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Abstract

Resonating processes are a special class of systems which display oscillatory dynamics

around the operating point. Very common examples of resonating systems are power

electronic devices, mechanical spring-mass-damping systems, electro-mechanical sys-

tems and chemical reactors. In general the electrical and/or mechanical systems

are either linear or mildly nonlinear in nature, whereas the chemical reactors are

highly nonlinear in nature. Hence control of resonating nonlinear chemical processes

is always a challenging problem for control researchers community. Although the

traditional PI(D) controller is very popular and well established control algorithm,

its design procedure is not very clear for resonating systems. Hence Model Based

Control(hereafter referred to as MBC) is a preferred candidate for controlling such

systems. However not much has been addressed so far on this issue in the control

engineering literature.

Model Predictive Control (hereafter referred to as MPC) and Internal Model

Control (hereafter referred to as IMC) are the two important branches of MBC

theory and are effective approaches for controlling constrained processes. As the

name sounds, MBC design needs an explicit model of the process while computing

the optimal control input. An efficient model and the closed-loop stability are the

two major issues in this controller design procedure. The scope of this thesis broadly

spans two areas: firstly the system identification of resonating systems and secondly

the design of stable MBC of such resonating systems. In system identification,

Kautz model and its nonlinear version in Wiener structure have been developed,

which are novel in their kind. Kautz functions are derived in a standard state space
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Abstract

form in order to approximate the behavior of linear/mildly nonlinear resonating

systems. In its nonlinear version (a.k.a Kautz-Wiener model) the linear dynamic

part is formed by the Kautz filters while the static nonlinear mapping is described

via two independent means, viz, wavelet decomposition and least squares support

vector machine (hereafter referred to as LSSVM). The performance of the developed

models are compared with that of similar models of the same class through suitable

examples of case studies comprising of continuous stirred tank reactor (a.k.a CSTR)

which is a reasonably nonlinear resonating system. Degree of nonlinearity as well as

resonance were enhanced with series-connected CSTRs.

Kautz functions are formulated in a recursive fashion in order to compute the

future incremental control effort of MPC. Use of Kautz functions in the optimization

procedure leads to parsimonious representation. The efficacy of the proposed Kautz-

MPC is tested on two case studies, viz. linear highly oscillatory mechanical system

and mildly nonlinear magnetic ball suspension system. Performance of Kautz-MPC

is compared against already published literature on Laguerre model based MPC.

Stability of the Kautz-MPC is established through Lyapunov criteria.

On the other hand nonlinear Kautz-Wiener models have further been employed

in the present thesis for developing nonlinear MBC strategies and their closed-loop

control performance have been evaluated through simulation case studies involving

CSTRs. Two types of model based control strategies are adopted viz. nonlinear

MPC and nonlinear IMC. In case of nonlinear IMC, the problem of model inversion

has been addressed, first of its kind in approach, through tactful modification of

Wiener model coupled with optimization technique. Deletion of positive zeros from

orthogonal basis filters while modifying Wiener model is the uniqueness of this thesis

and it ensures stability of the controller.

ii
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Chapter 1

Introduction

Resonating systems are also referred to as oscillatory systems. Several electrical,

mechanical and chemical systems show resonating characteristics(Henson and Se-

borg, 1990). The resonating characteristics of a process is observed mainly due to

more than one forces acting on the process variable. These forces may be due to the

nature of the process itself or due to one or more external input(s). The resonating

characteristics of a process yields oscillatory behavior when the process is subjected

to changes in input(s). Linearization of such process around the operating point

results in one or more pair(s) of complex poles and these complex poles lead to such

resonating characteristics. Examples of such resonating processes can be found in

robotics, power system electronics, mechanical systems etc. The resonating charac-

teristics are also observed in large scale chemical processes, where multiple recycle

loops exist in the process network and/or the case of a cascade control with the

primary loop cut off (Huang and Chou, 1994). Modeling of such resonating systems

is a critical yet essential pre-requisite, when process optimization and/or optimal

control (especially model based control) happens to be the primary objective.

Although the conventional PID controller is an well established and industri-

ally accepted technique, its design procedure is not very clear for the processes

with resonating characteristics. It is particularly very cumbersome in case of large

scale systems. There is no profound mathematical background for designing the

1
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classical PID controllers for resonating systems. In many situations, Model Based

Control(hereafter termed as MBC) strategies are proven to be good alternatives for

PID controller. Model predictive controller and internal model controller (hereafter

termed as MPC and IMC respectively) are the two important branches of MBC

strategies that have a wide range of applications in the field of chemical process

control (Henson and Seborg, 1990; Nahas et al., 1992; Yousefzadeh and Jahanian,

2017; Huang et al., 2000; Prakash and Srinivasan, 2009; Afram et al., 2017; Wang

et al., 2017; Forlenza et al., 2017). Performance of these controllers mainly depends

on the accuracy of the underlying model of the process on which the control schemes

are designed.

Traditional MBC design techniques need an appropriate model for describing the

system to be controlled. An accurate model of the system under consideration plays

a significant role and model of the system is the key issue for the success of the

developed control strategy. Modelling of the resonating systems in particular needs

a special attention as the existing theory of identification and/or control is not so

much focused on the resonating systems.

Over the years, dynamic modelling of process(also referred as system identifi-

cation) has become one of the major research areas for applied control engineering

researchers and there has been a significant progress in developing various linear

and nonlinear models through system identification. The dynamic modeling of any

systems can be obtained in three different ways:

First principles model: the first principle modeling or white-box modeling tech-

nique needs extensive knowledge about the systems of one’s interest which is

not a probable situation all the times.

Grey-box model: which needs partial information of the process and some of the

model parameters are fixed using process input-output data. They are rarely

preferred because of the complexity involved in model development.

Black-box model: which needs only input - output data of the process under con-

sideration.

2
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1.1. SYSTEM IDENTIFICATION

For poorly understood systems, the development of white-box models is almost im-

possible. Complexity of these models is also one of the main concerns as they require

a high simulation time, hence they are not best suited for on-line optimization based

control calculations. On the other hand, black-box models are the most preferred

in the field of MBC strategies as their model structure is best suited for MBC ap-

plications and the model structure can be defined a priori. A brief discussion of

system identification and aspects of MBC would help one to identify the gap areas

of the state of the art research status and also assist one to zero in on the measurable

objectives of the thesis.

1.1 System Identification

The art of system identification plays an important role in various engineering fields

and has got many applications including automatic control, applied time series anal-

ysis, fault tolerant control and so on (Billings and Fakhouri, 1982; Boutayeb and

Darouach, 1995; Chen and Billings, 1992; Lakshminarayanan et al., 1995; Saha,

1998; Manohar and Das, 2017; He et al., 2017b; Dijoux et al., 2017). Among the

various system identification techniques the black box identification is quite famous

particularly in the area of advanced control engineering for various reasons such as

predefined model structure, simplicity and ease of building. The black box mod-

els need only the input - output data of the process and is independent of process

characteristics information. In the literature, many linear and nonlinear system iden-

tifications techniques have been proposed (Cai et al., 2013; Wang et al., 2014, 2015;

Abdollahzade and Kazemi, 2015; Linhares et al., 2015; Münker and Nelles, 2016;

Ding et al., 2016). The applicability of the available linear and nonlinear models is

limited to one particular class of systems, called well damped systems. However, the

system identification and advanced control for resonating systems is not addressed

extensively till now. This demands a complete theoretical background for devel-

opment of suitable linear and/or nonlinear identification techniques for resonating

systems.

3
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1.1. SYSTEM IDENTIFICATION

1.1.1 Linear Modelling

Identification of various physical and engineering systems has a long historical back-

ground. A good overview, basic concepts and development procedures of system

identification is presented by Ljung (1999). In the area of linear system modelling,

step response models, Finite Impulse Response(FIR)(Shen et al., 2017) models and

ARX models are very popular for approximating linear system dynamics. Shen et al.

(2017) adopted FIR modelling in order to approximate the first order system with

time delay. The advantages of their proposed method lie in the aspects of simplicity

in model structure with a small number of basis models and ability to determine

basis models with limited prior process information, which is beneficial for practical

implementations. Rahman (2016) discussed ARX modelling technique by optimiz-

ing the ARX model parameters in order to identify twin rotor system using chaotic

fractal search algorithm. Firstly, the improved Fractal Search algorithms were eval-

uated using 4 well-known classical benchmark functions with different dimension

levels. Then, the modified Fractal Search algorithms are employed to optimize the

parameters for an ARX model of twin rotor system in hovering mode. The final

results found that Chaotic Fractal Search algorithm with Gauss/Mouse map shows

superiority over other enhanced Stochastic Fractal Search algorithms when applied

both in Diffusion Process and Updating Process.

These models are structure specific and need huge number of model parame-

ters to model the dynamic systems, hence they are non-parsimonious in nature.

A wide-variety of rigorous statistical metrics ar in place to balance model parsi-

mony and predictive power (Mangan et al., 2017) including popular methods such

as the Akaike information criterion (AIC), Bayesian information criterion (BIC),

cross-validation (CV), deviance information criterion (DIC), and minimum descrip-

tion length (MDL). Methods such as AIC explicitly balance parsimony and relative

information loss across models, penalizing the number of parameters in the model

to avoid overfitting. The problem of non-parsimonious nature of these models can

otherwise be overcome by adopting Orthogonal Basis Functions (hereafter refereed

4
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to as OBFs) for dynamic system modelling.

1.1.2 OBF type Modelling

OBFs are very popular in developing various engineering and physical system mod-

els(Chou, 2017). Any function f ∈ L2 is said to be orthogonal if it obeys the

following property:

δij =
∞∑
k=0

fi(k)fj(k) (1.1)

where δij is the kronecker delta function. The orthogonality property of OBFs will

lead to parsimonious representation in the resulting model.

Laguerre functions (Wahlberg and Mäkilä, 1996; Wang, 2004; Bouzrara et al.,

2012; Garna et al., 2013b) are quite popular OBFs because they can be parameterized

by a single real-valued pole and they are parsimonious in nature too. The recursive

nature of Laguerre construction makes it easy to compute. Because of its real valued

pole, the Laguerre basis is preferable in representing well damped dynamic system.

Systems with poorly damped dynamics, however, cannot be accurately described by

Laguerre functions i.e. these functions are not appropriate for approximating signals

having strong oscillatory behavior. This drawback has led to an increasing interest in

the Kautz functions (Kautz, 1954; Benlahrache et al., 2016). Kautz filters are more

generalized structure of Laguerre filters and a model developed with these filters

deals with complex poles; thus facilitates an efficient modeling of resonant systems.

Although the OBF based models are parsimonious and efficient in modelling linear

dynamic systems, they fail to represent nonlinear systems.

Even though electrical and mechanical systems exhibit resonating characteristics

they are mostly linear or mildly nonlinear in nature, whereas the chemical processes

exhibit high nonlinearity and resonance. A linear model fails to represent such sys-

tem(s). An obvious solution to this problem is to use nonlinear models for identifying

the highly nonlinear dynamics. Mechanistic models are capable of representing any

nonlinear system over the entire range of operation, however development of such

models is very difficult and/or sometimes impossible. On the other hand, black-box

5

TH-1663_10610708



1.1. SYSTEM IDENTIFICATION

nonlinear identification technique is an elegant one even in presence of time delay.

1.1.3 Nonlinear Modelling

Polynomial models (especially NARMAX model)(Zabidi et al., 2017), neural net-

work (He et al., 2017a) and fuzzy logic (Pasieka et al., 2017) are some of the success-

ful tools to develop nonlinear system identification techniques. Polynomial models

(Ying and Joseph, 1999a,c; Cheng et al., 2017) are quite efficient in approximating

global information of any nonlinear system but the approximation of local infor-

mation leads to non- parsimonious representation. Although neural network can

effectively represent any nonlinear system with good accuracy, lack of a specified

structured construction is the main drawback. Fuzzy logic based models are quite

effective in identifying the installed nonlinearities such as saturation and discontinu-

ous jumps. All of these nonlinear tools suffer from the problem of non-parsimonious

nature, which can be overcome by combining them with OBF linear models called

in Wienertype structure.

1.1.4 Wiener type Modelling

One of the major contribution of this thesis is to develop a certain class of non-

linear models, called Wiener model, specifically for resonating systems. A Wiener

model is depicted in Figure 1.1. It is composed of a linear dynamic part along with

a static nonlinear mapping. The input u(k) and output y(k) are measurable, the

intermediate signal v(k) can’t be measured. In many situations, nonlinear black-box

models based on Wiener framework are proved to be better alternatives. Various

techniques have been reported in the literature to develop black-box Wiener models

using open-loop input-output dataset of the process. Model parsimony, cost of de-

velopment, time required for development and accuracy of the developed model are

the important consideration which are needed to be taken care of while developing

the model. In many situations, there should always be a compromise between the

above said modelling specifications, however no modelling technique is expected to

6
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Dynamic
Linear Part

Static Nonlin-
ear Mapping

u(k) v(k) y(k)

Figure 1.1: Wiener Model Structure

satisfy all the above said specifications.

The available literature on Wiener modelling for system identification is exhaus-

tive, such as Aadaleesan et al. (2008); Al Seyab and Cao (2006); Babuska and Ver-

bruggen (2003); Billings and Fakhouri (1982); Garna et al. (2013a); Kalafatis et al.

(1995); Qing-chao Wang (2011); Saha et al. (2004); Tang et al. (2016); Tiels and

Schoukens (2014); Totterman and Toivonen (2009) to name a few. In a work by

Oliveira et al. (2012), a detailed overview of system identification using OBF is pre-

sented. The key operating units in process control such as CSTR, pH neutralization

process, distillation column and bio reactor are the main case studies for the various

developed nonlinear models. A few researchers (Qing-chao Wang, 2011; Saha et al.,

2004) developed OBF based Wiener models in order to model the pH neutralization

process. Others (Aadaleesan et al., 2008; Saha et al., 2004) used OBF based Wiener

models to identify and/or control a bio reactor system which exhibits severe nonlin-

ear characteristics. In some cases (Bloemen et al., 2001a) Wiener model was used

to identify the dynamics of distillation column.

Over the years, many researchers have been applying the Wiener modelling tech-

nique for various engineering applications, especially, in the area of process control.

OBFs are known for their parsimony and are very useful in construction of Wiener

model (Aadaleesan et al., 2008; Alci and Asyali, 2009; Mahmoodi et al., 2009; Qing-

chao Wang, 2011; Saha et al., 2004; Wahlberg, 1991b; Stanisawski et al., 2014; Zabiri

et al., 2013, 2014a, 2016, 2014b). A residuals-based sequential identification algo-

rithm using parallel integration of linear OBFs-Auto regressive with exogenous input

(OBFARX) and a nonlinear neural network (NN) models was developed and ana-

lyzed by Zabiri et al. (2014a,b, 2018) under range extrapolations. A linear OBF

model was integrated with nonlinear Wavelet Network model in parallel structure.

7

TH-1663_10610708



1.1. SYSTEM IDENTIFICATION

The overall nonlinear model was taken as the sum of these two models and analyzed

using Van de Vusse reactor to observe the effectiveness and its performance within

the model development region as well as under extrapolating conditions. The result

showed that the proposed parallel OBF-WN performed better than other conven-

tional model.

Laguerre basis function (a.k.a Laguerre filter) is very popular in representing the

linear dynamic part of the Wiener model (Stanisawski et al., 2014), however they

are limited primarily to systems with real poles. Stanisawski et al. (2014) presented

a new implementable strategy for modeling and identification of a fractional-order

discrete-time nonlinear block-oriented SISO Wiener system. The concept of model-

ing of a linear dynamics by means of OBF was employed in order to separate linear

and nonlinear submodels, which enables a linear regression formulation of the pa-

rameter estimation problem. Discrete-time Laguerre filters were uniquely embedded

in modeling of the fractional-order dynamics, eliminating the bilinearity issue. Very

good identification performance for a fractional-order Laguerre-based Wiener model

was observed through simulation studies, both in terms of low prediction errors and

accurate reconstruction of the actual system characteristics.

However, the existing theory is limited to a certain class of systems called, well

damped systems. Whereas, the problems associated with modelling and/or control

of resonating systems (also called as under damped systems) is not addressed much

in the control literature. Use of Laguerre filters in resonating system is not explicitly

advocated by any researcher. On the other hand, Kautz filters have the ability to

deal with the systems having multiple pairs of complex poles. Even though they

were first introduced by Kautz (1954) in 1954, a thorough literature survey reveals

that very few works (da Rosa et al., 2009; Zenan Šehic̀, 2012; Khan et al., 2011;

Benlahrache et al., 2016; Vairetti et al., 2014; Mittal and Aadaleesan, 2012; Chen

and Ljung, 2015) have been reported so far in the literature that deal Kautz filter

based modelling technique. In the work by Zenan Šehic̀ (2012), two-parametric

Kautz model is employed to describe the control input trajectory of well damped

linear system with time delay which can be more effectively controlled by using

8
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Laguerre model with proper choice of Laguerre model parameter. In the work by

Khan et al. (2011), the authors have presented Kautz functions as an alternative to

Laguerre functions to parameterize the degrees of freedom in the predictions. It has

been argued that the capability of handling complex poles gives Kautz function the

edge (over Laguerre function) to maximize the feasible region of MPC. The Kautz

network has been formulated with only one pair of complex poles and implemented

on an LTI system.

Vairetti et al. (2014) worked on modeling of room (description of the sound field

inside a room) where OBF models can include knowledge about the room resonances

as a set of poles, which appear nonlinearly in the structure. Vairetti et al. (2014)

exploited some properties of Kautz models, such as orthogonality and linearity-

in-the-parameters and proposed a novel algorithm that avoid nonlinearity problem

by iteratively estimating the poles and building the model. Mittal and Aadaleesan

(2012) proposed a newer type of black box nonlinear model in Hammerstein structure

which has Wavelet Network coupled with Kautz Functions. Wavelet basis functions

have the property of localization which enables wavelet networks to approximate

severe non-linearities using few number of parameters. On the other hand Kautz

functions possess the ability to approximate any linear time invariant system using

appropriate basis functions. Chen and Ljung (2015) tackled the regularized system

identification using Kautz functions.

In OBF-Wiener modelling, the different Wiener models are categorized on the

basis of description of static nonlinear mapping. In the work by Saha et al. (2004),

the OBF-Wiener models are developed by two nonlinear mappings viz., quadratic

polynomial mapping and artificial neural networks mapping. Wavelet decomposition

property was exercised by Aadaleesan et al. (2008) to develop OBF-Wiener models

where the nonlinear mapping parameters were selected optimally by network based

optimization. In some works (Qing-chao Wang, 2011; Totterman and Toivonen,

2009) Support Vector Machine(SVM) is used as a nonlinear mapping tool. However

neither wavelet decomposition nor SVMs had ever been employed in the context of

identification of resonating systems. Wiener structure modelling was explored by

9
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 Lawryńczuk (2013) where multi-layer perceptron feedforward neural network was

used as the steady-state nonlinear part. However the algorithm does not need the

model inversion yet yields better performance in controlling highly nonlinear poly-

merization and neutralization reactors.

In the field of process control, the Wiener models are primarily used to design

MBC algorithms because the static nonlinear mapping of the Wiener models is

generally invertible via certain mathematical manipulation.

1.2 Model Based Control

Model Based Control(or MBC), as the name sounds, completely depends on the

accuracy of the model developed. Model Predictive Control(or MPC) and Internal

Model Control(or IMC) are the two important sub branches of model based control.

1.2.1 Model Predictive Control

MPC works on the basis of optimization of a pre-defined objective function and it

offers a way to resolve the difficulties posed by classical control problems by defining

an open loop optimal control problem iteratively, forming a closed loop feedback

control structure. In early 1960′s MPC was first introduced by (Propoi, 1963) in the

form of linear programming, but was ignored for almost two decades. In 1970′s and

1980′s MPC has enjoyed significant attention in industrial control applications and it

is worth to mention the work reported by Shell oil industry in the form of Model Pre-

dictive Heuristic Control(MPHC) and Dynamic Matrix Control(DMC) (Cutler and

Ramaker, 1980) that opened up new horizon to process control applications. Iden-

tification and Control(IDCOM)(Richalet et al., 1978), Generalised Predictive Con-

trol(GPC)(Patwardhan et al., 1998), Quadratic Dynamic Matrix Control(QDMC)

(Niva and Yli-Korpela, 2012) and Model Algorithmic Control(MAC)(Rouhani and

Mehra, 1982) are few other form of MPC. These techniques successfully resolved the
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problems associated with constraints and nonlinear dynamics, however the issues

like stability and robustness are not yet guaranteed. In the last decade NMPC has

been extensively studied by several other researchers (Cao and Chen, 2014; Chen

and Cao, 2012; Atuonwu et al., 2010; Seyab and Cao, 2008a,b; Al Seyab and Cao,

2006; Seyab et al., 2006; Cao, 2005).

The capabilities of MPC in dealing with nonlinear processes in presence of pro-

cess constraints had made it very attractive in industrial control applications(Ying

and Joseph, 1999b; Srinivasagupta et al., 2004). Various Wiener type models have

been tried by the control engineers for severely nonlinear processes such as pH neu-

tralization process (Mahmoodi et al., 2009), industrial C 2-splitter (Norquay et al.,

1999), distillation column (Bloemen et al., 2001b), bioreactor (Saha et al., 2004),

ALSTROM gasifier (Al Seyab and Cao, 2006), neutralization reactor ( Lawryńczuk,

2013, 2016a), polymerization reactor (Shafiee et al., 2008;  Lawryńczuk, 2013), Vari-

able area tank (Arasu et al., 2016), heat exchanger ( Lawryńczuk, 2016b), Piezo-

electric Actuators (Cheng et al., 2015), Wastewater Treatment Process (Han and

Qiao, 2014), composite manufacturing process (Voorakaranam and Joseph, 1999)

etc. MPC of networked industrial process are proposed by Wang et al. (2016) and

Lu et al. (2015). However, none of these techniques/applications are meant for

resonating processes. In recent past, the theory of MPC has reached significant ma-

turity and a good review of recent trends and future directions of MPC is presented

by Xi et al. (2013) and Mayne (2014). Use of state-space models made it more use-

ful because of the simplicity and generalization. State estimation techniques such

as Kalman filtering (Senthil et al., 2006) were used when some of the process states

are not measurable for any reason. Wiener and Hammerstein-Wiener model based

NMPC were extensively studied by  Lawrynczuk ( Lawryńczuk, 2010, 2013, 2015,

2016b).
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1.2.2 Internal Model Control

Unlike MPC, IMC works in different fashion and refers to a family controllers in

which the control actions are calculated based on the inversion of the process model.

The first proposal of IMC and its strengths are reported in series of articles by Garcia

and Morari (1982, 1985a,b). The control actions are calculated by simple inversion

of the process model which is carried out by a linear filter which can be fine-tuned

for a trade off between performance and stability. While designing IMC enough care

need to be taken to ensure the stability of resulting closed loop controller and IMC

is very attractive for a process with inherent stable dynamics (Bequette, 2003). A

basic platform of the IMC design for linear systems can be found in (Bequette, 2003).

An extension of IMC design for nonlinear systems can be found in Economou et al.

(1986). Over the years many researchers developed a wide variety of IMC design

procedures for both linear and nonlinear processes, eg. (Bhat et al., 1991; Arulselvi

et al., 2004; Begum et al., 2016; Besta and Chidambaram, 2017; Babuska and Ver-

bruggen, 2003; Aydi et al., 2017; Othman et al., 2016; Azar and Serrano, 2014; Rivals

and Personnaz, 2000; Brown et al., 1997; Nahas et al., 1992; Henson and Seborg,

1991; Zheng et al., 1994) to name a few. The issue of model inversion in the context

of nonlinear IMC is still unexplored in Wiener type framework. Nevertheless the

IMC for true nonlinear system is relatively unexplored. Ding et al. (2017) studied

the trajectory-tracking problem of a hydraulic servo multi-closed-chain mechanism.

The nonaffine nonlinear characteristic of the electro-hydraulic actuator and its time-

varying uncertainty load resulting from the multi-closed-chain mechanism was taken

into consideration for proposing a nonlinear control algorithm which is termed as the

Approximate IMC (or AIMC) integrated with a position feedback control in cascade

control design. Qiu (2017) proposes the composite AIMC (or CAIMC), which identi-

fies the model and the inverse in parallel, and reduces the tracking error through the

online identification. “Composite” refers to the simultaneous identifications. The

constraint imposed by the stability of an n-th order model is nonconvex, and it is

re-parameterized as a linear matrix inequality. The parameter identification prob-
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lem with the stability constraint is reformulated as a convex programming problem.

Nath et al. (2017) proposed an adaptive IMC-PI controller for a level control pro-

cess where the IMC tuning parameter is varied based on a set of predefined fuzzy

rules depending on the process operating conditions in terms of process error and

change of error. Qiu (2017) also proposes nonlinear IMC whereby a new approach

for nonlinear inversion, referred to as the structured quasi-linear parameter vary-

ing (quasi-LPV) model inverse, is developed and validated. However this nonlinear

IMC is applicable only when the nonlinear system has a special structural prop-

erty and has not been generalized for other uses. Clerget et al. (2017) proposed a

nonlinear IMC algorithm which is a sampled nonlinear MBC with successive model

inversion and bias correction. Global convergence and robustness is proved despite

time-varying delays and uncertain measurements dating.

1.3 Gap areas

From the above elaborate literature survey on the pertinent issue, the following gap

areas are observed.

1. The existing linear OBF models have the limitations in accurately modelling

the resonating processes. Even with substantial mathematical efforts, available

linear OBF models remain non parsimonious in nature and the degrees of

freedom increases. There exists huge potential to unearth the full potential of

Kautz modelling technique.

2. MBC of linear and/or mildly nonlinear resonating processes are still grossly

unexplored due to lack of appropriate modelling techniques.

3. Even though the Wiener modeling technique is very popular in the area of

system identification no efforts has been observed to use this technique in the

context of nonlinear resonating systems.

4. It is observed that the highly nonlinear resonating processes such as chemi-

cal process control applications operate with a higher compromise because of
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the absence of accurate nonlinear modelling technique, especially when it is

required to operate the processes in high resonating zones.

5. Nonlinear IMC(NIMC), which is one of the important NMBC strategy is still

unexplored in the prescriptive of Wiener modelling through optimization based

model inversion.

These gap areas assist one to identify the measurable objectives of the thesis.

1.4 Objectives of the Thesis

The overall aim of the thesis is to develop a novel approach of MBC of resonating

processes in the context of above key issues and study their merits. The aim can be

achieved through the following measurable objectives.

1. Development of efficient linear mathematical modeling technique by using

OBFs, especially Kautz functions in standard state space form. Focus will

be on the identification of linear and mildly nonlinear resonating systems and

other issues related to resonating systems.

2. Development of an explicit MPC algorithm by describing the required control

actions with the Kautz functions. The stability margins of the proposed MPC

may be analyzed by Lyapunov stability theory.

3. Development of Wiener type Kautz model using two different nonlinear map-

ping tools viz, Wavelet Network and Least Squares SVM (or LSSVM) for

identification of nonlinear resonating systems. This class of models may be

termed as Kautz - Wiener models.

4. It is also desired to use the developed Kautz - Wiener models in formulation

of two nonlinear MBD applications, viz., NMPC and NIMC.

5. Finally it is intended to prove the efficacy of the Kautz functions through var-

ious simulation case studies, viz., linear mechanical oscillatory system, mildly

nonlinear electro - mechanical system and highly nonlinear chemical reactors.
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1.5 Outline of the Thesis

This thesis is divided into two sub fields viz., linear, nonlinear system identification

and MBC of resonating systems. A brief summary of each of the following chapters

is furnished below.

Chapter 2 deals with identification of linear resonating systems using linear Kautz

functions model. In this model, the Kautz functions are derived in discrete time state

space domain in the same line of Laguerre functions in order to form a model called,

Kautz model. The efficacy of the Kautz model is demonstrated with two case studies:

(i) Linear oscillatory mechanical system. (ii) Mildly nonlinear electromechanical

system.

Chapter 3 deals with Explicit MPC design for resonating linear and mildly non-

linear systems. MPC has been presented with recursive Kautz model. They have

been formulated in a recursive fashion in order to compute the future incremental

control effort of MPC. A complete theoretical background of the proposed controller

is presented. Use of Kautz functions in the optimization procedure leads to a parsi-

monious representation. The stability of the developed control algorithm is proved

through Lyapunov stability theory. The efficacy of the proposed MPC is evaluated

through the same case studies as in Chapter 2.

A novel kind of Wiener model is developed for identification of highly nonlinear

resonating systems in Chapter 4. Two types of OBF’s viz., Laguerre functions

and Kautz functions, are employed to capture the linear dynamic part of Wiener

structure while the static nonlinear mapping is described by two means, viz., wavelet

decomposition and least squares support vector machine. Use of OBF leads to

parsimony for nonlinear model too. The superiority of the proposed Wiener model

is demonstrated through two simulation case studies: (i.) Continuous Stirred Tank

Reactor (CSTR) which is reasonably nonlinear resonating system. (ii.) Series CSTR

(or SCSTR) where degree of non-linearity as well as resonance increases manifold.

The above nonlinear models have further been employed in the Chapter 5 for

developing nonlinear MBC strategies and their closed loop control performance have
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been evaluated through case studies involving same CSTR’s. Two types of MBC

strategies were adopted, viz., NMPC and NIMC. In case of NIMC, the problem of

model inversion has been addressed, first of it’s kind in approach, through tactical

modification of Wiener model coupled with optimization technique. Deletion of

positive zeros from OBF while modifying the Wiener model is the uniqueness of this

work and it ensures the stability of the controller.

Finally, based on the works furnished in the chapter 2 to chapter 5, some con-

clusions are drawn in the chapter 6. Based on the experience of the author while

working for this thesis some future recommendations are provided.
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Chapter 2

Identification of Resonating

systems using Linear Kautz Model

Kautz functions were first proposed by William.H.Kautz at (Kautz, 1954). The prob-

lem of constructing an orthonormal set from a set of continuous time exponentials

has elegantly solved. The key idea of that research is to determine the corresponding

Laplace transform which will be very simple in structure. The analogous discrete

problem is solved by (Ninness, 1996).

Kautz filters have the ability to describe any physical system which is having

complex poles. Although the Kautz filters have their first inspection in the field of

system approximation in 1960′s, but was left with less priority till date. The reason

could be the complicated structure of the Kautz filters. However, the use of Kautz

filters in modelling the resonating system will greatly increases the accuracy and the

parsimonious nature.

2.1 Theoretical Development

The problem of orthogonalizing a set of discrete time exponential functions can be

summarized as the following Wahlberg (1991a):

17

TH-1663_10610708



2.1. THEORETICAL DEVELOPMENT

The sequence of functions Ψj (z)

Ψ2n−1 (z) = C(n)
o

{
1− a(n)

o z
}

Γ(n) (z) (2.1)

Ψ2n (z) = C(n)
e

{
1− a(n)

e z
}

Γ(n) (z) (2.2)

for ∀n = 1, 2, ... where

Γ(n) (z) =

n−1∏
j=1

(1− βjz)
(
1− β∗j z

)
n∏
j=1

(z − βj)
(
z − β∗j

) (2.3)

{
1 + a(n)

o a(n)
e

}
(1 + βnβ

∗
n) −

{
a(n)
o + a(n)

e

}
(βn + β∗n) = 0

C(n)
g =

√√√√√√√√
(1− β2

n) (1− β∗2n ) (1− βnβ∗n){
1 +

(
a

(n)
g

)2
}
{1 + βnβ

∗
n}

−2a
(n)
g {βn + β∗n}

(2.4)

form an orthonormal set, i.e.,

δjl =
1

2πi

∮
Ψj (z) Ψl

(
z−1
) dz
z

(2.5)

where δjl is the Kronecker delta function and βn, β
∗
n ∈ C in the region |βn| < 1. The

functions {Ψj (z) ,∀j}, where j = 1, 2, · · · are called discrete Kautz functions. The

suffix ‘g’ for ‘C’ and ‘a’ in Eq.2.4 collectively represents suffices ‘o’ and ‘e’, as and

when appropriate. �
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2.2 Kautz Representation

2.2.1 Recursive Linear Kautz functions Model

By taking the inverse Z-transform of the Kautz functions defined in Theorem 2.1 as

Ψ(k) = Z−1Ψ(z) (2.6)

and expressing the ith pole-pairs of the Kautz model parameters as

h
(i)
1 = − (βi + β∗i ) (2.7)

h
(i)
2 = βiβ

∗
i (2.8)

the odd Kautz functions, given in Eq. 2.1, can further be derived as

Ψ2i−1 (z) = C(i)
o

(
1− a(i)

o z
)

Γ(i) (z)

= C(i)
o

(
1− a(i)

o z
)
× (1− βiz) (1− β∗i z)

(z − βi) (z − β∗i )
Γ(i−1) (z)

= C(i)
o

(
1− a(i)

o z
)
× 1− (βi + β∗i ) z + βiβ

∗
i z

2

z2 − (βi + β∗i ) z + βiβ∗i
×

Ψ2(i−1)−1 (z)

C
(i−1)
o

(
1− a(i−1)

o z
)

= . . .

= p
(i)
o,0 ×

z3 + p
(i)
o,1z

2 + p
(i)
o,2z + p

(i)
o,3

z3 − p(i)
o,4z

2 − p(i)
o,5z − p

(i)
o,6

×Ψ2(i−1)−1 (z) (2.9)

In a similar fashion, the even Kautz functions, given in Eq.2.2, can further be derived

as

Ψ2i (z) = p
(i)
e,0 ×

z3 + p
(i)
e,1z

2 + p
(i)
e,2z + p

(i)
e,3

z3 − p(i)
e,4z

2 − p(i)
e,5z − p

(i)
e,6

×Ψ2(i−1) (z) (2.10)

The detailed derivation of Eq. 2.9 and Eq. 2.10 are given in Appendix A. The

suffices ‘o’ and ‘e’ indicate the corresponding parameters of the odd and even Kautz
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2.2. KAUTZ REPRESENTATION

functions respectively. These suffices are collectively represented as suffix ‘g’

p
(i)
g,0 =

C
(i)
g a

(i)
g h

(i)
2

C
(i−1)
g a

(i−1)
g

(2.11)

p
(i)
g,1 =

h
(i)
1

h
(i)
2

− 1

a
(i)
g

(2.12)

p
(i)
g,2 =

1

h
(i)
2

− h
(i)
1

a
(i)
g h

(i)
2

(2.13)

p
(i)
g,3 = − 1

a
(i)
g h

(i)
2

(2.14)

p
(i)
g,4 =

1

a
(i−1)
g

− h(i)
1 (2.15)

p
(i)
g,5 =

h
(i)
1

a
(i−1)
g

− h(i)
2 (2.16)

p
(i)
g,6 =

h
(i)
2

a
(i−1)
g

(2.17)

The odd Kautz functions in Eq. 2.9 are in 3rd order Z - domain and they can be

represented in discrete time domain as follows:

Ψ2i−1 (k + 3) = p
(i)
o,4Ψ2i−1 (k + 2) + p

(i)
o,5Ψ2i−1 (k + 1) + p

(i)
o,6Ψ2i−1 (k)

+ p
(i)
o,0

{
Ψ2(i−1)−1 (k + 3) +p

(i)
o,1Ψ2(i−1)−1 (k + 2) + p

(i)
o,2

Ψ2(i−1)−1 (k + 1) +p
(i)
o,3Ψ2(i−1)−1 (k)

}
(2.18)

The general expression for the odd Kautz functions can be derived by using long

division method on Eq. 2.9.

Ψ2i−1 (z) = p
(i)
o,0Ψ2(i−1)−1 (0) z−1 + p

(i)
o,0

{
Ψ2(i−1)−1 (1) +Ψ2(i−1)−1 (0)

(
p

(i)
o,1 + p

(i)
o,4

)}
z−2

+ p
(i)
o,0

{
Ψ2(i−1)−1 (2) + Ψ2(i−1)−1 (1)

(
p

(i)
o,1 + p

(i)
o,4

)
+ Ψ2(i−1)−1 (0)

(
p

(i)
o,2 + p

(i)
o,5

)
+Ψ2(i−1)−1 (0) p

(i)
o,4

(
p

(i)
o,1 + p

(i)
o,4

)}
z−3 + · · · (2.19)
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The samples at time instants 1,2 and 3 are observed from Eq. 2.19.

Ψ2i−1 (1) = p
(i)
o,0ψ2(i−1)−1 (0) (2.20a)

Ψ2i−1 (2) = p
(i)
o,0

{
Ψ2(i−1)−1 (1) +Ψ2(i−1)−1 (0)

(
p

(i)
o,1 + p

(i)
o,4

)}
(2.20b)

Ψ2i−1 (3) = p
(i)
o,0

{
Ψ2(i−1)−1 (2) + Ψ2(i−1)−1 (1)

(
p

(i)
o,1 + p

(i)
o,4

)
+Ψ2(i−1)−1 (0)

(
p

(i)
o,2 + p

(i)
o,5

)
+Ψ2(i−1)−1 (0) p

(i)
o,4

(
p

(i)
o,1 + p

(i)
o,4

)}
(2.20c)

Eqs. 2.20a–2.20c provides the necessary past values in Eq. 2.18.

For i = 1,

Ψ1 (z) = C(1)
o

(
1− a(1)

o z
)

Γ(1) (z)

=
C

(1)
o

(
1− a(1)

o z
)

z2 + h
(1)
1 z + h

(1)
2

(2.21)

Ψ1 (k + 2) = −h(1)
1 Ψ1 (k + 1)− h(1)

2 Ψ1 (k) (2.22)

and long division of Eq. 2.21 leads to the following Z-domain form

Ψ1 (z) = −C(1)
o a(1)

o z−1 + C(1)
o

{
1 + a(1)

o h
(1)
1

}
z−2

+ C(1)
o

[
a(1)
o h

(1)
2 − h

(1)
1

{
1 + a(1)

o h
(1)
1

}]
z−3 + · · · (2.23)

with

Ψ1 (1) = −C(1)
o a(1)

o (2.24a)

Ψ1 (2) = C(1)
o

{
1 + a(1)

o h
(1)
1

}
(2.24b)

Ψ1 (3) = C(1)
o

{
a(1)
o h

(1)
2 − h

(1)
1

(
1 + a(1)

o h
(1)
1

)}
(2.24c)

Now, from Eq. 2.22

Ψ1 (k + 3) = −h(1)
1 Ψ1 (k + 2)− h(1)

2 Ψ1 (k + 1) (2.25)

21

TH-1663_10610708
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For i = 2, using Eq. 2.18 and Eq. 2.25

Ψ3 (k + 3) = p
(2)
o,0

(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) + p

(2)
o,4Ψ3 (k + 2) + p

(2)
o,0

(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1) + p

(2)
o,5Ψ3 (k + 1) + p

(2)
o,0p

(2)
o,3Ψ1 (k) + p

(2)
o,6Ψ3 (k) (2.26)

For i = 3, using Eq. 2.18 and Eq. 2.26

Ψ5 (k + 3) =

(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) + p

(3)
o,0

(
p

(2)
o,4 + p

(3)
o,1

)
Ψ3 (k + 2)

+ p
(3)
o,4Ψ5 (k + 2) +

(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1) + p

(3)
o,0

(
p

(2)
o,5 + p

(3)
o,2

)
×Ψ3 (k + 1) + p

(3)
o,5Ψ5 (k + 1) +

(
3∏
i=2

p
(i)
o,0

)
p

(2)
o,3Ψ1 (k) + p

(3)
o,0

(
p

(2)
o,6 + p

(3)
o,3

)
×Ψ3 (k) + p

(3)
o,6Ψ5 (k) (2.27)

Similarly for i = 4, using Eq. 2.18, Eq. 2.26 and Eq. 2.27

Ψ7 (k + 3) =

(
4∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) +

(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,4 + p

(3)
o,1

)
×Ψ3 (k + 2) + p

(4)
o,0

(
p

(3)
o,4 + p

(4)
o,1

)
Ψ5 (k + 2) + p

(4)
o,4Ψ7 (k + 2)

+

(
4∏
i=2

p
(i)
o,0

)(
p

(2)
o,2 − h

(1)
2

)
×Ψ1 (k + 1) +

(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,5 + p

(3)
o,2

)
×Ψ3 (k + 1) + p

(4)
o,0

(
p

(3)
o,5 + p

(4)
o,2

)
×Ψ5 (k + 1) + p

(4)
o,5Ψ7 (k + 1)

+

(
4∏
i=2

p
(i)
o,0

)
p

(2)
o,3Ψ1 (k) +

(
4∏
i=3

p
(i)
o,0

)
×
(
p

(2)
o,6 + p

(3)
o,3

)
Ψ3 (k)

+p
(4)
o,0

(
p

(3)
o,6 + p

(4)
o,3

)
Ψ5 (k) + p

(4)
o,6Ψ7 (k) (2.28)
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The Eq. 2.25, Eq. 2.26, Eq. 2.27 and Eq. 2.28 together can be written in a compact

matrix form as following
Ψ1 (k + 3)

Ψ3 (k + 3)

Ψ5 (k + 3)

Ψ7 (k + 3)

 =
[
m11 m12 m13 m14

]


Ψ1 (k + 2)

Ψ3 (k + 2)

Ψ5 (k + 2)

Ψ7 (k + 2)



+
[
m21 m22 m23 m24

]


Ψ1 (k + 1)

Ψ3 (k + 1)

Ψ5 (k + 1)

Ψ7 (k + 1)



+
[
m31 m32 m33 m34

]


Ψ1 (k)

Ψ3 (k)

Ψ5 (k)

Ψ7 (k)

 (2.29)

where

m11 =



−h(1)
1

p
(2)
o,0

(
p

(2)
o,1 − h

(1)
1

)(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)
(

4∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)



m12 =



0

p
(2)
o,4

p
(3)
o,0

(
p

(2)
o,4 + p

(3)
o,1

)(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,4 + p

(3)
o,1

)


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[
m13 m14

]
=


0 0

0 0

p
(3)
o,4 0

p
(4)
o,0

(
p

(3)
o,4 + p

(4)
o,1

)
p

(4)
o,4



m21 =



−h(1)
2

p
(2)
o,0

(
p

(2)
o,2 − h

(1)
2

)(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,2 − h

(1)
2

)
(

4∏
i=2

p
(i)
o,0

)(
p

(2)
o,2 − h

(1)
2

)



m22 =



0

p
(2)
o,5

p
(3)
o,0

(
p

(2)
o,5 + p

(3)
o,2

)(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,5 + p

(3)
o,2

)



[
m23 m24

]
=


0 0

0 0

p
(3)
o,5 0

p
(4)
o,0

(
p

(3)
o,5 + p

(4)
o,2

)
p

(4)
o,5



m31 =



0

p
(2)
o,0p

(2)
o,3(

3∏
i=2

p
(i)
o,0

)
p

(2)
o,3(

4∏
i=2

p
(i)
o,0

)
p

(2)
o,3



m32 =



0

p
(2)
o,6

p
(3)
o,0

(
p

(2)
o,6 + p

(3)
o,3

)(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,6 + p

(3)
o,3

)


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[
m33 m34

]
=


0 0

0 0

p
(3)
o,6 0

p
(4)
o,0

(
p

(3)
o,6 + p

(4)
o,3

)
p

(4)
o,6


By analyzing the above derived matrix equality, one can easily observe that the set

of Kautz functions can be represented in recursive manner that satisfies the following

difference equation with initial conditions Ψ(1), Ψ(2) and Ψ(3).



Ψ1 (k + 3)

Ψ3 (k + 3)

Ψ5 (k + 3)

Ψ7 (k + 3)
...

Ψ2n−1 (k + 3)


= Ω2,o



Ψ1 (k + 2)

Ψ3 (k + 2)

Ψ5 (k + 2)

Ψ7 (k + 2)
...

Ψ2n−1 (k + 2)


+ Ω1,o



Ψ1 (k + 1)

Ψ3 (k + 1)

Ψ5 (k + 1)

Ψ7 (k + 1)
...

Ψ2n−1 (k + 1)



+ Ω0,o



Ψ1 (k)

Ψ3 (k)

Ψ5 (k)

Ψ7 (k)
...

Ψ2n−1 (k)


(2.30)

And the nth rows of the matrices Ω2,o, Ω1,oand Ω0,o will be
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Ω2,o (n) =



{
n∏
i=2

p
(i)
o,0

}(
p

(2)
o,1 − h

(1)
1

)
{

n∏
i=3

p
(i)
o,0

}(
p

(2)
o,4 + p

(3)
o,1

)
{

n∏
i=4

p
(i)
o,0

}(
p

(3)
o,4 + p

(4)
o,1

)
...{

n∏
i=n−1

p
(i)
o,0

}(
p

(n−2)
o,4 + p

(n−1)
o,1

)
p

(n)
o,0

(
p

(n−1)
o,4 + p

(n)
o,1

)
p

(n)
o,4



T

(2.31)

Ω1,o (n) =



{
n∏
i=2

p
(i)
o,0

}(
p

(2)
o,2 − h

(1)
2

)
{

n∏
i=3

p
(i)
o,0

}(
p

(2)
o,5 + p

(3)
o,2

)
{

n∏
i=4

p
(i)
o,0

}(
p

(3)
o,5 + p

(4)
o,2

)
...{

n∏
i=n−1

p
(i)
o,0

}(
p

(n−2)
o,5 + p

(n−1)
o,2

)
p

(n)
o,0

(
p

(n−1)
o,5 + p

(n)
o,2

)
p

(4)
o,5



T

(2.32)

Ω0,0 (n) =



{
n∏
i=2

p
(i)
o,0

}
p

(2)
o,3{

n∏
i=3

p
(i)
o,0

}(
p

(2)
o,6 + p

(3)
o,3

)
{

n∏
i=4

p
(i)
o,0

}(
p

(3)
o,6 + p

(4)
o,3

)
...{

n∏
i=n−1

p
(i)
o,0

}(
p

(n−2)
o,6 + p

(n−1)
o,3

)
p

(n)
o,0

(
p

(n−1)
o,6 + p

(n)
o,3

)
p

(4)
o,6



T

(2.33)

Similarly, starting from Eq. 2.10 one can easily obtain similar structure for even
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Kautz functions in a recursive form as,

Ψ2 (k + 3)

Ψ4 (k + 3)

Ψ6 (k + 3)

Ψ8 (k + 3)
...

Ψ2n (k + 3)


= Ω2,e



Ψ2 (k + 2)

Ψ4 (k + 2)

Ψ6 (k + 2)

Ψ8 (k + 2)
...

Ψ2n (k + 2)


+ Ω1,e



Ψ2 (k + 1)

Ψ4 (k + 1)

Ψ6 (k + 1)

Ψ8 (k + 1)
...

Ψ2n (k + 1)


+ Ω0,e



Ψ2 (k)

Ψ4 (k)

Ψ6 (k)

Ψ8 (k)
...

Ψ2n (k)


(2.34)

where the nth rows of the matrices Ω2,e, Ω1,eand Ω0,e are

Ω2,e (n) =



{
n∏
i=2

p
(i)
e,0

}(
p

(2)
e,1 − h

(1)
1

)
{

n∏
i=3

p
(i)
e,0

}(
p

(2)
e,4 + p

(3)
e,1

)
{

n∏
i=4

p
(i)
e,0

}(
p

(3)
e,4 + p

(4)
e,1

)
...{

n∏
i=n−1

p
(i)
e,0

}(
p

(n−2)
e,4 + p

(n−1)
e,1

)
p

(n)
e,0

(
p

(n−1)
e,4 + p

(n)
e,1

)
p

(n)
e,4



T

(2.35)

Ω1,e (n) =



{
n∏
i=2

p
(i)
e,0

}(
p

(2)
e,2 − h

(1)
2

)
{

n∏
i=3

p
(i)
e,0

}(
p

(2)
e,5 + p

(3)
e,2

)
{

n∏
i=4

p
(i)
e,0

}(
p

(3)
e,5 + p

(4)
e,2

)
...{

n∏
i=n−1

p
(i)
e,0

}(
p

(n−2)
e,5 + p

(n−1)
e,2

)
p

(n)
e,0

(
p

(n−1)
e,5 + p

(n)
e,2

)
p

(4)
e,5



T

(2.36)
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and

Ω0,e (n) =



{
n∏
i=2

p
(i)
e,0

}
p

(2)
e,3{

n∏
i=3

p
(i)
e,0

}(
p

(2)
e,6 + p

(3)
e,3

)
{

n∏
i=4

p
(i)
e,0

}(
p

(3)
e,6 + p

(4)
e,3

)
...{

n∏
i=n−1

p
(i)
e,0

}(
p

(n−2)
e,6 + p

(n−1)
e,3

)
p

(n)
e,0

(
p

(n−1)
e,6 + p

(n)
e,3

)
p

(4)
e,6



T

(2.37)

Now, the Eq. 2.30 and Eq. 2.34 can be represented in a single equation as

Ψ(k + 3) = Ω2Ψ(k + 2) + Ω1Ψ(k + 1) + Ω0Ψ(k) (2.38)

where

Ψ(k) =



Ψ1(k)

Ψ2(k)

Ψ3(k)
...

Ψ2N(k)


(2.39)

and

Ωp(2i− 1, 2j − 1) =


Ωp,o (i, j) , i = j, i ∈ [1 N ], j ∈ [1 N ]

Ωp,o (i, j) , i 6= j, i ∈ [2 N ], j =∈ [1 i]

0, Otherwise

Ωp(2i, 2j) =


Ωp,e (i, j) , i = j, i ∈ [1 N ], j ∈ [1 N ]

Ωp,e (i, j) , i 6= j, i ∈ [2 N ], j ∈ [1 i]

0, Otherwise

(2.40)

where p = 0, 1, 2. The detailed derivation of Eqs.(2.9) - (2.40) have been given in Appendix

A.
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2.2.2 State space representation

Let G(z) be any function which is strictly proper i.e. G(∞) = 0, analytic in |z| > 1, and

continuous in |z| ≥ 1. Let {βn, β∗n} < 1, then the pulse-transfer function can be estimated

as a linear combination of OBFs (Aadaleesan et al., 2008; Saha et al., 2004; Wahlberg,

1991a). Using Kautz functions defined in Theorem 2.1

G(z) =

2N∑
i=1

θiΨi(z) (2.41)

where input-output relation can be expressed as

ŷ(k) = Z−1{G(z)u(z)} = Θ Φ(k) (2.42)

where

Φ (k) =
[
ϕ1 (k) ϕ2 (k) · · · ϕ2N−1 (k) ϕ2N (k)

]T
(2.43)

Θ =
[
θ1 θ2 · · · θ2N−1 θ2N

]
(2.44)

The parameter vector Θ can be estimated using a least squares approach. The Kautz

model can further be represented as the following state space realization (with shift oper-

ator q). By defining the states x2n−1 (k) and x2n (k) for ∀n = 1, 2, ...N as

x2n−1(k) =


q

q2 + h
(1)
1 q + h

(1)
2

u(k), for n = 1.

h
(n−1)
2 q2 + h

(n−1)
1 q + 1

q2 + h
(n)
1 q + h

(n)
2

x2n−3(k),∀n ≥ 2

(2.45)

x2n(k) = x2n−1(k − 1) (2.46)

where Kautz model parameters are

h
(n)
1 = − (βn + β∗n) (2.47)

h
(n)
2 = βnβ

∗
n (2.48)
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The components of regression vector in Eq. 2.43 are expressed as

ϕ2n−1 (k) = C(n)
o

[
x2n(k)− a(n)

o x2n−1(k)
]

(2.49)

ϕ2n (k) = C(n)
e

[
x2n(k)− a(n)

e x2n−1(k)
]

(2.50)

where C
(n)
o and C

(n)
e are defined with the help of Eq. 2.4, Eq. 2.47 and Eq. 2.48 as

C(n)
g =

√√√√√√
{

1−
(
h

(n)
1

)2
+ 3

(
h

(n)
2

)2
}(

1− h(n)
2

)
(

1 + a
(n)2
g

)(
1 + h

(n)
2

)
+ 2a

(n)
g h

(n)
1

(2.51)

The states in Eq. 2.45 and Eq. 2.46 can further be arranged in vector forms as

xo (k) =
[
x1 (k) x3 (k) x5 (k) ... x2N−1 (k)

]T
(2.52)

xe (k) =
[
x2 (k) x4 (k) x6 (k) ... x2N (k)

]T
=
[
x1 (k − 1) x3 (k − 1) ... x2N−1 (k − 1)

]T
= xo (k − 1) (2.53)

which would yield the complete state space representation as

x (k + 1) = Ax (k) + bu (k) (2.54)

where

x (k) =
[
x1 (k) x2 (k) ... x2N−1 (k) x2N (k)

]T
(2.55)

and

A =
[
A1 A2 · · · AN

]
(2.56)

b =

[
1 0 h

(1)
2 0

2∏
i=1

h
(i)
2 0

3∏
i=1

h
(i)
2 0 ...

N−1∏
i=1

h
(i)
2 0

]T
(2.57)
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where

A1 =



−h(1)
1 −h(1)

2

1 0

h
(1)
1

(
1− h(1)

2

)
1−

(
h

(1)
2

)2

0 0

h
(1)
1 h

(2)
2

(
1− h(1)

2

)
h

(2)
2

{
1−

(
h

(1)
2

)2
}

0 0

h
(1)
1

3∏
i=2

h
(i)
2

(
1− h(1)

2

) 3∏
i=2

h
(i)
2

{
1−

(
h

(1)
2

)2
}

0 0

h
(1)
1

4∏
i=2

h
(i)
2

(
1− h(1)

2

) 4∏
i=2

h
(i)
2

{
1−

(
h

(1)
2

)2
}

0 0
...

...

h
(1)
1

N−1∏
i=2

h
(i)
2

(
1− h(1)

2

) N−1∏
i=2

h
(i)
2

{
1−

(
h

(1)
2

)2
}

0 0



(2.58)

and

A2 =



0 0

0 0

−h(2)
1 −h(2)

2

1 0

h
(2)
1

(
1− h(2)

2

)
1−

(
h

(2)
2

)2

0 0

h
(2)
1 h

(3)
2

(
1− h(2)

2

)
h

(3)
2

{
1−

(
h

(2)
2

)2
}

0 0

h
(2)
1

4∏
i=3

h
(i)
2

(
1− h(2)

2

) 4∏
i=3

h
(i)
2

{
1−

(
h

(2)
2

)2
}

0 0
...

...

h
(2)
1

N−1∏
i=3

h
(i)
2

(
1− h(2)

2

) N−1∏
i=3

h
(i)
2

{
1−

(
h

(2)
2

)2
}

0 0



(2.59)
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and

AN =


010×1 010×1

...
...

−h(N)
1 −h(N)

2

1 0

 (2.60)

where 010×1 is a 10× 1 zero matrix. Detailed derivation of Eqs. (2.54)−(2.60)is given

in the Appendix B. The regressors in Eq. 2.49 and Eq. 2.50 can be written as

ϕo (k) = co ◦ [xe (k)− ao ◦ xo (k)] (2.61)

ϕe (k) = ce ◦ [xe (k)− ae ◦ xo (k)] (2.62)

where ◦ denotes the Schur product and

ϕo (k) =
[
ϕ1 (k) ϕ3 (k) ϕ5 (k) ... ϕ2N−1 (k)

]T
(2.63)

ϕe (k) =
[
ϕ2 (k) ϕ4 (k) ϕ6 (k) ... ϕ2N (k)

]T
(2.64)

co =
[
C

(1)
o C

(2)
o C

(3)
o ... C

(N)
o

]T
(2.65)

ce =
[
C

(1)
e C

(2)
e C

(3)
e ... C

(N)
e

]T
(2.66)

ao =
[
a

(1)
o a

(2)
o a

(3)
o ... a

(N)
o

]T
(2.67)

Eq. 2.63 and Eq. 2.64 can be rearranged as a single vector as following

ϕ (k) =
[
ϕ1 (k) ϕ2 (k) ... ϕ2N−1 (k) ϕ2N (k)

]T
(2.68)

For a linear model represented by Eq. 2.41, the model output can be computed as the

weighted sum of the Kautz states.

ŷ(k) = cTϕ (k) (2.69)

where the elements of vector c are the Kautz filters coefficients, i.e.,

c =
[
c1 c2 c3 ... c2N

]T
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2.3 Numerical Examples

Two simulation case studies are presented here to show the efficacy of the proposed linear

Kautz model. All the simulations were carried out using 64 bit MATLAB R© (Version

10) under Windows 7 operating system in a PC with Intel(R) CoreTM 2 Duo processor

@2.4GHz speed.

2.3.1 Case study I: Linear oscillatory non-minimum phase

system

Description of the system

A mechanical system that exhibits oscillatory and non-minimum phase characteristics(Wang,

2004) is considered in this example. The system has 2 pairs of complex conjugate poles,

one pair of complex conjugate zeros and one real zero. The system shows inverse response

because of the non-minimum phase characteristics.

G(z) =
−5.798z3 + 19.5128z2 − 21.645z + 7.9547

z4 − 3.0228z3 + 3.8632z2 − 2.6426z + 0.8084
(2.70)

In order to develop the linear Kautz model, the system is excited with random input signal

with mean −0.22 and variance 14.738. Total 1000 input and output data of the system are

recorded at a sampling period of 0.1 sec. Seventy five percent of the data has been used

for training the linear Kautz model whereas rest 25% data are used for model validation

purpose. The model parameters are estimated by least square estimation through the

training dataset.

The Kautz filters poles are randomly selected as 0.5 + j0.5 (center of the unit circle)

and the number of Kautz filters states as 6. The approximation capabilities of linear Kautz

model are graphically shown in Fig. 2.1 and Fig. 2.2. It’s very clearly evident from Fig.

2.1 that the linear Kautz model is quit able to capture the high oscillatory response of the

process by very closely following the process output and the mean square error between

the process output and linear Kautz model output is as low as 0.304.
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Figure 2.1: Dynamic response of linear Kautz model for highly oscillatory mechanical
system
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Figure 2.2: Input to linear Kautz model for highly oscillatory mechanical system
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Figure 2.3: The schematic of a magnetic ball suspension system

2.3.2 Case study II: Mildly nonlinear magnetic ball suspen-

sion system

The Fig. 2.3 shows a schematic of Magnetic Ball Suspension System (MBSS). It consists of

an electromagnet firmly placed at the ceiling of an encloser while an iron ball is suspended

over the floor by means of a spring. The electric coil that winds the electromagnet has a

resistor (R) and an inductor (L) in series. The voltage, e, supplied to the electromagnet

yields a current (i) which in turn generates the magnetic field sufficient to pull the iron ball

upwards. The mass of the ball is M and the spring constant is k. The distance between

the ball and the electromagnet is denoted by y. The objective of the system is to control

the position of the ball (y) by adjusting the input voltage (e).

The differential equations of the system are given by

M
d2y (t)

dt2
+ k

dy (t)

dt
+Mg =

i2 (t)

y (t)
(2.71)

L
di (t)

dt
+Ri (t) = e (t) (2.72)

where g is the acceleration due to gravity. For all simulation studies in this paper, the

following numerical values have been considered, g = 9.8; M = 1; L = 10; R = 100; k = 1.

The nominal steady state position of the ball is 0.4939, (i.e. ys = 0.4939) away from the
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Figure 2.4: Dynamic response of linear Kautz model for MBSS

magnet; and the corresponding nominal value of input voltage and current are es = 220

and is = 2.2 respectively. The RHS expression of Eq.2.71 indicates that the process is

nonlinear in nature.

The system displays reasonably oscillatory response and also shows mildly nonlinear

dynamic characteristics. It is worth to examine how efficiently a linear Kautz model can

approximate this system.

In order to develop the linear Kautz model, the system is excited with random input

signal with mean 220.8 and variance 31.38. Total 1000 input and output data of the system

is recorded at a sampling period of 0.1 sec. Seventy five percent of the data has been used

for training the linear Kautz model whereas rest 25% data are used for model validation

purpose. The model parameters are estimated by least square estimation through the

training dataset.

The Kautz filters poles are randomly selected as 0.5 + j0.5 (center of the unit circle)

and the number of Kautz filters states as 6. The approximation capabilities of linear Kautz

model are graphically shown in Fig. 2.4 and Fig. 2.5. It’s very quit able to capture the

high oscillatory response of the process by following the process output very closely and

the mean square error between the process output and linear Kaut model output is as low

as 0.0034.
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Figure 2.5: Input to linear Kautz model for MBSS

2.4 Summary

Linear Kautz model has been developed to approximate the oscillatory dynamic character-

istics of physical systems. Two simulation case studies are presented to prove the efficacy

of the developed model. In both the cases the linear Kautz model is quit able to capture

the oscillatory dynamics with good accuracy. The Kautz filters poles are selected randomly

in order to maintain the simplicity in model development. However, they could also be

chosen optimally.
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Chapter 3

Explicit Linear Kautz filters model

for controlling Resonating Systems

An explicit linear MPC for controlling the resonating systems is formulated by extending

the recursive linear Kautz functions model developed in Section 2.2.1 of Chapter 2. In

the explicit MPC the incremental control action is calculated as the weighted sum of the

recursive Kautz states. The stability of the proposed linear MPC in presence of input

constraints is derived by adopting well known Lyapunov theory.

3.1 Theoretical developments

The Theorem related to problem of orthogonalizing a set of discrete time exponential

functions can be found in section 2.1 of Chapter 2. The details of the Kautz representation

and the recursive linear Kautz functions model are furnished in Section 2.2.1 of Chapter

2.

3.1.1 Control signal trajectory based on Kautz function

A set of discrete orthonormal Kautz functions is proposed in order to describe the future

incremental signal for controlling the underdamped dynamics of linear/mildly nonlinear

systems. The set of discrete Kautz functions Ψ1(k),Ψ2(k), · · · ,Ψ2N (k) are employed to
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represent the incremental control signal as follows:

∆u(k + j) ≈
2N∑
i=1

ci(k)Ψi(j) (3.1)

where ∆u(k + j) = u(k + j) − u(k + j − 1), k is the current time instant of moving

horizon window, j is the future time instant, N is the number of pairs of Kautz function

states required in estimation procedure and ci(k) are coefficients to be calculated. In

other words, the incremental control input is approximated as weighted sum of Kautz

function states. The above expression (Eq.3.1) can be viewed as a set of input signals,

∆u(k),∆u(k + 1), · · · ,∆u(k + Nc) in conventional MPC design, where Nc is the control

horizon.

3.1.2 State Feedback MPC using Recursive Kautz functions

The development of control algorithm is based on the state space model of the open loop

process.

x(k + 1) = Ax(k) + Bu(k)

y(k) = Cx(k) (3.2)

where, x(k) ∈ Rn is the state vector, u(k) ∈ R is the input and y(k) ∈ R is the output of

the system respectively. Assume that the plant has n states. The state space form of the

plant can be re-arranged in such a way that the incremental change in the input(∆u) is

manipulated variable. Creating a new state vector with incremental change in states and

the absolute value of the process output as X(k) = [∆x(k) y(k)]T , an augmented state

space model can be obtained as,

X(k + 1) = ΛX(k) + Υ∆u(k)

Y (k) = ΞX(k) (3.3)
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where

Λ =

 A 01

CA 1

 (3.4)

Υ =

 B

CB

 (3.5)

Ξ =
[
02 1

]
(3.6)

and ∆x(k) = x(k)− x(k − 1). Further 01, 02 are zero matrices with dimensions n× 1 and

1× n respectively.

The incremental control signal is represented as a linear combination of the Kautz

function states.

∆u(k + j) =
2N∑
i=1

ciΨi(j)

= Ψ(j)T η (3.7)

where ηT =
[
c1 c2 c3 ........ cN

]
.

The future predicted states from the augmented state space model can be estimated

as

X(k + j/k) = ΛjX(k) +

j−1∑
i=0

Λj−i−1Υ∆u(i)

= ΛjX(k) +

j−1∑
i=0

Λj−i−1ΥΨ(i)T η (3.8)

And the prediction for the plant output is

y(k + j/k) = ΞΛjX(k) + Ξ

j−1∑
i=0

Λj−i−1ΥΨ(i)T η

= ΞΛjX(k) + Φ(j)T η (3.9)

where

Φ(j)T = Ξ

j−1∑
i=0

Λj−i−1ΥΨ(i)T (3.10)
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MPC is an optimization based control strategy, and the performance measure is almost

always is a quadratic function. In a typical MPC algorithm, the aim is to find a set of

control input sequence(s) that will guide the predicted plant output y(k + j) towards the

target trajectory r(k + j). Suppose that future set point trajectory r(k + j), 0 ≤ j ≤ Np

is available. Now, the idea in MPC algorithm is to define a prediction horizon(Np) and

minimize the problem with a finite horizon cost function as

minimize
∆u

J(k)

subject to Eq.3.9, j = 1, . . . , Np.

∆umin ≤ ∆u ≤ ∆umax

where,

J(k) =

Np∑
j=1

[r(k + j)− Y (k + j/k)]TQ[r(k + j)− Y (k + j/k)]

+

Np−1∑
j=0

∆u(k + j)TR∆u(k + j) (3.11)

where Q = QT > 0 and R = RT > 0. Using Eq.(3.7) in Eq.(3.11)

J(k) =

Np∑
j=1

[r(k + j)− Y (k + j/k)]TQ[r(k + j)− Y (k + j/k)]

+

Np−1∑
j=0

ηTΨ(j)RΨ(j)T η (3.12)

By substituting Eq. 3.9 in Eq. 3.12 and without imposing any constraints on input(s).

The optimal value of the cost function can be found by differentiating the cost function

w.r.t η and equating it to zero.
∂J

∂η
= 0
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And the value of η at the optimum is given by

η∗ =


Np∑
j=1

Φ(j)QΦ(j)T +

Np−1∑
j=0

Ψ(j)RΨT (j)


−1

×
Np∑
j=1

[Φ(j)Q{r(k +m)− ΞΛjX(k)}] (3.13)

Now, the control law is realized as

∆u∗(k + j) = Ψ(j)T η∗ (3.14)

The change in the future control signal can be written by considering future reference

trajectories to remain constant within the prediction horizon and replacing j with k in

linear state feedback form as following.

∆u∗(k) = Sr(k)−KmpcX(k) (3.15)

where

S = Ψ(0)T


Np∑
j=1

Φ(j)QΦ(j)T +

Np−1∑
j=0

Ψ(j)RΨT (j)


−1

×
Np∑
j=1

(Φ(j)Q

Kmpc = Ψ(0)T


Np∑
j=1

Φ(j)QΦ(j)T +

Np−1∑
j=0

Ψ(j)RΨT (j)


−1

×
Np∑
j=1

Φ(j)QΞΛj (3.16)

3.2 Stability analysis

Without any constraints on input, the asymptotic stability of the unconstrained MPC

can be guaranteed by selecting proper values of control input weight matrix(R) or long
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prediction horizon(Np). The stability needs to be proved when the constraints are imposed

on control action. Although the system we analyze is a linear system, the constraints

introduce nonlinearity which makes the stability analysis more complicated. Assuming

∆umin and ∆umax are lower and upper limits on input manipulation, the constraint can

be denoted as

∆umin ≤ Ψ (j)T η∗k ≤ ∆umax (3.17)

where j = 0, 1, 2, · · · , (M − 1) denotes the set of future time instants at which constraints

are intended to be imposed. Similarly assuming the limits on the amplitude of the maip-

ulated variable, i.e. umin and umax, the constraint on the amplitude can be denoted as

umin ≤

uprev +
M−1∑
j=0

∆uj

 ≤ umax (3.18)

or

umin ≤

uprev +
M−1∑
j=0

Ψ (j)T η∗k

 ≤ umax (3.19)

where uprev is the value of previous control signal. These inequality constraints are im-

posed on calculation of J(k) in Eq. 3.12. The stability of the linear MPC in presence of

constraints can be established by defining the Control Lyapunov Function (CLF) as the

optimum of the cost function. Consider the CLF for regulatory response, i.e. for r(.) = 0.

V (k) =

Np∑
j=1

X(k + j/k)TQX(k + j/k)

+

Np−1∑
j=0

∆u∗(k + j)TR∆u∗(k + j) (3.20)

where

X(k + j/k) = ΛjX(k) +

j−1∑
i=0

Λj−i−1ΥΨ(i)T η∗k (3.21)

∆u(k + j) = Ψ(j)T η∗k (3.22)

and η∗k is the optimal coefficient vector for the CLF at sampling instant k.

[Stability of MPC] Suppose for a large value of Np the following additional (assumptions)
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constraints on terminal states and terminal incremental input hold for nominal controller

Cmpc(X).

1. X(k +Np + i) = 0,∀i

2. Cmpc(X(k +Np)) ≈ 0.

Then, MPC algorithm using the aforesaid minimization problem will guarantee the asymp-

totic stability. � At sampling instant

k + 1,

V (k + 1) =

Np∑
j=1

X(k + j + 1/k + 1)TQX(k + j + 1/k + 1)

+

Np−1∑
j=0

∆u∗(k + j + 1)TR∆u∗(k + j + 1) (3.23)

where

X(k + j + 1/k) = ΛjX(k + 1) +

j−1∑
i=0

Λj−i−1ΥΨ(i)T η∗k+1 (3.24)

∆u(k + j + 1) = Ψ(j)T η∗k+1 (3.25)

where η∗k+1 is the optimal coefficient vector for the CLF at sampling instant k + 1.

Again, a feasible solution (not optimal) can be obtained at sampling instant k + 1 by

using the one step ahead prediction resulting from the solution(η∗k) at sampling instant k

as

X(k + 1) = ΛX(k) + Υ∆u∗(k) (3.26)

i.e, the sub-optimal solution at k+ 1 can be obtained by shifting the optimal solution at k

one step forward. Therefore, the sub optimal cost is evaluated by applying input sequence

[Ψ(1)T η∗k,Ψ(2)T η∗k · · · ,Ψ(k +Np − 1)T η∗k, Cmpc(X(k +Np))].

Vsub−opt(k + 1) =

Np∑
j=1

[X(k + j + 1/k + 1)TQX(k + j + 1/k + 1)]

+

Np−1∑
j=0

[∆usub−opt(j)
TR∆usub−opt(j)]

= X(k + 2/k + 1)TQX(k + 2/k + 1) +X(k + 3/k + 1)TQX(k + 3/k + 1) + · · ·
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+X(k +Np + 1/k + 1)TQX(k +Np + 1/k + 1) + ∆u∗(k + 1)TR∆u∗(k + 1)

+∆u∗(k + 2)TR∆u∗(k + 2) + · · ·+ Cmpc(X(k +Np))
TRCmpc(X(k +Np))

= V (k)−X(k + 1/k)TQX(k + 1/k)−∆u∗(k)TR∆u∗(k)

+X(k +Np/k + 1)TQX(k +Np/k + 1)

+Cmpc(X(k +Np))
TRCmpc(X(k +Np)) (3.27)

Using the assumption in Theorem 3.2,

Vsub−opt(k + 1) = V (k)−X(k + 1/k)TQX(k + 1/k)−∆u∗(k)TR∆u∗(k) (3.28)

Let us denote the optimal value of the cost function at sampling instant k+ 1 as V (k+ 1)

and any sub-optimal cost function value Vsub−opt(k + 1) should follow that V (k + 1) ≤

Vsub−opt(k + 1), which means

V (k + 1) ≤ Vsub−opt(k + 1)

≤ V (k)−X(k + 1/k)TQX(k + 1/k)−∆u∗(k)TR∆u∗(k)

V (k + 1)− V (k) ≤ −X(k + 1/k)TQX(k + 1/k)−∆u∗(k)TR∆u∗(k) (3.29)

which implies that the Control Lyapunov Function (CLF) is a decreasing function and

hence the asymptotic stability is proved. Detailed derivation of the stability is given in

Appendix B.

3.3 Numerical Examples

MPC based on two OBFs, viz. Laguerre functions(Wang, 2004) and Kautz functions

(present study) have been developed and their performances are compared through sim-

ulation studies. Two simulation case studies are presented here to show the efficacy of

the proposed Kautz MPC. All the simulations were carried out using 64 bit MATLAB R©

(Version 10) under Windows 7 operating system in a PC with Intel(R) CoreTM 2 Duo

processor @2.4GHz speed.
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3.3.1 Case study I: Linear oscillatory non-minimum phase

system

Description of the system

For the system description the reader is advised to refer Section 2.3.1 of Chapter 2.

Unconstrained control study

With td = 0, In (Wang, 2004), the incremental control action is represented by using set

of Laguerre functions with Laguerre model parameter a = 0.9. It needed 10 coefficients of

Laguerre functions to obtain a reliable and efficient control action(Fig. 3.1 and Fig. 3.2).

The control algorithm of (Wang, 2004) was redeveloped with lesser number of Laguerre

functions such as N = 7 and N = 4. The prediction horizon and control horizon of the

MPC are 100 and 1 respectively. It is observed that the efficiency of the control action

decreases with decreasing number of Laguerre coefficients. The response of the process

becomes more oscillatory under such inefficient control action and with unacceptable over-

shoots. The settling time of the process becomes longer too. Controlled output under

Laguerre-MPC with N = 4 shows 25% overshoot and settles after 160s whereas the con-

trolled output under Laguerre-MPC with N = 7 settles within 100s albeit without much

overshoot. The ISE values of their control performance are 9.3468 and 7.4467 respec-

tively. On the other hand, Laguerre-MPC with N = 10 and Kautz-MPC show a settling

time of about 25s while their controlled responses do not show any overshoot. Moreover

the manipulated input of Kautz-MPC demonstrates shorter oscillations than its Laguerre

counterpart. Further, the Kautz function based MPC is able to serve the purpose only

with 4 Kautz states. It is observed from Fig.3.1 and Fig.3.2 that the Kautz function based

MPC, with considerable less number parameters, is able to produce control performance

similar to the one showed by the Laguerre-MPC with N = 10. The robustness of the con-

troller is increased with a controller with less number of parameters as degrees of freedom

is fewer. The ISE values of controlled responses by Kautz-MPC and Laguerre-MPC with

N = 10 are 7.2318 and 7.3185 respectively.

With input time delay td = 4 and by keeping the all MPC tuning parameters unchanged

the performance of the proposed control algorithm is shown in Fig. 3.3 and Fig. 3.4. The
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Figure 3.1: Performance of unconstrained MPC in Case Study I: Controlled output
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Figure 3.2: Performance of unconstrained MPC in Case Study I: Manipulated input
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Figure 3.3: Performance of unconstrained MPC in Case Study I with td = 4: Con-
trolled Output
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Figure 3.4: Performance of unconstrained MPC in Case Study I with td = 4: Ma-
nipulated input
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Figure 3.5: Performance of constrained MPC in Case Study I: Controlled output in
presence of input constraints

closed loop response of Kautz filters based MPC is as good as that of td = 0 except the

corresponding delay in the output response. Whereas, Laguarre filters based MPC shows

significant distraction in the resulting control input signal and the close loop response is

poor. The ISE value of controlled response in presence of time delay by Kautz-MPC and

Laguerre-MPC with N = 10 are 9.0171 and 13.2281 respectively.

Constrained control study

When constraints are imposed on the incremental control signal in the range of −0.01 ≤

∆u ≤ 0.01, the Laguerre-MPC still needed 10 coefficients to offer efficient and reliable

control action with Laguerre model parameter a = 0.9(Fig. 3.5, Fig. 3.6 and Fig. 3.7).

The prediction horizon and control horizon of the MPC are 100 and 1 respectively.

The incremental control action using the Laguerre-MPC with lesser number of Laguerre

functions such as N = 7 and N = 4 show oscillatory behavior. As the number of parame-

ters in representing the future incremental control effort decreases a longer settling time is

resulted. Controlled output under Laguerre-MPC with N = 4 produces 20% oscillations

around the reference value and does not settle even after 200s while the controlled output

under Laguerre-MPC with N = 7 settles within 180s albeit without much oscillations. The
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Figure 3.6: Performance of constrained MPC in Case Study I: Manipulated input in
presence of input constraints
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Figure 3.7: Performance of constrained MPC in Case Study I: Change in manipu-
lated input in presence of input constraints
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Figure 3.8: Performance of MPC in Case Study II: Controlled output

ISE values of their control performance are 13.4596 and 12.6577 respectively. On the other

hand, the Kautz-MPC with 4 parameters is found to be better than Laguerre-MPC with

N = 10 in terms of number of parameters used in optimization procedure. The setting

time in both the cases is 50s. The ISE values of controlled responses by Kautz-MPC and

Laguerre-MPC with N = 10 are 12.5395 and 12.5416 respectively.

3.3.2 Case study II: Mildly nonlinear magnetic ball suspen-

sion system

For the system description, schematic of Magnetic Ball Suspension System and mathe-

matical modelling equations the reader is advised to refer Section 2.3.2 of Chapter 2. It is

worth to examine how efficiently a linear Kautz MPC can control this process.

Linearization of the system

The system is linearized around the steady state operating point. The nonlinearity is due

to the quadratic term
i2 (t)

y (t)
in the Eq. 2.71. Applying truncated Taylor’s series expansion

in the nonlinear term, one obtains

i2(t)

y(t)
=

i2s
ys

+
2is
ys

(i(t)− is)−
is
y2
s

(y(t)− ys) (3.30)
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Figure 3.9: Performance of MPC in Case Study II: Manipulated input
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Figure 3.10: Performance of MPC in Case Study II: Change in manipulated input

52

TH-1663_10610708



3.3. NUMERICAL EXAMPLES

Considering the deviation variables as ī(t) = i(t)− is and ȳ(t) = y(t)− ys. From Eq. 2.71,

Eq. 2.72 and Eq. 3.30 the system can be represented in state space from as

dX(t)

dt
= AX(t) +Bu(t)

y(t) = CX(t) (3.31)

where X(t) =
[
y (t) dy(t)

dt i (t)
]T

. The continuous time state space model can be

represented in discrete time domain as

X(k + 1) = G(Ts)X(k) +H(Ts)u(k)

y(k) = CX(k) (3.32)

where Ts is the sampling time, G(Ts) = eATs and H(Ts) = (
∫ Ts

0 eAλdλ)B. In the present

study Ts = 0.5sec. The linearized system has one pair of complex conjugate poles and one

real pole. The poles are located at −0.4665 + 0.6236i, −0.4665− 0.6236i and 0.0067.

Unconstrained Control study

With td = 0, the weight matrices for Kautz MPC are taken as Q = I and R = 0. The

prediction horizon and control horizon are selected as 100 and 1 respectively. From Fig.

3.8, it is inferred that the Kautz MPC with N = 4 is able to offer smooth and efficient

control action in controlling the MBSS. The overshoots and undershoots are completely

eliminated and the process variable is reaching the reference signal within 6s. The ISE

value of controlled response by Kautz MPC is 46.1236. The manipulated input (voltage)

and the incremental input are shown in Figs.3.9 and 3.10 respectively. A sharp rise in

incremental input is observed in the initial 1 s before it subsides to zero. On the other hand,

the Laguere MPC(Wang, 2004) with N = 15 has completely failed to control this mildly

nonlinear underdamped dynamic system (Reddy and Saha, 2017a). Both the manipulated

input and controlled output shoots up upon a step change in the reference signal. The rise

is so sharp that no statistical analysis is possible.

With input time delay td = 3 and by keeping the all MPC tuning parameters unchanged

the performance of the proposed control algorithm is shown in Fig. 3.11, Fig. 3.12 and

Fig. 3.13. Although minute oscillations in both controlled output and manipulated input
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Figure 3.11: Performance of MPC in Case Study II with td = 3: Controlled output
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Figure 3.12: Performance of MPC in Case Study II with td = 3: Manipulated input

54

TH-1663_10610708



3.4. SUMMARY

0 5 10 15
−5

0

5

10

15

20

25

Time(sec)

C
ha

ng
e 

in
 V

ol
ta

ge

Unconstrained Kautz MPC

Figure 3.13: Performance of MPC in Case Study II with td = 3: Change in manip-
ulated input

are resulted, the Kautz filters based MPC is well able to negate the effect of delay time

and able to keep the system response closely to the set value. The ISE value of controlled

response in presence of time delay by Kautz-MPC is 54.5142.

Constrained control study

The sharp nature of incremental manipulated input, as observed in Fig. 3.8, substanti-

ates the need for imposing constraints on the incremental control signal (0 ≤ ∆u ≤ 5)

for Kautz MPC. The weight matrices are Q = I and R = 10, while the prediction and

control horizons (100 and 1 respectively) are left unchanged. The control action as well

as the manipulated input are relatively sluggish in this case for obvious reasons, however,

the Kautz MPC offers oscillation-free closed loop control even in presence of constraints

and the settling time is slightly higher (9s). The ISE value of controlled response is 97.9188.

3.4 Summary

In this work, a novel MPC is developed where Kautz functions are employed for com-

puting future incremental control signal of linear/mildly nonlinear dynamics of resonating
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system(s). The performance of Kautz MPC technique has been compared with that of La-

guerre MPC technique(Wang, 2004) through two case studies. In the first case study, the

system is linear and resonating. The performances of Kautz MPC and Laguerre MPC are

comparable in this case, however, Laguerre MPC needs more number of control parameters

than Kautz MPC. In the second case study, the system is mildly nonlinear and resonating.

The proposed Kautz functions based MPC is able to provide smooth and efficient control

performance while the Laguerre functions based MPC has completely failed. Laguerre

model deals with only real poles, whereas Kautz model deals with complex poles. Hence,

Kautz model always has a clear advantage over Laguerre model in identifying/controlling

an oscillatory system. Even with some limitations Laguerre function based MPC is ca-

pable of controlling a strictly linear system such as the one given in the first case study,

albeit with higher number of Laguerre coefficients. The same system could be controlled

by Kautz MPC with significantly less number of coefficients. It is important to note that

even a mild nonlinearity cannot be handled by Laguerre MPC as shown in the case study

II. This observation strongly substantiates the efficacy and applicability of Kautz func-

tions over Laguerre functions in modelling/controlling real life processes with oscillating

nature. The stability of the Kautz functions based MPC is proved when input constraints

are imposed in the control action.
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Chapter 4

Nonlinear Kautz Model - A

Wiener type approach

The linear state space Kautz model developed in Section 2.2.2 of Chapter 2 is extended

to formulate a newer kind of Wiener model, called Kautz-Wiener model. In the developed

Kautz-Wiener model the linear dynamic part is represented by the Kautz functions model,

the static nonlinear mapping described by means of wavelet network and LS-SVM.

Nonlinear function approximation using wavelet decomposition (Zhang, 1997) is gain-

ing increasing interest in signal processing, nonlinear modeling (Zhang, 1997) and system

identification (Aadaleesan et al., 2008). Any nonlinear function, f ∈ L2(Rn), can be ap-

proximated using translated and dilated versions of basis function (Zhang and Benveniste,

1992), called mother wavelet. (Zhang and Benveniste, 1992) established a connection be-

tween the single hidden layer neural network and wavelet decomposition to find the best

set of translated and dilated parameters in order to approximate nonlinear functions. The

superiority of wavelet decomposition in representing nonlinear mapping of Wiener model

is demonstrated by (Aadaleesan et al., 2008).

Support Vector Machine (henceforth termed as SVM) is also very popular in classi-

fication and nonlinear function estimation problems. The very first version of SVMs are

introduced by (Vapnik, 1998) and are based on solving quadratic optimization problem.

In LSSVM, the quadratic optimization problem is solved in a high dimensional dual space

as a set of linear equations (Suykens and Vandewalle, 1999). Both SVMs as well as the

LSSVMs are explored in the field of system identification as reported elsewhere (Goethals
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et al., 2005; Qing-chao Wang, 2011; Totterman and Toivonen, 2009). It is further desired

to compare the performance of Kautz-Wiener model with another orthonormal function

based Wiener model, viz., Laguerre - Wiener model. A comparative study between these

two orthonormal function based Wiener models would evaluate the efficacy of the Kautz

modelling.

4.1 Theoretical development

The state space representation of Laguerre model is discussed elsewhere Saha (1998).

However it is worthy presenting the same in the following subsection for the sake of com-

pleteness.

4.1.1 Laguerre representation

Laguerre filters establish a compromise between FIR and IIR filters (Masnadi-Shirazi and

Aleshams, 2003). With the proper choice of the Laguerre pole any system can be approx-

imated with good degree of accuracy. When the Laguerre pole takes the value of zero,

it reduces to FIR filter. Laguerre -based model is thereby considered as constrained IIR,

since all the poles of Laguerre filter models are equal. A brief recall of Laguerre functions

based model is necessary for further derivation. Detailed information is available elsewhere

(Aadaleesan et al., 2008; Saha et al., 2004). Any N th order SISO process which is strictly

proper i.e. G(∞) = 0, analytic in |z| > 1 and continuous in |z| ≥ 1) can be represented

using Laguerre filters as:

G(z) =
N∑
i=1

ciLi(z) (4.1)

where c =
[
c1 c2 c3 · · · cN

]T
vector contains the Laguerre filters. The input-output

relation can be expressed using inverse Z−transform as

ŷ(k) = Z−1 [G(z)u(z)] = Z−1

[{
N∑
i=1

ciLi(z)

}
u(z)

]
(4.2)
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The Laguerre filters can be expressed as

Li(z) =
√(

1− a2
l

)
T

(1− alz)i−1

(z − al)i
(4.3)

where T is the sampling period and al is a filter parameter to be designed within the

range −1 < al < 1. In order to ensure faster convergence, al is typically chosen such that
− ln(al)

T
is close to the dominant time constant of the process. Defining a state vector

L(k) =
[
l1(k) l2(k) l3(k) · · · lN (k)

]T
(4.4)

a discrete time state space representation of Laguerre model can be expressed as (Saha

et al., 2004)

L(k + 1) = AlL(k) + blu(k) (4.5)

where

Al =


al 0 0 · · · 0

(1− a2
l ) al 0 · · · 0

−al(1− a2
l ) (1− a2

l ) al · · · 0

· · · · · · · · · · · · · · ·

 (4.6)

The last row Al,last of the matrix Al is

Al,last =


(−1)NaN−2

l (1− a2
l )

(−1)N−1aN−3
l (1− a2

l )
...

al



T

(4.7)

and

bl =



√
(1− a2

l )T

−al
√

(1− a2
l )T

...

(−al)N−1
√

(1− a2
l )T


(4.8)
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For linear system identification, the process can be modeled as linear combination of

Laguerre filters as

ŷ(k) = cTL(k) (4.9)

For more details on Laguerre functions refer to (Saha et al., 2004) and (Wahlberg, 1991b).

4.2 Nonlinear mapping

In order to use the OBFs in nonlinear system identification, the linear OBF models in Sec-

tion 2.2.2 of Chapter 2 and Eq. 4.9 can be extended for nonlinear function approximation

as shown by (Saha et al., 2004) and the resulting OBF-Wiener model takes the form of

ŷ(k) = f(ϕ(k)) (4.10)

where f (•) : RN −→ R is a static nonlinear state to output mapping. Two types of

nonlinear mappings have been adopted in this work viz. wavelet network and LS-SVM.

The following subsections present brief descriptions of the said mappings.

4.2.1 Mapping with wavelet network

In wavelet transformation, a signal or a function is decomposed into its different frequency

components such that each component has resolution matched to its scale. A basis func-

tion, called wavelet, satisfying the property of compact supportness is appropriately chosen

to decompose the signal/function over dilated and translated wavelets. A “mother” wavelet

is a function ψ (x) ∈ L2(Rn) with a zero average:

∫ +∞

−∞
ψ(x)dx = 0.

It is normalised ‖ψ‖ = 1 and centered in the neighbourhood of x = 0. A family of

time-frequency windows, “child” wavelets, can be obtained by scaling/dilating ψ by a and

translating/shifting it by b: (a ∈ R+ and b ∈ R)

ψa,b(x) =
1√
a
ψ

(
x− b
a

)
.
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Continuous wavelet transform of any function f (x) ∈ L2(Rn) is given by

Wa,b {f(x)} =

∫
Rn
f(x)ψa,b(x)dx

=
1√
a

∫ +∞

−∞
f(x)ψ

(
x− b
a

)
dx (4.11)

which is radial and satisfies the admissibility condition, with ψ̂(ξ) being the Fourier trans-

form, as

Cψ = (2π)n
∫ ∞

0

|ψ̂(ξ)|2

ξ
dξ <∞ (4.12)

and the function f(x) can be reconstructed back by using the inverse wavelet transform,

f(x) =
C−1
ψ

a(n+1)

∫ ∞
0

∫
Rn

Wa,b {f(x)}
(
√
a)
n ψ

(
x− b
a

)
da db (4.13)

a ∈ Rn and b ∈ R+ are the dilation and translation parameters, respectively.

In order to implement on computers, the continuous inverse wavelet transforms need to

be discretized using orthogonal wavelet bases. By relaxing the orthogonality of the wavelet

basis function, wavelet frames can be formulated with countable number of wavelet terms

(ai, bj) {
1(√
ai
)nψi,j (x− bjai

)
; i, j ∈ Z+

}

where ai = ai0, bj = jai0b0 with the scalar parameters a0 and b0 which define the step

sizes of dilation and translation discretisation, respectively (typically, a0 = 2 and b0 = 1).

A family of functions {ψi}i∈I in Hilbert space H is called a frame if there exist 0 <

Θ ≤ Φ <∞ so that, for all f in H,

Θ ≤
∑

i∈I |〈f, ψi〉|2

‖f‖2
≤ Φ (4.14)

where Θ and Φ are the frame bounds (Daubechies, 1992).

The wavelet frames correspond to a family of dilated and translated wavelets. Recon-

struction of f(x) is possible using wavelet frames as

f(x) =
∑
i

∑
j

wi(√
ai
)nψi,j (x− bjai

)
(4.15)

61

TH-1663_10610708



4.2. NONLINEAR MAPPING

As proposed in (Zhang and Benveniste, 1992), Eq. 4.15 could be viewed as one-hidden-

layer neural network. By optimally choosing the parameters wi, ai and bj in Eq.4.15, with

ψi,j(·) as the hidden layer activation function and a linear function in the output layer,

the construction becomes similar to that of neural networks, called wavelet network. This

method is used for static nonlinear function approximation. Although wavelet series is an

infinite series, all the wavelet functions will not have data within their support (Zhang and

Benveniste, 1992). However, only a finite wavelet functions is enough to map the data of

finite domain such as,

Ψ =

ψi,j : (i, j) ∈
Q⋃
q=1

Iq

 (4.16)

where Iq are the index set of wavelet functions, whose supports lie within the given data

set. All the OBF states are fed as input to all the wavelet functions. The wavelet coeffi-

cients, which are originally the inner product of the states and the wavelet functions, are

equivalent to the hidden-to-output layer weight in neural networks. The optimal choice

of the parameters could be obtained by training wavelet network using algorithms like

backpropagation.

4.2.2 Mapping with LS-SVM

Formulations of SVMs are exercised within the context of convex optimization (Falck

et al., 2012). Given any input-output measurements {x(k), y(k)}Nk=1 of the function to be

approximated, the nonlinear function can be approximated in the following form by using

SVMs

ŷ(k) = f{x(k)} = wTg{x(k)}+ bbias + e(k) (4.17)

where wT ∈ Rnh, g(.) : Rn → Rnh a mapping to a high dimensional future space, and bbias

is bias constant.

The function estimation is achieved by minimizing the estimation error at any sampling

instant k is e(k) = y(k)−ŷ(k). The estimation error is minimized and the unknowns w and

bbias are determined by solving a convex optimization (typically quadratic programming)
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problem in the primal space which is formulated as

min
w,bbias,e

JP (w, bbias, e) =
1

2
wTw + γ

1

2

N∑
k=1

{e (k)}2 (4.18)

s.t. y (k) = wTg {x (k)}+ bbias + e (k) ,∀k (4.19)

where γ ∈ R+ is the regularization constant that decides a compromise between the

smoothness of the solution and the data fitting.

The Lagrangian for this problem is

L(w, bbias, e;α) =
1

2
wTw + γ

1

2

N∑
k=1

(e(k))2−

N∑
k=1

αk(w
Tg(x(k)) + bbias + e(k)− y(k))

where αk are Lagrange multipliers.

Lemma 1 Elimination of the w and e will lead to a solution as a set of linear equations

and solution to Eq. 4.18 is a dual of the optimization problem (Goethals et al., 2005).

 0 1Tv

1v

(
Ω + I

γ

)
 bbias

α

 =

 0

y

 (4.20)

where

Ωij ≡ K {x (i) , x (j)} = g {x (i)}T g {x (j)}

y =
[
y (1) y (2) · · · y (N)

]T
α =

[
α1 α2 · · · αN

]T
1v =

[
1 1 · · · 1

]T
To calculate the elements in Eq. 4.20, it is not necessary to define g(.) explicitly and it is

enough to calculate the inner product of a positive kernel.
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The LS-SVMs model is expressed in dual form as

ŷ(xnew(k)) =
N∑
k=1

αkK(xnew(k), x(k)) + bbias (4.21)

4.3 Development of OBF-Wiener Models

The nonlinear mappings as described in sections 4.2.1 and 4.2.2 are augmented to the linear

OBF representation of process in order to develop the OBF-Wiener nonlinear models. The

following subsections present the combinatorial Wiener models with different linear OBF

network and nonlinear mapping.

4.3.1 Kautz-Wavelet Wiener model

In the Kautz-wavelet Wiener model, the Wavelet Neural Network (henceforth termed as

WNN) is mapped by using the data set (ϕ(k), y(k)) according to Eq. 4.15. And the

resulting Wiener model takes the form as

ŷ(k) =

N∑
i=1

W i
a,b

∑
j∈Q

a
−n/2
i,j ψ(

ϕi,j − bi,j
ai,j

) + cϕ(k) + d

where Q is an index set of wavelet functions, whose support lie within the data set and

θ : {W i
a,b, ai, bi} is the set of wavelet network parameters.

The parameters of Kautz filters are generally chosen from the open loop response of the

process (Wahlberg, 1991a). (Wahlberg, 1991a), suggested that if the parameters of Kautz

filters are chosen in such a way that the normalized resonant frequency of Kautz model

is equal to the resonant frequency of the true system, then the resulting approximation

would be accurate. Optimum selection of the Kautz parameters is adopted by (da Rosa

et al., 2009). In the present work, the Kautz parameters are selected for the open loop

response of the process. And the parameters of Wavelet network are estimated by adopting

the back propagation algorithm proposed by (Zhang and Benveniste, 1992). The Network

parameters are optimally chosen by minimizing the following performance index.

J(k, θ) =
1

N

N∑
k=1

e(k)2 ≤ ε (4.22)
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Where e(k) = y(k) − ŷ(k, θ) and ε is a network performance tolerance, y(k) is the actual

process output. In the present study, “Maxican hat function” ((Zhang, 1997))

ψ(x) = (n− ||x||2)e
−||x||2

2 , ||x||2 = xTx (4.23)

is used as mother wavelet, where n is the dimension of the input space of the network.

The resulting Wiener model is referred as Kautz-Wavelet model.

4.3.2 Kautz-LSSVM Wiener model

In Kautz-Least Squares Support Vector Machines Wiener model, LS-SVMs forms the

static nonlinear mapping. The LS-SVMs mapping can be developed using the data set

(ϕ(k), y(k)) according to Eq. 4.21.

In the present study, a radial basis function (RBF) is adopted as a kernel function and

is given as

K(ϕ(i),ϕ(j)) = exp

(
−‖ϕ(i)−ϕ(j)‖22

σ2

)
(4.24)

where σ ∈ R+ is the kernel bandwidth.

The resulting LSSVMs function mapping at any new data point ϕ? becomes

ŷ(ϕ?) =
N∑
k=1

αkK(ϕ(k),ϕ?) + bbias (4.25)

where α and bbias are the solution of linear system of equations in Eq. 4.20. The

parameters γ and σ2 depend on the nature of the data that are problem specific. A cross

validation technique as proposed by (Totterman and Toivonen, 2009) is adopted in this

work. The LSSVMs parameters (γ and σ2) are selected based on the performance of

the model for an independent testing input data set. Variance Accounted For (henceforth

termed as VAF) (Mahmoodi et al., 2009; Wang and Zhang, 2011) criteria is used to compare

the performance of the model, which is expressed as,

V AF = max

{
1,
variance{y − ŷ}

y
, 0

}
× 100 (4.26)

where y is the real process output and ŷ denotes the model output.
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4.3.3 Laguerre-Wavelet Wiener model

In the Laguerre-Wavelet wiener model, the Laguerre states are updated following Eq. 5.11

and the Wavelet Neural Network(WNN) can be mapped by using the data set (L(k), y(k))

according to Eq. 4.15. And the resulting Wiener model takes the form as proposed by

(Aadaleesan et al., 2008).

ŷ(k) = f(L(k), θ) + cL(k) + d (4.27)

=
N∑
i=1

W i
s,t

∑
j∈Q

s
−n/2
i,j ψ(

Li,j − ti,j
si,j

) + cL(k) + d (4.28)

Where Q is an index set of wavelet functions, whose support lie within the data set and

θ : {W ′s, s′s, t′s} is the set of wavelet network parameters.

4.3.4 Laguerre-LSSVM Wiener model

In the Laguerre-LSSVM Wiener model, the Laguerre states are updated following Eq.

5.11 and the LSSVMs static nonlinear mapping can be obtained by using the data set

(L(k), y(k)) according to Eq. 4.21. And the resulting Wiener model takes the form as

proposed by (Wang and Zhang, 2011).

ŷ(L?) =
N∑
k=1

αkK(L(k), L?) + bbias (4.29)

4.4 Numerical Examples

The performance of the Kautz-Wiener models has been demonstrated through two simu-

lation case studies viz. one single CSTR and two series connected CSTRs. Performance

of Kautz filters based nonlinear models has been compared with that of already popular

Laguerre filters based nonlinear models. All the simulations were carried out using 64

bit MATLAB R© (Version 10) under Windows 7 operating system in a PC with Intel(R)

CoreTM 2 Duo processor @2.4GHz speed.

In order to develop the Kautz-Wiener models, the nonlinear processes are simulated

by solving the nonlinear first principles models numerically and the resulting nonlinear

differential equations are solved using ODE45 solver in MATLAB R© (version 10) to obtain
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the true states of the process.

4.4.1 Case study I: Continuous Stirred Tank Reactor

CSTR is a highly nonlinear and resonating process which is regularly used in chemical

process industry. The degree of nonlinearity seldom depends upon several factors such

as number of reactants used, order of the reaction, reversibility factor etc. However, in

this case study we have used fewer complexities. We take a process in which a single

reactant undergoes irreversible and exothermic reaction. Coolant is flown around the

reactor through a cooling jacket. The mechanistic model of the CSTR is given by the

following differential equations(Huang et al., 2000).

dC(t)

dt
=
q(t)

V
{C0(t)− C(t)} − k0C(t)exp

{
−E
RT (t)

}
(4.30)

dT (t)

dt
=
q(t)

V
{T0(t)− T (t)} − −∆Hk0C(t)

ρcp
exp

{
−E
RT (t)

}
+
ρcCpc
ρCpV

qc(t)

[
1− exp

{
−hA
qc(t)ρcp

}]
{T0(t)− T (t)} (4.31)

The state variables viz. concentration and temperature of the contents inside the

reactor are potential output variables to be controlled, whereas the flow rate of the coolant

Table 4.1: Case Study I − Nominal operating conditions of CSTR
Process variable/parameter Nominal value
Flow rate of coolant(qc) 103 L min-1

Measured Product Concentration(C) 0.0989 mol L-1

Reactor temperature(T ) 438.7763 K
Process flow rate(q) 100 L min-1

Feed concentration(CA0) 1 mol L-1

Feed temperature(T0) 350 K
Inlet coolant temperature(Tc0) 350 K
CSTR volume(V ) 100 L
Heat transfer term (hA) 7× 105 cal min-1 K-1

Reaction rate constant(k0) 7.2× 1010 min-1

Activation energy term(E/R) 1× 104 K
Heat of reaction(−∆H) −2× 105 cal mol-1

Liquid density(ρ, ρc) 1× 103 g L-1

Specific heats(Cp, Cpc) 1 cal g-1 K-1
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Figure 4.1: Case Study I − Open-loop response of CSTR by administering step
change in flow rate of coolant

can be manipulated in order to achieve the desired control action. Nominal values(Prakash

and Srinivasan, 2009) of these outputs and input as well as other parameters of the Eqs.

(4.30) and (4.31) are given in Table 4.1. The flow rate of coolant has been subjected to a

step change of ±3% to ±5%. The results, i.e. the open-loop response of the CSTR process,

are shown in Fig.4.1. It demonstrates resonating dynamics around the nominal operating

point. The process variable, in particular, shows severe resonating characteristics when

the input changes are administered in the range of 103 − 108.6 L min-1.

In order to generate the data for OBF-Wiener model, the process is excited at 2 min

interval with random perturbation in flow rate of the coolant around the nominal value

with mean 103.4637 L min-1 and variance 12.9318 L min-1. Both input (flow rate of the

coolant) and the output (i.e. reactor temperature) are recorded at a sampling period

Ts = 0.1 min. Seventy five percent of the data has been used for training the OBF-Wiener

model whereas rest 25% data are used for model validation purpose. The model parameters

are estimated by training the model through the training dataset.

An initial estimate of the OBF filter poles can be obtained from the time domain

specifications of the process. The value of the pole is thereby fine-tuned in order to get
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faster convergence of the model. In case of Kautz-Wiener model, the filters parameters are

chosen as N = 2 and β = 0.85 + 0.3i, whereas in Laguerre-Wiener model filter parameters

are chosen as N = 8 and p = 0.9.

Wavelet network parameters are obtained by using the back propagation algorithm(Zhang

and Benveniste, 1992; Aadaleesan et al., 2008). The performance index criteria for both

the OBF-Wiener models has been set at ε < 0.001 (Aadaleesan et al., 2008). Training of

the Kautz-Wavelet model was converged within 46.15 s, whereas Laguerre-Wavelet model

took 135.73 s to converge.

The LSSVMs mapping parameters γ and σ2 are tuned by trial and error method. Dif-

ferent combinations of γ and σ2 are tested and their performance indices namely Variance

Accounted For (henceforth termed as VAF(Mahmoodi et al., 2009)) are recorded. The

Kautz-LSSVM model with various combinations of γ and σ2 are tabulated in Table 4.2.

The best combination of the parameters are found to be γ = 10 and σ2 = 4. The pro-

cedure is repeated for Laguerre-LSSVMs model (Wang and Zhang, 2011) and results are

shown in Table 4.3. The best combination is found at γ = 4 and σ2 = 50. Training of the

Kautz-LSSVM model was complete in 10.5 s, whereas Laguerre-LSSVM model took 15 s

to get trained.

Figs. 4.2 and 4.3 demonstrate the comparative performances of all the OBF-Wiener

models discussed as above. The validation dataset has been used for this purpose. All

the OBF-Wiener models were subjected to similar input perturbation (within the range of

103 − 109 L min-1) as recorded in the validation dataset and their outputs are compared

with the process output recorded in the same validation dataset. The outputs of Laguerre-

Wiener models shows higher deviations from the actual process output than that of the

Kautz-Wiener models. The Kautz models are able to estimate the nonlinear resonating

dynamics very accurately and follow the process output very closely (Reddy and Saha,

2017b). The performance is so close that a major portion of the Kautz model output gets

hidden behind the actual process output as evident in the Fig. 4.2. The ISE values of

plant/model mismatch of all four identification techniques are reported in Table 4.4. The

ISE values of Kautz-Wiener models are considerably less than that of Laguerre-Wiener

models. Kautz filters are by nature characterized by complex conjugate poles. As a result

the Wiener models based on Kautz filters lead to more parsimonious representation in

modelling the nonlinear resonating processes and the model training takes very less time.
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Figure 4.2: Case Study I − Comparison of performance of all OBF-Wiener models
in system identification of CSTR process
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Figure 4.3: Case Study I − Random excitation in process input for generating
process output data for model validation (as shown in Fig.4.2)
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On the other hand, the Laguerre filters are typically fit for the systems having real poles.

As a result, the convergence of Laguerre-Wiener models is very time consuming and their

performance suffers too.

Table 4.2: Case Study I − List of VAFs for various combinations of γ and σ2 while
training Kautz-LSSVMs model

γ(σ2 = 4) VAF σ2(γ = 10) VAF
1 99.6076 1 99.5256
10 99.6955 4 99.6950
50 99.682 50 99.4791
100 99.679 100 99.2147
200 99.678 200 99.0095

Among the two types of nonlinear mapping, wavelet offers better accuracy than LSSVM.

It is to be noted that the wavelet type Wiener models are trained by using network based

optimization technique (derivative free) in order to choose the optimum values of wavelet

network parameters of the Wiener models, whereas LSSVM parameters (α ’s & bbias)

are estimated by solving a set of linear algebraic equations; and the hidden layer activa-

tion function parameters (radial basis function in this case) are chosen by trial and error

method for better (not necessarily the optimum) performance of the model. Hence both

the OBF-wavelet Wiener models outperform the OBF-LSSVM Wiener models.

4.4.2 Case study II: Series connected Continuous Stirred

Tank Reactor

In this case study, the process consists of two constant volume reactors which are connected

in series. An exothermic and irreversible chemical reaction takes place in both the reac-

Table 4.3: Case Study I − List of VAFs for various combinations of γ and σ2 while
training Laguerre-LSSVMs model

γ(σ2 = 50) VAF σ2(γ = 4) VAF
1 94.1051 10 91.2501
2 96.4008 20 93.8500
3 97.0012 30 96.3684
4 98.3887 40 97.0016
5 96.8056 50 98.3887
6 95.1357 60 97.4625
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Table 4.4: Case Study I − ISE values of plant/model mismatch of all four OBF-
Wiener models

Identification Technique ISE value of plant/model mismatch
Kautz-WNN 6.4108
Kautz-LSSVMs 11.1215
Laguerre-WNN 75.136
Laguerre -LSSVMs 105.1231

tors. The output stream from the first reactor is fed into the second as an input stream.

Both reactors share the same coolant flow and its temperature is assumed to be constant

throughout the cooling jacket. The mechanistic model of the process is described by the

following four nonlinear differential equations (Henson and Seborg, 1990). The process

constants and nominal operating values are given in Table 4.5. As evident in the above

nonlinear differential equations (Eq. (4.32) to Eq. (4.35)) the effluent concentration from

the second reactor CA2 is affected by flow rate of coolant indirectly through CA1, T1 and

T2 (3rd order dependence), that too through exponential terms.

dCA1

dt
=

q

V1
(CAf − CA1)− k0CA1e

− E
RT1 (4.32)

dT1

dt
=

q

V1
(Tf − T1) +

(−∆H)k0CA1

ρCp
e
− E
RT1

+
ρcCpc
ρCpV1

qc

{
1− e−

hA1
qcρcCpc

}
(Tcf − T1) (4.33)

dCA2

dt
=

q

V2
(CA1 − CA2)− k0CA2e

− E
RT2 (4.34)

dT2

dt
=

q

V2
(T1 − T2) +

(−∆H)k0CA2

ρCp
e
− E
RT2

+
ρcCpc
ρCpV2

qc

{
1− e−

hA2
qcρcCpc

}
×
{
T1 − T2 + e

− hA1
qcρcCpc (Tcf − T1)

}
(4.35)

This can be regarded as highly nonlinear relationship between CA2 and coolant flowrate

(qc). The flow rate of coolant has been subjected to a step change of ±3% to ±5%. The

results, i.e. the open-loop response of the CSTR process (CA2), are shown in Fig.4.4. One

can easily notice that the process is highly resonating and exhibits high static nonlinearity.

The process variable, in particular, shows severe resonating characteristics when the input

changes are administered in the range of +5%.
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Table 4.5: Case Study II − Nominal operating conditions of series connected CSTR
Process variable/parameter Nominal value
Concentration of product in reactor 1 (CA1) 0.1099 mol L-1

Concentration of product in reactor 2 (CA2) 0.0076 mol L-1

Temperature inside reactor 1 (T1) 436.549 K
Temperature inside reactor 2 (T1) 446.4024 K
Process flow rate(q) 100 L min-1

Flow rate of coolant(qc) 106 L min-1

Reaction rate constant(k0) 7.2× 1010 min-1

Feed concentration(CAf ) 1 mol L-1

Activation energy term(E/R) 1× 104 K
Feed temperature(Tf ) 350 K
Heat of reaction (−∆H) 4.78× 104 J mol-1

Inlet temperature of coolant (Tcf ) 350 K
Liquid density(ρ, ρc) 1000 g L-1

Volume of CSTRs (V1, V2) 100 L
Specific heats (Cp, Cpc) 0.239 J g-1 K-1

Heat transfer term (hA1, hA2) 1.67× 105 J min-1 K-1

In order to generate the data for OBF-Wiener model, the process is excited at 2 min

interval with random perturbation in flow rate of the coolant around the nominal value

with mean 106.1 L min-1 and variance 6.9318 L min-1. Both input (flow rate of the coolant)

and the output (i.e. CA2) are recorded at a sampling period Ts = 0.1 min. Seventy five

percent of the data has been used for training the OBF-Wiener model whereas rest 25%

data are used for model validation purpose. The model parameters are estimated by

training the model through the training dataset.

An initial estimate of the OBF filter poles can be obtained from the time domain

specifications of the process. The value of the pole is thereby fine-tuned in order to get

faster convergence of the model. In case of Kautz-Wiener model, the filters parameters

are chosen as N = 2 and β = 0.85 + 0.3i. On the other hand, no realistic value of filter

parameters could yield a reasonable Laguerre-Wiener.

Wavelet network parameters are obtained by using the back propagation algorithm(Zhang

and Benveniste, 1992; Aadaleesan et al., 2008). The performance index criteria for both

the Kautz-Wiener models has been set at ε < 0.001 (Aadaleesan et al., 2008). Training of

the Kautz-Wavelet model was converged within 47.61 s.

The LSSVMs mapping parameters γ and σ2 are tuned by trial and error method.
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Figure 4.4: Case Study II − Open-loop response of series connected CSTR process
by administering step change in flow rate of coolant

Different combinations of γ and σ2 are tested and their performance indices VAFs are

recorded. The Kautz-LSSVM model with various combinations of γ and σ2 are tabulated

in Table 4.6. The best combination of the parameters are found to be γ = 200 and σ2 = 4.

Training of the Kautz-LSSVM model was complete in 12.08 s.

Figs. 4.5 and 4.6 demonstrate the comparative performances of two Kautz-Wiener

models discussed as above. The validation dataset has been used for this purpose. Both

the Kautz-Wiener models were subjected to similar input perturbation (within the range

of 102 − 109 L min-1) as recorded in the validation dataset and their outputs are compared

with the process output recorded in the same validation dataset. Both the models perform

almost equally well because both of them are able to estimate the nonlinear resonating

dynamics very accurately and follow the process output very closely, nevertheless, the

Kautz-wavelet model is marginally better Reddy and Saha (2017b). The performance is

so close that a major portion of the model outputs get hidden behind the actual process

output as evident in the Fig. 4.5. The ISE values of plant/model mismatch while modelling

with Kautz-WNN and Kautz-LSSVM are 3.3110 × 10−6 and 3.4237 × 10−6, respectively.

The ISE value of Kautz-WNN model is marginally less than that of Kautz-LSSVM model.
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Figure 4.5: Case Study II− Comparison of performance of two Kautz-Wiener models
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Table 4.6: Case Study II − List of VAFs for various combinations of γ and σ2 while
training Kautz-LSSVMs model

γ(σ2 = 4) VAF σ2(γ = 10) VAF
1 99.120 1 99.2
10 99.4174 4 99.5081
100 99.5010 50 99.36
200 99.5081 100 99.2
250 99.502 250 99.6

In general, Laguerre-Wiener models fail to achieve any presentable results. Laguerre-

wavelet model is unable to converge to the given performance index even after several

hours of simulation time. Similarly the Laguerre-LSSVMs model is unable to achieve

good model performance even with very high number Laguerre states. The efficacy of

Kautz model is clearly evident in this case study as the natural characterization of Kautz

filters by complex conjugate poles makes a Kautz model efficient in identifying resonating

characteristics. Lack of such characterization, especially in acute nonlinear condition, leads

to inappropriateness of the Laguerre filters in such situation.

Both static nonlinear mappings work almost equally well for Kautz model. The

LSSVM model parameters might perhaps have attained optimilaity even with trial and

error method in this case study (Reddy and Saha, 2017b).

4.4.3 Summary

A novel OBF-Wiener modelling technique, viz. Kautz-Wiener model, is developed for

identification of the nonlinear resonating systems. The Kautz filters are derived in more

generalized and standard state space form to express the linear dynamic part. Wavelet de-

composition and LSSVMs are used to describe the static nonlinear mapping of the Wiener

model. In the identification algorithm the Kautz parameters are chosen from open loop re-

sponse of the process. Two case studies, viz. single CSTR and two series-connected CSTRs,

have been conducted in order to evaluate the performance of the models. Both case stud-

ies substantiate the accuracy of the Kautz-Wiener models in approximating the nonlinear

resonating dynamics. The efficacy of Kautz-Wiener modelling is further substantiated

by comparing its peformance with that of another OBF-Wiener model, Laguerre-Wiener

model. In the case study with single CSTR, the Laguerre-Wiener models are somehow
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able to estimate the resonating systems, though the degrees of freedom is higher than

that of Kautz-Wiener model; and the Laguerre-Wiener model is non-parsimonious too.

On the other hand, the case study with series-connected CSTR clearly demonstrates the

superiority of Kautz-Wiener models in dealing higher degree nonlinear resonating systems.

Laguerre-Wiener model completely fails in this case. In both the case studies, the Kautz-

Wiener modelling technique offers good accuracy in identification of the resonating system

with parsimonious model representation, which can further be used in model based control

applications.
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Chapter 5

Nonlinear Model Based Control of

Resonating Systems using

Kautz-Wiener models

5.1 Design of model based controllers

Design of linear MPC is quite standard procedure and is available in textbooks (Wang,

2009; Rawlings and Mayne, 2009). The control law is derived by optimizing the perfor-

mance objective for minimum control effort and/or maximum robustness. In almost all

cases the control law is obtained as single equation to be solved (Saha, 1998). Design of

NMPC, on the other hand, is rather computationally extensive as one needs to resort to

an appropriate optimization algorithm to arrive at the desired control action (Saha et al.,

2004). Similarly design of linear IMC is straightforward too and available in the textbooks

(Bequette, 2003; Ogunnaike and Ray, 1994), however, NIMC works in a different fashion

where the inverse of the model is rather difficult to compute. In this section procedures

are given for developing OBF-Wiener based NMPC and NIMC.
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5.2 Nonlinear MPC using OBF-Wiener models

The goal of NMPC is to obtain a set (control horizon,Nc) of future control efforts by

minimizing a predefined objective function at each and every sampling instant over a

finite moving horizon called prediction horizon(Np). The optimization problem is solved

on-line, by comparing the process output which is predicted by the OBF-Wiener model

with actual output of the process.

In the proposed OBF-Wiener model based NMPC the Np steps ahead predicted model

output can be obtained as.

x(k + j + 1/k) = Ax(k + j/k) + bu(k + j) · · ·

· · · , ∀j = 1, · · · , Np − 1 (5.1)

The process output is predicted using state to output mapping as following

ŷ(k) = Ψ(x(k)) (5.2)

In order to account for the plant-model mismatch and unmeasured disturbances the

corrected prediction of the model over the prediction horizon(Np) can be calculated as

(Saha et al., 2004).

yc(k + j/k) = ŷ(k + j/k) + d(k/k),∀j = 1, · · · , Np − 1 (5.3)

d(k/k) = y(k)− ŷ(k/k − 1) (5.4)

where y(k) is measured plant output at kth sampling instant and ŷ(k/k − 1) is the model

output at kth sampling instant using input sequence upto time k − 1.

Now, for a given reference trajectory yr(k + i/k), j = 1, · · · , Np , the nonlinear model

predictive control design can be formulated by solving the following optimization problem:

min
∆u(k/k),···

,∆u(k+Nc−1/k)

J =

Np∑
j=1

E(k + j/k)TWEE(k + j/k)

+

Nc−1∑
j=0

∆u(k + j)TW∆u∆u(k + j) (5.5)
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Where

E(k + j/k) = yr(k + j/k)− yc(k + j/k)

∆u(k + j) = u(k + j)− u(k + j − 1) (5.6)

The resulting nonlinear optimization problem can be solved by using any standard opti-

mization algorithm.

5.3 Nonlinear IMC using OBF-Wiener models

In this section, design strategy of IMC has been extended to its nonlinear version. The

NIMC uses OBF-Wiener model as an integral component for generating a control law. The

crucial part of this technique is inversion of the nonlinear model. Since model inversion

in nonlinear domain is not an easy task optimization technique has been adopted for this

job.

Design of IMC requires isolation of non-invertible components of a model (positive

zeros and dead time) while model inversion is carried out (Bequette, 2003). This is to

avoid creation of any unstable poles in the closed loop system while designing the IMC.

Similar strategy has been adopted for NIMC too. In a more conservative approach OBF-

Wiener model is modified by isolating all the zeros irrespetive of its potential to bring in

instability.

The modified OBF-Wiener model along with an optimizer forms the NIMC block as

shown in Fig. 5.1. A decision variable ∆uguess(k) is passed through the modified OBF-

Wiener model and its output, ŷ(k), is compared with the modified setpoint, r̂(k) i.e.

setpoint r(k) minus the process-model mismatch d(k). The optimizer minimizes the error,

e(k) = r̂(k)− ŷ(k), as

min
∆u(k)

J = e(k) (5.7)

in order to find the best value of the decision variable a.k.a manipulated input, ∆u(k).
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Figure 5.1: Schematic of nonlinear IMC strategy

The input-output relation out of a modified OBF-Wiener model can be expressed as

ŷ(k) =


f(Φ̂ (k)) for Kautz-Wiener model

f(L̂(k)) for Laguerre-Wiener model

(5.8)

where Φ̂(k) and L̂(k) are the regressor vectors and f (•) : RN −→ R is a static nonlinear

state to output mapping, same as the one evaluated while developing original OBF-Wiener

model. Two types of nonlinear mappings have been adopted in this work viz. wavelet

network and least square-support vector machine, along with all the model parameters as

calculated in Chapter 4.

5.3.1 Modified Kautz-Wiener model for NIMC

A keen look into the expressions of the Kautz filters given in the Theorem 2.1 of Chapter

2 one can easily observe that the zeros of the Kautz filters are exactly equal to reciprocal

of the poles. The Kautz models generally ensure stability at least in the sense of bounded

input bounded output (BIBO) stability by properly selecting the poles (βi, β
∗
i ) of the Kautz

filters within the unit circle. However the same pairs of (βi, β
∗
i ) would lead to zeros which

are outside unit circle. Inversion of Kautz filters and design of IMC thereby would surely

lead to an unstable closed loop control actions. Hence the problem with unstable zeros

of the Kautz filters is overcome by knocking off this portion completely and recreate a

modified model with all the poles intact and all the zeros knocked off.

81

TH-1663_10610708



5.4. NUMERICAL EXAMPLES

5.3.2 Modified Laguerre-Wiener model for NIMC

In a similar fashion to Kautz filters, a modified form of ith Laguerre filter is derived by

discarding the positive zeros as the following

L̂i(z) =
T
√

1− a2
l

(z − al)i
(5.9)

where al is the filter parameter while T is the sampling period. Defining a state vector

L̂(k) =
[
l̂1(k) l̂2(k) l̂3(k) · · · l̂N (k)

]T
(5.10)

a discrete time state space representation of Laguerre functions can be found as (Saha

et al., 2004)

L̂(k + 1) = ÂlL̂(k) + b̂lu(k) (5.11)

where

Âl =



al 0 0 0 0

1 al 0 0 0

0 1 al 0 0
...

...
...

...
...

0 0 · · · 1 al


b̂l =

[ √
(1− a2

l )T 0 ... 0
]T

Regressor in Eq. 5.10 is used in Eq. 5.8 to yield modified Laguerre-Wiener model.

5.4 Numerical Examples

Both the case studies involve CSTRs which are highly nonlinear and resonating processes.

The reactant undergoes irreversible and exothermic reaction. Huang et al. (2000) presented

the mechanistic models for both cases which were simulated in Chapter 4 to generate plant

data and further used those plant data to develop four OBF-Wiener models. The present

case studies employ these OBF-Wiener models in order to design model based controllers

that can be used for closed-loop control study by simulating on the same mechanistic
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Table 5.1: List of various controllers and their acronyms
Controllers Description
MPC-Kautz-Wavelet : NMPC based on Kautz-Wavelet type Wiener model
MPC-Kautz-LSSVM : NMPC based on Kautz-LSSVM type Wiener model
MPC-Laguerre-Wavelet : NMPC based on Laguerre-Wavelet type Wiener model
MPC-Laguerre-LSSVM : NMPC based on Laguerre-LSSVM type Wiener model
IMC-Kautz-Wavelet : NIMC based on Kautz-Wavelet type Wiener model
IMC-Kautz-LSSVM : NIMC based on Kautz-LSSVM type Wiener model
IMC-Laguerre-Wavelet : NIMC based on Laguerre-Wavelet type Wiener model
IMC-Laguerre-LSSVM : NIMC based on Laguerre-LSSVM type Wiener model

MPCs-Kautz-Wiener : collective reference to MPC-Kautz-Wavelet and MPC-Kautz-LSSVM
MPCs-Laguerre-Wiener : collective reference to MPC-Laguerre-Wavelet and MPC-Laguerre-LSSVM
IMCs-Kautz-Wiener : collective reference to IMC-Kautz-Wavelet and IMC-Kautz-LSSVM
IMCs-Laguerre-Wiener : collective reference to IMC-Laguerre-Wavelet and IMC-Laguerre-LSSVM

NMPCs : collective reference to MPCs-Kautz-Wiener and MPCs-Laguerre-Wiener
NIMCs : collective reference to IMCs-Kautz-Wiener and IMCs-Laguerre-Wiener

models of Huang et al. (Huang et al., 2000). The reader is advised to refer to Chapter 4

in order to get complete information on the process description and model parameters of

all four OBF-Wiener models.

Altogether 8 types of model based controllers have been employed in the case studies.

They are listed in Table 5.1 along with their acronyms. A comparative study of perfor-

mances of these controllers have been presented. All the simulations have been performed

using 64 bit MATLAB R© (Version 10) under Windows 7 operating system in a PC with

Intel(R) CoreTM 2 Duo processor @2.4 GHz speed.

5.4.1 Case study I : Model based control of CSTR

In this case study, the temperature of the reactor needs to be regulated by manipulating the

flow rate of coolant. Nominal temperature of the reactor is set at 438.78 K while nominal

flow rate of coolant at steady state is 103 L min-1. Data are sampled at an interval of 0.1

min.

Servo control problem

A series of step changes have been introduced on the setpoint, each for 10 min duration

on either side of the nominal operating point. Two consecutive step changes, each of −2

K, followed by two more changes of 6 K and −2 K respectively were introduced on the

nominal operating temperature. The reader may refer to Chapter 4 to understand that
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Figure 5.2: Servo control of CSTR using OBF-Wiener model based MPC: Controlled
output

positive deviation from nominal operating point leads to a zone (hereafter referred to as

low-resonance zone) where resonance is not severe. Both Kautz model and Laguerre model

perform equally good in the low-resonance zone. On the other hand negative deviation

from nominal operating point leads to a severely resonating zone (hereafter referred to

as high-resonance zone). Kautz model outperforms Laguerre model in the high-resonance

zone. Nevertheless, nonlinear model based controllers are designed based on all these

models developed in Chapter 4.

Prediction horizon (Np) and control horizon (Nc) of all the NMPCs are chosen as 5

and 1 respectively, whereas error weight matrix (WE) and input weight matrix (W∆u)

are selected as 5 and 0 respectively. Simulation has been carried out on CSTR process

for closed loop control with the NMPCs. The results have been graphically represented

through Fig.5.2 and Fig.5.3. The quantitative analysis of the performance in terms of sum

of squared error (hereafter referred as SSE) between setpoint and controlled output has

been tabulated in Table 5.2.

All four NMPCs are able to control the temperature with varied range of efficiency.

As expected Chapter 4, MPCs-Kautz-Wiener perform better than the MPCs-Laguerre-
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Figure 5.3: Servo control of CSTR using OBF-Wiener model based MPC: Manipu-
lated input
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Figure 5.4: Servo control of CSTR using OBF-Wiener model based IMC: Controlled
output
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Figure 5.5: Servo control of CSTR using OBF-Wiener model based IMC: Manipu-
lated input

Wiener when setpoint deviates to high-resonance zone. The SSE values, as computed for

MPCs-Laguerre-Wiener, are almost 1.5 times that of MPCs-Kautz-Wiener. On the other

hand, performances of all four NMPCs are comparable in low-resonance zone. It is further

observed that oscillations are less when setpoint changes are small (near nominal operating

point) and more when setpoints changes are large (away from nominal operating point).

MPCs-Laguerre-Wiener yield higher oscillations as compared to that by MPCs-Kautz-

Wiener (Reddy and Saha, 2017c). MPC-Kautz-Wavelet is found to be the best among the

four NMPCs. The computational time for each iteration of MPC-Kautz-Wavelet algorithm

is in the range of 0.0034 - 0.096 s, which is sufficiently less than chosen sampling interval.

The rate of flow of coolant experiences slightly higher manipulation by MPCs-Kautz-

Wiener as shown in Fig.5.3.

The efficacy of Kautz model for resonating system is clearly manifested when NIMCs

are designed and implemented in this case study. The series of step changes on setpoint,

which was incorporated while studying NMPCs, has been repeated while studying NIMCs

too. Simulation has been carried out on CSTR process for closed loop control with the

NIMCs. The results have been graphically represented through Fig.5.4 and Fig.5.5. The
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Table 5.2: Performances of model based controllers in controlling CSTR against
setpoint changes
Controllers SSE within the respective time window (min)

1 < time < 10 10 < time < 20 20 < time < 30 30 < time < 40
MPC-Kautz-Wavelet 4.7290 4.6963 40.7532 4.4894
MPC-Kautz-LSSVM 4.7990 5.6963 41.8292 4.5289
MPC-Laguerre-Wavelet 7.6049 7.2026 49.0715 6.1527
MPC-Laguerre-LSSVM 7.9607 7.4171 49.9938 6.6100
IMC-Kautz-Wavelet 13.3117 14.8352 106.8201 12.5037
IMC-Kautz-LSSVM 13.5025 17.1904 111.3451 12.6290
IMC-Laguerre-Wavelet 70.3210 46.9930 111.6922 17.3823
IMC-Laguerre-LSSVM 71.9160 47.8204 112.0117 30.3646

quantitative analysis of the performance in terms of SSE between setpoint and controlled

output has been tabulated in Table 5.2.

The IMCs-Kautz-Wiener clearly outperform the IMCs-Laguerre-Wiener when setpoint

deviates to high-resonance zone. IMCs-Laguerre-Wiener yield overtly oscillatory response

coupled with huge overshoots/ undershoots, and the closed loop response settles with

offsets. The SSE values, as computed for IMCs-Laguerre-Wiener, are 3 − 5 times that

of IMCs-Kautz-Wiener. On the other hand, performances of all four NIMCs are some-

what comparable in low-resonance zone, nonetheless superiority of IMCs-Kautz-Wiener is

clearly visible in this zone too. The rate of flow of coolant experiences huge oscillatory

manipulation by IMCs-Laguerre-Wiener a observed in Fig.5.5.

Regulatory control problem

A series of load changes are introduced in feed flow rate (in the range of 2-5 L min-1)

and feed temperature (in the range of 3-8 K) as shown in Fig.5.6 in order to evaluate the

robustness of the model based controllers. The load changes were inducted both singly as

well as together.

Performance of regulatory control using OBF-Wiener model based MPC, while the

CSTR is disturbed with load changes on feed flow rate, has been shown in Fig.5.7. The

output profile, i.e. the temperature of the reactor, does not fluctuate beyond ±2K, while

the input manipulation is never needed beyond 5 L min-1. MPCs-Kautz-Wiener are bet-

ter performing than MPCs-Laguerre-Wiener. Supre-macy of Kautz-Wiener models over

Laguerre-Wiener models is more prominent in their application on NIMCs (Fig.5.8). The
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(c) Simultaneous disturbances in feed flow rate and feed
temperature

Figure 5.6: Various load changes introduced in CSTR while studying regulatory
control actions

IMCs-Kautz-Wiener clearly outperform the IMCs-Laguerre-Wiener. Especially when the

load pushes the process towards high-resonance zone, the SSE values computed for the

IMCs-Laguerre-Wiener show a value which is on an average 5-6 times higher than that of

IMCs-Kautz-Wiener (Table 5.3).

Performance of regulatory control using OBF-Wiener model based IMC, while the

CSTR is disturbed with load changes on feed temeprature, has been shown in Fig.5.9. The

temperature of the reactor, does not fluctuate beyond ±3K, while the input manipulation is

never needed beyond 8 L min-1. MPCs-Kautz-Wiener are better performing than MPCs-

Laguerre-Wiener. Especially MPC-Laguerre-LSSVM performs worse than the all other

controllers. The SSE value computed for MPC-Laguerre-LSSVM is 3 times that of other
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Figure 5.7: Regulatory control of CSTR using OBF-Wiener model based MPC: while
disturbing the feed flow rate
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Figure 5.8: Regulatory control of CSTR using OBF-Wiener model based IMC: while
disturbing the feed flow rate
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Figure 5.9: Regulatory control of CSTR using OBF-Wiener model based MPC: while
disturbing the feed temperature
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Figure 5.10: Regulatory control of CSTR using OBF-Wiener model based IMC:
while disturbing the feed temperature
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Figure 5.11: Regulatory control of CSTR using OBF-Wiener model based MPC:
while disturbing both feed flow rate and feed temperature
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Figure 5.12: Regulatory control of CSTR using OBF-Wiener model based IMC:
while disturbing both feed flow rate and feed temperature
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Table 5.3: Performances of model based controllers in controlling CSTR against load
changes in feed flow rate

Controllers SSE within the respective time window (min)
1 < time < 10 10 < time < 20 20 < time < 30

MPC-Kautz-Wavelet 19.9564 5.3454 4.7828
MPC-Kautz-LSSVM 21.1991 5.2110 4.9770
MPC-Laguerre-Wavelet 21.6180 5.5556 5.0481
MPC-Laguerre-LSSVM 39.7405 5.7332 5.7597
IMC-Kautz-Wavelet 22.4759 6.5916 6.1057
IMC-Kautz-LSSVM 24.4954 7.0124 6.4059
IMC-Laguerre-Wavelet 160.2241 8.9403 6.6070
IMC-Laguerre-LSSVM 150.6571 9.0532 6.6070

Table 5.4: Performances of model based controllers in controlling CSTR against load
changes in feed temperature

Controllers SSE within the respective time window (min)
1 < time < 10 10 < time < 20 20 < time < 30

MPC-Kautz-Wavelet 34.839 10.0021 8.8731
MPC-Kautz-LSSVM 35.7757 11.1573 9.3437
MPC-Laguerre-Wavelet 38.3917 9.6747 8.7948
MPC-Laguerre-LSSVM 110.0633 9.6747 10.3873
IMC-Kautz-Wavelet 37.766 12.1012 11.2749
IMC-Kautz-LSSVM 40.2972 12.3519 11.3439
IMC-Laguerre-Wavelet 201.3101 12.9100 11.6219
IMC-Laguerre-LSSVM 208.8363 14.9672 18.2668

controllers. Supremacy of Kautz-Wiener models over Laguerre-Wiener models is further

established in their application on NIMCs (Fig.5.10). The IMCs-Kautz-Wiener clearly

outperform both the IMCs-Laguerre-Wiener. The SSE value computed for the IMCs-

Laguerre-Wiener at the high-resonance zone is on an average 4 times higher than that of

IMCs-Kautz-Wiener (Table 5.4). The control effort in case of IMCs-Laguerre-Wiener is

enormous too.

The controllers become fragile when load changes are activated on both feed flow rate

and its temperature at a higher order, while combined load changes at a lower range does

not offer any significant results to draw conclusive argument. However, IMC-Laguerre-

wavelet shows poor performance in this case too (Figs. 5.11 and 5.12).
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5.4.2 Case study II : Model based control of a series con-

nected CSTR

In this case study, the concentration of the product from second reactor needs to be

regulated by manipulating the flow rate of coolant. Nominal concentration of the product

from the second reactor is set at 0.0076 mol L-1 while nominal flow rate of coolant at

steady state is 106 L min-1. Data are sampled at an interval of 0.1 min. As observed in

Chapter 4, the Laguerre-Wiener model completely fails in identifying this process due to

its overtly complex and oscillatory nature and thus it is not possible to design Laguerre-

Wiener model based controllers for this case study. In other words, only Kautz-Wiener

model based controllers are studied in this case study.

Servo control problem

A series of step changes have been introduced on the setpoint on either side of the nominal

operating point. Three consecutive step changes of magnitude 0.0002 mol L-1, -0.0004

mol L-1 and 0.0002 mol L-1 respectively were introduced on the nominal operating con-

centration. The reader may refer to Chapter 4 to understand that positive deviation from

nominal operating point leads to high-resonance zone. Prediction horizon (Np) and control

horizon (Nc) of all the NMPCs are chosen as 10 and 1 respectively, whereas error weight

matrix (WE) and input weight matrix (W∆u) are selected as 10 and 0 respectively. Simula-

tion has been carried out on series connected CSTR process for closed loop control with the

MPCs-Kautz-Wiener. The results have been graphically represented through Fig.5.13 and

Fig.5.14. The quantitative analysis of the performance in terms of SSE between setpoint

and controlled output has been tabulated in Table 5.5.

All four model based controllers are able to control the concentration (CA2) with varied

range of efficiency. However, it has been observed MPCs perform better than IMCs. The

overshoot of output profile, while regulated by MPC, is smaller and the output comes to

steady state faster (within 6 min) as observed in Fig.5.13 and Fig.5.14. On the other hand

IMC regulated output profiles show higher oscillation and oveshoots; and the response

time is almost double (Fig.5.15 and Fig.5.16). The SSE values, as computed for IMCs-

Kautz-Wiener, are almost 1.5 times that of MPCs-Kautz-Wiener, as observed in Table 5.5.

The input manipulation is however quite steep in case of MPCs-Kautz-Wiener.
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Figure 5.13: Servo control of series-connected CSTRs using OBF-Wiener model
based MPC: Controlled output

102

103

104

105

106

107

108

109

0 5 10 15 20

F
lo

w
ra

te
 o

f 
co

ol
an

t 
(L

 m
in

-1
)

Time (min)

MPC-Kautz-Wavelet
MPC-Kautz-LSSVM

Figure 5.14: Servo control of series-connected CSTRs using OBF-Wiener model
based MPC: Manipulated input
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Figure 5.15: Servo control of series-connected CSTRs using OBF-Wiener model
based IMC: Controlled output
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Figure 5.16: Servo control of series-connected CSTRs using OBF-Wiener model
based IMC: Manipulated input
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Figure 5.17: Regulatory control of series-connected CSTRs using OBF-Wiener model
based controllers: while disturbing the feed flow rate
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Figure 5.18: Regulatory control of series-connected CSTRs using OBF-Wiener model
based controllers: while disturbing the feed temperature
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Table 5.5: Performances (SSE values) of model based controllers in controlling series-
connected CSTRs

Controllers Servo action Regulatory action
load changes in feed flowrate load changes in feed temperature

MPC-Kautz-Wavelet 1.9643× 10−5 1.8751× 10−5 3.6613× 10−5

MPC-Kautz-LSSVM 1.9851× 10−5 1.9103× 10−5 3.7739× 10−5

IMC-Kautz-Wavelet 3.0570× 10−5 2.4528× 10−5 4.2936× 10−5

IMC-Kautz-LSSVM 3.0619× 10−5 2.5117× 10−5 4.3738× 10−5

Regulatory control problem

Performance of regulatory control using MPCs-Kautz-Wiener, while the series connected

CSTR is disturbed with load changes on feed flow rate, has been shown in Fig.5.17. The

output profile, i.e. CA2, does not fluctuate beyond ±0.0015 mol L-1, while the input ma-

nipulation is never needed beyond 4 L min-1. Supremacy of MPCs-Kautz-Wiener models

over IMCs–Kautz-Wiener is also observed when load changes on feed temperature are

incorporated (Fig.5.18). The SSE values computed for the IMCs-Kautz-Wiener show a

value which is on an average 1.2-1.5 times higher than that of MPCs-Kautz-Wiener (Table

5.5). Similarly Fig.5.19 indicates the performance of the controllers when both the load

changes are acted together. In all cases, it is consistently observed that the performances

of MPCs-Kautz-Wiener and IMCs-Kautz-Wiener are comparable when the process output

is pushed far away from the nominal operating point, while MPCs-Kautz-Wiener perform

marginally better than IMCs-Kautz-Wiener when the process operates close to its nominal

operating point (Reddy and Saha, 2017c). The computational time for each iteration of

MPCs-Kautz-wavelet algorithm is in the range of 0.0034 - 0.099 s and the mean value of

optimization problem computational times is 0.0146 s, whereas, for MPCs-Kautz-LSSVM,

the values are 0.02-0.69s and 0.189 s respectively.
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Figure 5.19: Regulatory control of series-connected CSTRs using Kautz-Wiener
model based controllers: while disturbing both feed flow rate and feed temperature
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5.5. SUMMARY

5.5 Summary

A novel kind of design technique for nonlinear IMC has been introduced. Four OBF-Wiener

models, viz. Kautz-wavelet, Kautz-LSSVM, Laguerre-wavelet and Laguerre-LSSVM, de-

scribed in the chapter 4 of this thesis, are employed to design model based controllers,

viz. MPC and IMC. Eight such combination of controllers have been developed and they

are employed in closed loop control study for nonlinear resonating CSTR systems, both in

servo as well as regulatory problems. The simulation results show that the Kautz-model

based controllers clearly outperform the Laguerre model based controllers in all categories.

The simulation time taken by Kautz model based controllers are less than that of Laguerre

model based controllers.
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Chapter 6

Conclusions & Future Directions

From the present work on nonlinear system identification and MBC of resonating systems

the following conclusions are drawn.

1. The new kind of linear system identification technique introduced in this thesis

is able to approximate linear/mildly nonlinear resonating dynamic systems. The

efficacy of this model is demonstrated through simulation case studies and they are

found to be able to model the processes with high accuracy.

2. The linear MPC, developed from the Kautz model is able to control the resonating

systems and the stability of the controller has been established through Lyapunov

stability criteria. The performance of Kautz-MPC technique is better than that of

Laguerre-MPC technique proposed by Wang (2004). Even with some limitations

Laguerre function based MPC is capable of controlling a strictly linear resonanting

system, albeit with higher number of Laguerre coefficients. The same system could

be controlled by Kautz-MPC with significantly less number of coefficients. Further,

even a mild nonlinearity cannot be handled by Laguerre-MPC as shown in the case

study of magnetic ball suspension system.

3. The nonlinear Kautz-Wiener models developed in this work using wavelet network

and LSSVM are very efficient in identifying the dynamics of highly nonlinear systems

such as CSTR. They remain equally efficient when the degree of nonlinearity is

manifold in case of series connected CSTRs.
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4. Although both Kautz-Wiener and Laguerre-Wiener are OBF based models, Kautz-

Wiener models outperform the Laguerre-Wiener models due to its capability of cap-

turing resonating characteristics. This issue is clearly evident in simulation results

of series connected CSTRs.

5. Among the eight cases of closed loop studies that have been performed through

simulation of CSTR and series connected CSTRs, both in servo and regulatory

problems, Kautz-Wiener based MBCs perform better than Laguerre-Wiener based

MBCs. Lagurre-Wiener based controllers yield higher oscillatory response in case of

controlling single CSTR. They yield offset too. On the other hand they completely

fail in case of series connected CSTRs due to failure in capturing the process dy-

namics which is primarily nonlinear and resonating. The simulation time taken by

Kautz model based controllers are less than that taken by Laguerre model based

controllers.

6. Wavelet network based MBCs yield better control performance than LSSVM based

MBCs, whereas performances of MPCs and IMCs are quite comparable.

7. The nonlinear IMC design technique through deletion of positive zeros followed by

model inversion(through optimization) is indeed a novel approach of its kind and it

ensures the BIBO stability in the closed loop operation.

There are still some unresolved issues in connection with the contents of this thesis,

which are briefly described below.

• The Kautz-Wiener models have been developed for a SISO system. This could

be extended for a n × m-MIMO system as m-MISO model, where m represents

the number of outputs and n the number of inputs of the MIMO system. The

real bottleneck found in extending the Kautz-Wiener models to non-square MIMO

systems is the right technique to find the optimal values of the Kautz function

parameters.

• The Kautz models can be extended for representing other classes of nonlinear process

using Hammerstein and/or Hammerstein-Wiener type structures.
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• The robustness issues of optimization based NIMC design can be explored by suitable

numerical methods.

• An experimental validation of the developed models and the corresponding MBCs.

An interested researcher may venture into the above issues while performing research

in the related area.
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Appendix A

Detailed Derivation of Recursive Linear Kautz func-

tions Model

By taking the inverse Z-transform of the Kautz functions defined in Theorem 2.1 as

Ψ(k) = Z−1Ψ(z) (A1)

and expressing the ith pole-pairs of the Kautz model parameters as

h
(i)
1 = − (βi + β∗i )

h
(i)
2 = βiβ

∗
i (A2)

the odd Kautz functions, given in Eq. 2.1 of Theorem 2.1, can further be derived as

Ψ2i−1 (z) = C(i)
o

(
1− a(i)

o z
)

Γ(i) (z)

= C(i)
o

(
1− a(i)

o z
)
× (1− βiz) (1− β∗i z)

(z − βi) (z − β∗i )
Γ(i−1) (z)

= C(i)
o

(
1− a(i)

o z
)
× 1− (βi + β∗i ) z + βiβ

∗
i z

2

z2 − (βi + β∗i ) z + βiβ∗i
×

Ψ2(i−1)−1 (z)

C
(i−1)
o

(
1− a(i−1)

o z
)

=
C

(i)
o

(
a

(i)
o z − 1

)
C

(i−1)
o

(
a

(i−1)
o z − 1

) × h
(i)
2 z

2 + h
(i)
1 z + 1

z2 + h
(i)
1 z + h

(i)
2

×Ψ2(i−1)−1 (z)

=
C

(i)
o a

(i)
o h

(i)
2

C
(i−1)
o a

(i−1)
o

×

(
z − 1

a
(i)
o

)
(
z − 1

a
(i−1)
o

) ×
(
z2 +

h
(i)
1

h
(i)
2

z +
1

h
(i)
2

)
z2 + h

(i)
1 z + h

(i)
2

×Ψ2(i−1)−1 (z)

=
C

(i)
o a

(i)
o h

(i)
2

C
(i−1)
o a

(i−1)
o
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×
z3 +

(
h

(i)
1

h
(i)
2

− 1

a
(i)
o

)
z2 +

(
1

h
(i)
2

− h
(i)
1

a
(i)
o h

(i)
2

)
z − 1

a
(i)
o h

(i)
2

z3 −
(

1

a
(i−1)
o

− h(i)
1

)
z2 −

(
h

(i)
1

a
(i−1)
o

− h(i)
2

)
z − h

(i)
2

a
(i−1)
o

×Ψ2(i−1)−1 (z)

= p
(i)
o,0 ×

z3 + p
(i)
o,1z

2 + p
(i)
o,2z + p

(i)
o,3

z3 − p(i)
o,4z

2 − p(i)
o,5z − p

(i)
o,6

×Ψ2(i−1)−1 (z) (A3)

and the even Kautz functions, given in Eq. 2.2 of Theorem 2.1, can further be

derived as

Ψ2i (z) = C(i)
e

(
1− a(i)

e z
)

Γ(i) (z)

= C(i)
e

(
1− a(i)

e z
)
× (1− βiz) (1− β∗i z)

(z − βi) (z − β∗i )
Γ(i−1) (z)

= C(i)
e

(
1− a(i)

e z
)
× 1− (βi + β∗i ) z + βiβ

∗
i z

2

z2 − (βi + β∗i ) z + βiβ∗i
×

Ψ2(i−1) (z)

C
(i−1)
e

(
1− a(i−1)

e z
)

=
C

(i)
e

(
a

(i)
e z − 1

)
C

(i−1)
e

(
a

(i−1)
e z − 1

) × h
(i)
2 z

2 + h
(i)
1 z + 1

z2 + h
(i)
1 z + h

(i)
2

×Ψ2(i−1) (z)

=
C

(i)
e a

(i)
e h

(i)
2

C
(i−1)
e a

(i−1)
e

×

(
z − 1

a
(i)
e

)
(
z − 1

a
(i−1)
e

) ×
(
z2 +

h
(i)
1

h
(i)
2

z +
1

h
(i)
2

)
z2 + h

(i)
1 z + h

(i)
2

×Ψ2(i−1) (z)

=
C

(i)
e a

(i)
e h

(i)
2

C
(i−1)
e a

(i−1)
e

×
z3 +

(
h

(i)
1

h
(i)
2

− 1

a
(i)
e

)
z2 +

(
1

h
(i)
2

− h
(i)
1

a
(i)
e h

(i)
2

)
z − 1

a
(i)
e h

(i)
2

z3 −
(

1

a
(i−1)
e

− h(i)
1

)
z2 −

(
h

(i)
1

a
(i−1)
e

− h(i)
2

)
z − h

(i)
2

a
(i−1)
e

×Ψ2(i−1) (z)

= p
(i)
e,0 ×

z3 + p
(i)
e,1z

2 + p
(i)
e,2z + p

(i)
e,3

z3 − p(i)
e,4z

2 − p(i)
e,5z − p

(i)
e,6

×Ψ2(i−1) (z) (A4)
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The suffices “o” and “e” indicate the corresponding parameters of the odd and even

Kautz functions respectively. These suffices are collectively represented as suffice

”g”

p
(i)
g,0 =

C
(i)
g a

(i)
g h

(i)
2

C
(i−1)
g a

(i−1)
g

(A5)

p
(i)
g,1 =

h
(i)
1

h
(i)
2

− 1

a
(i)
g

(A6)

p
(i)
g,2 =

1

h
(i)
2

− h
(i)
1

a
(i)
g h

(i)
2

(A7)

p
(i)
g,3 = − 1

a
(i)
g h

(i)
2

(A8)

p
(i)
g,4 =

1

a
(i−1)
g

− h(i)
1 (A9)

p
(i)
g,5 =

h
(i)
1

a
(i−1)
g

− h(i)
2 (A10)

p
(i)
g,6 =

h
(i)
2

a
(i−1)
g

(A11)

The odd Kautz functions in Eq. A3 can be represented in discrete time domain as

following

z3Ψ2i−1 (z) =
{
p

(i)
o,4z

2 + p
(i)
o,5z + p

(i)
o,6

}
Ψ2i−1 (z)

+p
(i)
o,0

{
z3 + p

(i)
o,1z

2 + p
(i)
o,2z + p

(i)
o,3

}
Ψ2(i−1)−1 (z)

Ψ2i−1 (k + 3) = p
(i)
o,4Ψ2i−1 (k + 2) + p

(i)
o,5Ψ2i−1 (k + 1)

+p
(i)
o,6Ψ2i−1 (k) + p

(i)
o,0

{
Ψ2(i−1)−1 (k + 3)

+p
(i)
o,1Ψ2(i−1)−1 (k + 2) + p

(i)
o,2Ψ2(i−1)−1 (k + 1)

+p
(i)
o,3Ψ2(i−1)−1 (k)

}
(A12)

124

TH-1663_10610708



APPENDIX A.

For i = 1 the structure of the Kautz functions is a bit different from the cases with

i 6= 1,

Γ(1) (z) =
1

(z − β1) (z − β∗1)

Ψ1 (z) = C(1)
o

(
1− a(1)

o z
)

Γ(1) (z) =
C

(1)
o

(
1− a(1)

o z
)

(z − β1) (z − β∗1)

=
C

(1)
o

(
1− a(1)

o z
)

z2 − (β1 + β∗1) z + β1β∗1

=
C

(1)
o

(
1− a(1)

o z
)

z2 + h
(1)
1 z + h

(1)
2

(A13)

Ψ1 (k + 2) = −h(1)
1 Ψ1 (k + 1)− h(1)

2 Ψ1 (k) (A14)

and long division of Eq.A13 leads to the following z-domain form

Ψ1 (z) = −C(1)
o a(1)

o z−1 + C(1)
o

{
1 + a(1)

o h
(1)
1

}
z−2

+C(1)
o

[
a(1)
o h

(1)
2 − h

(1)
1

{
1 + a(1)

o h
(1)
1

}]
z−3 + · · · (A15)

with

Ψ1 (1) = −C(1)
o a(1)

o

Ψ1 (2) = C(1)
o

{
1 + a(1)

o h
(1)
1

}
Ψ1 (3) = C(1)

o

{
a(1)
o h

(1)
2 − h

(1)
1

(
1 + a(1)

o h
(1)
1

)}
(A16)

For any i(i 6= 1), the general expression for the odd Kautz functions can be derived

by using long division method on Eq. A3.

Ψ2i−1 (z) = p
(i)
o,0 ×

[
1 +

(
p

(i)
o,1 + p

(i)
o,4

)
z−1

+
{(
p

(i)
o,2 + p

(i)
o,5

)
+ p

(i)
o,4

(
p

(i)
o,1 + p

(i)
o,4

)}
z−2 + · · ·

]
×Ψ2(i−1)−1 (z)

= p
(i)
o,0 ×

[
1 +

(
p

(i)
o,1 + p

(i)
o,4

)
z−1
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+
{(
p

(i)
o,2 + p

(i)
o,5

)
+ p

(i)
o,4

(
p

(i)
o,1 + p

(i)
o,4

)}
z−2 + · · ·

]
×
[
Ψ2(i−1)−1 (0) z−1 + Ψ2(i−1)−1 (1) z−2

+Ψ2(i−1)−1 (2) z−3 + · · ·
]

= p
(i)
o,0Ψ2(i−1)−1 (0) z−1 + p

(i)
o,0

{
Ψ2(i−1)−1 (1) + Ψ2(i−1)−1 (0)

(
p

(i)
o,1 + p

(i)
o,4

)}
z−2

+p
(i)
o,0

(
Ψ2(i−1)−1 (2) + Ψ2(i−1)−1 (1)

(
p

(i)
o,1 + p

(i)
o,4

)
+ Ψ2(i−1)−1 (0){(

p
(i)
o,2 + p

(i)
o,5

)
+ p

(i)
o,4

(
p

(i)
o,1 + p

(i)
o,4

)})
z−3 + · · · (A17)

Using Eq. A17 the samples at time instants 1,2 and 3 were found as following.

Ψ2i−1 (1) = p
(i)
o,0Ψ2(i−1)−1 (0)

Ψ2i−1 (2) = p
(i)
o,0

{
Ψ2(i−1)−1 (1) + Ψ2(i−1)−1 (0)

(
p

(i)
o,1 + p

(i)
o,4

)}
Ψ2i−1 (3) = p

(i)
o,0

(
Ψ2(i−1)−1 (2) + Ψ2(i−1)−1 (1)

(
p

(i)
o,1 + p

(i)
o,4

)
+Ψ2(i−1)−1 (0)

{(
p

(i)
o,2 + p

(i)
o,5

)
+ p

(i)
o,4

(
p

(i)
o,1 + p

(i)
o,4

)})
Now, from Eq. A14

Ψ1 (k + 3) = −h(1)
1 Ψ1 (k + 2)− h(1)

2 Ψ1 (k + 1) (A18)

For i = 2, using Eq.A12 and Eq.A18

Ψ3 (k + 3) = p
(2)
o,4Ψ3 (k + 2) + p

(2)
o,5Ψ3 (k + 1) + p

(2)
o,6Ψ3 (k)

+p
(2)
o,0

{
Ψ1 (k + 3) + p

(2)
o,1Ψ1 (k + 2) + p

(2)
o,2Ψ1 (k + 1) + p

(2)
o,3Ψ1 (k)

}
= p

(2)
o,4Ψ3 (k + 2) + p

(2)
o,5Ψ3 (k + 1) + p

(2)
o,6Ψ3 (k)

+p
(2)
o,0

{[
−h(1)

1 Ψ1 (k + 2)− h(1)
2 Ψ1 (k + 1)

]
+p

(2)
o,1Ψ1 (k + 2) + p

(2)
o,2Ψ1 (k + 1) + p

(2)
o,3Ψ1 (k)

}
= p

(2)
o,4Ψ3 (k + 2) + p

(2)
o,5Ψ3 (k + 1) + p

(2)
o,6Ψ3 (k)

+p
(2)
o,0

{(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) +

(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1) + p

(2)
o,3Ψ1 (k)

}
= p

(2)
o,0

(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) + p

(2)
o,4Ψ3 (k + 2)
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+p
(2)
o,0

(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1) + p

(2)
o,5Ψ3 (k + 1)

+p
(2)
o,0p

(2)
o,3Ψ1 (k) + p

(2)
o,6Ψ3 (k) (A19)

For i = 3 and using Eq.A12 and Eq. A19

Ψ5 (k + 3) = p
(3)
o,4Ψo,5 (k + 2) + p

(3)
o,5Ψ5 (k + 1) + p

(3)
o,6Ψ5 (k)

+p
(3)
o,0

[
Ψ3 (k + 3) + p

(3)
o,1Ψ3 (k + 2)

+p
(3)
o,2Ψ3 (k + 1) + p

(3)
o,3Ψ3 (k)

]

Ψ5 (k + 3) = p
(3)
o,4Ψ5 (k + 2) + p

(3)
o,5Ψ5 (k + 1) + p

(3)
o,6Ψ5 (k) + p

(3)
o,0

{
p

(2)
o,4

Ψ3 (k + 2) + p
(2)
o,0

(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2)

+p
(2)
o,5Ψ3 (k + 1) + p

(2)
o,0

(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1)

+p
(2)
o,6Ψ3 (k) + p

(2)
o,0p

(2)
o,3Ψ1 (k) + p

(3)
o,2Ψ3 (k + 1) + p

(3)
o,3Ψ3 (k)

}
+p

(3)
o,0p

(3)
o,1Ψ3 (k + 2)

= p
(3)
o,4Ψ5 (k + 2) + p

(3)
o,5Ψ5 (k + 1) + p

(3)
o,6Ψ5 (k)

+

[
p

(3)
o,0

(
p

(2)
o,4 + p

(3)
o,1

)
Ψ3 (k + 2) +

(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) + p

(3)
o,0

(
p

(2)
o,5 + p

(3)
o,2

)
Ψ3 (k + 1) +

(
3∏
i=2

p
(i)
o,0

)
(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1) + p

(3)
o,0

(
p

(2)
o,6 + p

(3)
o,3

)
Ψ3 (k) +

(
3∏
i=2

p
(i)
o,0

)
p

(2)
o,3Ψ1 (k)

]

=

(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2) + p

(3)
o,0

(
p

(2)
o,4 + p

(3)
o,1

)
Ψ3 (k + 2) + p

(3)
o,4Ψ5 (k + 2) +

(
3∏
i=2

p
(i)
o,0

)(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1) + p

(3)
o,0

(
p

(2)
o,5 + p

(3)
o,2

)
Ψ3 (k + 1)

+p
(3)
o,5Ψ5 (k + 1)
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+

(
3∏
i=2

p
(i)
o,0

)
p

(2)
o,3Ψ1 (k) + p

(3)
o,0

(
p

(2)
o,6 + p

(3)
o,3

)
Ψ3 (k)

+p
(3)
o,6Ψ5 (k) (A20)

similarly for i = 4, using Eq.A12, Eq.A19 and Eq.A20

Ψ7 (k + 3) = p
(4)
o,4Ψ7 (k + 2) + p

(4)
o,5Ψ7 (k + 1) + p

(4)
o,6Ψ7 (k)

+p
(4)
o,0

[
Ψ5 (k + 3) + p

(4)
o,1Ψ5 (k + 2)

+p
(4)
o,2Ψ5 (k + 1) + p

(4)
o,3Ψ5 (k)

]
=

(
4∏
i=2

p
(i)
o,0

)(
p

(2)
o,1 − h

(1)
1

)
Ψ1 (k + 2)

+

(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,4 + p

(3)
o,1

)
Ψ3 (k + 2)

+p
(4)
o,0

(
p

(3)
o,4 + p

(4)
o,1

)
Ψ5 (k + 2) + p

(4)
o,4Ψ7 (k + 2)

+

(
4∏
i=2

p
(i)
o,0

)(
p

(2)
o,2 − h

(1)
2

)
Ψ1 (k + 1)

+

(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,5 + p

(3)
o,2

)
Ψ3 (k + 1)

+p
(4)
o,0

(
p

(3)
o,5 + p

(4)
o,2

)
Ψ5 (k + 1) + p

(4)
o,5Ψ7 (k + 1)

+

(
4∏
i=2

p
(i)
o,0

)
p

(2)
o,3Ψ1 (k) +

(
4∏
i=3

p
(i)
o,0

)(
p

(2)
o,6 + p

(3)
o,3

)
Ψ3 (k) + p

(4)
o,0

(
p

(3)
o,6 + p

(4)
o,3

)
Ψ5 (k) + p

(4)
o,6Ψ7 (k) (A21)

The Eq. A18, Eq. A19, Eq. A20 and Eq. A21 together can be written in a compact

matrix form as given by the Eq. 2.29 and by analyzing the above derived matrix

equality given in Eq. 2.29, one can easily observe that the set of Kautz functions can

be represented in recursive manner that satisfies the following difference equation
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with initial conditions Ψ(1),Ψ(2) and Ψ(3).



Ψ1 (k + 3)

Ψ3 (k + 3)

Ψ5 (k + 3)

Ψ7 (k + 3)
...

Ψ2n−1 (k + 3)


= Ω2,o



Ψ1 (k + 2)

Ψ3 (k + 2)

Ψ5 (k + 2)

Ψ7 (k + 2)
...

Ψ2n−1 (k + 2)


+ Ω1,o



Ψ1 (k + 1)

Ψ3 (k + 1)

Ψ5 (k + 1)

Ψ7 (k + 1)
...

Ψ2n−1 (k + 1)


+ Ω0,o



Ψ1 (k)

Ψ3 (k)

Ψ5 (k)

Ψ7 (k)
...

Ψ2n−1 (k)


where the nth rows of the matrices Ω2,o, Ω1,oand Ω0,o are

Ω2,o (n) =



{
n∏
i=2

p
(i)
o,0

}(
p

(2)
o,1 − h

(1)
1

)
{

n∏
i=3

p
(i)
o,0

}(
p

(2)
o,4 + p

(3)
o,1

)
{

n∏
i=4

p
(i)
o,0

}(
p

(3)
o,4 + p

(4)
o,1

)
...{

n∏
i=n−1

p
(i)
o,0

}(
p

(n−2)
o,4 + p

(n−1)
o,1

)
p

(n)
o,0

(
p

(n−1)
o,4 + p

(n)
o,1

)
p

(n)
o,4



T

(A22)
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Ω1,o (n) =



{
n∏
i=2

p
(i)
o,0

}(
p

(2)
o,2 − h

(1)
2

)
{

n∏
i=3

p
(i)
o,0

}(
p

(2)
o,5 + p

(3)
o,2

)
{

n∏
i=4

p
(i)
o,0

}(
p

(3)
o,5 + p

(4)
o,2

)
...{

n∏
i=n−1

p
(i)
o,0

}(
p

(n−2)
o,5 + p

(n−1)
o,2

)
p

(n)
o,0

(
p

(n−1)
o,5 + p

(n)
o,2

)
p

(4)
o,5



T

(A23)

Ω0,o (n) =



{
n∏
i=2

p
(i)
o,0

}
p

(2)
o,3{

n∏
i=3

p
(i)
o,0

}(
p

(2)
o,6 + p

(3)
o,3

)
{

n∏
i=4

p
(i)
o,0

}(
p

(3)
o,6 + p

(4)
o,3

)
...{

n∏
i=n−1

p
(i)
o,0

}(
p

(n−2)
o,6 + p

(n−1)
o,3

)
p

(n)
o,0

(
p

(n−1)
o,6 + p

(n)
o,3

)
p

(4)
o,6



T

(A24)

Similarly, starting from Eq. A4 one can easily obtain similar structure for even

Kautz functions in a recursive form as,

Ψ2 (k + 3)

Ψ4 (k + 3)

Ψ6 (k + 3)

Ψ8 (k + 3)
...

Ψ2n (k + 3)


= Ω2,e



Ψ2 (k + 2)

Ψ4 (k + 2)

Ψ6 (k + 2)

Ψ8 (k + 2)
...

Ψ2n (k + 2)


+ Ω1,e



Ψ2 (k + 1)

Ψ4 (k + 1)

Ψ6 (k + 1)

Ψ8 (k + 1)
...

Ψ2n (k + 1)



130

TH-1663_10610708



APPENDIX A.

+Ω0,e



Ψ2 (k)

Ψ4 (k)

Ψ6 (k)

Ψ8 (k)
...

Ψ2n (k)


(A25)

where the nth rows of the matrices Ω2,e, Ω1,eand Ω0,e are

Ω2,e (n) =



{
n∏
i=2

p
(i)
e,0

}(
p

(2)
e,1 − h

(1)
1

)
{

n∏
i=3

p
(i)
e,0

}(
p

(2)
e,4 + p

(3)
e,1

)
{

n∏
i=4

p
(i)
e,0

}(
p

(3)
e,4 + p

(4)
e,1

)
...{

n∏
i=n−1

p
(i)
e,0

}(
p

(n−2)
e,4 + p

(n−1)
e,1

)
p

(n)
e,0

(
p

(n−1)
e,4 + p

(n)
e,1

)
p

(n)
e,4



T

(A26)

Ω1,e (n) =



{
n∏
i=2

p
(i)
e,0

}(
p

(2)
e,2 − h

(1)
2

)
{

n∏
i=3

p
(i)
e,0

}(
p

(2)
e,5 + p

(3)
e,2

)
{

n∏
i=4

p
(i)
e,0

}(
p

(3)
e,5 + p

(4)
e,2

)
...{

n∏
i=n−1

p
(i)
e,0

}(
p

(n−2)
e,5 + p

(n−1)
e,2

)
p

(n)
e,0

(
p

(n−1)
e,5 + p

(n)
e,2

)
p

(4)
e,5



T

(A27)
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Ω0,e (n) =



{
n∏
i=2

p
(i)
e,0

}
p

(2)
e,3{

n∏
i=3

p
(i)
e,0

}(
p

(2)
e,6 + p

(3)
e,3

)
{

n∏
i=4

p
(i)
e,0

}(
p

(3)
e,6 + p

(4)
e,3

)
...{

n∏
i=n−1

p
(i)
e,0

}(
p

(n−2)
e,6 + p

(n−1)
e,3

)
p

(n)
e,0

(
p

(n−1)
e,6 + p

(n)
e,3

)
p

(4)
e,6



T

(A28)

Now, the Eq. A22 and Eq. A25 can be represented in a single equation as

Ψ(k + 3) = Ω2Ψ(k + 2) + Ω1Ψ(k + 1) + Ω0Ψ(k) (A29)

where

Ψ(k) =



Ψ1(k)

Ψ2(k)

Ψ3(k)
...

Ψ2N(k)


(A30)

Ωp(2i− 1, 2j − 1) =


Ωp,o (i, j) , i = j, i ∈ [1 N ], j ∈ [1 N ]

Ωp,o (i, j) , i 6= j, i ∈ [2 N ], j ∈ [1 i]

0, Otherwise

Ωp(2i, 2j) =


Ωp,e (i, j) , i = j, i ∈ [1 N ], j ∈ [1 N ]

Ωp,e (i, j) , i 6= j, i ∈ [2 N ], j ∈ [1 i]

0, Otherwise
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where p = 0, 1, 2

Appendix B

Stability of Linear MPC

Control Lyapunov Function at sampling instant k

V (k) =

Np∑
j=1

X(k + j/k)TQX(k + j/k)

+

Np−1∑
j=0

∆u∗(k + j)TR∆u∗(k + j) (B1)

where

X(k + j/k) = ΛjX(k) +

j−1∑
i=0

Λj−i−1ΥΨ(i)Tη∗k (B2)

∆u(k + j) = Ψ(j)Tη∗k (B3)

where η∗k is the optimal coefficient vector solution for the defined cost function at

sampling instant k.

Control Lyapunov Function At sampling instant k + 1,

V (k + 1) =

Np∑
j=1

X(k + j + 1/k + 1)TQX(k + j + 1/k + 1)

+

Np−1∑
j=0

∆u∗(k + j + 1)TR∆u∗(k + j + 1) (B4)

where

X(k + j + 1/k) = ΛjX(k + 1) +

j−1∑
i=0

Λj−i−1ΥΨ(i)T η∗k+1 (B5)

∆u(k + j + 1) = Ψ(j)T η∗k+1 (B6)
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where η∗k+1 is the optimal coefficient vector solution for the defined cost function at sam-

pling instant k + 1.

At sampling instant k + 1 a feasible solution(not optimal) can be obtained by using the

one step ahead prediction resulting from the solution(η∗k) at sampling instant k as

X(k + 1) = ΛX(k) + Υ∆u∗(k) (B7)

i.e, the sub-optimal solution at k+ 1 can be obtained by shifting the optimal solution at k

one step forward. Therefore, the sub optimal cost is evaluated by applying input sequence

[Ψ(1)T η∗k,Ψ(2)T η∗k · · · ,Ψ(k +Np − 1)T η∗k, Cmpc(X(k +Np))].

Vsub−opt(k + 1) =

Np∑
j=1

[X(k + j + 1/k + 1)TQX(k + j + 1/k + 1)]

+

Np−1∑
j=0

[∆usub−opt(j)
TR∆usub−opt(j)]

where

X(k + j + 1/k + 1) = ΛjX(k + 1) +

j−1∑
i=0

Λj−i−1Υ∆usub−opt(i)

∆usub−opt(j) = [Ψ(1)T η∗k,Ψ(2)T η∗k, · · · ,

Ψ(k +Np − 1)T η∗k,

Cmpc(X(k +Np))] (B8)

From Eq. B2, the state space predictions using the optimal solution at sampling instant

k can be further expressed as,

X(k + 1/k) = Λ1X(k) + ΥΨ(0)T η∗k (B9a)

X(k + 2/k) = Λ2X(k) +
1∑
i=0

Λ1−iΥΨ(i)T η∗k

= Λ2X(k) + Λ1ΥΨ(0)T η∗k + ΥΨ(1)T η∗k (B9b)

X(k + 3/k) = Λ3X(k) +

2∑
i=0

Λ2−iΥΨ(i)T η∗k

= Λ3X(k) + Λ2ΥΨ(0)T η∗k + ΛΥΨ(1)T η∗k
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+ΥΨ(2)T η∗k (B9c)

...

X(k +Np/k) = ΛNpX(k) +

Np−1∑
i=0

Λj−i−1ΥΨ(i)T η∗k

= ΛNpX(k) +

Np−1∑
i=0

ΛNp−i−1ΥΨ(i)T η∗k

= ΛNpX(k) + ΛNp−1ΥΨ(0)T η∗k

+ΛNp−2ΥΨ(1)T η∗k + ΛNp−3ΥΨ(2)T η∗k + . . .

+ΥΨ(Np − 1)T η∗k (B9d)

Similarly, using Eq. B8, the state space predictions using the sub-optimal solution at

sampling instant k + 1 can be further expressed as,

X(k + 2/k + 1) = ΛX(k + 1) + Υ∆usub−opt(0)

= Λ{Λ1X(k) + ΥΨ(0)T η∗k}+ ΥΨ(1)T η∗k

= Λ2X(k) + Λ1ΥΨ(0)T η∗k + ΥΨ(1)T η∗k (B10a)

X(k + 3/k + 1) = Λ2X(k + 1) +
1∑
i=0

Λ1−iΥ∆usub−opt(i)

= Λ2{Λ1X(k) + ΥΨ(0)T η∗k}

+ΛΥ∆usub−opt(0) + Υ∆usub−opt(1)

= Λ3X(k) + Λ2ΥΨ(0)T η∗k + ΛΥΨ(1)T η∗k

+ΥΨ(2)T η∗k (B10b)

X(k + 4/k + 1) = Λ3X(k + 1) +
2∑
i=0

Λ2−iΥ∆usub−opt(i)

= Λ3{Λ1X(k) + ΥΨ(0)T η∗k}

+Λ2Υ∆usub−opt(0)

+ΛΥ∆usub−opt(1) + Υ∆usub−opt(2)

= Λ4X(k) + Λ3ΥΨ(0)T η∗k + Λ2ΥΨ(1)T η∗k

+ΛΥΨ(2)T η∗k + ΥΨ(3)T η∗k . . .
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X(k +Np/k + 1) = ΛNp−1X(k + 1) +

Np−2∑
i=0

ΛNp−i−2Υ∆usub−opt(i)

= ΛNp−1{Λ1X(k) + ΥΨ(0)T η∗k}

+ΛNp−2Υ∆usub−opt(0)

+ΛNp−3Υ∆usub−opt(1)

+ . . .+ Υ∆usub−opt(Np − 2)

= ΛNpX(k) + ΛNp−1ΥΨ(0)T η∗k

+ΛNp−2ΥΨ(1)T η∗k + ΛNp−3ΥΨ(2)T η∗k + . . .

+ΥΨ(Np − 1)T η∗k (B10c)

From Eq. B9 and Eq. B10, One can easily observe that,

X(k + 2/k) = X(k + 2/k + 1) (B11a)

X(k + 3/k) = X(k + 3/k + 1) (B11b)

X(k + 4/k) = X(k + 4/k + 1) (B11c)

...

X(k +Np/k) = X(k +Np/k + 1) (B11d)

Now the Vsub−opt(k + 1) can be further rearranged as

Vsub−opt(k + 1) =

Np∑
j=1

[X(k + j + 1/k + 1)TQX(k + j + 1/k + 1)]

+

Np−1∑
j=0

[∆usub−opt(j)
TR∆usub−opt(j)]

= X(k + 2/k + 1)TQX(k + 2/k + 1)

+X(k + 3/k + 1)TQX(k + 3/k + 1) + · · ·

+X(k +Np + 1/k + 1)TQX(k +Np + 1/k + 1)

+∆u∗(k + 1)TR∆u∗(k + 1)

+∆u∗(k + 2)TR∆u∗(k + 2)

+ · · ·+ Cmpc(X(k +Np))
TRCmpc(X(k +Np))
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= V (k)−X(k + 1/k)TQX(k + 1/k)

−∆u∗(k)TR∆u∗(k)

+X(k +Np/k + 1)TQX(k +Np/k + 1)

+Cmpc(X(k +Np))
TRCmpc(X(k +Np)) (B12)

Using the assumption in Theorem 3.2,

Vsub−opt(k + 1) = V (k)−X(k + 1/k)TQX(k + 1/k)

−∆u∗(k)TR∆u∗(k) (B13)

Let us denote the optimal value of the cost function at sampling instant k+ 1 as V (k+ 1)

and any sub-optimal cost function value Vsub−opt(k + 1) should follow that V (k + 1) ≤

Vsub−opt(k + 1), which means

V (k + 1) ≤ Vsub−opt(k + 1)

≤ V (k)−X(k + 1/k)TQX(k + 1/k)

−∆u∗(k)TR∆u∗(k)

V (k + 1)− V (k) ≤ −X(k + 1/k)TQX(k + 1/k)

−∆u∗(k)TR∆u∗(k) (B14)

Which implies that the Control Lyapunov Function (CLF) is a decreasing function and

hence the asymptotic stability is proved.

Appendix C

Detailed derivation of state-space linear Kautz Model

Using Theorem 2.1 the state space Kautz model given in Eqs. (2.42) and (2.43) can be

derived in the following state space form (q is shift operator).

ϕ1 (k) = Ψ1 (q)u (k)

137

TH-1663_10610708



APPENDIX C.

= C
(1)
1

(
1− a(1)

1 q
)

Γ(1) (q)u (k)

= C
(1)
1

(
1− a(1)

1 q
) 1

(q − β1) (q − β∗1)
u (k)

= C
(1)
1

(
q−1 − a(1)

1

) q

q2 + h
(1)
1 q + h

(1)
2

u (k) (C1)

where

h
(1)
1 = − (β1 + β∗1) (C2)

h
(1)
2 = β1β

∗
1 (C3)

Define the following states

x1 (k) =
q

q2 + h
(1)
1 q + h

(1)
2

u (k) (C4)

x2 (k) = x1 (k − 1) (C5)

Using Eqs. (C4) and (C5) in Eq.(C1) one obtains

ϕ1 (k) = C
(1)
1

[
x2 (k)− a(1)

1 x1 (k)
]

(C6)

Similarly

ϕ2 (k) = Ψ2 (q)u (k)

= C
(1)
2

(
1− a(1)

2 q
)

Γ(1) (q)u (k)

= · · ·

= C
(1)
2

[
x2 (k)− a(1)

2 x1 (k)
]

(C7)

Further

ϕ3 (k) = Ψ3 (q)u (k)

= C
(2)
1

(
1− a(2)

1 q
)

Γ(2) (q)u (k)

= C
(2)
1

(
1− a(2)

1 q
) (1− β1q) (1− β∗1q)u (k)

(q − β2) (q − β∗2) (q − β1) (q − β∗1)
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= C
(2)
1

(
q−1 − a(2)

1

)
×(

h
(1)
2 q2 + h

(1)
1 q + 1

q2 + h
(2)
1 q + h

(2)
2

)(
q

q2 + h
(1)
1 q + h

(1)
2

)
u (k)

= C
(2)
1

(
q−1 − a(2)

1

) h(1)
2 q2 + h

(1)
1 q + 1

q2 + h
(2)
1 q + h

(2)
2

x1 (k) (C8)

where

h
(2)
1 = − (β2 + β∗2) (C9)

h
(2)
2 = β2β

∗
2 (C10)

Define the following states

x3 (k) =
h

(1)
2 q2 + h

(1)
1 q + 1

q2 + h
(2)
1 q + h

(2)
2

× x1 (k) (C11)

x4 (k) = x3 (k − 1) (C12)

Using Eqs.(C11) and (C12) in Eq.(C8), one obtains the regressors (similar to Eqs. C6 and

C7) as

ϕ3 (k) = C
(2)
1

[
x4 (k)− a(2)

1 x3 (k)
]

(C13)

ϕ4 (k) = C
(2)
2

[
x4 (k)− a(2)

2 x3 (k)
]

(C14)

The derivation of regressors can further be continued and a generalized expression can be

given as in Eqs. (2.45)−(2.50).

Further, upon applying inverse transformation on the Eq. (C4) and thereupon using

Eq. (C5), following discrete time domain state space expression can be obtained

x1 (k + 1) = −h(1)
1 x1 (k)− h(1)

2 x1 (k − 1) + u(k)

= −h(1)
1 x1 (k)− h(1)

2 x2 (k) + u(k) (C15)

x2 (k + 1) = x1 (k) (C16)

Similarly, upon applying inverse transformation the above Eq. (C11) and thereupon using
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Eqs. (C12) and (C15)

x3 (k + 1) = −h(2)
1 x3 (k)− h(2)

2 x3 (k − 1) + h
(1)
2 x1 (k + 1)

+ h
(1)
1 x1 (k) + x1 (k − 1)

= · · ·

= h
(1)
1

(
1− h(1)

2

)
x1 (k) +

{
1−

(
h

(1)
2

)2
}
x2 (k)

− h(2)
1 x3 (k)− h(2)

2 x4(k) + h
(1)
2 u(k) (C17)

x4 (k + 1) = x3 (k) (C18)

Similar to Eqs.(C11) and (C12),

x5 (k) =
h

(2)
2 q2 + h

(2)
1 q + 1

q2 + h
(3)
1 q + h

(3)
2

× x3 (k) (C19)

x6 (k) = x5 (k − 1) (C20)

and applying inverse transformation on Eq. (C19) and thereupon using Eqs. (C20) and

(C17)

x5 (k + 1) = h
(1)
1 h

(2)
2

(
1− h(1)

2

)
x1 (k) +

h
(2)
2

{
1−

(
h

(1)
2

)2
}
x2(k) + h

(2)
1

(
1− h(2)

2

)
x3 (k)

+

{
1−

(
h

(2)
2

)2
}
x4(k)− h(3)

1 x5 (k)− h(3)
2 x6 (k)

+ h
(2)
2 h

(1)
2 u(k) (C21)

x6 (k + 1) = x5 (k) (C22)
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Likewise,

x7 (k + 1) =



h
(1)
1 h

(2)
2 h

(3)
2

(
1− h(1)

2

)
x1 (k) +

h
(2)
2 h

(3)
2

{
1−

(
h

(1)
2

)2
}
x2(k)+

h
(2)
1 h

(3)
2

(
1− h(2)

2

)
x3 (k) +

h
(3)
2

{
1−

(
h

(2)
2

)2
}
x4(k)+

h
(3)
1

(
1− h(3)

2

)
x5 (k) +{

1−
(
h

(3)
2

)2
}
x6 (k)−

h
(4)
1 x7 (k)− h(4)

2 x8 (k) +

h
(3)
2 h

(2)
2 h

(1)
2 u(k)



(C23)

x8 (k + 1) = x7 (k) (C24)

and

x9 (k + 1) =



h
(1)
1 h

(2)
2 h

(3)
2 h

(4)
2

(
1− h(1)

2

)
x1 (k) +

h
(2)
2 h

(3)
2 h

(4)
2

{
1−

(
h

(1)
2

)2
}
x2(k)+

h
(2)
1 h

(3)
2 h

(4)
2

(
1− h(2)

2

)
x3 (k) +

h
(3)
2 h

(4)
2

{
1−

(
h

(2)
2

)2
}
x4(k)+

h
(3)
1 h

(4)
2

(
1− h(3)

2

)
x5 (k) +

h
(4)
2

{
1−

(
h

(3)
2

)2
}
x6 (k) +

h
(4)
1

{
1− h(4)

2

}
x7 (k) +{

1−
(
h

(4)
2

)2
}
x8 (k)

−h(5)
1 x9 (k)− h(5)

2 x10 (k)

+h
(4)
2 h

(3)
2 h

(2)
2 h

(1)
2 u(k)



(C25)

x10 (k + 1) = x9 (k) (C26)

The above expressions in Eqs.(C15), (C16), (C17), (C18), (C21), (C22), (C23), (C24),
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(C25) and (C26) can further be represented in a compact matrix form as,



x1(k + 1)

x2(k + 1)

x3(k + 1)

x4(k + 1)

x5(k + 1)

x6(k + 1)

x7(k + 1)

x8(k + 1)

x9(k + 1)

x10(k + 1)



= z×



x1(k)

x2(k)

x3(k)

x4(k)

x5(k)

x6(k)

x7(k)

x8(k)

x9(k)

x10(k)



+



1

0

h
(1)
2

0

h
(1)
2 h

(2)
2

0

h
(1)
2 h

(2)
2 h

(3)
2

0

h
(1)
2 h

(2)
2 h

(3)
2 h

(4)
2

0



× u(k)

and

z =
[
z1 z2 z3 z4

]
where

z1 =



−h(1)
1 −h(1)

2

1 0

h
(1)
1

(
1− h(1)

2

)
1−

(
h

(1)
2

)2

0 0

h
(1)
1 h

(2)
2

(
1− h(1)

2

)
h

(2)
2

{
1−

(
h

(1)
2

)2
}

0 0

h
(1)
1

3∏
i=2

h
(i)
2

(
1− h(1)

2

) 3∏
i=2

h
(i)
2

{
1−

(
h

(1)
2

)2
}

0 0

h
(1)
1

4∏
i=2

h
(i)
2

(
1− h(1)

2

) 4∏
i=2

h
(i)
2

{
1−

(
h

(1)
2

)2
}

0 0


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and

z2 =



0 0

0 0

−h(2)
1 −h(2)

2

1 0

h
(2)
1

(
1− h(2)

2

)
1−

(
h

(2)
2

)2

0 0

h
(2)
1 h

(3)
2

(
1− h(2)

2

)
h

(3)
2

{
1−

(
h

(2)
2

)2
}

0 0

h
(2)
1

4∏
i=3

h
(i)
2

(
1− h(2)

2

) 4∏
i=3

h
(i)
2

{
1−

(
h

(2)
2

)2
}

0 0


and

z3 =



0 0

0 0

0 0

0 0

−h(3)
1 −h(3)

1

1 0

h
(3)
1

(
1− h(3)

2

)
1−

(
h

(3)
2

)2

0 0

h
(3)
1 h

(4)
2

(
1− h(3)

2

)
h

(4)
2

{
1−

(
h

(3)
2

)2
}

0 0


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and

z4 =



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

−h(4)
1 −h(4)

2 0 0

1 0 0 0

h
(4)
1

{
1− h(4)

2

}
1−

(
h

(4)
2

)2
−h(5)

1 −h(5)
2

0 0 1 0


The complete state space model can be derived as given in Eq. (2.54) whose (2n − 1)th

row will be

x2n−1 (k + 1) =



h
(1)
1

n−1∏
i=2

h
(i)
2

(
1− h(1)

2

)
n−1∏
i=2

h
(i)
2

{
1−

(
h

(1)
2

)2
}

h
(2)
1

n−1∏
i=3

h
(i)
2

(
1− h(2)

2

)
n−1∏
i=3

h
(i)
2

{
1−

(
h

(2)
2

)2
}

h
(3)
1

n−1∏
i=4

h
(i)
2

(
1− h(3)

2

)
n−1∏
i=4

h
(i)
2

{
1−

(
h

(3)
2

)2
}

...

h
(n−1)
1

(
1− h(n−1)

2

)
1−

(
h

(n−1)
2

)2

−h(n)
1

−h(n)
2



T



x1 (k)

x2 (k)

x3 (k)

x4 (k)

x5 (k)

x6 (k)
...

x2(n−1)−1 (k)

x2(n−1) (k)

x2n−1 (k)

x2n (k)



+

{
n−1∏
i=1

h
(i)
2

}
u (k) (C27)

and

x2n (k + 1) = x2n−1 (k) (C28)
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which would eventually yield the Eqs.(2.58)−(2.60)
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