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Abstract

The primary interest of this thesis is to provide some efficient numerical techniques for
solving singularly perturbed delay parabolic initial-boundary-value problems (IBVPs)
in one and two-dimensions. These types of problems are described by partial differential
equations (PDEs) in which the highest-order derivative is multiplied by an arbitrarily
small parameter € and contain at least one delay term. Due to the parameter €, the solu-
tion of such equation exhibits a thin layer where the solution varies rapidly, while away
from the layer the solution varies slowly and behaves smoothly. Singularly perturbed
PDEs model physical problems for which the evolution depend in the present state of the
system. In contrast, singularly perturbed delay partial differential equations (DPDEs)
relate an unknown function to its derivatives by the past history. Due to the layer
phenomena, it is indeed a difficult task to provide e-uniform numerical methods for sin-
gularly perturbed DPDEs, i.e., methods in which the approximated solution converges
(measured in supremum norm) to the exact solution of the corresponding continuous
problem independently with respect to the parameter ¢.

The purpose of this thesis is to apply, analyze and optimize the upwind based numer-
ical methods on Shishkin-type meshes for solving singularly perturbed delay parabolic
convection-diffusion problems.

We begin the thesis with general introduction along with the objective and the mo-
tivation for solving singularly perturbed delay parabolic PDEs. Then, we give some
definitions and terminologies which are used throughout the thesis. Next, we move to-
wards the main work of the thesis. A uniformly convergent hybrid scheme is proposed
and analyzed for a 1D DPDE on the piecewise-uniform Shishkin mesh. The hybrid
scheme used here, is a proper combination of the midpoint upwind scheme and the cen-
tral difference scheme. Then, we consider the same problem and use a post-processing
technique (Richardson extrapolation), which improves the first-order accuracy of the
standard upwind scheme applied on the piecewise-uniform Shishkin mesh to second-order
convergence. Numerical experiments are carried out for singularly perturbed linear and
semilinear DPDEs.

Then we proceed towards two-dimensional parabolic PDEs. We use a fractional-step
method to discretize the time-derivative of the singularly perturbed two-dimensional
PDE. The resulting one-dimensional equations are solved by the classical upwind scheme
along with the Richardson extrapolation technique. Next, we consider singularly per-
turbed two-dimensional DPDEs. We use the classical upwind scheme to discretize the
spatial derivatives on the standard Shishkin mesh and the Bakhvalov-Shishkin mesh.
By considering the fact that the fractional-step method allows us to reduce the compu-
tational cost, we use the fractional-step method along with the classical upwind scheme
to solve singularly perturbed two-dimensional DPDE. We present numerical results to
validate the theoretical findings.

A concise conclusion with possible future work is provided at the end of this thesis.
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CHAPTER ]_

Introduction

1.1 Brief Background

The boundary layer phenomena have considerable importance in the area of fluid flow
problems, chemical reactor theory, elasticity, heat and mass transfer, semi-conductor
device modeling etc. From the mathematical perspective, such kind of problem is called
singular perturbation problem (SPP) and the solution of such problem exhibits boundary
layer(s) due to the small parameter (¢) multiplied with the highest-order derivative.
When ¢ — 0, the order of the differential equation is reduced, but the number of
boundary conditions remain same and as a consequence, the problem becomes ill-posed.
It can be observed that there is a thin layer where the solution varies rapidly, but away
from the layer the solution behaves regularly and varies slowly. This class of problem is
an attractive area for researchers due to its application nature.
For example, the Navier-Stokes equation of fluid dynamics, which governs the un-

steady incompressible viscous fluid flow problem is given by

%—? +u-Vu+Vp= é

V-u=0,

V?u,
(1.1.1)

subject to suitable initial and boundary conditions. Here, p is the pressure and u is
the velocity field whose components are uy, us along x and y directions. The parameter
Re = |u|L/v is the Reynolds number with L being the length scale and v is the kinematic
viscosity of the fluid. For sufficiently large Re (>> 1), the equations given in (1.1.1) will
be considered as singularly perturbed partial differential equation (PDE), and in such

cases considerable amount of numerical difficulties arise due to the presence of boundary

TH-1760_126123005



Chapter 1 1.1. Brief Background

layers. For more examples, one can refer the books of Morton [64], Murray [68] and the
survey article of Lagerstrom and Casten [49].

In the Third International Congress of Mathematicians held at Heidelberg in 1904,
Prandtl pioneered the subject of boundary layer theory for the first time. In his seven-
page report, which was published in the proceedings [82], he explained how a quantity
as small as the viscosity of common fluids such as water and air could play a crucial
role in determining their flow. In that work, Prandtl had shown that the flow about
a body can be dealt by dividing it into two regions: a very thin layer in proximity to
the body (which he called the boundary layer) where the frictional effects are prominent
and remaining as the outside regions. Afterwards, the boundary layer theory became
the foundation stone for modern fluid dynamics. However, Friedrichs and Wasow [30]
first commenced the term ‘singular perturbation’ in their paper on nonlinear vibrations,
which was presented at New York University in 1946.

A differential equation is said to be singularly perturbed when the highest-order
derivative is multiplied by a small parameter 0 < ¢ < 1 (the so-called singular pertur-
bation parameter). Due to the effect of €, this topic got attention from mathematicians
as well as physicists. When the parameter ¢ — 0, the problem has a limiting solution,
which is called the solution of the reduced problem [20] and the regions of nonuniform
convergence lie near the boundary, which are known as boundary layers. Such problems
have steep gradients in the narrow layer regions of the considered domain. In general, the
analytic solution of these problems has multi-scale behavior. For singularly perturbed
PDE, boundary layer can be broadly classified into two types, i.e., parabolic boundary
layer and regular boundary layer. If the characteristics of the reduced equation are par-
allel to the boundary, then it is called parabolic boundary layer otherwise such layer is
called regular boundary layer. Another type of boundary layer near a corner, termed as
corner layer, is also available in the literature. For better understanding, one can refer
to the book of Farrell et al. [28], where these cases are explained nicely with graphs.

Numerical analysis and asymptotic analysis are two main approaches for solving
SPPs. By numerical analysis one can get quantitative information about a particular
problem, whereas asymptotic analysis provides an insight into the qualitative behavior
of a family of problems. Quite a good number of books are available which deal with
asymptotic approaches. To cite a few: Bender and Orszag 7], Bush [9], Eckhaus [22, 23],
Kevorkian and Cole [42], Miller [61], Nayfeh [74, 75] and O’Malley [78, 79]. Several
numerical methods have been developed over the last few decades for solving singularly
perturbed stationary and non-stationary problems. For details, one may refer to the
books of Doolan et al. [20], Farrell et al. [28] and Miller et al. [60] and the articles of
Ewing and Wang [26], Farrell [27], Kadalbajoo and Patidar [35], Kopteva and Stynes

Ph.D. Thesis 2
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Chapter 1 1.1. Brief Background

[45], LinB [56], Miller [58], Miller et al. [59] and Stynes [88].

In this thesis, we mainly focus on the numerical solution of singularly perturbed
parabolic differential equation with a delay term. At the time of modeling a physical
phenomenon, one may assume that the considered system is governed by a principle
of causality, i.e., the future state of the system solely depends on the present not on
the past state. But, by thorough inspection, it becomes apparent that, more realistic
model would involve some of the past history of the system. Such kind of phenomena
are modeled by differential equations with delay arguments.

Delay differential equations (DDEs) are classified into four categories. In a DDE, if
delay does not occur in the highest-order derivative then such type of DDE is called re-
tarded type. For example, the following first-order ordinary differential equation (ODE)

% + au() + bu(z — 7(x)) = g(2),

is of retarded type.
If the delay appears in the highest-order derivative then that type of DDE is called

neutral type. The example is

du  du(z —7(x)) B
o te———+ bu(z) + cu(x — 7(x)) = g(x).
If the delay appears in the highest-order derivative and not in the next lower-order then

such type of DDE is called advanced type. The following second-order ODE is of this

type:

d*u(z — d

W d aﬁ + bu(z) + cu(x — 7(z)) = g(x).
Sometime the delay can be a function of an unknown function then that is called state
dependent type. The example is

Z—Z + au(z) + bu(z — 7(z,u(x))) = g(z).

The general theory of DDEs is widely developed and we refer to the classical books
by Bellman and Cooke [6], Diekmann et al. [19], Driver [21], El'sgol’ts and Norkin [24],
Hale [33], Hale and Verduyn Lunel [34], Kolmanovskii and Myshkis [43], Kolmanovskii
and Nosov [44], Kuang [46], Nelson and Perelson [76], Villasana and Radunskaya [93]
and Zhao [96], which also include many real-life examples of DDEs.

Here, we consider retarded type DDE. A subclass of these equations is singularly
perturbed delay differential equation (SPDDE), i.e., the highest-order derivative term is
multiplied by a small parameter () and the equation contains at least one delay term.

For example, consider an automatically controlled furnace. The material strip to be

heated is fed into the furnace by rollers whose speed is regulated by the speed controller.

Ph.D. Thesis 3
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Chapter 1 1.1. Brief Background

The furnace temperature is varied by means of a heater actuated by a heater controller.
The control objective is to maintain a desired spatial temperature distribution in the
incoming material, which is fed into the furnace by rollers, the speed of which is regulated
by a speed controller. This may be accomplished by placing temperature transducers
along the material strip. A computer uses the information from the transducers to
generate the appropriate control signals for the heater and feed roller controllers. Owing
to the possible presence of time delays in actuation, and in information transmission
and processing, the control signals may be delayed in time. A simplified mathematical
description of the overall control system may be given by

(9u(8xt, t) _ 80 1;;;, t) o (glulz,t— 7)) 3uéxx, t)

+c[f(u(z,t — 7)) —u(z,t)],
defined on a one-dimensional spatial domain 0 < x < 1, subject to suitable initial and
boundary conditions. Here, v is the instantaneous material strip velocity depending on
a prescribed spatial average of the time-delayed temperature distribution u(x,t—7), and
f represents a distributed temperature source function depending on u(x,t — 7). More
details can be seen in [95].

The so-called Britton model [8] in population dynamics is another example of delay
problem, which is given by

ur = eAu+u(l — g *u)

with

t
gru= / / 9(@ —y,t — s)uly, s)dyds.
t—7 JQ

Here, u(x,t) is the population density, which evolves through random migration (mod-
eled by the diffusion term) and reproduction (modeled by the nonlinear reaction term).
The latter part contains a convolution operator with a kernel g(x,t), which models
the distributed age-structure dependence of the evolution and its dependence on the
population levels in the neighborhood.

In brief, the difference between singularly perturbed delay partial differential equa-

tions (DPDEs) and singular perturbed PDEs without time delay are:

(i) Singularly perturbed DPDEs can model the time-lag or after effect which cannot

be done by conventional instantaneous PDEs.

(i) If we replace u(x,t — 7) with the first few terms of the Taylor series expansion,
then the solution of the approximated singularly perturbed PDE may behave quite

differently from the original solution. Small lags can have large effects.

(iii) For singularly perturbed DPDEs, the initial condition is a function of x and ¢,
defined on the interval ¢ € [—7,0], whereas in the case of singularly perturbed

PDESs, the initial condition is given only on the z-axis, i.e., along t = 0.
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The boundary layer phenomenon causes severe hurdles in obtaining the numerical
approximate solutions by the classical numerical methods on the uniform meshes. Two
most reliable numerical methods for solving such type of equations which are available in
the literatures are fitted operator methods (FOMs) and fitted mesh methods (FMMs).
In FOMs, one uses an exponentially fitted difference scheme on the uniform meshes,
which have coefficients of exponential type adapted to the SPP. The extension of FOMs
to higher-dimensional problems are too difficult and in some cases it may not be even
possible. Whereas, in FMMs, one can use the classical finite difference schemes on the
piecewise-uniform mesh or any other layer-adapted nonuniform meshes. In FMMs, the
meshes are constructed in such a way that the density of mesh-points will be more
in the boundary layer regions compared to the outer regions. The well-known layer
resolving fitted meshes are Bakhvalov meshes [4] and Shishkin meshes [60]. To generate
the Bakhvalov meshes, one has to solve a nonlinear equation, which is comparatively
difficult than generating the piecewise-uniform Shishkin mesh. In both the cases one
requires aprior: information about the width and location of the boundary layer. More
information about the layer-adapted nonuniform meshes and the numerical schemes for
SPPs can be found in the books of Farrell et al. [28], Miller et al. [60] and Roos et al.
[85].

1.2 Objective and Motivation

The main aim of this thesis is to apply, analyze and optimize e-uniform upwind based
FMMs for solving singularly perturbed delay parabolic convection-diffusion problems.
The theory and numerical solution of singularly perturbed DPDEs are still at the initial
stage whereas numerical methods for singularly perturbed PDEs have been studied ex-
tensively by many authors. For details, one may refer the books by Doolan et al. [20],
Farrell et al. [28], Miller et al. [60] and Roos et al. [85], where FOMs and FMMs are
used for solving singularly perturbed problems in one and two-dimensions. Cai and Liu
[10] and Stynes [88] developed uniformly convergent numerical methods on the Shishkin
mesh for time dependent and steady-state convection-diffusion problems. One can also
look into the articles [5, 69, 70, 71, 72, 91, 92|, in which Natesan and his collaborators
have proposed initial-value techniques and parallel boundary-value techniques to solve
singularly perturbed boundary-value problems (BVPs).

However, constructing a parameter-uniform higher-order numerical method is always
a challenging task. Here, we cite some articles, which dealt with such numerical methods,
namely, the hybrid scheme and the Richardson extrapolation technique.

A hybrid scheme, which is a proper combination of the midpoint upwind scheme (for
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the outer region) and the central difference scheme (for the inner region) was proposed
in [65, 67, 89]. The midpoint upwind scheme was first introduced by Abrahamsson et
al. [1] for system of singularly perturbed ODE. Stynes and Roos [89] combined this
scheme with the central difference scheme to solve a singularly perturbed BVP. Mukher-
jee and Natesan [65, 67] used the hybrid scheme to solve a singularly perturbed parabolic
convection-diffusion problem. The convection coefficient of the problem studied in [65]
is continuous, whereas in [67], it is discontinuous. By using this scheme, they were
able to obtain almost second-order spatial accuracy. Das and Natesan [17] proposed
a higher-order scheme for solving system of reaction-diffusion ODE with mixed type
boundary conditions. They used the cubic spline approximation for the inner region
and the central difference scheme for the outer region and obtained almost second-order
spatial accuracy.

Another method, which exists in the literature, to enhance the order of accuracy
of the numerical solutions of SPPs is the Richardson extrapolation technique. This
technique was used for singularly perturbed convection-diffusion BVP on the piecewise-
uniform Shishkin mesh by Natividad and Stynes [73] and on equidistributed mesh by
Das and Natesan [16], whereas Mohapatra and Natesan [62] applied this technique for
singularly perturbed delay BVPs for ODEs. This technique was adapted to the system of
convection-diffusion two-point BVPs by Deb and Natesan [18], and for parabolic PDEs
(without the delay term) by Mukherjee and Natesan [66].

Any system involving a feedback control will almost involve delay since a finite time
is required to sense information and then react to it. SPDDEs are very useful tool
to model many phenomena in biophysics and mechanics [87, 90]. To solve a SPDDE
having both the delay and shift terms, Lange and Miura [50, 51, 52, 53, 54| provided an
asymptotic approach, moreover they showed that the effect of the delay and shift terms
on the solutions cannot be neglected. Since SPDDE can model a wide range of biological
problems, the computation for SPDDE is very important. Amiraliyev and Erdogan [2]
suggested an implicit finite difference scheme on the piecewise-uniform Shishkin mesh
to solve an initial-value problem (IVP) for a linear first-order DDE and also proved that
the method has almost first-order convergence. Erdogan [25] proposed an implicit finite
difference scheme on the special Bakhvalov mesh for an IVP. A hybrid finite difference
scheme on the Shishkin mesh was suggested by Cen [11]. The FOMs or the FMMs was
used by Kadalbajoo et al. [36, 37, 38, 39] and a non-standard finite difference scheme
was used by Patidar and Sharma [80, 81] to solve BVPs. Mohapatra and Natesan [63]
used the adaptive mesh generation method based on the idea of equidistribution to solve
a BVP.

However, comparatively little work has been done for singularly perturbed delay
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parabolic PDEs. Ansari et al. [3] considered a delay parabolic reaction-diffusion dif-
ferential equation on a rectangular domain in the z, ¢t plane. The second-order spatial
derivative is multiplied by a small parameter, which gives rise to parabolic boundary
layers on the two lateral sides of the rectangle. A numerical method comprising of
a standard finite difference operator (central difference in space and implicit-Euler in
time) on a rectangular piecewise-uniform fitted mesh condensing in the boundary layers,
is proved to be robust with respect to the small parameter, or parameter-uniform, in the
sense that its numerical solution converges to the exact solution in the maximum norm,
uniformly for all 0 < ¢ < 1.

Ramesh and Kadalbajoo [83] considered a class of time-dependent singularly per-
turbed convection-diffusion problems with retarded terms which often arise in computa-
tional neuroscience, i.e., there is a delay term in the spatial variable. By using the Taylor
series, they approximated the retarded terms, and finally with the help of a parameter-
uniform numerical methods based on the implicit-Euler, upwind and midpoint upwind
finite difference schemes, they solved their model problem.

Gowrisankar and Natesan [31] proposed a parameter-uniform computational tech-
nique to solve singularly perturbed delay parabolic reaction-diffusion problem. The
domain was discretized with a nonuniform mesh obtained via equidistribution of a mon-
itor function for the spatial variable and with a uniform mesh on the time direction.
The numerical scheme consists of the implicit-Euler scheme for the time derivative and
the classical central difference scheme for the spatial derivative. The proposed numerical
scheme is of second-order accurate in space and first-order accurate in time.

In [32], Gowrisankar and Natesan considered a singularly perturbed delay parabolic
convection-diffusion problem. They discretized the domain by using a piecewise-uniform
Shishkin mesh in the spatial direction and uniform mesh in the temporal direction.
The numerical scheme consists of the implicit-Euler scheme for the time derivative and
the upwind finite difference scheme for the spatial derivative. The proposed numerical
scheme is e-uniformly convergent with first-order accurate in time and almost first-order
(up to a logarithmic factor) accurate in space.

In [47], Kumar and Kadalbajoo considered a class of time-dependent singularly per-
turbed convection-diffusion problems with the delay in space. To approximate the re-
tarded terms, the Taylor series expansion has been used and the resulting time-dependent
SPP is approximated using parameter-uniform numerical method comprised of a stan-
dard implicit finite difference scheme to discretize in the temporal direction on the
uniform mesh by means of the Rothe’s method and a B-spline collocation method in
the spatial direction on the piecewise-uniform Shishkin mesh. The method has shown

to have almost second-order parameter-uniform convergence.
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From the literature, one can observe that in most of the cases no higher-order
parameter-uniformly convergent scheme was used to solve singularly perturbed delay
parabolic convection-diffusion problem. Some works have been carried out where the
delay parameters are involved in space, which is less usual phenomenon than delay in
time. Again, the use of the Taylor series approximation for the delay term is not an
effective way, because the solution of the approximated singularly perturbed PDE may
behave quite differently from the original solution. By considering all these facts, we pro-
pose some higher-order parameter-uniformly convergent numerical schemes for solving

singularly perturbed delay parabolic convection-diffusion problems.

1.3 Some Notations and Terminologies

In this section, we give some basic definitions, notations and terminology which will be
used throughout the thesis.

We denote €*(Q) as the space of all functions whose derivatives up to order k(> 0)
are continuous on (), where @ is a bounded domain in R” x [0,7]. Now, we define the

Holder continuous function.

Definition 1.3.1. Let p € (0,1). A function x : Q — R is said to be uniformly Holder

continuous with exponent p in Q, if the quantity [x],.q s finite, where

IX(x, 1) = x(x', )|

1/2
X|l.o=  sup ‘ ;
e (x,t), (x",t)eQ [dwt«X? t)? (X/’ ﬂ))]u

dist((x,), (1) = (|x = x'|[>+ |t — ¢])

with x, x' € R" and ||x|| is the euclidean norm (>, x?)l/Q.

This coincides with the definition of [29]. The space consisting of Holder continuous
functions is called Holder continuous space, and it is denoted by e**/2(Q). For each
positive integer k > 1, the Holder space e¥+(*+1/2(()) is defined as follows:

ot
ehtm(Hm/2(Q) = { g 1 =— I ¢ erH2(Q), forall non-negativeintegers
oxi ot
i, jwith0 <i+2j < k}
where x = (z1, 29, -+ , 1), OX' = 0202 --- Oz, and i = iy + iy + - - + 4.

Note that for each integer & > 0, any function g € eF+#(*+1/2(Q) is uniformly
continuous in @ and admits a unique extension on ). This permits us to speak about
values on 0Q = Q\Q of a function g € e**+1)/2(Q)) and without ambiguity one can
write @k+u,(k+u)/2(Q) — ek‘+u7(k+u)/2(@).
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For the analysis, we use the standard supremum norm, which is denoted by |||

and is defined by

9/l = sup |g(x,1)].
(x,t)eQ

Throughout the thesis, C' has been used as a generic positive constant which is
independent of €, the mesh-points and the mesh-sizes. Note that C' may take different
values in different places.

In the analysis, we frequently assume that ¢ < N~! as it is the case of actual interest
from the practical point of view. If N=! < ¢, then in practice the model problems
considered in this thesis are not difficult to solve computationally, and the analysis can
be carried out in the classical way.

Due to the boundary layer, obtaining an e-independent error bound for a classical
discretization methods applied on the uniform mesh is always a difficult task. To measure
the performance and the robustness of a numerical method, let us introduce the concept

of e-uniform accuracy.

Definition 1.3.2. (e-Uniform numerical method) Consider a family of mathemati-
cal problems parameterized by a parameter e where 0 < e < 1. Assume that each problem
in the family has a unique solution denoted by u. and that of each u. is approximated by
a sequence of numerical solution {(Ua,@N’At)}?V":l, where U, s defined on the discrete
space @N’At with the discretization parameters N and At. Now the numerical solution
U. is said to converge e-uniformly to the exact solution u., if there exist a positive integer
Ny and positive number ‘C’, p and q such that for all N > Ny and M > My, where
M =T/At, we have

sup ||U: —ue|| < C (N’p + Atq) ,
0<exl

where Ny, My, C, p and q are independent of €.
Here p and q are e-uniform order of convergence with respect to the spatial and

temporal variables, respectively, and C' is called the e-uniform error constant.

We choose the maximum norm for the measurement of the error, because we need to
measure the error in a very small part of the domain where the boundary layer occurs.
Other norms, such as the root mean square norm fails to capture the local behavior of
the error inside the boundary layer regions. Further discussion on the choice of the norm
can be found in the book of Miller et al. [60].

Now, we define the standard finite difference operators which are useful for describing
the difference schemes in the subsequent chapters. For that, we consider the arbitrary
meshes in the spatial direction as ﬁiv ={0=29 <2 <--- <y =1}, and in the
temporal direction as AM = {0 =ty <t; <--- <t, =T}
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For a given mesh function ¢(z;,t,) = ¢, define the forward, backward and central

difference operators 0, 6, and &2 in space by

n n n n n n
Stat — 441 — 4 5ot — 4; — q;—1 d 60" — N
x4y ’ x 1y T an =24 = )
Tit1 — X4 Ty — Ti-1 Tig1 — Ti—1
respectively, and we define the second-order central difference operator 62 by

520 — 206, 4" — 6, 47')
x 17 )
Tit1 — Ti—1

and define the backward difference operator 9, in time by

n n—1
= q; — 4;
Srorl & Iy
A% tn - tn—l
In an analogous way, for a given mesh function ¢(v;,y,t,) = ¢y, ,, ¥ € le/v , we

define the forward difference operator ¢, the backward difference operator 6, (for first-
order spatial derivative) and the central difference operator §2 (for second-order spatial

derivative) in spatial z-direction by

n _n n _ AN + n N e 1}
5+ n — qu—l:y qxi:y —n . qfrmy ql’i—lvy d 52 n o 2(52 qﬂ?i,y 6(13 q:Ei,y)
aQz,y = 1 Op Ay = Gl elz;y = )
Tiv1 — T4 Ti — Ti—1 Tiv1 — Ti—1
respectively.

Similarly, we define all the difference operators in y-direction. The backward differ-
ence operator o, is defined by
-1
gt = qghyj [ q;ivyj
g tn = tn—l
to approximate the first-order time derivative.

Now, we provide the definition of an M-matrix, as given in the books [28, 85].
Definition 1.3.3. A matriz A = (a;;) € R** is an M-matriz if A is nonsingular,

A" >0and a;; <0, foralli#j,1<i,j<k.

The next definition is of Landau’s order symbols O (big-oh) and o (little-oh),
which are used throughout the thesis. One can refer the books [42, 78] for further
discussion of the following definitions. Let f(e) and g(g) be two real valued functions,
where 0 < ¢ < g9 < 1.

Definition 1.3.4. The expression f(e) = O(g(e)) as € — 0, defines that there exist

some positive constants C' and g satisfying € € (0,e0] such that

If(e)| < Clgle)|, e—0.

Definition 1.3.5. The expression f(e) = o(g(€)) as € — 0, defines that
im —f(g) =0.
e—0 g(e)
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1.3.1 Shishkin-type meshes

To explain about the meshes used throughout the thesis, we consider the linear

convection-diffusion two-point BVP for second-order ODE:

—eu' (z) — a(2)u/(z) + b(x)u(z) = f(x), =€ Q,:=(0,1),
(1.3.1)
u(0) =0 = u(l).
Moreover, we assume that the functions a(z), b(x) and f(x) are continuous, 0 < € < 1 is
the perturbation parameter and a(x) > « > 0. The solution of (1.3.1) has an exponential
boundary layer at © = 0 which behaves like exp(—ax/e).

Let p = p,eln N where N > 4 be an even positive integer. Following [84], we
consider a mesh which is graded in [0, xx/o] and equidistant in [z /s, 1], where 2,2 = p.
Let ¢ be the mesh generating function on [0, zy/2] with the properties »(0) = 0 and
©(1/2) = In N, where ¢(0) is a monotonically increasing and piecewise continuously

differentiable function. Then, the mesh-points are given by

poap(ai), foro; =i/N,i=0,1,--- ,N/2,

¥ 3 2(N —4)

Moreover, we assume that ¢’ does not decrease, which leads to a mesh that does not
condense on [0, p| as we move away from the layer. This condition ensures that h; < h; 1,
for i = 1,--- ,N/2 — 1, where h; = z; — x; ;. For i = N/2+ 1,--- N, we have
N1 <h;=H<2N.

We now define a monotonically increasing function v, which is closely related to ¢,
such that ¢ = —In, with ¥(0) = 1 and v(1/2) = N~1. For different choices of mesh
characterizing function ¥, we define three types of Shishkin-type meshes as follows:
The Shishkin mesh [60]:

(o) = exp (=2(In N)o);
The Bakhvalov-Shishkin mesh [55]:
$(0) =1—2(1— N"Y)o;

Modified Bakhvalov-Shishkin mesh [94]:

1
2In N’

V(o) =exp(—o/(q¢—0)) with ¢= % +
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1.4 Model Problems

In this section, the model problems considered in this thesis are described briefly. For
clarity of the presentation, we elaborately provide these model problems with suitable
information on the given data at the beginning of the subsequent chapters.

The following types of model problems are considered and their concise descriptions

are given below:

1.4.1 Singularly perturbed 1D delay parabolic convection-
diffusion problem

Let Q, = (0,1), Ay = (0,7], D = Q, x Ay, and I' = [ U, UL, where I'; and I, are
the left and right sides of the rectangular domain D corresponding to z =0 and x =1,
respectively, and I', = Q, x [—7,0]. Consider the following singularly perturbed delay
parabolic initial-boundary-value problem (IBVP):

! (% —1—.5/”5) u(z,t) = —c(x, u(x, t — 1) + f(z,1), (z,t) € D,

u(z,t) = gp(z,t), (x,t) €T,
u(0,t) = ¢i(t), onI'={(0,t): 0<t < T},

(1.4.1)

u(1,t) = ¢.(t), on I ={(1,t): 0 <t < T},
where

Zou(z,t) = —Ug, (2, t) + a(x)uz(x,t) + b(z, t)u(x, t),
0 < ¢ < 1 is the singular perturbation parameter and 7 > 0 is the delay parame-
ter. The coefficients a(z), b(z,t), ¢(z,t), f(x,t) on D, and the boundary, initial val-
ues ¢(t), ¢.(t), ¢p(x,t) on T, are sufficiently smooth and bounded functions such that
a(r) > a >0, b(x,t) > 0 and c(x,t) is nonzero on D. The terminal time T is assumed
to satisfy the condition 7' = k7 for some positive integer k. The solution of the IBVP
(1.4.1) exhibits a boundary layer along = = 1.

1.4.2 Singularly perturbed 1D semilinear delay parabolic prob-
lem

Consider the following singularly perturbed semilinear delay PDE:

/

Ut — EUgy + a(X)uy = 7(z, t,u(x, t), u(z, t — 7)), (x,t) € D,
U(SE,t) = (bb(x?t)? ($>t> S Fba (142)
u(0,t) = ¢(t), on I, ={(0,t):0<t<T},
[ u(1,t) = ¢(t), on I, ={(1,t): 0 <t < T},
Ph.D. Thesis 12

TH-1760_126123005
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where 0 < € < 1 is the singular perturbation parameter and 7 > 0 is the delay parame-
ter. Under sufficient smoothness and compatibility conditions imposed on the functions
a(x), r(z,t,u(z,t),u(z,t — 7)), ¢p, ¢y and ¢,, the delay problem (1.4.2) admits a unique
solution u(z,t) which exhibits a boundary layer along x =1 (for a(x) > a > 0).

1.4.3 Singularly perturbed 2D parabolic convection-diffusion
problem

Consider the following singularly perturbed 2D parabolic convection-diffusion IBVP
posed on the domain & = ® x Ay, where © = (0,1)? and A; = (0, T):

ut+£5u(xay7t):f(x7y7t)v ('r?y’t) S 67

u(z,y,0) = s(z,y), (z,y) €D, (1.4.3)

u(z,y,t) =0, (z,y,1) € 0D x Ay,
where

Lou=—cAu+ a(x,y).Vu+b(z,y)u,

0 < &€ < 1 is the singular perturbation parameter. We assume the functions
a = (a1,az), b, fand s are sufficiently smooth and bounded such that a(z,y) > a_ >
0, az(w,y) > @ > Oandb(z,y) = 0, on®D. The solution of the IBVP (1.4.3) exhibits
boundary layers along the sides z = 1 and y = 1, and a corner layer at (z,y) = (1,1).

1.4.4 Singularly perturbed 2D delay parabolic convection-
diffusion problem

Consider the following singularly perturbed 2D delay parabolic convection-diffusion
IBVP:

uy + Lou(w,y,t) = —c(z, y)u(x,y,t — 1) + f(z,y,t), (2,9,t) €&,

u(x,y,t) :Qpb(l',y,t), (l’,y,t) = Frb:§>< [_7—70]7
u(z,y,t) =0, (z,y,t) € 0D x Ay,
(1.4.4)
where

Lou=—cAu+ a(z,y).Vu+ b(z,y)u,

0 < € < 1 is the singular perturbation parameter and 7 > 0 is the delay parameter.
We assume the functions a = (a1, az), b, ¢, f and p, are sufficiently smooth and bounded
such that ai(z,y) > a_ > 0, as(z,y) > a, > 0, b(x,y) > 0 and ¢(z,y) is nonzero on
®. Under these assumptions, the solution of (1.4.4) exhibits boundary layers along the

sides x = 1 and y = 1, and a corner layer at (x,y) = (1,1).
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1.5 General Outline of the Thesis

In this thesis, we focus on obtaining the numerical solution of singularly perturbed delay
parabolic convection-diffusion problems in one and two-dimensions by some higher-order
parameter-uniform numerical methods. First, we consider a one-dimensional singularly
perturbed delay convection-diffusion problem, and we use the implicit-Euler scheme to
discretize the time derivative and the hybrid scheme to discretize the spatial deriva-
tives on the Shishkin mesh. We study the convergence of the scheme in the maximum
norm, which shows the method converges uniformly with almost second-order accuracy
in space and first-order accuracy in time. To validate the theoretical findings, numerical
experiments are carried out.

It is well-known that the classical central difference scheme applied on the uniform
mesh fails to provide satisfactory numerical solution for singularly perturbed convection-
diffusion problems until we use unacceptably large number of mesh-points in comparison
with the perturbation parameter €. Therefore, special attention has to be paid to obtain
second-order e-uniformly convergent numerical solutions for singularly perturbed PDE
having convection term. Due to this, we use the Richardson extrapolation technique,
which gives second-order convergence not only in space, but also in time. Numerical
experiments justify the theoretical results.

Then, we proceed towards two-dimensional parabolic PDEs. To solve the parabolic
PDE, we use a fractional-step method along with the Richardson extrapolation tech-
nique. Fractional-step method allows us to convert the 2D problem into two 1D prob-
lems. As a consequence, one can obtain the numerical solution by solving only two
tridiagonal matrices instead of a banded pentadiagonal matrix. By using the Richard-
son extrapolation technique, we are able to obtain second-order accuracy in space and
time. Numerical experiments are carried out to show the convergence rate.

Next, we consider the singularly perturbed 2D delay parabolic convection-diffusion
problem. We use the classical upwind scheme to discretize the problem on the Shishkin
mesh. Also, we derive the error estimate, which shows that the method applied on the
model problem is first-order convergence in space and time. Next, we use the Bakhvalov-
Shishkin mesh instead of the Shishkin mesh, and we observe that error bound obtained
for the scheme applied on the Bakhvalov-Shishkin mesh is optimal. Then, we consider
the same problem and we use the fractional-step method to convert the 2D delay problem
into two 1D delay problems. We solve the resulting 1D delay problems by the classical
upwind scheme. Though, it gives almost first-order accuracy in space and time, but it
is very efficient from the computational point of view.

The rest of this thesis consists of seven chapters and is organized as follows:
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In Chapter 2, the singularly perturbed DPDEs of the form (1.4.1) is solved numeri-
cally on the uniform mesh in the temporal direction and the piecewise-uniform Shishkin
mesh in the spatial direction. To discretize the temporal and spatial derivatives, we used
the implicit-Euler scheme and the hybrid scheme, respectively. The method converges
with almost second-order accurate in space and first-order accurate in time. Numerical
experiments are carried out to validate the theoretical error estimates. We also carried
out numerical experiment for singularly perturbed semilinear delay parabolic problem
of the form (1.4.2).

The Richardson extrapolation technique is discussed in Chapter 3, which improves
the accuracy of the upwind finite difference scheme on the piecewise-uniform Shishkin
mesh, applied to the singularly perturbed DPDEs of the form (1.4.1). We proved the-
oretically that extrapolation provides second-order e-uniform convergence in space as
well as in time. The numerical results reveal the theoretical finding.

In Chapter 4, we solved a singularly perturbed 2D parabolic convection-diffusion
problem of the form (1.4.3) on the uniform mesh in the temporal domain and a special
piecewise-uniform Shishkin mesh in the spatial domains. First, we use a fractional-
step method for the discretization of the time derivative, which gives a set of two 1D
problems. Then, we use the upwind finite difference scheme to solve those 1D prob-
lems. To obtain a better approximate solution, we used the Richardson extrapolation
technique. Theoretically we have shown that the extrapolation method provides second-
order e-uniform convergence in space and time. Numerical experiments are carried out
to validate theoretical findings.

Chapter 5 deals with a singularly perturbed two-dimensional DPDE of the form
(1.4.4). We discretized the temporal domain with the uniform mesh and the spatial
domains with a special piecewise-uniform Shishkin mesh. To discretize the continuous
problem, we used the implicit-Euler scheme and the classical upwind scheme for the
temporal and spatial derivatives, respectively. The method converges uniformly with
first-order (up to a logarithmic factor) in space and first-order in time. Numerical
experiments are carried to validate the theoretical findings.

Chapter 6 contains the characterization of the Bakhvalov-Shishkin mesh, for dis-
cretization of the spatial domains while solving a singularly perturbed 2D delay parabolic
convection-diffusion problem of the form (1.4.4). We formed the Bakhvalov-Shishkin
mesh with the help of an appropriate mesh-generating function. To discretize the con-
tinuous problem, we applied the implicit-Euler scheme and the classical upwind scheme
for the temporal and spatial derivatives, respectively. We proved theoretically and nu-
merically that the proposed scheme applied on the Bakhvalov-Shishkin mesh provides

first-order accuracy in space as well as in time.
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Chapter 1 1.5. General Outline of the Thesis

Chapter 7 is devoted to solve the singularly perturbed 2D delay parabolic
convection-diffusion problems of the form (1.4.4) with the fractional-step method on
the uniform mesh in the temporal direction and a special piecewise-uniform Shishkin
mesh in the spatial directions. With the help of the fractional-step method, we ob-
tained two 1D stationary problems, which we discretized further by the classical upwind
scheme. It is theoretically proved that the proposed scheme converges first-order (up
to a logarithmic factor) in space and first-order in time. Along with the analysis, we
provided numerical examples, which verify the theoretical findings.

Finally, Chapter 8 contains the summary of the results highlighting the contribu-
tions made in this thesis and also provides possible future scopes of the present works.

Extensive numerical examples are given in support of the theoretical results and to
show the accuracy of the numerical scheme. Those examples are presented at the end

of each chapter of the thesis.
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CHAPTER 2

Uniformly Convergent Hybrid Numerical Scheme
for Singularly Perturbed 1D Delay Parabolic
Convection-Diffusion Problems on Shishkin Mesh

This chapter studies the numerical solution of singularly perturbed one-dimensional
delay parabolic convection-diffusion problems. Since the solutions of these problems
exhibit regular boundary layers in the spatial variable, we use the piecewise-uniform
Shishkin mesh for the discretization of the domain in the spatial direction and uniform
mesh in the temporal direction. The time derivative is discretized by the implicit-Euler
scheme and the spatial derivatives are discretized by the hybrid scheme. For the proposed
scheme, the stability analysis is carried out and parameter-uniform error estimates are
derived. Numerical examples are presented to show the accuracy and efficiency of the

proposed scheme.

2.1 Introduction

Let Q, = (0,1), Ay, = (0,T), D =Q, x Ay and ' =T, U, UT',, where I'; and T, are the
left and the right sides of the rectangular domain D corresponding to z =0 and x = 1,
respectively, and I, = Q, x [~7,0], 7 > 0. In this chapter, we consider the following
class of singularly perturbed DPDEs with Dirichlet boundary conditions:

r <% +.ZQ-> u(z,t) = —c(x, tyu(z,t — 7) + f(x,1), (z,t) € D,

u(z,t) = gp(z, t), (x,t) €T,

U(O’t):¢l(t)7 on Fl:{(oat):OStST}a

(2.1.1)

u(1,t) = ¢.(t), on I ={(1,t): 0 <t < T},

17
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

where

Zu(x,t) = —eug(z,t) + a(x)u,(z,t) + b(z, t)u(z, t),
0 < € < 1 is the singular perturbation parameter and 7 > 0 is the delay parame-
ter. The coefficients a(z), b(z,t), c(x,t), f(x,t) on D and the boundary, initial val-
ues ¢(t), ¢.(t), ¢p(z,t) on I'; are sufficiently smooth and bounded functions, such that
a(r) > a >0, b(z,t) >0 and c(x,t) is nonzero on D.

Under these assumptions, the solution of the IBVP (2.1.1) exhibits a regular bound-
ary layer of width O(e) along x = 1. The terminal time 7' is assumed to satisfy the
condition T" = k7 for some positive integer k.

The classical finite difference methods applied on the uniform mesh fail to provide
satisfactory numerical solution for SPPs, until we use unacceptably large number of
mesh-points in comparison with the perturbation parameter €. This drawback motivates
to develop e-uniform numerical methods for SPPs, i.e., the order of convergence and the
error constant are independent of .

The outline of this chapter is as follows: In Section 2.2, we obtain the bounds of
the solution of the continuous problem. Section 2.3 deals with the piecewise-uniform
Shishkin mesh and the hybrid numerical scheme. The main proof of convergence has
been derived in Section 2.4. Section 2.5 deals with the singularly perturbed semilinear
DPDE. Numerical results are presented in Section 2.6 and the chapter ends with Section

2.7 that summarizes the main conclusions.

2.2 Bounds for the Solution of the Continuous Prob-
lem

In this section, we study the analytical aspects of the solution of the IBVP (2.1.1) and
its derivatives. The existence and uniqueness of the solution for our model problem
(2.1.1) can be guaranteed by the sufficient smoothness of ¢;(t), ¢y(x,t) and ¢,.(t) along

with the compatibility condition at the corner points and delay terms as stated below:

¢b(07 O) - ¢l(0)7 ¢b(17 O) - ¢T(0)7 (221)
and

dqi;ft) _ 2 %if L2 a(x)—8¢‘§z’t) bz, )l )
= —c(x,t)pp(x,t —T) + f(z,1), at (z,t) = (0,0),

dqﬁ;}f” _ 2 gbgif L2 a(x)—agb(gz’t) +b(z, ) u(z, )
= —c(z,t)pp(x,t — 7) + f(x,t), at (x,t) = (1,0).
(2.2.2)
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

0

The operator (a + ﬂ) defined in (2.1.1) satisfies the following maximum principle.

Lemma 2.2.1. (Maximum principle) Suppose the function 1(z,t) € €°(D) N e?(D),
0

satisfies (5 +°ZE) Y(x,t) > 0din D and Y(z,t) > 0 on I'. Then ip(z,t) > 0, for all

(z,t) € D.

Proof. Let (z*,*) € D, such that ¥(z*,¢*) = min (x,t) and assume that 1 (2*, t*) <

(z,t)eD
0. Clearly (z*,t*) ¢ I" and (2*,t*) € D.
As it attains minimum at (z*,¢*), we have ¢, = 0, ¢, = Oand ¢, > 0 at (x*,t%).

Therefore, from (2.1.1), we have

a * *
(a‘i‘%) ¢(1‘ 7t)§07

which is a contradiction as (% -+ ,,2”6) Y(z,t) > 0. Hence 1(x,t) > 0, for all (x,t) € D.
]

The following lemma will help us to find the bound of the continuous solution .

Lemma 2.2.2. The solution of the DPDE (2.1.1) satisfies the following estimate:
lu(z,t) — dp(x,0)] < Ct and |u(x,t)| < C, (x,t) €D,
where the constant C' is independent of €.
Proof. Let
u(z,t) — ¢p(z,0), for 0<t<T,

q(x,t) =
w(z,t) — gp(z,t), for —7 <t<0,

then ¢(z,t) satisfies the following PDE

(% 4 .g;) a(e,t) = bz, ), (2,8) € D, (2.2.3)

where
h(z,t) = f(x,t) —clzx,)u(z,t —7) — (% + L’é) (dp(z,0))
= [l 1) = clz, tu(z,t = 7) + &(Pp)aa (2, 0) — al(x)(¢)z(x,0) — b(x, ) pp(, 0)
and on the boundary I':
Q<x7t) = U(ZE, t) - gbb(‘rv t) = ¢b(x7t) - ¢b(x7t) = 0.

Then ¢(0,t) = ¢i(t) — ¢(0,0) and q(1,t) = ¢,(t) — ¢s(1,0), wheret € [0, 7.
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

Now, by taking modulus on both the sides and by using the compatibility conditions

at the corner points along with the smoothness of ¢; and ¢,, we get
19(0,t)| = Cyt, |q(1,t)| = Cst, t € [0,T],

for some constants C'; and C5. To prove the required bound, we will proceed step by
step. When, the domain of definition of the PDE (2.2.3) is Q, x (0,7), we consider a

function r(x,t) as follows:

Ct, for 0 <t<r,
0, for —7<t<0,

for any constant C', we have

(% + .,Zé) r(z,t) = (1 +tb(x,t)) C, (z,t) € Q, x (0,7),
r(z,t) =0, on I'y,
r(0,t) = r(1,t) = Ct, for0 <t <.

Now, for sufficiently large C, from the above PDE and (2.2.3), we get

(5 +2) aw| < (5 +2) (), (00€ 2x )

and from the initial and boundary conditions, we have
lg(z,t)| < r(x,t), onT.
Therefore, by using the maximum principle (Lemma 2.2.1), we get
la(@, )| < r(2,t), (2,t) € Qe x [0,7],

which implies that
lg(z,t)] < Ct, (x,t) € Q, % 0, 7].

Now, from the definition of ¢(z,t), one can easily deduce that
u(e, )] <C, (21) € T, x [0,7].

Next, we consider the PDE (2.2.3) in the domain €, x (0, 27). Now, by choosing r(x,t) =
Ct, 0 <t < 27 and proceeding in a similar way along with the bound of the solution

obtained in [0, 7], we can obtain

la(z, )] < Ct, (2,t) € Qe x [0,27],
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

which immediately gives that
u(, ) <C, (1) €0, x [0,27],

Analogously, we can prove the required bound for the entire domain D. This completes
the proof. ]

To obtain the bounds of the derivatives of the solution u(z,t) of (2.1.1), we follow
the approach adapted in [77]. Further, without loss of generality we assume that the
initial and boundary values of (2.1.1) are identically zero, i.e., ¢p(x,t) = 0, ¢ (t) = 0
and ¢, (t) = 0.

Theorem 2.2.3. For all non-negative integers I, m, satisfying 0 < [+ m < 5, the
derivatives of the exact solution u(x,t) of the IBVP (2.1.1) satisfy the estimate

al-i—mu

ozlotm

<C(14+cexp(—a(l —z)/e)), (x,t) € D.

Proof. To prove the above bound, we will consider several cases.
Case 1. Here we consider the case, where [ = 0 and m = 0. The required bound follows
from Lemma 2.2.2.
Case 2. Let us take [ = Qandm = 1. On the sides # = Oandz = 1 of D, we have
u = 0, therefore u; = 0 along x = 0andz = 1. On the side t = 0, i.e., along the z-axis,
we have u = 0, which implies that u, = 0, u,, = 0. Substituting these values in (2.1.1),
we obtain that u,(z,0) = f(z,0). For (z,t) € I';, we have

" — Tim u(z, t+ k) — u(z, t)

k—0 k =4

Thus for sufficiently large C' on I', we can have |u(x,t)| < C.

0
Now, apply the differential operator (a + iﬁ) as defined in (2.1.1) to u;, then we

obtain

(% - z) (ue) (1) = s~ Stz + A(@)ugs + b, (. 1)

(2.2.4)
= (Ut — EUyy + a(T)u, + b(x, t)u)y — b(z, t)u.
First we consider the case, where u(z,t — 7) is a known function, i.e., when ¢ € [0, 7]. In
0
(2.2.4), if we use the given initial condition, we get (— + .,2”5) (ur) = fe(x,t) —by(z, t)u.

ot
By using Lemma 2.2.2, we get

0
'(@ +.,2”5) (ut)(a:,t)‘ < C, for (z,t) € Q, x [0, 7] (2.2.5)
Now applying the maximum principle (Lemma 2.2.1), we get |u(z,t)] < C, (z,t) €
Q, x [0,7].
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

Next, let us take (z,t) € Q, x [0,27]. For t € [r,27], from (2.2.4), we get

<% - .z) (), 6) = fi(w,8) = b, Ou = cqula,t = 7) = cula,t = 7).

As we know |u;(x,t)| < C, for all (z,t) € Q, x [0, 7], therefore, in this case also we have

‘ (% + .;Zé) (ut)(:c,t)‘ <C, for(x,t)eQ, x|t 27| (2.2.6)
Therefore, by combining (2.2.5) and (2.2.6) and by applying the maximum principle
(Lemma 2.2.1) over the domain €2, x [0,27], we get |us(z,¢)| < C. In a similar way, we
can prove the required bound for the entire domain D.

Case 3. Now consider the case, where [ = landm = 0. In the DPDE (2.1.1), the
effect of delay occurs only in the time variable ¢, and there is no effect of delay in the
spatial variable z, therefore, if we fix ¢ € [0, T, the result can be obtained by using the
argument of [77] and [41] on the line segment along with the bounds |u(z,t)] < C and
lug(z,t)] < C.

Case 4. Let | = 0Oandm = 2. Along the sides 2 = 0Oanda = 1 of D, we have u = 0
and hence u,; = 0. For t € [—7,0], we have u = 0, u, = 0and u,, = 0, therefore, from
(2.1.1), we have

0, for t € [—71,0),
Ut($, t) -
f(z,0), for t=0.
Also, we have
0, for t € [—T,0),
Uz (T, 1) =
fu(x,0), for t=0,
and
0, for t e [—7,0),
utxx(xa t) =

fue(z,0), for t=0.

Therefore, one can show that
luge(z,t)] < C and  |uge(x,t)] < C, onT.
Now, differentiating (2.1.1) with respect to t, we get
Ut — EUgzy + A(T)Uty + Dpu(z, t) + bug(z,t) = fr — cou(x, t — 7) — cuy(z, t — 7).

Next, by proceeding in a similar way as we have done for u;, we can obtain |uy(x,t)| <
C, for (z,t) € T.
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Consider the operator defined in (2.1.1) and operating it on wu;, we get

0
(— + %) (uge)(x, 1) = Upe — EUptgs + A(X) Uty + b(x, ) Ut

ot (2.2.7)

= (uy — €Uyy + a(x)u, + b(x, t)u),, — byu — 2byu,.

For t € [0, 7], using the given initial condition, we get

0
(a + iﬂa) (ug) = fu(,t) = by (z, t)u — 2bsu,

0 0
which implies that ‘(E + .,2”5) (ug)| < C. As the operator (E +.,2”€) satisfies the

maximum principle (Lemma 2.2.1), we have |uy| < C, (z,t) € Q, x [0,7].
For t € [1,27], from (2.2.7) we get that

(% = iﬂs) (uee) (2, 1) = fu(z,t) = bu(z, )u — 2buy — (culz,t — 7))u.

As (x,t) € Q, x [r,27], all the terms in the right hand side of the above equation are

()i

We already found that the above bound is valid for (z,t) € Q, x [0,7]. Therefore, by
applying the maximum principle (Lemma 2.2.1), we get |uy| < C, (2,t) € Q, x [0,27].

bounded, therefore, we have

<C.

In an analogous way, we can prove the required bound for the entire domain D.
Case 5. Here we consider the case, where [ = 1 and m = 1. Differentiating (2.1.1) with

respect to ¢ on D and rearranging the terms, we get
—e(Ugt)r + a(@)uye +  be(x, t)u+ b(x, t)u + ug
= —q(z,tu(z,t — 1) — ez, u(x, t —7) + fi(z,t).

Now using the argument as given in [77] and [41] along with the bounds |u(x,t)| <
C, lug(x,t)] < C) |uy(x,t)| < C, we get the required bound.

By following the similar approach one can obtain the bound for the other derivatives
as well, i.e., for 0 <+ m < 5. ]

2.2.1 Decomposition of the solution

To obtain the e-uniform error estimate, we require some stronger bounds on the deriva-
tives of the analytical solution u(z,t) of the problem (2.1.1). For this, we decompose
the analytical solution v as u© = v 4+ w, where v and w are the smooth and singular

components.
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We express the smooth component v as

4
v(x,t) = Zejvj(x,t), (z,t) € D,
=0

where v;(z,t), j = 0,1,2,3, are the solutions of the following first-order PDEs (2.2.8)

and (2.2.9):
[ (wo)e(x,t) + a(@) (v)a(, 1) + b, ho(w,t) = —cla, ho(w,t — ) + f(z, 1),
(x,t) € D,
vo(z,t) = dp(x, 1), (x,t) € T,
vo(0,t) = di(t), 0<t<T,
(2.2.8)
and
( (vj)e(z, t) + alx)(vj)p(z, t) + bz, t)vj(x,t) = —c(x,t)v;(z,t —7)+ (Vjo1)2a(z, 1),
(z,t) €D, j=1,2,3,
’Uj(.%, t) =0, ($,t> eIy,
| 0;(0,8) =0, 0<t<T,
(2.2.9)
and lastly, the function v, satisfies
(0)i(,8) + Loa(,t) = —clsoalst — 7) + (v3)aul 1), (@8) €D,
1]4(.1‘,75) = 07 (CC,t) € Fba (2210)
U4(O,t) 20204(1,t), OStST
Therefore, the smooth component satisfies the following problem
(o 1) + Lo, 1) = —cla,o(a,t — 7) + f(2.1), (2,t) € D,
U(.%’,t) :¢b(x>t)v (Z‘,t) € Fb>
0(0,) = 61(1), o<t<T, G2
4
v(l,t) =) elvi(1,t), 0<t<T,
( =0
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and the singular component satisfies the PDE

([ wi(e,t) + Lw(e,t) = —c(a, thw(z,t —7), (2,1) € D,

U}(l’,t) = 07 (l‘ﬂf) S Fb7
(2.2.12)

w(l,t) =u(l,t) —v(1,1), 0<t<T.

\

The following theorem will provide the bounds for the derivatives of the smooth and

singular components of the solution u of (2.1.1).

Theorem 2.2.4. For all non-negative integers I, m, satisfying 0 < | +m < 5, and
with sufficient compatibility conditions at the corners, the smooth component v and the

singular component w defined in (2.2.11) and (2.2.12), respectively, satisfy the following

bounds: o+
M
<C(1+ &+
‘8xlatm oo_C( te )’

and

O™ | et exp(—a(l = 2)/e), (.8) € D

— Xp(— = .

oo | = S o

Proof. We can see that the PDEs (2.2.8) and (2.2.9) are independent of . Therefore,
for the derivatives of v; defined in (2.2.8) and (2.2.9), j = 0, 1, 2, 3 we can have the
“

following e-uniform bound
’ oxtotm ||

Now, the problem (2.2.10) is of the form (2.1.1). Hence, the solution v, of (2.2.10)

will have the same bound as stated in Theorem 2.2.3. Thus, by summing up the bounds

8l+m

< C.

for the derivatives of v;, j = 0, 1, 2, 3, 4, we get

To prove the bounds for the derivatives of the smooth component w(x,t), we will

al—i—mv

. < i
ERETS Cl+e7)

o0

use the following step by step procedure.
Since w(x,t — 7) mentioned in (2.2.12) is a known function when t € [0, 7], we can

use the derivative bound obtained in [66]. Hence, we can have

al—‘rmw

S| < O exp(—a(l—)/e),  (2,1) € Q% x [0, 7], (2.2.13)

Now, we extend the domain of definition, i.e., consider (z,t) € , x [0,27]. To prove
the required bound in Q, x [0,27], we consider few cases depending on the values of

and m.
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Case 1. Let [ = 0 and m = 0. Consider the barrier functions
YF = Cexp(—a(l —x)/e) £ w(z,t).

We can show that for sufficiently large C, we have ¥* > 0 on I'. Now,

2

(% +$E) VE(at) = C (a(?a b, t) — %) exp(—a(l —z)/e)

+ (% + ZE) w(z,t)

a(z)a 2

= (— +b(z,t) — %) exp(—a(l — z)/e)

€

+ (—c(z, t)w(z,t — 1)),

by using (2.2.12). From (2.2.13), we have the bound of w(z,t) when ¢ € [0, 7]. By using
the bound given in (2.2.13) along with the condition a(x) > « and sufficiently large C,

we have

(%+z§wﬂawza for (z,) € 0, x [0,27],

Now applying the maximum principle (Lemma 2.2.1), we have
VE(x,t) >0, (x,t) € Q, x [0,27].

which implies [w(z,t)| < Cexp(—a(l — z)/e).
0
Case 2. Let [ = 0 and m = 1. We apply the differential operator (a + ,fs) to wy,

then we obtain

<%+z9@muw =t = Wi + al) i + bz, (v, 1)

= (W — eWyy + a(x)wy + b(x, t)w)e(x, t) — be(x, t)w(z, 1),
= —ci(z, )w(x,t — 1) — c(z, )wi(z, t — 7) — b(z, t)w(x, t),

by using (2.2.12). Now, by using the barrier functions ¢ = C exp(—a(1—x)/e)+w,(x, t)
and proceeding as in the previous case, we can obtain the required bound for w(x,t),
1.€.,

|we(x,t)] < Cexp(—a(l —z)/e), (z,t) € Q, x[0,27].

Case 3. Next we consider the case for [ = 1 and m = 0. We can write (2.2.12) as
Low(x,t) = —wy(z,t) — c(z, H)w(z, t — 7).

For a fixed t € [0,27], the required bound for w,(z,t), when (z,t) € Q, x [0,27], can
be obtained by using the argument of [77] and [41] on the line segment along with
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the bounds |w(z,t)| < Cexp(—a(l —z)/e) and |w(z,t)] < Cexp(—a(l —x)/e), when
(x,t) € Q, x [0,27].
By following the similar approach as done in the above three cases, one can obtain

the bound for the other derivatives, i.e., for 0 < [+ m < 5. Hence, we can have

al+mw

I < -1 _ . .
omigpm | < O exp(—a(l —a)/e),  (x,t) € Qp x [0,27]

In a similar way, the required bound can be obtained for t > 27, and hence the proof is

completed. -

2.3 The Numerical Solution

Here, in this section, we describe the piecewise-uniform Shishkin mesh for the spatial
discretization of the domain and study the behavior of the difference scheme used to
discretize the DPDE (2.1.1).

2.3.1 The piecewise-uniform Shishkin mesh

Since the DPDE (2.1.1) has a boundary layer along the side x = 1, the mesh should
be condensing in the neighborhood of x = 1. To define the piecewise-uniform mesh, we
divide the domain [0, 1] into two sub-domains, such that [0,1] = [0,1 — p] U (1 — p, 1]

and then divide each of the sub-domains into N/2 equal intervals and denote the spatial

meshes by
—N
Qx:{0:I07aj17...,mN/2:1—p’...7l‘N:1}7
where o
() z'%, i=0,--,N/2,
(F N\ 2p
1— - — ) —, 1= (N/2)+1,--- N
- (i-5) 2, i= @)+ 1,

N > 4 be a positive even integer and QY = 0> N Q.
Here the transition point 1 — p, which separates the coarse and fine portions of the

mesh, obtained by taking

1
p:min{i,p()ElnN}, (2.3.1)

where p, > 2 /a. The analysis has been done by assuming that p = P, In N, as otherwise
N is exponentially large compared with ¢.

The spatial mesh-sizes are denoted by

hi:Z‘i—xi_l,i:l,"',N, /ﬁi:hi"i_hi—l-l; Z:].,7N—].
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Chapter 2 2.3. The Numerical Solution

Now, by the definition of x;’s the spatial mesh-sizes can be written as

2(1 —
H:M’ i=1,---,N/2,
hy = N
t 2
h:Np7 Z:(N/2)+17aN7

H and h are the spatial mesh-sizes in [0,1 — p] and (1 — p, 1], respectively. It is clear
from the above equation that N~' < H < 2N~', h = 2p eN~'In N, and the uniform
mesh can be obtained by choosing p = 1/2.

| % e = ———
0 1 —p
= N/2 >t /N /2—>

Figure 2.1: Shishkin mesh in 1D.

For the time domain [0, 7], we will use uniform mesh with mesh-size At, such that
AM ={t, =nAt,n=0,--- ,M,At = T/M},

where M is the number of mesh-points in the ¢-direction on the interval [0, 7] and the
temporal mesh-size At satisfies the constraint pAt = 7, where p is a positive integer,
t, = nAt, n > —p.

We define the discrete domain by DN = D™ A D where D" = Q) x AM and
Y = ﬁiv x A?, where A} denotes the set of p + 1 uniform mesh-points in [—7,0]. The

boundary points I'V of DM are TN = DV AT Similarly, we define the left and right

boundary points by T} = DM AT, and N = Y

discretize Ej-v’M = ﬁiv x A%, where A7, denotes the set of p + 1 uniform mesh-points

in [(j — 1)1, 47|, for j = 1,2,--- k. From the above discretization we can observe that

—N,M k. —=N,M

M [, respectively. We further

2.3.2 The finite difference scheme

Here, we propose a numerical scheme to solve the DPDE (2.1.1), which consists of
the implicit-Euler scheme for the time derivative and the hybrid scheme for the spatial
derivatives. The hybrid scheme is a proper combination of the midpoint upwind scheme
and the central difference scheme. More precisely, for spatial derivatives, we apply the
midpoint upwind scheme in the outer region [0, 1 — p|] and the central difference scheme

in the boundary layer region (1 — p, 1]. Hence, the numerical scheme takes the following

Ph.D. Thesis 28
TH-1760_ 126123005



Chapter 2 2.3. The Numerical Solution

form:

(<8;+gHbed)Uin+1:ﬁ, fOI‘Z.:].,"'7N—]_7 77/:07...’]\4'_]_7

Uyt = dultnsr), U™ = ultnsn), for n=0,--- M —1, (2.3.2)

\ Ui_j:gbb(xi,—tj), for i=0,---,N, and j=0,---,p,

where

6; U™, for 1<i< N/2,

5rUmM = T

6; UMY for N/2<i< N,

LrrgpriaU = : 4 '
yorv ) ry
DgcenUinJrl = —8(5326Ul-n+1 == aiégUi"H + bi’nJrlUinJrl, for N/2 <1< N,

and

" —CF%’HHU::;H + i"fél, for 1 <7< N/2,

F =
—Ci,n+1U-nip+1 T finJrl, for N/2 <7< N.

(2
In the above equations a;_1/2 = (a;—1 + a;)/2, bi—%,n—!—l = (bic1nt1 + bint1)/2, Cing1 =
c(x;,tysr) and a; = a(x;).
After rearranging the terms in (2.3.2), we obtain the following system of linear alge-

braic equations:
(
- 1 1 1 ;
ry UM+ P20 + U = gf, for 1=1,---,N—-1, n=0,--- , M —1,

Uittt = ¢i(tns), Ut = é,(ths1), for n=0,--- , M —1,

U[j:gzﬁb(xi,—tj), for i=0,---,N, and j =0, - ,p,

\

(2.3.3)
where the coefficients are given by
(
2e a1 b1 1
=At|—=———2 = =
i ( hih; h; 2 ) + 2’
VY S WS A (2.3.4)
T hitihi h; 2 2’ o
2
ri = At (—A c > :
L hiliy
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fori=1,---,N/2, and

(
T‘Z—At<—/\2—€—&),
hih;  h;
NN 1
Ty = Bt hy + bipnt1 | + 1, (2.3.5)
SYVY A
\ hihin h

fori=N/2+41,--- N — 1. Further, ¢ defined in equation (2.3.3) is given by
( 1 1

—§At (Ci—l,n—O—le‘n "t U pH) + 5 (U, + AtfAY
9i = +% (Ur+ AtftY), for 1<i<N/2,
UP + At (—cinnn U2+ f71), for N/2<i< N.

The tridiagonal system of linear algebraic equations (2.3.3) can be solved by any

existing codes.

2.4 Convergence Analysis

In this section, we shall discuss about the stability of the proposed scheme (2.3.2) and
by using the truncation error, we shall obtain the e-uniform error estimate.

The following lemma will help to study the stability of the proposed scheme.

Lemma 2.4.1. Assume that

N
pllallee < —= and aN > (||b]le + A7), (2.4.1)
0 In N
Then, we have
r; <0, rf <0, for 1<i< N -1,
[P — |r | >0, P9 = |r; | = |rf| >0, for 1 <i< N/2,

% = |rn i = 0,7 = |r; | —|rf| >0, for N/2<i< N —1.

Proof. We divide the proof of this lemma into two cases depending on the location of
the mesh.

Case 1. (For outer region) Consider the case 1 < i < N/2. From equation (2.3.4),
r; is defined by

%

2¢e a1 b1 n+1 1
= At — 2 2 —.
( h h; h; + 2 ) + 2
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For 1 <7 < N/2, the mesh-size h; = H, therefore, from the above equation, we have

L 2e @;_1 At .

2eAt G 1At At
<—Tir 5 (bl + At

- 2H? H
AtN? At
<_ ¢ —- (a3 =) N, asaN > (bl + At and H <2V

We know that a(z) > «, therefore r; < 0. Some simple calculation provides the results
0| = 7] >0, |70 = 77| — |rf| >0, for 1<i<N/2.

Case 2. (For inner region) Here, N/2 < i < N — 1, we consider the equation (2.3.5).

It is clear that r; < 0. By using the given condition, we get

2 i
i = At | —= -
hihisi i

< At __ 2% +HOLAHOO
hihion b

02 all) <0 lall <
= —= — ||a as |l oo —
7 \ P o0 Jf = P n N

From (2.3.5), we deduce that

2e a; 2¢ a; 2e At
i+l =At | =—+=+=——-=| = <[,
hlhl hz hth_l hz hzhz-l-l

for N/2 <i< N —1 and

2e an_
Tyl = At = + =
)

At 2e Y 2e —EN_l
hN—th h,Nvth thl

2Ate
< < At
hn_1hy (

£
+bn_1n +1=r%_,
thth N—-1,n+1 |N l|

Hence the proof is completed. ]

Remark 2.4.2. Under the assumptions given in (2.4.1), Lemma 2.4.1 shows that the
matriz associated with (2.3.3) at each time level is an M-matriz. Hence, the opera-
tor (6,7 + Lrgoria) in (2.8.2) satisfies the discrete maximum principle on DV,

Therefore, the method is uniformly stable in the supremum norm.
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Lemma 2.4.3. (Discrete maximum principle) Assume that the discrete function
U satisfies U7 > 0 on TN. Then (6; + Lrypria) ¥? > 0 on DNM implies that U7 > 0

at each point of DY,

Now we will provide our main result for the e-uniform convergence of the numerical

solution.

Theorem 2.4.4. Let u and U be respectively the continuous and numerical solutions of
the IBVPs (2.1.1) and (2.3.2) and satisfying the compatibility conditions at the corners.

Then, we have the following error bound for (z;,t,) € DNM

C(N Y e+ N"H+At), for 0<i<N/2,
max |(u — U)(zi, )| <
o C(N—2In* N + At), for NJ/2 <i< N,

where U(x;, t,) = UP.

7

Proof. Here, we divide the proof into various steps for different time levels. We can
notice that on the first interval [0, 7], i.e., where the time discretization parameter n
varies from 0top, the initial conditions of IBVPs (2.1.1) and (2.3.2) will be same. So,
the analysis can be carried out in the same way as one can do for a problem with out
delay.

Therefore, for (z;,t,) € DI = QN x A7, by using the convergence result of [65],
we can obtain

C(N Y e+ NYH+ At), for 0<i< N/2,

max |(u — U)(z;, t,)| < (2.4.2)
b C(N—2In* N + At), for N/2 <i< N.

On the second interval (7, 27|, the approach of [65] is not applicable because, the value
of the delay term involves in the right hand side of (2.3.2) will be the numerical solution
obtained in previous time interval [0, 7]. Therefore, we will do the detailed analysis to
get the error over the interval (7, 27].

On the domain Dy = €, x (7,27), we consider the following singularly perturbed

delay parabolic equation:

(% +.$5> u(z,t) = —c(x, thu(z, t — 7) + f(z,t), (x,t) € Do,
u(z,t) = u,(x,t), (z,t) € Dy = Q, x [0, 7], (2.4.3)

u(0,t) = ¢u(t), u(l,t) = p(t), ter,27],

where u, is the exact solution on D;.
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We apply the proposed scheme to determine the numerical solution U of (2.4.3) at

(z;,t,) € DY. The discrete problem corresponding to equation (2.4.3) becomes
( ( 5;Un 1 55:%U,Ln + ai_l(S;Uin + bi_l nUn 1 = —C;_1 nU'TL*IP + f(l’i_;,tn),
i—5 B) PRl 135 27 =3 2

(i, t,) € 10,1 — p|] x [1,27],
(5;Uzn - 85323Uzn + (IzégUZn + bz’nUZn = —Ci,nUinip —|—f(.l‘i,tn),

(xi,tn) € (1 — p, 1] x [1,27],

= ¢l(tn)7 UJ?I = ¢T(tn)7 tn € A2t’

N,M

UZTL = Ul(xiatn)a (ﬂfz,tn> S E1 7 9

\

(2.4.4)
where Uy (-, -) is the numerical solution calculated on DY . The solution u of (2.4.3) is
decomposed into the smooth and singular components as u = y + z. Since Dy C D, the
estimates given in Theorem 2.2.4 can be used for both y and z. The smooth component
y is further decomposed into y = yg + €y1, where y, and y; are the solutions of the

following problems:

%(z,t) + a(x)%(a:, t) + b(z, t)yo(z,t) = —c(z, t)yo(x,t — 1) + f(x,t), (x,t) € Ds,

yO(xat) :UT<.T,t)7 (.T,t) 6517

Y0(0,1) = u(0,1), t €[, 27],

and

o
c(x, O (x,t — 1)+ 52 (z,t), (x,t) € Do,
yl(x t) =0, (z,t) € Dy,

y1(0,1) = y1(1,1) =0, t e [r,27].

Therefore, y satisfies

<§t+$)( t) = —clw, thy(w,t =) + f(z,1),  (v,t) € Dy,

y(z,t) = ur(z,t), (z,t) € Dy, (2.4.5)
y<07 t) = y0<07 t)? y(lvt) = yO(lvt)v te [T7 27—]'

Then, the singular component z satisfies the following IBVP:

<§t+$> 2(2,t) = —clz,t)z(z,t = 1), (2,t) € Dy,

2(z,t) = 0, (z,t) € Dy, (2.4.6)

Z(O7t) = (bl(t) - yO(Ovt)v Z(lvt) = (br(t) - y()(lat)? te [7—7 27—]‘
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In a similar way, the solution U of (2.4.4) can be decomposed into the smooth and

singular components Y and Z, respectively. Thus,
U=Y+ 7,

where Y is the solution of the following nonhomogeneous problem
(07 4+ Lrywria) Y = —cinY (@i, tn_p) + fzi, 1), (zi,t,) € DM,
Y = Ui(zi, ty), (2, tn) € bf[’My (2.4.7)
Yo =y(0,t),  Y'=ylty), tn€Ay,
and therefore, Z satisfies
Or + Lirgoria) 22 = —CinZ(Bistn—p),  (ista) € Dy,
Zr=0, (wt)eD ", (2.4.8)

Zy = ¢i(tn) — y(0,tn), 21 = ¢p(tn) — y(1,tn), tn € D,

Therefore, at (z;,t,) the error can be written in the form
U = u)(wi tn) = (V = y) (@i, tn) + (Z — 2) (i, 1),
which implies that
(U = w)(@i, t)| < (Y = y)(2i, tn)] +[(Z = 2) (i, )], (2.4.9)

so that the error for the smooth and singular components can be estimated separately.

Case I. For the smooth component, the truncation error at (x;,t,) can be written as

( _Ci—%,ny(xi—%a tn—p) - (St_ + gmu) y(xhtn)
B +f(xi_%,tn), for « < N/2,
(5{ + 3Hybrid> Y —y) = ~
_Ci,ny<xi7 tn—p) - (5; + D%en) y(ﬂ%, tn)
+f (x4, t,), for i > N/2.
(2.4.10)
Case (i). First, we consider the case, when i > N/2. From (2.4.10), at (z;,t,), we get

\

(5 + Lingria) (V =) = € (0lwis o) = Y (31, tay)
+ ((% +$€) - (5; +$n>) y.
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Using the initial conditions from equation (2.4.5) and (2.4.7), we get

(St_ + gHybrid) (Y - y) = Ci,n(u7($i7 tnfp) - Ul (xh tnfp))

0 .
+ ((a +-=Z€> - (515 +-=?cen>) Y,
therefore,
s o -
G+ Lagmid) (Y —9) = con (s (20 tus) — Us(a, b)) + (a _ 5t) y
+ (iﬂey(%, tn) - Zzeny(‘ria tn)) .

Now, taking modulus on both sides and applying the triangle inequality and using (2.4.2),

82
5(%‘*)4
. B o
(- 2) o]+ | (57 )

oy

ox3

we obtain

‘ (5; + ,%Hybﬂd> i y)’ < C(N2In’N + At) +

_|_

From the Taylor series expansion, we get

84y

h2
prd |

.

Using the estimates for the derivatives from Theorem 2.2.4, we obtain that

(07 + Layria) Y —y)| < C {(N_2 In® N + At) 4eh?

+At

(67 + Lrtyoria) (Y — )| < C(N"2In® N + At). (2.4.11)
Case (ii). Now we consider the case, when i < N/2. From (2.4.10), we obtain

<5{ + «i”Hybm'd) (Y —y)

0
=Ciln <y(x2-7%, th—p).— Y(.%‘i_%,tn D + <E + g) I%%,tn>

.,Zgy)(x%% t ) — (ag/ﬂmuy(l'ia tn)))

(2.4.12)

Analyzing in the same way as done for i > N/2 and using (2.4.2), we can obtain

. 9

|(0; + Layria) Y —y)| < C l(N—l(e + N7 4+ At) + (€ + hiy1) (hi + hisa) Ha—xg
0%y dy 0y -
h — = At .
it (|5 [31) -3
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Now, using the estimates of the derivatives of the smooth component y given in Theorem
2.2.4 along with the inequality h; < 2N~ h; + hip1 < 4N~!, we obtain that

|07 + Litgwia) (Y — )| < C (N1 (e + N7) + At).

As the discrete operator (5{ + ZLrypria) satisfies the discrete maximum principle (Lemma
2.4.3) and the inverse operator is uniformly bounded, the inequality given above and
(2.4.11) can be reduced to

C(N“He+ N H+At), for 0<i<N/2,
(Y —y)(i,tn)] < (2.4.13)
C(N2In* N + At), for N/2 <i<N.

Case II. Here, we derive the error bound for the singular component (Z — z)(+, ). From
the IBVP (2.4.6) and the difference equation (2.4.8), we obtain the truncation error

(5[ + gHybrid) (Z — z)

" P .
(<§ + ,,%5) z(mi_%, tn) — (5t + Zmu> z(xi,tn))
+ Ciln (z(xi_%,tn_p) - Z(mi_%,tn_p)) , for i < N/2,

((% " g) d@itn) = (6 + Zen) 2o, tn))

+  Cim (2(®is tnp) — Z(Tiytn—p)), for i > N/2.
(2.4.14)

\

Using the initial conditions from equation (2.4.6) and (2.4.8), we obtain

(% — 5;) Z<xi7%? tn) =+ (ZZ(ZL‘Z;%, tn) T gmuz(xutn)> )

_ for i < N/2,
(5; + gHybrid) (Z =2)=

(% = ) 2w, tn) + (Lo (i, tn) — Lenz(wi 1))

for i > N/2.

\

(2.4.15)
By fixing ¢, the right hand side of the above equation can be seen as the truncation error
of the two-point BVP as done in [89]. Hence, we obtain for (z;,%,) € D3,

C(N“ e+ NYH+At), for 0<i<N/2,
< (2.4.16)

(O + Lrywria)(Z — 2)| <
C (N2In* N + At), for N/2 <i<N.

Now, using the fact that the discrete operator (5; + Lrybria) satisfies the discrete max-

imum principle (Lemma 2.4.3) and the inverse operator is uniformly bounded, from the
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above inequality we obtain

C(N e+ N1 +At, for 0<i<N/2,
((Z = 2) (i, t0)] < (2.4.17)
C(N2In* N + At), for N/2<i<N.
Combining (2.4.13), (2.4.17), and using it on (2.4.9), we complete the proof on the
interval [7,27]. We can prove the theorem in an analogous way for the successive intervals

in temporal direction. ]

2.5 Semilinear Delay Parabolic Problem

In this section, we consider the following class of singularly perturbed semilinear DPDEs
of the form:

;

Up — EUgy + a(X)uy = 7(2, 8 u(z, t), u(z,t — 7)), (x,t) € D,

u(:zc,t) r ¢b(x7t)7 (ZL“,t) € Iy,

u(0,t) = ¢(t), onI''={(0,t): 0 <t < T},

(2.5.1)

w(l,t) = 6(t),  onTp={(1,8):0<t<T},

\
0 < € < 1 is the singular perturbation parameter and 7 > 0 is the delay parameter.

The functions a(z), r(x,t, s, s,), ¢, ¢ and ¢, are sufficiently smooth with

or
05

a —
v§537«xmﬁo<%§’ <7, for(xts,s)€D xR
S

Under suitable continuity and compatibility conditions imposed on the data, the exis-
tence and uniqueness of the solution of the semilinear DPDE can be shown by using
the result given in [48] along with the method of steps. For the first time interval,
when t € (0, 7|, the delay term u(x,t — 7) = ¢. Now, the resultant equation can be
considered as a non-delay problem, hence by using [48], we can guarantee the existence
and uniqueness for ¢t € (0,7]. Now, on the second time interval (7, 27| the delay term
u(z,t — 7) = u,, where u, is the exact solution of (2.5.1) in the previous time interval,
i.e., for t € (0,7]. Repeating the same argument we can show that the problem (2.5.1)
admits a unique solution for all ¢ € (0, T1.

To solve the semilinear problem (2.5.1), first, we linearize the problem (2.5.1) with
the help of Newton’s linearization method, then we obtain the sequence {u™} for the
initial guess u° satisfying the initial and boundary conditions of the problem. In this

way, we define u™*! for each fixed m, to be the solution of the following linear delay
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parabolic IBVP:

p

" — eu™ 4+ a(2)um T — b (z, O = M, ) um T (2t — 7)) 4 g (2, 1),
(x,t) € D,
u™H(x,t) = ¢y(x, 1), (x,t) €T,
u™ 0, ) = @y (t), on Ty ={(0,t):0<t<T},
| w (L) = ¢ (D), onl, ={(1,1): 0<t < T},
(2.5.2)

where m > 0 and b™(z,t), ¢"(x,t), and ¢™(z,t) are given by

(b2, ) = %(m,t,um(x,t), (2, 1)),

Cm(x,t) = %(w,t,um(x,t)"g?(x’t)), (253)

g (x,t) = r(x, t,u™(x,t), sT(x, t) — b (z, t)u™ — s™(x, t)c™(x, t),

\

where s (z,t) = u™(z,t — 7).
Now, we solve (2.5.2) by using the computational method proposed in Section 2.3.
Numerical results of the delay IBVPs of the form (2.1.1) and (2.5.2) are provided in

the following section.

2.6 Numerical Results

In this section, we shall present the numerical results obtained by the proposed numer-

ical scheme (2.3.2) for three test problems on the piecewise-uniform rectangular mesh

DNM = QF x AM. In all the cases we perform the numerical experiments by choosing

the constant p, = 4.2, At = 0.8/N and p = 1/At.

Example 2.6.1. Consider the following singularly perturbed 1D linear delay parabolic
IBVP:

U — elge + (1 4+ 2(1 — 2))uy = u(z,t — 1) + f(z,t), (z,t) € Qp x (0,2],
u(w,t) = dp(, 1), (z,t) € Qy x [~1,0], (2.6.1)
u(0,t) =0, u(1,t) =0, t €[0,2].

We choose the initial data ¢,(x,t) and the source function f(x,t) to fit with the
exact solution
w1 = exp (—1) (Ch + G — exp (—(1 - 2)/2))
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where C) = exp (—1/¢) and Cy =1 —exp (—1/¢).
As the exact solution of the problem (2.6.1) is known, we calculate the maximum

pointwise error by

Y

DA = . _INAt
“ B (xi,tf)lgﬁN»M |U(:C“ tn) U ('Tla tn)

for each e, where u(z;,t,) and UN2!(z;,t,) denote the exact and numerical solutions
obtained on the mesh DV*™ with N mesh-intervals in the spatial direction and M mesh-
intervals in the ¢-direction, such that At = T'/M is the uniform mesh-size. We determine

the corresponding order of convergence by
N,At

N,At __ €e
Pe = log, (62N7At/2) i
&
At

Now, for each N and At, we define the e-uniform maximum pointwise error by VAt =

eNAt and the corresponding e-uniform order of convergence by

A VoAt
N7 t PR
i - 10g2 <62N,At/2) :

N,At
€

max,

The calculated maximum pointwise errors e and the corresponding order of conver-
gence p¥A! for Example 2.6.1 by using the hybrid scheme are presented in Table 2.1,
for various values of ¢ and N. From the result, given in Table 2.1, one can observe
the e-uniform convergence of the scheme. We can observe that the numerical order of
convergence does not clearly reflect the actual theoretical order of convergence of the
proposed scheme (2.3.2) in space as proved in Theorem 2.4.4. The reason behind this, is
the error consists of two parts due to spatial and temporal discretizations. The order of
convergence observed in Table 2.1 is due to the effect of time error, which is first-order.
In order to justify the spatial order of convergence precisely, we have done the numer-
ical experiments by taking M = N? and displayed the maximum pointwise errors and
the corresponding order of convergence in Table 2.2 for both inner and outer regions.
Also one can observe from this table that the order of convergence in nearly two in the
outer region and close to 1.5 in the inner region, this is because of the logarithmic factor

appears in the error estimate in the inner region.

Example 2.6.2. Consider the following singularly perturbed 1D linear delay parabolic
IBVP:

(

U — EUgy + (2 — 22 up + zu = u(z,t — 1) + 102 exp(—t)z(1 — x),

(x,t) € Q, x (0,2],

B (2.6.2)
u(z,t) =0, (x,t) € Q, x [—1,0],
\ u(0,t) =0, u(1,t) =0, t €10,2].
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Chapter 2 2.6. Numerical Results

As the exact solution u(z, t) of the DPDE (2.6.2) is unknown, to obtain the pointwise
errors and to verify the e-uniform convergence of the proposed scheme, we use the double
mesh principle which is described as follows:

Let U(z;,t,) be the numerical solution obtained on the fine mesh D2N:2M
02N % A2M with 2N mesh-intervals in the spatial direction and 2M mesh-intervals in
the temporal direction, where 2V is a piecewise-uniform Shishkin mesh as like QY with

transition parameter p given by

~ .1 N
p = min E,posln 5

such that for ¢ = 0,1,--- , N, the i-th point of the mesh Q¥ coincides with 2i-th point

of the mesh ﬁiN . Then for each €, we calculate the maximum pointwise error by

V)

7A _ —
Eév = (xi7tf};2.}D(NvM ‘U(I“ tn) - U(‘/L‘h tn)

and the corresponding order of convergence by
EN,At
P4 = log, ( N At/2> :
EE ?

For each N and At, the quantities ENV2f and PM4! are defined like V2! and p™4
based on the error EN'A! as in the previous example.

In Table 2.4, we have displayed the computed maximum pointwise errors EN-A4!
and the corresponding order of convergence P2t for Example 2.6.2. The e-uniform
convergence of the scheme can also be seen from Table 2.4. Further, we have computed
the maximum pointwise errors and the corresponding order of convergence in Table 2.5
by considering M = N2, to justify the spatial order of convergence properly for Example

2.6.2.

Example 2.6.3. Consider the following singularly perturbed semilinear delay parabolic
IBVP:

U — ey + (1 + (1 — 2))u, + exp(u) = u(z,t — 1) + f(x,t), (x,t) € Q, x (0,2],
u(z,t) = gy, t), (z,t) € Q, x [~1,0],

u(0,t) =0, u(l,t) =0, t €]0,2].
(2.6.3)

We choose the initial data ¢,(x,t) and the source function f(x,t) to fit with the
exact solution
u(e, ) = exp (1) (C1 + Car — exp (—(1 — 2)/e))

where C) = exp (—1/¢) and Cy =1 —exp (—1/e¢).
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Chapter 2 2.6. Numerical Results

By using the Newton’s linearization process (2.5.2) on (2.6.3), we obtain the following
singularly perturbed linear system of delay IBVPs:

([t w1 2(1 - @)l 4 exp(um)w™ =um (2, - 1) — exp(um™)(1 - u™)

+f(x,t), (z,t) €, x(0,2],

u™(x,t) = gy(x, 1), (z,t) € Q, x [~1,0],

\ u™t(0,t) =0, w™(1,t) =0, t €10,2].
(2.6.4)
Now, for a fixed m, we solve (2.6.4) by using the numerical method discussed in Section
2.3. As a convergence criterion for the Newton’s linearization process, we use
max |Um+1(xi,tn) _ Um(a:i,tn)’ <6, m>0,
(l’i,tn)eDN'M
where U™ (x;,t,) is the m-th iteration solution at the mesh-point (x;,¢,) and ¢ is the
tolerance value. Here, we used the tolerance value § = 1077,
As the exact solution of the problem (2.6.3) is known, for each e, we calculate the
maximum pointwise error by
eNA = max |u(xi,tn) — UN’At(xi,tn)‘ ,
(wi,tn)GDN’M
where u(z;,t,) and UNA(x;,t,) denote the exact and numerical solutions obtained on
the mesh DVM with N mesh-intervals in the spatial direction and M mesh-intervals

in the t-direction, such that At = T'/M is the uniform mesh-size. We determine the

corresponding order of convergence by

- éN,At
~NAt €
De - 10g2 <A2N,At/2) :
€e
At

Now, for each N and At, we define the e-uniform maximum pointwise error by éV:At =

max, éY'2 and the corresponding e-uniform order of convergence by

A éN,At
AN7 t p—
p = log, <é2N,At/2> )

The calculated maximum pointwise errors éNA!

and the corresponding order of con-
vergence pYNA! for Example 2.6.3 by using the hybrid scheme are presented in Table
2.7, for various values of ¢ and N. The e-uniform convergence of the scheme can be
seen from Table 2.7. To justify the spatial order of convergence properly for Example
2.6.3, we have computed the maximum pointwise errors and the corresponding order of

convergence in Table 2.8 by considering M = N2.
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In order to show that the proposed method performs better than the earlier methods
available in the literature, we have solved the problems given in Examples 2.6.1, 2.6.2 and
2.6.3 by using the first-order upwind scheme given in [32]. The corresponding numerical
results are given in Tables 2.3, 2.6 and 2.9. One can compare the errors and the order
of convergence given in Tables 2.1 and 2.3 for Example 2.6.1 and Tables 2.4 and 2.6 for
Example 2.6.2 and Tables 2.7 and 2.9 for Example 2.6.3 and easily conclude that the
proposed scheme performs better than the scheme used in [32].

To show the effect of some Shishkin-type meshes, we have computed the maximum
pointwise errors and the corresponding order of convergence for the Shishkin mesh, the
Bakhvalov-Shishkin mesh and the modified Bakhvalov-Shishkin mesh in Table 2.10 by
taking M = N2,

To visualize the appearance of the boundary layers in the solutions of Examples 2.6.1,
2.6.2 and 2.6.3, we have plotted the surface plots for N = 64 in Figure 2.2 for ¢ = 1074

In order to reveal the numerical order of convergence, we have plotted the maxi-
mum pointwise errors in loglog scale, obtained by applying both the hybrid and upwind
schemes for Examples 2.6.1, 2.6.2 and 2.6.3 in Figure 2.3, which again ensure the effec-
tiveness of the proposed hybrid scheme in comparison with the upwind scheme.

Further, we have plotted the maximum pointwise errors in Figures 2.4 for all the
examples by taking M = N2. From these figures one can easily observe the second-

order convergence of the hybrid scheme, for the spatial variable.

2.7 Conclusion

In this chapter, we proposed a numerical method to solve the one-dimensional singularly
perturbed delay parabolic convection-diffusion problem of the form (2.1.1). To discretize
the domain, we used the uniform mesh in the temporal direction and the piecewise-
uniform Shishkin mesh for the spatial direction. The numerical scheme consists of the
implicit-Euler scheme for the time derivative and the hybrid numerical scheme, which
is a combination of the midpoint upwind scheme (for the outer region) and the central
difference scheme (for the inner region) for the spatial derivatives. We have derived
the e-uniform error estimate for the proposed scheme, which is almost second-order in
space and first-order in time. The proposed scheme is also applied numerically on the
semilinear DPDEs by using the Newton’s linearization method. Numerical results are

provided for some examples to show the efficiency and accuracy of the method.
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Table 2.1: Mazimum pointwise errors eN*t and the corresponding order of convergence

pVAt for Example 2.6.1 by using the hybrid scheme.

€ Number of mesh-intervals N /temporal mesh-size At

16/ 32/45 64/ 45 128/ 75 256/ 335 512/55

1071 | 1.1626e-2  3.5451e-3  1.2302e-3  4.8808e-4  2.1444e-4  1.0023e¢-4
1.7134 1.5269 1.3337 1.1866 1.0972

1072 | 6.8405e-2  2.5940e-2  8.9480e-3  3.0529e¢-3  1.0271e-3  3.5498e-4
1.3989 1.5355 1.5514 1.5715 1.5328

1073 | 7.0493e-2  2.6902e-2  9.2019e-3  3.107%-3  1.0171e-3  3.5176e-4
1.3898 1.5477 1.5660 1.6115 1.5318

107 | 7.2726e-2  2.7273e-2  9.2643e-3  3.1235¢-3  1.0149e-3  3.515le-4
1.4150 1.5577 1.5685 1.6218 1.5298

107° | 7.2960e-2  2.7418e-2  9.317le-3  3.1252e-3  1.0147e-3  3.5148e-4
1.4120 1.5572 1.5759 1.6229 1.5295

107% | 7.2983e-2  2.7432¢-2  9.3275e-3  3.1319e-3  1.0147e-3  3.5148e-4
1.4117 1.5563 1.5745 1.6260 1.5295

1077 | 7.2985e-2  2.7434e-2  9.3285e-3  3.1325e-3  1.0147e-3  3.5149e-4
1.4117 1.5562 1.5743 1.6263 1.5295

1078 | 7.2986e-2  2.7434e-2  9.3286e-3  3.1326e-3  1.0146e-3  3.5135e-4
1.4117 1.5562 1.5743 1.6265 1.5299

1077 | 7.2986e-2  2.7434e-2  9.3284e-3  3.1331e-3  1.0146e-3  3.5016e-4
1.4116 1.5563 1.5740 1.6267 1.5348

10719 7.2985e-2  2.7434e-2  9.3283e-3  3.1275e-3  1.0143e-3  3.3857e-4
1.4117 1.5563 1.5766 1.6245 1.5830

eNAL | 7.2086e-2 2.7434e-2 9.3286e-3 3.1331e-3 1.0271e-3 3.5498e-4

pNAt 1.4116 1.5562 1.5741 1.6089 1.5328

Table 2.2: Maximum pointwise errors and the corresponding order of convergence for

Example 2.6.1 by taking M = N?2.

N e=1le—4 e=1le—38
outer region inner region | outer region inner region
0,1 —p] (1—p,1] [0,1—p] (1—p,1]
16 1.0810e-3 7.4569e-2 1.0835e-3 7.5149e-2
1.9904 1.4253 1.9897 1.4304
32 2.7206e-4 2.7765e-2 2.7282e-4 2.7883e-2
1.9990 1.5684 1.9982 1.5703
64 6.8061e-5 9.3620e-3 6.8292e-5 9.3890e-3
1.9999 1.5795 1.9991 1.5805
128 | 1.7016e-5 3.1326e-3 1.7084e-5 3.1394e-3
2.0006 1.6299 1.9999 1.6300
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(¢c) Example 2.6.3.

Figure 2.2: Surface plots of the numerical solutions for e = le — 4, N = 64.
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Figure 2.3: Visualization of the order of convergence through loglog plot.
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Figure 2.4: Visualization for the spatial order of convergence (for M = N?).
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Table 2.3: Mazimum pointwise errors e

NAL and the corresponding order of convergence

pNAt for Example 2.6.1 by using the upwind scheme [32).

€ Number of mesh-intervals IV /temporal mesh-size At

16/55 32/a8 64/ 55 128/ 25 256/ 35 512/ 75

107! | 5.9627e-2  3.4842e-2  1.8779e-2  9.7731e-3  4.9886e-3  2.5210e-3
0.7751 0.8917 0.9422 0.9702 0.9846

1072 | 1.4533e-1  1.0654e-1  7.4088e-2  4.6809e-2  2.8342e-2  1.6521e-2
0.4480 0.5240 0.6625 0.7239 0.7786

107% | 1.5869e-1  1.1439e-1  7.9507e-2  5.0194e-2  3.0437e-2  1.7723e-2
0.4723 0.5248 0.6636 0.7217 0.7802

107* | 1.640le-1  1.1715e-1  8.0732e-2  5.0943e-2  3.0845e-2  1.7958e-2
0.4853 0.5372 0.6643 0.7239 0.7804

107° | 1.6457e-1  1.1780e-1  8.1649e-2  5.1186e-2  3.0934e-2  1.8007e-2
0.4824 0.5288 0.6737 0.7266 0.7806

107 | 1.6462e-1  1.1786e-1  8.1742e¢-2  5.1296e-2  3.1019e-2  1.8021e-2
0.4821 0.5279 0.6722 0.7257 0.7835

1077 | 1.6463e-1  1.1787e-1  8.175le-2  5.1307e-2  3.1033e-2  1.8036e-2
0.4821 0.5279 0.6721 0.7254 0.7829

1078 | 1.6463e-1  1.1787e-1  8.1752e-2  5.1308¢-2  3.1034e-2  1.8038e-2
0.4821 0.5278 0.6721 0.7253 0.7828

1077 | 1.6463e-1  1.1787e-1  8.1753e-2  5.1308¢-2  3.1034e-2  1.8041e-2
0.4821 0.5278 0.6721 0.7253 0.7826

1071 | 1.6463e-1  1.1787e-1  8.1753e-2  5.1313e-2  3.1035e-2  1.8063e-2
0.4821 0.5278 0.6719 0.7254 0.7808

eMAT 1 1.6463e-1 1.1787e-1 8.1753e-2 5.1313e-2 3.1035e-2 1.8063e-2

pNAt | 0.4821 0.5278 0.6719 0.7254 0.7808
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Table 2.4: Mazimum pointwise errors ENAt and the corresponding order of convergence

PNAY for Example 2.6.2 by using the hybrid scheme.

€ Number of mesh-intervals N /temporal mesh-size At

16/ % 32/45 64/ 128/ 75 256/ 555 512/55

1071 | 4.3906e-3  1.3510e-3  6.5408e-4  3.2242¢-4  1.6185e-4  8.1519e-5
1.7004 1.0465 1.0205 0.9943 0.9895

1072 | 2.4637e-2  9.2843e-3  2.9695e-3  9.6870e-4  2.9557e-4  9.0157e-5
1.4080 1.6446 1.6161 1.7126 1.7130

1073 | 2.3812e-2  9.0139e-3  2.9292e-3  9.6140e-4  2.9658¢-4  1.0119e-4
1.4015 1.6217 1.6073 1.6967 1.5514

107 | 2.3796e-2  9.0165e-3  2.9429e-3  9.6933¢-4  3.0104e-4  1.027He-4
1.4001 1.6153 1.6022 1.6870 1.5508

107° | 2.3795e-2  9.0172e-3  2.9446e-3  9.7029¢-4  3.0158¢-4  1.0292e-4
1.3999 1.6146 1.6016 1.6859 1.5510

107% | 2.3795e-2  9.0173e-3  2.9447e-3  9.7038e-4  3.0163e-4  1.0294e-4
1.3999 1.6145 1.6015 1.6858 1.5510

1077 | 2.3795e-2  9.0173e-3  2.9448e-3  9.7040e-4  3.0162e-4  1.0294e-4
1.3999 1.6145 1.6015 1.6858 1.5510

1078 | 2.3795e-2  9.0173e-3  2.9448e-3  9.7046e-4  3.0179e-4  1.0294e-4
1.3999 1.6145 1.6014 1.6851 1.5518

1077 | 2.3795e-2  9.0171e-3  2.9448e-3  9.6970e-4  3.0166e-4  1.0294e-4
1.3999 1.6145 1.6026 1.6846 1.5511

10719 | 2.3795e-2  9.0190e-3  2.9474e-3  9.716le-4  3.1402¢-4  1.0295e-4
1.3996 1.6135 1.6010 1.6295 1.6089

ENAUT 2.4637e-2  9.2843e-3 2.9695e-3 9.7161e-4 3.1402e-4 1.0295e-4

pNAtL 1.4080 1.6446 1.6118 1.6295 1.6089

Table 2.5: Mazimum pointwise errors and the corresponding order of convergence for

Ezxample 2.6.2 by taking M = N?2.

N e=1le—4 e=1le—38
outer region inner region | outer region inner region
0,1 —p] (1—p,1] [0,1—p] (1—p,1]
16 4.2580e-3 2.4494e-2 4.2539e-3 2.4494e-2
2.0019 1.3934 2.0055 1.3932
32 1.0631e-3 9.3241e-3 1.0594e-3 9.3251e-3
1.9936 1.5798 2.0014 1.5791
64 2.6697e-4 3.1191e-3 2.6459e-4 3.1211e-3
1.9840 1.5672 1.9996 1.5665
128 | 6.7484e-5 1.0526e-3 6.6163e-5 1.0538e-3
1.9999 1.5751 2.0008 1.5743
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Table 2.6: Mazimum pointwise errors ENAt and the corresponding order of convergence

PNAL for Example 2.6.2 by using the upwind scheme [32].

€ Number of mesh-intervals IV /temporal mesh-size At

16/ 55 32/ 64/ 55 128/ 2 256/ 75 512/ &5

107! | 2.1370e-2  1.2716e-2  6.9955e-3  3.6793e-3  1.8883e-3  9.5709e-4
0.7490 0.8621 0.9270 0.9624 0.9804

1072 | 3.8385e-2  2.5033e-2  1.7683e-2  1.1260e-2  6.9364e-3  4.0793e-3
0.6167 0.5015 0.6511 0.6990 0.7658

107% | 4.7904e-2  3.1897e-2  2.0434e-2  1.2904e-2  7.7134e-3  4.4579e-3
0.5867 0.6424 0.6631 0.7424 0.7910

107% | 4.9321e-2  3.3066e-2  2.1081e-2  1.3275e-2  7.9104e-3  4.5722e-3
0.5769 0.6494 0.6673 0.7469 0.7908

107° | 4.9469e-2  3.3189e-2  2.1157e-2  1.3315e-2  7.9321e-3  4.5850e-3
0.5758 0.6496 0.6681 0.7473 0.7908

107° | 4.9484e-2  3.3202e-2  2.1164e-2  1.3319e-2  7.9342e-3  4.5863e-3
0.5757 0.6496 0.6681 0.7473 0.7908

1077 | 4.9485e-2  3.3203e-2  2.1165e-2  1.3319e-2  7.9345e-3  4.5865e-3
0.5757 0.6496 0.6681 0.7473 0.7908

1078 | 4.9485e-2  3.3203e-2  2.1165e-2  1.3319e-2  7.9344e-3  4.58G4e-3
0.5757 0.6496 0.6682 0.7473 0.7908

1077 | 4.9485e-2  3.3203e-2  2.1165e-2  1.3320e-2  7.9345e-3  4.5859e-3
0.5757 0.6496 0.6681 0.7474 0.7909

10710 | 4.9485e-2  3.3202e-2  2.1164e-2  1.3319e-2  7.9243e-3  4.5813e-3
0.5757 0.6497 0.6681 0.7491 0.7905

ENAU1 4.9485e-2  3.3203e-2 2.1165e-2 1.3320e-2 7.9345e-3 4.5865e-3

PNAL L 0.5757 0.6496 0.6681 0.7474 0.7908
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Table 2.7: Mazimum pointwise errors éN2t and the corresponding order of convergence

pVAt for Example 2.6.3 by using the hybrid scheme.

€ Number of mesh-intervals N /temporal mesh-size At
T T T T T T

16/ 32/ % 64/ % 128/ 256/ 512/

1071 | 9.9061e-3  2.9824e-3  1.0125e-3  3.906le-4  1.6856e-4  7.8043e-5
1.7319 1.5586 1.3741 1.2125 1.1109

1072 | 6.5871e-2  2.5202e-2  8.6651le-3  2.9591e-3  9.8819e-4  3.2970e-4
1.3861 1.5403 1.55 1.5823 1.5836

1073 | 7.0412e-2  2.6832e-2  9.1700e-3  3.0970e-3  1.0126e-3  3.3195e-4
1.3919 1.5489 1.5661 1.6129 1.6090

107 | 7.2914e-2  2.7287e-2  9.2655e-3  3.1229e¢-3  1.0145e-3  3.3223e-4
1.4180 1.5582 1.5690 1.6221 1.6106

107° | 7.3184e-2  2.7441e-2  9.3203e-3  3.1255e-3  1.0147e-3  3.3226e-4
1.4152 1.5579 1.5763 1.6231 1.6106

107° | 7.3211e-2  2.7456e-2  9.3310e-3  3.1323e-3  1.0147e-3  3.3226e-4
1.4149 1.5570 1.5748 1.6262 1.6107

1077 | 7.3213e-2  2.7458e-2  9.3321e-3  3.1329¢-3  1.0147e-3  3.3228¢-4
1.4149 1.5570 1.5747 1.6265 1.6106

1078 | 7.3214e-2  2.7458e-2  9.3322e-3  3.1330e-3  1.0146e-3  3.3206e-4
1.4149 1.5570 1.5747 1.6266 1.6114

1077 | 7.3214e-2  2.7458¢-2  9.3319e-3  3.1335e-3  1.0146e-3  3.3029e-4
1.4149 1.5570 1.5744 1.6268 1.6191

10710 7.3213e-2  2.7458¢-2  9.3318e¢-3  3.1279¢-3  1.0143e-3  3.1337e-4
1.4149 1.5570 1.5770 1.6247 1.6946

eNAL 1 7.3214e-2 2.7458e-2 9.3322e-3 3.1335e-3 1.0147e-3 3.3228e-4

prAt 1.4149 1.5570 1.5744 1.6267 1.6106

Table 2.8: Mazimum pointwise errors and the corresponding order of convergence for

Example 2.6.3 by taking M = N?2.

N e=1le—4 e=1le—38
outer region inner region | outer region inner region
0,1 —p] (1—p,1] [0,1—p] (1—p,1]
16 2.0084e-3 7.4655e-2 2.0148e-3 7.5206e-2
1.9787 1.4270 1.9785 1.4313
32 5.0957e-4 2.7764e-2 5.1126e-4 2.7886e-2
2.0037 1.5687 2.0021 1.5705
64 1.2707e-4 9.3595e-3 1.2763e-4 9.3892¢-3
2.0007 1.5795 2.0003 1.5805
128 | 3.1751e-5 3.1316e-3 3.1901e-5 3.1395e-3
2.0013 1.6299 2.0001 1.6301
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2.7. Conclusion

Table 2.9: Maximum pointwise errors é

N,At

pNAL for Example 2.6.3 by using the upwind scheme [32].

and the corresponding order of convergence

€ Number of mesh-intervals N /temporal mesh-size At

16/55 32/% 64/ 55 128/ 755 256/ 725 512/

1071 | 1.7004e-3  9.0004e-4  4.6216e-4  2.3426e-4  1.1794e-4  5.9178e-5
0.9178 0.9616 0.9803 0.9900 0.9949

1072 | 5.2574e-2  3.1177e-2  1.6776e-2  8.7265e¢-3  4.4560e-3  2.2517e-3
0.7539 0.8941 0.9429 0.9697 0.9847

1072 | 1.4104e-1  1.0400e-1  7.2175e-2  4.5672e-2  2.7603e-2  1.6101e-2
0.4394 0.5271 0.6602 0.7265 0.7777

107* | 1.5815e-1  1.1405e-1  7.9245e-2  5.0036e-2  3.0336e-2  1.7666e-2
0.4716 0.5253 0.6634 0.7219 0.7801

107° | 1.6399e-1  1.1712e-1  8.0705e-2  5.0926e-2  3.0834e-2  1.7952e-2
0.4856 0.5373 0.6642 0.7239 0.7804

107% | 1.646le-1  1.1780e-1  8.1647e-2  5.1184e-2  3.0933e-2  1.8007e-2
0.4827 0.5289 0.6737 0.7266 0.7806

1077 | 1.6468e-1  1.1787e-1  8.1743e-2  5.1296e-2  3.1019e-2  1.8021e-2
0.4824 0.5280 0.6723 0.7257 0.7835

107% | 1.6468e-1  1.1788e-1  8.1753e-2  5.1307e-2  3.1033e-2  1.8036e-2
0.4824 0.5279 0.6721 0.7254 0.7829

1077 | 1.6468¢e-1  1.1788e-1  8.1754e-2  5.1308e-2  3.1034e-2  1.8038e-2
0.4824 0.5279 0.6721 0.7253 0.7828

10719 ] 1.6468e-1  1.1788e-1  8.17H4e-2  5.1308e-2  3.1034e-2  1.8038e-2
0.4824 0.5279 0.6721 0.7253 0.7828

eNAl | 1.6468e-1 1.1788e-1 8.1754e-2 5.1308e-2 3.1034e-2 1.8038e-2

phAt 0.4824 0.5279 0.6721 0.7253 0.7828

Table 2.10: Maximum pointwise errors and corresponding order of convergence for Ex-
ample 2.6.1 by taking M = N?2.

g=1072 g=10"°
Modified Modified
N | S mesh B—S mesh B—S mesh | S mesh B—S mesh B-S mesh
16 | 7.0551e-2 9.0812e-3  7.8444e-3 | 7.5388e-2 1.0027e-2  8.6568e-3
1.4323 1.9144 1.8557 1.4350 1.9213 1.8605
32 | 2.6141e-2 2.4091e-3  2.1674e-3 | 2.7883e-2 2.6473e-3  2.3839e-3
1.5762 1.9503 1.8956 1.5704 1.9523 1.8932
64 | 8.7667e-3 6.2336e-4  5.8251e-4 | 9.3888e-3 6.8408e-4  6.4179e-4
1.5800 1.9791 1.9220 1.5804 1.9791 1.9201
128 | 2.9322e-3 1.5812e-4  1.5372e-4 | 3.1395e-3 1.7352e-4  1.6958e-4
1.6303 1.9891 1.9391 1.6300 1.9892 1.9380
256 | 9.4719e-4 3.9829¢-5  4.0086e-5 | 1.0143e-3 4.3707e-5  4.4259e-5
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CHAPTER 3

Second-Order Uniformly Convergent Numerical
Method for Singularly Perturbed 1D Delay
Parabolic Partial Differential Equations

This chapter is devoted to the study of a post-processing technique for singularly per-
turbed 1D delay parabolic convection-diffusion problem having a regular boundary layer.
To handle this layer phenomenon, the problem is solved on an aprior: special mesh by
using the implicit-Euler scheme for the discretization of the time derivative and the
upwind scheme for the discretization of the spatial derivatives which results in almost
first-order convergence, i.e., O(N~'In N + At). Then, the Richardson extrapolation
technique is applied on the computed solution fixing the transition parameter of the
Shishkin mesh in order to improve the accuracy. We show that the Richardson extrapo-
lation technique improves the order of convergence to O(N~21n® N + At?). To support

the theoretical results, numerical experiments are carried out.

3.1 Introduction

We consider the following class of singularly perturbed delay parabolic IBVPs with
Dirichlet boundary conditions. Let 2, = (0,1), Ay = (0,7], D = Q, x Ay and ' =
[MuTl, UT,, where I'; and T, are the left and the right sides of the rectangular domain

D corresponding to z = 0 and x = 1, respectively, and I', = Q, x [~7,0].

(% + "%5) u(x, t) = _C(:E7t)u(x7t - T) + f(l"t)’ (ZL’, t) € D’

u(w,t) = be(x?t)v (ZL‘,t) eIy,
u(0,t) = ¢(t), on I ={(0,¢): 0 <

t <
u(1,t) = ¢.(t), onl, ={(1,t): 0<t<T},

(3.1.1)
T},
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Chapter 3 3.2. The Numerical Solution

where
Zu(x,t) = —eug(z,t) + a(x)u,(z,t) + b(z, t)u(z, t),

0 < ¢ < 1 is the singular perturbation parameter and 7 > 0 is the delay parame-
ter. The coefficients a(z), b(z,t), c(z,t), f(x,t) on D and the boundary, initial val-
ues ¢y(t), ¢.(t), ¢p(x,t) on T, are sufficiently smooth and bounded functions, such that
a(z) > a > 0, b(x,t) > 0 and c(z,t) is nonzero on D. The solution of the IBVP
(3.1.1) exhibits a regular boundary layer of width O(e) along = 1. The existence and
uniqueness of the solution for our model problem (3.1.1) can be guaranteed by the suf-
ficient smoothness and compatibility conditions (2.2.1) and (2.2.2) as given in Chapter
2, imposed on ¢(t), ¢p(x,t) and ¢,(t). The terminal time 7" is assumed to satisfy the
condition T" = k7 for some positive integer k.

Here, first we discretize the domain with the uniform mesh in the time direction and
by the piecewise-uniform Shishkin mesh in the spatial direction. Then the time derivative
is replaced by the implicit-Euler scheme and the spatial derivatives are approximated by
the upwind finite difference scheme. First, we solve the DPDE by this numerical scheme
on N +1and M + 1 number of spatial and temporal mesh-points, respectively, after that
we solve the DPDE by the same numerical scheme on 2N + 1 (by fixing the transition
parameter) and 2M + 1 number of mesh-points. Then we combine these two solutions
properly to obtain a better approximate numerical solution. This method enhances
the order of convergence from first-order to second-order. e-uniform error estimates are
derived separately for the smooth and singular components. Numerical experiments are
carried out to show the accuracy and efficiency of the proposed method.

The outline of this chapter is as follows: Section 3.2 deals with the upwind scheme.
The Richardson extrapolation technique has been described in Section 3.3. The main
proof of convergence after extrapolation has been given in Section 3.3.1. Numerical re-
sults are presented in Section 3.4 and the chapter ends with Section 3.5 that summarizes

the main conclusions.

3.2 The Numerical Solution

This section describes the difference scheme used to discretize the DPDE (3.1.1).

3.2.1 Discretization of the domain

Since the solution of the DPDE (3.1.1) exhibits a regular boundary layer only in the
spatial variable, we discretize the domain with the piecewise-uniform Shishkin mesh in

the spatial direction and the uniform mesh in the temporal direction.
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Here, we construct the piecewise-uniform mesh in such a way that the density of the
mesh-points is more in the boundary layer region than the outer region. Since the DPDE
(3.1.1) has a boundary layer along the side = 1, the mesh should be condensing in the
neighborhood of = 1. To define the piecewise-uniform mesh, we divide the domain
[0, 1] into two sub-domains [0, 1 — p] and (1 — p, 1], where the transition parameter 1 — p,

which separates the coarse and fine portion of the mesh is obtained by taking
. [1
p=min<q o, Pye InN ¢, (3.2.1)

provided p, > 2 /a. We denote the spatial meshes by

—N
Qx :{0:$0>$1;""33N/2:1—P,"',-1'N:1},

where

21 —
i%, i=0,-,N/2,

07 =
! . N\2p
1=p+ (i=5) 5 iDL

N > 4 be a positive even integer and QY = ﬁiv N €2,. The analysis has been carried
out by assuming that p = p,eln N, as otherwise N is exponentially large in comparison

with €. The spatial mesh-sizes are denoted by
hi=zi — @i, i=1,--- , N, RBy=h; +hip1, i=1,--- ,N—1.

Further, let H = 2(1 — p)/N and h = 2p/N be the spatial mesh-sizes in [0, 1 — p] and
[1 — p, 1], respectively. It is clear that N=' < H <2N~', h = 2p eN~'In N, and the
uniform mesh can be obtained by choosing p = 1/2. For the time domain A, we will

use a uniform mesh with mesh-size At, such that
A ={t,=nAt,n=0,--- , M, At =T/M},

where M is the number of mesh-intervals in the ¢-direction on the interval [0, 7] and the
temporal mesh-size At satisfies the constraint pAt = 7, where p is a positive integer,
t, = nAt, n > —p.

We define the discrete domain by DV = D" 1 D where D™ = @ x AM and
Yy = ﬁiv x A}, where A} denotes the set of p + 1 uniform mesh-points in [—7,0]. The
boundary points of DM are VN = DV AT Similarly, we define the left and right

DM n [ and TV = D"

boundary points by 'V = D M [, respectively. We further
discretize Ej-v’M = ﬁiv x AL, where AY, denotes the set of p + 1 uniform mesh-points

7,67
in [(j —1)7, 47|, for j = 1,2,--- k. From the above discretization we can observe that
—N,M k —=NM
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3.2.2 Numerical scheme

In this section, we approximate the continuous problem (3.1.1) by means of the implicit-
Euler scheme for the time derivative and the upwind scheme for the spatial derivatives.
Hence the discretization of the IBVP (3.1.1) takes the form

(615_ +°ZEN)Uzn+1 = _Ci,n-‘rlUin_erl + fZH_l’ for i = ]-7' o 7N - ]-a n = 07 U 7M - 1a
U(;LJrl = ¢l(tn+1), U]r\L/erl = ¢T(tn+1>7 for n = O, e 7]\4' — 1,

Ui_j:gbb(xi,—tj), for i=0,---,N, and j=0,---,p,
(3.2.2)
where
LNUM = —e201 + a;0, U + by U
After rearranging the terms in (3.2.2), we obtain the following system of linear alge-

braic equations:

.

T[Ufjl%—r?Ufﬂ%—ﬁrUﬁjl:gf, for i=1,--- , N—-1, n=0,---,M —1,

U(;Hl = ¢l(tn+1)a Uv}\L/—"_1 = ¢T(tn+1)’ for n = O’ e ’M - 1’

\ Ui_jngb(xi,—tj), for i=0,---,N, and j =0, ---,p,

where

2 ; 2
r,-zAt( - —a—>, r?zAt<—A d ) =14 Atbypg —ry —rf,

/};ihi hi hihiy
Cimt1 = (T, th1), @ = alx;), g =Ur+ At (—Cz‘,n+1U%p+1 + finﬂ) .

7

The finite difference operator (6; + £%) defined in (3.2.2) satisfies the following

DN’M

discrete maximum principle on , which provides the e-uniform stability of the

difference operator (8§, +.£~).

Lemma 3.2.1. (Discrete maximum principle) Assume that the discrete function
Ur satisfies W > 0 on TN. Then (6; + LNV > 0 on DVM implies that U > 0 at

each point ofﬁN’M.

Proof. Assume that there exist a point (z},t}) € EN’M, such that

1) 'n

U(z;,tr) = min  U(z;,t,) <O0.

(x4 ,tn)eﬁN’M

Clearly (x7,t%) ¢ TN, which implies (z},t:) € DNVM,

7 'n )'n
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Now, by applying the operator (6; + .ZN) on W(x}, t}), we get

1r'n

(0 + L) (i}, 1) = 0 (2, 1) — 0z (af, 1)) +ala})o, U(a, t,) + b(a], ) V(] 1)

1) 'n 1) 'n 7 'n 1) 'n

Since, we have W(z7,t7) — W(x;, th ) <0, ¥(zf, t) — V(z)_, 1) <0and ¥(z), 1) —

i 'n 7 Yn—1 i %n

U(z;,tr) > 0, therefore

(0 +-Z7)¥ (. ;) <0,

which is a contradiction as (6; + ZN)¥(x;,t,) > 0, for all (z;,t,) € D¥M. Hence
U(x;,t,) >0, for all (x;,t,) € M, n

3.2.3 Error estimate for the difference scheme (3.2.2)

The following theorem explains that the upwind scheme defined in (3.2.2), converges

DN’M

e-uniformly on the Shishkin mesh , with almost first-order accuracy.

Theorem 3.2.2. Let u and U be respectively the continuous and the numerical solutions
of (8.1.1) and (3.2.2). Then, we have the following error bound for (z;,t,) € DN-M

max |(u — U) (2, )| S C(N"'In N + At), for 1<i< N -1,

where U(z;, t,) = U

()

Proof. The proof of the theorem is given in [32]. u

From the theorem stated above, one can see that the spatial order of convergence is
almost one (up to a logarithmic factor) and the temporal order of convergence is one. In
this chapter, our main goal is to apply the Richardson extrapolation technique on the
discrete solution U* of the problem (3.2.2) to attain second-order e-uniform convergence
with respect to both the spatial and temporal variables of the DPDE (3.1.1).

3.3 Richardson Extrapolation Technique

We now describe the Richardson extrapolation technique, which is used to increase the
accuracy of the computed solutions of the basic scheme. To apply this technique, we
will solve the discrete problem (3.2.2) on the fine mesh D° 1 = Q> x A2M with 2N
mesh-intervals in the spatial direction and 2M mesh-intervals in the temporal direction,
where ﬁiN is the piecewise-uniform Shishkin mesh having the same transition point
1—p as used in ﬁiv In fact, the discrete domain ﬁiN can be obtained through bisecting

each mesh-interval of ﬁiv From such construction, it is clear that P {(x;,tn)} C

DM = {(@;,t,)}. Hence the corresponding spatial mesh-sizes in DM can be given
by
. =2N
o H/2, for z;€€,; NJ0,1—p],
Ty — Tj—1 — 9N
h/2, for z;€Q, N[1—p 1],
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and t, —t, 1 = At/2, fort, € AZM
Let U(z;,t,) be the numerical solution of the discrete problem (3.2.2) on DM,

Therefore, from Theorem 3.2.2, one can express the error as

Uz tn) — u(rst,) =C(N"'In N+ At) +o(N~'In N + At)

= C(N""(p/p,e) + At) + o(N"'In N + At), (z,,t,) € D,

(3.3.1)
where C'is a fixed constant. Similarly, if U (fl,?n) is the solution of the discrete problem
—2N2M
(3.2.2) on D 7, then
U (s, t0)~u(@i, £) = C (2N) " (p/pye) + (At/2)) +o(N" I N+At), (Fi,8,) e D2,
(3.3.2)

by considering the fact that U (@-,th) is obtained by using the same transition point
1 — p. Now from (3.3.1) and (3.3.2), eliminating the terms of O(N~!) and O(At), we
get

N,M

W@ ty) — (2(7(% t2) — Uz, tn)> — o(N"'InN + At), (zi,t,) €D
We shall therefore use the following extrapolation formula
~ —N,M
Uextp(xl-, tn) = 2U(Z’l, tn) — U(SL'“ tn), (.%i, tn) - D 3 (333)

to obtain a better approximate numerical solution to the DPDE (3.1.1).

3.3.1 Error estimate for the extrapolated solution (3.3.3)

The section provides the e-uniform error estimate of the numerical solution after the
extrapolation technique. The main result of this chapter for the e-uniform convergence
of the numerical solution is given at the end of this section.

The following theorem provides the error bounds, when ¢ € [0, 7].

Theorem 3.3.1. (Error after extrapolation in D{V’M) Assume that e < N~'. Let u be
the solution of the continuous problem (3.1.1) and Uy, be the solution obtained via the
Richardson extrapolation technique (3.5.3) by solving the discrete problem (3.2.2) on two
nested meshes DiV’M and D%NJM. Then, we have the following error bound associated
With Uegp:

lu(wi, tn) = Uegtp(@is t)||, < C (N_2 In? N + At2) . for(z;,ty,) € DiV’M.

Proof. We know in the first interval [0, 7], i.e., where the time discretization parameter
n varies from 0top, the initial conditions of /BVPs (3.1.1) and (3.2.2) will be same.
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So, the analysis can be carried out in the same way as one can do for a non-delay
problem. Therefore, for (z;,t,) € D{V M we can adapt the proof of convergence of the

extrapolation technique as given in [66], that is, we can have the following error bound:
(@, tn) = Ueatp(4, 1), £ C (N_2 In? N + AtQ) ,  for(z;,t,) € DiV’M. n

On the second interval |7, 27], the approach of [66] is not applicable due to the fact
that the value of the delay term present in the right hand side of (3.2.2) will be the
numerical solution obtained in previous time interval [0, 7]. Therefore, we will do the
detailed analysis to get the error over the interval [r, 27].

On the domain Dy = €, X (7,27), we consider the following singularly perturbed
delay parabolic PDE:

. (% +§fg> u(z,t) = —c(z,)u(z,t — 7) + f(z,t), (x,t) € Dy,

w(z,t) = u,(z,t),  (z,t) €Dy =Qy x [0,7], (3.3.4)

w(0,8) = ai(t), u(l,t) = on(t), te[r,27],

where u,(z,t) is the exact solution on D;.
To discretize the DPDE (3.3.4), we apply the difference scheme as given in (3.2.2).
Hence in the domain (z;,t,) € Dy"™, the discrete problem corresponding to (3.3.4)

becomes

67 UP — 82U + aib Ul + b UP = —¢i U P + f(mi,t), (iyt,) € DY,

U(? = ¢l(tn)a UR; = ¢r(tn)7 ln € Ag,t:

—N,M

Ul = U (zi, ty), (x;,t,) € Dy,
(3.3.5)
where Uy (-, -) is the numerical solution calculated on D",
The solution u of (3.3.4) is decomposed into the smooth and singular components as
u =1y + 2. Since Dy C D, the estimates given in Theorem 2.2.4, can be used for both
yand z. The smooth component y is further decomposed into y = 3y + €y;, where yq

and y; are the solutions of the following problems:

( %(aj,t) + a(x)%(m, t)+ b(x, t)yo(z,t) = —c(z, t)yo(x,t — 1) + f(z,t), (2,t) € Dy,
yo(z,t) = u(z,t), (z,t) € Dy,
y0(0,t) = u(0,1), t € [r,271],
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and
(5 +2) o) = —clo (ot =) + G20, (w0 € Dy
y1(z,t) =0, (x,t) € Dy,
y1(0,t) = y1(1,t) =0, t € [r,27].

Therefore, y satisfies the following problem:

<§t+$)( 1) = —c(@, (et =7) + f(@1),  (21) €Dy

y(x,t) = ur(z,1), (z,t) € Dy, (3.3.6)

y(0,t) = yo(0,1), y(1,t) = yo(1,1), t € [r,27].
Then, the singular component z satisfies
<§f+$) 2(z,t) = —c(z, t)z(z,t — 7), (x,t) € Do,
2(z,t) =0,  (x,t) € Dy, (3.3.7)
2(0,8) = ¢ut) = wo(0,8),  2(L,1) = ¢e(t) = w0(1,8), € [r,27].

In a similar way, the numerical solution U of (3.3.5) can be decomposed into the smooth

and singular components Y and Z, respectively. Thus,
U=Y+Z,
where Y is the solution of the following nonhomogeneous problem:
(07 + LY = —cinY (@i, tnp) + f(xz-, ta)y  (wita) € DYV,
Y= Uz, t), (xi,tn) € D (3.3.8)
Yo =y(0,tn), Y=yl ty),  tn€A;,
and therefore, Z satisfies
(6 + LNV 2P = —CinZ(@istnp),  (Tita) € Dy,
Zr =0,  (zi,ty) €D, (3.3.9)

= ¢i(tn) — y(0,1,), 2% = &r(tn) —y(1,t0), tn € Ag,t

Similarly, the solution U , can be decomposed into the smooth and singular components

D2N2M

Y and Z , respectively, on the fine mesh , €.,

U=Y +7Z.
Therefore at the node (z;,t,) the errors can be written in the form (U — u)(x;,t,) =
(Y = ) (@i, ta) + (Z = 2) (@i, t) and (U — u) (@i, ta) = (Y — y) (@i, ) + (Z — 2) (@1, ).
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3.3.2 Error estimate for the smooth component Y

Lemma 3.3.2. Assume that e < N~'. Then the local truncation error in DéV’M associ-

ated to the smooth component satisfies

2 2
(& +- L)Y —y)(@ita) = C(N"'In N + At) + by 1a(xl)§ % (it )+At%%(% ta)
+O(H? + At?).

Proof. The local truncation error of the smooth component can be written as

(0r +ZN) (Y —y) = cim (Y(i,tnp) — YV(@istap)) + ((5; + 3) — (07 + %N)) y

Using the initial conditions from (3.3.6) and (3.3.8), we get

(b + L =) = cunlitnlantug) = Uilanstao )+ ( (5 +2) = G0 +22))

Now, by using the error estimates given in Theorem 3.2.2 and the Taylor’s expansion,

we obtain
5 N 1 A 2 a3y 2639
( t +"Zi€ )(Y - y) = O(N InN + t) + = 32 hz—l—la 3<’i17 tn) - hi%(’%% tn)
hi 0%y h? 3y At 0%y
+ a(x >8 5 (Tiy ) — aa(%’)ﬁ(ﬁ& tn) + 7@(%, tn)
At2 Py ~
BERER

where k1 € (24, Ti41), K2, k3 € (i1, ;) and te (tn—1, tn)
Finally, applying the bounds on the derivatives of y given in Theorem 2.2.4, along
with the fact ¢ < N~! < H, one can get the required result. ]
Following the classical approach of Keller [40], define the functions &, k = 1,2, to
be the solutions of the following IBVPs:

([0 o . 102 ,
(at )61:_ ( )ag( )71nD7 ( ) 20752 ),IHD,
G(z,t) =0, (x,t) €Ty, and ¢ &(z,¢) =0, (2,t) €Dy,

| G006 =&(1,0) =0, teA, | &00,8) =&(1,1) =0, teA,.

(3.3.10)

From Theorem 2.2.4, we obtain that the right hand side terms of the above equations

are e-uniformly bounded. Therefore the above equations are similar to (3.1.1).
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We again decompose & as & = ¢ + Uk, k = 1, 2, where ¢y, is the smooth component

and 1y is the singular component satisfying the following bounds:

on D, for 0 < [+ m < 3, which can be obtained in an analogous way, as discussed in
Theorem 2.2.4.

Since, in this context, we are considering (z,t) € Ds, therefore (3.3.10) reduces to
the following IBVPs:

aler Cbk
oxtotm ||

al+m¢k
ozlotm

<C (14, < Celexp(—a(l — ) /e),

(/0 0? (/0 19?
(815 )gl alx )8—;(:5,@, in D, (815 )52 Qa—ti/(x,w, in D,
gl(xvt) = 517(x7t)7 (Ivt) € El? and 52(x7t) - §27‘(I7t)7 (I7t) € El?

| &(0,8) =&(L,8) =0, telr27], | §0,1) =&(L,1) =0, telr27]

where &;_(+,-)and &, (+,-) are the respective exact solutions in Dj.
Therefore, the components ¢, and ¢y, k = 1, 2, satisfy the following IBVPs

(5 +2.) 6= jaagh . (5 +2) d= 5 50w0, (ot)e Dy

0
(8t ) Y =0,
¢1($,t) — £1r<x7t)> wl(xat) = 07 ¢2(x>t) = ng(.T,t), wQ(x>t> = O? (Qi,t) € bla
¢k(07t) = ¢k(07t) = 07 te [Ta 27—]7
\ (bk(l,t) = —Qﬂk(l,t), t € [7', 27’]

(3.3.11)
Lemma 3.3.3. Assume that e < N~'. Then, for all (x;,t,) € Dy"™, we have
(Y —y) (zi,tn) = C (N In N + At) + hin (25, tn) + Atdo(zy, tn) + O (H> + A?).
Proof. From Lemma 3.3.2 and (3.3.11), one can easily obtain that
(0 + L)Y = y) (i, tn)

=C (N"'InN + At) + h; ((% +$E> — (0, +.$5N)> b1 (i, tn)

+hi (67 + L) ¢ (i ta) + At ((gt +$) — (6 +,§ZN)) b2 (i, tn)

+AL (0, +ZN) by, ta) + O (H? + AF). (3.3.12)
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From the Taylor’s expansion it follows that for £ = 1, 2, we have

‘((2 +$€) — (0 +'5/’2N)) qzﬁk(xi,tn)‘

ot
oo hi

5?2
< E (hi + hit1) ' ) + 5 a(x;) ‘ L

ot?

D¢y,
ox?

2

At‘

J

Again, by using the bounds for the derivatives of ¢, and the inequality h; < H for all 4,

o o0

we have

hi ((% +.Ze) — (67 +$€N)) o1, tn) + At ((% +.§f€> — (67 +$6N)> Po(s, t)

< C (H® + HAt + At?)
< C(H*+ AP . (3.3.13)
Therefore, from (3.3.12) and (3.3.13), we get
(67 + LY —y — by — Atgo) (2, t,)| < C(NT'In N + At + H? + A?) .
Now, we define two discrete functions % as
0% (x;, t,) = C (N_2 + At2) (1+x;) £ o(x;, t,), for0<i<N,

where
(Y —y — hipy — Atgo) (w4, t,), for 1<i <N -1,
0, for i =0, N.
Now, by applying the discrete maximum principle (Lemma 3.2.1), we obtain
(Y —y — hihr — Atd) (24, t,)| K O(N 'InN+At+ N2+ At?), for1 <i< N -1,

and hence the required result follows. ]

Lemma 3.3.4. The error associated to the smooth component Y after extrapolation

satisfies the following bound:
|<y - }/eactp> (xb tn)| S C(N_2 + At2)7 fOT (ZL’Z-, tn) € DQLM
Proof. By using p = p,eIn N in Lemma 3.3.3, we get

(3.3.14)
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Therefore, on the fine mesh EiN’QM, we have

([ C(2N) (p/pye) + (At)2)) + (H/2)$1 (i, ta)
+(At/2)po(y, ) + O (N2 + A?), for 1 <i< N/2,

(V=) @i ta) = 3 €(@N)7 (0/0,2) + (A4/2)) + (b2 (i 1)

+(At)2)po (4, t,) + O (N2 + At?)

for N/24+1<i<N-—1.

\

(3.3.15)

From the extrapolation formula (3.3.3), one can write
Y(@istn) = Yearp(@isbn) = y(ista) — (2V (@i tn) = ¥ (@i )
=<2 (¥ = y) (@i ta) + (¥ = 9) (s tn).
For 1 <i < N/2, by using (3.3.14) and (3.3.15), we get
2 (f/ - y) (@istn) + (Y = ) (@i ta) = —C (N (p/pye) + At) — Ho (i, )
—Atgo (x4, t,) + C (N7 (p/poe) + At)
+Hoy (x4, ) + Atdo(xi,t,) + O(NT2 + At?)
= O(N~2 + A#?).

Therefore, we have y(z;,t,) — Yourp(wis tn) = O(N2 + At?). For N/2+1<i < N —1,
approaching in the similar way as done above, we will get y(x;,t,) — Yeurp (i t,) =
O(N~% + At?). Hence, the desired result follows. n

3.3.3 Error estimate for the singular component 7

Lemma 3.3.5. The local truncation error associated to the singular component satisfies
| Zewtp(Ti, tn) — 2(xs, t,)] < CN~2, for 1<i<N/2.
Proof. From the bound given in Theorem 2.2.4, we get
2@ 1)) < Cexp(—a(l — 2:)/2)
< Cexp(—a(l = (1-p))/e)
= Cexp(—ap/e).

Since, p > (2¢/a)In N, we get |2(z;, t,)| < CN72

Ph.D. Thesis 63
TH-1760_ 126123005



Chapter 3 3.3. Richardson Extrapolation Technique

To find the bound of Z(x;, t,), for a fixed time level t,,, we consider a barrier function

oy = [T (122 | 1 (1 22).

=1 =1
Now, by following the similar approach as used in [89], we can obtain | Z(z;, t,)] < C N2
Therefore, we have |Z(z;, t,) — z(x;, t,)] < CN72.
In a similar way, we can get ’Z(xz, tn) — z(x;, t,)| < CN~2. Hence, from the ex-

trapolation formula (3.3.3), we can obtain the required bound. "

To analyze the effect of the extrapolation technique in the boundary layer region
[1 — p, 1], we define the function \g, k =1, 2, on [1 — p, 1] by the following IBVPs:
e, 0z 0 10%
. 9%6 A = a9\ t ) . 9%8 A= 555 ) t )
(at * > 1= ppeal(®) 5 (@, 1) (at * ) 2= 55z @ )

x,t) e D, =(1—p, 1) x Ay,
(2:%) ( ) x A (3.3.16)

Me(z, t) =0, (z,t)€[l—p,1]x[-7,0]

L )\k(l —p, t) = )\k(l, t) =0, teA,.
Lemma 3.3.6. The solutions \g, k = 1, 2, of (3.3.16) satisfy the following bounds:

al+m)\k
oztotm

for all non-negative integers [, m, where 0 <1+ m < 3.

< Celexp(—a(l —x)/e), (x,t) € D,

Proof. Employing the similar idea used in the proof of Theorem 2.2.4, along with the
bounds of the derivatives of the singular component given there, one can get the required
bound. ]
Here, we are considering t € (7, 27), therefore (3.3.16) reduces to the following
IBVPs:
([0 02z 5, 10%z
a9 D%E A = a9\ t ) ar Z Ao = -7 ) 13 )
<8t+ ) 1= Peal@) g5 (@, ) (afr ) 2= 55 1)
1) e D, =(1—p,1)x (7, 27),
(&, 1) A-p D) x(r 20 oo
Me(z, t) = A (2, 1), (z,t) € D,, =[1—p,1] x [0,7],

| AL =p, 1) = A(1, 8) =0, t e (r, 27),
where \g_(-,-), k =1, 2, are the exact solutions in D,.,.

Lemma 3.3.7. For N/2+1 <i < N —1 and t, € Ay, the error associated to the

singular component Z satisfies

(Z = 2) (zi, t,) = (N"'InN) N (24,t,) + Atdo(zi, t,) + O (N72In* N + At?) .
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Proof. From the IBVP (3.3.7) and the difference equation (3.3.9), we obtain the trun-

cation error as

(06 + ZM)(Z = 2) (@i, tn) = i (2(2i,tap) —Z (i, tnp))

0
+ (( +$) — (6, +$€N)) z
ot
Using the initial conditions from the equations (3.3.7) and (3.3.9), we get that
0
G+ 2 2=t = (54 2) - 60 +2) 2

Therefore, from the Taylor’s expansion, for some k1 € (7, T;i11), K2, k3 € (T;_1, ;) and

t € (ty_1, t,), one can have

_ N _ eh? [0 o'z h 0%z
(0 +Z5)(Z — 2) (x5, 1) = a Lc) (K1, tn) + @(%2, tn)| + §G(Ii)@(% tn)
h? 0%z At 92z At?2 932 ~

g g )+ 5 g (0 fn) ~ S5 (0 )
Now, using the result of Theorem 2.2.4, we get that

0%z At 0%z
pe 2(1’“ th) + ——

40 (et exp(—a(l — ;41)/e)N 2 In* N

(0 +ZN)(Z = 2) (i, ta) = p,eN""In Na(z;)

+exp(—a(l — x;)/e)At?).

Therefore, from (3.3.17) one can write the above equation as follows:

G+ 2 (Z—2) (i ) = NN (% +.$5) A+ A (jt

+2) %
+0 (e " exp(—a(1l — i41)/e)N*In* N
+exp(—a(l — ;) /) At?) . (3.3.18)

Now, from the Taylor’s expansion and Lemma 3.3.6, we obtain that

((aat + 3) = (o ""D%N)) Me(wi,t,) = O(etexp(—a(l — x41)/e) N~ In N
+exp(—a(l — ;) /e)At).  (3.3.19)

Therefore, using (3.3.19), we get that
‘NllnN <(% +.,S!;) — (67 +.L/;N)) A1+ At ((% +.Zg) — (67 +.L/;N)) A2

< Celexp(—a(l — zi41)/e) (N 2In* N + At?) . (3.3.20)
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Hence, from (3.3.18) and (3.3.20), we have
(67 + LN)Z — 2= (NT InN)Ay — Atdg) (i, tn) |
< Celexp(—a(l — 2i41)/e) (N72In* N + At?) .

Now by choosing an appropriate barrier function and applying the discrete maximum

principle (Lemma 3.2.1), one can obtain the required result. "

Lemma 3.3.8. The error after extrapolation associated to the singular component Z

satisfies the following bound:
(2 = Zeatp) (i, t)| S C(N2In* N+ At*), for N/2+1<i< N -1, andt, € A},
Proof. Using the fact p = p,eIn N and from Lemma 3.3.7, we get

(Z — Z) (l'i, tn) = (N_1<p/p0€)) )\1(5171', tn) aF At)@(l'“ tn) + @) (N_2 1H2 N + AtQ) .
(3.3.21)
Again, the transition point for the fine mesh DSN’2M, will remain same as that of Dév M

So, from Lemma 3.3.7, we get

(z - Z) (zis t) = ((2N) "1 (0/y8)) M (s, ta) + (AL/2)Aa (s, ta) + O (N"2In® N + AF?) .
(3.3.22)
Here-after elimination of the terms O(N~!) and O(At) from (3.3.21) and (3.3.22) pro-

vides the required result. ]

Theorem 3.3.9. (Error after extrapolation in Dy"") Assume that ¢ < N~'. Let u
be the solution of the continuous problem (3.1.1) and Ueyy, be the solution obtained via
the Richardson extrapolation technique (3.3.3) by solving the discrete problem (3.2.2) on
two meshes Dy ™ and D%N’QM. Then, we have the following error bound associated with

Uemtp:
(@i, tn) = Uearp(@istn)|| . < C (N2 In* N + At?),  for(z,t,) € DM,
Proof. For each (z;,t,) € DY"™ we have

U(Ih tn) - Uextp(xia tn) - (y(%, tn) - Yextp(xia tn)) + (Z(xi7 tn) - Zeaxtp(xiu tn)) .

Now, combining the result of Lemma 3.3.4 for the smooth component and Lemmas 3.3.5

and 3.3.8 for the singular component, we can get the required result. ]
The above theorem provides the convergence result on the interval [r,27]. If we

proceed in an analogous way, we can achieve the same convergence result for ¢ > 27.
The following theorem provides the main result of this chapter, that is, the second-

order e-uniform convergent error estimate for the extrapolated solution (3.3.3).
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Theorem 3.3.10. (Error after extrapolation) Assume that ¢ < N~'. Let u be the
solution of the continuous problem (3.1.1) and Uy, be the solution obtained via the
Richardson extrapolation technique (3.3.3) by solving the discrete problem (8.2.2) on

DN’M

two meshes and D*N2M - Then we have the following error bound associated with

Ue;rtp ;

u(@i tn) = Uearp(@istn)|| o < C (N2In* N + At?) | for(xy,t,) € DVM.

3.4 Numerical Results

To validate the theoretical result proved in the previous section, here we present the
numerical result obtained by the Richardson extrapolation technique for three test prob-
lems on the piecewise-uniform rectangular mesh D™'* . In all the cases, we perform the
numerical experiments by choosing p, = 2.2andT" = 2. Moreover in all the tables we
begin the computation with N = 16, At = 0.1 and p = 1/At and we multiply N by two
and divide At by two.

Example 3.4.1. Consider the following singularly perturbed 1D linear delay parabolic
IBVP:

(

U — €Ugy + (1 + (1 — 2))u, + (1 + exp(z))u = u(z,t — 1) +f(x,t),
(x,t) € Q, x (0,2],

u(z,t) = dp(z, t), (z,t) € Q, x [-1,0],

| w(0,8) =2t/3, u(l,t) =t, t€0,2].
(3.4.1)

We choose the initial data ¢,(x,t) and the source function f(x,t) to fit with the

exact solution
u(z,t) =exp (—t) (C1 + Cox —exp (—(1 — x)/¢e)) + (22 + 4)t/6,

where C) = exp (—1/¢) and Cy =1 —exp (—1/¢).
As the exact solution of the problem (3.4.1) is known, we calculate the maximum

pointwise error for each € by

At (%tglggN’M \u(zi,tn) — U(zi,tn)|, (before extrapolation),
and
egﬁip = (a:i,tf)lg}D(N«M |u(xi, tn) — Uewtp(zi, )|, (after extrapolation),
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where u(z;,t,), U(x;, t,) and Uegep(24, ) denote the exact solution, the numerical solu-
tion obtained before extrapolation and the numerical solution obtained after extrapo-
lation in D™ with N mesh-intervals in the spatial direction and M mesh-intervals in
the temporal direction, such that At = T'/M is the uniform mesh-size. We determine
the corresponding order of convergence for each € by

oN:AL
péV,At = log, (m) ,  (before extrapolation),
€’

and

Nt
N,At €, extp .
P eotp = 1085 | SR 273 7 | (after extrapolation).

g, extp

Now, for each N and At, we define the e-uniform maximum pointwise error by

MRt = max A (before extrapolation),
&
and
N,At N,At )
Ceatp = MAX €. Lpp, (after extrapolation),

and the corresponding e-uniform order of convergence by

oAt
VAt = og, (M) ., (before extrapolation),

and

2N,At/2
extp

N,At
pé\;’@t = log, (66‘%—”’) ,  (after extrapolation).

The calculated maximum pointwise errors and the corresponding order of convergence
for Example 3.4.1 are presented in Table 3.1 for various values of € and N. From Table
3.1, we can observe that for fixed ¢ the maximum pointwise errors computed before
and after extrapolation decrease monotonically as N increases, which confirm that the
implicit upwind scheme (3.2.2) is e-uniform convergent. Moreover, one can observe that
the maximum pointwise errors and the corresponding order of convergence have been
improved after the extrapolation technique.

In order to show the influence of the parameter p (appears in the transition point
(3.2.1)) in the order of convergence, we have performed some numerical experiments for
Example 3.4.1 with different values of p . These results are given in Table 3.2. From
these values, one can notice that when p < 2.2, the order of convergence is either
negative or not reflecting the theoretical estimate given in Theorem 3.3.10. But, only
when p, > 2.2, we are getting the expected order of convergence. In fact, p, should
satisfy the condition p, > 2/« as stated in (3.2.1). Since in this case, a = 1, therefore,

we have chosen p, = 2.2.
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Example 3.4.2. Consider the following singularly perturbed 1D linear delay parabolic
IBVP:

([ w, — cug, + (2 —2Hu, + (x+ 1)t + Du=u(x,t — 1) +10t? exp(—t)x(1 — x),
(x,t) € Q, x (0,2],
u(z,t) =0, (z,t) € Q, x [~1,0],

u(0,t) =0, u(1,t) =0, t €0,2].

(3.4.2)

As the exact solution of the IBVP (3.4.2) is not known, we have presented the
numerical results for Example 3.4.2 by using the double mesh principle, as described in
Chapter 2. For each N and At, the quantities EV:4t, pN:At ENAtand PYAY are defined

extp extp
in a similar way as done in the previous example. In Table 3.3, we have displayed the
maximum pointwise errors (before and after extrapolation) and the corresponding order
of convergence for Example 3.4.2. The numerical results presented in Table 3.3 reflect the
fact that the extrapolation doubles the order of convergence. The e-uniform convergence

of the scheme can also be seen from Table 3.3.

Example 3.4.3. Consider the following singularly perturbed semilinear delay parabolic
IBVP:

up — ez + (1 4+ 2(1 — 2))uy + exp(u) = u(z, t — 1) + f(x,t), (x,t) € Q, x (0,2],
u(z,t) = gp(x, t), (z,t) € Q, x [~1,0],

u(0,t) =0, u(1,t) =0, t €10,2].
(3.4.3)

We choose the initial data ¢p(z,t) and the source function f(z,t) to fit with the
exact solution
u(z,t) = exp (—t) (Cy + Cox — exp (—=(1 — ) /¢))
where C) = exp (—1/¢) and Cy =1 —exp (—1/¢).
By using the Newton’s linearization process (2.5.2) on (3.4.3), we obtain the following

singularly perturbed linear system of delay IBVPs:
(uptt —eut (14 2(1 — 2))ur ™t expu™)um™t = w0 — 1) + f(x,1)
- eXp(Um)(l - um)a

(x,t) € Q, x (0,2],

uerl(:E,t) = ¢b(l‘7t)a (ZE,t) € ﬁa} X [—1,0},
[ u™t(0,1) =0, u™*(1,¢) =0, tel0,2].
(3.4.4)
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Now, for a fixed m, we solve (3.4.4) by using the numerical method discussed in Section
3.2 and we apply the Richardson extrapolation technique. As a convergence criterion
for the Newton’s linearization process, we use
max U™ 2 t,) — U™ (2, t0)| <6, m >0,
5 U a0 = U] <5

where U™ (z;,t,) is the m-th iteration solution at the mesh-point (z;,t,) and 0 is the
tolerance value. Here, we used the tolerance value § = 1077,

As the exact solution of the problem (3.4.3) is known, we calculate the maximum

pointwise error for each € by

VA (m,tiﬂfﬁw \u(2i,tn) — U(xi, tn)|, (before extrapolation),
and
o, = max_|u(wi,ty) — Uewtp(wis ta)| . (after extrapolation),

(@i tn)eDNM

where u(z;,t,), U(z;,t,) and Uegey (24, t,) denote the exact solution, the numerical solu-
tion obtained before extrapolation and the numerical solution obtained after extrapo-
lation in D™ with N mesh-intervals in the spatial direction and M mesh-intervals in
the temporal direction, such that At = T'/M is the uniform mesh-size. We determine

the corresponding order of convergence for each € by

éN,At

ﬁéV,At = log, (m) , (before extrapolation),

€:
and

éN7At

~N,At , et i

Pty = log, % ., (after extrapolation).
g, extp

Now, for each N and At, we define the e-uniform maximum pointwise error by

eNVA = max ¢MA (before extrapolation),
&
and
AN, At ~N,At .
ertp = MAXE; Gty (after extrapolation),

and the corresponding e-uniform order of convergence by

éN,At
PpYAL = log, (M) ,  (before extrapolation),

and
oA
ﬁé\;’gt = log, (%) ., (after extrapolation).
eext’p
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The calculated maximum pointwise errors and the corresponding order of convergence
for Example 3.4.3 are presented in Table 3.4 for various values of ¢ and N. From Table
3.4, we can observe that for fixed e, the maximum pointwise errors computed before
and after extrapolation, decrease monotonically as N increases, which confirm that the
implicit upwind scheme (3.2.2) is e-uniform convergent. Moreover, one can observe that
the maximum pointwise errors and the corresponding order of convergence have been
improved after the extrapolation technique.

To visualize the appearance of the boundary layers in the solutions of Examples 3.4.1,
3.4.2 and 3.4.3, we have provided the surface plots for ¢ = 1078 and N = 64 in Figure
3.1.

In order to reveal the numerical order of convergence, we have plotted the maximum
pointwise errors (before and after extrapolation) in loglog scale for Examples 3.4.1, 3.4.2
and 3.4.3 in the Figure 3.2, which again confirms the effectiveness of the extrapolation

technique.

3.5 Conclusion

To obtain second-order uniformly convergent numerical solution of singularly perturbed
1D delay convection-diffusion problem of the form (3.1.1), we have applied the Richard-
son extrapolation technique in this chapter. For this, first we discretized the domain with
the uniform mesh in the temporal direction and the piecewise-uniform Shishkin mesh in
the spatial direction, then we replaced the continuous PDE by the implicit-Euler scheme
for the time derivative and the upwind finite difference for the spatial derivatives. We
obtained the numerical solution of this discrete problem on two embedded meshes, first
with N + 1and M + 1 number of spatial and temporal mesh-points, respectively, then
with 2NV 4 1 (here we fix the transition parameter as given in (3.2.1)) and 2M + 1 num-
ber of mesh-points. After that, we calculated the extrapolated solution by using these
two numerical results. Theoretically we have proved that the extrapolation provides
second-order e-uniformly convergent results. The proposed scheme is also applied nu-
merically on the semilinear DPDEs. Numerical experiments are carried out to validate

the theoretical findings.
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Table 3.1: Mazimum pointwise errors and the corresponding order of convergence for
Example 3.4.1.

€ Extrp. Number of mesh-intervals N /temporal mesh-size At
16/ {5 32/ 64/ 15 128/45 256/ 145 512/ 355
Before | 7.6591e-2  5.9336e-2  3.9153e-2  2.4519e-2  1.4558¢-2  8.3846e-3
1072 0.3683 0.5998 0.6752 0.7521 0.7960
After | 2.1076e-2  1.0446e-2  5.155le-3  2.1496e-3  7.7455e-4  2.6466e-4
1.0126 1.0189 1.2619 1.4727 1.5492
Before | 9.1503¢-2  6.8788¢-2  4.5433¢-2  2.7962e-2  1.6615e-2  9.5501e-3
10~ 0.4117 0.5984 0.7003 0.7510 0.7989
After | 1.5517e-2  6.8853¢-3  2.9875¢-3  1.1578¢-3  4.1096e-4  1.3973e-4
1.1723 1.2046 1.3675 1.4943 1.5564
Before | 9.1726e-2  6.9031e-2  4.5748e-2  2.8311e-2  1.6746e-2  9.6097e-3
106 0.4101 0.5936 0.6924 0.7576 0.8012
After | 1.5433e-2  6.7009e-3  2.7455e-3  1.0388¢-3  3.6193e-4  1.2139e-4
1.2036 1.2873 1.4022 1.5211 1.5760
Before | 9.1728¢-2  6.9034e-2  4.5751e-2  2.8314e-2  1.6750e-2  9.6144e-3
1078 0.4101 0.5935 0.6923 0.7574 0.8009
After | 1.5433e-2  6.6992e-3  2.7431e-3  1.0360e-3  3.586le-4  1.1746e-4
1.2039 1.2882 1.4047 1.5306 1.6102
eV AL | Before | 9.1728e-2  6.9034e-2  4.5751e-2 2.8314e-2 1.6750e-2 9.6144e-3
plV At 0.4101 0.5935 0.6923 0.7574 0.8009
elin' | After | 2.1076e-2 1.0446e-2 5.1551e-3 2.1496e-3 7.7455e-4 2.6466e-4
Pavin” 1.0126 1.0189 1.2619 1.4727 1.5492
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Table 3.2: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.1 for e = 1le — 6 and different values of py.

p, | Extrp. Number of mesh-intervals N /temporal mesh-size At
32/% 64/ 5 128/5  256/45 512/
Before | 1.4270e-1 1.5593e-1 1.6162e-1 1.6105e-1 1.5614e-1
0.2 -0.1280 -0.0517 0.0051 0.0446
After | 1.7837e-1 1.8627e-1 1.8585e-1 1.8127e-1 1.7545e-1
-0.0626 0.0033 0.0360 0.0470
Before | 1.4497e-1 1.4561e-1 1.3803e-1 1.2565e-1 1.1118e-1
0.3 -0.0063 0.0771 0.1355 0.1766
After | 1.7773e-1 1.6846e-1 1.5841e-1 1.4322e-1 1.2605e-1
0.0773 0.0887 0.1455 0.1842
Before | 9.1494e-2  7.0029e-2 5.0018e-2 3.4346e-2 2.3109e-2
0.6 0.3857 0.4855 0.5423 0.5717
After | 1.0270e-1 7.7027e-2 5.4628e-2 3.7560e-2 2.5374e-2
0.4150 0.4957 0.5405 0.5658
Before | 4.5982¢-2 2.9064e-2 1.7299e-2 9.9415e-3 5.5927¢-3
1.2 0.6618 0.7486 0.7991 0.8299
After | 1.8468e-2 8.1858e-3 3.5331e-3 1.5134e-3 6.4833e-4
1.1738 1.2122 1.2231 1.223
Before | 6.9031e-2 4.5748e-2 2.8311e-2 1.6746e-2 9.6097e-3
2.2 0.5935 0.6923 0.7576 0.8012
After | 6.7009e-3 2.7455e-3 1.0388e-3 3.6193e-4 1.2139e-4
1.2873 1.4022 1.5211 1.576
Before | 9.3348e-2 6.3334e-2  3.9963e-2 2.3920e-2 1.3844e-2
3.2 0.5596 0.6643 0.7404 0.7890
After | 1.1746e-2 5.1538e-3 2.0389¢-3 7.3106e-4 2.4789¢-4
1.1884 1.3378 1.4797 1.5603
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Table 3.3: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.2.

€ Extrp. Number of mesh-intervals N /temporal mesh-size At
16/{5 32/ 64/ 15 128/45 256/ 15 512/ 55

Before | 1.1720e-2  6.9383e-3  4.0380e-3  2.3371e-3  1.3195e-3  7.3362e-4

1072 0.7564 0.7810 0.7889 0.8248 0.8469
After | 1.9337e-3  8.135le-4  3.2470e-4  1.1992e-4  4.0881le-5  1.3174e-5

1.2491 1.3251 1.4370 1.5526 1.6337
Before | 1.4962e-2  9.2070e-3  5.4334e-3  3.1252e-3  1.7548e-3  9.6682e-4

104 0.7005 0.7609 0.7979 0.8326 0.8600
After | 2.6219e-3  1.1273e-3  4.2622e-4  1.4991e-4  4.9878e-5  1.5842¢-5

1.2178 1.4032 1.5075 1.5876 1.6547
Before | 1.4999e-2  9.2386e-3  5.455le-3  3.1383e-3  1.7623e-3  9.7104e-4

106 0.6991 0.7601 0.7976 0.8325 0.8598
After | 2.6309e-3  1.1320e-3  4.2789%e¢-4  1.5047e-4  5.0049e-5  1.5890e-5

1.2167 1.4035 1.5078 1.5881 1.6552
Before | 1.5000e-2  9.2390e-3  5.4553e-3  3.1384e-3  1.7623e-3  9.7108e-4

1078 0.6991 0.7601 0.7976 0.8325 0.8598
After | 2.6310e-3  1.1321e-3  4.2796e-4  1.5048e-4  5.0213e-5  1.6227e-5

1.2166 1.4034 1.5079 1.5834 1.6297
EN:At | Before | 1.5000e-2  9.2390e-3 5.4553e-3 3.1384e-3 1.7623e-3 9.7108e-4

pN:At 0.6991 0.7601 0.7976 0.8325 0.8598
ej\;’tﬁt After | 2.6310e-3 1.1321e-3 4.2796e-4 1.5048e-4 5.0213e-5 1.6227e-5

ngﬁt 1.2166 1.4034 1.5079 1.5834 1.6297
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Table 3.4: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.35.

€ Extrp. Number of mesh-intervals N /temporal mesh-size At
16/ {5 32/ 64/ 15 128/45 256/ 145 512/ 355
Before | 4.8204e-2  2.9540e-2  1.6110e-2  8.4545e-3  4.3326e-3  2.1935e-3
1072 0.7092 0.8747 0.9302 0.9645 0.9820
After | 9.8703e-3  3.2054e-3  9.3662e-4  2.5562e-4  6.682le-5  1.7094e-5
1.6226 1.7750 1.8735 1.9356 1.9668
Before | 8.9849¢-2  6.6830e-2  4.4182¢-2  2.7454e-2  1.6312e-2  9.3934e-3
10~ 0.4270 0.5970 0.6864 0.7511 0.7962
After | 1.9124e-2  8.7214e-3  3.8613e-3  1.6255¢-3  6.1803e-4  2.2807c-4
1.1328 1.1755 1.2482 1.3951 1.4382
Before | 9.1805¢-2  6.98¢-2  4.5718e-2  2.827%-2  1.6708e-2  9.5812¢-3
106 0.4118 0.5940 0.6930 0.7592 0.8023
After | 1.5485e-2  6.7243e-3  2.7694e-3  1.0638e-3  3.9158e-4  1.3682e-4
1.2034 1.2798 1.3803 1.4419 1.5170
Before | 9.1825¢-2  6.9031e-2  4.5749¢-2  2.8314e-2  1.6749¢-2  9.6139¢-3
1078 0.4117 0.5935 0.6922 0.7574 0.8009
After | 1.5476e-2  6.7053¢-3  2.7441e-3  1.0364e-3  3.5897e-4  1.1788e-4
1.2067 1.2889 1.4048 1.5296 1.6066
¢V At | Before | 9.1825e-2  6.9031e-2  4.5749e-2 2.8314e-2 1.6749e-2  9.6139e-3
P At 0.4117 0.5935 0.6922 0.7574 0.8009
et | After | 1.9124e-2  8.7214e-3  3.8613e-3 1.6255e-3 6.1803e-4  2.2807e-4
P’ 1.1328 1.1755 1.2482 1.3951 1.4382
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Figure 3.1:
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Surface plots of the numerical solutions for e = le — 8, N = 64.
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—¥— Before extrp. ( e=1e-6)
-D—After extrp. ( e=1le-6)
-3~ Before extrp. ( e=1e-8)
- After extrp. ( e=1e-8)
O(N"1inN)
-©-0(N%n?N)

Max. Error

(a) Example 3.4.1.

—¥— Before extrp. ( e=1e-6)
-D—After extrp. ( e=1e-6)
-3 Before extrp. ( e=1e-8)
Q - After extrp. ( €=1e-8)
O(N"YinN)
-©-0(N2n?N)

Max. Error

10°

(b) Example 3.4.2.

—¥— Before extrp. ( e=1e-6)
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Q - After extrp. ( €=1e-8)
O(NYinN)
-©-0(N"%n?N)

Max. Error

10°

(¢) Example 3.4.3.

Figure 3.2: Visualization of the order of convergence through loglog plot.
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CHAPTER 4:

Higher-Order Convergence with Fractional-Step
Method for Singularly Perturbed 2D Parabolic
Convection-Diffusion Problems on Shishkin Mesh

So far, we have dealt with singularly perturbed 1D delay parabolic PDE of convection-
diffusion type. But, in reality, modeling of physical phenomena becomes more appropri-
ate in higher-dimensions. By considering this fact, in this chapter, we propose a second-
order uniformly convergent numerical method for a singularly perturbed 2D parabolic
convection-diffusion IBVP. First, we use a fractional-step method to discretize the time
derivative of the continuous problem on the uniform mesh in the temporal direction,
which gives a set of two 1D problems. Then, we use the classical finite difference scheme
to discretize those 1D problems on a special mesh, which results almost first-order con-
vergence, i.e., O(N~19In N + At). The special mesh is used to capture the boundary
layers and the fractional-step method permits a low computational cost algorithm. To
enhance the order of convergence to O(N—2*71n*> N 4 At?), we use the Richardson ex-
trapolation technique. In support of the theoretical results, numerical experiments are

performed by employing the proposed technique.

4.1 Introduction

Here, we consider the following singularly perturbed 2D parabolic convection-diffusion
IBVP posed on the domain & =D x A, where ® = Q, x Q, = (0,1)* and A, = (0, T):

Ut"—LE'U/(.T,y,t) :f(x7y7t>7 ($7y7t) S ®7
u(r,y,0) = s(z,y), (z,y) €D, (4.1.1)
U({E, Y t) = 07 (l’,y,t) € 0D x Kta

where

Lou=—cAu+ a(z,y).Vu+ b(z,y)u,
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Chapter 4 4.2. Time Semidiscretization

0 < € < 1 is the singular perturbation parameter. The coefficients a = (ay, as) and b are
sufficiently smooth and bounded functions such that a;(z,y) > o> 0, as(z,y) > a, >
Oandb(z,y) > 0, on®. Under the sufficient smoothness and necessary compatibility
conditions imposed on the functions f and s, the parabolic IBVP (4.1.1) admits a unique
solution u(z, y,t), which exhibits a regular boundary layer of width O(e) along the sides
r=1and y =1, and a corner layer at (z,y) = (1, 1).

In this work, first, by using the fractional-step method, we obtain two 1D problems.
Then we discretize the spatial domains by the piecewise-uniform Shishkin mesh and we
use the upwind finite difference scheme to discretize the spatial derivatives. We solve
those two 1D problems by the upwind scheme, then we double the number of mesh-
intervals (by fixing the transition parameter) and solve the same 1D problems. Then,
to obtain a better approximate numerical solution, we combine those two solutions
according to the technique. This method enhances the order of convergence from first-
order to second-order.

The rest of this chapter is organized as follows: In Section 4.2, the time semidis-
cretization process through fractional-step method has been discussed. Section 4.3 con-
tains the extrapolation technique of the semidiscrete solution. Section 4.4 deals with
the piecewise-uniform Shishkin mesh and the classical upwind scheme. The main proof
of convergence of the extrapolated numerical solution has been provided in Section 4.5.
Numerical results are presented in Section 4.6 and the chapter ends with Section 4.7,

that summarizes the main conclusions.

4.2 Time Semidiscretization

Here, we describe the time semidiscretization of the singularly perturbed 2D parabolic

IBVP (4.1.1). Time semidiscretization is required to do the analysis of the fully discrete

scheme.

4.2.1 The semidiscrete problem

First, we discretize the time domain A, by uniform mesh with mesh-size At, such that
AM ={t,=nAt,n=0,---, M, At =T/M},

where M is the number of mesh-points in the ¢-direction.

Now, we split the differential operator £, as L. = L, + L, ., where

L Z—ea—Q—l—a(x )ﬁ+b($ )
r,e — 812 1\, Yy or 1\Z,Y),
0? 0
'Cy,s = _Ea_yQ + a'2($7 y)a_y + bg(l’,y),
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with b(x,y) = bi(z,y) + ba(x,y). We split the source term into two smooth terms as
f(xa yvt) = fl('ru y7t) + fg(I,?J,t), such that

fl(xa O7t) = f1($7 1’t) = f2(07y7t) - f2(17y7t) = 0. (421)

The operator £, . can be considered as a family of one-dimensional differential operators

with one parameter y € (0,1) (similarly for £, .).

Now, we introduce a time semidiscretization process by means of the following

fractional-step scheme:

u0:8<l’,y), (-T,y) 697

( (I + AL, Ju™t2 = u™ + Atfi (2, y,thi1), ¥y € (0,1),
(4.2.2)
| u"2(0,y) = ur3(1,y) = 0,
f (] + Atﬁy,&)unJrl - un+1/2 + Atfg(.f, Y, tn-‘rl)? S (07 1)a
(4.2.3)
u"(z,0) = u"(z,1) = 0.

\

The above scheme provides the approximation u"(z,y) to the solution u(z,y,t) of
(4.1.1) at the time level ¢, = nAt.

The operators (I +AtL;.), i = x, y, satisfy the following maximum principle, which
ensures the stability of the semidiscrete scheme (4.2.2)-(4.2.3).

Lemma 4.2.1. (Maximum principle) Let V(x,y) > 0 on the boundary 0D and (I +
AL )V (x,y) >0,i =,y on®D. Then ¥(z,y) >0 on D.

Proof. First we prove the maximum principle for the operator (I + AtL,.). Let
(z*,y*) € D be such that ¥(z*,y*) = ming ¥(z,y) < 0. It is clear that the point
(x*,y*) ¢ 09, which implies (z*,y*) € ©. Since ¥, (z*,y*) = 0 and U, (z*, y*) > 0, we
get

(I +AtL, )V (z*, y*) = V(x* y*) — AtV (2", y*) + Atay (o, y*) VU, (2, y*)
+ALhy (z*, y* )V (z*, y*) <0,

which is a contradiction. Hence the required result follows for the operator (I +AtL, ).

Similarly, we can prove the maximum principle for the operator (I + AtL, ). ]
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In order to analyze the convergence of the semidiscrete scheme (4.2.2)-(4.2.3), let

u"*! be the solution of the following system:

( (I + Atﬁx,s>m+1/2 = u(w, Y, tn) + Atfl (Z‘, Y, tn+1)7 Yy € (Oa 1)7

4 (4.2.4)
~n+1/2 — on+1/2 —

\ u (O7y) =u (Ly) _07

(I + AtL,)am+ = @2 + Atfy(w,y,tast), 7 € (0,1),
(4.2.5)

| @ (2,0) = @ (2,1) = 0.

4.3 Extrapolation of u

This section introduces the extrapolation of the time semidiscrete solution u. The error
estimate after extrapolation technique associated to u is given in this section.

For the improvement of the semidiscrete solution %(t, ), we need to solve the semidis-
crete problem (4.2.4)-(4.2.5) on the fine mesh A?" | with 2M number of mesh-intervals
in the temporal direction. From such construction, it is clear that AM = {t,} c A?M =
{t.}. Clearly A? is obtained from AM by bisecting each mesh-interval of AM. There-
fore t,, — t, 1 = At/2, for t, € A,?M . Let Z be the solution of the semidiscrete problem
(4.2.4)-(4.2.5) on the mesh A?M. Now, we know that

U(tn) —u(t,) = At +o(At), t, € AM. (4.3.1)

Similarly, we have

(tn) — u(ty) = At/2 + o(At), t, € A2M, (4.3.2)

)

Now, from (4.3.1) and (4.3.2), we get
u(ty) — (22(tn) — U(t,)) = o(At), t, € AM.
We shall therefore use the following extrapolation formula
Uiyt (tn) = 22(t,) — U(t,), tn € AM, (4.3.3)

to obtain a better semidiscrete solution of the problem (4.1.1).

4.3.1 Error estimate for U,

To obtain the error |u(t,4+1) — Ueptpt (tn+1)], first by combining (4.2.4) and (4.2.5), we get

(I + Atﬁr,e) ((I + Atcy,&)u/\n-i_l - Atfg(l‘, Y, tn+1>) = U(tn) + Atfl (I’, Y, tn+1)7
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therefore, we obtain
u(ty) = (I + AtLy ) (I + AL, )u™ — At fi(tn1) — AL + AtLy ) fo(tntr)-

On the other hand, since the solution of (4.1.1) is smooth enough, we have

ou At)? 0%u
u(ts) = ultur — A1) = ultr) - M 0v ], + BETE o)

= u(lnir) + AL [(Loe + Lyc)ultnir) = (iltarr) + faltnsr))]

(At)? 0*u
7 o o

= (] + At‘cxﬁ) [(I + Atﬁy,a)u@n-&-l) - Ath(tn+1)] L] Atfl (tn+1)

+ O(At?)

—(AD2 L, Ly (T, Y, tryr) + (A2 Lo fotnia) + %% |t + O(AE).
So, we have
(I + AtL, (I + AL, )@ — u(ty 1))
(At)? 9*u

= — (AL Ly ou(z,y, tnrr) + (A’ Lo foltnsr) + + O(At?). (4.3.4)

3 o I
Let us denote x = —L, Ly u(,y, tni1) + Lo foltnir) + (1/2)us(tnr1). We define the
function A(x,y,t,+1), to be the solution of the following BVP:

(I 4+ AtL,)(I + ALy )N, y, tht1) = xAt, InD,
(4.3.5)
)‘($a y>tn+1) - 07 (1','3/) € 0D.
By subtracting A(z,y,t,) from both the sides of (4.3.5), we get
(I + ALy ) (I + AtLy )Nz, Y, tri1) — M1, y,t0) = XAL = Az, 9, 10),
which implies that

A<$>yatn+1) - )\(337 yvtn) + AtﬁaA(z7yatn+l) = XAt - )‘(l'vyatn) + O(At2)

Now, if we divide both the sides by At, we obtain an equation of A, which is similar
to (4.1.1). Let X be the time semidiscrete approximation of A\. Hence, by following the

same approach given in [15, Lemma 1], we get that
(I+ ALy )+ AL, )N — A (2,9, tnsr) < C(AL)2 (4.3.6)
Now, (4.3.4), (4.3.5) and (4.3.6), together imply that

(I + AtLy ) (I + AL, ) (T — u — AtA) (tnyr) = O(AL).
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Now, by using the maximum principle (Lemma 4.2.1) for the operators (I +AtL;.), i =
x, Yy, we obtain that
(@ —u = AN, . tur1) < C(AF),

which implies that
(@ — u) (2, Y, tus1) = AA + O(AL).

For the Richardson extrapolation, we consider the finer mesh in the temporal direction,

i.e., we use the temporal mesh-size At/2. Then, one can have
N At~
(Z—u) (z,y,thi1) = 7)\ + O(At?).

Therefore, by using the formula given in (4.3.3) for the Richardson extrapolation tech-

nique, we obtain that
(U = Ueatpt) (2, Y, tar) = (v =224 1) (2, y, tns1)
— (“2E—w) + (@ - ) (2 st
= O(A#). (4.3.7)

Lemma 4.3.1. The solution of (4.2.4) satisfies the following bound:

aim+1/2 )
i <C (1 + e 'exp (—agg(l ~ :1:)/5)) , 0<i<A4
ml
Proof. One can see [14, Appendix A] for the proof. "
Here, we decompose the solution u"*'/2 of (4.2.4) as u"T'/? = gnt1/2 4 @"+1/2 for

0"t1/2 ig the smooth

the purpose of convergence analysis done in Section 4.5, where
component and @"*t1/2 is the singular component. In a similar way, we decompose u
in right hand side of (4.2.4) into the smooth and singular components as u = v + w.
We decompose 27+1/2 ag 27+1/2 — pnt1/2 4 JnF1/2  The smooth components ©and v are
further decomposed into o™H1/2 = S8 kg2 t2 and v = Y03 ek, so that 072 and v

satisfy the following problem:

(I + AtL, )02 = v(z,y,t,) + Atfi(z,y,tns1), y € (0,1),

3
@\n+1/2<0) =0, 6’)1—&—1/2(1) _ Zgz‘ @\?+1/2(1>7
1=0

n+1/2

and the singular components @ and w satisfy the following problem:

(] + Atﬁz,a)@n+l/2 = U}(l‘, Y, tn)a Yy e (07 1)7

{En+1/2(0) =0, ﬁ;n+1/2(1) _ u~n+1/2 L — @n+1/2(1).

o=
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an+1/2

Note that, since, we have the bounds of the derivatives of , one can easily

obtain the following bounds:

gipnt1/2 .
—_— <C(1 o 4.3.8
’ aﬂfl 0o B ( e ) 7 ( )
and
gigrt1/2 .
i <Ce'exp(—a (1 —z)/e), 0<i<A4, (4.3.9)

by following the similar idea used in Theorem 2.2.4.

4.4 The Discrete Problem

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,
then we discretize the spatial derivatives of the semidiscrete scheme (4.2.4)-(4.2.5) by

using the upwind scheme.

4.4.1 Discretization of the domain

Let the rectangular mesh D" be defined by the tensor product of the 1D Shishkin
meshes, i.e., D = ﬁiv X ﬁ;v, which is constructed as follows:

First, define the transition parameters

. 1
p, = m1n{§, plyoelnN} =z, y,

where Pro > 2/al. In the analysis, we shall assume that p, = pmeln N. Note that, if
p,=1 /2, 1 =z, y, then the mesh is uniform and in this case the error estimates can be
obtained in the classical way.

To obtain the piecewise-uniform Shishkin mesh, we divide the domain ﬁiv into two
sub-domains [0,1 — p | and (1 = p_,1] and each sub-domain will have N/2 uniform

mesh-intervals and denote it by

=N

Q, :{Ozxo, Ty, Tnp=1—p - ,xNzl}.
Similarly, we define ﬁiv = {0 = Yo, Y1, ", Ynjz =1 — Py YN = 1}.
We denote the mesh-sizes in both the spatial directions by
oy = — 21, =1, , N, Ty =hes+hpipr, i=1,---, N1,
hy; =y — Y1, § =1, N, hyj=hyj+hy, j=1,--, N-1,
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and let H; = 2(1 - p,)/N and h; = 2p,/N, | = z, y, be the mesh-sizes in [0,1 — p ] and
[1 — p,, 1] respectively. Then it is easy to see that
N'<H <2N7', h=2p, eN'InN, l=uz,y.

Let us denote QY = ﬁiv NQy, Q) = ﬁ;v N Q,. We define the discrete domain by

eNM = M N & where & = ﬁiv X ﬁiv x AM.
4.4.2 Numerical scheme

Let ,Ci\f . be the discretization of the differential operator L, . after replacing the spatial
derivatives by the upwind finite difference scheme on €Y. Then the discretized equation

can be written as follows: For y € Q)Y

( (1 4+ ALY )OS = (14 Ab(—e02 + ay (25, y)85 + b (i, 9)) Uity

— u(xmyatn) + Atfl<xiayatn+1)a 1= 17 o N — 17

n+1/2  n4l/2
Upy " =Uy, " =0.

(4.4.1)
Similarly, for z € QY
( (I+ Atﬁi\;)ﬁ%l = (I + At(—ed; + as(x,y;)0, + bz(x,yj)))ﬁ£;1
= UT;;—Z;’/_JI/2 . Atf?(xayj7tn+1)7 .] - 17 LB N — 17 (442)

| Un§t =Tzt =0.
After rearranging the terms in (4.4.1) and (4.4.2), we get
([ + Atﬁjz\fa)[/jgzzl/Q = T17_[7£J:17/y2 + rzl,O[/]\;Linryl/Q + 7“21’+(7£_+~_}7/y2 i Fl:ci,ya 1= 17 e 7N - 17

7

n+1/2  n4l/2
U07y - Ul,y 70,

(4.4.3)
and
TTn — 2,—7m 2,071 2,4+77n _ P
([ + Atﬁé\;)Ux;rjl =Ty Um’;l_l + r; Ux;rjl + r; U%;rjl_’_l - F2x,yj> J = Lo N — L,
Upst =Uy1t =0,
(4.4.4)

respectively, where

A 26 ai(zy) ot = At _AL ’
h:p,ihx,i hﬂm‘ hx,ihx,iJrl

TZ'LO =1+ Atbl(m’wy) - Tilj_ - ril,—‘r’ Flzi,y = U([L‘i, Y, tn) + Atfl(xza yvtn+1)7
(4.4.5)
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- A (_A 2 @(%?/j)) 7 r]2-’+ _ Ay (_A 2e ) |
hy,ly.; hyj Py iy i1 (4.4.6)

TJZ’O =1+ Atby(z,y;) — 7“]2-’_ — T?’+, Fopy = U;Z,LJI/Q + Atfo(z,y;, tnsr).

and

Lemma 4.4.1. The matrices associated with the finite difference schemes (4.4.1) and
(4.4.2) are M-matrices.

Proof. It is clear from the above equations (4.4.3)-(4.4.6) that, for £ =1, 2, we have

rf7_ <0, rf’+ < Oand rf’o =)

along with
£7+‘_|7’l£’_’ >0,forl=1,---, N—1.

[yl =1yt > 0, [Py [ = i) > 0 and [y — ]

Therefore, the matrices associated with the finite difference schemes are M-matrices. m
As a consequence, the difference operator given in (4.4.1) satisfies the following dis-

crete maximum principle.

Lemma 4.4.2. (Discrete maximum principle) Assume that the discrete function U,

satisfies W; > 0 oni =0, N. Then (I + AtLY )U; > 0 on QY implies that ¥; > 0 at
. =N ’

each point of €1, .

Hence the method is uniformly stable in the supremum norm. Similar property holds
for the difference operator defined in (4.4.2).

4.4.3 Error estimate for the fully discrete solution

Let us define the fully discrete scheme on 3™ as follows:

UO:S(:L‘myJ% iaj:Oa"'7N7

2y

( (T + ALY YU = U Atf (2, g, ta), 1<6< N —1,

(4.4.7)
| U =0y =0, 0<j <N,
(T + ALY YU = U2 Atfo(wi ys, tan), 1<§ < N —1,

(4.4.8)
| Ulg' =0 =0, 0<i<N.

The following theorem explains that the upwind scheme defined in (4.4.7)-(4.4.8), con-

6N’M

verges e-uniformly on , with almost first-order accuracy.
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Theorem 4.4.3. Let u be the exact solution of (4.1.1) and {U"} be the numerical
solution of the fully discrete scheme (4.4.7)-(4.4.8) at time level t,, = nAt. Then there
exists a positive constant C, independent of €, N, with 0 < q < 1 such that

e 5. 1) = U2, < C(A+ N1 ),
for (z,y;,t,) € &M

Proof. The proof can be found in [14]. l

One can observe from the above theorem that the temporal order of convergence is
one and the spatial order of convergence is almost one (up to a logarithmic factor). To
enhance the order of convergence, we apply the Richardson extrapolation technique on
the discrete solution U} of the fully discrete scheme (4.4.7)-(4.4.8).

4.5 Extrapolation of U

In this section, we describe the Richardson extrapolation technique in the spatial di-
rections, which is used to increase the accuracy of the computed solutions of the basic
scheme. The main result of this chapter for the e-uniform convergence of the extrapo-
lated numerical solution is given at the end of this section.

To apply the technique, we will solve the discrete problem (4.4.1)-(4.4.2) on the fine
mesh D = ﬁiN X ﬁ;N with 2N mesh-intervals in the spatial direction, where ﬁiN and
ﬁiN are the piecewise-uniform Shishkin meshes having the same transition points 1 —p_
and 1— Py respectively, as used in ﬁiv and ﬁ;v. The discrete domain ﬁiN (similarly ﬁzN)
can be obtained through bisecting each mesh-interval of ﬁiv From such construction,
it is clear that D' = {(zi,y)} C D = {(Zi,y;)}. Hence the corresponding mesh-sizes

. 2N :
in®"" can be given by

H,/2, for ZieQ n[0,1-p],

Li — Lj—1 = —oN
he/2, for ;€ Q. N[1—p,1].

Let Uz’yj be the solution of (4.4.1)-(4.4.2) on V. Therefore, from [14], one can express
the error as

(0" =" (zs,y;) = C(N"'InN)+o(N"'InN)
= ¢, (N"'InN)+Co (N"'InN) + o(N"'InN)
= (N0, /0,00)) + Co (N Mo, 0,09))

+o(N'InN), (zi,y;) €D, (4.5.1)
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where €} and C5 are some fixed constants. Similarly, if (7% 7, is the solution of the

discrete problem (4.4.1)-(4.4.2) on EQN, then we have

(O = @)@ 55) = C1 (@N) (o, /p,09)) + Co(@N) o, /0, 48))

+ o(N'InN), (3,3) €D . (45.2)
Now, from (4.5.1) and (4.5.2), eliminating O(N '), we get
(ﬁ” — (2[7" — (7”)) (zi,y;) = o(N"'InN), (2;,y;) € ",
We shall therefore use the following extrapolation formula
Uit wi,y7) = (20" = 0" (i), (i) €D (45.3)

to obtain a better approximate solution of the problem (4.4.1)-(4.4.2).
To proceed further, we decompose the discrete solution ngl/ ? of (4.4.1) into the

smooth and singular components as V72 4 Wntl/2 iy gNM | Prtl/2 4 Jpntl/2 gy
&N.2M

The smooth component V12 gatisfies the following discrete equation:

(1 + ALY V™2 = (I 4 Ab(—e0? 4 an(wi, )05 + b y))) V2

- ’U(xhy?tn) + Atfl(xhyatn-i-l)a 1= 1a . N — 17

‘7n+1/2 3 i)\n+1/2(0>, ‘/}1774+1/2 _ 7)\""'1/2(1)

\ 0 )

and the singular component W"+1/2 satisfies

([ (1 + ALY )WY = (1 + Ab(—e0? + ay (3, y)0; + by (x1,y))) W2

— w(xi7y7tn>7 1= 17 Ty N — 1a (454)

\ /WOTLH/? _ {5”“/2(0)’ W{H-l/? _ @n+1/2(1).

At the node (x;,y,tn+1/2) the errors can be written in the form

~ ~

(U = u)(xi, Y, tny1y2) = (V = 0) (45, ¥, tngry2) + (W — @) (24, y, tngr/2)-

4.5.1 Extrapolation of the smooth component

Lemma 4.5.1. Assume that ¢ < N~'. Then, the local truncation error associated to

the smooth component satisfies

hy.; 0*v
2’ a1<$i7y)@<xiayatn+l/2) +O(H§)~

(I + ALY )V = 0) (@i, Y, tgrye) = At
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Proof. By using (4.3.8) and e < N~! < H, along with the following Taylor’s expansion,

(I + ALY )V = 0) (@i, Yy tosrya)

eAt , O , 0
3(hg;71 + hxﬂ'_,’_l) hm,i+1@(§la Y, tn+1/2) - hw,i%(c% Yy, tn+1/2)
X 0% h 0%

2’ ay (s, y)@(l’u Yy tnt1/2) — AtFCll(xi’y)%(C& Yo tnt1/2),

for some (i € (z;, xi41), (o, (3 € (x5-1,;), it is easy to obtain the required result. "

Let us assume © be the solution of the following BVP:

At oa)
(I + At‘cx@)@ = 7al($,y)@(ﬂf,y,tn+1/2), Yy € (07 1)a

+At

0(0) = (1) = 0.

Now, we decompose © as © = n + v, where 7 is the smooth component and v is the

singular component, which satisfy the following equations for y € (0, 1):

( At 0%
(I AtLye)n = —ar(@,y) 55 (2, Y, tusrj2);
(I + Atﬁx,a)y - 0,
) (4.5.5)
n(0) = 0 = v(0),
| 1) = —v(1).

Therefore, by following [73], we can have the theorem stated below.

9n

3

Theorem 4.5.2. The smooth component n defined in (4.5.5) satisfies the following
okn

bounds:
7).

Lemma 4.5.3. Assume thate < N=Y. Then, for 1 <i < N —1, the error in the smooth

component satisfies

<C, k=0,1,2, and ‘ K Ce '

o0

~

(V =0) (2, Y, tar12) = han(z;) + O(N7?).
Proof. By using Lemma 4.5.1 and (4.5.5), we get

(I + ALY )V = 0) (@i, Yy tgrye) = haa(T + AtL, n(a;) + O(H?). (4.5.6)
Now, by using the Taylor’s expansion, it can be obtained easily that

[((1+ AtLY,) — (I + AtL,.)) n(z,)]

5(hx,i + h:c,i-l—l) ‘ 8377 hm,i 3277

+ At 922

o0

< |At

al(%y)‘

(4.5.7)
3 O0x3 2 oj
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and by using Theorem 4.5.2 along with the inequality h,; < H,, we obtain
i (I 4+ ALY — (I + AtLye)) n(x;)| < C(H2At) < CHZ. (4.5.8)
Therefore, (4.5.6) and (4.5.8) together imply that
(I + ALY )V = 0) (24, Y, tusr /o) — haan(a:)] < CHZ.

From the discrete maximum principle (Lemma 4.4.2), we get that

~

(V =0) (@i, Y, tng12) = hoin(x;) + O(N7?), (4.5.9)

which reflects the required result. ]

Similarly, in the finer mesh of temporal direction, we get that

(9 - {b\v)(xia Y, tn+1/2) = hz,zn(xz) + O(N72>

Therefore, we have

~

(V;aa:tpt - 6eztpt)(xi7 Y, tn+l/2) - hx,ﬂ?(%) + O<N_2)’

Sn+1/2 ~n—+1/2
where Vg;tpt/ and vatp,( are the time extrapolated solutions of V"+1/2 and 77+1/2, re-

spectively.

Lemma 4.5.4. Assume that e < N~t. Then, the error after extrapolation associated to

the smooth component V™12 satisfies

<‘/e:ctp - @\eztpt> (l‘i, Y, tn+1/2) S ON_Q-

Proof. Due to the construction of & and @N’M, we have

- (Ho/2)n(z:) + O(N7?), for 1<i<N/2,
<Veztpt - Uextpt> (xia y7tn+1/2) =
(he/2)n(x;) + O (N72), for N/24+1<i< N -1,

N, M

where V:;;;/ ? is the time extrapolated solution in &

Therefore, we have

(‘/eactp - i)\e;vtpt> (:Eia Y, tn+l/2 ((ZVeastp ea: t) - i)\e:vtpt) (xia Y, tn—i—l/?)
( ( extpt Uemtp > - <V;393tpt - i)\eztpt)) (ZL'Z', y7tn+1/2)
),

which is the required result. ]
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4.5.2 Extrapolation of the singular component

Lemma 4.5.5. The singular component W2 satisfies

N -1
w2 < ] (1+ z ’”)  fori=0,1,---, N—1.
g

j=it+l

: « hx,j .
Proof. Let us define S; = H 1+ -2 , with Sg = 1.
€

j=1
Therefore,
1
S; 2/ ( Q@ hz]>
= H J
Sn j=it+1 3
N
> T exp (—,hay/e)
j=i+1
= exp (—ozm(l —z;)/e).
Let, Y; = CS;/Sy, for i =0, 1,--- , N — 1. Applying the difference operator on Y; we
get

(I+AtL))Y; = SE(I + AtLY,)S;.

N
Now, we have

(I+AtLY)S; = (I+ At(—e62 + arlz;,y)6, + bi(2,y))) Si

It is easy to derive that

o o —oz2hm-
0,8 = ———=68;, 675 = ?xSi and €029; = = z =

- B S;.
(5 + amh%i) hx,i(g + Oéxhx,i)

Therefore, from (4.5.10), we get
C

T+ ALY )G > ——————
(I+ ve) max{e, h,;}

Si.
Now, by using the bound for the singular component (4.5.4) can be written as

(I +AtLY )W™H2 < Cexp (—a (1 — z;)/e) < CS— < (I+AtLl)Y;.
N
By using the discrete maximum principle (Lemma 4.4.2), we obtain Wntl/2 < O
With the same argument, we can have —IW+1/2 < O,

Hence, we have [W"/2| < CY;, which is the required bound. C
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Lemma 4.5.6. Assume that ¢ < N~1. Then, the error after extrapolation associated to

the singular component Wnt1/2 satisfies
‘(Wextl, — @mpt> (@i, Y, trg1/2)| < CN~2, for 1<i<N/2.
Proof. By using (4.3.9), one can get
W(ws, Y tnr12) < Cexp(—a p /e).

Since, p_ > (2¢/a ) In N, we can easily obtain |@(z;, y, tat1/2)| < CN 2.

Again, by using the similar approach used in [89] on the result obtained in Lemma
4.5.5, we obtain ’/M?"H/Q( < CON-2,

Therefore,
< CN~2. (4.5.11)

‘ (W vy @) (%4, Y, tng1/2)
Similarly, in the finer mesh of temporal direction, we get
I <W ] {/;w) (xia Y, tn+1/2)‘ (‘rh Y, tn+1/2> S CN_2~

So, we have
<CN7?,

‘ (We:ctpt - ﬁjext}ﬁ) (*Ii? Y, tn+1/2)

TTn+1/2 ~n+1/2 g . 3% ~
where Wenxtpt/ and w:xtpt/ are the time extrapolated solutions of W"*1/2 and w"*+'/2,

respectively.

Let 17\/\:;;/ ® be the time extrapolated solution in [CRRR hus, we have

‘ (Wextp - /&}extpt> (xia Y, tn+1/2)
= ’ <2Wextpt — Wextpt - 2ﬁe:c)ﬁpt) (xh Y, tn+1/2)
= ’ (2 (We:ctpt - /&}extpt> - (Wextpt - @extpt>> (xh Y, zfn+1/2)

< CN72,

which is the required result. ]
To analyze the effect of the extrapolation on x; € (1 — P, 1], we use the Taylor series

expansion, ¢.e.,
(I+ Atﬁﬁe) (ﬁ/\ — @> (%3, Y, trg1/2)

= ((I + At£x7g) - ([ + At[’i\fa)) Q/E([El, Y, tn+1/2)

eAth? [0'w otw h,At O*w
== 4! w(ghyvtrﬂrl/Z) + w(g%yathrl/Q) + al(xiay)W(xhyathrl/Z)
h2 At o*w
_g—!al(I'U y)%(é& Y, tn+1/2),
Ph.D. Thesis 92

TH-1760_126123005



Chapter 4 4.5. Extrapolation of U

where & € (v, 441) and &, §3 € (21, 7).

Now, by using (4.3.9), we can write

2e At 0*w
- (N~'In N) aq (w4, y)@(l‘m Y, tny1/2)

T

+0(e " exp(—a_(1 = x441) /) N2 In® N).

(I +AtLh)) (W - zﬁ> (i, Y, tnyrj2) =

We consider a BVP, when z € (1 —p_,1),
2 o*w
(] + Atﬁx,&) F= _Atal(‘r7 y)w(‘ra Y, tn+1/2)7 NS (Oa ]-)7
F(l— px) =T \= O
Since, this is an ODE, we can obtain

(W — @) (23,4 tsr2) = (N~ In N)F(zi,y) + O(N2In® N), (4.5.12)

by following the idea of [73].

Similarly, in the finer mesh of the temporal direction, we get that
(W — ) (@i, Y, tor1/2) = (N"'In N)F(zi,y) + O(N*1n* N).
Now, one can easily obtain, that
(We:ctpt - @eztpt> (@i, Y, tn1/2) = (N~'In N)F(x3,9) + O(N*In® N).

So,
‘ (me — @eztpt) (@i, 9, tn+1/2)’
= ’<2Wemtpt = Wextpt — @eztpt> (xi, v, tn+1/2)‘
= ’(2 (Wextpt = @extpt) - (We:ptpt - @emtpt>> (xm% tn+1/2)
< CN~2In*N.

Therefore, we can state the following lemma.

Lemma 4.5.7. The error after extrapolation associated to the singular component W

satisfies

‘(Wertp - {De:ptpt) (xi7y7tn+1/2) S O (N_2 1n2 N) y fOT’ N/2 + 1 S l S N — 1.

Now, by combining the results of Lemmas 4.5.4, 4.5.6 and 4.5.7, we obtain that

‘(an+1/2 B ﬁ"+1/2) («1'1‘73/)‘ < ON2In?N. (4.5.13)

extpt extp

The following theorem provides the error bound for the solution of (4.4.2).
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Theorem 4.5.8. Let u"*! and ﬁg;rjl be the solutions of (4.2.5) and (4.4.2), respectively,

defined on the special mesh Qév Then, we have the following error bound:
(s = Td) (@,0)

Proof. The semidiscrete problems (4.2.4) and (4.2.5) are almost of the same type ex-

< CON72In®N, for 1<j<N-1. (4.5.14)

cept the first term in the right hand side of both the equations, i.e., the right hand
side of (4.2.5) contains ©"*'/? instead of u(z,y,t,) as in (4.2.4). So, by decomposing
grti/2 grtt Untl2 and U™ of (4.2.5) and (4.4.2) into the smooth and singular com-
ponents and using (4.5.9), (4.5.11), (4.5.12) and proceeding in a similar way as done
before, we can obtain the required bound. ]

The main result of this chapter is stated in the following theorem.

Theorem 4.5.9. (Error after extrapolation) Assume thate < N—'. Let u be the solution
of the continuous problem (4.1.1) and Uy be the solution obtained via the Richardson
extrapolation technique, by solving the fully discrete scheme (4.4.7)-(4.4.8) at time level
t, = nAt on two meshes &NM and &2N2M - Then, for 0 < g < 1, we have the following

error bound associated with Uegy:

||u<xi>yj7tn) - Ueactp(xia yjatn)“oo < C (N_Q—HI 1112 N + At2) ) (:L'zﬁyjytn) € Q5N7M-

Proof.
||(u - Uextp) (mia Yj, tn)HOO = H (u - ae:ctpt = aextpt - ﬁewtp + ﬁe:vtp - Ue:ctp) ("Eia Yij, tn)
<~ Testpr) (@03 Y5s )l + || (et = Testp ) (@i 5 ta) )
T H <ﬁextp — Uextp) (wh Yj, tn)
S C (At3 L N*2 1112 N) + H (Ueztp — Ue:rtp) (xiayj7tn> R
(by using (4.3.7) and (4.5.14)).
Note that, if we take N7¢ < C'At with 0 < ¢ < 1, we can deduce that
||(U - Ueztp) (Iia Yj, tn)Hoo = CAt (At2 + N_2+q 1112 N)
+ ’ (Teatp = Ueaty) (25,5 t2) (4.5.15)
Then, by using the stability of the fully discrete scheme, it can be obtained that
H (ﬁextp - Uextp) (mia Yjs tn) S Hu(xla Yjs tnfl) - Uextp:;ylj .
Hence, (4.5.15) can be written as
||u(33za yja tn) - Uextp<xi> yj7 tn)Hoo S C (N_2+q ln2 N + Atz) .
Hereby, the proof is complete. ]
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4.6 Numerical Results

This section computationally verifies the theoretical results obtained in the previous sec-
tion. We apply the proposed higher-order method on two 2D test problems by choosing
the transition parameter p, - = 2.1, [ = z, y. Note that in the following examples, we

decompose the source term f(z,y,t) in the form
fa(w,y,t) = f(2,0,0) +y (f(z, 1,8) = f(2,0,0)), falw,y,8) = fz,y,1) = fal2,y, 1),
so that the property (4.2.1) is satisfied under the following compatibility condition:
f£(0,0,t) = f(0,1,t) = f(1,0,¢t) = f(1,1,¢£) =0, fort e [0,T].

Example 4.6.1. Consider the following singularly perturbed 2D parabolic IBVP with

constant coefficients:
u — AU+ uy +uy = fz,y,t), (x,y,t) € ® x(0,1],
u(z,y,0) = s(z,y), (z,y) €9, (4.6.1)
u(z,y,t) =0, (x,y,t) € 9D x [0, 1].

We choose the initial data s(z,y) and the source function f(z,y,t) to fit with the

exact solution
u(z,y,t) = (1—exp(—t)) (m1 + mox +exp(—(1 — x)/€)) (m1 + may + exp(—(1 — y) /),

where m; = —exp(—1/¢), my = —1 — my. We calculate the maximum pointwise error

for each € by

et = max |u(zi,yj,tn) — Ui, yj,ta)|,  (before extrapolation),
(Z‘i,yj,tn)eﬁN’Jw
and
egﬁﬁp = max —|u(@, Yj, tn) — Ueatp(Ti, yj, tn)|,  (after extrapolation),

(z4,Yj,tn)EGNM

where u(z;,y;,t,), U(zi,y;,t,) and Uegey (24, Y5, t,) denote the exact solution, the numer-
ical solution obtained before extrapolation and the numerical solution obtained after
extrapolation in &M with N mesh-intervals in the spatial direction and M mesh-
intervals in the temporal direction, such that At = T'/M is the uniform mesh-size. We
determine the corresponding order of convergence for each ¢ by

N,At

e K

pVA = log, (—2 ]f, 3 /2) ., (before extrapolation),
€e
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and

Nt
N,At €, extp .
P entp = 108y | 53 A 7| (after extrapolation).

g, extp

Now, for each N and At, we define the e-uniform maximum pointwise error by

eMA = max A (before extrapolation),
3
and
N,At N,At .
Cetp — MAXE. copp, (after extrapolation),

and the corresponding e-uniform order of convergence by

eNAt
pN,At = log, (m) ,  (before extrapolation),

and

(&

N,At
pé\;’tﬁpt = log, (%) ,  (after extrapolation).
extp

Next, we consider an example with variable coefficients.
Example 4.6.2. Consider the following singularly perturbed 2D parabolic IBVP:
up —eAu+ (1+ 2)uy + (2 — y)uy + (2 + v + Du = f(x,y,t), (z,y,t) €D x (0,1],

u(z,y,0) = s(z,y), (z,y) €D,

u(z,y,t) =0, (z,y,t) € 9D x [0,1].
(4.6.2)

We choose the initial data s(z,y) and the source function f(z,y,t) to fit with the

exact solution
u(z,y,t) = exp(—t)zy(v(z) — 1)(1(y) — 1),
with

71(7) = exp(—(3 — 2z — 2%)/(2¢)) and  72(y) = exp(—(3 — 4y +y*)/(2¢)).

We calculate the maximum pointwise error and the corresponding order of convergence
in a similar way as discussed earlier. The calculated maximum pointwise errors and the
corresponding order of convergence for the Examples 4.6.1 and 4.6.2 are presented in
the Tables 4.1 and 4.2, respectively, for various values of € and N. From both the Tables
4.1 and 4.2, we can observe that for fixed ¢, the maximum pointwise errors computed
before and after extrapolation, decrease monotonically as N increases, which confirms

that the proposed method is e-uniform convergent. One can observe that the maximum
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pointwise errors and the corresponding order of convergence have been improved after
the extrapolation technique. To visualize the appearance of the boundary layer and its
behavior for different €, we have given the surface plots of the solutions of the Examples
4.6.1 and 4.6.2 for e = 1072, 10~® and N = 32 in the Figures 4.1 and 4.3, respectively.
Moreover, the maximum pointwise errors (before and after extrapolation) for Examples
4.6.1 and 4.6.2 are plotted in loglog scale in the Figures 4.2 and 4.4, respectively. These
figures clearly show that the Richardson extrapolation technique increases the order
of convergence from first-order to second-order, which supports the theoretical results

obtained in the previous section.

4.7 Conclusions

In this chapter, we have solved the singularly perturbed 2D parabolic convection-
diffusion problem of the form (4.1.1), using the uniform mesh for the temporal domain
and the piecewise-uniform Shishkin mesh for the spatial domains. To discretize the time
derivative, we have used the fractional-step method then to solve the 1D stationary prob-
lems resulting of the first step, we have used the classical upwind scheme. To obtain
second-order uniformly convergent numerical solution of (4.1.1), we have applied the
Richardson extrapolation technique. For that, we have obtained the numerical solution
of the discrete problems on two embedded meshes, first with N + 1 and M + 1 number
of mesh-points in the spatial (both = and y) and temporal directions, respectively, then
with 2N + 1 and 2M + 1 number of mesh-points (by fixing the transition parameter),
then we have calculated the extrapolated solution by using these two numerical results.
Theoretically we have proved that the extrapolation provides almost second-order e-
uniform convergence. Numerical experiments are carried out to validate the theoretical

findings.
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(a) e =le — 2.

(b) e =1e — 8.

Figure 4.1: Surface plots of the numerical solutions att =1 and N = 32 for FExample

4.6.1.
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Max. Error

10
- A - Before extrp. =1e-6)
=¥ After extrp. (=1e-6)
1] | - Before extrp. =1e-8)
10
- After extrp. (e=1e-8)
- - o(N"inN)
1072} {=0—O(N"An’N)
107
10

10

Figure 4.2: Visualization of the order of convergence through loglog plot for Example

4.6.1.

Table 4.1: Maximum pointwise errors and the corresponding order of convergence for
Example 4.6.1.

€ Extrapolation Number of mesh-intervals N /temporal mesh-size At
32/ 64/ 55 128/ 145 256/ 755 512/ 75
Before 6.0581e-2  3.8660e-2  2.3563e-2 1.3843e-2  7.9089e-3
1072 0.6480 0.7143 0.7674 0.8076
After 6.1159e-3  2.4952e-3  9.1768e-4  3.1554e-4 1.0285e-4
1.2934 1.4431 1.5402 1.6173
Before 6.4451e-2  4.0922e-2  2.4817e-2 1.4550e-2  8.3103e-3
104 0.6553 0.7216 0.7703 0.8081
After 6.6600e-3  2.6722e-3  9.7208e-4  3.3234e-4 1.0791e-4
1.3175 1.4589 1.5484 1.6229
Before 6.4493e-2  4.0947e-2  2.4830e-2 1.4557e-2  8.3144e-3
1076 0.6554 0.7217 0.7703 0.8081
After 6.6688e-3  2.6757e-3  9.7341le-4  3.3287e-4 1.0811e-4
1.3175 1.4588 1.5481 1.6225
Before 6.4493e-2  4.0947e-2  2.4830e-2 1.4557e-2  8.3145e-3
10-8 0.6554 0.7217 0.7703 0.8080
After 6.6689¢-3  2.6758e-3  9.7337e-4  3.32806e-4 1.0816e-4
1.3175 1.4589 1.5481 1.6217
el At Before 6.4493e-2 4.0947e-2 2.4830e-2 1.4557e-2 8.3145e-3
plVr At 0.6554 0.7217 0.7703 0.8080
ei,\;’tﬁt After 6.6689e-3 2.6758e-3 9.7341le-4 3.3287e-4 1.0816e-4
pé\gtﬁt 1.3175 1.4588 1.5481 1.6217
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(a) e =le — 2.

(b) e =1e — 8.

Figure 4.3: Surface plots of the numerical solutions att =1 and N = 32 for Example

4.6.2.
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Max. Error

Figure 4.4:

4.6.2.
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N | (- Before extrp. =1e-8)
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Visualization of the order of convergence through loglog plot for Example

Table 4.2: Maximum pointwise errors and the corresponding order of convergence for

Example 4.6.2.
€ Extrapolation Number of mesh-intervals N /temporal mesh-size At
32/ 64/ 55 128/ 145 256/ 755 512/ 75
Before 1.2074e-1 8.2246e-2  5.2326e-2  3.1338e-2 1.8177e-2
1072 0.5539 0.6524 0.7396 0.7858
After 2.5458e-2 1.2441e-2  5.6588e-3  2.2416e-3  7.8676e-4
1.0330 1.1365 1.3359 1.5106
Before 1.3323e-1  9.0067e-2  5.7453e-2  3.4445e-02  1.9972e-02
104 0.5649 0.6486 0.7381 0.7863
After 2.1589%-2  9.3819e-3  3.8133e-3 1.4696e-3  5.5284e-4
1.2023 1.2988 1.3756 1.4105
Before 1.3376e-1 9.0614e-2  5.7744e-2  3.4572e-2  2.0030e-2
1076 0.5618 0.6501 0.7401 0.7875
After 2.1305e-2  8.9155e-3  3.5800e-3 1.3122e-3  4.4522e-4
1.2568 1.3164 1.4479 1.5594
Before 1.3376e-1 9.0620e-2  5.775le-2  3.4580e-2  2.0040e-2
10-8 0.5618 0.6500 0.7399 0.7871
After 2.1302e-2  8.9105e-3  3.5751e-3 1.3057e-3  4.3800e-4
1.2574 1.3175 1.4532 1.5758
el At Before 1.3376e-1 9.0620e-2 5.7751e-2 3.4580e-2 2.0040e-2
plV> At 0.5618 0.6500 0.7399 0.7871
ef,;tﬁt After 2.5458e-2 1.2441e-2 5.6588e-3 2.2416e-3 7.8676e-4
pé\;’tﬁt 1.0330 1.1365 1.3359 1.5106
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CHAPTER 5

Parameter-Uniform Numerical Method for
Singularly Perturbed 2D Delay Parabolic
Convection-Diffusion Problems on Shishkin Mesh

This chapter is devoted to develop and analyze an efficient numerical scheme for solving
singularly perturbed 2D delay parabolic convection-diffusion problems. First, we dis-
cretize the domain with the uniform mesh in the temporal direction and the piecewise-
uniform Shishkin mesh in the spatial directions. The numerical scheme used to discretize
the continuous problem, consists of the implicit-Euler scheme for the time derivative and
the classical upwind scheme for the spatial derivatives. Stability analysis is carried out
and parameter-uniform error estimates are derived. The proposed scheme is of almost
first-order (up to a logarithmic factor) in space and first-order in time. Numerical ex-

amples are carried out to verify the theoretical results.

5.1 Introduction

Here, we consider the following singularly perturbed 2D delay parabolic convection-
diffusion IBVP posed on the domain & = D x A;, ® = (0,1)?, Ay = (0,7] and T =
0D U Ty, where Ty =D x [—7,0]:

U + Eau(x7yat) = —c(:v,y)u(x,y,t - T) + f(xvyat)v (ZL‘,y,t) € QS)

U(x7y7t) = wb(x7y7t)7 (x,y,t) € Tln (511)
U(J],y,t) = Oa (ZL’,y,t) € 09 X Km
where

Lou=—cAu+ a(z,y).Vu+ b(z,y)u,
0 < ¢ < 1 is the singular perturbation parameter and 7 > 0 is the delay parameter.

The coefficients a = (aq, as), band c are sufficiently smooth and bounded functions such
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that ai(z,y) > a_ >0, as(z,y) > a, >0, b(x,y) > 0 and c(x,y) is nonzero on D.

Under sufficient smoothness and necessary compatibility conditions imposed on the
functions f and ¢, (which is given in the next section), the delay parabolic IBVP (5.1.1)
admits a unique solution u(z,y,t), which exhibits a regular boundary layer of width
O(e) along the sides = 1 and y = 1, and a corner layer at (z,y) = (1,1).

The main aim of this chapter is to devise an e-uniform numerical scheme to solve the
delay parabolic PDE (5.1.1). Because of the presence of boundary layers, we discretize
the spatial domains with a special piecewise-uniform Shishkin mesh and the temporal
domain by the uniform mesh. Then, to obtain the discrete problem, we apply the
implicit-Euler scheme for the time derivative and the classical upwind scheme for the
spatial derivatives. Numerical stability of the proposed scheme is studied. The proposed
method is of almost first-order accurate in spatial variables and first-order accurate in
temporal variable. Numerical experiments are carried out to show the accuracy and
efficiency of the proposed method.

The outline of this chapter is as follows: In Section 5.2, the bounds for the compo-
nents of the solution of (5.1.1) have been discussed. Section 5.3 deals with the piecewise-
uniform Shishkin mesh and the upwind scheme. The main result of e-uniform conver-
gence has been given in Section 5.4. Numerical results are presented in Section 5.5 and

the chapter ends with Section 5.6, that summarizes the main conclusions.

5.2 Decomposition of the Solution and their Bounds

In this section, we present the analytical aspects of the solution of (5.1.1), which will
be required for the proof of e-uniform error estimate. The existence and uniqueness of
the solution of (5.1.1) can be guaranteed under the assumption that the data are Holder

continuous and also satisfy the following compatibility conditions [48]:
£(0,0,t) = £(0,1,t) = f(1,0,t) = f(1,1,t) =0, t €A,
wp(z,4,0) =0, in 0D,

Loop(z,y,0) = —c(z,y)pp(z,y,—7) + f(z,y,0), in 0D.

Along with the above conditions, we assume that data of the problem are sufficiently
smooth and satisfy stronger compatibility conditions in order to have u(z,y,t) € ¢+*(&).
The additional sufficient higher-order compatibility conditions for (5.1.1) can be obtained
as follows:

For 0 < p < 1,if f € e2¥2194(&) and ), € ¢42(D x {0}), then differentiating (5.1.1)
with respect to t, we get

0%u oF

W — Lg(ﬁgu) = E — £5F7
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where F' = f — cu(z,y,t — 7). Now, by using the boundary condition given in (5.1.1),

we obtain the second-order compatibility condition

—aa—f(x,y,O), in 09.

Now, in order to obtain the e-uniform error estimate, we decompose the solution of

£s(£€§0b(xuy70)) = £€F($,y,0)

problem (5.1.1) as u = G+ E, where G and E are the smooth and singular components,
respectively, which are defined as solutions of the following problems, i.e., E is the

solution of
Ei+ L.E(z,y,t) = —c(x,y)E(z,y,t — 1), (z,y,t) € S,
E(z,y,t) =0, (x,y,t) € Ty, (5.2.1)
E(x,y,t) = —G(z,y,t), (z,y,1) € 0D x Ay,
and G is the restriction of G* to &, where G* is the solution of
G+ LG (z,y,t) = —c*(x,y)G*(x,y,t — 7) + [*(z,y,t), (z,y,t) € B =D x Ay,
G*(z,y,t) = @5 (7, y,1), (z,y,1) €T3 =D x [-7,0],
G*(z,y,t) = *(z,y,1t), (z,y,t) € 0D* x A,.
(5.2.2)
The domain ®* is a smooth extension of ®, ¢*, f* are smooth extensions of ¢, f to &*,

*

¢; is smooth extension of ¢, to T}, ¢*

is a smooth and compatible function and L
corresponds to the current extensions of the data.
Moreover, the singular component £ can be decomposed into the sum F = E;+ Fyr+

E9, where E; (similarly Es) is the restriction of E7* to &, where E* is the solution of

(

(ET)e + LIET (3,y,t) = —c™ (2, y) BT (2, y,t — 7), (2,9,1) € E™ =D x Ay,
E(z,y,t) =0, (z,y,t) € T =2 x [-7,0],
Ef(z,y,t) = —G**(x,y,t), (x,y,t) € 0D x Ay,

B (x,y,t) =0, (z,y,1) € 0D x A,.

\

(5.2.3)
The domain ©** is the smooth extension of © near the vertex (1, 1). Along the boundary
side x = 1, 097" is an extension beyond the vertex (1,1) and 095 = 09*\0D7". G**
is a smooth and compatible extension of G' to 097".

Finally, E15 is defined as the solution of the problem

(E12)t + £€E12(I7y7t> - —C<I,y)E12($,y,t - 7—)7 (xayvt) S 67

E12(x7yvt> = 07 (x,y,t) € Tb, (524)
Es(z,y,t) = —(G + E1 + E»), (z,y,t) € 0D x A,
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Here, E; and FE, are the singular components associated with the sides x =1 and y = 1,
respectively, and Fis is a corner layer function associated with the corner (1,1).

The following theorem provides the bounds for the derivative of the components of
the solution of problem (5.1.1). This theorem will be used to estimate the truncation
error associated with the proposed technique. Before stating the theorem, with out
loss of generality, we assume the initial condition of (5.1.1) is zero, i.e., vp(z,y,t) =
0, (z,y,t) € Ty.

Theorem 5.2.1. For all non-negative integers ki, ko, ki such that ks = ky+ko, ks+2k, <
4, and for (x,y,t) € &, the components of u satisfy the following bounds:

aks +kt G
OxkrQyk2 Otk
aks +k5t El
Oxkr Qyk2 Otk
aks+kt E2
Oxkr Qykz Otk
aks +ke E12
OxkrQyk2 Otk

<C,
< Ceh exp(—a_(1—z)/e),
< CeFrexp(—a, (1 - y)/e),

< Ce ™ min{exp(—a_(1 — z)/e), exp(—ozy(l —y)/e)}

Proof. First, we consider the case, when t € (0,7]. Then, the DPDE (5.1.1), can be

written as

w4+ Leu(z,y,t) = —c(z,y)u(z,y,t —7) + f(z,y,t), (z,y,t) €D x (0,7),

u(z,y,t) =0, (x,y,t) € Ty,
u(zr,y,t) =0, (z,y,t) € 9D x [0, 7].
(5.2.5)
Now, by using the initial condition, the above equation can be reduced to
u + Lou(x,y,t) = f(x,y,t), (z,9y,t) €D x(0,7). (5.2.6)

According to the result given in [13], one can decompose the solution of (5.2.6) as
u = G+ E1+ Es+ E1o, which will satisfy the required bounds, when (z,y,t) € © x (0, 7).
Now, we proceed to the next time level, i.e., t € (7,27]. In that case, (5.1.1) can be

written as

uy + Lou(w,y, t) = —c(z, y)u(z,y,t — 1) + f(z,y,t), (2,y,t) €D x (1,27),

uw(z,y,t) = u,(z,y,t), (x,y,t) € D x [0, 7],
u(xvyat) = 07 (ﬂf,y,t) € 09 x [7', 27’],
(5.2.7)
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where u, is the solution of (5.2.5).

One can verify that, the above equation satisfies the required compatibility conditions
and the right hand side term of (5.2.7) has sufficient smoothness. Therefore, by using
the result given in [14, Appendix A] and [86], one can obtain the required bounds for
G, Ei, Eyand E1, when t € [1,27].

By proceeding in a similar way, we can obtain the required bounds for t > 27. ]

5.3 Domain Discretization

Let the rectangular mesh D" be defined to be tensor product of the 1D Shishkin meshes,
i.€e., §N = ﬁiv X ﬁ;v, which is constructed as follows:

First, define the transition parameters

o [1
p, = mm{a,pl’oslnN}, l=ux,,

where Pro > 1/al.

In the analysis, we shall assume that p, = 3 In N. Note that if p, =1 /2, then mesh
is uniform and in such cases the method can be analyzed in the classical way. To define
the piecewise-uniform mesh, we define the mesh on ﬁf by dividing the domain [0, 1] into
two sub-domains [0,1 — p ] and (1 —p_,1] and each sub-domain will have N/2 uniform
mesh-intervals, i.e., ﬁiv = {0 = Zo,T1, " ,Tnj2 = 1 — Pyt EN = 1}. Similarly, we
define ﬁfj 3 {0:y07y17"' Y=L =p, N = 1}.

We denote the mesh-sizes in both the spatial directions by

h:c,i:xi_xi—h Z:17 7N7 :hw,i+hw,i+17 2217 )N_la

hai
Py = Y5 =Ygty 4= Lo+ Ny By = hyg+ hygan, =1, N1,
and let H; = 2(1 —p,)/N and b = 2p,/N, | = x, y, be the mesh-sizes in [0,1 — p ] and
[1— Py 1] respectively. Then it is easy to see that
N'<H <2N7' m= QplvoeN_l InN, l=uz,v.
For the time domain A, we will use uniform mesh with mesh-size At, such that

Ai\/‘[:{tn:nAt,n:O, 7M)At:T/M}’

where M is the number of mesh-points in the ¢-direction on the interval [0, 7] and the
temporal mesh-size At satisfies the constraint pAt = 7, where p is a positive integer,
t, = nAt, n > —p.
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(0,1) (L1)
N/2
Tl _py
N/2
(0,0 1—p (1,0)

- Njg——————i N/2—

Figure 5.1: Shishkin mesh in the unit square.

We define the discrete domain by &MM = & ' N & where & " = Q. x ﬁ;v x AM,

and T}' = ﬁiv X ﬁgj,v x AP where A? denotes the set of p + 1 uniform mesh-points
in [-7,0] and Qf = ﬁiv NQ,, Q) = ﬁiv N Q,. The boundary points of 3" are
T = {6N7M NT}UTY. We further discretize 68N’M — DN « AP

P
s+, Where A¢, denotes

the set of p+ 1 uniform mesh-points in [(s — 1)7, s7], for s = 1,2, -- , k. From the above
: = —N,M — N,M
discretization we can observe that & =~ = |J*_, &, .

5.3.1 Numerical scheme

We replace the time derivative by the implicit-Euler scheme and the spatial derivatives

by the upwind scheme in (5.1.1), and obtain the following discrete problem:

(5;"‘55)[];?;1 — _Ci,jU:flfp—f— ;l;*l’ on ®N,M7
Ui,_js e Spb(xi7yj’ _t8)7 ’L’j = 0’ e ’N’ ands — 07 S, (531)
Ui?;lzo, i=0,Norj=0, N,andn=0,--- ,M — 1,

where

Nrm+1 __ 2 2 n+1 o Ss—7m+l - Ss—7mn+l o+l
L. Ui,j = —¢(d; + 5y>Ui,j + ay; 0, Ui,j + a2;m§y Ui,j + bin,j .
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After rearranging the terms in (5.3.1), we obtain the following system of linear algebraic

equations:

n+1 n+1 n4+ n n+1 _  n+l
T%]—U _p t T JU +r17]U + Tit,j UlJrl J + rl,]'i‘Ul g+l = Yi5

for i’j:L...7N_17andn:0’...7]\/[_1

)

9 (5.3.2)
U/ = op(xi,yj, —ts), 4,7=0,--- N,ands=0,---,p
| U =0, i=0 Norj=0,N,andn=0,--- ,M —1,
where

( T 26 gy - L2
B /};x,ihx,i hx,i ’ o /fzx,ihx,i—‘rl ’

oo = | 2526 M re., w2

o Ey,jhy,j hyj ) o h iy g+ |

1 l 7TL
= n+l _ Un p+1 n+1
Tig = g~ Timd T Tikd T Tig= = Tigt ¥ bijs iy At j + fij

The finite difference operator (6, + £Y) defined in (5.3.1) satisfies the following
discrete maximum principle on &M which provides the s-uniform stability of the

difference operator (6, + £Y).
Lemma 5.3.1. (Discrete maximum principle) Assume that the discrete function

U satisfies \If” >0 on TN. Then (6; +LY)¥}; > 0 on &N implies that W}, > 0 at

i,

each point of &

Proof. Assume that there exist a point (z},y;, 1) € 6N’M, such that

(x;,yj,t,) = min U(z;,y;,tn) <O.
(xivyj>tn)€6N,]w

Clearly (z7,y;,t5) ¢ TN, which implies (z,y7,t;) € &M,
Now, by applying the operator (6, + L) on V(x},y5, ), we get

(515_ +£év)qj($;‘kvy;vt:) = 5 \D( z7y]7 )—55§\I/(x2‘,y;‘,t;) _Edgqj(x;»y}kvt;)
+a1 (77, y5)0, (a7, vj, ) + aa(xi, yi)o, Wi, vy, th)
+b(x2‘,y;-‘)‘lf(ﬂfziy;%tfl)-

Since we have, W(x},yi,t) — V(z},yj,th 1) < 0, U(z},y;,t5) — V(xjy,v5,t5) <0,

\I](x;f?y;’t:;) - \I/(xjvy;flv ) < 0 ‘I]( Z+17yj7tn) - \If(l’f, ij t;) > 0 and \If(l’f, y;'(+17t;kl) -
(a7, y5,t5) > 0, therefore

(0, + LN)VU(a},y;, 1) <0,

which is a contradiction as (5, +.ZN)W (xz, Y;, tn) > 0, for all (z;,y;,t,) € &M, Hence
U(x;,yj,tn) >0, for all (z;,y;,t,) € Rl "
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Chapter 5 5.4. Error Analysis

5.4 Error Analysis

In this section, we provide the important theorem for the e-uniform convergence of the

numerical solution in the discrete maximum norm.

Theorem 5.4.1. Let u and U be the solutions of the continuous problem (5.1.1) and
the discrete problem (5.3.1), respectively. Then, we have the following error bound

[u(rs, yj,tn) — Uiilloo < C(N"'InN + At), (wi,y;,tn) € &NM

Proof. We can notice that on the first interval [0, 7|, i.e., where the time discretization
parameter n varies from 0top, the initial conditions of the continuous problem (5.1.1)
and the discrete problem (5.3.1) will be same. So, the analysis can be carried out in the
same way as one can do for a problem with out delay. Hence, by using the convergence

result of [13], we can obtain
w(@i,yjitn) — Ullle S C(NT'InN + At), (31,9, t0) € GRS (5.4.1)

For the second interval (7,27], the approach of [13] is not applicable because, the
value of the delay term involves in the right hand side of (5.3.1) will be the numerical
solution obtained in previous time interval [0, 7]. So, we will provide the detailed proof
to get the error over the interval (7,27].

On the domain By = ® X (7,27), we consider the following singularly perturbed

delay parabolic equation:

U(l’,y,t) " uT(x7y7t)7 (a:,y,t) < 61 = 5 X [0,7’], (542)
U(l‘,y,t):07 (l’,y,t)GaQX(T,ZT),

where u, is the exact solution on .
We apply the implicit-Euler scheme for the time derivative and the upwind scheme
for the spatial derivatives to determine the numerical solution U of (5.4.2) at &2, The

discrete problem corresponding to (5.4.2) is given by

2,37

0y Uy — e(02 + 02U, + a1, j05 UL + a0, U + by ;UL = —ci USSP + fo, on &y,
—N,M
U('rlayjatn) = Ul('riayjatn)u (xwyj?tn) S 61 )

U(xi,y;,t,) =0, i=0, Norj=0, N, andt, € A,
(5.4.3)

where U (-, -, -) is the numerical solution calculated on &
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Now, we split the solution of (5.4.2) as u = G + E; + Ey + Ej5, where the initial
conditions in &; are G = u,(z,y,t), By = 0, F; = 0and 5 = 0. Following the

continuous problem, we decompose the solution of the discrete problem (5.4.3), as
Uij = Gij + Engj + Baij + Euaij,

where G;fj is the solution of

0y Gy = €(07 + 6)G + i g0y GIy o+ a6, Gy + biyGly = =iy Giy7 + fiy, on @y
—N,M
Gy = Ui, yj, tn), on®,
G2y = Gl ystn), i=0, Norj =0, N, andt, € Ay,
(5.4.4)

and Ey;, £ =1, 2, 12, satisfy

—71n 2 2 n —1n —rn n n—p N,M
Op Eo; — €(0; + 6,) Bty + a1 50, By + a2;.56, Eoi'; + bijEpl'y = —cijEy ;7 on Gy

—N,M
E¢; = Ey(xi,y;,tn), on®;
(5.4.5)

The error can be splitted as
lu(i, 45, tn) — Uil < NG (@3, 4, tn) — Gijlloc + 1B (%3, 4, tn) — Engljlloc +
||E2(x27yj7 ) E2?]||OO + ||E12('T17yj7t ) E12ZJHOO (546)

We will find the error separately for each term in the above equation.

Error estimate for the smooth part

By using the initial condition for the smooth part of the solution and the error
estimate given in (5.4.1) along with the Taylor’s expansions, we obtain the truncation

error for the difference equation (5.4.4), as

PG
166+ £2)(G a9t = Gl < [ CVT 0N + 80+ S0k b | 55|
i |[0°G
+NH&2 +%”7'5§w
83G 0*G

Now hy; <2N~1 h,; <2N~! and by using the bounds of the derivatives of G given in

Theorem 5.2.1, we obtain

16, + L) (G i, 5. t0) = G2)lloe < C(N "IN + At),
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Chapter 5 5.4. Error Analysis

for 1 <1i,7 < N — 1. Now, by choosing appropriate barrier function and applying the

discrete maximum principle (Lemma 5.3.1), we can get
(G (i, yj,tn) — G7j) oo < C(N~'InN + At). (5.4.7)

Next we shall estimate the error associated to the layer component E; by separately
providing the proofs in two spatial subregions depending on the location of mesh-point
x;.

Error estimate for the boundary layer components

First, we consider the outer region in the z-direction, i.e, z € [0,1 — px]. For
0 <i< N/2and 0 < j < N, by following the proof of bound for E; in fixed time
level t,, from [57], we get

|E1(x27y]7 ) El?]| < CN™ 1 (5.4.8)

Now, we shall estimate |E (i, yj, tn) — E1j;| for N/2 <i < N and 0 < j < N, by means
of consistency and barrier function argument. For the difference equation (5.4.5), the

truncation error can be written as

(67 + Eév) (El(x“yj’ n) — Ell]) = Cij (El(xia yjatn—p) g Eli,jn_p)

+(<§t+£)—(5t+£§v)) E

Now, by using the initial condition of (5.4.5) in the above equation, we get

(07 + £2) (Br(zi, 5 ta) = Brlly) = ((gt L ) _ (o +£5_V)) E

Therefore, the Taylor’s expansions yield

67+ £2) (BuCasts o) — B < [5t0% heio) | G |
Fo i+ sen) |5 |
+h;”a1” % ) %agu a;—yEzl )
+AtHa;tE21 J.

Since hy; = 2p, 05]\7‘1 In N, for N/2 < i < N, along with the bounds of the derivatives
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Chapter 5 5.4. Error Analysis

of F; given in Theorem 5.2.1, the truncation error becomes

-1 —o (1—x
g—N_l In N exp <M>
«

167+ £2) (B ggota) = Bily) e <C -

T

e —a (1 — ;)
+§(hy,j + hyji1) exp —

By i —a (1 —x;
2 €

oty (2L

-1 —a (1 —a;
106, + Eév) (El(xiaijtn> 3 El?,j) oo < C Z—Nfl In N exp <—x< ))

+At exp (M) ] N

. . N « h:c,k =
Let us choose a barrier function ¢}, = C N-1lnN H 14 —= + At |,

after simplification, we obtain that

k=i+1
and by applying the discrete maximum principle (Lemma 5.3.1), we get

| (B, g5, tn) — Br) [loo < C(N"VIn N + At). (5.4.9)

We can get the bound for the other boundary layer part E; in an analogous way.

Therefore, for 0 <i,5 < N, we can have
| (Ba(@i,yj,tn) — Eo}s) llo < C(N"'In N 4 At). (5.4.10)

Error estimate for the corner layer part
For 0 <i+ j < 3N/2, by following the proof of bound for E;5 in fixed time level ¢,
from [57], we get
|Eva(wi, yj.ta) — Eraf;| < CNTL (5.4.11)

Now to estimate the truncation error for i + j > 3N /2, we will use the Taylor series
approach. The local truncation error for the difference equation (5.4.5) of the corner

layer part Eis can be written as

(5)5— + £év> (E12($i7yj7tn) - ElZZj) = Cij (E12<I27yj7 n— p) El?zy )
0
+ <<8t + L. ) — ((5t+£év)) Es.

Ph.D. Thesis 112
TH-1760_ 126123005




Chapter 5 5.5. Numerical Results

Using the initial condition in the above equation, we get

(516_ + ;Cév) (Elg(l'i,yj,tn) — EIQZ]‘) == ((% + £g) - (5; -+ Eé\[)) Elg.

By using the Taylor’s expansions, we obtain

(67 + LX) (Era (i, y5, t0) _E122j)Hoo < E(h’f’”Lhz’”l) %
+h;,ja2;i7j 3;5212 ) %al;i,j % _
0’°FE
+At‘ (%212 Oo].

Since h,; =2p_eN~'InN and h,; = 2p, EN"'In N, for i+ j > 3N/2 along with the

bounds of the derivatives of Ei9, we get the truncation error as

157 + L) (Bra(ws, 45, tn) — Eral) lloo

" N1 In N min {exp (M> exp (M) }
a:t g c
+2;1N1 In N min {exp (M)  exp (M) }
+At min {exp (M)  exp (M) }] .

Now, by choosing a barrier function

<C

N —L N h -1
n T Oéxhr,k 1 Cky y,k
ro=C|N'lnN H <1+ . +N'InN H L+ + At
k=i+1 k=j+1
and by using the discrete maximum principle (Lemma 5.3.1), we get
H (Eu(l’,’, Yj, tn> — El?Z]’) Hoo S C(N_l In N + At) (5412)

Hence, by collecting all the bounds from (5.4.7), (5.4.8), (5.4.9), (5.4.10), (5.4.11) and
(5.4.12), then imposing on (5.4.6), we can get the desired bound.

For t > 27, we can obtain the error bound in a similar way as done above. ]

5.5 Numerical Results

To validate the error estimate obtained in Theorem 5.4.1, here we carry out some

numerical experiments for the following 2D test problems by choosing 7' = 2 and
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P o = 22,1 =z y. In the tables, we begin with N = 8, At = 0.2 and p = 1/At
and we multiply N by two and divide At by two.
Example 5.5.1. Consider the following singularly perturbed 2D delay parabolic IBVP

with constant coefficients:
Uy —EAU—FU,J; +uy = U(.I’,y,t— 1) +f($,y,t), (‘Tay7t) € @ X (072]a
u(r,y,t) = pp(,y,1), (z,y,t) €D x [-1,0],  (5.5.1)

u(z,y,t) =0, (x,y,t) € 0D x [0,2].

We choose the initial data ¢, (x,y,t) and the source function f(x,y,t) to fit with the

exact solution
u(z,y,t) = (1—exp(—t)) (m1 + mox + exp(—(1 — x)/€)) (m1 + may + exp(—(1 — y) /),

where m; = —exp(—1/¢), mg = —1 —my.
We calculate the maximum pointwise error for each € by

N,At
66 =

max |u<'r’“yj7tn> == U(xwyja tn)l )

(%4,yj,tn) €GN M

where u(z;, y;,t,) and U(z;, y;, t,) denote the exact solution and the numerical solution
obtained in &M with N mesh-intervals in the spatial directions and M mesh-intervals
in the temporal direction, such that At = T'/M is the uniform mesh-size. We determine

the corresponding order of convergence for each € by

N oAt
9 i €
pz™ = logy <m> :
€e
Now, for each N and At, we define the e-uniform maximum pointwise error by

VAt = max eéV’At,
£

and the corresponding e-uniform order of convergence by
- o VAL
p =" =log, <m) ;
Next, we consider an example where the convection coefficients are function of x and y.
Example 5.5.2. Consider the following singularly perturbed 2D delay parabolic IBVP:
’

u—eAu+ (1+z(1 —2))u, + T +y(l —y))uy, = u(z,y,t — 1) +f(z,y,1t),

(x,y,t) € © % (0,2],

u(r,y,t) = py(z,9,1), (z,9,t) €D x [~1,0],

| u(z,y,t) =0, (z,,t) € 9D x [0,2].
(5.5.2)
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Here also, we choose the initial data ¢y(z,y,t) and the source function f(z,y,t) in
such a way, so that they fit with the same exact solution as mentioned in the previous
example.

The calculated maximum pointwise errors and the corresponding order of convergence
for Examples 5.5.1 and 5.5.2 are presented in Tables 5.1 and 5.2, respectively, for various
values of ¢ and N. In both the tables, we can observe that for a fixed ¢, the maximum
pointwise errors decrease monotonically as N increases, which confirm that the implicit
upwind scheme (5.3.1) is e-uniform convergent. It also reflects the fact that the classical
upwind scheme applied on this class of problem results almost first-order convergence.
To visualize the appearance of the boundary layer and its behavior for different ¢, we
have given the surface plots for ¢ = 1072, 10~* and N = 32 in Figures 5.2 and 5.4, for
Examples 5.5.1 and 5.5.2, respectively.

In order to reveal the numerical order of convergence, we have plotted the maximum
pointwise errors (in loglog scale) in Figures 5.3 and 5.5, for Examples 5.5.1 and 5.5.2,

respectively, which again confirm the almost first-order convergence of the scheme.

5.6 Conclusions

In this chapter, we have analyzed an efficient numerical scheme for the singularly per-
turbed 2D delay parabolic convection-diffusion problem of the form (5.1.1), using the
uniform mesh for the temporal domain and a special piecewise-uniform Shishkin mesh
for the spatial domains. To discretize the continuous problem, we have applied the
implicit-Euler scheme and the classical upwind scheme for the temporal and spatial
derivatives, respectively. For the proposed scheme, the stability and error analysis have
been carried out, which shows that the method converges uniformly with first-order (up
to a logarithmic factor) in space and first-order in time. Along with the analysis, we

have presented some numerical examples to verify the theoretical findings.
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Chapter 5

(a) e =le — 2.

0.2 H

[ T
[ee] ©
o o

'~ 0.4

(b) e = 1le — 4.

Figure 5.2: Surface plots of the numerical solutions U att = 2 and N = 32 for Example

5.5.1.
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Chapter 5 5.6. Conclusions

Table 5.1: Maximum pointwise errors and the corresponding order of convergence for
Ezxample 5.5.1.

€ Number of mesh-intervals N /temporal mesh-size At
8/% 16/ 45 32/55 64/ 5 128/ 45 256/ 15

1071 | 1.0562e-1  7.1832e-2  4.0928e-2  2.2042¢-2  1.1445e-2  5.8295¢-3
0.5562 0.8116 0.8928 0.9456 0.9732

1072 | 1.9181e-1  1.3457e-1  8.8636e-2  5.6470e-2  3.4444e-2  2.0190e-2
0.5114 0.6024 0.6504 0.7132 0.7706

107% | 2.0568e-1  1.4074e-1  9.207le-2  5.8304e-2  3.5466e-2  2.0768e-2
0.5473 0.6123 0.6592 0.7172 0.7720

107 | 2.0713e-1  1.413%-1  9.2427¢-2  5.8491e-2  3.5568e-2  2.0826e-2
0.5509 0.6133 0.6601 0.7176 0.7722

107° | 2.0727e-1  1.4145e-1  9.2463e-2  5.8509e-2  3.5579%¢-2  2.0831e-2
0.5512 0.6134 0.6602 0.7177 0.7723

107° | 2.0729e-1  1.4146e-1  9.2467e-2  5.8511e-2  3.5580e-2  2.0832e-2
0.5512 0.6134 0.6602 0.7177 0.7723

1077 | 2.0729e-1  1.4146e-1  9.2467e-2  5.8511e2  3.5580e-2  2.0832e-2
0.5513 0.6134 0.6602 0.7177 0.7723

1078 | 2.0729-1  1.4146e-1  9.2467e-2  5.851le-2  3.5580e-2  2.0832e-2
0.5513 0.6134 0.6602 0.7177 0.7723

eMA 1 2.0729e-1  1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2

pMAt L 0.5513 0.6134 0.6602 0.7177 0.7723

10 ‘
-¥-o(N"1inN)
e=le-1
. e=le-4
5107 —+>-e=1e-8
L
s
= 102
-3
10 ‘
10' 10°
N
Figure 5.3: Visualization of the order of convergence through loglog plot for Example
5.5.1.
Ph.D. Thesis 117

TH-1760_126123005



Chapter 5 5.6. Conclusions
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(b) e = 1le — 4.
Figure 5.4: Surface plots of the numerical solutions U att = 2 and N = 32 for Example
5.5.2.
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Table 5.2: Maximum pointwise errors and the corresponding order of convergence for

Ezxample 5.5.2.

€ Number of mesh-intervals N /temporal mesh-size At
8/% 16/ 75 32/55 64/ 5 128/ 45 256/ 15
1071 | 1.0894e-1  7.3729e¢-2  4.1932e-2  2.2514e-2  1.168%-2  5.9596e-3
0.5632 0.8142 0.8972 0.9457 0.9718
1072 | 1.9526e-1  1.3425e-1  8.8205e-2  5.6181e-2  3.4258e-2  2.0092e-2
0.5405 0.6060 0.6508 0.7137 0.7698
1073 | 2.1242e-1  1.4122e-1  9.1897e-2  5.814le-2  3.5373e-2  2.0719e-2
0.5890 0.6198 0.6605 0.7169 0.7717
107 | 2.1427e-1  1.4198e¢-1  9.2318e-2  5.8355¢-2  3.5488e-2  2.0783e-2
0.5938 0.6210 0.6618 0.7175 0.7719
1075 | 2.1446e-1  1.4205e-1  9.2361e-2  5.8377¢-2  3.5499¢-2  2.0789¢-2
0.5942 0.6211 0.6619 0.7176 0.7719
1076 | 2.1448e-1  1.4206e-1  9.2365¢-2  5.8379¢-2  3.5500e-2  2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720
1077 | 2.1448e-1  1.4206e-1  9.2366e-2  5.8379¢-2  3.5501e-2  2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720
1078 | 2.1448e-1  1.4206e-1  9.2366e-2  5.837%-2  3.5501e-2  2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720
eNAt [ 2.1448e-1 1.4206e-1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2
pNVAt | 0.5943 0.6211 0.6619 0.7176 0.7720
10° ‘
-%¥-o(N"linN)
e=le-1
Q—szle—4
10t g =1le-8
e
m
3
= 102
N |
S 10°
N

Figure 5.5: Visualization of the order of convergence through loglog plot Example 5.5.2.
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CHAPTER 6

Uniformly Convergent Numerical Method for
Singularly Perturbed 2D Delay Parabolic
Convection-Diffusion Problems on
Bakhvalov-Shishkin Mesh

In Chapter 5, we have seen that the upwind finite difference scheme on the Shishkin mesh
for solving singularly perturbed 2D delay parabolic convection-diffusion IBVPs is almost
first-order (up to a logarithmic factor) convergent, which is not optimal. To prevent this
reduction of order due to the logarithmic factor, in this chapter, we use the upwind
finite difference scheme on a modified Shishkin mesh (i.e., on the Bakhvalov-Shishkin
mesh) to discretize the domain in the spatial directions and we apply the implicit-Euler
scheme for the time derivative on the uniform mesh in the temporal direction. We
derive some conditions on the mesh-generating functions which are useful to prove the
convergence of the method, uniformly with respect to the perturbation parameter ¢.
We prove that the numerical scheme applied on the Bakhvalov-Shishkin mesh is first-
order convergent in the discrete supremum norm, which is optimal and does not require
any extra computational effort compare to the standard Shishkin mesh. Numerical

experiments verify the theoretical results.

6.1 Introduction

In this chapter, we consider the following singularly perturbed 2D delay parabolic
convection-diffusion IBVP posed on the domain & = D x Ay, ® = (0,1)%, A; = (0, 7]

120
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Chapter 6 6.2. Domain Discretization

and T = 0D U Ty, where T, =D x [—7,0]:

w4+ Lou(z,y,t) = —c(z, y)u(z,y,t —7) + f(z,y,t), (v,y,t) € &,

U(I7y7t) = 90b<x7y7t)7 (I’,y,t) € Tln (611)
U,(l‘,y,t) = Oa (ZL‘,y,t) € 8@ X Kt,
where

Lou=—cAu+ a(z,y).Vu+ b(z,y)u,

0 < € < 1 is the singular perturbation parameter and 7 > 0 is the delay parameter.
The coefficients a = (ay, az), band ¢ are sufficiently smooth and bounded functions such
that a;(z,y) > a_ >0, as(z,y) > a, >0, b(x,y) > 0 and c(x,y) is nonzero on D.

Under sufficient smoothness and necessary compatibility conditions given in Chapter
5, imposed on the functions f and ¢, the delay parabolic IBVP (6.1.1), admits a unique
solution u(z,y,t), which exhibits a regular boundary layer of width O(e) at the sides
x =1 and y = 1, along with a corner layer at (z,y) = (1,1).

The main objective of this chapter is to use a modified Shishkin mesh, i.e., the
Bakhvalov-Shishkin mesh to solve the delay parabolic PDE (6.1.1). First, we discretize
the spatial domain by the Bakhvalov-Shishkin mesh and the temporal domain by the
uniform mesh. Then, we apply the implicit-Euler scheme for the time derivative and
the classical upwind scheme for the spatial derivatives to obtain the discrete problem.
We show theoretically and numerically that it gives more accurate results than on the
standard Shishkin meshes. One can see that, the Bakhvalov-Shishkin meshes are easier
to handle than the Bakhvalov meshes, moreover it can be used whenever the Shishkin
meshes are applicable.

The outline of this chapter is as follows: Section 6.2 deals with the Bakhvalov-
Shishkin mesh and the upwind scheme. The main proof of convergence has been derived
in Section 6.3. Numerical results are presented in Section 6.4 and the chapter ends with

Section 6.5, that summarizes the main conclusions.

6.2 Domain Discretization

Let the rectangular mesh D" be defined to be tensor product of the 1D Bakhvalov-
Shishkin meshes, i.e., " = ﬁiv X ﬁiv, which is constructed as follows:

First, define the transition parameters

(1
P, :mm{ﬁ,pmelnN}, l=ux,,
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Chapter 6 6.2. Domain Discretization

where Pro = 2/a,. In the analysis, we shall assume that p, = pwz-:ln N. Note that if
p, =1 /2, then mesh is uniform and in such cases the method can be analyzed in the
classical way.

Now, we define the mesh on ﬁiv by dividing the domain [0, 1] into two sub-domains
[0,1=p | and [1 — p_,1] and each sub-domain will have N/2 mesh-intervals such that
zo =0, xnj2 =1—p_andzy = 1. The boundary layer region [1— 2% 1] is partitioned by
the mesh-generating functions ¢(o), o € [1/2,1], such that p(1/2) = —In Nand p(1) =
0, where (o) is a monotonically increasing and piecewise continuously differentiable
function. Then, the mesh-points are defined by

. w, fori=0,---,N/2—1,
1+ px’osap(ai), foro; =i/N,i=N/2,--- | N,

and similarly for y;.

We denote the mesh-sizes in both the spatial directions by
hpi =2 —xiq, 1=1,---, N, /l”\bm = hgi+ hgivr, t=1,--+ N =1,
hy; =v; —¥Yj-1, J= L Ny hyy=hyj+hyj, g=1,--- N -1

One can notice that H; = 2(1 — p,)/N, I = z, y, be the mesh-sizes in [0,1 — p,] and on
the fine mesh, i.e., when, i, j = N/2+1,--- N — 1, h,;, h,; are decreasing functions.

We now define a function ¥, which is closely related to ¢, such that ¢ = In ), where
1 is a monotonically increasing function which satisfies ¥(1/2) = N~ 'and(1) = 1.

Here, we consider the mesh-generating function v as
Y(o)=1-2(1-N"1H(1-o0).

Now, we give some properties of the Bakhvalov-Shishkin mesh only in the z-direction,
since similar results can be obtained for the y-direction as well. These properties will be

used in the error analysis.

Assumption 6.2.1. The mesh-generating function ¢ satisfies

1

max |¢'(0)] < CN and {¢'(0)} do < CN. (6.2.1)
o€l1/2,1] 12

Lemma 6.2.2. The spatial mesh-size hy; on the boundary layer region satisfies

hmi .
hm,iSCN_l and i SC’ fOT‘Z:N/2+1,"',N,
£

provided the above assumption holds true.
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Chapter 6 6.2. Domain Discretization

Proof. Fori = N/2+41,--- N, we have

hei = p,e(ploi) —@(oi1))

=p, 05/ ¢'(2)dz
0i—1

<p &EN"' max [¢'(0)].

UE[O’ifl,Ui]
Now, using (6.2.1) and € < N~1, we get the required results. n

For the time domain A;, we will use uniform mesh with mesh-size At, such that
M—{t,=nAt,n=0,--- ,M,At =T/M},

where M is the number of mesh-points in the ¢-direction on the interval [0, 7] and the
temporal mesh-size At satisfies the constraint pAt = 7, where p is a positive integer,
t, = nAt, n > —p.
. ] N.M = —N,M —N —N M
We define the discrete domain by &% = & N & where & =0, xQ, xAY,
and TV = ﬁiv X ﬁ;v x A}, where A} denotes the set of p 4+ 1 uniform mesh-points
n [-7,0]. The boundary points of & " are TN = {& " NT}U TV. We further
discretize @SN’M = DN x AP

st

N,M

where A%, denotes the set of p + 1 uniform mesh-points

in [(s —1)7,s7], for s = 1,2,--- | k. From the above discretization we can observe that
M k== NM
= Us:l 65
6.2.1 Numerical scheme
By replacing the time derivative by the implicit-Fuler scheme and the spatial derivatives

by the upwind scheme in (6.1.1), we obtain the following discrete problem:
Oy + LU = e USTP+ 1, on &NV

Uijjs = Qob(xi)yja_ts)a Zu] = 07 7N7 and s = 07 , P, (622)

Ut =0, i=0,Norj=0,N,andn=0,---,M—1,
where

LNUTF = —e(82 + YU + a4y ;65U + g ;67U + by ;U

J%2 Yij

After rearranging the terms in (6.2.2), we obtain the following system of linear algebraic

equations

n+1 n+ n+ n+1 n+1 n+1
rm U e ;U —H"MU +ri+7]~Ui+1,j+ri,J+U =01 s

for i,5=1,--- , N—1,andn=0,--- ,M — 1,

(6.2.3)
Ui’_js = (;Ob(xhyj)_ts)a Zv] = 07" : aNa and s = 07" P
| U =0, i=0 Norj=0,N,andn=0,--- ,M —1,
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Chapter 6 6.2. Domain Discretization

where
.
r 2¢ Q14,5 . 2e
i—j = | ™= - ; i == |>
’ hx,ihx,i hx,i ’ hx,ihx,i—i-l
( 2¢e CLQ;i7]’> ( 2¢e )
Tij— = | == - ; Tijg+ = | —=—— |
hyihyg T hy,jfy.j+1
1
Tij = ag  Timd T Tebd T Tige T Tig + i
U
ntl _ “% n—p+1 n+1
\ 9 At z]U + :
The finite difference operator (6, + ,Cév ) defined in (6.2.2) satisfies the following

discrete maximum principle on &M

difference operator (6, + LX).

, which provides the e-uniform stability of the

Lemma 6.2.3. (Discrete maximum principle) Assume that the discrete function
Wi, satisfies \II" Z 0 on YN. Then (6; + LY)W}; > 0 on &M implies that ¥}; > 0 at
each point of GRk

Proof. The proof is given in Chapter 5. ]
Now, we shall state the lemma which will be used to bound the truncation error. For
convenience we decompose the spatial operator £, as £. = L, . + L, ., where
2

0
Em,s = _5@ + al(:c,y)% 2 b1($,y),

1 R L
“oy2 T 2\ Y5

and b(z,y) = bi(z,y) + b1 (2, y). Corresponding discrete operators are defined by LY, =
—e02 4 a1 (23, y;)0; + bi(ws, ;) and LY, = =0, + az (w4, y;)0, + ba(zi, ;).

‘Cy#f = - +b2(x>?/),

Lemma 6.2.4. Let ¢(z,9y) be a smooth function defined on® and also let ¢; j = ¢(x4,y;)
on D" . Then the following estimate holds true:
d¢ + / d¢ }

Tit1 63
“Ci]t\feqbi,j - (’C$,8¢)i7j‘ <C {8/ ¢

for 0 <i, j < N, with analogous estimates for |£é\f€¢i,j - (/ly,sgb)i,j‘.

0%¢

L) -

= (G, y])

Lemma 6.2.5. Let S, ; be the mesh function defined by

N h/ -1
« x,0
Sa:,i = H <1 + 9% ) ;

j=i+1
where i =1,--- | N — 1, with the usual convention that, S, y = 1. Then
C
,CN Sg“ = —Sw,i

max{e, h,;}
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Proof. We know that

LN S, . =—
x,e™~ T,
hyi+ hg it

Now, by using (Szi+1 — Szi) =

obtain the required result.

2e (Sz,i—H - Sa:,i
hx,H—l

S:c,i - Sz,i—l) Sz,i - Sm,z'—

hz,i

2

In an analogous way, we can get the similar result for £]y\f5.

L4 by S,.

((athHl)/Qa) Sz in the above expression, we can

Lemma 6.2.6. The following inequality relates mesh-size and the perturbation parame-

ter with the mesh-generating functions holds true:

i=N/2+1

N
hm,i
ST (2

2 1
2 _
) <p, N[ {#(0)}do
’ 1/2

Proof. Express the mesh-size by the following representation

hm,i
e

Summing up both sides, we get

i=N/2+1

N 1 2
> (hg) <p

x,0

N

2

i=N/2+1

:pzo/ ¢'(0)do, fori=N/2+41,---, N.
Oi—1

1
ZpioN‘l/ {¢'(0)}do.
’ 1/2

This completes the proof.

(6.2.4)

(0 -i0) [ jil{so%a)}?do

Lemma 6.2.7. Suppose (6.2.1) holds true, then there exist a constant C such that

N

11

J=N/2+1

Proof. We know that, In(1 + z) > = — %, for x > 0. Now, by using this property, we

have
N N 2
o hy a hy: 1 (o hy;
1 1 Y gty 2.
H,H<+zg) —,Z % 2(25
j=N/2+1 Jj=N/2+1
= N )
«Q 1 a hyj
— |z = _ - —a
pe L= onp) =5 2 ( 9% )
i j=N/2+1
2 N 2
Po e’ Z Iy j
— Z, 1 N €T x,J
i j=N/2+1
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So, we have

N hy -1 A 2 N \ 2
() o £ 09

j=N/2+1

Now, by using (6.2.1) and (6.2.4), we can obtain the required result. "

Lemma 6.2.8. For:=20,---,N — 1, we have

Proof. For each j, we have

_1 o hr,j A
exp(—a_h, ;/2¢) = exp(a_h,;/2¢) < |1+ ””2— !
T ’ T P c

Multiplying the above inequality for j =i+ 1,--- , N, we obtain the required result. =

Lemma 6.2.9. Let the integers i and j be satisfy ¢ < j. Then fori,j € {N/2,--- N},
we have

/xj exp (—ozz(l —z)/e)dz < CeN~! exp(—a (1 —x;)/2¢) max }{|¢’(0)]}.

i 0€lo4,05

Proof. First we substitute z = 1+p_ ep(c) in the left hand side of the above equation.

Therefore, we get

S
=Y
<)

[ w0 -aayfde =—p,e [ el i)

ok

= 0,4¢ /0 UJ eXp(ampmjow(U))ilég do
<pof [ explla,6,, = Delo)) [0/(0)] do

(since (0490,0%0 —1)>1)
< b, 0= ) max {exp((o) [0/0)])

=P, 50— og)exp(=(1 = 25)/p, o2) max {[v(0)[},

which follows the required result. ]
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Chapter 6 6.3. Error Analysis

6.3 Error Analysis

In this section, we provide the important theorem for the e-uniform convergence of
the numerical solution in the discrete maximum norm. Before that, without loss of

generality, we assume that the initial and boundary conditions are zero.

Theorem 6.3.1. Let u € €*2(®) be the solution of the continuous problem (6.1.1) and
U be the discrete solution of the fully discrete scheme (6.2.2). Then the global error

satisfies

for (z,y;,t,) € &M,

Proof. We divide the proof of this theorem into different time intervals, because of the
presence of the time delay.
Case 1. Consider the first time interval, i.e., for ¢ € [0,7]. On the domain &; =

D x (0,7), we consider the following singularly perturbed delay parabolic equation:

Ut + 'Cau(x7yat) = —C(l’,y)lb(l’,y,t - T) I f(xay7t)a (l’,y,t) € Q5la
u(z,y,t) =0, (z,y,t) € Ty,

u(z,y,t) =0, (z,y,t) € 0D x (0,7).
(6.3.1)
We apply the implicit-Euler scheme for the time derivative and the upwind scheme
for the spatial derivatives to determine the numerical solution U of (6.3.1) at &,
The discrete problem corresponding to (6.3.1) is given by
07 Uty — (82 + 0) UL + a1 10, ULy + a2 50, ULy + bi ULy = —ci USSP + £y, on &,

U(l’i,yj,tn) :O, OHTI])V,

Uz, yj,tn) =0, =0, Norj=0, N, andt, € A},.
(6.3.2)
Now, we split the solution of (6.3.1) as u = G+ E1+ Ey+ F12, where the initial conditions
in Ty are G =0, £} =0, F; = 0and F15 = 0. Similarly the solution of (6.3.2) can be
decomposed as U}; = G}; + Ei}'; + Eo'; + Eia;, where G is the solution of

—(m 2 2 n —/m —(mn n __ n—p n N,.M
0y Gy — (03 +6,)Glly  +a10, Gy + 2450, Gy + bi Gy = —ciiGij¥ + fily, on &7,

1,57
Gi; =0, on TV,
Gz‘j :G($Z7y]7tn)7 ZZO’ Nor]:O’ N7 andtn EAZf,t?
(6.3.3)
Ph.D. Thesis =

TH-1760_126123005



Chapter 6 6.3. Error Analysis

and EEZm (=1, 2, 12, satisfy
(S;EZZJ' - 5((5925 + (52)5]@2] + al;i,jéz_E@Zj —+ azﬂ,jéy_EZZj + meé” _ C”ng 7 @iV’M’
Byl = E(zi,y5,tn), on Ty,

EK?J :Eé(xi,ngtn), ZZO? Norj:O, N? andt" EA}lj,t
(6.3.4)

Then the error can be splitted as
[w(@i, yj,tn) = Ulljlloe < G (@i, 45 tn) = Gijlloo + 1B (2, 5 tn) — Erijll
HEa (i, yjs tn) — Eoijlloc + [ E12(2i, Y5, tn) — Erfllco- (6.3.5)

We will find the error separately for each term in the above equation.
Error estimate for the smooth part
For the smooth component G, the truncation error for the difference equation (6.3.3)

can be written as
(0 + LONG (i, y5,tn) = Gy) = (0 + LY)G (s, y5,t0) — (07 + LY)GY;

= (6 +25) = (5 +£.)) Glaw vt

Now, by using the Taylor’s formula, we obtain

) 4 e PG
667+ £ te) = Gl < (88| G|+ 500+ i) |55
PG
3(hy3+hyj+l> 5’ a3
i |ora “h,, |02
N ) e 2

By applying the results of Lemma 6.2.2 and Theorem 5.2.1 and using ¢ < N1, we

obtain

Now, we choose the barrier function as
(i, 95, tn) = C(N"Hxi +y;) + tAL),
and apply the discrete maximum principle (Lemma 6.2.3), we obtain that

1G (i, 45, tn) — Gl < C(NT! 4+ AL). (6.3.6)
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Next, we shall estimate the error associated to the layer component F; in two spatial
subregions depending on the location of the mesh-point ;.

Error estimate for the boundary layer components

For 0 <i < N/2 and 0 < j < N, by following the proof of bound for E; in fixed

time level ¢,, from [57], we get
|E1($zay]a ) Eln | S CN_1~ (637)

Now, we shall estimate | (z;,y;,t,) — Erj,| for N/2 <i < N and 0 < j < N, by
means of consistency and barrier function argument. For the difference equation (6.3.4),

we obtain the truncation error

(5; + Eév) (El (xiv Yjs tn) _E1?

)
(2 i /:5) o+ cg)) E

ot
0’ E, T O3B, = 0%E,
< <At‘ = oo+€/xi_1 55 da:+/ri_1 | d
vitt | 93 B, Yi |92E,
A& dy+/ dy
Yj—1 ayg Yj—1 ay2

< C(At+e'N! exp(—a (1 = zi41)/2¢)  max [¢(0)]),

o€[oi—1,0i41]

(by using Theorem 5.2.1 and Lemma 6.2.9)

<C (At +e 'N'S,i41  max W/(U)’) ,

o€[oi—1,0441]

by Lemma 6.2.8. Now, by choosing the barrier function

U =C(N~ A
C(NTSe it rﬁ%\w( )| + At),

and by applying the discrete maximum principle (Lemma 6.2.3), we obtain
| (Bx(wi, 55, ta) — Baly) oo < CN"1 + A, (6.3.38)

We can get the bound for the other boundary layer part Fs in an analogous way. There-
fore, for 0 <i,5 < N, we have

| (Ba(zi, 5, t0) — EQH) oo < C(NT' + Ab). (6.3.9)

Error estimate for the corner layer part
For 0 <i+ j < 3N/2, by following the proof of bound for E;5 in fixed time level ¢,
from [57], we get
| Eva(xi, yj.ta) — Eraf;| < CN7L (6.3.10)
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Now to estimate the truncation error for i+j > 3/N/2, we use the Taylor series expansion.

From the difference equation (6.3.4), we obtain the truncation error

(6, + LY) (Bro(wi, yj, tn) — Er2l'5)

- ((§t+£>—(5t+£§)> Eu

0*Eyy T | 93y T 192 By
<C (At‘ oz | + s/xi_l 5 dx + /%_1 92 dx
Yji+1 83E Yj 82E
+6/ 312 dy+/ 212
Yji—1 ay Yji—1 ay

= (At +e 'N7! exp(—a_(1—wi41)/2e)  max [¢(0)]

0€[oi—1,0441]

Fe N exp(ay (L) 20) | 10)]),

0€[0j-1,05+1]

(by using Theorem 5.2.1 and Lemma 6.2.9)

<C (At +e 'N7'S,1 max  [¢(0)]

0€[0§—1,04+1]

PN [6(0)]).

[0j—1,05+1]

by Lemma 6.2.8. Now by choosing the barrier function

¥ =0 (NS00 00+ NSy 10/ + At

and by applying the discrete maximum principle (Lemma 6.2.3), we obtain
|| (EIQ(ZEZ, yju ) El?zg) Hoo < C(N + At) (6311)

From (6.3.5), (6.3.6), (6.3.7), (6.3.8), (6.3.9), (6.3.10) and (6.3.11), we obtain the error

estimate
(@i, yj,tn) — Ul < C(NTH+ AL), (24,95, 1) € B, (6.3.12)

Case 2. On the domain B, = D x (1, 27), we consider the following singularly perturbed

delay parabolic equation:

Uy + Lsu(xuy7t) = —C(QZ,y>U(SL’,y,t - T) + f(l’,y,t), (Q?,y,t) € 627

u(z,y,t) = u(x,y,t), (x,y,t) € G, =D x 0, 7],
u(r,y,t) =0, (z,y,t) € 0D x (7,27),
(6.3.13)

where u, is the exact solution on &;.
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We apply the implicit-Euler scheme for the time derivative and the upwind scheme
for the spatial derivatives to determine the numerical solution U of (6.3.13) at &,

The discrete problem corresponding to (6.3.13) is given by

0y Ul — (82 + S2) UL, + vy 50, UL + a0, Uﬂ.+bi,jUg}j= —ci U+ f1, on &M M
U(mzayja ) Ul(xzayjat )7 (-Twyj? ) € 051 )
Uz, yj,tn) =0, ©=0,Norj=0,N,andt, € A,

(6.3.14)

where U, (-, -,-) is the numerical solution calculated on &,

We split the solution in a similar way as done in previous case as u = G+ FE+FEsy+ F1o,
where the initial conditions in &; are G = u,(z,y,t), £; =0, £y = 0and E5 = 0.
Error estimate for the smooth part

For the smooth component G, the truncation error can be written as
(6, +LI)G  (wi,y5,t0) — G)
= (07 + LY)G (x5, y5,tn) — (6 + LY)GY;
= (67 + LY)G (x5, y5,tn) — <_C(5Bz’>yj)GZj_p + f(zi,y5,tn))
— (0 + )Gy t) ~ - el )G

ot
= C('TU y])(GZj_p _ G(:EZ? Yj, tn—p))

+ ((6; +LY) — (gt + L. )) G (i, yj, tn)-

By using the initial condition for the smooth part of the solution and using the error

0
+ ( + L > G(x'u Yjs tn) + C(.Ti, y])G(xzv Ys, tn—p))

estimate obtained in (6.3.12), we get

_ ] 0°G
167 + L) (G (0,7, 10) — G2 S{C(N s ar| S8
PG 0*G
3(hxz+hxz+l) a 3 Oo‘i‘allj 2 a$2 N
?*G 92G
B(hy1+hyj+l) dy .3 L"‘ A2;i, =~ 2 (9y Oj-

Now, proceeding in the same way as done in the previous case for the smooth component

G, we can obtain
1G (i, yj,tn) — G0 < C(NT"+ At), (6.3.15)

for ¢t € (7,27).
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Error estimate for the boundary layer components
For 0 < i < N/2 and 0 < j < N, by following the proof of bound for F; in fixed

time level ¢,, from [57], we get

Now, we shall estimate |Ey(2;,y;,t,) — Eij;| for N/2 <i < N and 0 <j < N. We can

obtain the truncation error from

(07 +LY) (Br(zi,y5,t0) — Bry) = cig (Bu(@s, ys, tap) — Eri"7))

+((§t+£) (5;+£§V)) E.

Now, by using the initial condition in the above equation, we get

(6, + LX) (Ei(zi,yj,tn) — Eh])_(<§t+£)—(6t+£§))E1

Following a similar approach done in the previous case for the boundary layer part Ej,
we can obtain

for t € (7,27). We can get the bound for the other boundary layer part F; in an
analogous way. Therefore, for 0 <1,5 < N

Error estimate for the corner layer part
For 0 < i+ j <3N/2, by following the proof of bound for Fis in fixed time level ¢,
from [57], we get
|Bro (i, y5,tn) — E1af;| < CN7L (6.3.19)

Now to estimate the truncation error for i + 7 > 3N /2, we will do the Taylor series

approach. Then, the truncation error can be obtained from

(0 + L) (Bra(i gy t) — Brafy) = cig (Bra(@i, . tap) — Er2iy" "))

n ((gz€+£) (5—+£;V)) B

Using the initial condition in the above equation, we get

0
(6; + L) (Elz(ifi,yj,tn) — ElQZ‘]‘) = ((815 +L ) — (5,5_ +Eév)) Es.

Ph.D. Thesis 132
TH-1760_ 126123005



Chapter 6 6.4. Numerical Results

Now, proceeding in an analogous way as done in the previous case for the corner layer

part Ei5, we can obtain
I <E12($i7yja tn) — EIQZJ‘) oo < C(NT'+ AY), (6.3.20)

for t € (7,27).
Hence, by collecting all the bounds from (6.3.15), (6.3.16), (6.3.17), (6.3.18), (6.3.19)
and (6.3.20), we can get the desired bound on &,
For t > 27, we can find the error bound in a similar way as done above. ]
The estimate obtained in the previous theorem is optimal in the sense, it does not

contain the logarithmic term in the right hand side of the error bound.

6.4 Numerical Results

In this section, we present the results of numerical experiments carried out to validate the
finding of Theorem 6.3.1 for the following 2D test problems. We choose the transition
parameter Pro = 2.2,1 = x,y. In the tables, we begin with N = 8 At = 0.2 and
p = 1/At and we multiply N by two and divide At by two. Since, we have taken
At = 1.6/N, the theoretical error bound obtained in Theorem 6.3.1 will be of order
O(N~1). Therefore, in this section, we will write only the spatial order of convergence,
i.e., O(N™!) instead of O(N~! + At).

Example 6.4.1. Consider the following singularly perturbed 2D delay parabolic IBVP

with constant coefficients:
u — eAu+ uy +uy = u(z,y, t — 1) + f(z,y,t), (x,y,t) €D x(0,2],
u(z,y,t) = pu(z,y, ), (z,y,t) € D x [-1,0],  (6.4.1)
u(z,y,t) =0, (x,y,t) € 9D x [0,2].

We choose the initial data ¢p(z,y,t) and the source function f(x,y,t) to fit with the

exact solution

u(z,y,t) = (1=exp(=1)) (m1 + maz + exp(—(1 — ) /¢)) (m1 + may + exp(=(1 = y)/¢)),

where m; = —exp(—1/¢), mg = —1 — my.
We calculate the maximum pointwise error and the corresponding order of conver-
gence in the same way as calculated in the previous chapter.

Next, we consider an example where the convection coefficients are function of x and
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Example 6.4.2. Consider the following singularly perturbed 2D delay parabolic IBVP:

(

u —eAu+ (1+2(1 —2))ue + (1 +y(1 —y)u, = ulz,y,t — 1) + f(z,y,1),
(z,y,t) € D x (0,2],

u(x7 y7t) = (pb(x7y7t)7 (aj7y7 t) 6 5 X [_170]7

\ u(z,y,t) =0, (x,y,t) € 0D x [0,2].
(6.4.2)

Here also, we choose the initial data ¢y (z,y,t) and the source function f(z,y,t) in
such a way, so that they fit with the same exact solution as mentioned in the previous
example.

To visualize the appearance of the boundary layer and its behavior for different ¢,
we have given the surface plots for e = 1072, 10~* and N = 32 in Figures 6.1 and 6.3.

The calculated maximum pointwise errors and the corresponding order of convergence
for Examples 6.4.1 and 6.4.2 are presented for the Bakhvalov-Shishkin mesh in Tables
6.1 and 6.2, respectively, for various values of € and N. To understand the improvement
due to the Bakhvalov-Shishkin mesh, we compare the results tabulated in Table 6.1
with Table 5.1 and Table 6.2 with Table 5.2. We observe that the order of convergence
obtained on the Bakhvalov-Shishkin mesh are better than that obtained on the Shishkin
mesh, which verifies the estimate proved in Theorem 6.3.1. From the Tables 6.1 and 6.2,
we notice that for a fixed €, the maximum pointwise errors decrease monotonically as N
increases, which confirm that the implicit upwind scheme (6.3.2) is e-uniform convergent.

For the sake of fulfillment of this observation, we have plotted the maximum pointwise
errors in loglog scale for the Examples 6.4.1 and 6.4.2 in the Figures 6.2 and 6.4. Indeed,
we can conclude that the upwind finite difference scheme on the Bakhvalov-Shishkin

mesh surpass the Shishkin mesh, irrespective of the perturbation parameter ¢.

6.5 Conclusions

In this chapter, we have provided the characterization of the Bakhvalov-Shishkin mesh
for the singularly perturbed 2D delay parabolic convection-diffusion problem of the form
(6.1.1). This is executed by forming this mesh with the help of an appropriate mesh-
generating function. To discretize the continuous problem, we have applied the implicit-
Euler scheme and the classical upwind scheme for the temporal and spatial derivatives,
respectively. We have shown numerically that the error bound obtained for the proposed
scheme on the Bakhvalov-Shishkin mesh is optimal, that is, the errors are smaller than
the results obtained on the standard Shishkin mesh.
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(a) e =le — 2.

5 Z A
0.6
> >
0.4 gﬂ;’
0.2 1
0=
0
€T ) 0.8 1 0
(b) e = le — 4.
Figure 6.1: Surface plots of the numerical solutions U att =2 and N = 32 for Example
6.4.1.
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Figure 6.2: Comparison of the order of convergence through loglog plot for Example 6.4.1.

Table 6.1: Maximum pointwise errors and the corresponding order of convergence for
Example 6.4.1 on the Bakhvalov-Shishkin mesh.

€ Number of mesh-intervals N /temporal mesh-size At
8/% 16/55 32/ 64/ 15 128/ 5 256/ 165

1071 1 9.8602e-2  7.1832e-2  4.0928e-2  2.2042e-2  1.1445¢-2  5.8295e-3
0.4570 0.8116 0.8928 0.9456 0.9732

1072 | 2.1718e-1  1.3625e-1  7.5411e-2  3.9490e-2  2.0204e-2  1.0217e-2
0.6727 0.8534 0.9333 0.9669 0.9836

1073 | 2.3810e-1  1.4985e-1  8.2815e-2  4.2513e-2  2.135%e¢-2  1.0678e-2
0.6680 0.8555 0.9620 0.9931 1.0002

1071 | 2.4035e-1  1.5144e-1  8.3817e-2  4.3002e-2  2.1574e-2  1.0766e-2
0.6664 0.8534 0.9629 0.9951 1.0028

1075 | 2.4057e-1  1.5160e-1  8.3922¢-2  4.3055e-2  2.1599%-2  1.0778e-2
0.6662 0.8532 0.9629 0.9952 1.0029

1075 | 2.4060e-1  1.5162e-1  8.3932e-2  4.3060e-2  2.1602e-2  1.0779¢-2
0.6662 0.8532 0.9629 0.9952 1.0029

1077 | 2.4060e-1  1.5162e-1  8.3933e-2  4.3061e-2  2.1602e-2  1.0779e-2
0.6662 0.8531 0.9629 0.9952 1.0029

1078 | 2.4060e-1  1.5162e-1  8.3933e-2  4.3061le-2  2.1602e-2  1.0779¢-2
0.6662 0.8531 0.9629 0.9952 1.0029

eNAt | 2.4060e-1  1.5162e-1 8.3933e-2 4.3061le-2 2.1602e-2 1.0779e-2

pNAt 1 0.6662 0.8531 0.9629 0.9952 1.0029
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(a) e =le — 2.

(b) e = le — 4.
Figure 6.3: Surface plots of the numerical solutions U att =2 and N = 32 for Example
6.4.2.
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Figure 6.4: Comparison of the order of convergence through loglog plot for Example 6.4.2.

Table 6.2: Maximum pointwise errors and the corresponding order of convergence for
Example 6.4.2 on the Bakhvalov-Shishkin mesh.

€ Number of mesh-intervals N /temporal mesh-size At
8/% 16/55 32/ 64/ 15 128/ 5 256/ 165

1071 | 1.0571e-1  7.3729e-2  4.1932e-2  2.2514e-2  1.1689%-2  5.9596e-3
0.5198 0.8142 0.8972 0.9457 0.9718

1072 | 2.2134e-1  1.3621e-1  7.4915e-2  3.9204e-2  2.0054e-2  1.0141e-2
0.7004 0.8625 0.9343 0.9671 0.9837

1073 | 2.4413e-1  1.5026e-1  8.2578¢-2  4.2316e-2  2.1249¢-2  1.0622¢-2
0.7002 0.8636 0.9645 0.9938 1.0004

1071 | 2.4663e-1  1.5196e-1  8.3650e-2  4.2833e-2  2.1475e-2  1.0714e-2
0.6987 0.8612 0.9656 0.9961 1.0032

1075 | 2.4688e-1  1.5213e-1  8.3762¢-2  4.2890e-2  2.1501e-2  1.0726e-2
0.6985 0.8609 0.9657 0.9962 1.0033

1075 | 2.4691e-1  1.5215e-1  8.3773e-2  4.2895e-2  2.1504e-2  1.0727e-2
0.6985 0.8609 0.9657 0.9962 1.0033

1077 | 2.4691e-1  1.5215e-1  8.3775e-2  4.2896e-2  2.1504e-2  1.0727e-2
0.6985 0.8609 0.9657 0.9962 1.0033

1078 | 2.4691e-1  1.5215e-1  8.377he-2  4.2896e-2  2.1504e-2  1.0727e-2
0.6985 0.8609 0.9657 0.9962 1.0033

eNAt | 2.4691e-1  1.5215e-1 8.3775e-2 4.2896e-2 2.1504e-2 1.0727e-2

pNAt 1 0.6985 0.8609 0.9657 0.9962 1.0033
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CHAPTER 7

Fractional-Step Method for Singularly Perturbed 2D
Delay Parabolic Convection-Diffusion Problems on
Shishkin Mesh

In previous chapter we observed that, to solve a singularly perturbed 2D delay parabolic
convection-diffusion problem numerically, we need to handle a banded pentadiagonal
matrix. Dealing with such matrix is a costly task in computational perspective. For this
reason, to solve the singularly perturbed 2D delay problem in this chapter, first, we use a
fractional-step method for discretizing the time derivative of the continuous problem on
the uniform mesh in the temporal direction, then, we apply the classical finite difference
scheme on a special mesh to discretize those 1D problems resulting of the first step.
We derive the truncation errors for the scheme to obtain the error estimates, which
shows that the scheme is uniformly convergent of almost first-order (up to a logarithmic
factor) in space and first-order in time. Numerical examples are carried out to verify

the theoretical results.

7.1 Introduction

In this chapter, we consider the following singularly perturbed 2D delay parabolic
convection-diffusion IBVP posed on the domain & = D x Ay, ® = (0,1)%, A; = (0,7
and T = 0D U Ty, where T, =D x [—7,0]:

Up + Eau(x7y7t) = —c(x,y)u(x,y,t - T) + f(x7y7t)7 ((L’,y,t) S 67

U(.T,y,t) = SOb(ﬂf,y,t)7 (a:,y,t) € Tb7 (711)
u(‘rvy?t) =0, (x,y,t) € 09 X Kt,
where

Lou=—cAu+ a(z,y).Vu+b(z,y)u,
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Chapter 7 7.2. Time Semidiscretization

0 < € < 1 is the singular perturbation parameter and 7 > 0 is the delay parameter.
The coefficients a = (a1, as), band ¢ are sufficiently smooth and bounded functions such
that ai(z,y) > a_ >0, ay(z,y) > a, > 0, b(z,y) > 0 and c(x,y) is nonzero on D.

Under sufficient smoothness and necessary compatibility conditions imposed on the
functions f and ¢, the delay parabolic IBVP (7.1.1) admits a unique solution u(x,y,t),
which exhibits a regular boundary layer of width O(e) along the sides x = 1 and y = 1,
and a corner layer at (z,y) = (1, 1).

The rest part of this chapter is organized as follows: In Section 7.2, the time semidis-
cretization process through the fractional-step method has been discussed and the uni-
form convergence of this scheme has been studied. Section 7.3 deals with the piecewise-
uniform Shishkin mesh and the classical upwind scheme. The main proof of convergence
has been provided in Section 7.4. Numerical results are presented in Section 7.5 and the

chapter ends with Section 7.6, that summarizes the main conclusions.

7.2 Time Semidiscretization

In this section, we study the semidiscretization of the singularly perturbed 2D delay
parabolic IBVP (7.1.1) which is essential for the analysis of the fully discrete scheme,
since it will contribute to the decomposition of the global error for the spatial and tempo-
ral variables. Also, we provide the asymptotic behavior of the solution of the semidiscrete
problems. Before proceeding for time semidiscretization, we state the bounds for the

time derivatives of exact solution.

Lemma 7.2.1. For 0 < i < 2, the time derivatives of the exact solution u(x,y,t) of the
IBVP (7.1.1) satisfy the estimate

‘8# u(z, y,t ‘<C, (z,y,t) € &.

Proof. The process is similar to the approach used in Theorem 2.2.3 for obtaining the

bounds of the time derivatives. ]

7.2.1 The semidiscrete problem

First, we discretize the time domain A, by uniform mesh with mesh-size At, such that
M—{t,=nAt,n=0,--- ,M,At =T/M},

where M is the number of mesh-points in the ¢-direction on the interval [0, 7] and the
temporal mesh-size At satisfies the constraint pAt = 7, where p is a positive integer,
t, = nAt, n > —p.
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Now, we split the differential operator £, as L. = L, . + L, ., where

2 0
Er,s =75+ Cl,l(I,y)— + bl(‘ray)a

02 ox
0? 0
Ly.= _5a_y2 + as(x, y>8_y + ba(2, ),

with b(z,y) = bi(z,y) + ba2(2,9), c(z,y) = e1(w,y) + ca(z,y) and f(z,y,t) = fi(x,y,t) +
fQ(xvyat), such that

fl(xa O>t) = fl(xv Lt) e f?(ovyvt) = f2(17y7t) =0. (721)

The operator £, . can be considered as a family of one-dimensional differential op-
erators with one parameter y € (0,1) (similarly for £, ).

Now, we introduce a time discretization process by means of the following fractional-
step scheme:

—m

U :Qob(xay7 _tTTL)) m:()a y Dy

f (I + AtL, Jut? = u™ — Atey(z, y)u™ P + Atfi(z,y, tnr1), v € (0,1),
(7.2.2)
\ un+1/2(07,y) — un+1/2(1’y) —_ 0’

‘ (I 1 Atcy,e)un—i_l = un+l/2 L AtCQ(x7 y)un+1—p + Atf2<$) Y, tn—l—l)a YIS (07 ]-)7
(7.2.3)

| u"t(z,0) = u"(z,1) = 0.

The above scheme provides the approximation u"(z,y) to the solution u(x,y,t) of
(7.1.1) at the time level ¢, = nAt.
The operators (I + AtL,.), i = x, y, satisfy the following maximum principle.

Lemma 7.2.2. (Maximum principle) Let V(z,y) > 0 on the boundary 0D and (I +
AtL; )V (z,y) >0,i=xz,y on®. Then ¥(z,y) >0 on D.

Proof. First we prove the maximum principle for the operator (I + AtL,.). Let
(z*,y*) € D be such that ¥(z*,y*) = ming ¥(z,y) < 0. It is clear that the point
(z*,y*) ¢ 09, which implies (z*,y*) € ©. Since ¥V, (z*,y*) = 0 and ¥, (z*,y*) > 0, we
get
(I + AL, )V (z*,y*) = V(a*,y*) — AtV (%, y*) + Atay (z*, y*) VU, (2*, y*)
+Athy (z*, y* )W (x*, y*) < 0,
which is a contradiction. Hence the required result follows for the operator (I +AtL, ).

Similarly, we can prove the maximum principle for the operator (I + AtL, ). ]
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In order to analyze the convergence of the semidiscrete scheme (7.2.2)-(7.2.3), we

Tias +1

introduce the local truncation error e, defined by e,.1 = u(t,41) — , where u"

is the solution of the following system:

( (I + AtL, a2 = u(w,y, t,) —Atey (z, ) Uz, y, thi1p)
+Atf1(‘ray7tn+1)7 Y e (0, 1), (724)

1/2 _ 1/2 _
\ u’\n-i—/ (an)_m+/ (17y)_07

(I + AL, )T+t = G2 — Ates(z, y)i(2, ¥, tur1—p)

+ALfo(x,y, tns1), © € (0,1), (7.2.5)

iz, 0) = u"(x,1) = 0,

(
where u(z,y,t_p) = u(x,y, —ty,), form=0,--- p.

Now, one can obtain the following consistency result.
Lemma 7.2.3. The local error corresponding to the scheme (7.2.4)-(7.2.5) satisfies
el < CLAY

=nd1/2

Proof. Since the function u satisfies

(I 4 AtLy a2 = u(z, y, t,) — Atey(z, y)a(2, Y, tos1—p) + AL, Y, trg),
therefore, from (7.2.5), we obtain
u<$7 Y, tn) = (I + Atﬁts,e)(‘l + Atﬁy@),’d’n-ﬁ-l - Atfl(tn—i-l) + ClAta<x7 Y, tn—i—l—p)

AT+ AtL, ) fo(tni1) + AL + AtLy ) u(x, Y, tyy1—p)-
On the other hand, since the solution of (7.1.1) is smooth enough, we have

ou A 0%u
Gl [ =5 s

n+1

= u(tni1) + AL [(Loe + Lye)u(tnir) — ([rltnsr) + fo(tni1))

u(ty,) = u(tppr — Al) = u(tpyr) — At

+a <I7 y)U(ZL’, Y, tn+1—p) + e (xa y)U(ZI}, Y, tn-H—P)]
tn 82
+ t, — s ds
|G
= ([ + Atﬁx,s) [([ + Atﬁyﬁ)lb(thrl) — Atfg(tn+1)

+eaAtu(x, Yy, thr1p)] — Atfi1(tna1) + crAtu(x, y, t1p) + O(AE?).
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Hence, e, satisfies

(I -+ At£x7g)(1 + At£y7a)6n+1 = —CzAt([ + Atﬁm)enﬂ_p - C1At€n+1_p + O(At2),

€n+1(0, y) = €n+1(1>y) = €n+1($7 0) = €n+1(l’, 1) =0.
(7.2.6)

For the first time interval, i.e., when ¢, € [0, 7], the delay terms of both the continuous
and semidiscrete equations will take value from given initial condition. So, €,41-, = 0.

Therefore, the above equation reduces to

(I + AL, (I + AtL, et = O(AL?),

€n+1<07 ?J) == 6n+1(17y) = €n+1($7 0) = €n+1($a 1) = 0.

Finally, by applying the maximum principle given in Lemma 7.2.2 for the operators,
(I +AtL;.), i =z, y, we obtain

lensillee < C(A)?, (7.2.7)

for t,, € [0, 7].
For the second time interval, i.e., when ¢, € (7,27], we obtain the required bound
by using (7.2.7) and the maximum principle (Lemma 7.2.2) on (7.2.6).

In a similar way, we can prove the required bound for ¢, > 27. ]

Lemma 7.2.4. Under the hypothesis of Lemma 7.2.3, we have

sup ||u(t,) —u"||, < CAL.
n<T/(At)

Proof. Let E, = u(t,) — u". Now, subtracting and adding u", we have
E, =e,+u"—u" = e, + R1E, 1+ Ry (—Atey(x,y)en_p)+ Ra (—Atca(x,y)e,—p), (7.2.8)

where Ry = (I + AtL, ) '(I + AtL, ) and Ry = (I + AtL,.)~". We know e,_, = 0,

when the time discretization parameter n varies from 0 to p. Therefore, we get
En =e, + RlEnfl.

Using the above recurrence, we get E, = >, R} 'e;. Now, by using the idea given in
[12], we get
sup |lu(t,) —u"|, < CAL. (7.2.9)

0<n<p
For the next time interval, i.e., when n varies from p 4+ 1 to 2p, by using the bound

given in Lemma 7.2.3 and (7.2.9) to (7.2.8), and proceeding in an analogous way as
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done above, we can get the required bound. In a similar way one can get the required
bound for the entire time domain A}, -
Therefore, the time semidiscretization process is uniformly convergent of first-order
in time.
Before proceeding, we present a lemma which gives the bounds of the derivatives
of the solution of (7.2.4). To prove that without loss of generality we assume that the

initial condition of (7.2.4) is zero.

Lemma 7.2.5. The solution of (7.2.4) satisfies the following bound:
gign+1/2

“on <C(l+e’exp(—a,(1—-2)/e)), (r,y)eD, 0<i<4

Proof. To prove the above bound, we will consider several cases.

Case (i). Here, we consider the case, when ¢ = 0. By using the maximum principle
(Lemma 7.2.2), it is easy to show that [a""1/2| < C.

Case (ii). Let us take i = 1. To obtain the bound for the first derivative of u"'/? with

respect to z, let
n

w2 (z,y) — w(z, v, te
w(x,y) = ( y)At &,y ), (7.2.10)

be the solution of

(I + Atﬁx,s)ﬁ = _Ez,su(‘ra Y, tn) + fl ((L‘, Y, tn—i—l) —C (l‘, y)ﬂ(m, Y, tn—l—l—p);
(7.2.11)

k(0,y) = k(1,y) = 0.

Since, the right hand side is containing a delay term, we will proceed step by step.
In the first time level, i.e., ¢ € (0,7), since the initial condition is zero, therefore,
(7.2.11) reduces to

(I +AtL, )k = —Lpu(x,y, tn) + fr(x,y, tny1),

k(0,y) = k(1l,y) = 0.

Taking into account that |L, .u(x,y,t,)| < C [14, Appendix A], the maximum principle
(Lemma 7.2.2) implies that |x| < C.
Now, to find a bound for @"*/2 we apply £, . on (7.2.10). Simple calculation shows

that u"1/2 satisfies the following problem:

Ew,euAn+1/2 = —K+ fl(x7 Y, tn—l-l) - (xa y)a(x, Y, tn+1—p)7
(7.2.12)
w20, y) = a2 (1, y) = 0.
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Now, for the first time level, (0, 7), we know u(z,y,t,+1-p) = 0. Therefore, (7.2.12)

reduces to
£$7€2’Zn+1/2 =—K+ fl (l’, Y, tn-‘rl))

a0, y) = a2 (1 y) = 0.

By proceeding in an analogous way as in [41], we can prove that

in+1/2
a”W(O,y)' <C, 0<i<l,
i n+1/2
auw(l’y)' <Ce™, 0<i<2,
and
ount1/2
52 <Cll+elexp(—a(1—x)/e)]. (7.2.13)

In the next time level, i.e., when ¢ € (7,27), one can write (7.2.11) as
(I + Atca),s)ﬁ = —ﬁx,su('x? Y, tn) + fl (.T, Y, tn-‘rl) - Cl(xv y)aT(l'v Y, tn+1—p)7

k(0,y) = r(1,y) =0,

where, U, (2, y, t,+1-p) is the semidiscrete solution in (0, 7). We know that @, (x, y, t,41-p)
is bounded. Therefore, using the same argument as done in previous time interval, we
can prove that |k| < C.

For t € (1,27), (7.2.12) can be written as

Ex,aan+1/2 =—K+ fl (':Ea Y, tn-‘rl) - Cl([L‘, y)aT('I" Y, tn+1—p)7
w20, y) = w2 (1, y) = 0.

Since u,(x,y, th+1-p) is bounded, the right hand side of the above equation is bounded.
Now, by using the similar idea used in [41], one can obtain the required bound for the
second time interval, i.e., t € (7, 27).

In an analogous way, we can get the bound (7.2.13) for t > 27 as well.

Case (iii). Now, we consider the case for i = 2. To obtain the bounds for the second-

order derivative of u"1/2 with respect to x, we differentiate (7.2.12) with respect to z
and obtain
ourtt?\ 1 (Ou(x,y,t,)  OutV? N Ofy  Oay 0unti/?
o Oz At Ox Ox Jr Ox Oz
861 8C1A 8@
—%U/\HH/Q - %U(ﬂf, Y tng1-p) — 01%(33, Ystnt1p)-
Ph.D. Thesis 145

TH-1760_126123005



Chapter 7 7.2. Time Semidiscretization

By using the same idea as we applied for (7.2.13), we can obtain
92qn+1/2

0x?

<Cll4+e%exp (—ax(l —x)/e)].

But, the above bound can only be obtained if we can prove that

‘ 1 (%(x’y,tn) _durte

At ox ox

) ‘ <C[l1+e exp (—ax(l —x)/e)] . (7.2.14)

For that we assume, R(x,y) = L, .+, which satisfies

.

(I + Atﬁx,e)ﬁ = L:ac,efl — £2,5u<xa Y, tn) - Clﬁm,sa(xa Y, tn+1—p)7
1 el
E<Ou y) = E (fl (07 Y, tn+1> — ,C%EU(O, Y, tn) - Clu(07 Y, tn—i—l—p)) ) (7215)
1 P
L E(L y) F— Kt (f1(17 Y, tn+1) F £$,5u<17 Y, tn) - Clu(17 Y, tn-l—l—p)) &

In the first time level, i.e., t € (0,7), the IBVP (7.2.15) can be rewritten as

/

(I + Atﬁx,e)ﬁ =3 »Cm,sfl 4 Li,gu(% Y, tn)a

1
E(Ov y) = E (fl(()? Y, tn—f—l) — EI,EU(Ov Y, tn)) )

| RLy) = 1

Now, by using the same idea used in [14], we can prove |r| < C.

f1<]-7 y7 tn-l—l) — Eﬂ?afu(]ﬂ y? tn)) .

Now, one can verify that s satisfies the following problem:

L,k =F,

k(0,y) = k(1,y) = 0.

So, again proceeding in a similar way as in [41], we can show that

Ok
¥ <Cll+etexp(—a,(l—x)/e)],
and hence
92qnt1/2
| = C1+e?exp(—a, (1—x)/e)].

In the next time level, i.e., when ¢ € (7,27), (7.2.15) can be expressed as

(

(I + Atﬁm,é:)E - Ez,sfl - ﬁ;%’gu(‘rJ Y, tn) - Clcx,saT(xa Y, tn—i—l—p)a

_ 1 ~
H(07 y) - E (fl(07 Y, t'rl-l—l) - Eﬂ:,é‘u(()u Y, tn) - cluT(07 Y, tn+1—P>> )

_ 1 ~
/{(17 y) = E (fl(]-’ Y, tn+1) - Ea),é‘u(lv Y, tn) - clu7(17 Y, tn-i—l—p)) .

\
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Since, we know u,(x,y,t,11-p) is bounded, by using the same idea used in [14], it is
easy to show that [g| < C. By following the same way as done for previous time interval
(0,7), we can obtain the required bound.

In an analogous way, we can prove the required bound for ¢t > 27.

To obtain the corresponding bounds for higher-order derivatives of @"+t'/? with re-
spect to x, we can use the similar idea. ]

We decompose the solution @"+/2 of (7.2.4) into the smooth and singular compo-
nents, i.e., u"t/? = Y2 4 @2 similarly, we decompose u as u = v 4+ w and
(@, Y, tn1—p) a8 U(T, Y, tyyr-p) = 0(@, Y, tng1—p) + W(T, Y tut1—p).

We further express the smooth components in the form o"+/2 = 3% ekﬁzﬂ/ 2
v o= Zi:n efvy and 0(z,y, thr1—p) = 22:0 e*0k(z, Yy, tni1-p), where they satisfy the
following problem for y € (0, 1):

(I+At£$,a)m+l/2 = U(ZL‘,y,t ) Atcl(‘r y) (ZL’ y7 n+1— p) —|—Atf1((l} Y, n+1)

3

TH20) =0, V1) =Y € 0T2(1), 0@,y tariop) = U@ Y, i),
=0

(7.2.16)

and the singular components satisfy the following problem:

(I + AtL, )" ? = w(z, y, t,) — Atey (@, Y)D(T, Yy, thr1—p), Y E (0,1),

" 2(0) = 0, @"TV2(1) = a2 o — vTY2(1),  @(x, Y, terr—p) = 0.
(7.2.17)
The following lemma provides the bounds for the derivatives of the smooth and singular

components.

Lemma 7.2.6. The smooth component 0"'/? and the singular component W"t/? defined
in (7.2.16) and (7.2.17), respectively, satisfy the following bounds:
’ ‘ gignt1/2

|| =),

[e.9]

and
‘ Ot/

oxt

Proof. Since, we have obtained the bounds of the derivatives of u

<Ce™' exp(—a (1—x)/e), 0<i<4

u"t/2 one can easily

obtain the required bounds by the same idea as given in Theorem 2.2.4 of Chapter 2. m

7.3 The Discrete Problem

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,

then we discretize the spatial derivatives in the semidiscrete scheme (7.2.4)-(7.2.5).
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7.3.1 Discretization of the domain

Let the rectangular mesh D" be defined by the tensor product of the 1D Shishkin
meshes, i.e., DV = ﬁiv X ﬁjy\], which is constructed as follows:

First, define the transition parameters
. [1
p, = min §,pl7051nN =z y,

where Lo > 1/al. In the analysis, we shall assume that p, = pwsln N. Note that if
p,=1 /2, 1 = x, y, then the mesh is uniform and in this case the error estimates can be
obtained in the classical way.

To obtain the piecewise-uniform Shishkin mesh, we divide the domain ﬁiv into two
sub-domains [0,1 — p | and (1 — p_,1] and each sub-domain will have N/2 uniform

mesh-intervals, and denote it by
=N
Qg; :{OZ.TO, T,y = amN/Qzl_va 71‘]\]:1}
Similarly, we define ﬁ;v = {0 = Yo, Y1, ~** > Ynp =1 — Pyt YN = 1}.
We denote the mesh-sizes in both the spatial directions by

hx,i:xi_xifla 1=1,---,N, ﬁx,i:hx,i+hx,i+lai:17”' N —1,
hy; =y; —¥Yj-1, =1, N, hyj=hy;+hyjn,j=1---,N—-1,

and let H; = 2(1 — p,)/N and b = 2p,/N, | = z, y, be the mesh-sizes in 0,1 — p ] and
[1 — p,, 1] respectively. Then it is easy to see that

N1<H <2N7' n= 2pl05N*11nN, =y

We define the discrete domain by &V = 3" 1 ® where 8" = ﬁiv X ﬁ;v x AM

and ;7 = ﬁiv X gév x AP, where AY denotes the set of p 4+ 1 uniform mesh-points
in [-7,0] and QF = ﬁiv NQ, Q) = ﬁiv N €,. The boundary points of 3™ are
T = {EMM NT}UTY. We further discretize @SN’M — DN « AP

p
1, where A{, denotes

the set of p+ 1 uniform mesh-points in [(s — 1)7, s7], for s = 1,2, -+ , k. From the above

. S —N.M ko NM
discretization we can observe that & =U._, &, .

7.3.2 Numerical scheme

Let LY, denotes the discretization of the differential operator £, . after replacing the

spatial derivatives by the upwind finite difference scheme on QY. Then the discretized
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equation can be written as follows: For y € Qév ,

=u(z;,y,tn) — Ater (2, Y)U (25, Yy, thr1—p)

( (1 + ALY YU = (1 + At(—82 + ar (x5, )85 + bi (0, 9))) Unrty >

(7.3.1)
+Atf1(xiay7tn+l)7 Z:L aN_L
Sntl/2  mtl/2
L Uy " =0, 77 =0,
and, for x € QY
( . B ~
(I + Atﬁjy\fe)Um,Zjl T (I + At(_gdg? + CLQ(ZC, yj)éy ) bQ(xv y]))>Uz,Z]1
== 6*2;;1/2 = A2502(‘737 yj)[/j(x7 Yj, tn—‘rl—p)
(7.3.2)
+Atf2(x7yj7t’n+1)7 .]:]-7 7N_]-7
\ UEEI . U:ZJIr1 =0,
where (7(35, Yy tom) = u(x,y, —ty,), for m=0,--- p.
After rearranging the terms in (7.3.1), fori=1,--- | N — 1, we get
(I+ ALY )T = vy Ustily + 1Ty +ri Uiy = Py
(7.3.3)
7in+1/2 ryn+1/2
UO,y / E— Ul,y / S5 O,
where
¢ ril,_ < A 2e . ar(x:,y) : ril,+ — At _A2—5 7
By il P hsihs i
ri® =14 Athy(z5,y) =i~ — 71T, (7.3.4)
L Flm,-,y - U(ZL'Z', Y, tn) T, <_Cl (xiu y)U(xw Y, tn—l—l—p) + fl(‘ri7 Y, tn+1)> :
Similarly, after rearranging the terms in (7.3.2), for j =1,--- | N — 1, we get
( N \fin+l — .2~ FFn+1 207%n+1 | 247+l _
(I+ At‘cy,a)Ux,—;j =] Ua:;-,l + 7 Ux,';j + 7] Ugc;;j+1 = Fag g
(7.3.5)
| Us' =0 =0,
where
( 2 as(z,y;) 2
2,— _ 2\ g 2+ _
Tj —At(—ﬁ 3 — h ), Tj _At<_ﬁ)7
NN Y. y,3" g +1
r?’o =14 Atby(x,y;) — 7"]2-’_ - r§’+, (7.3.6)
sn+1/2 -
| Fouy; = Ury)? — At <C2<Iayj)U(xayjatn+1—p> + f2($ayj7tn+1)> :
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Lemma 7.3.1. The matrices associated with the finite difference schemes (7.3.1) and

(7.8.2) are M-matrices.
Proof. For ¢ =1, 2, it is clear from (7.3.3)-(7.3.6) that,

rp” <0, 7" < 0andr® >0

along with
|rf’0 — |Tf’+| >0, |Tf\’,0_1 — \Tf\’,—_1| > 0 and |rf’0| — \Tf’+| — |7’f’_| >0,forl=1,---, N—1.

Therefore, the matrices associated with the finite difference schemes are M-matrices. =
As a consequence, the difference operator given in (7.3.1) satisfies the following dis-

crete maximum principle.

Lemma 7.3.2. (Discrete maximum principle) Assume that the discrete function ¥,
satisfies W; > 0 oni =0, N. Then (I + Atﬁga)\lfi >0 on QY implies that ¥; > 0 at
each point ofﬁiv.

Hence the method is uniformly stable in the supremum norm. Similar property holds

for the difference operator defined in (7.3.2).

7.4 Convergence Analysis

This section provides the e-uniform error estimate for the numerical solution of the
following fully discrete scheme:

U‘i’ngpb('xiayja_tm)? m:0,~~-,p, and ivj:07"'7N7

Z7j

((T+ ALY U2 = Un — Atey (s, y,) USSP + Atfy(5, 95, tnsr), 1<i < N —1,
(7.4.1)
| Us; " =Uy5"" =0, 0<j<N,
( n n — .
(I + Atﬁé\;)Uﬁj_l = Uij—l/2 — AtCQ(xi7yj)Ui7;_1 P S Atfg(ﬁ(]i,yj,tn+1>, 1 S ] S ]V(— ]_,)
7.4.2

| Ui =0 =0, 0<i<N.
The following theorem provides the error bounds, when t € [0, 7].

Theorem 7.4.1. Let u be the exact solution of (7.1.1) and {U"} be the numerical
solution of the fully discrete scheme (7.4.1)-(7.4.2) at time level t,, = nAt. Then there
exists a positive constant C, independent of €, N, with 0 < q < 1 such that

i g5, t) = Ui, < C(AE+ NI N),

for (zi,y5,tn) € QY x QY x A7,
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Proof. For the first time interval [0, 7], the delay terms present in the right hand side
of (7.1.1) and (7.4.1)-(7.4.2) will get replaced by the given initial condition. So, the
analysis can be carried out in the same way as one can do for a problem with out delay.
Therefore, for t € [0, 7] we can adapt the proof of convergence as given in [14], that is,
we can have the following error bound:

[z, s, tn) = ULl < C(AE+ NTHIIN),

for (s, y;,tn) € QY x Q) x A7, .

On the second interval (7,27], the approach of [14] is not applicable because, the
value of the delay terms present in the right hand side of (7.4.1)-(7.4.2) will be the
numerical solution obtained in previous time interval [0, 7]. Therefore, we will do the
detailed analysis to get the error over the interval (7, 27].

On the domain ® x (7,27), the equation (7.2.4) becomes
(]+ At£x76)u’\’ll+1/2 = U(I7yat ) Atcl(m y) (l’ y7 n+1— p)
+Atf1 (*1'7 Y, tn+1)7 y e (Oa 1)7 (743)
an+1/2(07 y) = an+l/2(17 y) = Oa ﬂ(x, y? tn+1—p) = aT(xu y7 tn-‘rl—p)a

and
<I+ Atcy@)u/\wrl =gt — Atc2(x y) (:U yatn-i-l—p)

+Atf2(x7 Y, tn—l—l)’ MRS (07 1)7 (744)
u/\nJrl(:L‘; 0) = ,l’Z'nJrl(x’ 1) =0, a(xa Y, tn+1—p) = aT(x7 Y, tn—i—l—p)a
respectively, where u,(x,y, t,11-p) is the semidiscrete solution of (7.2.4)-(7.2.5) on the

domain © x (0, 7).
The discrete problems corresponding to (7.4.3) and (7.4.4) are given by

( (14 ALY )R = (T + At(—202 + ay (s, y)05 + by (s, ) Uit
= u(;, Y, ta) — Aty (2, y)U (21, Y, ts1—p)
(7.4.5)
+Atfl(xiay7tn+1)7 1= 17 JN_17
L [7(;;;1/2 = [73;1/2 = Oa [7($1a yatn—i-l—p) = (71(3:7?? y>tn+1—p)7
and
¢ ~
(I +AtLF U = (I + At(—ed; + aa(w, y;)0, + ba(, y])))U”Jrl
- U;—ZZI/Q A2502 (l‘, yj)l/j(x7 Yj, tn-H—P)
(7.4.6)
+Atf2($ayjatn+l)a ]:17 aN_L
L U:gl UnJrl 07 ﬁ(x y]? n+1— p) ﬁl(xvyﬁt”-*-l—P)v
Ph.D. Thesis 151

TH-1760_126123005



Chapter 7 7.4. Convergence Analysis

respectively, where l/]\l(-, “,tn+1-p) is the numerical solution of (7.3.1)-(7.3.2) calculated
on the time interval [0, 7]
Similarly, the equations (7.2.16) and (7.2.17) become

( (1 + AL, )T = w(w, y, t,) — Ater(,9) 0(x, Y, tairp)

+Atf1(x7y7tn+1)7 Yy e (07 1)7

3
TH20) =0, (1) =Y (L), By, terisp) = Ur(@, Yy tasioy),

\ =0
(7.4.7)

and

(I + AtL, )" /? = w(x,y, t,) — Atey(x, v)0(z, Y, tns1p), Y € (0,1),
(7.4.8)
@"2(0) =0, @A) = a2 —0vT2(1),  @(x, Y, teri—p) =0,

respectively.

The discrete problems corresponding to (7.4.7) and (7.4.8) are given by

(1 + Atﬁi\fa)f/nﬂ/? = (I + At(—e02 + ay (w1, )05 + b (@i, y))) VY2

(xlayv ) Atcl(xu )‘7(%,% n+1 p)

—|—Atf1(xl-,y,tn+1), 7= 1, cee ,N — 1,

Vgt2 =gnt12(0), VY2 = 57012(1),  V(@n 9, terip) = Or(@0, 9y tniip),
(7.4.9)

\

and

([ (1 + ALY )WY = (1 + At(—e02 + a (21, y); + bi(xi, y))) W2

—

3 w<xzay7tn) - Atcl($i7y)W(wiayatn-ﬁ-l—p)a 1= 1a e 7N - 1a

W2 = @r12(0), WIY2 = @m U 2(1), Wi,y te—y) = 0,

\ (7.4.10)
respectively, where V7 +1/2 Jyn+1/2, \A/(xz, Yy tny1—p) and /W(x,, Y, tnt1-p) are the discrete
versions of 0"+Y/2 @™ V/2 G(x,y, tyi1_p) and W(x, y, ty1_p), TEspectively.

At the node (x;,y,tn+1/2) the errors can be written in the form

~ ~

(U =u)(xi, Y, tny1y2) = (V = 0) (@i, Yy tngry2) + (W — @) (24, Y, tns)2)-

Now, before proceeding further, we give some technical lemmas which will be required

for the error bound.

Ph.D. Thesis 152
TH-1760_ 126123005



Chapter 7 7.4. Convergence Analysis

Lemma 7.4.2. The solution of (7.4.8) satisfies
|0(2i, Yy tnsr2)| SCNTY, 1 <i < NJj2.
Proof. We know from Lemma 7.2.6, the singular component satisfies
[@0(zi,y, tnr1/2)] < Cexp(—a (1 —x;)/e) < Cexp(—a p, /).
Since p_ > (¢/a ) In N, we get |W(xi, y, tpy1y2)] < ON7L n
Lemma 7.4.3. Numerical solution of (7.4.10) satisfies

—

N o hy -
Wz, y, tn < 1+ 22 ;=0,1,---, N—1.
W (@, v, ta2)l < ] ( o > for i

j=i+1
Proof. Define the Padé approximation of the boundary layer function
& o h:c,j .
exp(—a_ (1 —x;)/e) as Si:H 1+ = , with Sy = 1.
z €
j=1
Therefore,
N -1
S; «Q hw]>
LA — H 1 L €z
Sn j=it1 ( <
N
= H exp (—a_h,;/e)
j=i+1

Assume Y; = C'S; /Sy, for i =0, 1,--- ; N — 1. Therefore, we have

C

(I 4+ ALY )Y; = ——(
g Sy

I+ Atﬁgg)Si.
Now, by applying the difference operator to 5;, we obtain
I+ ALY )S: = (14 At(=eb + ai(zi,y)0, + bi(xi,y))) S;
= (1 + Ath(24,y))S;i — Ated2S; + Atay (w5,y)6, S;. (7.4.11)

It is easy to derive that

o « —042 hxz
0,8 =—2—8;, §5S;=-%S;, and €25, == z 5.
(e + %hm) € hyi(e + othx,i)
Therefore, from (7.4.11), we get that
(I + AtLY)S; > LS»
T max{e, hyi)
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Now, for t € (7,27), by using the initial condition given in (7.4.10), and the bound

for the singular component, (7.4.10) can be written as

(I + ALY YW (25, tnsrj2) < Cexp (—az(l —x;)/e) < OS < (I+ ALY,
N
By using the discrete maximum principle (Lemma 7.3.2), we obtain that

W(mi,y, tnt1/2) < CY;. With the same argument, we can have —W (z;, v, t,11/2) < CY;.
Hence, we have |/I/I7(xz, Y, tny1/2)| < CY;, which is the required bound. "

Lemma 7.4.4. The error of the singular component satisfies
|(W_ﬁ})($iay7tn+1/2)| SON—ly fOTizl,"' 7N/2

Proof. Fori=1,---  N/2, we have

—~

(W = @) (2, Y, tsr2)| < [W|+ |@] < CY; + CN L, (7.4.12)

by using the result of Lemma 7.4.2 and Lemma 7.4.3.

From the definition of Y; and the monotonicity of Y;, we have

-1
3 S v (67 ha: j
2 < 2N _ IT (1+—=—| =@+2nv'mN)"
Sn SN , €

j=N/2+1

We know that In(1 +m) > m — m?/2 for m > 0. Therefore,

(2N-'In N)?

N N
—Eln(l—l—QN_llnN) <-3 [2N‘1lnN— 5

} =—InN+N"'In’ N.
Now, by taking exponential on the both sides, we get Y; < CN~!. Using this bound in
(7.4.12), one can get the required result. "

Theorem 7.4.5. Let u"*'/? be the exact solution of the problem (7.4.3) and U2 e
the numerical solution of the upwind scheme (7.4.5) defined on the special mesh Q.

Then we have the following error bound
~nt1/2(,. _ fin+1/2 =1
m (zi,y) = U, " S CN""InN.
Proof. The local truncation error for the smooth component can be written as

(I + ALYV = 0) (i, tsape) = ((1+ ALLY) = (T + ALL,.)) B(wi, Y bugro)
—ct AUV = D) (i, Y, tsi—yp)-
By using the initial conditions from (7.4.7) and (7.4.9), we get
(I + ALY )V = D)@ o tusrys) = (1 + DEEN.) — (1 + AL, ) B, 9, tosajo)

_ClAt(ﬁl - aT)(i% Y, tn+17p)~
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Since, we are estimating the error in Ay, the delay term in the right hand side of the

above equation will be in A; ;. From [14], we know
(0 —7) @iysta)

for (s, ;,tn) € QY x Q) x AT,

Now, by using (7.4.13) along with the Taylor’s formula we get

<CN 'InN, (7.4.13)

(I + ALY )(V = 0) (2,9, tasrys) < CN~HInN.

Now by choosing an appropriate barrier function and applying the discrete maximum

principle (Lemma 7.3.2), we can obtain

(V = 0)(@i, Yy tnt1/2)| < CN'In N. (7.4.14)

To find the error bound of the singular component, we will consider two cases as
follows:
If i < N/2, then we can find

(W — @)(4, Y, tsr2)| < ON7 fori=1,---, NJ2.

by using Lemma 7.4.4.
In the second case, when ¢ = N/2 + 1,--- | N, the local truncation error for the

singular component can be written as
(I + ALY )W — @) (@i, Y, tasrje) = ((I+ ALY — (I + AtL, ) B(@i Y, tasr /o)
—et AW = D) (24, Yy tg1p).
By using the initial conditions from (7.4.8) and (7.4.10), we get
(I + ALY YW — @) (i, y, tasaja) = (T + ALLY) — (I + AL, L)) ©(wi, Yy tus o).

Then, by applying the Taylor’s expansion formula and using the bound of the singular

component we get
(I + Atﬁi\{s)(w — ) (x4, Y, tng12) < Ce "N~ (In N) exp (—ozz(l —x;)/e).
Now, by choosing the barrier function
¢; =CN '(InN)(1+Y;), fori=N/2 --- N,

and applying the discrete maximum principle (Lemma 7.3.2), we get

(W — @) (23, Y, tns12)]| < CN“'InN, fori=N/2+1,---, N. (7.4.15)
Therefore, combining the results obtained in (7.4.14), Lemma 7.4.4 and (7.4.15), one
can obtain the required error bound. ]
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The following theorem provides the error bound for the solution of (7.4.6).

Theorem 7.4.6. Let U™ be the exact solution of the problem (7.4.4) and (7;‘7;1 be the
numerical solution of the upwind scheme (7.4.6) defined on the special mesh Qév Then

we have the following error bound:
@ (2, y;) — U2 < CN'In N.

Proof. The semidiscrete problems (7.4.3) and (7.4.4) are almost of the same type except
the first term in the right hand side of both the equations, i.e., the right hand side of
(7.4.4) contains u"*1/2 instead of u(w,y,t,) as in (7.4.3). So, by decomposing u(z,y, -)
and Uz, yj, ) of (7.4.4) and (7.4.6) into the smooth and singular components and using
the bounds given in (7.4.14), Lemma 7.4.4, (7.4.15) and proceeding in a similar way as
done in Theorem 7.4.5, we can obtain the required bound. ]

Note that, if we take N7¢ < CAt with 0 < ¢ < 1, from Theorems 7.4.5 and 7.4.6,

we can deduce that

@12y, y) — UM < CAtNTH I N, forl <i < N -1, (7.4.16)
and
@ (@, ;) — U < CAENTHIn N, for1 < j <N —1, (7.4.17)
respectively.

We prove the uniform convergence of the fully discrete scheme (7.4.1)-(7.4.2), by
using (7.4.16) and (7.4.17).

Theorem 7.4.7. Let u be the exact solution of (7.1.1) and {U™} be the numerical
solution of the fully discrete scheme (7.4.1)-(7.4.2) at time level t,, = nAt. Then there
exists a positive constant C, independent of €, N, with 0 < q¢ < 1 such that

lui, yj,ta) — U]l . < C(At+ N In N),
Jor (i, yj,tn) € QY x QY x AL,
Proof. The global error at time level ¢t,, = nAt can be written as

) An
u,hj - U

i)Y

s t) = U < ey ta) = ) + |

Now using Lemma 7.2.3 along with the bounds given in (7.4.16) and (7.4.17), we get

n n
ur, — U
[e.e]

Zi,Yj

w(zs, yj, tn) — UMl < CAt(At+ N~ (7.4.18)
J J oo

An n
Umzzyj Ulv] 0o
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Then, by using the stability of the fully discrete scheme (7.4.1)-(7.4.2), it can be shown
that

Since t,, € Ay, it is obvious that ¢,_, € A],. Now, by using the result of Theorem 7.4.1
n (7.4.19), we get

Therefore, from (7.4.18) and (7.4.20), we get

(7.4.19)

sy = U

TiyYj

L St s to) = U

urr —upr”

Z?]

o0

Uiy~ U

Zi,Yj

< Jul@s, yj, tn1) — Uiy 1H + CAt(At + N~ In N). (7.4.20)

i,y ta) = Uzl < C(AL+ NI ),

for 1 <i,5 < N — 1. Hence, the proof is completed. ]
The above theorem provides the convergence result on the interval [r,27]. If we
proceed in an analogous way, we can achieve the same convergence result for ¢ > 27.

Hence, we can have the following convergence result for t € (0, 7.

Theorem 7.4.8. Let u be the exact solution of (7.1.1) and {U"} be the numerical
solution of the fully discrete scheme (7.4.1)-(7.4.2) at time level t,, = nAt. Then there
exists a positive constant C, independent of €, N, with 0 < q¢ < 1 such that

[u(@i, v, ta) — Uil < C(At+ NTH4InN),

for (z,y;,t,) € &M

7.5 Numerical Results

To validate the theoretical results proved in the previous section, here we present the
numerical result obtained by the proposed method for two 2D test problems. We perform
the numerical experiments by choosing the constant o= 1.5, =z, y. Moreover, in the
tables, we begin with N = 32, At = 0.025 and p = 1/At and we multiply N by two and
divide At by two. Since, we have taken At = 0.8/N, the theoretical error bound obtained
in Theorem 7.4.8 will be of order O(N~'In N). Therefore, in this section, we will write
only the spatial order of convergence, i.e., O(N~'In N) instead of O(N~'In N + At).

Note that in the following examples, we decompose the source term f(x,y,t) in the form

f2<x’y7 t) - f(xu 07 t) + Yy (f(l’, 17 t) - f(xu O’t)) ) fl(xu y7t) = f(x,y, t) - fQ(I7 Y, t)?
so that the property (7.2.1) is satisfied under the following compatibility condition:

£(0,0,8) = £(0,1,t) = f(1,0,t) = f(1,1,t) =0, fort e [0,T].
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Example 7.5.1. Consider the following singularly perturbed 2D delay parabolic IBVP

with constant coefficients:
u —eAu+uy +uy =u(x,y, t — 1) + f(z,y,t), (x,y,t) €D x(0,2],
uw(z,y,t) = pp(z,y,t), (z,y,t) €D x [-1,0], (7.5.1)
u(z,y,t) =0, (x,y,t) € 0D x [0,2].

We choose the initial data ¢,(x, y,t) and the source function f(z,y,t) to fit with the

exact solution
u(z,y,t) = (1—exp(=1)) (m1 + moz + exp(—(1 — x)/¢)) (m1 + may + exp(—(1 — y)/¢)),

where m; = —exp(—1/¢), mg = —1 —m;.

We calculate the maximum pointwise error for each € by

NAt _

€e

max (s, y;,tn) — Ui, y5,t0)]

(3,y5,tn) €GN M

where u(z;, y;,t,) and U(z;, y;, t,) denote the exact solution and the numerical solution
obtained in &M with N mesh-intervals in the spatial directions and M mesh-intervals
in the temporal direction, such that At = T'/M is the uniform mesh-size. We determine

the corresponding order of convergence for each € by

. o N:AL
5 _ g
Pe . 10g2 < 2N,At/2) )
€e
Now, for each N and At, we define the e-uniform maximum pointwise error by

NAL — max eéV’At,
&

e
and the corresponding e-uniform order of convergence by
- oAt
R—— 10g2 <62N,At/2) ’
Next, we consider an example with variable coefficients.
Example 7.5.2. Consider the following singularly perturbed 2D delay parabolic IBVP:

(

w—eAu+ (1+2)us + (2 —y)uy, + (2 + >+ Du = u(z,y,t — 1) + f(x,y,1),

(x,y,t) € © % (0,2],

UJ(x?yvt) :SOb(l',y,t), (x;y7t) €D x [—1,0]7

L U(%%ﬂ - 07 (:L“,y,t) € 09 x [072]
(7.5.2)
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We choose the initial data ¢y (z,y,t) and the source function f(x,y,t) to fit with the

exact solution
u(w,y,t) = exp(—t)ry(n(r) — 1)(12(y) — 1),
with

71(7) = exp(—(3 — 2z — 2%)/(2¢)) and  72(y) = exp(—(3 — 4y +y*)/(2¢)).

We calculate the maximum pointwise errors and the corresponding orders of conver-
gence in a similar way as discussed earlier. Tables 7.1 and 7.2 display the maximum
pointwise errors and the corresponding orders of convergence of the computed solution
U for Examples 7.5.1 and 7.5.2, respectively.

In both the Tables 7.1 and 7.2, we can observe that for fixed e, the maximum point-
wise errors decrease monotonically as N increases, which confirms that the proposed
method is e-uniform convergent. It also reflects the fact that the fractional-step method
along with classical upwind scheme applied on this class of problem results almost first-
order convergence.

The numerical solutions of both the Examples 7.5.1 and 7.5.2 are plotted in Figures
7.1 and 7.3, respectively, for e = 1072, 1078, ¢t = 1, 2, and N = 32. These figures show
the appearance of the boundary layer and its behavior for different « and ¢.

As a complement of these observations, Figures 7.2 and 7.4 display the plot of N
versus the maximum pointwise errors in loglog scale for both the Examples 7.5.1 and
7.5.2, respectively. As N increases, the monotonically decreasing behavior of the max-
imum pointwise errors can be observed from both the Figures 7.2 and 7.4. Moreover,

these two figures also confirm that the proposed method is almost first-order accurate.

7.6 Conclusions

In this chapter, we have proposed an efficient numerical scheme for the singularly per-
turbed 2D delay parabolic convection-diffusion problem of the form (7.1.1), using the
uniform mesh for the temporal domain and the piecewise-uniform Shishkin mesh for the
spatial domain. For discretizing the time derivative a fractional-step method has been
used and then the classical upwind scheme has been used for the 1D stationary problems
resulting of the first step. This method has an advantage of solving only the tridiagonal
linear systems instead of handling a banded pentadiagonal matrix, which therefore re-
duces the computational cost. It has been theoretically proved that the newly proposed
scheme is e-uniformly convergent with almost first-order (up to a logarithmic factor) in
space and first-order in time. Along with the analysis, we have presented two numerical

examples to verify the theoretical findings.
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Figure 7.2: Visualization of the order of convergence through loglog plot for Example

7.5.1.
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Figure 7.3: Surface plots of the numerical solutions U at N = 32 for Example 7.5.2.

10
=¥ oNlinN)
e=le-1
gezle%
_ 10 -BH-¢=1e-8 £
o
L
%
= 102 |
10° ‘
10”
N
Figure 7.4: Visualization of the order of convergence through loglog plot for Example
7.5.2.
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Table 7.1: Mazimum pointwise errors and the corresponding order of convergence for
Example 7.5.1.

€ Number of mesh-intervals N /temporal mesh-size At

32/45 64/ 55 128/ 55 256/ =5 512/ 75

107! | 3.8524e-2  2.0897e-2  1.0902e-2  5.5691e-3  2.8148e-3
0.8824 0.9387 0.9691 0.9844

1072 | 6.6775e-2  4.0097e-2  2.3696e-2  1.3720e-2  7.8000e-3
0.7358 0.7589 0.7883 0.8147

1073 | 7.2054e-2  4.2686e-2  2.4903e-2  1.4295e-2  8.0778e-3
0.7553 0.7775 0.8008 0.8235

107% | 7.2681e-2  4.3029e-2  2.5086e-2  1.4396e-2  8.1308e-3
0.7563 0.7784 0.8012 0.8242

107° | 7.2745e-2  4.3064e-2  2.5106e-2  1.4408e¢-2  8.1377e-3
0.7563 0.7785 0.8012 0.8242

107° | 7.2751e-2  4.3068¢-2  2.5107e-2  1.4409e-2  8.1384e-3
0.7564 0.7785 0.8012 0.8241

1077 | 7.2752e-2  4.3068¢-2  2.5108e-2  1.4409¢-2  8.1385e-3
0.7564 0.7785 0.8012 0.8241

1078 | 7.2752e-2  4.3068¢-2  2.5108¢-2  1.4409e-2  8.1385e-3
0.7564 0.7785 0.8012 0.8241

eNAL [ 7.2752e-2  4.3068e-2 2.5108e-2 1.4409e-2  8.1385e-3

pMa | 0.7564  0.7785 0.8012 0.8241
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Table 7.2: Mazimum pointwise errors and the corresponding order of convergence for

Example 7.5.2.

3

Number of mesh-intervals N /temporal mesh-size At

32/45 64/ 55 128/ 55 256/ =5 512/ 75

107" | 4.9930e-2  2.9034e-2  1.5886e-2  8.3027e-3  4.2476e-3
0.7822 0.8700 0.9361 0.9669

1072 | 8.4968e-2  5.8123e-2  3.678%e-2  2.2100e-2  1.2794e-2
0.5478 0.6600 0.7351 0.7886

1073 | 9.4080e-2  6.4490e-2  4.0709e-2  2.4412e-2  1.411le-2
0.5448 0.6637 0.7378 0.7907

107% | 9.6667e-2  6.5608e-2  4.1396e-2  2.4861e-2  1.4364e-2
0.5591 0.6644 0.7356 0.7914

107° | 9.6963e-2  6.5981e-2  4.1604e-2  2.4909e-2  1.4402e-2
0.5554 0.6653 0.7401 0.7903

1079 | 9.6993e-2  6.6018e-2  4.1650e-2  2.4964e-2  1.4413e-2
0.5550 0.6645 0.7385 0.7925

1077 | 9.6996e-2  6.6022e-2  4.1655e-2  2.4970e-2  1.4419e-2
0.5550 0.6645 0.7383 0.7922

1078 | 9.6997e-2  6.6023e-2  4.1656e-2  2.4970e-2  1.4420e-2
0.5550 0.6644 0.7383 0.7921

eM21 1 9.6997e-2 6.6023e-2 4.1656e-2 2.4970e-2  1.4420e-2

pMa | 0.5550 0.6644 0.7383 0.7921
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CHAPTER 8

Summary and Future Scopes

A brief summary of the results made in this thesis along with the techniques used in
deriving the results is given in this chapter. It also contains the possible extensions of

the present work and their further investigations.

8.1 Summary of the Results
The results of this thesis with some important observations are briefly described below:

e A parameter-uniform numerical scheme is analyzed on the Shishkin mesh for solv-
ing a one-dimensional singularly perturbed delay parabolic convection-diffusion
problem. The scheme consists of the implicit-Euler scheme for the time derivative
and the hybrid numerical scheme for the spatial derivatives. It is shown that the
discrete solution obtained by this technique is almost second-order spatial accurate
in the discrete supremum norm, provided the perturbation parameter ¢ satisfies
e < N, which is the most demandable case from practical point of view. Numer-
ical results are produced to validate theoretical error estimates. Numerically, it is
shown that the result obtained by the proposed scheme is also valid for semilinear

delay parabolic problems.

e Then, a post-processing technique known as the Richardson extrapolation tech-
nique is analyzed for solving a one-dimensional singularly perturbed delay
parabolic convection-diffusion problem, on the piecewise-uniform Shishkin mesh.
Theoretically and numerically it is proved that the order of convergence of the clas-
sical upwind scheme is enhanced from almost first-order to almost second-order,
after extrapolation. Numerical experiments are carried out to validate the theo-
retical findings. This method is applied on semilinear delay parabolic problems

also.
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e The idea of the Richardson extrapolation technique is used to obtain second-order
accurate (both in space and time) numerical solution of a singularly perturbed 2D
parabolic convection-diffusion problem. To discretize the time derivative, we used
the fractional-step method, then to solve the 1D stationary problems resulting
of the first step, we used the classical upwind scheme on the piecewise-uniform
Shishkin meshes in the spatial directions. Numerical results are produced to vali-

date theoretical error estimates.

e In the literature, so far there exist no result where a singularly perturbed 2D delay
parabolic convection-diffusion problem is considered. To solve such problems in
this thesis, we used the classical upwind scheme to discretize the spatial derivatives
on the piecewise-uniform Shishkin mesh and the implicit-Euler scheme to discretize
the temporal derivatives on the uniform mesh. It is shown both theoretically and
numerically that the method applied on the Shishkin mesh is almost first-order

(up to a logarithmic factor) accurate in space and first-order accurate in time.

e One can notice, the order reduction occurred due to the Shishkin mesh, which
was used to discretize the spatial domain. To overcome the reduction of order,
we used the Bakhvalov-Shishkin mesh for the discretization of spatial domain.
Theoretically and numerically it is shown that the error estimate obtained for the

classical upwind scheme is first-order accurate in space as well as in time.

e An efficient numerical scheme is proposed to solve a singularly perturbed 2D de-
lay parabolic convection-diffusion problem. To discretize the time derivative, the
fractional-step method is used. Then the classical upwind scheme is used on the
piecewise-uniform Shishkin meshes in the spatial directions, for the 1D station-
ary problems resulting of the first step. The parameter-uniform error estimates
are derived for the numerical solution. Numerical experiments are carried out to

validate the theoretical findings.

8.2 Future Scope

The possible extensions of the works carried out in this thesis are presented below:

In Chapter 2, we analyzed a singularly perturbed delay parabolic convection-diffusion
problem using the implicit-Euler scheme for the time derivative and the hybrid scheme
for the spatial derivative on the piecewise-uniform Shishkin mesh. The order of conver-
gence in time can be increased by applying the Richardson extrapolation technique and

appropriate analysis can be done.
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The scheme applied in Chapter 2 can be used to solve a two-parameter delay

convection-diffusion problem of the form

¢

(0 — Ettge + pa(z)uy + bz, tyu)(z, t) = f(a,t)—c(z, u(z, t — 1), (2,t) € D,
u(z,t) = ¢y, 1), (z,t) € T},
w(0,t) = d(t), on Ty ={(0,£):0<t<T),
u(L,1) = 6, (), onT, = {(1,1):0< ¢ < T},
(8.2.1)

where 0 < ¢, u < 1 are the singular perturbation parameters and 7 > 0 is the delay
parameter. a(z), b(z,t), c(x,t), f(z,t) on D, and ¢(t), ¢.(t), ¢p(x,t) on T, are suffi-
ciently smooth and bounded functions, such that a(x) > a > 0, b(z,t) > 0 and c(z,t)
is nonzero on D.

The Richardson extrapolation technique used in Chapter 3 can be applied to the
above problem (8.2.1).

The analysis done in this thesis can be extended to a coupled system of equations.
One may think to use the higher-order schemes used in Chapter 2 and Chapter 3 to

solve the following model equation:

( ou - b,
Leii = a_? + Lysii = f — Ba)il(z,t — 1), (2,8) € D =Q, x Ay = (0,1) x (0, 77,
@(z,t) = gy, t), (z,t) € Ty,
@(0,t) = y(t), on T, = {(0,¢): 0<t<T},
| a@(1,t) = 6, (1), onT, ={(1,t):0<t<T},
(8.2.2)
where the spatial differential operator L, ¢ is given by
0? 0
Ly-=—-— — A(r)— + B(x),
§ g@xz (x)ﬁx + 2%)

and the coefficient matrices € = diag(ey,es), A(x) = diag(ai(z),az(x)), B(z) =
(bij())ax2, and B(z) = (b;;(x))axa. We shall assume that convection matrix A satis-

fies following conditions:
a(xz) > a >0, az(z) > a > 0.

In addition, we assume that B = {b;;}7,_, is an Lo-matrix (i.e., off-diagonals are non-

positive and diagonals are positive) with

min {bn(x) -+ bm(!ﬂ), b21(27) —+ bgz(&l)} > ﬁ > 0,

z€[0,1]
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In Chapter 4, we used the Richardson extrapolation technique for singularly perturbed
2D parabolic convection-diffusion PDE with homogeneous Dirichlet boundary condi-
tion. One can use the fractional-step method along with the hybrid scheme to solve the
following singularly perturbed 2D parabolic convection-diffusion problem with nonho-

mogeneous Robin type boundary conditions, posed on the domain & = x A,

Ut‘i‘ﬁau(%y,t) :f<$7y7t)a (x7yat) € 67
u(z,y,0) = s(x,y), (z,y) €D,
Mz, y, tu(z,y,t) + ey(x, yﬂf)%(m, y,t) = 5(z,y,1), (2,y,t) € 9D x Ay,

where
Lou =—eAu+ a(z,y).Vu+b(z,y)u,

and g—z denotes the derivative of u in the outward normal direction to the boundary
0D x A;. The coefficients a = (ay,as), b and the functions A(z,y,t), v(x,y,t) are suf-
ficiently smooth and bounded function such that a\(z,y) > a_ > 0, ax(z,y) > a, >
Oand b(z,y) > 0, on® and A(z,y,t), v(x,y,t) > 0, AMz,y,t)+v(z,y,t) > 0, on 0D X A;.

Finally, in Chapter 7, we analyzed singularly perturbed 2D delay parabolic
convection-diffusion problem using the fractional-step method and the upwind scheme.
It will be much interesting to enhance the order of convergence by using the technique

done in Chapter 4.
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