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Abstract

Vortex-induced vibration (VIV) is a class of flow-induced vibration (FIV), where

the vortices interact with the structure and cause its oscillation. A structure can

acquire motion along any of the six degrees of freedom (dof). If these motions

are not included in design considerations they can cause structural failure. The

primary objective of the current research is to reveal the wake dynamics of a

simultaneously oscillating and rotating sphere in uniform incompressible flow.

Forced vibration of a structure has proved to be an easy alternative to predict

the inter-play between the fluid and structure. The present work prescribes a

sinusoidal motion to the sphere in the transverse direction (y) with a range of

frequency ratio (0.16 ≤ fR ≤ 1.3) at a fixed normalized amplitude (A = 0.5) and

Reynolds number (Re = 300) are considered. The sphere is also allowed to rotate

about the three primary axes: stream-wise (x), transverse (y) and vertical (z) and

a generalized orientation with equal components which enables it to couple four

degrees of freedom. This configuration considers a constant normalized angular

velocity (α = 1.2) at fR = 0.8 and 1.3.

Three-dimensional parallel numerical simulations are performed in a non-inertial

frame of reference by employing finite volume method on non-staggered and non

uniform cartesian grid. A modified immersed boundary method (IBM) is adopted

to enforce the boundary conditions on the surface of the sphere. Time evolution

of the force coefficients, vorticity and wake structure are examined to reveal the

underlying physics.

For the oscillating sphere negative coefficient of energy (CE) is obtained. To
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v

explain the sign of CE a forcing mechanism is proposed where the fluid force (FF )

measured by Cvortex and the external force (FE) measured by Cpotential compete

with each other. A synchronization regime where the forcing frequency (fe) is in

agreement with the wake (fs) oscillation is found in the range 0.45 ≤ fR ≤ 1.3.

Within this range two different flow behaviours characterised by φvortex (phase

angle between Cvortex and sphere motion) are identified as Modes I and II for

1.1 ≤ fR ≤ 1.3 and 0.45 ≤ fR ≤ 1.05, respectively. On the other hand, an

asynchronous state is observed at fR = 0.16 and 0.2. For all cases a planar-

symmetry in the flow about the mid horizontal plane is observed which causes

the coefficient of vertical force (CH) to be zero. The observed modes revealed

have strong correlation with the earlier reported VIV modes of a sphere.

When the oscillating sphere is allowed to rotate also, the previously observed

planar-symmetry sustains only for rotation about z axis. The wake demonstrates a

synchronized state for all the orientations of the rotational axis at fR = 1.3. On the

other hand, at fR = 0.8, the synchronization is lost except for rotation about x axis.

In the absence of synchronization, nature of the flow is found to be either quasi-

periodic (z rotation) or chaotic (y and xyz rotations). The rotational tendency

of the wake is found to be maximum and minimum for rotations about x and y,

respectively. Except the rotations about x axis, a deflection in the wake is seen

towards the advancing side of the sphere where the surface velocity opposes the

flow.

Modifications proposed on the previously reported IBM enhances its capabil-

ities with respect to stability and wider applicability. Larger hydrodynamic forces

for an oscillating sphere compared to a stationary one implies that oscillation and

rotation must be considered in predicting fluid forces on a structure, else they can

have catastrophic effects. Different tendencies of the wake to rotate suggests that

a sphere will first rotate about x then z and lastly about y axis. Rotations about y

and z axes revealed different flow features, so both cannot be considered same

as is usually done for a purely rotating sphere.

TH-1769_09610312



Contents

Abstract iv

Contents vi

Abbreviations x

Symbols xi

List of Figures xii

List of Tables xvi

1 Introduction 1

1.1 Uniform flow past bluff structures . . . . . . . . . . . . . . . . . . . 2

1.2 Vortex-induced vibration . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Vortex-induced vibration of a circular cylinder . . . . . . . . 5

1.2.2 Forced vibration of a circular cylinder . . . . . . . . . . . . . 7

1.2.3 Similarity between free and forced vibration . . . . . . . . . 7

1.3 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3.1 Immersed Boundary Method . . . . . . . . . . . . . . . . . 9

1.4 Need of the present work . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 Thesis statement . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.2 Organization of the thesis . . . . . . . . . . . . . . . . . . . 13

2 Mathematical modelling 14

viTH-1769_09610312



Contents vii

2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Numerical details . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2.1 Time integration . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.2 Finite volume method . . . . . . . . . . . . . . . . . . . . . 17

2.3 GCIBM modified . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4 Linear solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5 Solution algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.6 Parallel implementation . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Performance evaluation of the solver 37

3.1 Uniform flow past a stationary sphere . . . . . . . . . . . . . . . . 37

3.1.1 Computational details . . . . . . . . . . . . . . . . . . . . . 38

3.1.2 Body points on the sphere surface . . . . . . . . . . . . . . 39

3.1.3 Computation of the fluid forces . . . . . . . . . . . . . . . . 39

3.1.4 Domain size and Grid spacing . . . . . . . . . . . . . . . . 40

3.1.5 Domain independence study . . . . . . . . . . . . . . . . . 41

3.1.6 Mesh independence study . . . . . . . . . . . . . . . . . . 41

3.1.7 Steady axisymmetric flow, Re = 100 . . . . . . . . . . . . . 43

3.1.8 Steady planar symmetric flow, Re = 250 . . . . . . . . . . . 44

3.1.9 Unsteady planar symmetric flow, Re = 300 . . . . . . . . . . 45

3.1.10 Convergence behavior of different linear solvers . . . . . . 47

3.1.11 Performance of the parallelized method . . . . . . . . . . . 48

3.2 Transverse oscillation of a circular cylinder . . . . . . . . . . . . . . 48

3.2.1 Computational details . . . . . . . . . . . . . . . . . . . . . 49

3.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.3 Uniform flow past a rotating circular cylinder . . . . . . . . . . . . . 51

3.3.1 Computational details . . . . . . . . . . . . . . . . . . . . . 52

3.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

TH-1769_09610312



viii Contents

4 Uniform flow past a transversely oscillating sphere 53

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Problem set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2.1 Computational details . . . . . . . . . . . . . . . . . . . . . 56

4.3 Time evolution of force coefficients . . . . . . . . . . . . . . . . . . 57

4.3.1 Wake synchronization regime and Mode III . . . . . . . . . 57

4.3.2 Energy transfer and decomposition of transverse force . . . 58

4.3.3 Synchronized Modes I and II . . . . . . . . . . . . . . . . . 59

4.3.4 Characterization of VIV Modes . . . . . . . . . . . . . . . . 60

4.3.5 VIV Modes and time traces . . . . . . . . . . . . . . . . . . 62

4.4 Vortical motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.4.1 Periodic vortex shedding . . . . . . . . . . . . . . . . . . . 63

4.4.2 Wake structures and planar symmetry . . . . . . . . . . . . 64

4.4.3 Instantaneous vorticity field . . . . . . . . . . . . . . . . . . 68

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5 Uniform flow past a simultaneously oscillating and rotating sphere 70

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.1.1 Rotation about stream-wise axis . . . . . . . . . . . . . . . 71

5.1.2 Rotation about transverse axes . . . . . . . . . . . . . . . . 72

5.1.3 Rotation about an inclined axis . . . . . . . . . . . . . . . . 73

5.1.4 Need of the present work . . . . . . . . . . . . . . . . . . . 73

5.2 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.3 Time signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.3.1 Larger forcing frequency (fR = 1.3) . . . . . . . . . . . . . . 76

5.3.2 Smaller forcing frequency (fR = 0.8) . . . . . . . . . . . . . 79

5.3.3 Global flow parameters . . . . . . . . . . . . . . . . . . . . 81

5.4 Vortical motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.4.1 Larger forcing frequency (fR = 1.3) . . . . . . . . . . . . . . 84

5.4.2 Smaller forcing frequency (fR = 0.8) . . . . . . . . . . . . . 94

TH-1769_09610312



Contents ix

5.5 Summary of features in the flow . . . . . . . . . . . . . . . . . . . . 103

5.5.1 State of the wake . . . . . . . . . . . . . . . . . . . . . . . . 103

5.5.2 Nature of vortex shedding . . . . . . . . . . . . . . . . . . . 103

5.5.3 Nature of flow . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.5.4 Response of the wake to rotation . . . . . . . . . . . . . . . 104

5.5.5 Visualization of the wake . . . . . . . . . . . . . . . . . . . 105

6 Conclusions 107

Appendix 115

References 116

Publications and conferences 122

TH-1769_09610312



Abbreviations

ABCN: Adams Bashforth Crank-Nicolson

BiCGSTAB: Bi-Conjugate Gradient Stabilized

CN: Crank-Nicolson

CV: Control volume

SOR: Gauss-Seidel successive over-relaxation

ILU: Incomplete lower and upper factorization

SIP: Strongly implicit procedure

SIP-BiCGSTAB: SIP preconditioned Bi-Conjugate Gradient Stabilized

xTH-1769_09610312



Symbols

xi i-th (i = x, y, z) spatial direction

t Time

ui i-th component (i = x, y, z) of velocity

p Pressure

D Diameter of circular cylinder or sphere

U Free-stream velocity

ρ Density of fluid

ν Kinematic viscosity of fluid

Re Reynolds number

Ci Coefficient of drag (i = D), lift (i = L) and vertical force (i = H)

< Ci > Average values of the Coefficients

C ′i Root-mean-square (rms) values of the Coefficients

St Strouhal number

∆t Time increment

ωi i-th component (i = x, y, z) of vorticity

Q Wake or vortical structure

xiTH-1769_09610312



List of Figures

1.1 Classification of flow-induced vibrations . . . . . . . . . . . . . . . 1

1.2 Movement of a ship . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Classification of cells in GCIBM . . . . . . . . . . . . . . . . . . . . 10

2.1 Relation between inertial and non-inertial frames of reference . . . 15

2.2 A typical control volume (CV) . . . . . . . . . . . . . . . . . . . . . 17

2.3 Diffusion flux computation at the east face . . . . . . . . . . . . . . 20

2.4 Geometrical features of a typical finite volume . . . . . . . . . . . . 22

2.5 Schematic diagram for evaluating flow variables at G. . . . . . . . 25

2.6 Planar view of finite volumes and their neighbors . . . . . . . . . . 29

2.7 Flowchart for the solution steps . . . . . . . . . . . . . . . . . . . . 35

3.1 Schematic diagram for uniform flow past a stationary sphere . . . 38

3.2 Cubical control volume for calculating the force coefficients . . . . 40

3.3 Comparison of signals for different grid sizes . . . . . . . . . . . . 42

3.4 Planar and three-dimensional views of the grid . . . . . . . . . . . 43

3.5 Comparison of computed wake structures with reported results for

flow past a sphere at Re = 100, 250 and 300 . . . . . . . . . . . . . 44

3.6 Vorticity contour (z-component) for flow past a sphere at Re = 100 44

3.7 Vorticity contours for flow past a sphere at Re = 250 . . . . . . . . 45

3.8 Vorticity contours for flow past a sphere at Re = 300 . . . . . . . . 46

3.9 Convergence behavior of the linear solvers . . . . . . . . . . . . . 47

3.10 Performance of the parallel solver with processors . . . . . . . . . 47

xiiTH-1769_09610312



List of Figures xiii

3.11 Schematic diagram for forced transverse oscillation of a circular

cylinder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.12 Time evolution of the coefficient of drag and lift for forced trans-

verse oscillation of a circular cylinder (a) fR = 0.8, (b) fR = 0.9, (c)

fR = 1.0, (d) fR = 1.1, (e) fR = 1.12, (f) fR = 1.2 . . . . . . . . . . . 50

3.13 Ratio of the forcing and the vortex shedding frequency as a function

of fR for forced transverse oscillation of a circular cylinder . . . . . 51

3.14 Comparison of computed global flow parameters for forced trans-

verse oscillation of a circular cylinder with reported results . . . . . 51

3.15 Comparison of the average and rms values of the drag and lift co-

efficient for rotating circular cylinder with reported results . . . . . 52

4.1 Schematic diagram for the forced transverse oscillation of a sphere 56

4.2 (a) Ratio of the sphere oscillation to the vortex shedding frequency,

(b) Coefficient of energy and rms of the vortex energy (c) Vortex

and total phase and (d) Global parameters as functions of fR . . . 57

4.3 Phase-portraits at fR = 1.3 . . . . . . . . . . . . . . . . . . . . . . 60

4.4 Phase-portraits at fR = 0.8 . . . . . . . . . . . . . . . . . . . . . . 60

4.5 Phase-portraits at fR = 0.2 . . . . . . . . . . . . . . . . . . . . . . 61

4.6 Time traces for one oscillation cycle . . . . . . . . . . . . . . . . . 62

4.7 Instantaneous signals, planar vertical vorticity contours and wake

structure at fR = 1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.8 Instantaneous signals, planar vertical vorticity contours and wake

structure at fR = 0.8 . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.9 Instantaneous signals, planar vertical vorticity contours and wake

structure at fR = 0.2 . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.10 Instantaneous planar stream-wise vorticity contours . . . . . . . . 69

5.1 Schematic diagram of the oscillating and rotating sphere . . . . . . 74

TH-1769_09610312



xiv List of Figures

5.2 Time signals of force coefficients (CD, CL, CH) and lift angle (β)

at fR = 1.3. Red, blue, black and green colours correspond to

rotations about x, y, z and xyz, respectively . . . . . . . . . . . . . 76

5.3 Phase-portraits at fR = 1.3 for rotation about x . . . . . . . . . . . 78

5.4 Phase-portraits at fR = 1.3 for rotation about y . . . . . . . . . . . 78

5.5 Phase-portraits at fR = 1.3 for rotation about z . . . . . . . . . . . 78

5.6 Phase-portraits at fR = 1.3 for rotation about xyz . . . . . . . . . . 78

5.7 Time signals of force coefficients (CD, CL, CH) and lift angle (β)

at fR = 0.8. Red, blue, black and green colours correspond to

rotations about x, y, z and xyz, respectively . . . . . . . . . . . . . 80

5.8 Phase-portraits at fR = 0.8 for rotation about x . . . . . . . . . . . 81

5.9 Phase-portraits at fR = 0.8 for rotation about y . . . . . . . . . . . 81

5.10 Phase-portraits at fR = 0.8 for rotation about z . . . . . . . . . . . 81

5.11 Phase-portraits at fR = 0.8 for rotation about xyz . . . . . . . . . . 81

5.12 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 1.3 for rotation about x . . . . . . . . . . . . 85

5.13 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 1.3 for rotation about y . . . . . . . . . . . . 87

5.14 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 1.3 for rotation about z . . . . . . . . . . . . 90

5.15 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 1.3 for rotation about xyz . . . . . . . . . . 92

5.16 Instantaneous signals, transverse and vertical vorticity at fR = 1.3

for rotation about xyz . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.17 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 0.8 for rotation about x . . . . . . . . . . . . 95

5.18 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 0.8 for rotation about y . . . . . . . . . . . . 97

TH-1769_09610312



List of Figures xv

5.19 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 0.8 for rotation about z . . . . . . . . . . . . 99

5.20 Instantaneous signals, transverse and vertical vorticity at fR = 0.8

for rotation about xyz . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.21 Instantaneous signals, planar stream-wise vorticity contours and

wake structure at fR = 0.8 for rotation about xyz . . . . . . . . . . 102

5.22 Representative wake structure of each flow regime . . . . . . . . . 105

TH-1769_09610312



List of Tables

1.1 Different flow regimes for uniform flow past a stationary sphere . . 4

1.2 Additional non-dimensional parameters in VIV . . . . . . . . . . . . 6

2.1 Normalization scales and the normalized variables . . . . . . . . . 16

3.1 Comparison of global flow parameters at different mesh sizes . . . 42

3.2 Comparison of computed global flow parameters for flow past a

stationary sphere at Re = 300 with reported results . . . . . . . . . 46

3.3 Comparison of iterations and time taken by different linear solvers 47

5.1 Comparison of the global flow parameters . . . . . . . . . . . . . . 82

5.2 Summary of features in the flow . . . . . . . . . . . . . . . . . . . . 104

xviTH-1769_09610312



Chapter 1

Introduction

Fluid is in abundance on earth, so any engineering structure such as building,

bridge, chimney, heat-exchanger tube, electric power pole, riser tube bringing oil

from the seabed to the surface, offshore platform etc. has to withstand forces

exerted by the fluid. Neglecting fluid forces during design considerations can be

catastrophic to these structures. Interaction of fluid flow with such structures is

termed as flow-induced vibrations (FIV). Blevins [1] has classified it by the nature

UNSTEADY FLOW

INSTABILITY

STEADY FLOW

FLUTTER VIBRATIONINSTABILITY

GALLOPING

VORTEX INDUCED

AERO ACOUSTIC

TRANSIENT

SURGE
PUMP

INDUCED HAMMER

RANDOM SINUSOIDAL

PULSATION
NARROW BAND
SONIC FATIGUE

BROAD BAND
PIPE WHIP

SEA INDUCEDSONIC FATIGUE

VORTEX INDUCED
SLOSHING

FLUID ELASTIC STRUCTURAL 

WATER

RANDOM
SEAS INDUCED

TURBULENCE REGULAR

Figure 1.1: Classification of flow-induced vibrations

of the flow and structure as shown in Fig. 1.1. Most of the structures in use are

1TH-1769_09610312



2 Chapter 1. Introduction

bluff (obstructing the flow) as streamlines cannot follow their surfaces or contours.

Bluff structures are designed to bear loads (bridges or buildings), contain flow

(nuclear reactors or riser tubes) or provide heat transfer surface (heat exchanger

tubes or electronic cooling systems).

1.1 Uniform flow past bluff structures

Uniform flow past a bluff structure undergoes a sequence of transitions as the

inertia of the approaching flow measured by Reynolds number (Re) increases. A

fluid particle approaching a structure experiences increased pressure. At critical

Reynolds number (which depends upon the shape of the structure) flow separates

and wake is formed. The wake is a region behind the structure where velocity is

still lower than the free stream value.

Due to the flow separation free shear layers generate in the wake. A shear

layer is influenced both by the structure and the approaching flow. Variation in the

speed of these shear layers causes them to roll. Consequently, a recirculation

region of attached discrete swirling vortices (or eddies) in the wake is formed.

At some higher Re, these vortices begin to detach (or shed) from the structure

rendering an unsteady wake.

Unsteady nature of the wake exerts oscillating forces on a structure. These

forces are referred as Drag (Fx), Lift (Fy) and Vertical force (Fz) along the Stream-

wise (x), Transverse (y) and Vertical (z) directions, respectively. Customarily,

these are non-dimensionalized to give Coefficients of forces (Ci) where subscript

i stands for the directions x, y and z. Frequency of oscillation (f ) is determined

from the lift force, and is non-dimensionalized as Strouhal number (St).

Consider a structure having characteristic length D in uniform flow with veloc-

ity U , density and kinematic viscosity represented by ρ and ν, respectively. Re-

spective expressions for the Reynolds number, Coefficients of forces and Strouhal

TH-1769_09610312



1.2. Vortex-induced vibration 3

number are

Re =
UD

ν
,Ci =

Fi
1
2
ρU2Ai

, St =
fD

U
(1.1)

where Ai is the projected area in the i-th direction. Each coefficient of force has

contributions coming from pressure and friction.

Flow past a bluff structure (or wake flow) is characterized by a dominant coef-

ficient of pressure drag than the friction drag. Circular cylinder and sphere are the

two most popular form of bluff objects, which exhibit almost all physical phenom-

ena associated with bluff structures. Table 1.1 describes the main flow regimes

for uniform flow past a stationary sphere.

1.2 Vortex-induced vibration

Shedding of vortices induces oscillating or fluctuating forces on the structures.

If the structure is not stiff enough, it may acquire complex motion or vibration.

Such acquired motion is called Vortex-induced vibration (VIV). Studies on VIV are

purposed to estimate fluid forces (under operating conditions additional to weight

of the structure) and motion of the structure caused by them. This estimation help

design engineers in enhancing stability, reliability and durability of a structure.

In general, structures in a flow can acquire motions along any of the six de-

grees of freedom (dof). For a ship shown in Fig. 1.2 three-translational dof along

x, y and z are referred as surging, swaying and heaving motion, respectively. On

the other hand, rotation about x, y and z are referred as rolling, pitching and yaw-

ing, respectively. Practically, a structure can undergo motions along all the six

dof at the same time, but inclusion all of them only complicates the VIV analy-

sis. Moreover, it has been observed that motion along the transverse direction is

significantly important than the rest. Therefore, most of the VIV studies consider

motion along y-direction only.

According to the law of inertia, a structure resists the motion induced by the

flow. Source of this resistance can be either the weight including other mechanical
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1.2. Vortex-induced vibration 5

properties of the structure (stiffness) or the viscosity of the fluid (damping). There-

Longitudinal 

Transverse
Vertical

x

y
z

Figure 1.2: Movement of a ship

fore, the transverse motion is generally expressed as

mÿ + cẏ + ky = Fy (1.2)

where m is mass of the structure, c is the structural damping and k is the spring

constant. Incorporation of Eq. (1.2) in VIV analysis brings new parameters addi-

tional to those given by Eq. (1.1). Table 1.2 tabulates these additional parameters

where md, mA(CAmd), fN are the mass of displaced fluid, added mass and nat-

ural frequency, respectively. Moving object induces motion in fluid, so energy is

expended for both object and fluid accelerations, and accounted by added mass,

a function of fluid’s density. It’s significant for ships, but negligible in aircrafts. Co-

efficient of potential flow added mass is represented by CA and is equal to 1 and

0.5 for a circular cylinder and sphere, respectively. The transverse motion of the

structure is characterised by the transverse amplitude (Ay) and frequency (fy).

1.2.1 Vortex-induced vibration of a circular cylinder

VIV studies mainly focus on the motion of the structure or what is termed as

response. After fixing the structural parameters (m∗ and ζ), the flow speed char-

acterized by U∗ is varied and corresponding response characterized by A∗y and

f ∗ is observed. Sarpkaya [2, 3], Bearman [4], Williamson & Govardhan [5] have

TH-1769_09610312



6 Chapter 1. Introduction

Parameters Symbol Expression

Mass ratio m∗
m

md

Damping ratio ζ
c

2
√
k(m+mA)

Normalized velocity/
Reduced velocity/

Velocity ratio
U∗

U

fND

Normalized transverse amplitude/
Transverse amplitude ratio A∗y

Ay
D

Transverse frequency ratio f ∗
fy
fN

Table 1.2: Additional non-dimensional parameters in VIV

carried out intensive reviews on VIV of a circular cylinder. In these studies m∗

and ζ are combined into a single variable (m∗ + CA)ζ, known as mass-damping

parameter, is found to be very useful. Compilation of peak response amplitude

data as a function of this mass-damping parameter is referred to as ‘Griffin plot’.

Depending on the magnitude (high or low) of mass-damping parameter dif-

ferent types of responses have been recorded. For high mass-damping param-

eter, experiments conducted by Feng [6] in air at m∗ = 100, two branches of

response namely ‘initial’ and ‘lower’ were observed. On the other hand, Khalak

& Williamson [7] for a low mass-damping system in water at m∗ ≈ 10 found three

branches: ‘initial’, ‘upper’ and ‘lower’ as the normalized velocity was increased.

VIV studies involve a number of parameters associated with both the dynam-

ics of the structure (response) and fluid (forces). Control of all the parameters

puts a heavy burden on the overall analysis. In this context Blevins [8] remarked

that “accurate prediction of vortex-induced vibration has proved difficult, owing to

nonlinear fluid forces and feedback between the cylinder and the fluid flow".
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1.2. Vortex-induced vibration 7

1.2.2 Forced vibration of a circular cylinder

In simple words, VIV is an inter-play between the flow and the structure i.e., the

flow influences the structure and in reaction flow is modified. An alternative route

to understand this inter-play is observing the wake after giving the structure a

prescribed sinusoidal motion. This procedure is called forced vibration in con-

trast to free vibration (VIV). Forced vibration studies simplify the task as motion

of the structure is predefined (known) and only the flow behaviour needs to be

monitored.

One of the earliest study on a mechanically oscillating circular cylinder in uni-

form flow was carried out by Den Hartog [9]. Flow patterns in the wake was

photographed at the start of an oscillation cycle and repeated at the end of the

cycle. This repetition indicates same periodicity of the cylinder motion and the

flow. When the period or frequency of the flow synchronized with that of cylinder

oscillation, the state of the wake was termed [9] as ‘lock-in’.

Within the synchronization regime, Bishop & Hassan [10] found amplification

in the hydrodynamic forces (lift and drag), and a jump in the phase between the lift

and the cylinder motion. Later, this jump was associated with a change in timing of

vortex shedding by Zdravkovich [11], and different wake modes by Williamson &

Roshko [12]. The two wake modes were designated [12] as ‘2S’ and ‘2P’ meaning

two single vortices and two pair of vortices, respectively formed in an oscillation

cycle.

1.2.3 Similarity between free and forced vibration

Number of forced vibration studies exceed that of VIV for a circular cylinder. First

studies on forced and free vibrations of a circular cylinder were reported by Den

Hartog [9] in 1934 and Meier-Windhorst [13] in 1939, respectively. Thereafter,

many studies have been undertaken to establish the similarity between these two

routes. Notably Morse & Williamson [14–16] have established that VIV of a circu-
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8 Chapter 1. Introduction

lar cylinder can be predicted using the forced vibration studies, if the experimental

conditions are exactly matched.

The wake modes revealed for the forced vibration of a circular cylinder by

Williamson & Roshko [12] in 1988 were later confirmed by the free vibration study

of Govardhan & Williamson [17] in 2000. Phenomena such as harmonic oscilla-

tion of the structure, synchronization, change in timing of vortex shedding, am-

plification of the hydrodynamic forces and jumps in the phases have been found

common to both free and forced vibrations. Observation of same phenomena

and modes suggest a strong correlation between these two modes of study for a

circular cylinder.

1.3 Numerical simulations

Numerical simulations of flow around three-dimensional geometries is quite chal-

lenging, especially at high Re where small scale structures appear due to flow

instabilities. Enormous increase in computer power and significant development

in numerical methods have led to a number of numerical studies on the simpler

three-dimensional case of uniform flow past a stationary sphere since 1999. It is

worth noting that most of the numerical studies on a stationary [18–22], vibrating

[23–25] and rotating [26–33] sphere have been performed at a lower Re owing to

limitations in computing power and grid resolution.

Conventionally, complex geometries are handled using body-fitted structured

or unstructured grids. Structured grid with finite difference discretization requires

coordinate transformation leading to computation of extra geometric coefficients.

Unstructured grid has an advantage of more controlled local mesh refinement

than the structured grid. Grid generation, data structure and formulations are

highly involved in these conventional routes. Difficulties of handling spatial terms

in the body-conformal grids and simplicity of the cartesian grids have motivated

to adopt non-body conformal cartesian grids for simulating complex flows.
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1.3. Numerical simulations 9

1.3.1 Immersed Boundary Method

Immersed Boundary Method (IBM) refers to all the techniques which simulate

flows around complex geometries on non-body conformal grids. These tech-

niques are named as IBM as primarily they were devised for completely immersed

boundaries that interact with the surrounding fluid. Peskin [34] was the first to

propose IBM and simulate flow through the natural mitral heart valve on uniform

cartesian grid. There are numerous advantages of IBM, such as ease of grid

generation, incorporating body motions and ease of implementing fast and stable

iterative linear solvers. However, the most difficult task for such a method is to

enforce boundary conditions on a non-body conformal grid.

Originally the fluid and the immersed boundary were treated in Eulerian and

Lagrangian forms [34], respectively. A forcing function was incorporated in the

Navier-Stokes equation to link the immersed boundary and the flow. Numerically

this treatment is suitable for flexible elastic boundaries, but its implementation on

rigid bodies can lead to stiffness issues. Goldstein et al. [35] proposed a feedback

forcing approach that required two ad-hoc user specified parameters for imposing

boundary conditions on rigid bodies. Both these approaches spread the forcing

around the immersed boundary which is difficult to justify at high Re flows.

Mohd-Yosuf [36] proposed a discrete time forcing approach that does not re-

quire spreading of the forcing. Moreover, for unsteady flows this approach does

not severely limit the time step as in the previous approaches. Kim et al. [37]

demonstrated that inclusion of mass source/sink in this approach alleviates non-

physical solutions.

A ghost-cell immersed boundary method (GCIBM) was proposed by Majum-

dar et al. [38] for which a typical computational layout is shown in Fig. 1.3. Com-

putational cells are tagged as fluid (◦) or solid (•) if they are located outside or

inside the complex body, respectively. Solid cells having at least one fluid cell

in their immediate neighbourhood are tagged as ghost-cells (N). To each ghost-

cell a body point (x) is identified on the body which usually lies on the normal
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Figure 1.3: Classification of cells in GCIBM

to the complex object. All the body points taken together resemble the complex

body on a non-conformal grid. The flow equations are satisfied only at the fluid

cells while the solid cells are kept outside the scope of computations. To impose

boundary conditions, the computational stencil near the complex body is modi-

fied by interpolating the flow variables at the ghost-cells using the known values

of fluid neighbours (∆) and body point. This interpolation is at heart of GCIBM

and the procedure is called reconstruction. The word ghost in GCIBM signifies

that though there is no flow inside the body still the flow variables are interpolated

at inside cells.

Various polynomial interpolation procedures have been proposed [38], but

these procedures are not always effective as matrix inversion is required. The

matrix tends to be singular as: 1) higher degree polynomials are chosen, 2) mesh

is refined and 3) body point approaches a neighbouring fluid cell. To remove this
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1.4. Need of the present work 11

singularity an image point is identified [38] in the fluid domain located as mirror

of the ghost-cell centroid. The flow variables are interpolated at this image point

while variables at ghost-cell are evaluated assuming a linear variation from the

image point.

Iaccarino & Verzicco [39] suggested the inverse distance weighting (IDW) to

avoid the matrix inversion associated with the polynomial interpolation. IDW is a

weighted-averaged interpolation method which preserves the local maxima and

produces a smooth reconstruction. Gao et al. [40] proposed the use of Taylor

series expansion about the body point coupled with IDW to interpolate at the

ghost-cells.

Incorporation of various boundary conditions in GCIBM was demonstrated by

Tseng & Ferziger [41]. Mittal et al. [42] and De [43] extended GCIBM to problems

involving highly complex three-dimensional and moving boundaries. Lee & You

[44] coupled GCIBM with the mass source/sink algorithm [37] for controlling spu-

rious force oscillations which appears for moving boundary problems using IBM

in the inertial frame of reference.

Recently, Peter & De [45] has highlighted advantages of using GCIBM in

the non-inertial frame of reference. Earlier Kim & Choi [46] extended the mass

source/sink algorithm [37] in the non-inertial frame of reference to solve flow

around an arbitrarily moving body. An extensive review on the developments,

usage and implications of IBM can be found in the article by Mittal & Iaccarino

[47].

1.4 Need of the present work

Firstly, numerous studies exist on free and forced vibrations for a circular cylinder

in uniform flow, but for a sphere the first work by Williamson & Govardhan [48]

appeared as late as in 1997. The reason can be attributed to the complexity in

modelling and analysis for a three-dimensional flow. Since 1997 few studies have
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12 Chapter 1. Introduction

been undertaken on VIV of a sphere, but forced vibration is yet to be reported.

Structures in a flow can acquire motions along any of the six degrees of free-

dom (dof). VIV studies usually consider three translational dof and neglect the

rotational ones. Only a few studies [49–52] exist on combined rotational and

translational motions. These studies considered a two-dimensional object (circu-

lar cylinder) and extension to a three-dimensional structure (sphere) is yet to be

explored.

Lastly immersed boundary method needs to be advanced by applying it on

problems that involve complex flow behaviour and boundary movement.

1.4.1 Thesis statement

The present thesis attempts to reveal the physics involved in following two prob-

lems: 1) Uniform flow past a transversely oscillating sphere and 2) Uniform flow

past a simultaneously oscillating and rotating sphere. Both these problems raise

several questions along with varying level of difficulties.

1. Questions for the first problem

(a) Can forced transverse oscillation of a sphere in uniform flow predict the

VIV modes as in the case of a circular cylinder?

(b) When and why, the coefficient of energy CE (normalized work done by

fluid force to displace structure over an oscillation cycle) is negative?

(c) Within the synchronization, what ensures equality between the forcing

(fe) and shedding (fs) frequencies?

(d) Within the synchronization for a circular cylinder, two different vortex

formation mechanism occur, what happens for a sphere?

2. Questions for the second problem

(a) Can synchronization persist if the oscillating sphere also rotates?

(b) Is there a symmetry in the flow for a simultaneously oscillating and

rotating sphere?
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1.4. Need of the present work 13

(c) Does orientation of the rotational axis change the flow features?

(d) Will the flow physics alter at a different frequency ratio?

1.4.2 Organization of the thesis

Following the introduction a detailed description of the mathematical modelling

and numerical methods are provided in chapter 2. The present numerical code

has been tested for 1) flow past a stationary sphere and 2) flow past a trans-

versely oscillating and rotating circular cylinders. The test results along with the

performance evaluation in parallel is reported in chapter 3. The final two chap-

ters, 4 and 5 deal with the two problems mentioned above. Finally, chapter 6

summarizes the result and predicts scope for future work.
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Chapter 2

Mathematical modelling

This chapter systematically describes the governing equations and numerical

techniques required to solve them. Detailed discussion on immersed boundary

method and its implementaion issues are also included.

2.1 Governing equations

The mass and momentum conservation equations for incompressible flow in the

inertial frame of reference are given by

∂ui
∂xi

= 0 (2.1)

∂ui
∂t

+
∂(uiuj)

∂xj
= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

(2.2)

where ui, p and t represent the i-th component (i = x, y, z) of velocity, pressure

and time, respectively while density (ρ) and kinematic viscosity (ν) are considered

as constants.

Reference frames

Figure 2.1 shows a non-inertial frame (x′, y′, z′) whose origin O′ is accelerating

with an acceleration of Ãi =
dŨi
dt

relative to the inertial frame (x, y, z) having origin

14TH-1769_09610312



2.1. Governing equations 15

z

O x

O′

y′
z′ P (P ′)

y

X

x′x

x′

Figure 2.1: Relation between inertial and non-inertial frames of reference

at O. The transformation rule [53] between these two frames is given by

xi = X̃i + x′i (2.3)

where xi, X̃i are the position vectors of P andO′ in the inertial frame while x′i is the

position vector of P ′ in the non-inertial frame. Differentiating the above coordinate

transformation rule with respect to time, we get

ui = Ũi + u′i (2.4)

where Ũi is the velocity of O′ as observed from O while u′i is the velocity of P ′ in

the non-inertial frame.

Equations in non-inertial frame

When the transformation rules (2.3 & 2.4) are inserted into Eqs. (2.1) & (2.2) they

modify to
∂u′i
∂x′i

= 0 (2.5)

∂u′i
∂t

+
∂(u′iu

′
j)

∂x′j
= −1

ρ

∂p′

∂x′i
+ ν

∂2u′i
∂x′j∂x

′
j

− Ãi (2.6)

Normalized governing equations
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16 Chapter 2. Mathematical modelling

Using the scales shown in Table 2.1, normalized form of the governing equations

in the non-inertial frame of reference are obtained as (discarding ∗ for conve-

nience)
∂ui
∂xi

= 0 (2.7)

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

1

Re

∂2ui
∂xj∂xj

− ai (2.8)

where Re = UL/ν is the Reynolds number associated with the flow and ai is the

Variable Scale Normalized variable

Length (x′i) L xi
∗ = x′i/L

Velocity (u′i) U ui
∗ = u′i/U

Time (t′) L/U t∗ = t′/(L/U)

Pressure (p′) ρU2 p∗ = p′/ρU2

Table 2.1: Normalization scales and the normalized variables

normalized acceleration of the non-inertial frame.

2.2 Numerical details

If the spatial terms are approximated, then the semi-discrete form of Eq. (2.8) is

dui
dt

+ Ci = −δip+Di − ai (2.9)

where Ci, Di, δip & ai are discrete approximation of the convective, diffusive ac-

celeration, pressure gradient and frame acceleration, respectively.
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2.2. Numerical details 17

2.2.1 Time integration

Numerical Integration of the semi-discrete form written above results in fully dis-

crete equations which can be subsequently solved.

Crank-Nicolson (CN)

An implicit, two-time-level technique for Eq. (2.9) is given by

ui
n+1 − uin

∆t
+

1

2

(
Cn+1
i + Cn

i

)
= −1

2

(
δip

n+1 + δip
n
)
+

1

2

(
Dn+1
i +Dn

i

)−1

2

(
an+1
i + ani

)
Adams Bashforth Crank-Nicolson (ABCN)

An explicit, multi-time-level technique (AB) for the non-linear term and CN for all

the linear terms yield

ui
n+1 − uin

∆t
+

1

2

(
3Cn

i − Cn−1
i

)
= −1

2

(
δip

n+1 + δip
n
)
+

1

2

(
Dn+1
i +Dn

i

)−1

2

(
an+1
i + ani

)
where φn denotes φ at n-th time level and ∆t is the time increment.

2.2.2 Finite volume method

Figure 2.2 depicts a typical control volume (CV) considered to integrate each term

uy

yz

x

ux

uz

p

Cell Centroid (P )

Face center (f)

n̂b

n̂t

n̂w
n̂e

n̂s

n̂n

West Face (w)

Top Face (t)

Bottom Face (b)

North Face (n)

South Face (s)

Sf
East Face (e)

Figure 2.2: A typical control volume (CV)
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18 Chapter 2. Mathematical modelling

in Eqs. (2.7) and (2.8). The flow variables (ui, p) are defined at the centroid (P ) of

the CV. The six faces that bound the CV along with their outward unit normal is

shown in the figure.

Integration of Eq. (2.7) over this CV can be simplified by using the divergence

theorem ∫
V

∂ui
∂xi

dV =

∫
V

∇ . u dV =

∫
S

u . n̂ dS

The second-order approximation of the surface integral is

∫
S

u . n̂ dS ≈
∑
f

uf . Sf

where uf and Sf are the velocity at a face center and the area vector, respec-

tively. Since the flow rate or mass flux through a face (f ) is given by Ff = uf ·Sf ,

one can write

∫
V

∂ui
∂xi

dV =

∫
V

∇ . u dV =

∫
S

u . n̂ dS ≈
∑
f

uf . Sf ≈
∑
f

Ff

As the mesh is stationary, integration of the temporal acceleration over the CV

reduces to

∫
V

∂ui
∂t

dV =
∂

∂t

∫
V

ui dV (as the grid is fixed w.r.t. t)

The above integral can be approximated by considering ui as a polynomial of

any degree. However, higher degrees polynomials require the knowledge of ui

at the vertices in addition to P . A linear polynomial results in a second-order

approximation

∂

∂t

∫
V

ui dV ≈ ∂

∂t
(ui,PVP ) ≈ ∂(ui,P )

∂t
VP +O[(∆x)2, (∆y)2, (∆z)2]
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2.2. Numerical details 19

The non-linear convective term can be simplified by using a second-order approx-

imation for the resulting surface integral

∫
V

∂(uiuj)

∂xj
dV =

∫
V

∇ . (uu) dV =

∫
S

u (u . n̂ dS) ≈
∑
f

uf (uf . Sf ) ≈
∑
f

ui,fFf

Volume integral of the pressure gradient in Eq. (2.8) is

∫
V

∂p

∂xi
dV =

∫
V

n̂i . ∇p dV

where n̂i represents unit vector along the i-th direction. Since ∇ . (p n̂i) =

p∇ . n̂i + n̂i . ∇p; and ∇ . n̂i = 0 one can express n̂i . ∇p in divergence form

which facilitates its further simplification

∫
V

n̂i . ∇p dV =

∫
V

∇ . (p n̂i) dV =

∫
S

p (n̂i . n̂ dS) ≈
∑
f

pfSf,i

where Sf,i represents the i-th component of the area vector at a face f .

Volume integral of the diffusion term in straight forward as it is already in diver-

gence form

∫
V

1

Re

∂2ui
∂xj∂xj

dV =
1

Re

∫
V

∇ . ∇u dV =
1

Re

∫
S

∇u . n̂ dS

≈ 1

Re

∑
f

(∇u)f . Sf ≈ 1

Re

∑
f

(∇ui)f . Sf ≈ 1

Re

∑
f

Fdfui

here we represent (∇ui)f . Sf as diffusion flux Fdfui
at a face f for convenience.

Computation of diffusion flux is explained here for one face since rest of them

will follow the same way. Figure 2.3 shows the east face of a CV with centroid

P having the neighbouring east cell centered at E. The four edges of this face

shared by the south, north, bottom and top faces are denoted as edge centers

se, ne, be and te, respectively. The outward surface normal vector is expressed as

Se = α1n̂1 + α2n̂2 + α3n̂3
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B(ne)

A(se)

n̂2

n̂3

C(be)

D(te)
P

E

e
n̂1

Figure 2.3: Diffusion flux computation at the east face

where n̂1, n̂2 and n̂3 are three linearly independent unit vectors (not necessarily

orthogonal) along
−→
PE,

−→
AB and

−−→
CD, respectively. Thus,

Fdeui
= (∇ui)e . Se = α1(∇ui)e . n̂1 + α2(∇ui)e . n̂2 + α3(∇ui)e . n̂3

Now if ∆x1, ∆x2 and ∆x3 are three line segments and ∆ui1, ∆ui2 and ∆ui3 are

differential changes in ui along n̂1, n̂2 and n̂3 such that

∆x1 = |−→PE|, ∆x2 = |−→AB|, ∆x3 = |−−→CD|

∆ui1 = ui,E − ui,P , ∆ui2 = ui,ne − ui,se, ∆ui3 = ui,te − ui,be

then we can write

∆ui1 = (∇ui)e . n̂1∆x1, ∆ui2 = (∇ui)e . n̂2∆x2, ∆ui3 = (∇ui)e . n̂3∆x3

Using the above relation diffusion flux at the east face reduces to

(∇ui)e . Se = α1
∆ui1
∆x1

+ α2
∆ui2
∆x2

+ α3
∆ui3
∆x3

If the surface vector Se(Se1, Se2, Se3) is written in terms of the components of
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n̂1(n11, n12, n13), n̂2(n21, n22, n23) and n̂3(n31, n32, n33) then the matrix equation


n11 n21 n31

n12 n22 n32

n13 n23 n33




α1

α2

α3

 =


Se1

Se2

Se3


can be solved to obtain α1, α2 and α3. Note the above coefficient matrix is always

non-singular owing to the assumed linear independence of n̂1, n̂2 and n̂3.

As the rectilinear acceleration of the coordinate frame is only time dependent its

volume integral is simply

∫
V

ai dV ≈ ai,PVP +O[(∆x)2, (∆y)2, (∆z)2]

Geometrical parameters

The volume and surface areas of the six faces of a CV are computed by defining

the diagonal vectors rij = ri − rj, where ri and rj are the position vectors of the

vertices i and j, respectively, shown in Fig. 2.4

East face : Se =
1

2
(r74 × r83)

West face : Sw =
1

2
(r16 × r52)

North face : Sn =
1

2
(r27 × r63)

South face : Ss =
1

2
(r18 × r45)

Top face : St =
1

2
(r57 × r86)

Bottom face : Sb =
1

2
(r13 × r24)

Volume : V = r71 · (Sn + Sb + Sw)

Discretized equations

Thus, using the integral approximations discussed above the governing equations

now reduce to fully discrete form
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Figure 2.4: Geometrical features of a typical finite volume

Discrete Continuity equation:

∑
f

F n+1
f = 0 (2.10)

Discrete Momentum equation using Explicit time integration (ABCN) technique:

un+1
i,P − uni,P

∆t
VP +

1

2

∑
f

(
3F n

f u
n
i,f − F n−1

f un−1
i,f

)
= −1

2

∑
f

(
pn+1
f + pnf

)
Sf,i +

1

2Re

∑
f

(
F n+1
dfui

+ F n
dfui

)− VP
2

(
ai
n+1 + ai

n
)

(2.11)

and using Implicit time integration (CN) technique:
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un+1
i,P − uni,P

∆t
VP +

1

2

∑
f

(
F n+1
f un+1

i,f + F n
f u

n
i,f

)
= −1

2

∑
f

(
pn+1
f + pnf

)
Sf,i +

1

2Re

∑
f

(
F n+1
dfui

+ F n
dfui

)− VP
2

(
ai
n+1 + ai

n
)

(2.12)

To retain the locally second-order accurate form, face interpolation required for

the convective flux is carried out using a linear polynomial. This approximation is

written here for the east face

φe =
φPVE + φEVP
VP + VE

Velocity-pressure coupling

First a provisional velocity (u∗) is computed, excluding the pressure term [43, 54]

in Eq. (2.11) or (2.12), and using the latest available mass flux (F n+1,l
f ), by solving

the equation

u∗i,P − uni,P
∆t

VP +
1

2

∑
f

(
F n+1,l
f u∗i,f + F n

f u
n
i,f

)
=

1

2Re

∑
f

(
F ∗dfui

+ F n
dfui

)− VP
2

(
ai
n+1 + ai

n
)

(2.13)

The provisional (tentative) mass flux (Ff ∗) follows immediately using the provi-

sional face velocity (u∗
f )

Ff
∗ = uf

∗ . Sf (2.14)

The correct face velocity (uf ) is conceived by adding the local pressure gradient

uf = u∗
f −∆t(∇p)f (2.15)

Since this corrected velocity has the pressure gradient in-built into it, mass flux

calculated from it is expected to be physically correct. This step [54] is close to

the Rhie-Chow interpolation [55] procedure. Thus, the new estimate of mass flux
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is

Ff
n+1,l+1 = uf . Sf = u∗

f . Sf −∆t(∇p)f . Sf = F ∗f −∆t(∇p)f . Sf (2.16)

which must satisfy the discrete continuity equation. Substitution of Eq. (2.16) in

Eq. (2.10) yields a pressure Poisson equation

∑
f

(∇p)f . Sf =
1

∆t

∑
f

Ff
∗ (2.17)

The pressure field (p) obtained from Eq. (2.17) is used in Eq. (2.16) to update

Ff
n+1,l+1. In explicit procedure pressure obtained from Eq. (2.17) is used to

solve Eq. (2.11) to obtain the final velocity field. However, Eqs. (2.13) & (2.17)

are repeatedly solved with Eq. (2.16) as updating expression until the mass flux

ceases to change in implicit procedure. Once the mass flux has converged, like

in the explicit procedure, the final velocity field is obtained.

2.3 GCIBM modified

Figure 2.5 shows a typical near boundary stencil comprising of a ghost-cell (G),

immediate neighbouring fluid cells (F1, F2, . . .) and boundary point (B). The bound-

ary (or forcing) point is so chosen that
−−→
GB points in the outward surface normal

direction at B. The fluid neighbours F1, F2, F3, F4 . . . Fn, Fn+1 are at distances

h1 < h2 < h3 < h4 . . . hn < R from B. Instead of fitting a localized polynomial

[38, 41–44], Taylor series expansion about B can serve to reconstruct [40] the

solution at G

φG = φB + ∆xi

(
∂φ

∂xi

)
B

+
1

2
∆xi∆xj

(
∂2φ

∂xi∂xj

)
B

+ 3rd-order terms (2.18)

where i, j expand for spatial directions with ∆xi = xi,G − xi,B (i = x, y, z).

At the boundary point (B) inverse distance weighting [40] interpolation can be
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Solid boundary
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Figure 2.5: Schematic diagram for evaluating flow variables at G.

used for the flow variables and their partial derivatives

flow variables: φB =
1

q

n∑
m=1

wmφm (2.19)

first derivative:
(
∂φ

∂xi

)
B

=
1

q

n∑
m=1

wm

(
∂φ

∂xi

)
m

(2.20)

second derivative:
(

∂2φ

∂xi∂xj

)
B

=
1

q

n∑
m=1

wm

(
∂2φ

∂xi∂xj

)
m

(2.21)

where wm = (1/hm − 1/R)2 is the weighting coefficients and q =
n∑

m=1

wm. All the

derivatives at the fluid points are calculated (see Appendix) on a non-uniform grid

with the latest available values of the flow variables instead of previous time step

values on a uniform grid [40]. It has been observed that the number of supporting

points n = 4−5 (excluding the one with distance R) are enough to enforce the
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boundary conditions on the immersed surface satisfactorily which is in agreement

with Gao et al. [40].

Dirichlet boundary condition: A specified value for a variable φD implies

φB = φD (2.22)

Thus the ghost point value (φG) can be evaluated using Eqs. (2.18)−(2.22)

Neumann boundary condition: If n̂ is the unit normal vector (nx, ny, nz) at B, a

specified normal gradient for a variable φ′ implies

(∇φ)B . n̂B = φ′ (2.23)

This condition simplifies to(
nx
∂φ

∂x

)
B

+

(
ny
∂φ

∂y

)
B

+

(
nz
∂φ

∂z

)
B

= φ′

=⇒
(
∂φ

∂z

)
B

=
φ′ − nx ∂φ∂x

∣∣
B
− ny ∂φ∂y

∣∣∣
B

nz
(2.24)

The second derivatives can be calculated as follows

(
∂2φ

∂xi∂z

)
B

=

(
∂

∂xi

{
∂φ

∂z

})
B

In case of planar object (nz = 0), either
∂φ

∂x
or

∂φ

∂y
replaces

∂φ

∂z
in Eq. (2.24),

thereby making it applicable for any geometry with an implicit analytical descrip-

tion of the surface.

Application of GCIBM to moving boundary problems

Flow past a accelerating body can be solved in inertial or non-inertial frames of

reference. In the inertial frame of reference, as the body moves all geometrical

constructions need to be recomputed at every time step which slows the cal-

culations. Moreover, since the body and thus the associated ghost-cells move

frequently, the above mentioned issue of complex communications take the cen-

ter stage. Also, the application of IBM to moving boundary problems in the inertial
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frame of reference encounters spurious force oscillation. The use of non-inertial

frame avoids these difficulties as the body remains stationary, and only the bound-

ary moves which is accommodated in the boundary conditions.

2.4 Linear solver

Numerical approximation of the governing equations and boundary conditions,

as described in sections 2.2 & 2.3, reduce them to set of simultaneous algebraic

equations. Owing to the local nature of these approximations, the coefficient

matrices are sparse and banded, which is exploited during their solution. The

generic resulting form of these equations is

aSφS + aBφB + aWφW + aPφP + aEφE + aTφT + aNφN = bP

where aS, aB, aW , aE, aT , aN are the coefficients corresponding to neighbouring

cells denoted by S,B,W,E, T,N , while aP corresponds to the point P as shown

in Fig. 2.4; and bP represents the right-hand side. Thus, for the highly sparse

linear system

Aφ = b (2.25)

A has seven non-zero diagonals, corresponding to six immediate neighbours and

point P itself.

Iterative methods in general are of the form

Mφl+1 = Nφl + b (2.26)

where M,N are iteration matrices and l is the iteration count. Since at the con-

vergence φl+1 −→ φl −→ φ the above equation yields

Mφ = Nφ+ b =⇒ (M −N)φ = b (2.27)
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Thus, for consistency of Eqs. (2.25) and (2.27) A = M − N which is a relation

between the original coefficient matrix and the iteration matrices. Equation (2.26)

can be cast into the residual form by subtracting Mφl from both the sides

Mφl+1 −Mφl = b− (M −N)φl =⇒M(φl+1 − φl) = b− Aφl =⇒Mδl+1 = ρl

where δl+1 = φl+1−φl is an update in φ at (l+ 1) iteration level and ρl = b−Aφl

is the residual after l iterations.

Incomplete LU factorization (ILU)

Matrix A can be uniquely LU factorized by keeping the main diagonal of U as

unity, i.e.,

A = [ LS LB LW LP ] [ I UE UT UN ]

where LP , LW , LS, LB and UE, UT , UN are non-zero diagonals of L and U . Using

the above factors, the original system (Aφ = b) becomes

[ LS LB LW LP ] [ I UE UT UN ] φ = b

carrying out symbolic multiplication of the diagonals leads to first

[ LS LB LW LP ] [φP + UEφE + UTφT + UNφN ] = bP

and finally

(LPφP + LPUEφE + LPUTφT + LPUNφN) +(
LWφW + LWUEi−1

φP + LWUTi−1
φTW + LWUNi−1

φNW

)
+(

LBφB + LBUEk−1
φBE + LBUTk−1

φP + LBUNk−1
φNB

)
+(

LSφS + LSUEj−1
φSE + LSUTj−1

φST + LSUNj−1
φP

)
= bp (2.28)

Note the above equation should be seen in only the locations which differ from

i, j or k are mentioned, e.g., UEi−1
is UEi−1,j,k

and LW is LWi,j,k
. The extra terms
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other than the seven locations (S,B,W, P,E, T,N) conjunction to Fig. 2.6 and
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P P SN
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BB

E

T

W

TW TE
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NT

NB

ST

SB

x
z

x

z

yy

Figure 2.6: Planar view of finite volumes and their neighbors

that arise because of LU multiplication are enclosed in boxes. The factorization

given by Eq. (2.28) has to be used for the iteration matrices M and N . Since M

must be closest to A, only the seven locations corresponding to the A matrix are

considered in M

MS = LS = aS,MB = LB = aB,MW = LW = aW

MP = LP + LWUEi−1
+ LSUNj−1

+ LBUTk−1
= aP (2.29)

ME = LPUE = aE,MT = LPUT = aT ,MN = LPUN = aN

The above relations are used to compute L and U diagonals in the following order

LS = aS

LB = aB

LW = aW

LP = aP − LWUEi−1
− LSUNj−1

− LBUTk−1
(2.30)

UE =
aE
LP

UT =
aT
LP

UN =
aN
LP
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As the L and U diagonals of equation (2.30) does not give back Eq. (2.28), it

is only an incomplete splitting. To complete the factorization, N should carry the

extra diagonals (enclosed ones in Eq. (2.28)) as A = M +N .

NTW = LWUTi−1
, NNW = LWUNi−1

NSE = LSUEj−1
, NST = LSUTj−1

(2.31)

NBE = LBUEk−1
, NNB = LBUNk−1

Strongly implicit procedure (SIP)

Stone [56] proposed that the convergence can be improved if N , instead of only

extra diagonals, has all the diagonals appearing in LU . Moreover, as M must be

closer to A, N must be small for faster convergence, i.e., [Nφ]P ≈ 0

=⇒ NSφS +NBφB +NWφW +NPφP +NEφE +NTφT +NNφN+

NTWφTW +NNWφNW +NSEφSE +NSTφST +NBEφBE +NNBφNB ≈ 0 (2.32)

Thus the effect of extra diagonals is nullified by the other diagonals of N . In other

words, Eq. (2.32) should reduce to

NTW (φTW − φ∗TW ) +NNW (φNW − φ∗NW ) +NSE(φSE − φ∗SE) +

NST (φST − φ∗ST ) +NBE(φBE − φ∗BE) +NNB(φNB − φ∗NB) ≈ 0 (2.33)

where quantities in ∗ account for the diagonals that are originally present in A.

The φ∗ quantities are expressed implicitly in terms of neighbouring nodal values

φ∗TW ≈ γ(φT + φW − φP ), φ∗NW ≈ γ(φN + φW − φP )

φ∗SE ≈ γ(φS + φE − φP ), φ∗ST ≈ γ(φS + φT − φP )

φ∗BE ≈ γ(φB + φE − φP ), φ∗NB ≈ γ(φN + φB − φP )

It has been seen from numerical exercises that γ ≈ 0.9 gives the best conver-
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gence, though there is no universally accepted value of it that ensures the best

convergence for a range of grid structures with different aspect ratios. Inserting

the above relations in Eq. (2.33) results in

NTW (φTW − γφT − γφW + γφP ) +NNW (φNW − γφN − γφW + γφP ) +

NSE(φSE − γφS − γφE + γφP ) +NST (φST − γφS − γφT + γφP ) +

NBE(φBE − γφB − γφE + γφP ) +NNB(φNB − γφN − γφB + γφP ) ≈ 0

If the above equation is compared with Eq. (2.32) non-zero diagonals of N are

obtained as

NS = −γ(NST +NSE)

NB = −γ(NBE +NNB)

NW = −γ(NNW +NTW )

NP = γ(NNW +NST +NSE +NBE +NTW +NNB) (2.34)

NE = −γ(NSE +NBE)

NT = −γ(NST +NTW )

NN = −γ(NNW +NNB)

Substituting the diagonals of M from Eq. (2.29) and N from Eq. (2.34) (the

diagonals in brackets are same as in ILU, i.e., from Eq. (2.31)) into the matrix

relation A = M −N one gets

aS − γLSUTj−1
− γLSUEj−1

= LS

aB − γLBUEk−1
− γLBUNk−1

= LB

aW − γLWUNi−1
− γLWUTi−1

= LW

aP + γLWUNi−1
+ γLSUTj−1

+ γLSUEj−1
+ γLBUEk−1

+

γLWUTi−1
+ γLBUNk−1

= LP + LWUEi−1
+ LSUNj−1

+ LBUTk−1

aE − γLSUEj−1
− γLBUEk−1

= LPUE
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aT − γLSUTj−1
− γLWUTi−1

= LPUT

aN − γLWUNi−1
− γLBUNk−1

= LPUN

the above relations are used to compute L and U diagonals in the following order

LS =
aS

1 + γ(UTj−1
+ UEj−1

)

LB =
aB

1 + γ(UEk−1
+ UNk−1

)

LW =
aW

1 + γ(UNi−1
+ UTi−1

)

LP = aP + γ(LWUNi−1
+ LWUTi−1

+ LSUTj−1
+ LSUEj−1

+ LBUEk−1
+ LBUNk−1

)

−LWUEi−1
− LSUNj−1

− LBUTk−1
(2.35)

UE =
aE − γ(LSUEj−1

+ LBUEk−1
)

LP

UT =
aT − γ(LSUTj−1

+ LWUTi−1
)

LP

UN =
aN − γ(LWUNi−1

+ LBUNk−1
)

LP

It is to be noted that γ = 0 in the above equations give equation (2.30); i.e., the

L and U diagonals of ILU. After obtaining the L and U factors, we can solve the

original system Aφ = b in two steps through the residual form of the iterative

methods as follows

LUδl+1 = ρk

=⇒ step 1: forward substitution: Ls = ρk

=⇒ step 2: backward substitution: Uδk+1 = s

Pre-conditioning

Condition number of a linear system indicates how ready the coefficient matrix is

for numerical inversion. During solution either the coefficient matrix or the right

hand side vector can pick-up errors. A well-conditioned matrix is less affected by

this accumulation of errors. Moreover, conditioning of a matrix refine its spectral
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radius in such a way that its eigen values improve the convergence behaviour.

Conditioning of the original A matrix is achieved by pre-multiplying the original

system (Aφ = b) by inverse of the pre-conditioning matrix (P−1)

P−1Aφ = P−1b =⇒ Ãφ = b̃

The above system has a favourable condition number and thus converges much

faster than the original system, since Ã is closer to the unity matrix than A is. As

M in the SIP method is constructed by splitting decomposition (LU ), its inversion

is cheap and thus can be used as a preconditioner, i.e., P = M . The algorithms

for the BiCGSTAB technique [57] and its pre-conditioned version are written below

BiCGSTAB technique:

1. Initialize: φ = φin, r = b− Aφin, r0 = r, α, β, ξ any large value, k = 0

2. Compute p = r + β(p− ξAp)

3. α =
||r · r0||
||Ap · r0||

4. Compute z = r − αAp

5. ξ =
||Az · z||
||Az · Az||

6. φ = φ+ αp+ ξz

r = z − ξAz
β =

α||r0 · r||
ξ||r0 · r||k−1

7. If ||b− Aφ||l2 < ε exit else k −→ k + 1 and return to step 2.

BiCGSTAB pre-conditioned by the SIP Method:

1. Initialize: φ = φin, r = b− Aφin, r0 = r, ρ0, α, ξ any large value, k = 0

2. ρ = ||r · r0||, β = (ρα)/(ρ0ξ)

3. Compute p = r + β(p− ξv)
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4. Solve LUy = p where L and U factors computed by Eq. (2.35)

5. Compute v = Ay

6. α =
||r · r0||
||Ay · r0||

7. Compute s = r − αv

8. Solve LUz = s where L and U factors computed by Eq. (2.35)

9. ξ =
||Az · s||
||Az · Az||

10. φ = φ+ αy + ξz

r = s− ξAz
ρ0 = ρ

11. If ||b− Aφ||l2 < ε exit else k −→ k + 1 and return to step 2.

2.5 Solution algorithm

The sequential steps that define the entire solution procedure is written here as a

flowchart in Fig. 2.7

2.6 Parallel implementation

The present numerical code has parallelized based on the distributed memory

allocation. The computational domain is decomposed into a number of sub-

domains and each of them is assigned to a processor. At the interfaces of these

sub-domains communication of solution variables are performed in the MPI en-

vironment to synchronize computations among the processors. All the compu-

tations in the present work have been performed using nine processors. Each

computing node consists of twelve Intel Xeon E5620 processors powered by 32

GB of memory.
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initialize flow variables and prescribe boundary conditions

Start

Domain decomposition, generate grid,
calculate geometric parameters, tag cells for GCIBM,

Compute pressure field
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Compute next time level velocity field 
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Mass flux
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Compute provisional velocity field

Compute provisional mass flux

Time
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Figure 2.7: Flowchart for the solution steps

Implementation of GCIBM in a distributed memory based parallel environment

is a challenging task. If a ghost-cell and its immediate fluid neighbours do not fall
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in the same processor, the interpolation required for the boundary reconstruction

cannot be carried. Moreover, domain decomposition causes non-uniform distri-

bution of the ghost-cells in the processors. This non-uniformity, affecting the load

balancing among computing processors, strongly influences the speed-up, effi-

ciency and convergence behaviour. Also this non-uniform distribution may lead

to a stall or blowing up of the computations. To overcome these difficulties there

are two approaches: (1) restrict the search for immediate fluid neighbours to the

host processor (i.e., where ghost-cell lies) and (2) communicate the information

of the fluid neighbors to the relevant processor. The second approach puts an

overhead of complex communications, so we have adopted the first approach.
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Chapter 3

Performance evaluation of the

solver

The numerical strategies described in chapter 2 are tested on three bench mark

problems: 1) uniform flow past a stationary sphere, 2) uniform flow past a trans-

versely oscillating circular cylinder and 3) uniform flow past a rotating circular

cylinder. The results obtained for these three problems are reported in this chap-

ter.

3.1 Uniform flow past a stationary sphere

The wake behind a sphere is marked by several regimes at increasing Re. Creep-

ing flow in which the flow divides, swims over the surface and reunites at the rear

end of the sphere exists for Re →0. The laminar Boundary layer separates at

Re ≈20 from the sphere surface leading to a laminar wake. Four flow regimes of

laminar wake are: steady axisymmetric (20 < Re < 210), steady planar symmetric

(210 < Re < 270), unsteady planar symmetric (280 < Re < 420) and unsteady

asymmetric (420 < Re < 800).

First regime is characterized with an axisymmetric stationary vortex-ring at-

tached at the rear end of the sphere. In the second regime, the axisymmetry is

replaced by a planar symmetry. A trail of two parallel counter rotating vortices
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38 Chapter 3. Performance evaluation of the solver

is observed, and is known as the double-threaded wake. The third regime is

characterized by the periodic vortex shedding, where vortices are shed as inter-

connected vortex loops; maintaining a planar symmetry about a plane passing

through the wake centerline. In the fourth regime, irregular and asymmetric shed-

ding of hairpin vortices is observed.

3.1.1 Computational details

Figure 3.1 shows schematic diagram describing the problem, computational do-
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Figure 3.1: Schematic diagram for uniform flow past a stationary sphere

main and boundary conditions employed. Three-dimensional numerical simula-

tions were carried out on a non-uniform cartesian grid 217 × 181 × 181 in the

stream-wise (x), lateral (y) and side directions (z), respectively. A cubical domain

of edge 3 with grid size 151×151×151 was used to provide an uniform finer mesh

engulfing the sphere which generated grid resolution ∆x = ∆y = ∆z = 0.02 in

and around the sphere. Computations were performed for Re = 100, 250 and 300

with time increment ∆t = 0.003.
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3.1. Uniform flow past a stationary sphere 39

3.1.2 Body points on the sphere surface

Unit outward normal vector at B (Fig. 2.5) for a sphere, x2 + y2 + z2 = r2 is

n̂B =
î2xB + ĵ2yB + k̂2zB√

4(x2
B + y2

B + z2
B)

= î
xB
r

+ ĵ
yB
r

+ k̂
zB
r

Normal to a sphere always passes through its center. To find B such that the

normal passes through G, we calculate the unit vector along GB and equate to

n̂B.

n̂GB =
GB

|GB| =
î(xB − xG) + ĵ(yB − yG) + k̂(zB − zG)

|GB|
xB − xG
|GB| =

xB
r
,
yB − xG
|GB| =

yB
r
,
zB − zG
|GB| =

zB
r

we get rxB − rxG = xB|GB| =⇒ xB(r − |GB|) = rxG, but r = |OG| + |GB| =⇒
r − |GB| = |OG| =

√
xG2 + yG2 + zG2 = distance

xB =
rxG

distance
, yB =

ryG
distance

, zB =
rzG

distance

3.1.3 Computation of the fluid forces

Conventionally, forces exerted by the flow on a body are calculated on its surface.

In GCIBM we use non-body conformal cartesian grid, so it becomes tedious to

calculate the forces on the surface of the body. A more convenient way is to

calculate the forces using the change in momentum principle. If a control volume

shown in Fig. 3.2 having volume V and surface area S encloses the body, then

force in the i-th direction using the momentum balance principle is

Fi =

∫
V

∂(ρui)

∂t
dV +

∫
S

ρui(u . n̂ dS) +

∫
S

p(n̂i . n̂ dS) +

∫
V

ρaidV

n̂ and n̂i are unit vectors along the surface normal of the chosen control vol-

ume and i-th direction, respectively. The corresponding non-dimensional force
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Figure 3.2: Cubical control volume for calculating the force coefficients

coefficients are

Ci =
Fi

1
2
ρU2A

where A is the plan or projected area of the body, A =
π

4
D2 for a sphere.

3.1.4 Domain size and Grid spacing

Numerical simulations of physical phenomena replace continuous (infinite) space

by discrete (finite) one. This must retain the overall physics of the phenomena

to an acceptable tolerance level for true realization. There are two criteria which

must be satisfied before using the numerical data to analyse the flow. These two

criteria are adequate size of domain and grid spacing.

Domain size

It is well known that solutions from numerical experiments depend substantially on

the computational domain and mesh used, especially at high instability regimes

of the flow. The computational domain is composed of many boundaries in the

stream-wise (inlet/outlet), transverse (far fields) and vertical (sides) directions.
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3.1. Uniform flow past a stationary sphere 41

These boundaries must be located at enough distances so that artificial effects

do not introduce significantly large errors.

Grid spacing

Grid spacing is the most obvious source of error in numerical simulations. It not

only dictates the replacement of infinite space by finite, but also the discretization

or truncation error inherent with the governing equations. Theoretically, the grid

spacing must be extremely low, but no computer can handle infinite number of

points practically.

For maintaining same grid spacing throughout the domain, large number of

grid points are required, thereby putting heavy burden on computer memory and

space. Use of non-uniform grid, simultaneously nullifies the domain size effects

and provide steep velocity gradients near the solid surface.

3.1.5 Domain independence study

Based on the earlier studies for stationary [18, 21] and VIV [23, 24] of a sphere,

inlet, outlet and the side boundaries are kept at 5D, 25D and 8D distances from

the center of the sphere, respectively. These extents are reported [18, 21, 23, 24]

to assure domain independent solution and increasing them further only leads to

negligible difference in flow solution.

3.1.6 Mesh independence study

First column in Table 3.1 shows four grid levels (M1, M2, M3 and M4) used to de-

termine grid dependency of the solution for uniform flow past a transversely oscil-

lating sphere. Other simulations parameters for these four meshes are Reynolds

number Re = 300, normalized amplitude A = 0.5, frequency ratio fR = 1.3 and

time increment ∆t = 0.004. Mesh size is progressively refined from M1 to M4,

measured by minimum grid spacing (∆) in second column of Table 3.1.

Figure 3.3 shows qualitative similarity in time evolution of the coefficients of
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Mesh ∆ < CD > C ′D C ′L CLmax St

172× 136× 136 (M1) 40% -0.20% 5.2% -2.1% -3.5% 0%
193× 157× 157 (M2) 20% 0.10% 2.9% -2.4% -3.4% 0%
217× 181× 181 (M3) 0.020 0.978 0.134 0.379 0.566 0.178
241× 205× 205 (M4) -15% 0% -1.5% 1.6% 1.9% 0%

Table 3.1: Comparison of global flow parameters at different mesh sizes

t

C
D

413 424 435
0.6

0.95

1.3 M1
M2
M3
M4

(a)

t

C
L

413 424 435
-1

0

1 (b)

Figure 3.3: Comparison of signals for different grid sizes

drag (CD) and lift (CL) on four meshes (in the statistically stationary state). Quan-

titative assessments of the grid levels are made through the following global flow

parameters: average coefficient of drag (< CD >), rms values of drag and lift (C ′D

and C ′L), maximum lift (CLmax) and Strouhal number (St). Values of these param-

eters at M3 and percentage change relative to M3 on other meshes are listed in

the table. The changes observed in Table 3.1 show refinement beyond M3 does

not yield a better solution considering the increase in cost.

All the simulations hereafter are carried out on 217×181×181 (M3) as this grid

resolution proved adequate for the solutions to be grid-insensitive and thus it is

suitable combination of accuracy and cost involved. Figure 3.4 shows the planar

and three-dimensional views of the computational grid at M3. The edges of each

processor and the boundary of the computational domain is shown with bold lines
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3.1. Uniform flow past a stationary sphere 43

Figure 3.4: Planar and three-dimensional views of the grid

with different colours used to mark different processors. These views clearly show

the extent of the computational domain and non-uniform grid distribution.

3.1.7 Steady axisymmetric flow, Re = 100

The coefficient of lateral force (CL) and coefficient of side-wise force (CS) are

asymptotically zero. The coefficient of drag (CD = 1.085) is in good agreement

to the reported [18] value of 1.080. The wake structure [58] using Q = 0.001,

(see Fig. 3.5 top row) reveals the axisymmetric vortex-ring at Re = 100. The z-

component of vorticity shown in Fig. 3.6 agrees well with the reported [18] trend,

and is similar to the steady near wake of a circular cylinder at subcritical Reynolds

numbers.
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Figure 3.5: Comparison of computed wake structures with reported results for
flow past a sphere at Re = 100, 250 and 300
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Figure 3.6: Vorticity contour (z-component) for flow past a sphere at Re = 100

3.1.8 Steady planar symmetric flow, Re = 250

The wake remains steady with CD = 0.702, in agreement to the reported [18]

value of 0.700. The non-zero CL = −0.066, compared to −0.062 reported by John-

son & Patel [18], signifies the loss of axial symmetry. Instead the flow admits a

planar symmetry (x, y)-plane at z = 0, which is supported by zero CS. The wake

structure (see Fig. 3.5 middle row) demonstrates the trail of two counter rotating
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3.1. Uniform flow past a stationary sphere 45

vortices, which in literature is called a double-threaded wake. At this Re the flow

acquires three dimensionality, which is evident by the three components of vortic-

ity (see Fig. 3.7) in agreement with the reported results [18]. Stream wise vorticity
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Figure 3.7: Vorticity contours for flow past a sphere at Re = 250

(wx) contours in (Fig. 3.7 top row) reveals an antisymmetric distribution about the

symmetry plane. As the flow has a planar symmetry; the lateral vorticity (wy) in

(Fig. 3.7 middle row) is symmetric, while the side-wise vorticity (wz) appears to

be shifted towards positive-y in (Fig. 3.7 bottom row).

3.1.9 Unsteady planar symmetric flow, Re = 300

At Re = 300 the periodic signals of CD and CL indicates flapping of the wake,

which is seen at a much lower Reynolds number for a circular cylinder wake.

However, the zero coefficient of side-wise force results from the prevailing planar

symmetry observed at Re = 250. The wake structure (see Fig. 3.5 bottom row)

consists of hairpin like inter-connected vortex loops. Table 3.2 compares the
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Work < CD > < CL > St

Present 0.659 -0.069 0.137
Johnson & Patel [18] 0.656 -0.069 0.137

Kim et al. [37] 0.657 0.067 0.134

Table 3.2: Comparison of computed global flow parameters for flow past a sta-
tionary sphere at Re = 300 with reported results

global flow parameters: average coefficient of drag (< CD >), average coefficient

of lateral force (< CL >) and Strouhal number (St) with the literature. Figure 3.8

1 0.5

-1 -0.5

0.5

-0.5

x

z

-1 0 1 2 3 4 5 6 7 8 9 10 11-2

-1

0

1

2

-1
-0.5

1
0.5

-1-0.5

x

y

-1 0 1 2 3 4 5 6 7 8 9 10 11-2

-1

0

1

2

0.1

-0.1

0.05

-0
.0

5

x

z

-1 0 1 2 3 4 5 6 7 8 9 10 11-2

-1

0

1

2

Figure 3.8: Vorticity contours for flow past a sphere at Re = 300

shows the instantaneous vorticity contours at three different planes, which agree

well with the reported results [18].
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3.1.10 Convergence behavior of different linear solvers

Convergence behavior of different linear solvers are compared as fast and mono-

tonic decay of the error is essential in cases where the computations are initiated

with a flow which is otherwise stationary. All the parallel cases are computed with

16 processors and iteration is terminated at an error level of 10−6. The identi-

cal maps of the sequential and parallel solvers in Fig. 3.9 indicate absence of
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Figure 3.10: Performance of the parallel
solver with processors

any possible excursion in error owing to inter-processor communications. The

effect of the preconditioner in removing the spurious oscillation observed in the

BiCGSTAB solver should be noted. The iteration numbers shown in Table 3.3

Processors Attribute SOR ILU SIP BiCGSTAB SIP-BiCGSTAB

Sequential Iterations 380651 142041 42758 2105 413
Time (s) 128951 50476 15198 1416 390

Sixteen Iterations 416653 142026 42753 2121 351
Time (s) 25342 14402 4488 243 78

Table 3.3: Comparison of iterations and time taken by different linear solvers
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is indicative of only the first time step. It can be noted that iteration counter is

amenable to change from sequential to parallel calculations owing to the imple-

mentation of procedures such as incomplete LU decomposition. Among all the

solvers the preconditioned SIP-BiCGSTAB is found to be the best in terms of

number of calculations per iteration and overall decay rate of the error.

3.1.11 Performance of the parallelized method

Performance of the parallel simulations are assessed using speed-up (S = Ts/Tp)

and efficiency (η = S/p) where Ts and Tp are the sequential and parallel (with p

processors) CPU-times, respectively. Theoretically, S must increase linearly with

p at the maximum η = 100%. However, owing to the increase in inter-processor

communications, S reaches a near-optimum value which can no further be im-

proved while η drops. The comparison of the theoretical and actual S and η is

shown in Fig. 3.10 which clearly shows the trend described above.

3.2 Transverse oscillation of a circular cylinder

Den Hartog [9] was the first to report synchronization of the periodic wake behind

a transversely oscillating cylinder. Within the synchronization jumps in the phase

and amplitude of the lift and drag forces were reported by Bishop & Hassan [10].

Vibration of the cylinder at the upper and lower frequency limits of the synchro-

nized regime causes vortex street to be compressed and expanded [59], respec-

tively. The oscillating cylinder imposes timing and frequency of vortex shedding

on the wake in the synchronized regime [11]. Williamson & Roshko [12] sug-

gested that the jumps [10] were associated with the change of vortex shedding

Modes namely 2S and 2P.
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3.2.1 Computational details

Figure 3.11 shows schematic diagram describing the problem, computational do-
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Figure 3.11: Schematic diagram for forced transverse oscillation of a circular
cylinder

main and boundary conditions employed. Two-dimensional numerical simulations

were carried out on a non-uniform cartesian grid 293× 226 in the stream-wise (x)

and transverse (y) directions, respectively. A square domain of side 1.2 with grid

size 161 × 161 was used to provide an uniform finer mesh engulfing the cylinder

which generated grid resolution ∆x = ∆y = 0.007 in and around the cylinder. We

defined a frequency ratio (fR = fe/fo), where fo is the vortex shedding frequency

from the stationary cylinder. If Sto = foD/U is the Strouhal number associated

with the vortex shedding from a stationary cylinder, then the forced Strouhal num-

ber (Ste = feD/U ) can be expressed as Ste = fRSto; in this study Sto was found

out to be 0.201. Computations were performed for non-dimensional amplitude

(A = 0.2), Re = 185 and 0.5 ≤ fR ≤ 2.0 with time increment (∆t = 0.0004).

3.2.2 Results

Figure 3.12 shows that the time evolution of the coefficient of drag (CD, upper

signals) and coefficient of lift (CL, lower signals) match well with the reported
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Figure 3.12: Time evolution of the coefficient of drag and lift for forced transverse
oscillation of a circular cylinder (a) fR = 0.8, (b) fR = 0.9, (c) fR = 1.0, (d) fR = 1.1,
(e) fR = 1.12, (f) fR = 1.2

[60] results. The signals for fR = 0.8, 0.9 and 1.0 are purely sinusoidal, while

the signals for fR = 1.1, 1.12 and 1.2 are complex wave-forms. The complex

wave-forms reflect [10] the existence of two frequencies: 1) the natural vortex

shedding frequency (fo) of a stationary circular cylinder and 2) the forcing fre-

quency (fe). Purely sinusoidal signals are consequence of the lock-in state of the

wake (0.8 ≤ fR ≤ 1.0), where the ratio of the forcing frequency to the vortex shed-

ding frequency is unity. Outside the lock-in regime the dominant vortex shedding

frequency (fs) varies almost linearly with fR (see Fig. 3.13). The global param-

eters: (i) average coefficient of drag (CD), (ii) root mean square (rms) value of

the coefficient of lift (CLrms) and (iii) rms value of the coefficient of drag (CDrms)
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shown in Fig. 3.14 are in good agreement with the reported results of Kim & Choi

[46], Guilmineau & Queutey [60], Zhou & Shu [61].

3.3 Uniform flow past a rotating circular cylinder

The rotation of a circular cylinder in a uniform flow is expected to reduce the

flow-induced oscillations [62]. In addition to Re = UD/ν the other parameter that

influence the flow is non-dimensional rotation rate (α = Dω/2U ), where ω repre-

sents the angular velocity of the cylinder about its axis. Kang et al. [62] found that

the vortex shedding is completely suppressed beyond a critical non-dimensional

rotational speed (αL), which increases logarithmically with Re. In a narrow range,

4.8 < α < 5.15 at Re = 100 [63] interestingly found again an unsteady behavior

in the flow field with large amplitudes in the fluctuation of the drag and lift forces.

At Re = 200 and 4.34 ≤ α ≤ 4.7 a reappearance of unsteady wake was reported

by Mittal & Kumar [64] which was later experimentally confirmed by Kumar et al.

[65].
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3.3.1 Computational details

All the computational features employed were same as that of the previous sec-

tion. Two-dimensional simulations were performed at Re = 200 and (0 ≤ α ≤ 2.5)

in steps of 0.5.

3.3.2 Results

Figure 3.15(a) shows that CD decreases while CDrms increases up to α ≤ 1.5 for
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Figure 3.15: Comparison of the average and rms values of the drag and lift coef-
ficient for rotating circular cylinder with reported results

which the vortex shedding is observed. Figure 3.15(b) shows that CL increases

while CLrms is nearly constant for α ≤ 1.5. In agreement to Mittal & Kumar [64]

our results show no vortex shedding for α = 2 and 2.5, which is supported by zero

CDrms and CLrms. Moreover, |CL| continuously increases with α because of the

Magnus effect.
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Chapter 4

Uniform flow past a transversely

oscillating sphere

The effect of forced transverse oscillation of a sphere on the resulting wake is

studied in details. This chapter reports the results thus obtained and based on

the observations made instability modes of the wake are revealed in the light of

VIV of the sphere. The sphere is oscillated by a range of forcing frequencies at

fixed amplitude and Reynolds number.

4.1 Introduction

Dynamics of tethered objects in a flow is practically relevant to: tethered bodies

like marine buoys, underwater mines, tethered balloons in the atmosphere and

towed objects behind ships. Williamson & Govardhan [48] were the first to ob-

serve the dynamics of tethered spheres in a steady fluid flow. Vibration in the

transverse direction were more vigorous (saturation amplitude of close to two

diameters peak-to-peak) compared with that in the stream-wise direction. The

frequency of oscillation in the stream-wise direction was twice the transverse os-

cillation frequency. The reduced velocity (U∗ = U/fnD) instead of the Reynolds

number (Re), where U , fn and D are the free-stream velocity, natural frequency

of the system and the diameter of the sphere, respectively was found as a more

53TH-1769_09610312



54 Chapter 4. Uniform flow past a transversely oscillating sphere

suitable parameter to scale the response amplitudes.

Embarking upon these observations Govardhan & Williamson [66] character-

ized the transverse oscillations by the root-mean-square (rms) of the sphere’s

displacement instead of the amplitude. The rms response curve displayed a local

peak followed by a saturation value. The local peak was explained as a reso-

nance between the vortex shedding frequency from a stationary sphere (fo) and

fn. Jauvtis et al. [67] named these resonance condition and the saturation state

as Modes I and II, respectively. They extended the works to higher mass ratio

(m∗ = sphere mass/ displaced mass of fluid) and U∗ feasible in wind tunnel in-

stead of water channel. A new periodic response for (20 ≤ U∗ ≤ 40) at m∗ = 80

was named as Mode III. They also discovered Mode IV response characterized

by intermittent bursts of large-amplitude vibration beyond U∗ = 100.

All the researches, so far were focused on the dynamics of sphere without as-

sociating the vortex dynamics in the wake. Govardhan & Williamson [68] hereafter

referred to as G-W were the first to report a chain of stream-wise vortex loops on

alternating sides of the wake for the first three periodic responses. Modes I and

II represented the synchronized regime, where the sphere’s oscillation and the

wake vortex shedding frequencies were synchronized (or tuned) to each other.

Oscillations of the sphere in the vertical direction (z) were found to be less than

5% of that in the transverse direction (y). Response for a tethered sphere (xy mo-

tion) and hydroelastic sphere (y-only) compared well for similar mass-damping

parameter (m∗ + CA)ζ, where CA is the potential added mass coefficient and ζ is

the damping ratio.

Hout et al. [69] discovered three bifurcation regions for a tethered sphere.

In the first region, vortex shedding pattern was identical to that of a stationary

sphere with no transverse oscillation. The second region was characterized by

periodic and large amplitude transverse oscillation of half the sphere diameter.

The vortex shedding and the wake structure were similar to that observed by G-

W in the second region. For the third region, the sphere exhibited non-stationary
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oscillations in the transverse direction. Second bifurcation region overlapped with

the Modes I and II, while the third bifurcation region was linked to Mode IV.

Numerical investigation of Behara et al. [23] at Re = 300 observed shedding of

spiral vortices in addition to the hairpin vortices reported in G-W. Eshbal et al. [70]

observed an increase of fragmented vortical structures as Re increased from 550

to 1925. This increase of fragmented vortical structures was attributed to the in-

crease in shear layer instabilities. Numerical and experimental study by Lee et al.

[24] showed the existence of seven different flow regimes for 50≤ Re .1200.

These regimes do not have any relation with the four modes previously reported.

Entirely different observations are attributed to the use of neutrally buoyant teth-

ered sphere instead of the light and heavy spheres. An interesting observation

was made by Williamson & Govardhan [48] and G-W that the flow remains same

in the range 2000 ≤ Re ≤ 12000.

The aim of this work is to identify and study the wake instability modes for

forced transverse oscillation of a sphere at Re = 300. In the following sections

we shall establish a correlation between the modes revealed and those found in

VIV of a sphere. The energy transferred from the fluid to the sphere is found to

be negative which is explained by revealing two mechanisms of forcing in section

4.3.2. In the next section the governing equations are followed by a brief discus-

sion on the numerical technique employed. In section 4.3 three wake instability

modes are analyzed based on time traces of force coefficients, phases and en-

ergy transfer rates. Vortex shedding modes, instantaneous wake structures are

shown and discussed in section 4.4 in order to characterize the near wake region.

Finally the principal findings of the present work are summarized in section 4.5.

4.2 Problem set-up

A sphere of diameter D oscillates transversely (y) in a stream-wise (x) uniform in-

compressible flow (U ). Figure 4.1 shows the computational domain and boundary
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x

z
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fe = forcing frequency
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us = sphere’s surface velocity

Figure 4.1: Schematic diagram for the forced transverse oscillation of a sphere

conditions in the inertial frame of reference. Equations (2.7) and (2.8) govern the

above problem, where normalized acceleration of the non-inertial frame fixed to

the oscillating sphere is Ai = −4(πSte)
2A sin(2πStet)δiy. Here A and Ste = feD/U

represent the normalized amplitude and the forcing Strouhal number. For a sta-

tionary sphere if the vortex shedding frequency (fo) and the associated Strouhal

number (Sto = foD/U ) are known, then the forcing Strouhal number can be ex-

pressed as Ste = fRSto by prescribing a frequency ratio (fR = fe/fo).

4.2.1 Computational details

A highly non-uniform Cartesian grid 217× 181× 181 (approximately seven million

computing cells) is used for the calculations, within which the sphere is bounded

by a cube of side 3D having uniform grid spacing of 0.02D. Normalized trans-

verse oscillation of the sphere (ys = A sin(2πStet)) is prescribed with an ampli-

tude A = 0.5 and frequency ratio 0.16 ≤ fR ≤ 1.3. Simulations are carried out

for Re = 300 at which Sto = 0.137 is computed. The second-order semi-implicit

time marching algorithm uses a time increment ∆t = 0.01, 0.005 and 0.004 for

the fR ranges {0.16, 0.2}, {0.45, 0.5} and [0.8, 1.3], respectively. Average Courant

numbers achieved at fR = 0.2 and fR = 1.3 are 0.346 and 0.139, respectively.
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4.3 Time evolution of force coefficients

Extensive analyses were performed on time evolution of coefficients of drag (CD),

lift (CL) and vertical force (CH) along the stream-wise (x), transverse (y) and ver-

tical (z) directions, respectively.

4.3.1 Wake synchronization regime and Mode III

Synchronization or “lock-in" is a state where the structure oscillates with the same

frequency (fe) as the wake (fs), obtained by carrying out DFT of the CL signals.

Figure 4.2(a) depicts synchronization (fe/fs = 1) in the range 0.45 ≤ fR ≤ 1.3
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Figure 4.2: (a) Ratio of the sphere oscillation to the vortex shedding frequency,
(b) Coefficient of energy and rms of the vortex energy (c) Vortex and total phase
and (d) Global parameters as functions of fR

and departure from it at fR = 0.16, 0.2. Non-synchronization (wake and structure

loosely connected) is attributed to the existence of both the forcing and natural
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shedding frequencies of the stationary structure; also reported by Bishop & Has-

san [10] for the forced transverse oscillation of a circular cylinder. Synchronization

and non-synchronization were associated with Modes I,II and III, respectively in

VIV of a sphere by G-W. Jauvtis et al. [67] observed that the wake oscillates 3 to 8

times faster than the sphere in Mode III, in analogy to which fs/fe = 6.25 and 5 at

fR = 0.16 and 0.2 in the present study suggest occurrences of similar instabilities

in the wake for forced oscillation as that of VIV.

4.3.2 Energy transfer and decomposition of transverse force

Energy transfer (E) in fluid-structure interaction systems is defined as work done

by the fluid force (Fx, Fy, Fz) to displace (x, y, z) the structure over an oscillation

cycle (T ) i.e., E =

∫ T

0

(Fxẋ + Fyẏ + Fz ż)dt. Normalized energy transfer is called

the coefficient of energy given by

CE =
E

1
2
ρU2πD

2

4
D

=

∫ T

0

(
Fy

1
2
ρU2πD

2

4

)
ẏdt

D
=

∫ T

0

CLẏ
∗dt∗ (4.1)

If sinusoidal functions are used to approximate the motion y = Ao sin(ωt) and

transverse fluid force Fy = Fo sin(ωt+φ) in the synchronization regime, where φ is

the phase difference between y and Fy then upon simplification E = πAoFo sinφ,

and thereby

CE = π

(
Ao
D

)(
Fo

1
2
ρU2πD

2

4

)
sinφ = πA∗CLo sinφ (4.2)

where CLo is the amplitude of the lift signal.

VIV or free vibration is defined at CE > 0 requiring 0◦ < φ < 180◦ according to

Eq. (4.2). Carberry et al. [71], Leontini et al. [72], Baranyi & Daroczy [73] reported

CE ≤ 0 in addition to CE > 0 for the forced oscillation of a circular cylinder. We

reveal two forcing mechanisms to explain the change in sign of CE. The fluid

force tries to displace the sphere by a force FF . The external forcing mechanism

applies a force FE on the fluid through the sphere to maintain its oscillation, and
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as a reaction fluid applies a force −FE on the sphere. It is easy to see that the

sign of CE is determined by the dominant mechanism of force exerted by the fluid.

A decomposition of the transverse force (CL) into a potential (Cpotential) and a

vortex (Cvortex) force is in practice [3, 15, 17, 68] based on the concept of added

mass. It is helpful to recognize the mechanisms of the forces Cvortex = CL −
Cpotential and Cpotential = (8/3)(πSte)

2A∗ sin(2πStet
∗) as FF and FE, respectively.

Total phase (φtotal) and vortex phase (φvortex) which are angles between Ctotal

and Cvortex with the displacement of the sphere (ys), respectively are analyzed to

characterize the Modes I and II. We have also computed the normalized rate of

energy transfer (or ‘power in’), ėvortex = Cvortexẏs as defined by G-W.

4.3.3 Synchronized Modes I and II

Negative CE in Fig. 4.2(b) indicates greater inertia of the sphere than the fluid

(Cvortex < Cpotential) at a relatively low Re. Signals of ys lead Ctotal and Cvortex

resulting in negative φtotal and φvortex for all the cases which is in agreement with

CE < 0. A transition of |φvortex| through 90◦ seen in Fig. 4.2(c) identifies Modes

I and II for 1.1 ≤ fR ≤ 1.3 and 0.45 ≤ fR ≤ 1.05, respectively, as suggested by

G-W. We found |φvortex| = 51.6◦, 140.3◦ at fR = 1.3, 0.8 to be in close agreement

with G-W’s prediction of φvortex ≈ 50◦ and 140◦ for Modes I and II, respectively.

If the numerical (Eq. (4.1)) and the analytical (Eq. (4.2)) expressions for CE are

equated we get φ. To distinguish such obtained φ from the values of DFT we

simply label it as φenergy in Fig. 4.2(c).

The near wake oscillations continue to grow with fR causing wider low pres-

sure region downstream of the sphere, revealed by increased drag coefficient and

rms fluctuations in Fig. 4.2(d). An increase of 100% in the average coefficient of

drag (< CD >) was observed by Williamson & Govardhan [48] from that of the

stationary sphere values.

Govardhan & Williamson [66] observed a local peak in the normalized rms

response of a tethered sphere, which Jauvtis et al. [67] termed as Mode I. In case
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of a circular cylinder Bishop & Hassan [10] found jumps in phase, lift amplitude

and the mean drag coefficient within the synchronization regime which Williamson

& Roshko [12] associated with the change of vortex shedding modes. CE and rms

of ėvortex in Fig. 4.2(b) demonstrate transition from Mode III to Mode II at fR = 0.2,

and from Mode II to Mode I at fR = 1.05. Appearance of the VIV modes in

forced oscillation is supported by the observation of Leontini et al. [72] for forced

oscillation of a circular cylinder where wake modes remain same whether CE > 0

or CE < 0.

4.3.4 Characterization of VIV Modes

Phase portraits shown in Figs. 4.3 and 4.4 at fR = 1.3 and 0.8 reveal the state
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Figure 4.3: Phase-portraits at fR = 1.3
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Figure 4.4: Phase-portraits at fR = 0.8

of the wake and its dynamic response to the sphere’s oscillation. The maximum

amplitudes attained by CD, CL and Cvortex grow with fR, which supports the en-

ergy transfer by the sphere to the fluid. While the one-lobe closed orbits indicate

a periodic synchronized state, two lobes in the CD − ys diagram indicates a 2:1

ratio between the stream-wise and transverse oscillations which is analogous to

the alternate shedding for a circular cylinder. Williamson & Govardhan [48] ex-

plained this ratio as the conditions affecting in-line vibrations were the same at ei-
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ther transverse positions of the sphere’s displacement. A larger change in φvortex

compared to φtotal, seen in frames (a) and (b) supports the observed Modes I and

II as suggested by G-W.

The frequency spectra of CL in the synchronized regime contains odd harmon-

ics of the fundamental dominant frequency. As the fR increases the amplitude of

these odd harmonics grow. Figure 4.3(c) has two lobes which are slightly twisted

in comparison to that in Fig. 4.4(c); an effect of non-linearity enhancement owing

to the growth of odd harmonics.

Outside the synchronized regime, the frequency spectra of CL shows peaks

at fo and all the harmonics of fe, so the signals are modulated both in frequency

and amplitude. Consequently, in Fig. 4.5 (phase portraits at fR = 0.2) the lobes

ys

C
L

-0.6 -0.3 0 0.3 0.6
-0.6

-0.3

0

0.3

0.6

(b)

ys

C
D

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
0.6

0.8

1

1.2

1.4

(c)

ys

C
vo

rt
ex

-0.6 -0.3 0 0.3 0.6
-0.6

-0.3

0

0.3

0.6

(a)

Cvortex

C
po

te
nt

ia
l

-0.16 -0.07 0.02
-0.16

-0.07

0.02

(d)

Figure 4.5: Phase-portraits at fR = 0.2

are not easily identifiable as in the synchronized regime. Similar patterns are

also observed at fR = 0.16 which suggests a different wake instability mode than

Modes I and II.

In Fig. 4.5(d) the width of the pattern is larger than its height implying that

the fluid force (Cvortex) tends to dominate the external forcing agency (Cpotential)

owing to the reduced inertia of the sphere (low fR). On the other hand, Fig. 4.3(d)

shows a reverse order, i.e, height larger than the width of the pattern implying

dominance of the external forcing over the fluid force.
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4.3.5 VIV Modes and time traces

Time signals at fR = 1.3 and 0.8 for one oscillation cycle of the sphere are shown

in Figs. 4.6(a) and 4.6(b) where one complete cycle of Ctotal confirms the synchro-
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Figure 4.6: Time traces for one oscillation cycle

nized regime. While Ctotal, Cpotential and Cvortex complete one cycle, two full cycles

in CD supports the earlier observation of same state of the wake for stream-wise
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oscillations as that of ± transverse direction of sphere’s displacement. The in and

out of phases of Cvortex with ys, shown in Figs. 4.6(a) and 4.6(b), clearly point out

two different Modes I and II within the synchronized regime as suggested by G-W.

On the other hand, Fig. 4.6(c) shows different periodicity of Ctotal and Cvortex than

the sphere’s oscillation at fR = 0.2 which suggests loss of the wake organization

attained in the synchronous regime, a feature of Mode III.

4.4 Vortical motion

Three components of vorticity and wake structure which is a measure of rotational

motion over shear given by Q = (RijRij −SijSij)/2 = 0.07 are used to explain the

vortical motions in the wake. The indicated points in Fig. 4.6 correspond to eight

equi-spaced frames within a sphere’s oscillation cycle.

4.4.1 Periodic vortex shedding

Occurrence of same planar vertical vorticity contours (ωz) at the mid horizontal

plane z = 0 for fR = 1.3 and 0.8 in frames (i) and (viii) of Figs. 4.7(b) and 4.8(b)

reveal the same oscillation periods of the flow and sphere. This is in agreement

with the repeating photographs of the wake behind an oscillated circular cylinder

observed by Den Hartog [9]. On the other hand, departure from sphere’s oscilla-

tion is observed through the non-repetitive sequence of Fig. 4.9(b) at fR = 0.2.

As fR increases the fluttering shear layers are brought closer to each other caus-

ing reduced vortex formation length, 4.5D at fR = 0.8 (Fig. 4.8(b)(v)) to 4D at

fR = 1.3 (Fig. 4.7(b)(iii)), thereby increasing the vortex shedding frequency (fs).

The flapping shear layers are seen to shed a pair of clockwise (dashed) and

counterclockwise (solid) vortices in one cycle of sphere oscillation. This can be

verified from the frames (iv) and (vii) in Fig. 4.7(b) and frames (vi) and (iii) in

Fig. 4.8(b), respectively at fR = 1.3 and 0.8. This shedding pattern is in agree-

ment with the “2R” mode (two vortex rings per sphere’s cycle) of G-W in the
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synchronized regime. On the other hand, outside this regime, no specific pattern

of shedding is observed in Fig. 4.9(b) owing to a lack of synchronization.

We observe that the clockwise vortex is shed when the sphere is near the

positive and negative extrema for 1.1 ≤ fR ≤ 1.3 and 0.45 ≤ fR ≤ 1.05, re-

spectively. Zdravkovich [11] for a circular cylinder in the synchronization regime

remarked that the oscillating cylinder also imposes the timing of vortex shedding

along with the frequency on the wake. Therefore, the existence of Modes I and

II for 1.1 ≤ fR ≤ 1.3 and 0.45 ≤ fR ≤ 1.05, respectively can be suggested.

While vortex shedding is found to be symmetric about y = 0 (< CL >≈ 10−5) for

0.45 ≤ fR ≤ 1.3, a non-zero estimate < CL >≈ −0.07 suggests asymmetric shed-

ding at fR = 0.16, 0.2 similar to that found by Johnson & Patel [18] for a stationary

sphere.

4.4.2 Wake structures and planar symmetry

Figures 4.7(c), 4.8(c) and 4.9(c) depict vortex loops oscillating in y direction in the

form of chains. These chains oscillate such that a planar symmetry is maintained

about the horizontal plane. Three-dimensional iso-surfaces of the transverse vor-

ticity are also symmetric about the same plane for all the cases. This planar

symmetry may be attributed to the zero coefficient of vertical force (CH ≈ 10−6).
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68 Chapter 4. Uniform flow past a transversely oscillating sphere

In the synchronization regime (Figs. 4.7(c), 4.8(c)), the vortex loops from

either side merge and are carried away downstream as vortex rings. The vortex

loops at fR = 1.3 are shorter because of the shorter vortex formation length

discussed in Section 4.4.1. In the same field of view (FOV) or the observing

window, more structures are seen at fR = 1.3. The vortex ring formation at

fR = 1.3 starts closer to the sphere. The spacing between the vortex loops is

larger at fR = 0.8 in Fig. 4.8(c). A similar observation for the forced transverse

oscillation of a circular cylinder were made by Koopmann [59]. He reported that

at the lower frequency limit of the “lock-in” regime, the vortex street expands as

the longitudinal spacing between the vortex filaments increases.

At fR = 0.2 the vortex loops are highly elongated making a longitudinal thread-

like wake in Fig. 4.9(c). The vortex rings are not seen because the frequency is

so low that the merging of loops hardly occur. Though the flow is periodic but

its period is not same as that of the sphere’s oscillation (fe/fs 6= 1 discussed in

Section 4.3.1), therefore, the structures in frames (i) and (viii) are non-repetitive.

4.4.3 Instantaneous vorticity field

Stream-wise vorticity at x = 1.5 for fR = 1.3 and 0.8 shown in Figs. 4.10(a)

and 4.10(b) confirms the planar symmetry about z = 0. Because the positive

(solid) and negative (dashed) vorticities are aligned vertically one above the other.

Relative timing of the symmetric shedding is observed through the shift in sign of

ωx in frame (iii) near the negative and positive peak of ys for fR = 1.3 and 0.8 in

Figs. 4.10(a) and 4.10(b), respectively. This distinction in the shedding pattern

clearly identifies Modes I and II in the synchronized regime.

4.5 Summary

Energy transfer by the fluid to the sphere is found to be negative owing to a larger

inertia of the sphere compared to fluid forces at relatively lower Reynolds number
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Figure 4.10: Instantaneous planar stream-wise vorticity contours

(Re = 300). The instantaneous vertical vorticity component indicates symmetric

vortex shedding in the synchronous regime (0.45 ≤ fR ≤ 1.3) supported by a

trivial < CL > and lack of it outside the regime at fR = 0.16, 0.2 where < CL >≈
−0.07. In the “lock-in" regime the different timing of the symmetric shedding with

respect to the sphere motion clearly identifies the Modes I and II for 1.1 ≤ fR ≤
1.3 and 0.45 ≤ fR ≤ 1.05, respectively. The different shedding timing is also

reflected in the opposite phases of the coefficient of vortex (Cvortex), a measure

of fluid inertia, with sphere motion. Hairpin wake structures in the synchronized

regime is supplemented by overlaid stream-wise vorticity, while elongated thread

like structures are seen to align in the flow direction outside the “lock-in" regime.

TH-1769_09610312



Chapter 5

Uniform flow past a simultaneously

oscillating and rotating sphere

The effect of simultaneous transverse oscillation and rotation of the sphere on

the resulting wake is studied in details. This chapter reports the results thus

obtained and based on the observations made state of the wake has been cat-

egorized. Four orientations of the rotational axes with two different oscillating

frequencies are considered. The governing equations, computational details and

solution strategy are same as in the previous chapter. Additionally, velocity on the

surface of the sphere is imposed according to the angular velocity.

5.1 Introduction

Rotation of spherical particles or objects has importance in applications such as

conveying particles in gas or liquid flow, fuel droplets in combustors, saltation,

meteorology and dynamics of sports ball. In these applications rotation occurs

mainly because of velocity gradients and collisions or impulse between parti-

cles or boundaries. Typically, rotation occurs about an arbitrary axis in space.

Garstang [74] referred rotations about axes along and perpendicular to the direc-

tion of flow as side spin (or screw motion) and top spin, respectively. Torobin &

Gauvin [75] remarked that pure screw motion will rarely exist in solid-gas systems,
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5.1. Introduction 71

but must be studied as a part of the generalized rotation.

Swerve (an abrupt change of direction) in sports ball or particle motion due to

rotation is commonly recognized as Magnus (1853) effect. Barkla & Auchterlonie

[76] renamed it as the Robins (1742) effect as Magnus was successful only with

rotating cylinders. On account of the Magnus effect, a rotating circular cylinder

experiences a large lift force which is usually explained through the Bernoulli’s

equation.

Due to rotation surface of the cylinder moving along the flow attains higher

speed, while the other a lower speed. This asymmetry in the velocity field creates

high pressure on lower velocity side. Consequently, fluid moves from high to low

pressure region resulting in an opposite reaction force on the cylinder. Magnus

effect has significance in many engineering applications such as spinning bullets,

trajectory of missiles, design of rotor ships and flettner aeroplanes. Players of all

the ball games exploit Robins effect to deceive the opponents.

5.1.1 Rotation about stream-wise axis

Two parameters that govern flow past a rotating sphere are the Reynolds number

(Re) and normalized rotational velocity (α). Schlitchting [77], by analysing the

previously reported experimental data, noted that the average drag coefficient

increases with α as the line of laminar separation on the surface of the sphere

moves upstream. These two observations were attributed to generation of extra

centrifugal force due to rotation. It was stated that this extra centrifugal force have

the same effect as the additional adverse pressure gradient.

Numerical study of Kim & Choi [26] confirmed upstream movement of the sep-

aration line and increase in average CD with increase in α. They discovered a

“frozen flow" phenomenon where the vortical structure simply rotates at a con-

stant speed without temporal variation in its shape and strength. Frozen flow

was characterized by sinusoidal variation of two components of lift (Cy and Cz)

with zero time-averages, but constant magnitudes of the drag and net lift force
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72 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

Cl =
√
Cy

2 + Cz
2. The flow was frozen at Re = 250 and 300 for α = 0.1, 0.3 and

α = 0.5, 0.6, respectively. The higher rotational speed required at Re = 300 was

reasoned [26] “to match the shorter time scales of the vortices in the wake".

Three different wake modes were identified by Pier [27] on the basis of time

evolution of the force coefficients. First, “Low-frequency helical" wake mode char-

acterised by constant drag and lateral force in the range 225 ≤ Re ≤ 250 was

reported. In the second, a “Quasi-periodic vortex shedding" mode where lift

coefficients displayed quasi-periodic oscillations, was reported. Lastly, a “High-

frequency helical" mode was characterised by rotational speed of the flow close

to the sphere rotation.

The only experimental study by Skarysz et al. [78] was carried out for Re =

250 and 0 ≤ α ≤ 1. A symmetric influence on vortical structure was observed

with respect to sign of rotation. They found that counter-clockwise rotation of the

sphere induces a positive stream-wise vorticity in the wake rendering the flow to

be periodic and helical.

5.1.2 Rotation about transverse axes

A transversely rotating sphere has been described as consists of two hemispheres

[28, 30–33]. The one where the surface velocity assists the flow is called retreat-

ing side, while the one that opposes the free stream is known as advancing side.

These studies found deflection of the wake towards the advancing side. More-

over, negative transverse vorticity always accumulates towards advancing side

with average lift force directed opposite to the wake deflection i.e, towards the

retreating side.

The reverse directions of wake deflection and lift force is similar to a rocket

propulsion where the exhaust emits downward but the rocket moves upward. Ter-

minology of advancing and retreating side was absent in the work by Kim [29],

though wake deflection was reported towards advancing side. A planar-symmetry

in the flow was reported [28–33] about a plane normal to the transverse axis.
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When the sphere rotates about the transverse axis, Giacobello et al. [28] and

Kim [29] independently observed suppression of vortex shedding in the range

0.5 ≤ α < 0.8 and 0.4 ≤ α ≤ 0.6, respectively, at Re = 300. On increasing

α further, vortex shedding resumed and was attributed to shear layer instability.

Focussing on higher rotational speeds, Dobson et al. [32] found a new “separatrix"

regime for α ≥ 2.25 at Re = 300. The separatrix divides the free stream flow and

the surface driven boundary layer. Poon et al. [33] coined a “shear layer–stable

foci" regime at Re = 500, α = 1 and 640 ≤ Re ≤ 1000, α ≥ 0.8 where rms of force

coefficients increase significantly.

5.1.3 Rotation about an inclined axis

Particles or droplets in engine combustion and chemical processing are required

to follow a specified path, but collisions among particles and wall deviate their

trajectories. This deviation may result in rotation of the particles about an arbitrary

direction. Poon et al. [30, 31] observed the effects of inclination of the rotational

axis from stream-wise to transverse direction with two intermediate inclinations

π/6 and π/3 were also considered. The effect of inclining the axis was most

evident forRe = 300,α = 0.5. At these parameters the flow was found to be frozen

[26] and steady [28, 29] for stream-wise and transverse rotations, respectively.

However, the two intermediate inclinations lead to an unsteady flow.

5.1.4 Need of the present work

Structures in a flow can acquire motions along any of the six degrees of freedom.

However, only a few studies [49–52] exist on combined rotational and transla-

tional motions for a circular cylinder. Vortex-induced vibration (VIV) studies exist

mainly on three translational dof neglecting the rotational ones. Moreover, in

many chemical processing industries the particle migration depends on the colli-

sion with walls providing simultaneous oscillation and rotation to the particles. To
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74 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

get an insight of the physics involved in generalized VIV (dof greater than one),

uniform flow past a sphere undergoing transverse oscillation and rotation simul-

taneously has been explored.

5.2 Computational details

A sphere of diameter D simultaneously rotates with a constant angular velocity Ω

and oscillates transversely (as in the previous chapter) in uniform incompressible

flow (U ). Figure 5.1 shows the computational domain and boundary conditions

x

z

ye = A sin(ωt)

n̂

A = forcing amplitude

ω = 2πfe

fe = forcing frequency

y

Ω

r = position vector

us = Ω × r + Aω cos(ωt)ĵ;∇p · n̂ = 0

∂u
∂x

= ∂v
∂x

= ∂w
∂x

= 0; p = 0

n̂ = unit normal vector

∂u
∂z

= ∂v
∂z

= w = 0;
∂p
∂z

= 0

ye = forcing motion

∂u
∂y

= v = ∂w
∂y

= 0;
∂p
∂y

= 0

∂u
∂y

= v = ∂w
∂y

= 0;
∂p
∂y

= 0u = U , v = w = 0;
∂p
∂x

= 0

16D

25D

D
16D∂u

∂z
= ∂v

∂z
= w = 0;

∂p
∂z

= 0

us = sphere’s surface velocity
Ω = sphere’s angular velocity

5D

Figure 5.1: Schematic diagram of the oscillating and rotating sphere

in the inertial frame of reference. Four orientations of the rotational axes are

considered. First three cases correspond to rotational axis aligned to the primary

(x, y or z) axes while in the last case rotational vector has equal components

along all three primary axes.

In addition to the transverse motion, if the non-inertial frame of reference is

allowed to have rotation, extra pseudo force term [53] arises on the right hand

side of the momentum equation. To avoid computations of such an extra force

term, only the translating non-inertial frame, same as in the previous chapter, is

considered. It should be noted that retaining the same translating non-inertial
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5.3. Time signals 75

frame for the simultaneously oscillating and rotating sphere is possible because

the present problem considers only constant angular velocity of the sphere.

The governing equations, computational details and solution strategy remain

the same as in the previous chapter. Rotation of the sphere is accounted by

additionally imposing velocity on the surface of the sphere. If (xb, yb, zb) represents

cartesian coordinates of a point on the surface, then the imposed velocities are

Rotation about x : − 2αxzbĵ + 2αxybk̂ (5.1a)

Rotation about y : 2αyzbî− 2αyxbk̂ (5.1b)

Rotation about z : − 2αzybî+ 2αzxbĵ (5.1c)

Rotation about xyz : 2(αyzb − αzyb)̂i− 2(αxzb − αzxb)ĵ + 2(αxyb − αyxb)k̂ (5.1d)

where α(αx, αy, αz) = DΩ/2U is the normalized angular velocity. Simulations are

performed for fR = 1.3, 0.8 and αx = αy = αz = 1.2 with ∆t = 0.001 at Re = 300.

5.3 Time signals

Uniform flow past a stationary sphere is unsteady at Re = 300. In general, ad-

ditional oscillation (or rotation) of the sphere enhances (or suppresses) the un-

steadiness in the flow. Time evolution of the force coefficients in conjunction with

the sphere’s motion reveal time dependency in uniform flow past a simultaneously

oscillating and rotating sphere.

Rotation of a sphere about an axis generates non-zero components of surface

velocity and force along the remaining two axes (the "Robins effect"). Resultant

of these force components accounts for net lift generated on the sphere due to

rotation. Inclination of this resultant force with any of the two axes is called lift

angle β.

Kim & Choi [26] originally introduced β for a stream-wise rotating sphere. They

suggested that the time period of rotation of vortical structures and lift angle are
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76 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

same. Moreover, rotational speed of the vortical structures was determined by the

slope in the time evolution of β. Furthermore, for the cases where time evolution

of β did not provide a fixed slope, the speed was estimated in a time-average

sense. To identify rotational aspect of the wake β is associated with a subscript

which refers to the axis of rotation in the present study.

5.3.1 Larger forcing frequency (fR = 1.3)

Figure 5.2 shows time signals of CD, CL, CH and β at fR = 1.3. Since non-
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Figure 5.2: Time signals of force coefficients (CD, CL, CH) and lift angle (β) at
fR = 1.3. Red, blue, black and green colours correspond to rotations about x, y,
z and xyz, respectively
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dimensional time period of sphere’s oscillation is Te = 1/Ste = 1/(fRSt0) =

1/(1.3 × 0.137) = 5.61, the shown time interval of 90 units cover approximately

90/5.61 ≈ 16 oscillation cycles.

Peak-to-peak amplitude of CD signal for x rotation is least (C ′D = 0.04); and

point out that this signal is heading towards steadyness. Completion of 32 peri-

odic cycles in CD for rotation about x and y (blue) over 16 oscillation cycles of the

sphere suggests symmetric vortex shedding. On the other hand, completion of

16 cycles for rotation about z (black) and xyz (green) suggests asymmetric vor-

tex shedding. The CD signal for rotation about xyz attains higher amplitude and

fluctuations as now the rotational speed has become
√

3 times the other cases.

Completion of 16 periodic cycles in CL indicates lock-in for each orientation of

the rotational axis. Zero CH signal for rotation about z demonstrates the preserva-

tion of planar-symmetry observed for purely oscillating sphere (previous chapter).

In contrast, non-zero CH signals reveal breaking of this planar-symmetry in the

flow for all the other orientations of the rotational axis.

The lift angle β determines the rotational capability of the wake, and has dif-

ferent expressions as given by Eq. (5.2)

βx = tan−1

(
CH
CL

)
, βy = tan−1

(
CH
CD

)
, βz = tan−1

(
CL
CD

)
(5.2)

for x, y and z rotations. Subscripts of β in Fig. 5.2 are removed as different

colours are assigned for rotation about each axis. For rotation about xyz axis

only βz is plotted as fluid rotation about z axis (measured by ωz) is observed to

be significantly close to the wake structure. Largest and smallest range of β for

rotation about x and y, respectively, reveal extreme rotation in the wake.

Phase-portraits

Figures 5.3−5.6 show phase-portraits of force parameters with respect to sphere’s

oscillation for all the cases. One closed lobe in these portraits demonstrate the

lock-in condition for all the cases. Lock-in observed now is different from the pre-
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Figure 5.3: Phase-portraits at fR = 1.3
for rotation about x
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Figure 5.4: Phase-portraits at fR = 1.3
for rotation about y
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Figure 5.5: Phase-portraits at fR = 1.3
for rotation about z
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Figure 5.6: Phase-portraits at fR = 1.3
for rotation about xyz

vious chapter. Here the wake is observed to be locked from both oscillation and

rotational aspects. Preservation of lock-in implies that the imposing character of

the oscillating motion can survive even if the sphere rotates.

Two closed lobes in CD − ys plot for rotation about x and y confirm the sym-

metric vortex shedding. Non-linearity was judged by the frequency spectra. For

rotation about y, the amplitude of the higher harmonics is more implying growth

of non-linearity resulting in jagged lobes in Fig. 5.4(a). Location of the lobe in
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CH − ys curve above or below the CH = 0 axis determines breaking of the planar-

symmetry observed for a purely oscillating sphere.

For a purely rotating sphere βx, βy and βz must lie in the range ±180◦. Phase-

plots for β show departure from this ideal range which implies that oscillation

of the sphere hinders full rotation of the wake. Largest enclosed area for βx

highlights greater rotational tendency of the wake for rotation about x axis. On

the other hand, smallest enclosed area for βy points out least rotation in the wake

as the axis of rotation coincides with the direction of oscillation.

5.3.2 Smaller forcing frequency (fR = 0.8)

Time signals for fR = 0.8 are shown in Fig. 5.7. Since time period of sphere’s

oscillation is now 9.12, time span shown covers 90/9.12 ≈ 10 oscillation cycles.

As only the red signals (CL) complete 10 periodic cycles, lock-in observed at

fR = 1.3 is absent at fR = 0.8 except for rotation about the x axis.

A closer look at CL signals show repetition in patterns after every 2 cycles of

sphere oscillation for rotation about z. However, for rotation about y and xyz axes

no fixed pattern is observed. This loss of fixed pattern can be attributed to the

presence of multiple frequencies in the CL frequency spectrum. Thus, at a lower

frequency of oscillation, unlike higher fR, transverse motion interacts strongly

with the rotating motion which transforms the periodic wake into a quasi-periodic

or chaotic one.

Similar to fR = 1.3, planar-symmetry is preserved and broken for rotation

about z and other axes, respectively. The trend in β is similar to that at fR =

1.3. However, the larger range of β for x rotation, as compared to Fig. 5.2,

reveals higher tendency of the wake to rotate in absence of high frequency lateral

movement.

Phase-portraits

Occurrence of single closed lobe in Fig. 5.8 confirms the locked state of the wake

for rotation about x. On the other hand, absence of it in Figs. 5.9, 5.10 and
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Figure 5.7: Time signals of force coefficients (CD, CL, CH) and lift angle (β) at
fR = 0.8. Red, blue, black and green colours correspond to rotations about x, y,
z and xyz, respectively

5.11 confirms the departure. The lack of synchronization of the wake at fR = 0.8

implies that the imposing character of the transverse oscillation is over powered

by the rotational motion. Larger enclosed area in β − ys curve for x-rotation at

fR = 0.8 as compared to fR = 1.3 signifies higher rotation of the wake.

Change of trajectories in Figs. 5.9 and 5.11 is a consequence of no fixed

pattern in the time signals, and reflect the chaotic nature of the flow (or highly

irregular). Two distinct lobes are observed in Fig. 5.10 as period of the flow is

twice the sphere’s motion which indicates a quasi-periodic nature of the wake.
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Figure 5.8: Phase-portraits at fR = 0.8
for rotation about x
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Figure 5.9: Phase-portraits at fR = 0.8
for rotation about y
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Figure 5.10: Phase-portraits at fR = 0.8
for rotation about z
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Figure 5.11: Phase-portraits at fR = 0.8
for rotation about xyz

5.3.3 Global flow parameters

Table 5.1 compares the average global flow parameters obtained from the time

signals shown in Figs. 5.2 and 5.7. Higher values of rms quantities (C ′D, C
′
L) at

fR = 1.3 over fR = 0.8 implies greater fluctuations in the near wake. Source

of these higher fluctuations can be attributed to lower vortex formation length

and higher vortex shedding frequency at fR = 1.3 (as observed in the previous

TH-1769_09610312



82 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

Axis fR < CD > < CL > < CH > C ′D C ′L C ′H < β >

x
1.3 1.27 −7× 10−5 −5× 10−3 0.04 0.42 4× 10−3 -1.57
0.8 1.17 3× 10−4 −3× 10−3 9× 10−3 0.23 3× 10−3 -1.19

y
1.3 1.07 −8× 10−5 0.03 0.12 0.54 0.01 0.03
0.8 1.18 −2× 10−3 0.07 0.09 0.16 0.01 0.06

z
1.3 1.03 -0.26 1× 10−6 0.35 0.46 5× 10−7 -0.27
0.8 1.05 -0.41 −4× 10−8 0.30 0.35 1× 10−6 -0.36

xyz
1.3 1.45 -0.32 0.02 0.37 0.53 0.01 -0.27
0.8 1.33 -0.52 0.03 0.25 0.29 0.01 -0.39

Table 5.1: Comparison of the global flow parameters

chapter). Based on this reasoning average drag coefficient (< CD >) should

follow a similar trend. However, it violates this behaviour at fR = 1.3 for rotation

about y and z, and thus < CD > at fR = 0.8 exceed that at fR = 1.3 for these

rotations.

In the present problem, the flow is influenced by the oscillation as well as

rotational motion of the sphere. In another words, there is a competition between

the oscillation and rotational motion. The increased < CD > at fR = 0.8 can be

explained from the perspective of rotational motion. For a transversely rotating

sphere Giacobello et al. [28] observed that the shear layer over the retreating

side retracts upstream with increasing rotation rate which results in increase in

< CD > with α. At a lower oscillation inertia, fR = 0.8, the flow is governed more

by the rotation than oscillation which causes increase in < CD >.

Rotation about y generates a velocity component in the flow along the negative

z direction in accordance with Eqs. (5.1b) and (5.1d). This velocity generates a

centrifugal force in the flow towards the negative z direction. In reaction to this

centrifugal force, the sphere experiences a force along positive z direction which
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5.4. Vortical motions 83

is the source of increased < CH > and C ′H for y and xyz rotations. The higher

magnitudes of < CH > and C ′H at fR = 0.8 clearly points out dominance of

rotational motion at smaller transverse velocity.

Last column in the Table 5.1 shows average values of β in radians. At each

fR the average value shows a decreasing trend (in magnitude) as the axis of

rotation aligns from x to z and then to y. Higher values of β at fR = 0.8 over

fR = 1.3 confirms domination of rotational effects at lower fR because of the

lower oscillation inertia. Though < β > is lower for x rotation at fR = 0.8 than at

fR = 1.3, the rotational tendency is found to be higher.

5.4 Vortical motions

A fluid element can undergo four different types of motion or deformation: trans-

lation, rotation, extensional strain and shear strain. The rotational motion in the

flow is generally measured in terms of vorticity which is defined in the direction of

angular velocity of the fluid element having twice its magnitude.

In the present study vortical motion in the wake is observed at eight equi-

spaced instances over an oscillation cycle of the sphere. Planar contours of three

components of vorticity i.e., stream-wise (ωx), transverse (ωy) and vertical (ωz) at

x = 1.5, y = 0 and z = 0 planes, respectively, are analysed. Solid and dashed

lines (levels±1,±0.5) are used to represent positive (anti-clockwise) and negative

(clockwise) vorticities, respectively. It should be noted that the sense of rotation

depends upon the viewing direction. For example, y-z plane can be looked from

positive and negative x axis. A clockwise rotation from the positive x axis appears

to be anti-clockwise if viewed from negative x direction. Therefore, the orientation

of the axes in the planar plots of vorticity contours is oriented in such a way that

solid contour rotates in anti-clockwise direction while negative in the clockwise.

Three-dimensional iso-surfaces of wake structure (Q = 0.07) are overlayed by the

vorticity component along the axis of rotation (levels ±0.5) in order to relate the
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84 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

significance of Q criterion with vorticity for visualizing the topology of the wake.

Green, blue and red colours represent wake structure, negative and positive vor-

ticity components along the rotational axis, respectively.

5.4.1 Larger forcing frequency (fR = 1.3)

Existing literature on transversely rotating sphere [28–33] suggests no difference

between the transverse and vertical axes. However, studies on a stationary

sphere [18, 21] have reported different values of force coefficients along these

two directions which suggests lack of similarity in them. In the present problem

due to the transverse oscillation flow behaviour is expected to exhibit difference

along these two axes. Moreover, the stream-wise rotation [26, 27, 78] causes

different flow features. To develop a clear understanding of the flow, the rotation

about each of the four axes is presented separately.

Case I: Stream-wise (x) rotation

Figure 5.12(a)-(c) shows time evolution of force coefficients, planar stream-wise

vorticity contours and three dimensional wake structure at eights instances (marked

by black dots in the signals) over an oscillation cycle of the sphere. Two cycles in

the CD signal are seen due to symmetric vortex shedding. For a purely rotating

sphere at Re = 300 and αx = 1.2 wake was characterised [27] by same frequen-

cies and amplitudes of CL and CH . Though the frequencies of CL and CH are

same here, their amplitudes differ significantly (C ′L = 0.42, C ′H = 0.004 in Table

5.1). High amplitude of CL is obtained because of additional oscillating motion of

the sphere.

Figure 5.12(b) and (c) display the locked state of the wake by same flow pat-

terns in frames (i) and (viii). The solid line contours representing positive stream-

wise vorticity are more stronger than the dashed lines contours. This observation

is similar to the previous studies [26, 78] that stream-wise rotation strengthens

the positive vorticity and weakens the negative ones.
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Appearance of stream-wise vorticity contours in Fig. 5.12(b) along ±y direc-

tions are same over an oscillation cycle of the sphere. Consequently, averageCL

is approximately zero as seen in Table 5.1 which is the result of symmetric vortex

shedding.

Figure 5.12(c) shows the wake structure (green) overlayed by stream-wise

vorticity (red-positive and blue-negative). Absence of negative ωx (blue) in far

downstream immediately confirms higher intensity of positive ωx. This observa-

tion supports the strengthening of positive vorticity as seen in the planar contours.

The Q structure indicates the wake as a chain of vortex loops oscillating in

alternating sides of the sphere as seen in the previous chapter. Additionally, the

chain has anti-clockwise rotation about the x axis. This rotation drives the bound-

ary layer around the sphere’s surface and twists the shear layers from top and

bottom surfaces of the sphere. Consequently, an interwinding pattern between

negative and positive ωx is seen. The twisting nature of the chain suggests a

helical wake which was previously reported [26, 27, 78].

Appearance of the contours helps in determining the location of the chain. Fig-

ure 5.12(b) shows that contours are on negative y from frames (iii) to (v) whereas

they are towards positive y in the other frames. To see how the appearance of

these contours determines the location of the chain, consider frame (v). The con-

tours are on negative y and the chain sweeps in the negative y direction. More-

over, the fifth instance corresponding to frame (v) shows a positive CL implying

that the CL is exerted in an opposite direction of the chain movement.

Case II: Transverse (y) rotation

Symmetric vortex shedding is seen to occurs for y-rotation also which is evident

from the two CD cycles in Fig. 5.13(a). Table 5.1 shows that C ′D (wake oscillation)

shoots from 0.04 to 0.12 for x to y rotation. Fluctuations have a strong connection

with increase in oscillation of stream-wise velocity and pressure which leads to

fragmented ωx seen in Fig. 5.13(b).
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Giacobello et al. [28] found that the introduction of sphere rotation increases

the surface-to-free stream velocity gradient on the advancing side of the sphere

and decreases it on the retreating side. This leads to a progressive intensifica-

tion and thinning of the shear layer released from the advancing side. On the

other hand, shear layer on the retreating side is weakened and pulled towards

the advancing side.

Poon et al. [33] stated that “most of the vortices are released from the shear

layer on the advancing side". This observation suggests that the vorticity dynam-

ics in the wake is dictated by the generation, diffusion and convection of vorticity

on the advancing side.

The observations made by Giacobello et al. [28] and Poon et al. [33] com-

binedly implies a deflection in the wake towards the advancing side of the sphere

along with narrowing of the wake. Comparing the contours in Figs. 5.12(b) and

5.13(b), it is observed that now the contours are not symmetrically placed about

z = 0, but tilted along negative z direction (downward) which is the advancing

side. Consequently, the sphere in reaction to the downward deflection experi-

ences an upward force evident by CH > 0 signal in Fig. 5.13(a).

Figure 5.13(c) shows the Q structure (green) overlayed by the iso-surfaces of

transverse vorticity (red-positive and blue-negative). The wake is a chain oscillat-

ing on both the sides with an additional anti-clockwise rotation about the y axis.

Appearance of clockwise transverse vorticity (blue) on advancing side (−z) of the

sphere is in agreement to the literature [28, 30–33].

A closer look at the blue and red coloured iso-surfaces display an anti-clockwise

and clockwise sense of rotation, respectively, which is contrary to what they must

be. The reason for this contradiction is the viewing direction explained in the sec-

ond paragraph of section 5.4. Therefore, to see the true sense of rotation we must

see these iso-surfaces from the positive y axis. Only then blue and red coloured

iso-surfaces will display clockwise and anti-clockwise rotations, respectively.
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A comparison of the wakes in Figs. 5.12(c) and 5.13(c) demonstrate a nar-

rower wake for y-rotation. This narrowing of the wake is expected based on the

observations of Giacobello et al. [28] and Poon et al. [33]. A planar-symmetry

reported [28–33] for a transversely rotating sphere is absent here because of the

simultaneous oscillating motion of the sphere, which generates high fluctuating

force along the y axis.

Case III: Vertical (z) rotation

One cycle of CD in Fig. 5.14(a), unlike the two previous cases, suggests asym-

metric vortex shedding. In contrast x, y rotations, now the ωx contours accumulate

on positive y side. This observation suggests deflection of the wake towards pos-

itive y (advancing side of the sphere). In reaction to this the sphere experiences

a lift along the negative y direction which is evident by a non-zero < CL >= −0.26

in Table 5.1.

The stream-wise vorticity is found to be symmetric about z = 0 in such a way

that negative and positive contours are aligned vertically over each other. The

wake also shows a planar symmetry in the flow about the horizontal midplane,

z = 0. This symmetry is attributed to CH = 0 as also observed for a purely

oscillating sphere in the previous chapter.

Kim [29] reported upward deflection of the wake with CL < 0 while Poon et al.

[33] and others [28, 30–32] found it to be downward with CL > 0 for a transversely

rotating sphere. This difference in deflection of the wake is owing to the selection

of transverse axis (y or z). A remarkable finding [28–33] for a transversely rotating

sphere is that the deflection of the wake and appearance of the clockwise vorticity

is always on the advancing side, whichever axis (y or z) is selected.

In the present work, the advancing sides are −z and +y for rotations about

y and z, respectively. Therefore, the deflection of the wake and appearance of

clockwise vorticity (along the direction of rotation i.e., ωy and ωz for y and z rota-

tions, respectively) represented by blue coloured iso-surfaces are on the advanc-

ing side of the sphere. Similar to x and y rotations, the wake is a chain on
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alternating sides, but now the chain has an anti-clockwise rotation about the z

axis.

Case IV: All-axes (xyz) rotation

This case corresponds to four dof (one transverse oscillation and three rotations

about the primary axes) of the sphere which makes it relevant with practical situa-

tions. The rotational velocity is composed of equal components along x, y, z axis

i.e., αx = αy = αz = 1.2 making resultant speed as
√

3 times the other cases.

This case is expected to demonstrate a combination of flow features observed for

three primary rotations. Additionally, this case serves to reveal the flow physics

at a higher rotating speed i.e.,
√

3× 1.2.

Table 5.1 for rotation about y axis shows that < CL > is zero, but < CH > is

non-zero. On the other hand, for z rotation < CL > is non-zero, but < CH > is

zero. As stated above the present case must reflect the features of both y and z

rotations which is supported by non-zero < CL > and < CH >. Moreover, to mark

a higher rotation speed, < CD >= 1.45 and C ′D = 0.37 are the highest among all

the cases. An increase in average CD, CL with α was previously reported [28–

30] for a transversely rotating sphere. Kim & Choi [26] accounted the increase in

average CD with α to increasing pressure coefficient for a stream-wise rotating

sphere.

Contours of stream-wise vorticity in Fig. 5.15(b) are seen to shift towards

positive y direction the most among all the cases. Consequently, the sphere

experiences largest negative reaction force along y direction which is evident from

maximum magnitude of < CL > (−0.32) in this case. Twisting motion of the wake

is observed to change the position of positive and negative ωx in Fig. 5.15(b)

which can be attributed to the non-zero component of surface velocity along x.

Transverse and vertical vorticity contours in Fig. 5.16 indicate deflection of

the wake towards negative z and positive y directions, respectively. The sphere

in reaction experiences forces along −y and +z directions leading to asymmetric

vortex shedding and breaking of planar symmetry in the flow. The wake is seen
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94 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

to reveal the locked sate even though the flow does not exhibit planar symmetry

or symmetric vortex shedding. The vortical structures, shown in Fig. 5.15(c),

are overlayed by iso-surfaces of ωz as vertical component of vorticity is found to

be prominent. In addition to oscillation along y, the wake exhibits anti-clockwise

rotation about all the three primary axes. The wake seems to shed Ω-shaped

loops with a nose in the middle of the loops as seen in Fig. 5.15(c). For a rotating

sphere Poon et al. [30] observed distorted Ω-shaped structures. Moreover, in

case of a stationary sphere at very highRe, Taneda [79] experimentally and Jindal

et al. [80] numerically found these structures with an offset from stream-wise axis

causing non-zero lateral forces.

5.4.2 Smaller forcing frequency (fR = 0.8)

Simultaneous oscillation and rotation of the sphere in uniform flow offers two dif-

ferent perspectives. In one study the focus can be on the rotational motion by

changing the speed and orientation of the axis while fixing the oscillation motion.

On the other hand, the focus can be on the oscillation motion by changing the

amplitude and frequency ratio while keeping the rotational motion unchanged.

The previous section 5.4.1 focussed mainly on the effects of change in orien-

tations of the rotational axis at a fixed fR = 1.3. In this section, the same rotational

speed and axis of orientations are considered at lower fR = 0.8. Therefore, the

gross flow features are expected to be similar to the previous section from rota-

tional point of view. However, the change in fR is expected to modify the flow from

oscillation point of view.

Case I: Stream-wise (x) rotation

Figure 5.17 confirms the locked state of the wake similar to that at fR = 1.3, but

positive extension of βx as compared to Fig. 5.12 signifies rotational motion be-

gins to overpower translation at a lower fR. Among all the eight cases considered,

the CD signal in Fig. 5.17(a) demonstrates the least fluctuations. Accordingly,
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96 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

Table 5.1 shows the smallest rms value C ′D = 9 × 10−3. The least fluctuations

marked by the smallest rms value imply damping of the unsteady nature in the

flow. In other words, the unsteadiness in the flow which is primarily caused by the

oscillation of the sphere is suppressed by the simultaneous stream-wise rotation.

Pier [27] reported a steady CD signal for a stream-wise rotating sphere at Re =

300 and αx = 1.2. Thus, one can argue that at a smaller oscillating frequency, the

oscillating character is replaced by the rotational one.

Symmetric distribution of ωx contours along ±y results in < CL >= 0 over

a period of ys and two cycles of CD again suggest symmetric vortex shedding

similar to that at fR = 1.3. A higher fluctuation at fR = 1.3 is seen by comparing

the CL signals in Figs. 5.12 and 5.17. In accordance to higher fluctuations, the

contours of ωx at fR = 1.3 spread to a larger extent than at fR = 0.8.

Vortical structures shown in Fig. 5.17(c) indicate the wake sheds distorted

horse shoe loops with two legs on each arm of the shoe. These legs appear due

to stream-wise vorticity generated owing to the rotation. Vortex loops are seen

to be more elongated than in Fig. 5.12 because of increased vortex formation

length at fR = 0.8.

Case II: Transverse (y) rotation

All the cases so far have demonstrated lock-in which is a phenomenon associated

with an oscillating structure. For a stream-wise rotating sphere Kim & Choi [26]

reported a Frozen regime at Re = 300 where ratio of the revolution time of the

vortical structure to that of the sphere becomes nearly one. This implies that

the vortical structure rotate nearly in phase with the rotating sphere similar to

the solid-body rotation. They preferred calling this regime as frozen instead of

lock-in (or phase-locked) because lock-in occurs from oscillation having a certain

frequency, but this phenomenon is an outcome of steady rotation.

The values of CL, CH , βy signals in Fig. 5.18(a) do not repeat over an oscilla-

tion cycle of the sphere. This non-repeating pattern reflects departure from the

lock-in condition. Deviation from lock-in is also evident from different topologies
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98 Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

of ωx and Q structure shown in frames (i) and (viii) of Fig. 5.18(b) and (c).

Among all the orientations of the rotational axis, rotation about y generates

maximum vertical force CH . A large vertical force results in significant departure

from the planar-symmetry acquired in case of a purely oscillating sphere in the

previous chapter. Table 5.1 shows increase in < CH > from 0.03 to 0.07 as fR

drops from 1.3 to 0.8. This increase also confirms dominance of rotational effects

over transverse oscillation at lower fR where transverse movement of the wake

is small. The ωx contours in Fig. 5.18(b) are more deflected towards negative

z direction than in Fig. 5.13(b). Similarly, the vortical structure in Fig. 5.18(c)

shows more rotational tendency than in Fig. 5.13(c). Both these observations

further prove the dominance of rotational effects at a lower fR.

Case III: Vertical (z) rotation

Non repeating behaviour of the flow patterns (ωx contours and Q) in Fig. 5.19

(b),(c) (i)-(viii) suggests lack of wake synchronization as found for the previous

case. Among the three cases, rotation about z generates the maximum (in mag-

nitude) lift force CL. Table 5.1 shows increase in < CL > from -0.26 to -0.41 as fR

changes from 1.3 to 0.8. This again confirms the domination of rotational effects

at a lower fR which was also observed for x and y rotations.

The contours and wake display the existence of planar-symmetry at fR = 0.8

for rotation about z as was observed at fR = 1.3. Retaining the planar-symmetry

in absence of lock-in is rather surprising as departure from it indicates over power-

ing of the rotational effects while planar-symmetry is an attribute of the oscillating

motion.

Case IV: All-axes (xyz) rotation

A higher < CL >= −0.52 is found for this case as rotational effect is largest in this

case among all the cases studied. The largest average CL is in agreement with

Poon et al. [30] where < CL > is seen to increase with α and inclination of the

rotational axis from the stream-wise direction.
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Figures 5.16(a) and 5.20(a) show attainment of maximum CD at the seventh

and sixth instances, respectively. Corresponding to these two instances the trans-

verse and vertical vorticities convect downstream to distances 7.85, 7.55 and 10.4,

8.6. This observation clearly indicates that the downstream movement of the

transverse and vertical vorticities is higher at fR = 1.3.

Solid walls act as a source of vorticity which eventually diffuses within a thin

shear layer due to the viscosity of the fluid. The diffused vorticity is convected in

the downstream direction by the oncoming uniform flow. As the vorticity convects

downstream, the solid wall in reaction to the detachment of vortices experiences

a drag force. Higher the rate of detachment greater is the travelling distance of the

vortices leading to a greater drag force. This explains the highest < CD >= 1.45

at fR = 1.3.

For a rotating circular cylinder in uniform flow Mittal & Kumar [64] reported an

asymmetry in strength and location of positive and negative vortices. Additionally,

some of the vorticity generated on the rotating cylinder appeared to be wrapped

around it. A similar observation of wrapping of the vorticity was also observed

by Dobson et al. [32]. Third and sixth instances in Fig. 5.20(a) correspond to a

minimum and maximum of CL, respectively. A closer look at Fig. 5.20(b) reveals

that the transverse vorticity contours exhibit wrapping of the positive and negative

ωy at third and sixth instances. This partial covering of the vorticity also occurs

on the sphere surface. These two observations further reveal that more positive

vorticity in reaction, will exert more negative force on a structure.

Among all the cases the ωx contours in Fig. 5.21 are seen to shift most to-

wards positive y to mark the most negative < CL >. The vortex chain in com-

parison to Fig. 5.15 is more thinner and straighter. Mittal & Kumar [64] for a

rotating circular cylinder observed the thinning (or narrowing) of the wake at high

rotational speeds. The highest rotational effects (due to highest speed and lowest

fR) for this case renders thinning of the wake. Furthermore, the rotational effects

become so high that the side-to-side movement of the chain is lost, and the wake
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5.5. Summary of features in the flow 103

appears to follow a straight path.

5.5 Summary of features in the flow

Based on time evolution of the flow, state of the wake and vortical structures,

different flow regimes are identified and they are tabulated in this section.

5.5.1 State of the wake

A complex relation between the lock-in (due to transverse oscillation) and sphere

rotation has been found to be the key to categorize the state of the wake. It is

observed that at fR = 1.3 lock-in occurs for all the orientations of the rotational

axis. Though, the rotational speed is high (α = 1.2), a synchronized wake implies

that the oscillating character of the flow still prevails. On the other hand, at fR =

0.8, lock-in is only observed for rotation about x axis. This fact clearly indicates

that the rotation hinders and even overpowers the oscillation as the sphere loses

its transverse inertia. Locked or unlocked state of the wake is represented by L

or U, respectively, in the third column in Table 5.2.

5.5.2 Nature of vortex shedding

For a purely oscillating sphere, vortex shedding was found to be symmetric, char-

acterized by zero-mean-lift for locked state. However, as rotational motion is

added, vortex shedding for most of the cases is found to be asymmetric. This

asymmetric shedding can be attributed to dissimilar strength and location of the

attached shear layers created by the rotation of the sphere. At fR = 1.3 with rota-

tion about z the state of the wake is locked, but shedding is seen to be asymmetric

which is contrary to what is expected. The fourth column in Table 5.2 summarizes

the nature of vortex shedding.
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104Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

Axis fR State Shedding Nature Rotation Wake

x
1.3 L Symmetric FP Assisted HX
0.8 L Symmetric FP Strongly assisted HE

y
1.3 L Symmetric FP Strongly opposed NW
0.8 U Weakly asymmetric CH Opposed PR

z
1.3 L Asymmetric FP Weakly assisted PL
0.8 U Strongly asymmetric QP Weakly assisted PL

xyz
1.3 L Asymmetric FP Weakly assisted TL
0.8 U Very strongly asymmetric CH Weakly assisted HN

Table 5.2: Summary of features in the flow

5.5.3 Nature of flow

As the imposed oscillation is sinusoidal, the cases where lock-in is observed the

flow is fully-periodic (FP). In asynchronous state, the flow demonstrates two types

of time evolution: quasi-periodic (QP) and chaotic (CH). The quasi-periodic nature

is assigned if the flow is periodic but with a different periodicity than that of the

sphere. At fR = 0.8, the periodicity in the flow for rotation about z is twice the

imposed oscillation. However, no specific pattern of time evolution is observed

for rotations about y and xyz at fR = 0.8, and the flow is referred to as chaotic.

Nature of time evolution of the flow for all the cases is listed in the fifth column of

Table 5.2.

5.5.4 Response of the wake to rotation

Response of the wake to the imposed rotation, characterized by the lift angle β,

can be an assisting or opposing. Largest and smallest enclosed areas in the

β − ys curve are found for rotation about the x and y axis, respectively. This

observation suggests that rotation about x assists while that about y opposes (or
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5.5. Summary of features in the flow 105

resists) the wake’s rotation. On the other hand, an intermediate area for rotation

about z implies a weak assistance to the rotation of the wake.

5.5.5 Visualization of the wake

For direct comparison of vortical structures, iso-surfaces of Q are plotted in Fig.

5.22 at the instances when CL is minimum. Structures at fR = 0.8 are more

fR = 1.3 fR = 0.8

x

y

z

xyz

Figure 5.22: Representative wake structure of each flow regime

elongated because of lower vortex shedding frequency than at fR = 1.3 which

promotes larger residence time in the near wake. Higher intensity of the anti-

clockwise vorticity (shown in red colour) than the clockwise (shown in blue colour)

one along the direction of rotation is evident in all the cases. This higher intensity

is in agreement with earlier reported studies where the anti-clockwise rotation of
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106Chapter 5. Uniform flow past a simultaneously oscillating and rotating sphere

the sphere strengthens and weakens the anti-clockwise and clockwise vorticity,

respectively.

For rotation about x the wake resembles a helix (HX) and horseshoe (HE) at

fR = 1.3 and 0.8, respectively. However, for rotation about y the wake becomes

narrower (NW) at fR = 1.3 and appears as a propeller (PR) at fR = 0.8. As in case

of purely oscillating sphere in the previous chapter, the wake displays a planar-

symmetry about the horizontal midplane characterized by < CH >= C ′H = 0

which is denoted by PL for rotation about z. Lastly for rotation about all axes,

systematic chain like (HN) structures at fR = 0.8 become tangled (TL) at higher

frequency ratio (fR = 1.3). Last column in Table 5.2 tabulates shape of the vortical

structures.
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Chapter 6

Conclusions

This chapter consolidates the contributions made by the present work and their

implications in the concerned research field. Also, suggestions for further re-

search are provided accordingly.

Contributions of the work

Principle contributions and findings of the present work can be summarized as

1. Limitations of the previously reported IBM technique [40] has been ad-

dressed and removed.

2. Speed-up and efficiency of the developed parallel algorithm is found to de-

viate from theoretical estimates as communication among processors in-

creases with number of processors.

3. To achieve higher error diminishing rate, BiCGSTAB (Krylov-space based

linear solver) is preconditioned by the SIP method which reasonably speed

up the calculation.

4. A mechanism of forces is proposed which illuminates the nature and direc-

tion of mechanical energy transfer for forced oscillation of a structure.

5. Phase angle (φ) between motion (ys) and transverse force (CL) is estimated

using both analytical and numerical expressions for coefficient of energy

(CE).
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6. An insightful correlation between the wake modes for forced and free oscil-

lation of a sphere is put forward.

7. The tendency of the wake to rotate in response to a varying rotational motion

of the sphere is explored and documented.

8. The lift force generated on the sphere on account of rotation in addition to

the oscillation is opposite to the direction of wake deflection.

9. Different flow features are observed for rotation about y and z axes, though

studies on purely rotating sphere treat them as same (transverse axis).

10. The departure from a possible ‘lock-in’ condition at lower oscillating fre-

quency for a simultaneously oscillating and rotating sphere is explained.

11. In the absence of ‘lock-in’ the flow is observed as either quasi-periodic or

chaotic.

12. The maximum drag force obtained at fR = 1.3 for rotation about all axes

(xyz) is associated with the increased downstream movement of the trans-

verse (ωy) and vertical (ωz) vorticities.

13. In reaction to detachment of positive vorticities (ωy and ωz), negative forces

(CL and CH) on the sphere are observed.

Answers to the questions raised in the Thesis statement

Based on the accumulated evidences from the present work, the answer to the

questions framed in section 1.4.1 are

1. Questions for the first problem

(a) Can forced transverse oscillation of a sphere in uniform flow predict the

VIV modes as in the case of a circular cylinder?

The present work was carried out for a range of frequencies ratio (0.16 ≤
fR ≤ 1.3) at fixed Reynolds number (Re = 300) and amplitude (A =
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0.5). Remarkably, for these parameters three different instabilities sim-

ilar to the first three periodic VIV modes [68] of a sphere are observed.

Occurrence of the VIV modes in forced oscillation suggests that pre-

diction of the former by the later is possible even for a sphere.

(b) When and why, the coefficient of energy (CE) is negative?

To explain the sign of CE, two forcing mechanisms attributed to the flow

(FF ) and external (FE) agent and measured by Cvortex and Cpotential, re-

spectively, are revealed. The sign of CE is determined by the dominat-

ing mechanism out of the two.

(c) Within the synchronization, what ensures equality between the forcing

(fe) and shedding (fs) frequencies?

The vertical vorticity (ωz) contours have showed that the vortex forma-

tion length reduced from 4.5D at fR = 0.8 to 4D at fR = 1.3. This

reduction in length suggests increase in fs with fR. In the synchroniza-

tion band fe/fs = 1, as fR = fe/fo and fo remains constant, increase

in fR corresponds to increase in fe. The increase in fe and fs is such

that unity ratio is always maintained.

(d) Within the synchronization for a circular cylinder, two different vortex

formation mechanism occur, what happens for a sphere?

For the oscillating sphere, a chain of vortex loops forms along the

sweeping direction. Downstream of the sphere, the two-sided chain

merges and vortex rings are formed. Within the synchronization pe-

riod formation of two vortex rings over an oscillation cycle has been

observed.

2. Questions for the second problem

(a) Can synchronization persist if the oscillating sphere also rotates?

At fR = 1.3 the wake is in locked state for all the orientations of the ro-

tational axis considered. However, at fR = 0.8 lock-in occurred only for
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rotation about the stream-wise (x) axis. These observations suggest

that the lock-in state will appear at higher oscillating inertia, but may

fail at a lower.

(b) Is there a symmetry in the flow for a simultaneously oscillating and

rotating sphere?

At Re = 300 stream-wise rotation of a sphere [26] disturbs the planar-

symmetry present for a stationary sphere. On the other hand, a trans-

versely rotating sphere possesses [29] a planar-symmetry about a plane

normal to the axis of rotation. In the present problem, planar-symmetry

is absent for all the cases (orientations and frequency ratio) except

when the sphere rotates about the vertical (z) axis. Moreover, this

observation confirms that rotation does not generate any force compo-

nent along the axis of rotation.

(c) Does orientation of the rotational axis change the flow features?

Literature on a purely rotating sphere have considered rotation about

y or z as same and treated them as transverse axis. However, the

present work finds different flow features for rotations about y and z.

Moreover, in line with the literature, rotation about x manifests features

different from y and z axes.

(d) Will the flow physics alter at a different frequency ratio?

Under simultaneous oscillation and rotation, a competition between the

two has been observed, so the physics is dictated by the dominating

motion. The present study finds different flow features for changed

oscillating frequency ratio fR.

Implications of the work

Modifications of the ghost-cell immersed boundary method (GCIBM) in chapter 2

has enhanced its capabilities. Greater values of the hydrodynamic forces for an

oscillating sphere (chapter 4) than a stationary one imply that oscillations must
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be considered in predicting fluid forces, otherwise they can be catastrophic to the

structure. Observation of the VIV modes in forced vibration for a sphere is in

line with the finding for a circular cylinder, therefore we can assert that the forced

vibration can be employed to predict the free vibration. Figure 6(b) in Govardhan

& Williamson [68] shows that Ay∗ = 0.5 which corresponds to a mass-damping

parameter (m∗+CA)ζ = 0.181. Since the present results are consistent with them,

we may suggest that the present study is applicable to the VIV of a sphere where

such mass-damping parameter prevails.

Different response of the wake to rotate about the three primary axes (x, y and

z) suggests that under combined transverse oscillation and rotation (chapter 5), a

sphere will first rotate about x then z and lastly y axis. Under dynamic conditions

(oscillations of the sphere), rotation about transverse (y) and vertical (z) axes

revealed different flow features in chapter 5, so both cannot be considered same

as is usually done for a purely rotating sphere.

Strengths

Adoption of GCIBM in an inertial frame of reference suffers from the following

difficulties: 1) to maintain an adequate spatial refinement near the solid surface

re-meshing is required at every time instant, 2) this re-meshing task puts an extra

burden for tagging of the computing cells and associated complexity of commu-

nications in parallel environment, 3) spurious force oscillations [44] for moving

boundaries are common in IBM simulation. Therefore, incorporation of the non-

inertial frame of reference alleviates these difficulties with some limitations.

A non-inertial frame of reference is used for a simultaneously oscillating and

rotating sphere, but pseudo forces on account of rotation are not computed, in-

stead velocity on the sphere’s surface is imposed. This treatment can be followed

for any such problem, provided the angular velocity is kept constant.

The imposition of Neumann boundary condition on the immersed surface, not

handled by Gao et al. [40], is discussed and demonstrated. It is a well known fact

that only such a boundary condition consistently enforces impermeability condi-
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tion on the solid surface. Moreover, Gao et al. [40] applied GCIBM on uniform

grids which is a severe limitation. Present work has extended it on highly non-

uniform 3D meshes with parallel implementation.

Limitations

Some of the limitations of the present work are

1. If an object is considered whose surface cannot be expressed as an explicit

analytical function, surface triangulation will need to be carried out. This has

not been explored in the present work.

2. The domain decomposition method causes the ghost-cells (G) and the im-

mediate fluid neighbours (i.e., the supporting points F ) to fall in different

processors. This difficult is dealt by restricting the search of F to the pro-

cessors where G lies. This approach may lead to stall or even blowing up of

the computations.

3. As non-inertial frame of reference is chosen, to deal with more than one

oscillating geometry selection of the frame will be a great difficulty.

4. Though the present three-dimensional simulations has revealed insightful

physics, the study is performed on a narrow parametric range with single

value of the oscillation amplitude (A = 0.5), Reynolds number (Re = 300)

and rotational speed (α = 1.2).

5. Discarding the pseudo forces due to rotation while constructing the non-

inertial frame makes it unable to handle cases with varying angular velocity.

This limitation is crucial as practically a structure can undergo rotation with

either a pure sinusoidal motion or even time varying angular velocity.

Suggestions for further research

The present GCIBM development can be further improved, especially if its limita-

tions are removed. To overcome the limitations of steady rotation, an oscillating
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as well as rotating non-inertial frame is suggested. The non-uniformity in distribu-

tion of the ghost-cells among different processors can be effectively handled by

communicating the missing information of the neighbouring fluid cells to the host

processors, instead of restricting the search. To increase the theoretical accu-

racy higher order schemes for time integration and spatial discretization can be

examined.

The effects of oscillation of the sphere along x and z axes also can be con-

sidered. It is important to observe the flow at high Reynolds number and different

oscillation amplitudes. Moreover, extensive studies need to be carried out to un-

derstand the exact vortex formation mechanisms in the three different modes.

For a simultaneously oscillating and rotating sphere, the obvious extension of

the work is to introduce time varying angular velocity. The vortex force (Cvortex)

helps to recognize different VIV modes for structures when considering only trans-

lation motion. In presence of rotational motion, a similar decomposition must be

sought to identify new flow features. While attempting such a decomposition, the

potential force (Cpotential) must also incorporate the angular force generated due to

rotation or a new parameter (CTorque
potential) may be defined. As for an oscillating struc-

tures, computation of coefficient of energy (CE) for a rotating structure may reveal

whether rotation about a particular axis is feasible or not. Again for computing

CE, both work done due to translation and rotation must be considered.

Final remark

This thesis attempts to reveal the physics involved in following two problems: 1)

Uniform flow past a transversely oscillating sphere and 2) Uniform flow past a

simultaneously oscillating and rotating sphere. Three-dimensional computations

have been performed in a parallel environment using Message Passing Interface

(MPI). To solve the above problems, a previously reported ghost-cell immersed

boundary method is modified. The obtained numerical data is analysed through

the time evolutions of 1) fluid forces, 2) three components of vorticity and 3) wake

structure. It is believed that the present thesis advances the understanding in
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these problems, and will help even a beginner to carry out further research.

Therefore, it may be fair to draw the line and leave the above mentioned pos-

sibilities for extensions as future assignments.
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Appendix

Finite differences for the partial derivatives in non-uniform grid at a point (xi, yj, zk)

First derivatives

∂φi
∂x

=
φi+1(∆xi−1)

2 − φi−1(∆xi+1)
2 − φi ((∆xi−1)

2 − (∆xi+1)
2)

∆xi+1∆xi−1(∆xi+1 + ∆xi−1)
+O[(∆x)2]

∂φj
∂y

=
φj+1(∆yj−1)

2 − φj−1(∆yj+1)
2 − φj ((∆yj−1)

2 − (∆yj+1)
2)

∆yj+1∆yj−1(∆yj+1 + ∆yj−1)
+O[(∆y)2]

∂φk
∂z

=
φk+1(∆zk−1)

2 − φk−1(∆zk+1)
2 − φk ((∆zk−1)

2 − (∆zk+1)
2)

∆zk+1∆zk−1(∆zk+1 + ∆zk−1)
+O[(∆z)2]

Second derivatives

∂2φi
∂x2

= 2

(
φi+1∆xi−1 + φi−1∆xi+1 − φi(∆xi+1 + ∆xi−1)

∆xi+1∆xi−1(∆xi+1 + ∆xi−1)

)
+O[∆x]

∂2φj
∂y2

= 2

(
φj+1∆yj−1 + φj−1∆yj+1 − φj(∆yj+1 + ∆yj−1)

∆yj+1∆yj−1(∆yj+1 + ∆yj−1)

)
+O[∆y]

∂2φk
∂z2

= 2

(
φk+1∆zk−1 + φk−1∆zk+1 − φk(∆zk+1 + ∆zk−1)

∆zk+1∆zk−1(∆zk+1 + ∆zk−1)

)
+O[∆z]

Mixed derivatives

∂2φi,j
∂x∂y

=
φi+1,j+1 − φi+1,j−1 − φi−1,j+1 + φi−1,j−1

(∆xi+1 + ∆xi−1)(∆yj+1 + ∆yj−1)
+O[∆x,∆y]

∂2φi,k
∂x∂z

=
φi+1,k+1 − φi+1,k−1 − φi−1,k+1 + φi−1,k−1

(∆xi+1 + ∆xi−1)(∆zk+1 + ∆zk−1)
+O[∆x,∆z]

∂2φj,k
∂y∂z

=
φj+1,k+1 − φj+1,k−1 − φj−1,k+1 + φj−1,k−1

(∆yj+1 + ∆yj−1)(∆zk+1 + ∆zk−1)
+O[∆y,∆z]

∆xi+1 = xi+1 − xi , ∆xi−1 = xi − xi−1 , ∆yj+1 = yj+1 − yj
∆yj−1 = yj − yj−1 , ∆zk+1 = zk+1 − zk , ∆zk−1 = zk − zk−1
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