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ABSTRACT

There are many physical systems such as engineering structures or machines which
undergo severe vibration and need a reduction in vibration by using passive or active
vibration absorbers. In the passive vibration absorber, structural modification is carried out
by attaching an additional spring-mass-damper system to the vibrating main or primary
system to reduce its vibration. Whereas in the active vibration absorber (AVA) various
sensors and actuators are integrated with the passive vibration absorber to suppress the
vibration of the primary system. The vibration absorbers are generally designed based on
the assumption that the absorber structure possesses linear characteristics. However, an
effective vibration absorber vibrates with a large amplitude leading to the dominance of
structural nonlinearity. Thus, the linearity assumption regarding the elastic properties of the
absorber substructure does not hold good in reality. Also, nonlinearity is inherently present
in the main vibrating primary systems due to prolonged use, certain applications, or being
subjected to various forms of external excitations. The available passive and active
vibration absorbers also come up short to suppress the vibration in nonlinear primary
systems under varied resonance conditions. Since the existence of nonlinearity in the
primary systems and the absorber system are inevitable. It is observed from the literature
that with the available passive or active vibration absorbers the vibration reduction of the
primary system under varied resonance conditions is still high or limited to a very narrow
range of operating frequencies. Also, complete vibration suppression of the nonlinear
vibrating primary system is not achieved under various resonance conditions. The
investigations of AVA with acceleration or combination feedbacks (displacement, velocity
and acceleration) and its effectiveness in vibration suppression are also not explored. So,
in the present thesis, a modified designed piezoelectric stack actuator based active nonlinear
vibration absorber (ANV A) with various feedbacks and time delay is considered, where the
frequency of the absorber can be actively changed to suppress the vibration of the primary
system. In the modified designed ANVA the PZT (lead zirconium titanate) stack actuator
is connected in series connection with a spring in the absorber configuration for a fail-safe

design.

In this work, five problems related to the ANVA have been investigated considering the

linear and nonlinear primary systems under various resonance conditions. In the first
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problem, the linear single degree of freedom (SDOF) spring-mass-damper primary system
is subjected to an external harmonic excitation and its vibration suppression is carried out
considering linear active vibration absorber (AVA) with acceleration feedback. Optimized
parameters such as tuning ratio and damping ratio for the proposed AV A are obtained from
the fixed-point theory (FPT) and genetic algorithm (GA). The optimal feedback gain is also
evaluated maintaining Den Hartog’s equal peaks in the frequency response and it is shown
that with the active force the response amplitude of the primary system reduces close to its

static deflection.

In the second problem, a similar system to the first problem is analyzed but here cubic
nonlinear springs are considered in both the primary system and the absorber. Also in this
problem, the primary system is subjected to both external harmonic and base excitations.
The active force by the ANVA is produced considering the time delay in the acceleration
feedback. The modified harmonic balancing method (HBM), and Newton’s method are
used to study the system responses and stability. Fundamentally based on nonlinearity,
presence and absence of PZT stack actuator (active force), delay and base excitation twenty
different cases have been investigated. The system steady-state responses are investigated
through the frequency responses, time responses, phase portraits, Poincare’ sections, basin
of attractions, force responses and different time delay effects in the feedback. The
bifurcation and stability of the system are studied from various system parameters. It is
shown that with the proposed ANVA significant vibration suppression for the nonlinear
system is achieved and Den Hartog’s equal peaks in the frequency response of the system

are obtained when the primary system is subjected to both harmonic and base excitations.

In the third problem, a few modifications to the second problem are carried out by
considering the undamped primary system subjected to external harmonic and parametric
excitation. Here two types of ANVA are studied viz., traditional and non-traditional
ANVA. In the traditional ANVA the damper is attached to the primary system whereas in
the non-traditional ANVA damper is connected to the base of the primary system. The
active feedback force by the ANVA is modified considering time delay in displacement,
velocity and acceleration feedback. The method of multiple scales (MMS) is used to obtain
the solutions which are found to be in good agreement with the linear, HBM and numerical
methods. It is shown that with the proposed active forces by the ANVA, 100% vibration
reduction in the primary system is achieved for the primary, principal parametric and

simultaneous primary and principal parametric resonance conditions. Also, for a wide range
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of operating frequencies, the vibration of the primary system is reduced by changing the

frequency of the absorber actively.

In the fourth problem, the previous problem (third problem) is modified considering the
nonlinear primary system subjected to external hard harmonic excitation, parametric
excitation and base excitations. The ANVA is also modified considering time delay in the
damper along with combinations of time-delayed displacement, velocity and acceleration
feedback. The MMS is used to obtain the solution of the system for primary, principal
parametric, sub and superharmonic resonance conditions considering 1:1, 1:2, 1:3 and 3:1
internal resonance conditions. From the investigations on various active forces by different

feedbacks and time delays, 100% vibration suppression of the nonlinear system is analyzed.

In the fifth problem, three different systems are studied. In the first system vibration
suppression of the forearm tremor of the human hand with ANVA is carried out. This
problem is similar to the second problem but here the primary system parameters are
considered from the human forearm. In the second problem, a continuous beam system
with various boundary conditions is considered as the primary system. The ANVA is
attached to the beam which is subjected to a point load. The analyses are carried out to
suppress the vibration of the beam at the first three modal frequencies with the displacement
and velocity feedbacks by the ANVA. In the third problem, the ANVA is modified by a
nonlinear rotational inertial double-tuned mass damper (RIDTMD) and the vibration
suppression of the nonlinear primary system is carried out through various nonlinear
stiffness coefficients in the system. In all these systems HBM is used to obtain the solution

of the governing equations of motion.

These studies will give a clear idea to the designer to know the safe operating zone and the
system responses for various system parameters. From this research work, it is shown that
one can completely suppress the vibration of the linear and nonlinear primary system for
various resonance conditions. Also, the proposed ANVA is a fail-safe design i.e., when the
active part fails due to electronic malfunction, then the passive optimal absorber can still

protect the primary system from severe vibration.
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CHAPTER 1

Introduction and Literature Review

1.1 Introduction

An engineering structure or a machine undergoes multiple sources of vibrations throughout
its life. These vibrations often lead to material fatigue, structural damage and failure. A
machine part on which a steady alternating force of constant frequency is acting may take
up unpleasant vibration when it is close to resonance. So, the control of vibration in
mechanical systems is still a flourishing research field [1-3]. There are fundamentally two
different primary methods of vibration reduction namely, vibration isolation and vibration
absorption [3]. The isolators are positioned between the source of disturbance and the
object to be protected using resilient elements i.e., springs, dampers, or some other
vibration-isolating materials. Isolators reduce the magnitude of force transmitted from the
vibrating object to its foundation or the transmitted motion from the base to the object. In
the vibration absorber system, a secondary spring-mass system is added to the primary
system. The added mass and spring are designed to produce a two-degree-of-freedom
system whose only purpose is to absorb the vibration level of the primary system. The
vibration absorber reduces vibrations of the primary system by channelling energy to the
absorber itself [1-6]. In linear vibration absorbers, this channelled energy is manifested as

a deflection in the absorber's mass [1-2].

The undamped vibration absorber attached to the main vibrating primary system attenuates
the vibration of the primary system only at the resonating frequency i.e., when the external
excitation frequency matches with the natural frequency of the primary system and that of
the absorber. This is also known as a tuned vibration absorber, but its suppression is only
at the resonant frequency and outside this frequency high response amplitude of the primary
system takes place [1-4]. To suppress this high response amplitude a damper is added to
the mass and spring configuration of the vibration absorber which increases the band of
operating frequency for which the vibration of the primary system is minimum [1-4]. These

mass, spring and damper type of vibration absorber which is attached to the primary system
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is often known as tuned mass damper (TMD) or tuned dynamic vibration absorber (DVA).
However, it is observed that TMD cannot suppress completely the steady-state response of
the primary system under external excitation. The efficacy of a TMD largely depends upon
the optimised value of its spring stiffness, damping ratio and mass [1-5]. Due to this, many

optimization techniques such as fixed point, H,, H, optimization etc. are developed to

reduce the amplitude of the primary system for a wide band of operating frequencies [3-9].
There are basically two types of DVAs in terms of the attached damper. One is the
traditional DVA where the damper of the absorber is attached to the primary system and
the other one is a variant/non-traditional DVA where the damper of the absorber is
connected to the base of the primary system [6]. DVAs are commonly designed and tuned
to suppress vibrations at one vibration mode or at the resonant frequency of the primary
system. But if the primary system is subjected to multiple excitations with various
resonance conditions, then the resonance may still occur at other vibration modes of the
structure [5-9]. Thus using smart materials such as PZT (lead zirconate titanate) actuator,
shape memory alloy, magnetostrictive materials etc. one can tune the frequency of the
absorber to various resonance conditions actively in real-time through various feedbacks
and control laws. The use of smart materials in the DVA is often known as adaptive

dynamic vibration absorber (ADV A) or active vibration absorber (AVA) [5, 9-10].

The nonlinear analysis of the passive and AV A considering nonlinearity in the main system
is equally important [10-21]. The nonlinearity in the system arises as the vibration absorber
undergoes a high amplitude of excitations and prolonged use. It may occur in certain
applications, or it may be inherently present in the system [10-15, 21]. The nonlinear
analysis of DVA is more practical and can be used in most applications [10-20]. The
classical theory of spring and viscous damper-based vibration absorbers can be classified
into three distinct categories in terms of smart materials [1-9, 20] used in the
absorber/secondary system. They are (i) passive vibration absorber (PVA)/tuned mass

damper, (ii) semi-active or adaptive vibration absorber and (iii) active/hybrid vibration.

1.1.1 Passive vibration absorber

In Fig. 1.1, a linear undamped vibration absorber or neutralizer [1, 16] is shown which

consists of a primary and a secondary system. The primary system has a mass m, and
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stiffness k, which is subjected to an external excitation force, F,cosar having a
displacement, x,. The secondary system which is attached to the primary system has a mass
m,, spring stiffness k, and displacement x,. The addition of the secondary system adds

one degree of freedom to the primary system and shifts the natural frequencies away from
the excitation frequency. The lower frequency is less than the natural frequency of the
primary system while the higher frequency is greater than the natural frequency of the
primary system. The steady-state amplitude of the primary and the secondary system can

be given by the following expressions.

Xy
r F, cos wt
—>

[ %
m AW m,
k, k2

Fig. 1.1: Linear undamped vibration absorber (Neutraliser).

(1.1)

'xt
- = - 5 (1.2)
g @) (@) |1 @] |- @
Where a)n:\/kl/ml’ a)a:\]kZ/mZ’xsr:E)/kl’ /’[:mZ/ml

From Eq. (1.1), one can conclude that for & =« , the response amplitude x, of the primary

system is zero. Hence, the absorber can eliminate the vibration of the main mass, provided

the natural frequency of the absorber is the same as the operating frequency of the primary

system i.e., w=w, =./k,/m,.When a vibration absorber is added to a system with a

harmonic excitation and if the absorber is tuned to the excitation frequency, then the system
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has zero steady-state amplitude. This concept of tuned vibration absorber was first patented
by Frahm in the year 1911 [22]. So, the values of the absorber parameters are chosen by
considering the constant exciting frequency and the maximum permissible amplitude of the
auxiliary mass. Hence Eqgs. (1.1) and (1.2) can be used to design a linear undamped
vibration absorber. Fig. 1.2(a), shows the response of the primary system from Eq. (1.1)
and Eq. (1.2). From this figure, one can study the effect of a tuned vibration absorber on
the response in a non-synchronous operation (when the excitation frequency varies over a

wide range). Although the vibration absorber is designed for a given operating frequency
w, the absorber can perform satisfactorily for operating frequencies that vary slightly away
from c In this case, the motion of m, is not zero, but its amplitude is very small. However,

the drawback of using an undamped linear tuned vibration absorber (LTVA) is that the
system, now being a 2-DOF system, has two undamped Eigen frequencies, with infinitely

high resonance peaks. This is problematic as a small variation

(b)

X/ Xa

[}
0.7 0.8 0.9 I L1 1.2

Fig. 1.2: Response amplitude of the primary system for x = 0.05 at various frequencies

w. (a) with undamped LTVA (b) with various damping ratios in the damped LTVA.

can move the excitation frequency close to one of the two new resonance peaks and cause
vibration in the main system to be amplified. Therefore, the use of undamped LTV As is
limited to very well-controlled systems [1-6]. When damping is introduced in the absorber
considering the damping ratio ¢ the system response amplitude becomes lower and the
two resonance peaks show finite values, as shown in Fig. 1.2(b). The response amplitude
at the peaks can be further reduced by incorporating optimized damping and tuning ratio (

@, /w). The theory of the LTVA or tuned mass damper was first published in 1928 by

Ormondroyd, and Den Hartog [23], where the fixed-point theory of optimisation is used to
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and damping ratio ({, ) to obtain the Den

opt

obtain the optimal tuning ratio ((q/ %)opt

Hartog’s equal peaks in the response (Fig. 1.3). These concepts were used as passive

vibration control since the 1970s and are found in many structural systems to suppress

0.7 0.8 [iX] 1 11 1.2

w e

Fig. 1.3: Comparison of the response of the primary system with the optimal damped

LTVA for u=0.05 at various distributing frequencies w.

vibration. However, with the optimal tuning and damping ratio also, the vibration of the
primary system is still high at the peaks and no longer completely suppressed at the resonant
frequency [1-2]. Because of this semi-active and active/hybrid vibration absorber model
are developed where new modification in the absorber design and the use of smart materials
further minimizes the response amplitudes of the primary system for a broader range of
operating frequencies with lesser absorber mass than the PV A, so, that the overall structural
weight of the system is minimum [4-9]. In the following section, the semi-active vibration

absorber is discussed.

1.1.2 Semi-active or adaptive vibration absorber

Semi-active dynamic vibration absorbers (SADVA) are often used as intelligent structures
that can change or adapt to the environment dynamically. MR (Magneto rheological) fluid
damper is an example of these types of intelligent structures. SADVA also can provide
actuation by the absorber with the modified design in the absorber configuration without
any smart or intelligent structures [16, 20, 24]. In MR damper based SADV A, the magnetic
particles embedded in the fluid produce a large damping force by varying the magnetic
field in real-time to actively control the vibration which is shown in Fig. 1.4. Also, one
may use electro-rheological (ER) fluids where the damping properties can be changed

actively by applying an electric field. Another type of intelligent structure used in SADVA
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| Movable plate I b Magnetic field H

O o @ @ ) o Motion

- ° e o . - ° @ Formation of chains
| Stationary plate |

Fig. 1.4: Magnetorheological fluid dampers working principle.

is the shape memory alloys (SMA’s) where the variation of temperature provides actuation.
When an SMA is cold, or below its transformation temperature has a very low yield
strength and can be deformed quite easily into any new shape, which it will retain.
However, when the material is heated above its transformation temperature its crystal
structure changes which cause it to return to its original shape. If the SMA encounters any
resistance during this transformation, it can generate forces, which provides a unique
mechanism for remote actuation. But these type of materials produces very small actuation
and are slow to react. The most common shape memory material is an alloy of nickel and
titanium called Nitinol. Shape memory alloys, however, are not for all applications. One
must take into account the forces, displacements, temperature conditions, time for actuation
and cycle rates required of a particular actuator. The SADVA is limited primarily by the
maximum displacement of the absorber and the accuracy of the modal state measurements
of the structure. Due to these limitations further, smart materials are developed which can
produce large actuating forces such as piezoelectric based smart materials. In the next
subsection, piezoelectric based smart materials used in AVA are discussed to actively

control the vibration of the structures.

1.1.3 Active vibration absorber

In an active vibration absorber (AVA), an actuator and sensor are used in the secondary
system by various control feedbacks to minimize the steady-state response of the primary
system for a wider band of operating frequencies [8, 9, 16, 19, 20, 24, 25]. The AVA uses
various types of actuators such as electromagnetic actuators and voice coil motors.
However, its successful attainment is sometimes found to be difficult due to hardware
limitations such as saturation and response speed under certain conditions. This difficulty
can be resolved by using smart material actuators. Among many smart materials,
piezoelectric materials provide a high actuation force compared to others and can be used
simultaneously as a sensor and actuator. The piezoelectric material can also be useful to

tune the frequency of the absorber for various modes/resonance conditions. Initially, the
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AVA is used with only an actuator or actuator and mass in the secondary system [20]
without considering spring or damper, this arrangement can be called pure AVA which is

shown in Fig. 1.5(a). However, this arrangement requires more voltage supply to the

(a) , (b)
active control X,
system 4| absorber
: [ Controller }— L E [ sctuator
Sensor i 2 C, F
> —— Pactuator i x :
't primary system

primary systemi

> IL, ' passive system k 1 c
: | - !

Fig 1.5: Schematic diagram of (a) pure AVA (b) active/hybrid vibration absorber.

actuator which is not economical. Also, if the primary system is large then more actuators
may be needed. To overcome these difficulties AVA are often integrated with PVA, this
combination is also known as a hybrid vibration absorber or sometimes simply AVA [20]
to suppress vibration of the primary system effectively with less absorber mass and control
force, which is shown in Fig. 1.6(b). These types of AV A are economical and also a failsafe
design as when the control is on it performs better than a PVA and in the event of failure
of the active part, the PVA can still protect the system from being damaged due to severe
vibration. Also, since energy is almost always being dissipated/ redistributed by the passive
components, they are much more robust and stable than the purely active approach [3-7].
In the next section, a brief description of how the actuation developed in the AVA by the

piezoelectric materials is given.

1.1.3.1 Piezoelectric materials

Piezoelectric ceramics are prepared of metal oxides and an organic binder [20, 24, 25] to
form a dense crystalline structure. Actuators are configured by giving the sintered ceramic
desired shapes and bonding electrodes at appropriate locations. The crystal exhibits dipole
moment but due to the random distribution of these dipoles has zero overall polarization.
However, a permanent polarization is achieved by heating the material above its Curie
temperature under a strong direct current (DC) electric field as shown in Fig. 1.6. As a

result, the dipoles align in the direction of the applied electric field called the polarization
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axis. At this stage, the material is said to be poled and even after the removal of the poling
electric field, the polarization is still retained to a large extent. In the present work PZT
based stack actuator is used due to its high actuation capability and its constitutive relations

are detailed below.

(a) _ Electrode \ (b (c)
> 2z
AN NN\ RN I RN RN <
NEEAANEN t ]t 1 — t A
s N — 1 -+ 1

Fig 1.6: Steps of poling process of piezoceramic materials. (a) unpoled material
with randomly distributed dipoles, (b) dipoles are aligned due to external DC
electric field, (c) permanently polarised material after withdrawal of the DC field

[20].

1.1.3.2  Displacement modes and force of the piezoelectric actuator

The piezoelectric materials exhibit direct or converse effects. In converse effect, the
piezoelectric rod elongates when subjected to an electric field £ in the poling direction. In

this case, considering linear behaviour, the strain is calculated as dE, where d is the

piezoelectric charge constant. Now by keeping E fixed if the rod is stressed by an external

mechanical load in the same direction as the electric field, the additional strain-induced is
sfo, where s is the compliance of the material under a constant electric field. Thus, the

total strain induced in the material due to the combined effects of electrical and mechanical

action is given below.

g, =s*o+dE (1.3)

Similarly when the rod is first mechanically stressed (o) to induce a charge per unit area

of the amount do then keeping the mechanical load fixed, E is applied in the poling
direction to produce an additional charge of the amount e’E, where ¢’ denotes the

dielectric constant under constant stress. Thus, the total electric displacement D is given

below.

D=do+e’E, (1.4)
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Considering one-dimensional piezoelectric material of constitutive equations [20] (using

the notations of the IEEE Standard on Piezoelectricity)

D, =d0, + e;Ew (1.5)

& = 5,0 +d,E (1.6)

The subscript ‘33’ is used in the piezoelectric charge constant since, by convention, index
3 is always aligned to the poling direction of the material, and it is assumed that the electric
field is parallel to the poling direction. Piezoelectric actuators are generally classified as
linear actuators (stack actuators), laminar actuators (patch actuators) and shear actuators.
In the next section, only the linear stack actuator is discussed, which is used in the present

work.

1.1.3.3 Stack actuators

Stack actuators are made of stack thin wafers of piezoelectric materials sandwiched
between electrodes. The piezoceramic wafers are arranged in such a way that any two
consecutive wafers have opposite polarization directions as shown in Fig.1.8. For applying
an electric field along the direction of polarization of each wafer, the electrodes are
alternately connected [20] to the positive and negative terminals of a voltage source.
Consequently, each piezoceramic layer expands along the direction normal to the wafer
surface and the total expansion of the stack is the cumulative effect of the extensions of all
individual wafers. Though stack actuators can generate a very large actuation force, the

stroke length is limited to only a few micrometres. As the piezoelectric coefficient d.,

determines the extension of each wafer of a stack. So, using Eq. (1.6) the constitutive
equations, for the maximum displacement of the stack actuator in the absence of

mechanical load or stress (g, = 0) can be written as follows.

AL=3,=d.V L/t =ndV (1.7)
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where n =L/t , is the number of wafers used in the stack. If the displacement of the stack
is completely blocked, (& = 0), then the compressive force generated by the actuator,

called blocking force, can be written as follows.

F,=0,A=kE0, =knd,V, (1.8)

Polarization | | “T=7essemmeeesn” :

Piezoelectric disc,

-

Electrode

Fig 1.7: Schematic diagram of a stacked piezoelectric actuator.
where k; = A/ (sf3L) and “A” is the cross-sectional area of the piezo-stack actuator. PZT

stack actuator is one of the world’s most widely used smart materials which has been widely
used in many fields, such as active vibration control, precision positioning system and
MEMS. The PZT stack actuator has a very small induced displacement, of 1000 um/m but
can provide very a high blocking force. The blocking forces of the PZT stack actuator are
measured to be 230 N, 369 N, and 478 N for 100 V, 200 V, and 300 V, respectively [26].
The PZT materials are first developed in the year 1952 by scientists at the Tokyo Institute

of Technology. In the next section, the nonlinear vibration absorber is briefly discussed.

1.1.4 Nonlinear vibration absorber

From the previous discussion it can be observed that in LTV A, the vibration suppression of
the primary system is limited to a very narrow frequency range around their eigenfrequency.
Also, from Eq. (1.2), it is evident that the deflection of the secondary system (x,) is
inversely proportional to the mass ratio (). So, if m, is small then it produces excessive

vibration in the secondary system which leads to nonlinear analysis. Due to this, apart from
using smart materials in the LTV A researchers also investigated the use of non-linear tuned

vibration absorbers (VA)for over 65 years to broaden the suppression frequency band for
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non-linear structures or mechanical systems with varying excitation frequencies [5, 6, 11,
21]. Roberson [27] in the year 1952 first showed theoretically that a tuned VA with a cubic
softening spring has a much broader suppressing frequency band than an LTV A. Pipes [28]
showed similar results in 1953 and Arnold [29] in 1955. Arnold [29] concluded from their
research finding that a softening spring in the absorber would increase the vibration
suppression bandwidth, while the hardening spring would do contrarily. The effectiveness
of the nonlinear absorber to increase absorber performance can be observed in many
research works [11-21, 27-29]. It is therefore unsuitable for analysing the linear PVA or
AVA only, so investigations of active nonlinear vibration absorber (ANVA) for vibration
suppression is a crucial area to study [18-19]. The practical applications of vibration

absorbers are briefly discussed in the next section.

1.1.5 Applications of passive and active vibration absorbers

PVAs and AV As are widely used in many engineering systems [5-7, 30, 31], structures,
bridges, automobiles [30-35], railways [35], ships [36], space crafts [30, 31, 36-39],
machining systems like turning, milling, boring or drilling system [39-41], noise
reductions, tremor suppression due to Parkinson disease [42-46] and in consumer’s goods
which undergo severe vibration. The initial application of PVA is in civil structure and
thereafter its application is extended to suppress vibration of many kinds of vibrating
systems starting from small to high procession machinery to big industrial structures [7,
47-49]. Mostly PVAs and AVAs are used in civil engineering, mechanical engineering,
aerospace engineering and currently bio-medical engineering [5-7, 42]. Some of these

applications are discussed in the next section.

1.1.5.1 Civil Engineering

Passive vibration absorbers or tuned mass dampers (TMDs), active TMDs, and pendulum
TMDs are widely used in many buildings, towers and bridges to attenuate vibration [7].
Some of these structures are shown in Fig. 1.8. One of the first applications of TMD was
used in the John Hancock building (241 m) in Boston, USA in 1976 to reduce response to
wind vibrations. TMD has deployed in over 60 structures in several countries [7] including
the U.S.A, Japan, the U.K, China, Korea and recently in India. There are several practical

examples where DVAs/AV As are used in many high-rise structures, such as Shinjuku Park
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Tower (227 m) in Tokyo, Japan, Incheon International Airport Control Tower (100.4 m) in
Incheon, Korea, Air Traffic Control Tower (57 m) in Edinburgh, UK, Shanghai World
Financial Center (492 m) in Shanghai, China [7, 21], and Taipei 101 with a sphere-shaped

(a) (b) e i —

(©)

Two TMDs

Fig. 1.8: (a) 634 m tall Tokyo sky tree, Japan (b) closed view (two TMDs) [7]. (c) Taipei
101 with a sphere-shaped TMD [48]. (d) 182 m Statue of unity in India, where two 250

tonne TMDs are used for stability against seismic and wind excitations [49].

TMD. Passive and active TMDs have been also employed in many bridges to suppress
vibration of the primary system since 1994. Some recent applications of active and passive
TMDs [6, 7, 21, 30, 31] are in 600 m canton tower in Guangzhou, China in 2010, 104m
Estela de la Luz tower in Mexico in the year 2010, 634 m tall Tokyo Skytree tower in
Tokyo, Japan in the year 2012 and statue of unity (182 m) in India, in the year 2013.

1.1.5.2  Mechanical Engineering

In mechanical engineering fields, PVA and AV A are mainly used in automobile sectors to
improve stability and reduce vibration in suspension systems. Vibration absorbers (VAs)
are used to control rotary vibrations in power trains and rotor hubs, noise radiation, wind-

induced oscillations of pipelines and vibrations of tension stabilized structures using smart

TH-2895 136103038



Introduction and Literature Review

AVA [6, 7, 21, 30, 31, 36-38, 50-52]. The VAs are also used to reduce vibration in
chattering and improve the stability of the system in machining processes such as turning
[53], milling and boring operations [30-40]. These applications with various models of

passive and active TMD in a quarter car model are shown in Fig. 1.9. TMD is first used by

{ T™D 2

Fig. 1.1.19: Quarter-car suspension systems: (a) passive suspension, (b) active
electromagnetic suspension, (c) active hydraulic suspension, (d) TMD used on a lathe

turret [53].

Renault in F1 car racing to improve the speed of the vehicle, especially in turning and
bumps, which won them the world championship race in the year 2006. Later many
automobile companies like Ferrari and McLaren also tried the concept of TMD to improve
vehicle performance but were banned due to safety reasons. The TMDs are also used in
suspension systems of railways, motor vehicles, robots, boring bars, gun barrels,
transmission lines and energy harvesting to reduce both vibrations, and noise and improve
the stability of the system. AVAs are more suited to satisfy serviceability criteria in
changing environments supporting structures with active struts under vibratory load and
also have the potential to reduce environmental vibration originating from machinery and

vehicles in space where human sensitivity is a concern.

1.1.5.3  Aerospace Engineering

Active vibration absorbers find applications in vibration suppression of individual blades
in the helicopter on several turboprop aircraft [50, 51]. Some of the applications of VAs
used in the helicopter blade to reduce noise and vibration are shown in Fig. 1.10(a-c). In
the aeroplane wings also AVAs are used, to reduce the flutter vibrations [52] by using

piezoelectric patch actuators as shown in Fig. 1.10(d).
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Fig. 1.10: (a) Helicopter blade of MBB Bo105 Helicopter (b) closed view showing active
pendulum-type vibration absorber. (c) Boeing vertol ch-47 chinook where five AVAs are
used one in the nose, two under the cockpit floor and two inside the aft pylon, (d) F-18
fighter plane wing with piezoelectric actuators for buffeting (shock wave oscillations)

control [52].

1.1.54  Bio medical Engineering

The TMDs are used to suppress tremors of the patient suffering from Parkinson’s disease
by adding an auxiliary/absorber mass on the oscillating human hand or in any other body
parts [42-46]. Two such devices are shown in Fig. 1.11. The PVA showed in Fig. 1.11(a)
suppress around 80% of oscillations in the forearm but for a limited range of operating
frequencies [42]. For complete suppression of oscillation of tremor in the forearm, one may
use AV As for a wide frequency range with less absorber mass. In the following section, an
extensive literature on vibration absorbers is presented and the current work is also

outlined.
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(a) (b)

Fig. 1.11: (a) Vib-bracelet based PV A for attenuating forearm tremor [42] (b) A wearable

device promises to help steady hand tremors [43].

around 80% of oscillations in the forearm but for a limited range of operating frequencies
[42]. For complete suppression of oscillation of tremor in the forearm, one may use AVAs
for a wide frequency range with less absorber mass. In the following section, an extensive

literature on vibration absorbers is presented and the current work is also outlined.

1.2 Literature Review

The objective of this literature survey is to review the available articles on vibration
suppression of primary systems by the use of passive and active vibration absorbers
considering both linear and nonlinear analysis. The main focus is on the passive and PZT
stack actuator based active nonlinear vibration absorber for the nonlinear primary system.
As observed from the introduction section vibration absorber using linear vibration theory
is well established which includes small amplitude vibrations of long, slender objects like
long bridges, aeroplane wings, and helicopter blades; small rocking motions of ships in
calm waters; the simplest whirling motions of flexible shafts, and so on. However,
interactions between bridges and foundations, between wings/blades and air, between ships
and waves, between shafts and bearings, and so on, are all nonlinear. These nonlinear
interactions make the system more practical in nature and its investigations using nonlinear
absorbers from the previous literature are more research worthy [54]. It will also be of
interest to know the solution approach for the nonlinear governing equation of motion
(EOM) for various nonlinear mathematical models on passive/active vibration absorbers to
analyse the dynamic behaviour of the system. The comparisons of the responses of the

primary system by the use of active/passive linear and nonlinear vibration absorbers are
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also an important area to learn from the previous articles. Finally, from these literature
studies, potential gaps will be identified to set the objectives for the current research work.
The stability analyses of the nonlinear system with various critical system parameters are
also considered which contribute to the dynamic behaviour and its stability. Hence,
research works related to vibration suppression of the primary nonlinear system under
various external excitations, use of various combinations of active control forces using PZT
stack actuators and stability prediction of the system should be investigated. In the

following section, literature studies on linear passive vibration absorbers are discussed.

1.2.1 Linear passive vibration absorbers

In this section, literature on the vibration absorption of the linear primary system with linear
absorbers has been studied. As discussed in the introduction sections, it can be observed
that the undamped tuned vibration absorber completely suppresses the vibration of the
primary system only at the resonating frequency and produces two resonating peaks with
high amplitudes near the original resonant frequency [1-6]. To reduce these unwanted two
high amplitude peaks, initially, dampers are used in the absorber configuration.
Ormondroyd and Den Hartog used an additional damper in the absorber configuration [23]
connected to the primary system. Though with this configuration, the amplitude at the peaks
reduces to a great extent at resonance, however, the vibration of the structure is no longer
zero as with the undamped vibration absorber [1, 23]. They obtained the optimal parameters
(tuning ratio and damping ratio) using fixed point theory for the absorber which shows
minimum response amplitude with two equal peaks in the frequency response of the

primary system. Later, many optimization techniques such as H,, H_[55, 56] linear

quadratic regulator (LQR), genetic algorithm etc. are developed to obtain the optimized
values for the stiffness, damping ratio for the absorber to minimize the vibration of the
structure at both peaks and also at the resonating frequency of operation [5, 6, 16, 30, 31,
55]. These optimization procedures are mainly focused to obtain the two equal peaks in the
frequency response amplitudes often known as Den Hartog’s equal peaks [1, 16, 55] and
minimizing the total vibrational energy of the primary system, so, that the maximum
vibration of the primary system reduces. These types of vibration absorbers, often known
as passive traditional dynamic vibration absorbers (DVA) and are ideal for large absorber

masses, which are typically 10 -15% of the primary system's mass, as many experimental
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studies have shown [5-7, 42]. Though the absorber mass is assumed to be 5% of the primary
system mass in theoretical research [5, 6, 11, 16, 19, 30, 31, 55]. From the optimal studies,
it is observed that there is a limitation in the vibration suppression of the primary system
with these DV As. Due to this, various modifications in the design of absorber models are
developed and one of them is a non-traditional vibration absorber (NVA) [6, 16]. In these
types of vibration models, the damper of the absorber is connected to the base of the
primary structure. There are many studies carried out with new optimization procedures,
and various designs in the absorber model to reduce the vibration of the primary system
with a passive approach. Few of the important initial review articles where passive linear
vibration absorbers are extensively studied are from the work of Sun et al. [5] and Housner
et al. [55]. Sun et al. [5] in the year 1995 first reviewed the use of PV A in reducing vibration
and noise of the primary system through various design models in the absorber
configuration and its applications in various fields. They also extended a brief discussion
on the recent progress of vibration suppression capabilities of semi-active and active
vibration absorbers. Housner et al. [55] in the year 1997 also, reviewed the literature on
structural vibration control by the use of passive TMDs, AVA and many control methods
to suppress vibration of the primary system. In the next section, brief discussions on the
various optimization techniques used by the researchers to obtain the optimal tuning ratio

and damping ratio for the linear vibration absorbers are given.

1.2.1.1 Optimization techniques used in the linear vibration absorber

Cheung and Wong [56-58] contributed a significant amount of work on vibration absorbers
both by passive and active methods to suppress vibration of the spring-mass-damper SDOF
primary system and continuous systems such as beams and plates effectively for a wider
range of operating frequencies. They studied various types of passive absorber models and
obtained respective optimal parameters for the tuning ratios and damping ratios using

optimization techniques such as H_ and H, optimal theories to obtain Den Hartog’s equal

peaks in the frequency response of the primary system. Zilletti et al. [S9] demonstrated
through the optimal parameters that the maximum power dissipation by the absorber is the
same as those that minimize the kinetic energy of the damped SDOF primary system under
random excitation, which provides a method for self-tuning DVA. They carried out
extensive work both theoretically and experimentally on the self-tuning of the absorber

[60]. Brennan and Dayou [61] studied the global vibration control of the primary system
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using VAs. Brennan [62-64] also studied many aspects of the optimal parameters and
design configuration of the absorber for widening the vibration suppression band of the
primary system. Anh and Nguyen [65] studied vibration suppression of the SDOF damped
primary system under external force excitation and ground motion by the use of TMD.
They obtained optimum parameters for the absorber by replacing the original damped
SDOF primary system with an undamped one by equivalent linearization and dual criterion
method. The results are compared with previous literature showing its effectiveness in
suppressing vibrations. Issa [66] studied to suppress the vibration of an undamped SDOF
primary system subjected to harmonic excitation by the use of PVA. They obtained optimal
parameters for the absorber and figured out the optimal mass ratio required to get the utmost
performance in suppressing the vibration of the system. Brennan et al. [67] investigated
the use of PVA simultaneously as an absorber and an energy harvester when the SDOF
primary system is subjected to single harmonic and random excitations. They compared
various optimization criteria with each other and found that the Den Hartog method of
optimization procedure flattened the amplitude response curve of the primary system.
Also, they concluded that with single harmonic excitation, the absorber cannot be optimally
tuned and harvest maximum energy simultaneously. It is observed from the literature that
the correct damping ratio and tuning ratio for the damped DV A play a significant role in
vibration suppression of the primary system for a wider band of operating frequencies. The
optimal parameters of the passive vibration absorbers (PVA) model are still an active area
of research as observed from many of the recently published articles [6, 68-87]
incorporating recent techniques such as genetic algorithms, artificial intelligence and
machine learning. The optimum parameters of the PVA not only depend upon the tuning
ratio or damping ratio but also its mass, location of placement with various excitations
acting on the primary system and also DOF of the primary system. The vibration
suppression of the primary system under various excitations can also be minimized by the
use of various modifications in the traditional passive vibration model which are briefly

discussed in the next section.

1.2.1.2  New modification in the design of the absorber model

In this section, a brief overview of the literature is presented where various modifications
in the conventional PVA are considered to increase the efficacy of the vibration absorber.

Krenk and Hggsberg [88] modified the conventional TMDs design by considering

TH-2895_13§103038



Introduction and Literature Review

additional flexibility between the TMD and the primary system. This flexibility is
represented by connecting the support of the TMD with an additional spring stiffness. They
obtained the optimum parameters for this newly designed absorber by fixed point theory
and showed its effectiveness in vibration suppression of 10 storey buildings, taut cable and
pedestrian bridges showing a fully balanced frequency response curve. Jang et al. [89]
proposed a new design in the absorber configuration by considering two degrees of freedom
(DOF) vibration absorber with translational and rotational DOF to suppress the vibration
of the damped SDOF primary system subjected to base excitation. They obtained the
optimal parameters for the proposed absorber by a similar approach as considered by Den
Hartog and showed improved performance than conventional VAs. Asami [90] compared
the effectiveness of vibration suppression of the undamped primary system by using three
different types of absorber configuration i.e., conventional DVA, double mass DVA in
series and double mass DV A in parallel. They obtained optimal parameters of the proposed

absorbers by three different optimization criteria viz., the H_ optimization, H,

optimization, and stability maximization criteria. From the analyses, they concluded that
series-type double mass DVA is the best among the three DVAs considered and the
conventional single-mass DVA gives the worst vibration suppression of the primary
system. Viana et al. [91] designed and compared vibration suppression of the primary
system by two special types of DV As viz., the vibrating blade dynamic vibration absorber
and the multi-mode dynamic vibration absorber. They obtained the optimal parameters of
these DV As using the ant colony theory of optimization, which reduces the vibration of the
primary system more than without DVA. Modification in the TMD design by using
multiple absorber mass where the primary system is subjected to various excitation under
different applications such as in wind turbines and ship models etc are still a flourishing
research area as studied from many current literature [92-98]. In the next section, one major
type of modification in the traditional TMDs where the damper of the absorber is connected
between the base of the primary system and the absorber mass, known as a non-traditional

vibration absorber is studied considering previous literature.

1.2.1.3 Non-traditional vibration absorber

In this section, previous works on non-traditional/ variant vibration absorbers are discussed.
Ren et al. [99] in the year 2001 first obtained the formulae for the optimized tuning ratio

and damping ratio for the non-traditional vibration absorber by using the fixed-point theory

TH-2895 136103038 19



Chapter 1

of optimization. They showed that the two-frequency response amplitude of the SDOF
primary system under external harmonic excitation at the peaks reduces slightly than the
traditional passive vibration absorber. Cheung et al. [100-102] also did a significant amount
of work on the non-traditional vibration models to obtain the optimal parameters of the

absorber using fixed point theory and H, optimization procedure, when the primary

subjected to harmonic and random excitations. They also compared the responses of the
primary system with various modifications in the VAs design models with the passive
approach. Chun et.al. [103] designed a non-traditional PVA for suppressing vibration of a
damped primary system subjected to high amplitude excitation. They obtained the optimal
parameters for the absorber by proposing a diversified constraint particle swarm
optimization method, which reduces the significant response amplitude of the primary

system compared to the optimal parameters obtained by H_ the optimization technique.

Xiang and Nishitani [104] studied vibration absorption of the damped primary system
under seismic induced base excitation by non-traditional TMDs. They obtained optimum
parameters for the absorber by quasi-fixed-point theory of optimization. The proposed
absorber showed less space and stroke length than the traditional TMDs to suppress the
vibration of the primary system for a wide range of operating frequencies. Anh et al. [105]
designed a non-traditional vibration absorber (NVA), to suppress vibration of SODF
damped primary system under force excitation. They obtained optimal parameters for the

NVA by H_, optimization procedure and use the dual criterion method to replace the

original damped primary system with an equivalent undamped primary system. Noori and

Farshidianfar [106] used H_, and H, techniques to obtain the optimal parameters of the

non-traditional DVA to suppress the vibration of a beam under random force excitation.
They showed that the non-traditional DV A outperforms the traditional DV A in suppressing
the vibration of the primary system. Araz [107] in the year 2020 studied the effect of
frequency detuning on the performance of the non-traditional TMD. They obtained the
optimum parameters of the non-traditional TMD system and studied the corresponding
effectiveness for different mass ratios. Through their numerical results, it is also indicated
that the non-traditional TMD with a high mass ratio provides better robustness to the
changes in the target frequency ratio than the traditional TMD. It is observed from the
literature that very few works were carried out using non-traditional TMDs due to their
damper configuration, whereas its vibration suppression capability is better than traditional

TMDs at the same mass ratio. Now researchers [108] are applying the same methodology
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of various optimization techniques and model design of traditional TMDs to the non-
traditional TMDs which has a significant literature gap. But both in traditional and non-
traditional VA models the frequency response amplitude at the peaks remains to a greater
extent and there is a limit to suppressing the vibration of the main structure unless the
absorber mass is increased. Also, non-traditional vibration absorber (NVA) models are not
suitable in many applications due to their damper configuration so, further studies are
carried out considering active force by the vibration absorber on the primary system. These
types of vibration absorber are often known as active/ hybrid vibration absorber which
utilizes various smart materials and control algorithm to suppress vibration of the primary
system for a wider range of operating frequencies. In the next section, brief literature
studies on linear active vibration absorbers are studied focusing mainly on PZT stack
actuators, as it has high actuation capability and can be tuned more actively than other types

of smart materials.

1.2.2 Linear active vibration absorber

It can be observed from the literature review section 1.2.1 that the mass ratio ( ,u) between

the absorber and the primary system plays a significant role in the suppression of the
vibration and most of the researchers have taken g as 1:10 experimentally and 1:20
theoretically [5-7, 16, 30, 31, 34, 40, 42, 43, 46, 55, 56, 59, 62, 66, 67, 69, 72, 79, 82, 83,
89, 96, 99, 101-104, 106, 108]. This high mass ratio increases the overall structural weight
of the system. But with the use of various optimization techniques [56-87], different model
designs [88-108] along with the advanced materials [5, 6, 8, 9, 19, 20, 30, 31, 55] such as
piezoelectric actuator and sensor, shape memory alloy [109-111], voice coil motor [112,
113], electrodynamic vibration absorber [114-116], magnetostrictive elastomers and
dampers [117, 118], and other smart materials one may go for the lower mass ratio to absorb
the vibration of the system for a larger band of operating frequencies [30, 31]. Therefore,
further various modifications in the design of absorber models are extensively studied in
the recent literature where the active elements are integrated with the PVA to enhance its
performance. The use of smart materials in the traditional DV As are commonly known as
active or semi-active vibration absorbers or smart TMDs [119] by which one can tune the
frequency of the absorber actively in real-time. The smart materials used in the active

vibration absorber (AVA) use various feedbacks such as displacement, velocity and
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acceleration feedback to provide the necessary actuation force to suppress the vibration of
the main system [6-9, 120-134]. There are many review articles on active/hybrid vibration

absorbers with various actuators and feedback which are given below.

Fisco and Adeli [30, 31] presented a state-of-the-art review of journal articles from 1997 to
2010 on different types of active and semi-active vibration absorbers that are used to control
the structural vibration of the primary system and also reviewed many applications and
control algorithms used in the active TMDs. EI-Khoury and Adeli [120] reviewed recent
journal articles on passive, active, semi-active, and hybrid vibration control of structures
subjected to dynamic loading and suggested that the hybrid and semi-active control
approaches suppress the vibration of the structure is an integral way to look forward in
future research. Kela and Vihédoja [16] gathered recent articles on adaptively tuned
vibration absorbers using various smart structures which are used to damp out vibrations
of the primary system for a wide frequency band. There are many review articles [5, 6, 7,
11,15, 16, 19, 30, 31, 36, 55, 62, 119-121] published where the importance of active TMDs
is discussed to suppress the vibration of the host or the main structure effectively for a
broad range of operating frequencies. The active TMDs utilize various types of feedback
signals either from the primary system or the absorber to provide the necessary actuation
to suppress the vibration of the primary system. In the next section, a brief overview of the

various feedbacks used in the AVA is discussed.

1.2.2.1 Displacement, velocity and acceleration feedback

In the investigation of active linear vibration absorber, Cheung et al. [122-126] have done
a considerable amount of work to analyze the vibration suppression of SDOF primary
system and a simply supported beam by using AVA using various combinations of
displacement and velocity feedbacks from the primary system and the absorber. They used

H_ optimization criteria to obtain the optimal parameters for the AVA to suppress

vibration of the primary system with minimal absorber mass. Chatterjee [127] studied the
efficacy of an AVA by considering the feedback from the absorber mass. The optimal
parameters for the absorber are obtained by using H_, optimization technique considering
displacement and velocity feedback from the absorber. The effectiveness of the AVA with
optimal parameters is studied for both SDOF primary system and a fixed-fixed Euler

Bernoulli beam under external excitations. Nagashima [128] studied active tuned mass

TH-2895_136103038



Introduction and Literature Review

damper (TMD) with optimal displacement feedback control law and LQR feedback gains
to suppress the vibration of an undamped SDOF primary system. However, in the above
literature, the types of actuators used for the theoretical analysis are not mentioned.
Alujevi¢ et al. [129] considered velocity feedback for the inertial actuator to suppress the
vibration of an undamped SODF primary system subjected to random excitation. They
obtained optimal parameters for the active absorber and showed that the AV A outperforms
optimal passive TMD. Guo et.al. [130] presented an improved force feedback algorithm,
with velocity feedback to enhance the damping ratio of the large space structure (free-free
truss) using an active tendon/spring. Collette and Chesne [131] compared the efficacy of
vibration suppression by pure AVA, a hybrid vibration absorber with velocity feedback to
that of the PVA. They considered a three DOF model as the primary system and
demonstrated that the vibration suppression is better with the proposed hybrid vibration
absorber than that with the pure AVA which requires more active forces. The proposed
absorber also outperforms the PVA. From the literature, it is observed that many
researchers used displacement and velocity feedbacks in their analysis [5, 6, 7, 11, 15, 16,
19, 30, 31, 36, 55, 62, 119-121] while analysis on acceleration feedback and combination
of these feedbacks are limited. The application of the AVA initially started in civil
structures but its application with various control algorithms is now found in many fields
[119, 120, 132-134]. The smart materials used in the AVA to provide actuation often
accounted for a time delay in the feedback [135, 136], which occurs in the process of signal
acquiring from the vibrating main system, processing, computing and then actuating. There
is also a time delay produced intentionally by the controller or the user to enhance the
vibration suppression and increase the stability of the system. In the next section, brief
discussions on time delay in the feedback/ control algorithms of the AVAs are briefly

discussed.

1.2.2.2  Time delay feedback

Time delay in the feedback or actuation process is a typical occurrence and useful in AVA
applications. Andrade et al. [137] in the year 1995 studied the importance and influence of
time delay in the active vibration absorber for vibration suppression. They showed that the
time-delayed AV A excel in more vibration suppression than PVA. However, the time delay
in AVA may deteriorate the performance if they are not estimated properly. Agarwal and

Yang [138] presented a state-of-the-art review of the fixed time delay of actively controlled
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vibration absorbers for civil engineering structures. They studied various literature on the
identification, effect on the stability and performance of the AVA/active TMDs with the
critical time delay in controlling vibration of the primary structures under earthquake
excitations. Further, they presented a method of stability analysis for the critical time delay
of the multi DOF systems equipped with single or multiple actuators. Vyhlidal et al. [139]
analysed active vibration suppression of the SDOF primary system using a time-delayed
absorber with acceleration feedback. They determined the stability of the system using the
spectral element method and showed desirable vibration suppression of the primary system
with various case studies. Di Egidio et al. [140] in the year 2020 used time-delayed AVA
where they proposed an active control method for symmetric rigid blocks under harmonic
and seismic excitation based on the LQR approach. They showed that the control law has
good robustness with respect to the sampling time and the time delay. Also, Kayabekir et
al. [141] recently, obtained the optimized values of the AVA using a modified harmony
search method for reduction of responses of the seismic structures for different values in
the time delay. A brief review of the previous literature is presented in the following
section, where the actuation by the AVA is achieved using piezoelectric materials in the

stack and patch forms.

1.2.2.3 Piezoelectric smart actuator

Tewani et al. [142] suppressed the machine tool chatter in a boring bar by the use of an
AVA with a piezoelectric actuator. They compared their findings on AVA to PVA and
found that using the proposed AV A, they were able to achieve a significant increase in the
maximum permissible cut width in a stable range for a wide band of cutting speeds. Zhao
et al. [143] analysed the dynamics of piezoelectric based VAs where the piezoelectric stack
actuator is connected to an RLC circuit to suppress vibration of the SDOF primary system.
They compared vibration suppression of the primary system using various shunt circuits

and H, optimization techniques by considering piezoelectric stack actuator and RLC

circuit as an additional DOF. Fallah and Ebrahimnejad [144] studied the performance of
PZT stack actuators which is capable of providing 80 kN blocking forces, for vibration
suppression of 10 storey tall building due to seismic response. They used three control
schemes namely LQR, supervisory and fuzzy concept to command piezoelectric actuators

and obtained the optimum arrangements of actuators by genetic algorithm. Chatterjee [145]
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demonstrated new control laws for the active vibration control using the PZT stack actuator
as an impact damper to suppress the vibration of the lightly damped SDOF primary system
under free, forced and self-excited excitations. Chen et al. [146] conducted a review of
literature on the application of piezoelectric materials for sustainable building development
and energy harvesting via host structure vibration mitigation. There are also extensive
studies [147] on vibration control of various structures using piezoelectric materials in the

AVA.

The piezoelectric materials in patches form are also widely used in the AVAs, mostly to
suppress vibration in continuous systems; some of the literature on this topic is reviewed
here. Fallah and Ebrahimnrjad [148] use PZT actuators and sensors as patches over thick
and thin beam systems to actively control the vibration. They used the finite volume
approach and negative velocity feedback control to study the system responses for various
applications considering cantilevers and simply supported beams. Lee et al. [149] studied
the effects of surface-bonded PZT layers on a laminated Timoshenko beam model by
adopting first-order shear deformation theory. Nikkhoo [150] parametrically studied the
performance of piezoelectric patches with displacement, velocity and acceleration feedback
to suppress vibration of a single span and multi-span thin beam by bonding the number of
piezoelectric patches. Hggsberg et al. [151] showed a reduction in response amplitude of
the primary system in a series of the hybrid unit of passive and active vibration absorbers.
They used an integrated feedback control law and demonstrated good damping
performance by the smart actuator which can be made of piezoelectric material. Shin et al.
[152] studied an active mass damper using acceleration feedback to suppress vibrations of
a continuous system such as a plate. It is observed from the above literature that many
researchers used displacement and velocity feedback [6, 16, 19, 30, 31, 55, 62, 119, 120,
122-132, 138, 142-145, 148, 153] in the active vibration absorber to suppress the vibration
of the main system with very few literature on acceleration feedback [135, 136, 139, 140,
152] or combination of these feedbacks [150]. Among the various smart/active materials,
piezoelectric based materials or PZT (lead zirconium titanate) in patch form are widely
used in the absorber [143, 145, 154] compared to its stack form as these patches are more
flexible to withstand failures. But the PZT actuator in stack form provides a much higher
actuation force which will be much more useful to suppress the vibration of the host

primary structure. The nonlinear analysis of the passive and active vibration absorbers
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considering nonlinearity in the primary system and the absorber are equally important as
cited in many works [2, 4, 7, 43-63]. In the next section, nonlinear passive vibration

absorbers are briefly reviewed.

1.2.3 Nonlinear passive vibration absorber

The nonlinearities in the structure of TMDs be it passive or active is an important aspect of
the analysis which are discussed in this section considering works from the previous
literature. As discussed in the introduction section, the nonlinearity in the main system
arises, due to the high amplitude of excitations of the structures, prolonged use of the
system, and irregularity in the cross-sections. They are also inherently present in many
systems in different applications [5-8, 10-21, 27-32, 35, 37, 39-41, 43, 54, 55]. Also, when
the primary system is subjected to multiple excitations, parametric excitations or
combinations of multi-frequency excitations then the nonlinear phenomena arise in the
response of the system. Further, the nonlinear phenomena develop as the absorber vibrates
very rapidly due to the energy transfer from the main system to the absorber. The nonlinear

analysis of DVA is more practical and can be used in most applications [5-8, 10-21, 55].

To obtain the solutions to the nonlinear governing equation of motion many analytical
methods are used but the method of multiple scales (MMS) [29, 31, 34, 46-55] is mostly
used due to its easier solving procedures to obtain the reduced equations for various
resonance conditions with good accuracy, especially for low nonlinearity in the system.
The other methods such as the harmonic balance method (HBM) [39, 44, 45, 56-62] and
the method of averaging [63], are also used in many literature for high and low nonlinear
systems. The nonlinear studies of DV A are often accounted for nonlinearity in the stiffness
of the absorber or the main system [4, 8]. The optimization techniques for vibration
suppression of the nonlinear primary system by nonlinear passive or active DVAs are still
anew area of research [6, 155]. In the next section, HBM and MMS solution methodology
and optimization parameters for the nonlinear vibration absorber are briefly studied from

the previous literature.
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1.2.3.1 Harmonic balance method

The nonlinear vibration absorber and its application in various fields is still a broad area
for research as mentioned in the books of Nayfeh and Balachandran [156] and Lacarbonara
et al. [157]. Balaji and SelvaKumar [155] recently reviewed articles on the application of
nonlinearity in the passive vibration absorber. The methodology to solve the nonlinear
governing EOM of PVA by HBM is extensively carried out in the work of Kerschen et al.
[158-164] and their group. Kerschen et al. [158-160] made a significant contribution to the
passive nonlinear vibration absorbers by studying various nonlinear phenomena and
optimization parameters. Habib et al. [161] used HBM to obtain the solution of the EOM
and derived the optimal formulae for the stiffness and damping ratio of the nonlinear
passive DVA which shows two equal Den Hartog’s peaks in the frequency response of the
SDOF nonlinear primary system. Habib et al. [161-166], also performed extended analyses
on the vibration suppression of the nonlinear primary systems and study the nonlinear
dynamics using nonlinear tuned vibration absorbers for many applications. Habib et al.
[166] in the year 2019 studied the vibration suppression of the undamped SDOF primary
system by using the Duffing type of oscillator in the absorber. They combine HBM with
straightforward expansion to obtain the solution of the governing EOM and illustrated that
two different dynamical paths exist out of which in one path vibration mitigation is faster.
Viguie and Kerschen [167] developed a tuning methodology to mitigate the vibration of
the nonlinear SDOF primary system with the nonlinear DV A. Detroux et al. [ 168] identified
the safe, unsafe and unacceptable regions of operations for the nonlinear VAs when the
SDOF primary system is subjected to harmonic excitation. They used the harmonic balance
method (HBM) to obtain the solution of the governing equation of motion and analysed
bifurcation, detached resonance curves and quasiperiodic responses of the system. Cirillo
et al. [169] explored the qualitative and structural behaviour of the SDOF nonlinear primary
system under harmonic excitation with an attached SDOF nonlinear absorber under
harmonic excitation by singularity theory. They used a single harmonic term in HBM to
obtain the solution and bifurcation analysis has been carried out by studying detached
resonance curves in the frequency response of the primary system. Raze and Kerschen
[170] studied multiple nonlinear vibration absorbers that mitigate several nonlinear
resonances simultaneously. They used HBM and maintain equal peaks in the frequency
response for the nonlinear system over a broader range of forcing amplitudes than the linear

absorber. They studied many nonlinear phenomena such as adverse attractors, detached
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resonance curves, quasiperiodic and superharmonic resonances, highlighting the
performance of the proposed nonlinear absorbers superior to that of linear absorbers. Gatti
[171] studied the efficacy of cubic nonlinear stiffness in the tuned mass damper (TMD) to
suppress the vibration of the SDOF primary system under the harmonic excitation. They
used HBM and Floquet’s theory to obtain the response of the system and study the effect
of hardening and softening nonlinear stiffness on the frequency response and stability of
the system. Renault et al. [172] investigated the enhanced performance of nonlinear DVA
by tracking anti-resonances in frequency response curve using coupled numerical technique
and HBM when the SDOF primary system is subjected to external harmonic excitation.
They studied both geometric and/or inertial nonlinearities and showed hardening and
softening effects in the response. Li and Cui [173] used HBM to obtain the solution of the
equation of motion (EOM) for the single degree of freedom (SDOF) primary system with
attached nonlinear TMD under primary resonance conditions. They provided a new design
method for the nonlinear TMD which sufficiently eliminates the adverse effects of
nonlinear systems. Li and Du [174] in the year 2020 used HBM to determine the steady-
state responses of the SDOF primary system under harmonic excitation by a nonlinear
TMD. They obtained the optimal parameters of the nonlinear TMD and studied hardening
and softening effects in the responses. Kong et al. [175] studied the nonlinear energy sink
with nonlinear cubic damping attached to the SDOF nonlinear primary system by using
incremental HBM and Floquet theory. The nonlinear energy sinks refer to the system where
the secondary/ absorber system consists of only nonlinear spring stiffness with no linear
stiffness. They demonstrated the proposed vibration absorber is more effective than
previous studies. Ding and Chen [176] reviewed 383 articles in the year 2020 on nonlinear
energy sinks which can suppress vibrations over a wide frequency range. They suggested
promising results for multidirectional vibration reduction where the absorber can be cubic
nonlinear stiffness. There are other nonlinear methods such as MMS which has been
extensively used to study vibration absorbers for various resonance conditions under
various external excitations on the primary system. In the next section, the solution of the

nonlinear passive vibration absorber has been studied considering MMS.

1.2.3.2  Method of multiple scales

In this section, the nonlinear PVA is studied from the previous literature, where MMS is

used to obtain the reduced equations from the nonlinear governing EOM. Ji [177, 178]
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studied a nonlinear vibration absorber tuned under 3:1 internal resonance condition to
suppress the primary resonance of an SDOF nonlinear primary system under weak
harmonic excitation. They used the method of multiple scales (MMS) to obtain reduced
equations and parametric studies are undertaken. Li and Zhang [179] recently showed that
neglecting the nonlinearity in the design process of TMD can produce adverse effects on
the control performance. They considered nonlinearity in the TMD and deduces an
optimum formula by using the complexification averaging MMS. They manifested that the
nonlinear TMD performs better than the linear TMD. Luongo and Zulli [180] addressed
the passive control of aeroelastic instability in multi DOF systems due to Hopf bifurcation
by using a nonlinear energy sink type of absorber in the system. They used combined MMS
and HBM techniques to obtain the reduced amplitude modulation equations. They showed
that a nonlinear energy sink, can shift forward the bifurcation point and reduce the
amplitude of the limit cycles. There are many recent studies [180-182] on the passive
nonlinear energy sinks i.e. where essential nonlinear stiffness is considered in the absorber
configuration to suppress the vibration of the linear/ nonlinear main system under various
applications and excitations. Sayed and Kamel [183] studied the response of the two DOF
systems by considering coupled nonlinear equations applicable to rotor blade flapping
motion. They used MMS to study the response of the system for various values of linear
and nonlinear stiffness coefficients. Sayed and Hamed [184] carried out a parametric study
on the response of two DOF coupled nonlinear equations under primary and principal
parametric resonance conditions. They used the MMS perturbation method to obtain the
reduced equations. EL-Sayed [185, 186] proposed a linear vibration absorber to suppress
the vibration of the nonlinear dynamical system at simultaneous primary resonance and the
presence of a 1:1 internal resonance condition. They used the MMS technique for the
analytical study and compared their results with the related published literature showing
the effectiveness of the proposed absorber. From their analysis, it is found that primary
resonance is one of the worst resonance cases and with the proposed absorber the efficiency
of controlling the vibrating system is increased. El-Ghareeb et al. [187] studied the
vibration suppression of a nonlinear system by a nonlinear absorber by considering
different resonance conditions using multiple scale perturbation techniques. They
concluded different characteristics of frequency response curves by taking various values
of forces and nonlinearity in the stiffness and showed that by increasing the nonlinear

stiffness value the response amplitude of the primary system reduces significantly.
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Karimpour and Eftekhari [188] studied the flexural vibration of a symmetrically laminated
composite cantilever beam carrying a sliding mass under harmonic base excitations. The
composite beam carrying a moving mass, which reciprocates inside a wire coil, is
considered to act partially as a vibration absorber and also as an electric generator. Equation
of motions of the system is derived according to extended Hamilton’s principle and they
employed the method of multiple scales for the analysis. Their proposed study reveals that
such absorbers can be successfully implemented to attenuate the large amplitude of the
beam vibrations and also harvest energy. Wang et al. [189] analysed vibration suppression
of a hinged-hinged nonlinear Euler-Bernoulli beam using a linear/nonlinear TMD. They
used MMS and examined the effectiveness of the linear and nonlinear TMDs by obtaining
the optimal damping ratio. Bellizzi et al. [190] in the year 2019 combined complexification,
averaging, and multiple-scale approaches to obtain the solution of the linear SDOF primary
system under the periodic excitation with the attached essential nonlinear SDOF absorber/
nonlinear energy sink. They showed that a relatively small-time delay causes significant
suppression of quasiperiodic response regimes and reduction of the response of the primary
system. Very recent work (2021) includes the work of Savadkoohi et al. [191] where they
modelled a nonlinear vibration absorber for passive vibration control of the human arm
under essential tremor. They used MMS to obtain the solution. There are various other
methods to solve the nonlinear equations of motion of the passive nonlinear vibration

absorber which are discussed in the next section.

1.2.3.3 Other nonlinear methods

In this section, various other nonlinear methods by which the reduced equations are
obtained to study the response of the primary and the secondary/absorber system are
studied. Esen and Kog¢ [192] suppressed the nonlinear vibration of the gun barrel tip
modelled as the primary system by using a PVA. They obtained the optimized parameters
of the PVA by the combination of the genetic algorithm and finite element method. Yang
et al. [193] studied the performance of the nonlinear vibration absorber attached to a
nonlinear primary system under harmonic excitation in terms of power flow characteristics.
They considered cubic nonlinearity in both spring and damper and used the method of
averaging to obtain the solution of EOM. The efficacy of nonlinear damper, hardening and
softening stiffness in the absorber over linear absorber are highlighted. Lacarbonara et al.

[194-196] and their group Carpineto et al. [197-199] and Vestroni et al. [200] exploit the
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nonlinearities and the hysteresis in the vibration absorber to suppress the flutter vibration
using linearization technique and extended their analyses to many other applications [201].
Ebrahimzade et al. [202] studied the performance of linear PV As, nonlinear PVAs and
nonlinear energy sink (NES) on the stability properties and nonlinear behaviours of an
aeroelastic model. They extended their analysis to a two DOF linear DVA, linear spring
parallel to Maxwell DV A and Maxwell model DV A. Franzini [203] recently (2021) studied
an elastic rotative nonlinear vibration absorber to passively suppress the vortex-induced
vibration of a rigid cylinder immersed in a fluid as the primary system. The nonlinear
TMDs systems that may have better control performance than the linear TMDs remain still
in the developmental stage. These passive nonlinear TMDs can be widely applicable to
many vibrating systems to suppress vibration in a wide frequency range and there are many
new techniques such as the use of inerter as passive vibration control and various new
methods to solve the nonlinear equations [204-210]. In the next section, the studies on the
nonlinear vibration absorber from the previous works are extended by considering active

forces by actuator mainly focusing on PZT nonlinear AVA.

1.2.4 Nonlinear active vibration absorber

It is observed from the previous literature review sections the importance of considering
nonlinearity [5-8, 10-21, 37, 39-41, 43, 54, 55, 155-210] in the system while designing/
analysing the vibration suppression capability of the absorber. To attenuate the vibration of
the host primary structure using active control methods is well established, which imparts
not only a significant reduction in the response amplitude but also makes the system stable
for a wide range of frequencies [3-9, 16-20, 24-26, 30, 31, 35-38, 50-55, 60-62, 109-154].
In the next section, the nonlinear vibration absorber where active components such as
actuators and sensors are integrated into the passive nonlinear vibration absorber is
discussed. Various types of actuators are integrated with the nonlinear vibration absorbers
among them PZT based actuator is found in many studies due to their high actuation
capability and through various feedbacks [20, 142-154] absorber frequency can also be
actively controlled for various resonance conditions. In the previous literature, MMS
techniques are widely used for the analyses of nonlinear AVA with PZT based actuators
and other forms due to their simplicity in the formulation to study various resonance cases

simultaneously. These studies from the literature are briefly studied in the next section.
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1.24.1 MMS for primary and internal resonance cases

In the present section, works from the previous literature have been considered on the
nonlinear analyses of AVA using the MMS solution approach to study the response of the
system to the primary and internal resonance conditions. Oueini et al. [19] first studied the
active nonlinear vibration absorber using various actuators such as PZT ceramics, Terfenol-
D, motor and a potentiometer to successfully suppress the response amplitude of the SDOF,
multi DOF and flexible beam. They used MMS to obtain an approximate solution of the
EOM considering primary and 2:1 internal resonance condition. They further extend their
analysis [211, 212] using the MMS considering quadratic and cubic nonlinearities in the
stiffness of the system for primary, 1:1 internal resonance and 2:1 auto parametric
resonance condition. They demonstrated the AV A exhibits various complicated dynamics,
such as Hopf bifurcations, intermittency, and chaotic responses. Jun et al [213] investigated
nonlinear AVA with quadratic nonlinearities and saturation phenomena using MMS for
primary and 2:1 internal resonance condition. They performed the bifurcation analysis and
examine the stability of the system for various feedback gains. Jun et al. [214] extended
their analysis on the saturation-based control method by the nonlinear AVA in reducing the
vibration response of the primary system. They used MMS and showed a reduction in the
self-excited oscillation of the primary system when the frequency of the absorber is exactly

tuned to half of the natural frequency of the primary system.

Carbajal and Navarro [215] analysed linear AVA using a differential flatness scheme to
suppress the multi-frequency harmonic vibrations of the SDOF nonlinear primary system.
They proposed a robust active vibration controller and used the MMS to obtain the
approximate solution for the primary resonance condition. The nonlinear system exhibits
various forms of resonances either from various nonlinearities in the stiffness, damper or
the amplitude and type of external excitations. In the next section literature related to the
use of MMS and HBM for various resonance conditions (besides primary resonance) are

presented.

1.2.4.2 MMS and HBM for various other resonance cases.

In this section, various other resonance conditions are considered from the works of

previous literature such as super-harmonic, sub-harmonic, and principal parametric with
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the combination of internal resonance and primary resonance for the nonlinear system.
Bauomy [216] studied the suppression of the vibration of the SDOF nonlinear primary
system under multiple parametric excitations by using a negative velocity feedback
controller. They obtained the reduced equations using MMS for simultaneous
superharmonic and 1:1 internal resonance condition. Sayed and Kamel [217] considered
two coupled governing nonlinear EOM, where the primary system is subjected to harmonic
and parametric excitations. They used MMS to obtain the solution of the EOM and suppress
vibration of the SDOF primary system for simultaneous primary, principal parametric, 1:2,
1:3 internal resonance conditions, using active nonlinear control force. Til et al. [218]
studied nonsmooth dynamics of TMD with lateral stops using an alternating
frequency/time-harmonic balancing method. They considered single harmonic- and a wide-
spectrum excitation and provided insights into different system responses. Raj and Santosh
[219] used the multi HBM and arc continuation technique to obtain the responses of a two
DOF nonlinear system where the SDOF primary system is subjected to harmonic
excitation. They considered a piezoelectric energy harvesting circuit in the nonlinear
absorber configuration for vibration suppression and energy harvesting through optimal
parameters from the genetic algorithm. These nonlinear TMDs can be widely applicable to
many vibrating systems to suppress vibration by integrating actuators and sensors with
numerous control feedbacks. However, during sensing, processing and actuating often a
time delay is encountered in the feedback. In the next section works from the previous
literature are considered to study its effect on vibration suppression of the nonlinear primary

and secondary/absorber system for various resonance conditions.

1.24.3 Time-delayed system for various other resonance cases.

The active control of structures through linear and nonlinear analyses is a widely researched
area but there are still several limitations to preventing unexpected high response amplitude
of the primary system. In the nonlinear AVA, the time delay in the feedback or in the
process of actuating is a common phenomenon, but its effect on the system response can
vary differently. These aspects are considered in this section from the previous articles. The
time delay aspect of study in both active linear and nonlinear systems is important in terms
of practical implementation of the device as studied in the work of Balachandran et al.
[220]. Zhao and Xu [221] studied vibration suppression and improved the stability of the

SDOF primary system under harmonic excitation by using time-delayed position feedback
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in the autoparametric pendulum-type vibration absorber. They used MMS considering 1:2
internal resonances and showed that the delayed feedback control can be used to suppress
the vibration or stabilize the system. They [222] also, studied the effects of time delay with
positive and negative position feedback in the absorber to suppress vibration of SDOF
nonlinear primary system for primary and 1:1 internal resonance condition. They used
MMS to obtain the solutions and studied various bifurcation points with variations of
control gain. Rabelo et al. [223] studied time-delayed linear and nonlinear damping effects
in the nonlinear vibration absorber to suppress vibration of the SDOF primary system for
simultaneous primary, principal parametric and 1:3 internal resonance cases. They used
MMS and modified Routh-Hurwitz criteria to study the system responses and stability. Sun
and Xu [224] proposed an absorber—isolator-combined structure with timed delay
displacement feedback for vibration control and isolation improvement of the SDOF
primary system. They used MMS to study the vibration suppression effectiveness and
stability of the steady states for the primary resonance, 1:2 and 1:3 internal resonances. El-
Gohary and El-Ganaini [225] used a piezoelectric actuator with time delay in displacement
and velocity feedback to suppress the vibration of a hinge-hinge beam under simultaneous
primary and sub-harmonic resonance conditions. The governing equation of motion of the
system is obtained by considering two DOF system models. They used MMS up to second-
order to obtain the system responses and showed time delay is an effective parameter for
vibration suppression. El-Ganaini and El-Gohary [226] studied time delayed absorbers for
vibration suppression of two DOF nonlinear systems. They modelled the primary system
as a cantilever beam, which is subjected to multi tuned excitation force and used MMS to
study responses for simultaneous combined and 1:1 internal resonance condition. Rabelo
et al. [227] analysed that time delay in the damping of the absorber can act as a stability
factor for vibration control of SDOF nonlinear primary system under harmonic excitation.
They used MMS for obtaining the solution of the EOM, considering primary and internal

resonance conditions. Shao et al. [228] proposed an H _ controller in the DVA to improve

the electric vehicle suspension and ride quality. They used the particle swarm optimization
technique to obtain the optimal parameters of the DVA. In their analysis, time-delayed
feedback control is considered and they demonstrated the effectiveness of the proposed
DVA on the quarter vehicle under bumps and random road excitations. Yao et al. [229]
investigated the active feedback control by using linear and nonlinear DV A to increase the

hunting stability of the motor flexible suspension train bogie at high speed. They used the
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multi-objective optimal method and evaluated the effect of time delay on the system
stability. Casciati et al. [230] reviewed articles from 2009 to 2011, emphasizing the
developments of theoretical, numerical, control algorithms and experimental studies, as
well as actual implementations of the devices to suppress vibration. These actual
implementations or the experimental works of the passive/active linear/ nonlinear vibration

absorber are studied in the next section.

1.2.5 Experimental analysis of vibration absorber

The vibration absorbers are used in many applications as discussed in the introduction
section. Some of the initial experimental verification of TMD to reduce the vibration
include the works of Jones et al. [231] in the year 1967 and Abu-Akeel [232] in the year
1969. The experimental analyses for vibration suppression of the host or primary system
by using the auxiliary spring—mass—damper absorber systems can be found in the review
articles [5-7, 11, 15, 16, 19, 55, 73, 121, 146, 155, 230], where a large number of realistic
applications have been considered. In the next section, literature related to experimental

verification of PVA and AVA are discussed.

1.2.5.1 Passive vibration absorber

In this section, experimental works on the implementation of linear and nonlinear PVA are
studied. Brennan [233] theoretically and experimentally designed a tunable vibration
absorber/ neutralizer consisting of a mass supported by an air mount, whose natural
frequency can be adjusted actively by air pressure to tune the absorber frequencies for a
wide range of frequencies. Zarate et al. [234] experimentally showed the effective
performance of PVA to dissipate the overall energy of the three-level building primary
system, which is harmonically excited by an electromagnetic actuator at the base. Dayou
and Brennan [235] extended their theoretical analysis of optimal VAs to experimental
verifications for global vibration control using the passive approach. They show the
effectiveness of the proposed vibration absorber is comparable to that of the AVA. Yang
et al. [236] experimentally designed and developed an optimization strategy using a
minimax numerical method for multiple tuned mass dampers (MTMD) to suppress
machine tool chattering and to increase chatter-free depth cuts. They showed that MTMD

is more robust to uncertainties in damping and input dynamic parameters in comparison
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with a single TMD. Yang et. al. [237] also, designed and experimented with the use of two
DOF based TMD possessing translation and rotation motion for mitigation of vibration of
milling machine, which is considered as the SDOF damped primary system. They obtained

optimum parameters for the absorber using H_ optimization technique which resulted in

improved machining stability and depth of cut, as well as an 80.8 % reduction in the

vibration.

Kandaswamy et al. [238] reviewed articles on vibration control of offshore structures by
the use of passive, active, semi-active, and hybrid designs considering both the linear and
nonlinear vibration absorbers. The recent applications of the passive dynamic vibration
absorber include in the area of biomedical engineering to suppress tremors of the forearm,
wrist, neck or in any other body parts of a human due to Parkinson's disease [42-46, 239].
In these studies, PVA is designed as a bracelet to attenuate 85% of tremors [42] in the
human forearm. Vibration control using vibration absorbers is widely used in many
structures and devices around the world. Some of this use of passive and active vibration
absorbers used in realistic applications can be found in the highly cited review articles of
Spencer and Nagarajaiah [240] and Soong and Spencer [241]. The nonlinear analyses of
these vibration absorbers can be applied to many practical systems as nonlinearity is
inherently present, particularly in the joints, bearings and other moving parts. Also,
nonlinearities arise due to various operations in the machining process [41, 39],
automobiles [32], ships [35], aircraft, tall and large structures such as buildings, bridges,
beams, flexible structures, off-shore structures, and railroad wheelsets, etc. as studied in
many review articles [5-7, 11, 15, 16, 19, 55, 155, 230]. Nayfeh and Balachandran [242]
analyse the applications of nonlinearities in various experimental works and their
importance to study in various application fields. Jo and Yabuno [243] designed and
experimented with a new type of nonlinear vibration absorber for the primary system under
primary resonance conditions. They validated the theoretical results by using MMS with
that of the experimental results. Jo and Yabuno [244] also analyzed vibration reduction of
the primary system under parametric resonance conditions by using the vibration absorber
with quadratic nonlinearity. They tuned the natural frequency of the vibration absorber to
twice that of the primary system and used MMS to obtain the solution of the EOM. They
also validated the analytical results from MMS with that of the experimental results.

Kachapi and Dukkipati [245] developed a new method to transform the two nonlinear
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differential equations of motion of a two DOF system into a single nonlinear differential
equation of motion and then linearize the EOM to study the response of the system. Feng
et al. [246] theoretically and experimentally demonstrated the benefit of nonlinearity in
muscle characteristics in improving vibration isolation at low frequencies in the human
body. They demonstrated that the proposed anti-vibration system has a wide range of
engineering applications. Zhao et al. [247] investigated experimentally the effectiveness of
the TMD on a transmission tower under seismic excitations through various parametric
studies. From the previous literature, it can be inferred that the use of active approaches in
these linear or nonlinear vibration absorbers significantly improves the vibration
suppression for a wide range of operating frequencies. So, in the next section, experimental
works on AVA are studied considering mainly the piezoelectric based sensor and actuator

in the absorber configuration.

1.2.5.2 Active vibration absorber

In this section, experimental analyses of the AVA to suppress the vibration of both discrete
and continuous primary systems are studied from the previously published literature. The
AVA with various types of actuators and sensors are synthesized in conjunction with the
PVA such that their combined effect is superior to the PVAs. These types of vibration
absorbers are used in various applications which are discussed in the next section,

considering discrete primary systems.

Linear systems

Here, the use of AVAs on discrete SDOF primary systems is studied from the previously
published works. Jang and Tarng [248] experimentally showed that the piezoelectric based
AVA can suppress a maximum of 90% of undesired vibration of the cutting tool excited by
a harmonic disturbance at the resonance frequency. The vibration suppression by their
proposed AVA suppresses both free and force vibration for a wide range of operating
frequencies by changing the inertial mass of the AVA. Kim et al. [249] through simulations
and experimental studies obtained the optimal parameters of the passive and active
piezoelectric based AVA to suppress vibration of the SDOF primary system. They used
acceleration feedback for AVA and validated the theoretical results through simulations

and experiments.
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Kim and Brennan [250] used delayed feedback control in an experimental analysis to
suppress multiple vibration modes of the beam system. They showed that the primary beam
system vibration is suppressed at each mode by an attached DVA. Yong et al. [251] both
theoretically and experimentally showed that the vibration of the helicopter's individual
blade can be reduced by using AVA. They used a piezoelectric based smart spring to
provide actuation that allows them to actively change the structural response. Further, they
[252] also used a piezoelectric based stack actuator as a smart spring for vibration reduction
of the individual blade control of the helicopter flight. From this study, they demonstrated
the potency of the piezoelectric stack actuator which can produce greater than 3.3 kN of
blocked force at the maximum input voltage of 100 V to suppress single harmonic and
multiple harmonic excitations acting on the primary system. Nambu et al. [253] studied and
experimented using a smart self-sensing and actuating piezoelectric based AV A to suppress
the vibration of a string supported by flexible beams. They showed robustness,
effectiveness and compactness of the AVA and suggested using several smart AVAs for
suppression of spatial and multimodal vibrations. Lu et al. [254] analysed both theoretically
and experimentally to suppress wind-induced earthquake vibration of a 492-m height
Shanghai World Financial Centre by the use of two active TMDs. They developed the
active control force by considering displacement and velocity control gains while the
nonlinear control force is neglected. From their study, it is observed that significant
vibration is reduced by the active TMDs under wind loading while under earthquake
conditions active TMDs are disabled and PVA is used to suppress the vibration of the
primary system. Casado et al. [255] designed and experimented on the passive TMD and
active mass damper to mitigate human-induced vibrations of the footbridge in Valladolid,
Spain. They used a proof mass actuator for the active mass damper with acceleration

feedback and H control strategy is used to obtain optimal parameters.

Peng and Gong [256] designed and experimented with vibration suppression of the SDOF
primary system by an active adaptive vibration absorber and showed its effectiveness
compared to active and passive vibration absorbers. Tso et al. [257] analytically and
experimentally showed global vibration control of flexible structures under random
stationary excitations by using an AVA/hybrid vibration absorber. They showed the
proposed AV A is economical and provide better performance than the conventional TMD.
Yang et al. [258] and Lin et al. [259] experimented with a novel resettable semi-active

stiffness damper, where the stiffness of the TMD can be changed through the controller and
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suppress vibration of civil structures under seismic excitations. Zarate et al. [260]
theoretically and experimentally suppress the vibration of a three-story building structure
for a wide range of excitation frequencies using PZT stack actuator-based AVA with
acceleration feedback. They validated the theoretical results of FEM with the experimental

observations.

Herold and Mayer [261] investigated experimentally broadband vibration control of the
primary system by using a tunable piezoelectric stack actuator based AVA. They tested the
AVA on abasic truss structure and actively controlled the properties of the absorber. Groots
et al. [262] experimented on a deployable active control device that consists of an
electromechanical mass damper mounted on an uncrewed ground vehicle for rapid
deployment. They validated the effectiveness of the control through the experimental
studies and showed its application in lightweight bridge structures. Yang et al. [263]
experimentally showed to suppress vibration of multi DOF system by using AVA with
negative acceleration feedback. Talib et al. [264] designed and experimented on multiple
AVA with multi-input and multi-output acceleration feedback for vibration suppression of
a two-story building-like structure. Soleymani et al. [265] proposed a new robust control
system for the AVA to suppress the vibration of a high rise building under seismic
excitation. They showed the effectiveness of the proposed controller through experiments
at tackling the simulated disturbances in the presence of model uncertainties and input
delay. Kopylov et al. [266] investigated the practical implementation of controlled TMDs
by manufacturing electromagnetic regenerative TMD with acceleration-based ground-hook
control. They showed with the proposed TMD vibration suppression is achieved for a
protected mass test bench similar to a typical vehicle unsprung mass under random
excitations. Sethi and Song [267] demonstrated the effectiveness of vibration suppression
through experimental studies by using surface-bonded PZT actuators on a three-story
model structure. Tang and Zuo [268] experimentally presented, their proposed TMD for

vibration reduction and energy harvesting of a three-story building prototype.

Buelga et al. [269] also showed results both analytically and experimentally to suppress
vibration and harvest energy simultaneously by using active TMD on the SDOF vibrating
primary system under external excitation. Kucera et al. [270] modified the delayed
resonator, to widen the operable frequency, range by using both delayed and non-delayed
acceleration feedback control laws together. They showed with experimental studies the

easier implementation of the AVA with delay and better vibration suppression of the SDOF
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primary system under harmonic excitation. Eris and Ergenc [271] experimentally showed
the effectiveness of a multiple-delay delayed resonator with the combination of speed and
position feedback to suppress car body vibrations. Kassem et al. [272] experimentally
studied active DV A consisting of a cantilever beam with a bonded macro-fibre composite
and a lumped mass for flutter vibration suppression. They showed through experiments
with the proposed active DVA up to 93.3% suppression in the response amplitude is

achieved.

In most of the previous literature studied till now emphasis is put on the vibration
suppression of discrete systems (SDOF and MDOF), while active or passive TMDs are
used both theoretically and experimentally in the continuous systems such as beams, and
plates, rods etc. An et al. [273] through simulation and experiments on a cantilever beam
showed that their proposed time delayed acceleration feedback controller using
piezoelectric patches can change the mass properties and damping of the controlled system
simultaneously and reduce the vibration of the beam. Yamada et al. [274] experimentally
investigated vibration suppression of a cantilever beam using a piezoelectric element and
LR circuit where voltage is applied by displacement or acceleration of the primary system.
They also obtained optimum values of inductance and resistance using fixed point theory
and showed vibration suppression with minimal applied voltage with more stability.
Yamada et al. [275] also, investigated both theoretically and experimentally to improve the
bonding and location of piezoelectric elements used for vibration suppression of a
piezoelectric based beam. They considered the mechanical impedance matching method
and used spacers for the piezoelectric element. Harne [276] designed and experimented
with an energy harvesting vibration absorber using a circularly corrugated piezoelectric
film spring and distributed mass layer for simultaneous vibration attenuation and energy
harvesting. Matsubara et al. [277] suppress the chatter vibration of a boring bar
experimentally by the piezoelectric actuator and LR circuit with acceleration feedback.
They modelled the cantilever beam based boring bar as the SDOF primary system and used
the fixed-point theory of optimization to obtain the optimal parameters for the absorber.
Jovanovic et al. [278] experimentally investigated a composite cantilever beam with fibre-
reinforced piezoelectric actuators subjected to a periodic excitation. They compared the
control performances of the proposed modified PID controller with the PD, PI and P
controllers. Xu and Sun [279] used time delayed acceleration feedback-based AVA with a

servo motor as an actuator to suppress vibration of the SDOF primary system under base
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excitation. They showed the effectiveness of the time-delayed absorber both by analytical
and experimental methods to suppress the vibration of the primary system in a wide
frequency range. Kammmer and Olgac [280] controlled the vibration of the SDOF system
and a cantilever beam by time-delayed acceleration feedback in the piezoelectric networks
by both theoretical and experimental results. Some of the experimental works on nonlinear

active vibration absorbers are studied in the next section.

Nonlinear vibration absorber systems

Bronkhorst et al. [281] designed an optimal viscoelastic DVA to suppress vibration of
SDOF nonlinear primary system with cubic nonlinearity. They used HBM for the
theoretical analyses which are validated with the experimental work. They also developed
methodologies to identify the vibration parameters of the SDOF nonlinear system. Chen
and Yang [282] experimentally controlled the vibration of the nonlinear building like
structure under free, forced and earthquake excitation using active TMD with the modified
Newton’s method. Brennan and Gatti [283] investigated experimentally the use of cubic
nonlinearity in the vibration absorber which shift the resonating peak to a higher frequency
range, in contrast to linear vibration absorber where additional mass is required for this
purpose. They used HBM for the theoretical analysis which is validated by experimental
studies. Abundis-Fong et al. [284] experimentally designed an optimal autoparametric
cantilever beam as a PZT based nonlinear AVA for a linear spring-mass-damper SDOF
primary system subject to external harmonic excitation. They used the MMS perturbation
method and obtain the solution and attenuated the response amplitude of the primary system
under the principal parametric resonant frequency. Rizos et al. [285] designed and
experimented with pre-stressed leaf-springs based TMD with four PZT stack actuators to
mitigate vibration of the primary system which undergoes free, force and base excitation
for a wide band of operating frequencies. They also identified and characterize various
nonlinear stiffness developed in the system in suppressing the vibration. Bian and Gao
[286] theoretically and experimentally studied vibration absorption of a flexible arm using
a virtual vibration absorber considering internal resonance. The virtual vibration absorber
consists of a servomotor, by which its stiffness and damping coefficients can be readily
adjusted by position feedback gain and variable velocity feedback gain, respectively. They
used MMS to obtain the system response theoretically which is validated by the

experimental results. Zhao et al. [287] investigated both theoretically and experimentally
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vibration mitigation of a Duffing oscillator by a nonlinear positive position feedback

controller. They used HBM to obtain the solutions and H_ optimal control parameters to

minimise the response amplitude of the main system. Rasid et al. [288] developed
experimentally an active vibration isolation system where the active DVA acts as an
accelerometer in a low-frequency range and as a vibration control device in a high-
frequency range. They used PID controller in their analyses and through experiments and
simulation results demonstrated an almost 50% reduction in the vibration by the
acceleration and velocity feedback force. Wang et.al. [289] numerically and experimentally
explored vibration attenuation of a primary system subjected to single and multi-harmonic
excitation by using an undamped voice coil based active dynamic undamped dynamic
vibration absorber. Wang and Yang [290] used a voice coil motor in place of a spring and
damper in the absorber configuration as a nonlinear active dynamic vibration absorber to
control the transient vibration caused by the impulse excitation on the SDOF primary
system. They showed through theoretical and experimental analysis that the nonlinear
active DVA is better than the linear active DVA for vibration suppression. Further Wang
et.al. [291] showed the efficacy of active DV A for vibration suppression of SDOF primary
system under single and multiple frequency excitations. Thenozhi and Yu [292] reviewed
189 articles on passive, active, semi-active, hybrid, base isolators with various types of

control strategies for vibration control of building structures.

The nonlinear vibration absorbers are long been studied both theoretically and
experimentally in many realistic applications such as long bridges [197, 293], tall towers
[254], skyscrapers [7], aircraft engines [294, 295], helicopter blades, production machines,
structures subjected to human-induced vibrations [296-298], with various modification in
the design of the absorbers [299-310]. It is observed that the consideration of nonlinearities

in the analysis provides robust performance in the vibration absorbers [311-318].

1.3 Gaps in the Literature and Motivation for the Present

Study

It is observed from the literature discussed in the above sections that the linear and
nonlinear analyses of the vibration absorbers considering active force are predominantly

more effective in vibration suppression of most of the SDOF, MDOF and continuous
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systems, which are subjected to various forms of excitations. The active part in these
vibration absorbers which produces the actuation to suppress the vibration of the primary
system is often considered the main integral part of the active linear or nonlinear vibration
absorber. From the literature, it is observed that in very few literature, acceleration feedback
is considered to provide the actuation by the AVA. Also, in no literature, the comparison
between various feedbacks such as displacement, velocity, acceleration feedback and a
combination of these feedbacks are studied to suppress the vibration of the primary system.
The acceleration feedback is considered, easy to implement in the vibration absorber
configuration just by using an accelerometer. The comparisons between the sensor position
which can be either on the primary system or on the absorber are also not explored in the
previously published literature. These changes in the feedback process can be significantly
useful in suppressing the vibration of the primary system under various forms of
excitations. The optimal value of control gains used in the displacement, velocity,

acceleration and combination of these feedbacks are also not reported in the earlier works.

In few literature more than 60% of vibration attenuation of the primary system is reported
and in no literature complete vibration suppression of an undamped primary system under
various excitations for a wide range of operating frequencies is attempted. The nonlinear
studies of AVA are often accounted for nonlinearity in the stiffness of the absorber or the
primary system [4, 8] but considering nonlinearity in the active force by the AVA is also
not reported in earlier literature. In previous literature, the actuators are considered only to
provide a counteracting force with different feedback but the property and type of the
actuators and how the active force is generated are not studied much. From the introduction
and literature review sections, one can observe that piezoelectric materials can produce
very high actuation force with very limited voltage supply, but their use in AVA is not
explored more. In very few literature types of actuators used in the AVAs are mentioned
and in those articles, the researchers considered PZT in patch forms but the difficulty in the
PZT patches is that the suppression of the vibration takes place in the shear direction and
also the actuating force is very less compared to stack form [5-10, 41, 42]. However, PZT
patches in stack form can produce a high actuation force [6, 7, 41, 42] of more than 300N
along the direction of vibration and can also change its stiffness actively. But, the use of
the PZT actuator in stack form is less investigated in earlier literature [2-11] for vibration

suppression of undamped primary systems under external excitations. The time delay in

TH-2895 136103038 43



Chapter 1

the feedbacks, comparisons among different feedbacks gains and the active nonlinear force

used to suppress vibration of the main system are also not studied much.

The parametric comparisons between the effectiveness of the linear and nonlinear vibration
absorbers for various nonlinear stiffness values attached to the linear/nonlinear vibrating
undamped primary system are also not investigated. The optimal range of nonlinear
stiffness coefficient value of the primary system and the absorber are also not reported at
which the primary system response amplitude will be minimum than the linear primary
system considering the linear vibration absorber. From the literature review section, it can
be observed that basically the vibration suppression of the primary system is mainly
achieved by the transfer of energy at the resonance to the absorber. During this process, the
absorber vibrates at a much larger amplitude which may fail the total system or in some
cases there is some limitation of the stroke length of the absorber. But in no literature, the
response amplitude of the absorber is minimized or its response amplitude is compared
with the primary vibrating system. The simultaneous vibration suppression of the primary
system and the absorber are also not carried out in the previous literature. In most of the
previous literature a damper is attached to the primary system, which is subjected to various
excitations and vibration suppression of this primary system under various absorber designs
are carried out. But in very few literature undamped primary system is considered where
the response amplitude of the primary system at the resonance becomes infinite for the
linear system. The vibration attenuation of the undamped primary system under various

external excitations is not explored in earlier literature.

The Den Hartogs’ equal peaks in the frequency response amplitude of the linear primary
system under external harmonic excitations with the attached linear absorber are long been
studied. But for multiple excitations on the primary system, Den Hartogs’ equal peaks in
the frequency response amplitude of the system are not carried out. The optimization
techniques for vibration suppression of nonlinear main systems by nonlinear passive or
active DV As are still a new area of research as very limited literature on passive nonlinear
systems is considered. The optimal nonlinear stiffness of the nonlinear active absorber to
obtain Den Hartog’s equal peaks in the frequency response amplitude when the primary

system is subjected to multiple external excitations is not carried out in previous literature.

The nonlinear phenomena in the nonlinear vibration absorbers are not only dependent on

the nonlinearity in the stiffness but also develop when the primary system is subjected to
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parametric excitations, combinations of harmonic and parametric and combinations of
harmonic, parametric and base excitations or due to the applied nonlinear active force by
the AVA but there are very few works available in this field. The nonlinear studies
considering the delay in the active force with various feedbacks and gains are also not
studied in the previous literature. The consideration of quadratic and cubic nonlinearities
in the stiffness and time-delayed damper of the primary system and the absorber are not
investigated for the nonlinear AVA. Vibration suppression of the nonlinear primary system
under simultaneous primary and principal parametric resonance conditions, and
simultaneous primary, principal parametric, sub-harmonic and superharmonic resonance
conditions are not carried out in the previously published works. The effects of active forces
by different gains and time delay in the feedback on the trivial state instability regions and

the critical value of excitations are also not studied in the previous literature.

The nonlinear study of AVA used various methods to obtain the reduced amplitude-phase
relations for studying the response of the system. Out of the many nonlinear methods, the
method of multiple scales (MMS) [29, 31, 34, 46-55] is mostly used due to its easier solving
procedures to obtain the reduced equations for various resonance conditions with good
accuracy, especially for low nonlinearity under weak external excitations in the system.
The other methods such as the harmonic balance method (HBM) [39, 44, 45, 56-62] and
the method of averaging [63], are also used in several works for high and low nonlinear
systems. However, there are very few works in which the results obtained using these
methods are compared with each other. It is observed that using MMS reduced equations
the frequency responses of the system show only one peak instead of two Den Hartog peaks
and its frequency of operation is also difficult to predict as many researchers used non-
dimensional parameters [29, 31, 34, 46-55], whereas in HBM [39, 44, 45, 56-60], method
of averaging [63], various linear methods such as Laplace transformation etc [12-25, 27,
28] shows two peaks in the frequency response curves signifying Den Hartog’s equal peaks
response. These peaks in the response signify the vibrational energy transfer at the
resonance from the primary system to the absorber by the two modal frequencies through

tuning the absorber frequency.

In the literature, the traditional vibration absorber is well investigated but the comparisons
of vibration suppression of the primary system between the traditional nonlinear AVA and

non-traditional AVA are not explored in previous studies. The parametric studies on
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various nonlinear stiffness, the amplitude of external excitations, various feedback gains,
and time delay for the traditional and non-traditional nonlinear AVA are not studied in the
previous literature. The mass of the absorber used in most of the literature remains high
usually 0.1 to a minimum value of 0.05 times the main system mass, which increases the
overall weight of the system. The studies on considering a mass ratio of 0.01 while
suppressing the vibration of the primary system under various external excitations are also
not considered in the previous literature. Modification in the AVA models so that the PZT
actuator used in the AV A provides more blocking force with less voltage supply was also
not considered in the previous analyses. The applications of the nonlinear PVA are well
studied but its active approaches to suppress vibration of the continuous system such as
beam under various boundary conditions and to suppress vibrations due to tremors in the

human forehand, wrist and shoulders are also not explored in the previous literature.

Based on the above discussion addressing many gaps in the literature if implemented can
certainly enhance the effectiveness of the vibration absorber for suppressing vibration of
the primary system more effectively for a wider band of operating frequencies under
various excitations with less absorber mass. This will increase the applicability of the
vibration absorber in many fields which will be cheap and safe to operate for a prolonged
duration of time. The lower mass ratio in the absorber, economic voltage supply,
considering nonlinearity in all the system parameters and suppressing vibration of the
primary system for a wide band of operating frequencies are not only very significant from
the academic point of view but also for many industrial applications which will have
tremendous commercial value. These technical gaps motivate the author to carry out

research on the active nonlinear vibration absorbers with the following objectives.
1.4 Objectives of the Present Work

The main objective of the present work is to develop a novel active nonlinear vibration
absorber and to study the dynamics of the systems under various resonance conditions.
Efforts will be made to achieve 100% vibration reduction in the primary system. The
proposed novel vibration absorber consists of a PZT stack actuator along with a spring in
series which is connected to the primary system. The primary system may be subjected to
external harmonic, parametric, and base excitations. Several combinations of linear and

nonlinear springs, damping with and without time delay will be used in both the primary
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and secondary systems. Time delay in the active force by various combinations of
displacement, velocity and acceleration feedback may be considered under primary,
principal parametric, sub-superharmonic resonance conditions along with or without
internal resonance conditions. To achieve this main objective following five objectives are

considered for the present work.

@) Dynamic analysis of linear PZT based AVA with acceleration feedback under

external harmonic excitation.

(i1) Dynamics of ANVA using time delay acceleration feedback under both base

and harmonic excitations.

(iii))  Traditional and non-traditional ANVA with time delay combination feedback

for primary and principal parametric resonance conditions.

(iv)  Traditional and non-traditional ANVA with time delay combination feedback

for hard excitations.

) Application of ANVA for vibration suppression of tremors in the forearm,

beams and RIDTMD.
1.5 Thesis Organization

The thesis is organized into seven chapters, which are briefly discussed as follows.

In Chapter 1, the vibration absorber is briefly introduced and an extensive literature review
is carried out. The technical gaps have been identified and the objectives of the present

works are highlighted.

Chapter 2 contains the linear analysis of the PZT stack actuator-based AVA with
acceleration feedback to suppress the response amplitude of a single degree of freedom
(SDOF) spring-mass-damper primary system under external harmonic excitation. Here the

optimized parameters of the proposed AVA are evaluated.

Chapter 3 presents the dynamics of PZT stack actuator-based ANVA with time delay in
acceleration feedback to suppress the vibration of the SDOF spring, mass, and damper
primary system under external harmonic and base excitations. Here Den Hartog’s equal
peaks in the frequency response are obtained using a modified harmonic balance method

(HBM). Analyses are carried out to effectively suppress the vibration of the primary system
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by studying the frequency response, time responses, phase portraits, Poincare’ sections, the

basin of attractions and force responses, for various system parameters and active forces.

Chapter 4 investigates the dynamics of the traditional and nontraditional PZT stack
actuator-based ANVA with the time-delayed combination of displacement, velocity, and
acceleration feedback to completely absorb (100% suppression) the response amplitude of
the SDOF spring-mass primary system under external harmonic and parametric excitations.
The reduced equations are obtained using the method of multiple scales (MMS) which are
then compared with HBM and classical methods. Further, stability and bifurcation analyses

are carried out.

In Chapter 5, the dynamics of the traditional and nontraditional PZT stack actuator-based
ANVA are investigated considering time delay in both the damper and feedback where the
primary system is under hard harmonic, parametric, and base excitations. Here the feedback

is a combination of displacement, velocity, and acceleration feedback.

In Chapter 6, the applications of the ANVA with and without active forces are studied for
three cases viz., (i) suppress tremors in the forearm of Parkinson's disease patients, (ii)
continuous beam model with various boundary conditions, and (iii) three degrees of

freedom system with rotational inertial double-tuned mass damper (RIDTMD).

Finally, in Chapter 7, the general and specific conclusions from this work are presented,

and the scope of the future works have been highlighted.
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CHAPTER 2
Dynamics of linear PZT based active vibration absorber with

acceleration feedback under external harmonic excitation.

2.1 Introduction

In this chapter vibration suppression of a single degree of freedom (SDOF) spring-mass-
damper primary system is carried out using an active vibration absorber (AVA). The
secondary system consists of an active PZT stack actuator along with spring-mass-damper
arrangements with acceleration feedback of the primary system. The governing equations
of motion of the system are developed in section 2.2 and the Laplace transform is used to
obtain the solution of the governing equation as described in section 2.3. Two different
optimization techniques viz., fixed point theory (FPT) or H_ optimization and genetic
algorithm (GA) have been used for finding the optimum tuning ratio and damping ratio for
the AVA. This is explained in section 2.4. Numerical results have been discussed in section
2.5 by studying the responses of the system and comparing different optimized damping
ratios obtained by the FPT and GA techniques. The optimal feedback gain is also evaluated
at which the total vibrational energy of the primary system is minimum. In the next section

modeling of the linear vibration absorber system has been described.

2.2 Derivation of the dynamic equation of motion of the AVA

In this section, the governing equation of motion of the active vibration absorber (AVA)

system is derived. Fig. 2.1 shows both the primary and secondary systems where, m,, k., c,
and x,, denotes the mass, spring stiffness, damping coefficient and displacements,
respectively of the primary system (i = 1) and the secondary system (i = 2). The primary
system is subjected to an external excitation F (t) where ¢ represents the time and the

feedback gain f, is produced by the combination of a spring having stiffness k, and a PZT
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stack actuator in a series connection. The stiffness of the PZT stack actuator is denoted as
k f . The negative acceleration feedback of the primary system is used for the actuation by
the AVA using control gain k.. Using Newton's second law, the governing equation of

motion of the system can be written as follows.
m i, +kx +k, (x1 _xz) +ex *e, (xl _xz) = F(t) = /. (2.1)

m,Xx, tk, (xz _x1) *c, (xz _x1) =% (2.2)

kS e,

- R

Fig. 2.1: PZT-based active vibration absorber with acceleration feedback.

It may be noted that the stack actuator has a displacement of (x1 +9, —5) where O, is the

nominal displacement of the actuator and O is the displacement of the spring at the junction

of the PZT stack actuator and secondary absorber mass m,. Hence the feedback gain
produced by the AVA with the PZT stack actuator can be expressed as f, =ky (x1 +0,~ 5)
which is equal to &, (5 —xz), due to the presence of the spring with stiffness k, in series.

k.x, +k: (x +0,
From this relation, the expression of O can be obtained as O = S P ’:_ (k)f; 0).
3 P

Substituting this O value in the above £, expression one can express f, =k, ()c1 +9,—x, ),
where k, =k, k, / (kf +k3). The 9, for the PZT stack actuator can also be expressed as

O, =nd,,v, where n is the number of wafers used in the PZT stack actuator and v is the

applied voltage and d,, is the dielectric charge constant [20]. Considering the non-

50
TH-2895_136103038



PZT based AVA with acceleration feedback

dimensional time T =, x, and v, as reference displacement, and voltage, respectively

the governing Eqgs. (2.1) and (2.2) can be rewritten as given below.
Z,+Z,+20\Z, - pay’Z =20,y Z = F, (1) - £,V (2.3)

WA

Z+wZ+2,wZ=-7, (2.4)

The non-dimensional parameters used in Egs. (2.3) and (2.4) are defined as follows.

Z, = Z——Z Z Zl,u-—wzﬁ =9 ¢ ="0

m, 2m C‘% 2m2a)2

’ /k +k, A_nd%v
k, may’x,

1

In the next section, the transfer function of the system is obtained from the non-dimensional
governing equation of motion (Eq. (2.3 and Eq. (2.4)) and the stability analysis is carried

out.
2.3 Stability analysis using Routh Criteria

In this section, the stability analysis of the system is carried out by obtaining the transfer

function of the system. The acceleration feedback of the primary system is considered as

shown in Fig. 2.2, with control gain (kc) and accordingly the control law is written as,

V= —kCZl. The block diagram of the primary system from Eq. 2.3 is shown in Fig. 2.2. The

Primary
System

Sensor]Z,

Fig.2.2: Block diagram for acceleration feedback of the primary system.

transfer function of the primary system and the absorber are obtained by taking Laplace

transformations of Egs. (2.3) and (2.4), which yield the following equations.
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(s +2¢,5+1) Z, (s) = (pw? + 24, 1 s) Z (5) = F (5) + F, (5) s°Z, (5) 2.5)

F (s)szZ1 (s)

(s2+2(2a)rs+a)rz)Z(s)+s2Zl(s)=— . u (2.6)

where F, =k_f,

Solving Egs. (2.5) and (2.6), the transfer function of the primary system and the AVA are

obtained as follows.

G (S):Zl(s) - S2+26260rs+60r2 (2 7)
1 E (S) ]\]14S4 + N13S3 + N12Sz + Nlls + NIO '
20 )
S
G, (s) =L = - £ (2.8)

E(S) N14S4+N13S3+N12S2+N11S+N10

N,

Il

N,

where the coefficients N, 120

100 N,; and N, are expressed as follows.

Ny =@, Ny =24,@0° +28,0, N, =@’ +44,{,0, + paw” +1,
Ny =2¢, +2{, +2{,w i, N,, =1-F,

Following Routh’s stability criterion to obtain the range of the feedback gain (Fa) by the

absorber at which the system responses are stable, the following array of the coefficient are

obtained from Eq. 2.7 for the primary system.

s* Ny, N, Ny
s’ Ny Ny, (29)
2| NNy NNy,
s 10
Ny
s N13N12N11_N14N112_N132N10
NNy, =Ny Ny
s’ Ny

The stable responses are ensured when the real parts of all poles are negative. From Eq.

(2.9) it can be derived from the first column of the Routh table that all the coefficients of
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the array are positive for —f/ < F, <1. Which means the proposed system is stable within

the above range of feedback gain (Fa) In the next section two optimization procedures

viz., FPT and GA, techniques are undertaken to obtain the optimal tuning ratio, damping

ratio required by the AVA to attenuates the response amplitude of the primary system.

2.4 Theory of optimization of the AVA

The tuning ratio (w,) which is the ratio between the natural frequency of the absorber (@)

and the primary system (cq) and the damping ratio (Z 2) are important parameters which

are usually varied to suppress the vibration amplitude of the primary system. In this section,

the theory of FPT optimization is detailed and correspondingly the optimum (a),) and (Z 2)

values of the AVA are obtained following the fixed point theory (FPT) and the genetic

algorithm (GA) optimization techniques in terms of mass ratio £/. To obtain the optimal

parameters of the proposed AVA, initially, the response of the system is studied with

various @, and {, values, which are shown in Fig. 2.3. It may be noted that the frequency

response of the system is obtained by solving Egs. (2.7) and (2.8) by considering s = jw,

where w= &, J =~—1. Here @, is the frequency of external harmonic excitation acting

on the primary system. The reference displacement (xo) and reference voltage (vo) are

considered equal to 1, and the damping ratio of the primary system (Z 1) is considered equal
to 0 throughout the analysis. In Fig. 2.3 the frequency response of the primary system is
shown for four different values of {, considering zero feedback gain (Fa =O) in the
primary system with £/ =0.05. In Fig. 2.3(a) and Fig. 2.3(b) the @) is considered equal to
1, which is the same as undamped TVA. From Fig. 2.3(a) it can be observed that at &) and
¢ the response amplitude of the primary system remains the same irrespective of the
various values of damping ratio {,. These two points (A and B) at «) and &) in the

frequency responses are known as fixed points [1, 122-126]. There are many studies carried
out on these fixed points starting with the first work from Den Hartog in the year 1942 to
the many recent works [56-59, 68-74, 76-87] to obtain the optimum tuning and damping

ratio of the absorber so that these peaks are minimum. One of the widely used methods is
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the fixed point theory of optimization technique which was first proposed by Den Hartog
[1, 5-7, 55-58, 100-103, 122-126] and famously known as Den Hartog equal peaks in the
frequency response. The response of the absorber is shown in Fig. 2(b), from which one
can observe that the vibrational energy of the primary system is transferred to the absorber
due to which its response is high. Also, from Fig. 2.3(a) one can observe that with an

increase in the ¢, values the response amplitude of the primary system increases instead

of decreasing. Further, Fig. 2.3(b) shows the common phenomenon that is the response

amplitude of the absorber decreases with increases in ¢, values, which means the

vibrational energy from the primary system is not effectively transferred to the absorber.

....... =0 | T T 50
15 =0 i i b
@ s i (b)
: 3 40
:'i 30
g 20
10
0 T 0
0.6 0.8 1 1.2
(C) 8 Optimum damping ratio (&) I (d) 25 Optimm“n dam.ping ratio ((2)
and tuning ratio (£2) and tuning ratio (£2)
6 20
3 315
s° 3
- — 10
2L 5
0 0
0.6 0.8 1 1.2 0.6 0.8 1 1.2
w w

Fig. 2.3: Responses of the system with £/ = 0.05 (a) undamped primary system (b)
passive vibration absorber (PVA) (c¢) primary system with optimized PVA (d) PVA with

optimum parameters.

From these figures, one can notice that there should be some optimal parameters for the

tuning ratio and damping ratio (Z 2) at which the response of the primary system is

suppressed effectively by the passive vibration absorber (PVA). From the previous

literature [100-103, 122-126] it is found that for the passive TMD the optimum parameters

for damping ratio (Z 2) and tuning ratio (a)) in terms of the mass ratio Y/ are given as

r
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w = 1/(1 +,u) and ¢, =,/3u/ (8 (1 + ,u)) Using these optimal parameters the response of

the system with the passive absorber are shown in Fig. 2.3(c) and Fig. 2.3(d). From these
figures, one can notice that the primary system response is considerably decreased and the
peaks are at the same amplitude which is known as Den Hartog equal peaks in the response.
However, it can be observed that with these optimal parameters, the response of the primary
system is still very high. Hence one may consider an AVA to reduce the primary system

response. The optimal parameters for the proposed AVA are obtained in the next section.
2.4.1 Fixed point theory and GA techniques for the proposed AVA

It may be noted that in the previous literature, the optimized damping ratio and tuning ratio
for the PZT-based AVA with acceleration feedback was not found. So the proposed AVA
uses acceleration feedback which is easier to implement in many applications in the form

of an accelerometer compared to other feedbacks. To obtain the optimized w, and {,, the
frequency response function of the primary system and the absorber which are obtained in

Eqgs. (2.7) and (2.8) are modified as given below by considering s = jw where j :\/—_1.

. P+j
G, (jo) :R+—§g (2.10)
5
Gz(ja))=R+jS @2.11)
where

P=w’-w, Q=2§ww R=N,,w' -N,& +N,,, S =N,,w-N,&

Now considering the FPT optimization techniques, one can observe from Fig. 2.3(a) that
the response amplitude of the primary system at the fixed points (A and B) remains the

same whether {, =0 or {, =c. Substituting these two values of ¢, in Eq. (2.10), and
equating the resulting equations one may obtain the following expression.

1+ )+ 2
g2t o 20

—=0 (2.12)
2+u-F, 2+u-F,
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The roots of the Eq. (2.12) and the corresponding response amplitude of the primary system

at A and B with the proposed AVA are obtained as follows.

2
P Gl [[“(“”)“’1 -2 J 2.13)

2+Uu-F, 2+Uu-F, 2+Uu-F,
_ 1
|Gl(a)a) - 1_(1_'_#)60“2 (2.14)
1
‘Gl(a%)‘ = 1_(1_'_#)%2 (2.15)

Following the observation in Fig. 2.3, one can notice that the optimum damping ratio of the

AVA can be evaluated, when the response amplitude of the primary system at @, and &)

=G, (@)

From this condition the optimum tuning ratio (a),) of the system for the proposed AVA

are same and minimum, which can be mathematically expressed as |Gl (a)a)

with feedback gain F,, by the acceleration feedback can be written as given below.

@, =J(1=F,) /(1+ 1) (2.16)

This optimum value of the tuning ratio (a)opt) gives rise to the condition that the feedback

gain by the actuator must be F, <1. The obtained optimal tuning ratio (a%p;) of the AVA

is also verified in Fig. 2.4 by substituting Eq. (2.13) into Egs. (2.14) and (2.15) and plotting

the curves for the PVA and AVA with respect to variation in &), for ¢ = 0.05. From Fig.

)p,) is the intersection point of curves

2.4(a) one can observe that the optimal tuning ratio (ag
obtained from Eq. (2.14) and Eq. (2.15). These points are marked as C and D for the PVA
and AVA, respectively. The optimal tuning ratio (a)opt) obtained in Eq. (2.16) satisfied
with Fig. 2.4 for the PVA (F, =0) and AVA (F, =0.5) for 4 =0.05. Substituting ¢,
value from Eq. (2.16) into Eq. (2.10) one may obtain the following expression for @ and

@), at the fixed points.
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| e
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Fig. 2.4: Response amplitude of the primary system with AVA at the fixed points (a) F,
=0 (passive) (b) F, =0.5 (AVA).

2 2 1 U F
, = 1+ || ———2— 2.17
“ ((Zw-f;)} 247

Substituting Eq. (2.17) into Egs. (2.15) and (2.14) the corresponding response amplitude at

the fixed points &) and &) are obtained as \/ (2 +U—F, ) / (Fa + ,u). To obtain the optimal

damping ratio ¢, for the AVA, ‘Gl ( jw)‘ is obtained from Eq. 2.7, which is given below.

G, (je)|= \/—22 :gz (2.18)

The optimum damping ratio of the AVA can be obtained at which the fixed points become
the maximum response amplitude of the primary system, which gives rise to the following

expression [5-7, 16, 55-58, 100-103, 122-126].

0

o, 00

i G ()| =0 (2.19)

=0,

0
W|Gl (w)

The optimal damping ratio of the AVA leads to the maximum response amplitude of the

primary system at the fixed points which are obtained by solving Eq. (2.16), Eq. (2.17), Eq.
(2.18) and Eq. (2.19). The resulting optimal damping ratio (Z 2) for the proposed AVA at

the fixed point @) is obtained as given by the following expression.
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0 (w)= (2.20)

- ~ ~ 2 - ~ ~
522 (%) Chx\Cy 4C,\Cyy 2.21)

The ¢,(@,) and ¢,(q) values provide the peak value for ‘G

and ‘G1 (@)

respectively [126]. It may be noted that the optimized ¢, (¢,) and ¢, (cq,) value are very
close to each other. The optimum damping ratio is when the fixed points are equal, so the
convenient approximate of the optimal damping ratio (Z Op,) for the proposed AVA with

the acceleration feedback can be given by the following equation in terms of mass ratio /.

o —\/ZZ @ );ZZ («) (2.22)

where

C,,=C,C, _C6C9’ C,=C,C,+CC,-C,C,C, -C,C,, C;=C(C, -C,C,C,,
G, oG8, OGOl G4 CC, ~ OB By ~C.Cy GG G —C
C,=((1-F)w'-(1+1+pw

2 25\2
opt )w +a)opt ) 4

C, =4, ’w’ +4w, 1+ 1w’ -8a, 1+ 1w,

opt “a

C,=-2w, ~w), C,=4w,’, C;=(w,’ -w), C;=4w’w,’,

C,=2((1-F)w' -(1+(1+pw>)w’ +w, ), C, =201~ F)w’ -(1+1+ 0w
C, =4, +12w, 1+ 1)’ w* —16w,>(1+ L)@?,

C =((-Fa' -1+(+ 0w, )@’ +@,’),
= opt a‘%) +4a)0pt (1+/'I) C(% _8a)0pt (1+/’{)a%4’
AW, @), € =40’ G =@, ~a), G =4,

opt

C, =2(-F)@' -1 +(+pw,Hg’ +@,"), C;=2(1-F)’ -1+ +wa,’),
C —4a)0p, 120)0!,, 1+’ w" -16w @, A+, W, 1/ l—Fa /1+,u ,

npt opt )

(')z
|

N
&
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() (%J | (@ﬂﬂ—FF)j

The damping ratio of the proposed AVA is also optimized by using the GA toolbox in
MATLAB. The optimized values of the proposed AVA by GA are obtained by the

following steps. First, the maximum peak value of the frequency response curve is obtained

from Eq. (2.18) and Eq. (2.16) by considering ‘Gl ( ja))‘ as the fitness function and selecting

the upper and lower bounds of ¢, between 0 and 1. Then in the next step, the GA

optimization toolbox in MATLAB is used to obtain the optimal damping ratio of the AVA

from the above range of damping ratios. In the next section, the performance of the

opt

proposed AVA is studied with the obtained optimal tuning ratio (a) ) and damping ratio

(Z ow) by the FPT and GA for various values of feedback gain F.

2.5 Results and discussion

In this section, the responses of the system are studied with the obtained optimal parameters

and {

viz., W -

L, for the AV A by acceleration feedback considering £/ = 0.05 in the entire
analysis. In Fig. 2.5 the frequency response of the system is shown for various values of
F, with the optimized parameters obtained from Eq. (2.16) and Eq. (2.22) by using FPT
and GA techniques and substituting these optimal parameters in Egs. (2.7) and (2.8). From

Fig. 2.5(a) it can be observed that with increasing value of F, there is a corresponding

decrease in the response amplitude of the primary system. For F, = 0.19 there is an almost

60% decrease in the response amplitude of the primary system than the PVA in between

the peaks. Similarly, for F, = 0.5 and 0.8, the response amplitude of the primary system

a
reduces significantly close to the static deflection of the primary system. It may be also

noted from Fig. 2.5(a) that the response amplitude of the primary system shows two equal

Den Hartog’s peaks with the changes in F, values, which justifies the correctness of the

a

@, and ¢, relations by the FPT and GA optimization techniques. Fig. 2.5(b) shows that

with increasing F, values, the response amplitude of the secondary system increases. The
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responses obtained by using the ¢ o DY GA also show a similar response as with FPT, and

they are shown in Fig. 2.5(a) and Fig. 2.5(b) for three values of F,. However, the

comparisons of the responses at the peaks and valleys obtained by these two optimization

techniques are highlighted in Fig. 2.5(c) to Fig. 2.5(h). From Fig. 2.5(c) and Fig. 2.5(d)

with F, =0.19, one can observe that the Den Hartog’s equal peaks with GA {, , value, are

opt
slightly less than those obtained by using FPT. This difference is found to be approximately

0.14%. But the response amplitude of the primary system at the valley (close to the

resonance), with F, = 0.19 by FPT ¢ o » 18 slightly less compared to the GA. Similar,

observations are also noticed in Fig. 2.5(e) to Fig. 2.5(h). In Fig. 2.5() to Fig. 2.5(k), the

difference between the response amplitude of the absorber at the peaks and valleys are

studied with the {

o Values by the FPT and GA techniques considering Fig. 2.5(b). From
Fig. 2.5(1) to Fig. 2.5(k) it is observed that at the peaks with FPT the response amplitude of

the absorber is slightly more than the GA. The damping ratios obtained for various values

of the F, are given in Table 2.1. From this table, one can observe that the Zop, by FPT

technique is slightly less than that of the GA. Due to this, it can be observed that with GA
the response amplitude of the absorber is comparatively less than with FPT. From Fig. 2.5
it can be noticed that with the proposed AVA, both the FPT and GA optimization technique
gives almost similar responses. But the with GA the time required to obtain the optimal
damping ratio by the AVA is more. So one can use the close form optimal value of damping

ratio (Eq.22) obtained by the FPT technique to obtain the frequency response of the system

for various F, values quickly. The optimized damping ratios (Z Opt) obtained for various

a
values of the F, are given in Table 2.1 from the two optimization techniques. From this

table, one can observe that the ¢, o

. by FPT technique is slightly less than that of the GA.
Due to this, it can be observed that with GA the response amplitude of the absorber is
comparatively less than with FPT. From Fig. 2.5 it can be noticed that with proposed AVA,
if slight improvement in the simultaneous vibration attenuation of the primary system and
the absorber is required, then one can use GA optimization or if the vibration attenuation
of the primary system is the sole purpose then one can use FPT technique. But, with the

GA optimization technique, the time consumption is more to obtain the response. The

response amplitude shown in Fig. 2.5(a) for the passive vibration absorber (PVA, F, = 0)
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are also in good agreement with the work of Batou and Adhikari [319] (Fig. 8 classical

TMD). Further, from Table 2.1, one can observe that { op

for the PVA by FPT methods are

also in good agreement with the published work [20, 56-58, 100-103, 122-126]. From Fig.

(a)
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Fig. 2.5: Frequency response of the system with the optimized AVA (a) primary system

(b) AVA (c-h) comparison of responses at the peaks and valleys of the primary system

by FPT and GA techniques for different F, values, (i-k) comparison of responses at the

peaks and valleys of the absorber by FPT and GA techniques for different F, values.

2.5(a) one can also observe that the response amplitude of the primary system significantly

reduces from F, =0to F, =0.19 but this large reduction in the response amplitude is not

Table 2.1: Optimized damping ratio (Z opl) values for different feedback gains (Fa ) by

using FPT and GA optimization.

Active control force (F, ) ¢, by FPT {,n by GA
0 0.1336 0.133
0.19 0.2928 0.295
0.5 0.4432 0.453
0.8 0.5510 0.565
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observed when F, is increased from 0.5 to 0.8. These observations suggest that one can

obtain the optimal feedback gain for which the total vibrational energy of the primary
system is minimum. The optimal feedback gain F, at which the total vibration amplitude

of the primary system is minimum is shown in Fig. 2.6(a) and Fig. 2.6(b). In Fig. 2.6(a)

(a) (b) s
With passive optimal parameters 7| Present optimal parameters by GA
12
4.6
10
o] < 4.4
g ¢
< 8- {j a2 Optimum F, = 0.38
Optimum F, = 0.19
6 4
4 38
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
E) F @

Fig. 2.6: The vibrational energy of the primary system with (a) passive optimal

parameters (b) present optimal parameters.

the optimal feedback gain F, is obtained by using passive optimal parameters

W = 1/(1 + ,u) and ¢, =, /3,[1/8 (1 + ,u). The total vibrational energy shown in Fig, 2.6(a) is

calculated from Eq. 2.7, which is nothing but the area under the frequency response curve.
From this figure, it is found that for F, = 0.19 the area under the frequency response curve

is minimum, which corresponds to the optimal feedback gain. In the same way for the

proposed AV A using the obtained optimal tuning ratio and damping ratio obtained from

Eq. (2.16) and Eq. (2.22), the corresponding optimal feedback gain F, is obtained and

a

shown in Fig. 5(b). From this figure, the optimal F, at which the vibrational energy of the

primary system is minimum is found to be 0.38. Figures 2.7(a) and 2.7(b) provide a
comparison of the PVA and AVA with GA optimized parameters, taking into account how
quickly the mean fitness value converges to optimal fitness and the corresponding fitness
value. From Fig. 2.7(a) the best fitness value by the PVA is found to be around 6.46 and
the mean fitness value starts from 28 which requires more time to converge to the best
fitness value than the proposed AVA, which is shown in Fig. 2.7(b). From Fig. 2.7(b) the

best fitness value is around 1.66 and the mean fitness value starts from 2.9 which is
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Fig. 2.7: Fitness value of the primary system with optimized (a) PVA (b) AVA.

converged faster than PVA (Fig.2.7(a)). The fitness value shown in Fig 2.7 can be termed
as the maximum response amplitude of the primary system. From Fig. 2.7(b) it can be
noticed that with the AVA, the response of the primary system is nearly one-fourth of that
with PVA (Fig. 2.7(a)). In Fig. 2.8(a) and Fig. 2.8(b), the step response of the system is
shown with PVA and AVA, respectively. From these figures, one can observe the settling
time required to reach the steady-state response is more in the case of PVA (Fig. 2.8(a))
than with AVA (Fig. 2.8(b)). The response of the primary system improves tellingly in all
aspects with feedback gain as illustrated in Fig. 2.8(b) than with PVA (Fig. 2.8(a)). From
Fig. 2.8(b) it can be observed that with GA (black color) the primary system response is
marginally better than the FPT optimization technique (blue color). In Fig 2.9 the root locus
plot of the system is shown for PVA and AVA. All four poles of the system have negative
real parts, as shown in Fig. 2.9(a), but the roots are marginally stable with the PV A because

the solution approaches zero much more closely than with the AVA (Fig. 2.9(b)), where

(a) 2 —F=0 T Y—F, =O05(FPT) ‘
1.01 \/_ —_—F, = 0.5(GA) Rise time = 1.04 sec
1 1 : Peak time = 2.72 sec
© 157 — LSy Overshoot = 0.61
= 66 "% Steady state
,-g { E error = 0.006
% g:l' Rise time = ().94 sec
ﬁ? Rise time = 1.47 sec ;{‘: | Peak time = 2.47 sec
0.5 Peak time = 3.24 sec 0.5 0.995 Q Owvershoot = (.52
Overshoot = 0.9428 0.99 | Steady state
Steady state error = 0.06 19 20 21 error = 0.004
0 ' ' ‘ 0
0 20 40 60 0 10 20 30
Time(sec) Time(sec)

Fig. 2.8: Step response of the primary system with the optimal parameter using (a)

PVA (b) AVA.
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for F, =0.5 is considered. The two complex conjugate poles of the primary system transfer

function (Eq. 2.7) with PVA are crossing the real axis at -0.02 whereas with AVA these
poles are at -0.36. From these figures, one can observe that with feedback gain by the
proposed AVA the primary system is more stable than with PVA, and it reduces the

response amplitude of the primary system significantly.

1.5

4

4 T T T
(b) _0.105 1 0.075  0.052 0.036 0.022 0.08.5
3 T INT N s
0.17 i 25
2 T - 2
(LN} s

(a)

014

0.510.3 i

el SESEREREERRS i B g [0 : : 1

Tastes [IRRERES RORRLS = less ; vyl
Moa 1] Sl L 23
s 009 0062 u.tj44' 0.03 002 oujsf , 0405 | 0.075 0.052 0.036 0.0220.095
016 014 002 001 008 -0.06 004 002 0 s 04 03 02 0.1 4

Real Axis Real Axis

Fig. 2.9: Root locus plot of the primary system (a) PVA (b) AVA.

2.6 Summary

In this work, the fixed point theory (FPT) and genetic algorithm (GA) optimization
techniques are used to obtain the optimum tuning and damping ratio of a PZT stack
actuator-based SDOF spring-mass-damper active vibration absorber (AVA) with
acceleration feedback to suppress resonant vibration of a SDOF spring-mass-damper
primary system. The primary system is subjected to external harmonic force excitation. The

closed-form solutions are obtained by using the FPT technique for the optimized tuning

ratio and damping ratio in terms of the mass ratio ( ,u) between the absorber and the primary

system for the proposed AVA with acceleration feedback. The optimum feedback gain is
also evaluated and significant vibration suppression in terms of total energy is achieved.
From the previous literature, the optimized damping ratio and tuning ratio for the PZT
based AVA with acceleration feedback was not found. So the proposed AVA uses
acceleration feedback which is easier to implement in many applications in the form of an
accelerometer compared to other feedbacks. The optimum damping ratio by the GA takes
more time to converge for different feedback gains by acceleration feedback, so one can
use the obtained close form solution for the optimal damping ratio by the FPT optimization

technique.
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CHAPTER 3

Dynamics of ANVA using Time Delay Acceleration Feedback

3.1 Introduction

In this chapter, dynamic analysis of an active nonlinear vibration absorber (ANVA) using a
lead zirconate titanate (PZT) stack actuator has been carried out considering time delay in the
acceleration feedback. Here the primary system is modeled as a harmonically base excited
system with a nonlinear spring, damper and mass which is subjected to an external harmonic
force. The smart absorber consists of a nonlinear spring, mass and damper system along with
a linear spring connected in series with the PZT stack actuator. In the proposed model the
feedback gain is produced by the combination of spring and the PZT stack actuator which
requires less voltage compared to that of the conventional system where the actuator is directly
connected to the primary system and one can tune the frequency ratio of the absorber actively.
The nonlinear governing equation of motion of the system is derived and solved by using a
modified harmonic balance method (HBM) and presented in section 3.2. The steady-state
response is obtained by using Newton’s method and the stability of the system is studied using
the reduced equations. It has been shown that the proposed novel vibration absorber which has
an inbuilt fail-safe design can absorb the vibration of the system more effectively with
negligible damping than the available passive and active vibration absorbers. Also, Den
Hartog’s equal peaks are achieved when the primary system is subjected to both harmonic force

and base excitation. These studies are given in the results and discussion section (section 3.3).

It is observed that most of the works on the DV As are based on linear primary and secondary
(absorber) systems and very few researchers have studied the nonlinear vibration absorber to
absorb the vibration of the nonlinear primary system. Though several studies have been made
on PZT patch actuators for vibration suppression, in very few literature PZT stack actuators are
used [144, 145, 154, 281, 285]. Though accelerometers are commonly used for vibration

measurement [38] most of the studies considered displacement or velocity feedback [5, 20, 30,
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31, 122-131, 144, 145, 154, 215, 216, 221, 251, 290, 320] instead of acceleration feedback
of the system which shows better vibration suppression [321-324]. Hence, few studies have
been made on acceleration feedback. Further, in most cases, the time delay in the feedback
between sensing and actuation is ignored. In a few works, both the external forcing and
base excitation are considered to obtain the Den Hartog’s equal peaks for the nonlinear
primary and secondary systems. Hence, in the present chapter, an attempt has been made
to develop a novel vibration absorber for suppressing the vibration of the nonlinear primary
system with a nonlinear absorber containing a linear spring with the PZT stack actuator and
time delay acceleration feedback system. In the next section, the mathematical modeling of

the proposed ANVA is presented.

3.2 Mathematical Modeling of the System

Figure 3.1 shows the PZT stack actuator-based active nonlinear vibration absorber (ANVA)
connected to a harmonically base excited single degree of freedom primary system with a

nonlinear spring, mass and a damper. In this figure m,, ¢, k;, and k, denote mass,

damping, linear and nonlinear stiffness of the primary system (i = 1) and the absorber (i

=2). The primary system is subjected to an external harmonic force F;, cos(Q,7) and a base
excitation ¥ cos(Q,t). The feedback gain f, is produced by the combination of a PZT
stack actuator with stiffness k, and a linear spring with stiffness k,. The governing
equations of motion of the system in terms of the displacements of the primary system ( x,
) and the secondary system (x,) are described by two ordinary coupled nonlinear

differential equations of motion using Newton’s second law or d’Alembert’s principle

which are given below.

%5

m,

k k %f L %k? E:/
20 3 i p C,
* k}:'

m

Y4 | 4F, cos(Qy)
hoke S T2 Y=heos(@)

Fig. 3.1: PZT stack actuator based active nonlinear vibration absorber.
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mx, +C1(5C1 _5’)+Cz (5“1 _x2)+k1(x1 _y)+k13(x1 —y)3 +k2(x1 —xz) 3.1
+k23 (xl _xz)3 :Elcos(Qlt)_fc
m,Xx, +c, ()'c2 —)'cl)+k2 (x2 —xl)+k23(x2 _X1)3 =f. 3.2)

In the absence of feedback gain f,, spring stiffness k, and base excitation, Egs. (3.1) and
(3.2) can be reduced to that of Cirillo et al. [169] and Habib et al. [162]. The feedback gain
produced by the PZT stack actuator and the spring stiffness k, in series may be written as
f. =k, (x,+0,—x,) where the equivalent stiffness k, = (k3kl‘)E ) / (k3 +k, ), and J, is the
nominal displacement of the PZT stack actuator at the juncture of the primary system. The
nominal displacement of the actuator can be written as J, =nd,,v [20], where,n, d,, and

vdenote the number of wafers in the PZT actuator, dielectric charge constant and the
voltage applied to the actuator, respectively. The acceleration of the primary system can be
measured by a separate non-contact type accelerometer and by considering a time delay of
r in the acceleration feedback the actuation is provided by the PZT actuator. The voltage

applied to the PZT actuator by the time delay 7 in the acceleration feedback can be written

as v :kc(jc'l (t—T )), where, k., denote controller gain in the acceleration feedback.

Substituting the value of v in f,, the modified equation can be written as follows.
f. =k, (5 —x, +nd k% (1 -1)) (3.3)

Equations (3.1) and (3.2) are rewritten below in the non-dimensional form by assuming

non-dimensional time 7, = &jt, where, & =k, / m,.

i, +2¢ 1, +2{,QY sin (Q7, — y) =20, +u, +ayu’ —(a +a, )u, - Bu,’ = F,cos QT,

u’Y cos(Qr, - y) - (3.4)
» | = Flii, (1, = 1)
u, (Y cos(Q T, —y))

cl

+Y cos(Q T, —y) +a, (Ycos(Q T, —y))3 +3a,,

pity + 281y + (@ +a, Ju, + fu,’ = F iy (7, ~T) = i (3.5)

where
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c c k k,
ulle/x(), u2=(x2 —xl)/xo, /’1=%’ lezm]la{, Zz =m, O':;?, ar =;1, Y=Y()/x(),
kx,° k,,x,” F Q Qr
a =t p=tt po TP =giond, Q="2, Qu="20=Q1-y
kl kl ma X, q q

Q,r
It may kindly be noted that the term Q,r =—2-L is assumed to be Q7,-) and x, =
@

reference length. Here the frequency of the base excitation term is chosen in such a way

that there is a phase difference ) between F, and Y. It may be noted that Eqgs. (3.4) and
(3.5) are written by considering the relative displacement of the absorber i.e,
u, = (x2 - X, ) / x,, by which the complexity associated with the expansion of the nonlinear
term (x2 - X )g reduces and one can easily obtain the solution. The approximate solution of

Egs. (3.4) and (3.5) are discussed in the following section.
3.2.1 Approximate solution by HBM

In this section, the steady-state solution of the Eqgs. (3.4) and (3.5) are obtained by using

the harmonic balance method (HBM). Here the solution of u, and u, are written using the

slowly varying function of time A, B, ¢, and @, as given below.

u, = A(1,)cos(Qr, =, (1,)) (3.6)
u,(1,-1) = A(1,)cos (Q(r, -7) =@, (7, - 7)) (3.7)
u, = B(1,)cos(Qr, =4, (1)) (3.8)

It may be noted that in the conventional HBM [12] generally the coefficients are taken to

be constants. But here, both the amplitudes (A(T1 ), B(T1 ) ) and the phases (@, (T1 ) , 9, (Tl)
) are considered to be slowly varying functions of time 7, such that one can neglect the

following terms: A, &, B, @, A¢l, B¢2, ¢12, ¢22. Substituting Egs. (3.6) to (3.8) into
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Egs. (3.4) and (3.5) and equating coefficient of sin Q7, and cosQ7, terms, Egs. (3.4) and

(3.5) can be written in the following compact matrix form:

al a2 a3 a4 A bl
as 4g 4 4y ¢.1 — b, (3.9)
ag @y a,; ay||B b,
a13 a14 alS alf) ¢2 b4
where q, to a,, and b, to b, are given as
a, = -2Qcos@, +2{ sing, +2F Qsin @, sinQr-2F Qcos@ cosQT,
a, =2¢,Acos @, +2QAsin @, +2F AQsin @, cosQ, +2F AQcos @, sinQ7,
a, =-2¢,sin@,, a, =-2{,Bcos @,,
a; =2Qsin(@,) + 24, cos(¢,) +2F Qsin @, cos QT +2F, Qcos @ sinQ7,
a, =-2¢,Asin @, +2QAcos @, -2F, AQsin @, sin Q7 +2F, AQcos @, cos QT,
a, =-2{,cos@,, a; =2{,Bsin@,,
a, =-24Qcos @, -2F, Qsin @, sin Q7 +2F Qcosp, cosQr,
a,, =2UQAsin @, -2F, AQsin @, cos QT -2F, AQcos ¢, sin QT,
a, = -21Qcos@, +2¢,sing,,
a,, =2{,Bcos @, +21QBsin @,,
a,, =2MQsin @, -2F, Qsin ¢, cos QT -2F, Qcos P, sinQ7,
a,, =2QuAcos @, +2F AQsin ¢, sin Q7 -2F, AQcos @, cos QT
a5 =2Qsin @, +24, cos @,,
a,, =-2{,Bsin @, +21QBcos @,,
b, =N,cos¢, +N,sing, + N,cos@, + N,sing, +N,, ,
b, =—N,sin@, + N,cos@, —N,sing, + N,cos¢p,—F, +N,,,
b, =Nscos@, + N.sing, + N, sin@, + N,,
b, =—Nsin@, + N,cos@, + N,cos@, + N,.
From Eq. (3.9) the following amplitude and phase equations are obtained.
A=f(A B. ¢. ¢,). (3.10)
$,=1(A B, ¢, ¢,). (3.11)
71
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B=f,(A B, ¢. ¢,). (3.12)

6,=f.(A B, . ¢,). (3.13)

The steady-state solutions of the slow-flow equations are obtained from Eq. (3.9) by taking

A= ¢] =B= ¢2 =0 and the corresponding equations are given below.

N,cos@¢, +N,sin@g, + N,cos@, + N,sing, +N,, =0 (3.14)
—=N,sing, + N,cos@, —N,sing, + N,cos¢p,—F, +N,, =0 (3.15)
N cos@, + N sing, + N, sing, + N, =0 (3.16)
—Nysing, + Nycos@, + N, cos @, + N, =0 (3.17)

where, N, to N,, N,, and N,, are given as

N, =-2{,AQ, N, =(-Q* +1) A, N, =2{,BQ. N, =—(aB +0.7588").

N, =-a Bsing, +0.75a,,A’sin ¢, - F, AQ’ sin (¢, + Q1)
~0.75A%Y sin (2@, ) cos () +1.5a,,AY* sin g, —0.75a,,AY " sin §, cos (2))
~Ysin(y)-0.75a,,Y’ sin(y) —1.5a,,A°Y sin (y) +2{,QY cos( )
+0.75a,,A%Y cos (24, )sin(y) = 0.75a,,AY* sin (2y) cos (4, ).

N, =-2{,BQ, N, =-1Q’B+aB+0.75B8B°, N, =—LQ’A,

N,, =a,Bcos @, +0.75a,,A’ cos ¢, = F,, AQ* cos (4, + Q) =Y cos(y)
-0.75a,,Y’ cos(y) —1.5a,,A’Y cos(y) = 0.75a,,A’Y cos(y)cos(24,)
+1.5a,,AY" cos (@, ) +0.75a,,AY " cos (@, ) cos (2y) —2¢,QY sin ()
+0.75a,,AY sin (24, )sin () +0.75a,,AY* sin (2))sin (¢, ),

N, =-a,Bsing, + F,AQ’sin (¢, +Qr1), N, =—a,Bcos @, + F, AQ" cos (¢, + Q).

It may be noted that in the conventional HBM one has to do the stability analysis using the

original equation after getting the response [12] but in the present case, both the response
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and stability analysis can be performed simultaneously by using the reduced Egs. (3.10) to
(3.13). The stability of the steady-state equations of the slow-flow equation thus obtained
is ensured by the negative real part of the eigenvalues of the Jacobian matrix which is given

below.

o O O O]
A 0¢, 0B 09,
o, 9o, o, 09,

| a4, OB ¢,
- (3.18)
o, Oof, 0fy Of;

0A 34, 0B 09,
o, o, o, O
A 03¢, 3B 09, |

The steady-state solutions of the slow-flow Egs. (3.14) to (3.17) are solved by using

Newton’s method and are discussed in the following section.

3.3 Results and Discussions

In this section, the performance of the active nonlinear vibration absorber (ANVA) is
studied for a mass ratio of 1:20 (i.e., # = 0.05) by using the frequency response curves
(FRC), time responses and phase portraits for various system parameters such as cubic
nonlinear stiffness in the primary system a,,, cubic nonlinear stiffness of the absorber [,
feedback gain F,, time delay 7, amplitude of base excitation Y, the amplitude of
harmonic force excitation F, and stiffness of the spring k, between the PZT stack actuator
and the absorber. The FRC for the primary system and the ANV A are found by numerically
solving the four equations (Egs. (3.14 - 3.17)) by using Newton’s method. It may be noted
that these equations are obtained by using HBM. These results are initially compared with
the developed SIMULINK model (Appendix-A) by solving Egs. (3.4) and (3.5). Further, it
is compared by studying Eqs. (3.4) and (3.5) using the fourth-order Runge Kutta method.
The MATLAB command ode45 is used for the system without delay and dde23 is used for
the system with delay. The stiffness and damping parameters for the ANV A are taken from
the work of Habib et al. [161], and Mallik and Chatterjee [20] have been referred for the
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properties of PZT stack actuator. With reference to Eq. (3.4) and (3.5), the nondimensional

natural frequency of the primary system is & = 1, the damping ratio of the primary system
¢, = 0.001 and for the absorber is ¢, = 0.0064, the linear stiffness ratio between the
absorber and the primary system is (a + ar) = 0.0454, external forcing amplitude F, =0.1
and x, = 1. The amplitude of the external forcing F, is considered to be equal to 0.1 in the

sub-section 3.1 - 3.5, 3.7 and 3.8 and in other sub-sections F; values are varied from 0.0005

to 1 while all other system parameters are kept the same in all sections as mentioned above.

In sub-section 3.3.1 - 3.3.6, 3.3.8 and 3.3.9 frequency responses, time responses phase
portraits, Poincare’s section and basin of attractions of the system are studied by

considering only the external harmonic excitation F, cosQ7, and hence the amplitude of

harmonic base excitation Y is considered to be zero. In other sub-sections, 3.3.7, 3.3.8 and
3.3.10 FRC of the system are studied for both external harmonic and base excitation. In the

following subsection, the frequency response of the passive linear system is studied.

3.3.1 Passive linear system

The FRC of the primary system and the ANVA in the absence of any nonlinearity are shown
in Fig. 3.2 with the optimal system parameters taken from Habib et al. [161]. The results
obtained in the frequency responses are compared with the numerical simulations using the
Simulink model and they are found to be in good agreement as shown in Fig. 3.2(a) and
3.2(b). From Fig. 3.2(a) it is observed that the amplitudes of the two resonating peaks are
the same and equal to 0.62 at a frequency Q =0.89 and 1.05. The response amplitude of
the primary system at resonance (i.e., Q = 1) is 0.54. The absorber response is shown in
Fig. 3.2(b) where the response amplitude at the peaks and the valley are 2.102 and 2.05,
respectively. These results are similar to earlier theoretical analysis [216, 161, 12] and
experimental studies [65, 325]. In the literature [38, Fig. 3.2(a)] the amplitude of external

excitation is considered as F; = 0.001 and they observed linear behavior with a maximum
amplitude of 0.0062. In the present work, the forcing amplitude F, = 0.1, (100 times more)

and the corresponding response amplitude is found to be 0.62, which is also 100 times more

than the response amplitude in [161]. Hence both results are consistent as per the
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Fig. 3.2: Frequency response of the (a) primary system and the (b) absorber.

superposition rule for the linear system. This validates the use of the harmonic balance
method (HBM) formulation for the linear case and validation for the nonlinear cases is
given in subsequent sections. In the next sub-section, the effect of cubic nonlinear stiffness

in the absorber on the FRC is studied.

3.3.2 Effects of cubic nonlinear stiffness in PVA

The FRC of the primary system and the passive absorber are shown in Fig. 3.3 for two
values of cubic nonlinear stiffness £ equal to 2.2% (0.001) and 22% (0.01) of the linear
stiffness of the absorber. It is observed from Fig. 3.3(a) that for £ = 0.001 the first
resonating peak is at 0.86 for Q = 0.92 and the second peak is at 0.53 for Q = 1.1.
Similarly, the response amplitudes of 2.49 and 1.73 are observed for the absorber (Fig.
3.3(b)) at the same frequencies. From Fig. 3.2 and Fig. 3.3(a, b) it is observed that when

the operating frequency Q is greater than 1, the response of the system is better in Fig. 3.3

@ 1B (b) 5 S T B=001
. unstable
4 3 =0.001

o SIMULINK

1.2 14 1.6

' . . 1

Fig. 3.3: Frequency response curve of the system for £ =0.001 and S =0.01.
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which reduced the second peak response 15% more than the linear system. For S = 0.01
it is observed from Fig. 3.3(a) that the response amplitude of the primary system increased
sharply from 0.9 to15 for Q in the range of 0.9 to 0.972. Similar frequency response for
the absorber is observed in Fig. 3.3(b). The second peak amplitude of the primary system
and the absorber are observed at Q = 1.15 with amplitudes of 0.31 and 1.12, respectively.
The unstable solution in the frequency response is observed for Q = 0.971. It is inferred

from Fig. 3.3 that for £ equals to 2.2% or 0.001 the system amplitude reduces by 15% in
the second peak, however, an increase in £ value to 22% or 0.01 makes the equilibrium

points unstable and creates a larger response in the system. Similar responses are also
observed for [ equals 10% and 15% of linear stiffness. Hence the cubic nonlinear stiffness
value in the absorber must be less than 2.2% of the absorber's linear stiffness. So one may
investigate the use of an active vibration absorber (AVA) if the nonlinearity is more than
2.2%. As shown in this figure, the results obtained from HBM and Newton’s method are

also compared with the numerical simulations and are found to be in good agreement.

3.3.3 Effects of cubic nonlinear stiffness in the primary system

The FRC of the primary system and the passive absorber are shown in Fig. 3.4 for cubic

nonlinear stiffness in the primary system @, equal to 10% 1.e., 0.1 and 100% i.e., 1 of the

linear stiffness of the primary system. The FRC of the system obtained by Newton’s method
is also compared numerically by the fourth-order Runge Kutta method by solving Eq. (3.4)

and (3.5) showing a good match with each other. For a,; = 0.1, it is observed from Fig.

3.4(a) and Fig. 3.2(a), that the response amplitude in the first resonant peak decreases from
0.62 to 0.57 and at the second peak it increases from 0.62 to 0.66 than the linear primary
system. The absorber frequency response is shown in Fig. 3.4(b) which showed similar

characteristics as the primary system. For a,, = 1, in Fig. 3.4(a) one can observe two saddle

points at Q = 1.18 and Q = 2.02 showing jump up and jump down phenomena
respectively. The second peak in the frequency response is at 1.7 due to the hardening effect
in the frequency response while the first peak amplitude is 0.39 at Q = 0.89. The FRC of
the passive absorber is shown in Fig. 3.4(b) where the same nonlinear behavior is observed
as the primary system and the maximum amplitude response is found to be 2.32. The

frequency response for Q in the range of 1.18 to 2.02 shows two stable and one unstable
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branch. Hence for nonlinear stiffness in the primary system below 10%, the system does
not show any appreciable changes in the FRC than the linear system but when the primary
system is highly nonlinear then the response amplitude and unstable region increase as

evident from Fig. 3.4. It may be noted that the computational time

(a) 20 zl:; = (1)-1| : (b) 3
. 13 =
- unstable 251
15 Numerical /

° Method 2t

1 Q 1.5 2 1 O 1.5 2

Fig. 3.4: Frequency response of the system for a,; =0.1 and a,, = 1.

required to obtain the FRC by SIMULINK (Fig. 3.2 and 3.3) or the fourth-order Runge
Kutta method (Fig. 3.4) is more as one has to get the response at each frequency point.
Time taken to obtain a single point on the response curve takes 1 minute (intel 7 (3 Gen),
3.12 GHz, 8 GB RAM, Windows 10), so to obtain complete FRC which consists of more
than 100 points it will take more than 1 hour and 40 minutes, and also unstable points are
difficult to obtain. Using the HBM method the computational time required to obtain the
plot is only 6 minutes so, one can use the proposed HBM method to reduce the
computational time and study the stability of the response. Unlike other perturbation
methods where the small divisor terms in the equation motion are required to obtain the
solution but in HBM one can use the procedure without ordering the equation. Further, in
this modified HBM one can obtain the stability of the system by using the Jacobian matrix
of the reduced equations. While the above-mentioned FRC shows the response of the
system with the PVA, in the next section the study has been carried out for AVA by using

the PZT stack actuator with acceleration feedback.

3.3.4 Active vibration absorber

In this section, the FRC of the proposed ANVA are found for four different cases namely,

linear, nonlinear spring in the primary system, nonlinear spring in the absorber and
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nonlinear spring in both the primary system and the absorber, with negative feedback gain

F,, =0.1 and they are shown in Fig. 3.5. For the linear case, it is observed from Fig. 3.5(a)

that with the active feedback gain (blue) the response amplitude decreases from 0.62 (Fig.

3.2(a)) to 0.49 in the first peak (21%) at Q = 0.8 and for second peak it decreases from 0.62
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Fig. 3.5: Frequency response of the system (a, b) linear and nonlinear stiffness (a,, = 1)

in the primary system. (c, d) nonlinear stiffness (£ = 0.01) in the absorber (e, f)

nonlinear stiffness in both the primary system (a,, = 1) and the absorber ( 8 = 0.0042).
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(Fig. 3.2(a)) to 0.34 (45%) at Q =1.2. It may be observed that these peaks are occurring at

different frequencies due to the presence of feedback gain in k, . The response amplitude

at the resonating frequency (Q =1) decreases from 0.54 (i.e., in the passive case, Fig 3.2(a))
to 0.15 in the present active case which is a 72% reduction. But the response amplitude of
the absorber increases from 2.4 to 3.6 (50%) for the first peak and from the same value to
2.6 (8%) in the second peak as shown in Fig. 3.5(b) and Fig. 3.2(b). Further considering a

realistic system where the primary system is considered to be highly nonlinear (a,; = 1),

the FRC is shown in Fig. 3.5(a) (black). Unlike in Fig. 3.4(a) here, the frequency response
of the primary system shows no unstable region and the amplitude of vibration reduces
from 0.39 to 0.36 (7.7%) in the first peak and from 1.8 to 0.42 (77%) in the second peak.
The FRC for the absorber (Fig. 3.5(b)) seems to be similar to the linear system and no
unstable region is found unlike in the case of Fig. 3.4(b) but the amplitude of the response
increases from 1.5 to 2.7 in the first peak and 2.3 to 2.8 in the second peak. Comparing the
linear and the nonlinear responses it is observed that the response amplitude for the linear
system decreases 34% in the first peak but at the second peak it increases 14% while, at the
resonating frequency, the response amplitude remains the same as the nonlinear primary
system. In Fig. 3.5(c, d) the FRC of the system is studied for g =0.01. From Fig. 3.5(c) it
is observed that by the applied feedback gain a small range of unstable zone is found when
0.962<Q < 0.965 with jump up and jump down phenomena. In addition, the equilibrium
points show an unstable region when 1.195< Q <1.373 showing Hopf bifurcation points at
Q =1.195 and 1.373. The response amplitude of the nonlinear absorber is shown in Fig.
3.5(d) which increases as compared to Fig. 3.3(d). In Fig. 3.5(e, f) nonlinear stiffness in

both the primary system (a,, = 1) and the absorber (8 = 0.0042) are considered. It may

be noted that here, optimum nonlinear stiffness coefficients are considered from the work
of Habib et al. [161]. It is observed from Fig. 3.5(e) that with the feedback gain F, = 0.1,
the response amplitude of the primary system reduces for 1.136<Q<1.32 and shows
saddle-node bifurcation points at Q =0.982 and 1.136. Here, also it may be noted that at
the resonant frequency i.e. Q = 1 the nonlinear system has two stable and one unstable
solution out of which the lower stable solution has a value that is less than that found in
[161], where the F,, =0. Also, F,, =0 gives less response amplitude than F,, =0.1 above
Q > 1.32 and for 0.62< Q < 0.98. From Fig. 3.5(f) it is observed that the response amplitude
of the absorber is more in the case of AVA than the PVA at the peaks.
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From Fig. 3.5 it is observed that with the applied feedback gain considering only high
nonlinear stiffness in the primary system there is much decrease in the unstable region of
operating frequency and also the vibration of the primary system, however, the amplitude
of the absorber increases at the peaks. In the following section nonlinear stiffness is
considered in both the primary system and the absorber and the variation of feedback gain

on the frequency response is studied.

3.3.5 Variation of feedback gain on the frequency response

The effect of four values of feedback gains F, viz 0 (green), 0.1 (cyan), 0.2 (black) and

0.5 (blue) on the FRC of the system is studied in this section.

3.3.5.1 Nonlinear stiffness in both the primary system and the absorber

In Fig. 3.6 (a, b) and (e, f) the FRC of the system is shown by considering two values of
nonlinear spring stiffness in both the primary system and the absorber. In Fig. 3.6(a, b) the

nonlinear stiffness a,, and g are considered equal to 0.1 and 0.001, respectively. From Fig.
3.6(a) it is observed that with F; = 0 the primary system shows two peaks with amplitude

0.69 and 0.54 at Q equals to 0.92 and 1.08, respectively with no unstable zone. But by

increasing F, values from O to 0.1, the amplitude of the two peaks shifts and occurs at Q

equals to 0.908 and 1.24. A minimum of 55% reduction in the vibration of the primary

system is observed with F,| =0.1 than F, =0when 0.91<Q <2. However, the system shows
an unstable frequency zone with F, = 0.1, for a small range when 0.906< Q <0.91 with two

stable and one unstable branch. The jump up and jump down phenomena are observed with

saddle-node bifurcation points at Q =0.906 and 0.911. Further increasing F,; values from
0.1 to 0.2 the primary system amplitude reduces to 0.003 (96%) than for F,, =0 when Q>

0.96, but at the same time more hardening effect in the FRC is observed with instability zone
when 0.888<Q <0.956. Two saddle points are observed at Q = 0.888 with the jump-up
amplitude height 0.7 and at Q = 0.956 with the jump-down amplitude height 1.44 for F,, =

0.2. It is observed from the FRC that with an increase in the F, at first peak the system

amplitude increases and for a very small range of operating frequency the system shows an
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unstable fixed-point solution but for a larger band the amplitude of the response reduces
significantly. In Fig. 3.6(c, d) basin of attraction for the primary system is plotted at the
points D (Q =0.82) and E (Q =0.889) of Fig. 3.6(a). From Fig. 3.6(c) at point D, one can
observe a single stable point with a response amplitude of 0.64. Also in Fig. 3.6(d) at point
E two stable points with response amplitude of 1.2 and 0.4, with a separatrics at response
amplitude of 0.62 can be observed which are evident from the FRC curve shown in Fig.

3.6(a). In Fig. 3.6(b) the amplitude of the absorber for F, = 0.1 shows marginal higher

(a) 2F

F,=0 _

F,=01

1.5 [ Fcl =0.2]
F.=05

- 1 unstable 1

Fig. 3.6: Frequency response of the system for variation in feedback gain F,, for (a, b) a,,
=0.1and £ =0.001. (c, d) Basin of attraction of the primary system at Q = 0.82 and

0.889. Frequency response of the system with different F,, for (e-f) a,, =1and £ =0.01.
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Fig. 3.7: Time responses (a, b), phase portraits and Poincare’s section (c, f) at the

frequency points P (Q=1.15), Q (Q=1.25), and R (Q=1.52) for F,, =0.2. (g, h) phase
portraits and Poincare’s section for F; =0.2 at Q=1.08 and Q =1.32 (i) Lyapunov

exponents for F,, =0.2 at Q =1.08 and Q =1.32 for initial condition (1, 0, 1, 0)

amplitude for Q >1 but for Q <0.9 the absorber amplitude increases with the same unstable

zone as discussed above. In Fig. 3.6(e, f) highly nonlinear system is considered with a,

and B equals to 1 and 0.01, respectively. In Fig. 3.6(e) for F,, =0 two high peaks with
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amplitude equals to 0.87 and 0.35 at Q =1.16 and 1.18, respectively with the stable and
unstable solutions appear when 1.062<Q <1.162 are shown. The jump-up amplitude of
0.32 and jump-down amplitude of 0.54 are observed at Q =1.062 and 1.162, respectively.
The Hopf bifurcation points are observed at Q =1.103 and at 1.163. The response
amplitude at the first peak of the primary system reduces from 0.87 to 0.56 with | =0.1
compares to when F, = 0 but creates a wider range of unstable zone with saddle-node
bifurcation points at Q = 1.014 and 1.146 and Hopf bifurcation points at Q = 1.172 and
1.338. The same effects are also observed for F,=0.2 and 0.5 with more hardening effect
and unstable region. The amplitude of the primary system at the first peak (Q = 1.016)
decreases 80% with an increase in F,; from 0 to 0.5 but shows both stable and unstable
fixed-point solutions. However, the jump up and jump down amplitude height increases
with a more hardening effect. In Fig. 3.7(a, f) for F,, =0.2 (black line) the time responses,

phase portraits and Poincare’s section at point P (Q = 1.15, stable point), Q (Q = 1.25,
unstable point) and R (Q = 1.52, unstable point) of Fig. 3.6 (e) are shown. From Fig. 3.7(a,
b) time response, fixed point response is observed at point P, quasi-periodic responses are
observed at points Q and R. From the phases portraits Poincare’s section and Lyapunov
exponents in Fig. 3.7(a-i) existence of periodic, quasiperiodic and chaotic responses in
addition to fixed point responses are clearly observed for different system parameters.
Hence one must choose the system parameters carefully to suppress the excessive vibration

in the system.

3.3.5.2 Linear system

The FRC of the linear system with a variation of F,, is shown in Fig. 3.8(a, b). It is observed
from Fig. 3.8(a) that with higher F, the amplitude of the primary system reduces for all

frequency of operation with no unstable zone and shows a significant decrease in the

amplitude response at the second peak. The system with F, = 0.5 shows around 90 %
reduction in vibration than F, =0 for Q >0.85 but at the same time the absorber amplitude

(Fig. 3.8(b)) at the peaks increases. Hence from Fig. 3.8, it is observed that large vibration

reduction in the primary system is achieved with higher values of F, when the system is

linear. But when both the primary system and absorber are nonlinear (Fig. 3.6 and 3.7), then

for a particular operating frequency higher feedback gain may not be effective. It is also
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observed that for a,,> 10% and B >2.2% of the linear stiffness the system shows a wider
unstable range of frequency. So, one has to choose F, values judiciously to suppress the

vibration of the system for a broader range of operating frequencies. In the following section,

the effects of variation in the amplitude of external force excitation on the FRC is studied.

(@ 0.6} F,=0 {(b)
- Fi.=02
0.4
<
0.2+
0 |
0.5 10 1.5 2

Fig. 3.8: Frequency response of the linear system for variation in feedback gain F, .

3.3.6 Effects of variation in the amplitude of external excitation

In this section, the effect of three values of the amplitude of external excitation F, equal to
0.1 (cyan), 0.5 (black) and 1(green) on the FRC of the system are studied without any applied
feedback gain and the results are compared with those obtained by numerically solving Egs.
3.4 and 3.5. In Fig. 3.9 (a-b) the FRC of the system is shown for @,, and [ equal to 0.1
and 0.01, respectively. From these figures, it is observed that with an increase in the
amplitude of external excitation the peak response amplitude of the system increases. For
F, =0.1 the jump up and jump down phenomena are observed with saddle-node bifurcation
points at Q equals to 1.005 and 1.087, respectively. An isolated stable and unstable region
is also observed when 1.25<Q <1.356 Further, increase in the F; value from 0.1 to 1, the
system response amplitude increases with a large increase in the jump up and jump down
height as shown in Fig. 3.9 (a, b). The Primary system shows only a single peak (Fig. 3.8(a))
but the absorber shows two peaks (Fig. 3.9(b)). In the case of point Hopf bifurcation point S

(Q=1.4), the time response of the primary system is found to be periodic with many
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harmonics and for the absorber, it is found to be quasiperiodic. For other points near Hopf
bifurcation point R (Q=1.552) both the primary system and the absorber have a
quasiperiodic response which is clearly evident from Poincare’s section (Fig. 3.9(c, d). In
the following section, the same system is studied where the primary system is also subjected

to base excitation.
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Fig. 3.9: Frequency response of the system for variation in the amplitude of external

force F, (a,b) a,; =0.1 and B =0.01. Time response and Poincare’s section at S (Q

=1.4)and R (Q = 1.552) for F, =0.5.

In Fig. 3.10 the response of the highly nonlinear system is analyzed for the variable
amplitude of external excitation for three different frequenciesi.e., Q =1.2, 1 and 0.8. From

Fig. 3.10 (a) and Fig. 3.10 (c) it is observed that with F, = 0.1 the response amplitude of
the highly nonlinear primary system (a,, = 1) decreases and no unstable region is observed

for different frequencies. The Hopf bifurcation points without feedback gain are observed

at F, =0.062 and F, =0.104 for Q = 1.2. The effectiveness of the feedback gain in

TH-2895 136103038 85



Chapter 3

1.5
(a) =0

<t
=12
0.5 0.5 unstable
0 / N=1
0 0 005 00 0=08
0 0.5 1 1.5
F
1.5 :
(C) Fd: 0.1
1 L
<T
04
0-3 0.2 Q=19
0 2=1
0 0 005 01- Q=038
(e) 1.5 =0
1
<5
4 7 =12
03 i unstable|
0 Q=1
0 0 005 01 - Q=028
0 05 1 L5

1t \
<
{ = - =12
0.5 . 2 - unstablée
0 =1
0 0 005 01- £2=08
0 0.5 1 1.5
Fy

0 0.05 0.1

05 g 1

1.5

0.5 F

1

1.5
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0.(z.h) @, =1, 8 =0.0042and F, =0.1.

suppressing the vibration is more observed for external amplitude excitation in the range

of 0 to 0.2. In Fig. 3.10 (e-h) optimal nonlinear stiffness parameters (a,, =1, § =0.0042)
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from the work of Habib et al. [161] are considered. From Fig. 3.10 (e) and (g) it is observed

that with F, = 0.1 the response amplitude of the primary system decreases for F; in the
range of 0 to 0.1. The Hopf bifurcation points is observed at F, =0.107,0.2 and Q =0.274
for Q = 1.2 without feedback gain. But with F = 0.1 the Hopf bifurcation points are
observed at F, =0.116, 0.124, 0.276 and 0.432 for Q =1.2 and F, =0.071 and 0.115 for
Q= 1. The response amplitude of the absorber increases with F,, =0.1 compared to F,, =
0. From Fig. 3.10 it is observed that with F; = 0.1 the response amplitude of the highly

nonlinear primary system decreases with feedback gain but for the higher amplitude of
excitation, the effectiveness of feedback gain is not observed. However, one can suppress

the vibration for a higher amplitude of external excitation by increasing the feedback gain.

3.3.7 AVA with both harmonic force and base excitation

Considering both external harmonic and base excitations, the FRC of the system is shown
in Fig. 3.11 considering linear and nonlinear stiffness in the system. The amplitude of force

F, and base excitation Y in Fig. 3.11(a-d) are considered to be equal to 0.1 and 0.01,
respectively in the same phase. In Fig. 3.11(e, f) F, remains the same but the base

excitation amplitude is taken as ¥ = 0.1 with phase angle y =77/2.

3.3.7.1  Linear system

Initially, the response for the primary system and the passive absorber is shown in Fig.
3.11(a, b), where the response amplitude of the primary system at the two peaks is the same
and equals 0.69 and for the absorber, it is 2.33 and 2.29, respectively. The response
amplitude of the primary system decreases from 0.69 to 0.55 (21%) in the first peak and
from 0.69 to 0.41 (40%) in the second peak with the negative feedback gain F,, equal to

0.1. At the resonating frequency (Q =1), the amplitude of the primary system also
decreases from 0.6 to 0.2 (67%). However, the response amplitude of the absorber (Fig.

3.11(b)) at the peaks is more in the case of AVA than PVA.
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3.3.7.2  Nonlinear stiffness in the primary system

Now considering a,; = 0.1 in Fig. 3.11(c), the response amplitudes of the two peaks are

found to be 0.52 and 0.41 at Q equals 0.82 and 1.21, respectively. From Fig. 3.11(c), it
can be observed that a reduction of 16% is achieved in the first peak and 41% in the second
peak with the AVA than the PVA (Fig. 3.4(a)). It may be noted that in Fig. 3.4(a) the
primary system is subjected to only harmonic excitation force. For the absorber (Fig.

3.11(d)) the two peaks are found to be 3.6 and 2.8 respectively. Now, considering the highly

(a) Passive (b) IL’assive
0.6 Active 1 3l Active |
< 0.4 M2t
0.2 1!
0 s 0
0.6 08 1 12 14 1.6 0.6
Q
@ T d) 4 Tanp=1 |

a3 =0.1]

0.6 0.8 1 1.2 14 1.6 0.6 08 1 1.2 14 1.6
Q Q

Fig. 3.11: Frequency response curve for ¥ =0.01 and F, = 0.1. Linear system (a, b),

Nonlinear primary system (c, d) with a,; =0.1 and a,, = 1.

nonlinear primary system (a,; = 1) shown in Fig. 3.11(c), one can observe that the two

resonating peaks are 0.42 and 0.52. It may be noted that an 80% reduction in response
amplitude in the second peak is observed in the active case in comparison to the passive
case (Fig. 3.4(a)). However, for the absorber (Fig. 3.11(d)) the response amplitudes at the
peaks are found to be 3.14 and 3.16. From Fig. 3.11 it is clearly observed that the
suppression of vibration of the primary system under harmonic force and base excitation

can be achieved by applying the appropriate feedback gain using the developed equations
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for the proposed absorber. Here the nonlinear system behaves much like a linear system by

using the acceleration feedback-based gain.

3.3.7.3 Nonlinear stiffness in both the primary system and the absorber with

different forcing frequencies.

Considering nonlinear stiffness in both the primary system and absorber with different
phases between the external forcing and base excitation is shown in Fig. 3.12. From this
figure, it is observed that the system response amplitude is more when both the frequency
of external forcing and the base excitations are the same. The higher amplitude of base
excitation force produces a higher response amplitude. The applied feedback gain reduces

the response

(a) 8 Tl Ey =0,y=90" (b) 12
E_ * E,‘IZU:!W:OH 10’
6 - Fa :0117 =900
i unstable 8

.6 08 1 1.2 14 1.6
Q

Fig. 3.12: Frequency response curve with ¥ =0.0land F, =0.1. (a,b) a,; =0.1 and S
=0.001.

amplitude when the operating frequency is away from the resonating frequency. Here also
similar nonlinear effects as stated in the previous sections are observed. In the following

section, the effect of time delay with the AVA is investigated.

3.3.8 Effects of time delay in Active vibration absorber

The effects of four values of time delay 7 =0, 0.1, 1 and 10 on the FRC of the system are
studied in this section for various parameters of nonlinear stiffness. In the sections, 3.3.8.1
to 3.3.8.4 only external force excitation is considered while in section 3.3.8.5 both external

force and base excitations are considered.
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3.3.8.1 Linear System

In Fig. 3.13(a, b) the FRC of the system is shown by considering a linear system when the
primary system is subjected to only force excitation. From Fig. 3.13(a) it is observed that
for 7 equals to 0 and 0.1, the system does not show any unstable region but for 7 equals
to 1 and 10, a broader range of unstable regions appears. The response amplitude at the

first peak is 7% more at 7 =0 than at 7 = 0.1, while at the second peak it is 1% less. For

(a) | , ®)
2 | 0.25 " l 7= 0.1 (stable) %
- 7 =1 (stable)
0.2 | - 7 =1 (unstable) i
157 107 ~—19 (unstable)
R 10 T os i | & T =0 (stable) |}

5

0.5 /& |

AN
0 Er—— 0 T~
. 1.2 1.4 0.6 0.8 1 1.2 1.4
Q
Fig. 3.13: Frequency response of the active linear system with variation in the time

delays. 7 =0 cyan (stable), 7 =0.1 green (stable), 7 = 1 black (stable) red (unstable),

7 = 10 magneta (unstable).

r = 1 the stable region is observed for Q<0.63 and Q>2.16 and for 7 = 10 the
equilibrium points are completely unstable. Fig. 3.13(b) shows similar characteristics as
Fig. 3.13(a) but with higher response amplitude. Further, from Fig. 3.13(b) it is observed
that at Q = 0.977 all the curves pass through a fixed point at B = 2.08 irrespective of the
different time delays which will be further investigated in the future. From Fig. 3.13(a, b)
it can be inferred that the vibration suppression of the system is better for 7 = 0 and 0.1
than for higher time delays 7 . It is also deduced that for 7 = 0O the response amplitude of
the primary system is better than 7 = 0.1 for Q>0.96 and that for Q <0.96, 7 = 0.1 is

better than 7 =0.
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3.3.8.2 Nonlinear stiffness in the absorber

In Fig. 3.14(a, b) only the nonlinear stiffness in the absorber is considered for £ =0.001.
From Fig. 3.14(a) it is observed that for 7 = 0 the primary system shows high response
amplitude at the first peak with jump up and jump down phenomena at saddle-node
bifurcation points Q = 0.902 and 0.916, respectively, but for 7 = 0.1 the response

amplitude at the first peak reduces
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Fig. 3.14: Frequency response of the system for different time delays (a, b) £ =0.001
(c,d) £ =0.01. 7 =0 cyan (stable) magneta (unstable), 7 = 0.1 green (stable) blue

(unstable), 7 =1 black (stable) red (unstable), 7 = 10 magneta (unstable).

to 65% with no unstable region. Further, increasing 7 to 1 it is observed that the
equilibrium points become unstable with a stable region is found for a narrow band of
1.112<Q<1.228, while for 7 =10 no stable region is observed. From Fig. 3.14(a, b) it is

inferred that for £ =0.001 a time delay of 7 = 0.1 shows better vibration suppression and

stability than other time delays. In Fig. 3.14(c, d) FRC of the system is shown by increasing
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the nonlinear stiffness i.e. £ = 0.01. From Fig. 3.14(c) it is observed that for 7 = 1 the

response amplitude near the first peak reduces to 90% than for 7 = 0 or 0.1 and shows a
stable region for Q <1.164 but for 7 =10 the solutions are completely unstable. The Hopf
bifurcation points are observed for 7 = 1 at Q =1.165 and 1.515, where the stability
changes from stable to unstable and vice versa respectively, which is more clearly shown
in Fig. 3.14(d). From Fig. 3.14(a-d) it is concluded that for lower nonlinear stiffness in the
absorber (2.2% or 0.001) the time delay of 0.1 shows better vibration suppression with no
unstable region. While for higher nonlinear stiffness in the absorber (22% or 0.01) the time
delay of 1 shows better vibration suppression with no unstable operating frequency for Q

<1.164.
3.3.8.3  Nonlinear stiffness in the primary system

In Fig. 3.15(a, b) only the nonlinearity in the primary system is considered i.e. a,;, = 0.1.

From these figures, it is observed that for 7 = 0 and 0.1 the response amplitude is stable.
The response amplitude of the primary system for 7 = 0 is 6% more at the first peak and
12% less at the second peak than for 7 = 0.1. For 7 = 1 the system shows an unstable
region for 0.62<Q <2.162 and for ; =10 the system shows a broader unstable region and
an isolated stable and unstable branch for 0.996< Q <1.071. From these figures, it can be

inferred that for @,, = 0.1 the delay in the range of 0 to 0.1 shows stable behavior and less
peak response. In Fig. 3.15(c, d) the nonlinear stiffness is increased by considering a;, =

0.2. Here also the same analogy is observed as in Fig. 3.15(a, b) but for 7 =10 the isolated
branch is closed with stable and unstable solutions. Further increasing the nonlinear

stiffness i.e. a;; = 1 in Fig. 3.15(e, f) the close orbit opens up for 7 = 10 and shows stable

region for 0.931< Q <1.04. The Hopf bifurcation points are observed at frequency points
Q =0.93 and at 1.04. A comparison of time responses at frequency K (Q =0.92, unstable)
and L (Q = 0.94, stable of Fig. 3.15(e, f)) are shown in Fig. 3.15(g, h). From the time
responses in Fig. 3.15(g, h) one can observe a fixed-point response at the L. point and a
higher periodic response amplitude at the K point which is evident from the FRC of Fig.
3.15(e, f). From Fig. 3.15(a-h) it can be inferred that for time delays equal to 0 and 0.1 the
system amplitude is less than that with higher delay and no unstable region is observed for

a,, equals to 0.1 to 1. Also, the system amplitude at both peaks decreases with increasing

TH-2895 136103038



ANVA using time delay acceleration feedback

(a) 2.5 ‘ 05— ‘ )10 T = 0 (stable)
/ S/ - 7 =0.1 (stable)
: 8 - 7 =1 (stable)
7 = 1 (unstable)
6 T = 10 (stable)
1.5 Q 4 7 = 10 (unstable)
2
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Fig. 3.15: Frequency response of the system for different time delays (a, b) a,; =0.1

(c,d) 0,=0.2 (e, ) a,; = 1. (g, h) Time responses at frequency K (Q=0.92) and L (

Q=0.94). r =0cyan (stable), 7 = 0.1 green (stable), 7 = 1 black (stable) red

(unstable), 7 = 10 yellow (stable) magneta (unstable).

a,, from 0.1 to 1. For 7 =1 and 10, the response amplitude and unstable region are more

pronounced and only for a limited range the solutions are stable.
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3.3.84 Nonlinear stiffness in both the absorber and the primary system

In Fig. 3.16(a, b) a,, and [ are considered equals to 0.1 and 0.001 respectively and the

color codes are the same as in Fig. 3.14. From Fig. 3.16(a) it is observed that for 7 =0 the
response amplitude at the first peak increases by 18% while at the second peak it is

decreased by 8% than for 7 = 0.1 and shows an unstable solution at the first peak with two

1

@8

0.6
<
0.4

0.2

0

1 0 1.5 2

Fig. 3.16: Frequency response of the system with different time delay for o, = 0.1 and
£ =0.001. 7 =0 cyan (stable) magneta (unstable), 7 = 0.1 green (stable), 7 = 1 black

(stable) 7 =1 red (unstable), 7 = 10 magneta (unstable).

saddle-node bifurcation points at Q = 0.906 and 0.911. For 7 = 1 the unstable region
broadens with Hopf bifurcation points at Q =0.628, 1.123 and 1.479. The system becomes
completely unstable for 7 = 10 and shows a single peak. It is inferred from these figures
that for 7 = 0.1 the system response amplitude shows better vibration suppression for a

broader range of operating frequency when a,, = 0.1 and g = 0.001 with no unstable

region.

3.3.8.5 Nonlinear primary system with both external force and base excitation

Considering both external harmonic force F, = 0.1 and base excitation y = 0.1 the FRC of

the system for the above four-time delays 7 is shown in Fig. 3.17(a, b). From Fig. 3.17(a,
b) one can observe for 7 =0 and 0.1 the response amplitude of the system is less and shows
no unstable range of operating frequency than for higher time delays r =1 or 10. For 7 =
1, the Hopf bifurcation points are observed at Q = 0.62 where the system stability changes

from stable to unstable as shown in red color. For 7 = 10 the system shows Hopf bifurcation
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Fig. 3.17: Frequency response of the system with different time delay with ¥ =0.1 and

a,;, =0.1. 7 =0 cyan (stable) magneta (unstable), 7 = 0.1 green (stable), 7 =1 black

(stable) 7 =1 red (unstable), 7 = 10 yellow (stable) 7 = 10 magneta (unstable).

points at Q =0.964, 1.017, 1.018 and 1.073. It is observed from these figures, that for time
delays 7 =0 and 0.1 the system is stable and response amplitude is less than higher time

delays 1 or 10. In the following section effects of the spring stiffness k, attached to the

PZT stack actuator in the active vibration, the absorber is investigated.

3.3.9 Effects of the spring stiffness attached to PZT stack actuator

The displacement of the nonlinear primary system and the active nonlinear absorber are

shown in Fig. 3.18 when the applied feedback gain F,, = 0.005 and stiffness k, = 0.05

N/m. The parameters are kept the same as in the work of Habib et al. [38] which are m,

1 kg, ¢, =0.002 Ns/m, k, =1 N/m, k,; = IN/m’, m, =0.05 kg, ¢, = 0.0128 Ns/m, k,

0.0454 N/m and k,, = 0.0042 N/m”. In Fig. 3.18 a comparison of the displacements of the
primary system and the secondary systems for the present case of ANVA and that of the
Habib et al. [161] are shown. The responses in both cases are quasi-periodic for external
excitation F, = 0.12. It shows clearly that in the present case, the response of the primary
system decreases by 31% i.e. from 0.75 to 0.52 than that of Habib et.al. [161]. Similarly,
the vibration suppression of the nonlinear absorber is more noticeable as shown in Fig.
3.18(b). Here the amplitude in the present case is 0.32 and with PVA [161] it is 2.4. Hence

a reduction of 87% is achieved in the present case due to the feedback gain.
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(a) ——Habib et al. [161] (b) 2.5

075+ — present.

25 : ‘ ‘
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Time

Fig. 3.18: Comparison of time responses with passive and active absorber for the (a)

primary system and the (b) absorber with F, = 1.2.

In all the previous analyses it is observed that with the applied feedback gain F, , the
response amplitude of the absorber at the peaks increases but here it is shown that with
proper stiffness value of k; one can reduce the vibration of both the absorber and the
primary system. Also, it is observed that with the applied feedback gain the system settles
down more quickly than the passive vibration absorber. The stiffness of the spring &, can
be increased to provide more blocking force to the PZT stack actuator and at the same time,
spring stiffness k, can be decreased to maintain the optimum tuning ratio required to
suppress the vibration of the primary system actively. The increase in spring stiffness k,
suppresses the vibration of the absorber and by the combination of both feedback gain and
spring k,, the required vibration suppression of the primary system and the absorber can
be achieved. In the following section, the effect of spring stiffness k; is studied on FRC to

obtain Den Hartog’s equal peaks when the primary system is subjected to both external

harmonic and base excitation.

3.3.10 Effects of attached spring in the PZT stack actuator

While in the previous sections attempts were made to reduce the amplitude of the primary
system, in this section it is tried to achieve the Den Hartog’s equal peaks in both the
nonlinear primary system and the active nonlinear absorber, when the primary system is
subjected to both external force and base excitation. While it is absolutely required to have
equal peaks in the primary system to minimize its maximum response amplitude,

sometimes due to space/kinematic constraints, it is also required to have equal peaks of the
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absorber to minimize its response amplitude. The equal peaks in the FRC are tried to

achieve by variation of spring stiffness k, and F . It may be noted that the taken system

parameters are the same as those in Habib et al. [161], where they obtained equal peaks in
the FRC of the primary nonlinear system which is subjected to only external excitation

force by considering nonlinear passive vibration absorber.

3.3.10.1 External force excitation

In Fig. 3.19(a, b) the spring stiffness k, = 0.0005 N/m, feedback gain F,, = 0.0005 and
external harmonic force F, = 0.001are considered. From Fig. 3.18(a) the two resonating

peaks in the FRC of the primary system are observed to be 0.0042 and 0.0082 at Q = 0.88
and 1.08, respectively. The resonating peak amplitude of the absorber (Fig. 3.19(b)) are at

X107
(a) ‘ S (b)
; - 0.02 E
- ° 0.015 | e
4 S}
0.01+
2. 0005 _
0 .
0.6 08 1 12 14 0 : . e—
Y 06 08 1 1.2 14 1.6
Q
(©)0.06 | | s d 02
0.15
0.04 |
R . A 0.1
0.02 | o
| 0.05 |
0 | | ' 0
0.6 0.8 1 1.2 1.4 0.6 0.8 1 1.2 1.4
Q Q

Fig. 3.19: Frequency response of the system with the external harmonic force for (a,

b) k, =0.0005 N/m, F,, =0.0005 and F, =0.001 (c, d) k, =0.0005 N/m, F., = 0.005

and F, =0.01.
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different amplitudes of 0.016 and 0.022 at Q =0.9 and 1.07, respectively. It may be noted
from Fig. 3.19(a) that with the applied feedback gain the primary system amplitude is lesser
at the first resonating peak than the passive nonlinear vibration absorber by Habib et al.
[161]. In Fig. 3.19(c, d) F, and F,, are increased to 0.01 and 0.005, respectively, keeping
all other system parameters the same as in Fig. 3.19(a, b). The difference between the
resonating peak amplitudes and valley amplitude of both the primary system and the
absorber reduces as shown in Fig. 3.19(c, d). The maximum amplitude for the primary
system is observed at the second peak with a value of 0.062 at Q =1.08. The maximum
amplitude for the absorber is found to be 1.194 (Fig. 3.19 (d)) at Q = 1.08. The resonating
peak and the valley amplitude in the FRC for both the primary system and the absorber are
minimized by increasing the active feedback gain as observed from Fig. 3.19(a-d) and also
the Den Hartog’s equal peaks in the FRC of the nonlinear primary system and the active

nonlinear vibration absorber can be found.

3.3.10.2 Both harmonic external force and base excitation

Now in Fig. 3.20(a, b) to obtain equal peaks in the FRC for base excitation ¥ =0.0012 and
F,=0.001, F, and k, are increased to 0.05 while keeping all other system parameters the
same as in Fig. 3.19(c, d). But it is found that with the increase F, and k, the primary
system (Fig. 3.19(a)) shows a single peak of amplitude = 0.13 at Q = 0.88 and for the
absorber (Fig. 20(b)) the first resonant peak amplitude is 0.25 and a small resonating peak
is observed with an amplitude of 0.34 at Q = 1.4. So, in Fig. 3.20(c, d) the stiffness of k,
the spring is decreased to 0.005 from 0.05 while all other system parameters are kept the
same as in Fig. 3.20(a, b). It is observed from Fig. 3.20(c, d) that vibration suppression by
the absorber is significantly better than in Fig. 3.19(a, b) in reducing the maximum
amplitude for the primary system to 0.037 and 0.052 at Q = 0.93 and 1.09 respectively.
But the two resonating peaks are found at different response amplitudes. In Fig. 3.20(e, f)
the comparisons between the responses of the system are shown when the primary system

is subjected to external harmonic excitation F, = 0.0012 and base excitation ¥ = 0.0012
with and without using the attached spring k, to the PZT stack actuator. It is observed from
Fig. 3.20(e, f) that for the same spring stiffness k, and F, equal to 0.005 the vibration

suppression is better for both the primary system and the absorber and also the response
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Fig. 3.20: Frequency response of the system for F, =0.05, F, =0.01 and ¥ =0.0012,

(a,b) k; =0.05 N/m (c, d) k; =0.005 N/m. Frequency response of the system for F =

0.005 and F, =Y =0.0012 (e, f) (black) for k, =0.005 N/m and (blue) for k, =0.

amplitudes of the resonating peaks are the same. From Fig. 3.20 it is observed that with

applied feedback gain the vibration suppression is better than the passive vibration absorber

and also sensitiveness of the vibration for the system reduces which shows two equal peaks

in the response curves when both external harmonic force and base excitation are acting on

the primary system. With the proposed active nonlinear vibration absorber, the two

TH-2895_136103038

99



Chapter 3

resonating peak amplitudes of the primary system are found to be 0.0062, which shows
better vibration suppression than the passive nonlinear vibration absorber. In Fig. 3.20(f)
the FRC of the absorber shows the two resonating peaks' amplitudes are slightly at different
amplitudes of 0.015 and 0.017, respectively. From these curves, it is found that with the
attached spring and PZT stack actuator combination the vibration suppression of both
systems is reduced for a wider band of operating frequency when the primary system
undergoes both harmonic force and base excitation. From Fig. 3.20 and section 3.3.7 it is
observed that the vibration suppression of the primary system is better than the work

reported in [215, 177] where the mass ratio is considered to be 1:10.

3.3.11 Reliability and cost of the proposed ANVA

In the proposed model, as both spring and actuator provide the feedback gain, one can
obtain higher feedback gain by the PZT stack actuator due to the blocking force produced
by the spring which is in series connection with the PZT stack actuator. Also, when the
actuator i.e., the active part fails due to electronic malfunction, then the passive optimal
absorber can still protect the primary system with a very low value of damping as
considered in the present analysis from severe vibration. Thus the proposed vibration

absorber is a more economical and fail-safe design. Also, it can be observed that the natural

frequency of the primary system (w,, = \/(k1 +ky+k)/m sk, = k3kf/(k3 +k )) does not

change much with the variation of spring k, attached to the PZT stack actuator but the

natural frequency of the absorber (w, = \/(kz +k,)/(um,), H=m,/m ) changes

significantly as the absorber mass is 20 times smaller than the mass of the primary system.
So the designer can tune the frequency of the absorber actively in accordance with the
forcing frequency of the primary system by the spring and actuator combination for various
other resonance conditions. The proposed active nonlinear vibration absorber shows better
vibration suppression than Fig. 3.16 and Fig. 3.17 from the work of Kucera et al. [270]
where linear analysis is carried out experimentally considering the delayed resonator. The
vibration suppression by the proposed absorber is almost the same (90%) as the vibration
for the highly nonlinear primary system as in the experimental work of Bronkhorst et al.
[281]. But in [281], the absorber mass is 20% of the primary mass, whereas in the present
analysis the absorber mass is only 5% of the primary system. Hence the proposed absorber

is very much lighter than in [281]. The proposed absorber also gives better performance
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than the work of Xiang et al. [65] where absorber mass is similar to that in [281] i.e., 20%
of the primary system where a higher damping ratio for the absorber is used. It may be

noted that in the present case, a very low damping ratio for the primary system ({;, =0.001)
and the absorber (¢, =0.0064) are used. Hence the present model is more reliable and cost-

effective as a lighter weight absorber is used.

3.4 Summary

In this work, the performance of the active nonlinear vibration absorber (ANVA) is
investigated for the primary resonance condition by considering a new design in the active
part where the PZT stack actuator is connected in series with a spring in the absorber
configuration. The analysis is carried out by considering time delay in the acceleration
feedback of the primary system when it undergoes both external harmonic force and base
excitation. The steady-state response and its stability are obtained by using a modified
harmonic balance method, where the amplitude and the phase are considered as a slowly
varying function of time. Time responses, phase portraits, Poincare’s sections, the basin of
attractions, frequency responses with stable and unstable branches are plotted to investigate
the effect of cubic nonlinear stiffness, feedback gain, time delay, attached spring stiffness,
the amplitude and frequency of external harmonic force and base excitation on the
suppression of vibration of the system. The frequency response curves obtained by
harmonic balance and Newton’s method are compared with those obtained by the fourth-
order Runge Kutta method and are found to be in good agreement. Fundamentally based
on nonlinearity the considered systems are divided into four cases viz., case-1: both primary
and absorber are linear, case-2: primary system linear and absorber nonlinear, case-3:
primary nonlinear and absorber linear, case-4: both primary and absorber nonlinear. Further
considering the presence and absence of PZT stack actuator (feedback gain), delay; and

base excitation one may obtain twenty different cases which have been investigated.

From the analysis, it can be observed that by suitably applying the feedback gain by the
spring and PZT stack actuator combination (30% - 90%) vibration suppression is achieved
in the primary system for various system parameters. Further, it is also observed that with

the variation of both k, and F,

cl?

the vibration of the primary system and the absorber are

reduced up to 30% and 80%, respectively. Also, the Den Hartog’s equal peaks in the
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frequency response are achieved when the nonlinear primary system undergoes both
harmonic and base excitation. and the operating frequency range to minimize the vibration

of the system.
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CHAPTER 4
Traditional and Non-Traditional ANVA with Time Delay
Combination Feedback for Primary and Principal Parametric

Resonance Conditions

4.1 Introduction

In the present work, vibration suppression of a single degree of freedom nonlinear spring-mass
primary (main) system subjected to simultaneous external harmonic and parametric excitation
by using traditional and non-traditional active nonlinear vibration absorber (ANVA) is carried
out. The traditional and non-traditional ANVA consists of a PZT (lead zirconate titanate) stack
actuator in series with a nonlinear spring and a damper. In the traditional ANV A, the damper
is connected to the main system whereas, in non-traditional ANVA, the damper is connected
to the base of the main system. The governing nonlinear equations of motion for the system
have been derived in section 4.2, using the weighted modal matrix approach considering novel
actuation force by time delay in displacement, velocity and acceleration feedback of the main
system by the PZT stack actuator and the nonlinear spring in series combination. In section 4.3,
the method of multiple scales (MMYS) is used to obtain the reduced equations which are solved
using Newton’s method. In section 4.4, the responses of the system for the primary, principal
parametric and simultaneous primary and principal parametric resonance conditions have been
studied. The results are compared with those obtained by using the harmonic balance method
(HBM), numerical method and with previous literature. From these results, two resonating
peaks in the frequency response of the main system are shown by using the reduced equation
of the MMS which was not reported in earlier literature. It is shown that for the active case the
vibration of the undamped main system is completely reduced at the specified operating
frequency for both the linear and nonlinear systems. Also, for a wider range of operating
frequencies, the vibration of the main system is reduced by actively tuning the absorber for
various mass ratios. Further, the efficacy of the feedback gain is observed in reducing the

instability regions and improving the critical value of excitations in the trivial state.
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4.2 Mathematical Modeling of the System

The studies on parametric excitations acting on the nonlinear SDOF primary system can be
found in many applications a few of which includes [216, 217,223, 244, 284, 184]. Figures
4.1(a) and 4.1(b) shows the schematic diagram of an SDOF nonlinear main system,
attached to a PZT-based active nonlinear traditional and non-traditional vibration absorber,

respectively. The parameters m,, c;, k;, denote mass, damping coefficient, linear stiffness
of the main system (i= 1) and the absorber (i =2) and k,, is the cubic nonlinear stiffness

of the main system. In the presence of a nonlinear spring in the absorber, as the

displacement at the junction between the PZT stack actuator and the spring k, is difficult
to calculate, so, here k,, is assumed to be the equivalent cubic nonlinear stiffness of having
a displacement of x, + J, — x,. The main system is subjected to an external harmonic force
F, cos (Qlt) and a parametric force x,F, cos(ta). The feedback gain by the absorber is
produced with the combination of the PZT stack actuator having stiffness k., and a

nonlinear spring considering displacement, velocity and acceleration feedback of the main
system. The equations of motion of the system shown in Fig. 4.1 (a) in terms of the

displacements of the main system (x, ) and the absorber ( x,) are described by two ordinary

coupled nonlinear differential equations of motion which are given below.

() )
kZ’ k23
4
Fycos(Q,1)+ X, F cos(€t)+
xlle cos(lﬂzt)t m 4 x,F, cos(ta)AL m
/C] 4 k|3 kl ’ kl3

Fig. 4.1: Schematic diagram of a PZT based active nonlinear vibration absorber (a)

traditional (b) non-traditional.

mx, +c, (xl _xz) + kX, + k] "'(kzk;;5 (xl X +50))/(k2 +kf) +
(4.1a)
kys (xl X +d))3 =F COS(Qlt) +xF, COS(ta)
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myXx, = c, (5(1 _xz) _(kzka (xl X +50))/(k2 +ka)_k23 (‘xl X "'50)3 =0 (4.1b)

Similarly, the first equation of the system shown in Fig. 4.1(b) is obtained by considering

the term c, ()'c1 —)'cz) in Eq. 4.1(a) equal to zero. The equation of motion for the absorber is

given below.
%, + e, = (koky (% =3+ G))) (ks + k) = oy (3=, +6,)” =0 “2)

The nominal displacement of the PZT stack actuator o, is expressed as 0, =nd,,V [20].
Here the terms n, d,, and V' are the number of wafers, dielectric charge constant and the

voltage developed in the PZT stack actuator, respectively. It may also be noted that Eq.
(4.1a) and Eq. (4.1b) can be reduced to the work of Habib et. al [161] and Detroux et. al

[168] in the absence of nonlinear stiffness in the absorber (k,;), parametric excitation (
xF, cos(ta) ), PZT stack actuator stiffness (k f ) and displacement of PZT stack actuator
(9,). Also in [161, 168], they have used a damper in the main system which is not

considered in the present analysis. Considering the effect of time delay 7, in the

displacement, velocity and acceleration feedback of the main system, the voltage developed

in the PZT stack actuator can be expressed as
V =k, (xl (t X0 )) +K, ()'c1 (t = 4 )) +K, (jél (t =i, )) ,where K,, kK, and k, are the controller

gain for displacement, velocity and acceleration feedback respectively. It may be noted that
here the time delay is produced during sensing the vibration of the main system, processing,
computing and actuating by the PZT stack actuator through the controller [135-141].
Substituting V in the displacement of o, and then in Eq. (4.1a) and Eq. (4.1b) the

governing equations of motion are modified. Now applying the weighted modal matrix
S X -4 X, ~q . .
method by considering = [P] ¥ where [PJ is the weighted modal matrix, the
X 2
governing equations of motion are rewritten using a small bookkeeping parameter £ as

follows.

B E e o 1 T S A
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where

=1_| Pu Po _ kok @ 0| ralktk, —k |-
I:P:I_{pzl pzz},ka_(k2+;cf)’ |:0 wzz}_l:P:I |: —k, k, :||:P]

1% 2ei_rs Tl 6 TG :ﬂ :i
[Z]_Lz }_[P} ‘9{ ) }[P]’F“ g’Fiz £

1 22 %)

K Qrt+xF Q,t R, | — —
I:Rf]: 11 COS 34,1 T X, [y, COS 32, ,[R]: nl ’kmzﬁ’kB:@’ 5:i,
0 R, £ £

R, = ];13)613 +k, (5) +l€23 (xl X "'5)3 s R,="R, +/;13x13,
50 =f (Xl (t_td))"'fv (xl (t_ld))+fa (551 (l_td))’

fa=ndyK,, f, =ndyK,, f, =ndy;K,

It may be noted that the governing equation of motion for the model shown in Fig. 4.1(b)
is the same as in Eq. 4.3 except it has different values of the damping matrix [Z] Also,

here for the first-time weighted modal matrix approach for the traditional and non-
traditional time delayed PZT stack actuator based ANV A are used to obtain the governing
equation of motion (Eq. 4.3). The method of multiple scales is used to solve Eq. 4.3 which

is discussed in the following section.
4.3 Approximate Solution using Perturbation Method

In this subsection, the standard method of multiple scales is employed to obtain an
approximate analytical solution of the governing equation of motion Eq. 4.3. The perturbed

solutions in the new time scale are expanded by considering the system response at the past

state X, (t -t d) which is approximated as a summation of the responses of different time

scales (T, =&"t for n =0, 1, ...) in the following form:

X (t-1,)=X,(T,~t,, T, ~et,,..)+eX, (T, ~t,. T, — &1,....) (4.4)

As indicated previously here i = 1 for the main system, i = 2 for the absorber and ¢, is the

time delay in the feedback. If the system has no delay, then the delay term ¢, can be equated

to zero and the corresponding system response at the time ¢ (i.e., X, (t) ) can be expressed.

Substituting the above-assumed responses for the main system and the absorber from Eq.
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4.4 into Eq. 4.3 and collecting the coefficients of & the following expression can be

obtained.

e DX, +w’X,,=0 (4.5a)

DX, +@' X, =0 (4.5b)

: D02X11 + C’-‘IZXM =-2D,D, X, —z,,D X, —2,,Dy X,

— (pn _p21)X10 +T

_p11E3 (anlo + plzxzo)3 _(p21 _pll)k23(
(p12 _pzz)Xzo

_(le r Pn)(kch +I;2%F¢% +3]?23Fc ((Pn _Pz1)X10 +(P12 _Pzz) Xzo)z) (4.6a)

—3(1721 —p“)/;% ((pn _p21)X10 +(p12 _pzz)Xzo)Fc2
+pEy COS(QlTo) *+Pu (anlo + plzxzo)Flz COS(QZTO)

D02X21 ¥ "'52X21 ==2D,D X,, = 2,,D, X, — 2, D, X,

(Pn - P21) X +J3

(plz - pzz) Xy

_(pzz R Plz)(kch —E%F; +3];23Fc ((pn - p21) X+ (pn _pzz) Xzo)z) (4.6b)

_3(pzz _p12)1;23 ((pn _p21)X10 +(p12 _pzz) Xzo)F;-2 +pukFy COS(QlTo)
TP, (p11X10 + p12X20) F, COS(QzTo)

_pl2];13 (anlo + Xy )3 _(pzz _p12)l€23(

where

F =( (i Xoa+ DXy + £.D7 X 0) + P i Xooa + £ D X s + faDozXM))

The solution of the Eqs. (4.6a) and (4.6b) can be written as

Xy = A (T,)exp(icT; ) + A (T, ) exp (~icdT; ) (4.72)
Xy =4 (1) exp(iaaTy ) + A, (T, Jexp(-iaaT,) (4.7b)
where A and A, are an unknown complex function of amplitude to be determined later.
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A and A, are the complex conjugate terms of A and A,, respectively. Similarly, the

solutions for the delay terms for the main system ( X,,,) and the absorber ( X,,,) can be

written as
Xia = Ay (Tl —Std)exp(icq (75 _td)) +Z1d (71 —Std)exp(—icq (To _td)) 4.7¢)
Xooa = As (Tl _Etd)exp(iwz (7;) _td)) +Z2d (T2 —El‘d)eXp(—iCdZ (To —td)) (4.7d)

where A, = A (T1 —Std) and A,, = A, (T1 —é‘td) . A, and A,, are the complex conjugate
terms of A, and A,, respectively. It may be noted that Eq. 4.6(a) and Eq. 4.6(b) include

nonlinearity in both the main system and absorber, nonlinearity in feedback gain by
displacement, velocity, acceleration and combination of all these feedbacks with and
without time delay for both passive, active, traditional and non-traditional vibration
absorbers. Substituting Egs. (4.7a) to (4.7d) into Egs. (4.6a) and (4.6b) yields the following

set of equations.

D02X11 x C‘{ZXH =—2ig DA exp(iaﬂ;)) ~ 2l A, eXp(i(u]T())
—~ 2,0 A, eXp (ZC‘%TO ) p11l;13 (p11A1 exp (l(uﬂB) + P, A, exp (lwz];) ))3

_(p21 _1711)];23513 _(p21 _pn)kzsz _(p21 _1711)1;23523 (4.8a)
—3(]921 _pll)k2351252 _3(1721 _pu)k2351522 +0.5p,,F, exp(QIYI))

+0.5p,,Fy exp(Q,1;) ( 1y, exp (=it ) + pody exp (=i T, )) + ce

DX, +w’X,, =-2iqD A, exp(iwT,) - z,icd A exp (iwT;)

~zpi@ A, exp (i@T, ) - poky (P A exp (i, ) + poA, exp(iaT; )’

~(P2 = Pi) kS = (P = P12 ) kS, = (Par = P ) KssSs” =3( P = 1) K S.2S, (4.8b)
=3(Pa = Po ) k2sS,S,> +0.5p,, F; exp(QT,)

+0.5p,Fp exp(QuT, ) (P, exp(=icaT, ) + poA, exp(=icaT; )) + ce

where

S, = ((pn - pzl)Al exp(icho) + (p12 - Pzz)Az eXp (iszo))’
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Pu (AM exp(icq (T, _td))(fd +iQf, _cqua))+

S, =
P (AZd exp(i@ (7;) —1, ))(fd +id f, _@Zfa))

It may be noted that the term S, contains the time delay feedback gains by displacement,
velocity and acceleration feedback and its higher-order terms such as §,* and S, are

neglected as they are of the order of & or higher-order terms of £. The expansion of Egs.

(4.8a) and (4.8b) contains secular or nearly secular terms when Q, & or w, (primary
resonance) and Q, [J2a) or 2a), (principal parametric resonance), considering 1:1 internal

resonance. From the literature survey also, it is observed that the vibration absorber

performs best when the absorber frequency (@) ) is nearer to the main system frequency (
@) ), which gives rise to the 1:1 internal resonance condition. Considering the nearness for

primary resonance, principal parametric resonance and 1:1 internal resonance four detuning

parameters 0,, 0,, 0, and 0, are introduced as Q = +&0, =w, +£0, and
Q, =2 + &0, =2w, + £0, . Substituting the above primary, principal parametric and 1:1
internal resonance (wz =yte (01 —02)) conditions and eliminating the secular terms

from Egs. (4.8a) and (4.8b), a set of bounded equations are obtained, which are given in
Appendix B (B. 1, B. 2).

1 .
The amplitude functions A and A, can be expressed in polar form as A :Eale'ﬁ' and

1 i 1 iB(1-1 1 iB(1-T,
A, =Ea2e"gz. Similarly A, =5011de[”'(l *) and A, =5012deB2(l ?) Here a,, a,, B and S,

represents amplitude and phase responses of the main system and the absorber and 7,

represents the non-dimensional time delay. In the same way, the complex conjugate terms

A, A,, A, and A,, are expressed. Substituting these expressions in the secular equations

(Appendix B (B. 1, B. 2)) and separating real and imaginary terms one may obtain the

following reduced autonomous equations.
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_3pupinkisa, G

al' =-0.5z,,q, —0.5212612%005(1/1 ‘Vz) 8a !

+ (pﬂ - pll)k23a2 G,+ (pﬂ . pll)kz (_pllaldQll + plZaZdQIZ)
S 24 (4.9a)

Ot Ly P
8wy d

0.25‘D“TF12 (p“a1 sin2), + p,,a, sin (y1 +), ))

] k. ~ - ]; ~
ay, =0,a,+0.5z, LY, sin(yl—yz)—3glcf13 G1+(p21 821) 26, +
Py~ pPn)k - =\ (Pu—p)ky ~ p.F
( - 2&{11) - (pllaldQll i p12a2dQ12) +%G3 +0'5%C05y1 (4.9b)

F
+0.25%(p“a1 cos2y, + p,,a, cos(y1 + yz))

3P, P,k a
1 P12z LG,
8w,

a,W

a, =—0.5z,, cos(y2 - yl) —-0.5z,a, -

+ (Pzz ~ D ) kyst G, + (p22 —Pi ) % (_Puawal + P1za2d‘]12)
80, 2w, (4.9¢)

+MG6 +0.52efu gy 73
8w, 2]

0.25%}?‘2(1012% sin2); + p,,a, sin (¥, +y2))

r_ a0 . 3pLk; ~ Do = Pia ) Koy ~
a,y, =0,a,+0.5z, Cljf sin(y, =) - 812)213 G4+( = 860:2) 2 G,
~Pn)k ~ P )ky =
+(p22 pu) : (pllaldgll +p12a2délz)+MG6+ (4.9d)

2w, Sad
0.52200 cosy, +0252272 (g, sin2y; + py a cos (1 + 14))
w, )

where y, =0T, -8, y,=0,1,-B,, 0,=20,, 0,=20,.

The terms Q,;, 0,,,0,> Qs 41s G2 41 G1n» G, to Gg and G, to G are given in

Appendix-B. These four reduced equations are used to study the steady-state response of
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the system by equating al' = yl' = az' = y2' = 0 for the 1:1 internal, primary and principal
parametric resonance conditions. These steady-state equations are solved by using the
Newton’s method and the stability of the system is ensured by finding the eigenvalue of

the Jacobian matrix. It may be noted that a,, };, a, and ), are the modal amplitudes and

phase of the main system and absorber, respectively. The original amplitude of the system

<l a
is obtained as [?} = [P]{ l}, where A, and B, represents the amplitudes of the main
" a

2

system and the absorber for the traditional vibration absorber. Similarly, for the non-
traditional vibration absorber, the original amplitude of the main system and the absorber

are represented as A, and B, , respectively. One can observe from the reduced Egs.
(4.10a) to (4.10d) have both trivial and nontrivial solutions. However, the stability of the
trivial state solutions cannot be studied due to the presence of a,y, and a,y,. So, the
normalization method is adopted by introducing the transformation as
p,=a,cosy,, g, =assiny,, p, =a,cos), and g, =a,sin),. Substituting the above

transformation one can obtain the following Cartesian form of normalized reduced

equations.
! o @, PnzFlz PuPnk,
=-0.5z -0.5z — = + + +
D 1P 12P> o 19, 4ag q, 4ag 4, oo
(4.10a
(pz1 —pll)k2 ~Pu (fd _faa{z)hu +pof.ahy, -
4 P (fd B fawz2)hl3 +pnfwh,
2
ql’ = —O.SZ“ql _O'SZIZﬂqZ +0'1p1 + pllFil + pll E2 y + plIPIZFiZ p2 +
¢ e “ \ (4.10b)
(p21—p11)k2 pll(fd_faa%z)h12+pllfchhll+ '
4 D> (fd - faa)22)hl4 +puf @,
2
e P B PupiLk
p, =05z, %pl =0.5z,,p, —0,q, + szlz q,* “461512 = q*
(4.10c)

(= pa)ka [ =P (Fa = £ )y + i f b, -
40, | p,(f, = f.@ )+ pof.wh,
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Pt + P F D, + puPLE, b+
20, 4w, 7 4w !
(p22 —p12)k2 P (fd _f‘aa%z)hIZ +pof.ahy, +

40, plz(fd _fawzz)hm +puf@h;

%I =-0.5z,, %% -0.5z,49, +o,p, +
(4.10d)

where h, to h, are given in Appendix B.

The steady-state response and stability of both trivial and non-trivial solutions are studied

in the next section by considering physical system parameters.
4.4 Results and Discussions

In this section efficacy of the feedback gains by displacement, velocity and acceleration
feedback by the spring and PZT stack actuator combinations are studied considering
physical system parameters to suppress the vibration of the main system. The analysis is
carried out by studying the trivial instability regions, frequency responses, time responses,
phase portraits, Poincare’ sections and basin of attractions for different feedbacks, feedback

gains ( f,, f,, f,), time delays (¢,), nonlinear stiffness (k,,, k,; ), the amplitude of external
force and parametric excitations ( F,, F;,) and mass ratios (m,/m, ) for both traditional

and non-traditional active nonlinear vibration absorber. The following physical parameters
for the traditional vibration absorber (TVA) are considered from the work of Habib et al.
[161], which have been cited in more than 99 recent published works. It may be noted that
these parameters are also the same as in the work of Detroux et al. [168]. The system

parameters considered for the TVA in all the analysis are m, =1kg, kK, =1 N/m, m, =0.05
kg, k, =0.0454 N/m and ¢, = 0.0128 N-s/m. These parameters are taken in such a way that
the natural frequency (), ) of the main system becomes unity. It may be noted that by taking

any real system parameters one can reduce the governing equation to that of a system with

unit mass and stiffness by taking the non-dimensional time T =w),¢. Here the mass ratio (
m,/m, ) is considered to be 1:20 which is taken in most of the literature and it is further
varied up to 1:100 so that one can have a very lightweight absorber. The nonlinear stiffness

2(m, I m,) Ky

of the absorber (k) is calculated from the formula given in [161] as k,, = 1 ( / ) .
\ talm, I'm

It may be noted that in [161] these system parameters for the traditional passive nonlinear
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vibration absorber are the optimized values to suppress maximum vibration of the nonlinear
main system and shows Den Hartog’s equal peaks in the frequency response. Also, in [161]

they have used a damper in the main system which is not included in the present system.

Further, for different mass ratios (m2 /ml), the optimized spring stiffness (k,), cubic

nonlinear stiffness (k,,) and damping coefficient (c,) values for the TVA are calculated

from the formulae provided in Habib et al. [161].

For the non-traditional vibration absorber (NVA), the optimal spring stiffness (k,) and
damping coefficient (c,) are calculated from the formulae provided in the work of Ren [99]

for a mass ratio of 0.05. These optimal values are used to suppress the maximum vibration
of the main system and show Den Hartog’s equal peaks in the frequency response. The

physical system parameters for the non-traditional vibration absorber are considered as m,
=0.05 kg, k, =0.0556 N/m and ¢, = 0.1446 N-s/m. The main system parameters are the

same as mentioned before. The bookkeeping parameter £ is considered equal to 0.1
throughout the analysis and PZT actuator properties are considered form Mallik and

Chatterjee [20]. The amplitude of excitations F{, and F}, values for both TVA and NVA

are varied from 0.05 N and 0.5 N/m to 5 N and 5 N/m, respectively. These variations are
also mentioned in the corresponding sections. In the next sub-sections, the efficacy of the
feedback gain on the trivial state instability regions of the system is studied for the

traditional and non-traditional vibration absorber.

4.4.1 Trivial state instability regions

In this sub-section, the trivial state instability regions of the system are studied for the
different amplitudes of parametric excitation, harmonic excitation, feedback gain and time
delay in the feedback using traditional and non-traditional vibration absorbers. The trivial
state instability regions are plotted by obtaining the Jacobian matrix from Eq. (4.10a) to
Eq. (4.10d) and these regions are compared by solving the governing Eq. 3 by the fourth-
order Runge Kutta method. The stability of the system is ensured by the negative real part
of the Jacobian matrix obtained from Eq. (4.10a) to Eq. (4.10d). It may be noted that studies
on the trivial instability regions of the system by the time-delayed traditional and non-

traditional ANVA are not explored in previous literature.
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44.1.1 Traditional vibration absorber

The trivial state boundary of the system with a variation of parametric excitation F;, and
frequency Q, is studied in Fig 4.2 for the traditional vibration absorber (TVA). In Fig. 4.2

the effectiveness of the feedback gain is studied by comparing passive and active feedback
gain (Fig. 4.2(a)), with different time delays (Fig. 4.2(b)), passive TVA for simultaneous
excitations (Fig. 4.2(c)) and active TVA for simultaneous excitations (Fig. 4.2(d)). Fig.
4.2(a) shows the trivial state instability region of the system for the passive and two active

cases without time delay and considering F;, equal to zero. The activel case produced by

the PZT stack actuator and the nonlinear spring in combinations with control gains f, =

12
(a) S \\ (b) TVA
10— 10 -
8 8
g6 s, g S0 g6
= Py I
= \/ i
- passive
- activel with ty = /2
2 - active3 | 2- activel with t; =7
VA - activel 0 T ppesive
0 15 2 2.5 3 1 15 2 2.5 3
Qs (rad/sec) Q(rad/sec)
(C) (d) 12 active TVA
- Fp=1N
IO L 11
- Fp=4N
. 8
3 g
z =6
&) &
4l
2l Fn=1N 2t
- Fu=4N n
0 - - - 0
0.5 1 1.5 2 2.5 3 1 15 2 25
Dy (rad/sec) Qs (rad/sec)

Fig. 4.2: Trivial state instability region with TVA (a) passive and active (b)

active with time delay (c) passive with F|, (d) active with F,.

5, f, =0, f, =-10and f, =-10and k, = 0.0544 N/m and for the active3 case the
control gains are f, =0, f, =-5, f, =0and k, =0.0544 N/m. These combinations

of feedback gains are selected after numerous variations and are found to suppress the
vibration of the main system more effectively than other combinations. From Fig. 4.2(a)

one can observe with the activel case the critical value of F,, (i.e., below which the system
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remains stable for all operating frequency Q,) is found to be 4.2 N/m whereas for the

passive it is 3.4 N/m. This suggests that with the feedback gain the system remains stable

for a higher amplitude of F,,. However, the active3 case produces a broader instability

region with a lower critical value of F,,. To verify the system instability region for the

TVA, time responses and phase portraits for the passive and active cases are shown in Fig.3

for three values of Q, markedas S, U, and S, for the passive case and S, U, and

pl

S, for the active case, respectively. Clearly from Fig. 4.3(a) to (h) for the points S and

S, the system shows responses are bounded and hence stable and for U, the system is

(@) (b) (©) (d)
AO'Z 5 g 0.1? P02 5 30-1 Sf?lﬁ
g ~ g 0.1 > \
S 0 S =
£ 0 g Sy (§§D . 52 £ o ‘;;j)
a e %‘_”/ [ 0 =
0.2 : Ty 1S 01 :
0 50 100 01 0 01 02 0 20 40 60 80 0.2 0 0.2
t(sec) X1 (mm) t(sec) Xo(mm)
(e) () (8) (h)
90 90 A .1
x10 x10 0.1 5 0 [—Sﬂ
— Un . Upn /g | g
g §2 g S}
1 £ = =
> S < =
0 01 -0.1 .
0 50 100 N " 100 0 50 100 0 50 100
t(sec) t(sec) t(sec) t(sec)
) Q) (k) @)
—~ 0.17g 0. — ——
02 S _ s 3 s AN
g <0 ® o = \
g g { g S
= g 01 p = E \
> =0 \\\_~_,J/ b = \\
> - 0.1 N
02 0 02
Xo(mm)
(P)
0lrs,
g
E o
b
) -0.1
0 50 100 0 50 100

t(sec)

t(sec)

t(sec)

t(sec)

Fig. 4.3: Time responses (a, c, e-h, i, k, m-p) and phase portraits (b, d, j, 1) with

the passive and active TVA at the marked frequency points in Fig. 2(a).
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trivially unstable. Similar observations are also perceived for the active case for the

frequency points S_,, U, and S, from Fig. 4.3(i) to 4.3(p). Also, from Fig. 4.2(a) one can

al?

observe for F,, equal to 5 N/m the instability region with passive TVA is in between 1.68

rad/sec to 2.19 rad/sec whereas for the active TVA this region is from 1.78 rad/sec to 1.91
rad/sec and again from 2.04 to 2.12 rad/sec. Since the activel case gives a higher critical

value of forcing amplitude F,, therefore further analysis is carried out considering only the

activel case. The various time delay effect in the activel case on the trivial instability
regions are shown in Fig. 4.2(b). From this figure, one can observe that the critical value

F,, significantly improves from 3.4 N/m in the passive case to 6 N/m in the active case

(76% increase) with a time delay of 77 sec and the system shows a narrow unstable band of

Q, . The efficacy of the feedback gain is also noticed in Fig. 4.2(c) and Fig. 4.2(d) where
simultaneous excitations F|, and F,, are considered. From Fig 4.2(c) it can be observed
that with an increase in F,, values from 1 N to 4 N the stability boundary shifts to the lower
values of Q, and shows the unstable region from 0 to 2 rad/sec for the passive case. Also,

a small unstable region is observed from Q, =1.91 rad/sec to 1.97 rad/sec for F,, values

from O N/m to 1 N/m, this unstable region grows for the passive case with the increased

value of F,,, which is noticeable in Fig. 4.4(c) for the NVA. The unstable region of the
system under F,, and F,, with passive TVA is significantly reduced once the feedback

gain is applied which is shown in Fig. 4.2(d). Further, with the gain, the critical value of

F,, increases when F,; = 1 N and for F;, = 4 N/m, no isolated instability region is

observed. In all the instability regions shown in Fig. 4.2 kinks can be noted which are due

to the 1:1 internal resonance considered in the present analysis.

44.1.2 Non-traditional vibration absorber

The similar analogy as in subsection 4.4.1.1 is carried out for the non-traditional vibration
absorber (NVA) and the corresponding trivial state instability regions are shown in Fig.

4.4. From Fig. 4.4(a) one can observe with the passive NVA the critical value of F, is

3.16 N/m. The corresponding value with the activel case is 6.24 N/m. Hence it is observed

that with the activel case around double forcing amplitude F, is required to make the

system trivially unstable and also the instability region is reduced. The effects of time
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delays on the trivial state instability region for the activel case are shown in Fig. 4.4(b).
From this figure, it is observed that with the #, = /zsec in the activel case the critical value
does not reduce unlike with TVA (Fig. 4.2(b)) and also the frequency range of the
instability region increases. In Fig. 4.4(c) and Fig. 4.4(d) the trivial state instability region
are shown for simultaneous excitations F;, and F}, with the passive NVA and active NVA,
respectively. From these figures, it is observed that for the activel case not only the critical
value of Fj, increases but also the instability region is significantly reduced than the
passive NVA. Comparing the effects of the feedback gain on the trivial state instability
regions between TVA and NVA, it is observed that for TVA with a time delay equal to 77
sec in the activel case, a significant reduction in the trivial state instability the region is

observed and the critical value of forcing amplitude F,, increases to 1.76 times than the

passive TVA. But for the NVA with only feedback gain without delay, a

12 12
(@) wa (b) “pwa
11
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10
— ~ 9
= 8 g
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= / S
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6 .
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Fig. 4.4: Trivial state instability region with NVA (a) passive and active (b)

active with time delay (c) passive with F,, (d) active with F),.

significant improvement (200%) of the critical value of F,, and reduction in instability

region is observed. The effectiveness of the feedback gain is also, noticeable when the main
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system is subjected to simultaneous F;, and F,, excitations. In the next sub-section

frequency responses and time responses of the linear system are studied.

4.4.2 Response of the linear system

In this sub-section, the frequency responses of the linear main system and the linear
absorber are studied for both TVA and NVA by solving the reduced equations by the first
order MMS from Eq. (4.92a) to (4.9d) using Newton’s method. The analysis is carried out
by studying the effects of various feedback gains ( f,, f,, f, ) by different feedbacks, active

tuning of the absorber (k,) and time delay (z,) in the various feedbacks to suppress the

vibration of the main system. In all the frequency response plots the ‘dot’ or line signifies
the stable solution and the ‘circle’ signifies the unstable solution. In the following
subsection frequency responses of the linear main system are studied with only harmonic

excitation.

4.4.2.1 Passive TVA under harmonic excitation

In this sub-section, the frequency responses obtained from the reduced first order MMS Eq.
(4.9a) to Eq. (4.9d) are compared with various methods such as 2nd order MMS, HBM and
fourth-order Runge Kutta method for the primary resonance condition and shown in Fig.
4.5. One can obtain the reduced equations by the 2nd order MMS for the passive absorber
by following the standard procedure very easily, which is given in Appendix B (B. 3 to B.

6). In Fig. 4.5 the amplitude of forcing F, =0.005 N is considered, which is the same as in

the work of Detroux et al. [168] (Fig. 4.3(a)). It may be noted that in [168], HBM is used
to obtain the frequency response of the main system with the same linear physical
parameters as considered in the present work. In the present analysis, the frequency
response obtained from the reduced equations by using the MMS is first time compared
with the HBM. In previous literature, the frequency response obtained by reduced equations
of MMS shows only a single peak [177-186, 215-217, 222-225, 286] with no Den Hartog’s
equal peaks in the frequency response. Most of the analyses in previous literature are non-
dimensional and there is a clear deviation from the results by HBM [161-174, 219, 287]
and various linear methods [122-152] in terms of the trend of the frequency response curves

and the amplitudes of the main system at the operating frequency. Hence in the present
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work, the governing Eq. 4.3 is obtained using the weighted modal matrix and then first
order MMS is used to obtain the reduced equations. Fig. 4.5(a) shows the original response
amplitude ( A, ) and Fig. 4.5(b) shows the modal amplitude (g, ) response. From Fig. 4.5(a)
one can observe the same trend of frequency response curves as other linear [1, 23, 48, 56,
99-107, 122-128, 192, 281, 325-329] and nonlinear methods [160-176, 193, 219, 287] with
similar operating frequency range where the main system shows Den Hartog equal peaks.
From Fig. 4.5(a) one can observe that there is a small deviation (0.006 m) of the amplitude

of response between the 1st order MMS and the HBM results [168] for Q, in the range of
0.88 rad/sec to 1.1 rad/sec. The amplitude response at Q, = 1 rad/sec by first-order MMS
1s 0.036 m while with HBM [168] it is 0.02851 m. This small deviation is also observed in
the time response shown in Fig. 4.5(c) between the numerical method (NM) and the first
order MMS. In Fig. 4.5(c) and Fig. 4.5(d), time responses of the original displacement (x,
) and modal displacement ( X,) of the main system is shown, respectively. The time
response of the main system in Fig. 4.5(c) and Fig. 4.5(d) are obtained by NM from Eq. 3.

The modal response amplitudes (¢,) of the main system are shown in Fig. 4.5(b) and the

0.045 - - )
(a) MM st order (b) 004 e
MMS 2nd order 0.035 " P
- / nd order
0.035 + Detroux et al. [168]

X1

/\~ Y 0.0258
. \ — / 8

: 10.0285071 E/ ‘ \
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Fig. 4.5: Comparison of frequency responses by different methods for the (a)

original and (b) modal response amplitude. Comparison of time responses at Q,

= 1 rad/sec for (c) original and (d) modal displacement.
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time responses shown in Fig 4.5(d) are exactly matching with each other at the

corresponding frequency points (Q, = 1 rad/sec). The modal response amplitude in Fig.
4.5(b) shows a single large peak, unlike Fig. 4.5(a). The small deviation of 0.006 m in the
original amplitude response ( A, ) of the main system (Fig. 4.5(c)) between the MMS and

NM may be due to the multiplication of the weighted modal matrix [}3} which increases

the error. Also, From Fig 4.5(a) and Fig. 4.5(b) it can be observed that 2nd order MMS
gives a larger deviation than the 1st order MMS, so further analysis is carried out by
considering 1st order MMS reduced equations. It is inferred from Fig. 4.5 that the 1st order

MMS gives a conservative response for the original amplitude response ( A, ) and exactly
matches with the modal amplitude response (). In the next sub-sections analysis is carried

out for the active cases.

4.4.2.2 Active vibration absorber for harmonic excitation

In this subsection, the vibration suppression of the main system under F,, equal to 1 N (
F, = 0.1 N) for the primary resonance condition is studied by various feedbacks, gains,

time delays and actively changing the stiffness of the absorber. In Fig. 4.6 frequency
response of the main system is compared with the passive vibration absorber by considering

only displacement feedback ( f,), velocity feedback ( f,), acceleration feedback ( f, ) and
a combination of these feedbacks with time delays (z,). Figs. 4.6(a-d) and Figs. 4.6(e, f)

shows the frequency response of the main system by using TVA and NVA, respectively.

In Fig. 4.6(a) the response amplitude of the main system is plotted for different f, values.

From this figure, it can be observed that the response amplitude of the main system

decreases for Q,in the range of 0.82 rad/sec to 1.15 rad/sec with the increasing value of
f,- This may happen as f, increases the stiffness of the absorber increases and tunes the

absorber frequency to the main system frequency. But this vibration suppression is limited

close to the resonance condition (Q, =1 rad/sec) and also the response amplitude increases

at the peaks with higher feedback force. It is observed that the peak amplitude increases for

f, value greater than 5. The frequency response with the passive TVA shown in Fig. 4.6(a)

is well-matched with Fig. 2(a) from the work of Habib et al. [161], where the amplitude of

forcing ( F} ) is considered 100 times higher than the present work. The modal amplitude-
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frequency response is shown in Fig. 4.6(b) where similar observations are noticed but the
trend of the curves are different. From Fig. 4.6(c) one can observe that the response

amplitude increases with f, =5 for Q, in the range of 0.82 rad/s to 0.999 rad/s but
decreases for Q, in the range of 1 rad/s to 1.15 rad/s. One can notice that the negative and
positive f, forces are mirror images of each other. In Fig. 4.6(d) frequency response is
plotted for different values of f, and it is observed that more reduction in vibration for
Q,1in the range of 0.88 rad/sec to 1.08 rad/sec than with f, (Fig.4.6(a) ) and f, (Fig.

4.6(c)). However, here also a higher response amplitude near the first peak is observed. In
Fig. 4.6(e) the frequency response of the system is plotted when the main system is

subjected to a combination of f,, f, f, forces and actively changes the stiffness of the
absorber (k,). In Fig. 4.6(e) the feedback gains by the TVA are represented by four

combinations of control gains namely activel, active2, active3, and active4. The activel
and active3 are the same as mentioned in the sub-section 4.1.1 while the active2 case is

obtained for k, = 0.0544 N/m. In active4 case k, =0.0544 N/m, f, =2, f, =-5and f, =

-10 is considered. It is observed that out of many combinations considered above with the
active3 case the vibration suppression is better than the other combinations which reduce
50% of the amplitude response at the peaks and also completely suppress the vibration at

Q, =1.042 rad/sec. Moreover, for a wider band of Q, the vibration suppression of the main

system is achieved. The two-time delays effect in the activel case and active3 case are
studied in Fig. 4.6(f) using the TV A. From Fig. 4.6(f) one can observe for lower time delay

ie, t, = /10 sec for both activel and active3 the response amplitudes are less in

comparison to the active system without delay (Fig. 4.6(e)). From Fig. 4.6(f) the maximum

response amplitude by activel at the first peak with 7, = 77/10 sec is found to be 0.32 m

whereas without delay it is 0.76 m (Fig. 4.6(e)) which is a reduction of 58% of amplitude.

Also, with activel and t, = 77/10 sec the vibration reduction is for a wider range of Q
than without delay. However, with a higher delay of 7, = 77/2 sec, the system becomes

completely unstable as shown in Fig. 6(f). Similar observations are also noticed in Fig.

4.6(f) for active3 with lower and higher time delays. Here with active3 and ¢, = 71/10 sec
the variation of response amplitude in comparison to the active system with 7, = 0 (Fig.

4.6(e)) is found to be negligible and the system response is found to be stable with very

high response amplitude. In Fig. 4.6(g) and Fig. 4.6(h), the response amplitude of the main
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Fig. 4.6: Frequency responses with different feedbacks, feedback gains and
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system with NVA is shown. In Fig. 6(g) the effectiveness of the activel and active2 cases

can be observed for completely suppressing the vibration of the main system at Q, equal
to 1.22 rad/sec and also for a wider range of operating Q, . It may be noted from Fig. 4.6(g)

that the response amplitude of the main system with the passive NV A is closely matching
with Fig. 4.4(b) of Shen et al. work [329], where they compared their results with the
passive NVA [24]. Also, from Fig. 4.6(a) and Fig. 4.6(g) one can observe the maximum
response amplitude of the main system at peak using passive TVA is 0.7 m whereas with
passive NVA the maximum amplitude is 0.67 m. These comparative results also matched
with the work of Ren [99] where they showed that with the NV A the vibration of the main
system can be little more effectively suppressed than the TVA. Hence from the present
analysis, it is shown that with active NVA the reduction in response amplitude is more
effective than those in the published literature [99, 329]. In the next sub-section, the

analysis is carried out when the main system is subjected to simultaneous excitations.

44.2.3 Active vibration absorber for simultaneous excitation

In this subsection, a similar analogy as in subsection 4.2.2 is carried out but here the main

system is subjected to simultaneous forcing amplitude F,, =1 N and F,, =1 N/m for the
primary and principal parametric resonance conditions. It may be noted €, is equal to
2Q, from the resonance conditions. Fig. 4.7(a) shows that an increase in f, the response
amplitude of the main system decreases for Q, in the range of 0.85 rad/sec to 1.05 rad/sec
but thereafter increases compared to the passive case. Fig. 4.7(b) shows for f, = -5 the
vibration suppression is in narrower range of 0.8 rad/sec to 0.99 rad/sec compared to f,
(Fig. 4.7(a)). It is observed that a further increase in the magnitude of f, induces a high

amplitude response in the second peak with unstable solutions in the frequency response

plot. Fig. 4.7(c) shows the frequency response plot for three different values of f,. This

figure is similar to Fig. 4.7(a) but in this case, the response amplitude is slightly more. In
Fig. 4.7(d) the response amplitude of the main system is compared between the passive
case and the combination of feedbacks. Fig. 4.7(d) shows that for both activel and active3
cases there is a reduction in the response amplitude of the main system for the whole range

of Q, compared to the passive case. The response amplitude of the main system is

completely suppressed for the activel and active3 cases at Q, = 1.075 rad/sec and at Q,
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=1.144 rad/sec, respectively. Though in the active3 case the reduction in the response
amplitude is better than in the activel case. For the activel case with a time delay of 77/10
sec reduces the first peak amplitude, but produces a higher amplitude response in the second
peak and also the system becomes unstable as shown in Fig. 4.7(d). In Fig. 4.7(e) and Fig.
4.77(f) frequency responses of the main system with NVA are studied for the passive,
activel and active3 cases. From Fig. 4.7(e) the effectiveness of activel and active3 cases

can also be observed as in TVA for completely suppressing the vibration at the indicated
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Fig. 4.7: Frequency responses with F,, and F,, for different feedbacks,

feedback gains and time delays with the (a-d) TV A and with the (e, f) NVA.
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Q, and also suppressing the vibration for a wider range of Q,. In Fig. 4.7(f) time delay in

the activel case is studied and compared with the passive case. From Fig. 4.7(f) one can

observe that for #, = 77/2 sec the systems become unstable for a large range of Q,. But
for t, = 7/10sec the system shows no unstable solutions with a better reduction in the

response amplitude than without delay (Fig. 4.7(e)). All the trivial state responses show
stable solutions in Fig. 4.7 as evident from the trivial state instability regions curves are

shown in Fig. 4.2 and Fig. 4.4 for F|, =1 N and F;, = 1 N/m. The efficacy of the proper

time-delayed feedback gain by the absorber in suppressing the vibration of the main system
is also noticed in the experimental work of Xu and Sun [279]. They showed experimentally
that with proper time delay in the feedback gain by acceleration feedback significant
reduction in the vibration of the linear main system under base excitation is achieved for a

certain range of operating frequencies.

4.4.3 Response of the nonlinear system

In this sub-section, the frequency responses of the nonlinear main system and the nonlinear
absorber are studied for both TVA and NVA by solving the reduced equations by the MMS
from Eq. (4.9a) to (4.9d) using Newton’s method. The similar analyses are carried out as
in the linear system but here different cubic nonlinear stiffnesses in the springs are
considered and vibration suppression by activel and active2 cases are discussed for
simultaneous primary and principal parametric resonance conditions. The nonlinear studies
carried out in the next section can be applied to many practical systems as nonlinearity is
inherently present, particularly in the joints, bearings and other moving parts. Also,
nonlinearities arise due to various operations in the machining process [39, 41],
automobiles [32], ships [184], aircraft, tall and large structures such as buildings, bridges,
beams, flexible structures, off-shore structures, and railroad wheelsets, etc. [5-8, 10-21, 27-
32, 35, 37, 39-41, 43, 54-62, 156-230, 286, 287, 330] due to various form of external
excitations on the primary systems. So, the present nonlinear analyses are more practical in
nature. In the following subsection frequency responses, time responses, and phase portraits

of the main system are studied for F;, =1Nand F, =1 N/m.
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4.4.3.1 Nonlinear system for simultaneous excitation

In this subsection frequency response of the system is studied in Fig. 8 for two values of

cubic nonlinear stiffness in the main system (k,,) as 1 N/m’ and 5 N/m* and the
corresponding optimal &, values are calculated from the work of Habib et al. [161] with
F,, = F, =1N. InFig. 8(a) k,, =1 N/m? and k,, = 4.2x107* N/m’. Fig. 4.8(a) shows
that for the passive TV A the main system vibrates with a maximum response amplitude of
0.8m and an unstable isolated region of higher amplitude is also observed for Q, in the
range of 1.2 rad/sec to 1.5 rad/sec with Hopf bifurcation point at Q = 1.32. The response

amplitude of the main system reduces once the feedback gain is applied by the TVA as
shown in Fig. 4.8(a). For the activel case, a minimum of 80% of vibration reduction is
achieved for Q, in the range of 0.78 rad/sec to 1.1 rad/sec. Further, 100% vibration
suppression of the main system is observed for 0.88 rad/sec< Q, <1 rad/sec compared to
the passive case. For the active2 case the response amplitude is not decreased as compared
to the activel case and also an isolated unstable region is observed with a lesser amplitude
response than the passive TVA. Fig. 4.8(b) shows the modal amplitude response of the
main system with the TV A for the same parameters as in Fig. 4.8(a). Here a higher response
amplitude is observed than in Fig. 8(a). The Hopf bifurcation points ( H,, H,) and saddle-
node bifurcation points (.S) for the activel case are marked in Fig. 4.8(a) and Fig. 4.8(b),
which are verified by the time responses and phase portraits curves and shown in Fig. 4.9.
From Fig. 4.9 time responses and phase portraits corresponding to marked points in Fig.

4.8(a) and 4.8(b) one can observe periodic responses at H, and H, points and fixed point
responses at S point, which confirms the Hopf bifurcation points (4, and H,). In Fig.
4.8(c) response of the main system is shown with TVA for k_13 =5 N/m’ and k_23 =
4.2x107° N/m>. It may be noted that here k,, value is not calculated from the Habib et al.

[161] work and kept the same as in Fig. 4.8(a). From Fig. 4.8(c) with the passive TVA two
peaks in the frequency response can be observed for the passive, which is 28% less than in
Fig. 4.8(a) for the passive case. The response amplitude is considerably reduced for the
activel and active2 cases as shown in Fig. 4.8(c). The passive TVA shows a maximum

amplitude response of 0.736 m with an isolated unstable region for Q, > 1.16 rad/sec and

Hopf bifurcation point at Q, = 1.209 rad/sec. The 100% vibration suppression for activel
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case is achieved at Q, = 0.95 rad/sec. It can be observed that for the activel case though

significant amplitude reduction (minimum of 75%) is achieved from 0.625 rad/sec < Q, <

1.12rad/sec but produces unstable response with saddle-node bifurcation point at Q, =
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Fig. 4.8: Frequency responses with F,, and F,, for different k,, and k,, values

using the TVA (a-d) and NVA (e, f). (a,b) k,,=1 N/m’ and k,,= 4.2x107°

N/m® (¢) k,, =5N/m’ and k,,= 4.2x107° N/m* (d) k,, =5N/m’ and k,, =
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1.302 rad/sec. Also, for the activel case, no isolated unstable region is observed, unlike the

passive case. The 100% vibration suppression for activel case is achieved at Q, = 0.95
rad/sec. The unstable response with activel case is observed for Q, < 0.625 rad/sec with
Hopf bifurcation point at Q, = 0.625 rad/sec. So, it is suggested that the activel case can
be utilized for 0.625 rad/sec <Q, <1.12rad/sec and outside this region, the active2 case

can be utilized for maximum vibration suppression of the main system for a wider band of
Q,. In Fig. 8(d) k,, =5 N/m? is considered and the corresponding &, value is calculated
from [161], which is equal to 0.021 N/m?>. Here the passive TVA shows jump up and jump
down phenomena at saddle-node bifurcation points 1.007 rad/sec and 1.19 rad/sec,
respectively. The response amplitude of the main system decreases for activel case from

0.4 rad/sec to 1.072 rad/sec and shows saddle-node bifurcation point at Q, = 1.072 rad/sec.
In Fig. 4.8(d) the effectiveness of the activel case is observed for a very small range of Q,

i.e from 0.89 rad/sec to 1.21 rad/sec and produces a more unstable region. From Fig. 4.8(d)

one can observe that the active2 case is more effective than the actvel case as it produces
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Fig. 4.9: Time responses (a, d) phase portraits (b, c, e, f) at the marked Hi, H2
and S frequency points in Fig. 4.8(a) and Fig. 4.8(b).

a more stable range of Q,. All the trivial state solutions in Fig. 4.8 shows stable solutions
as evident from Fig. 4.2 for F,, =1 Nand F,, = 1 N/m. From the various & , and k,,
values, it is inferred that the nonlinear cubic stiffness in the absorber (k,,) makes the

system more unstable than k,,.So one can use less k,, value in the range of 1 to 2% of the
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linear stiffness (k,) and higher k,, in the main system in the range of 10% to 50% of the
linear stiffness (k) for better vibration reduction in a wider range of operating frequency

for the activel case. In Fig. 4.8(e) and Fig. 4.8(f) frequency response of the nonlinear main
system is studied for the passive and active cases with the nonlinear NVA. The nonlinear
stiffness in Fig. 4.8(e) and 4.8(f) are taken the same as in Fig. 4.8(c) and 4.8(d),
respectively. From Fig. 4.8(e) one may observe that in the activel case the system is

unstable for a larger range of Q, than the active2 case. So, here for k,, =5 N/m* and &,

= 4.2x107* N/m? the control parameter in the activel case can be utilised for 0.646 rad/sec

<Q, <0.813 rad/sec and 1.02 rad/sec< Q, <1.18 rad/sec and outside this region active2
case may be utilised. In Fig. 4.8(f) for k,, = 0.5 N/m® and k,, =0.021 N/m’, it is shown
that with #, = 77/10 sec in the activel case the unstable region is reduced than without
delay and also decreases the response amplitude than the passive case for Q, <1.08 rad/sec.

From Fig. 4.8 it is observed that with activel and active2 cases the response amplitude of
the main system is significantly reduced for different nonlinear stiffness in the system. The
unstable region of frequency response by the activel case can be eliminated by using the

active2 case. It may be noted that in the active2 case all control gains f,, f, and f, are

equal to zero. So, one can switch from active2 case to activel case easily by proving the

mentioned f, and f, forces. These results are also in good agreement qualitatively with

[171, 193] where the efficacy of the feedback gains are shown for the nonlinear absorber.
Wang et al. [289, 290] showed that with the active dynamic vibration absorber (ADVA),
vibration suppression of the main system is better than the passive case and also the
nonlinear ADVA further reduces the convergence time of oscillations than the linear
ADVA. The nonlinearity in the absorber is more practical and also suppresses the vibration
better than the linear vibration absorber as also evident from the present studies. The
feedback gain produced in the present work is also nonlinear due to the attached nonlinear
spring with PZT stack actuator, which provides more blocking force and requires less
voltage supply. The effectiveness of the feedback gain in the present work is also in good
agreement with the experimental works [153, 154, 331, 287, 260, 279, 280] where
nonlinear analyses are considered. The time-delayed effects in the feedback gain by the
piezoelectric-based active vibrations and its importance are also in good agreement with
the experimental works [279, 280]. However, unlike in the present work the complete

vibration suppression of the undamped main system by harmonic and parametric
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excitations is not achieved by the previous literature. In the next sub-section frequency

response of the nonlinear system under parametric excitation F,, =5 N/m is studied.

4.4.3.2  Nonlinear system with parametric excitation

In this sub-section, the response of the main system is studied when it is subjected to only

parametric excitation with F;, =5 N/m. The frequency response, time response, Poincare’
sections and basin of attractions with TVA are plotted considering nonlinear stiffness &,
=5N/m? and k,, =0.021 N/m?, which are the same as those in Fig. 4.8(d). It may be noted

that here only the principal parametric resonance condition is studied for the passive case
(Fig. 4.10(a)) and activel case (Fig. 4.10(b). Fig. 4.10(a) shows the frequency response for
the passive case where the trivial state becomes unstable for 1.7 rad/sec < Q, <2.2rad/sec
and this trivial unstable region are well matches with the trivial state instability region
shown in Fig. 4.2(a) for the passive case. A special type of pitchfork bifurcation is observed

at Q, = 2.32 rad/sec and 2.6 rad/sec where the stable trivial state leads to an unstable
nontrivial and a stable trivial state. Further, at B i.e., Q, = 1.38 rad/sec, another special

type of bifurcation occurs where the unstable nontrivial branch bifurcates into a stable and
an unstable branch. The time responses and Poincare’ sections (Fig. 4.11) clearly show the
chaotic response of the system at point B. One can observe a crisis phenomenon with a

slight increase in the frequency Q,as the chaotic response vanishes leading to a stable

nontrivial response. In Fig. 4.10(b) the trivial state instability region is observed for 1.8
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Fig. 4.10: Frequency responses with F,, using the (a) passive TVA and the (b)

active TVA.
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rad/sec <Q, <1.9 rad/sec and 2.04 rad/sec <Q, <2.16 rad/sec which are in good

agreement with Fig. 4.2(a) for the active TVA. Clearly, five bifurcation points are observed

in the trivial states which are subcritical pitchfork, Hopf, supercritical pitchfork (R),
supercritical Hopf ( £,) and another Hopf bifurcation. At P (Q, = 1.88 rad/sec) the time

response and Poincare’ section of the response of the system are shown in Fig. 4.12(a) and

Fig. 4.12(b), respectively. Similarly, at £, (Q, =2.05 rad/sec) time response and Poincare’
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Fig. 4.11: Time responses (a, ¢) and Poincare’s sections (b, d) at the marked point

B in Fig. 4.10(a).

sections are shown in Fig. 4.12(c) and Fig. 4.12(d), respectively. From Fig. 4.12(c) and Fig.
4.12(d) the response of the system is periodic which matches with Fig. 4.10(b) Hopf

bifurcation point at P . The time response and Poincare’ section in Fig. 4.12(a) and Fig.

4.12(b) show chaotic responses which are also in good agreement with Fig. 4.10(b). Fig.

(@) ®) (e)
12 —P, /7;500 . 6 =1, active
o B
508 :: 4
0.6 < 446 445
-2500 E 2+ :
980 990 1000 040608 1 1.214 =
t(sec) a1(m) S 01 X106 -
2
0
c ‘ (d) , b
( )001 v, 0.1 . e, 2 b el
= q0 1
/g\ i 4 x10°
s .
£ £ 8 6 4 2 0 2
3 =
S Y1(rad)
.01 - -0.1 -
960 980 1000 -0.1 0 0.1

t(sec) aj(m)
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marked points in Fig. 4.10(b). (a, b) F point (c, d) P, point and (e) basin of

attraction at Q, =1 rad/sec.
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4.12(e) shows a part of the basin of attraction with two stable solutions corresponding to

the frequency response shown in Fig. 10(b) at Q, = 1 rad/sec. Here one can observe the
stable trivial state (a, = 0) and stable nontrivial state at (q, = 0.1185 m), which are closely

matched with the solutions shown in Fig. 4.10(b). It may be noted that as in the present

work four state variables (qa,, );, a,and ;) are existing, so it is difficult to show a clear

basin of attraction. In the next sub-section response amplitudes of the highly nonlinear
system for the passive and active cases are studied with variation in the amplitude of

external excitations.

4.4.4 Force response analysis

In this sub-section, the response amplitude of the main system with a simultaneous

variation of F,, and F,, values for the simultaneous primary and principal parametric

resonance conditions are discussed. Fig. 4.13 shows three-dimensional plots for the

variation of response amplitude (A, ) with F}, and F}, at Q, =0.9 rad/sec, 1 rad/sec and
1.1 rad/sec for the passive and active TVAs. The nonlinear stiffness value k , and k,, are

equal to 5 N/m® and 0.021 N/m?, respectively which are the same as in Fig. 4.8(d) and Fig
4.10. For the passive TVA in Fig. 4.13 (a), one can observe that for Q, = 0.9 rad/sec, the

system is completely stable but for Q, = 1 rad/sec the system has saddle-node bifurcation
points (F,; =0.82 N, 0.91 N and F}, =0.82 N/m, 0.91 N/m) and for Q, = 1.1 rad/sec the
system has multiple bifurcation points viz. Hopf bifurcations ( F;, = 1.24 N, 2.19 N and
F,, =1.24 N/m, 2.19 N/m) and saddle node bifurcations ( F;, =2.29 N and 1.06 N and F|,
=2.29 N/m and 1.06 N/m) leading to jump up and jump down phenomena. For Q, =1.1
rad/sec the jump up and jump down phenomena are more prominent than those for Q, =1
rad/sec. The jump down length at Q, = 1.1 rad/sec for a slight decrease in F,, = 1.06 N
and F,, =1.06 N/m is found to be 0.56 m and for the slight increase in F,; =2.29 N and
F,, =229 N/m the jump up length is 0.38 m. This sudden decrease or increase in the

response amplitude of the main system may fail the system, so the active TVA is more
useful in these conditions. In the active TVA, shown in Fig. 4.13(b), there are no jump up

or jump down phenomena are observed. It is observed that for the activel case (active
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TVA) the response of the main system is reduced to a minimum of 48% to a maximum of
99% in comparison to the passive case (Fig. 4.13(a)) for F;, and F}, values in the range 0

(b) /- @ =09rad/scc  active VA |
/ - Q) =1rad/sec

(a)

X 1.06 - =1.1rad/sec
154 v10e

Z1.18549
- Q=09 rad/sec 1

- Q=1 rad/sec \E, X1.16
= !
< Y 1.16

- =1.1rad/sec Z0.461774

Fri(N) Fiu(N)

Fig. 4.13: Response amplitudes with variation in F,; and F,, using the (a)

passive TVA and the (b) active TVA.

to 1 for Q, =1 rad/sec. Similarly, Q, = 1.1 rad/sec the reduction is found to be a minimum
of 80% to a maximum of 99% than the passive case. For Q, =0.9 rad/sec, from Fig. 4.13(b)
it is observed that in the activel case the system becomes unstable after F|; = 0.42 N and
F,, =0.42 N/m. In the active TVA (Fig. 4.13(b)) the Hopf bifurcation points for Q, =1
rad/sec and 1.1 rad/sec are found to be for F;, = 148 N and 1.16 N and F,, =1.48 N/m

and 1.16 N/m, respectively. The response of the main system with NV A is not shown here
as the results are of similar characteristics. From the above figures, it is observed that the

active TVA reduces significant response amplitude of the main system for F;, and F|,

values in the range of O to 1 and for higher excitation amplitudes one may increase the

feedback gain parameters f,, f,and f, values. Further, with the active TVA no jump up

or jump down phenomena are observed. In the next sub-section responses of the nonlinear
system for the passive and active cases are studied with variation in the nonlinear stiffness

of the system.

4.4.5 Variation of response amplitude with the nonlinear stiffness

Fig 4.14(a, b) shows the variation of response amplitude of the main system with k,, and
k_23 for three values of Q, i.e. 0.9 rad/sec, 1 rad/sec and 1.1 rad/sec for the simultaneous

primary and principal parametric resonance conditions considering F,, =1 Nand F}, =1
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N/m with the passive and active TVA. The optimized k,, values for different k,, values
(0 to 6 N/m?) are calculated from [161]. From Fig 4.14(a) with the passive TVA the
response remains stable for Q, = 0.9 rad/sec but for 1 rad/sec and 1.1 rad/sec saddle-node
bifurcations points lead to jump up and jump down phenomena can be observed. For Q, =
1 rad/sec at the saddle-node bifurcation point (k_l , =4.28 N/m? and k_23 =0.01798 N/m°®)
the jump up length is 0.269 m and at the second saddle-node bifurcation point (k,, =3.16
N/m?* and k,, =0.0132 N/m?) the jump down length is found to be 0.4342 m. Similar

bifurcation points are also observed in Fig. 4.8(d) where higher nonlinear cubic stiffness is

considered which produces a more hardening effect on the frequency response for Q, > 1

rad/sec. These phenomena are not observed with the activel case (active TVA) as shown

in Fig. 4.14(b). But here unstable responses are noticed for Q, = 0.9 rad/sec with Hopf
bifurcation point (k,, = 0.73 N/m® and k,, = 0.003 N/m?). For Q, = 0.9 rad/sec a

minimum of 50% reduction in the response amplitude is observed compared to the passive

case for k_, values in the range of 0 to 0.73 N/m?. Similarly, for Q, = 1 rad/sec a minimum

80% reduction in the response of the main system is observed with the activel case than

the passive case for the whole range of & , values. Also, the effectiveness of the activel

case can be noticeable for Q, = 1.1 rad/sec with the variation in k,, and &, stiffness

| 0.6 S
(a) - =0.9rad/sec ﬁ (b) 0 = 0.9 rad/sec
1" Y=1rad/sec g - =1rad/sec
— - O =11rad/sec Y N 04 - 5?1 = 1.1 rad/sec
E 08 B
& [
= < 02
0.6 \
0.4 Pel— 0
\
% 0.02 Z, 0.02
%, 0. , , -
" 001 el oo NSO aetive TVAL
;’bj 0 0 2 4“ 6 %, 0 0 2 4 6
kg (N/m*) iy (IN/m?)

Fig. 4.14: Response amplitudes with variation in & , and k,, using the (a)

passive TVA and the (b) active TVA.

values, with no jump up and jump down phenomena. In the next sub-section, the system

responses with the variation of feedback forces and the time delays are studied.
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4.4.6 Variation of response amplitude with feedbacks gains and time

delays

In Fig. 4.15 and Fig. 4.16 the variation of response amplitudes of the main system with

time delays (#,) and feedback forces by using the traditional vibration absorber are shown

considering the same parameters as in Fig. 4.8(a, b). Fig. 4.15(a) shows the response

amplitude of the main system with the variationin f, and ¢,. From this figure, the unstable
response 1s observed for ¢, in the range of 1.22 zsec to 1.59 rsec for f, in the range of

3.67 to 4.78. Also, the response amplitude of the main system is found to be stable with

almost the same amplitude for 7, = 0 to 1.22 77 sec. The sharp increase in the response
amplitude of the main system is observed for z, =0.82 77 sec to 1.22 7 sec and f, =2.52
to 3.67. The response is found to be minimum at f, =5.61 and ¢, = 1.86 ;7 sec. The same

analogy as in Fig. 15(a) is carried out in Fig. 4.15(b) and 4.15(c) considering variation in

f, and f , respectively. In Fig. 4.15(b), the unstable solutions appear for less time delay
i.e., t, in the range of 0 to 0.24 77 sec and 0.87 77 sec to 1.22 77 sec unlike Fig. 15(a). The

response amplitude of the main system also increases sharply for small changes in the delay
from 0.24 77 sec and 0.43 77 sec. In Fig. 4.16(c) the response amplitude of the main system

is shown with variation in f, and ¢,. Here a broader range of unstable responses of the
system is observed compared to Fig. 4.15(a) and Fig. 4.15(b) for ¢, in the range of 0.24 7
sec and 0.43 71 sec. However, with variation, f, a comparative minimum response
amplitude is observed at 0.82 srsec than with f, and f, (Fig. 4.15(a) and Fig. 4.15(b)).
Also, for a wider range of ¢, i.e., from 0.66 7 sec to 0.97 77 sec the system response
amplitude is less than with f, or f, feedback forces (Fig. 4.15(a) and Fig. 4.15(b)). In
Fig. 4.15(d) the response amplitude of the system is studied by varying in f,, f, and f,
simultaneously with ¢,. From Fig. 4.15(d) it can be observed that the unstable responses
are comparatively in a wider range of ¢, than with other individual feedbacks shown in Fig.

4.15(a) to Fig. 4.15(c). However, with this combination of feedbacks vibration suppression

effect is greatly improved than the individual feedback at some particular value of ¢,. The

maximum suppression in the response amplitude of the main system is observed at ¢, =
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Fig. 4.15: Response amplitude of the main system at Q, = Irad/sec with

variation in delay and different feedbacks gains (a) f, (b) f, (¢) f, and (d)
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0.76 77 sec. The unstable regions in Fig. 4.15(d) are observed for ¢, in the range of 0.076

7T sec to 0.66 77 sec and 1.2 77 sec to 1.6 77 sec. From Fig. 4.15 it can also be observed

that the stability of the system largely depends upon time delay ¢,. The time delay ¢, in the

active vibration absorber is a common occurrence as during sensing, processing and
actuation some delay [221- 230, 279, 280] in the feedback takes place. In Fig. 4.16 the

variation of response amplitudes A, and the modal response a, of the main system with
t, for activel and active2 cases are shown at Q, = 1 rad/sec, with the same parameters that

are used in Fig. 4.15 and in Fig. 4.8(a, b). From these figures for the activel case the

response amplitudes of the main system is found to be stable for ¢, in the range of 0 to 0.16

7T sec, 0.72 71 sec to 1.06 77 sec and 1.75 77 sec to 1.88 77 sec and outside this range the

system response is unstable. The Hopf bifurcation points are observed for ¢, equals to 0.16
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ig. 4.16: Response amplitude of the main system at Q, = Irad/sec with variation

in delay with activel and active2 cases (a) original response (b) modal response.

7T sec, 0.72 71 sec, 1.06 71 sec and 1.75 77 sec. The 100% vibration suppression of the
original response amplitude ( A, ) of the main system is observed with activel case for ¢,
in the range of 0 to 0.04 77 sec and from 1.01 77 sec and 1.03 77 sec, as shown in Fig.
4.16(a). The result is shown in Fig. 4.16(a) for the activel case is matching well with Fig.
4.8(a) for zero ¢, at Q, =1 rad/sec. From Fig. 4.16(a) and Fig. 4.106(b) it is also observed

that the response amplitude of the main system with the active2 case shows two stable

responses and one unstable response and remains constant irrespective of ¢, values. These

results for the active? case are also well matched with Fig. 4.8(a) and Fig. 4.8(b),
respectively. One can observe from Fig. 4.8(a) and Fig. 4.8(b) that for z, =0 at Q, =1
rad/sec, the main system shows two stable and one unstable response. The response
amplitude remains constant with the active2 case as in this case the control gains parameters

(f,, f, and f, ) are considered equal to zero and only the frequency of the absorber is
actively changed, as mentioned in sections 4.2.2 and 4.3.1. The results shown in Fig. 4.16
are also, well-matched with Fig. 4.8(a) and Fig. 4.8(b) for z, = 0 at Q, = 1 rad/sec. From
these analyses, it is observed that the introduction of feedback gains induces large
suppression of the response amplitude of the main system at some particular value of z,.

Hence the ANVA can be operated within the mentioned ¢, range and feedback gains for

suppressing maximum vibration of the main system for the simultaneous primary and

principal parametric resonance conditions.

The three control gains considered here can be used to vary stiffness, damping, and inertia

of the absorber actively by changing the corresponding displacement, velocity and
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acceleration feedback gains as studied in section 4. The consideration of the time delay in
these feedbacks will also help to change the frequency of the absorber actively which can
be observed from the parameter S, used in Eq. 4.8(a) and 4.8 (b). Thus with the proposed
feedback, the active absorber can be useful to actively change its frequency and
simultaneously impart a counteracting (blocking) force on the main system to reduce its
vibration. The present analyses can be applied using either a three-vibration sensor or a
single sensor (accelerometer) by varying the delay parameter. In the next sub-section for
various mass ratios, the response of the linear and nonlinear systems for the passive and

active cases are studied.

4.4.7 Amplitude response with the variation in the mass ratio

In this sub-section mass of the absorber (m,) used in the TVA, F,, and F,, are varied for
the linear and nonlinear system and the corresponding response amplitude of the main
system is obtained for Q, = 1 rad/sec. It may be noted that since the mass of the main
system is 1 kg hence the mass ratio (m,/m, ) is the same as the mass of the absorber. Also,
the optimized k,, ¢, and k,, values for different mass ratios and ,, values are calculated

from the formulae given in [161]. The response amplitude of the main system is obtained
and shown in Figs. 4.16 and 4.17 for five mass ratios i.e., 0.01, 0.025, 0.05, 0.075 and 0.1
with a variation in F|, values from 0.2 N to 2 N and F,, values from 0.2 N/m to 2 N /m.
In the following sub-section, the response amplitude of the linear main system with linear
TVA is obtained for simultaneous primary and principal parametric resonance conditions

with different mass ratios and amplitude of excitations F), and F,.

4.4.7.1 Linear system

In Fig. 4.17 the response amplitude of the linear main system with linear TV A is shown for
the passive and active cases. In the linear passive TVA shown in Fig. 4.17(a) the main
system response amplitude gradually reduces with an increase in the mass ratios for Q, =
1 rad/sec which is generic from the previous literature. The effect of active linear TVA
considering the activel case is shown in Fig. 4.17(b). From this figure, one can observe a
reduction of 72% in the vibration of the main system than the passive TVA (Fig. 4.17(a))
for the mass ratio of 0.05 with F;, =2 Nand F;, =2 N/m at Q, =1 rad/sec. The response
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Fig. 4.17: Response amplitudes with variation in mass ratios using the (a)

passive TVA and the (b) active TVA for the linear system.

amplitude of the main system is found to be more than the passive case only for mass ratio
equal to 0.01 and F;;, =2 N and F,, =2 N/m. Though vibration reduction by the active
TVA is achieved for all mass ratios but more noticeable for the 0.05 mass ratio. For other
mass ratios, one can use different gains in feedback to maximize the reduction in the
amplitude response. In the next subsection vibration reduction by the activel case is

compared with the passive case considering nonlinear stiffness in the system.

4.4.7.2 Nonlinear system

The amplitude response of the main system is compared for the passive and active TVA
for different mass ratios and shown in Fig. 18 by considering higher nonlinear stiffness (
k,, =5 N/m? and k,, =0.021 N/m?), which are the same as in Fig. 4.8(d) and Fig. 4.10.
From Fig. 4.18(a) it is observed that for a lower mass ratio of 0.01 the response amplitude

becomes unstable with the passive TVA for F;, 2 1 Nand F, 2 1 N/m at Q, =1 rad/sec.

2
For F;, =0.8 N and F;, = 0.8 N/m the response amplitude of the main system is found to
be 0.5134 m for the mass ratio of 0.05. This response amplitude increases sharply from
0.5134 m to 0.9375 m with an increase in F; value from 0.8 N to 1 N and F;, value from
0.8 N/m to 1 N/m as shown in Fig. 4.18(a) and Table 4.1. However, this sharp increase in
the response amplitude is not observed for the mass ratio of 0.075. Here, one can observe

that for a mass ratio equal to 0.075, the response amplitude for F,;, =0.8 Nand F,, =0.8

N/m is 0.4242 m and for 1 N it is 0.516 m, which increases gradually unlike for the mass

ratio of 0.05. Also, from the above results, one can notice that there is not much decrease
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Fig. 4.18: Response amplitudes with variation in mass ratios for k, =5 N/m?
and k,, =0.021 N/m’ using the (a) passive TVA and the (b) active TVA.
in the response amplitude with an increase in the mass ratio from 0.05 to 0.075 for F,, =
0.8 N and F,, = 0.8 N/m. However, there is a significant reduction in the response
amplitude when F,, =1 N and F;, =1 N/m. In Fig. 4.18(b) the response amplitude with

active TVA (activelcase) is shown. From this figure, one can observe there is a reduction
in the response amplitudes of the main system for different mass ratios and forcing
amplitudes. However, with active TV A more unstable regions are emerged with an increase

in F;, and F|, values. In Table 4.1 few amplitude responses with different mass ratios, F,
and F,, values for the passive and active TVA are compared from the result shown in Fig.

4.18(a) and 4.18(b). From Table 4.1 one can observe the vibration reduction by the active
TVA is more effective for the mass ratio of 0.05 and for other mass ratios one can use
different active forces to suppress the vibration of the main system more effectively. The
effectiveness in vibration suppression by the active TVA than the passive TVA can be
noticeable for lower nonlinear stiffness in the absorber as discussed in Fig. 4.8(a-c) and
Fig. 4.14, even so at higher nonlinear stiffness its efficacy can be observed from Fig. 4.8(d-

f), Fig. 4.13, Fig. 4.14 and Fig. 4.18.

The nonlinear spring and the PZT stack actuator considered in this work provide not only
the active nonlinear force but also provide more blocking force to generate more actuation
with less voltage supply [30, 31,20, 26]. The nonlinearity in spring is also important as,
during the energy transfer from the primary system at the resonance, the absorber vibrates
at a much larger amplitude. These nonlinearities can act both as a design parameter and a
natural parameter depending upon the applications. When one changes the stiffness of the

spring (actively or passively) then it can be taken as a design parameter. But in many
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Table 4.1: Response of the main system for different mass ratios and amplitude of forcing

excitations for k,, =5 N/m? and k,, =0.021 N/m?.

F,, (N) and Passive TVA Active TVA Percentage
Mass ratio of reduction
F,, (N/m) Amplitude (m) Amplitude (m)
0.01 0.2 0.197 unstable -
0.2 0.1895 0.032
0.4 0.488 0.1339 72
0.025
0.6 0.523 0.2364 55
0.8 0.5516 unstable -
0.2 0.1392 0.028 80
0.4 0.2684 0.008 97
0.8 0.5134 0.1295 74
0.05
1 0.9375 0.2039 78
1.4 1.012 0.3373 66
1.6 1.041 unstable -
0.2 0.1141 0.084 26
0.8 0.4242 0.3205 24
0.075
1 0.516 0.3983 22
1.2 0.6038 unstable -
0.1 1.6 0.68 0.53 22
1.8 0.7478 unstable -

applications due to wear and tear the stiffness of the spring becomes nonlinear [15, 11, 12].
So, in those cases, it can be considered a natural parameter. The nonlinear studies will help

the designer to operate the system according to the stability properties, bifurcations, jump
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phenomena, etc. in the system. Also, in the present work main system is considered
undamped, to study the efficacy of the proposed feedback gains by traditional/non-

traditional vibration absorbers.

4.4.8 Application of the present work

In this section, the applicability of the design and control parameters considered in the

present analyses are applied an undamped main system of mass (ml) = 240 kg, stiffness
(k) = 160 kN/m [330], nonlinear stiffness (k,,) = 16 kN/m’. It may be noted that in [330]

the system considered is a quarter car model. The natural frequency (a)n) of this main

system is found to be 25.82 rad/sec. Now if this main system is subjected to excitations

F cos(at) and F,x, cos(ZaI), where F, (16 kN) and F, (16 kN/m) are the amplitude of

excitations and forcing frequency w [125.82 rad/sec, then one can observe simultaneous
primary and principal parametric resonance conditions. Now to suppress the vibration of
this main system under the above-mentioned resonance conditions by the present study and

[161] the following absorber parameters are obtained for a mass ratio of 0.05, i.e., mass

(m,) =12 kg, stiffness (k,) = 7.2561 kN/m, nonlinear stiffness (k,,) = 66.6667 N/m”,
and damping ¢, = 79.0451 N-sec/m. The equation of motion of this system can be non-
dimensionalized by considering non-dimensionalized time equal to @¢t. So, here the

system governing equation of motion is reduced to the same as the present analysis where
coefficients of the main system mass and stiffness are equal to unity. Now to completely
absorb the vibration of this main system for the worst possible resonance case i.e., at the
simultaneous primary and principal parametric resonance conditions, one can follow the
same procedure as discussed in Fig. 4.8(a) and Fig. 4.8(b). The system parameters
considered in this example are the same as in Fig. 4.8(a) and Fig. 4.8(b) and the
corresponding response amplitude of this main system will be the same as shown in Fig.
8(a) and Fig. 4.8(b). It can be observed that with the proposed activel force by the

traditional ANV A the main system response amplitude is 100% suppressed for forcing

frequency (a)) in the range (22.72 rad/sec to 25.29 rad/sec) and (45.44 rad/sec to 50.58

rad/sec). Also, for a broad range of operating frequency (a)), a minimum of 80% of

vibration reduction is achieved i.e., for w in the range of 19.72 rad/sec to 27.82 rad/sec and
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39.44 rad/sec to 55. 64 rad/sec compared to the optimal nonlinear passive tuned vibration

absorber [161]. Further, at the other operating frequency of operation (a)) i.e. far away

from the resonating frequencies (where the response amplitude is minimum) one can
change the frequency of the absorber actively or provide zero feedback gain, the vibration
suppression of the main system can be achieved for the whole range of operating
frequencies. Hence the proposed analyses can be used for any real application to suppress
the vibration of the main system more effectively under primary, principal parametric, and
simultaneous primary and principal parametric resonance conditions. In most of the
previously published works, only one or two effects have been taken considering damping
in the main (primary) system, with various types of actuators and feedback systems [5, 6,
15, 16, 32, 39,41, 161-168, 170-178, 202-227, 184-190, 286, 287, 330]. Further, it may be
noted that the superposition rule does not apply to the nonlinear systems and hence, one
will never get the actual response of the system, by combining all the previously published

results which are only possible for a linear system.
4.5 Summary

In this work, the efficacy of the active traditional and non-traditional vibration absorber is
studied to suppress the vibration of the undamped main system under primary, principal
parametric and simultaneous primary and principal parametric resonance conditions. The
feedback gain by the absorber is produced by the PZT stack actuator and a nonlinear spring
in series combination considering time delay in the displacement, velocity and acceleration
feedback. With this new design, the PZT stack actuator can produce both linear and

nonlinear feedback gains while changing the natural frequency of the absorber actively.

The nonlinear governing equations of motion of the system are obtained by Newton’s
second law and modified by the weighted modal matrix, which is then solved by the first-
order method of multiple scales (MMS) to obtain the reduced equations. These reduced
equations are solved by Newton’s method and both the linear and nonlinear results are
compared with the second-order MMS, HBM, numerical method and with the published
literature and they are found to be in good agreement. It is observed that for the linear
system the first order MMS gives conservative results with HBM, numerical method and
other linear methods, for the original response amplitude of the main system while for the

modal response amplitude, the results are found to be in good agreement. From these results
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for the first time, Den Hartog’s equal peaks in the frequency responses are obtained by
using MMS which is not reported in earlier literature. Linear and nonlinear dynamics of
the system are studied by the trivial state instability regions, frequency responses, time
responses, phase portraits, Poincaré sections and basin of attractions for various feedbacks,
feedback gains, time delays, the amplitude of external excitations, nonlinear stiffnesses and
mass ratios showing the potency of the proposed feedback gain in reducing vibration of the

main system

The efficacy of the feedback gain is studied by comparing various feedbacks, feedback
gains and time delays. It is shown that with the displacement, acceleration feedback and
actively tuning of the absorber frequency, 100% vibration suppression of the linear and
nonlinear undamped main system is achieved for the above-mentioned resonance
conditions at the mentioned frequency. Moreover, with this feedback gain, significant
vibration suppression of the undamped main system is accomplished for a wider range of
operating frequencies for various mass ratios, especially for 0.05. Also, with the feedback
gain the trivial state instability region reduces and the critical value of amplitude parametric
excitation increases. The various nonlinear phenomena such as jump up, jump down,
chaotic response, and Hopf bifurcation points are observed at the mentioned operating
frequencies and amplitude of excitations. The feedback gain by the proposed vibration
absorber eliminates jump up and jump down phenomena at the resonant operating
frequency. The time delay of more than 77/10 sec with the proposed activel feedback force
makes the system unstable for linear and nonlinear systems. However, within the
mentioned time delay range the system stability and response amplitude improve,
especially for the nonlinear system. The non-traditional vibration absorber shows less
amplitude response than the traditional vibration absorber in all cases, though its
application is limited due to its damper configuration. The response amplitude of the main
system and the unstable range of operating frequencies are specified for both the passive
and active case for a wide range of mass ratios (0.01 to 0.1), external forcing amplitudes of
harmonic (0.1 N to 0.5 N), and parametric excitations (0.1 N/m to 0.5 N/m), nonlinear
stiffness in the main system (0.1 N/m® to 0.6 N/m?) and absorber (4.2x107* N/m? to
2.1x107°N/m?), which will provide the designer a clear idea for selecting proper system
parameters for different operating conditions based on required application to suppress
maximum vibration of the main system under primary, principal parametric and

simultaneous primary and principal parametric resonance conditions.
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CHAPTER 5
Traditional and Non-Traditional ANVA with Time Delay

Combination Feedback for Hard Excitation

5.1 Introduction

In this chapter, vibration absorption of a base excited nonlinear spring-mass based single
degree of freedom (SDOF) subjected to simultaneous external hard harmonic and
parametric excitation is studied by using a modified designed traditional and non-
traditional SDOF active nonlinear vibration absorber (ANVA). The active part in the
traditional and non-traditional absorber consists of a PZT stack actuator along with a linear
and nonlinear spring in series combination and a time-delayed damper. This novel design
is used to produce nonlinear feedback gain on the primary system by considering time delay
in the displacement, velocity and acceleration feedback of the primary system. The time
delay effect in the nonlinear damper is also studied for vibration suppression of the primary
system. The governing coupled nonlinear equations of motion for the system with the
weighted modal matrix approach have been derived. The first-order method of multiple
scales (MMS) is used to obtain the reduced equations for the simultaneous superharmonic,
subharmonic, primary and principal parametric resonance conditions considering 1:1, 1:2,
1:3 and 3:1 internal resonance cases. These reduced equations are used to obtain the steady-
state responses of the nonlinear systems using Newton’s method, which are then compared
with the numerical methods, showing good agreement. The parametric analysis for various
system parameters is carried out showing the effectiveness of the proposed time delayed
active vibration absorber for the nonlinear primary system under simultaneous hard
excitations for a wider band of operating frequencies. From these parametric studies, stable
and unstable ranges of operating frequencies are evaluated at which the system response
amplitude is minimum and stable. It is observed that with the proposed feedback gains the
complete vibration absorption can be achieved at a certain range of operating frequencies

for the above-mentioned resonance conditions for various system parameters.
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5.2 Mathematical Modeling of the System

The schematic diagram of the proposed single degree of freedom (SDOF) traditional and

nontraditional nonlinear AVA attached to a nonlinear SDOF primary system is shown in

Fig. 5.1(a) and Fig. 5.1(b), respectively. In Fig. 5.1 the parameters of the systems m, and
k;, denote the mass, linear stiffness, of the primary system (i = 1) and the absorber (i = 2).
k,, denotes cubic nonlinear stiffness of the primary system. The time-delayed (Tl)
damping coefficient of the absorber is denoted as c¢,. The gain produced by the PZT stack

actuator having stiffness k; and a spring in series combinations by time delay in

displacement, velocity and acceleration feedback of the main system. In the presence of a

nonlinear spring, as the displacement at the junction between the PZT stack actuator and

the spring k, is difficult to calculate, so, here k,, is assumed to be the equivalent cubic
nonlinear stiffness having a displacement of x, +J, —x,. The primary system is subjected
to external harmonic ( F, cos(,t)), parametric (x,F, cos(€,¢)) and base (Y, cos(Q,t))
excitations. Here F), F, and Y, denotes the amplitude of force and base excitations and
Q,, Q, and Q, represents the corresponding external forcing frequencies. Considering x,

as the displacements of the primary system, x, as the displacement of the absorber and 9,

as the nominal displacement of the PZT stack actuator [20]. The coupled nonlinear
differential equations of motion of the system are given below considering the system

shown in Fig. 5.1(a).

(a) (b)
k29 k23 kZ’ 23
8a> &> &a 84> 8 & 1|
F, cos(Qt )+ 4 x, F, cos(Q)+ j
x F, cos(Q,1) x,F, cos(Q,0) 4
kl 4 k|3
y =Y cos(Qy) y=Y,cos(Qyr) 4

Fig 5.1: Schematic diagram of the nonlinear active dynamic vibration absorber (a)

traditional (b) non-traditional.
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Traditional and non-traditional ANVA with hard excitation

mX, +k1(x1 —y)+k13 (xl _y)3 +k, (xl +9, —x2)+k23 (xl +9, —x2)3 +

(5.1)
c, ()'cl (t -, ) —-X, (t -1, )) =F, cos(Qlt) +x,F, cos (ta)

m,x, _ke (xl X +50)_k23 ('xl X +50)3 Y ().Cl (I_Tl)_xz (t_Tl)) =0 (5.2)
where k, = k,k; / (k2 +k ) and 7, is a time delay in the damper.

The first equation of motion for the nontraditional AVA, which is shown in Fig. 5.1(b) is

also the same as Eq. 5.1 by considering the term ¢, ()'cl (t £75 ) - X, (t -, )) equal to zero.

The second equation of motion of the system shown in Fig. 5.1(b) is given below.
m,x, =k, (xl X +50)_k23 (xl X +50)3 tc, (xz (t_T1)_y(t_T1)) =0 (5.3)

where O, =nd,,V [20], the terms n, d;; and V are the number of wafers, dielectric charge

constant and the voltage developed in the PZT stack actuator, respectively. One can observe
from the equations of motion for the two systems shown in Fig. 5.1(a) and Fig. 5.1(b) that
only the damping terms are different, therefore in the present work analyses of both systems
are considered. It may be noted that Eqgs. (5.1) and (5.2) can be reduced to the work of

Habib et. al [161] and Detroux et. al [168] in the absence of nonlinear stiffness in the

absorber (k,;), time delay (7,) in the damper (c,), base excitation y =¥, cos(Q3t) ,
parametric excitation x,F, cos(ta) , PZT stack actuator stiffness (k;,5 ), and displacement

(J,). Also in [161, 168], they have used a damper in the main system which is not

considered in the present analysis. Further, in the present analyses, external hard harmonic
excitation acting on the primary system is considered whereas in prior studies [161, 168]

soft excitation was considered. Egs, (1) and (2) can also be reduced to those of Rabelo et

al. [227] by considering y, O, and F, equal to zero. It may be noted that in their work base

excitation, parametric excitation and actuator displacement were not considered and

damping in the primary system was considered. Considering combination feedback of

displacement, velocity and acceleration of the main system with a time delay 7,, the

voltage supplied/developed in the PZT stack actuator are expressed as

V=gd(xl(t—Tz))+gV()'cl(t—Tz))+ga()'él(t—T2)), where g,, g, and g, are the
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feedback gains for displacement, velocity and acceleration feedbacks, respectively. The
above feedbacks are considered as one can have a comparative study among the efficacy
of individual and various combinations of these feedbacks. Substituting V in the nominal

displacement of J,, Egs. (5.1) and Eq. (5.2) are reconstructed. Now the governing

equations of motion are rewritten by the weighted modal matrix approach by considering

o X -
{x‘}:[PJ{X'},where [P] is the weighted modal matrix. These reformed governing

X 2

equations of motion are ordered by considering a small bookkeeping parameter & as

follows.

s 2l

1

[N}
—

where
57— I cqz 0 _raT k +k, -k, |-~
LR T L G
C, C, ~7 1| € -C ~
cl=l e =[pT Ll @ aval
[ ] |:C21 Cx [ ] ‘9[_6'2 ¢ }I: ]
K,| = &k k — = 3
[Kn] :{K’;}kw :f’ k, :f’ K, :k13x13 +ke(5())+k23 (x1 ) +5o)3’

K,,=-K, +l?13x13, o, = f, ('xl (t_rz))"'fv (xl (t_TZ))+fu (x'l (t_rz))’

nd..g nd;; g, nd,;g, F, Y, F
fd: 33 d’fV: 33 ’fu: 33 b F‘12=_2, Y:_O’ [F]= b
£ £ £ £ £ 0

F =F,cosQ,t+&x,F, cos Q,t +£kY cos Qt + £*k,,Y° cos’ Q.1 +

3e%k,, (xle cos Q,t —&x,Y? cos’ Q3t)

Similarly, the governing equation of motion for the mathematical model shown in Fig.

5.1(b) is obtained which is the same as Eq. (5.4) except in this case the damping matrix

[C ] has different values and an additional term of —£¢,Q.Y sin(Q3(t —Tl)) is added in

F . In the next section, the method of multiple scales (MMS) is used to obtain the

approximate solution of Eq. 5.4.
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5.3 Approximate Solution using MMS

In this section, the governing equation of motion Eq. 5.4 is solved using the MMS to obtain

an approximate analytical solution of the system. The perturbed solutions in the new time
scale are expanded by considering the system response at the past state X, (t— Tj) with
time delay in the damper for j =1 and feedback for j =2. The responses of the system at
different time scales (7, =&"t for n =0, 1...) can be written by following the standard

MMS procedure as follows.

X,(t=1,) =X, (1, -7, T -er,..) X, (1, -7, T, -e1,....) (5.5)

J J J

It may be noted that if the system has no time delay in the feedback or the damping then
the delay terms 7; can be equated to zero and the corresponding system response at the "
time i.e. X, (t) can be expressed. Substituting the above-assumed responses from Eq. 5.5

into Eq. 5.4 and separating the terms with different order of & the following expression

can be obtained.
: DX+’ X,, = p,FcosQT, (5.6a)

DX, + @’ X, = p,F cosQT, (5.6b)

3

g D02X11 +CUIZX11 ==2D,D\ X, —¢,,DyX 0; =, Dy X0 ~ PiiKis (pquo L p12X20)
fa (anu)d + P X ) +f, (pllD()Xl()d + plZDOXZ()d)
_pl e
+f, (pllD02X10d + plZDOZXZOd)

— 3
— Pikys (pleo + szzo) 2T (pquo + p12X20) F}, cos (QzTo) + pykY cos QT

(5.7a)

— 3
D02X21 + a)ZZXZI ==2D,D, X 5, = ¢y Dy X 5y =Dy X504 ~ Piokis (pquo + p12X20)
Ja (pIIXIOd + plZXZOd) +1, (anode +puDyX o, )
_pZ e
+f, (p11D02X10d + p12D02X20d )

- 3
—D>kss (pIXIO + pzxzo) * P (anm + p12X20)F12 cos Q,T; + p,,kY cos Q.T,

(5.7b)
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Similarly, for the non-traditional ANVA an additional term of —p,,c,€Q.Y sin (Q3 (T0 -7, ))

and —p,c,Q,Y sin(Q3 (7:) _T1)) are added on the right-hand side of Eq. (5.7a) and Eq.

(5.7b), respectively. The solution of the Egs. (5.6a) and (5.6b) can be written as

X, = A (T)exp(iwTy) + A, (T; ) exp (iQT, ) +cc (5.8a)
X, = A, (T,)exp(iwT, ) + A, (T, ) exp (iQ.T; ) + cc (5.8b)
where

F, F,
N, =W’ N, =W’ D1 = Pi T Pas Py =Py T P

where the complex function of amplitudes A, A, and its complex conjugate terms (Zl and

A,) are to be determined later. The solutions for the delay terms ( X,,, and X,,,) for the

system response can also be written in similar forms as given below.
X0 = Ay (T =1, )expia (T, = 1,)) + A, (T, — €7, )exp (i, (7, - 7,)) (5.8¢)
Xy = A, (T, — €7, )expica, (T, = 7, ) ) + A, (T, = €7, ) exp (i, (T, - 7,)) (5.8d)

where A, = A (7} —Etd) and A,, = A, (T1 —Etd) . A, and A,, are the complex conjugate
terms of A, and A,, respectively. The solutions obtained in Egs. (5.8a) to (5.8d) are

substituted into Eqgs. (5.7a) and (5.7b). The expansion of Egs. (5.7a) and (5.7b) contains
secular or nearly secular terms for many resonance conditions which are discussed in the

next section.
5.3.1 Resonance cases

In this section, all the possible external and internal resonance cases are given below which

are obtained from the expansion of Eqgs. (5.7a) and (5.7b).
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6] Primary resonance (Q3 Ua or @) ,

(i)  Principal parametric resonance (Q2 U2q) or 2@),
(iii)  Super-harmonic resonance (Q1 U /3 or @, / 3),
(iv)  Sub-harmonic resonance (Q1 U3 or 3@) ,

v) Simultaneous (i), (ii) and (iii),
(vi)  Simultaneous (i), (ii) and (iv),
(vii) Combination resonance Q, U2q) + ), or Q, 2y — ),

and Q, +Q, U or Q -Q, Uw.

In the present chapter all these resonance conditions are considered especially case(v) and
case (vi), where one can get all resonance conditions simultaneously. From these resonance
conditions, an attempt has been made to suppress vibration of the primary system
effectively through the proposed time delayed gains through various combinations of

feedbacks and time delay in the damping by the novel nonlinear AVA. From (5.7a) and

(5.7b), one can also observe internal resonance conditions when &) is an integer multiple

of &), which leads to the following internal resonance conditions. The internal resonance

cases are observed for 1:1 (a)2 ch), 1:2 (wz DZCq), 3:1 (a& ch/S) and 1:3 (w} DSCq)

internal resonance conditions. In the next section, the reduced amplitude and phase
equations are obtained by considering case (v) with 1:1, 2:1 and 3:1 internal resonance

conditions.

5.3.1.1 Simultaneous primary, principal parametric and super-harmonic

resonance conditions

In this section simultaneous (i), (ii) and (iii) or case (v) resonance conditions are considered
i.e. for simultaneous primary, principal parametric and super-harmonic resonances with
1:1, 2:1 and 3:1 internal resonance conditions. It may be noted that here as the PZT stack
actuator is integrated with the spring in the absorber configuration, so one can actively
change the frequency of the absorber in accordance with various internal resonance cases
as mentioned above. In the next section, 1:1 internal resonance conditions to obtain the

secular terms.
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1:1 internal resonance condition

In this section, &) is taken to be nearly equal to @, which gives rise to 1:1 internal
resonance condition. The secular terms are obtained by substituting the 1:1 internal
resonance condition (Q3 =w+éog, = @+£Umm) for m = 3, with simultaneous primary,
principal parametric and super-harmonic resonances. Here 0,, and g, (for m =1, 2 and
3) denotes the detuning parameters. It may be noted that here 1:1 internal resonance

condition (@:Cq+£ (03 —033)), is considered to suppress response amplitude for the

primary resonance condition. Substituting @W,=+& (03 —033), in the expansion of Egs.
(5.7a) and (5.7b) for case (v), the following sets of secular terms are obtained which are
equated to zero to get bounded solutions for X, and X,,. It may be noted that the secular
terms are obtained from the expansion of Egs. (5.7a) and (5.7b) consist of coefficients
exp(icho), exp(iw}To), exp(i(2cq —w})]},), exp(3inT0), exp(i(Z@ —cq)TO),

exp(i (Q2 —C«{)Y})) and exp(iQﬂB). These secular terms are giving rise to the resonance

conditions as Q, J@/3 or & /3, Q, 02 or 2a, and Q, U or .

2igD,A, = =ic, A, exp (=@, ) ~ic, A exp(i(0, — 03, )T; ) exp(=iea T, )
k(A exp(3i0T;) +3A%4, +6AN)
A’A exp(=i(0, =0y, )T )+ N exp (3i0/T ) + 4AN A,

N "2[+(2AIZIA2 +2AA, )exp(i(0, - 0,,)T;) J
4 {AZZZI exp(Zi(U3 N 033)T1 ) + /\22/\1 exp(3iUITl) J (5.9

"l AN, exp(i(0,-0,,)T)+24,4,A +212A '
—k,, (/\23 exp(3iUlTl) +3A7A, + 6A2/\22)exp(i (03 4 (733)T1 ) - 8,A, exp(—ia{rz)
—g, A exp (=i, )exp(i(0, -0y, )T;) +0.5p, *F, A exp(io,T))
+0.5p,, p,, F,A, exp (i (U2 - (03 -0, )))T1 +0.5p, kY exp (l'U3Tl )

2iw, DA, = —icy A exp(—i(03 - 033)7])exp (_ia{q) —icy AW exXp (_iwzrl)
_Ignl exp(—i(03 - 033)71)(A13 €Xp (3i0171 ) + 3AIZZI + 6‘41/\12)
. A’A exp(=i(0, —0,) T )+ AN 3ig,T,
-3k, CXP(_i(U3 _033)71)( 1 AQeXp( 1(0-3— 033) 1)2 1 zeXp( - I)J_
HANN, +2AAA, +2N\ A,
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APAexp(i(o,-0y,)T)+ A exp( (30, - (03—033))T1)
| HANNA, +(24,4,A +272A Jexp(=i(0, - 0,,)T;)
k. (A, exp(i(30, - (0, - 0,,))T;) +34,24, +64,7) (5.9b)
~8, A, exp(=i(0y - 0,)T, Wt ) = 8,,A,, exp(=ieat,) +0.5p kY exp (io,,T;)
+0.5p,puFuA exp(i(0, = (0, -0, )) T, )+ 0.5, F, A, exp(-2i (0, - 0, )T;)

where

k, :1;13p114 +l€23p14, k. _k13p11 P +k23p1 P2 ks 1;13p112p122 +k23p12p22,

k, _k3p11p12 +k, 3p1p2 » Ky _an’ kn =k,3» k; _kn4’k k%p124 +/;23p24,
&1 = PPk, (fd tigf, -4 fa) = PPk, (fd tiw f, - @ fa)’
8 = P2Pik, (fd tinf, -4 fu) = DDk, (fd +ia f, - w’f, )

Further, for the non-traditional ANVA the expansion of Egs. (5.7a) and (5.7b) contains
additional secular terms —0.5p,,c,Q.Y exp(—i(O.Sﬂ—(Q3 (TO _71)))) and —0.5p,,c,Q.Y
exp(—i(O.SlT—(Q3 (T, —rl)))) on the right-hand side of Egs. (5.92) and (5.9b),

respectively. Eliminating secular terms, the solution of the Eqs. (5.7a) and (5.7b) are

expressed as follows.

X, = (C11/\1 +C12/\2)D1 —k,, D, =3k,,D; =3k,;D, —k,,Ds = D, + p, F}, D, (5.10a)

X, = (CZI/\I +C22/\2)D1 _knlD2 -3 D3 -3

3D~4 - ]€n4D~5 - D~6 & p12E2D~7 (5.10b)

n

The terms D, to D, and 131 to 137 are given in Appendix C. Following the standard

procedure of MMS by considering A —%a e# and A = —a2 , the following steady-

state autonomous reduced equations are obtained for the system.

a, ==0.5¢,,a, cos (w7, ) =0.5¢,,a, ZZ cos(y, =y, —@wr,) - ]Z‘; A’siny,

2
?"2(—“‘8% sin(y, = y;) + A, sin y; ( 14a2+/\12a2Jsin(yl—y2)J-
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3k, (alZZ sm( (v _yz))+/\1/\22 sin ; +2a,A\ A\, sin (), _Vz)j

«
3
K (/\23 sin +(3% +3az/\22]sin(y1 —yz)j —O.SCIlg2 cos(wr,)
« “ (5.11a)
+0. sagl s1n(cqr ) 0.5 C:’ (g4cos(yl -, —a)zrz)+§3 sin(y1 - ‘a’sz))
2
+ p141_ F, a,sin 2y, + pllflez a, Sin(,l/l +y2)+ p;ZY sin y;
a,y, =30,a, —0.5¢,,a, sin(cqu)+0.5012a2 ZZ sm( -, )
k 3a’ 3k, a’a
—a’;(/\fcosyﬁ 81 +3a,/\,’ j w’l‘z 18 2cos(y, =) -
2 p.
i NN, cosy, +2a\ N, + 4% +A’a, |cos(y, - ¥,) _3kay e
d 4 2]
3k, [ aa,’ 2 az 4
— —cos(2(yl—y2))+/\1/\2 cos J; +2a,\\, cos(y =y, ) +
w |l 8 4
—@(/\ ‘cos +(3L23+3a N 2Jcos(y -V )] 05—§ cos(w]T )
2 1 20 %2 1 2 1
q 8 2
_aig’z Sin(cqrz)_aﬁ(gs COS(V1 ) _wzrz)_g4 Sin(yl ) _wzrz))
24 2w
2
+Pu a, cos2y, + pupPnE, a, Cos(y1 +y2)+ pukY cos
4 4a) 24 (5.11b)
a, =—0.5¢,, ij a cos( -, ) 0.5¢,,a, cos(a)zrl)
lgn . 3a,’ . P F,
_E{Ala sin ), +(?1 +3al/\l2jsm(y2 —yl)J sz a,sin2y,
3l€n2 a’a, . 28 :
——fs Tsm(Z(y2 _1/1))"'/\1 N, sin , +2a,\ N\, sm(y2 —yl)
Ci)z (5.11¢)
_ 3k

R 2
0)23 (%Sin(yl _V2)+/\1/\22 sin , "{alzz +/\22a1Jsin(y2 _yl)j

k ~
an);/\z sin y, = wz(gssm( 2_yl_@lrz)"'gscos(yz_yl_cqrz))

- g (Bucos(ar) =& sinaar, )+ Pf a0

a, sin(y1 +y2)+£siny2
20,
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a,V, = 0ya, +0.5¢,, Z'jz a, sm( -ar, ) 0.5¢,,a, sin(a)zrl)
L 3

K A’ cosy, + EC 3a,\ |cos(y, = ¥) |- 3k, (a'a, +a,\
w 8 @« 4
3,

2
—'ﬂ{—al > COS(Z(Vz _yl)) +AA, cos y, +2a NN, COS(V2 _yl)j

2

_ﬂ(algz cos(y, =¥, ) + A\, cos ( 142 +A, aljcos(yz—yl)]

w
6k, a,\ N,
w,

k, 3a,’ ay (-
_Z“(/\23cos}/2+ 82 +3a2/\22]_ﬁ(gscos(y2—yl—Cu}Tz))

+26%2§6 sin(y, — Y ~dr,) - ;ZZ (§7 cos (@7, )+ & sin(a)sz))

+ PuPoli a,cos(y +y,)+ Py L2124, cos2), + Pkl cos ,

4 & 2 (5.11d)
where
=301, _/81’ ¥, =301 = (0’ 033)T ﬁz’ =60,, 0,=30,

ga=poik (f, -’ f,). &= ppokaf. &=ppok (f,-@’f,). & =prokef,

&5 = papik, (fd quu)’ 8 = PPk @, & = Pyppk, (fd wzzfa)’ 8s = PPk f,
81 =8 ti8 8, =8 ti8y, 81 = 85 Ti8s> 8n = &7 Tigy

Similarly, for the non-traditional ANVA the following additional terms
0.5p,,¢,Q,Y cos (y1 -Q.1, ) , —0.5p,,6,Q.Y sin (yl -Q.1, ) , 0.5p,6,Q.Y cos(y2 - Q3TI)
and —0.5p,,c,Q.Y sin(y2 -Q.r 1) are added on the right-hand side of the existing steady-

state autonomous Eqgs. (5.11a), (5.11b), (5.11c¢), and (5.11d), respectively. The steady-state
solutions of the reduced MMS equations (Eq. (5.11a) to Eq. (5.11d)) are solved using

Newton’s method by equating @, =, =a, = J, =0. The stability of the system is ensured
by finding the eigenvalue of the Jacobian matrix. The solutions obtained from Newton’s
method (al, Y, a, andyz) are substituted in Eq. (5.8a), Eq. (5.8b), Eq. (5.10a) and Eq.
(5.10Db) to obtain the approximate solution by MMS for X, and X, given in Eq. (5.5).
These solutions for X, and X, are given in Appendix C. By directly perturbing the reduced

equations, one can study the stability of the non-trivial steady-state solution. But, as the
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reduced Egs. (5.11a) to (5.11d) have the coupled terms «); and a,),, the perturbed

equations will not contain the perturbations Ay, and Ay, for trivial solutions and hence the

stability of the trivial state cannot be studied directly perturbing Egs. (5.11a) to (5.11d). To

circumvent this difficulty, the normalization method is adopted by introducing the

transformation P =q,cos);, and Q =a;siny, for i = 1, 2. into Egs. (5.11a) to (5.11d).

1
Carrying out trigonometric manipulations, the following normalized reduced equations are

obtained:

P =-30,0 -0.5¢, (Pl COS(CL{TI ) =0, sin (“{Tl)) =0.5¢, ZZ(Pz COS(&)ZTI ) —0Q,sin (wzrl ))
+2%(Qlcos(ch2)+P1Sin(@Tz))_%(ECOS(@Tz)'Ql sin (. )) + p”cq”Q (5.12a)

_2‘%(1)2 CoS(Wsz)‘Q2 sin(wlrz))+2‘§c;(Q2 COS(@TZ)_'_PZSin(wZTZ))_'_%QZ

0, =30,P,-0.5¢,,0, cos(cqr ) 0.5¢,,R, sm((qr ) (Q2 coswT, + P, sin T, )

2

0, - . B .
_26q (gzcos(cqr ) 81 Sm(qrz))_zgl COS( ) _gz Sm(a'fr )

~ b, (5.12b)
_Zg_CZ(QZCOS(wzrz)"'PzSin(a&rl))_zg_c;(chos(aﬁrz)_stin(wzrz))
+p112F12 P+ PuPnk P+ pukY

4w 4w 2w
Pz =-0,0, —0.5¢,, %(H COS(&%TI) -0 sin(cqu)) —0.5¢,,P, Cos(wzrl)
+0.5¢,,0, sin (@1, ) + 85 (Qlcos(cqrz)+Plsin(cqrz))— S P, cos (@)

26 ¢ (5.12¢)

s . 5 . LI
+2g—C;Q1 sm(cqrz)+2g—a:(Qz Sm(wzrz)_Pz cos(@h))"‘ﬁ& s1n(a)21'2)

2
+&g7 Cos(@fz) + PuPnFn 0 + i b 0,
2w, 4w, 4w,
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0, =0,P,-0.5¢c,, %(Q1 cos (cu]r1 ) + B sin (cqu)) =0.5¢,,0, cos (a)zrl)

=0.5¢,,P, sin(a)zrl) —257—615)2(1-’1 cos(a,{rl)—Q1 sin(cu]rl)) - 25;6)2 ) cos(cqu)

(5.124d)
g . - .. P .
- 2801 A s1n(6u]1'1)—2Q—a2)2(g8 COS(“’zQ) ~ & Sln(wzrz)) _ﬁ& Cos(wzrz)

PPk, P+ p122F12 P+ pukY
4o, ' 4w P 2w

_%gs Sin(wzrz)"'

Now perturbing the above equations, one can obtain the Jacobian matrix whose eigenvalues

will determine the stability and bifurcation of the system. In the next sub-section, the 1:2
internal resonance condition (92 =2q+é&0, = @+5022), for case(v) is considered to

obtain the reduced equations for the system.

1: 2 internal resonance condition

In this section, &) is taken to be nearly equal to 0.5 times of @, which gives rise to 1:2

internal resonance condition. Substituting this 1:2 internal resonance condition the secular

terms are obtained from the expansion of Egs. (5.7a) which consists of coefficients of terms
exp(iTy), exp(3iQT,). exp(i(Q,-)T,). exp(iQ,T,). Similarly, the secular terms
are obtained from the expansion of Egs. (6.7b) are from the resonance conditions of
exp(ia)ZTo). The secular terms for 1:2 internal resonance condition
(@ =20 +£(U2 —022)) with simultaneous primary, principal parametric and super-

harmonic resonances are given below to obtain the bounded solution for the system.

2iyD A, = =ic, Aay exp(=iwr,) =k, (A exp(3ioT;) +34%A +6AN)
=3k, A, (A exp(3i0,1) +4AN, ) =3k, (AN exp (3ia.T;))

A 2 3 . . (5.13a)
=6k, A (AQA2 +A, )—kn4/\2* exp(3ioT;) - g, A, exp(—iwr,)
+0.5p;, (pllFiZZl 28 (iO’le) +kY exp (ia3Tl ))
2iw, D\ A, = —icy, A, W, exp (_iwzrl ) - 3];12 (2A1ZlA2 + 2/\12‘42) - 12%}13‘42/\1/\2 (5.13b)

_I€n4 (3A221KZ + 6A2A22) — 84y, eXp (_iwzrz)
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It may be noted that here 1:2 internal resonance condition (Q2 =2q+&0, = W+E0,, ), is

considered to suppress the response amplitude for the principal parametric resonance
condition. Following the same procedure as mentioned previously the following steady-

state autonomous reduced equations are obtained for the system.

a, ==0.5¢,q, cos(qu)—(%/\f +—322 ACA, +—323 AN, +%/\23Jsin Vi

2 (5.14a)
~0.5%4 (g, cos (wr,) - & sin (w7, )) 10252 ft oy o s PURY G
@ @ @
3 2
a ¥, =30,a, =0.5¢, a, sin (@1, ) - ot (/\13 cos y; + 321 + 3a1/\12] —Mcos "
@
652 4 AN, =353 A 2 cos y —3 K (0.25a,%a, +A,a,) “Kui p s cosy, (5.14b)
@ « « “
—0.5q,, (gl cos (aA]T2 ) + g, sin (cqrz )) +0.25p,,°F,a,cos 2y, +0.5p, kY cos ,
: ay, [ ~ ..
d, ==0.5¢,,a, cos (@) —0.5£(g8 cos(wr,) - g, s1n(a)zrz)) (5.14¢)
- , 4
a,f3, ==0.5¢,a, sin (szl) —3E(—a‘ Y /\lzazj SARUTATAY
W\ 4 @
3 (5.14d)
ko ( 34, 2 G (5 5 o
+Z T+3(12/\2 _OSZ(g7 COS(C{%TZ)"‘gS sm(a)zl'z))
where

¥, =301, -8, 0,=60,, 0,=30,

In the next sub-section, the 3:1 internal resonance condition (le w/3+&0, = an+£J“),

for case(v) is considered to obtain the reduced equations for the system.

3: 1 internal resonance condition

In this section, & is taken to be nearly equal to 3 times the @, which gives rise to 3:1

internal resonance condition. Here the secular terms are obtained from the expansion of

TH-2895_13§%03038



Traditional and non-traditional ANVA with hard excitation

Egs. (5.7a) which consists of the coefficients of the terms exp(iaT;), exp(3iQT,),
exp(i(w-w +Q,)7,). exp(i(w +w,-Q,)T,). exp(i(2w, +Q,)T, ).
exp(i(2Q, +@,)T,), exp(3iwT,), exp(i(Q,-@)T,), exp(iQ,T,). Similarly, the
secular terms are obtained from the expansion of Egs. (5.7b) are from the resonance
conditions of exp(iwT;), exp(iQT,). exp(i(w-29Q,)7T,), exp(i(2Q, -w,)T,).
exp(i(w -Q,-,)T,), exp(i(w-2w,)T,), exp(i(2,-Q,)7,). From these

conditions, the secular terms for the 3:1 internal resonance condition
(@ :%"“9(01_011)} with simultaneous primary, principal parametric and super-

harmonic resonances (case(v)) are given below.
2i4D,A, = —ic, A exp(=iat,) ~k,, (A exp(3ioT;,) +3AA, +6AN)

-3k ,

n

AN exp(i(201 + (01 - J11))T1) +ACA, exp(3i01Tl ) +AANN,
+2A1A1Z2 €Xp (i(al _(Ul _0-11))Tl) +2A AN\ exp (i((al ~0y ) - Jl)]-i)

AN, exp(i(30, -20,,)T,) +24,A A, exp(i(20, +(0, - 0,,)T;))

=3k,,| +A,° exp(3io,T;) +ZZZA1/\2exp(i(Jl (2 —a“))Tl) (5.152)

2AAN, exp(i((0,-0,)-0,)T; ) +24,4,4 +27,’A

A’ exp (3i (Ul - J“)Tl) +A\, exp (3iJITl)
S B3AN, exp(i(20, +(0, - 0,))T; ) +34,°A, exp(i(2(0, - ,,) +01)T1)J
—g,,A, exp (—ia;]T2 ) +0.5p,,°F,A, exp(i02T1 ) +0.5p, kY exp (iJ3Tl)

2iw, DA, = —icy, (Azwz eXp(—ia)le) +AQ, exp(i (0-11T1 _QITI)))

. . . (3N exp(io, T,) +6AAN exp(io,T;)
R W
AA, exp(i(201 —2(01 —U“))Tl)+2A11K2/\1 exp(i(—al —2(0l —U“))Tl)
AN, exp(i(-20,~(0,-0,)))T,) #2444, + 21 A,
ACA, exp(i(_3(01 _0-11))T1) + AN, eXp(i((O’l _011) _0-1)T1)
=3k, | +AN, exp(i(-20, - (0, - 0,,))1,) + 24,4, exp(i(-0, - 2(0, - 0,,))T})

AN exp(i(20,-2(0,-0,))T) +4AA N,
—k,, (37, exp(i0, T,) +3A,°4, + 6A,\,” +6A, AN, exp(io, T )) -
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k(38,2 exp(i(20,-2(0, - 3,,))T,) +34,A, exp(-io, T;))
—8nAy exp(_i@rz) - (g21/\1 —8n/\, ) exp(—inrz)exp(iJ”Tl)

(5.15b)

It may be noted that here 3:1 internal resonance condition (QF% +&0, = CU2+€UH), is

considered to suppress response amplitude for the superharmonic resonance condition.

Similarly, the following steady-state autonomous reduced equations are obtained for the

system as given below.

3k :
26’; a,\’ sm(y1 —yz)

a, ==0.5¢,,a, cos (wr,) —Ql\l3 sin J, —
Ky (n 2 . :

—3L(/\1 N, sin y; +0.5a,a,/\, sin , —0.5a,a,/\, sin y2)
@

ks 0.25a,’A sin(y;, =2y, ) +a,A\ A, sin(y;, = 1)
@ ( +A’A, sin y;, ++0.5a,a,\, sin y, =0.5a,a,/\, sin y,

3
—&(%sin(y1 —3y2) +/\23 sin +1.5a2/\22 sin(y1 —yz))
D)

3k

—4—6:’;6122/\2 Sil’l(yl —2}/2) —0,5%(572 COS(C@]Tz) -8 Sin(aﬂé))

2
P Fa

+0.25 Lin 2y, +0.5205Y i
)

3
3a,

a,y, =3a,0,-0.5¢,,a,sin(@1,) = 2 [/\13 cos y; + 3

+ 3a1/\12j

ok 0.5a,A*cos(; = y,) +0.5aa,\ cosy, | 3k, 0
o | +05a,a,7, cosy, +2a AN, + AN, cosy, ) 4@

_3& 0.25a,”A\, cos (¥, =2y, ) +a,A\ N, cos (¥, =, )+, q,
@ (| +A\’A, cos y;, ++0.5a,a,/\, cos y, +0.5a,a,/\, cos J,
a 3
k. ?Zcos(yl =3y,) +1.5a,\,* cos(y;, = ¥, )
@

2
+025 20t 00,
+0.75a,”\, cos (¥, =2, ) + A\, cos “

—0.5%’(571 cos(cqrz)+ g, sin(cqrz)) +O.5p“Tk‘Ycosy1
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Traditional and non-traditional ANVA with hard excitation

a, =—c,, (O.Sa2 cos(a)zrl)+/\2 %cos(y2 _erl)j -c,\, %cos(y2 _Q1T1)

~(k,, (3 sin y; #1507, sin y, +1.5a,,sin (, - 1)) [

~3k,,(0.5A,’a, sin 2y, +0.5a,a,A, sin (20, = ;) +a A A, sin (v, = 1)) [

2 2
- (a,a . oV A :
ks | g sin(3y, - 1) J A siny, +a,\,\ sin(2),) —;igg cos(ay,) (5.16¢)
“ +0.5a,\,” sin (), = ;) +0.5a,a,\, sin (2, = ;) “
k, 3a,’N, ) . . ay, ~ .
- w: ((3/\23 +1.5a,°N\, ——2—2 Jsm ¥, +1.5a,/\,’ sin 2y2j + 22‘1 g,sin(wr,)
g N\ +g.N\ g N\, +gN
_—(g5 178 2)sin(yz—QlTZ)——(g6 17 8 2)cos(yz—erz)
@« )
. . NQ, .
a,y, = a,0,, —c,, (O.Sa2 sin(a1,) —fsm (r,-Qr, )j
+%sin(y2 —er]) _ 3k ((/\13 +O,5a12/\1)cos ¥, +0.5a,A Cos(y2 —yl))
_ 3]€n2 A’a, cos2y, +a,a,/\, cos (2y2 = yl)
20, | +2a,A\\\, cos(y, =¥, ) +0.5aa, +2A *a,
- (aa b
3k, 2L cos (3y2 —yl)+%/\l cos , +0.5a/\,’ cos(y2 —yl)
“ +0.5a,a,/\, cos (2}/2 - yl) +a,/\,/\, cos (2y2) +2a,\\\,
I 2 3
EL A} +0.5a,°N, +2 A2 \cos V, +2 4+ a N> +0.5a,A, cos2y,
w, 4 8
Ayy ( = it
—O.Si(g7 cos(@7,) + gy sin (@, ))
g N\ +g N g N\ +g. N\
_[(85 lwzg7 Z)COS(yz_erz)_(& 1w28g 2)Sin(yz_erz)} (5.16d)

where
vi=301 -8B, v,=0,1,-p, 0,=60,, 0,=0,

Similarly, for the non-traditional ANVA the following additional terms
0.5p,,c,Q.Y cos(yl —Q3T1) and -0.5p,,c,Q,Y sin(y; —Q,r,) are added on the right-hand

side of the steady-state autonomous Eqgs. (5.16a) and (5.16b), respectively. As explained in
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the previous section, the trivial state solutions of the above-reduced equations in Cartesian

forms are given below by assuming P. =q,cos);, Q. =a,sin), for i =1 and 2.

: . B .
P, =-30,0, +0.5¢,,0,sin (1, ) = 0.5¢, P, cos (wr,) —zgz cos(wr,)

P (5.17a)
+z§1 Sin(“%fz)’LzQ—;{(gl cos(wr,)+g, sin(qrz)) p114a1{2Q1
Q =30,F -0.5¢, R Sm(qu)_o'SCllQl COS(C"‘Irl)-'-plzlle 2Ql ngOS(a‘]T )
0 _ P * Fa; (5.17b)
_1 g 5 S +Pu fh
+ g sin wr, Fuk g, cos\wr, )+ g, sin(Wr,

-0,,0, =0.5¢,,P, cos (szl ) +0.5¢,,0, sin (a)zrl) — o A, cos (erl)

Q P . - . 0, .
- 124 - - 2 ]
Cy, cos(QlTI) 5 (g8 cos(a)zrz) g, sm(aJZT2 )) 2+ > g, cos(a)zl'z) (5.17¢)
+—2Q2 gy sin (C‘)Jz) +—(g5/\1 i g7/\2) sin (erz) ——(g6A1 i gSAz) cos (9172)

0, =0,,P,—0.5¢,,0, cos (0571) —0.5¢,, P, sin (a)zrl ) —%zglsin (erl)

_ N,
w,

sin(erl)—ZQ—;)Z(gScos(wzrz)—g7sin(wzrz))— 2 g, cos(wr,) (5.17d)

R

P, . . .
-—2 g sin(a@r, sin(Q,7,)

20,
In the next section, the resonance condition mentioned in case (vi) is considered i.e. for
simultaneous primary, principal parametric and sub-harmonic resonances with three
internal resonance conditions to obtain the reduced equation for studying responses of the

system.

5.3.1.2 Simultaneous primary, principal parametric and sub-harmonic resonance

conditions

In this section, the resonance conditions mentioned in case (vi) are considered i.e. for

simultaneous primary, principal parametric and sub-harmonic resonances with 1:1, 1:2 and
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1:3 internal resonance conditions. It may be noted that here as the PZT stack actuator is
integrated with the spring in the absorber configuration, so one can actively change the
frequency of the absorber in accordance with various internal resonance cases as mentioned
above. In the next sub-section 1:1 internal resonance condition is considered to obtain the
secular terms for the above-mentioned simultaneous resonance conditions by solving Eq.

(5.7a) and Eq. (5.7b). These secular terms are equated to zero to obtain the solutions for

X, and X, following the standard procedure of MMS.

1:1 internal resonance condition

In this section, the secular terms are obtained for the simultaneous primary, principal

parametric and sub-harmonic resonances with 1:1 internal resonance condition
(@ =w+e(0,-0,)). It may be noted that the secular terms are obtained from the
expansion of Egs. (5.7a) and (5.7b) consists of coefficients of terms
exp(iaT; ), exp(iwT,). exp(i(Q —2a)7;). exp(i(2a-@)T;). exp(i(2w -@)T;),
exp(i(Q-w-w)T;), exp(iQiT;). exp(i(Q, —2)T,).exp(i(Q, -w)T;) and

exp(i(Ql—Qz)Yz)).

2iwyD A, = =ic, A exp(=ir, ) = ic,, A, exp (i (0, = 03, )T, ) exp (=i, )
~k,, (3424, +6AN? +3A°N exp(iaT;))

A2A, exp(—i (o, ‘%)Tl) +A’A, exp(ioT,) +

3k,,| 4NN, +2A AN exp(i(0, - (0, -0,,))T) |24, exp(-iar, )
+2A A A, exp(iwT,)+2N A, exp(iwT,)

ACA exp(zi(a3 —033)T1) +4A,NN, exp(i(a3 —033)T1)

3k, +A4,A exp(i(0, =2(0, = 0,)) T, )+ 27, A exp (i) |=3k,,A,7A,
RAAN, exp(i(0,~(0, - 0,,)) 1) +2A,4,4 exp (i, )

—k,, (6A,N,? +34,'A, exp(3i(0y, —0,)T; ) )exp(i (0, -0y, ) T;)

—g, A, exp(-iwT, exp(i(0, - 0,,)T,) +0.5p,*F, A exp(io,T;)
+0.5p,,ppFoA,exp(i(0, (0, - 0,)) ) +0.5p, kY exp(ioyT;)

+0.5p," F, A\, eXp(i(G'l _Uz)Tl ) +0.5p, ppFp/\, exp(i (01 _az)T1) (5.18a)
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2iw, DA, =ic, A exp( —i(0; )exp(—i(ull')—iczz 2@exp(—ia)22'1)
knlexp U cT33 T1)(/\ exp 3lJT +3A%A +6AN, )
-3k, exp( 0,)T)(AA, exp(=i(0, —0,,)T,) + A A, exp (3ia 1))

~12k ,ANN, exp( -i(0, = 0,,)T;) -6k, A, exp(iaT, ) (AA +A?)
A4 exp(i(0, -0, )T) + AN exp(i(0, =3(0, = 03,) ) T; ) +4A,A N,
2AAN, sin((2y, +1,)/3)+24,A,A exp(igT,) + 27, A exp(idT,) | (5.18b)
ki (34N, exp(i(0, -3(0, - 0,,))T;) +34,4, + 64,2
g, A, exp (=i, )exp(=i(0, = 0,,)T,) = 8,,A,, exp(=iaaT,)
0.5, pnFaA expli(0, = (0, = 0,)) 1) +0.5p,’ F A, exp(-2i (0, - 03, T;)
+0.5p, kY exp(ioyT,) +0.5p,, p, Ful\ exp(i((0, - 0,) - (0, - 03,))T;)

+0.5p," Ko\, exp(i ((Ul —0, ) 4 (03 0y ))T1)

—3k

It may be noted that here 1:1 internal resonance condition (Q3 =wW+éeo, = @+5033), is

considered to suppress response amplitude for the primary resonance condition of the case
(vi). Following the same standard procedure of MMS, the following steady-state
autonomous reduced equations are obtained by separating real and imaginary parts from

the corresponding equations.

E 3k,,a N, sin

2 43

3k, 0.125aa, sin (¥, = 1) /3) +0.25a A, sin y; + A a, sin ((y; = 5 )/3)

?( (v =1,)/3)+0.5a,a,sin((y, +21,)/3) }
3k, [0-125a,a;’ sin(2(y = 1) /3)+2a,A A, sin (v - 1) /3)

_?Lo.zsg;/\l sin((20, + 14)/3) +0.5aaA, sin ((, +2 ;4)/3)}

k

—L“(O.375a23sin((yl yz)j+3a2/\zzsi [(VI VZ)J 3a22/\251n[—(2y2+y1)jj
@ 3 3 3

—%(ézcos(%)—élsin(a&rz))— g sin(”;yz—a&rzjf—la;klsin%j

054, 2, cos(y1 alzrj Py Fa, sm( ylj + PP Fa, Sin(y1 sz
a 3 4 3 4 3

a, =-0.5¢,,a, COS(CU]TI) Cr,Wa, COS((Vl - yz)/3 3 %Tl) B

+0.25a,’a, sin

(5.19a)
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a,y, =0,a,—1.5¢,,a, sin (cqu ) +§c12w2a2 sin (LBVZ) - @le

9knl(a1 +a /\ +025a2/\ COSJ/IJ
w8
a’a v,V
ok, 18200{( 23 1) +0.25a,°/\, cos +O.5a1a2cos((y2+2yl)/3)

2

+2a AN, + “14“2 cos((1 = 1,)/3)+Aza, cos (1 =) /3)

2
9% —“lgz cos (2(y; = 15)/3) +2a,A A\, cos (1, = 1,) 13) + 22

+0.25a,"A\, cos ((2y, +4;)/3) +0.5a,a,7, cos((y, +2y,)/3)+ A\,

3
2 o ( =13 cos{ (=) 3)+aicon( (21 ) )

L.5a,, ( - w 1.5a
_ qud (glcos(a{Tz)"'ngln(a'frz))_ @
15a,, . . 3p,’F, 2

+—a;d g4sm(y3y2 wzzj —pj‘lcq ”%COS(%) (5.19b)

RELTE S (Vl sz+3PnkY [Vlj
4q) 3 2q) 3

a =—Ma cos M— 7, |—0.5¢,,a, cos|w,T,
2 1 3 qu 2272 a)21

I 3

_%[%Sin((yz —¥,)13)+a A sin((y, = ¥;)/3)+0.25a A, sin ((y, + ;/1)/3)]

3, (0-125aa; sin(2(y, - 1) /3) +0.25a° A, sin (1, +24,) /3)

@ | +2a,A N, sin((y, = yl)/3) +0.5a,a,\, sin (2, +11)/3)

3% (0-125a,%a,sin((; = 1) /3) +0.5a,a,A, sin (2, + 1) /3)

@, | +0.25a,a,sin((y, = 1) /3)+ N, aysin((y, = 1) /3) +0.25a,” A\, sin (y, )
—3k—”4a22/\2 sin Jf, — 261[1:’)2 [gs sin(—y2 ;yl —(qrzj +g, cos(—y2 ; 4 —(qrzj]
- ZZZ (g8 cos(wzl'z) -8, sin(a)zrz)) p:ai” F,a, sm(y1 3 sz

2
+ P F, azsln( sz+ P stm(yj
4w, 3 2w, 3

(5.19¢)
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a,y, = Oga, +£cﬂcqa1 sin ((yz—;yl) - cquJ ~1.5¢,,a, sin(@y,)

3
321 (3(%+a1/\lzjcos(( ¥, = ¥)13)+0.75aA cos (1, + ;4)/3)}
2
oi, %cos@(yz - 11)/3)+0.25a7A, cos((y, +21)/3)
2
+2a,\ N\, cos((y2 —;/1)/3) +0.5a,a,/\, cos((2y2 +y1)/3) 4 4% +Ala,
2
oo [eon((n 1211302507 Mcos () 050 sco( (21 4)1)
_ 2
@ e cos((y2 —;/1)/3)+/\22011c0s((y2 —;/1)/3)
3];,4 3a22 36123 »|_L.5a 194, - (yz_% j
_ Mg A 22 7o
o | 4 ,Cos Y, + . a,\, o ——=g5cos 3 wr, |+
1. z:ld 3 Sm(yz ] " _sz_ 24 (g7 cos(@r,)+ g, sin(a)zrz))
$3PuPn —UZLF g, co (yl sz 3p12 F,a, cos(zy ) #3200 chos(y j (5.19d)
3 4w, 3 2w, 3
where

v,=0T =38, y,=0T,-3(0,~0,)-3B, 30,=20, 30, =0,.

By directly perturbing the reduced equations, one can study the stability of the non-trivial

steady-state solution. But, as the reduced Eqgs. (5.19a) to (5.19d) have the coupled terms

a,y; and a,),, the perturbed equations will not contain the perturbations Ay, and Ay, for

trivial solutions and hence the stability of the trivial state cannot be studied by directly

perturbing Egs. (5.19a) to (5.19d). To circumvent this difficulty, the normalization method
is adopted by introducing the transformation P. =g, cos% and Q =a, sin% for i =1, 2.

into Eqgs. (5.19a) to (5.19d). Carrying out trigonometric manipulations, one arrives at the

following normalized reduced equations or the Cartesian form of modulation equations:
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P= 1 (71Q1 -0.5¢,, B, cos(@r,) +0.5¢,,Q, sin (w1, ) = C;Zf P, cos(w,)

P - .
+122 uwz 0, sm(a)zr) 2 (g2 cos(cqr ) g sm(cqrz))

- (5.20a)

+2Q—6;(§1 cos(cqr2)+§2 sin(qrz))+2g—2%(chos(sz2)+stin(wzrz))

I . pu2 + Puli
———(P,cos(wT,)=0,sin(w7,))|+ F,0 + F,0,

2eq (B cos(@7:) = Qusin(@yr, )+ I

-1 ] 0.5
0 =501P1 —-0.5¢,,0, cos(cqu) —0.5¢,,P, sm(cqu) —mclza)zQ2 cos(a)zrl)
22 wpsin(@r,) £ 0, cos(wr,) ~-£ A m(wz)+—lem(w2)

2q) 24 2w
_%E cos(ﬂrz)—j—;(gcos(@rz)—Qz sin(@rz))—j—;chos(@rz)

~ 2
_ﬁp : P F.P LPIZFP &kY

20 2sm(wzrz)+4a{ ph* 4y 12 2+26°I 1
(5.20b)
. 1 )
P = —5033Q2 +0.5¢,,0, sin (szl) —0.5¢,, P, cos (szl)

. 0.5 . .
—%CZI(P1 cos(cql'l)—Q1 sm(cqu))+ag5 (Q1 cos(aqrz)+Plsm(cqr2))
- 7 (5.20¢)

—2(; (P1 cos(awr,) =0, sin(wr, )) ) 282 cos(wr, ) + gg s s1n(azzr )

~7P . 7
o (e + gzi cos{aar, )+ LI Fo0, + p;; FL0,
Q'2 =%U33P2 -0.5¢,,0, cos(@l’l) -0.5¢,,P, sin(aJZT1)+ 522 kY
—2ic21(Q1 cos((qu)+Plsin((qu))—&(Plcos(cqrz)—Q1 sin((qrz))

o “ i (5.20d)
—%(Qlcos((qrz)+Plsin((;.{rz))—2(:‘)2 cos((/.lsz)Qz—zg(Z2 in(w7,)P,

g . g, PuPn Y p12
+=1 T - 7,)P+——=F,PR + F,P,
5 s1n((;.)2 2)Q2 > (0.)2 ) : R 1cos( 3) 4
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In the next sub-section, the resonance condition mentioned in case (vi) is extended for 1:2

internal resonance condition (a)z =2W+€ ( g,—0, )) .

1: 2 internal resonance condition

In this case, the natural frequency of the secondary system is considered to be two times
that of the primary system, giving rise to the 1:2 internal resonance condition. In this sub-
section, the secular terms are obtained for case (vi) i.e. for simultaneous primary, principal

parametric and subharmonic resonances with 1:2 internal resonance conditions

(@ =2 +:£‘(J2 —022)) and the corresponding equations are given below.

2i0D,A, = =ic, A exp(=iar, )k, (3A’A +6AN?)=3k,,A°A, exp(ioT;)
~12k,, AAN, =3k, (42, exp(i(2(0, - 0,,) =0, ) T ) +24,4,4 +2A,%4)
kAN, exp (i (2(02 - 022) - a.l)Tl) ~&nly eXp(—ia{Tz)

+0-5P112F12‘Zl €Xp (iO'le ) +0.5p,," F,/\ exp (i (Jl —0, ) T ) +0.5p,,kY exp (iasTl)

(5.21a)

2icy DA, = =ic, A exp(=iet,) -3k, (2Al/\lfx2 exp(i(0,~2(0,~0,))7, ))

. 5 _ A _ (5.21b)
—0k,,A, (AlAl s /\12 ) — 12k, ;A NN, =3k, ,A, (AzAz o 2/\22) ~8nhy CXp(—ia)zfz)

It may be noted that here 1:2 internal resonance condition (Q2 =20 +£0, = W +ET,, ) , 1S

considered to suppress response amplitude for the principal parametric resonance condition

of the case (vi). The secular terms obtained from the expansion of Eq. (5.7a) are from the
resonance conditions  of exp(iaﬂ;)) , exp (i (Ql -2 ) T, ) ,  exp (i (2@5 -Q, ) 7;) ,
exp(i(Ql —QZ)TO) , exp(i (Q2 3 cq)TO) , exp (iQ3TO) . Similarly, the secular terms
obtained from the expansion of Eq. (5.7b) are from the resonance conditions of exp (za)zTO)
and exp (i (cq —w, +Q, ) 7;)) . Following the standard procedure of MMS, the complex

amplitude functions A, and A, are written in polar form and substituted in Eq. (5.21a) and

Eq. (5.21b). Then from the corresponding equations, the real and imaginary parts are
separated from which one may obtain the following reduced steady-state autonomous

equations.
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2 2
a, = =0.5¢,,a, cos (@) —Msiny1 —3'164’1’;&;12/\1 sin (%—Zyzj
2
—k,, (li—a/:zsin (% —2yzj —-0.5q,, (g2 cos(qr,) -3, sin(aa]rz)) (5.22a)

102520 F 4 sin2 40520 F A sinfi 4050 gy sinh
a 3 a 3 3

3 2
a,y, =a,0,—1.5¢q, sin(cqu) —9%[%+a1/\12]—9%[%005% +2a1/\1/\2]

2
—9&(%/\1003(%—2%) a24a‘+/\ j s a24 (%—2}@)
@

§ (5.22b)
-1 SZ(gl cos(wr,) + 8, sin(cqrz))
2
+0.75 20 F, alcos—yl+1 5L P’ F,N\, cosf +1-5P11£Ycosﬁ
2] 3 @ 7 W 3
a, ==0.5¢,,a, cos( r)—3i A, sin| 2 A
2 T Yt wr, a&alaZ sin| 2), — 5
(5.22¢)
_ﬁ(gs cos(wr,) - g, sin(a)zrz))
@ = 0,0, =050ty Sin(a&n)‘%[alazm cos 21 |, j
(5.22d)

k k,,(3a, -
Sy~ 5 300|086 oo s

where
yi=ol _3ﬁ1’ ¥, = 0,1 _:82’ 30-2 :20-1’ 303 =0.

The steady-state solutions of the above-reduced equations (Eq. (5.22a) to Eq. (5.22d)) are
solved by considering d, = J; =a, = ), =0. From this condition and Egs. (5.22a) to (5.22d)
one can observe there are two solutions for a,, i.e, either a, =0 or a, # 0. Considering

a, =0, the following equations are obtained for the steady-state response of the system.

Wa” sin y; +W,a, —W,q, sin(2y;/3) =W, sin(); /3) =0 (5.23a)
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Wia® +Wga, cos(2y, =y, /3)+W, =0 (5.23b)
Wia,* =Woa, cos J +W,,a, cos (2y,/3) +W,,a, +W;, cos(1;/3) =0 (5.23¢)
where

W, =0.75k,, A, /@, W, =0.5¢, cos(wr, ) +0.5(g, cos (wz, ) - & sin (@, )),
W; =025 pllelz/a{ W, = 0~5(p112Flz/\1 + pllkly)/cq  Ws = 0~75]€n2/a5 s Wy = 3I€n2 N Ja,,

3k,,\/ . 0k, AN, | 3k, N 0.5 .
W7=—’Z)21 -0, +0.5¢c,, sin(@1,) + "36021 24 "2)22 +E(g7COS(a)zTZ)+g851n(a)ZT2))

Wy ==9k,., W, =18k,,/\,, W, =6p,,°F,,,
W, =8wa, =72k, N\’ —12¢, @ sin (1, ) =144k ,A N\, =72k .\,
—12(57l COS(CU]TZ)+§2 sin(cqrz)),
W, = 12p112E2A1 +12k p,\Y
Similarly, considering a, # 0, from the Eqs. (5.22a) to (5.22d) the following steady state

autonomous equations are obtained.

61%12/\1611 sin(Zy2 —%} +c,Q) cos(a,grl) + 8, cos(a)zrz) - g sin(a)zfz) =0 (5.24a)

2
Wi a)' +Wpa,” cos y, —Wiaa, —=W,,a, cos % +W,sa,” cos (% - zyzj

(5.24b)
+V[/16a22a1 Wy Cosﬁ -
2
W’ sin y, +W,a, —W,a, sin%/1 +W,.a,” sin (% —2y2j -W, sin% =0 (5.24¢)
Woa? +W,a’ +W,a cos(z v, —%} ~W,, =0 (5.24d)

where

v‘/ll =9knl’ ‘/‘/12 =18kn2/\2’
W, =8w0, —12¢, @ sin (@7, ) = 72k
—12(§1 cos(cqr2)+§2 sin(cqg)),

A2 =144k , NN, =72k N}

nl
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W= 6p112Flz’ Ws =6k, N\, =18k, N\, W, =18k, W, = 12p112Flz/\1 +12p, kY,

3k N\ ~ .
Wi =ﬁ,ng =O.5c11cos(cqr1)+0.5(g2 cos(wr,) -3, sm(cqrz)),

P’ F W = 3k, +k, N\, W = P Fo\ + kY

20 4c > Wy 4 > W 24
3k 3k, 3k ,A\
‘4/23 — n4 , ‘4]24 — n2 , ‘/1/25 — n2" 1 ,
8w, 4, W,
W. =g - 3kn2/\12 _Cx Sin(wzrl) _ 6k,,\\/\, _ 3kn4/\22 _E(g COS(&)ZT )+ g Sin(a)ZT ))
26 2 W, 2w, W, W, W, 7 2 8 2

In the next sub-section, the resonance condition mentioned in case (vi) is extended for 1:3
internal resonance condition (a)z =3 +& (U1 —0“)) to obtain the reduced equation for

studying responses of the system.

1: 3 internal resonance conditions for sub, principal & primary resonances

In this section, considering &, nearly equal to 3 times &}, one may obtain 1:3 internal
resonance conditions. Here the secular terms are obtained from the expansion of Eq. (5.7a)

from the resonance conditions of exp(icT; ), exp(i(w —2@)T,), exp(i(Q —2@)T,).
exp(i(@+w-Q)T,), exp(i(Q -w +)T;), exp(i(Q -Q,)7,).
exp(i(Q,-a)7;). exp(i(w-Q,)T). exp(iQT,). Similarly, the secular terms
obtained from the expansion of Eq. (5.7b) are from the resonance conditions of exp(icT; )
. exp(i(2Q, -w)T;). exp(iQT,). exp(i(2e -Q,)T;) and exp(i(Q, +@)7,). From

these conditions, the secular terms obtained for the simultaneous primary, principal

parametric and subharmonic resonances with 1:3 internal resonance conditions

(@ = 3Cc,{+£(01 —UH)) are given as follows.

2i4D, A, = ~ic,, A exp(=iaT,) =k, (3474, +6AN +3A4°N, exp(ia T,))

=3k,, (A’A,exp(i(0, - 0,,)T,) + AN, exp (io,;) + 4AN N, + 24 AN, exp(=io, T,
6k, (A,AN, exp(io, T;) + A\, A exp(=io, T;) + A, A, AN, +\,’A)

-g,A, exp(=iwr,)+0.5p,’F,, A exp(io,T;)

+0.5p,, P FAyexp(i(0, -0y, = 0,)T,) +0.5p, kY exp(io,T;) +
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0.5p,"F,A exp(i(0, = 0,)T,)+0.5p,, p, F, N, exp(i(0, - 0,)T)) (5.25a)

2iw, DA, :—iczz(Aza)2 exp(=iet,)+\,Q exp(i(0,T; -Qr )))

- (A iwT, -i(o, -0,,)T,
—ic,,\\Q, exp( (JHT -Q Z')) k, 1 exp(za)z ‘ l( " _HS) 1)
"'3/\13 €Xp (ial lTl) +6A AN, eXp(ia-llsTl)
i [N A e (20, T) AN, exp(io, )
P\ 2444, +20 A, +2(AAN, + NN, )exp(io, T;)
~ A22/\1 exp(_ia-llTi ) + /\22/\1 exp(iJnTl) +4A,N N,
—3k,s - \ (5.25b)
+2(A2A2/\1 exp(iQT,) +A, /\l)exp(iUHTl)
o (3R exp(i0, T) 4348, +6AN," +6AAN, exp(ic, T)
" +3/\221§2 exp(ZicTMST1 ) +3A°N, exp( lUmT)
—8nAy exp(_i%rz)_(gZIAl " gzz/\z)exp(lanTl _Q1T2)

+0.5p, p, F,A exp( ( (J J”)T))

It may be noted that here 1:3 internal resonance condition is considered to suppress
response amplitude for the subharmonic resonance condition of the case (vi). Following
the standard MMS procedure, the steady-state autonomous reduced equations are given

below.

2a2 sin (y1 = yz)

a, =—0.5¢,,q, cos(cqu)

K (0.75(112/\1 sin y; ) =

—3"—"2(0.250112/\2 sin ;, =0.5a,a,/\, sin y, ) =——2 (g, cos (@, ) - g, sin (w7,))

@

(5.26a)
p 2y, P 14 p (N
+0.25 ;j} F,a, sin 31 +0.5 6: k.Y sin 31 +0.25ﬁ p,F,a,sin (gl—yzj

p 14 p Y
+0.5 c: F,\,sin 31 +O.5ﬁpul‘712/\2sm?l

a; = a0, ~1.5¢,a,sin (@1, ) = (3k,, (03754 +3aA +0.75a°A, cos 5 )) /g
~(9%,, (0.1254a, cos (y; = ) +0.25a A, cos , + 2a,A A, +0.5a,a,7, cos 1, )) [

2

2k (0.5612011/\2 cos ), +0.5a,a,/\, cos y, + a24a1 N+ AzzalJ - 1'5% g cos(awr,)

«
-1. 5—g2 sin(@r,)+0.75 Py F,a, cos—+ =4 +0.75 2 plelzazcos[yl y2j+
« « 3 « 3
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k Vi1 5P Yip15P Y,
1.5p,, achos?‘H.SﬁEQ/\1 cos?‘+1.5Jplelz/\QCos—1

(5.26b)
. Ql Ql
a, =—c, | 0.5a, cos(a)zrl) +/\2—cos(y2 —erl) —c21/\1—c0s(y2 —erl)
W, W
I 3
—j(%sin(yz - yl)+3/\13 sin , +1.5a12/\1 sin sz
3];,12 2 . 2 a12 2 :
=21 0.5A *a, sin (2p, ) +| A7 +—+2A7 |A,siny,
w, 2
-%(—0.25%2 +A, +0.5a,> 20,7 A, siny,
w,
—%(3/\23 sin y, +1.5a,°/\, sin y, +1.5A,%a, sin (2, ) = 0.75a,°/\, sin Vz)
0.5 (g, cos(wr,) - g, sin (@7, )) +025 21 . Fa, sin(yz —ﬁj
@ @ :
G A, + 3N g A, + 3
_[(85 178y z)sin(yz—Qsz)‘*'(gé 1788 Z)COS(VZ_erz)j
w, W, (5.26¢)
‘ a. . ANQ . c,N\Q, .
a,y, =0,a, = c,, (—Zsm(a%)— Lsin(y, —le'l)j+—21 lsin (), Q7))
2 W @,
- az: (0.125al3 cos(y, = 1) +(3/\ﬁ +1.5a12/\1)COS Vz)
L (0.5Aa, cos 2y, +0.25a,%a, + Aa, +(A2 +0.5a7 +2A2) A, cos y,
w,
_%((025%2 +A,” +0.5a, +2/\22)/\1 cos y, +2a2/\1/\2)
_@(0_375%3 +3a,\,? +1.5M\,%a, cos 2y, +(3/\22 +1.5a, +0.75¢122)/\2 cos yz)
w
_0_5@(5,7 cos(@w7, )+ & sin(a)zrz)) +0.25 20 PiFaa, cos(y2 —ﬁj
@ @ 3
3 A, + 3N g A, + G
_((85 178 2)Cos(y2 _erz)_(g6 1783 2)sin(y2 _QITZ)]
w, (5.26d)

where
y=o0l _3ﬁ1’ ¥, =01 _ﬁz’ 302 :20-1’ 30-3 =0,.
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Similarly, as discussed in sub-sections 5.3.1.1 the trivial state equations of the system are

expressed as F, =g, cos(yl/S), 0 =q sin(yl/3), P, =a,cos), and Q, =a,sin),.

| , P .
B = _%Ql —O.SC“H COS(CL{TI ) +0-5611Q1 Sln(a'frl) _Zgz COS(CLITZ)

(5.27a)
P . . 5 :
+ZglSIH(@T2)+%(glcos(@Tz)+gzSm(a*frz))-'-il_cifﬁzg_f_la}plzﬁzQZ
0 = %Ql =0.5¢,, R sin (w1, ) = 0.5¢,,0, cos (@, )
~ d i ™ P o o 1
'%(82cos(@rz)-glsm(aﬂz))‘Z(&COS(%)+ng‘“(‘%)) (5.27b)

2 2
p p p p p
+0.2559L F P +0255L p F,P,+0.550L kY +0.59- F, A +0.55L p F A,

Pz =-0,,0, ¢y %Cos(wzl'l) +622%Sin(wzrl) _%COS(QIE)_

N o) - P (; . %8 527
o cos(Q,7,) 2w (g8 cos(wr,)- g, sm(wzrz))+ 20 cos(@r,)+ (5.27¢)
0,8 SIN W7, + PuPn L0 . (gS/\l +§7/\2)sin(Q1T2) r (g6/\1 +g8/\2)COS(Q1T2)

2w, 4w, @, @

: . Q, .
0, =0,,P, =0.5¢,,0, cos (@Tl) =0.5¢,,P, sin (a)zrl) —Elsm (erl)(/\zc22 +/\1c21)

. . P, o
- 2Qaz)2 (88 COS(%Tz) —§&; S (%Tz)) _ﬁ(& COS(@TZ) - g s1n(a5r2)) (5.274d)
"'—p:ilz F,a, cos [%j _—(§5/\1;§7/\2) cos(Q,7,) —.(g’e/\l;zgs/\z) sin (Q,7,)

In the next section, the resonance condition mentioned in case (vii) is discussed i.e. for

combination resonances with various internal resonance conditions.

5.3.1.3 Combination resonance conditions

In this section, the combination resonance conditions mentioned in case (vii) are

considered. This resonance condition is produced due to the many combinations of external

harmonic and principal parametric excitations which are given as Q, 2@ +w,
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Q N2y-w, Q 005(w+w), Q 005(w-w), Q+Q, 0w, and Q -Q, .
These conditions of combination resonances are observed for the following cases
considering 1:1 internal resonance condition. The combination resonance Q, U2} +w,

with 1:1 internal resonance condition provides the same resonance case as in case (iii) i.e.,

for the subharmonic resonance condition. Now if the combination resonance condition is
considered as Q, 2 —w, or Q, DO.S(cq +a5), with the same 1:1 internal resonance
conditions then this case is the same as the primary resonance condition for external
harmonic excitation F, cosQ 7, which is not carried out in the present analysis as the
amplitude of external harmonic excitation (F1) is considered as hard. Also, for resonance
conditions when Q, +Q, U or Q,—€Q, U then these resonance conditions are also

the same as primary resonance as , =2 +£0,, which is not considered in the present

analyses for the external hard harmonic excitation.

The reduced equations obtained in the subsequent subsections of 5.3.1.1 and 5.3.1.2 for

various internal resonance conditions viz., 1:1, 1:2, 1:3 and 3:1 are used to study the steady-
state response of the system by equating @, = J, =a, = ), =0. These steady-state equations
are solved by using Newton’s method and the stability is ensured by finding the eigenvalue
of the Jacobian matrix. It may be noted that a,, )|, a, and ), are the modal amplitudes

and phase of the primary system and the absorber respectively. The original amplitude of

A -
the system is obtained as {BT} = [ P] {al } ,where A, and B, represents the amplitudes of
T

a,
the main system and the absorber for the traditional vibration absorber. Similarly, for the
non-traditional vibration absorber, the original amplitude of the main system and the

absorber are represented as A, and B, respectively. The steady-state responses of the

system for various system parameters are studied and discussed in the next section.
5.4 Results and Discussions
In this section, the system responses and stability analyses are carried out considering both

the active traditional and the active non-traditional vibration absorber with different

combinations of feedbacks, gains and time delays for various external and internal
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resonance conditions. The physical parameters for the traditional vibration absorber (TVA)

are considered from the work Detroux et al. [168], as follows. m, =1kg, k, =1 N/m, m,

=0.05kg, k, =0.0454 N/m and ¢, =0.0128 N-s/m. The nonlinear stiffness of the absorber

2
M, here k, values
+4(m2 /ml)

(k,;) is calculated from the formula givenin [161] as k,, =
are varied from O to 1 N/m’. Further for different mass ratios (m2 / ml) and internal
resonance conditions, the optimized spring stiffness (k,), cubic nonlinear stiffness (k,;)

and damping coefficient ( ¢, ) values for the TVA are calculated from the work of Habib et

al. [161]. The analyses are carried out by studying the trivial state instability regions,

frequency responses, time responses, phase portraits, Poincare’ sections, Lyapunov

exponents, for different feedbacks, gains (f,, f,, f,), time delays (7,, T,), nonlinear
stiffness (ki,, k), the amplitude of force excitations ( F;;, F;,), and amplitude of base

excitation (Y ) for both traditional and non-traditional ANVA.

For the non-traditional vibration absorber (NVA), the optimal the optimal spring stiffness

(1(2) and damping coefficient (cz) are calculated from the formulae provided in the work

of Ren et al [99] for a mass ratio of 0.05. It may be noted that these optimal values are used
to suppress maximum vibration of the main system and shows Den Hartog equal peaks in

the frequency response. The physical system parameters for the NVA are considered as

m, =0.05kg, k, =0.0556 N/mm and ¢, =0.1446 N-s/m. The main system parameters are

the same as mentioned before. The bookkeeping parameter £ is considered equal to 0.1

throughout the analysis and PZT actuator properties are considered from Malik and

Chatterjee [20]. These properties are given as 1 =100, d,, = 3.5%107"° m/volt and elastic
compliance Si. = 16x10™"> m*N and piezoelectric stiffness k5 = 1.2x10° N/m. From these

parameters, one can change the stiffness of the present absorber actively with the applied

voltage V and feedback gains. The amplitude of excitations F{ = 1 N, F;, =1 N/m and
amplitude of base of excitation ¥ =1 m. The actual amplitude of parametric excitation F,
=0.1 N/m and base excitation ¥, =0.1 m. It may be noted that the feedback gains produced

by the ANVA by displacement ( f,), negative velocity ( f,) negative acceleration feedback
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( f,) and a combination of these feedbacks ( f,, ) are considered equal to 10 in most of the
analyses. In a few cases, different feedback gains are considered those are mentioned in the
corresponding sections. Further, the combination of f, and f,, are denoted as f,,
similarly a combination of f, and f, are denoted as f . The positive combination of f,
and f, are denoted as f, . The combination of f,, f, and f, feedbacks are denoted as f,,

and the positive combinations of these ( fis fos fa) feedbacks are denoted as f,,. Also,

the time delay terms 7, and 7, denotes delay in the damping and delay in the feedback,

respectively. In the next sub-section, the trivial state instability regions of the system are
studied with various feedback gains and actively changing the frequency of the absorber

with 1:1 internal resonance conditions.

5.4.1 Trivial state instability region for simultaneous superharmonic,

principal parametric and primary resonance conditions

In this section, the trivial state instability regions of the system are studied by the TVA and

the NV A by obtaining the eigenvalues of the Jacobian matrix from the Eq. (5.12a) and Eq.
(5.12d) by considering P =0, =P, =0, =0. The analyses are carried out to study the

responses of the system for 1:1 internal resonance condition with the various combination

of feedbacks gains and time delays.
5.4.1.1  Traditional vibration absorber

Fig. 5.2(a, b) shows the trivial state boundary of the system with a variation of the amplitude

of parametric excitation F, and frequency Q, considering various combination feedback

gains and actively changing the stiffness of the absorber. The amplitude of external

excitations F; and Y values are considered equal to zero in Fig. 5.2(a). Also, the amplitude
of F, does not affect the instability regions as F value is coupled with the nonlinear terms
(kn1 to k,,, k,, tok, 4) as /\; and A\,. So F the parameter is not appeared in Eq. (5.12a)

to Eq.(5.12d). In Fig. 5.2 the active changes in the stiffness of the absorber without any

feedback gains are referred to as active;, activez and actives TVA. In active;, activez and

actives TVA the k, values are taken as 0.05 N/m [1-6, 16], 0.0544 N/m, and 0.0635 N/m,
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respectively. It may be noted that these values of k, are chosen after numerous analyses

for the proposed ANV A with different feedback gains. From Fig. 5.2(a), it can be observed
that with active;, active; and active4 TV A the instability region shifts to the higher side of
Q, values than the passive TVA. So, by using these TV As one can avoid instability regions
effectively in a passive way (PVA) without applying any feedback gains by operating the

system at a higher frequency

1) (
(a) (b)
unstable
10 10 ¢
8 8
B =
= =
= 6 =6 ) stable
& stable stable & - passive
47 - passive ar . actives, f,
. tiv
2t gerver 21 actives, £
12-=-=-= - - activey
5 with base excitation (Y')
0 - s ————activer 0 . s
1 15 2 2.5 3 3.5 4 1 1.5 2 2.5
Qs (rad/sec) Qs (rad/sec)

Fig. 5.2: Trivial state instability region with passive and active TVA (a) zero feedback

gain (b) various feedback gains and with base excitation (Y)

range. In this figure also one can notice that the trivial state becomes unstable even at F,

=0 N/m, for the passive as well as different active TV As (active;, activez and actives). Fig.
5.2(b) shows the trivial instability region of the system considering ¥ = 0.1 m. From Fig.

5.2(b) it can be observed that with the passive TVA the range of the instability region is
larger than with active; or actives TVA along with f, feedback gain. The critical value of
F,, below which the trivial system becomes stable is also higher in the case of activez or
actives TVA than the passive TVA. In passive TVA the trivial state becomes unstable for
F,, =0 N/m but with activez and actives TVA along with f, feedback gain the critical
value of F|, is at 5.4 N/m and 6.8 N/m, respectively. From Fig. 5(a, b) one can observe the

effectiveness of the activez or actives TVA along with or without feedback gain in
increasing the stable range of operating frequency as well as increasing the critical value of

.
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The instability region shown in Fig. 5.2(a) is verified at the three marked points S|, U,
and S, for F,, = 1.2 N/m, by solving the governing Eq. (5.4) using the numerical method,
and these results are shown in Fig. 5.3. From Fig. 5.3 (a, b, e, f) one can observe the stable
responses at the marked points S, and S, which are in good agreement with Fig. 5.2(a).
Similarly in Fig, 5.2(a) at point U, the system response is unstable which are also in good

agreement with Fig. 5.3(c, d) at the corresponding point. In the next section, the trivial state

instability region of the system is studied with NVA by various combinations of feedback

gains.
2 — : 2
(a) 51, (b(b) ((C) Uy, (Fio(N/m) = 1.2,
— (Fiz(N/m) = 1.2, Qo(rad/sec) = 1.74)
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=0 v £y
s S, (Fia J\/m >
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(d(d) («(e) n S ()
2y
. (Fia(N/m) = 1.2, R
é 0 E Os(rad/sec) = 2) \S/ 0
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Qy(rad/sec) = 1.74) -0.02 gZFlzl(]\;/(n).:j';’
0 50 100 150 200 50 100 150 200 0 50 ‘B66Y°°955 Y 200

t(sec) t(sec) t(sec)

Fig. 5.3: Time responses of the system at the marked points S,, U, and S, of Fig.
5.2(a).

54.1.2 Non-traditional vibration absorber

The trivial state instability region of the system with a non-traditional vibration absorber
(NVA) is shown in Fig. 5.4(a, b). Fig. 5.4(a) shows a comparison between the instability
region with passive NVA and with active;, active; and actives NVA. From this figure, one
can observe that with the active; and actives NVA the instability region shifts to the higher
side of frequencies, which is similar to the observation noticed in Fig. 5.2(a) with the TVA.

However, with active; and actives NVA the instability region shows multiple stable and

unstable regions than with TVA (Fig. 5.2(a)). In Fig. 5.4(b) f, gain is used keeping all

other parameters the same as in Fig. 5.4(a). Fig. 5.4(b) shows that with the f, gain in the

passive, activez and actives NVA, the instability region significantly reduces than Fig.

5.4(a). Considering only f, gain in the passive NVA the critical value of F), increases
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Fig. 5.4: Trivial state instability region with passive and active NVA (a) zero feedback

gain (b) various feedback gains and with base excitation (Y)

from O N/m to 2 N/m and also the instability region is narrower than the passive NVA. It
is shown in Fig. 5.4(b) that the critical value of the F,, remarkably increases from 0 N/m
with passive TVA to 8. 2 N/m and 9.4 N/m, respectively with active; and actives NVA

along with the f active force. The results shown in Fig. 5.4(b) with activez NVA along
with the f, gainis verified by obtaining the time responses of thesystem from the governing
Eq. (5.4) and shown in Fig. 5.5 at the three marked points (S,, U, and S,) in Fig. 5.4(b)

for F}, =10 N/m. From Fig. 5.5(a, b, e, f) it can be observed that at S, (Q, = 1.56 rad/sec)

(@) 4 s =i (b) 002 (c) 1000 — -
’ Qu(rad/sec) = 1.56) Us, (Fia(N/m) = 10,
= ; ' . Oy (rad/sec) = 1.88)
g e =
E o Eo £
= = Sy, (Fia(N) = 10, )
-0.02 ‘ Qy(rad/sec) = 1.56)
0.02 : -1000
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400 500
t(sec) t(sec) t(sec)
d) o00 (e) 202 ‘
( ) (e) Sy, (F12(N/m) = 10, (f) 0.02 ]

2.34)

Oy (rad/sec)

X< Uy, (Fia(N/m) = 10, Sy, (Fio(N/m) = 10,

Qy(rad/sec) = 1.88) ‘ Qs (rad/sec) = 2.34)
1000 e -0.02 0.02 . :
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t(sec) t(sec) t(sec)

Fig. 5.5: Time responses of the system at the marked points S,, U, and S, of Fig. 5.4(b).

and S, (Q, = 2.34 rad/sec) the responses are stable which in good agreement with Fig.

5.4(b). Also, at U, (Q, =1.88rad/sec) and F;, =10 N/m, the response is unstable as shown

in Fig. 5.5(c, d) which are in good agreement with Fig. 5.4(b). Hence from Fig. 5.2 and Fig.
5.4 the efficacy of the proposed active TVA and the active NVA can be observed in
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reducing the instability regions remarkably and significantly enhancing the critical value

of Fj,. In the next sub-section, the performance of the ANVA is studied with various

system parameters through the frequency responses, time responses, phase portraits,
Poincare’ sections and basin of attractions by the ANVA for simultaneous superharmonic,

principal parametric and primary resonance conditions.

5.4.2 Response of both TVA and NVA for simultaneous superharmonic,

principal parametric and primary resonance conditions

In this sub-section, the frequency responses of the primary and the secondary system are
studied for both TV A and NV A by solving the reduced equations derived in sections 5.3.1.1
by the MMS using Newton’s method. The analyses are carried out to study the responses
of the system for 1:1, 1:2 and 3:1 internal resonance conditions by considering various
linear and nonlinear stiffness, time delays in the damping and various combinations of
feedback gains. In the following subsection considering case (v) of simultaneous resonance
with the 1:1 internal resonance condition, the responses of the system are investigated. It

may be noted that the modal and original response amplitude of the primary system are

denoted as a, and A, , respectively. Similarly, for the secondary system, the response

amplitudes are denoted as a, and B,. Further, it may be also noted that in all the frequency

response plots the ‘dot’ or line signifies the stable solutions and ‘circle’ signifies the

unstable solutions.

54.2.1 1:1 internal resonance condition

In this subsection responses of the system are studied in three sub-sections based on the
consideration of nonlinear stiffness in the system. The frequency responses of the system
are obtained by solving the MMS reduced equations (Eq. (5.11a) to Eq. (5.11d)) using
Newton’s method. In the first sub-section linear system is studied and in the next two
subsections, nonlinear stiffness in the primary system and nonlinear stiffness in both the
primary system as well as in the absorber are considered. In the next subsections the effect
of various feedback gains, time delays in the feedback and time delays in the damping on
the frequency responses and time responses of the linear and nonlinear system by the AVA

are analyzed.
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Linear system

In this subsection, the frequency responses are studied considering linear stiffness in the
systems with the variations in the feedback gains and time delays. Fig. 5.6(a, b) and Fig.
5.6(c, d) show the response amplitude of the primary system and the active TVA,

respectively. The response amplitude of the system is studied for four cases. These four
cases are given as passive TVA, passive TVA with a time delay (Tl) of 77/10 sec in the
damping, active TVA with only negative acceleration feedback gain of f, =10 and the last
case, active TVA with only negative velocity feedback gain ( f= 5). From Fig. 5.6(b) it is
observed that with f =5 the response amplitude of the primary system is 20% less than
that with the passive TVA. The time delay (Tl) of 77/10 sec produces a higher response
amplitude than with acceleration or velocity feedback gains. It may be noted that here @)
=0.87 rad/sec and @ = 1.09 rad/sec which is obtained from the parameters given in section

5.4. The frequency responses in Fig. 5.6(a-d) show peaks for Q, =«)/3 and Q,=q@

which correspond to primary and superharmonic resonance conditions, respectively. The

frequency responses of the secondary system are shown in Fig. 5.6(c) and Fig. 5.6(d).

Q; 0.287396
Q3 0.869483
Ar 1.16979

- passive
- n=n/10
- fo=10

Q0287396 ———

(d) Q3 0.869483

3.59405 >
Br 359405 0.12?

0.1 9.2 03 4
Q1 (rad/sec)

Fig. 5.6: (a-d) Frequency response of the system with passive and active TVA.
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Comparing Fig. 5.6(d) with Fig. 5.6(b), it can be observed that the response amplitude of
the TVA is almost 3 times the response amplitude of that of the primary system, which also

matches the published literature [20] and also with the results shown in Chapter 2 and

Chapter 3. The modal response amplitude (al) of the TVA (Fig. 5.6(c)) shows a

comparatively low response amplitude than the original response amplitude (AT ) as shown

in Fig. 5.6(d). The Hopf bifurcation points in the frequency responses where the stability

of the system is changing are shown in each corresponding figure. The frequency response

amplitude of the system shown in Fig. 5.6(a-d) for 7, =77/10 sec is compared with the

numerical method and shown in Fig. 5.7(a-h). From Fig. 5.7(a, b) one can observe that the

0.5825
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Fig. 5.7: (a-d, g, h) Time responses of the system at €, = 0.288 rad/sec and Q, = 0.87

rad/sec, (e, ) phase portrait of the system at Q, = 0.288 rad/sec and Q, = 0.87 rad/sec.
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time responses and the frequency responses are in good agreement with each other. Further,

the frequency response of the system for 7, =77/10 sec which is marked in Fig. 5.6(a) is

compared with the numerical method by solving the governing Eq. (5.4) and the MMS
solution (Appendix- C, (Eq. C.1 and Eq. C.2)). These comparisons are shown by the time
responses and phase portraits in Fig. 5.7(c-f), respectively. From Fig. 5.7(c-f) one can
observe three periodic responses as the primary system is subjected to three external
excitations with frequencies Q,, Q, and €, as given in the governing Eq. 5.4. The time
responses and phase portraits obtained from Eq. 5.4 (Fig. 5.7(c-f)) are compared with the
MMS solution given in Appendix C (Egs. C.1 and C.2) which are shown in Figs. 5.7(g)
and 5.7(h). From Fig. 5.7(c-f) and Fig. 5.7(g, h) one can observe good agreement between
the MMS solutions and the governing Eq. (5.4) by the fourth ordered Runge Kutta

numerical method. In Fig. 5.8(a-d) the frequency responses of the system are studied for
various combinations of feedback gains ( fs» [, and fd) with time delays of
I,=7,=0.1 77 sec in the damping and also in the feedback which is more feasible in
practical applications. From Fig. 5.8(b) it can be observed that the response of the primary
system is minimum with f, gain at the super-harmonic (€, = @ /3 = 0.29 rad/sec) and

primary resonance (Q, = & =0.8731 rad/sec) conditions than with other feedback gain
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Fig. 5.8: (a-d) Frequency response of the system with active TVA.
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( I fda) The f,, gain produces a broader range of unstable regions at the simultaneous

super-harmonic (Ql Uay / 3) and primary resonance conditions (Q3 ch) than with the

other combinations as shown in Fig. 5.8(a-d). The response amplitude of the primary

system with only f, gain is found to be more compared to other combinations which can

be observed in Fig. 5.8(a-d) and Fig. 5.6(a-d). With the f,, feedback gain (Fig. 5.8(b)) the

response amplitude of the primary system reduces to almost 47% compared with the
passive TVA (Fig. 5.6(b)). The TVA responses are shown in Fig. 5.8(c-d) which show
similar characteristics as in Fig. 5.8(a, b). The trend of the response amplitude of the
primary system (Fig. 5.8(b)) and the modal response amplitude of the absorber (TVA),
which is shown in Fig. 5.8(c) are almost the same while their response amplitudes are at

different magnitudes. In Fig. 5.9(a-d) the response amplitude of the system is studied with

a fixed time delay of 7, = 0.1 77 sec and with the various combinations of feedback gain
and time delay (T1)~ From these figures, it can be observed that with f, feedback gain
and with 7, = 0.2 77 sec the stability of the system improves near the superharmonic and

primary resonance condition than with other 7, values and with f, feedback gain.
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Fig. 5.9: (a-d) Frequency response of the system with the active TVA for fixed delay of

7, =0.1 71 sec.
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Comparing Fig. 5.9(b) and Fig. 5.8(b) for f,, feedback gain, it can be observed that the
response amplitude of the primary system is 15% less with a lesser time delay of 7, = 0.1

7T sec, (Fig. 5.8(b)) than with a higher time delay of 7, = 0.2 7 sec (Fig. 5.9(b)). The

trivial state responses of the system are found to be stable for all the mentioned feedback
gains and time delays which are shown in Fig. 5.6 to Fig. 5.9. The response of the system
is also studied by actively changing the frequency of the absorber (activez) with various
combinations of feedback gains, and the corresponding results are shown in Fig. 5.10. It
may be noted that the active: case is the same as mentioned in Chapter 4 (active2), which

also follows the 1:1 internal resonance condition. From Fig. 5.10, one can observe that the

response amplitude of the primary system significantly reduces for Q, > 0.32 rad/sec and

Q, > 1.08 rad/sec with only active; case (zero feedback gains) than that with passive TVA

or with the consideration of various feedback gains in the active TVA which are shown in
previous figures (Fig. 5.6, Fig. 5.8 and Fig. 5.9). From Fig. 5.10(b) it can be observed that

with the active; case the response amplitude of the primary system is almost completely

suppressed (99.9%) at Q, = 0.37 rad/sec and 0.42 rad/sec and for Q, = 1.14 rad/sec and

1.19 rad/sec unlike previous results shown in Fig. 5.6, Fig. 5.8 and Fig. 5.9. The high
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Fig. 5.10: (a-d) Comparison of frequency responses of the system with the active; and

passive TVA.
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response amplitude of the system is observed in Fig. 5.10(a-d) with only active;, cases for

Q, in the range of 0.18 rad/sec to 0.32 rad/sec and €, in the range of 0.94 rad/sec to 1.08

rad/sec. However, these high response amplitudes at the above-mentioned frequencies for

the primary system can be significantly reduced by providing the feedback gains f, and
f.;» which are shown in blue and magenta colors in Fig. 5.11(a, b). The unstable regions in

the responses are only observed for the f,, feedback gain and 7, = 0.1 77 sec, and the

Hopf bifurcation frequency points are also shown in the corresponding figures. It is also

observed from Fig. 5.11(a-d) that though the response amplitude significantly reduces near
the superharmonic (Q1 U /3 10.29 rad/sec) and primary resonance conditions
(Q3 U 00.87 rad/sec) by the feedback gains ( f, and f,,) but with these gains, high
response amplitude in the system is observed at Q, = 0.36 rad/sec and Q, = 1.11 rad/sec

for f, gain, and at €, equals to 0.37 rad/sec and 1.15 rad/sec for f,, feedback gain than

considering only the active; case (zero feedback gains). In the next sub-section, the
responses of the system are studied for various feedback gains and time delays by

considering only nonlinear stiffness in the primary system.
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Fig. 5.11: (a-d) Frequency responses of the system with the activez TVA and control
gains.
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Nonlinear primary system

In this sub-section, the system responses are studied by considering only nonlinear stiffness
in the primary system i.e., I:H =1 N/m?® and 1:2% = 0 N/m?, for various feedback gains and
time delays in the damping as well as in the feedbacks. Fig. 5.12(a-d) shows the comparison
of responses between the passive and activez TVA. It may be noted that in activez TVA,
only the stiffness of the absorber is actively changed without any feedback gains. The
modal response amplitudes of the system are shown in Fig. 5.12(a) and Fig. 5.12(c). From
these figures, two peaks at different response amplitudes are observed with activez TVA,

whereas with passive TV A only a single peak is observed. Fig. 5.12(a-d) shows the unstable
range of responses with active; TVA for Q, and €, greater than 0.4676 rad/sec and
1.2648 rad/sec, respectively. To analyze the type of responses close to these unstable
regions three points are marked (N,, N,, N, ) in Fig. 5.12(a) and corresponding time
responses are shown in Fig. 5.13. From Fig. 5.12(a) also one can observe that with activez

TVA the a, value is minimum at the superharmonic (0.291 rad/sec) and primary resonance
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Fig. 5.12: (a-d) Comparison of frequency responses of the system by the active; and

passive TVA, considering nonlinear stiffness in the primary system.
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(0.8731 rad/sec) conditions whereas a, value shown in Fig. 5.12(c) remains at 3.5 times
more than a, value at these frequencies. The unstable responses with the passive TVA

appear for 0.0096 rad/sec < Q, = 0.1464 rad/sec and 0.6062 rad/sec < Q, < 0.6744 rad/sec.

In Fig. 5.12(b) the frequency response of the primary system is shown. From Fig. 5.12(b)

one can observe that the response amplitude of the primary system almost reduces to zero

amplitude (A, =0.022 m) with the active; TVA at Q, =0.3818 rad/sec and Q, =1.1466
rad/sec but with the passive TVA A, equal to 0.248 m close to this frequencies. The
response amplitude ( A, ) with the passive TV A also remains comparatively higher than that
with the active> TVA for 0.3098 rad/sec <Q, < 0.4676 rad/sec and 0.8991 rad/sec < Q, <
1.2648 rad/sec. Moreover, with activez TVA for a broad range of Q, and Q, values close

to the resonance conditions the A, value is lesser than that with passive TVA. Hence

significant vibration absorption of the response amplitude of the nonlinear primary system
can be achieved for a wide range of operating frequencies by first using passive TVA for

the lower range of operating frequencies and then active; TVA can be used. The minimum

response amplitude of the primary system with active; TVA (Fig. 5.12(b)) is marked as N,
which is then verified by the time responses shown in Fig. 5.13. From Fig. 5.12(c, d) it is
also observed that with the passive TV A the response amplitude of the absorber is smaller
than that with active2 TVA at close to the N, frequency point and also for a wide range of
Q, and Q,. Due to this the response amplitude of the primary system is more with the
passive TVA as the energy transfer from the primary system to the absorber is not taking
place effectively. It is also observed from Fig. 5.12(d) that at Q, = 0.3727 rad/sec and at
Q, =0.9856 rad/sec, the response amplitude of the absorber is minimum (B, = 0.00188

m) with the passive TVA. Hence from Fig. 5.12, it can be inferred that the response
amplitude of both the nonlinear primary system and the linear secondary system can be

minimized by the TVA without any feedback gains. In Fig. 5.13 the time response of the
system is studied at three marked points (N,, N,, N, ) in Fig. 5.12(a) where the stability
of the system changes from stable to unstable solutions. Figure 5.13(a-f) demonstrates that

the system exhibits fixed point response (FP) at N, frequency point (Q, = 0.4676 rad/sec

and Q, = 1.2648 rad/sec), which is consistent with Fig. 5.12. Figure 5.13(g, 1) and Fig.
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5.13(h, j) show time responses and Poincare’ sections of the system at N, frequency point

(Q, =0.472rad/sec and Q, = 1.28 rad/sec), respectively which indicate periodic response.

As a result, Hopf bifurcation (HB) occurs at N, frequency point as shown in Fig. 5.12.

Time responses (Fig. 5.13(g, 1)) and Poincare' sections (Fig. 5.13(h, j)), of the system at

frequency point N, ( Q, = 0.52 rad/sec and Q, = 1.34 rad/sec) reveal chaotic and two

periodic types of responses in the primary system and the secondary system. From Fig. 5.13

it can be inferred that at the bifurcation point N, (Q, = 0. 4676 rad/sec and Q,

=1.2648

rad/sec), shown in Fig. 5.12 the system shows fixed point response, periodic response ( N,

), two periodic response and chaotic response ( &V, ) with a slight increase in the operating

frequencies Q, and Q.. The N, and N, frequency points are further verified in Fig. 5.14

by the Lyapunov exponents which is used to quantitatively characterize any chaotic system.

(a)O.l N, © 0
(a) (
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Fig. 5.13: Time responses (a, c, d, f, g, k, i, m), phase portraits (b, e) and Poincare’

sections (h. j, 1, n) of the primary system and the secondary system at the marked points

N,, N,, N, of Fig. 5.12(a).
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The Lyapunov exponents of the time series generated by the numerical method show

periodic and chaotic responses at N, (Fig. 5.14(a)) and at N, (Fig. 5.14(b)) frequency

points. Fig. 5.15 shows the comparisons of time responses between the governing Eq. (5.4)

and the MMS solutions (Egs. (5.11a) and (5.11b)) by the numerical method at the marked

N, point in Fig. 5.12(b). From Figs. 5.15(a, b) one can observe the displacements of the
primary system ( X, ) and the secondary system ( X, ) by solving Eq. (5.4) and Eqs. (5.11a)
and (5.11b) are in good agreement with each other, showing multi-harmonic responses. It

may be noted that the displacements X, and X, of the system are obtained from Appendix
C, Egs. (C.1) and (C.2), by substituting a,, };, a,, J, values at the N, frequency point. It
is noticed that at the N, frequency point shown in Fig. 5.12(b), the response amplitude of
the primary system a, =0.3468m and A, =0.022 m, It is noticed that at the N, frequency
point shown in Fig. 5.12(b), the response amplitude of the primary system a, = 0.3468 m

and A, =0.022 m, whereas the displacement of the primary system ( X, ) at the N, point is

oscillating from -1.032 m to 1.032 m (Fig. 5.15(a)). This deviation between the solutions

of the frequency responses amplitudes (a,) and the time responses ( X,) are due to the
additional terms (2/\1 cos(QIY})) +£()) which are given in Appendix C, Egs. (C.1) and
(C.2) where X, equals to (al 008(3917}) —y1)+2/\1 COS(QITO)+€(...)) and X, equal to (

a, cos(3§217}) —y2) + 20, cos(QIYZ)) +£(...)). It may be also noted these additional terms

. o R N " ., F, )
are developed owing to the hard excitation | A\, = %, N, = % acting
2oa-07) 7 2(w’-07)
5 — 4 T
(a) . — X =0.00 (b) N — o
1 — X2 = 0.00 3 —_— = 0.14
w A =-1.35 w3 — A =-1.49
§5 05 — =135 S — i =-149
9 gt
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15 -3
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Fig. 5.14: Lyapunov exponents for initial condition (1, 0, 1, 0) at the marked
points N, and N, of Fig. 5.12(a).

TH-2895 136103038 191



Chapter 5

(a) ——MMS Solution (Appendix C (Egs. (C.1), (C.2)) (b) )1 N
Governing Eq. (5.4)
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Fig. 5.15: Comparisons of time responses of the system between governing

equations and MMS solutions at the marked points N, of Fig. 5.12(b).

on the primary system. The frequency response of the system with NVA is studied in Fig.
5.16 considering passive and active2 NVA. From Fig. 5.16(a, b) it can be observed that
the minimum and maximum response amplitude of the primary system with active2 NVA
and passive NVA are comparatively higher than that with the active2 TVA and passive
TVA (Fig. 5.12(a, b)). As observed from Fig. 5.16(b) the active2 NV A performs better than

passive NVA for 0.3236 rad/sec <Q, < 0.4676 rad/sec and 1.11 rad/sec <Q, < 1.2648

rad/sec. However, for 0.11 rad/sec <Q, < 0.3236 rad/sec and 0.88 rad/sec <Q, < 1.11

rad/sec the passive NV A performs better in suppressing the response amplitude of the
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Fig. 5.16: (a-d) Comparison of frequency responses of the system by the active, and

passive NVA, considering nonlinear stiffness in the primary system.
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primary system than that of the active2 NVA. The unstable responses in the system with

the passive and active2 NV A are observed similar to Fig. 5.12(a-d). The response amplitude

of the absorber almost reduces to zero amplitude with the passive NVA at Q, = 0.3745

rad/sec and Q; =1 rad/sec. From Fig. 5.16 it can be observed that the with active2 TVA

(Fig. 5.12) the vibration suppression of the primary system is less in comparison to the
active2 NVA (Fig. 5.16). However, the passive NVA (Fig. 5.16) performs better in
reducing the maximum peaks in the response amplitude of the system than the passive TVA
(Fig. 5.12).

The effect of gains on the frequency responses by the various combinations of feedbacks
suchas f, f_ and f, by with and without active2 TVA are discussed and corresponding
plots are shown in Fig. 5.17, Fig. 5.18 and Fig. 5.19, respectively. In Fig. 5.17(a-d) the

response amplitude of the system is compared considering velocity feedback gain f, in
active TVA and with activez TVA. It may be noted that f, in the active TVA refers to gain

by velocity feedback in the passive TVA. The f, with the active; TV A refers to active
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Fig. 5.17: (a-d) Comparison of frequency responses of the nonlinear primary system by

f, gain and with the active TVA and f,.
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gain by velocity feedback and actively changing the frequency of the absorber as mentioned

in section 5.4.1. From these figures, one can notice that the response shows a broader region

of unstable response with the activez TVA and f, gain in comparison with the only f,
gain. However, the response amplitude of the primary system with the active; TVA and f,
gain shows 72% less amplitude close to the super-harmonic (€2, = 0.29 rad/sec) and
primary resonance conditions ( Q, = 0.87 rad/sec) than with the only f, gain. The response

amplitude of the absorber with only f, gain shows almost zero response amplitude at the

above-mentioned resonance conditions, which is shown in Fig. 5.17(d). However, in this

figure with activez TVA and f, gain the response amplitude of the absorber at the above
resonance condition is more compared to with only f, gain. Because of this, the response
amplitude of the primary system is more with only f, gain than with active; TVA and f,
gain.

From Fig. 5.17 and Fig. 5.12 it can be observed that with f, gain in active; TVA, there is
a substantial decrease (52%) in the maximum peak value A, and also for a broader range

i.e. for 0.158 rad/sec <Q, < 0.3297 rad/sec and 0.838 rad/sec < Q, < 0.952 rad/sec, the A,

value is smaller than the passive or activez; TVA (Fig. 5.12). From these figures, it can be

also observed that with the passive TVA (Fig. 5.12) and passive TVA with f gain (Fig.

5.17) the unstable region of responses are appeared in the lower range of frequencies

whereas with activez TV A the unstable range of frequencies appear in the higher frequency

range. Fig. 5.17 shows the range of unstable responses (0.119 rad/sec <Q, < 0.258 rad/sec
and 0.701 rad/sec <Q, < 0.84 rad/sec) with passive TVA and f gain is comparatively
more than with only passive TVA (Fig. 5.12), where the range is 0.0096 rad/sec <Q, <
0.1464 rad/sec and 0.6062 rad/sec <Q, < 0.6744 rad/sec. From Fig. 5.17 it can be noted
that one can effectively suppress the vibration of the primary system with the f, gain in
the activez TVA for 0.158 rad/sec <Q, < 0.33 rad/sec and 0.838 rad/sec <Q, < 0.952

rad/sec and outside this frequency range one can provide zero control gain in the active:

TVA to suppress the vibration of the primary system for Q, = 0.33 rad/sec Q, = 0.952

rad/sec. It is also observed that the A, value with the passive or active; TVA (Fig. 5.12) is
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slightly smaller (10-20%) than that with f, gainin the active; TVA (Fig. 5.17) for O rad/sec

< 0.158 rad/sec and 0.47 rad/sec <Q, < 0.838 rad/sec. It is observed that the Hopf
bifurcation (HB) points with f, gain in the passive TVA occur at Q, =0.1193 rad/sec and
Q, = 0.7014 rad/sec. Similarly, for the active: TVA and f, gain, the HB points occurs at
at Q, =0.3297 rad/sec and Q, = 1.0945 rad/sec. It may be noted that the time responses

and phase portraits at these bifurcations’ points with f, gain in the passive and active;

TVA are similar to Fig. 5.14. Also, the frequency response of the system with TVA is
similar to the NVA, so in further studies, only TVA is considered for analyzing the

frequency response of the system.

In Fig. 5.18(a-d) the response amplitude of the system is compared with the combination

of velocity and acceleration feedback gains ( o ) in the active TVA and with active; TVA.

From Fig. 5.18(a, b) one can observe an 82% reduction in the A, value with active; TVA
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Fig. 5.18: (a-d) Comparison of frequency responses of the system considering nonlinear

stiffness in the primary system by the combination of velocity and acceleration feedback

gains (fm) .
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and f gain, in compared to with only f, at the super-harmonic (Q, = 0.29 rad/sec) and
primary resonance (Q, = 0.87 rad/sec) conditions. Fig. 5.18(a) shows similar, observation
as Fig. 5.18(b). The response amplitude of the primary system ( 4, ) is 100% suppressed at
Q, =0.3464 rad/sec and at Q, = 1.1112 rad/sec with f, gainin the active; TVA. It can be
observed from these figures that the A, value with f  gain in the active; TVA is

comparatively very less than the with only f gain for Q, in the range of 0.18 rad/sec to

0.38 rad/sec and for Q, in the range of 0.94 rad/sec to 1.14 rad/sec. It may be noted that

the above frequency ranges are within the superharmonic and primary resonance

conditions. It is also observed that the A value with f_ gain in the active; TVA at Q, =
0.09 rad/sec, Q, = 0.7473 rad/sec is 0.038 m and for a broad range i.e. from O rad/sec
<Q, < 0.38 rad/sec and 0.7473 rad/sec <Q, < 1.14 rad/sec, the A, value is lesser (10-
35%) than that shown in Figs. 5.12, 5.17 and 5.18. However, for Q, = 0.38 rad/sec and

Q, = 1.14 rad/sec f,, gain in the activez; TVA produces a high response amplitude. It may

be noted that as the frequency of the TVA can be changed actively so outside the above-
mentioned frequency range one can use only f  gain for effectively suppressing the

vibration of the system for a wider range of operating frequencies. From these figures the

Hopf bifurcations points (HB (Q, = 0.421 rad/sec, Q, = 1.186 rad/sec and Q, = 0.458
rad/sec, Q, = 1.223 rad/sec)), saddle node bifurcation (SN (Q, = 0.4361 rad/sec, Q, =
1.201 rad/sec)) frequency points, chaotic responses (CR (Q, = 0.425 rad/sec, Q, = 1.19
rad/sec)), and unstable responses (U (Q, = 0.432 rad/sec, Q, = 1.196 rad/sec)), are
observed with f_ gain in the active; TVA. The Hopf bifurcation point with the passive

TVA and f,, gainis observed at (HB (Q, = 0.1301 rad/sec, Q, = 0.713 rad/sec)). These

bifurcation points are verified in Fig. 5.19 by the time responses (Figs. 5.19(a), 5.19(b) and
5.19(c)) and Poincare’ section (Fig. 5.19(d)) at the corresponding frequencies points. Fig.

5.18(a) shows with at Q, = 0.4361 rad/sec, Q, = 1.201 rad/sec the frequency response
shows SN bifurcation and by sweeping down the Q, value slightly from 0.4361 rad/sec to

0.420 rad/sec there is jump up in the fixed point response as observed from Fig. 5.19(a).
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Fig. 5.19: (a-c) Time responses of the primary system at the marked points SN, HB, U
of Fig. 5.18(a), (d) Poincare’ section of at the marked points CR of Fig. 5.18(a).

Fig. 5.19(b) shows periodic response at Q, = 0.421 rad/sec, Q, = 1.186 rad/sec which is

well matched with Fig. 5.18(a). The unstable response (U) and chaotic responses (CR)
which are marked in Fig. 5.18(a) are also well matched with Fig. 5.19(c, d).

Fig. 5.20 shows the frequency response of the system with displacement feedback ( f,) gain
in the passive and active; TVA. From Fig. 5.20(a-d), with the passive TVA and f, gain the
unstable responses appear at lower Q, (0.0387 rad/sec to 0.0835 rad/sec) and Q, (0.5263

rad/sec to 0.5879 rad/sec) ranges which are in the same trend as in figures (Figs. 5.12, 5.16,

5.17,5.18). The f, gain in the passive TVA shows comparatively higher responses than
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Fig. 5.20: (a-d) Frequency responses of the system considering nonlinear stiffness in the
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the f, gain in the active> TVA for a broader range of Q, and Q, values. The f, gain in the
passive TVA is found to be more effective than f, gain in the active2 TVA for lower
frequencies range (0.0835 rad/sec <Q, < 0. 2614 rad/sec and 0.08325 rad/sec <Q, <
0.5879 rad/sec). Fig. 5.20 (b) shows at Q, =0.3576 rad/sec and Q, = 1.1133 rad/sec and
at Q, =0.4653 rad/sec and Q, =1.2614 rad/sec the A, value is almost zero, which suggest
very low response in the primary system. The A, value is found to be smaller with the f,
gain in the activez TVA in comparison with the f, gain in the passive TVA for a broader
range of Q, and Q, values (0.2614 rad/sec <Q < 0. 4798 rad/sec and 0.5879 rad/sec
<Q, < 1.2814 rad/sec). It may be noted that these frequencies range are within the
superharmonic (€, = 0.291 rad/sec) and primary resonance (Q, = 0.873 rad/sec)
conditions. However, the A, value with the f, gain in the activez TVA shows
comparatively high peaks and comparatively larger responses for a wider range of Q, and
Q, values (0 rad/sec <Q, < 0.38 rad/sec and 0.7473 rad/sec <Q, < 1.14 rad/sec (Fig.
5.18), 0.158 rad/sec <Q, < 0.3297 rad/sec and 0.838 rad/sec <Q, < 0.952 rad/sec (Fig.
5.17)) than with f, and f,, gains shown in Figs. 5.18, and 5.17. The frequency responses
of the system with f, gain in the active2 TVA show similar responses as in Fig. 5.12 and
Fig. 5.16, with a smaller range of Q, and Q, at which the system shows unstable responses
than in Figs 5.17 and 5.18. Figs. 5.20(c) and 5.20(d) show that with f, gain in the active;
TVA the a, and B, values are higher than that with f, gain in the passive TVA. The B,
value is found to be almost zero at Q, and Q, equals to 0.369 rad/sec and 0.98 rad/sec,

respectively. In the next analysis, the combination feedbacks ( f,) in the passive activez

TVA are used to study the frequency response of the system.

In Fig. 5.21(a-d) the effect of combination feedbacks ( f.,) by the passive and the active:

TV A on the system response is studied. From Fig. 5.21(a-d) the response amplitudes of the

system are found to be similar to Fig. 5.18(a-d), but here 15% to 30% lesser A, values are
observed for Q, in the range of 0.18 rad/sec to 0.32 rad/sec and for Q, in the range of 0.94

rad/sec to 1.08 rad/sec. The response amplitudes of the primary system ( A, ) with f,, and

active; TVA are found to be better than the other combination of feedback as discussed in
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Figs. 5.20, 5.18, 5.17 and 5.12, within the above-mentioned frequencies range. However,

with f,, feedback and active2 TVA, the response amplitude of the system becomes unstable

outside the above range of Q, and Q, values, which can be minimized by applying f,
gain in the passive TVA to suppress the responses for a wider range of operating

frequencies. From Fig. 5.21, the HB, and SN bifurcation points are observed with the f,
gain in the active; TVA which are marked in Fig. 5.21(b). The HB point with the f, gain
in the activez TVA is observed at Q, = 0.4428 rad/sec and Q, =0.1.207 rad/sec and also
at Q, =0.4553 rad/sec and Q, =0.122 rad/sec. The SN bifurcation point is observed at Q,
= 0.4453 rad/sec and Q, = 0.1210 rad/sec. The HB point with the f, gain in the passive
TVA is observed at Q = 0.128 rad/sec and Q, = 0.711 rad/sec. From Fig. 5.21(d) the
minimum response amplitude of the absorber ( B, ) is observed at Q, = 0.3681 rad/sec and
Q, =0.9501 rad/sec. From Fig. 5.21(c, d) one can observe that the B, value with activez

TVA and f,, gain are found to be more than that with £ gain in the passive TVA. In the
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Fig. 5.21: (a-d) Comparison of frequency responses of the system considering

nonlinear stiffness in the primary system by the combination of active displacement,

velocity and acceleration feedback gains ( L )
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next sub-section time delay effect in the damper and also in the feedback gains on the

frequency response of the system is studied.

Nonlinear spring in the primary system with time delay effect

The time delay effect in the damping (Tl) of the absorber is also an important aspect, of

studying many structural systems [221-230]. In Fig. 5.22(a-d) effects of 7, on the system

response amplitude are studied considering passive and the active2 TVA. From Fig. 5.22(a-
d) two peaks in the response amplitude can be observed with the active; TVA than the

passive TVA. Also, 100% suppression in the response amplitude of the primary system is

observed with active; TVA for different 7, values than that with the passive TVA. From
the two values of 7, i.e. 0.01 77 sec and 0.1 77 sec considered in these figures, it can be
observed that the higher 7, values in the damping produce higher response amplitude in
the system for both the active and passive TVA. The HB points with active; TVA for T, =

0.01 77 sec and 0.1 77 sec are observed at Q, [10.4568 rad/sec and Q, [1 1.2217 rad/sec.

T —
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Fig. 5.22: (a-d) Time delay effect (Tl) on the frequency responses of the system

considering nonlinear stiffness in the primary system by the passive and the active:

TVA.
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Traditional and non-traditional ANVA with hard excitation

The HB points with passive TVA for 7, = 0.1 77 sec are observed at Q, L1 0.1476 rad/sec

and Q, [10.7297 rad/sec, while the system shows no unstable response for 7, = 0.1 77 sec

with the passive TVA.

The time delays in the feedbacks (T2 ) are also a common phenomenon during the time lag

between the sensing and actuating by the actuator through the feedbacks [138-1141, 221-

230]. In Fig. 5.23(a-d) considering four cases, the effects of f, and f, feedback gains with

7, = 0.1 7 sec on the frequency response of the system are studied by using active and

activez TVA. From these figures, it can be observed that with f, feedback gains and active:

TVA the response amplitude of the primary system is completely suppressed at Q, =0.36

rad/sec and Q, = 1.11 rad/sec, which is not observed for other feedback gains with 7, =

0.1 71 sec. Also, the response amplitude of the primary system is minimum at the

superharmonic and primary resonance conditions with the f, feedback gain and activez

TVA than with only f, feedback gain. The time-delayed f, gain by the TVA produces
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Fig. 5.23: (a-d) Comparison of frequency responses of the system considering
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Chapter 5

more range of unstable responses in the system compared to the time-delayed f, feedback
gain. Hence, from this figure, it can be inferred that for 7, = 0.1 77 sec in the feedback the
response amplitude shows better vibration suppression with f, feedback gain and active:
TVA than with f, gain.

In Fig. 5.24 (a-d) keeping 7, value same as in Fig. 5.23 the combination of f, and f,

feedback gains i.e. f

va

or f,  feedback gains on the frequency response of the system is

studied with active and active2 TVA. The f,, or f, feedback gains stand for negative and

positive acceleration feedback gains. From Fig. 5.24 it can be observed that the response

amplitude of the system is unstable with these combinations of feedback forces for a

broader range of frequencies. The f,  feedback force by the active TVA shows
comparatively less response amplitude and a more range of stable zone of operation than
f,, with active or activez TVA. Comparing the frequency responses from Fig. 5.22 to Fig.
5.24 where variation in time delays 7, and 7, are considered, it can be observed the

responses of the primary system are minimum for a wide range of operating frequencies
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Fig. 5.24: (a-d) Comparison of frequency responses of the system considering nonlinear

stiffness in the primary system with time delay (rz), f,, and f,  gains.
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with f, gain and active; TVA than with other combinations.

The time delays both in damping (Tl) and in the feedback (Tz) are a very common
phenomenon in practical applications [6, 11, 15, 221-225] and its effect on the frequency
response of the system is studied in Fig. 5.25(a-d) for f,, feedback gain. From Fig. 5.25 it
can be observed that consideration of time delays 7, and 7, in the damping as well as in

the feedbacks increase the unstable region than without both delays as shown in previous
figures. From Fig. 5.25(a, b) it can be observed that the response amplitude of the system
shows Hopf bifurcation points at €, = 0.06 rad/sec and Q, = 0.38 rad/sec with f,,
feedback gain. The system response is unstable within this frequency range of operation.
However, considering f,, and changing the stiffness of the absorber actively with active>
TVA, one can observe that the response amplitude of the primary system is minimum and
stable. Hence one has to change the frequency of the absorber as well as with the application

of f,, feedback gain one can suppress the response amplitude of the primary system when

the time delay is present both in the damping and feedback. The response amplitude of the

— A
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Fig. 5.25: (a-d) Frequency responses of the system considering nonlinear stiffness in
the primary system with time delay (Tl) in the damping and in the (Tz) /.. feedback

gain.
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absorber is shown in Fig. 5.25(c, d), from which it can be observed that the response

amplitude of the absorber is around five times higher than the response amplitude of the

primary system within the above-mentioned frequency range with f,  feedback gain and

with active; TVA. In the next section frequency response of the system is studied

considering nonlinear spring stiffness in both the primary system and the absorber.

Nonlinear spring in both the primary and secondary system

In this section, nonlinear stiffness in both the primary system and the absorber are
considered i.e., 1213 =1 N/m® and /;23 = 0.0042 N/m® and the corresponding frequency
responses are shown in Fig. 5.26. From Fig. 5.26(a-d) it can be observed that the delay in

damping (Tl) produces a higher response amplitude for the passive TVA while with active:
TVA the response amplitude of the primary system (Fig. 5.26b) is zero at Q, = 0.4 rad/sec

and Q, = 1.17 rad/sec. Hence complete absorption of the response of the system is observed

even by considering nonlinear spring in both the primary and secondary systems. However,

with the active; TVA high peaks in the response amplitudes of the primary system are

observed for €, in the range of 0.22 rad/sec to 0.29 rad/sec and €, in the range of 0.94

N b
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Fig. 5.26: (a-d) Frequency responses of the nonlinear system with time delay (Tl) in

the damping considering the passive and active; TVA.
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rad/sec to 1.02 rad/sec than that with the passive TVA. The response amplitude of the
passive TVA shown in Fig. 5.26(c, d) is found to be less than the active; TVA for all

operating frequencies and zero response amplitude is noticed at €, = 0.37 rad/sec and Q,

= 0.98 rad/sec. In Fig. 5.27(a-d) the comparison of various 7, values on the frequency

response of the system are studied considering activez TVA. From these figures, it can be

observed that with increasing 7, values the response amplitude of the system also
increases. The increasing 7, values also produces more hardening behaviour in the
frequency response with jump up (€, = 0.31 rad/sec and Q, = 0.92 rad/sec) and jump

down (€, = 0.32 rad/sec and Q, = 0.93 rad/sec) phenomena at saddle-node bifurcation

points. The response of the absorber (Fig. 5.27(c, d)) shows more prominent two peaks
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Fig. 5.27: (a-d) Frequency responses of the nonlinear system with various time delays

(Tl) in the damping with the active; TVA.

unlike primary system (Fig. 5.27(a, b)) and zero response amplitude at Q, = 0.38 rad/sec
and Q, = 1.01 rad/sec. In Fig. 5.28(a-d) the frequency response of the system is studied

using combination feedbacks ( f,, and f.,) considering 7, = 0.05 77 sec. It may be noted
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that in f,, and f,, feedback gains are developed considering the negative and positive

acceleration feedback ( f, ), respectively. In these figures, the frequency of the absorber is

actively changed to match exactly the natural frequency of the primary system, which is

denoted as active; TVA (zero feedback gains). From these figures, it can be observed that

with f_, gain the frequency response shows more hardening behavior and instability zone

than with other combinations. The frequency response of the system is stable for a wider

band of operating frequencies with activez TVA than with other combinations. However,

with active; TVA and f,, gain the system response is less than with active; TVA for Q,

in the range of 0.31 rad/sec to 0.51 rad/sec and Q, in the range of 0.91 rad/sec to 1.19

rad/sec, which is close to the resonance conditions considered in this section.
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Fig. 5.28: (a-d) Frequency responses of the nonlinear system with various time delays

(Tz) in the combination feedbacks ( f,, and f,) and the active; TVA.

In Fig. 5.29(a-d) the frequency response of the system is studied for a combination of f,

and f, feedback and f, gain with 7, = 0.05 77 sec for the active; TVA. Comparing Fig.

5.29(a-d) with Fig. 5.28(a-d) it can be observed that the instability region of operating
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frequencies with f,, gain and activez TVA is considerably reduced than active; TVA (Fig.
5.28(a-d)). Also, the response amplitude of the primary system is almost zero at Q, = 0.34

rad/sec and Q, = 1.09 rad/sec. Further, at the simultaneous superharmonic and primary

resonance conditions, the response amplitude of the primary system is less than in other
combinations as shown in Fig. 5.28(a-d) and Fig. 5.29(a-d). The saddle-node bifurcation

points in frequency responses are marked in Fig. 5.29(d) with f,, gain. These bifurcation
points with f,, gainare at Q, =0.4471 rad/sec and Q, =1.2365 rad/sec and at Q, =0.4544
rad/sec and Q, = 1.2465 rad/sec. The A, value with f,, gain shows a comparatively lower

amplitude response than f,, gain.
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Fig. 5.29: (a-d) Frequency responses of the nonlinear system with various time delays

(T 2) in the combination feedbacks ( f,, and f,) and the active, TVA.

In Fig. 5.30(a-d) the frequency responses of the system are studied by considering the time

delay both in the damping as well as in the feedback i.e. 7, = 7, = 0.1 77 sec with various
combinations of feedback gains viz., f,, f,, and f, with the activez TVA. From Fig.

5.30(a-d) it can be observed that with f, or f, awider range of unstable responses in the
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system are observed as compared to the f, . The f, feedback gain performs better in
suppressing the response amplitude of the primary system for a very small range of €
(0.08 rad/sec to 0.26 rad/sec) and Q, (0.72 rad/sec to 0.99 rad/sec) as observed from these
figures. The absorber response f,., feedback gain shown in Fig. 5.30(c, d) shows saddle-

node bifurcation frequency points at Q, equals to 0.49 rad/sec and 0.58 rad/sec, which

leads to jump up and jump down phenomena. The time delay in the system introduces
more range of instability regions in the frequency response as observed from these figures.
The effect of f,, feedback gain on the frequency responses of the system for various other

time delays in the damping and the feedbacks are studied in Fig. 5.31. From Fig. 5.31(a-d)

it can be observed that with an increase
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Fig. 5.30: (a-d) Frequency responses of the nonlinear system with time delays (7, and 7, )

in the combination feedbacks ( fousf., and fd) with the activez TVA.

in 7, and 7, values the response amplitude of the system increases at the first peak. The
frequency response of the system remains almost the same with different 7, and 7, values
for €, in the range of 0.35 rad/sec to 0.54 rad/sec and Q, in the range of 0.96 rad/sec to

1.22 rad/sec. However, in these figures (Fig. 5.31) f,, feedback gain hardening effect in
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the frequency response is observed with stable and unstable branches. From the above
parametric study on the frequency responses of the system (Fig. 5.6 to Fig. 5.31) for various
nonlinear stiffness in the system, various combinations of feedbacks, feedback gains, time
delays in the damping and feedbacks, one can get a clear idea to use the different
combination of feedback forces, time delay in the damping and time delay in the feedback,
at which the response of the system is minimum and stable. It can be observed that with the
feedback gains the system shows a broader range of unstable zone which can be minimized
by providing zero feedback gains and only changing the frequency of the absorber actively
(activez TVA). It may be noted that through the active use of the vibration absorber by the
displacement, velocity and acceleration feedbacks the dynamics of the system are changing
actively in terms of stiffness, damping and inertia. So, with the proper use of these feedback

gains as mentioned in (Fig. 5.6
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Fig. 5.31: (a-d) Frequency responses of the nonlinear system with variation in time

delays (7, and 7,) in the combination feedbacks ( fd) with the active; TVA.

to Fig. 5.31) one can reduce the response of both the primary system and the secondary
system for a wide range of operating frequencies at the simultaneous resonance conditions.
In the next analysis frequency of the system with the non-traditional vibration absorber is
studied, where the damper of the absorber is connected to the base of the primary system.

In Fig. 5.32(a-d) the frequency response of the system is shown by using the non-traditional
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vibration absorber (NVA) considering both linear and nonlinear stiffness in the system.
From Fig. 5.32(a-d) it can be observed that for the linear system the f,, gain by the active

NVA produces more unstable responses in the system than the passive NVA. However, at

the frequency range (0.29 rad/sec <Q, < 0.42 rad/sec and 0.86 rad/sec <Q, < 1.06

rad/sec) as shown in Fig. 26(a, b) the response amplitude of the primary system is 19% to
46% less in comparison with the passive NVA. The maximum peaks in the primary system
response by the passive NVA (Fig. 5.32(a, b)) also produce 35% less response amplitude
than the passive TVA shown in Fig. 5.10(a, b). The consideration of nonlinear stiffness in
the primary system and the absorber produces less response amplitude in the system by the

nonlinear passive NVA than the linear passive NVA. However, the nonlinearity in the
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Fig. 5.32. (a-d) Frequency responses of the linear and nonlinear system by the passive

and combination feedback ( fd) gain using NVA.

system produces unstable responses as shown in Fig. 5.32(a-d). A reduction of 54% in the

response amplitude of the primary system is observed at the peak by the passive nonlinear

NVA than the passive linear NVA. The f, force in the nonlinear NVA further reduces the

response amplitude to 62% at the peak than passive linear NVA. The zero response

amplitude of the NVA is observed at Q and Q, close to 0.37 and 0.99 rad/sec,

respectively. From the above study, the designer can know the responses of the system
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according to various parametric analyses (variation in nonlinear stiffness, various
combinations of feedback gains, time delays in damping and feedbacks) for both linear and
nonlinear systems to effectively suppress the vibration of the system for a wider band of
operating frequencies for the simultaneous superharmonic, principal parametric and
primary resonance conditions with 1:1 internal resonance. In the next section frequency
response of the system is studied considering 3:1 internal resonance conditions for the

simultaneous superharmonic, principal parametric and primary resonance conditions.

54.2.2 3:1 internal resonance condition

In this section, the frequency response of the system is studied considering 3:1 internal
resonance conditions by solving Egs. (5.16a) to (5.16d) by using Newton’s method. It may

be noted that here &) [13a). The 3:1 internal resonance condition in the system is achieved
by taking the stiffness of the absorber k, to 0.4032N/m, which can be actively changed.
The corresponding optimal parameters of the nonlinear stiffness and damping in the
absorber are also calculated from the work of Habib et al. [161] which are given as 1;23 =
0.037 N/m® and ¢, = 0.0374 N-sec/m. The corresponding & and @ values with 3:1
internal resonance condition are found to be 2.9189 rad/sec and 0.9728 rad/sec,
respectively. Considering the above k, and k,, values the frequency response of the
nonlinear system is studied keeping all other parameters the same as before. The active
changes of the k, value is represented as active; TVA. From Fig. 5.33(a-d) it can be

observed that the system responses show high response amplitude for 0.94 rad/sec <Q, =

1.04 rad/sec and 2.86 rad/sec <Q, 2> 3.12 rad/sec, i.e. when Q, U, as the term A, is

given in Eq. (5.8a) and Eq. (5.8b), [/\2 = LF‘J , tends to infinity. It may be noted

2(6022 1 le)
that here Q, varies from (cq/3)—0.lcq to (cq/3)+0.lcq (i.e., 0.67 rad/sec to 1.27

rad/sec), considering superharmonic resonance conditions. So, when €, is close to & i.e.

0.9728 rad/sec, then a very high response amplitude in the system is observed due to the

large value of A,. From Fig. 5.33(a-d) it can also be observed that with zero control gain

and with active; TVA the response amplitude of the system remains stable than with other

combination of feedback gains and time delays. The effects of control feedback gains such
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Fig. 5.33: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance

condition by the passive and active TVA with time delays (7, and 7,).
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Fig. 5.34: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance

condition by the active; TVA and f, gain.
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as f, or f, and time delay in the damping or in the feedback induce a more unstable

response in the system as observed from Fig. 5.33(a-d). However, the f, gain with 7, by
the active TVA produces less response amplitude than the passive TVA for 0.71 rad/sec

<Q, = 0.96 rad/sec and 0.99 rad/sec <Q, = 1.24 rad/sec. In Fig. 5.34 the response

amplitude of the system is shown considering active3 TVA and lower nonlinear stiffness

in the absorber compared to Fig. 5.33, which is the same as in the 1:1 internal resonance

condition i.e., 1?23 = 0.0042 N/m>. From Fig. 5.34(a-d) the zero-response amplitude of the
system is found for €, in the range of 0.18 rad/sec to 0.88 rad/sec for both active3 TVA

and active3 TVA with f, the feedback gain. The response amplitude of the system is
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Fig. 5.35: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance

condition by the active3 TVA and f,, gain with 7, time delay.

comparatively less than that of Fig. 5.33(a-d), where higher nonlinear stiffness in the
absorber is considered. In Fig. 5.35(a-d) the response amplitude of the system is studied

considering active3 TVA and f, force with time delay in the damping. From these figures,

it can be observed that with f, gain and 7, the response amplitude and the range of
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unstable the zone is more than with only f,, gain. Also, the f,, gain produces a wider

range of unstable responses than that with active3 TVA or active3 TVA with f, feedback
gain (Fig. 5.35(a-d)). In Fig. 5.36(a-d) the frequency response of the system is studied by
using the passive and active NVA with f, and f, feedback gains, keeping all other

parameters the same as in Fig. 5.35. From these figures (5.36(a-d)) the two peaks in the

frequency response of the system are observed with the passive NV A, but also a broader

range of unstable responses are observed in comparison with the active NVA. The f,

feedback gain by the NVA produces more range of stable responses than the f,, gain and
comparatively lesser response amplitude in the primary system than the TVA. From Fig.

5.36(a-d) the high response amplitude in the system is observed for Q, in the range of 0.88

rad/sec to 1.02 rad/sec and €, in the range of 2.88 rad/sec and 2.92 rad/sec. Hence, one has
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Fig. 5.36: (a-d) Frequency responses of the nonlinear system for 3:1 internal resonance

condition by the passive and active NVA with f, and f,, gains.
to operate the system in a lower range (0.32 rad/sec <Q, < 0.64 rad/sec and 2.72 rad/sec

<Q, < 2.82 rad/sec ) of operating frequency to have minimum response amplitude in the

system. In the same way, the system responses for various parameters of the nonlinear
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stiffness and control feedback gains considering 1:2 internal resonance conditions can be
studied from the MMS reduced equations (Eq. (5.14a) to Eq. (5.14d)). In the next section,
the system time responses are studied considering 1:2 internal resonance conditions for the

simultaneous superharmonic, principal parametric and primary resonance conditions.

54.2.3 1:2 internal resonance condition

In this section the time response of the system is obtained by solving the MMS reduced Eq.
(5.14a) to Eq. (5.14b) using the numerical method. Fig. 5.37(a-d) shows time responses of
the system using the passive TVA at the two neighboring operating frequencies (£ 0.1
rad/sec) that lead to simultaneous superharmonic, principal parametric and primary
resonance conditions. From these figures, one can observe that with the passive TVA at
exact resonating frequencies the response of the system is more than slightly away (% 0.1

rad/sec) from the resonating frequencies.
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Fig. 5.37: (a-d) Time responses of the nonlinear system considering 1:2 internal

resonance condition by the TVA with zero control gains.

In Fig. 5.38 the time response of the system is shown with f,; force and time delays 7, and

7,.From Fig. 5.38(a-d) one can observe that the response of the system with the f, gain

produces very high responses slightly away from the simultaneous superharmonic,
principal parametric and primary resonance conditions. The feedback gains by the TVA

make the system unstable so one has to only tune the frequencies of the TVA close to the
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frequency of the primary system considering the 1:2 internal resonance condition for
effectively suppressing the response of the system. It may be noted that to suppress the

response of the system at the 1:2 internal resonance condition one has to actively tune the
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Fig. 5.38: (a-d) Time responses of the nonlinear system considering 1:2 internal

resonance condition by the active TVA with f,, gains.

frequency of the TVA for which the purposed design will be useful as the spring used in
the TVA is connected in series with the PZT stack actuator. The spring stiffness of the
absorber for the 1:2 internal resonance condition is found to be 0.0129 N/m. In the next
subsection, the frequency and time responses of the system are studied considering
simultaneous subharmonic, principal parametric and primary resonance conditions with

1:1, 1:3 and 1:2 internal resonance conditions from the reduced MMS equations.

5.4.3 Response of the system with TVA for simultaneous subharmonic,

principal parametric and primary resonance conditions

In this sub-section, the frequency responses of the primary system and the absorber are
studied for both TVA and NVA by solving the reduced equations derived in sections 5.3.1.2
by the MMS using Newton’s method. The analyses are carried out to study the responses
of the system for 1:1, 3:1 and 1:2 internal resonance conditions by considering various

feedback gains and actively changing the stiffness of the absorber. In the following
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subsection considering case (vi) with the 1:1 internal resonance condition, the responses of

the system are studied.

54.3.1 1:1 internal resonance condition

In this subsection frequency responses of the system are studied by solving the reduced
MMS Egq. (6.19a) to Eq. (6.19d) using Newton’s method considering nonlinear stiffness
same as in section 5.4.2.1, i.e. k, = 1 N/m® and k,, = 0.0042 N/m?. Fig. 5.39(a-d) shows
the frequency response of the system for both the trivial and nontrivial solution with the
passive TVA. From Fig. 5.39(a-d) it can be observed that the trivial state solution becomes

unstable for €, in the range of 1.15 rad/sec to 1.65 rad/sec and the non-trivial solution
shows a saddle-node bifurcation point at Q, = 1.36 rad./sec. The response amplitude of the

primary system shown in Fig. 5.39(b) shows Hopf bifurcation points at Q, = 1.46 rad/sec.

The supercritical and sub-critical pitchfork bifurcation points are observed in Fig. 5.30(a)
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Fig. 5.39: (a-d) Frequency responses of the nonlinear system for 1:1 internal resonance

condition by the TVA with zero control gains.
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and Fig. 5.39(d) at Q, = 1.82 rad/sec during sweeping up and at Q, = 1.65 rad/sec during

sweeping down the frequency, respectively. Fig. 5.40(a-d) shows the frequency response
of the system with f, gain with all the same parameters as in Fig. 5.39. From these figures,
it can be observed that unlike Fig. 5.39 in Fig. 5.40 the unstable responses reduces both in
the trivial and non-trivial responses of the system. However, the magnitude of the response

amplitude of the system in Fig. 5.40 remains the same as in Fig. 5.39. From Fig. 5.39 and

Fig. 5.40 it can be observed that the response amplitude of the system improves with the
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Fig. 5.40: (a-d) Frequency responses of the nonlinear system for 1:1 internal

resonance condition by the TVA with f.

application of combination feedback gains by the TVA than the zero control gain. In the
next subsection time responses of the system are studied considering 1:3 and 1:2 internal
resonance conditions for the simultaneous subharmonic, principal parametric and primary

resonance conditions.

5.4.3.2 1:3 internal resonance condition

In this subsection the system time responses are obtained by solving the MMS reduced Eq.

(5.26a) to Eq. (5.26d) by using the numerical method. In Fig. 5.41(a-d) the time responses
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of the system are shown considering three frequencies close to the simultaneous

subharmonic, principal parametric and primary resonance conditions by changing the

stiffness of the absorber to maintain the 1:3 internal resonance condition. The stiffness of

(a) 0.15

0.1

ay(m)

NN NN NN

0
980 985 990 995 100
t(sec)

©) 0.6 AN \NNNNNNANNNAN

T 04
S
0
980 985 990 995 1000

t(sec)

®
passive
0.8
é 0.6 W NINANNNNANNANNAN
&~
< 04
012 AMANNNAN,
0
980 985 990 995 1000
t(sec)
Q) = 3w, + 0.4, Oy = 2w, + 0.4,
D, —a 00
Q) = 3w +0.2, Qy = 2wy +0.2,
08 T oy=wi+02
50.6 — Q) = 3w, D =2w;, Q3 =w
O S —
Q0.4
0.2
0
990 992 994 996 998 1000

t(sec)

Fig. 5.41: (a-d) Time responses of the nonlinear system considering 1:3 internal

resonance condition by the TVA with zero control gains.

the absorber(kz) to maintain the 1:3 internal resonance condition is considered as 0.0056

N/m. From Fig. 5.41(a-d) and Fig. 5.42(a-d), it can be observed that with the application of

feedback gain f,, in the feedback the response of the system reduces than the passive
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Fig. 5.42: (a-d) Time responses of the nonlinear system considering 1:3 internal

resonance condition by the active TVA with f,, gains.
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system for the higher side of the above resonance conditions (Q, =3@+0.4, Q, =2

+0.4 and Q, = @) +0.4). It is also observed that the response of the system remains almost

the same with the passive and active TVA at other neighboring operating frequencies as
shown in Fig. 5.41 and Fig. 5.42. The response amplitude of the system is comparatively
smaller than in other internal resonance conditions which are explored in the previous

subsections. The f,, feedback gain with the time delay 7, suppresses around 60% of

primary responses when the forcing frequencies are operated at a higher side (+0.4 rad/sec)
of simultaneous subharmonic, principal parametric and primary resonance conditions
which are shown in black color in Fig. 5.41 and Fig. 5.42. In 1:2 internal resonance
conditions, the efficacy of the feedback gains in the feedback is not observed to reduce the
vibration of the primary system compared to the zero feedback gain. However, the 1:2
internal resonance conditions are achieved by changing the stiffness of the absorber
actively. Hence the proposed ANVA can be used to suppress the vibration of the system
for these internal resonance conditions. In the next subsection, the frequency and time
responses of the system are studied considering 1:2 internal resonance conditions from the

reduced MMS equations.

54.3.3 1:2 internal resonance condition

In this subsection the time responses of the system are studied by solving the MMS reduced
Eq. (56.23a) to Eq. (5.23c) by using the numerical method for the simultaneous
subharmonic, principal parametric and primary resonance conditions considering 1:2
internal resonance condition. This internal resonance condition is obtained by considering
the stiffness of the absorber equal to 0.0129 N/m. Fig. 5.43(a-b) shows the time response

of the primary system
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Fig. 5.43: (a-b) Time responses of the nonlinear system considering 1:2 internal

resonance condition by the TVA with zero control gains.
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for the passive TVA and Fig. 5.44(a-d) shows with f,, feedback gain and with various time
delays (Tl) in the damping. From Fig. 5.43(a, b) high response in the system is observed

when the external frequencies are exactly at the simultaneous subharmonic, principal
parametric and primary resonance conditions considering only tuning the frequency of the
absorber at 1:2 internal resonance condition with zero feedback gains. These high response

amplitudes lead to an unstable response as observed in Fig. 5.43. However, when the time
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Fig. 5.44: (a-d) Time responses of the nonlinear system considering 1:2 internal

resonance condition by the TVA with various time delays (7,, 7,) and f, feedback gain.

delay (Tl) in the damping is considered with the f,, feedback gain then the time response

of the system is remarkably improved, which is shown in Fig. 5.44(a, b). The increase in

the time delay (7, = 77) reduces the response amplitude for a larger range of time (100 sec)
but the steady response of the system is still unstable for 7, = 77 sec as observed in Fig.
5.44(c, d). Further, considering time delay in the feedback (Tz) along with the time delay

(Tl) and f, active gain one can observe a significant reduction in response amplitude of

the system at the steady state. Considering a higher time delay for both in the damping and

feedback i.e. 7, = T, = 1.2 77 sec, along with the f,, feedback gain the primary system

response is almost zero at the steady-state as shown in Fig. 5.44(b) for the simultaneous

subharmonic, principal parametric and primary resonance conditions considering 1:2

TH-2895 136103038 221



Chapter 5

internal resonance condition. The conclusions of the present chapter are discussed in the
next section.

From the above study, the designer can know the response amplitudes of both the primary
and secondary system considering both modal and actual responses according to various
parametric analyses (variation in nonlinear stiffness, various combinations of feedback
gains, time delays in damping and feedbacks) for both linear and nonlinear systems to
effectively suppress the vibration of the system for a wider band of operating frequencies
for the simultaneous superharmonic, principal parametric and primary resonance
conditions with 1:1 internal resonance. The response amplitude of the system mostly shows
unstable responses with the ANV A for higher excitations amplitudes for various forcing
frequencies considered in these analyses. However, these high response amplitudes of the
system can also be minimized by proving different gains values or using different

combination feedbacks on the primary system. From the various analyses carried out in this

section, the efficacy of the ANVA with the f,, feedback gain can be observed by reducing

the response amplitudes of both the primary system and the secondary system for a wide

band of forcing amplitudes for the simultaneous resonance conditions.
5.5 Summary

In this work the performances of the passive and active traditional and non-traditional
vibration absorbers are studied with various combinations of feedback gains, time delays
in the damping as well as in the feedback, to suppress the vibration of the primary system
when it is subjected to external hard harmonic, soft parametric and soft base excitations.
The cubic nonlinear stiffness in both the primary system and the absorber are considered
and parametric studies have been carried out to study the response of the system. The
resonance conditions considered in the analysis are simultaneous superharmonic, principal
parametric and primary resonance conditions with 1:1, 1:2, and 3:1 internal resonance
conditions. The analyses are further extended for the simultaneous sub-harmonic, principal
parametric and primary resonance conditions with 1:1, 1:2, and 1:3 internal resonance
conditions. The nonlinear governing equations of motion of the system are obtained by
Newton’s law and the weighted modal matrix approach, which are then solved by the
method of multiple scales (MMS) to obtain the reduced equations. These reduced equations

are solved by Newton’s method and the obtained results are in good agreement with the
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results from the numerical method. In the analyses, linear and nonlinear dynamics of the
system are studied through the frequency responses, time responses, phase portraits and
Poincare sections for various combinations of feedbacks, gains, nonlinear stiffness, time

delays in the damping and the feedbacks.

From the analyses, it is observed that with simultaneous superharmonic, principal
parametric, primary resonance and 1:1internal resonance conditions the response amplitude
of the linear and the nonlinear system are completely zero with the combination feedback
for a certain range of operating frequencies for various nonlinear stiffness in the system. It
is also shown that the primary system response amplitude can be effectively reduced by
close to the 100% absorption by the proposed active vibration absorber for a wider range
of operating frequencies by suitably changing the frequency of the absorber (active;, activez

and actives TVA) with various feedback gains ( f,, f,, f, ). The combination feedback ( f,

) shows comparatively better vibration suppression (100%) than other feedback considering
various nonlinear stiffness in the system. However, with these feedback gains at a certain
range of operating frequencies, high response amplitudes in the system are observed than
in the passive vibration absorber, which produces unstable responses. So one has to follow
the safe range of operating frequencies as mentioned to effectively minimize the response

amplitude of the system by using active; TVA. The trivial state instability region of the

system with the active2 TVA and f, gain increases the critical value of F,, excitation from

0 N to 6.8 N and also reduces the region of the unstable range of operating frequencies.
From, most of the parametric studies, it is observed that the time delay in the damping
produces high response amplitude which produces unstable responses for the wider zone
of operating frequencies. Considering 3:linternal resonance conditions with the above-

mentioned simultaneous resonances, an almost 100% reduction in the response amplitude

of the primary system is observed for Q, in the range of 0.18 rad/sec to 0.88 rad/sec

without any feedback gain. However, the use of various combinations of feedback gains in
the TV A produces comparatively higher response amplitude. Therefore, one has to actively
tune the frequency of the absorber to obtain the 3:1 internal resonance condition and
thereby effectively suppress the response amplitude of the primary system without any
feedback gains. The same sorts of observations are made for 1:2 internal resonance
conditions. So, for both 1:2 and 3:1 internal resonance conditions only by actively tuning

the frequency of the absorber the primary system responses can be minimized.
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In the case of simultaneous subharmonic, principal parametric, primary resonance and 1:1
internal resonance conditions, the trivial state of the system shows stable solutions with the
feedback gains by the combination feedback than without feedback gains. The nontrivial
state undergoes the transition from stable to unstable region by saddle-node bifurcation for
both with and without feedback gains. For 1:3 internal resonance conditions, time-delayed
combination feedback gains a 60% reduction in the response of the primary system is
observed. For the 1:2 internal resonance condition, it is observed that with passive TVA
the system response is unstable. However, with the active TVA along with delay in the
damping and feedback, the system response is completely suppressed at the above-

mentioned resonance conditions.
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CHAPTER 6
Applications of ANVA for Vibration Suppression of Tremors

in the Forearm, Beam and in RIDTMD

6.1 Introduction

In this chapter, the proposed active nonlinear vibration absorber (ANVA) model is used to
suppress the vibration of three different physical primary systems. In the first study ANVA
is used to suppress forearm tremors due to Parkinson's disease (PD), in the second study a
beam system is considered with various boundary conditions and in the last study, a three
degree of freedom model is undertaken. To suppress the tremor in the forearm, ANVA as

a wearable bracelet is used whose mathematical analysis is undertaken in section 6.2.

In section 6.3, the ANVA is extended to a continuous beam system by considering the
Euler-Bernoulli beam as the primary system. The ANV A uses displacement and velocity
feedback from the absorber mass to reduce the vibration of the primary system subjected
to a harmonically excited point force. In the next section, mathematical modelling of the

ANVA used to suppress the response amplitude of the forearm is presented.
6.2 ANVA for Forearm Tremor

Figure 6.1 shows the active nonlinear vibration absorber (ANV A) attached to the nonlinear
primary system. Here the forearm is considered as the nonlinear primary system with a

mass (M ), linear spring (K ), nonlinear spring (K,,), and a damper (C ). The primary
system is subjected to external harmonic forcing excitation of F, cos(Q¢) due to tremor or

other disturbances. This model is similar to the theoretical and experimental work of Buki
et al. [42], where the forearm is modelled as a linear spring-mass-damper primary system
and a linear passive vibration absorber was used. But, in the present work, an active

nonlinear vibration absorber is used to suppress the vibration of the nonlinear primary
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Fig. 6.1: Active nonlinear vibration absorber attached to the nonlinear primary system.

system for a wider range of frequencies. It may be noted that the model used in [42] is
applicable for only a narrow band of frequencies. The use of vibration absorbers for tremor
suppression is extensively studied in many literature [42-46, 332, 333] but the active
approach and nonlinear analyses are limited. Hence this gap is attempted to be filled in the
present work. Here the secondary system consists of a mass (m), linear spring (k),

nonlinear spring (k,,), damper (c), and an actuator with active feedback gain ( f,)
produced by the actuator and spring (&, ) in series connection by displacement, velocity and
acceleration feedback from the primary system. It may be noted that the active force ( f,)
used in the present work is similar to that used in Chapters 2 and 3. Here, x,, x, and x,,

respectively indicate the displacement of the base, the primary system, and the vibration
absorber (Fig. 6.1). Using Newton’s second law one may write the governing equation of
motion of the system by two coupled nonlinear differential equations which are given

below.

M3, =K (x,=x)+C (&, =% ) +k(x, —x ) +c(x, - %) - 6.0
K., (xo —x1)3 +k,, (x2 —x1)3 +Flcos(Qt)—fC '

mxz:C(xl_xz)+k(x1_xz)+k23(x1_xz)3+fc (6.2)

It may be noted that the exclusion of the terms f, K ,, k

13» kyy » and F, cos(Qt), will reduce

Egs. (6.1) and (6.2) to that of Buki et al. [42]. The governing Egs. (6.1) and (6.2) are
modified by assuming @w, =V K /M.
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i=w?(x—x) 20w, (%, — %)+ (x, - x ) +2ul,w, (1, - 1) ©3)
+a'(x0—xl)3+,U,B(x2—xl)3+Fcoth—F '

¥, =2¢,w, (xl —562) +waz (xl _xz) +18(x1 X )3 + F:m/:u (6.4)
where

m C

a):\/zluz_(:L Z:_
“Nm' " MY kM 2k

Kl3 k23
a=—=, == F=
M o m

The approximate solution of the Egs. (6.3) and (6.4) are solved using the HBM and

described in the next section.
6.2.1 Solutions obtained by HBM

In this section, the approximate steady-state solution of Egs. (6.3) and (6.4) are solved by

HBM by assuming the solution as follows.
X, =A(t)cos(Qt—51 (t)) (6.5)

X, — X, =B(t)cos(Qt—H2 (t)) (6.6)

Here A(t), 6 (t), B (t) and 6, (t) are slowly varying functions of time ¢ in a way that the
following higher-order terms: A, 8, B, 8,, A6, B6,, 67 and 6, can be neglected. The
base excitation x, is considered equal to X cos Qr. Substituting Egs. (6.5) and (6.6) into

Egs. (6.3) and (6.4) one can obtain the following coefficients sin Q¢ and cos Q¢ which are

represented in a matrix form as shown below.

b
b

)

=1, (6.7)

A
b
B
a13 a14 alS alﬁ 92 b4
Q

[

R
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The terms aq,, a,...a,5, a,, and b, b,, b,, b, are given in Appendix D. From Eq. (6.7) the

steady-state amplitude and phase equations are obtained as follows.
[0]=[P]"[R] (6.8)

The steady-state solutions are obtained from the reduced Eq. (6.8) by taking

A=6 =B=6,=0. These steady-state solutions are then solved by using Newton’s

method to study the responses of the system which are discussed in the next section. It may

be noted that the above method is similar to the method described in detail in Chapter 3.
6.2.2 Results and Discussions

In the present section, the potential of the ANVA in vibration suppression of the base
excited nonlinear SDOF primary system/forearm is studied by the frequency responses,
time responses, phase portraits and Poincare’ sections for various system parameters such
as nonlinear stiffness, various feedback gains and external harmonic excitations on the
primary system. The frequency response curves of the primary and secondary systems are
found by numerically solving the steady-state equations (Eq. 6.8) by using Newton’s
method. For numerical analyses, the system parameters viz., the mass, linear stiffness, and
damping parameters of the primary system (forearm) and the secondary system (bracelet)
are considered from the work of Buki et al. [42]. In the next sub-sections, frequency
responses are studied for the linear and nonlinear systems with and without feedback gains

by considering various physical system parameters.
6.2.2.1  Frequency responses with variation in cubic nonlinear stiffness

The frequency response curves of the forearm and the bracelet are shown in Fig. 6.2 with

and without the use of cubic nonlinear stiffness coefficient & and £ in the bracelet which

is taken equal to 0.1 and 0.01, respectively. Here feedback gain (F ) is considered equal

act
to zero. The stable responses are shown by lines and dots while unstable responses are
shown by circles. From Fig. 6.2(a) it can be observed that the result of the present work
which is obtained using HBM is matching exactly with the work of Buki et al. [42]

considering linear stiffness. In this figure for ¢ = 0.1, the response amplitude of the
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forearm (primary system) is comparatively less than that with linear stiffness for a wider

range of operating frequencies. However, for § = 0.01, unstable responses have been

observed. The bracelet (absorber) responses have been shown in Fig. 6.2(b) considering

Without
7 absorber
— fwy = 0.9
—wa/wp =1
—ws/wp = LY

- wa/wy =1,

a =0.1

wafwpy =1,

8 =0.01

Fig. 6.2: Frequency response of the linear [42] and nonlinear system (a) forearm

(b) bracelet for g =0.2, {; =0.04 and ¢, =0.1.

linear and nonlinear stiffness, where similar observations as that of Fig. 6.2(a) is noticed.
It is inferred from Fig. 6.2 that the consideration of the nonlinear stiffness coefficient in the
primary system reduces the response amplitude more than that with the linear stiffness. In
the next section, the effect of active forces on the frequency response of the system is

studied.
6.2.2.2  Effects of various feedback gains on the frequency responses

In this section, the frequency responses of the primary system with unit base excitation
shown in Fig. 6.3 are studied with various feedback gains, and considering nonlinear

stiffness in the system. Fig. 6.3 (a) shows the frequency responses of the primary system

with the AVA by various feedback gains such as displacement ( F)), velocity (F)),

accelerations (F) and combination of these feedbacks (F,, F, and F,.) considering

w, / @, = 1. In Fig. 6.3, the value of F,, F, and F, gains are considered equals to -0.9,
0.1 and -0.9, respectively which are obtained with several trials and error computations.
From Fig. 6.3 (a) it can be observed with F and combination feedbacks ( F,, F and F,,
) gains the response amplitude ( A ) of the primary system decreases for a broader range of

Q/ w, values than with other combinations. From this figure, one can notice that with F

ac
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gain the A/ X, value is less than that with PVA for Q/w, >0.77, while with combination
feedback gains A/X, value is less than that with PVA for Q/ w, > 0.7. The F,; gain by
the AVA (bracelet) performs better than PVA for 0.735< Q/ @, <1.63. However, with F

gain, the response amplitude of the primary is reduced for a narrow band of Q/ @, values
i.e., in the range of 1.07 to 1.37 and 0.53 to 0.82. Also from this figure, one can notice that
the response amplitude of the primary system with F, gain shows two peaks similar to the
PVA. It may be noted that the F gain by the AV A increases the damping in the secondary
system, which corresponds to the two peaks in the system. Also, by choosing the optimal
F, gain one can obtain the Den Hartog’s equal peak in the frequency response curve shown
in Fig. 6.3(a). The F gain by the AVA reduces 52% and 96% of the response amplitude

of the primary system at the first and second peaks, respectively than the PVA. However,

with F,, F, and combination feedback gains the first peak response amplitude of the

passive

Fig. 6.3: Frequency response of the primary (forearm) system with various feedback

gains by the AVA (bracelet) with linear and nonlinear stiffness for ¢/ = 0.2, {; = 0.04,
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primary system is more than the PVA. The first peak in the frequency response by F,, F,_
and combination feedback gains occur at a slightly lower frequency than the first peak of
frequency response with PVA. From Fig. 6.3(a), it can be inferred that with F, and

combination of feedback gains the primary system response can be reduced for a broader
range of operating frequencies, especially at the close proximities of the resonating

frequency of operation. In Fig. 6.3(b) the frequency response of the primary system is

shown with F,_gain and cubic nonlinear stiffness in the system. Considering ¢ = 0.1 and

B =0, itis observed that the high peak response amplitude of the primary system with F_
gain reduces than the corresponding linear system (Fig.6.3(a)). The nonlinear primary

system response amplitude with @ = 0.1 and 8 =0 and F,. gain remains very less than

the linear primary system with PVA and AVA with F,_ gain (Fig.6.3(a)) for 0< Q/ w, <

ac

0.77. It is noticed that with F,_ gain and considering @ =0.1 and S =0 (Fig. 6.3(b)), there
is a minimum 48% and a maximum 68% reduction in the response amplitude of the primary
system than the linear primary system with PVA (Fig. 6.3(a)) for 0< Q/ w, <0.8. However,
it is observed that with the consideration of @ = 0.1 and S = 0, the unstable solutions are
appearing at the higher operating frequencies range. Considering nonlinear stiffness only
in the AVAie. a =0 and g = 0.01 (Fig. 6.3(b)), one can notice that the response

amplitude of the primary system shows unstable responses for 0.57< Q/a)p < 0.79.

However, outside for Q/ @, > 0.79, the response amplitude of the primary system with F,

gain is less than PVA. Similar, response amplitude is also observed considering a = 0.1

and B =0.01, with F,_ gain but here for Q/ @, <0.79 the response amplitude of primary
system is less than considering ¢ =0 and B = 0.01. The unstable solutions appeared

considering @ =0.1 and £ =0.01 is in the range of 0.79< Q/a)p <0.88. In Figs. 6.3(c) and

6.3(d), similar analyses as in Fig. 6.3(b) is carried out, but here F gain in the feedback is

considered. From these figures, one can observe two peaks in the frequency response curves

considering a and [ coefficients in the stiffness of the primary system and the absorber.

The response amplitude of the primary system shows comparatively better response with

nonlinear stiffness present in the primary system (Fig. 6.3(c), @ =0.1and f =0and a =

0.1 and B = 0.01) than considering only nonlinear stiffness in the absorber (Fig.6.3(d).
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From Fig. 6.3 one can observe the efficacy of the F,. and combination feedback gains in

reducing the response amplitude of the primary system for a broad range of operating
frequencies than with PVA or other combinations of feedbacks. The PVA shows lesser
responses in the lower operating frequencies region. Hence one can use the AVA with zero

gain for the lower operating frequency region (Q/ @, <0.77) and for the higher operating

frequency region ( Q/ @, >0.77), one can use F,. gain by the AVA to broadly suppress the

vibration of the primary system. The consideration of cubic nonlinear stiffness in the
system shows unstable responses for a particular region of operating frequencies. So, one

can avoid operating the AV A in these regions for the nonlinear system.

Figure 6.4 illustrates the unit base excited primary system response amplitude with the F,_

gain by the AV, taking into account physical system parameters of the forearm from the

work of Buki et. al. [42] viz., @, =28.65 rad/sec, &), = 36.75 rad/sec, ¢,=0.079and ¢, =
0.0263, and u = 0.2248. Fig. 6.4(a) shows the frequency response amplitude of the
primary system with PVA, F _ gain by the AVA and F, gain with optimal AVA

parameters. From this figure, it can be observed that with PV A (bracelet) the two peaks are
at 3.83 Hz and 6.95 Hz with response amplitudes of 7.165 and 1.99, respectively. It may

be noted that in Fig. 6.4 in addition to the base excitation [42], a harmonic excitation

F cosQt, where F =0.1 N, is also considered, for the active case (AVA with F,, gain),

which may arise due to many other disturbance or feedback gains. The F, gain by the

ac

AVA reduces the response amplitude by 72.5% in the first peak (3.83 Hz) and 92.6% in
the second peak (6.95 Hz) than the PVA. The response amplitude of the primary system

shows a comparatively lesser amplitude with F,_ gain by the AVA for Q > 3.5 Hz than
the PVA. However, with F,_ gain the first peak occurs at 3.36 Hz with a response amplitude
equal to 7.5. Thus, one can use the AVA with zero feedback gain for 0< Q <3.5 Hz and
outside this range, F/ gain in the feedback by the AV A can be used to suppress the forearm
(primary system) tremor for a broad range of operating frequencies. It is also shown in Fig.
6.4(a) that with the optimal parameters for the frequency (& (opt) = 27 rad/sec) and
damping ratio (¢, (opt) = 0.25) in the AVA there is a significant reduction in the response

amplitude of the primary system for a broad range of operating frequencies. With the
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optimal AVA and F, gain the maximum peaks in the response amplitude is 2.86 at 2.95
Hz, which is 60% less than the maximum peak by the PVA. The response amplitude of the
primary system with optimal AVA and F,_ gain is slightly more than PVA for a narrow

band of operating frequency Q in the range of 5.5 Hz to 6.12 Hz and 1.9 to 3.15 Hz.

One can obtain the mass ratio, mass of the primary system, stiffness of the primary system

and the absorber from the data provided in the work of Buki et al. [42] as m = 0.28 kg, M
= 1.2456 kg, p =0.2248, K =1.0224 kN/m, k =208.68 N/m (for w, (opt)) and k =
378.1575 N/m (for w),). Considering @ and [ equal to 10% and 1% of the corresponding

linear stiffness the response amplitude of the primary system is shown in Fig. 6.4(b-c). In
Figs. 6.4(b) and 6.4(c) the response amplitude of the primary system with PVA is shown.
From Fig. 6.4(b) it can be observed that considering @ = 10% of K and S = 1% of &k,

the response amplitude of the primary system with PVA is less than that of the linear

(C) - a=0,8=1%ofk passive (d) 5 r D a=10% of K, 8 =
o L
sl ’i‘ - a=0,8=1%ofk
f 4 o =10% of K,
i
\

%

.

2 4

Q (Hz)

6 8

8 9 SIIVE
(a) , Linear ij:sam, !
«  F,., Optimal
6
5
24
<
3
2
! . a=10% ofK, B =0
a=10% of K,
0 passive C B=1%ofk
2 4 6 38
Q (Hz)

T B=1%ofk

2

4
Q (Hz)

6 8

Fig. 6.4: Frequency response of the primary (forearm) system with F_ gains by the

AVA (active bracelet) considering physical system parameters of the forearm [42]. (a)
linear system (b) nonlinear primary system with PVA (c) nonlinear PVA (d) nonlinear

AVA.
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passive system (Fig. 6.4(a)) for Q <4.78 Hz. However, with the nonlinear stiffness, the
responses of the primary system show unstable solutions for Q in the range of 4.78 Hz to
5.36 Hz and 6.5 Hz to 7.66 Hz. Considering only 8 =1% of k and a =0, high first peaks
in the response amplitude of the primary system are observed, which is similar to the linear
system with PVA shown in Fig. 6.4(a). In Fig. 6.4(d) the frequency response of the primary

system with F,_ gain by the AVA (active bracelet) is shown considering nonlinear stiffness

in the system. From this figure, one can observe a significant reduction (44% to 98%) in
the response amplitude of the primary system with the F, gain by the active bracelet,
considering nonlinear stiffness only in the absorber (¢ =0 and 8 = 1% of k), for Q in
the range of 3.2 Hz to 4.2 Hz. The maximum peak of the primary system with a nonlinear
passive bracelet is 8.5354 at 3.799 Hz (Fig. 6.4(c)), whereas with an active bracelet the
response amplitude is 0.259 at the same frequency (Fig. 6.4(d)), which is 97% reduction.

However, with F, gain by the active bracelet unstable responses are appearing for Q in

the range of 2.41 Hz to 3.22 Hz. Also, with the passive bracelet, the unstable responses are

observed for Q in the range of 6.55 Hz to 7.24 Hz, whereas with F, gain by the active

bracelet the primary system responses are stable and minimum in these regions of Q. The

efficacy of the F, gain by the active bracelet is also observed showing stable responses
fora =10% of K and B =1% of k and a =10% of K and S =0 near the second peak
of the frequency response plot. From Fig. 6.4 it can be inferred that the F, gain by the

AVA (active bracelet) significantly suppresses the tremor suppression of the forearm of the
patient both for the linear and nonlinear system. The nonlinear stiffness in the system
produces unstable responses as shown in Fig. 6.4(b-d), so, one has to avoid these regions
of operating frequencies to have less response amplitude in the forearm. In the next sub-
section time responses, phase portraits and Poincare sections of the forearm with the
passive and active bracelet are studied considering various external excitations acting on

the forearm.

6.2.2.3  Responses of the system by acceleration feedback

In this section, the time responses, phase portraits and Poincare sections of the unit base
excited primary system (forearm) is shown in Fig. 6.5 considering passive and active

bracelet with F, gain and nonlinear stiffness in the active bracelet. For the passive bracelet
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(PVA) only base excitation is considered while for the active bracelet (AV A) both unit base
and harmonic excitations ( F = 0.1 N) are considered. In Fig. 6.5, effects of linear and only
cubic nonlinear stiffness in the responses of the system are studied at the resonance i.e.,

when Q = @, . Figure 6.5(a-c) shows with the linear passive bracelet the response of the

primary system is periodic and its value is 1.682. From Fig. 6.5(a-c) and Fig. 6.4(a)
responses for the linear system with PVA, one can observe good agreement between the
HBM and numerical method results. It may be noted that in Fig. 6.4(a) the response
amplitude of the linear primary system for the linear passive case is 1.683 at 4.5597 Hz (

Q = w,). The F, gain by the active bracelet reduces the response of the primary system
from 1.682 to 0.514, which is a 69.4% reduction. The time response obtained with F,_gain
for the primary system at Q = @), with the linear bracelet is also in good agreement with

the HBM results shown in Fig. 6.4(a), where the response amplitude is 0.512 at 4.5597 Hz.
Considering nonlinear stiffness only in the absorber (@ =0and 8 = 1% of k (378.1575
N/m)) with the passive and active bracelet the responses are also closely matched with the
corresponding Figs. 6.4(c) and 6.4(d). From Fig. 6.4(b-c) it is observed that the responses

are periodic for the linear and nonlinear passive or active bracelet.

(a) 2 ‘ T ‘ (b§0 (Cl)i o ©® Linear, passive

e Linear, F,,
a=0,8=1% ofk,

10 passive
—_ o a=0,8=0,F,
‘8

2 -
998 999 1000 -2 0 2 -1.5 -1 -0.5 0
t Xy T

—

T
B
x

B

Fig. 6.5: (a) Time responses, (b) phase portraits and (c) Poincare sections with passive

and active bracelets at Q = W, .

6.2.2.4  Responses of the primary system for multi base excitations

In this sub-section, the performance of the F, gain by the active bracelet is studied in
vibration reduction of the forearm (primary system) considering multi-frequency base
excitations in the form X cos(Qt) + X, c0s(2+/2Qt) . The corresponding time responses,

phase portraits and Poincare sections are shown in Fig. 6.6. It may be noted as in the
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previous figures (Figs. 6.4 and 6.5) for the active case in addition to the above base
excitations, a harmonic excitation F cosQ¢, where F = 0.1 N, is also considered. From
Fig. 6.6, one can observe around a 50% reduction in the response by the F, gain with the

active bracelet. From the phase portraits (Fig. 6.6(b) and Poincare sections (Fig. 6.6(c)),

one can observe quasi-periodic responses.

2
§ 0 g 0 HH 0
4 -20
« passive
; l -50 ol active, Fy. |
996 998 1000 2 ! 0

t I

Fig. 6.6: (a) Time responses, (b) phase portraits and (c) Poincare sections with passive

and active bracelet at Q = w, for multi base excitations.

6.2.2.5  Responses of the primary system for multi excitations

In this section, the efficacy of the F, feedback gain is studied in vibration suppression of
the primary system when it is subjected to multi-base and harmonic excitations. Figures

6.7 show the responses when the primary/forearm undergoes multi-base excitations of the

;
form X, cos(Qr)=3" X, cos(2"Qr). For the active case along with these base excitations
n=0

7
an additional harmonic excitation of the form F cos(Qf)=_ F cos (2”Qt), where F =
n=0

0.1 N is considered. Figure 6.7(a-c) shows the responses of the primary (forearm) system
with the passive and active bracelets. From this figure, one can observe a slight
improvement in suppressing the responses by the active bracelet in comparison to the
passive. From the phase portraits (Fig. 6.7(b)) and Poincare sections (Fig. 6.7(c)), one can

observe periodic responses. The performance of the active acceleration feedback gain F_
by the bracelet is also studied considering the optimal frequency (@, (opt)) and optimal

frequency and damping ratio by the active bracelet and shown in Fig. 6.7(c-f). From Fig.

6.7(c-f), one can observe a substantial decrease in the response of the primary system by
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the F, gain with the optimal parameters in comparison to the passive bracelet (Fig. 6.7(a-

¢)). For multiple excitations with higher amplitude of excitations, one can increase the gain

0 L g
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( ? ( 4? (% e active, F,.
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g g g 60
-1 0 40
-2 20e
3 -200 0
998 999 1000 -2 -1 0
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250
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— — —~ 200
8 . .
0 8 0 8
150 *
-1 -200
l 100
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Fig. 6.7: Time responses (a, d), phase portraits (b, ) and Poincare sections (c, f) of the

primary system under multiple excitations at Q = @,.

used by the active bracelet to effectively suppress the responses of the primary system
considering both linear and nonlinear stiffness in the system. Furthermore, from the results

shown in section 6.2.2 one can observe the efficacy of F, gain in tremor suppression for

various excitations and nonlinear stiffness in the system. The application of vibration
absorbers with modified design is also employed to suppress the vibration of the beam
system under external harmonic excitations [57, 106, 127, 189, 243, 253, 315, 326, 334,
335]. In the next section, one such example of the application of ANVA is extended to a

beam system.
6.3 ANVA for Harmonically Excited Beam System

In this section, vibration suppression by ANVA of a continuous beam system is analysed.
The secondary system consists of a nonlinear spring, mass and an actuator, which is
attached to the primary beam to suppress its vibration. The beam is modelled as Euler—
Bernoulli beam, which is excited by an external harmonic point force. Three different

feedbacks namely proportional displacement or velocity combination of these are used by
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the actuator to suppress the first three modes of vibrations of the beam for various boundary
conditions. It may be noted that this work is an extension work of Chatterjee [127] where

linear vibration absorbers with displacement and velocity feedback were studied.

The schematic diagram of a fixed-fixed beam subjected to harmonic excitation F cosax at
distance b from the left end is shown in Fig. 6.8. The parameters p, A, L, and EI denotes

density, cross-sectional area, length, elastic modulus and, the flexural rigidity of the beam,

respectively. The mass, stiffness of the spring and cubic nonlinear stiffness of the secondary

h % F cosart
L y

Y

Fig. 6.8: Vibration control of a fixed-fixed beam subjected to harmonically excited point

load by using an active nonlinear vibration absorber.

system is denoted by m, k, and k,,, respectively. The secondary system is attached at a
distance a from the left end of the beam. The active control force F_ by the actuator is

considered to be proportional to displacement or velocity feedback or a combination of

these taken from the absorber mass. The transverse displacement of the beam about the
neutral axis at any point x and time ¢ is denoted by W(x, t). The governing differential

equation of motion of the system is obtained by considering the equilibrium of the forces

and moments, which are given below.

pa P 1) gy PV 1) (1 (4(a). 1) -, ) (-a)

g X (6.9)
+k, (W(x(a), t)—yu)3 J(x—a) = FJ(x—a)cosaI—E,d(x—a)
m3, +k (v, =W (a. 1)) 6(x=a)+k; (v, ~W (a. 1)) 6(x—a) = F.5(x~a) (6.10)
F.=K,y,~K,y, (6.11)
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where K, and K, are the control gains of the absorber mass, for displacement and velocity
feedback, respectively. The term and y, is the displacement of the absorber mass. It may

be noted that to make the design conservative, damping is not considered in the primary
system while studying the ANVA. If the system vibration is controlled without damping,
definitely it will also absorb the vibration of the primary system with damping having less

control gain. Hence in the present analyses, no material damping is considered for the beam

system. Taking W (x, t) = i @ (x)q; (1) in Egs. (6.9) and (6.10), where @(x) is the

i=1
modal shape function and g, (t) is the time modulation of the i"™ mode of the beam

vibration, the temporal equations of the system is obtained by using Galerkin’s method.

L
Here normalization criteria is taken as j((pf (x))dx =1. Following non-dimensional
0

parameters are used for further analysis. Modal displacement of the beam for i mode:

w,=q,/9d,, displacement of the absorber: y=y, /J,, 6 mass ratio (,u =m/(pAL)),

st
W, =k Im / @), 0, is the static deflection of the beam, «) is the reference frequency, the
normalized natural frequency of i"™ mode the beam is equal to @), , cubic nonlinear stiffness
coefficient: o =k, /k,, excitation force: f=F / ( PALw,’0, t) , control  gains:
k,=K, / ( pALa)Oz), k, =K, / ( pALa)OZ), Q = w/w, and non-dimensional time 7 = .

The obtained non-dimensional equations of motion are given below.

5 (1) 0w (1) + 02 (o] 2 (@) (1) (1) + @ @)k, (1) -3 ()

(6.12)

+a',uwa2w(a){qu (a)w,(7) —y(r)}3 =@(b) f cos(Qr)

,uy(r)+,ua)C,2{y(T)—iﬁ(a)wi(T)}Jra'uwaz{y(r)_iq(a)wi(r)}3

i=1 (6.13)
(1) k5 () =0

It may be noted that Egs. (6.12) and (6.13) are similar to Chatterjee [127] but here the cubic
nonlinear stiffness in the absorber and different feedback forces are considered for various

boundary conditions of the beam. The Egs. (6.12) and (6.13) are solved for the first three
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modal displacements of the beam i.e., for i =1, 2 and 3 using HBM which is discussed in

the following section.
6.3.1 Approximate solution by harmonic balance method

In this section, the harmonic balance method with slowly varying parameters is employed
to Eqgs. (6.12) and (6.13) to analyse the steady-state response of the system. The assumed

solutions are stated as follows:

w, (1)= A, (r)cos(Qr +4, (7)) for n =1,2,3 (6.14)

~
—

N
N—

1

B(T)COS(QT+¢4(T)) (6.15)

where AI(T), AZ(T), A3(T), B(T), (q(T), @(T), @(T) and @(T) are slowly-varying
functions of time 7 such that one can neglect the higher-order or multiplication of
derivatives following the similar procedure as in the previous section. Substituting Egs.
(6.14) and (6.15) into Eqgs. (6.12) and (6.13) and equating the coefficient of sin Q7 and

cos Q7 , the following set of algebraic equations in the matrix form are obtained.

ay, ... Gy
{Al 9, Az P, A% 9, B ¢4}T={b1 bg}T (6.16)

Qg =+ gy

The terms a,,, a,,... ay;, a, and by, b,... b,, b, are given in Appendix D. From Eq. (6.16)
the eight sets of amplitudes (A, A,, A, B) and phase (@, ¢,, ,, ,) equations are

obtained as given below.

A =f(A. A, A, B, ¢, 9, §,, 8,) forn=1,2,3 (6.17)
8, =f,(A. Ay, A, B, §, $,, §,, @,) for n =4,5,6 (6.18)
B=f,(A. A, A, B, 8. 4., ¢,. 9.) (6.19)
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¢4 =f8(Al’ Az’ Aa’ B, ¢1’ ¢2’ ¢3’ ¢4) (6.20)

The steady-state solutions of the equations are obtained by setting the first derivatives of
the slowly varying amplitudes and phases equal to zero, ie.,
A=A =A=B=¢ =¢ =¢,=¢,=0 in the Egs. (6.17 to 6.20) and the stability is
studied by obtaining the eigenvalues of the Jacobian matrix from Eq. (6.16). In the
following section, the performance of the active nonlinear vibration absorber is discussed
for various system parameters and control gains to suppress the vibration of the beam for

the first three modal frequencies.
6.3.2 Results and discussions

In this section, the performance of the active nonlinear vibration absorber on the beam is
studied by the time responses, phase portraits and frequency responses of the system for
the first three modal frequencies of the beam and also compared with those of the linear
passive vibration absorber (PVA). The optimum absorber parameters and the active forces

for displacement (k,) and velocity feedback (k,) are considered the same as that in the
work of Chatterjee [127]. The system parameters are considered as follows: mass ratio [/
= 0.2, the amplitude of external excitation f = 1, absorber frequency «, = 2, first three
modal frequencies of the beam are w, =1, 4 and 9. The parametric study is carried out by
varying cubic nonlinear stiffness coefficient @ and active forces k, and k, for various

boundary conditions of the beam. The time responses and phase portraits of the system are
obtained by solving Egs. (6.12) and (6.13) using the fourth-order Runge Kutta method and
the frequency responses of the system are obtained by solving the steady Eqs. (6.17 to 6.20)
using Newton’s method. The solution is considered to be stable when the real part of the

eigenvalues of the Jacobian matrix is negative.
6.3.2.1  Time responses of the system

The time responses and phase portraits of the fixed-fixed beam and with the passive
absorber are shown in Fig. 6.9 for studying the effects of @ and active forces in the

vibration suppression of the beam. In Fig. 6.9(a-d) comparison of time responses at the
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first modal frequency (w, = Q = 1) of the beam for linear (red colour) and nonlinear

(black colour) PVA has been carried out. From Fig. 6.9(a) one can observe that with cubic

(a) 10

—

30

-10 -
200 300 400
T

200 300 400
T

Fig. 6.9: Comparison of time responses (a, ¢) and phase portraits (b, d) of the passive

fixed-fixed beam system at (w,, = Q =1) for linear (a = 0) (red colour) and nonlinear

absorber (a = 0.1) (black colour).

nonlinear stiffness, the response amplitude of the beam and the absorber decreases by 24%
and 50% respectively, compared to the linear vibration absorber. The corresponding phase
portraits of the system are shown in Fig. 6.9(b, d) where the beam and absorber show quasi-
periodic responses. In Fig. 6.10 responses of the fixed-fixed beam are studied for o = 0.1
and 0.2 with different control gains. In Fig. 6.10(a-d) the black line shows the system

response with only control gain k, and the red lines shows zero control gain for the first

() 5 - (d) 4

200 300 400
T

200 300 400 200 300 400
T T

Fig. 6.10: Time responses and phase portraits of the system with fixed-fixed boundary
conditions for different feedbacks and nonlinear stiffness in the absorber, where passive

(red colour) and active (black colour). (a-d) k, =0.3578 and a =0.1at @, = Q =1, (e,

f) k, =1land 0 =0.1at w, = Q =4.
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modal frequency (w, = Q = 1) of operation. It is observed from Fig. 6.10(a, c) that with
k, = 0.3578 the response of the beam and the absorber decreases by 52% and 28%

respectively, compared to the nonlinear PVA. In Fig. 6.10(b) and Fig. 6.10(d) phase
portraits of the beam and the absorber show quasiperiodic responses. In Fig. 6.10(e-f) time

responses are shown to control the second modal frequency (w, = Q =4) of the beam
with k, =1, while all other system parameters are considered the same as in Fig. 6.10(a-

d). Here one can observe that the system amplitude at the first modal frequency is more
than that with the second modal frequency. From Fig. 6.10 it is observed that for the
nonlinear absorber active forces with velocity feedback reduce the amplitude of the fixed-
fixed beam system. In Fig. 6.11 the response of the system is studied for the simply
supported beam (Fig. 6.11(a-b)) and the cantilevered beam (Fig. 6.11(c-d)) with the same
a and control gains as in Fig. 6.10(a-d). From Fig. 6.11(a, b) the same beating time
responses are observed as in Fig. 6.10 but with higher response amplitude. However, with
the active forces, the amplitude is less which are shown in black colour. For the cantilever
beam shown in Fig. 6.11(c, d) the vibration suppression is better than the simply supported

beam with the same applied active forces.

(a) ()40 (c), : (d)s :
100
So =0 50 =0
-100 5
20 10 400

0 400 600 800 200 400 600 800 200 300 200 300 400
T T T T

Fig. 6.11: Time responses of the (a, b) cantilevered beam and (c, d) simply supported

beam at w, = Q =1 for a =0.1, where passive (red colour) and active (k, = 0.3578)

(black colour).
6.3.2.2  Frequency responses curves of the system

In this section, the parametric study is undertaken to analyse the frequency response of the
system with different values of &, boundary conditions of the beam viz., fixed-fixed,

simply supported and cantilever beam and active forces for displacement (k) and velocity

feedback (k,). In Fig. 6.12(a, b) a comparison of frequency responses between the linear
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(black colour) and nonlinear active vibration absorber (blue colour) with k, and k, are
shown to suppress the first modal frequency (¢, = Q = 1) of vibration in the fixed-fixed

beam. From these figures, it is observed that for @ = 0.01 the amplitude of the beam and
the absorber decreases for the first three modal frequencies than the linear absorber. In Fig.
6.12(c, d) only velocity feedback is used to suppress the second modal vibration (w, = Q

= 4) of the beam. It is observed from these figures, that only k  the second mode of

vibration of the beam is suppressed and also the same analogy can be interpreted for the
absorber. It may be noted that Figs. 6.12(a) and 6.12(c) are similar to the results obtained
by Chatterjee [127] where only linear analysis has been carried out. In Fig. 6.12(e, f) the
same k, and negative k, are considered to suppress the vibration of the beam at the third

mode (w, = Q =9). Itis observed from these figures that with the control gains both the

third mode and the second mode of vibration of the beam decrease. In Fig. 6.12(g) for a

(a)3s (b) © ' (c) (A
2| 4 10 10
3 p=> 3 P>
1} 2 5 5
0 0 l 0 0 |
0 0 5 10 0 (? 10 0 S% 10
(€)1 ) ; (2) r1(h) 10 ;
H 4 i (
4| ! ;
35 > SZM 55
2,
0
0 10 00 10 00 10 0

5
9
- stable
 unstable

5
Q

o

()] 8 stable
6| unstable

A
10 0 5 10
Q

Fig. 6.12: Frequency responses of the fixed-fixed beam at the first three modal
frequencies with k, = 0.3578 and different kp and a (a, b) kp =0.6,at w, = Q =1, (c,

d) k,=0,ad =0at @, = Q =4,(e,f) k, =-1, @ =0.05at @, = Q =9, (g) k, = 0.6,
a=005atw,=Q=1,(hk =06 a=0latw, =Q=1,Gj k,=-1, a =0.01

at w

nl

=Q=land(k, Dk =-1,a =latw, =Q =1
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= 0.05, it is observed that the vibration of the beam further reduces in the first two modal
frequencies than Fig 6.12(a). But for @ = 0. 1 the beam vibration increases which are
shown in Fig. 6.12(h). In Fig. 6.12(i, j) the vibration suppression of the third mode is

analysed for @ =0.01 with k, and negative k. Itis observed that the vibration suppression

of the beam in the third mode is not achieved with the applied control gains. In Fig. 6.12(k,

1), a =1 is considered to suppress the first mode of vibration (), = Q = 1) of the beam.

From Fig. 6.12(k, 1), high response amplitude and unstable regions are observed in the
system. From Fig. 6.12 it is observed that for a in the range of 0 to 0.1 with the applied
control gains the response amplitude of the system reduces for the first three modal
frequencies but higher values of « i.e. for @ = 1, make the system unstable with high
response amplitude. In Fig. 6.13(a, d) the simply supported beam and cantilever beam are
considered with kp, k, and a while all other parameters are the same as in Fig. 6.10(a-d).
In simply supported beam (Fig. 6.13(a, b)) the unstable region is observed for 0.85< Q

<0.95 with jump up and jump down phenomena. For the cantilever beam (Fig. 6.13(c, d))

the response amplitude is higher than in the fixed-fixed beam with the same control gains.

(a) 6. stable : (b) 6 g - stable (C) 10 | (d)
- unstable : - unstable i 414

A

5 10
Q

Fig. 6.13: Frequency responses of the (a, b) simply supported beam and (c, d) cantilever

beam for k, =0.6, k, =0.3578 and a =0.01 at @, = Q =1.

The vibration suppression technique by the PVA is not only limited to the use of active/
smart materials (AVA) but also modifying the design PV A and use of various optimization
techniques [334-340]. In the next section, a modified design in the vibration absorber is
studied where in place of the PZT stack actuator a flywheel is used to provide an active
force in the system known as a rotational inertial double-tuned mass damper (RIDTMD).
The analyses are carried out to study the effects of nonlinear cubic spring stiffness on the

response of the system.
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6.4 Nonlinear Rotational Inertial Double Tuned Mass Damper

A single degree of freedom spring-mass primary system to which an active rotational
inertial doubled tuned mass damper (RIDTMD) is attached is shown in Fig. 6.14. The
proposed model is similar to Garrido et al. [340] but here cubic nonlinear stiffness is
considered for both primary mass and the absorber configuration. RIDTMD consists of

TMD using rotational inertial viscous damper (RIVD). Here m, and k, denote the mass

and the stiffness of the primary mass. The RIDTMD consists of a moving block mass, the
primary and secondary spring stiffness and the equivalent damping factor of the RIVD are

denoted by m,, k,, k; and c, respectively as shown in Fig. 6.14. The primary mass is
subjected to external harmonic force excitation F,cos(Q,¢). This external harmonic

excitation may be developed due to the unwanted disturbances by the feedback gains or
due to the tremors. It may be noted that in this case RIVD is used which is similar to the
active feedback gain generated by using the PZT based actuator discussed in the previous
Chapters. Hence, the analyses of nonlinear RIDTMD are carried out in this section. The
governing equations of motion of the system are obtained using d’ Alembert principle which

is given below.

L ks oy
k,, ki, —/\/\/W\/

—/W m, i_;_ _—j_'“—: n,
oot O

__’ -
F cosQt « RIVD
< TVMD .
“TSDOF sysem ¢ RIDTMD =!

Fig. 6.14: SDOF nonlinear primary system incorporating a nonlinear RIDTMD.

mX, +kx, +k13x13 +k, (xl _xz) +ky; (xl X )3

3 (6.21)
+k, (x1 —x3) +kys (x1 —x3) =F cosQt
m,x, +m, (562 —563) +c, (5c2 —)'c3) +k, (x2 —xl) +k,, (x2 —x1)3 =0 (6.22)
m, (563 —5&2) +c, ()'c3 —)’cz) +k, (x3 —xl) +k,, (x3 —x1)3 =0 (6.23)
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It may be noted that in the RIDTMD following the work of [340] the translational masses

of the flywheel, rack, pinion and the immersed mass are assumed to be relatively small and

can therefore be combined into ;. Assuming ¢ = L3 and 7 = wt, Egs. (6.21), (6.22)

1

and (6.23) are non-dimensionalized as given below.

X tx +a13'x13 +,u1w212 (xl _xz) T4y (xl —x2)3 +

\ (6.24)
U, (x1 —363)+C)'33 (x1 —x3) =FcosQr
Hx, T [, (xz _x3) +20, 14, (xz _x3) +iula)212 (xz _xl) T4, ('xl _xz) =0 (6.25)
.. - il 3
H (xs _xz) +20, 14, (x3 _xz) + 1w, (xs _'xl) tay, (x3 _x1) =0 (6.26)
where
H ml’:uz 1’(2 Zmza)z’a{ 1/ml’w2 2’6‘)3 m3’w21 a{’a)%l a{’
2 2 2
= k”x"z , Oy = k23x02 a; = k33x02 , F= b, , Q =&, x, = reference length
1 ma maj mayx, 2]

Equations (6.24) to (6.26) are solved using HBM in the following section.

6.4.1 Solution by HBM

Similar to the previous section, the approximate solutions of Eq. (6.24) to (6.26) using

HBM can be assumed as follows.

% (1) = A(7)cos(Qr + 4, (7)) (6.27)
% (1) =x,(7) = B(1) cos(Qr + ¢, (7)) (6.28)
% (1) =x,(7) =C(7)cos(Qr + 8, (7)) (6.29)

where A(7), B(7), C(7), #(7). ¢,(r) and ¢5(r) are slowly-varying functions of time 7,

such that one can neglect the following terms: A, B, C, ¢,, #,. ¢5. Ad,, Bo;, Co;. ¢,°.
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¢22 and ¢,%. Substituting Egs. (6.27) to (6.29) into Egs. (6.24) to (6.26) and equating the

coefficient of sinQr and cosQr terms separately to zero, yields six sets of algebraic
equations. The steady-state solutions are obtained from these equations by considering

A, B, C, ¢;, ¢, and @5 equal to zero, which are given below.

—-AQ’sin @, + Asin @, +0.75a,,A’ sin @, + 14,00, *Bsin @, +0.75a,,B’ sin @,

. o (6.30)

+1,, Csin g, +0.75a,,C” sing, =0
Acos @, (—92 + 1) +0.75a,,A° cos @, + 4’ Beos @, +0.75a,,B cos @, + 631)
@, *Ccos @, +0.75a,,C’ cos @, — F =0 '
m (—892 cos @, — AQ’ cos @, ) + 1 (—BQ2 cos@, +CQ’ cos ¢3)

(6.32)
+2, 14a, (BQsin g, —CQcos @, ) + 1403,” Beos ¢, +0.75a,,B’ cos ¢, =0
U (—BQ2 sing, —AQ’ sin ¢1) + U, (—BQ2 sin@, + CQ’ sin ¢3)

(6.33)
+20, @, (~BQcos @, + CQcos @, ) + 40, *Bsin @, ++0.75a,,B’ sin ¢, =0
U, (—CQ2 cos @, + BQ’ cos ¢2) +24, 140, (-BQsin g, + CQcos P,

(6.34)
+14,0,’C cos ¢, +0.75a,,C’ cos ¢, =0
U, (—CQ2 sin @, + BQ*sin @, ) +24, @, (BQcos g, —CQcos ¢, ) + 6.35)

1,0, >Csin ¢, +0.75a,,C’ sin g, =0

The steady-state frequency response of the system is obtained by solving Eq. (6.30) to
(6.35) using Newton’s method. In the following section, the numerical results are

discussed.
6.4.2 Results and discussions

The performance of the nonlinear rotational inertial double-tuned mass damper (RIDTMD)
is studied by considering the following non-dimensional parameters for the system. The

mass ratios £4 and g, are taken as 0.05, 0.005, respectively. The damping ratio ¢, of the
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absorber is considered 0.241 and the frequency ratios w,, and w,, are taken as 0.943 and
1.043, respectively. The external harmonic excitation ( F') and the reference length x, are

taken equal to 1. It may be noted that these system parameters are optimum, which are
considered from the work of Garrido et al. [340]. In the next section, the time response of

the system is studied with the variation in the cubic nonlinear stiffness (a,,, a,, and a;;).

6.4.2.1 Time responses of the system with RIDTMD

The time response of the primary mass and the rotational inertia mass are shown in Fig.
6.15 by solving the governing equation of motion (Egs. (6.24) to (6.26)) by the fourth-order
Runge Kutta method considering linear and nonlinear stiffness in the system at the
resonating frequency (Q = 1). Fig. 6.15(a-d) shows a comparison of responses between

linear and nonlinear spring stiffness (@,,) in the primary system. It can be observed from
these figures that for a,; = 0.5, there is a significant reduction (78%) in the amplitude of
the primary system than for a,; = 0 (linear). Figs. 6.15(a) and 6.15(c) show beating type

responses in the primary and secondary systems for the linear case, while quasiperiodic
type responses are seen in both linear and nonlinear cases. The phase portraits of the system

(Fig. 6.15(b) and Fig. 6.15(d)) show stable responses for both the linear and nonlinear cases.

linear (a3 = agz = agz = 0) (b) 10
nonlinear (a3 = 0.5, 03 = gz = 0)

880 890 210
800 850 900 950 1000

Fig. 6.15: Time response and phase portrait for &, =0 (linear) a,, = 0.5 (nonlinear) of

the (a, b) primary mass (c, d) auxiliary mass of RIDTMD.
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Fig. 6.16(a-d), shows the comparisons between the time responses and phase portraits of
the primary and secondary system by considering only nonlinear spring stiffness present in
the secondary system (a, =0, a,, =0.5) and considering nonlinear spring stiffness present

both in the primary and secondary system (a,, = @,; = 0.5). The consideration of the

nonlinear spring in both the primary and secondary system produces high responses than

with the nonlinear spring present only in the secondary system. A 90% reduction in the

(a) 60 i3 =0, sy = 0.5 2 f
o —osmma VAW

870 880 890

i
K111

800 850 900 9.

I

(c)40

800 850 900 950 1000 -40  -20 0 20 40
T Zo

Fig. 6.16: Time response and phase portrait for the (a, b) primary mass (c, d) auxiliary

mass of RIDTMD.

responses is observed when a,, = 0, a,; = 0.5 than a,;, = 0.5, a,; = 0.5. However,

comparing Fig. 6.15(a) with 6.16(a), the response amplitude of the primary system in the
case of Fig. 6.15(a) is found to be slightly better (12.5%) than Fig. (6.21(a)). The
corresponding phase portraits are shown in Figs. 6.16(b) and 6.16(d), respectively.

6.4.2.2  Frequency responses of the system with RIDTMD

In Fig. 6.17 the frequency responses of the primary system are shown by solving Egs. (7.30)
to (7.35) by Newton’s method. In these figures, the frequency response of the primary
system is studied considering various nonlinear spring stiffness in the system for F = 0.1,
while all other system parameters are kept the same as mentioned before (section 6.4.2).
Fig. 6.17(a) and Fig. 6.17(b) show the frequency responses of the primary system for the

linear (a, =0, a,; = a,; =0) and nonlinear primary system (a,, = 0.5, a,; = a,; =0).
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From Fig. 6.17(a), one can observe for the linear system three high resonating peaks in the
response amplitude at Q = 0.88, 1.04 and 1.1. The corresponding response amplitude
considering only nonlinear stiffness in the primary system (a,; = 0.5, a,; = a,; =0) is
shown in Fig. 6.17(b). From this figure, one observes a hardening effect in the frequency
response but due to this effect, the response amplitude of the primary system at the peaks
is significantly reduced at the above-mentioned frequencies. In Fig. 6.17 (c) the frequency

response of the system is shown considering (a,, = 0.5, a@,; = 0.5). From this figure more

hardening effect in the frequency response of the primary system can be observed than
shown in Fig. 6.17(a). These hardening effects in frequency response amplitude show
multiple solutions of stable and unstable branches at these peaks. From Fig. 6.17(a-b) it can
be observed that the consideration of only cubic nonlinear spring stiffness in the primary
system is useful in suppressing vibration of the primary system at the three resonating peaks
than the linear or nonlinear spring present both in the primary and secondary system. The
frequency response amplitudes shown in Figs. 6.17(a) and 6.17(b) are also well matched

with the time responses shown in Figs. 6.15 and 6.16, respectively. It may be noted that in

; . . T
nontinear (a3 = 0.5, any = agy = 0)

L5~

0.6 08 09 1 11 1.2 1.4 0.6 0.8 1 1.2 1.4 1.6
Q Q

(C)Z nonlinear

(cepg = cvag = 0.5, agg = 0)

15~

1 6

0.5- ay 1
!
e
0 —
0.6 0.8 1.2 1.4 1.
0

Fig. 6.17: Frequency response of the primary system for (a) linear system (a,, =0, a,,
= a,, =0) (b) nonlinear primary system (a,, =0.5, a,, = a,, = 0) (c) nonlinear system

(a,; =05, a,, =05, a,, =0).
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Figs. 6.15 and 6.16 the external amplitude of excitation ( F') is considered 10 times less
than that shown in Fig. 6.17. In Fig. 6.18(a) and Fig. 6.18(b) the frequency response
amplitude of the primary system is compared with the variation of three nonlinear stiffness

(a,, a,, and a,) present in the system by considering F' = 0.5. Fig 6.18(a) shows higher
a,, values produce more hardening effect in the frequency response than with other
stiffness nonlinearities (a,, and a,,) present in the system. The higher a,, values shift the

peak of the frequency response to the lower side of operating frequency as observed from
Fig. 6.18(b) and with the negative nonlinear stiffness the frequency response tilt to the left
side. In the next section, the conclusion of the various application of the nonlinear vibration

absorber is discussed.

~ g
@ S FE o
o . .. vy = Ul 7 RN
., «-}‘:\'-._ . gy = 0.2,
250 o ah, as =01 )
2 o gy = 0.075,
- . o — 0.2, -
1.5- AR aze = 0.3 1 1.5F
ayz = 0.075,
. oap = -0.3,
age — -0.05 - 0.5
14 1.6

Fig. 6.18: Frequency response of the nonlinear system for (a) variation in a; (b)

variation in a.

15> Oy and a;.

6.5 Summary

In this chapter, three different primary systems with modifications in the absorber
configurations have been studied. In the first problem, the primary system parameters are
considered as the forearm of the human hand which is subjected to tremors due to
Parkinson’s disease. In the second problem, a beam system with various boundaries is
considered. In order to suppress the vibration of these two primary systems, various
parametric analyses were carried out considering the effects of nonlinear spring stiffness
and active force applied by the vibration absorber. In the third problem, the active part of
the vibration absorber is replaced with a two degree of freedom absorber, which is known

as a rotational inertial double-tuned mass damper (RIDTMD) and its effects on the
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frequency responses of the nonlinear primary system is studied with the variation in the
nonlinear spring stiffness. In all these systems the governing nonlinear equations of motion
are solved using HBM and the obtained results are also in good agreement with those by

directly solving numerically the governing equations.

Itis observed from the first system that with the various active feedback gain in the absorber
the tremors in the forearm can be significantly reduced for a broader range of operating
frequencies. The time responses, phase portraits, and the Poincare sections show the
effectiveness of the active acceleration feedback gain by the active vibration absorber in
suppressing the tremor when the forearm is assumed to undergo single and multi-

excitations.

From the analyses of the second system where the vibration suppression of a general Euler
Bernoulli beam system under a point load with fixed-fixed, simply supported, and
cantilevered type boundary conditions are carried out, the following observations are
noticed. The nonlinear stiffness in the absorber reduces the vibration of the beams system
at the first three modal frequencies. In the active linear and nonlinear vibration absorber,
by suitably taking the optimized displacement and velocity gains one may reduce the
vibration of beams with fixed-fixed, simply supported and cantilevered beams for different

modal frequencies.

In the last system, the efficacy of the nonlinear RIDTMD in suppressing the vibration of a
single degree of freedom nonlinear spring-mass primary system is analysed. It is shown
that with cubic nonlinear stiffness in the primary system the system amplitude reduces
significantly at the resonating operating frequency due to the hardening effect of the

frequency response.
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CHAPTER 7

Conclusions

7.1 Introduction

In this section, the overall conclusions of the five problems considered in this work are
given below. The present work focuses on vibration suppression of several linear and
nonlinear primary systems under external harmonic, parametric, and base excitations by
using a modified design in the absorber configuration. To investigate the vibration
suppression of the primary system for a wider band of operating frequencies parametric
studies have been carried out for a wide range of system parameters. The general

conclusions for the five problems considered in this work are given below.

7.2 General conclusions

7.2.1 Linear PZT based active vibration absorber with acceleration

feedback under external harmonic excitation.

* In the first problem, analyses are carried out considering linear active vibration
absorber (AVA). Here, the primary system is modeled as a single degree of freedom
(SDOF) linear spring-mass-damper system subjected to external harmonic forcing.
The secondary system is modeled as a linear spring-mass damper system with PZT
stack actuator in combination with a linear spring.

e The active force is produced by considering the acceleration feedback of the
primary system. The governing equation of motion is solved using the Laplace
transform method and Routh stability criteria are used to obtain the range of active
force for which the system is stable.

* Fixed point theory (FPT) and Genetic algorithms (GA) are used to obtain the
optimum system parameters viz., tuning ratio and damping ratio for the proposed

AVA.
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* The optimal active force is also evaluated at which the total vibration energy of the
primary system is minimum with and without optimal tuning and damping ratio.

* The equal peaks in the frequency response of the system are observed with various
active forces from the obtained optimal parameters of the AVA. The response
amplitude of the primary system with the active force reduces close to the static
deflection.

* The closed-form optimal equations obtained by the FPT for the optimal damping
ratio and tuning ratio of the AV A can be utilized by the designer to easily suppress

the vibration of the primary system effectively with less converging time than GA.

7.2.2 Dynamics of ANVA using Time Delay Acceleration Feedback

* In the second problem, a similar system is studied to the first problem but here cubic
nonlinear springs are used in both the primary system and the absorber. Also here,
the primary system is subjected to both external harmonic force and base
excitations. The time delay is introduced in the acceleration feedback and the
governing equations of motion are solved by the modified harmonic balancing
method (HBM).

* Fundamentally based on nonlinearity the considered systems are divided into four
cases viz., case-1: both primary and absorber are linear, case-2: primary system
linear and absorber nonlinear, case-3: primary nonlinear and absorber linear, case-
4: both primary and absorber nonlinear. Further considering the presence and
absence of PZT stack actuator (active force), delay and base excitation twenty
different cases have been investigated.

* The steady-state response of the system is studied through frequency responses,
time responses, phase portraits, Poincare’ sections, basin of attractions, force
responses and different time delay effects in the feedback.

* From these analyses, the optimum range of nonlinear stiffness, active force by the
acceleration feedback and time delay in the feedback are evaluated for both the
passive vibration absorber (PVA) and ANVA at which the primary system response
amplitude is minimum and stable.

e It is also shown that vibration suppression of both the primary system and the

secondary system can be simultaneously achieved by the AVA.
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* The Den Hartog’s equal peak in the frequency response is also obtained for the first
time by the use of AVA when the primary system is subjected to both harmonic and

base excitations.

7.2.3 Traditional and Non-Traditional ANVA with Time Delay

Combination Feedback

* In the third problem, the undamped primary system is considered and it is subjected
to external harmonic force and parametric excitations. In the absorber, part
modification is carried out by considering equivalent cubic nonlinear stiffness
between the PZT stack actuator and the spring in series. Here time delayed
displacement, velocity and acceleration feedback of the primary is considered.

* Two types of absorber models are considered viz., traditional vibration absorber
(TVA) and non-traditional vibration absorber (NVA).

* In this case primary, principal parametric and simultaneous primary and principal
parametric resonance conditions are studied.

* Here the method of multiple scales (MMS) is used which are in good agreement
with HBM Laplace transform method and numerical method. From the reduced
equations obtained by MMS, here for the first time Den Hartog’s equal peaks in the
frequency response of the system are shown for both linear and nonlinear systems.

* It is shown that the trivial state instability region is remarkably decreased with the
time-delayed displacement and acceleration feedback by the TV A than the passive
vibration absorber (PVA). But for the NVA the time delay does not decrease the
instability region of the system as much as without delay.

* The trivial state region with TVA and NVA for the simultaneous force and
parametric excitation shows an unstable region even at zero amplitude of parametric
excitation with the PVA. But with displacement and acceleration feedback by the
ANVA the critical value of parametric excitation is increased.

* For the linear and nonlinear systems, the safe operating frequency range is
established for various system parameters and active forces.

* Itis shown that with the proposed active gain complete vibration suppression of the

linear and nonlinear primary system at the resonating peaks is achieved and also for
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broadband of operating frequencies the vibration suppression of the primary system

is effectively controlled.

7.2.4 Traditional and Non-Traditional ANVA with Time Delay

Combination Feedback for Hard Excitations

e In the fourth problem, the SDOF primary system is subjected to hard harmonic,
parametric and base excitations. The time delay in the damping in the TVA and
NVA is taken into consideration and various combinations of time-delayed
feedbacks are studied.

e The MMS is used to obtain the reduced equations and the system's trivial and non-
trivial steady-state responses are analyzed for external and internal resonance
conditions.

e The external resonance conditions considered in the present problems are
simultaneous primary, principal parametric, sub and superharmonic resonance
conditions along with 1:1, 1:2, 1:3 and 3:1 internal resonance conditions.

e The performance of the ANVA is studied by considering four different linear
stiffness in the absorber with zero control gains. These four types of zero control
gains by the ANVA mentioned in this work are active;, activez, actives and activey
TVA, where the stiffness of the absorber can be actively changed.

e For simultaneous superharmonic, principal parametric, primary and 1:1 internal
resonance conditions, it is shown that the trivial state instability region shows an
unstable region even at zero external amplitude of parametric excitation for the
PVA. But with actively changing the stiffness of the absorber the frequency ranges
of the trivial state instability region increased. Further, it is shown that with velocity
feedback and actively changing the stiffness of the absorber the instability region is
remarkably reduced and the critical value of the amplitude of parametric excitation
(below which the system is stable) improves from O N to 6.4 N.

e It is shown that with zero control force and active; TVA, 100% vibration
suppression for the nonlinear primary system is achieved near the slightly higher
side of the superharmonic and primary resonance conditions.

e Itis also shown that with the combination of velocity and acceleration feedback the

vibration of the secondary system can also be reduced close to the zero response
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amplitude but at that point, the response amplitude of the nonlinear primary system
is comparatively higher (40%) than with velocity feedback.

* Itis shown that one can almost completely absorb (98%) the response amplitude of
both the nonlinear primary system as well as the secondary system by suitably using
the velocity and acceleration feedback combination with the proposed ANVA.

* Considering time delay in the damper of the nonlinear secondary system it is shown
that with the PVA the response amplitude of the nonlinear system is comparatively
higher in comparison with the ANVA at the simultaneous resonating frequencies.

* The consideration of time delay in both the damper and in the feedback makes the
system unstable in most of the operating frequencies. But considering small time
delay either in the feedback or in the damping at a certain range of frequencies near
the simultaneous resonance the response amplitudes of both the nonlinear primary
system and the nonlinear secondary system are zero, i.e. 100% absorption.

* For the 3:1 internal resonance condition, it is observed that the response amplitude
of the system becomes very large when the absorber modal frequency is close to
the forcing frequency. But at other operating frequencies the response amplitude of
the system is minimum.

* The control force by acceleration feedback with actives TV A comparatively reduces
the high response amplitude of the system and shows two peaks in the frequency
response. But with the control force the unstable range of operating increases.

* For the 1:2 internal resonance condition with the active force, the response
amplitude of the system is unstable but without active force, the response amplitude
is close to zero. It may be noted that for 1:2 and 3:1 internal resonance conditions
one can actively change the absorber stiffness to maintain the above internal
resonance conditions.

* For simultaneous subharmonic, principal parametric, primary and 1:1 internal
resonance conditions it is shown that with the control force by the combination
feedback the trivial response is always stable than the PVA.

* For 1:3 internal resonance conditions, the time response of the system shows a
better reduction in the response of the system at the higher side of the operating
frequency for the simultaneous resonate conditions mentioned above.

¢ For the 1:2 internal resonance condition, it is shown that without control force and

time delay the system response is unstable. However, with higher time delay both
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in the damping and in the feedback and with the combination feedback force the

response amplitude of the primary is almost zero at the steady-state.

7.2.5 Application of ANVA for vibration suppression

* In the fifth problem, the application of the ANVA is carried out considering three
different systems.

* In the first system, the tremor suppression of the forearm by the ANVA is analyzed.
The first system considered in this study is the same as the second problem (7.2.2)
but here the primary system parameters are considered the same as a human
forearm.

e It is shown that with the ANVA with acceleration feedback gain around 50% to
90% of vibration reduction in the response amplitude of the forearm is achieved
than PVA.

e The time responses, phase portraits, and the Poincare sections show the
effectiveness of active acceleration feedback gain by the absorber (bracelet) in
suppressing the tremor, when the forearm is assumed to undergo single, two, and
multi-base and harmonic excitations.

* In the second problem the general Euler-Bernoulli beam is considered as the
primary system with fixed-fixed, simply supported and cantilevered type boundary
conditions.

e The beam is subjected to a harmonically excited forcing at a point and its vibration
suppression for the first three modal frequencies is analyzed with the ANVA.

e Itis shown that with the cubic nonlinear spring in the absorber the 24% of vibration
reduction in the beam is achieved without any control force than the linear PVA.

e Further, it is shown that with suitable active forces vibration reduction in the
response amplitude of the beam is achieved for the first three modal frequencies.

e In the last or third system, a rotational inertial double-tuned mass damper
(RIDTMD) is considered for vibration suppression of an SDOF nonlinear primary
system.

e Itis shown that the cubic nonlinear stiffness in the system reduces the vibration but
shows multiple stable and unstable branches in the frequency response. The

nonlinear system is not useful for broadband frequency of operation but at closer to

TH-2895_13¢403038



Conclusions

7.3

7.3.1

TH-2895_136103038

the resonating frequency of operation the system outperforms the linear RIDTMD.
In the next section-specific conclusions related to the five problems considered in

this work are presented.
Specific conclusions

Linear PZT based active vibration absorber with acceleration

feedback under external harmonic excitation.

The closed-form equation for the optimal tuning ratio (), ) and damping ratio (

{,,) for the AVA with acceleration feedback obtained by the FPT technique is

0 (@) +4 (@)
2

givenas @, = (l—Fu)/(1+,u) and ¢, :\/ . Here F, and u

denote the active force and mass ratio between the absorber and the primary system.

The term ,’ (a)a) and ¢, (cq,) are given in Chapter 2.

From the Routh criterion, the range of active force at which the system is found to

be stableis —#/ < F, <1.

The optimization parameters obtained by FPT and GA give almost the same result
in the frequency responses but GA takes more time to converge. So, one can use the
closed-form equations shown above for the optimal parameters of AVA.

60% to 90% reduction in the maximum response amplitude of the primary system
is achieved by varying the active feedback gain compared to the PVA.

The optimal active force is found to be 0.19 with optimal parameters for the PVA
mentioned in previous literature. The optimal active force obtained for the proposed
AVA with acceleration feedback is 0.38.

The step responses show the primary system response with active force settles down

more quickly and the steady-state error is 94% less than that with PVA.
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7.3.2 Dynamics of ANVA using Time Delay Acceleration Feedback

* For the PVA with cubic nonlinear spring stiffness equal to 2.2 % of its linear stiffness
value, the first peak in the frequency response increases by 38% while the second peak
reduces by 15% more than the linear PVA.

* Higher nonlinear stiffness in the PVA (22% of its linear stiffness) produces a very high
response amplitude in the system for external harmonic forcing frequency (Q ) in the
range of 0.9 to 0.972. Hence the cubic nonlinear stiffness value in the PVA must be
below or equal to 2.2% of its linear stiffness to operate the system near or away from
the resonating frequency (Q = 1). It may be noted that here Q is a non-dimensional
forcing frequency.

* The PVA with cubic nonlinear spring stiffness in the primary system is equal to 10%
of linear stiffness, the system frequency response is similar to the linear PV A. But with
higher nonlinear stiffness in the primary system (100% of its linear stiffness) shows
jump up and jump down phenomena with saddle-node bifurcation points at Q =1.18
and Q = 1. 8. The jump up and jump down lengths are found to be 0.42 and 1.68
during sweeping down and sweeping up the forcing frequencies. The nonlinear
stiffness in the primary system, however, reduces the response amplitude of the
primary system to 37% near the first peak (Q =0.89). In this case, the primary system
is subjected to only harmonic force excitation.

* It is shown that with the active force 21% reduction in the peaks of the response
amplitude of the primary system is achieved for lower nonlinear stiffness (10% of
linear stiffness) present in the primary system when it is under both harmonic force
and base excitation. Also, 72% reduction is achieved at resonating frequency. For
higher nonlinear stiffness in the primary system (100% of linear stiffness), a 77%
reduction in the second peak (Q = 1.1) is observed. Moreover, the highly nonlinear
primary system behaves like that of a linear system with no hardening effect in the
frequency response.

* In the case of the highly nonlinear absorber, by applying suitable active force the
response amplitude of the primary system is shown to reduce significantly near the
resonant frequency. After the resonant frequency, supercritical Hopf bifurcation is

observed giving rise to periodic, quasiperiodic and chaotic responses. With the change
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in the active force, one can control these responses to suppress the vibration of the
system.

*  With the increase in the active force by the ANVA the second peak in the frequency
response shifts to the higher side of operating frequencies, so for a wider range of
operating frequencies vibration suppression of the primary system is achieved. Also at
the resonating frequency with the active force around 80%, vibration reduction is
observed but shows both stable and unstable branches in the frequency response curve.
Hence one has to choose a suitable control force to suppress the vibration of the
primary system effectively.

* For the linear primary and secondary system around a 90% reduction in the response
amplitude of the primary system is observed for forcing frequency ( Q ) in the range of
0.85 to 1.1. It may be noted that here both harmonic and force excitations are acting
on the primary system.

e It is shown that for the higher external amplitude of harmonic excitation on the
nonlinear primary system the linear PV A shows unstable responses with jump up and
jump down phenomena, Hopf bifurcation points in the force responses at Q = 1.2. But
with the suitable active force by the ANV A the system response shows stable minimum
response amplitude even for the very high amplitude of excitations. The effectiveness
of the active force is observed also at Q = 1, reducing a minimum of 60% of response
amplitude at different forcing amplitudes.

* The active force with a lower time delay (0.1) in the acceleration feedback performs
marginally better (10% to 20% vibration reduction) than with zero-time delay for both
linear and nonlinear primary systems.

e The time delay equal to 0.1 reduces 65% of response amplitude when the lower
nonlinear stiffness (2.2%) is present only in the absorber. But for higher nonlinear
stiffness in the absorber (22%), a 90% reduction in the response amplitude is achieved
with a time delay of 1 in the active force.

e The higher time delay equal to 10, in the feedback makes the linear and nonlinear
system unstable for a wide range of operating frequencies.

* Itisalso shown that with a comparative higher nonlinear stiffness in the spring attached
to the PZT stack actuator vibration suppression of both the primary system and

secondary system can be achieved. In this case, it is shown that 87% of vibration
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suppression in the secondary system is achieved while for the primary system 31%
reduction in the response is observed with the active force.

* The Den Hartog’s equal peaks in the frequency response are the first time achieved for
the AVA with acceleration feedback when the primary system is subjected to both
harmonic and base excitations.

* In the proposed model, as both spring and actuator provide the controlling force, one
can obtain a higher active force by the PZT stack actuator due to the blocking force
produced by the spring which is in series connection with the PZT stack actuator. With
the proposed ANVA, one can change the frequency of the absorber actively by
applying the voltage, which can be used to tune the frequency of the absorber for a
wider range of operating frequencies.

* From these analyses, it is shown that by suitably applying the controlling force by the
spring and PZT stack actuator combination (30 - 90%) vibration suppression of
maximum response amplitude of the primary system can be achieved for various

nonlinear stiffness in the system and amplitude of external force and base excitations.

7.3.3 Traditional and Non-Traditional ANVA with Time Delay

Combination Feedback

* For the nonlinear system, linear and nonlinear system Den Hartog’s equal peaks in
the frequency response are obtained by using MMS reduced equations which are
not reported in earlier literature.

e The proposed active traditional vibration absorber (TVA) and non-traditional
vibration absorber (NVA), reduce a significant reduction in the trivial state
instability regions and around a 200% increase in the critical value of the amplitude
of parametric excitations are found, which are not present in the earlier literature.

e The higher nonlinear stiffness in the main system (50% of linear stiffness) does not
affect the stability of the system as much as the nonlinear stiffness in the absorber
(10% of linear stiffness).

* For the linear system it is shown that with the various combination of active control
forces by displacement, velocity and acceleration feedback complete vibration
suppression (100% reduction) of the primary system can be achieved at the primary

resonance condition.
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* For the linear system, the vibration suppression for a wider band of operating
frequencies is also achieved with a minimum reduction of 58% response amplitude
at the peaks to a maximum of 100% for harmonic forcing frequency in the range of
0 to 1.6 rad/sec. It may be noted that in this problem primary resonance is at 1
rad/sec.

* The vibration suppression by the nontraditional vibration absorber (NVA) is
comparatively better both in the case of with and without active force than the
traditional vibration absorber (TVA). For NVA the complete vibration suppression
is observed at a forcing frequency equal to 1.12 rad/sec. A 10% more reduction in
the vibration of the primary system by NVA is achieved than TVA for forcing
frequency in the range 1.12 to 1.6 rad/sec.

* A higher time delay (greater than 77/10 sec) in the feedback makes the system
unstable. However, lower time delay (77/10 sec) shows better vibration
suppression near resonating frequency than without delay.

* For both primary and principal parametric resonance conditions complete (100%
reduction) in the vibration of the primary system is achieved by the different
combination feedback used in the TVA. Also for a wider band of operating
frequency i.e 1 rad/sec to 1.6 rad/sec and 2 rad/sec to 3.2 rad/sec a minimum of 75%
decrease in the response amplitude of the primary system is observed than the PVA.
It may be noted that primary and principal parametric resonance condition occurs
at 1 rad/sec and 2 rad/sec, respectively.

* For NVA complete vibration suppression is at 1.12 rad/sec for both primary and
principal parametric resonance conditions and also for a broad range (1.2 rad/sec
1.6 rad/sec and 2.4 rad/sec to 3.2 rad/sec) a minimum of 90% reduction in vibration
of the primary system is achieved than PVA.

* For the nonlinear system, 100% vibration reduction is achieved at 0.95 rad/sec and
1.9 rad/sec and also for a wide range (0.625 rad/sec to 1.12 rad/sec and 1.3 rad/sec
to 2.24 rad/sec) a minimum of 75% reduction in the response amplitude of the
primary system is observed than PVA.

* However, the active feedback gain induces a more unstable range of responses
showing saddle-node bifurcations, Hopf bifurcation and chaotic responses at
various operating frequencies for various nonlinear stiffness in comparison with the

PVA. So, at these operating frequencies, one can use zero active force which makes
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the system the same as PVA and thereby can suppress the vibration of the primary
system for a wide range of operating frequencies.

* The force responses show with the active feedback gains by the ANVA the jump
up and jump down phenomena is not observed in the primary system with the
variation in the external harmonic and parametric excitations. Whereas with PVA
two Hopf bifurcation points and two saddle node bifurcation points are observed.
The saddle-node bifurcation points which lead to jump up and jump down
phenomena are observed with the PVA are at 1 rad/sec and 2 rad/sec and forcing
amplitude equals 0.82 N, 0.91 N, 1.06 and 2.29 N.

* This sudden decrease or increase in the response amplitude of the main system may
fail the system, so the active TVA is more useful in these conditions. Similar
observations are also noticed with the increase in the nonlinear stiffness coefficient
of the system.

* The time delay in the range of 377/4 sec to 577/4 sec almost completely reduces
the vibration of the nonlinear system with the combination feedback. Outside this
region, unstable responses in the system are observed.

e The efficacy of the active feedback gain is observed in reducing the response
amplitude of the nonlinear primary system to a minimum of 66% to a maximum of
97% at the resonating primary and principal parametric resonance conditions with
the variation of the amplitude of force and parametric excitations from 0.2 N to 1.6
N for a mass ratio equal to 0.05.

* The efficacy of active force is also observed for the mass ratio of 0.025 (absorber
mass is 40 times less than primary mass) with a reduction of 72% response
amplitude for the primary and principal parametric resonance for the amplitude of
harmonic and parametric excitations equals to 0.4 N.

* The efficacy of the active force is observed for a mass ratio equal to 0.01 also but
in this case, one has to increase the active force to suppress the vibration.

e From this study, it is shown that one can completely suppress the vibration of the
linear and nonlinear primary system under primary, principal parametric and
simultaneous primary and principal parametric resonance conditions. The analyses
show the effectiveness of the proposed ANVA especially for a mass ratio equal to
0.05 but its efficacy can be observed at a higher mass ratio and higher forcing

amplitude with the increase in the active forces by the ANVA.
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7.3.4 Traditional and Non-Traditional ANVA with Time Delay

Combination Feedback for Hard Excitations

* For the system primary system under simultaneous superharmonic, principal
parametric and primary resonance conditions with 1:1 internal resonance
conditions, it is shown that the response amplitude of the primary system can be
effectively reduced close to the 100% absorption at a certain range of frequencies
at the above-mentioned resonance conditions.

* The 100% vibration suppression is achieved at various operating frequencies by
many combinations of different feedback forces for various nonlinear stiffness in
the system.

* The time delay both in damper and feedback makes the system more prone to
unstable responses with the active forces. So, in this case, zero active force can be
utilized and actively changing the frequency of the absorber the vibration
suppression can be achieved.

* The non-traditional vibration absorber performs marginally better than the
traditional vibration absorber considering both linear and nonlinear stiffness in the
system.

e In the ANVA with 1:2 and 3:1 internal resonance conditions, a 100% reduction in
the response amplitude of the primary system is achieved for external harmonic

forcing frequency Q, in the range of 0.18 rad/sec to 0.88 rad/sec without any

feedback gain.

* The nontrivial state undergoes a transition from stable to unstable region by saddle-
node bifurcation for both passive and active cases.

* For simultaneous subharmonic, principal parametric, primary and 1:1 internal
resonance conditions the nontrivial state undergoes a transition from stable to
unstable region by saddle-node bifurcation for both passive and active cases at
operating frequency 1.36 rad/sec.

e The trivial solution with the PVA for the above resonance conditions shows
unstable solutions for operating frequency in the range of 1.15 rad/sec to 1.65
rad/sec. But with the active force by the ANVA the trivial state always becomes

stable.
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* For 1:3 internal resonance conditions, the efficacy of the active controlling force is
observed in the time responses when the operating frequencies are on the higher

side (Q, (rad/sec) =3 ) +0.4, Q, (rad/sec) =2 ) +0.4, and Q,(rad/sec) = &} +0.4).
It is shown that a 62% reduction in the response of the primary system is achieved

with the active gain. It may be noted that here Q,, Q, and €, refers to the external

operating frequencies for external hard harmonic excitation, parametric excitation
and base excitation, respectively.

* For the 1:2 internal resonance condition, from the time responses plots, it can be
observed that with active combination feedback along with time delay in the damper
and feedback almost 100% vibration reduction is achieved. It may be noted that in
the passive case the system time response at these internal and external resonance

conditions is unstable.

7.3.5 Application of ANVA for vibration suppression

e It is shown that with the active acceleration feedback gain by the active linear
vibration absorber (active bracelet) the first peak in the response amplitude of the
primary system (forearm) is decreased by 52% and the second peak is decreased by
96% than with PVA (passive bracelet). Also, considering parameters of the human

forearm the active bracelet with the F, gain reduces the response amplitude by

72.5% in the first peak (3.83 Hz) and 92.6% in the second peak (6.95 Hz) than the
PVA.

* Itis shown that the F, gain by the AVA (active bracelet) significantly suppresses

the tremor suppression of the forearm both for the linear and nonlinear system for
Q > 3.5 Hz than the PVA. For the lower frequency region, one can provide zero
control gain and use the active bracelet passively to effectively suppress the tremors
for a wide range of operating frequencies.

* The nonlinear stiffness in the system produces unstable responses, so one has to
avoid these regions of operating frequencies to have less response amplitude of the
forearm.

e The effectiveness of the acceleration feedback gain is also observed at the
resonating frequencies in suppressing vibration than the PVA when the forearm is

subjected to multi-base and harmonic excitations. active
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* For the second system, one can observe that with cubic nonlinear stiffness in the
absorber (nonlinear PVA) the response amplitude of the fixed-fixed beam at the
first modal frequency decreases by 24% and for the nonlinear absorber 50%
reduction in the response amplitude is observed.

* Further considering velocity feedback in the nonlinear AVA, 52% and 28%
reduction in the response amplitude of the fixed-fixed beam and the absorber are
observed in comparison with nonlinear PVA at the first modal frequency.

* For the third system, it is shown that with nonlinear stiffness in the primary system
78% to 90% reduction in the response amplitude of the primary system can be
achieved than considering linear stiffness but for a narrow range of operating
frequencies.

* The three high resonating peaks in the primary system are observed at 0.86 rad/sec,
1 rad/sec and 1.1 rad/sec, respectively with the linear PVA. The nonlinear stiffness
in the primary system or the absorber reduces the response amplitude for a very
narrow band of operating frequencies close to the resonating peaks. So one has to
operate the system within the mentioned range of operating frequencies to suppress

the vibration of the primacy system effectively.

This study will help the designer or the operator to identify the safe operating zone and the
system responses for various system parameters such as various nonlinear stiffness values
in the system, active forces through various combination feedbacks, actively changing the
frequency of the absorber, time delays in the damping and in the feedback for both passive
and active traditional and non-traditional vibration absorbers. From the above study, one
can know the system responses considering various external and internal resonance

conditions.
7.4 Scope of Future work

In the present study vibration, suppression by ANVA through various feedbacks and
resonance conditions are studied. There are many scopes to extend the present work to
enhance the vibration suppression of the various system. Some of them are given below.

*  One can obtain the closed-form formulae for the optimal displacement, velocity and

acceleration feedback control gains and time delay by an active nonlinear vibration
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absorber to suppress the vibration of the primary system for many resonance
conditions as considered in the present study.

* Similarly, one can obtain the formulae for the optimum nonlinear stiffness and
feedback gain required both in the primary system and the secondary system by
considering active nonlinear vibration absorbers (ANVA) for various feedback and
time delays for a base excited primary system with external harmonic excitation.

* The optimal time delay for equal peaks in response amplitude may also be the focus
of future research.

e The present work on ANVA attached to the beam can be extended considering
damping in the beam and evaluating the optimal location and time-delayed feedback
gains required by the ANV A to suppress the vibration of the beam for a wider range
of operating frequencies considering various excitations and resonance conditions
acting on the beam.

e The performance analyses between the nonlinear RIDTMD and ANVA with time-
delay feedback can be extended to study the vibration suppression of the linear and
nonlinear primary systems. The close form relation for the optimal nonlinear
stiffness in the RITMD can be evaluated to achieve Den Hartog’s equal peaks in
the response.

e The present work of ANV A on suppression of forearm tremors can be extended to
find the optimal time delayed active feedback gains required to suppress tremors.
Experimental analyses can also be extended to study the effectiveness of the ANVA
on patients.

* The application of ANVA is now widening in many fields such as in sports cars,
wind turbines, biomedical devices, structural response under wind excitations,
especially for flexible structures, etc. The present study can be extended into many
other applications considering the actual system parameters.

* The vibration of the absorber can be utilized for energy harvesting purposes.

e The present work can be extended to an active nonlinear multi DOF vibration
absorber with the spatial distribution and following optimality criterion.

* Experimental analyses for the active nonlinear vibration absorber for various
resonance conditions studied in this work can also be implemented in future

research work.
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Appendix-A
Dynamics of ANVA using Time Delay Acceleration

Feedback
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Fig. A: (a) MATLAB SIMULINK model of the system (b) subsystem model for passive
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nonlinear vibration absorber and linear primary system with external harmonic
excitation.(c) subsystem model for active nonlinear vibration absorber and nonlinear
primary system under harmonic external force and base excitation by time delay

acceleration feedback.
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Appendix B

Appendix-B
Traditional and Non-Traditional ANVA with Time Delay
Combination Feedback for Primary and Principal

Parametric Resonance Conditions

2igD A =iz, A — iz, A0, eXp(i(Jl _0-2))Tl B

- p“3N1+3p112p12N2+ — (NN, +N,,N, +
Pk " 3 +(p21 _pll)k23
3pupn N;+p,'N,

N;N; +N,,N,
+(p21 _p11)k2p11A1dQ1 exp(—ia{td) +(p21 _p11)];23N (B.1)
+(p21 _pn)kzpnAdez exp(_iwztd +i(01 _0-2)T1)+0~5p11F11 exp(iaﬂl)

+0.5p,,F, (pnxl exp(iaﬂ}) ) p1222 exp(i(03 _(01 _0-2)71)))

2iw,D,A, =iz, AW exp(—i(d1 —Uz)Tl) =iz, AW —

— [P’ Ny 3P, PN, _ — [N N+ N,Ny,
Pk 3 3 +(p22 p12)k23 *N.N.+N N
+3pPin Nyt P Ny 13413 144V 14

+ (pzz P ) k,p,,A,,Q, exp (_i (a‘ltd r (01 - az)Tl )) (B.2)
+ (pzz ~Pn ) k,p1,A;,Q, exp (_iwztd ) 5 (pzz ~Pn ) 1;2%]\7 +0.5p,,F}, exp (iO’le )
+0.5p,F, (pIZ‘ZQ 28 (i04T1) + pIZZl exp(i(04 + (01 - az)Tl )))

Coefficients Q,, Q,, N,,to N,,, N and N are given below.

0 =f,-iaf,-a’f,, & =f,-iwf,-w’f,

Ny =20 =pn) s N =3(p0 + 02" ) (P = P ) + 600 (PP = Prala )

Ny =3(po’ + P’ ) (o = Po) +6P0pn (o = 1) N = (P = p2)

Ny =3p, (P’ #2009 + P’ ) Ny =6p1, (P = Po) (P = P )

Ny, =3p, (P12 = 29000 #3027 )s Noy =657 (P = P ) 60,921 (P + 2 ).
Ny =3p, (P02 =2P0Pn + P2’)s Nog =305 (P =2P0pm + P27,
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N =N, 0.A exp(ict, ) (A4, +2AA, exp(=2iay,)) +
AAA,+AAA, exp(2i(0, —02)T1)+J+

AA A, exp(2ia, +2i(0,-0,)T;)
N,0,A explicat, ) (AA,, +2AA,, exp( 2wy, +i(0,-0,)T;)) +

AAA,, +AAA, exp(2i(0, —az)T1)+J+
AAA,, exp(2iwt,)
N0, A, exp(=icat, ) (4,4, + A,A, exp(2iag, +2i(0,-0,)T;)) +
N0, 4, exp(ict, +i(o, —az)Tl)(AZZZd +AA,, eXp(—Zicqtd)),

N»Q, exp(_iqtzi _i(a-l _0-2)71){

N,,Q, exp (_ia%td )(

N =N, 04 exp(i(at, )T,)) (A4, +24 A, exp(2ic, ) +
N22Q1 GXP( i, - [A1A2A1d+AA2A1d exp(zl(a J)T) J+
AA A, exp 2chT +2z(0 JZ)T)
N,O, A exp( (wzt - 7i))(‘4 Ay +2AA’Zd E:Xp( —2idt, ))+

AA2A2d+AA2A2dexp(21(J ,)T;) .

+A A A, exp(2iwt,)

N,0,4, exp (i, ) (4,4, + A,A, exp(2iat, +2i (0, -0,)T,)) +

26Q2Azexp(lwzt +l(0’ 02) )(A2A2d+A2A2d exp( ZiC"itd))

N24Qzexp( (wzt + 01 02 (

Terms @, le’Qn’ le’ dns %> Gns Go> G 10 G, Glto Gy and hyto hy, are given

below.

0, =(f, - f.a@)sin (@, + B1,) - fe4 cos (aat, + BT, ).

0, =(f, — £, )sin (v =y, T, = Bit,) = fraw, cos(y; =y, —ayt, = Bt ).
0., =(f, - f.0*)cos(awr, + B, )+fa4sin(a4t +f1,),

0., =(f, — f.a8" )eos(yi =y, —@yt, = BT, ) - @y sin (v, =y, @y, = BT, ).

=(f, = £.@)sin(y, ~y, ~a, -ﬁ’lfd)%wzcos(yz ~V-dT, - Br,),
4, ==(f, = £, )sin(@T, + B,1,) - f.e cos (ayt, +BrT,),
Gy = (£, = 1,08 )cos (v, ~ v~ @, = Br,) - faqcos (v, =y, ~att, = B,)
G = (1, = £.08" ) cos (@, + B.1,) - f.a, cos(wyt, + BT, ).
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G, :Sin(yl _yz)(P112a12 +p122a22)+p11p12a1a2 Sin(z(% _yz)),
G, :(N12a12 +N14“22)Sin(y1 _y2)+N13ala2 sin(2(yl —Vz)),

_ ) (fd_facqz)(Sin(cqtd_ﬁlrd)_zsin(cqtd-l_lglrd))
G3 _NZIal ayy +
+f.4 (Cos(qtd _:31Td)+2005(a%1 +[31Td))
Noaa a, (fd _faa{z)(Sin(Z;J_/lﬁ_lej+2Sin(y1 Y _lglrd)cos(c“]td )J
+fCU](COS( -y, -awt, - BT )+2cos(y1—yz—,é’lrd)cos(w]td))
, ( 2)(sm(y2 V. +awt, ,6’27)+2sin(y1— - t—,[:’zr )
N23a1 aZd +
+fwz(cos(yz Vit =Bty ) +2cos(y; -y A1)
N (fd faf)(sm(( —y)—azztd—ﬂ2 ) 2cos(wt,) s1n(,32.rd))
uthtrq 4y +ﬁ,a)2(2cos(a)zt )cos(ﬂz )+c0s( ( —wt, = B,T d))

oy (£, - f.09°)(sin (2( = 15) +aat, + B, ) sin (e, +ﬁl )
25ty Ay

—fva{(cos(cqtd + 871, )+cos( ( y2)+6u]t +41,
2N,y cos (e, + A1, ) (£, = £.@)sin (4 - 1) = fea cos (v - 1)),
G =p e’ +(p11 Pud’a, + pya, )COS(% _V2)+2p11p12 a,a, (1+COS(2(V1 _yz))),
éz = 3N11a13 +(lealzaz i N14a23)cos(y1 _yz) +2N13a1a22 (1+COS(2(V1 - yz))),
~ 5 (fd —faaf)(cos(cqtd _Iglrd)_ZSin(thd +:81Td))
G, =N,a,ay, t

~f,a (sin (eat, = Br,) +2sin (awy, + B1,))

(fd _fHQ2)(COS(Zl‘;KI,B—ITdJ+ZCOS(VI -y —/ird)cos(cqtd)j

—fch(sin(yz—yl—cqtd—,ﬁ’lrd)+23in( - B, )cos(at, ))

-y +
. (fd—fa@z)[cos(zt Jfﬁr j+2cos(%—yz—wzrd—ﬂzrd)j

Na,°a,,

Nyaa,,a,

~1.,(sin (v, =, + @, = B, )+ 2sin(y, -y, — o, ~ .1,)

(£, = £ ) (2c0s (@, )cos (B, ) +cos (2(vi - 12) - aat, - B, ))
~f.@ (—ZCos(a)ztd)sin(,le'd)+sin(2(y1 -y,)-wt, —ﬁzrd)) J
(fd—facqz)(cos(—md—/zrd>+cos(z(yl—yz>+%+/zrd))J+
+f)cq(sin(— t, - BT )+sin(2(y—y2)+agtd+,6’lrd))

2N,a,’a,, cos(wt, + BT, )(( - f.@, )cos( -y,)+ faysin(y, - yz))

Nyaa,,a,

2
+N25('12 ald
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- [(fd —facqz)(cos(a,{td —ﬁlrd)—2sin(cqtd +[31Td))}+

G, = N21a12a1d . .
-f.a (sm(cqtd -Br, ) + ZSIH(Cu]td +,6’1Td))

(fd —faaf)(cos(z h J+200s(y1 A —,@Td)cos(qtd)j .

N aa,,a, B,
~f.aq (sin(y, = v —att, = Br,) + 2sin (1, - v, = B, ) cos (aat, ))
N,a’a,, < —fuwf)(cos{z;’f;zrd},zcos(m RAY ‘/325)}
~f.a (sin (s —y; + @, - B, ) +2sin(y; -y, -yt - B, ))
N (fd ‘faa’zz)(2cos(a&td)cos(,82rd) +cos(2(y — ) - wt, —/Bzrd))J+
~fw (—2cos(a)ztd)sin (/%Td)+sin(2(yl S AR ‘IBJJ))
O ]
N s (sin (e, — BT, ) +sin(2 (0~ 5) + e, + A7, )

2N, a, cos (@t + BT, )(( £ = £,007)eos (v - 15) + £ sin (4 - 1))
G, = (pllzalz +p122a22)sin(y2 — )+ ppnaa, sin(2(y, = 1)),
G, =(3N,a + Ny, )sin (=1, ) + Naa, sin (2(y, = 1))
(ﬁ,—ﬁ,af)(sin(yz—yl+6%—,b’lrd)+2sin(yz—yl—cqrw,l%nl))J+
+f,a (cos(y, =y, + @i, = Br,) +2cos(y, -y —at, - Br,))
(£, = £.a)(sin(2(1s -Vl)-%-/%Td)‘2008(a{fd)sin(lifd))}
+£, (cos(2(vs = 1) ~att, = Br, )+ 2cos(wpt, ) cos (B, ))
ol At )
(

N23al aZd
+fwz(0052 - )+, - B1,)+2c0s(wy, +B1,))

= 2
Gs =N,a.a, {

N22alalda2 {

(£, - £.@) (2sin (v, =5 = But, )cos (ayt, ) +sin (v =y, —wyt, = Bi1,))
+f,0 (2cos(y, =y = Bor, ) cos(awy, ) +cos (¥, — v, —wt, = BT,)) }
2N, a, (£, = £ )sin (v = s + @t + Br,) = Faa cos (v -y, + e, + BT,) ) +
2N ala, (£, £.08 )sin (e, + B,r,) - £, cos (ayr, + Br,)).

G, = (p113a13 + p“plzzalazz)cos(yz -¥)+ . pna’a, (cos(z(y2 - yl)) + 2) +p,la,’,
G, = (3N,a" + Ny, )eos (y, = 1) + Nyaay (cos (2(, = 1)) +2) +3N,.a,",

N24ala2d (12 (
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~ 5 (fd_fua'fz)(cos(yz_yl"'a'ftd_ﬁlrd)"'zcos(yz_yl_a'ftd"'ﬂlrd))
Gy =Nya,ay, +
~f,@ (sin(y, =y +at, = Br,) +2sin (v, - v, —at, - Br,))
N (fd fCL{ )(COS( ( 2_y1)_a'ftd_lglrd)-l_zcos(cqtd)cos(ﬁlrd))
244,44,
—fch(sin(Z(yz—yl)—a,{td—,6’1Td)+sin(a,{td)cos(/3lrd))
(fd—fa)zz)(COS(Q( _J/1)+a)2td_ﬁZTd)_ZCOS(a)th-i-ﬁZTd)) .
~f,@ (sin(2(p, - 1) + ﬂzrd)-2sin(wzrd+ﬁ2rd))
(- 1)
—fan(Zsm(y2 k*x )cos(@t )+sm(yl—y2—a)2td
2N, a,%a,, (£, - z)cos Vimpst @, + BT,)+ fasin(y -y +a, +BT,))+
L )cos(at, + B, ) + fasin(wy, + B, ).

2
+Nya,"ay,

N,a,a,,a,

2cos(y, =y = Bot, ) cos (e, )+COS(V1_Vz_wz’d_ﬂsz))J
2a)

+2N,a,’a,, (( cos

(
(
b s, A5 ot A
» =cos(ay, +Bz,) p ~sin (@, +B1,) 4,
h13 —cos(a)ztd +,32Td) q, +s1n(a)2td +,82Td)p2,
h, =cos(wt, +B,1,) p, —sin(wt, + BT,)q,

The steady state response of the system is studied by considering
a4 =ay,, 4, =ay,, Wt, =Br, and wt, ==L,
The MMS second order reduced equations are given below.

a = 8[—0.5Z11611 -0.5z,a, 2 cos (y1 - yz) + O.SLF“sin ylj +
i W

z F. .
——2{(—0.25111011 2 4;% cos(y1 —yz) +—p:116q11 sin ylj =

Z pi, F p.F 0,
2123)2[025122a2sm(y y2)+i2—wz“cosylj Zc: 1s1ny1 (B.3)

2

. D F
" [0.25222112 sin(y; = y,) +I—w:2cosle
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Ly [212 W
a,i 44
_ % a C’%
| ad

F, .
cos(y; - yz)—lzlfl—@I“mHy1 +O.25111a1]

Bl a
(y yz)_p:a; Smyl"'zzlﬁj

a, = 8(—0.5z21a1%cos(y2 —yl)—O.Szzzat2 +0.5%F“sinyzj+

Z pi.F, .
2223 (o 25z,,a, cos (¥, —yl)+0.25z12a2%—ﬁsmsz

)

22 ( Z21 la{

el da MUATH)Y piﬁlcosyj Pt siny, +

40y’

| &

y, = &0, —s[—O.SZZl 44 sin(y, —%)—O.SMcosyzj+
a, a,

2| 2 F Znl % F
[lilsm(yz—yl) p:a{“COSVZ) i[i}qlsm(y yl)+—pfwz“cosy2J

_Ly
2w’

+

a,l,

x [
| B,

where )

TH-2895_136103038

(le ISIH(VZ—VI)

P11F11
4a,q

———=cos VZJ

plell
4a

2

2y

_ 2 [Z a,d
’ 2w a,a,

49

a,l,

a
j;’z p:q i smyzj

‘ud 25 cos(y, — ¥;) +0.252,,a, -%sin yzj

=0l,-B, p,=0,T,- ..

50, COS )/,

cos(y, = ;) +0.25z,, —o.255LF11sinyzj

(B.4)

(B.5)

(B.6)
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Appendix-C
Traditional and Non-Traditional ANVA with Time Delay

Combination Feedback for Hard Excitations

The terms D,, D,, D,, D,, Dy, D, and D, are given as

_29, sin(Q, (7, -1,))
6"{2 _(Ql (To _Tl))2 ’

_ A cos(3T;) | 2 (3n7 +6AAN,) 6ANcos((2Q, -@)T,)

D, == QT
’ 4(‘-‘12 a‘f—le COS( . 0)+ a{z_(le_q)z
L OAN cos (e +ZQ;)TO) L OAA, cos ((2¢q + Q;)TO) L OAA, cos (2 —QZI)TO)
o - (@ +29,) o’ - (20 +Q,) o’ -(20-Q))
D= 24 A, cos (24 +a)§)TO) 24N, cos (244 +Q21)TO) L2ATN, cos (244 —Q;)TO)
o’ - (20 + @) o’ = (20 +Q)) o' - (20-Q,)
N 2AN} cos((2Q1 + aE)TO) . 2N} cos((2Q1 —aE)TO) N 2/\12A22cos(§21T0) y
o -(20, +w) o (29, -a) @0,
4A AN, cos((cq +, +Q1)To) N 4ANN, cos((cq +ZQI)TO) N
o ~(g+w+Q) o (@ +29,)
4A1/\1‘Zz COS((C"] W +Ql)TO) ;- 421‘42/\1 COS((Ql - +%)TO) +
o -(g-w+Q) o -(Q-a+a)
4 ZI/\I/\Z COS((2Q1 _aj)TO) + Z1‘12/\1 COS((Ql —q _wzz)To) + (‘KIAZ/\I +/\212/\2 )ZCOS(QlZ))
o -(2Q, - ) o' - (Q -1 -w) o =,

b 2A;A12cos((2cuZ +az )T;) . 2A;/\12cos((2caZ +QZI)TO) . 2A;/\12cos((2cuZ —Q;)TO) .
o' - (2w +q) o' - (2w +Q)) o' - (2w -Q)
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L 24, cos ((w+29)1;) L 24N, cos (22, -w)1;) L2 cos(QT,)

@' - (29, @) @' - (29, -q) o -Q/
o -(q+a+Q) o - (@ +29,)
+4/\2 AZZI ios((wz +Ql _C‘{ZTO) + ZZAI ios((Ql - +C‘{ZTO) + ZZ/\I (2308((291 _C%Z)T())J
o’ - (@ +Q-a) o’ - (Q-w+a) o’ - (29, - @)
.\ 4A AN, cos((Q1 - —a)z)TO) .\ (4KIA1/\2 +4/\12/\2)cos(QlTO)
a{z_(Ql_a{_wz)z @’ -Q ’
3 2(3N,° +64,A, 6/,% A 2Q,-w)T,
D :2A2 308(360227:))4- ( 2+ AZfZ )COS(QzT())+ : AZCOS(( l ajz) 0)
o -9 o' -Q, o’ -(2Q - @)
N 6A,\,* cos ((a)2 +2QI)T0) . 64N, cos((2a)2 +QI)T0) N 6A,°N, cos((Z(u2 —QI)TO)
o ~(w+29Q) o - (20 +Q,) o -(20,-Q)
D= 2pk, COS(Ql (To - Tz))((pn/\l e p12/\2)(fd _faQIZ))
’ qu —(Ql (T( _Tz))2 -9 (pn/\l v plez)Sin(Ql (To _Tz))
P COS(((“I +Qz)T0) + P4, COS((% +Qz)To)
D. = qu_(a{"'Qz)z qu_(wz"'Qz)
' + (pll/\l +p12/\2)COS((QI +Q2)72)) + (pn/\l +p12A2)COS((_Ql +Qz)To) .
C"{z_(Ql"'Qz)2 6“12_(_91"'92)2
The terms Dy, D,, D,, D,, Dy, D, and D, are given as
Dl _ 2Q, sin(Q1 (Z) —Tz)z)’
wzz _(Ql (T( _Tz))

N 3 2(3A, +6A AN, 6AN> 2Q, -w)T,
DZ = 22A1 2 COS(3QYE))+ ( 2+ 2 )COS(QIYE))-'- L COS(( 1 a{Z) 0)
W, —94 W™ —Q, @2—(2Ql—cq)

L OAN, zcos((cq +2Q;)TO) L 04 /\lzcos((2cq +Q;)T0) L 64 /\lzcos((Zcq —Q;)TO)
@’ -(a +2Q,) @’ - (20 +Q,) @’ -(2-Q))
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2A7A, cos((2w + @) T, .\ 247N, cos((20 +Q))T;) .\ 247N, cos((20 -Q,)T;)
@’ -(2q+a) @’ -2 +Q) ®’ - (20 -Q)

.\ 2AN} cos((2Q1 + a)z)TO) .\ AN} cos((ZQ1 —a)z)TO) . 2N\ *A, cos(Q.T)

@’ -(2Q +a)’ @' (20 ~w) @’ -Q°
N 4A AN, cos((cq +w, + QI)TO) N 4ANN, cos((cq + 291)7"0)

@ -(@+w+Q) @’ -(a+2Q)
+4A1/\IZZ cos((cq - +Q1)To) N 4A AN, cos((Q1 - +a)2)TO)

@ ~(g-w+Q) @ -(Q-g+aw)
N 4ANN, cos((2Q1 —cq)To) ) 4A AN, cos((Q1 - _wz)To)

@’ -(2Q,-q) @ ~(Q-g-w)
. (444N, +4N2A, )cos (QT;)
@’ -Q} ’

D, =

24,°A cos((2e + ) T;) N 24N cos((2w, +Q,)T,) . 24N, cos (2w, -Q,)T,)
@’ - (2w +q) @’ ~(2w,+Q,) @’ -(20,-Q,)
N 2AN,° cos((cq + 2Q1)T0) N 2A N, cos ((2(21 —Cu])TO) N 2NN, cos(QlTO)
a)zz _(2§21 +a)2)2 a)zz _(le —CU])Z a&z _le

N 4A,AN, cos((cq tw+ QI)TO) . 4ANN, cos((@ + ZQI)TO)

@ -(g+a+Q) @’ ~(w+2Q)
+4AZZI/\2 cos((w2 +Q, —cq)TO) . 41K2A1/\2 cos((Q1 - +cq)TO)

@’ ~(0+Q-q) @’ ~(Q-w+q)
+ 4ZZA2A1 cos ((291 - C‘%)TO) + 4ZIZQA1 COS((Ql - _wz)To)

@’ -(2Q~w) 0 -(Q-9-w)
s (4AIA1/\2 +4/\12/\2)cos(QlTO)
wzz _le

D, =

es(iom) 2N TARA) o o0 (20, )1)
iy wra, -9 -a)

.\ 6AN, cos((w +29Q,)T,) .\ 6A,’N, cos ((2a +Q,)T,) .\ 6A,°A\, cos (2 -Q,)T;)

W’ ~(w+20)) W’ -(2w+Q,) ' -(2w,-Q,)

D, =
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o _pAeos((@+Q.)T) pudcos((@+0,)n)
.

@' -(g+Q,) @' (@ +Q,)
+ (P11/\1 + p12A2)COS((Q1 +Qz)To) + (pll/\l + plZAZ)COS((_Ql +Qz)To)
@2_(914'92)2 a)zz_(_Ql+Qz)2 .

The solution by MMS method are given as

Xl = XlO + gXll
=aq COS(?’QJZ) - yl) +2A, COS(QJ:)) g 5(611/\1 +CIZ/\2)D1 — &k, D,, —3¢k,,D;, C.1)
_3£kn3D41 _Ekn4D51 —&Dg+ép F,D,, '
X, =X, X,
=a, cos (3917}) = y2) +2A, cos(QJZ)) + <£‘(c21/\1 +c22/\2) 131 - ‘Eknl[)21 —3£knzl~)31 )
(C.

_3£kn3[j41 _gkn4b51 _£b6 +£P11F12[)71

where

| 3N +1.5a A, ) 3a,\’ cos (917:) -V )

a 2(
D =——= QT — QT
T Sap cos(9QT, —3y;) + ooy cos(QT,) + b () o
L 3a? cos(5QT, — p) | 1:54°A, cos((7Q.T, —24,)) L Lsath, cos((5Q.7, —2y,))
o ~(w+2Q,) o ~(20+Q,) o -(20-Q)

_ a’a, cos((9QlTO = yz)) .\ a’N, cos((7Q1T0 - 2}/1)) .\ a’A, cos((SQlTO —21/1))
4(@2—(2501 +a)2)2) 2(@12—(2@ +Ql)2) 2(@]2—(2@—91)2)
N a,\’ cos((SQlT0 . yz)) " a,\’ cos((Q1 - }/2)72)) N 2NN, cos(QT,)

31

@ =20, +a)’ @ -(20,~w)’ @ -Q/
N a,a,/\, cos((7QlT0 -y - yz)) . 2a,\\\, cos((SQlTO - yl))
o -(g+a,+Q,) o ~(w+29,)’
N a,a,/\, cos((QlTO -yt }/2)) N a,a,/\, cos ((QITO +)y - yz))
o ~(@-w+Q) & ~(Q-y+w)
, 26N, cos (1, -1)) , G cos((5Q.1, -y - 1)) .\ (alz/\1 +4/\12/\2)cos(QlT0)
o -(2Q - @)’ o -(Q-q-a) @ -Q’ ’
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_0.25a’a, cos((9Q.T, -y, —21,)) L 05a, cos((7QT, -2y,))
o’ - (2w + @)’ - (2w +Q)
N 0.5c122/\1 cos((SQITO —2y2)) N al/\z2 cos((SQlT0 - yl)) N al/\22 cos((QlTO - yl))
o -(2w,-Q,) o' -(2Q,+ @) o' - (20, - @)
N 2/\22/\1 cos(QlTo) N a,a,/\, cos((7Q1TO = A }/2)) N 2a,\\\, cos((SQlTO A ))
-0/ o -(@+a+Q) o = (@ +29,)
.\ a,a\, cos((QIY}) +y - ;/2)) .\ a,a,/\, cos((QlTO -y + }/2)) .\ 2a,\, N\, cos((QIY}) - yz))
W —(w+Q-@) o -(Q-w+a) @’ -(2Q - @)
.\ a,a,/\, cos((SQITO -y - yz)) ) ((112/\2 +4/\12/\2)cos(§217]))
@' -(Q-a-a) o’ =Q/ ’

41

_ 0.25a," cos (9Q,7, =3y, 2(3A, +1.50,’A,) 30,2, cos (T, - 1,))
W’ -9’ o’ -Q,’ o’ -(2Q, - )’
.\ 3a,M\,” cos (SQT, - ;) .\ L.5a,’A\, cos(7Q,T, -2y,) .\ 1.5a,’N\, cos(5QT, =2y, )
2 4 2
o =(w +2Q,) o' - (2w +Q)) o' - (2w -Q))

cos(Q,T,) +

51

_ Pu4, €08 (ngTo _yl) + P29, €08 (9Q1To _yz)
2 -(w+Q,))  2(w’-(w+2.))
+ (Pn/\l x plez)COS((Ql +Qz)T0) R (pll/\l = plez)COS((_Ql +Qz)T0)

D

71

qz_(Ql +Qz)2 C“Iz_(_Ql"'Qz)2
~ > 2(3A, +1.5a°N 2 -
D, =%cos(9QlTo -3y)+ ( : - Zl l)cos(QlTO)+ 3a‘A2‘ cos(Q/T; i/l)
4w’ -9’ @’ -Q, @ -(29, - )

L 3al cos(5QT, -y;)  15a°A, cos((7QT, —24,)) L1547, cos((5Q.7, —2,))
@’ ~(w+29,) @’ =20 +Q) @’ -(2q-9)

. a’a cos((9QlTO - ;/2)) .\ a’l, cos((7QIY}) —2}/1)) s a’A, cos((SQlTO —2;/1))
317 2 2 2 2 2 2
Ha-u+a))  2w-Ca+))  2(w-(2e-9)
s a,\} cos((SQlTO - }/2)) .\ a,\’ cos((Q1 - }/Z)TO) s 2NN, cos(QT,)

0)22 _(2§21 +C()2)2 0)22 _(2§21 _%)2 %2 _le
N a,a,/\, cos((7QlTo - —yz)) N 2a,\\\\, cos ((SQIT0 —yl)) N
@ ~(g+w+Q,) @’ ~(q+29,)
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a,a,/\, cos((QlTO -yt yz)) N a,a,/\, cos((QlTO +), —yz))

W’ -(g-w+Q) W -(Q-g+a)
, 26\, cos (7, -x)) , G\ cos (52, -v-»)) . (alz/\l +4/\12/\2)c0s(Q1TO) |
w’-(2Q,~w)’ W -(Q-w-a) w' -Q}

< a,’a, cos((9QlTO -V —2y2)) N a,’\, cos((7Q1To —2}/2)) N a,’ N\, cos((SQlT0 —2y2))
T -ara)) 2w -(e+q)) 2w -(w-0))

.\ a\, cos (5T, - 1)) .\ a\, cos((QT, - 1)) " 2N, cos(QT,)

o -(20+w) @’ -(20,-q) W -9
N a,a,/\, cos ((7Q1TO o yz)) . 2a,/\\\, cos ((SQIT0 = yz))

W (@ +a+Q) W’ (@ +20,)

.\ a,al\, cos((QlT0 +y - yz)) ’ a,al\, cos((QlTO -y + yz))

W’ (@ +Q - )’ o’ -(Q -+ )
N 2a,\,\, cos ((QlT0 —}/2)) N a,a,/\, cos ((5Q1T0 -V —yz)) (alz/\2 +4/\12/\2)cos(QlTO) ’

+

@’ -(2Q,-w) W -(Q-g-a) W' =0/

b = a,’ cos (3wT,) .\ 2(3/\23 +1.5a22/\2) 3\, a, cos((QlTO - yz))
e w7 =0; v -(29,-@)

.\ 3a,\,’ cos (5Q.T, - ) s 1.5a,°\, cos(7QT, =2y,) . 1.5a,’A\, cos (5Q.T, -2y,)
@’ (@ +2Q,) w’ -(20+Q) @’ ~(20,-Q)

cos (Q2T0 ) +

= _ Py cos (9Q7T,-¥) 4 Pid; o8 (9Q7T, -,)
71
2@ -(a+Q.)) 2(a@’-(a+.))
+ (pll/\l +p12A2)COS((Q1 +Qz)To) + (pll/\l +p12A2)COS((_Ql +Qz)To)
a)zz—(Q1+Q2)2 (‘-)22_(_91"'92)2
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Appendix-D
Applications of ANVA for Vibration Suppression:

Forearm Tremor

F,, =a)r(x1 _x2)+Facjél +F% +Fx, @=k/M,k, =k£k3/(k1€ +k3)’

aci

a, = -2Qcosf +2{,w, sin G —2F, Qcos @ +F,sing,

a, =2QAsin g +2{,w, Acos g +2F, AQsin 6, + F,Acos G,
a, =-2U¢,w,sinG,, a, =-2{,w,Bcos b,

as =2Qsin g +2¢,w, cos G +2F, Qsing + F, cos g,

a, =2AQcos 6 -2{,w, Asin g +2F, AQcos 6 — F,Asin g,
a, =-2u{,w cosb,, a, =2 ¢, Bsin G,

a, =-2Qcos 6, +(2FMQCOSH1 -F sinHl)/,u,

a,, =2QAsin 6, —(ZFMAQ sing, + FvAcosHl)/,u,

a, = -2Qcosb, +2{,w, sinb,,

a,, =2QBsin G, +2{,w Bcosb,,

a, =2Qsing, —(2F, Qsin g +F, cosHl)/,u,

a,, =2QAcos 8, —(ZFMAQ cos 6, —F‘)Asiné’l)/,u,

a,; =2Qsin b, +2{,w Beosb,,

a,, =2QBcos b, -2{,w Bsin G,

b = (a)p2 - Qz)Asin 6, —2{,w,AQ cos 6 — e, Bsin 6, + 21,0, BQ cos 6, +2{,w,QX,
+0.75a A’ sin 6 +0.75a AX > sin 6, —0.75 43B’ sin 8, — @ B'sin 6,
~F,_AQ?sing - F,AQcos 6, + F,Asin 6,

b, = (a)p2 -Q? ) Acos 6 +2{,w,AQsin 6, — pa,’ Beos 8, =244 ,a), BQsin 6, —w *X  — F
+0.75aA’ cos 6 —0.75a X’ +1.5aX,A> +0.75aX /A’ (cos 6, +sin §) +2.25a AX )’ cos
—0.754BB’ cos 6, —w.Bcos G, = F, AQ* cos § + F,AQsin 6 — F,Acos 8,

b, ==-AQ’sin g - BQ’sin 8, —2¢,w,BQcos 8, + w’Bsin b,
+0.758B’ sin 6, "'(er sin@, +F, AQ*sin 6, + F,AQ cos 6, —FdAsinHl)/,u,

b, ==AQ’ cos g — BQ’ cos 8, +2{,w,BQsin 6, + w’Bcos b,
+0.758B° cos 8, + (er cos @, + F, AQ’ cos 6 — F,AQsin 6, — F,Acos 6, )/,u
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Harmonically Excited Beam

a,, =2Qsin(@,), a, =2AQcos(¢,), a, =a, =a;=a, =0, a, =-@(a)k, cos(p,),

a, =@ (a)k,Bsin(@,), a,, =—2Qcos(@,). a,, =2AQsin(@,), a,;, =a,, =a, =a,; =0,

a,, == (a)k,sin(@,), a,, =-@(a)k,Bcos(@,). a,, =ay, =a,; =a,, =0, ay, =2Qsin(g,),
ay, =2A,Qcos(@,),a,, =—@ (a)k, cos(@,). a;, =@ (a)k,Bsin(8,),a, =a,, =a,; =a, =0,
a,, =—2Qcos(@,), a,, =2A,Qsin(@,). a,, =-@(a)k,sin(@,), a,, =-@(a)k,Bcos(g,),
a5, =as, =ay, =ag, =0, a;; =2Qsin (@, ), as, =24,Qcos(@,), a5, =@ (a)k, cos(g,).

ag, =@ (a)k,Bsin(@,). a5 = ag, = ag =dg, =0, ag =—2Qcos(@,), a, =2A,Qsin(g,),

ag, =-@(a)k,sin(@,), ax =-@(a)k Bcos(p,), a, =a, =a, =a,, =a,; =a,, =0,

a,, =24Qsin(@,) +k, cos(@,).a,, =24QBcos(@, )~k Bsin(8,), a, =ay, = ay, =0ay, =0,
ags =0, ag =0,a,, ==24Qcos(@,)+k, sin(@,), a, =24QBsin(@,)+k Bcos(p,)

bl :bll +bnl’ b2 :bIZ +bn2’ b3 :bl3 +bn3’ b4 =bl4 +bn4’
bS =b15 +bn5’ bﬁ :blé +bn6’ b7 =bl7 +bn7’ bS :bIS +bn8

The terms b,, b,, b,, b,, bs, bg, b,, bgand b, b,,, b., b,,, b, b, b, b, are

n6° “n7° “n8
given below.

b, =—-AQ’ cos (¢1 ) +@, > A cos (¢1 ) + Uw? (¢f (Cl))2 A cos (¢1 ) + uw,’ (a) @ (a) A, cos (¢2)
+UW (a)@ (a)A3 cos(¢3) -q (a)(,ua)a2 —k, )Bcos(¢4) -9 (a)kVBQ sin(¢4) -9 (b) F

bnl = aﬂqzﬂ (a)bnll

b, =0.75(q(a)) Al cos(8,)+0.75(@ (a)) A cos(8,) +0.75(@ (a)) A cos(g,)+

0.758" cos(¢)+3(a1(a)) @ (a) A’A, (0.5cos(4,) +0.25cos (4, -2¢,)) +
0.5cos (¢, ) +

2 2 2y 0.5cos (g, ) +
Sala)) o) As(o.zscos(%—2¢1)J_3(Q(a)) 5 3[0'25C°S(¢4_2¢1)j+

(o) alaia| o) Lealael) alaia o)

0.25cos (4, -2, 0.25cos (¢, —24,)

3(@(a))2AzzB[0‘5C°S(¢“)+ )}3(@((1))2q(a)AﬁA{O‘SC"S(m* )}

0.25cos (¢, -2, 0.25cos (¢, —2¢,
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O.5005(¢2)+ O.Scos(¢4)+ }4_

(@) a(a)a’a (0.25 cos (8, —2¢3)J el AZZB(OQSCOS(% -2¢.)

by = =AQ"sin(4) + @, A sin(9) 4w (@ (@) Asin(9)) + e’ (a) 3 (a) 4, sin (8.)
+uw g (a)@ (a) A, sin(g,) —¢f(a)(,ua)a2 —kp)Bsin(¢4) +@(a)k,BQcos(g,)

bﬂ2 = aﬂa%2q (a)anZ

by, = 075(@(a)) A’sin(4,)+0.75(@ (a)) A sin(@,) +0.75(a (a)) A’ sin(¢,) +
0.758"sin(8,) +3(4 (a)) @ (a) A’A, (05sin(¢,)+0.25sin (g, -2¢,)) +
) . [0.5sin(g;)+ » , (0.5sin(g,)+
3(a(a)) ala)ara [0.255in(¢3—2¢1)}_3(¢f(a)) 4 B[o.zssin(¢4—2¢l)J+
0.5sin (@, )+ 3 2 » [2sin(g;)+
0.25sin (@, —2¢2)] +Z(@ (a)) ae) 474 [sin(¢3 —2¢2)]

i ) Ssin(@, ) +
ot 25 g atanca [P
) 0.5sin(@, ) + 2, 0.5sin(@, ) +
+3(a(a)) @(a)A32A2(0.253ir(1?¢3—2¢3)]_3(¢5(a)) & B[o.zsmi@i—z@)}
sin (¢, @, +4,) —cos(-¢, =4, +8,)

—sin(—¢1 -9, +¢z) J
-1.5¢(a)@(a)AAB (sin(—¢3 ~@,+¢,)—cos(~4, — @, +¢,) —sin(~¢, ~ ¢, +¢4))
-1.5¢,(a) @ (a) A,AB(sin (¢, = 4, + 4,) —cos (¢, — ¢, +4,) —sin (¢, - ¢, +8,))
-1.5¢(a)@ (a) AA,B(sin(-¢, -8, +4,) ~sin (-4, — 4, +4,) —sin(-4, -8, +4,))

3(a(a)) @a)A’4, (

+1.scq(am<a)@<a)A1A2A{

b, = _AQQ2 COS(¢2)+ a)nleQ COS(¢2)+,UC‘)¢;2 (@ (a))2 A, COS(¢2) + :uwazﬂ (a)@ (a)A1 COS(¢1)
+ LW’ @ (a)qg (a)A3 cos(¢3) -@ (a)(,ua)a2 —k, )Bcos(¢4) - (a)kVBQ sin(¢4) - (b) F

bnS = aﬂa{z% (a)bnll
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by =~A0sin(9,) + @, sin (9,) + 0 (@) 4 sin(6.)+ 0 (a) 3 (a) A sin ()
+ ,ua)‘f@ (a) @ (a)A3 sin (¢3)— @ (a)(,l,la)a2 —kp)Bsin(¢4) +@ (a)kaQ cos (¢4)

b,, = a:ua‘lz@ (a)anZ

b = _A392 COS(¢3) + a)n32A3 COS(¢3) + /'Ia)a2 (@ (a))2 Ay COS(¢3) + ,uwazﬂ (a)@ (a) A COS(¢1)
+ LW’ P (a)qg (a)A3 cos (¢3)—@ (a)(,ua)a2 —kp)Bcos (¢4) -@ (a)kaQ sin (¢4) -G (b)F

b, = a:ua‘]z@ (a)bnll

by = —A3Qz Sin(¢3) m wn32As Sin(¢3) + :uwaz (@ (a))2 A, Sin(¢3) + :uwazq (a)@ (a)Al Sin(¢1)
+ @ (a) @ (a) A sin(d;) - @ (a)(,ua)a2 —kp)Bsin(¢4) +@ (a)k,BQcos(g,)

bn() = aﬂa’{2% (a)ban

b, =W (a) A, cos (¢1) AN (a) A, cos (¢2) - pw ¢ (a) A, cos (¢3) W
L’ B cos (¢4)+kVBQsin(¢4) +(,ua)f —kp)Bcos(¢4)

bn7 = aﬂqzbnll

by = —Hw,'Q (a) A;sin (¢1) ON (a) A, sin (¢2) — W@ (a)As sin (¢3) -
L’ Bsin (¢4 ) -k ,BQ cos(¢4) + (,ua)az —kp)Bsin (¢4)

bnS = a/'[a%zban
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