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Abstract

The primary interest of this thesis is to provide some efficient numerical techniques for
solving singularly perturbed delay parabolic initial-boundary-value problems (IBVPs)
in one and two-dimensions. These types of problems are described by partial differential
equations (PDEs) in which the highest-order derivative is multiplied by an arbitrarily
small parameter ε and contain at least one delay term. Due to the parameter ε, the solu-
tion of such equation exhibits a thin layer where the solution varies rapidly, while away
from the layer the solution varies slowly and behaves smoothly. Singularly perturbed
PDEs model physical problems for which the evolution depend in the present state of the
system. In contrast, singularly perturbed delay partial differential equations (DPDEs)
relate an unknown function to its derivatives by the past history. Due to the layer
phenomena, it is indeed a difficult task to provide ε-uniform numerical methods for sin-
gularly perturbed DPDEs, i.e., methods in which the approximated solution converges
(measured in supremum norm) to the exact solution of the corresponding continuous
problem independently with respect to the parameter ε.

The purpose of this thesis is to apply, analyze and optimize the upwind based numer-
ical methods on Shishkin-type meshes for solving singularly perturbed delay parabolic
convection-diffusion problems.

We begin the thesis with general introduction along with the objective and the mo-
tivation for solving singularly perturbed delay parabolic PDEs. Then, we give some
definitions and terminologies which are used throughout the thesis. Next, we move to-
wards the main work of the thesis. A uniformly convergent hybrid scheme is proposed
and analyzed for a 1D DPDE on the piecewise-uniform Shishkin mesh. The hybrid
scheme used here, is a proper combination of the midpoint upwind scheme and the cen-
tral difference scheme. Then, we consider the same problem and use a post-processing
technique (Richardson extrapolation), which improves the first-order accuracy of the
standard upwind scheme applied on the piecewise-uniform Shishkin mesh to second-order
convergence. Numerical experiments are carried out for singularly perturbed linear and
semilinear DPDEs.

Then we proceed towards two-dimensional parabolic PDEs. We use a fractional-step
method to discretize the time-derivative of the singularly perturbed two-dimensional
PDE. The resulting one-dimensional equations are solved by the classical upwind scheme
along with the Richardson extrapolation technique. Next, we consider singularly per-
turbed two-dimensional DPDEs. We use the classical upwind scheme to discretize the
spatial derivatives on the standard Shishkin mesh and the Bakhvalov-Shishkin mesh.
By considering the fact that the fractional-step method allows us to reduce the compu-
tational cost, we use the fractional-step method along with the classical upwind scheme
to solve singularly perturbed two-dimensional DPDE. We present numerical results to
validate the theoretical findings.

A concise conclusion with possible future work is provided at the end of this thesis.

TH-1760_126123005
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ε , EN,∆t, êN,∆tε , êN,∆t maximum pointwise error

pN,∆tε , pN,∆t, PN,∆t
ε , PN,∆t, p̂N,∆tε , p̂N,∆t order of convergence

TH-1760_126123005



List of Figures

2.1 Shishkin mesh in 1D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Surface plots of the numerical solutions for ε = 1e− 4, N = 64. . . . . . 44

2.3 Visualization of the order of convergence through loglog plot. . . . . . . . 45

2.4 Visualization for the spatial order of convergence (for M = N2). . . . . . 46

3.1 Surface plots of the numerical solutions for ε = 1e− 8, N = 64. . . . . . 76

3.2 Visualization of the order of convergence through loglog plot. . . . . . . . 77

4.1 Surface plots of the numerical solutions at t = 1 and N = 32 for Example

4.6.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.2 Visualization of the order of convergence through loglog plot for Example

4.6.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.3 Surface plots of the numerical solutions at t = 1 and N = 32 for Example

4.6.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.4 Visualization of the order of convergence through loglog plot for Example

4.6.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.1 Shishkin mesh in the unit square. . . . . . . . . . . . . . . . . . . . . . . 107

5.2 Surface plots of the numerical solutions U at t = 2 and N = 32 for

Example 5.5.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3 Visualization of the order of convergence through loglog plot for Example

5.5.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.4 Surface plots of the numerical solutions U at t = 2 and N = 32 for

Example 5.5.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.5 Visualization of the order of convergence through loglog plot Example 5.5.2.119

6.1 Surface plots of the numerical solutions U at t = 2 and N = 32 for

Example 6.4.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.2 Comparison of the order of convergence through loglog plot for Example

6.4.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

xii
TH-1760_126123005



xiii

6.3 Surface plots of the numerical solutions U at t = 2 and N = 32 for

Example 6.4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.4 Comparison of the order of convergence through loglog plot for Example

6.4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

7.1 Surface plots of the numerical solutions U at N = 32 for Example 7.5.1. . 160

7.2 Visualization of the order of convergence through loglog plot for Example

7.5.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.3 Surface plots of the numerical solutions U at N = 32 for Example 7.5.2. . 161

7.4 Visualization of the order of convergence through loglog plot for Example

7.5.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

TH-1760_126123005



List of Tables

2.1 Maximum pointwise errors eN,∆t and the corresponding order of conver-

gence pN,∆t for Example 2.6.1 by using the hybrid scheme. . . . . . . . . 43

2.2 Maximum pointwise errors and the corresponding order of convergence for

Example 2.6.1 by taking M = N2. . . . . . . . . . . . . . . . . . . . . . . 43

2.3 Maximum pointwise errors eN,∆t and the corresponding order of conver-

gence pN,∆t for Example 2.6.1 by using the upwind scheme [32]. . . . . . 47

2.4 Maximum pointwise errors EN,∆t and the corresponding order of conver-

gence PN,∆t for Example 2.6.2 by using the hybrid scheme. . . . . . . . . 48

2.5 Maximum pointwise errors and the corresponding order of convergence for

Example 2.6.2 by taking M = N2. . . . . . . . . . . . . . . . . . . . . . . 48

2.6 Maximum pointwise errors EN,∆t and the corresponding order of conver-

gence PN,∆t for Example 2.6.2 by using the upwind scheme [32]. . . . . . 49
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CHAPTER 1

Introduction

1.1 Brief Background

The boundary layer phenomena have considerable importance in the area of fluid flow

problems, chemical reactor theory, elasticity, heat and mass transfer, semi-conductor

device modeling etc. From the mathematical perspective, such kind of problem is called

singular perturbation problem (SPP) and the solution of such problem exhibits boundary

layer(s) due to the small parameter (ε) multiplied with the highest-order derivative.

When ε → 0, the order of the differential equation is reduced, but the number of

boundary conditions remain same and as a consequence, the problem becomes ill-posed.

It can be observed that there is a thin layer where the solution varies rapidly, but away

from the layer the solution behaves regularly and varies slowly. This class of problem is

an attractive area for researchers due to its application nature.

For example, the Navier-Stokes equation of fluid dynamics, which governs the un-

steady incompressible viscous fluid flow problem is given by
∂u

∂t
+ u · ∇u +∇p =

1

Re
∇2u,

∇ · u = 0,
(1.1.1)

subject to suitable initial and boundary conditions. Here, p is the pressure and u is

the velocity field whose components are u1, u2 along x and y directions. The parameter

Re = |u|L/ν is the Reynolds number with L being the length scale and ν is the kinematic

viscosity of the fluid. For sufficiently large Re (� 1), the equations given in (1.1.1) will

be considered as singularly perturbed partial differential equation (PDE), and in such

cases considerable amount of numerical difficulties arise due to the presence of boundary

1

TH-1760_126123005



Chapter 1 1.1. Brief Background

layers. For more examples, one can refer the books of Morton [64], Murray [68] and the

survey article of Lagerstrom and Casten [49].

In the Third International Congress of Mathematicians held at Heidelberg in 1904,

Prandtl pioneered the subject of boundary layer theory for the first time. In his seven-

page report, which was published in the proceedings [82], he explained how a quantity

as small as the viscosity of common fluids such as water and air could play a crucial

role in determining their flow. In that work, Prandtl had shown that the flow about

a body can be dealt by dividing it into two regions: a very thin layer in proximity to

the body (which he called the boundary layer) where the frictional effects are prominent

and remaining as the outside regions. Afterwards, the boundary layer theory became

the foundation stone for modern fluid dynamics. However, Friedrichs and Wasow [30]

first commenced the term ‘singular perturbation’ in their paper on nonlinear vibrations,

which was presented at New York University in 1946.

A differential equation is said to be singularly perturbed when the highest-order

derivative is multiplied by a small parameter 0 < ε � 1 (the so-called singular pertur-

bation parameter). Due to the effect of ε, this topic got attention from mathematicians

as well as physicists. When the parameter ε → 0, the problem has a limiting solution,

which is called the solution of the reduced problem [20] and the regions of nonuniform

convergence lie near the boundary, which are known as boundary layers. Such problems

have steep gradients in the narrow layer regions of the considered domain. In general, the

analytic solution of these problems has multi-scale behavior. For singularly perturbed

PDE, boundary layer can be broadly classified into two types, i.e., parabolic boundary

layer and regular boundary layer. If the characteristics of the reduced equation are par-

allel to the boundary, then it is called parabolic boundary layer otherwise such layer is

called regular boundary layer. Another type of boundary layer near a corner, termed as

corner layer, is also available in the literature. For better understanding, one can refer

to the book of Farrell et al. [28], where these cases are explained nicely with graphs.

Numerical analysis and asymptotic analysis are two main approaches for solving

SPPs. By numerical analysis one can get quantitative information about a particular

problem, whereas asymptotic analysis provides an insight into the qualitative behavior

of a family of problems. Quite a good number of books are available which deal with

asymptotic approaches. To cite a few: Bender and Orszag [7], Bush [9], Eckhaus [22, 23],

Kevorkian and Cole [42], Miller [61], Nayfeh [74, 75] and O’Malley [78, 79]. Several

numerical methods have been developed over the last few decades for solving singularly

perturbed stationary and non-stationary problems. For details, one may refer to the

books of Doolan et al. [20], Farrell et al. [28] and Miller et al. [60] and the articles of

Ewing and Wang [26], Farrell [27], Kadalbajoo and Patidar [35], Kopteva and Stynes
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[45], Linß [56], Miller [58], Miller et al. [59] and Stynes [88].

In this thesis, we mainly focus on the numerical solution of singularly perturbed

parabolic differential equation with a delay term. At the time of modeling a physical

phenomenon, one may assume that the considered system is governed by a principle

of causality, i.e., the future state of the system solely depends on the present not on

the past state. But, by thorough inspection, it becomes apparent that, more realistic

model would involve some of the past history of the system. Such kind of phenomena

are modeled by differential equations with delay arguments.

Delay differential equations (DDEs) are classified into four categories. In a DDE, if

delay does not occur in the highest-order derivative then such type of DDE is called re-

tarded type. For example, the following first-order ordinary differential equation (ODE)

du

dx
+ au(x) + bu(x− τ(x)) = g(x),

is of retarded type.

If the delay appears in the highest-order derivative then that type of DDE is called

neutral type. The example is

du

dx
+ a

du(x− τ(x))

dx
+ bu(x) + cu(x− τ(x)) = g(x).

If the delay appears in the highest-order derivative and not in the next lower-order then

such type of DDE is called advanced type. The following second-order ODE is of this

type:
d2u(x− τ(x))

dx2
+ a

du

dx
+ bu(x) + cu(x− τ(x)) = g(x).

Sometime the delay can be a function of an unknown function then that is called state

dependent type. The example is

du

dx
+ au(x) + bu(x− τ(x, u(x))) = g(x).

The general theory of DDEs is widely developed and we refer to the classical books

by Bellman and Cooke [6], Diekmann et al. [19], Driver [21], El’sgol’ts and Norkin [24],

Hale [33], Hale and Verduyn Lunel [34], Kolmanovskii and Myshkis [43], Kolmanovskii

and Nosov [44], Kuang [46], Nelson and Perelson [76], Villasana and Radunskaya [93]

and Zhao [96], which also include many real-life examples of DDEs.

Here, we consider retarded type DDE. A subclass of these equations is singularly

perturbed delay differential equation (SPDDE), i.e., the highest-order derivative term is

multiplied by a small parameter (ε) and the equation contains at least one delay term.

For example, consider an automatically controlled furnace. The material strip to be

heated is fed into the furnace by rollers whose speed is regulated by the speed controller.
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The furnace temperature is varied by means of a heater actuated by a heater controller.

The control objective is to maintain a desired spatial temperature distribution in the

incoming material, which is fed into the furnace by rollers, the speed of which is regulated

by a speed controller. This may be accomplished by placing temperature transducers

along the material strip. A computer uses the information from the transducers to

generate the appropriate control signals for the heater and feed roller controllers. Owing

to the possible presence of time delays in actuation, and in information transmission

and processing, the control signals may be delayed in time. A simplified mathematical

description of the overall control system may be given by

∂u(x, t)

∂t
= ε

∂2u(x, t)

∂x2
+ v (g(u(x, t− τ)))

∂u(x, t)

∂x
+ c [f(u(x, t− τ))− u(x, t)] ,

defined on a one-dimensional spatial domain 0 < x < 1, subject to suitable initial and

boundary conditions. Here, v is the instantaneous material strip velocity depending on

a prescribed spatial average of the time-delayed temperature distribution u(x, t−τ), and

f represents a distributed temperature source function depending on u(x, t− τ). More

details can be seen in [95].

The so-called Britton model [8] in population dynamics is another example of delay

problem, which is given by

ut = ε∆u+ u(1− g ∗ u)

with

g ∗ u =

∫ t

t−τ

∫
Ω

g(x− y, t− s)u(y, s)dyds.

Here, u(x, t) is the population density, which evolves through random migration (mod-

eled by the diffusion term) and reproduction (modeled by the nonlinear reaction term).

The latter part contains a convolution operator with a kernel g(x, t), which models

the distributed age-structure dependence of the evolution and its dependence on the

population levels in the neighborhood.

In brief, the difference between singularly perturbed delay partial differential equa-

tions (DPDEs) and singular perturbed PDEs without time delay are:

(i) Singularly perturbed DPDEs can model the time-lag or after effect which cannot

be done by conventional instantaneous PDEs.

(ii) If we replace u(x, t − τ) with the first few terms of the Taylor series expansion,

then the solution of the approximated singularly perturbed PDE may behave quite

differently from the original solution. Small lags can have large effects.

(iii) For singularly perturbed DPDEs, the initial condition is a function of x and t,

defined on the interval t ∈ [−τ, 0], whereas in the case of singularly perturbed

PDEs, the initial condition is given only on the x-axis, i.e., along t = 0.
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The boundary layer phenomenon causes severe hurdles in obtaining the numerical

approximate solutions by the classical numerical methods on the uniform meshes. Two

most reliable numerical methods for solving such type of equations which are available in

the literatures are fitted operator methods (FOMs) and fitted mesh methods (FMMs).

In FOMs, one uses an exponentially fitted difference scheme on the uniform meshes,

which have coefficients of exponential type adapted to the SPP. The extension of FOMs

to higher-dimensional problems are too difficult and in some cases it may not be even

possible. Whereas, in FMMs, one can use the classical finite difference schemes on the

piecewise-uniform mesh or any other layer-adapted nonuniform meshes. In FMMs, the

meshes are constructed in such a way that the density of mesh-points will be more

in the boundary layer regions compared to the outer regions. The well-known layer

resolving fitted meshes are Bakhvalov meshes [4] and Shishkin meshes [60]. To generate

the Bakhvalov meshes, one has to solve a nonlinear equation, which is comparatively

difficult than generating the piecewise-uniform Shishkin mesh. In both the cases one

requires apriori information about the width and location of the boundary layer. More

information about the layer-adapted nonuniform meshes and the numerical schemes for

SPPs can be found in the books of Farrell et al. [28], Miller et al. [60] and Roos et al.

[85].

1.2 Objective and Motivation

The main aim of this thesis is to apply, analyze and optimize ε-uniform upwind based

FMMs for solving singularly perturbed delay parabolic convection-diffusion problems.

The theory and numerical solution of singularly perturbed DPDEs are still at the initial

stage whereas numerical methods for singularly perturbed PDEs have been studied ex-

tensively by many authors. For details, one may refer the books by Doolan et al. [20],

Farrell et al. [28], Miller et al. [60] and Roos et al. [85], where FOMs and FMMs are

used for solving singularly perturbed problems in one and two-dimensions. Cai and Liu

[10] and Stynes [88] developed uniformly convergent numerical methods on the Shishkin

mesh for time dependent and steady-state convection-diffusion problems. One can also

look into the articles [5, 69, 70, 71, 72, 91, 92], in which Natesan and his collaborators

have proposed initial-value techniques and parallel boundary-value techniques to solve

singularly perturbed boundary-value problems (BVPs).

However, constructing a parameter-uniform higher-order numerical method is always

a challenging task. Here, we cite some articles, which dealt with such numerical methods,

namely, the hybrid scheme and the Richardson extrapolation technique.

A hybrid scheme, which is a proper combination of the midpoint upwind scheme (for
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the outer region) and the central difference scheme (for the inner region) was proposed

in [65, 67, 89]. The midpoint upwind scheme was first introduced by Abrahamsson et

al. [1] for system of singularly perturbed ODE. Stynes and Roos [89] combined this

scheme with the central difference scheme to solve a singularly perturbed BVP. Mukher-

jee and Natesan [65, 67] used the hybrid scheme to solve a singularly perturbed parabolic

convection-diffusion problem. The convection coefficient of the problem studied in [65]

is continuous, whereas in [67], it is discontinuous. By using this scheme, they were

able to obtain almost second-order spatial accuracy. Das and Natesan [17] proposed

a higher-order scheme for solving system of reaction-diffusion ODE with mixed type

boundary conditions. They used the cubic spline approximation for the inner region

and the central difference scheme for the outer region and obtained almost second-order

spatial accuracy.

Another method, which exists in the literature, to enhance the order of accuracy

of the numerical solutions of SPPs is the Richardson extrapolation technique. This

technique was used for singularly perturbed convection-diffusion BVP on the piecewise-

uniform Shishkin mesh by Natividad and Stynes [73] and on equidistributed mesh by

Das and Natesan [16], whereas Mohapatra and Natesan [62] applied this technique for

singularly perturbed delay BVPs for ODEs. This technique was adapted to the system of

convection-diffusion two-point BVPs by Deb and Natesan [18], and for parabolic PDEs

(without the delay term) by Mukherjee and Natesan [66].

Any system involving a feedback control will almost involve delay since a finite time

is required to sense information and then react to it. SPDDEs are very useful tool

to model many phenomena in biophysics and mechanics [87, 90]. To solve a SPDDE

having both the delay and shift terms, Lange and Miura [50, 51, 52, 53, 54] provided an

asymptotic approach, moreover they showed that the effect of the delay and shift terms

on the solutions cannot be neglected. Since SPDDE can model a wide range of biological

problems, the computation for SPDDE is very important. Amiraliyev and Erdogan [2]

suggested an implicit finite difference scheme on the piecewise-uniform Shishkin mesh

to solve an initial-value problem (IVP) for a linear first-order DDE and also proved that

the method has almost first-order convergence. Erdogan [25] proposed an implicit finite

difference scheme on the special Bakhvalov mesh for an IVP. A hybrid finite difference

scheme on the Shishkin mesh was suggested by Cen [11]. The FOMs or the FMMs was

used by Kadalbajoo et al. [36, 37, 38, 39] and a non-standard finite difference scheme

was used by Patidar and Sharma [80, 81] to solve BVPs. Mohapatra and Natesan [63]

used the adaptive mesh generation method based on the idea of equidistribution to solve

a BVP.

However, comparatively little work has been done for singularly perturbed delay
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parabolic PDEs. Ansari et al. [3] considered a delay parabolic reaction-diffusion dif-

ferential equation on a rectangular domain in the x, t plane. The second-order spatial

derivative is multiplied by a small parameter, which gives rise to parabolic boundary

layers on the two lateral sides of the rectangle. A numerical method comprising of

a standard finite difference operator (central difference in space and implicit-Euler in

time) on a rectangular piecewise-uniform fitted mesh condensing in the boundary layers,

is proved to be robust with respect to the small parameter, or parameter-uniform, in the

sense that its numerical solution converges to the exact solution in the maximum norm,

uniformly for all 0 < ε� 1.

Ramesh and Kadalbajoo [83] considered a class of time-dependent singularly per-

turbed convection-diffusion problems with retarded terms which often arise in computa-

tional neuroscience, i.e., there is a delay term in the spatial variable. By using the Taylor

series, they approximated the retarded terms, and finally with the help of a parameter-

uniform numerical methods based on the implicit-Euler, upwind and midpoint upwind

finite difference schemes, they solved their model problem.

Gowrisankar and Natesan [31] proposed a parameter-uniform computational tech-

nique to solve singularly perturbed delay parabolic reaction-diffusion problem. The

domain was discretized with a nonuniform mesh obtained via equidistribution of a mon-

itor function for the spatial variable and with a uniform mesh on the time direction.

The numerical scheme consists of the implicit-Euler scheme for the time derivative and

the classical central difference scheme for the spatial derivative. The proposed numerical

scheme is of second-order accurate in space and first-order accurate in time.

In [32], Gowrisankar and Natesan considered a singularly perturbed delay parabolic

convection-diffusion problem. They discretized the domain by using a piecewise-uniform

Shishkin mesh in the spatial direction and uniform mesh in the temporal direction.

The numerical scheme consists of the implicit-Euler scheme for the time derivative and

the upwind finite difference scheme for the spatial derivative. The proposed numerical

scheme is ε-uniformly convergent with first-order accurate in time and almost first-order

(up to a logarithmic factor) accurate in space.

In [47], Kumar and Kadalbajoo considered a class of time-dependent singularly per-

turbed convection-diffusion problems with the delay in space. To approximate the re-

tarded terms, the Taylor series expansion has been used and the resulting time-dependent

SPP is approximated using parameter-uniform numerical method comprised of a stan-

dard implicit finite difference scheme to discretize in the temporal direction on the

uniform mesh by means of the Rothe’s method and a B-spline collocation method in

the spatial direction on the piecewise-uniform Shishkin mesh. The method has shown

to have almost second-order parameter-uniform convergence.
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From the literature, one can observe that in most of the cases no higher-order

parameter-uniformly convergent scheme was used to solve singularly perturbed delay

parabolic convection-diffusion problem. Some works have been carried out where the

delay parameters are involved in space, which is less usual phenomenon than delay in

time. Again, the use of the Taylor series approximation for the delay term is not an

effective way, because the solution of the approximated singularly perturbed PDE may

behave quite differently from the original solution. By considering all these facts, we pro-

pose some higher-order parameter-uniformly convergent numerical schemes for solving

singularly perturbed delay parabolic convection-diffusion problems.

1.3 Some Notations and Terminologies

In this section, we give some basic definitions, notations and terminology which will be

used throughout the thesis.

We denote Ck(Q) as the space of all functions whose derivatives up to order k(≥ 0)

are continuous on Q, where Q is a bounded domain in Rn × [0, T ]. Now, we define the

Hölder continuous function.

Definition 1.3.1. Let µ ∈ (0, 1). A function χ : Q→ R is said to be uniformly Hölder

continuous with exponent µ in Q, if the quantity [χ]µ,Q is finite, where

[χ]µ,Q = sup
(x,t), (x′,t′)∈Q

|χ(x, t)− χ(x′, t′)|
[dist((x, t), (x′, t′))]µ

, dist((x, t), (x′, t′)) =
(
‖x− x′‖2 + |t− t′|

)1/2
,

with x, x′ ∈ Rn and ‖x‖ is the euclidean norm (
∑n

i=1 x
2
i )

1/2
.

This coincides with the definition of [29]. The space consisting of Hölder continuous

functions is called Hölder continuous space, and it is denoted by Cµ,µ/2(Q). For each

positive integer k ≥ 1, the Hölder space Ck+µ,(k+µ)/2(Q) is defined as follows:

Ck+µ,(k+µ)/2(Q) =

{
g :

∂i+jg

∂xi∂tj
∈ Cµ,µ/2(Q), for all non-negative integers

i, j with 0 ≤ i+ 2j ≤ k

}
,

where x = (x1, x2, · · · , xn), ∂xi = ∂xi11 ∂x
i2
2 · · · ∂xinn , and i = i1 + i2 + · · ·+ in.

Note that for each integer k ≥ 0, any function g ∈ Ck+µ,(k+µ)/2(Q) is uniformly

continuous in Q and admits a unique extension on Q. This permits us to speak about

values on ∂Q = Q\Q of a function g ∈ Ck+µ,(k+µ)/2(Q) and without ambiguity one can

write Ck+µ,(k+µ)/2(Q) = Ck+µ,(k+µ)/2(Q).
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For the analysis, we use the standard supremum norm, which is denoted by ‖·‖∞
and is defined by

‖g‖∞ = sup
(x,t)∈Q

|g(x, t)| .

Throughout the thesis, C has been used as a generic positive constant which is

independent of ε, the mesh-points and the mesh-sizes. Note that C may take different

values in different places.

In the analysis, we frequently assume that ε ≤ N−1 as it is the case of actual interest

from the practical point of view. If N−1 < ε, then in practice the model problems

considered in this thesis are not difficult to solve computationally, and the analysis can

be carried out in the classical way.

Due to the boundary layer, obtaining an ε-independent error bound for a classical

discretization methods applied on the uniform mesh is always a difficult task. To measure

the performance and the robustness of a numerical method, let us introduce the concept

of ε-uniform accuracy.

Definition 1.3.2. ( ε-Uniform numerical method) Consider a family of mathemati-

cal problems parameterized by a parameter ε where 0 < ε� 1. Assume that each problem

in the family has a unique solution denoted by uε and that of each uε is approximated by

a sequence of numerical solution {(Uε, Q
N,∆t

)}∞N=1, where Uε is defined on the discrete

space Q
N,∆t

with the discretization parameters N and ∆t. Now the numerical solution

Uε is said to converge ε-uniformly to the exact solution uε, if there exist a positive integer

N0 and positive number ‘C’, p and q such that for all N ≥ N0 and M ≥ M0, where

M = T/∆t, we have

sup
0<ε�1

‖Uε − uε‖ ≤ C
(
N−p + ∆tq

)
,

where N0, M0, C, p and q are independent of ε.

Here p and q are ε-uniform order of convergence with respect to the spatial and

temporal variables, respectively, and C is called the ε-uniform error constant.

We choose the maximum norm for the measurement of the error, because we need to

measure the error in a very small part of the domain where the boundary layer occurs.

Other norms, such as the root mean square norm fails to capture the local behavior of

the error inside the boundary layer regions. Further discussion on the choice of the norm

can be found in the book of Miller et al. [60].

Now, we define the standard finite difference operators which are useful for describing

the difference schemes in the subsequent chapters. For that, we consider the arbitrary

meshes in the spatial direction as Ω
N

x = {0 = x0 < x1 < · · · < xN = 1}, and in the

temporal direction as ΛM
t = {0 = t0 < t1 < · · · < tm = T}.
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For a given mesh function q(xi, tn) = qni , define the forward, backward and central

difference operators δ+
x , δ

−
x and δ0

x in space by

δ+
x q

n
i =

qni+1 − qni
xi+1 − xi

, δ−x q
n
i =

qni − qni−1

xi − xi−1

and δ0
xq
n
i =

qni+1 − qni−1

xi+1 − xi−1

,

respectively, and we define the second-order central difference operator δ2
x by

δ2
xq
n
i =

2(δ+
x q

n
i − δ−x qni )

xi+1 − xi−1

,

and define the backward difference operator δ−t in time by

δ−t q
n
i =

qni − qn−1
i

tn − tn−1

.

In an analogous way, for a given mesh function q(xi, y, tn) = qnxi,y, y ∈ ΩN
y , we

define the forward difference operator δ+
x , the backward difference operator δ−x (for first-

order spatial derivative) and the central difference operator δ2
x (for second-order spatial

derivative) in spatial x-direction by

δ+
x q

n
xi,y

=
qnxi+1,y

− qnxi,y
xi+1 − xi

, δ−x q
n
xi,y

=
qnxi,y − q

n
xi−1,y

xi − xi−1

and δ2
xq
n
xi,y

=
2(δ+

x q
n
xi,y
− δ−x qnxi,y)

xi+1 − xi−1

,

respectively.

Similarly, we define all the difference operators in y-direction. The backward differ-

ence operator δ−t is defined by

δ−t q
n
xi,yj

=
qnxi,yj − q

n−1
xi,yj

tn − tn−1

to approximate the first-order time derivative.

Now, we provide the definition of an M -matrix, as given in the books [28, 85].

Definition 1.3.3. A matrix A = (ai,j) ∈ Rk,k is an M-matrix if A is nonsingular,

A−1 ≥ 0 and ai,j ≤ 0, for all i 6= j, 1 ≤ i, j ≤ k.

The next definition is of Landau’s order symbols O (big-oh) and o (little-oh),

which are used throughout the thesis. One can refer the books [42, 78] for further

discussion of the following definitions. Let f(ε) and g(ε) be two real valued functions,

where 0 < ε ≤ ε0 � 1.

Definition 1.3.4. The expression f(ε) = O(g(ε)) as ε → 0, defines that there exist

some positive constants C and ε0 satisfying ε ∈ (0, ε0] such that

|f(ε)| ≤ C |g(ε)| , ε→ 0.

Definition 1.3.5. The expression f(ε) = o(g(ε)) as ε→ 0, defines that

lim
ε→0

f(ε)

g(ε)
= 0.
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1.3.1 Shishkin-type meshes

To explain about the meshes used throughout the thesis, we consider the linear

convection-diffusion two-point BVP for second-order ODE: −εu
′′
(x)− a(x)u′(x) + b(x)u(x) = f(x), x ∈ Ωx := (0, 1),

u(0) = 0 = u(1).
(1.3.1)

Moreover, we assume that the functions a(x), b(x) and f(x) are continuous, 0 < ε� 1 is

the perturbation parameter and a(x) ≥ α > 0. The solution of (1.3.1) has an exponential

boundary layer at x = 0 which behaves like exp(−αx/ε).
Let ρ = ρ

0
ε lnN where N ≥ 4 be an even positive integer. Following [84], we

consider a mesh which is graded in [0, xN/2] and equidistant in [xN/2, 1], where xN/2 = ρ.

Let ϕ be the mesh generating function on [0, xN/2] with the properties ϕ(0) = 0 and

ϕ(1/2) = lnN , where ϕ(σ) is a monotonically increasing and piecewise continuously

differentiable function. Then, the mesh-points are given by

xi =


ρ

0
εϕ(σi), forσi = i/N, i = 0, 1, · · · , N/2,

1− (1− ρ)
2(N − i)

N
, for i = N/2 + 1, · · · , N.

Moreover, we assume that ϕ′ does not decrease, which leads to a mesh that does not

condense on [0, ρ] as we move away from the layer. This condition ensures that hi ≤ hi+1,

for i = 1, · · · , N/2 − 1, where hi = xi − xi−1. For i = N/2 + 1, · · · , N , we have

N−1 ≤ hi = H ≤ 2N−1.

We now define a monotonically increasing function ψ, which is closely related to ϕ,

such that ϕ = − lnψ, with ψ(0) = 1 and ψ(1/2) = N−1. For different choices of mesh

characterizing function ψ, we define three types of Shishkin-type meshes as follows:

The Shishkin mesh [60]:

ψ(σ) = exp (−2(lnN)σ);

The Bakhvalov-Shishkin mesh [55]:

ψ(σ) = 1− 2(1−N−1)σ;

Modified Bakhvalov-Shishkin mesh [94]:

ψ(σ) = exp (−σ/(q − σ)) with q =
1

2
+

1

2 lnN
.
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Chapter 1 1.4. Model Problems

1.4 Model Problems

In this section, the model problems considered in this thesis are described briefly. For

clarity of the presentation, we elaborately provide these model problems with suitable

information on the given data at the beginning of the subsequent chapters.

The following types of model problems are considered and their concise descriptions

are given below:

1.4.1 Singularly perturbed 1D delay parabolic convection-
diffusion problem

Let Ωx = (0, 1), Λt = (0, T ], D = Ωx × Λt, and Γ = Γl ∪ Γb ∪ Γr, where Γl and Γr are

the left and right sides of the rectangular domain D corresponding to x = 0 and x = 1,

respectively, and Γb = Ωx × [−τ, 0]. Consider the following singularly perturbed delay

parabolic initial-boundary-value problem (IBVP):

(
∂

∂t
+ Lε

)
u(x, t) = −c(x, t)u(x, t− τ) + f(x, t), (x, t) ∈ D,

u(x, t) = φb(x, t), (x, t) ∈ Γb,

u(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

u(1, t) = φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},

(1.4.1)

where

Lεu(x, t) = −εuxx(x, t) + a(x)ux(x, t) + b(x, t)u(x, t),

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parame-

ter. The coefficients a(x), b(x, t), c(x, t), f(x, t) on D, and the boundary, initial val-

ues φl(t), φr(t), φb(x, t) on Γ, are sufficiently smooth and bounded functions such that

a(x) ≥ α > 0, b(x, t) ≥ 0 and c(x, t) is nonzero on D. The terminal time T is assumed

to satisfy the condition T = kτ for some positive integer k. The solution of the IBVP

(1.4.1) exhibits a boundary layer along x = 1.

1.4.2 Singularly perturbed 1D semilinear delay parabolic prob-
lem

Consider the following singularly perturbed semilinear delay PDE:

ut − εuxx + a(x)ux = r(x, t, u(x, t), u(x, t− τ)), (x, t) ∈ D,

u(x, t) = φb(x, t), (x, t) ∈ Γb,

u(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

u(1, t) = φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},

(1.4.2)
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Chapter 1 1.4. Model Problems

where 0 < ε� 1 is the singular perturbation parameter and τ > 0 is the delay parame-

ter. Under sufficient smoothness and compatibility conditions imposed on the functions

a(x), r(x, t, u(x, t), u(x, t− τ)), φb, φl andφr, the delay problem (1.4.2) admits a unique

solution u(x, t) which exhibits a boundary layer along x = 1 (for a(x) ≥ α > 0).

1.4.3 Singularly perturbed 2D parabolic convection-diffusion
problem

Consider the following singularly perturbed 2D parabolic convection-diffusion IBVP

posed on the domain G = D× Λt, where D = (0, 1)2 and Λt = (0, T ]:
ut + Lεu(x, y, t) = f(x, y, t), (x, y, t) ∈ G,

u(x, y, 0) = s(x, y), (x, y) ∈ D,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× Λt,

(1.4.3)

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,

0 < ε � 1 is the singular perturbation parameter. We assume the functions

a = (a1, a2), b, f and s are sufficiently smooth and bounded such that a1(x, y) ≥ α
x
>

0, a2(x, y) ≥ α
y
> 0 and b(x, y) ≥ 0, onD. The solution of the IBVP (1.4.3) exhibits

boundary layers along the sides x = 1 and y = 1, and a corner layer at (x, y) = (1, 1).

1.4.4 Singularly perturbed 2D delay parabolic convection-
diffusion problem

Consider the following singularly perturbed 2D delay parabolic convection-diffusion

IBVP:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G,

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ Υb = D× [−τ, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× Λt,

(1.4.4)

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parameter.

We assume the functions a = (a1, a2), b, c, f andϕb are sufficiently smooth and bounded

such that a1(x, y) ≥ α
x
> 0, a2(x, y) ≥ α

y
> 0, b(x, y) ≥ 0 and c(x, y) is nonzero on

D. Under these assumptions, the solution of (1.4.4) exhibits boundary layers along the

sides x = 1 and y = 1, and a corner layer at (x, y) = (1, 1).
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1.5 General Outline of the Thesis

In this thesis, we focus on obtaining the numerical solution of singularly perturbed delay

parabolic convection-diffusion problems in one and two-dimensions by some higher-order

parameter-uniform numerical methods. First, we consider a one-dimensional singularly

perturbed delay convection-diffusion problem, and we use the implicit-Euler scheme to

discretize the time derivative and the hybrid scheme to discretize the spatial deriva-

tives on the Shishkin mesh. We study the convergence of the scheme in the maximum

norm, which shows the method converges uniformly with almost second-order accuracy

in space and first-order accuracy in time. To validate the theoretical findings, numerical

experiments are carried out.

It is well-known that the classical central difference scheme applied on the uniform

mesh fails to provide satisfactory numerical solution for singularly perturbed convection-

diffusion problems until we use unacceptably large number of mesh-points in comparison

with the perturbation parameter ε. Therefore, special attention has to be paid to obtain

second-order ε-uniformly convergent numerical solutions for singularly perturbed PDE

having convection term. Due to this, we use the Richardson extrapolation technique,

which gives second-order convergence not only in space, but also in time. Numerical

experiments justify the theoretical results.

Then, we proceed towards two-dimensional parabolic PDEs. To solve the parabolic

PDE, we use a fractional-step method along with the Richardson extrapolation tech-

nique. Fractional-step method allows us to convert the 2D problem into two 1D prob-

lems. As a consequence, one can obtain the numerical solution by solving only two

tridiagonal matrices instead of a banded pentadiagonal matrix. By using the Richard-

son extrapolation technique, we are able to obtain second-order accuracy in space and

time. Numerical experiments are carried out to show the convergence rate.

Next, we consider the singularly perturbed 2D delay parabolic convection-diffusion

problem. We use the classical upwind scheme to discretize the problem on the Shishkin

mesh. Also, we derive the error estimate, which shows that the method applied on the

model problem is first-order convergence in space and time. Next, we use the Bakhvalov-

Shishkin mesh instead of the Shishkin mesh, and we observe that error bound obtained

for the scheme applied on the Bakhvalov-Shishkin mesh is optimal. Then, we consider

the same problem and we use the fractional-step method to convert the 2D delay problem

into two 1D delay problems. We solve the resulting 1D delay problems by the classical

upwind scheme. Though, it gives almost first-order accuracy in space and time, but it

is very efficient from the computational point of view.

The rest of this thesis consists of seven chapters and is organized as follows:
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Chapter 1 1.5. General Outline of the Thesis

In Chapter 2, the singularly perturbed DPDEs of the form (1.4.1) is solved numeri-

cally on the uniform mesh in the temporal direction and the piecewise-uniform Shishkin

mesh in the spatial direction. To discretize the temporal and spatial derivatives, we used

the implicit-Euler scheme and the hybrid scheme, respectively. The method converges

with almost second-order accurate in space and first-order accurate in time. Numerical

experiments are carried out to validate the theoretical error estimates. We also carried

out numerical experiment for singularly perturbed semilinear delay parabolic problem

of the form (1.4.2).

The Richardson extrapolation technique is discussed in Chapter 3, which improves

the accuracy of the upwind finite difference scheme on the piecewise-uniform Shishkin

mesh, applied to the singularly perturbed DPDEs of the form (1.4.1). We proved the-

oretically that extrapolation provides second-order ε-uniform convergence in space as

well as in time. The numerical results reveal the theoretical finding.

In Chapter 4, we solved a singularly perturbed 2D parabolic convection-diffusion

problem of the form (1.4.3) on the uniform mesh in the temporal domain and a special

piecewise-uniform Shishkin mesh in the spatial domains. First, we use a fractional-

step method for the discretization of the time derivative, which gives a set of two 1D

problems. Then, we use the upwind finite difference scheme to solve those 1D prob-

lems. To obtain a better approximate solution, we used the Richardson extrapolation

technique. Theoretically we have shown that the extrapolation method provides second-

order ε-uniform convergence in space and time. Numerical experiments are carried out

to validate theoretical findings.

Chapter 5 deals with a singularly perturbed two-dimensional DPDE of the form

(1.4.4). We discretized the temporal domain with the uniform mesh and the spatial

domains with a special piecewise-uniform Shishkin mesh. To discretize the continuous

problem, we used the implicit-Euler scheme and the classical upwind scheme for the

temporal and spatial derivatives, respectively. The method converges uniformly with

first-order (up to a logarithmic factor) in space and first-order in time. Numerical

experiments are carried to validate the theoretical findings.

Chapter 6 contains the characterization of the Bakhvalov-Shishkin mesh, for dis-

cretization of the spatial domains while solving a singularly perturbed 2D delay parabolic

convection-diffusion problem of the form (1.4.4). We formed the Bakhvalov-Shishkin

mesh with the help of an appropriate mesh-generating function. To discretize the con-

tinuous problem, we applied the implicit-Euler scheme and the classical upwind scheme

for the temporal and spatial derivatives, respectively. We proved theoretically and nu-

merically that the proposed scheme applied on the Bakhvalov-Shishkin mesh provides

first-order accuracy in space as well as in time.
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Chapter 7 is devoted to solve the singularly perturbed 2D delay parabolic

convection-diffusion problems of the form (1.4.4) with the fractional-step method on

the uniform mesh in the temporal direction and a special piecewise-uniform Shishkin

mesh in the spatial directions. With the help of the fractional-step method, we ob-

tained two 1D stationary problems, which we discretized further by the classical upwind

scheme. It is theoretically proved that the proposed scheme converges first-order (up

to a logarithmic factor) in space and first-order in time. Along with the analysis, we

provided numerical examples, which verify the theoretical findings.

Finally, Chapter 8 contains the summary of the results highlighting the contribu-

tions made in this thesis and also provides possible future scopes of the present works.

Extensive numerical examples are given in support of the theoretical results and to

show the accuracy of the numerical scheme. Those examples are presented at the end

of each chapter of the thesis.
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CHAPTER 2

Uniformly Convergent Hybrid Numerical Scheme

for Singularly Perturbed 1D Delay Parabolic

Convection-Diffusion Problems on Shishkin Mesh

This chapter studies the numerical solution of singularly perturbed one-dimensional

delay parabolic convection-diffusion problems. Since the solutions of these problems

exhibit regular boundary layers in the spatial variable, we use the piecewise-uniform

Shishkin mesh for the discretization of the domain in the spatial direction and uniform

mesh in the temporal direction. The time derivative is discretized by the implicit-Euler

scheme and the spatial derivatives are discretized by the hybrid scheme. For the proposed

scheme, the stability analysis is carried out and parameter-uniform error estimates are

derived. Numerical examples are presented to show the accuracy and efficiency of the

proposed scheme.

2.1 Introduction

Let Ωx = (0, 1), Λt = (0, T ], D = Ωx×Λt and Γ = Γl ∪Γb ∪Γr, where Γl and Γr are the

left and the right sides of the rectangular domain D corresponding to x = 0 and x = 1,

respectively, and Γb = Ωx × [−τ, 0], τ > 0. In this chapter, we consider the following

class of singularly perturbed DPDEs with Dirichlet boundary conditions:

(
∂

∂t
+ Lε

)
u(x, t) = −c(x, t)u(x, t− τ) + f(x, t), (x, t) ∈ D,

u(x, t) = φb(x, t), (x, t) ∈ Γb,

u(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

u(1, t) = φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},

(2.1.1)

17

TH-1760_126123005



Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

where

Lεu(x, t) = −εuxx(x, t) + a(x)ux(x, t) + b(x, t)u(x, t),

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parame-

ter. The coefficients a(x), b(x, t), c(x, t), f(x, t) on D and the boundary, initial val-

ues φl(t), φr(t), φb(x, t) on Γ, are sufficiently smooth and bounded functions, such that

a(x) ≥ α > 0, b(x, t) ≥ 0 and c(x, t) is nonzero on D.

Under these assumptions, the solution of the IBVP (2.1.1) exhibits a regular bound-

ary layer of width O(ε) along x = 1. The terminal time T is assumed to satisfy the

condition T = kτ for some positive integer k.

The classical finite difference methods applied on the uniform mesh fail to provide

satisfactory numerical solution for SPPs, until we use unacceptably large number of

mesh-points in comparison with the perturbation parameter ε. This drawback motivates

to develop ε-uniform numerical methods for SPPs, i.e., the order of convergence and the

error constant are independent of ε.

The outline of this chapter is as follows: In Section 2.2, we obtain the bounds of

the solution of the continuous problem. Section 2.3 deals with the piecewise-uniform

Shishkin mesh and the hybrid numerical scheme. The main proof of convergence has

been derived in Section 2.4. Section 2.5 deals with the singularly perturbed semilinear

DPDE. Numerical results are presented in Section 2.6 and the chapter ends with Section

2.7 that summarizes the main conclusions.

2.2 Bounds for the Solution of the Continuous Prob-

lem

In this section, we study the analytical aspects of the solution of the IBVP (2.1.1) and

its derivatives. The existence and uniqueness of the solution for our model problem

(2.1.1) can be guaranteed by the sufficient smoothness of φl(t), φb(x, t) and φr(t) along

with the compatibility condition at the corner points and delay terms as stated below:

φb(0, 0) = φl(0), φb(1, 0) = φr(0), (2.2.1)

and

dφl(t)

dt
− ε∂

2φb(x, t)

∂x2
+ a(x)

∂φb(x, t)

∂x
+b(x, t)φb(x, t)

= −c(x, t)φb(x, t− τ) + f(x, t), at (x, t) = (0, 0),

dφr(t)

dt
− ε∂

2φb(x, t)

∂x2
+ a(x)

∂φb(x, t)

∂x
+b(x, t)φb(x, t)

= −c(x, t)φb(x, t− τ) + f(x, t), at (x, t) = (1, 0).

(2.2.2)
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

The operator

(
∂

∂t
+ Lε

)
defined in (2.1.1) satisfies the following maximum principle.

Lemma 2.2.1. (Maximum principle) Suppose the function ψ(x, t) ∈ C0(D) ∩ C2(D),

satisfies

(
∂

∂t
+ Lε

)
ψ(x, t) ≥ 0 in D and ψ(x, t) ≥ 0 on Γ. Then ψ(x, t) ≥ 0, for all

(x, t) ∈ D.

Proof. Let (x∗, t∗) ∈ D, such that ψ(x∗, t∗) = min
(x,t)∈D

ψ(x, t) and assume that ψ(x∗, t∗) <

0. Clearly (x∗, t∗) /∈ Γ and (x∗, t∗) ∈ D.

As it attains minimum at (x∗, t∗), we have ψx = 0, ψt = 0 andψxx ≥ 0 at (x∗, t∗).

Therefore, from (2.1.1), we have(
∂

∂t
+ Lε

)
ψ(x∗, t∗) ≤ 0,

which is a contradiction as

(
∂

∂t
+ Lε

)
ψ(x, t) ≥ 0. Hence ψ(x, t) ≥ 0, for all (x, t) ∈ D.

The following lemma will help us to find the bound of the continuous solution u.

Lemma 2.2.2. The solution of the DPDE (2.1.1) satisfies the following estimate:

|u(x, t)− φb(x, 0)| ≤ Ct and |u(x, t)| ≤ C, (x, t) ∈ D,

where the constant C is independent of ε.

Proof. Let

q(x, t) =

 u(x, t)− φb(x, 0), for 0 ≤ t ≤ T,

u(x, t)− φb(x, t), for − τ ≤ t ≤ 0,

then q(x, t) satisfies the following PDE(
∂

∂t
+ Lε

)
q(x, t) = h(x, t), (x, t) ∈ D, (2.2.3)

where

h(x, t) = f(x, t)− c(x, t)u(x, t− τ)−
(
∂

∂t
+ Lε

)
(φb(x, 0))

= f(x, t)− c(x, t)u(x, t− τ) + ε(φb)xx(x, 0)− a(x)(φb)x(x, 0)− b(x, t)φb(x, 0)

and on the boundary Γb:

q(x, t) = u(x, t)− φb(x, t) = φb(x, t)− φb(x, t) = 0.

Then q(0, t) = φl(t)− φb(0, 0) and q(1, t) = φr(t)− φb(1, 0), where t ∈ [0, T ].
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

Now, by taking modulus on both the sides and by using the compatibility conditions

at the corner points along with the smoothness of φl and φr, we get

|q(0, t)| = C1t, |q(1, t)| = C2t, t ∈ [0, T ],

for some constants C1 and C2. To prove the required bound, we will proceed step by

step. When, the domain of definition of the PDE (2.2.3) is Ωx × (0, τ), we consider a

function r(x, t) as follows:

r(x, t) =

 Ct, for 0 ≤ t ≤ τ,

0, for − τ ≤ t ≤ 0,

for any constant C, we have

(
∂

∂t
+ Lε

)
r(x, t) = (1 + tb(x, t))C, (x, t) ∈ Ωx × (0, τ),

r(x, t) = 0, on Γb,

r(0, t) = r(1, t) = Ct, for 0 ≤ t ≤ τ.

Now, for sufficiently large C, from the above PDE and (2.2.3), we get∣∣∣∣( ∂

∂t
+ Lε

)
q(x, t)

∣∣∣∣ ≤ ( ∂

∂t
+ Lε

)
r(x, t), (x, t) ∈ Ωx × (0, τ),

and from the initial and boundary conditions, we have

|q(x, t)| ≤ r(x, t), on Γ.

Therefore, by using the maximum principle (Lemma 2.2.1), we get

|q(x, t)| ≤ r(x, t), (x, t) ∈ Ωx × [0, τ ],

which implies that

|q(x, t)| ≤ Ct, (x, t) ∈ Ωx × [0, τ ].

Now, from the definition of q(x, t), one can easily deduce that

|u(x, t)| ≤ C, (x, t) ∈ Ωx × [0, τ ].

Next, we consider the PDE (2.2.3) in the domain Ωx×(0, 2τ). Now, by choosing r(x, t) =

Ct, 0 ≤ t ≤ 2τ and proceeding in a similar way along with the bound of the solution

obtained in [0, τ ], we can obtain

|q(x, t)| ≤ Ct, (x, t) ∈ Ωx × [0, 2τ ],
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which immediately gives that

|u(x, t)| ≤ C, (x, t) ∈ Ωx × [0, 2τ ].

Analogously, we can prove the required bound for the entire domain D. This completes

the proof.

To obtain the bounds of the derivatives of the solution u(x, t) of (2.1.1), we follow

the approach adapted in [77]. Further, without loss of generality we assume that the

initial and boundary values of (2.1.1) are identically zero, i.e., φb(x, t) = 0, φl(t) = 0

and φr(t) = 0.

Theorem 2.2.3. For all non-negative integers l, m, satisfying 0 ≤ l + m ≤ 5, the

derivatives of the exact solution u(x, t) of the IBVP (2.1.1) satisfy the estimate∣∣∣∣ ∂l+mu∂xl∂tm

∣∣∣∣ ≤ C
(
1 + ε−l exp(−α(1− x)/ε)

)
, (x, t) ∈ D.

Proof. To prove the above bound, we will consider several cases.

Case 1. Here we consider the case, where l = 0 andm = 0. The required bound follows

from Lemma 2.2.2.

Case 2. Let us take l = 0 andm = 1. On the sides x = 0 andx = 1 of D, we have

u ≡ 0, therefore ut = 0 along x = 0 andx = 1. On the side t = 0, i.e., along the x-axis,

we have u ≡ 0, which implies that ux ≡ 0, uxx ≡ 0. Substituting these values in (2.1.1),

we obtain that ut(x, 0) = f(x, 0). For (x, t) ∈ Γb, we have

ut = lim
k→0

u(x, t+ k)− u(x, t)

k
= 0.

Thus for sufficiently large C on Γ, we can have |ut(x, t)| ≤ C.

Now, apply the differential operator

(
∂

∂t
+ Lε

)
as defined in (2.1.1) to ut, then we

obtain(
∂

∂t
+ Lε

)
(ut)(x, t) = utt − εutxx + a(x)utx + b(x, t)ut(x, t)

= (ut − εuxx + a(x)ux + b(x, t)u)t − bt(x, t)u.
(2.2.4)

First we consider the case, where u(x, t− τ) is a known function, i.e., when t ∈ [0, τ ]. In

(2.2.4), if we use the given initial condition, we get

(
∂

∂t
+ Lε

)
(ut) = ft(x, t)−bt(x, t)u.

By using Lemma 2.2.2, we get∣∣∣∣( ∂

∂t
+ Lε

)
(ut)(x, t)

∣∣∣∣ ≤ C, for (x, t) ∈ Ωx × [0, τ ]. (2.2.5)

Now applying the maximum principle (Lemma 2.2.1), we get |ut(x, t)| ≤ C, (x, t) ∈
Ωx × [0, τ ].
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Next, let us take (x, t) ∈ Ωx × [0, 2τ ]. For t ∈ [τ, 2τ ], from (2.2.4), we get(
∂

∂t
+ Lε

)
(ut)(x, t) = ft(x, t)− bt(x, t)u− ctu(x, t− τ)− cut(x, t− τ).

As we know |ut(x, t)| ≤ C, for all (x, t) ∈ Ωx× [0, τ ], therefore, in this case also we have∣∣∣∣( ∂

∂t
+ Lε

)
(ut)(x, t)

∣∣∣∣ ≤ C, for (x, t) ∈ Ωx × [τ, 2τ ]. (2.2.6)

Therefore, by combining (2.2.5) and (2.2.6) and by applying the maximum principle

(Lemma 2.2.1) over the domain Ωx × [0, 2τ ], we get |ut(x, t)| ≤ C. In a similar way, we

can prove the required bound for the entire domain D.

Case 3. Now consider the case, where l = 1 andm = 0. In the DPDE (2.1.1), the

effect of delay occurs only in the time variable t, and there is no effect of delay in the

spatial variable x, therefore, if we fix t ∈ [0, T ], the result can be obtained by using the

argument of [77] and [41] on the line segment along with the bounds |u(x, t)| ≤ C and

|ut(x, t)| ≤ C.

Case 4. Let l = 0 andm = 2. Along the sides x = 0 andx = 1 of D, we have u ≡ 0

and hence utt ≡ 0. For t ∈ [−τ, 0], we have u ≡ 0, ux ≡ 0 anduxx ≡ 0, therefore, from

(2.1.1), we have

ut(x, t) =

 0, for t ∈ [−τ, 0),

f(x, 0), for t = 0.

Also, we have

utx(x, t) =

 0, for t ∈ [−τ, 0),

fx(x, 0), for t = 0,

and

utxx(x, t) =

 0, for t ∈ [−τ, 0),

fxx(x, 0), for t = 0.

Therefore, one can show that

|utx(x, t)| ≤ C and |utxx(x, t)| ≤ C, on Γ.

Now, differentiating (2.1.1) with respect to t, we get

utt − εutxx + a(x)utx + btu(x, t) + but(x, t) = ft − ctu(x, t− τ)− cut(x, t− τ).

Next, by proceeding in a similar way as we have done for ut, we can obtain |utt(x, t)| ≤
C, for (x, t) ∈ Γ.
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

Consider the operator defined in (2.1.1) and operating it on utt, we get(
∂

∂t
+ Lε

)
(utt)(x, t) = uttt − εuttxx + a(x)uttx + b(x, t)utt

= (ut − εuxx + a(x)ux + b(x, t)u)tt − bttu− 2btut.

(2.2.7)

For t ∈ [0, τ ], using the given initial condition, we get(
∂

∂t
+ Lε

)
(utt) = ftt(x, t)− btt(x, t)u− 2btut,

which implies that

∣∣∣∣( ∂

∂t
+ Lε

)
(utt)

∣∣∣∣ ≤ C. As the operator

(
∂

∂t
+ Lε

)
satisfies the

maximum principle (Lemma 2.2.1), we have |utt| ≤ C, (x, t) ∈ Ωx × [0, τ ].

For t ∈ [τ, 2τ ], from (2.2.7) we get that(
∂

∂t
+ Lε

)
(utt)(x, t) = ftt(x, t)− btt(x, t)u− 2btut − (cu(x, t− τ))tt.

As (x, t) ∈ Ωx × [τ, 2τ ], all the terms in the right hand side of the above equation are

bounded, therefore, we have ∣∣∣∣( ∂

∂t
+ Lε

)
(utt)

∣∣∣∣ ≤ C.

We already found that the above bound is valid for (x, t) ∈ Ωx × [0, τ ]. Therefore, by

applying the maximum principle (Lemma 2.2.1), we get |utt| ≤ C, (x, t) ∈ Ωx × [0, 2τ ].

In an analogous way, we can prove the required bound for the entire domain D.

Case 5. Here we consider the case, where l = 1 andm = 1. Differentiating (2.1.1) with

respect to t on D and rearranging the terms, we get

−ε(uxt)x + a(x)uxt + bt(x, t)u+ b(x, t)ut + utt

= −ct(x, t)u(x, t− τ)− c(x, t)ut(x, t− τ) + ft(x, t).

Now using the argument as given in [77] and [41] along with the bounds |u(x, t)| ≤
C, |ut(x, t)| ≤ C, |utt(x, t)| ≤ C, we get the required bound.

By following the similar approach one can obtain the bound for the other derivatives

as well, i.e., for 0 ≤ l +m ≤ 5.

2.2.1 Decomposition of the solution

To obtain the ε-uniform error estimate, we require some stronger bounds on the deriva-

tives of the analytical solution u(x, t) of the problem (2.1.1). For this, we decompose

the analytical solution u as u = v + w, where v and w are the smooth and singular

components.
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Chapter 2 2.2. Bounds for the Solution of the Continuous Problem

We express the smooth component v as

v(x, t) =
4∑
j=0

εjvj(x, t), (x, t) ∈ D,

where vj(x, t), j = 0, 1, 2, 3, are the solutions of the following first-order PDEs (2.2.8)

and (2.2.9):

(v0)t(x, t) + a(x)(v0)x(x, t) + b(x, t)v0(x, t) = −c(x, t)v0(x, t− τ) + f(x, t),

(x, t) ∈ D,

v0(x, t) = φb(x, t), (x, t) ∈ Γb,

v0(0, t) = φl(t), 0 ≤ t ≤ T,

(2.2.8)

and

(vj)t(x, t) + a(x)(vj)x(x, t) + b(x, t)vj(x, t) = −c(x, t)vj(x, t− τ) + (vj−1)xx(x, t),

(x, t) ∈ D, j = 1, 2, 3,

vj(x, t) = 0, (x, t) ∈ Γb,

vj(0, t) = 0, 0 ≤ t ≤ T,

(2.2.9)

and lastly, the function v4 satisfies
(v4)t(x, t) + Lεv4(x, t) = −c(x, t)v4(x, t− τ) + (v3)xx(x, t), (x, t) ∈ D,

v4(x, t) = 0, (x, t) ∈ Γb,

v4(0, t) = 0 = v4(1, t), 0 ≤ t ≤ T.

(2.2.10)

Therefore, the smooth component satisfies the following problem

vt(x, t) + Lεv(x, t) = −c(x, t)v(x, t− τ) + f(x, t), (x, t) ∈ D,

v(x, t) = φb(x, t), (x, t) ∈ Γb,

v(0, t) = φl(t), 0 ≤ t ≤ T,

v(1, t) =
4∑
i=0

εivi(1, t), 0 ≤ t ≤ T,

(2.2.11)
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and the singular component satisfies the PDE

wt(x, t) + Lεw(x, t) = −c(x, t)w(x, t− τ), (x, t) ∈ D,

w(x, t) = 0, (x, t) ∈ Γb,

w(0, t) = 0, 0 ≤ t ≤ T,

w(1, t) = u(1, t)− v(1, t), 0 ≤ t ≤ T.

(2.2.12)

The following theorem will provide the bounds for the derivatives of the smooth and

singular components of the solution u of (2.1.1).

Theorem 2.2.4. For all non-negative integers l, m, satisfying 0 ≤ l + m ≤ 5, and

with sufficient compatibility conditions at the corners, the smooth component v and the

singular component w defined in (2.2.11) and (2.2.12), respectively, satisfy the following

bounds: ∣∣∣∣∣∣∣∣ ∂l+mv∂xl∂tm

∣∣∣∣∣∣∣∣
∞
≤ C

(
1 + ε4−l) ,

and ∣∣∣∣ ∂l+mw∂xl∂tm

∣∣∣∣ ≤ Cε−l exp(−α(1− x)/ε), (x, t) ∈ D.

Proof. We can see that the PDEs (2.2.8) and (2.2.9) are independent of ε. Therefore,

for the derivatives of vj defined in (2.2.8) and (2.2.9), j = 0, 1, 2, 3 we can have the

following ε-uniform bound ∣∣∣∣∣∣∣∣ ∂l+mvj∂xl∂tm

∣∣∣∣∣∣∣∣
∞
≤ C.

Now, the problem (2.2.10) is of the form (2.1.1). Hence, the solution v4 of (2.2.10)

will have the same bound as stated in Theorem 2.2.3. Thus, by summing up the bounds

for the derivatives of vj, j = 0, 1, 2, 3, 4, we get∣∣∣∣∣∣∣∣ ∂l+mv∂xl∂tm

∣∣∣∣∣∣∣∣
∞
≤ C(1 + ε4−l).

To prove the bounds for the derivatives of the smooth component w(x, t), we will

use the following step by step procedure.

Since w(x, t − τ) mentioned in (2.2.12) is a known function when t ∈ [0, τ ], we can

use the derivative bound obtained in [66]. Hence, we can have∣∣∣∣ ∂l+mw∂xl∂tm

∣∣∣∣ ≤ Cε−l exp(−α(1− x)/ε), (x, t) ∈ Ωx × [0, τ ]. (2.2.13)

Now, we extend the domain of definition, i.e., consider (x, t) ∈ Ωx × [0, 2τ ]. To prove

the required bound in Ωx × [0, 2τ ], we consider few cases depending on the values of l

and m.
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Case 1. Let l = 0 and m = 0. Consider the barrier functions

ψ± = C exp(−α(1− x)/ε)± w(x, t).

We can show that for sufficiently large C, we have ψ± ≥ 0 on Γ. Now,(
∂

∂t
+ Lε

)
ψ±(x, t) = C

(
a(x)α

ε
+ b(x, t)− α2

ε

)
exp(−α(1− x)/ε)

±
(
∂

∂t
+ Lε

)
w(x, t)

= C

(
a(x)α

ε
+ b(x, t)− α2

ε

)
exp(−α(1− x)/ε)

± (−c(x, t)w(x, t− τ)) ,

by using (2.2.12). From (2.2.13), we have the bound of w(x, t) when t ∈ [0, τ ]. By using

the bound given in (2.2.13) along with the condition a(x) ≥ α and sufficiently large C,

we have (
∂

∂t
+ Lε

)
ψ±(x, t) ≥ 0, for (x, t) ∈ Ωx × [0, 2τ ].

Now applying the maximum principle (Lemma 2.2.1), we have

ψ±(x, t) ≥ 0, (x, t) ∈ Ωx × [0, 2τ ].

which implies |w(x, t)| ≤ C exp(−α(1− x)/ε).

Case 2. Let l = 0 and m = 1. We apply the differential operator

(
∂

∂t
+ Lε

)
to wt,

then we obtain(
∂

∂t
+ Lε

)
(wt)(x, t) = wtt − εwtxx + a(x)wtx + b(x, t)wt(x, t)

= (wt − εwxx + a(x)wx + b(x, t)w)t(x, t)− bt(x, t)w(x, t),

= −ct(x, t)w(x, t− τ)− c(x, t)wt(x, t− τ)− bt(x, t)w(x, t),

by using (2.2.12). Now, by using the barrier functions ψ±1 = C exp(−α(1−x)/ε)±wt(x, t)
and proceeding as in the previous case, we can obtain the required bound for wt(x, t),

i.e.,

|wt(x, t)| ≤ C exp(−α(1− x)/ε), (x, t) ∈ Ωx × [0, 2τ ].

Case 3. Next we consider the case for l = 1 and m = 0. We can write (2.2.12) as

Lεw(x, t) = −wt(x, t)− c(x, t)w(x, t− τ).

For a fixed t ∈ [0, 2τ ], the required bound for wx(x, t), when (x, t) ∈ Ωx × [0, 2τ ], can

be obtained by using the argument of [77] and [41] on the line segment along with
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the bounds |w(x, t)| ≤ C exp(−α(1 − x)/ε) and |wt(x, t)| ≤ C exp(−α(1 − x)/ε), when

(x, t) ∈ Ωx × [0, 2τ ].

By following the similar approach as done in the above three cases, one can obtain

the bound for the other derivatives, i.e., for 0 ≤ l +m ≤ 5. Hence, we can have∣∣∣∣ ∂l+mw∂xl∂tm

∣∣∣∣ ≤ Cε−l exp(−α(1− x)/ε), (x, t) ∈ Ωx × [0, 2τ ].

In a similar way, the required bound can be obtained for t ≥ 2τ , and hence the proof is

completed.

2.3 The Numerical Solution

Here, in this section, we describe the piecewise-uniform Shishkin mesh for the spatial

discretization of the domain and study the behavior of the difference scheme used to

discretize the DPDE (2.1.1).

2.3.1 The piecewise-uniform Shishkin mesh

Since the DPDE (2.1.1) has a boundary layer along the side x = 1, the mesh should

be condensing in the neighborhood of x = 1. To define the piecewise-uniform mesh, we

divide the domain [0, 1] into two sub-domains, such that [0, 1] = [0, 1 − ρ] ∪ (1 − ρ, 1]

and then divide each of the sub-domains into N/2 equal intervals and denote the spatial

meshes by

Ω
N

x = {0 = x0, x1, · · · , xN/2 = 1− ρ, · · · , xN = 1},

where

xi =


i
2(1− ρ)

N
, i = 0, · · · , N/2,

(1− ρ) +

(
i− N

2

)
2ρ

N
, i = (N/2) + 1, · · · , N,

N ≥ 4 be a positive even integer and ΩN
x = Ω

N

x ∩ Ωx.

Here the transition point 1 − ρ, which separates the coarse and fine portions of the

mesh, obtained by taking

ρ = min

{
1

2
, ρ

0
ε lnN

}
, (2.3.1)

where ρ
0
≥ 2/α. The analysis has been done by assuming that ρ = ρ

0
ε lnN , as otherwise

N is exponentially large compared with ε.

The spatial mesh-sizes are denoted by

hi = xi − xi−1, i = 1, · · · , N, ĥi = hi + hi+1, i = 1, · · · , N − 1.
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Now, by the definition of xi’s the spatial mesh-sizes can be written as

hi =


H =

2(1− ρ)

N
, i = 1, · · · , N/2,

h =
2ρ

N
, i = (N/2) + 1, · · · , N,

H and h are the spatial mesh-sizes in [0, 1 − ρ] and (1 − ρ, 1], respectively. It is clear

from the above equation that N−1 ≤ H ≤ 2N−1, h = 2ρ
0
εN−1 lnN, and the uniform

mesh can be obtained by choosing ρ = 1/2.

0 1− ρ 1

N=2 N=2

Figure 2.1: Shishkin mesh in 1D.

For the time domain [0, T ], we will use uniform mesh with mesh-size ∆t, such that

ΛM
t = {tn = n∆t, n = 0, · · · ,M,∆t = T/M},

where M is the number of mesh-points in the t-direction on the interval [0, T ] and the

temporal mesh-size ∆t satisfies the constraint p∆t = τ , where p is a positive integer,

tn = n∆t, n ≥ −p.
We define the discrete domain by DN,M = D

N,M ∩D where D
N,M

= Ω
N

x × ΛM
t and

ΓNb = Ω
N

x × Λp
t , where Λp

t denotes the set of p + 1 uniform mesh-points in [−τ, 0]. The

boundary points ΓN of D
N,M

are ΓN = D
N,M ∩Γ. Similarly, we define the left and right

boundary points by ΓNl = D
N,M ∩ Γl and ΓNr = D

N,M ∩ Γr, respectively. We further

discretize D
N,M

j = Ω
N

x × Λp
j,t, where Λp

j,t denotes the set of p + 1 uniform mesh-points

in [(j − 1)τ, jτ ], for j = 1, 2, · · · , k. From the above discretization we can observe that

D
N,M

=
⋃k
j=1D

N,M

j .

2.3.2 The finite difference scheme

Here, we propose a numerical scheme to solve the DPDE (2.1.1), which consists of

the implicit-Euler scheme for the time derivative and the hybrid scheme for the spatial

derivatives. The hybrid scheme is a proper combination of the midpoint upwind scheme

and the central difference scheme. More precisely, for spatial derivatives, we apply the

midpoint upwind scheme in the outer region [0, 1− ρ] and the central difference scheme

in the boundary layer region (1− ρ, 1]. Hence, the numerical scheme takes the following
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form:
(δ̃−t + LHybrid)U

n+1
i = F̃ , for i = 1, · · · , N − 1, n = 0, · · · ,M − 1,

Un+1
0 = φl(tn+1), Un+1

N = φr(tn+1), for n = 0, · · · ,M − 1,

U−ji = φb(xi,−tj), for i = 0, · · · , N, and j = 0, · · · , p,

(2.3.2)

where

δ̃−t U
n+1
i =


δ−t U

n+1
i− 1

2

, for 1 ≤ i ≤ N/2,

δ−t U
n+1
i , for N/2 < i < N,

LHybridU
n+1
i =


LmuU

n+1
i = −εδ2

xU
n+1
i + ai− 1

2
δ−x U

n+1
i + bi− 1

2
,n+1U

n+1
i− 1

2

, for 1 ≤ i ≤ N/2,

LcenU
n+1
i = −εδ2

xU
n+1
i + aiδ

0
xU

n+1
i + bi,n+1U

n+1
i , for N/2 < i < N,

and

F̃ =


−ci− 1

2
,n+1U

n−p+1

i− 1
2

+ fn+1
i− 1

2

, for 1 ≤ i ≤ N/2,

−ci,n+1U
n−p+1
i + fn+1

i , for N/2 < i < N.

In the above equations ai−1/2 = (ai−1 + ai)/2, bi− 1
2
,n+1 = (bi−1,n+1 + bi,n+1)/2, ci,n+1 =

c(xi, tn+1) and ai = a(xi).

After rearranging the terms in (2.3.2), we obtain the following system of linear alge-

braic equations:
r−i U

n+1
i−1 + r0

iU
n+1
i + r+

i U
n+1
i+1 = gni , for i = 1, · · · , N − 1, n = 0, · · · ,M − 1,

Un+1
0 = φl(tn+1), Un+1

N = φr(tn+1), for n = 0, · · · ,M − 1,

U−ji = φb(xi,−tj), for i = 0, · · · , N, and j = 0, · · · , p,
(2.3.3)

where the coefficients are given by

r−i = ∆t

(
− 2ε

ĥihi
−
ai− 1

2

hi
+
bi− 1

2
,n+1

2

)
+

1

2
,

r0
i = ∆t

(
2ε

hi+1hi
+
ai− 1

2

hi
+
bi− 1

2
,n+1

2

)
+

1

2
,

r+
i = ∆t

(
− 2ε

ĥihi+1

)
,

(2.3.4)
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for i = 1, · · · , N/2, and 

r−i = ∆t

(
− 2ε

ĥihi
− ai

ĥi

)
,

r0
i = ∆t

(
2ε

hi+1hi
+ bi,n+1

)
+ 1,

r+
i = ∆t

(
− 2ε

ĥihi+1

+
ai

ĥi

)
,

(2.3.5)

for i = N/2 + 1, · · · , N − 1. Further, gni defined in equation (2.3.3) is given by

gni =


−1

2
∆t
(
ci−1,n+1U

n−p+1
i−1 + ci,n+1U

n−p+1
i

)
+

1

2

(
Un
i−1 + ∆tfn+1

i−1

)
+

1

2

(
Un
i + ∆tfn+1

i

)
, for 1 ≤ i ≤ N/2,

Un
i + ∆t

(
−ci,n+1U

n−p+1
i + fn+1

i

)
, for N/2 < i < N.

The tridiagonal system of linear algebraic equations (2.3.3) can be solved by any

existing codes.

2.4 Convergence Analysis

In this section, we shall discuss about the stability of the proposed scheme (2.3.2) and

by using the truncation error, we shall obtain the ε-uniform error estimate.

The following lemma will help to study the stability of the proposed scheme.

Lemma 2.4.1. Assume that

ρ
0
‖a‖∞ <

N

lnN
and αN ≥ (‖b‖∞ + ∆t−1). (2.4.1)

Then, we have
r−i < 0, r+

i < 0, for 1 ≤ i ≤ N − 1,

|r0
1| − |r+

1 | ≥ 0, |r0
i | − |r−i | − |r+

i | ≥ 0, for 1 < i ≤ N/2,

|r0
N−1| − |r−N−1| > 0, |r0

i | − |r−i | − |r+
i | > 0, for N/2 < i < N − 1.

Proof. We divide the proof of this lemma into two cases depending on the location of

the mesh.

Case 1. (For outer region) Consider the case 1 ≤ i ≤ N/2. From equation (2.3.4),

it is apparent that r+
i < 0. Now from (2.3.4), r−i is defined by

r−i = ∆t

(
− 2ε

ĥihi
−
ai− 1

2

hi
+
bi− 1

2
,n+1

2

)
+

1

2
.
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For 1 ≤ i ≤ N/2, the mesh-size hi = H, therefore, from the above equation, we have

r−i = ∆t

(
− 2ε

2H2
−
ai− 1

2

H

)
+

∆t

2

(
bi− 1

2
,n+1 + ∆t−1

)
≤ −2ε∆t

2H2
−
ai− 1

2
∆t

H
+

∆t

2
(||b||∞ + ∆t−1)

≤ −ε∆tN
2

4
− ∆t

2

(
ai− 1

2
− α

)
N, as αN ≥ (‖b‖∞ + ∆t−1) and H ≤ 2N−1.

We know that a(x) ≥ α, therefore r−i < 0. Some simple calculation provides the results

|r0
1| − |r+

1 | ≥ 0, |r0
i | − |r−i | − |r+

i | ≥ 0, for 1 ≤ i ≤ N/2.

Case 2. (For inner region) Here, N/2 < i ≤ N − 1, we consider the equation (2.3.5).

It is clear that r−i < 0. By using the given condition, we get

r+
i = ∆t

(
− 2ε

ĥihi+1

+
ai

ĥi

)

≤ ∆t

(
− 2ε

ĥihi+1

+
||a||∞
ĥi

)
= −∆t

ĥi

(
2ε

hi+1

− ||a||∞
)
< 0, as ρ

0
‖a‖∞ <

N

lnN
.

From (2.3.5), we deduce that

|r−i |+ |r+
i | = ∆t

(
2ε

ĥihi
+
ai

ĥi
+

2ε

ĥihi+1

− ai

ĥi

)
=

2ε∆t

hihi+1

< |r0
i |,

for N/2 < i < N − 1 and

|r−N−1| = ∆t

(
2ε

ĥN−1hN−1

+
aN−1

ĥN−1

)

= ∆t

(
2ε

hN−1hN
−

(
2ε

ĥN−1hN
− aN−1

ĥN−1

))
<

2∆tε

hN−1hN
< ∆t

(
2ε

hN−1hN
+ bN−1,n+1

)
+ 1 = |r0

N−1|.

Hence the proof is completed.

Remark 2.4.2. Under the assumptions given in (2.4.1), Lemma 2.4.1 shows that the

matrix associated with (2.3.3) at each time level is an M-matrix. Hence, the opera-

tor (δ̃−t + LHybrid) in (2.3.2) satisfies the discrete maximum principle on DN,M .

Therefore, the method is uniformly stable in the supremum norm.
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Lemma 2.4.3. (Discrete maximum principle) Assume that the discrete function

Ψn
i satisfies Ψn

i ≥ 0 on ΓN . Then (δ̃−t + LHybrid)Ψ
n
i ≥ 0 on DN,M implies that Ψn

i ≥ 0

at each point of D
N,M

.

Now we will provide our main result for the ε-uniform convergence of the numerical

solution.

Theorem 2.4.4. Let u and U be respectively the continuous and numerical solutions of

the IBVPs (2.1.1) and (2.3.2) and satisfying the compatibility conditions at the corners.

Then, we have the following error bound for (xi, tn) ∈ DN,M

max
i,n
|(u− U)(xi, tn)| ≤

 C(N−1(ε+N−1) + ∆t), for 0 ≤ i ≤ N/2,

C(N−2 ln2N + ∆t), for N/2 < i < N,

where U(xi, tn) = Un
i .

Proof. Here, we divide the proof into various steps for different time levels. We can

notice that on the first interval [0, τ ], i.e., where the time discretization parameter n

varies from 0 to p, the initial conditions of IBVPs (2.1.1) and (2.3.2) will be same. So,

the analysis can be carried out in the same way as one can do for a problem with out

delay.

Therefore, for (xi, tn) ∈ DN,M
1 = ΩN

x × Λp
1,t, by using the convergence result of [65],

we can obtain

max
i,n
|(u− U)(xi, tn)| ≤

 C(N−1(ε+N−1) + ∆t), for 0 ≤ i ≤ N/2,

C(N−2 ln2N + ∆t), for N/2 < i < N.
(2.4.2)

On the second interval (τ, 2τ ], the approach of [65] is not applicable because, the value

of the delay term involves in the right hand side of (2.3.2) will be the numerical solution

obtained in previous time interval [0, τ ]. Therefore, we will do the detailed analysis to

get the error over the interval (τ, 2τ ].

On the domain D2 = Ωx × (τ, 2τ), we consider the following singularly perturbed

delay parabolic equation:

(
∂

∂t
+ Lε

)
u(x, t) = −c(x, t)u(x, t− τ) + f(x, t), (x, t) ∈ D2,

u(x, t) = uτ (x, t), (x, t) ∈ D1 = Ωx × [0, τ ],

u(0, t) = φl(t), u(1, t) = φr(t), t ∈ [τ, 2τ ],

(2.4.3)

where uτ is the exact solution on D1.
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We apply the proposed scheme to determine the numerical solution U of (2.4.3) at

(xi, tn) ∈ DN
2 . The discrete problem corresponding to equation (2.4.3) becomes



δ−t U
n
i− 1

2

− εδ2
xU

n
i + ai− 1

2
δ−x U

n
i + bi− 1

2
,nU

n
i− 1

2

= −ci− 1
2
,nU

n−p
i− 1

2

+ f(xi− 1
2
, tn),

(xi, tn) ∈ [0, 1− ρ]× [τ, 2τ ],

δ−t U
n
i − εδ2

xU
n
i + aiδ

0
xU

n
i + bi,nU

n
i = −ci,nUn−p

i +f(xi, tn),

(xi, tn) ∈ (1− ρ, 1]× [τ, 2τ ],

Un
0 = φl(tn), Un

N = φr(tn), tn ∈ Λp
2,t,

Un
i = U1(xi, tn), (xi, tn) ∈ DN,M

1 ,

(2.4.4)

where U1(·, ·) is the numerical solution calculated on DN,M
1 . The solution u of (2.4.3) is

decomposed into the smooth and singular components as u = y + z. Since D2 ⊂ D, the

estimates given in Theorem 2.2.4 can be used for both y and z. The smooth component

y is further decomposed into y = y0 + εy1, where y0 and y1 are the solutions of the

following problems:
∂y0

∂t
(x, t) + a(x)

∂y0

∂x
(x, t) + b(x, t)y0(x, t) = −c(x, t)y0(x, t− τ) + f(x, t), (x, t) ∈ D2,

y0(x, t) = uτ (x, t), (x, t) ∈ D1,

y0(0, t) = u(0, t), t ∈ [τ, 2τ ],

and 

(
∂

∂t
+ Lε

)
y1(x, t) = −c(x, t)y1(x, t− τ) +

∂2y0

∂x2
(x, t), (x, t) ∈ D2,

y1(x, t) = 0, (x, t) ∈ D1,

y1(0, t) = y1(1, t) = 0, t ∈ [τ, 2τ ].

Therefore, y satisfies

(
∂

∂t
+ Lε

)
y(x, t) = −c(x, t)y(x, t− τ) + f(x, t), (x, t) ∈ D2,

y(x, t) = uτ (x, t), (x, t) ∈ D1,

y(0, t) = y0(0, t), y(1, t) = y0(1, t), t ∈ [τ, 2τ ].

(2.4.5)

Then, the singular component z satisfies the following IBVP:

(
∂

∂t
+ Lε

)
z(x, t) = −c(x, t)z(x, t− τ), (x, t) ∈ D2,

z(x, t) = 0, (x, t) ∈ D1,

z(0, t) = φl(t)− y0(0, t), z(1, t) = φr(t)− y0(1, t), t ∈ [τ, 2τ ].

(2.4.6)
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In a similar way, the solution U of (2.4.4) can be decomposed into the smooth and

singular components Y and Z, respectively. Thus,

U = Y + Z,

where Y is the solution of the following nonhomogeneous problem
(δ̃−t + LHybrid)Y

n
i = −ci,nY (xi, tn−p) + f(xi, tn), (xi, tn) ∈ DN,M

2 ,

Y n
i = U1(xi, tn), (xi, tn) ∈ DN,M

1 ,

Y n
0 = y(0, tn), Y n

1 = y(1, tn), tn ∈ Λp
2,t,

(2.4.7)

and therefore, Z satisfies
(δ̃−t + LHybrid)Z

n
i = −ci,nZ(xi, tn−p), (xi, tn) ∈ DN,M

2 ,

Zn
i = 0, (xi, tn) ∈ DN,M

1 ,

Zn
0 = φl(tn)− y(0, tn), Zn

1 = φr(tn)− y(1, tn), tn ∈ Λp
2,t.

(2.4.8)

Therefore, at (xi, tn) the error can be written in the form

(U − u)(xi, tn) = (Y − y)(xi, tn) + (Z − z)(xi, tn),

which implies that

|(U − u)(xi, tn)| ≤ |(Y − y)(xi, tn)|+ |(Z − z)(xi, tn)|, (2.4.9)

so that the error for the smooth and singular components can be estimated separately.

Case I. For the smooth component, the truncation error at (xi, tn) can be written as

(
δ̃−t + LHybrid

)
(Y − y) =



−ci− 1
2
,nY (xi− 1

2
, tn−p) −

(
δ̃−t + Lmu

)
y(xi, tn)

+f(xi− 1
2
, tn), for i ≤ N/2,

−ci,nY (xi, tn−p)−
(
δ̃−t + Lcen) y(xi, tn)

+f(xi, tn), for i > N/2.

(2.4.10)

Case (i). First, we consider the case, when i > N/2. From (2.4.10), at (xi, tn), we get(
δ̃−t + LHybrid

)
(Y − y) = ci,n (y(xi, tn−p)− Y (xi, tn−p))

+

((
∂

∂t
+ Lε

)
−
(
δ̃−t + Lcen

))
y.
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Using the initial conditions from equation (2.4.5) and (2.4.7), we get

(δ̃−t + LHybrid)(Y − y) = ci,n(uτ (xi, tn−p)− U1(xi, tn−p))

+

((
∂

∂t
+ Lε

)
−
(
δ̃−t + Lcen

))
y,

therefore,

(δ̃−t + LHybrid)(Y − y) = ci,n (uτ (xi, tn−p) − U1(xi, tn−p)) +

(
∂

∂t
− δ̃−t

)
y

+ (Lεy(xi, tn)−Lceny(xi, tn)) .

Now, taking modulus on both sides and applying the triangle inequality and using (2.4.2),

we obtain∣∣∣(δ̃−t + LHybrid

)
(Y − y)

∣∣∣ ≤ C(N−2 ln2N + ∆t) +

∣∣∣∣ε( ∂2

∂x2
− δ2

x

)
y

∣∣∣∣
+

∣∣∣∣ai( ∂

∂x
− δ0

x

)
y

∣∣∣∣+

∣∣∣∣( ∂

∂t
− δ̃−t

)
y

∣∣∣∣ .
From the Taylor series expansion, we get

|(δ̃−t + LHybrid)(Y − y)| ≤ C

[
(N−2 ln2N + ∆t) +εh2

i

∣∣∣∣∣∣∣∣∂4y

∂x4

∣∣∣∣∣∣∣∣
∞

+ h2
i

∣∣∣∣∣∣∣∣∂3y

∂x3

∣∣∣∣∣∣∣∣
∞

+∆t

∣∣∣∣∣∣∣∣∂2y

∂t2

∣∣∣∣∣∣∣∣
∞

]
.

Using the estimates for the derivatives from Theorem 2.2.4, we obtain that

|(δ̃−t + LHybrid)(Y − y)| ≤ C(N−2 ln2N + ∆t). (2.4.11)

Case (ii). Now we consider the case, when i ≤ N/2. From (2.4.10), we obtain(
δ̃−t + LHybrid

)
(Y − y)

= ci− 1
2
,n

(
y(xi− 1

2
, tn−p)− Y (xi− 1

2
, tn−p)

)
+

(
∂

∂t
+ Lε

)
y
(
xi− 1

2
, tn

)
−
(
δ̃−t + Lmu

)
y(xi, tn),

= ci− 1
2
,n

(
y(xi− 1

2
, tn−p)− Y (xi− 1

2
, tn−p)

)
+

(
∂

∂t
− δ−t

)
y(xi− 1

2
, tn)

+
(

(Lεy)(xi− 1
2
, tn)− (Lmuy(xi, tn))

)
.

(2.4.12)

Analyzing in the same way as done for i > N/2 and using (2.4.2), we can obtain

|(δ̃−t + LHybrid)(Y − y)| ≤ C

[
(N−1(ε+N−1) + ∆t) + (ε+ hi+1)(hi + hi+1)

∣∣∣∣∣∣∣∣∂3y

∂x3

∣∣∣∣∣∣∣∣
∞

+h2
i+1

(∣∣∣∣∣∣∣∣∂2y

∂x2

∣∣∣∣∣∣∣∣
∞

+

∣∣∣∣∣∣∣∣∂y∂x
∣∣∣∣∣∣∣∣
∞

)
+ ∆t

∣∣∣∣∣∣∣∣∂2y

∂t2

∣∣∣∣∣∣∣∣
∞

]
.
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Now, using the estimates of the derivatives of the smooth component y given in Theorem

2.2.4 along with the inequality hi ≤ 2N−1, hi + hi+1 ≤ 4N−1, we obtain that∣∣(δ−t + LHybrid)(Y − y)
∣∣ ≤ C

(
N−1

(
ε+N−1

)
+ ∆t

)
.

As the discrete operator (δ̃−t +LHybrid) satisfies the discrete maximum principle (Lemma

2.4.3) and the inverse operator is uniformly bounded, the inequality given above and

(2.4.11) can be reduced to

|(Y − y)(xi, tn)| ≤

 C (N−1(ε+N−1) + ∆t) , for 0 ≤ i ≤ N/2,

C
(
N−2 ln2N + ∆t

)
, for N/2 < i < N.

(2.4.13)

Case II. Here, we derive the error bound for the singular component (Z−z)(·, ·). From

the IBVP (2.4.6) and the difference equation (2.4.8), we obtain the truncation error(
δ̃−t + LHybrid

)
(Z − z)

=



((
∂

∂t
+ Lε

)
z(xi− 1

2
, tn) −

(
δ̃−t + Lmu

)
z(xi, tn)

)
+ ci− 1

2
,n

(
z(xi− 1

2
, tn−p)− Z(xi− 1

2
, tn−p)

)
, for i ≤ N/2,((

∂

∂t
+ Lε

)
z(xi, tn) −

(
δ̃−t + Lcen

)
z(xi, tn)

)
+ ci,n (z(xi, tn−p)− Z(xi, tn−p)) , for i > N/2.

(2.4.14)

Using the initial conditions from equation (2.4.6) and (2.4.8), we obtain

(
δ̃−t + LHybrid

)
(Z − z) =



(
∂

∂t
− δ−t

)
z(xi− 1

2
, tn) +

(
Lεz(xi− 1

2
, tn)−Lmuz(xi, tn)

)
,

for i ≤ N/2,(
∂

∂t
− δ−t

)
z(xi, tn) + (Lεz(xi, tn)−Lcenz(xi, tn)) ,

for i > N/2.

(2.4.15)

By fixing t, the right hand side of the above equation can be seen as the truncation error

of the two-point BVP as done in [89]. Hence, we obtain for (xi, tn) ∈ DN,M
2 ,

∣∣∣(δ̃−t + LHybrid)(Z − z)
∣∣∣ ≤

 C (N−1(ε+N−1) + ∆t) , for 0 ≤ i ≤ N/2,

C
(
N−2 ln2N + ∆t

)
, for N/2 < i < N.

(2.4.16)

Now, using the fact that the discrete operator (δ̃−t + LHybrid) satisfies the discrete max-

imum principle (Lemma 2.4.3) and the inverse operator is uniformly bounded, from the
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above inequality we obtain

|(Z − z)(xi, tn)| ≤

 C (N−1(ε+N−1) + ∆t) , for 0 ≤ i ≤ N/2,

C
(
N−2 ln2N + ∆t

)
, for N/2 < i < N.

(2.4.17)

Combining (2.4.13), (2.4.17), and using it on (2.4.9), we complete the proof on the

interval [τ, 2τ ]. We can prove the theorem in an analogous way for the successive intervals

in temporal direction.

2.5 Semilinear Delay Parabolic Problem

In this section, we consider the following class of singularly perturbed semilinear DPDEs

of the form:

ut − εuxx + a(x)ux = r(x, t, u(x, t), u(x, t− τ)), (x, t) ∈ D,

u(x, t) = φb(x, t), (x, t) ∈ Γb,

u(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

u(1, t) = φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},

(2.5.1)

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parameter.

The functions a(x), r(x, t, s, sτ ), φb, φl andφr are sufficiently smooth with

γ ≤ ∂r

∂s
≤ γ < 0, and 0 < γτ ≤

∣∣∣∣ ∂r∂sτ
∣∣∣∣ ≤ γτ , for (x, t, s, sτ ) ∈ D × R2.

Under suitable continuity and compatibility conditions imposed on the data, the exis-

tence and uniqueness of the solution of the semilinear DPDE can be shown by using

the result given in [48] along with the method of steps. For the first time interval,

when t ∈ (0, τ ], the delay term u(x, t − τ) = φb. Now, the resultant equation can be

considered as a non-delay problem, hence by using [48], we can guarantee the existence

and uniqueness for t ∈ (0, τ ]. Now, on the second time interval (τ, 2τ ] the delay term

u(x, t− τ) = uτ , where uτ is the exact solution of (2.5.1) in the previous time interval,

i.e., for t ∈ (0, τ ]. Repeating the same argument we can show that the problem (2.5.1)

admits a unique solution for all t ∈ (0, T ].

To solve the semilinear problem (2.5.1), first, we linearize the problem (2.5.1) with

the help of Newton’s linearization method, then we obtain the sequence {um} for the

initial guess u0 satisfying the initial and boundary conditions of the problem. In this

way, we define um+1 for each fixed m, to be the solution of the following linear delay
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parabolic IBVP:

um+1
t − εum+1

xx + a(x)um+1
x − bm(x, t)um+1 = cm(x, t)um+1(x, t− τ) + gm(x, t),

(x, t) ∈ D,

um+1(x, t) = φb(x, t), (x, t) ∈ Γb,

um+1(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

um+1(1, t) = φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},
(2.5.2)

where m ≥ 0 and bm(x, t), cm(x, t), and gm(x, t) are given by
bm(x, t) =

∂r

∂u
(x, t, um(x, t), smτ (x, t)),

cm(x, t) =
∂r

∂sτ
(x, t, um(x, t), smτ (x, t)),

gm(x, t) = r(x, t, um(x, t), smτ (x, t))− bm(x, t)um − smτ (x, t)cm(x, t),

(2.5.3)

where smτ (x, t) = um(x, t− τ).

Now, we solve (2.5.2) by using the computational method proposed in Section 2.3.

Numerical results of the delay IBVPs of the form (2.1.1) and (2.5.2) are provided in

the following section.

2.6 Numerical Results

In this section, we shall present the numerical results obtained by the proposed numer-

ical scheme (2.3.2) for three test problems on the piecewise-uniform rectangular mesh

DN,M = ΩN
x × ΛM

t . In all the cases we perform the numerical experiments by choosing

the constant ρ
0

= 4.2, ∆t = 0.8/N and p = 1/∆t.

Example 2.6.1. Consider the following singularly perturbed 1D linear delay parabolic

IBVP:
ut − εuxx + (1 + x(1− x))ux = u(x, t− 1) + f(x, t), (x, t) ∈ Ωx × (0, 2],

u(x, t) = φb(x, t), (x, t) ∈ Ωx × [−1, 0],

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 2].

(2.6.1)

We choose the initial data φb(x, t) and the source function f(x, t) to fit with the

exact solution

u(x, t) = exp (−t) (C1 + C2x− exp (−(1− x)/ε)) ,
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where C1 = exp (−1/ε) and C2 = 1− exp (−1/ε).

As the exact solution of the problem (2.6.1) is known, we calculate the maximum

pointwise error by

eN,∆tε = max
(xi,tn)∈DN,M

∣∣u(xi, tn)− UN,∆t(xi, tn)
∣∣ ,

for each ε, where u(xi, tn) and UN,∆t(xi, tn) denote the exact and numerical solutions

obtained on the mesh DN,M with N mesh-intervals in the spatial direction and M mesh-

intervals in the t-direction, such that ∆t = T/M is the uniform mesh-size. We determine

the corresponding order of convergence by

pN,∆tε = log2

(
eN,∆tε

e
2N,∆t/2
ε

)
.

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by eN,∆t =

maxε e
N,∆t
ε and the corresponding ε-uniform order of convergence by

pN,∆t = log2

(
eN,∆t

e2N,∆t/2

)
.

The calculated maximum pointwise errors eN,∆tε and the corresponding order of conver-

gence pN,∆tε for Example 2.6.1 by using the hybrid scheme are presented in Table 2.1,

for various values of ε and N . From the result, given in Table 2.1, one can observe

the ε-uniform convergence of the scheme. We can observe that the numerical order of

convergence does not clearly reflect the actual theoretical order of convergence of the

proposed scheme (2.3.2) in space as proved in Theorem 2.4.4. The reason behind this, is

the error consists of two parts due to spatial and temporal discretizations. The order of

convergence observed in Table 2.1 is due to the effect of time error, which is first-order.

In order to justify the spatial order of convergence precisely, we have done the numer-

ical experiments by taking M = N2 and displayed the maximum pointwise errors and

the corresponding order of convergence in Table 2.2 for both inner and outer regions.

Also one can observe from this table that the order of convergence in nearly two in the

outer region and close to 1.5 in the inner region, this is because of the logarithmic factor

appears in the error estimate in the inner region.

Example 2.6.2. Consider the following singularly perturbed 1D linear delay parabolic

IBVP:

ut − εuxx + (2− x2)ux + xu = u(x, t− 1) + 10t2 exp(−t)x(1− x),

(x, t) ∈ Ωx × (0, 2],

u(x, t) = 0, (x, t) ∈ Ωx × [−1, 0],

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 2].

(2.6.2)

Ph.D. Thesis 39

TH-1760_126123005



Chapter 2 2.6. Numerical Results

As the exact solution u(x, t) of the DPDE (2.6.2) is unknown, to obtain the pointwise

errors and to verify the ε-uniform convergence of the proposed scheme, we use the double

mesh principle which is described as follows:

Let Ũ(xi, tn) be the numerical solution obtained on the fine mesh D̃2N,2M =

Ω̃2N
x × Λ2M

t with 2N mesh-intervals in the spatial direction and 2M mesh-intervals in

the temporal direction, where Ω̃2N
x is a piecewise-uniform Shishkin mesh as like ΩN

x with

transition parameter ρ̃ given by

ρ̃ = min

{
1

2
, ρ

0
ε ln

(
N

2

)}
,

such that for i = 0, 1, · · · , N, the i-th point of the mesh ΩN
x coincides with 2i-th point

of the mesh Ω̃2N
x . Then for each ε, we calculate the maximum pointwise error by

EN,∆t
ε = max

(xi,tn)∈DN,M

∣∣∣U(xi, tn)− Ũ(xi, tn)
∣∣∣ ,

and the corresponding order of convergence by

PN,∆t
ε = log2

(
EN,∆t
ε

E
2N,∆t/2
ε

)
.

For each N and ∆t, the quantities EN,∆t and PN,∆t are defined like eN,∆t and pN,∆t

based on the error EN,∆t
ε as in the previous example.

In Table 2.4, we have displayed the computed maximum pointwise errors EN,∆t
ε

and the corresponding order of convergence PN,∆t
ε for Example 2.6.2. The ε-uniform

convergence of the scheme can also be seen from Table 2.4. Further, we have computed

the maximum pointwise errors and the corresponding order of convergence in Table 2.5

by considering M = N2, to justify the spatial order of convergence properly for Example

2.6.2.

Example 2.6.3. Consider the following singularly perturbed semilinear delay parabolic

IBVP:
ut − εuxx + (1 + x(1− x))ux + exp(u) = u(x, t− 1) + f(x, t), (x, t) ∈ Ωx × (0, 2],

u(x, t) = φb(x, t), (x, t) ∈ Ωx × [−1, 0],

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 2].

(2.6.3)

We choose the initial data φb(x, t) and the source function f(x, t) to fit with the

exact solution

u(x, t) = exp (−t) (C1 + C2x− exp (−(1− x)/ε)) ,

where C1 = exp (−1/ε) and C2 = 1− exp (−1/ε).
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By using the Newton’s linearization process (2.5.2) on (2.6.3), we obtain the following

singularly perturbed linear system of delay IBVPs:

um+1
t − εum+1

xx + (1 + x(1− x))um+1
x + exp(um)um+1 =um+1(x, t− 1)− exp(um)(1− um)

+f(x, t), (x, t) ∈ Ωx × (0, 2],

um+1(x, t) = φb(x, t), (x, t) ∈ Ωx × [−1, 0],

um+1(0, t) = 0, um+1(1, t) = 0, t ∈ [0, 2].

(2.6.4)

Now, for a fixed m, we solve (2.6.4) by using the numerical method discussed in Section

2.3. As a convergence criterion for the Newton’s linearization process, we use

max
(xi,tn)∈DN,M

∣∣Um+1(xi, tn)− Um(xi, tn)
∣∣ ≤ δ, m ≥ 0,

where Um(xi, tn) is the m-th iteration solution at the mesh-point (xi, tn) and δ is the

tolerance value. Here, we used the tolerance value δ = 10−7.

As the exact solution of the problem (2.6.3) is known, for each ε, we calculate the

maximum pointwise error by

êN,∆tε = max
(xi,tn)∈DN,M

∣∣u(xi, tn)− UN,∆t(xi, tn)
∣∣ ,

where u(xi, tn) and UN,∆t(xi, tn) denote the exact and numerical solutions obtained on

the mesh DN,M with N mesh-intervals in the spatial direction and M mesh-intervals

in the t-direction, such that ∆t = T/M is the uniform mesh-size. We determine the

corresponding order of convergence by

p̂N,∆tε = log2

(
êN,∆tε

ê
2N,∆t/2
ε

)
.

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by êN,∆t =

maxε ê
N,∆t
ε and the corresponding ε-uniform order of convergence by

p̂N,∆t = log2

(
êN,∆t

ê2N,∆t/2

)
.

The calculated maximum pointwise errors êN,∆tε and the corresponding order of con-

vergence p̂N,∆tε for Example 2.6.3 by using the hybrid scheme are presented in Table

2.7, for various values of ε and N . The ε-uniform convergence of the scheme can be

seen from Table 2.7. To justify the spatial order of convergence properly for Example

2.6.3, we have computed the maximum pointwise errors and the corresponding order of

convergence in Table 2.8 by considering M = N2.
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In order to show that the proposed method performs better than the earlier methods

available in the literature, we have solved the problems given in Examples 2.6.1, 2.6.2 and

2.6.3 by using the first-order upwind scheme given in [32]. The corresponding numerical

results are given in Tables 2.3, 2.6 and 2.9. One can compare the errors and the order

of convergence given in Tables 2.1 and 2.3 for Example 2.6.1 and Tables 2.4 and 2.6 for

Example 2.6.2 and Tables 2.7 and 2.9 for Example 2.6.3 and easily conclude that the

proposed scheme performs better than the scheme used in [32].

To show the effect of some Shishkin-type meshes, we have computed the maximum

pointwise errors and the corresponding order of convergence for the Shishkin mesh, the

Bakhvalov-Shishkin mesh and the modified Bakhvalov-Shishkin mesh in Table 2.10 by

taking M = N2.

To visualize the appearance of the boundary layers in the solutions of Examples 2.6.1,

2.6.2 and 2.6.3, we have plotted the surface plots for N = 64 in Figure 2.2 for ε = 10−4.

In order to reveal the numerical order of convergence, we have plotted the maxi-

mum pointwise errors in loglog scale, obtained by applying both the hybrid and upwind

schemes for Examples 2.6.1, 2.6.2 and 2.6.3 in Figure 2.3, which again ensure the effec-

tiveness of the proposed hybrid scheme in comparison with the upwind scheme.

Further, we have plotted the maximum pointwise errors in Figures 2.4 for all the

examples by taking M = N2. From these figures one can easily observe the second-

order convergence of the hybrid scheme, for the spatial variable.

2.7 Conclusion

In this chapter, we proposed a numerical method to solve the one-dimensional singularly

perturbed delay parabolic convection-diffusion problem of the form (2.1.1). To discretize

the domain, we used the uniform mesh in the temporal direction and the piecewise-

uniform Shishkin mesh for the spatial direction. The numerical scheme consists of the

implicit-Euler scheme for the time derivative and the hybrid numerical scheme, which

is a combination of the midpoint upwind scheme (for the outer region) and the central

difference scheme (for the inner region) for the spatial derivatives. We have derived

the ε-uniform error estimate for the proposed scheme, which is almost second-order in

space and first-order in time. The proposed scheme is also applied numerically on the

semilinear DPDEs by using the Newton’s linearization method. Numerical results are

provided for some examples to show the efficiency and accuracy of the method.
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Table 2.1: Maximum pointwise errors eN,∆t and the corresponding order of convergence
pN,∆t for Example 2.6.1 by using the hybrid scheme.

ε Number of mesh-intervals N/temporal mesh-size ∆t
16/ 1

20
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 1.1626e-2 3.5451e-3 1.2302e-3 4.8808e-4 2.1444e-4 1.0023e-4
1.7134 1.5269 1.3337 1.1866 1.0972

10−2 6.8405e-2 2.5940e-2 8.9480e-3 3.0529e-3 1.0271e-3 3.5498e-4
1.3989 1.5355 1.5514 1.5715 1.5328

10−3 7.0493e-2 2.6902e-2 9.2019e-3 3.1079e-3 1.0171e-3 3.5176e-4
1.3898 1.5477 1.5660 1.6115 1.5318

10−4 7.2726e-2 2.7273e-2 9.2643e-3 3.1235e-3 1.0149e-3 3.5151e-4
1.4150 1.5577 1.5685 1.6218 1.5298

10−5 7.2960e-2 2.7418e-2 9.3171e-3 3.1252e-3 1.0147e-3 3.5148e-4
1.4120 1.5572 1.5759 1.6229 1.5295

10−6 7.2983e-2 2.7432e-2 9.3275e-3 3.1319e-3 1.0147e-3 3.5148e-4
1.4117 1.5563 1.5745 1.6260 1.5295

10−7 7.2985e-2 2.7434e-2 9.3285e-3 3.1325e-3 1.0147e-3 3.5149e-4
1.4117 1.5562 1.5743 1.6263 1.5295

10−8 7.2986e-2 2.7434e-2 9.3286e-3 3.1326e-3 1.0146e-3 3.5135e-4
1.4117 1.5562 1.5743 1.6265 1.5299

10−9 7.2986e-2 2.7434e-2 9.3284e-3 3.1331e-3 1.0146e-3 3.5016e-4
1.4116 1.5563 1.5740 1.6267 1.5348

10−10 7.2985e-2 2.7434e-2 9.3283e-3 3.1275e-3 1.0143e-3 3.3857e-4
1.4117 1.5563 1.5766 1.6245 1.5830

eN,∆t 7.2986e-2 2.7434e-2 9.3286e-3 3.1331e-3 1.0271e-3 3.5498e-4
pN,∆t 1.4116 1.5562 1.5741 1.6089 1.5328

Table 2.2: Maximum pointwise errors and the corresponding order of convergence for
Example 2.6.1 by taking M = N2.

N ε = 1e− 4 ε = 1e− 8
outer region inner region outer region inner region

[0, 1− ρ] (1− ρ, 1] [0, 1− ρ] (1− ρ, 1]
16 1.0810e-3 7.4569e-2 1.0835e-3 7.5149e-2

1.9904 1.4253 1.9897 1.4304
32 2.7206e-4 2.7765e-2 2.7282e-4 2.7883e-2

1.9990 1.5684 1.9982 1.5703
64 6.8061e-5 9.3620e-3 6.8292e-5 9.3890e-3

1.9999 1.5795 1.9991 1.5805
128 1.7016e-5 3.1326e-3 1.7084e-5 3.1394e-3

2.0006 1.6299 1.9999 1.6300
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(c) Example 2.6.3.

Figure 2.2: Surface plots of the numerical solutions for ε = 1e− 4, N = 64.
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Figure 2.3: Visualization of the order of convergence through loglog plot.
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Figure 2.4: Visualization for the spatial order of convergence (for M = N2).
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Table 2.3: Maximum pointwise errors eN,∆t and the corresponding order of convergence
pN,∆t for Example 2.6.1 by using the upwind scheme [32].

ε Number of mesh-intervals N/temporal mesh-size ∆t
16/ 1

20
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 5.9627e-2 3.4842e-2 1.8779e-2 9.7731e-3 4.9886e-3 2.5210e-3
0.7751 0.8917 0.9422 0.9702 0.9846

10−2 1.4533e-1 1.0654e-1 7.4088e-2 4.6809e-2 2.8342e-2 1.6521e-2
0.4480 0.5240 0.6625 0.7239 0.7786

10−3 1.5869e-1 1.1439e-1 7.9507e-2 5.0194e-2 3.0437e-2 1.7723e-2
0.4723 0.5248 0.6636 0.7217 0.7802

10−4 1.6401e-1 1.1715e-1 8.0732e-2 5.0943e-2 3.0845e-2 1.7958e-2
0.4853 0.5372 0.6643 0.7239 0.7804

10−5 1.6457e-1 1.1780e-1 8.1649e-2 5.1186e-2 3.0934e-2 1.8007e-2
0.4824 0.5288 0.6737 0.7266 0.7806

10−6 1.6462e-1 1.1786e-1 8.1742e-2 5.1296e-2 3.1019e-2 1.8021e-2
0.4821 0.5279 0.6722 0.7257 0.7835

10−7 1.6463e-1 1.1787e-1 8.1751e-2 5.1307e-2 3.1033e-2 1.8036e-2
0.4821 0.5279 0.6721 0.7254 0.7829

10−8 1.6463e-1 1.1787e-1 8.1752e-2 5.1308e-2 3.1034e-2 1.8038e-2
0.4821 0.5278 0.6721 0.7253 0.7828

10−9 1.6463e-1 1.1787e-1 8.1753e-2 5.1308e-2 3.1034e-2 1.8041e-2
0.4821 0.5278 0.6721 0.7253 0.7826

10−10 1.6463e-1 1.1787e-1 8.1753e-2 5.1313e-2 3.1035e-2 1.8063e-2
0.4821 0.5278 0.6719 0.7254 0.7808

eN,∆t 1.6463e-1 1.1787e-1 8.1753e-2 5.1313e-2 3.1035e-2 1.8063e-2
pN,∆t 0.4821 0.5278 0.6719 0.7254 0.7808
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Table 2.4: Maximum pointwise errors EN,∆t and the corresponding order of convergence
PN,∆t for Example 2.6.2 by using the hybrid scheme.

ε Number of mesh-intervals N/temporal mesh-size ∆t
16/ 1

20
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 4.3906e-3 1.3510e-3 6.5408e-4 3.2242e-4 1.6185e-4 8.1519e-5
1.7004 1.0465 1.0205 0.9943 0.9895

10−2 2.4637e-2 9.2843e-3 2.9695e-3 9.6870e-4 2.9557e-4 9.0157e-5
1.4080 1.6446 1.6161 1.7126 1.7130

10−3 2.3812e-2 9.0139e-3 2.9292e-3 9.6140e-4 2.9658e-4 1.0119e-4
1.4015 1.6217 1.6073 1.6967 1.5514

10−4 2.3796e-2 9.0165e-3 2.9429e-3 9.6933e-4 3.0104e-4 1.0275e-4
1.4001 1.6153 1.6022 1.6870 1.5508

10−5 2.3795e-2 9.0172e-3 2.9446e-3 9.7029e-4 3.0158e-4 1.0292e-4
1.3999 1.6146 1.6016 1.6859 1.5510

10−6 2.3795e-2 9.0173e-3 2.9447e-3 9.7038e-4 3.0163e-4 1.0294e-4
1.3999 1.6145 1.6015 1.6858 1.5510

10−7 2.3795e-2 9.0173e-3 2.9448e-3 9.7040e-4 3.0162e-4 1.0294e-4
1.3999 1.6145 1.6015 1.6858 1.5510

10−8 2.3795e-2 9.0173e-3 2.9448e-3 9.7046e-4 3.0179e-4 1.0294e-4
1.3999 1.6145 1.6014 1.6851 1.5518

10−9 2.3795e-2 9.0171e-3 2.9448e-3 9.6970e-4 3.0166e-4 1.0294e-4
1.3999 1.6145 1.6026 1.6846 1.5511

10−10 2.3795e-2 9.0190e-3 2.9474e-3 9.7161e-4 3.1402e-4 1.0295e-4
1.3996 1.6135 1.6010 1.6295 1.6089

EN,∆t 2.4637e-2 9.2843e-3 2.9695e-3 9.7161e-4 3.1402e-4 1.0295e-4
PN,∆t 1.4080 1.6446 1.6118 1.6295 1.6089

Table 2.5: Maximum pointwise errors and the corresponding order of convergence for
Example 2.6.2 by taking M = N2.

N ε = 1e− 4 ε = 1e− 8
outer region inner region outer region inner region

[0, 1− ρ] (1− ρ, 1] [0, 1− ρ] (1− ρ, 1]
16 4.2580e-3 2.4494e-2 4.2539e-3 2.4494e-2

2.0019 1.3934 2.0055 1.3932
32 1.0631e-3 9.3241e-3 1.0594e-3 9.3251e-3

1.9936 1.5798 2.0014 1.5791
64 2.6697e-4 3.1191e-3 2.6459e-4 3.1211e-3

1.9840 1.5672 1.9996 1.5665
128 6.7484e-5 1.0526e-3 6.6163e-5 1.0538e-3

1.9999 1.5751 2.0008 1.5743

Ph.D. Thesis 48

TH-1760_126123005



Chapter 2 2.7. Conclusion

Table 2.6: Maximum pointwise errors EN,∆t and the corresponding order of convergence
PN,∆t for Example 2.6.2 by using the upwind scheme [32].

ε Number of mesh-intervals N/temporal mesh-size ∆t
16/ 1

20
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 2.1370e-2 1.2716e-2 6.9955e-3 3.6793e-3 1.8883e-3 9.5709e-4
0.7490 0.8621 0.9270 0.9624 0.9804

10−2 3.8385e-2 2.5033e-2 1.7683e-2 1.1260e-2 6.9364e-3 4.0793e-3
0.6167 0.5015 0.6511 0.6990 0.7658

10−3 4.7904e-2 3.1897e-2 2.0434e-2 1.2904e-2 7.7134e-3 4.4579e-3
0.5867 0.6424 0.6631 0.7424 0.7910

10−4 4.9321e-2 3.3066e-2 2.1081e-2 1.3275e-2 7.9104e-3 4.5722e-3
0.5769 0.6494 0.6673 0.7469 0.7908

10−5 4.9469e-2 3.3189e-2 2.1157e-2 1.3315e-2 7.9321e-3 4.5850e-3
0.5758 0.6496 0.6681 0.7473 0.7908

10−6 4.9484e-2 3.3202e-2 2.1164e-2 1.3319e-2 7.9342e-3 4.5863e-3
0.5757 0.6496 0.6681 0.7473 0.7908

10−7 4.9485e-2 3.3203e-2 2.1165e-2 1.3319e-2 7.9345e-3 4.5865e-3
0.5757 0.6496 0.6681 0.7473 0.7908

10−8 4.9485e-2 3.3203e-2 2.1165e-2 1.3319e-2 7.9344e-3 4.5864e-3
0.5757 0.6496 0.6682 0.7473 0.7908

10−9 4.9485e-2 3.3203e-2 2.1165e-2 1.3320e-2 7.9345e-3 4.5859e-3
0.5757 0.6496 0.6681 0.7474 0.7909

10−10 4.9485e-2 3.3202e-2 2.1164e-2 1.3319e-2 7.9243e-3 4.5813e-3
0.5757 0.6497 0.6681 0.7491 0.7905

EN,∆t 4.9485e-2 3.3203e-2 2.1165e-2 1.3320e-2 7.9345e-3 4.5865e-3
PN,∆t 0.5757 0.6496 0.6681 0.7474 0.7908
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Table 2.7: Maximum pointwise errors êN,∆t and the corresponding order of convergence
p̂N,∆t for Example 2.6.3 by using the hybrid scheme.

ε Number of mesh-intervals N/temporal mesh-size ∆t
16/ 1

20
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 9.9061e-3 2.9824e-3 1.0125e-3 3.9061e-4 1.6856e-4 7.8043e-5
1.7319 1.5586 1.3741 1.2125 1.1109

10−2 6.5871e-2 2.5202e-2 8.6651e-3 2.9591e-3 9.8819e-4 3.2970e-4
1.3861 1.5403 1.55 1.5823 1.5836

10−3 7.0412e-2 2.6832e-2 9.1700e-3 3.0970e-3 1.0126e-3 3.3195e-4
1.3919 1.5489 1.5661 1.6129 1.6090

10−4 7.2914e-2 2.7287e-2 9.2655e-3 3.1229e-3 1.0145e-3 3.3223e-4
1.4180 1.5582 1.5690 1.6221 1.6106

10−5 7.3184e-2 2.7441e-2 9.3203e-3 3.1255e-3 1.0147e-3 3.3226e-4
1.4152 1.5579 1.5763 1.6231 1.6106

10−6 7.3211e-2 2.7456e-2 9.3310e-3 3.1323e-3 1.0147e-3 3.3226e-4
1.4149 1.5570 1.5748 1.6262 1.6107

10−7 7.3213e-2 2.7458e-2 9.3321e-3 3.1329e-3 1.0147e-3 3.3228e-4
1.4149 1.5570 1.5747 1.6265 1.6106

10−8 7.3214e-2 2.7458e-2 9.3322e-3 3.1330e-3 1.0146e-3 3.3206e-4
1.4149 1.5570 1.5747 1.6266 1.6114

10−9 7.3214e-2 2.7458e-2 9.3319e-3 3.1335e-3 1.0146e-3 3.3029e-4
1.4149 1.5570 1.5744 1.6268 1.6191

10−10 7.3213e-2 2.7458e-2 9.3318e-3 3.1279e-3 1.0143e-3 3.1337e-4
1.4149 1.5570 1.5770 1.6247 1.6946

êN,∆t 7.3214e-2 2.7458e-2 9.3322e-3 3.1335e-3 1.0147e-3 3.3228e-4
p̂N,∆t 1.4149 1.5570 1.5744 1.6267 1.6106

Table 2.8: Maximum pointwise errors and the corresponding order of convergence for
Example 2.6.3 by taking M = N2.

N ε = 1e− 4 ε = 1e− 8
outer region inner region outer region inner region

[0, 1− ρ] (1− ρ, 1] [0, 1− ρ] (1− ρ, 1]
16 2.0084e-3 7.4655e-2 2.0148e-3 7.5206e-2

1.9787 1.4270 1.9785 1.4313
32 5.0957e-4 2.7764e-2 5.1126e-4 2.7886e-2

2.0037 1.5687 2.0021 1.5705
64 1.2707e-4 9.3595e-3 1.2763e-4 9.3892e-3

2.0007 1.5795 2.0003 1.5805
128 3.1751e-5 3.1316e-3 3.1901e-5 3.1395e-3

2.0013 1.6299 2.0001 1.6301
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Table 2.9: Maximum pointwise errors êN,∆t and the corresponding order of convergence
p̂N,∆t for Example 2.6.3 by using the upwind scheme [32].

ε Number of mesh-intervals N/temporal mesh-size ∆t
16/ 1

20
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 1.7004e-3 9.0004e-4 4.6216e-4 2.3426e-4 1.1794e-4 5.9178e-5
0.9178 0.9616 0.9803 0.9900 0.9949

10−2 5.2574e-2 3.1177e-2 1.6776e-2 8.7265e-3 4.4560e-3 2.2517e-3
0.7539 0.8941 0.9429 0.9697 0.9847

10−3 1.4104e-1 1.0400e-1 7.2175e-2 4.5672e-2 2.7603e-2 1.6101e-2
0.4394 0.5271 0.6602 0.7265 0.7777

10−4 1.5815e-1 1.1405e-1 7.9245e-2 5.0036e-2 3.0336e-2 1.7666e-2
0.4716 0.5253 0.6634 0.7219 0.7801

10−5 1.6399e-1 1.1712e-1 8.0705e-2 5.0926e-2 3.0834e-2 1.7952e-2
0.4856 0.5373 0.6642 0.7239 0.7804

10−6 1.6461e-1 1.1780e-1 8.1647e-2 5.1184e-2 3.0933e-2 1.8007e-2
0.4827 0.5289 0.6737 0.7266 0.7806

10−7 1.6468e-1 1.1787e-1 8.1743e-2 5.1296e-2 3.1019e-2 1.8021e-2
0.4824 0.5280 0.6723 0.7257 0.7835

10−8 1.6468e-1 1.1788e-1 8.1753e-2 5.1307e-2 3.1033e-2 1.8036e-2
0.4824 0.5279 0.6721 0.7254 0.7829

10−9 1.6468e-1 1.1788e-1 8.1754e-2 5.1308e-2 3.1034e-2 1.8038e-2
0.4824 0.5279 0.6721 0.7253 0.7828

10−10 1.6468e-1 1.1788e-1 8.1754e-2 5.1308e-2 3.1034e-2 1.8038e-2
0.4824 0.5279 0.6721 0.7253 0.7828

êN,∆t 1.6468e-1 1.1788e-1 8.1754e-2 5.1308e-2 3.1034e-2 1.8038e-2
p̂N,∆t 0.4824 0.5279 0.6721 0.7253 0.7828

Table 2.10: Maximum pointwise errors and corresponding order of convergence for Ex-
ample 2.6.1 by taking M = N2.

ε = 10−2 ε = 10−6

Modified Modified

N S mesh B–S mesh B–S mesh S mesh B–S mesh B–S mesh

16 7.0551e-2 9.0812e-3 7.8444e-3 7.5388e-2 1.0027e-2 8.6568e-3

1.4323 1.9144 1.8557 1.4350 1.9213 1.8605

32 2.6141e-2 2.4091e-3 2.1674e-3 2.7883e-2 2.6473e-3 2.3839e-3

1.5762 1.9503 1.8956 1.5704 1.9523 1.8932

64 8.7667e-3 6.2336e-4 5.8251e-4 9.3888e-3 6.8408e-4 6.4179e-4

1.5800 1.9791 1.9220 1.5804 1.9791 1.9201

128 2.9322e-3 1.5812e-4 1.5372e-4 3.1395e-3 1.7352e-4 1.6958e-4

1.6303 1.9891 1.9391 1.6300 1.9892 1.9380

256 9.4719e-4 3.9829e-5 4.0086e-5 1.0143e-3 4.3707e-5 4.4259e-5

Ph.D. Thesis 51

TH-1760_126123005



CHAPTER 3

Second-Order Uniformly Convergent Numerical

Method for Singularly Perturbed 1D Delay

Parabolic Partial Differential Equations

This chapter is devoted to the study of a post-processing technique for singularly per-

turbed 1D delay parabolic convection-diffusion problem having a regular boundary layer.

To handle this layer phenomenon, the problem is solved on an apriori special mesh by

using the implicit-Euler scheme for the discretization of the time derivative and the

upwind scheme for the discretization of the spatial derivatives which results in almost

first-order convergence, i.e., O(N−1 lnN + ∆t). Then, the Richardson extrapolation

technique is applied on the computed solution fixing the transition parameter of the

Shishkin mesh in order to improve the accuracy. We show that the Richardson extrapo-

lation technique improves the order of convergence to O(N−2 ln2N + ∆t2). To support

the theoretical results, numerical experiments are carried out.

3.1 Introduction

We consider the following class of singularly perturbed delay parabolic IBVPs with

Dirichlet boundary conditions. Let Ωx = (0, 1), Λt = (0, T ], D = Ωx × Λt and Γ =

Γl ∪ Γb ∪ Γr, where Γl and Γr are the left and the right sides of the rectangular domain

D corresponding to x = 0 and x = 1, respectively, and Γb = Ωx × [−τ, 0].

(
∂

∂t
+ Lε

)
u(x, t) = −c(x, t)u(x, t− τ) + f(x, t), (x, t) ∈ D,

u(x, t) = φb(x, t), (x, t) ∈ Γb,

u(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

u(1, t) = φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},

(3.1.1)
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where

Lεu(x, t) = −εuxx(x, t) + a(x)ux(x, t) + b(x, t)u(x, t),

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parame-

ter. The coefficients a(x), b(x, t), c(x, t), f(x, t) on D and the boundary, initial val-

ues φl(t), φr(t), φb(x, t) on Γ, are sufficiently smooth and bounded functions, such that

a(x) ≥ α > 0, b(x, t) ≥ 0 and c(x, t) is nonzero on D. The solution of the IBVP

(3.1.1) exhibits a regular boundary layer of width O(ε) along x = 1. The existence and

uniqueness of the solution for our model problem (3.1.1) can be guaranteed by the suf-

ficient smoothness and compatibility conditions (2.2.1) and (2.2.2) as given in Chapter

2, imposed on φl(t), φb(x, t) and φr(t). The terminal time T is assumed to satisfy the

condition T = kτ for some positive integer k.

Here, first we discretize the domain with the uniform mesh in the time direction and

by the piecewise-uniform Shishkin mesh in the spatial direction. Then the time derivative

is replaced by the implicit-Euler scheme and the spatial derivatives are approximated by

the upwind finite difference scheme. First, we solve the DPDE by this numerical scheme

on N +1 andM +1 number of spatial and temporal mesh-points, respectively, after that

we solve the DPDE by the same numerical scheme on 2N + 1 (by fixing the transition

parameter) and 2M + 1 number of mesh-points. Then we combine these two solutions

properly to obtain a better approximate numerical solution. This method enhances

the order of convergence from first-order to second-order. ε-uniform error estimates are

derived separately for the smooth and singular components. Numerical experiments are

carried out to show the accuracy and efficiency of the proposed method.

The outline of this chapter is as follows: Section 3.2 deals with the upwind scheme.

The Richardson extrapolation technique has been described in Section 3.3. The main

proof of convergence after extrapolation has been given in Section 3.3.1. Numerical re-

sults are presented in Section 3.4 and the chapter ends with Section 3.5 that summarizes

the main conclusions.

3.2 The Numerical Solution

This section describes the difference scheme used to discretize the DPDE (3.1.1).

3.2.1 Discretization of the domain

Since the solution of the DPDE (3.1.1) exhibits a regular boundary layer only in the

spatial variable, we discretize the domain with the piecewise-uniform Shishkin mesh in

the spatial direction and the uniform mesh in the temporal direction.
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Here, we construct the piecewise-uniform mesh in such a way that the density of the

mesh-points is more in the boundary layer region than the outer region. Since the DPDE

(3.1.1) has a boundary layer along the side x = 1, the mesh should be condensing in the

neighborhood of x = 1. To define the piecewise-uniform mesh, we divide the domain

[0, 1] into two sub-domains [0, 1−ρ] and (1−ρ, 1], where the transition parameter 1−ρ,

which separates the coarse and fine portion of the mesh is obtained by taking

ρ = min

{
1

2
, ρ

0
ε lnN

}
, (3.2.1)

provided ρ
0
≥ 2/α. We denote the spatial meshes by

Ω
N

x = {0 = x0, x1, · · · , xN/2 = 1− ρ, · · · , xN = 1},

where

xi =


i
2(1− ρ)

N
, i = 0, · · · , N/2,

1− ρ+

(
i− N

2

)
2ρ

N
, i = (N/2) + 1, · · · , N,

N ≥ 4 be a positive even integer and ΩN
x = Ω

N

x ∩ Ωx. The analysis has been carried

out by assuming that ρ = ρ
0
ε lnN , as otherwise N is exponentially large in comparison

with ε. The spatial mesh-sizes are denoted by

hi = xi − xi−1, i = 1, · · · , N, ĥi = hi + hi+1, i = 1, · · · , N − 1.

Further, let H = 2(1 − ρ)/N and h = 2ρ/N be the spatial mesh-sizes in [0, 1 − ρ] and

[1 − ρ, 1], respectively. It is clear that N−1 ≤ H ≤ 2N−1, h = 2ρ
0
εN−1 lnN, and the

uniform mesh can be obtained by choosing ρ = 1/2. For the time domain Λt, we will

use a uniform mesh with mesh-size ∆t, such that

ΛM
t = {tn = n∆t, n = 0, · · · ,M,∆t = T/M},

where M is the number of mesh-intervals in the t-direction on the interval [0, T ] and the

temporal mesh-size ∆t satisfies the constraint p∆t = τ , where p is a positive integer,

tn = n∆t, n ≥ −p.
We define the discrete domain by DN,M = D

N,M ∩D where D
N,M

= Ω
N

x × ΛM
t and

ΓNb = Ω
N

x × Λp
t , where Λp

t denotes the set of p + 1 uniform mesh-points in [−τ, 0]. The

boundary points of D
N,M

are ΓN = D
N,M ∩ Γ. Similarly, we define the left and right

boundary points by ΓNl = D
N,M ∩ Γl and ΓNr = D

N,M ∩ Γr, respectively. We further

discretize D
N,M

j = Ω
N

x × Λp
j,t, where Λp

j,t denotes the set of p + 1 uniform mesh-points

in [(j − 1)τ, jτ ], for j = 1, 2, · · · , k. From the above discretization we can observe that

D
N,M

=
⋃k
j=1D

N,M

j .
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3.2.2 Numerical scheme

In this section, we approximate the continuous problem (3.1.1) by means of the implicit-

Euler scheme for the time derivative and the upwind scheme for the spatial derivatives.

Hence the discretization of the IBVP (3.1.1) takes the form
(δ−t + L N

ε )Un+1
i = −ci,n+1U

n−p+1
i + fn+1

i , for i = 1, · · · , N − 1, n = 0, · · · ,M − 1,

Un+1
0 = φl(tn+1), Un+1

N = φr(tn+1), for n = 0, · · · ,M − 1,

U−ji = φb(xi,−tj), for i = 0, · · · , N, and j = 0, · · · , p,
(3.2.2)

where

L N
ε U

n+1
i = −εδ2

xU
n+1
i + aiδ

−
x U

n+1
i + bi,n+1U

n+1
i .

After rearranging the terms in (3.2.2), we obtain the following system of linear alge-

braic equations:
r−i U

n+1
i−1 + r0

iU
n+1
i + r+

i U
n+1
i+1 = gni , for i = 1, · · · , N − 1, n = 0, · · · ,M − 1,

Un+1
0 = φl(tn+1), Un+1

N = φr(tn+1), for n = 0, · · · ,M − 1,

U−ji = φb(xi,−tj), for i = 0, · · · , N, and j = 0, · · · , p,

where
r−i = ∆t

(
− 2ε

ĥihi
− ai
hi

)
, r+

i = ∆t

(
− 2ε

ĥihi+1

)
, r0

i = 1 + ∆tbi,n+1 − r−i − r+
i ,

ci,n+1 = c(xi, tn+1), ai = a(xi), gni = Un
i + ∆t

(
−ci,n+1U

n−p+1
i + fn+1

i

)
.

The finite difference operator (δ−t + L N
ε ) defined in (3.2.2) satisfies the following

discrete maximum principle on DN,M , which provides the ε-uniform stability of the

difference operator (δ−t + L N
ε ).

Lemma 3.2.1. (Discrete maximum principle) Assume that the discrete function

Ψn
i satisfies Ψn

i ≥ 0 on ΓN . Then (δ−t + L N
ε )Ψn

i ≥ 0 on DN,M implies that Ψn
i ≥ 0 at

each point of D
N,M

.

Proof. Assume that there exist a point (x∗i , t
∗
n) ∈ DN,M

, such that

Ψ(x∗i , t
∗
n) = min

(xi,tn)∈DN,M
Ψ(xi, tn) < 0.

Clearly (x∗i , t
∗
n) /∈ ΓN , which implies (x∗i , t

∗
n) ∈ DN,M .
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Now, by applying the operator (δ−t + L N
ε ) on Ψ(x∗i , t

∗
n), we get

(δ−t + L N
ε )Ψ(x∗i , t

∗
n) = δ−t Ψ(x∗i , t

∗
n)− εδ2

xΨ(x∗i , t
∗
n) + a(x∗i )δ

−
x Ψ(x∗i , t

∗
n) + b(x∗i , t

∗
n)Ψ(x∗i , t

∗
n).

Since, we have Ψ(x∗i , t
∗
n)−Ψ(x∗i , t

∗
n−1) < 0, Ψ(x∗i , t

∗
n)−Ψ(x∗i−1, t

∗
n) < 0 and Ψ(x∗i+1, t

∗
n)−

Ψ(x∗i , t
∗
n) > 0, therefore

(δ−t + L N
ε )Ψ(x∗i , t

∗
n) < 0,

which is a contradiction as (δ−t + L N
ε )Ψ(xi, tn) ≥ 0, for all (xi, tn) ∈ DN,M . Hence

Ψ(xi, tn) ≥ 0, for all (xi, tn) ∈ DN,M
.

3.2.3 Error estimate for the difference scheme (3.2.2)

The following theorem explains that the upwind scheme defined in (3.2.2), converges

ε-uniformly on the Shishkin mesh DN,M , with almost first-order accuracy.

Theorem 3.2.2. Let u and U be respectively the continuous and the numerical solutions

of (3.1.1) and (3.2.2). Then, we have the following error bound for (xi, tn) ∈ DN,M

max
i,n
|(u− U)(xi, tn)| ≤ C(N−1 lnN + ∆t), for 1 ≤ i ≤ N − 1,

where U(xi, tn) = Un
i .

Proof. The proof of the theorem is given in [32].

From the theorem stated above, one can see that the spatial order of convergence is

almost one (up to a logarithmic factor) and the temporal order of convergence is one. In

this chapter, our main goal is to apply the Richardson extrapolation technique on the

discrete solution Un
i of the problem (3.2.2) to attain second-order ε-uniform convergence

with respect to both the spatial and temporal variables of the DPDE (3.1.1).

3.3 Richardson Extrapolation Technique

We now describe the Richardson extrapolation technique, which is used to increase the

accuracy of the computed solutions of the basic scheme. To apply this technique, we

will solve the discrete problem (3.2.2) on the fine mesh D
2N,2M

= Ω
2N

x × Λ2M
t with 2N

mesh-intervals in the spatial direction and 2M mesh-intervals in the temporal direction,

where Ω
2N

x is the piecewise-uniform Shishkin mesh having the same transition point

1−ρ as used in Ω
N

x . In fact, the discrete domain Ω
2N

x can be obtained through bisecting

each mesh-interval of Ω
N

x . From such construction, it is clear that D
N,M

= {(xi, tn)} ⊂
D

2N,2M
= {(x̃i, t̃n)}. Hence the corresponding spatial mesh-sizes in D

2N,2M
can be given

by

x̃i − x̃i−1 =

 H/2, for x̃i ∈ Ω
2N

x ∩ [0, 1− ρ],

h/2, for x̃i ∈ Ω
2N

x ∩ [1− ρ, 1],
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and t̃n − t̃n−1 = ∆t/2, for t̃n ∈ Λ2M
t .

Let U(xi, tn) be the numerical solution of the discrete problem (3.2.2) on D
N,M

.

Therefore, from Theorem 3.2.2, one can express the error as

U(xi, tn)− u(xi, tn) = C (N−1 lnN + ∆t) + o(N−1 lnN + ∆t)

= C(N−1
(
ρ/ρ

0
ε) + ∆t

)
+ o(N−1 lnN + ∆t), (xi, tn) ∈ DN,M

,

(3.3.1)

where C is a fixed constant. Similarly, if Ũ(x̃i, t̃n) is the solution of the discrete problem

(3.2.2) on D
2N,2M

, then

Ũ(x̃i, t̃n)−u(x̃i, t̃n) = C
(
(2N)−1(ρ/ρ

0
ε) + (∆t/2)

)
+o(N−1 lnN+∆t), (x̃i, t̃n) ∈ D2N,2M

,

(3.3.2)

by considering the fact that Ũ(x̃i, t̃n) is obtained by using the same transition point

1 − ρ. Now from (3.3.1) and (3.3.2), eliminating the terms of O(N−1) and O(∆t), we

get

u(xi, tn)−
(

2Ũ(xi, tn)− U(xi, tn)
)

= o(N−1 lnN + ∆t), (xi, tn) ∈ DN,M
.

We shall therefore use the following extrapolation formula

Uextp(xi, tn) = 2Ũ(xi, tn)− U(xi, tn), (xi, tn) ∈ DN,M
, (3.3.3)

to obtain a better approximate numerical solution to the DPDE (3.1.1).

3.3.1 Error estimate for the extrapolated solution (3.3.3)

The section provides the ε-uniform error estimate of the numerical solution after the

extrapolation technique. The main result of this chapter for the ε-uniform convergence

of the numerical solution is given at the end of this section.

The following theorem provides the error bounds, when t ∈ [0, τ ].

Theorem 3.3.1. (Error after extrapolation in DN,M
1 ) Assume that ε ≤ N−1. Let u be

the solution of the continuous problem (3.1.1) and Uextp be the solution obtained via the

Richardson extrapolation technique (3.3.3) by solving the discrete problem (3.2.2) on two

nested meshes DN,M
1 and D2N,2M

1 . Then, we have the following error bound associated

with Uextp:

‖u(xi, tn)− Uextp(xi, tn)‖∞ ≤ C
(
N−2 ln2N + ∆t2

)
, for (xi, tn) ∈ DN,M

1 .

Proof. We know in the first interval [0, τ ], i.e., where the time discretization parameter

n varies from 0 to p, the initial conditions of IBVPs (3.1.1) and (3.2.2) will be same.
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So, the analysis can be carried out in the same way as one can do for a non-delay

problem. Therefore, for (xi, tn) ∈ DN,M
1 , we can adapt the proof of convergence of the

extrapolation technique as given in [66], that is, we can have the following error bound:

‖u(xi, tn)− Uextp(xi, tn)‖∞ ≤ C
(
N−2 ln2N + ∆t2

)
, for (xi, tn) ∈ DN,M

1 .

On the second interval [τ, 2τ ], the approach of [66] is not applicable due to the fact

that the value of the delay term present in the right hand side of (3.2.2) will be the

numerical solution obtained in previous time interval [0, τ ]. Therefore, we will do the

detailed analysis to get the error over the interval [τ, 2τ ].

On the domain D2 = Ωx × (τ, 2τ), we consider the following singularly perturbed

delay parabolic PDE:

(
∂

∂t
+ Lε

)
u(x, t) = −c(x, t)u(x, t− τ) + f(x, t), (x, t) ∈ D2,

u(x, t) = uτ (x, t), (x, t) ∈ D1 = Ωx × [0, τ ],

u(0, t) = φl(t), u(1, t) = φr(t), t ∈ [τ, 2τ ],

(3.3.4)

where uτ (x, t) is the exact solution on D1.

To discretize the DPDE (3.3.4), we apply the difference scheme as given in (3.2.2).

Hence in the domain (xi, tn) ∈ DN,M
2 , the discrete problem corresponding to (3.3.4)

becomes
δ−t U

n
i − εδ2

xU
n
i + aiδ

−
x U

n
i + bi,nU

n
i = −ci,nUn−p

i + f(xi, tn), (xi, tn) ∈ DN,M
2 ,

Un
0 = φl(tn), Un

N = φr(tn), tn ∈ Λp
2,t,

Un
i = U1(xi, tn), (xi, tn) ∈ DN,M

1 ,

(3.3.5)

where U1(·, ·) is the numerical solution calculated on DN,M
1 .

The solution u of (3.3.4) is decomposed into the smooth and singular components as

u = y + z. Since D2 ⊂ D, the estimates given in Theorem 2.2.4, can be used for both

y and z. The smooth component y is further decomposed into y = y0 + εy1, where y0

and y1 are the solutions of the following problems:

∂y0

∂t
(x, t) + a(x)

∂y0

∂x
(x, t) + b(x, t)y0(x, t) = −c(x, t)y0(x, t− τ) + f(x, t), (x, t) ∈ D2,

y0(x, t) = uτ (x, t), (x, t) ∈ D1,

y0(0, t) = u(0, t), t ∈ [τ, 2τ ],

Ph.D. Thesis 58

TH-1760_126123005



Chapter 3 3.3. Richardson Extrapolation Technique

and 

(
∂

∂t
+ Lε

)
y1(x, t) = −c(x, t)y1(x, t− τ) +

∂2y0

∂x2
(x, t), (x, t) ∈ D2,

y1(x, t) = 0, (x, t) ∈ D1,

y1(0, t) = y1(1, t) = 0, t ∈ [τ, 2τ ].

Therefore, y satisfies the following problem:

(
∂

∂t
+ Lε

)
y(x, t) = −c(x, t)y(x, t− τ) + f(x, t), (x, t) ∈ D2,

y(x, t) = uτ (x, t), (x, t) ∈ D1,

y(0, t) = y0(0, t), y(1, t) = y0(1, t), t ∈ [τ, 2τ ].

(3.3.6)

Then, the singular component z satisfies

(
∂

∂t
+ Lε

)
z(x, t) = −c(x, t)z(x, t− τ), (x, t) ∈ D2,

z(x, t) = 0, (x, t) ∈ D1,

z(0, t) = φl(t)− y0(0, t), z(1, t) = φr(t)− y0(1, t), t ∈ [τ, 2τ ].

(3.3.7)

In a similar way, the numerical solution U of (3.3.5) can be decomposed into the smooth

and singular components Y and Z, respectively. Thus,

U = Y + Z,

where Y is the solution of the following nonhomogeneous problem:
(δ−t + L N

ε )Y n
i = −ci,nY (xi, tn−p) + f(xi, tn), (xi, tn) ∈ DN,M

2 ,

Y n
i = U1(xi, tn), (xi, tn) ∈ DN,M

1 ,

Y n
0 = y(0, tn), Y n

N = y(1, tn), tn ∈ Λp
2,t,

(3.3.8)

and therefore, Z satisfies
(δ−t + L N

ε )Zn
i = −ci,nZ(xi, tn−p), (xi, tn) ∈ DN,M

2 ,

Zn
i = 0, (xi, tn) ∈ DN,M

1 ,

Zn
0 = φl(tn)− y(0, tn), Zn

N = φr(tn)− y(1, tn), tn ∈ Λp
2,t.

(3.3.9)

Similarly, the solution Ũ , can be decomposed into the smooth and singular components

Ỹ and Z̃, respectively, on the fine mesh D2N,2M , i.e.,

Ũ = Ỹ + Z̃.

Therefore at the node (xi, tn) the errors can be written in the form (U − u)(xi, tn) =

(Y − y)(xi, tn) + (Z − z)(xi, tn) and (Ũ − u)(xi, tn) = (Ỹ − y)(xi, tn) + (Z̃ − z)(xi, tn).
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3.3.2 Error estimate for the smooth component Y

Lemma 3.3.2. Assume that ε ≤ N−1. Then the local truncation error in DN,M
2 associ-

ated to the smooth component satisfies

(δ−t + L N
ε )(Y − y)(xi, tn) = C(N−1 lnN + ∆t) + hi

1

2
a(xi)

∂2y

∂x2
(xi, tn)+∆t

1

2

∂2y

∂t2
(xi, tn)

+O(H2 + ∆t2).

Proof. The local truncation error of the smooth component can be written as

(
δ−t + L N

ε

)
(Y − y) = ci,n (y(xi, tn−p)− Y (xi, tn−p)) +

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
y.

Using the initial conditions from (3.3.6) and (3.3.8), we get

(δ−t + L N
ε )(Y − y) = ci,n(uτ (xi, tn−p)− U1(xi, tn−p)) +

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
y.

Now, by using the error estimates given in Theorem 3.2.2 and the Taylor’s expansion,

we obtain

(δ−t + L N
ε )(Y − y) = C(N−1 lnN + ∆t) +

ε

3ĥi

[
h2
i+1

∂3y

∂x3
(κ1, tn)− h2

i

∂3y

∂x3
(κ2, tn)

]
+
hi
2
a(xi)

∂2y

∂x2
(xi, tn)− h2

i

3!
a(xi)

∂3y

∂x3
(κ3, tn) +

∆t

2

∂2y

∂t2
(xi, tn)

−∆t2

3!

∂3y

∂t3
(xi, t̃),

where κ1 ∈ (xi, xi+1), κ2, κ3 ∈ (xi−1, xi) and t̃ ∈ (tn−1, tn).

Finally, applying the bounds on the derivatives of y given in Theorem 2.2.4, along

with the fact ε ≤ N−1 ≤ H, one can get the required result.

Following the classical approach of Keller [40], define the functions ξk, k = 1, 2, to

be the solutions of the following IBVPs:

(
∂

∂t
+ Lε

)
ξ1 =

1

2
a(x)

∂2y

∂x2
(x, t), inD,

ξ1(x, t) = 0, (x, t) ∈ Γb,

ξ1(0, t) = ξ1(1, t) = 0, t ∈ Λt,

and



(
∂

∂t
+ Lε

)
ξ2 =

1

2

∂2y

∂t2
(x, t), inD,

ξ2(x, t) = 0, (x, t) ∈ Γb,

ξ2(0, t) = ξ2(1, t) = 0, t ∈ Λt.

(3.3.10)

From Theorem 2.2.4, we obtain that the right hand side terms of the above equations

are ε-uniformly bounded. Therefore the above equations are similar to (3.1.1).
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We again decompose ξk as ξk = φk+ψk, k = 1, 2, where φk is the smooth component

and ψk is the singular component satisfying the following bounds:∥∥∥∥∂l+mφk∂xl∂tm

∥∥∥∥
∞
≤ C

(
1 + ε2−l) , ∣∣∣∣∂l+mψk∂xl∂tm

∣∣∣∣ ≤ Cε−l exp(−α(1− x)/ε),

on D, for 0 ≤ l + m ≤ 3, which can be obtained in an analogous way, as discussed in

Theorem 2.2.4.

Since, in this context, we are considering (x, t) ∈ D2, therefore (3.3.10) reduces to

the following IBVPs:

(
∂

∂t
+ Lε

)
ξ1 =

1

2
a(x)

∂2y

∂x2
(x, t), inD2,

ξ1(x, t) = ξ1τ (x, t), (x, t) ∈ D1,

ξ1(0, t) = ξ1(1, t) = 0, t ∈ [τ, 2τ ],

and



(
∂

∂t
+ Lε

)
ξ2 =

1

2

∂2y

∂t2
(x, t), inD2,

ξ2(x, t) = ξ2τ (x, t), (x, t) ∈ D1,

ξ2(0, t) = ξ2(1, t) = 0, t ∈ [τ, 2τ ],

where ξ1τ (·, ·) and ξ2τ (·, ·) are the respective exact solutions in D1.

Therefore, the components φk andψk, k = 1, 2, satisfy the following IBVPs

(
∂

∂t
+ Lε

)
φ1 =

1

2
a(x)

∂2y

∂x2
(x, t),

(
∂

∂t
+ Lε

)
φ2 =

1

2

∂2y

∂t2
(x, t), (x, t) ∈ D2,(

∂

∂t
+ Lε

)
ψk = 0,

φ1(x, t) = ξ1τ (x, t), ψ1(x, t) = 0, φ2(x, t) = ξ2τ (x, t), ψ2(x, t) = 0, (x, t) ∈ D1,

φk(0, t) = ψk(0, t) = 0, t ∈ [τ, 2τ ],

φk(1, t) = −ψk(1, t), t ∈ [τ, 2τ ].

(3.3.11)

Lemma 3.3.3. Assume that ε ≤ N−1. Then, for all (xi, tn) ∈ DN,M
2 , we have

(Y − y) (xi, tn) = C
(
N−1 lnN + ∆t

)
+ hiφ1(xi, tn) + ∆tφ2(xi, tn) + O

(
H2 + ∆t2

)
.

Proof. From Lemma 3.3.2 and (3.3.11), one can easily obtain that

(δ−t + L N
ε )(Y − y)(xi, tn)

= C
(
N−1 lnN + ∆t

)
+ hi

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
φ1(xi, tn)

+hi
(
δ−t + L N

ε

)
φ1(xi, tn) + ∆t

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
φ2(xi, tn)

+∆t
(
δ−t + L N

ε

)
φ2(xi, tn) +O

(
H2 + ∆t2

)
. (3.3.12)
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From the Taylor’s expansion it follows that for k = 1, 2, we have∣∣∣∣(( ∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
φk(xi, tn)

∣∣∣∣
≤
[
ε

3
(hi + hi+1)

∥∥∥∥∂3φk
∂x3

∥∥∥∥
∞

+
hi
2
a(xi)

∥∥∥∥∂2φk
∂x2

∥∥∥∥
∞

+
∆t

2

∥∥∥∥∂2φk
∂t2

∥∥∥∥
∞

]
.

Again, by using the bounds for the derivatives of φk and the inequality hi ≤ H for all i,

we have∣∣∣∣hi(( ∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
φ1(xi, tn) + ∆t

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
φ2(xi, tn)

∣∣∣∣
≤ C

(
H2 +H∆t+ ∆t2

)
≤ C

(
H2 + ∆t2

)
. (3.3.13)

Therefore, from (3.3.12) and (3.3.13), we get∣∣(δ−t + L N
ε )(Y − y − hiφ1 −∆tφ2)(xi, tn)

∣∣ ≤ C
(
N−1 lnN + ∆t+H2 + ∆t2

)
.

Now, we define two discrete functions θ± as

θ±(xi, tn) = C
(
N−2 + ∆t2

)
(1 + xi)± %(xi, tn), for 0 ≤ i ≤ N,

where

%(xi, tn) =

 (Y − y − hiφ1 −∆tφ2) (xi, tn), for 1 ≤ i ≤ N − 1,

0, for i = 0, N.

Now, by applying the discrete maximum principle (Lemma 3.2.1), we obtain

|(Y − y − hiφ1 −∆tφ2) (xi, tn)| ≤ C(N−1 lnN + ∆t+N−2 + ∆t2), for 1 ≤ i ≤ N − 1,

and hence the required result follows.

Lemma 3.3.4. The error associated to the smooth component Y after extrapolation

satisfies the following bound:

|(y − Yextp) (xi, tn)| ≤ C(N−2 + ∆t2), for (xi, tn) ∈ DN,M
2 .

Proof. By using ρ = ρ
0
ε lnN in Lemma 3.3.3, we get

(Y − y) (xi, tn) = C
(
N−1

(
ρ/ρ

0
ε
)

+ ∆t
)

+ hiφ1(xi, tn) + ∆tφ2(xi, tn) + O
(
H2 + ∆t2

)
.

(3.3.14)
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Therefore, on the fine mesh D
2N,2M

2 , we have

(
Ỹ − y

)
(xi, tn) =



C
(
(2N)−1

(
ρ/ρ

0
ε
)

+ (∆t/2)
)

+ (H/2)φ1(xi, tn)

+(∆t/2)φ2(xi, tn) +O (N−2 + ∆t2) , for 1 ≤ i ≤ N/2,

C
(
(2N)−1

(
ρ/ρ

0
ε
)

+ (∆t/2)
)

+ (h/2)φ1(xi, tn)

+(∆t/2)φ2(xi, tn) +O (N−2 + ∆t2) ,

for N/2 + 1 ≤ i ≤ N − 1.

(3.3.15)

From the extrapolation formula (3.3.3), one can write

y(xi, tn)− Yextp(xi, tn) = y(xi, tn)−
(

2Ỹ (xi, tn)− Y (xi, tn)
)

= −2
(
Ỹ − y

)
(xi, tn) + (Y − y) (xi, tn).

For 1 ≤ i ≤ N/2, by using (3.3.14) and (3.3.15), we get

−2
(
Ỹ − y

)
(xi, tn) + (Y − y) (xi, tn) = −C

(
N−1

(
ρ/ρ

0
ε
)

+ ∆t
)
−Hφ1(xi, tn)

−∆tφ2(xi, tn) + C
(
N−1

(
ρ/ρ

0
ε
)

+ ∆t
)

+Hφ1(xi, tn) + ∆tφ2(xi, tn) +O(N−2 + ∆t2)

= O(N−2 + ∆t2).

Therefore, we have y(xi, tn)− Yextp(xi, tn) = O(N−2 + ∆t2). For N/2 + 1 ≤ i ≤ N − 1,

approaching in the similar way as done above, we will get y(xi, tn) − Yextp(xi, tn) =

O(N−2 + ∆t2). Hence, the desired result follows.

3.3.3 Error estimate for the singular component Z

Lemma 3.3.5. The local truncation error associated to the singular component satisfies

|Zextp(xi, tn)− z(xi, tn)| ≤ CN−2, for 1 ≤ i ≤ N/2.

Proof. From the bound given in Theorem 2.2.4, we get

|z(xi, tn)| ≤ C exp(−α(1− xi)/ε)

≤ C exp(−α(1− (1− ρ))/ε)

= C exp(−αρ/ε).

Since, ρ ≥ (2ε/α) lnN , we get |z(xi, tn)| ≤ CN−2.
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To find the bound of Z(xi, tn), for a fixed time level tn, we consider a barrier function

℘(xi) = C

[
N∏
j=1

(
1 +

αhj
ε

)−1
]

i∏
j=1

(
1 +

αhj
ε

)
.

Now, by following the similar approach as used in [89], we can obtain |Z(xi, tn)| ≤ CN−2.

Therefore, we have |Z(xi, tn)− z(xi, tn)| ≤ CN−2.

In a similar way, we can get
∣∣∣Z̃(xi, tn)− z(xi, tn)

∣∣∣ ≤ CN−2. Hence, from the ex-

trapolation formula (3.3.3), we can obtain the required bound.

To analyze the effect of the extrapolation technique in the boundary layer region

[1− ρ, 1], we define the function λk, k = 1, 2, on [1− ρ, 1] by the following IBVPs:

(
∂

∂t
+ Lε

)
λ1 = ρ

0
εa(x)

∂2z

∂x2
(x, t),

(
∂

∂t
+ Lε

)
λ2 =

1

2

∂2z

∂t2
(x, t),

(x, t) ∈ Dr = (1− ρ, 1)× Λt,

λk(x, t) = 0, (x, t) ∈ [1− ρ, 1]× [−τ, 0],

λk(1− ρ, t) = λk(1, t) = 0, t ∈ Λt.

(3.3.16)

Lemma 3.3.6. The solutions λk, k = 1, 2, of (3.3.16) satisfy the following bounds:∣∣∣∣∂l+mλk∂xl∂tm

∣∣∣∣ ≤ Cε−l exp(−α(1− x)/ε), (x, t) ∈ D,

for all non-negative integers l, m, where 0 ≤ l +m ≤ 3.

Proof. Employing the similar idea used in the proof of Theorem 2.2.4, along with the

bounds of the derivatives of the singular component given there, one can get the required

bound.

Here, we are considering t ∈ (τ, 2τ), therefore (3.3.16) reduces to the following

IBVPs:

(
∂

∂t
+ Lε

)
λ1 = ρ

0
εa(x)

∂2z

∂x2
(x, t),

(
∂

∂t
+ Lε

)
λ2 =

1

2

∂2z

∂t2
(x, t),

(x, t) ∈ Dr2 = (1− ρ, 1)× (τ, 2τ),

λk(x, t) = λkτ (x, t), (x, t) ∈ Dr1 = [1− ρ, 1]× [0, τ ],

λk(1− ρ, t) = λk(1, t) = 0, t ∈ (τ, 2τ),

(3.3.17)

where λkτ (·, ·), k = 1, 2, are the exact solutions in Dr1 .

Lemma 3.3.7. For N/2 + 1 ≤ i ≤ N − 1 and tn ∈ Λp
2,t, the error associated to the

singular component Z satisfies

(Z − z) (xi, tn) = (N−1 lnN)λ1(xi, tn) + ∆tλ2(xi, tn) +O
(
N−2 ln2N + ∆t2

)
.
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Proof. From the IBVP (3.3.7) and the difference equation (3.3.9), we obtain the trun-

cation error as

(δ−t + L N
ε ) (Z − z) (xi, tn) = ci,n (z(xi, tn−p) −Z(xi, tn−p))

+

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
z.

Using the initial conditions from the equations (3.3.7) and (3.3.9), we get that

(δ−t + L N
ε ) (Z − z) (xi, tn) =

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
z.

Therefore, from the Taylor’s expansion, for some κ1 ∈ (xi, xi+1), κ2, κ3 ∈ (xi−1, xi) and

t̃ ∈ (tn−1, tn), one can have

(δ−t + L N
ε ) (Z − z) (xi, tn) =

εh2

4!

[
∂4z

∂x4
(κ1, tn) +

∂4z

∂x4
(κ2, tn)

]
+
h

2
a(xi)

∂2z

∂x2
(xi, tn)

−h
2

3!
a(xi)

∂3z

∂x3
(κ3, tn) +

∆t

2

∂2z

∂t2
(xi, tn)− ∆t2

3!

∂3z

∂t3
(xi, t̃).

Now, using the result of Theorem 2.2.4, we get that

(δ−t + L N
ε ) (Z − z) (xi, tn) = ρ

0
εN−1 lnNa(xi)

∂2z

∂x2
(xi, tn) +

∆t

2

∂2z

∂t2
(xi, tn)

+O
(
ε−1 exp(−α(1− xi+1)/ε)N−2 ln2N

+ exp(−α(1− xi)/ε)∆t2) .

Therefore, from (3.3.17) one can write the above equation as follows:

(δ−t + L N
ε ) (Z − z) (xi, tn) = N−1 lnN

(
∂

∂t
+ Lε

)
λ1 + ∆t

(
∂

∂t
+ Lε

)
λ2

+O
(
ε−1 exp(−α(1− xi+1)/ε)N−2 ln2N

+ exp(−α(1− xi)/ε)∆t2
)
. (3.3.18)

Now, from the Taylor’s expansion and Lemma 3.3.6, we obtain that((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
λk(xi, tn) = O(ε−1 exp(−α(1− xi+1)/ε)N−1 lnN

+ exp(−α(1− xi)/ε)∆t). (3.3.19)

Therefore, using (3.3.19), we get that∣∣∣∣N−1 lnN

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
λ1 + ∆t

((
∂

∂t
+ Lε

)
−
(
δ−t + L N

ε

))
λ2

∣∣∣∣
≤ Cε−1 exp(−α(1− xi+1)/ε)

(
N−2 ln2N + ∆t2

)
. (3.3.20)
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Hence, from (3.3.18) and (3.3.20), we have∣∣(δ−t + L N
ε )(Z − z − (N−1 lnN)λ1 −∆tλ2)(xi, tn)

∣∣
≤ Cε−1 exp(−α(1− xi+1)/ε)

(
N−2 ln2N + ∆t2

)
.

Now by choosing an appropriate barrier function and applying the discrete maximum

principle (Lemma 3.2.1), one can obtain the required result.

Lemma 3.3.8. The error after extrapolation associated to the singular component Z

satisfies the following bound:

|(z − Zextp) (xi, tn)| ≤ C
(
N−2 ln2N + ∆t2

)
, for N/2 + 1 ≤ i ≤ N − 1, and tn ∈ Λp

2,t.

Proof. Using the fact ρ = ρ
0
ε lnN and from Lemma 3.3.7, we get

(z − Z) (xi, tn) =
(
N−1(ρ/ρ

0
ε)
)
λ1(xi, tn) + ∆tλ2(xi, tn) +O

(
N−2 ln2N + ∆t2

)
.

(3.3.21)

Again, the transition point for the fine mesh D2N,2M
2 , will remain same as that of DN,M

2 .

So, from Lemma 3.3.7, we get(
z − Z̃

)
(xi, tn) =

(
(2N)−1(ρ/ρ

0
ε)
)
λ1(xi, tn) + (∆t/2)λ2(xi, tn) +O

(
N−2 ln2N + ∆t2

)
.

(3.3.22)

Here-after elimination of the terms O(N−1) and O(∆t) from (3.3.21) and (3.3.22) pro-

vides the required result.

Theorem 3.3.9. (Error after extrapolation in DN,M
2 ) Assume that ε ≤ N−1. Let u

be the solution of the continuous problem (3.1.1) and Uextp be the solution obtained via

the Richardson extrapolation technique (3.3.3) by solving the discrete problem (3.2.2) on

two meshes DN,M
2 and D2N,2M

2 . Then, we have the following error bound associated with

Uextp:

‖u(xi, tn)− Uextp(xi, tn)‖∞ ≤ C
(
N−2 ln2N + ∆t2

)
, for (xi, tn) ∈ DN,M

2 .

Proof. For each (xi, tn) ∈ DN,M
2 , we have

u(xi, tn)− Uextp(xi, tn) = (y(xi, tn)− Yextp(xi, tn)) + (z(xi, tn)− Zextp(xi, tn)) .

Now, combining the result of Lemma 3.3.4 for the smooth component and Lemmas 3.3.5

and 3.3.8 for the singular component, we can get the required result.

The above theorem provides the convergence result on the interval [τ, 2τ ]. If we

proceed in an analogous way, we can achieve the same convergence result for t > 2τ .

The following theorem provides the main result of this chapter, that is, the second-

order ε-uniform convergent error estimate for the extrapolated solution (3.3.3).
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Theorem 3.3.10. (Error after extrapolation) Assume that ε ≤ N−1. Let u be the

solution of the continuous problem (3.1.1) and Uextp be the solution obtained via the

Richardson extrapolation technique (3.3.3) by solving the discrete problem (3.2.2) on

two meshes DN,M and D2N,2M . Then we have the following error bound associated with

Uextp:

‖u(xi, tn)− Uextp(xi, tn)‖∞ ≤ C
(
N−2 ln2N + ∆t2

)
, for (xi, tn) ∈ DN,M .

3.4 Numerical Results

To validate the theoretical result proved in the previous section, here we present the

numerical result obtained by the Richardson extrapolation technique for three test prob-

lems on the piecewise-uniform rectangular mesh DN,M . In all the cases, we perform the

numerical experiments by choosing ρ
0

= 2.2 andT = 2. Moreover in all the tables we

begin the computation with N = 16, ∆t = 0.1 and p = 1/∆t and we multiply N by two

and divide ∆t by two.

Example 3.4.1. Consider the following singularly perturbed 1D linear delay parabolic

IBVP:

ut − εuxx + (1 + x(1− x))ux + (1 + exp(x))u = u(x, t− 1) +f(x, t),

(x, t) ∈ Ωx × (0, 2],

u(x, t) = φb(x, t), (x, t) ∈ Ωx × [−1, 0],

u(0, t) = 2t/3, u(1, t) = t, t ∈ [0, 2].

(3.4.1)

We choose the initial data φb(x, t) and the source function f(x, t) to fit with the

exact solution

u(x, t) = exp (−t) (C1 + C2x− exp (−(1− x)/ε)) + (2x+ 4)t/6,

where C1 = exp (−1/ε) and C2 = 1− exp (−1/ε).

As the exact solution of the problem (3.4.1) is known, we calculate the maximum

pointwise error for each ε by

eN,∆tε = max
(xi,tn)∈DN,M

|u(xi, tn)− U(xi, tn)| , (before extrapolation),

and

eN,∆tε, extp = max
(xi,tn)∈DN,M

|u(xi, tn)− Uextp(xi, tn)| , (after extrapolation),
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where u(xi, tn), U(xi, tn) andUextp(xi, tn) denote the exact solution, the numerical solu-

tion obtained before extrapolation and the numerical solution obtained after extrapo-

lation in DN,M with N mesh-intervals in the spatial direction and M mesh-intervals in

the temporal direction, such that ∆t = T/M is the uniform mesh-size. We determine

the corresponding order of convergence for each ε by

pN,∆tε = log2

(
eN,∆tε

e
2N,∆t/2
ε

)
, (before extrapolation),

and

pN,∆tε, extp = log2

(
eN,∆tε, extp

e
2N,∆t/2
ε, extp

)
, (after extrapolation).

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by

eN,∆t = max
ε
eN,∆tε , (before extrapolation),

and

eN,∆textp = max
ε
eN,∆tε, extp, (after extrapolation),

and the corresponding ε-uniform order of convergence by

pN,∆t = log2

(
eN,∆t

e2N,∆t/2

)
, (before extrapolation),

and

pN,∆textp = log2

(
eN,∆textp

e
2N,∆t/2
extp

)
, (after extrapolation).

The calculated maximum pointwise errors and the corresponding order of convergence

for Example 3.4.1 are presented in Table 3.1 for various values of ε and N . From Table

3.1, we can observe that for fixed ε the maximum pointwise errors computed before

and after extrapolation decrease monotonically as N increases, which confirm that the

implicit upwind scheme (3.2.2) is ε-uniform convergent. Moreover, one can observe that

the maximum pointwise errors and the corresponding order of convergence have been

improved after the extrapolation technique.

In order to show the influence of the parameter ρ
0

(appears in the transition point

(3.2.1)) in the order of convergence, we have performed some numerical experiments for

Example 3.4.1 with different values of ρ
0
. These results are given in Table 3.2. From

these values, one can notice that when ρ
0
< 2.2, the order of convergence is either

negative or not reflecting the theoretical estimate given in Theorem 3.3.10. But, only

when ρ
0
≥ 2.2, we are getting the expected order of convergence. In fact, ρ

0
should

satisfy the condition ρ
0
> 2/α as stated in (3.2.1). Since in this case, α = 1, therefore,

we have chosen ρ
0

= 2.2.
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Example 3.4.2. Consider the following singularly perturbed 1D linear delay parabolic

IBVP:

ut − εuxx + (2− x2)ux + (x+ 1)(t+ 1)u = u(x, t− 1) +10t2 exp(−t)x(1− x),

(x, t) ∈ Ωx × (0, 2],

u(x, t) = 0, (x, t) ∈ Ωx × [−1, 0],

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 2].

(3.4.2)

As the exact solution of the IBVP (3.4.2) is not known, we have presented the

numerical results for Example 3.4.2 by using the double mesh principle, as described in

Chapter 2. For each N and ∆t, the quantities EN,∆t, PN,∆t, EN,∆t
extp andPN,∆t

extp are defined

in a similar way as done in the previous example. In Table 3.3, we have displayed the

maximum pointwise errors (before and after extrapolation) and the corresponding order

of convergence for Example 3.4.2. The numerical results presented in Table 3.3 reflect the

fact that the extrapolation doubles the order of convergence. The ε-uniform convergence

of the scheme can also be seen from Table 3.3.

Example 3.4.3. Consider the following singularly perturbed semilinear delay parabolic

IBVP:
ut − εuxx + (1 + x(1− x))ux + exp(u) = u(x, t− 1) + f(x, t), (x, t) ∈ Ωx × (0, 2],

u(x, t) = φb(x, t), (x, t) ∈ Ωx × [−1, 0],

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 2].

(3.4.3)

We choose the initial data φb(x, t) and the source function f(x, t) to fit with the

exact solution

u(x, t) = exp (−t) (C1 + C2x− exp (−(1− x)/ε)) ,

where C1 = exp (−1/ε) and C2 = 1− exp (−1/ε).

By using the Newton’s linearization process (2.5.2) on (3.4.3), we obtain the following

singularly perturbed linear system of delay IBVPs:

um+1
t − εum+1

xx + (1 + x(1− x))um+1
x + exp(um)um+1 = um+1(x, t− 1) + f(x, t)

− exp(um)(1− um),

(x, t) ∈ Ωx × (0, 2],

um+1(x, t) = φb(x, t), (x, t) ∈ Ωx × [−1, 0],

um+1(0, t) = 0, um+1(1, t) = 0, t ∈ [0, 2].

(3.4.4)
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Now, for a fixed m, we solve (3.4.4) by using the numerical method discussed in Section

3.2 and we apply the Richardson extrapolation technique. As a convergence criterion

for the Newton’s linearization process, we use

max
(xi,tn)∈DN,M

∣∣Um+1(xi, tn)− Um(xi, tn)
∣∣ ≤ δ, m ≥ 0,

where Um(xi, tn) is the m-th iteration solution at the mesh-point (xi, tn) and δ is the

tolerance value. Here, we used the tolerance value δ = 10−7.

As the exact solution of the problem (3.4.3) is known, we calculate the maximum

pointwise error for each ε by

êN,∆tε = max
(xi,tn)∈DN,M

|u(xi, tn)− U(xi, tn)| , (before extrapolation),

and

êN,∆tε, extp = max
(xi,tn)∈DN,M

|u(xi, tn)− Uextp(xi, tn)| , (after extrapolation),

where u(xi, tn), U(xi, tn) andUextp(xi, tn) denote the exact solution, the numerical solu-

tion obtained before extrapolation and the numerical solution obtained after extrapo-

lation in DN,M with N mesh-intervals in the spatial direction and M mesh-intervals in

the temporal direction, such that ∆t = T/M is the uniform mesh-size. We determine

the corresponding order of convergence for each ε by

p̂N,∆tε = log2

(
êN,∆tε

ê
2N,∆t/2
ε

)
, (before extrapolation),

and

p̂N,∆tε, extp = log2

(
êN,∆tε, extp

ê
2N,∆t/2
ε, extp

)
, (after extrapolation).

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by

êN,∆t = max
ε
êN,∆tε , (before extrapolation),

and

êN,∆textp = max
ε
êN,∆tε, extp, (after extrapolation),

and the corresponding ε-uniform order of convergence by

p̂N,∆t = log2

(
êN,∆t

ê2N,∆t/2

)
, (before extrapolation),

and

p̂N,∆textp = log2

(
êN,∆textp

ê
2N,∆t/2
extp

)
, (after extrapolation).
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The calculated maximum pointwise errors and the corresponding order of convergence

for Example 3.4.3 are presented in Table 3.4 for various values of ε and N . From Table

3.4, we can observe that for fixed ε, the maximum pointwise errors computed before

and after extrapolation, decrease monotonically as N increases, which confirm that the

implicit upwind scheme (3.2.2) is ε-uniform convergent. Moreover, one can observe that

the maximum pointwise errors and the corresponding order of convergence have been

improved after the extrapolation technique.

To visualize the appearance of the boundary layers in the solutions of Examples 3.4.1,

3.4.2 and 3.4.3, we have provided the surface plots for ε = 10−8 and N = 64 in Figure

3.1.

In order to reveal the numerical order of convergence, we have plotted the maximum

pointwise errors (before and after extrapolation) in loglog scale for Examples 3.4.1, 3.4.2

and 3.4.3 in the Figure 3.2, which again confirms the effectiveness of the extrapolation

technique.

3.5 Conclusion

To obtain second-order uniformly convergent numerical solution of singularly perturbed

1D delay convection-diffusion problem of the form (3.1.1), we have applied the Richard-

son extrapolation technique in this chapter. For this, first we discretized the domain with

the uniform mesh in the temporal direction and the piecewise-uniform Shishkin mesh in

the spatial direction, then we replaced the continuous PDE by the implicit-Euler scheme

for the time derivative and the upwind finite difference for the spatial derivatives. We

obtained the numerical solution of this discrete problem on two embedded meshes, first

with N + 1 andM + 1 number of spatial and temporal mesh-points, respectively, then

with 2N + 1 (here we fix the transition parameter as given in (3.2.1)) and 2M + 1 num-

ber of mesh-points. After that, we calculated the extrapolated solution by using these

two numerical results. Theoretically we have proved that the extrapolation provides

second-order ε-uniformly convergent results. The proposed scheme is also applied nu-

merically on the semilinear DPDEs. Numerical experiments are carried out to validate

the theoretical findings.
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Table 3.1: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.1.

ε Extrp. Number of mesh-intervals N/temporal mesh-size ∆t

16/ 1
10 32/ 1

20 64/ 1
40 128/ 1

80 256/ 1
160 512/ 1

320

Before 7.6591e-2 5.9336e-2 3.9153e-2 2.4519e-2 1.4558e-2 8.3846e-3
10−2 0.3683 0.5998 0.6752 0.7521 0.7960

After 2.1076e-2 1.0446e-2 5.1551e-3 2.1496e-3 7.7455e-4 2.6466e-4
1.0126 1.0189 1.2619 1.4727 1.5492

Before 9.1503e-2 6.8788e-2 4.5433e-2 2.7962e-2 1.6615e-2 9.5501e-3
10−4 0.4117 0.5984 0.7003 0.7510 0.7989

After 1.5517e-2 6.8853e-3 2.9875e-3 1.1578e-3 4.1096e-4 1.3973e-4
1.1723 1.2046 1.3675 1.4943 1.5564

Before 9.1726e-2 6.9031e-2 4.5748e-2 2.8311e-2 1.6746e-2 9.6097e-3
10−6 0.4101 0.5936 0.6924 0.7576 0.8012

After 1.5433e-2 6.7009e-3 2.7455e-3 1.0388e-3 3.6193e-4 1.2139e-4
1.2036 1.2873 1.4022 1.5211 1.5760

Before 9.1728e-2 6.9034e-2 4.5751e-2 2.8314e-2 1.6750e-2 9.6144e-3
10−8 0.4101 0.5935 0.6923 0.7574 0.8009

After 1.5433e-2 6.6992e-3 2.7431e-3 1.0360e-3 3.5861e-4 1.1746e-4
1.2039 1.2882 1.4047 1.5306 1.6102

eN,∆t Before 9.1728e-2 6.9034e-2 4.5751e-2 2.8314e-2 1.6750e-2 9.6144e-3
pN,∆t 0.4101 0.5935 0.6923 0.7574 0.8009

eN,∆textp After 2.1076e-2 1.0446e-2 5.1551e-3 2.1496e-3 7.7455e-4 2.6466e-4

pN,∆textp 1.0126 1.0189 1.2619 1.4727 1.5492
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Table 3.2: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.1 for ε = 1e− 6 and different values of ρ0.

ρ
0

Extrp. Number of mesh-intervals N/temporal mesh-size ∆t

32/ 1
20

64/ 1
40

128/ 1
80

256/ 1
160

512/ 1
320

Before 1.4270e-1 1.5593e-1 1.6162e-1 1.6105e-1 1.5614e-1
0.2 -0.1280 -0.0517 0.0051 0.0446

After 1.7837e-1 1.8627e-1 1.8585e-1 1.8127e-1 1.7545e-1
-0.0626 0.0033 0.0360 0.0470

Before 1.4497e-1 1.4561e-1 1.3803e-1 1.2565e-1 1.1118e-1
0.3 -0.0063 0.0771 0.1355 0.1766

After 1.7773e-1 1.6846e-1 1.5841e-1 1.4322e-1 1.2605e-1
0.0773 0.0887 0.1455 0.1842

Before 9.1494e-2 7.0029e-2 5.0018e-2 3.4346e-2 2.3109e-2
0.6 0.3857 0.4855 0.5423 0.5717

After 1.0270e-1 7.7027e-2 5.4628e-2 3.7560e-2 2.5374e-2
0.4150 0.4957 0.5405 0.5658

Before 4.5982e-2 2.9064e-2 1.7299e-2 9.9415e-3 5.5927e-3
1.2 0.6618 0.7486 0.7991 0.8299

After 1.8468e-2 8.1858e-3 3.5331e-3 1.5134e-3 6.4833e-4
1.1738 1.2122 1.2231 1.223

Before 6.9031e-2 4.5748e-2 2.8311e-2 1.6746e-2 9.6097e-3
2.2 0.5935 0.6923 0.7576 0.8012

After 6.7009e-3 2.7455e-3 1.0388e-3 3.6193e-4 1.2139e-4
1.2873 1.4022 1.5211 1.576

Before 9.3348e-2 6.3334e-2 3.9963e-2 2.3920e-2 1.3844e-2
3.2 0.5596 0.6643 0.7404 0.7890

After 1.1746e-2 5.1538e-3 2.0389e-3 7.3106e-4 2.4789e-4
1.1884 1.3378 1.4797 1.5603
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Table 3.3: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.2.

ε Extrp. Number of mesh-intervals N/temporal mesh-size ∆t

16/ 1
10 32/ 1

20 64/ 1
40 128/ 1

80 256/ 1
160 512/ 1

320

Before 1.1720e-2 6.9383e-3 4.0380e-3 2.3371e-3 1.3195e-3 7.3362e-4
10−2 0.7564 0.7810 0.7889 0.8248 0.8469

After 1.9337e-3 8.1351e-4 3.2470e-4 1.1992e-4 4.0881e-5 1.3174e-5
1.2491 1.3251 1.4370 1.5526 1.6337

Before 1.4962e-2 9.2070e-3 5.4334e-3 3.1252e-3 1.7548e-3 9.6682e-4
10−4 0.7005 0.7609 0.7979 0.8326 0.8600

After 2.6219e-3 1.1273e-3 4.2622e-4 1.4991e-4 4.9878e-5 1.5842e-5
1.2178 1.4032 1.5075 1.5876 1.6547

Before 1.4999e-2 9.2386e-3 5.4551e-3 3.1383e-3 1.7623e-3 9.7104e-4
10−6 0.6991 0.7601 0.7976 0.8325 0.8598

After 2.6309e-3 1.1320e-3 4.2789e-4 1.5047e-4 5.0049e-5 1.5890e-5
1.2167 1.4035 1.5078 1.5881 1.6552

Before 1.5000e-2 9.2390e-3 5.4553e-3 3.1384e-3 1.7623e-3 9.7108e-4
10−8 0.6991 0.7601 0.7976 0.8325 0.8598

After 2.6310e-3 1.1321e-3 4.2796e-4 1.5048e-4 5.0213e-5 1.6227e-5
1.2166 1.4034 1.5079 1.5834 1.6297

EN,∆t Before 1.5000e-2 9.2390e-3 5.4553e-3 3.1384e-3 1.7623e-3 9.7108e-4
PN,∆t 0.6991 0.7601 0.7976 0.8325 0.8598

EN,∆t
extp After 2.6310e-3 1.1321e-3 4.2796e-4 1.5048e-4 5.0213e-5 1.6227e-5

PN,∆t
extp 1.2166 1.4034 1.5079 1.5834 1.6297
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Table 3.4: Maximum pointwise errors and the corresponding order of convergence for
Example 3.4.3.

ε Extrp. Number of mesh-intervals N/temporal mesh-size ∆t

16/ 1
10 32/ 1

20 64/ 1
40 128/ 1

80 256/ 1
160 512/ 1

320

Before 4.8294e-2 2.9540e-2 1.6110e-2 8.4545e-3 4.3326e-3 2.1935e-3
10−2 0.7092 0.8747 0.9302 0.9645 0.9820

After 9.8703e-3 3.2054e-3 9.3662e-4 2.5562e-4 6.6821e-5 1.7094e-5
1.6226 1.7750 1.8735 1.9356 1.9668

Before 8.9849e-2 6.6830e-2 4.4182e-2 2.7454e-2 1.6312e-2 9.3934e-3
10−4 0.4270 0.5970 0.6864 0.7511 0.7962

After 1.9124e-2 8.7214e-3 3.8613e-3 1.6255e-3 6.1803e-4 2.2807e-4
1.1328 1.1755 1.2482 1.3951 1.4382

Before 9.1805e-2 6.98e-2 4.5718e-2 2.8279e-2 1.6708e-2 9.5812e-3
10−6 0.4118 0.5940 0.6930 0.7592 0.8023

After 1.5485e-2 6.7243e-3 2.7694e-3 1.0638e-3 3.9158e-4 1.3682e-4
1.2034 1.2798 1.3803 1.4419 1.5170

Before 9.1825e-2 6.9031e-2 4.5749e-2 2.8314e-2 1.6749e-2 9.6139e-3
10−8 0.4117 0.5935 0.6922 0.7574 0.8009

After 1.5476e-2 6.7053e-3 2.7441e-3 1.0364e-3 3.5897e-4 1.1788e-4
1.2067 1.2889 1.4048 1.5296 1.6066

êN,∆t Before 9.1825e-2 6.9031e-2 4.5749e-2 2.8314e-2 1.6749e-2 9.6139e-3
p̂N,∆t 0.4117 0.5935 0.6922 0.7574 0.8009

êN,∆textp After 1.9124e-2 8.7214e-3 3.8613e-3 1.6255e-3 6.1803e-4 2.2807e-4

p̂N,∆textp 1.1328 1.1755 1.2482 1.3951 1.4382
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(c) Example 3.4.3.

Figure 3.1: Surface plots of the numerical solutions for ε = 1e− 8, N = 64.
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Figure 3.2: Visualization of the order of convergence through loglog plot.
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CHAPTER 4

Higher-Order Convergence with Fractional-Step

Method for Singularly Perturbed 2D Parabolic

Convection-Diffusion Problems on Shishkin Mesh

So far, we have dealt with singularly perturbed 1D delay parabolic PDE of convection-

diffusion type. But, in reality, modeling of physical phenomena becomes more appropri-

ate in higher-dimensions. By considering this fact, in this chapter, we propose a second-

order uniformly convergent numerical method for a singularly perturbed 2D parabolic

convection-diffusion IBVP. First, we use a fractional-step method to discretize the time

derivative of the continuous problem on the uniform mesh in the temporal direction,

which gives a set of two 1D problems. Then, we use the classical finite difference scheme

to discretize those 1D problems on a special mesh, which results almost first-order con-

vergence, i.e., O(N−1+q lnN + ∆t). The special mesh is used to capture the boundary

layers and the fractional-step method permits a low computational cost algorithm. To

enhance the order of convergence to O(N−2+q ln2N + ∆t2), we use the Richardson ex-

trapolation technique. In support of the theoretical results, numerical experiments are

performed by employing the proposed technique.

4.1 Introduction

Here, we consider the following singularly perturbed 2D parabolic convection-diffusion

IBVP posed on the domain G = D× Λt, where D = Ωx × Ωy = (0, 1)2 and Λt = (0, T ]:
ut + Lεu(x, y, t) = f(x, y, t), (x, y, t) ∈ G,

u(x, y, 0) = s(x, y), (x, y) ∈ D,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× Λt,

(4.1.1)

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,
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0 < ε� 1 is the singular perturbation parameter. The coefficients a = (a1, a2) and b are

sufficiently smooth and bounded functions such that a1(x, y) ≥ α
x
> 0, a2(x, y) ≥ α

y
>

0 and b(x, y) ≥ 0, onD. Under the sufficient smoothness and necessary compatibility

conditions imposed on the functions f and s, the parabolic IBVP (4.1.1) admits a unique

solution u(x, y, t), which exhibits a regular boundary layer of width O(ε) along the sides

x = 1 and y = 1, and a corner layer at (x, y) = (1, 1).

In this work, first, by using the fractional-step method, we obtain two 1D problems.

Then we discretize the spatial domains by the piecewise-uniform Shishkin mesh and we

use the upwind finite difference scheme to discretize the spatial derivatives. We solve

those two 1D problems by the upwind scheme, then we double the number of mesh-

intervals (by fixing the transition parameter) and solve the same 1D problems. Then,

to obtain a better approximate numerical solution, we combine those two solutions

according to the technique. This method enhances the order of convergence from first-

order to second-order.

The rest of this chapter is organized as follows: In Section 4.2, the time semidis-

cretization process through fractional-step method has been discussed. Section 4.3 con-

tains the extrapolation technique of the semidiscrete solution. Section 4.4 deals with

the piecewise-uniform Shishkin mesh and the classical upwind scheme. The main proof

of convergence of the extrapolated numerical solution has been provided in Section 4.5.

Numerical results are presented in Section 4.6 and the chapter ends with Section 4.7,

that summarizes the main conclusions.

4.2 Time Semidiscretization

Here, we describe the time semidiscretization of the singularly perturbed 2D parabolic

IBVP (4.1.1). Time semidiscretization is required to do the analysis of the fully discrete

scheme.

4.2.1 The semidiscrete problem

First, we discretize the time domain Λt by uniform mesh with mesh-size ∆t, such that

ΛM
t = {tn = n∆t, n = 0, · · · , M, ∆t = T/M},

where M is the number of mesh-points in the t-direction.

Now, we split the differential operator Lε as Lε = Lx,ε + Ly,ε, where

Lx,ε ≡ −ε
∂2

∂x2
+ a1(x, y)

∂

∂x
+ b1(x, y),

Ly,ε ≡ −ε
∂2

∂y2
+ a2(x, y)

∂

∂y
+ b2(x, y),
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with b(x, y) = b1(x, y) + b2(x, y). We split the source term into two smooth terms as

f(x, y, t) = f1(x, y, t) + f2(x, y, t), such that

f1(x, 0, t) = f1(x, 1, t) = f2(0, y, t) = f2(1, y, t) = 0. (4.2.1)

The operator Lx,ε can be considered as a family of one-dimensional differential operators

with one parameter y ∈ (0, 1) (similarly for Ly,ε).

Now, we introduce a time semidiscretization process by means of the following

fractional-step scheme:

u0 = s(x, y), (x, y) ∈ D,


(I + ∆tLx,ε)un+1/2 = un + ∆tf1(x, y, tn+1), y ∈ (0, 1),

un+1/2(0, y) = un+1/2(1, y) = 0,

(4.2.2)


(I + ∆tLy,ε)un+1 = un+1/2 + ∆tf2(x, y, tn+1), x ∈ (0, 1),

un+1(x, 0) = un+1(x, 1) = 0.

(4.2.3)

The above scheme provides the approximation un(x, y) to the solution u(x, y, t) of

(4.1.1) at the time level tn = n∆t.

The operators (I + ∆tLi,ε), i = x, y, satisfy the following maximum principle, which

ensures the stability of the semidiscrete scheme (4.2.2)-(4.2.3).

Lemma 4.2.1. (Maximum principle) Let Ψ(x, y) ≥ 0 on the boundary ∂D and (I +

∆tLi,ε)Ψ(x, y) ≥ 0, i = x, y on D. Then Ψ(x, y) ≥ 0 on D.

Proof. First we prove the maximum principle for the operator (I + ∆tLx,ε). Let

(x∗, y∗) ∈ D be such that Ψ(x∗, y∗) = minD Ψ(x, y) < 0. It is clear that the point

(x∗, y∗) /∈ ∂D, which implies (x∗, y∗) ∈ D. Since Ψx(x
∗, y∗) = 0 and Ψxx(x

∗, y∗) ≥ 0, we

get

(I + ∆tLx,ε)Ψ(x∗, y∗) = Ψ(x∗, y∗)− ε∆tΨxx(x
∗, y∗) + ∆ta1(x∗, y∗)Ψx(x

∗, y∗)

+∆tb1(x∗, y∗)Ψ(x∗, y∗) < 0,

which is a contradiction. Hence the required result follows for the operator (I+∆tLx,ε).
Similarly, we can prove the maximum principle for the operator (I + ∆tLy,ε).
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In order to analyze the convergence of the semidiscrete scheme (4.2.2)-(4.2.3), let

ûn+1 be the solution of the following system:
(I + ∆tLx,ε)ûn+1/2 = u(x, y, tn) + ∆tf1(x, y, tn+1), y ∈ (0, 1),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0,

(4.2.4)


(I + ∆tLy,ε)ûn+1 = ûn+1/2 + ∆tf2(x, y, tn+1), x ∈ (0, 1),

ûn+1(x, 0) = ûn+1(x, 1) = 0.

(4.2.5)

4.3 Extrapolation of û

This section introduces the extrapolation of the time semidiscrete solution û. The error

estimate after extrapolation technique associated to û is given in this section.

For the improvement of the semidiscrete solution û(tn), we need to solve the semidis-

crete problem (4.2.4)-(4.2.5) on the fine mesh Λ2M
t , with 2M number of mesh-intervals

in the temporal direction. From such construction, it is clear that ΛM
t = {tn} ⊂ Λ2M

t =

{t̃n}. Clearly Λ2M
t is obtained from ΛM

t by bisecting each mesh-interval of ΛM
t . There-

fore t̃n − t̃n−1 = ∆t/2, for t̃n ∈ Λ2M
t . Let ẑ be the solution of the semidiscrete problem

(4.2.4)-(4.2.5) on the mesh Λ2M
t . Now, we know that

û(tn)− u(tn) = ∆t+ o(∆t), tn ∈ ΛM
t . (4.3.1)

Similarly, we have

ẑ(t̃n)− u(t̃n) = ∆t/2 + o(∆t), t̃n ∈ Λ2M
t . (4.3.2)

Now, from (4.3.1) and (4.3.2), we get

u(tn)− (2ẑ(tn)− û(tn)) = o(∆t), tn ∈ ΛM
t .

We shall therefore use the following extrapolation formula

ûextpt(tn) = 2ẑ(tn)− û(tn), tn ∈ ΛM
t , (4.3.3)

to obtain a better semidiscrete solution of the problem (4.1.1).

4.3.1 Error estimate for ûextpt

To obtain the error |u(tn+1)− ûextpt(tn+1)|, first by combining (4.2.4) and (4.2.5), we get

(I + ∆tLx,ε) ((I + ∆tLy,ε)ûn+1 −∆tf2(x, y, tn+1)) = u(tn) + ∆tf1(x, y, tn+1),
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therefore, we obtain

u(tn) = (I + ∆tLx,ε)(I + ∆tLy,ε)ûn+1 −∆tf1(tn+1)−∆t(I + ∆tLx,ε)f2(tn+1).

On the other hand, since the solution of (4.1.1) is smooth enough, we have

u(tn) = u(tn+1 −∆t) = u(tn+1)−∆t
∂u

∂t

∣∣
tn+1 +

(∆t)2

2

∂2u

∂t2
∣∣
tn+1 +O(∆t3)

= u(tn+1) + ∆t [(Lx,ε + Ly,ε)u(tn+1)− (f1(tn+1) + f2(tn+1))]

+
(∆t)2

2

∂2u

∂t2
∣∣
tn+1 +O(∆t3)

= (I + ∆tLx,ε) [(I + ∆tLy,ε)u(tn+1)−∆tf2(tn+1)]−∆tf1(tn+1)

−(∆t)2Lx,εLy,εu(x, y, tn+1) + (∆t)2Lx,εf2(tn+1) +
(∆t)2

2

∂2u

∂t2
∣∣
tn+1 +O(∆t3).

So, we have

(I + ∆tLx,ε)(I + ∆tLy,ε)(ûn+1 − u(tn+1))

= −(∆t)2Lx,εLy,εu(x, y, tn+1) + (∆t)2Lx,εf2(tn+1) +
(∆t)2

2

∂2u

∂t2
∣∣
tn+1 +O(∆t3). (4.3.4)

Let us denote χ = −Lx,εLy,εu(x, y, tn+1) + Lx,εf2(tn+1) + (1/2)utt(tn+1). We define the

function λ(x, y, tn+1), to be the solution of the following BVP: (I + ∆tLx,ε)(I + ∆tLy,ε)λ(x, y, tn+1) = χ∆t, inD,

λ(x, y, tn+1) = 0, (x, y) ∈ ∂D.
(4.3.5)

By subtracting λ(x, y, tn) from both the sides of (4.3.5), we get

(I + ∆tLx,ε)(I + ∆tLy,ε)λ(x, y, tn+1)− λ(x, y, tn) = χ∆t− λ(x, y, tn),

which implies that

λ(x, y, tn+1)− λ(x, y, tn) + ∆tLελ(x, y, tn+1) = χ∆t− λ(x, y, tn) +O(∆t2).

Now, if we divide both the sides by ∆t, we obtain an equation of λ, which is similar

to (4.1.1). Let λ̂ be the time semidiscrete approximation of λ. Hence, by following the

same approach given in [15, Lemma 1], we get that

(I + ∆tLx,ε)(I + ∆tLy,ε)(λ̂− λ)(x, y, tn+1) ≤ C(∆t)2. (4.3.6)

Now, (4.3.4), (4.3.5) and (4.3.6), together imply that

(I + ∆tLx,ε)(I + ∆tLy,ε)(û− u−∆tλ̂)(tn+1) = O(∆t3).
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Now, by using the maximum principle (Lemma 4.2.1) for the operators (I+ ∆tLi,ε), i =

x, y, we obtain that

[û− u−∆tλ̂](x, y, tn+1) ≤ C(∆t3),

which implies that

(û− u) (x, y, tn+1) = ∆tλ̂+O(∆t3).

For the Richardson extrapolation, we consider the finer mesh in the temporal direction,

i.e., we use the temporal mesh-size ∆t/2. Then, one can have

(ẑ − u) (x, y, tn+1) =
∆t

2
λ̂+O(∆t3).

Therefore, by using the formula given in (4.3.3) for the Richardson extrapolation tech-

nique, we obtain that

(u− ûextpt) (x, y, tn+1) = (u− 2ẑ + û) (x, y, tn+1)

= (−2(ẑ − u) + (û− u)) (x, y, tn+1)

= O(∆t3). (4.3.7)

Lemma 4.3.1. The solution of (4.2.4) satisfies the following bound:∣∣∣∣∂iûn+1/2

∂xi

∣∣∣∣ ≤ C
(
1 + ε−i exp

(
−α

x
(1− x)/ε

))
, 0 ≤ i ≤ 4.

Proof. One can see [14, Appendix A] for the proof.

Here, we decompose the solution ûn+1/2 of (4.2.4) as ûn+1/2 = v̂n+1/2 + ŵn+1/2, for

the purpose of convergence analysis done in Section 4.5, where v̂n+1/2 is the smooth

component and ŵn+1/2 is the singular component. In a similar way, we decompose u

in right hand side of (4.2.4) into the smooth and singular components as u = v + w.

We decompose ẑn+1/2 as ẑn+1/2 = ψ̂
n+1/2
v + ψ̂

n+1/2
w . The smooth components v̂ and v are

further decomposed into v̂n+1/2 =
∑3

k=0 ε
kv̂

n+1/2
k and v =

∑3
k=0 ε

kvk, so that v̂n+1/2 and v

satisfy the following problem:
(I + ∆tLx,ε)v̂n+1/2 = v(x, y, tn) + ∆tf1(x, y, tn+1), y ∈ (0, 1),

v̂n+1/2(0) = 0, v̂n+1/2(1) =
3∑
i=0

εi v̂
n+1/2
i (1),

and the singular components ŵn+1/2 andw satisfy the following problem:
(I + ∆tLx,ε)ŵn+1/2 = w(x, y, tn), y ∈ (0, 1),

ŵn+1/2(0) = 0, ŵn+1/2(1) = ûn+1/2|x=1 − v̂n+1/2(1).
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Note that, since, we have the bounds of the derivatives of ûn+1/2, one can easily

obtain the following bounds: ∣∣∣∣∣∣∣∣∂iv̂n+1/2

∂xi

∣∣∣∣∣∣∣∣
∞
≤ C

(
1 + ε3−i) , (4.3.8)

and ∣∣∣∣∂iŵn+1/2

∂xi

∣∣∣∣ ≤ Cε−i exp(−α
x
(1− x)/ε), 0 ≤ i ≤ 4, (4.3.9)

by following the similar idea used in Theorem 2.2.4.

4.4 The Discrete Problem

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,

then we discretize the spatial derivatives of the semidiscrete scheme (4.2.4)-(4.2.5) by

using the upwind scheme.

4.4.1 Discretization of the domain

Let the rectangular mesh D
N

be defined by the tensor product of the 1D Shishkin

meshes, i.e., D
N

= Ω
N

x × Ω
N

y , which is constructed as follows:

First, define the transition parameters

ρ
l
= min

{
1

2
, ρ

l,0
ε lnN

}
, l = x, y,

where ρ
l,0
≥ 2/α

l
. In the analysis, we shall assume that ρ

l
= ρ

l,0
ε lnN . Note that, if

ρ
l
= 1/2, l = x, y, then the mesh is uniform and in this case the error estimates can be

obtained in the classical way.

To obtain the piecewise-uniform Shishkin mesh, we divide the domain Ω
N

x into two

sub-domains [0, 1 − ρ
x
] and (1 − ρ

x
, 1] and each sub-domain will have N/2 uniform

mesh-intervals and denote it by

Ω
N

x =
{

0 = x0, x1, · · · , xN/2 = 1− ρ
x
, · · · , xN = 1

}
.

Similarly, we define Ω
N

y =
{

0 = y0, y1, · · · , yN/2 = 1− ρ
y
, · · · , yN = 1

}
.

We denote the mesh-sizes in both the spatial directions by

hx,i = xi − xi−1, i = 1, · · · , N, ĥx,i = hx,i + hx,i+1, i = 1, · · · , N − 1,

hy,j = yj − yj−1, j = 1, · · · , N, ĥy,j = hy,j + hy,j+1, j = 1, · · · , N − 1,
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and let Hl = 2(1− ρ
l
)/N and hl = 2ρ

l
/N , l = x, y, be the mesh-sizes in [0, 1− ρ

l
] and

[1− ρ
l
, 1] respectively. Then it is easy to see that

N−1 ≤ Hl ≤ 2N−1, hl = 2ρ
l,0
εN−1 lnN, l = x, y.

Let us denote ΩN
x = Ω

N

x ∩ Ωx, ΩN
y = Ω

N

y ∩ Ωy. We define the discrete domain by

GN,M = G
N,M ∩G where G

N,M
= Ω

N

x × Ω
N

y × ΛM
t .

4.4.2 Numerical scheme

Let LNx,ε be the discretization of the differential operator Lx,ε after replacing the spatial

derivatives by the upwind finite difference scheme on ΩN
x . Then the discretized equation

can be written as follows: For y ∈ ΩN
y ,

(I + ∆tLNx,ε)Û
n+1/2
xi,y = (I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y)))Û
n+1/2
xi,y

= u(xi, y, tn) + ∆tf1(xi, y, tn+1), i = 1, · · · , N − 1,

Û
n+1/2
0,y = Û

n+1/2
1,y = 0.

(4.4.1)

Similarly, for x ∈ ΩN
x ,

(I + ∆tLNy,ε)Ûn+1
x,yj

= (I + ∆t(−εδ2
y + a2(x, yj)δ

−
y + b2(x, yj)))Û

n+1
x,yj

= Û
n+1/2
x,yj + ∆tf2(x, yj, tn+1), j = 1, · · · , N − 1,

Ûn+1
x,0 = Ûn+1

x,1 = 0.

(4.4.2)

After rearranging the terms in (4.4.1) and (4.4.2), we get
(I + ∆tLNx,ε)Û

n+1/2
xi,y ≡ r1,−

i Û
n+1/2
xi−1,y + r1,0

i Û
n+1/2
xi,y + r1,+

i Û
n+1/2
xi+1,y = F1xi,y, i = 1, · · · , N − 1,

Û
n+1/2
0,y = Û

n+1/2
1,y = 0,

(4.4.3)

and
(I + ∆tLNy,ε)Ûn+1

x,yj
≡ r2,−

j Ûn+1
x,yj−1

+ r2,0
j Ûn+1

x,yj
+ r2,+

j Ûn+1
x,yj+1

= F2x,yj , j = 1, · · · , N − 1,

Ûn+1
x,0 = Ûn+1

x,1 = 0,

(4.4.4)

respectively, where
r1,−
i = ∆t

(
− 2ε

ĥx,ihx,i
− a1(xi, y)

hx,i

)
, r1,+

i = ∆t

(
− 2ε

ĥx,ihx,i+1

)
,

r1,0
i = 1 + ∆tb1(xi, y)− r1,−

i − r1,+
i , F1xi,y = u(xi, y, tn) + ∆tf1(xi, y, tn+1),

(4.4.5)
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and
r2,−
j = ∆t

(
− 2ε

ĥy,jhy,j
− a2(x, yj)

hy,j

)
, r2,+

j = ∆t

(
− 2ε

ĥy,jhy,j+1

)
,

r2,0
j = 1 + ∆tb2(x, yj)− r2,−

j − r2,+
j , F2x,yj = Û

n+1/2
x,yj + ∆tf2(x, yj, tn+1).

(4.4.6)

Lemma 4.4.1. The matrices associated with the finite difference schemes (4.4.1) and

(4.4.2) are M-matrices.

Proof. It is clear from the above equations (4.4.3)-(4.4.6) that, for ` = 1, 2, we have

r`,−l < 0, r`,+l < 0 and r`,0l > 0

along with

|r`,01 |− |r
`,+
1 | > 0, |r`,0N−1|− |r

`,−
N−1| > 0 and |r`,0l |− |r

`,+
l |− |r

`,−
l | > 0, for l = 1, · · · , N −1.

Therefore, the matrices associated with the finite difference schemes are M -matrices.

As a consequence, the difference operator given in (4.4.1) satisfies the following dis-

crete maximum principle.

Lemma 4.4.2. (Discrete maximum principle) Assume that the discrete function Ψi

satisfies Ψi ≥ 0 on i = 0, N . Then (I + ∆tLNx,ε)Ψi ≥ 0 on ΩN
x implies that Ψi ≥ 0 at

each point of Ω
N

x .

Hence the method is uniformly stable in the supremum norm. Similar property holds

for the difference operator defined in (4.4.2).

4.4.3 Error estimate for the fully discrete solution

Let us define the fully discrete scheme on G
N,M

as follows:

U0
i,j = s(xi, yj), i, j = 0, · · · , N,


(I + ∆tLNx,ε)U

n+1/2
i,j = Un

i,j + ∆tf1(xi, yj, tn+1), 1 ≤ i ≤ N − 1,

U
n+1/2
0,j = U

n+1/2
N,j = 0, 0 ≤ j ≤ N,

(4.4.7)


(I + ∆tLNy,ε)Un+1

i,j = U
n+1/2
i,j + ∆tf2(xi, yj, tn+1), 1 ≤ j ≤ N − 1,

Un+1
i,0 = Un+1

i,N = 0, 0 ≤ i ≤ N.

(4.4.8)

The following theorem explains that the upwind scheme defined in (4.4.7)-(4.4.8), con-

verges ε-uniformly on GN,M , with almost first-order accuracy.
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Theorem 4.4.3. Let u be the exact solution of (4.1.1) and {Un} be the numerical

solution of the fully discrete scheme (4.4.7)-(4.4.8) at time level tn = n∆t. Then there

exists a positive constant C, independent of ε, N , with 0 < q < 1 such that∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C(∆t+N−1+q lnN),

for (xi, yj, tn) ∈ GN,M .

Proof. The proof can be found in [14].

One can observe from the above theorem that the temporal order of convergence is

one and the spatial order of convergence is almost one (up to a logarithmic factor). To

enhance the order of convergence, we apply the Richardson extrapolation technique on

the discrete solution Un
i,j of the fully discrete scheme (4.4.7)-(4.4.8).

4.5 Extrapolation of Û

In this section, we describe the Richardson extrapolation technique in the spatial di-

rections, which is used to increase the accuracy of the computed solutions of the basic

scheme. The main result of this chapter for the ε-uniform convergence of the extrapo-

lated numerical solution is given at the end of this section.

To apply the technique, we will solve the discrete problem (4.4.1)-(4.4.2) on the fine

mesh D
2N

= Ω
2N

x ×Ω
2N

y with 2N mesh-intervals in the spatial direction, where Ω
2N

x and

Ω
2N

y are the piecewise-uniform Shishkin meshes having the same transition points 1−ρ
x

and 1−ρ
y
, respectively, as used in Ω

N

x and Ω
N

y . The discrete domain Ω
2N

x (similarly Ω
2N

y )

can be obtained through bisecting each mesh-interval of Ω
N

x . From such construction,

it is clear that D
N

= {(xi, yj)} ⊂ D
2N

= {(x̃i, ỹj)}. Hence the corresponding mesh-sizes

in D
2N

can be given by

x̃i − x̃i−1 =

 Hx/2, for x̃i ∈ Ω
2N

x ∩ [0, 1− ρ
x
],

hx/2, for x̃i ∈ Ω
2N

x ∩ [1− ρ
x
, 1].

Let Ûn
xi,yj

be the solution of (4.4.1)-(4.4.2) on D
N

. Therefore, from [14], one can express

the error as

(Ûn − ûn)(xi, yj) = C
(
N−1 lnN

)
+ o(N−1 lnN)

= C1

(
N−1 lnN

)
+ C2

(
N−1 lnN

)
+ o(N−1 lnN)

= C1

(
N−1(ρ

x
/ρ

x,0
ε)
)

+ C2

(
N−1(ρ

y
/ρ

y,0
ε)
)

+o(N−1 lnN), (xi, yj) ∈ D
N
, (4.5.1)
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where C1 and C2 are some fixed constants. Similarly, if Ũn
x̃i,ỹj

is the solution of the

discrete problem (4.4.1)-(4.4.2) on D
2N

, then we have

(Ũn − ûn)(x̃i, ỹj) = C1

(
(2N)−1(ρ

x
/ρ

x,0
ε)
)

+ C2

(
(2N)−1(ρ

y
/ρ

y,0
ε)
)

+ o(N−1 lnN), (x̃i, ỹj) ∈ D
2N
. (4.5.2)

Now, from (4.5.1) and (4.5.2), eliminating O(N−1), we get(
ûn −

(
2Ũn − Ûn

))
(xi, yj) = o(N−1 lnN), (xi, yj) ∈ D

N
.

We shall therefore use the following extrapolation formula

Ûn
extp(xi, yj) = (2Ũn − Ûn)(xi, yj), (xi, yj) ∈ D

N
, (4.5.3)

to obtain a better approximate solution of the problem (4.4.1)-(4.4.2).

To proceed further, we decompose the discrete solution Û
n+1/2
xi,y of (4.4.1) into the

smooth and singular components as V̂ n+1/2 + Ŵ n+1/2 in GN,M , V̂n+1/2 + Ŵn+1/2 in

GN, 2M .

The smooth component V̂ n+1/2 satisfies the following discrete equation:
(I + ∆tLNx,ε)V̂ n+1/2 = (I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y)))V̂ n+1/2

= v(xi, y, tn) + ∆tf1(xi, y, tn+1), i = 1, · · · , N − 1,

V̂
n+1/2

0 = v̂n+1/2(0), V̂
n+1/2

1 = v̂n+1/2(1),

and the singular component Ŵ n+1/2 satisfies
(I + ∆tLNx,ε)Ŵ n+1/2 = (I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y)))Ŵ n+1/2

= w(xi, y, tn), i = 1, · · · , N − 1,

Ŵ
n+1/2
0 = ŵn+1/2(0), Ŵ

n+1/2
1 = ŵn+1/2(1).

(4.5.4)

At the node (xi, y, tn+1/2) the errors can be written in the form

(Û − û)(xi, y, tn+1/2) = (V̂ − v̂)(xi, y, tn+1/2) + (Ŵ − ŵ)(xi, y, tn+1/2).

4.5.1 Extrapolation of the smooth component

Lemma 4.5.1. Assume that ε ≤ N−1. Then, the local truncation error associated to

the smooth component satisfies

(I + ∆tLNx,ε)(V̂ − v̂)(xi, y, tn+1/2) = ∆t
hx,i
2
a1(xi, y)

∂2v̂

∂x2
(xi, y, tn+1/2) +O(H2

x).
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Proof. By using (4.3.8) and ε < N−1 < Hx along with the following Taylor’s expansion,

(I + ∆tLNx,ε)(V̂ − v̂)(xi, y, tn+1/2)

=
ε∆t

3(hx,i + hx,i+1)

[
h2
x,i+1

∂3v̂

∂x3
(ζ1, y, tn+1/2)− h2

x,i

∂3v̂

∂x3
(ζ2, y, tn+1/2)

]
+∆t

hx,i
2
a1(xi, y)

∂2v̂

∂x2
(xi, y, tn+1/2)−∆t

h2
x,i

6
a1(xi, y)

∂3v̂

∂x3
(ζ3, y, tn+1/2),

for some ζ1 ∈ (xi, xi+1), ζ2, ζ3 ∈ (xi−1, xi), it is easy to obtain the required result.

Let us assume Θ be the solution of the following BVP:
(I + ∆tLx,ε)Θ =

∆t

2
a1(x, y)

∂2v̂

∂x2
(x, y, tn+1/2), y ∈ (0, 1),

Θ(0) = Θ(1) = 0.

Now, we decompose Θ as Θ = η + ν, where η is the smooth component and ν is the

singular component, which satisfy the following equations for y ∈ (0, 1):

(I + ∆tLx,ε)η =
∆t

2
a1(x, y)

∂2v̂

∂x2
(x, y, tn+1/2),

(I + ∆tLx,ε)ν = 0,

η(0) = 0 = ν(0),

η(1) = −ν(1).

(4.5.5)

Therefore, by following [73], we can have the theorem stated below.

Theorem 4.5.2. The smooth component η defined in (4.5.5) satisfies the following

bounds: ∥∥∥∥∂kη∂xk

∥∥∥∥
∞
≤ C, k = 0, 1, 2, and

∥∥∥∥∂3η

∂x3

∥∥∥∥
∞
≤ Cε−1.

Lemma 4.5.3. Assume that ε ≤ N−1. Then, for 1 ≤ i ≤ N−1, the error in the smooth

component satisfies

(V̂ − v̂)(xi, y, tn+1/2) = hx,iη(xi) +O(N−2).

Proof. By using Lemma 4.5.1 and (4.5.5), we get

(I + ∆tLNx,ε)(V̂ − v̂)(xi, y, tn+1/2) = hx,i(I + ∆tLx,ε)η(xi) +O(H2
x). (4.5.6)

Now, by using the Taylor’s expansion, it can be obtained easily that∣∣((I + ∆tLNx,ε)− (I + ∆tLx,ε)
)
η(xi)

∣∣
≤
[
∆t
ε(hx,i + hx,i+1)

3

∥∥∥∥∂3η

∂x3

∥∥∥∥
∞

+ ∆t
hx,i
2
a1(x, y)

∥∥∥∥∂2η

∂x2

∥∥∥∥
∞

] (4.5.7)

Ph.D. Thesis 89

TH-1760_126123005



Chapter 4 4.5. Extrapolation of Û

and by using Theorem 4.5.2 along with the inequality hx,i ≤ Hx, we obtain∣∣hx,i ((I + ∆tLNx,ε)− (I + ∆tLx,ε)
)
η(xi)

∣∣ ≤ C (H2
x∆t) ≤ CH2

x. (4.5.8)

Therefore, (4.5.6) and (4.5.8) together imply that

(I + ∆tLNx,ε)[(V̂ − v̂)(xi, y, tn+1/2)− hx,iη(xi)] ≤ CH2
x.

From the discrete maximum principle (Lemma 4.4.2), we get that

(V̂ − v̂)(xi, y, tn+1/2) = hx,iη(xi) +O(N−2), (4.5.9)

which reflects the required result.

Similarly, in the finer mesh of temporal direction, we get that

(V̂ − ψ̂v)(xi, y, tn+1/2) = hx,iη(xi) +O(N−2).

Therefore, we have

(V̂extpt − v̂extpt)(xi, y, tn+1/2) = hx,iη(xi) +O(N−2),

where V̂
n+1/2

extpt and v̂
n+1/2

extpt are the time extrapolated solutions of V̂ n+1/2 and v̂n+1/2, re-

spectively.

Lemma 4.5.4. Assume that ε ≤ N−1. Then, the error after extrapolation associated to

the smooth component V̂ n+1/2 satisfies(
V̂extp − v̂extpt

)
(xi, y, tn+1/2) ≤ CN−2.

Proof. Due to the construction of G
2N,2M

and G
N,M

, we have

(
V̂extpt − v̂extpt

)
(xi, y, tn+1/2) =

 (Hx/2)η(xi) +O (N−2) , for 1 ≤ i ≤ N/2,

(hx/2)η(xi) +O (N−2) , for N/2 + 1 ≤ i ≤ N − 1,

where V̂n+1/2

extpt is the time extrapolated solution in G
2N,M

.

Therefore, we have(
V̂extp − v̂extpt

)
(xi, y, tn+1/2) =

((
2V̂extpt − V̂extpt

)
− v̂extpt

)
(xi, y, tn+1/2)

=
(

2
(
V̂extpt − v̂extpt

)
−
(
V̂extpt − v̂extpt

))
(xi, y, tn+1/2)

= O(N−2),

which is the required result.
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4.5.2 Extrapolation of the singular component

Lemma 4.5.5. The singular component Ŵ n+1/2 satisfies

|Ŵ n+1/2| ≤
N∏

j=i+1

(
1 +

α
x
hx,j

ε

)−1

, for i = 0, 1, · · · , N − 1.

Proof. Let us define Si =
i∏

j=1

(
1 +

α
x
hx,j

ε

)
, with S0 = 1.

Therefore,

Si
SN

=
N∏

j=i+1

(
1 +

α
x
hx,j

ε

)−1

≥
N∏

j=i+1

exp
(
−α

x
hx,j/ε

)
= exp

(
−α

x
(1− xi)/ε

)
.

Let, Yi = CSi/SN , for i = 0, 1, · · · , N − 1. Applying the difference operator on Yi we

get

(I + ∆tLNx,ε)Yi =
C

SN
(I + ∆tLNx,ε)Si.

Now, we have

(I + ∆tLNx,ε)Si =
(
I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y))
)
Si

= (1 + ∆tb1(xi, y))Si −∆tεδ2
xSi + ∆ta1(xi, y)δ−x Si. (4.5.10)

It is easy to derive that

δ−x Si =
α
x

(ε+ α
x
hx,i)

Si, δ+
x Si =

α
x

ε
Si, and εδ2

xSi =
−α2

x
hx,i

ĥx,i(ε+ α
x
hx,i)

Si.

Therefore, from (4.5.10), we get

(I + ∆tLNx,ε)Si ≥
C

max{ε, hx,i}
Si.

Now, by using the bound for the singular component (4.5.4) can be written as

(I + ∆tLNx,ε)Ŵ n+1/2 ≤ C exp
(
−α

x
(1− xi)/ε

)
≤ C

Si
SN
≤ (I + ∆tLNx,ε)Yi.

By using the discrete maximum principle (Lemma 4.4.2), we obtain Ŵ n+1/2 ≤ CYi.

With the same argument, we can have −Ŵ n+1/2 ≤ CYi.

Hence, we have |Ŵ n+1/2| ≤ CYi, which is the required bound.

Ph.D. Thesis 91

TH-1760_126123005



Chapter 4 4.5. Extrapolation of Û

Lemma 4.5.6. Assume that ε ≤ N−1. Then, the error after extrapolation associated to

the singular component Ŵ n+1/2 satisfies∣∣∣(Ŵextp − ŵextpt
)

(xi, y, tn+1/2)
∣∣∣ ≤ CN−2, for 1 ≤ i ≤ N/2.

Proof. By using (4.3.9), one can get

ŵ(xi, y, tn+1/2) ≤ C exp(−α
x
ρ
x
/ε).

Since, ρ
x
≥ (2ε/α

x
) lnN , we can easily obtain

∣∣ŵ(xi, y, tn+1/2)
∣∣ ≤ CN−2.

Again, by using the similar approach used in [89] on the result obtained in Lemma

4.5.5, we obtain
∣∣∣Ŵ n+1/2

∣∣∣ ≤ CN−2.

Therefore, ∣∣∣(Ŵ − ŵ) (xi, y, tn+1/2)
∣∣∣ ≤ CN−2. (4.5.11)

Similarly, in the finer mesh of temporal direction, we get∣∣∣(Ŵ − ψ̂w) (xi, y, tn+1/2)
∣∣∣ (xi, y, tn+1/2) ≤ CN−2.

So, we have ∣∣∣(Ŵextpt − ŵextpt
)

(xi, y, tn+1/2)
∣∣∣ ≤ CN−2,

where Ŵ
n+1/2

extpt and ŵ
n+1/2

extpt are the time extrapolated solutions of Ŵ n+1/2 and ŵn+1/2,

respectively.

Let Ŵn+1/2

extpt be the time extrapolated solution in G
2N,M

. Thus, we have∣∣∣(Ŵextp − ŵextpt
)

(xi, y, tn+1/2)
∣∣∣

=
∣∣∣(2Ŵextpt − Ŵextpt − ŵextpt

)
(xi, y, tn+1/2)

∣∣∣
=
∣∣∣(2

(
Ŵextpt − ŵextpt

)
−
(
Ŵextpt − ŵextpt

))
(xi, y, tn+1/2)

∣∣∣
≤ CN−2,

which is the required result.

To analyze the effect of the extrapolation on xi ∈ (1−ρ
x
, 1], we use the Taylor series

expansion, i.e.,(
I + ∆tLNx,ε

) (
Ŵ − ŵ

)
(xi, y, tn+1/2)

=
(
(I + ∆tLx,ε)−

(
I + ∆tLNx,ε

))
ŵ(xi, y, tn+1/2)

= −ε∆th
2
x

4!

[
∂4ŵ

∂x4
(ξ1, y, tn+1/2) +

∂4ŵ

∂x4
(ξ2, y, tn+1/2)

]
+
hx∆t

2
a1(xi, y)

∂2ŵ

∂x2
(xi, y, tn+1/2)

−h
2
x∆t

3!
a1(xi, y)

∂3ŵ

∂x3
(ξ3, y, tn+1/2),
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where ξ1 ∈ (xi, xi+1) and ξ2, ξ3 ∈ (xi−1, xi).

Now, by using (4.3.9), we can write

(
I + ∆tLNx,ε

) (
Ŵ − ŵ

)
(xi, y, tn+1/2) =

2ε∆t

α
x

(N−1 lnN) a1(xi, y)
∂2ŵ

∂x2
(xi, y, tn+1/2)

+O(ε−1 exp(−α
x
(1− xi+1)/ε)N−2 ln2N).

We consider a BVP, when x ∈ (1− ρ
x
, 1), (I + ∆tLx,ε)F =

2ε

α
x

∆ta1(x, y)
∂2ŵ

∂x2
(x, y, tn+1/2), y ∈ (0, 1),

F(1− ρ
x
) = F(1) = 0.

Since, this is an ODE, we can obtain

(Ŵ − ŵ)(xi, y, tn+1/2) = (N−1 lnN)F(xi, y) +O(N−2 ln2N), (4.5.12)

by following the idea of [73].

Similarly, in the finer mesh of the temporal direction, we get that

(Ŵ − ψ̂w)(xi, y, tn+1/2) = (N−1 lnN)F(xi, y) +O(N−2 ln2N).

Now, one can easily obtain, that(
Ŵextpt − ŵextpt

)
(xi, y, tn+1/2) = (N−1 lnN)F(xi, y) +O(N−2 ln2N).

So, ∣∣∣(Ŵextp − ŵextpt
)

(xi, y, tn+1/2)
∣∣∣

=
∣∣∣(2Ŵextpt − Ŵextpt − ŵextpt

)
(xi, y, tn+1/2)

∣∣∣
=
∣∣∣(2

(
Ŵextpt − ŵextpt

)
−
(
Ŵextpt − ŵextpt

))
(xi, y, tn+1/2)

∣∣∣
≤ CN−2 ln2N.

Therefore, we can state the following lemma.

Lemma 4.5.7. The error after extrapolation associated to the singular component Ŵ

satisfies∣∣∣(Ŵextp − ŵextpt
)

(xi, y, tn+1/2)
∣∣∣ ≤ C

(
N−2 ln2N

)
, for N/2 + 1 ≤ i ≤ N − 1.

Now, by combining the results of Lemmas 4.5.4, 4.5.6 and 4.5.7, we obtain that∣∣∣(ûn+1/2

extpt − Û
n+1/2
extp

)
(xi, y)

∣∣∣ ≤ CN−2 ln2N. (4.5.13)

The following theorem provides the error bound for the solution of (4.4.2).
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Theorem 4.5.8. Let ûn+1 and Ûn+1
x,yj

be the solutions of (4.2.5) and (4.4.2), respectively,

defined on the special mesh ΩN
y . Then, we have the following error bound:∣∣∣(ûn+1

extpt − Û
n+1
extp

)
(x, yj)

∣∣∣ ≤ CN−2 ln2N, for 1 ≤ j ≤ N − 1. (4.5.14)

Proof. The semidiscrete problems (4.2.4) and (4.2.5) are almost of the same type ex-

cept the first term in the right hand side of both the equations, i.e., the right hand

side of (4.2.5) contains ûn+1/2 instead of u(x, y, tn) as in (4.2.4). So, by decomposing

ûn+1/2, ûn+1, Ûn+1/2 and Ûn+1 of (4.2.5) and (4.4.2) into the smooth and singular com-

ponents and using (4.5.9), (4.5.11), (4.5.12) and proceeding in a similar way as done

before, we can obtain the required bound.

The main result of this chapter is stated in the following theorem.

Theorem 4.5.9. (Error after extrapolation) Assume that ε ≤ N−1. Let u be the solution

of the continuous problem (4.1.1) and Uextp be the solution obtained via the Richardson

extrapolation technique, by solving the fully discrete scheme (4.4.7)-(4.4.8) at time level

tn = n∆t on two meshes GN,M and G2N,2M . Then, for 0 < q < 1, we have the following

error bound associated with Uextp:

‖u(xi, yj, tn)− Uextp(xi, yj, tn)‖∞ ≤ C
(
N−2+q ln2N + ∆t2

)
, (xi, yj, tn) ∈ GN,M .

Proof.

‖(u− Uextp) (xi, yj, tn)‖∞ =
∥∥∥(u− ûextpt + ûextpt − Ûextp + Ûextp − Uextp

)
(xi, yj, tn)

∥∥∥
∞

≤ ‖(u− ûextpt) (xi, yj, tn)‖∞ +
∥∥∥(ûextpt − Ûextp) (xi, yj, tn)

∥∥∥
∞

+
∥∥∥(Ûextp − Uextp) (xi, yj, tn)

∥∥∥
∞

≤ C
(
∆t3 +N−2 ln2N

)
+
∥∥∥(Ûextp − Uextp) (xi, yj, tn)

∥∥∥
∞
,

(by using (4.3.7) and (4.5.14)).

Note that, if we take N−q ≤ C∆t with 0 < q < 1, we can deduce that

‖(u− Uextp) (xi, yj, tn)‖∞ = C∆t
(
∆t2 +N−2+q ln2N

)
+
∥∥∥(Ûextp − Uextp) (xi, yj, tn)

∥∥∥
∞
. (4.5.15)

Then, by using the stability of the fully discrete scheme, it can be obtained that∥∥∥(Ûextp − Uextp) (xi, yj, tn)
∥∥∥
∞
≤
∥∥∥u(xi, yj, tn−1)− Uextpn−1

xi,yj

∥∥∥
∞
.

Hence, (4.5.15) can be written as

‖u(xi, yj, tn)− Uextp(xi, yj, tn)‖∞ ≤ C
(
N−2+q ln2N + ∆t2

)
.

Hereby, the proof is complete.
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4.6 Numerical Results

This section computationally verifies the theoretical results obtained in the previous sec-

tion. We apply the proposed higher-order method on two 2D test problems by choosing

the transition parameter ρ
l,0

= 2.1, l = x, y. Note that in the following examples, we

decompose the source term f(x, y, t) in the form

f2(x, y, t) = f(x, 0, t) + y (f(x, 1, t)− f(x, 0, t)) , f1(x, y, t) = f(x, y, t)− f2(x, y, t),

so that the property (4.2.1) is satisfied under the following compatibility condition:

f(0, 0, t) = f(0, 1, t) = f(1, 0, t) = f(1, 1, t) = 0, for t ∈ [0, T ].

Example 4.6.1. Consider the following singularly perturbed 2D parabolic IBVP with

constant coefficients:
ut − ε∆u+ ux + uy = f(x, y, t), (x, y, t) ∈ D× (0, 1],

u(x, y, 0) = s(x, y), (x, y) ∈ D,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 1].

(4.6.1)

We choose the initial data s(x, y) and the source function f(x, y, t) to fit with the

exact solution

u(x, y, t) = (1−exp(−t)) (m1 +m2x+ exp(−(1− x)/ε)) (m1 +m2y + exp(−(1− y)/ε)) ,

where m1 = − exp(−1/ε), m2 = −1 −m1. We calculate the maximum pointwise error

for each ε by

eN,∆tε = max
(xi,yj ,tn)∈GN,M

|u(xi, yj, tn)− U(xi, yj, tn)| , (before extrapolation),

and

eN,∆tε, extp = max
(xi,yj ,tn)∈GN,M

|u(xi, yj, tn)− Uextp(xi, yj, tn)| , (after extrapolation),

where u(xi, yj, tn), U(xi, yj, tn) andUextp(xi, yj, tn) denote the exact solution, the numer-

ical solution obtained before extrapolation and the numerical solution obtained after

extrapolation in GN,M with N mesh-intervals in the spatial direction and M mesh-

intervals in the temporal direction, such that ∆t = T/M is the uniform mesh-size. We

determine the corresponding order of convergence for each ε by

pN,∆tε = log2

(
eN,∆tε

e
2N,∆t/2
ε

)
, (before extrapolation),
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and

pN,∆tε, extp = log2

(
eN,∆tε, extp

e
2N,∆t/2
ε, extp

)
, (after extrapolation).

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by

eN,∆t = max
ε
eN,∆tε , (before extrapolation),

and

eN,∆textp = max
ε
eN,∆tε, extp, (after extrapolation),

and the corresponding ε-uniform order of convergence by

pN,∆t = log2

(
eN,∆t

e2N,∆t/2

)
, (before extrapolation),

and

pN,∆textp = log2

(
eN,∆textp

e
2N,∆t/2
extp

)
, (after extrapolation).

Next, we consider an example with variable coefficients.

Example 4.6.2. Consider the following singularly perturbed 2D parabolic IBVP:
ut − ε∆u+ (1 + x)ux + (2− y)uy + (x2 + y2 + 1)u = f(x, y, t), (x, y, t) ∈ D× (0, 1],

u(x, y, 0) = s(x, y), (x, y) ∈ D,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 1].

(4.6.2)

We choose the initial data s(x, y) and the source function f(x, y, t) to fit with the

exact solution

u(x, y, t) = exp(−t)xy(γ1(x)− 1)(γ2(y)− 1),

with

γ1(x) = exp(−(3− 2x− x2)/(2ε)) and γ2(y) = exp(−(3− 4y + y2)/(2ε)).

We calculate the maximum pointwise error and the corresponding order of convergence

in a similar way as discussed earlier. The calculated maximum pointwise errors and the

corresponding order of convergence for the Examples 4.6.1 and 4.6.2 are presented in

the Tables 4.1 and 4.2, respectively, for various values of ε and N . From both the Tables

4.1 and 4.2, we can observe that for fixed ε, the maximum pointwise errors computed

before and after extrapolation, decrease monotonically as N increases, which confirms

that the proposed method is ε-uniform convergent. One can observe that the maximum
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pointwise errors and the corresponding order of convergence have been improved after

the extrapolation technique. To visualize the appearance of the boundary layer and its

behavior for different ε, we have given the surface plots of the solutions of the Examples

4.6.1 and 4.6.2 for ε = 10−2, 10−8 and N = 32 in the Figures 4.1 and 4.3, respectively.

Moreover, the maximum pointwise errors (before and after extrapolation) for Examples

4.6.1 and 4.6.2 are plotted in loglog scale in the Figures 4.2 and 4.4, respectively. These

figures clearly show that the Richardson extrapolation technique increases the order

of convergence from first-order to second-order, which supports the theoretical results

obtained in the previous section.

4.7 Conclusions

In this chapter, we have solved the singularly perturbed 2D parabolic convection-

diffusion problem of the form (4.1.1), using the uniform mesh for the temporal domain

and the piecewise-uniform Shishkin mesh for the spatial domains. To discretize the time

derivative, we have used the fractional-step method then to solve the 1D stationary prob-

lems resulting of the first step, we have used the classical upwind scheme. To obtain

second-order uniformly convergent numerical solution of (4.1.1), we have applied the

Richardson extrapolation technique. For that, we have obtained the numerical solution

of the discrete problems on two embedded meshes, first with N + 1 and M + 1 number

of mesh-points in the spatial (both x and y) and temporal directions, respectively, then

with 2N + 1 and 2M + 1 number of mesh-points (by fixing the transition parameter),

then we have calculated the extrapolated solution by using these two numerical results.

Theoretically we have proved that the extrapolation provides almost second-order ε-

uniform convergence. Numerical experiments are carried out to validate the theoretical

findings.
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Figure 4.1: Surface plots of the numerical solutions at t = 1 and N = 32 for Example
4.6.1.

Ph.D. Thesis 98

TH-1760_126123005



Chapter 4 4.7. Conclusions

10
1

10
2

10
3

10
−4

10
−3

10
−2

10
−1

10
0

N

M
ax

. E
rr

or

 

 
Before extrp. (ε=1e−6)
After extrp. (ε=1e−6)
Before extrp. (ε=1e−8)
After extrp. (ε=1e−8)

O(N−1lnN)

O(N−2ln2N)

Figure 4.2: Visualization of the order of convergence through loglog plot for Example
4.6.1.

Table 4.1: Maximum pointwise errors and the corresponding order of convergence for
Example 4.6.1.

ε Extrapolation Number of mesh-intervals N/temporal mesh-size ∆t

32/ 1
40 64/ 1

80 128/ 1
160 256/ 1

320 512/ 1
640

Before 6.0581e-2 3.8660e-2 2.3563e-2 1.3843e-2 7.9089e-3
10−2 0.6480 0.7143 0.7674 0.8076

After 6.1159e-3 2.4952e-3 9.1768e-4 3.1554e-4 1.0285e-4
1.2934 1.4431 1.5402 1.6173

Before 6.4451e-2 4.0922e-2 2.4817e-2 1.4550e-2 8.3103e-3
10−4 0.6553 0.7216 0.7703 0.8081

After 6.6600e-3 2.6722e-3 9.7208e-4 3.3234e-4 1.0791e-4
1.3175 1.4589 1.5484 1.6229

Before 6.4493e-2 4.0947e-2 2.4830e-2 1.4557e-2 8.3144e-3
10−6 0.6554 0.7217 0.7703 0.8081

After 6.6688e-3 2.6757e-3 9.7341e-4 3.3287e-4 1.0811e-4
1.3175 1.4588 1.5481 1.6225

Before 6.4493e-2 4.0947e-2 2.4830e-2 1.4557e-2 8.3145e-3
10−8 0.6554 0.7217 0.7703 0.8080

After 6.6689e-3 2.6758e-3 9.7337e-4 3.3286e-4 1.0816e-4
1.3175 1.4589 1.5481 1.6217

eN,∆t Before 6.4493e-2 4.0947e-2 2.4830e-2 1.4557e-2 8.3145e-3
pN,∆t 0.6554 0.7217 0.7703 0.8080

eN,∆textp After 6.6689e-3 2.6758e-3 9.7341e-4 3.3287e-4 1.0816e-4

pN,∆textp 1.3175 1.4588 1.5481 1.6217

Ph.D. Thesis 99

TH-1760_126123005



Chapter 4 4.7. Conclusions

0
0.2

0.4
0.6

0.8
1 0

0.5

1
0

0.1

0.2

0.3

0.4

yx

U
e
x
tp

(a) ε = 1e− 2.

0
0.2

0.4
0.6

0.8
1 0

0.5

1
0

0.1

0.2

0.3

0.4

y
x

U
e
x
tp

(b) ε = 1e− 8.

Figure 4.3: Surface plots of the numerical solutions at t = 1 and N = 32 for Example
4.6.2.
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Figure 4.4: Visualization of the order of convergence through loglog plot for Example
4.6.2.

Table 4.2: Maximum pointwise errors and the corresponding order of convergence for
Example 4.6.2.

ε Extrapolation Number of mesh-intervals N/temporal mesh-size ∆t

32/ 1
40 64/ 1

80 128/ 1
160 256/ 1

320 512/ 1
640

Before 1.2074e-1 8.2246e-2 5.2326e-2 3.1338e-2 1.8177e-2
10−2 0.5539 0.6524 0.7396 0.7858

After 2.5458e-2 1.2441e-2 5.6588e-3 2.2416e-3 7.8676e-4
1.0330 1.1365 1.3359 1.5106

Before 1.3323e-1 9.0067e-2 5.7453e-2 3.4445e-02 1.9972e-02
10−4 0.5649 0.6486 0.7381 0.7863

After 2.1589e-2 9.3819e-3 3.8133e-3 1.4696e-3 5.5284e-4
1.2023 1.2988 1.3756 1.4105

Before 1.3376e-1 9.0614e-2 5.7744e-2 3.4572e-2 2.0030e-2
10−6 0.5618 0.6501 0.7401 0.7875

After 2.1305e-2 8.9155e-3 3.5800e-3 1.3122e-3 4.4522e-4
1.2568 1.3164 1.4479 1.5594

Before 1.3376e-1 9.0620e-2 5.7751e-2 3.4580e-2 2.0040e-2
10−8 0.5618 0.6500 0.7399 0.7871

After 2.1302e-2 8.9105e-3 3.5751e-3 1.3057e-3 4.3800e-4
1.2574 1.3175 1.4532 1.5758

eN,∆t Before 1.3376e-1 9.0620e-2 5.7751e-2 3.4580e-2 2.0040e-2
pN,∆t 0.5618 0.6500 0.7399 0.7871

eN,∆textp After 2.5458e-2 1.2441e-2 5.6588e-3 2.2416e-3 7.8676e-4

pN,∆textp 1.0330 1.1365 1.3359 1.5106
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CHAPTER 5

Parameter-Uniform Numerical Method for

Singularly Perturbed 2D Delay Parabolic

Convection-Diffusion Problems on Shishkin Mesh

This chapter is devoted to develop and analyze an efficient numerical scheme for solving

singularly perturbed 2D delay parabolic convection-diffusion problems. First, we dis-

cretize the domain with the uniform mesh in the temporal direction and the piecewise-

uniform Shishkin mesh in the spatial directions. The numerical scheme used to discretize

the continuous problem, consists of the implicit-Euler scheme for the time derivative and

the classical upwind scheme for the spatial derivatives. Stability analysis is carried out

and parameter-uniform error estimates are derived. The proposed scheme is of almost

first-order (up to a logarithmic factor) in space and first-order in time. Numerical ex-

amples are carried out to verify the theoretical results.

5.1 Introduction

Here, we consider the following singularly perturbed 2D delay parabolic convection-

diffusion IBVP posed on the domain G = D × Λt, D = (0, 1)2, Λt = (0, T ] and Υ =

∂D ∪Υb, where Υb = D× [−τ, 0]:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G,

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ Υb,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× Λt,

(5.1.1)

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parameter.

The coefficients a = (a1, a2), b and c are sufficiently smooth and bounded functions such
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that a1(x, y) ≥ α
x
> 0, a2(x, y) ≥ α

y
> 0, b(x, y) ≥ 0 and c(x, y) is nonzero on D.

Under sufficient smoothness and necessary compatibility conditions imposed on the

functions f andϕb (which is given in the next section), the delay parabolic IBVP (5.1.1)

admits a unique solution u(x, y, t), which exhibits a regular boundary layer of width

O(ε) along the sides x = 1 and y = 1, and a corner layer at (x, y) = (1, 1).

The main aim of this chapter is to devise an ε-uniform numerical scheme to solve the

delay parabolic PDE (5.1.1). Because of the presence of boundary layers, we discretize

the spatial domains with a special piecewise-uniform Shishkin mesh and the temporal

domain by the uniform mesh. Then, to obtain the discrete problem, we apply the

implicit-Euler scheme for the time derivative and the classical upwind scheme for the

spatial derivatives. Numerical stability of the proposed scheme is studied. The proposed

method is of almost first-order accurate in spatial variables and first-order accurate in

temporal variable. Numerical experiments are carried out to show the accuracy and

efficiency of the proposed method.

The outline of this chapter is as follows: In Section 5.2, the bounds for the compo-

nents of the solution of (5.1.1) have been discussed. Section 5.3 deals with the piecewise-

uniform Shishkin mesh and the upwind scheme. The main result of ε-uniform conver-

gence has been given in Section 5.4. Numerical results are presented in Section 5.5 and

the chapter ends with Section 5.6, that summarizes the main conclusions.

5.2 Decomposition of the Solution and their Bounds

In this section, we present the analytical aspects of the solution of (5.1.1), which will

be required for the proof of ε-uniform error estimate. The existence and uniqueness of

the solution of (5.1.1) can be guaranteed under the assumption that the data are Hölder

continuous and also satisfy the following compatibility conditions [48]:

f(0, 0, t) = f(0, 1, t) = f(1, 0, t) = f(1, 1, t) = 0, t ∈ Λt,

ϕb(x, y, 0) = 0, in ∂D,

Lεϕb(x, y, 0) = −c(x, y)ϕb(x, y,−τ) + f(x, y, 0), in ∂D.

Along with the above conditions, we assume that data of the problem are sufficiently

smooth and satisfy stronger compatibility conditions in order to have u(x, y, t) ∈ C4,2(G).

The additional sufficient higher-order compatibility conditions for (5.1.1) can be obtained

as follows:

For 0 < µ < 1, if f ∈ C2+2µ,1+µ(G) and ϕb ∈ C4,2(D×{0}), then differentiating (5.1.1)

with respect to t, we get
∂2u

∂t2
− Lε(Lεu) =

∂F

∂t
− LεF,
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where F = f − cu(x, y, t − τ). Now, by using the boundary condition given in (5.1.1),

we obtain the second-order compatibility condition

Lε(Lεϕb(x, y, 0)) = LεF (x, y, 0)− ∂F

∂t
(x, y, 0), in ∂D.

Now, in order to obtain the ε-uniform error estimate, we decompose the solution of

problem (5.1.1) as u = G+E, where G and E are the smooth and singular components,

respectively, which are defined as solutions of the following problems, i.e., E is the

solution of
Et + LεE(x, y, t) = −c(x, y)E(x, y, t− τ), (x, y, t) ∈ G,

E(x, y, t) = 0, (x, y, t) ∈ Υb,

E(x, y, t) = −G(x, y, t), (x, y, t) ∈ ∂D× Λt,

(5.2.1)

and G is the restriction of G∗ to G, where G∗ is the solution of
G∗t + L∗εG∗(x, y, t) = −c∗(x, y)G∗(x, y, t− τ) + f ∗(x, y, t), (x, y, t) ∈ G∗ = D∗ × Λt,

G∗(x, y, t) = ϕ∗b(x, y, t), (x, y, t) ∈ Υ∗b = D
∗ × [−τ, 0],

G∗(x, y, t) = ϕ∗(x, y, t), (x, y, t) ∈ ∂D∗ × Λt.

(5.2.2)

The domain D∗ is a smooth extension of D, c∗, f ∗ are smooth extensions of c, f to G∗,

ϕ∗b is smooth extension of ϕb to Υ∗b , ϕ
∗ is a smooth and compatible function and L∗ε

corresponds to the current extensions of the data.

Moreover, the singular component E can be decomposed into the sum E = E1 +E2 +

E12, where E1 (similarly E2) is the restriction of E∗∗1 to G, where E∗∗1 is the solution of

(E∗∗1 )t + L∗∗ε E∗∗1 (x, y, t) = −c∗∗(x, y)E∗∗1 (x, y, t− τ), (x, y, t) ∈ G∗∗ = D∗∗ × Λt,

E∗∗1 (x, y, t) = 0, (x, y, t) ∈ Υ∗∗b = D
∗∗ × [−τ, 0],

E∗∗1 (x, y, t) = −G∗∗(x, y, t), (x, y, t) ∈ ∂D∗∗1 × Λt,

E∗∗1 (x, y, t) = 0, (x, y, t) ∈ ∂D∗∗2 × Λt.

(5.2.3)

The domain D∗∗ is the smooth extension of D near the vertex (1, 1). Along the boundary

side x = 1, ∂D∗∗1 is an extension beyond the vertex (1, 1) and ∂D∗∗2 = ∂D∗∗\∂D∗∗1 . G∗∗

is a smooth and compatible extension of G to ∂D∗∗1 .

Finally, E12 is defined as the solution of the problem
(E12)t + LεE12(x, y, t) = −c(x, y)E12(x, y, t− τ), (x, y, t) ∈ G,

E12(x, y, t) = 0, (x, y, t) ∈ Υb,

E12(x, y, t) = −(G+ E1 + E2), (x, y, t) ∈ ∂D× Λt.

(5.2.4)
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Chapter 5 5.2. Decomposition of the Solution and their Bounds

Here, E1 and E2 are the singular components associated with the sides x = 1 and y = 1,

respectively, and E12 is a corner layer function associated with the corner (1, 1).

The following theorem provides the bounds for the derivative of the components of

the solution of problem (5.1.1). This theorem will be used to estimate the truncation

error associated with the proposed technique. Before stating the theorem, with out

loss of generality, we assume the initial condition of (5.1.1) is zero, i.e., ϕb(x, y, t) =

0, (x, y, t) ∈ Υb.

Theorem 5.2.1. For all non-negative integers k1, k2, kt such that ks = k1+k2, ks+2kt ≤
4, and for (x, y, t) ∈ G, the components of u satisfy the following bounds:∣∣∣∣ ∂ks+ktG

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ C,∣∣∣∣ ∂ks+ktE1

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−k1 exp(−α
x
(1− x)/ε),∣∣∣∣ ∂ks+ktE2

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−k2 exp(−α
y
(1− y)/ε),∣∣∣∣ ∂ks+ktE12

∂xk1∂yk2∂tkt

∣∣∣∣ ≤ Cε−ks min{exp(−α
x
(1− x)/ε), exp(−α

y
(1− y)/ε)}.

Proof. First, we consider the case, when t ∈ (0, τ ]. Then, the DPDE (5.1.1), can be

written as
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ D× (0, τ),

u(x, y, t) = 0, (x, y, t) ∈ Υb,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, τ ].

(5.2.5)

Now, by using the initial condition, the above equation can be reduced to

ut + Lεu(x, y, t) = f(x, y, t), (x, y, t) ∈ D× (0, τ). (5.2.6)

According to the result given in [13], one can decompose the solution of (5.2.6) as

u = G+E1 +E2 +E12, which will satisfy the required bounds, when (x, y, t) ∈ D×(0, τ).

Now, we proceed to the next time level, i.e., t ∈ (τ, 2τ ]. In that case, (5.1.1) can be

written as
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ D× (τ, 2τ),

u(x, y, t) = uτ (x, y, t), (x, y, t) ∈ D× [0, τ ],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [τ, 2τ ],

(5.2.7)
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where uτ is the solution of (5.2.5).

One can verify that, the above equation satisfies the required compatibility conditions

and the right hand side term of (5.2.7) has sufficient smoothness. Therefore, by using

the result given in [14, Appendix A] and [86], one can obtain the required bounds for

G, E1, E2 andE12, when t ∈ [τ, 2τ ].

By proceeding in a similar way, we can obtain the required bounds for t ≥ 2τ .

5.3 Domain Discretization

Let the rectangular mesh D
N

be defined to be tensor product of the 1D Shishkin meshes,

i.e., D
N

= Ω
N

x × Ω
N

y , which is constructed as follows:

First, define the transition parameters

ρ
l
= min

{
1

2
, ρ

l,0
ε lnN

}
, l = x, y,

where ρ
l,0
≥ 1/α

l
.

In the analysis, we shall assume that ρ
l
= ρ

l,0
ε lnN . Note that if ρ

l
= 1/2, then mesh

is uniform and in such cases the method can be analyzed in the classical way. To define

the piecewise-uniform mesh, we define the mesh on Ω
N

x by dividing the domain [0, 1] into

two sub-domains [0, 1− ρ
x
] and (1− ρ

x
, 1] and each sub-domain will have N/2 uniform

mesh-intervals, i.e., Ω
N

x =
{

0 = x0, x1, · · · , xN/2 = 1− ρ
x
, · · · , xN = 1

}
. Similarly, we

define Ω
N

y =
{

0 = y0, y1, · · · , yN/2 = 1− ρ
y
, · · · , yN = 1

}
.

We denote the mesh-sizes in both the spatial directions by

hx,i = xi − xi−1, i = 1, · · · , N, ĥx,i = hx,i + hx,i+1, i = 1, · · · , N − 1,

hy,j = yj − yj−1, j = 1, · · · , N, ĥy,j = hy,j + hy,j+1, j = 1, · · · , N − 1,

and let Hl = 2(1− ρ
l
)/N and hl = 2ρ

l
/N , l = x, y, be the mesh-sizes in [0, 1− ρ

l
] and

[1− ρ
l
, 1] respectively. Then it is easy to see that

N−1 ≤ Hl ≤ 2N−1, hl = 2ρ
l,0
εN−1 lnN, l = x, y.

For the time domain Λt, we will use uniform mesh with mesh-size ∆t, such that

ΛM
t = {tn = n∆t, n = 0, · · · ,M,∆t = T/M},

where M is the number of mesh-points in the t-direction on the interval [0, T ] and the

temporal mesh-size ∆t satisfies the constraint p∆t = τ , where p is a positive integer,

tn = n∆t, n ≥ −p.
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(0,0) 1− ρ
x

(1,0)
N=2 N=2

1− ρ
y

(0,1)

N=2

N=2

(1,1)

Figure 5.1: Shishkin mesh in the unit square.

We define the discrete domain by GN,M = G
N,M ∩G where G

N,M
= Ω

N

x ×Ω
N

y ×ΛM
t ,

and ΥN
b = Ω

N

x × Ω
N

y × Λp
t , where Λp

t denotes the set of p + 1 uniform mesh-points

in [−τ, 0] and ΩN
x = Ω

N

x ∩ Ωx, ΩN
y = Ω

N

y ∩ Ωy. The boundary points of G
N,M

are

ΥN = {GN,M ∩Υ} ∪ΥN
b . We further discretize Gs

N,M
= DN × Λp

s,t, where Λp
s,t denotes

the set of p+ 1 uniform mesh-points in [(s− 1)τ, sτ ], for s = 1, 2, · · · , k. From the above

discretization we can observe that G
N,M

=
⋃k
s=1 Gs

N,M
.

5.3.1 Numerical scheme

We replace the time derivative by the implicit-Euler scheme and the spatial derivatives

by the upwind scheme in (5.1.1), and obtain the following discrete problem:
(δ−t + LNε )Un+1

i,j = −ci,jUn+1−p
i,j + fn+1

i,j , on GN,M ,

U−si,j = ϕb(xi, yj,−ts), i, j = 0, · · · , N, and s = 0, · · · , p,

Un+1
i,j = 0, i = 0, N or j = 0, N, andn = 0, · · · ,M − 1,

(5.3.1)

where

LNε Un+1
i,j = −ε(δ2

x + δ2
y)U

n+1
i,j + a1;i,jδ

−
x U

n+1
i,j + a2;i,jδ

−
y U

n+1
i,j + bi,jU

n+1
i,j .
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After rearranging the terms in (5.3.1), we obtain the following system of linear algebraic

equations:

ri,j−U
n+1
i,j−1 + ri−,jU

n+1
i−1,j +ri,jU

n+1
i,j + ri+,jU

n+1
i+1,j + ri,j+U

n+1
i,j+1 = gn+1

i,j ,

for i, j = 1, · · · , N − 1, andn = 0, · · · ,M − 1,

U−si,j = ϕb(xi, yj,−ts), i, j = 0, · · · , N, and s = 0, · · · , p,

Un+1
i,j = 0, i = 0, N or j = 0, N, andn = 0, · · · ,M − 1,

(5.3.2)

where

ri−,j =

(
− 2ε

ĥx,ihx,i
− a1;i,j

hx,i

)
, ri+,j =

(
− 2ε

ĥx,ihx,i+1

)
,

ri,j− =

(
− 2ε

ĥy,jhy,j
− a2;i,j

hy,j

)
, ri,j+ =

(
− 2ε

ĥy,jhy,j+1

)
,

ri,j =
1

∆t
− ri−,j − ri+,j − ri,j− − ri,j+ + bi,j, gn+1

i,j =
Un
i,j

∆t
− ci,jUn−p+1

i,j + fn+1
i,j .

The finite difference operator (δ−t + LNε ) defined in (5.3.1) satisfies the following

discrete maximum principle on GN,M , which provides the ε-uniform stability of the

difference operator (δ−t + LNε ).

Lemma 5.3.1. (Discrete maximum principle) Assume that the discrete function

Ψn
i,j satisfies Ψn

i,j ≥ 0 on ΥN . Then (δ−t +LNε )Ψn
i,j ≥ 0 on GN,M implies that Ψn

i,j ≥ 0 at

each point of G
N,M

.

Proof. Assume that there exist a point (x∗i , y
∗
j , t
∗
n) ∈ G

N,M
, such that

Ψ(x∗i , y
∗
j , t
∗
n) = min

(xi,yj ,tn)∈GN,M
Ψ(xi, yj, tn) < 0.

Clearly (x∗i , y
∗
j , t
∗
n) /∈ ΥN , which implies (x∗i , y

∗
j , t
∗
n) ∈ GN,M .

Now, by applying the operator (δ−t + LNε ) on Ψ(x∗i , y
∗
j , t
∗
n), we get

(δ−t + LNε )Ψ(x∗i , y
∗
j , t
∗
n) = δ−t Ψ(x∗i , y

∗
j , t
∗
n)− εδ2

xΨ(x∗i , y
∗
j , t
∗
n)− εδ2

xΨ(x∗i , y
∗
j , t
∗
n)

+a1(x∗i , y
∗
j )δ
−
x Ψ(x∗i , y

∗
j , t
∗
n) + a2(x∗i , y

∗
j )δ
−
y Ψ(x∗i , y

∗
j , t
∗
n)

+b(x∗i , y
∗
j )Ψ(x∗i , y

∗
j , t
∗
n).

Since we have, Ψ(x∗i , y
∗
j , t
∗
n) − Ψ(x∗i , y

∗
j , t
∗
n−1) < 0, Ψ(x∗i , y

∗
j , t
∗
n) − Ψ(x∗i−1, y

∗
j , t
∗
n) < 0,

Ψ(x∗i , y
∗
j , t
∗
n)−Ψ(x∗i , y

∗
j−1, t

∗
n) < 0, Ψ(x∗i+1, y

∗
j , t
∗
n)−Ψ(x∗i , y

∗
j , t
∗
n) > 0 and Ψ(x∗i , y

∗
j+1, t

∗
n)−

Ψ(x∗i , y
∗
j , t
∗
n) > 0, therefore

(δ−t + L N
ε )Ψ(x∗i , y

∗
j , t
∗
n) < 0,

which is a contradiction as (δ−t + L N
ε )Ψ(xi, yj, tn) ≥ 0, for all (xi, yj, tn) ∈ GN,M . Hence

Ψ(xi, yj, tn) ≥ 0, for all (xi, yj, tn) ∈ G
N,M

.

Ph.D. Thesis 108

TH-1760_126123005



Chapter 5 5.4. Error Analysis

5.4 Error Analysis

In this section, we provide the important theorem for the ε-uniform convergence of the

numerical solution in the discrete maximum norm.

Theorem 5.4.1. Let u and U be the solutions of the continuous problem (5.1.1) and

the discrete problem (5.3.1), respectively. Then, we have the following error bound

||u(xi, yj, tn)− Un
i,j||∞ ≤ C(N−1 lnN + ∆t), (xi, yj, tn) ∈ GN,M .

Proof. We can notice that on the first interval [0, τ ], i.e., where the time discretization

parameter n varies from 0 to p, the initial conditions of the continuous problem (5.1.1)

and the discrete problem (5.3.1) will be same. So, the analysis can be carried out in the

same way as one can do for a problem with out delay. Hence, by using the convergence

result of [13], we can obtain

||u(xi, yj, tn)− Un
i,j||∞ ≤ C(N−1 lnN + ∆t), (xi, yj, tn) ∈ GN,M

1 . (5.4.1)

For the second interval (τ, 2τ ], the approach of [13] is not applicable because, the

value of the delay term involves in the right hand side of (5.3.1) will be the numerical

solution obtained in previous time interval [0, τ ]. So, we will provide the detailed proof

to get the error over the interval (τ, 2τ ].

On the domain G2 = D × (τ, 2τ), we consider the following singularly perturbed

delay parabolic equation:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G2,

u(x, y, t) = uτ (x, y, t), (x, y, t) ∈ G1 = D× [0, τ ],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× (τ, 2τ),

(5.4.2)

where uτ is the exact solution on G1.

We apply the implicit-Euler scheme for the time derivative and the upwind scheme

for the spatial derivatives to determine the numerical solution U of (5.4.2) at GN,M
2 . The

discrete problem corresponding to (5.4.2) is given by
δ−t U

n
i,j − ε(δ2

x + δ2
y)U

n
i,j + a1;i,jδ

−
x U

n
i,j + a2;i,jδ

−
y U

n
i,j + bi,jU

n
i,j = −ci,jUn−p

i,j + fni,j, onGN,M
2 ,

U(xi, yj, tn) = U1(xi, yj, tn), (xi, yj, tn) ∈ G
N,M

1 ,

U(xi, yj, tn) = 0, i = 0, N or j = 0, N, and tn ∈ Λp
2,t,

(5.4.3)

where U1(·, ·, ·) is the numerical solution calculated on GN,M
1 .

Ph.D. Thesis 109

TH-1760_126123005



Chapter 5 5.4. Error Analysis

Now, we split the solution of (5.4.2) as u = G + E1 + E2 + E12, where the initial

conditions in G1 are G = uτ (x, y, t), E1 = 0, E2 = 0 andE12 = 0. Following the

continuous problem, we decompose the solution of the discrete problem (5.4.3), as

Un
i,j = Gn

i,j + E1
n
i,j + E2

n
i,j + E12

n
i,j,

where Gn
i,j is the solution of

δ−t G
n
i,j − ε(δ2

x + δ2
y)G

n
i,j + a1;i,jδ

−
xG

n
i,j + a2;i,jδ

−
y G

n
i,j + bi,jG

n
i,j = −ci,jGn−p

i,j + fni,j, onGN,M
2 ,

Gn
i,j = U1(xi, yj, tn), onG

N,M

1 ,

Gn
i,j = G(xi, yj, tn), i = 0, N or j = 0, N, and tn ∈ Λp

2,t,

(5.4.4)

and E`
n
i,j, ` = 1, 2, 12, satisfy

δ−t E`
n
i,j − ε(δ2

x + δ2
y)E`

n
i,j + a1;i,jδ

−
x E`

n
i,j + a2;i,jδ

−
y E`

n
i,j + bi,jE`

n
i,j = −ci,jE`n−pi,j , onGN,M

2 ,

E`
n
i,j = E`(xi, yj, tn), onG

N,M

1 ,

E`
n
i,j = E`(xi, yj, tn), i = 0, N or j = 0, N, and tn ∈ Λp

2,t.

(5.4.5)

The error can be splitted as

‖u(xi, yj, tn)− Un
i,j‖∞ ≤ ‖G(xi, yj, tn)−Gn

i,j‖∞ + ‖E1(xi, yj, tn)− E1
n
i,j‖∞ +

‖E2(xi, yj, tn)− E2
n
i,j‖∞ + ‖E12(xi, yj, tn)− E12

n
i,j‖∞. (5.4.6)

We will find the error separately for each term in the above equation.

Error estimate for the smooth part

By using the initial condition for the smooth part of the solution and the error

estimate given in (5.4.1) along with the Taylor’s expansions, we obtain the truncation

error for the difference equation (5.4.4), as

‖(δ−t + LNε )(G(xi, yj, tn)−Gn
i,j)‖∞ ≤

[
C (N−1 lnN + ∆t) +

ε

3
(hx,i + hx,i+1)

∥∥∥∥∂3G

∂x3

∥∥∥∥
∞

+∆t

∥∥∥∥∂2G

∂t2

∥∥∥∥
∞

+ a1;i,j
hx,i
2

∥∥∥∥∂2G

∂x2

∥∥∥∥
∞

+
ε

3
(hy,j + hy,j+1)

∥∥∥∥∂3G

∂y3

∥∥∥∥
∞

+ a2;i,j
hy,j
2

∥∥∥∥∂2G

∂y2

∥∥∥∥
∞

]
.

Now hx,i ≤ 2N−1, hy,j ≤ 2N−1 and by using the bounds of the derivatives of G given in

Theorem 5.2.1, we obtain

‖(δ−t + LNε )(G(xi, yj, tn)−Gn
i,j)‖∞ ≤ C(N−1 lnN + ∆t),
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for 1 ≤ i, j ≤ N − 1. Now, by choosing appropriate barrier function and applying the

discrete maximum principle (Lemma 5.3.1), we can get

‖(G(xi, yj, tn)−Gn
i,j)‖∞ ≤ C(N−1 lnN + ∆t). (5.4.7)

Next we shall estimate the error associated to the layer component E1 by separately

providing the proofs in two spatial subregions depending on the location of mesh-point

xi.

Error estimate for the boundary layer components

First, we consider the outer region in the x-direction, i.e, x ∈ [0, 1 − ρ
x
]. For

0 ≤ i ≤ N/2 and 0 ≤ j ≤ N , by following the proof of bound for E1 in fixed time

level tn from [57], we get

|E1(xi, yj, tn)− E1
n
i,j| ≤ CN−1. (5.4.8)

Now, we shall estimate |E1(xi, yj, tn)−E1
n
i,j| for N/2 < i < N and 0 < j < N , by means

of consistency and barrier function argument. For the difference equation (5.4.5), the

truncation error can be written as

(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)
= ci,j

(
E1(xi, yj, tn−p)− E1i,j

n−p)
+

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E1.

Now, by using the initial condition of (5.4.5) in the above equation, we get

(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)
=

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E1.

Therefore, the Taylor’s expansions yield

∥∥(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)∥∥
∞ ≤

[
ε

3
(hx,i + hx,i+1)

∥∥∥∥∂3E1

∂x3

∥∥∥∥
∞

+
ε

3
(hy,j + hy,j+1)

∥∥∥∥∂3E1

∂y3

∥∥∥∥
∞

+
hx,i
2
a1;i,j

∥∥∥∥∂2E1

∂x2

∥∥∥∥
∞

+
hy,j
2
a2;i,j

∥∥∥∥∂2E1

∂y2

∥∥∥∥
∞

+∆t

∥∥∥∥∂2E1

∂t2

∥∥∥∥
∞

]
.

Since hx,i = 2ρ
x,0
εN−1 lnN , for N/2 < i < N , along with the bounds of the derivatives
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of E1 given in Theorem 5.2.1, the truncation error becomes

‖(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)
‖∞ ≤ C

[
ε−1

α
x

N−1 lnN exp

(
−α

x
(1− xi)
ε

)

+
ε

3
(hy,j + hy,j+1) exp

(
−α

x
(1− xi)
ε

)

+
hy,j
2
a2;i,j exp

(
−α

x
(1− xi)
ε

)

+∆t exp

(
−α

x
(1− xi)
ε

)]
,

after simplification, we obtain that

‖(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)
‖∞ ≤ C

[
ε−1

α
x

N−1 lnN exp

(
−α

x
(1− xi)
ε

)

+∆t exp

(
−α

x
(1− xi)
ε

)]
.

Let us choose a barrier function φni,j = C

N−1 lnN

 N∏
k=i+1

(
1 +

α
x
hx,k

ε

)−1
+ ∆t

,

and by applying the discrete maximum principle (Lemma 5.3.1), we get

‖
(
E1(xi, yj, tn)− E1

n
i,j

)
‖∞ ≤ C(N−1 lnN + ∆t). (5.4.9)

We can get the bound for the other boundary layer part E2 in an analogous way.

Therefore, for 0 ≤ i, j ≤ N , we can have

‖
(
E2(xi, yj, tn)− E2

n
i,j

)
‖∞ ≤ C(N−1 lnN + ∆t). (5.4.10)

Error estimate for the corner layer part

For 0 ≤ i+ j ≤ 3N/2, by following the proof of bound for E12 in fixed time level tn

from [57], we get ∣∣E12(xi, yj, tn)− E12
n
i,j

∣∣ ≤ CN−1. (5.4.11)

Now to estimate the truncation error for i+ j > 3N/2, we will use the Taylor series

approach. The local truncation error for the difference equation (5.4.5) of the corner

layer part E12 can be written as

(δ−t + LNε )
(
E12(xi, yj, tn)− E12

n
i,j

)
= ci,j

(
E12(xi, yj, tn−p)− E12i,j

n−p)
+

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E12.
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Using the initial condition in the above equation, we get

(δ−t + LNε )
(
E12(xi, yj, tn)− E12

n
i,j

)
=

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E12.

By using the Taylor’s expansions, we obtain∥∥(δ−t + LNε )
(
E12(xi, yj, tn)− E12

n
i,j

)∥∥
∞ ≤

[
ε

3
(hx,i + hx,i+1)

∥∥∥∥∂3E12

∂x3

∥∥∥∥
∞

+
ε

3
(hy,j + hy,j+1)

∥∥∥∥∂3E12

∂y3

∥∥∥∥
∞

+
hy,j
2
a2;i,j

∥∥∥∥∂2E12

∂y2

∥∥∥∥
∞

+
hx,i
2
a1;i,j

∥∥∥∥∂2E12

∂x2

∥∥∥∥
∞

+∆t

∥∥∥∥∂2E12

∂t2

∥∥∥∥
∞

]
.

Since hx,i = 2ρ
x,0
εN−1 lnN and hy,j = 2ρ

y,0
εN−1 lnN , for i + j > 3N/2 along with the

bounds of the derivatives of E12, we get the truncation error as

‖(δ−t + LNε )
(
E12(xi, yj, tn)− E12

n
i,j

)
‖∞

≤ C

[
ε−1

α
x

N−1 lnN min

{
exp

(
−α

x
(1− xi)
ε

)
, exp

(
−α

y
(1− yi)
ε

)}

+
ε−1

α
y

N−1 lnN min

{
exp

(
−α

x
(1− xi)
ε

)
, exp

(
−α

y
(1− yi)
ε

)}

+∆tmin

{
exp

(
−α

x
(1− xi)
ε

)
, exp

(
−α

y
(1− yi)
ε

)}]
.

Now, by choosing a barrier function

φni,j = C

N−1 lnN

 N∏
k=i+1

(
1 +

α
x
hx,k

ε

)−1
+N−1 lnN

 N∏
k=j+1

(
1 +

α
y
hy,k

ε

)−1
+ ∆t


and by using the discrete maximum principle (Lemma 5.3.1), we get

‖
(
E12(xi, yj, tn)− E12

n
i,j

)
‖∞ ≤ C(N−1 lnN + ∆t). (5.4.12)

Hence, by collecting all the bounds from (5.4.7), (5.4.8), (5.4.9), (5.4.10), (5.4.11) and

(5.4.12), then imposing on (5.4.6), we can get the desired bound.

For t ≥ 2τ , we can obtain the error bound in a similar way as done above.

5.5 Numerical Results

To validate the error estimate obtained in Theorem 5.4.1, here we carry out some

numerical experiments for the following 2D test problems by choosing T = 2 and
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ρ
l,0

= 2.2, l = x, y. In the tables, we begin with N = 8, ∆t = 0.2 and p = 1/∆t

and we multiply N by two and divide ∆t by two.

Example 5.5.1. Consider the following singularly perturbed 2D delay parabolic IBVP

with constant coefficients:
ut − ε∆u+ ux + uy = u(x, y, t− 1) + f(x, y, t), (x, y, t) ∈ D× (0, 2],

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ D× [−1, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 2].

(5.5.1)

We choose the initial data ϕb(x, y, t) and the source function f(x, y, t) to fit with the

exact solution

u(x, y, t) = (1−exp(−t)) (m1 +m2x+ exp(−(1− x)/ε)) (m1 +m2y + exp(−(1− y)/ε)) ,

where m1 = − exp(−1/ε), m2 = −1−m1.

We calculate the maximum pointwise error for each ε by

eN,∆tε = max
(xi,yj ,tn)∈GN,M

|u(xi, yj, tn)− U(xi, yj, tn)| ,

where u(xi, yj, tn) andU(xi, yj, tn) denote the exact solution and the numerical solution

obtained in GN,M with N mesh-intervals in the spatial directions and M mesh-intervals

in the temporal direction, such that ∆t = T/M is the uniform mesh-size. We determine

the corresponding order of convergence for each ε by

pN,∆tε = log2

(
eN,∆tε

e
2N,∆t/2
ε

)
.

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by

eN,∆t = max
ε
eN,∆tε ,

and the corresponding ε-uniform order of convergence by

pN,∆t = log2

(
eN,∆t

e2N,∆t/2

)
.

Next, we consider an example where the convection coefficients are function of x and y.

Example 5.5.2. Consider the following singularly perturbed 2D delay parabolic IBVP:

ut − ε∆u+ (1 + x(1− x))ux + (1 + y(1− y))uy = u(x, y, t− 1) +f(x, y, t),

(x, y, t) ∈ D× (0, 2],

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ D× [−1, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 2].

(5.5.2)
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Here also, we choose the initial data ϕb(x, y, t) and the source function f(x, y, t) in

such a way, so that they fit with the same exact solution as mentioned in the previous

example.

The calculated maximum pointwise errors and the corresponding order of convergence

for Examples 5.5.1 and 5.5.2 are presented in Tables 5.1 and 5.2, respectively, for various

values of ε and N . In both the tables, we can observe that for a fixed ε, the maximum

pointwise errors decrease monotonically as N increases, which confirm that the implicit

upwind scheme (5.3.1) is ε-uniform convergent. It also reflects the fact that the classical

upwind scheme applied on this class of problem results almost first-order convergence.

To visualize the appearance of the boundary layer and its behavior for different ε, we

have given the surface plots for ε = 10−2, 10−4 and N = 32 in Figures 5.2 and 5.4, for

Examples 5.5.1 and 5.5.2, respectively.

In order to reveal the numerical order of convergence, we have plotted the maximum

pointwise errors (in loglog scale) in Figures 5.3 and 5.5, for Examples 5.5.1 and 5.5.2,

respectively, which again confirm the almost first-order convergence of the scheme.

5.6 Conclusions

In this chapter, we have analyzed an efficient numerical scheme for the singularly per-

turbed 2D delay parabolic convection-diffusion problem of the form (5.1.1), using the

uniform mesh for the temporal domain and a special piecewise-uniform Shishkin mesh

for the spatial domains. To discretize the continuous problem, we have applied the

implicit-Euler scheme and the classical upwind scheme for the temporal and spatial

derivatives, respectively. For the proposed scheme, the stability and error analysis have

been carried out, which shows that the method converges uniformly with first-order (up

to a logarithmic factor) in space and first-order in time. Along with the analysis, we

have presented some numerical examples to verify the theoretical findings.
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Figure 5.2: Surface plots of the numerical solutions U at t = 2 and N = 32 for Example
5.5.1.
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Table 5.1: Maximum pointwise errors and the corresponding order of convergence for
Example 5.5.1.

ε Number of mesh-intervals N/temporal mesh-size ∆t
8/1

5
16/ 1

10
32/ 1

20
64/ 1

40
128/ 1

80
256/ 1

160

10−1 1.0562e-1 7.1832e-2 4.0928e-2 2.2042e-2 1.1445e-2 5.8295e-3
0.5562 0.8116 0.8928 0.9456 0.9732

10−2 1.9181e-1 1.3457e-1 8.8636e-2 5.6470e-2 3.4444e-2 2.0190e-2
0.5114 0.6024 0.6504 0.7132 0.7706

10−3 2.0568e-1 1.4074e-1 9.2071e-2 5.8304e-2 3.5466e-2 2.0768e-2
0.5473 0.6123 0.6592 0.7172 0.7720

10−4 2.0713e-1 1.4139e-1 9.2427e-2 5.8491e-2 3.5568e-2 2.0826e-2
0.5509 0.6133 0.6601 0.7176 0.7722

10−5 2.0727e-1 1.4145e-1 9.2463e-2 5.8509e-2 3.5579e-2 2.0831e-2
0.5512 0.6134 0.6602 0.7177 0.7723

10−6 2.0729e-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2
0.5512 0.6134 0.6602 0.7177 0.7723

10−7 2.0729e-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2
0.5513 0.6134 0.6602 0.7177 0.7723

10−8 2.0729e-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2
0.5513 0.6134 0.6602 0.7177 0.7723

eN,∆t 2.0729e-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2
pN,∆t 0.5513 0.6134 0.6602 0.7177 0.7723
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O(N−1lnN)
ε =1e−1
ε =1e−4
ε =1e−8

Figure 5.3: Visualization of the order of convergence through loglog plot for Example
5.5.1.
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Figure 5.4: Surface plots of the numerical solutions U at t = 2 and N = 32 for Example
5.5.2.
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Table 5.2: Maximum pointwise errors and the corresponding order of convergence for
Example 5.5.2.

ε Number of mesh-intervals N/temporal mesh-size ∆t
8/1

5
16/ 1

10
32/ 1

20
64/ 1

40
128/ 1

80
256/ 1

160

10−1 1.0894e-1 7.3729e-2 4.1932e-2 2.2514e-2 1.1689e-2 5.9596e-3
0.5632 0.8142 0.8972 0.9457 0.9718

10−2 1.9526e-1 1.3425e-1 8.8205e-2 5.6181e-2 3.4258e-2 2.0092e-2
0.5405 0.6060 0.6508 0.7137 0.7698

10−3 2.1242e-1 1.4122e-1 9.1897e-2 5.8141e-2 3.5373e-2 2.0719e-2
0.5890 0.6198 0.6605 0.7169 0.7717

10−4 2.1427e-1 1.4198e-1 9.2318e-2 5.8355e-2 3.5488e-2 2.0783e-2
0.5938 0.6210 0.6618 0.7175 0.7719

10−5 2.1446e-1 1.4205e-1 9.2361e-2 5.8377e-2 3.5499e-2 2.0789e-2
0.5942 0.6211 0.6619 0.7176 0.7719

10−6 2.1448e-1 1.4206e-1 9.2365e-2 5.8379e-2 3.5500e-2 2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720

10−7 2.1448e-1 1.4206e-1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720

10−8 2.1448e-1 1.4206e-1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720

eN,∆t 2.1448e-1 1.4206e-1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2
pN,∆t 0.5943 0.6211 0.6619 0.7176 0.7720
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Figure 5.5: Visualization of the order of convergence through loglog plot Example 5.5.2.
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CHAPTER 6

Uniformly Convergent Numerical Method for

Singularly Perturbed 2D Delay Parabolic

Convection-Diffusion Problems on

Bakhvalov-Shishkin Mesh

In Chapter 5, we have seen that the upwind finite difference scheme on the Shishkin mesh

for solving singularly perturbed 2D delay parabolic convection-diffusion IBVPs is almost

first-order (up to a logarithmic factor) convergent, which is not optimal. To prevent this

reduction of order due to the logarithmic factor, in this chapter, we use the upwind

finite difference scheme on a modified Shishkin mesh (i.e., on the Bakhvalov-Shishkin

mesh) to discretize the domain in the spatial directions and we apply the implicit-Euler

scheme for the time derivative on the uniform mesh in the temporal direction. We

derive some conditions on the mesh-generating functions which are useful to prove the

convergence of the method, uniformly with respect to the perturbation parameter ε.

We prove that the numerical scheme applied on the Bakhvalov-Shishkin mesh is first-

order convergent in the discrete supremum norm, which is optimal and does not require

any extra computational effort compare to the standard Shishkin mesh. Numerical

experiments verify the theoretical results.

6.1 Introduction

In this chapter, we consider the following singularly perturbed 2D delay parabolic

convection-diffusion IBVP posed on the domain G = D × Λt, D = (0, 1)2, Λt = (0, T ]
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and Υ = ∂D ∪Υb, where Υb = D× [−τ, 0]:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G,

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ Υb,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× Λt,

(6.1.1)

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,

0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parameter.

The coefficients a = (a1, a2), b and c are sufficiently smooth and bounded functions such

that a1(x, y) ≥ α
x
> 0, a2(x, y) ≥ α

y
> 0, b(x, y) ≥ 0 and c(x, y) is nonzero on D.

Under sufficient smoothness and necessary compatibility conditions given in Chapter

5, imposed on the functions f andϕb the delay parabolic IBVP (6.1.1), admits a unique

solution u(x, y, t), which exhibits a regular boundary layer of width O(ε) at the sides

x = 1 and y = 1, along with a corner layer at (x, y) = (1, 1).

The main objective of this chapter is to use a modified Shishkin mesh, i.e., the

Bakhvalov-Shishkin mesh to solve the delay parabolic PDE (6.1.1). First, we discretize

the spatial domain by the Bakhvalov-Shishkin mesh and the temporal domain by the

uniform mesh. Then, we apply the implicit-Euler scheme for the time derivative and

the classical upwind scheme for the spatial derivatives to obtain the discrete problem.

We show theoretically and numerically that it gives more accurate results than on the

standard Shishkin meshes. One can see that, the Bakhvalov-Shishkin meshes are easier

to handle than the Bakhvalov meshes, moreover it can be used whenever the Shishkin

meshes are applicable.

The outline of this chapter is as follows: Section 6.2 deals with the Bakhvalov-

Shishkin mesh and the upwind scheme. The main proof of convergence has been derived

in Section 6.3. Numerical results are presented in Section 6.4 and the chapter ends with

Section 6.5, that summarizes the main conclusions.

6.2 Domain Discretization

Let the rectangular mesh D
N

be defined to be tensor product of the 1D Bakhvalov-

Shishkin meshes, i.e., D
N

= Ω
N

x × Ω
N

y , which is constructed as follows:

First, define the transition parameters

ρ
l
= min

{
1

2
, ρ

l,0
ε lnN

}
, l = x, y,
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where ρ
l,0

= 2/α
l
. In the analysis, we shall assume that ρ

l
= ρ

l,0
ε lnN . Note that if

ρ
l

= 1/2, then mesh is uniform and in such cases the method can be analyzed in the

classical way.

Now, we define the mesh on Ω
N

x by dividing the domain [0, 1] into two sub-domains

[0, 1 − ρ
x
] and [1 − ρ

x
, 1] and each sub-domain will have N/2 mesh-intervals such that

x0 = 0, xN/2 = 1−ρ
x

andxN = 1. The boundary layer region [1−ρ
x
, 1] is partitioned by

the mesh-generating functions ϕ(σ), σ ∈ [1/2, 1], such that ϕ(1/2) = − lnN andϕ(1) =

0, where ϕ(σ) is a monotonically increasing and piecewise continuously differentiable

function. Then, the mesh-points are defined by

xi =


2(1− ρ

x
)i

N
, for i = 0, · · · , N/2− 1,

1 + ρ
x,0
εϕ(σi), forσi = i/N, i = N/2, · · · , N,

and similarly for yj.

We denote the mesh-sizes in both the spatial directions by

hx,i = xi − xi−1, i = 1, · · · , N, ĥx,i = hx,i + hx,i+1, i = 1, · · · , N − 1,

hy,j = yj − yj−1, j = 1, · · · , N, ĥy,j = hy,j + hy,j+1, j = 1, · · · , N − 1.

One can notice that Hl = 2(1 − ρ
l
)/N , l = x, y, be the mesh-sizes in [0, 1 − ρ

l
] and on

the fine mesh, i.e., when, i, j = N/2 + 1, · · · , N − 1, hx,i, hy,j are decreasing functions.

We now define a function ψ, which is closely related to ϕ, such that ϕ = lnψ, where

ψ is a monotonically increasing function which satisfies ψ(1/2) = N−1 andψ(1) = 1.

Here, we consider the mesh-generating function ψ as

ψ(σ) = 1− 2(1−N−1)(1− σ).

Now, we give some properties of the Bakhvalov-Shishkin mesh only in the x-direction,

since similar results can be obtained for the y-direction as well. These properties will be

used in the error analysis.

Assumption 6.2.1. The mesh-generating function ϕ satisfies

max
σ∈[1/2,1]

|ϕ′(σ)| ≤ CN and

∫ 1

1/2

{ϕ′(σ)}2
dσ ≤ CN. (6.2.1)

Lemma 6.2.2. The spatial mesh-size hx,i on the boundary layer region satisfies

hx,i ≤ CN−1 and
hx,i
ε
≤ C, for i = N/2 + 1, · · · , N,

provided the above assumption holds true.
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Chapter 6 6.2. Domain Discretization

Proof. For i = N/2 + 1, · · · , N , we have

hx,i = ρ
x,0
ε(ϕ(σi)− ϕ(σi−1))

= ρ
x,0
ε

∫ σi

σi−1

ϕ′(z)dz

≤ ρ
x,0
εN−1 max

σ∈[σi−1,σi]
|ϕ′(σ)| .

Now, using (6.2.1) and ε ≤ N−1, we get the required results.

For the time domain Λt, we will use uniform mesh with mesh-size ∆t, such that

ΛM
t = {tn = n∆t, n = 0, · · · ,M,∆t = T/M},

where M is the number of mesh-points in the t-direction on the interval [0, T ] and the

temporal mesh-size ∆t satisfies the constraint p∆t = τ , where p is a positive integer,

tn = n∆t, n ≥ −p.
We define the discrete domain by GN,M = G

N,M ∩G where G
N,M

= Ω
N

x ×Ω
N

y ×ΛM
t ,

and ΥN
b = Ω

N

x × Ω
N

y × Λp
t , where Λp

t denotes the set of p + 1 uniform mesh-points

in [−τ, 0]. The boundary points of G
N,M

are ΥN = {GN,M ∩ Υ} ∪ ΥN
b . We further

discretize Gs
N,M

= DN × Λp
s,t, where Λp

s,t denotes the set of p + 1 uniform mesh-points

in [(s − 1)τ, sτ ], for s = 1, 2, · · · , k. From the above discretization we can observe that

G
N,M

=
⋃k
s=1 Gs

N,M
.

6.2.1 Numerical scheme

By replacing the time derivative by the implicit-Euler scheme and the spatial derivatives

by the upwind scheme in (6.1.1), we obtain the following discrete problem:
(δ−t + LNε )Un+1

i,j = −ci,jUn+1−p
i,j + fn+1

i,j , on GN,M ,

U−si,j = ϕb(xi, yj,−ts), i, j = 0, · · · , N, and s = 0, · · · , p,

Un+1
i,j = 0, i = 0, N or j = 0, N, andn = 0, · · · ,M − 1,

(6.2.2)

where

LNε Un+1
i,j = −ε(δ2

x + δ2
y)U

n+1
i,j + a1;i,jδ

−
x U

n+1
i,j + a2;i,jδ

−
y U

n+1
i,j + bi,jU

n+1
i,j .

After rearranging the terms in (6.2.2), we obtain the following system of linear algebraic

equations:

ri,j−U
n+1
i,j−1 + ri−,jU

n+1
i−1,j +ri,jU

n+1
i,j + ri+,jU

n+1
i+1,j + ri,j+U

n+1
i,j+1 = gn+1

i,j ,

for i, j = 1, · · · , N − 1, andn = 0, · · · ,M − 1,

U−si,j = ϕb(xi, yj,−ts), i, j = 0, · · · , N, and s = 0, · · · , p,

Un+1
i,j = 0, i = 0, N or j = 0, N, andn = 0, · · · ,M − 1,

(6.2.3)
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Chapter 6 6.2. Domain Discretization

where 

ri−,j =

(
− 2ε

ĥx,ihx,i
− a1;i,j

hx,i

)
, ri+,j =

(
− 2ε

ĥx,ihx,i+1

)
,

ri,j− =

(
− 2ε

ĥy,jhy,j
− a2;i,j

hy,j

)
, ri,j+ =

(
− 2ε

ĥy,jhy,j+1

)
,

ri,j =
1

∆t
− ri−,j − ri+,j − ri,j− − ri,j+ + bi,j,

gn+1
i,j =

Un
i,j

∆t
− ci,jUn−p+1

i,j + fn+1
i,j .

The finite difference operator (δ−t + LNε ) defined in (6.2.2) satisfies the following

discrete maximum principle on GN,M , which provides the ε-uniform stability of the

difference operator (δ−t + LNε ).

Lemma 6.2.3. (Discrete maximum principle) Assume that the discrete function

Ψn
i,j satisfies Ψn

i,j ≥ 0 on ΥN . Then (δ−t +LNε )Ψn
i,j ≥ 0 on GN,M implies that Ψn

i,j ≥ 0 at

each point of G
N,M

.

Proof. The proof is given in Chapter 5.

Now, we shall state the lemma which will be used to bound the truncation error. For

convenience we decompose the spatial operator Lε as Lε = Lx,ε + Ly,ε, where

Lx,ε ≡ −ε
∂2

∂x2
+ a1(x, y)

∂

∂x
+ b1(x, y),

Ly,ε ≡ −ε
∂2

∂y2
+ a2(x, y)

∂

∂y
+ b2(x, y),

and b(x, y) = b1(x, y) + b1(x, y). Corresponding discrete operators are defined by LNx,ε =

−εδ2
x + a1(xi, yj)δ

−
x + b1(xi, yj) and LNy,ε = −εδ2

y + a2(xi, yj)δ
−
y + b2(xi, yj).

Lemma 6.2.4. Let φ(x, y) be a smooth function defined on D and also let φi,j = φ(xi, yj)

on D
N

. Then the following estimate holds true:∣∣LNx,εφi,j − (Lx,εφ)i,j
∣∣ ≤ C

{
ε

∫ xi+1

xi−1

∣∣∣∣∂3φ

∂x3
(ζ, yj)

∣∣∣∣ dζ +

∫ xi

xi−1

∣∣∣∣∂2φ

∂x2
(ζ, yj)

∣∣∣∣ dζ} ,
for 0 < i, j < N, with analogous estimates for

∣∣LNy,εφi,j − (Ly,εφ)i,j
∣∣.

Lemma 6.2.5. Let Sx,i be the mesh function defined by

Sx,i =
N∏

j=i+1

(
1 +

α
x
hx,i

2ε

)−1

,

where i = 1, · · · , N − 1, with the usual convention that, Sx,N = 1. Then

LNx,εSx,i ≥
C

max{ε, hx,i}
Sx,i.
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Proof. We know that

LNx,εSx,i = − 2ε

hx,i + hx,i+1

(
Sx,i+1 − Sx,i

hx,i+1

− Sx,i − Sx,i−1

hx,i

)
+ a1

Sx,i − Sx,i−1

hx,i
+ b1Sx,i.

Now, by using (Sx,i+1 − Sx,i) =
(
(α

x
hx,i+1)/2ε

)
Sx,i in the above expression, we can

obtain the required result.

In an analogous way, we can get the similar result for LNy,ε.

Lemma 6.2.6. The following inequality relates mesh-size and the perturbation parame-

ter with the mesh-generating functions holds true:

N∑
i=N/2+1

(
hx,i
ε

)2

≤ ρ
2

x,0
N−1

∫ 1

1/2

{ϕ′(σ)}2dσ. (6.2.4)

Proof. Express the mesh-size by the following representation

hx,i
ε

= ρ
x,0

∫ σi

σi−1

ϕ′(σ)dσ, for i = N/2 + 1, · · · , N.

Summing up both sides, we get

N∑
i=N/2+1

(
hx,i
ε

)2

≤ ρ
2

x,0

N∑
i=N/2+1

(σi − σi−1)

∫ σi

σi−1

{ϕ′(σ)}2dσ

= ρ
2

x,0
N−1

∫ 1

1/2

{ϕ′(σ)}2dσ.

This completes the proof.

Lemma 6.2.7. Suppose (6.2.1) holds true, then there exist a constant C such that

N∏
j=N/2+1

(
1 +

α
x
hx,j

2ε

)−1

≤ CN−1.

Proof. We know that, ln(1 + x) ≥ x− x2

2
, for x ≥ 0. Now, by using this property, we

have

ln

 N∏
j=N/2+1

(
1 +

α
x
hx,j

2ε

) ≥
N∑

j=N/2+1

αxhx,j
2ε

− 1

2

(
α
x
hx,j

2ε

)2


=

αx
2ε

(1− xN/2)− 1

2

N∑
j=N/2+1

(
α
x
hx,j

2ε

)2


=

αxρx,0
2

lnN −
α

2

x

8

N∑
j=N/2+1

(
hx,j
ε

)2
 .
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So, we have

N∏
j=N/2+1

(
1 +

α
x
hx,j

2ε

)−1

≤ CN
−
(
α
x
ρ
x,0

)/
2

exp

α2

x

8

N∑
j=N/2+1

(
hx,j
ε

)2
 .

Now, by using (6.2.1) and (6.2.4), we can obtain the required result.

Lemma 6.2.8. For i = 0, · · · , N − 1, we have

exp(−α
x
(1− xi)/2ε) ≤

N∏
j=i+1

(
1 +

α
x
hx,j

2ε

)−1

.

Proof. For each j, we have

exp(−α
x
hx,j/2ε) = exp(α

x
hx,j/2ε)

−1 ≤

(
1 +

α
x
hx,j

2ε

)−1

.

Multiplying the above inequality for j = i+ 1, · · · , N , we obtain the required result.

Lemma 6.2.9. Let the integers i and j be satisfy i < j. Then for i, j ∈ {N/2, · · · , N},
we have∫ xj

xi

exp
(
−α

x
(1− x)/ε

)
dx ≤ CεN−1 exp(−α

x
(1− xj)/2ε) max

σ∈[σi,σj ]
{|ψ′(σ)|}.

Proof. First we substitute x = 1+ρ
x,0
εϕ(σ) in the left hand side of the above equation.

Therefore, we get∫ xj

xi

exp
(
−(1− x)α

x
/ε
)
dx = ρ

x,0
ε

∫ σj

σi

exp(α
x
ρ
x,0
ϕ(σ))ϕ′(σ)dσ

= ρ
x,0
ε

∫ σj

σi

exp(α
x
ρ
x,0
ϕ(σ))

ψ′(σ)

ψ(σ)
dσ

≤ ρ
x,0
ε

∫ σj

σi

exp((α
x
ρ
x,0
− 1)ϕ(σ)) |ψ′(σ)| dσ

≤ ρ
x,0
ε

∫ σj

σi

exp(ϕ(σ)) |ψ′(σ)| dσ,

(since (α
x
ρ
x,0
− 1) ≥ 1)

≤ ρ
x,0
ε(σi − σj) max

σ∈[σi,σj ]
{exp(ϕ(σ)) |ψ′(σ)|}

= ρ
x,0
ε(σi − σj) exp(−(1− xj)/ρx,0ε) max

σ∈[σi,σj ]
{|ψ′(σ)|},

which follows the required result.
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Chapter 6 6.3. Error Analysis

6.3 Error Analysis

In this section, we provide the important theorem for the ε-uniform convergence of

the numerical solution in the discrete maximum norm. Before that, without loss of

generality, we assume that the initial and boundary conditions are zero.

Theorem 6.3.1. Let u ∈ C4,2(G) be the solution of the continuous problem (6.1.1) and

U be the discrete solution of the fully discrete scheme (6.2.2). Then the global error

satisfies

||u(xi, yj, tn)− Un
i,j||∞ ≤ C(N−1 + ∆t),

for (xi, yj, tn) ∈ GN,M .

Proof. We divide the proof of this theorem into different time intervals, because of the

presence of the time delay.

Case 1. Consider the first time interval, i.e., for t ∈ [0, τ ]. On the domain G1 =

D× (0, τ), we consider the following singularly perturbed delay parabolic equation:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G1,

u(x, y, t) = 0, (x, y, t) ∈ Υb,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× (0, τ).

(6.3.1)

We apply the implicit-Euler scheme for the time derivative and the upwind scheme

for the spatial derivatives to determine the numerical solution U of (6.3.1) at G1
N,M .

The discrete problem corresponding to (6.3.1) is given by
δ−t U

n
i,j − ε(δ2

x + δ2
y)U

n
i,j + a1;i,jδ

−
x U

n
i,j + a2;i,jδ

−
y U

n
i,j + bi,jU

n
i,j = −ci,jUn−p

i,j + fni,j, onG1
N,M ,

U(xi, yj, tn) = 0, on ΥN
b ,

U(xi, yj, tn) = 0, i = 0, N or j = 0, N, and tn ∈ Λp
1,t.

(6.3.2)

Now, we split the solution of (6.3.1) as u = G+E1+E2+E12, where the initial conditions

in Υb are G = 0, E1 = 0, E2 = 0 andE12 = 0. Similarly the solution of (6.3.2) can be

decomposed as Un
i,j = Gn

i,j + E1
n
i,j + E2

n
i,j + E12

n
i,j, where Gn

i,j is the solution of
δ−t G

n
i,j − ε(δ2

x + δ2
y)G

n
i,j +a1;i,jδ

−
xG

n
i,j + a2;i,jδ

−
y G

n
i,j + bi,jG

n
i,j = −ci,jGn−p

i,j + fni,j, onGN,M
1 ,

Gn
i,j = 0, on ΥN

b ,

Gn
i,j = G(xi, yj, tn), i = 0, N or j = 0, N, and tn ∈ Λp

1,t,

(6.3.3)
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and E`
n
i,j, ` = 1, 2, 12, satisfy

δ−t E`
n
i,j − ε(δ2

x + δ2
y)E`

n
i,j + a1;i,jδ

−
x E`

n
i,j + a2;i,jδ

−
y E`

n
i,j + bi,jE`

n
i,j = −ci,jE`n−pi,j , onGN,M

1 ,

E`
n
i,j = E`(xi, yj, tn), on ΥN

b ,

E`
n
i,j = E`(xi, yj, tn), i = 0, N or j = 0, N, and tn ∈ Λp

1,t.

(6.3.4)

Then the error can be splitted as

‖u(xi, yj, tn)− Un
i,j‖∞ ≤ ‖G(xi, yj, tn)−Gn

i,j‖∞ + ‖E1(xi, yj, tn)− E1
n
i,j‖∞

+‖E2(xi, yj, tn)− E2
n
i,j‖∞ + ‖E12(xi, yj, tn)− E12

n
i,j‖∞. (6.3.5)

We will find the error separately for each term in the above equation.

Error estimate for the smooth part

For the smooth component G, the truncation error for the difference equation (6.3.3)

can be written as

(δ−t + LNε )(G(xi, yj, tn)−Gn
i,j) = (δ−t + LNε )G(xi, yj, tn)− (δ−t + LNε )Gn

i,j

= (δ−t + LNε )G(xi, yj, tn)− f(xi, yj, tn)

=

(
(δ−t + LNε )−

(
∂

∂t
+ Lε

))
G(xi, yj, tn).

Now, by using the Taylor’s formula, we obtain

‖(δ−t + LNε )(G(xi, yj, tn)−Gn
i,j)‖∞ ≤

[
∆t

∥∥∥∥∂2G

∂t2

∥∥∥∥
∞

+
ε

3
(hx,i + hx,i+1)

∥∥∥∥∂3G

∂x3

∥∥∥∥
∞

+
ε

3
(hy,j + hy,j+1)

∥∥∥∥∂3G

∂y3

∥∥∥∥
∞

+a1;i,j
hx,i
2

∥∥∥∥∂2G

∂x2

∥∥∥∥
∞

+ a2;i,j
hy,j
2

∥∥∥∥∂2G

∂y2

∥∥∥∥
∞

]
.

By applying the results of Lemma 6.2.2 and Theorem 5.2.1 and using ε ≤ N−1, we

obtain

‖(δ−t + LNε )(G(xi, yj, tn)−Gn
i,j)‖∞ ≤ C(N−1 + ∆t).

Now, we choose the barrier function as

Ψ(xi, yj, tn) = C(N−1(xi + yj) + tn∆t),

and apply the discrete maximum principle (Lemma 6.2.3), we obtain that

‖G(xi, yj, tn)−Gn
i,j‖∞ ≤ C(N−1 + ∆t). (6.3.6)
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Next, we shall estimate the error associated to the layer component E1 in two spatial

subregions depending on the location of the mesh-point xi.

Error estimate for the boundary layer components

For 0 ≤ i ≤ N/2 and 0 ≤ j ≤ N , by following the proof of bound for E1 in fixed

time level tn from [57], we get

|E1(xi, yj, tn)− E1
n
i,j| ≤ CN−1. (6.3.7)

Now, we shall estimate |E1(xi, yj, tn) − E1
n
i,j| for N/2 < i < N and 0 < j < N , by

means of consistency and barrier function argument. For the difference equation (6.3.4),

we obtain the truncation error

(δ−t + LNε ) (E1(xi, yj, tn)−E1
n
i,j

)
=

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E1

≤ C

(
∆t

∥∥∥∥∂2E1

∂t2

∥∥∥∥
∞

+ ε

∫ xi+1

xi−1

∣∣∣∣∂3E1

∂x3

∣∣∣∣ dx+

∫ xi

xi−1

∣∣∣∣∂2E1

∂x2

∣∣∣∣ dx
+ε

∫ yj+1

yj−1

∣∣∣∣∂3E1

∂y3

∣∣∣∣ dy +

∫ yj

yj−1

∣∣∣∣∂2E1

∂y2

∣∣∣∣ dy
)

≤ C(∆t+ ε−1N−1 exp(−α
x
(1− xi+1)/2ε) max

σ∈[σi−1,σi+1]
|ψ′(σ)|),

(by using Theorem 5.2.1 and Lemma 6.2.9)

≤ C

(
∆t+ ε−1N−1Sx,i+1 max

σ∈[σi−1,σi+1]
|ψ′(σ)|

)
,

by Lemma 6.2.8. Now, by choosing the barrier function

Ψ = C(N−1Sx,i+1 max
σ∈[1/2,1]

|ψ′(σ)|+ ∆t),

and by applying the discrete maximum principle (Lemma 6.2.3), we obtain

‖
(
E1(xi, yj, tn)− E1

n
i,j

)
‖∞ ≤ C(N−1 + ∆t). (6.3.8)

We can get the bound for the other boundary layer part E2 in an analogous way. There-

fore, for 0 ≤ i, j ≤ N , we have

‖
(
E2(xi, yj, tn)− E2

n
i,j

)
‖∞ ≤ C(N−1 + ∆t). (6.3.9)

Error estimate for the corner layer part

For 0 ≤ i+ j ≤ 3N/2, by following the proof of bound for E12 in fixed time level tn

from [57], we get ∣∣E12(xi, yj, tn)− E12
n
i,j

∣∣ ≤ CN−1. (6.3.10)
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Now to estimate the truncation error for i+j > 3N/2, we use the Taylor series expansion.

From the difference equation (6.3.4), we obtain the truncation error

(δ−t + LNε ) (E12(xi, yj, tn)− E12
n
i,j

)
=

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E12

≤ C

(
∆t

∥∥∥∥∂2E12

∂t2

∥∥∥∥
∞

+ ε

∫ xi+1

xi−1

∣∣∣∣∂3E12

∂x3

∣∣∣∣ dx+

∫ xi

xi−1

∣∣∣∣∂2E12

∂x2

∣∣∣∣ dx
+ε

∫ yj+1

yj−1

∣∣∣∣∂3E12

∂y3

∣∣∣∣ dy +

∫ yj

yj−1

∣∣∣∣∂2E12

∂y2

∣∣∣∣ dy
)

= C

(
∆t+ ε−1N−1 exp(−α

x
(1− xi+1)/2ε) max

σ∈[σi−1,σi+1]
|ψ′(σ)|

+ε−1N−1 exp(−α
y
(1− yj+1)/2ε) max

σ∈[σj−1,σj+1]
|ψ′(σ)|

)
,

(by using Theorem 5.2.1 and Lemma 6.2.9)

≤ C

(
∆t+ ε−1N−1Sx,i+1 max

σ∈[σi−1,σi+1]
|ψ′(σ)|

+ε−1N−1Sy,j+1 max
σ∈[σj−1,σj+1]

|ψ′(σ)|
)
,

by Lemma 6.2.8. Now by choosing the barrier function

Ψ = C

(
N−1Sx,i+1 max

σ∈[1/2,1]
|ψ′(σ)|+N−1Sy,j+1 max

σ∈[1/2,1]
|ψ′(σ)|+ ∆t

)
,

and by applying the discrete maximum principle (Lemma 6.2.3), we obtain

‖
(
E12(xi, yj, tn)− E12

n
i,j

)
‖∞ ≤ C(N−1 + ∆t). (6.3.11)

From (6.3.5), (6.3.6), (6.3.7), (6.3.8), (6.3.9), (6.3.10) and (6.3.11), we obtain the error

estimate

||u(xi, yj, tn)− Un
i,j||∞ ≤ C(N−1 + ∆t), (xi, yj, tn) ∈ GN,M

1 . (6.3.12)

Case 2. On the domain G2 = D×(τ, 2τ), we consider the following singularly perturbed

delay parabolic equation:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G2,

u(x, y, t) = uτ (x, y, t), (x, y, t) ∈ G1 = D× [0, τ ],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× (τ, 2τ),

(6.3.13)

where uτ is the exact solution on G1.
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We apply the implicit-Euler scheme for the time derivative and the upwind scheme

for the spatial derivatives to determine the numerical solution U of (6.3.13) at G2
N,M .

The discrete problem corresponding to (6.3.13) is given by
δ−t U

n
i,j − ε(δ2

x + δ2
y)U

n
i,j + a1;i,jδ

−
x U

n
i,j + a2;i,jδ

−
y U

n
i,j + bi,jU

n
i,j = −ci,jUn−p

i,j + fni,j, onG2
N,M ,

U(xi, yj, tn) = U1(xi, yj, tn), (xi, yj, tn) ∈ G1
N,M

,

U(xi, yj, tn) = 0, i = 0, N or j = 0, N, and tn ∈ Λp
2,t,

(6.3.14)

where U1(·, ·, ·) is the numerical solution calculated on G1
N,M .

We split the solution in a similar way as done in previous case as u = G+E1+E2+E12,

where the initial conditions in G1 are G = uτ (x, y, t), E1 = 0, E2 = 0 andE12 = 0.

Error estimate for the smooth part

For the smooth component G, the truncation error can be written as

(δ−t + LNε )(G (xi, yj, tn)−Gn
i,j)

= (δ−t + LNε )G(xi, yj, tn)− (δ−t + LNε )Gn
i,j

= (δ−t + LNε )G(xi, yj, tn)−
(
−c(xi, yj)Gn−p

i,j + f(xi, yj, tn)
)

= (δ−t + LNε )G(xi, yj, tn)−
(
− c(xi, yj)Gn−p

i,j

+

(
∂

∂t
+ Lε

)
G(xi, yj, tn) + c(xi, yj)G(xi, yj, tn−p)

)
= c(xi, yj)(G

n−p
i,j −G(xi, yj, tn−p))

+

(
(δ−t + LNε )−

(
∂

∂t
+ Lε

))
G(xi, yj, tn).

By using the initial condition for the smooth part of the solution and using the error

estimate obtained in (6.3.12), we get

‖(δ−t + LNε )(G(xi, yj, tn)−Gn
i,j)‖∞ ≤

[
C (N−1 + ∆t) + ∆t

∥∥∥∥∂2G

∂t2

∥∥∥∥
∞

+
ε

3
(hx,i + hx,i+1)

∥∥∥∥∂3G

∂x3

∥∥∥∥
∞

+ a1;i,j
hx,i
2

∥∥∥∥∂2G

∂x2

∥∥∥∥
∞

+
ε

3
(hy,j + hy,j+1)

∥∥∥∥∂3G

∂y3

∥∥∥∥
∞

+ a2;i,j
hy,j
2

∥∥∥∥∂2G

∂y2

∥∥∥∥
∞

]
.

Now, proceeding in the same way as done in the previous case for the smooth component

G, we can obtain

‖G(xi, yj, tn)−Gn
i,j‖∞ ≤ C(N−1 + ∆t), (6.3.15)

for t ∈ (τ, 2τ).
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Error estimate for the boundary layer components

For 0 ≤ i ≤ N/2 and 0 ≤ j ≤ N , by following the proof of bound for E1 in fixed

time level tn from [57], we get

|E1(xi, yj, tn)− E1
n
i,j| ≤ CN−1. (6.3.16)

Now, we shall estimate |E1(xi, yj, tn)− E1
n
i,j| for N/2 < i < N and 0 < j < N . We can

obtain the truncation error from

(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)
= ci,j

(
E1(xi, yj, tn−p)− E1i,j

n−p)
)

+

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E1.

Now, by using the initial condition in the above equation, we get

(δ−t + LNε )
(
E1(xi, yj, tn)− E1

n
i,j

)
=

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E1.

Following a similar approach done in the previous case for the boundary layer part E1,

we can obtain

‖
(
E1(xi, yj, tn)− E1

n
i,j

)
‖∞ ≤ C(N−1 + ∆t), (6.3.17)

for t ∈ (τ, 2τ). We can get the bound for the other boundary layer part E2 in an

analogous way. Therefore, for 0 ≤ i, j ≤ N

‖
(
E2(xi, yj, tn)− E2

n
i,j

)
‖∞ ≤ C(N−1 + ∆t). (6.3.18)

Error estimate for the corner layer part

For 0 ≤ i+ j ≤ 3N/2, by following the proof of bound for E12 in fixed time level tn

from [57], we get ∣∣E12(xi, yj, tn)− E12
n
i,j

∣∣ ≤ CN−1. (6.3.19)

Now to estimate the truncation error for i + j > 3N/2, we will do the Taylor series

approach. Then, the truncation error can be obtained from

(δ−t + LNε )
(
E12(xi, yj, tn)− E12

n
i,j

)
= ci,j

(
E12(xi, yj, tn−p)− E12i,j

n−p)
)

+

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E12.

Using the initial condition in the above equation, we get

(δ−t + LNε )
(
E12(xi, yj, tn)− E12

n
i,j

)
=

((
∂

∂t
+ Lε

)
−
(
δ−t + LNε

))
E12.
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Now, proceeding in an analogous way as done in the previous case for the corner layer

part E12, we can obtain

‖
(
E12(xi, yj, tn)− E12

n
i,j

)
‖∞ ≤ C(N−1 + ∆t), (6.3.20)

for t ∈ (τ, 2τ).

Hence, by collecting all the bounds from (6.3.15), (6.3.16), (6.3.17), (6.3.18), (6.3.19)

and (6.3.20), we can get the desired bound on G2
N,M .

For t ≥ 2τ , we can find the error bound in a similar way as done above.

The estimate obtained in the previous theorem is optimal in the sense, it does not

contain the logarithmic term in the right hand side of the error bound.

6.4 Numerical Results

In this section, we present the results of numerical experiments carried out to validate the

finding of Theorem 6.3.1 for the following 2D test problems. We choose the transition

parameter ρ
l,0

= 2.2, l = x, y. In the tables, we begin with N = 8, ∆t = 0.2 and

p = 1/∆t and we multiply N by two and divide ∆t by two. Since, we have taken

∆t = 1.6/N , the theoretical error bound obtained in Theorem 6.3.1 will be of order

O(N−1). Therefore, in this section, we will write only the spatial order of convergence,

i.e., O(N−1) instead of O(N−1 + ∆t).

Example 6.4.1. Consider the following singularly perturbed 2D delay parabolic IBVP

with constant coefficients:
ut − ε∆u+ ux + uy = u(x, y, t− 1) + f(x, y, t), (x, y, t) ∈ D× (0, 2],

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ D× [−1, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 2].

(6.4.1)

We choose the initial data ϕb(x, y, t) and the source function f(x, y, t) to fit with the

exact solution

u(x, y, t) = (1−exp(−t)) (m1 +m2x+ exp(−(1− x)/ε)) (m1 +m2y + exp(−(1− y)/ε)) ,

where m1 = − exp(−1/ε), m2 = −1−m1.

We calculate the maximum pointwise error and the corresponding order of conver-

gence in the same way as calculated in the previous chapter.

Next, we consider an example where the convection coefficients are function of x and

y.
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Example 6.4.2. Consider the following singularly perturbed 2D delay parabolic IBVP:

ut − ε∆u+ (1 + x(1− x))ux + (1 + y(1− y))uy = u(x, y, t− 1) + f(x, y, t),

(x, y, t) ∈ D× (0, 2],

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ D× [−1, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 2].

(6.4.2)

Here also, we choose the initial data ϕb(x, y, t) and the source function f(x, y, t) in

such a way, so that they fit with the same exact solution as mentioned in the previous

example.

To visualize the appearance of the boundary layer and its behavior for different ε,

we have given the surface plots for ε = 10−2, 10−4 and N = 32 in Figures 6.1 and 6.3.

The calculated maximum pointwise errors and the corresponding order of convergence

for Examples 6.4.1 and 6.4.2 are presented for the Bakhvalov-Shishkin mesh in Tables

6.1 and 6.2, respectively, for various values of ε and N . To understand the improvement

due to the Bakhvalov-Shishkin mesh, we compare the results tabulated in Table 6.1

with Table 5.1 and Table 6.2 with Table 5.2. We observe that the order of convergence

obtained on the Bakhvalov-Shishkin mesh are better than that obtained on the Shishkin

mesh, which verifies the estimate proved in Theorem 6.3.1. From the Tables 6.1 and 6.2,

we notice that for a fixed ε, the maximum pointwise errors decrease monotonically as N

increases, which confirm that the implicit upwind scheme (6.3.2) is ε-uniform convergent.

For the sake of fulfillment of this observation, we have plotted the maximum pointwise

errors in loglog scale for the Examples 6.4.1 and 6.4.2 in the Figures 6.2 and 6.4. Indeed,

we can conclude that the upwind finite difference scheme on the Bakhvalov-Shishkin

mesh surpass the Shishkin mesh, irrespective of the perturbation parameter ε.

6.5 Conclusions

In this chapter, we have provided the characterization of the Bakhvalov-Shishkin mesh

for the singularly perturbed 2D delay parabolic convection-diffusion problem of the form

(6.1.1). This is executed by forming this mesh with the help of an appropriate mesh-

generating function. To discretize the continuous problem, we have applied the implicit-

Euler scheme and the classical upwind scheme for the temporal and spatial derivatives,

respectively. We have shown numerically that the error bound obtained for the proposed

scheme on the Bakhvalov-Shishkin mesh is optimal, that is, the errors are smaller than

the results obtained on the standard Shishkin mesh.
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Figure 6.1: Surface plots of the numerical solutions U at t = 2 and N = 32 for Example
6.4.1.
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Figure 6.2: Comparison of the order of convergence through loglog plot for Example 6.4.1.

Table 6.1: Maximum pointwise errors and the corresponding order of convergence for
Example 6.4.1 on the Bakhvalov-Shishkin mesh.

ε Number of mesh-intervals N/temporal mesh-size ∆t

8/1
5

16/ 1
10

32/ 1
20

64/ 1
40

128/ 1
80

256/ 1
160

10−1 9.8602e-2 7.1832e-2 4.0928e-2 2.2042e-2 1.1445e-2 5.8295e-3

0.4570 0.8116 0.8928 0.9456 0.9732

10−2 2.1718e-1 1.3625e-1 7.5411e-2 3.9490e-2 2.0204e-2 1.0217e-2

0.6727 0.8534 0.9333 0.9669 0.9836

10−3 2.3810e-1 1.4985e-1 8.2815e-2 4.2513e-2 2.1359e-2 1.0678e-2

0.6680 0.8555 0.9620 0.9931 1.0002

10−4 2.4035e-1 1.5144e-1 8.3817e-2 4.3002e-2 2.1574e-2 1.0766e-2

0.6664 0.8534 0.9629 0.9951 1.0028

10−5 2.4057e-1 1.5160e-1 8.3922e-2 4.3055e-2 2.1599e-2 1.0778e-2

0.6662 0.8532 0.9629 0.9952 1.0029

10−6 2.4060e-1 1.5162e-1 8.3932e-2 4.3060e-2 2.1602e-2 1.0779e-2

0.6662 0.8532 0.9629 0.9952 1.0029

10−7 2.4060e-1 1.5162e-1 8.3933e-2 4.3061e-2 2.1602e-2 1.0779e-2

0.6662 0.8531 0.9629 0.9952 1.0029

10−8 2.4060e-1 1.5162e-1 8.3933e-2 4.3061e-2 2.1602e-2 1.0779e-2

0.6662 0.8531 0.9629 0.9952 1.0029

eN,∆t 2.4060e-1 1.5162e-1 8.3933e-2 4.3061e-2 2.1602e-2 1.0779e-2

pN,∆t 0.6662 0.8531 0.9629 0.9952 1.0029
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Figure 6.3: Surface plots of the numerical solutions U at t = 2 and N = 32 for Example
6.4.2.
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Figure 6.4: Comparison of the order of convergence through loglog plot for Example 6.4.2.

Table 6.2: Maximum pointwise errors and the corresponding order of convergence for
Example 6.4.2 on the Bakhvalov-Shishkin mesh.

ε Number of mesh-intervals N/temporal mesh-size ∆t

8/1
5

16/ 1
10

32/ 1
20

64/ 1
40

128/ 1
80

256/ 1
160

10−1 1.0571e-1 7.3729e-2 4.1932e-2 2.2514e-2 1.1689e-2 5.9596e-3

0.5198 0.8142 0.8972 0.9457 0.9718

10−2 2.2134e-1 1.3621e-1 7.4915e-2 3.9204e-2 2.0054e-2 1.0141e-2

0.7004 0.8625 0.9343 0.9671 0.9837

10−3 2.4413e-1 1.5026e-1 8.2578e-2 4.2316e-2 2.1249e-2 1.0622e-2

0.7002 0.8636 0.9645 0.9938 1.0004

10−4 2.4663e-1 1.5196e-1 8.3650e-2 4.2833e-2 2.1475e-2 1.0714e-2

0.6987 0.8612 0.9656 0.9961 1.0032

10−5 2.4688e-1 1.5213e-1 8.3762e-2 4.2890e-2 2.1501e-2 1.0726e-2

0.6985 0.8609 0.9657 0.9962 1.0033

10−6 2.4691e-1 1.5215e-1 8.3773e-2 4.2895e-2 2.1504e-2 1.0727e-2

0.6985 0.8609 0.9657 0.9962 1.0033

10−7 2.4691e-1 1.5215e-1 8.3775e-2 4.2896e-2 2.1504e-2 1.0727e-2

0.6985 0.8609 0.9657 0.9962 1.0033

10−8 2.4691e-1 1.5215e-1 8.3775e-2 4.2896e-2 2.1504e-2 1.0727e-2

0.6985 0.8609 0.9657 0.9962 1.0033

eN,∆t 2.4691e-1 1.5215e-1 8.3775e-2 4.2896e-2 2.1504e-2 1.0727e-2

pN,∆t 0.6985 0.8609 0.9657 0.9962 1.0033
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CHAPTER 7

Fractional-Step Method for Singularly Perturbed 2D

Delay Parabolic Convection-Diffusion Problems on

Shishkin Mesh

In previous chapter we observed that, to solve a singularly perturbed 2D delay parabolic

convection-diffusion problem numerically, we need to handle a banded pentadiagonal

matrix. Dealing with such matrix is a costly task in computational perspective. For this

reason, to solve the singularly perturbed 2D delay problem in this chapter, first, we use a

fractional-step method for discretizing the time derivative of the continuous problem on

the uniform mesh in the temporal direction, then, we apply the classical finite difference

scheme on a special mesh to discretize those 1D problems resulting of the first step.

We derive the truncation errors for the scheme to obtain the error estimates, which

shows that the scheme is uniformly convergent of almost first-order (up to a logarithmic

factor) in space and first-order in time. Numerical examples are carried out to verify

the theoretical results.

7.1 Introduction

In this chapter, we consider the following singularly perturbed 2D delay parabolic

convection-diffusion IBVP posed on the domain G = D × Λt, D = (0, 1)2, Λt = (0, T ]

and Υ = ∂D ∪Υb, where Υb = D× [−τ, 0]:
ut + Lεu(x, y, t) = −c(x, y)u(x, y, t− τ) + f(x, y, t), (x, y, t) ∈ G,

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ Υb,

u(x, y, t) = 0, (x, y, t) ∈ ∂D× Λt,

(7.1.1)

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,
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0 < ε � 1 is the singular perturbation parameter and τ > 0 is the delay parameter.

The coefficients a = (a1, a2), b and c are sufficiently smooth and bounded functions such

that a1(x, y) ≥ α
x
> 0, a2(x, y) ≥ α

y
> 0, b(x, y) ≥ 0 and c(x, y) is nonzero on D.

Under sufficient smoothness and necessary compatibility conditions imposed on the

functions f andϕb, the delay parabolic IBVP (7.1.1) admits a unique solution u(x, y, t),

which exhibits a regular boundary layer of width O(ε) along the sides x = 1 and y = 1,

and a corner layer at (x, y) = (1, 1).

The rest part of this chapter is organized as follows: In Section 7.2, the time semidis-

cretization process through the fractional-step method has been discussed and the uni-

form convergence of this scheme has been studied. Section 7.3 deals with the piecewise-

uniform Shishkin mesh and the classical upwind scheme. The main proof of convergence

has been provided in Section 7.4. Numerical results are presented in Section 7.5 and the

chapter ends with Section 7.6, that summarizes the main conclusions.

7.2 Time Semidiscretization

In this section, we study the semidiscretization of the singularly perturbed 2D delay

parabolic IBVP (7.1.1) which is essential for the analysis of the fully discrete scheme,

since it will contribute to the decomposition of the global error for the spatial and tempo-

ral variables. Also, we provide the asymptotic behavior of the solution of the semidiscrete

problems. Before proceeding for time semidiscretization, we state the bounds for the

time derivatives of exact solution.

Lemma 7.2.1. For 0 ≤ i ≤ 2, the time derivatives of the exact solution u(x, y, t) of the

IBVP (7.1.1) satisfy the estimate∣∣∣∣ ∂i∂tiu(x, y, t)

∣∣∣∣ ≤ C, (x, y, t) ∈ G.

Proof. The process is similar to the approach used in Theorem 2.2.3 for obtaining the

bounds of the time derivatives.

7.2.1 The semidiscrete problem

First, we discretize the time domain Λt by uniform mesh with mesh-size ∆t, such that

ΛM
t = {tn = n∆t, n = 0, · · · ,M,∆t = T/M},

where M is the number of mesh-points in the t-direction on the interval [0, T ] and the

temporal mesh-size ∆t satisfies the constraint p∆t = τ , where p is a positive integer,

tn = n∆t, n ≥ −p.
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Now, we split the differential operator Lε as Lε = Lx,ε + Ly,ε, where

Lx,ε ≡ −ε
∂2

∂x2
+ a1(x, y)

∂

∂x
+ b1(x, y),

Ly,ε ≡ −ε
∂2

∂y2
+ a2(x, y)

∂

∂y
+ b2(x, y),

with b(x, y) = b1(x, y) + b2(x, y), c(x, y) = c1(x, y) + c2(x, y) and f(x, y, t) = f1(x, y, t) +

f2(x, y, t), such that

f1(x, 0, t) = f1(x, 1, t) = f2(0, y, t) = f2(1, y, t) = 0. (7.2.1)

The operator Lx,ε can be considered as a family of one-dimensional differential op-

erators with one parameter y ∈ (0, 1) (similarly for Ly,ε).
Now, we introduce a time discretization process by means of the following fractional-

step scheme:

u−m = ϕb(x, y,−tm), m = 0, · · · , p,
(I + ∆tLx,ε)un+1/2 = un −∆tc1(x, y)un+1−p + ∆tf1(x, y, tn+1), y ∈ (0, 1),

un+1/2(0, y) = un+1/2(1, y) = 0,

(7.2.2)


(I + ∆tLy,ε)un+1 = un+1/2 −∆tc2(x, y)un+1−p + ∆tf2(x, y, tn+1), x ∈ (0, 1),

un+1(x, 0) = un+1(x, 1) = 0.

(7.2.3)

The above scheme provides the approximation un(x, y) to the solution u(x, y, t) of

(7.1.1) at the time level tn = n∆t.

The operators (I + ∆tLi,ε), i = x, y, satisfy the following maximum principle.

Lemma 7.2.2. (Maximum principle) Let Ψ(x, y) ≥ 0 on the boundary ∂D and (I +

∆tLi,ε)Ψ(x, y) ≥ 0, i = x, y on D. Then Ψ(x, y) ≥ 0 on D.

Proof. First we prove the maximum principle for the operator (I + ∆tLx,ε). Let

(x∗, y∗) ∈ D be such that Ψ(x∗, y∗) = minD Ψ(x, y) < 0. It is clear that the point

(x∗, y∗) /∈ ∂D, which implies (x∗, y∗) ∈ D. Since Ψx(x
∗, y∗) = 0 and Ψxx(x

∗, y∗) ≥ 0, we

get

(I + ∆tLx,ε)Ψ(x∗, y∗) = Ψ(x∗, y∗)− ε∆tΨxx(x
∗, y∗) + ∆ta1(x∗, y∗)Ψx(x

∗, y∗)

+∆tb1(x∗, y∗)Ψ(x∗, y∗) < 0,

which is a contradiction. Hence the required result follows for the operator (I+∆tLx,ε).
Similarly, we can prove the maximum principle for the operator (I + ∆tLy,ε).
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In order to analyze the convergence of the semidiscrete scheme (7.2.2)-(7.2.3), we

introduce the local truncation error en+1 defined by en+1 = u(tn+1)− ûn+1, where ûn+1

is the solution of the following system:
(I + ∆tLx,ε)ûn+1/2 = u(x, y, tn)−∆tc1(x, y)û(x, y, tn+1−p)

+∆tf1(x, y, tn+1), y ∈ (0, 1),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0,

(7.2.4)


(I + ∆tLy,ε)ûn+1 = ûn+1/2 −∆tc2(x, y)û(x, y, tn+1−p)

+∆tf2(x, y, tn+1), x ∈ (0, 1),

ûn+1(x, 0) = ûn+1(x, 1) = 0,

(7.2.5)

where û(x, y, t−m) = u(x, y,−tm), for m = 0, · · · , p.
Now, one can obtain the following consistency result.

Lemma 7.2.3. The local error corresponding to the scheme (7.2.4)-(7.2.5) satisfies

‖en+1‖∞ ≤ C(∆t)2.

Proof. Since the function ûn+1/2 satisfies

(I + ∆tLx,ε)ûn+1/2 = u(x, y, tn)−∆tc1(x, y)û(x, y, tn+1−p) + ∆tf1(x, y, tn+1),

therefore, from (7.2.5), we obtain

u(x, y, tn) = (I + ∆tLx,ε)(I + ∆tLy,ε)ûn+1 −∆tf1(tn+1) + c1∆tû(x, y, tn+1−p)

−∆t(I + ∆tLx,ε)f2(tn+1) + c2∆t(I + ∆tLx,ε)û(x, y, tn+1−p).

On the other hand, since the solution of (7.1.1) is smooth enough, we have

u(tn) = u(tn+1 −∆t) = u(tn+1)−∆t
∂u

∂t

∣∣
tn+1 +

∫ tn

tn+1

(tn − s)
∂2u

∂t2
(s)ds

= u(tn+1) + ∆t [(Lx,ε + Ly,ε)u(tn+1)− (f1(tn+1) + f2(tn+1))

+c1(x, y)u(x, y, tn+1−p) + c2(x, y)u(x, y, tn+1−p)]

+

∫ tn

tn+1

(tn − s)
∂2u

∂t2
(s)ds

= (I + ∆tLx,ε) [(I + ∆tLy,ε)u(tn+1)−∆tf2(tn+1)

+c2∆tu(x, y, tn+1−p)]−∆tf1(tn+1) + c1∆tu(x, y, tn+1−p) +O(∆t2).
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Hence, en+1 satisfies
(I + ∆tLx,ε)(I + ∆tLy,ε)en+1 = −c2∆t(I + ∆tLx,ε)en+1−p − c1∆ten+1−p +O(∆t2),

en+1(0, y) = en+1(1, y) = en+1(x, 0) = en+1(x, 1) = 0.

(7.2.6)

For the first time interval, i.e., when tn ∈ [0, τ ], the delay terms of both the continuous

and semidiscrete equations will take value from given initial condition. So, en+1−p = 0.

Therefore, the above equation reduces to
(I + ∆tLx,ε)(I + ∆tLy,ε)en+1 = O(∆t2),

en+1(0, y) = en+1(1, y) = en+1(x, 0) = en+1(x, 1) = 0.

Finally, by applying the maximum principle given in Lemma 7.2.2 for the operators,

(I + ∆tLi,ε), i = x, y, we obtain

‖en+1‖∞ ≤ C(∆t)2, (7.2.7)

for tn ∈ [0, τ ].

For the second time interval, i.e., when tn ∈ (τ, 2τ ], we obtain the required bound

by using (7.2.7) and the maximum principle (Lemma 7.2.2) on (7.2.6).

In a similar way, we can prove the required bound for tn > 2τ .

Lemma 7.2.4. Under the hypothesis of Lemma 7.2.3, we have

sup
n≤T/(∆t)

‖u(tn)− un‖∞ ≤ C∆t.

Proof. Let En = u(tn)− un. Now, subtracting and adding ûn, we have

En = en+ûn−un = en+R1En−1+R1 (−∆tc1(x, y)en−p)+R2 (−∆tc2(x, y)en−p) , (7.2.8)

where R1 ≡ (I + ∆tLx,ε)−1(I + ∆tLy,ε)−1 and R2 ≡ (I + ∆tLy,ε)−1. We know en−p = 0,

when the time discretization parameter n varies from 0 to p. Therefore, we get

En = en +R1En−1.

Using the above recurrence, we get En =
∑n

i=1 R
n−i
1 ei. Now, by using the idea given in

[12], we get

sup
0≤n≤p

‖u(tn)− un‖∞ ≤ C∆t. (7.2.9)

For the next time interval, i.e., when n varies from p + 1 to 2p, by using the bound

given in Lemma 7.2.3 and (7.2.9) to (7.2.8), and proceeding in an analogous way as
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done above, we can get the required bound. In a similar way one can get the required

bound for the entire time domain ΛM
t .

Therefore, the time semidiscretization process is uniformly convergent of first-order

in time.

Before proceeding, we present a lemma which gives the bounds of the derivatives

of the solution of (7.2.4). To prove that without loss of generality we assume that the

initial condition of (7.2.4) is zero.

Lemma 7.2.5. The solution of (7.2.4) satisfies the following bound:∣∣∣∣∂iûn+1/2

∂xi

∣∣∣∣ ≤ C
(
1 + ε−i exp

(
−α

x
(1− x)/ε

))
, (x, y) ∈ D, 0 ≤ i ≤ 4.

Proof. To prove the above bound, we will consider several cases.

Case (i). Here, we consider the case, when i = 0. By using the maximum principle

(Lemma 7.2.2), it is easy to show that |ûn+1/2| ≤ C.

Case (ii). Let us take i = 1. To obtain the bound for the first derivative of ûn+1/2 with

respect to x, let

κ(x, y) =
ûn+1/2(x, y)− u(x, y, tn)

∆t
, (7.2.10)

be the solution of
(I + ∆tLx,ε)κ = −Lx,εu(x, y, tn) + f1(x, y, tn+1)− c1(x, y)û(x, y, tn+1−p),

κ(0, y) = κ(1, y) = 0.

(7.2.11)

Since, the right hand side is containing a delay term, we will proceed step by step.

In the first time level, i.e., t ∈ (0, τ), since the initial condition is zero, therefore,

(7.2.11) reduces to
(I + ∆tLx,ε)κ = −Lx,εu(x, y, tn) + f1(x, y, tn+1),

κ(0, y) = κ(1, y) = 0.

Taking into account that |Lx,εu(x, y, tn)| ≤ C [14, Appendix A], the maximum principle

(Lemma 7.2.2) implies that |κ| ≤ C.

Now, to find a bound for ûn+1/2 we apply Lx,ε on (7.2.10). Simple calculation shows

that ûn+1/2 satisfies the following problem:
Lx,εûn+1/2 = −κ+ f1(x, y, tn+1)− c1(x, y)û(x, y, tn+1−p),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0.

(7.2.12)
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Now, for the first time level, (0, τ), we know û(x, y, tn+1−p) = 0. Therefore, (7.2.12)

reduces to 
Lx,εûn+1/2 = −κ+ f1(x, y, tn+1),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0.

By proceeding in an analogous way as in [41], we can prove that∣∣∣∣∂iûn+1/2

∂xi
(0, y)

∣∣∣∣ ≤ C, 0 ≤ i ≤ 1,∣∣∣∣∂iûn+1/2

∂xi
(1, y)

∣∣∣∣ ≤ Cε−i, 0 ≤ i ≤ 2,

and ∣∣∣∣∂ûn+1/2

∂x

∣∣∣∣ ≤ C
[
1 + ε−1 exp

(
−α

x
(1− x)/ε

)]
. (7.2.13)

In the next time level, i.e., when t ∈ (τ, 2τ), one can write (7.2.11) as
(I + ∆tLx,ε)κ = −Lx,εu(x, y, tn) + f1(x, y, tn+1)− c1(x, y)ûτ (x, y, tn+1−p),

κ(0, y) = κ(1, y) = 0,

where, ûτ (x, y, tn+1−p) is the semidiscrete solution in (0, τ). We know that ûτ (x, y, tn+1−p)

is bounded. Therefore, using the same argument as done in previous time interval, we

can prove that |κ| ≤ C.

For t ∈ (τ, 2τ), (7.2.12) can be written as
Lx,εûn+1/2 = −κ+ f1(x, y, tn+1)− c1(x, y)ûτ (x, y, tn+1−p),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0.

Since ûτ (x, y, tn+1−p) is bounded, the right hand side of the above equation is bounded.

Now, by using the similar idea used in [41], one can obtain the required bound for the

second time interval, i.e., t ∈ (τ, 2τ).

In an analogous way, we can get the bound (7.2.13) for t ≥ 2τ as well.

Case (iii). Now, we consider the case for i = 2. To obtain the bounds for the second-

order derivative of ûn+1/2 with respect to x, we differentiate (7.2.12) with respect to x

and obtain

Lx,ε
(
∂ûn+1/2

∂x

)
=

1

∆t

(
∂u(x, y, tn)

∂x
− ∂ûn+1/2

∂x

)
+
∂f1

∂x
− ∂a1

∂x

∂ûn+1/2

∂x

−∂b1

∂x
ûn+1/2 − ∂c1

∂x
û(x, y, tn+1−p)− c1

∂û

∂x
(x, y, tn+1−p).
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By using the same idea as we applied for (7.2.13), we can obtain∣∣∣∣∂2ûn+1/2

∂x2

∣∣∣∣ ≤ C
[
1 + ε−2 exp

(
−α

x
(1− x)/ε

)]
.

But, the above bound can only be obtained if we can prove that∣∣∣∣ 1

∆t

(
∂u(x, y, tn)

∂x
− ∂ûn+1/2

∂x

)∣∣∣∣ ≤ C
[
1 + ε−1 exp

(
−α

x
(1− x)/ε

)]
. (7.2.14)

For that we assume, κ(x, y) = Lx,εκ, which satisfies

(I + ∆tLx,ε)κ = Lx,εf1 − L2
x,εu(x, y, tn)− c1Lx,εû(x, y, tn+1−p),

κ(0, y) =
1

∆t
(f1(0, y, tn+1)− Lx,εu(0, y, tn)− c1û(0, y, tn+1−p)) ,

κ(1, y) =
1

∆t
(f1(1, y, tn+1)− Lx,εu(1, y, tn)− c1û(1, y, tn+1−p)) .

(7.2.15)

In the first time level, i.e., t ∈ (0, τ), the IBVP (7.2.15) can be rewritten as

(I + ∆tLx,ε)κ = Lx,εf1 − L2
x,εu(x, y, tn),

κ(0, y) =
1

∆t
(f1(0, y, tn+1)− Lx,εu(0, y, tn)) ,

κ(1, y) =
1

∆t
(f1(1, y, tn+1)− Lx,εu(1, y, tn)) .

Now, by using the same idea used in [14], we can prove |κ| ≤ C.

Now, one can verify that κ satisfies the following problem:
Lx,εκ = κ,

κ(0, y) = κ(1, y) = 0.

So, again proceeding in a similar way as in [41], we can show that∣∣∣∣∂κ∂x
∣∣∣∣ ≤ C

[
1 + ε−1 exp

(
−α

x
(1− x)/ε

)]
,

and hence ∣∣∣∣∂2ûn+1/2

∂x2

∣∣∣∣ ≤ C
[
1 + ε−2 exp

(
−α

x
(1− x)/ε

)]
.

In the next time level, i.e., when t ∈ (τ, 2τ), (7.2.15) can be expressed as

(I + ∆tLx,ε)κ = Lx,εf1 − L2
x,εu(x, y, tn)− c1Lx,εûτ (x, y, tn+1−p),

κ(0, y) =
1

∆t
(f1(0, y, tn+1)− Lx,εu(0, y, tn)− c1ûτ (0, y, tn+1−p)) ,

κ(1, y) =
1

∆t
(f1(1, y, tn+1)− Lx,εu(1, y, tn)− c1ûτ (1, y, tn+1−p)) .
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Since, we know ûτ (x, y, tn+1−p) is bounded, by using the same idea used in [14], it is

easy to show that |κ| ≤ C. By following the same way as done for previous time interval

(0, τ), we can obtain the required bound.

In an analogous way, we can prove the required bound for t ≥ 2τ .

To obtain the corresponding bounds for higher-order derivatives of ûn+1/2 with re-

spect to x, we can use the similar idea.

We decompose the solution ûn+1/2 of (7.2.4) into the smooth and singular compo-

nents, i.e., ûn+1/2 = v̂n+1/2 + ŵn+1/2, similarly, we decompose u as u = v + w and

û(x, y, tn+1−p) as û(x, y, tn+1−p) = v̂(x, y, tn+1−p) + ŵ(x, y, tn+1−p).

We further express the smooth components in the form v̂n+1/2 =
∑3

k=0 ε
kv̂

n+1/2
k ,

v =
∑3

k=0 ε
kvk and v̂(x, y, tn+1−p) =

∑3
k=0 ε

kv̂k(x, y, tn+1−p), where they satisfy the

following problem for y ∈ (0, 1):
(I + ∆tLx,ε)v̂n+1/2 = v(x, y, tn)−∆tc1(x, y)v̂(x, y, tn+1−p) + ∆tf1(x, y, tn+1),

v̂n+1/2(0) = 0, v̂n+1/2(1) =
3∑
i=0

εi v̂
n+1/2
i (1), v̂(x, y, tn+1−p) = û(x, y, tn+1−p),

(7.2.16)

and the singular components satisfy the following problem:
(I + ∆tLx,ε)ŵn+1/2 = w(x, y, tn)−∆tc1(x, y)ŵ(x, y, tn+1−p), y ∈ (0, 1),

ŵn+1/2(0) = 0, ŵn+1/2(1) = ûn+1/2|x=1 − v̂n+1/2(1), ŵ(x, y, tn+1−p) = 0.

(7.2.17)

The following lemma provides the bounds for the derivatives of the smooth and singular

components.

Lemma 7.2.6. The smooth component v̂n+1/2 and the singular component ŵn+1/2 defined

in (7.2.16) and (7.2.17), respectively, satisfy the following bounds:∣∣∣∣∣∣∣∣∂iv̂n+1/2

∂xi

∣∣∣∣∣∣∣∣
∞
≤ C

(
1 + ε3−i) ,

and ∣∣∣∣∂iŵn+1/2

∂xi

∣∣∣∣ ≤ Cε−i exp(−α
x
(1− x)/ε), 0 ≤ i ≤ 4.

Proof. Since, we have obtained the bounds of the derivatives of ûn+1/2, one can easily

obtain the required bounds by the same idea as given in Theorem 2.2.4 of Chapter 2.

7.3 The Discrete Problem

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,

then we discretize the spatial derivatives in the semidiscrete scheme (7.2.4)-(7.2.5).
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7.3.1 Discretization of the domain

Let the rectangular mesh D
N

be defined by the tensor product of the 1D Shishkin

meshes, i.e., D
N

= Ω
N

x × Ω
N

y , which is constructed as follows:

First, define the transition parameters

ρ
l
= min

{
1

2
, ρ

l,0
ε lnN

}
, l = x, y,

where ρ
l,0
≥ 1/α

l
. In the analysis, we shall assume that ρ

l
= ρ

l,0
ε lnN . Note that if

ρ
l
= 1/2, l = x, y, then the mesh is uniform and in this case the error estimates can be

obtained in the classical way.

To obtain the piecewise-uniform Shishkin mesh, we divide the domain Ω
N

x into two

sub-domains [0, 1 − ρ
x
] and (1 − ρ

x
, 1] and each sub-domain will have N/2 uniform

mesh-intervals, and denote it by

Ω
N

x =
{

0 = x0, x1, · · · , xN/2 = 1− ρ
x
, · · · , xN = 1

}
.

Similarly, we define Ω
N

y =
{

0 = y0, y1, · · · , yN/2 = 1− ρ
y
, · · · , yN = 1

}
.

We denote the mesh-sizes in both the spatial directions by

hx,i = xi − xi−1, i = 1, · · · , N, ĥx,i = hx,i + hx,i+1, i = 1, · · · , N − 1,

hy,j = yj − yj−1, j = 1, · · · , N, ĥy,j = hy,j + hy,j+1, j = 1, · · · , N − 1,

and let Hl = 2(1− ρ
l
)/N and hl = 2ρ

l
/N , l = x, y, be the mesh-sizes in [0, 1− ρ

l
] and

[1− ρ
l
, 1] respectively. Then it is easy to see that

N−1 ≤ Hl ≤ 2N−1, hl = 2ρ
l,0
εN−1 lnN, l = x, y.

We define the discrete domain by GN,M = G
N,M ∩G where G

N,M
= Ω

N

x ×Ω
N

y ×ΛM
t ,

and ΥN
b = Ω

N

x × Ω
N

y × Λp
t , where Λp

t denotes the set of p + 1 uniform mesh-points

in [−τ, 0] and ΩN
x = Ω

N

x ∩ Ωx, ΩN
y = Ω

N

y ∩ Ωy. The boundary points of G
N,M

are

ΥN = {GN,M ∩Υ} ∪ΥN
b . We further discretize Gs

N,M
= DN × Λp

s,t, where Λp
s,t denotes

the set of p+ 1 uniform mesh-points in [(s− 1)τ, sτ ], for s = 1, 2, · · · , k. From the above

discretization we can observe that G
N,M

=
⋃k
s=1 Gs

N,M
.

7.3.2 Numerical scheme

Let LNx,ε denotes the discretization of the differential operator Lx,ε after replacing the

spatial derivatives by the upwind finite difference scheme on ΩN
x . Then the discretized
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equation can be written as follows: For y ∈ ΩN
y ,

(I + ∆tLNx,ε)Û
n+1/2
xi,y = (I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y)))Û
n+1/2
xi,y

= u(xi, y, tn)−∆tc1(xi, y)Û(xi, y, tn+1−p)

+∆tf1(xi, y, tn+1), i = 1, · · · , N − 1,

Û
n+1/2
0,y = Û

n+1/2
1,y = 0,

(7.3.1)

and, for x ∈ ΩN
x ,

(I + ∆tLNy,ε)Ûn+1
x,yj

= (I + ∆t(−εδ2
y + a2(x, yj)δ

−
y + b2(x, yj)))Û

n+1
x,yj

= Û
n+1/2
x,yj −∆tc2(x, yj)Û(x, yj, tn+1−p)

+∆tf2(x, yj, tn+1), j = 1, · · · , N − 1,

Ûn+1
x,0 = Ûn+1

x,1 = 0,

(7.3.2)

where Û(x, y, t−m) = u(x, y,−tm), for m = 0, · · · , p.
After rearranging the terms in (7.3.1), for i = 1, · · · , N − 1, we get

(I + ∆tLNx,ε)Û
n+1/2
xi,y ≡ r1,−

i Û
n+1/2
xi−1,y + r1,0

i Û
n+1/2
xi,y + r1,+

i Û
n+1/2
xi+1,y = F1xi,y,

Û
n+1/2
0,y = Û

n+1/2
1,y = 0,

(7.3.3)

where

r1,−
i = ∆t

(
− 2ε

ĥx,ihx,i
− a1(xi, y)

hx,i

)
, r1,+

i = ∆t

(
− 2ε

ĥx,ihx,i+1

)
,

r1,0
i = 1 + ∆tb1(xi, y)− r1,−

i − r1,+
i ,

F1xi,y = u(xi, y, tn) + ∆t
(
−c1(xi, y)Û(xi, y, tn+1−p) + f1(xi, y, tn+1)

)
.

(7.3.4)

Similarly, after rearranging the terms in (7.3.2), for j = 1, · · · , N − 1, we get
(I + ∆tLNy,ε)Ûn+1

x,yj
≡ r2,−

j Ûn+1
x,yj−1

+ r2,0
j Ûn+1

x,yj
+ r2,+

j Ûn+1
x,yj+1

= F2x,yj ,

Ûn+1
x,0 = Ûn+1

x,1 = 0,

(7.3.5)

where

r2,−
j = ∆t

(
− 2ε

ĥy,jhy,j
− a2(x, yj)

hy,j

)
, r2,+

j = ∆t

(
− 2ε

ĥy,jhy,j+1

)
,

r2,0
j = 1 + ∆tb2(x, yj)− r2,−

j − r2,+
j ,

F2x,yj = Û
n+1/2
x,yj −∆t

(
c2(x, yj)Û(x, yj, tn+1−p) + f2(x, yj, tn+1)

)
.

(7.3.6)
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Lemma 7.3.1. The matrices associated with the finite difference schemes (7.3.1) and

(7.3.2) are M-matrices.

Proof. For ` = 1, 2, it is clear from (7.3.3)-(7.3.6) that,

r`,−l < 0, r`,+l < 0 and r`,0l > 0

along with

|r`,01 |− |r
`,+
1 | > 0, |r`,0N−1|− |r

`,−
N−1| > 0 and |r`,0l |− |r

`,+
l |− |r

`,−
l | > 0, for l = 1, · · · , N −1.

Therefore, the matrices associated with the finite difference schemes are M -matrices.

As a consequence, the difference operator given in (7.3.1) satisfies the following dis-

crete maximum principle.

Lemma 7.3.2. (Discrete maximum principle) Assume that the discrete function Ψi

satisfies Ψi ≥ 0 on i = 0, N . Then (I + ∆tLNx,ε)Ψi ≥ 0 on ΩN
x implies that Ψi ≥ 0 at

each point of Ω
N

x .

Hence the method is uniformly stable in the supremum norm. Similar property holds

for the difference operator defined in (7.3.2).

7.4 Convergence Analysis

This section provides the ε-uniform error estimate for the numerical solution of the

following fully discrete scheme:

U−mi,j = ϕb(xi, yj,−tm), m = 0, · · · , p, and i, j = 0, · · · , N,
(I + ∆tLNx,ε)U

n+1/2
i,j = Un

i,j −∆tc1(xi, yj)U
n+1−p
i,j + ∆tf1(xi, yj, tn+1), 1 ≤ i ≤ N − 1,

U
n+1/2
0,j = U

n+1/2
N,j = 0, 0 ≤ j ≤ N,

(7.4.1)


(I + ∆tLNy,ε)Un+1

i,j = U
n+1/2
i,j −∆tc2(xi, yj)U

n+1−p
i,j + ∆tf2(xi, yj, tn+1), 1 ≤ j ≤ N − 1,

Un+1
i,0 = Un+1

i,N = 0, 0 ≤ i ≤ N.

(7.4.2)

The following theorem provides the error bounds, when t ∈ [0, τ ].

Theorem 7.4.1. Let u be the exact solution of (7.1.1) and {Un} be the numerical

solution of the fully discrete scheme (7.4.1)-(7.4.2) at time level tn = n∆t. Then there

exists a positive constant C, independent of ε, N , with 0 < q < 1 such that∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C(∆t+N−1+q lnN),

for (xi, yj, tn) ∈ ΩN
x × ΩN

y × Λp
1,t.
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Proof. For the first time interval [0, τ ], the delay terms present in the right hand side

of (7.1.1) and (7.4.1)-(7.4.2) will get replaced by the given initial condition. So, the

analysis can be carried out in the same way as one can do for a problem with out delay.

Therefore, for t ∈ [0, τ ] we can adapt the proof of convergence as given in [14], that is,

we can have the following error bound:∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C(∆t+N−1+q lnN),

for (xi, yj, tn) ∈ ΩN
x × ΩN

y × Λp
1,t.

On the second interval (τ, 2τ ], the approach of [14] is not applicable because, the

value of the delay terms present in the right hand side of (7.4.1)-(7.4.2) will be the

numerical solution obtained in previous time interval [0, τ ]. Therefore, we will do the

detailed analysis to get the error over the interval (τ, 2τ ].

On the domain D× (τ, 2τ), the equation (7.2.4) becomes
(I + ∆tLx,ε)ûn+1/2 = u(x, y, tn)−∆tc1(x, y)û(x, y, tn+1−p)

+∆tf1(x, y, tn+1), y ∈ (0, 1),

ûn+1/2(0, y) = ûn+1/2(1, y) = 0, û(x, y, tn+1−p) = ûτ (x, y, tn+1−p),

(7.4.3)

and
(I + ∆tLy,ε)ûn+1 = ûn+1/2 −∆tc2(x, y) û(x, y, tn+1−p)

+∆tf2(x, y, tn+1), x ∈ (0, 1),

ûn+1(x, 0) = ûn+1(x, 1) = 0, û(x, y, tn+1−p) = ûτ (x, y, tn+1−p),

(7.4.4)

respectively, where ûτ (x, y, tn+1−p) is the semidiscrete solution of (7.2.4)-(7.2.5) on the

domain D× (0, τ).

The discrete problems corresponding to (7.4.3) and (7.4.4) are given by

(I + ∆tLNx,ε)Û
n+1/2
xi,y = (I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y)))Û
n+1/2
xi,y

= u(xi, y, tn)−∆tc1(xi, y)Û(xi, y, tn+1−p)

+∆tf1(xi, y, tn+1), i = 1, · · · , N − 1,

Û
n+1/2
0,y = Û

n+1/2
1,y = 0, Û(xi, y, tn+1−p) = Û1(xi, y, tn+1−p),

(7.4.5)

and 

(I + ∆tLNy,ε)Ûn+1
x,yj

= (I + ∆t(−εδ2
y + a2(x, yj)δ

−
y + b2(x, yj)))Û

n+1
x,yj

= Û
n+1/2
x,yj −∆tc2(x, yj)Û(x, yj, tn+1−p)

+∆tf2(x, yj, tn+1), j = 1, · · · , N − 1,

Ûn+1
x,0 = Ûn+1

x,1 = 0, Û(x, yj, tn+1−p) = Û1(x, yj, tn+1−p),

(7.4.6)
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respectively, where Û1(·, ·, tn+1−p) is the numerical solution of (7.3.1)-(7.3.2) calculated

on the time interval [0, τ ]

Similarly, the equations (7.2.16) and (7.2.17) become

(I + ∆tLx,ε)v̂n+1/2 = v(x, y, tn)−∆tc1(x, y) v̂(x, y, tn+1−p)

+∆tf1(x, y, tn+1), y ∈ (0, 1),

v̂n+1/2(0) = 0, v̂n+1/2(1) =
3∑
i=0

εi v̂
n+1/2
i (1), v̂(x, y, tn+1−p) = ûτ (x, y, tn+1−p),

(7.4.7)

and
(I + ∆tLx,ε)ŵn+1/2 = w(x, y, tn)−∆tc1(x, y)ŵ(x, y, tn+1−p), y ∈ (0, 1),

ŵn+1/2(0) = 0, ŵn+1/2(1) = ûn+1/2|x=1 − v̂n+1/2(1), ŵ(x, y, tn+1−p) = 0,

(7.4.8)

respectively.

The discrete problems corresponding to (7.4.7) and (7.4.8) are given by

(I + ∆tLNx,ε)V̂ n+1/2 = (I + ∆t(−εδ2
x + a1(xi, y)δ−x + b1(xi, y)))V̂ n+1/2

= v(xi, y, tn)−∆tc1(xi, y)V̂ (xi, y, tn+1−p)

+∆tf1(xi, y, tn+1), i = 1, · · · , N − 1,

V̂
n+1/2

0 = v̂n+1/2(0), V̂
n+1/2

1 = v̂n+1/2(1), V̂ (xi, y, tn+1−p) = Û1(xi, y, tn+1−p),

(7.4.9)

and
(I + ∆tLNx,ε)Ŵ n+1/2 = (I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y)))Ŵ n+1/2

= w(xi, y, tn)−∆tc1(xi, y)Ŵ (xi, y, tn+1−p), i = 1, · · · , N − 1,

Ŵ
n+1/2
0 = ŵn+1/2(0), Ŵ

n+1/2
1 = ŵn+1/2(1), Ŵ (xi, y, tn+1−p) = 0,

(7.4.10)

respectively, where V̂ n+1/2, Ŵ n+1/2, V̂ (xi, y, tn+1−p) and Ŵ (xi, y, tn+1−p) are the discrete

versions of v̂n+1/2, ŵn+1/2, v̂(x, y, tn+1−p) and ŵ(x, y, tn+1−p), respectively.

At the node (xi, y, tn+1/2) the errors can be written in the form

(Û − û)(xi, y, tn+1/2) = (V̂ − v̂)(xi, y, tn+1/2) + (Ŵ − ŵ)(xi, y, tn+1/2).

Now, before proceeding further, we give some technical lemmas which will be required

for the error bound.
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Lemma 7.4.2. The solution of (7.4.8) satisfies

|ŵ(xi, y, tn+1/2)| ≤ CN−1, 1 ≤ i ≤ N/2.

Proof. We know from Lemma 7.2.6, the singular component satisfies

|ŵ(xi, y, tn+1/2)| ≤ C exp(−α
x
(1− xi)/ε) ≤ C exp(−α

x
ρ
x
/ε).

Since ρ
x
≥ (ε/α

x
) lnN , we get |ŵ(xi, y, tn+1/2)| ≤ CN−1.

Lemma 7.4.3. Numerical solution of (7.4.10) satisfies

|Ŵ (xi, y, tn+1/2)| ≤
N∏

j=i+1

(
1 +

α
x
hx,j

ε

)−1

, for i = 0, 1, · · · , N − 1.

Proof. Define the Padé approximation of the boundary layer function

exp(−α
x
(1− xi)/ε) as Si =

i∏
j=1

(
1 +

α
x
hx,j

ε

)
, with S0 = 1.

Therefore,

Si
SN

=
N∏

j=i+1

(
1 +

α
x
hx,j

ε

)−1

≥
N∏

j=i+1

exp
(
−α

x
hx,j/ε

)
= exp

(
−α

x
(1− xi)/ε

)
.

Assume Yi = CSi/SN , for i = 0, 1, · · · , N − 1. Therefore, we have

(I + ∆tLNx,ε)Yi =
C

SN
(I + ∆tLNx,ε)Si.

Now, by applying the difference operator to Si, we obtain

(I + ∆tLNx,ε)Si =
(
I + ∆t(−εδ2

x + a1(xi, y)δ−x + b1(xi, y))
)
Si

= (1 + ∆tb1(xi, y))Si −∆tεδ2
xSi + ∆ta1(xi, y)δ−x Si. (7.4.11)

It is easy to derive that

δ−x Si =
α
x

(ε+ α
x
hx,i)

Si, δ+
x Si =

α
x

ε
Si, and εδ2

xSi =
−α2

x
hx,i

ĥx,i(ε+ α
x
hx,i)

Si.

Therefore, from (7.4.11), we get that

(I + ∆tLNx,ε)Si ≥
C

max{ε, hx,i}
Si.
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Now, for t ∈ (τ, 2τ), by using the initial condition given in (7.4.10), and the bound

for the singular component, (7.4.10) can be written as

(I + ∆tLNx,ε)Ŵ (xi, y, tn+1/2) ≤ C exp
(
−α

x
(1− xi)/ε

)
≤ C

Si
SN
≤ (I + ∆tLNx,ε)Yi.

By using the discrete maximum principle (Lemma 7.3.2), we obtain that

Ŵ (xi, y, tn+1/2) ≤ CYi. With the same argument, we can have −Ŵ (xi, y, tn+1/2) ≤ CYi.

Hence, we have |Ŵ (xi, y, tn+1/2)| ≤ CYi, which is the required bound.

Lemma 7.4.4. The error of the singular component satisfies

|(Ŵ − ŵ)(xi, y, tn+1/2)| ≤ CN−1, for i = 1, · · · , N/2.

Proof. For i = 1, · · · , N/2, we have

|(Ŵ − ŵ)(xi, y, tn+1/2)| ≤ |Ŵ |+ |ŵ| ≤ CYi + CN−1, (7.4.12)

by using the result of Lemma 7.4.2 and Lemma 7.4.3.

From the definition of Yi and the monotonicity of Yi, we have

Si
SN
≤
SN/2
SN

=
N∏

j=N/2+1

(
1 +

α
x
hx,j

ε

)−1

= (1 + 2N−1 lnN)−N/2.

We know that ln(1 +m) ≥ m−m2/2 for m ≥ 0. Therefore,

−N
2

ln(1 + 2N−1 lnN) ≤ −N
2

[
2N−1 lnN − (2N−1 lnN)2

2

]
= − lnN +N−1 ln2N.

Now, by taking exponential on the both sides, we get Yi ≤ CN−1. Using this bound in

(7.4.12), one can get the required result.

Theorem 7.4.5. Let ûn+1/2 be the exact solution of the problem (7.4.3) and Û
n+1/2
xi,y be

the numerical solution of the upwind scheme (7.4.5) defined on the special mesh ΩN
x .

Then we have the following error bound

|ûn+1/2(xi, y)− Ûn+1/2
xi,y

| ≤ CN−1 lnN.

Proof. The local truncation error for the smooth component can be written as

(I + ∆tLNx,ε)(V̂ − v̂)(xi, y, tn+1/2) =
(
(I + ∆tLNx,ε)− (I + ∆tLx,ε)

)
v̂(xi, y, tn+1/2)

−c1∆t(V̂ − v̂)(xi, y, tn+1−p).

By using the initial conditions from (7.4.7) and (7.4.9), we get

(I + ∆tLNx,ε)(V̂ − v̂)(xi, y, tn+1/2) =
(
(I + ∆tLNx,ε)− (I + ∆tLx,ε)

)
v̂(xi, y, tn+1/2)

−c1∆t(Û1 − ûτ )(xi, y, tn+1−p).
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Since, we are estimating the error in Λ2,t, the delay term in the right hand side of the

above equation will be in Λ1,t. From [14], we know∣∣∣(Û − û) (xi, yj, tn)
∣∣∣ ≤ CN−1 lnN, (7.4.13)

for (xi, yj, tn) ∈ ΩN
x × ΩN

y × Λp
1,t.

Now, by using (7.4.13) along with the Taylor’s formula we get

(I + ∆tLNx,ε)(V̂ − v̂)(xi, y, tn+1/2) ≤ CN−1 lnN.

Now by choosing an appropriate barrier function and applying the discrete maximum

principle (Lemma 7.3.2), we can obtain∣∣∣(V̂ − v̂)(xi, y, tn+1/2)
∣∣∣ ≤ CN−1 lnN. (7.4.14)

To find the error bound of the singular component, we will consider two cases as

follows:

If i ≤ N/2, then we can find

|(Ŵ − ŵ)(xi, y, tn+1/2)| ≤ CN−1, for i = 1, · · · , N/2.

by using Lemma 7.4.4.

In the second case, when i = N/2 + 1, · · · , N , the local truncation error for the

singular component can be written as

(I + ∆tLNx,ε)(Ŵ − ŵ)(xi, y, tn+1/2) =
(
(I + ∆tLNx,ε)− (I + ∆tLx,ε)

)
ŵ(xi, y, tn+1/2)

−c1∆t(Ŵ − ŵ)(xi, y, tn+1−p).

By using the initial conditions from (7.4.8) and (7.4.10), we get

(I + ∆tLNx,ε)(Ŵ − ŵ)(xi, y, tn+1/2) =
(
(I + ∆tLNx,ε)− (I + ∆tLx,ε)

)
ŵ(xi, y, tn+1/2).

Then, by applying the Taylor’s expansion formula and using the bound of the singular

component we get

(I + ∆tLNx,ε)(Ŵ − ŵ)(xi, y, tn+1/2) ≤ Cε−1N−1(lnN) exp
(
−α

x
(1− xi)/ε

)
.

Now, by choosing the barrier function

φi = CN−1(lnN)(1 + Yi), for i = N/2, · · · , N,

and applying the discrete maximum principle (Lemma 7.3.2), we get

|(Ŵ − ŵ)(xi, y, tn+1/2)| ≤ CN−1 lnN, for i = N/2 + 1, · · · , N. (7.4.15)

Therefore, combining the results obtained in (7.4.14), Lemma 7.4.4 and (7.4.15), one

can obtain the required error bound.
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The following theorem provides the error bound for the solution of (7.4.6).

Theorem 7.4.6. Let ûn+1 be the exact solution of the problem (7.4.4) and Ûn+1
x,yj

be the

numerical solution of the upwind scheme (7.4.6) defined on the special mesh ΩN
y . Then

we have the following error bound:

|ûn+1(x, yj)− Ûn+1
x,yj
| ≤ CN−1 lnN.

Proof. The semidiscrete problems (7.4.3) and (7.4.4) are almost of the same type except

the first term in the right hand side of both the equations, i.e., the right hand side of

(7.4.4) contains ûn+1/2 instead of u(x, y, tn) as in (7.4.3). So, by decomposing û(x, y, ·)
and Û(x, yj, ·) of (7.4.4) and (7.4.6) into the smooth and singular components and using

the bounds given in (7.4.14), Lemma 7.4.4, (7.4.15) and proceeding in a similar way as

done in Theorem 7.4.5, we can obtain the required bound.

Note that, if we take N−q ≤ C∆t with 0 < q < 1, from Theorems 7.4.5 and 7.4.6,

we can deduce that

|ûn+1/2(xi, y)− Ûn+1/2
xi,y

| ≤ C∆tN−1+q lnN, for 1 ≤ i ≤ N − 1, (7.4.16)

and

|ûn+1(x, yj)− Ûn+1
x,yj
| ≤ C∆tN−1+q lnN, for 1 ≤ j ≤ N − 1, (7.4.17)

respectively.

We prove the uniform convergence of the fully discrete scheme (7.4.1)-(7.4.2), by

using (7.4.16) and (7.4.17).

Theorem 7.4.7. Let u be the exact solution of (7.1.1) and {Un} be the numerical

solution of the fully discrete scheme (7.4.1)-(7.4.2) at time level tn = n∆t. Then there

exists a positive constant C, independent of ε, N , with 0 < q < 1 such that∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C(∆t+N−1+q lnN),

for (xi, yj, tn) ∈ ΩN
x × ΩN

y × Λp
2,t.

Proof. The global error at time level tn = n∆t can be written as∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤

∥∥u(xi, yj, tn)− ûni,j
∥∥
∞ +

∥∥∥ûni,j − Ûn
xi,yj

∥∥∥
∞

+
∥∥∥Ûn

xi,yj
− Un

i,j

∥∥∥
∞
.

Now using Lemma 7.2.3 along with the bounds given in (7.4.16) and (7.4.17), we get∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C∆t(∆t+N−1+q lnN) +

∥∥∥Ûn
xi,yj
− Un

i,j

∥∥∥
∞
. (7.4.18)
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Then, by using the stability of the fully discrete scheme (7.4.1)-(7.4.2), it can be shown

that∥∥∥Ûn
xi,yj
− Un

i,j

∥∥∥
∞
≤
∥∥u(xi, yj, tn−1)− Un−1

i,j

∥∥
∞ + C∆t

∥∥∥Ûn−p
xi,yj
− Un−p

i,j

∥∥∥
∞
. (7.4.19)

Since tn ∈ Λp
2,t, it is obvious that tn−p ∈ Λp

1,t. Now, by using the result of Theorem 7.4.1

in (7.4.19), we get∥∥∥Ûn
xi,yj
− Un

i,j

∥∥∥
∞
≤
∥∥u(xi, yj, tn−1)− Un−1

i,j

∥∥
∞ + C∆t(∆t+N−1+q lnN). (7.4.20)

Therefore, from (7.4.18) and (7.4.20), we get∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C(∆t+N−1+q lnN),

for 1 ≤ i, j ≤ N − 1. Hence, the proof is completed.

The above theorem provides the convergence result on the interval [τ, 2τ ]. If we

proceed in an analogous way, we can achieve the same convergence result for t > 2τ .

Hence, we can have the following convergence result for t ∈ (0, T ].

Theorem 7.4.8. Let u be the exact solution of (7.1.1) and {Un} be the numerical

solution of the fully discrete scheme (7.4.1)-(7.4.2) at time level tn = n∆t. Then there

exists a positive constant C, independent of ε, N , with 0 < q < 1 such that∥∥u(xi, yj, tn)− Un
i,j

∥∥
∞ ≤ C(∆t+N−1+q lnN),

for (xi, yj, tn) ∈ GN,M .

7.5 Numerical Results

To validate the theoretical results proved in the previous section, here we present the

numerical result obtained by the proposed method for two 2D test problems. We perform

the numerical experiments by choosing the constant ρ
l,0

= 1.5, l = x, y. Moreover, in the

tables, we begin with N = 32, ∆t = 0.025 and p = 1/∆t and we multiply N by two and

divide ∆t by two. Since, we have taken ∆t = 0.8/N , the theoretical error bound obtained

in Theorem 7.4.8 will be of order O(N−1 lnN). Therefore, in this section, we will write

only the spatial order of convergence, i.e., O(N−1 lnN) instead of O(N−1 lnN + ∆t).

Note that in the following examples, we decompose the source term f(x, y, t) in the form

f2(x, y, t) = f(x, 0, t) + y (f(x, 1, t)− f(x, 0, t)) , f1(x, y, t) = f(x, y, t)− f2(x, y, t),

so that the property (7.2.1) is satisfied under the following compatibility condition:

f(0, 0, t) = f(0, 1, t) = f(1, 0, t) = f(1, 1, t) = 0, for t ∈ [0, T ].
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Example 7.5.1. Consider the following singularly perturbed 2D delay parabolic IBVP

with constant coefficients:
ut − ε∆u+ ux + uy = u(x, y, t− 1) + f(x, y, t), (x, y, t) ∈ D× (0, 2],

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ D× [−1, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 2].

(7.5.1)

We choose the initial data ϕb(x, y, t) and the source function f(x, y, t) to fit with the

exact solution

u(x, y, t) = (1−exp(−t)) (m1 +m2x+ exp(−(1− x)/ε)) (m1 +m2y + exp(−(1− y)/ε)) ,

where m1 = − exp(−1/ε), m2 = −1−m1.

We calculate the maximum pointwise error for each ε by

eN,∆tε = max
(xi,yj ,tn)∈GN,M

|u(xi, yj, tn)− U(xi, yj, tn)| ,

where u(xi, yj, tn) andU(xi, yj, tn) denote the exact solution and the numerical solution

obtained in GN,M with N mesh-intervals in the spatial directions and M mesh-intervals

in the temporal direction, such that ∆t = T/M is the uniform mesh-size. We determine

the corresponding order of convergence for each ε by

pN,∆tε = log2

(
eN,∆tε

e
2N,∆t/2
ε

)
.

Now, for each N and ∆t, we define the ε-uniform maximum pointwise error by

eN,∆t = max
ε
eN,∆tε ,

and the corresponding ε-uniform order of convergence by

pN,∆t = log2

(
eN,∆t

e2N,∆t/2

)
.

Next, we consider an example with variable coefficients.

Example 7.5.2. Consider the following singularly perturbed 2D delay parabolic IBVP:

ut − ε∆u+ (1 + x)ux + (2− y)uy + (x2 + y2 + 1)u = u(x, y, t− 1) + f(x, y, t),

(x, y, t) ∈ D× (0, 2],

u(x, y, t) = ϕb(x, y, t), (x, y, t) ∈ D× [−1, 0],

u(x, y, t) = 0, (x, y, t) ∈ ∂D× [0, 2].

(7.5.2)
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We choose the initial data ϕb(x, y, t) and the source function f(x, y, t) to fit with the

exact solution

u(x, y, t) = exp(−t)xy(γ1(x)− 1)(γ2(y)− 1),

with

γ1(x) = exp(−(3− 2x− x2)/(2ε)) and γ2(y) = exp(−(3− 4y + y2)/(2ε)).

We calculate the maximum pointwise errors and the corresponding orders of conver-

gence in a similar way as discussed earlier. Tables 7.1 and 7.2 display the maximum

pointwise errors and the corresponding orders of convergence of the computed solution

U for Examples 7.5.1 and 7.5.2, respectively.

In both the Tables 7.1 and 7.2, we can observe that for fixed ε, the maximum point-

wise errors decrease monotonically as N increases, which confirms that the proposed

method is ε-uniform convergent. It also reflects the fact that the fractional-step method

along with classical upwind scheme applied on this class of problem results almost first-

order convergence.

The numerical solutions of both the Examples 7.5.1 and 7.5.2 are plotted in Figures

7.1 and 7.3, respectively, for ε = 10−2, 10−8, t = 1, 2, and N = 32. These figures show

the appearance of the boundary layer and its behavior for different ε and t.

As a complement of these observations, Figures 7.2 and 7.4 display the plot of N

versus the maximum pointwise errors in loglog scale for both the Examples 7.5.1 and

7.5.2, respectively. As N increases, the monotonically decreasing behavior of the max-

imum pointwise errors can be observed from both the Figures 7.2 and 7.4. Moreover,

these two figures also confirm that the proposed method is almost first-order accurate.

7.6 Conclusions

In this chapter, we have proposed an efficient numerical scheme for the singularly per-

turbed 2D delay parabolic convection-diffusion problem of the form (7.1.1), using the

uniform mesh for the temporal domain and the piecewise-uniform Shishkin mesh for the

spatial domain. For discretizing the time derivative a fractional-step method has been

used and then the classical upwind scheme has been used for the 1D stationary problems

resulting of the first step. This method has an advantage of solving only the tridiagonal

linear systems instead of handling a banded pentadiagonal matrix, which therefore re-

duces the computational cost. It has been theoretically proved that the newly proposed

scheme is ε-uniformly convergent with almost first-order (up to a logarithmic factor) in

space and first-order in time. Along with the analysis, we have presented two numerical

examples to verify the theoretical findings.
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Figure 7.1: Surface plots of the numerical solutions U at N = 32 for Example 7.5.1.
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Figure 7.2: Visualization of the order of convergence through loglog plot for Example
7.5.1.
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Figure 7.3: Surface plots of the numerical solutions U at N = 32 for Example 7.5.2.
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Figure 7.4: Visualization of the order of convergence through loglog plot for Example
7.5.2.
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Table 7.1: Maximum pointwise errors and the corresponding order of convergence for
Example 7.5.1.

ε Number of mesh-intervals N/temporal mesh-size ∆t
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 3.8524e-2 2.0897e-2 1.0902e-2 5.5691e-3 2.8148e-3
0.8824 0.9387 0.9691 0.9844

10−2 6.6775e-2 4.0097e-2 2.3696e-2 1.3720e-2 7.8000e-3
0.7358 0.7589 0.7883 0.8147

10−3 7.2054e-2 4.2686e-2 2.4903e-2 1.4295e-2 8.0778e-3
0.7553 0.7775 0.8008 0.8235

10−4 7.2681e-2 4.3029e-2 2.5086e-2 1.4396e-2 8.1308e-3
0.7563 0.7784 0.8012 0.8242

10−5 7.2745e-2 4.3064e-2 2.5106e-2 1.4408e-2 8.1377e-3
0.7563 0.7785 0.8012 0.8242

10−6 7.2751e-2 4.3068e-2 2.5107e-2 1.4409e-2 8.1384e-3
0.7564 0.7785 0.8012 0.8241

10−7 7.2752e-2 4.3068e-2 2.5108e-2 1.4409e-2 8.1385e-3
0.7564 0.7785 0.8012 0.8241

10−8 7.2752e-2 4.3068e-2 2.5108e-2 1.4409e-2 8.1385e-3
0.7564 0.7785 0.8012 0.8241

eN,∆t 7.2752e-2 4.3068e-2 2.5108e-2 1.4409e-2 8.1385e-3
pN,∆t 0.7564 0.7785 0.8012 0.8241
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Table 7.2: Maximum pointwise errors and the corresponding order of convergence for
Example 7.5.2.

ε Number of mesh-intervals N/temporal mesh-size ∆t
32/ 1

40
64/ 1

80
128/ 1

160
256/ 1

320
512/ 1

640

10−1 4.9930e-2 2.9034e-2 1.5886e-2 8.3027e-3 4.2476e-3
0.7822 0.8700 0.9361 0.9669

10−2 8.4968e-2 5.8123e-2 3.6785e-2 2.2100e-2 1.2794e-2
0.5478 0.6600 0.7351 0.7886

10−3 9.4080e-2 6.4490e-2 4.0709e-2 2.4412e-2 1.4111e-2
0.5448 0.6637 0.7378 0.7907

10−4 9.6667e-2 6.5608e-2 4.1396e-2 2.4861e-2 1.4364e-2
0.5591 0.6644 0.7356 0.7914

10−5 9.6963e-2 6.5981e-2 4.1604e-2 2.4909e-2 1.4402e-2
0.5554 0.6653 0.7401 0.7903

10−6 9.6993e-2 6.6018e-2 4.1650e-2 2.4964e-2 1.4413e-2
0.5550 0.6645 0.7385 0.7925

10−7 9.6996e-2 6.6022e-2 4.1655e-2 2.4970e-2 1.4419e-2
0.5550 0.6645 0.7383 0.7922

10−8 9.6997e-2 6.6023e-2 4.1656e-2 2.4970e-2 1.4420e-2
0.5550 0.6644 0.7383 0.7921

eN,∆t 9.6997e-2 6.6023e-2 4.1656e-2 2.4970e-2 1.4420e-2
pN,∆t 0.5550 0.6644 0.7383 0.7921
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CHAPTER 8

Summary and Future Scopes

A brief summary of the results made in this thesis along with the techniques used in

deriving the results is given in this chapter. It also contains the possible extensions of

the present work and their further investigations.

8.1 Summary of the Results

The results of this thesis with some important observations are briefly described below:

• A parameter-uniform numerical scheme is analyzed on the Shishkin mesh for solv-

ing a one-dimensional singularly perturbed delay parabolic convection-diffusion

problem. The scheme consists of the implicit-Euler scheme for the time derivative

and the hybrid numerical scheme for the spatial derivatives. It is shown that the

discrete solution obtained by this technique is almost second-order spatial accurate

in the discrete supremum norm, provided the perturbation parameter ε satisfies

ε ≤ N−1, which is the most demandable case from practical point of view. Numer-

ical results are produced to validate theoretical error estimates. Numerically, it is

shown that the result obtained by the proposed scheme is also valid for semilinear

delay parabolic problems.

• Then, a post-processing technique known as the Richardson extrapolation tech-

nique is analyzed for solving a one-dimensional singularly perturbed delay

parabolic convection-diffusion problem, on the piecewise-uniform Shishkin mesh.

Theoretically and numerically it is proved that the order of convergence of the clas-

sical upwind scheme is enhanced from almost first-order to almost second-order,

after extrapolation. Numerical experiments are carried out to validate the theo-

retical findings. This method is applied on semilinear delay parabolic problems

also.
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• The idea of the Richardson extrapolation technique is used to obtain second-order

accurate (both in space and time) numerical solution of a singularly perturbed 2D

parabolic convection-diffusion problem. To discretize the time derivative, we used

the fractional-step method, then to solve the 1D stationary problems resulting

of the first step, we used the classical upwind scheme on the piecewise-uniform

Shishkin meshes in the spatial directions. Numerical results are produced to vali-

date theoretical error estimates.

• In the literature, so far there exist no result where a singularly perturbed 2D delay

parabolic convection-diffusion problem is considered. To solve such problems in

this thesis, we used the classical upwind scheme to discretize the spatial derivatives

on the piecewise-uniform Shishkin mesh and the implicit-Euler scheme to discretize

the temporal derivatives on the uniform mesh. It is shown both theoretically and

numerically that the method applied on the Shishkin mesh is almost first-order

(up to a logarithmic factor) accurate in space and first-order accurate in time.

• One can notice, the order reduction occurred due to the Shishkin mesh, which

was used to discretize the spatial domain. To overcome the reduction of order,

we used the Bakhvalov-Shishkin mesh for the discretization of spatial domain.

Theoretically and numerically it is shown that the error estimate obtained for the

classical upwind scheme is first-order accurate in space as well as in time.

• An efficient numerical scheme is proposed to solve a singularly perturbed 2D de-

lay parabolic convection-diffusion problem. To discretize the time derivative, the

fractional-step method is used. Then the classical upwind scheme is used on the

piecewise-uniform Shishkin meshes in the spatial directions, for the 1D station-

ary problems resulting of the first step. The parameter-uniform error estimates

are derived for the numerical solution. Numerical experiments are carried out to

validate the theoretical findings.

8.2 Future Scope

The possible extensions of the works carried out in this thesis are presented below:

In Chapter 2, we analyzed a singularly perturbed delay parabolic convection-diffusion

problem using the implicit-Euler scheme for the time derivative and the hybrid scheme

for the spatial derivative on the piecewise-uniform Shishkin mesh. The order of conver-

gence in time can be increased by applying the Richardson extrapolation technique and

appropriate analysis can be done.
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The scheme applied in Chapter 2 can be used to solve a two-parameter delay

convection-diffusion problem of the form

(ut − εuxx + µa(x)ux + b(x, t)u)(x, t) = f(x, t)−c(x, t)u(x, t− τ), (x, t) ∈ D,

u(x, t) = φb(x, t), (x, t) ∈ Γb,

u(0, t) = φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

u(1, t) = φr(t), on Γr = {(1, t) :0 ≤ t ≤ T},
(8.2.1)

where 0 < ε, µ � 1 are the singular perturbation parameters and τ > 0 is the delay

parameter. a(x), b(x, t), c(x, t), f(x, t) on D, and φl(t), φr(t), φb(x, t) on Γ, are suffi-

ciently smooth and bounded functions, such that a(x) ≥ α > 0, b(x, t) ≥ 0 and c(x, t)

is nonzero on D.

The Richardson extrapolation technique used in Chapter 3 can be applied to the

above problem (8.2.1).

The analysis done in this thesis can be extended to a coupled system of equations.

One may think to use the higher-order schemes used in Chapter 2 and Chapter 3 to

solve the following model equation:

L~ε~u ≡
∂~u

∂t
+ Lx,~ε~u = ~f − B̃(x)~u(x, t− τ), (x, t) ∈ D = Ωx × Λt = (0, 1)× (0, T ],

~u(x, t) = ~φb(x, t), (x, t) ∈ Γb,

~u(0, t) = ~φl(t), on Γl = {(0, t) : 0 ≤ t ≤ T},

~u(1, t) = ~φr(t), on Γr = {(1, t) : 0 ≤ t ≤ T},
(8.2.2)

where the spatial differential operator Lx,~ε is given by

Lx,~ε ≡ −E
∂2

∂x2
− A(x)

∂

∂x
+B(x),

and the coefficient matrices E = diag(ε1, ε2), A(x) = diag(a1(x), a2(x)), B(x) =

(bij(x))2×2, and B̃(x) = (b̃ij(x))2×2. We shall assume that convection matrix A satis-

fies following conditions:

a1(x) ≥ α > 0, a2(x) ≥ α > 0.

In addition, we assume that B = {bij}2
i,j=1 is an L0-matrix (i.e., off-diagonals are non-

positive and diagonals are positive) with

min
x∈[0,1]

{b11(x) + b12(x), b21(x) + b22(x)} > β > 0,
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In Chapter 4, we used the Richardson extrapolation technique for singularly perturbed

2D parabolic convection-diffusion PDE with homogeneous Dirichlet boundary condi-

tion. One can use the fractional-step method along with the hybrid scheme to solve the

following singularly perturbed 2D parabolic convection-diffusion problem with nonho-

mogeneous Robin type boundary conditions, posed on the domain G = D× Λt,
ut + Lεu(x, y, t) = f(x, y, t), (x, y, t) ∈ G,

u(x, y, 0) = s(x, y), (x, y) ∈ D,

λ(x, y, t)u(x, y, t) + εγ(x, y, t)
∂u

∂n
(x, y, t) = s̃(x, y, t), (x, y, t) ∈ ∂D× Λt,

where

Lεu = −ε∆u+ a(x, y).∇u+ b(x, y)u,

and
∂u

∂n
denotes the derivative of u in the outward normal direction to the boundary

∂D × Λt. The coefficients a = (a1, a2), b and the functions λ(x, y, t), γ(x, y, t) are suf-

ficiently smooth and bounded function such that a1(x, y) ≥ α
x
> 0, a2(x, y) ≥ α

y
>

0 and b(x, y) ≥ 0, onD and λ(x, y, t), γ(x, y, t) ≥ 0, λ(x, y, t)+γ(x, y, t) > 0, on ∂D×Λt.

Finally, in Chapter 7, we analyzed singularly perturbed 2D delay parabolic

convection-diffusion problem using the fractional-step method and the upwind scheme.

It will be much interesting to enhance the order of convergence by using the technique

done in Chapter 4.
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