixed convection flow, right inclination widens
the unstable region on Reδ − α plane.

4. For small Richardson numbers, the most unstable mode comes from the flow characteristic of
the boundary layer and hence, it is a hydrodynamic mode.

5. The mixed convection formulation used in the study recovers the results of pure natural and
forced convection results, accurately.

9.5 Global stability analysis of mixed convection flows in a lid
driven square cavity

1. The flow and stability characteristics of the mixed convection vary dramatically with variation
of Richardson number.

2. In the range of Ri = 0 to 0.4, the critical Reynolds number is almost constant with a value of
about 4550. In the range of 0.4 to 0.6, the critical Reynolds number decreases drastically to
a values of 1325. For Ri = 0.6 to 1, critical Reynolds number increases to 2354.23. Beyond
which the critical Reynolds number decreases with Richardson number.
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3. The drastic instability near Ri = 0.4 to 0.5 is found to be due to the formation of thin recircula-
tion under primary recirculation. At this Richardson number, the bottom thin layer is strongly
unstable.

4. In the range of Ri = 0 to 0.4, the most unstable Eigenvalue has zero real part indicating a
stationary mode which does not change with time. For Ri > 0.4, the most unstable Eigenvalue
is a pair of complex conjugate Eigenvalues indicating a Hopf mode which is a time dependent
disturbance.

5. The critical circular frequency varies dramatically with variation of Richardson number. The
circular frequency is zero forRi = 0 to 0.4. The value increases forRi = 0.5 to 1.5, reaching to
highest value of 3.33 and decreases withRi up to 4. Beyond which, it increases with Richardson
number.

6. For pure forced convection asymptote, the most unstable mode is a thermal mode.

9.6 Future scope

The stability analysis of flows without heat transfer have been addressed in the literature to larger
extend than the flows with heat transfer. The stability analysis has enormous scope for flows with
heat transfer. The present work can be extended to the following studies.

1. In the present work, two dimensional boundary layer flows are studied. The present study can
be extended to three dimensional boundary layer flows.

2. In the present work, linear stability analysis is carried out using parallel flow stability analysis in
which the base flow is assumed to vary only in cross-stream direction. However, in the boundary
layer flow is also varied in streamwise direction. Even though, the variation in streamwise
direction is weak, the variation can influence the flow stability. Parabolic stability analysis can
be used to study the stability of such weakly developing flows.

3. The work carried out in the present study is about the stability of the base flow. Such stability
analysis is called primary stability analysis. However, in boundary layer flows, when the pri-
mary disturbance grows to a finite amplitude, the perturbations along with the base flow forms
a new flow state which in turn can undergo instability. Such instability is called secondary in-
stability. The present study can be extended to the secondary instability analysis using Floquet
theory.

4. The global stability of flows in cavity in the present study, the disturbances are considered to be
of two-dimensional. The analysis can be extended to include the variation of the disturbance in
third direction also.

5. The study of global stability of flows in cavity considered two-dimensional base flow. The
present study can be extended for the stability of three-dimensional base flows.
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