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Abstract

Fractal interpolation is an eminent tool to approximate a function whose derivative of
a certain order is irregular. The interpolant obtained by the traditional interpolation
methods are either infinitely differentiable or piecewise infinitely differentiable. In many
situations, interpolation data contains the shape properties (positivity, monotonicity,
convexity etc.) and also data representing a derivatives have irregularity in dense sub-
sets of the interval. Though traditional non-recursive interpolant methods produces
shape preserving interpolants, these methods are not suitable for the irregular repre-
sentation of the derivatives. In this thesis, the shape preserving fractal interpolants are
constructed and derivatives of these interpolants can have points of non-differentiability
in finite or a dense subset of the interval. Apart from constructing shape preserving
fractal interpolation functions, we proposed the numerical schemes with the help of
fractal interpolation functions to get the numerical approximations for the boundary-
value problems of ordinary differential equations.

Chapter 1, is the introductory chapter reviewing the basics and some useful results
related to our work. In Chapter 2, we introduced the fractal rational cubic spline with
two families of shape parameters and the fractal rational cubic spline with three fam-
ilies of shape parameters to interpolate the univariate data. Also, the scaling factors
and shape parameters are constrained to preserve the shape properties of the interpo-
lation data. Convergence analysis of the constructed fractal rational cubic splines are
established. In Chapter 3, a fractal interpolation surface is constructed with the help of
the rational cubic splines that contains three families of shape parameters to interpo-
late the bivariate data that lies on the rectangular grid. Shape preserving aspects and
convergence analysis of the fractal interpolation surface are presented.

In Chapter 4, a fractal cubic spline is used to get the numerical solutions of the
self-adjoint singularly perturbed boundary-value problems with Dirichlet and Neumann
boundary conditions. Convergence analysis of the developed methods are carried out. In
Chapter 5, the approximate solutions of nonself-adjoint singularly perturbed boundary-

value problems are obtained with the help of fractal cubic spline method. Also, linear

X
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and non-linear singular boundary-value problems are considered and these problems
are solved using fractal cubic spline. Error analysis of the proposed methods are es-
tablished. In Chapter 6, we provide numerical methods with the help of fractal non-
polynomial cubic spline to solve the both self-adjoint and nonself-adjoint singularly
perturbed boundary-value problems. Convergence analysis of the developed schemes
are discussed.

In Chapter 7, the numerical solutions of the self-adjoint singularly perturbed boundary-
value problems are obtained with the help of fractal quintic spline. Also, a fractal quintic
spline is used to solve the non-linear boundary-value problems. FError analysis of the
proposed methods are derived. In Chapter 8, the fourth-order boundary-value problems
are solved with the help of fractal quintic splines. Truncation error of the developed

methods are derived.
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Chapter 1

Introduction

1.1 Overview

The notion of fractals occupies an important place to understand the structures of
objects found in nature and to study of non-linearity. Mandelbrot [91] coined the term
fractals to describe the objects that were too irregular to fit into the traditional geometric
setting. Fractal geometry emerged as an extension of classical Euclidean geometry and
has permeated many areas of science, such as astrophysics [47], biological sciences [59],
medical sciences [66] and computer graphics [84]. Two of the most important properties
of fractals are self-similarity and non-integer dimension. Mandelbrot [92] recognized
that many objects in nature are nothing but recurrence of patterns at all scales, no
matter how small. Mandelbrot defined a fractal to be a set with Hausdorff dimension
strictly greater than its topological dimension. Falconer [56] suggested that a set should

be called fractal, if it has some or all of the following features:

e [t has fine structure at arbitrary small scales.

It is too irregular to be described by traditional Euclidean geometry.

It is self-similar, at least approximately.

It has the Hausdorff dimension greater than its topological dimension.

e It has a simple and recursive definition.

1

Abstract-TH-2219 126123020



The last property simple and recursive definition is very useful in constructing fractals

from a given interpolation data as graphs of functions.

1.2 Iterated Function Systems

Let (X, d) be a complete metric space. Let H(X) be the set of all nonempty compact
subsets of X. Then H(X) is a complete metric space with respect to the Hausdorff

metric p, where p is defined as
p(A, B) = max {d(A, B), d(B,A)}, VA, B e H(X),

where d(A, B) = max,ecq mingepd(z,y). Let w; : X — X, i=1,2,..., M be continu-
ous functions on X. Then {X;w;,i =1,2,..., M} is called an iterated function system
(IFS). If the maps w;, i = 1,2,..., M, are contractive, i.e., d(w;(x),w;(y)) < ¢; d(z,y)
for all z, y € X, where 0 < ¢; < 1, then the IFS {X;w;,i = 1,2,..., M} is called
hyperbolic. The contractive factor of the hyperbolic IFS is defined as ¢ = max{¢; : i =
1,2,..., M}. Associated with the hyperbolic IFS {X; w;,i = 1,2,..., M}, there is a set
valued map W from H(X) into itself, i.e.,

W H(X) = H(X), W(A):=Jw(A).

The map W is a contraction map on (H (X), ,0) with the contractive factor c.

Theorem 1.2.1. Let {X;w;,i =1,2,..., M} be a hyperbolic IFS on the complete met-
ric space (X,d). Then there exists a set A is called the attractor of IFS {X;w;,i =
1,2,..., M} such that A = lim,,_,.. W™(B) for every B € H(X) and W(A) = A.

Theorem is called the Banach fixed-point theorem. In Theorem the limit
is taken with respect to the Hausdorff metric and W™ is the m-fold composition of W
with itself. Next, we address the construction of functions that interpolate a given data

set and whose graphs are attractors of suitable IFSs.

2
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1.3 Fractal Interpolation Functions

Let {(z;,y;) € R* : i =1,2,...,N} be a data set such that z; < 25 < --- < zy. Let
I = [x1,zy] and [; = [z, 2;41]. For each i = 1,2,...,N — 1, let L, : I — I, be a

contraction homeomorphisms such that

where z, * € I, 0 < [; < 1. Foreachi =1,2,...,. N —1,1let F; : I xR — R be a

continuous function satisfy the conditions
Fi(vi,y1) = vi,  Filzn,yn) = yirr, |Fi(z,y) = Fi(z,y7)|< aily — v, (1.2)
where z € I, y, y* € R, 0 < «; < 1. Now, define functions W; : I x R — I x R by
Wi(z,y) = (Li(z), Fi(z,y)), i=1,2,...,N — 1.
Then {I x R;W,;:i=1,2,...,N — 1} is an IFS.

Theorem 1.3.1. [10] The IFS {I xR;W; :i=1,2,...,N — 1} has a unique attractor
G such that G is the graph of a continuous function f : I — R which obeys f(x;) =
yi,i=1,2 ... N,

The function f given in Theorem is called a fractal interpolation function (FIF')
and it can be seen as a fixedpoint of an operator that defined in some complete metric

space as follows:

Let .7 :={g € C(I) : g(x1) = y1, g(xn) = yn} be endowed with the uniform metric
d(g1,92) == max{|g1(x) — g2(x)|: z € I}. Let T : F — .Z be defined by

(T9)(Li(z)) = Fi(x,9(x)), xz€l,i=1,2,...,N—1. (1.3)

Then T has a unique fixedpoint f and the function f satisfies the following implicit

relation:

f(Li(z)) = Fi(z, f(z)), ze€l,i=1,2,...,N—1.
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The operator defined in (1.3) is called a Read-Bajraktarevi¢ operator and f satisfies
the conditions given in Theorem [1.3.1] The widely studied FIFs are defined by the IFS

LZ(I) = a;,x + b;, Fz’(l’ay) = oy + Ti<x)7 1=1,2,...,N -1, (1'4>

where «; is called the scaling factor and |o;|< 1, a;, b; are constants and they are

evaluated using the conditions given in (1.1]) as

Tiy1 — T4 TiTN — L4171
€, —F % 5 bl = " &

TN — 21 TN — X1

and r; is a suitable continuous function so that F; satisfy the conditions given in .
Ifr;,:=12,...,N — 1 are affine in , then the corresponding FIF is called the
affine FIF. By taking r;, ¢ = 1,2,..., N — 1 as suitable polynomials, polynomial FIFs
can be obtained. The parameter & = (a, g, ..., an_1) is called the scale vector of the

IFS.

The main differences between fractal interpolation method and traditional interpolation

method are as follows:
e The FIFs are constructed through iteration not using an analytic formula.
e The functional equation of the FIFs provides a self-similarity in small scales.

e The scaling factors provide more flexibility in the choices of interpolants.

1.4 Smooth Fractal Interpolation Functions

In general, FIFs obtained through the IFS given in (|1.4)) need not be differentiable, for
example one can see in the Reference [99]. However, restricting the scaling factors and
choosing special types of r; in , Barnsley and Harrington [11] constructed smooth
FIFs. With the help of Barnsley and Harrington results, different types of smooth FIFs
were constructed [30,|100]. The following theorem shows that the integral of a FIF

passing through a given interpolation data is also a FIF.

4
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Theorem 1.4.1. [11] Let f be the FIF associated with the IF'S {I xR; (L;(x), Fi(x,y)) :
i =1,2,...,N — 1} where Li(z) = a;x + b;, Fi(x,y) = owy + ri(z) and let f(z) =
U1+ ffl F(t)dt. Then, f is the FIF associated with the IFS {I x R; (Li(x), Fi(z,y)) : i =
1,2,...,N — 1}, where E(x, Y) = a;ouy + Ui — a;0q01 + a; ffl ri(t)dt, g1 is arbitrary and

the values 12,73, ..., YN are computed as

(2 TN
i =ﬁ1+zaj[aj@N—?)1)+/ r(t)de|, i =23, N1,

j=1 =
gn =01 + Za]/ dt 1—2%04])

The FIF f given in Theorem interpolates the data {(x;,9;) : 1 =1,2,...,N}.
The following proposition is an immediate consequence of the above theorem and it

gives the relation between the IFS of f and the IF'S of f .

Proposition 1.4.1. [11] Let f be the FIF corresponding to the IFS defined by the
maps L;(x) = a;x + b; and Fi(x,y) = oy + ri(z). Then f' = f if and only if f is
the FIF associated with the IFS {I x R; (Li(x), Fy(z,y)) : i = 1,2,...,N — 1}, where
Fz(:c,y) = &y + 7i(x), where &; = a;a, 7 = a;r;, 1 =1,2,..., N — 1.

)

By iterating the Proposition the conditions on «; and r; of the IFS (1.4) are
obtained so that the corresponding FIF belongs to the class C".

Theorem 1.4.2. [11] Let {(x;,y;) : ¢ = 1,2,...,N} be the set of interpolation data,
where x1 < 9 < -+ < xy. Let Li(z) = ax +b;, i =1,2,...,N — 1, satisfy and
Fi(x,y) = auy +ri(x), i =1,2,..., N — 1, satisfy . Suppose that for some integer
r>0, |al<al andr; € C7(1), 1 =1,2,...,N — 1. Let

(k) (k) (k)
ay +r 7 (x r(x rno1(TN)
E,k: Y k ()ayl,k: }4: ( 1)7yN,k‘: kNl ,]{721,2,...,T
a; ay — o Qpn_1 —CGN-1

IfFioak(en,yng) = Fig(x,yip) fori=2,3,..., N—1and k=1,2,...,r, then the IFS
{IxR; (Li(z), Fi(z,y)) : i =1,2,..., N —1} determines a FIF f € C"(I), and f*) is the
FIF determined by {I x R; (L;(z), Fix(z,y)):i=1,2,...,N =1}, fork=1,2,... 7.

5
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1.5 Fractal Interpolation Surfaces

Fractal surfaces are found in abundance in nature. The surface of mountains, rocks,
clouds are irregular in nature and they can be approximated by fractal surfaces. Different
methods have been developed to construct fractal surfaces, for example, Mandelbrot [90]
described fractal Brownian surface through random translation of fractal curves and
Voss [147,/148] generated fractal landscapes using successive random addition algorithm.

In order to have the fractal surface that passes through a prescribed data, Massopust
[93] initiated the construction of fractal interpolation surface (FIS). He constructed
the FIS on the triangular domain and interpolation points on the boundary are co-
planar. Later, Geronimo and Hardin [62] constructed the FIS on a polygonal domain
with arbitrary interpolation points. Zhao [151] gave two algorithms that generalize the
construction of Geronimo and Hardin. Xie and Sun [149] constructed a bivariate FIS on
rectangular grids with arbitrary boundary data and without restriction on the scaling
factors. Dalla [51] constructed FIS using collinear boundary points and proved that the

attractor is a continuous FIS. Also, various kinds of FISs by various authors can be

found in [24-26,29,58|.

1.6 Shape Preserving FIF and FIS

When data arises from various natural and scientific phenomena, it may contains cer-
tain geometric properties which may be expressed mathematically in terms of positiv-
ity, monotonicity, convexity, etc. For example, positive data arises in monthly rainfall
amounts, discharge of gas in certain chemical reactions etc. The negative graphical rep-
resentation is meaningless for these physical quantities. Rate of dissemination of drug in
blood [16], empirical option of pricing models in finance [69], approximation of couples
and quasi couples in statistics [16] are some examples of monotonic data. Convexity
plays vital role in the theory of nonlinear optimization. The problem of searching suffi-
ciently smooth functions that preserve these shape properties hidden in the data set is

generally referred to as shape preserving interpolation.

6
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Definition 1.6.1. The univariate data {(x;,y;) : i = 1,2,..., N} is said to be positive
data if y; >0 fori=1,2,... N.

Definition 1.6.2. The univariate data {(x;,y;) : i =1,2,..., N} is said to be monoton-
teally decreasing data iof y; > yio1 forv=1,2,..., N —1 and monotonically increasing

data if y; < yipq fori=1,2,... N —1.

Definition 1.6.3. The univariate data {(x;,y;) : i = 1,2,..., N} is said to be convex
data ZfAl S AQ S S Ai—l S Az S Ai—l—l S S AN—I where Az = % and

7

hi =z —x; for 1l <t < N —1.

The following result is used to show the interpolantion function is convex in Chapters
2 and 3:
Three Chords Lemma: Let f be a convex function on the domain / and x*, y*, z*

€ I, where z* < y* < z*. Then,

f@) = 1) _ fE) =) SED =16

y*_x* Py Z*—y*

Definition 1.6.4. The bivariate data {(x;,yj,2:i;) i =1,2,..., M, j=1,2,...,N} is
said to be positive surface data if z;; >0 fori=1,2,....M, j=1,2,...,N.

Definition 1.6.5. The bivariate data {(x;,y;,2;) i =1,2,.... M, j=1,2,...,N} is
said to be monotonic surface data if monotonic in x-direction, i.e., 2z ; < ziy1; (2ij >
Ziv1,4) fori=1,2,... .M —1, j=1,2,...,N and monotonic in y-direction, i.e., 2 ; <

Zi,j—l—l (Zi,j Zzi,j—l-l) fOTi:1,2,...,M7j:1,2,...,N—1.

Definition 1.6.6. The bivariate data {(x;,y;,2;) i =1,2,.... M, j=1,2,...,N} is
said to be convex surface data if Aq; < Ao < ..o <A <A <Ay <0<

S 1 1 1 1 1 1
Apy-y, j=1,2,...,N, and Ai,l < Ai,2 <...< Am-fl < Ai,j < Ai,j+1 <...< A“\Ll,
;— — Fitl,j TR, — 1 Zij+17%,5 *
1= 1,2, .. .,M, where A@j =" h hl = Tj41 — Ty, Ai,j = h—;7 hj =Yj+1 — Yy

In order to preserve the shapes of the univariate data, various non-recursive tradi-
tional interpolation methods and fractal interpolation methods are available. We first

present a brief survey on the univariate shape preserving interpolation. Construction

7
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of shape preserving interpolation was initiated by Schweikert [128] and he introduced
tension splines through the solutions of suitable differentiable equations. Carl de Boor
and Swartz [53] proved a number of theorems concerning the piecewise monotone in-
terpolation of data by splines. Passow and Roulier [103] considered the possibility of
a spline interpolant of pre-determined smoothness which is monotone or convex for a
monotone and convex data respectively. Costantini [48] considered the problem of ex-
istence of monotone or convex splines that having degree n and order of continuity k.
Also, the interpolating splines are obtained by using Bernstein polynomials. Fritsch
and Carlson [61] proposed an algorithm which constructs a C'- monotone piecewise cu-
bic interpolant to a monotonic data. Fritsch and Butland [60] described a method for
producing piecewise cubic interpolant to a monotonic data. Also, the method is local
and extremely simple to implement. Schumaker [127] designed an algorithm to con-
struct C!-quadratic splines in such a way that monotonicity or convexity of the data
is preserved. Lamberti [86] described a global method for construction of a C3-shape
preserving interpolating function based on parametric cubic curve. He used step length
as tension parameters and he selected tension parameters suitably so that the interpola-
tion function preserves the positivity, monotonicity and convexity of the data. Also, we
can see various types of shape preserving methods were developed by different authors
in 49,7879, 122].

The aforementioned shape preserving methods were developed using polynomials or
tension splines. Alternative to the polynomial or tensional spline interpolation is rational
spline interpolation and it was introduced by Spéth [131]. Gregory and Delbourgo
[54,63] constructed rational quadratic splines which does not involve shape parameters
to preserve the shapes of the monotonic data. By introducing shape parameter on each
interval, Gregory and Delbourgo [55] have developed the rational cubic spline. Shape of
the interpolation curves can be controlled by these shape parameters and shapes of the
data can be preserved by selecting suitable choices of parameters. Recently, huge number
of shape preserving rational interpolants were developed, for example [1},|123]. Using
fractal methodology, variety of rational FIFs with shape parameters were developed by

Chand and co-authors, to preserve the shapes of the univariate data [34}/142-146].

8
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In order to preserve the shapes of the bivariate data, variety of numerical schemes
have been developed. For example, Carlson and Fritsch [27] constructed a monotone
Cl-piecewise bicubic spline on a rectangular grid and the interpolant is determined by
the first partial derivatives and mixed partial derivatives at the mesh points. Beatson
and Ziegler [15] proposed an algorithm for C'-quadratic spline surface to preserve the
monotonicity of the data that lies on the rectangular grid. Renka [119] developed an
algorithm for construction of C!-convex surface that interpolates a convex data. Zhang et
al. [150] constructed bivariate rational interpolation surface based on function values to
preserve the convexity. Kouibia and Pasadas [85] presented an approximation problem
of parametric curves and surfaces from a Lagrange or Hermite data set. Also, one
can see in references [28]50,/68|, a variety of numerical schemes have been developed
to preserve the shapes of the bivariate data. Also, using fractal techniques, Chand et
al. [32,133,135,37,38,/141] constructed different kinds of FISs in the domain of shape
preserving.

In this thesis, C!-FIFs and C!-FISs are constructed using the IFS that involves ratio-
nal functions. To construct FIFs or FISs, derivative values or partial derivative values
at the knot points are needed. Many situations derivative values or partial derivative
values may not be supplied and only data points are available. In that situations esti-
mation of the derivative values or partial derivative values are necessary. To compute
derivative values, the arithmetic mean method [34] is commonly used and they are given

by the following: At the interior point z;, i = 2,3,..., N — 1, set

J O, if Az =0or Ai—l = O,
—hiAZ:;::IAi , otherwise.
At the end points x; and xy, set
; 0, if Ay =0 or sgn(dy) # sgn(Ay),
]. pr—
diy = Ay + %, otherwise,
; 0, if Ay_1 =0 or sgn(dy) # sgn(An_1),
N pr—
diy = Ay_q + &N g}lviﬁx;;zzlv —L otherwise.
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To compute the partial derivatives, we used the arithmetic mean method [68] for the
bivariate data as follows: For each fixed j = 1,2,..., N, we compute the z-direction

partial derivatives as

" h . AV SAVER TP I
Zl,j :Al,j+<A1,j _A2’j>—h —|—1h ’Zi,j S —Y) 5 LJ) 7122’3’”.7]\4'_ 1’
1 2
B
2 =An1i+ (Ao — Ay ) ——————————.
vy =By + (Ay-r; — Ay 2,J)hM_1 -
For each fixed i = 1,2,..., M, we compute the y-direction partial derivatives as
y 1 1 1 hi , DAL
21 = Ai,l + (Ai,l r Ai’Q)—h{ T h§7zi,j = —2 , J=2,3,...,N—1,
h*
y 1 1 N-1
Zin=Ain T (AN — Aina)7s "
Wy_1+hi_s

1.7 Spline Functions

The study of any physical phenomena is involved with two major tasks.
e Modelling: Mathematical formulation of a physical process,
e Analysis: Numerical analysis of the mathematical model.

The mathematical formulation of physical process results in mathematical statements,
mostly in differential equations. In numerical analysis of physical process, it is attempted
to solve the governing equations by some numerical methods and an analysis of numerical
method is carried out. The numerical methods developed may broadly be classified into

the following three types:
e Finite difference methods,
e Finite element methods,
e Spline function approximation methods.

We give a brief introduction about finite difference, finite element and spline function

approximation methods.

10
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Finite difference method

There are four main methods of deriving finite difference methods as given in [80].

The replacement of each term of the differential operator by a Taylor series ap-

proximation.

e The integration of the differential equation over a finite difference block and the

subsequent replacement of each term by a Taylor series approximation.

e Formulation of the problems in variational form and the subsequent replacement

of each term of the variational formulation by a Taylor series approximation.

e Derivation of a finite difference equation whose solution is identical to that of the

differential equation with constant coefficients.

The first three methods share a common defect, namely that the individual terms of
differential operator are approximated in isolation from the remaining terms of the op-
erator. Consequently, the interaction between the terms of the differential operator are
ignored. This is a fundamental cause for the existence of instability in both ordinary and
partial differential equations. The last method is called the unified difference represen-
tation. In this case the term interactions are included, and no possibility of instability

can exist.

Finite element method

The finite element method is characterized by three features as stated in [118]:

e The domain of the problem is represented by the collection of subdomain, called

finite elements. The collection of finite elements are called the finite element mesh.

e Over each finite element, physical process is approximated by the functions of
desired type (polynomials or otherwise), and algebraic equations relating physical

quantities at selective points, called nodes, of the elements are developed.

11
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e The element equations are assembled using continuity and/or “balance” of physical

quantities.

In general, in the finite element method, we seek an approximate solution w of the

differential equation in the form
n m
wA Y uh Y e,
3=1 j=1

where u; are the values of u at the element nodes, 1; are the interpolation functions, c;
are the nodeless coefficients and ¢; are the associated approximation functions. Direct
substitution of such approximations into the governing differential equations does not
always result, for an arbitrary choice of the data of problem, in a necessary and sufficient
number of equations for the undetermined coefficients u; and c;. Therefore, a procedure
where by a necessary and sufficient number of equations can be obtained is needed.
One such procedure is provided by a weighted-integral form of the governing differential

equations.

Spline function approximation method

Let a = 29 < @1 < --- < &y = b, be a partition of an interval [a, b]. A spline function of
degree m with nodes at the points x;, j = 0,1,..., N, is a function S with the following

properties:
e S is a polynomial of degree m in each subinterval [z;,z;41], 7 =0,1,...,N — 1.
e S and its first (m — 1) derivatives are continuous on [a, b].

If a spline S has only (m — k) continuous derivatives, then k is defined as the deficiency
of the polynomial spline and is usually denoted by S(m, k). Usually, spline function is a
piecewise polynomial satisfying certain conditions of continuity of the function and its

derivatives.

Solving governing differential equations using spline has more advantage than the finite
difference and finite element methods. For example, cubic spline method for solving the

second-order differential equation can be described as follows:

12
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Let us consider the second-order differential equation of the form

—u"(z) + q(z)u(z) = f(z), z € (0,1),

—u'(0) = no, u'(1) =m.
Let us consider the uniform grid 0 = xy < 27 < --- < &y = 1 on [0, 1] where x; = ih,
h =1/N. Let U; be the approximation of u(z;), U} be the approximation of «'(z;) and

M; be the approximation of u”(x;).

On [z;_1,x;], we define

S(z) = A (—x —th)?’ + B; (—x _h$i‘1)2 + CZ(—I _hxi‘l) + D;.

In order to get the cubic spline that passes through the approximations of the differential
equation, we evaluate the constants using the conditions S(z;_1) = U;_1, S(x;) = Uj;
S"(x;—1) = M;—y and S"(z;) = M;. We get

h? h? h? h?
P = E[Mz — M), Bi= - M;1,Ci = Ui = Ui1) = =My — —M;, Dy =U;_;.

A
% 3 6

It can be seen that the function S and its derivative S” are continuous on [0, 1]. To get
the continuity of S’ at interior nodes z;, i = 1,2,..., N — 1, we need S'(z; ) = S'(x}")
which leads to

h? 2h? h?
EMi_l —|— TMl —|— EMH_I = Ui—l - 2Uz —|— Ui+1. (15)

At end point zy and xy, the derivative S’ satisfies

1 h h

S'(wo) :h(Ul —Up) — gMo - gMb (1.6)
/ 1 h h
S'(zn) :E(UN —Un-1) + EMN—l + §MN' (1.7)

Now the differential equation is discretized at © = x; as —M; + q(x;)U; = f(z;). The

boundary conditions are discretized as —Uj) = 1y and Uy = 1;. Now substituting
M; = q(z;)U; — f(xi), S'(0) = Uy = —mo, S'(an) =Uy, =m

in (1.5)-(1.7), we obtain the system of (N + 1) equations with (N + 1) unknowns

namely Uy, Uy, ..., Uy. By solving the system, we get the approximate solution

13
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U = (Uy,Uy,...,Uy) of the differential equation. Once we get the approximate so-
lution, we can compute the values M; as M; = q(x;)U; — f(x;),i=0,1,..., N.

Since the values U; and M; are known, now we can evaluate the coefficients A;, B;, C;
and D;. We obtain the cubic spline that passes through the solutions of the differential
equation. Thus, the solution of the differential equation u is approximated by a cubic

spline.

Some important features of the spline approximation methods are as follows:

e The solution of the differential equation u is approximated by different polynomial
in each interval and hence we get not only the approximation of u but also for the
derivatives of u at every point of the interval [a, b]. But in finite difference method,

we get the approximation of u at the finite set of grid points only in [a, b].

e Derivative boundary conditions can in many cases be applied more accurately and
with less difficulty than with conventional finite difference schemes. Derivative
boundary conditions are imposed directly without incurring large local discretiza-

tion errors.

e Unlike finite element method, the evaluation of large numbers of quadratures is

unnecessary.

In this thesis spline function approximation methods, particularly fractal spline ap-
proximation methods have been used to obtain the numerical solutions of ordinary
differential equations. The use of spline functions dates back at least to the beginning
of this century. Piecewise linear functions had been used already in connection with
Peano’s existence proof for solution to the initial-value problem of ordinary differential
equations, although these functions were not called splines [95]. Spline functions was
first introduced by Schoenberg [126]. The applications of spline as interpolating, approx-
imating and curve fitting have been very successful [3,/64,95,/105]. It is also interesting to
note that the cubic spline is a close mathematical approximation to the draughtsman’s
spline which is widely used manual curve drawing tool.

Loscalzo and Talbot [89] constructed the approximate solution of the initial-value

14

Abstract-TH-2219 126123020



problem through spline function of degree m. Also this approach is equivalent to the
multi-step method. Trapezoidal rule and the Milne-Simpson methods are the special
cases of the constructed method. Spline functions have been used by a number of authors
to solve initial-value problems of ordinary differential equations, for example one can
see the references [94,101},/102]. Bickley [21] suggested the method of solving linear
two-point boundary-value problems (BVPs) through cubic spline. His main idea was to
use the “conditions of continuity” as a discretization equation for the linear two-point
BVPs. Later, Fyfe [6] discussed the application of deferred corrections to the method
suggested by Bickley by considering linear BVPs.

However, for the two-point BVPs, the discretization given by the continuity condi-
tions of cubic spline are only the second-order discretization. Hence the cubic spline
method is only second-order. But the cubic spline interpolation process itself fourth-
order. In order to get higher-order scheme for solving two-point linear BVPs, non-
polynomial spline that containing a parameter g > 0 (say) can be considered. These
non-polynomial splines can be defined through the solution of a differential equation in
each subinterval. When 1 — 0, non-polynomial splines reduces into polynomial splines.

For example, non-polynomial cubic spline has the basis {1, z, cos pz, sin px} or {1,
x, e " et} where p is the frequency of trigonometric part of the spline function which
can be real or pure imaginary. The parameter p will be used to raise the accuracy of

the method. It can be seen that

2 6
lim span{1, z, cos px, sin px} = lim span{l, x, — [ecos(uz) — 1], —[uz — sin(,ux)]}
n—0 n—0 il o)

= lim span{1, z, 2%, 2°}.
pn—0

In order to get the numerical solutions for the BVPs of ordinary differential equations,
various kinds of splines and non-polynomial splines have been used. For example, De
Boor [52] and Sakai [121] used cubic spline to get the numerical approximations of the
BVPs. Ahlberg [3] used cardinal splines to solve the linear BVPs and nonlinear BVPs.
Tewarson [133] used cubic and quintic splines to obtain the numerical solutions for
the non-linear BVPs. Russell and Shampine [120] used collocation procedure based on

piecewise polynomial functions for solving BVPs. Usmani and Sakai [138] used quar-
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tic splines to solve the second-order BVPs and the proposed method has fourth-order
convergence. A cubic spline function has been applied to the solution of second-order
nonlinear two-point BVPs with significant first derivatives by Jain and Aziz [72]. Iyengar
and Jain [71] developed the numerical method using splines to solve the singular BVPs
and the proposed method has second-order convergence. Chawla and Subramanian [45]
proposed the numerical method using quintic spline to solve the fourth-order BVPs and
proposed method has sixth-order convergence. Irodotou-Ellina and Houstis [70] con-
structed an sixth-order convergent collocation method for general fourth-order linear
two-point BVPs. Ramadan et al. [106] developed the sixth-order convergent method
using non-polynomial quintic spline to get the numerical approximations for the BVPs.
Khan et al. [83] used non-polynomial sextic spline to get the numerical solutions for the
fifth-order BVPs. Also one can see the References [81,[82,/107}/130].

In this thesis we have proposed the numerical methods using fractal cubic splines,
fractal non-polynomial cubic splines and fractal quintic splines to solve the various types
of the BVPs namely singularly perturbed BVPs, singular BVPs, non-linear BVPs and
fourth-order BVPs. The theorems which have been used in this thesis are given as

follows:

Let W be set of the first n integers, i.e., W ={1,2,...,n}.

Theorem 1.7.1. A matrix A of order n > 2 is irreducible if and only if for any two
integers i and j, i € W, j € W, there exists a sequence of nonzero elements of A of the

form
{&i,h y Qi igy - - - 7a’im—1,j}' (18)

A sequence of nonzero elements of A of the form (1.8)) is called a chain. If a;; # 0,

the chain ((1.8) may be assumed to consist of the one element a; ;.

Theorem 1.7.2. A matriz A is monotone if and only if the elements of the inverse

matriz A~ are nonnegative.
Theorem 1.7.3. Let the matriz A = (a; ;) be irreducible and satisfy the conditions
©a;;<0,1#7j;4,7=12,...,n,
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: >0, i=1,2,....n,
’Zj:1ai,j

>0, for at least one i.

Then A is monotone.

Theorem 1.7.4. [18] Let Ay and Ay be any two nxn matrices. Let ||.|| be any operator
norm on the space of the matrices. Then eigenvalues of Ay and As can be enumerated

as A, Aa, .., Ap and jy, fa, .., fy in such a way that

2n—1

max |\, — ;| <27

nw (20)" || Ay — Ag|

where @ = max{|| A, [|[A2]}-

1.8 Motivation of Present Work

Interpolation deals with the problem of reconstructing an unknown function in a con-
tinuum from its availability in some grid points. In general, a traditional non-recursive
interpolation scheme produces an interpolant with infinitely differentiable or piecewise
infinitely differentiable. Many of the situations data comes from a function whose deriva-
tive of certain order may be irregular and giving smooth or piecewise smooth represen-
tations for these data may not be suitable.

Fractal interpolation is a recent technique that generalizes the traditional interpola-
tion methods. Using IFS, Barnsley [10] constructed the FIF that is used to approximate
the functions in nature which display some kind of geometrical complexity under magni-
fication. Fractal interpolation provides an efficient method to model an experimental or
a natural data set using a smooth or non-smooth function depending on the applications.
FIFs are constructed as graphs of the attractors of specific IFSs. Fractal interpolants
that are non-smooth can represent the rough aspect of real world signals, and hence
it has applications in areas such as multiwavelets, computer graphics, financial series,
acoustics, and sociology. If the situation demands a smooth interpolant, then the pa-
rameters of the corresponding IFS can be chosen appropriately to construct smooth

fractal interpolants.
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In many situations, the data set possesses certain shape properties and also data
representing a certain derivative may be irregular. There are classical interpolation
methods that are well-suited for the shape preserving interpolation problems but not
well-suited for the irregular representation of a certain derivative of the unknown func-
tion. In contrast to traditional interpolation, by controlling the scaling factors inherent
with the fractal splines, we can get a certain derivative of a fractal splines with non-
differentiability in a finite or a dense subset of the interval. Also fractal splines can be

used effectively in the shape preserving interpolation problems.

The motivation of this work is to construct shape preserving interpolants for the
univariate and bivariate data. In this thesis, we introduced new fractal interpolants
using rational splines to preserve the positivity, monotonicity and convexity nature of

the univariate and the bivariate data sets.

Apart from using fractal splines in the field of shape preserving interpolation prob-
lems, we have used fractal splines to get the numerical solutions of two-point BVPs.
Though finite difference discretizations are invariably used, one important advantage of
solving BVPs using splines is that once the spline solution has been computed, the in-
formation required for spline interpolation between the mesh points is already available.
This is particularly significant when the solution of the BVPs is required at various
locations of the interval. An important instance also is the use of an automatic plotter
that frequently requires interpolation at great many intermediate points |43]. The order
of convergence of the numerical method developed by the fractal splines and the order
of convergence of the numerical method developed by the corresponding non-recursive
splines are same. By varying the scaling factors inherent in the numerical method devel-
oped by fractal splines, we can get infinitely many numerical solutions for the same BVP.
In particular, when we take all the scaling factors are zero, the numerical method devel-
oped by the fractal splines reduces to numerical method of corresponding non-recursive

spline.

18

Abstract-TH-2219 126123020



1.9 Organization of Present Work

Chapter 1 consists of brief introduction about IFS, FIF, FIS and brief literature of
shape preserving interpolation of univariate and bivariate data. Also, a brief litera-
ture review of the numerical approximation methods of BVPs of ordinary differential
equations is given.

In Chapter 2, at beginning, we construct the rational cubic FIF that contains two
families of shape parameters to interpolate the univariate data. For an interpolation
method to be effective, the interpolant corresponding to a data set should converge
to the corresponding data defining function. For this purpose, we have derived the
uniform error bound between the FIF and the original function of the class C® that
defines the data set. To preserve the geometric properties of the data, namely, positivity,
monotonicity and convexity, the scaling factors and shape parameters are restricted so
that constructed FIF would preserve these properties. Also, constrained interpolation
problem of the developed FIF is also discussed. When all the scaling factors are zero,

the fractal interpolation method reduces into the method developed in [124].

Next, we provide the construction of rational cubic FIF that contains three families
of shape parameters to interpolate the univariate data. To study the effectiveness of
the constructed FIF, the uniform error bound between the constructed FIF and the
original function that belongs to the class C* is derived. The scaling factors and shape
parameters are constrained so that the constructed FIF preserves the geometric natures
of the univariate data namely positivity, monotonicity and convexity. The presented
shape preserving interpolation scheme generalizes the traditional shape preserving in-

terpolation scheme studied in [1].

In Chapter 3, to interpolate the bivariate data that lies on the rectangular grid, a
FIS is constructed. First, the fractal boundary curves are constructed along the grid
lines. Then with the help these fractal boundary curves and the blending functions,
the FIS is constructed. On each rectangular patch, the constructed FIS contains four
scaling factors and 12 shape parameters. The scaling factors and shape parameters

are restricted to get the positivity, monotonicity and convexity preserving FIS. Also
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the shape parameters and scaling factors are restricted so that constructed FIS would
lie above the plane whenever the surface data lies above the plane. Also to see the
effectiveness of the constructed FIS, the uniform error bound between the FIS and the

original function that belongs to the class C* is developed.

In Chapter 4, we consider the self-adjoint singularly perturbed BVPs of the form

—eu’(z) + q(z)u(z) = f(z), v < (0,1),

u(0) = no, u(l) =,

and
—eu’(z) + g(z)u(z) = f(x), » € (0,1),
—u'(0) = mo, u'(1) = mn,

where 0 < ¢ < 1, ¢ and f are sufficiently smooth functions in [0,1] and g(z) > 0,
x € [0, 1]. These BVPs exhibit boundary layer at both ends of the interval.

Continuity conditions of the fractal cubic spline are used to obtain the numerical
methods for these BVPs. To see the efficiency, error analysis of the developed methods
are established. The discretized equations given by continuity conditions are second-
order and hence the resulting fractal cubic spline methods are also second-order. The
numerical results are tabulated and compared with the numerical results of the cubic

spline method.
In Chapter 5, we consider the nonself-adjoint singularly perturbed BVPs of the

form

eu’(z) = p(x)u/(z) + q(z)u(z) + f(z), = € (0,1),

u(0) =m0, u(l) =m,
where 0 < e < 1, p, ¢, f are sufficiently smooth functions, p(x) > 0 or p(z) < 0, g(x) >0
in [0, 1]. Solutions of these BVPs exhibit boundary layer at x = 0 or z = 1 if p(z) < 0 or
p(z) > 0 respectively. We used the continuity conditions of the fractal cubic spline to get

the numerical method for these BVPs and convergence analysis of the developed method

is established and it is shown that the proposed method has second-order convergence.
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Next, we consider the linear singular BVPs of the form

W (x) + Sl (a) — a(a) = f@), w € (0,0),

u'(0) =0, u(l) =mn.

where k£ = 1,2, the functions ¢, f are sufficiently smooth, ¢(x) > 0 in [0,1]. This
problem has singularity at = 0. Second-order convergent numerical method obtained
via fractal cubic spline has been used to get the numerical solutions for these BVPs.

Next, we consider the non-linear singular BVPs of the form

u’(z) + gu’(x) = F(z,u(z)), € (0,1),

uw'(0) =0, u(l) =n,

where k£ = 1,2. Also for (z,u(z)) € D = {0 < z < 1, —oc0 < u(z) < oo}, the
functions F, 0F/0u are continuous, 0F/0u > 0 on D and 0F/0u > 0 on D° = {0 <
r < 1, —o00 < u(x) < oo}. Fractal cubic spline and quasi-linearization technique
are used to get the numerical approximations for these BVPs. Convergence analysis
of the proposed methods are established and it tells that the constructed method has
second-order convergence.

In Chapter 6, we consider the self-adjoint singularly perturbed BVPs and the
nonself-adjoint singularly perturbed BVPs. The method developed to get the numerical
approximations for the self-adjoint singularly perturbed BVPs in Chapter 4 and the
method proposed in Chapter 5 to get the numerical solutions for the nonself-adjoint
singularly perturbed BVPs are second-order convergent. In order to obtain higher-order
convergent methods, in this chapter we have used the fractal non-polynomial cubic spline
to get the numerical solutions for these BVPs. The continuity conditions of the fractal
non-polynomial cubic spline are used to construct the numerical method for these BVPs.
Convergence analysis of the developed methods are carried out and it is shown that the
proposed methods have fourth-order convergence.

In Chapter 7, at the beginning, we consider the BVPs of the form
—eu’(x) + q u(z) = f(z), = € (0,1),
U(O) = T, u(1> =,

21

Abstract-TH-2219 126123020



where 0 < e <1, ¢ > 0, f is sufficiently smooth function in [0, 1]. Continuity conditions
of the fractal quintic spline are used to get the numerical scheme and the developed
numerical scheme has fourth-order convergence.
Next, we consider the BVP of the form

' (z) + F(x,u(z)) =0, z € (0,1),

U(O) = To, u(l) ="
We assume that for (z,u(x)) € D = {0 < z < 1, —00 < u(z) < oo}, the func-
tions F' and OF/Ou are continuous. This problem possess a unique solution pro-
vided sup OF/0u < w* [42]. We assume that 0F/0u < 0 on D and OF/0u < 0

(z,u)eD

on D°={0 <z <1, —o0 < u(z) < oo}. Using quasilinearization technique, we con-
vert the non-linear BVP into sequence of linear BVPs. Then each of these linear BVPs
have been solved using the method obtained from fractal quintic spline. The developed
numerical method has fourth-order convergence.

In Chapter 8, we consider the BVPs of the forms
ul(2) + g(z)u(z) = f(z), x € (0,1),

u(0) = no, u(l) =, u"(0) = 7o, u”(1) =7,
and

ul (z) + g(z)u(z) = f(z), = € (0,1),

u(0) =m0, u(l) =m, w'(0) =1, u'(1) = 11,
where the functions ¢ and f are continuous in [0, 1]. Continuity conditions of the fractal
quintic spline are used to develop the numerical methods for these problems. Truncation

errors corresponding to these methods are derived. The developed methods have second-

order convergence.
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Chapter 2

Shape Preserving Rational Cubic

Fractal Interpolation Functions

In this chapter, new FIFs in the field of shape preserving interpolation are constructed.
The developed FIFs are C!-continuous functions and they can be utilized for preserving
all the three fundamental shape properties namely positivity, monotonicity and convex-
ity. The derivatives of the developed FIFs having irregularity in a finite subset or a
dense subset of the interpolation interval. The proposed schemes have some interesting

features.

e The proposed methods are best tool to approximate a function which is continuous

and its derivatives are irregular.

e When all the scaling factors are zero, FIFs obtained from proposed methods,

reduces into a classical rational cubic splines.

e The proposed methods are equally applicable for the data with derivatives or data

without derivatives.

e In the developed methods, extra knots are not needed to get the shape preserving

interpolants.

e In the proposed schemes, shape preserving fractal interpolant is unique for the fixed

scaling factors and the fixed shape parameters. By changing the scaling factors
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and the shape parameters, infinitely many shape preserving fractal interpolants

can be obtained.

The FIF with two families of shape parameters is constructed and shape preserving
aspects of the constructed FIF are analyzed in Section 2.1} To construct the FIF, we
consider the IFS that contains the rational functions where the numerator of the rational
functions contain cubic polynomials and the denominator of rational functions contain
the preassigned quadratic polynomials each containing 2 shape parameters. When all
the scaling factors are zero, the developed rational cubic FIF reduces to the classical
rational cubic interpolant introduced by Sarfraz et al. [124]. The convergence analysis
of the constructed FIF to an original function which belongs to the class C? is derived.
Sufficient conditions on the shape parameters and the scaling factors are derived to
preserve the positivity, monotonicity and convexity nature of a univariate data. Also,
the constrained interpolation problem of the constructed FIF is discussed. We consider
some numerical examples to test the applicability of the developed interpolation scheme.

In Section to preserve the shapes of the univariate data, rational cubic FIF
with three families of the shape parameters is constructed. The rational cubic FIF is
constructed with the help of the IFS involving rational functions. The numerator of the
rational functions contain cubic polynomials and the denominator of rational functions
contain the preassigned quadratic polynomials each containing 3 shape parameters. To
see effectiveness of the interpolantion scheme, error analysis of the constructed FIF to
an original function that belongs to C? is derived. Parameters are constrained so that
the constructed FIF would preserve the positivity, monotonicity and convexity of a
prescribed set of data points. The shape preserving aspects of the FIF are implemented
through numerical examples. We get the classical rational cubic interpolant introduced

by Abbas et al. [1] when all the scaling factors are zero.

2.1 FIF with Two Families of Shape Parameters

In this section, a new rational cubic FIF with two families of the shape parameter is

constructed. Let {(z;,y;) : ¢ = 1,2,..., N} be a univariate data such that x; < s <
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.- < xy. Let d; be the derivative value at the knot x;. Consider the IFS given in (|1.4))
with

pZ(ZE) ]DZ(Q) . Alﬂ'(l — 9)3 + A27Z9(1 — 9)2 + A37i92(1 — 9) + A4,i93

o) Qu0) u; + v;f(1 — 0) ’

0 = (x—ux)/(xy — 1), € [21,2N]. Here, u; and v; are the shape parameters. It is

(2.1)

assumed that u; > 0 and v; > 0 to avoid the singularity in the denominator.

Let # ={¢: 1 - R|¢eC), ¢(z1) = n, d(zn) = yn, ¢W(21) = di and
¢V (zx) = dy}. Then (F, p) is a complete metric space, where p is the metric induced
by the C'-norm ||¢[|= ||¢|leo+|]¢™ ||oe on C1(I). Define the Read-Bajraktarevié¢ operator
on (%, p) as

To(Li(z)) = ap(z) +1i(x), v €1, i=1,2,...,N —1.

Let |oy|< a;, i =1,2,..., N —1. The operator T is a contraction and hence the operator

T has a fixed-point @ (say) which satisfies the functional equation
&(Li(z)) = a@(z) + ri(x), xz€l, i=1,2,...,N—1. (2.2)

The derivative @V satisfies the functional equation

(1) (1)
o0 (Lyz)) = B FT@ o 1e N-1 (2.3)

a;

The constants A;;, As;, As; and Ay; appearing in (2.1)) are evaluated based on the
interpolation conditions @(;) = yi, P(vi11) = yir1, PV (2;) = d; and P (w;,1) = diyy
(these conditions are equivalent to Fi(x1,y1) = vi, Fi(en,Yn) = Yit1, Fia(zr,di)= d;
and F;1(xy,dn)= diy1). Let hy = x;11 — x;. By substituting z = z; in (2.2), we can

evaluate the constant A, ; as

P(Li(21)) = ;®(21) +

)

and hence we have

By substituting z = zy in (2.2]), we can evaluate the constant A,; as

Ay = uYiy1 — uyn).
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We can evaluate Ay; by substituting x = x; in (2.3)as

d; = %dl + Agiu; — Al,i2(3ui + v;)
a; h,ul

and hence we have
Asi = (Bu; + i)y + uihid; — o;[(3u; + vi)yr + wi(vy — x1)da].
Similarly, substituting x = xy in (2.3)), we can evaluate As; as
As; = (Bu; + vi)yir1 — wihidit1 — o[ (3u; + v;)yy — wi(ry — z1)dy].

Thus, the rational cubic FIF @ is given by

(2.4)

where
Py(0) = (uslys — cimn]) (1 = 0)° + (us[yiss — asyn])6?
= ((3u1 + Ul)yl + Ulhzdz — al[(?)ul = Ui)yl i Ui(;CN — l’l)dl])e(l —3 9)2

1= ((Suz + vi)yiﬂ — uihidi—l—l — al[(3uz aF Ui):yN — ui(mN — C(Zl)dN])92(1 = 9)
Qi(0) =u; +vb(1—0), 0=(x—x1)/(xy — 1), € [T1,2n], i=1,2,...,N — 1.

Remark 2.1.1. The graph of the rational cubic FIF is the attractor of the following
IF'S:

with

B s P(0)
Li(z) = a;x + b;, Fi(x,y) = oy + m, (2.5)

where L;, P;i(0) and Q;(0) are given as in (2.4)).

Remark 2.1.2. If a; =0 forallt=1,2,..., N — 1, then the rational cubic FIF given
m reduces to the classical rational cubic spline C' as

(2.6)
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where

Ui(p) = wyi(1 — 0)? + [wihid; + y:(3u; + v:)]p(1 — ¢)?

+ [—wihidicr + Yir1 (3u; + )] 9> (1 — @) + wiyip19®,

r — T
Vi(SO) = Uy —H/iSD(l - SO)a p=—""T¢€ [%’;%‘H]-
Tit1 — T4

Remark 2.1.3. If a; =0, u; =1 and v; = 0 then the rational cubic FIF reduces

to the standard cubic Hermite spline.

Remark 2.1.4. Using the scaling factor «;, shape parameters u; and v;, shape of the
curve can be modified according to the user. In particular, the scaling factor «; and
the shape parameter v; are playing vital role on visualizing shape of the data while u;
can take any positive value. When o; — 0 and v; — 00, the rational cubic FIF
converges to a straight line in [z;,x;11]. To see this, rewrite the rational cubic FIF

in the following form

Rl,i(9>
Qi(0)

L))

P(Li(2)) = (@) +{ [(1 = O)i + Oyiga + Q.(0)

} = Oéi[(l —0)yr + Oyn +

Ry i(0) = wif(1 — O)[{(yv —y1) — (wn — 21)dn}0

+{(zny —21)ds — (yn —11) }(1 = 0)].

If v; — 00, then @ converges to affine FIF as
P(Li(x)) = ci®@(x) + (yi — ciyn)(1 = 0) + (yia — cayw )0

Also, if v; = 00 and o; — 0, then @ converges to the straight line segment in the interval
[xi7$i+1]7 Z..6.,

D(Li(x)) = yi(1 — 0) + y;410.
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2.1.1 Convergence analysis

Let the data {(x;,y;,d;) : i = 1,2,..., N} be generated from the function S which
belongs to C3. In this section, the uniform error bound between the original function S

and the rational cubic FIF & defined in ([2.4)) is estimated.

Theorem 2.1.1. Let @ be a rational cubic FIF given in and C' be a classical
rational cubic spline given in (@) with respect to the data {(x;,y;,d;) i =1,2,...,N}
which is generated from an original function S € C3(I). Then

1 h— . Vi (3) 3 %

where M = max{|y]: i = 1,2,...,N}, M = max{|d;|: i = 1,2,...,N}, M* =
max{|y1|, lyn|}, M. = max{|di|,|dn|}, |I|= 2N — 21, h = max{h; :i=1,2,... ,N—1},
la|oo= max{|ay]: i =1,2,...,N — 1},

oo P (el {(vi+ p(w = i)} 8uf (1 — ¢)°p?
il P) 3= Bt 3Vi(v) T WNRw+ (=) wl
¢ o {Bui + vi) — o(2u; + i) — 3ui(1 — )}
o2 (U, v, ) = — E‘f‘ 3Vi(9)
20°[p(2u; + v;) — VH]? | 6u0®(1 — o) {us + o(u; +v;) — oV H;}

 20*{ Bui + vi) — p(2u; + i) Hui + p(ui + vi) — oV H}?
3Vilp){ui + (2u; + v)}? ’

Ui +V5

maXO—l(UD Vi, @)7 0 S 'a S 2u;+v; 0

H; = u;(u; + v;) + oui(2u; + v;), 0w, v;,0) =

Ui +v;
max 02(“2" Vg, Qo)v 21;'-“;1' < ¥ < ]-a

cf = max{o(u;,v,p) : 0 < o <1} i =1,2,...,N —1 and ¢ = max{cf : i =

7

1,2,...,N —1}.

Proof. The Read-Bajraktarevi¢ operator corresponding to the rational cubic FIF @ can

be written as T, : . % — .% such that

pi(Li (), o)
(L7 (x))

where p;(z, ;) = P;(0) and ¢;(x) = Q;(0) are as given in (2.4)). It is known that & is

(Tud)(z) = a;p(L7(z)) + rel,i=1,2,...,N—1,

the fixed-point of the operator T, with a # 0. Also, classical rational cubic spline C' is
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the fixed-point of T, with @ =0 = (0,0,...,0) € RV~ Let a@ = (ay,as,...,an_1) be
a scale vector such that |o;|< a; for all i = 1,2,..., N — 1 and with at least one «; # 0.

For a # 0, T, is a contraction map with uniform metric. Hence
[Ta® — TaCl|oo < [er|oo]|® — O oo (2.7)

Also for z € I;, we have
pi(Li ' (2), ai)  pi(Li (@), 0)
ai(L;(2)) ¢i(L; " (2))
pi(L7 (2), i) = pi( L7 (), 0)
qi(L; () '
Using the mean-value theorem for functions of several variables, there exists a 8 = (5,

ﬁg, cee 51\771) such that ‘51’ < ‘Oél| and

| T,C(x) — ToC(z)| = |a; C o L7 (x) +

< Jail[Clloot (2.8)

pi(Li(2), eq) = pi(Li (@), 0) = (%(Pz‘(LZI(QC), ﬁi))) . (2.9)
From and (2.9), we can obtain that

4d;

TC(2) — ToCl(o)| < o <||c||oo+‘a% ) D (2.10)

To find the bound for the right hand side of (2.10]), the classical rational cubic interpolant

C can be written as

C(z) = wi(ug, vy, )Yi + wa(Us, Vi, ©)Yir1 + w3 (wi, Vi, ©)d; — wa(us, Vi, ©)digr,  (2.11)

where
u;i (1 — )% 4 (3us + vi)p(l — ©)? uihip(1 — )
W1\ Uiy Vs, - , W3 Uy, Uy, - )
1 ©) Vo) 3( ©) V(o
(3u; +v3)@* (1 — ) + w0 uihy* (1 — @)
wo(ui, v;, @) = and wy(u;, v;, ) = ——————=.
2 ) Vi(p) ol ) V(o)

It can be observed that
w1 (Ui, Vi, @) + wau;, v, ) = 1.
Also, we get

w3(ui,vi,g0)+w4(ui7vi790) = u—f‘U@(l —sp)
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uihip(1 — ©)* + w;hi0*(1 — )

< " p(1-¢)
From ([2.11]), we obtain
h; h;—
|C(@)] < max{lyl, [yia|} + 7 max{|dil, |dia [} = M + =M,

where M; = max{|y|, |yis1|} and M; = max{|d,|, |di:1|}.
Thus, we have

h__
|Cllo M + 7. (2.12)

It can be noticed that

0 (pi(Li_l(x)vﬁi)
90: \" (L 1)

) = — wj (u, vi, ©) Y1 — w5 (U, vi, Q)Y — w3 (s, vy, @) dy
+ wZ(uivvi7¢)dN7
where

« ui(1 = 0)® + (Bus +vi)p(1 — )?
wi (ui, vi, ) = ( ) ( Ll ) )

Vi(p)
\ 3u; 4+ v;)p?(1 — ) + v
w2(uiavi7()0) = ( ) V(((P) ) )
‘ - 1—p)?
w;(uiavi7¢) - UZ(xN ‘:/1:71(2;0)( SO) and
2
1 ui(zy — 1) (1 —
wy (s, Vi, @) = o VI(ZO) ( )

Thus, we have

5 ()

< |wf(ui,Un@)y1|+|w§(uuUz',SO)?/N|+|w§(Ui,Ui,S0)d1|

-t |wZ(uZ7 Vi, SO)dN|

By using a similar procedure for finding the bound for ||C/||, it is easy to see that

ow (st )

From ([2.10)), (2.12)) and (2.13)), we obtain

I
< M* + %M*. (2.13)

h— I
|TaC(z) — ToC(z)| < ]a]oo([]\/[ + ZM] + [M* + %M*D, for x € 1.
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Since this inequality does not depend on the interval, we get

ho i
ITaC = ToCllo= laluo ([M + 73] + [M*+|I|M*]). (2.14)

From ([2.7)) and ([2.14)), we get
| = Cllo= 1Ta® — ToCl|o< [[Ta® — TaCl|so+ | TaC — ToCl| s,
which implies that

10— Ol gy e + g7+ )] a9

From [124], the error bound between the original function S and the classical rational
cubic spline C'is

1
1S = Cllo 518 looh’c”. (2.16)
Using (2.15) and (2.16) with the following inequality
15" = Plloo< [[S = Clloot 1€ — @l
we get the required bound for ||S — @||.. This completes the proof. O

Remark 2.1.5. Since |o;|< a; = hi/(xy —21), i =1,2,...,N —1, from Theorem|2.1.1],
it can be seen that ||.S — @||.c= O(h).

o If |ay|< a?, then ||S — @|loo= O(h?).

77

o If |a|< a3, then ||S — @|loo= O(h3).

2.1.2 Shape preserving aspects of FIF

In this section, shape preserving aspects of the rational cubic FIF & are developed.
Shape parameters and scaling factors are restricted suitably for rational cubic FIF to
preserve the positivity, monotonicity and convexity. Also, parameters are restricted so

that rational cubic FIF would lie above the line whenever the data lies above the line.
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Positivity

Let {(z;,y;,d;) - i = 1,2,..., N} be a positive data. In the following theorem, the
sufficient conditions on the scaling factors and the shape parameters are obtained to
ensure the positivity of rational cubic FIF. It can be seen that, the rational cubic FIF

¢ is positive if @(z) > 0 for all z € [z1, zy].

Theorem 2.1.2. Let {(x;,y;) : i = 1,2,...,N} be a data such that y; > 0, i =
1,2,...,N. Let d;, i = 1,2,...,N be the derivative value at the knot x;. Then the

following conditions on the scaling factors and the shape parameters are sufficient to the

rational cubic FIF to be positive.

0 < a; < min {G,i, &, ! },
Y1 Yn

u; > 0 and v; > maX{O, Yiis 'yz,-},

—u;hid; + Oéiuz‘(l’N - xl)d1 Wglgsa — aiui(xN - I1)dN .
where v, = , Yo = 1 =1, 2,
Yi — Q) Yi+1 — O4GYN
oo, N—1.

Proof. For each node z;, j =1,2,..., N, we obtain
Pi(6;)
Qi(0;)
Assume that a; >0, i =1,2,...,N — 1. Also u; > 0 and v; > 0 gives @Q;(6;) > 0. So
D(Li(z;)) >0,i=1,2,...,N—1, 7=1,2,..., N, if P,(f;) > 0. Now, we have

T; —T1 .
, 0j=—"1—— i=12...,N—1.
IN — 1

P(Li(z5)) = a;®(x;) +

It can be seen that P;(6;) > 0if A;; >0, Ay; >0, A3, >0 and Ay; > 0. We get

Al,i >0if o < % and A47i > 0if o < yH_l.

W YN

Let 0 < o < {ﬂ, M} Then we have
Y1 YN

—Uzhzdz + oziui(xN - J]l)dl

A2’Z‘ >0 if V; >
Yi —
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Also, we get

uihidi1 — oyui(oy — 21)dy
Yit1 — QYN .
From the above conditions, it is clear that ¢(L;(z;)) > 0 for all 4 = 1,2,...,N — 1,

Ag’i >0 if Vi >

7 = 1,2,..., N if the scaling factors and the shape parameters satisfy the sufficient
conditions given in the statement of Theorem [2.1.2] Since the rational cubic FIF has
recursive nature, therefore, @(L;(z;)) > 0, for all 4 =1,2,..., N -1, 7 =1,2,...,N

°

which in turn gives ¢(z) > 0 for all z € [z1, zn]. O

Remark 2.1.6. If a; = 0, i = 1,2,..., N — 1, then the sufficient conditions for the

classical rational spline C' to be positive are

—u;hid;  uihid;
u; > 0 and v; > max {O, , il }
Yi Yi+1
Monotonicity

Let {(zi,y:) :i=1,2,..., N} be a monotonic data. Let d; be the derivative value at the
knot z;. Without loss of generality assume that the data is monotonically increasing i.e.,
y1 <yo < ...<yn. Then A; = (yix1 — ¥i) /(i1 —x;) >0, i =1,2,...,N — 1. From
calculus, @ is monotonically increasing in [x1, zy] if @V (z) > 0, for all € [z1, 2x]. We
have

a; @V (z :
Sp(l)(Li(x)) _ i ( )+ (5:((9‘?)2’

a;

5
where U,(0) = Z By 051 (1 — )57,
P 1

Bi; = uid;,

Bsi = 2u{ (3u; + v;) A} — ud; 1},

Bs; = 3uf A + (Bu; + v;) {(Bu; + v) A — widy,y — wid;},
By; = 2u;{ (Bu; + v;) AT — w;d} },

2 g%
Bs; = u;d;, 4,

d; = di — S g = diy — S and A7 = A — a0
a; Q; hZ
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Theorem 2.1.3. Let {(z;,y;,d;) : 1 =1,2,..., N} be a monotonically increasing data.
Let the derivative values satisfy the necessary condition for monotonicity, i.e., sgn(d;) =
sgn(dis1) = sgn(A;). Then the following conditions on the scaling factors and the shape
parameters are sufficient to the rational cubic FIF @ defined in to be monotonically

INCTeasing.
0<a < {au aidi7 aidi—&-l, Yi+1 —?Jz}7
dy dn Yn — 41
u; > 0 and v; > max{[), %}, 1=1,2,...,N —1.
Proof. For each node z;, j =1, 2, ..., N, we have
1
& (Li(x;)) = ai(p(QZ(SCj) + (;:Z((;j)))y 0; = jji__zll, i 2 . AN — 1.

Assume a; > 0, ¢ = 1,2,...,N — 1. It can be seen that (Q;(6;))> > 0. Therefore,
(p(l) (Lz(l’])) Z O, if \111(0]) Z 0. We have

U,(0;) = B1i(1 = 0,)* + Ba,i0;(1 — 0;)® + Bs;0,°(1 — 0;)* + By0;°(1 — 6;) + B5,i9§.

It can be seen that \I/Z(Qj) Z 0, if Bl,i Z 07 B27i Z O, B3,i Z 0, B4,i Z 0 and B5,i Z 0.
We have

. a;d; . a;d;
B> 0if a; < =, Bs; > 0if oy < -
’ d; ’ dn
Let 0 < o < {“g’l—di, %, w} Then, we get
1 N YN —Y1
) w;dr . w;(df + df i u;dr
By; > 0if v; > = 1:17 BBiZOIfUiZM» Bs;>0ifv; > —*.
’ Ar ¥ Af 7 A;

So according to the conditions prescribed in Theorem m, it is clear that &M (L;(x;))
>0forallj=1,2,...,N, i=1,2,..., N—1. Since &) is also a fractal function and it
has recursive nature, the condition @V (L;(z;)) > 0,i=1,2,...,N—1, j=1,2,...,N

gives @V (z) > 0 for all € [y, zy]. O

Remark 2.1.7. Ifa; =0, i =1,2,..., N —1 then the sufficient conditions for classical

rational cubic spline @ which preserves monotonicity are

—“i(di+d"+1>} i=1,2... N-1

;>0 d P > {0,
(7 ana v max AZ
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Convexity

Assume that the data {(z;,y;) : i = 1,2,..., N} is strictly convex. To avoid the pos-
sibility of straight line segments, assume that d; < A; < -+ < d; < A; < diq <

- < An_1 < dy. Since @ belongs to C!, @ is convex if @@ (z+) or &2 (x7) exists
and non-negative for all x € (z1,zy) [96]. In this section, sufficient conditions on the
scaling factors and the shape parameters will be determined to ensure the convexity of

the rational cubic FIF ([2.4)).

Theorem 2.1.4. Suppose {(x;,y;) :i=1,2,..., N} is a strictly convezr data. Let d; be
the derivative value at the knot x;. Let the derivative values satisfy dy < Ay < --- <
di < A; < diyq < --- < Anx_1 < dy. Then sufficient conditions on the scaling factors

and the shape parameters to ensure convexity of @ in are

: hi(dit1 — As) hi(A; — d;) ai(diy1 — d;)
0 < a; < min a?, . ) )
e { dyv(zn —x1) — (yv —w1) (yv — 1) —di(eny —21)’ (dn — d1) }

(d;'kﬂ — A7) wi (A} - df)}

u.
u; > 0 and v; > max {0, ‘ " 0 e "
(Af —d7) (diy — AY)

Proof. Informally, we have

;93 (2) U ()

¢(2)<Li(x)) = + hi(Qii(e))g’

2
a;

6
where W7(0) = Y Cy 0" (1 - )",
k=1

Chi = 2uf{(2u; + vi) (A} — df) — ui(df, — A},

)

Coi = 20 {Tus(A] — d7) + 20i(A] — d7) — 2u,(di 1, — A])},
Cyi = 2u{ (6u +uyv,) (A] — d) + 2ui (d}y, — df)},

Cui = 2u{ (67 + wivy)(diy — AF) + 2ui(dfyy — df)},

Css = 20 {Tui(djy, — A7) + 20i(diyy — A]) = 2wi(A — d))},

7

Coi = 2u; {(2u; +v;)(dfyy — A]) —wi(A] —dj)}-
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Now, we get

011 (03] -1
P2 (z+) — T [1__} 2.17
(x1> hlu:f a% ) ( )
_ Co.N-1 an-1171
PP () = —2 P— }, 2.18
(o) hN—1u§V—1 a?\f—l ( )
POty = Sng@(pty L Sl o g N (2.19)
n a% u%hn’ Y ) )

Let 0 < a; <a?, i=1,2,...,N—1. From (2.17), (2.18)) and (2.19)), it is evident that if

C,>0,1=1,2,...,N — 1 and Cgn-1 > 0, then the right-handed second derivatives

at the knots z;, ¢ = 1,2,..., N — 1 and the left-handed second derivative at xy are
non-negative. For a knot point z,, n =1,2,..., N — 1, we get
D) (gt
oO(Li(x) = 22 ) L Rat), i= 1.2, N =1L,

a;
where R;(z) = Ri(zy + 0(zy — 21)) = U(0)/(hi(Q:(0))?). Assuming that Cy; >0, i =
1,2,...,N — 1, we get @@ (L;(z})) > 0 if Ri(z}f) > 0. Note that R;(z}) > 0 if the
coefficients C;; > 0, for j = 1,2,...,6. From the Three Chords Lemma for the convex
functions [145], it follows that for a strictly convex interpolant, the end point derivatives
should necessarily satisfy d; < (yny — y1)/(xn — 1) < dy. One can see that
(yv —y1) —di(oy — 9131)7
hi(diy1 — A;)

dy(zn — 1) — (yn — y1>’
ai(diy1 — di)

(dy —dy)

(A7 =d7) >0 ifoy <

(dfy — AN >0 ifa <
(dy —df) >0 ifo; <

Let

hi(dig1 — A;) hi(A; — d;) ai(dig1 — d;)
dy(zny —z1) — (yv — 1) (yv — 1) —di(any — 1) (dy — dy)

O§a¢<min{

}. (2.20)

It can be seen that

u;(di — AF)
(Af —dy)

(2
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ui(d;'k—l-l — A7)

Tus(A] = ) + 2u(A] = df) = 2ui(diyy = AD) 20 i > =T

Cy; >0 & (6u] +uw)(AF —df) +2ui (df, —d}) > 0.
The assumption on the scaling factors given in (2.20)) ensures that Cs; > 0.
Cii20 & (6u] +uwy)(diyy — AF) + 207 (dfyy — d7) > 0.

The assumption on the scaling factors given in (2.20) shows that Cy; > 0. Similarly,

one can observe that

g UZ(A* d;)
C i Z 0 if Ui = )
4 ( i+1 - A )
] UZ(A* d;)
Ce; >0 ifvy; > -
* ( i+1 — A )

Thus the conditions on the scaling factors and the shape parameters given in Theorem
2.1.4lensurethat C;;, > 0,1 =1,2,...,N—1,7 =1,2,...,6 and hence the non-negativity
of @3 (L;(z})) for i,n = 1,2,..., N — 1, ®@(z). The non-negativity of &2 (L;(z;}))
for i,n = 1,2,...,N — 1, and #®(z}) ensure that the non-negativity of &®(z*) or
P (27) for x € (z1, zn). O

Remark 2.1.8. If a; = 0, then the conditions

i(dig1 — ) u(A; — dy)
(Ai—di) 7 (dig2 = Ay) }’

U
w; > 0 and v; > max{O,

are the sufficient conditions for the classical rational cubic spline C' to be convez.

Remark 2.1.9. If Az = dz =0 or di-l—l — Az = 0, then take a; = 0, dz = di+1 = Az In
this case,  becomes a straight line ®(L;(x)) = y;(1 —0) + y;110 in the interval [x;, z;41].

Constrained Interpolation

Let {(z;,y;) : i = 1,2,...,N} be a data such that it lies above the straight line p =
mx +c, i.e., y; > p; where p; = mx; + c. Then, in general, the rational cubic FIF ¢ may
not lie above the line p = mx + ¢ in [z, xy]. In this section, sufficient conditions on the

scaling factors and the shape parameters are derived such that @ would lie above the
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straight line p = max + c¢. The straight line p = ma + ¢ can be written as p; (1 —0) +pn0,
0= (x—ux)/(x1 —2xN), € [£1,2y]. The rational cubic FIF @ lies above the straight
line p if @(x) > pi(1 — 0) + pyb, for all € [z, xy]. Since the graph of @ is the
attractor of the IFS (2.5), it is evident that ®(x) > pi(1 — ) + pn#, for all z € [z, 2]
if Fi(z,y) > pi(1 —0) + p;iy10 for all (z,y) such that z € [x1,zn], y > p1(1 — 0) + pnb,
i=1,2.. . N—1.

Theorem 2.1.5. Let {(x;,y;) : i = 1,2,...,N} be the data such that it lies above the
straight line p = mx +c, i.e., y; > p; where p; = mx; +c. Then the rational cubic FIF @
defined in lies above the straight line p = mx + ¢ in [x1, xN], if the scaling factors

and the shape parameters satisfy the following conditions:

0< oy <min{a,~, Yi — Di yi-i—l_pi-i-l},

Y1 — pl’ YN — PN
u; > 0 and v; > max {0,5171', 52,i},
where

—u;[(yi — piv1) — (Y1 — pN)] — wilhid; — ai(ry — 1)d,]
(yi — pi) — ai(yr — 1)

5ys = —Ui[(Yir1 — i) — i(yy — p1)] — wil=hidips + ci(zy — 21)dy]

’ (Yiv1 — Piv1) — oi(yn — )

01 =

)

i=1,2,...,N—1.

Proof. For each fixedi =1,2,...,N—1,1et 0 < a; < a; and (z,y) such that x € [z1, xy]
and y > p1(1 — 0) + pn0. 1t is evident that yo; > [p1(1 — 8) + pyb]a,;. We have

£ () A1)

Qi(0) Qi(0)

To prove Fi(x,y) > p;i(1 — 0) + p; 116, it is enough to prove that

Pi(0)
Qi(0)

oy + > [p1(1 —0) + pn0Oloy +

[pl(l - 6)) +pN€]ai + > pz(l - 9) + pi10. (221)

Now ([2.21)) can be written as

Qi(0)[(cipr — pi)(1 = 0) + (cipn — piy1)0] + F(0)
Qi(0)

38
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Since @;(#) > 0, to prove (2.22), it is sufficient to show that Q;(8)[(cpr — pi)(1 — 6) +
(a;pn—pis1)0]+P;(0) > 0. The numerator Q;(0)[(c;p1—p;)(1—0)+(ipny —pir1)0]+F;(0)
can be written as Q;(6)[(cipr — pi)(1 — 0) + (cipn — pir1)0] + Fi(0) = D1i(1 —0)° +
D27i9(1 — 9)2 + D372‘92(1 — 0) + D47,’93, where
Dl,z’ = uz[(yz - pi) - ai(yl - pl)], D4,z' = ui[(yi—H - pi—i—l) - Oéi(?JN - pN)],
Dy, = (2%‘ + Uz)[(’yz - pi) - Oéi(Zh - pl)] + Uz[(yz - pi+1) - Oéi(?h - pN)]
+ ui[hidi - Oéi(xN 1 xl)dﬂ,
Ds; = (2u; + v)[(Yit1 — pit1) — @i(yn — pn)] + wil(yis1 — pi) — ai(yn — p1)]
] Ui[—hidprl + Oéi((I?N — .Tl)dN].

It can be seen that Q;(0)[(cupr — pi)(1 — 8) + (upn — pit1)0] + Pi(0) > 0 if all the
coefficients D;; > 0, j =1,2,...,4. We have

Dy;>0 ifa;< 2Pl D> 0ifa; < LB

Let 0 < a; < min { YimPi Yl TPitl } The coefficient Dy; > 0 if
Yi1—p1 YN —PN U

_ui[(yi - pz‘+1) - az‘(yl - pN)] [ ui[hidz’ - az’(xN - 5Ul)d1]
(yi — i) — i(yr — p1) '

V; >

The coefficient Dg; > 0 if

—Ui[(Yir1 — pi) — @(yny — p1)] — wil—hidig1 + as(xy — 21)dN]
(?Ji+1 - pz‘+1) - Oéi(yN = pN)

v >

Thus the sufficient conditions on the scaling factors and the shape parameters to satisfy

(2.21) are
0<o < min{ai, Yi _pi7 Yit1 _pi+1}
Y1 — N1 YN — PN
u; > 0 and v; > max {51,2', 52,1},
— 1,2, ’N—l D
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2.1.3 Numerical examples

The effectiveness of the rational cubic FIF towards the visualization of the shaped
data is illustrated through numerical examples.

Let us consider the positive data { (1,14), (2,8), (3,2), (8,0.8), (10,0.5), (11,0.25),
(12,0.4), (14,0.37) } as used in [124]. The derivatives are approximated using arithmetic
mean method and are given by d; = —6.0000, do = —6.0000, d3 = —5.0400, dy =
—0.1757, d5 = —0.2167, dg = —0.0500, d7 = 0.0950 and dg = —0.1250.

By taking the random scaling factors and shape parameters, FIF given in Figure
is drawn. It can be observed that, FIF (Figure is non-positive. Thus,
the parameters are taken according to restrictions given in Theorem [2.1.2] Using these
restricted parameters, FIF given in Figureis drawn. We can see that, FIF (Figure
2.1(b)|) is positive.

To see the effect of the scaling factors on the FIF given in Figure[2.1(b)| by perturbing
the scaling factors a3 and ay, the FIF given in Figure is constructed. There are
significant changes in Figure in the intervals [z3,z4] and [x4, 5], whereas the
changes in the other intervals are negligible.

To demonstrate the effect of the shape parameters on the FIF given in Figure
the FIF in Figure 2.1(d)|is constructed by changing the shape parameters v3 and vy.
There is a little change in the intervals [x3,x4] and [z4, x5], but there is no significant
changes in the other intervals.

By taking all the scaling factors as zero, the classical rational cubic spline is con-
structed and it is shown in Figure . Figure represents the derivatives of FIFs
given in Figure 2.1 The values of the scaling factors and the shape parameters used to
construct the FIFs given in Figures [2.1] and are tabulated in Table [2.1]

Next, we consider the monotonically increasing data { (0,0.5), (2.5,1.61), (3,7.3891),
(6,9.8696), (11,22.18), (15,27.3),(20,35.2) } [31]. The derivatives are computed using
arithmetic mean method and are given by d; = 0, dy = 9.7058, d3 = 10.0251, dy =
1.4401, ds = 1.8054, dg = 1.4133 and d; = 1.7467. According to restrictions given in
Theorem [2.1.3] the scaling factors and the shape parameters are restricted.
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(a) Non-positive FIF. (b) Positive rational FIF.

T T
—FF —FIF
® data ® data

(c) Effect of a3 and ay. (d) Effect of vz and vy.

T
—FIF
® data

(e) Classical positive rational cubic spline.

Figure 2.1: Positivity preserving interpolation.
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(a) Derivative of FIF given in Figure [2.1(a)| (b) Derivative of FIF given in Figure [2.1(b)|

2 T T T T T T 2 T T T T T T
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40t 1 0 | 1
12 12
14 | — -14 - —derivative of FIF ||
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(c) Derivative of FIF given in Figure [2.1(c)] (d) Derivative of FIF given in Figure [2.1(d)

6 4
—— derivative of FIF
@ slopes

0 2 4 6 8 10 12 14

(e) Derivative of FIF given in Figure [2.1(e)

Figure 2.2: Derivatives of FIFs given in Figure [2.1
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Table 2.1: Parameters for positive FIFs with u; = 1.5 fori=1,2,....7.

JParameter/Figure — | [2.1(a)|[2.2(a)|| [2.1(b)|[2.2(b)|| [2.1(c)|[2.2(c)|| [2.1(A)| [2.2(d)|| [2-1(e)| [2-2(e)
o 0.1000 0.0754 0.0754 0.0754 0
Qv 0.2300 0.0754 0.0754 0.0754 0
o3 0.0300 0.1324 0.0132 0.1324 0
oy 0.0600 0.0471 0.0271 0.0471 0
o5 0.0420 0.0347 0.0347 0.0347 0
o 0.0500 0.0169 0.0169 0.0169 0
o 0.0450 0.0266 0.0266 0.0266 0
vy 0.5000 0.5000 0.5000 0.5000 0.8000
Vg 3.5000 1.5000 1.5000 1.5000 1.5000
U3 4.0000 153.0000 20.9733 350.0000 20.9000
Uy 5.6000 2.5000 2.5000 10.5000 1.5000
Us 8.5000 1.0000 1.0000 1.0000 1.0000
Vg 7.9000 3.0000 3.0000 3.0000 3.0000
vy 5.0000 0.5000 0.5000 0.5000 0.5000

Using the restricted parameters, FIF given in Figure |[2.3(a)|is constructed. It can be
seen that, FIF (Figure [2.3(a))) is monotonically increasing. By perturbing the scaling
factors a; and ag, the FIF in Figure is constructed. Visible changes occurred in

the intervals [z, 5] and [x3, 24], but changes in the other intervals are not visible.

Similarly, by perturbing the scaling factors a4, as and ag with respect to Figure

2.3(a), Figure[2.3(c)|is constructed. The FIF given in Figure [2.3(d)|is plotted by chang-

ing the shape parameters v3 and vs. Finally by taking all the scaling factors are zero,
classical rational cubic spline is constructed and is shown in Figure [2.3(e) Figure
represents derivatives of FIF's given in Figure [2.3] The values of the scaling factors and

the shape parameters used to draw FIFs in Figures and are given in Table [2.2]
Next, we consider the convex data { (1,10), (2,2.5), (4,0.625), (5,0.4), (10,0.1) }
as given in |124]. Using arithmetic mean method, the derivatives are approximated and
are given by d; = —9.6875, dy = —5.3125, d3 = —0.4625, dy = —0.1975 and d5 = 0.
By taking random parameters, FIF (Figure [2.5(a)|) is constructed and it can be
noticed that FIF is non-convex. Thus, according to the restrictions given in Theorem

the scaling factors and the shape parameters are restricted.
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(a) Monotone rational FIF. (b) Effect of @y and as.
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(c) Effect of a4, a5 and . (d) Effect of vz and vy.
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(e) Classical monotone rational cubic spline.

Figure 2.3: Monotonicity preserving interpolation.
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(a) Derivative of FIF given in Figure [2.3(a)| (b) Derivative of FIF given in Figure [2.3(b)|
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(c) Derivative of FIF given in Figure [2.3(c)] (d) Derivative of FIF given in Figure [2.3(d)|

(e) Derivative of FIF given in Figure [2.3(e)]

Figure 2.4: Derivatives of FIFs given in Figure [2.3
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Table 2.2: Parameters for monotonic FIFs with u; = 1.5 fori =1,2,...,6.

JParameter/Figure — | [2.3(a)|[2.4(a)||[2.3(b)|[2.4(b)|| [2-3(c)| [2.4(c)|| [2.3(d)| [2.4(d)|| [2-3(e)] [2.4(e)
a 0.0250 0.0015 0.0250 0.0250 0
Q2 0.0240 0.0240 0.0240 0.0240 0
o3 0.0610 0.0210 0.0610 0.0610 0
oy 0.2000 0.2000 0.1000 0.2000 0
as 0.1360 0.1360 0.0940 0.1360 0
ag 0.2160 0.2160 0.1160 0.2160 0
U1 145.7800 35.1300 145.7800 145.7800 33.7900
Vg 3.7300 3.7300 3.7300 3.7300 3.6000
U3 134.0000 32.6400 134.0000 365.0000 21.7900
Uy 3.2000 3.2000 2.6000 120.0000 2.0000
Us 32.4000 32.4000 8.7000 32.4000 4.5000
Vg 31.6000 31.6000 5.3000 31.6000 4.0000

With the help of restricted parameters, convex FIF (Figure 2.5(b)) is drawn. By
perturbing the scaling factor as, the FIF given in Figure [2.5(c)|is constructed. From
Figure 2.5(c)} it is evident that significant change occurred in the interval [z, z3] and

changes in other intervals are negligible.

The FIF given in Figure is constructed after perturbing shape parameter v,.
In the interval [xq, 23], curve moves upward and whereas in other intervals the changes
are not visible. By taking all the scaling factors are zero, Figure is drawn which
is classical rational cubic spline preserving convexity. Figure represents derivatives

of FIFs given in Figure [2.5. The values of the scaling factors and the shape parameters

used in drawing various FIFs in Figure [2.5] and [2.6] are given in Table [2.3]

Next, let us consider the constrained interpolation data { (1,2.5), (1.25,1.5), (2.8,2),
(3,2.5), (3.2,3.5),(4.2,4.5), (4.5,5,5) } which lies above the line p = 0.52+40.28. By tak-
ing arbitrary scaling factors and shape parameters, FIF (Figure is constructed.
From Figure [2.7(a)], it is clear that FIF does not lying above the line p = 0.5z + 0.28.

Therefore, the scaling factors and the shape parameters are taken according to Theorem

and using these, Figure [2.7(b)|is drawn.
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Figure 2.5: Convexity preserving interpolation.
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Table 2.3: Parameters for convex FIFs with u; = 1.5 fori=1,2,3.4.

JParameter/Figure — | [2.5(a)] [2.6(a)[| [2.5(b)|[2.6(b)|| [2.5(c)| [2.6(c)| | 2.5(d)| [2.6(d)|| [2.5(e)||2.6(e)
a; 0.1000 0.0113 0.0113 0.0113 0
Qs 0.2000 0.0434 0.0043 0.0434 0
o3 0.0100 0.0020 0.0020 0.0020 0
oy 0.2000 0.0081 0.0081 0.0081 0
vy 2.4000 3.3692 3.3692 3.3692 2.5000
Vg 14.0000 16.5544 14.9146 50.0000 18.8158
V3 4.6000 17.1542 17.1542 17.1542 13.9545
Uy 3.0000 7.3637 7.3637 7.3637 4.4375

The FIF given in Figure lies above the line p = 0.5x 4+ 0.28. After perturbing
scaling factor as with respect to Figure , Figure is constructed. In a similar
fashion, after perturbing the shape parameter vs; with respect to Figure Figure
is drawn. Classical constrained FIF is constructed by taking all the scaling factors
are zero which is shown in Figure . The parameters used to construct Figure

are given in Table 2.4

Table 2.4: Parameters for constrained FIFs with u; = 1.5 fori =1,2,...,6.

Abstract-TH-2219_126123020

JParameter/Figure — | [2.7(a)|| [2.7(b)|| [2.7(c)|| [2.7(d)|| [2.7(e)
o 0.07 0.07 | 0.07 | 0.07 0
9 0.4 0.09 0.09 0.09 0
o3 0.05 0.05 0.05 0.05 0
oy 0.05 0.05 0.05 0.05 0
Qs 0.28 0.28 0.18 0.28 0
g 0.08 0.08 0.08 0.08 0
V1 3 3 3 3 3
Vg 3 46 46 46 14
U3 3 3 3 3 3
Uy 3 3 3 3 3
Vs 3 3 3 10 3
Vg 3 3 3 3 3

49




55 T T T T T T 55 T T T T T T
—FIF
E B
45| ] 45|
4 4
35 35
3 3
254 - 254
2 - 2 -
15 [ ] 15 -
1 A "o
" ‘ ‘ ‘ ‘ ‘ ‘ 05 ‘ ‘ ‘ ‘ ‘ ‘
1 15 2 25 3 35 4 45 1 15 2 25 3 35 4 45
(a) Unconstrained rational FIF. (b) Constrained rational FIF.
55 T T T T T T 55 T T T T T T
o
5+ @ data 51| @ data
45t 1 45t
4t s
35 35
3r 3r
256 - 254 ~
20 _— 20 _—
o '
15+ e — 15+ e —
1+ ////// 1k //////
05 ‘ ‘ ‘ ‘ ‘ ‘ 05 ‘ ‘ ‘ ‘ ‘ ‘
1 15 2 25 3 35 4 45 1 15 2 25 3 35 4 45
(c) Effect of as. (d) Effect of vs.
55 T T T T T T
—FF
5 @ data
45
4l
35
sl
254 A
| -
- //
15 ——
R —
05 ‘ ‘ ‘ ‘ ‘ ‘
1 15 2 25 3 35 4 45

(e) Classical constrained rational cubic spline.

Figure 2.7: Constrained interpolation.
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2.2 FIF with Three Families of Shape Parameters

In the present section, a rational cubic FIF with three families of the shape parameters
is constructed based on Read-Bajraktarevi¢ operator. Let {(z;,v;) : 1 =1,2,...,N} be
a set of data points such that 7 < x5 < -+ < zy. Let d; be the derivative value at the
knot point z;. Consider the IFS with

ri() = pi(x) _ P(0)  Ai(1—0)° + Ay 0(1 —0)* + A5;0°(1 — 0) + Ay;6°

Coqi(z) T Qi(0) ui(1 —0)2 +0(1 — 0)(u; + v; + ;) + vi0?

where 0 = (v — x1)/(xny — x1), ® € [21,2n]|. Here Ay, As;, As,, As,; are constants

. (2.23)

such that it satisfies the required condition for the existence of C*-FIF. Here, u;, v; and
v; are shape parameters such that u; > 0, v; > 0 and 7; > 0. These parameters will
ensure the positivity of denominator of r;(z).

Let # :={ ¢ € C'(I)| é(x1) = y1 and ¢(zny) = yn}. Then (F,p) is a complete
metric space, where p is the metric induced by norm ||¢||= ||é|lec+||¢™ || on C(I).

Define Read-Bajraktarevi¢ operator 7" on (%, p) as
To(Li(x)) = aip(z) +ri(x), z€l,i=1,2,...,N — 1. (2.24)

Let «; such that |a;|< a; for all i = 1,2,..., N — 1. The fixed-point @ of T satisfies the

functional equation
O(Li(z)) = a;@(x) +1i(x), z €I, i=1,2,....N — 1. (2.25)

Here, @ is a rational cubic FIF and derivative @V is also a FIF which satisfies the
functional equation

o ®W(z) + r(l)(x)

i

W (Li(x)) ,rel i=1,2,...,N -1 (2.26)

a;
The constants A;;, As;, As; and Ay, given in are evaluated based on Hermite
conditions ®(z;) = y;, P(wip1) = viz1, V() = d; and &V (w;,) = diyy for i =
1,2,..., N — 1. These conditions are equivalent [36] to the conditions on Fj(z,y) for
generating a C'-FIF given in Theorem . So, ®M) is the fixed-point of the operator
T, : %, — 7, defined by

_ g (@) + 1 ()

Q;

(Teg")(Li(x))

cxel,i=1,2,...,N—1,

ol
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where Z, .= {¢* € C()|¢*(z1) = d; and ¢*(zn) = dn} is endowed with the uniform
norm metric.

Substituting x = z; in implies that
Al,i = Uy [yi - aiyl]'
Substituting x = zy in gives
Ay = vi[Yit1 — uyn].
The condition @M (z;) = d; in gives
Ag i = uihid; + yi(2u; + v + 7)) — agfui(en — x1)dy + 11 (2u; + v + )]
The condition @M (z;,1) = d;;; in gives
Az = —vihidig + yipr (w + 20 + ) + og[vi(zy — 21)dy — yn (u; + 20; + 7))

Hence, the rational cubic FIF with three families of shape parameters is

(2.27)
where

Py(0) = (wly; — csgn]) (1 — 0)® + (viyis1 — uyn])0® + (wilud; + yi(2u; + v; + )
— ai[ui(:cN — x1>d1 €T y1(2uz +v; + 71)])9(1 — 9)2 + (_Uihidi-i-l
+ Y1 (us + 20; + %) + glvi(ay — 21)dy — yn (w; + 20 + 7:)])0% (1 — 6),

Qi(0) = u;(1 — 0)* +0(1 — 0)(u; + vi + 7)) +v:0%,0 = (x — 1) /(xxy — 21), T € [21,27],

Remark 2.2.1. Rewrite the rational cubic FIF @ given in in the following form

D(Li(2)) = a,P(x) + { [(1 — 0)yi + Oyiy1 + gz—gz;] — [(1 — 0)y1 + Oyn + Z;,((?)] }7

Ri(0) = hif(1 — O)[(Ai — diyr)vif + (di — Ai)us(1 — )],
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Ti(60) = 0(1 — O)[{(yn — 1) — (w — 2 )y Juid+

{(zny —z1)di — (yv — y1) fwi(1 = 0)].
From this expression, it follows that if v; — oo then @ converges to the following affine
FIF
D(Li(x)) = a;@(x) + (yi — ay1) (1 — 0) + (yir1 — auyn)0.
Also, if v; — 00 and o; — 0 then @ converges to the straight line segment in the interval

[J}Z‘7ZEZ'+1], 1= 1,2,...7N—1.

Remark 2.2.2. If a; =0 for alli =1,2,...,N — 1, then the rational cubic FIF given
m reduces to the classical rational cubic spline C' as

(2.28)
where

Us() = wiyi(1 — ¢)® + [whid; + y:(2u; + v; + 1))l — 9)?
+ [—vihidi1 + Yig1 (w; + 2v; + %)]@* (L — @) + vigir19°,

r — T

Vilp) = ui(1 — 90)2 + (1 — o) (u; + v +7) + UiSOQ, Y= , T E [T, Tiva],

i=1,2,...,N—1.

Remark 2.2.3. If a; = v, = 0, w; = v; = 1 on each subinterval I; = [x;, x;11], © =
1,2,...,N—1, then the rational cubic FIF reduces to the standard cubic Hermite
spline

D(z) = (2¢° = 3¢% + Ly + (¢* = 20° + ©)ludi + (=2¢° + 30*)yir1 + (¢° — 9*)hidia,

where ¢ = (x — x;)/(Tig1 — ), T € [T, Tiya].

2.2.1 Convergence analysis

In this section, an upper bound of the uniform error between an original function S €
Cz[ml, xy] and the rational cubic FIF @ is determined. The effectiveness of the rational
cubic FIF @ in the approximation of a function S is derived with the help of classical

rational cubic spline.
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Theorem 2.2.1. Let @ as given in and C as given in respectively, be the

rational cubic FIF and classical rational cubic spline with respect to the data {(z;,v;), i
1,2,...,N} generated from an original function S € C*[xy,zy]. Let d;, i =1,2,..., N
denotes the derivative values at the knots. Then
|t|oo ([M + hM] + [M* + |I|M,])
1 — o)
where M = max{|y;|, i = 1,2,...,N}, M = max{|di|, i = 1,2,...,N}, M* =
max{|y1|, lyn|}, M. =max{|di|,|dn|}, |I|=an — 21, h = max{h;, i =1,2,...,N — 1},
_ (A —)uihd + o' (1 — 9)?h] (ui + v; + 7)°
w(ug, Vi, Vi, ) =
2Vi(0)[u; + p(u; + v; + )]
L = o) (s v+ 00)” + P2(1 = ) otk
2V(N + (ui + v + %) (1 — ¢)]
1}, i=1,2,...,N =1 and ¢* = max{cf : i =1,2,...,N — 1}, |a|= max{|a;]|, i =

1,2,...,N —1}.

15 = @l < + [|SP|| b2,

, of = max{w(u;, v; vi,0) 0 < @

1

IN

Proof. From (2.24)), the Read-Bajraktarevié¢ operator T, : % — % such that

= a:d(L7Yz pills (z) )
Ta¢($) il ZQS(L@ ( ))+ qZ(LZ_l(x))

where p;(x) = Py(0) and ¢;(x) = Q;(0) are as in (2.27). It is evident that & is the

 zel,i=12,...,N—1,

fixed-point of operator T, with a # 0. Also, classical rational cubic spline C' is the
fixed-point of T, with a = 0 = (0,0,...,0) € RN-L.

Let @ = (ay, an, ..., an_1) be a scale vector such that |a;|< a; foralli =1,2,..., N—
1 and with at least one a; # 0. For a # 0, T, is a contraction map with contraction
factor |a|.. Hence

[Ta® = TaCl|< @] oo ||P — C|co- (2.29)
Note that

o pi(Li'(2), ai)  pi(L7'(2), 0)
TaC(@) — ToC(x)] = | C o Li M (z) + 7 qu;%xD ai(L;

pi(Li " (x), i) — pi( L (x), 0)]
6i(L; " (v)) '

Using the mean-value theorem of functions of several variables, there exist 8 = (31, S,

[asry
—~
8
~—
~—

< | |C oo+ (2.30)

, Bn-1) such that [B;] < [a;| and

Opi(Li (%), Bs)

T ;. (2.31)

pi<L;1(l‘), ai) _pi(Li_l(x)v 0) -

o4
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By (E30) and (23,

a(pi(L?l,(f”)’ m))

\ncm»—%cmﬂgwm<wwm+ o

Now, let us concentrate to find the bound for the right hand side of the Equation ([2.32)).

The classical rational cubic spline C' can be written as

C(x) = wl(uia Viy Vi 90)%‘ + wz(ui, Vis Vis Sﬂ)yz‘ﬂ + ws(uz‘, Vis Vis SD)dz' - w4(ui7vi;%'a @)di—i-l»
(2.33)

where

u; (1 — 3+ 2u; + v + v, 1—¢)?
wl(uia Uiy Vi, (20) = ( 90) ( 7)%0( 90) s

Vi(e)

u; + 2v; + %)% (1 — @) + vi®
w2<u’i7 Uiy Vi, 30) = ( ‘)/((P() ) )
uship(l — )2
w3<ui7 Uiy Yis SO) = #7

Uihz‘802 I—o
w4(ui> Viy Vi, 90) = #

It can be seen that

wi (s, Vi, Vi, ©) +wolus, v, %, @) =1

Note that

uhip(l = ) + vihip*(1 — )
ui(1— )% + o(L — ) (Vi + u; + v;) + vi?
uihip(l = 9)* + vihip?(1 — o)

ui(1 — )? +vip? .

ws(us, vi, Vi, ©) +walus, vi, %, @) =

Since u;(1 — ¢)? + v;0? > max{u;(1 — ¢)?, vip?}, we get
uihip(l —)*  vihip?(1 — )
_.I_
ui(1 —p)? vip?

ws(ui, Vi, Vi, @)+ walui, vi, Y, @) <

From (2.33)), we obtain

|C(z)|< max{|yil], [yis1]} + ks max{|d;], |diy1]}

25
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= M; + h; M;,

where M; = max{|y,|, |yi+1]} and M, = max{|d;|, |dis1]}-

Thus, we get
|Clloes M + b, (234)
Further, we have
6(1”@;1(?)’%))
(L N * * a
: (8()(( ! =—w (uia Uiy Yis Q0>y1 — w2(ui7 Vis Yis @)yN B ?,U3(U7;, Yis i ('D)dl

+ U)Z(UZ, Uiy Vi So)dN7
where

\ ui(1 — @) + (2u; + v; + 1) p(1 — ¢)?
w1<ui7 Viy Vi 90) = ,

Vi(e)
. _ (w + 20 4 1)’ (1 — ) + vi®
Wq (ui7 Viy Vi 90) - V(QD) )
* ui(zy = r1)p(l — p)?
Wy (ui7 Uiy Vi, 90) = ( V(QO) )
2
| vi(zny —z1)9“(1 — ¢

Thus, we obtain that

pi(L; ' (z), ai))
8( a(L; (@)

Ou < |wy (ui, vi, %, )yl +|ws (i, vi, vi, @)y | +ws (wi, vi, i, 0)di |

+ |'LUZ('LL1, Vi, Vi, QO)le
By using the similar procedure for finding bound for ||C/||~, we get

6<m(L;1(z), m))

4 (L (2))

8ozi
From ([2.32)),(2.34]) and ([2.35)), we obtain

I ToC () — ToC(2)] < |a|oo([M + hM] + [M* + |I|M,]),

< M* + |I|M.. (2.35)

and hence we get
|ToC — ToCl|0o< |a]oo([M + M| + [M* + |I|M,]). (2.36)
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Using (2.29) and ([2.36)), we get
@ = Cllo= 1Ta® — ToCl|o< [[Ta® — TaCl|so+ | TaC — ToCl| o,

which implies that

|at|oo ([M + RM] + [M* + |I|M,])
1 — ol .

[ — Cflo< (2.37)

Now, let us concentrate on the uniform error bound between the original function S
and it’s classical rational cubic spline C. For = € [z, z;41], let us consider the error
function E(S;z) = S(z) — C(z) as a linear functional which operates on S. Then using

the Peano Kernel Theorem [104]:

MﬂzEﬁm%;ﬂ@—C@FiﬁmSmﬁﬂﬂx—ﬂﬁh

where

r(r,z) ifx <7 <u,
Lyl(z = 7)4] =
s(ryx) ife <7<,

here L, is used to emphasize that the functional L is applied to the truncated power
function (z — 7)" considered as a function of . Also

b (x—7)" ifr<ua,
(z —7)} =

0 ifr >z,
[(wi 4 2vi + 7) (@1 — 7) — vila]?(1 — @) + vi(ip1 — 7)¢°
ui(1 = ¢)* + (1 — @) (v + ui + v;) + vi?

r(r,z)=(x—71) —

9

(2.38)
: L~ T 21 A (g V3
8(7’, $) - _ [(ul + QUZ + 72>(xz+1 T) /Ulhl]gp (1 ()0) + Uz<xz+1 T)QD ) (239)
u; (1 — )2+ o(1 = @) (% + us + v;) + v;0?
Therefore, we have
Tit1
wuy—cuﬂguﬂ%u/’ Lz — 7). ldr. (2.40)

The integral involved in (2.40]) can be expressed as

/+ ILa[(x - 7)4]ldr = /:\r(r, o)ldr + /jm\s@, z)ldr. (2.41)

It can be seen that
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e Roots of r(x,z), s(x,z) in [0,1] are ¢ =0 and ¢ = 1.

©2hi(uitvityi)

° ST =1 —
Roots of r(1,z) is 7" = x e Ca—

,and 7 € [x;, x].

vihi(1—¢)
vit+(us+vi+v:) (1—¢)

e Roots of s(7,2) is 7. = w11 — ,and 7, € [z, xi11].

The expressions given in ([2.38]) and (2.39)) can be simplified as
[(1— @)%ui + p(1 — ) (ui + vi + 7)](7" — 7)

r(r,x) = V(0) ,
s(r.z) = [(ui +vi +7%)*(L = 9) + p?0if(T — )
’ Vi(e) ,

respectively, where V;(¢) given in (2.28)). We have

*

/\T(T,:U)]dT:/ T(T,x)dT—/ r(r, x)dr

A ©*(1 — p)*uh? 0 (1 — ©)?h2 (u; + v; + )?
2Vi(@)[ui + o(u; +vi + %) 2Vi(o)[ui + o(u; +v; + %))

Tit1 Tx Tit1
/ |s(T, x)|dT = —/ s(, x)dT—i—/ s(7, x)dr

> (1 = )*hi (ui + vi + 1)
2Vi(@)[vi + (s + i + %) (1 — 9)]
0’ (1 — p)*uZh?
2Vi(@)[vi + (wi + v + ) (1 — )]

By (240) and (41), we get

[S(z) - C(2)] < GhES™®| .

+

Since the above inequality is true for x € [x;, z;44], i = 1,2,..., N — 1, the desired error
bound is given by
IS — Clleo< c*hQHS(Q)HOO. (2.42)

Using ([2.37) and ([2.42)) with the following inequality
15 = Plloe< IS = Clloct|C = Pl
we get the required bound for ||S — @||. O

Remark 2.2.4. Since |o;|< a;, i =1,2,..., N—1, it can be seen that ||S —P||= O(h).
If || < a? then we get ||S — @|| = O(h?).

o8
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2.2.2 Shape preserving interpolation

In this section, shape preserving aspects of rational cubic FIF (2.27)) are investigated.
Sufficient conditions on the scaling factors and the shape parameters are derived to

preserve the shape properties.

Proposition 2.2.1. [125] The polynomial o(t) = at® + bt* + ct +d > 0 for all t > 0 if
and only if (a,b,c,d) € Ty U Ty, where

T, ={(a,b,¢,d):a>0,b>0, ¢c>0andd > 0},

Ty = {(a,b,c,d) : a >0, d >0, 4ac® + 4db>® + 27a*d® + 27a*d?* — 18abcd — b*c* > 0}.

Positivity

Suppose {(z;,y;) : i = 1,2,..., N} be a data set such that y; > 0. The following

theorem gives sufficient conditions on the scaling factors and the shape parameters so

that rational cubic FIF (2.27) would preserve the positivity.

Theorem 2.2.2. Let {(z;,y;) 11 =1,2,...,N—1} be a data set such that y; > 0. Let &
be the corresponding rational cubic FIF defined in . Let d; be the deriwative at the
knot x;. Then the conditions on the scaling factors and the shape parameters on each

interval I; = [x;, x;41], so that @ preserve positivity are

0 < a; < min {ai, %, yi“},
Y1 YN

u; >0, v; >0 and v; > max{oﬁﬂ' ,y;z}?

where
% —U,thdZ — (2%1 + vi)yi -+ 4 [uidl(l’]\[ — .1'1) + (21/4 + Uz‘)yl]

1 = )

Yi — 04

= vihidii1 — (u; + 20;)yip1 — cilvidn (xy — 1) — (u; + 20;)yn]
& Yi+1 — QGYN '

Proof. Assume that a; > 0 for all i = 1,2,..., N — 1. Then ®(L;(z)) > 0 if Si((?) > 0.

The parameters u; > 0, v; >0andy; >0 forallt=1,2,..., N — 1, gives denominator

29
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P;(0)

Qi(0) > 0. The positivity of the function RO

depends on the numerator P;(#). It can

be seen that

PZ(Q) — Al,i<1 - 9)3 + A2719(1 — 9)2 + A3,i92(1 — 9) + A47i63
(2.43)
= 11,07 + t9,0% + t3:0 + tu;,

where

ti = (wi +vi +7) (Y — ayr) + (= — v — %) (Yir1 — Qiyn)
Q; Q;
+ Uzhz(dl — a_dl) %+ Uihi(di—i—l T ;dN),

(2

by = (—wi — 2v; — 29;) (Yi — ) + (wi + 205 + i) (Yi1 — QiYnN)

— 2u;hi(d; — %dl) — vihi(dip1 — %dN%
i a;
Q;
t3i = (—us +vi + %) (¥ — csyn) + wihi(d; — ;dl%

ta; = wi(yi — auth)-

By substituting ¢ = ;%7 in , we get P;(0) > 0 for all 6 € [0, 1] is equivalent to say
O;(v) = ;03 + thv2 + v + 1, > 0 for all v > 0,

where

1 =t o+t + ta = 0i(Yi — qiyn),

t5; = tos + 2t3; + 3tai = (i + 2v; + %) (Vir1 — syn) — vihi(dis1 — %dN)a

15, = t3; + 3ty = (2u; + v + %) (Yyi — asyn) + wihi(d; — %dl),

th = ta = ui(yi — uiy1). l

From proposition 2.2.1] ©;(v) > 0 for all v > 0 if and only if (¢}, t5;, ¢4, t3;) € T1 UTs.
Conditions given in the region 75 is omitted due to complication in calculation. Since

conditions given in the region 77 are computationally economical, the region T} is used

to get positivity of ©;. We get

11, > 0 <= v(yir1 —uyn) > 0= ; < yHl,
YN
tzkli >0 <— uz(yz — oziyl) >0 q; < %,
n

Q;
t;i > 0 <— (Uz + 2v; + '7i>(yi+1 - Oéin) - Uihi(di—i-l — —dN) > 0,

7
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- > Uihz’di—i-l — (’LLZ + 2Ui)yz’+1 — Oéi[l)idN<l’N — I1> — (Uz —+ QUi)yN]’
Yi+1 — QGYN

Q;
t;l > (0 <— (2161 + v; + %)(yl — Oéiyl) + uzhl(dl — a_dl) > 0,

—u;hid; — (2u; + vi)y; + ailud - 2u; + v
> (2u; + vi)yi + aifuidy (zn xl)"’(“‘“’)yﬂ'
Yi — QY1

Thus t7;, t5;, t5; and ¢}, lies in the region T} if the scaling factors and the shape parameters

satisfy the conditions given in the statement of Theorem [2.2.2] O]

Remark 2.2.5. When a; = 0, 1 = 1,2,..., N — 1, the conditions given in Theorem
[2.2.3 reduces to

u; >0, v; >0, and v; > max

{0 —uihid; — (2u; + )y vihidigr — (wi + 20:)yi }
7 Yi 7 Yit1 '
This is the required condition for the classical rational cubic spline to preserve

the positivity.

Monotonicity

Let {(x;,y;) :i=1,2,..., N} be a monotonic data. Without loss of generality, assume
that the data is monotonically increasing, i.e., y; < yo < ... < yn. Then A; = glﬁ—:? >
0,7=1,2,...,N — 1. The aim of this section is to find the suitable parameters so that
the rational cubic FIF would preserve the monotonicity. We have
a; @V () N U,(0)

a; (Qi(9))*

o(Li(x)) =
5
where U;(0) = Z B0" (1 —0)57*,
k=1

Bl,z’ = U?d;k’

By = 2ui{ (u; + 2v; + 7)) A7 — vidiy 1 1,

Bs; = Baj+ By; — (B + Bs;) + vi(wi +vi + %) A7 — vilwd; + vid; ),
By = 2v{(2w; + v; + %) A7 — wid; },

2 gk
Bs; = vid;,,

« g oogdy gk g aydy AL o UNZYL
d: =d, ;i,diﬂ_dlﬂ Zai and A = A; — q; o
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Theorem 2.2.3. Let {(x;,y;) :i=1,2,..., N} be a monotonically increasing data, i.e.,
< yo < ...<yn. Let @ be the corresponding rational cubic FIF defined in . Let
d; be the derivative at the knot point x;. Let derivatives satisfy the necessary conditions

for monotonicity, namely

sgn(d;) = sgn(d;1) = sgn(4;), for A; # 0.
Then sufficient conditions on the scaling factors and the shape parameters so that @
would preserve the monotonicity on the interval I are

0<a;<{a; aidi’ aidi—H, Yi+1 — Yi 7
dy dn YN — U1

?

wid; +vidi  — A (wi + v;) }
A*

]

u; >0, v; >0 andy; > maX{O,

forallt=1,2,... N —1.

Proof. Let {(z;, vi),i = 1,2,..., N} be a monotonically increasing data. From single
variable calculus, it is obvious that function @ is monotonic if @1 (z) > 0, for = €
(21, zn]. Assume that a; >0, ¢ =1,2,...,N — 1. For each node z;, j =1,2,..., N
a®'(z;) _Yil0y) R Y

a (Q:(65))? TN = I
From (2.44), @'(L;(z;)) > 0 if (Q 9) > 0. It is obvious that (Q;(6;))* > 0 for all 4 €
[0,1]. Then sufficient conditions for W;(6;) > 0, 6 € [0,1] are By; > 0, k =1,2,...,5.
We have

' (Li(z;)) =

(2.44)

aidi
dy

B> 0&aq; <

We get

a;d;
Bs; > 0o ap < =L
El dN

Let 0 < oy < {4, @psd B} j— 12 . N —1.

We obtain B,; > 0 if
S d:JrlUi — Aj(uz + 21)1)
Yi = Ar .

1

We get By; > 0 if

fyl - A;k .
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Bs; can be written as
B = wi{(wi + 2v; + %) A7 — vidi 1} + vi{ Qui + v + %) AT — wid] }
+ui{ (W + v + V) AT — wdy —vidy v (us + v ) AT — wd; — vidi )

It can be seen that

udy + vdy — A (u; + v;) - di v — AF(u; + 2v;)

AY AY ’
A A ‘
Thus Bgﬂ; Z 0 if
P > mil {O, wd? + vid;f‘HA—* At (u; + v;) }

From the above discussion, it is evident that @™ (L;(z;)) > 0 foralli =1,2,..., N — 1,
7 =1,2,..., N, if the scaling factors and the shape parameters satisfy the conditions
given in the statement of Theorem {Li(z):i=1,2,...,N — 1} is an IFS and
[z1, zx] is an its attractor. Since FIF is defined as recursive structure, ®(L;(z;)) > 0
for all i = 1,2,...,N — 1 and for every knot x; imply that ®M(z) > 0 for all z €

[l’l, l’N]. O

Convexity

The aim of this section is to find the conditions on the scaling factors and the shape

parameters for the rational cubic FIF (2.27)) to preserve the convexity.

Theorem 2.2.4. Suppose {(z;,y;) : i = 1,2,...,N} is a strictly convex data. Let the
derivatives satisfy dp < Ay < -+ < d; < A; < diy1 < ...An_1 < dy. Let @ be the
corresponding rational cubic FIF defined in . Then the sufficient conditions on the
scaling factors and the shape parameters so that @ preserve the convexity on the interval

I are

2 hi(dig1 — ;) hi(A; — d;) }
Vidy(ey — ) — (yv — 1) (yv — 1) — di(an — 21)
vi(di, — A7) u(AF —df) }

(A =dy) 7 (di, — AF)

Ogai<min{a

u; >0, v; >0 and >max{
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Proof. From calculus, @ is convex if ¢ (z+) or &3 (27) is exist and non-negative for
all z € (z1,2n) [96]. So informally

a;®? ()
a; hi(Qi(6))*

) (Ly(x)) =
6
where W7(60) =) Cy 6" (1—6)*

Cri = 20} (A} = d7) + 2ufvi(A] = &) + 2u3 [ (A} = ) — vildiyy — A))],
Co,i —2011+6uvZA dy),

04,2' = C(jﬂ‘ + 12u1

(

C — Cl K + ]_211, UZ(A d ) + 6U'Z (d;k—i-l A:)7
(diy — A) + 6uiui(A; = df),
H

Cs.i = 2C5,; + 6uw2(dr,, — A,

7

Coi = 207 (diyy — A7) + 207ua(diyy — A7) + 207 [vi(d}, — A7) —wi(A] — d7)],

df = dz — ozzd1 d* = di+1 — ai;?’, A;k = A — OézyNh‘yl

¢ i

It can be observed that

C o111
PR (1) = Ll [1 _ —1] 245
(xl ) hluglg CL% ) ( )
Cen_ an_171-1
P (g7) = N1 [1 | Sy 1} , 2.46
(zy) P avh 2 (2.46)
) (17) = g™ (3F) 4 Cin 93 N—1. (2.47)
n a% 1 U%hn’ y Yy 9

Let 0 < oy < a?, @ = 1,2,...,N — 1. From equations (2.45), (2.46) and (2.47) it is

obvious that if Cy; > 0 (i = 1,2,...,N — 1) and Cgn_1 > 0, then the right-handed
second derivatives at the knots z;, i« = 1,2,..., N — 1, and the left-handed second

derivative at x are non-negative. For a knot points x,,, n=1,2,..., N — 1 we have
a0 ()
here R;(x) = —a)
where t QO

Assuming C;; > 0, i = 1,2,..., N — 1, then ®®(L;(x,)") > 0 if Ri(z,) > 0. Note
that R;(x,) > 0 if the coefficients C;; > 0 for j = 1,2,...,6. From Three Chords
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Lemma [145], it follows that for a strict convex interpolant, the end point derivatives

should necessarily satisfy di < 2= < dy. Hence we get

Yn — Y1 a;dy . hz‘(Ai - di)
Ai—Oéi — dz— >OlfOéi< s
( h; ) ( a; ) (yv — 1) — di(zy — 1)

a;dy Yn — % . hz‘(dz’+1 - Ai)
di — — Ai—ai >01f0&i< .
( 1 ) ( h > dy(xy — 1) — (yv — 1)

7 7

Let

2 hi(A; — d;) hi(dig1 — ;) }

O§a1<min{ai, )
(yv —y1) —di(oy — 1) dn(zn —21) — (Ynv — 11)

(2.48)

i=1,2...,N—1.

; . . . . (A5 —AF
The assumption on scaling factors given in (|2.48|) and if v; > % ensures C; > 0,

Cy; > 0 and C3; > 0. Similarly by the assumption on scaling factors given in (2.48))

ui (AF—dY)

and if Yi Z m

ensures Cy; > 0, C5,; > 0 and Cq,; > 0.

Thus the condition on the scaling factors and the shape parameters given Theorem
statement ensures C;; > 0 for all j = 1,2,...,6. This in turn ensures that
the non-negative of @ (L;(z,)*) for i,n = 1,2,...,N — 1, and ®®(x}). The non-
negativity of @ (z+) or @@ () is follows from the non-negativity of & (L;(x,)")
for i,n = 1,2,...,N — 1, and ®® (xy). Hence restrictions on the scaling factors and
the shape parameters given in statement of the Theorem ensure the convexity of
P. O

Remark 2.2.6. Suppose A; —d; =0 ord;y1 —A; =0, then we take a; =0, d; = d; 1 =
A;. In this case, ¢ become straight line @(Li(x)) = y;(1 — ) + y; 110 in the interval

i, Tiy1].
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2.2.3 Numerical examples

We consider the positive data {(2,10), (3,2),(7,3),(8,7),(9,2),(13,3),(14,10)}. The
derivatives are calculated based on arithmetic mean method and derivatives are d; =
—9.6500, do = —6.3500, d3 = 3.2500, d4y = —0.5000 d5 = —3.9500 d¢ = 5.6500, d7 =
8.3500. To preserve positivity, scaling factors are taken according to Theorem and
scaling factors ranges are a; € [0, 0.0833), as € [0, 0.2000), a3 € [0, 0.0833), oy €
[0, 0.0833), a5 € [0, 0.2000), ag € [0, 0.0833).

By taking random parameters, FIF (Figure [2.8(a)|) is constructed and it can be
observed that these FIF is non-positive. Thus, the parameters are restricted according to
Theorem and using these parameters, positive FIF (Figure is constructed. By
perturbing the scaling factor ay, with respect to Figure , FIF given in Figure[2.8(c)|
is constructed. It can be seen that, there is a significant change in the intervals [zs, z3]
and [z5, z¢] but changes in the other intervals are negligible. Also, after perturbing v,
with respect to Figure [2.8(b)| FIF (Figure [2.8(d)) is constructed. It can be observed
that, there is a change in the interval [z5,x3] and changes in the other intervals are
not visible. Next by taking all the scaling factors a; = 0 for all : = 1,2,...,6, Figure
is plotted, which is classical rational cubic spline preserving positivity. Figure

represents the derivative of the FIFs that are given in Figure 2.8 The parameters are

used to plot Figures 2.8 and [2.9 are given in Table 2.5

Next, we consider the monotonic increasing data {(7.99,0), (8.09,2.76429 x 107°),
(8.19,4.37498 x 1072), (8.70,0.169183), (9.20,0.469428), (10, 0.943740), (12, 0.998636),
(15,0.999919), (20,0.999994)}. Derivatives are approximated using arithmetic mean
method and derivatives are d; = 0, dy = 0.2187, d3=0.4059, dy = 0.4250, d; =
0.5976, dg = 0.4313, d; = 0.0166, dg = 0.0003 dy = 0. In order to preserve mono-
tonicity, scaling factors are taken according to Theorem and scaling factors ranges
are a; € [0, 0.28 x 107%), ay € [0, 0.8326 x 1072), az € [0, 0.4246 x 107!), a4 €
[0, 0.4163 x 1071), a5 € [0, 0.6661 x 1071), ag € [0, 0.5489 x 1071), a7 € [0, 0.1283 x
1072), ag € [0,0.75 x 107%).
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(e) Classical rational cubic spline.

Figure 2.8: Positive preserving interpolation.

67

Abstract-TH-2219 126123020



30 T T T 30

— derivative of FIF — derivative of FIF
® slopes ® slopes
20 ‘ 20 1
10 10 >
i ,
0 l i 0

| |
10 | ’ ’ 106
-20 ‘ -20
-30 30
40 . . . . . 40

2 4 6 8 10 12 14 2 4 6 8 10 12 14
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(e) Derivative of the FIF given in Figure|2.8(e)

Figure 2.9: Derivatives of the FIFs given in Figure [2.8
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Table 2.5: Parameters for positive interpolation with u; = 1.5 and v; = 1 for i =

1,2,...,6.
1 Parameter/Figure — | [2.8(a)|[2.9(a)|| [2.8(b)][2.9(b)||[2.8(c)|[2.9(c)|| |2.8(d)| [2.9(d)|| [2.8(e)| [2.9(e)
o1 0.08 0.08 0.08 0.08 0
a2 -0.3 0.18 0.018 0.18 0
Qs 0.08 0.08 0.08 0.08 0
oy 0.08 0.08 0.08 0.08 0
as 0.3 0.19 0.19 0.19 0
Qg 0.08 0.08 0.08 0.08 0
N 2 1 1 1 1
Yo 2 32 32 300 16
- 2 2 P 2 P
" 2 1 1 1 1
- 2 1 1 1 8
Y 2 1 1 1 1

Taking arbitrary scaling factors and shape parameters FIF (Figure is plotted
but the FIF is not preserving the monotonicity of the data. Hence the parameters are
selected based on Theorem using these parameters, FIF (Figure[2.10(b)) is plotted.
By observing the FIF (Figure[2.10(b))), we can see that FIF satisfies monotonicity. After
perturbing a3 with respect to Figure , FIF given in Figure is constructed.

There is a significant change in [z3,24] but changes in other intervals are negligible.

Similarly, after perturbing 3 with respect to Figure[2.10(b), FIF given in Figure 2.10(d)]

is constructed. There is a slight change in [z3, 24] and changes in other intervals are not
visible. Finally, by taking all scaling factor a; = 017 =1,2,...,8, classical rational cubic
spline is plotted which is given in Figure . Derivative of the FIF's given in Figure
2.10] are constructed and plotted in Figure [2.11] Scaling factors and shape parameters
are used to compute Figures and are given in Table [2.6]

Next consider the convex data {(—8,4.5), (—=7,4),(2.2,3.55), (7,4), (10,4.5), (12,5)}.
The derivatives are estimated using arithmetic mean method and derivatives are d; =

—0.5442, dy = —0.4558, d3 = 0.0448, dy = 0.1386, d5 = 0.2167, ds = 0.2833.
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Figure 2.10: Monotonicity preserving interpolation.

70

2219 126123020



— derivative of FIF — derivative of FIF
14 ® slopes ] 18 ® slopes ]
12 q 16 1
1 1.4
08 | 12h
06 JL 1 1
04 LL\ 1 08
021 1 06 9
ot o M | MM J N O 04t ®
WJ\J/ W |
02+ " g 02t f |
’ ’ \
PO EE N A B B R M NP
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
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Figure 2.11: Derivatives of the FIFs given in Figure [2.10
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Table 2.6: Parameters for monotonic interpolation with u; = 1.5 and v; = 1 for i =

1,2,...,8.

1 Parameter/Figure — |[2.10(a){2.11(a)||[2.10(b)[2.11(b)| | [2.10(c){2.11(c)|| [2.10(d)|2.11(d)|| [2.10(e)|2.11(e)
a1 0.7e-2 0.2e-4 0.2e-4 0.2e-4 0
Qo 0.7e-2 0.8e-2 0.8e-2 0.8e-2 0
Qs 0.3e-1 0.4e-1 0.1e-1 0.4e-1 0
y 0.3e-1 0.4e-1 0.4e-1 0.4e-1 0
Qs 0.5e-1 0.6e-1 0.6e-1 0.6e-1 0
7 0.1 0.4e-1 0.4e-1 0.4e-1 0
o 0.1 0.1e-2 0.1e-2 0.1e-2 0
g 0.1 0.7e-4 0.7e-4 0.7e-4 0
T 2 3000 3000 3000 800
o 9 2 2 9 9
73 2 5 5 50 3
- 2 2 2 2 P
- 2 2 2 2 2
Ve 2 90 90 90 23
Yz 2 270 270 270 58
s 2 410 410 410 26

Scaling factors and shape parameters are calculated based on Theorem and
scaling factor ranges are oy € [0,0.0025), ay € [0,0.1669), as € [0,0.0206), «y €
[0,0.0074), a5 € [0,0.0059). By taking arbitrary parameters, Figure is plotted.
It can be seen that, FIF given in Figure is non-convex. Hence, scaling factors
and shape parameters are taken according to Theorem [2.2.4] using these parameters,
FIF given in Figure is plotted which is convex.

Figure is plotted after perturbing the scaling factor as with respect to Figure
Also, Figure is plotted by perturbing shape parameter v, with respect
to Figure . The classical rational cubic spline given in Figure is plotted

using scaling factors a; = 0 for all i = 1,2,...,5. Derivative of the FIFs given in Figure
are constructed and given in Figure|2.13] Scaling factors and shape parameters are
used to compute Figures and are given in Table [2.7]
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Figure 2.12: Convexity preserving interpolation.
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Table 2.7: Parameters for convex interpolation with u; = 1.5 and v; = 1 for ¢ =

1,2,...,5.

J Parameter/Figure — |[2.12(a)|[2.13(a)||[2.12(b)][2.13(b)|| |2.12(c)|[2.13(c)|| |2.12(d)| [2.13(d) | | [2.12(e) | [2.13(e)
(% 0.05 0.002 0.002 0.002 0
% 0.2 0.14 0.09 0.14 0
o 0.1 0.02 0.02 0.02 0
oy 0.1 0.006 0.006 0.006 0
as 0.09 0.005 0.005 0.005 0
" 3 2 P D D
Y2 4 25 25 50 8
V3 3 17 17 17 2
Y 3 8 8 8 2
s 3 5 5 5 2

2.3 Conclusion

To preserve the shapes of the univariate data, rational cubic FIFs with two families of
the shape parameters and three families of the shape parameters are constructed. The
error analysis of the developed interpolation schemes are discussed to see the effective-
ness of the interpolation schemes. Numerical experiments are implemented to see the
applicability of the interpolation schemes in the field of shape preserving. The classical
rational cubic splines having applications in areas such as CAGD, data analysis, image

processing etc, hence our FIF's can also be applied in these areas.
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Chapter 3

Shape Preserving Rational Cubic

Fractal Interpolation Surfaces

In this chapter, we have developed a new FIS for preserving the shapes of the bivariate
data that lies on a rectangular grid. The transfinite interpolation method [57] is used via
blending functions scheme. This method defines surfaces by utilizing the curves already
available. This transfinite interpolation method play vital role in shape preserving
bivariate interpolation because of the fact that the shape properties of the transfinite
interpolating surface follow trivially from the corresponding shape properties of the

networks of boundary curves [2§].

In Section [3.1] the rational cubic FIFs are constructed to approximate the original
function along the grid lines of the interpolation domain. Then rational cubic FIS is
constructed with the help of rational cubic FIFs and blending functions. Convergence
analysis of the constructed FIS towards an original function is discussed. In Section [3.2]
the scaling factors and the shape parameters involved in the FIF's are restricted suitably
such that these FIF's are positive, monotone, convex whenever the given interpolation
data along the grid lines are positive, monotone, convex respectively. These restrictions
on the scaling factors and the shape parameters ensure the positivity, monotonicity
and convexity of the constructed FIS. Also the constrained interpolation problem for

the constructed FIS is also discussed. In Section numerical examples are provided
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to see the applicability of the constructed interpolation scheme in the field of shape

preserving interpolation.

3.1 Fractal Interpolation Surfaces

In this section, at the beginning, C'-rational cubic FIFs (fractal boundary curves) along
the z-direction and the y-direction are constructed on a rectangular grid that contains
the surface data. Then the rational cubic FIS is constructed upon a rectangular grid as
a combination of the fractal boundary curves and the blending functions. In order to
see the effectiveness of the constructed FIS, convergence analysis of the rational cubic

FIS is reported.

3.1.1 Construction of fractal boundary curves

Let [ = [z1,zp] and J = [y1,yn]. Let &1 < 29 < -+ < xp, ) < yo < -+ < yn be a
partition of D = [z1, xp] X [y1, yn]. Set I; = [z, 1], Jj = (Y5, Yj+1), Dij = (@i, Tiga] ¥
[, Yjpa), fore =1,2,... . M—1,5=1,2,..., N—1. Consider the bivariate interpolation
data {(zi,y;, i, 255 21;) + 4= 1,2,...,M,j = 1,2,..., N} on a rectangular grid D,
where 2/, and zly’ ; are the partial derivatives of the original function with respect to =
and y at the point (x;,y;) respectively. The aim is to find a continuously differentiable
function @ (say) on D such that @(z;,y;) = 2, % =zl %;’yj)
i=1,2,...,M,j=1,2,...,N.

For each fixed j = 1,2,..., N, consider the data T; = {(ws, 25, 27;) »i = 1,2,..., M}

= zf ; for all

along the j-th grid line parallel to the z-axis. In order to construct the fractal boundary
curve along the grid I x y; that interpolate the data T}, consider the IFS J; = {I x
R;w; j(x,2) = (Li(z), Fij(x,2)), i = 1,2,...,M — 1}, Li(x) = ax + b;, F, j(x,2) =
a; ;z + 1 j(x) with

7. (l‘) _ pZ,J(9> _ Al,i,j(l — 9)3 —+ A2,i,j9(1 — 6)2 + A3,i,j62(1 . 9) i A4’i7j93
: 44 (%) wij(1—0)2 + (wij +vij +7i,)0(1 — 0) + v, ;02

(3.1)

where 0 = (x — 1) /(xp — 21), @ € [x1,20m], ¢ = 1,2,..., M — 1. The constants A, ;,

Ag;j, As;jand Ay, ; are to be determined. Here u; ;, v;; and «;; are called the shape
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parameters. The parameters u; ;, v; ; and 7, ; are assumed that w;; > 0, v; ; > 0 and
Yi,j = 0.

For each fixed j = 1,2,..., N, we impose the following conditions on the IFS J;, =
{I xRyw; j(z,2) = (Li(2), Fi j(z,2)), i =1,2,...,.M — 1}:

\Oéi,j\< ai, Li(xl) = Ty, Li(xM) = 33'1'+17Fi,j(9€1721,j) = Zij,

Fi,j(ifM, ZM,j) = Zit+1,5, Fz‘l,j(ifh ij) = pr Fz%j(xM, Zﬂ,j) = Zf+1,j7

o jztrY (@
where F}!;(z, 2) = Lj() The IFS J; = {I xRy w; j(x, 2) = (Li(x), F; j(z,2)), i =
2, ..., M — 1} satisfies the conditions for C!-FIF (see Theorem [1.4.2)).

—_

For each fixed j =1,2,...,N,let # ={¢p: 1 >R | ¢ €C(]), ¢(x1) = 21, ¢(xn) =
2agy D (x1) = zi; and oWV (zpr) = 257} Then (F, p) is a complete metric space,

where p is the metric induced by the C'-norm ||@||= ||¢||eo+||¢™|lec on C*(1).

Define the Read-Bajraktarevi¢ operator on .%; as T : .%,; — .%, such that
(TQS)(LZ(lL')) = Odi,jgb(ff) Sis T‘Z‘J‘(l‘), T € ], = 1, 2, ceey M —1.

Since T is contraction, the fixed-point B; (say) of T satisfies the following functional

equation:
B](LZ(.T)) :O{i’ij((L’)—i-Ti’j((E), zxel, i=1,2,...,M—1. (32)

The FIF Bj(.l) satisfies the following functional equation:

(1) (1)
o ;B (x) + 1, (x )
B{Y(L(z)) = — (=) ’](>, vel, i=1,2...,M—1.
a;

The constants A;;;, As;;, As;; and Ay, ; in 7 ;(x) of (3.1) are evaluated using the
. 1 1
conditions Bj(z;) = zij, Bj(zi+1) = zit1, Bj(- )(:L’Z) = z{; and BJ(- )(a:iﬂ) = z{y,; (these

conditions are equivalent to Fj ;(x1,21;) = zij, Fij(@m, 2m5) = zit1, Fl%j(xl,zfj) =

xT

2t Fli(ear, 25 ) = 28005 [149]).

Putting x = z; in (3.2), we have

Al,i,j = ui,j [Zi,j — OZZ'JZLJ']. (33)
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Substituting z = x;41 in (3.2), we get
Agig = vijlzing — e (3.4)

Using Bj(l)(xi) = z7., we get

©,77
Asij = (2uijFvi i) 2w hiz;— o[ (2w v +75) 21w (e —a) 215 (3.5)
Making use of B;l)(:viﬂ) = 2,1 j, We obtain that

Asig = (Wi +20554%i5) i1~ Vighiziis j— 0 g (wi+205+%i5) 20— v (00 —21) 25 4.
(3.6)
Thus, the fractal boundary curve B; along the grid I X y; satisfies the following

functional equation:
Pi,i(0)
¢;(0)’

Bj(Li(x)) = e ;Bj(x) + (3.7)

where

Pi(0) = wijlzi; — aigzigl(1 = 0)° + wijlzin g — uzm )0 + [(2uag + vig +7i5) 7
Fagghizd; — i ((2us; +vig +%ig) 215 + (@ — 1)1 ;)]0(1 - 6)?
+ [(uig + 2vi5 + ig)Zi1 — vighiziisj — cug((wig + 2055 + vig) 2
— v (T — $1)ZX4,j)]92(1 —0),

Gij(0) = i j(1 = 0)% + (uij + vig +7i;)0(1 = 0) + v; ;6°, 0 = -4

———, T € [z, 2],
Ty — X1

i=1,2,...,M—1.

Thus, there are N different fractal boundary curves B;’s along the grid lines parallel
to z-axis such that their graphs are attractors of the IFSs J; = {I x Ry w; j(x,2) =
(Li(x), Fy j(x,2)), i=1,2,...,M—1},7=1,2,..., N. The parameters u; ;, v; ;, 7;; and
the scaling factors o ;, 1 =1,2,...,M —1,j =1,2,..., N can be written in the matrix
form as u = [u;j](v-1)xn, ¥ = [vijlr-1xn, ¥ = Diglor-nxy and @ = [aij]a-1)xn-

Remark 3.1.1. For each fized j =1,2,...,N, ifa; ; =0,7=1,2,...,M —1, then the

fractal boundary curve B; becomes the classical rational cubic spline as

PR 31D
Cil®) = Gusle)’ (3:8)
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where

P, i(9) = wizii(1 — ©)° + vij2ip1,0° 4 [(2usj + vij + vig) 2y + wighizl]e(1 — @)
+ [(wsj + 2035 + i) Zi1y — vijhizl ;l0* (1 — @),

r — I;
Qi (@) = uij(1 — ©)? + (wij +vij+7i)p(l—¢)+ Uz‘,j902, Y=

b
LTi41 — T4

S [Ii,l’prl], 221,2,,M—1

Next, for each i = 1,2,..., M, T} = {(y;, 25, 2{;) : 5 = 1,2,..., N} is the interpo-
lation data along the i-th grid line parallel to y-axis. In order to construct the fractal
boundary curve along the grid z; x J, to interpolate the data T}, consider the IFS

= {'] X R;’LUZ]-(:I/,Z) — (L;(y),F:]<y,Z)), i = 1727"'7N - 1}7 L;(y) = ij+ dja
Frily, 2) = of jz + 17 ;(y) with

pi(Q)  Ali(1— QP +A5,,0( - ¢)* + A5, ;21— O + A7, ¢

’J qi,j(g) ui,j(l — 62+ (u; U; 5+ Ui,j + 7i,j>C(1 —¢)+ Uz’,jCQ
where C = (y - yl)/(yN - y1)7 ye [ybyN]a ] = 1727 - '7N - L Here Alz]? ASZW A;,,Lj
and Aj, ; are constants to be determined. The shape parameters u;;, vi; and ~;; are

assumed that u;; > 0, vi; > 0 and 7;; > 0.

For each fixed i = 1,2,..., M, we impose the following conditions on the IFS [J* =
{J X R; ij(y; Z) = (L;k(y)> F’;:](y7 Z))? ] = 17 27 & >N _ 1}

‘04 |< Gy, L;(yl) = Y5, L;(:UN) F— yj+1,FiTj(y1,Z¢,1) = Zij,

F;Tj(vazi,N) = Zi,j-l-l’Fi%;(yl’Zgl) zg> Fl*(ym ZN) sz+1>

* aj 2Ty () * * * *
where F'%(y,2) = 7 The IFS J;" = {J x R;wi;(y, 2) = (Li(y), (v, 2)),
j=1,2, ..., N—1} satisfies the conditions for C!-FIF that are given in Theorem m

By using the same procedure followed to construct z-direction fractal boundary
curves, the fractal boundary curve B} which interpolates 77" is constructed and is given

by

qz*J(C) , (3.9)

B (Li(y)) = a; ;B; (y) +
where
P (C) = iz — af jzia) (1 — Q) + o) [z 541 — of ;2 n]C + [(2uf; + v +775) 7
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+ ujjhjzf;y] - Oé:,j((zu;j + UZj + %'*,j)zi,l + U:J (yn — yl)zg‘{l)]<<1 - O2
+ [y + 2075 + 70 )ziga — vishi el — of ;((ug; + 2005 + 7))z

— v} (yn — )2 )11 =),

* * * * * * Yy—1un
qw(C) = ui,j(]' - O2 + (U” T+ %,j)C(l - Q)+ Ui,jC27 ¢= N — 11 Y € (Y1, Yn),

by =y — vy, Lj(y) = cjy +d; satistying L3 (y1) = v;, Lj(yn) = yj41, af; is the scaling
factor along the y-direction such that |a};|<¢;, j=1,2,...,N — 1.

Thus there are M different fractal boundary curves B’s along the grid lines parallel
to y-axis such that their graphs are the attractors of the IFSs J* = {J x R; wj;(y, 2) =
(L), F5(y, 2), = 1,2,...,N=1},i=1,2,..., M. The parameters u; ;, v;;, 7;,; and
the scaling factors o; ;, i =1,2,..., M, j=1,2,..., N — 1 can be written in the matrix

form as w* = [u} ;Jvx(v-1), v* = [0fjlarxv—1), ¥ = [Vl x(v-1) and @* = [af j]arx(v—1)-

Remark 3.1.2. For each fized i, if of; = 0 for j = 1,2,..., N — 1, then the fractal

boundary curve B} becomes the classical rational cubic spline as

Ci(y) = -2
where

P:](lg) = u;jzi’j(l — 19)3 + ,U;ijziJrl’jﬂS == [(2U;1J = UZ]- + ’}/Zj)Zi,j + ufdh;‘sz]]ﬂ(l — 19)2

* * 2 * * * * 2 Y—Y;
yj+1 yj

ye [yj7yj+1]7 j:172a7N_]-

3.1.2 Construction of rational cubic FIS

Using the fractal boundary curves (3.7)) and (3.9)), the rational cubic FIS patch on each
sub-rectangle D; ;, 1 =1,2,...,.M —1,j=1,2,..., N — 1 is defined by

P(z,y) = —M¥(z,y)M; , for (z,y) € Dy, (3.10)
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where
0 Bi@) Bilo)
VU(z,y) = | Bfy) 25 zign |
Bii(y) ziv1y  Zinga
My = [~1,0a,0(0), az1(0)], azo() = (1—0)2(1+20), a,1(0) = 0*(3—20), 0 = (L; ' (x) —
21)/(@n — x1) = (& = 23) [(Tisa — @), @ € w3, Tiga], Mo = [=1,by,0(C), by1 (C)], by,0(C) =
(1= 0*(1420), bya(Q) = ¢2(3-20), ¢ = (L7 () =)/ (yv —y1) = (¥ —;)/ (W1 — ¥5):
y € [yj, yjnl-
The functions a, 0(0), a;1(6), b,0(¢) and b, 1(¢) are called the blending functions. It
is easy to verify that, on each sub-rectangle D; ;, 1 =1,2,... M —-1,=1,2,... ,N -1,

the following conditions are being satisfied by @:

8@ ry Ys a@ ’JS y g ) 7
OP@rbs) _ o OP@rbs) _ oy iy et

@xra S :ZT’SJ _era - a r,S?
(@rits) =8 — 5y < oy :

It can be seen that

D(z,y) = by0(C)B;j(z) + by,1(C) Bj+1(2) + as,0(0) B; (v)
+ a0,1(0) B4 (y) — ae,0(0)by,0(C)2i5 — a2,0(0)by,1(€) 251
— Az,1(0)by,0(C)2i1 1,5 — A2,1(0)by,1(¢)Zi41,541 (3.11)
is continuous over D; j, @ =1,2,..., M—1,5 =1,2,..., N—1, because it is a combination
of continuous functions. To prove continuity over D, it is sufficient to prove the conti-
nuity of @ along the common boundaries of D; ;,+=1,2,... , M —1,j=1,2,... , N—1.

Consider the adjacent sub-rectangles D; ; and D;y; ;. On D;1;;, ¢ can be written as

P(z,y) = byo(Q)Bj(x) + by1(Q) Bj+1(x) + ax0(0) By (y)
+ a1 (0) By 2(y) — az0(0)by,0(C)2i15 — az,0(0)by1(C)2it1,j41

— az1(0)by0(0)2it2,j — A21(0)by1(C) Zig2,j41, (3.12)

where B;(z), Bji1(z), By, (y) and B, ,(y) are the fractal boundary curves defined in

I xy;, I Xy, xip1 X J and x;49 X J respectively.

Using (3.11) and (3.12)), for y* € [y;, y;41] and ¢* = (y* — v;)/ (Y1 — ¥;),

lim &(x,y) = B (y") = B, (y") = lim D(x,y).
(z,y)—=(zi41,9™) ( Z/) +1<y ) +1<y ) (@, y) = (@i+1,9™) ( Z/)
(z,y)€D;,; (z,Y)EDit1,
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Hence @ is continuous over D; ;U D4y, fore=1,2,.... M -2, 7 =1,2,...,N -1
Similarly, it is easy to see that ¢ is continuous over D; ; U D; j41,@ = 1,2,..., M — 1,
g =1,2,...,N — 2. Thus, @ is continuous over the domain D. By using the similar

procedure followed for obtaining continuity of @, it can be seen that partial derivatives
09 /0x and 0@ /0y are continuous over D. Since both the first-order partial derivatives
of @ are continuous, @) exists and continuous over the domain D. Thus the rational

cubic FIS @ € C'(D).

Remark 3.1.3. If a = [0](m—1)xn and a* = [0]ypxv—1) then the rational cubic FIS &
defined in becomes the classical rational cubic interpolation surface as

C(x,y) = by0(¢)C5(x) + by1(¢)Citi(x) + az0(0)C; (y)
+ 21 (0)C7 1 (Y) — az,0(0)by.0(C) 215 — az,0(0)by,1(C)zi 11

=3 az,l(e)byD(C)Zi—i—Lj - aa:,l(e)by,l(C)Zi-i-l,j-i-l» (557y) € l; x Jj7

where Cj(x), j=1,2,...,N and Ci(y), i = 1,2,..., M are the classical rational cubic
splines for the data T, 7 =1,2,...,N and T}, ¢ = 1,2,..., M respectively.

Example 3.1.1. Let us consider the surface data as given in Table[3.1 The first-order
partial derivatives are calculated using arithmetic-mean method. By taking arbitrary

scaling factors and shape parameters, rational cubic FIS and classical rational cubic

interpolation surface are constructed and which are shown in Figures|3.1(a) and|3.1(b),

respectively. Figures |3.1(c) and |3.1(d)| represent the first-order partial derivative 92

of the FISs given in Figures and respectively. From Figures and

3.1(d), it can be seen that the proposed scheme is the best tool to approrimate a function

whose partial derivatives are irreqular. The parameters w = [1.5]5x6, u* = [1.5]¢xs,

v = [1]5><6; vt = [1]6><5; v¥= [3]5><6; ’Y* = [3]6><57 a = [0199]5><6 and a* = [_0199]6><5 are

used to construct Figures|3.1(a) and|3.1(c). The parameters u = [1.5]5x¢, u* = [1.5]x5,

v = [1s5x6, v* = [Lox5, ¥ = [3l5x6, ¥* = [3l6x5, @ = [0]5x6 and a* = [0]gxs are used to

construct Figures|3.1(b) and|3.1(d).
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Table 3.1: Surface data

lzfy— 1 2 3 4 5 6
1 0.8415 | 0.9093 | 0.1411 | -0.7568 | -0.9589 | -0.2794
2 0.9093 | -0.7568 | -0.2794 | 0.9894 | -0.5440 | -0.5366
3 0.1411 | -0.2794 | 0.4121 | -0.5366 | 0.6503 | -0.7510
4 -0.7568 | 0.9894 | -0.5366 | -0.2879 | 0.9129 | -0.9056
5 -0.9589 | -0.5440 | 0.6503 | 0.9129 | -0.1324 | -0.9880
6 -0.2794 | -0.5366 | -0.7510 | -0.9056 | -0.9880 | -0.9918

(a) FIS with arbitrary parameters. (b) Classical rational cubic interpolation

surface with arbitrary parameters.

(c) g—f of Figurem (d) g—f of Figure |3.1(b)

Figure 3.1: Surface interpolation.
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3.1.3 Error analysis

In this section, the uniform error bound between the rational cubic FIS & and the
original function S € C*(D) is estimated with the help of the classical rational cubic
interpolation surface C'. At first, the error bound between the fractal boundary curves
and the classical rational cubic splines along the grid lines, and the error bound between
the classical rational cubic splines and the original function along the grid lines are
established. Then with the help of error bounds that obtained along the grid lines, error

bound between the rational cubic FIS @ and the original function S is achieved.

Let us introduce the following notations: h = max{h; : i = 1,2,...,M — 1}, h* =
max{h; :j=1,2,...,N — 1}, |a|ee= max{|a;j|e: j = 1,2,..., N}, |aj|oo= max{|a;|:
i=1,2,...,M =1}, j = 1,2,...,N, |a*|= max{|a]|w: i = 1,2,..., M}, |of]ec =
max{|aj,[:j=1,2,...,N—-1},i=12,....M, 0, = 1§%%{71(0$’j + 0441), Oz =
max{|zi;|: i =1,2,..., M}+hmax{[z7,]: i = 1,2,..., M} +max{|z1|, |2a;]} + (22—
ey max{l=f1, 131}, oy = | mas (o + 0yist), oy = max{laigl j = 1,2, N} +
hrmax{|z;]: 7 =1,2,..., N} + max{ |zia||2in] } + (yv — y2) max{]|z], [, |2 v]}-

By following the procedure given in Chapter [2, we obtain the following proposition.

Proposition 3.1.1. Let {(%,y;, 2ij, 27, 2);) 11 =1,2,..., M, j =1,2,...,N} be the
surface data generated from the function S € C*(D). For each j = 1,2,...,N, let B;
be the x-direction fractal boundary curve as given in and let C; be the classical
rational cubic spline as given in (@ Then, for each x € [x;, xi44], 1 =1,2,..., M —1,
we have
@) lo
1 — oo °
The next proposition provides the error bound between classical rational cubic spline

and original function.

Proposition 3.1.2. Let {(v,y;, 2zij, 27, %) 1= 1,2,...,M, j =1,2,...,N} be the

2y)

surface data generated from the function S € C*D). Let C; be the classical rational

cubic spline as in (@ Let S; be the restriction of the original function along the grid
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line I x y;. Then for x € [x;,x;11], we have

AR )
; 12 12
1Sj(x) — Cj(x)] < 19%( h2(|S$]| o+ 120188 [l o+ 12/ S5 Hoo>
2)\ max{|S7; — 27|, [S¥a; — 2ha,lh

where \;; = max{w;;, vi;, vij}, A=max{\;;:i=12,...,.M—1, j=1,2,...,N},
Ay =minfug g, vy, A =min{\j; i=1,2,..., M -1, j=1,2,...,N}.

Proof. Let © € [z;,x:41], =2 Let S;(z) = S(z,y;) and S; ;(¢) = S;(z(p))

g07x+1$

where x(¢) = x; + h;p. We have

(x) —Chilx)| = . _Pi,j(@)
|S;(x) — Cj()] Si.i(¥) —Q”(gp)
< 15:3(0)Qi(#) = Pij(0)[+[Pii () — Bij(9)]
- Qi i ()] ’

where P; ;(¢) is the two-point Hermite interpolant to S; ;(¢)@; (). By imposing Her-

mite interpolation conditions with knots at o = 0 and ¢ = 1, we get
Pi i) = uijzi (1 — 90)3 T, 2 Sﬁjhiui,j)SO(l = @)2
+ ([tig + 20i5 + YoglZisrg + St shaveg) 0" (1 — ©) + vij2i41,50°.

By the Cauchy remainder theorem, we have

d4
dp?

1

15:,i(9) Qi (@) = Pig(@)| < o=

a3 ax, |2 —1(Sii(9)Qis(#)

1
384 0<<p<1’ 1,J ( )Qz]( ) + 451(3)((‘0)621(,1])(90)

+687 ()0 (). (3.13)

Now, we have

Qi ()] = Qij(p)
= u5(1 — ©)® + (usj + vij + %) 01 — ) + vi;©°
<Al = 9)” + @ + 3N (1 — )

3
< )‘M + ZL)\i’j'
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We have Qg}j)(gp) = (—uj; +vij + 7)1 — @)+ (—u;; +vij — 7ij)p and hence we get
1 2 2
Q55 (9)I< 3Xi;. Also, Q7 (1) = ~27:; and hence Q7 ()| < 2.

From (3.13)), we can see that

15:5(9)Qui(9) — Pis(@)] < =

< o[PSy + 1201 ooy + 1282152 i

We observe that

Pij(@) = Prj(o)|= luiihi (S, — 275)0(1 = )2 = vijhi(Sfy; — 25 ;)" (1 — @)

< (1 —9)h; [“i,ﬂsfj = 25|(1 =) + 0355, — ZZ'I“J'@]
)\i, h’L x i 4 2
< # max{|S7; — 27|, [Si1; — #ia,l)-

Further, we have

Qii(p) = ui (1 — ©)* + (wij +vij +7i5)0(1 — @) + v jo°

> uij(1 = 9)* + v 0”
AF

> L > (.

- 2

Hence, we get

i jh?
185() = Cy(a)] < {os- ( ||S§4>||oo+1zhi||s§3>||oo+1z||s§”||oo)
2%

N il
) 7 T T T
/[/7]

Zf+1,j|}-
O
Theorem 3.1.1. Let the surface data {(vi,y;, 25, 28;,2;) + 1 = 1,2,...,M, j =

1,2,...,N} be generated from an original function S € C*(D). Let ® and C be the
corresponding rational cubic FIS and the classical rational cubic interpolation surface

respectively. Then

S—P||lo ———0, + ———0, +h"
H || — 1 |j| 1 |O*| y

2 3
13;;( = mu%um HWH)

2)\ ’i‘rl,j’}'
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Proof. From (3.11)) and Remark we have

|2z, y) = Clz,y)| < byo(Q)|Bj(x) = Cj(x)[+by1 ()| Bja (#) = Cja (2]
+ az0(0)|Bi (y) — C7 (y)[+a21(0)| B (y) — Cin ()] (3.14)

From Proposition [3.1.1] we obtain

By(x) — Cy(a)| < =4l 12N,

- 1]’0"”00 (3.15)
o ’
B*(y) — C* < AL o i1=12.... M
’ Z(y) Z(y)|_1_‘aﬂoo yaZ )
Using (3.15) in (3.14)), we get
|a'|oo |a'+1|oo
P(x,y) — Cx,y)| < J Oy i+ — e G /-
| ( ) ( >| 1_|aj|oo J ]-_|aj—|—1|oo J+1
| | oo |a;‘k+1|oo
T T e i T T T O
1_‘ j|oo . 1_|ai+1|oo o
|| n o[ o
T l—ae T 1-|ate

Since the above inequality is true for all (z,y) € D;;, ¢ = 1,2,..., M — 1, j =
1,2,...,N — 1, we have

= oy (3.16)

Expanding the original function S € C*(D) in Taylor series about the point (z,y;) € D j,

we obtain
08 (x,
Staw) = Ste.u) + - ) 5t e e,
We have
_llas
15(@,y) = Sz, y;)| < h 3l (3.17)

Similarly, expanding the classical rational cubic interpolation surface C € C'(D) in

Taylor series about the point (z,y;) € D; ; gives

oC (x,
C(r,y) = Clz,y;) + (y — yj)%, (z,m) € Dy
Thus, we have
_|loc
C(z,y) = Clz,y;)| < h arl (3.18)
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From (3.17) and (3.18]), we get

S(z,y) = Clz,y)|< [S(z,y) - S(x,yj)!HS(w,yj) = C(z,y)]

+1C(z,y;) = C(x,y)|

(I

From (3.19) and Proposition |3.1.2) we get

oS
_ < h* 'l
1S(2,) = Cla, )| < I (H ol

93S
Ox3 H

‘ H H >+|S(xyﬂ> C(z,y;)l- (3.19)

|z H) ().
221.)

Ah
+ N max{|Sy; — zi;l, [Sf1; — #iv1 )

+12hH

Since this inequality is true for all (z,y) € D;;,i=1,2,..., M —-1,j=1,2,...,N—1,

s-c <[5 151)

we have

\h? 23S
(— 22l sl 53]+l )
)\h’ x xr x
2)\ — max{|S; — Zijh |Si+1,j - Zi+1,j|}' (3.20)

Using (3.16)), (3.20) and the inequality ||S — @||oc < [|S — C|leo+||C — @||0o, We obtain
the required error bound for ||S — ||« - O

3.2 Shape Preserving FIS

In this section, conditions on the scaling factors and the shape parameters are developed
for @ to preserve the positivity, monotonicity and convexity. Also, the scaling factors
and the shape parameters are restricted for rational cubic FIS to lie above the plane

whenever the surface data lies above the plane.
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3.2.1 Positivity preserving interpolation

For j =1,2,..., N, the fractal boundary curve B;(x) is positive over [z1, x| if Bj(x) >
0, for all x € [z1, zp]. The following theorem provides the conditions for fractal bound-

ary curves along z-direction Bj(x), j =1,2,..., N to be positive.

Theorem 3.2.1. Let {(x,y;, 2ij, 27, 27;) 1= 1,2,...,M,j =1,2,..., N} be a posi-
tive surface data. For each j =1,2,...,N, let Bj(x) be the fractal boundary curve along
I x y;. Then the conditions on the scaling factors and the shape parameters for Bj(x)
to satisfy the positivity are

2

1
@27] < CKZJ < O_/l’j,

1 2 3 4 5 6 7 8

Ui,j > O, ,Ul,] > 0 and ’VZ,] > maX{O, a%j, a;id*, aid, i,j’ aiﬂ-, CliJ, aiJ', 17] 9
where
ks s — ks Kos — 25 ko — 2eit s
oz7;17j = max{ = Gy “i . Sl faigeid./ %1, , Sl }a
Zl,j — kQJ' ZMJ' — ]{27]' ij — 217]' li = ZMJ'
ks it — s Kos— 2 s ko — 2
ai] == min {a’L’ Zl"] 1"] 5 Z’LJ’_I’] 1’j7 2"] Z,L’] ? 2’J Zl+17‘7 }
Zl,j — kl,j ZM,j — kl,j kQJ — zl,j ]{ZQJ — ZMJ
al . —Uqi 5 [hzz;fj — OéZ'J(ZL'M - ZEl)ij] 2 Ui,j [hizﬁrl’j — Oéi’j(.iL’M —= %1)2}@14]
i Wiy —fhg) — il —kig) © " 0 (B — k) =@ (2 — k)’
e uiyj[hiszj — oy j(zp — xl)zfj] 4 _ Vi [hizﬁrl’j — a; j(Tar — 1) 25 ]
o (kag — zig) —auglke; —2) " Y (ke — Zigy) — aig(key — )
a5 i _ui,j [hZZZxJ — ai,j (I‘M — I’l)Zic’j] a6 - Uz',j [hz‘ZgCJrl,j I Oél"j(flfM — QZ'l)ZJJ\;/Lj]
Y (rg — k) —aig(mg = k) T Y (Zig — k) —ug(em — kay)’
a? o Uy, j VlZZZJ — ozi,j(xM — Il)Zij] 8 _ _vi,j [hizf—i—l,j — ai’j(xM — $1)Zﬁ47j]
(ke —aig) gl —zy) Y (ke — i) —au(ku = eamyg)

0< kl,j < min{z@j 1= 1,2,...,M}, kz’j > max{zi,j 1= 172,...,M},
foro=1,2,... M—1,5=12,...,N.
Proof. Since the graph of Bj(x) is the attractor of the IFS J;, j = 1,2,...,N, it
is clear that Bj(z) > 0 for all z € [z, 2y, if F;(z,2) € [k, ko] for all (z,2) €
[(L’l,ZL‘M] X []C17j,k27j], 1= 1,2,...,M— 1, ] = 1,2,...,N.
Next, the conditions on the scaling factors «;; and the shape parameters w;;, v; ;

and ~; ; are derived such that range of F;;, i =1,2,...,M —1, j =1,2,..., N lies in
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(k1j, ko), 5 =1,2,...,N.
[k1,;, k2 4]. By the assumption on the scaling factors, it is clear that ky jo;; < za,; <

ks joi; ; and hence we have

pi,j(e) < 2o, +pi,j(9) < k:g,jozz-,j +pz‘7j(9)

q(0) ~ %i5(0) ¢4(0)
To prove Fj ;(z, z) € [k1,j, k2], it is enough to prove that

pi;i(0)
qij(0)’

< ko, (3.22)

Ky jouj +

k1j < kijous+

pi;(0)
%i,5(0)

fori=1,2,....M —=1,7=1,2,...,N. Now (3.21) can be written as

(3.21)

kojovi; +

o 4 ; 7 >0, (3.23)
u; (1 — 0)% + (uij + i+ 7i3)0(1 — 0) + v, ;0

where the coefficients A, ; ;, As;;, As;; and Ay, ; are as in (3.3))-(3.6). The denominator
w; (1= 0)? + (uij + vij +7i;)0(1 — 0) + v; j6* can be written as u; j(1 — )% + (2u; ; +

ij [ai,j — 1] -

Vi +%i5)0(1 — 0)% + (w;; +2v; j+7.5)0%(1 — 0) +v; ;6. Using this degree elevated form
in (3.23), cross multiplying and rearranging, it is observed that (3.23)) is true, if
[Avig + wigky(aig — DI = 0)* + [Azi + (2uig + vig + Yig)kig(ei; = 1)]O(1 - 6)*
+[A3’7;’j + (Um’ + 21)7;’3' == ’Vi,j)kl,j (Oéi,j == 1)]‘92<1 - 9) + [A4,i,j -+ ’U@jij(Oéi’j - 1)](93 Z 0.

(3.24)

Now (3.24)) is true if
Ayt ujkrj(oi; —1) >0, Ao+ (2uij+vij+ i)k (o —1) >0,

Ag’i,j + (ui’j + 27)i,j —+ ’Vi,j)lfl,j(ai,j — 1) 2 0, A471'7j -+ Ui,jkl,j(ai,j — 1) Z 0.
Since u; ; > 0 and v; ; > 0, we have

: zij — ki
Avig + uigkyj(ai; —1) >0, if oy < ————=,
Tk

Z1,j 1,5
A k 1)>0, ifa,, < 2t~ R
aij + Uik j(ai; —1) >0, if ;5 < :
L

Zug — ki
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Let 0 < a; ; < min { Zij kg Zirng—hig } It can be seen that

Agii+ (2uij +vij+vij)kj(eij—1)>0&
(2uij + vig + %) (215 — k1g) — iz — ki)l +wighizl; — aiguj(om — 21)27; > 0
S Vigl(zig — ki) — aij(zy — kug)] + wighizl; — aigug j(ear — 21)27; > 0.

Hence, we have

Viil(zig — k1j) — qig(z1y — ki g)] + wighizd; — cugui (e — x1)27; > 0if

_Ui,j [hZZ;EJ — OdiJ‘ (ZL’M - ZL’l)Zij]

EFEE - <))

¢ T

Similarly, we get

v jlhizfy j—ou i (ma—21)2%, )]
(zit1,5—k1,5) =0, (zm,—k1,5) *

Azig + (g + 205 + vk =1) 2 0if 5,5 >
Hence the conditions to satisfy (3.24) are

Zig — kg Zit1j — kl,j}
)

0<a;; < min{ ,
215 — ki Zmj— kg

~ii > max { —uijlhiziy = ig(n — 21)205] viglhazii — cng(war — o0) 25 )] }
“t = (zij — kry) — g2y — kig) * (2ipry — kry) — iz — k)

Similarly, the conditions which satisfy (3.22)) are

koj— zij koj— Zi+1,j}
M

0<; < min{ ,
koj— 215 kaj— 2m

uijlhizf; — (o — 1)zt ] —viglhizfyy ; — aig(an — o1)25, ] }
(ko — ziy) — aij(kay — 215) " (kay — zigay) — (ko — 2ary)

Thus, when 0 < o ; < a;, the conditions for F; ;(x, z) to lie in [k j, ko ;] are

Yij = max{

. Zig — kg Ziv1g — K Koy — zig Koy — zi1
Ogai,j<m1n{ai, =% 0 -
215 — kg 2wy — kg kej— 2y Koy — Zmy

1 2 3 4
ui; >0, vij > 0and v; > max{a;;,a;;,a;;,a; ;}-

Case II: Let —a; < a;; < 0,i=1,2,....M—1,j=12,....N. Let (z,2) €
(21, 20m] X [k1;, ko ;]. By the assumption on the scaling factors it is clear that ks jo; ; <

zay; < ki ja5 5 and hence, we get

pi;(0) i (0) pi;i(0)

/{ 'Oéi7‘+ Szai,—l— Sk}‘Oé@‘—i— .

29T ¢.,;(0) () LI ¢,;(0)
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To prove F; ;j(z, z) € [k1, ko], it is adequate to prove that

pi;(0) pi;i(0)
R < k. 3.25
4, (0) % gy < R (3.25)

Using similar computations as done in the case of 0 < «; ; < a;, it is observed that the

ki < kojou;+

conditions to satisfy (3.25]) are

Zig— kg zigrg — ki Koy —zig key— Zi+1,j}
M

Ozai,j>max{_aia L ) L 7]{: 7]{:
21,5 — K25 M — Ko Lj — Al Lj = ZMj

RN
ui; >0, vi; > 0and y;; > max {a;,,af,af . a,

Thus, by combining all the results, we get the conditions prescribed in the statement of

the Theorem B.2.11. O

Applying the same procedure as used in Theorem the conditions for B (y),

1=1,2,..., M to be positive are derived and presented in the following theorem.

Theorem 3.2.2. Let {(zi,y;, zij, 28, 2i;) +i = 1,2,...,M,j = 1,2,..., N} be a posi-
tive surface data. For eachi=1,2,..., M, let B} (y) be the fractal boundary curve along
x; X J. Then the conditions on the scaling factors and the shape parameters for B} (y)
to satisfy the positivity are

a ;< a; <a”,

2 13 14 15 16 17 38
up; >0, v, >0 and~;; > max{0,b; ;,b7;,b; b}, b, b9 5, b7 5,0,

where
* * * *
ol = max{ 4 Zig— ki zigen — ki K3, —zig K3, — zign }
i, i W ) ) )
’ zig — k3, zin— kS, ki —zin K, —zN
* * * *
a4 — min {c zij— ki, zigen—ki; K3, —zig k3, — Zi,j+1}
, K ) ) )
" zign — ki, s — kRS, — i kS, —zin
* y Yy * * Y * Y
plo— [hg i az]<yN yl)zi,l] B2 Ui [h’jzi,j+1 - %,j(yN - Z/I)Zz',N]
. * * ) J o Lk A ) )
(Zw k3 2) - ](Z’Ll ku) (2ij+1 kl,i) ai,j(zz,N kl,i)
* y Y * y * Yy
bg . [h] ij azy(yN yl)zi,l] b4 o [h] i,j+1 i,j(yN - yl)zi,N]
1, * * ’ J * * * ’
(km‘ — 2ij) — i,j(k2,z‘ — 2i1) (kQ,i — Zij41) — ai,j(kQ,i — 2%.N)
* y ot Y * * Y * Y
b [h] i i,j(yN - yl)zm] - Vi j [hjzi,j—i-l - %,j(yN - yl)zi,N]
i,]

(zm- — ki) —al(za— k) Y (zige — k) — oz — K3)
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[h; fj - azg(yN 91)231] - —v;; [h§23j+1 - Oéf,j(yN - y1)Z£y,N]
(ké‘z Zij) — U(kfz —za) " (ké‘l = Zij1) — O‘zj(kii — ZiN)

0<ky, <min{z;:j=12...,N}, ki, >max{z;:j=12,...,N}

[
bl?-]

Y

1=1,2,....M,j=1,2,...,N —1.
In the following theorem, the conditions for FIS to be positive is presented.

Theorem 3.2.3. Let {(z,y;, i j, ZJ,z”) ci=1,2,...,M,j=1,2,...,N} be a posi-

tive surface data. Then the rational cubic FIS @ preserves the positivity if the scaling

factors and the shape parameters satisfy the hypotheses of Theorems|3.2.1 and|[3.2.4.

Proof. The rational cubic FIS @ (3.10)) is a combination of the fractal boundary curves
Bi(z), 5 = 1,2,...,N and B}(y), ¢ = 1,2,..., M. From [2§], it is known that the
FIS & inherits all the natures of the fractal boundary curves. Fractal boundary curves

Bj(z) for j=1,2,...,N and B (y) fori =1,2,..., M are positive whenever the scaling

factors and the shape parameters satisfy the conditions given in Theorems|3.2.1/and |3.2.2|

respectively. Hence the rational cubic FIS @ is positive whenever the scaling factors and

the shape parameters satisfy the conditions given in Theorems [3.2.1] and [3.2.2] O

3.2.2 Constrained interpolation

Let IT := Il(z,y) = c[l - %] be a given plane. Let the surface data {(z;, y;, 2, 27

Z?],

2y i=1,2,...,M, j =1,2,...,N} lies above the plane II, i.e., z; > H(z;,y;) =

Z?]

c[l—%— yg] =p;; (say), 1 =1,2,...,M,j=1,2,...,N. Then the conditions for ¢

to lie above the plane Il are derived in this subsection. In the following theorem, the

conditions for z-direction fractal boundary curves to lie above the plane Il are derived.

Theorem 3.2.4. Let {(v;,y;, 25,2, 20;) 1 = 1,2,..., M, j = 1,2,...,N} be the
surface data lies above the plane I1. For each fizred j = 1,2,..., N, B;(z) is the fractal
boundary curve along the grid I xy;. Then the fractal boundary curve B;(x) lies above the

plane 11 if the scaling factors and the shape parameters satisfy the following conditions:

. Zij — Pij %+l — Pi+1,j5
0< Q; 5 < min {CLZ’, J J , J J )
15 —PLj  AMj — PM,j
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1 2

ui; >0, vij >0 and;; > max{0, ¢;;, ¢},
where
g —uij[(2i = Div1j) — @ij(215 — pag)] — wijlhizf; — aij(ear — 21)27]
)
I (215 — pij) — ij(z15 — p1j)]
2 _Ui,j[(zz‘—i—l,j —pij) — 05 j(zZnm — pm)] + Ui,j[hizgc+1,j — (T — xl)z]”f/m]
S )

[(Zi415 — Piv1g) — qij(2a; — Parg)]

foro=1,2,.... M — 1.

Proof. For each fixed j = 1,2,..., N, the fractal boundary curves B;(x) lies above the
plane IT if Bj(x) > (1 —6)p1 ; +6pn; for all x € [x1, xp], where 8 = (v —21)/(zp — 21).
Since the graph of Bj(x) is the attractor of the IFS J;, to prove B;(z) > (1 — )p1; +
Opasj, it is enough to prove (1 —0)p; ;+0pis1; < Fij(x, z) for all (x, 2) with @ € [z1, 2]
and (1 —0)p1,; +0py; <z,i=1,2,...,M —1.

For each fixed j = 1,2,...,N, let 0 < «o;; < a; and (x,z) such that & € [z1, 2],
(1—=0)p1;+0pn,; <z 1=1,2,...,.M —1. We have

Pi;(9) pii(9)
a; ;[(1 = 0)p1j + Opar] + < aijz+ .
’ . T aig(0) T aiy(0)
Hence, to prove (1 — 0)p;; + 0pit1; < Fij(z, 2), it is enough to prove the following
inequality:
 OVpis + Bpiar s < sl — Oy s + Bpar ] + 2l 3.26
(1 )Pig + Opiv1; < aigl( )p1,; + Opars] + .:(0) (3.26)
]
Now (|3.26) can be written as
94 (O)[(@i3P15 — Piy) (1 = 0) + (@igpasy = Pinr )0 + pig(0) _ (3.27)

4.3 (0)
Since ¢; j(#) > 0, to prove (3.27)), it is enough to prove that

i j(0)[(cvijp1j — pi)(1 = 0) + (i jpary — pir1,;)0] + pij(0) > 0.

Now ¢ ;(0)[(ti 1,5 —pig) (1 =0) + (i jpar; —Piv1,5)0] +pij(0) = Brij(1—0)°+ By ;0(1—
9)2 -+ Bg}i,jQQ(l — 9) -+ B4,i’j83, where

Byij = wijl(zij — pij) — ij(z15 — pij)l;
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By = (i + vij + %) (215 — piy) — gz — p1g)l + wigl(zig — pivaj)
— @i (215 = pug)] +wiglhizl; — auj(@a — @1)2 ],

Bsij = (uij +vij + 7)) [(zi15 — Pivry) — ij(2a; — pay)]
+vi5[(2i415 — Pig) — (2 — p1y)]
—viglhizi ; — (@ — 21) 25,

Byij = vij[(ziv1; — Piv1j) — ij(2ary — parg)l-

It can be seen that By ;(1 — 0)* + By, ;0(1 — 0)* + Bs,; ;j6*(1 — 0) + By, ;6° > 0 if the
coefficients By ;; > 0, k =1,2,3,4. We get

Zij — Dij . Zi+l,j — Pit+l,j
= and By > 0if oy < =L —220

Bl,i,j > 0if Q5 <
21,5 — P1j EM,j = PM,j

Let 0 < @;; < min { et o B b } The coefficient By, ; > 0 if

21,5=P1,j’  ZM,j—PM,j

—u;3[(2i,; — Piv15) — (215 — Pag)] — wijlhied; — cij(@ar — 21)27 ]

(==t (o)

Yi,j > .

The coefficient Bs; ; > 0 if

i i[(2i41, — Pig) — i i(2prg — P1j)] + viglhizEig ; — cu(@ar = 1) 25 ]

[(2i11,5 — Piv1,;) — cij(2a; — Pasg)]

Vi >

Hence, the conditions on the scaling factors and the shape parameters to satisfy (3.26))

are

. “i,j —DPij  Ri+lj = Pitlj
0< Q5 < 1min {Gi, J J J 3

)
15 —P1j  AM,j — PM,;

! bi=1,2,...,M—1.

2
ui; >0, v;j > 0and v;; > max{c; ;, ¢

]

Using the procedure followed in Theorem the conditions for y-direction fractal

boundary curves to lie above the plane are obtained and given in the following theorem.

Theorem 3.2.5. Let {(a:i,yj,zi,j,z;fj,zzj) ci=1,2,...,M, 5 =1,2,...,N} be the

surface data lies above the plane I1. For each fized i = 1,2,..., M, B (y) is the fractal
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boundary curve along the grid x; x J. Then the fractal boundary curve Bf(y) lies above

the plane if the scaling factors and the shape parameters satisfy the following restrictions:

* : 1] 2,J Z7]+1 Zv]+1
0 <a;; <min {cj, ;

?
Zi1 — Pin Zi,N — Di,N

7

1 2
ui; >0, vi; >0 andy;; > max{0, d; ;, d;;},

_ —ul(z = pag) — (2 — )] — uiy[hgEl — o (yn — vz
" (21 — pig) — f ;(zig — pin)]
=0 [(zijr1 = pig) — af (28 — pia)l +vi IR 0 — af(uv — )z ]

N A p—_
(21541 = Pij41) — @ (2zin — Pin)]

Y

)

forj=1,2,... N—1.

In the following theorem, the conditions for @ are obtained so that ¢ would lie above

the plane Il whenever the surface data lies above the plane II.

Theorem 3.2.6. Let I1 :=1l(z,y) = c[l — - %] be a given plane. Suppose the surface
data {(i,ys, 2ij, 205 #4) 0= 1,2,..., M, j =1,2,..., N} lies above the plane II.
Then, @ to lie above the plane I1 if scaling factors and shape parameters satisfy the

conditions given in Theorems|3.2.4) and|5.2.5.

Proof. From [28], it can be seen that @ inherits all the nature of the fractal boundary
curves. Hence, the conditions given in Theorems [3.2.4 and [3.2.5] ensure for @ to lie above
the plane II. ]

3.2.3 Monotonicity preserving interpolation

t;)ri=12...,M, j =12,...,N} be a monotonically in-

Let {(zi,y;, 214,25, 2
creasing data set, i.e., z,; < zip15, ¢ = 1,2,..., M —1,5=12,...,N, 2; < 241,
i =1,2,...,M, j =12,...,N —1with 2, >0, 2/, >0, fori = 1,2,..., M,
j=12...,N.

The following theorem gives the conditions for fractal boundary curves Bj(x), j =

1,2,..., N along the z-direction to be monotone.

Y )
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Theorem 3.2.7. Let {(vi,y;, 25,2, 20;) + @ = 1,2,...,M, j = 1,2,...,N} be a

. . . . x y . _ . _
monotonically increasing data set with z7; > 0, 2/, > 0, fori = 1,2,..., M, j =
1,2,...,N. For each j = 1,2,...,N, let B;j(zx) be the fractal boundary curve along
I x y;. Then the conditions on the scaling factors and the shape parameters for Bj(x)

to be monotonically increasing are
a j<aij < al i

u;; >0, v;; >0 and

2 3 4 5 6 7 8 9 10 11 12
iy > max{0, e”, Cijs €i,gs €i,s €i,0 €igo €4,jo €5y €y Ciygs €

i.j> Cigr Cij
where
5 ai(Zf,j —li;) ai(zfﬂ,j —l15) ai(Aij; —115)
ai,j = max§ — Q, 7 I 5 ™ I . s
(Zl,j —lz;) (ZM,j —ly;) (m —1laj)
ai(lay = 275) ailley — 2% ,)  aillay; — Aiy) }
) ) L . bl
(lg = le]) (ly— Zf/[;) (L, — Zf]\;—_?l])
of —minda ai(zi; —lhy) @iz, —hy)  a(d; —hy)
Mo V(g =) ) (2 — ) ) (BMiE g Y
1’.7 1’] M:j 1"7 ( TN —T1 17])
ai(log = 27;) ailloy — 2f1;)  ailley; — Aij) }
(L2 — Zij) ’ (loj — Zf/[,j) ’ (lo; — %) ’
o —a;v;,5(A7; — 251 ;) 2 —ai[(uij +vi) AT ; — w275 — vizi
i v Ty T j—%1,j ’
ai(Aij = lg) — aii(GRid =l j) ai(Aiyg = l5) = i (=L — 1)
g —aiuii (A7 — #5) A aivij(Af; — 251 ;)
i, = X ) i, oi— ANE)
DAy — ) = (B ) ai(lay — Aig) — il — BRI
5o aif(ui; + Ui,j)Nj — Ui %55 — VijZit ) 6 aiti i (A} — 275)

J N . ) i,] . NS
Y ailley — Aig) —aig(leg — R T aillay — D) — aiglay — )
o — —azvm( Zit1) S —ail(uig + vig) ATy — wig 2 — vzt )

= - e EMjTELG ’

ai(Aij — ;) — ai,j(zfﬁ_fclf —l2,) ai(Aij — ) — 0 (G — lay)

9 —aium‘(A*] 2 J) 0 _ aiviyj(A;j — Zﬁl,j)

1, : y €4, T

DAy =) (B gy ) Y ai(lay — Aig) — gl — R
ol a; [(um + v ])A i, uz,]zzg vi,jzﬁ;l,j] 12 — Q3 Us 5 (A* f}k)

1, 21 i [ % R 21 i)

T ailly = Avy) — il — B T a(ly g — A ) — gl — 2R

. ZM,j — R1j5 .
0 <li; <min{zy, 271 5, Dijy mj—x]7 i=1,2,...,M—1},
M — 41
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x X
l27j > maX{ZL], Zl+17]7 AZ,]?

.. €T

Zgj* o Z;): . al’]Zl,j
(29 Y

Q;

ZM.i — R
AN oy ) T
A7 =4 —

hi

EMJ TN 9, M — 1}

Ty — T
T . . aZ?JZM,j
Rit1,j = Ritl, PR
(2
1,j Ri+l,j — Zij
I and A= #
i

Proof. For j =1,2,..., N, the fractal boundary curve B;(x) is monotonically increas-

ing over [z1,x)] if Bj(l)(x) > 0 for all © € [z1,zp]. It is clear that Bj(l)(x) is also

a fractal function and it is the attractor of the IFS jjd = {I xR : wl(zx,2?) =

(Li(x), Fj(x, 2%), i=1,2,...,M — 1},

Fl

1,

5
Vij(0) = Crais0* (1 -0,
k=1

2 _xx
Ciiy = W; 5%5.5

(1‘, Zd) :

27-]

mr N i ;(0)

a;

(¢:;(0))*

— i T*
Coyij = 2u; i {(uij + 2055 + 7i5) A% ; — Vij2ita i}y

Cs;j=Asi;+Asi;— (A1 + Asij) + vij(ui; +vij+ %’,j)AZj

Tk T*
— Yi,i (Wi 525 + Vigzits ),

Cuig = 20i,{(2us; + vig + 7i5) A5 — wig2is )

S 1]
Csij = Vij%i+1,5

o OZZJZL] —
g = g T

Z
a;

_ T
» Fidlg T Ritly

T
Qi j 20 5

a; ’ hz

AMj — Rlj

* p—
and Aij = Ai,j — Oy

It is clear that BJ(.l)(:E) > 0 for all = € [x1, 2] if F}lj(w,2%) € [l1;,1a;] for all (z,27) €
[iCl,.Z’M] X [ll,jle,j]7i: 1,2,...,M— 1, j = 1,2,...,N.

Next the conditions on the scaling factors «;; and the shape parameters w;;, v;;

and 1, ; are derived so that the range of

j=1,2,...,N.

F}

2,37

i=1,2,...,M —1lies in [y j, 5], for all

Case L Let 0 < a;; <a;,i=1,2,....M—1,j=1,2,...,N. Let (x,2% € [z, 2] ¥

[l17,12,]. By the assumption on the scaling factors, it is clear that

d
hjoij < 2%u; <lyja;

Abstract-TH-2219 126123020
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and hence we obtain

ll,j%,j+ vig(0) Zdoéi,j+ vig(0) lz,jai,j+ Vi ;(0)

i (4i(0))* ;i (4i(0))* a (¢:4(0))*

To prove F};(x, 2%) € [l 5, 15;], it is enough to prove

i jou l/fz' (9)

< ity G 3.28
N PN (3:28)

o | i(0)
s . <l ;, 3.29
a; (q:j(0))2 = (3.29)

fori=1,2,.... M —1,57=1,2,...,N. Now (3.28)) can be written as

lylaiy = ail(gi5(9))* + ainbi;(6) L (3.30)

ai(gi,i(9))? B

Since ¢;;(0) = uij(1 — 0)* + (uij + vij + %i;)0(1 — 0) + v; ;6> > 0, the denominator
of is positive. It is enough to prove [y ;o ; — a;](q:;(0))* + aih;;(6) > 0. We
have Iy j[ai; — a;](g:,1(0))* + aihi ;(0) = Clii(1— 0)! + C3,,0(1— 0)° + Cék,z‘,ﬂ?(l —0)*+
C;.,0°(1—0) + Cz, 6%, where

Crij=ljlog — ai]u?’j + a;C1,5,

C3aj = (2us 3 (wig +vig + %)) (lgloa; — ai) + aiCoy,

Cii = (2uivi5 + (usj + vig +75)") (gl — ai]) + aiCsy,

Crii = Quij(usy + vig +755))(ljlos; — as]) + aiCu g,

* 2
O5,i,j = ll,j [ai,j — ai]vm aF CLZ'C57Z‘J.

It is clear that ll,j[ozm- e az](qm(H))2 + CLﬂ/JZ',j(Q) Z 0 if the Oz k = 1,2, c. ,5 are

717] ’

nonnegative. One can see that

ai(zﬁj = ll,j)

ai(fzﬂl,j - ll,j)
(27, — i)

C*
(257 — lg)

1yi,j

and C?

5,1,3

ZOifOéZ‘J S ZOifO[i’j S

. ai(2f ;=) ai(efy ;=) ai(Agj—l1 ;)
Let a; ; < min ty b it1,54, (RS A2 .
b (Zij_lld') ’ (Zﬁ/l,j_llaj) ! (Z]W’J 1.j -l j)
Ty =] ’

We see that C;,i,j Z 0 if (ui,j —f—UZ‘J‘ +%7j)[l1’jozi7j — aill,j +CLZ‘A;j] —|—aivz-7j [A;j - qug—;-kl,j] Z 0.

Since (u;; + v )l jou; — aili; + a; A7 ;] > 0, the coefficient C3; ;> 0 if

—av; j (A7 — 28 5)

ai(Aij =) — (22— )

Vij >
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Now Cj; ; can be re-written as
Cyij = wig{ (wig+vi;+7 J)A Ui AT U2 J}"‘Uw{(uu‘i‘vw "‘%J)A* A7~
Ui, j z]}+ (wij+vig+ i) (Wi +vi +%,J)A — Wi 25— Vi g} +2u; 55, jA* Hence

*

g = (Wi (Ui + vij +Yig) + vij(wij + vij + Vi)

i (wig + vij 4 vig)] [l 0y — hjail

+ azuij{(uij + vij +7zJ)A* + vi ;A U@jzﬁl,j}
+ CLﬂJ@j{(Ui,j + (%% + fVi,j)A* + Uz,]A* ULJZ;L:j}

+ ai(uj +vi 5 + v (wig + vig + %J)A uwz” VigZit1 ]}

+ 2ui7jvi7j(l17jai7j = leai -+ aiAzj).
Further we can simplify as

*

P * ES €T*
i = Wil (Wig + vij + vig)(lgous — ljai + a7 ;) + awi jAT ; — av 5277 ;)

+ 'Um{(’ui’j + Uw‘ + %,j)(ll,jozi,j — leai + aiAZj) T aiui,jAZj — aiui,jz?””f}

27]

+ (Wi +vij + Vi) Vil josg — ljai + azA ) + ai(ui; + Uw)A*g azumzf;‘

Tk *
— a2 b+ 204 50i5(lgou s — ljai + @A ).

We obtain C3,; > 0 if 7;; > max{ew, f], e?’j .

Similarly, one can see that

alu”(A* z*)
ai(Agj = l1y) — oy (B2 — ]y )

Ty —T1

Chij = 0if vy >

Hence the conditions on the scaling factors and the shape parameters to satisfy (3.28))

are

0<a;, < min{ai(zgj i llvj) 6Li<zgﬁ+1,j = ll,j) az’(Ai,j — ll,j)) }7

(21, —hyg) © (2R —hy) T (R

3
ui; >0, vi; > 0and v;; > max{e} ;, e}, e}

Similarly, the conditions to satisfy (3.29) are

0< iy < Inll’l{ zl( 2,5 ;7]), z(l 2,j ;+1,])7 az( 2,5 zMj—21]3 }7
( 25— Zl,j) ( 25 ZM,]) (ZQJ - x];4—x17 )

6
w;; >0, v;; > 0and v, ; Zmax{e”, ”,em
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Hence, when 0 < a; ; < a;, the conditions on the scaling factors and the shape parame-
ters for F}';(x, z%) to lie in [l j,15;] are

CLZ'(Z;C’J- — l17j> ai(sz’j - le) aZ(AZ i — le)

(27, —ly) " (zhpy — ) (zflé—?lj — 1)

0 < a;; <min {ai,

ai(la; — 25) aillz; —280y)  aillay; — Aiy) }
s~ ) s ) (lag - B}

3 4 4 6
uij >0, vi; > 0and v;; > max{e; ;, €7, e} ;5 e €0}

Case II: Let —a; < ;;<0,0=1,2,... . M —-1,7=1,2,...,N.
Let (z,2%) € [z1, 2] X [l1j,l2;]. By the assumption on the scaling factors it is clear

that ly joy ; < 2% ; < 1y ;o ; and hence

lojas; — ¥i;(0) <204u Vi ;(0) < by Vi ;(0)
e @2 w @@ 4 (g 0)

To prove FZIJ (z,2%) € [l 4, 2], it is sufficient to prove that

lijou 4 ( ) by ;0. (% (9)
l2,' < 5] sJ _'_ .7 s ) + sJ S 117 ;) (331)
7w (@0)? a (@(0)2 T
fori=1,2,..., M—1,5=1,2, ..., N. Using the similar computations as in the case of

0 <a;,; < a;, it is observed that the conditions to satisfy (3.31) are

a;(2; —lhyg) @iz —hy) (A —ly)

(zic,j —lo5) ’ (Zf/[,j — o) ’ (%—:EJ iw l2,j)7

0> Q5 > max{ — Q,

ai(la; — 27;) aillay — 251 5)  ai(le; — Aij) }
) b

(g = ij) © (b - ZJQ\CM) ’ (I ; — BLi2Li

TM—T1
89 o0 11 12
u;; >0, v,; >0and 5y, > max{e”, €171 €i 5 CijrCijrCi

This completes the proof of the theorem. n

Applying the same procedure as used in Theorem [3.2.7 the conditions for B} (y),

1=1,2,..., M to be monotone are derived and presented in the following theorem.

Theorem 3.2.8. Let {(v,y;, 25,20, 2;) + 1 = 1,2,...,M, j = 1,2,...,N} be a
monotonically increasing data set, i.e., z; < ziy15, 0= 1,2,...,. M —=1,7=1,2,...,N,

zij < zigy, 0= 1,2,... M, j = 1,2,... N — 1 with 2}, > 0, 2/; >0, fori =
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1L,2,...,M, 5=1,2,...,N. For eachi=1,2,...,M, let Bf(y) be the fractal boundary

curve along x; X J. Then the conditions on the scaling factors and the shape parameters

for B (y) to be monotonically increasing are

a i <aj <04”,

“Zj >0, v;'k,j >0 andﬁj > maX{O fil,j7fi2,j’ ,J’f,J’ 1,57 J’ i7,j’ 1,57 »J’f»J’fJ’f
1
7 CJ(Z” T,i) Cj(zi,jJrl - lu) Cj<Ai,j - Tz)
O'/z',j = Imax - Cj, (z _ l* ) 9 (Zy % ) ) (2 N—Zi1 * )
i1 2,i N 24 (W - 2,2')
Cj( 51 - Zzy]) CJ( 24 T iy,j+1) ¢ 51 i Azl,j) }
(lii o zgl) : ( Ligh Ziy,N> 7 ( f, = %)
1
8 . c;(# ij Tz) Cj(zgjﬂ - T,i) Cj(Ai,j - Tz)
ai,j = min C], (z _ l* ) 9 (Zy _J* ) bl Zi, N —Zi,1 7% )
i,1 1,2 i, N 1,2 ( YN —Y1 l,i)
c;(l3 2i Zzy]) c;( 5i = Ziy,jﬂ) @5 ;z - Azl,j) }
(22‘_231), (S;z_ZZN> 7(51—%) ’
1 _ FLi V4 (Al* ’L_]—I—]_) f2 _ _Cj[(uz:j + U )AI* — U ]ZZJ:; U;(,jzix—il,j]
1,] Zi, N —Zi, 7 ) Zi,N —Zi, ’
cj(Azl,j - ZT 1) . az]( iyx—ylll B ZT z) cj(A:'L, li( z) - azg( Zyxfylll B T,l)
3 —cjui; (AL — 25) 4 v (AL — =)
i f J—
(A 2;,N—Zi, LA Zi,N—Zi1y
Cj(Azl, =1 1) - a1]<'1yx—y111 - sz) Cj(l;,i F Ail ) — O‘i,j(lg,i - lyZ—yle)
5 cjl(up ; + vf )Al* —uf 2f — vf e o G ”(A}; — zf’:)
i:j - Zi,N —Zi, ) iﬂj — 2i,N—Zi, )
cj(l;,i - Al ‘) - 04' (l;z - ﬁ) Cj(l;,i - Azl,j) - afj@i - Zyx—ylll)
[ A (Al* . ly;_l) fs. = _Cj[(u;ij + U;J’)Ail* u”z” Y JZZ+1J]
(2%} z 24, ’ Ji,g z 2z 3
(A} —li‘z) —%J(ﬁ —13,) (AL —17,) —af (St — By)
£ = —cjup; (AL = 27) 10 _ cjvi; (A = 2541)
0] z z s Ji,g T Zi N —Zi, ’
(A —17,) —af; (5=t — 1) s, — A;) —af; (5, — =)
1 _ C]'[(u;k,j + U )Al* — Uy ]Z'f;k - ’U z—l—l j] 12 Gu z](Azl,; L zzy;k)
] z z » Jig T ZiN—Zi1n ]
Cj(lz,i - Azl,j) - ai,j(lfi = ﬁ) Cj(l;,i 1 Azl,j) - O‘ik,j(lii o ﬁ)
. ZyN B Z'vl S
0 S lil < mln{zzl, ’Z’E/,j+17 Ail,j, —ZyN — yll , ] = 17 2, ey N — 1},

1 i, N 7,1 .
5 >max{z), 2l A, ——— j=1,2,...,N -1},

YN — U1
* Yy * Yy
ye oy YgFil g v % j%i,N
2= ——, Z 7 -
1,J 1,7 c. Qg+l = Figal c:
J J
Zi,N — %1 Zij4+1 — Rij
Alx — AL jjT and Azlj - %
J J
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In the following theorem, we obtained the conditions for @ to be monotonically

increasing.

Theorem 3.2.9. Let {(vi,y;, 25,2, %)) + 1 = 1,2,...,M, j = 1,2,... ., N} be a
monotonic increasing data set, i.e., z; < Zit14, ¢t =1,2,.... M —1,75=1,2,...,N,
Zi.j < Zij41; 1= 1,2,...,M7 j = 1,2,...,N— 1 with Z;E,] > O, Z,E/’J > 0, fOT’i =
1,2,...,M, j=1,2,...,N. Then the rational cubic FIS @ is monotonically increasing

iof the scaling factors and the shape parameters satisfy the conditions given in Theorems

and|3.2.8,

Proof. Fractal boundary curves Bj(x) and B (y) fori =1,2,.... M, j=1,2,..., N are
monotonically increasing whenever the scaling factors and the shape parameters satisfy

the conditions given in Theorems [3.2.7 and [3.2.§| respectively. Hence @ is monotonically

increasing whenever the scaling factors and the shape parameters satisfy the conditions

given in Theorems [3.2.7] and [3.2.8] [l

3.2.4 Convexity preserving interpolation

Let {(@4,9j, 215, 285, 2;) 1 = 1,2,...,M, j = 1,2,..., N} be a strict convex surface

,J
data with
Zf’] < Al,] < Z;l’] < A < /Z]:fJ_]_"7 < AM*l,] < 213\747]" j - 1, 2’ e ’N, (3.32)
1 1 .
2 <A <2y <<y <Ain <y, i=1,2,00, M. (3.33)

In this section, the convexity of rational cubic FIS & is discussed. To preserve the
convexity, suitable restrictions are made on the scaling factors and the shape parameters.
The following theorem provides the conditions for z-direction fractal boundary curves

to be convex.

Theorem 3.2.10. For each fived j = 1,2,..., N, let Ty = {(xi, zij, 2;) i =1,2, ...,
M} be a univariate strict conver data in the grid line I X y; satisfying . Let Bj(x)
be the corresponding fractal boundary curve. Then the conditions on the scaling factors

and the shape parameters so that B;(x) satisfies the convexity condition are
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0 < a;; < min?a? hi(Qij—2i;) hi(efyy ;= Riy) ai(2f1 ;=% 5)
S Qg v (ami—21,5) =2 j(@wm—x1)? 2y (v —2)—(2mi—21,5) 7 (25 ;=21 ;)

Ui\ %5 A* U; A* _ Zz*
Uy, j > 0, Vi,j > 0 and Yi,j > max 0’ ’]( :1-7 ), 7]( & )
@, - ity - B)

i=1,2,...,M—1.

Proof. Since Bj(x) belongs to the class C*(I), to prove the convexity, it is sufficient to
prove B](-z) (xt) or Bj(-z)(x_) exists and is non-negative for each point in (z1, ) [96].

Let 0 <, ; <a?, i=1,2,...,M — 1. Informally, we have

@7 (2)) = B2 =
BIL@) = = 5, @)

6
where \I/z’j<9) — Z Dkﬂ-,jﬁk_l(l — 9)6_k

Dl,i,j — ZU?’J- (Aij - ZZE;) = 21&?’.7’[}1'7]' (Aij - Z:;) + QU?J [’YZ(A,Lx; — Z-m-()

2y
- Ui,]( R+l — Am*)]
Dgﬂ"j = 2D1,i,j + 6u UZJ( T — Zx*)
T*
i+

D3”—D1”+12u Vij )—|—6u”v (z+1j A7),

Zit s — A7) + 6u; Ui (AT = 25),

(A7
D4,z’ .D6 Vi + 12’(1,1]’1) (
(27

Ds;; =2Dg;; + 6u”v 5 i (% A””*)

D67i7] 22} ( z+1] ™ AI*) +2 U ul ( H—l] Ax*) +2U [’YZ( ’L+1j _Af;>

UZ](AQI* x*)]

’j
Then,
(2) .+
a; ;B (x7) W, (60
BP(Ly(xt)) = 2L LY 3.34
L) = (3.34)
Set i =1 and x = z; in (3.34)), we get
D4 a1t
B () = 5 1= 2] 3.3
J (‘7:1) hluij a% ( )
Set i = M — 1 and x = x; in (3.34]), we obtain
_ D¢ pr—1 ap—1,;11
B () = ot [1 - S 3.36
o) = 1 (3.6)
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Set x = x1 gives in ([3.34)), one can see that

)/ .+
o O‘i,ij (z1) n Dy ;;

J 2 3 )
a; hius ;

=2,3,...,M—1. (3.37)

From (3.35)), (3.36]) and (3.37) it is clear that the right handed second derivatives at
the knots z;,7 = 1,2, ..., M —1 and the left handed second derivative at the knot x,; are

non-negative if the coefficients Dy ;;,7=1,2,...,M — 1 and D¢ r/—1; are non-negative
respectively.
Since B](?) (z) is determined by iteratively, to prove Bj(-2) (x™) is non-negative, it is

enough to prove
OéwB( )(.77+)

2
BP(Li(ar)) = 50 4 Ry (o),
. . i _ ;0
is non-negative for n =1,2,..., M — 1, where R, ;(z) = W.
Assume Dy, for i =1,2,..., M — 1 are non-negative. Then BJ(-2)(LZ-(:E;[)) is non-

negative if R; ;(z,) > 0. R, j(x,) > 0 if the coefficients D,,;; > 0if m = 1,2,...,6,
i=1,2,...,M — 1. Using the Three Chords Lemma for convex functions [145], the end
point derivatives should satisfy 27 ; < % < 2. 1t can be seen that
P M—Z1
hi<Az’,j = Z?f])
(2ar — 215) — 25 (@0 — 1)’

hi(2f1; — Diy)

25p (o — 1) = (2ar; — 215)

. ai(2541,; — 2iy)
T Y S 0ifqu - < »J »J
G, = 55) 208 0id <=0z ")

(Azj = Z,T;) > (0 if a5 <

(H-lj A*)>Oif06i,j<

Assume that 0 < a; ; < min{ hi(Big—2i;) hi(efy j—Big) ai(zfﬂ,fzf,j)}
> Qg .

(z2m,5—21,5) =27 j(@pm—x1) 25 (@ — 961) (zmi—21,5) 7 (25 ;=27 ;)

> Ui]( 7,+1J Az])

From the assumptions on the scaling factors and 7; ; > — A7~ ensure that Dy ;; >

0, Dy;; > 0 and Ds;; > 0. Similarly, from the assumptions on the scaling factors and

i A Tk
’)/Zj = M ensure that D4Zj >O -D57,] >0and DGZ] >0

i+1,5

Hence, the assumption on the scaling factors and the shape parameters given in

the statement of the Theorem |3.2.10| ensure B§2)(Li($;{)) >0, fore=1,2,...,M—1,
n:1,2,...,M—1andB§2)(xX4)20. O

Using the procedure followed in Theorem [3.2.10}, in the following theorem, we ob-

tained the conditions for y-direction fractal boundary curves to be convex.

107

Abstract-TH-2219_126123020



Theorem 3.2.11. For each fized i = 1,2,...,M, let T} = {(y;, zij, #;) 1 j =
1,2,..., N} be a univariate strict convex data in the grid line x; X J satisfying . Let
Bi(y) be the corresponding fractal boundary curve. Then the conditions on the scaling

factors and the shape parameters so that Bf(y) satisfies convezity are

1 Y Y 1 (Y Y
0< a*. < min < 2 hj(Ai;—2i5) RIGATS i R)) (%41~ %05)
= 37 (zi,n—zi1) =2 (un—y1) 2]y (un—y1)—(zi,n—2i,1) " (2] ’

* y* 1% * 1% y*x

WS 0. v >0 and~F. > max 4 0 vl (2 — A) ul (A — 7))

ij = Y Vi Tij = AR o R AR [
2y 2y 2y

ij+1

7
N_Zi,l)

The following theorem provides the conditions for @ to be convex.

Theorem 3.2.12. Let {(zi,y;,2i4,28;,2;) + i = 1,2,...,M, j = 1,2,... N} be a
strict convex surface data satisfying and . Then, the conditions given in

Theorems|[3.2.10} and [3.2.11| ensure the convezity of the rational cubic FIS ®.

xT
2,77

Proof. Since @ inherits all the natures of the fractal boundary curves [28], the conditions

given in Theorems[3.2.10]and [3.2.11] ensure the convexity of the rational cubic FIS &. [
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3.3 Numerical Examples

In this section, numerical illustrations are given to ensure the validity of the results
that obtained in Section [3.2l We consider the positive data that is given in Table [3.2]

First-order partial derivatives 2{; and 2; are computed using arithmetic mean method.

Table 3.2: Positive data

lzfy=1| 1 2 3 4
1 22 | 38 | 167 | 189
2 4 6 41 | 52
3 181 | 31 | 14 | 17
4 312 | 298 | 297 | 371

The scaling parameters and the shape parameters are taken according to the Theo-

rems|3.2.1land [3.2.2) and making use of these, Figure[3.2(a)|is constructed. By observing

Figure |3.2(a)} it is clear that Figure |3.2(a)|is positive. By taking all the scaling factors
are zero, Figure is constructed. The values ky; = k7; = 0.5, ko ; = k3 ; = 500 for

1=1,2,3, 5 =1,2,3 are used to calculate the scaling factors. The parameters that are

used to construct Figure are given in Tables and

Table 3.3: Scaling matrices for positive interpolation

Scaling matrices in z-direction  Figs  Scaling matrices in y-direction  Figs
- =T = -
0.008 0.15 —0.27 —-0.03 0.3 0.29
—0.01 0.09 0.26 0.08 —0.01 0.28

o= 3.2(a) af = 3.2(a)
—0.18 —0.05 0.08 —0.06 —0.02 0.06
0.12 —-0.1 0.08 0.3 —0.28 0.29

o = [0]3><4 32(b) af = [0]4><3 32(b)
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Table 3.4: Shape parameter matrices for positive interpolation with u = [1.5]3x4, u* =

[1.5]4><3 v = [1]3><4 and v* = [1]4><3.

Shape parameters matrices in z-direction  Figs  Shape parameters matrices in y-direction — Figs

- T
| 3 3 1 3 3
3 13 2 15 3 3
v = 3.2(a) v = 3.2(a)
42 60 3 4 9 3
3 92 3 3 3 3
- T
24 3 3 4 3 3
4 6 3 8 3 3
v = 3.2(b) = 3.2(b)
3 12 3 4 6 3
3 12 3 3 3 3

i
it
il
40 40 i a//«/’/«,{';« )
()
MW

W
/(/
l il
’w,//,//«///,’//,,r/,////,//////,,,,/

////
iy
%ﬁ‘”%&%Wﬁm
WdeWw

300 300

N 20 N 20

100 100

(a) Positive FIS. (b) Positive classical rational cubic in-

terpolation surface.

Figure 3.2: Positive surface interpolation.

We consider the constrained data (Table which generated from the function
z(z,y) = sin(x'*)cosy + 1.2. This surface data lies above the plane II(z,y) = [1 —
& — %|. The first-order partial derivatives are calculated using the arithmetic mean

method. Using arbitrary scaling factors and shape parameters, the rational cubic FIS

is constructed which is shown in Figure [3.3(a)l It is easy to see that FIS does not lie
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Table 3.5: Constrained data

ba/y — 1

2

3

4

1 1.6546

0.8498

0.3670

0.6500

1.4387

2.0080

1.4603

0.9995

0.7231

0.8851

1.3366

1.6625

0.6606

1.6155

2.1884

1.8526

0.9168

0.2414

1.5403

0.9379

0.5766

0.7884

1.3786

1.8047

1.1496

1.2388

1.2924

1.2610

1.1735

1.1104

S| O | W N

1.0505

1.3151

1.4739

1.3808

1.1215

0.9343

completely above the plane II. To overcome this, scaling factors and shape parameters
are taken according to restrictions given in Propositions [3.2.4] and [3.2.5] using these
parameters, rational cubic FIS has been constructed which is shown in Figure [3.3(b)|

This FIS is completely lying above the plane II. Parameters are used to construct Figure

3.3 are given in Tables [3.6] and

(a) Unconstrained FIS.

Figure 3.3: Constrained surface interpolation.

Next, we consider the monotonically increasing data as given in the Table|3.8] First-
order partial derivatives z’; and zf ; are computed using arithmetic mean method. If the

partial derivatives z7; or zz ; at the point (w;,y;) are negative, then the partial derivatives

Abstract-TH-2219_126123020
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Table 3.6: Scaling matrices for constrained interpolation.

Scaling matrices in z-direction  Figs Scaling matrices in y-direction Figs

o = [—0.199]56 3.3(a) o = [0.199]gy5 3.3(a)
[0.16 0.01 0.03 0.18 0.18
0.18 0.18 0.18 0.18 0.18
0.18 0.18 0.18 0.18 0.18

o = [0.18]54¢ 3.3(b)| o = 3.3(b)
0.18 0.18 0.18 0.18 0.18

0.18 0.18 0.18 0.18 0.18
0.18 0.18 0.18 0.18 0.18

Table 3.7: Shape parameters for constrained interpolation with u = [1.5]5x6, u* =

[1-5]6><57 vV = [1]5><6 and v* = [1]6><5'

Shape matrices in z-direction Figs  Shape matrices in y-direction  Figs

Y = [3lsx6 3.3(a) 7 = [Bloxs 3.3(a)
£ L 77
33333
33333
6 333 3
N = 3.3(b) 7t = [4exs 3.3(b)
33333
33333
33333

2% or 27

o i; are assumed to be zero at the point (x;,y;). In this case, the values of [, j,

J=12,...,Nand [],, ¢« = 1,2,..., M becomes zero. Hence to calculate the scaling
factors, the fractions whose denominator is zero are omitted. The scaling factors and

the shape parameters are calculated according to Theorems [3.2.7] and [3.2.8] making use

of these, monotone FIS is constructed which is shown in Figure 3.4(a)l By taking all
the scaling factors as zero, the classical monotone interpolation surface is constructed
and it is given in Figure . The values [y ; =17, =0, l; =[5, = 200 for i = 1,2, 3,
7 =1,2,3 are used to calculate the scaling factors. The parameters that are used to

construct Figure [3.4] are given in Tables [3.9] and
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Table 3.8: Monotonic data
lzfy—| 1|2 | 3 4

1 112129 37
2 416 | 41 | 52
3 18| 31 | 149 | 178
4 22 | 38| 167 | 189

ity
200 /i : 200 )
i ! 4 3
;v i Ny f "l”,",’ By
/’,’ll:}w’l,"l .l‘\‘lll‘“\‘\\§‘\““\\ ’f/,"l"”' 'l":':':'"t"‘ -|‘|\-"‘.u\\\\“\\
Aot \\ W /,”l:’l:’l:'l: 0
il ik ://r/'lm.-\ ST il :,:,: u.-.\ SRR
150 ,ll/flflq 'I{IIIII'I/I/;71’:”,;':.“:“‘\:‘:\\‘\‘\\\\:‘\‘\\\\“‘\‘\“\ 150 /’////"'q l:"’h"h’"l 'I:l':'t'v':““l‘“‘\\\\““\\\\“\\\\ \\\\
’II’/// 1l’//,///,'llm\‘ “\\\\ \\\ |\ WY ’// ity l,uumn ke ikt
(T ity ([ Ul ”“l‘\ \\ o W 1
i ’I,"‘ . ‘\ \\\\\||\\\\\\ Ay ///' : ll,'.‘.‘,',“\‘ \\\\\\\“\\:\\“\\\\ o
| i w.‘.‘u ol
N 100 N 100
o
(a) Monotonic FIS. (b) Monotonic classical rational

interpolation surface.

Figure 3.4: Monotone surface interpolation.

Table 3.9: Scaling matrices for monotone interpolation

cubic

Scaling matrices in z-direction  Figs  Scaling matrices in y-direction

Figs

- -T = -
013 03 0.17 0.02 —-0.02 0.2

0.1 —0.02 0.18 0.03 —0.03 0.2
a= 3.4(a)l o =
0.07 —0.09 0.11 0.07 —0.09 0.16
0.09 —0.09 0.06 0.08 —0.11 0.11

a = [0]3><4 34(b) a* = [0]4><3

3.4(a)

3.4(b)
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Table 3.10: Shape parameter matrices for monotone interpolation with w = [1.5]344,

u* = [1.5]4><3 v = [1]3><4 and v* = [1]4><3.

Shape parameters matrices in z-direction  Figs  Shape parameters matrices in y-direction — Figs

T = -
31 3 31 51 3 33
37 3 46 34 3 25
v = 3.4(a) v = 3.4(a)
25 3 34 37 4 32
54 4 55 28 5 31
T — s
33 3 15 3 3
4 3 4 10 3 3
v = 3.4(b) = 3.4(b)
535 6 3 4
5 3 9 5 3 55

Next, we consider the convex data which is given in Table [3.11} The first-order

partial derivatives are calculated using the arithmetic mean method. By taking arbitrary

Table 3.11: Convex data.
lzfy—| 1| 2 3 4 5

1 1] 4 9 | 16 | 25
4|16 | 36 | 64 | 100
9 | 36 | 81 | 144 | 225
16 | 64 | 144 | 256 | 400

25| 100 | 225 | 400 | 625

UL | > | W | N

scaling factors, FIS is constructed and it is shown in Figure|3.5(a)l By observing Figure
3.5(a), it can be seen that the FIS is not convex. Hence, the scaling factors and the
shape parameters are restricted according to restrictions given in Theorems |3.2.10| and
[3.2.11] Using these restricted scaling factors and shape parameters, convex FIS has
been constructed and is shown in Figure [3.5(b)l Figures [3.5(c)| and [3.5(d)| represents

the xz-view of the Figures [3.5(a) and [3.5(b)| respectively. The parameters are used to
construct Figure |3.5 are given given Tables and [3.13]
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Table 3.13: Shape matrices for convex interpolation with u = [1.5]4x5, u* = [1.5]5x4,

v = [1]4><5 and v* = [1]5><4.

Shape matrices in z-direction Figs Shape matrices in y-direction Figs
v = [3laxs 3.5(a)}3.5(c) v* = [3]5x4 3.5(a)3.5(c)
Y = [5axs 3.5(b)[3.5(d) 7" = [5l5xa 3.5(b)|3.5(d)

3.4 Conclusion

In this chapter, a new type of FIS is constructed over a rectangular grid. The constructed
FIS not only interpolate the surface data but also preserves the shape features of the
surface data. Since shapes of the interpolant can be adjusted by using different choices
of the scaling factors, developed scheme offers a large amount of flexibility for simulation
or modeling of objects with smooth geometric shapes. The constructed interpolation
scheme may play important role in computer graphics, engineering design, and data

visualization problems.
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Chapter 4

Fractal Cubic Spline Solutions for
Self-Adjoint Boundary-Value

Problems

Singular perturbation problems commonly occur in many branches of science and en-
gineering, for instance fluid mechanics, elasticity, quantum mechanics, chemical reactor
theory, convection-diffusion processes, optimal control, etc. The solution of singular per-
turbation problems exhibits a multi-scale character, that is, there are thin layers where
the solution varies rapidly, while away from the layers the solution behaves regularly and
varies slowly. So the numerical treatment of singular perturbation problems is compu-
tationally difficult. Surla and Stojanovié¢ [132] generated a difference scheme via spline
in tension to get the numerical solutions of the self-adjoint singularly perturbed BVPs.
Bawa and Natesan [13] established a numerical method using cubic spline method for
the numerical solutions of self-adjoint singularly perturbed BVPs with mixed boundary
conditions. Also, Bawa and Natesan [14] used adaptive spline to solve the self-adjoint

BVPs with the Dirichlet boundary conditions.

In this chapter, we consider the self-adjoint singularly perturbed BVPs with the
Dirichlet and Neumann boundary conditions. These BVPs exhibit boundary layers at

both ends of the interval. We take the continuity conditions of the fractal cubic spline
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as the discretized equations to solve the BVPs. The discretization equations given by
the continuity conditions are second-order and hence the resulting fractal cubic spline
method is second-order. The present chapter is organized as follows: In Section [4.1], sin-
gularly perturbed BVPs with the Dirichlet boundary conditions are solved using fractal
cubic spline method. Convergence analysis of the proposed method is established. Nu-
merical results are given to show the practical applicability of the proposed method
and numerical results are compared with cubic spline method results. In Section
numerical solutions of singularly perturbed BVPs with the Neumann boundary condi-
tions are obtained using the fractal cubic spline method. Error analysis of the derived
method is discussed. The obtained numerical results are tabulated and compared with

the numerical results of cubic spline method.

4.1 Dirichlet Boundary-Value Problem

Consider the Dirichlet BVP

—eu’(x) + g(v)u(z) = f(z), = € (0,1),

u(0) = no, u(l) =,

(4.1)

where 0 < € < 1, g and f are sufficiently smooth functions in [0, 1] and g(x) > 0 in [0, 1].

In order to develop a numerical method for the numerical solution of differential
equation , let us consider a uniform mesh on the interval I = [0, 1] such that 0 =
rog <y <---<xy=1 wherex; =ih,i=0,1,...., Nand h=1/N. Let Uy, Uy, ..., Un
be the approximations of u(x) and My, My, ..., My be the approximations of u”(x) at
To, X1, .., xn. Let ¢; = q(xy), fi = f(z;), 1=0,1,..., N.

Consider the IFS {I x Ryw;(z,y) = (Li(z), Fi(x,y)) i =1,2,... ,N}, where L; :
I — [z;_1,2;] is defined by L;(z) = hx + 2,1, x € I, F; : I x R — R is defined by
Fi(z,y) = h*ay + h?ri(z), (z,y) € I x R with r(z) = Ai(z — x0)® + Bi(x — x0)* +
Ci(x — xo) + D; and « is the scaling factor such that |«|< 1. It can be observed that
Li(xg) = x;—1 and Li(xy) =24, 1 =1,2,..., N.
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We assume the following conditions on the IFS:

Fi<3§'0,U0):UZ',1, E(xN7UN):Ui i:1727"'7N7
Fi,l(ﬂfN, UN,1) = Fi+1,1($o, Uo,l), i=1,2,...,N -1,
Fi72($07 M()) = Mi—h Fi’Q(IL‘N,MN) = Mz Z = ]_, 2, ey N,

hQTE\})(acN)
h—h2a

h2ay+h2rgk)(:p) hzr(l>(xo)
7k:1727 UO,IZ L

where Fj (z,y) = T h—h2a

and Un; =

It can be seen that, the conditions prescribed on the IFS

{IxRywilw,y) = (Li(@), Fi(w,y) i =1,2,..., N}
satisfy the conditions for constructing two times continuously differentiable FIFs (see
[11,[30]).

Let F = {¢ € C*(I,R) | ¢(w0) = Uy, ¢p(zn) = Uy, ¢ (20) = My, ¢®(ay) = My}.
Then (%, p) is a complete metric space where p is the metric induced by the norm

0]1= |#]lcot|6™ [lso+[|¢P||o- Define the Read-Bajraktarevié operator T on (., p) as
T¢(Li(x)) = Fi(z, d(x)) = h*ag(z) + hPri(z), z € I, i=1,2,...,N.

The map T is a contraction map and hence the fixed-point @ (say) of T satisfies the

functional equation
&(Li(z)) = Fi(z,®(x)) = h*a®(z) + h*ri(z), z €1, i=1,2,...,N. (4.2)
Since @ € C?(I,R), ®? satisfies the functional equation
P (Li(z)) = adP(z) +rP (), s €T, i=1,2,...,N. (4.3)

The conditions F;(zo,Uy) = U1, Fi(xn,Un) = Ui, Fia(vo, My) = M1, Fis(zn,
My) = M; can be reformulated as ®(z;_,) = Uiy, D(z;) = U;, @D (2;_y) = M;_4,
d@(x;) = M; respectively [36]. For the fractal cubic spline @, the constants A;,
B;, C; and D; are evaluated based on the conditions &(z; 1) = U;_1, @(z;) = U;
DO (z;_1) = M;_y, D (x;) = M;. Substituting z = z in (4.3), we get

1
B; =~ |:Mi71 - 04M0]>
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and substituting x = z in (4.3), we obtain

1 1
A= [Mi - onN} - < [Mi_l - aMO]
Substituting z = x¢ in (4.2]), we obtain
1 2
Dz == ﬁ |:Uz—1 —h O[U0i|,

and substituting x = zx in (4.2), we get

1

c - [Ui - ahQUN} 3

= 12 [Ui—l - OéhQUo} - é{Mz - OéMN] — %[Mi—l - OéMo]-

The FIF &) satisfies the following functional equation:
oD (Li(z)) = ahdW(z) + e (z), z €1, i=1,2,...,N.

The condition F;1(zn,Un1) = Fit11(20,Uo1), 1= 1,2,..., N — 1, can be reformulated

as
dW(L;(wy)) = OV (Liga1(w0)), i =1,2,...,N — 1,
which coincide with the standard continuity condition
V() =WV (zH), i=1,2,...,N - 1. (4.4)
On [z;_1,z;], we have
PV (Li(z)) = had D (x) 4+ 3A;h(x — x0)* + 2B;h(x — x9) + Cih,
on [z, x;i11], we get

(p(l) (LH_l(J))) = hoz@(l) (ZL‘) + 3AZ+1h(£L‘ - 1‘0)2 + ZBH_lh(l‘ - IL‘Q) + Ci+1h.

Making use of (4.4)), for each node z;, i = 1,2,..., N —1, we get the continuity condition
for V) as

Oé@(l) ($N> -+ 3141 -+ 2Bz + Cz = Oégb(l) (l’o) + CiJrl,
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which is simplified as

3 M, My 3
300D (20) — "X My + —=L 4 oM, + - TQMN + 300 (z)
3

The differential equation given in (4.1)) is discretized at x; as —eM; + q;U; = f;, i =
0,1,..., N. We take the continuity condition given in ({4.5)), we substitute
qU; — fi 3Un —4Un_1 + Un—

—3Up 44U, — U,
M, — oW _ 0 0] _
7 c ) (1:0) 2h ) (:L‘N) 2h )
and hence, we get the following system:

bae 3ae gi—1 3¢ 6e Qi1

- | i e 2q; —} i [
[h}UﬁL[Qh]UzJF[Q hQ}Uﬁ_[quh?UJr 2
3e 3ae b6ae ?)Oéf() fi—l fi+1

~ ) U [ |Uwes = S| = =32+ S w26 5

3a2fN [ 3a 9045}770_[ 3a 9ae

_ = 2 S — 1 =1.2,.... N—-1 4.6
2Q0+ 2% 2QN+ 2h:|7717Z =l ) ) ( )

where Uy = 19 and Uy = n; are the discretizations for the Dirichlet boundary conditions.
The system given in (4.6)) gives the approximations Uy, Us, ..., Uy_; of the solution u(z)

at 1,2y <oy TN_1-

Remark 4.1.1. If a = 0, then the system given in @ will become the system corre-

sponding to the cubic spline as

2. K2

[Qi—l 3e 35} fiz1 fit1

Ui = == +2fi +

Ge qi+1
i 2q; _]z [ ;
}U 1+[q+h2U+ : .

2 R

4.1.1 Convergence analysis

In this section, convergence analysis of the proposed numerical scheme is investigated.
Let |a|< h?. Assume that the unknown function w(x) is sufficiently smooth. First
we derive the truncation error T;(h), i = 1,2,..., N — 1 associated with the difference
equations given in as follows:

By replacing U; by u(z;) in (4.6), we get

Ti(h) = [rYu(zo) + riu(zy) + riu(as) + vy w(a;y) + riu(z;) + rifu(zi)
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(e o) + Y u(en ) + i u(en)] = (g fo + g fia

+ 4 fi+ q finn +a fn), (4.7)
where
3o 9ae bae 3ae _ @1 3¢ 6e
0 1 2 7 c
i y ot oy T ol T g i T Ty T TR g
Ty T on ol g IVt g
3o 1 1 3o
0 — c = N
. = —_——— . == — . p— 2 '3 == — v — o —_——
Q'L 2 Y qz 27 q'], ) q'L 27 q'], 2

Using differential equation (4.1)) in (4.7)), we get
Ti(h) = [rdu(zo) + riulzy) + riu(es) + 5 ul(ziy) + réu(e) + rifu(r )
1 Pulen—e) + ) u(rvo) + i ulen)] - g (—eu” (20) + gou(zo))
+ q; (—eu"(zim1) + gimruw(@ii)) + ¢ (—eu” (@) + qiu(zi))

+ ¢ (—eu (i) + gra(@in) + ¢ (—eu’(@n) + avulen))]. (4.8)

After simplifying , we obtain

_ —3u(xo) + 4u(zy) — u(zs) Bu(zy) — du(xy_1) + u(zy_2)
Ti(h) == 30‘5[ 2h } + 30‘5[ 2h ]
3ae 3ae 3e 6e 3e
- 7“”(950) B TU”(SUN) — ﬁu(%—ﬁ ) p“(%‘) - ﬁu(%ﬂ)
+ gu”(xi_l) i 2€u”(xi) + %UN(.’EZ'_H). (49)

Using the Taylor expansions for u(z;_1), u(z;y1), u”(x;—1), v”"(2:41) about the point x;
2 3 '

w(@i) = ulx;) — ho'(2) + —pu (@) = ou (@) + Zu(“})(:pi) —

w(@irr) = w(@;) + ho'(2;) + ¢
u(ziy) = u"(z;) — b (2;) + = () — - -,

u//<xz+1) — u//(xz> + hu///(zl) _|_ o

also

—3u(xg) + 4u(w1) —u(wy)
2h 3
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— dulzy _ h?
3u(zy) U(IQJ;L ) fuleyo) () — 3u///(xN) ...

in (£9), we get

T;(h) = — 3ae [u'(mo) _h u" (zo) + O(h3)} + 3ae [u (xn) — —u" (zn) + O(h?)
3ae 3ae S 5
- (o) — — U (xn) + TU( () + O(h®). (4.10)

When h — 0, we get |T;(h)|< K;h* where K; is a constant. Thus T;(h) = O(h?) as
h—0fort=1,2,...,N — 1.

The system (4.6) can be written as AU = d, where

A A, 0 0 0 0 0 0 0 0 Aives Ao
Ags Ags Asz O 0 0 0 0 0 0 Ag N2 Ag N1
Az Ao Assz Asy O 0 0 0 0 0 As N_o As N1
Agn Agp Agz Agy Ags O 0 0 0 0 Agn—2 Agn—a
Asq As 2 0 Asy Ass Ase ... 0 0 0 0 As N_o As N1
4 . ] . ) 5 E . . )
Ay_s1 An_s2 0 0 0 0 . An_sn-e An—sn—5 An_5N-4 0 Ay_sn—2 An_sn-1
An-4g An-4p 0 0 0 0 0 An-an-5 AN-an-4 An-an-3 An-an-2 An-an-
An-g1 An-z2 O 0 0 0 0 0 An_gN-4 AN—sN-3 An_sn—2 An_zn-1
An—21 An—p 0 0 0 0 0 0 0 An-an-3 Av-an-2 Anx-an-1
| Avois Ay 0 0 0 0 0 0 0 0 Ay Avoiva |

A;; is the coefficient of U;, U = (Uy,Us,...,Uy_1)", d = (dy,da,...,dy-1)T, d;,
1=1,2,..., N — 1 are the right hand side of the system.

In the following proposition, suitable conditions on h and « are derived to prove the
diagonal dominance of the matrix A. Let ¢, = min{q(z) : z € [0,1]}, ¢* = max{q(x) :
x € [0,1]}.

Proposition 4.1.1. Let A be the matriz corresponding to the system @ Let h
satisfies h?q* < 6e. Then, the following conditions on the scaling factor ensure the

matrixz A to be strictly diagonally dominant:

_h?* h*
O§a<min{h2, 65—q d }

3he 7 6e
Proof. Let 0 < o < h%. We get Aj; = =% +2¢) + % = 2¢; + 65[}%2 — %] >
2¢,+62[75—h] > 0 when a < h2, Ay, = 324232 < (ifq < 200 4, = 30 >
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and Ay n_1 = —Gi’f < 0. We obtain

b  3ae q 3¢  3ae bac
Aiql— A 2q —_—t - = - — —
| Ay Z| 15 = -I— 1+h + 5h + 02 5 A
B b6ae b6ae q2 35} . hq.
_[‘h R R s 6e
N-1
. c 2* .
Thus, when h?¢* < 6¢ andoz<mln{h2 e a” b } we get |A;, 1|—Z|A13| > 0.
WehaveAglz—@—l—q—l—%<0ifh2q*<66, Ayy = 3°‘€+2q2+ s >0,
Agy =% — 35 <0if h2q* < 6e, Apno =3 >0 and Ay y_1 = -9 < 0. We have
N-1
3ae 6e 6b6ae q 3¢
Aga|— Apil=—+2 —_—— = — —
[eal= D eyl =55+ 20+ 5 - -+ 5 -5
J=1, j#2
Py o g
2  h? 2h h
6ae 6ae 1, G3
s <= SR B Sy
[QQ h]+[q2 h]+2+2
N-1
if o < %. Hence, when h?q* < 6e and a < }g‘?, we obtain |Ago|— Z | Ay | > 0.
J=1, j#2
We obtain Az ; = 6‘“5 <0, A32—%+———<01foz< Be— hq A33—2Q3+h2 >

0, gy =% —35 <0if h2q* < 6e, Az y—o = 3¢ > 0 and Az y_1 = —%= < 0. We obtain

N-1

6e b6ae 3dae g 3¢
4% o | Azl =2 S| | S ——
| 313| Z | 35]| g3 + h2 h ] 2h + 2 h2

i=1,3#3
L& 3 Sac Gae
22 2h h
6ae 6oe G2 Q4
=|q3 — — - — —+=>0
o=+ o=+ 53
if o < }16‘76*. Thus, when h?¢* < 6e and a < min{ﬁsg,}iq*, }gqs*}, we obtain that
N-1
[Assl— D Ay > 0.
J=1, j#3

Fori:4,5,...,N—4,WehaveAm:—&%SO,ALQ—‘%‘&>O A 1—%—%<0
if h2q* < 62, Ay = 2g; + 55 > 0, Aj i = 22 — 35 < 0if h2¢* < 6e, A y_o = 222 >0

2
and A; y_1 = —6%5 < 0. We have

6045 3ae @1 3¢
Z il = 20+ oo 2 e
J=1, j#i
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6ae 6ae i 3ae i
S

h h 2 h 2
hq.
> 0if o < 2.
6e
N-1
Hence, we have |A; ;|— Z |A; | > 0 if h? ¢* < 6c and o < 2=,
J=1, j#i
We get Ay_g1 = =8 <0, Ay.gp = 335 > 0, Aygna = 252 — 5 <0 if

_ . 6 7h2 *
h2q* < 6e, ANsn—3=2qn-3+ 55 >0, Ayv_gno = L52 — 55 + 3 <0 if o < =554,
AN—S,N—l = 6a8 < 0. We get

N-1
[Av-sn-sl— > |An-syl

j=1, jAN-3

6e 6bas 3ae _ 3¢ _ 3¢ 3as bac
=gy s+ A TR o AN g TR O

h? h 2h 2 h? 2 h? ~ 2h h

. 6ae bae qN—-4  gN-2 . hqs
_[QN‘3 h]+[QN‘3 h]+ 2 2 6e
N-1
2 ®
ThU.S, we obtain ‘AN_gyN_3|— Z |AN_37J‘| > 0if a < mln{}gi*, 66;}};(} } and
j=1, j#N-3
h2q* < 6e.
We obtain AN_gl = —&%& < O AN_22 = %Lhﬁ > 0, AN_QyN_g = qN2_3 — % < 0 if
h2q* < 6be, An_ 2N—2 = = 2qn—2 + 2; aF 320;16 > 0, AN,Q,N,1 = _QN2—1 —%— &% < 0 if
h2q* < 6. We have
N-1
[Av_anzal— > Ayl
=1, jAN-2
6e  3ae 6bae 3ae qn_.3 3¢  qn_1 3¢ bae
— 20N 2 £ = = _ =
Wt et oy T T Ty T T Ty T
_ 6ae bae qN-3 | qN-1 . hq.
= |ov> h]+[QN2 h}+ 2 2 6e
N-1
Hence, we get |[An_a n—2|— Z |An_2,;| >0if a < hﬁqa* and h2q* < 6e.
=1, j#N-2
We get AN_11 = —% < O AN_LQ = % Z 0, AN_LN_Q = qN272 - % + % < 0if

hQ*
a<6a

, ANC1N—1 = 2gn— 1+ _&%>2€IN—1+65[#—}L} > 0 when o < h%2. We
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obtain

N-2

[An-1v-1]= D> |Av-1l

j=1
6e Gae 6b6ae 3ac  qy_o 3¢  3ac

— Y1+ — — _ — sy
Nt e ™ Ty T T T T
6ae 6ae qn_2 3¢ i hq.
= = — - — — 4+ —=>0ifa< )
[QN T ]'%[QN ! h,]'+ y T lhes
N—2
2 %
Hence, we get |[An_1.n-1]|— Z|AN_1JI > 0 if h%¢* < 6 and o < min {hQ, 6€;£Eq , }g_* }
j=1

Thus the conditions prescribed in the statement of the Proposition [4.1.1] ensure the

strictly diagonal dominance of the matrix A. O]

The following theorem provides the error estimation of the proposed numerical

method.

Theorem 4.1.1. Let u(x) be the exact solution of the singularly perturbed differential
equation given in . Let U be the approximate solution obtained by the system given
in ([4.6). If we choose h and o according to Proposition then ||E|l= O(h?),
where E = (Ey, By, ..., Ex_1)T, E; = u(z;) — U;.

Proof. The system (4.6) can be written as
AU =d
and the system (4.6)) with exact solution can be written as
Au=d+T(h),

where 4 = (u(z1),u(zs), ..., u(xn_1))T, T(h) = (Ti(h),To(h),...,Tx_1(h))T. Hence,
we get

A(u—U)="T(h), i.e, AE =T(h).
By taking A and «a according to the Proposition [4.1.1} we have
E = A"'T(h)
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and hence we get

N-1
E; = ZA]-_,isz‘(h% j=12,...,N—1.
=1

Using the theory of matrices, we have

N-—1
> ASi=1k=12..N-1,

=1

where S; is the i-th row sum of the matrix A. The row sums

6ae b6ae ¢ 3as 3¢ ) hq,
1 q1 3 + |q1 3 +2+h+h2>la<65

bae b6ae Gi-1  Qir1 Qe ) hq.
= |y AR e f
Si h h}+[l h]+_2_+2 T > Uita <
i=23..., N-2,

6o bae gn_o 3ae 3¢ . hq.

N-1 qN-1 3 + |gn-1 3 ~|—2—i-h—|—hZ>1oz<68

It can be observed that, the conditions given in statement of Proposition [4.1.1] ensures

the row sums of the matrix A are positive. We have

2

—il
1 1

Al —— — =
4 minggen_1 S Ci
ming <;<N-19j io

i=1

where C;, is a constant. We obtain

Kh?
‘Ej > G
where K is a constant, and hence we get || E||..= O(h?) as h — 0. O

Remark 4.1.2. Let us consider the restriction on . given in Proposition [{.1.1]

6e — h2q*  hg, }

< in{ h?
O_a<m1n{ , S 6e

When h is sufficiently small, h? will be the minimum in the above range, i.e., 0 < o < h2.

For fixed h, by varying o, we can compute the numerical solutions of the BVP.
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4.1.2 Numerical examples

In this section, to demonstrate the applicability of the developed method computation-
ally, we consider the two numerical examples whose exact solutions are known. For any
value of N and ¢, the maximum point-wise error EVV will be calculated by

EYN = max|u(z;) — Uy

and the order of convergence will be calculated by

N N
p :log2 (E2N>

Example 4.1.1. Consider the following BVP [§]:

—eu"(z) +u(z) = 1+ 2/elexp((z — 1)/vE) + exp(—z/ve)], x € (0, 1),

The analytical solution is u(z) =1 — (1 — z) exp(—xz/+/e) — zexp((x — 1)/+/e). For
each fixed e = 2% i = 1,2,...,9, we take N = 16, 32,64, 128,256,512, 1024 and we
get the o restriction in the range 0 < a < h?. Hence for each fixed £, we have taken as
a = 0.9999h%. The maximum point-wise errors and the order of convergence are calcu-
lated and that are given in Table Figure represents the numerical solutions
of the Example Figure [4.1(b)| represents Log-log plots of the maximum errors
for the Example [4.1.1l The maximum point-wise errors and the order of convergence

corresponding to the cubic spline method are given in Table [4.2]
Example 4.1.2. Consider the following BVP [13]):

—eu”(z) + u(r) = — cos?(wz) — 2em? cos(2rz), = € (0,1),

exp(=(1 — 2)/v/€) + exp(—z/V¢)

, T+ exp(—1/+/2)
each fixed ¢ = 217% ¢ = 1,2,....,9, we take N = 16,32, 64, 128, 256,512,1024 and we

The analytical solution is u(z) = — cos?(mx). For

obtain the « restriction in the range 0 < o < h?. Thus, for each fixed e, we have

taken o = 0.9995h2. Table represents the maximum point-wise errors and the
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Table 4.1: Maximum point-wise error and order of convergence corresponding to Exam-

ple d.1.7]
Je/N — 16 32 64 128 256 512 1024

1 4.2114e-06 | 5.1410e-07 | 9.2670e-08 | 2.0855e-08 | 5.0670e-09 | 1.2575e-09 | 3.1374e-10
3.0342 2.4719 2.1517 2.0412 2.0105 2.0030

1/2 1.2600e-05 | 1.9419e-06 | 4.0454e-07 | 9.5897e-08 | 2.3641e-08 | 5.8894e-09 | 1.4709e-09
2.6979 2.2631 2.0767 2.0202 2.0051 2.0014

1/4 3.8924e-05 | 7.3312e-06 | 1.6699¢-06 | 4.0685e-07 | 1.0103e-07 | 2.5216e-08 | 6.3009e-09
2.4086 2.1343 2.0372 2.0096 2.0025 2.0007

1/8 1.2045e-04 | 2.6072e-05 | 6.2366e-06 | 1.5618e-06 | 3.9102e-07 | 9.7796e-08 | 2.4451e-08
2.2078 2.0637 1.9976 1.9979 1.9994 1.9999

1/16 3.5394e-04 | 9.0815e-05 | 2.3136e-05 | 5.7936e-06 | 1.4490e-06 | 3.6230e-07 | 9.0579e-08
1.9625 1.9728 1.9976 1.9994 1.9998 1.9999

1/32 1.1473e-03 | 2.9413e-04 | 7.3535e-05 | 1.8450e-05 | 4.6127e-06 | 1.1532e-06 | 2.8829e-07
1.9637 2.0000 1.9948 2.0000 2.0000 2.0000

1/64 3.0690e-03 | 7.9945e-04 | 1.9890e-04 | 4.9688e-05 | 1.2430e-05 | 3.1074e-06 | 7.7684e-07
1.9407 2.0069 2.0011 1.9990 2.0001 2.0000

1/128 | 7.7843e-03 | 1.8606e-03 | 4.6487e-04 | 1.1613e-04 | 2.9033e-05 | 7.2577e-06 | 1.8145e-06
2.0648 2.0009 2.0011 1.9999 2.0001 2.0000

1/256 1.7587e-02 | 4.0431e-03 | 9.9093e-04 | 2.4802e-04 | 6.1929e-05 | 1.5482e-05 | 3.8703e-06
2.1209 2.0286 1.9983 2.0018 2.0000 2.0001

order of convergence corresponding to the Example [1.1.2] Figure represents the
numerical solutions of the Example [4.1.2] Figure [4.2(b)| represents Log-log plots of the

maximum errors for the Example 4.1.2, The maximum point-wise errors and the order

of convergence corresponding to the cubic spline method are given in Table

129

Abstract-TH-2219 126123020



Table 4.2: Maximum point-wise error and order of convergence corresponding to Exam-

ple with cubic spline.

le/N — 16 32 64 128 256 512 1024

1 2.0728e-04 | 5.1797e-05 | 1.2948e-05 | 3.2369e-06 | 8.0922¢-07 | 2.0230e-07 | 5.0576e-08
2.0006 2.0002 2.0000 2.0000 2.0000 2.0000

1/2 4.6839¢e-04 | 1.1700e-04 | 2.9245e-05 | 7.3108e-06 | 1.8277e-06 | 4.5692e-07 | 1.1423e-07
2.0012 2.0003 2.0001 2.0000 2.0000 2.0000

1/4 9.4245e-04 | 2.3526e-04 | 5.8793e-05 | 1.4697e-05 | 3.6742e-06 | 9.1853e-07 | 2.2963e-07
2.0022 2.0005 2.0001 2.0000 2.0000 2.0000

1/8 1.6114e-03 | 4.0181e-04 | 1.0039e-04 | 2.5093e-05 | 6.2729e-06 | 1.5682e-06 | 3.9205e-07
2.0037 2.0009 2.0002 2.0001 2.0000 2.0000

1/16 2.2402e-03 | 5.5761e-04 | 1.3925e-04 | 3.4804e-05 | 8.7004e-06 | 2.1751e-06 | 5.4377e-07
2.0063 2.0016 2.0004 2.0001 2.0000 2.0000

1/32 3.2076e-03 | 7.9459¢e-04 | 1.9820e-04 | 4.9521e-05 | 1.2380e-05 | 3.0949e-06 | 7.7372e-07
2.0132 2.0033 2.0008 2.0000 2.0001 2.0000

1/64 5.4621e-03 | 1.3399e-03 | 3.3339e-04 | 8.3250e-05 | 2.0817e-05 | 5.2038e-06 | 1.3009e-06
2.0274 2.0068 2.0017 1.9997 2.0001 2.0000

1/128 | 9.8006e-03 | 2.4459¢-03 | 6.0625e-04 | 1.5179e-04 | 3.7926e-05 | 9.4800e-06 | 2.3699e-06
2.0025 2.0124 1.9978 2.0008 2.0002 2.0001

1/256 | 2.0154e-02 | 4.6639¢-03 | 1.1446e-03 | 2.8485e-04 | 7.1131e-05 | 1.7783e-05 | 4.4455e-06
2.1114 2.0267 2.0066 2.0016 1.9999 2.0001
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—e=1
—e=1/2
e=1/41]
—e=1/8
—O(N7?)
021 —e=1/64 |\
—e=1/128
e =1/256
: ‘ ‘ ‘ ‘ 4
0 0.2 0.4 0.6 0.8 1 10
T
(a) Numerical solutions for Example with (b) Log-log plot for Example
N = 512.
Figure 4.1: Numerical results of Example
‘ ‘ ‘ 2
02 —e=1/64 10 Ep—
—e=1/128 —e—1p
0 —e=1/256 1073+ c—1/4
—e=1/8
02| 104 —OW)|.
04 | 107
0.6 10°®
0.8 ‘ : : : 107 : w
0 02 04 06 08 1 10° 10% 10° 104
T N
(a) Numerical solutions for Example with (b) Log-log plot for Example
N =512.

Figure 4.2: Numerical results of Example [4.1.2
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Table 4.3: Maximum point-wise error and order of convergence corresponding to Exam-

ple I.1.2
4 €/N — 16 32 64 128 256 512 1024

1 2.9355e-03 | 7.6628e-04 | 1.9332e-04 | 4.8430e-05 | 1.2113e-05 | 3.0287e-06 | 7.5721e-07
1.9377 1.9869 1.9970 1.9993 1.9998 2.0000

1/2 2.8473e-03 | 7.4168e-04 | 1.8704e-04 | 4.6852¢e-05 | 1.1718e-05 | 2.9300e-06 | 7.3251e-07
1.9407 1.9875 1.9971 1.9993 1.9998 2.0000

1/4 2.6944e-03 | 6.9966e-04 | 1.7633e-04 | 4.4164e-05 | 1.1046e-05 | 2.7618e-06 | 6.9047e-07
1.9452 1.9884 1.9973 1.9994 1.9998 2.0000

1/8 2.4411e-03 | 6.3155e-04 | 1.5906e-04 | 3.9834e-05 | 9.9627e-06 | 2.4909¢-06 | 6.2274e-07
1.9506 1.9893 1.9975 1.9994 1.9999 2.0000

1/16 2.0383e-03 | 5.2037e-04 | 1.3102e-04 | 3.2811e-05 | 8.2062e-06 | 2.0518e-06 | 5.1296e-07
1.9698 1.9897 1.9976 1.9994 1.9999 2.0000

1/32 1.3014e-03 | 3.2864e-04 | 8.2905e-05 | 2.0773e-05 | 5.1962e-06 | 1.2992¢-06 | 3.2482e-07
1.9855 1.9870 1.9967 1.9992 1.9998 1.9999

1/64 8.1959¢-04 | 1.9765e-04 | 4.9015e-05 | 1.2231e-05 | 3.0563e-06 | 7.6411e-07 | 1.9104e-07
2.0519 2.0117 2.0027 2.0007 1.9999 1.9999

1/128 4.9785e-03 | 1.1875e-03 | 2.9359¢-04 | 7.3590e-05 | 1.8385e-05 | 4.5960e-06 | 1.1490e-06
2.0678 2.0161 1.9962 2.0010 2.0001 2.0000

1/256 1.3927e-02 | 3.2067e-03 | 7.8628e-04 | 1.968R8e-04 | 4.9161e-05 | 1.2290e-05 | 3.0723e-06
2.1187 2.0280 1.9977 2.0017 2.0000 2.0001
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Table 4.4: Maximum point-wise error and order of convergence corresponding to Exam-

ple with cubic spline.

le/N — 16 32 64 128 256 512 1024

1 1.1769e-02 | 2.9589e-03 | 7.4076e-04 | 1.8525e-04 | 4.6318e-05 | 1.1580e-05 | 2.8949e-06
1.9919 1.9980 1.9995 1.9999 2.0000 2.0000

1/2 1.0999e-02 | 2.7647e-03 | 6.9209e-04 | 1.7308e-04 | 4.3274e-05 | 1.0819e-05 | 2.7047e-06
1.9922 1.9981 1.9995 1.9999 2.0000 2.0000

1/4 9.8720e-03 | 2.4802e-03 | 6.2079e-04 | 1.5525e-04 | 3.8814e-05 | 9.7037e-06 | 2.4259e-06
1.9929 1.9982 1.9996 1.9999 2.0000 2.0000

1/8 8.5011e-03 | 2.1339e-03 | 5.3400e-04 | 1.3353e-04 | 3.3385e-05 | 8.3464e-06 | 2.0866e-06
1.9942 1.9986 1.9996 1.9999 2.0000 2.0000

1/16 7.0988e-03 | 1.7791e-03 | 4.4506e-04 | 1.1128e-04 | 2.7821e-05 | 6.9554e-06 | 1.7389e-06
1.9964 1.9991 1.9998 1.9999 2.0000 2.0000

1/32 0.6878e-03 | 1.4224e-03 | 3.5563e-04 | 8.8909e-05 | 2.2227e-05 | 5.5569e-06 | 1.3892e-06
1.9995 1.9999 2.0000 2.0000 2.0000 2.0000

1/64 4.0736e-03 | 1.0170e-03 | 2.5415e-04 | 6.3533e-05 | 1.5883e-05 | 3.9707e-06 | 9.9267e-07
2.0020 2.0005 2.0001 2.0000 2.0000 2.0000

1/128 | 6.9756e-03 | 1.7515e-03 | 4.3394e-04 | 1.0853e-04 | 2.7117e-05 | 6.7785e-06 | 1.6946e-06
1.9937 2.0131 1.9994 2.0008 2.0002 2.0000

1/256 1.6386e-02 | 3.8017e-03 | 9.3366e-04 | 2.3239¢-04 | 5.8034e-05 | 1.4504e-05 | 3.6261e-06
2.1077 2.0257 2.0064 2.0016 2.0004 2.0000
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4.2 Neumann Boundary-Value Problem

Counsider the Neumann BVP

—eu’(x) + q(w)u(z) = f(z), z € (0,1),

—u'(0) = no,  w'(1) = m,

(4.11)

where 0 < ¢ < 1, ¢ and f are sufficiently smooth functions in [0, 1] and ¢(z) > 0 in [0, 1].
Let us consider a uniform mesh on the interval I = [0, 1] such that 0 = 2y < 21 <
- <xy =1, where z; =ih,i=0,1,..., N and h = 1/N. Let U; be the approximation
of u(x;), U/ be the approximation of u/(z;) and M; be the approximation of u”(x;) for
i=0,1,...,N. Let ¢; = q(x;), fi = f(z;), 1 =0,1,...,N.
From Section 7 it can be seen that, at the left end point x = x, 45(1)(3:) should

satisfy
6(1 — ha)®W (z0) + 2(1 — a)hMy + hM; — ahMy = %[U1 — Uy — ab*(Uy — Uy)).
(4.12)
At the right end point 2 = 2y, @1 (z) should satisfy
— ahMy + hMy_; +2(1 — a)hMy — 6(1 — ha)dW (zy)
_ —%{UN — Un_1 — ol (U — D). (4.13)

The differential equation given in (4.11)) is discretized at x; as —eM; + q;U; = fi, i =
0,1,...,N. The boundary conditions are discretized as Uj = —ny and Uy, = n. We

substitute

U — fi &
5 )

in (4.12), (4.5) and (4.13)), and hence we get the following system:

M; = 1)(%) = —To, ¢(1)($N) =M,

[2(1 — a)h2qy + 65 — 65ah2} Uy + [thl — 65} Uy + [ — ah?qy + 65ah2} Uy

= 6he(1 — ah)no + 2(1 — a)h%fo + h2f, — ah®fy, (4.14)
304h2(]0 hQQifl 2 hz(]z’+1
- =0+ [ . 35] U\ + [Qh g + 65} U, + [T . 35} Usis
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B 3ah’qy

3ah? hf;_
« f0+ Jic1

5 Uy = —3ach®*ny — 3aeh®n — 5 5 T 2K f;
K2 h2
+ J;’“—?’O‘QfN,¢:1,2,...,N—1, (4.15)

[ —ah?q + GgahQ] Uy + [thN_l - 65} Un_1 + [2(1 — a)hqy + 6¢

- 6sah2] Uy = —ah®fy + R fy_1 +2(1 — a)h% fy + 6ch(1 — ah). (4.16)

The system given in (4.14]), (4.15)) and (4.16]) provides the approximations Uy, Uy, ...,

Uy for the solution u(z) at zg, x1,...,ZxN.

Remark 4.2.1. If a = 0, then the system given in (4.14]), (4.15) and (4.16) will reduce

to the cubic spline system as

[2h2qo i 6€:| Uo = [h2q1 — 66] U1 = 6h€770 + 2h2f0 + h2f1,

h2q;_ h%g

[ ‘; L 35} Uy + [2h2qi v 65] U, + [% . 35] Usiy
h?f;_ h2f;

= J; ! +2h2fi+%, i=1,2,...,N—1,

[h2qu1 _ 65] U1+ [2h2qN n 65} Uy = h2fy_1 + 212 fy + 6ehny.

4.2.1 Convergence analysis

In this section, convergence analysis of the proposed scheme is carried out. Let |a|< k2.
At the beginning, truncation error is derived. The truncation error Ty(h) associated

with the difference equation given in (4.14) is defined as

To(h) = [2(1 — a)h®qy + 6 — 6€ah2}u(:vo) + [h2q1 — 65] u(zy)
+ [ — ahqy + 6£ah2]u(a:N) L] [ — 6he(1 — ah)u (xo)

+2(1 — a)hfy + REfy — ah2fN} . (4.17)
Substitute f; = —eu”(z;) + qu(z;) in (4.17)), we get

To(h) = — 6eahu(w) + 6eah®u(ry) — 6eah®u/(xg) — 2eah®u” (2¢) — cah®u” (v y)

+ 6cu(wg) — beu(xy) + 6heu(zo) + 2h%eu (zo) + h*eu” (21). (4.18)
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Now, using the Taylor expansions of u(x;) and u”(z1) about the point z = ¢ in (4.18))

and after simplifying we get

To(h) = — 6eahu(zg) + 6eah®u(ry) — 6eah®u/(x)
h4
— 2eahu" (1p) — eah®u (zx) + %u(‘l) (z0) + O(R°).
When h — 0, we get |Ty(h)|< Koh*, where Ky is a constant. Hence we get Ty(h) = O(h*)
as h — 0. The truncation error T;(h), i = 1,2,..., N — 1 associated with the difference

equations given in (4.15]) are defined as

3ah? h%q;_
Ti(h) = — a2 qou(xo) + [ lisigh 3€]u(xi_1) + [2h2qi + 65] u(z;)
h%q; 3ah?
+ [ ZH — 3€]u(xi+1) F- 5 QNu(mN) — [3a5h2u'(ac0) — 3aeh®u (zy)
h2 h2 o 2r h2
—30‘2 Jogy J; 1+2h2fi+h£’+1—3a2fN] (4.19)

Now substitute f; = —eu”(z;) + qiu(x;) in (4.19)), we get

h? h?
T;(h) = — 304;? u"(xg) — sac u”(zn) — 3aeh®u'(2) + 3ach®u/ (zy) — 3eu(w; 1)
h2€ " 2_,.1 h'25 "
+ 6eu(w;) — 3eu(wipr) + — U (i—1) + 2h%eu” (z;) + U (®ig1)- (4.20)

Using the Taylor expansions of w(z;_1), w(z;y1), v (z;—1) and u”(z;41) about the point
r = z; in (4.20) and after simplifying we get

3aeh?
) = = 228 ) -

h2
ga u”(zn) — 3aeh®u (o)

h4
+ 3ach®u' (zy) + %uw (z0) + O(R®).

It can be seen that, when h — 0, we get |T;(h)|< K;h?*, where K; is a constant. Thus
T;(h) = O(h*) as h — 0 for i = 1,2,..., N — 1. Using similar procedure followed to

compute Ty(h), we get the truncation error associated with the difference equation given

in (I19) as

Tn(h) = 6eah*u(zy) — 6eah*u(ry) + 6eah®u/(zy)
h4
— 2eah®u’ (zy) — eah®u (xo) + %u(‘l) (zn) + O(R).
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It can be observed that, when h — 0, we get [Ty (h)|< Kyh*, where Ky is a constant.
Thus Tx(h) = O(h*) as h — 0.

The system given in (4.14]), (4.15) and (4.16)) can be written in the matrix form
AU = d, where

Ao Agr O 0 0 0 0 0 0 Aoy |
Ao A A 00 0 0 0 0 Ay
Asg  Asx Ass Azsz 0 0 0 0 0 As N
Aso 0 Ags Agy Ase ... O 0 0 0 Asx

= . . . . 1 : . . . )
Axy-30 0 0 0 0 An-3n-1 An-3n-3 An-zn-2 0 An-3N
An—20 O 0 0 = 0 An_on-3 An—an-2 An_on-1 An—on
An-1o O 0 0 0 0 0 An-in—2 An—in-1 Anoan
Ao 000 0 0 0 0 Awnr . Ann

A;; is the coefficient of U;, U = (Uy, Uy, ..., Un)T, d = (do,dl,...,dN)-T, d;, 1 =
0,1,..., N are the right hand side of the system.

In the following proposition, h and scaling factor a are restricted suitably so that
the matrix A would be strictly diagonally dominant. Let ¢. = min{q(x) : = € [0,1]}
and ¢* = max{q(x) : x € [0,1]}.

Proposition 4.2.1. Let A be the matriz corresponding to the system given in ,
and . Let h satisfying the condition h’q* < 6e. The matriz A is strictly

diagonally dominant if the scaling factor satisfies the following conditions:

. G Qs
0<a< {h2, , }
< o < min 192" 3¢°

N

Proof. Let 0 < a < h®. In order to prove |Agq|— Z|A0»j| > 0, we consider two cases.
j=1
Let gy < 6e. The entries Agg = 2(1 — a)h?qy + 6e(1 — ah?) > 0, Ag1 = h*q — 6 < 0

by the assumption on h, Ay y = ah?[6e — qy] > 0. Then
N

| Ag.o|— Z|AOJ| =2(1 — a)h?qy + 6e(1 — ah®) + h*q1 — 6 + h*aqn — 6¢]

Jj=1

= h?[2(1 — a)qo + agn] + h?[q1 — 12eql.
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N

Hence, the expression |Ago|— Z|A0J\ >0if a < &

j=1
Let qn > 6Ge.

The entries Agg = 2(1—a)h*qo+6e(1—ah?®) > 0, Ag1 = h*q;—6e < 0 by the assumption
on h, Agn = ah?[6e — qn] < 0. We have

N
| Ag.o|— Z\Ao,ﬂ = 2(1 — a)h?qy + 6e(1 — ah®) + h*q, — 6¢ + h*af6e — qn]

j=1
=2(1 — ag)h’qo + P*[q1 — aqy].
N

It is easy to see that |Ago|— Z|AOJ| >0if a < Z—:.
j=1

N
Thus for ¢(z) > 0, we obtain |Ago|— Z|A0J| > 0 if h?¢* < 6 and o < min{-L, %}

12¢’ g¢*
Jj=1

The entry A, = —% + [hzqo — 36] < 0 by the assumption on h. One can see that

Ag = 2h%q, + 6 > 0, Ao = h22q2 — 3¢ < 0 by assumption on h, A; v = —% < 0.

We obtain
N
A= D Ayl
J=0, j#1
3ah®qy | h2qo h’qs 3ah?qy
= 2h? 6e — — 3+ —2= — 3 —
q1 + 6¢g 5 + 5 €+ 5 € 2
h? h?
= 2h%q + 5 [QO = 304(10} t3 [QQ — 3CVQN} :
N
Hence the quantity |Ay 1|— Z [ Al > 0if o < g
Jj=0, j#1 \
For i = 2,3,...,N — 2, the entries A;; = 2h%q; + 62 > 0, A;; 1 = % —3e < 0,
Ajiv1 = % —3e <0, 4jp = —% <0, AN = —% <0.

We can see that

N
[Avil— D 1Al

J=0, j#i

304]12(10 i h2Qi—1 S h2q¢+1 3 ?)Oéhqu

= 2h%q; —
hq; + 6¢ 5 5 5 5

2 2

h h
=2h%q; + B [qzel — 3066]0} + 5 [%’H - 304@1\/} :
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N
Consequently, the quantity |A4;;|— Z |A; ;| >0if a < ?%.
=0, j#i
: 3ah2q0 hqu,Q 2
The entries AN—l,O =5 S O, AN_LN_Q = 5 —3e < 0, AN—l,N—l = 2h qnN-1 +

6 >0, Ay_1n = ]12% —3e — % < 0 by the assumption on h. Thus, we obtain

N
|AN—1,N—1|— Z |AN—1,J‘|
J=0, j#N~1
3ah? h2qn— h? 3ah?
= 2h%qn 1 + 6 — T TNz g DN g 2OV
2 2 2 2
h? h? : «
=2R%qn_1 + — [QN—Q + BaQO] + = [QN = 3oqu] >0 ifa< 2
2 2 3q*
N—1
In order to prove |[Ay n|— Z|A ~,j| > 0, we consider two cases.
=0

Let g9 < 6e. The entries Axg = ah?[6e — q] > 0, Axny_1 = h*qv_1 — 6 < 0,
Anny =2h*(1 — a)gy + 6e(1 — ah?) > 0. We get

N-—1
[Avvl— Y |Aw,]
=0

= 2h*(1 — a)qn + 6¢(1 — ah?®) + ah®[q — 6¢] + h*qy_; — 6¢

Gk
12¢°

Let g9 > 6e. The entries Ayo = ah?[6e — q] < 0, Axy_1 = h*qv_1 — 6 < 0,
Ann = 2h*(1 — a)qn + 6e(1 — ah?®) > 0. We obtain

= h?2(1 — a)gn + aq] + h’[gy_1 — 12ea] > 0if a <

N-1
[Annl= Al
=0

= 2h*(1 — a)qn + 65(1 — ah?®) — ah*qy + 6h*ca + hqn_1 — 6¢

= 2h*(1 — a)qn + h*[gn-1 — age] > 0if a < q—i
q
N-1
Thus for g(z) > 0, we get |An n|— Z|AN,J-| > 0 if h?¢* < 6c and a < min{ﬁ, %}.
g 12¢" ¢*

Thus, the matrix A is strictly diagonally dominant when h and « satisfy the conditions

given in statement of the Proposition |4.2.1] O]

Theorem 4.2.1. Let u(z) be the exact solution of the differential equation given in

. Let U be the approximate solution obtained by the system given in ,
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and . If we choose h and o according to meposition then || Elloo= O(h?),

where E = (Ey, Ey, ..., Ex)T, E; = u(x;) — U;.

Proof. The system , and with exact solution can be written as
Au=d+1T(h),

where T'(h) = (Ty(h), Ty(h), ..., Tx(h)T, @ = (u(zo),u(x1),...,u(zy))T. Since AU =

d, we get
AE =T(h)

By the assumption on h and « given in Proposition 4.2.1] we have
E = A"'T(n).
We get
N
E; =) AjlTi(h), j=0,1,...,N.
i=0
Using the theory of matrices, we have

N
> ALSi=1,k=01,...,N,

=0

where S; = Z;V:o A, j,i=0,1,...,N. The row sums

So = 2h2qo(1 — a) + h?[g1 — agqy] > 0if a < q—z,
q
h? h? 4
Si = 2h%q; + 5 [Qi—l - 304(]0] t3 [Qi-i-l - 3CVQN] >0ifa < 3q_q*’

1=1,2,...,N—1,

G«

q

It can be observed that, the conditions given in statement of Proposition ensures

Sy = 2h%qn(1 — @) + h2[qn_1 — aqe] > 0if a <

the row sums of the matrix A are positive. We have

AR 1 1
ZAk,i S T S C R
i—0 0<i<N 5 10

where Cj, is a constant. We obtain

Kh*
Bl <—
O h?
where K is a constant. Hence we get || E||.o= O(h?) as h — 0. O
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Remark 4.2.2. Let us consider the restriction of a given in Proposition [{.2.1],

. G Qs
0<ac< {hQ, , }
< a < min 1957 3¢°

When h is sufficiently small, h* will be the minimum in the above range. For fized h,

by varying o, we can compute the numerical solutions.

4.2.2 Numerical examples

In this section, the presented numerical method is tested on the following singularly
perturbed two-point BVP. If the exact solution u(x) is unknown, then the following
double mesh method is used to compute the maximum point-wise errors:

For fixed ¢, let UY and UV be the numerical solutions of N and 2N numbers of
mesh intervals respectively. Define the maximum point-wise error by

EY = max |UYN — U3Y|.
0<i<N

Example 4.2.1. Consider the following BVP |9§]:

—eu”(z) + [1 + 22 + cos x]u(x) = z* +sinz, z € (0,1),

The exact solution is unknown and hence we have used the double mesh method
to compute the numerical solutions. For each fixed ¢ = 2%1, 1 =1,2,...,9, we take
N =16, 32,64, 128,256,512, 1024 and we obtain the « restriction in the range 0 < a <
h?. For each fixed e, we taken o as o = 0.9999h2. The maximum point-wise errors
and the order of convergence are tabulated in Table 4.5 Figure represents Log-log
plots of the maximum errors for the Example Table [4.6] represents the maximum

point-wise errors and the order of convergence corresponding to the cubic spline method.
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Table 4.5: Maximum point-wise error and order of convergence corresponding to Exam-

ple|4.2.1
le/N — 16 32 64 128 256 512 1024

1 2.3236e-04 | 5.8471e-05 | 1.4657e-05 | 3.6685e-06 | 9.1763e-07 | 2.2947e-07 | 5.7375e-08
1.9905 1.9962 1.9983 1.9992 1.9996 1.9998

1/2 3.7014e-04 | 9.3286e-05 | 2.3397e-05 | 5.8575e-06 | 1.4653e-06 | 3.6644e-07 | 9.1624e-08
1.9883 1.9953 1.9980 1.9991 1.9996 1.9998

1/4 5.9504e-04 | 1.5021e-04 | 3.7693e-05 | 9.4382e-06 | 2.3613e-06 | 5.9052e-07 | 1.4765e-07
1.9860 1.9946 1.9977 1.9990 1.9995 1.9998

1/8 9.1526e-04 | 2.3160e-04 | 5.8157e-05 | 1.4565e-05 | 3.6441e-06 | 9.1137e-07 | 2.2788e-07
1.9825 1.9936 1.9974 1.9989 1.9995 1.9997

1/16 1.3289¢-03 | 3.3785e-04 | 8.4934e-05 | 2.1277e-05 | 5.3238e-06 | 1.3315e-06 | 3.3292¢-07
1.9758 1.9920 1.9970 1.9988 1.9995 1.9997

1/32 1.8560e-03 | 4.7622¢-04 | 1.1999¢-04 | 3.0075e-05 | 7.5260e-06 | 1.8822¢-06 | 4.7064e-07
1.9625 1.9887 1.9963 1.9986 1.9994 1.9997

1/64 2.5368e-03 | 6.6280e-04 | 1.6776e-04 | 4.2093e-05 | 1.0536¢-05 | 2.6351e-06 | 6.5889e-07
1.9364 1.9822 1.9947 1.9983 1.9994 1.9997

1/128 3.3888e-03 | 9.1671e-04 | 2.3414e-04 | 5.8880e-05 | 1.4745e-05 | 3.6882¢-06 | 9.2222¢-07
1.8862 1.9691 1.9915 1.9976 1.9992 1.9997

1/256 4.3492¢-03 | 1.2548e-03 | 3.2629¢-04 | 8.2426e-05 | 2.0664e-05 | 5.1701e-06 | 1.2928e-06
1.7934 1.9432 1.9850 1.9960 1.9989 1.9997
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Table 4.6: Maximum point-wise error and order of convergence corresponding to Exam-

ple with cubic spline.

le/N — 16 32 64 128 256 512 1024

1 0.4465e-04 | 1.3644e-04 | 3.4127e-05 | 8.5330e-06 | 2.1333e-06 | 5.3333e-07 | 1.3333e-07
1.9971 1.9993 1.9998 2.0000 2.0000 2.0000

1/2 6.6380e-04 | 1.6643e-04 | 4.1636e-05 | 1.0411e-05 | 2.6028e-06 | 6.5072e-07 | 1.6268e-07
1.9959 1.9990 1.9997 1.9999 2.0000 2.0000

1/4 8.6228e-04 | 2.1647e-04 | 5.4174e-05 | 1.3547e-05 | 3.3870e-06 | 8.4677e-07 | 2.1169e-07
1.9940 1.9985 1.9996 1.9999 2.0000 2.0000

1/8 1.1497e-03 | 2.8932e-04 | 7.2449e-05 | 1.8120e-05 | 4.5304e-06 | 1.1326e-06 | 2.8316e-07
1.9905 1.9976 1.9994 1.9999 2.0000 2.0000

1/16 1.5272e-03 | 3.8618e-04 | 9.6821e-05 | 2.4223e-05 | 6.0567e-06 | 1.5143e-06 | 3.7857e-07
1.9836 1.9959 1.9990 1.9997 1.9999 2.0000

1/32 2.0184e-03 | 5.1533e-04 | 1.2952e-04 | 3.2423e-05 | 8.1085e-06 | 2.0273e-06 | 5.0683e-07
1.9697 1.9923 1.9981 1.9995 1.9999 2.0000

1/64 2.6667e-03 | 6.9369¢e-04 | 1.7519e-04 | 4.3910e-05 | 1.0985e-05 | 2.7466e-06 | 6.8668e-07
1.9427 1.9853 1.9963 1.9991 1.9998 1.9999

1/128 | 3.4903e-03 | 9.4074e-04 | 2.3984e-04 | 6.0259¢-05 | 1.5084e-05 | 3.7721e-06 | 9.4309e-07
1.8915 1.9717 1.9928 1.9982 1.9996 1.9999

1/256 | 4.4262e-03 | 1.2733e-03 | 3.3063e-04 | 8.3461e-05 | 2.0916e-05 | 5.2322e-06 | 1.3083e-06
1.7975 1.9453 1.9860 1.9965 1.9991 1.9998
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Figure 4.3: Log-log plot of Example [£.2.1]

4.3 Conclusion

We have described and demonstrated the applicability of the fractal cubic spline method
for solving self-adjoint singularly perturbed BVPs. Proposed method is accurate, and
easy to implement on computer. To implement the developed method, we considered
model problems and have tabulated the numerical results. Also, numerical results are
compared with the cubic spline method results. Proposed method has second-order
convergent. The important feature is that the developed method has second order
convergence for Neumann BVPs. It will be great interest if we extend the proposed

methods for the functions f which are discontinuous.
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Chapter 5

Fractal Cubic Spline Solutions for
Nonself-Adjoint Boundary-Value

Problems

In this chapter, we consider the nonself-adjoint BVPs and numerical solutions of these
BVPs are obtained. At beginning, we consider the singularly perturbed nonself-adjoint
BVPs. These problems arising in transport phenomena in chemistry and biology [22,23),
87]. Aziz and Khan [9] used spline in compression to solve the nonself-adjoint singularly
perturbed BVPs and this method has quadratic convergence. Kadalbajoo and Bawa [74]
proposed second-order convergent method using cubic spline with variable mesh to solve
the nonself-adjoint singularly perturbed BVPs. Lin et al. [87] used B-spline method to
get the numerical solutions of singularly perturbed BVPs. In this chapter, we have used
fractal cubic spline method to solve the nonself-adjoint singularly perturbed BVPs and

the proposed method has second-order convergence.

Next, we consider the nonself-adjoint singular BVPs. Many problems in applied
mathematics leads to the singular BVPs. These BVPs arise in the study of generalized
axially symmetric potentials after separation of variables has been employed. These
problems also occur very frequently in the study of electrohydrodynamics and the the-

ory of thermal explosions [117]. To solve the singular BVPs, various authors proposed
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different methods. For example, Chawla and Katti [40] used three-point finite differ-
ence method to solve the singular BVPs. To solve singular BVPs, Ravi Kanth and
Reddy [117] developed a numerical method using cubic spline. Abukhaled et al. |2]
used cubic B-splines and Rashidinia et al. |110] used spline in compression to solve the
singular BVPs. Also, one can see that in References [41,65,(73,(77,(97,|112}/113},/115,/116],
various numerical methods have been used to solve the singular BVPs. Many researchers
attempted to solve the singular BVPs by considering the series expansion procedures
in the neighborhood of the singularity and then solve the regular BVP in rest of the
interval using any numerical method. In this chapter, we discuss a direct method based
on fractal cubic splines for a class of singular two-point BVPs.

In Sections [5.1] and numerical methods have been developed for solving
singularly perturbed BVPs, linear singular BVPs and non-linear singular BVPs respec-
tively. Continuity conditions of the fractal cubic spline are taken as the discretization
equations to solve these BVPs. Convergence analysis of the proposed methods were
developed. In order to test the proposed method, numerical results are tabulated and

compared with the numerical solutions corresponding to the cubic spline method.

5.1 Singularly Perturbed Nonself-Adjoint Boundary-
Value Problems

Let us consider the singularly perturbed two-point BVPs of the form

eu’(z) = p(x)u'(z) + g(x)ulz) + f(z), = € (0,1),
(5.1)

u(0) =m0, u(l) =m,
where ¢ is the perturbation parameter such that 0 < ¢ < 1, functions p, ¢, f are
sufficiently smooth in [0, 1], p(z) is either strictly positive (p(xz) > 0 for all = € [0, 1]) or
strictly negative (p(z) < 0 for all z € [0,1]) and ¢(z) > 0 for all € [0, 1]. Solutions of
the BVPs exhibit boundary layer at x = 0 or z = 1 if p(z) is strictly negative or p(z) is
strictly positive respectively [7].

Let us consider a uniform mesh on the interval I = [0, 1] such that 0 = 2y < 21 <

146

Abstract-TH-2219 126123020



-+« <xy =1, where z; =ih,i=0,1,...,N and h = 1/N. Let U; be the approximation

of u(x;), U! be the approximation of u/(z;) and M; be the approximation of u”(x;).
The differential equation given in is discretized at © = x; as e M; = p;U] +q;U; +

fi, where p; = p(z;), ¢; = q(x;), fi = f(x;). We consider the following approximations:

—Uy +4U, — 3Uy 3Un —4Un_1 + Un— U1 — Ui
(o) 2h  Plo) 2h Ui on
U Uiy —4U; + Ui U Uit +4U; — 3U;
i+1 T 2h » Yi—1 T 2h :

Substituting M; and the above approximations in (4.5), we obtain the following system

of equations:

3 hi 3
Qh[— o —3a5]U1 —5[— o;po —3045]U2—|— [—35
h’qiy  3hp;_ s
+ 2 1_hpi+ p+1]Uz’—1+[65+2h2%‘
2 4 4
h2 ] h i—
+ hpi—1 — hpi+1} (0 =R [— 3e + q2+1 — p4 'y hp;
3hp; hi 3apy Sapn
+ =20+ 2 - 22 4 30e| Uy — 28] - =5
3h 3 3h2 3h2
+3a5} Uy_1 = — [ _ 290 304 o + aqono 1 afo
W2 fia 2 hfi1 3k  3apy
2 h 9 5 5 + 3ae|m
3h? 3h?
b O;C]Nﬁl n ;lfN, i=1,2,...,N—1, (5.2)

where Uy = 19 and Uy = n; are the discretizations of the Dirichlet boundary conditions.
The system (5.2)) gives the approximations Uy, Us, . . ., Ux_; of the solution u(x) at xy, zs,

ey, N1

Remark 5.1.1. If a = 0, then the system will reduce to the system corresponding

to the cubic spline:

h2(]i—1 _ 3hpi—1 hpiti

— hp; +

[ — 3+ } Ui_1 + [65 + 2h2qi

2 4
hzi hi—
+hp¢,1—hpi+1}Ui+[_35+ q2+1_ p41+hp¢
hp; h? f;_ hfi
+3p+1]Ui+1:— f 1—2h2fi_£ai:172""’]\[_1'
4 2 2
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5.1.1 Error analysis

In this section, convergence analysis of the proposed numerical scheme is discussed.
Let |a|< h%. Assume that the exact solution u(x) of (5.1 is sufficiently differentiable.
Substitute the original function value u(x;) instead of the approximate value U; in ([5.2))

and hence we get the truncation error T;(h), i = 1,2,..., N — 1 of the equations given

in (52) as

Ti(h) = [r?u(xo) + rilu(xl) — r?u(asg) +r;u(wi_y) + riu(e;) + riu(rig)

+ ) Pulen o)+ T u(en ) + i u(zy)] = =6 fo — g fia
— ¢ fi — a4 fin — 4" I, (5.3)
where
h h?
r) = B [30@0 + 3045} 3 aqo’ ri = 2h[ _3ap _ Ba&:],
2. | g 2
h 3apo _ h2q;q 3hpi—1
2 7 7
P = —— | — —3 i|’ L = — — —h i
r; 5 [ 5 ag|, T, 3e + 5 1 D
h A h2 7
+ p4+1, ¢ = 6e + 2h%q; + hpi—1 — hpis1, ri = -3¢+ %
hp; 1 3hpit1 N2 h[ 3apy
_ pp 200 e BT Somw g
1 + hp; + 1 r; 5 5 + 3ae
3 3h 3 3h?
3ah? h? h? 3ah?
ql 2 ? Q'L 2 ? ql 9 q'L 2 ) Q'L 2

Using the differential equation (5.1)) in (5.3)), we get

Ti(h) = |rdu(zo) + riu(zy) + riu(es) + vy (e, 1) + riu(z;) + rifu(zi)
N Pulan-s) + 1) ulano) +rVulan) | — ol (—eu’ (@)
+ pott’ (o) + qou(wo)) + q; (—eu” (wi—1) + pimr/ (z5-1)
+ giqu(mi1)) + ¢5 (—eu” (z;) + piu (x;) + qiu(x;))
+ ;i (—eu"(zig1) + P (1) + Giu(zig))

+ ¢ (—eu"(zn) + pau' (zn) + gvu(zy)) | (5.4)
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After simplifying (5.4]), we obtain

—3u(wo) + 4u(w;) — U(@)} _ 3ah2€u”(az )
2h 2 °
1 3aeh? [3U(SUN> — 4“(1;;;1) + U(xN2)] _ 30‘;’ gu”(:rN)
B 3@/; Do [—3u(:€o) + 4272(371) —u(ry) u’(xo)}
3ah?py (3u(zy) — du(rn_1) + u(zy_2) /
- [ oh —u (a:N)}

+ [ —3e — — hp; + hpfl]u(a:i_l) + [65

Ty(h) = — 3ah25[

3hpi—1

hp;—1

+ hpio1 — hpi+1} U(ZUZ) + [ —3e — + hp;
3hp; h? Y '
4+1:| U(xi+l) - ? |: — EU (.ﬁlfi_l) +pi—1u ('xi—l)]
h2
- 2h* [ —eu(w;) + piul(fﬁi)] = [ —eu(zi41) + pi+1u’(xi+1)] : (5.5)

+

Substituting the Taylor expansions for w(w;—1), w(xit1), @' (xi—1), v (zig1), v (zi-1),

u”(x;41) about the point x;,

_SU(I(D + 4u(:1c1) - U(Ig) o h? "
oh —U(l'o)—gu ) % |
3u(xN) — 4U(Z‘N_1) + U(IEN_Q) N h2 "
o =u'(xy) U (xn) +

in (5.5), we get

T;(h) = — 3aeh? [u'(a:o) — %Qu”’(xo) + O(h3)} + 3aech? [u'(xN) - h—2u"'(.rN) + O(h?’)]

3
3ahk?pe W2, Sak?py [ B2,
- SR = S ) + O(Y)| = ZEE = () + O
 Baegh? h*

[u”(xo) + u”(xN)] +5 [ — pi—1+ 2p; — Pz‘+1] u”(z;)

hpi-1  hpir €1
L R e Y <, @) (e 6
h [ 24 24 4]u (2:) + O(7).

Since |a|< h?, when h — 0, it can be seen that |T;(h)|< K;h* where K is a constant.
Hence T;(h) = O(h*) as h — 0 for i =1,2,..., N — 1.
The system given in (5.2)) can be written as AU = d, where

149

Abstract-TH-2219_126123020



Aqa Ao 0 0 0 0 0 0 0 0 A N_o AN
Az Asy  Azz 0 0 0 0 0 0 0 Ay N_o Ay N1
Asq Aso  Asz Asa O 0 0 0 0 0 As n_2 Asn_1
Asn Aga Agz Agg Ags O 0 0 0 0 Agn—2  Asn-a
Asq As o 0 Ass Ass Ase ... 0 0 0 0 As N2 As N1
= . . . . . ) . . . . . .
An-s1 Ans2 0 0 0 0 ... Ayvsn-e Anv-sns Av-sn-a 0 An-sN—2 AN-sn-1
An-a1 An—a2 O 0 0 0 ... 0 An-an-s An—an-a An_an-3 An_an-2 An_an—1
Ay_z1 An—z2 O 0 0 0 0 0 Ay_3n-s An-sn-3 An_sn-2 An_3zn-1
Ay_on An—2p O 0 0 0o ... 0 0 0 Ay_on-3 An_an—2 An_an—1
| Avois Ay 0 0 0 0 0 0 0 0 Axoanos Anvoina

A; j is the coefficient of the U; of the i-th equation, U = (U, Us, ..., Un-1)", d = (di,
do, ..., dn_1)T, di, i =1,2,..., N — 1 are the right hand side of the system (5.2)). Let

B be the matrix corresponding to a = 0.

By taking the matrices A, B, n = N — 1, ||.||oc norm in the Theorem [1.7.4] we obtain

N-—-2

_ _1
max |\ — pf|< 25 (N — 1)¥7(2Q) ¥ ||A - B| L7, (5.6)

where @@ = max{||A||«, [|B|lw}s A; and pf, i = 1,2,..., N — 1 are the eigenvalues of
N-1
A and B respectively. Let R; = Z B, ; be the row sum of B. Note that, when & is

j=1
sufficiently small, the matrix B is an irreducible matrix with

B;; = 6c+ 2h%q; + hpi—1 — hpiy1 > 0,i=1,2,...,N — 1,

o By =—3c+ 0t _3hwas gy g M o =23 N-1,
o Bij=—3c+ B0 Mgy g e o0 g1 N2
° R1:38+2h2ql+%+3’€%+hp1—%>0,

[ ] Rz:%+2h2Q1+%>07@:27377N_27

Ry = 3e + D022 4 oh2qy_y + M52~y — 32x >

Hence, B is a monotone matrix [67]. Thus B! exists and eigenvalues pf, 1 = 1, 2, ...,
N — 1 of B are non-zero. Thus, when h is sufficiently small, B is invertible and its row

sums are positive. Once we fix A (which gives B is monotone), then the eigenvalues of
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B are non-zero. Now the a can vary in the region (—h?, h?). We can choose sufficiently

small « in the region (—h?, h?) to satisfy the following conditions:

e A is invertible because ||A — B||oo= ‘ — ha‘ <‘3pg + 65’ + ‘ — 3pNn + 65’)

+

ha
4

is sufficiently small, eigenvalues of A are non-zero.

e The row sum S; of the matrix A

9h 9h
e 4. 4 OPN

4 4

—9%hae >0,1=1,2,...

when « is sufficiently small.

N -1

<‘3p0 + 65‘ + ‘ —3pNn + 68‘) and from 1} it can been seen that, when «

)

Hence by choosing sufficiently small A (which gives B is monotone), choosing « in

(—h% h?) (which gives A is invertible and row sums of A are positive), we get the

following;:

The system given in ([5.2)) with exact solutions can be written as

Au=d+T(h),

where @ = (u(x1),u(zs),...,ulzn_1)), T(h) = (Ti(h),Ta(h), ..., Tn_1(h))T. Since
AU = d, we get A(u —U) = T(h), i.e, AE = T(h) where E = (Ey, Fs,...,Ex_1)7,

E; = u(x;) — U;. Consequently, we have
E = A7'T(h).

From the theory of matrices, we have

N-1
D ALSi=1,k=12...,N-1,

i=1

where A,;i is the (k,7)-th element of the matrix A~!. We have

R’ 3hpo hps  9hapy  Yhapy
= 2h* - hp, — —22
Sy 3e + q1 + 7 + 1 + hpy 1 1 + 1
Qi1 Gi+1 9apy  9apy  Y9ace
Si = h2 I 2 n — — ,
y T T T T
h2qn_ hpn— 3h
Sno1 =3¢+ N-2 | 212 g1 + pZ - —fN
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B 9hapy n 9hapy

1 1 Yhaoe.

Hence, we have

=

—1
1 1
AIZ% < — = 73 )
’ MmN <;<N-1 Sl h Cig

i=1

where C}, is a constant. We have
N-1

Ej =Y A;lTyh), j=12,...,.N -1,
i=1

and hence |E;|< gf—h};, where K is a constant. Therefore, it follows that as h — 0
%0

1E]|so= O(R?).

Thus, we have the second-order convergence method to get the numerical solutions of

the BVP given in (5.1)).

5.1.2 Numerical examples

In order to see the effectiveness of our method, we compute the numerical solutions of

few singularly perturbed differential equations.
Example 5.1.1. Consider the singularly perturbed BV P

eu'(z) = u'(z) +ulz) + f(2), = € (0,1),

e—(1—z)/e_—1/e

B PETC The scaling factors are taken as

The exact solution is u(x) = x —
a = 0.9999h2 for ¢ = 2701 4§ =1,2,...,8 The maximum point-wise error and the
order of convergence are given in Table Tableb.2|represents the maximum point-wise
error and the order of convergence of the cubic spline method. Figure represents
the numerical solutions corresponding to Example [5.1.1] Figure represents the

Log-log plots of the maximum point-wise errors corresponding to Example [5.1.1}
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Table 5.1: Maximum point-wise error and order of convergence corresponding to Exam-

ple 5.1.7]
le/N — 200 400 800 1600
1 1.7289¢-08 | 4.3228e-09 | 1.0802¢-09 | 2.6838e-10
1.9998 2.0007 2.0090
1/2 2.6005e-07 | 6.5022e-08 | 1.6257e-08 | 4.0578e-09
1.9998 1.9999 2.0023
1/4 3.0208e-06 | 7.5533e-07 | 1.8885e-07 | 4.7207e-08
1.9998 1.9999 2.0001
1/8 1.9783e-05 | 4.9478e-06 | 1.2371e-06 | 3.0928e-07
1.9994 1.9999 1.9999
1/16 1.1922e-04 | 2.9776e-05 | 7.4434e-06 | 1.8607e-06
2.0014 2.0001 2.0001
1/32 6.1082e-04 | 1.5287e-04 | 3.8184e-05 | 9.5439e-06
1.9985 2.0012 2.0003
1/64 2.8078e-03 | 6.9459e-04 | 1.7318e-04 | 4.3274e-05
2.0152 2.0039 2.0007
1/128 1.1815e-02 | 2.9861e-03 | 7.3947e-04 | 1.8443e-04
1.9843 2.0137 2.0034
1 ‘ 107
—e=1/32 —_—=1
08| 221 . il
10 . —c=1/8 1
0.6 - : o —OW)
5 &
0.4+ 10
0.2+
oo/ 02 04 06 08 10-1(1)02 1(;3
z N

(a) Numerical solutions with N = 401.

Abstract-TH-2219 126123020

(b) Log-log plot.

Figure 5.1: Numerical results of Example [5.1.1]
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Table 5.2: Maximum point-wise error and order of convergence corresponding to Exam-

ple b.1.1} with a = 0.

le/N — 200 400 800 1600

1 2.2877e-07 | 5.7192e-08 | 1.4299e-08 | 3.5772¢-09
2.0000 1.9999 1.9990

1/2 1.5552¢-06 | 3.8880e-07 | 9.7198e-08 | 2.4309¢-08
2.0000 2.0000 1.9994

1/4 8.8620e-06 | 2.2155e-06 | 5.5386e-07 | 1.3847e-07
2.0000 2.0000 1.9999

1/8 4.1721e-05 | 1.0430e-05 | 2.6074e-06 | 6.5183e-07
2.0001 2.0000 2.0000

1/16 1.8010e-04 | 4.5000e-05 | 1.1249¢-05 | 2.8122e-06
2.0008 2.0001 2.0000

1/32 7.5223e-04 | 1.8766e-04 | 4.6900e-05 | 1.1725e-05
2.0031 2.0005 2.0000

1/64 3.1015e-03 | 7.6877e-04 | 1.9179e-04 | 4.7946e-05
2.0124 2.0031 2.0000

1/128 | 1.2497e-02 | 3.1365¢-03 | 7.7744e-04 | 1.9395¢-04
1.9943 2.0123 2.0031

Example 5.1.2. Consider the singularly perturbed BVP [75]

e (x)

= —u/(z) + u(x) — cos(mx), x € (0,1),

The solution of the BVP is u(x) = a cos(rz) + bsin(rx) + Ae™ + Be~™2(1=2) where

em?41

o o —T _ —1—+/1+44¢ _ —=14+/14+4¢ _ 14+e— ™2 _
a= m2+(em2+1)2" b= w2+ (em2+1)2 UDY ~ 2¢ P2 2e , A= AT —gmi=mz B =
a2t The scaling factors are taken as a = 0.9999%7 for e = 2707V i =1,2,... 8.

The maximum point-wise error and the order of convergence are given in Table [5.3
The maximum point-wise error and the order of convergence corresponding to the cubic

spline are given in Table [5.4] The numerical solutions corresponding to Example [5.1.2
are given in Figure |5.2(a)l Figure |5.2(b)| represents the Log-log plots of the maximum

point-wise errors.
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Table 5.3: Maximum point-wise error and order of convergence corresponding to Exam-

ple[5.1.2]
le/N — 200 400 800 1600
1 3.7952e-07 | 9.4892e-08 | 2.3723e-08 | 5.9306e-09
1.9998 2.0000 2.0000
1/2 4.6300e-07 | 1.1577e-07 | 2.8942e-08 | 7.2346e-09
1.9998 2.0000 2.0002
1/4 5.8122e-07 | 1.4534e-07 | 3.6337e-08 | 9.0855¢-09
1.9996 1.9999 1.9998
1/8 5.2439e-06 | 1.3102e-06 | 3.2750e-07 | 8.1872e-08
2.0009 2.0002 2.0000
1/16 2.5093e-05 | 6.2741e-06 | 1.5680e-06 | 3.9197e-07
1.9998 2.0005 2.0001
1/32 1.0315e-04 | 2.5779¢e-05 | 6.4390e-06 | 1.6096e-06
2.0005 2.0013 2.0001
1/64 4.1337e-04 | 1.0224e-04 | 2.5492e-05 | 6.3718e-06
2.0154 2.0039 2.0003
1/128 1.6115e-03 | 4.0770e-04 | 1.0095e-04 | 2.5178e-05
1.9828 2.0138 2.0035
0.2 : 10
—e=1/32 —e=1
r 1 o
—e=1/8
ol 1078+ —O(N7?)|]
S &
0.1 | 107
0.2 | 108}
%0 02 o4 06 o8 0 -jo 2 10°
T N

(a) Numerical solutions with N = 401.
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(b) Log-log plot.

Figure 5.2: Numerical results of Example [5.1.2]
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Table 5.4: Maximum point-wise error and order of convergence corresponding to Exam-

ple with o = 0.

le/N — 200 400 800 1600

1 8.0294e-07 | 2.0074e-07 | 5.0185e-08 | 1.2546e-08
2.0000 2.0000 2.0000

1/2 2.0076e-06 | 5.0191e-07 | 1.2548e-07 | 3.1368e-08
2.0000 2.0000 2.0000

1/4 4.7328e-06 | 1.1832e-06 | 2.9580e-07 | 7.3949e-08
2.0000 2.0000 2.0000

1/8 1.2717e-05 | 3.1788e-06 | 7.9468e-07 | 1.9867e-07
2.0002 2.0001 2.0000

1/16 3.8196e-05 | 9.5438e-06 | 2.3856¢-06 | 5.9638e-07
2.0008 2.0002 2.0000

1/32 1.2681e-04 | 3.1632e-05 | 7.9038e-06 | 1.9758¢e-06
2.0032 2.0008 2.0001

1/64 4.5651e-04 | 1.1314e-04 | 2.8224e-05 | 7.0537e-06
2.0125 2.0031 2.0005

1/128 | 1.7043e-03 | 4.2817e-04 | 1.0612¢-04 | 2.6474e-05
1.9929 2.0124 2.0031

5.2 Linear Singular Boundary-Value Problems

We consider the singular BVPs of the form

"z Eu’x— u(z) = f(x),
u'(@) + — (@) = g(2)u(z) = f(z), 2€(0,1), (5.7
w'(0) =0, wu(l) =mn,

where k = 1,2, functions ¢ and f are sufficiently smooth in [0, 1], g(z) > 0 in [0, 1].

Let us consider a uniform mesh on the interval I = [0, 1] such that 0 = 2y < z; <
- <xy =1, where z; =ih,i=0,1,..., N and h = 1/N. Let U; be the approximation
of u(x;), U/ be the approximation of u/(z;) and M; be the approximation of u”(x;) for
i =0,1,...,N. Let px) = & p; = p(x;), i = 1,2,...,N, ¢ = q(z:), fi = f(z3),
i=01,... N.
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Using L’Hospital’s rule, the differential equation given in at © = xy can be
written as u”(zo)(k + 1) — qou(zo) = fo. Now, at © = zg, the differential equation
given in ((5.7)) is discretized as My(k+ 1) — qoUy = fo and at x = z;, i = 1,2,..., N, the
differential equation given in is discretized as M; +p;U] —q;U; = fi,i=1,2,...,N.
The boundary conditions are discretized as U} = 0 and Uy = n;. We consider the

following approximations:

Uit1 — Ui 3Uipr —4U; +U;

— Uy + 4U; — 3U;_4
i 2h '

2h

/ —
Ui—l -

Substitute the following

D' (zg) = 0 (because Uy = 0), My = (fo + qUo)/(k + 1),
My = fi — piUj + Uy with Uy = (Uz — Up) /2h,

MN = fN —pNUJIV—l-C]NUN with U]/V = (3UN —4UN,1 —|—UN,2)/2h,

in (4.12)), we get the relation as

[2(1——04)h2qo + @ +6—6ah2]U0 + [hQ% —6] Uy

k+1 2
hp, ahpy 2(1 — a)h? fy
A Un—s — 20hpyUny_y = — == W J0
2U2+ 9 N—2 ahpnUn—1 E1
h
— h2fi + oh?fn — w + ah®qnm — 6ah’n, (5.8)

where Uy = 1, is the discretization for the boundary condition.

Put i =1 in (4.5)), we get

Sl M, 3
— 3ad'(zo) + [ - 7“ + 5] Mo+ 2M: + = - ;MN + 308 (zy)
3
= 73102 = 2U1 + Uol. (5.9)
Substituting

D'(xg) =0, ¢ (xn) =Uy = (B8Uny —4Un—1 + Un_2)/2h,
My = (fo+qUo)/(k+1), M; = f; — p;U] + q;U;, i =1,2,N,
U{ = (U2 - Uo)/Qh, Ué = (3U2 - 4U1 + Uo)/Qh,
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in (5.9)), we obtain the relation as

3 h2 h2 h
[ ahqq do _|_hp1_ﬂ_3](]0—l— [2h2ql+hp2+6 Uy

C2(k+1) " 2(k+1) 4
4 [—hm _ 3Zp2 +% —3]U2+g[3apN +305}UN72
_ 2h[3ap N 304} Uy_1 = ;’élifl‘)) - 2<ZQ_{°1) —2R2f, — hzfz
. 3h22Osz ~ 31”;771 [3a2pw +3a] + 3’126;771%. (5.10)

Substitute the following

P'(29) = 0,9 (an) = Uy = (3Un = 4Un-1 + Un—2)/2h,Uj = (Ui1 — Ui-1)/2h,
Mo = (fo + qolUo)/(k + 1), M; = f; — p;Uj 4+ q;U;,5 =i — 1,4,i+ 1, N,

Uz‘/+1 = (3Ui+1 — 4U; + Ui—l)/th Uz‘/—l = (_Ui+1 +4U; — 3Ui—1)/2h7

in (4.5)), we get the relation as

B TRIRE SISt T

+ 2h%q; — hpiy + hpm] U; + [ —3+ hz(g“ + hp;‘l — hp;

r 3hii“] Usr + g[?’o;pN + 304] Uie 5 — 2h[30‘$ + 304} o, =

3ah’fo  W*fia oW, - R?fiia N 3h’afy 3 [3apN

2(k + 1) 2 2 2 2 L 2
+3a}+3h2a#, i=23,...,N—1 (5.11)

The system given in (5.8)), (5.10]) and (5.11)), gives the approximations Uy, Uy, ..., Unx_1

of the solution u(x) at zg, 1, ..., Ty_1.

If & = 0, then the system given in (5.8), (5.10) and (5.11)) reduces into the system

corresponding to the cubic spline.

5.2.1 Convergence analysis

In this section, convergence analysis of the proposed numerical scheme is investigated.

Let |a|< h?. We get the truncation error Ty(h) associated with the equation given in
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2(1 — a)h? h
To(h) = [% + % +6 — 6&h2:| u(l'o) + [thl — 6] U(.ﬁl?l)
h ah 2(1 — a)h?
- %U(ﬂ?z) + pNU(l'N—z) — 2ahpyu(zn-1) — [ - %
h
— R f1 + ah®fy — w + ah?*qnu(zy) — 6ah2u(xN)} . (5.12)

Substituting fo = u"(20)(k + 1) — qou(wo), fi = u"(x:) + piu'(2;) — qu(x;), i = 1, N in
(5.12) and after simplifying we get

Bu(xy) —du(ry—1) + u(rn-_2)

Ty(h) = — 6ah? [u(a:o) — u(:vN)] + ozthN[ o7 —u'(zN)
— 2ah*u” (29) — ah®u (zn) + [% + 6]u(a:0) — 6u(ry) — %u(xg)
+ 2k (o) + 2 [u"(:vl) n plu’(:vl)]. (5.13)

Using the Taylor series expansion for u(zy), u(xs), u/(z1), v’ (x1) about the point 2 and

h?
= (zy) — Eu'"(xN) +...

3u(zy) — du(zy_1) + u(zn_2)
2h

in (5:13), we get

h2
To(h) = — 6ah? [u(mo) — u(xN)] + ah®py [ — gu’”(xN) = }
ht r hop
4 6

b 2,1 _ 2,11 _ h4p1 g
2ahu" (xg) — ah*u"(zy) — ——u""(x0) +

; ]u(4)(xo)+....

When h — 0, we get |Ty(h)|< Koh*, where K is a constant. Thus, Ty(h) = O(h?*) as

h — 0. We get the truncation error T} (h) associated with the equation given in ([5.10)

as
3ah?q h2q hp
Ti(h) = | - D TR T T g 3u(eo) + 2%
3h h?
+ hpa + 6]u($1) + [— hpy — 4p2 + % - 3} u(zs)
h r3apy 3apn
+ 5 [ 9 + 30{| U(CCN_Q) — Qh[ 9 + 30{| U(IN_1>
2 2 2 2
_<3Oéhf0_ h” fo _thfl_hf2+3h04fN
2(k+1) 2(k+1) 2 2
3h r3apy 3h2agy
- ?[ 5 + 304}11(95]\/) + 5 u(a:N)> (5.14)
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Substituting fo = u"(x0)(k+ 1) — qou(zo), fi = v’ (x;) + piv/ (x;) — qiu(z;), i = 1,2, N in
(5.14) and after simplifying, we get

To(h) = 3h22apN [3u($N) — 4u(x21;;_1) + u(zn_2) B u'(xN)}
© 3h%a [3u(acN) - 4u(I21;;—1) + u(IN—z)] B 3h22a [u”(xo) + u”(:z:N)}
+ [hpl - % — 3} u(zo) + [hpg + 6} u(wy) + [ — hp
— SZM — 3] u(za) + %zuﬂ(mo) + 217 [“/’(351) +p1u’(3:1)]
+ h; [u”(azg) +p2u’(x2)]. (5.15)

Substituting the Taylor expansion for u(zg), u(xs), v'(x2), u”(xy) and u”(zy) about the

point z; and

h2
=u'(zy) — gu”’(xN) +...

BU(.TN) r 4u(xN_1) 4 U(SL’N_Q)
2h

in (5.15), we get

3h? h? h?
Tl(h> = 2apN [ — gu’”(xN) A o ] aF 3h204 [u'(:vN) - gum(l’N) .
3h2a " 1" h4 h4 "
_ [u (mo)—l—u(mN)}—i-[— fl—l—%}u (1)
ht h5p2
S SECEE
+[4—|— 24}u (1) +....

When h — 0, it can be observed that |T1(h)|< K1h*, where K is a constant. Therefore,
Ti(h) = O(h*) as h — 0. Using the procedure followed to compute T} (h), we get the
truncation error T;(h), i = 2,3, ..., N — 1 associated with the equations given in (5.11)

as
Ti(h) = 3h2§pN [— %21/”(&:]\;) + .. ] + 3h%a [u'(xN) — %QU’”(xN) +.. }
IO ) )] ¢ [ B ) g
+ [%4 — h5§£_1 + h5§i+1}u(4)(xi) +...,i=2,3,...,N—1.

When h — 0, it can be seen that |T;(h)|< K;h*, where K; is a constant. Thus,
Ti(h) = O(h*), i =2,3,...,N — Las h — 0.
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The system . and (| - can be written as AU = d, where

Ago  Agr A O 0 0 0 0 0 0 Ao =2 Aon—1 ]
Arg A A O 0o 0 ... 0 0 0 0 Ay N2 AN
Asg  Asx Ass Az 0 0 0 0 0 0 As N_a Ao N1
As 0 Ass Ass Asqa O 0 0 0 0 As N_a As N1
A=
Ay_so 0 0 0 0 0 An_sn-6 An-sn-5 An_sn-s 0 An_sn—2 An_sNn-1
Avao 0 0 0 0 0 0 An_ines Anoin-s Anoines Ay_ines Ay_ino
Ayso 0 0 0 0 0 ... 0 0 Avosns Avosns Ax_snos Ay_snt
Ay_2o O 0 0 0 0 0 0 0 An_aon—3 An—an—2 An—an-1
[ Axog 0 0 0 0 0 0 0 0 0 Anoives Anoino

A; ; is the coefficient of U;, U = (Up, Uy, ..., Un—1)", d = (do, d1, ..., dy-1)7, d; is the
right hand side of the equations given in (5.8]), (5.10) and (5.11). Let B be the matrix

corresponding to a = 0.

We obtain ||A — B||w= max{C, Cy},

2ach?qq ahpy
i
‘ 1 — 6ah”| + + ahpy|,
3ah2q0 3C¥pN 3}7]\/
G =| - +[5[F5 +30][+[ - 2n[F3 +50] |
2 2+ 1)1 12 ol > T

By taking the matrices A, B, n = N, ||.||cc norm in the Theorem we get
max [N, — 1< 275 (N) ¥ (2Q)"F | A - BIIX (5.16)

where @ = max{||A||oo, ||Blloc}, A and g}, i = 0,1,..., N — 1 are the eigenvalues of A
and B respectively.

It can be observed that, if h is sufficiently small, we get

3070:2:+%0+hp1+6>0 BOl—hql—6<0 BOQ— %<O,BLO:—3+
s hpy — M2 = 34 e M2 0, By = 2h%q 4+ hpy + 6 > 0, By =

—hpl—?’}ﬁ%+%—3<0, for i =2,3,...,N — 1, we have B,;; = 6 4+ 2h*q; — hp;,_1 +

hpiyi = 6+ 202 — 5+ hpiay > 0, By = —3 4+ 0=t B b b o
Biit1=-3+ —hQ(‘g“ + —hpjfl — hp; — —3}”:“ = 34 Man il 4 4(ik,1) — hp; — —3}“}“ < 0, the
row sums R;, ¢ = 0,1,..., N — 1 of the matrix B, i.e.,
2h2q0
Ro = + h%q > 0,
Tk M0
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h2q0 h2q2
Ri=—" + 212 — >0
2 2.
'Rz‘:hqz1+2h2%+%>07i:2737~--7N_27
h2qn_ hpn— 3h
’R,N_lzg_’_%{-QfﬂqN_l— pZ 2+hpN_1+%>0.

Thus, when A is sufficiently small, the matrix B is irreducible, B;; > 0, B; ; <0, © # j;
1,7 =0,1,...,N —1, row sums R; > 0,72=0,1,...,N — 1. Hence, B is a monotone
matrix when h is sufficiently small [67]. Consequently B~' exists and the eigenvalues
piyi=0,1,...,N — 1 of B are non-zero when h is sufficiently small. Once we fix the
sufficiently small i (which gives B is monotone), then a can vary in the region (—h?, h?).

Now we can choose « sufficiently small in (—h?, h?) to satisfy the following conditions:

e A is invertible because ||A — Bl|o= max{C, Cy} and from (/5.16)), it can been seen

that, the eigenvalues of A are non-zero when « is sufficiently small.

e The row sums of A

2ah? ah

So =Ry — l{:+61]0_6ah2+ pN—QOéhpN>O,
3ah’qy  h[3apn 3apn

S R, A —[ 3}—2}{ 3} 0,
2(k;+1)+2 5 + 3o + da| >

i=1,2,...,N—1,
when « is sufficiently small.

Hence, when h is sufficiently small (which gives B is monotone) and sufficiently small
a € (—h? h?) (which gives A is invertible and the row sums of A are positive), we get

the following:
It can be seen that AE = T'(h) where T'(h) = (Ty(h), Ty (h), ..., Tn_1(h))T, E = (Ey,
Ei, ..., Ex_1)T, E; = u(x;) — U;. Consequently, we obtain

E = A7'T(h).

By the definition of multiplication of a matrix by its inverse, we have
N-1
> AlSi=1,j=01,...,N-1,
i=0
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where Aj_,il is the (j,)-th element of the matrix A~1.

[ 2qo 2aqq apy  2apn
_ p2| 2 _ _ ___]
So=M gt ey St )
r 3aqo 1 /3apn 2 /3apn
=gy 3+ (1 50) (2 )
N RR ) T T Ty a2 T TRl TR
[qi— i 3aq 1 /3apn 2 (3apn
[l L ) 2 )
2 T T a2 ) TRl )
h2qn_ hpn— 3h
Sno1 =3+ qN2+2h2QN—1— p12+hpjv—1+%

3ah?qq h [3osz

2 ®

. 3apn ]
20k +1) 2 ‘

+3a] —2h[7+3a

It can be observed that min S; = h2C;

in o> Where C; is a constant. Hence, we have
0<i<N-1

N-1
y i = 20
; A <1/, min S =1/W*C;,.

From
N-1
Ej=) A;lTi(h), j=0,1,...,N—1,
=0

it follows that |E;|< CK—’Z;, where K is a constant. Therefore, as h — 0,
)

1E]lo= O(h?).

5.2.2 Numerical examples

In this section, to implement the proposed method, few singular BVPs are considered.

Example 5.2.1. Consider the singular BV Ps

u”"(x) + gu’(x) —u(z) = f(z), x € (0,1),

W'(0)=0, wu(l)=e,

where k =1, 2.

The exact solutions of the BVPs are u(z) = exp(x?). The value v = 0.9999h2 is used
to calculate the numerical solutions. The maximum point-wise error and the order of
convergence are given in Table [5.50 Table |5.6| represents the maximum point-wise error

and the order of convergence of the cubic spline method.
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Table 5.5: Maximum point-wise error and order of convergence corresponding to Exam-

ple

N 150 300 600 1200 2400
k=1, EN | 5.7873e-06 | 1.4464e-06 | 3.6164e-07 | 9.0399¢-08 | 2.2363e-08
k=1, pV 2.0005 1.9998 2.0001 2.0152

k=2, EN | 6.1198¢-06 | 1.5304e-06 | 3.8263e-07 | 9.5665¢-08 | 2.4009¢-08
k=2 pV 1.9996 1.9999 1.9999 1.9944

Table 5.6: Maximum point-wise error and order of convergence corresponding to Exam-

ple with a = 0.

N 150 300 600 1200 2400
k=1, EN | 2.8955¢-05 | 7.2361e-06 | 1.8088¢-06 | 4.5219¢-07 | 1.1329¢-07
k=1, pV 2.0005 2.0002 2.0000 1.9969

=2, BN | 2.4097¢-05 | 6.0215¢-06 | 1.5052e-06 | 3.7629e-07 | 9.4250e-08
k=2 pV 2.0006 2.0002 2.0000 1.9973

Example 5.2.2. Consider the singular BVP [117]

u'(z) + %u’(:v) —4u(z) = =2, z € (0,1),
uw'(0) =0, wu(l)=5.5.
5 sinh(2x)

The exact solution is u(z) = 0.5 + . The o = 0.999A2 is used to calculate

x sinh(2)
the numerical approximations. The maximum point-wise error and order of conver-
gence are given in Table 5.7l The maximum point-wise error and order of convergence

corresponding to the cubic spline method are given in Table [5.8]

Table 5.7: Maximum point-wise error and order of convergence corresponding to Exam-

ple5.2.2

N 150 300 600 1200 2400
EN | 5.7271e-07 | 1.4324e-07 | 3.5820e-08 | 8.8861e-09 | 2.2698¢-09
pN 1.9994 1.9995 2.0112 1.9690
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Table 5.8: Maximum point-wise error and order of convergence corresponding to Exam-

ple with a = 0.

N 150 300 600 1200 2400
EN | 5.2695e-06 | 1.3158¢-06 | 3.2883e-07 | 8.2066e-08 | 2.0602¢-08
pN 2.0018 2.0005 2.0025 1.9940

5.3 Non-Linear Singular Boundary-Value Problems
Consider the non-linear singular BVP of the form

k
Uza(2) + — Us(2) = F(z, u(z)), © € (0,1), (5.17)

uz(0) =0, wu(l)=mn,
where k = 1,2. We assume that for (z,u(z)) € D ={0 <z <1, —oco < u(z) < oo},
the functions F' and 0F/0u are continuous, 0F/0u > 0 on D and OF/0u > 0 on
D°={0 <z <1, —oo < u(z) < co}. Here the notation u,, is used for u” mainly for

the sake of convenience in the future.

Let us consider a uniform mesh on the interval I = [0, 1] such that 0 =zo <z, <--- <
xy =1, where z; =ih, i =0,1,...,N and h = 1/N.

We use the quasi-linearization technique [17,113,|115] to reduce the non-linear problem
into sequence of linear problems. We choose the reasonable initial approximation for the
function u(z) in F(x,u(z)), call it «°)(z) and expand F(x,u(z)) around the function
u(%)(z) to obtain

OF

F(I,U(l)(x)) _ F<I’u(0) (z)) + (u(l)(x) — 4 (x)) (%)(%um)(gﬂ)) +

or in general, we can write for r = 0,1,... (r is iteration index)

OF

Flz, u(r+1)(x)) = F(x, u™ (1)) + (u(”‘l)(x) — U(T)(l’)) (%) (@u( () +
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From (j5.17)), we have

T k s
e @)+ Sl (@) = Pleul (@), 2 € (0.1),

(5.18)
u(r-l-l)(()) 0, u(r+1)(1) =
After substituting
(r+1) (r) (r+1) (r) oF
F(ae,ul™(@)) = Fa,u® (@) + @D @) —uO@)(50)
in (5.18), we get
ugs™ (@) + p (@)l ™ (@) = @ @)u D (@) = fO(a), @€ (0,1), (5.19)

D.

u0) =0, wH(1) = g,

F
where the functions p(z) = =, ¢")(z) = (g—)( . and f0)(z) = F(z,u(z)) —
U/ (zul"(x
OF

u™ (z) <0_> - 4 Thus, we have reduced non-linear problem into sequence of linear
U/ (z,ul”

i
T

problems. Now our aim is to solve these linear problems into numerically.

Let Ui(r) be the approximation of u(™(x;), U; ™ be the approximation of u!’ (7;) and

Mi(r) be the approximation of ug;)(:v,) Using L’Hospital’s rule, the differential equation

given in (5.19) at & = zo can be written as uly " (zo)(k + 1) — ¢ (zo)u+V (zg) =

f™(z). Now, at x = =z, the differential equation given in is discretized as

Mérﬂ)(k +1)— q((]r)UéTH) = fér) and at z = x;,1=1,2,..., N, the differential equation

given in (5.19) is discretized as MY + pl(-r)Uil(rH) — U =0 i=12,... N
" _ k " _ <8F (8F

(r) _ (r)
where p; . 3_u)(x¢,U?”) and ) = F(z;,U") - U 8u> s The

boundary conditions are discretized as U(;(TH) =0and U ](\7“) =n.

Y

%

Using the procedure followed in Section [5.2] we get the following system:

2(1 — a)h2q”  hp! . . .
( Oé) 'l + p + 6 — 6Oéh2:| U( +1) |:h2q§ ) o 6:| Ul( +1)

k+ 1
hl” i) ahpN o) oy _ 20—l £
- L — 2ahy _
Loyt =g Oy e
T T 3 h T
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h _
St D) okrD) T

, ., 3h (r) h2 (r) , hr3
+6)UY 4 [ - ) - R 2L gyl 4 22

(r) 2 £(r) 2 (1) 2 ¢(r)
3 . 3ah h N h
[ agN BO‘]UJ(VLI) ah* fo foo 212 f! ) 52

h2 (r) h2 (r) h (r)
[_ 3ah”q, dp (r) Dy~ 3] Uo(r+1 [2h2 I hp2

o)
X+ 3a|Ug)

20k+1)  2(k+1)
3h2afl 3y r3ap 3h2am gy,
S [ > +3a] + ) 521

—2h

and

) (r) (r)
_ 3hagy (r+1) nq”y 3, " i1 ] 0
U, [— 3 ’ ! hp” — _Z} U
2D t— =t Thy U
B2 (r) A (r)
+ [6-+212" —hp, +hpCA U + [ - 34 2L 4 2B

n 3RPYN an | B3 , 3apy .
— hpl" ——ZZ“}U}JD | O‘gN +3a| U513 — 20| =2 - 3a|UfY =
3ahr2f" n2p") 2 p 3h2afy  3hm [3ap;§>
20k+1) 2 2 2 2 2
()

302
+3a]+%, i=2,3,...,N—1. (5.22)

2h2f )

The system ([5.20]), (5.21)) and (5.22)) gives the approximations Uérﬂ),Ul(TH)

of u*(x) at x;, i =0,1,...,N — 1.

r+1)
o

5.3.1 Error analysis

Let |a|< h2. The truncation error T\ (h), i = 0,1,...,N — 1 associated with the

equations (5.20)), (5.21)) and ([5.22)) are obtained as

' r h2
TO( )(h) = — 6ah? [u(”l)(xo) — u(’"“)(a:N)} + ah2p§\,) [ . gug;l)(x]v) +...

h4 (r)
— 2ah2u r+1 (1,0) ahu 7"+1)(:L,N) lgl ;221)(960)

pt o Bipt
+ |5 - @) + -

h2 (r) h2
70y = 3PN [ ) () + ] + 3h% [ (4D ()

2 3 TTrx
h? 3h?
- Sl an) 4| = S [l (o) + ul ()|
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h4 (r) h4 (7”) h4 h5 (r)
[ - e ) + [T+ T el ) +
and
. 3h2 (r) h2
T(h) = =P | = Tl () + |+ 3h% ul D )

h2 3h?

Sl an) + | = 5 [l (o) + ul D ()
h4p(7")1 h4p(r) h4p(:_)1

=1 [ i (r+1) (..

4 5,(7) 5,,(r)

[h_ _hpiy D pﬁl}ugﬂ;?(%) 245
4 24 24

i=23,... N-1.

Since |a]< h2, when h — 0, we have [T\ (h)|< K"h*, where K™ is a constant. Hence

waszwﬂ%h—Hﬁmi:QL”wN—L

The system - and (5.22) can be written as ANUTH) = 4" where

A5 Aéri Aé’% 0 . 0 0 0 0 AN ATn
A AT AT 0 0 0. 0 0 0 0 AT I AT
Afy AGY AT AT 00 0 0 0 0 Av e A
Ay 0 AD) AL AGL O 0 0 0 0 ATy_s Al
oo Y. R A : : :
A%lw 0 0 0 0 0 ... Ag\rrls,Nfs Ag\?)—5,N—5 Ag\rr)75,N74 0 A%)—5,N—2 Ag)—S,N—l 7
Ag\?f&o 0 0 0 0 0. 0 AE\T,)741N75 AE\T})74,N74 Ag\?—4,N—3 Ag)—4,N—2 A%)—Ll,N—l
Ag\?f:s,o 0 0 0 0 0. 0 0 Ag\?f:s,N—zx Ag\rr)—s,N—:f, Ag)—;},N—Q Ag\?—:},]\“‘—l
Ag\?fzo 0 0 0 0 0. 0 0 0 AE\?),Z,N,;; A(Nr)-2.N—2 AS\;)—Z,N—l
AV, 00 0 0 0. 0 0 0 0 AQ v AL ]

A(Z) the coefficient of U;Hl) in the equations given in ([5.20)), (5.21) and (5.22]),

Ut = (& urt oI a0 = @, d”, o dS )T, d s the right

(3

hand side of the system given in (5.20)), (5.21) and (5.22). Let B be the matrix cor-

responding to a = 0.

Using the procedure followed in Section [5.2] it can be seen that, when A is sufficiently
small, we get the matrix B is monotone. We can choose a in (—h?, h?) so that the

matrix A™ is invertible and the row sums Si(r), i=0,1,...,N —1 of A" are positive.

Hence, by choosing sufficiently small h (which gives B is monotone) and sufficiently

small a in (—h?, h?) (which gives A is invertible and row sums of A®) are positive),
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we get the following:

It can be seen that

AP B+ — 70) ()

where T0)(h) = (T (), T (R), ..., TS ((B)T, BCHD = (EVD B BT
Er) —

i u(”-l)(l'i) - Uz'(T+1)' Consequently, we get

B = A0 O ()
By the definition of multiplication of a matrix by its inverse, we get

N-1 .
S ANTSY =1, j=0,1,.... N1,
=0

where A(r);»l

52

is the (7, 4)-th element of the matrix A®™! Wehave min SZ-(T) = C’(r)hQ,

0<i<N—1 0

where C’i(g) is a constant. Hence, we have

N-1
Z A(T)j_; <1/ min Si(r) = l/C'i(OT)hz.
=0

0<i<N-1
We have
N-1 1
EIY = NT A0S TO(R), 5 =0,1,..., N =1,
1=0

and hence |E](»TH)|§ g((:)) Zj, where K is a constant. Therefore, as h — 0, we get
10

IEC D o= O(1?).

5.3.2 Numerical examples

The numerical solutions of the non-linear singular BVPs are computed as follows: For

each fixed N, by taking initial approximation Uéo), Ul(o), cee ](\?), we compute the nu-

(r+1) Ul(r-i-l)

merical solutions U+ = (U Uit

..., Uny), 7 =0,1,.... We can take suf-

ficient number of iterations so that maximum error between two successive iterations

r+1)

max|UZ-( Ui(r)|< 0, where 0 is a small tolerance value that is prescribed. Once the

r+1)

criterion is satisfied, we consider U as the numerical solution U to the non-linear

singular BVPs. To compute the numerical solutions of the following non-linear singular

BVPs, we take § = 107! and 8 iterations.
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Example 5.3.1. Consider the BVPs

k 523[5a0et® — k — 4]
" A, _ 0.1
u'(w) + —u'(2) 12 , ¢ € (0,1),

W(0) =0, u(1) = log(1/5).

where k =1, 2.

The exact solutions of the BVPs are u(x) = log(1/(4 4+ x°)). The value a = 0.99Ah2
is used to get the numerical solutions of the BVPs. The maximum point-wise error and
the order of convergence are given in Table [5.9. The maximum point-wise error and the
order of convergence corresponding to the cubic spline method are tabulated in Table
. The values Ul-(o) =1,i=0,1,...,N—1, U](\?) = log(1/5) are taken to compute the

numerical solutions.

Table 5.9: Maximum point-wise error and order of convergence corresponding to Exam-

ple5.3.1

N 100 200 400 800
k=1, EN | 2.2900e-06 | 5.7273e-07 | 1.4318e-07 | 3.5795¢-08
k=1, pV 1.9994 2.0000 2.0000
k=2, EN | 2.6318¢-06 | 6.5796e-07 | 1.6449e-07 | 4.1123e-08
k=2, pV 2.0000 2.0000 2.0000

Table 5.10: Maximum point-wise error and order of convergence corresponding to FEx-

ample 5.3.1| with o = 0.

N 100 200 400 800
k=1, EN | 1.3455¢-05 | 3.3625¢-06 | 8.4054¢-07 | 2.1013e-07
k=1, p¥ | 2.0006 2.0002 2.0000
k=2, EV | 8.3361e-06 | 2.0825¢-06 | 5.2053¢-07 | 1.3013e-07
k=2 pV| 20011 2.0003 2.0001
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5.4 Conclusion

In this chapter, fractal cubic spline method is used to solve the nonself-adjoint BVPs.
Proposed method has second-order convergent. To illustrate our method and to demon-
strate the applicability of our presented method computationally, we considered the
nonself-adjoint BVPs whose exact solutions are known. The numerical results of the
BVPs are obtained and tabulated. From numerical results, it can be observed that the

proposed method is accurate than the cubic spline method.
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Chapter 6

Fractal Non-Polynomial Cubic
Spline Solutions for Singularly
Perturbed Boundary-Value

Problems

In this chapter, a fractal non-polynomial cubic spline method is developed to get the
numerical solutions for both self-adjoint and nonself-adjoint singularly perturbed BVPs.
The numerical method developed in Chapter 4] for the self-adjoint singularly perturbed
BVPs and the numerical method developed in Chapter [5 for the nonself-adjoint sin-
gularly perturbed BVPs are of second-order convergence. In this chapter, we have

developed the fourth-order convergence numerical methods for these BVPs.

To get the numerical approximations for the self-adjoint singularly perturbed BVPs,
various kinds of non-polynomial splines have been used. For example, Tirmizi et al. [134]
used non-polynomial quartic spline method to solve the self-adjoint singularly perturbed
BVPs and the developed method has sixth-order convergence. Khan and Khandel-
wal [82] developed sixth-order convergence numerical method with the help of non-
polynomial sextic spline to obtain the numerical solutions for the self-adjoint singularly

perturbed BVPs. Also one can see in References [108}/111}/114] different kinds of non-
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polynomial splines are used. To obtain the numerical solutions for nonself-adjoint singu-
larly perturbed BVPs, Aziz and Khan [9] developed second-order convergence method
using spline in compression. By modifying Aziz and Khan method, Bawa [12] developed
fourth-order convergence method using spline in compression.

In Section [6.1], we have taken the continuity conditions of the fractal non-polynomial
cubic spline as the discretized equations for computing the numerical solutions of the
self-adjoint singularly perturbed BVPs. Convergence analysis of the proposed method
is established and computational efficiency of the method is verified through numeri-
cal examples. In Section we have solved the nonself-adjoint singularly perturbed
BVPs through the fractal non-polynomial cubic spline method and the fourth-order con-
vergence is achieved by introducing the parameter in the approximations of derivative

values. Numerical examples are given to illustrate the efficiency of the proposed method.

6.1 Self-Adjoint Boundary-Value Problems

Let us consider the BVP of the form

—eu(z) + q(z)u(z) = f(z), = € (0,1),
(6.1)

u(0) = no, u(l) =,

where 0 < ¢ < 1, functions ¢ and f are sufficiently smooth in [0, 1] and ¢(x) > 0 for all
z € [0,1].
Let us consider a uniform mesh on the interval I = [0, 1] such that 0 = 2y < z; <
- < xy = 1, where x; = ih, i = 0,1,...,N and h = 1/N. Let Uy, Uy,...,Uyx be
the approximations of u(x) and My, My, ..., My be the approximations of u”(z) at
To,X1,...,TNn. Let ¢; = q(z;) and f; = f(z;), 1 =0,1,..., N.
Consider the IFS {I x Ryw;(x,y) = (Li(z), Fi(x,y)) i =1,2,... ,N}, where L; :
I — [x;1,x;] defined by Lij(z) = hx + z;4, © € I, F; : I x R — R defined by
Fi(xz,y) = ay + ri(z), (z,y) € I x R with r;(z) = A; + Bi(x — zo) + C;sinu(z — o) +

D; cos ji(xr — xg), 0 > 0 and « is the scaling factor such that |a|< h?%.
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We assume the following conditions on the IFS:

Fi(zo,Up) = Ui, Fi(zn,Un)=U;, i=1,2,...,N,
Fi’l(QZN, UN,l) = Fi+1’1($0, U071), 9 = 1, 2, ceey N — 1,
F;o(xo, M) = M1, Fio(xn, My)=M,;, i=1,2,...,N,

oay—i-rgk)(x) . rgl)(xo) i 7‘5\})({21\]) E—=1.9
hk » Y0,1 — T4 s YN — TR — L, 4.

Notice that, the conditions prescribed on the IFS {IXR; wi(x,y) = (Li(z), Fi(z,y)) :

where F, (z,y) =

1=1,2,...,N } satisfy the conditions for constructing two times continuously differen-
tiable fractal functions (see [11]).

Let Z = {¢ € C*(I, R) | ¢(xg) = Uy, ¢p(xn) = Un, ¢"(x0) = My, ¢"(xn) = My}
Then (.%,p) is a complete metric space where p is the metric induced by the norm

loll= 1| @lloo+]|¢ looF]|@"]| - Define the Read-Bajraktarevi¢ operator on (#, p) as

~
BSE
R
O
I
o
®
>
o
!

ap(x) +ri(z), z€l, i=1,2,...,N.
The fixed-point of T satisfies the functional equation
&(Li(x)) = Fi(z,P(x)) = a®(x) + ri(z), z €1, i=1,2,...,N. (6.2)

Since @ € C*(I, R), it satisfies the following functional equation:

y ad"(z) + r!(z)

¢//<LZ(‘T>) 12

xel, i=12..., N (6.3)

The conditions Fi(zo,Us) = Ui—1, Fi(rn,Ux) = Uy, Fia(ze, My) = M1, Fip(7n,
My) = M; can be reformulated as &(z;_1) = U1, @(z;) = U, D"(x;-1) = M;_q,
&’ (x;) = M; respectively.

Substituting = = xg and = = zy in (6.2)), we get

Ai + Dl = Uifl — OéUo, (64)

Ai+ B+ Cisinp+ Dicospp = U; — aUly. (6.5)

Substituting z = z¢ and z = xy in (6.3]), we obtain

Dip? aMpy
T T

(6.6)
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Cipsinp Dyp®cospn Y, aMy

h? h? R 6.7

Solving the system given in —, we get

R R |

A AN L TR Y

- h%#[Mil B aMO} B h%seu[ o %]7

1 h? 12 h?

D; = —Z—z [M,-_l - O‘}Jl\fo].

The FIF @' satisfies the following functional equation:
& (Li()) = O‘(p'(“")h* i@ 9. N

The condition F;1(xn,Un1) = Fit11(20,Upa1), 1 =1,2,..., N — 1, can be reformulated

as
@l(Ll(ZL‘N)) = ¢,<Li+1($0)), 1= 1, 2, s oo ,N - 1,

which coincides with the standard continuity condition

P (x;) =¥ (z]), i=1,2,...,N — 1. (6.8)
On [z;_1,z;], we have
@/ B . D,
P (Li(x)) = a h(x> - # - C';L,u cos p(x — xg) — Tl'u sin p(z — o),

and on [z;, z;41], we get

v B; i D; .
D' (Lipq(x)) = “ h(x) + h+1 oF C;;l,u cos pu(x — o) — ;;l'u sin pu(x — o).

Making use of , for each node z;, i1 =1,2,..., N — 1, we get

Biyn  Ciap
no T T

Ci Dip
o Cos jI — o sinp = g@/(l‘o) +

B;
P (rn) + o+ ! :

h h h

which is simplified as

« «
- ﬁél(fﬂo) - ﬁ(wl + wo) Mo + wiM;—1 + 2w M; + w1 M4
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Uit1 — 2U; + Ui

o o
- ﬁ(wl +wa) My + ﬁgﬁ,(fBN) = s 7 (6.9)
where w1 = _% 1 and Wy = iz _ COSH

W psin g H psinp”

The differential equation (6.1]) is discretized at x = z; as —eM; + qU; = fi, i =
0,1,..., N. By taking the continuity equation given in and substituting

Qsz — fl ’ —3U0 + 4U1 — UQ
= — @ —
e (z0) 2h ’

. 3UN—4UN_1 +UN_2

M; )
2h

' (wy)

we get the following system:

_ [2ae Uy + | U, + |wnh?gq — e| Uiy + [20002¢; + 2¢|Us
h 2h
+ [w1h2%+1 — 5] Uiy1 + B—Z} Un—g — [2;7;6] Un—1 = —(w1 +we)afy

+ wthfi,l + 2w2h2fi + w1h2fi+1 — ((.U1 + WQ)OéfN

3ea 3eq
+ [ T + qoa(wy + wz)] no + [— o + gnafw + W2)] s (6.10)

fori =1,2,..., N—1, where Uy = 1y and Uy = n; are the discretizations for the Dirichlet
boundary conditions. The system gives the approximations Uy, Us, ..., Uy_1 of
the solution u(x) at z1,xs, ..., Tn_1.

If o = 0, then the system given in becomes the system corresponding to the

non-polynomial cubic spline as
[w1h2%—1 = 6] Ui + [2W2h2% + 25} U [wlhz%‘ﬂ r 5] Uiy
= wih®fi 1 + 2weh® f; + wih® fira,

fori=1,2,...,N — 1.

6.1.1 Convergence analysis

In this section, convergence analysis of the proposed numerical scheme is discussed.
Assume that the unknown function u(zx) is sufficiently differentiable. By replacing U;
by w(z;) in (6.10]), the truncation error T;(h), i = 1,2,..., N — 1 associated with the

system given in (6.10)) is defined as
T;(h) = [rYu(zo) + rjul(zy) + riu(es) + 7 u(ziy) + réu(e) + rifu(rig)
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(e o) + Y u(en ) + i u(en)] = (g fo + g fia

+ 4 fi+ ¢t firn + a I, (6.11)
where

dea 20 €

r = —[— o5 T goor(wy —|—w2)}, ri = —%, r? = g—h, r =wh’q_1 — ¢,
2
¢ = 2wph?q; + 2e, v = wihPqiy —e, TN 2 = %7 Nl = _27
2h h
N Sea 0 - 2 ¢ 2

o= —[— Sh + gno(wr +w2>i|7 ¢ = —(w1 +wa, ¢ =wh’, g = 2wsh7,
¢ = wil?, ¢ = —(w +wa)a

Substituting the differential equation (6.1]) in (6.11)), we get

Ti(h) = [rYu(mo) + riw(zy) + riu(we) + ryw(zioy) + riu(z;) + riu(wi)

+ 1N Pu(zn_) + 1Y TMu(znor) + i u(zy)] — [g) (—eu (20) + qoulwo))
+ q; (—eu"(wi1) + gauw(@i—1)) + g5 (—eu” (z:) + qu(z;))
+ ¢ (—eu" (zi41) + Gimu(zin)) + ¢ (—eu” (zy) + gyuzy))]. (6.12)

After simplifying (6.12)), we get

e [—Bu(xo) + 421;1(901) = U(m)} e [SU(xN) — 4u(a;];;_1) b u(xN_2)}

— ae(wy + w)u"(zg) — ae(wy + wo)u” (zy) — eu(xi—1) + 2eu(z;)

Ti(h) = =

— eu(ziq1) + ewrh?u(x;_1) + 2ewph®u” (2;) + cwih?u” (z441). (6.13)

Substituting the Taylor expansions for w(z;_1), u(x;y1), u”(z;—1), v’ (x;41) about the

point z;,
2

_3u($0) —+ 4U(ZL‘1) — U(x2) _ u'(xo) _ gu’”@;()) T

2h
3U($N) - 4U(I'N—1) + U(IL'N—Q) = u/(ZEN) _ h—2U/N<IN) 4.
2h 3
in (6.13), we get
h? h?
Ti(h) = — ae [u’(mo) — gu”’(:ﬁo) + (’)(h3)] + e [u’(xN) — Eu’”(a:N) + (’)(h?’)}

— ae(wy + wo)u" (zg) — ac(wy + wo)u (zxn) + [ — 14 2(w; + wg)] eh*u” (x;)

+ <w1 — %>5h4u(4) (z;) + [

w1 1

T 360}5h6u(6)(:ci) + O(h®).
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o If |a|< h*, w; = § and wy = %, we have |T;(h)|< Ky;h* as h — 0, where Ky, is a

constant. Hence Tj(h) = O(h*) as h — 0 fori =1,2,...,N — 1.

o If o< hb, wy = 55 and wy = 3, we get |T;(h)|< Ky:hS as h — 0, where Ky is a

constant. Thus T;(h) = O(h%) ash — 0 fori =1,2,..., N — 1.

The system (/6.10) can be written as AU = d, where

An As 00 0 0 0 0 0 0 Aives Ay
Agq Ass Azsz O 0 0 0 0 0 0 Ao N2 Asnoq
Az Azs Asz Aszq O 0 0 0 0 0 Az N—2 Az n-1
Ay Ago  Ays Ags Ays 0O 0 0 0 0 Ay n—2 Agn—1
As 1 As o 0 Asy Ass Asg - 0 0 0 0 As N—2 As N1
A=| N G : : : :
Avsy Ansz 00 0 0 - Ansn-6¢ Av-sn-s5 An-sN-4 0 An-sn—2 AN-sN-1
Ay_g1 An_gp O 0 0 0 0 An_an—s5 An—an—a An—an—3 An_an—2 An_an—1
Avsy An32 0 0 0 0 0 0 An-3n-4 An-3n-3 An-zn-2 An-3N-1
An_g1 An—22 O 0 0 0 0 0 0 An_an-3 ANn—aN—2 AN—anN-1
Ayv-1n Anviz 0 00 0 0 0 0 0 An-in-2 An-in- |

A;; is the coefficient of U;, U = (Uy,Us,...,Uy_1)T, d = (dy,ds,...,dy1)T, d;,
1=1,2,..., N — 1 are the right hand side of the system.
In the following proposition, suitable conditions on h and « are derived to make the

matrix A to be strictly diagonally dominant. Let us take the following notations:
¢. = min{q(x) : x € [0,1]}, ¢" = max{q(x):z € [0,1]}.

Proposition 6.1.1. Let A be the matriz corresponding to the system . Let h
satisfy wih*q* < e. Then the following conditions on the scaling factor ensure the

matriz A would be strictly diagonally dominant:

3 3 _ 2 %
0§a<min{h4, woh q*7 wih’q.  2h(e wlhq)}

)

2e € €
when wy = %, Wy = %,
. wyh? wih? 2h(e — wih?q*
0§a<m1n{h6, 2 q*’ ! q*’ ( ! q)}
2e € €
when wy = 5, Wy = 5.
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Proof. Let a > 0. We get Ayy = —22 4 2h2wyqy + 26 = 2h%waqy + 25[ _ %] >0

_ 2 %
when a < ht) Ajp = wih’@ —c+ % < 0ifa < M, Ain—2 = 5 > 0 and

2h €
A17N71 = —% < 0. NOW,

N-1
= Ayl
=2
aE o 2as

2
=2w2h2Q1+2€—£+w1h2qQ—e+—————

|A1,1

h 2h  2h h
2 2 hq.
= [thCh — E} + [wzh2q1 — E} + [5 +w1h2qg} >0ifa< walt g )
h h 2e
) N-1
* 3
Therefore if & < min {h4, 2h(a_°‘;1h ) =t }, then |A; 1|— Z\Al,j[ > 0.
=2
Observe that As; = —22 4 [w k% — €] < 0 by the assumption on h, Ayy = 2 +
; h ) 2h

2woh%qs + 2¢ > 0, Ay 3 = wih®q3 — e < 0 by the assumption on h, Ay y_o = 2 > 0 and
q : ; 2h

Ay n_g = —% < 0. We obtain

N—1
[Asal— D |Asyl
=1, j#2

o€ 20 ag  2ae

= ﬁ —I-ZWQhQC]Q—{—QES— T-l—wlhqu —5+w1h2q;z, — & — % — T
2 20
= |:W2h2QQ - T} + [w2h2q2 - T] + [Wth(h + w1h2Q3] >0
N-1
3
if o < %jq*. Therefore if o < %eq* then |Ago|— Z |Ag | > 0.
=1, j#2 )
We have As; = —2% <0, A3p = 5 +whlgp—ec<0ifa< M, Ass =

2h*wyqs + 2e > 0, Azy = wihqy — ¢ < 0 if by the assumption on h, Az y_y = 55 > 0
and Az y 1 = —22 < 0. We get

h -
N-1
[Asal— Y |Asl
=1, j#3
2 e 2ae
= 2h*wqs + 2¢ — %+;—Z+w1h2q2—e+w1h2q4—g— (;_h — %
20 2ae
ot~ o 2] ] o
, N-1
3 _ *
if a < %jq". Thus, if a < min{“"’gg"*, 2hie ﬁlh 4 )}, then |A;3|— Z |As ;| > 0.
J=1, j#3
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Fori =4, D, ... ,N—4, we get Ai71 = —LZE <0, ALQ = 3—; >0, Ai,i—l = w1h2qi_1—€ <

0 by the assumption on h, A;; = 2woh?q; + 2 > 0, Ay = wih?giy1 — e < 0 by the

assumption on h, A; n 2 =57 > 0and A;ny_1 = —LI‘f < 0. We have
N-1
A= D 1A
=1, j#i

20 ae o 2ae

= Qwoh?q; + 26 — —— — — h2q;_ 1 — h2gi 1 —e— — — ——

wah”q; + 2¢ 3 2h—|—w1 gi—1 — € twih°qiy1 — € o A
2a 20 €
= [w2h2%' - %] + [thzq@' = %] i [WthQi—l - %] +wih’gi >0

N-1

: : 3 3 : i .

if @ < min {“%Eq*, wlth} Hence, we obtain the condition |A;;|— E |4, ;| > 0 if
J=1, j#i

. 3 3
o < min { £ Wil U
2¢ ? €

It is obtained that AN_3,1 — —% S O, AN_372 = (21_}? Z 0, AN—B,N—4 = w1h2qN_4—€ <
0 by the assumption on h, Ay_3ny_3 = 2h%weqn_s5 + 2¢ > 0, AN_3N_2 = wih?qn_4 —
e+ <0if o< B Ay gy = 208 <0, We get
N—1
[Av-sn—sl— > |An_syl
j=1, j#N-3
20 e ae  2ae
= 2Rfoqn i 2e = =S N . e iy e = ——
2N -3 h oh 11N gN—4 1N gN—4 oh h
2ae 2ae
- [W2h2QN—3 — T} + [W2h2QN—3 — T] + [WthQN—2 + w1h2QN—4] >0
N—-1 ,
3 13, —w *
ifa < %Eq* Thus ‘ANfS,N%S’_ Z ’AN,;;J" > 0 if @ < min {wzgeq*’ 2hie ;h ! )}
j=1, j#N-3
We have AN_2,1 — —L:E S 0, AN_Q’Q = % Z 0, AN—2,N—3 = w1h2qN_3 —e<0 by the

assumptionon h, Ay_o y_9 = 2cugh2q]\f_2—|—2a€—|—g‘—fZ >0,Av_oN_1= w1h2qN_1—5—2%5 <

0 by the assumption on A. We obtain

N-1
[Av-an—al— > |An_ayl
=1, j#N-2
ae 20 aE 2
= 2woh’qn_ 2 —_——— - — h2gn_3 — hon_ 1 —e — —
wWoh“qn_o + €+2h 5 2h+w1 qN—3 — €+ wih"gn-_1 — € h
20 2ce
= [WZhQQN72 — T} + [W2h2QN72 — T] + [w1h2QN73 + WthQNfl] >0
N-1
3 3
if a < %Eq* HGHCG, ’AN_Q,N_Q‘— Z ‘AN_QJ‘ >0if a < %gq*
=1, j#N-2
181

Abstract-TH-2219 126123020



We get Ay_11 = =222 <0, Ay_1p =9 >0, Ay_1nv-2 =wih?qn_o —e+ 5 <0 if

o< 2h(5ﬂ;}1h2q*)’ Ay_1n-1 = 2wsh2qy_1 + 2¢ [1 — %] > 0 when a < h*. We obtain

N—2
[Av—1n-1]— Y |An_1,]
j=1
= 2uwyh? +2€_2€_04_%£_%+th —5+%
= 2w "gN—1 h h oh 11 gN—-2 oh
2 2ce
= [wthqN,l — Ti| —+ [w2h2qN,1 — Ti| + W1h2QN72 +e>0
N—2 ,
3 3 _ *
if o < %. Hence, |An_1n-1|— Z\AN,LA >0ifa< min{h‘l,wzggq*, 2hie ilh 4 )}.
j=1

]

Theorem 6.1.1. Let u(x) be the solution of the differential equation given in . Let
U be the approximate solution obtained by the system given in . If h and o satisfy
the conditions given in Proposition then as h — 0

o [|Ello= O(h?) if wy = g, w2 = 3,
o [|Elloc=O(h?) if wi = 35, w2 = 35,
where E = (Ey, Ey, ..., Ex_1)T, E; = u(z;) — U;.
Proof. The system can be written as
AU =d
and the system (6.10)) with exact solution can be written as

A= d+T(h),

where 4 = (u(z1),u(zs), ..., u(xn_1))T, T(h) = (Ti(h),To(h),...,Tx_1(h))T. Hence,
we get

A(u—U)="T(h), i.e, AE =T(h).
By taking h and « according to the Proposition [6.1.1} we have
E = A"'T(h)
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and hence we get

N-1
E; = ZA]-_,isz‘(h% j=12,...,N—1.
=1

Using the theory of matrices, we have

N-1
dALSi =1, k=12 N-1,

i=1

where §; is the i-th row sum of the matrix A. The row sums

2 2 hq.
81 = £+ [w2h2q1 — igi| -+ [wghqu — ié‘] +W1h2QQ -+ 04_5 >0ifa< wat ¢ s
h h h 2¢e
2 2
Si = [WZhZQi ;| %8] .- [thQQi - %} + wih?g;
e
+w1h2qi+1+% >0ifa< e ,
h 2e
20 2ae
Snyo1= e+ |:W2h2QN—1 — T} + [w2hQQN—1 — T]
wah®q,

€
+w1h2qN_2+a—>Oifa< '
h 2e

It can be seen that, the conditions given in statement of Proposition |6.1.1] ensures that

, we have

W=

the row sums of the matrix A are positive. If w; = %, Wy =

2

-1
-1
Api =
1

1 - 1
minlgingl S; - Oilhy

@

where C}, is a constant. It follows that

K h?
B <21
i =Ch

where K7 is a constant. Hence we get || E||= O(h?) as h — 0.

1
Ifwlzﬁ,w2:—

1 1

. = )
ming <j<N-1 S; Ci, h?

where Cj, is a constant. It follows that

K,hb
E| < —
= CLh?
where K5 is a constant. Thus, we have ||E||.= O(h?) as h — 0. O
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Remark 6.1.1. Consider the restrictions on « in the Proposition |6.1.1], i.e.,

0 < o < min {h4 woh3q. wih®q. 2h(e — wlhzq*)}
- T2 7 g £

when wy = ,

W=

, W =

=

0 < a < min {h6, (,u2h3q*7 w1h3q*, 2h(e — w1h2q*)}
2e € €

when w; = %, Wy = 15—2 When w; = %, Wy = %, if h is sufficiently small, h* will be the

minimum in these restrictions. When wy = 1—12, Wy = 15—2, if h is sufficiently small, h® will

be the minimum in these restrictions. For each fixed h, by varying o, we can compute

the numerical solutions of the BVP.

6.1.2 Numerical examples

In order to see the computational efficiency of the developed method, two numerical

examples are considered and numerical results are tabulated. We consider the case

1

wlzﬁv

Wy = % to compute the numerical solutions of the following BVPs.

Example 6.1.1. Consider the following BVP [82]:

ot <42 ) v ()] 3000 ()
—3x exp (x—\};), x € (0,1),

Ve
e=2"147=1,2,...,8, we take N = 16, 32,64, 128,256 and we get the o restriction

The analytical solution is u(z) = 1— (1 —z)exp (\_/—“g) — T exp (“’—_1> For each fixed

in the range 0 < o < hS. Thus, for each fixed e, the scaling factor is taken as given
in Table [6.1 Table (6.2 represents the maximum point-wise errors and the order of
convergence. Table [6.3| represents the maximum point-wise errors and the order of
convergence corresponding to non-polynomial cubic spline method. Figurel|6.1|represents

Log-log plots of the maximum errors for the Example [6.1.1]
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Table 6.1: Scaling factor for Example [6.1.1]

1/2
0.16h°

1/4
0.25h°

1/8
0.5h8

1/16
0.9999A5

1/32
0.9999h8

1/64
0.9999h

1/128
0.9999A5

0.03R5

Table 6.2: Maximum point-wise error and order of convergence corresponding to Exam-

ple|6.1.1}

le/N — 16 32 64 128 256

1 2.5991e-08 | 1.6374e-09 | 1.0253e-10 | 6.3038e-12 | 3.8969e-14
3.9885 3.9973 4.0236 7.3378

1/2 2.7765e-08 | 1.6029¢e-09 | 9.7933e-11 | 5.9771e-12 | 5.6843e-14
4.1145 4.0327 4.0343 6.7163

1/4 4.7762e-08 | 3.2265e-09 | 2.0572e-10 | 1.2877e-11 | 6.1218e-13
3.8878 3.9713 3.9978 4.3947

1/8 2.1289e-07 | 1.3919¢-08 | 8.8045e-10 | 5.5228e-11 | 3.5728e-12
3.9349 3.9827 3.9948 3.9503

1/16 1.0832e-06 | 7.0972e-08 | 4.4884e-09 | 2.8133e-10 | 1.7530e-11
3.9320 3.9830 3.9958 4.0044

1/32 7.8406e-06 | 5.0099e-07 | 3.1539e-08 | 1.9739e-09 | 1.2348e-10
3.9681 3.9896 3.9980 3.9987

1/64 3.2046e-05 | 2.0554e-06 | 1.3021e-07 | 8.1436e-09 | 5.0928e-10
3.9626 3.9805 3.9990 3.9992

1/128 | 1.2279e-04 | 7.7344e-06 | 4.8522e-07 | 3.0358¢-08 | 1.9009e-09
3.9887 3.9946 3.9985 3.9973

Example 6.1.2. Consider the following BVP [82]:

—eu’(z) + (1 +2(1 — 2))u(z) = 1+ 2(1 — 2) + [2vE — 2(1 — )% exp (,7)

+[2v/€ — 2%(1 — x)] exp <x—\};>, z € (0,1),

The analytical solution is u(z) = 1— (1 —z)exp (;—g) — X exp (%) For each fixed
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Table 6.3: Maximum point-wise error and order of convergence corresponding to Exam-

ple[6.1.1] with « =0 .

N

Figure 6.1: Log-log plots of Example [6.1.1}]

Abstract-TH-2219 126123020
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le/N — 16 32 64 128 256
1 4.5255e-08 | 2.8288e-09 | 1.7679¢e-10 | 1.0948e-11 | 2.6684e-13
3.9998 4.0001 4.0133 5.3585
1/2 1.6882e-07 | 1.0555e-08 | 6.5973e-10 | 4.1340e-11 | 2.9809e-12
3.9996 3.9998 3.9963 3.7937
1/4 5.2473e-07 | 3.2815e-08 | 2.0512e-09 | 1.2812e-10 | 7.6469e-12
3.9992 3.9998 4.0009 4.0665
1/8 1.3267e-06 | 8.3014e-08 | 5.1899e-09 | 3.2447e-10 | 2.0535e-11
3.9984 3.9996 3.9996 3.9819
1/16 3.4476e-06 | 2.1593e-07 | 1.3503e-08 | 8.4406e-10 | 5.2660e-11
3.9969 3.9992 3.9998 4.0026
1/32 1.0601e-05 | 6.6504e-07 | 4.1609e-08 | 2.6029e-09 | 1.6277e-10
3.9945 3.9985 3.9987 3.9992
1/64 3.4432e-05 | 2.2360e-06 | 1.4053e-07 | 8.8072e-09 | 5.5050e-10
3.9448 3.9920 3.9960 3.9999
1/128 1.2570e-04 | 7.9133e-06 | 4.9634e-07 | 3.1052e-08 | 1.9430e-09
3.9896 3.9949 3.9986 3.9984
10
[} —ce=1
0* . il
—e=1/8
10°8 O(N~H]
Lh1o"°
10712
101‘:0 1(;2 10°




e=21"14i=1,2,...,8, we take N = 16, 32, 64, 128, 256 and we obtain the « restriction
in the range 0 < a < h®. For each fixed e, the scaling factor is taken as given in Table
The maximum point-wise errors and the order of convergence are tabulated in Table
Table represents the maximum point-wise errors and the order of convergence
corresponding to non-polynomial cubic spline method. Figure represents Log-log

plots of the maximum errors for the Example [6.1.2]

Table 6.4: Scaling factor for Example [6.1.2]

1/2

1/4

1/8

1/16

1/32

1/64

1/128

0.06h°

0.15h8

0.27h°

0.54h5

0.9999h5

0.9999h5

0.9999h5

0.9999h°

Table 6.5: Maximum point-wise error and order of convergence corresponding to Exam-

ple |6.1.2}
le/N — 16 32 64 128 256
1 8.5277e-09 | 5.6511e-10 | 3.5846e-11 | 2.2071e-12 | 2.8200e-14
3.9156 3.9786 4.0216 6.2903
1/2 | 2.1946¢-08 | 1.1885e-09 | 7.1207e-11 | 4.3564e-12 | 3.8414c-14
4.2067 4.0610 4.0308 6.8254
1/4 2.8445e-08 | 2.0975e-09 | 1.3776e-10 | 8.6873e-12 | 4.5525e-13
3.7614 3.9284 3.9871 4.2542
1/8 2.5123e-07 | 1.3186e-08 | 7.8115e-10 | 4.8072e-11 | 3.0113e-12
4.2519 4.0773 4.0223 3.9967
1/16 1.4879e-06 | 9.7308e-08 | 6.1716e-09 | 3.8758e-10 | 2.4198e-11
3.9346 3.9788 3.9931 4.0015
1/32 1.4699e-05 | 9.2969e-07 | 5.8521e-08 | 3.6608e-09 | 2.2900e-10
3.9828 3.9897 3.9987 3.9987
1/64 6.4481e-05 | 4.0751e-06 | 2.5815e-07 | 1.6147e-08 | 1.0093e-09
3.9840 3.9805 3.9989 3.9998
1/128 2.4250e-04 | 1.5730e-05 | 9.9775e-07 | 6.2429e-08 | 3.9058e-09
3.9464 3.9787 3.9984 3.9985
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Table 6.6: Maximum point-wise error and order of convergence corresponding to Exam-

ple with a = 0.

le/N — 16 32 64 128 256
1 5.7074e-08 | 3.5676e-09 | 2.2297e-10 | 1.3895e-11 | 7.0982e-13
3.9998 4.0000 4.0042 4.2909

1/2 2.4938e-07 | 1.5591e-08 | 9.7451e-10 | 6.0953e-11 | 4.0483e-12
3.9996 3.9999 3.9989 3.9123
1/4 9.5497e-07 | 5.9721e-08 | 3.7331e-09 | 2.3328e-10 | 1.4368e-11
3.9991 3.9998 4.0002 4.0212
1/8 3.0550e-06 | 1.9116e-07 | 1.1951e-08 | 7.4705e-10 | 4.6880e-11
3.9983 3.9996 3.9998 3.9942
1/16 7.9343e-06 | 4.9702e-07 | 3.1084e-08 | 1.9432e-09 | 1.2131e-10
3.9967 3.9991 3.9997 4.0017
1/32 2.2195e-05 | 1.3932e-06 | 8.7462e-08 | 5.4679e-09 | 3.4183e-10
3.9937 3.9936 3.9996 3.9996
1/64 7.3085e-05 | 4.6055e-06 | 2.8879e-07 | 1.8089e-08 | 1.1307e-09
3.9881 3.9953 3.9968 3.9998
1/128 | 2.4975e-04 | 1.6298e-05 | 1.0297e-06 | 6.4479¢e-08 | 4.0339e-09
3.9377 3.9844 3.9973 3.9986

10
—_—=1
=12
6L € ]
10 e=1/4
—e=1/8
10—8, —O(Nﬂi) ]
fﬂ
10-10 L
1072} o
10-14 1 ‘2 3
10 10 10

Figure 6.2: Log-log plots of Example [6.1.2]
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6.2 Nonself-Adjoint Boundary-Value Problems
Let us consider the singularly perturbed BVPs of the form

eu'(x) = p(a)u'(z) + q(x)u(z) + f(z), z € (0,1),
(6.14)

w(0) =no, u(l) =m,
where 0 < ¢ < 1, functions p, ¢, f are sufficiently smooth, p(x) > 0 or p(z) < 0 and
q(x) > 0 for z € [0, 1].

Let us consider a uniform mesh on the interval I = [0, 1] such that 0 = zy < z; <
<o <xy =1, where z; =ih, i =0,1,..., N, h=1/N. Let U; be the approximation of
u(z;), U/ be the approximation of «'(x;) and M; be the approximation of u”(z;).

The differential equation given in is discretized at © = x; as eM; = p;U] +
@U; + fi, where p; = p(x;), ¢; = @, fi = fi- Substitute M; = w and the

approximations

3Uip1 —4U; + Ui —Uip1 +4U; — 3U;

/ _ / =
U1 = 2% » Uis 2h ’
Ui - Ui— 2h2 i h 3 5 i— Uz
Ui/ : +1 1 i 2h?0qit1 + ho(3piy1 + pi—1)] Uit — 20 (pisr1 + pi1)Us;
2h 2h
2h20q;_1 — ho(p; SH || CEY
A [ 0qi—1 0(5}:-1 + op 1)] 1 A hU(fi+1 . fifl)a o €R,

— 4U; — —4Un_ 4

(p,(:L'()): U2+ 2[}{1 3U0’ @l(ZEN): 3UN U;Vh1+UN 27

in (6.9), we get the following system:

2 1

- [as + a(w + w2)p0} U + o [046 + awy + wg)po} U, + [ et wihg
3wih i— wih i

3w 2p L — wohpi + — §+1 — 213wy pigi—1 + h2waop;(piv1 + 3pi_1)} Uiy

+ [26 + 2woh?q; + 2wihp; 1 — 2wihpiy1 — 4h*waops (i1 + pi—l)} U + [ —€

wih i— Jwih 7
+ WthQi—H _ b wohp; + % + 2h30J20piC]i+1 + h2w20pi(3pi+1
1 2
+pi—1)} Uis1 + on [048 —afw + W2)p1v] Un_2 — 7 [065 — a(w; + W2)pN} Un-1
3
=79 [045 + a(wr + w2)po] no + (w1 + wa)qono + a(wr + wa) fo — h?wi fiq

— 2hPwa fi — hwy fiyr — 2RPwaopi(fira — fi1) + a(wr + wa) fi
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3 .
-5 [ — a(wy + we)py + oze]m +afw +wa)gnm, i=1,2,..., N =1, (6.15)

where Uy = 1y and Uy = 1 are the discretizations of the Dirichlet boundary conditions.
The system ([6.15)) gives the approximations Uy, Us,...,Uy_1 of the solution u(z) at

L1;X2y +« -y TN-1-

Remark 6.2.1. If a = 0, then the system given in becomes to the system that

corresponds to the non-polynomial cubic spline as

3wihpi—1 wihpi

[ — €+ w1h2q1'—1 — — wahp; + — 2h3w20pi%—1 + h2w20pz' (Pit1

+ Spi_l)] Ui_q + [28 + 2wah?q; + 2wihpi—1 — 2wihpig — 4h*weops(pig1 + pi1) |Us

wihpi—

3wih i
+ [ — &+ w1h2qi+1 =~ + wohp; + % - 2h3w20pz‘%‘+1 3 h2w20pz'(3pi+1

+pz‘—1)} Uiy1 = —h2wi fi_1 — 2h2ws f; — h2wi firr — 2h3waopi(fir1 — fio1),

6.2.1 Convergence analysis

In this section, convergence analysis of the developed numerical scheme is discussed. Let
|| < hS. Assume that the unknown function u(z) is sufficiently differentiable. Substitute
the original function value u(z;) instead of the approximate value U; in (6.15]) and hence

we get the truncation errors Tj(h), ¢ = 1,2,..., N — 1 associated with the equations

given in ([6.15)) as

Ti(h) = [rYu(zo) 4 riu(zy) + riu(as) + ru(wiy) + r{u(e;) + rifu(zgg)

+ 1 u(ay o) 17 u(ay) + i uley)] = (6 fo + 6 fia
+ ¢ fi +q fi1 + @ fnl, (6.16)
where
0o_ 3 ; 2
i = gp [046 + o(wr + wz)Po} — afwr +w2)qo, 1y = Y alwr +w2)po|
Bwihp;— wihp;
r? = o7 [&g + a(w; + wQ)po}, r7 = —c+whiqq — - 1229 1 wahp; + L §+1

— 2hPwyopigi—y + h2w2<7pi(Pi+1 +3pi_1), 15 =2+ 2woh?q; + 2w hpi_1 — 2w1hpisa
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— 4h2w20pi<pi+1 + pi-1), 7"1‘+ =—€+ W1h2%’+1 - b + wahp; + : 2p -
5 9 N—2 1
+ 2R w0 piGi1 + hwaopi(3piy1 + pic1), T T = 2%h [0‘5 —alw + wz)pzv} ’
9 3
TZN_I =73 ac — a(w + w2)pN]7 TiN ~ oh [ —alwr +wa)py + as} ~ alwr w2av,
0_ - 32 3 c _ 2 t = _p? 5
¢ = a(wr +wa), ¢ = —h wy + 2k wa0p;, ¢f = —2h°ws, ¢ = —h wi — 2k weop;,

qZN = a(wy + we).

Substituting the differential equation (6.14]) in , we get

T;(h) =|rdu(xo) + riu(zy) + riu(zs) + vy u(mit) + riu(r;) + v u(zis)
+r) Pu(ry o) + 17 tu(Ty-n) +7‘ZNU(IN)} = [Q?(C‘U"(Sﬁo)
— pott' (20) — qou(wo)) + ¢ (eu”(wi1) — pirv/(zi1)
— qiru(ziny)) + qf (eu (25) — p (@) — qou(z;))
+ q;(guu(xiﬂ) — i1 (Tig1) — Gip1u(Tig1))

+ o (cu"(w) — et (@) — awulew))|. (6.17)

After simplifying (6.17]), we obtain

—3u(zo) + 4u(xy) — u(xs)
2h
Bu(zn) — du(zy—1) + u(zn_2)
2h

— a(wr + w2)po [—3u(:v0) i 4212@1) —ulza) > UI(IO)}

— ' (a))

+ h2w20pi<pi+1 + 32%’—1)} u(xi—1)

T,(h) = — as[ ] — a(wy + wy)eu” (o)

+ ae[ } — a(w; + wy)eu” (zn)

3u(zy) — du(zy—1) + u(zN_2)

2h

wihpit1
2

+ |:28 + 2&)1]2}?1‘_1 — 2w1hpz-+1 — 4]12(,020']?1'(]?1‘4_1 ‘|—pz_1)i| U(IZ) + [ — &

— a(wy + wy)pN [
3wihpi—1

+|:—E— —(,Uthi+

_ wihp;—1 3wihpi1
2 2

+ (h?wy — 2hPwqop;) [51/’(%-_1) — pi_lu'(:pi_l)] + 2h%wy [5u”(:p,~)

+ wahp; + + h2waopi(3piys + pi—l):| w(Tiy1)

- piu'(:ri)} + (R%wy + 2h3wyop;) [su"(:riﬂ) — p,-+1u'($i+1)] . (6.18)
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Using the Taylor expansions for u(x;—1), w(xii1), v (xi—1), W(xiz1), v’ (zi—1), " (zi41)

about the point z;,

—3u(rg) + 4u(ry) — u(ws) h?

- =/ (z0) ~ T (z0) .
Sulen) = 4“%];—1) Fulen-z) ) — %2u"'(x]v) +o
in (6.18)), we get
Ti(h) = — ae [u’(azo) - %21/'(350) + 0(h3)] +ae [u'(xN) N %QU"'(xN) + 0(h3)]
e+ oo — () + O] — e+l |~ () + O]

— afwy + wo)e [u”(:vo) + u"(a:N)} + eh? [le + 2wy — 1} u”(24)
4

h
+ EY [(1 + 12e0)wap; — w1(Pic1 + Pit1) + 2hwao (pipi—1 — pipi+1):| u" ()

+h4[

e(12w; — 1) hwipiq _ hwipisa h2waop; (Pi—1 +pi+1)]u(4)($,)
12 12 12 6 ’

+ O(hY).

Let

2

h
pi_lzpi—hp£+§p2’+.--,
h2
—pl 4+ ...

Pit1 = pi + hp; + 9]

It follows that
h? h?
Ti(h) = — ae [u’(mo) - gu’”(aco) + O(h?’)] + ae [u’(xN) — gu"’(xN) + O(h?’)}

2

— a(w + w2)po [ — %u'"(mo) - (’)(h3)] — a(wy + w2)pN [ — ?u’"(xN)

+ O(hg)] — awy +wy)e [u"(xo) + u”(xN)] + eh? [2w1 + 2wy — 1] u” ()

" 12w, — 1
+ ? |:(1 + 1250‘)&}2 — 2w1i|piu/l/(xi) + h4 [%

2

}u(‘l)(xi) + O(hY).

Since |a|< Rk, if wy = &5, wo = 3 and 0 = —5—, we get |T;(h)|< K;hS as h — 0, where

T 20e”

K; is a constant. Thus T;(h) = O(hS) as h - 0 fori =1,2,..., N — 1.

L
127

The system ([6.15) can be written as AU = d, where
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Aiq Ajo 0 0 0 0 ... 0 0 0 0 AN Ainaa

Ag Ass Asz 0 0 0 ... 0 0 0 0 Ay n_a Ay N

Asy Asp Az Asa O 0 L 0 0 0 0 Asnoe  Agnaa

Ay Agp Asg Agg Ay 0 L 0 0 0 0 Ayn-2 Ayn_a

Asa As o 0 Asa Ass Asg .- 0 0 0 0 As N2 As N1

4 . . . . E . . . . . . . 7
An-s1 An-s2 0 0 0 0 ... Avsne Av-sn—s An-sn-d 0 An-sN-2 AN-sN-1
An-4g An-a2 0 0 0 0 0 An-an-5 An-an-a An-an-3 An-an-2 An-an-1
Ay-szy An—z2 0 0 0 0 ... 0 0 Ay_sn-a An-—sn-3 An-sn-2 An-3zn-1
An_21 An—22 O 0 0 0 ... 0 0 0 An_on-3 An_an-o Anx_an-1
| Av-11 Av-12 0 0 0 0 ... 0 0 0 0 An-in—2 An-in- |

A; j is the coefficient of U;, U = (Uy,Us, ..., Un_1)", d = (d1,ds,...,dy-1)T, d;, i =
1,2,..., N — 1 are the right hand side of the system.

Let B be the matrix corresponding to o = 0. By taking the matrices A, B,n = N—1,
|-]|oc norm in the Theorem [1.7.4] we get

N—-2

max [ X} — ] < 2855 (N = 1)%1(2Q) ¥ | A - B|IE (6.19)

where @ = max{||A||oo, |Blloc}, A; and p}, i = 1,2,..., N — 1 are the eigenvalues of A
and B respectively.
Note that, when A is sufficiently small, the matrix B is irreducible, B;; > 0, B; ; <0,

1#£ j;1,7=1,2,...,N — 1, the row sums of B are such that

3wih h
W12 Do + wahpy — winp2

— h?wa0p1pa — 3h*waapipo > 0,

Ri = € + 2wh’®qy + wih’qs + + 2hPwy0op1ge

Ri = wihqi_1 + 2wl + wih®qiy1 — 2h3wa0pigi—1 + 2hwaopigip > 0,

i=23 ..., N—2

wihpn_2 3wihpy

Rn_1 = ¢+ 2woh®qn_1 + wih*qn_o + 5 —wohpn_1 — 5

— 2h3waopN _1qN—2 — 3hPwaopn_1pn — hPweopN_1PN—2 > 0.

Thus, B is a monotone matrix [67] and hence B~! exists and the eigenvalues p}, i =
1,2, ..., N —1 of B are non-zero. Thus, when h is sufficiently small, B is invertible
and its row sums are positive. Once we fix h (which gives B is monotone), then the
eigenvalues of B are non-zero. Now « can vary in the region (—h® h%). We can choose

sufficiently small « in the region (—h®, h%) to satisfy the following conditions:
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—2«

h

—2«
+ h

(e
o +

e A is invertible because [|[A — B|lo= (

)

> ’5 — (w1 + ws)pn| and from (6.19)), it can been seen that eigenvalues of A are

€+ (wr + w2)Po‘ + (

Q.
2h

non-zero when « is sufficiently small.

e The row sums of the matrix A are

3ae 305((4)1 +CL)2)p0 30((&)1 —i—wg)pN .
=R, — — =12,...,.N—1
Si=TR; - oh + o7 >0,i=12,...,

because R; > 0,7 =1,2,..., N — 1 and we can choose « sufficiently small so that

S;>0,i=1,2,....,N—1.

Hence by choosing sufficiently small h (which gives B is monotone), choosing « in
(—hS, h%) (which gives A is invertible and row sums of A are positive) we get the fol-
lowing;:

It can be seen that AE = T'(h) where T'(h) = (Ty(h), Ta(h), ..., Tn_1(R))T, E = (F,
Ey, ..., Exn_1)T, By = u(x;) — Uj.

We get E = A~'T(h) and hence we have
N-1
By =) A7T(h), j=12,...,N-1.
i=1

From the theory of matrices, we have

N-1
Y ASi =1, k=12 N-1,

=1

where A; ! is the (k,i)-th element of the matrix A~'. Note that 1<rr<n]{[1 1&- = C;, h?,
) 717 -

where Cj, is a constant. Hence, we have
N-1
Al < i = - h2.
Z ki = 1/1<£r<111{7171 Si = 1/Cih
i=1 ==
We get |E;|< CK—%, where K is a constant. Therefore, as h — 0,
io

IE]l=O(R).
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6.2.2 Numerical examples

To see the efficiency of the proposed method, numerical experiments are done in this

section.
Example 6.2.1. Consider the BVP [87]

eu’(z) =u'(z) +u(x) — 1, z € (0,1),

)\2_1 Az 1.¥ A1 )pA2T
— (2le (A=c™e®® | 1. where \; = —1+V21+4E, Ao =
€

The exact solution is u(x) Ly YR AT

1*2—@. The scaling factors which are used to compute the numerical solutions are
given in Table [6.7, Table [6.8] represents the maximum point-wise error and the order
of convergence. Table represents the maximum point-wise error and the order of
convergence for the non-polynomial cubic spline method. Figure [6.3| represents the

numerical solutions and Log-log plots of the maximum errors for the Example [6.2.1]

Table 6.7: Scaling factor for Example [6.2.1]

5 1 1/2 1/4 1/8 1/16 1/32 1/64
a | —0.01h% | 0.1k | —0.3A5 | —0.9999h6 | —0.9999A5 | —0.9999AF | —0.9999h°

10
—c=1
i —e=1/2
10° e=1/41]
. —e=1/8
108 . —O(N)|]
S & .
-10
10 °
1072
_ ‘ ‘ ‘ ‘ 10°14 ‘
0 02 04 06 08 1 10" 102 10°
x N
(a) Numerical solutions of Example (b) Log-log plots of Example

Figure 6.3: Numerical results of Example [6.2.1]
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Table 6.8: Maximum point-wise error and order of convergence corresponding to Exam-

ple6.2.1
le/N — 25 50 100 200
1 3.3063e-10 | 2.0751e-11 | 1.3070e-12 | 3.6610e-14
3.9940 3.9889 5.1579
1/2 5.1332e-09 | 3.2294e-10 | 2.0195e-11 | 1.2187e-12
3.9905 3.9992 4.0506
1/4 1.4261e-07 | 8.8653e-09 | 5.5361e-10 | 3.4688¢-11
4.0078 4.0012 3.9964
1/8 2.8749e-06 | 1.7614e-07 | 1.0970e-08 | 6.8549e-10
4.0287 4.0051 4.0003
1/16 5.9115e-05 | 3.8044e-06 | 2.3612e-07 | 1.4749e-08
3.9578 4.0101 4.0009
1/32 1.0044e-03 | 5.8134e-05 | 3.7214e-06 | 2.3141e-07
4.1108 3.9655 4.0073
1/64 1.1048e-02 | 9.6743e-04 | 5.6226e-05 | 3.5805e-06
3.5135 4.1048 3.9730
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Table 6.9: Maximum point-wise error and order of convergence corresponding to Exam-

ple with a = 0.

le/N — 25 50 100 200

1 7.1291e-10 | 4.4623e-11 | 2.7997e-12 | 1.0859e-13
3.9978 3.9944 4.6883

1/2 1.9875e-08 | 1.2437e-09 | 7.7718e-11 | 4.9231e-12
3.9983 4.0003 3.9806

1/4 3.3081e-07 | 2.0641e-08 | 1.2896e-09 | 8.0731e-11
4.0024 4.0005 3.9977

1/8 4.6351e-06 | 2.8807e-07 | 1.8020e-08 | 1.1261e-09
4.0081 3.9987 4.0002

1/16 6.3291e-05 | 4.0807e-06 | 2.5375e-07 | 1.5839e-08
3.9551 4.0073 4.0018

1/32 1.0129e-03 | 5.8770e-05 | 3.7579e-06 | 2.3374e-07
4.1073 3.9671 4.0070

1/64 1.1063e-02 | 9.6853e-04 | 5.6308e-05 | 3.5852¢-06
3.5138 4.1044 3.9732

6.3 Conclusion

In this chapter, fractal non-polynomial cubic spline methods are developed to solve the
both self-adjoint and nonself-adjoint singularly perturbed BVPs. Convergence analysis
of the developed methods are discussed and it is shown that the developed numerical
methods have fourth-order convergent. Test examples are solved to show the efficiency
of the developed method. The important feature of the proposed scheme is that, it
has fourth-order convergence for nonself-adjoint BVPs. We obtained the fourth-order

method for the nonself-adjoint BVPs by modifying the derivative approximation.
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Chapter 7

Fractal Quintic Spline Solutions for

Boundary-Value Problems

In this chapter, we have developed the numerical methods for solving self-adjoint singu-
larly perturbed BVPs and the non-linear BVPs. Aziz and Khan [§] developed the fourth-
order convergent numerical method using quintic spline and Khan et al. [81] proposed
the fifth-order convergent numerical method using sextic spline to get the numerical ap-
proximations for self-adjoint singularly perturbed BVPs. To solve the non-linear BVPs,
Chawla and Subramanian [43| presented the fourth-order numerical method using the
cubic spline and Chawla [39] developed the eight-order numerical scheme using the fi-
nite difference method. Tirmizi and Twizell |[135] constructed the eight-order convergent
numerical method using the finite difference method to get the numerical solutions for
non-linear BVPs. Bhatta and Sastri [19] proposed the sixth-order convergence numerical
schemes with the help of quintic and sextic splines to solve the non-linear BVPs. Also
one can see in References [20],42,4446,76], different numerical methods were constructed

to get the numerical approximations for non-linear BVPs.

In Section [7.1], we have proposed a numerical method using the fractal quintic spline
to solve the self-adjoint singularly perturbed BVPs. Continuity conditions of the frac-
tal quintic spline are used to get the numerical scheme and the developed numerical

scheme has fourth-order convergence. Also, computational efficiency and the order of
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convergence are verified through numerical examples.

In Section [7.2] a numerical method is developed for non-linear BVPs. Using quasi-
linearization technique, we reduced the non-linear BVP into a sequence of linear BV Ps.
Then each of these linear BVPs have been solved using the method obtained from fractal
quintic spline. The developed numerical method has fourth-order convergence and the

numerical examples are presented to illustrate the applicability of the proposed method.

7.1 Self-Adjoint Boundary-Value Problems

We consider the BVP of the form

—eu(z) + qu(z) = f(z), =€(0,1),

(7.1)
u(0) = no,  u(l) =m,
where 0 < e <1, ¢ >0, f(x) is sufficiently smooth function in [0, 1].
Let us consider a uniform mesh on the interval I = [0,1] such that 0 = z; <

Ty < - < zxy = 1, where x; = ih, ¢ = 0,1,...,N and h = 1/N. Let U; be the
approximate solution to u(z;). Let M; and S; be the approximations to u(®(z;) and
u™® (z;) respectively.

Consider the IFS {] x Rywi(z,y) = (Li(z), Fi(x,y)) i =1,2,... ,N}, where L; :
I — I; = [x;_1, 2] such that L;(z) = he + x;—1, € I, F; : I x R — R such that
Fy(z,y) = ay+ri(z), for (z,y) € I xR, with r;(z) = A;(x — 20)® + Bi(x — 20)* + Cs(z —
20)® + Di(x — x0)* + &i(x — x) + F; and « is the scaling factor such that |a|< h*.

We assume the following conditions on the IFS:

Fi(xo,Up) = Uiy, Fi(zn,Uy)=U;, i=1,2,...,N,
Fii(zn,Uny) = Figr1(20,Upp), i =1,2,...,N — 1,
F,o(xo, M) = My, Fio(xn, My)=M,, i=12,...,N,
Fis(xn,Uns) = Fit13(x0,Ups), i =1,2,...,N — 1,

F, 4(x0,S0) = Si—1, Fialan,Sn)=95;, i=1,2,...,N,
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where F,i(z,y) = %(:)(x), k=1,2,3,4 and Up; = %, Uni = %, Ups =
Ti;)—(_wof), Ung = %j}m It can be seen that the IFS {] x Ryw;(z,y) = (Li(x), Fi(z,y)) :
i=1,2,... ,N} satisfies the conditions for C*-FIFs. [11,30,136].

Let 7 = {¢ € C'(I,R) | ¢(z0) = Up,p(an) = Un, 0@ (w9) = Mo, ¢ (zy) =
My, ¢ (x0) = S, D (zx) = Sy}. Then (F, p) is a complete metric space where p
is the metric induced by C*-norm on .%. Define the Read-Bajraktarevié¢ operator T on

(Z, p) as

To(Li(z)) = ag(x) + Ai(x — 20)® + Bi(x — 20)* + Ci(z — 10)* + Di(w — 20)?

+ & (x —xo)+ Fi, z € [rg,2n],i=1,2,...,N.

The constants A;, B;, C;, D;, & and F; are to be evaluated. It can be seen that T is
a contraction operator, hence it has a unique fixed-point @ (say). The fixed-point @

satisfies the functional equation

P(Li(z)) = ad(x) + Ai(x — 20)° + Bi(x — 20)* + Ci(x — 20)® + Di(x — 0)”

+&(x —xo)+Fi, € [zo,xn], 1=1,2,...,N. (7.2)

From [36], it can be observed that the conditions Fj(zo,Uy) = U;—1, Fi(zn,Un) = U;
E’,Q(%,MO) = Mz‘—l,Fz'z(J?N,MN) = M;, Fi,4(900,50) = i—1,ﬂ,4(9€N,SN) = 5; are

equivalent to

@(xi—l) = U;—1, 95(%) = U, @(2)<Iz’—1) = M;_, @(2)(%) = M, ( )
7.3
o (1’171) = Si_1, oW (SCz) =5

the condition F(zn,Un1) = Fii11(20,Upa) can be reformulated as &V (L;(zy)) =
&M (L;y1(x0)) and the condition Fis(xn,Un3) = Fit13(x0,Ups) can be reformulated as

P¥(Li(zn)) = O (Lita(20)).

For a fractal quintic spline @, the constants A;, B;, C;, D;, &;, F; are evaluated using

(7.3) and it is given by

h= B ) - (5~ 5]

120\ e hi
h* a
B = o7 (Si-1 = 2750)
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h? h?
Ci=—— (Mi—l - -

g (1= ) + 5 (3= i) = 5 (50— 550
- 5515 fsw) = (5= )

D= (M~ 50

&= (U= ati) = (0 —ath) + 55 (50~ 7550 + 55 (5~ 5+)
2 o= o) v o).

Fi=U;_1 — aly.

For continuity of ®M) at z;, i = 1,2

N — 1, we need & (z;
P (Li(zy)) =

®M (L1 (x0)) and it leads to the following:

®W(xy) + 5A; 4+ 4B; + 3C; + 2D; + & = adW(xp) + &

Substituting the values of A;, B;, C;, D;, & and &1, we get

15a 15c 360 360
——So+7SZ 1+ 16S; +7Sz+1—?SN:— A 0 (.’I?o)—l- A @(1)($N)
180a 60 180c 360

For continuity of ®® at z;, i = 1,2

N —1,, we need &¥)(z;) = @O (z]), i.e.,
PO (Li(zn)) = PO (Lit1(20)) and which leads to the following
3 3
= ﬁso + Si1 +4S; + Sip1 — FSN
6a 6a 6

Multiplying by 7 and subtract the resulting equation from , we get

30« To
5i= @0 () — 80 () + 51 (6 (wp) — O (ay))

5h2 — (M + 18M; + M) +

Substitute S; in ([7.5)) to obtain

2h4(80 + SN)

15«
+ W(Mo + My) —

A (Uerl 2U; + U;_q).

Ui—o +2U;—1 — 6U; +2Us 1 + Usyn = —%@(3)(330) — 0@ (xy)) — (Mo + My)
2
t 5g [Miva + 26M;y + 66M; + 26Mipy + Miso] — 6a (DM (z9) — WV (xy)).  (7.6)
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Since ([7.6]) gives the relation between the U; and M;, (7.6)) can be used to solve the dif-
ferential equation ([7.1)). At the grid point z;, the differential equation ([7.1]) is discretized
as —eM; + qU; = f;, where f; = f(x;). Substituting

—3U, +4U;, — U, 3Uy — 4Un_1 + Uy Ut

B0 (gg) = RE T g gy = N TR DNy PO
—5Uy + 18U, — 24U, + 14Us — 3U.

¢(3)($0) - & 1 2h3 - : 4,

PO (gy) = 20N —18UN-1 F 24U2z2;2 — 14U 3+ 33U 4

in (7.6), we get the following system:

240 90ce 60 120ce T0ce 15ae
[_ h h3]1 [h . }Ur Vst U
+ (gh? — 20e)U;_o + 2(13gh® — 20e)U;_; + 6(11gh* + 20¢)U;
15ae T0ae
-+ 2(13qh2 — 20€)U¢+1 + ((]h2 — 20€)Ui+2 + TUN74 oo 73 UN,3
60 120ce 240 90ce
S+ T Ut [ - = = T e = <600,
180
— 60afy + h? [ g+ 261 + 661 + 26fir1 + fm} _ [ ho‘g
25
hiég _Gan] (770+771)a i:2737-"aN_27 (77)

where Uy = 1y and Uy = n; are the discretizations for the boundary conditions.

Thus, we have (N — 3) equations with (N — 1) unknowns Uy, Us, ..., Uy_1. We need
two more equations to get the numerical approximations of the BVP given in . In
order to get another two equations, the following procedure is used:

Our aim is to develop the difference equation whose truncation error is O(h®). Put i = 1
in (7.7), we get

[_ 240ce B 90ae 60ae |, 120ce 7Oa5U n 15ae
h h3 h h3 R 2T 3

+ (gh* — 20e)U_1 + 2(13gh* — 20e)Up + 6(11gh” + 20e)U; + 2(13qh* — 20e) U,

o i A2 ;

15ae 70ae 60ae  120ce
+(qh2_206)U3+TUN_4_?UN_?)_I_ |: h + 73 ]UN_Q
240 90
| = = S| Ut = =600 o — 60 fiy + B2 | f-1 + 260y + 66,
180ae  2bas
+ 26 f2 + fS} - [ 3 + X 6004(1} (10 + m1)- (7.8)

203

Abstract-TH-2219_126123020



We replace the fictitious values U_; and f_; by 4Uy—6U;+4U;—Us and 4 fo—6 f1+4 fo— f3
respectively and adding eh? [AOMO + MMy + Ao My + )\3M3] in (|7.8]), we get

60ae n 120ce T0ae 15ce

2400 90ae
[_ T }Uﬁ[ I 3 ]UQ_ i Ust U
+ [30qh2 _ 1204 Uy + [60qh2 + 2405} Uy + [30qh2 _ 1205} U,

15ae T0ce 60 120ae 2400
e Una— 7 Unes [ TR }UN*QJF[_ I

90ae 9
— 3 ]UN_1+€h |:>\0M0+)\1M1+)\2M2+)\3M3] = —6004f0

180ac 25

— 60afy +h?[30fo + 60f +30fs| — [~ + =5 —G0aq| (o +m),  (7.9)

where Ao, A\1, A2, \3 are constants that will be evaluated. After replacing M; = qU"T_fi in

(7.9), we get
240 90ac 60ae  120as T0ae 15ae
- U T e |G e Ut e U
+ [(30 +Ao)gh? — 1205} Up + [(60 FAgh? + 2405} U + [(30 4 Ao)gh? — 1205} Us
15ae 70ae 60ace  120ac 240ae
2
+ [Yahia] U+ S Unos — S Uvoat [ S+ O+ [ - =
90
— 5| Un-1 = =600 fy — 60afy + 2| (30 + Ao)fo + (60 + M) fi + (30 + o) fo]
180aes  25ac
+ A3h? f3 — [ N + s 60aq} (10 + 1) (7.10)

Now, the values Ao, A1, A2, A3 are going to be evaluated so that the truncation error
associated with the equation given in (7.10]) is O(h®). After replacing the approximate
value U; by u(z;) in (7.10), we define the truncation error 7)(h) associated with the

equation given in ((7.10)) as

Ty(h) = — 120as [_3“(“”0) < ;l}(fl) — “(3”2)} ~ 60a [qu(mo) L fo}
—5u(xg) + 18u(xy) — 24u(xs) + 1du(xs) — 3u(xy)
2h3 }

3u(ry) — 4($;Vh1) + “(wNQ)] — 600 [qu(x]v) - fN]

Su(ry) — 18u(ry—_1) + 24u(rN_2) — Hdu(zn_3) + 3u(:EN_4)}
2h3

+ [(30 4+ Aoah? — 120¢] (o) + [(60 + Ar)gh? + 240¢] u(a)

— 10045[

n 120045[

n 10a5[

+ [(30 + Xo)gh? — 1206} u(zy) + |:>\3Qh2:|U($3) —h? [(30 + o) fo
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+ (60 + A1+ (30+)\2)f2] ESWES (7.11)
Substitute f; = —eu”(z;) + q u(z;) in (7.11), we get

Ti(h) = — 120ae [u’(xo) + O(hQ)] — 60a [gu”(xo)] — 10ae [u"’(xo) + O(hQ)}
+ 120ce [u’(xN) - (’)(hQ)] — 60« [5u”(xN)] + 10ae [u”’(xo) + (’)(hz)]
— 120eu(xg) + 240eu(x,) — 120cu(zy) + eh®Asu” (z3)

+eh? [(AO +30)u” (z0) + (A1 + 60)u” (1) + (Ao + 30)u"(;1:2)] .
Now Ti(h) can be written as T1(h) = T, (h) + T.(h), where

To(h) = — 120ae [u’(xo) + O(hz)} — 60 [su”(xo)} — 10ae |:u///(l’0) + O(hQ)}

+ 1200ae [u’(a:N) + (’)(h2)} — 60 [5u”(mN)} + 10ae [u’”(a:o) + (’)(h2)}
and

T.(h) = — 120cu(xg) + 240cu(z;y) — 120eu(xs) + eh®Xsu” (x3)

+eh? [(AO + 30)u”(20) + (A1 + 60)u” (1) + (Ao + 30)u"(x2)] .

In order to prove Ti(h) = O(h®), we will show that T, (h) = O(h®) and T,(h) = O(hS).
Since each term in T,(h) contains the parameter a, we can choose |a|< hS and hence
we get T, (h) = O(h®).

Now consider Ty (h) = —120eu(xq) + 240eu(z;) — 120eu(zs) + eh?Azu” (x3) + ch? [()\0 +
30)u"(zo) + (A1 + 60)u" (21) + (A2 + 30)u”(x2)] Using the Taylor series expansion for
u(o), u(xa), u”(xo), v’ (xs), u”(x3) about the point z; and comparing the coefficients,

we get

T.(h) =|eh?(No + At + Ag + Ag)} o (21) + [5h3(—)\0 ot 2)\3)] u® (2) + [5h4(2o+

Ao A Ao A2 4
24 72 + 2)\3)] u () + [5]15(——0 + 2245

; L 3)]u(5)(1’1)+(9(h6).

For \g = —20, A\; = 40, Ay = —20 and A3 = 0, we get T.(h) = O(h®). Hence when
la|< B8 Ao = =20, Ay = 40, Ay = —20 and A3 = 0, we get T} (h) = O(h®).
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After substituting A\g = —20, A\; = 40, Ay = —20 and A3 = 0 in ([7.10]), we get an

equation as

240 Yae 9 6ae  120e
- e 0k e U [ 5

Tae 3ae 3ae Tae bae 12ae
— Vs g Un+ gipUnea = 5 Unes + [0 + 55
[ 24 Yac

— — F} Un-1 = —6afy — 6afy + h* [fo +10f1 + f2}

. [qh2 . 125] Uy — [

+gh? — 125} U,

=

18ae  bae

o T 6aq} (o +m). (7.12)

Similarly, put ¢ = N — 1 in ([7.7)), using similar procedure, we can get an equation as

24 Yae bae 12ae Tae 3ae
T U [ T Ve e Ut
3ae Toe 6ae 12ae
U= e Un-a + |5 4

24
|: — i — % + 1th2 aF 24€:| UN_1 = —GOéfo — GafN + h2 |:f]v

h h3
18ae  bae

+10fy-1 + fN—Q} — [qh2 — 126] Un — [ - + o3 60461} (n0 +m). (7.13)

+qh? — 125} Uy s

The system given in ([7.12)), (7.7) and (7.13) provides the approximations U, Us, ...,
Un_1.

Remark 7.1.1. If a = 0, then the system given in , and reduces into

the system that corresponding to the quintic spline.

7.1.1 Convergence analysis

In this section, the convergence analysis of the proposed method is carried out. Let

|| < hS. We get the truncation error T} (h) associated with ((7.12)) as

18ae  bHae 24 9ae
Ti(h) :[ . + 573 — 6aq + gh® — 125}@0(1‘0) + [— N s
12 7
+ 10gh® + 245} u(zy) + [% + hc;s + qh* — 125]u(x2) - %u(mg)
3ae 3ae Tae 6ae  12ae
+ %U(S&L) + %u(:c]v%) — FU(J}N,;:,) + [T + 13 ]u(:cN,g)
24 Yac 18ae  Hae
+ [— . _F}U(l‘]\[_l)‘{' [ . +2—h3—6aq}u(z1\;)+6af0
+6afy — 2| fo+10f + fo). (7.14)
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Substituting f; = —eu”(z;) + q u(x;) in (7.14) and rearranging the terms, we get
_3 4 _

Ty(h) = — 12003[ ul(o) + 2}(:“) u(xQ)] — 6ae [u”(mo)]

—bu(zg) + 18u(x1) — 24u(xs) + 14u(xs) — 3u(wy)

_‘ag[ e }

u(xy) — 4($;vf;1) + U(IN—2)} — 6ae [u”(xN)]

Su(xy) — 18u(xy_1) + 24u(ry_2) — ldu(zn_3) + 3u(xN_4)]
2h3

— 12eu(xg) + 24eu(xy) — 12eu(wy) + eh? [u”(:co) + 100" (z1) + u”(azg)]

+1mm[

—l—oze[

= —12a¢ [u’(mo) + (’)(hQ)} — Gae [UH(SCO)} —ag [Um(l’(ﬁ + O(h2)]
+ 12ae [u/(xN) g O(h2)} — Gae [u”(mN)} + ae [u’”(mN) + O(hz)}

—-125u(x0)4-24eu(x1)-125u(x2)+-gh2[u"(m0)+-10u"(x1)+-u"(m2ﬂ. (7.15)

Using the Taylor expansions for u(zg), u(z2),u” (o), u”(x2) about the point x; in (7.15)),

we get

Ti(h) = — 12a¢e |:UI($0) - (’)(h2)} — 6ae [u”(wo)] —ae [u’”(xo) + (’)(hQ)]

+ 12ce [u'(mN) + O(h2)} — 6ae [u”(xN)] + ae [u”’(mN) + O(hQ)]

eh
AP () 7

since |a|< hS, it can be seen that, when h — 0, we get |T;(h)|< K;hS where K is
a constant. Thus Ty(h) = O(h®) as h — 0. Using the similar procedure followed to
find T3 (h), we obtain the truncation error T;(h), i = 2,3,..., N — 2 associated with the
equations given in ([7.7)) as
Ti(h) = — 120ae [u’(xo) + O(hQ)] — 60ae [u”(xo)} — 10ae [u"’(:vo) + O(hQ)]
+ 120ae [u’(:cN) + (’)(hz)] — 60ae [u”(:cN)} + 10ce [u"’(:ﬂN) + O(hz)]
6
eh” (6

—~gw6@0+0wﬂ i=2,3,...,N =2,

and the truncation error Tyy_;(h) associated with the equation (7.13)) as
Ty_1(h) = —12ae [u'(xo) + O(hz)] — 6ae [u”(mo)} —ae [u"’(mo) + O(hQ)}
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+ 12a¢ U/ (zN) + (’)(hQ)} — 6ae [u”(x]v)] + ae [u”/(xN) + (’)(hQ)]

h6
+ Z—Ou(ﬁ)(x]v_l) +O(hT).

As h — 0, we obtain |T;(h)|< K;h®, where K; is a constant and hence T;(h) = O(h®)
as h — 0 fori =1,2/..., N — 1. The system given in ([7.12)), (7.7) and (7.13)) can be

written in the following form AU = d, where

[ A4, An, Ay Ay, 0 0 0 0 0 0 .. 0 0 0 0 0 0 Aina Aives Avs A |
Ay Agy Ay Ay 00 0 0 0 0 .. 0 0 0 0 0 0 Aoyea Aoneg Asnes Asn
st Ass Ass A Ags 0 0 0 0 0 .. 0 0 0 0 0 0 Aswoa Asws Asns Agna
A Ay Ay Ay Ags Ay 0 0 0 0 . 0 0 0 0
Asa Aso Asz Asq Ass Ase Asz 0 0 0 .. 0 0 0 0
A1 Asz Az Asq  Ass Ase Asz Ags 0 0 5 0 0 0 0
Az Azo Azs Arg  Ars Are Az Ars Azg 0 L. 0 0 0 0
Asy Asp Asy Asa 0 Age Asy Ass Asy Asio ... 0 0 0 0

A . . . . . : . d . : ; . . .
An-si Av-sz Avss Avsa 0 0 0 0 0 0 An-sn-10 An-sn-9 An-sn-s Ayv-sn-7
An-11 An-r2 An-z Av—za 0 0 0 0 0 0 0 An-tnv-9 An-7n-8 An-rn-7
Av_e1 Aoz An-gs Aysga O 0 0 0 0 0 0 0 Aw_sn-s Av_sn_r Ay A vy Avon
Avsy Avese Axss Aysq 00 0 0 0 0 0 0 0 0 Awsy-r An 2
An-ag Anoap Ayoag Ayaa 0O 0 0 0 0 0 0 0 0 0 o
An_s31 An—s2 An-ssz An-—szs O 0 0 0 0 0 0 0 0 0 2
Axoan Avoas Avoas Avas 0 0 0 0 0 0 0 0 0 0 0 0 Aw.ow-s Avean-s An-aioz Av-an-1
| Av-in Avoiz Ayos Ayog O 0 0 0 0 0 .. 0 0 0 0 0 0. Av-iv-s Aviines Aw-ivze Awoiy-1 |

A;; is the coefficient of U;, U = (U, Us, ..., Un_1)", d = (dy, do, ..., dn_1)*, d;,
1=1,2,..., N — 1 are the right hand side of the system.

Let B be the matrix corresponding to a = 0. We take the matrices A, B,n =N —1,
||.]|co norm in the Theorem and hence we obtain

N-2

_ _1
max |\, = ]S 2871 (N — 1)%1 (2Q) V1| A — BI|E™ (7.16)

where @@ = max{||Al|l, [|Blleo}, \; and pf, i = 1,2,..., N — 1 are the eigenvalues of
N-1
A and B respectively. Let R; = Z B, ; be the row sum of B. Note that, when h is

j=1
sufficiently small, we obtain B is irreducible matrix,

° Bl7l>0,Bl7]SO,Z%],Z,]:LQ,,N—l,

Ry = 11h%q + 12¢ > 0,

Ry = 119h%¢ + 20z > 0,

R, = 120h2¢ > 0,i=3,4,...,N — 3,

Ry_2 = 119h2q + 20 > 0,

208

Abstract-TH-2219_126123020



o Ry_1 = 11h%q+ 12 > 0.

Hence, B is monotone matrix [67]. Thus B! exist and eigenvalues pi}, i = 1,2,..., N—1
of B are non-zero. Thus, when h is sufficiently small, B is invertible and its row sums
are positive. Once we fix h (which gives B is monotone), then the eigenvalues of B are
non-zero. Now, the a can vary in the region (—h% h®). We can choose sufficiently small

« in the region (—h8, k%) to satisfy the following conditions:

e A is invertible because

IA = Blle 2’ B 240ae _ 90a5l

60ce 1200
I [E ’ %

’ _|_2’ B 70045’ 15045)
h h3

h3 h3

and from ((7.16)), it can been seen that, when « is sufficiently small, eigenvalues of

A are non-zero.

e The row sum §; of the matrix A,

36ae  dae
Slle— h —F>O7
360 50
Si=TRi— ho‘g— h(;fg >0,i=23,... . N—2
36ae  dae
SNflzRi—T—F>O.

when « is sufficiently small.

Hence by choosing sufficiently small i (which gives B is monotone), choosing a in
(—hS, h®) (which gives A is invertible and row sums of A are positive) we get the fol-

lowing:

The system given in ((7.12)), (7.7)) and ((7.13) with exact solutions can be written as
Au=d+T(h),

where 4 = (u(z1),u(xa),...,u(zy_1))", T(h) = (Ti(h),Ta(h),..., Tn_1(h))T. Since
AU = d, we have
AE =T(h)
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E = (B, FEy,...,Ex_1)T, E; = u(z;) — U;. Consequently, we have E = A™'T(h). By

the definition of multiplication of a matrix by its inverse, we have

A < — ! S
= mini<;<y1S; Gy h?

We have

N-1

Ej= Y A;T(h), j=12,...,.N =1,

i=1

and hence |E;|< C{{_—h,;, where K is a constant. Therefore, as h — 0, we have
20

1Z]|lo= O(h%).

7.1.2 Numerical examples

In this section, two numerical examples are provided to test the proposed method. Once
we fix sufficiently small h (which gives B is monotone), varying « in (—hS%, h®) (which
gives A is invertible and row sums of A are positive), we can compute the numerical

solutions of the BVPs.

Example 7.1.1. Let us consider the BVP [82]

—eu"(z) +u(zr) =1+ 2v/e| exp((z — 1) /\/€) + exp(—z//€) |, = € (0,1),

The exact solution of BVP is u(z) = 1—(1—x) exp(—x/\/e) —xzexp((x—1)/4/¢). For
each fixed e =217, i =1,2,...,8, we take N = 16, 32, 64, 128, 256. We take the scaling
factor as o = 0.999h°. The maximum point-wise errors and the order of convergence are
given in Table[7.1] Table represents the maximum point-wise errors and the order of
convergence corresponding to the quintic spline. Figure represents the Log-log plot

of the maximum errors.
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Table 7.1: Maximum point-wise error and order of convergence corresponding to Exam-

ple[r.1.1}

le/N = 16 32 64 128 256
1 1.6714e-08 | 2.8739¢-10 | 4.9246¢-12 | 1.0159¢-13 | 4.8850e-15
5.8619 5.8669 5.5992 4.3782
21 | 4.9276e-08 | 8.8010e-10 | 1.6358e-11 | 5.3169¢-13 | 3.4472e-14
5.8071 5.7496 4.9433 3.9471
272 1.4396e-07 | 2.7213e-09 | 7.5220e-11 | 3.7104e-12 | 2.1194e-13
5.7252 5.1771 4.3415 4.1298
273 | 3.9049¢-07 | 9.3472e-09 | 4.3909¢-10 | 2.5866e-11 | 1.5943¢-12
5.3846 4.4119 4.0854 4.0200
274 10.1270e-07 | 4.1168¢-08 | 2.5969¢-09 | 1.6459¢-10 | 1.0336¢-11
4.4705 3.9867 3.9799 3.9931
275 | 5.0350e-06 | 1.8980e-07 | 1.3963¢-08 | 9.1616¢-10 | 5.8036¢-11
4.7294 3.7648 3.9299 3.9806
276 | 2.8981¢-05 | 7.8873¢-07 | 6.4927¢-08 | 4.3949¢-09 | 2.8058¢-10
5.1994 3.6026 3.8849 3.9693
277 | 1.5345¢-04 | 3.2639¢-06 | 2.5980e-07 | 1.8432¢-08 | 1.1944¢-09
5.5550 3.6511 3.8171 3.9479
10°
—e=1
—e=1/2
e=1/4
105+ o _fo<:N1/48)
%
10710
-15 .
v 10’ 102 103
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Figure 7.1: Log-log plots of Example [7.1.1}
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Table 7.2: Maximum point-wise error and order of convergence corresponding to Exam-

ple with o = 0.

le/N — 16 32 64 128 256

1 1.7782e-08 | 1.1880e-09 | 7.5474e-11 | 4.7376e-12 | 3.3867e-13
3.9038 3.9765 3.9938 3.8062

271 7.8498e-08 | 5.2713e-09 | 3.3537e-10 | 2.1056e-11 | 1.3234e-12
3.8964 3.9743 3.9935 3.9919

272 3.0485e-07 | 2.0668e-08 | 1.3186e-09 | 8.2860e-11 | 5.1729e-12
3.8826 3.9703 3.9922 4.0016

273 9.8871e-07 | 6.8191e-08 | 4.3724e-09 | 2.7510e-10 | 1.7216e-11
3.8579 3.9631 3.9904 3.9981

274 2.5407e-06 | 1.8033e-07 | 1.1665e-08 | 7.3596e-10 | 4.6130e-11
3.8165 3.9504 3.9864 3.9959

20 5.2594e-06 | 4.4669e-07 | 3.0720e-08 | 1.9735e-09 | 1.2424e-10
3.5575 3.8620 3.9603 3.9896

276 2.6680e-05 | 1.2394e-06 | 9.4684e-08 | 6.2762e-09 | 3.9836e-10
4.4281 3.7103 3.9151 3.9777

2)" 1.4974e-04 | 3.4897e-06 | 3.0982e-07 | 2.1596e-08 | 1.3918e-09
5.4232 3.4936 3.8426 3.9558

Example 7.1.2. Let us consider the BVP [82]

—eu'(2) + 4u(@) = 442y | exp((z — 1)/V) + exp(—a/vE)
—3(1 — z) exp(—z/v/€) — 3zexp((z — 1)/v/¢), = € (0,1),
The exact solution to the above BVP is u(z) = 1— (1 —z) exp(—x/y/€) — z exp((x —
1)/4/€). For each fixed ¢ = 2177 ¢ = 1,2,...,8, we take N = 16,32,64,128,256. We
taken the scaling factor o = 0.99h%. Table represents the maximum point-wise
errors and the order of convergence. The maximum point-wise errors and the order of
convergence corresponding to the quintic spline are given in [7.4] Figure represents

the Log-log plot of the maximum errors.
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Table 7.3: Maximum point-wise error and order of convergence corresponding to Exam-

ple[r.1.2}

le/N = 16 32 64 128 256
1 1.3064¢-08 | 2.3003¢-10 | 4.2858¢-12 | 1.0414e-13 | 5.2736¢-15
5.8276 5.7461 5.3630 4.3036
21 | 3.2794e-08 | 5.9832¢-10 | 1.2517e-11 | 4.9383¢-13 | 3.1308e-14
5.7764 5.5790 4.6637 3.9794
272 | 7.7419¢-08 | 1.4931e-09 | 5.4112e-11 | 2.9698¢-12 | 1.7547e-13
5.6963 4.7862 4.1875 4.0811
273 1.6400e-07 | 5.2198¢-09 | 2.9830e-10 | 1.8628e-11 | 1.1701e-12
4.9736 4.1291 4.0012 3.9928
274 | 8.4670e-07 | 2.3285¢-08 | 1.6353¢-09 | 1.0673e-10 | 6.7529¢-12
5.1844 3.8317 3.9375 3.9824
275 | 4.5007e-06 | 1.0240e-07 | 7.8881e-09 | 5.2830e-10 | 3.3673¢-11
5.4579 3.6984 3.9003 3.9717
276 | 2.2285¢-05 | 5.1080e-07 | 3.2737¢-08 | 2.2710e-09 | 1.4612¢-10
5.4472 3.9637 3.8495 3.9581
277 | 9.9061e-05 | 3.1174e-06 | 1.1998¢-07 | 8.8238¢-09 | 5.7851¢-10
4.9899 4.6995 3.7652 3.9310
10°
—e=1
—e=1/2
e=1/4
0% _fo<:N1/48)
%
10710
-15 .
v 10’ 102 103
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Figure 7.2: Log-log plots of Example [7.1.2]
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Table 7.4: Maximum point-wise error and order of convergence corresponding to Exam-

ple with o = 0.

le/N — 16 32 64 128 256

1 1.3887e-08 | 9.2389¢-10 | 5.8637e-11 | 3.6867e-12 | 2.2277e-13
3.9099 3.9778 3.9914 4.0487

2-1 5.1738e-08 | 3.4449e-09 | 2.1874e-10 | 1.3731e-11 | 8.5465e-13
3.9087 3.9772 3.9937 4.0060

272 1.6057e-07 | 1.0701e-08 | 6.7993e-10 | 4.2675e-11 | 2.6852e-12
3.9074 3.9762 3.9939 3.9903

273 4.0483e-07 | 2.6984e-08 | 1.7180e-09 | 1.0794e-10 | 6.7564e-12
3.9072 3.9733 3.9924 3.9978

274 8.7991e-07 | 6.5777e-08 | 4.3883e-09 | 2.7954e-10 | 1.7566e-11
3.7417 3.9059 3.9725 3.9922

20 4.0079e-06 | 1.8208e-07 | 1.3098e-08 | 8.5444e-10 | 5.4025e-11
4.4602 3.7971 3.9382 3.9833

276 2.1369e-05 | 5.3589e-07 | 4.2063e-08 | 2.8483e-09 | 1.8210e-10
5.3174 3.6713 3.8844 3.9673

) 9.7688e-05 | 2.9932¢e-06 | 1.3570e-07 | 9.7786e-09 | 6.3772e-10
5.0284 4.4632 3.7946 3.9386

7.2 Nonlinear Boundary-Value Problem

We consider the nonlinear BVP of the form

Uz () + F(x,u(x)) =0, z€(0,1),

(7.17)

u(0) =mo, u(l)=m.

We assume that for (z,u(z)) € D = {0 <z <1, —oo < u(x) < oo}, the functions

F and OF/0u are continuous. It is known that problem ([7.17)) possess unique solution

provided sup OF/0u < n* [42]. We assume that F/0u < 0 on D and OF/0u < 0
(z,u)eD

on D°={0 <z <1, —o0 <u(x) < oo}. Here the notation u,, is used instead of u"

mainly for the sake of convenience in the future.
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Let 0 = 29 < x1--- < xy = 1 be the uniform partition of the interval I = [0, 1]. Let
u(z) be the solution of the differential equation given in and U; be the approximate
solution to u(x;).

We use the quasi-linearization technique to reduce the non-linear problem into se-
quence of linear problems. We choose the reasonable initial approximation for the
function u(z) in F(x,u(z)), call it «)(z) and expand F(x,u(z)) around the function
u(%(z) to obtain

OF

F(a,u® (@) = Flo,u® (@) + @) —u@)(F0) o+

or in general, we can write for r = 0,1,2,... (r is the iteration index)

oF

P, u(r+1)(x>> = F(z, u™ (z)) + (u(T+1)(x) — U(T)(x)) <%) (2,u) (2)) +

From [7.17], we have

uli V(@) + Fz,u"(2)) =0, € (0,1),

(7.18)
ut(0) =y, wTI(1) = 1.
By substituting F(z,u"*(z)) = F(z,u™(2)) + (" (z) — U(T)($))<g_i>( ")) in
@), we et
ube V(@) + M (@)u D (z) = fO(z), =z € (0,1),
(7.19)

u(r—i—l)(o) =19, u(r+1)(1) =1,

where ¢ (z) = <6F — F(z,u")(x)). Thus, we

%>(Mw($)), FO(z) = u(r)(x)@—i)(mw(@)
have reduced the non-linear problem into a sequence of linear problems. Now our aim
is to solve these linear problems numerically.

Let |a|< 8. Let U be the approximation of u(”(z;) and M" be the approxima-
tion of u,(;;c)(mz) Now, at x = x;, the differential equation ([7.19)) can be discretized as

(r+1) | (M)prr+1) _ p(r) (r _ (oF (r) _ g7(r)(oF _ )
M; +q¢; 'U; = [f;’ where q _<8u>(:ci,Ui(T))’fi =U; <B“>(xi,Uf”) F(qui )

[

Also, the boundary conditions can be discretized as Uérﬂ) =1, U }(,ﬂﬂ) = 1. Sub-
_ (r+1) (r+1)_ (r+1) (r+1)
stitute Mi(rJrl) _ fz(r) . qz(r)Ui(TJrl)’ @(3)($0> — 0 +3U; - 3U, +U; : @(1)<SL’0) —
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+1 +1
Ul('r )_U(()r )
h

(r+1) (r+1) (r+1) (r+1) (r+1) (7‘+1)
U —3U +3U —U b [J .
3 N N-—1 N—2 N-3 1
R @( )(Z'N) = 73 , Qp( )<33N) —h mn " we

get the following system:

3a (761 r+1 3a (41 a r+1 h? r r+1)
g U gl - gl [ - 1 el Ul

13h% ()7, (1) 330 ()71 :041) 13h? (r+1)
+ [— 2- W%q] Uiy + [6 T & }Ui + [ 2 - 1_Oq1+1] i1
h2 r r+1 (r+1) 3a r+1 3a b r+1
[ 1= B UlEY - SO+ SRV + | - a1 w R
- he 13h - 33h? r) 13h
= 3af{) — o g - B0 B B g0 B0 4 sas)

6 il
[2h3+3aq +7]n0—[2h3+3aqjv h]m,z:Q,B,...,N—Z. (7.20)

Difference equations: We define

Ty (h) =
6ol (, 3aa ba7 |, 3o,
(37 30 (a0) + - uDaw) + [ = 55— T Jul Ve + e e)
r—+1 Q r-+1 30[ r+1 30{
~ gt = g o) + g ewaa) + [~ o

(§%e} 6o
- T]u(”“)(x]v,l) [2h3 + 3aq (zy) + - }u(“’l)(a:N) — 3af") (xo)

—3af" (zy) + Z (ciu(H'l) (x;) + dih2ug;+1)(xi)>. (7.21)
=0

Substituting f©)(z;) = ule ™ (@) + ¢ (2;)u+ (z;) in , we get

T(r)(h) .« [_u(r+1)(a:0) + 3ul ) (21) — 3ul+Y (25) + u(r+1)(x3)}
! 2 h3
N a [u(rﬂ)(x]v) _ 3u(r+1)(xN_1) + 3u(r+1)(xN_2) _a U(TH)(IN—?))}
2 h3
e Wq ) e
h h
3
~ 300 (20) — 3auH) (zy) + Z ( +1) (1) + dih?u r+1)<x2))
=0
It can be seen that
_ . (r+1) 3 (r+1) -3 (r+1) (r+1)
) o) 2 I e ) e ) + O,
r—+1 r—+1 r—+1 r+1
U( + )<xN) — ?)u( )({L‘N,I) —;jg)u( + )(I‘N,Q) — ’LL( )($N73> — ug;c—;l)(a:N) + O(h),
216

Abstract-TH-2219_126123020



_u(r—s—l)(wO) +u(r+1)<x1) B
N =

(r+1) _ o, (r41)
u (IEN) hU (l’N—l) _ ugchrl)(xN) —i—O(h)

uf ™ (wo) + O(h),

Hence, we have

T (h) = = 5 [uls) (o) + O()| + 5 [tV (an) + O()|

~6a [ug“)(xo) + O(h)] + 6a[ D) () + O(h)}

— 3au{"t (20) — 30ulH) (zy) + Z (c@ 4D () + dihPulHY (a:z))

Our aim is to get T\" (k) = O(hS). We write T\ (k) = TS () +T" (h), where TS (h) =
—g[u;g;”(xonom)} [u;;;”(m)m(h)] 6a[ <’"“><x0)+o<h)} +6a [u;””(a:N) n
O(hﬂ — 30l (z0) — 30l (zy) and T (h) = 2, (ciu(rﬂ (z;) +di h2ux2+1)(xi)>.

Since |a|< h%, then we get To(f)(h) = O(h"). Choosing ¢y = —4, ¢c; = 7, ¢ = —2,

_ 1 g M g 7 g1
cg=—1,dy=3,dy =33, da = g, d3 = 75, we get
2

h
TM(h) = — 4ul™ D (20) + Tul™ D (21) — 2uTV (25) — ul™ (23) + Eugj’;“l)(a:o)

41h*

7h? h?
5 w{™ (z1) + —ulT Y (25) + —ultFY (23).

(r+1)( 2) (r+1)<x3) u(zjrl)(%) u§;§+ )<I2),

Using the Taylor expansions for u"*V (), u

ul )(xg) about the point z = x1, we get T*(T)(h) = Z—Zuéﬁ‘%x( 1)+ O(h"). Thus, by the

)

assumption |o|< hS and ¢ = =4, ¢; =7, co = =2, ¢ = —1,dy =3, dy = 5, do = T,

ds = %, we get

T (h) =
(i7e% 3a ba 3o
g 30w+ a0 + [ = g = o Jul )+ e
QO (r+1 & (1 3 (r1 3
= gt @s) = g Vo) + g Ve + | - g
6c (§%e
- T} " (zy_y) + [2h3 + 3aq" (zn) + 7] u™ (zx) — 3af™) (x0)
—3afM (zy) — 4u"D (20) + TuY (21) — 2uY (25) — ulY (25)
1 41 1
+ thug;:rl)( ) h2 r+1 ( 1) + gh2u(x;+l)< ) h2 r+1 (x3) (7'22)
217

Abstract-TH-2219_126123020



As h — 0, we have |T\"(h)|< KRS, where K\ is a constant. Thus T\ (h) =
O(hS) as h — 0. Hence from (7.22), replacing the original values u((z;) and ul? (z;)

by the approximated values Ui(T) and MZ-(T) respectively, we get the difference equation

(associated with truncation error is Tl(r)(h)) as

41h 3a b6a r+1) 7h (r) 3a (r+1)
7o ————}U” [—2— ]U
T g e N
ORI oY o+ 4 30 e [ e 6a) e

_1__ T’__:|U7" ——UT _UT' |:————i|UT,

* [ 127 2h3 2h3 U 2h3 b 1N
n h? 41h% (.  Th? h? . , h?
=3afy) — 50 - - e 48 — [ - 4 - )
n b« « n b«
+ % + 3qu(() ) + 7} Mo — [% = 3&(]](\[) — T] . (7.23)
Similarly, we define
TN, (h) =
6oy 3a b6ay 3o,

|3 300 @) + [ o) + [ 25 = G @) + S50 )

a a 3o, 3o
— Q_h3U( +1)(a:3) — 2—h3u( +1)($N 3) + Q—hgu( +1)(93N 2) + [— 3

6a b6a

- ] (r+1) (xN 1) -+ |:2h3 + 3aq T)(xN) aF 3 i|u(7'+1)($N) — BOéf(T)(.Z’O)

N
_ 3af(r xN oL Z ( T—i—l) + d h2 (r+1 (xz))
i=N-3
By the assumption |a|< hS and ey = =4, ey1 =7, cyo = =2, cy3 = —1,dy = +

3
Bodyo=1 dyv_3=72, we get TJS,) 1(h) = O(h®). Hence, we get the difference

equation (associated with T](Vrzl(h)) as follows:

dy-1 =

Sa _ 6oy ) 30 o) (r+1) h? oy e
_2e My 22 g 2 — 1t ——]U

[ o h } ETE 2h3 v 12IN=3 7 gp3] VN3

Th? . 3007 (ri1 41h% |, 3 607 (a1

-2 e+ g UK+ [1- 73 q5v)1 o5~ O

R 41h 7h? . .
:304f(§)__f() fN 1__fN 2~ fN—3+3af](V) [ 3+305€I(())
3 12 2
6 h . 6

As h — 0, we have \T}Ql(h)\g K](\}nllhﬁ, where K](Ql is a constant. Hence T](\Ql(h) =
O(hP) as h — 0. We get the truncation error T,")(R), i = 2,3, ..., N — 2 associated with
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the equations ((7.20)) as follows:

T (h) =
(Ye% — 3o 6o r+1
g + 300" o)+ 2 [u V) + | = 55 = )
h

+ %U(H—l)(ZEQ) - iu(r+1)(x3) + [_ I- —Q(T)(%—2)}u(r+1)(xi—2)
2
[ _o_ 13h
10

13h*
+ [— 2 - 10 ¢ q" )($i+1)]u(r+1)($i+1) + [— 1 - —Q(T)(Ii+2)}u(r+1)(xz‘+2)

3o
_ O (g 5)Jr_u(rJrl)(‘,LnN_”Jr[ e -l }u(rﬂ)(xN_l)

2h3 2h3

60 2
® D) () — 3 f) o
+ 575 + 300" (@) + —|uC D (an) — 3afO(v0) + 55 (i)

13h2 33h2 13h2 h?
(r) (. (") (. (r) (. ) (e = (r)
10 f (fﬂz—l) + 10 f (%) + 10 f (xz-&-l) + 20f (371-1-2) 3af (xN)

(7.25)

Substituting f©(z;) = ule ™ (z;) + ¢ (z:)u D (z;) in (7.25), we get
T(r)(h) __a [—u(r—i-l)(xo) + 3ul ) (z7) — 3ul+(z,) + u(r+1)(x3)]

B3
a |:u(r+1)(xN) - 3u(T+1)(xN_1) + 3u(r+1)($N_2) — D) (JZN_?,)]

B3
} + 6cx

_u(r—s—l)(xo) il u(r+1)(1.1> u(TH)(aZN) _ U(H'l)(x]v;l)
= 6a h | h ]

— 3au ) (z0) — 30l (zy) — u D (2i_0) — 20D (2,_1) + 60D (z))

h2
— 9t ($i+1) (1L ($z'+2) + _u(r+1)(xi_2) + o ul" (%‘-1)

20
33h2 1302 |, h?
Tuizﬂ)(%) s l—ouiwﬂ) (Tit1) + == 20 u ) (z445).

i
Further simplify, we obtain

1 (h) = = 5 [l (o) + O(h)] + 5 [ult) () + O(h)

604[ ) () +(’)(h)} +6oz[ ) () +O(h)]

he (r+1) ( ) O(h7)

— 3aul" Y (20) — 3aul" ) (zy) — 120 Yavazae

i=2,3,...,N—2 Ash— 0, we have |T”)(h)|< K%, where K" is a constant. It
can be seen that as h — 0, Ti(r)(h) =0(h%),i=2,3,...,N —2.
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The system given in ((7.23)), (7.20) and (7.24]) can be written in the following form
AU+ = d) | where

[ A0 A 4% o o o 0o 0 0 0.0 0 0 0 0 0 0 AN, AN
AD) AT AL A 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 AN, AD
A Al AL AD AT 0 0 0 0 0 ... 0 0 0 0 0 0 0 ALy AL,
An Al A A A A 0 0 0 0 .0 0 0 0 0 0 0 A, AN
AT AD AG AD AG A A 0 0 0 .00 0 0 0 0 0 A Ak
AL AD A AD) AQ AT A A 0 00 o 0 0 0 0 0 Al A
AT AD) A 0 AD AT D A A% 0 0 o 0 0 0 0 0 AN, A

A = : : : : P Pt : : : : : : : : :

AV, AL, 1@.i 00 0 0 0 0 0.0 AV . A‘Qw,x AV v A v AV ons
AV AV, AV, 0 0 0 0 0 0 0..0 0 AP ves AV oner Aot AV onos
A A, AV, 0 0 0 0 0 0 0..0 0 0 A v AV v AV sns
AP, A, AV, 0 0 0 0 0 0 0..0 0 0 0 AL v AD  nes
A, A, AV, 0 0 0 0 0 0 0..0 0 0 0 0 AR v s N , AV
AV, AV, AV, 0 0 0 0 0 0 0.0 0 0 0 0 0 Ag:LLH W

| AV AV, AV, 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 AW v

A" is the coefficient of U}TH), g+ = (it yirt o U](\;jll))T, d(r) = d\", d",

i.j
, d%ll)T, dlm is the righthand side of the system. Let B") be the matrix correspond-

N—
ing to a = 0. We get ||[A™ — BW|| = max Z|AE? — B,(?| Thus, we get

3a 6

Al _ g :2’__ & 2‘ ’ ’_i“
| < 2h3 2h3 2h3
We take the matrices AT, B n = N — 1, ||.||sc norm in the Theorem and

hence, we get
_ _ _ I
max A" — u{|< 25 (N — 1)771(2Q0) %1 || AP — BO|| T (7.26)

where Q) = max{[|A®||s, |B™|ls}, A" and p{”, i = 1,2,...,N = 1 are the eigen-
values of A and B(") respectively.
Note that, when h is sufficiently small, we get B(" is irreducible, Bi(;) > 0, BZ-(;») <0,

i#7,4,7=12,...,N —1, row sums

. 412 (  TH® oy  R% |,
72924——12 g)—?qé) 12Q§ >0,

. 13h2 33h2 (y  13h2 (K2 |,
Ry =1 ——¢\" — T ¢ — " >0,

10 *2 10 204

13h2 33h? 13h2 h?
po _ P o _ " o I
T I TR B TV R T R BT R g
i=34.. N-—3
” 13h% . 33h 13h2 . h2
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. 41h% |, h* h*
Rgv)—l =4- 19 QJ(\I)_l - Tq](\[)_g 12(]5\,)_3 > 0.

(r) , _

Hence B(™ is monotone matrix [67]. Thus B M~ exist and eigenvalues i, 1=
1,2,...,N —1 of B are non-zero when h sufficiently small. Once we fix the h, then «

can be suitably chosen in the region (—hS, h®) to satisfy the following conditions:

e A is invertible because

3o
2h3

3o

A® — BOy_— 9| — il
|| H "

(616 Q
-5+ |
- +

2| - o=
2 -

and from (7.26)), it can been seen that, eigenvalues of A" are non-zero when « is
sufficiently small.

e The row sum of A",

12
Si(r):RZ(T)_Ta_%>O’ t1=1,2,...,.N—1,

when « is sufficiently small.

Once we fix h is sufficiently small (which gives B(") is monotone) and « is sufficiently
small in (—hS, h%) (which gives A" is invertible and row sums of A® are positive), we

get the following:

The system ([7.23)), (7.20) and ([7.24]) with exact solutions can be written as
AP G+ — g 4 0 ()

where @ = (u+D (1), uT D (z,), ..., uC* D (zy_1))T and T (h) = (T (R), T\ (h),
e T](\Ql(h))T. Since
Ao+ — g,

we get

that is,
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where EC+D = (EUTD gD ECEINT O — D () U™ Consequently,
we obtain

B+ — A(M)™ T(T)(h).

By the definition of multiplication of a matrix by its inverse, we have

N—-1 )
AN ST =1, j=12,... N-1
=1

where A(’")j_-l

i 18 the (j,7)-th element of the matrix A®™™! Hence, we have

2
L

) . (r) _ (r) 3,2
Al )M <1/ min & =1/C;’h7,

T 1<i<N-—-1

Il

i

where C’i(g) is a constant. We have

N-1
4 Z =1 .
E](+1): A()],zﬂ()<h)7']:1727’N_17
i=1

1 (r) 6 :
and hence |E](-”L )|§ g(r) 22, where K() is a constant. Therefore, as h — 0, we have
i0

IET*D[loo= O(h?).

7.2.1 Numerical examples

The numerical solutions of the non-linear BVPs are computed as follows: For each

fixed N, by taking initial approximation Uéo), U1(0)7 U ](\?), we compute the numer-
ical solutions U+ = (UI(TH),UQ(TH),...,U](\;"jll)), r = 0,1,.... We can take suffi-

cient number of iterations so that maximum error between two successive iterations

maX|Ui(r+1) - Ui(T)|< 9, where 6 is the small tolerance value that is prescribed. Once the

r+1)

criterion is satisfied, we consider U as the numerical solution U to non-linear BVP.

To compute the numerical solutions of each of the following non-linear BVPs, we take

§ = 1071 and 8 iterations.

Example 7.2.1. Consider the BVP [45]
Uze(z) + exp(—2 % u(z)) =0, z€(0,1),
u(0) =0, wu(l)=1log(2).

222

Abstract-TH-2219 126123020



The exact solution to the above given BVP is u(z) = log(1 4+ z). We calculate the
numerical solutions for N = 16,32, 64, 128. The scaling factors a = 0.9999h5 are used
to calculate the numerical solutions. The maximum point-wise error and the order of
convergence are given in Table [7.5] Table represents the maximum point-wise error
and the order of convergence corresponding to o = 0. We take Uéo) = 0, Ui(o) =1,

1=1,2,...,N —1, U](\?) = log(2) to compute the numerical solutions.

Table 7.5: Maximum point-wise error and order of convergence of Example [7.2.1

N 16 32 64 128
EN | 1.3093e-07 | 4.6024e-09 | 1.6823e-10 | 6.9627¢-12

pv 4.8303 4.7739 4.5946

Table 7.6: Maximum point-wise error an order of convergence of Example with

a=0.
N 16 32 64 128
EN | 2.9388¢-08 | 2.4273e-09 | 1.6374e-10 | 1.0454e-11
pN 3.5978 3.8898 3.9694

Example 7.2.2. Consider the BVP [39]

(2 — =) exp(2u(z)) + (1/(1 + z))
3

w(0) =0, u(l)=log(1/2).

=0, z€(0,1),

Uz (T) —

The exact solution to the above given BVP is u(x) = log(1/(1 + z)). We calculate
the numerical solutions for N = 16, 32, 64, 128. The scaling factors o = 0.9999h5 are
used to calculate the numerical solutions. The maximum point-wise error and the order
of convergence are given in Table [7.7 The maximum point-wise error and the order
of convergence corresponding to @ = 0 are given in . We take Uéo) =0, Ui(o) =1,
1=1,2,...,N —1, U](\?) = log(1/2) to compute the numerical solutions.
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Table 7.7: Maximum point-wise error and order of convergence of Example [7.2.2]

N 16 32 64 128
EN | 1.3680e-07 | 4.8082e-09 | 1.7523e-10 | 7.2051e-12
pN 4.8304 4.7782 4.6041

Table 7.8: Maximum point-wise error and order of convergence of Example with

a=0.
N 16 32 64 128
EN | 3.0589¢-08 | 2.5274e-09 | 1.7045e-10 | 1.0874e-11
pv 3.5973 3.8903 3.9704

7.3 Conclusion

In this chapter, we have developed the numerical methods to get the numerical solutions
for the singularly perturbed BVPs and the nonlinear BVPs. The convergence analysis
of the developed methods are established and the constructed methods have fourth-
order convergence. Proposed methods can be implemented easily on a computer and
test examples have been solved to demonstrate the efficiency of the proposed methods.
The construction of higher-order numerical methods for nonlinear BVPs are challenging
tasks. In this chapter, we obtained fourth-order numerical method for nonlinear BVPs

using quasilinearization technique and quintic spline.
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Chapter 8

Fractal Quintic Spline Solutions for
Fourth-Order Boundary-Value

Problems

In this chapter, we consider the fourth-order BVPs of the form
ul®(z) + p(z)u(z) = f(z). = € (0,1),

u(0) = no, u(1) = m, u”(0) = 1jo, u”(1) = 71,

(8.1)

and
u®(z) + p(x)u(z) = f(z), z € (0,1),

u(0) = no, u(1) = n1, w'(0) = 1o, u'(1) = 1y,

where the functions p and f are continuous in I = [0,1]. The problems of these kind

(8.2)

arise in the plate deflection theory. The analytical solution of these BVPs can not be
obtained for the arbitrary choices of the functions p and f.

Usmani [137] proposed the second-order convergent method using quartic splines
to compute the approximation to the solution of the fourth-order BVP given in (8.1)).
Usmani and Warsi [139] developed the second-order convergent method using quintic
spline and the fourth-order convergent method using sextic spline to get the numerical
approximation to the solution of the fourth-order BVP of the type given in (8.1). To
get the numerical solutions of the fourth-order BVPs of the type given in (8.2)), Us-
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mani [136] established the second-order and the fourth-order convergent methods using
quintic and sextic splines respectively. Siddiqi and Akram [130] developed the second-
order convergent numerical method using quintic spline for fourth-order BVPs. To get
the numerical solutions for fourth-order BVPs, Ramadan, Lashien and zahra [107] con-
structed the fourth-order convergent method using the non-polynomial quintic spline.
Also, one can see in References [45/881/109,(129//140], where variety of numerical methods
have been proposed by different authors for fourth-order BVPs.

In Section , a numerical method for BVP given in is established. The
truncation error of the developed method is derived. Numerical examples are provided
to support the theoretical results. In Section [8.2] a numerical method is derived for
the BVP given in . The truncation error of the established method is derived and

numerical examples are provided to test the proposed method.

8.1 Numerical Method

Let us consider the fourth-order BVP (8.1))

u(z) + p(r)u(z) = f(z), = € (0,1),
u(0) = no, u(l) = mn1, u"(0) =10, u"(1) = 7.
Let 0 =9 < 21 < --+- < xy = 1 be the uniform partition of the interval I = [0, 1]. Let

u(z) be the solution of the differential equation given in (8.1)). Let U;, M; and S; be the

approximations to u(x;), u®(z;) and u™®(z;) respectively. From (7.4), we get

a a Th? 16h2 Th?
M; AM; + M;_1 = — —Sy — —=S —Si 1+ —S8; + —5;
1 2t Mo 1270 T PN g it T g i g i
(%" 6 3a 3o
+ ﬁ@(l)(l’o) — ﬁqs(l)(l’]\f) + EMO -+ EMN
6
- ﬁ(Um —2U; + U;—y). (8.3)
From ([7.5)), we have
« o h?
My —2M; + My = — 2—]1250 - 2_thN + E(Sﬂrl +45; 4+ Si—1)
o a .
— 139 (w0) + 350 () (84)
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Subtract (8.4) from (8.3 to get

a g )
M= 24h2 gz (S0 T Sv) + h2 5 (@ (20) — 2V (an)) + 2_h2(M0 + My) + — 6h2 (95( ) ()
1 2
= P (wn)) + 55 (Uir = 20 + Vi) = 155 (Sian + 88+ Sia). (8.5)

By substituting (8.5)) in (8.4 and after some calculation, we obtain

UZ‘_Q — 4Ui—1 + 6UZ — 4Ui+1 + UZ‘+2 = —%(So + SN) — 04@(3)(560) + Oé(p(g) (ZL‘N)
4

h
+ T (Si2 + 268511 + 665, + 265, + Si). (8.6)

The relation given in gives the relation between U;’s and S;’s and hence it can be
used to solve the BVP (g8.1)). The differential equation is discretized at z = x; as
S;+pU; = f;, where p; = p(z;), fi = f(x;). The boundary conditions are discretized as
Uo = no, Un = m1, Mo = 1o, Mn =1

Substitute
—5Uy + 18U, — 24U, + 14U5 — 3U.
43(3)(1'0) - : : 2h3 2 - - S f’L Di Z7
Sp(g)(IN) _ S5Un — 18Un_1 + 240;}]’;2 — 14Upn_3+ 3Un_4

in (8.6) and after some calculation we get,

( 9 12« Ta 3o
UL = =2 Us + 55 Us = oUs + 1+

h3 h3 h3 120
13h%p; 11h%p; 13h4p;
5 mf}U’+[_4+' 6§+1U”1

1
LIV A
+ 50 } 1+ [0+
hpiyo 3o Ta 12 9a
120 ]Ui+2 TE —Un_a+ — e —Un_3 — FUN—z + ﬁUN—l (8.7)
o
120 |:fz +26f;_1 +66f; +26f; 1+ f¢+2] - §(f0 + fn)

+ = (poo + )+ L. Mol
\ 9 PoTjo T PNTh 2h3770 oh

In the system (8.7)), there are (N — 3) equations with (N — 1) unknowns Uy, Us, ..

h4p¢_2

|t + | -4

4—[1-+

o, i=2,3,...,N -2

*

Un_1. Therefore, we need another two equations to compute the numerical solutions.

Construction of Difference Equations: Substitute ¢ = 1,2 in and . we

get
a a 7h? 16h? 7h?
M2+4M1+M0 :—4—}’250— 4—]125 _SO 6 Sl+—52
227
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6 (70" 3 3o
+ ﬁé(l)(l’o) — ﬁsﬁ(l)(x]\/) + ﬁMO + ﬁMN
6
+ 25 (U2 = 201 + ), (8.8)
a @ Th? 16h2 Th?
M3+4M2+M1:—WSO—WSN+E81+ 60 SQ"‘ES:;
6 70" 3 3o
+ ﬁé(l)(l'o) — ﬁﬁp(l)(l']\[) + ﬁMO + ﬁMN
6
+F(U3—2U2+U1), (89)
My — My + My — — 25— <5y + (5, + 45, + 50)
2 1 0= 7 57520 7 5paON T o2 1 0
o o
e ﬁqs@ (z0) + ﬁqs(?)) (zn), (8.10)
My — 2My+ My — = 25— gt (5, + 48,4 51)
3 2 1= 757500 N (03 2 1
o o
From (8.8) and ({8.10]), also from and (8.11)), we get
o« o, q . o o A
M1 = W(SO SiE SN) -+ ﬁ(é( )(Q?O) — @( )(ZEN)) aF ﬁ(MO T MN> -+ @(@( )((Ko)
1 h?
— 0@ (zy)) + E(U2 —2U; + Up) — EO(S2 + 851 + ), (8.12)
o« o, q T o o 3
M,y = T (So + Sn) + ﬁ(gﬁ( Nzo) — DD (zy)) + 2_h2(M0 + My) + @(gﬁ( ) ()
1 h?
— P (xy)) + ﬁ(Ug, —2Us + Uy) — EO(Sg, + 85, + 51). (8.13)
Substitute (8.12)) and (8.13)) in (8.10]) to get
11
— 2y + 5U, — AUy + Us = — Mph? — 2—2‘(50 + S) + a(@D(z0) — 8V (ay))
5 ht
- %(M0 + My) + §(¢<3> (zn) — PP (x0)) + ﬁ(l&% + 6551 + 265, + S5).  (8.14)
Substitute
@(1)@0) = —3 +242U1 — U27 @(1)($N) = SUn = 4U;Vh_1 i UN_Q, S; = fz' - piUs

approximation for @) (xy) and &) (xy) in (8.14)), we obtain the difference equation as

13k 2o 15a 13h%*py o 10«
_ s o _4 o _}
5 21 h +2h3]U1+[ 60 T wl
hips 35 Sa Sa 35a 10cv
+ (U D0+ G| Vo = gl — gl + lv-at [ - G
998

Abstract-TH-2219_126123020



a 20 1« R o, R
+ g5 -t [ = 0+ 5y Ve = il + 500+ )
1la 1lla ht
- ﬂ(fo + fn) + ﬂ(poﬁo +pNm) + 1—20(18fo +65f1 +26f5 + f3)

3ht 3 25 25 3
e R R T e (8.15)

20 2h 123 AT
Similarly, we can get the difference equation as follows: Substitute : =N — 1, N — 2 in

[B3) and B-4), we get

a a Th? 16h2 Th?
My_o +4My_1 + My = — WSO = WSN o ESN + 50 Sn-1+ ESN—Q
(i1 6 3o 3o
+ ﬁé(l)(zg) — ﬁé(l) (.TN) + ﬁMO -+ ﬁMN
6
r ﬁ(UN—z — 2Un-1 + Un), (8.16)
a a Th? 16h2 7h?
Mpy_ AM My_1=——5— — —SnN_ 9+ —SnN_
N-3 +4Myn_g+ My 4h250 4h25N+603N 1+ 0 SN 2+605N3
(§167 6o 3o 3o
+ ﬁ@(l)(m)) — ﬁ@(l)(CCN) —+ ﬁMg -+ ﬁMN
6
T ﬁ(UN—?: — QUN_Q aF UN_1>, (817)
a o h?
My_9 —2Myn_1 + My = — 2_h250 — 2—h25N & E(SN—2 +4Sy-1+ Sn)
o o
— ﬁgzs(?’)(xo) + ﬁqﬂ?’)(m), (8.18)
a o h?
My_3 —2Myn_o+ My_1 = — 2_h250 — Q_hQSN I E(SN—Zi + 4SN—2+ Sn-1)
o o
— ﬁgzs(?))(xo) Y ﬁqs(?))(m). (8.19)
From (8.16)) and (8.18]), also from (8.17)) and (8.19)), we get
o o o o
Myt = 55(S0 + Sn) 4 35 (@) (20) = 8 (en)) + 505 (Mo + M) + o5 (9 (o)
1 h?
- ¢(3)($N)) + ﬁ(UN_Q —2Un_1 + UN) — m(SN_Q +8Sn_1 + SN), (8.20)
o o o o
My—2 = 575 (S0 + Sn) + ﬁ@(l)(l‘o) — oW (xy)) + o2 (Mo + My) + @@(3) (o)
1 h?
— 0B (zy)) + E(UN‘?’ —2Un o+ Un_1) — E0(5N_3 +8SNn_2+ Sn_1).

(8.21)
Substitute (8.20)) and (8.21) in , we get
1o

—2Un +5Uyn_1 —4Un_o + Uy_3 = — Myh?* — 5 (S0 + Sn) + (@Y (z9) — oW (zy))
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5
+ S (Mo + My) + 22 (@D (ay) — 09(a0))
h4
+ 795 (185n + 658y 1 + 265x-2 + Sn-s). (8:22)
Substituting S; = f; — p;U;, approximations of @ (x), @M (xy), @4 (2¢), ®3) () in

(18.22) we get the difference equation as

20 1b« 10« o 35 Sa Sa
- o) U [ G ) Ut s gl s
h*pn_s  3ba 13h*pn_s o 10«
1 ] ) [— gy 2N PN2 @
+[+ 20 el T AT T Ton T e | Une
13h*pN_1  2a  1Ha o3 "D
+ [5+T— T—FZ—M}UN—l = —mh” — ﬂ(fﬂ‘i‘fN)
1la N o h*
+ ﬂ(poﬁo +pNm) + 5(770 + )+ EO<18fN +65fn_1 +26fy_2

3hipy 3o 25« 250 3«
PRETLEE N
+ fv-s) [ T 0 Ton T 1™ 1213 T op)mo

The system (8.15]), and ([8.23)) gives the approximate solution U;, i = 1,2,..., N—1.
Remark 8.1.1. If a = 0, the system given in , and reduces into the

system corresponding to the quintic spline.

(8.23)

8.1.1 Truncation error

Let |a|< hS. The truncation error 7; is associated with the difference equation given in
(8.15)) is defined as

3hlpy 3« _ 25«
20 2h  12h3

13k 2o 15a

o1 h T W]“(m

T = [—2+

]u(:vo) + [5 +

[— 4+ 132;])2 + % — f—?]u(m) + [1 + %pos o ?T?}U(Z’g)

— j%u(m) — j%u(xNQ + ?Tgu(x]vg) + [ — 1}?—? + %}u(mN,Q)
[— 27& + %]u(m_l) + [— 1225;; + 2—2}1&(@@ + h2u" ()

— S )+ () + (o ) — (o)

b pulan) — —o(18+ 651 + 265 + ).

120

After re-arranging the terms, we get

_ Sar=bu(zo) + 18u(z1) — 24u(w2) + 1du(ws) — 3u(ws)
G [ 2h3

T1
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W [—3u(x0) + du(zy) — u(xg)] ta [SU(xN) —du(rn_1) + U(£N—2)i|

2h 2h
S [5u(xN) — 18u(xy_1) + 24u(ry_2) — 1du(zn_3) + 3u(xN_4)]
6 2h3
Q lla 1lo
- 5(“"(%) +u"(zn)) + ﬂ(fo + fn) — Q(POU(%)
+ pyvu(zy)) + h2u” (w0) — 2u(xg) + du(ry) — du(ws) + u(zs)
3nt 13h? 13h ht
+ 259011(%) 21p1u(x1) + 60p2u(x2) + 1£’u(m3)
h4
— m(18f0 + 65f1 + 26f2 + f3).

It can be seen that

T = 5% [u"’(mo) + O(h2)} —« [u’(mo) + O(hQ)} — F%a [u’"(xN) + (’)(h2)]
ol (an) + O] = S (o) + o (w) + = 2(fo + i)
— S puulan) + pvu(en) + 1 () = 2u(eo) + Sulen) — du(z)
+ u(x3) + BZpou(xo) 13§;p1u(:7c1) + 13g;p2u(:v2)
+ ﬁ;i)gu(xg) — 1%)(18]”0 + 65f1 +26f5 + f3). (8.24)

Substitute f; = u®(x;) + pu(z;) in (8.24), we obtain
da " ’ S "

i = 2 [ (w0) + O(h)| = au/(w0) + O(h%)] = == [u" (aw) + O(h?)]
1o

+ afu (@) + O] = S (x) + " (@x)) + 5 (u (w0) + uP(an))

+ " (z0) — 2u(wo) + 5u(wy) — 4u(xy) 4+ u(zs) — 1h70(18u(4) ()

+ 65u™ (1) + 26u™ (25) + u (z3)).

Using the Taylor expansions about the point z;, we get

= 330+ 0] i)+ O] — 2 (o) + 0]

6
+alu(on) + O] = S (@) + ' (ww)) + L 0 (20) + u® ()

2 24
6
h” (6

~ o0 (z1) + O(h").
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Using the similar procedure followed to get 77, we obtain the truncation error 7;, ¢ =
2,3,...,N — 2 associated with the difference equations given in (8.7)) as
T, =« [u”’(mo) + O(hQ)} -« [u"’(xN) + O(hQ)} + %(u(4) (z0) + u®(zy))
h6

— Eu(ﬁ)(:ri) +0O(h), i=2,3,...,N —2.

Similarly, we obtain the truncation error 7y_; associated with the difference equation
given in (8.23)) as

-1 = 2 [u" (o) + O()] — a[ul ) + O] = 2 [u”(an) + O()

+alu (@) + Oh?)] = S (wo) +u"(xx)) + 121{(10<4>(x0) +u®(zy))
Th® .
— %U( )(I'Nfl) - O(h )

Since |a|< h®, as h — 0, we have 7; = O(h5),i=1,2,..., N — 1.

Remark 8.1.2. From the approzimations U;, 1 = 0,1, ..., N, we get the approrimations
of S; as S; = fi —piU;, 1 =0,1,...,N. Since My = 1y and My = 11, we can get the
approximations M;, i = 1,2,...,N — 1 from . With the help of approzimations
U, M; and S;, i = 0,1,..., N, we can calculate the coefficients A;, B;, C;, D;, &, F;
of . Hence, we get the fractal quintic spline from the solutions of the differential

equation . Hence, the information required in between mesh grids can get from

.

8.1.2 Numerical examples

In this section, two numerical examples are provided. For fixed h, by choosing « such

that |a|< hS, we can compute the numerical solution. For any value of N, let
EY = m%aX|u(2)(x,-) — M|, EY = m?X|u(4) (x;) — Sy,
vy =B /BN, py =By /B
Example 8.1.1. Consider the fourth-order BVP [139]
u® (x) + zu(z) = —(8 4+ 72 + 23) exp(z), = € (0,1),

u(0) =u(1) =0, «"(0)=0, «"(1) = —4exp(1).
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The exact solution is u(x) = x(1 —z) exp(x). The scaling factor o = 0.9999h° is used
to compute the numerical solution. The maximum point-wise error and the order of

convergence are given in Table [8.1] Table 8.2 represents the maximum point-wise error

and the order of convergence corresponding to quintic spline.

Table 8.1: Maximum point-wise error and order of convergence corresponding to Exam-

ple B.1.1]

N 16 32 64 128
EN | 1.7217e-05 | 2.0166¢-06 | 3.5914e-07 | 8.0523¢-08
pY | 3.0939 2.4893 2.1571

EY | 2.8241e-04 | 5.1557¢-05 | 1.1630e-05 | 2.9860e-06
pY | 2.4536 2.1483 1.9616

EYN | 7.6085¢-06 | 7.1011e-07 | 1.8758¢-07 | 5.2749¢-08
pY | 3.4215 1.9205 1.8303

Table 8.2: Maximum point-wise error and order of convergence corresponding to Exam-

ple 8.1.1| with o = 0.

N 16 32 64 128
EN | 2.1621e-04 | 5.4012e-05 | 1.3512¢-05 | 3.3778¢-06
p 2.0011 1.9991 2.0001
EY | 2.0918¢-03 | 5.2281e-04 | 1.3069e-04 | 3.2682¢-05
py 2.0004 2.0001 1.9996
EY | 1.2715e-04 | 3.1993e-05 | 7.9966e-06 | 1.9991e-06
pY 1.9907 2.0003 2.0001

Example 8.1.2. Consider the fourth-order BVP

u®(z) — zu(z) = —(11 4+ 9z + 22 — 23) exp(z), x € (0,1),

w(0) =1, u(l) =0, u"(0)=—1, u"(1) = —6exp(l).
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The exact solution of the BVP is u(z) = (1 — 2?) exp(z). The scaling factor a =
0.9999A5 is used to compute the numerical solution. The maximum point-wise error and
the order of convergence are given in Table[8.3] The maximum point-wise error and the

order of convergence corresponding to the quintic spline are given in Table [8.4]

Table 8.3: Maximum point-wise error and order of convergence corresponding to Exam-

ple 8.1.2

N 16 32 64 128
EN | 2.0391e-05 | 2.3565¢-06 | 4.1576e-07 | 9.2846e-08
p 3.1132 2.5028 2.1628
EYN | 3.3020e-04 | 5.9829¢-05 | 1.3419¢-05 | 3.4487e-06
pY 2.4644 2.1566 1.9601
EN 19.0609e-06 | 8.3312¢-07 | 2.1611e-07 | 6.1050e-08
p¥ 3.4431 1.9467 1.8237

Table 8.4: Maximum point-wise error and order of convergence corresponding to Exam-

ple with a = 0.

Abstract-TH-2219 126123020

N 16 32 64 128
EN | 2.5837e-04 | 6.4547e-05 | 1.6147e-05 | 4.0365¢-06
p 2.0010 1.9991 2.0001

EY | 2.4995e-03 | 6.2471e-04 | 1.5617e-04 | 3.9065¢-05
pY 2.0004 2.0001 1.9992

EN | 1.5187e-04 | 3.8215¢-05 | 9.5519¢-06 | 2.3878e-06
p¥ 1.9906 2.0003 2.0001
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8.2 Numerical Scheme

Let us consider the BVP given in ([8.2))

ul(z) + p(z)u(z) = f(z), x € (0,1),

w(0) = o, u(1) =m, u'(0) = 1jo, u'(1) = 7.
Let 0 =z < 21 < --- < xy = 1 be the uniform partition of the interval I = [0, 1]. Let
u(z) be the solution of the differential equation given in (8.2). Let U;, U/ and S; be the
approximations to u(z;), u™"(x;) and u™ (z;) respectively. Consider the IFS the form
{IxR;wi(x,y) = (Li(z), Fi(z,y)):i=1,2,..., N}, where L; : I — I; = [x;_y1, x;] such
that L;(z) = hx + x;_1, x € I, F; : [ x R — R such that Fi(z,y) = ay + ri(z), (z,y) €
I xR, with r;(z) = Ai(x —x0)° + Bi(x — 20)* +Ci(x — 20)> + Di(x — 0)* + Ei(w — 10) + T,
« is the scaling factor such that |a|< h?.

We assume the following conditions on the IFS:

E(l’o,Uo):Ui_l, E(xNaUN>:Ui7 i=1,2,...,N,

o>

i1 $07U0) Ui_1, Fi,1($0>U],v) = UZ-’, 1=1,2,...,N,

o>

2 .TN,UNQ) E+1’2<J}0,UO72>, 1= 1,2,. = .,N e 17

e

(
(

3N, Uns) = Fip13(20,Ungs), i=1,2,...,N =1,
(

Fia -TO,SO) Si—1, F¢,4($N,SN) . N "

(k ) (2) (2)
ay+r;" (x) 17 (z0) ry (TN)
where F;‘7k(l', y) T’ k = ]_, 2, 3, 4 and Uo72 = }12 _ UN,Z = ]]\;2—_&, U0,3 =

r(®) (x0) _ rP(@n)
WB—aq ? YN3 — "p3_4 -

Let . = {90 € C4<I7R> | QO('IO) - U07 SO(IN) — UN7 ¢(1)(I0) = U(/)a 90(1)(‘7:]\0 -
Un, 0@ (z0) = So, o (zx) = Sy} be endowed with the metric p induced by the C*-
norm. (%, p) is a complete metric space. Define the Read-Bajraktarevi¢ operator 7' on
(Z, p) as

To(Li(z)) = ap(x) + Ai(z — 20)° + Bi(x — 20)* + Ci(x — 30)* + Di(x — 20)?
+(€Z(I—I0)+E, xe[xo»xN]ai:1)27“'7N7
where |a|< h*. The constants A;, B;, C;, D;, & and F; are to be evaluated. The operator

T is contraction map. So, it has a unique fixed-point ¢ (say). The fixed-point @ satisfies
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the following functional equation:

O(Li(x)) = a®(x) + Ai(x — 20)” + Bi(x — 20)* + Ci(x — w0)* + D2 — xo)*

+gi(l’—$0)+./—"i, I’G[Io,l’]\[], 1=1,2,...,N. (825)

The conditions F;(xg, Uy) = U;—1, Fi(zn,Un) =U;, Fii(xo,U)) = UL, Fii(an,Uy) =
Ui,, E,4<x07 S()) = Si—l, Fi,4($N7 SN) = Sz are equivalent to

@(l‘i,ﬁ = Ul',l, @(.TZ) = UZ‘, Qp(l)(l'i,l) = Ui,—l? @(1)<;[;,L) = U,

1)

(8.26)
@(4)(371'—1) = Si-1, @(4)(371') =S

Fio(zn,Unz) = Fiy12(70,Ups) can be reformulated as @2 (L;(zy)) = &3 (L1 (z0)),
Fis(xn,Uns) = Fip13(x0,Ups) can be reformulated as PO (Li(zy)) = @O (Liy1(x0)).
For fractal quintic spline @, the constants A;, B;, C;, D;, & and F; are evaluated using
the conditions and hence we get

A; = |:<S1 = gSN) n (51'71 - %Soﬂ,

- nl(5 7
Bi= o (50— s0).

«

Ci = 2[<Ui—1 - OéUo) — (Ui - aUN)] + h[(UiI—l N %Ué) + (U’, h EUZ/V)]
= %(Sil — %So> — %(Sz - %SN)a
D; = 3[<Ui — aUN) - (Ui—l y an)] - h|:2(Ui/—l - %Ué) + (UZ/ y %UJIVH

L3 <Si_1 _ 350) + 2—}‘4(&- - SN>,

120 hA 120\ pt
gi = h<Uz/—1 - %U(;)?
Fi=Ui—1 — aly.
For continuity of ¢, at interior nodes z;, i = 1,2,..., N — 1, we need 925(2)(%_) =

P (z}) ie., @ (Li(wy)) = @ (Liy1(x0)) and which leads to the following:
a®? (zy) + 20A; 4+ 12B; + 6C; 4+ 2D; = ad@ (x0) + 2D, 4.

Substituting the values of A;, B;, C;, D; and D, 1, we get

3 3a h3

e
3 (Sit1 — Siz1) + —=—=(Sn — S)

120h
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3 6
+ E(Ui_H — Ui—l) + %(Uo — UN) + %(@(2)(1'0) — @(2)(33]\[)) (827)
At interior nodes x;, i = 1,2,..., N — 1, for continuity of ®®), we need ¢®(z;) =

PO (1) ie., DO (Li(zy)) = PO (Liy1(x0)) and which leads to the following:

h? 2
Ui/Jrl - Uilfl = 1—20(35’1,1 -+ 145’1 -+ 3Si+1) —+ %(Ui+1 — 2Ul + Uifl)
10« «

——(S()‘I-SN)‘F@

120k (2% (zn) — 29 (x9)). (8.28)

In order to get the relation between U;’s and S;’s, we use the following procedure: The

continuity condition of ®®)(x) at » = 2;_; and z = x,,, are

3a ; , . 3a., K a
_ = ! Al r_ 2= — (G g A _
h UO + U’L—2 + Ul—l + UZ h UN 60 (Sl Sl 2) _'_ 120h (SN SO)
3 410" o
+ E(UZ —5 Ui_g) + T(Uo — UN) + %(¢(2) ([Eo) — @(2) ({EN)) (829)
and
3o 3o h? @
— U+ Ui + Wiy + Uiys — Uy = g0 iz = 8i) + 1557 (S = o)
3 b «Q

respectively. Also, the continuity condition of PG (x) at © = x;_; and x = x;4 are

i 2
Uz/ - UZ-I_Q - 1—20<3SZ,2 T 14Si_1 + 3S1) i E(UZ - 2Ui—l + Ui72)
10 o
and
, / - h3 . . . 2 . - . .
UlL,Ys= EO(SSZ +14S;41 + 3Si42) + E(UZ“ 2U; 11 + U;)
10 «Q
- — — (9 (zn) — (). 32
120h(So+SN)+ 6h< (xN) (x0)) (8.32)

respectively. Our aim is to find the scalar combination s; x (8.29)) + s X (8.27) + s3 x
(8.30) + s4 x (8.31]) + s5 x (8.28]) 4+ s x (8.32)) which gives the relation between U;’s and

S;’s where s;, © =1,2,...,6 are the scalars. If s =1, s =0, s3=—1, s, =1, s5 = 4,

s¢ = 1 then the corresponding scalar combination yields
Ui_g —4U;_1 + 6U; — AU;py + Upyy = —%(So + Sn) — a®®(x0) + ad® (2y)
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4

h
+ EO(SiJrz +26S;11 + 66S; +26S;_1 + Si_2).

(8.33)

Notice that (8.33) gives the relation between U;’s and S;’s. The differential equation
(8.2)) is discretized as S; + p;U; = f;, where p; = p(x;), fi = f(x;). The boundary

conditions are discretized as Uy = 1y, Uy = m1, Uj = 1o, Uy = 11.

Substituting S; = f; — p;U;, approximations for &) (z4) and ©) (xy) in (8.33)), and get

( 9o 12 To 3
it o et S, 22 1
Ut e Vet gals 2h3U4+[ 120
13h4pi71 11h4pi 13h4pi+1
o] g o LR 4 [ gy B3R
60 } 1+ [0+ 50 o + 60 +1
hpiss 3a Ta 12« Yo
120 gra N gt T U g Una

[fi—? +26f;_1 +66f; +26fi11 + fi+2} — %(fo + fn)

5%} 5%} .
(p0770 +pN77N) + @UQ—F ﬁnN’ = 2,3,...,N—2.

h4pz’—2

|tia+ | -4

N\

+ 1+
h4
T 120

i «
L2

Difference Equations: Put i = 1,2 in (8.27) and (8.28]), we get
3 3 h3
——“U3+Ug+4U{+U;—7‘)‘U;V:@

h
3 (76 «
—(Uo — Un) + %(@(2)(1’0) — ¥ (zy)),

5 (U = Uo) +

]Ui+2 -

(S2 = So) + =

3 3 h?
—%U6+U{+4U§+U§—%UJ’V:@(Sg—Sl)JrL
[0

+ %(U3 = Uh) + (U = Un) + 52(2® (z0) — 2@ (aw)),

n (7eY
2h

h

3

h 2
Ué — Ué = EO(BSO + 145, + 352) + %(UQ —2U; + Uo)
10« o
- @(So + Sn) + @@(3) () — 99 (20)),

3

h 2
Uy, —U; = 30(351 + 1455 + 35;) + E(Ug —2Us + Uh)
10«

0]
— %(So + Sn) + @(4’(3) (zn) — ¥ (x0)).

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

The scalar combination ({8.35)) — 2 x (8.36) + 7 x (8.37) + 2 x (8.38) yields the equation

as

4

h
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— 30(U3 + Uy) — 2@ (w0) — 8 (ax) + o (@9 ) — 59 (w0))

89« 91l
- 606(U0 — UN) — mSQ - EOSN (839)
By substituting ®®(z¢) = 2U°’5U}§4U2’U3, o (zy) = 2UN_5UN‘1JZ§UN‘2_UN‘3, S, =

fi — piUs, approximations for @) (x4), ®) (zy) in (8.39)), we get the difference equation

as

S5a 27a 9hip,

2a¢ 18a  17h*p, o
= R T LU B B i ol LR L
2la hips 9ar 9 a 2la 20
+tamr a0 0 L) U L) U+ (o + 5 Uvs [~ 3
18a 50 27« 19h4 9 17h? R4
2N Un gkl . Y N ot o
E ]UN 2+ [2h2 * 2h3}UN 1= 6o+ ogfot Jo it T e /s
89« 91a a  1ha 1944
_ d AT ZU " e T g, T
3alio +11) = 3550 = 155 /v [ T2 T s Ot P
89« o 15« 9l
2 e [ 2 22Y gy 22 } . 8.40
120p°] "lo [ R ans 0T 10PN (8.40)
Puti= N —2,N —1in (8.27) and (8.28]), and get
( 3 3 h3
U A Uy AUy + Ul — 22U = ~—(Sn—1 — Sx—3)
h h 60
«Q 3 (76
+ m(sjv —So) + E(UN—l —Uy_3) + T(Uo — Un) (8.41)
& @ () _ 2
|+ Zh@ (z0) — @9 (2nN)),
3a 3 h3 a
- TUg + Uy o +4UN_| + Uy — 7U]’V = @(SN — Sy_2) + m(SN — So)
3 6
+ E(UN —= UN_Q) + %(Uo — UN) + %(Qp@)(fbo) = @(2)(1‘]\[)), (842)
, , h3 2
Uy_1—Uyn_3= m(?)SN_:; +14SN_2 +3Sn-1) + E<UN‘1 —2UNn_2+ Un_3)
10« «Q
- —(p®) — B 4
120h(50 + Sn) + 6h( (xn) (w0)), (8.43)

h? 2
UJ/V — UJ,V—2 = —(SSN_Q + 14Sy_1 + 35]\[) + E(UN —2Un_1+ UN_Q)

120
10« o
— m(So + SN) -+ 6_;7,(@(3) (iL‘N) — Qp(g) (33'0)) (844)
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The scalar combination 2 x (8.41]) — (8.42)) +2 x (8.43)) + 7 x ({8.44]) gives the equation as

4

2Un_3 —9UNn_2 + 18UNn_1 — 11Uy = —GhU]/V [QSN 3+ 51SN_o

120
+ 1088y _1 + 19Sx] + 3a (U + Uy) + %(@@) (z0) — 2P (zn)) — 6a(Uy — Up)

3o 91a 89«

S £(3) _ 3B _Jlas o
T (% (zn) — D (0)) 120°° ~ 20 (8.45)

By substituting S; = f; — p;U; and approximations of & (zg), #@(zy), @) (z),
PO (zy) in (8.45), we get

’[5a+27a] [_Q_a_18a}U [a 21
2h2 ' 2p3 ER LR bye Ryl R 4h3
9 a 21a h* S8a
4h3UN 4"1”[2 T+2h3+ —DN— 3]UN 3+[ 9+ 75
17h* 5o 27a 9h4
+ DPN-— 2] Un_2+ [18 E U —pN 1] Un_1 = —6hr;

40 2h 2h (8 46)
+h4f +17h4f +9h4f —f—19h4f +3a( L )_91_af '
N-3 N-2 N-1 120 N 771 120 0

89a «Q 15« 9l
_ 7= _ e 11+ —
120/ = [ 2 0T P 0} o= [ + h2
_ 15« N 19h* 46— 89_a }
ST R 120 PN |-

The system (8.40)), (8.34)) and (8.46|) provides the approximations U;, i = 1,2,... N —1.

8.2.1 Truncation error

Let |a|< hS. The truncation error corresponding to the equation (8.40) is defined as

[ 14+ a 15« +6a 1944 89« ] (20) + [18 5o N 27«
n=|—- — — - — ¥t
! PR 120 P07 100 on2 T op3

hip, 200 18a  17h*p, a 2la

o)) + [ =94 55 — G+ T e + 2 - 5+ 5y

P88 ) — [ o) — [ ) + [+ 2] s

20 18« da 27¢ « 15«
+ = = T e + [+ S [l ) + [ = 55 - 5 — e

91l , 194* 9h* 17h4
- EPN} u(xy) — 6hu'(zo) — 120 Jo— —f1 f
h* , , 89« 91a
—%f3+3&(u (:L‘o)+u( ))—l—mfo mf]v
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After simplification, we obtain

o 3a [—5u(x0) + 18u(xq) — 24u(xs) + 1du(zs) — 3u(x4)]

T2 253

_ 3a [5u(xN) — 18u(xy_1) + 24u(xy_2) — 1du(zn_3) + 3U(IN_4)]
2 2h3
o [21@(330) — bu(xy) + 4u(xs) — u(xs)

2 h?

o [Qu(a:N) —bu(ry_1) +du(rn_2) — u(zn_3)
2 h?

89« 9l 89« 9l

— ?Opou(xo) — mpNU(xN) + mfo + mfN

9h4 9h4p1
120p0}u(:v0)+[18+ 10 ]u(x1)+[—9
h4p3 ].9h4

}u(xg) + [2 + —]u(atg) — 6hu'(z0) — o

60
9h* 17h* h*
—1—0f1— 20 fz—@fz-

| + 30 (@) + o/ (2x)

} + 6a(u(zo) — ulzy))

fo

Further, 71 can be written as

A 3704 [U(3)<$0) X O(h2)] _ 3704 [u(?’)(xN) + (’)(h2)] + % [U(Q)(xo) + O(h?)

+ 3a(u/(20) + /() = 5 [u@(@x) + O()] + 6a(u(zo) — u(wx))
89« 9l 89« 91

- mpou(xo) - EPNU@N) + 1—20f0 + 1_20fN
19h% 9h*py
+ [— 11+ 120 po]u(xg) + [18+ 10 }u(xl) + [— 9
17h4p2 h4p3 ’ 19h4
0|0 + (24 5 ulaa) — 6h (o) ~ 55 f
9h* 17h* h*
- ﬁfl 10 T @f:}-
After substituting f; = u™®(z;) + psu(z;) in 71, we get
3a 3a «
n =5 [0 ) + 00| = [ ) + O] + 5[ w0) + O)
+3a(u (o) + o (ex)) = 5 [u®(2n) + O] + 6au(ro) - ufww))
89a 9la
+ EOuM) (o) + HOUM)(Z.N) — 11u(zg) + 18u(x1) — Yu(x2) + 2u(x3)
19h* 9hp* 17h* h*
— 6hu'(zg) — 150 u® () — 1—0u(4)(951) T u® (z4) — @u“)(:vg).
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Using the Taylor expansions for u(wo), u(zs), w(ws), u'(z¢),u® (xq), u(xy), u®(z3)

about the point x; in (8.47)), we get

3 3
ﬁzgﬁﬁaw+amﬂ—gﬁﬁum+omﬂ+%@®@@+QM)
+3a(u (o) + o/ (ex)) = 5 [u®(2n) + O] + 6au(ro) - ulwx))
89c 91 1
e €Y =, @) _ —,,(6) 7
+120u (o )+120u (xn) U (1) + O(R").
Using the procedure followed to get 71, we get the truncation errors 7;, 7 = 2,3,..., N —2

corresponding to the equations given in (8.34)) as

o= afu (o) + O()] = alu”(ex) + O] + S (w0) + u(wx))
— %u(6)(;€i) + 0O, i=2,3,...,N -2,

and truncation error 7y_; corresponding to the equations given in (8.46)) as

S 3704 u® () + O(hﬂ _ 3704[”(3)(“,) " (”)(hQ)] _ %[u@)(mo) + O(hﬂ

—3a(u'(zg) + v/ (zN)) + % [u(2) (xn) + O(hQ)} — 6a(u(xy) — u(zy))

1 1
-+ 9173 89—au(4)(:cN) — ~u®(zy_1) + O(R).

()
u(wo) + 355 8

Since |a|< h®, as h — 0, we have 7; = O(h8),i=1,2,...,N — 1.

Remark 8.2.1. Once we get the the approrimations U;, © = 0,1,..., N, we can calculate

the approximation S; as S; = fi —piU;, i = 0,1,..., N. We have U =1y and Uy, = ;.

In order to get the approzimations U!, i = 1,2,...,N — 1, we derive the following
relation: Subtracting with , we get
3o h3 9 1l
U =— —U’ Uy +U S; 145; + 55, —So+ ——=5
Tt AIh(OJr v) = ggp et 145 485l + gg5n S0+ g S
1 3o
+ 47 i1 +4U; = 5Uia] + %[UO — Uy] + 8—h[@<2> (z0) — PP (x)]
o

— m[qs<3>(a;N) — O (x)], i=1,2,...,N — 1.

Hence, we can compute the coefficients given in and hence we get the fractal
quintic spline that passes through the approzimate solution of the differential equation

. Also, the information required at off-nodal points can be obtained from .
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8.2.2 Numerical examples
For any value of N, let
BY = maxluw) ~ U, 9 = BB
Example 8.2.1. Consider the BVP [156]
u®(z) + zu(z) = — (8 + 7z + 23) exp(x), z € (0,1),
uw(0) =u(l) =0, u'(0)=1, v'(1) =—exp(l).

The exact solution is u(x) = z(1—z) exp(x). The scaling factor o = 0.9999h° is used
to compute the numerical solution. The maximum point-wise error and the order of
convergence are given in Table [8.5] Table [8.6| represents the maximum point-wise error

and the order of convergence corresponding to the quintic spline.

Table 8.5: Maximum point-wise error and order of convergence corresponding to Exam-

ple B.2.1]
N 16 32 64 128
EN | 4.4461e-06 | 6.6963e-07 | 1.3939¢-07 | 3.3023e-08
pN 2.7311 2.2642 2.0776
EY | 1.8346e-05 | 3.1926e-06 | 7.6446e-07 | 1.8983e-07
i 2.5227 2.0622 2.0097

Table 8.6: Maximum point-wise error and order of convergence corresponding to Exam-

ple with ao = 0.

N 16 32 64 128

EN | 4.2859¢-05 | 1.0722e-05 | 2.6845¢-06 | 6.7112e-07
pN 1.9990 1.9979 2.0000
EN | 1.3766e-04 | 3.4409e-05 | 8.6061e-06 | 2.1536e-06
pY 2.0003 1.9994 1.9986
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Example 8.2.2. Consider the BVP

u™®(z) —u(x) = —4(2x cosz + 3sinz), = € (0,1),
u(0) =u(1) =0, «'(0)=—1, «'(1) = 2sin(1).
The exact solution is u(z) = (2? — 1)sinz. The maximum point-wise error and
order of convergence are given in Table 8.7} The scaling factor o = 0.9999h5 is used to

compute the solution. Table|8.8represents the maximum point-wise error and the order

of convergence corresponding to the quintic spline.

Table 8.7: Maximum point-wise error and order of convergence corresponding to Exam-

ple[8.2.2

N 16 32 64 128

EN | 1.4437e-06 | 2.1997e-07 | 5.5419e-08 | 1.4486e-08
o 2.7144 1.9888 1.9357
EN 16.9567e-06 | 1.4185¢-06 | 3.5691e-07 | 8.9446e-08
pY 2.2941 1.9907 1.9965

Table 8.8: Maximum point-wise error and order of convergence corresponding to Exam-

ple with o = 0.

N 16 32 64 128
EN | 1.6512e-05 | 4.1402¢-06 | 1.0357e-06 | 2.5899e-07

p 1.9957 1.9991 1.9997
EY | 5.3543e-05 | 1.3388¢-05 | 3.3487¢-06 | 8.3804e-07
pY 1.9997 1.9993 1.9985
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8.3 Conclusion

To get the numerical approximation for the fourth-order BVPs, we have devised the
numerical methods using fractal quintic spline. The truncation errors of the proposed
methods are derived and the developed methods have second-order convergent. In order
to see the applicability of the proposed methods, numerical examples are considered and

tabulated the numerical results.
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