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ABSTRACT 

There are many physical systems such as engineering structures or machines which 

undergo severe vibration and need a reduction in vibration by using passive or active 

vibration absorbers. In the passive vibration absorber, structural modification is carried out 

by attaching an additional spring-mass-damper system to the vibrating main or primary 

system to reduce its vibration. Whereas in the active vibration absorber (AVA) various 

sensors and actuators are integrated with the passive vibration absorber to suppress the 

vibration of the primary system. The vibration absorbers are generally designed based on 

the assumption that the absorber structure possesses linear characteristics. However, an 

effective vibration absorber vibrates with a large amplitude leading to the dominance of 

structural nonlinearity. Thus, the linearity assumption regarding the elastic properties of the 

absorber substructure does not hold good in reality. Also, nonlinearity is inherently present 

in the main vibrating primary systems due to prolonged use, certain applications, or being 

subjected to various forms of external excitations. The available passive and active 

vibration absorbers also come up short to suppress the vibration in nonlinear primary 

systems under varied resonance conditions. Since the existence of nonlinearity in the 

primary systems and the absorber system are inevitable.  It is observed from the literature 

that with the available passive or active vibration absorbers the vibration reduction of the 

primary system under varied resonance conditions is still high or limited to a very narrow 

range of operating frequencies. Also, complete vibration suppression of the nonlinear 

vibrating primary system is not achieved under various resonance conditions. The 

investigations of AVA with acceleration or combination feedbacks (displacement, velocity 

and acceleration) and its effectiveness in vibration suppression are also not explored. So, 

in the present thesis, a modified designed piezoelectric stack actuator based active nonlinear 

vibration absorber (ANVA) with various feedbacks and time delay is considered, where the 

frequency of the absorber can be actively changed to suppress the vibration of the primary 

system. In the modified designed ANVA the PZT (lead zirconium titanate) stack actuator 

is connected in series connection with a spring in the absorber configuration for a fail-safe 

design. 

In this work, five problems related to the ANVA have been investigated considering the 

linear and nonlinear primary systems under various resonance conditions. In the first 
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problem, the linear single degree of freedom (SDOF) spring-mass-damper primary system 

is subjected to an external harmonic excitation and its vibration suppression is carried out 

considering linear active vibration absorber (AVA) with acceleration feedback. Optimized 

parameters such as tuning ratio and damping ratio for the proposed AVA are obtained from 

the fixed-point theory (FPT) and genetic algorithm (GA). The optimal feedback gain is also 

evaluated maintaining Den Hartog’s equal peaks in the frequency response and it is shown 

that with the active force the response amplitude of the primary system reduces close to its 

static deflection.  

In the second problem, a similar system to the first problem is analyzed but here cubic 

nonlinear springs are considered in both the primary system and the absorber. Also in this 

problem, the primary system is subjected to both external harmonic and base excitations. 

The active force by the ANVA is produced considering the time delay in the acceleration 

feedback. The modified harmonic balancing method (HBM), and Newton’s method are 

used to study the system responses and stability. Fundamentally based on nonlinearity, 

presence and absence of PZT stack actuator (active force), delay and base excitation twenty 

different cases have been investigated. The system steady-state responses are investigated 

through the frequency responses, time responses, phase portraits, Poincare’ sections, basin 

of attractions, force responses and different time delay effects in the feedback. The 

bifurcation and stability of the system are studied from various system parameters. It is 

shown that with the proposed ANVA significant vibration suppression for the nonlinear 

system is achieved and Den Hartog’s equal peaks in the frequency response of the system 

are obtained when the primary system is subjected to both harmonic and base excitations.  

In the third problem, a few modifications to the second problem are carried out by 

considering the undamped primary system subjected to external harmonic and parametric 

excitation. Here two types of ANVA are studied viz., traditional and non-traditional 

ANVA. In the traditional ANVA the damper is attached to the primary system whereas in 

the non-traditional ANVA damper is connected to the base of the primary system. The 

active feedback force by the ANVA is modified considering time delay in displacement, 

velocity and acceleration feedback. The method of multiple scales (MMS) is used to obtain 

the solutions which are found to be in good agreement with the linear, HBM and numerical 

methods. It is shown that with the proposed active forces by the ANVA, 100% vibration 

reduction in the primary system is achieved for the primary, principal parametric and 

simultaneous primary and principal parametric resonance conditions. Also, for a wide range 
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of operating frequencies, the vibration of the primary system is reduced by changing the 

frequency of the absorber actively. 

In the fourth problem, the previous problem (third problem) is modified considering the 

nonlinear primary system subjected to external hard harmonic excitation, parametric 

excitation and base excitations. The ANVA is also modified considering time delay in the 

damper along with combinations of time-delayed displacement, velocity and acceleration 

feedback. The MMS is used to obtain the solution of the system for primary, principal 

parametric, sub and superharmonic resonance conditions considering 1:1, 1:2, 1:3 and 3:1 

internal resonance conditions. From the investigations on various active forces by different 

feedbacks and time delays, 100% vibration suppression of the nonlinear system is analyzed. 

In the fifth problem, three different systems are studied. In the first system vibration 

suppression of the forearm tremor of the human hand with ANVA is carried out. This 

problem is similar to the second problem but here the primary system parameters are 

considered from the human forearm. In the second problem, a continuous beam system 

with various boundary conditions is considered as the primary system. The ANVA is 

attached to the beam which is subjected to a point load. The analyses are carried out to 

suppress the vibration of the beam at the first three modal frequencies with the displacement 

and velocity feedbacks by the ANVA. In the third problem, the ANVA is modified by a 

nonlinear rotational inertial double-tuned mass damper (RIDTMD) and the vibration 

suppression of the nonlinear primary system is carried out through various nonlinear 

stiffness coefficients in the system. In all these systems HBM is used to obtain the solution 

of the governing equations of motion. 

These studies will give a clear idea to the designer to know the safe operating zone and the 

system responses for various system parameters. From this research work, it is shown that 

one can completely suppress the vibration of the linear and nonlinear primary system for 

various resonance conditions. Also, the proposed ANVA is a fail-safe design i.e., when the 

active part fails due to electronic malfunction, then the passive optimal absorber can still 

protect the primary system from severe vibration.  
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CHAPTER 1 

Introduction and Literature Review 

1.1 Introduction  

An engineering structure or a machine undergoes multiple sources of vibrations throughout 

its life. These vibrations often lead to material fatigue, structural damage and failure. A 

machine part on which a steady alternating force of constant frequency is acting may take 

up unpleasant vibration when it is close to resonance. So, the control of vibration in 

mechanical systems is still a flourishing research field [1-3]. There are fundamentally two 

different primary methods of vibration reduction namely, vibration isolation and vibration 

absorption [3]. The isolators are positioned between the source of disturbance and the 

object to be protected using resilient elements i.e., springs, dampers, or some other 

vibration-isolating materials. Isolators reduce the magnitude of force transmitted from the 

vibrating object to its foundation or the transmitted motion from the base to the object. In 

the vibration absorber system, a secondary spring-mass system is added to the primary 

system. The added mass and spring are designed to produce a two-degree-of-freedom 

system whose only purpose is to absorb the vibration level of the primary system. The 

vibration absorber reduces vibrations of the primary system by channelling energy to the 

absorber itself [1-6]. In linear vibration absorbers, this channelled energy is manifested as 

a deflection in the absorber's mass [1-2].  

The undamped vibration absorber attached to the main vibrating primary system attenuates 

the vibration of the primary system only at the resonating frequency i.e., when the external 

excitation frequency matches with the natural frequency of the primary system and that of 

the absorber. This is also known as a tuned vibration absorber, but its suppression is only 

at the resonant frequency and outside this frequency high response amplitude of the primary 

system takes place [1-4]. To suppress this high response amplitude a damper is added to 

the mass and spring configuration of the vibration absorber which increases the band of 

operating frequency for which the vibration of the primary system is minimum [1-4]. These 

mass, spring and damper type of vibration absorber which is attached to the primary system 
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is often known as tuned mass damper (TMD) or tuned dynamic vibration absorber (DVA). 

However, it is observed that TMD cannot suppress completely the steady-state response of 

the primary system under external excitation. The efficacy of a TMD largely depends upon 

the optimised value of its spring stiffness, damping ratio and mass [1-5]. Due to this, many 

optimization techniques such as fixed point, H∞ , 2H  optimization etc. are developed to 

reduce the amplitude of the primary system for a wide band of operating frequencies [3-9]. 

There are basically two types of DVAs in terms of the attached damper. One is the 

traditional DVA where the damper of the absorber is attached to the primary system and 

the other one is a variant/non-traditional DVA where the damper of the absorber is 

connected to the base of the primary system [6]. DVAs are commonly designed and tuned 

to suppress vibrations at one vibration mode or at the resonant frequency of the primary 

system. But if the primary system is subjected to multiple excitations with various 

resonance conditions, then the resonance may still occur at other vibration modes of the 

structure [5-9]. Thus using smart materials such as PZT (lead zirconate titanate) actuator, 

shape memory alloy, magnetostrictive materials etc. one can tune the frequency of the 

absorber to various resonance conditions actively in real-time through various feedbacks 

and control laws. The use of smart materials in the DVA is often known as adaptive 

dynamic vibration absorber (ADVA) or active vibration absorber (AVA) [5, 9-10].   

The nonlinear analysis of the passive and AVA considering nonlinearity in the main system 

is equally important [10-21]. The nonlinearity in the system arises as the vibration absorber 

undergoes a high amplitude of excitations and prolonged use. It may occur in certain 

applications, or it may be inherently present in the system [10-15, 21]. The nonlinear 

analysis of DVA is more practical and can be used in most applications [10-20]. The 

classical theory of spring and viscous damper-based vibration absorbers can be classified 

into three distinct categories in terms of smart materials [1-9, 20] used in the 

absorber/secondary system. They are (i) passive vibration absorber (PVA)/tuned mass 

damper, (ii) semi-active or adaptive vibration absorber and (iii) active/hybrid vibration. 

1.1.1 Passive vibration absorber 

In Fig. 1.1, a linear undamped vibration absorber or neutralizer [1, 16] is shown which 

consists of a primary and a secondary system. The primary system has a mass 
1m  and 
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stiffness 
1k  which is subjected to an external excitation force, 

0 cosF tω  having a 

displacement, 1x . The secondary system which is attached to the primary system has a mass 

2 ,m  spring stiffness 
2k  and displacement 

2x . The addition of the secondary system adds 

one degree of freedom to the primary system and shifts the natural frequencies away from 

the excitation frequency. The lower frequency is less than the natural frequency of the 

primary system while the higher frequency is greater than the natural frequency of the 

primary system. The steady-state amplitude of the primary and the secondary system can 

be given by the following expressions. 

 

Fig. 1.1: Linear undamped vibration absorber (Neutraliser). 

2

1 2 2 2 2

1

1 1

st

a

n n a n

x

x

ω
ω

ω ω ω ωµ µ
ω ω ω ω

  
 −  
   =

          
   + − − −       
             

             (1.1) 

2 2 2 2 2

1 1

st

n n a n

x
x

ω ω ω ωµ µ
ω ω ω ω

=
          
   + − − −       
             

                                                 (1.2) 

where  1 1 2 2 0 1 2 1,  ,  ,  n a stk m k m x F k m mω ω µ= = = =  

From Eq. (1.1), one can conclude that for 
aωω = ,the response amplitude 

1x  of the primary 

system is zero. Hence, the absorber can eliminate the vibration of the main mass, provided 

the natural frequency of the absorber is the same as the operating frequency of the primary 

system i.e., 
2 2 .a k mω ω= = When a vibration absorber is added to a system with a 

harmonic excitation and if the absorber is tuned to the excitation frequency, then the system 
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has zero steady-state amplitude. This concept of tuned vibration absorber was first patented 

by Frahm in the year 1911 [22]. So, the values of the absorber parameters are chosen by 

considering the constant exciting frequency and the maximum permissible amplitude of the 

auxiliary mass. Hence Eqs. (1.1) and (1.2) can be used to design a linear undamped 

vibration absorber. Fig. 1.2(a), shows the response of the primary system from Eq. (1.1) 

and Eq. (1.2). From this figure, one can study the effect of a tuned vibration absorber on 

the response in a non-synchronous operation (when the excitation frequency varies over a 

wide range). Although the vibration absorber is designed for a given operating frequency 

ω , the absorber can perform satisfactorily for operating frequencies that vary slightly away 

from .ω  In this case, the motion of 
1m  is not zero, but its amplitude is very small. However, 

the drawback of using an undamped linear tuned vibration absorber (LTVA) is that the 

system, now being a 2-DOF system, has two undamped Eigen frequencies, with infinitely 

high resonance peaks. This is problematic as a small variation  

               

Fig. 1.2: Response amplitude of the primary system for µ  = 0.05 at various frequencies 

.ω   (a) with undamped LTVA (b) with various damping ratios in the damped LTVA. 

can move the excitation frequency close to one of the two new resonance peaks and cause 

vibration in the main system to be amplified. Therefore, the use of undamped LTVAs is 

limited to very well-controlled systems [1-6]. When damping is introduced in the absorber 

considering the damping ratio ζ  the system response amplitude becomes lower and the 

two resonance peaks show finite values, as shown in Fig. 1.2(b). The response amplitude 

at the peaks can be further reduced by incorporating optimized damping and tuning ratio (

aω ω ). The theory of the LTVA or tuned mass damper was first published in 1928 by 

Ormondroyd, and Den Hartog [23], where the fixed-point theory of optimisation is used to 

(a) (b) 

TH-2895_136103038



 Introduction and Literature Review 

5 

obtain the optimal tuning ratio ( )a opt
ω ω  and damping ratio ( optζ ) to obtain the Den 

Hartog’s equal peaks in the response (Fig. 1.3). These concepts were used as passive 

vibration control since the 1970s and are found in many structural systems to suppress  

 
Fig. 1.3: Comparison of the response of the primary system with the optimal damped 

LTVA for µ= 0.05 at various distributing frequencies .ω  

vibration. However, with the optimal tuning and damping ratio also, the vibration of the 

primary system is still high at the peaks and no longer completely suppressed at the resonant 

frequency [1-2]. Because of this semi-active and active/hybrid vibration absorber model 

are developed where new modification in the absorber design and the use of smart materials 

further minimizes the response amplitudes of the primary system for a broader range of 

operating frequencies with lesser absorber mass than the PVA, so, that the overall structural 

weight of the system is minimum [4-9]. In the following section, the semi-active vibration 

absorber is discussed. 

1.1.2 Semi-active or adaptive vibration absorber 

Semi-active dynamic vibration absorbers (SADVA) are often used as intelligent structures 

that can change or adapt to the environment dynamically. MR (Magneto rheological) fluid 

damper is an example of these types of intelligent structures. SADVA also can provide 

actuation by the absorber with the modified design in the absorber configuration without 

any smart or intelligent structures [16, 20, 24]. In MR damper based SADVA, the magnetic 

particles embedded in the fluid produce a large damping force by varying the magnetic 

field in real-time to actively control the vibration which is shown in Fig. 1.4.  Also, one 

may use electro-rheological (ER) fluids where the damping properties can be changed 

actively by applying an electric field. Another type of intelligent structure used in SADVA  
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Fig. 1.4: Magnetorheological fluid dampers working principle. 

is the shape memory alloys (SMA’s) where the variation of temperature provides actuation. 

When an SMA is cold, or below its transformation temperature has a very low yield 

strength and can be deformed quite easily into any new shape, which it will retain. 

However, when the material is heated above its transformation temperature its crystal 

structure changes which cause it to return to its original shape. If the SMA encounters any 

resistance during this transformation, it can generate forces, which provides a unique 

mechanism for remote actuation. But these type of materials produces very small actuation 

and are slow to react. The most common shape memory material is an alloy of nickel and 

titanium called Nitinol. Shape memory alloys, however, are not for all applications. One 

must take into account the forces, displacements, temperature conditions, time for actuation 

and cycle rates required of a particular actuator. The SADVA is limited primarily by the 

maximum displacement of the absorber and the accuracy of the modal state measurements 

of the structure. Due to these limitations further, smart materials are developed which can 

produce large actuating forces such as piezoelectric based smart materials. In the next 

subsection, piezoelectric based smart materials used in AVA are discussed to actively 

control the vibration of the structures. 

1.1.3 Active vibration absorber 

 In an active vibration absorber (AVA), an actuator and sensor are used in the secondary 

system by various control feedbacks to minimize the steady-state response of the primary 

system for a wider band of operating frequencies [8, 9, 16, 19, 20, 24, 25]. The AVA uses 

various types of actuators such as electromagnetic actuators and voice coil motors. 

However, its successful attainment is sometimes found to be difficult due to hardware 

limitations such as saturation and response speed under certain conditions. This difficulty 

can be resolved by using smart material actuators. Among many smart materials, 

piezoelectric materials provide a high actuation force compared to others and can be used 

simultaneously as a sensor and actuator. The piezoelectric material can also be useful to 

tune the frequency of the absorber for various modes/resonance conditions. Initially, the 
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AVA is used with only an actuator or actuator and mass in the secondary system [20] 

without considering spring or damper, this arrangement can be called pure AVA which is 

shown in Fig. 1.5(a). However, this arrangement requires more voltage supply to the  

  

Fig 1.5: Schematic diagram of (a) pure AVA (b) active/hybrid vibration absorber. 

actuator which is not economical. Also, if the primary system is large then more actuators 

may be needed. To overcome these difficulties AVA are often integrated with PVA, this 

combination is also known as a hybrid vibration absorber or sometimes simply AVA [20] 

to suppress vibration of the primary system effectively with less absorber mass and control 

force, which is shown in Fig. 1.6(b). These types of AVA are economical and also a failsafe 

design as when the control is on it performs better than a PVA and in the event of failure 

of the active part, the PVA can still protect the system from being damaged due to severe 

vibration. Also, since energy is almost always being dissipated/ redistributed by the passive 

components, they are much more robust and stable than the purely active approach [3-7]. 

In the next section, a brief description of how the actuation developed in the AVA by the 

piezoelectric materials is given.  

1.1.3.1 Piezoelectric materials 

Piezoelectric ceramics are prepared of metal oxides and an organic binder [20, 24, 25] to 

form a dense crystalline structure. Actuators are configured by giving the sintered ceramic 

desired shapes and bonding electrodes at appropriate locations. The crystal exhibits dipole 

moment but due to the random distribution of these dipoles has zero overall polarization. 

However, a permanent polarization is achieved by heating the material above its Curie 

temperature under a strong direct current (DC) electric field as shown in Fig. 1.6. As a 

result, the dipoles align in the direction of the applied electric field called the polarization 

(b) (a) 
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axis. At this stage, the material is said to be poled and even after the removal of the poling 

electric field, the polarization is still retained to a large extent. In the present work PZT 

based stack actuator is used due to its high actuation capability and its constitutive relations 

are detailed below.  

 

 

 

Fig 1.6: Steps of poling process of piezoceramic materials. (a) unpoled material 

with randomly distributed dipoles, (b) dipoles are aligned due to external DC 

electric field, (c) permanently polarised material after withdrawal of the DC field 

[20]. 

1.1.3.2 Displacement modes and force of the piezoelectric actuator 

The piezoelectric materials exhibit direct or converse effects.  In converse effect, the 

piezoelectric rod elongates when subjected to an electric field E  in the poling direction. In 

this case, considering linear behaviour, the strain is calculated as ,dE  where d  is the 

piezoelectric charge constant. Now by keeping E  fixed if the rod is stressed by an external 

mechanical load in the same direction as the electric field, the additional strain-induced is 

,σE
s  where 

E
s  is the compliance of the material under a constant electric field. Thus, the 

total strain induced in the material due to the combined effects of electrical and mechanical 

action is given below. 

E

T
s dEε σ= +                                                                                                                          (1.3) 

Similarly when the rod is first mechanically stressed (σ ) to induce a charge per unit area 

of the amount dσ  then keeping the mechanical load fixed, E  is applied in the poling 

direction to produce an additional charge of the amount ,Ee
σ  where 

σ
e  denotes the 

dielectric constant under constant stress. Thus, the total electric displacement D  is given 

below. 

,EedD
σσ +=                                                                                                                          (1.4) 

Electrode (a)                                   (b)                                      (c) 
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Considering one-dimensional piezoelectric material of constitutive equations [20] (using 

the notations of the IEEE Standard on Piezoelectricity) 

3 33 3 33 3 ,D d e E
σσ= +                                                                                                                      (1.5) 

                3 33 33

E
s d Eε σ= +                                                                                                                          (1.6) 

The subscript ‘33’ is used in the piezoelectric charge constant since, by convention, index 

3 is always aligned to the poling direction of the material, and it is assumed that the electric 

field is parallel to the poling direction. Piezoelectric actuators are generally classified as 

linear actuators (stack actuators), laminar actuators (patch actuators) and shear actuators. 

In the next section, only the linear stack actuator is discussed, which is used in the present 

work.  

1.1.3.3 Stack actuators 

Stack actuators are made of stack thin wafers of piezoelectric materials sandwiched 

between electrodes. The piezoceramic wafers are arranged in such a way that any two 

consecutive wafers have opposite polarization directions as shown in Fig.1.8. For applying 

an electric field along the direction of polarization of each wafer, the electrodes are 

alternately connected [20] to the positive and negative terminals of a voltage source. 

Consequently, each piezoceramic layer expands along the direction normal to the wafer 

surface and the total expansion of the stack is the cumulative effect of the extensions of all 

individual wafers. Though stack actuators can generate a very large actuation force, the 

stroke length is limited to only a few micrometres. As the piezoelectric coefficient 
33d  

determines the extension of each wafer of a stack. So, using Eq. (1.6) the constitutive 

equations, for the maximum displacement of the stack actuator in the absence of 

mechanical load or stress (
3σ  = 0) can be written as follows.  

0 33 33L d V L t nd Vδ∆ = = =                                                                                                         (1.7) 
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where n L t= , is the number of wafers used in the stack.  If the displacement of the stack 

is completely blocked, ( 3ε  = 0), then the compressive force generated by the actuator, 

called blocking force, can be written as follows.  

3 0 33 ,
E E

b P PF A k k nd Vσ δ= = =                                                                                                               (1.8) 

 

  Fig 1.7: Schematic diagram of a stacked piezoelectric actuator. 

where ( )33/E E

Pk A s L≈  and “ A” is the cross-sectional area of the piezo-stack actuator. PZT 

stack actuator is one of the world’s most widely used smart materials which has been widely 

used in many fields, such as active vibration control, precision positioning system and 

MEMS. The PZT stack actuator has a very small induced displacement, of 1000 μm/m but 

can provide very a high blocking force. The blocking forces of the PZT stack actuator are 

measured to be 230 N, 369 N, and 478 N for 100 V, 200 V, and 300 V, respectively [26]. 

The PZT materials are first developed in the year 1952 by scientists at the Tokyo Institute 

of Technology. In the next section, the nonlinear vibration absorber is briefly discussed.  

1.1.4 Nonlinear vibration absorber 

From the previous discussion it can be observed that in LTVA, the vibration suppression of 

the primary system is limited to a very narrow frequency range around their eigenfrequency. 

Also, from Eq. (1.2), it is evident that the deflection of the secondary system (
2x ) is 

inversely proportional to the mass ratio ( µ ). So, if 
2m  is small then it produces excessive 

vibration in the secondary system which leads to nonlinear analysis. Due to this, apart from 

using smart materials in the LTVA researchers also investigated the use of non-linear tuned 

vibration absorbers (VA)for over 65 years to broaden the suppression frequency band for 
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non-linear structures or mechanical systems with varying excitation frequencies [5, 6, 11, 

21]. Roberson [27] in the year 1952 first showed theoretically that a tuned VA with a cubic 

softening spring has a much broader suppressing frequency band than an LTVA. Pipes [28] 

showed similar results in 1953 and Arnold [29] in 1955. Arnold [29] concluded from their 

research finding that a softening spring in the absorber would increase the vibration 

suppression bandwidth, while the hardening spring would do contrarily. The effectiveness 

of the nonlinear absorber to increase absorber performance can be observed in many 

research works [11-21, 27-29]. It is therefore unsuitable for analysing the linear PVA or 

AVA only, so investigations of active nonlinear vibration absorber (ANVA) for vibration 

suppression is a crucial area to study [18-19]. The practical applications of vibration 

absorbers are briefly discussed in the next section. 

1.1.5 Applications of passive and active vibration absorbers 

PVAs and AVAs are widely used in many engineering systems [5-7, 30, 31], structures, 

bridges, automobiles [30-35], railways [35], ships [36], space crafts [30, 31, 36-39], 

machining systems like turning, milling, boring or drilling system [39-41], noise 

reductions, tremor suppression due to Parkinson disease [42-46] and in consumer’s goods 

which undergo severe vibration. The initial application of PVA is in civil structure and 

thereafter its application is extended to suppress vibration of many kinds of vibrating 

systems starting from small to high procession machinery to big industrial structures [7, 

47-49]. Mostly PVAs and AVAs are used in civil engineering, mechanical engineering, 

aerospace engineering and currently bio-medical engineering [5-7, 42]. Some of these 

applications are discussed in the next section.  

1.1.5.1 Civil Engineering 

Passive vibration absorbers or tuned mass dampers (TMDs), active TMDs, and pendulum 

TMDs are widely used in many buildings, towers and bridges to attenuate vibration [7]. 

Some of these structures are shown in Fig. 1.8. One of the first applications of TMD was 

used in the John Hancock building (241 m) in Boston, USA in 1976 to reduce response to 

wind vibrations. TMD has deployed in over 60 structures in several countries [7] including 

the U.S.A, Japan, the U.K, China, Korea and recently in India. There are several practical 

examples where DVAs/AVAs are used in many high-rise structures, such as Shinjuku Park 
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Tower (227 m) in Tokyo, Japan, Incheon International Airport Control Tower (100.4 m) in 

Incheon, Korea, Air Traffic Control Tower (57 m) in Edinburgh, UK, Shanghai World 

Financial Center (492 m) in Shanghai, China [7, 21], and Taipei 101 with a sphere-shaped  

                                                                     
 

                                                                          

Fig. 1.8: (a) 634 m tall Tokyo sky tree, Japan (b) closed view (two TMDs) [7]. (c) Taipei 

101 with a sphere-shaped TMD [48]. (d) 182 m Statue of unity in India, where two 250 

tonne TMDs are used for stability against seismic and wind excitations [49].  

TMD. Passive and active TMDs have been also employed in many bridges to suppress 

vibration of the primary system since 1994. Some recent applications of active and passive 

TMDs [6, 7, 21, 30, 31] are in 600 m canton tower in Guangzhou, China in 2010, 104m 

Estela de la Luz tower in Mexico in the year 2010, 634 m tall Tokyo Skytree tower in 

Tokyo, Japan in the year 2012 and statue of unity (182 m) in India, in the year 2013. 

1.1.5.2 Mechanical Engineering  

In mechanical engineering fields, PVA and AVA are mainly used in automobile sectors to 

improve stability and reduce vibration in suspension systems. Vibration absorbers (VAs) 

are used to control rotary vibrations in power trains and rotor hubs, noise radiation, wind-

induced oscillations of pipelines and vibrations of tension stabilized structures using smart 

(a)                                                                      (b) 

(c)                                                                           (d) 
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AVA [6, 7, 21, 30, 31, 36-38, 50-52]. The VAs are also used to reduce vibration in 

chattering and improve the stability of the system in machining processes such as turning 

[53], milling and boring operations [30-40]. These applications with various models of 

passive and active TMD in a quarter car model are shown in Fig. 1.9. TMD is first used by  

 

     

Fig. 1.1.19: Quarter-car suspension systems: (a) passive suspension, (b) active 

electromagnetic suspension, (c) active hydraulic suspension, (d) TMD used on a lathe 

turret [53].  

Renault in F1 car racing to improve the speed of the vehicle, especially in turning and 

bumps, which won them the world championship race in the year 2006. Later many 

automobile companies like Ferrari and McLaren also tried the concept of TMD to improve 

vehicle performance but were banned due to safety reasons. The TMDs are also used in 

suspension systems of railways, motor vehicles, robots, boring bars, gun barrels, 

transmission lines and energy harvesting to reduce both vibrations, and noise and improve 

the stability of the system. AVAs are more suited to satisfy serviceability criteria in 

changing environments supporting structures with active struts under vibratory load and 

also have the potential to reduce environmental vibration originating from machinery and 

vehicles in space where human sensitivity is a concern. 

1.1.5.3 Aerospace Engineering 

Active vibration absorbers find applications in vibration suppression of individual blades 

in the helicopter on several turboprop aircraft [50, 51]. Some of the applications of VAs 

used in the helicopter blade to reduce noise and vibration are shown in Fig. 1.10(a-c). In 

the aeroplane wings also AVAs are used, to reduce the flutter vibrations [52] by using 

piezoelectric patch actuators as shown in Fig. 1.10(d).  

(a)                     (b)                       (c)                   (d) 
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Fig. 1.10: (a) Helicopter blade of MBB Bo105 Helicopter (b) closed view showing active 

pendulum-type vibration absorber. (c) Boeing vertol ch-47 chinook where five AVAs are 

used one in the nose, two under the cockpit floor and two inside the aft pylon, (d) F-18  

fighter plane wing with piezoelectric actuators for buffeting (shock wave oscillations) 

control [52]. 

1.1.5.4 Bio medical Engineering 

The TMDs are used to suppress tremors of the patient suffering from Parkinson’s disease 

by adding an auxiliary/absorber mass on the oscillating human hand or in any other body 

parts [42-46]. Two such devices are shown in Fig. 1.11. The PVA showed in Fig. 1.11(a) 

suppress around 80% of oscillations in the forearm but for a limited range of operating 

frequencies [42]. For complete suppression of oscillation of tremor in the forearm, one may 

use AVAs for a wide frequency range with less absorber mass. In the following section, an 

extensive literature on vibration absorbers is presented and the current work is also 

outlined. 

(a)                                                                           (b) 

(c)                                                                           (d) 
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Fig. 1.11: (a) Vib-bracelet based PVA for attenuating forearm tremor [42] (b) A wearable 

device promises to help steady hand tremors [43]. 

around 80% of oscillations in the forearm but for a limited range of operating frequencies 

[42]. For complete suppression of oscillation of tremor in the forearm, one may use AVAs 

for a wide frequency range with less absorber mass. In the following section, an extensive 

literature on vibration absorbers is presented and the current work is also outlined. 

1.2 Literature Review 

The objective of this literature survey is to review the available articles on vibration 

suppression of primary systems by the use of passive and active vibration absorbers 

considering both linear and nonlinear analysis. The main focus is on the passive and PZT 

stack actuator based active nonlinear vibration absorber for the nonlinear primary system. 

As observed from the introduction section vibration absorber using linear vibration theory 

is well established which includes small amplitude vibrations of long, slender objects like 

long bridges, aeroplane wings, and helicopter blades; small rocking motions of ships in 

calm waters; the simplest whirling motions of flexible shafts, and so on. However, 

interactions between bridges and foundations, between wings/blades and air, between ships 

and waves, between shafts and bearings, and so on, are all nonlinear. These nonlinear 

interactions make the system more practical in nature and its investigations using nonlinear 

absorbers from the previous literature are more research worthy [54]. It will also be of 

interest to know the solution approach for the nonlinear governing equation of motion 

(EOM) for various nonlinear mathematical models on passive/active vibration absorbers to 

analyse the dynamic behaviour of the system. The comparisons of the responses of the 

primary system by the use of active/passive linear and nonlinear vibration absorbers are 

(a)                                                                                 (b) 
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also an important area to learn from the previous articles. Finally, from these literature 

studies, potential gaps will be identified to set the objectives for the current research work. 

The stability analyses of the nonlinear system with various critical system parameters are 

also considered which contribute to the dynamic behaviour and its stability. Hence, 

research works related to vibration suppression of the primary nonlinear system under 

various external excitations, use of various combinations of active control forces using PZT 

stack actuators and stability prediction of the system should be investigated. In the 

following section, literature studies on linear passive vibration absorbers are discussed. 

1.2.1 Linear passive vibration absorbers 

In this section, literature on the vibration absorption of the linear primary system with linear 

absorbers has been studied. As discussed in the introduction sections, it can be observed 

that the undamped tuned vibration absorber completely suppresses the vibration of the 

primary system only at the resonating frequency and produces two resonating peaks with 

high amplitudes near the original resonant frequency [1-6]. To reduce these unwanted two 

high amplitude peaks, initially, dampers are used in the absorber configuration. 

Ormondroyd and Den Hartog used an additional damper in the absorber configuration [23] 

connected to the primary system. Though with this configuration, the amplitude at the peaks 

reduces to a great extent at resonance, however, the vibration of the structure is no longer 

zero as with the undamped vibration absorber [1, 23]. They obtained the optimal parameters 

(tuning ratio and damping ratio) using fixed point theory for the absorber which shows 

minimum response amplitude with two equal peaks in the frequency response of the 

primary system. Later, many optimization techniques such as 
2 ,  H H∞ [55, 56] linear 

quadratic regulator (LQR), genetic algorithm etc. are developed to obtain the optimized 

values for the stiffness, damping ratio for the absorber to minimize the vibration of the 

structure at both peaks and also at the resonating frequency of operation [5, 6, 16, 30, 31, 

55]. These optimization procedures are mainly focused to obtain the two equal peaks in the 

frequency response amplitudes often known as Den Hartog’s equal peaks [1, 16, 55] and 

minimizing the total vibrational energy of the primary system, so, that the maximum 

vibration of the primary system reduces. These types of vibration absorbers, often known 

as passive traditional dynamic vibration absorbers (DVA) and are ideal for large absorber 

masses, which are typically 10 -15% of the primary system's mass, as many experimental 
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studies have shown [5-7, 42]. Though the absorber mass is assumed to be 5% of the primary 

system mass in theoretical research [5, 6, 11, 16, 19, 30, 31, 55]. From the optimal studies, 

it is observed that there is a limitation in the vibration suppression of the primary system 

with these DVAs. Due to this, various modifications in the design of absorber models are 

developed and one of them is a non-traditional vibration absorber (NVA) [6, 16]. In these 

types of vibration models, the damper of the absorber is connected to the base of the 

primary structure. There are many studies carried out with new optimization procedures, 

and various designs in the absorber model to reduce the vibration of the primary system 

with a passive approach. Few of the important initial review articles where passive linear 

vibration absorbers are extensively studied are from the work of Sun et al. [5] and Housner 

et al. [55]. Sun et al. [5] in the year 1995 first reviewed the use of PVA in reducing vibration 

and noise of the primary system through various design models in the absorber 

configuration and its applications in various fields. They also extended a brief discussion 

on the recent progress of vibration suppression capabilities of semi-active and active 

vibration absorbers. Housner et al. [55] in the year 1997 also, reviewed the literature on 

structural vibration control by the use of passive TMDs, AVA and many control methods 

to suppress vibration of the primary system. In the next section, brief discussions on the 

various optimization techniques used by the researchers to obtain the optimal tuning ratio 

and damping ratio for the linear vibration absorbers are given.  

1.2.1.1 Optimization techniques used in the linear vibration absorber 

Cheung and Wong [56-58] contributed a significant amount of work on vibration absorbers 

both by passive and active methods to suppress vibration of the spring-mass-damper SDOF 

primary system and continuous systems such as beams and plates effectively for a wider 

range of operating frequencies. They studied various types of passive absorber models and 

obtained respective optimal parameters for the tuning ratios and damping ratios using 

optimization techniques such as H∞  and 
2H  optimal theories to obtain Den Hartog’s equal 

peaks in the frequency response of the primary system. Zilletti et al. [59] demonstrated 

through the optimal parameters that the maximum power dissipation by the absorber is the 

same as those that minimize the kinetic energy of the damped SDOF primary system under 

random excitation, which provides a method for self-tuning DVA. They carried out 

extensive work both theoretically and experimentally on the self-tuning of the absorber 

[60]. Brennan and Dayou [61] studied the global vibration control of the primary system 
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using VAs. Brennan [62-64] also studied many aspects of the optimal parameters and 

design configuration of the absorber for widening the vibration suppression band of the 

primary system. Anh and Nguyen [65] studied vibration suppression of the SDOF damped 

primary system under external force excitation and ground motion by the use of TMD. 

They obtained optimum parameters for the absorber by replacing the original damped 

SDOF primary system with an undamped one by equivalent linearization and dual criterion 

method. The results are compared with previous literature showing its effectiveness in 

suppressing vibrations. Issa [66] studied to suppress the vibration of an undamped SDOF 

primary system subjected to harmonic excitation by the use of PVA. They obtained optimal 

parameters for the absorber and figured out the optimal mass ratio required to get the utmost 

performance in suppressing the vibration of the system.  Brennan et al. [67] investigated 

the use of PVA simultaneously as an absorber and an energy harvester when the SDOF 

primary system is subjected to single harmonic and random excitations. They compared 

various optimization criteria with each other and found that the Den Hartog method of 

optimization procedure flattened the amplitude response curve of the primary system.  

Also, they concluded that with single harmonic excitation, the absorber cannot be optimally 

tuned and harvest maximum energy simultaneously. It is observed from the literature that 

the correct damping ratio and tuning ratio for the damped DVA play a significant role in 

vibration suppression of the primary system for a wider band of operating frequencies. The 

optimal parameters of the passive vibration absorbers (PVA) model are still an active area 

of research as observed from many of the recently published articles [6, 68-87] 

incorporating recent techniques such as genetic algorithms, artificial intelligence and 

machine learning. The optimum parameters of the PVA not only depend upon the tuning 

ratio or damping ratio but also its mass, location of placement with various excitations 

acting on the primary system and also DOF of the primary system. The vibration 

suppression of the primary system under various excitations can also be minimized by the 

use of various modifications in the traditional passive vibration model which are briefly 

discussed in the next section.   

1.2.1.2 New modification in the design of the absorber model 

In this section, a brief overview of the literature is presented where various modifications 

in the conventional PVA are considered to increase the efficacy of the vibration absorber.  

Krenk and Høgsberg [88] modified the conventional TMDs design by considering 
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additional flexibility between the TMD and the primary system. This flexibility is 

represented by connecting the support of the TMD with an additional spring stiffness. They 

obtained the optimum parameters for this newly designed absorber by fixed point theory 

and showed its effectiveness in vibration suppression of 10 storey buildings, taut cable and 

pedestrian bridges showing a fully balanced frequency response curve. Jang et al. [89] 

proposed a new design in the absorber configuration by considering two degrees of freedom 

(DOF) vibration absorber with translational and rotational DOF to suppress the vibration 

of the damped SDOF primary system subjected to base excitation. They obtained the 

optimal parameters for the proposed absorber by a similar approach as considered by Den 

Hartog and showed improved performance than conventional VAs. Asami [90] compared 

the effectiveness of vibration suppression of the undamped primary system by using three 

different types of absorber configuration i.e., conventional DVA, double mass DVA in 

series and double mass DVA in parallel. They obtained optimal parameters of the proposed 

absorbers by three different optimization criteria viz., the H∞  optimization, 2H  

optimization, and stability maximization criteria. From the analyses, they concluded that 

series-type double mass DVA is the best among the three DVAs considered and the 

conventional single-mass DVA gives the worst vibration suppression of the primary 

system. Viana et al. [91] designed and compared vibration suppression of the primary 

system by two special types of DVAs viz., the vibrating blade dynamic vibration absorber 

and the multi-mode dynamic vibration absorber. They obtained the optimal parameters of 

these DVAs using the ant colony theory of optimization, which reduces the vibration of the 

primary system more than without DVA. Modification in the TMD design by using 

multiple absorber mass where the primary system is subjected to various excitation under 

different applications such as in wind turbines and ship models etc are still a flourishing 

research area as studied from many current literature [92-98]. In the next section, one major 

type of modification in the traditional TMDs where the damper of the absorber is connected 

between the base of the primary system and the absorber mass, known as a non-traditional 

vibration absorber is studied considering previous literature.  

1.2.1.3 Non-traditional vibration absorber 

In this section, previous works on non-traditional/ variant vibration absorbers are discussed. 

Ren et al. [99] in the year 2001 first obtained the formulae for the optimized tuning ratio 

and damping ratio for the non-traditional vibration absorber by using the fixed-point theory 
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of optimization. They showed that the two-frequency response amplitude of the SDOF 

primary system under external harmonic excitation at the peaks reduces slightly than the 

traditional passive vibration absorber. Cheung et al. [100-102] also did a significant amount 

of work on the non-traditional vibration models to obtain the optimal parameters of the 

absorber using fixed point theory and 2H  optimization procedure, when the primary 

subjected to harmonic and random excitations. They also compared the responses of the 

primary system with various modifications in the VAs design models with the passive 

approach. Chun et.al. [103] designed a non-traditional PVA for suppressing vibration of a 

damped primary system subjected to high amplitude excitation. They obtained the optimal 

parameters for the absorber by proposing a diversified constraint particle swarm 

optimization method, which reduces the significant response amplitude of the primary 

system compared to the optimal parameters obtained by ∞H  the optimization technique. 

Xiang and Nishitani [104] studied vibration absorption of the damped primary system 

under seismic induced base excitation by non-traditional TMDs. They obtained optimum 

parameters for the absorber by quasi-fixed-point theory of optimization. The proposed 

absorber showed less space and stroke length than the traditional TMDs to suppress the 

vibration of the primary system for a wide range of operating frequencies.  Anh et al. [105] 

designed a non-traditional vibration absorber (NVA), to suppress vibration of SODF 

damped primary system under force excitation. They obtained optimal parameters for the 

NVA by H∞  optimization procedure and use the dual criterion method to replace the 

original damped primary system with an equivalent undamped primary system. Noori and 

Farshidianfar [106] used H∞  and 
2H  techniques to obtain the optimal parameters of the 

non-traditional DVA to suppress the vibration of a beam under random force excitation. 

They showed that the non-traditional DVA outperforms the traditional DVA in suppressing 

the vibration of the primary system. Araz [107] in the year 2020 studied the effect of 

frequency detuning on the performance of the non-traditional TMD.  They obtained the 

optimum parameters of the non-traditional TMD system and studied the corresponding 

effectiveness for different mass ratios. Through their numerical results, it is also indicated 

that the non-traditional TMD with a high mass ratio provides better robustness to the 

changes in the target frequency ratio than the traditional TMD. It is observed from the 

literature that very few works were carried out using non-traditional TMDs due to their 

damper configuration, whereas its vibration suppression capability is better than traditional 

TMDs at the same mass ratio. Now researchers [108] are applying the same methodology 
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of various optimization techniques and model design of traditional TMDs to the non-

traditional TMDs which has a significant literature gap. But both in traditional and non-

traditional VA models the frequency response amplitude at the peaks remains to a greater 

extent and there is a limit to suppressing the vibration of the main structure unless the 

absorber mass is increased. Also, non-traditional vibration absorber (NVA) models are not 

suitable in many applications due to their damper configuration so, further studies are 

carried out considering active force by the vibration absorber on the primary system. These 

types of vibration absorber are often known as active/ hybrid vibration absorber which 

utilizes various smart materials and control algorithm to suppress vibration of the primary 

system for a wider range of operating frequencies. In the next section, brief literature 

studies on linear active vibration absorbers are studied focusing mainly on PZT stack 

actuators, as it has high actuation capability and can be tuned more actively than other types 

of smart materials. 

1.2.2 Linear active vibration absorber  

It can be observed from the literature review section 1.2.1 that the mass ratio ( )µ   between 

the absorber and the primary system plays a significant role in the suppression of the 

vibration and most of the researchers have taken µ  as 1:10 experimentally and 1:20 

theoretically [5-7, 16, 30, 31, 34, 40, 42, 43, 46, 55, 56, 59, 62, 66, 67, 69, 72, 79, 82, 83, 

89, 96, 99, 101-104, 106, 108]. This high mass ratio increases the overall structural weight 

of the system. But with the use of various optimization techniques [56-87], different model 

designs [88-108] along with the advanced materials [5, 6, 8, 9, 19, 20, 30, 31, 55] such as 

piezoelectric actuator and sensor, shape memory alloy [109-111], voice coil motor [112, 

113], electrodynamic vibration absorber [114-116], magnetostrictive elastomers and 

dampers [117, 118], and other smart materials one may go for the lower mass ratio to absorb 

the vibration of the system for a larger band of operating frequencies [30, 31]. Therefore, 

further various modifications in the design of absorber models are extensively studied in 

the recent literature where the active elements are integrated with the PVA to enhance its 

performance. The use of smart materials in the traditional DVAs are commonly known as 

active or semi-active vibration absorbers or smart TMDs [119] by which one can tune the 

frequency of the absorber actively in real-time. The smart materials used in the active 

vibration absorber (AVA) use various feedbacks such as displacement, velocity and 
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acceleration feedback to provide the necessary actuation force to suppress the vibration of 

the main system [6-9, 120-134]. There are many review articles on active/hybrid vibration 

absorbers with various actuators and feedback which are given below.  

Fisco and Adeli [30, 31] presented a state-of-the-art review of journal articles from 1997 to 

2010 on different types of active and semi-active vibration absorbers that are used to control 

the structural vibration of the primary system and also reviewed many applications and 

control algorithms used in the active TMDs. EI-Khoury and Adeli [120] reviewed recent 

journal articles on passive, active, semi-active, and hybrid vibration control of structures 

subjected to dynamic loading and suggested that the hybrid and semi-active control 

approaches suppress the vibration of the structure is an integral way to look forward in 

future research.  Kela and Vähäoja [16] gathered recent articles on adaptively tuned 

vibration absorbers using various smart structures which are used to damp out vibrations 

of the primary system for a wide frequency band. There are many review articles [5, 6, 7, 

11, 15, 16, 19, 30, 31, 36, 55, 62, 119-121] published where the importance of active TMDs 

is discussed to suppress the vibration of the host or the main structure effectively for a 

broad range of operating frequencies. The active TMDs utilize various types of feedback 

signals either from the primary system or the absorber to provide the necessary actuation 

to suppress the vibration of the primary system. In the next section, a brief overview of the 

various feedbacks used in the AVA is discussed.  

1.2.2.1 Displacement, velocity and acceleration feedback  

In the investigation of active linear vibration absorber, Cheung et al. [122-126] have done 

a considerable amount of work to analyze the vibration suppression of SDOF primary 

system and a simply supported beam by using AVA using various combinations of 

displacement and velocity feedbacks from the primary system and the absorber. They used 

H∞  optimization criteria to obtain the optimal parameters for the AVA to suppress 

vibration of the primary system with minimal absorber mass.  Chatterjee [127] studied the 

efficacy of an AVA by considering the feedback from the absorber mass. The optimal 

parameters for the absorber are obtained by using H∞  optimization technique considering 

displacement and velocity feedback from the absorber. The effectiveness of the AVA with 

optimal parameters is studied for both SDOF primary system and a fixed-fixed Euler 

Bernoulli beam under external excitations. Nagashima [128] studied active tuned mass 
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damper (TMD) with optimal displacement feedback control law and LQR feedback gains 

to suppress the vibration of an undamped SDOF primary system. However, in the above 

literature, the types of actuators used for the theoretical analysis are not mentioned. 

Alujević et al. [129] considered velocity feedback for the inertial actuator to suppress the 

vibration of an undamped SODF primary system subjected to random excitation. They 

obtained optimal parameters for the active absorber and showed that the AVA outperforms 

optimal passive TMD. Guo et.al. [130] presented an improved force feedback algorithm, 

with velocity feedback to enhance the damping ratio of the large space structure (free-free 

truss) using an active tendon/spring. Collette and Chesne [131] compared the efficacy of 

vibration suppression by pure AVA, a hybrid vibration absorber with velocity feedback to 

that of the PVA. They considered a three DOF model as the primary system and 

demonstrated that the vibration suppression is better with the proposed hybrid vibration 

absorber than that with the pure AVA which requires more active forces. The proposed 

absorber also outperforms the PVA. From the literature, it is observed that many 

researchers used displacement and velocity feedbacks in their analysis [5, 6, 7, 11, 15, 16, 

19, 30, 31, 36, 55, 62, 119-121] while analysis on acceleration feedback and combination 

of these feedbacks are limited. The application of the AVA initially started in civil 

structures but its application with various control algorithms is now found in many fields 

[119, 120, 132-134]. The smart materials used in the AVA to provide actuation often 

accounted for a time delay in the feedback [135, 136], which occurs in the process of signal 

acquiring from the vibrating main system, processing, computing and then actuating. There 

is also a time delay produced intentionally by the controller or the user to enhance the 

vibration suppression and increase the stability of the system. In the next section, brief 

discussions on time delay in the feedback/ control algorithms of the AVAs are briefly 

discussed. 

1.2.2.2       Time delay feedback 

Time delay in the feedback or actuation process is a typical occurrence and useful in AVA 

applications. Andrade et al. [137] in the year 1995 studied the importance and influence of 

time delay in the active vibration absorber for vibration suppression. They showed that the 

time-delayed AVA excel in more vibration suppression than PVA. However, the time delay 

in AVA may deteriorate the performance if they are not estimated properly. Agarwal and 

Yang [138] presented a state-of-the-art review of the fixed time delay of actively controlled 
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vibration absorbers for civil engineering structures. They studied various literature on the 

identification, effect on the stability and performance of the AVA/active TMDs with the 

critical time delay in controlling vibration of the primary structures under earthquake 

excitations.  Further, they presented a method of stability analysis for the critical time delay 

of the multi DOF systems equipped with single or multiple actuators. Vyhlídal et al. [139] 

analysed active vibration suppression of the SDOF primary system using a time-delayed 

absorber with acceleration feedback. They determined the stability of the system using the 

spectral element method and showed desirable vibration suppression of the primary system 

with various case studies. Di Egidio et al. [140] in the year 2020 used time-delayed AVA 

where they proposed an active control method for symmetric rigid blocks under harmonic 

and seismic excitation based on the LQR approach. They showed that the control law has 

good robustness with respect to the sampling time and the time delay. Also, Kayabekir et 

al. [141] recently, obtained the optimized values of the AVA using a modified harmony 

search method for reduction of responses of the seismic structures for different values in 

the time delay. A brief review of the previous literature is presented in the following 

section, where the actuation by the AVA is achieved using piezoelectric materials in the 

stack and patch forms. 

1.2.2.3       Piezoelectric smart actuator  

Tewani et al. [142] suppressed the machine tool chatter in a boring bar by the use of an 

AVA with a piezoelectric actuator. They compared their findings on AVA to PVA and 

found that using the proposed AVA, they were able to achieve a significant increase in the 

maximum permissible cut width in a stable range for a wide band of cutting speeds. Zhao 

et al. [143] analysed the dynamics of piezoelectric based VAs where the piezoelectric stack 

actuator is connected to an RLC circuit to suppress vibration of the SDOF primary system. 

They compared vibration suppression of the primary system using various shunt circuits 

and 
2H  optimization techniques by considering piezoelectric stack actuator and RLC 

circuit as an additional DOF. Fallah and Ebrahimnejad [144] studied the performance of 

PZT stack actuators which is capable of providing 80 kN blocking forces, for vibration 

suppression of 10 storey tall building due to seismic response. They used three control 

schemes namely LQR, supervisory and fuzzy concept to command piezoelectric actuators 

and obtained the optimum arrangements of actuators by genetic algorithm. Chatterjee [145] 

TH-2895_136103038



 Introduction and Literature Review 

25 

demonstrated new control laws for the active vibration control using the PZT stack actuator 

as an impact damper to suppress the vibration of the lightly damped SDOF primary system 

under free, forced and self-excited excitations. Chen et al. [146] conducted a review of 

literature on the application of piezoelectric materials for sustainable building development 

and energy harvesting via host structure vibration mitigation. There are also extensive 

studies [147] on vibration control of various structures using piezoelectric materials in the 

AVA.  

The piezoelectric materials in patches form are also widely used in the AVAs, mostly to 

suppress vibration in continuous systems; some of the literature on this topic is reviewed 

here. Fallah and Ebrahimnrjad [148] use PZT actuators and sensors as patches over thick 

and thin beam systems to actively control the vibration. They used the finite volume 

approach and negative velocity feedback control to study the system responses for various 

applications considering cantilevers and simply supported beams. Lee et al. [149] studied 

the effects of surface-bonded PZT layers on a laminated Timoshenko beam model by 

adopting first-order shear deformation theory. Nikkhoo [150] parametrically studied the 

performance of piezoelectric patches with displacement, velocity and acceleration feedback 

to suppress vibration of a single span and multi-span thin beam by bonding the number of 

piezoelectric patches. Høgsberg et al. [151] showed a reduction in response amplitude of 

the primary system in a series of the hybrid unit of passive and active vibration absorbers. 

They used an integrated feedback control law and demonstrated good damping 

performance by the smart actuator which can be made of piezoelectric material. Shin et al. 

[152] studied an active mass damper using acceleration feedback to suppress vibrations of 

a continuous system such as a plate. It is observed from the above literature that many 

researchers used displacement and velocity feedback [6, 16, 19, 30, 31, 55, 62, 119, 120, 

122-132, 138, 142-145, 148, 153] in the active vibration absorber to suppress the vibration 

of the main system with very few literature on acceleration feedback [135, 136, 139, 140, 

152] or combination of these feedbacks [150]. Among the various smart/active materials, 

piezoelectric based materials or PZT (lead zirconium titanate) in patch form are widely 

used in the absorber [143, 145, 154] compared to its stack form as these patches are more 

flexible to withstand failures. But the PZT actuator in stack form provides a much higher 

actuation force which will be much more useful to suppress the vibration of the host 

primary structure. The nonlinear analysis of the passive and active vibration absorbers 
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considering nonlinearity in the primary system and the absorber are equally important as 

cited in many works [2, 4, 7, 43-63]. In the next section, nonlinear passive vibration 

absorbers are briefly reviewed.  

1.2.3 Nonlinear passive vibration absorber  

The nonlinearities in the structure of TMDs be it passive or active is an important aspect of 

the analysis which are discussed in this section considering works from the previous 

literature.  As discussed in the introduction section, the nonlinearity in the main system 

arises, due to the high amplitude of excitations of the structures, prolonged use of the 

system, and irregularity in the cross-sections. They are also inherently present in many 

systems in different applications [5-8, 10-21, 27-32, 35, 37, 39-41, 43, 54, 55]. Also, when 

the primary system is subjected to multiple excitations, parametric excitations or 

combinations of multi-frequency excitations then the nonlinear phenomena arise in the 

response of the system. Further, the nonlinear phenomena develop as the absorber vibrates 

very rapidly due to the energy transfer from the main system to the absorber. The nonlinear 

analysis of DVA is more practical and can be used in most applications [5-8, 10-21, 55].  

To obtain the solutions to the nonlinear governing equation of motion many analytical 

methods are used but the method of multiple scales (MMS) [29, 31, 34, 46-55] is mostly 

used due to its easier solving procedures to obtain the reduced equations for various 

resonance conditions with good accuracy, especially for low nonlinearity in the system. 

The other methods such as the harmonic balance method (HBM) [39, 44, 45, 56-62] and 

the method of averaging [63], are also used in many literature for high and low nonlinear 

systems. The nonlinear studies of DVA are often accounted for nonlinearity in the stiffness 

of the absorber or the main system [4, 8]. The optimization techniques for vibration 

suppression of the nonlinear primary system by nonlinear passive or active DVAs are still 

a new area of research [6, 155].  In the next section, HBM and MMS solution methodology 

and optimization parameters for the nonlinear vibration absorber are briefly studied from 

the previous literature. 
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1.2.3.1       Harmonic balance method 

The nonlinear vibration absorber and its application in various fields is still a broad area 

for research as mentioned in the books of Nayfeh and Balachandran [156] and Lacarbonara 

et al. [157]. Balaji and SelvaKumar [155] recently reviewed articles on the application of 

nonlinearity in the passive vibration absorber. The methodology to solve the nonlinear 

governing EOM of PVA by HBM is extensively carried out in the work of Kerschen et al. 

[158-164] and their group. Kerschen et al. [158-160] made a significant contribution to the 

passive nonlinear vibration absorbers by studying various nonlinear phenomena and 

optimization parameters. Habib et al. [161] used HBM to obtain the solution of the EOM 

and derived the optimal formulae for the stiffness and damping ratio of the nonlinear 

passive DVA which shows two equal Den Hartog’s peaks in the frequency response of the 

SDOF nonlinear primary system. Habib et al. [161-166], also performed extended analyses 

on the vibration suppression of the nonlinear primary systems and study the nonlinear 

dynamics using nonlinear tuned vibration absorbers for many applications. Habib et al. 

[166] in the year 2019 studied the vibration suppression of the undamped SDOF primary 

system by using the Duffing type of oscillator in the absorber. They combine HBM with 

straightforward expansion to obtain the solution of the governing EOM and illustrated that 

two different dynamical paths exist out of which in one path vibration mitigation is faster. 

Viguie and Kerschen [167] developed a tuning methodology to mitigate the vibration of 

the nonlinear SDOF primary system with the nonlinear DVA. Detroux et al. [168] identified 

the safe, unsafe and unacceptable regions of operations for the nonlinear VAs when the 

SDOF primary system is subjected to harmonic excitation. They used the harmonic balance 

method (HBM) to obtain the solution of the governing equation of motion and analysed 

bifurcation, detached resonance curves and quasiperiodic responses of the system.  Cirillo 

et al. [169] explored the qualitative and structural behaviour of the SDOF nonlinear primary 

system under harmonic excitation with an attached SDOF nonlinear absorber under 

harmonic excitation by singularity theory. They used a single harmonic term in HBM to 

obtain the solution and bifurcation analysis has been carried out by studying detached 

resonance curves in the frequency response of the primary system. Raze and Kerschen 

[170] studied multiple nonlinear vibration absorbers that mitigate several nonlinear 

resonances simultaneously. They used HBM and maintain equal peaks in the frequency 

response for the nonlinear system over a broader range of forcing amplitudes than the linear 

absorber. They studied many nonlinear phenomena such as adverse attractors, detached 
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resonance curves, quasiperiodic and superharmonic resonances, highlighting the 

performance of the proposed nonlinear absorbers superior to that of linear absorbers. Gatti 

[171] studied the efficacy of cubic nonlinear stiffness in the tuned mass damper (TMD) to 

suppress the vibration of the SDOF primary system under the harmonic excitation. They 

used HBM and Floquet’s theory to obtain the response of the system and study the effect 

of hardening and softening nonlinear stiffness on the frequency response and stability of 

the system. Renault et al. [172] investigated the enhanced performance of nonlinear DVA 

by tracking anti-resonances in frequency response curve using coupled numerical technique 

and HBM when the SDOF primary system is subjected to external harmonic excitation. 

They studied both geometric and/or inertial nonlinearities and showed hardening and 

softening effects in the response. Li and Cui [173] used HBM to obtain the solution of the 

equation of motion (EOM) for the single degree of freedom (SDOF) primary system with 

attached nonlinear TMD under primary resonance conditions. They provided a new design 

method for the nonlinear TMD which sufficiently eliminates the adverse effects of 

nonlinear systems. Li and Du [174] in the year 2020 used HBM to determine the steady-

state responses of the SDOF primary system under harmonic excitation by a nonlinear 

TMD. They obtained the optimal parameters of the nonlinear TMD and studied hardening 

and softening effects in the responses. Kong et al. [175] studied the nonlinear energy sink 

with nonlinear cubic damping attached to the SDOF nonlinear primary system by using 

incremental HBM and Floquet theory. The nonlinear energy sinks refer to the system where 

the secondary/ absorber system consists of only nonlinear spring stiffness with no linear 

stiffness. They demonstrated the proposed vibration absorber is more effective than 

previous studies. Ding and Chen [176] reviewed 383 articles in the year 2020 on nonlinear 

energy sinks which can suppress vibrations over a wide frequency range. They suggested 

promising results for multidirectional vibration reduction where the absorber can be cubic 

nonlinear stiffness. There are other nonlinear methods such as MMS which has been 

extensively used to study vibration absorbers for various resonance conditions under 

various external excitations on the primary system. In the next section, the solution of the 

nonlinear passive vibration absorber has been studied considering MMS. 

1.2.3.2       Method of multiple scales 

In this section, the nonlinear PVA is studied from the previous literature, where MMS is 

used to obtain the reduced equations from the nonlinear governing EOM. Ji [177, 178] 
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studied a nonlinear vibration absorber tuned under 3:1 internal resonance condition to 

suppress the primary resonance of an SDOF nonlinear primary system under weak 

harmonic excitation. They used the method of multiple scales (MMS) to obtain reduced 

equations and parametric studies are undertaken. Li and Zhang [179] recently showed that 

neglecting the nonlinearity in the design process of TMD can produce adverse effects on 

the control performance. They considered nonlinearity in the TMD and deduces an 

optimum formula by using the complexification averaging MMS. They manifested that the 

nonlinear TMD performs better than the linear TMD. Luongo and Zulli [180] addressed 

the passive control of aeroelastic instability in multi DOF systems due to Hopf bifurcation 

by using a nonlinear energy sink type of absorber in the system. They used combined MMS 

and HBM techniques to obtain the reduced amplitude modulation equations. They showed 

that a nonlinear energy sink, can shift forward the bifurcation point and reduce the 

amplitude of the limit cycles. There are many recent studies [180-182] on the passive 

nonlinear energy sinks i.e. where essential nonlinear stiffness is considered in the absorber 

configuration to suppress the vibration of the linear/ nonlinear main system under various 

applications and excitations. Sayed and Kamel [183] studied the response of the two DOF 

systems by considering coupled nonlinear equations applicable to rotor blade flapping 

motion. They used MMS to study the response of the system for various values of linear 

and nonlinear stiffness coefficients. Sayed and Hamed [184] carried out a parametric study 

on the response of two DOF coupled nonlinear equations under primary and principal 

parametric resonance conditions. They used the MMS perturbation method to obtain the 

reduced equations. EL-Sayed [185, 186] proposed a linear vibration absorber to suppress 

the vibration of the nonlinear dynamical system at simultaneous primary resonance and the 

presence of a 1:1 internal resonance condition. They used the MMS technique for the 

analytical study and compared their results with the related published literature showing 

the effectiveness of the proposed absorber. From their analysis, it is found that primary 

resonance is one of the worst resonance cases and with the proposed absorber the efficiency 

of controlling the vibrating system is increased. El-Ghareeb et al. [187] studied the 

vibration suppression of a nonlinear system by a nonlinear absorber by considering 

different resonance conditions using multiple scale perturbation techniques. They 

concluded different characteristics of frequency response curves by taking various values 

of forces and nonlinearity in the stiffness and showed that by increasing the nonlinear 

stiffness value the response amplitude of the primary system reduces significantly.  
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Karimpour and Eftekhari [188] studied the flexural vibration of a symmetrically laminated 

composite cantilever beam carrying a sliding mass under harmonic base excitations. The 

composite beam carrying a moving mass, which reciprocates inside a wire coil, is 

considered to act partially as a vibration absorber and also as an electric generator. Equation 

of motions of the system is derived according to extended Hamilton’s principle and they 

employed the method of multiple scales for the analysis. Their proposed study reveals that 

such absorbers can be successfully implemented to attenuate the large amplitude of the 

beam vibrations and also harvest energy. Wang et al. [189] analysed vibration suppression 

of a hinged-hinged nonlinear Euler-Bernoulli beam using a linear/nonlinear TMD. They 

used MMS and examined the effectiveness of the linear and nonlinear TMDs by obtaining 

the optimal damping ratio. Bellizzi et al. [190] in the year 2019 combined complexification, 

averaging, and multiple-scale approaches to obtain the solution of the linear SDOF primary 

system under the periodic excitation with the attached essential nonlinear SDOF absorber/ 

nonlinear energy sink. They showed that a relatively small-time delay causes significant 

suppression of quasiperiodic response regimes and reduction of the response of the primary 

system. Very recent work (2021) includes the work of Savadkoohi et al. [191] where they 

modelled a nonlinear vibration absorber for passive vibration control of the human arm 

under essential tremor. They used MMS to obtain the solution. There are various other 

methods to solve the nonlinear equations of motion of the passive nonlinear vibration 

absorber which are discussed in the next section. 

1.2.3.3       Other nonlinear methods 

In this section, various other nonlinear methods by which the reduced equations are 

obtained to study the response of the primary and the secondary/absorber system are 

studied. Esen and Koç [192] suppressed the nonlinear vibration of the gun barrel tip 

modelled as the primary system by using a PVA. They obtained the optimized parameters 

of the PVA by the combination of the genetic algorithm and finite element method. Yang 

et al. [193] studied the performance of the nonlinear vibration absorber attached to a 

nonlinear primary system under harmonic excitation in terms of power flow characteristics. 

They considered cubic nonlinearity in both spring and damper and used the method of 

averaging to obtain the solution of EOM. The efficacy of nonlinear damper, hardening and 

softening stiffness in the absorber over linear absorber are highlighted. Lacarbonara et al. 

[194-196] and their group Carpineto et al. [197-199] and Vestroni et al. [200] exploit the 

TH-2895_136103038



 Introduction and Literature Review 

31 

nonlinearities and the hysteresis in the vibration absorber to suppress the flutter vibration 

using linearization technique and extended their analyses to many other applications [201]. 

Ebrahimzade et al. [202] studied the performance of linear PVAs, nonlinear PVAs and 

nonlinear energy sink (NES) on the stability properties and nonlinear behaviours of an 

aeroelastic model. They extended their analysis to a two DOF linear DVA, linear spring 

parallel to Maxwell DVA and Maxwell model DVA. Franzini [203] recently (2021) studied 

an elastic rotative nonlinear vibration absorber to passively suppress the vortex-induced 

vibration of a rigid cylinder immersed in a fluid as the primary system. The nonlinear 

TMDs systems that may have better control performance than the linear TMDs remain still 

in the developmental stage. These passive nonlinear TMDs can be widely applicable to 

many vibrating systems to suppress vibration in a wide frequency range and there are many 

new techniques such as the use of inerter as passive vibration control and various new 

methods to solve the nonlinear equations [204-210]. In the next section, the studies on the 

nonlinear vibration absorber from the previous works are extended by considering active 

forces by actuator mainly focusing on PZT nonlinear AVA.  

1.2.4 Nonlinear active vibration absorber 

It is observed from the previous literature review sections the importance of considering 

nonlinearity [5-8, 10-21, 37, 39-41, 43, 54, 55, 155-210] in the system while designing/ 

analysing the vibration suppression capability of the absorber. To attenuate the vibration of 

the host primary structure using active control methods is well established, which imparts 

not only a significant reduction in the response amplitude but also makes the system stable 

for a wide range of frequencies [3-9, 16-20, 24-26, 30, 31, 35-38, 50-55, 60-62, 109-154].  

In the next section, the nonlinear vibration absorber where active components such as 

actuators and sensors are integrated into the passive nonlinear vibration absorber is 

discussed. Various types of actuators are integrated with the nonlinear vibration absorbers 

among them PZT based actuator is found in many studies due to their high actuation 

capability and through various feedbacks [20, 142-154] absorber frequency can also be 

actively controlled for various resonance conditions. In the previous literature, MMS 

techniques are widely used for the analyses of nonlinear AVA with PZT based actuators 

and other forms due to their simplicity in the formulation to study various resonance cases 

simultaneously. These studies from the literature are briefly studied in the next section. 

TH-2895_136103038



Chapter 1  

32 

1.2.4.1       MMS for primary and internal resonance cases  

In the present section, works from the previous literature have been considered on the 

nonlinear analyses of AVA using the MMS solution approach to study the response of the 

system to the primary and internal resonance conditions. Oueini et al. [19] first studied the 

active nonlinear vibration absorber using various actuators such as PZT ceramics, Terfenol-

D, motor and a potentiometer to successfully suppress the response amplitude of the SDOF, 

multi DOF and flexible beam. They used MMS to obtain an approximate solution of the 

EOM considering primary and 2:1 internal resonance condition. They further extend their 

analysis [211, 212] using the MMS considering quadratic and cubic nonlinearities in the 

stiffness of the system for primary, 1:1 internal resonance and 2:1 auto parametric 

resonance condition. They demonstrated the AVA exhibits various complicated dynamics, 

such as Hopf bifurcations, intermittency, and chaotic responses. Jun et al [213] investigated 

nonlinear AVA with quadratic nonlinearities and saturation phenomena using MMS for 

primary and 2:1 internal resonance condition. They performed the bifurcation analysis and 

examine the stability of the system for various feedback gains. Jun et al. [214] extended 

their analysis on the saturation-based control method by the nonlinear AVA in reducing the 

vibration response of the primary system. They used MMS and showed a reduction in the 

self-excited oscillation of the primary system when the frequency of the absorber is exactly 

tuned to half of the natural frequency of the primary system. 

Carbajal and Navarro [215] analysed linear AVA using a differential flatness scheme to 

suppress the multi-frequency harmonic vibrations of the SDOF nonlinear primary system. 

They proposed a robust active vibration controller and used the MMS to obtain the 

approximate solution for the primary resonance condition. The nonlinear system exhibits 

various forms of resonances either from various nonlinearities in the stiffness, damper or 

the amplitude and type of external excitations. In the next section literature related to the 

use of MMS and HBM for various resonance conditions (besides primary resonance) are 

presented.  

1.2.4.2       MMS and HBM for various other resonance cases. 

In this section, various other resonance conditions are considered from the works of 

previous literature such as super-harmonic, sub-harmonic, and principal parametric with 
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the combination of internal resonance and primary resonance for the nonlinear system. 

Bauomy [216] studied the suppression of the vibration of the SDOF nonlinear primary 

system under multiple parametric excitations by using a negative velocity feedback 

controller. They obtained the reduced equations using MMS for simultaneous 

superharmonic and 1:1 internal resonance condition. Sayed and Kamel [217] considered 

two coupled governing nonlinear EOM, where the primary system is subjected to harmonic 

and parametric excitations. They used MMS to obtain the solution of the EOM and suppress 

vibration of the SDOF primary system for simultaneous primary, principal parametric, 1:2, 

1:3 internal resonance conditions, using active nonlinear control force. Til et al. [218] 

studied nonsmooth dynamics of TMD with lateral stops using an alternating 

frequency/time-harmonic balancing method. They considered single harmonic- and a wide-

spectrum excitation and provided insights into different system responses.  Raj and Santosh 

[219] used the multi HBM and arc continuation technique to obtain the responses of a two 

DOF nonlinear system where the SDOF primary system is subjected to harmonic 

excitation. They considered a piezoelectric energy harvesting circuit in the nonlinear 

absorber configuration for vibration suppression and energy harvesting through optimal 

parameters from the genetic algorithm. These nonlinear TMDs can be widely applicable to 

many vibrating systems to suppress vibration by integrating actuators and sensors with 

numerous control feedbacks. However, during sensing, processing and actuating often a 

time delay is encountered in the feedback. In the next section works from the previous 

literature are considered to study its effect on vibration suppression of the nonlinear primary 

and secondary/absorber system for various resonance conditions.  

1.2.4.3       Time-delayed system for various other resonance cases.  

The active control of structures through linear and nonlinear analyses is a widely researched 

area but there are still several limitations to preventing unexpected high response amplitude 

of the primary system. In the nonlinear AVA, the time delay in the feedback or in the 

process of actuating is a common phenomenon, but its effect on the system response can 

vary differently. These aspects are considered in this section from the previous articles. The 

time delay aspect of study in both active linear and nonlinear systems is important in terms 

of practical implementation of the device as studied in the work of Balachandran et al. 

[220]. Zhao and Xu [221] studied vibration suppression and improved the stability of the 

SDOF primary system under harmonic excitation by using time-delayed position feedback 
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in the autoparametric pendulum-type vibration absorber. They used MMS considering 1:2 

internal resonances and showed that the delayed feedback control can be used to suppress 

the vibration or stabilize the system. They [222] also, studied the effects of time delay with 

positive and negative position feedback in the absorber to suppress vibration of SDOF 

nonlinear primary system for primary and 1:1 internal resonance condition. They used 

MMS to obtain the solutions and studied various bifurcation points with variations of 

control gain. Rabelo et al. [223] studied time-delayed linear and nonlinear damping effects 

in the nonlinear vibration absorber to suppress vibration of the SDOF primary system for 

simultaneous primary, principal parametric and 1:3 internal resonance cases. They used 

MMS and modified Routh-Hurwitz criteria to study the system responses and stability. Sun 

and Xu [224] proposed an absorber–isolator-combined structure with timed delay 

displacement feedback for vibration control and isolation improvement of the SDOF 

primary system. They used MMS to study the vibration suppression effectiveness and 

stability of the steady states for the primary resonance, 1:2 and 1:3 internal resonances. El-

Gohary and El-Ganaini [225] used a piezoelectric actuator with time delay in displacement 

and velocity feedback to suppress the vibration of a hinge-hinge beam under simultaneous 

primary and sub-harmonic resonance conditions. The governing equation of motion of the 

system is obtained by considering two DOF system models. They used MMS up to second-

order to obtain the system responses and showed time delay is an effective parameter for 

vibration suppression. El-Ganaini and El-Gohary [226] studied time delayed absorbers for 

vibration suppression of two DOF nonlinear systems. They modelled the primary system 

as a cantilever beam, which is subjected to multi tuned excitation force and used MMS to 

study responses for simultaneous combined and 1:1 internal resonance condition. Rabelo 

et al. [227] analysed that time delay in the damping of the absorber can act as a stability 

factor for vibration control of SDOF nonlinear primary system under harmonic excitation. 

They used MMS for obtaining the solution of the EOM, considering primary and internal 

resonance conditions.  Shao et al. [228] proposed an H∞  controller in the DVA to improve 

the electric vehicle suspension and ride quality. They used the particle swarm optimization 

technique to obtain the optimal parameters of the DVA. In their analysis, time-delayed 

feedback control is considered and they demonstrated the effectiveness of the proposed 

DVA on the quarter vehicle under bumps and random road excitations. Yao et al. [229] 

investigated the active feedback control by using linear and nonlinear DVA to increase the 

hunting stability of the motor flexible suspension train bogie at high speed. They used the 
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multi-objective optimal method and evaluated the effect of time delay on the system 

stability. Casciati et al. [230] reviewed articles from 2009 to 2011, emphasizing the 

developments of theoretical, numerical, control algorithms and experimental studies, as 

well as actual implementations of the devices to suppress vibration. These actual 

implementations or the experimental works of the passive/active linear/ nonlinear vibration 

absorber are studied in the next section.  

1.2.5 Experimental analysis of vibration absorber 

The vibration absorbers are used in many applications as discussed in the introduction 

section. Some of the initial experimental verification of TMD to reduce the vibration 

include the works of Jones et al. [231] in the year 1967 and Abu-Akeel [232] in the year 

1969. The experimental analyses for vibration suppression of the host or primary system 

by using the auxiliary spring–mass–damper absorber systems can be found in the review 

articles [5-7, 11, 15, 16, 19, 55, 73, 121, 146, 155, 230], where a large number of realistic 

applications have been considered. In the next section, literature related to experimental 

verification of PVA and AVA are discussed. 

1.2.5.1       Passive vibration absorber 

In this section, experimental works on the implementation of linear and nonlinear PVA are 

studied. Brennan [233] theoretically and experimentally designed a tunable vibration 

absorber/ neutralizer consisting of a mass supported by an air mount, whose natural 

frequency can be adjusted actively by air pressure to tune the absorber frequencies for a 

wide range of frequencies. Zárate et al. [234] experimentally showed the effective 

performance of PVA to dissipate the overall energy of the three-level building primary 

system, which is harmonically excited by an electromagnetic actuator at the base. Dayou 

and Brennan [235] extended their theoretical analysis of optimal VAs to experimental 

verifications for global vibration control using the passive approach. They show the 

effectiveness of the proposed vibration absorber is comparable to that of the AVA. Yang 

et al. [236] experimentally designed and developed an optimization strategy using a 

minimax numerical method for multiple tuned mass dampers (MTMD) to suppress 

machine tool chattering and to increase chatter-free depth cuts. They showed that MTMD 

is more robust to uncertainties in damping and input dynamic parameters in comparison 
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with a single TMD. Yang et. al. [237] also, designed and experimented with the use of two 

DOF based TMD possessing translation and rotation motion for mitigation of vibration of 

milling machine, which is considered as the SDOF damped primary system. They obtained 

optimum parameters for the absorber using H ∞  optimization technique which resulted in 

improved machining stability and depth of cut, as well as an 80.8 % reduction in the 

vibration. 

Kandaswamy et al. [238] reviewed articles on vibration control of offshore structures by 

the use of passive, active, semi-active, and hybrid designs considering both the linear and 

nonlinear vibration absorbers. The recent applications of the passive dynamic vibration 

absorber include in the area of biomedical engineering to suppress tremors of the forearm, 

wrist, neck or in any other body parts of a human due to Parkinson's disease [42-46, 239]. 

In these studies, PVA is designed as a bracelet to attenuate 85% of tremors [42] in the 

human forearm. Vibration control using vibration absorbers is widely used in many 

structures and devices around the world. Some of this use of passive and active vibration 

absorbers used in realistic applications can be found in the highly cited review articles of 

Spencer and Nagarajaiah [240] and Soong and Spencer [241]. The nonlinear analyses of 

these vibration absorbers can be applied to many practical systems as nonlinearity is 

inherently present, particularly in the joints, bearings and other moving parts. Also, 

nonlinearities arise due to various operations in the machining process [41, 39], 

automobiles [32], ships [35], aircraft, tall and large structures such as buildings, bridges, 

beams, flexible structures, off-shore structures, and railroad wheelsets, etc. as studied in 

many review articles [5-7, 11, 15, 16, 19, 55, 155, 230]. Nayfeh and Balachandran [242] 

analyse the applications of nonlinearities in various experimental works and their 

importance to study in various application fields. Jo and Yabuno [243] designed and 

experimented with a new type of nonlinear vibration absorber for the primary system under 

primary resonance conditions. They validated the theoretical results by using MMS with 

that of the experimental results. Jo and Yabuno [244] also analyzed vibration reduction of 

the primary system under parametric resonance conditions by using the vibration absorber 

with quadratic nonlinearity. They tuned the natural frequency of the vibration absorber to 

twice that of the primary system and used MMS to obtain the solution of the EOM. They 

also validated the analytical results from MMS with that of the experimental results. 

Kachapi and Dukkipati [245] developed a new method to transform the two nonlinear 
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differential equations of motion of a two DOF system into a single nonlinear differential 

equation of motion and then linearize the EOM to study the response of the system. Feng 

et al. [246] theoretically and experimentally demonstrated the benefit of nonlinearity in 

muscle characteristics in improving vibration isolation at low frequencies in the human 

body. They demonstrated that the proposed anti-vibration system has a wide range of 

engineering applications. Zhao et al. [247] investigated experimentally the effectiveness of 

the TMD on a transmission tower under seismic excitations through various parametric 

studies. From the previous literature, it can be inferred that the use of active approaches in 

these linear or nonlinear vibration absorbers significantly improves the vibration 

suppression for a wide range of operating frequencies. So, in the next section, experimental 

works on AVA are studied considering mainly the piezoelectric based sensor and actuator 

in the absorber configuration. 

1.2.5.2       Active vibration absorber 

In this section, experimental analyses of the AVA to suppress the vibration of both discrete 

and continuous primary systems are studied from the previously published literature. The 

AVA with various types of actuators and sensors are synthesized in conjunction with the 

PVA such that their combined effect is superior to the PVAs. These types of vibration 

absorbers are used in various applications which are discussed in the next section, 

considering discrete primary systems.  

Linear systems 

Here, the use of AVAs on discrete SDOF primary systems is studied from the previously 

published works. Jang and Tarng [248] experimentally showed that the piezoelectric based 

AVA can suppress a maximum of 90% of undesired vibration of the cutting tool excited by 

a harmonic disturbance at the resonance frequency. The vibration suppression by their 

proposed AVA suppresses both free and force vibration for a wide range of operating 

frequencies by changing the inertial mass of the AVA. Kim et al. [249] through simulations 

and experimental studies obtained the optimal parameters of the passive and active 

piezoelectric based AVA to suppress vibration of the SDOF primary system. They used 

acceleration feedback for AVA and validated the theoretical results through simulations 

and experiments.  
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Kim and Brennan [250] used delayed feedback control in an experimental analysis to 

suppress multiple vibration modes of the beam system. They showed that the primary beam 

system vibration is suppressed at each mode by an attached DVA. Yong et al. [251] both 

theoretically and experimentally showed that the vibration of the helicopter's individual 

blade can be reduced by using AVA. They used a piezoelectric based smart spring to 

provide actuation that allows them to actively change the structural response. Further, they 

[252] also used a piezoelectric based stack actuator as a smart spring for vibration reduction 

of the individual blade control of the helicopter flight. From this study, they demonstrated 

the potency of the piezoelectric stack actuator which can produce greater than 3.3 kN of 

blocked force at the maximum input voltage of 100 V to suppress single harmonic and 

multiple harmonic excitations acting on the primary system. Nambu et al. [253] studied and 

experimented using a smart self-sensing and actuating piezoelectric based AVA to suppress 

the vibration of a string supported by flexible beams. They showed robustness, 

effectiveness and compactness of the AVA and suggested using several smart AVAs for 

suppression of spatial and multimodal vibrations. Lu et al. [254] analysed both theoretically 

and experimentally to suppress wind‐induced earthquake vibration of a 492-m height 

Shanghai World Financial Centre by the use of two active TMDs.  They developed the 

active control force by considering displacement and velocity control gains while the 

nonlinear control force is neglected. From their study, it is observed that significant 

vibration is reduced by the active TMDs under wind loading while under earthquake 

conditions active TMDs are disabled and PVA is used to suppress the vibration of the 

primary system. Casado et al.  [255] designed and experimented on the passive TMD and 

active mass damper to mitigate human‐induced vibrations of the footbridge in Valladolid, 

Spain. They used a proof mass actuator for the active mass damper with acceleration 

feedback and H ∞  control strategy is used to obtain optimal parameters.  

Peng and Gong [256] designed and experimented with vibration suppression of the SDOF 

primary system by an active adaptive vibration absorber and showed its effectiveness 

compared to active and passive vibration absorbers. Tso et al. [257] analytically and 

experimentally showed global vibration control of flexible structures under random 

stationary excitations by using an AVA/hybrid vibration absorber. They showed the 

proposed AVA is economical and provide better performance than the conventional TMD. 

Yang et al. [258] and Lin et al. [259] experimented with a novel resettable semi-active 

stiffness damper, where the stiffness of the TMD can be changed through the controller and 
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suppress vibration of civil structures under seismic excitations. Zárate et al. [260] 

theoretically and experimentally suppress the vibration of a three-story building structure 

for a wide range of excitation frequencies using PZT stack actuator-based AVA with 

acceleration feedback. They validated the theoretical results of FEM with the experimental 

observations.  

Herold and Mayer [261] investigated experimentally broadband vibration control of the 

primary system by using a tunable piezoelectric stack actuator based AVA. They tested the 

AVA on a basic truss structure and actively controlled the properties of the absorber. Groots 

et al. [262] experimented on a deployable active control device that consists of an 

electromechanical mass damper mounted on an uncrewed ground vehicle for rapid 

deployment. They validated the effectiveness of the control through the experimental 

studies and showed its application in lightweight bridge structures. Yang et al. [263] 

experimentally showed to suppress vibration of multi DOF system by using AVA with 

negative acceleration feedback. Talib et al. [264] designed and experimented on multiple 

AVA with multi-input and multi-output acceleration feedback for vibration suppression of 

a two-story building-like structure. Soleymani et al. [265] proposed a new robust control 

system for the AVA to suppress the vibration of a high rise building under seismic 

excitation. They showed the effectiveness of the proposed controller through experiments 

at tackling the simulated disturbances in the presence of model uncertainties and input 

delay. Kopylov et al. [266] investigated the practical implementation of controlled TMDs 

by manufacturing electromagnetic regenerative TMD with acceleration-based ground-hook 

control. They showed with the proposed TMD vibration suppression is achieved for a 

protected mass test bench similar to a typical vehicle unsprung mass under random 

excitations. Sethi and Song [267] demonstrated the effectiveness of vibration suppression 

through experimental studies by using surface-bonded PZT actuators on a three-story 

model structure. Tang and Zuo [268] experimentally presented, their proposed TMD for 

vibration reduction and energy harvesting of a three-story building prototype.  

Buelga et al. [269] also showed results both analytically and experimentally to suppress 

vibration and harvest energy simultaneously by using active TMD on the SDOF vibrating 

primary system under external excitation. Kučera et al. [270] modified the delayed 

resonator, to widen the operable frequency, range by using both delayed and non-delayed 

acceleration feedback control laws together. They showed with experimental studies the 

easier implementation of the AVA with delay and better vibration suppression of the SDOF 
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primary system under harmonic excitation. Eris and Ergenc [271] experimentally showed 

the effectiveness of a multiple-delay delayed resonator with the combination of speed and 

position feedback to suppress car body vibrations. Kassem et al. [272] experimentally 

studied active DVA consisting of a cantilever beam with a bonded macro-fibre composite 

and a lumped mass for flutter vibration suppression. They showed through experiments 

with the proposed active DVA up to 93.3% suppression in the response amplitude is 

achieved.  

In most of the previous literature studied till now emphasis is put on the vibration 

suppression of discrete systems (SDOF and MDOF), while active or passive TMDs are 

used both theoretically and experimentally in the continuous systems such as beams, and 

plates, rods etc. An et al. [273] through simulation and experiments on a cantilever beam 

showed that their proposed time delayed acceleration feedback controller using 

piezoelectric patches can change the mass properties and damping of the controlled system 

simultaneously and reduce the vibration of the beam. Yamada et al. [274] experimentally 

investigated vibration suppression of a cantilever beam using a piezoelectric element and 

LR circuit where voltage is applied by displacement or acceleration of the primary system.  

They also obtained optimum values of inductance and resistance using fixed point theory 

and showed vibration suppression with minimal applied voltage with more stability. 

Yamada et al. [275] also, investigated both theoretically and experimentally to improve the 

bonding and location of piezoelectric elements used for vibration suppression of a 

piezoelectric based beam. They considered the mechanical impedance matching method 

and used spacers for the piezoelectric element. Harne [276] designed and experimented 

with an energy harvesting vibration absorber using a circularly corrugated piezoelectric 

film spring and distributed mass layer for simultaneous vibration attenuation and energy 

harvesting. Matsubara et al. [277] suppress the chatter vibration of a boring bar 

experimentally by the piezoelectric actuator and LR circuit with acceleration feedback. 

They modelled the cantilever beam based boring bar as the SDOF primary system and used 

the fixed-point theory of optimization to obtain the optimal parameters for the absorber. 

Jovanovic et al. [278] experimentally investigated a composite cantilever beam with fibre-

reinforced piezoelectric actuators subjected to a periodic excitation. They compared the 

control performances of the proposed modified PID controller with the PD, PI and P 

controllers. Xu and Sun [279] used time delayed acceleration feedback-based AVA with a 

servo motor as an actuator to suppress vibration of the SDOF primary system under base 
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excitation. They showed the effectiveness of the time-delayed absorber both by analytical 

and experimental methods to suppress the vibration of the primary system in a wide 

frequency range. Kammmer and Olgac [280] controlled the vibration of the SDOF system 

and a cantilever beam by time-delayed acceleration feedback in the piezoelectric networks 

by both theoretical and experimental results. Some of the experimental works on nonlinear 

active vibration absorbers are studied in the next section.   

Nonlinear vibration absorber systems  

Bronkhorst et al. [281] designed an optimal viscoelastic DVA to suppress vibration of 

SDOF nonlinear primary system with cubic nonlinearity. They used HBM for the 

theoretical analyses which are validated with the experimental work. They also developed 

methodologies to identify the vibration parameters of the SDOF nonlinear system. Chen 

and Yang [282] experimentally controlled the vibration of the nonlinear building like 

structure under free, forced and earthquake excitation using active TMD with the modified 

Newton’s method. Brennan and Gatti [283] investigated experimentally the use of cubic 

nonlinearity in the vibration absorber which shift the resonating peak to a higher frequency 

range, in contrast to linear vibration absorber where additional mass is required for this 

purpose.  They used HBM for the theoretical analysis which is validated by experimental 

studies. Abundis-Fong et al. [284] experimentally designed an optimal autoparametric 

cantilever beam as a PZT based nonlinear AVA for a linear spring-mass-damper SDOF 

primary system subject to external harmonic excitation. They used the MMS perturbation 

method and obtain the solution and attenuated the response amplitude of the primary system 

under the principal parametric resonant frequency.  Rizos et al. [285] designed and 

experimented with pre-stressed leaf-springs based TMD with four PZT stack actuators to 

mitigate vibration of the primary system which undergoes free, force and base excitation 

for a wide band of operating frequencies.  They also identified and characterize various 

nonlinear stiffness developed in the system in suppressing the vibration. Bian and Gao 

[286] theoretically and experimentally studied vibration absorption of a flexible arm using 

a virtual vibration absorber considering internal resonance. The virtual vibration absorber 

consists of a  servomotor, by which its stiffness and damping coefficients can be readily 

adjusted by position feedback gain and variable velocity feedback gain, respectively. They 

used MMS to obtain the system response theoretically which is validated by the 

experimental results. Zhao et al. [287] investigated both theoretically and experimentally 
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vibration mitigation of a Duffing oscillator by a nonlinear positive position feedback 

controller. They used HBM to obtain the solutions and H ∞  optimal control parameters to 

minimise the response amplitude of the main system.  Rasid et al. [288] developed 

experimentally an active vibration isolation system where the active DVA acts as an 

accelerometer in a low-frequency range and as a vibration control device in a high-

frequency range. They used PID controller in their analyses and through experiments and 

simulation results demonstrated an almost 50% reduction in the vibration by the 

acceleration and velocity feedback force. Wang et.al. [289] numerically and experimentally 

explored vibration attenuation of a primary system subjected to single and multi-harmonic 

excitation by using an undamped voice coil based active dynamic undamped dynamic 

vibration absorber. Wang and Yang [290] used a voice coil motor in place of a spring and 

damper in the absorber configuration as a nonlinear active dynamic vibration absorber to 

control the transient vibration caused by the impulse excitation on the SDOF primary 

system. They showed through theoretical and experimental analysis that the nonlinear 

active DVA is better than the linear active DVA for vibration suppression. Further Wang 

et.al. [291] showed the efficacy of active DVA for vibration suppression of SDOF primary 

system under single and multiple frequency excitations. Thenozhi and Yu [292] reviewed 

189 articles on passive, active, semi-active, hybrid, base isolators with various types of 

control strategies for vibration control of building structures.  

The nonlinear vibration absorbers are long been studied both theoretically and 

experimentally in many realistic applications such as long bridges [197, 293], tall towers 

[254], skyscrapers [7], aircraft engines [294, 295], helicopter blades, production machines, 

structures subjected to human-induced vibrations [296-298], with various modification in 

the design of the absorbers [299-310]. It is observed that the consideration of nonlinearities 

in the analysis provides robust performance in the vibration absorbers [311-318].  

1.3 Gaps in the Literature and Motivation for the Present 

Study 

It is observed from the literature discussed in the above sections that the linear and 

nonlinear analyses of the vibration absorbers considering active force are predominantly 

more effective in vibration suppression of most of the SDOF, MDOF and continuous 
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systems, which are subjected to various forms of excitations. The active part in these 

vibration absorbers which produces the actuation to suppress the vibration of the primary 

system is often considered the main integral part of the active linear or nonlinear vibration 

absorber. From the literature, it is observed that in very few literature, acceleration feedback 

is considered to provide the actuation by the AVA. Also, in no literature, the comparison 

between various feedbacks such as displacement, velocity, acceleration feedback and a 

combination of these feedbacks are studied to suppress the vibration of the primary system. 

The acceleration feedback is considered, easy to implement in the vibration absorber 

configuration just by using an accelerometer. The comparisons between the sensor position 

which can be either on the primary system or on the absorber are also not explored in the 

previously published literature. These changes in the feedback process can be significantly 

useful in suppressing the vibration of the primary system under various forms of 

excitations. The optimal value of control gains used in the displacement, velocity, 

acceleration and combination of these feedbacks are also not reported in the earlier works.   

In few literature more than 60% of vibration attenuation of the primary system is reported 

and in no literature complete vibration suppression of an undamped primary system under 

various excitations for a wide range of operating frequencies is attempted. The nonlinear 

studies of AVA are often accounted for nonlinearity in the stiffness of the absorber or the 

primary system [4, 8] but considering nonlinearity in the active force by the AVA is also 

not reported in earlier literature. In previous literature, the actuators are considered only to 

provide a counteracting force with different feedback but the property and type of the 

actuators and how the active force is generated are not studied much. From the introduction 

and literature review sections, one can observe that piezoelectric materials can produce 

very high actuation force with very limited voltage supply, but their use in AVA is not 

explored more. In very few literature types of actuators used in the AVAs are mentioned 

and in those articles, the researchers considered PZT in patch forms but the difficulty in the 

PZT patches is that the suppression of the vibration takes place in the shear direction and 

also the actuating force is very less compared to stack form [5-10, 41, 42]. However, PZT 

patches in stack form can produce a high actuation force [6, 7, 41, 42] of more than 300N 

along the direction of vibration and can also change its stiffness actively. But, the use of 

the PZT actuator in stack form is less investigated in earlier literature [2-11] for vibration 

suppression of undamped primary systems under external excitations. The time delay in 
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the feedbacks, comparisons among different feedbacks gains and the active nonlinear force 

used to suppress vibration of the main system are also not studied much. 

The parametric comparisons between the effectiveness of the linear and nonlinear vibration 

absorbers for various nonlinear stiffness values attached to the linear/nonlinear vibrating 

undamped primary system are also not investigated. The optimal range of nonlinear 

stiffness coefficient value of the primary system and the absorber are also not reported at 

which the primary system response amplitude will be minimum than the linear primary 

system considering the linear vibration absorber. From the literature review section, it can 

be observed that basically the vibration suppression of the primary system is mainly 

achieved by the transfer of energy at the resonance to the absorber. During this process, the 

absorber vibrates at a much larger amplitude which may fail the total system or in some 

cases there is some limitation of the stroke length of the absorber. But in no literature, the 

response amplitude of the absorber is minimized or its response amplitude is compared 

with the primary vibrating system. The simultaneous vibration suppression of the primary 

system and the absorber are also not carried out in the previous literature. In most of the 

previous literature a damper is attached to the primary system, which is subjected to various 

excitations and vibration suppression of this primary system under various absorber designs 

are carried out. But in very few literature undamped primary system is considered where 

the response amplitude of the primary system at the resonance becomes infinite for the 

linear system. The vibration attenuation of the undamped primary system under various 

external excitations is not explored in earlier literature.  

The Den Hartogs’ equal peaks in the frequency response amplitude of the linear primary 

system under external harmonic excitations with the attached linear absorber are long been 

studied. But for multiple excitations on the primary system, Den Hartogs’ equal peaks in 

the frequency response amplitude of the system are not carried out. The optimization 

techniques for vibration suppression of nonlinear main systems by nonlinear passive or 

active DVAs are still a new area of research as very limited literature on passive nonlinear 

systems is considered. The optimal nonlinear stiffness of the nonlinear active absorber to 

obtain Den Hartog’s equal peaks in the frequency response amplitude when the primary 

system is subjected to multiple external excitations is not carried out in previous literature.  

The nonlinear phenomena in the nonlinear vibration absorbers are not only dependent on 

the nonlinearity in the stiffness but also develop when the primary system is subjected to 
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parametric excitations, combinations of harmonic and parametric and combinations of 

harmonic, parametric and base excitations or due to the applied nonlinear active force by 

the AVA but there are very few works available in this field. The nonlinear studies 

considering the delay in the active force with various feedbacks and gains are also not 

studied in the previous literature. The consideration of quadratic and cubic nonlinearities 

in the stiffness and time-delayed damper of the primary system and the absorber are not 

investigated for the nonlinear AVA. Vibration suppression of the nonlinear primary system 

under simultaneous primary and principal parametric resonance conditions, and 

simultaneous primary, principal parametric, sub-harmonic and superharmonic resonance 

conditions are not carried out in the previously published works. The effects of active forces 

by different gains and time delay in the feedback on the trivial state instability regions and 

the critical value of excitations are also not studied in the previous literature. 

The nonlinear study of AVA used various methods to obtain the reduced amplitude-phase 

relations for studying the response of the system. Out of the many nonlinear methods, the 

method of multiple scales (MMS) [29, 31, 34, 46-55] is mostly used due to its easier solving 

procedures to obtain the reduced equations for various resonance conditions with good 

accuracy, especially for low nonlinearity under weak external excitations in the system. 

The other methods such as the harmonic balance method (HBM) [39, 44, 45, 56-62] and 

the method of averaging [63], are also used in several works for high and low nonlinear 

systems. However, there are very few works in which the results obtained using these 

methods are compared with each other. It is observed that using MMS reduced equations 

the frequency responses of the system show only one peak instead of two Den Hartog peaks 

and its frequency of operation is also difficult to predict as many researchers used non-

dimensional parameters [29, 31, 34, 46-55], whereas in HBM [39, 44, 45, 56-60], method 

of averaging [63], various linear methods such as Laplace transformation etc [12-25, 27, 

28] shows two peaks in the frequency response curves signifying Den Hartog’s equal peaks 

response. These peaks in the response signify the vibrational energy transfer at the 

resonance from the primary system to the absorber by the two modal frequencies through 

tuning the absorber frequency. 

In the literature, the traditional vibration absorber is well investigated but the comparisons 

of vibration suppression of the primary system between the traditional nonlinear AVA and 

non-traditional AVA are not explored in previous studies. The parametric studies on 
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various nonlinear stiffness, the amplitude of external excitations, various feedback gains, 

and time delay for the traditional and non-traditional nonlinear AVA are not studied in the 

previous literature. The mass of the absorber used in most of the literature remains high 

usually 0.1 to a minimum value of 0.05 times the main system mass, which increases the 

overall weight of the system. The studies on considering a mass ratio of 0.01 while 

suppressing the vibration of the primary system under various external excitations are also 

not considered in the previous literature. Modification in the AVA models so that the PZT 

actuator used in the AVA provides more blocking force with less voltage supply was also 

not considered in the previous analyses. The applications of the nonlinear PVA are well 

studied but its active approaches to suppress vibration of the continuous system such as 

beam under various boundary conditions and to suppress vibrations due to tremors in the 

human forehand, wrist and shoulders are also not explored in the previous literature.  

Based on the above discussion addressing many gaps in the literature if implemented can 

certainly enhance the effectiveness of the vibration absorber for suppressing vibration of 

the primary system more effectively for a wider band of operating frequencies under 

various excitations with less absorber mass. This will increase the applicability of the 

vibration absorber in many fields which will be cheap and safe to operate for a prolonged 

duration of time. The lower mass ratio in the absorber, economic voltage supply, 

considering nonlinearity in all the system parameters and suppressing vibration of the 

primary system for a wide band of operating frequencies are not only very significant from 

the academic point of view but also for many industrial applications which will have 

tremendous commercial value. These technical gaps motivate the author to carry out 

research on the active nonlinear vibration absorbers with the following objectives. 

1.4 Objectives of the Present Work 

The main objective of the present work is to develop a novel active nonlinear vibration 

absorber and to study the dynamics of the systems under various resonance conditions. 

Efforts will be made to achieve 100% vibration reduction in the primary system. The 

proposed novel vibration absorber consists of a PZT stack actuator along with a spring in 

series which is connected to the primary system. The primary system may be subjected to 

external harmonic, parametric, and base excitations. Several combinations of linear and 

nonlinear springs, damping with and without time delay will be used in both the primary 
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and secondary systems. Time delay in the active force by various combinations of 

displacement, velocity and acceleration feedback may be considered under primary, 

principal parametric, sub-superharmonic resonance conditions along with or without 

internal resonance conditions. To achieve this main objective following five objectives are 

considered for the present work. 

(i) Dynamic analysis of linear PZT based AVA with acceleration feedback under 

external harmonic excitation.   

(ii) Dynamics of ANVA using time delay acceleration feedback under both base 

and harmonic excitations. 

(iii) Traditional and non-traditional ANVA with time delay combination feedback 

for primary and principal parametric resonance conditions. 

(iv) Traditional and non-traditional ANVA with time delay combination feedback 

for hard excitations. 

(v) Application of ANVA for vibration suppression of tremors in the forearm, 

beams and RIDTMD. 

1.5 Thesis Organization 

The thesis is organized into seven chapters, which are briefly discussed as follows.  

In Chapter 1, the vibration absorber is briefly introduced and an extensive literature review 

is carried out. The technical gaps have been identified and the objectives of the present 

works are highlighted.  

Chapter 2 contains the linear analysis of the PZT stack actuator-based AVA with 

acceleration feedback to suppress the response amplitude of a single degree of freedom 

(SDOF) spring-mass-damper primary system under external harmonic excitation. Here the 

optimized parameters of the proposed AVA are evaluated. 

Chapter 3 presents the dynamics of PZT stack actuator-based ANVA with time delay in 

acceleration feedback to suppress the vibration of the SDOF spring, mass, and damper 

primary system under external harmonic and base excitations. Here Den Hartog’s equal 

peaks in the frequency response are obtained using a modified harmonic balance method 

(HBM). Analyses are carried out to effectively suppress the vibration of the primary system 
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by studying the frequency response, time responses, phase portraits, Poincare’ sections, the 

basin of attractions and force responses, for various system parameters and active forces.  

Chapter 4 investigates the dynamics of the traditional and nontraditional PZT stack 

actuator-based ANVA with the time-delayed combination of displacement, velocity, and 

acceleration feedback to completely absorb (100% suppression) the response amplitude of 

the SDOF spring-mass primary system under external harmonic and parametric excitations. 

The reduced equations are obtained using the method of multiple scales (MMS) which are 

then compared with HBM and classical methods. Further, stability and bifurcation analyses 

are carried out. 

In Chapter 5, the dynamics of the traditional and nontraditional PZT stack actuator-based 

ANVA are investigated considering time delay in both the damper and feedback where the 

primary system is under hard harmonic, parametric, and base excitations. Here the feedback 

is a combination of displacement, velocity, and acceleration feedback.   

In Chapter 6, the applications of the ANVA with and without active forces are studied for 

three cases viz., (i) suppress tremors in the forearm of Parkinson's disease patients, (ii) 

continuous beam model with various boundary conditions, and (iii) three degrees of 

freedom system with rotational inertial double-tuned mass damper (RIDTMD).  

Finally, in Chapter 7, the general and specific conclusions from this work are presented, 

and the scope of the future works have been highlighted.
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CHAPTER 2 

Dynamics of linear PZT based active vibration absorber with 

acceleration feedback under external harmonic excitation.   

2.1 Introduction 

In this chapter vibration suppression of a single degree of freedom (SDOF) spring-mass-

damper primary system is carried out using an active vibration absorber (AVA). The 

secondary system consists of an active PZT stack actuator along with spring-mass-damper 

arrangements with acceleration feedback of the primary system. The governing equations 

of motion of the system are developed in section 2.2 and the Laplace transform is used to 

obtain the solution of the governing equation as described in section 2.3. Two different 

optimization techniques viz., fixed point theory (FPT) or H ∞  optimization and genetic 

algorithm (GA) have been used for finding the optimum tuning ratio and damping ratio for 

the AVA. This is explained in section 2.4.  Numerical results have been discussed in section 

2.5 by studying the responses of the system and comparing different optimized damping 

ratios obtained by the FPT and GA techniques. The optimal feedback gain is also evaluated 

at which the total vibrational energy of the primary system is minimum. In the next section 

modeling of the linear vibration absorber system has been described. 

2.2 Derivation of the dynamic equation of motion of the AVA 

In this section, the governing equation of motion of the active vibration absorber (AVA) 

system is derived. Fig. 2.1 shows both the primary and secondary systems where, ,  ,  i i im k c   

and ,ix  denotes the mass, spring stiffness, damping coefficient and displacements, 

respectively of the primary system ( i  = 1) and the secondary system ( i  = 2). The primary 

system is subjected to an external excitation ( )F t  where t  represents the time and the 

feedback gain 
cf  is produced by the combination of a spring having stiffness 

3k  and a PZT 
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stack actuator in a series connection. The stiffness of the PZT stack actuator is denoted as 

.
E

Pk   The negative acceleration feedback of the primary system is used for the actuation by 

the AVA using control gain .ck  Using Newton's second law, the governing equation of 

motion of the system can be written as follows. 

( ) ( ) ( )1 1 1 1 2 1 2 1 1 2 1 2 cm x k x k x x c x c x x F t f+ + − + + − = −ɺɺ ɺ ɺ ɺ                                                            (2.1) 

 ( ) ( )2 2 2 2 1 2 2 1 cm x k x x c x x f+ − + − =ɺɺ ɺ ɺ                                                                                                (2.2) 

 

Fig. 2.1: PZT-based active vibration absorber with acceleration feedback. 

It may be noted that the stack actuator has a displacement of ( )1 0x + −δ δ  where 
oδ  is the 

nominal displacement of the actuator and δ  is the displacement of the spring at the junction 

of the PZT stack actuator and secondary absorber mass 
2.m  Hence the feedback gain 

produced by the AVA with the PZT stack actuator can be expressed as ( )1 0

E

c Pf k x δ δ= + −  

which is equal to ( )3 2 ,k xδ −  due to the presence of the spring with stiffness 3k  in series. 

From this relation, the expression of δ  can be obtained as 
( )3 2 1 0

3

.

E

P

E

P

k x k x

k k

δ
δ

+ +
=

+
 

Substituting this δ  value in the above 
cf  expression one can express ( )1 0 2 ,c rf k x xδ= + −  

where ( )3 3
.E E

r P P
k k k k k= +  The 

oδ  for the PZT stack actuator can also be expressed as 

33 ,o nd vδ =  where n  is the number of wafers used in the PZT stack actuator and v  is the 

applied voltage and 
33d  is the dielectric charge constant [20]. Considering the non-
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dimensional time 
1 ,tτ ω=  

0x  and 
0v  as reference displacement, and voltage, respectively 

the governing Eqs. (2.1) and (2.2) can be rewritten as given below. 

( )2

1 1 1 1 2 12 2r r aZ Z Z Z Z F f Vζ µω ζ µω τ+ + − − = −ɺɺ ɺ ɺ                                                                           (2.3) 

2

2 12 a
r r

f V
Z Z Z Zω ζ ω

µ
+ + = − +ɺɺ ɺ ɺɺ                                                                                                                  (2.4) 

The non-dimensional parameters used in Eqs. (2.3) and (2.4) are defined as follows. 

1 2 2 2 1 2
1 2 2 1 1 2

0 1 1 1 1 2 2

331 2
1 2 1 2

1 2 1 1 1 0

,  ,  ,  ,  ,  ,  ,
2 2

,  ,  ,  ,  ,  

r

o

or r
a

o o

x x m c c
Z Z Z Z Z

x x m m m

nd vk k k kv F
V f F

m m x v k m x

ωµ ω ζ ζ
ω ω ω

λω ω λ
ω

= = = − = = = =

+= = = = = =
 

In the next section, the transfer function of the system is obtained from the non-dimensional 

governing equation of motion (Eq. (2.3 and Eq. (2.4)) and the stability analysis is carried 

out.  

2.3 Stability analysis using Routh Criteria 

In this section, the stability analysis of the system is carried out by obtaining the transfer 

function of the system. The acceleration feedback of the primary system is considered as 

shown in Fig. 2.2, with control gain ( )ck and accordingly the control law is written as, 

1.cV k Z= − ɺɺ  The block diagram of the primary system from Eq. 2.3 is shown in Fig. 2.2. The 

 
Fig.2.2: Block diagram for acceleration feedback of the primary system. 

transfer function of the primary system and the absorber are obtained by taking Laplace 

transformations of Eqs. (2.3) and (2.4), which yield the following equations.  
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( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2

1 1 2 1 12 1 2
r r a

s s Z s s Z s F s F s s Z sζ µω ζ µω+ + − + = +                                (2.5)

( ) ( ) ( ) ( ) ( )2

12 2 2

2 12 a

r r

F s s Z s
s s Z s s Z sζ ω ω

µ
+ + + = −                                                                    (2.6) 

where a c aF k f=  

Solving Eqs. (2.5) and (2.6), the transfer function of the primary system and the AVA are 

obtained as follows. 

( ) ( )
( )

2 2
1 2

1 4 3 2

1 14 13 12 11 10

2
r r

Z s s s
G s

F s N s N s N s N s N

ξ ω ω+ += =
+ + + +

                                                (2.7)

( ) ( )
( )

2

2 4 3 2

1 14 13 12 11 10

1 a
F

s
Z s

G s
F s N s N s N s N s N

µ
 + 
 = = −

+ + + +
                                                                 (2.8) 

where the coefficients 
10 11 12 13,  ,  ,  N N N N  and 

14N  are expressed as follows. 

2 2 2 2

10 11 1 2 12 1 2

13 2 1 2 14

,  2 2 ,  4 1,

2 2 2 ,  1

r r r r r r

r r a

N N N

N N F

ω ζ ω ζ ω ω ζ ζ ω µω
ζ ω ζ ζ ω µ

= = + = + + +
= + + = −

 

Following Routh’s stability criterion to obtain the range of the feedback gain ( )aF  by the 

absorber at which the system responses are stable, the following array of the coefficient are 

obtained from Eq. 2.7 for the primary system. 

4

14 12 10

3

13 11

2 13 12 11 14
10

13

1

                                                                       

                                                      

                                

 

s N N N

s N N

N N N N
s N

N

s

−

2 2

13 12 11 14 11 13 10

13 12 11 14

0

10

  

   

N N N N N N N

N N N N

s N

− −
−

                                                                                   (2.9)

The stable responses are ensured when the real parts of all poles are negative. From Eq. 

(2.9) it can be derived from the first column of the Routh table that all the coefficients of 
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the array are positive for 1.aFµ− < <  Which means the proposed system is stable within 

the above range of feedback gain ( ).aF  In the next section two optimization procedures 

viz., FPT and GA, techniques are undertaken to obtain the optimal tuning ratio, damping 

ratio required by the AVA to attenuates the response amplitude of the primary system.    

2.4 Theory of optimization of the AVA 

The tuning ratio ( )rω  which is the ratio between the natural frequency of the absorber ( )2ω  

and the primary system ( )1ω  and the damping ratio ( )2ζ  are important parameters which 

are usually varied to suppress the vibration amplitude of the primary system. In this section, 

the theory of FPT optimization is detailed and correspondingly the optimum ( )rω  and ( )2ζ  

values of the AVA are obtained following the fixed point theory (FPT) and the genetic 

algorithm (GA) optimization techniques in terms of mass ratio µ . To obtain the optimal 

parameters of the proposed AVA, initially, the response of the system is studied with 

various 
rω  and 

2ζ  values, which are shown in Fig. 2.3. It may be noted that the frequency 

response of the system is obtained by solving Eqs. (2.7) and (2.8) by considering ,s jω=  

where 11

1

,  1.j
ωω
ω

= = −  Here 11ω  is the frequency of external harmonic excitation acting 

on the primary system. The reference displacement ( )0x  and reference voltage ( )0v  are 

considered equal to 1, and the damping ratio of the primary system ( )1ζ  is considered equal 

to 0 throughout the analysis. In Fig. 2.3 the frequency response of the primary system is 

shown for four different values of 
2ζ  considering zero feedback gain ( )0aF =  in the 

primary system with µ  = 0.05.  In Fig. 2.3(a) and Fig. 2.3(b) the 
rω  is considered equal to 

1, which is the same as undamped TVA. From Fig. 2.3(a) it can be observed that at aω  and 

bω  the response amplitude of the primary system remains the same irrespective of the 

various values of damping ratio 2.ζ  These two points ( A  and B ) at aω  and bω  in the 

frequency responses are known as fixed points [1, 122-126]. There are many studies carried 

out on these fixed points starting with the first work from Den Hartog in the year 1942 to 

the many recent works [56-59, 68-74, 76-87] to obtain the optimum tuning and damping 

ratio of the absorber so that these peaks are minimum. One of the widely used methods is 
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the fixed point theory of optimization technique which was first proposed by Den Hartog 

[1, 5-7, 55-58, 100-103, 122-126] and famously known as Den Hartog equal peaks in the 

frequency response. The response of the absorber is shown in Fig. 2(b), from which one 

can observe that the vibrational energy of the primary system is transferred to the absorber 

due to which its response is high. Also, from Fig. 2.3(a) one can observe that with an 

increase in the 
2ζ  values the response amplitude of the primary system increases instead 

of decreasing. Further, Fig. 2.3(b) shows the common phenomenon that is the response 

amplitude of the absorber decreases with increases in 2ζ values, which means the 

vibrational energy from the primary system is not effectively transferred to the absorber. 

               

                  

Fig. 2.3: Responses of the system with µ  = 0.05 (a) undamped primary system (b) 

passive vibration absorber (PVA) (c) primary system with optimized PVA (d) PVA with 

optimum parameters. 

From these figures, one can notice that there should be some optimal parameters for the 

tuning ratio and damping ratio ( )2ζ  at which the response of the primary system is 

suppressed effectively by the passive vibration absorber (PVA). From the previous 

literature [100-103, 122-126] it is found that for the passive TMD the optimum parameters 

for damping ratio ( )2ζ  and tuning ratio ( )rω  in terms of the mass ratio µ  are given as 

(a) (b) 

(c) (d) 
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( )1/ 1rω µ= +   and ( )( )2 3 / 8 1 .ζ µ µ= +  Using these optimal parameters the response of 

the system with the passive absorber are shown in Fig. 2.3(c) and Fig. 2.3(d). From these 

figures, one can notice that the primary system response is considerably decreased and the 

peaks are at the same amplitude which is known as Den Hartog equal peaks in the response. 

However, it can be observed that with these optimal parameters, the response of the primary 

system is still very high. Hence one may consider an AVA to reduce the primary system 

response. The optimal parameters for the proposed AVA are obtained in the next section. 

2.4.1 Fixed point theory and GA techniques for the proposed AVA 

It may be noted that in the previous literature, the optimized damping ratio and tuning ratio 

for the PZT-based AVA with acceleration feedback was not found. So the proposed AVA 

uses acceleration feedback which is easier to implement in many applications in the form 

of an accelerometer compared to other feedbacks. To obtain the optimized 
rω  and 

2ζ , the 

frequency response function of the primary system and the absorber which are obtained in 

Eqs. (2.7) and (2.8) are modified as given below by considering s jω=  where 1.j = −   

( )1

P jQ
G j

R jS
ω +=

+
                                                                                                                       (2.10) 

( )
2

2

1 a
F

G j
R jS

ω
µω

 + 
 =

+
                                                                                                                       (2.11) 

where  

2 2 4 2 3

2 14 12 10 11 13,  2 ,  ,  r rP Q R N N N S N Nω ω ξ ω ω ω ω ω ω= − = = − + = −  

Now considering the FPT optimization techniques, one can observe from Fig. 2.3(a) that 

the response amplitude of the primary system at the fixed points ( A  and B ) remains the 

same whether 2 0ζ =  or 2 .ζ = ∞  Substituting these two values of 2ζ  in Eq. (2.10), and 

equating the resulting equations one may obtain the following expression. 

( )2 2
4 2

2 1 2 2
0

2 2

r r

a aF F

ω µ ωω ω
µ µ
+ +

− + =
+ − + −

                                                                                           (2.12) 
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The roots of the Eq. (2.12) and the corresponding response amplitude of the primary system 

at A  and B  with the proposed AVA are obtained as follows.  

( ) ( ) 2
2 2 2

2 2
1 1 1 1 2

,  
2 2 2

r r r
a b

a a aF F F

µ ω µ ω ωω ω
µ µ µ

  + + + +
 = ± − 
 + − + − + −  

                                            (2.13) 

( ) ( )1 2

1

1 1
a

a

G ω
µ ω

=
− +

                                                                                                                   (2.14) 

( ) ( )1 2

1

1 1
b

b

G ω
µ ω

=
− +

                                                                                                           (2.15) 

Following the observation in Fig. 2.3, one can notice that the optimum damping ratio of the 

AVA can be evaluated, when the response amplitude of the primary system at aω  and bω  

are same and minimum, which can be mathematically expressed as ( ) ( )1 1 .
a b

G Gω ω=  

From this condition the optimum tuning ratio ( )rω  of the system for the proposed AVA 

with feedback gain ,aF  by the acceleration feedback can be written as given below. 

 ( ) ( )1 1
opt a

Fω µ= − +                                                                                                                       (2.16) 

This optimum value of the tuning ratio ( )opt
ω  gives rise to the condition that the feedback 

gain by the actuator must be 1.aF ≤  The obtained optimal tuning ratio ( )opt
ω  of the AVA  

is also verified in Fig. 2.4 by substituting Eq. (2.13) into Eqs. (2.14) and (2.15) and plotting 

the curves for the PVA and AVA with respect to variation in 
rω  for µ  = 0.05. From Fig. 

2.4(a) one can observe that the optimal tuning ratio ( )opt
ω  is the intersection point of curves 

obtained from Eq. (2.14) and Eq. (2.15). These points are marked as C  and D  for the PVA 

and AVA, respectively.  The optimal tuning ratio ( )opt
ω  obtained in Eq. (2.16) satisfied 

with Fig. 2.4 for the PVA ( )0aF =  and AVA ( )0.5aF =  for µ  = 0.05.  Substituting 
opt

ω  

value from Eq. (2.16) into Eq. (2.10) one may obtain the following expression for 
aω  and 

bω  at the fixed points. 
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Fig. 2.4: Response amplitude of the primary system with AVA at the fixed points (a) aF  

= 0 (passive) (b) aF  = 0.5 (AVA). 

( ) ( )
2 2 1
,  1

1 2

a

a b

a

F

F

µω ω
µ µ

  + = ±   + + −   

                                                                                       (2.17) 

Substituting Eq. (2.17) into Eqs. (2.15) and (2.14) the corresponding response amplitude at 

the fixed points aω  and bω  are obtained as ( ) ( )2 .
a a

F Fµ µ+ − +  To obtain the optimal 

damping ratio 2ζ  for the AVA, ( )1G jω  is obtained from Eq. 2.7, which is given below. 

( )
2 2

1 2 2

P Q
G j

R S
ω +=

+
                                                                                                                      (2.18) 

The optimum damping ratio of the AVA can be obtained at which the fixed points become 

the maximum response amplitude of the primary system, which gives rise to the following 

expression [5-7, 16, 55-58, 100-103, 122-126].  

( ) ( )2 2

1 12 2
0

a b

G G
ω ω ω ω

ω ω
ω ω= =

∂ ∂= =
∂ ∂

                                                                                        (2.19) 

The optimal damping ratio of the AVA leads to the maximum response amplitude of the 

primary system at the fixed points which are obtained by solving Eq. (2.16), Eq. (2.17), Eq. 

(2.18) and Eq. (2.19). The resulting optimal damping ratio ( )2ζ  for the proposed AVA at 

the fixed point 
aω  is obtained as given by the following expression. 

(b) (a) 
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( )
2

12 12 11 132

2

11

4

2
a

C C C C

C
ζ ω

− ± −
=                                                                                                (2.20) 

Similarly, the optimal damping ratio 2ζ  at the fixed point bω  can be written as follows.  

( )
2

12 12 11 132

2

11

4

2
b

C C C C

C
ζ ω

− ± −
=
ɶ ɶ ɶ ɶ

ɶ
                                                                                                   (2.21) 

The ( )2 aζ ω  and ( )2 bζ ω  values provide the peak value for ( )1 aG ω  and ( )1 bG ω , 

respectively [126].  It may be noted that the optimized ( )2 aζ ω  and ( )2 bζ ω  value are very 

close to each other. The optimum damping ratio is when the fixed points are equal, so the 

convenient approximate of the optimal damping ratio  ( )optζ  for the proposed AVA with 

the acceleration feedback can be given by the following equation in terms of mass ratio .µ   

( ) ( )2 2

2 2

2

a b

opt

ζ ω ζ ω
ζ

+
=                                                                                                 (2.22) 

where 

11 2 4 6 9 12 2 3 1 4 6 7 8 5 9 13 1 3 5 7 8

11 2 4 6 9 12 2

4 2 2 2 2

1

2 2 2

1 7

2

3 1 4 6 7 8 5 9 3 1 3 5 8

C =C C C C , C =C C C C C C C C C , C =C C C C C ,

C =C C C C , C =C C C C C C C C C , C =C C C C C ,

,

C

((1 ) (1 (1 ) ) )  

4 4 (1

a a opt a opt

opt a opt

C F ω µ ω ω ω

ω ω ω

− + − − −

− + − − −

= − − + + +

= + +

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

2 6 2 4

2 2 2 2 2 2 2 2

3 4 5 6

4 2 2 2 2 2

7 8

2 2 2 4 2 2

9

1

) 8 (1 )

2( ),  4 ( ) 4

2((1 ) (1 (1 ) ) ), 2(1 ) (1 (1 ) ),

4 12 (1 ) 16 (1 )

((1

,

C C ,  C ,  C ,

C  C

C ,  

C

a opt a

opt a opt opt a a opt

a a r a opt a a opt

opt opt a opt a

F F

µ ω ω µ ω

ω ω ω ω ω ω ω

ω µ ω ω ω ω µ ω

ω ω µ ω ω µ ω

− +

= − − = = − =

= − − + + + = − − + +

= + + − +

=ɶ 4 2 2 2 2

2 2 2 2 6 2 4

2

2 2 2 2 2 2 2 2

3 4 5 6

4 2 2 2 2

7 8

,

C ,

C C ,  C ,  C ,

C  C

) (1 (1 ) ) )

4 4 (1 ) 8 (1 )

2( ),  4 ( ) 4

2((1 ) (1 (1 ) ) ), 2(1 ) (1

a b opt b opt

opt b opt b opt b

opt b r opt b b opt

a b opt b opt a b

F

F F

ω µ ω ω ω

ω ω ω µ ω ω µ ω

ω ω ω ω ω ω ω

ω µ ω ω ω ω

− − + + +

= + + − +

= − − = = − =

= − − + + + = − − +

ɶ

ɶ ɶ ɶ ɶ

ɶ ɶ

( ) ( )

2

2 2 2 4 2 2
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+
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( ) ( ) ( ) ( )
2 2,  

1 1
1 1

1 2 1 2

a a
a b

a a

F F

F F

µ µω ω
µ µ µ µ

      + +   = + = −      + + − + + −         

 

The damping ratio of the proposed AVA is also optimized by using the GA toolbox in 

MATLAB. The optimized values of the proposed AVA by GA are obtained by the 

following steps. First, the maximum peak value of the frequency response curve is obtained 

from Eq. (2.18) and Eq. (2.16) by considering ( )1G jω  as the fitness function and selecting 

the upper and lower bounds of 2ζ   between 0 and 1. Then in the next step, the GA 

optimization toolbox in MATLAB is used to obtain the optimal damping ratio of the AVA 

from the above range of damping ratios. In the next section, the performance of the 

proposed AVA is studied with the obtained optimal tuning ratio ( )optω  and damping ratio  

( )optζ  by the FPT and GA for various values of feedback gain .
a

F  

2.5 Results and discussion 

In this section, the responses of the system are studied with the obtained optimal parameters 

viz., optω  and optζ  for the AVA by acceleration feedback considering µ  = 0.05 in the entire 

analysis. In Fig. 2.5 the frequency response of the system is shown for various values of 

a
F  with the optimized parameters obtained from Eq. (2.16) and Eq. (2.22) by using FPT 

and GA techniques and substituting these optimal parameters in Eqs. (2.7) and (2.8). From 

Fig. 2.5(a) it can be observed that with increasing value of a
F  there is a corresponding 

decrease in the response amplitude of the primary system. For a
F  = 0.19 there is an almost 

60% decrease in the response amplitude of the primary system than the PVA in between 

the peaks. Similarly, for a
F  = 0.5 and 0.8, the response amplitude of the primary system 

reduces significantly close to the static deflection of the primary system. It may be also 

noted from Fig. 2.5(a) that the response amplitude of the primary system shows two equal 

Den Hartog’s peaks with the changes in a
F  values, which justifies the correctness of the 

optω  and optζ  relations by the FPT and GA optimization techniques. Fig. 2.5(b) shows that 

with increasing a
F  values, the response amplitude of the secondary system increases. The 
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responses obtained by using the optζ  by GA also show a similar response as with FPT, and 

they are shown in Fig. 2.5(a) and Fig. 2.5(b) for three values of a
F . However, the 

comparisons of the responses at the peaks and valleys obtained by these two optimization 

techniques are highlighted in Fig. 2.5(c) to Fig. 2.5(h). From Fig. 2.5(c) and Fig. 2.5(d) 

with a
F  = 0.19, one can observe that the Den Hartog’s equal peaks with GA optζ  value, are 

slightly less than those obtained by using FPT. This difference is found to be approximately 

0.14%. But the response amplitude of the primary system at the valley (close to the 

resonance), with a
F  = 0.19 by FPT optζ , is slightly less compared to the GA. Similar, 

observations are also noticed in Fig. 2.5(e) to Fig. 2.5(h). In Fig. 2.5(i) to Fig. 2.5(k), the 

difference between the response amplitude of the absorber at the peaks and valleys are 

studied with the optζ  values by the FPT and GA techniques considering Fig. 2.5(b). From 

Fig. 2.5(i) to Fig. 2.5(k) it is observed that at the peaks with FPT the response amplitude of 

the absorber is slightly more than the GA. The damping ratios obtained for various values 

of the a
F  are given in Table 2.1. From this table, one can observe that the optζ  by FPT 

technique is slightly less than that of the GA. Due to this, it can be observed that with GA 

the response amplitude of the absorber is comparatively less than with FPT. From Fig. 2.5 

it can be noticed that with the proposed AVA, both the FPT and GA optimization technique 

gives almost similar responses. But the with GA the time required to obtain the optimal 

damping ratio by the AVA is more. So one can use the close form optimal value of damping 

ratio (Eq.22) obtained by the FPT technique to obtain the frequency response of the system 

for various a
F  values quickly. The optimized damping ratios ( )optζ  obtained for various 

values of the a
F  are given in Table 2.1 from the two optimization techniques. From this 

table, one can observe that the optζ  by FPT technique is slightly less than that of the GA. 

Due to this, it can be observed that with GA the response amplitude of the absorber is 

comparatively less than with FPT. From Fig. 2.5 it can be noticed that with proposed AVA, 

if slight improvement in the simultaneous vibration attenuation of the primary system and 

the absorber is required, then one can use GA optimization or if the vibration attenuation 

of the primary system is the sole purpose then one can use FPT technique. But, with the 

GA optimization technique, the time consumption is more to obtain the response. The 

response amplitude shown in Fig. 2.5(a) for the passive vibration absorber (PVA, a
F  = 0) 
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are also in good agreement with the work of Batou and Adhikari [319] (Fig. 8 classical 

TMD). Further, from Table 2.1, one can observe that optζ  for the PVA by FPT methods are 

also in good agreement with the published work [20, 56-58, 100-103, 122-126]. From Fig. 

                   

       
         

 

         

             

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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Fig. 2.5: Frequency response of the system with the optimized AVA (a) primary system 

(b) AVA (c-h) comparison of responses at the peaks and valleys of the primary system 

by FPT and GA techniques for different  a
F  values, (i-k) comparison of responses at the 

peaks and valleys of the absorber by FPT and GA techniques for different a
F  values. 

2.5(a) one can also observe that the response amplitude of the primary system significantly 

reduces from a
F  = 0 to a

F  = 0.19 but this large reduction in the response amplitude is not 

Table 2.1: Optimized damping ratio ( )optζ  values for different feedback gains ( )a
F  by 

using FPT and GA optimization. 

Active control force ( )a
F  optζ  by FPT optζ  by GA 

0 0.1336 0.133 

0.19 0.2928 0.295 

0.5 0.4432 0.453 

0.8 0.5510 0.565 

(i) (j) 

(k) 
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observed when a
F  is increased from 0.5 to 0.8. These observations suggest that one can 

obtain the optimal feedback gain for which the total vibrational energy of the primary 

system is minimum. The optimal feedback gain a
F  at which the total vibration amplitude 

of the primary system is minimum is shown in Fig. 2.6(a) and Fig. 2.6(b).  In Fig. 2.6(a)  

                 

Fig. 2.6: The vibrational energy of the primary system with (a) passive optimal 

parameters (b) present optimal parameters. 

the optimal feedback gain a
F  is obtained by using passive optimal parameters 

( )1 1
r

ω µ= + and ( )2
3 8 1 .ζ µ µ= +  The total vibrational energy shown in Fig, 2.6(a) is 

calculated from Eq. 2.7, which is nothing but the area under the frequency response curve. 

From this figure, it is found that for a
F  = 0.19 the area under the frequency response curve 

is minimum, which corresponds to the optimal feedback gain. In the same way for the 

proposed AVA using the obtained optimal tuning ratio and damping ratio obtained from 

Eq. (2.16) and Eq. (2.22), the corresponding optimal feedback gain a
F  is obtained and 

shown in Fig. 5(b). From this figure, the optimal a
F  at which the vibrational energy of the 

primary system is minimum is found to be 0.38. Figures 2.7(a) and 2.7(b) provide a 

comparison of the PVA and AVA with GA optimized parameters, taking into account how 

quickly the mean fitness value converges to optimal fitness and the corresponding fitness 

value. From Fig. 2.7(a) the best fitness value by the PVA is found to be around 6.46 and 

the mean fitness value starts from 28 which requires more time to converge to the best 

fitness value than the proposed AVA, which is shown in Fig. 2.7(b). From Fig. 2.7(b) the 

best fitness value is around 1.66 and the mean fitness value starts from 2.9 which is 

(a) (b) 
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Fig. 2.7: Fitness value of the primary system with optimized (a) PVA (b) AVA. 

converged faster than PVA (Fig.2.7(a)). The fitness value shown in Fig 2.7 can be termed 

as the maximum response amplitude of the primary system. From Fig. 2.7(b) it can be 

noticed that with the AVA, the response of the primary system is nearly one-fourth of that 

with PVA (Fig. 2.7(a)). In Fig. 2.8(a) and Fig. 2.8(b), the step response of the system is 

shown with PVA and AVA, respectively. From these figures, one can observe the settling 

time required to reach the steady-state response is more in the case of PVA (Fig. 2.8(a)) 

than with AVA (Fig. 2.8(b)). The response of the primary system improves tellingly in all 

aspects with feedback gain as illustrated in Fig. 2.8(b) than with PVA (Fig. 2.8(a)). From 

Fig. 2.8(b) it can be observed that with GA (black color) the primary system response is 

marginally better than the FPT optimization technique (blue color). In Fig 2.9 the root locus 

plot of the system is shown for PVA and AVA. All four poles of the system have negative 

real parts, as shown in Fig. 2.9(a), but the roots are marginally stable with the PVA because 

the solution approaches zero much more closely than with the AVA (Fig. 2.9(b)), where  

                  

Fig. 2.8: Step response of the primary system with the optimal parameter using (a) 

PVA (b) AVA. 

(b) (a) 

(a) 
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 for a
F  = 0.5 is considered. The two complex conjugate poles of the primary system transfer 

function (Eq. 2.7) with PVA are crossing the real axis at -0.02 whereas with AVA these 

poles are at -0.36. From these figures, one can observe that with feedback gain by the 

proposed AVA the primary system is more stable than with PVA, and it reduces the 

response amplitude of the primary system significantly. 

                  

Fig. 2.9: Root locus plot of the primary system (a) PVA (b) AVA. 

2.6 Summary 

In this work, the fixed point theory (FPT) and genetic algorithm (GA) optimization 

techniques are used to obtain the optimum tuning and damping ratio of a PZT stack 

actuator-based SDOF spring-mass-damper active vibration absorber (AVA) with 

acceleration feedback to suppress resonant vibration of a SDOF spring-mass-damper 

primary system. The primary system is subjected to external harmonic force excitation. The 

closed-form solutions are obtained by using the FPT technique for the optimized tuning 

ratio and damping ratio in terms of the mass ratio ( )µ  between the absorber and the primary 

system for the proposed AVA with acceleration feedback. The optimum feedback gain is 

also evaluated and significant vibration suppression in terms of total energy is achieved. 

From the previous literature, the optimized damping ratio and tuning ratio for the PZT 

based AVA with acceleration feedback was not found. So the proposed AVA uses 

acceleration feedback which is easier to implement in many applications in the form of an 

accelerometer compared to other feedbacks. The optimum damping ratio by the GA takes 

more time to converge for different feedback gains by acceleration feedback, so one can 

use the obtained close form solution for the optimal damping ratio by the FPT optimization 

technique. 

(a) (b) 
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CHAPTER 3 

Dynamics of ANVA using Time Delay Acceleration Feedback 

3.1 Introduction  

In this chapter, dynamic analysis of an active nonlinear vibration absorber (ANVA) using a 

lead zirconate titanate (PZT) stack actuator has been carried out considering time delay in the 

acceleration feedback. Here the primary system is modeled as a harmonically base excited 

system with a nonlinear spring, damper and mass which is subjected to an external harmonic 

force. The smart absorber consists of a nonlinear spring, mass and damper system along with 

a linear spring connected in series with the PZT stack actuator. In the proposed model the 

feedback gain is produced by the combination of spring and the PZT stack actuator which 

requires less voltage compared to that of the conventional system where the actuator is directly 

connected to the primary system and one can tune the frequency ratio of the absorber actively. 

The nonlinear governing equation of motion of the system is derived and solved by using a 

modified harmonic balance method (HBM) and presented in section 3.2. The steady-state 

response is obtained by using Newton’s method and the stability of the system is studied using 

the reduced equations. It has been shown that the proposed novel vibration absorber which has 

an inbuilt fail-safe design can absorb the vibration of the system more effectively with 

negligible damping than the available passive and active vibration absorbers. Also, Den 

Hartog’s equal peaks are achieved when the primary system is subjected to both harmonic force 

and base excitation. These studies are given in the results and discussion section (section 3.3). 

It is observed that most of the works on the DVAs are based on linear primary and secondary 

(absorber) systems and very few researchers have studied the nonlinear vibration absorber to 

absorb the vibration of the nonlinear primary system. Though several studies have been made 

on PZT patch actuators for vibration suppression, in very few literature PZT stack actuators are 

used [144, 145, 154, 281, 285]. Though accelerometers are commonly used for vibration  

measurement [38] most of the studies considered displacement or velocity feedback [5, 20, 30,
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31, 122-131, 144, 145, 154, 215, 216, 221, 251, 290, 320] instead of acceleration feedback 

of the system which shows better vibration suppression [321-324]. Hence, few studies have 

been made on acceleration feedback. Further, in most cases, the time delay in the feedback 

between sensing and actuation is ignored. In a few works, both the external forcing and 

base excitation are considered to obtain the Den Hartog’s equal peaks for the nonlinear 

primary and secondary systems. Hence, in the present chapter, an attempt has been made 

to develop a novel vibration absorber for suppressing the vibration of the nonlinear primary 

system with a nonlinear absorber containing a linear spring with the PZT stack actuator and 

time delay acceleration feedback system. In the next section, the mathematical modeling of 

the proposed ANVA is presented. 

3.2 Mathematical Modeling of the System 

Figure 3.1 shows the PZT stack actuator-based active nonlinear vibration absorber (ANVA) 

connected to a harmonically base excited single degree of freedom primary system with a 

nonlinear spring, mass and a damper. In this figure ,  ,  ,i i im c k  and 
3ik  denote mass, 

damping, linear and nonlinear stiffness of the primary system ( i  = 1) and the absorber ( i  

= 2). The primary system is subjected to an external harmonic force 
11 1cos( )F tΩ  and a base 

excitation 0 2cos( )Y tΩ . The feedback gain cf  is produced by the combination of a PZT 

stack actuator with stiffness E

Pk  and a linear spring with stiffness 3k . The governing 

equations of motion of the system in terms of the displacements of the primary system (
1x

) and the secondary system ( 2x ) are described by two ordinary coupled nonlinear 

differential equations of motion using Newton’s second law or d’Alembert’s principle 

which are given below. 

                

Fig. 3.1: PZT stack actuator based active nonlinear vibration absorber. 
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( ) ( ) ( ) ( ) ( )
( ) ( )

3

1 1 1 1 2 1 2 1 1 13 1 2 1 2

3

23 1 2 11 1cos c

m x c x y c x x k x y k x y k x x

k x x F t f

+ − + − + − + − + −

+ − = Ω −

ɺɺ ɺ ɺ ɺ ɺ

                                  (3.1)                 

( ) ( ) ( )3

2 2 2 2 1 2 2 1 23 2 1 c
m x c x x k x x k x x f+ − + − + − =ɺɺ ɺ ɺ                                                              (3.2) 

In the absence of feedback gain 
cf , spring stiffness 

3k  and base excitation, Eqs. (3.1) and 

(3.2) can be reduced to that of Cirillo et al. [169] and Habib et al. [162]. The feedback gain 

produced by the PZT stack actuator and the spring stiffness 
3k  in series may be written as 

( )1 0 2c rf k x xδ= + −  where the equivalent stiffness ( ) ( )3 3

E E

r p p
k k k k k= + , and 

0δ  is the 

nominal displacement of the PZT stack actuator at the juncture of the primary system.  The 

nominal displacement of the actuator can be written as 
0 33nd vδ =  [20], where, n , 

33d  and 

v denote the number of wafers in the PZT actuator, dielectric charge constant and the 

voltage applied to the actuator, respectively. The acceleration of the primary system can be 

measured by a separate non-contact type accelerometer and by considering a time delay of 

τ  in the acceleration feedback the actuation is provided by the PZT actuator. The voltage 

applied to the PZT actuator by the time delay τ  in the acceleration feedback can be written 

as ( )( )1cv k x t τ= −ɺɺ , where, ck  denote controller gain in the acceleration feedback. 

Substituting the value of v  in 
cf , the modified equation can be written as follows. 

( )( )1 2 33 1c r c
f k x x nd k x t τ= − + −ɺɺ                                                                       (3.3) 

Equations (3.1) and (3.2) are rewritten below in the non-dimensional form by assuming 

non-dimensional time 1 1 ,tτ ω=  where, 1 1 1
/ .k mω =   

( ) ( )

( ) ( )( )
( )
( )( )

( )

3 3

1 1 1 1 1 2 2 1 13 1 2 2 1 1

2

1 13

1 13 1 13 1 1 12

1 1

2 2 sin 2 cos

cos
cos cos 3

cos

r

c

u u Y u u u u u F

u Y
Y Y F u

u Y

ζ ζ τ γ ζ α α α β τ

τ γ
τ γ α τ γ α τ τ

τ γ

+ + Ω Ω − − + + − + − = Ω

 Ω − −
 + Ω − + Ω − + − −
 Ω − 

ɺɺ ɺ ɺ

ɺɺ

 (3.4) 

( ) ( )3

2 2 2 2 2 1 1 1 12         r cu u u u F u uµ ζ α α β τ τ µ+ + + + = − −ɺɺ ɺ ɺɺ ɺɺ                       (3.5) 

where  
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( ) 2 1 2 2
1 1 0 2 2 1 0 1 2 0 0

1 1 1 1 1 1 1

2 2

13 0 23 0 11 1 2 1
13 1 1 33 2 12

1 1 1 1 0 1 1

/ ,  / ,  ,  ,  ,  ,  ,  / ,
2 2

  ,  ,  ,  ,  ,  

r
r

c r c

m c c k k
u x x u x x x Y Y x

m m m k k

k x k x F
F F k nd t

k k m x

µ ζ ζ α α
ω ω

τα β α τ γ
ω ω ω

= = − = = = = = =

Ω Ω= = = = Ω = Ω = = Ω −
 

It may kindly be noted that the term 2 1
2

1

t
τ

ω
ΩΩ =  is assumed to be 1τ γΩ −  and 0x  = 

reference length. Here the frequency of the base excitation term is chosen in such a way 

that there is a phase difference γ  between 1F  and Y . It may be noted that Eqs. (3.4) and 

(3.5) are written by considering the relative displacement of the absorber i.e, 

( )2 2 1 0/ ,u x x x= −  by which the complexity associated with the expansion of the nonlinear 

term ( )3

2 1x x−  reduces and one can easily obtain the solution. The approximate solution of 

Eqs. (3.4) and (3.5) are discussed in the following section. 

3.2.1 Approximate solution by HBM 

In this section, the steady-state solution of the Eqs. (3.4) and (3.5) are obtained by using 

the harmonic balance method (HBM). Here the solution of 
1u  and 

2u  are written using the 

slowly varying function of time 1,  ,  A B ϕ  and 2ϕ  as given below. 

( ) ( )( )1 1 1 1 1cosu A τ τ ϕ τ= Ω −                                                                                                              (3.6) 

( ) ( ) ( ) ( )( )1 1 1 1 1 1cosu Aτ τ τ τ τ ϕ τ τ− = Ω − − −                                                                               (3.7) 

( ) ( )( )2 1 1 2 1cosu B τ τ ϕ τ= Ω −                                                                                                         (3.8) 

It may be noted that in the conventional HBM [12] generally the coefficients are taken to 

be constants. But here,  both the amplitudes ( ( ) ( )1 1,  A Bτ τ ) and the phases ( ( ) ( )1 1 2 1,  ϕ τ ϕ τ

) are considered to be slowly varying functions of time 
1τ  such that one can neglect the 

following terms: 2 2

1 2 1 2 1 2,  ,  ,  ,  ,  ,  ,  .A B A Bϕ ϕ ϕ ϕ ϕ ϕɺɺ ɺɺɺ ɺɺɺ ɺɺ ɺ ɺ ɺ ɺ  Substituting Eqs. (3.6) to (3.8) into 
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Eqs. (3.4) and (3.5) and equating coefficient of 
1sin τΩ  and 

1cos τΩ  terms, Eqs. (3.4) and 

(3.5) can be written in the following compact matrix form: 

                                   

1 2 3 4 1

5 6 7 8 21

9 10 11 12 3

13 14 15 16 42

a a a a bA

a a a a b

a a a a bB

a a a a b

ϕ

ϕ

    
    
     =   

     
         

ɺ

ɺ

ɺ

ɺ

                                               (3.9) 

where 1a  to 16a  and 1b  to 4b  are given as 

1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1

3 2 2 4 2 2

5 1 1 1 1 1 1 1

6

 - 2 cos 2 sin 2 sin sin - 2 cos cos ,

2 cos 2 sin 2 sin cos 2 cos sin ,

-2 sin , -2 cos ,

2 sin( ) 2 cos( ) 2 sin cos 2 cos sin ,

-2

c c

c d c

c c

a F F

a A A F A F A

a a B

a F F

a

ϕ ζ ϕ ϕ τ ϕ τ
ζ ϕ ϕ ϕ ϕ τ
ζ ϕ ζ ϕ

ϕ ζ ϕ ϕ τ ϕ τ
ζ

= Ω + + Ω Ω Ω Ω
= + Ω + Ω Ω + Ω Ω
= =
= Ω + + Ω Ω + Ω Ω
= 1 1 1 1 1 1 1

7 2 2 8 2 2

9 1 1 1 1 1

10 1 1 1 1 1

11 2 2 2

12

sin 2 cos - 2 sin sin 2 cos cos ,

-2 cos , 2 sin ,

-2 cos - 2 sin sin 2 cos cos ,

2 sin - 2 sin cos - 2 cos sin ,

 - 2 cos 2 sin ,

2

c c

c c

c c

A A F A F A

a a B

a F F

a A F A F A

a

a

ϕ ϕ ϕ τ ϕ τ
ζ ϕ ζ ϕ
µ ϕ ϕ τ ϕ τ
µ ϕ ϕ τ ϕ τ

µ ϕ ζ ϕ

+ Ω Ω Ω + Ω Ω
= =
= Ω Ω Ω + Ω Ω
= Ω Ω Ω Ω Ω
= Ω +
= 2 2 2

13 1 1 1 1 1

14 1 1 1 1 1

15 2 2 2

16 2 2 2

1 1 1 2 1 3 2 4 2 1

2

cos 2 sin ,

2 sin - 2 sin cos - 2 cos sin ,

2 cos 2 sin sin - 2 cos cos

2 sin 2 cos ,

-2 sin 2 cos ,

cos sin cos sin  ,

c c

c c

b

B B

a F F

a A F A F A

a

a B B

b N N N N N

b

ζ ϕ µ ϕ
µ ϕ ϕ τ ϕ τ

µ ϕ ϕ τ ϕ τ
µ ϕ ζ ϕ
ζ ϕ µ ϕ

ϕ ϕ ϕ ϕ

+ Ω
= Ω Ω Ω Ω Ω
= Ω + Ω Ω Ω Ω
= Ω +
= + Ω

= + + + +

1 1 2 1 3 2 4 2 1 2

3 5 2 6 2 7 1 8

4 5 2 6 2 7 1 9

sin cos sin cos ,

cos sin sin ,

sin cos cos .

bN N N N F N

b N N N N

b N N N N

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ
ϕ ϕ ϕ

= − + − + − +
= + + +
= − + + +

 

From Eq. (3.9) the following amplitude and phase equations are obtained. 

( )1 1 2,  ,  ,  A f A B ϕ ϕ=ɺ ,                                                                                                                     (3.10) 

( )1 2 1 2,  ,  ,  f A Bϕ ϕ ϕ=ɺ ,                                                                                                                        (3.11) 
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( )3 1 2,  ,  ,  B f A B ϕ ϕ=ɺ ,                                                                                                                        (3.12) 

( )2 4 1 2,  ,  ,  f A Bϕ ϕ ϕ=ɺ .                                                                                               (3.13) 

The steady-state solutions of the slow-flow equations are obtained from Eq. (3.9) by taking 

1 2
0A Bϕ ϕ= = = =ɺ ɺɺ ɺ  and the corresponding equations are given below.   

1 1 2 1 3 2 4 2 1cos sin cos sin 0bN N N N Nϕ ϕ ϕ ϕ+ + + + =                                                                    (3.14) 

1 1 2 1 3 2 4 2 1 2sin cos sin cos 0bN N N N F Nϕ ϕ ϕ ϕ− + − + − + =                                                        (3.15) 

5 2 6 2 7 1 8cos sin sin 0N N N Nϕ ϕ ϕ+ + + =                                                                                    (3.16) 

5 2 6 2 7 1 9sin cos cos 0N N N Nϕ ϕ ϕ− + + + =                                                                                 (3.17)    

where, 
1N  to 

9N , 
1bN  and 

2bN  are given as 

( ) ( )
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It may be noted that in the conventional HBM one has to do the stability analysis using the 

original equation after getting the response [12] but in the present case, both the response 
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and stability analysis can be performed simultaneously by using the reduced Eqs. (3.10) to 

(3.13). The stability of the steady-state equations of the slow-flow equation thus obtained 

is ensured by the negative real part of the eigenvalues of the Jacobian matrix which is given 

below.  

1 1 1 1

1 2

2 2 2 2

1 2

3 3 3 3

1 2

4 4 4 4

1 2

f f f f

A B

f f f f

A B
J

f f f f

A B

f f f f

A B

ϕ ϕ

ϕ ϕ

ϕ ϕ

ϕ ϕ

∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂
 
∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂
 =
 ∂ ∂ ∂ ∂
 ∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂
 ∂ ∂ ∂ ∂ 

                                                                                                  (3.18) 

The steady-state solutions of the slow-flow Eqs. (3.14) to (3.17) are solved by using 

Newton’s method and are discussed in the following section.  

3.3 Results and Discussions  

In this section, the performance of the active nonlinear vibration absorber (ANVA) is 

studied for a mass ratio of 1:20 (i.e., µ  = 0.05) by using the frequency response curves 

(FRC), time responses and phase portraits for various system parameters such as cubic 

nonlinear stiffness in the primary system 13 ,α  cubic nonlinear stiffness of the absorber ,β  

feedback gain 
1,cF  time delay ,τ   amplitude of base excitation Y , the amplitude of 

harmonic force excitation 1F  and stiffness of the spring 3k  between the PZT stack actuator 

and the absorber. The FRC for the primary system and the ANVA are found by numerically 

solving the four equations (Eqs. (3.14 - 3.17)) by using Newton’s method. It may be noted 

that these equations are obtained by using HBM. These results are initially compared with 

the developed SIMULINK model (Appendix-A) by solving Eqs. (3.4) and (3.5). Further, it 

is compared by studying Eqs. (3.4) and (3.5) using the fourth-order Runge Kutta method. 

The MATLAB command ode45 is used for the system without delay and dde23 is used for 

the system with delay. The stiffness and damping parameters for the ANVA are taken from 

the work of Habib et al. [161], and Mallik and Chatterjee [20] have been referred for the 
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properties of PZT stack actuator. With reference to Eq. (3.4) and (3.5), the nondimensional 

natural frequency of the primary system is 1ω  = 1, the damping ratio of the primary system 

1ζ  = 0.001 and for the absorber is 
2ζ  = 0.0064, the linear stiffness ratio between the 

absorber and the primary system is ( )rα α+  = 0.0454, external forcing amplitude 
1F  = 0.1 

and 
0x  = 1. The amplitude of the external forcing 

1F  is considered to be equal to 0.1 in the 

sub-section 3.1 - 3.5, 3.7 and 3.8 and in other sub-sections 1F  values are varied from 0.0005 

to 1 while all other system parameters are kept the same in all sections as mentioned above. 

In sub-section 3.3.1 - 3.3.6, 3.3.8 and 3.3.9 frequency responses, time responses phase 

portraits, Poincare’s section and basin of attractions of the system are studied by 

considering only the external harmonic excitation 
1 1cosF τΩ  and hence the amplitude of 

harmonic base excitation Y  is considered to be zero. In other sub-sections, 3.3.7, 3.3.8 and 

3.3.10 FRC of the system are studied for both external harmonic and base excitation. In the 

following subsection, the frequency response of the passive linear system is studied.  

3.3.1  Passive linear system 

The FRC of the primary system and the ANVA in the absence of any nonlinearity are shown 

in Fig. 3.2 with the optimal system parameters taken from Habib et al. [161]. The results 

obtained in the frequency responses are compared with the numerical simulations using the 

Simulink model and they are found to be in good agreement as shown in Fig. 3.2(a) and 

3.2(b). From Fig. 3.2(a) it is observed that the amplitudes of the two resonating peaks are 

the same and equal to 0.62 at a frequency Ω  =0.89 and 1.05. The response amplitude of 

the primary system at resonance (i.e., Ω  = 1) is 0.54. The absorber response is shown in 

Fig. 3.2(b) where the response amplitude at the peaks and the valley are 2.102 and 2.05, 

respectively. These results are similar to earlier theoretical analysis [216, 161, 12] and 

experimental studies [65, 325]. In the literature [38, Fig. 3.2(a)] the amplitude of external 

excitation is considered as 
1F  = 0.001 and they observed linear behavior with a maximum 

amplitude of 0.0062. In the present work, the forcing amplitude 
1F  = 0.1, (100 times more) 

and the corresponding response amplitude is found to be 0.62, which is also 100 times more 

than the response amplitude in [161].  Hence both results are consistent as per the  
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superposition rule for the linear system. This validates the use of the harmonic balance 

method (HBM) formulation for the linear case and validation for the nonlinear cases is 

given in subsequent sections. In the next sub-section, the effect of cubic nonlinear stiffness 

in the absorber on the FRC is studied. 

3.3.2 Effects of cubic nonlinear stiffness in PVA 

The FRC of the primary system and the passive absorber are shown in Fig. 3.3 for two 

values of cubic nonlinear stiffness β  equal to 2.2% (0.001) and 22% (0.01) of the linear 

stiffness of the absorber. It is observed from Fig. 3.3(a) that for β  = 0.001 the first 

resonating peak is at 0.86 for Ω  = 0.92 and the second peak is at 0.53 for Ω  = 1.1. 

Similarly, the response amplitudes of 2.49 and 1.73 are observed for the absorber (Fig. 

3.3(b)) at the same frequencies. From Fig. 3.2 and Fig. 3.3(a, b) it is observed that when 

the operating frequency Ω  is greater than 1, the response of the system is better in Fig. 3.3  

           

Fig. 3.3:   Frequency response curve of the system for β  = 0.001 and β  = 0.01. 

  

 

Fig. 3.2: Frequency response of the (a) primary system and the (b) absorber. 

(a) (b) 

(a) (b) 
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which reduced the second peak response 15% more than the linear system. For β  = 0.01 

it is observed from Fig. 3.3(a) that the response amplitude of the primary system increased 

sharply from 0.9 to15 for Ω  in the range of 0.9 to 0.972. Similar frequency response for 

the absorber is observed in Fig. 3.3(b). The second peak amplitude of the primary system 

and the absorber are observed at Ω  = 1.15 with amplitudes of 0.31 and 1.12, respectively. 

The unstable solution in the frequency response is observed for Ω  = 0.971. It is inferred 

from Fig. 3.3 that for β  equals to 2.2% or 0.001 the system amplitude reduces by 15% in 

the second peak, however, an increase in β  value to 22% or 0.01 makes the equilibrium 

points unstable and creates a larger response in the system. Similar responses are also 

observed for β  equals 10% and 15% of linear stiffness. Hence the cubic nonlinear stiffness 

value in the absorber must be less than 2.2% of the absorber's linear stiffness. So one may 

investigate the use of an active vibration absorber (AVA) if the nonlinearity is more than 

2.2%. As shown in this figure, the results obtained from HBM and Newton’s method are 

also compared with the numerical simulations and are found to be in good agreement.  

3.3.3 Effects of cubic nonlinear stiffness in the primary system 

The FRC of the primary system and the passive absorber are shown in Fig. 3.4 for cubic 

nonlinear stiffness in the primary system 13α  equal to 10% i.e., 0.1 and 100% i.e., 1 of the 

linear stiffness of the primary system. The FRC of the system obtained by Newton’s method 

is also compared numerically by the fourth-order Runge Kutta method by solving Eq. (3.4) 

and (3.5) showing a good match with each other. For 
13α  = 0.1, it is observed from Fig. 

3.4(a) and Fig. 3.2(a), that the response amplitude in the first resonant peak decreases from 

0.62 to 0.57 and at the second peak it increases from 0.62 to 0.66 than the linear primary 

system. The absorber frequency response is shown in Fig. 3.4(b) which showed similar 

characteristics as the primary system. For 
13α  = 1, in Fig. 3.4(a) one can observe two saddle 

points at Ω  = 1.18 and Ω  = 2.02 showing jump up and jump down phenomena 

respectively. The second peak in the frequency response is at 1.7 due to the hardening effect 

in the frequency response while the first peak amplitude is 0.39 at Ω  = 0.89. The FRC of 

the passive absorber is shown in Fig. 3.4(b) where the same nonlinear behavior is observed 

as the primary system and the maximum amplitude response is found to be 2.32. The 

frequency response for Ω  in the range of 1.18 to 2.02 shows two stable and one unstable 
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branch.  Hence for nonlinear stiffness in the primary system below 10%, the system does 

not show any appreciable changes in the FRC than the linear system but when the primary 

system is highly nonlinear then the response amplitude and unstable region increase as 

evident from Fig. 3.4. It may be noted that the computational time 

        

Fig. 3.4: Frequency response of the system for 
13α  = 0.1 and 

13α  = 1. 

required to obtain the FRC by SIMULINK (Fig. 3.2 and 3.3) or the fourth-order Runge 

Kutta method (Fig. 3.4) is more as one has to get the response at each frequency point. 

Time taken to obtain a single point on the response curve takes 1 minute (intel 7 (3rd Gen), 

3.12 GHz, 8 GB RAM, Windows 10), so to obtain complete FRC which consists of more 

than 100 points it will take more than 1 hour and 40 minutes, and also unstable points are 

difficult to obtain. Using the HBM method the computational time required to obtain the 

plot is only 6 minutes so, one can use the proposed HBM method to reduce the 

computational time and study the stability of the response. Unlike other perturbation 

methods where the small divisor terms in the equation motion are required to obtain the 

solution but in HBM one can use the procedure without ordering the equation. Further, in 

this modified HBM one can obtain the stability of the system by using the Jacobian matrix 

of the reduced equations. While the above-mentioned FRC shows the response of the 

system with the PVA, in the next section the study has been carried out for AVA by using 

the PZT stack actuator with acceleration feedback.  

3.3.4 Active vibration absorber 

In this section, the FRC of the proposed ANVA are found for four different cases namely, 

linear, nonlinear spring in the primary system, nonlinear spring in the absorber and 

(a) (b) 
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nonlinear spring in both the primary system and the absorber, with negative feedback gain 

1cF  = 0.1 and they are shown in Fig. 3.5. For the linear case, it is observed from Fig. 3.5(a) 

that with the active feedback gain (blue) the response amplitude decreases from 0.62 (Fig. 

3.2(a)) to 0.49 in the first peak (21%) at Ω = 0.8 and for second peak it decreases from 0.62  

    

      

      

Fig. 3.5: Frequency response of the system (a, b) linear and nonlinear stiffness (
13α  = 1) 

in the primary system. (c, d) nonlinear stiffness ( β  = 0.01) in the absorber (e, f) 

nonlinear stiffness in both the primary system (
13α  = 1) and the absorber ( β  = 0.0042). 

(a) 

(c) (d) 

(f) (e) 

(b) 
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(Fig. 3.2(a)) to 0.34 (45%) at Ω  =1.2. It may be observed that these peaks are occurring at 

different frequencies due to the presence of feedback gain in rk . The response amplitude 

at the resonating frequency ( Ω  =1) decreases from 0.54 (i.e., in the passive case, Fig 3.2(a)) 

to 0.15 in the present active case which is a 72% reduction. But the response amplitude of 

the absorber increases from 2.4 to 3.6 (50%) for the first peak and from the same value to 

2.6 (8%) in the second peak as shown in Fig. 3.5(b) and Fig. 3.2(b). Further considering a 

realistic system where the primary system is considered to be highly nonlinear ( 13α  = 1), 

the FRC is shown in Fig. 3.5(a) (black). Unlike in Fig. 3.4(a) here, the frequency response 

of the primary system shows no unstable region and the amplitude of vibration reduces 

from 0.39 to 0.36 (7.7%) in the first peak and from 1.8 to 0.42 (77%) in the second peak. 

The FRC for the absorber (Fig. 3.5(b)) seems to be similar to the linear system and no 

unstable region is found unlike in the case of Fig. 3.4(b) but the amplitude of the response 

increases from 1.5 to 2.7 in the first peak and 2.3 to 2.8 in the second peak.  Comparing the 

linear and the nonlinear responses it is observed that the response amplitude for the linear 

system decreases 34% in the first peak but at the second peak it increases 14% while, at the 

resonating frequency, the response amplitude remains the same as the nonlinear primary 

system. In Fig. 3.5(c, d) the FRC of the system is studied for β  = 0.01. From Fig. 3.5(c) it 

is observed that by the applied feedback gain a small range of unstable zone is found when 

0.962< Ω < 0.965 with jump up and jump down phenomena. In addition, the equilibrium 

points show an unstable region when 1.195< Ω <1.373 showing Hopf bifurcation points at 

Ω  =1.195 and 1.373. The response amplitude of the nonlinear absorber is shown in Fig. 

3.5(d) which increases as compared to Fig. 3.3(d). In Fig. 3.5(e, f) nonlinear stiffness in 

both the primary system (
13α  = 1) and the absorber ( β  = 0.0042) are considered. It may 

be noted that here, optimum nonlinear stiffness coefficients are considered from the work 

of Habib et al. [161]. It is observed from Fig. 3.5(e) that with the feedback gain 
1cF  = 0.1, 

the response amplitude of the primary system reduces for 1.136< Ω <1.32 and shows 

saddle-node bifurcation points at Ω  = 0.982 and 1.136. Here, also it may be noted that at 

the resonant frequency i.e. Ω  = 1 the nonlinear system has two stable and one unstable 

solution out of which the lower stable solution has a value that is less than that found in 

[161], where the 
1cF  = 0. Also,  

1cF  = 0 gives less response amplitude than 
1cF  = 0.1 above 

Ω  > 1.32 and for 0.62< Ω < 0.98. From Fig. 3.5(f) it is observed that the response amplitude 

of the absorber is more in the case of AVA than the PVA at the peaks. 
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From Fig. 3.5 it is observed that with the applied feedback gain considering only high 

nonlinear stiffness in the primary system there is much decrease in the unstable region of 

operating frequency and also the vibration of the primary system, however, the amplitude 

of the absorber increases at the peaks.  In the following section nonlinear stiffness is 

considered in both the primary system and the absorber and the variation of feedback gain 

on the frequency response is studied.  

3.3.5 Variation of feedback gain on the frequency response 

The effect of four values of feedback gains 1cF  viz 0 (green), 0.1 (cyan), 0.2 (black) and 

0.5 (blue) on the FRC of the system is studied in this section.  

3.3.5.1 Nonlinear stiffness in both the primary system and the absorber 

In Fig. 3.6 (a, b) and (e, f) the FRC of the system is shown by considering two values of 

nonlinear spring stiffness in both the primary system and the absorber. In Fig. 3.6(a, b) the 

nonlinear stiffness 
13α  and β  are considered equal to 0.1 and 0.001, respectively. From Fig. 

3.6(a) it is observed that with 1cF  = 0 the primary system shows two peaks with amplitude 

0.69 and 0.54 at Ω  equals to 0.92 and 1.08, respectively with no unstable zone. But by 

increasing 1cF  values from 0 to 0.1, the amplitude of the two peaks shifts and occurs at Ω  

equals to 0.908 and 1.24. A minimum of 55% reduction in the vibration of the primary 

system is observed with 
1cF  = 0.1 than 

1cF  = 0 when 0.91< Ω <2. However, the system shows 

an unstable frequency zone with 1cF  = 0.1, for a small range when 0.906< Ω <0.91 with two 

stable and one unstable branch. The jump up and jump down phenomena are observed with 

saddle-node bifurcation points at Ω  = 0.906 and 0.911. Further increasing 1cF  values from 

0.1 to 0.2 the primary system amplitude reduces to 0.003 (96%) than for 
1cF  = 0 when Ω > 

0.96, but at the same time more hardening effect in the FRC is observed with instability zone 

when 0.888< Ω <0.956. Two saddle points are observed at Ω  = 0.888 with the jump-up 

amplitude height 0.7 and at Ω  = 0.956 with the jump-down amplitude height 1.44 for 
1cF  = 

0.2. It is observed from the FRC that with an increase in the 1cF  at first peak the system 

amplitude increases and for a very small range of operating frequency the system shows an 
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unstable fixed-point solution but for a larger band the amplitude of the response reduces 

significantly. In Fig. 3.6(c, d) basin of attraction for the primary system is plotted at the 

points D ( Ω  = 0.82) and E ( Ω  = 0.889) of Fig. 3.6(a). From Fig. 3.6(c) at point D, one can 

observe a single stable point with a response amplitude of 0.64. Also in Fig. 3.6(d) at point 

E two stable points with response amplitude of 1.2 and 0.4, with a separatrics at response 

amplitude of 0.62 can be observed which are evident from the FRC curve shown in Fig. 

3.6(a). In Fig. 3.6(b) the amplitude of the absorber for 1cF  = 0.1 shows marginal higher  

        

    

                     

Fig. 3.6: Frequency response of the system for variation in feedback gain 1cF  for (a, b) 13α  

= 0.1 and β  = 0.001. (c, d) Basin of attraction of the primary system at Ω  = 0.82 and 

0.889. Frequency response of the system with different 1cF  for (e-f) 13α  = 1 and β  = 0.01. 

(e) 

(a) (b) 

(f) 

(c) 
(d) 
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Fig. 3.7: Time responses (a, b), phase portraits and Poincare’s section (c, f) at the 

frequency points P ( Ω =1.15), Q ( Ω =1.25), and R ( Ω =1.52) for 
1cF  = 0.2. (g, h) phase 

portraits and Poincare’s section for 1cF  = 0.2 at Ω =1.08 and Ω  =1.32 (i) Lyapunov 

exponents for 
1cF  = 0.2 at Ω  =1.08 and Ω  =1.32 for initial condition (1, 0, 1, 0) 

amplitude for Ω >1 but for Ω <0.9 the absorber amplitude increases with the same unstable 

zone as discussed above. In Fig. 3.6(e, f) highly nonlinear system is considered with 
13α  

and β  equals to 1 and 0.01, respectively. In Fig. 3.6(e) for 
1cF  = 0 two high peaks with 

(b) (a) 

(c) (d) 

(e) (f) 

(g) (h) 

(i) 

TH-2895_136103038



 ANVA using time delay acceleration feedback  

83 

amplitude equals to 0.87 and 0.35 at Ω  =1.16 and 1.18, respectively with the stable and 

unstable solutions appear when 1.062< Ω <1.162 are shown. The jump-up amplitude of 

0.32 and jump-down amplitude of 0.54 are observed at Ω  =1.062 and 1.162, respectively. 

The Hopf bifurcation points are observed at Ω  =1.103 and at 1.163. The response 

amplitude at the first peak of the primary system reduces from 0.87 to 0.56 with 1cF  = 0.1 

compares to when 
1cF  = 0 but creates a wider range of unstable zone with saddle-node 

bifurcation points at Ω  = 1.014 and 1.146 and Hopf bifurcation points at Ω  = 1.172 and 

1.338. The same effects are also observed for 
1cF =0.2 and 0.5 with more hardening effect 

and unstable region. The amplitude of the primary system at the first peak ( Ω  = 1.016) 

decreases 80% with an increase in 1cF  from 0 to 0.5 but shows both stable and unstable 

fixed-point solutions. However, the jump up and jump down amplitude height increases 

with a more hardening effect. In Fig. 3.7(a, f) for 1cF  = 0.2 (black line) the time responses, 

phase portraits and Poincare’s section at point P ( Ω  = 1.15, stable point), Q ( Ω  = 1.25, 

unstable point) and R ( Ω  = 1.52, unstable point) of Fig. 3.6 (e) are shown. From Fig. 3.7(a, 

b) time response, fixed point response is observed at point P, quasi-periodic responses are 

observed at points Q and R. From the phases portraits Poincare’s section and Lyapunov 

exponents in Fig. 3.7(a-i) existence of periodic, quasiperiodic and chaotic responses in 

addition to fixed point responses are clearly observed for different system parameters. 

Hence one must choose the system parameters carefully to suppress the excessive vibration 

in the system. 

3.3.5.2 Linear system 

The FRC of the linear system with a variation of 
1cF  is shown in Fig. 3.8(a, b). It is observed 

from Fig. 3.8(a) that with higher 
1cF  the amplitude of the primary system reduces for all 

frequency of operation with no unstable zone and shows a significant decrease in the 

amplitude response at the second peak. The system with 
1cF  = 0.5 shows around 90 % 

reduction in vibration than 
1cF  = 0 for Ω  >0.85 but at the same time the absorber amplitude 

(Fig. 3.8(b)) at the peaks increases. Hence from Fig. 3.8, it is observed that large vibration 

reduction in the primary system is achieved with higher values of 1cF  when the system is 

linear. But when both the primary system and absorber are nonlinear (Fig. 3.6 and 3.7), then 

for a particular operating frequency higher feedback gain may not be effective. It is also 
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observed that for 
13α > 10% and β  >2.2% of the linear stiffness the system shows a wider 

unstable range of frequency. So, one has to choose 1cF  values judiciously to suppress the 

vibration of the system for a broader range of operating frequencies. In the following section, 

the effects of variation in the amplitude of external force excitation on the FRC is studied.  

        

Fig. 3.8: Frequency response of the linear system for variation in feedback gain 
1cF . 

3.3.6 Effects of variation in the amplitude of external excitation  

In this section, the effect of three values of the amplitude of external excitation 
1F  equal to 

0.1 (cyan), 0.5 (black) and 1(green) on the FRC of the system are studied without any applied 

feedback gain and the results are compared with those obtained by numerically solving Eqs. 

3.4 and 3.5.  In Fig. 3.9 (a-b) the FRC of the system is shown for 
13α  and β  equal to 0.1 

and 0.01, respectively. From these figures, it is observed that with an increase in the 

amplitude of external excitation the peak response amplitude of the system increases.  For 

1F  = 0.1 the jump up and jump down phenomena are observed with saddle-node bifurcation 

points at Ω  equals to 1.005 and 1.087, respectively. An isolated stable and unstable region 

is also observed when 1.25< Ω <1.356 Further, increase in the 
1F  value from 0.1 to 1, the 

system response amplitude increases with a large increase in the jump up and jump down 

height as shown in Fig. 3.9 (a, b). The Primary system shows only a single peak (Fig. 3.8(a)) 

but the absorber shows two peaks (Fig. 3.9(b)). In the case of point Hopf bifurcation point S 

( Ω =1.4), the time response of the primary system is found to be periodic with many 

(b) (a) 
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harmonics and for the absorber, it is found to be quasiperiodic. For other points near Hopf 

bifurcation point R ( Ω =1.552) both the primary system and the absorber have a 

quasiperiodic response which is clearly evident from Poincare’s section (Fig. 3.9(c, d). In 

the following section, the same system is studied where the primary system is also subjected 

to base excitation. 

    

                                      

           

Fig. 3.9: Frequency response of the system for variation in the amplitude of external 

force 1F  (a, b) 13α  = 0.1 and β  = 0.01. Time response and Poincare’s section at S ( Ω  

=1.4) and R ( Ω = 1.552) for 
1F  = 0.5.   

In Fig. 3.10 the response of the highly nonlinear system is analyzed for the variable 

amplitude of external excitation for three different frequencies i.e., Ω  =1.2, 1 and 0.8. From 

Fig. 3.10 (a) and Fig. 3.10 (c) it is observed that with 
1cF  = 0.1 the response amplitude of 

the highly nonlinear primary system ( 13α  = 1) decreases and no unstable region is observed 

for different frequencies. The Hopf bifurcation points without feedback gain are observed 

at 
1F  = 0.062 and 

1F  = 0.104 for Ω  = 1.2. The effectiveness of the feedback gain in 

(a) (b) 

(c) (d) 

(e) (f) 
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Fig. 3.10: Response of the system for variation in the amplitude of external force 
1F  (a, 

b) 13α  = 1 and 1cF  = 0. (c, d) 13α  = 1 and 1cF  = 0.1. (e, f) 13α  = 1, β  = 0.0042 and 1cF  = 

0. (g, h) 
13α  = 1, β  = 0.0042 and 

1cF  = 0.1.  

suppressing the vibration is more observed for external amplitude excitation in the range 

of 0 to 0.2. In Fig. 3.10 (e-h) optimal nonlinear stiffness parameters (
13α  =1, β  = 0.0042) 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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from the work of Habib et al. [161] are considered. From Fig. 3.10 (e) and (g) it is observed 

that with 1cF  = 0.1 the response amplitude of the primary system decreases for 1F  in the 

range of 0 to 0.1. The Hopf bifurcation points is observed at 
1F  = 0.107, 0.2 and Ω  = 0.274 

for Ω  = 1.2 without feedback gain. But with 1cF  = 0.1 the Hopf bifurcation points are 

observed at 
1F  = 0.116, 0.124, 0.276 and 0.432 for Ω  =1.2 and 

1F  =0.071 and 0.115 for 

Ω = 1. The response amplitude of the absorber increases with 1cF  =0.1 compared to 1cF  = 

0. From Fig. 3.10 it is observed that with 
1cF  = 0.1 the response amplitude of the highly 

nonlinear primary system decreases with feedback gain but for the higher amplitude of 

excitation, the effectiveness of feedback gain is not observed. However, one can suppress 

the vibration for a higher amplitude of external excitation by increasing the feedback gain.  

3.3.7 AVA with both harmonic force and base excitation 

Considering both external harmonic and base excitations, the FRC of the system is shown 

in Fig. 3.11 considering linear and nonlinear stiffness in the system. The amplitude of force 

1F  and base excitation Y  in Fig. 3.11(a-d) are considered to be equal to 0.1 and 0.01, 

respectively in the same phase. In Fig. 3.11(e, f)  1F  remains the same but the base 

excitation amplitude is taken as Y = 0.1 with phase angle γ  = 2π . 

3.3.7.1 Linear system 

Initially, the response for the primary system and the passive absorber is shown in Fig. 

3.11(a, b), where the response amplitude of the primary system at the two peaks is the same 

and equals 0.69 and for the absorber, it is 2.33 and 2.29, respectively. The response 

amplitude of the primary system decreases from 0.69 to 0.55 (21%) in the first peak and 

from 0.69 to 0.41 (40%) in the second peak with the negative feedback gain 
1cF  equal to 

0.1. At the resonating frequency ( Ω  =1), the amplitude of the primary system also 

decreases from 0.6 to 0.2 (67%). However, the response amplitude of the absorber (Fig. 

3.11(b)) at the peaks is more in the case of AVA than PVA.  
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3.3.7.2 Nonlinear stiffness in the primary system 

Now considering 13α  = 0.1 in Fig. 3.11(c), the response amplitudes of the two peaks are 

found to be 0.52 and 0.41 at Ω  equals 0.82 and 1.21, respectively. From Fig. 3.11(c), it 

can be observed that a reduction of 16% is achieved in the first peak and 41% in the second 

peak with the AVA than the PVA (Fig. 3.4(a)). It may be noted that in Fig. 3.4(a) the 

primary system is subjected to only harmonic excitation force. For the absorber (Fig. 

3.11(d)) the two peaks are found to be 3.6 and 2.8 respectively. Now, considering the highly  

        

       

Fig. 3.11: Frequency response curve for Y  = 0.01 and 
1F  = 0.1. Linear system (a, b), 

Nonlinear primary system (c, d) with 13α  = 0.1 and 13α  = 1.  

nonlinear primary system (
13α  = 1) shown in Fig. 3.11(c), one can observe that the two 

resonating peaks are 0.42 and 0.52. It may be noted that an 80% reduction in response 

amplitude in the second peak is observed in the active case in comparison to the passive 

case (Fig. 3.4(a)). However, for the absorber (Fig. 3.11(d)) the response amplitudes at the 

peaks are found to be 3.14 and 3.16. From Fig. 3.11 it is clearly observed that the 

suppression of vibration of the primary system under harmonic force and base excitation 

can be achieved by applying the appropriate feedback gain using the developed equations 

(a) 

(d) 

(b) 

(c) 
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for the proposed absorber. Here the nonlinear system behaves much like a linear system by 

using the acceleration feedback-based gain. 

3.3.7.3 Nonlinear stiffness in both the primary system and the absorber with 

different forcing frequencies. 

Considering nonlinear stiffness in both the primary system and absorber with different 

phases between the external forcing and base excitation is shown in Fig. 3.12. From this 

figure, it is observed that the system response amplitude is more when both the frequency 

of external forcing and the base excitations are the same. The higher amplitude of base 

excitation force produces a higher response amplitude. The applied feedback gain reduces 

the response  

        

Fig. 3.12: Frequency response curve with Y  = 0.01and 
1F  = 0.1. (a, b) 

13α  = 0.1 and β  

= 0.001.  

amplitude when the operating frequency is away from the resonating frequency. Here also 

similar nonlinear effects as stated in the previous sections are observed. In the following 

section, the effect of time delay with the AVA is investigated. 

3.3.8 Effects of time delay in Active vibration absorber  

The effects of four values of time delay τ  = 0, 0.1, 1 and 10 on the FRC of the system are 

studied in this section for various parameters of nonlinear stiffness. In the sections, 3.3.8.1 

to 3.3.8.4 only external force excitation is considered while in section 3.3.8.5 both external 

force and base excitations are considered. 

(a) (b) 
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3.3.8.1 Linear System 

In Fig. 3.13(a, b) the FRC of the system is shown by considering a linear system when the 

primary system is subjected to only force excitation. From Fig. 3.13(a) it is observed that 

for τ  equals to 0 and 0.1, the system does not show any unstable region but for τ  equals 

to 1 and 10, a broader range of unstable regions appears. The response amplitude at the 

first peak is 7% more at τ  = 0 than at τ  = 0.1, while at the second peak it is 1% less. For   

τ  = 1 the stable region is observed for Ω <0.63 and Ω >2.16 and for τ  = 10 the 

equilibrium points are completely unstable. Fig. 3.13(b) shows similar characteristics as 

Fig. 3.13(a) but with higher response amplitude. Further, from Fig. 3.13(b) it is observed 

that at Ω  = 0.977 all the curves pass through a fixed point at B  = 2.08 irrespective of the 

different time delays which will be further investigated in the future.  From Fig. 3.13(a, b) 

it can be inferred that the vibration suppression of the system is better for τ  = 0 and 0.1 

than for higher time delays τ . It is also deduced that for τ  = 0 the response amplitude of 

the primary system is better than τ  = 0.1 for Ω >0.96 and that for Ω <0.96, τ = 0.1 is 

better than τ  = 0. 

       

Fig. 3.13: Frequency response of the active linear system with variation in the time 

delays. τ  = 0 cyan (stable),  τ  = 0.1 green (stable), τ  = 1 black (stable) red (unstable), 

τ  = 10 magneta (unstable). 

(a) (b) 
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3.3.8.2 Nonlinear stiffness in the absorber 

In Fig. 3.14(a, b) only the nonlinear stiffness in the absorber is considered for β  = 0.001. 

From Fig. 3.14(a) it is observed that for τ  = 0 the primary system shows high response 

amplitude at the first peak with jump up and jump down phenomena at saddle-node 

bifurcation points Ω  = 0.902 and 0.916, respectively, but for τ  = 0.1 the response 

amplitude at the first peak reduces  

to 65% with no unstable region. Further, increasing τ  to 1 it is observed that the 

equilibrium points become unstable with a stable region is found for a narrow band of 

1.112< Ω <1.228, while for τ  =10 no stable region is observed. From Fig. 3.14(a, b) it is 

inferred that for β  = 0.001 a time delay of τ  = 0.1 shows better vibration suppression and 

stability than other time delays. In Fig. 3.14(c, d) FRC of the system is shown by increasing 

       

          

Fig. 3.14: Frequency response of the system for different time delays (a, b) β  = 0.001 

(c, d) β  = 0.01. τ  = 0 cyan (stable) magneta (unstable), τ  = 0.1 green (stable) blue 

(unstable), τ  = 1 black (stable) red (unstable), τ  = 10 magneta (unstable). 

(a) (b) 

(c) (d) 

TH-2895_136103038



Chapter 3  

92 

the nonlinear stiffness i.e. β  = 0.01. From Fig. 3.14(c) it is observed that for τ  = 1 the 

response amplitude near the first peak reduces to 90% than for τ  = 0 or 0.1 and shows a 

stable region for Ω <1.164 but for τ  =10 the solutions are completely unstable. The Hopf 

bifurcation points are observed for τ  = 1 at Ω  =1.165 and 1.515, where the stability 

changes from stable to unstable and vice versa respectively, which is more clearly shown 

in Fig. 3.14(d). From Fig. 3.14(a-d) it is concluded that for lower nonlinear stiffness in the 

absorber (2.2% or 0.001) the time delay of 0.1 shows better vibration suppression with no 

unstable region. While for higher nonlinear stiffness in the absorber (22% or 0.01) the time 

delay of 1 shows better vibration suppression with no unstable operating frequency for Ω

<1.164. 

3.3.8.3 Nonlinear stiffness in the primary system 

In Fig. 3.15(a, b) only the nonlinearity in the primary system is considered i.e. 
13α  = 0.1. 

From these figures, it is observed that for τ  = 0 and 0.1 the response amplitude is stable.  

The response amplitude of the primary system for τ  = 0 is 6% more at the first peak and 

12% less at the second peak than for τ  = 0.1. For τ  = 1 the system shows an unstable 

region for 0.62< Ω <2.162 and for τ  =10 the system shows a broader unstable region and 

an isolated stable and unstable branch for 0.996< Ω <1.071. From these figures, it can be 

inferred that for 
13α  = 0.1 the delay in the range of 0 to 0.1 shows stable behavior and less 

peak response. In Fig. 3.15(c, d) the nonlinear stiffness is increased by considering 
13α  = 

0.2. Here also the same analogy is observed as in Fig. 3.15(a, b) but for τ  =10 the isolated 

branch is closed with stable and unstable solutions.  Further increasing the nonlinear 

stiffness i.e. 13α  = 1 in Fig. 3.15(e, f) the close orbit opens up for τ  = 10 and shows stable 

region for 0.931< Ω <1.04. The Hopf bifurcation points are observed at frequency points 

Ω  = 0.93 and at 1.04. A comparison of time responses at frequency K ( Ω  = 0.92, unstable) 

and L ( Ω  = 0.94, stable of Fig. 3.15(e, f)) are shown in Fig. 3.15(g, h). From the time 

responses in Fig. 3.15(g, h) one can observe a fixed-point response at the L point and a 

higher periodic response amplitude at the K point which is evident from the FRC of Fig. 

3.15(e, f). From Fig. 3.15(a-h) it can be inferred that for time delays equal to 0 and 0.1 the 

system amplitude is less than that with higher delay and no unstable region is observed for 

13α  equals to 0.1 to 1. Also, the system amplitude at both peaks decreases with increasing 
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13α  from 0.1 to 1. For τ  = 1 and 10, the response amplitude and unstable region are more 

pronounced and only for a limited range the solutions are stable. 

      

        

      

           
Fig. 3.15: Frequency response of the system for different time delays (a, b) 

13α  = 0.1 

(c, d) 
13α = 0.2 (e, f) 

13α  = 1. (g, h) Time responses at frequency K ( Ω = 0.92) and L (

Ω = 0.94). τ  = 0 cyan (stable), τ  = 0.1 green (stable),  τ  = 1 black (stable) red 

(unstable), τ  = 10 yellow (stable) magneta (unstable). 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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3.3.8.4 Nonlinear stiffness in both the absorber and the primary system 

In Fig. 3.16(a, b) 13α  and β  are considered equals to 0.1 and 0.001 respectively and the 

color codes are the same as in Fig. 3.14. From Fig. 3.16(a) it is observed that for τ  = 0 the 

response amplitude at the first peak increases by 18% while at the second peak it is 

decreased by 8% than for τ  = 0.1 and shows an unstable solution at the first peak with two  

saddle-node bifurcation points at Ω  = 0.906 and 0.911. For τ  = 1 the unstable region 

broadens with Hopf bifurcation points at Ω  = 0.628, 1.123 and 1.479. The system becomes 

completely unstable for τ  = 10 and shows a single peak. It is inferred from these figures 

that for τ  = 0.1 the system response amplitude shows better vibration suppression for a 

broader range of operating frequency when 
13α  = 0.1 and β  = 0.001 with no unstable 

region. 

3.3.8.5 Nonlinear primary system with both external force and base excitation 

Considering both external harmonic force 
1F  = 0.1 and base excitation Y  = 0.1 the FRC of 

the system for the above four-time delays τ  is shown in Fig. 3.17(a, b).  From Fig. 3.17(a, 

b) one can observe for τ  = 0 and 0.1 the response amplitude of the system is less and shows 

no unstable range of operating frequency than for higher time delays τ  = 1 or 10. For τ  = 

1, the Hopf bifurcation points are observed at Ω  = 0.62 where the system stability changes 

from stable to unstable as shown in red color. For τ  = 10 the system shows Hopf bifurcation 

   

Fig. 3.16: Frequency response of the system with different time delay for 
1 3α  = 0.1 and 

β  = 0.001. τ  = 0 cyan (stable) magneta (unstable), τ  = 0.1 green (stable), τ  = 1 black 

(stable) τ  = 1 red (unstable), τ  = 10 magneta (unstable). 

(a) (b) 
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points at Ω  = 0.964, 1.017, 1.018 and 1.073. It is observed from these figures, that for time 

delays τ  = 0 and 0.1 the system is stable and response amplitude is less than higher time 

delays 1 or 10. In the following section effects of the spring stiffness 
3k  attached to the 

PZT stack actuator in the active vibration, the absorber is investigated. 

3.3.9 Effects of the spring stiffness attached to PZT stack actuator  

The displacement of the nonlinear primary system and the active nonlinear absorber are 

shown in Fig. 3.18 when the applied feedback gain 
1cF  = 0.005 and stiffness 

3k  = 0.05 

N/m. The parameters are kept the same as in the work of Habib et al. [38] which are 1m  =  

1 kg, 
1c  = 0.002 Ns/m, 

1k  = 1 N/m, 
13k  = 1N/m3 , 

2m  = 0.05 kg, 
2c  = 0.0128 Ns/m, 

2k  = 

0.0454 N/m and 23k  = 0.0042 N/m3. In Fig. 3.18 a comparison of the displacements of the 

primary system and the secondary systems for the present case of ANVA and that of the 

Habib et al. [161] are shown. The responses in both cases are quasi-periodic for external 

excitation 
1F  = 0.12. It shows clearly that in the present case, the response of the primary 

system decreases by 31% i.e. from 0.75 to 0.52 than that of Habib et.al. [161]. Similarly, 

the vibration suppression of the nonlinear absorber is more noticeable as shown in Fig. 

3.18(b). Here the amplitude in the present case is 0.32 and with PVA [161] it is 2.4. Hence 

a reduction of 87% is achieved in the present case due to the feedback gain.  

           
Fig. 3.17: Frequency response of the system with different time delay with Y  =0.1 and 

13α  = 0.1. τ  = 0 cyan (stable) magneta (unstable), τ  = 0.1 green (stable), τ  = 1 black 

(stable) τ =1 red (unstable), τ  = 10 yellow (stable) τ  = 10 magneta (unstable). 

(a) (b) 
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Fig. 3.18: Comparison of time responses with passive and active absorber for the (a) 

primary system and the (b) absorber with 1F  = 1.2. 

In all the previous analyses it is observed that with the applied feedback gain 
1cF , the 

response amplitude of the absorber at the peaks increases but here it is shown that with 

proper stiffness value of 3k  one can reduce the vibration of both the absorber and the 

primary system. Also, it is observed that with the applied feedback gain the system settles 

down more quickly than the passive vibration absorber. The stiffness of the spring 3k  can 

be increased to provide more blocking force to the PZT stack actuator and at the same time, 

spring stiffness 
2k  can be decreased to maintain the optimum tuning ratio required to 

suppress the vibration of the primary system actively. The increase in spring stiffness 3k  

suppresses the vibration of the absorber and by the combination of both feedback gain and 

spring 
3k , the required vibration suppression of the primary system and the absorber can 

be achieved. In the following section, the effect of spring stiffness 
3k  is studied on FRC to 

obtain Den Hartog’s equal peaks when the primary system is subjected to both external 

harmonic and base excitation. 

3.3.10  Effects of attached spring in the PZT stack actuator  

While in the previous sections attempts were made to reduce the amplitude of the primary 

system, in this section it is tried to achieve the Den Hartog’s equal peaks in both the 

nonlinear primary system and the active nonlinear absorber, when the primary system is 

subjected to both external force and base excitation. While it is absolutely required to have 

equal peaks in the primary system to minimize its maximum response amplitude, 

sometimes due to space/kinematic constraints, it is also required to have equal peaks of the 

(a) (b) 
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absorber to minimize its response amplitude. The equal peaks in the FRC are tried to 

achieve by variation of spring stiffness 3k  and 1cF . It may be noted that the taken system 

parameters are the same as those in Habib et al. [161], where they obtained equal peaks in 

the FRC of the primary nonlinear system which is subjected to only external excitation 

force by considering nonlinear passive vibration absorber.  

3.3.10.1 External force excitation 

In Fig. 3.19(a, b) the spring stiffness 3k  = 0.0005 N/m, feedback gain 1cF  = 0.0005 and 

external harmonic force 
1F  = 0.001are considered. From Fig. 3.18(a) the two resonating 

peaks in the FRC of the primary system are observed to be 0.0042 and 0.0082 at Ω = 0.88 

and 1.08, respectively. The resonating peak amplitude of the absorber (Fig. 3.19(b)) are at  

 

     
   

       

Fig. 3.19: Frequency response of the system with the external harmonic force for (a, 

b) 
3k  = 0.0005 N/m, 

1cF  = 0.0005 and 
1F  =0.001 (c, d) 

3k  = 0.0005 N/m, 
1cF  = 0.005 

and 1F  =0.01. 

(a) (b) 

(c) (d) 
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different amplitudes of 0.016 and 0.022 at Ω  = 0.9 and 1.07, respectively. It may be noted 

from Fig. 3.19(a) that with the applied feedback gain the primary system amplitude is lesser 

at the first resonating peak than the passive nonlinear vibration absorber by Habib et al. 

[161]. In Fig. 3.19(c, d) 
1F  and 

1cF  are increased to 0.01 and 0.005, respectively, keeping 

all other system parameters the same as in Fig. 3.19(a, b). The difference between the 

resonating peak amplitudes and valley amplitude of both the primary system and the 

absorber reduces as shown in Fig. 3.19(c, d). The maximum amplitude for the primary 

system is observed at the second peak with a value of 0.062 at Ω  =1.08. The maximum 

amplitude for the absorber is found to be 1.194 (Fig. 3.19 (d)) at Ω  = 1.08. The resonating 

peak and the valley amplitude in the FRC for both the primary system and the absorber are 

minimized by increasing the active feedback gain as observed from Fig. 3.19(a-d) and also 

the Den Hartog’s equal peaks in the FRC of the nonlinear primary system and the active 

nonlinear vibration absorber can be found. 

3.3.10.2 Both harmonic external force and base excitation 

Now in Fig. 3.20(a, b) to obtain equal peaks in the FRC for base excitation Y  = 0.0012 and 

1F = 0.001, 1cF  and 3k  are increased to 0.05 while keeping all other system parameters the 

same as in Fig. 3.19(c, d). But it is found that with the increase 
1cF  and 

3k  the primary 

system (Fig. 3.19(a)) shows a single peak of amplitude = 0.13 at Ω  = 0.88 and for the 

absorber (Fig. 20(b)) the first resonant peak amplitude is 0.25 and a small resonating peak 

is observed with an amplitude of 0.34 at Ω  = 1.4. So, in Fig. 3.20(c, d) the stiffness of 
3k  

the spring is decreased to 0.005 from 0.05 while all other system parameters are kept the 

same as in Fig. 3.20(a, b). It is observed from Fig. 3.20(c, d) that vibration suppression by 

the absorber is significantly better than in Fig. 3.19(a, b) in reducing the maximum 

amplitude for the primary system to 0.037 and 0.052 at Ω  = 0.93 and 1.09 respectively. 

But the two resonating peaks are found at different response amplitudes. In Fig. 3.20(e, f) 

the comparisons between the responses of the system are shown when the primary system 

is subjected to external harmonic excitation 
1F  = 0.0012 and base excitation Y  = 0.0012 

with and without using the attached spring 3k  to the PZT stack actuator. It is observed from 

Fig. 3.20(e, f) that for the same spring stiffness 
3k  and 

1cF   equal to 0.005 the vibration 

suppression is better for both the primary system and the absorber and also the response 
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 Fig. 3.20: Frequency response of the system for 
1cF  = 0.05, 

1F  = 0.01 and Y  = 0.0012, 

(a, b) 
3k  = 0.05 N/m (c, d) 

3k  = 0.005 N/m. Frequency response of the system for 
1cF  = 

0.005 and 1F  =Y = 0.0012  (e, f) (black) for 3k  = 0.005 N/m and (blue) for 3k  = 0. 

amplitudes of the resonating peaks are the same.  From Fig. 3.20 it is observed that with 

applied feedback gain the vibration suppression is better than the passive vibration absorber 

and also sensitiveness of the vibration for the system reduces which shows two equal peaks 

in the response curves when both external harmonic force and base excitation are acting on 

the primary system. With the proposed active nonlinear vibration absorber, the two 

(a) (b) 

(c) (d) 

(e) (f) 
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resonating peak amplitudes of the primary system are found to be 0.0062, which shows 

better vibration suppression than the passive nonlinear vibration absorber. In Fig. 3.20(f) 

the FRC of the absorber shows the two resonating peaks' amplitudes are slightly at different 

amplitudes of 0.015 and 0.017, respectively. From these curves, it is found that with the 

attached spring and PZT stack actuator combination the vibration suppression of both 

systems is reduced for a wider band of operating frequency when the primary system 

undergoes both harmonic force and base excitation. From Fig. 3.20 and section 3.3.7 it is 

observed that the vibration suppression of the primary system is better than the work 

reported in [215, 177] where the mass ratio is considered to be 1:10.  

3.3.11  Reliability and cost of the proposed ANVA 

In the proposed model, as both spring and actuator provide the feedback gain, one can 

obtain higher feedback gain by the PZT stack actuator due to the blocking force produced 

by the spring which is in series connection with the PZT stack actuator. Also, when the 

actuator i.e., the active part fails due to electronic malfunction, then the passive optimal 

absorber can still protect the primary system with a very low value of damping as 

considered in the present analysis from severe vibration. Thus the proposed vibration 

absorber is a more economical and fail-safe design. Also, it can be observed that the natural 

frequency of the primary system ( ( )1 1 2 1n r
k k k mω = + + , ( )3 3

E E

r p pk k k k k= + ) does not 

change much with the variation of spring 
3k  attached to the PZT stack actuator but the 

natural frequency of the absorber ( ( ) ( )2 2 1n r
k k mω µ= + , 

2 1m mµ = ) changes 

significantly as the absorber mass is 20 times smaller than the mass of the primary system. 

So the designer can tune the frequency of the absorber actively in accordance with the 

forcing frequency of the primary system by the spring and actuator combination for various 

other resonance conditions. The proposed active nonlinear vibration absorber shows better 

vibration suppression than Fig. 3.16 and Fig. 3.17 from the work of Kučera et al. [270] 

where linear analysis is carried out experimentally considering the delayed resonator. The 

vibration suppression by the proposed absorber is almost the same (90%) as the vibration 

for the highly nonlinear primary system as in the experimental work of Bronkhorst et al. 

[281]. But in [281], the absorber mass is 20% of the primary mass, whereas in the present 

analysis the absorber mass is only 5% of the primary system. Hence the proposed absorber 

is very much lighter than in [281]. The proposed absorber also gives better performance 
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than the work of Xiang et al. [65] where absorber mass is similar to that in [281] i.e., 20% 

of the primary system where a higher damping ratio for the absorber is used. It may be 

noted that in the present case, a very low damping ratio for the primary system (
1ζ  = 0.001) 

and the absorber ( 2ζ  = 0.0064) are used. Hence the present model is more reliable and cost-

effective as a lighter weight absorber is used. 

3.4 Summary  

In this work, the performance of the active nonlinear vibration absorber (ANVA) is 

investigated for the primary resonance condition by considering a new design in the active 

part where the PZT stack actuator is connected in series with a spring in the absorber 

configuration. The analysis is carried out by considering time delay in the acceleration 

feedback of the primary system when it undergoes both external harmonic force and base 

excitation. The steady-state response and its stability are obtained by using a modified 

harmonic balance method, where the amplitude and the phase are considered as a slowly 

varying function of time. Time responses, phase portraits, Poincare’s sections, the basin of 

attractions, frequency responses with stable and unstable branches are plotted to investigate 

the effect of cubic nonlinear stiffness, feedback gain, time delay, attached spring stiffness, 

the amplitude and frequency of external harmonic force and base excitation on the 

suppression of vibration of the system. The frequency response curves obtained by 

harmonic balance and Newton’s method are compared with those obtained by the fourth-

order Runge Kutta method and are found to be in good agreement. Fundamentally based 

on nonlinearity the considered systems are divided into four cases viz., case-1: both primary 

and absorber are linear, case-2: primary system linear and absorber nonlinear, case-3: 

primary nonlinear and absorber linear, case-4: both primary and absorber nonlinear. Further 

considering the presence and absence of PZT stack actuator (feedback gain), delay; and 

base excitation one may obtain twenty different cases which have been investigated. 

From the analysis, it can be observed that by suitably applying the feedback gain by the 

spring and PZT stack actuator combination (30% - 90%) vibration suppression is achieved 

in the primary system for various system parameters. Further, it is also observed that with 

the variation of both 3k  and 1cF , the vibration of the primary system and the absorber are 

reduced up to 30% and 80%, respectively. Also, the Den Hartog’s equal peaks in the 
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frequency response are achieved when the nonlinear primary system undergoes both 

harmonic and base excitation. and the operating frequency range to minimize the vibration 

of the system.
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CHAPTER 4 

Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback for Primary and Principal Parametric 

Resonance Conditions 

4.1 Introduction  

In the present work, vibration suppression of a single degree of freedom nonlinear spring-mass 

primary (main) system subjected to simultaneous external harmonic and parametric excitation 

by using traditional and non-traditional active nonlinear vibration absorber (ANVA) is carried 

out. The traditional and non-traditional ANVA consists of a PZT (lead zirconate titanate) stack 

actuator in series with a nonlinear spring and a damper. In the traditional ANVA, the damper 

is connected to the main system whereas, in non-traditional ANVA, the damper is connected 

to the base of the main system. The governing nonlinear equations of motion for the system 

have been derived in section 4.2, using the weighted modal matrix approach considering novel 

actuation force by time delay in displacement, velocity and acceleration feedback of the main 

system by the PZT stack actuator and the nonlinear spring in series combination. In section 4.3, 

the method of multiple scales (MMS) is used to obtain the reduced equations which are solved 

using Newton’s method. In section 4.4, the responses of the system for the primary, principal 

parametric and simultaneous primary and principal parametric resonance conditions have been 

studied. The results are compared with those obtained by using the harmonic balance method 

(HBM), numerical method and with previous literature. From these results, two resonating 

peaks in the frequency response of the main system are shown by using the reduced equation 

of the MMS which was not reported in earlier literature. It is shown that for the active case the 

vibration of the undamped main system is completely reduced at the specified operating 

frequency for both the linear and nonlinear systems. Also, for a wider range of operating 

frequencies, the vibration of the main system is reduced by actively tuning the absorber for 

various mass ratios. Further, the efficacy of the feedback gain is observed in reducing the 

instability regions and improving the critical value of excitations in the trivial state.
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4.2 Mathematical Modeling of the System  

The studies on parametric excitations acting on the nonlinear SDOF primary system can be 

found in many applications a few of which includes [216, 217, 223, 244, 284, 184]. Figures 

4.1(a) and 4.1(b) shows the schematic diagram of an SDOF nonlinear main system, 

attached to a PZT-based active nonlinear traditional and non-traditional vibration absorber, 

respectively. The parameters ,  ,  i i im c k  denote mass, damping coefficient, linear stiffness 

of the main system ( i = 1) and the absorber ( i  = 2) and 
13k  is the cubic nonlinear stiffness 

of the main system. In the presence of a nonlinear spring in the absorber, as the 

displacement at the junction between the PZT stack actuator and the spring 2k  is difficult 

to calculate, so, here 
23k  is assumed to be the equivalent cubic nonlinear stiffness of having 

a displacement of 1 0 2.x xδ+ −  The main system is subjected to an external harmonic force 

( )1 1cosF tΩ   and a parametric force ( )1 2 2cosx F tΩ . The feedback gain by the absorber is 

produced with the combination of the PZT stack actuator having stiffness E

Pk  and a 

nonlinear spring considering displacement, velocity and acceleration feedback of the main 

system. The equations of motion of the system shown in Fig. 4.1 (a) in terms of the 

displacements of the main system ( 1x ) and the absorber ( 2x ) are described by two ordinary 

coupled nonlinear differential equations of motion which are given below. 

           

Fig. 4.1: Schematic diagram of a PZT based active nonlinear vibration absorber (a) 

traditional (b) non-traditional. 

( ) ( )( ) ( )
( ) ( ) ( )

3

1 1 2 1 2 1 1 13 1 2 1 2 0 2

3

23 1 2 0 1 1 1 2 2
cos cos

E E

p pm x c x x k x k x k k x x k k

k x x F t x F t

δ

δ

+ − + + + − + + +

− + = Ω + Ω

ɺɺ ɺ ɺ

                                      (4.1a) 

(a) 
(b) 
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 ( ) ( )( ) ( ) ( )3

2 2 2 1 2 2 1 2 0 2 23 1 2 0 0E E

p p
m x c x x k k x x k k k x xδ δ− − − − + + − − + =ɺɺ ɺ ɺ                   (4.1b) 

Similarly, the first equation of the system shown in Fig. 4.1(b) is obtained by considering 

the term ( )2 1 2c x x−ɺ ɺ  in Eq. 4.1(a) equal to zero. The equation of motion for the absorber is 

given below. 

( )( ) ( ) ( )3

2 2 2 2 2 1 2 0 2 23 1 2 0 0E E

p pm x c x k k x x k k k x xδ δ+ − − + + − − + =ɺɺ ɺ                                      (4.2) 

The nominal displacement of the PZT stack actuator 
0δ   is expressed as 

0 33nd Vδ =  [20]. 

Here the terms 33,  n d and V  are the number of wafers, dielectric charge constant and the 

voltage developed in the PZT stack actuator, respectively. It may also be noted that Eq. 

(4.1a) and Eq. (4.1b) can be reduced to the work of Habib et. al [161] and Detroux et. al 

[168] in the absence of nonlinear stiffness in the absorber (
23k ), parametric excitation (

( )1 2 2
cosx F tΩ ), PZT stack actuator stiffness (

E

p
k ) and displacement of PZT stack actuator 

(
0δ ). Also in [161, 168], they have used a damper in the main system which is not 

considered in the present analysis. Considering the effect of time delay 
dt  in the 

displacement, velocity and acceleration feedback of the main system, the voltage developed 

in the PZT stack actuator can be expressed as 

( )( ) ( )( ) ( )( )1 1 1d d v d a d
V x t t x t t x t tκ κ κ= − + − + −ɺ ɺɺ , where ,  d vκ κ  and 

aκ  are the controller 

gain for displacement, velocity and acceleration feedback respectively. It may be noted that 

here the time delay is produced during sensing the vibration of the main system, processing, 

computing and actuating by the PZT stack actuator through the controller [135-141]. 

Substituting V  in the displacement of 
0δ   and then in Eq. (4.1a) and Eq. (4.1b) the 

governing equations of motion are modified. Now applying the weighted modal matrix 

method by considering 
1 1

2 2

x X
P

x X

   
 =    

   

ɶ  where  P  
ɶ  is the weighted modal matrix, the 

governing equations of motion are rewritten using a small bookkeeping parameter ε  as 

follows. 

[ ]
2

1 11 1211 1

2
2 21 2222 2

0

0

T T

f

X z zX X
P R P R

X z zX X

ω ε ε ε
ω

        
     + + + =             

       

ɺɺ ɺ
ɶ ɶ

ɺɺ ɺ
                             (4.3) 
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where 

( )
[ ] [ ]

[ ]

2
2 111 12 1

2
21 22 22

11 12 2 2 1 2
11 12

21 22 2 2

11 1 1 12 2

0
, ,   ,

0

1
 ,  ,  ,  

cos cos
, 

0

E
Tp a a

a E
a ap

T

f

k k k k kp p
P k P P

k kp p k k

z z c c F F
Z P P F F

z z c c

RF t x F t
R R

ω
ω

ε ε ε

+ −    
     = = =         −+    

−   
 = = = =     −   

Ω + Ω 
  = =  

 

ɶ ɶ ɶ

ɶ

( ) ( )
( )( ) ( )( ) ( )( )

1 13 23 0
13 23

2

33 3

1 13 1 23 1 2 2 1 13 1

0 1 1 1

33 33 33

, ,  ,  ,

 ,  ,

,  

,  ,  

n

n

n a n n

d d v d a d

d d v v a a

k k
k k

R

R k x k k x x R R k x

f x t t f x t t f x t t

f nd f nd f nd

δδ
ε ε ε

δ δ

δ
κ κ κ

 
= = = 

 

= + + − + = − +

= − + − + −

= = =

ɺ ɺɺ

  

It may be noted that the governing equation of motion for the model shown in Fig. 4.1(b) 

is the same as in Eq. 4.3 except it has different values of the damping matrix [ ].Z  Also, 

here for the first-time weighted modal matrix approach for the traditional and non-

traditional time delayed PZT stack actuator based ANVA are used to obtain the governing 

equation of motion (Eq. 4.3). The method of multiple scales is used to solve Eq. 4.3 which 

is discussed in the following section. 

4.3 Approximate Solution using Perturbation Method 

In this subsection, the standard method of multiple scales is employed to obtain an 

approximate analytical solution of the governing equation of motion Eq. 4.3. The perturbed 

solutions in the new time scale are expanded by considering the system response at the past 

state ( )i d
X t t−   which is approximated as a summation of the responses of different time 

scales ( n

n
T tε=  for n  = 0, 1, …) in the following form:  

( ) ( ) ( )0 0 1 1 0 1,  ,... ,  ,...
i d i d d i d d

X t t X T t T t X T t T tε ε ε− = − − + − −                                              (4.4) 

As indicated previously here i  = 1 for the main system, i  = 2 for the absorber and 
dt  is the 

time delay in the feedback. If the system has no delay, then the delay term 
dt  can be equated 

to zero and the corresponding system response at the time t  (i.e., ( )i
X t ) can be expressed. 

Substituting the above-assumed responses for the main system and the absorber from Eq. 
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4.4 into Eq. 4.3 and collecting the coefficients of ε  the following expression can be 

obtained.  

0 2 2

0 10 1 10:  0D X Xε ω+ =                                                                      (4.5a)            

      2 2

0 20 2 20 0D X Xω+ =                                                                          (4.5b)               

( ) ( ) ( )
( )

( ) ( ) ( )( )( )
( ) ( )

1 2 2

0 11 1 11 0 1 10 11 0 10 12 0 20

3

3 11 21 10

11 13 11 10 12 20 21 11 23

12 22 20

23

21 11 2 23 23 11 21 10 12 22 20

21 11 23 11 21 10 1

:  2

       

       3

      3

c c c

D X X D D X z D X z D X

p p X
p k p X p X p p k

p p X

p p k F k F k F p p X p p X

p p k p p X p

ε ω+ = − − −

− + 
− + − −   − 

− − + + − + −

− − − + ( )( )
( ) ( ) ( )

2

2 22 20

11 11 1 0 11 11 10 12 20 12 2 0       cos cos

cp X F

p F T p p X p X F T

−

+ Ω + + Ω

                   (4.6a) 

       

( ) ( ) ( )
( )

( ) ( ) ( )( )( )
( ) ( ) ( )( )

2 2

0 21 2 21 0 1 20 21 0 10 22 0 20

3

3 11 21 10

12 13 11 10 12 20 22 12 23

12 22 20

23

22 12 2 23 23 11 21 10 12 22 20

2

22 12 23 11 21 10 12 22 20 12 11 1

2

3

3 cos

c c c

c

D X X D D X z D X z D X

p p X
p k p X p X p p k

p p X

p p k F k F k F p p X p p X

p p k p p X p p X F p F T

ω+ = − − −

− + 
− + − −   − 

− − − + − + −

− − − + − + Ω( )
( ) ( )

0

12 11 10 12 20 12 2 0cosp p X p X F T+ + Ω

                (4.6b)            

where 

( ) ( )( )2 2

11 10 0 10 0 10 12 20 0 20 0 20c d d v d a d d d v d a dF p f X f D X f D X p f X f D X f D X= + + + + +                                                      

The solution of the Eqs. (4.6a) and (4.6b) can be written as 

( ) ( ) ( ) ( )10 1 1 1 0 1 1 1 0exp expX A T i T A T i Tω ω= + −                                                                      (4.7a) 

( ) ( ) ( ) ( )20 2 1 2 0 2 1 2 0exp expX A T i T A T i Tω ω= + −                              (4.7b) 

where 
1A   and 

2A  are an unknown complex function of amplitude to be determined later. 
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1A  and 
2A  are the complex conjugate terms of  

1A   and 
2A , respectively. Similarly, the 

solutions for the delay terms for the main system ( 10dX ) and the absorber ( 20dX ) can be 

written as 

( ) ( )( ) ( ) ( )( )10 1 1 1 0 1 1 1 0exp exp
d d d d d d d

X A T t i T t A T t i T tε ω ε ω= − − + − − −                             (4.7c) 

( ) ( )( ) ( ) ( )( )20 2 1 2 0 2 2 2 0exp exp
d d d d d d d

X A T t i T t A T t i T tε ω ε ω= − − + − − −                        (4.7d) 

where ( )1 1 1d d
A A T tε= −   and ( )2 2 1d d

A A T tε= − . 
1dA   and 

2dA  are the complex conjugate 

terms of 1dA  and 2dA  respectively.  It may be noted that Eq. 4.6(a) and Eq. 4.6(b) include 

nonlinearity in both the main system and absorber, nonlinearity in feedback gain by 

displacement, velocity, acceleration and combination of all these feedbacks with and 

without time delay for both passive, active, traditional and non-traditional vibration 

absorbers. Substituting Eqs. (4.7a) to (4.7d) into Eqs. (4.6a) and (4.6b) yields the following 

set of equations.              

( ) ( )
( ) ( ) ( )( )

( ) ( ) ( )
( ) ( ) ( )

2 2

0 11 1 11 1 1 1 1 0 11 1 1 1 0

3

12 2 2 2 0 11 13 11 1 1 0 12 2 2 0

3 3

21 11 23 1 21 11 2 2 21 11 23 2

2 2

21 11 23 1 2 21 11 23 1 2 11 11 1 0

11 1

2 exp exp

exp exp exp

3 3 0.5 exp

0.5

D X X i D A i T z i A i T

z i A i T p k p A i T p A i T

p p k S p p k S p p k S

p p k S S p p k S S p F T

p F

ω ω ω ω ω

ω ω ω ω

+ = − −

− − +

− − − − − −

− − − − + Ω

+ ( ) ( ) ( )( )2 2 0 11 1 1 0 12 2 2 0
exp exp expT p A i T p A i T ccω ωΩ − + − +

                                   (4.8a) 

( ) ( )
( ) ( ) ( )( )

( ) ( ) ( ) ( )
( ) ( )

2 2

0 21 2 21 1 1 2 2 0 21 1 1 1 0

3

22 2 2 2 0 12 13 11 1 1 0 12 2 2 0

3 3 2

22 12 23 1 22 12 2 2 21 11 23 2 22 12 23 1 2

2

22 12 23 1 2 12 11 1 0

12 1

2 exp exp

exp exp exp

3

3 0.5 exp

0.5

D X X i D A i T z i A i T

z i A i T p k p A i T p A i T

p p k S p p k S p p k S p p k S S

p p k S S p F T

p F

ω ω ω ω ω

ω ω ω ω

+ = − −

− − +

− − − − − − − −

− − + Ω

+ ( ) ( ) ( )( )2 2 0 11 1 1 0 12 2 2 0
exp exp expT p A i T p A i T ccω ωΩ − + − +

               (4.8b) 

where 

( ) ( ) ( ) ( )( )1 11 21 1 1 0 12 22 2 2 0exp exp ,  S p p A i T p p A i Tω ω= − + −  
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( )( )( )( )
( )( )( )( )

2

11 1 1 0 1 1

2
2

12 2 2 0 2 2

exp

exp

d d d v a

d d d v a

p A i T t f i f f
S

p A i T t f i f f

ω ω ω

ω ω ω

 − + − +
 =
  − + −
 

        

It may be noted that the term 2S  contains the time delay feedback gains by displacement, 

velocity and acceleration feedback and its higher-order terms such as 2

2S  and 3

2S  are 

neglected as they are of the order of  2ε  or higher-order terms of .ε  The expansion of Eqs. 

(4.8a) and (4.8b) contains secular or nearly secular terms when 1 1ωΩ ≅   or 2ω   (primary 

resonance) and 
2 12ωΩ ≅  or 

22ω  (principal parametric resonance), considering 1:1 internal 

resonance. From the literature survey also, it is observed that the vibration absorber 

performs best when the absorber frequency ( 2ω ) is nearer to the main system frequency (

1ω ), which gives rise to the 1:1 internal resonance condition. Considering the nearness for 

primary resonance, principal parametric resonance and 1:1 internal resonance four detuning 

parameters 
1 2 3,  ,  σ σ σ  and 

4σ   are introduced as 
1 1 1 2 2ω εσ ω εσΩ = + = +   and 

2 1 3 2 42 2ω εσ ω εσΩ = + = + . Substituting the above primary, principal parametric and 1:1 

internal resonance ( )( )2 1 1 2ω ω ε σ σ= + −  conditions and eliminating the secular terms 

from Eqs. (4.8a) and (4.8b), a set of bounded equations are obtained, which are given in 

Appendix B (B. 1, B. 2).  

The amplitude functions 1A   and 2A can be expressed in polar form as 1

1 1

1

2

i
A a e

β= and 

2

2 2

1
.

2

i
A a e

β=  Similarly 
( )1 1

1 1

1

2

di

d dA a e
β τ−=  and 

( )2 1

2 2

1
.

2

di

d dA a e
β τ−=  Here 

1 2 1,  ,  a a β  and 
2β  

represents amplitude and phase responses of the main system and the absorber and 
dτ  

represents the non-dimensional time delay. In the same way, the complex conjugate terms 

1 2 1,  ,  dA A A   and 
2dA   are expressed. Substituting these expressions in the secular equations 

(Appendix B (B. 1, B. 2)) and separating real and imaginary terms one may obtain the 

following reduced autonomous equations.  
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( )

( ) ( ) ( )

( )

( )( )

11 12 13 22
1 11 1 12 2 1 2 1

1 1

21 11 23 2 21 11 2

2 11 1 11 12 2 12

1 1

21 11 23 11 11
3 1

1 1

11 12
11 1 1 12 2 1 2

1

3
0.5 0.5 cos

8

8 2

0.5 sin
8

0.25 sin 2 sin

d d

p p k a
a z a z a G

p p k a p p k
G p a Q p a Q

p p k p F
G

p F
p a p a

ω γ γ
ω ω

ω ω

γ
ω ω

γ γ γ
ω

′ = − − − −

− −
+ + − +

−
+ + +

+ +

                                                  (4.9a)        

( ) ( )

( ) ( ) ( )

( )( )

21 11 2311 132 2
1 1 1 1 12 1 2 1 2

1 1 1

21 11 2 21 11 23 11 11
11 1 11 12 2 12 3 1

1 1 1

11 12
11 1 1 12 2 1 2

1

3
0.5 sin

8 8

0.5 cos
2 8

0.25 cos 2 cos

d d

p p kp ka
a a z G G

p p k p p k p F
p a Q p a Q G

p F
p a p a

ωγ σ γ γ
ω ω ω

γ
ω ω ω

γ γ γ
ω

−′ = + − − + +

− −
+ + +

+ + +

ɶ ɶ

ɶ ɶ ɶ                        (4.9b)           

( )

( ) ( ) ( )

( )

( )( )

11 12 13 11 1
2 21 2 1 22 2 4

2 2

22 12 23 1 22 12 2

5 11 1 11 12 2 12

2 2

22 12 23 12 11
6 2

2 1

12 12
12 2 1 11 1 1 2

1

3
0.5 cos 0.5

8

8 2

0.5 sin
8

0.25 sin 2 sin

d d

p p k aa
a z z a G

p p k a p p k
G p a q p a q

p p k p F
G

p F
p a p a

ω γ γ
ω ω

ω ω

γ
ω ω

γ γ γ
ω

′ = − − − −

− −
+ + − +

−
+ + +

+ +

                                                   (4.9c) 

( ) ( )

( ) ( ) ( )

( )( )

22 12 2312 131 1
2 2 2 2 21 2 1 4 5

2 2 2

22 12 2 22 12 23

11 1 11 12 2 12 6

2 2

12 11 12 12
2 12 2 1 11 1 1 2

2 2

3
0.5 sin

8 8

2 8

0.5 cos 0.25 sin 2 cos

d d

p p kp ka
a a z G G

p p k p p k
p a q p a q G

p F p F
p a p a

ωγ σ γ γ
ω ω ω

ω ω

γ γ γ γ
ω ω

−′ = + − − +

− −
+ + + +

+ + +

ɶ ɶ

ɶɶ ɶ                                 (4.9d) 

where 
1 1 1 1 2 2 1 2 3 1 4 2,  ,  2 ,  2T Tγ σ β γ σ β σ σ σ σ= − = − = = . 

The terms 11 12 11 12 11 12 11 12,  , ,  ,  ,   ,  ,  ,Q Q Q Q q q q qɶ ɶ ɶ ɶ  
1G  to 

6G  and 1Gɶ  to 6Gɶ  are given in 

Appendix-B. These four reduced equations are used to study the steady-state response of 
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the system by equating 
1 1 2 2a aγ γ′ ′ ′ ′= = =  = 0 for the 1:1 internal, primary and principal 

parametric resonance conditions. These steady-state equations are solved by using the 

Newton’s method and the stability of the system is ensured by finding the eigenvalue of 

the Jacobian matrix. It may be noted that 
1 1 2,  ,  a aγ   and 

2γ   are the modal amplitudes and 

phase of the main system and absorber, respectively. The original amplitude of the system 

is obtained as  
1

2

,
T

T

A a
P

B a

   
 =    

   

ɶ where TA  and TB represents the amplitudes of the main 

system and the absorber for the traditional vibration absorber. Similarly, for the non-

traditional vibration absorber, the original amplitude of the main system and the absorber 

are represented as NA  and NB , respectively. One can observe from the reduced Eqs. 

(4.10a) to (4.10d) have both trivial and nontrivial solutions. However, the stability of the 

trivial state solutions cannot be studied due to the presence of 
1 1a γ ′  and 

2 2 .a γ ′  So, the 

normalization method is adopted by introducing the transformation as 

1 1 1 1 1 1 2 2 2cos ,  sin ,  cosp a q a p aγ γ γ= = =  and 
2 2 2sin .q a γ=  Substituting the above 

transformation one can obtain the following Cartesian form of normalized reduced 

equations.  
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                     (4.10d)        

where 
11h  to 

14h  are given in Appendix B. 

The steady-state response and stability of both trivial and non-trivial solutions are studied 

in the next section by considering physical system parameters.  

4.4 Results and Discussions  

In this section efficacy of the feedback gains by displacement, velocity and acceleration 

feedback by the spring and PZT stack actuator combinations are studied considering 

physical system parameters to suppress the vibration of the main system. The analysis is 

carried out by studying the trivial instability regions, frequency responses, time responses, 

phase portraits, Poincare’ sections and basin of attractions for different feedbacks, feedback 

gains ( ,  ,  d v af f f ), time delays ( dt ), nonlinear stiffness ( 13 23,  k k ), the amplitude of external 

force and parametric excitations (
11 12,  F F ) and mass ratios (

2 1m m ) for both traditional 

and non-traditional active nonlinear vibration absorber. The following physical parameters 

for the traditional vibration absorber (TVA) are considered from the work of Habib et al. 

[161], which have been cited in more than 99 recent published works. It may be noted that 

these parameters are also the same as in the work of Detroux et al. [168]. The system 

parameters considered for the TVA in all the analysis are 
1m  = 1 kg, 

1k  = 1 N/m, 
2m  = 0.05 

kg, 
2k  = 0.0454 N/m and 

2c  = 0.0128 N-s/m. These parameters are taken in such a way that 

the natural frequency ( nω ) of the main system becomes unity. It may be noted that by taking 

any real system parameters one can reduce the governing equation to that of a system with 

unit mass and stiffness by taking the non-dimensional time 
ntτ = ω . Here the mass ratio (

2 1m m ) is considered to be 1:20 which is taken in most of the literature and it is further 

varied up to 1:100 so that one can have a very lightweight absorber. The nonlinear stiffness 

of the absorber (
23k ) is calculated from the formula given in [161] as 

( )
( )

2

2 1 13

23

2 1

2 /
.

1 4 /

m m k
k

m m
=

+
 

It may be noted that in [161] these system parameters for the traditional passive nonlinear 
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vibration absorber are the optimized values to suppress maximum vibration of the nonlinear 

main system and shows Den Hartog’s equal peaks in the frequency response. Also, in [161] 

they have used a damper in the main system which is not included in the present system. 

Further, for different mass ratios ( )2 1/m m , the optimized spring stiffness ( 2k ), cubic 

nonlinear stiffness ( 23k ) and damping coefficient ( 2c ) values for the TVA are calculated 

from the formulae provided in Habib et al. [161].  

For the non-traditional vibration absorber (NVA), the optimal spring stiffness ( 2k ) and 

damping coefficient (
2c ) are calculated from the formulae provided in the work of Ren [99] 

for a mass ratio of 0.05. These optimal values are used to suppress the maximum vibration 

of the main system and show Den Hartog’s equal peaks in the frequency response. The 

physical system parameters for the non-traditional vibration absorber are considered as 
2m  

= 0.05 kg, 2k  = 0.0556 N/m and 2c  = 0.1446 N-s/m. The main system parameters are the 

same as mentioned before. The bookkeeping parameter ε  is considered equal to 0.1 

throughout the analysis and PZT actuator properties are considered form Mallik and 

Chatterjee [20]. The amplitude of excitations 
11F   and 

12F values for both TVA and NVA 

are varied from 0.05 N and 0.5 N/m to 5 N and 5 N/m, respectively. These variations are 

also mentioned in the corresponding sections. In the next sub-sections, the efficacy of the 

feedback gain on the trivial state instability regions of the system is studied for the 

traditional and non-traditional vibration absorber.  

4.4.1 Trivial state instability regions 

In this sub-section, the trivial state instability regions of the system are studied for the 

different amplitudes of parametric excitation, harmonic excitation, feedback gain and time 

delay in the feedback using traditional and non-traditional vibration absorbers. The trivial 

state instability regions are plotted by obtaining the Jacobian matrix from Eq. (4.10a) to 

Eq. (4.10d) and these regions are compared by solving the governing Eq. 3 by the fourth-

order Runge Kutta method. The stability of the system is ensured by the negative real part 

of the Jacobian matrix obtained from Eq. (4.10a) to Eq. (4.10d). It may be noted that studies 

on the trivial instability regions of the system by the time-delayed traditional and non-

traditional ANVA are not explored in previous literature. 
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4.4.1.1 Traditional vibration absorber 

The trivial state boundary of the system with a variation of parametric excitation 12F  and 

frequency 
2Ω  is studied in Fig 4.2 for the traditional vibration absorber (TVA). In Fig. 4.2 

the effectiveness of the feedback gain is studied by comparing passive and active feedback 

gain (Fig.  4.2(a)), with different time delays (Fig. 4.2(b)), passive TVA for simultaneous 

excitations (Fig. 4.2(c)) and active TVA for simultaneous excitations (Fig. 4.2(d)). Fig. 

4.2(a) shows the trivial state instability region of the system for the passive and two active 

cases without time delay and considering 
11F  equal to zero. The active1 case produced by 

the PZT stack actuator and the nonlinear spring in combinations with control gains  df  =  

              

              

Fig. 4.2: Trivial state instability region with TVA (a) passive and active (b) 

active with time delay (c) passive with 
11F  (d) active with 

11F . 

5,  vf  = 0,  af = -10 and  af  = -10 and  ak  = 0.0544 N/m and for the active3 case the 

control gains are  df  = 0,  vf  = -5,  af  = 0 and  ak  = 0.0544 N/m.  These combinations 

of feedback gains are selected after numerous variations and are found to suppress the 

vibration of the main system more effectively than other combinations. From Fig. 4.2(a) 

one can observe with the active1 case the critical value of 
12F  (i.e., below which the system 

(a) 

(c) (d) 

(b) 
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remains stable for all operating frequency 
2Ω ) is found to be 4.2 N/m whereas for the 

passive it is 3.4 N/m. This suggests that with the feedback gain the system remains stable 

for a higher amplitude of 
12F .  However, the active3 case produces a broader instability 

region with a lower critical value of 12F . To verify the system instability region for the 

TVA, time responses and phase portraits for the passive and active cases are shown in Fig.3 

for three values of 2Ω  marked as 
1 1,  

p p
S U  and 

2p
S  for the passive case and 1 1,  a aS U  and 

2aS for the active case, respectively. Clearly from Fig. 4.3(a) to (h) for the points 
1p

S  and 

2p
S  the system shows responses are bounded and hence stable and for 

1p
U   the system is  

     

 

      

 

      

 

      

 

         

 

      

 

     

 

     

 

       

 

     

 

       

 

      

 

        

 

       

 

      

 

     

 

Fig. 4.3: Time responses (a, c, e-h, i, k, m-p) and phase portraits (b, d, j, l) with 

the passive and active TVA at the marked frequency points in Fig. 2(a).  

(a) (c) (d) (b) 

(e) (f) (g) (h) 

(i) (j) (k) (l) 

(p) (o) (n) (m) 
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trivially unstable. Similar observations are also perceived for the active case for the 

frequency points 1 1,  a aS U  and 2aS  from Fig. 4.3(i) to 4.3(p). Also, from Fig. 4.2(a) one can 

observe for 
12F  equal to 5 N/m the instability region with passive TVA is in between 1.68 

rad/sec to 2.19 rad/sec whereas for the active TVA this region is from 1.78 rad/sec to 1.91 

rad/sec and again from 2.04 to 2.12 rad/sec. Since the active1 case gives a higher critical 

value of forcing amplitude 
12F  therefore further analysis is carried out considering only the 

active1 case.  The various time delay effect in the active1 case on the trivial instability 

regions are shown in Fig. 4.2(b). From this figure, one can observe that the critical value 

12F  significantly improves from 3.4 N/m in the passive case to 6 N/m in the active case 

(76% increase) with a time delay of π  sec and the system shows a narrow unstable band of 

2Ω . The efficacy of the feedback gain is also noticed in Fig. 4.2(c) and Fig. 4.2(d) where 

simultaneous excitations 
11F  and 

12F  are considered. From Fig 4.2(c) it can be observed 

that with an increase in 
11F values from 1 N to 4 N the stability boundary shifts to the lower 

values of 2Ω  and shows the unstable region from 0 to 2 rad/sec for the passive case. Also, 

a small unstable region is observed from 
2Ω  = 1.91 rad/sec to 1.97 rad/sec for 

12F  values 

from 0 N/m to 1 N/m, this unstable region grows for the passive case with the increased 

value of 
11F , which is noticeable in Fig. 4.4(c) for the NVA. The unstable region of the 

system under 
11F  and 

12F  with passive TVA is significantly reduced once the feedback 

gain is applied which is shown in Fig. 4.2(d). Further, with the gain, the critical value of  

12F  increases when 
11F  = 1 N and for 

11F  = 4 N/m, no isolated instability region is 

observed. In all the instability regions shown in Fig. 4.2 kinks can be noted which are due 

to the 1:1 internal resonance considered in the present analysis.  

4.4.1.2 Non-traditional vibration absorber 

The similar analogy as in subsection 4.4.1.1 is carried out for the non-traditional vibration 

absorber (NVA) and the corresponding trivial state instability regions are shown in Fig. 

4.4. From Fig. 4.4(a) one can observe with the passive NVA the critical value of 
12F  is 

3.16 N/m. The corresponding value with the active1 case is 6.24 N/m. Hence it is observed 

that with the active1 case around double forcing amplitude 
12F  is required to make the 

system trivially unstable and also the instability region is reduced. The effects of time 
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delays on the trivial state instability region for the active1 case are shown in Fig. 4.4(b). 

From this figure, it is observed that with the dt  = π sec in the active1 case the critical value 

does not reduce unlike with TVA (Fig. 4.2(b)) and also the frequency range of the 

instability region increases. In Fig. 4.4(c) and Fig. 4.4(d) the trivial state instability region 

are shown for simultaneous excitations 11F  and 12F  with the passive NVA and active NVA, 

respectively. From these figures, it is observed that for the active1 case not only the critical 

value of 12F  increases but also the instability region is significantly reduced than the 

passive NVA.  Comparing the effects of the feedback gain on the trivial state instability 

regions between TVA and NVA, it is observed that for TVA with a time delay equal to π  

sec in the active1 case, a significant reduction in the trivial state instability the region is 

observed and the critical value of forcing amplitude 
12F   increases to 1.76 times than the 

passive TVA. But for the NVA with only feedback gain without delay, a 

      

        

Fig. 4.4: Trivial state instability region with NVA (a) passive and active (b) 

active with time delay (c) passive with 
11F  (d) active with 

11F . 

significant improvement (200%) of the critical value of  
12F  and reduction in instability 

region is observed. The effectiveness of the feedback gain is also, noticeable when the main 

(a) 

(c) (d) 

(b) 
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system is subjected to simultaneous 
11F  and 

12F  excitations. In the next sub-section 

frequency responses and time responses of the linear system are studied. 

4.4.2 Response of the linear system 

In this sub-section, the frequency responses of the linear main system and the linear 

absorber are studied for both TVA and NVA by solving the reduced equations by the first 

order MMS from Eq. (4.9a) to (4.9d) using Newton’s method. The analysis is carried out 

by studying the effects of various feedback gains ( ,  ,  d v af f f ) by different feedbacks, active 

tuning of the absorber ( ak ) and time delay ( dt ) in the various feedbacks to suppress the 

vibration of the main system. In all the frequency response plots the ‘dot’ or line signifies 

the stable solution and the ‘circle’ signifies the unstable solution. In the following 

subsection frequency responses of the linear main system are studied with only harmonic 

excitation.  

4.4.2.1 Passive TVA under harmonic excitation 

In this sub-section, the frequency responses obtained from the reduced first order MMS Eq. 

(4.9a) to Eq. (4.9d) are compared with various methods such as 2nd order MMS, HBM and 

fourth-order Runge Kutta method for the primary resonance condition and shown in Fig. 

4.5. One can obtain the reduced equations by the 2nd order MMS for the passive absorber 

by following the standard procedure very easily, which is given in Appendix B (B. 3 to B. 

6). In Fig. 4.5 the amplitude of forcing 1F  = 0.005 N is considered, which is the same as in 

the work of Detroux et al. [168] (Fig. 4.3(a)). It may be noted that in [168], HBM is used 

to obtain the frequency response of the main system with the same linear physical 

parameters as considered in the present work. In the present analysis, the frequency 

response obtained from the reduced equations by using the MMS is first time compared 

with the HBM. In previous literature, the frequency response obtained by reduced equations 

of MMS shows only a single peak [177-186, 215-217, 222-225, 286] with no Den Hartog’s 

equal peaks in the frequency response. Most of the analyses in previous literature are non-

dimensional and there is a clear deviation from the results by HBM [161-174, 219, 287] 

and various linear methods [122-152] in terms of the trend of the frequency response curves 

and the amplitudes of the main system at the operating frequency. Hence in the present 
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work, the governing Eq. 4.3 is obtained using the weighted modal matrix and then first 

order MMS is used to obtain the reduced equations. Fig. 4.5(a) shows the original response 

amplitude (
TA ) and Fig. 4.5(b) shows the modal amplitude (

1a ) response. From Fig. 4.5(a) 

one can observe the same trend of frequency response curves as other linear [1, 23, 48, 56, 

99-107, 122-128, 192, 281, 325-329] and nonlinear methods [160-176, 193, 219, 287] with 

similar operating frequency range where the main system shows Den Hartog equal peaks.  

From Fig. 4.5(a) one can observe that there is a small deviation (0.006 m) of the amplitude 

of response between the 1st order MMS and the HBM results [168] for 1Ω  in the range of 

0.88 rad/sec to 1.1 rad/sec. The amplitude response at 
1Ω  = 1 rad/sec by first-order MMS 

is 0.036 m while with HBM [168] it is 0.02851 m. This small deviation is also observed in 

the time response shown in Fig. 4.5(c) between the numerical method (NM) and the first 

order MMS. In Fig. 4.5(c) and Fig. 4.5(d), time responses of the original displacement (
1x

) and modal displacement (
1X ) of the main system is shown, respectively. The time 

response of the main system in Fig. 4.5(c) and Fig. 4.5(d) are obtained by NM from Eq. 3. 

The modal response amplitudes ( 1a ) of the main system are shown in Fig. 4.5(b) and the  

     

                       

Fig. 4.5: Comparison of frequency responses by different methods for the (a) 

original and (b) modal response amplitude. Comparison of time responses at 
1Ω  

= 1 rad/sec for (c) original and (d) modal displacement. 

(a) 

(c) (d) 

(b) 
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time responses shown in Fig 4.5(d) are exactly matching with each other at the 

corresponding frequency points ( 1Ω  = 1 rad/sec). The modal response amplitude in Fig. 

4.5(b) shows a single large peak, unlike Fig. 4.5(a). The small deviation of 0.006 m in the 

original amplitude response ( TA ) of the main system (Fig. 4.5(c)) between the MMS and 

NM may be due to the multiplication of the weighted modal matrix P  
ɶ  which increases 

the error. Also, From Fig 4.5(a) and Fig. 4.5(b) it can be observed that 2nd order MMS 

gives a larger deviation than the 1st order MMS, so further analysis is carried out by 

considering 1st order MMS reduced equations. It is inferred from Fig. 4.5 that the 1st order 

MMS gives a conservative response for the original amplitude response (
TA ) and exactly 

matches with the modal amplitude response (
1a ). In the next sub-sections analysis is carried 

out for the active cases. 

4.4.2.2 Active vibration absorber for harmonic excitation 

In this subsection, the vibration suppression of the main system under 
11F  equal to 1 N (

1F  = 0.1 N) for the primary resonance condition is studied by various feedbacks, gains, 

time delays and actively changing the stiffness of the absorber. In Fig. 4.6 frequency 

response of the main system is compared with the passive vibration absorber by considering 

only displacement feedback ( df ), velocity feedback ( vf ), acceleration feedback ( af ) and 

a combination of these feedbacks with time delays (
dt ). Figs. 4.6(a-d) and Figs. 4.6(e, f) 

shows the frequency response of the main system by using TVA and NVA, respectively. 

In Fig. 4.6(a) the response amplitude of the main system is plotted for different 
df  values. 

From this figure, it can be observed that the response amplitude of the main system 

decreases for 1Ω in the range of 0.82 rad/sec to 1.15 rad/sec with the increasing value of 

.df  This may happen as 
df  increases the stiffness of the absorber increases and tunes the 

absorber frequency to the main system frequency. But this vibration suppression is limited 

close to the resonance condition (
1Ω  = 1 rad/sec) and also the response amplitude increases 

at the peaks with higher feedback force. It is observed that the peak amplitude increases for 

df  value greater than 5. The frequency response with the passive TVA shown in Fig. 4.6(a) 

is well-matched with Fig. 2(a) from the work of Habib et al. [161], where the amplitude of 

forcing (
1F ) is considered 100 times higher than the present work. The modal amplitude-
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frequency response is shown in Fig. 4.6(b) where similar observations are noticed but the 

trend of the curves are different. From Fig. 4.6(c) one can observe that the response 

amplitude increases with 
vf  = 5 for 

1Ω  in the range of 0.82 rad/s to 0.999 rad/s but 

decreases for 1Ω  in the range of 1 rad/s to 1.15 rad/s. One can notice that the negative and 

positive 
vf  forces are mirror images of each other. In Fig. 4.6(d) frequency response is 

plotted for different values of 
af   and it is observed that more reduction in vibration for 

1Ω in the range of 0.88 rad/sec to 1.08 rad/sec than with df   (Fig. 4.6(a) ) and vf  (Fig. 

4.6(c)). However, here also a higher response amplitude near the first peak is observed. In 

Fig. 4.6(e) the frequency response of the system is plotted when the main system is 

subjected to a combination of ,  ,  d v af f f  forces and actively changes the stiffness of the 

absorber (
ak ). In Fig. 4.6(e) the feedback gains by the TVA are represented by four 

combinations of control gains namely active1, active2, active3, and active4. The active1 

and active3 are the same as mentioned in the sub-section 4.1.1 while the active2 case is 

obtained for ak  = 0.0544 N/m. In active4 case ak  = 0.0544 N/m, df  = 2, vf  = -5 and af  = 

-10 is considered. It is observed that out of many combinations considered above with the 

active3 case the vibration suppression is better than the other combinations which reduce 

50% of the amplitude response at the peaks and also completely suppress the vibration at 

1Ω  = 1.042 rad/sec. Moreover, for a wider band of 
1Ω  the vibration suppression of the main 

system is achieved. The two-time delays effect in the active1 case and active3 case are 

studied in Fig. 4.6(f) using the TVA. From Fig. 4.6(f) one can observe for lower time delay 

i.e., 
dt  = /10π  sec for both active1 and active3 the response amplitudes are less in 

comparison to the active system without delay (Fig. 4.6(e)). From Fig. 4.6(f) the maximum 

response amplitude by active1 at the first peak with 
dt  = /10π  sec is found to be 0.32 m 

whereas without delay it is 0.76 m (Fig. 4.6(e)) which is a reduction of 58% of amplitude. 

Also, with active1 and dt  = /10π  sec the vibration reduction is for a wider range of 1Ω  

than without delay. However, with a higher delay of 
dt  = / 2π  sec, the system becomes 

completely unstable as shown in Fig. 6(f). Similar observations are also noticed in Fig. 

4.6(f) for active3 with lower and higher time delays. Here with active3 and 
dt  = /10π  sec 

the variation of response amplitude in comparison to the active system with 
dt  = 0 (Fig. 

4.6(e)) is found to be negligible and the system response is found to be stable with very 

high response amplitude. In Fig. 4.6(g) and Fig. 4.6(h), the response amplitude of the main 
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Fig. 4.6: Frequency responses with different feedbacks, feedback gains and 

time delays with the TVA (a-f) and with NVA (g, h).  

(a) 

(c) (d) 

(b) 

(e) 

(g) 

(f) 

(h) 
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system with NVA is shown. In Fig. 6(g) the effectiveness of the active1 and active2 cases 

can be observed for completely suppressing the vibration of the main system at 1Ω  equal 

to 1.22 rad/sec and also for a wider range of operating 
1Ω . It may be noted from Fig. 4.6(g) 

that the response amplitude of the main system with the passive NVA is closely matching 

with Fig. 4.4(b) of Shen et al. work [329], where they compared their results with the 

passive NVA [24]. Also, from Fig. 4.6(a) and Fig. 4.6(g) one can observe the maximum 

response amplitude of the main system at peak using passive TVA is 0.7 m whereas with 

passive NVA the maximum amplitude is 0.67 m. These comparative results also matched 

with the work of Ren [99] where they showed that with the NVA the vibration of the main 

system can be little more effectively suppressed than the TVA. Hence from the present 

analysis, it is shown that with active NVA the reduction in response amplitude is more 

effective than those in the published literature [99, 329]. In the next sub-section, the 

analysis is carried out when the main system is subjected to simultaneous excitations. 

4.4.2.3 Active vibration absorber for simultaneous excitation 

In this subsection, a similar analogy as in subsection 4.2.2 is carried out but here the main 

system is subjected to simultaneous forcing amplitude 11F  = 1 N and 12F  = 1 N/m for the 

primary and principal parametric resonance conditions. It may be noted  
2Ω  is equal to 

12Ω  from the resonance conditions.  Fig. 4.7(a) shows that an increase in df  the response 

amplitude of the main system decreases for 
1Ω  in the range of 0.85 rad/sec to 1.05 rad/sec 

but thereafter increases compared to the passive case. Fig. 4.7(b) shows for 
vf  = -5 the 

vibration suppression is in narrower range of 0.8 rad/sec to 0.99 rad/sec compared to 
df  

(Fig. 4.7(a)). It is observed that a further increase in the magnitude of 
vf  induces a high 

amplitude response in the second peak with unstable solutions in the frequency response 

plot. Fig. 4.7(c) shows the frequency response plot for three different values of .af  This 

figure is similar to Fig. 4.7(a) but in this case, the response amplitude is slightly more. In 

Fig. 4.7(d) the response amplitude of the main system is compared between the passive 

case and the combination of feedbacks. Fig. 4.7(d) shows that for both active1 and active3 

cases there is a reduction in the response amplitude of the main system for the whole range 

of 
1Ω  compared to the passive case. The response amplitude of the main system is 

completely suppressed for the active1 and active3 cases at 
1Ω  = 1.075 rad/sec and at 

1Ω  
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=1.144 rad/sec, respectively. Though in the active3 case the reduction in the response 

amplitude is better than in the active1 case. For the active1 case with a time delay of /10π  

sec reduces the first peak amplitude, but produces a higher amplitude response in the second 

peak and also the system becomes unstable as shown in Fig. 4.7(d). In Fig. 4.7(e) and Fig. 

4.7(f) frequency responses of the main system with NVA are studied for the passive, 

active1 and active3 cases. From Fig. 4.7(e) the effectiveness of active1 and active3 cases 

can also be observed as in TVA for completely suppressing the vibration at the indicated  

        

      

      

Fig. 4.7: Frequency responses with 
11F  and 

12F  for different feedbacks, 

feedback gains and time delays with the (a-d) TVA and with the (e, f) NVA.  

(a) 

(c) (d) 

(b) 

(e) (f) 
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1Ω  and also suppressing the vibration for a wider range of 
1Ω . In Fig. 4.7(f) time delay in 

the active1 case is studied and compared with the passive case. From Fig. 4.7(f) one can 

observe that for  dt  = / 2π  sec the systems become unstable for a large range of 
1Ω . But 

for  dt  = /10π sec the system shows no unstable solutions with a better reduction in the 

response amplitude than without delay (Fig. 4.7(e)). All the trivial state responses show 

stable solutions in Fig. 4.7 as evident from the trivial state instability regions curves are 

shown in Fig. 4.2 and Fig. 4.4 for 11F  = 1 N and 12F  = 1 N/m. The efficacy of the proper 

time-delayed feedback gain by the absorber in suppressing the vibration of the main system 

is also noticed in the experimental work of Xu and Sun [279]. They showed experimentally 

that with proper time delay in the feedback gain by acceleration feedback significant 

reduction in the vibration of the linear main system under base excitation is achieved for a 

certain range of operating frequencies.  

4.4.3 Response of the nonlinear system 

In this sub-section, the frequency responses of the nonlinear main system and the nonlinear 

absorber are studied for both TVA and NVA by solving the reduced equations by the MMS 

from Eq. (4.9a) to (4.9d) using Newton’s method. The similar analyses are carried out as 

in the linear system but here different cubic nonlinear stiffnesses in the springs are 

considered and vibration suppression by active1 and active2 cases are discussed for 

simultaneous primary and principal parametric resonance conditions. The nonlinear studies 

carried out in the next section can be applied to many practical systems as nonlinearity is 

inherently present, particularly in the joints, bearings and other moving parts. Also, 

nonlinearities arise due to various operations in the machining process [39, 41], 

automobiles [32], ships [184], aircraft, tall and large structures such as buildings, bridges, 

beams, flexible structures, off-shore structures, and railroad wheelsets, etc. [5-8, 10-21, 27-

32, 35, 37, 39-41, 43, 54-62, 156-230, 286, 287, 330] due to various form of external 

excitations on the primary systems. So, the present nonlinear analyses are more practical in 

nature. In the following subsection frequency responses, time responses, and phase portraits 

of the main system are studied for 
11F  = 1 N and 

12F  = 1 N/m. 
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4.4.3.1 Nonlinear system for simultaneous excitation 

 In this subsection frequency response of the system is studied in Fig. 8 for two values of 

cubic nonlinear stiffness in the main system (
13k ) as 1 N/m3 and 5 N/m3 and the 

corresponding optimal 
23k values are calculated from the work of Habib et al. [161] with 

11F  = 
12F  = 1 N.  In Fig. 8(a) 

13k  = 1 N/m3 and 
23k  = 34.2 10 −×  N/m3. Fig. 4.8(a) shows 

that for the passive TVA the main system vibrates with a maximum response amplitude of 

0.8m and an unstable isolated region of higher amplitude is also observed for 1Ω  in the 

range of 1.2 rad/sec to 1.5 rad/sec with Hopf bifurcation point at 
1Ω = 1.32. The response 

amplitude of the main system reduces once the feedback gain is applied by the TVA as 

shown in Fig. 4.8(a).  For the active1 case, a minimum of 80% of vibration reduction is 

achieved for 
1Ω  in the range of 0.78 rad/sec to 1.1 rad/sec. Further, 100% vibration 

suppression of the main system is observed for 0.88 rad/sec 1≤ Ω ≤ 1 rad/sec compared to 

the passive case. For the active2 case the response amplitude is not decreased as compared 

to the active1 case and also an isolated unstable region is observed with a lesser amplitude 

response than the passive TVA. Fig. 4.8(b) shows the modal amplitude response of the 

main system with the TVA for the same parameters as in Fig. 4.8(a). Here a higher response 

amplitude is observed than in Fig. 8(a). The Hopf bifurcation points ( 1 2,  H H ) and saddle-

node bifurcation points ( S ) for the active1 case are marked in Fig. 4.8(a) and Fig. 4.8(b), 

which are verified by the time responses and phase portraits curves and shown in Fig. 4.9. 

From Fig. 4.9 time responses and phase portraits corresponding to marked points in Fig. 

4.8(a) and 4.8(b) one can observe periodic responses at 
1H  and 

2H  points and fixed point 

responses at S  point, which confirms the Hopf bifurcation points ( 1H  and 2H ). In Fig. 

4.8(c) response of the main system is shown with TVA for 
13k  = 5 N/m3 and 

23k  = 

34.2 10 −×  N/m3. It may be noted that here 
23k  value is not calculated from the Habib et al. 

[161] work and kept the same as in Fig. 4.8(a). From Fig. 4.8(c) with the passive TVA two 

peaks in the frequency response can be observed for the passive, which is 28% less than in 

Fig. 4.8(a) for the passive case. The response amplitude is considerably reduced for the 

active1 and active2 cases as shown in Fig. 4.8(c). The passive TVA shows a maximum 

amplitude response of 0.736 m with an isolated unstable region for  
1Ω ≥  1.16 rad/sec and 

Hopf bifurcation point at 
1Ω  = 1.209 rad/sec. The 100% vibration suppression for active1 
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case is achieved at 
1Ω  = 0.95 rad/sec. It can be observed that for the active1 case though 

significant amplitude reduction (minimum of 75%) is achieved from 0.625 rad/sec 1≤ Ω ≤

1.12rad/sec but produces unstable response with saddle-node bifurcation point at  
1Ω  =  

           

      

           

Fig. 4.8: Frequency responses with 11F   and 12F  for different 
1 3k  and 

2 3k values 

using the TVA (a-d) and NVA (e, f). (a, b) 
13

k = 1 N/m3 and 
2 3

k = 34.2 10 −×  

N/m3 (c) 
1 3k = 5 N/m3 and 

2 3k = 34.2 10 −×  N/m3 (d) 
1 3k = 5 N/m3 and 

2 3k = 

22.1 10−×  N/m3 (e) 
13

k = 5 N/m3 and 
2 3

k = 34.2 10 −×  N/m3 (f) 
13

k = 5 N/m3 and 

2 3
k = 22.1 10−×  N/m3. 

(a) 

(c) (d) 

(b) 

(e)  (f) 
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1.302 rad/sec. Also, for the active1 case, no isolated unstable region is observed, unlike the 

passive case. The 100% vibration suppression for active1 case is achieved at 1Ω  = 0.95 

rad/sec. The unstable response with active1 case is observed for 
1Ω ≤  0.625 rad/sec with 

Hopf bifurcation point at 1Ω  = 0.625 rad/sec. So, it is suggested that the active1 case can 

be utilized for 0.625 rad/sec 
1≤ Ω ≤ 1.12rad/sec and outside this region, the active2 case 

can be utilized for maximum vibration suppression of the main system for a wider band of 

1Ω . In Fig. 8(d) 
13

k  = 5 N/m3 is considered and the corresponding 
2 3

k value is calculated 

from [161], which is equal to 0.021 N/m3. Here the passive TVA shows jump up and jump 

down phenomena at saddle-node bifurcation points 1.007 rad/sec and 1.19 rad/sec, 

respectively. The response amplitude of the main system decreases for active1 case from 

0.4 rad/sec to 1.072 rad/sec and shows saddle-node bifurcation point at 
1Ω  = 1.072 rad/sec. 

In Fig. 4.8(d) the effectiveness of the active1 case is observed for a very small range of 1Ω  

i.e from 0.89 rad/sec to 1.21 rad/sec and produces a more unstable region. From Fig. 4.8(d) 

one can observe that the active2 case is more effective than the actve1 case as it produces  

                          

                             

Fig. 4.9: Time responses (a, d) phase portraits (b, c, e, f) at the marked H1, H2 

and S frequency points in Fig. 4.8(a) and Fig. 4.8(b).  

a more stable range of 
1Ω . All the trivial state solutions in Fig. 4.8 shows stable solutions 

as evident from Fig. 4.2 for 
11F  = 1 N and 

12F  = 1 N/m.  From the various 
1 3k  and 

2 3k  

values, it is inferred that the nonlinear cubic stiffness in the absorber (
2 3

k ) makes the 

system more unstable than 
13

.k So one can use less 
23k value in the range of 1 to 2% of the 

(a) (b) (c) 

(d) (e) (f) 
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linear stiffness (
2k ) and higher

13k in the main system in the range of 10% to 50% of the 

linear stiffness ( 1k ) for better vibration reduction in a wider range of operating frequency 

for the active1 case. In Fig. 4.8(e) and Fig. 4.8(f) frequency response of the nonlinear main 

system is studied for the passive and active cases with the nonlinear NVA. The nonlinear 

stiffness in Fig. 4.8(e) and 4.8(f) are taken the same as in Fig. 4.8(c) and 4.8(d), 

respectively.  From Fig. 4.8(e) one may observe that in the active1 case the system is 

unstable for a larger range of 1Ω  than the active2 case. So, here for 
1 3k = 5 N/m3 and 

2 3k  

= 34.2 10 −×  N/m3 the control parameter in the active1 case can be utilised for  0.646 rad/sec

1≤ Ω ≤ 0.813 rad/sec and 1.02 rad/sec
1≤ Ω ≤ 1.18 rad/sec and outside this region active2 

case may be utilised. In Fig. 4.8(f) for 
13

k  = 0.5 N/m3 and 
2 3

k  = 0.021 N/m3, it is shown 

that with dt  = /10π  sec in the active1 case the unstable region is reduced than without 

delay and also decreases the response amplitude than the passive case for 
1Ω ≤ 1.08 rad/sec. 

From Fig. 4.8 it is observed that with active1 and active2 cases the response amplitude of 

the main system is significantly reduced for different nonlinear stiffness in the system. The 

unstable region of frequency response by the active1 case can be eliminated by using the 

active2 case. It may be noted that in the active2 case all control gains ,  d vf f  and 
af  are 

equal to zero. So, one can switch from active2 case to active1 case easily by proving the 

mentioned 
df  and 

af forces. These results are also in good agreement qualitatively with 

[171, 193] where the efficacy of the feedback gains are shown for the nonlinear absorber. 

Wang et al. [289, 290] showed that with the active dynamic vibration absorber (ADVA), 

vibration suppression of the main system is better than the passive case and also the 

nonlinear ADVA further reduces the convergence time of oscillations than the linear 

ADVA. The nonlinearity in the absorber is more practical and also suppresses the vibration 

better than the linear vibration absorber as also evident from the present studies. The 

feedback gain produced in the present work is also nonlinear due to the attached nonlinear 

spring with PZT stack actuator, which provides more blocking force and requires less 

voltage supply. The effectiveness of the feedback gain in the present work is also in good 

agreement with the experimental works [153, 154, 331, 287, 260, 279, 280] where 

nonlinear analyses are considered. The time-delayed effects in the feedback gain by the 

piezoelectric-based active vibrations and its importance are also in good agreement with 

the experimental works [279, 280]. However, unlike in the present work the complete 

vibration suppression of the undamped main system by harmonic and parametric 
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excitations is not achieved by the previous literature. In the next sub-section frequency 

response of the nonlinear system under parametric excitation  12F  = 5 N/m is studied.  

4.4.3.2 Nonlinear system with parametric excitation 

In this sub-section, the response of the main system is studied when it is subjected to only 

parametric excitation with 12F  = 5 N/m. The frequency response, time response, Poincare’ 

sections and basin of attractions with TVA are plotted considering nonlinear stiffness 
13

k  

= 5 N/m3 and 
2 3

k  = 0.021 N/m3, which are the same as those in Fig. 4.8(d). It may be noted 

that here only the principal parametric resonance condition is studied for the passive case 

(Fig. 4.10(a)) and active1 case (Fig. 4.10(b). Fig. 4.10(a) shows the frequency response for 

the passive case where the trivial state becomes unstable for 1.7 rad/sec 
2≤ Ω ≤ 2.2rad/sec 

and this trivial unstable region are well matches with the trivial state instability region 

shown in Fig. 4.2(a) for the passive case. A special type of pitchfork bifurcation is observed 

at 
2Ω  = 2.32 rad/sec and 2.6 rad/sec where the stable trivial state leads to an unstable 

nontrivial and a stable trivial state. Further, at B  i.e., 2Ω  = 1.38 rad/sec, another special 

type of bifurcation occurs where the unstable nontrivial branch bifurcates into a stable and 

an unstable branch. The time responses and Poincare’ sections (Fig. 4.11) clearly show the 

chaotic response of the system at point .B  One can observe a crisis phenomenon with a 

slight increase in the frequency 
2Ω as the chaotic response vanishes leading to a stable 

nontrivial response. In Fig. 4.10(b) the trivial state instability region is observed for 1.8  

           

Fig. 4.10: Frequency responses with 12F  using the (a) passive TVA and the (b) 

active TVA.  

(a) (b) 
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rad/sec 
2≤ Ω ≤ 1.9 rad/sec and 2.04 rad/sec 

2≤ Ω ≤ 2.16 rad/sec which are in good 

agreement with Fig. 4.2(a) for the active TVA. Clearly, five bifurcation points are observed 

in the trivial states which are subcritical pitchfork, Hopf, supercritical pitchfork (
1P), 

supercritical Hopf ( 2P ) and another Hopf bifurcation. At 1P ( 2Ω  = 1.88 rad/sec) the time 

response and Poincare’ section of the response of the system are shown in Fig. 4.12(a) and 

Fig. 4.12(b), respectively. Similarly, at 
2P   (

2Ω  = 2.05 rad/sec) time response and Poincare’  

           

Fig. 4.11: Time responses (a, c) and Poincare’s sections (b, d) at the marked point 

B in Fig. 4.10(a).  

sections are shown in Fig. 4.12(c) and Fig. 4.12(d), respectively. From Fig. 4.12(c) and Fig. 

4.12(d) the response of the system is periodic which matches with Fig. 4.10(b) Hopf 

bifurcation point at 
2P . The time response and Poincare’ section in Fig. 4.12(a) and Fig. 

4.12(b) show chaotic responses which are also in good agreement with Fig. 4.10(b). Fig.  

             

   

            

Fig. 4.12: Time responses, Poincare’s sections and basin of attraction at the 

marked points in Fig. 4.10(b). (a, b) 
1P point (c, d) 

2P  point and (e) basin of 

attraction at 
2Ω  =1 rad/sec.  

(d) (a) (b)  

(a) (b) 
(e) 

(c) (d) 

(c)  
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4.12(e) shows a part of the basin of attraction with two stable solutions corresponding to 

the frequency response shown in Fig. 10(b) at 2Ω  = 1 rad/sec. Here one can observe the 

stable trivial state (
1a  = 0) and stable nontrivial state at (

1a  = 0.1185 m), which are closely 

matched with the solutions shown in Fig. 4.10(b). It may be noted that as in the present 

work four state variables (
1 1 2,  ,  a aγ and

2γ ) are existing, so it is difficult to show a clear 

basin of attraction. In the next sub-section response amplitudes of the highly nonlinear 

system for the passive and active cases are studied with variation in the amplitude of 

external excitations. 

4.4.4 Force response analysis 

In this sub-section, the response amplitude of the main system with a simultaneous 

variation of 
11F  and 

12F  values for the simultaneous primary and principal parametric 

resonance conditions are discussed. Fig. 4.13 shows three-dimensional plots for the 

variation of response amplitude ( TA ) with 11F  and 12F  at 1Ω  = 0.9 rad/sec, 1 rad/sec and 

1.1 rad/sec for the passive and active TVAs. The nonlinear stiffness value 
1 3k  and 

2 3k are 

equal to 5 N/m3 and 0.021 N/m3, respectively which are the same as in Fig. 4.8(d) and Fig 

4.10. For the passive TVA in Fig. 4.13 (a), one can observe that for 
1Ω  = 0.9 rad/sec, the 

system is completely stable but for 
1Ω  = 1 rad/sec the system has saddle-node bifurcation 

points (
11F  = 0.82 N, 0.91 N and 

12F  = 0.82 N/m, 0.91 N/m) and for 
1Ω  = 1.1 rad/sec the 

system has multiple bifurcation points viz. Hopf bifurcations ( 11F  = 1.24 N, 2.19 N and 

12F  = 1.24 N/m, 2.19 N/m) and saddle node bifurcations (
11F  = 2.29 N and 1.06 N and 

12F  

= 2.29 N/m and 1.06 N/m) leading to jump up and jump down phenomena. For 1Ω  = 1.1 

rad/sec the jump up and jump down phenomena are more prominent than those for 
1Ω  = 1 

rad/sec. The jump down length at 1Ω  = 1.1 rad/sec for a slight decrease in 11F  = 1.06 N 

and 
12F  = 1.06 N/m is found to be 0.56 m and for the slight increase in 

11F  = 2.29 N and 

12F  = 2.29 N/m  the jump up length is 0.38 m. This sudden decrease or increase in the 

response amplitude of the main system may fail the system, so the active TVA is more 

useful in these conditions. In the active TVA, shown in Fig. 4.13(b), there are no jump up 

or jump down phenomena are observed. It is observed that for the active1 case (active 
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TVA) the response of the main system is reduced to a minimum of 48% to a maximum of 

99% in comparison to the passive case (Fig. 4.13(a)) for 11F  and 12F  values in the range 0  

        

Fig. 4.13: Response amplitudes with variation in 11F  and 12F  using the (a) 

passive TVA and the (b) active TVA. 

to 1 for 1Ω  = 1 rad/sec. Similarly,  1Ω  = 1.1 rad/sec the reduction is found to be a minimum 

of 80% to a maximum of 99% than the passive case.  For 
1Ω  = 0.9 rad/sec, from Fig. 4.13(b) 

it is observed that in the active1 case the system becomes unstable after 11F  = 0.42 N and 

12F  = 0.42 N/m.  In the active TVA (Fig. 4.13(b)) the Hopf bifurcation points for  
1Ω  = 1 

rad/sec and 1.1 rad/sec are found to be for 
11F  = 1.48 N and 1.16 N and 

12F  =1.48 N/m 

and 1.16 N/m, respectively. The response of the main system with NVA is not shown here 

as the results are of similar characteristics. From the above figures, it is observed that the 

active TVA reduces significant response amplitude of the main system for 
11F  and 

12F  

values in the range of 0 to 1 and for higher excitation amplitudes one may increase the 

feedback gain parameters ,  d vf f and 
af  values. Further, with the active TVA no jump up 

or jump down phenomena are observed. In the next sub-section responses of the nonlinear 

system for the passive and active cases are studied with variation in the nonlinear stiffness 

of the system. 

4.4.5 Variation of response amplitude with the nonlinear stiffness 

Fig 4.14(a, b) shows the variation of response amplitude of the main system with 
13

k  and 

2 3k  for three values of 
1Ω  i.e. 0.9 rad/sec, 1 rad/sec and 1.1 rad/sec for the simultaneous 

primary and principal parametric resonance conditions considering 
11F  = 1 N and 

12F  = 1 

(a) (b) 
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N/m with the passive and active TVA. The optimized 
2 3

k  values for different 
13

k  values 

(0 to 6 N/m3) are calculated from [161]. From Fig 4.14(a) with the passive TVA the 

response remains stable for 1Ω  = 0.9 rad/sec but for 1 rad/sec and 1.1 rad/sec saddle-node 

bifurcations points lead to jump up and jump down phenomena can be observed. For 
1Ω  = 

1 rad/sec at the saddle-node bifurcation point (
13

k  = 4.28 N/m3 and  
2 3

k  = 0.01798 N/m3) 

the jump up length is 0.269 m and at the second saddle-node bifurcation point (
13

k  = 3.16 

N/m3 and  
2 3

k  = 0.0132 N/m3) the jump down length is found to be 0.4342 m.  Similar 

bifurcation points are also observed in Fig. 4.8(d) where higher nonlinear cubic stiffness is 

considered which produces a more hardening effect on the frequency response for 
1Ω ≥  1 

rad/sec. These phenomena are not observed with the active1 case (active TVA) as shown 

in Fig. 4.14(b). But here unstable responses are noticed for 
1Ω  = 0.9 rad/sec with Hopf 

bifurcation point (
13

k  = 0.73 N/m3 and  
2 3

k  = 0.003 N/m3). For 
1Ω  = 0.9 rad/sec a 

minimum of 50% reduction in the response amplitude is observed compared to the passive 

case for 
13

k values in the range of 0 to 0.73 N/m3. Similarly, for 
1Ω  = 1 rad/sec a minimum 

80% reduction in the response of the main system is observed with the active1 case than 

the passive case for the whole range of 
1 3k  values. Also, the effectiveness of the active1 

case can be noticeable for 
1Ω  = 1.1 rad/sec with the variation in 

13
k  and 

2 3
k  stiffness  

          

Fig. 4.14: Response amplitudes with variation in 
1 3k and 

2 3k  using the (a) 

passive TVA and the (b) active TVA. 

values, with no jump up and jump down phenomena. In the next sub-section, the system 

responses with the variation of feedback forces and the time delays are studied.  

(a) (b) 
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4.4.6 Variation of response amplitude with feedbacks gains and time 

delays 

In Fig. 4.15 and Fig. 4.16 the variation of response amplitudes of the main system with 

time delays ( dt ) and feedback forces by using the traditional vibration absorber are shown 

considering the same parameters as in Fig. 4.8(a, b). Fig. 4.15(a) shows the response 

amplitude of the main system with the variation in df  and dt . From this figure, the unstable 

response is observed for  
dt  in the range of 1.22π sec to 1.59π sec for 

df  in the range of 

3.67 to 4.78. Also, the response amplitude of the main system is found to be stable with 

almost the same amplitude for dt  = 0 to 1.22 π  sec. The sharp increase in the response 

amplitude of the main system is observed for 
dt  = 0.82 π   sec to 1.22π  sec and 

df  = 2.52 

to 3.67. The response is found to be minimum at df  = 5.61 and dt  = 1.86π  sec. The same 

analogy as in Fig. 15(a) is carried out in Fig. 4.15(b) and 4.15(c) considering variation in 

vf  and af , respectively. In Fig. 4.15(b), the unstable solutions appear for less time delay 

i.e., 
dt  in the range of 0 to 0.24 π  sec and 0.87 π  sec to 1.22 π  sec unlike Fig. 15(a). The 

response amplitude of the main system also increases sharply for small changes in the delay 

from 0.24 π  sec and 0.43 π  sec.  In Fig. 4.16(c) the response amplitude of the main system 

is shown with variation in 
af  and 

dt . Here a broader range of unstable responses of the 

system is observed compared to Fig. 4.15(a) and Fig. 4.15(b) for dt  in the range of 0.24 π  

sec and 0.43 π  sec. However, with variation, 
af  a comparative minimum response 

amplitude is observed at 0.82 π sec than with  df  and vf  (Fig. 4.15(a) and Fig. 4.15(b)). 

Also, for a wider range of  
dt   i.e., from 0.66π  sec to 0.97 π   sec the system response 

amplitude is less than with 
df  or 

vf  feedback forces (Fig. 4.15(a) and Fig. 4.15(b)).  In 

Fig. 4.15(d) the response amplitude of the system is studied by varying in 
df , 

vf  and 
af  

simultaneously with 
dt . From Fig. 4.15(d) it can be observed that the unstable responses 

are comparatively in a wider range of 
dt  than with other individual feedbacks shown in Fig. 

4.15(a) to Fig. 4.15(c). However, with this combination of feedbacks vibration suppression 

effect is greatly improved than the individual feedback at some particular value of dt . The 

maximum suppression in the response amplitude of the main system is observed at 
dt  =  
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Fig. 4.15: Response amplitude of the main system at 1Ω  = 1rad/sec with 

variation in delay and different feedbacks gains (a) 
df  (b) 

vf  (c) 
af  and (d) 

,  ,  d v af f f  . 

0.76 π  sec. The unstable regions in Fig. 4.15(d) are observed for 
dt  in the range of 0.076 

π  sec to 0.66 π  sec and 1.2 π  sec to 1.6 π  sec. From Fig. 4.15 it can also be observed 

that the stability of the system largely depends upon time delay 
dt . The time delay 

dt  in the 

active vibration absorber is a common occurrence as during sensing, processing and 

actuation some delay [221- 230, 279, 280] in the feedback takes place. In Fig. 4.16 the 

variation of response amplitudes 
TA  and the modal response 

1a  of the main system with 

dt  for active1 and active2 cases are shown at 1Ω  = 1 rad/sec, with the same parameters that 

are used in Fig. 4.15 and in Fig. 4.8(a, b). From these figures for the active1 case the 

response amplitudes of the main system is found to be stable for 
dt  in the range of 0 to 0.16 

π  sec, 0.72 π  sec to 1.06 π  sec and 1.75π  sec to 1.88π  sec and outside this range the 

system response is unstable. The Hopf bifurcation points are observed for 
dt  equals to 0.16  

(a) (b) 

(c) (d) 

TH-2895_136103038



Traditional and non-traditional ANVA with time delay combination feedback  

137 

          

ig. 4.16: Response amplitude of the main system at 
1Ω  = 1rad/sec with variation 

in delay with active1 and active2 cases (a) original response (b) modal response. 

π  sec, 0.72 π  sec, 1.06 π  sec and 1.75π  sec. The 100% vibration suppression of the 

original response amplitude (
TA ) of the main system is observed with active1 case for 

dt  

in the range of 0 to 0.04 π  sec and from 1.01 π  sec and 1.03 π  sec, as shown in Fig. 

4.16(a). The result is shown in Fig. 4.16(a) for the active1 case is matching well with Fig. 

4.8(a) for zero dt  at 1Ω  = 1 rad/sec. From Fig. 4.16(a) and Fig. 4.106(b) it is also observed 

that the response amplitude of the main system with the active2 case shows two stable 

responses and one unstable response and remains constant irrespective of  dt  values. These 

results for the active2 case are also well matched with Fig. 4.8(a) and Fig. 4.8(b), 

respectively. One can observe from Fig. 4.8(a) and Fig. 4.8(b) that for 
dt  = 0 at 

1Ω  = 1 

rad/sec, the main system shows two stable and one unstable response. The response 

amplitude remains constant with the active2 case as in this case the control gains parameters 

(
df , 

vf  and 
af ) are considered equal to zero and only the frequency of the absorber is 

actively changed, as mentioned in sections 4.2.2 and 4.3.1. The results shown in Fig. 4.16 

are also, well-matched with Fig. 4.8(a) and Fig. 4.8(b) for 
dt  = 0 at 

1Ω  = 1 rad/sec. From 

these analyses, it is observed that the introduction of feedback gains induces large 

suppression of the response amplitude of the main system at some particular value of 
dt . 

Hence the ANVA can be operated within the mentioned 
dt  range and feedback gains for 

suppressing maximum vibration of the main system for the simultaneous primary and 

principal parametric resonance conditions.  

The three control gains considered here can be used to vary stiffness, damping, and inertia 

of the absorber actively by changing the corresponding displacement, velocity and 

(a) (b) 
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acceleration feedback gains as studied in section 4. The consideration of the time delay in 

these feedbacks will also help to change the frequency of the absorber actively which can 

be observed from the parameter 
2S  used in Eq. 4.8(a) and 4.8 (b). Thus with the proposed 

feedback, the active absorber can be useful to actively change its frequency and 

simultaneously impart a counteracting (blocking) force on the main system to reduce its 

vibration. The present analyses can be applied using either a three-vibration sensor or a 

single sensor (accelerometer) by varying the delay parameter. In the next sub-section for 

various mass ratios, the response of the linear and nonlinear systems for the passive and 

active cases are studied. 

4.4.7 Amplitude response with the variation in the mass ratio 

In this sub-section mass of the absorber ( 2m ) used in the TVA, 11F  and 12F  are varied for 

the linear and nonlinear system and the corresponding response amplitude of the main 

system is obtained for 
1Ω  = 1 rad/sec. It may be noted that since the mass of the main 

system is 1 kg hence the mass ratio (
2 1m m ) is the same as the mass of the absorber. Also, 

the optimized 
2 2,  k c  and 

2 3
k  values for different mass ratios and 

13
k  values are calculated 

from the formulae given in [161]. The response amplitude of the main system is obtained 

and shown in Figs. 4.16 and 4.17 for five mass ratios i.e., 0.01, 0.025, 0.05, 0.075 and 0.1 

with a variation in  
11F  values from 0.2 N to 2 N and 

12F  values from 0.2 N/m to 2 N /m. 

In the following sub-section, the response amplitude of the linear main system with linear 

TVA is obtained for simultaneous primary and principal parametric resonance conditions 

with different mass ratios and amplitude of excitations 11F  and 12F . 

4.4.7.1 Linear system  

In Fig. 4.17 the response amplitude of the linear main system with linear TVA is shown for 

the passive and active cases. In the linear passive TVA shown in Fig. 4.17(a) the main 

system response amplitude gradually reduces with an increase in the mass ratios for 
1Ω  = 

1 rad/sec which is generic from the previous literature. The effect of active linear TVA 

considering the active1 case is shown in Fig. 4.17(b). From this figure, one can observe a 

reduction of 72% in the vibration of the main system than the passive TVA (Fig. 4.17(a)) 

for the mass ratio of 0.05 with 
11F  = 2 N and 

12F  = 2 N/m at 
1Ω  = 1 rad/sec. The response  

(a) 
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Fig. 4.17: Response amplitudes with variation in mass ratios using the (a) 

passive TVA and the (b) active TVA for the linear system. 

amplitude of the main system is found to be more than the passive case only for mass ratio 

equal to 0.01 and 11F  = 2 N and 12F  = 2 N/m. Though vibration reduction by the active 

TVA is achieved for all mass ratios but more noticeable for the 0.05 mass ratio. For other 

mass ratios, one can use different gains in feedback to maximize the reduction in the 

amplitude response. In the next subsection vibration reduction by the active1 case is 

compared with the passive case considering nonlinear stiffness in the system.  

4.4.7.2  Nonlinear system  

The amplitude response of the main system is compared for the passive and active TVA 

for different mass ratios and shown in Fig. 18 by considering higher nonlinear stiffness (

13
k  = 5 N/m3 and 

2 3
k  = 0.021 N/m3), which are the same as in Fig. 4.8(d) and Fig. 4.10. 

From Fig. 4.18(a) it is observed that for a lower mass ratio of 0.01 the response amplitude 

becomes unstable with the passive TVA for 
11F ≥  1 N and 

12F ≥  1 N/m at 
1Ω  =1 rad/sec. 

For 
11F  = 0.8 N and 

12F  = 0.8 N/m the response amplitude of the main system is found to 

be 0.5134 m for the mass ratio of 0.05. This response amplitude increases sharply from 

0.5134 m to 0.9375 m with an increase in 
11F  value from 0.8 N to 1 N and 

12F  value from 

0.8 N/m to 1 N/m as shown in Fig. 4.18(a) and Table 4.1. However, this sharp increase in 

the response amplitude is not observed for the mass ratio of 0.075. Here, one can observe 

that for a mass ratio equal to 0.075, the response amplitude for 
11F  = 0.8 N and 

12F  = 0.8 

N/m is 0.4242 m and for 1 N it is 0.516 m, which increases gradually unlike for the mass 

ratio of 0.05. Also, from the above results, one can notice that there is not much decrease  

(a) (b) 
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Fig. 4.18: Response amplitudes with variation in mass ratios for 
1 3k  = 5 N/m3 

and 
2 3k  = 0.021 N/m3 using the (a) passive TVA and the (b) active TVA. 

in the response amplitude with an increase in the mass ratio from 0.05 to 0.075 for
11F  = 

0.8 N and 12F  = 0.8 N/m. However, there is a significant reduction in the response 

amplitude when 
11F  = 1 N and 

12F  = 1 N/m. In Fig. 4.18(b) the response amplitude with 

active TVA (active1case) is shown. From this figure, one can observe there is a reduction 

in the response amplitudes of the main system for different mass ratios and forcing 

amplitudes. However, with active TVA more unstable regions are emerged with an increase 

in 11F  and 12F  values. In Table 4.1 few amplitude responses with different mass ratios, 11F  

and 
12F  values for the passive and active TVA are compared from the result shown in Fig. 

4.18(a) and 4.18(b). From Table 4.1 one can observe the vibration reduction by the active 

TVA is more effective for the mass ratio of 0.05 and for other mass ratios one can use 

different active forces to suppress the vibration of the main system more effectively. The 

effectiveness in vibration suppression by the active TVA than the passive TVA can be 

noticeable for lower nonlinear stiffness in the absorber as discussed in Fig. 4.8(a-c) and 

Fig. 4.14, even so at higher nonlinear stiffness its efficacy can be observed from Fig. 4.8(d-

f), Fig. 4.13, Fig. 4.14 and Fig. 4.18. 

The nonlinear spring and the PZT stack actuator considered in this work provide not only 

the active nonlinear force but also provide more blocking force to generate more actuation 

with less voltage supply [30, 31,20, 26]. The nonlinearity in spring is also important as, 

during the energy transfer from the primary system at the resonance, the absorber vibrates 

at a much larger amplitude. These nonlinearities can act both as a design parameter and a 

natural parameter depending upon the applications. When one changes the stiffness of the 

spring (actively or passively) then it can be taken as a design parameter. But in many  

(b) (a) 
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Table 4.1: Response of the main system for different mass ratios and amplitude of forcing 

excitations for 
13

k  = 5 N/m3 and 
2 3

k  = 0.021 N/m3. 

Mass ratio 
11F  (N) and 

 12F  (N/m) 

Passive TVA 

Amplitude (m) 

Active TVA 

Amplitude (m) 

Percentage 

of reduction 

0.01 0.2 0.197 unstable - 

0.025 

0.2 0.1895 0.032  

0.4 0.488 0.1339 72 

0.6 0.523 0.2364 55 

0.8 0.5516 unstable - 

0.05 

0.2 0.1392 0.028 80 

0.4 0.2684 0.008 97 

0.8 0.5134 0.1295 74 

1 0.9375 0.2039 78 

1.4 1.012 0.3373 66 

1.6 1.041 unstable - 

0.075 

0.2 0.1141 0.084 26 

0.8 0.4242 0.3205 24 

1 0.516 0.3983 22 

1.2 0.6038 unstable - 

0.1 1.6 0.68 0.53 22 

 1.8 0.7478 unstable - 

applications due to wear and tear the stiffness of the spring becomes nonlinear [15, 11, 12]. 

So, in those cases, it can be considered a natural parameter. The nonlinear studies will help 

the designer to operate the system according to the stability properties, bifurcations, jump 
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phenomena, etc. in the system. Also, in the present work main system is considered 

undamped, to study the efficacy of the proposed feedback gains by traditional/non-

traditional vibration absorbers. 

4.4.8 Application of the present work 

In this section, the applicability of the design and control parameters considered in the 

present analyses are applied an undamped main system of mass ( )1m  = 240 kg, stiffness 

( )1k  = 160 kN/m [330], nonlinear stiffness ( )13k  = 16 kN/m3. It may be noted that in [330] 

the system considered is a quarter car model. The natural frequency ( )n
ω  of this main 

system is found to be 25.82 rad/sec. Now if this main system is subjected to excitations 

( )1 cosF tω  and ( )2 1 cos 2F x tω , where 1F  (16 kN) and 2F  (16 kN/m) are the amplitude of 

excitations and forcing frequencyω ≅ 25.82 rad/sec, then one can observe simultaneous 

primary and principal parametric resonance conditions. Now to suppress the vibration of 

this main system under the above-mentioned resonance conditions by the present study and 

[161] the following absorber parameters are obtained for a mass ratio of 0.05, i.e., mass 

( )2m  = 12 kg, stiffness ( )2k  = 7.2561 kN/m, nonlinear stiffness ( )23k  = 66.6667 N/m3, 

and damping 
2c  = 79.0451 N-sec/m. The equation of motion of this system can be non- 

dimensionalized by considering non-dimensionalized time equal to .ntω  So, here the 

system governing equation of motion is reduced to the same as the present analysis where 

coefficients of the main system mass and stiffness are equal to unity. Now to completely 

absorb the vibration of this main system for the worst possible resonance case i.e., at the 

simultaneous primary and principal parametric resonance conditions, one can follow the 

same procedure as discussed in Fig. 4.8(a) and Fig. 4.8(b). The system parameters 

considered in this example are the same as in Fig. 4.8(a) and Fig. 4.8(b) and the 

corresponding response amplitude of this main system will be the same as shown in Fig. 

8(a) and Fig. 4.8(b). It can be observed that with the proposed active1 force by the 

traditional ANVA the main system response amplitude is 100% suppressed for forcing 

frequency ( )ω  in the range (22.72 rad/sec to 25.29 rad/sec) and (45.44 rad/sec to 50.58 

rad/sec). Also, for a broad range of operating frequency ( )ω , a minimum of 80% of 

vibration reduction is achieved i.e., for ω  in the range of 19.72 rad/sec to 27.82 rad/sec and 
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39.44 rad/sec to 55. 64 rad/sec compared to the optimal nonlinear passive tuned vibration 

absorber [161]. Further, at the other operating frequency of operation ( )ω  i.e. far away 

from the resonating frequencies (where the response amplitude is minimum) one can 

change the frequency of the absorber actively or provide zero feedback gain, the vibration 

suppression of the main system can be achieved for the whole range of operating 

frequencies. Hence the proposed analyses can be used for any real application to suppress 

the vibration of the main system more effectively under primary, principal parametric, and 

simultaneous primary and principal parametric resonance conditions. In most of the 

previously published works, only one or two effects have been taken considering damping 

in the main (primary) system, with various types of actuators and feedback systems [5, 6, 

15, 16, 32, 39, 41, 161-168, 170-178, 202-227, 184-190, 286, 287, 330]. Further, it may be 

noted that the superposition rule does not apply to the nonlinear systems and hence, one 

will never get the actual response of the system, by combining all the previously published 

results which are only possible for a linear system. 

4.5 Summary 

In this work, the efficacy of the active traditional and non-traditional vibration absorber is 

studied to suppress the vibration of the undamped main system under primary, principal 

parametric and simultaneous primary and principal parametric resonance conditions. The 

feedback gain by the absorber is produced by the PZT stack actuator and a nonlinear spring 

in series combination considering time delay in the displacement, velocity and acceleration 

feedback. With this new design, the PZT stack actuator can produce both linear and 

nonlinear feedback gains while changing the natural frequency of the absorber actively.  

The nonlinear governing equations of motion of the system are obtained by Newton’s 

second law and modified by the weighted modal matrix, which is then solved by the first-

order method of multiple scales (MMS) to obtain the reduced equations. These reduced 

equations are solved by Newton’s method and both the linear and nonlinear results are 

compared with the second-order MMS, HBM, numerical method and with the published 

literature and they are found to be in good agreement. It is observed that for the linear 

system the first order MMS gives conservative results with HBM, numerical method and 

other linear methods, for the original response amplitude of the main system while for the 

modal response amplitude, the results are found to be in good agreement. From these results 
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for the first time, Den Hartog’s equal peaks in the frequency responses are obtained by 

using MMS which is not reported in earlier literature. Linear and nonlinear dynamics of 

the system are studied by the trivial state instability regions, frequency responses, time 

responses, phase portraits, Poincaré sections and basin of attractions for various feedbacks, 

feedback gains, time delays, the amplitude of external excitations, nonlinear stiffnesses and 

mass ratios showing the potency of the proposed feedback gain in reducing vibration of the 

main system  

The efficacy of the feedback gain is studied by comparing various feedbacks, feedback 

gains and time delays. It is shown that with the displacement, acceleration feedback and 

actively tuning of the absorber frequency, 100% vibration suppression of the linear and 

nonlinear undamped main system is achieved for the above-mentioned resonance 

conditions at the mentioned frequency. Moreover, with this feedback gain, significant 

vibration suppression of the undamped main system is accomplished for a wider range of 

operating frequencies for various mass ratios, especially for 0.05. Also, with the feedback 

gain the trivial state instability region reduces and the critical value of amplitude parametric 

excitation increases. The various nonlinear phenomena such as jump up, jump down, 

chaotic response, and Hopf bifurcation points are observed at the mentioned operating 

frequencies and amplitude of excitations. The feedback gain by the proposed vibration 

absorber eliminates jump up and jump down phenomena at the resonant operating 

frequency. The time delay of more than /10π  sec with the proposed active1 feedback force 

makes the system unstable for linear and nonlinear systems. However, within the 

mentioned time delay range the system stability and response amplitude improve, 

especially for the nonlinear system. The non-traditional vibration absorber shows less 

amplitude response than the traditional vibration absorber in all cases, though its 

application is limited due to its damper configuration. The response amplitude of the main 

system and the unstable range of operating frequencies are specified for both the passive 

and active case for a wide range of mass ratios (0.01 to 0.1), external forcing amplitudes of 

harmonic (0.1 N to 0.5 N), and parametric excitations (0.1 N/m to 0.5 N/m), nonlinear 

stiffness in the main system (0.1 N/m3 to 0.6 N/m3) and absorber ( 44.2 10−× N/m3 to 

32.1 10−× N/m3), which will provide the designer a clear idea for selecting proper system 

parameters for different operating conditions based on required application to suppress 

maximum vibration of the main system under primary, principal parametric and 

simultaneous primary and principal parametric resonance conditions. 
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CHAPTER 5 

Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback for Hard Excitation 

5.1 Introduction  

In this chapter, vibration absorption of a base excited nonlinear spring-mass based single 

degree of freedom (SDOF) subjected to simultaneous external hard harmonic and 

parametric excitation is studied by using a modified designed traditional and non-

traditional SDOF active nonlinear vibration absorber (ANVA). The active part in the 

traditional and non-traditional absorber consists of a PZT stack actuator along with a linear 

and nonlinear spring in series combination and a time-delayed damper. This novel design 

is used to produce nonlinear feedback gain on the primary system by considering time delay 

in the displacement, velocity and acceleration feedback of the primary system. The time 

delay effect in the nonlinear damper is also studied for vibration suppression of the primary 

system. The governing coupled nonlinear equations of motion for the system with the 

weighted modal matrix approach have been derived. The first-order method of multiple 

scales (MMS) is used to obtain the reduced equations for the simultaneous superharmonic, 

subharmonic, primary and principal parametric resonance conditions considering 1:1, 1:2, 

1:3 and 3:1 internal resonance cases. These reduced equations are used to obtain the steady-

state responses of the nonlinear systems using Newton’s method, which are then compared 

with the numerical methods, showing good agreement. The parametric analysis for various 

system parameters is carried out showing the effectiveness of the proposed time delayed 

active vibration absorber for the nonlinear primary system under simultaneous hard 

excitations for a wider band of operating frequencies. From these parametric studies, stable 

and unstable ranges of operating frequencies are evaluated at which the system response 

amplitude is minimum and stable. It is observed that with the proposed feedback gains the 

complete vibration absorption can be achieved at a certain range of operating frequencies 

for the above-mentioned resonance conditions for various system parameters. 
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5.2 Mathematical Modeling of the System  

The schematic diagram of the proposed single degree of freedom (SDOF) traditional and 

nontraditional nonlinear AVA attached to a nonlinear SDOF primary system is shown in 

Fig. 5.1(a) and Fig. 5.1(b), respectively. In Fig. 5.1 the parameters of the systems im   and 

 ik  denote the mass, linear stiffness, of the primary system ( i = 1) and the absorber ( i = 2). 

13k  denotes cubic nonlinear stiffness of the primary system. The time-delayed ( )1τ  

damping coefficient of the absorber is denoted as 2.c  The gain produced by the PZT stack 

actuator having stiffness P

E
k  and a spring in series combinations by time delay in 

displacement, velocity and acceleration feedback of the main system. In the presence of a 

nonlinear spring, as the displacement at the junction between the PZT stack actuator and 

the spring 2k  is difficult to calculate, so, here 23k  is assumed to be the equivalent cubic 

nonlinear stiffness having a displacement of 1 0 2.x xδ+ −  The primary system is subjected 

to external harmonic ( 1 1cos( )F tΩ ), parametric ( 1 2 2cos( )x F tΩ ) and base ( 0 3cos( )Y tΩ ) 

excitations. Here 1 2,  F F  and 0Y  denotes the amplitude of force and base excitations and 

1 2,  Ω Ω  and 3Ω  represents the corresponding external forcing frequencies. Considering 1x  

as the displacements of the primary system, 2x  as the displacement of the absorber and 0δ  

as the nominal displacement of the PZT stack actuator [20]. The coupled nonlinear 

differential equations of motion of the system are given below considering the system 

shown in Fig. 5.1(a). 

                          

Fig 5.1: Schematic diagram of the nonlinear active dynamic vibration absorber (a) 

traditional (b) non-traditional. 

(a)   (b)   
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( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( )

3 3

1 1 1 1 13 1 1 0 2 23 1 0 2

2 1 1 2 1 11 1 1 2 2cos cos

em x k x y k x y k x x k x x

c x t x t F t x F t

δ δ

τ τ

+ − + − + + − + + − +

− − − = Ω + Ω

ɺɺ

ɺ ɺ

                                     (5.1)    

( ) ( ) ( ) ( )( )3

2 2 1 2 0 23 1 2 0 2 1 1 2 1 0
e

m x k x x k x x c x t x tδ δ τ τ− − + − − + − − − − =ɺɺ ɺ ɺ         (5.2)           

where ( )2 2

E E

e p p
k k k k k= +  and 1τ  is a time delay in the damper. 

The first equation of motion for the nontraditional AVA, which is shown in Fig. 5.1(b) is 

also the same as Eq. 5.1 by considering the term ( ) ( )( )2 1 1 2 1c x t x tτ τ− − −ɺ ɺ  equal to zero.  

The second equation of motion of the system shown in Fig. 5.1(b) is given below.  

( ) ( ) ( ) ( )( )3

2 2 1 2 0 23 1 2 0 2 2 1 1 0
e

m x k x x k x x c x t y tδ δ τ τ− − + − − + + − − − =ɺɺ ɺ ɺ                               (5.3) 

where 0 33nd Vδ =  [20], the terms ,n 33d  and V  are the number of wafers, dielectric charge 

constant and the voltage developed in the PZT stack actuator, respectively. One can observe 

from the equations of motion for the two systems shown in Fig. 5.1(a) and Fig. 5.1(b) that 

only the damping terms are different, therefore in the present work analyses of both systems 

are considered. It may be noted that Eqs. (5.1) and (5.2) can be reduced to the work of 

Habib et. al [161] and Detroux et. al [168] in the absence of nonlinear stiffness in the 

absorber ( 23k ), time delay ( 1τ ) in the damper ( 2c ), base excitation ( )0 3cosy Y t= Ω , 

parametric excitation ( )1 2 2cosx F tΩ , PZT stack actuator stiffness (
E

pk ), and displacement 

( 0δ ). Also in [161, 168], they have used a damper in the main system which is not 

considered in the present analysis. Further, in the present analyses, external hard harmonic 

excitation acting on the primary system is considered whereas in prior studies [161, 168] 

soft excitation was considered.  Eqs, (1) and (2) can also be reduced to those of Rabelo et 

al. [227] by considering ,  oy δ  and 2F  equal to zero. It may be noted that in their work base 

excitation, parametric excitation and actuator displacement were not considered and 

damping in the primary system was considered.  Considering combination feedback of 

displacement, velocity and acceleration of the main system with a time delay 2τ , the 

voltage supplied/developed in the PZT stack actuator are expressed as 

( )( ) ( )( ) ( )( )1 2 1 2 1 2d v aV g x t g x t g x tτ τ τ= − + − + −ɺ ɺɺ , where ,  d vg g  and ag  are the 
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feedback gains for displacement, velocity and acceleration feedbacks, respectively. The 

above feedbacks are considered as one can have a comparative study among the efficacy 

of individual and various combinations of these feedbacks. Substituting V  in the nominal 

displacement of 0δ , Eqs. (5.1) and Eq. (5.2) are reconstructed. Now the governing 

equations of motion are rewritten by the weighted modal matrix approach by considering 

1 1

2 2

,
x X

P
x X

   
 =    

   

ɶ where  P  
ɶ  is the weighted modal matrix. These reformed governing 

equations of motion are ordered by considering a small bookkeeping parameter ε  as 

follows. 

[ ] ( )
( ) [ ] [ ]

2
1 1 111

2
2 2 122

0

0

T T

n

X XX
C P K P F

X XX

τ τω ε ε
τ τω

     − 
   + + + =          −      

ɺɺɺ
ɶ ɶ

ɺɺɺ
                                           (5.4) 

where 

[ ]

[ ] ( ) ( )

2
111 12 1

2
21 22

11 12 2 2

21 22 2 2

31 313 23
13 23 1 13 1 0 23 1 2 0

2
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1
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, ,  ,  ,

T e e

e ea
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n
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P P P

k kp p

c c c c
C P P

c c c c

K k k
K k k K k x k k x x

K

K

ω
ω

ε

δ δ
ε ε

+ −    
     = =         −    

−   
   = =      −   

 
= = = = + + − + 
 

ɶ ɶ ɶ

ɶ ɶ

( )( ) ( )( ) ( )( )

[ ]

( )

3

1 13 1 0 1 2 1 2 1 2

33 33 33 02
12

4 3 3

1 1 1 12 2 1 3 13 3

2 2 2 2

13 1 3 1 3

,  ,  

,  ,  ,  ,  ,  ,  
0

cos cos cos cos

3 cos cos  

n d v a

d v a
d v a

K k x f x t f x t f x t

Fnd g nd g nd g YF
f f f F Y F

F F t x F t k Y t k Y t

k x Y t x Y t

δ τ τ τ

ε ε ε ε ε

ε ε ε

ε ε

= − + = − + − + −

 
= = = = = =  

 

= Ω + Ω + Ω + Ω +

Ω − Ω

ɺ ɺɺ  

Similarly, the governing equation of motion for the mathematical model shown in Fig. 

5.1(b) is obtained which is the same as Eq. (5.4) except in this case the damping matrix 

[ ]C   has different values and an additional term of ( )( )2 3 3 1sinc Y tε τ− Ω Ω −  is added in 

F . In the next section, the method of multiple scales (MMS) is used to obtain the 

approximate solution of Eq. 5.4.  
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5.3 Approximate Solution using MMS  

In this section, the governing equation of motion Eq. 5.4 is solved using the MMS to obtain 

an approximate analytical solution of the system. The perturbed solutions in the new time 

scale are expanded by considering the system response at the past state ( )i j
X t τ−  with 

time delay in the damper for j  =1 and feedback for j  =2. The responses of the system at 

different time scales ( n

n
T tε=  for n  = 0, 1…) can be written by following the standard 

MMS procedure as follows.  

( ) ( ) ( )0 0 1 1 0 1,  ,... ,  ,...i j i j j i j jX t X T T X T Tτ τ ετ ε τ ετ− = − − + − −                                               (5.5) 

It may be noted that if the system has no time delay in the feedback or the damping then 

the delay terms j
τ  can be equated to zero and the corresponding system response at the th

t  

time i.e. ( )iX t   can be expressed. Substituting the above-assumed responses from Eq. 5.5 

into Eq. 5.4 and separating the terms with different order of ε  the following expression 

can be obtained.  

0 2 2

0 10 1 10 11 1 1 0:  cosD X X p F Tε ω+ = Ω                                        (5.6a)                                                       

      2 2

0 20 2 20 12 1 1 0cosD X X p F Tω+ = Ω                                                                        (5.6b)               

( )
( ) ( )

( )
( ) ( )

31 2 2

0 11 1 11 0 1 10 11 0 10 12 0 20 11 13 11 10 12 20

11 10 12 20 11 0 10 12 0 20

1 2 2

11 0 10 12 0 20

3

1 23 1 10 2 20 11 11 10 12 20 12

:  2

       

       cos

d d

d d d v d d

e

a d d

D X X D D X c D X c D X p k p X p X

f p X p X f p D X p D X
p k

f p D X p D X

p k p X p X p p X p X F

ε ω+ = − − − − +

+ + + 
 −
 + + 

− + + + Ω( )2 0 11 1 3 0cosT p k Y T+ Ω

(5.7a) 

     

( )
( ) ( )

( )
( ) ( )

32 2

0 21 2 21 0 1 20 21 0 10 22 0 20 12 13 11 10 12 20

11 10 12 20 11 0 10 12 0 20

2 2 2

11 0 10 12 0 20

3

2 23 1 10 2 20 12 11 10 12 20 12 2 0 12 1 3 0

2

cos cos  

d d

d d d v d d

e

a d d

D X X D D X c D X c D X p k p X p X

f p X p X f p D X p D X
p k

f p D X p D X

p k p X p X p p X p X F T p k Y T

ω+ = − − − − +

+ + + 
 −
 + + 

− + + + Ω + Ω

 (5.7b) 
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Similarly, for the non-traditional ANVA an additional term of ( )( )11 2 3 3 0 1sinp c Y T τ− Ω Ω −   

and ( )( )12 2 3 3 0 1sinp c Y T τ− Ω Ω −  are added on the right-hand side of Eq. (5.7a) and Eq. 

(5.7b), respectively. The solution of the Eqs. (5.6a) and (5.6b) can be written as 

( ) ( ) ( ) ( )10 1 1 1 0 1 1 1 0exp expX A T i T T i T ccω= + Λ Ω +                                                                           (5.8a) 

( ) ( ) ( ) ( )20 2 1 2 0 2 1 1 0exp expX A T i T T i T ccω= + Λ Ω +        (5.8b) 

where 

( ) ( )
11 1 12 1

1 2 1 11 21 2 12 222 2 2 2

1 1 2 1

,  ,  ,  
2 2

p F p F
p p p p p p

ω ω
Λ = Λ = = − = −

− Ω − Ω
 

where the complex function of amplitudes 1A , 2A  and its complex conjugate terms (
1A  and 

2A ) are to be determined later. The solutions for the delay terms ( 10dX  and 20dX ) for the 

system response can also be written in similar forms as given below.  

( ) ( )( ) ( ) ( )( )10 1 1 1 0 1 1 1 0exp expd d j j d j jX A T i T T i Tετ ω τ ετ τ= − − + Λ − Ω −                           (5.8c) 

( ) ( )( ) ( ) ( )( )20 2 1 2 0 2 1 1 0exp expd d j j d j jX A T i T T i Tετ ω τ ετ τ= − − + Λ − Ω −                          (5.8d) 

where ( )1 1 1d dA A T tε= −  and ( )2 2 1d dA A T tε= − . 
1d

A  and 
2d

A   are the complex conjugate 

terms of 1dA  and 2dA  respectively.  The solutions obtained in Eqs. (5.8a) to (5.8d) are 

substituted into Eqs. (5.7a) and (5.7b). The expansion of Eqs. (5.7a) and (5.7b) contains 

secular or nearly secular terms for many resonance conditions which are discussed in the 

next section. 

5.3.1 Resonance cases 

 In this section, all the possible external and internal resonance cases are given below which 

are obtained from the expansion of Eqs. (5.7a) and (5.7b). 
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(i) Primary resonance ( )3 1 2 or ω ωΩ ≅ ,  

(ii) Principal parametric resonance ( )2 1 22  or 2 ,ω ωΩ ≅  

(iii) Super-harmonic resonance ( )1 1 23 or 3ω ωΩ ≅ ,   

(iv) Sub-harmonic resonance ( )1 1 23  or 3ω ωΩ ≅ ,  

(v) Simultaneous (i), (ii) and (iii),  

(vi) Simultaneous (i), (ii) and (iv),  

(vii) Combination resonance 1 1 2 1 1 22  or 2ω ω ω ωΩ ≅ + Ω ≅ −   

and 1 2 1 1 2 1 or .ω ωΩ + Ω ≅ Ω − Ω ≅  

In the present chapter all these resonance conditions are considered especially case(v) and 

case (vi), where one can get all resonance conditions simultaneously. From these resonance 

conditions, an attempt has been made to suppress vibration of the primary system 

effectively through the proposed time delayed gains through various combinations of 

feedbacks and time delay in the damping by the novel nonlinear AVA. From (5.7a) and 

(5.7b), one can also observe internal resonance conditions when 2ω  is an integer multiple 

of 1ω , which leads to the following internal resonance conditions. The internal resonance 

cases are observed for 1:1 ( )2 1ω ω≅ , 1:2 ( )2 12ω ω≅ , 3:1 ( )2 1 3ω ω≅  and 1:3 ( )2 13ω ω≅  

internal resonance conditions. In the next section, the reduced amplitude and phase 

equations are obtained by considering case (v) with 1:1, 2:1 and 3:1 internal resonance 

conditions. 

5.3.1.1 Simultaneous primary, principal parametric and super-harmonic 

resonance conditions 

In this section simultaneous (i), (ii) and (iii) or case (v) resonance conditions are considered 

i.e. for simultaneous primary, principal parametric and super-harmonic resonances with 

1:1, 2:1 and 3:1 internal resonance conditions. It may be noted that here as the PZT stack 

actuator is integrated with the spring in the absorber configuration, so one can actively 

change the frequency of the absorber in accordance with various internal resonance cases 

as mentioned above. In the next section, 1:1 internal resonance conditions to obtain the 

secular terms.  
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1:1 internal resonance condition 

In this section, 1ω  is taken to be nearly equal to 2ω  which gives rise to 1:1 internal 

resonance condition. The secular terms are obtained by substituting the 1:1 internal 

resonance condition ( )3 1 2+  = +m mmω εσ ω εσΩ =  for m  = 3, with simultaneous primary, 

principal parametric and super-harmonic resonances. Here mσ  and mmσ  (for m  =1, 2 and 

3) denotes the detuning parameters. It may be noted that here 1:1 internal resonance 

condition ( )( )2 1 3 33= + ,ω ω ε σ σ−  is considered to suppress response amplitude for the 

primary resonance condition. Substituting ( )2 1 3 33= + ,ω ω ε σ σ−  in the expansion of Eqs. 

(5.7a) and (5.7b) for case (v), the following sets of secular terms are obtained which are 

equated to zero to get bounded solutions for 11X  and 12.X  It may be noted that the secular 

terms are obtained from the expansion of Eqs. (5.7a) and (5.7b) consist of coefficients 

( ) ( ) ( )( ) ( ) ( )( )1 0 2 0 1 2 0 1 0 2 1 0exp ,  exp ,  exp 2 ,  exp 3 ,  exp 2 ,  i T i T i T i T i Tω ω ω ω ω ω− Ω −

( )( )2 1 0exp i TωΩ −  and ( )3 0exp .i TΩ  These secular terms are giving rise to the resonance 

conditions as 1 1 23 or 3ω ωΩ ≅ , 2 1 22  or 2ω ωΩ ≅  and 3 1 2 or .ω ωΩ ≅   

( ) ( )( ) ( )
( )( )

( )( ) ( )
( ) ( )( )

( )( )

1 1 1 11 1 1 1 1 12 2 2 3 33 1 2 1

3 2 2

1 1 1 1 1 1 1 1

2 2

1 2 3 33 1 1 2 1 1 1 1 2

2 2

1 1 2 1 2 3 33 1

2 2

2 1 3 33 1 2 1

3

2 exp exp exp

exp 3 3 6

exp exp 3 4
3

2 2 exp

exp 2 ex
3

d

n

n

n

i D A ic A i ic A i T i

k i T A A A

A A i T i T A
k

A A A A i T

A A i T
k

ω ω ω τ ω σ σ ω τ

σ

σ σ σ

σ σ

σ σ

= − − − − −

− Λ + + Λ

 − − + Λ Λ + Λ Λ
 −
 + + Λ − 

− + Λ Λ
−

( )
( )( )

( )( ) ( )( ) ( )
( ) ( )( ) ( )

( )( )( )

1 1

2

2 1 2 3 33 1 2 2 1 2 1

3 2 2

4 2 1 1 2 2 2 2 3 33 1 11 1 1 2

2

12 2 2 2 3 33 1 11 12 1 2 1

11 12 12 2 2 3 33 1 11 1

p 3

4 exp 2 2

exp 3 3 6 exp exp

exp exp 0.5 exp

0.5 exp 0.5 exp

n d

d

i T

A i T A A A A

k i T A A A i T g A i

g A i i T p F A i T

p p F A i T p k Y

σ

σ σ

σ σ σ ωτ

ω τ σ σ σ

σ σ σ

 
 
 + Λ Λ − + + Λ 

− Λ + + Λ − − −

− − − +

+ − − + ( )3 1
i Tσ

      (5.9a) 

( )( ) ( ) ( )
( )( ) ( )( )

( )( ) ( )( ) ( )

2 1 2 21 1 1 3 33 1 1 1 22 2 2 2 1

3 2 2

1 3 33 1 1 1 1 1 1 1 1

2 2

1 2 3 33 1 1 2 1 1

2 3 33 1
2

1 1 2 1 1 2 1 2

2 exp exp exp

exp exp 3 3 6

exp exp 3
3 exp

4 2 2

n

n

i D A ic A i T i ic A i

k i T i T A A A

A A i T i T
k i T

A A A A A

ω ω σ σ ω τ ω ω τ

σ σ σ

σ σ σ
σ σ

= − − − − − −

− − − Λ + + Λ

 − − + Λ Λ
− − − − 

 + Λ Λ + + Λ 

ɶ

ɶ
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( )( ) ( )( )( )
( ) ( )( )

( )( )( )( )
( )( ) ( ) ( )

2 2

2 1 3 33 1 2 1 1 3 33 1

3
2

2 1 2 2 2 1 2 1 3 33 1

3 2 2

4 2 1 3 33 1 2 2 2 2

21 1 3 33 1 1 2 22 2 2 2 12 1 33 1

11 12 12

exp exp 3
3

4 2 2 exp

exp 3 3 6

exp exp 0.5 exp

0.5

n

n

d d

A A i T i T
k

A A A A A i T

k i T A A A

g A i T g A i p k Y i T

p p F A

σ σ σ σ σ

σ σ

σ σ σ

σ σ ω τ ω τ σ

 − + Λ Λ − −
 
 + Λ Λ + + Λ − − 

− Λ − − + + Λ

− − − − − − +

+

ɶ

ɶ

( )( )( ) ( )( )2

1 2 3 33 1 12 12 2 3 33 1exp 0.5 exp 2i T p F A i Tσ σ σ σ σ− − + − −

       (5.9b) 

where 

( ) ( )

4 4 3 3 2 2 2 2

1 13 11 23 1 2 13 11 12 23 1 2 3 13 11 12 23 1 2

3 3 4 4

4 13 11 12 23 1 2 1 2 2 3 3 4 4 13 12 23 2

2 2

11 1 11 1 1 12 1 12 2 2

,  ,  ,

,  ,  ,  , ,  

,  ,

n n n

n n n n n n n n

e d v a e d v a

k k p k p k k p p k p p k k p p k p p

k k p p k p p k k k k k k k k p k p

g p p k f i f f g p p k f i f f

g

ω ω ω ω

= + = + = +

= + = = = = +

= + − = + −

ɶ ɶ ɶ ɶ

( ) ( )2 2

21 2 11 1 1 22 2 12 2 2,  e d v a e d v ap p k f i f f g p p k f i f fω ω ω ω= + − = + −

 

Further, for the non-traditional ANVA the expansion of Eqs. (5.7a) and (5.7b) contains 

additional secular terms ( )( )( )( )11 2 3 3 0 10.5 exp 0.5p c Y i Tπ τ− Ω − − Ω −  and 12 2 30.5p c Y− Ω

( )( )( )( )3 0 1exp 0.5i Tπ τ− − Ω −  on the right-hand side of Eqs. (5.9a) and (5.9b), 

respectively.  Eliminating secular terms, the solution of the Eqs. (5.7a) and (5.7b) are 

expressed as follows. 

( )11 11 1 12 2 1 1 2 2 3 3 4 4 5 6 11 12 73 3  n n n nX c c D k D k D k D k D D p F D= Λ + Λ − − − − − +                     (5.10a) 

( )21 21 1 22 2 1 1 2 2 3 3 4 4 5 6 12 12 73 3  
n n n n

X c c D k D k D k D k D D p F D= Λ + Λ − − − − − +ɶ ɶ ɶ ɶɶ ɶ ɶ ɶ ɶ ɶ ɶ                    (5.10b) 

The terms 1D  to 7D  and 
1Dɶ  to 

7  Dɶ  are given in Appendix C. Following the standard 

procedure of MMS by considering 1

1 1

1

2

i
A a e

β=  and 2

2 2

1
,

2

i
A a e

β=  the following steady-

state autonomous reduced equations are obtained for the system. 

( ) ( )

( ) ( )

312
1 11 1 1 1 12 2 1 2 2 1 1 1

1 1

2 2
2 22 1 2 1 2

2 1 1 2 1 1 2 1 2

1

0.5 cos 0.5 cos sin

3
sin sin sin

8 4

n

n

k
a c a c a

k a a a a
a

ωωτ γ γ ω τ γ
ω ω

γ γ γ γ γ
ω

= − − − − − Λ

  
− − + Λ Λ + + Λ − −  

  

ɺ
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( )( ) ( )

( ) ( )

( ) ( ) ( )( )

2
23 1 2

1 2 1 2 1 2 1 2 1 2

1

3
3 24 12

2 1 2 2 1 2 2 1 2

1 1

1 2
1 1 2 4 1 2 2 2 3 1 2 2 2

1 1

2

11 12
1 1

1

3
sin 2 sin 2 sin

8

3
sin 3 sin 0.5 cos

8

0.5 sin 0.5 cos sin

sin 2
4

n

n d

d d

k a a
a

k aa
a g

a a
g g g

p F
a

γ γ γ γ γ
ω

γ γ γ ω τ
ω ω

ω τ γ γ ω τ γ γ ω τ
ω ω

γ
ω

 
− + Λ Λ + Λ Λ − 

 

  
− Λ + + Λ − −  

  

+ − − − + − −

+

ɶ

ɶ ɶ ɶ

( )11 12 12 11 1
2 1 2 1

1 1

sin sin
4 2

p p F p k Y
a γ γ γ

ω ω
+ + +

     (5.11a) 

    

( ) ( )

( )

( )

( )( )

2
1 1 1 1 11 1 1 1 12 2 1 2 2 1

1

3 2
3 21 21 1 2

1 1 1 1 2 1

1 1

22
2 22 3 2 11 2

1 2 1 1 1 2 1 2 1 2

1 1

2

3 1 2
1 2

1

3 0.5 sin 0.5 sin

33
cos 3 cos

8 8

3 3
cos 2 cos

4

3
cos 2

8

n n

n n

n

a a c a c a

k ka a a
a

k k aa a
a a

k a a

ωγ σ ω τ γ γ ω τ
ω

γ γ γ
ω ω

γ γ γ
ω ω

γ γ
ω

= − + − −

 
− Λ + + Λ − − − 

 

   ΛΛ Λ + Λ Λ + + Λ − −  
  

− − +

ɺ

( )

( ) ( )

( ) ( ) ( )( )

2
2 2 1

1 2 1 2 1 2 1 2

3
3 24 12

2 1 2 2 1 2 1 1 2

1 1

1 2
2 1 2 3 1 2 2 2 4 1 2 2 2

1 1

2

11 12 11 12 12
1 1 2

1 1

cos 2 cos
4

3
cos 3 cos 0.5 cos

8

sin cos sin
2 2

cos 2 cos
4 4

n d

d d

a a
a

k aa
a g

a a
g g g

p F p p F
a a

γ γ γ

γ γ γ ω τ
ω ω

ω τ γ γ ω τ γ γ ω τ
ω ω

γ γ
ω ω

 
Λ Λ + Λ Λ − + 

 

  
− Λ + + Λ − −  

  

− − − − − − −

+ +

ɶ

ɶ ɶ ɶ

( ) 11 1
1 2 1

1

cos
2

p k Yγ γ
ω

+ +
          (5.11b) 

  

( ) ( )

( )

( )( ) ( )

( )

1
2 21 1 2 1 1 1 22 2 2 1

2

3 2
3 21 1 12 12

1 2 1 1 2 1 2 2

2 2

2
22 1 2

2 1 1 2 2 1 1 2 2 1

2

2
23 1 2

1 2 1 2

2

0.5 cos 0.5 cos

3
sin 3 sin sin 2

8 4

3
sin 2 sin 2 sin

8

3
sin s

8

n

n

n

a c a c a

k a p F
a a

k a a
a

k a a

ω γ γ ω τ ω τ
ω

γ γ γ γ
ω ω

γ γ γ γ γ
ω

γ γ
ω

= − − − −

  
− Λ + + Λ − +   

  

 
− − + Λ Λ + Λ Λ − 

 

− − + Λ Λ

ɺ

ɶ

ɶ

ɶ

( )

( ) ( )( )

( ) ( )( ) ( )

2
21 2

2 2 1 2 1

34 1
2 2 5 2 1 1 2 6 2 1 1 2

2 2

2 11 12 12 12 1
8 2 2 7 2 2 1 1 2 2

2 2 2

in sin
4

sin sin cos
2

cos sin sin sin
2 4 2

n d

d

a a
a

k a
g g

a p p F p k Y
g g a

γ γ γ

γ γ γ ω τ γ γ ω τ
ω ω

ω τ ω τ γ γ γ
ω ω ω

  
+ + Λ −   
  

− Λ − − − + − −

− − + + +

ɶ

ɶ ɶ

ɶ ɶ

           (5.11c) 
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( ) ( )

( )

( )( ) ( )

1
2 2 33 2 21 1 2 1 1 1 22 2 2 1

2

3 2
3 2 21 21 1 2

1 2 1 1 2 1 2 1

2 2

2
22 1 2

2 1 1 2 2 1 1 2 2 1

2

2

3 1 2

2

0.5 sin 0.5 sin

33
cos 3 cos

8 4

3
cos 2 cos 2 cos

8

3
c

8

n n

n

n

a a c a c a

k ka a a
a a

k a a
a

k a a

ωγ σ γ γ ω τ ω τ
ω

γ γ γ
ω ω

γ γ γ γ γ
ω

ω

= + − − −

    
− Λ + + Λ − − + Λ     

    

 
− − + Λ Λ + Λ Λ − 

 

−

ɺ

ɶ ɶ

ɶ

ɶ

( ) ( )

( )( )

( ) ( ) ( )( )

( )

2
2 21 2

1 2 1 2 2 2 1 2 1

3
3 23 2 1 2 4 12

2 2 2 2 5 2 1 1 2

2 2 2

1 2
6 2 1 1 2 7 2 2 8 2 2

2 2

11 12 12
1 1 2

2

os cos cos
4

6 3
cos 3 cos

8 2

sin cos sin
2 2

cos
4

n n d

d d

a a
a

k a k aa
a g

a a
g g g

p p F p
a

γ γ γ γ γ

γ γ γ ω τ
ω ω ω

γ γ ωτ ω τ ω τ
ω ω

γ γ
ω

  
− + Λ Λ + + Λ −   

  

 Λ Λ− − Λ + + Λ − − − 
 

+ − − − +

+ + +

ɶ ɶ

ɶ

ɶ ɶ ɶ

2

12 12 12 1
2 2 2

2 2

cos 2 cos
4 2

F p k Y
a γ γ

ω ω
+

       (5.11d) 

where 

( )
( ) ( )
( ) ( )

1 1 1 1 2 1 1 3 33 1 2 2 1 3 1

2 2

1 1 11 1 2 1 11 1 3 1 12 2 4 1 12 2

2 2

5 2 11 1 6 2 11 1 7 2 12 2 8 2 12 2

3 ,  3 ,  6 ,  3 ,

,  ,   ,   

,  ,   ,   

e d a e v e d a e v

e d a e v e d a e

T T T

g p p k f f g p p k f g p p k f f g p p k f

g p p k f f g p p k f g p p k f f g p p k

γ σ β γ σ σ σ β σ σ σ σ

ω ω ω ω

ω ω ω ω

= − = − − − = =

= − = = − =

= − = = − =

ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ

11 1 2 12 3 4 21 5 6 22 7 8,  ,  ,  

vf

g g ig g g ig g g ig g g ig= + = + = + = +ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

 

Similarly, for the non-traditional ANVA the following additional terms 

( ) ( ) ( )11 2 3 1 3 1 11 2 3 1 3 1 12 2 3 2 3 10.5 cos ,  0.5 sin ,  0.5 cosp c Y p c Y p c Yγ τ γ τ γ τΩ − Ω − Ω − Ω Ω − Ω   

and ( )12 2 3 2 3 10.5 sinp c Y γ τ− Ω − Ω  are added on the right-hand side of the existing steady-

state autonomous Eqs. (5.11a), (5.11b), (5.11c), and (5.11d), respectively. The steady-state 

solutions of the reduced MMS equations (Eq. (5.11a) to Eq. (5.11d)) are solved using 

Newton’s method by equating 1 1 2 2 0.a aγ γ= = = =ɺ ɺɺ ɺ  The stability of the system is ensured 

by finding the eigenvalue of the Jacobian matrix. The solutions obtained from Newton’s 

method  ( )1 1 2 2,  ,   and  a aγ γ  are substituted in Eq. (5.8a), Eq. (5.8b), Eq. (5.10a) and Eq. 

(5.10b) to obtain the approximate solution by MMS for  1X  and 2X  given in Eq. (5.5). 

These solutions for 1X  and 2X  are given in Appendix C. By directly perturbing the reduced 

equations, one can study the stability of the non-trivial steady-state solution. But, as the 
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reduced Eqs. (5.11a) to (5.11d) have the coupled terms 1 1a γɺ  and 2 2a γɺ , the perturbed 

equations will not contain the perturbations 1γ∆ ɺ  and 2γ∆ ɺ  for trivial solutions and hence the 

stability of the trivial state cannot be studied directly perturbing Eqs. (5.11a) to (5.11d). To 

circumvent this difficulty, the normalization method is adopted by introducing the 

transformation cosi i iP a γ=  and sini i iQ a γ=  for i = 1, 2. into Eqs. (5.11a) to (5.11d). 

Carrying out trigonometric manipulations, the following normalized reduced equations are 

obtained: 

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

2
1 1 1 11 1 1 1 1 1 1 12 2 2 1 2 2 1

1

2

1 2 11 12
1 1 2 1 1 2 1 1 2 1 1 2 1

1 1 1

34 11 12 12
2 2 2 2 2 2 2 2 2 2 2 2 2

1 1 1

3 0.5 cos sin 0.5 cos sin

cos sin cos sin
2 2 4

cos sin cos sin
2 2 4

P Q c P Q c P Q

g g p F
Q P P Q Q

gg p p F
P Q Q P Q

ωσ ω τ ω τ ω τ ω τ
ω

ω τ ω τ ω τ ω τ
ω ω ω

ω τ ω τ ω τ ω τ
ω ω ω

= − − − − −

+ + − − +

− − + + +

ɺ

ɶ ɶ

ɶɶ

(5.12a) 

( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

12 2
1 1 1 11 1 1 1 11 1 1 1 2 2 1 2 2 1

1

1 1 1
2 1 2 1 1 2 1 1 2 2 1 2

1 1 1

34
2 2 2 2 2 1 2 2 2 2 2 2

1 1

2

11 12 11 12
1

1

3 0.5 cos 0.5 sin cos sin
2

cos sin cos sin
2 2 2

cos sin cos sin
2 2

4

c
Q P c Q c P Q P

Q P P
g g g g

gg
Q P P Q

p F p p
P

ωσ ω τ ω τ ω τ ω τ
ω

ω τ ω τ ω τ ω τ
ω ω ω

ω τ ω τ ω τ ω τ
ω ω

ω

= − − − +

− − − −

− + − −

+ +

ɺ

ɶ ɶ ɶ ɶ

ɶɶ

12 11 1
2

1 14 2

F p k Y
P

ω ω
+

(5.12b) 

( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( )

1
2 33 2 21 1 1 1 1 1 1 22 2 2 1

2

5 6
22 2 2 1 1 1 2 1 1 2 1 1 2

2 2

6 8 2
1 1 2 2 2 2 2 2 2 7 2 2

2 2 2

2 11 12 12
7 2 2

2

0.5 cos sin 0.5 cos

0.5 sin cos sin cos
2 2

sin sin cos sin
2 2 2

cos
2 4

P Q c P Q c P

g g
c Q Q P P

g g P
Q Q P g

Q p p F
g

ωσ ω τ ω τ ω τ
ω

ω τ ω τ ω τ ω τ
ω ω

ω τ ω τ ω τ ω τ
ω ω ω

ω τ
ω ω

= − − − −

+ + + −

+ + − +

+ +

ɺ

ɶ ɶ

ɶ ɶ
ɶ

ɶ

2

12 12
1 2

2 24

p F
Q Q

ω
+

               (5.12c) 
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( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( )

1
2 33 2 21 1 1 1 1 1 1 22 2 2 1

2

5 6
22 2 2 1 1 1 1 1 1 1 1 1 1

2 2

6 2 2
1 1 1 8 2 2 7 2 2 7 2 2

2 2 2

2 11 12 12
8 2 2

2

0.5 cos sin 0.5 cos

0.5 sin cos sin cos
2 2

sin cos sin cos
2 2 2

sin
2 4

Q P c Q P c Q

g g
c P P Q Q

g Q P
P g g g

P p p F
g

ωσ ω τ ω τ ω τ
ω

ω τ ω τ ω τ ω τ
ω ω

ω τ ω τ ω τ ω τ
ω ω ω

ω τ
ω ω

= − + −

− − − −

− − − −

− +

ɺ

ɶ ɶ

ɶ
ɶ ɶ ɶ

ɶ

2

12 12 12 1
1 2

2 2 24 2

p F p k Y
P P

ω ω
+ +

                      (5.12d) 

Now perturbing the above equations, one can obtain the Jacobian matrix whose eigenvalues 

will determine the stability and bifurcation of the system. In the next sub-section, the 1:2 

internal resonance condition ( )2 1 2 2 222 +  = + ,ω εσ ω εσΩ =  for case(v) is considered to 

obtain the reduced equations for the system.  

1: 2 internal resonance condition 

In this section, 1ω  is taken to be nearly equal to 0.5 times of 2ω  which gives rise to  1:2 

internal resonance condition. Substituting this 1:2 internal resonance condition the secular 

terms are obtained from the expansion of Eqs. (5.7a) which consists of coefficients of terms 

( )1 0exp ,i Tω  ( )1 0exp 3i TΩ ,  ( )( )2 1 0exp i TωΩ − , ( )3 0exp i TΩ . Similarly, the secular terms 

are obtained from the expansion of Eqs. (6.7b) are from the resonance conditions of 

( )2 0exp i Tω . The secular terms for 1:2 internal resonance condition 

( )( )2 1 2 222 +ω ω ε σ σ= −  with simultaneous primary, principal parametric and super-

harmonic resonances are given below to obtain the bounded solution for the system.  

( ) ( )( )
( )( ) ( )( )

( ) ( ) ( )
( ) ( )( )

3 2 2

1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1

2 2

2 2 1 1 1 1 1 3 2 1 1 1

2 3

3 1 2 2 2 4 2 1 1 11 1 1 2

11 11 12 1 2 1 1 3 1

2 exp exp 3 3 6

3 exp 3 4 3 exp 3

6 exp 3 exp

0.5 exp exp

n

n n

n n d

i D A ic A i k i T A A A

k i T A k i T

k A A A k i T g A i

p p F A i T k Y i T

ω ω ωτ σ

σ σ

σ ωτ

σ σ

= − − − Λ + + Λ

− Λ Λ + Λ − Λ Λ

− + Λ − Λ − −

+ +

                  (5.13a) 

( ) ( )
( ) ( )

2

2 1 2 22 2 2 2 1 2 1 1 2 1 2 3 2 1 2

2 2

4 2 2 2 2 22 2 2 2

2 exp 3 2 2 12

3 6 exp

n n

n d

i D A ic A i k A A A A k A

k A A A g A i

ω ω ω τ

ω τ

= − − − + Λ − Λ Λ

− + Λ − −

ɶ ɶ

ɶ
                 (5.13b) 

TH-2895_136103038



Chapter 5 

158 

It may be noted that here 1:2 internal resonance condition ( )2 1 2 2 222 +  = + ,ω εσ ω εσΩ = is 

considered to suppress the response amplitude for the principal parametric resonance 

condition. Following the same procedure as mentioned previously the following steady-

state autonomous reduced equations are obtained for the system. 

( )

( ) ( )( )

3 2 2 31 2 3 4
1 11 1 1 1 1 1 2 2 1 2 1

1 1 1 1

2

1 11 12 1 11 1
2 1 2 1 1 2 1 1

1 1 1

3 3
0.5 cos sin

0.5 cos sin 0.25 sin 2 0.5 sin

n n n n

d

k k k k
a c a

a p F a p k Y
g g

ω τ γ
ω ω ω ω

ω τ ω τ γ γ
ω ω ω

 
= − − Λ + Λ Λ + Λ Λ + Λ 

 

− − + +

ɺ

ɶ ɶ

          (5.14a) 

( )

( )
( ) ( )( )

23
3 21 2 1 21

1 1 1 1 11 1 1 1 1 1 1 1 1

1 1

2 2 2 32 3 3 4
1 1 2 2 1 1 2 1 2 1 2 1

1 1 1 1

2

1 1 1 2 2 1 2 11 12 1 1 11 1

33
3 0.5 sin cos 3 cos

8

6 3 cos 3 0.25 cos

0.5 cos sin 0.25 cos 2 0.5

n n

n n n n

d

k ka
a a c a a

k k k k
a a a a

a g g p F a p k

γ σ ω τ γ γ
ω ω

γ γ
ω ω ω ω

ω τ ω τ γ

  Λ Λ= − − Λ + + Λ − 
 

− Λ Λ − Λ Λ − + Λ − Λ

− + + +

ɺ

ɶ ɶ
1cosY γ

(5.14b) 

( ) ( ) ( )( )2
2 22 2 2 1 8 2 2 7 2 2

2

0.5 cos 0.5 cos sind
a

a c a g gω τ ω τ ω τ
ω

= − − −ɺ ɶ ɶ                                         (5.14c) 

( )

( ) ( )( )

2
22 3 2 1 21 2

2 2 22 2 2 1 1 2

2 2

3
24 22

2 2 7 2 2 8 2 2

2 2

6
0.5 sin 3

4

3
3 0.5 cos sin

8

n n

n d

k k aa a
a c a a

k aa
a g g

β ω τ
ω ω

ω τ ω τ
ω ω

  Λ Λ= − − + Λ − 
 

 
+ + Λ − + 

 

ɶ ɶ
ɺ

ɶ

ɶ ɶ

                                        (5.14d) 

where 

1 1 1 1 2 1 3 13 ,  6 ,  3Tγ σ β σ σ σ σ= − = =  

In the next sub-section, the 3:1 internal resonance condition ( )1 1 1 2 11= 3+ + ,ω εσ ω εσΩ =  

for case(v) is considered to obtain the reduced equations for the system. 

3: 1 internal resonance condition  

In this section, 1ω  is taken to be nearly equal to 3 times the 2ω   which gives rise to 3:1 

internal resonance condition.  Here the secular terms are obtained from the expansion of 
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Eqs. (5.7a) which consists of the coefficients of the terms ( )1 0exp i Tω , ( )1 0exp 3i TΩ , 

( )( )1 2 1 0exp i Tω ω− + Ω , ( )( )1 2 1 0exp i Tω ω+ − Ω , ( )( )2 1 0exp 2i Tω + Ω , 

( )( )1 2 0exp 2i TωΩ + , ( )2 0exp 3i Tω , ( )( )2 1 0exp i TωΩ − , ( )3 0exp i TΩ . Similarly, the 

secular terms are obtained from the expansion of Eqs. (5.7b) are from the resonance 

conditions of ( )2 0exp i Tω , ( )1 0exp i TΩ , ( )( )1 1 0exp 2 ,i Tω − Ω  ( )( )1 2 0exp 2i TωΩ − , 

( )( )1 1 2 0exp i Tω ω− Ω − , ( )( )1 2 0exp 2i Tω ω− , ( )( )2 1 0exp 2i Tω − Ω . From these 

conditions, the secular terms for the 3:1 internal resonance condition 

( )1
2 1 11+

3

ωω ε σ σ = − 
 

 with simultaneous primary, principal parametric and super-

harmonic resonances (case(v)) are given below.                                        

( ) ( )( )
( )( )( ) ( )

( )( )( ) ( )( )( )
( )( )

3 2 2

1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1

2 2

2 1 1 1 11 1 1 2 1 1 1 1 2

2

1 1 2 1 1 11 1 1 2 1 1 11 1 1

2

2 1 1 11 1 2 1 2 1

3

2 exp exp 3 3 6

exp 2 exp 3 4
3

2 exp 2 exp

exp 3 2 2 exp 2

3

n

n

n

i D A ic A i k i T A A A

A i T i T A
k

A A i T A A i T

A i T A i

k

ω ω ω τ σ

σ σ σ σ

σ σ σ σ σ σ

σ σ σ

= − − − Λ + + Λ

 Λ + − + Λ Λ + Λ Λ
 −
 + Λ − − + Λ − −
 

Λ − + Λ Λ +

−

( )( )( )
( ) ( )( )( )

( )( )( )
( )( ) ( )

( )( )( ) ( )( )( )
( )

1 11 1

2

2 1 1 1 2 1 2 1 1 11 1

2

1 2 2 1 11 1 1 2 2 1 2 1

3 3

2 1 11 1 2 1 1

4 2 2

2 2 1 1 11 1 2 2 1 11 1 1

11 1 1 2

exp 3 2 exp

2 exp 2 2

exp 3 exp 3

3 exp 2 3 exp 2

exp

n

d

T

i T A A i T

A A i T A A A A

A i T i T
k

A i T A i T

g A i

σ σ

σ σ σ σ

σ σ σ

σ σ σ

σ σ σ σ σ σ

ω τ

 −
 
 +Λ Λ + Λ − −
 
 + Λ − − + + Λ
 

 − + Λ
 −
 + Λ + − + Λ − +
 

− − + ( ) ( )2

11 12 1 2 1 11 1 3 10.5 exp 0.5 expp F A i T p k Y i Tσ σ+

       (5.15a) 

( ) ( )( )( )

( )( )
( ) ( )

( )( )( )
( )( )( ) ( )( )( )

2 1 2 22 2 2 2 1 2 1 11 1 1 1

3

1 11 1 1 1 1 11 1

21 1 1 11 1 1 1 1 2

1 1 1 1 11 1

2

1 2 1 1 11 1 1 2 1 1 1 11 1

2

1 1 2

2 exp exp

3 exp 6 exp
exp

3 exp 2

exp 2 2 2 exp 2
3

2 exp

n

n

i D A ic A i i T

i T A A i T
ic i T k

A i T

A i T A A i T
k

A

ω ω ω τ σ τ

σ σ
σ τ

σ σ σ

σ σ σ σ σ σ

= − − + Λ Ω − Ω

 Λ + Λ
 − Λ Ω − Ω −
 + Λ − − −
 

Λ − − + Λ − − −
−

+ Λ Λ

ɶ

ɶ

( )( )( )
( )( )( ) ( )( )( )

( )( )( ) ( )( )( )
( )( )( )

( )

2

1 1 11 1 1 1 2 1 2

2 2

2 1 1 11 1 2 1 1 11 1 1

2

3 1 2 1 1 11 1 2 1 2 1 1 11 1

2 2 1 1 1 11 1 2 1 2

3 2

4 2 11 1 2 2

2 2 2

exp 3 exp

3 exp 2 2 exp 2

2 exp 2 2 4

3 exp 3

n

n

i T A A A A

A A i T A i T

k A i T A A i T

A i T A

k i T A A

σ σ σ

σ σ σ σ σ

σ σ σ σ σ σ

σ σ σ

σ

 
 
 − − − + + Λ
 

 − − + Λ − −
 
 − + Λ − − − + Λ − − −
 
 + Λ Λ − − + Λ Λ 

− Λ +

ɶ

( )( )2

2 2 2 2 2 11 16 6 expA A A i Tσ+ Λ + Λ −
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( )( )( ) ( )( )
( ) ( ) ( ) ( )

2 2

4 2 2 1 1 11 1 2 2 11 1

22 2 2 2 21 1 22 2 1 2 11 1

3 exp 2 2 3 exp

exp exp exp

n

d

k A i T A i T

g A i g g i i T

σ σ σ σ

ω τ τ σ

Λ − − + Λ −

− − − Λ − Λ − Ω
                                      (5.15b) 

It may be noted that here 3:1 internal resonance condition 
1

1 1 2 11= + + ,
3

ω εσ ω εσ Ω = 
 

 is 

considered to suppress response amplitude for the superharmonic resonance condition. 

Similarly, the following steady-state autonomous reduced equations are obtained for the 

system as given below.  

( ) ( )

( )
( ) ( )

3 21 2
1 11 1 1 1 1 1 2 1 1 2

1 1

22
1 2 1 1 2 1 2 1 2 1 2

1

2

2 1 1 2 2 1 2 1 23

2
1 2 1 1 2 1 2 2 1 2 2 2

4 2

1

3
0.5 cos sin sin

2

3 sin 0.5 sin 0.5 sin

0.25 sin 2 sin
3

sin 0.5 sin 0.5 sin

n n

n

n

n

k k
a c a a

k
a a a a

a ak

a a a a

k a

ω τ γ γ γ
ω ω

γ γ γ
ω

γ γ γ γ
ω γ γ γ

ω

= − − Λ − Λ −

− Λ Λ + Λ − Λ

 Λ − + Λ Λ −
−   +Λ Λ + + Λ − Λ 

−

ɺ

( ) ( )

( ) ( ) ( )( )

3
3 2

1 2 2 1 2 2 1 2

24 1
2 2 1 2 2 1 2 1 1 2

1 1

2

11 12 1 11 1
1 1

1 1

sin 3 sin 1.5 sin
8

3
sin 2 0.5 cos sin

4

0.25 sin 2 0.5 sin

n d

a

k a
a g g

p F a p k Y

γ γ γ γ γ

γ γ ω τ ω τ
ω ω

γ γ
ω ω

 
− + Λ + Λ − 

 

− Λ − − −

+ +

ɶ ɶ

                                         (5.16a) 
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( )

( ) ( )

3
3 21 1

1 1 1 1 11 1 1 1 1 1 1 1

1

2

2 1 1 2 1 2 1 2 22 3
2 12
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2 2

2 1 1 2 2 1 2 1 2 2 13

1

3
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8
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3
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0.25 cos 2 cos
3

n
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n
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a a c a a
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a a ak

γ σ ω τ γ
ω

γ γ γ
ω ωγ γ

γ γ γ γ
ω

 
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 

 Λ − + Λ
− −  + Λ + Λ Λ + Λ Λ 
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+
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2
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22 2

1 2 2 2 1 24 11 12 1
1
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1 1

cos 0.5 cos 0.5 cos
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n

d

a a a a
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a

a p k Y
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 
  Λ Λ + + Λ + Λ 

 
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 + Λ − + Λ 

− + +ɶ ɶ

                        (5.16b) 
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( ) ( ) ( )

( )( )( )
( ) ( )( )

( )

1 1
2 22 2 2 1 2 2 1 1 21 1 2 1 1

2 2

3 2 2

1 1 2 1 1 2 1 1 2 1 2

2

2 1 2 2 1 2 1 2 1 1 1 2 2 1 2

2 2

2 1 2
2 1 13

2
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    (5.16c) 
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         (5.16d) 

where 

1 1 1 1 2 11 1 2 2 1 1 113 ,  ,  6 ,  T Tγ σ β γ σ β σ σ σ σ= − = − = =  

Similarly, for the non-traditional ANVA the following additional terms 

( )11 2 3 1 3 10.5 cosp c Y γ τΩ − Ω  and ( )11 2 3 1 3 1-0.5 sinp c Y γ τΩ − Ω  are added on the right-hand 

side of the steady-state autonomous Eqs. (5.16a) and (5.16b), respectively. As explained in 
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the previous section, the trivial state solutions of the above-reduced equations in Cartesian 

forms are given below by assuming cos ,  sini i i i i iP a Q aγ γ= =  for i  = 1 and 2.  

( ) ( ) ( )

( ) ( ) ( )( )

1
1 1 1 11 1 1 1 11 1 1 1 2 1 2

1

2

1 1 11 12 1
1 1 2 1 1 2 2 1 2

1 1 1

3 0.5 sin 0.5 cos cos
2

sin cos sin
2 2 4

P
P Q c Q c P g

P Q p F Q
g g g

σ ωτ ωτ ωτ
ω

ω τ ωτ ωτ
ω ω ω

= − + − −

+ + + +

ɺ ɶ

ɶ ɶ ɶ

                         (5.17a) 

( ) ( ) ( )

( ) ( ) ( )( )

11 1 1
1 1 1 11 1 1 1 11 1 1 1 2 1 2

1 1

2

1 1 11 12 1
1 1 2 1 1 2 2 1 2

1 1 1

3 0.5 sin 0.5 cos cos
2 2

sin cos sin
2 2 4

p k Y Q
Q P c P c Q g

Q P p F P
g g g

σ ω τ ω τ ω τ
ω ω

ω τ ω τ ω τ
ω ω ω

= − − + −

+ − + +

ɺ ɶ

ɶ ɶ ɶ

          (5.17b) 

( ) ( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

2 1
2 11 2 22 2 2 1 22 2 2 1 22 1 1

2

1 1 2 2
21 1 1 8 2 2 7 2 2 7 2 2

2 2 2

5 1 7 2 6 1 8 22
8 2 2 1 2 1 2

2 2 2

0.5 cos 0.5 sin cos

cos cos sin cos
2 2

sin sin cos
2

P Q c P c Q c

P Q
c g g g

g g g gQ
g

σ ω τ ω τ τ
ω

τ ω τ ω τ ω τ
ω ω ω

ω τ τ τ
ω ω ω

Λ Ω= − − + − Ω

Λ Ω− Ω − − +

Λ + Λ Λ + Λ
+ + Ω − Ω

ɺ

ɶ ɶ ɶ

ɶ ɶ ɶ ɶ
ɶ

          (5.17c) 

( ) ( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

22 2 1
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2
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c
Q P c Q c P

c Q P
g g g

g g g gP
g

σ ω τ ω τ τ
ω

τ ω τ ω τ ω τ
ω ω ω

ω τ τ τ
ω ω ω

Λ Ω= − − − Ω

Λ Ω− Ω − − −

Λ + Λ Λ + Λ
− − Ω − Ω

ɺ

ɶ ɶ ɶ

ɶ ɶ ɶ ɶ
ɶ

               (5.17d) 

In the next section, the resonance condition mentioned in case (vi) is considered i.e. for 

simultaneous primary, principal parametric and sub-harmonic resonances with three 

internal resonance conditions to obtain the reduced equation for studying responses of the 

system. 

5.3.1.2 Simultaneous primary, principal parametric and sub-harmonic resonance 

conditions 

In this section, the resonance conditions mentioned in case (vi) are considered i.e. for 

simultaneous primary, principal parametric and sub-harmonic resonances with 1:1, 1:2 and 
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1:3 internal resonance conditions. It may be noted that here as the PZT stack actuator is 

integrated with the spring in the absorber configuration, so one can actively change the 

frequency of the absorber in accordance with various internal resonance cases as mentioned 

above. In the next sub-section 1:1 internal resonance condition is considered to obtain the 

secular terms for the above-mentioned simultaneous resonance conditions by solving Eq. 

(5.7a) and Eq. (5.7b). These secular terms are equated to zero to obtain the solutions for 

1X  and 2X  following the standard procedure of MMS. 

1:1 internal resonance condition 

In this section, the secular terms are obtained for the simultaneous primary, principal 

parametric and sub-harmonic resonances with 1:1 internal resonance condition 

( )( )2 1 3 33 + .ω ω ε σ σ= −  It may be noted that the secular terms are obtained from the 

expansion of Eqs. (5.7a) and (5.7b) consists of coefficients of terms 

( ) ( ) ( )( ) ( )( ) ( )( )1 0 2 0 1 1 0 1 2 0 2 1 0exp ,  exp ,  exp 2 ,  exp 2 ,  exp 2 ,i T i T i T i T i Tω ω ω ω ω ω ωΩ − − −

( )( ) ( ) ( )( ) ( )( )1 1 2 0 3 0 1 2 0 2 1 0exp ,  exp ,  exp 2 ,expi T i T i T i Tω ω ω ωΩ − − Ω Ω − Ω −    and 

( )( )1 2 0exp .i TΩ − Ω  

( ) ( )( ) ( )
( )( )

( )( ) ( )
( )( )( )

( ) ( )

1 1 1 11 1 1 1 1 12 2 2 3 33 1 2 1

2 2 2

1 1 1 1 1 1 1 1 1

2 2

1 2 3 33 1 1 2 1 1

2 2 1 2 1 2 1 1 3 33 1

2

1 1 2 2 0 1 2 2 0

2 exp exp exp

3 6 3 exp

exp exp

3 4 2 exp

2 exp 2 exp

n

n

i D A ic A i ic A i T i

k A A A A i T

A A i T A i T

k A A A i T

A A A i T A i T

ω ω ωτ ω σ σ ω τ

σ

σ σ σ

σ σ σ

ω ω

= − − − − −

− + Λ + Λ

 − − + Λ +
 
 − Λ Λ + Λ − −
 
 + + Λ 

( )

( )( ) ( )( )
( )( )( ) ( )
( )( )( ) ( )
( )( )( ) ( )( )

11 1 1 2

2

2 1 3 33 1 2 1 2 3 33 1

2 2 2

3 2 1 1 3 33 1 2 1 1 0 4 2 2

1 2 2 1 3 33 1 2 2 1 1 0

2 2

4 2 2 2 2 33 3 1 3 33 1

exp

exp 2 4 exp

3 exp 2 2 exp 3

2 exp 2 exp

6 3 exp 3 exp

d

n n

n

g A i

A A i T A i T

k A i T A i T k A A

A A i T A A A i T

k A A i T i T

ωτ

σ σ σ σ

σ σ σ ω

σ σ σ ω

σ σ σ σ

− −

 − + Λ Λ −
 
 − + Λ − − + Λ −
 
 + Λ − − +
 

− Λ + Λ − −

− ( ) ( )( ) ( )
( )( )( ) ( )

( )( ) ( )( )

2

12 2 2 2 3 33 1 11 12 1 2 1

11 12 12 2 2 3 33 1 11 1 3 1

2

11 12 1 1 2 1 11 12 12 2 1 2 1

exp exp 0.5 exp

0.5 exp 0.5 exp

0.5 exp 0.5 exp

d
g A i i T p F A i T

p p F A i T p k Y i T

p F i T p p F i T

ω τ σ σ σ

σ σ σ σ

σ σ σ σ

− − +

+ − − +

+ Λ − + Λ −            (5.18a) 
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( )( ) ( ) ( )
( )( ) ( )( )

( )( ) ( )( ) ( )( )
( )( ) ( )
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n

n

n n

i D A ic A i T i ic A i

k i T i T A A A

k i T A A i T i T

k A i T k A i T A A

ω ω σ σ ω τ ω ω τ

σ σ σ

σ σ σ σ σ
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ɶ
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3

2 sin 2 / 3 2 exp 2 exp
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n
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σ σ σ σ σ

γ γ ω ω
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Λ
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2
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p k Y i T p p F i T

p F i T

σ σ σ σ σ
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σ σ σ σ

+ − − + − −

+ + Λ − − −

+ Λ − − −

      (5.18b) 

It may be noted that here 1:1 internal resonance condition ( )3 1 3 2 33+  = + ,ω εσ ω εσΩ =  is 

considered to suppress response amplitude for the primary resonance condition of the case 

(vi). Following the same standard procedure of MMS, the following steady-state 

autonomous reduced equations are obtained by separating real and imaginary parts from 

the corresponding equations.  

( ) ( )( )

( )( ) ( )( )
( )( ) ( )( )

( )( )

2

1 1 1 1
1 11 1 1 1 12 2 2 1 2 2 1

1 1

2 2 2
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3 sin0.5
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4
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0.25 sin / 3 0.5 sin 2 / 3
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ω γ γ γ γ

γ γ
ω

Λ= − − − − −
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 + − + + 

− +
−
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2
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1

1 2 1 2
2 1 2 1 1 2 3 2

1 1

2 sin / 3

0.25 sin 2 / 3 0.5 sin 2 / 3

2
0.375 sin 3 sin 3 sin

3 3 3

cos sin sin
2 2 3

n

d d

a

a a a

k
a a a
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g g g

γ γ

γ γ γ γ

γ γ γ γ γ γ
ω

γ γω τ ω τ ω τ
ω ω

 Λ Λ −
 
 + Λ + + Λ + 

 − − +     
− + Λ + Λ       

      

−− − − −ɶ ɶ ɶ
11 1

2 1

1

2

2 1 2 11 1 11 12 1 2
4 2 2 12 1 12 2

1 1 1

sin
2 3

0.5 2
cos sin sin

3 4 3 4 3

d

p
k Y

a p p p
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γ
ω

γ γ γ γ γω τ
ω ω ω

   +   
   

− +     − − + +     
     

ɶ

  (5.19a) 
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(5.19c)  
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(5.19d)              

where  

( )1 1 1 1 2 1 1 3 33 2 2 1 3 13 ,  3 3 ,  3 2 ,  3T Tγ σ β γ σ σ σ β σ σ σ σ= − = − − − = = . 

By directly perturbing the reduced equations, one can study the stability of the non-trivial 

steady-state solution. But, as the reduced Eqs. (5.19a) to (5.19d) have the coupled terms 

1 1a γɺ  and 2 2 ,a γɺ  the perturbed equations will not contain the perturbations 1γ∆ ɺ  and 2γ∆ ɺ  for 

trivial solutions and hence the stability of the trivial state cannot be studied by directly 

perturbing Eqs. (5.19a) to (5.19d). To circumvent this difficulty, the normalization method 

is adopted by introducing the transformation cos
3

i

i iP a
γ=  and sin

3

i

i iQ a
γ=  for i = 1, 2. 

into Eqs. (5.19a) to (5.19d). Carrying out trigonometric manipulations, one arrives at the 

following normalized reduced equations or the Cartesian form of modulation equations: 
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In the next sub-section, the resonance condition mentioned in case (vi) is extended for 1:2 

internal resonance condition ( )( )2 1 2 222 +ω ω ε σ σ= − . 

1: 2 internal resonance condition 

In this case, the natural frequency of the secondary system is considered to be two times 

that of the primary system, giving rise to the 1:2 internal resonance condition.  In this sub-

section, the secular terms are obtained for case (vi) i.e. for simultaneous primary, principal 

parametric and subharmonic resonances with 1:2 internal resonance conditions 

( )( )2 1 2 222 +ω ω ε σ σ= −   and the corresponding equations are given below. 

( ) ( ) ( )
( )( )( )( )

( )( )( ) ( )
( ) ( )

2 2 2

1 1 1 11 1 1 1 1 1 1 1 1 1 2 1 2 1 1

2 2
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2

4 2 2 2 22 1 1 11 1 1 2

2 2

11 12 1 2 1 11 12 1 1 2

2 exp 3 6 3 exp

12 3 exp 2 2 2
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0.5 exp 0.5 exp

n n

n n

n d

i D A ic A i k A A A k A i T

k A k A i T A A A A

k A i T g A i

p F A i T p F i T

ω ω ω τ σ

σ σ σ

σ σ σ ω τ

σ σ σ

= − − − + Λ − Λ

− Λ Λ − Λ − − + + Λ

− Λ − − − −

+ + Λ −( ) ( )1 11 1 3 10.5 expp k Y i Tσ+

      

(5.21a)                                 

( ) ( )( )( )( )
( ) ( ) ( )

2 1 2 22 2 2 2 1 2 1 1 2 1 2 22 1

2 2

2 2 1 1 1 3 2 1 2 4 2 2 2 2 22 2 2 2

2 exp 3 2 exp 2

6 12 3 2 exp

n

n n n d

i D A ic A i k A A i T

k A A A k A k A A A g A i

ω ω ω τ σ σ σ

ω τ

= − − − Λ − −

− + Λ − Λ Λ − + Λ − −

ɶ

ɶ ɶ ɶ
     (5.21b) 

It may be noted that here 1:2 internal resonance condition ( )2 1 2 2 222 +  = + ,ω εσ ω εσΩ =  is 

considered to suppress response amplitude for the principal parametric resonance condition 

of the case (vi). The secular terms obtained from the expansion of Eq. (5.7a) are from the 

resonance conditions of ( )1 0exp i Tω , ( )( )1 1 0exp 2i TωΩ − , ( )( )2 1 0exp 2i Tω − Ω , 

( )( )1 2 0exp i TΩ − Ω , ( )( )2 1 0exp i TωΩ − , ( )3 0exp i TΩ . Similarly, the secular terms 

obtained from the expansion of Eq. (5.7b) are from the resonance conditions of ( )2 0exp i Tω  

and ( )( )1 2 1 0exp i Tω ω− + Ω . Following the standard procedure of MMS, the complex 

amplitude functions 1A  and 2A  are written in polar form and substituted in Eq. (5.21a) and 

Eq. (5.21b). Then from the corresponding equations, the real and imaginary parts are 

separated from which one may obtain the following reduced steady-state autonomous 

equations.  
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                                                         (5.22c)  
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ɶ

ɺ

ɶ ɶ

ɶ ɶ

           (5.22d) 

where 

1 1 1 1 2 22 1 2 2 1 3 13 ,  ,  3 2 ,  3T Tγ σ β γ σ β σ σ σ σ= − = − = = . 

The steady-state solutions of the above-reduced equations (Eq. (5.22a) to Eq. (5.22d)) are 

solved by considering 1 1 2 2 0.a aγ γ= = = =ɺ ɺɺ ɺ  From this condition and Eqs. (5.22a) to (5.22d) 

one can observe there are two solutions for 2a , i.e, either 2 0a =  or 2 0a ≠ . Considering 

2 0a = , the following equations are obtained for the steady-state response of the system. 

( ) ( )2

1 1 1 2 1 3 1 1 4 1sin sin 2 3 sin 3 0W a W a W a Wγ γ γ+ − − =          (5.23a) 
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( )2

5 1 6 1 2 1 7cos 2 3 0W a W a Wγ γ+ − + =                                                                                  (5.23b) 

( ) ( )3 2

8 1 9 1 1 10 1 1 11 1 12 1cos cos 2 3 cos 3 0W a W a W a W a Wγ γ γ− + + + =                                        (5.23c) 
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+

= − = Λ =
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ɶ

ɶ ɶ

 

Similarly, considering 2 0a ≠ , from the Eqs. (5.22a) to (5.22d) the following steady state 

autonomous equations are obtained. 

( ) ( ) ( )1
2 1 1 2 22 2 2 1 8 2 2 7 2 26 sin 2 cos cos sin 0

3
n
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ɶ ɶ ɶ                    (5.24a) 
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In the next sub-section, the resonance condition mentioned in case (vi) is extended for 1:3 

internal resonance condition ( )( )2 1 1 113 +ω ω ε σ σ= −  to obtain the reduced equation for 

studying responses of the system. 

1: 3 internal resonance conditions for sub, principal & primary resonances 

In this section, considering 2ω  nearly equal to 3 times 1ω , one may obtain 1:3 internal 

resonance conditions. Here the secular terms are obtained from the expansion of Eq. (5.7a) 

from the resonance conditions of ( )1 0exp i Tω , ( )( )2 1 0exp 2i Tω ω− , ( )( )1 1 0exp 2i TωΩ − , 

( )( )1 2 1 0exp i Tω ω+ − Ω , ( )( )1 2 1 0exp i Tω ωΩ − + , ( )( )1 2 0exp i TΩ − Ω , 

( )( )2 1 0exp i TωΩ − , ( )( )2 2 0exp i Tω −Ω , ( )3 0exp i TΩ . Similarly, the secular terms 

obtained from the expansion of Eq. (5.7b) are from the resonance conditions of ( )2 0exp i Tω

, ( )( )1 2 0exp 2i TωΩ − , ( )1 0exp ,i TΩ ( )( )2 1 0exp 2i Tω − Ω  and ( )( )2 1 0exp i TωΩ + . From 

these conditions, the secular terms obtained for the simultaneous primary, principal 

parametric and subharmonic resonances with 1:3 internal resonance conditions 

( )( )2 1 1 113 +ω ω ε σ σ= −  are given as follows. 
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( )( ) ( ) ( )( )
( ) ( )( )

( )

2 2 2

1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1

2 2

2 1 2 1 11 1 1 2 1 1 1 1 2 1 2 1 11 1

2

3 2 1 2 11 1 2 2 1 11 1 2 2 1 2 2 1

2

11 1 1 2 11 12

2 exp 3 6 3 exp

3 exp exp 4 2 exp

6 exp exp

exp 0.5

n

n

n

d

i D A ic A i k A A A A i T

k A A i T A i T A A A i T

k A A i T A A i T A A A A

g A i p F

ω ω ω τ σ

σ σ σ σ

σ σ

ω τ

= − − − + Λ + Λ

− − + Λ + Λ Λ + Λ −

− Λ + Λ − + Λ + Λ

− − + ( )
( )( ) ( )

1 2 1

11 12 12 2 1 11 2 1 11 1 3 1

exp

0.5 exp 0.5 exp

A i T

p p F A i T p k Y i T

σ

σ σ σ σ+ − − + +

 

TH-2895_136103038



Chapter 5 

172 

( )( ) ( )( )2
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It may be noted that here 1:3 internal resonance condition is considered to suppress 

response amplitude for the subharmonic resonance condition of the case (vi). Following 

the standard MMS procedure, the steady-state autonomous reduced equations are given 

below. 
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   (5.26d) 

where 

1 1 1 1 2 11 1 2 2 1 3 13 ,  ,  3 2 ,  3T Tγ σ β γ σ β σ σ σ σ= − = − = = . 
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Similarly, as discussed in sub-sections 5.3.1.1 the trivial state equations of the system are 

expressed as ( ) ( )1 1 1 1 1 1 2 2 2cos 3 ,  sin 3 ,  cosP a Q a P aγ γ γ= = =  and  2 2 2sinQ a γ= . 

( ) ( ) ( )

( ) ( ) ( )( )

1 1
1 1 11 1 1 1 11 1 1 1 2 1 2

1

2

1 1 11 11
1 1 2 1 1 2 2 1 2 12 1 12 12 2

1 1 1 1

0.5 cos 0.5 sin cos
3 2

sin cos sin
2 2 4 4

P
P Q c P c Q g

P Q p p
g g g F Q p F Q

σ ωτ ωτ ωτ
ω

ωτ ωτ ωτ
ω ω ω ω

= − − + −

+ + + + −

ɺ ɶ

ɶ ɶ ɶ

     (5.27a) 

( ) ( )

( ) ( )( ) ( ) ( )( )

1
1 1 11 1 1 1 11 1 1 1

1 1
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3
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Q P
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p p p p p
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σ ωτ ωτ

ωτ ωτ ωτ ωτ
ω ω

ω ω ω ω ω

= − −

− − − +

+ + + + Λ + Λ

ɺ

ɶ ɶ ɶ ɶ    (5.27b) 
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( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )
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  (5.27c) 
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      (5.27d) 

In the next section, the resonance condition mentioned in case (vii) is discussed i.e. for 

combination resonances with various internal resonance conditions. 

5.3.1.3 Combination resonance conditions 

In this section, the combination resonance conditions mentioned in case (vii) are 

considered. This resonance condition is produced due to the many combinations of external 

harmonic and principal parametric excitations which are given as 1 1 22 ,ω ωΩ ≅ +
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1 1 22 ,ω ωΩ ≅ − ( )1 1 20.5 ,ω ωΩ ≅ + ( )1 1 2 1 2 10.5 ,  ,ω ω ωΩ ≅ − Ω + Ω ≅  and 1 2 1.ωΩ −Ω ≅  

These conditions of combination resonances are observed for the following cases 

considering 1:1 internal resonance condition. The combination resonance 1 1 22ω ωΩ ≅ +  

with 1:1 internal resonance condition provides the same resonance case as in case (iii) i.e., 

for the subharmonic resonance condition. Now if the combination resonance condition is 

considered as 1 1 22ω ωΩ ≅ −  or ( )1 1 20.5 ,ω ωΩ ≅ +  with the same 1:1 internal resonance 

conditions then this case is the same as the primary resonance condition for external 

harmonic excitation 1 1cosF tΩ , which is not carried out in the present analysis as the 

amplitude of external harmonic excitation ( )1F  is considered as hard. Also, for resonance 

conditions when 1 2 1 ωΩ + Ω ≅  or 1 2 1ωΩ −Ω ≅  then these resonance conditions are also 

the same as primary resonance as 2 1 22 ,ω εσΩ = +  which is not considered in the present 

analyses for the external hard harmonic excitation.  

The reduced equations obtained in the subsequent subsections of 5.3.1.1 and 5.3.1.2 for 

various internal resonance conditions viz., 1:1, 1:2, 1:3 and 3:1 are used to study the steady-

state response of the system by equating 1 1 2 2 0.a aγ γ= = = =ɺ ɺɺ ɺ  These steady-state equations 

are solved by using Newton’s method and the stability is ensured by finding the eigenvalue 

of the Jacobian matrix. It may be noted that 1 1 2,  ,  a aγ  and 2γ  are the modal amplitudes 

and phase of the primary system and the absorber respectively. The original amplitude of 

the system is obtained as  1

2

,
T

T

A a
P

B a

   
 =    

   

ɶ where TA  and TB  represents the amplitudes of 

the main system and the absorber for the traditional vibration absorber. Similarly, for the 

non-traditional vibration absorber, the original amplitude of the main system and the 

absorber are represented as N
A and N

B  respectively. The steady-state responses of the 

system for various system parameters are studied and discussed in the next section.  

5.4 Results and Discussions  

In this section, the system responses and stability analyses are carried out considering both 

the active traditional and the active non-traditional vibration absorber with different 

combinations of feedbacks, gains and time delays for various external and internal 
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resonance conditions. The physical parameters for the traditional vibration absorber (TVA) 

are considered from the work Detroux et al. [168], as follows. 1m  = 1 kg, 1k  = 1 N/m, 2m  

= 0.05kg, 2k  = 0.0454 N/m and 2c  = 0.0128 N-s/m. The nonlinear stiffness of the absorber 

( 23k ) is calculated from the formula given in [161] as 
( )

( )

2

2 1 13

23

2 1

2 /
,

1 4 /

m m k
k

m m
=

+
  here 13k  values 

are varied from 0 to 1 N/m3. Further for different mass ratios ( )2 1m m  and internal 

resonance conditions, the optimized spring stiffness ( 2k ), cubic nonlinear stiffness ( 23k ) 

and damping coefficient ( 2c ) values for the TVA are calculated from the work of Habib et 

al. [161]. The analyses are carried out by studying the trivial state instability regions, 

frequency responses, time responses, phase portraits, Poincare’ sections, Lyapunov 

exponents, for different feedbacks, gains ( ,  ,  d v af f f ), time delays ( 1 2,  τ τ ), nonlinear 

stiffness ( 13 23,  k k ), the amplitude of force excitations ( 11 12,  F F ), and amplitude of base 

excitation ( )Y  for both traditional and non-traditional ANVA. 

For the non-traditional vibration absorber (NVA), the optimal the optimal spring stiffness   

( )2k  and damping coefficient ( )2c  are calculated from the formulae provided in the work 

of Ren et al [99] for a mass ratio of 0.05. It may be noted that these optimal values are used 

to suppress maximum vibration of the main system and shows Den Hartog equal peaks in 

the frequency response. The physical system parameters for the NVA are considered as 

2m  = 0.05kg, 2k  = 0.0556 N/mm and 2c  = 0.1446 N-s/m. The main system parameters are 

the same as mentioned before. The bookkeeping parameter ε  is considered equal to 0.1 

throughout the analysis and PZT actuator properties are considered from Malik and 

Chatterjee [20]. These properties are given as n  = 100, 33d  = 10
3.5 10

−×  m/volt and elastic 

compliance 33

ES  = 1216 10−×  m2/N and piezoelectric stiffness E

Pk  = 81.2 10×  N/m. From these 

parameters, one can change the stiffness of the present absorber actively with the applied 

voltage V  and feedback gains. The amplitude of excitations 1F  = 1 N,  12F  = 1 N/m and 

amplitude of base of excitation Y  = 1 m. The actual amplitude of parametric excitation 2F  

= 0.1 N/m and base excitation  0Y  = 0.1 m. It may be noted that the feedback gains produced 

by the ANVA by displacement (
d

f ), negative velocity (
v

f ) negative acceleration feedback 
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(
a

f ) and a combination of these feedbacks (
1c

f ) are considered equal to 10 in most of the 

analyses. In a few cases, different feedback gains are considered those are mentioned in the 

corresponding sections. Further, the combination of 
d

f  and 
a

f ,  are denoted as 
da

f , 

similarly a combination of 
v

f  and 
a

f  are denoted as .
va

f  The positive combination of 
a

f  

and 
v

f  are denoted as .
av

f  The combination of  ,  
d v

f f  and 
a

f  feedbacks are denoted as 
1c

f  

and the positive combinations of these ( ),  ,  
d v a

f f f  feedbacks are denoted as 
2
.

c
f    Also, 

the time delay terms 1τ  and 2τ  denotes delay in the damping and delay in the feedback, 

respectively. In the next sub-section, the trivial state instability regions of the system are 

studied with various feedback gains and actively changing the frequency of the absorber 

with 1:1 internal resonance conditions. 

5.4.1 Trivial state instability region for simultaneous superharmonic, 

principal parametric and primary resonance conditions  

In this section, the trivial state instability regions of the system are studied by the TVA and 

the NVA by obtaining the eigenvalues of the Jacobian matrix from the Eq. (5.12a) and Eq. 

(5.12d) by considering 
1 1 2 2 0.P Q P Q= = = =ɺ ɺɺ ɺ  The analyses are carried out to study the 

responses of the system for 1:1 internal resonance condition with the various combination 

of feedbacks gains and time delays. 

5.4.1.1 Traditional vibration absorber 

Fig. 5.2(a, b) shows the trivial state boundary of the system with a variation of the amplitude 

of parametric excitation 12F  and frequency 2Ω  considering various combination feedback 

gains and actively changing the stiffness of the absorber. The amplitude of external 

excitations  1F  and Y  values are considered equal to zero in Fig. 5.2(a). Also, the amplitude 

of 1F  does not affect the instability regions as 1F  value is coupled with the nonlinear terms 

( )1 4 1 4 to ,   to n n n nk k k kɶ ɶ  as 1Λ  and 2Λ . So 1F  the parameter is not appeared in Eq. (5.12a) 

to Eq.(5.12d). In Fig. 5.2 the active changes in the stiffness of the absorber without any 

feedback gains are referred to as active1, active2 and active4 TVA. In active1, active2 and 

active4 TVA the 2k  values are taken as 0.05 N/m [1-6, 16], 0.0544 N/m, and 0.0635 N/m, 
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respectively. It may be noted that these values of  2k  are chosen after numerous analyses 

for the proposed ANVA with different feedback gains. From Fig. 5.2(a), it can be observed 

that with active1, active2 and active4 TVA the instability region shifts to the higher side of 

2Ω  values than the passive TVA. So, by using these TVAs one can avoid instability regions 

effectively in a passive way (PVA) without applying any feedback gains by operating the 

system at a higher frequency  

 

Fig. 5.2: Trivial state instability region with passive and active TVA (a) zero feedback 

gain (b) various feedback gains and with base excitation ( ).Y   

range. In this figure also one can notice that the trivial state becomes unstable even at  12F  

= 0 N/m, for the passive as well as different active TVAs (active1, active2 and active4). Fig. 

5.2(b) shows the trivial instability region of the system considering Y  = 0.1 m. From Fig. 

5.2(b) it can be observed that with the passive TVA the range of the instability region is 

larger than with active2 or active4 TVA along with 
v

f  feedback gain. The critical value of 

12F  below which the trivial system becomes stable is also higher in the case of active2 or 

active4 TVA than the passive TVA. In passive TVA the trivial state becomes unstable for 

12F  = 0 N/m but with   active2 and active4 TVA along with 
v

f  feedback gain the critical 

value of 12F  is at 5.4 N/m and 6.8 N/m, respectively. From Fig. 5(a, b) one can observe the 

effectiveness of the active2 or active4 TVA along with or without feedback gain in 

increasing the stable range of operating frequency as well as increasing the critical value of 

12.F   

(a) (b) (a) 
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The instability region shown in Fig. 5.2(a) is verified at the three marked points  
1 1
,  S U  

and 
2

S  for 12F  = 1.2 N/m, by solving the governing Eq. (5.4) using the numerical method, 

and these results are shown in Fig. 5.3. From Fig. 5.3 (a, b, e, f) one can observe the stable 

responses at the marked points 
1

S  and 
2

S  which are in good agreement with Fig. 5.2(a).  

Similarly in Fig, 5.2(a) at point 
1

U  the system response is unstable which are also in good 

agreement with Fig. 5.3(c, d) at the corresponding point. In the next section, the trivial state 

instability region of the system is studied with NVA by various combinations of feedback 

gains.  

 

Fig. 5.3: Time responses of the system at the marked points 
1 1
,  S U  and 

2
S  of Fig. 

5.2(a). 

5.4.1.2 Non-traditional vibration absorber 

The trivial state instability region of the system with a non-traditional vibration absorber 

(NVA) is shown in Fig. 5.4(a, b). Fig. 5.4(a) shows a comparison between the instability 

region with passive NVA and with active1, active2 and active4 NVA. From this figure, one 

can observe that with the active2 and active4 NVA the instability region shifts to the higher 

side of frequencies, which is similar to the observation noticed in Fig. 5.2(a) with the TVA. 

However, with active2 and active4 NVA the instability region shows multiple stable and 

unstable regions than with TVA (Fig. 5.2(a)). In Fig. 5.4(b) 
v

f  gain is used keeping all 

other parameters the same as in Fig. 5.4(a). Fig. 5.4(b) shows that with the 
v

f  gain in the 

passive, active2 and active4 NVA, the instability region significantly reduces than Fig. 

5.4(a). Considering only 
v

f  gain in the passive NVA the critical value of 12F  increases  

(a) (b) (c) 

(d) (e) (f) 
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Fig. 5.4: Trivial state instability region with passive and active NVA (a) zero feedback 

gain (b) various feedback gains and with base excitation ( ).Y  

from 0 N/m to 2 N/m and also the instability region is narrower than the passive NVA. It 

is shown in Fig. 5.4(b) that the critical value of the 12F  remarkably increases from 0 N/m 

with passive TVA to 8. 2 N/m and 9.4 N/m, respectively with active2 and active4  NVA 

along with the 
v

f  active force. The results shown in Fig. 5.4(b) with active2 NVA along 

with the 
v

f  gain is verified by obtaining the time responses of thesystem from the governing 

Eq. (5.4) and shown in Fig. 5.5 at the three marked points (
3 2
,  S U  and 

4
S ) in Fig. 5.4(b) 

for 12F  = 10 N/m. From Fig. 5.5(a, b, e, f) it can be observed that at 
3

S  (
2

Ω  = 1.56 rad/sec)  

 

Fig. 5.5: Time responses of the system at the marked points 
3 2
,  S U  and 

4
S  of Fig. 5.4(b). 

and 
4

S  (
2

Ω  = 2.34 rad/sec) the responses are stable which in good agreement with Fig. 

5.4(b). Also, at 
2

U  (
2

Ω  = 1.88 rad/sec) and 12F  = 10 N/m, the response is unstable as shown 

in Fig. 5.5(c, d) which are in good agreement with Fig. 5.4(b). Hence from Fig. 5.2 and Fig. 

5.4 the efficacy of the proposed active TVA and the active NVA can be observed in 

(b) 

(e) 

(a) 

(d) (f) 

(c) 

(a) (b) 
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reducing the instability regions remarkably and significantly enhancing the critical value 

of 12F . In the next sub-section, the performance of the ANVA is studied with various 

system parameters through the frequency responses, time responses, phase portraits, 

Poincare’ sections and basin of attractions by the ANVA for simultaneous superharmonic, 

principal parametric and primary resonance conditions. 

5.4.2 Response of both TVA and NVA for simultaneous superharmonic, 

principal parametric and primary resonance conditions  

In this sub-section, the frequency responses of the primary and the secondary system are 

studied for both TVA and NVA by solving the reduced equations derived in sections 5.3.1.1 

by the MMS using Newton’s method. The analyses are carried out to study the responses 

of the system for 1:1, 1:2 and 3:1 internal resonance conditions by considering various 

linear and nonlinear stiffness, time delays in the damping and various combinations of 

feedback gains. In the following subsection considering case (v) of simultaneous resonance 

with the 1:1 internal resonance condition, the responses of the system are investigated. It 

may be noted that the modal and original response amplitude of the primary system are 

denoted as 
1

a  and 
T

A , respectively. Similarly, for the secondary system, the response 

amplitudes are denoted as 
2

a  and .
T

B  Further, it may be also noted that in all the frequency 

response plots the ‘dot’ or line signifies the stable solutions and ‘circle’ signifies the 

unstable solutions.  

5.4.2.1 1:1 internal resonance condition 

In this subsection responses of the system are studied in three sub-sections based on the 

consideration of nonlinear stiffness in the system. The frequency responses of the system 

are obtained by solving the MMS reduced equations (Eq. (5.11a) to Eq. (5.11d)) using 

Newton’s method. In the first sub-section linear system is studied and in the next two 

subsections, nonlinear stiffness in the primary system and nonlinear stiffness in both the 

primary system as well as in the absorber are considered. In the next subsections the effect 

of various feedback gains, time delays in the feedback and time delays in the damping on 

the frequency responses and time responses of the linear and nonlinear system by the AVA 

are analyzed.  
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Linear system 

In this subsection, the frequency responses are studied considering linear stiffness in the 

systems with the variations in the feedback gains and time delays. Fig. 5.6(a, b) and Fig. 

5.6(c, d) show the response amplitude of the primary system and the active TVA, 

respectively. The response amplitude of the system is studied for four cases. These four 

cases are given as passive TVA,  passive TVA with a time delay ( )1τ  of 10π  sec in the 

damping, active TVA with only negative acceleration feedback gain of 10
a

f =  and the last 

case, active TVA with only negative velocity feedback gain ( )5 .
v

f =  From Fig. 5.6(b) it is 

observed that with 
v

f  = 5 the response amplitude of the primary system is 20% less than 

that with the passive TVA. The time delay ( )1
τ  of / 10π  sec produces a higher response 

amplitude than with acceleration or velocity feedback gains.  It may be noted that here 1ω  

= 0.87 rad/sec and 2ω  = 1.09 rad/sec which is obtained from the parameters given in section 

5.4. The frequency responses in Fig. 5.6(a-d) show peaks for 1 1 / 3ωΩ =  and 3 1ωΩ =  

which correspond to primary and superharmonic resonance conditions, respectively. The 

frequency responses of the secondary system are shown in Fig. 5.6(c) and Fig. 5.6(d).  

 

               

                
Fig. 5.6: (a-d) Frequency response of the system with passive and active TVA. 

(a) 
(b) 

(c) (d) 
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Comparing Fig. 5.6(d) with Fig. 5.6(b), it can be observed that the response amplitude of 

the TVA is almost 3 times the response amplitude of that of the primary system, which also 

matches the published literature [20] and also with the results shown in Chapter 2 and 

Chapter 3. The modal response amplitude ( )1
a  of the TVA (Fig. 5.6(c)) shows a 

comparatively low response amplitude than the original response amplitude ( )T
A  as shown 

in Fig. 5.6(d). The Hopf bifurcation points in the frequency responses where the stability 

of the system is changing are shown in each corresponding figure. The frequency response 

amplitude of the system shown in Fig. 5.6(a-d) for 1 /10τ π=  sec is compared with the 

numerical method and shown in Fig. 5.7(a-h). From Fig. 5.7(a, b) one can observe that the  

 

                  

                       

                      

                        

Fig. 5.7: (a-d, g, h) Time responses of the system at 1Ω  = 0.288 rad/sec and 3Ω  = 0.87 

rad/sec, (e, f) phase portrait of the system at 1Ω  = 0.288 rad/sec and 3Ω  = 0.87 rad/sec. 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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time responses and the frequency responses are in good agreement with each other. Further, 

the frequency response of the system for 1 /10τ π=  sec which is marked in Fig. 5.6(a) is 

compared with the numerical method by solving the governing Eq. (5.4) and the MMS 

solution (Appendix- C, (Eq. C.1 and Eq.  C.2)). These comparisons are shown by the time 

responses and phase portraits in Fig. 5.7(c-f), respectively. From Fig. 5.7(c-f) one can 

observe three periodic responses as the primary system is subjected to three external 

excitations with frequencies 1Ω , 2Ω  and 3Ω  as given in the governing Eq. 5.4. The time 

responses and phase portraits obtained from Eq. 5.4 (Fig. 5.7(c-f)) are compared with the 

MMS solution given in Appendix C (Eqs. C.1 and C.2) which are shown in Figs. 5.7(g) 

and 5.7(h). From Fig. 5.7(c-f) and Fig. 5.7(g, h) one can observe good agreement between 

the MMS solutions and the governing Eq. (5.4) by the fourth ordered Runge Kutta 

numerical method. In Fig. 5.8(a-d) the frequency responses of the system are studied for 

various combinations of feedback gains ( )1,   and  
d da c

f f f  with time delays of  

1 2 0.1 τ τ π= =  sec in the damping and also in the feedback which is more feasible in 

practical applications. From Fig. 5.8(b) it can be observed that the response of the primary 

system is minimum with  1cf  gain at the super-harmonic ( 1Ω  = 1 / 3ω  = 0.29 rad/sec) and 

primary resonance ( 3Ω  = 1ω  = 0.8731 rad/sec) conditions than with other feedback gain 

                  

                 

Fig. 5.8: (a-d) Frequency response of the system with active TVA. 

(a) (b) 

(c) 
(d) 

TH-2895_136103038



 Traditional and non-traditional ANVA with hard excitation  

185 

( ),  .
d da

f f  The daf  gain produces a broader range of unstable regions at the simultaneous 

super-harmonic ( )1 1 / 3ωΩ ≅  and primary resonance conditions ( )3 1ωΩ ≅  than with the 

other combinations as shown in Fig. 5.8(a-d). The response amplitude of the primary 

system with only d
f  gain is found to be more compared to other combinations which can 

be observed in Fig. 5.8(a-d) and Fig. 5.6(a-d). With the 1c
f  feedback gain (Fig. 5.8(b)) the 

response amplitude of the primary system reduces to almost 47% compared with the 

passive TVA (Fig. 5.6(b)). The TVA responses are shown in Fig. 5.8(c-d) which show 

similar characteristics as in Fig. 5.8(a, b). The trend of the response amplitude of the 

primary system (Fig. 5.8(b)) and the modal response amplitude of the absorber (TVA), 

which is shown in Fig. 5.8(c) are almost the same while their response amplitudes are at 

different magnitudes. In Fig. 5.9(a-d) the response amplitude of the system is studied with 

a fixed time delay of 2τ  = 0.1 π  sec and with the various combinations of feedback gain 

and time delay ( )1 .τ   From these figures, it can be observed that with 1cf  feedback gain 

and with 1τ  = 0.2 π  sec the stability of the system improves near the superharmonic and 

primary resonance condition than with other 1τ  values and with vf  feedback gain. 

                   

                   

Fig. 5.9: (a-d) Frequency response of the system with the active TVA for fixed delay of 

2τ  = 0.1 π   sec. 

(a) (b) 

(c) (d) 
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Comparing Fig. 5.9(b) and Fig. 5.8(b) for 1c
f  feedback gain, it can be observed that the 

response amplitude of the primary system is 15% less with a lesser time delay of 1τ  = 0.1 

π   sec, (Fig. 5.8(b)) than with a higher time delay of 1τ  = 0.2 π   sec (Fig. 5.9(b)). The 

trivial state responses of the system are found to be stable for all the mentioned feedback 

gains and time delays which are shown in Fig. 5.6 to Fig. 5.9. The response of the system 

is also studied by actively changing the frequency of the absorber (active2) with various 

combinations of feedback gains, and the corresponding results are shown in Fig. 5.10. It 

may be noted that the active2 case is the same as mentioned in Chapter 4 (active2), which 

also follows the 1:1 internal resonance condition. From Fig. 5.10, one can observe that the 

response amplitude of the primary system significantly reduces for 1Ω  > 0.32 rad/sec and 

3Ω  > 1.08 rad/sec with only active2 case (zero feedback gains) than that with passive TVA 

or with the consideration of various feedback gains in the active TVA which are shown in 

previous figures (Fig. 5.6, Fig. 5.8 and Fig. 5.9).  From Fig. 5.10(b) it can be observed that 

with the active2 case the response amplitude of the primary system is almost completely 

suppressed (99.9%) at 1Ω  = 0.37 rad/sec and 0.42 rad/sec and for 3Ω  = 1.14 rad/sec and 

1.19 rad/sec unlike previous results shown in Fig. 5.6, Fig. 5.8 and Fig. 5.9. The high 

                  

                    

Fig. 5.10: (a-d) Comparison of frequency responses of the system with the active2 and 

passive TVA. 

(a) (b) 

(c) 
(d) 
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response amplitude of the system is observed in Fig. 5.10(a-d) with only active2 cases for 

1Ω  in the range of 0.18 rad/sec to 0.32 rad/sec and 3Ω  in the range of 0.94 rad/sec to 1.08 

rad/sec. However, these high response amplitudes at the above-mentioned frequencies for 

the primary system can be significantly reduced by providing the feedback gains vf  and 

1cf , which are shown in blue and magenta colors in Fig. 5.11(a, b). The unstable regions in 

the responses are only observed for the  1cf  feedback gain and 2τ  = 0.1 π  sec, and the 

Hopf bifurcation frequency points are also shown in the corresponding figures. It is also 

observed from Fig. 5.11(a-d) that though the response amplitude significantly reduces near 

the superharmonic ( )1 1 / 3 0.29 rad/secωΩ ≅ ≅  and primary resonance conditions 

( )3 1 0.87 rad/secωΩ ≅ ≅  by the feedback gains ( vf  and 1cf ) but with these gains, high 

response amplitude in the system is observed at 1Ω  = 0.36 rad/sec and 3Ω  = 1.11 rad/sec 

for vf  gain, and at 3Ω  equals to 0.37 rad/sec and 1.15 rad/sec for 1cf  feedback gain than 

considering only the active2 case (zero feedback gains). In the next sub-section, the 

responses of the system are studied for various feedback gains and time delays by 

considering only nonlinear stiffness in the primary system.  

        

     

     

     

                 

Fig. 5.11: (a-d) Frequency responses of the system with the active2 TVA and control 

gains. 

(a) (b) 

(c) (d) 
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Nonlinear primary system  

In this sub-section, the system responses are studied by considering only nonlinear stiffness 

in the primary system i.e., 
13k  = 1 N/m3 and 

23k  = 0 N/m3, for various feedback gains and 

time delays in the damping as well as in the feedbacks. Fig. 5.12(a-d) shows the comparison 

of responses between the passive and active2 TVA. It may be noted that in active2 TVA, 

only the stiffness of the absorber is actively changed without any feedback gains. The 

modal response amplitudes of the system are shown in Fig. 5.12(a) and Fig. 5.12(c). From 

these figures, two peaks at different response amplitudes are observed with active2 TVA, 

whereas with passive TVA only a single peak is observed. Fig. 5.12(a-d) shows the unstable 

range of responses with active2 TVA for 
1

Ω  and  
3

Ω   greater than 0.4676 rad/sec and 

1.2648 rad/sec, respectively. To analyze the type of responses close to these unstable 

regions three points are marked (
2 3 4
,  ,   N N N ) in Fig. 5.12(a) and corresponding time 

responses are shown in Fig. 5.13. From Fig. 5.12(a) also one can observe that with active2 

TVA the 
1

a  value is minimum at the superharmonic (0.291 rad/sec) and primary resonance  

 

                

                

Fig. 5.12: (a-d) Comparison of frequency responses of the system by the active2 and 

passive TVA, considering nonlinear stiffness in the primary system. 

(a) 
(b) 

(c) 
(d) 
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(0.8731 rad/sec) conditions whereas 
2

a  value shown in Fig. 5.12(c) remains at 3.5 times 

more than 
1

a  value at these frequencies. The unstable responses with the passive TVA 

appear for 0.0096 rad/sec 
1

≤ Ω ≥  0.1464 rad/sec and 0.6062 rad/sec 
3

≤ Ω ≤  0.6744 rad/sec. 

In Fig. 5.12(b) the frequency response of the primary system is shown. From Fig. 5.12(b) 

one can observe that the response amplitude of the primary system almost reduces to zero 

amplitude (
T

A  = 0.022 m) with the active2 TVA at 
1

Ω  = 0.3818 rad/sec and 
3

Ω   = 1.1466 

rad/sec but with the passive TVA  
T

A  equal to 0.248 m close to this frequencies. The 

response amplitude (
T

A ) with the passive TVA also remains comparatively higher than that 

with the active2 TVA for 0.3098 rad/sec 
1

≤ Ω ≤  0.4676 rad/sec and 0.8991 rad/sec 
3

≤ Ω ≤  

1.2648 rad/sec.  Moreover, with active2 TVA for a broad range of 
1

Ω  and 
3

Ω  values close 

to the resonance conditions the 
T

A  value is lesser than that with passive TVA. Hence 

significant vibration absorption of the response amplitude of the nonlinear primary system 

can be achieved for a wide range of operating frequencies by first using passive TVA for 

the lower range of operating frequencies and then active2 TVA can be used. The minimum 

response amplitude of the primary system with active2 TVA (Fig. 5.12(b)) is marked as 
1

N  

which is then verified by the time responses shown in Fig. 5.13.  From Fig. 5.12(c, d) it is 

also observed that with the passive TVA the response amplitude of the absorber is smaller 

than that with active2 TVA at close to the 
1

N  frequency point and also for a wide range of 

1
Ω  and 

3
.Ω  Due to this the response amplitude of the primary system is more with the 

passive TVA as the energy transfer from the primary system to the absorber is not taking 

place effectively. It is also observed from Fig. 5.12(d) that at 
1

Ω  = 0.3727 rad/sec and at 

3
Ω   = 0.9856 rad/sec, the response amplitude of the absorber is minimum (

T
B  = 0.00188 

m) with the passive TVA. Hence from Fig. 5.12, it can be inferred that the response 

amplitude of both the nonlinear primary system and the linear secondary system can be 

minimized by the TVA without any feedback gains. In Fig. 5.13 the time response of the 

system is studied at three marked points (
2 3 4
,  ,   N N N ) in Fig. 5.12(a) where the stability 

of the system changes from stable to unstable solutions. Figure 5.13(a-f) demonstrates that 

the system exhibits fixed point response (FP) at 
2

N  frequency point (
1

Ω  = 0.4676 rad/sec 

and 
3

Ω   = 1.2648 rad/sec), which is consistent with Fig. 5.12. Figure 5.13(g, i) and Fig. 
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5.13(h, j) show time responses and Poincare’ sections of the system at 
3

N  frequency point 

(
1

Ω  = 0.472 rad/sec and 
3

Ω   = 1.28 rad/sec), respectively which indicate periodic response. 

As a result, Hopf bifurcation (HB) occurs at 
3

N  frequency point as shown in Fig. 5.12. 

Time responses (Fig. 5.13(g, l)) and Poincare' sections (Fig. 5.13(h, j)), of the system at 

frequency point 
4

N  ( 
1

Ω  = 0.52 rad/sec and 
3

Ω  = 1.34 rad/sec) reveal chaotic and two 

periodic types of responses in the primary system and the secondary system. From Fig. 5.13 

it can be inferred that at the bifurcation point 
2

N  (
1

Ω  = 0. 4676 rad/sec and 
1

Ω   = 1. 2648 

rad/sec), shown in Fig. 5.12 the system shows fixed point response, periodic response (
3

N

), two periodic response and chaotic response (
4

N ) with a slight increase in the operating 

frequencies 
1

Ω  and 
3
.Ω   The 

3
N  and 

4
N  frequency points are further verified in Fig. 5.14 

by the Lyapunov exponents which is used to quantitatively characterize any chaotic system. 

 

 

 

Fig. 5.13: Time responses (a, c, d, f, g, k, i, m), phase portraits (b, e) and Poincare’ 

sections (h. j, l, n) of the primary system and the secondary system at the marked points 

2 3 4
,  ,  N N N  of Fig. 5.12(a). 

(d) (e) (f) 

(g) (h) (l) 

(j) (i) 

(k) 

(m) (n) 

(a) (b) (c) 
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The Lyapunov exponents of the time series generated by the numerical method show 

periodic and chaotic responses at 
3

N  (Fig. 5.14(a)) and at 
4

N  (Fig. 5.14(b)) frequency 

points. Fig. 5.15 shows the comparisons of time responses between the governing Eq. (5.4) 

and the MMS solutions (Eqs. (5.11a) and (5.11b)) by the numerical method at the marked 

1
N  point in Fig. 5.12(b). From Figs. 5.15(a, b) one can observe the displacements of the 

primary system (
1

X ) and the secondary system (
2

X ) by solving Eq. (5.4) and Eqs. (5.11a) 

and (5.11b) are in good agreement with each other, showing multi-harmonic responses. It 

may be noted that the displacements 
1

X  and 
2

X  of the system are obtained from Appendix 

C, Eqs. (C.1) and (C.2), by substituting 1 1 2 2,  ,  ,  a aγ γ  values at the 
1

N  frequency point. It 

is noticed that at the 
1

N  frequency point shown in Fig. 5.12(b), the response amplitude of 

the primary system 
1

0.3468a = m and 
T

A  = 0.022 m, It is noticed that at the 
1

N  frequency 

point shown in Fig. 5.12(b), the response amplitude of the primary system 
1

a  = 0.3468 m 

and 
T

A  = 0.022 m, whereas the displacement of the primary system (
1

X ) at the 
1

N  point is 

oscillating from -1.032 m to 1.032 m (Fig. 5.15(a)). This deviation between the solutions 

of the frequency responses amplitudes (
1

a ) and the time responses (
1

X ) are due to the 

additional terms ( ) ( )( )1 1 02 cos ...T εΛ Ω +  which are given in Appendix C, Eqs. (C.1) and 

(C.2) where 
1

X  equals to  ( ) ( ) ( )( )1 1 0 1 1 1 0cos 3 2 cos ...a T Tγ εΩ − + Λ Ω +  and 
2

X  equal to (

( )2 1 0 2cos 3a T γΩ − + ( ) ( )2 1 02 cos ...T εΛ Ω + ). It may be also noted these additional terms 

are developed owing to the hard excitation ( ) ( )
11 1 12 1

1 22 2 2 2

1 1 2 1

,  
2 2

p F p F

ω ω

 
 Λ = Λ =
 − Ω − Ω 

acting 

               

Fig. 5.14: Lyapunov exponents for initial condition (1, 0, 1, 0) at the marked 

points 
3

N  and 
4

N  of Fig. 5.12(a). 

(a) (b) 
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Fig. 5.15: Comparisons of time responses of the system between governing 

equations and MMS solutions at the marked points 
1

N  of Fig. 5.12(b). 

on the primary system. The frequency response of the system with NVA is studied in Fig. 

5.16 considering passive and active2 NVA.  From Fig. 5.16(a, b) it can be observed that 

the minimum and maximum response amplitude of the primary system with active2 NVA 

and passive NVA are comparatively higher than that with the active2 TVA and passive 

TVA (Fig. 5.12(a, b)). As observed from Fig. 5.16(b) the active2 NVA performs better than 

passive NVA for 0.3236 rad/sec 
1

≤ Ω ≤  0.4676 rad/sec and 1.11 rad/sec 
3

≤ Ω ≤  1.2648 

rad/sec. However, for 0.11 rad/sec 
1

≤ Ω ≤  0.3236 rad/sec and 0.88 rad/sec 
3

≤ Ω ≤  1.11 

rad/sec the passive NVA performs better in suppressing the response amplitude of the 

            

                

Fig. 5.16: (a-d) Comparison of frequency responses of the system by the active2 and 

passive NVA, considering nonlinear stiffness in the primary system. 

(a) (b) 

(a) 
(b) 

(c) 
(d) 
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primary system than that of the active2 NVA. The unstable responses in the system with 

the passive and active2 NVA are observed similar to Fig. 5.12(a-d). The response amplitude 

of the absorber almost reduces to zero amplitude with the passive NVA at 
1

Ω  = 0.3745 

rad/sec and 
3

Ω  = 1 rad/sec. From Fig. 5.16 it can be observed that the with active2 TVA 

(Fig. 5.12) the vibration suppression of the primary system is less in comparison to the 

active2 NVA (Fig. 5.16). However, the passive NVA (Fig. 5.16) performs better in 

reducing the maximum peaks in the response amplitude of the system than the passive TVA 

(Fig. 5.12).  

The effect of gains on the frequency responses by the various combinations of feedbacks 

such as ,  
v va

f f  and 
1c

f  by with and without active2 TVA are discussed and corresponding 

plots are shown in Fig. 5.17, Fig. 5.18 and Fig. 5.19, respectively. In Fig. 5.17(a-d) the 

response amplitude of the system is compared considering velocity feedback gain vf  in 

active TVA and with active2 TVA. It may be noted that vf  in the active TVA refers to gain 

by velocity feedback in the passive TVA. The 
v

f   with the active2 TVA refers to active  

 

                

                  

Fig. 5.17: (a-d) Comparison of frequency responses of the nonlinear primary system by 

v
f  gain and with the active2 TVA and .

v
f   

(a) 
(b) 

(c) 
(d) 
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gain by velocity feedback and actively changing the frequency of the absorber as mentioned 

in section 5.4.1. From these figures, one can notice that the response shows a broader region 

of unstable response with the active2 TVA and v
f  gain in comparison with the only v

f  

gain. However, the response amplitude of the primary system with the active2 TVA and vf  

gain shows 72% less amplitude close to the super-harmonic ( 1Ω  = 0.29 rad/sec) and 

primary resonance conditions ( 3Ω  = 0.87 rad/sec) than with the only vf  gain. The response 

amplitude of the absorber with only v
f  gain shows almost zero response amplitude at the 

above-mentioned resonance conditions, which is shown in Fig. 5.17(d).  However, in this 

figure with active2 TVA and vf  gain the response amplitude of the absorber at the above 

resonance condition is more compared to with only v
f  gain. Because of this, the response 

amplitude of the primary system is more with only v
f   gain than with active2 TVA and v

f  

gain.  

From Fig. 5.17 and Fig. 5.12 it can be observed that with 
v

f  gain in active2 TVA, there is 

a substantial decrease (52%) in the maximum peak value 
T

A  and also for a broader range 

i.e. for 0.158 rad/sec 
1

≤ Ω ≤  0.3297 rad/sec and 0.838 rad/sec 
3

≤ Ω ≤  0.952 rad/sec, the 
T

A  

value is smaller than the passive or active2 TVA (Fig. 5.12). From these figures, it can be 

also observed that with the passive TVA (Fig. 5.12)  and passive TVA with 
v

f   gain (Fig. 

5.17) the unstable region of responses are appeared in the lower range of frequencies 

whereas with active2 TVA the unstable range of frequencies appear in the higher frequency 

range. Fig. 5.17 shows the range of  unstable responses (0.119 rad/sec 
1

≤ Ω ≤  0.258 rad/sec 

and 0.701 rad/sec 
3

≤ Ω ≤  0.84 rad/sec) with passive TVA and 
v

f  gain is comparatively 

more than with only passive TVA (Fig. 5.12), where the range is 0.0096 rad/sec 
1

≤ Ω ≤  

0.1464 rad/sec and 0.6062 rad/sec 
3

≤ Ω ≤  0.6744 rad/sec. From Fig. 5.17 it can be noted 

that one can effectively suppress the vibration of the primary system with the 
v

f   gain in 

the active2 TVA for 0.158 rad/sec 
1

≤ Ω ≤  0.33 rad/sec and 0.838 rad/sec 
3

≤ Ω ≤  0.952 

rad/sec and outside this frequency range one can provide zero control gain in the active2 

TVA to suppress the vibration of the primary system for 
1

Ω ≥  0.33 rad/sec  
3

Ω ≥  0.952 

rad/sec. It is also observed that the 
T

A  value with the passive or active2 TVA (Fig. 5.12) is 
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slightly smaller (10-20%) than that with 
v

f   gain in the active2 TVA (Fig. 5.17) for 0 rad/sec 

1
≤ Ω ≤  0.158 rad/sec and 0.47 rad/sec 

3
≤ Ω ≤  0.838 rad/sec. It is observed that the Hopf 

bifurcation (HB) points with 
v

f   gain in the passive TVA occur at 
1

Ω  = 0.1193 rad/sec and 

3
Ω  = 0.7014 rad/sec. Similarly, for the active2 TVA and 

v
f   gain, the HB points occurs at 

at 
1

Ω  = 0.3297 rad/sec and 
3

Ω  = 1.0945 rad/sec. It may be noted that the time responses 

and phase portraits at these bifurcations’ points with 
v

f   gain in the passive and active2 

TVA are similar to Fig. 5.14. Also, the frequency response of the system with TVA is 

similar to the NVA, so in further studies, only TVA is considered for analyzing the 

frequency response of the system. 

 

In Fig. 5.18(a-d) the response amplitude of the system is compared with the combination 

of velocity and acceleration feedback gains ( )va
f  in the active TVA and with active2 TVA. 

From Fig. 5.18(a, b) one can observe an 82% reduction in the 
T

A  value with active2 TVA  

    

      

      

    

                 

Fig. 5.18: (a-d) Comparison of frequency responses of the system considering nonlinear 

stiffness in the primary system by the combination of velocity and acceleration feedback 

gains ( )va
f . 

(a) 
(b) 

(c) 
(d) 
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and 
va

f  gain, in compared to with only 
va

f  at the super-harmonic (
1

Ω  = 0.29 rad/sec) and 

primary resonance (
3

Ω  = 0.87 rad/sec) conditions. Fig. 5.18(a) shows similar, observation 

as Fig. 5.18(b). The response amplitude of the primary system (
T

A ) is 100% suppressed at 

1
Ω  = 0.3464 rad/sec and at 

3
Ω  = 1.1112 rad/sec with 

va
f  gain in the active2 TVA. It can be 

observed from these figures that the 
T

A  value with 
va

f  gain in the active2 TVA is 

comparatively very less than the with only 
va

f  gain for  
1

Ω  in the range of 0.18 rad/sec to  

0.38 rad/sec and for 
3

Ω  in the range of 0.94 rad/sec to 1.14 rad/sec. It may be noted that 

the above frequency ranges are within the superharmonic and primary resonance 

conditions. It is also observed that the 
T

A  value with 
va

f  gain in the active2 TVA at 
1

Ω  = 

0.09 rad/sec, 
3

Ω  = 0.7473 rad/sec is 0.038 m and for a broad range i.e.  from  0 rad/sec 

1
≤ Ω ≤  0.38 rad/sec and 0.7473 rad/sec 

3
≤ Ω ≤  1.14 rad/sec, the 

T
A  value is lesser (10-

35%) than that shown in Figs. 5.12, 5.17 and 5.18. However, for 
1

Ω ≥  0.38 rad/sec and 

3
Ω ≥  1.14 rad/sec 

va
f  gain in the active2 TVA produces a high response amplitude. It may 

be noted that as the frequency of the TVA can be changed actively so outside the above-

mentioned frequency range one can use only 
va

f  gain for effectively suppressing the 

vibration of the system for a wider range of operating frequencies. From these figures the 

Hopf bifurcations points (HB (
1

Ω  = 0.421 rad/sec, 
3

Ω  = 1.186 rad/sec and 
1

Ω  = 0.458 

rad/sec, 
3

Ω  = 1.223 rad/sec)), saddle node bifurcation (SN (
1

Ω  = 0.4361 rad/sec, 
3

Ω  = 

1.201 rad/sec)) frequency points, chaotic responses  (CR (
1

Ω  = 0.425 rad/sec, 
3

Ω  = 1.19 

rad/sec)), and unstable responses (U (
1

Ω  = 0.432 rad/sec, 
3

Ω  = 1.196 rad/sec)), are 

observed with 
va

f  gain in the active2 TVA. The Hopf bifurcation point with the passive 

TVA and 
va

f  gain is observed at ( HB  (
1

Ω  = 0.1301 rad/sec, 
3

Ω  = 0.713 rad/sec)). These 

bifurcation points are verified in Fig. 5.19 by the time responses (Figs. 5.19(a), 5.19(b) and 

5.19(c)) and Poincare’ section (Fig. 5.19(d)) at the corresponding frequencies points. Fig. 

5.18(a) shows with at 
1

Ω  = 0.4361 rad/sec, 
3

Ω  = 1.201 rad/sec the frequency response 

shows SN bifurcation and by sweeping down the 
1

Ω  value slightly from 0.4361 rad/sec to 

0.420 rad/sec there is jump up in the fixed point response as observed from Fig. 5.19(a).  
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Fig. 5.19: (a-c) Time responses of the primary system at the marked points SN, HB, U 

of Fig. 5.18(a), (d) Poincare’ section of at the marked points CR of Fig. 5.18(a). 

Fig. 5.19(b) shows periodic response at 
1

Ω  = 0.421 rad/sec, 
3

Ω  = 1.186 rad/sec which is 

well matched with Fig. 5.18(a). The unstable response (U) and chaotic responses (CR) 

which are marked in Fig. 5.18(a) are also well matched with Fig. 5.19(c, d).  

Fig. 5.20 shows the frequency response of the system with displacement feedback (
d

f ) gain 

in the passive and active2 TVA. From Fig. 5.20(a-d), with the passive TVA and 
d

f  gain the 

unstable responses appear at lower 
1

Ω  (0.0387 rad/sec to 0.0835 rad/sec) and 
3

Ω  (0.5263 

rad/sec to 0.5879 rad/sec) ranges which are in the same trend as in figures (Figs. 5.12, 5.16, 

5.17, 5.18). The 
d

f  gain in the passive TVA shows comparatively higher responses than 

   

      

     

    

                
Fig. 5.20: (a-d) Frequency responses of the system considering nonlinear stiffness in the 

primary system by the displacement feedback gain ( )d
f . 

(b) (a) (c) (d) 

(a) (b) 

(c) (d) 
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the 
d

f  gain in the active2 TVA for a broader range of 
1

Ω  and 
3

Ω  values. The 
d

f  gain in the 

passive TVA is found to be more effective than 
d

f  gain in the active2 TVA for lower 

frequencies range (0.0835 rad/sec 
1

≤ Ω ≤  0. 2614 rad/sec and 0.08325 rad/sec 
3

≤ Ω ≤  

0.5879 rad/sec). Fig. 5.20 (b) shows at 
1

Ω  = 0.3576 rad/sec and 
3

Ω  = 1.1133 rad/sec and 

at 
1

Ω  = 0.4653 rad/sec and 
3

Ω  = 1.2614 rad/sec the 
T

A  value is almost zero, which suggest 

very low response in the primary system. The 
T

A  value is found to be smaller with the 
d

f  

gain in the active2 TVA in comparison with the 
d

f  gain in the passive TVA for a broader 

range of 
1

Ω  and 
3

Ω  values (0.2614 rad/sec 
1

≤ Ω ≤  0. 4798 rad/sec and 0.5879 rad/sec 

3
≤ Ω ≤  1.2814 rad/sec). It may be noted that these frequencies range are within the 

superharmonic (
1

Ω  = 0.291 rad/sec) and primary resonance (
3

Ω  = 0.873 rad/sec) 

conditions. However, the 
T

A  value with the 
d

f  gain in the active2 TVA shows 

comparatively high peaks and comparatively larger responses for a wider range of  
1

Ω  and 

3
Ω  values (0 rad/sec 

1
≤ Ω ≤  0.38 rad/sec and 0.7473 rad/sec 

3
≤ Ω ≤  1.14 rad/sec (Fig. 

5.18), 0.158 rad/sec 
1

≤ Ω ≤  0.3297 rad/sec and 0.838 rad/sec 
3

≤ Ω ≤  0.952 rad/sec (Fig. 

5.17)) than with 
v

f  and 
va

f  gains shown in Figs. 5.18, and 5.17. The frequency responses 

of the system with 
d

f  gain in the active2 TVA show similar responses as in Fig. 5.12 and 

Fig. 5.16, with a smaller range of 
1

Ω  and 
3

Ω  at which the system shows unstable responses 

than in Figs 5.17 and 5.18. Figs. 5.20(c) and 5.20(d) show that with 
d

f  gain in the active2 

TVA the 
2

a  and 
T

B  values are higher than that with 
d

f  gain in the passive TVA. The 
T

B  

value is found to be almost zero at 
1

Ω  and 
3

Ω  equals to 0.369 rad/sec and 0.98 rad/sec, 

respectively. In the next analysis, the combination feedbacks (
1c

f ) in the passive active2 

TVA are used to study the frequency response of the system.  

In Fig. 5.21(a-d) the effect of combination feedbacks (
1c

f ) by the passive and the active2 

TVA on the system response is studied. From Fig. 5.21(a-d) the response amplitudes of the 

system are found to be similar to Fig. 5.18(a-d), but here 15% to 30% lesser 
T

A  values are 

observed for 
1

Ω  in the range of 0.18 rad/sec to  0.32 rad/sec and for 
3

Ω  in the range of 0.94 

rad/sec to 1.08 rad/sec. The response amplitudes of the primary system (
T

A ) with 
1c

f  and 

active2 TVA are found to be better than the other combination of feedback as discussed in 
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Figs. 5.20, 5.18, 5.17 and 5.12, within the above-mentioned frequencies range. However, 

with 
1c

f  feedback and active2 TVA, the response amplitude of the system becomes unstable 

outside the above range of 
1

Ω  and 
3

Ω  values, which can be minimized by applying 
1c

f  

gain in the passive TVA to suppress the responses for a wider range of operating 

frequencies. From Fig. 5.21, the HB, and SN bifurcation points are observed with the 
1c

f  

gain in the active2 TVA which are marked in Fig. 5.21(b). The HB point with the 
1c

f  gain 

in the active2 TVA is observed at 
1

Ω  = 0.4428 rad/sec and 
3

Ω  = 0.1.207 rad/sec and also 

at 
1

Ω  = 0.4553 rad/sec and 
3

Ω  = 0.122 rad/sec. The SN bifurcation point is observed at 
1

Ω  

= 0.4453 rad/sec and 
3

Ω  = 0.1210 rad/sec. The HB point with the 
1c

f  gain in the passive 

TVA is observed at 
1

Ω  = 0.128 rad/sec and 
3

Ω  = 0.711 rad/sec. From Fig. 5.21(d) the 

minimum response amplitude of the absorber (
T

B ) is observed at 
1

Ω  = 0.3681 rad/sec and 

3
Ω  = 0.9501 rad/sec. From Fig. 5.21(c, d) one can observe that the 

T
B  value with active2 

TVA and 
1c

f  gain are found to be more than that with  
1c

f  gain in the passive TVA. In the 

                          

                     
Fig. 5.21: (a-d) Comparison of frequency responses of the system considering 

nonlinear stiffness in the primary system by the combination of active displacement, 

velocity and acceleration feedback gains ( )1c
f . 

(a) (b) 

(c) (d) 
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next sub-section time delay effect in the damper and also in the feedback gains on the 

frequency response of the system is studied. 

Nonlinear spring in the primary system with time delay effect  

The time delay effect in the damping ( )1τ  of the absorber is also an important aspect, of 

studying many structural systems [221-230]. In Fig. 5.22(a-d) effects of 1τ  on the system 

response amplitude are studied considering passive and the active2 TVA. From Fig. 5.22(a-

d) two peaks in the response amplitude can be observed with the active2 TVA than the 

passive TVA. Also, 100% suppression in the response amplitude of the primary system is 

observed with active2 TVA for different 1τ  values than that with the passive TVA. From 

the two values of 1τ  i.e. 0.01 π  sec and 0.1π  sec considered in these figures, it can be 

observed that the higher 1τ  values in the damping produce higher response amplitude in 

the system for both the active and passive TVA. The HB points with active2 TVA for 1τ  = 

0.01π  sec and 0.1π  sec are observed at 
1

Ω ≅  0.4568 rad/sec and 
3

Ω ≅  1.2217 rad/sec. 

                  

                  

Fig. 5.22: (a-d) Time delay effect ( )1τ  on the frequency responses of the system 

considering nonlinear stiffness in the primary system by the passive and the active2 

TVA. 

(a) 
(b) 

(c) (d) 
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The HB points with passive TVA for 1τ  = 0.1π  sec are observed at 
1

Ω ≅  0.1476 rad/sec 

and 
3

Ω ≅  0.7297 rad/sec, while the system shows no unstable response for 1τ  = 0.1π  sec 

with the passive TVA.   

The time delays in the feedbacks ( )2τ  are also a common phenomenon during the time lag 

between the sensing and actuating by the actuator through the feedbacks [138-1141, 221-

230]. In Fig. 5.23(a-d) considering four cases, the effects of vf  and af  feedback gains with 

2τ  = 0.1π  sec on the frequency response of the system are studied by using active and 

active2 TVA. From these figures, it can be observed that with a
f  feedback gains and active2 

TVA the response amplitude of the primary system is completely suppressed at 1Ω  = 0.36 

rad/sec and 3Ω  = 1.11 rad/sec, which is not observed for other feedback gains with 2τ  = 

0.1 π  sec. Also, the response amplitude of the primary system is minimum at the 

superharmonic and primary resonance conditions with the a
f  feedback gain and active2 

TVA than with only v
f   feedback gain. The time-delayed v

f  gain by the TVA produces  

                   

                  
Fig. 5.23: (a-d) Comparison of frequency responses of the system considering 

nonlinear stiffness in the primary system with vf  and af  with time delay ( )2τ  in the 

feedback. 

(a) (b) 

(c) (d) 

TH-2895_136103038



Chapter 5 

202 

more range of unstable responses in the system compared to the time-delayed a
f  feedback 

gain. Hence, from this figure, it can be inferred that for 2τ  = 0.1 π  sec in the feedback the 

response amplitude shows better vibration suppression with a
f  feedback gain and active2 

TVA than with  vf  gain.  

In Fig. 5.24 (a-d) keeping 2τ  value same as in Fig. 5.23 the combination of  vf  and af  

feedback gains i.e. vaf  or avf  feedback gains on the frequency response of the system is 

studied with active and active2 TVA. The vaf  or avf  feedback gains stand for negative and 

positive acceleration feedback gains.  From Fig. 5.24 it can be observed that the response 

amplitude of the system is unstable with these combinations of feedback forces for a 

broader range of frequencies. The vaf  feedback force by the active TVA shows 

comparatively less response amplitude and a more range of stable zone of operation than 

av
f  with active or active2 TVA. Comparing the frequency responses from Fig. 5.22 to Fig. 

5.24 where variation in time delays 1τ  and 2τ  are considered, it can be observed the 

responses of the primary system are minimum for a wide range of operating frequencies  

                 

                    
Fig. 5.24: (a-d) Comparison of frequency responses of the system considering nonlinear 

stiffness in the primary system with time delay ( )2τ , va
f  and av

f  gains. 

(a) (b) 

(c) 
(d) 
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with a
f  gain and active2 TVA than with other combinations.  

The time delays both in damping ( )1τ  and in the feedback ( )2τ  are a very common 

phenomenon in practical applications [6, 11, 15, 221-225] and its effect on the frequency 

response of the system is studied in Fig. 5.25(a-d) for va
f  feedback gain. From Fig. 5.25 it 

can be observed that consideration of time delays 1τ  and 2τ  in the damping as well as in 

the feedbacks increase the unstable region than without both delays as shown in previous 

figures. From Fig. 5.25(a, b) it can be observed that the response amplitude of the system 

shows Hopf bifurcation points at 1Ω  = 0.06 rad/sec and 3Ω  = 0.38 rad/sec with vaf  

feedback gain. The system response is unstable within this frequency range of operation. 

However, considering vaf  and changing the stiffness of the absorber actively with active2 

TVA, one can observe that the response amplitude of the primary system is minimum and 

stable. Hence one has to change the frequency of the absorber as well as with the application 

of vaf  feedback gain one can suppress the response amplitude of the primary system when 

the time delay is present both in the damping and feedback.  The response amplitude of the 

                

         
         

Fig. 5.25: (a-d) Frequency responses of the system considering nonlinear stiffness in 

the primary system with time delay ( )1τ  in the damping and in the ( )2τ  va
f feedback 

gain. 

(a) 
(b) 

(c) 
(d) 
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absorber is shown in Fig. 5.25(c, d), from which it can be observed that the response 

amplitude of the absorber is around five times higher than the response amplitude of the 

primary system within the above-mentioned frequency range with va
f  feedback gain and 

with active2 TVA. In the next section frequency response of the system is studied 

considering nonlinear spring stiffness in both the primary system and the absorber.  

Nonlinear spring in both the primary and secondary system  

In this section, nonlinear stiffness in both the primary system and the absorber are 

considered i.e., 13k  = 1 N/m3 and  23k  = 0.0042 N/m3 and the corresponding frequency 

responses are shown in Fig. 5.26. From Fig. 5.26(a-d) it can be observed that the delay in 

damping  ( )1τ  produces a higher response amplitude for the passive TVA while with active2 

TVA the response amplitude of the primary system (Fig. 5.26b) is zero at 1Ω  = 0.4 rad/sec 

and 3Ω  = 1.17 rad/sec. Hence complete absorption of the response of the system is observed 

even by considering nonlinear spring in both the primary and secondary systems. However, 

with the active2 TVA high peaks in the response amplitudes of the primary system are 

observed for 1Ω  in the range of 0.22 rad/sec to 0.29 rad/sec and 3Ω  in the range of 0.94  

                   

                    

Fig. 5.26: (a-d) Frequency responses of the nonlinear system with time delay ( )1τ  in 

the damping considering the passive and active2 TVA. 

(a) (b) 

(c) (d) 
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rad/sec to 1.02 rad/sec than that with the passive TVA. The response amplitude of the 

passive TVA shown in Fig. 5.26(c, d) is found to be less than the active2 TVA for all 

operating frequencies and zero response amplitude is noticed at  1Ω  = 0.37 rad/sec and 3Ω  

= 0.98 rad/sec. In Fig. 5.27(a-d) the comparison of various 1τ   values on the frequency 

response of the system are studied considering active2 TVA. From these figures, it can be 

observed that with increasing  1τ  values the response amplitude of the system also 

increases. The increasing  1τ  values also produces more hardening behaviour  in the 

frequency response with jump up ( 1Ω  = 0.31  rad/sec and 3Ω  = 0.92 rad/sec) and jump 

down ( 1Ω  = 0.32  rad/sec and 3Ω  = 0.93 rad/sec) phenomena at saddle-node bifurcation 

points. The response of the absorber (Fig. 5.27(c, d)) shows more prominent two peaks  

 

                   

                    

Fig. 5.27: (a-d) Frequency responses of the nonlinear system with various time delays 

( )1τ  in the damping with the active2 TVA. 

unlike primary system (Fig. 5.27(a, b)) and zero response amplitude at 1Ω  = 0.38 rad/sec 

and 3Ω  = 1.01 rad/sec. In Fig. 5.28(a-d) the frequency response of the system is studied 

using combination feedbacks ( 1c
f  and 2c

f ) considering  2τ  = 0.05π  sec. It may be noted 

(a) (b) 

(c) (d) 
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that in 1c
f  and 2c

f  feedback gains are developed considering the negative and positive 

acceleration feedback ( a
f ), respectively. In these figures, the frequency of the absorber is 

actively changed to match exactly the natural frequency of the primary system, which is 

denoted as active1 TVA (zero feedback gains). From these figures, it can be observed that 

with 2cf  gain the frequency response shows more hardening behavior and instability zone 

than with other combinations. The frequency response of the system is stable for a wider 

band of operating frequencies with active2 TVA than with other combinations. However, 

with active1 TVA and 1c
f  gain the system response is less than with active1 TVA for 1Ω  

in the range of  0.31  rad/sec to 0.51 rad/sec and 3Ω  in the range of 0.91 rad/sec to 1.19 

rad/sec, which is close to the resonance conditions considered in this section.  

 

             

                 

Fig. 5.28: (a-d) Frequency responses of the nonlinear system with various time delays 

( )2τ  in the combination feedbacks ( 1c
f  and 2c

f )  and the active1 TVA. 

In Fig. 5.29(a-d) the frequency response of the system is studied for a combination of vf  

and a
f  feedback and 1c

f  gain with  2τ  = 0.05π  sec for the active2 TVA. Comparing Fig. 

5.29(a-d) with Fig. 5.28(a-d) it can be observed that the instability region of operating 

(a) (b) 

(c) (d) 
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frequencies with 1c
f  gain and active2 TVA is considerably reduced than active1 TVA (Fig. 

5.28(a-d)). Also, the response amplitude of the primary system is almost zero at 1Ω  =  0.34 

rad/sec  and 3Ω  = 1.09 rad/sec. Further, at the simultaneous superharmonic and primary 

resonance conditions, the response amplitude of the primary system is less than in other 

combinations as shown in Fig. 5.28(a-d) and Fig. 5.29(a-d). The saddle-node bifurcation 

points in frequency responses are marked in Fig. 5.29(d) with vaf  gain. These bifurcation 

points with va
f  gain are at 1Ω  = 0.4471 rad/sec and 3Ω  = 1.2365 rad/sec and at 1Ω  = 0.4544 

rad/sec and 3Ω  = 1.2465 rad/sec. The T
A  value with 1c

f  gain shows a comparatively lower 

amplitude response than va
f  gain. 

 

               

                  

Fig. 5.29: (a-d) Frequency responses of the nonlinear system with various time delays 

( )2τ  in the combination feedbacks ( vaf  and 1cf ) and the active2 TVA. 

In Fig. 5.30(a-d) the frequency responses of the system are studied by considering the time 

delay both in the damping as well as in the feedback i.e. 1τ  = 2τ  = 0.1π  sec with various 

combinations of feedback gains viz., avf ,  vaf  and 1cf  with the active2 TVA. From Fig. 

5.30(a-d) it can be observed that with vaf  or avf  a wider range of unstable responses in the 

(a) (b) 

(d) (c) 
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system are observed as compared to the 1c
f . The va

f  feedback gain performs better in 

suppressing the response amplitude of the primary system for a very small range of  1Ω  

(0.08 rad/sec to 0.26 rad/sec) and 3Ω  (0.72 rad/sec to 0.99 rad/sec) as observed from these 

figures. The absorber response 1cf  feedback gain shown in Fig. 5.30(c, d) shows saddle-

node bifurcation frequency points at 1Ω  equals to 0.49 rad/sec and 0.58 rad/sec, which 

leads to jump up and jump down phenomena.  The time delay in the system introduces 

more range of instability regions in the frequency response as observed from these figures. 

The effect of 1c
f  feedback gain on the frequency responses of the system for various other 

time delays in the damping and the feedbacks are studied in Fig. 5.31. From Fig. 5.31(a-d) 

it can be observed that with an increase  

        

       

          

          
Fig. 5.30: (a-d) Frequency responses of the nonlinear system with time delays ( 1τ  and 2τ )

in the combination feedbacks ( )1,  and 
va va c

f f f  with the active2 TVA. 

in 1τ  and 2τ  values the response amplitude of the system increases at the first peak. The 

frequency response of the system remains almost the same with different 1τ  and 2τ  values 

for 1Ω  in the range of 0.35 rad/sec to 0.54 rad/sec and 3Ω  in the range of   0.96 rad/sec to 

1.22 rad/sec. However, in these figures (Fig. 5.31) 1c
f  feedback gain hardening effect in 

(a) (b) 

(c) 
(d) 
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the frequency response is observed with stable and unstable branches.  From the above 

parametric study on the frequency responses of the system (Fig. 5.6 to Fig. 5.31) for various 

nonlinear stiffness in the system, various combinations of feedbacks, feedback gains, time 

delays in the damping and feedbacks, one can get a clear idea to use the different 

combination of feedback forces, time delay in the damping and time delay in the feedback, 

at which the response of the system is minimum and stable. It can be observed that with the 

feedback gains the system shows a broader range of unstable zone which can be minimized 

by providing zero feedback gains and only changing the frequency of the absorber actively 

(active2 TVA). It may be noted that through the active use of the vibration absorber by the 

displacement, velocity and acceleration feedbacks the dynamics of the system are changing 

actively in terms of stiffness, damping and inertia. So, with the proper use of these feedback 

gains as mentioned in (Fig. 5.6  

               

                    

Fig. 5.31: (a-d) Frequency responses of the nonlinear system with variation in time 

delays ( 1τ  and 2τ ) in the combination feedbacks ( )1 
c

f  with the active2 TVA. 

to Fig. 5.31) one can reduce the response of both the primary system and the secondary 

system for a wide range of operating frequencies at the simultaneous resonance conditions.  

In the next analysis frequency of the system with the non-traditional vibration absorber is 

studied, where the damper of the absorber is connected to the base of the primary system. 

In Fig. 5.32(a-d) the frequency response of the system is shown by using the non-traditional 

(a) (b) 

(c) 
(d) 
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vibration absorber (NVA) considering both linear and nonlinear stiffness in the system. 

From Fig. 5.32(a-d) it can be observed that for the linear system the 1cf  gain by the active 

NVA produces more unstable responses in the system than the passive NVA. However, at 

the frequency range (0.29 rad/sec 1≤ Ω ≤  0.42 rad/sec and 0.86 rad/sec 3≤ Ω ≤  1.06 

rad/sec) as shown in Fig. 26(a, b) the response amplitude of the primary system is 19% to 

46%  less in comparison with the passive NVA. The maximum peaks in the primary system 

response by the passive NVA (Fig. 5.32(a, b)) also produce 35% less response amplitude 

than the passive TVA shown in Fig. 5.10(a, b). The consideration of nonlinear stiffness in 

the primary system and the absorber produces less response amplitude in the system by the 

nonlinear passive NVA than the linear passive NVA.  However, the nonlinearity in the  

                       

                    

Fig. 5.32. (a-d) Frequency responses of the linear and nonlinear system by the passive 

and combination feedback ( )1c
f  gain using NVA. 

system produces unstable responses as shown in Fig. 5.32(a-d). A reduction of 54% in the 

response amplitude of the primary system is observed at the peak by the passive nonlinear 

NVA than the passive linear NVA. The 1cf  force in the nonlinear NVA further reduces the 

response amplitude to 62% at the peak than passive linear NVA. The zero response 

amplitude of the NVA is observed at 1Ω  and 3Ω  close to 0.37 and 0.99 rad/sec, 

respectively. From the above study, the designer can know the responses of the system 

(a) (b) 

(c) (d) 
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according to various parametric analyses (variation in nonlinear stiffness, various 

combinations of feedback gains, time delays in damping and feedbacks) for both linear and 

nonlinear systems to effectively suppress the vibration of the system for a wider band of 

operating frequencies for the simultaneous superharmonic, principal parametric and 

primary resonance conditions with 1:1 internal resonance. In the next section frequency 

response of the system is studied considering 3:1 internal resonance conditions for the 

simultaneous superharmonic, principal parametric and primary resonance conditions. 

5.4.2.2 3:1 internal resonance condition 

In this section, the frequency response of the system is studied considering 3:1 internal 

resonance conditions by solving Eqs. (5.16a) to (5.16d) by using Newton’s method. It may 

be noted that here 1 23 .ω ω≅  The 3:1 internal resonance condition in the system is achieved 

by taking the stiffness of the absorber 2
k  to 0.4032N/m, which can be actively changed. 

The corresponding optimal parameters of the nonlinear stiffness and damping in the 

absorber are also calculated from the work of Habib et al. [161] which are given as 23k  = 

0.037 N/m3 and  
2c  = 0.0374 N-sec/m. The corresponding 1

ω  and 2
ω  values with 3:1 

internal resonance condition are found to be 2.9189 rad/sec and 0.9728 rad/sec, 

respectively. Considering the above 2k  and  23k  values the frequency response of the 

nonlinear system is studied keeping all other parameters the same as before. The active 

changes of the 2k  value is represented as active3 TVA. From Fig. 5.33(a-d) it can be 

observed that the system responses show high response amplitude for 0.94 rad/sec 1≤ Ω ≥  

1.04 rad/sec and 2.86 rad/sec 3≤ Ω ≥  3.12 rad/sec, i.e. when 1 2ωΩ ≅ , as the term 2Λ  is 

given in Eq. (5.8a) and Eq. (5.8b), ( )
12 1

2 2 2

2 1

,
2

p F

ω

 
 Λ =
 − Ω 

 tends to infinity. It may be noted 

that here 1Ω  varies from ( )1 1/ 3 0.1ω ω−  to ( )1 1/ 3 0.1ω ω+  (i.e., 0.67 rad/sec to 1.27 

rad/sec), considering superharmonic resonance conditions. So, when 1Ω  is close to 2ω  i.e. 

0.9728 rad/sec, then a very high response amplitude in the system is observed due to the 

large value of 2 .Λ  From Fig. 5.33(a-d) it can also be observed that with zero control gain 

and with active3 TVA the response amplitude of the system remains stable than with other 

combination of feedback gains and time delays. The effects of control feedback gains such  
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Fig. 5.33: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance 

condition by the passive and active TVA with time delays ( 1τ  and 2τ ). 

                  

                  

Fig. 5.34: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance 

condition by the active3 TVA and af  gain. 

(a) 
(b) 

(c) 
(d) 

(a) (b) 

(c) (d) 
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as v
f  or a

f  and time delay in the damping or in the feedback induce a more unstable 

response in the system as observed from Fig. 5.33(a-d).  However, the a
f  gain with 1τ  by 

the active TVA produces less response amplitude than the passive TVA for 0.71 rad/sec 

1≤ Ω ≥  0.96 rad/sec and 0.99 rad/sec 3≤ Ω ≥  1.24 rad/sec. In Fig. 5.34 the response 

amplitude of the system is shown considering active3 TVA and lower nonlinear stiffness 

in the absorber compared to Fig. 5.33, which is the same as in the 1:1 internal resonance 

condition i.e., 
23k  = 0.0042 N/m3. From Fig. 5.34(a-d) the zero-response amplitude of the 

system is found for  1Ω  in the range of 0.18 rad/sec to 0.88 rad/sec for both active3 TVA 

and active3 TVA with af  the feedback gain. The response amplitude of the system is  

 

                  

                 

Fig. 5.35: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance 

condition by the active3 TVA and 1cf  gain with 1τ  time delay. 

comparatively less than that of Fig. 5.33(a-d), where higher nonlinear stiffness in the 

absorber is considered. In Fig. 5.35(a-d) the response amplitude of the system is studied 

considering active3 TVA and 1cf  force with time delay in the damping. From these figures, 

it can be observed that with  1cf  gain and  1τ  the response amplitude and the range of 

(a) (b) 

(c) 
(d) 
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unstable the zone is more than with only  1c
f  gain. Also, the 1c

f  gain produces a wider 

range of unstable responses than that with active3 TVA or active3 TVA with  a
f  feedback 

gain (Fig. 5.35(a-d)).  In Fig. 5.36(a-d) the frequency response of the system is studied by 

using the passive and active NVA with 1cf  and af  feedback gains, keeping all other 

parameters the same as in Fig. 5.35. From these figures (5.36(a-d)) the two peaks in the 

frequency response of the system are observed with the passive NVA, but also a broader 

range of unstable responses are observed in comparison with the active NVA. The af  

feedback gain by the NVA produces more range of stable responses than the 1cf  gain and 

comparatively lesser response amplitude in the primary system than the TVA. From Fig. 

5.36(a-d) the high response amplitude in the system is observed for 1Ω  in the range of 0.88 

rad/sec to 1.02 rad/sec and 3Ω in the range of 2.88 rad/sec and 2.92 rad/sec.  Hence, one has  

  

                  

                 

Fig. 5.36: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance 

condition by the passive and active NVA with a
f  and 1c

f  gains. 

to operate the system in a lower range (0.32 rad/sec 1< Ω <  0.64 rad/sec and 2.72 rad/sec 

3< Ω <  2.82 rad/sec ) of operating frequency to have minimum response amplitude in the 

system. In the same way, the system responses for various parameters of the nonlinear 

(a) (b) 

(d) 
(c) 
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stiffness and control feedback gains considering 1:2 internal resonance conditions can be 

studied from the MMS reduced equations (Eq. (5.14a) to Eq. (5.14d)). In the next section, 

the system time responses are studied considering 1:2 internal resonance conditions for the 

simultaneous superharmonic, principal parametric and primary resonance conditions. 

5.4.2.3 1:2 internal resonance condition 

In this section the time response of the system is obtained by solving the MMS reduced Eq. 

(5.14a) to Eq. (5.14b) using the numerical method. Fig. 5.37(a-d) shows time responses of 

the system using the passive TVA at the two neighboring operating frequencies ( ± 0.1 

rad/sec) that lead to simultaneous superharmonic, principal parametric and primary 

resonance conditions. From these figures, one can observe that with the passive TVA at 

exact resonating frequencies the response of the system is more than slightly away ( ± 0.1 

rad/sec) from the resonating frequencies. 

 

                  

                 

Fig. 5.37: (a-d) Time responses of the nonlinear system considering 1:2 internal 

resonance condition by the TVA with zero control gains. 

In Fig. 5.38 the time response of the system is shown with 1c
f  force and time delays 1τ  and 

2.τ From Fig. 5.38(a-d) one can observe that the response of the system with the 1c
f  gain 

produces very high responses slightly away from the simultaneous superharmonic, 

principal parametric and primary resonance conditions. The feedback gains by the TVA 

make the system unstable so one has to only tune the frequencies of the TVA close to the 

(a) (b) 

(c) (d) 
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frequency of the primary system considering the 1:2 internal resonance condition for 

effectively suppressing the response of the system. It may be noted that to suppress the 

response of the system at the 1:2 internal resonance condition one has to actively tune the  

 

                

                  

Fig. 5.38: (a-d) Time responses of the nonlinear system considering 1:2 internal 

resonance condition by the active TVA with 1cf  gains. 

frequency of the TVA for which the purposed design will be useful as the spring used in 

the TVA is connected in series with the PZT stack actuator. The spring stiffness of the 

absorber for the 1:2 internal resonance condition is found to be 0.0129 N/m. In the next 

subsection, the frequency and time responses of the system are studied considering 

simultaneous subharmonic, principal parametric and primary resonance conditions with 

1:1, 1:3 and 1:2 internal resonance conditions from the reduced MMS equations.  

5.4.3 Response of the system with TVA for simultaneous subharmonic, 

principal parametric and primary resonance conditions  

In this sub-section, the frequency responses of the primary system and the absorber are 

studied for both TVA and NVA by solving the reduced equations derived in sections 5.3.1.2 

by the MMS using Newton’s method. The analyses are carried out to study the responses 

of the system for 1:1, 3:1 and 1:2 internal resonance conditions by considering various 

feedback gains and actively changing the stiffness of the absorber. In the following 

(a) (b) 

(c) (d) 
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subsection considering case (vi) with the 1:1 internal resonance condition, the responses of 

the system are studied.  

5.4.3.1 1:1 internal resonance condition 

In this subsection frequency responses of the system are studied by solving the reduced 

MMS Eq. (6.19a) to Eq. (6.19d) using Newton’s method considering nonlinear stiffness 

same as in section 5.4.2.1, i.e. 
13k  = 1 N/m3 and  

23k  = 0.0042 N/m3. Fig. 5.39(a-d) shows 

the frequency response of the system for both the trivial and nontrivial solution with the 

passive TVA. From Fig. 5.39(a-d) it can be observed that the trivial state solution becomes 

unstable for 1Ω  in the range of 1.15 rad/sec to 1.65 rad/sec and the non-trivial solution 

shows a saddle-node bifurcation point at 1Ω  = 1.36 rad./sec. The response amplitude of the 

primary system shown in Fig. 5.39(b) shows Hopf bifurcation points at 1Ω  = 1.46 rad/sec. 

The supercritical and sub-critical pitchfork bifurcation points are observed in Fig. 5.30(a)  

 

                  

                  

Fig. 5.39: (a-d) Frequency responses of the nonlinear system for 1:1 internal resonance 

condition by the TVA with zero control gains. 

(a) (b) 

(c) (d) 
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and Fig. 5.39(d) at 1Ω  = 1.82 rad/sec during sweeping up and at 1Ω  = 1.65 rad/sec during 

sweeping down the frequency, respectively. Fig. 5.40(a-d) shows the frequency response 

of the system with 1cf  gain with all the same parameters as in Fig. 5.39. From these figures, 

it can be observed that unlike Fig. 5.39 in Fig. 5.40 the unstable responses reduces both in 

the trivial and non-trivial responses of the system. However, the magnitude of the response 

amplitude of the system in Fig. 5.40 remains the same as in Fig. 5.39. From Fig. 5.39 and 

Fig. 5.40 it can be observed that the response amplitude of the system improves with the  

 

                  

                    

Fig. 5.40: (a-d) Frequency responses of the nonlinear system for 1:1 internal 

resonance condition by the TVA with 1.cf  

application of combination feedback gains by the TVA than the zero control gain. In the 

next subsection time responses of the system are studied considering 1:3 and 1:2 internal 

resonance conditions for the simultaneous subharmonic, principal parametric and primary 

resonance conditions. 

5.4.3.2 1:3 internal resonance condition 

In this subsection the system time responses are obtained by solving the MMS reduced Eq. 

(5.26a) to Eq. (5.26d) by using the numerical method. In Fig. 5.41(a-d) the time responses 

(a) (b) 

(c) (d) 
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of the system are shown considering three frequencies close to the simultaneous 

subharmonic, principal parametric and primary resonance conditions by changing the 

stiffness of the absorber to maintain the 1:3 internal resonance condition. The stiffness of  

   

      

    

     

                  

Fig. 5.41: (a-d) Time responses of the nonlinear system considering 1:3 internal 

resonance condition by the TVA with zero control gains. 

the absorber ( )2k  to maintain the 1:3 internal resonance condition is considered as 0.0056 

N/m. From Fig. 5.41(a-d) and Fig. 5.42(a-d), it can be observed that with the application of 

feedback gain 1c
f  in the feedback the response of the system reduces than the passive 

      

          

   

       

                   

Fig. 5.42: (a-d) Time responses of the nonlinear system considering 1:3 internal 

resonance condition by the active TVA with 1cf  gains. 

(a) (b) 

(c) (d) 

(a) (b) 

(b) (d) 
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system for the higher side of the above resonance conditions ( 1Ω  = 3 1ω +0.4, 2Ω  = 2 1ω

+0.4 and 3Ω  = 1ω +0.4). It is also observed that the response of the system remains almost 

the same with the passive and active TVA at other neighboring operating frequencies as 

shown in Fig. 5.41 and Fig. 5.42. The response amplitude of the system is comparatively 

smaller than in other internal resonance conditions which are explored in the previous 

subsections. The 1c
f  feedback gain with the time delay 2τ  suppresses around 60% of 

primary responses when the forcing frequencies are operated at a higher side (+0.4 rad/sec) 

of simultaneous subharmonic, principal parametric and primary resonance conditions 

which are shown in black color in Fig. 5.41 and Fig. 5.42. In 1:2 internal resonance 

conditions, the efficacy of the feedback gains in the feedback is not observed to reduce the 

vibration of the primary system compared to the zero feedback gain. However, the 1:2 

internal resonance conditions are achieved by changing the stiffness of the absorber 

actively. Hence the proposed ANVA can be used to suppress the vibration of the system 

for these internal resonance conditions.  In the next subsection, the frequency and time 

responses of the system are studied considering 1:2 internal resonance conditions from the 

reduced MMS equations.  

5.4.3.3 1:2 internal resonance condition  

In this subsection the time responses of the system are studied by solving the MMS reduced 

Eq. (5.23a) to Eq. (5.23c) by using the numerical method for the simultaneous 

subharmonic, principal parametric and primary resonance conditions considering 1:2 

internal resonance condition. This internal resonance condition is obtained by considering 

the stiffness of the absorber equal to 0.0129 N/m. Fig. 5.43(a-b) shows the time response 

of the primary system  

 

                

Fig. 5.43: (a-b) Time responses of the nonlinear system considering 1:2 internal 

resonance condition by the TVA with zero control gains. 

(a) (b) 
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for the passive TVA and Fig. 5.44(a-d) shows with 1c
f  feedback gain and with various time  

delays ( )1τ  in the damping. From Fig. 5.43(a, b) high response in the system is observed 

when the external frequencies are exactly at the simultaneous subharmonic, principal 

parametric and primary resonance conditions considering only tuning the frequency of the 

absorber at 1:2 internal resonance condition with zero feedback gains. These high response 

amplitudes lead to an unstable response as observed in Fig. 5.43. However, when the time  

 

                 

                  

Fig. 5.44: (a-d) Time responses of the nonlinear system considering 1:2 internal 

resonance condition by the TVA with various time delays ( 1τ , 2τ ) and 1cf   feedback gain. 

delay  ( )1τ  in the damping is considered with the  1c
f  feedback gain then the time response 

of the system is remarkably improved, which is shown in Fig. 5.44(a, b). The increase in 

the time delay  ( 1τ  = π ) reduces the response amplitude for a larger range of time (100 sec) 

but the steady response of the system is still unstable for 1τ  = π  sec as observed in Fig. 

5.44(c, d). Further, considering time delay in the feedback ( )2τ  along with the time delay  

( )1τ   and 1c
f  active gain one can observe a significant reduction in response amplitude of 

the system at the steady state.  Considering a higher time delay for both in the damping and 

feedback i.e. 1τ  = 2τ  = 1.2π  sec, along with the  1cf  feedback gain the primary system 

response is almost zero at the steady-state as shown in Fig. 5.44(b) for the simultaneous 

subharmonic, principal parametric and primary resonance conditions considering 1:2 

(a) (b) 

(c) (d) 
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internal resonance condition. The conclusions of the present chapter are discussed in the 

next section. 

From the above study, the designer can know the response amplitudes of both the primary 

and secondary system considering both modal and actual responses according to various 

parametric analyses (variation in nonlinear stiffness, various combinations of feedback 

gains, time delays in damping and feedbacks) for both linear and nonlinear systems to 

effectively suppress the vibration of the system for a wider band of operating frequencies 

for the simultaneous superharmonic, principal parametric and primary resonance 

conditions with 1:1 internal resonance. The response amplitude of the system mostly shows 

unstable responses with the ANVA for higher excitations amplitudes for various forcing 

frequencies considered in these analyses. However, these high response amplitudes of the 

system can also be minimized by proving different gains values or using different 

combination feedbacks on the primary system. From the various analyses carried out in this 

section, the efficacy of the ANVA with the 1cf  feedback gain can be observed by reducing 

the response amplitudes of both the primary system and the secondary system for a wide 

band of forcing amplitudes for the simultaneous resonance conditions. 

5.5 Summary 

In this work the performances of the passive and active traditional and non-traditional 

vibration absorbers are studied with various combinations of feedback gains, time delays 

in the damping as well as in the feedback, to suppress the vibration of the primary system 

when it is subjected to external hard harmonic, soft parametric and soft base excitations. 

The cubic nonlinear stiffness in both the primary system and the absorber are considered 

and parametric studies have been carried out to study the response of the system. The 

resonance conditions considered in the analysis are simultaneous superharmonic, principal 

parametric and primary resonance conditions with 1:1, 1:2, and 3:1 internal resonance 

conditions. The analyses are further extended for the simultaneous sub-harmonic, principal 

parametric and primary resonance conditions with 1:1, 1:2, and 1:3 internal resonance 

conditions. The nonlinear governing equations of motion of the system are obtained by 

Newton’s law and the weighted modal matrix approach, which are then solved by the 

method of multiple scales (MMS) to obtain the reduced equations. These reduced equations 

are solved by Newton’s method and the obtained results are in good agreement with the 
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results from the numerical method. In the analyses, linear and nonlinear dynamics of the 

system are studied through the frequency responses, time responses, phase portraits and 

Poincare sections for various combinations of feedbacks, gains, nonlinear stiffness, time 

delays in the damping and the feedbacks. 

From the analyses, it is observed that with simultaneous superharmonic, principal 

parametric, primary resonance and 1:1internal resonance conditions the response amplitude 

of the linear and the nonlinear system are completely zero with the combination feedback 

for a certain range of operating frequencies for various nonlinear stiffness in the system. It 

is also shown that the primary system response amplitude can be effectively reduced by 

close to the 100% absorption by the proposed active vibration absorber for a wider range 

of operating frequencies by suitably changing the frequency of the absorber (active1, active2 

and active4 TVA) with various feedback gains ( ,  ,  
d v a

f f f ). The combination feedback ( 1c
f

) shows comparatively better vibration suppression (100%) than other feedback considering 

various nonlinear stiffness in the system. However, with these feedback gains at a certain 

range of operating frequencies, high response amplitudes in the system are observed than 

in the passive vibration absorber, which produces unstable responses. So one has to follow 

the safe range of operating frequencies as mentioned to effectively minimize the response 

amplitude of the system by using active2 TVA. The trivial state instability region of the 

system with the active2 TVA and vf  gain increases the critical value of 12F  excitation from 

0 N to 6.8 N and also reduces the region of the unstable range of operating frequencies. 

From, most of the parametric studies, it is observed that the time delay in the damping 

produces high response amplitude which produces unstable responses for the wider zone 

of operating frequencies. Considering 3:1internal resonance conditions with the above-

mentioned simultaneous resonances, an almost 100% reduction in the response amplitude 

of the primary system is observed for  1Ω  in the range of 0.18 rad/sec to 0.88 rad/sec 

without any feedback gain. However, the use of various combinations of feedback gains in 

the TVA produces comparatively higher response amplitude. Therefore, one has to actively 

tune the frequency of the absorber to obtain the 3:1 internal resonance condition and 

thereby effectively suppress the response amplitude of the primary system without any 

feedback gains. The same sorts of observations are made for 1:2 internal resonance 

conditions. So, for both 1:2 and 3:1 internal resonance conditions only by actively tuning 

the frequency of the absorber the primary system responses can be minimized. 

TH-2895_136103038



Chapter 5 

224 

In the case of simultaneous subharmonic, principal parametric, primary resonance and 1:1 

internal resonance conditions, the trivial state of the system shows stable solutions with the 

feedback gains by the combination feedback than without feedback gains. The nontrivial 

state undergoes the transition from stable to unstable region by saddle-node bifurcation for 

both with and without feedback gains. For 1:3 internal resonance conditions, time-delayed 

combination feedback gains a 60% reduction in the response of the primary system is 

observed. For the 1:2 internal resonance condition, it is observed that with passive TVA 

the system response is unstable. However, with the active TVA along with delay in the 

damping and feedback, the system response is completely suppressed at the above-

mentioned resonance conditions.  
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CHAPTER 6 

Applications of ANVA for Vibration Suppression of Tremors 

in the Forearm, Beam and in RIDTMD 

6.1 Introduction 

In this chapter, the proposed active nonlinear vibration absorber (ANVA) model is used to 

suppress the vibration of three different physical primary systems. In the first study ANVA 

is used to suppress forearm tremors due to Parkinson's disease (PD), in the second study a 

beam system is considered with various boundary conditions and in the last study, a three 

degree of freedom model is undertaken. To suppress the tremor in the forearm, ANVA as 

a wearable bracelet is used whose mathematical analysis is undertaken in section 6.2.  

In section 6.3, the ANVA is extended to a continuous beam system by considering the 

Euler-Bernoulli beam as the primary system. The ANVA uses displacement and velocity 

feedback from the absorber mass to reduce the vibration of the primary system subjected 

to a harmonically excited point force. In the next section, mathematical modelling of the 

ANVA used to suppress the response amplitude of the forearm is presented. 

6.2 ANVA for Forearm Tremor 

Figure 6.1 shows the active nonlinear vibration absorber (ANVA) attached to the nonlinear 

primary system. Here the forearm is considered as the nonlinear primary system with a 

mass ( M ), linear spring ( K ), nonlinear spring (
13K ), and a damper ( C ). The primary 

system is subjected to external harmonic forcing excitation of 
1 cos( )F tΩ  due to tremor or 

other disturbances. This model is similar to the theoretical and experimental work of Buki 

et al. [42], where the forearm is modelled as a linear spring-mass-damper primary system 

and a linear passive vibration absorber was used. But, in the present work, an active 

nonlinear vibration absorber is used to suppress the vibration of the nonlinear primary 
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Fig. 6.1: Active nonlinear vibration absorber attached to the nonlinear primary system. 

system for a wider range of frequencies. It may be noted that the model used in [42] is 

applicable for only a narrow band of frequencies. The use of vibration absorbers for tremor 

suppression is extensively studied in many literature [42-46, 332, 333] but the active 

approach and nonlinear analyses are limited. Hence this gap is attempted to be filled in the 

present work. Here the secondary system consists of a mass ( m ), linear spring ( k ), 

nonlinear spring  (
23k ), damper ( c ), and an actuator with active feedback gain (

c
f ) 

produced by the actuator and spring (
3k ) in series connection by displacement, velocity and 

acceleration feedback from the primary system. It may be noted that the active force (
c

f ) 

used in the present work is similar to that used in Chapters 2 and 3. Here, 
0x , 

1x  and 
2x , 

respectively indicate the displacement of the base, the primary system, and the vibration 

absorber (Fig. 6.1). Using Newton’s second law one may write the governing equation of 

motion of the system by two coupled nonlinear differential equations which are given 

below.  

( ) ( ) ( ) ( )
( ) ( ) ( )

1 0 1 0 1 2 1 2 1

3 3

13 0 1 23 2 1 1 cos c

Mx K x x C x x k x x c x x

K x x k x x F t f

= − + − + − + − −

− + − + Ω −

ɺɺ ɺ ɺ ɺ ɺ
                   (6.1)  

( ) ( ) ( )3

2 1 2 1 2 23 1 2 cmx c x x k x x k x x f= − + − + − +ɺɺ ɺ ɺ                                                      (6.2) 

It may be noted that the exclusion of the terms 
c

f , 
13K , 

23k  , and 
1 cos( )F tΩ , will reduce 

Eqs. (6.1) and (6.2) to that of Buki et al. [42]. The governing Eqs. (6.1) and (6.2) are 

modified by assuming / .p K Mω =   
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( ) ( ) ( ) ( )
( ) ( )

2 2

1 0 1 1 0 1 2 1 2 2 1

3 3

0 1 2 1

2 2

      cos

p p a a

act

x x x x x x x x x

x x x x F t F

ω ζ ω µω µζ ω

α µβ

= − + − + − + −

+ − + − + Ω −

ɺɺ ɺ ɺ ɺ ɺ
                                  (6.3) 

( ) ( ) ( )32

2 2 1 2 1 2 1 22 a a actx x x x x x x Fζ ω ω β µ= − + − + − +ɺɺ ɺ ɺ                                          (6.4) 

where 

13 23 1
1 2,  ,  ,  ,  ,  ,  ,  

2 2

c
a act

K k fFk m C c
F F

m M M m M MKM km
ω µ ζ ζ α β= = = = = = = =  

The approximate solution of the Eqs. (6.3) and (6.4) are solved using the HBM and 

described in the next section. 

6.2.1 Solutions obtained by HBM 

In this section, the approximate steady-state solution of Eqs. (6.3) and (6.4) are solved by 

HBM by assuming the solution as follows. 

( ) ( )( )1 1cosx A t t tθ= Ω −                                                                                         (6.5) 

( ) ( )( )2 1 2cosx x B t t tθ− = Ω −                       (6.6) 

Here ( ) ( ) ( )1,  ,  A t t B tθ  and ( )2 tθ  are slowly varying functions of time t in a way that the 

following higher-order terms: 2

1 1 2 1 2 1
,  ,  ,  ,  ,  ,  A B A Bθ θ θ θ θɺɺ ɺɺ ɺɺ ɺ ɺ ɺ ɺɺɺ ɺ  and 2

2
θɺ  can be neglected. The 

base excitation 
0x  is considered equal to 

0 cos .X tΩ  Substituting Eqs. (6.5) and (6.6) into 

Eqs. (6.3) and (6.4) one can obtain the following coefficients sin tΩ  and cos tΩ  which are 

represented in a matrix form as shown below.  

�

1 2 3 4 1

5 6 7 8 21

9 10 11 12 3

13 14 15 16 42

a a a a bA

a a a a b

a a a a bB

a a a a b

RP Q

θ

θ

    
    
     = −   

     
         

ɺ

ɺ

ɺ

ɺ
������������

ɺ

                                                                             (6.7) 
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The terms 
1 2 15 16,  ... ,  a a a a  and 

1 2 3 4,  ,  ,  b b b b  are given in Appendix D. From Eq. (6.7) the 

steady-state amplitude and phase equations are obtained as follows. 

[ ] [ ]1
Q P R

−
  = 
ɺ                                                                                                      (6.8) 

The steady-state solutions are obtained from the reduced Eq. (6.8) by taking 

1 2
0.A Bθ θ= = = =ɺ ɺ ɺɺ  These steady-state solutions are then solved by using Newton’s 

method to study the responses of the system which are discussed in the next section. It may 

be noted that the above method is similar to the method described in detail in Chapter 3. 

6.2.2 Results and Discussions 

In the present section, the potential of the ANVA in vibration suppression of the base 

excited nonlinear SDOF primary system/forearm is studied by the frequency responses, 

time responses, phase portraits and Poincare’ sections for various system parameters such 

as nonlinear stiffness, various feedback gains and external harmonic excitations on the 

primary system. The frequency response curves of the primary and secondary systems are 

found by numerically solving the steady-state equations (Eq. 6.8) by using Newton’s 

method. For numerical analyses, the system parameters viz., the mass, linear stiffness, and 

damping parameters of the primary system (forearm) and the secondary system (bracelet) 

are considered from the work of Buki et al. [42]. In the next sub-sections, frequency 

responses are studied for the linear and nonlinear systems with and without feedback gains 

by considering various physical system parameters.  

6.2.2.1 Frequency responses with variation in cubic nonlinear stiffness  

The frequency response curves of the forearm and the bracelet are shown in Fig. 6.2 with 

and without the use of cubic nonlinear stiffness coefficient α  and β  in the bracelet which 

is taken equal to 0.1 and 0.01, respectively. Here feedback gain ( )act
F  is considered equal 

to zero. The stable responses are shown by lines and dots while unstable responses are 

shown by circles. From Fig. 6.2(a) it can be observed that the result of the present work 

which is obtained using HBM is matching exactly with the work of Buki et al. [42] 

considering linear stiffness. In this figure for α  = 0.1, the response amplitude of the 
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forearm (primary system) is comparatively less than that with linear stiffness for a wider 

range of operating frequencies. However, for β  = 0.01, unstable responses have been 

observed. The bracelet (absorber) responses have been shown in Fig. 6.2(b) considering  

              

Fig. 6.2: Frequency response of the linear [42] and nonlinear system (a) forearm 

(b) bracelet for  µ  = 0.2, 1ζ  = 0.04 and 2ζ  = 0.1. 

linear and nonlinear stiffness, where similar observations as that of Fig. 6.2(a) is noticed. 

It is inferred from Fig. 6.2 that the consideration of the nonlinear stiffness coefficient in the 

primary system reduces the response amplitude more than that with the linear stiffness. In 

the next section, the effect of active forces on the frequency response of the system is 

studied. 

6.2.2.2 Effects of various feedback gains on the frequency responses  

In this section, the frequency responses of the primary system with unit base excitation 

shown in Fig. 6.3 are studied with various feedback gains, and considering nonlinear 

stiffness in the system. Fig. 6.3 (a) shows the frequency responses of the primary system 

with the AVA by various feedback gains such as displacement ( d
F ), velocity ( v

F ), 

accelerations ( ac
F ) and combination of these feedbacks ( d

F , v
F  and ac

F ) considering 

a p
ω ω  = 1. In Fig. 6.3, the value of d

F , v
F  and ac

F  gains are considered equals to -0.9, 

0.1 and -0.9, respectively which are obtained with several trials and error computations. 

From Fig. 6.3 (a) it can be observed with ac
F  and combination feedbacks ( d

F , v
F  and ac

F

) gains the response amplitude ( A ) of the primary system decreases for a broader range of 

p
ωΩ  values than with other combinations. From this figure, one can notice that with ac

F  

(a) (b)
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gain the 0A X  value is less than that with PVA for p
ωΩ  > 0.77, while with combination 

feedback gains 0A X  value is less than that with PVA for pωΩ  > 0.7. The d
F  gain by 

the AVA (bracelet) performs better than PVA for 0.735< p
ωΩ <1.63. However, with v

F  

gain, the response amplitude of the primary is reduced for a narrow band of  
p

ωΩ  values 

i.e., in the range of 1.07 to 1.37 and 0.53 to 0.82. Also from this figure, one can notice that 

the response amplitude of the primary system with v
F  gain shows two peaks similar to the 

PVA. It may be noted that the v
F  gain by the AVA increases the damping in the secondary 

system, which corresponds to the two peaks in the system. Also, by choosing the optimal 

v
F  gain one can obtain the Den Hartog’s equal peak in the frequency response curve shown 

in Fig. 6.3(a). The ac
F  gain by the AVA reduces 52% and 96% of the response amplitude 

of the primary system at the first and second peaks, respectively than the PVA. However, 

with d
F , ac

F  and combination feedback gains the first peak response amplitude of the  

                                

                                 

Fig. 6.3: Frequency response of the primary (forearm) system with various feedback 

gains by the AVA (bracelet) with linear and nonlinear stiffness for µ  = 0.2, 1ζ  = 0.04, 

2ζ  = 0.1. 

(a) (b)

(c) (d)
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primary system is more than the PVA. The first peak in the frequency response by d
F , ac

F  

and combination feedback gains occur at a slightly lower frequency than the first peak of 

frequency response with PVA. From Fig. 6.3(a), it can be inferred that with ac
F  and 

combination of feedback gains the primary system response can be reduced for a broader 

range of operating frequencies, especially at the close proximities of the resonating 

frequency of operation. In Fig. 6.3(b) the frequency response of the primary system is 

shown with ac
F gain and cubic nonlinear stiffness in the system. Considering α  = 0.1 and 

β  = 0, it is observed that the high peak response amplitude of the primary system with ac
F  

gain reduces than the corresponding linear system (Fig.6.3(a)). The nonlinear primary 

system response amplitude with α  = 0.1 and β  = 0 and ac
F  gain remains very less than 

the linear primary system with PVA and AVA with ac
F  gain (Fig.6.3(a)) for 0< p

ωΩ < 

0.77. It is noticed that with ac
F  gain and considering α  = 0.1 and β  = 0 (Fig. 6.3(b)), there 

is a minimum 48% and a maximum 68% reduction in the response amplitude of the primary 

system than the linear primary system with PVA (Fig. 6.3(a)) for 0< pωΩ <0.8. However, 

it is observed that with the consideration of α  = 0.1 and β  = 0, the unstable solutions are 

appearing at the higher operating frequencies range. Considering nonlinear stiffness only 

in the AVA i.e.  α  = 0 and β  = 0.01 (Fig. 6.3(b)), one can notice that the response 

amplitude of the primary system shows unstable responses for 0.57< p
ωΩ < 0.79. 

However, outside for pωΩ > 0.79, the response amplitude of the primary system with ac
F  

gain is less than PVA. Similar, response amplitude is also observed considering α  = 0.1 

and β  = 0.01, with ac
F  gain but here for pωΩ  < 0.79 the response amplitude of primary 

system is less than considering α  = 0 and β  = 0.01. The unstable solutions appeared 

considering α  = 0.1 and β  = 0.01 is in the range of 0.79<
p

ωΩ <0.88. In Figs. 6.3(c) and 

6.3(d), similar analyses as in Fig. 6.3(b) is carried out, but here v
F  gain in the feedback is 

considered. From these figures, one can observe two peaks in the frequency response curves 

considering α  and β  coefficients in the stiffness of the primary system and the absorber. 

The response amplitude of the primary system shows comparatively better response with 

nonlinear stiffness present in the primary system (Fig. 6.3(c), α  = 0.1 and β  = 0 and α  = 

0.1 and β  = 0.01) than considering only nonlinear stiffness in the absorber (Fig.6.3(d). 
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From Fig. 6.3 one can observe the efficacy of the ac
F  and combination feedback gains in 

reducing the response amplitude of the primary system for a broad range of operating 

frequencies than with PVA or other combinations of feedbacks. The PVA shows lesser 

responses in the lower operating frequencies region. Hence one can use the AVA with zero 

gain for the lower operating frequency region ( pωΩ  < 0.77) and for the higher operating 

frequency region (
p

ωΩ  > 0.77), one can use ac
F  gain by the AVA to broadly suppress the 

vibration of the primary system. The consideration of cubic nonlinear stiffness in the 

system shows unstable responses for a particular region of operating frequencies. So, one 

can avoid operating the AVA in these regions for the nonlinear system.  

Figure 6.4 illustrates the unit base excited primary system response amplitude with the ac
F  

gain by the AVA, taking into account physical system parameters of the forearm from the 

work of Buki et. al. [42] viz., 
p

ω  = 28.65 rad/sec, a
ω  = 36.75 rad/sec, 1ζ  = 0.079 and 2ζ  = 

0.0263, and  µ  = 0.2248. Fig. 6.4(a) shows the frequency response amplitude of the 

primary system with PVA, ac
F  gain by the AVA and ac

F  gain with optimal AVA 

parameters. From this figure, it can be observed that with PVA (bracelet) the two peaks are 

at 3.83 Hz and 6.95 Hz with response amplitudes of 7.165 and 1.99, respectively. It may 

be noted that in Fig. 6.4 in addition to the base excitation [42], a harmonic excitation 

cosF tΩ , where F  = 0.1 N, is also considered, for the active case (AVA with ac
F  gain), 

which may arise due to many other disturbance or feedback gains. The ac
F  gain by the 

AVA reduces the response amplitude by 72.5% in the first peak (3.83 Hz) and 92.6% in 

the second peak (6.95 Hz) than the PVA. The response amplitude of the primary system 

shows a comparatively lesser amplitude with ac
F  gain by the AVA for Ω  > 3.5 Hz than 

the PVA. However, with ac
F  gain the first peak occurs at 3.36 Hz with a response amplitude 

equal to 7.5. Thus, one can use the AVA with zero feedback gain for 0< Ω <3.5 Hz and 

outside this range, ac
F  gain in the feedback by the AVA can be used to suppress the forearm 

(primary system) tremor for a broad range of operating frequencies. It is also shown in Fig. 

6.4(a) that with the optimal parameters for the frequency ( a
ω (opt) = 27 rad/sec) and 

damping ratio ( 2ζ (opt) = 0.25) in the AVA there is a significant reduction in the response 

amplitude of the primary system for a broad range of operating frequencies. With the 

TH-2895_136103038



Application of ANVA  

 

233 

optimal AVA and ac
F  gain the maximum peaks in the response amplitude is 2.86 at 2.95 

Hz, which is 60% less than the maximum peak by the PVA. The response amplitude of the 

primary system with optimal AVA and ac
F  gain is slightly more than PVA for a narrow 

band of operating frequency Ω  in the range of 5.5 Hz to 6.12 Hz and 1.9 to 3.15 Hz.  

One can obtain the mass ratio, mass of the primary system, stiffness of the primary system 

and the absorber from the data provided in the work of Buki et al. [42] as m  = 0.28 kg, M  

= 1.2456 kg, µ  = 0.2248, K  = 1.0224 kN/m, k  = 208.68 N/m (for ( )a
optω ) and k  = 

378.1575 N/m (for 
a

ω ). Considering α   and β   equal to 10% and 1% of the corresponding 

linear stiffness the response amplitude of the primary system is shown in Fig. 6.4(b-c). In 

Figs. 6.4(b) and 6.4(c) the response amplitude of the primary system with PVA is shown.  

From Fig. 6.4(b) it can be observed that considering α  = 10% of K  and β  = 1% of k , 

the response amplitude of the primary system with PVA is less than that of the linear  

              

                

Fig. 6.4: Frequency response of the primary (forearm) system with 
ac

F  gains by the 

AVA (active bracelet) considering physical system parameters of the forearm [42]. (a) 

linear system (b) nonlinear primary system with PVA (c) nonlinear PVA (d) nonlinear 

AVA. 

(a) 

(c) 

(b)

(d)
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passive system (Fig. 6.4(a)) for Ω  <4.78 Hz. However, with the nonlinear stiffness, the 

responses of the primary system show unstable solutions for Ω  in the range of 4.78 Hz to 

5.36 Hz and 6.5 Hz to 7.66 Hz. Considering only β  = 1% of k  and α  = 0, high first peaks 

in the response amplitude of the primary system are observed, which is similar to the linear 

system with PVA shown in Fig. 6.4(a). In Fig. 6.4(d) the frequency response of the primary 

system with 
ac

F  gain by the AVA (active bracelet) is shown considering nonlinear stiffness 

in the system. From this figure, one can observe a significant reduction (44% to 98%) in 

the response amplitude of the primary system with the 
ac

F  gain by the active bracelet, 

considering nonlinear stiffness only in the absorber (α  = 0 and β  = 1% of k ), for Ω  in 

the range of 3.2 Hz to 4.2 Hz. The maximum peak of the primary system with a nonlinear 

passive bracelet is 8.5354 at 3.799 Hz (Fig. 6.4(c)), whereas with an active bracelet the 

response amplitude is 0.259 at the same frequency (Fig. 6.4(d)), which is 97% reduction. 

However, with 
ac

F  gain by the active bracelet unstable responses are appearing for Ω  in 

the range of 2.41 Hz to 3.22 Hz. Also, with the passive bracelet, the unstable responses are 

observed for Ω  in the range of 6.55 Hz to 7.24 Hz, whereas with 
ac

F  gain by the active 

bracelet the primary system responses are stable and minimum in these regions of Ω . The 

efficacy of the 
ac

F  gain by the active bracelet is also observed showing stable responses 

for α  = 10% of K  and β  = 1% of k  and α  = 10% of K  and β  = 0 near the second peak 

of the frequency response plot. From Fig. 6.4 it can be inferred that the 
ac

F  gain by the 

AVA (active bracelet) significantly suppresses the tremor suppression of the forearm of the 

patient both for the linear and nonlinear system. The nonlinear stiffness in the system 

produces unstable responses as shown in Fig. 6.4(b-d), so, one has to avoid these regions 

of operating frequencies to have less response amplitude in the forearm. In the next sub-

section time responses, phase portraits and Poincare sections of the forearm with the 

passive and active bracelet are studied considering various external excitations acting on 

the forearm. 

6.2.2.3 Responses of the system by acceleration feedback  

In this section, the time responses, phase portraits and Poincare sections of the unit base 

excited primary system (forearm) is shown in Fig. 6.5 considering passive and active 

bracelet with  
ac

F  gain and nonlinear stiffness in the active bracelet. For the passive bracelet 
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(PVA) only base excitation is considered while for the active bracelet (AVA) both unit base 

and harmonic excitations ( F  = 0.1 N) are considered. In Fig. 6.5, effects of linear and only 

cubic nonlinear stiffness in the responses of the system are studied at the resonance i.e., 

when Ω  = pω . Figure 6.5(a-c) shows with the linear passive bracelet the response of the 

primary system is periodic and its value is 1.682. From Fig. 6.5(a-c) and Fig. 6.4(a) 

responses for the linear system with PVA, one can observe good agreement between the 

HBM and numerical method results. It may be noted that in Fig. 6.4(a) the response 

amplitude of the linear primary system for the linear passive case is 1.683 at 4.5597 Hz (

Ω  = p
ω ). The 

ac
F  gain by the active bracelet reduces the response of the primary system 

from 1.682 to 0.514, which is a 69.4% reduction. The time response obtained with 
ac

F  gain 

for the primary system at Ω  = pω  with the linear bracelet is also in good agreement with 

the HBM results shown in Fig. 6.4(a), where the response amplitude is 0.512 at 4.5597 Hz.  

Considering nonlinear stiffness only in the absorber (α  = 0 and β  = 1% of k  (378.1575 

N/m)) with the passive and active bracelet the responses are also closely matched with the 

corresponding Figs. 6.4(c) and 6.4(d). From Fig. 6.4(b-c) it is observed that the responses 

are periodic for the linear and nonlinear passive or active bracelet.  

 

Fig. 6.5: (a) Time responses, (b) phase portraits and (c) Poincare sections with passive 

and active bracelets at Ω  = p
ω .  

6.2.2.4 Responses of the primary system for multi base excitations 

In this sub-section, the performance of the 
ac

F  gain by the active bracelet is studied in 

vibration reduction of the forearm (primary system) considering multi-frequency base 

excitations in the form  ( )0 0cos cos(2 2 )X t X tΩ + Ω . The corresponding time responses, 

phase portraits and Poincare sections are shown in Fig. 6.6. It may be noted as in the 

(a) (b) (c) 
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previous figures (Figs. 6.4 and 6.5) for the active case in addition to the above base 

excitations, a harmonic excitation cosF tΩ , where F  = 0.1 N, is also considered.  From 

Fig. 6.6, one can observe around a 50% reduction in the response by the 
ac

F  gain with the 

active bracelet. From the phase portraits (Fig. 6.6(b) and Poincare sections (Fig. 6.6(c)), 

one can observe quasi-periodic responses.  

 

Fig. 6.6: (a) Time responses, (b) phase portraits and (c) Poincare sections with passive 

and active bracelet at Ω  = 
p

ω  for multi base excitations.  

6.2.2.5 Responses of the primary system for multi excitations  

In this section, the efficacy of the 
ac

F  feedback gain is studied in vibration suppression of 

the primary system when it is subjected to multi-base and harmonic excitations.  Figures 

6.7 show the responses when the primary/forearm undergoes multi-base excitations of the 

form ( ) ( )
7

0 0

0

cos cos 2n

n

X t X t
=

Ω = Ω . For the active case along with these base excitations 

an additional harmonic excitation of the form ( ) ( )
7

0

cos cos 2n

n

F t F t
=

Ω = Ω , where F  = 

0.1 N is considered. Figure 6.7(a-c) shows the responses of the primary (forearm) system 

with the passive and active bracelets. From this figure, one can observe a slight 

improvement in suppressing the responses by the active bracelet in comparison to the 

passive. From the phase portraits (Fig. 6.7(b)) and Poincare sections (Fig. 6.7(c)), one can 

observe periodic responses. The performance of the active acceleration feedback gain 
ac

F  

by the bracelet is also studied considering the optimal frequency ( ( )a
optω )  and optimal 

frequency and damping ratio by the active bracelet and shown in Fig. 6.7(c-f). From Fig. 

6.7(c-f), one can observe a substantial decrease in the response of the primary system by 

(a) (b) (c) 
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the 
ac

F  gain with the optimal parameters in comparison to the passive bracelet (Fig. 6.7(a-

c)). For multiple excitations with higher amplitude of excitations, one can increase the gain 

 

   

Fig. 6.7:  Time responses (a, d), phase portraits (b, e) and Poincare sections (c, f) of the 

primary system under multiple excitations at Ω  = pω . 

used by the active bracelet to effectively suppress the responses of the primary system 

considering both linear and nonlinear stiffness in the system. Furthermore, from the results 

shown in section 6.2.2 one can observe the efficacy of 
ac

F  gain in tremor suppression for 

various excitations and nonlinear stiffness in the system. The application of vibration 

absorbers with modified design is also employed to suppress the vibration of the beam 

system under external harmonic excitations [57, 106, 127, 189, 243, 253, 315, 326, 334, 

335]. In the next section, one such example of the application of ANVA is extended to a 

beam system.  

6.3 ANVA for Harmonically Excited Beam System 

In this section, vibration suppression by ANVA of a continuous beam system is analysed. 

The secondary system consists of a nonlinear spring, mass and an actuator, which is 

attached to the primary beam to suppress its vibration. The beam is modelled as Euler–

Bernoulli beam, which is excited by an external harmonic point force. Three different 

feedbacks namely proportional displacement or velocity combination of these are used by 

(a) (b) (c) 

(d) (e) (f) 
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the actuator to suppress the first three modes of vibrations of the beam for various boundary 

conditions. It may be noted that this work is an extension work of Chatterjee [127] where 

linear vibration absorbers with displacement and velocity feedback were studied.  

The schematic diagram of a fixed-fixed beam subjected to harmonic excitation cosF tω  at 

distance b from the left end is shown in Fig. 6.8. The parameters ,  ,  ,A Lρ  and EI  denotes 

density, cross-sectional area, length, elastic modulus and, the flexural rigidity of the beam, 

respectively. The mass, stiffness of the spring and cubic nonlinear stiffness of the secondary  

 

Fig. 6.8: Vibration control of a fixed-fixed beam subjected to harmonically excited point 

load by using an active nonlinear vibration absorber. 

system is denoted by 
1,  m k   and 

13k , respectively. The secondary system is attached at a 

distance a  from the left end of the beam. The active control force 
c

F  by the actuator is 

considered to be proportional to displacement or velocity feedback or a combination of 

these taken from the absorber mass. The transverse displacement of the beam about the 

neutral axis at any point x  and time t  is denoted by ( ),  W x t . The governing differential 

equation of motion of the system is obtained by considering the equilibrium of the forces 

and moments, which are given below.   

( ) ( ) ( )( )( ) ( )

( )( )( ) ( ) ( ) ( )

2 4

12 4

3

13

,  ,  
,  

,  cos

a

a c

W x t W x t
A EI k W x a t y x a

t x

k W x a t y x a F x a t F x a

ρ δ

δ δ ω δ

∂ ∂
+ + − −

∂ ∂

+ − − = − − −
                                (6. 9) 

( )( ) ( ) ( )( ) ( ) ( )3

1 13,  ,  a a a cmy k y W a t x a k y W a t x a F x aδ δ δ+ − − + − − = −ɺɺ                   (6.10)  

c p a v aF K y K y= − ɺ                                                                                         (6.11) 
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where pK  and 
v

K  are the control gains of the absorber mass, for displacement and velocity 

feedback, respectively. The term and 
a

y  is the displacement of the absorber mass. It may 

be noted that to make the design conservative, damping is not considered in the primary 

system while studying the ANVA. If the system vibration is controlled without damping, 

definitely it will also absorb the vibration of the primary system with damping having less 

control gain. Hence in the present analyses, no material damping is considered for the beam 

system. Taking ( ) ( ) ( )
3

1

,  
i i

i

W x t x q tφ
=

=   in Eqs. (6.9) and (6.10), where ( )i
xφ  is the 

modal shape function and ( )i
q t  is the time modulation of the i th mode of the beam 

vibration, the temporal equations of the system is obtained by using Galerkin’s method. 

Here normalization criteria is taken as ( )( )2

0

1

L

i
x dxφ = . Following non-dimensional 

parameters are used for further analysis. Modal displacement of the beam for ith mode: 

i i st
w q δ= , displacement of the absorber: ,

a st
y y δ= mass ratio ( )( )m ALµ ρ= , 

1 0/
a

k mω ω= , 
st

δ  is the static deflection of the beam, 
0ω  is the reference frequency, the 

normalized natural frequency of i th mode the beam is equal to 
ni

ω , cubic nonlinear stiffness 

coefficient: 
13 1k kα = , excitation force: ( )2

0 stf F ALρ ω δ= , control gains: 

( )2

0p pk K ALρ ω= , ( )2

0v vk K ALρ ω= ,  
0ω ωΩ =  and non-dimensional time 

0 .tτ ω=  

The obtained non-dimensional equations of motion are given below. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( )

3
2 2

1

1

3
3

2

1

1

cos

i ni i a i i i p v

i

a i i i

i

w w a a w y a k y k y

a a w y b f

τ ω τ µω φ φ τ τ φ τ τ

αµω φ φ τ τ φ τ

=

=

 + + − + − 
 

 + − = Ω 
 





ɺɺ ɺ

     (6.12) 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

3
3 3

2 2

1 1

0

a i i a i i

i i

p v

y y a w y a w

k y k y

µ τ µω τ φ τ αµω τ φ τ

τ τ
= =

   + − + −   
   

− + =

 ɺɺ

ɺ

               (6.13) 

It may be noted that Eqs. (6.12) and (6.13) are similar to Chatterjee [127] but here the cubic 

nonlinear stiffness in the absorber and different feedback forces are considered for various 

boundary conditions of the beam. The Eqs. (6.12) and (6.13) are solved for the first three 
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modal displacements of the beam i.e., for i  =1, 2 and 3 using HBM which is discussed in 

the following section.  

6.3.1 Approximate solution by harmonic balance method 

In this section, the harmonic balance method with slowly varying parameters is employed 

to Eqs. (6.12) and (6.13) to analyse the steady-state response of the system. The assumed 

solutions are stated as follows:  

( ) ( ) ( )( )cos
n n n

w Aτ τ τ ϕ τ= Ω +  for n  = 1, 2, 3                                                      (6.14) 

( ) ( ) ( )( )4cosy Bτ τ τ ϕ τ= Ω +                                                                            (6.15) 

where ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3 1 2 3
,  ,  ,  ,  ,  ,  A A A Bτ τ τ τ φ τ φ τ φ τ  and ( )4

φ τ  are slowly-varying 

functions of time τ  such that one can neglect the higher-order or multiplication of 

derivatives following the similar procedure as in the previous section. Substituting Eqs. 

(6.14) and (6.15) into Eqs. (6.12) and (6.13) and equating the coefficient of sin τΩ  and 

cos τΩ , the following set of algebraic equations in the matrix form are obtained. 

{ } { }
11 18

1 1 2 2 3 3 4 1 8

81 88

T T

a a

A A A B b b

a a

ϕ ϕ ϕ ϕ
 
  = 
  

…

ɺ ɺ ɺ ɺɺ ɺ ɺ ɺ⋮ ⋱ ⋮ ⋯

⋯

               (6.16) 

The terms 
11 12 87 88,  ... ,  a a a a  and 

1 2 7 8,  ... ,  b b b b  are given in Appendix D. From Eq. (6.16) 

the eight sets of amplitudes ( )1 2 3
,  ,  ,  A A A B  and phase ( )1 2 3 4

,  ,  ,  ϕ ϕ ϕ ϕ  equations are 

obtained as given below. 

( )1 2 3 1 2 3 4
,  ,  ,  ,  ,  ,  ,  

n n
A f A A A B ϕ ϕ ϕ ϕ=ɺ  for n  = 1, 2, 3                                       (6.17) 

( )1 2 3 1 2 3 4
,  ,  ,  ,  ,  ,  ,  

n n
f A A A Bϕ ϕ ϕ ϕ ϕ=ɺ  for n  = 4, 5, 6                                       (6.18) 

( )7 1 2 3 1 2 3 4
,  ,  ,  ,  ,  ,  ,  B f A A A B ϕ ϕ ϕ ϕ=ɺ                                                                (6.19) 
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( )4 8 1 2 3 1 2 3 4
,  ,  ,  ,  ,  ,  ,  f A A A Bϕ ϕ ϕ ϕ ϕ=ɺ                                                               (6.20) 

The steady-state solutions of the equations are obtained by setting the first derivatives of 

the slowly varying amplitudes and phases equal to zero, i.e., 

1 21 2 3 3 4
0A A A B ϕ ϕ ϕ ϕ= = = = = = = =ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ  in the Eqs. (6.17 to 6.20) and the stability is 

studied by obtaining the eigenvalues of the Jacobian matrix from Eq. (6.16). In the 

following section, the performance of the active nonlinear vibration absorber is discussed 

for various system parameters and control gains to suppress the vibration of the beam for 

the first three modal frequencies. 

6.3.2 Results and discussions 

In this section, the performance of the active nonlinear vibration absorber on the beam is 

studied by the time responses, phase portraits and frequency responses of the system for 

the first three modal frequencies of the beam and also compared with those of the linear 

passive vibration absorber (PVA). The optimum absorber parameters and the active forces 

for displacement ( pk ) and velocity feedback (
vk ) are considered the same as that in the 

work of Chatterjee [127]. The system parameters are considered as follows: mass ratio µ  

= 0.2, the amplitude of external excitation f  = 1, absorber frequency 
aω  = 2, first three 

modal frequencies of the beam are 
1nω  = 1, 4 and 9. The parametric study is carried out by 

varying cubic nonlinear stiffness coefficient α  and active forces pk  and 
vk  for various 

boundary conditions of the beam. The time responses and phase portraits of the system are 

obtained by solving Eqs. (6.12) and (6.13) using the fourth-order Runge Kutta method and 

the frequency responses of the system are obtained by solving the steady Eqs. (6.17 to 6.20) 

using Newton’s method. The solution is considered to be stable when the real part of the 

eigenvalues of the Jacobian matrix is negative. 

6.3.2.1 Time responses of the system 

The time responses and phase portraits of the fixed-fixed beam and with the passive 

absorber are shown in Fig. 6.9 for studying the effects of α  and active forces in the 

vibration suppression of the beam.  In Fig. 6.9(a-d) comparison of time responses at the 
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first modal frequency (
1nω  = Ω  = 1) of the beam for linear (red colour) and nonlinear 

(black colour) PVA has been carried out. From Fig. 6.9(a) one can observe that with cubic 

 

Fig. 6.9: Comparison of time responses (a, c) and phase portraits (b, d) of the passive 

fixed-fixed beam system at (
1nω  = Ω  = 1) for linear (α  = 0) (red colour) and nonlinear 

absorber (α  = 0.1) (black colour). 

nonlinear stiffness, the response amplitude of the beam and the absorber decreases by 24% 

and 50% respectively, compared to the linear vibration absorber. The corresponding phase 

portraits of the system are shown in Fig. 6.9(b, d) where the beam and absorber show quasi-

periodic responses. In Fig. 6.10 responses of the fixed-fixed beam are studied for α  = 0.1 

and 0.2 with different control gains. In Fig. 6.10(a-d) the black line shows the system 

response with only control gain 
vk  and the red lines shows zero control gain for the first  

 

Fig. 6.10:  Time responses and phase portraits of the system with fixed-fixed boundary 

conditions for different feedbacks and nonlinear stiffness in the absorber, where passive 

(red colour) and active (black colour). (a-d) 
vk  = 0.3578 and α  = 0.1 at 

1nω  = Ω  = 1, (e, 

f) 
vk  = 1 and α  = 0.1 at 

1nω  = Ω  = 4. 
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modal frequency (
1nω  = Ω  = 1) of operation. It is observed from Fig. 6.10(a, c) that with 

vk  = 0.3578 the response of the beam and the absorber decreases by 52% and 28% 

respectively, compared to the nonlinear PVA. In Fig. 6.10(b) and Fig. 6.10(d) phase 

portraits of the beam and the absorber show quasiperiodic responses. In Fig. 6.10(e-f) time 

responses are shown to control the second modal frequency (
1nω  = Ω  = 4) of the beam 

with 
vk  = 1, while all other system parameters are considered the same as in Fig. 6.10(a-

d). Here one can observe that the system amplitude at the first modal frequency is more 

than that with the second modal frequency. From Fig. 6.10 it is observed that for the 

nonlinear absorber active forces with velocity feedback reduce the amplitude of the fixed-

fixed beam system. In Fig. 6.11 the response of the system is studied for the simply 

supported beam (Fig. 6.11(a-b)) and the cantilevered beam (Fig. 6.11(c-d)) with the same 

α  and control gains as in Fig. 6.10(a-d). From Fig. 6.11(a, b) the same beating time 

responses are observed as in Fig. 6.10 but with higher response amplitude. However, with 

the active forces, the amplitude is less which are shown in black colour. For the cantilever 

beam shown in Fig. 6.11(c, d) the vibration suppression is better than the simply supported 

beam with the same applied active forces. 

 

Fig. 6.11: Time responses of the (a, b) cantilevered beam and (c, d) simply supported 

beam at 
1nω  = Ω  = 1 for α  = 0.1, where passive (red colour) and active (

vk  = 0.3578) 

(black colour). 

6.3.2.2 Frequency responses curves of the system 

In this section, the parametric study is undertaken to analyse the frequency response of the 

system with different values of α , boundary conditions of the beam viz., fixed-fixed, 

simply supported and cantilever beam and active forces for displacement ( pk ) and velocity 

feedback (
vk ). In Fig. 6.12(a, b) a comparison of frequency responses between the linear 
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(black colour) and nonlinear active vibration absorber (blue colour) with pk  and 
vk  are 

shown to suppress the first modal frequency (
1n

ω  = Ω  = 1) of vibration in the fixed-fixed 

beam. From these figures, it is observed that for α  = 0.01 the amplitude of the beam and 

the absorber decreases for the first three modal frequencies than the linear absorber. In Fig. 

6.12(c, d) only velocity feedback is used to suppress the second modal vibration (
1nω  = Ω  

= 4) of the beam. It is observed from these figures, that only 
vk  the second mode of 

vibration of the beam is suppressed and also the same analogy can be interpreted for the 

absorber. It may be noted that Figs. 6.12(a) and 6.12(c) are similar to the results obtained 

by Chatterjee [127] where only linear analysis has been carried out. In Fig. 6.12(e, f) the 

same 
vk   and negative p

k  are considered to suppress the vibration of the beam at the third 

mode (
1nω  = Ω  = 9). It is observed from these figures that with the control gains both the 

third mode and the second mode of vibration of the beam decrease. In Fig. 6.12(g) for α   

 

 

Fig. 6.12: Frequency responses of the fixed-fixed beam at the first three modal 

frequencies with 
vk  = 0.3578 and different pk  and α  (a, b) pk  = 0.6, at 

1nω  = Ω  =1, (c, 

d) pk  = 0, α  = 0 at 
1nω  = Ω  = 4, (e, f) pk  = -1, α  = 0.05 at 

1nω  = Ω  = 9, (g) pk  = 0.6, 

α  = 0.05 at 
1nω  = Ω  = 1, (h) pk  = -0.6, α  = 0.1 at 

1nω  = Ω  = 1, (i, j) pk = -1, α  = 0.01 

at 
1nω  = Ω  = 1 and (k, l) pk  = -1, α  = 1 at 

1nω  = Ω  = 1. 
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= 0.05, it is observed that the vibration of the beam further reduces in the first two modal 

frequencies than Fig 6.12(a). But for α  = 0. 1 the beam vibration increases which are 

shown in Fig. 6.12(h). In Fig. 6.12(i, j) the vibration suppression of the third mode is 

analysed for α  = 0.01 with 
vk and negative pk . It is observed that the vibration suppression 

of the beam in the third mode is not achieved with the applied control gains. In Fig. 6.12(k, 

l), α  =1 is considered to suppress the first mode of vibration (
1nω  = Ω  = 1) of the beam. 

From Fig. 6.12(k, l), high response amplitude and unstable regions are observed in the 

system. From Fig. 6.12 it is observed that for α  in the range of 0 to 0.1 with the applied 

control gains the response amplitude of the system reduces for the first three modal 

frequencies but higher values of α  i.e. for α  = 1, make the system unstable with high 

response amplitude. In Fig. 6.13(a, d) the simply supported beam and cantilever beam are 

considered with pk , 
vk  and α  while all other parameters are the same as in Fig. 6.10(a-d). 

In simply supported beam (Fig. 6.13(a, b)) the unstable region is observed for 0.85< Ω

<0.95 with jump up and jump down phenomena. For the cantilever beam (Fig. 6.13(c, d)) 

the response amplitude is higher than in the fixed-fixed beam with the same control gains.  

 

Fig. 6.13: Frequency responses of the (a, b) simply supported beam and (c, d) cantilever 

beam for 
p

k  = 0.6, 
vk  = 0.3578 and α  = 0.01 at 

1nω  = Ω  =1. 

The vibration suppression technique by the PVA is not only limited to the use of active/ 

smart materials (AVA) but also modifying the design PVA and use of various optimization 

techniques [334-340]. In the next section, a modified design in the vibration absorber is 

studied where in place of the PZT stack actuator a flywheel is used to provide an active 

force in the system known as a rotational inertial double-tuned mass damper (RIDTMD). 

The analyses are carried out to study the effects of nonlinear cubic spring stiffness on the 

response of the system.  
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6.4 Nonlinear Rotational Inertial Double Tuned Mass Damper 

A single degree of freedom spring-mass primary system to which an active rotational 

inertial doubled tuned mass damper (RIDTMD) is attached is shown in Fig. 6.14. The 

proposed model is similar to Garrido et al. [340] but here cubic nonlinear stiffness is 

considered for both primary mass and the absorber configuration. RIDTMD consists of 

TMD using rotational inertial viscous damper (RIVD). Here 
1m  and 

1k  denote the mass 

and the stiffness of the primary mass. The RIDTMD consists of a moving block mass, the 

primary and secondary spring stiffness and the equivalent damping factor of the RIVD are 

denoted by 
2 2 3, , m k k  and 

2c  respectively as shown in Fig. 6.14. The primary mass is 

subjected to external harmonic force excitation 
1 1cos( )F tΩ . This external harmonic 

excitation may be developed due to the unwanted disturbances by the feedback gains or 

due to the tremors. It may be noted that in this case RIVD is used which is similar to the 

active feedback gain generated by using the PZT based actuator discussed in the previous 

Chapters. Hence, the analyses of nonlinear RIDTMD are carried out in this section. The 

governing equations of motion of the system are obtained using d’Alembert principle which 

is given below. 

 

Fig. 6.14: SDOF nonlinear primary system incorporating a nonlinear RIDTMD. 

( ) ( )
( ) ( )

33

1 1 1 1 13 1 2 1 2 23 1 2

3

3 1 3 33 1 3 1 1cos

m x k x k x k x x k x x

k x x k x x F t

+ + + − + −

+ − + − = Ω

ɺɺ
                                                               (6.21)

( ) ( ) ( ) ( )3

2 2 3 2 3 2 2 3 2 2 1 23 2 1 0m x m x x c x x k x x k x x+ − + − + − + − =ɺɺ ɺɺ ɺɺ ɺ ɺ                                        (6.22)

( ) ( ) ( ) ( )3

3 3 2 2 3 2 3 3 1 33 3 1 0m x x c x x k x x k x x− + − + − + − =ɺɺ ɺɺ ɺ ɺ                                                            (6.23) 
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It may be noted that in the RIDTMD following the work of [340] the translational masses 

of the flywheel, rack, pinion and the immersed mass are assumed to be relatively small and 

can therefore be combined into 1m . Assuming 1
1

1

k

m
ω =  and 

1 ,tτ ω=  Eqs. (6.21), (6.22) 

and (6.23) are non-dimensionalized as given below. 

( ) ( )
( ) ( )

33 2

1 1 13 1 1 21 1 2 23 1 2

32

2 31 1 3 33 1 3
cos

x x x x x x x

x x x x F

α µ ω α

µ ω α τ

+ + + − + − +

− + − = Ω

ɺɺ
                                                                     (6.24) 

( ) ( ) ( ) ( )32

1 2 2 2 3 2 1 21 2 3 1 21 2 1 23 1 22 0x x x x x x x x xµ µ ζ µ ω µ ω α+ − + − + − + − =ɺɺ ɺɺ ɺɺ ɺ ɺ                       (6.25)   

( ) ( ) ( ) ( )32

2 3 2 2 1 21 3 2 2 31 3 1 33 3 12 0x x x x x x x xµ ζ µ ω µ ω α− + − + − + − =ɺɺ ɺɺ ɺ ɺ                          (6.26)  

where 

3 3 32 2 1 2 2
1 2 2 1 2 3 21 31

1 1 2 2 1 2 3 1 1

2 2 2

13 0 23 0 33 0 11 1
13 23 33 02 2 2 2

1 1 1 1 1 1 1 1 0 1

,  ,  , ,  ,  ,  ,   ,  
2

 ,   ,   ,   ,  ,   reference length

m km c k k

m m m m m m

k x k x k x F
F x

m m m m x

ωωµ µ ζ ω ω ω ω ω
ω ω ω

α α α
ω ω ω ω ω

= = = = = = = =

Ω= = = = Ω = =

 

Equations (6.24) to (6.26) are solved using HBM in the following section. 

6.4.1 Solution by HBM 

Similar to the previous section, the approximate solutions of Eq. (6.24) to (6.26) using 

HBM can be assumed as follows. 

( ) ( ) ( )( )1 1cosx Aτ τ τ ϕ τ= Ω +                                                                                                   (6.27) 

( ) ( ) ( ) ( )( )1 2 2cosx x Bτ τ τ τ ϕ τ− = Ω +                                                                                      (6.28) 

( ) ( ) ( ) ( )( )1 3 3cosx x Cτ τ τ τ ϕ τ− = Ω +                                                                                      (6.29) 

where ( ) ( ) ( ) ( ) ( )1 2,  ,  ,  ,  A B Cτ τ τ ϕ τ ϕ τ  and ( )3ϕ τ  are slowly-varying functions of time τ ,  

such that one can neglect the following terms: 2
1 2 3 1 1 1 1,  ,  ,  ,  ,  ,  ,  ,  ,  ,A B C A B Cɺɺ ɺɺ ɺ ɺɺɺ ɺɺɺ ɺɺ ɺɺ ɺ ɺ ɺ ɺϕ ϕ ϕ ϕ ϕ ϕ ϕ
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2
2ɺϕ  and 2

3ɺϕ . Substituting Eqs. (6.27) to (6.29) into Eqs. (6.24) to (6.26) and equating the 

coefficient of sinΩτ  and cosΩτ  terms separately to zero, yields six sets of algebraic 

equations. The steady-state solutions are obtained from these equations by considering 

1 2,  ,  ,  ,  A B Cɺ ɺɺ ɺ ɺϕ ϕ  and 3ɺϕ  equal to zero, which are given below. 

2 3 2 3

1 1 13 1 1 21 2 23 2

2 3

2 31 3 32 3

sin sin 0.75 sin sin 0.75 sin

sin 0.75 sin 0

A A A B B

C C

ϕ ϕ α ϕ µ ω ϕ α ϕ
µ ω ϕ α ϕ

− Ω + + + +

+ + =
                    (6.30) 

( )2 3 2 3

1 13 1 1 21 2 23 2

2 3

2 31 3 23 3

cos 1 0.75 cos cos 0.75 cos

cos 0.75 cos 0

A A B B

C C F

ϕ α ϕ µ ω ϕ α ϕ

µ ω ϕ α ϕ

−Ω + + + + +

+ − =
      (6.31) 

( ) ( )
( )

2 2 2 2

1 2 1 2 2 3

2 3

2 1 21 2 3 1 21 2 23 2

cos cos cos cos

2 sin cos cos 0.75 cos 0

B A B C

B C B B

µ ϕ ϕ µ ϕ ϕ

ζ µ ω ϕ ϕ µ ω ϕ α ϕ

− Ω − Ω + − Ω + Ω

+ Ω − Ω + + =
                       (6.32) 

( ) ( )
( )

2 2 2 2

1 2 1 2 2 3

2 3

2 1 21 2 3 1 21 2 23 2

sin sin sin sin

2 cos cos sin 0.75 sin 0

B A B C

B C B B

µ ϕ ϕ µ ϕ ϕ

ζ µ ω ϕ ϕ µ ω ϕ α ϕ

− Ω − Ω + − Ω + Ω

+ − Ω + Ω + + + =
                 (6.33) 

( ) ( )2 2

2 3 2 2 1 21 2 3

2 3

2 21 3 23 3

cos cos 2 sin cos

cos 0.75 cos 0

C B B C

C C

µ ϕ ϕ ζ µ ω ϕ ϕ

µ ω ϕ α ϕ

− Ω + Ω + − Ω + Ω

+ + =
                                   (6.34) 

( ) ( )2 2

2 3 2 2 1 21 2 3

2 3

2 21 3 23 3

sin sin 2 cos cos

sin 0.75 sin 0

C B B C

C C

µ ϕ ϕ ζ µ ω ϕ ϕ

µ ω ϕ α ϕ

− Ω + Ω + Ω − Ω +

+ =
                                   (6.35) 

The steady-state frequency response of the system is obtained by solving Eq. (6.30) to 

(6.35) using Newton’s method. In the following section, the numerical results are 

discussed. 

6.4.2 Results and discussions 

The performance of the nonlinear rotational inertial double-tuned mass damper (RIDTMD) 

is studied by considering the following non-dimensional parameters for the system. The 

mass ratios 
1µ  and 

2µ  are taken as 0.05, 0.005, respectively. The damping ratio 
2ζ  of the 
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absorber is considered 0.241 and the frequency ratios 
21ω  and 

31ω  are taken as 0.943 and 

1.043, respectively. The external harmonic excitation (  F ) and the reference length 
0x  are 

taken equal to 1. It may be noted that these system parameters are optimum, which are 

considered from the work of Garrido et al. [340]. In the next section, the time response of 

the system is studied with the variation in the cubic nonlinear stiffness (
13 23,  α α  and 

33α ).  

6.4.2.1 Time responses of the system with RIDTMD 

The time response of the primary mass and the rotational inertia mass are shown in Fig. 

6.15 by solving the governing equation of motion (Eqs. (6.24) to (6.26)) by the fourth-order 

Runge Kutta method considering linear and nonlinear stiffness in the system at the 

resonating frequency ( Ω  = 1). Fig. 6.15(a-d) shows a comparison of responses between 

linear and nonlinear spring stiffness (
13α ) in the primary system.  It can be observed from 

these figures that for 
13α  = 0.5, there is a significant reduction (78%) in the amplitude of 

the primary system than for 
13α  = 0 (linear). Figs. 6.15(a) and 6.15(c) show beating type 

responses in the primary and secondary systems for the linear case, while quasiperiodic 

type responses are seen in both linear and nonlinear cases. The phase portraits of the system 

(Fig. 6.15(b) and Fig. 6.15(d)) show stable responses for both the linear and nonlinear cases.  

 

Fig. 6.15: Time response and phase portrait for 
13α  = 0 (linear) 

13α  = 0.5 (nonlinear) of 

the (a, b) primary mass (c, d) auxiliary mass of RIDTMD. 
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Fig. 6.16(a-d), shows the comparisons between the time responses and phase portraits of 

the primary and secondary system by considering only nonlinear spring stiffness present in 

the secondary system (
3α  = 0, 

23α  = 0.5) and considering nonlinear spring stiffness present 

both in the primary and secondary system (
13α  = 

23α  = 0.5). The consideration of the 

nonlinear spring in both the primary and secondary system produces high responses than 

with the nonlinear spring present only in the secondary system. A 90% reduction in the  

 

Fig. 6.16: Time response and phase portrait for the (a, b) primary mass (c, d) auxiliary 

mass of RIDTMD. 

responses is observed when 
13α  = 0, 

23α  = 0.5 than 
13α  = 0.5, 

23α  = 0.5.  However, 

comparing Fig. 6.15(a) with 6.16(a), the response amplitude of the primary system in the 

case of Fig. 6.15(a) is found to be slightly better (12.5%) than Fig. (6.21(a)). The 

corresponding phase portraits are shown in Figs. 6.16(b) and 6.16(d), respectively. 

6.4.2.2 Frequency responses of the system with RIDTMD 

In Fig. 6.17 the frequency responses of the primary system are shown by solving Eqs. (7.30) 

to (7.35) by Newton’s method. In these figures, the frequency response of the primary 

system is studied considering various nonlinear spring stiffness in the system for F  = 0.1, 

while all other system parameters are kept the same as mentioned before (section 6.4.2).  

Fig. 6.17(a) and Fig. 6.17(b) show the frequency responses of the primary system for the 

linear (
13α  = 0, 

23α  = 
33α  =0) and nonlinear primary system (

13α  = 0.5, 
13α  = 

23α  =0). 
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From Fig. 6.17(a), one can observe for the linear system three high resonating peaks in the 

response amplitude at Ω  = 0.88, 1.04 and 1.1. The corresponding response amplitude 

considering only nonlinear stiffness in the primary system (
13α  = 0.5, 

23α  = 
33α  =0) is 

shown in Fig. 6.17(b). From this figure, one observes a hardening effect in the frequency 

response but due to this effect, the response amplitude of the primary system at the peaks 

is significantly reduced at the above-mentioned frequencies. In Fig. 6.17 (c) the frequency 

response of the system is shown considering (
13α  = 0.5, 

23α  = 0.5). From this figure more 

hardening effect in the frequency response of the primary system can be observed than 

shown in Fig. 6.17(a). These hardening effects in frequency response amplitude show 

multiple solutions of stable and unstable branches at these peaks. From Fig. 6.17(a-b) it can 

be observed that the consideration of only cubic nonlinear spring stiffness in the primary 

system is useful in suppressing vibration of the primary system at the three resonating peaks 

than the linear or nonlinear spring present both in the primary and secondary system. The 

frequency response amplitudes shown in Figs. 6.17(a) and 6.17(b) are also well matched 

with the time responses shown in Figs. 6.15 and 6.16, respectively. It may be noted that in  

               

 
Fig. 6.17: Frequency response of the primary system for (a) linear system (

13α  = 0, 
23α  

= 
33α  =0) (b) nonlinear primary system (

13α  = 0.5, 
23α  = 

33α  = 0) (c) nonlinear system 

(
13α  = 0.5, 

23α  = 0.5, 
33α  =0).   

(a) (b) 

(c) 
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Figs. 6.15 and 6.16 the external amplitude of excitation ( F ) is considered 10 times less 

than that shown in Fig. 6.17. In Fig. 6.18(a) and Fig. 6.18(b) the frequency response 

amplitude of the primary system is compared with the variation of three nonlinear stiffness 

(
13 23,  α α  and 

33α ) present in the system by considering F  = 0.5. Fig 6.18(a) shows higher 

13α  values produce more hardening effect in the frequency response than with other 

stiffness nonlinearities (
23α  and 

33α ) present in the system. The higher 
33α  values shift the 

peak of the frequency response to the lower side of operating frequency as observed from 

Fig. 6.18(b) and with the negative nonlinear stiffness the frequency response tilt to the left 

side. In the next section, the conclusion of the various application of the nonlinear vibration 

absorber is discussed. 

 

Fig. 6.18: Frequency response of the nonlinear system for (a) variation in 
3α  (b) 

variation in 
13α , 

23α  and 
33.α   

6.5 Summary 

In this chapter, three different primary systems with modifications in the absorber 

configurations have been studied. In the first problem, the primary system parameters are 

considered as the forearm of the human hand which is subjected to tremors due to 

Parkinson’s disease. In the second problem, a beam system with various boundaries is 

considered. In order to suppress the vibration of these two primary systems, various 

parametric analyses were carried out considering the effects of nonlinear spring stiffness 

and active force applied by the vibration absorber.  In the third problem, the active part of 

the vibration absorber is replaced with a two degree of freedom absorber, which is known 

as a rotational inertial double-tuned mass damper (RIDTMD) and its effects on the 
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frequency responses of the nonlinear primary system is studied with the variation in the 

nonlinear spring stiffness.  In all these systems the governing nonlinear equations of motion 

are solved using HBM and the obtained results are also in good agreement with those by 

directly solving numerically the governing equations. 

It is observed from the first system that with the various active feedback gain in the absorber 

the tremors in the forearm can be significantly reduced for a broader range of operating 

frequencies. The time responses, phase portraits, and the Poincare sections show the 

effectiveness of the active acceleration feedback gain by the active vibration absorber in 

suppressing the tremor when the forearm is assumed to undergo single and multi-

excitations.  

From the analyses of the second system where the vibration suppression of a general Euler 

Bernoulli beam system under a point load with fixed-fixed, simply supported, and 

cantilevered type boundary conditions are carried out, the following observations are 

noticed.  The nonlinear stiffness in the absorber reduces the vibration of the beams system 

at the first three modal frequencies. In the active linear and nonlinear vibration absorber, 

by suitably taking the optimized displacement and velocity gains one may reduce the 

vibration of beams with fixed-fixed, simply supported and cantilevered beams for different 

modal frequencies.  

In the last system, the efficacy of the nonlinear RIDTMD in suppressing the vibration of a 

single degree of freedom nonlinear spring-mass primary system is analysed. It is shown 

that with cubic nonlinear stiffness in the primary system the system amplitude reduces 

significantly at the resonating operating frequency due to the hardening effect of the 

frequency response. 
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CHAPTER 7 

Conclusions 

7.1 Introduction 

In this section, the overall conclusions of the five problems considered in this work are 

given below. The present work focuses on vibration suppression of several linear and 

nonlinear primary systems under external harmonic, parametric, and base excitations by 

using a modified design in the absorber configuration. To investigate the vibration 

suppression of the primary system for a wider band of operating frequencies parametric 

studies have been carried out for a wide range of system parameters. The general 

conclusions for the five problems considered in this work are given below. 

7.2 General conclusions 

7.2.1 Linear PZT based active vibration absorber with acceleration 

feedback under external harmonic excitation.   

• In the first problem, analyses are carried out considering linear active vibration 

absorber (AVA). Here, the primary system is modeled as a single degree of freedom 

(SDOF) linear spring-mass-damper system subjected to external harmonic forcing. 

The secondary system is modeled as a linear spring-mass damper system with PZT 

stack actuator in combination with a linear spring.  

• The active force is produced by considering the acceleration feedback of the 

primary system. The governing equation of motion is solved using the Laplace 

transform method and Routh stability criteria are used to obtain the range of active 

force for which the system is stable. 

• Fixed point theory (FPT) and Genetic algorithms (GA) are used to obtain the 

optimum system parameters viz., tuning ratio and damping ratio for the proposed 

AVA. 
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• The optimal active force is also evaluated at which the total vibration energy of the 

primary system is minimum with and without optimal tuning and damping ratio.  

• The equal peaks in the frequency response of the system are observed with various 

active forces from the obtained optimal parameters of the AVA. The response 

amplitude of the primary system with the active force reduces close to the static 

deflection. 

• The closed-form optimal equations obtained by the FPT for the optimal damping 

ratio and tuning ratio of the AVA can be utilized by the designer to easily suppress 

the vibration of the primary system effectively with less converging time than GA. 

7.2.2 Dynamics of ANVA using Time Delay Acceleration Feedback 

• In the second problem, a similar system is studied to the first problem but here cubic 

nonlinear springs are used in both the primary system and the absorber. Also here, 

the primary system is subjected to both external harmonic force and base 

excitations. The time delay is introduced in the acceleration feedback and the 

governing equations of motion are solved by the modified harmonic balancing 

method (HBM). 

• Fundamentally based on nonlinearity the considered systems are divided into four 

cases viz., case-1: both primary and absorber are linear, case-2: primary system 

linear and absorber nonlinear, case-3: primary nonlinear and absorber linear, case-

4: both primary and absorber nonlinear. Further considering the presence and 

absence of PZT stack actuator (active force), delay and base excitation twenty 

different cases have been investigated.  

• The steady-state response of the system is studied through frequency responses, 

time responses, phase portraits, Poincare’ sections, basin of attractions, force 

responses and different time delay effects in the feedback.  

• From these analyses, the optimum range of nonlinear stiffness, active force by the 

acceleration feedback and time delay in the feedback are evaluated for both the 

passive vibration absorber (PVA) and ANVA at which the primary system response 

amplitude is minimum and stable.  

• It is also shown that vibration suppression of both the primary system and the 

secondary system can be simultaneously achieved by the AVA.  
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• The Den Hartog’s equal peak in the frequency response is also obtained for the first 

time by the use of AVA when the primary system is subjected to both harmonic and 

base excitations.    

7.2.3 Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback  

• In the third problem, the undamped primary system is considered and it is subjected 

to external harmonic force and parametric excitations. In the absorber, part 

modification is carried out by considering equivalent cubic nonlinear stiffness 

between the PZT stack actuator and the spring in series. Here time delayed 

displacement, velocity and acceleration feedback of the primary is considered.  

• Two types of absorber models are considered viz., traditional vibration absorber 

(TVA) and non-traditional vibration absorber (NVA).  

• In this case primary, principal parametric and simultaneous primary and principal 

parametric resonance conditions are studied.  

• Here the method of multiple scales (MMS) is used which are in good agreement 

with HBM Laplace transform method and numerical method. From the reduced 

equations obtained by MMS, here for the first time Den Hartog’s equal peaks in the 

frequency response of the system are shown for both linear and nonlinear systems.  

• It is shown that the trivial state instability region is remarkably decreased with the 

time-delayed displacement and acceleration feedback by the TVA than the passive 

vibration absorber (PVA). But for the NVA the time delay does not decrease the 

instability region of the system as much as without delay.  

• The trivial state region with TVA and NVA for the simultaneous force and 

parametric excitation shows an unstable region even at zero amplitude of parametric 

excitation with the PVA. But with displacement and acceleration feedback by the 

ANVA the critical value of parametric excitation is increased.  

• For the linear and nonlinear systems, the safe operating frequency range is 

established for various system parameters and active forces.  

• It is shown that with the proposed active gain complete vibration suppression of the 

linear and nonlinear primary system at the resonating peaks is achieved and also for 
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broadband of operating frequencies the vibration suppression of the primary system 

is effectively controlled.  

7.2.4 Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback for Hard Excitations 

• In the fourth problem, the SDOF primary system is subjected to hard harmonic, 

parametric and base excitations. The time delay in the damping in the TVA and 

NVA is taken into consideration and various combinations of time-delayed 

feedbacks are studied.  

•  The MMS is used to obtain the reduced equations and the system's trivial and non-

trivial steady-state responses are analyzed for external and internal resonance 

conditions.  

• The external resonance conditions considered in the present problems are 

simultaneous primary, principal parametric, sub and superharmonic resonance 

conditions along with 1:1, 1:2, 1:3 and 3:1 internal resonance conditions.  

• The performance of the ANVA is studied by considering four different linear 

stiffness in the absorber with zero control gains. These four types of zero control 

gains by the ANVA mentioned in this work are active1, active2, active3 and active4 

TVA, where the stiffness of the absorber can be actively changed.  

• For simultaneous superharmonic, principal parametric, primary and 1:1 internal 

resonance conditions, it is shown that the trivial state instability region shows an 

unstable region even at zero external amplitude of parametric excitation for the 

PVA. But with actively changing the stiffness of the absorber the frequency ranges 

of the trivial state instability region increased. Further, it is shown that with velocity 

feedback and actively changing the stiffness of the absorber the instability region is 

remarkably reduced and the critical value of the amplitude of parametric excitation 

(below which the system is stable) improves from 0 N to 6.4 N.  

• It is shown that with zero control force and active1 TVA, 100% vibration 

suppression for the nonlinear primary system is achieved near the slightly higher 

side of the superharmonic and primary resonance conditions.  

• It is also shown that with the combination of velocity and acceleration feedback the 

vibration of the secondary system can also be reduced close to the zero response 
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amplitude but at that point, the response amplitude of the nonlinear primary system 

is comparatively higher (40%) than with velocity feedback.  

• It is shown that one can almost completely absorb (98%) the response amplitude of 

both the nonlinear primary system as well as the secondary system by suitably using 

the velocity and acceleration feedback combination with the proposed ANVA.  

• Considering time delay in the damper of the nonlinear secondary system it is shown 

that with the PVA the response amplitude of the nonlinear system is comparatively 

higher in comparison with the ANVA at the simultaneous resonating frequencies.  

• The consideration of time delay in both the damper and in the feedback makes the 

system unstable in most of the operating frequencies. But considering small time 

delay either in the feedback or in the damping at a certain range of frequencies near 

the simultaneous resonance the response amplitudes of both the nonlinear primary 

system and the nonlinear secondary system are zero, i.e. 100% absorption.  

• For the 3:1 internal resonance condition, it is observed that the response amplitude 

of the system becomes very large when the absorber modal frequency is close to 

the forcing frequency. But at other operating frequencies the response amplitude of 

the system is minimum.  

• The control force by acceleration feedback with active3 TVA comparatively reduces 

the high response amplitude of the system and shows two peaks in the frequency 

response. But with the control force the unstable range of operating increases.  

• For the 1:2 internal resonance condition with the active force, the response 

amplitude of the system is unstable but without active force, the response amplitude 

is close to zero. It may be noted that for 1:2 and 3:1 internal resonance conditions 

one can actively change the absorber stiffness to maintain the above internal 

resonance conditions.  

• For simultaneous subharmonic, principal parametric, primary and 1:1 internal 

resonance conditions it is shown that with the control force by the combination 

feedback the trivial response is always stable than the PVA.  

• For 1:3 internal resonance conditions, the time response of the system shows a 

better reduction in the response of the system at the higher side of the operating 

frequency for the simultaneous resonate conditions mentioned above. 

• For the 1:2 internal resonance condition, it is shown that without control force and 

time delay the system response is unstable. However, with higher time delay both 
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in the damping and in the feedback and with the combination feedback force the 

response amplitude of the primary is almost zero at the steady-state.  

7.2.5 Application of ANVA for vibration suppression  

• In the fifth problem, the application of the ANVA is carried out considering three 

different systems.  

• In the first system, the tremor suppression of the forearm by the ANVA is analyzed. 

The first system considered in this study is the same as the second problem (7.2.2) 

but here the primary system parameters are considered the same as a human 

forearm.   

• It is shown that with the ANVA with acceleration feedback gain around 50% to 

90% of vibration reduction in the response amplitude of the forearm is achieved 

than PVA.  

• The time responses, phase portraits, and the Poincare sections show the 

effectiveness of active acceleration feedback gain by the absorber (bracelet) in 

suppressing the tremor, when the forearm is assumed to undergo single, two, and 

multi-base and harmonic excitations.  

• In the second problem the general Euler-Bernoulli beam is considered as the 

primary system with fixed-fixed, simply supported and cantilevered type boundary 

conditions.  

• The beam is subjected to a harmonically excited forcing at a point and its vibration 

suppression for the first three modal frequencies is analyzed with the ANVA.  

• It is shown that with the cubic nonlinear spring in the absorber the 24% of vibration 

reduction in the beam is achieved without any control force than the linear PVA.  

• Further, it is shown that with suitable active forces vibration reduction in the 

response amplitude of the beam is achieved for the first three modal frequencies. 

• In the last or third system, a rotational inertial double-tuned mass damper 

(RIDTMD) is considered for vibration suppression of an SDOF nonlinear primary 

system.  

• It is shown that the cubic nonlinear stiffness in the system reduces the vibration but 

shows multiple stable and unstable branches in the frequency response. The 

nonlinear system is not useful for broadband frequency of operation but at closer to 
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the resonating frequency of operation the system outperforms the linear RIDTMD.  

In the next section-specific conclusions related to the five problems considered in 

this work are presented. 

7.3 Specific conclusions 

7.3.1 Linear PZT based active vibration absorber with acceleration 

feedback under external harmonic excitation.   

• The closed-form equation for the optimal tuning ratio (
optω ) and damping ratio (

optζ ) for the AVA with acceleration feedback obtained by the FPT technique is 

given as ( ) ( )1 1
opt a

Fω µ= − +  and 
( ) ( )2 2

2 2
.

2

a b

opt

ζ ω ζ ω
ζ

+
=  Here 

a
F  and µ  

denote the active force and mass ratio between the absorber and the primary system. 

The term ( )2

2 aζ ω  and ( )2

2 bζ ω  are given in Chapter 2.  

• From the Routh criterion, the range of active force at which the system is found to 

be stable is 1.
a

Fµ− < <  

• The optimization parameters obtained by FPT and GA give almost the same result 

in the frequency responses but GA takes more time to converge. So, one can use the 

closed-form equations shown above for the optimal parameters of AVA. 

• 60% to 90% reduction in the maximum response amplitude of the primary system 

is achieved by varying the active feedback gain compared to the PVA.  

•  The optimal active force is found to be 0.19 with optimal parameters for the PVA 

mentioned in previous literature. The optimal active force obtained for the proposed 

AVA with acceleration feedback is 0.38. 

• The step responses show the primary system response with active force settles down 

more quickly and the steady-state error is 94% less than that with PVA.  
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7.3.2 Dynamics of ANVA using Time Delay Acceleration Feedback 

• For the PVA with cubic nonlinear spring stiffness equal to 2.2 % of its linear stiffness 

value, the first peak in the frequency response increases by 38% while the second peak 

reduces by 15% more than the linear PVA.  

• Higher nonlinear stiffness in the PVA (22% of its linear stiffness) produces a very high 

response amplitude in the system for external harmonic forcing frequency ( Ω ) in the 

range of 0.9 to 0.972. Hence the cubic nonlinear stiffness value in the PVA must be 

below or equal to 2.2% of its linear stiffness to operate the system near or away from 

the resonating frequency ( Ω  = 1). It may be noted that here Ω  is a non-dimensional 

forcing frequency. 

• The PVA with cubic nonlinear spring stiffness in the primary system is equal to 10% 

of linear stiffness, the system frequency response is similar to the linear PVA. But with 

higher nonlinear stiffness in the primary system (100% of its linear stiffness) shows 

jump up and jump down phenomena with saddle-node bifurcation points at Ω  = 1.18 

and Ω  = 1. 8. The jump up and jump down lengths are found to be 0.42 and 1.68 

during sweeping down and sweeping up the forcing frequencies. The nonlinear 

stiffness in the primary system, however, reduces the response amplitude of the 

primary system to 37% near the first peak ( Ω  = 0.89). In this case, the primary system 

is subjected to only harmonic force excitation. 

• It is shown that with the active force 21% reduction in the peaks of the response 

amplitude of the primary system is achieved for lower nonlinear stiffness (10% of 

linear stiffness) present in the primary system when it is under both harmonic force 

and base excitation. Also, 72% reduction is achieved at resonating frequency. For 

higher nonlinear stiffness in the primary system (100% of linear stiffness), a 77% 

reduction in the second peak ( Ω  = 1.1) is observed. Moreover, the highly nonlinear 

primary system behaves like that of a linear system with no hardening effect in the 

frequency response. 

• In the case of the highly nonlinear absorber, by applying suitable active force the 

response amplitude of the primary system is shown to reduce significantly near the 

resonant frequency. After the resonant frequency, supercritical Hopf bifurcation is 

observed giving rise to periodic, quasiperiodic and chaotic responses. With the change 
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in the active force, one can control these responses to suppress the vibration of the 

system. 

• With the increase in the active force by the ANVA the second peak in the frequency 

response shifts to the higher side of operating frequencies, so for a wider range of 

operating frequencies vibration suppression of the primary system is achieved. Also at 

the resonating frequency with the active force around 80%, vibration reduction is 

observed but shows both stable and unstable branches in the frequency response curve. 

Hence one has to choose a suitable control force to suppress the vibration of the 

primary system effectively. 

• For the linear primary and secondary system around a 90% reduction in the response 

amplitude of the primary system is observed for forcing frequency ( Ω ) in the range of 

0.85 to 1.1. It may be noted that here both harmonic and force excitations are acting 

on the primary system.  

• It is shown that for the higher external amplitude of harmonic excitation on the 

nonlinear primary system the linear PVA shows unstable responses with jump up and 

jump down phenomena, Hopf bifurcation points in the force responses at Ω  = 1.2. But 

with the suitable active force by the ANVA the system response shows stable minimum 

response amplitude even for the very high amplitude of excitations. The effectiveness 

of the active force is observed also at Ω  = 1, reducing a minimum of 60% of response 

amplitude at different forcing amplitudes. 

• The active force with a lower time delay (0.1) in the acceleration feedback performs 

marginally better (10% to 20% vibration reduction) than with zero-time delay for both 

linear and nonlinear primary systems.  

• The time delay equal to 0.1 reduces 65% of response amplitude when the lower 

nonlinear stiffness (2.2%) is present only in the absorber. But for higher nonlinear 

stiffness in the absorber (22%), a 90% reduction in the response amplitude is achieved 

with a time delay of 1 in the active force.  

• The higher time delay equal to 10, in the feedback makes the linear and nonlinear 

system unstable for a wide range of operating frequencies. 

• It is also shown that with a comparative higher nonlinear stiffness in the spring attached 

to the PZT stack actuator vibration suppression of both the primary system and 

secondary system can be achieved. In this case, it is shown that 87% of vibration 

TH-2895_136103038



Chapter 7  

264 

suppression in the secondary system is achieved while for the primary system 31% 

reduction in the response is observed with the active force. 

• The Den Hartog’s equal peaks in the frequency response are the first time achieved for 

the AVA with acceleration feedback when the primary system is subjected to both 

harmonic and base excitations. 

• In the proposed model, as both spring and actuator provide the controlling force, one 

can obtain a higher active force by the PZT stack actuator due to the blocking force 

produced by the spring which is in series connection with the PZT stack actuator. With 

the proposed ANVA, one can change the frequency of the absorber actively by 

applying the voltage, which can be used to tune the frequency of the absorber for a 

wider range of operating frequencies.   

• From these analyses, it is shown that by suitably applying the controlling force by the 

spring and PZT stack actuator combination (30 - 90%) vibration suppression of 

maximum response amplitude of the primary system can be achieved for various 

nonlinear stiffness in the system and amplitude of external force and base excitations.   

7.3.3 Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback 

• For the nonlinear system, linear and nonlinear system Den Hartog’s equal peaks in 

the frequency response are obtained by using MMS reduced equations which are 

not reported in earlier literature.  

• The proposed active traditional vibration absorber (TVA) and non-traditional 

vibration absorber (NVA), reduce a significant reduction in the trivial state 

instability regions and around a 200% increase in the critical value of the amplitude 

of parametric excitations are found, which are not present in the earlier literature. 

• The higher nonlinear stiffness in the main system (50% of linear stiffness) does not 

affect the stability of the system as much as the nonlinear stiffness in the absorber 

(10% of linear stiffness). 

• For the linear system it is shown that with the various combination of active control 

forces by displacement, velocity and acceleration feedback complete vibration 

suppression (100% reduction) of the primary system can be achieved at the primary 

resonance condition.  
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• For the linear system, the vibration suppression for a wider band of operating 

frequencies is also achieved with a minimum reduction of 58% response amplitude 

at the peaks to a maximum of 100% for harmonic forcing frequency in the range of 

0 to 1.6 rad/sec. It may be noted that in this problem primary resonance is at 1 

rad/sec.  

• The vibration suppression by the nontraditional vibration absorber (NVA) is 

comparatively better both in the case of with and without active force than the 

traditional vibration absorber (TVA). For NVA the complete vibration suppression 

is observed at a forcing frequency equal to 1.12 rad/sec. A 10% more reduction in 

the vibration of the primary system by NVA is achieved than TVA for forcing 

frequency in the range 1.12 to 1.6 rad/sec. 

• A higher time delay (greater than /10π  sec) in the feedback makes the system 

unstable. However, lower time delay ( /10π  sec) shows better vibration 

suppression near resonating frequency than without delay. 

• For both primary and principal parametric resonance conditions complete (100% 

reduction) in the vibration of the primary system is achieved by the different 

combination feedback used in the TVA. Also for a wider band of operating 

frequency i.e 1 rad/sec to 1.6 rad/sec and 2 rad/sec to 3.2 rad/sec a minimum of 75% 

decrease in the response amplitude of the primary system is observed than the PVA. 

It may be noted that primary and principal parametric resonance condition occurs 

at 1 rad/sec and 2 rad/sec, respectively.  

• For NVA complete vibration suppression is at 1.12 rad/sec for both primary and 

principal parametric resonance conditions and also for a broad range (1.2 rad/sec 

1.6 rad/sec and 2.4 rad/sec to 3.2 rad/sec) a minimum of 90% reduction in vibration 

of the primary system is achieved than PVA. 

• For the nonlinear system, 100% vibration reduction is achieved at 0.95 rad/sec and 

1.9 rad/sec and also for a wide range (0.625 rad/sec to 1.12 rad/sec and 1.3 rad/sec 

to 2.24 rad/sec) a minimum of 75% reduction in the response amplitude of the 

primary system is observed than PVA. 

• However, the active feedback gain induces a more unstable range of responses 

showing saddle-node bifurcations, Hopf bifurcation and chaotic responses at 

various operating frequencies for various nonlinear stiffness in comparison with the 

PVA. So, at these operating frequencies, one can use zero active force which makes 
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the system the same as PVA and thereby can suppress the vibration of the primary 

system for a wide range of operating frequencies. 

• The force responses show with the active feedback gains by the ANVA the jump 

up and jump down phenomena is not observed in the primary system with the 

variation in the external harmonic and parametric excitations. Whereas with PVA 

two Hopf bifurcation points and two saddle node bifurcation points are observed. 

The saddle-node bifurcation points which lead to jump up and jump down 

phenomena are observed with the PVA are at 1 rad/sec and 2 rad/sec and forcing 

amplitude equals 0.82 N, 0.91 N, 1.06 and 2.29 N.   

• This sudden decrease or increase in the response amplitude of the main system may 

fail the system, so the active TVA is more useful in these conditions. Similar 

observations are also noticed with the increase in the nonlinear stiffness coefficient 

of the system. 

• The time delay in the range of 3 / 4π  sec to 5 / 4π  sec almost completely reduces 

the vibration of the nonlinear system with the combination feedback. Outside this 

region, unstable responses in the system are observed.  

• The efficacy of the active feedback gain is observed in reducing the response 

amplitude of the nonlinear primary system to a minimum of 66% to a maximum of 

97% at the resonating primary and principal parametric resonance conditions with 

the variation of the amplitude of force and parametric excitations from 0.2 N to 1.6 

N for a mass ratio equal to 0.05.  

• The efficacy of active force is also observed for the mass ratio of 0.025 (absorber 

mass is 40 times less than primary mass) with a reduction of 72% response 

amplitude for the primary and principal parametric resonance for the amplitude of 

harmonic and parametric excitations equals to 0.4 N. 

• The efficacy of the active force is observed for a mass ratio equal to 0.01 also but 

in this case, one has to increase the active force to suppress the vibration.  

• From this study, it is shown that one can completely suppress the vibration of the 

linear and nonlinear primary system under primary, principal parametric and 

simultaneous primary and principal parametric resonance conditions. The analyses 

show the effectiveness of the proposed ANVA especially for a mass ratio equal to 

0.05 but its efficacy can be observed at a higher mass ratio and higher forcing 

amplitude with the increase in the active forces by the ANVA.  
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7.3.4 Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback for Hard Excitations 

• For the system primary system under simultaneous superharmonic, principal 

parametric and primary resonance conditions with 1:1 internal resonance 

conditions, it is shown that the response amplitude of the primary system can be 

effectively reduced close to the 100% absorption at a certain range of frequencies 

at the above-mentioned resonance conditions. 

• The 100% vibration suppression is achieved at various operating frequencies by 

many combinations of different feedback forces for various nonlinear stiffness in 

the system. 

• The time delay both in damper and feedback makes the system more prone to 

unstable responses with the active forces. So, in this case, zero active force can be 

utilized and actively changing the frequency of the absorber the vibration 

suppression can be achieved. 

• The non-traditional vibration absorber performs marginally better than the 

traditional vibration absorber considering both linear and nonlinear stiffness in the 

system.  

• In the ANVA with 1:2 and 3:1 internal resonance conditions, a 100% reduction in 

the response amplitude of the primary system is achieved for external harmonic 

forcing frequency 1Ω  in the range of 0.18 rad/sec to 0.88 rad/sec without any 

feedback gain. 

• The nontrivial state undergoes a transition from stable to unstable region by saddle-

node bifurcation for both passive and active cases.  

• For simultaneous subharmonic, principal parametric, primary and 1:1 internal 

resonance conditions the nontrivial state undergoes a transition from stable to 

unstable region by saddle-node bifurcation for both passive and active cases at 

operating frequency 1.36 rad/sec.  

• The trivial solution with the PVA for the above resonance conditions shows 

unstable solutions for operating frequency in the range of 1.15 rad/sec to 1.65 

rad/sec. But with the active force by the ANVA the trivial state always becomes 

stable. 
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• For 1:3 internal resonance conditions, the efficacy of the active controlling force is 

observed in the time responses when the operating frequencies are on the higher 

side ( 1Ω (rad/sec) = 3 1ω +0.4, 2Ω (rad/sec) = 2 1ω +0.4, and 3Ω (rad/sec) = 1ω +0.4). 

It is shown that a 62% reduction in the response of the primary system is achieved 

with the active gain. It may be noted that here 1 2,  Ω Ω  and  3Ω  refers to the external 

operating frequencies for external hard harmonic excitation, parametric excitation 

and base excitation, respectively.  

• For the 1:2 internal resonance condition, from the time responses plots, it can be 

observed that with active combination feedback along with time delay in the damper 

and feedback almost 100% vibration reduction is achieved. It may be noted that in 

the passive case the system time response at these internal and external resonance 

conditions is unstable. 

7.3.5 Application of ANVA for vibration suppression  

• It is shown that with the active acceleration feedback gain by the active linear 

vibration absorber (active bracelet) the first peak in the response amplitude of the 

primary system (forearm) is decreased by 52% and the second peak is decreased by 

96% than with PVA (passive bracelet). Also, considering parameters of the human 

forearm the active bracelet with the 
ac

F  gain reduces the response amplitude by 

72.5% in the first peak (3.83 Hz) and 92.6% in the second peak (6.95 Hz) than the 

PVA. 

• It is shown that the 
acF  gain by the AVA (active bracelet) significantly suppresses 

the tremor suppression of the forearm both for the linear and nonlinear system for 

Ω  > 3.5 Hz than the PVA. For the lower frequency region, one can provide zero 

control gain and use the active bracelet passively to effectively suppress the tremors 

for a wide range of operating frequencies.  

• The nonlinear stiffness in the system produces unstable responses, so one has to 

avoid these regions of operating frequencies to have less response amplitude of the 

forearm. 

• The effectiveness of the acceleration feedback gain is also observed at the 

resonating frequencies in suppressing vibration than the PVA when the forearm is 

subjected to multi-base and harmonic excitations. active  
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• For the second system, one can observe that with cubic nonlinear stiffness in the 

absorber (nonlinear PVA) the response amplitude of the fixed-fixed beam at the 

first modal frequency decreases by 24% and for the nonlinear absorber 50% 

reduction in the response amplitude is observed. 

• Further considering velocity feedback in the nonlinear AVA, 52% and 28% 

reduction in the response amplitude of the fixed-fixed beam and the absorber are 

observed in comparison with nonlinear PVA at the first modal frequency. 

• For the third system, it is shown that with nonlinear stiffness in the primary system 

78% to 90% reduction in the response amplitude of the primary system can be 

achieved than considering linear stiffness but for a narrow range of operating 

frequencies.  

• The three high resonating peaks in the primary system are observed at 0.86 rad/sec, 

1 rad/sec and 1.1 rad/sec, respectively with the linear PVA. The nonlinear stiffness 

in the primary system or the absorber reduces the response amplitude for a very 

narrow band of operating frequencies close to the resonating peaks. So one has to 

operate the system within the mentioned range of operating frequencies to suppress 

the vibration of the primacy system effectively. 

This study will help the designer or the operator to identify the safe operating zone and the 

system responses for various system parameters such as various nonlinear stiffness values 

in the system, active forces through various combination feedbacks, actively changing the 

frequency of the absorber, time delays in the damping and in the feedback for both passive 

and active traditional and non-traditional vibration absorbers. From the above study, one 

can know the system responses considering various external and internal resonance 

conditions.   

7.4 Scope of Future work 

In the present study vibration, suppression by ANVA through various feedbacks and 

resonance conditions are studied. There are many scopes to extend the present work to 

enhance the vibration suppression of the various system. Some of them are given below.  

• One can obtain the closed-form formulae for the optimal displacement, velocity and 

acceleration feedback control gains and time delay by an active nonlinear vibration 
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absorber to suppress the vibration of the primary system for many resonance 

conditions as considered in the present study. 

• Similarly, one can obtain the formulae for the optimum nonlinear stiffness and 

feedback gain required both in the primary system and the secondary system by 

considering active nonlinear vibration absorbers (ANVA) for various feedback and 

time delays for a base excited primary system with external harmonic excitation. 

• The optimal time delay for equal peaks in response amplitude may also be the focus 

of future research. 

• The present work on ANVA attached to the beam can be extended considering 

damping in the beam and evaluating the optimal location and time-delayed feedback 

gains required by the ANVA to suppress the vibration of the beam for a wider range 

of operating frequencies considering various excitations and resonance conditions 

acting on the beam. 

• The performance analyses between the nonlinear RIDTMD and ANVA with time-

delay feedback can be extended to study the vibration suppression of the linear and 

nonlinear primary systems. The close form relation for the optimal nonlinear 

stiffness in the RITMD can be evaluated to achieve Den Hartog’s equal peaks in 

the response.  

• The present work of ANVA on suppression of forearm tremors can be extended to 

find the optimal time delayed active feedback gains required to suppress tremors. 

Experimental analyses can also be extended to study the effectiveness of the ANVA 

on patients.  

• The application of ANVA is now widening in many fields such as in sports cars, 

wind turbines, biomedical devices, structural response under wind excitations, 

especially for flexible structures, etc. The present study can be extended into many 

other applications considering the actual system parameters.  

• The vibration of the absorber can be utilized for energy harvesting purposes. 

• The present work can be extended to an active nonlinear multi DOF vibration 

absorber with the spatial distribution and following optimality criterion. 

•  Experimental analyses for the active nonlinear vibration absorber for various 

resonance conditions studied in this work can also be implemented in future 

research work. 
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Appendix-A 

Dynamics of ANVA using Time Delay Acceleration 

Feedback  

                    

 

Fig. A: (a) MATLAB SIMULINK model of the system (b) subsystem model for passive 

nonlinear vibration absorber and linear primary system with external harmonic 

excitation.(c) subsystem model for active nonlinear vibration absorber and nonlinear 

primary system under harmonic external force and base excitation by time delay 

acceleration feedback.

(a) (b) 

(c) 
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Appendix-B  

Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback for Primary and Principal 

Parametric Resonance Conditions 
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11 11 21 12 11 21 12 22 11 21 22 12 21

32 2

13 12 22 11 21 12 22 21 11 14 12 22

2 2

21 11 11 11 21 21 22 11 12 22 11 21

23 21

,  ,

,  3 6 ,

3 6 ,  ,

3 2 ,  6 ,

3

d v a d v aQ f i f f Q f i f f

N p p N p p p p p p p p p

N p p p p p p p p N p p

N p p p p p N p p p p p

N p

ω ω ω ω= − − = − −

= − = + − + −

= + − + − = −

= + + = − −

= ( ) ( ) ( )
( ) ( )

2 2 2

11 11 21 21 24 21 22 12 11 21 12 22

2 2 2 2

25 11 12 12 22 22 26 21 12 12 22 22

2 3 ,  6 6 ,

2 ,  23 ,3

p p p p N p p p p p p p

N p p p p p N p p p p p

− + = − +

− +

+

= +− =
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( ) ( )( )

( )( ) ( )( )
( )( )

( ) ( )( )( )

21 1 1 1 1 1 1 1 1

1 2 1 1 2 1 1 2 1

22 1 1 1 2 1

1 2 1 1 1 2 1

23 2 1 2 1 2 1 2 2 1 2 1

24 2

exp 2 exp 2

exp 2
        exp

exp 2 2

       exp 2 exp 2

       

d d d d

d d

d

d d

d d d d

N N Q A i t A A A A i t

A A A A A A i T
N Q i t i T

A A A i t i T

N Q A i t A A A A i t i T

N Q

ω ω

σ σ
ω σ σ

ω σ σ

ω ω σ σ

= + − +

 + − +
 − − − +
 + − 

+ − + − +

( )
( )( )

( )
( ) ( )( )( )

( )( ) ( )( )

1 2 2 1 2 2 1 2 1

2

1 2 2 2

25 1 2 1 2 1 2 1 1 1 2 1

26 2 2 2 1 2 1 2 2 2 2 1

exp 2
exp

exp 2

       exp exp 2 2

       exp exp 2 ,

d d

d

d d

d d d d

d d d d

A A A A A A i T
i t

A A A i t

N Q A i t A A A A i t i T

N Q A i t i T A A A A i t

σ σ
ω

ω

ω ω σ σ

ω σ σ ω

 + − +
 − +
 
 

− + + − +

+ − + −

 

 

( )( )( ) ( )( )

( )( ) ( )( )
( )( )

( )( )( ) ( )( )

21 1 1 1 1 2 1 1 1 1 1 1

1 2 1 1 2 1 1 2 1

22 1 1 1 2 1

1 2 1 1 1 2 1

23 2 1 2 1 2 1 1 2 1 2 2

exp 2 exp 2

exp 2
       exp 2

exp 2 2

       exp 2 2 exp 2

   

d d d d

d d

d

d d

d d d d

N N Q A i t T A A A A i t

A A A A A A i T
N Q i t i T

A A A i T i T

N Q A i t T A A A A i t

ω σ σ ω

σ σ
ω σ σ

ω σ σ

ω σ σ ω

= − − + − +

 + − +
 − − − +
 + − 

− − + − +

ɶ

( )( )( ) ( )( )
( )

( ) ( )( )( )
( )( ) ( )( )

1 2 2 1 2 2 1 2 1

24 2 2 1 2 1

1 2 2 2

25 1 2 1 2 1 2 1 1 1 2 1

26 2 2 2 1 2 1 2 2 2 2 1

exp 2
    exp

exp 2

       exp exp 2 2

       exp exp 2       

d d

d

d d

d d d d

d d d d

A A A A A A i T
N Q i t T

A A A i t

N Q A i t A A A A i t i T

N Q A i t i T A A A A i t

σ σ
ω σ σ

ω

ω ω σ σ

ω σ σ ω

 + −
 − + − +
 + 

− + + − +

+ − + −

 

Terms 11 12 11 12 11 12 11 12,  , ,  ,  ,   ,  ,  ,Q Q Q Q q q q qɶ ɶ ɶ ɶ  
1G  to 

6G , 1Gɶ to 6Gɶ   and 
11h to 

14h are given 

below. 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2

11 1 1 1 1 1 1

2

12 1 1 2 2 2 2 1 2 2 2

2

11 1 1 1 1 1 1

2

12 1 1 2 2 2 2 1 2 2 2

11

sin cos ,

sin cos ,

cos sin ,

cos sin ,

d a d d v d d

d a d d v d d

d a d d v d d

d a d d v d d

d

Q f f t f t

Q f f T f t

Q f f t t f t

Q f f t f t

q f

ω ω β τ ω ω β τ

ω γ γ ω β τ ω γ γ ω β τ

ω ω β ω ω β τ

ω γ γ ω β τ ω γ γ ω β τ

= − + − +

= − − − − − − − −

= − + + +

= − − − − − − − −

=

ɶ

ɶ

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

2

1 2 1 1 1 2 2 1 1 1

2

12 1 2 2 2 2 2

2

11 1 2 1 1 1 1 2 1 1 1

2

12 1 2 2 2 2 2

sin cos ,

sin cos ,

cos cos ,

cos cos ,

a d d v d d

d a d d v d d

d a d d v d d

d a d d v d d

f t f T

q f f T f t

q f f t f t

q f f t f t

ω γ γ ω β τ ω γ γ ω β τ

ω ω β τ ω ω β τ

ω γ γ ω β τ ω γ γ ω β τ

ω ω β τ ω ω β τ

− − − − + − − −

= − − + − +

= − − − − − − − −

= − + − +

ɶ

ɶ
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( )( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( )( )

( )

2 2 2 2

1 1 2 11 1 12 2 11 12 1 2 1 2

2 2

2 12 1 14 2 1 2 13 1 2 1 2

2

1 1 1 1 12

3 21 1 1

1 1 1 1 1

22

1

22 1 1 2

sin sin 2 ,

sin sin 2 ,

sin 2sin

cos 2cos

sin

d a d d d d

d

v d d d d

d a

d

G p a p a p p a a

G N a N a N a a

f f t t
G N a a

f t t

f f
N a a a

γ γ γ γ

γ γ γ γ

ω ω β τ ω β τ

ω ω β τ ω β τ

γ γ
ω

= − + + −

= + − + −

 − − − +
 = +
 + − + + 

−
− ( ) ( )

( ) ( ) ( )( )
( ) ( ) ( )( )

( )

1

1 2 1 1

1 1

1 2 1 1 1 1 2 1 1

2

2 2 1 2 2 1 2 2 22

23 1 2

2 2 1 2 2 1 2 2 2

2sin cos

cos 2cos cos

sin 2sin

cos 2cos

d d

d d

v d d d d

d a d d d d

d

v d d d

t
t

f t t

f f t t
N a a

f t t

γ γ β τ ω
ω β τ

ω γ γ ω β τ γ γ β τ ω

ω γ γ ω β τ γ γ ω β τ

ω γ γ ω β τ γ γ ω β τ

  − 
+ − −   − +   

  + − − − + − − 

− − + − + − − −

+ − + − + − − −( )( )
( ) ( )( ) ( ) ( )( )

( ) ( ) ( )( )( )
( ) ( )( ) ( )( )

( ) ( )( )( )

2

2 1 2 2 2 2 2

24 1 2 2

2 2 2 1 2 2 2

2

1 1 2 1 1 1 1
2

25 2 1

1 1 1 1 2 1 1

sin 2 2cos sin

2cos cos cos 2

sin 2 sin

cos cos 2

d

d a d d d d

d

v d d d d

d a d d d d

d

v d d d d

f f t t
N a a a

f t t

f f t t
N a a

f t t

ω γ γ ω β τ ω β τ

ω ω β τ γ γ ω β τ

ω γ γ ω β τ ω β τ

ω ω β τ γ γ ω β τ

 
  +
 
 

 − − − − −
  +
 + + − − − 

 − − + + − +

− + + − + +

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )( )
( ) ( ) ( )( )( )

2 2

26 2 2 2 2 2 1 2 2 1 2

3 3 2 2 3 3 2 2

1 11 1 11 12 1 2 12 2 1 2 11 12 1 2 1 2

3 2 3 2

2 11 1 12 1 2 14 2 1 2 13 1 2 1 2

2

3 21 1 1

2 cos sin cos ,

cos 2 1 cos 2 ,

3 cos 2 1 cos 2 ,

d d d d a v

d a

d

N a a t f f f

G p a p p a a p a p p a a

G N a N a a N a N a a

f f
G N a a

ω β τ ω γ γ ω γ γ

γ γ γ γ

γ γ γ γ


  +
 



+ − − − −

= + + − + + −

= + + − + + −

−
=

ɶ

ɶ

ɶ
( ) ( ) ( )( )

( ) ( )( )

( ) ( ) ( )

( ) ( ) ( )( )

2

1 1 1 1 1

1 1 1 1 1

2 12

1 1 2 1 1

1 122 1 1 2

1 2 1 1 1 1 2 1 1

23

cos 2sin

sin 2sin

cos 2cos cos

sin 2sin cos

d d d d

v d d d d

d a d d

d dd

v d d d d

t t

f t t

f f t
tN a a a

f t t

N

ω ω β τ ω β τ

ω ω β τ ω β τ

γ γ
ω γ γ β τ ω

ω β τ

ω γ γ ω β τ γ γ β τ ω

 − − +
 +
 − − + + 

  − − 
− + − −   − +   

  − − − − + − − 

( ) ( )

( ) ( )( )
( ) ( ) ( ) ( )( )( )

( ) ( )

2 12

2 1 2 2 22
2 21 2

2 2 1 2 2 1 2 2 2

2

2 2 2 1 2 2 2

24 1 2 2

2 2 2

cos 2cos

sin 2sin

2cos cos cos 2

2cos sin sin 2

d a d d

d dd

v d d d d

d a d d d d

d

v d d

f f t
ta a

f t t

f f t t
N a a a

f t

γ γ
ω γ γ ω β τ

ω β τ

ω γ γ ω β τ γ γ ω β τ

ω ω β τ γ γ ω β τ

ω ω β τ γ

  − + 
− + − − −   − +   

  − − + − + − − − 

− + − − −

− − + ( )( )( )
( ) ( ) ( )( )( )

( ) ( )( )( )
( ) ( ) ( ) ( )( )

1 2 2 2

2

1 1 1 1 2 1 1
2

25 2 1

1 1 1 1 2 1 1

2 2

26 2 2 2 2 2 1 2 2 1 2

cos cos 2

sin sin 2

2 cos cos sin ,

d d

d a d d d d

d

v d d d d

d d d d a v

t

f f t t
N a a

f t t

N a a t f f f

γ ω β τ

ω ω β τ γ γ ω β τ

ω ω β τ γ γ ω β τ

ω β τ ω γ γ ω γ γ

 
 
 − − −
 

 − − − + − + +
 + +
 + − − + − + + 

+ − − + −
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( ) ( ) ( )( )
( ) ( )( )

( ) ( ) ( )

( ) ( )

2

1 1 1 1 12

3 21 1 1

1 1 1 1 1

2 12

1 1 2 1 1

1 122 1 1 2

1 2 1 1 1 1 2 1 1

cos 2sin

sin 2sin

cos 2cos cos

sin 2sin cos

d a d d d d

d

v d d d d

d a d d

d dd

v d d d

f f t t
G N a a

f t t

f f t
tN a a a

f t

ω ω β τ ω β τ

ω ω β τ ω β τ

γ γ
ω γ γ β τ ω

ω β τ

ω γ γ ω β τ γ γ β τ ω

 − − − +
 = +
 − − + + 

 − − 
− + − −  −  

− − − − + − −

ɶ

( )( )

( ) ( )

( ) ( )( )
( ) ( ) ( ) ( )( )( )

2 12

2 1 2 2 22
2 223 1 2

2 2 1 2 2 1 2 2 2

2

2 2 2 1 2 2 2

24 1 2 2

2

cos 2cos

sin 2sin

2cos cos cos 2

2co

d

d a d d

d dd

v d d d d

d a d d d d

d

v

t

f f t
tN a a

f t t

f f t t
N a a a

f

γ γ
ω γ γ ω β τ

ω β τ

ω γ γ ω β τ γ γ ω β τ

ω ω β τ γ γ ω β τ

ω

 
 

+ 
  
 

  − + 
− + − − −   − +   

  − − + − + − − − 

− + − − −

− − ( ) ( ) ( )( )( )
( ) ( ) ( )( )( )

( ) ( )( )( )
( ) ( ) ( ) ( )( )

2 2 1 2 2 2

2

1 1 1 1 2 1 1
2

25 2 1

1 1 1 1 2 1 1

2 2

26 2 2 2 2 2 1 2 2 1 2

2 2

4 11 1

s sin sin 2

cos cos 2

sin sin 2

2 cos cos sin ,

d d d d

d a d d d d

d

v d d d d

d d d d a v

t t

f f t t
N a a

f t t

N a a t f f f

G p a

ω β τ γ γ ω β τ

ω ω β τ γ γ ω β τ

ω ω β τ γ γ ω β τ

ω β τ ω γ γ ω γ γ

 
 +
 + − − −
 

 − − − + − + +
 +
 + − − + − + +
 

+ − − + −

= ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( )( )

2 2

12 2 2 1 11 12 1 2 2 1

2 2

5 11 1 13 2 1 2 12 1 2 2 1

2

1 2 1 1 1 2 1 1 12

6 21 1 1

1 2 1 1 1 2 1 1 1

22 1 1 2

sin sin 2 ,

3 sin sin 2 ,

sin 2sin

cos 2cos

d a d d d d

d

v d d d d

d

p a p p a a

G N a N a N a a

f f t t
G N a a

f t t

N a a a

γ γ γ γ

γ γ γ γ

ω γ γ ω β τ γ γ ω β τ

ω γ γ ω β τ γ γ ω β τ

+ − + −

= + − + −

 − − + − + − − +
 = +
 + − + − + − − − 

( ) ( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

( ) ( )( ) ( )( )
( )( ) ( )( )

2

1 2 1 1 1 1 1

1 2 1 1 1 1 1

2

2 2 1 2 2 2 2
2

23 1 2

2 2 1 2 2 2 2

24 1 2 2

sin 2 2cos sin

cos 2 2cos cos

sin 2 2sin

cos 2 2cos

d a d d d d

v d d d d

d a d d d d

d

v d d d d

d

f f t t

f t t

f f t t
N a a

f t t

f
N a a a

ω γ γ ω β τ ω β τ

ω γ γ ω β τ ω β τ

ω γ γ ω β τ ω β τ

ω γ γ ω β τ ω β τ

 − − − − −
 +
 + − − − +
 

 − − + − − −
 +
 + − + − + +
 

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( )

2

2 2 1 2 2 1 2 2 2

2 2 1 2 2 1 2 2 2

2 2

35 2 1 1 1 2 1 1 1 1 2 1 1

2 2

36 2 2 1 2 2 2

2sin cos sin

2cos cos cos

2 sin cos

2 sin cos

d a d d d d

v d d d d

d d a d d v d d

d d a d d v

f t t

f t t

N a a f f t f t

N a a f f t f

ω γ γ β τ ω γ γ ω β τ

ω γ γ β τ ω γ γ ω β τ

ω γ γ ω β τ ω γ γ ω β τ

ω ω β τ ω

 − − − + − − −
 
 + − − + − − − 

+ − − + + − − + + +

+ − + − ( )( )
( ) ( ) ( )( )( )
( ) ( ) ( )( )( )

2 2

3 3 2 2 2 2 3 3

4 11 1 11 12 1 2 2 1 11 12 1 2 2 1 12 2

3 2 2 3

5 11 1 13 1 2 2 1 12 1 2 2 1 14 2

,

cos cos 2 2 ,

3 cos cos 2 2 3 ,

d dt

G p a p p a a p p a a p a

G N a N a a N a a N a

ω β τ

γ γ γ γ

γ γ γ γ

+

= + − + − + +

= + − + − + +

ɶ

ɶ
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( ) ( ) ( )( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )
( )( ) ( )

2

1 2 1 1 1 2 1 1 12

6 21 1 1

1 2 1 1 1 2 1 1 1

2

1 2 1 1 1 1 1

22 1 1 2

1 2 1 1 1 1

cos 2cos

sin 2sin

cos 2 2cos cos

sin 2 sin cos

d a d d d d

d

v d d d d

d a d d d d

d

v d d d

f f t t
G N a a

f t t

f f t t
N a a a

f t t

ω γ γ ω β τ γ γ ω β τ

ω γ γ ω β τ γ γ ω β τ

ω γ γ ω β τ ω β τ

ω γ γ ω β τ ω β

 − − + − + − − +
 = +
 − − + − + − − − 

− − − − +

− − − − +

ɶ

( )( )
( ) ( )( ) ( )( )

( )( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( )

1

2

2 2 1 2 2 2 2
2

23 1 2

2 2 1 2 2 2 2

2

2 2 1 2 2 1 2 2 2

24 1 2 2

2 2 1 2 2 1

cos 2 2cos

sin 2 2sin

2cos cos cos

2sin cos sin

d

d a d d d d

d

v d d d d

d a d d d d

d

v d d

f f t t
N a a

f t t

f f t t t
N a a a

f t t

τ

ω γ γ ω β τ ω β τ

ω γ γ ω β τ ω β τ

ω γ γ β ω γ γ ω β τ

ω γ γ β ω γ

 
 
 
 

 − − + − − +
 + +
 − − + − − +
 

− − − + − − −

− − − + −( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )

2 2 2

2 2

35 2 1 1 1 2 1 1 1 1 2 1 1

2 2

36 2 2 1 2 2 2 2 2

2 cos sin

2 cos sin ,

d d

d d a d d v d d

d d a d d v d d

t

N a a f f t f t

N a a f f t f t

γ ω β τ

ω γ γ ω β τ ω γ γ ω β τ

ω ω β τ ω ω β τ

 
 
 − − 

+ − − + + + − + + +

+ − + + +

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

11 1 1 1 1 1 1

12 1 1 1 1 1 1

13 2 2 2 2 2 2

14 2 2 2 2 2 2

sin cos ,  

cos sin ,

cos sin ,

cos sin ,

d d d d

d d d d

d d d d

d d d d

h t p t q

h t p t q

h t q t p

h t p t q

ω β τ ω β τ
ω β τ ω β τ
ω β τ ω β τ
ω β τ ω β τ

= + + +

= + − +

= + + +

= + − +

  

The steady state response of the system is studied by considering 

1 1 2 2 1 1,  ,  d d d da a a a tω β τ= = =    and 
2 2 .d dtω β τ==   

The MMS second order reduced equations are given below. 

( )

( )

( )

2 11 11
1 11 1 12 2 1 2 1

1 1

11 2 2 11 11
11 1 12 1 2 1

1 1 1

12 2 12 11 11 11 1
22 2 1 2 1 12 2

1 2 12

11 2
12 2

1 1

0.5 0.5 cos 0.5 sin

0.25 cos sin
2 4 4

0.25 sin cos sin
2 4 4

4

p F
a z a z a

z a p F
z a z

z p F p F
z a

z
z a

ωε γ γ γ
ω ω

ω γ γ γ
ω ω ω

ω σγ γ γ γ
ω ω ω

ε
ω

ω ω

 ′ = − − − + + 
 

 
− − − − + − 

 

 
− + − + 

 

( )

( )

11 11
1 2 1

1

12 12 12
22 2 1 2 1

1 2

sin cos
4

0.25 sin cos
4

p F

z p F
z a

γ γ γ
ω

γ γ γ
ω ω

 
 
 
 
 
 
 

  − + +  
  

  
− +  

   

                                     (B.3)  
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( )

( ) ( )

2 2 11 11
1 1 12 1 2 1

1 1 1 1
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                                     (B.6)                        

where 1 1 1 1 2 2 1 2,  .T Tγ σ β γ σ β= − = −
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Appendix-C 

Traditional and Non-Traditional ANVA with Time Delay 

Combination Feedback for Hard Excitations 

The terms  1 2 3 4 5 6,  ,  ,  ,  ,  D D D D D D  and 7  D  are given as 
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The terms  
1 2 3 4 5 6
,  ,  ,  ,  ,  D D D D D Dɶ ɶ ɶ ɶ ɶ ɶ  and 

7
 Dɶ  are given as 
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The solution by MMS method are given as 

( ) ( ) ( )
1 10 11

1 1 0 1 1 1 0 11 1 12 2 1 1 21 2 31

3 41 4 51 6 11 12 71

cos 3 2 cos 3

  3

      

n n

n n

X X X

a T T c c D k D k D

k D k D D p F D

ε
γ ε ε ε

ε ε ε ε

= +
= Ω − + Λ Ω + Λ + Λ − −

− − − +
          (C.1) 

( ) ( ) ( )
2 20 21

2 1 0 2 2 1 0 21 1 22 2 1 1 21 2 31

3 41 4 51 6 11 12 71

cos 3 2 cos 3

  3

      

n n

n n

X X X

a T T c c D k D k D

k D k D D p F D

ε
γ ε ε ε

ε ε ε ε

= +

= Ω − + Λ Ω + Λ + Λ − −

− − − +

ɶ ɶ ɶ

ɶ ɶ ɶ ɶ
        (C.2) 
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Appendix-D 

Applications of ANVA for Vibration Suppression: 

Forearm Tremor 
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Harmonically Excited Beam  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

11 1 12 1 1 13 14 15 16 17 1 4

18 1 4 21 1 22 1 1 23 24 25 26

27 1 4 28 1 4 31 32 35 36 33 2

34

2 sin ,  2 cos ,  0,  cos , 

sin ,  2 cos ,  2 sin ,  0,

 sin , cos ,  0,  2 sin ,

2

v

v

v v

a a A a a a a a a k

a a k B a a A a a a a

a a k a a k B a a a a a

a

ϕ ϕ φ ϕ
φ ϕ ϕ ϕ

φ ϕ φ ϕ ϕ

= Ω = Ω = = = = = −

= = − Ω = Ω = = = =

= − = − = = = = = Ω

= ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )

2 2 37 2 4 38 2 4 41 42 45 46

43 1 44 2 2 47 2 4 48 2 4

51 52 53 54 55 3 56 3 3 57 3 4

58 3

cos , cos , sin , 0,

2 cos ,  2 sin ,   sin , cos ,

0,  2 sin ,  2 cos ,  cos ,

sin

v v

v v

v

v

A a a k a a k B a a a a

a a A a a k a a k B

a a a a a a A a a k

a a k B

ϕ φ ϕ φ ϕ
ϕ ϕ φ ϕ φ ϕ

ϕ ϕ φ ϕ
φ

Ω = − = = = = =

= − Ω = Ω = − = −

= = = = = Ω = Ω = −

= ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

4 61 62 63 64 65 3 66 3 3

67 3 4 68 3 4 71 72 73 74 75 76

77 4 4 78 4 4 81 82 83 84

85 86 87

, 0,  2 cos ,  2 sin ,

 sin , cos ,  0,

2 sin cos , 2 cos sin ,  0 0,

0,  0, 2 cos

v v

v v

a a a a a a A

a a k a a k B a a a a a a

a k a B k B a a a a

a a a

ϕ ϕ ϕ
φ ϕ φ ϕ

µ ϕ ϕ µ ϕ ϕ
µ

= = = = = − Ω = Ω

= − = − = = = = = =

= Ω + = Ω − = = = =

= = = − Ω ( ) ( ) ( ) ( )4 4 88 4 4sin ,  2 sin cosv vk a B k Bϕ ϕ µ ϕ ϕ+ = Ω +

 

1 1 1 2 2 2 3 3 3 4 4 4

5 5 5 6 6 6 7 7 7 8 8 8

,  ,  ,  ,  

,  ,  ,  

l n l n l n l n

l n l n l n l n

b b b b b b b b b b b b

b b b b b b b b b b b b

= + = + = + = +
= + = + = + = +

 

The terms 1 2 3 4 5 6 7 8,  ,  ,  ,  ,  ,  ,  l l l l l l l lb b b b b b b b  and 1 2 3 4 5 6 7 8,  ,  ,  ,  ,  ,  ,  n n n n n n n nb b b b b b b b  are 

given below. 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )

22 2 2 2

1 1 1 1 1 1 1 1 1 1 2 2 2

2 2

1 3 3 3 1 4 1 4 1

cos cos cos cos

      + cos cos sin

l n a a

a a p v

b A A a A a a A

a a A a k B a k B b F

ϕ ω ϕ µω φ ϕ µω φ φ ϕ

µω φ φ ϕ φ µω ϕ φ ϕ φ

= − Ω + + +

− − − Ω −
 

( )2

11 1 11n n
b a bφαµω=  

( )( ) ( ) ( )( ) ( ) ( )( ) ( )
( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( ) ( )
( ) ( )( ) ( )

( )

3 3 33 3 3

11 1 1 1 2 2 2 3 3 3

3

4 1 2 1 2 2 2 1

3

2 2

2 22 2 4

1 3 2 3 1 1

3 1 4 1

0.75 cos 0.75 cos 0.75 cos

     0.75 cos cos 2

cos
    

c

3 0.5cos 0.25

0.5cos 0.5
3 3

0.25 0.2os 2 co

   

s5 2

n
b a A a A a A

B a a A A

a a A A a A B

φ ϕ φ ϕ φ ϕ

φ φ φ ϕ ϕ ϕ

ϕ ϕ
φ φ φ

ϕ ϕ ϕ ϕ

= + + +

+ −

   
+   

   − −  
−



+ +

+ +

( )( ) ( ) ( )
( ) ( )( ) ( ) ( )

( )

( )( ) ( )
( ) ( )( ) ( ) ( )

( )

4 3

2 1 2 1 2 3 2 3

1 2 3 2

4 1

2 2 3 1 3 1

4 2 1 3

2 22 2

2 22 2

0.5 0.5
 3 3

0.25 0.25

0.5 0.5
    3

cos cos

cos

3
0.25

2 cos 2

cos cos

cos 2 co0.2 s 25

a a A A a a A A

a A B a a A A

ϕ ϕ
φ φ φ φ

ϕ ϕ ϕ ϕ

ϕ ϕ
φ φ φ

ϕ ϕ ϕ ϕ

   
−

+ +
+   

   − −   

   
+   

   − −

+

 

+


+

 

 

TH-2895_136103038



Appendix D  

286 

( )( ) ( ) ( )
( )

( )( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )

2 4

3 2 3 2 3 2

4 3 4 3

1 2 3 1 2 3 2 3 1 1 2 3 1 3 2

1

2 22

3 1 3 3 4 1 1 4 3 1 3

2
cos cos

cos 2 cos 2

cos cos cos

   1.5 cos cos c

0.5 0.5
   3 3

0.25 0.25

   1.5

os

a a A A a A B

a a a A A A

a a A A B

ϕ ϕ
φ φ φ

ϕ ϕ ϕ ϕ

φ φ φ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

φ φ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

   
   
   − −   

− − + −

+ +
−

− − + − − − + −

− − + − − − + − − −

+

+( )( )
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

4

2 3 2 3 3 4 2 1 3 4 2 4 3

1 2 1 2 2 4 1 1 2 4 1 4 2

   1.5 cos cos cos

    1.5 cos cos cos

a a A A B

a a A A B

ϕ

φ φ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

φ φ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

−

− − + − − − + − − − + −

− − + − − − + − − − +

 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( )

22 2 2 2

2 1 1 1 1 1 1 1 1 1 2 2 2

2 2

1 3 3 3 1 4 1 4

sin sin sin sin

       sin sin cos

l n a a

a a p v

b A A a A a a A

a a A a k B a k B

ϕ ω ϕ µω φ ϕ µω φ φ ϕ

µω φ φ ϕ φ µω ϕ φ ϕ

−= Ω

+ − Ω

+ +

− +

+
 

( )2

12 1 12n nb a bφαµω=  

( )( ) ( ) ( )( ) ( ) ( )( ) ( )
( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( ) ( )
( )

( )( ) ( )
( )

2 2

3 3 33 3 3

12 1 1 1 2 2 2 3 3 3

3

4 1 2 1 2 2 2 1

3 4

1 3 2 3 1 1

3 1 4

22

1

2 2

 0.75 sin 0.75 sin 0.75 sin

          0.75 sin sin sin 2

sin sin
        

3 0.5 0.25

0.5 0.5
3 3

0.2
  

sin 2 sin5 0.25 2

n
b a A a A a A

B a a A A

a a A A a A B

φ ϕ φ ϕ φ ϕ

ϕ φ φ ϕ ϕ ϕ

ϕ ϕ
φ φ φ

ϕ ϕ ϕ ϕ

+

= + + +

+ −

 
 
 −

+

+
−

−

+



( )( ) ( ) ( )
( )

( )( ) ( ) ( )
( )

( )( ) ( )
( ) ( )( ) ( ) ( )

( )

4 3

2 1 2 1 2 3 2 3

1

2 22 2

2 22

2 3 2

4 1

2 2 3 1 3 1

4 2 1

2

3

sin sin

sin 2 sin 2

sin sin
         

sin 2 sin

0.5 23
          3

40.25

0.5 0.5
3 3

0.25 0.25

      

2

a a A A a a A A

a A B a a A A

ϕ ϕ
φ φ φ φ

ϕ ϕ ϕ ϕ

ϕ ϕ
φ φ φ

ϕ ϕ ϕ ϕ

 
+ 

 
 

   
   
   − −   

   
− +   

   − −  

+
+

+



+

+

( )( ) ( ) ( )
( ) ( )( ) ( )

( )

( ) ( ) ( )
( ) ( )

( )
( ) ( ) ( )

2 4

3 2 3 2 3 2

4 3 4 3

2 3 1 1 2 3

1 2 3 1 2 3

1 3 2

1 3 1 3 3

2 2

1

2

4

2 0.5 0.5
    3 3

0.25 0.25

         1.5

sin sin

sin 2 sin 2

sin cos

sin

        1.5    sin

a a A A a A B

a a a A A A

a a A A B

ϕ ϕ
φ φ φ

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ
φ φ φ

ϕ ϕ ϕ

φ φ ϕ ϕ ϕ

   
   
   − −   

 − − + − − − +
 
 −

+

− − +

+



− − −

+

+

+ −

( ) ( )( )
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

1 4 3 1 3 4

2 3 2 3 3 4 2 1 3 4 2 4 3

1 2 1 2 2 4 1 1 2 4 1 4 2

cos sin

       1.5 sin cos sin

       1.5 sin sin sin

a a A A B

a a A A B

ϕ ϕ ϕ ϕ ϕ ϕ

φ φ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

φ φ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

− − − + − − − +

− − − + − − − + − − − +

− − − + − − − + − − − +

 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )

22 2 2 2

3 2 2 1 2 2 2 2 2 1 2 1 1

2 2

2 3 3 3 2 4 2 4 2

cos cos cos cos

       cos cos sin

l n a a

a a p v

b A A a A a a A

a a A a k B a k B b F

ϕ ω ϕ µω φ ϕ µω φ φ ϕ

µω φ φ ϕ φ µω ϕ φ ϕ φ

= − Ω + + +

+ − − − Ω −
 

( )2

23 1 11n n
b a bφαµω=  

TH-2895_136103038



Appendix D  

 

287 
 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( )

22 2 2 2

4 2 2 2 2 2 2 2 2 1 2 1 1

2 2

2 3 3 3 2 4 2 4

sin sin sin sin

       sin sin cos

l n a a

a a p v

b A A a A a a A

a a A a k B a k B

ϕ ω ϕ µω φ ϕ µω φ φ ϕ

µω φ φ ϕ φ µω ϕ φ ϕ

−= Ω

+ − Ω

+ +

− +

+
 

( )2

24 1 12n nb a bφαµω=  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )

22 2 2 2

5 3 3 3 3 3 3 3 3 1 3 1 1

2 2

2 3 3 3 3 4 3 4 3

cos cos cos cos

       cos cos sin

l n a a

a a p v

b A A a A a a A

a a A a k B a k B b F

ϕ ω ϕ µω φ ϕ µω φ φ ϕ

µω φ φ ϕ φ µω ϕ φ ϕ φ

= − Ω + + +

+ − − − Ω −
 

( )2

35 1 11n n
b a bφαµω=  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( )

22 2 2 2

6 3 3 3 3 3 3 3 3 1 3 1 1

2 2

2 3 3 3 3 4 3 4

sin sin sin sin

       sin sin cos

l n a a

a a p v

b A A a A a a A

a a A a k B a k B

ϕ ω ϕ µω φ ϕ µω φ φ ϕ

µω φ φ ϕ φ µω ϕ φ ϕ

−= Ω

+ − Ω

+ +

− +

+
 

( )2

36 1 12n n
b a bφαµω=  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2 2

7 1 1 1 2 2 2 3 3 3

2 2

4 4 4

cos cos cos

        cos + sin cos

l a a a

v a p

b a A a A a A

B k B k B

µω φ ϕ µω φ ϕ µω φ ϕ

µ ϕ ϕ µω ϕ

= − − − −

Ω Ω + −
 

2

7 1 11n n
b bαµω=  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2 2

8 1 1 1 2 2 2 3 3 3

2 2

4 4 4

sin sin sin

        sin cos sin

l a a a

v a p

b a A a A a A

B k B k B

µω φ ϕ µω φ ϕ µω φ ϕ

µ ϕ ϕ µω ϕ

= − − − −

Ω − Ω + −
 

2

8 1 12n nb bαµω=  

TH-2895_136103038



 

 

 

 

 

 

 

 

 

 

 

 

TH-2895_136103038



References 

1. Den Hartog, J. P. (1985). Mechanical vibrations. Dover Publications  

2. Thomson, W. (2018). Theory of vibration with applications. CrC Press. 

3. Bachmann, H., Ammann, W. J., Deischl, F., Eisenmann, J., Floegl, I., Hirsch, G. H., and 

Steinbeisser, L. (2012). Vibration problems in structures: practical guidelines. 

Birkhäuser. 

4. Harris, C. M., and Piersol, A. G. (2002). Harris' shock and vibration handbook (Vol. 5, 

pp. 1025-1083). New York: McGraw-Hill. 

5. Sun, J. Q., Jolly, M. R., and Norris, M. A. (1995). Passive, adaptive and active tuned 

vibration absorbers—a survey, Journal of Vibration and Acoustic, 117 (B) 234-242 

6. Elias, S., and Matsagar, V. (2017). Research developments in vibration control of 

structures using passive tuned mass dampers. Annual Reviews in Control, 44, 129-156. 

7. Soto, M. G., and Adeli, H. (2013). Tuned mass dampers. Archives of Computational 

Methods in Engineering, 20(4), 419-431. 

8. Preumont, A. (2018). Vibration control of active structures: an introduction. Springer. 

9. Fuller, C. C., Elliott, S., and Nelson, P. A. (1996). Active control of vibration. Academic 

Press. 

10. Strogatz, S. H. (2018). Nonlinear dynamics and chaos with student solutions manual: 

With applications to physics, biology, chemistry, and engineering. CRC press. 

11. Kerschen, G., Worden, K., Vakakis, A. F., and Golinval, J. C. (2006). Past, present and 

future of nonlinear system identification in structural dynamics. Mechanical Systems and 

Signal Processing, 20(3), 505-592. 

12. Nayfeh, A. H., Mook, D. T. (2008). Nonlinear oscillations. John Willey. 

13. Nayfeh, A. H., and Pai, P. F. (2008). Linear and nonlinear structural mechanics. John 

Wiley and Sons. 

14. Thompson, J. M. T., and Stewart, H. B. (2002). Nonlinear dynamics and chaos. John 

Wiley and Sons. 

15. Lu, Z., Wang, Z., Zhou, Y., and Lu, X. (2018). Nonlinear dissipative devices in structural 

vibration control: A review. Journal of Sound and Vibration, 423, 18-49. 

16. Kela, L., and Vähäoja, P. (2009). Recent studies of adaptive tuned vibration 

absorbers/neutralizers. Applied Mechanics Reviews, 62(6), 060801-9.

TH-2895_136103038



References  

290 

17. Vakakis, A. F., Gendelman, O. V., Bergman, L. A., McFarland, D. M., Kerschen, G., 

and Lee, Y. S. (2008). Nonlinear targeted energy transfer in mechanical and 

structural systems, 156. Springer Science and Business Media. 

18. Noël, J. P., and Kerschen, G. (2017). Nonlinear system identification in structural 

dynamics: 10 more years of progress. Mechanical Systems and Signal Processing, 83, 

2-35. 

19. Oueini, S. S., Nayfeh, A. H., and Pratt, J. R. (1999). A review of development and 

implementation of an active nonlinear vibration absorber. Archive of Applied 

Mechanics, 69(8), 585-620. 

20. Mallik, A. K., and Chatterjee, S. (2014). Principles of passive and active vibration 

control. East West Press. 

21. Josefsson, M., and Grétarsson, S. L. (2015). Optimisation of a non-linear tuned 

vibration absorber in a hand-held impact machine. Master's thesis. 

22. Frahm, H. (1911). Device for damping of bodies. U.S. Patent No. 989,958. 

Washington, DC: U.S. Patent and Trademark Office. 

23. Ormondroyd, J. (1928). The theory of the dynamic vibration absorber. Trans., ASME, 

Applied Mechanics, 50, 9-22. 

24. Karnopp, D. (1995). Active and semi-active vibration isolation. Journal of Vibration 

and Acoustics, 117(B) 177–185.  

25. Jalili, N. (2009). Piezoelectric-based vibration control: from macro to micro/nano 

scale systems. Springer Science and Business Media. 

26. Tran, K. S., Phan, H. V., Lee, H. Y., Kim, Y., and Park, H. C. (2016). Blocking force 

of a piezoelectric stack actuator made of single crystal layers (PMN-29PT). Smart 

Materials and Structures, 25(9), 095038. 

27. Roberson, R. E. (1952). Synthesis of a nonlinear dynamic vibration absorber. Journal 

of the Franklin Institute 254(3), 205–220. 

28. Pipes, L. A. (1953). Analysis of a nonlinear dynamic vibration absorber. Journal of 

Applied Mechanics 20, 515–518. 

29. Arnold F. R. (1955). Steady-state behavior of systems provided with nonlinear 

dynamic vibration absorbers. Journal of Applied Mechanics 22(4), 487–492. 

30. Fisco, N. R., and Adeli, H. (2011). Smart structures: part I—active and semi-active 

control. Scientia Iranica, 18(3), 275-284. 

31. Fisco, N. R., and Adeli, H. (2011). Smart structures: part II—hybrid control systems 

and control strategies. Scientia Iranica, 18(3), 285-295. 

TH-2895_136103038



References  

291 

32. Dolatabadi, N., Theodossiades, S., and Rothberg, S. J. (2017). Passive control of 

piston secondary motion using nonlinear energy absorbers. Journal of Vibration and 

Acoustics, 139(5) 051009. 

33. Reina, G., and Rose, G. D. (2016). Active vibration absorber for automotive 

suspensions: a theoretical study. International Journal of Heavy Vehicle 

Systems, 23(1), 21-39. 

34. Gong, D., Zhou, J. S., and Sun, W. J. (2013). On the resonant vibration of a flexible 

railway car body and its suppression with a dynamic vibration absorber. Journal of 

Vibration and Control, 19(5), 649-657. 

35. El-Sayed, A. T., Kamel, M., and Eissa, M. (2010). Vibration reduction of a pitch-roll 

ship model with longitudinal and transverse absorbers under multi 

excitations. Mathematical and Computer Modelling, 52(9-10), 1877-1898. 

36. Yong, C., Zimcik, D. G., Wickramasinghe, V. K., and Nitzsche, F. (2003). Research 

of an active tunable vibration absorber for helicopter vibration control. Chinese 

Journal of Aeronautics, 16(4), 203-211. 

37. Taghipour, J., Dardel, M., and Pashaei, M. H. (2018). Vibration mitigation of a 

nonlinear rotor system with linear and nonlinear vibration absorbers. Mechanism and 

Machine Theory, 128, 586-615. 

38. Rodriguez, J., Cranga, P., Chesne, S., and Gaudiller, L. (2018). Hybrid active 

suspension system of a helicopter main gearbox. Journal of Vibration and 

Control, 24(5), 956-974. 

39. Shakeri, S., and Samani, F. S. (2017). Application of linear and nonlinear vibration 

absorbers in micro-milling process in order to suppress regenerative 

chatter. Nonlinear Dynamics, 89(2), 851-862. 

40. Miguélez, M. H., Rubio, L., Loya, J. A., and Fernández-Sáez, J. (2010). Improvement 

of chatter stability in boring operations with passive vibration absorbers. International 

Journal of Mechanical Sciences, 52(10), 1376-1384. 

41. Viguié, R., Kerschen, G., Golinval, J. C., McFarland, D. M., Bergman, L. A., Vakakis, 

A. F., and Van de Wouw, N. (2009). Using passive nonlinear targeted energy transfer 

to stabilize drill-string systems. Mechanical Systems and Signal Processing, 23(1), 

148-169. 

42. Buki, E., Katz, R., Zacksenhouse, M., and Schlesinger, I. (2018). Vib-bracelet: a 

passive absorber for attenuating forearm tremor. Medical and biological engineering 

and computing, 56(5), 923-930. 

TH-2895_136103038



References  

292 

43. Kotovsky, J., and Rosen, M. J. (1998). A wearable tremor-suppression 

orthosis. Journal of rehabilitation research and development, 35, 373-387. 

44. Hashemi, S. M., Golnaraghi, M. F., and Patla, A. E. (2004). Tuned vibration absorber 

for suppression of rest tremor in Parkinson's disease. Medical and Biological 

Engineering and Computing, 42(1), 61-70. 

45.  Gebai, S., Hammoud, M., and Khachfe, H. (2018). Parametric study of an enhanced 

passive absorber used for tremor suppression. Structural Control and Health 

Monitoring, 25(7), e2177. 

46. Gebai, S., Hammoud, M., Hallal, A., and Al Shaer, A. (2018). Structural control and 

biomechanical tremor suppression: Comparison between different types of passive 

absorber. Journal of Vibration and Control, 24(12), 2576-2590. 

47. Munteanu, L., Chiroiu, V., and Sireteanu, T. (2013). On the response of small 

buildings to vibrations. Nonlinear Dynamics, 73(3), 1527-1543. 

48. Bekdaş, G., and Nigdeli, S. M. (2011). Estimating optimum parameters of tuned mass 

dampers using harmony search. Engineering Structures, 33(9), 2716-2723. 

49. https://en.wikipedia.org/wiki/Statue_of_Unity 

50. Austruy, J. (2011). Rotor hub vibration and blade loads reduction, and energy 

harvesting via embedded radial oscillator. Doctoral dissertation, The Pennsylvania 

State University. 

51. Fox, M. E. (1993). Blade mounted actuation for helicopter rotor control. Doctoral 

dissertation, Massachusetts Institute of Technology.  

52. Nitzsche, F. (2012). The use of smart structures in the realization of effective semi-

active control systems for vibration reduction. Journal of the Brazilian Society of 

Mechanical Sciences and Engineering, 34, 371-377. 

53. Yang, Y., Munoa, J., and Altintas, Y. (2010). Optimization of multiple tuned mass 

dampers to suppress machine tool chatter. International Journal of Machine Tools 

and Manufacture, 50(9), 834-842. 

54. Srinivasan, P. (1995). Nonlinear Mechanical Vibrations, New Age International 

Publishers. 

55. Housner, G., Bergman, L. A., Caughey, T. K., Chassiakos, A. G., Claus, R. O., Masri, 

S. F., Skelton, R. E., Soong, T. T., Spencer, B. F., and Yao, J. T. (1997). Structural 

control: past, present, and future. Journal of engineering mechanics, 123(9), 897-971. 

 

TH-2895_136103038



References  

293 

 

56. Cheung, Y. L., and Wong, W. O. (2009). H∞ and H2 optimizations of a dynamic 

vibration absorber for suppressing vibrations in plates. Journal of Sound and 

Vibration, 320(1-2), 29-42. 

57. Cheung, Y. L., and Wong, W. O. (2008). Isolation of bending vibration in a beam 

structure with a translational vibration absorber and a rotational vibration 

absorber. Journal of Vibration and Control, 14(8), 1231-1246. 

58. Wong, W. O., and Cheung, Y. L. (2008). Optimal design of a damped dynamic 

vibration absorber for vibration control of structure excited by ground 

motion. Engineering Structures, 30(1), 282-286. 

59. Zilletti, M., Elliott, S. J., and Rustighi, E. (2012). Optimisation of dynamic vibration 

absorbers to minimise kinetic energy and maximise internal power 

dissipation. Journal of sound and vibration, 331(18), 4093-4100. 

60. Zilletti, M. (2011). Self-tuning vibration absorbers. Doctoral dissertation, University 

of Southampton. 

61. Brennan, M. J., and Dayou, J. (2000). Global control of vibration using a tunable 

vibration neutralizer. Journal of Sound and Vibration, 232(3), 585-600. 

62. Brennan, M. J. (2006). Some recent developments in adaptive tuned vibration 

absorbers/neutralisers. Shock and Vibration, 13(4, 5), 531-543. 

63. Brennan, M. J. (1997). Characteristics of a wide band vibration neutralizer. Noise 

Control Engineering Journal, 45(5), 201-207. 

64. Brennan, M. J. (1997). Vibration control using a tunable vibration 

neutralizer. Proceedings of the Institution of Mechanical Engineers, Part C: Journal 

of Mechanical Engineering Science, 211(2), 91-108. 

65. Anh, N. D., and Nguyen, N. X. (2013). Design of TMD for damped linear structures 

using the dual criterion of equivalent linearization method. International Journal of 

Mechanical Sciences, 77, 164-170. 

66. Issa, J. S. (2013). Optimal design of a damped single degree of freedom platform for 

vibration suppression in harmonically forced undamped systems. Journal of Vibration 

and Acoustics, 135(5). 

67. Brennan, M. J., Tang, B., Melo, G. P., and Lopes Jr, V. (2014). An investigation into 

the simultaneous use of a resonator as an energy harvester and a vibration 

absorber. Journal of Sound and Vibration, 333(5), 1331-1343.  

TH-2895_136103038



References  

294 

68. Farzam, M. F., Jalali, H. H., Gavgani, S. A. M., Kayabekir, A. E., and Bekdaş, G. 

(2021). Current Trends in the Optimization Approaches for Optimal Structural 

Control. Advances in Structural Engineering-Optimization, 133-179. 

69. Liu, Z., Wang, Y., Hua, X., Zhu, H., and Zhu, Z. (2020). Optimization of wind turbine 

TMD under real wind distribution countering wake effects using GPU acceleration 

and machine learning technologies. Journal of Wind Engineering and Industrial 

Aerodynamics, 104436. 

70. Wang, X. C., Teng, Q., Duan, Y. F., Yun, C. B., Dong, S. L., and Lou, W. J. (2020). 

Optimal design of multiple tuned mass dampers for vibration control of a cable-

supported roof. Smart Structures and Systems, 26(5), 545-558. 

71. Hossein Lavassani, S. H., Alizadeh, H., and Homami, P. (2020). Optimizing tuned 

mass damper parameters to mitigate the torsional vibration of a suspension bridge 

under pulse-type ground motion: A sensitivity analysis. Journal of Vibration and 

Control, 26, 1054-1067. 

72. Liu, Y., Wang, K., Mercan, O., Chen, H., and Tan, P. (2020). Experimental and 

numerical studies on the optimal design of tuned mass dampers for vibration control 

of high-rise structures. Engineering Structures, 211, 110486. 

73. Tan, J., Zhang, P., Feng, Q., and Song, G. (2020). Passive Seismic Protection of 

Building Piping Systems—A Review. International Journal of Structural Stability 

and Dynamics, 20(03), 2030001. 

74. Khazaei, M., Vahdani, R., and Kheyroddin, A. (2020). Optimal Location of Multiple 

Tuned Mass Dampers in Regular and Irregular Tall Steel Buildings Plan. Shock and 

Vibration, 2020. 

75. Amiri, A., Dardel, M., and Daniali, H. M. (2019). Effects of passive vibration 

absorbers on the mechanisms having clearance joints. Multibody System 

Dynamics, 47(4), 363-395. 

76. Yucel, M., Bekdaş, G., Nigdeli, S. M., and Sevgen, S. (2019). Estimation of optimum 

tuned mass damper parameters via machine learning. Journal of Building 

Engineering, 26, 100847. 

77. Colherinhas, G. B., de Morais, M. V., Shzu, M. A., and Avila, S. M. (2019). Optimal 

pendulum tuned mass damper design applied to high towers using genetic algorithms: 

Two-DOF modeling. International Journal of Structural Stability and 

Dynamics, 19(10), 1950125. 

TH-2895_136103038



References  

295 

78. Cetin, H., and Aydin, E. (2019). A new tuned mass damper design method based on 

transfer functions. KSCE Journal of Civil Engineering, 23(10), 4463-4480. 

79. Kamgar, R., Samea, P., and Khatibinia, M. (2018). Optimizing parameters of tuned 

mass damper subjected to critical earthquake. The Structural Design of Tall and 

Special Buildings, 27(7), e1460. 

80. Lavan, O. (2017). Multi‐objective optimal design of tuned mass dampers. Structural 

Control and Health Monitoring, 24(11), e2008. 

81. Mirzai, N. M., Zahrai, S. M., and Bozorgi, F. (2017). Proposing optimum parameters 

of TMDs using GSA and PSO algorithms for drift reduction and 

uniformity. Structural Engineering and Mechanics, 63(2), 147-160. 

82. Zhang, H. Y., and Zhang, L. J. (2017). Tuned mass damper system of high-rise intake 

towers optimized by improved harmony search algorithm. Engineering 

Structures, 138, 270-282. 

83. Salcedo-Sanz, S., Camacho-Gómez, C., Magdaleno, A., Pereira, E., and Lorenzana, 

A. (2017). Structures vibration control via tuned mass dampers using a co-evolution 

coral reefs optimization algorithm. Journal of Sound and Vibration, 393, 62-75. 

84. Nigdeli, S. M., and Bekdaş, G. (2017). Optimum tuned mass damper design in 

frequency domain for structures. KSCE journal of civil engineering, 21(3), 912-922. 

85. Nigdeli, S. M., Bekdaş, G., and Yang, X. S. (2017, February). Optimum tuning of 

mass dampers by using a hybrid method using harmony search and flower pollination 

algorithm. In International Conference on Harmony Search Algorithm (pp. 222-231). 

Springer, Singapore. 

86. Poh'Sie, G. H., Chisari, C., Rinaldin, G., Amadio, C., and Fragiacomo, M. (2016). 

Optimal design of tuned mass dampers for a multi‐storey cross laminated timber 

building against seismic loads. Earthquake Engineering and Structural 

Dynamics, 45(12), 1977-1995. 

87. Salvi, J., Rizzi, E., Rustighi, E., and Ferguson, N. S. (2018). Optimum tuning of 

passive tuned mass dampers for the mitigation of pulse-like responses. Journal of 

Vibration and Acoustics, 140(6). 

88. Krenk, S., and Høgsberg, J. (2014). Tuned mass absorber on a flexible 

structure. Journal of Sound and Vibration, 333(6), 1577-1595. 

89. Jang, S. J., Brennan, M. J., Rustighi, E., and Jung, H. J. (2012). A simple method for 

choosing the parameters of a two degree-of-freedom tuned vibration 

absorber. Journal of Sound and Vibration, 331(21), 4658-4667. 

TH-2895_136103038



References  

296 

90. Asami, T. (2017). Optimal design of double-mass dynamic vibration absorbers 

arranged in series or in parallel. Journal of Vibration and Acoustics, 139(1). 

91. Viana, F. A. C., Kotinda, G. I., Rade, D. A., and Steffen Jr, V. (2008). Tuning dynamic 

vibration absorbers by using ant colony optimization. Computers and 

Structures, 86(13-14), 1539-1549. 

92. Ying Zhang, S., Li, Y. Y., Jiang, J. Z., Neild, S. A., and Macdonald, J. H. (2019). A 

methodology for identifying optimum vibration absorbers with a reaction 

mass. Proceedings of the Royal Society A, 475(2228), 20190232. 

93. Yang, Y., and Li, C. (2017). Performance of tuned tandem mass dampers for 

structures under the ground acceleration. Structural Control and Health 

Monitoring, 24(10), e1974. 

94. Yang, J., He, E. M., and Hu, Y. Q. (2019). Dynamic modeling and vibration 

suppression for an offshore wind turbine with a tuned mass damper in floating 

platform. Applied Ocean Research, 83, 21-29. 

95. Miah, M. S., Miah, M., and Hossain, M. (2019). Development and Performance 

Evaluation of a Novel Translational Tuned Mass Damper. In International Journal of 

Engineering Research in Africa (Vol. 45, pp. 53-73). Trans Tech Publications Ltd. 

96. Chang, C. M., Shia, S., and Lai, Y. A. (2018). Seismic design of passive tuned mass 

damper parameters using active control algorithm. Journal of Sound and 

Vibration, 426, 150-165. 

97. Pais, T., and Boote, D. (2017). Developments of tuned mass damper for yacht 

structures. Ocean Engineering, 141, 249-264. 

98. Vellar, L. S., Ontiveros-Pérez, S. P., Miguel, L. F. F., and Fadel Miguel, L. F. (2019). 

Robust optimum design of multiple tuned mass dampers for vibration control in 

buildings subjected to seismic excitation. Shock and Vibration, 2019. 

99. Ren, M. Z. (2001). A variant design of the dynamic vibration absorber Journal of 

Sound and Vibration, 245 (4), 762-770,  

100. Cheung, Y. L., and Wong, W. O. (2009). Design of a non-traditional dynamic 

vibration absorber. The Journal of the Acoustical Society of America, 126(2), 564-

567. 

101. Cheung, Y. L., and Wong, W. O. (2011). H2 optimization of a non-traditional 

dynamic vibration absorber for vibration control of structures under random force 

excitation. Journal of Sound and Vibration, 330(6), 1039-1044. 

TH-2895_136103038



References  

297 

102. Cheung, Y. L., and Wong, W. O. (2011). H-infinity optimization of a variant design 

of the dynamic vibration absorber—Revisited and new results. Journal of Sound and 

Vibration, 330(16), 3901-3912. 

103. Chun, S., Lee, Y., and Kim, T. H. (2015). H∞ optimization of dynamic vibration 

absorber variant for vibration control of damped linear systems. journal of sound and 

vibration, 335, 55-65. 

104. Xiang, P., and Nishitani, A. (2014). Optimum design for more effective tuned mass 

damper system and its application to base‐isolated buildings. Structural Control and 

Health Monitoring, 21(1), 98-114. 

105. Anh, N. D., and Nguyen, N. X. (2014). Design of non-traditional dynamic vibration 

absorber for damped linear structures. Proceedings of the Institution of Mechanical 

Engineers, Part C: Journal of Mechanical Engineering Science, 228(1), 45-55.  

106. Noori, B., and Farshidianfar, A. (2013). Optimum design of dynamic vibration 

absorbers for a beam, based on H∞ and H 2 Optimization. Archive of Applied 

Mechanics, 83(12), 1773-1787. 

107. Araz, O. (2020). Effect of detuning conditions on the performance of non-

traditional tuned mass dampers under external excitation. Archive of Applied 

Mechanics, 90(3), 523-532. 

108. Naderpour, H., Naji, N., Burkacki, D., and Jankowski, R. (2019). Seismic response 

of high-rise buildings equipped with base isolation and non-traditional tuned mass 

dampers. Applied Sciences, 9(6), 1201. 

109. Huang, H., Mosalam, K. M., and Chang, W. S. (2020). Adaptive tuned mass damper 

with shape memory alloy for seismic application. Engineering Structures, 223, 

111171. 

110. Berardengo, M., Della Porta, G. E., Manzoni, S., and Vanali, M. (2019). A multi-

modal adaptive tuned mass damper based on shape memory alloys. Journal of 

Intelligent Material Systems and Structures, 30(4), 536-555. 

111. Tian, L., Liu, J., Qiu, C., and Rong, K. (2019). Temperature effect on seismic 

behavior of transmission tower-line system equipped with SMA-TMD. Smart 

Structures and Systems, 24(1), 1-14. 

112. Hassan, A., Torres-Perez, A., Kaczmarczyk, S., and Picton, P. (2016). Vibration 

control of a Stirling engine with an electromagnetic active tuned mass 

damper. Control Engineering Practice, 51, 108-120. 

TH-2895_136103038



References  

298 

113. Ao, W. K., and Reynolds, P. (2020). Evaluation of optimal analysis, design, and 

testing of electromagnetic shunt damper for vibration control of a civil 

structure. Structural Control and Health Monitoring, 27(3), e2495. 

114. Mandayam, S., Udpa, L., and Sun, Y. S. (1994). A fast iterative finite element 

model for electrodynamic and magnetostrictive vibration absorbers. IEEE 

Transactions on Magnetics, 30(5), 3300-3303. 

115. Ao, W. K., and Reynolds, P. (2020). Analysis and numerical evaluation of H∞ and 

H2 optimal design schemes for an electromagnetic shunt damper. Journal of 

Vibration and Acoustics, 142(2). 

116. Snamina, J., and Orkisz, P. (2020). Active vibration reduction system with mass 

damper tuned using the sliding mode control algorithm. Journal of Low Frequency 

Noise, Vibration and Active Control, 1461348420904257. 

117. Weber, F. (2014). Semi-active vibration absorber based on real-time controlled MR 

damper. Mechanical Systems and Signal Processing, 46(2), 272-288. 

118. Ni, Z. C., Gong, X. L., Li, J. F., and Chen, L. (2009). Study on a dynamic stiffness-

tuning absorber with squeeze-strain enhanced magnetorheological elastomer. Journal 

of Intelligent Material Systems and Structures, 20(10), 1195-1202.  

119. Nagarajaiah, S., and Jung, H. J. (2014). Smart tuned mass dampers: recent 

developments. Smart structures and systems, 13(2), 173-176. 

120. El-Khoury, O., and Adeli, H. (2013). Recent advances on vibration control of 

structures under dynamic loading. Archives of Computational Methods in 

Engineering, 20(4), 353-360.  

121. Burdisso, R. A. (1995). Structural attenuation due to seismic inputs with adaptive 

hybrid control systems. Applied Mechanics Reviews, 48, 143–149. 

122. Cheung, Y. L., Wong, W. O., and Cheng, L. (2013). Optimization of a hybrid 

vibration absorber for vibration control of structures under random force 

excitation. Journal of sound and vibration, 332(3), 494-509.  

123. Cheung, Y. L., Wong, W. O., and Cheng, L. (2012). Minimization of the mean 

square velocity response of dynamic structures using an active-passive dynamic 

vibration absorber. The Journal of the Acoustical Society of America, 132(1), 197-

207. 

124. Cheung, Y. L. and Wong, W. O. (2008). Optimization of dynamic vibration 

absorbers for vibration suppression in plates. Matrix, 2, 4. 

TH-2895_136103038



References  

299 

125. Cheung, Y. L., Wong, W. O., and Cheng, L. (2015). A subsystem approach for 

analysis of dynamic vibration absorbers suppressing broadband vibration. Journal of 

Sound and Vibration, 342, 75-89.  

126. Cheung, Y. L., Wong, W. O., and Cheng, L. (2012). Design optimization of a 

damped hybrid vibration absorber. Journal of sound and vibration, 331(4), 750-766. 

127. Chatterjee, S. (2010). Optimal active absorber with internal state feedback for 

controlling resonant and transient vibration. Journal of Sound and Vibration, 329(26), 

5397-5414.  

128. Nagashima, I. (2001). Optimal displacement feedback control law for active tuned 

mass damper. Earthquake Engineering and Structural Dynamics, 30(8), 1221-1242.  

129. Alujević, N., Zhao, G., Depraetere, B., Sas, P., Pluymers, B., and Desmet, W. 

(2014). H2 optimal vibration control using inertial actuators and a comparison with 

tuned mass dampers. Journal of sound and vibration, 333(18), 4073-4083.  

130. Guo, T., Liu, Z., and Cai, L. (2012). An improved force feedback control algorithm 

for active tendons. Sensors, 12(8), 11360-11371.  

131. Collette, C., and Chesne, S. (2016). Robust hybrid mass damper. Journal of sound 

and vibration, 375, 19-27. 

132. Fitzgerald, B., Sarkar, S., and Staino, A. (2018). Improved reliability of wind 

turbine towers with active tuned mass dampers (ATMDs). Journal of Sound and 

Vibration, 419, 103-122. 

133. Kopylov, S., Chen, Z., and Abdelkareem, M. A. (2020). Implementation of an 

Electromagnetic Regenerative Tuned Mass Damper in a Vehicle Suspension 

System. IEEE Access, 8, 110153-110163. 

134. Cimellaro, G. P., and Marasco, S. (2018). Tuned-mass dampers. In Introduction 

to Dynamics of Structures and Earthquake Engineering (pp. 421-438). Springer, 

Cham.  

135. Sun, X., Xu, J., Jing, X., and Cheng, L. (2014). Beneficial performance of a 

quasi-zero-stiffness vibration isolator with time-delayed active 

control. International Journal of Mechanical Sciences, 82, 32-40. 

136. Pilbauer, D., Vyhlídal, T., and Olgac, N. (2016). Delayed resonator with distributed 

delay in acceleration feedback—design and experimental verification. IEEE/ASME 

Transactions on Mechatronics, 21(4), 2120-2131. 

TH-2895_136103038



References  

300 

137. Andrade, R. A., Lopez-Almansa, F., and Rodellar, J. (1995). Influence of time 

delays in the efficiency of active mass dampers. Smart Materials and 

Structures, 4(1A), A1. 

138. Agrawal, A. K., and Yang, J. N. (1997). Effect of fixed time delay on stability and 

performance of actively controlled civil engineering structures. Earthquake 

Engineering and Structural Dynamics, 26(11), 1169-1185. 

139. Vyhlídal Tomáš., Olgac Nejat. and Kučera Vladimír., "Delayed resonator with 

acceleration feedback–Complete stability analysis by spectral methods and vibration 

absorber design." Journal of Sound and Vibration 333.25 (2014): 6781-6795. 

140. Di Egidio, A., Contento, A., Olivieri, C., and de Leo, A. M. (2020). Protection from 

overturning of rigid block‐like objects with linear quadratic regulator active 

control. Structural Control and Health Monitoring, 27(10), e2598. 

141. Kayabekir, A. E., Nigdeli, S. M., and Bekdaş, G. (2020, April). Robustness of 

Structures with Active Tuned Mass Dampers Optimized via Modified Harmony 

Search for Time Delay. In International Conference on Harmony Search 

Algorithm (pp. 53-60). Springer, Singapore. 

142. Tewani, S. G., Rouch, K. E., and Walcott, B. L. (1995). A study of cutting process 

stability of a boring bar with active dynamic absorber. International Journal of 

Machine Tools and Manufacture, 35(1), 91-108. 

143. Zhao, G., Alujević, N., Depraetere, B., and Sas, P. (2015). Dynamic analysis and 

ℋ2 optimisation of a piezo-based tuned vibration absorber. Journal of intelligent 

material systems and structures, 26(15), 1995-2010.  

144. Fallah, N., and Ebrahimnejad, M. (2013). Active control of building structures 

using piezoelectric actuators. Applied Soft Computing, 13(1), 449-461.  

145. Chatterjee, S. (2008). On the principle of impulse damper: A concept derived from 

impact damper. Journal of sound and vibration, 312(4-5), 584-605. 

146. Chen, J., Qiu, Q., Han, Y., and Lau, D. (2019). Piezoelectric materials for 

sustainable building structures: Fundamentals and applications. Renewable and 

Sustainable Energy Reviews, 101, 14-25. 

147. Choi, S. B. (Ed.). (2016). Vibration Control Systems Utilizing Smart Materials 

Actuators. Nova Publishers. 

148. Fallah N. and Ebrahimnejad M., "Finite volume analysis of adaptive beams with 

piezoelectric sensors and actuators." Applied Mathematical Modelling 38.2 (2014): 

722-737. 

TH-2895_136103038



References  

301 

149. Lee U., Kim D. and Park I., "Dynamic modeling and analysis of the PZT-bonded 

composite Timoshenko beams: Spectral element method." Journal of Sound and 

Vibration 332.6 (2013): 1585-1609. 

150. Nikkhoo A., "Investigating the behavior of smart thin beams with piezoelectric 

actuators under dynamic loads." Mechanical Systems and Signal Processing 45.2 

(2014): 513-530. 

151. Høgsberg, J., Brodersen, M. L., and Krenk, S. (2016). Resonant passive–active 

vibration absorber with integrated force feedback control. Smart Materials and 

Structures, 25(4), 047001. 

152. Shin, J. H., Han, S., and Kwak, M. K. (2019). Active vibration control of plate by 

active mass damper and negative acceleration feedback control algorithms. Journal 

of Low Frequency Noise, Vibration and Active Control, 1461348419876494. 

153. Valášek, M., Olgac, N., and Neusser, Z. (2019). Real-time tunable single-degree of 

freedom, multiple-frequency vibration absorber. Mechanical Systems and Signal 

Processing, 133, 106244.  

154. Jalili, N., and Knowles IV, D. W. (2004). Structural vibration control using an 

active resonator absorber: modeling and control implementation. Smart Materials and 

structures, 13(5), 998. 

155. Balaji, P. S., and SelvaKumar, K. K. (2020). Applications of nonlinearity in passive 

vibration control: a review. Journal of Vibration Engineering and Technologies, 1-

31. 

156. Nayfeh, A. H., and Balachandran, B. (2008). Applied nonlinear dynamics: 

analytical, computational, and experimental methods. John Wiley and Sons. 

157. Lacarbonara, W., Balachandran, B., Ma, J., Machado, J. T., and Stepan, G. (Eds.). 

(2020). Nonlinear Dynamics and Control: Proceedings of the First International 

Nonlinear Dynamics Conference (NODYCON 2019), Volume II. Springer Nature. 

158. Kerschen, G. (2010). Advanced strategies for nonlinear system identification. 

Advanced Nonlinear Strategies for Vibration Mitigation and System 

Identification, Springer, Vienna, 129-206.  

159. Kerschen, G., Peeters, M., Golinval, J. C., and Vakakis, A. F. (2009). Nonlinear 

normal modes, Part I: A useful framework for the structural dynamicist. Mechanical 

systems and signal processing, 23(1), 170-194. 

TH-2895_136103038



References  

302 

160. Kerschen, G., Kowtko, J. J., McFarland, D. M., Bergman, L. A., and Vakakis, A. 

F. (2007). Theoretical and experimental study of multimodal targeted energy transfer 

in a system of coupled oscillators. Nonlinear Dynamics, 47(1), 285-309. 

161. Habib, G., Detroux, T., Viguié, R., and Kerschen, G. (2015). Nonlinear 

generalization of Den Hartog׳ s equal-peak method. Mechanical Systems and Signal 

Processing, 52, 17-28. 

162. Habib, G., Kerschen, G., and Stepan, G. (2017). Chatter mitigation using the 

nonlinear tuned vibration absorber. International Journal of Non-Linear 

Mechanics, 91, 103-112. 

163. Habib, G., and Kerschen, G. (2016). A principle of similarity for nonlinear vibration 

absorbers. Physica D: Nonlinear Phenomena, 332, 1-8. 

164. Habib, G., and Kerschen, G. (2015). Suppression of limit cycle oscillations using 

the nonlinear tuned vibration absorber. Proceedings of the Royal Society A: 

Mathematical, Physical and Engineering Sciences, 471(2176), 20140976. 

165. Habib, G., and Romeo, F. (2017). The tuned bistable nonlinear energy 

sink. Nonlinear Dynamics, 89(1), 179-196. 

166. Habib, G., Kádár, F., and Papp, B. (2019). Impulsive vibration mitigation through 

a nonlinear tuned vibration absorber. Nonlinear Dynamics, 98(3), 2115-2130. 

167. Viguié, R., and Kerschen, G. (2009). Nonlinear vibration absorber coupled to a 

nonlinear primary system: a tuning methodology. Journal of sound and 

Vibration, 326(3-5), 780-793. 

168. Detroux, T., Habib, G., Masset, L., and Kerschen, G. (2015). Performance, 

robustness and sensitivity analysis of the nonlinear tuned vibration 

absorber. Mechanical Systems and Signal Processing, 60, 799-809.  

169. Cirillo, G. I., Habib, G., Kerschen, G., and Sepulchre, R. (2017). Analysis and 

design of nonlinear resonances via singularity theory. Journal of Sound and 

Vibration, 392, 295-306.  

170. Raze, G., and Kerschen, G. (2020). Multimodal vibration damping of nonlinear 

structures using multiple nonlinear absorbers. International Journal of Non-Linear 

Mechanics, 119, 103308.  

171. Gatti, G. (2018). Fundamental insight on the performance of a nonlinear tuned mass 

damper. Meccanica, 53(1), 111-123.  

TH-2895_136103038



References  

303 

172. Renault, A., Thomas, O., and Mahé, H. (2019). Numerical antiresonance 

continuation of structural systems. Mechanical Systems and Signal Processing, 116, 

963-984.  

173. Li, L., and Cui, P. (2017). Novel design approach of a nonlinear tuned mass damper 

with Duffing stiffness. Journal of Engineering Mechanics, 143(4), 04017004.  

174. Li, L., and Du, Y. (2020). Design of Nonlinear Tuned Mass Damper by Using the 

Harmonic Balance Method. Journal of Engineering Mechanics, 146(6), 04020056.  

175. Kong, X., Li, H., and Wu, C. (2018). Dynamics of 1-dof and 2-dof energy sink with 

geometrically nonlinear damping: application to vibration suppression. Nonlinear 

Dynamics, 91(1), 733-754. 

176. Ding, H., and Chen, L. Q. (2020). Designs, analysis, and applications of nonlinear 

energy sinks. Nonlinear Dynamics, 100, 3061-3107.  

177. Ji, J. C. (2014). Design of a nonlinear vibration absorber using three-to-one internal 

resonances. Mechanical Systems and Signal Processing 42(1), 236-246. 

178. Ji, J. C., and Zhang, N. (2010). Suppression of the primary resonance vibrations of 

a forced nonlinear system using a dynamic vibration absorber. Journal of Sound and 

Vibration, 329(11), 2044-2056.  

179. Li, L. Y., and Zhang, T. (2020). Analytical analysis for the design of nonlinear tuned 

mass damper. Journal of Vibration and Control, 26(9-10), 646-658. 

180. Luongo, A., and Zulli, D. (2014). Aeroelastic instability analysis of NES-controlled 

systems via a mixed multiple scale/harmonic balance method. Journal of Vibration 

and Control, 20(13), 1985-1998. 

181. Abdollahi, A., Khadem, S. E., Khazaee, M., and Moslemi, A. (2020). On the 

analysis of a passive vibration absorber for submerged beams under hydrodynamic 

forces: An optimal design. Engineering Structures, 220, 110986. 

182. Bitar, D., Savadkoohi, A. T., Lamarque, C. H., Gourdon, E., and Collet, M. (2020). 

Extended complexification method to study nonlinear passive control. Nonlinear 

Dynamics, 99(2), 1433-1450.  

183. Sayed, M., and Kamel, M. (2011). Stability study and control of helicopter blade 

flapping vibrations. Applied Mathematical Modelling, 35(6), 2820-2837.  

184. Sayed, M., and Hamed, Y. S. (2011). Stability and response of a nonlinear coupled 

pitch-roll ship model under parametric and harmonic excitations. Nonlinear 

Dynamics, 64(3), 207-220.  

TH-2895_136103038



References  

304 

185. EL-Sayed, A. T. (2014). Suppression of nonlinear vibration system described by 

nonlinear differential equations using passive controller. Nonlinear Dynamics, 78(3), 

1683-1694.  

186. El-Sayed, A. T., and Bauomy, H. S. (2015). Vibration suppression of subharmonic 

resonance response using a nonlinear vibration absorber. Journal of Vibration and 

Acoustics, 137(2), 024503.  

187. El-Ghareeb, T. H., Hamed, Y. S., and Abd Elkader, M. S. (2012). Non-Linear 

Analysis of Vibrations of Non-Linear System Subjected to Multi-Excitation Forces 

via a Non-Linear Absorber. Applied Mathematics, 3(1), 16764. 

188. Karimpour, H., and Eftekhari, M. (2014). Exploiting internal resonance for 

vibration suppression and energy harvesting from structures using an inner mounted 

oscillator. Nonlinear Dynamics, 77(3), 699-727.  

189. Wang, Y. R., Feng, C. K., and Chen, S. Y. (2018). Damping effects of linear and 

nonlinear tuned mass dampers on nonlinear hinged-hinged beam. Journal of Sound 

and Vibration, 430, 150-173. 

190. Bellizzi, S., Chung, K. W., and Sampaio, R. (2019). Response regimes of a linear 

oscillator with a nonlinear energy sink involving an active damper with 

delay. Nonlinear Dynamics, 97(2), 1667-1684. 

191. Savadkoohi, A. T., Lamarque, C. H., and Goossaert, C. (2021). Nonlinear passive 

tremor control of human arm. Mechanical Systems and Signal Processing, 146, 

107041. 

192. Esen, İ., and Koç, M. A. (2015). Optimization of a passive vibration absorber for a 

barrel using the genetic algorithm. Expert Systems with Applications, 42(2), 894-905.  

193. Yang, J., Xiong, Y. P., and Xing, J. T. (2015). Power flow behaviour and dynamic 

performance of a nonlinear vibration absorber coupled to a nonlinear 

oscillator. Nonlinear Dynamics, 80(3), 1063-1079.  

194. Lacarbonara, W., and Cetraro, M. (2011). Flutter control of a lifting surface via 

visco-hysteretic vibration absorbers. International Journal of Aeronautical and Space 

Sciences, 12(4), 331-345. 

195. Lacarbonara, W. and Vestroni, F. (2003). Nonclassical responses of oscillators with 

hysteresis. Nonlinear Dynamics, 32, 235-258.  

196. Lacarbonara, W., Soper, R. R., Nayfeh, A. H., and Mook, D. T. (2001). A 

nonclassical vibration absorber for pendulation reduction. Journal of Vibration and 

Control, 7(3), 365-393. 

TH-2895_136103038



References  

305 

197. Casalotti, A., Arena, A., and Lacarbonara, W. (2014). Mitigation of post-flutter 

oscillations in suspension bridges by hysteretic tuned mass dampers. Engineering 

Structures, 69, 62-71.  

198. Carpineto, N., Lacarbonara, W., and Vestroni, F. (2010). Mitigation of pedestrian-

induced vibrations in suspension footbridges via multiple tuned mass 

dampers. Journal of Vibration and Control, 16(5), 749-776. 

199. Carpineto, N., Lacarbonara, W., and Vestroni, F. (2014). Hysteretic tuned mass 

dampers for structural vibration mitigation. Journal of Sound and Vibration, 333(5), 

1302-1318. 

200. Vestroni, F., Lacarbonara, W., and Carpineto, N. (2011). Hysteretic Tuned Mass 

Damper for Passive Control of Mechanical Vibrations. Italy Patent No. 

RM2011A000434. 

201. Boccamazzo, A., Carboni, B., Quaranta, G., and Lacarbonara, W. (2020). 

Optimization Strategies of Hysteretic Tuned Mass Dampers for Seismic 

Control. Nonlinear Dynamics and Control, Springer, Cham, 99-106. 

202. Ebrahimzade, N., Dardel, M., and Shafaghat, R. (2016). Performance comparison 

of linear and nonlinear vibration absorbers in aeroelastic characteristics of a wing 

model. Nonlinear Dynamics, 86(2), 1075-1094. 

203. Franzini, G. R. (2021). An elastic rotative nonlinear vibration absorber (ERNVA) 

as a passive suppressor for vortex-induced vibrations. Nonlinear Dynamics, 1-23. 

204. Weber, H., Kaczmarczyk, S., and Iwankiewicz, R. (2020). Non-linear dynamic 

response of a cable system with a tuned mass damper to stochastic base excitation via 

equivalent linearization technique. Meccanica, 1-10. 

205. Ji, X., Cheng, Y., and Hutt, C. M. (2020). Seismic response of a tuned viscous mass 

damper (TVMD) coupled wall system. Engineering Structures, 225, 111252. 

206. Barredo, E., Larios, J. M., Colín, J., Mayén, J., Flores-Hernández, A. A., and Arias-

Montiel, M. (2020). A novel high-performance passive non-traditional inerter-based 

dynamic vibration absorber. Journal of Sound and Vibration, 485, 115583. 

207. Love, J. S., Haskett, T. C., and Morava, B. (2018). Effectiveness of dynamic 

vibration absorbers implemented in tall buildings. Engineering Structures, 176, 776-

784. 

208. Khalili, M. K., and Badamchi, K. (2018). Softening and hardening tuned mass 

dampers. Earthquakes and Structures, 14(5), 459-465. 

TH-2895_136103038



References  

306 

209. Li, H., Touzé, C., Pelat, A., and Gautier, F. (2021). Combining nonlinear vibration 

absorbers and the Acoustic Black Hole for passive broadband flexural vibration 

mitigation. International Journal of Non-Linear Mechanics, 129, 103558. 

210. Eden, J., and Oetomo, D. (2019). On the use of tuned mass dampers for reducing 

the nonlinear vibrations of planar parallel cable robots. International Journal of 

Mechanical Engineering and Robotics Research, 8(3). 

211. Oueini, S. S., Chin, C. M., and Nayfeh, A. H. (1999). Dynamics of a cubic nonlinear 

vibration absorber. Nonlinear dynamics, 20(3), 283-295. 

212. Oueini, S. S., Nayfeh, A. H., and Pratt, J. R. (1998). A nonlinear vibration absorber 

for flexible structures. Nonlinear Dynamics, 15(3), 259-282. 

213. Jun, L., Hongxing, H., and Rongying, S. (2007). Saturation-based active absorber 

for a non-linear plant to a principal external excitation. Mechanical Systems and 

Signal Processing, 21(3), 1489-1498. 

214. Jun, L., Xiaobin, L., and Hongxing, H. (2010). Active nonlinear saturation-based 

control for suppressing the free vibration of a self-excited plant. Communications in 

Nonlinear Science and Numerical Simulation, 15(4), 1071-1079. 

215. Beltran-Carbajal, F., and Silva-Navarro, G. (2014). Active vibration control in 

Duffing mechanical systems using dynamic vibration absorbers. Journal of Sound and 

Vibration, 333(14), 3019-3030.  

216. Bauomy, H. S. (2014). Active vibration control of a dynamical system via negative 

linear velocity feedback. Nonlinear Dynamics, 77(1), 413-423.  

217. Sayed, M., and Kamel, M. (2012). 1: 2 and 1: 3 internal resonance active absorber 

for non-linear vibrating system. Applied Mathematical Modelling, 36(1), 310-332.  

218. Van Til, J., Alijani, F., Voormeeren, S. N., and Lacarbonara, W. (2019). Frequency 

domain modeling of nonlinear end stop behavior in tuned mass damper systems under 

single-and multi-harmonic excitations. Journal of Sound and Vibration, 438, 139-

152. 

219. Raj, P. R., and Santhosh, B. (2019). Parametric study and optimization of linear and 

nonlinear vibration absorbers combined with piezoelectric energy 

harvester. International Journal of Mechanical Sciences, 152, 268-279.  

220. Balachandran, B., Kalmár-Nagy, T., and Gilsinn, D. E. (2009). Delay differential 

equations. Berlin: Springer. 

TH-2895_136103038



References  

307 

221. Zhao, Y. Y., and Xu, J. (2012). Using the delayed feedback control and saturation 

control to suppress the vibration of the dynamical system. Nonlinear 

Dynamics, 67(1), 735-753.  

222. Zhao, Y. Y., and Xu, J. (2007). Effects of delayed feedback control on nonlinear 

vibration absorber system. Journal of Sound and Vibration, 308(1-2), 212-230.  

223. Rabelo, M., Silva, L., Borges, R., Gonçalves, R., and Henrique, M. (2017). 

Computational and numerical analysis of a nonlinear mechanical system with 

bounded delay. International Journal of Non-Linear Mechanics, 91, 36-57.  

224. Sun, X., and Xu, J. (2016). Vibration control of nonlinear Absorber–Isolator-

Combined structure with time-delayed coupling. International Journal of Non-Linear 

Mechanics, 83, 48-58.  

225. El-Gohary, H. A., and El-Ganaini, W. A. A. (2012). Vibration suppression of a 

dynamical system to multi-parametric excitations via time-delay absorber. Applied 

Mathematical Modelling, 36(1), 35-45.  

226. El-Ganaini, W. A. A., and El-Gohary, H. A. (2014). Application of time-delay 

absorber to suppress vibration of a dynamical system to tuned excitation. Journal of 

vibration and acoustics, 136(4).  

227. Rabelo, M., dos Anjos, P., Henrique, M. L., Loayza, M., and Silva, L. (2019). 

Numerical analysis of vibration of a nonlinear system with bounded delay under the 

primary resonances. International Journal of Non-Linear Mechanics, 112, 92-105.  

228. Shao, X., Naghdy, F., Du, H., and Li, H. (2019). Output feedback H∞ control for 

active suspension of in-wheel motor driven electric vehicle with control faults and 

input delay. ISA transactions, 92, 94-108. 

229. Yao, Y., Yan, Y., Hu, Z., and Chen, K. (2018). The motor active flexible suspension 

and its dynamic effect on the high-speed train bogie. Journal of Dynamic Systems, 

Measurement, and Control, 140(6). 

230. Casciati, F., Rodellar, J., and Yildirim, U. (2012). Active and semi-active control 

of structures–theory and applications: A review of recent advances. Journal of 

Intelligent Material Systems and Structures, 23(11), 1181-1195.  

231. Jones, D. I., Nashif, A. D., and Adkins, R. L. (1967). Effect of tuned dampers on 

vibrations of simple structures. AIAA Journal, 5(2), 310-315. 

232. Abu-Akeel, A. K. (1969). Damping of high-frequency brake vibrations in aircraft 

landing gear. Journal of Aircraft, 6(1), 24-30. 

TH-2895_136103038



References  

308 

233. Brennan, M. J. (1997). Vibration control using a tunable vibration 

neutralizer. Proceedings of the Institution of Mechanical Engineers, Part C: Journal 

of Mechanical Engineering Science, 211(2), 91-108. 

234. Enríquez-Zárate, J., Abundis-Fong, H. F., Velázquez, R., and Gutiérrez, S. (2019). 

Passive vibration control in a civil structure: Experimental results. Measurement and 

Control, 52(7-8), 938-946. 

235. Dayou, J., and Brennan, M. J. (2003). Experimental verification of the optimal 

tuning of a tunable vibration neutralizer for global vibration control. Applied 

Acoustics, 64(3), 311-323.  

236. Yang, Y., Munoa, J., and Altintas, Y. (2010). Optimization of multiple tuned mass 

dampers to suppress machine tool chatter. International Journal of Machine Tools 

and Manufacture, 50(9), 834-842.  

237. Yang, Y., Dai, W., and Liu, Q. (2015). Design and implementation of two-degree-

of-freedom tuned mass damper in milling vibration mitigation. Journal of Sound and 

Vibration, 335, 78-88.  

238. Kandasamy, R., Cui, F., Townsend, N., Foo, C. C., Guo, J., Shenoi, A., and Xiong, 

Y. (2016). A review of vibration control methods for marine offshore 

structures. Ocean Engineering, 127, 279-297. 

239. Mo, J., and Priefer, R. (2021). Medical Devices for Tremor Suppression: Current 

Status and Future Directions. Biosensors, 11(4), 99. 

240. Spencer Jr, B. F., and Nagarajaiah, S. (2003). State of the art of structural 

control. Journal of structural engineering, 129(7), 845-856.  

241. Soong, T. T., and Spencer Jr, B. F. (2002). Supplemental energy dissipation: state-

of-the-art and state-of-the-practice. Engineering structures, 24(3), 243-259. 

242. Nayfeh, Ali H., and Balakumar Balachandran. Applied nonlinear dynamics: 

analytical, computational, and experimental methods. John Wiley and Sons, 2008. 

243. Jo, H., and Yabuno, H. (2009). Amplitude reduction of primary resonance of 

nonlinear oscillator by a dynamic vibration absorber using nonlinear 

coupling. Nonlinear Dynamics, 55(1), 67-78. 

244. Jo, H., and Yabuno, H. (2010). Amplitude reduction of parametric resonance by 

dynamic vibration absorber based on quadratic nonlinear coupling. Journal of sound 

and vibration, 329(11), 2205-2217.  

TH-2895_136103038



References  

309 

245. Kachapi, S. H., and Dukkipati, R. V. (2010). Analysis of the nonlinear vibration of 

a two-mass–spring system with linear and nonlinear stiffness. Nonlinear Analysis: 

Real World Applications, 11(3), 1431-1441.  

246. Feng, X., Jing, X., Xu, Z., and Guo, Y. (2019). Bio-inspired anti-vibration with 

nonlinear inertia coupling. Mechanical Systems and Signal Processing, 124, 562-595. 

247. Zhao, B., Wu, D., and Lu, Z. (2020). Shaking table test and numerical simulation 

of the vibration control performance of a tuned mass damper on a transmission 

tower. Structure and Infrastructure Engineering, 1-15. 

248. Jang, J. L., and Tarng, Y. S. (1999). A study of the active vibration control of a 

cutting tool. Journal of Materials Processing Technology, 95(1-3), 78-82. 

249. Kim, S. M., Wang, S., and Brennan, M. J. (2011). Dynamic analysis and optimal 

design of a passive and an active piezo-electrical dynamic vibration absorber. Journal 

of sound and vibration, 330(4), 603-614. 

250. Kim, S. M., and Brennan, M. J. (2013). Active vibration control using delayed 

resonant feedback. Smart materials and structures, 22(9), 095013. 

251. Yong, C., Zimcik, D. G., Wickramasinghe, V. K., and Nitzsche, F. (2003). Research 

of an active tunable vibration absorber for helicopter vibration control. Chinese 

Journal of Aeronautics, 16(4), 203-211. 

252. Yong, C., Zimcik, D. G., Wickramasinghe, V. K., and Nitzsche, F. (2004). 

Development of the smart spring for active vibration control of helicopter 

blades. Journal of Intelligent Material Systems and Structures, 15(1), 37-47. 

253. Nambu, Y., Yamamoto, S., and Chiba, M. (2014). A smart dynamic vibration 

absorber for suppressing the vibration of a string supported by flexible beams. Smart 

materials and structures, 23(2), 025032.  

254. Lu, X., Li, P., Guo, X., Shi, W., and Liu, J. (2014). Vibration control using ATMD 

and site measurements on the Shanghai World Financial Center Tower. The Structural 

Design of Tall and Special Buildings, 23(2), 105-123.  

255. Casado, C. M., Díaz, I. M., de Sebastián, J., Poncela, A. V., and Lorenzana, A. 

(2013). Implementation of passive and active vibration control on an in‐service 

footbridge. Structural Control and Health Monitoring, 20(1), 70-87.  

256. Peng, C., and Gong, X. L. (2013). Active-adaptive vibration absorbers and its 

vibration attenuation performance. Applied Mechanics and Materials, 312, Trans 

Tech Publications Ltd, 262-267.  

TH-2895_136103038



References  

310 

257. Tso, M. H., Yuan, J., and Wong, W. O. (2013). Design and experimental study of a 

hybrid vibration absorber for global vibration control. Engineering structures, 56, 

1058-1069. 

258. Yang, J. N., Bobrow, J., Jabbari, F., Leavitt, J., Cheng, C. P., and Lin, P. Y. (2007). 

Full‐scale experimental verification of resetable semi‐active stiffness 

dampers. Earthquake engineering and structural dynamics, 36(9), 1255-1273. 

259. Lin, G. L., Lin, C. C., Chen, B. C., and Soong, T. T. (2015). Vibration control 

performance of tuned mass dampers with resettable variable stiffness. Engineering 

Structures, 83, 187-197. 

260. Enríquez-Zárate, J., Silva-Navarro, G., and Abundis-Fong, H. F. (2016). Active 

vibration suppression through positive acceleration feedback on a building-like 

structure: an experimental study. Mechanical Systems and Signal Processing, 72, 

451-461. 

261. Herold, S., and Mayer, D. (2016). Adaptive piezoelectric absorber for active 

vibration control. In Actuators (Vol. 5, No. 1, p. 7). Multidisciplinary Digital 

Publishing Institute. 

262. Goorts, K., Ashasi-Sorkhabi, A., and Narasimhan, S. (2017). Deployable active 

mass dampers for vibration mitigation in lightweight bridges. Journal of Structural 

Engineering, 143(12), 04017159. 

263. Yang, D-H, Shin, J-H, Lee, H (2017) Active vibration control of structure by active 

mass damper and multi-modal negative acceleration feedback control algorithm. 

Journal of Sound and Vibration, 392, 18–30. 

264. Talib, E., Shin, J. H., and Kwak, M. K. (2019). Designing multi-input multi-output 

modal-space negative acceleration feedback control for vibration suppression of 

structures using active mass dampers. Journal of Sound and Vibration, 439, 77-98. 

265. Soleymani, M., Abolmasoumi, A. H., Bahrami, H., Khalatbari-S, A., Khoshbin, E., 

and Sayahi, S. (2018). Modified sliding mode control of a seismic active mass damper 

system considering model uncertainties and input time delay. Journal of Vibration 

and Control, 24(6), 1051-1064. 

266. Kopylov, S., Chen, Z. B., and Abdelkareem, M. A. (2020). Acceleration based 

ground-hook control of an electromagnetic regenerative tuned mass damper for 

automotive application. Alexandria Engineering Journal, 59(6), 4933-4946. 

267. Sethi, V., and Song, G. (2006). Multimode vibration control of a smart model frame 

structure. Smart materials and structures, 15(2), 473. 

TH-2895_136103038



References  

311 

268. Tang, X., and Zuo, L. (2012). Simultaneous energy harvesting and vibration control 

of structures with tuned mass dampers. Journal of Intelligent Material Systems and 

Structures, 23(18), 2117-2127. 

269. Gonzalez‐Buelga, A., Clare, L. R., Cammarano, A., Neild, S. A., Burrow, S. G., 

and Inman, D. J. (2014). An optimised tuned mass damper/harvester 

device. Structural Control and Health Monitoring, 21(8), 1154-1169. 

270. Kučera, V., Pilbauer, D., Vyhlídal, T., and Olgac, N. (2017). Extended delayed 

resonators–Design and experimental verification. Mechatronics, 41, 29-44. 

271. Eris, O., and Ergenc, A. F. (2016). Delay scheduling for delayed resonator 

applications. IFAC-PapersOnLine, 49(10), 77-81. 

272. Kassem, M., Yang, Z., Gu, Y., Wang, W., and Safwat, E. (2020). Active dynamic 

vibration absorber for flutter suppression. Journal of Sound and Vibration, 469, 

115110. 

273. An, F., Chen, W. D., and Shao, M. Q. (2014). Dynamic behavior of time-delayed 

acceleration feedback controller for active vibration control of flexible 

structures. Journal of Sound and Vibration, 333(20), 4789-4809.  

274. Yamada, K., Matsuhisa, H., and Utsuno, H. (2014). Enhancement of efficiency of 

vibration suppression using piezoelectric elements and LR circuit by amplification of 

electrical resonance. Journal of Sound and Vibration, 333(5), 1281-1301.  

275. Yamada, K., Matsuhisa, H., and Utsuno, H. (2014). Improvement of efficiency of 

piezoelectric element attached to beam based on mechanical impedance 

matching. Journal of Sound and Vibration, 333(1), 52-79.  

276. Harne, R. L. (2013). Development and testing of a dynamic absorber with 

corrugated piezoelectric spring for vibration control and energy harvesting 

applications. Mechanical Systems and Signal Processing, 36(2), 604-617.  

277. Matsubara, A., Maeda, M., and Yamaji, I. (2014). Vibration suppression of boring 

bar by piezoelectric actuators and LR circuit. CIRP Annals, 63(1), 373-376.  

278. Jovanović, M. M., Simonović, A. M., Zorić, N. D., Lukić, N. S., Stupar, S. N., and 

Ilić, S. S. (2013). Experimental studies on active vibration control of a smart 

composite beam using a PID controller. Smart materials and structures, 22(11), 

115038.  

279. Xu, J., and Sun, Y. (2015). Experimental studies on active control of a dynamic 

system via a time-delayed absorber. Acta Mechanica Sinica, 31(2), 229-247.  

TH-2895_136103038



References  

312 

280. Kammer, A. S., and Olgac, N. (2016). Delayed resonator concept for vibration 

suppression using piezoelectric networks. Smart Materials and Structures, 25(11), 

115008. 

281. Bronkhorst, K. B., Febbo, M., Lopes, E. M., and Bavastri, C. A. (2018). 

Experimental implementation of an optimum viscoelastic vibration absorber for cubic 

nonlinear systems. Engineering Structures, 163, 323-331.  

282. Chen, C. J., and Yang, S. M. (2014). Application neural network controller and 

active mass damper in structural vibration suppression. Journal of Intelligent and 

Fuzzy Systems, 27(6), 2835-2845. 

283. Brennan, M. J., and Gatti, G. (2012). The characteristics of a nonlinear vibration 

neutralizer. Journal of sound and vibration, 331(13), 3158-3171 

284. Abundis-Fong, H. F., Enríquez-Zárate, J., Cabrera-Amado, A., and Silva-Navarro, 

G. (2018). Optimum design of a nonlinear vibration absorber coupled to a resonant 

oscillator: A case study. Shock and Vibration, 2107607.  

285. Rizos, D., Feltrin, G., and Motavalli, M. (2011). Structural identification of a 

prototype pre-stressable leaf-spring based adaptive tuned mass damper: Nonlinear 

characterization and classification. Mechanical systems and signal processing, 25(1), 

205-221.  

286. Bian, Y., and Gao, Z. (2017). Nonlinear vibration absorption for a flexible arm via 

a virtual vibration absorber. Journal of Sound and Vibration, 399, 197-215.  

287. Zhao, G., Paknejad, A., Raze, G., Deraemaeker, A., Kerschen, G., and Collette, C. 

(2019). Nonlinear positive position feedback control for mitigation of nonlinear 

vibrations. Mechanical Systems and Signal Processing, 132, 457-470.  

288. Rasid, S. M. R., Mizuno, T., Ishino, Y., Takasaki, M., Hara, M., and Yamaguchi, 

D. (2019). Design and control of active vibration isolation system with an active 

dynamic vibration absorber operating as accelerometer. Journal of Sound and 

Vibration, 438, 175-190.  

289. Wang, X., and Yang, B. (2019). Transient vibration control using nonlinear 

convergence active vibration absorber for impulse excitation. Mechanical Systems 

and Signal Processing, 117, 425-436. 

290. Wang, X., Yang, B., Guo, S., and Zhao, W. (2017). Nonlinear convergence active 

vibration absorber for single and multiple frequency vibration control. Journal of 

Sound and Vibration, 411, 289-303.  

TH-2895_136103038



References  

313 

291. Wang, J. F., Lin, C. C., and Chen, B. L. (2003). Vibration suppression for high-

speed railway bridges using tuned mass dampers. International Journal of Solids and 

structures, 40(2), 465-491.  

292. Thenozhi, S., and Yu, W. (2013). Advances in modeling and vibration control of 

building structures. Annual Reviews in Control, 37(2), 346-364.  

293. Lin, C. C., Hu, C. M., Wang, J. F., and Hu, R. Y. (1994). Vibration control 

effectiveness of passive tuned mass dampers. Journal of the Chinese Institute of 

Engineers, 17(3), 367-376.  

294. Taylor, E. S. (1936). " Eliminating" Crankshaft Torsional Vibration in Radial 

Aircraft Engines. SAE Transactions, 81-89.  

295. Hamouda, M. N. H., and Pierce, G. A. (1984). Helicopter vibration suppression 

using simple pendulum absorbers on the rotor blade. Journal of the American 

helicopter society, 29(3), 19-29.  

296. Zapfe, J. A., and Lesieutre, G. A. (1997). Broadband vibration damping using 

highly distributed tuned mass absorbers. AIAA journal, 35(4), 753-755.  

297. Dallard, P., Fitzpatrick, A. J., Flint, A., Le Bourva, S., Low, A., Ridsdill Smith, R. 

M., and Willford, M. (2001). The London millennium footbridge. Structural 

Engineer, 79(22), 17-21.  

298. Sims, N. D. (2007). Vibration absorbers for chatter suppression: A new analytical 

tuning methodology. Journal of Sound and Vibration, 301(3-5), 592-607.  

299. Fischer, O. (2007). Wind-excited vibrations—solution by passive dynamic 

vibration absorbers of different types. Journal of Wind Engineering and Industrial 

Aerodynamics, 95(9-11), 1028-1039.  

300. Ibrahim, R. A. (2008). Recent advances in nonlinear passive vibration 

isolators. Journal of sound and vibration, 314(3-5), 371-452.  

301. Lee, B. H. K., Jiang, L. Y., and Wong, Y. S. (1999). Flutter of an airfoil with a cubic 

restoring force. Journal of fluids and structures, 13(1), 75-101.  

302. Fujino, Y., and Abé, M. (1993). Design formulas for tuned mass dampers based on 

a perturbation technique. Earthquake engineering and structural dynamics, 22(10), 

833-854. 

303. Alexander, N. A., and Schilder, F. (2009). Exploring the performance of a nonlinear 

tuned mass damper. Journal of Sound and Vibration, 319(1-2), 445-462.  

304. Wang, F., Weng, Z., and He, L. (2019). Comprehensive investigation on active-

passive hybrid isolation and tunable dynamic vibration absorption. Springer.  

TH-2895_136103038



References  

314 

305. Bian, J., and Jing, X. (2021). A nonlinear X-shaped structure based tuned mass 

damper with multi-variable optimization (X-absorber). Communications in Nonlinear 

Science and Numerical Simulation, 99, 105829. 

306. Gattulli, V., Di Fabio, F., and Luongo, A. (2001). Simple and double Hopf 

bifurcations in aeroelastic oscillators with tuned mass dampers. Journal of the 

Franklin Institute, 338(2-3), 187-201.  

307. Gattulli, V., Di Fabio, F., and Luongo, A. (2003). One to one resonant double Hopf 

bifurcation in aeroelastic oscillators with tuned mass dampers. Journal of Sound and 

Vibration, 262(2), 201-217. 

308. Vakakis, A. F., Gendelman, O. V., Bergman, L. A., McFarland, D. M., Kerschen, 

G., and Lee, Y. S. (2008). Nonlinear targeted energy transfer in mechanical and 

structural systems, 156, Springer Science and Business Media.  

309. Guckenheimer, J., and Holmes, P. (2013). Nonlinear oscillations, dynamical 

systems, and bifurcations of vector fields, 42, Springer Science and Business Media.  

310. Koo, J. H., Shukla, A., and Ahmadian, M. (2008). Dynamic performance analysis 

of non-linear tuned vibration absorbers. Communications in Nonlinear Science and 

Numerical Simulation, 13(9), 1929-1937. 

311. Moradi, H., Vossoughi, G., Behzad, M., and Movahhedy, M. R. (2015). Vibration 

absorber design to suppress regenerative chatter in nonlinear milling process: 

application for machining of cantilever plates. Applied Mathematical 

Modelling, 39(2), 600-620.  

312. Saadabad, N. A., Moradi, H., and Vossoughi, G. (2014). Semi-active control of 

forced oscillations in power transmission lines via optimum tuneable vibration 

absorbers: with review on linear dynamic aspects. International Journal of 

Mechanical Sciences, 87, 163-178. 

313. Sun, C., Eason, R. P., Nagarajaiah, S., and Dick, A. J. (2013). Hardening Düffing 

oscillator attenuation using a nonlinear TMD, a semi-active TMD and multiple 

TMD. Journal of sound and vibration, 332(4), 674-686. 

314. Moradi, H., Bakhtiari-Nejad, F., and Movahhedy, M. R. (2008). Tuneable vibration 

absorber design to suppress vibrations: an application in boring manufacturing 

process. Journal of Sound and Vibration, 318(1-2), 93-108. 

315. Wang, Y. R. and Chang, C. M. (2014). Elastic beam with nonlinear suspension and 

a dynamic vibration absorber at the free end. Transactions of the Canadian Society 

for Mechanical Engineering, 38(1), 107-137. 

TH-2895_136103038



References  

315 

316. Silveira, M., Pontes, B. R. Jr, and Balthazar, J. M. (2014). Use of nonlinear 

asymmetrical shock absorber to improve comfort on passenger vehicles. Journal of 

Sound and Vibration, 333(7), 2114-2129. 

317. Febbo, M. and Machado, S. P. (2013). Nonlinear dynamic vibration absorbers with 

a saturation. Journal of Sound and Vibration, 332(6), 1465-1483. 

318. Yang, J., Xiong, Y. P., and Xing, J. T. (2014). Nonlinear power flow analysis of the 

Duffing oscillator. Mechanical Systems and Signal Processing, 45(2), 563-578. 

319. Batou, A and Adhikari, S. (2019). Optimal parameters of viscoelastic tuned-mass 

dampers. Journal of Sound and Vibration, 445, 17-28. 

320. Amer, Y. A., El-Sayed, A.T., and Kotb, A. A. (2016). Nonlinear vibration and of 

the Duffing oscillator to parametric excitation with time delay feedback. Nonlinear 

Dynamics, 85(4), 2497–2505.  

321. Olgac, N., Elmali, H.,Hosek, M., and Renzulli, M. (1997) Active vibration control 

of distributed systems using delayed resonator with acceleration feedback. Journal of 

Dynamic Systems Measurements and Control 119, 380–389. 

322. Rivaz, H., and Rohling, R. (2007). An active dynamic vibration absorber for a hand-

held vibro-elastography probe. Journal of Vibration and Acoustics, 129, 101–112.  

323. Jalili, N., and Olgac, N. (2000). A sensitivity study on optimum delayed feedback 

vibration absorber. Journal of Dynamic Systems Measurements and Control 122, 

314–321. 

324. Chatterjee, S. (2008). Vibration control by recursive time delayed acceleration 

feedback. Journal of Sound and Vibration 317(1-2), 67–90. 

325. Xiang, P., and Nishitani, A. (2015).  Optimum design and application of non-

traditional tuned mass damper toward seismic response control with experimental test 

verification. Earthquake Engineering and Structural Dynamics, 44(13), 2199–2220. 

326. Tursun, M., and Eskinat, E. (2014). H2 optimization of damped-vibration absorbers 

for suppressing vibrations in beams with constrained minimization. Journal of 

Vibration and Acoustics, 136 (2) 21012–21014. 

327. Harik, R. F., and Issa, J. S. (2015). Design of a vibration absorber for harmonically 

forced damped systems. Journal of Vibration and Control, 21 (9), 1810–1820. 

328. Chen, Y. H., and Huang, Y. H. (2004). Timoshenko beam with tuned mass dampers 

and its design curves. Journal of Sound and Vibration, 278, 873–888. 

TH-2895_136103038



References  

316 

329. Shen, Y., Peng, H., Li, X., and Yang, S. (2017). Analytically Optimal Parameters 

of Dynamic Vibration Absorber with Negative Stiffness, Mechanical Systems and 

Signal Processing, 85, 193–203. 

330. Naik, R. D., and Singru, P. M. (2011). Resonance, stability and chaotic vibration of 

a quarter-car vehicle model with time-delay feedback, Communications in Nonlinear 

Science Numerical Simulation, 16 (8), 3397–3410. 

331. Heuss, O., Salloum, R., Mayer, D., and Melz, T. (2016). Tuning of a vibration 

absorber with shunted piezoelectric transducers, Archive of Applied Mechanics 86 

(10), 1715–1732. 

332. Gebai, S., Hammoud, M., Hallal, A., and Khachfe, H. (2016). Tremor reduction at 

the palm of a Parkinson’s patient using dynamic vibration 

absorber. Bioengineering, 3(3), 18. 

333. Gebai, S., Hammoud, M., and Khachfe, H. (2016). Mechanical treatment of elderly 

Parkinson patient: parallel vs series dual vibration absorbers. Journal of Research in 

Mechanical Engineering, 3(1), 1-17. 

334. Javidialesaadi, A., and Wierschem, N. E. (2018). Optimal design of rotational 

inertial double tuned mass dampers under random excitation. Engineering 

Structures, 165, 412-42 

335. Asami, T., Nishihara, O., and Baz, A. M. (2002). Analytical solutions to H∞ and H 

2 optimization of dynamic vibration absorbers attached to damped linear 

systems. Journal of Vibration and Acoustics, 124(2), 284-295. 

336. Hua, Y., Wong, W., and Cheng, L. (2018). Optimal design of a beam-based 

dynamic vibration absorber using fixed-points theory. Journal of Sound and 

Vibration, 421, 111-131. 

337. Parseh, M., Dardel, M., and Ghasemi, M. H. (2015). Performance comparison of 

nonlinear energy sink and linear tuned mass damper in steady-state dynamics of a 

linear beam. Nonlinear Dynamics, 81(4), 1981-2002. 

338. Issa, J. S. and Shaw, S. W. (2015). Synchronous and non-synchronous responses of 

systems with multiple identical nonlinear vibration absorbers, Journal of Sound and 

Vibration, 348, 105-125. 

339.  Hwang, J. S., Kim, J., and Kim, Y. M. (2007). Rotational inertia dampers with 

toggle bracing for vibration control of a building structure. Engineering 

structures, 29(6), 1201-1208. 

TH-2895_136103038



References  

317 

340. Garrido, H., Curadelli, O. and Ambrosini, D. (2013). Improvement of tuned mass 

damper by using rotational inertia through tuned viscous mass damper, Engineering 

Structures, 56, 2149-2153.

TH-2895_136103038



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TH-2895_136103038



 

 
 

List of Publications 

Journals 

1. S. Mohanty and S. K. Dwivedy, Linear and nonlinear analysis of traditional and 

nontraditional piezoelectric vibration absorber with time-delay feedback for simultaneous 

resonance conditions. Mechanical Systems and Signal Processing 161,107980, 2021.  

2. S. Mohanty and S. K. Dwivedy, Nonlinear Dynamics of Piezoelectric based Active 

Nonlinear Vibration Absorber using Time Delay Acceleration feedback. Nonlinear 

Dynamics 98(2) pp. 1465-1490, 2019.  

3. S. Mohanty and S. K Dwivedy, Active Nonlinear Vibration Absorber for a Nonlinear System 

with Time Delay Acceleration Feedback for Simultaneous 3:1 Internal Resonance, Sub-

harmonic, Super harmonic and Principal Parametric Resonance Condition. Journal of 

Aerospace System Engineering 13(5), pp. 9-15, 2019.  

4. S. Mohanty and S. K Dwivedy, Nonlinear Piezoelectric based Active Non-traditional 

Vibration Absorber by Time Delay Acceleration Feedback. International Journal of 

Mechanical and Production Engineering Research and Development ISSN (P): 2249-

6890; ISSN (E): 2249-8001 Special Issue, pp: 49-56, Aug 2018.  

5. S. Mohanty and S. K. Dwivedy, Linear and Nonlinear Analysis of Piezoelectric based 

Vibration Absorber with acceleration feedback. Procedia Engineering 144, pp: 584-591, 

2016.  

6. S. Mohanty and S. K. Dwivedy, Traditional and Non-Traditional Active Nonlinear Vibration 

Absorber with Time Delay Combination Feedback for Hard Excitation. Communications in 

Nonlinear Science and Numerical Simulations (Under review). 

7. S. Mohanty and S. K. Dwivedy, Active Vibration Suppression by Time Delayed 

Acceleration Feedbacks for Simultaneous Primary, Principal Parametric and Subharmonic 

Resonances with 1:1. 1:2 and 1:3 Internal Resonance Conditions. Frontiers of Mechanical 

Engineering (to be submitted). 

8. S. Mohanty and S. K. Dwivedy, Advancement of Passive and Active Vibration Absorbers – 

a Review. Theoretical and Applied Mechanics Letters (Under preparation).

TH-2895_136103038



List of publications  

320 

Book Chapters 

1. S. Mohanty and S. K Dwivedy, Nonlinear analysis of active vibration absorber as a wearable 

rest tremor suppression in Parkinson’s disease, Recent Advances in Computational and 

Experimental Mechanics, Springer, Singapore, pp. 661-669, 2022. 

2. S. Mohanty and S. K. Dwivedy, Active nonlinear vibration absorber for harmonically excited 

beam system. Nonlinear Dynamics and Control, Springer, Cham, pp. 3-11, 2020. 

3. S. Mohanty and S. K. Dwivedy, Nonlinear active vibration absorber using HBM, Advances 

in Rotor Dynamics, Control and Structural Health Monitoring, Springer, Singapore, pp. 

571-578, 2020. 

4. S. Mohanty, S Sikder and S. K. Dwivedy, Nonlinear analysis of rotational inertial double-

tuned mass damper by harmonic balance method. Advances in Mechanical engineering, 

Springer, Singapore, pp. 1183-1190, 2020. 

5. S. Mohanty and S. K. Dwivedy, Active Vibration Absorber for a Nonlinear System with 

Time-Delay Acceleration Feedback for Superharmonic and Subharmonic Resonance 

Conditions. Machines, Mechanism and Robotics, Springer, Singapore, pp. 681-690, 2019.  

Conferences 

1. S. Mohanty, and S. K. Dwivedy, Optimization of Active Vibration Absorber by Acceleration 

Feedback Using Fixed Point Theory and Genetic Algorithm, Sixteenth International 

Conference on Vibration Engineering and Technology of Machinery (VETOMAC 2021), 

B.M.S. College of Engineering, Bengaluru, India, December 2021.  

2. S. Mohanty and S. K Dwivedy, Active vibration absorber for super-harmonic resonance 

condition. Journal of Physics Conference Series 1706, 012102, 2020.  

3. S. Mohanty and S. K Dwivedy, Performance analysis of traditional and non-traditional 

nonlinear delayed active vibration absorber. Twelfth Conference on Nonlinear System and 

Dynamics (CNSD 2019), IIT Kanpur, India, December 2019. 

4. S. Mohanty and S. K Dwivedy, An optimal nonlinear active vibration absorber for 

suppressing forearm tremor. Seventh International Congress on Computational Mechanics 

and Simulation (ICCMS 2019), IIT Mandi, India, June 2019.  

TH-2895_136103038



List of publications  

321 

5. S. Mohanty and S. K Dwivedy, Dynamic analysis of an active vibration absorber for 

attenuating vibration of forearm tremor. National Conference on Disability and Social 

Inclusion - The Role of Technology (NCDSIRT 2019), IIT Guwahati, India, January 2019. 

6. S. Mohanty and S. K Dwivedy, Nonlinear analysis of a hybrid vibration absorber for super-

harmonic resonance condition. Western Pacific Commission for Acoustics (WESPAC 2018), 

CSIR-National Physical Laboratory, New Delhi, India, November 2018. 

7. S. Mohanty and S. K Dwivedy, Dynamic Analysis of Active Vibration Absorber by Time 

Delay Acceleration Feedback using Higher Order Method of Multiple Scales. ASME Gas 

Turbine India Conference (GTIndia 2017) Bangalore, India, December 2017. pp: 

V002T05A033-V002T05A033.  

8. S. Mohanty and S. K Dwivedy, Active Vibration Absorber for A Nonlinear System for 

Combination and 1:1 Internal Resonance Condition. Fifth International Conference on 

Complex Dynamical Systems and Applications (CDSA 2017), IIT Guwahati, India, 

December 2017. 

9. S. Mohanty and S. K. Dwivedy, Nonlinear hybrid vibration absorber by time delay 

acceleration feedback, Sixty-first Congress of the Indian Society of Theoretical and Applied 

Mechanics (ISTAM -2016), VIT Vellore, Tamilnadu, India December 2016.  

10. S. Mohanty and S. K. Dwivedy, Nonlinear Analysis of Active Vibration Absorber with 

self-sensing and actuating PZT actuator by acceleration feedback. Sixth International 

Congress on Computational Mechanics and Simulation (ICCMS 2016), IIT Bombay, India, 

June 2016.  

11. S. Mohanty, S. Chatterjee and S. K. Dwivedy, Analysis of Hybrid Vibration Absorber 

with Piezoelectric Actuator, Proceedings of the Sixth International Conference on 

Theoretical, Applied, Computational and Experimental Mechanics (ICTACEM 2014), IIT 

Kharagpur, India, December 2014. 

 

TH-2895_136103038



 

 

 

 

 

 

 

 

 

 

TH-2895_136103038


