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Abstract

The present work simulates the failure phenomenon of various materials in nonlocal finite element
(FEM) and element-free Galerkin (EFG) methods. It commences by examining the constraints
inherent in conventional FEM, especially in its application to adhesive bonded joints.
Subsequently, it introduces the nonlocal integral theories to accurately capture numerically
converged structural responses in complex mode-l1 and mixed-mode problems within a
thermodynamic framework, selecting strain as the regularized variable. Building on the limitations
of the nonlocal strain approach, including its tendency to underestimate peak loads and high
computational time, the study proposes a strain difference-based method to enhance the prediction
of failure behaviour and damage/crack propagation in quasi-brittle materials within a
thermodynamic framework. The study then delves into ductile materials exploring the concepts of
continuum damage mechanics (CDM) to propose a new nonlocal equivalent plastic strain based
ductile damage model which is relatively simpler, reduces the number of material parameters, and
enhances the understanding of ductile damage behaviour. A nonlocal equivalent plastic strain is
integrated with the proposed damage model to address the challenges associated with strain

localization.

The work further explores the EFG method's superior performance in describing
continuous fields compared to FEM. Its effectiveness in capturing the strain-softening
phenomenon, with a particular emphasis on addressing challenges related to both strong (crack
propagation) and weak (sudden change in the area) discontinuities are presented. In the context of
strong discontinuities, this work investigates the crack propagation in mode I and mode 11 problems
using CZM concept within the proposed modified EFG framework. Furthermore, it also highlights
the stability of GDCM in dealing with various material nonlinearity conditions and improving
computational efficiency. Regarding the weak discontinuities, it introduces the application of
nonlocal integral theories within the EFG framework and presents a comparative study of
convergence over FEM. Lastly, the flexibility of EFG method in dealing with large deformation
problems associated with hyperelastic materials are explored.
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Chapter 1

Introduction

When engineering materials are exposed to adverse conditions like different forming processes,
mechanical loads, temperature changes, radiation, environmental causes, and so on, microscopic
defects and cracks may emerge. In general, cracks are typically caused by the nucleation of micro-
cavities within a zone of discontinuities or defects. Internal defects can be viewed as a set of
discrete discontinuities. The presence of distributed defects in materials not only initiates cracks
and leads to eventual failure but also contributes to various forms of deterioration or damage.

These can include reductions in strength, rigidity, toughness, and stability [1].

Understanding the behaviour of microscopic defects and cracks within materials is of
interest to researchers in the field of both material science and mechanics. Material scientists aim
to comprehend the mechanisms underlying the development of microscopic cracks and devise
strategies to enhance the material's microstructure, ultimately improving its overall performance.
Researchers in the field of mechanics typically rely on empirical knowledge gained over extended
periods to predict material failure. In certain scenarios, failure prediction entails systematically
testing physical models under reproduced service conditions in laboratory settings, which can be
both time-consuming and expensive [2]. On the other hand, despite the growing understanding of
the mechanisms behind progressive damage caused by microscopic defects in various materials,
extensive research has been conducted to develop continuum constitutive models capable of
accurately describing the internal degradation of solids. This research builds upon the pioneering

work of Kachanov [3] and further advancements in applied mechanics.

Over the course of five decades of research, continuum damage mechanics (CDM) has
become a prominent approach, introducing new internal state variables into constitutive models.
These models operate under the assumption that internal damage can be effectively represented by
one or more internal variables, which may take the form of scalars, vectors, or tensors. These
variables, termed as damage variables, quantify the degree of defects within a representative
volume element (RVE). Their evolution follows constitutive thermodynamic relations, usually

expressed through a system of differential equations over time.
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1.1 Classification of CDM theories

When considering the physical significance of damage variables, CDM theories can be broadly
categorized into two main types: micromechanical and phenomenological models.
Micromechanical models necessitate that the damage internal variable represents an average of the
microscopic defects characterizing the state of internal deterioration. Despite the conceptual appeal
of internal variables such as the reduction of load-bearing area proposed by Rabotnov [4] or the
distribution of microcracks as suggested by Krajcinovic [5,6], the challenges in experimentally
identifying damaged states and evolution laws currently limit the practical application of most
micromechanical theories. This observation is particularly relevant when considering the analysis

of large-scale engineering problems for design purposes.

On the contrary, phenomenological models are formulated based on the impact of internal
degradation on the material's macroscopic characteristics. This approach considers how properties
like elastic moduli, yield stress, and density are significantly influenced by the presence of
microscopic cavities or damage. Certainly, quantifying such properties is generally much more
straightforward than characterizing the geometry or distribution of micro-defects. Utilizing these
concepts, Lemaitre and Chaboche [7] introduced a class of models that primarily rely on the
degradation of elastic moduli as the macroscopic measure of damage. In its simplest form, the
damage variable is scalar, particularly under ideally isotropic conditions. However, under
anisotropic conditions, it transforms into a second-order tensor [8]. Additionally, Gelin and
Mrichcha describe a model that relies on volume changes resulting from void growth as a measure

of internal degradation [9].

Thus, within a thermodynamic framework, CDM theories encompasses the entire spectrum
of damage evolution, from the inception of microscopic defects such as microcavities or
microcracks to the eventual fracture arising from the progression of macroscopic cracks. Within
the scope of this thesis, the focus lies on the modelling of various engineering materials, with
emphasis placed on utilizing the theoretical background offered by the phenomenological

approach.
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1.2 Challenges in CDM theories

Usually, most of the constitutive laws developed using phenomenological CDM models rely on
local continuum theories. These theories inherently assume material homogeneity and continuity
at all size scales. However, this assumption becomes invalid when the internal degradation of the
material substantially affects the structural response under loading. In other words, strain localizes
within specific zones, while the entire structure demonstrates a strain-softening response on a
global scale. At this stage, the heterogeneous nature of microstructure becomes instrumental in

instigating the failure phenomenon, ultimately leading to the formation of a crack.

As standard continuum theories overlook the impact of the material's microstructure at this
stage, they fall short in accurately depicting the localized failure process. Similarly, the
mathematical representation of the failure phenomenon using the classical theory is inadequate
because it naturally experiences problems with spurious instabilities. In classical multivariable
calculus, the partial differential equilibrium equations governing static (or dynamic) problems are
classified as elliptic (or hyperbolic). Since the equations are elliptic (or hyperbolic), the solutions
to the boundary-value problems are invariably unique. However, the shift from positive to negative
in the material tangential modulus initiates a local transition in the nature of the partial differential
equations, changing them from elliptic (or hyperbolic) to hyperbolic (or elliptic). This loss of
ellipticity results in an ill-posed boundary value problem [10].

On the other hand, within a numerical framework, such as in structural analysis, consider
a scenario where there's a localized zone experiencing deformation. This localized zone is
represented by finite elements, and its size matches that of the elements within the critical zone,
where deformation is significant. Now, as the mesh undergoes refinement, the strain becomes
concentrated in an increasingly smaller layer of elements and the total dissipated energy of the
deformation process would unrealistically approach zero, which is not reflective of the actual
behaviour of the material. Indeed, it can be inferred that the limitation of the local theory arises
from its inability to provide information about the size of the localized zone. Considering the
problem from a physical perspective, it becomes evident that the actual size of the localized zone
is closely linked to the heterogeneous microstructure of the material. Therefore, mathematical and

physical interpretations imply that integrating this missing information into continuum theory is
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deemed essential for obtaining objective and comprehensive descriptions of localized failure

processes.

Over the past three decades, numerous regularization strategies have been suggested in an
effort to address the problem of spurious localization caused by strain-softening. Some of them
are higher order continuum models, gradient based models, polar theories, nonlocal integral
approaches, phase-field theories, peridynamics, viscous models or cohesive zone models [11-14].
Among them, the primary focus of this thesis is the nonlocal integral approach. Nonlocal theories
are grounded in the concept that the stress at a specific point is not solely determined by the state
variables at that point alone; rather, it generally relies on the distribution of state variables
throughout the entire body or, at the very least, within a finite neighbourhood surrounding the point
(see Fig. 1.1). These theories incorporate an intrinsic length, which can be explicitly controlled,
into the classical continuum by utilizing spatially weighted averages through an integral operator.
Thus, nonlocal theories offer enhanced continuum models compared to classical theories and have

the capability to capture strain-softening phenomena avoiding mesh dependency issues.

0 1 2 3 4 5 6
Length of the bar (mm)

Fig. 1.1. Strain profile in nonlocal integral approach

However, one of the challenges using nonlocal models to accurately represent the fracture
process zone (FPZ) is that the element size (or the resolution of discretization in a mesh-free
method) must be smaller than the width of the FPZ. This ensures that the model captures the

progressive damage across the FPZ accurately. When the element size approaches or exceeds the
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FPZ width, the nonlocal effects can be inaccurately averaged over larger areas, causing a loss in
resolution of the localized failure and damage evolution, leading to erroneous results. As a result,
smaller elements are required, especially near areas of high stress or strain concentration, which
significantly increases the number of elements (or nodes) in the model. This not only raises the
computational cost in terms of memory and processing power but also increases the computational

time for running simulations, particularly for large structures or complex materials.
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Fig. 1.2. Regular nodal distribution in bar and shape functions distribution in EFG method

On the other hand, meshless methods, unlike FEM, do not associate nodes with specific
elements while constructing shape functions. Among different meshless methods, the element-
free Galerkin (EFG) method, one of the most popular techniques to solve solid mechanics
problems has been used in this thesis. An intriguing characteristic is that the field variables retain
continuous differentiability, a feature attributed to the use of higher-order shape functions [15].
Similar to nonlocal theories, the EFG method also employs weight functions through the moving
least-square interpolation technique to derive shape functions. This enables the establishment of
connectivity between nodes, where each node is influenced by others within the domain (see Fig.

1.2). Given that the nonlocal nature is ingrained in the shape functions, they still impose limitations
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on their applicability when dealing with discontinuous fields [16]. This can potentially restrict the
effectiveness of using EFG methods in scenarios where discontinuous fields need to be accurately
represented or captured. Thus, EFG methods encounter similar challenges as FEM when
addressing strain localization issues, necessitating the application of regularization theories to
effectively manage such challenges. However, the EFG method demonstrates superiority over the
FEM in accurately depicting continuous fields. Moreover, the convergence behaviour of the EFG
method outperforms that of the FEM, implying that the EFG method achieves higher accuracy per
additional degree of freedom [16].

1.3 Motivation

Despite the extensive literature on damage modelling in nonlocal finite element method and EFG
method, the efforts are still persist in constructing the constitutive models and respective tangent
stiffness matrix that can perform well in any scenario, without compromising the computational
cost. The present work aligns with this notion by introducing novel strategies for predicting failure
behaviour in both FEM and EFG method.

Research scope in nonlocal FEM framework

This thesis focuses on the regularization of strain-based variables to effectively predict failure
behaviours in both quasi-brittle and ductile materials through the application of damage mechanics
principles. Furthermore, a nonlinear ductile damage evolution law is proposed to demonstrate its

versatility in accurately predicting damage across a variety of ductile materials.
1.3.1 Damage modelling in FEM using nonlocal integral approach

The conventional finite element method (FEM), commonly utilized for predicting failure
behaviours in adhesive bonded joints, often yields mesh-dependent results and occasionally fails
to converge, especially for complex scenarios such as joints with defects in the adhesive (cohesive
cracks) and lap joints with bi-adhesives. Moreover, there is not much existing research addressing
the failure analysis of joints with defects and lap joints with bi-adhesives, especially when
considering materials with isotropic properties. In this work, the nonlocal integral approach,
inspired by Eringen et al.’s work [17], is employed to address these challenges and to capture the
numerically converged structural responses within the thermodynamic framework using

continuum mixed-mode damage models.
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1.3.2 Damage modelling in FEM using strain-difference based nonlocal approach

It has been observed that very few works have considered to enhance the performance of strain-
based nonlocal variable in damage mechanics to capture the post-peak behaviour. Indeed, from a
physical perspective, it is reasonable to consider strain as a nonlocal variable due to its significant
role in deformation processes. Moreover, this approach indirectly incorporates nonlocal effects
into the damage variable and the damage energy release rate. In this work, a strain based nonlocal
model, adopted from Polizzotto et al.’s [18] linear elastic work, is employed to predict failure
behaviour and damage/crack propagation in quasi-brittle materials within the thermodynamic

framework of continuum damage mechanics (CDM) theories.
1.3.3 Nonlinear damage model for ductile materials

Several damage models in the context of ductile materials have been developed considering the
Lemaitre model as a foundation. Damage evolution laws developed by various researchers have
enhanced the accuracy in predicting failure behaviours. However, some of these laws are often
limited in their applicability to specific ductile materials, while others pose challenges in
determining model parameters. Conversely, Bonora [19], Chandrakanth, and Pandey [20] have
formulated models that are analytically derived and demonstrated efficiency in predicting damage
across diverse ductile materials. However, they directly leverage the use of the equivalent plastic
strain term with hardening exponent in the damage dissipation potential function, implying that
plastic strain is entirely attributed to damage. Therefore, the present study introduces a novel
ductile damage dissipation potential that incorporates the effects of isotropic hardening and scalar
damage, providing an analytical expression that facilitates the straightforward determination of
parameters. This formulation offers flexibility in selecting not only the isotropic hardening laws
but also the power laws (such as the Ramberg-Osgood model) to contribute to the plasticity
process. Moreover, the equivalent plastic strain, which significantly influences the damage

evolution of ductile materials, has been treated as the nonlocal variable in the present work.
Research scope in EFG framework

On the other hand, this thesis also focuses on numerical approaches, such as cohesive crack
concepts and nonlocal approaches, to address the strain localization problems within the EFG
framework. While meshfree methods offer robustness, their computational cost tends to be higher

than that of FEM. Particularly, when addressing strain-softening problems that necessitate
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incremental-iterative techniques, further increases the computational expenses. Although the
inherent computation time of EFG cannot be decreased, we can reduce the additional time
consumed by iterative methods. This can be accomplished by opting for a nonlinear solver that

minimizes the number of iterations while preserving result accuracy.

The EFG method is widely acknowledged for its effectiveness not only in addressing crack
propagation problems but also in robustly handling large deformation challenges. Among different
categories, hyperelasticity is one class that falls within the realm of large deformations. However,
the numerical modelling of hyperelastic materials, which are often nearly incompressible, poses
challenges such as volumetric locking. The EFG method efficiently alleviates these challenges
compared to FEM. Therefore, before addressing strain-softening in large deformation
(hyperelastic) problems, it is essential to employ a robust technique capable of effectively
addressing volumetric locking issues within the EFG framework.

1.3.4 Damage modelling in EFG framework using nonlinear solver GDCM

The techniques such as eXtended finite element method (XFEM) [21], and eXtended EFG (XEFG)
method [22], which uses branch functions as enrichments at crack-tip nodes are popular in the
context of overcoming mesh dependency and stress field singularities. The enriched methods will
not be helpful in the absence of analytical solutions from which the branch enrichment functions
are inspired. In this work, we combine the modified EFG method with the cohesive zone modelling
(CZM) approach that does not necessitate the usage of the branch enrichment functions to simulate
the failure phenomenon owing to crack propagation in different geometries and material
combinations. In nonlinear separation, whenever the cohesive stress of the FPZs reaches its
maximum, the crack gradually begins to open by degrading the stiffness of that region. This
nonlinear softening nature was studied using the CZMs by employing various iterative techniques
like Newton-Raphson, arc-length control method etc. However, these methods face convergence
issues near limit points of softening materials and also fail to predict snapback behaviour [23,24].
Hence, there is a need for the use of an incremental-iterative technique that not only overcomes

the convergence issues at limit points but also perform the analysis in fewer increments.
1.3.5 Alleviate locking in EFG framework using mixed displacement-pressure nodes

Most of the hyperelastic materials are nearly incompressible which poses challenges, i.e.,

volumetric locking during numerical modelling. The mixed displacement-pressure formulations
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are widely acknowledged as one of the most efficient and robust techniques for addressing
volumetric locking issues associated with incompressibility conditions. Nevertheless, these
formulations are predominantly applied in standard FE frameworks and have not been extensively
explored in EFG frameworks, especially in the context of large deformation problems where
challenges such as mesh distortion issues are more prevalent. In this work, a two-field mixed
variational formulation employing the perturbed Lagrangian approach is adopted within the EFG

framework to tackle the challenge of volumetric locking in hyperelastic materials.
1.4  Objectives

Based on the scope of research identified in the previous section, the objectives of the present work

are as follows:

(@) To carry out the performance evaluation of the nonlocal integral approaches over
conventional FEM in predicting failure behaviour of complex mode | and mixed-mode
problems of adhesive bonded joints.

(b) To develop a nonlocal constitutive equation by regularizing strain-difference within the
context of CDM to predict the failure behaviour of quasi-brittle materials.

(c) To develop a novel nonlinear ductile damage model by drawing upon insights from
previous models within the context of CDM. Further, to predict the failure behaviour of
ductile materials by regularizing the nonlocal equivalent plastic strain.

(d) Toincorporate the generalized displacement control method (GDCM) in the modified EFG
framework coupled with the CZM to simulate the failure phenomenon in mode 1/11 fracture
problems.

(e) To demonstrate the advantages of EFG method over FEM in addressing large deformation
problems associated with hyperelastic materials.

1.5 Organization of the Thesis

The relevant literature is reviewed in chapter 2. This includes the introduction to damage modelling
in CDM theories for quasi-brittle and ductile materials. Further, the failure behaviour of adhesive
bonded joints through CZM and CDM approaches are explored. Finally, the discussion extends to
examining studies on the strain-softening phenomenon within the EFG framework for problems

characterized by both strong and weak discontinuities. In Chapter 3, the foundational principles
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and thermodynamic aspects of CDM theories are elucidated. Subsequently, the basic concepts of
CZM are outlined, encompassing their variational formulation, traction-separation laws, damage
initiation, and failure criteria. Moreover, the chapter addresses the challenges in classical
continuum theories by introducing nonlocal integral approaches and formulations to overcome
these issues are derived within the thermodynamic framework. Additionally, it presents theoretical
and numerical formulations of hyperelastic materials, along with their respective mathematical
preliminaries. Finally, the chapter concludes with an overview of the EFG method, including the
key parameters influencing the approach, properties of the shape functions, and the variational

formulation for a 2D problem.

Chapter 4 focuses on the application of nonlocal integral theories in predicting the failure
behaviour of adhesively bonded joints. It particularly explores complex scenarios where
conventional FEM faces challenges, such as joints with defects in the adhesive (cohesive cracks)
and single-lap joints with bi-adhesives. While strain regularization achieves physical realism and
mesh independence, it still faces challenges in accurately predicting the structural response. To
enhance performance, Chapter 5 introduces the strain difference-based nonlocal model, adapted
from Polizzotto et al.'s [18] linear elastic work. This model is employed to predict failure behaviour
and damage propagation in quasi-brittle materials within the thermodynamic framework of CDM
theories. Until now, the absence of permanent strain concepts has allowed the authors to explore
various approaches to strain regularization to enhance the performance. However, Chapter 6
focuses on the failure and damage behaviour of ductile materials, where damage is significantly
influenced by plastic strain rather than total strain, playing a crucial role in the deformation
process. Thus, a scalar variable representing equivalent plastic strain is regularized in this context.
Furthermore, the chapter predominantly focuses on devising a new ductile damage evolution law
to demonstrate its adaptability in predicting damage across various types of ductile materials.

Given the EFG method's superior performance in describing continuous fields compared
to FEM [16], the subsequent portion of the thesis aims to capture the strain-softening phenomenon
within the EFG framework, with a particular emphasis on addressing challenges related to both
strong (crack propagation) and weak (sudden change in area) discontinuities. Chapter 7
investigates the crack propagation in mode | and mode Il problems using CZM concept within the
proposed modified EFG framework. While the inherent computation time of EFG cannot be

reduced, the study explores the potential to minimize additional time consumption by employing
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the generalized displacement control method (GDCM), which necessitates fewer increments
compared to alternative methods. Whereas, Chapter 8 introduces the application of nonlocal
integral theories within the EFG framework, particularly exploring their implementation on a
concrete bar with a sudden reduction in area at its central portion. It also presents a comparative
study of convergence, evaluating the effectiveness of the nonlocal approach in both FEM and EFG

frameworks.

The EFG method is renowned for its ability to effectively handle large deformation
problems, particularly in the realm of hyperelasticity. However, the incompressible nature of
hyperelastic materials often leads to volumetric locking issues, which the EFG method is adept at
alleviating. Therefore, prior to addressing strain-softening phenomena in hyperelastic materials,
the authors recognized the need to employ a robust technique within the EFG framework to
mitigate locking and mesh distortion issues. Therefore, in Chapter 9, a two-field mixed variational
formulation using the perturbed Lagrangian approach within the EFG framework is proposed for
modelling nearly incompressible hyperelastic material models. Finally, the main conclusions and

future scope of this work are presented in Chapter 10.
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Chapter 2
Literature Review

This chapter provides a comprehensive overview of finite element and meshfree methods,
followed by a detailed discussion on classical continuum damage models and their significance in
quasi-brittle and ductile materials. It delves into how strain localization issues are tackled in the
FEM framework using nonlocal theories based on continuum damage mechanics. Further, it
explores various research works on addressing strong and weak discontinuity problems within the
element-free Galerkin (EFG) framework, employing cohesive zone modelling (CZM) and
continuum damage mechanics (CDM). In the end, it highlights the literature on the failure

behaviour of adhesive bonded joints using CZM and CDM approaches.

While FEM and Meshfree Methods (MMs) have distinct characteristics and applications,
they both play a crucial role in addressing important engineering problems. Both these methods
are employed to analyze and model complex physical phenomena, such as structural behaviour,
heat transfer, fluid dynamics, and material failure. Despite their differences, FEM and MMs share
a common goal: to provide accurate and efficient numerical solutions for a wide range of practical
problems. Whether it is simulating the behaviour of a mechanical component under load or
predicting the failure of a component, both FEM and MMs contribute significantly to advancing
our understanding of physical systems and optimizing engineering designs. The present thesis
explored their complementary strengths to make them valuable tools in the field of computational

mechanics.
2.1 Finite Element Analysis

Finite element analysis (FEA) is a widely practised numerical procedure for solving a
mathematical model driven by differential equations that govern most physical problems in real
life. Over time, FEA has found numerous applications in a diverse set of engineering fields, such
as solid mechanics, fluid mechanics, biomechanics, electromagnetics, and many more [25]. It has
brought a fundamental transformation in the approach to scientific modelling and engineering

design, impacting a wide range of applications across various fields of study.
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2.1.1 Fundamental insights into FEA

The fundamental steps associated with the FEA process are shown in Fig. 2.1, which offers a
comprehensive overview of the different methodological stages in FEA. The physical problem at
hand usually involves a real-world structure or its components that experience specific loads. To
translate this physical problem into a mathematical model, certain assumptions are made, which
ultimately lead to the formulation of differential equations that govern the behaviour of the

physical problem. FEA plays a critical role in solving these intricate mathematical models.
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Fig. 2.1. The process of finite element analysis

Conventionally, FEA employs classical variational methods to solve these differential
equations that govern physical systems. The fundamental approach involves transforming the
governing equations into an equivalent weak form. The solution is then approximated across the
domain using a linear combination of suitable chosen interpolation functions (¢;) and unknown
coefficients (c;). The determination of these coefficients (c;) is carried out to ensure the satisfaction

of an integral statement which is the weak form of the original differential equation. Various

methods of weighted residuals (MWR), such as Galerkin, collocation, sub-domain and least
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squares methods, distinguish themselves by their unique choices in integral form by means of the
weighted functions. Each method offers a different perspective on how to effectively formulate
and solve the mathematical model, providing flexibility in adapting to the characteristics of
specific engineering problems [26]. In addition to MWR, one could obtain the system of equations
through other techniques such as principle of minimization of potential energy, principle of virtual

work or variational methods.

After selecting the suitable variational method, the domain is segmented into sub
domains/elements. Within each element, FEA approximate the variation of the primary field
variables. This approach leverages the simplicity of representing complex functions as collections
of simple polynomials, simplifying the computational process in FEA. Finally, the assembled
system of equations is solved to evaluate the solution parameters. As FEA is a numerical
procedure, it is imperative to assess the accuracy of the solution. If the predefined accuracy criteria
are not met, the numerical solution has to be repeated with refined parameters until a satisfactory
level of accuracy is attained. For a comprehensive exploration of this topic, one can refer to
standard FEA books such as those by Bathe [27] and Reddy [26].

On the other hand, FEM has certain limitations, such as being somewhat incomplete due
to the omission of rotational degrees of freedom in two- and three-dimensional elements. This
limitation has roots in the historical development of FEM, where efforts to find closed-form
solutions eventually reached a point of exhaustion [28]. This suggests that, despite the
advancements and improvements in finite element methods, there still seems to be something
missing that prevents it from being a truly dynamic (or fully Kinetic) solution to elasticity
equations. In other words, FEM may not entirely capture the complete physical behaviour or
motion in elastic systems, as it doesn’t fully address all the kinetic aspects that govern elasticity.
In biomechanics, FEM faces challenges in accurately simulating the dynamic behaviour of
complex biological structures, such as the tooth and its supporting tissues [29]. Due to mesh-based
interpolation, distorted or low quality meshes lead to higher errors, necessitate remeshing, a time
and human labour consuming task, which is not guaranteed to be feasible in finite time for complex

three-dimensional geometries [30].
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2.2  Meshfree methods

The FE method has been widely used in various academic and industrial domains, offering
effective solutions to numerous challenges. However, it does come with certain limitations. One
such limitation arises from mesh-based interpolation, where distorted or low-quality meshes can
result in increased errors. Rectifying these issues often requires remeshing, a labour-intensive and
time-consuming task, especially challenging for complex three-dimensional geometries and not

always feasible within finite time constraints [31].

Mesh-based methods rely on a fixed mesh structure to approximate solutions within a
domain. However, they struggle to handle problems with discontinuities that do not align with
element edges. Traditional approaches like remeshing or discontinuous enrichment are costly and
can degrade accuracy. An alternative is the extended finite element method (XFEM), which
enriches the approximation space to capture both weak and strong discontinuities without the need
for remeshing [21,32-35].

One prominent formulation of meshfree methods (MM) is smoothed particle
hydrodynamics (SPH) [36]. Initially developed for astrophysics, it was later applied to fluid
dynamics [37], and solid mechanics to solve impact problems [38]. However, SPH's initial form
suffered from numerical instability, leading to various corrective formulations based on the strong
form [39].

The diffuse element method (DEM) [40] and the element free Galerkin (EFG) method [41]
adopted the Bubnov-Galerkin approach, while the meshless local Petrov-Galerkin (MLPG)
method by Atluri and Zhu [42] utilised the local weak form. Although the DEM had some
shortcomings, it later became a popular MM in the area of solid mechanics. The reproducing
kernel particle method (RKPM) by Liu et al. [43], based on wavelets, followed shortly after the
EFG method. These methods (EFG, DEM, and RKPM) necessitate higher-order Gauss integration
due to the non-polynomial nature of their shape functions. To address this, Liu [44] introduced the

linearly conforming point interpolation method (LC-PIM) leveraging polynomial basis functions.

Other MM variants, such as particle-in-cell (PIC), can utilize both strong and weak forms.
The PIC method, when applied to the strong form, is called the finite-volume particle-in-cell
method [45], while the weak form version is known as the material point method [46]. Similarly,

RKPM offers both collocation strong form [43] and weak form variations [47].
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Formulations of these MM variants can be found in review articles [31,48]. Compared to
FEM, the EFG method offers advantages in adaptivity and handling complex problems (Nguyen
et al., 2008; Liu, 2010): adding nodes in EFG simplifies h and p-adaptivity (mesh refinement and
increase in solution order) [49]. This allows for easier treatment of moving boundaries (cracks,
waves, phase changes) and large deformations. Additionally, EFG offers higher-order continuity
of the shape functions, nonlocal interpolation character, and a simpler post-processing. Unlike

FEM, EFG does not require nodes precisely on discontinuities.

However, MMs also have drawbacks: The non-polynomial nature of shape functions
necessitate higher-order integration for accurate stiffness matrices. Enforcing essential boundary
conditions is challenging due to the lack of the Kronecker delta property in shape functions.
Additionally, MMs can be computationally slower than FEM, and the system stiffness matrix is

asymmetric depending on the weak form.

Nodal Discretization and

background mesh generation

)

| Shape function generation |

|| Strain field construction ||

A 4

Gaussian integration on

background cells

v

Global matrix assembly

v

Traction and boundary

condition

\

| Displacement solution |

v

— .
SIF computation —Dl Results |1—[ Stresses and COD J

Fig. 2.2. The process of analysis in EFG framework [50]
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In this research work, both strong and weak discontinuity problems are addressed using
the element-free Galerkin (EFG) method, a popular approach in structural analysis. The process

of analysis using the EFG method is shown in Fig. 2.2.
2.3 Numerical approaches for strain localization problems

As discussed in Chapter 1, many structures exhibit a shift from initially uniform strain distribution
to highly localized patterns when subjected to extreme loading conditions. In these localized zones,
the strains intensify, while the rest of the structure experiences unloading. The size and
development of these localized zones are influenced by the material's microstructure, particularly
by the presence and characteristics of heterogeneities, and failure mechanisms relative to loading.
The evolution and coalescence of the microvoids/cavities in the localized zones may lead to the

the formation of stress-free cracks.

On the contrary, in the case of standard FEA, the constitutive laws derived from classical
continuum theories often fail to accurately capture the post-peak behaviour of structures containing
strong and weak discontinuities including macro-cracks, holes, and other geometric complexities.
Mathematically, the loss of ellipticity results in an ill-posed boundary value problem. Furthermore,
from a numerical perspective, the results exhibit both mesh size dependence and unrealistic zero-
energy dissipation upon mesh refinement [51]. To address these challenges, some of the following
approaches are used [52]:

e Strong discontinuities, characterised by a jump in the displacement field, are effectively
handled by the cohesive crack model (see Fig. 2.3(a)). It accounts for the softening of the
material through a traction-separation law, which correlates the traction transmitted by the

crack with the extent of crack opening.

e In structures containing holes, notches, and other defects where the strains become localized,
the conventional FEM encounters challenges in preserving continuity within the strain field
(see Fig. 2.3(b)). Regularized theories are based on generalized continuum theories, which
introduce a characteristic length to inhibit the strain from localizing into infinitesimally small
volumes. By enforcing a minimum width for the numerically resolved process zone, these

models are referred to as localization limiters.
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In contrast to the conventional FEM, regularized theories ensure continuity in both displacement
and strain fields. Rather than sudden jumps in strains, these theories generate a strain profile that
is elevated in localized zones and gradually decreases as it extends to the surrounding regions of
the body, as depicted in Fig. 2.3(c).

L —
(a) (b) (c)

Fig. 2.3. Kinematic description with (a) strong discontinuity, (b) weak discontinuities,
(c) no discontinuities [52]

2.3.1 Integral based nonlocal approaches

Developing the constitutive law at a specific point through integral-type nonlocal approaches
involves integrating weighted averages of a state variable over a certain neighbourhood within a
continuum. This approach allows for considering the influence of material behaviour beyond the
immediate vicinity of a specific point, providing a more comprehensive representation of the
material's response. The approach has been utilized in various branches of physical sciences since
early stages. For instance, they have been employed in optimizing slider bearings, modelling liquid

crystals [53], studying radiative transfer, and investigating electric wave phenomena in the cortex.

In the domain of solid mechanics, initial models of this kind were introduced during the
1960s, with the aim of refining the understanding of elastic wave dispersion in crystalline
structures. Kroner [54] formulated the nonlocal continuum model to investigate the long-range
impact of cohesive forces. Subsequently, Eringen and his colleagues [55,56] refined the theory of
nonlocal mechanics to its present form. They established attenuation functions to describe the

decrease in long-range interactions between particles based on their separation distance. These
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functions were instrumental in formulating constitutive and balance equations in the continuum
theory, which relied on integral functionals of kinematical variables [12]. Eringen [17] applied
nonlocal elasticity theories to crack problems, where the abrupt changes in strains near the crack
tip region are smoothed out. This smoothing process helps to eliminate stress singularities,
highlighting the physical nature of the problem. It indicates that in the vicinity of geometric
discontinuities in the body, nonlocal intermolecular forces play a dominant role. Polizzotto [57]
revisited Eringen's nonlocal elasticity theory, particularly tailoring it for elastic continua with
discontinuities. In this reformulation, Polizzotto derived attenuation functions that consider the
geodetic path of the nonlocal field. Polizzotto et al. [18] introduced a nonlocal elasticity model
that relies on the strain difference between two distinct points within the continuum. In this model,
the stress comprises two components: local and nonlocal. The local contribution is governed by
the linear elastic moduli tensor, while the nonlocal contribution is determined by the nonlocal

stiffness tensor which is symmetric positive-definite.

In parallel, Eringen extended these theories to include nonlocal elastoplasticity in the early
1980s [58]. It was later observed that specific nonlocal formulations can serve as effective
localization limiters, exerting a regularizing influence on issues characterized by strain localization

[59], a research topic that will be further explored in Section 2.5.
2.4  Strain-softening phenomenon in FEM framework

This section offers insight into the research efforts dedicated to damage modelling across different
materials and applications, utilizing principles from continuum damage mechanics. Moreover, it
explores how numerous studies have aimed to overcome mathematical and numerical challenges
inherent in classical continuum theories by integrating nonlocal damage mechanics theories within

a thermodynamic framework.
2.4.1 Damage modelling using CDM theories

Continuum damage mechanics encompasses various underlying damage mechanisms, including
brittle, ductile, creep, fatigue, and spall damage [60]. Here, the modelling theory concerning brittle

and ductile damages within the continuum damage mechanics framework is succinctly introduced.
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2.4.1.1  Damage in brittle or quasi-brittle materials

Brittle damage manifests itself through the disruption of interatomic bonding at the atomic level,
culminating in the formation of cracks at the macroscopic level. This damage mechanism is
commonly observed in materials like rocks, concrete, and ceramics, often characterised by a
smooth crack surface [61]. In many quasi-brittle materials, such as concrete, they exhibit brittle
behaviour under tension and greater ductility under compressive loading. In contrast to uniaxial
tension, where only a single crack propagates, compression induced by heterogeneities (such as
aggregates surrounded by a cement matrix) generates transverse tensile strains, leading to the
initiation of mesoscopic cracks perpendicular to the extension direction. These mesoscopic cracks
gradually coalesce until they reach a complete rupture. Under high confinement, hydrostatic
pressure compacts the porous cement matrix, while shear stress promotes mode Il fracture

behaviour.

The uniaxial response to tension and compression exhibits different shapes and maximum
stresses, indicating different damage kinematics. In the context of continuum mechanics, to
simulate the failure behaviour of quasi-brittle materials, the elastic damage [52,62,63] or coupled
plastic damage models [64,65] are commonly employed. As damage evolves, stiffness decreases

during unloading-reloading cycles, while permanent strains increase.

In the category of elastic-damage models, Mazars [62] introduced an isotropic damage
model, which handles both compression and tension. Furthermore, he formulated the damage
threshold function as a function of equivalent strains, given by:

&= |¥{e)s & = principal strain @.1)
() = & if =0
(Si)+ =0 if & <0

The damage threshold is then defined as

fle,k)=é—k=0, k=0andf(ex)k=0 (2.2)
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with ko = 1(0) = ¢p, (initial damage threshold). k is an internal variable that corresponds to the

maximum level of equivalent strain ever reached in the previous history of the material.
In the uniaxial case, the damage in tension (D,) and compression (D,) are given by:
D, = F.(&) for tension; D, = F.(&) for compression (2.3)

The combination of compression and tensile damages for the multiaxial case is expressed as

follows:
D = atDt + CZCDC (2.4)

here, a; and a. shows the contributions of both damages in multiaxial case, which are generally
linked to tensile and compressive stresses. Therefore, from several experimental results we can

conclude the following.

N Ko(l - At) At
D (&) =1~ &  exp[B.(¢ — k)]
2.5)
~ Ko(l - AC) AC
Dc(6) =1~ 7 ~ exp[B.(€ — Ko)]

where A;, B;,A;, and B, are the damage parameters of the material obtained with uniaxial
compression tests and flexural tests.

Simo and Ju [63] suggest defining 7 as the (undamaged) energy norm of the strain tensor
(¥0)- This definition differs from that used by Mazars and Lemaitre [66], where it represents the

J»-norm of the strain tensor. Consequently,

7= /21 (e) (2.6)

The damage state of the material is assessed using a damage criterion g(7,r) = T;41 —
ri41 < 0, formulated in the strain space. The term r;,, is the damage threshold at the current
increment i + 1. The damage criterion stipulates that damage initiation occurs when the energy
norm of the strain tensor, 7, surpasses the initial damage threshold r,,. For the isotropic case, the

rate of evolution of the damage variable, D, is defined as
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D= /iH(fi+1; Diy4) (2.7)

here, 4 represents the damage multiplier, determining the loading/unloading conditions based on
Kuhn-Tucker relations, similar to Mazars model. If H(T;,4, D;;+1) in the Eq. (2.7) is independent

of D;,4, the rate equation may be rephrased as follows. Let G: R — R, be such that H(T;,,) =

%, assuming G(.) is monotonic. A damage criterion entirely equivalent to condition
i+1
g(@,r) =Ti41 —1ipq < 0isgivenby g(T,7) = G(Ti41) — G(r;41) < 0. The flow rule in Eq. (2.7)

then become D = 129&10 _ j

pe ag(:). According to Kuhn-Tucker relations, when 1 > 0, it is

determined by the damage consistency condition, given as
gEr)=g@&r)=0=>1="7 (2.8)

Furthermore, Brekelmans et al. [67] proposed a damage criterion aimed at describing
significant differences between tensile and compressive strength. In their study, they introduced a
scalar measure of strain known as the damage equivalent strain, e; = €4(¢) = 0, which is defined

as a function of the principal stresses:

ea = 7(Zj=1((0)* + 712(—01-)2))% (2.9)

With o; being linear combinations of &;, the quantities y and h are expressed in Poisson’s ratio (v)

and a material constant (1)

=) 1 z_ 1
v = 1+v)(1-2vY h = n (2.10)

By incorporating the damage equivalent strains into the loading/unloading relations and the power-
law based damage evolution equation, a closed-form expression for damage under monotonic
loading is derived as follows:

1

(edc)m+1 - (Sd)m+1 >m (2_11)

(Sdc)m+1 _ (Sdo)m+1

where m and n are the exponents in the damage law, &, . and &4, are the critical and initial damage

D(eq) = 1—(1—Do)<

equivalent strain thresholds, and D, is the initial damage threshold. Comi and Perego [68]
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introduced an inelastic strain energy function that incorporates a damage hardening variable, which

plays a significant role in the damage evolution process, as discussed in detail in Section 5.2.

N
NI *
Vin(®) = K1 =) ) =i (1) (212)
j=1

here, K, c*, and N are the material parameters. The internal scalar variable ¢ represents material
rearrangements at the microscale resulting from the development of damage. Damage is the only
dissipation mechanism considered in this model. Many damage models have been developed based

on the aforementioned foundations [69-77].

CDM alone is insufficient for fully describing the constitutive modelling of quasi-brittle
materials because it fails to account for the irreversible strain that arises during deformation. To
address irreversible strains, the inclusion of plasticity theory becomes necessary. Simo and Ju [63]
further developed their work by integrating a thermodynamic framework into the elastoplastic
damage model. This is done through a dual approach, employing formulations based on both strain
and stress. In these formulations, damage is delineated within the effective stress or strain space,
using the hypothesis of strain-stress equivalency. The additive split of stress/strain tensors is the
basis of the plastic flow rule. In a stress-based formulation, the complementary energy norm of the
stress tensor serves as the foundation. In contrast, in strain-based formulations, an equivalent strain

is determined by the second invariant of the strain tensor.

Ibrahimbegovi¢ et al. [78] introduced a novel coupled plasticity-damage framework
capable of accommodating a diverse range of materials, as demonstrated through its application to
porous metal and compacting concrete. The total deformation can be decomposed additively into
three distinct components: elastic (£¢), plastic (¢P), and damage (). Accordingly, strain energy

as the sum of elastic, damage and plastic is written as
W(e €%, D,§% P, &P) = Pe(e®) + %(e%, D) + EP(§P) + E*(§) (2.13)

where &P and £¢ are internal variables defining the phenomenon of hardening for plasticity and
damage, EP(&P) and £24(&9) are the respective hardening functions, and 1%is the damage strain

energy.

23
TH-3547_176103019



The novelty of this model compared to standard coupled models lies in its treatment of
plasticity and damage as separate entities, each governed by its own distinct yield or damage

criteria.

¢P(0,qP) = ol = (o) —q*) < 0
(2.14)
¢4 (0,qM) = lol = (of —q¥) <0

where gP and q%are stress-like parameters that describe the hardening phenomenon. ay is the yield

limit and of is the fracture limit.

This characteristic can offer notable advantages, particularly when the behaviour of one or
both components of the coupled model is thoroughly understood. Subsequently, the plastic and
damage models are linked to establish the elastic domain, enabling the parallel implementation of
numerical procedures for both. Ultimately, these components can be integrated through a local
iteration procedure. More extensive work was done on the coupled damage-plasticity of quasi-

brittle materials for various loading conditions [79-86].
2.4.1.2  Damage in ductile materials

This form of damage commonly occurs in ductile metals and is the result of the formation, growth,
and coalescence of voids. Typically, the formation of voids is triggered by the separation of the
matrix material from the hard inclusions or by the fracture of these inclusions [60]. Subsequently,
these voids grow under plastic deformation and eventually coalesce, forming microcracks [87],
which often result in dimpled fracture surfaces [88]. The first phenomenological model in the spirit
of continuum damage mechanics was proposed by Lemaitre [89]. The integrated model of ductile
plastic damage developed on the basis of thermodynamic principles and effective stress concepts,
exhibits linearity in strain. To derive constitutive equations for the evolution of dissipative
variables, it is assumed that there exists a potential for dissipation, a scalar convex function of flux

variables (r, p, D), with the state variables acting as parameters.

FP(0,R,D) = ¢ 10—qu) — (oy, +R)

R = ﬁ(g
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Upon applying the normality laws which will be later discussed in Section 3.1 and performing
certain mathematical operations to determine the evolution of plastic strain, isotropic hardening

and damage.

Ff=-A=——=A1=1-D)p

1 )
.)E_ A _ . 0FP

(2.16)

here, FP and FP represents plastic and damage dissipation potential functions, 0eq and R are the

von Mises equivalent stress and thermodynamic conjugate to the isotropic hardening variable, 1
and S are plastic multiplier and damage parameter, Y is defined as damage energy release rate
which includes the effects of stress triaxiality. The stress triaxiality is an important quantity
governing the fracture mode of material, and the larger the value of oy, /0., the more brittle is the

fracture.

Tai and Yang [90] proposed a plastic damage model for ductile materials along with a
damage mechanics criterion for ductile fracture. They are utilized to analyze the effects of plastic
damage on localized deformation and mechanical properties of materials, as well as to predict the
initiation of ductile fracture. The damage potential function is expressed as

2

o 2(15— D) (9 b (247

Using the normality laws and Ramberg-Osgood hardening law coupled with damage, the evolution
of damage is given by the following:

) L ) (DC) %) prpp 2.18

= = —5 —— n

m| e nDOfaeqp % (2.18)
Tai and Yang’s model is found to be suitable for low-carbon steel. It is observed that the

model is suitable only for a small range of triaxiality ratio. Chandrakanth and Pandey [20] have

proposed a ductile damage model that shows a nonlinear variation with respect to plastic strain.
The damage potential function is expressed as

25
TH-3547_176103019



R S Yy’
FP = z z(E (2.19)
2(1 — D)Dnpn

Similarly to Tai and Yang's work, the damage evolution equation is derived by substituting the
Ramberg-Osgood hardening law and is given by

b — m(DZn - D(r)n)( n )f<a_H>D—%p (2.20)

gt —e€' J\a+n

This nonlinearity is not completely represented by a linear or a parabolic model except in
a few cases like aluminium. Each model can represent only a limited family of damage evolution
patterns. It should also be noted that each model is only suitable for a specific material or class of
materials. This indicates a need for a more generalized damage model, which can represent damage

evolution in a wider range of materials and consider nonlinear accumulation of plastic strain.

Building upon these findings, Bonora [19] proposed a novel nonlinear continuum damage
mechanics (CDM) plasticity damage model. This model is formulated on the basis of experimental
observations that indicate that the accumulation of damage exhibits nonlinear behaviour alongside
plastic deformation, particularly as a result of microvoid growth. Three basic possible damage
evolution trends are identified and considered by a single damage model. Thus, the damage
dissipation function is given by
S (Y)Z (D, — D)aT_l

R YZr o o7
2(1=D)\S T

FP (2.21)
The damage exponent a, from a phenomenological perspective, considers the overall
impact of growth phases within the RVE under a specific accumulated plastic strain p. Thus, the

damage evolution equation is written as follows.

. [ K? (DC—D)aT_l oy
@)y e

The overall influence of the three stages of void growth on decreased material stiffness can
be accurately depicted by a group of four material parameters: &y, &,, Dy, and D, in addition to a

damage exponent a. These parameters can be easily determined through tensile tests. The proposed
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model has been successfully applied to seven different materials, each clearly exhibiting the three

distinct trends of damage evolution.

These damage growth laws have played a useful role in predicting the initiation of fractures
in some engineering materials. However, most of these assume that the triaxiality remaining
constant is not valid after necking as it keeps changing after the necking due to the triaxial state of
stress. In Kumar and Dixit's work [91], an expression for the damage potential is proposed, leading
to a nonlinear ductile damage growth law. This law comprises only two material constants and
simplifies to a linear damage growth law when one of the constants is zero. These material
constants are not defined in relation to the threshold and fracture values of the equivalent plastic
strain and damage. Therefore, there is no requirement to assume constant triaxiality. The damage
potential expression by Lemaitre (Eq. (2.5)) is refined to adopt an exponential form in terms of (V)
rather than a quadratic structure. Furthermore, the notation for the material constant 2 is updated
to b, for enhanced clarity. Furthermore, a second material constant, denoted as a,, is introduced
to accommodate linear variation. Thus, the following expression is proposed for the damage
potential (FP)

Qo

D __
= 5a—-n

exp(byY) (2.23)

However, the model can represent only one family of damage evolution patterns.

On the other hand, instead of a damage law applicable to various materials, many works
have also been carried out in developing damage laws that suitable for various stress triaxiality
ratios of same material. In this context, Malcher and Mamiya [92] introduced a damage evolution
law within the framework of CDM. This law incorporates dependencies on hydrostatic pressure,
stress triaxiality, and the third invariant of the deviatoric stress tensor, referred to as the normalized

third invariant.

In the original Lemaitre model, high stress triaxiality (n > 0.33) leads to delayed fracture
onset, as observed in notched cylindrical bar specimens. On the contrary, under loading conditions
with low stress triaxiality, such as pure shear (n = 0), the model predicts the appearance of
premature fracture. However, with the new formulation, the model enhances its predictive
consistency, reducing its sensitivity to variations between operational and calibration conditions.

Cao et al. [93] suggested a modification to the stress triaxiality-based Lemaitre damage model to
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predict ductile fracture under low stress triaxiality and shear-dominated loads. This modification
introduces the influence of the third stress invariant on the evolution of damage through the Lode

parameter, resulting in the Lode-dependent Enhanced Lemaitre (LEL) model.
2.4.2 Nonlocal damage mechanics

FEM simulations of strain-softening materials often converge to physically unreasonable solutions
as the inelastic strain localizes in a narrow band of vanishing thickness with increasing mesh
refinement. Therefore, this section reviews how integral-based nonlocal theories successfully
address the challenges encountered in predicting the failure behaviour of quasi-brittle and ductile

materials.

These approaches introduce spatial terms into constitutive relations, using a length
parameter that corresponds to the material’s characteristic length or length scale. This length
parameter, [., governs the spatial interaction between material points in non-local continuum
models. It is essential for distributing fracture energy over a finite region, thus addressing the mesh
sensitivity problem commonly encountered in conventional local models. The parameter [, is
related to the theoretical width w;, of the fracture process zone [94]. Nguyen and Houlsby [95]
observed that the relationship between [. and w; is nonlinear and influenced by several parameters
within the non-local model, and thus introduced a procedure for establishing the relationship
between the length parameter (or the non-local radius R) and the crack band width w,. In brittle
fracture, the length-scale parameter .. is calibrated by using the relation with the maximum stress
obtained from a homogenous solution of a bar in uniaxial traction tests [96,97]. However, the
calibrated [, may have a fairly large value relative to the specimen size, and thus an overly
diffusive damage/crack can be obtained from the numerical simulation [98]. For this reason, Wu
and Nguyen [99]developed a novel length-scale insensitive model to simulate brittle fracture. They
defined a complicated degradation function that encompasses the commonly used quadratic
degradation as a special case.

24.2.1 Damage in brittle or quasi-brittle materials

In Jirdsek's work [100], variables associated with material degradation until complete failure were
individually regularized. Notably, formulations regarding nonlocal damage energy release rate and
nonlocal strain share similarities, as the damage energy release rate can be interpreted as the square

of a generalized strain norm. It suggests that, while both methods yield similar results, there are
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differences in computational efficiency and versatility. The average of the damage energy release
rate is computationally less expensive as it involves a scalar quantity. On the other hand, the
approach using nonlocal strain formulation is considered more versatile, as it can be extended to
various constitutive laws. Alternatively, the nonlocal formulation of the inelastic and damage
variables, y and D requires an even larger amount of computational work than averaging of the
strain. However, the work has not paid too much attention to the thermodynamic aspects of

nonlocal models or to the physical interpretation of the averaging.

Continuing from there, Comi and Perego [101] revised the nonlocal model, building upon
the methodology proposed earlier in [59], by adopting the elastic energy release rate as the nonlocal
variable. The explicit expression of the consistent tangent matrix is derived, ensuring symmetry
under the assumption of associative evolutions for both the damage and the internal variables. This
restricts the usage of different dissipation potential functions to predict the structural response with
less computational time. Jirdsek [102] introduced a nonlocal damage formulation in which damage
evolves based on the symmetric gradient of the nonlocal displacement field, serving as a
localization limiter. However, the weight function needs to be designed to ensure that the
averaging operator conserves not only a constant field but also a linear field. The load-
displacement responses predicted by the nonlocal displacement approach are compared with those
obtained from a damage model based on nonlocal strains, revealing a similar trend between the
two. The nonlocal strain model often results in stress oscillations within particular regions of the
process zone. The oscillations are caused by the unbalanced quality of the approximation of the
local and nonlocal strain. However, employing nonlocal displacements helps alleviate this issue.

Nguyen [103] by regularizing the damage variable proposed a consistent thermo-
mechanical approach for the formulation of nonlocal constitutive models. In particular, the study
presented an explicit connection between the dissipation potential and the damage function, along
with a method to incorporate a nonlocal damage function with desired characteristics into the
proposed nonlocal approach. Thus, developing a nonlocal model based on this approach simply
involves two energy potentials and adhering to a set of pre-established procedures consistently.
This simplification in formulation helps prevent potential violations of the laws of

thermodynamics that may arise when developing complex nonlocal constitutive models.
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Giry et al. [104] proposed the stress-based nonlocal damage model, where each point
influences its surrounding region based on the magnitude and direction of its principal stresses,
and the model also tailors the regularization near free boundaries. In this context, He et al. [105]
regularized the equivalent strain and adopted the spatial wight function of Borino et al.’s [106] t0
mitigate boundary effects. However, it requires finer mesh sizes in regions with strain localization,

limiting large-scale applicability.

Furthermore, Onate [107] presented a robust nonlocal isotropic damage model for quasi-
brittle materials that works in a small deformation regime, along with an adaptive mesh finite
element technique that permits adapting the spatial discretization in an optimal manner. It is known
that nonlocal models lead to smooth solutions with a continuous variation of strain. However, to
address narrow bands of highly localized strains in the finite element method, fine computational
grids are required. The advantage lies in the need for a finer mesh primarily in the damage
progression zone, while the rest of the structure can be adequately represented by a coarser mesh.
Typically, the localization pattern is not predetermined, making it challenging to manually design
refined meshes. To streamline this process, an adaptive mesh refinement technique can

significantly improve analysis efficiency by automating the entire process.

Parallely, research on nonlocal damage in quasi-brittle materials was extended by including
plasticity effects. Grassl and Jirasek [108] proposed a framework for nonlocal damage-plastic
models, combining local plasticity with integral-type nonlocal damage. The evolution of damage
is driven by plastic stress. In this work, two approaches are analysed that enforce a continuous
strain profile of inelastic strain. (a) The plastic hardening modulus is larger than the critical plastic
hardening modulus, and the local damage-driving variable is replaced by its nonlocal counterpart.
(b) The local damage-driving variable is replaced by a linear combination of its local and nonlocal
value, with a suitable value of the parameter m (m > 1). It is shown that the nonlocal damage-
plastic model for concrete can provide a mesh-independent description of various combinations of
tensile and compressive failure, even in situations where the traditional approach, relying on a

local formulation with adjustments to the softening modulus based on fracture energy, falls short.

Substantial progress has been made in integrating nonlocality into both elastic damage
[107,109-111] and plasticity coupled damage models [112,113] to better understand the intricate

behaviour of quasi-brittle materials.
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2.4.2.2  Damage in ductile materials

Andrade et al. [114] formulated and implemented a constitutive model of ductile damage enriched
with a thermodynamically consistent nonlocal integral theory accounting for finite strains to
describe ductile deformation. The thermodynamic framework entails regularization of the
thermodynamic force conjugated with damage, leading to a dual averaging characteristic. The
degradation of the material is captured by the Lemaitre damage evolution law. The use of the
exponential map backward integration scheme, coupled with the logarithmic strain measure,
facilitates the formulation of the constitutive problem in a format similar to small strain. This
enables the attainment of a nonlocal solution through a modified Newton-Raphson strategy.
The results obtained from the nonlocal damage model are compared with those from the classical
approach, revealing that the nonlocal model exhibits a greater diffusive effect on damage evolution
compared to the local model due to the additional averaging of the energy release rate.

Andrade et al. [115] addressed the question of which variable to regularize to achieve
mesh-insensitive results under strain-softening regimes. Hence, various nonlocal models grounded
in the constitutive theories of Lemaitre and Gurson have been developed. For the case of Lemaitre
based models, four variables are opted for regularization: damage (D), isotropic hardening variable
(7), damage energy release rate (Y), and both D and 7 simultaneously. The summarized results of

their work for Lemaitre model are shown in Table 2.1.

The ny and &,,, are mean values of stress triaxiality ratio and the normalized third
invariant. Moreover, the assessment results indicate that the varying third invariant of the
deviatoric stress, rather than the triaxiality, may have a more significant impact on addressing
pathological mesh dependency. Review of the findings suggests that, in both Lemaitre- and
Gurson-based models, the damage variable stands out as the most suitable option for the nonlocal
variable. It appears that this is an inherent trait of implicit damage models. However, for explicit
damage models commonly employed in quasi-brittle material modelling, the conclusion is
markedly different. According to Jirasek and Rolshoven [116], the damage variable is deemed

unsuitable as a nonlocal variable for such explicit damage models and is advised against.
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Table 2.1 Summary of results [115]

Analysis Mo $avg D T Y D7
Notched 0.8 1.0 ++ -- ++ +4
Plane strain 0.7 0.0 ++ -- - +
Perforated plate 1/3 - ++ -- - ++
Shear 0.0 0.0 ++ r + +4+

(++ Full regularization, - Poor/little regularization, + Partial but acceptable regularization, - - No regularization)

Nguyen et al. [117] devised a thermodynamics-based nonlocal constitutive model aimed at
encompassing both pre-peak hardening and post-peak softening behaviours, along with the
material's stiffness reduction throughout deformation and fracture phases. The authors attempted
to improve the proposed coupled damage-plasticity model by regularizing the equivalent plastic
strain and addressing challenges related to softening in constitutive modelling and failure analysis.
Considering the work as the preliminary step towards nonlocal ductile damage modelling, they
choose a simple linear energy-based damage dissipation potential function and neglect the effects
of triaxiality. The study demonstrates the accurate calibration of model parameters using both the
proposed procedure and experimental data, indicating that the model is well suited for real-world

applications.

Indeed, besides regularizing constitutive variables, there are other studies conducted within
the nonlocal regime aimed at accurately predicting ductile damage. Shutov and Klyuchantsev
[118] explored stress-based and strain-based modifications of the delocalization kernels to improve
the analysis of mixed-mode damage and fracture. They used a fully coupled model of ductile
damage for their investigation. These modified kernels offer enhanced control over the shape of
the K;— K;; diagrams. Unlike conventional Bazant kernels, modified kernels incorporate an
additional fitting parameter (hgiress OF Rgirain), €NAbling a more precise description of mixed-
mode damage and fracture. Furthermore, numerous recent studies have effectively utilized
nonlocal damage models to analyze the failure behaviour of ductile materials under various loading
conditions [119-122].

TH-3547 176103019 32



2.4.3 Adhesive-bonded joints

The increasing complexity of the manufacturing of single-piece components highlights the urgent
need to develop effective joining techniques. In recent years, there has been a growing interest in
the use of adhesive joints due to their numerous advantages over traditional bonding techniques,
such as lighter structures and reduced stress concentrations [123]. Consequently, there has been
extensive research on predicting the strength of adhesive joints. When assessing the failure of
adhesive joints using numerical methods, various approaches are available, including continuum
mechanics, fracture mechanics, damage mechanics (CDM), cohesive zone modelling (CZM),
extended finite element method (XFEM), and meshfree methods. This section provides a concise
overview of two widely used approaches, namely cohesive zone modelling (CZM) and continuum

damage models (CDM), for predicting the strength of adhesive joints.
2.43.1  Cohesive zone modelling

This approach is commonly implemented using the FEM, where special cohesive elements are
utilized. These cohesive elements feature paired nodes that adhere to established cohesive laws.
These cohesive elements incorporate fracture criteria that dictate crack propagation and stress
criteria that govern the onset of damage. CZM offers the advantage of mesh-independent strength
prediction, as validated by several studies on mesh dependency [124,125]. This results from the
definition of damage growth being based on an energetic criterion averaged over an area, rather

than relying on values from individual points.

There are two primary approaches to cohesive zone modelling (CZM): the local approach
and the continuum approach. In the local approach, cohesive elements connect superimposed
nodes of elements, effectively representing a zero-thickness interface. On the other hand, the
continuum approach utilizes cohesive elements to simulate the entire adhesive bond, which has a
finite thickness, connecting the two adherends. O'Mahoney et al. [126] conducted a Taguchi
analysis on single-lap joint (SLJ) using the local approach, which employs zero-thickness cohesive
elements at the adherend/adhesive interface and continuum damage elements within the adhesive.
Through their analysis, they concluded that adhesive strength, interface fracture toughness, and
adhesive ductility are the most influential factors affecting the strength of SLJ. Sugiman et al.
[127] examined the impact of employing zero-thickness cohesive elements either in the middle of

the adhesive layer or at the adhesive/adherend interface, while the remaining adhesive elements
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were modelled as continuum elements. They observed that cohesive elements positioned in the
middle provided slightly more accurate results for SLJ compared to those positioned at the
adhesive/adherend interface. Geleta et al. [128] adopted a unique approach distinct from both local
and continuum approaches. They discretized the adhesive layer using continuum elements and
then inserted cohesive elements between each of these elements. An advantage of this approach,
compared to conventional CZM methods, is its lack of restriction on the crack path, allowing more

flexibility in modelling crack propagation.

The cohesive law can assume various shapes, such as triangular, linear-parabolic,
polynomial, exponential, and trapezoidal [129]. Among these, the triangular shape is the simplest
and most commonly employed [130]. The detailed explanation of cohesive formulations and
traction-separation laws will be discussed in Chapter 3. Fernandes and Campilho [131]
investigated DCB samples to determine how the shape and parameters of the cohesive law
influence the prediction of the strength of joints under pure mode | traction. They observed that
triangular and trapezoidal law shapes yield similar and accurate strength predictions for both brittle
and ductile adhesives. In a similar investigation focused on mode Il loading, Fernandes and
Campilho [132] explored ENF samples. They observed that the triangular law performed better
for brittle adhesives, whereas its accuracy decreased with increasing adhesive ductility, where the
trapezoidal law proved to be more accurate. Campilho et al. [133] compared the predictive
accuracy of different cohesive law shapes by varying overlap length (L,) of single-lap joints (SLJ).
They observed that triangular laws are more appropriate for brittle adhesives, while trapezoidal
laws yielded better results for ductile adhesives. However, the variance in strength prediction
between triangular and trapezoidal laws for ductile adhesives was less than 10%. Therefore, for
simplicity, the triangular law may be favoured in such scenarios. For L, < 50 mm, the choice of
cohesive law shape will have minimal influence on the results. Thus, selecting any shape will not

significantly affect the results in these scenarios [134].

Other authors focused on the influence of CZM parameters on strength predictions.
Teixeira et al. [135] investigated the effect of CZM parameters on strength predictions, finding
that variations in tJ had a minor influence under pure mode | loading with DCB specimens.
Conversely, reducing t2 resulted in a notable decrease in strength. A higher or lower G,. led to

more significant strength increases or decreases, respectively, highlighting the importance of
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selecting the appropriate G;. value in CZM. Azevedo et al. [136] demonstrated that in pure mode
Il loading, specifically in the ENF test, a substantially lower t0 had the most significant impact on
joint strength, resulting in a reduction regardless of adhesive ductility. Changing G;,;. had an effect
on the joint strength, but it did not alter the stiffness of the load-displacement curve, unlike changes
in t2. Campilho et al. [137] investigated the impact of CZM parameters on SLJ using a triangular
cohesive law shape. He found that lower values of G, in numerical models for single-lap joints led
to significant decreases in joint strength, while higher G. values resulted in minor increases in
strength. Higher values of t2 had minimal impact on joint strength, while lower values led to a
moderate decrease. Additionally, smaller or larger values of t2 resulted in significant decreases or

increases in strength, respectively.
2.4.3.2  Continuum damage mechanics approach

The damage mechanics approach enables the simulation of gradual material degradation in the
adhesive, in which the stiffness diminishes progressively until failure, resulting in a complete loss
of stiffness. This approach allows for the determination of crack paths without being restricted by

predefined paths set by cohesive elements, as is the case in CZM.

de Moura and Chousal [138] conducted a numerical analysis focussing on fracture
characterization in adhesive joints. They utilized a triangular traction-separation law to simulate
fracture propagation in DCB and ENF tests, employing a pure mode damage criterion. To convert
the strains obtained from the FE analysis to relative displacements in the continuum model, they
introduced a characteristic length [.. One advantage of CDM over CZM is its capability to predict
non-negligible stress components in the fracture process zone (FPZ) during asymmetrical
propagation. Hua et al. [139] developed a continuum damage modelling method to simulate the
cohesive failure of single lap joints bonded with EA9321 adhesive, subjected to various
environmental conditions. Unlike traditional models that rely on strain-based failure criteria, this
method employs a damage parameter based on equivalent plastic displacement, offering mesh
independence. This parameter not only indicates the failure path, but also quantifies the extent of
damage within elements. As a result, the model allows for a more gradual accumulation of damage,

leading to a more realistic representation of the joint behaviour.

Garcia et al. [140] used a continuum damage model to investigate the initiation and

propagation of cracks in a joint typically employed in wind turbines. The joint was bonded using
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a tough and ductile adhesive. Their model employed the Drucker-Prager exponential criterion to
characterize the elasto-plastic behaviour of the adhesive, with softening described in a linear
manner. They accurately determined both the crack path and the joint strength, as validated against
experimental tests. Chousal and de Moura [141] introduced a mixed mode damage model
employing continuum elements with a triangular traction separation law. They utilized a quadratic
stress and fracture energy criterions to derive the mode I/11 stress components leading to damage
onset and relative mixed-mode displacements. Validating their model with DCB and ENF
specimens, they successfully predicted crack paths and the fracture process zone. Stapleton et al.
[142] proposed an enhanced FEM formulation featuring adaptive shape functions and mesh, based
on their earlier work [143]. The shape functions of this method are obtained through analytical
solutions of the governing equations, resulting in a computational approach that demands fewer
elements and offers faster processing compared to a CZM for similar problems. Joint failure is

evaluated using a progressive damage model, reminiscent of the approach in CZM.

Sugiman and Ahmad [144] conducted a comparison between CZM and CDM featuring
linear softening. While the CZM yielded slightly more precise strength predictions, it lacked the
ability to determine the path of the crack, a capability accurately predicted by the CDM.
This work also demonstrated the importance of maintaining an aspect ratio of 1 for adhesive
elements. Riccio et al. [145] evaluated the effectiveness of a damage model featuring a linear
softening phase in Scarf joints and joints subjected to three-point bending. Their model accurately
identified crack paths and damage locations in both scenarios. Zhang et al. [146] applied linear
softening CDM to predict the strength of the composite metal scarf joint. In their work, they
investigated the impact of employing different metals and composite stacking sequences on joint
strength. Kim and Hong [147] proposed a mixed-mode damage model that accounts for both the
hardening and softening behaviours of various adhesives. They utilized an exponential hardening
section to capture the ductility of the adhesives effectively and complemented it with an
exponential softening section, with a distinct formula, ensuring a comprehensive representation of
material behaviour. They employed the Benzeggagh-Kenane criterion to assess damage
propagation, while a second-order criterion was used to determine damage initiation. The
effectiveness of the model is evaluated in single-lap joints with varying adhesive thickness (t4)

and adherend thickness (t,), both with and without adhesive fillets. The study demonstrated that
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joint strength increased with the inclusion of fillets and ¢,. In the absence of fillets, the joint

strength decreased with t,, but in their presence, t, contributed to an increase in joint strength.
2.4.3.3  Bi-adhesives and adhesive/cohesive failure problems

Employing bi-adhesive joints reduces shear and peel stress concentrations at the ends of the
overlap, while elevating stress levels in the middle of the joint, particularly when a brittle adhesive
is utilized [148-150]. This implies a more uniform distribution of loads along the bondline. The
decrease in stress concentration in these critical areas, which are prone to causing adhesive joint
failure, leads to an overall increase in joint strength, thus delaying failure [151]. Moreover, in bi-
adhesive joints, stress concentrations are present not only at the bonding ends (primary peak) but
also in the gap regions (secondary peak) where the adherends remain unbonded. These stress
concentrations at the boundaries of the two adhesives arise from differences in mechanical

properties or from the presence of a gap between ductile and brittle adhesives [150].

Jairaja and Naik [152] investigated the impact of using bi-adhesive joints on failure modes,
using AV138 and Araldite 2015 as brittle and ductile adhesives, respectively. They found that
single-adhesive joints typically experience adhesive failure, while the bi-adhesive joints show

length of the ductile adhesive

cohesive failure. Length ratio (d= ) elasticity ratio (E=

length of the brittle adhesive

elasticity modulus of the ductile adhesive

) are one of the most important variables that influence the strength

elasticity modulus of the brittle adhesive

of the joints. Research works [148,149,153,154] indicate that as the d ratio increases, there is a
corresponding increase in maximum stress at the joint ends, while shear stress at the adhesive
boundaries decreases. Therefore, the distribution of stress becomes more uniform, with lower
stress at the overlap ends and higher stress in the centre, improving the strength of the joint. On
the other hand, a decrease in adhesive stiffness correlates with a reduced stress concentration at
the joint ends, often resulting in increased joint strength [153].

Regarding cohesive and adhesive failures, Belnoue and Hallett [155] proposed a new
methodology for the finite element (FE) modelling of failure in adhesively bonded joint.
The deformation of the adhesive, representing cohesive failure, is simulated using a smeared-crack
approach. This method enables crack propagation without requiring prior knowledge of the crack
path and is well suited for modelling situations involving both plasticity and damage [156]. Many

studies have highlighted the significant influence of adhesive plasticity and its response to
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hydrostatic pressure on the failure mechanisms observed in the structural adhesive used in their
work [157-159]. On the basis of these observations, authors have chosen smeared crack models
to address adhesive plasticity, incorporating a pressure-dependent yield criterion. In contrast,
adhesive failure is represented by incorporating a layer of cohesive elements at the interface

between the adhesive and the adherends.

2.5  Strain softening in EFG framework

2.5.1 Cohesive zone modelling

Belytschko et al. [160] explored the feasibility of CZM within the EFG framework for simulating
dynamic crack growth in concrete. It builds on recognizing the limitations of LEFM for concrete
due to the FPZ (a zone of microcracks and weakened material). The conclusive results suggest that
the CZM-EFG approach is a reliable tool for simulating dynamic crack growth in concrete.
However, authors suggest for further research and development are necessary to explore
alternative material models or utilizing adaptivity within the EFG framework to improve
computational efficiency. Rabczuk and Belytschko [161] introduced a novel approach for
modelling cohesive cracks within the EFG framework. This method treats the crack as a collection
of discrete particles, eliminating the need for pre-defined crack topology. The computed crack
speed adheres to the established physical limit of the Rayleigh wave speed. Furthermore, the
method qualitatively captures the intricate branching patterns observed in pre-notched specimens
under sudden loading. However, the dependence of the method on specific quadrature schemes

and their convergence behaviour in the presence of cracks need further investigation.

Rabczuk and Zi [22] broadened the eXtended EFG (XEFG) method proposed by Ventura
et al., [162] to model cohesive and dynamic cracks. The XEFG method, which uses branch
functions as enrichments at crack-tip nodes, was found to be much more effective than the cracking
particle method. Rabczuk et al. [163] introduced a three-dimensional reinforced concrete model
with geometrical and material nonlinearity, wherein cracking is simulated using the extended
element-free Galerkin (XEFG) method, explicitly introducing the crack. Nodes whose domain of
influence was cut by the crack were enriched with the step function or a near top function. After
the crack initiation, a cohesive model ensured proper energy dissipation as the crack propagated.
Additionally, both the prestressing tendons and conventional reinforcement were simulated using

finite elements, employing standard J, plasticity with isotropic hardening.
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Chong [164] demonstrates the use of the EFG method to analyze cohesive crack growth in
2D domains. The cohesive curved crack is simulated by connecting straight-line interface elements
to form the crack. As a result, the crack is represented by a piecewise linear line. The relative
displacement increments between the two opposing surfaces of the interface elements represent
the crack displacement increments. These increments are expressed in terms of the nodal
displacement increments through EFG shape functions, which adhere to the visibility criterion.
The visibility criterion is essential for constructing the shape functions near a crack. It involves
treating domain boundaries and crack lines as opaque objects during the construction of weight
functions. The methodology avoids the need for iterative processes by directly integrating a term
related to energy dissipation along the interface elements into the stiffness equation of the domain
within the weak form of the global system equation. The constitutive law of cohesive cracks is
then considered through this energy term.

Ghosh and Chaudhuri [165] presented a multi-scale approach for fracture in concrete
materials. The XEFG method, a modelling technique, has been applied to simulate concrete
behaviour at both macroscopic and mesoscopic levels. In this work, the material behaviour of the
cement paste is described using a nonlinear isotropic damage model to account for its response
under tensile loading. Additionally, a cohesive crack model is introduced to accurately capture
complex mixed-mode fracture phenomena. The interface behaviour between the cement and
aggregates is further modelled using a phenomenological approach. Goudarzi and Mohammadi
[166] utilized the element-free Galerkin (EFG) approach, for modelling cohesive crack
propagation through extrinsically enrichment strategy based on the partition of unity property of
MLS shape functions. The study focuses on fully saturated porous media subjected to external
mechanical loads within the small deformation regime. Fractures are treated as cohesive cracks
with significant permeability, enabling the flow of water inside. The governing equations for a
fully coupled saturated state are discretized using enriched moving least squares (MLS) shape
functions. Various coupled and uncoupled fracturing problems, including mode | and mixed-mode
scenarios in porous materials, are investigated. Significant advancements have been achieved in
modelling cohesive crack growth within the EFG framework, building upon the approaches
mentioned earlier [167-170].
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2.5.2 Continuum damage mechanics

In his work, Milan Jirdsek [171] explores the suitability of the element-free Galerkin (EFG)
method for problems involving strain localization. He discusses why the EFG method struggles
with standard local continuum problems, even when adjustments are made to ensure correct energy
dissipation. Jirasek analyzes the source of stress oscillations leading to multiple softening bands
using a simple uniaxial example. He demonstrates that these oscillations are significantly reduced
when the model is reformulated as nonlocal (Integral approach), provided that the radius of
influence in the EFG formulation is appropriately scaled compared to the internal length of the
nonlocal continuum. Additionally, highlights that for problems involving regularized localization,

the accuracy of the EFG solution can surpass that of the finite element method.

Askes et al. [16] employed the EFG method to discretize structures governed by gradient
based nonlocal damage models. Many research works [172,173] have highlighted that
incorporating fourth- and higher-order derivatives significantly alters the solution. However,
incorporating fourth-order derivatives poses computational challenges, particularly when using the
FEM, as it requires either C! shape functions or mixed finite elements, which can increase the
computational burden. On the contrary, ensuring higher-order continuity of the EFG shape
functions is comparatively straightforward, rendering the method suitable for capturing higher-
order strain fields present in gradient damage models. Certainly, the EFG method facilitates a
straightforward comparison of various gradient based damage formulations. Further, they
observed that both the second-order implicit model and the fourth-order implicit model capture the
characteristics of the integral based nonlocal damage model adequately, suggesting that the

inclusion of fourth-order terms does not significantly affect the response.

The study conducted by Rabczuk and Eibl [174] focused on analyzing prestressed concrete
beams subjected to quasistatic loading through the coupled FE-EFG approach for their analysis.
In their model, concrete was represented using particles, while reinforcement was represented
using beam elements. The steel reinforcement was modelled using an elastoplastic constitutive law
with isotropic hardening and a tension cutoff. Additionally, a continuum damage model was
employed to simulate the behaviour of concrete in tension, incorporating an anisotropic tensile
damage variable for this purpose. Yang and Misra [175,176] introduced a higher-order theory that

incorporates strain gradients and their conjugate higher-order stresses. The higher-order gradient
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models are discretized using the EFG method, combined with a penalty method for enforcing

essential boundary conditions.

Pan and Yuan [15,177] introduced a modified gradient-based nonlocal damage model
derived from the well-known Gurson-Tvergaard-Needleman (GTN) model within the framework
of the EFG method. The EFG algorithm computes nodal equivalent plastic strain. It involves
interpolating strain values at integration points and using MLS (Moving Least Squares) shape
functions to compute high-order spatial derivatives directly from the interpolated nodal plastic
strain. This approach avoids the need for additional plastic strain boundary conditions. The
proposed algorithm allows for the analysis of shear band localization, and the results indicate that
the dependence of damage localization on mesh resolution is eliminated by employing the gradient
regulator. Luca et al. [178] devised a non-standard variational approach to simultaneously derive
the second-gradient equilibrium equations and the Karush—Kuhn—Tucker conditions for the 2D
scenario in EFG framework. It is observed that the damage begins at the boundary due to specific
boundary conditions. These boundary effects can impact the interpretation of experimental
measurements, potentially influencing results by interacting with material defects or affecting the
control of boundary conditions. The developed variational approach enables the recovery of not
just the pertinent governing equations and the relationship governing damage evolution, but also

ensures the determination of clear and unambiguous boundary conditions.

The study confirms that the nonlocal damage model, coupled with the element-free Galerkin
method, is effective in simulating damage phenomena and predicting size effects.

2.6 Summary

The literature extensively covers strain-softening phenomena using CZM and CDM approaches
within both FEM and EFG frameworks. Additionally, there is widespread discussion on the
application of nonlocal integral approaches for addressing strain localization problems across
various materials. In the realm of adhesive bonded joints, a wide range of studies have focused on
failure analysis utilizing CZM and CDM approaches, showcasing a diverse range of works in this

area.

Certain aspects of adhesive bonded joints remain relatively underexplored in the literature,
particularly regarding failure analysis involving adhesive and cohesive crack problems, where

conventional FEM often yields highly mesh-sensitive results. Additionally, in the quest to mitigate
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stress concentrations in single-lap joints, the adoption of biadhesives has emerged as a popular
approach. However, there is limited research on failure analysis conducted on these joints, and
numerical analysis using FEM often encounter abrupt discontinuities in stress distributions,
leading to simulation abortion, further highlighting the need for more comprehensive
investigations in this area. Hence, nonlocal integral approaches have been employed in conjunction

with CDM theories to address the aforementioned challenges.

Nevertheless, while the nonlocal strain approach achieves mesh-independent results, it
often lacks accuracy. Consequently, there has been limited research aimed at improving the
performance of the nonlocal strain approach. To address this gap, the strain difference-based
nonlocal constitutive law proposed by Polizzotto et al. [18] is employed in conjunction with
Continuum Damage Mechanics (CDM) theories. This combined approach is utilized to predict the
structural response of quasi-brittle materials, aiming to enhance accuracy and reliability in

capturing the complex behaviour of such materials under loading conditions.

In ductile materials, plastic strain significantly influences damage evolution. However,
while many research works treat damage as the nonlocal variable, the consideration of equivalent
plastic strain remains relatively unexplored. On the other hand, the models introduced by Bonora
[19] and Thakkar and Pandey [179] exhibit versatility in predicting damage across diverse ductile
materials. However, this approach can impose limitations when plasticity-related internal
variables, including isotropic and kinematic hardening, are present. In such cases, it becomes
crucial to differentiate the contributions of hardening to the plastic strain, highlighting a potential
constraint in the application of these models. Therefore, a novel ductile damage dissipation

potential is proposed, which integrates the effects of isotropic hardening and scalar damage.

EFG methods with higher-order shape functions possess mathematical nonlocality but may
not adequately capture mechanical nonlocality, especially when solving problems related to strong
and weak discontinuities. It is widely acknowledged that cohesive crack concepts are effective in
solving strong discontinuities, such as crack propagation problems. Many research works have
employed these concepts within the EFG framework, enriched with the methodology of XFEM,
referred to as XEFG. However, methods like eXtended EFG (XEFG) and extrinsically enriched

EFG methods will not be helpful in the absence of analytical solutions from which the branch
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enrichment functions are inspired. Therefore, there remains a research gap in simulating crack

propagation within the EFG framework without relying on these functions.

On the other hand, when addressing weak discontinuities such as holes, notches, and
sudden changes in area, gradient theories are commonly employed within the EFG framework.
However, to the best of the authors' knowledge, there has been relatively little exploration of
integral-based nonlocal theories in the EFG method. Moreover, due to their simplicity, ease of
implementation, and reduced mathematical complexity, these methods can be effectively extended
to address large deformations, such as those encountered in hyperelasticity. Indeed, the EFG shape
functions' ability to readily satisfy higher-order continuity requirements enables the method to
effectively alleviate phenomena such as locking [16]. Therefore, before addressing strain
localization in large deformation (hyperelastic) problems, the authors identified a research gap
concerning the effective handling of volumetric locking issue in nearly incompressible

hyperelastic materials within the EFG framework.

43
TH-3547_176103019



Chapter 3

Mathematical Formulations and Methodology

This chapter explores the physical significance of the damage phenomenon and its modelling
approaches, which address damage at both meso and macroscopic levels while adhering to specific
principles. Further, it explores nonlocal integral approaches, focusing on challenges encountered
by classical continuum theories. Fundamentals of both local and nonlocal continuum theories are
discussed, covering dissipation inequalities and step-wise procedures for deriving constitutive
equations. Additionally, it covers the core concepts of hyperelasticity and its mathematical
terminology, providing a detailed description of its finite element implementation procedure.
Finally, the chapter provides an overview of the EFG method, encompassing key parameters
influencing the method, shape functions and their properties, as well as techniques for imposing

boundary conditions.
3.1 Damage phenomenon and its modelling approaches

In the context of Fig. 3.1, depicting body B under the influence of an external loading displacement
causing the development of a crack of length a., the examination of an arbitrary point P(x) near
the crack tip reveals the presence of numerous microscopic cavities or microcracks within the
surrounding region. These cavities typically nucleate from the breakage of atomic bonds or defects

in the atomic arrangement.

The fracture of materials is a complex process involving multiple scales of observation. At
the microscopic level, it entails the nucleation of microcavities or microcracks due to the rupture
of atomic bonds. On a macroscopic scale, it manifests as the propagation of cracks resulting from
the coalescence of these microstructural defects. However, an intermediate mesoscopic process
exists, where the interplay of nucleation, growth, and coalescence of microcavities drives the

initiation and progression of macroscopic cracks.

The formation of cavities across microscopic, mesoscopic, and macroscopic stages of
material fracture, along with consequent degradation in mechanical properties, collectively
constitutes damage [6,180,181].
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Fig. 3.1. Notion of representative volume element and continuum damage mechanics

3.1.1 Continuum damage mechanics (CDM)

The mechanics concerning the discussion of material damage and its mechanical consequences
within the framework of continuum mechanics is known as continuum damage mechanics (CDM)
[182-184]. Hence, the problem of damage and fracture induced by the formation of distributed
cavities can be analyzed within the framework of continuum mechanics through the following

procedures [60]:

(a) Characterising the damage state through a damage variable denoted as D(x).

(b) Establishing an equation governing the evolution of the damage variable, termed as the
evolution equation.

(c) Developing an equation delineating the mechanical response of the damaged material,
known as the constitutive equation.

(d) Resolving the initial and boundary value problems utilizing these equations.
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3.1.1.1  Effective stress concept

This section examines the damage mechanism in a cylindrical bar when subjected to tensile
loading, as illustrated in Fig. 3.2. Consider a scenario where the bar depicted in Fig. 3.2(a),
featuring a cross-sectional area of dA, experiences a tensile load denoted as dF, while being in a
state of damage characterised by D. In this context, the effective load-carrying cross-sectional area
is represented by dA4, which differs from the apparent area dA. Hence, the effective area dA is
given by [182],

dAd = (1-D)dA (3.1)

- / K dA = (1 - D)dA
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Fig. 3.2. Deformation and damage of a bar under tensile load

The reduction in the load-carrying area amplifies the effect of the stress ¢ induced by the external

force dF. According to Eq. (3.1), the effective stress, denoted as &, is determined by:

dF_ o
di 1-D

(3.2)

o =

TH-3547 176103019 46



The concept of effective stress, as delineated in Eq. (3.2), is designed to encapsulate not
just the impact of diminished geometrical area owing to damage but also to account for stress
concentration effects occurring at voids, as well as the interactions between voids. The actual
phenomena of material damage, however, exhibit a complexity beyond the scope postulated in

Kachanov’s model, and as such, the model may possess limited validity [185,186].
3.1.1.2  Variation of elastic modulus

We now apply another concept of the effective stress to the bars shown in Fig. 3.2(a) and 3.2(b).
Let us assume that bar (a) and (b) is in a damaged and the fictitious undamaged state, respectively.
In this context, the elastic strain & experienced by bar (b) due to the stress & should be equal to that

€ experienced by bar (a) under stress o.

6 =Eye, o=E(D)e (3.3)
(or)
_ 0 o
€= —0 = m (34)

here, E, and E (D) represent Young’s modulus of the material in the initial undamaged state and

in the damaged state after loading, respectively. Eq. (3.4) thus defines another form of effective

stress.
. _ Eo
6= ED) o (3.5)
By combining Egs. (3.2) and (3.5), we have
E(D) = (1 — D)E,
E(D) (3.6)

D=1
0

3.1.1.3  Principle of strain equivalence
The statement asserts that the strain constitutive equations of a damaged material are formulated

using the same framework as for an undamaged material, with the exception that the stress is
substituted by the effective stress [187].
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Chaboche and Lemaitre extended this concept to encompass the broader scope of inelastic
deformation by introducing constitutive equations for both damaged and undamaged materials,
defined as [180,188]:

e=Fy(0,a) =F(o,D,a) (3.7)

where a is an internal variable representing the internal structural change other than the damage,

and D is the damage tensor.
3.1.1.4  Thermodynamic aspects of damaged material

When the thermodynamic state, and consequently the state variables, of a system remain constant
over time, the system is deemed to be in thermodynamic equilibrium. Conversely, if the state of a
system undergoes alteration due to external agencies, this alteration in the state is termed a
thermodynamic process. The state variables that autonomously drive changes in the system state
are designated as independent variables. Conversely, variables determined by single-valued
functions of these independent variables are termed dependent variables. It should be noted that

the selection of independent variables is not unique.

In general, the thermodynamic state of a material is typically non-uniform and resides in a
non-equilibrium condition, resulting in irreversible processes. Classical thermodynamics,
formulated under the assumption of uniform and equilibrium states, fails to adequately describe
such non-equilibrium phenomena. To address this challenge, the principle of local state is
introduced [189,190]

This hypothesis posits that a material element within a continuum, even when in a non-
equilibrium state, exhibits an identical thermodynamic response to that of the same element in the
corresponding equilibrium state. Therefore, this postulate remains valid under the condition that
the response time of the material element to reach its equilibrium state is significantly shorter
compared to the characteristic time of the kinematic and thermodynamic evolution of the

continuum.

The second law of thermodynamics asserts that the rate of entropy increase within a system
is always greater than or equal to the rate of entropy increase resulting from heat sources and heat
flux. Therefore, the irreversibility of entropy production is expressed by means of:
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ps + div (%) —; > 0 (3.8)

here p, s, T,r, and q represents mass density, entropy per unit mass, absolute temperature, rate of

heat generation per unit volume and the outward heat flux vector on boundaries of the volume V.

By substituting r = pé — a: &€ + div(q) from the first law of thermodynamics, where e is the
internal energy per unit mass, and using the Helmholtz free energy 1 = e — T's, into Eq. (3.8) and

performing mathematical derivations gives,

grad(T)

o:&—p(—Ts)—q. S (3.9)

Eq. (3.9) is known as the Claussius-Duhem inequality, and must be satisfied for every possible
process [189,191].

Constitutive equations

Let's consider that at any given time t, the thermodynamic state at a point is defined by a set of

state variables, denoted as follows:
{&,V,,qT} (3.10)

The term V, represents the set of internal variables that are scalar, vector, and tensor nature
associated with dissipative mechanisms. Following that, the Helmholtz free energy defined as ¢ =

W(g, Vi, T), has it rate form as:

¢:g—l£;s+a—¢:vk+a—¢T (3.11)

Substituting the Eqg. (3.11) in Eg. (3.9), we obtain:

9 oy Y . d(T
(a—pa—l‘ﬁ):é—pa—fk:V,{—p(s+a—;/f)T—q.graT( ) S o (3.12)

Eq. (3.12) must hold true for any pair of functions {&, T}. This implies the well-known constitutive
equations:

0y 0y

_ o __ 3.13
T=P o5 ST 79T (3.13)
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By defining new variables,

oy

Ay = PV

= —grad(T) (3.14)
and substituting them into Eq. (3.12), the Claussius-Duhem inequality reduces to
b= AV, + q.% >0 (3.15)

here A, is defined as the conjugate thermodynamic force for each internal variable V;, and g

represents the temperature gradient.

Evolution equations

The Eqg. (3.15) indicates that dissipation ¢ is determined by the products of the generalized flux
vector and the generalized force vector. However, when considering the vector of rates of internal
variables{V,, g} and their associated variables {4, q}, there's no unique selection for which
variables constitute the generalized flux vector and which constitute the generalized force vector.
Conventionally, it's often simpler to interpret that the force drives the flux. Henceforth, we will

designate the generalized force vector as {4y, q} and the associated generalized flux vector as
Vi 8}

In cases where the dissipation ¢ is expressible in the form delineated by Eq. (3.15),
particularly, the evolution equations of {V, g} can be derived from a potential function defined as

a function of {4, q} [180,189,192]. Then postulating the existence of a scalar-valued dissipation

( . ' ) ( )
k» q; kJT 3-16

The function F in Eq. (3.16) is assumed to be a non-negative convex function, and it satisfies F =
0 for {4, q} = {0}. In other words, the constitutive equations governing the heat flux vector q,
and the evolution of the internal variable V,, are determined by the outward normal vectors to the
potential surface F = 0 within the space of generalized force. This principle is formally known as

a normality law. Therefore, the evolution equations of the flux variables are given by,

. . OF . OF
V=247 q=21—75 (3.17)
‘ 2(%)
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here, 4 in the above equation represents the indeterminate multiplier.
3.1.2 Cohesive zone modelling

The cohesive crack model, a simplified representation of the process zone, is often viewed as a
specialized form of more general approaches. In the cohesive zone model proposed by Dugdale
[193], it is postulated that a plastic zone exists near the crack tip. Within this zone, a stress
equivalent to the yield strength o, is assumed to act across the crack. On the other hand, the
Barenblatt model [194] resembles the Dugdale model but incorporates variations in stress with
deformation. However, the Barenblatt model is not commonly employed in finite element analysis
[195].

Hillerborg [195] proposed the cohesive crack concept, which shares similarities with the
Barenblatt model. In this model, initiation of the crack propagation occurs when the stress at the
crack tip reaches the tensile strength t,,,,,.. Unlike the assumption of an abrupt drop to zero stress,
the stress is considered to decrease gradually with increasing crack width w, as illustrated in Fig.
2.3.

e crack length

crack tip

f
|
|
|
\
|
|
|
|
|
|
|

Fig. 3.3. Cohesive crack concept
At the crack width wy, the stress reaches to zero. In regions where w < wg, the "crack™ actually

corresponds to a microcracked zone with remaining ligaments responsible for stress transfer. Since
there is a stress required to initiate crack opening, energy is absorbed. The energy absorbed per

unit crack area in widening the crack from zero to w is:

G = f edw (3.18)
0
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here, G also corresponds to the area under the cohesive traction (t)-separation (w) curve. When

stress reaches zero at wy, then the area under the curve is expressed as,

wr
G, = f tdw (3.19)
0

where G, means the critical absorbed energy required for the crack to propagate.
In implementing the cohesive crack concept, different shapes of t —w curves are available,

typically categorized as intrinsic and extrinsic traction-separation or cohesive laws, as shown in

Fig. 3.4.
r 3 F 3
Damage initiation
(w=wo)
tmax
7 7
2 Damage o T
z _ evolution = coh
< £
(@} o
o o
Complete
damage
Separation (w) Wr Separation (w)
(a) (b)

Fig. 3.4. (a) Intrinsic and (b) extrinsic traction-separation laws

Various shapes of cohesive zone model (CZM) laws have been proposed in the literature,
tailored to simulate different material or interface behaviours. The triangular, exponential, and
trapezoidal shapes, are among the most frequently employed for predicting the strength of typical

materials. Thus, the constitutive law expressed in terms of cohesive stress and separation, or crack
width w is given as,

t = K(1—D)w (3.20)

where, D represents the damage variable, which is determined through the damage evolution

equations specified by cohesive laws. Some of the commonly used damage evolution equations
are [196]:

TH-3547 176103019 52



] Wr [ W— W
Triangular law: D=—|— (3.21)
W \Wr =Wy

p=1-{ 1_1_eXp<_a(ﬁ>>

Exponential law:
P 1 —exp(—a)

(3.22)

here, the separation at damage initiation and complete failure are represented by w, and wy, a is

a non-dimensional material parameter that defines the rate of damage evolution.

The aforementioned damage evolution equations are applicable only when the stresses or
strains at a material point meet specific damage initiation criteria, signaling the onset of material

degradation. Several damage initiation criteria are available such as:

Maximum stress criterion: t t t
n S t
Maximum strain criterion: (en) € 2
max {Sm?lx 2 gmsax 0 smax = 1 (323b)
n S t
Quadratic stress criterion: &N (€N (N’
{ max} + { max} + { mfzx} =1 (3230)
tn tS tt
Quadratic strain criterion: Z Z z
toa) s fal et - 220
&n Es o

where, t;7'%*, t*%* and t{*** represent peak nominal stresses for normal and shear deformations,
while g***, e'* and e["** represent peak nominal strains for the same respective deformations.
On the other hand, the failure under mixed-mode conditions or the criteria for crack propagation
are determined by a power law interaction between the energies required for failure in the

individual modes—normal and shear. This is formulated as:

G a G a G a
n S t
@%ﬁ%ﬁﬂ (3.29

here, the quantities G,, G,, and G, represent the work done by traction and its conjugate relative

displacement in the normal, first shear, and second shear directions. Meanwhile, the quantities
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GS,GE, and GE denote the critical fracture energies needed to induce failure for the same respective

deformations.
3.1.2.1 Variational formulations

Let us consider that the domain Q with a crack I, as shown in Fig. 3.5, which has displacement
constraints, ur, on I, and subject to tractions, T, on the boundary I'z. It contains an active cohesive
zone, T'.,,, Within the crack surface where the upper and lower edges are subjected to tractions,

tTand t, respectively.

U ext

(@) (b)

Fig. 3.5. (a) Domain with crack involving cohesive zone, and
(b) zoom in the region of cohesive zone

The equilibrium equations of this problem are given by
V.o =0 onQ (3.25)
ont=—cn =t =-t"=tonTl,, (3.26)

where nt and n~ are the normals at the crack surface. Assuming infinitesimal strains, the

kinematic equations will be
Strain-displacement relation: &€ = %(Vu + (Vu)T) on O (3.27)

Cohesive separation: w=(u" —ut)onTl,,, (3.28)
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The obtained displacement solution should satisfy the following relations:
u=uronly el ande.n=Tonlz €T (3.29)

There will be two constitutive laws, one for the cohesive zone and another for the entire domain,

which are expressed as
t=tw)onl,,, €T, o=CéeonQ (3.30)

where C is the elasticity tensor. The strong form of the equilibrium equations is now transformed
into the Galerkin weak form to construct the discrete system of equations in the FEM framework.
The displacement u must be a member of the set U comprising kinematically admissible

displacement fields.
ueU={uel:u=0onTl,} (3.31)

In the U space, discontinuous displacements across the crack boundary T, are permitted. Therefore,

the weak form of governing equations is given as,

fa; £(@) dQ = fT.ﬁdl“+ ft+.ﬁ+ dar + ft—.ﬁ‘ dr (3.32)
QO

r‘F F:oh l—‘;oh

Using Egs. (3.26) and (3.28), the above equation can be rewritten as,

fa:e(ﬁ) dQ + f tw()dlr = fT.ﬁdl“ (3.33)

Q Fcoh FF

3.2 Nonlocal Integral theory

The formulation of any nonlocal theory commences with the selection of the variable to be
enriched by nonlocal effects. Common selections include the regularization of external
independent variables (such as strain and strain difference tensors), the regularization of internal
variables (such as isotropic hardening and damage), or the regularization of the conjugate
thermodynamic forces of the internal forces (damage energy release rate). Considering the
multitude of possibilities available, it can initially be challenging to determine which option is the
most effective and suitable for use. The selection of a nonlocal variable is intricately linked to
thematerial type being modelled and the specific problem at hand, tailored to meet the demands
and objectives of the study.
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It has been observed that very few works have considered to enhance the performance of
the strain-based nonlocal variable in damage mechanics to enhance its performance to capture the
post-peak behaviour. Indeed, from a physical perspective, it is reasonable to consider strain as a
nonlocal variable due to its significant role in deformation processes and directly linked to the
localization phenomenon. Moreover, this approach indirectly incorporates nonlocal effects into
the internal variables (damage) and their thermodynamic conjugate forces (damage energy release
rate). Hence, in this study, strain-based variables are selected to investigate the damage

phenomenon and mechanical behaviour of quasi-brittle and ductile materials.

Let the strain tensor (&), a local field variable, is subjected to regularization process through

integral-type approach. Accordingly, the nonlocal variable () is defined as [17]:
£x) = fg(x,x’) e(x"HdvV(x") (3.34)
14

where, x and x’ are target and neighbouring points, g(x,x") is the symmetric influence or weight

function which describes the mutual nonlocal interactions and is positive definite.

The weight function attains its maximum value at a distance of r = ||x" — x|| = 0, and its
value diminishes as r increases, approaching zero. This indicates that nonlocal effects become
significant within a specific region known as the influence radius (r < R), beyond which the
regularized field variables exhibit behaviour equivalent to their local counterparts. In practice,
attenuation functions are frequently represented using Gaussian and quartic/bell-shaped functions
(see Fig. 3.6), defined as follows:

g(x,x") = ce(_l_z) (3.35)

g(x,x) = c(1 - (r*/R?*))?

where | and R are internal characteristic length and influence radius that are interrelated, generally

referred as material parameters. However, the determination of these parameters is still under

(x+]x])

research [197-199]. The Macaulay symbol is defined as (x) = >
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Fig. 3.6. Normalized nonlocal weight functions « [200]

The quartic function is defined within a finite support, specifically for r < R, where it
yields g(x,x’) = 0 beyond this limit. In contrast, the exponential function has an unbounded
support, with R = oo, but it exhibits a monotonically decreasing behaviour as r increases,

eventually approximating zero at larger distances.

Furthermore, the influence function must adhere to the normalization condition, a fundamental

criterion in nonlocal integral approaches to ensure the preservation of uniform fields.
r® = [[gex)ave) =1 (336)
v

Using Eq. (3.36) the constant ‘c’ of Eq. (3.35) can be determined [201]. Following this, Eq.
(3.34) falls short of satisfying the fundamental requirement because nonlocal effects cease only at
points far from the boundary, whereas they persist near the boundaries where y(x) < 1. To

overcome this limitation, g(x,x") in Eq. (3.34) is replaced with [202]:

N 9(x,x')
W(x,x") = ng(x,X’) W) (3.37)

While the influence function in the form depicted in Eq. (3.37) lacks symmetry and results in an
asymmetric tangent stiffness matrix which does not adversely impact the accuracy of results across

various case studies.
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3.2.1 Thermodynamic framework

To maintain the integrity of strain-based nonlocal formulations while modelling damage, it is
essential that these formulations adhere to the foundational principles of thermodynamics. Hence,

following the first and second laws of thermodynamics expressed in a pointwise form as follows:

U=o0:€+P
(3.38)
Thi=0:6—)+P>0inV
where, U is internal energy potential for the assumed nonlocal material which is expressed as a
function of averaged strain and damage (assuming that plasticity effects are neglected). P signifies
the energy density an individual particle acquires through the long-range interactions with
neighbouring particles distributed within the body [203-205]. The expression ¢ = (g, D)
represents Helmholtz free energy function defined as ¥ = U — Tn, with n as entropy and absolute

temperature T > 0.

In this scenario, the dissipation inequality (¢ = 1 > 0) does not apply on a pointwise
basis, unlike in the local approach (o: & — ) > 0). Therefore, extending the application of the
dissipation inequality to the entire volume V is crucial for upholding second principle of
thermodynamics. Consequently, the overall immediate body energy dissipation is given as:

f (o:&—4)dV =0 (3.39)
14

where the term, fVPdV = 0 represents the insulation condition, implying that, under any

deformation mechanism &, the domain should remain unaffected by long-range energy transfer

from the external environment.

This implies that during irreversible processes, it is acceptable for the local violation of the

inequality to occur. Expanding Eq. (3.38),

. Ell = 6¢ ..
— . . -4
¢—a.s——_.£——aDD+P20 (3.40)
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3.2.2 Constitutive law and determination of P

Remembering the Onsager reciprocity principle, which suggests that the energy dissipation density
exhibits a bilinear form in terms of independent local variables driving deformation mechanisms

and their associated thermodynamic forces, whether they are local or nonlocal in nature [18,203].
p=X:£€+YD>0 inV (3.41)

9y

5) act as the conjugate for the damage (D)

where, the damage energy release rate (Y ==
variable. Comparing Egs. (3.40) and (3.41), the energy residual P is obtained as,
P=Xié—c:é+22:F inV (3.42)
Applying the insulation condition to Eq. (3.42), gives
: L
f(X:£—0:£+—_:£)dV=O (3.43)
- 0€

In relation to the third term presented in Eq. (3.43), it can be easily confirmed that the Green-type

identity remains valid:
0 v
j—_:st= —:&dV (3.44)
y OF v 0€
Substituting Eq. (3.44) in Eq. (3.43) gives,
oy
J‘(X:é‘—a:é'-i-—lf:é)dV:O (3.45)
v 0g
Therefore, for any deformation mechanism, &, the nonlocal associated variable X, is defined as,
o
x=c-2 v (3.46)
de

Using Eq. (3.46) in Eq. (3.41) gives,

¢=<a-g_‘§):s+mzo (3.47)
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Following the established procedures [206], assuming the reversible processes the constitutive law
is defined as,
_ oY

=— inV (3.48)
0

o

On the other hand, by substituting Eq. (3.46) in Eq. (3.42), P is determined as,

oy . oY
P=—I£J:T€——l£):é inVv (3.49)
de 0

Finally, the dissipation inequality is given by
$=YD>0 (3.50)
3.3  Hyperelasticity

Hyperelastic materials like rubber are widely used in a variety of structural applications spanning
from automotive to aerospace. These materials experience large deformations for very small loads
and preserve their original configuration without any permanent deformation after unloading. Fig.
3.7 shows their nonlinear stress-strain response, where a linear elastic modulus is no longer

adequate. As a result, it is essential to study the behaviour of these highly nonlinear materials.

Fig. 3.7. Undeformed and deformed geometries of a body

TH-3547 176103019 60



The properties and the behaviour of these materials are represented by the strain energy
density function, which cannot be determined directly from the established behaviours like linear
elastic cases. Instead, it requires knowledge of the material's behaviour. Thus, knowledge of the
energy function is the key challenge where the increased deformation induces an increase in

nonlinearity, which leads to complex stress-stretch relations [207].
3.3.1 Stress and strain measures

In the case of infinitesimal deformation, the distinction between the undeformed and
deformed geometries becomes imperceptible. As a result, all quantities, including stresses, strains,
and displacements, are considered with respect to the initial geometry. While in reality, structures
attain equilibrium after deformation. But the conventional approach often assumes equilibrium

based on the undeformed geometry, particularly when dealing with infinitesimal deformations.

On the other hand, this distinction between the undeformed and deformed geometries
becomes substantial and cannot be disregarded for large deformation problems. Thus, it is essential
to understand the methodology for representing large deformations of material and defining stress

and strain accordingly.
3.3.1.1  Deformation gradient

The elastic body, when subjected to various forces (body forces, traction, point loads, etc.) and
displacements, changes its geometry from undeformed to deformed state, i.e., from the initial to
the current configuration, as shown in Fig. 3.7. The material points in the reference configuration,
represented by X, are mapped onto the spatial points in the deformed/Eulerian configuration,
denoted by x, and expressed as,

X; = X1 (X1, X3, X3)

X, = X,(X4, X5, X3)

X3 = X3(X1, X3, X3) (3.51)

or, x=¢X1t)

where ¢ represents the mapping function. The above equation states that each material
point in the initial/ Lagrangian configuration has a unique spatial point in the current/Eulerian

configuration. Eg. (3.51) can also be written as,
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x=X+ulXt) (3.52)
where u(X, t) is the displacement of a material point.

The variation of the vector field, i.e., from reference to a deformed configuration via
infinitesimal line segments (dX and dx) of a solid body, is measured by the concept of the
deformation gradient. The line segment, which is straight in the reference configuration, will also
be (nearly) straight in the current geometry. Therefore, the infinitesimal line segments are stretched
and rotated by deformation even though the body is subject to large deformations [208]. The line

segments dX and dx are associated by

dx = FdX or, F=2% (3.53)

Substituting Eqg. (3.52) in Eq. (3.53), the deformation gradient (F) can be expressed as,

du
= — = 3.54
F=1+ R 1+ Vyu (3.54)

here V, represents the gradient operator in the reference/Lagrangian configuration.

3.3.1.2  Strains in large deformations

Given that the definition of strain incorporates derivatives of displacement relative to the reference
frame coordinates, it is necessary to use either the undeformed or deformed geometry as a

reference.

Green-Lagrangian strain

The Green-Lagrangian strain utilizes the undeformed geometry as a reference. In Fig. 3.7,
considering the two differential elements, where the vector dX is deformed to dx, the change in
squares of the length of these two vectors can be expressed as follows:
ldx||? — ||dX]|? = dxTdx — dXTdX
(3.55)
= dXT(F'F — dX
where I is a identity tensor. The quantity (FTF — 1) quantifies the change in squared lengths
relative to the square of the initial length. The term FTF is a essential quantity known as right

Cauchy—Green deformation tensor:

C=F'F (3.56)
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Thus, the Green-Lagrangian strain (E) is defined as,
1

The factor% is included to align the definition with engineering strains, particularly in the case of

infinitesimal strains. The Eq. (3.57) can be reformulated in terms of displacement gradient as:
1
E = E (Vou + VOUT + VouTvou) (358)

Eulerian strain

By using the deformed differential element, dx, as a reference, one can calculate the change in

squares of the two vectors:
ldx]|? — ||dX]|? = dxTdx — dXTdX (3.59)

=dxT(I - F"TFY)dx

where, b = F~TF~1 is defined as left Cauchy-Green deformation tensor. Using that the Eulerian

strain tensor is expressed as,
1
e=3z (I-b1) (3.60)
The Eq. (3.60) can be reformulated in terms of displacement gradient as:
1
e=- (V,u+ Vul —v,utv,u) (3.61)

Where V.= % represents the gradient operator at the deformed geometry.

3.3.13 Deformation of volume

It is notable that various materials exhibit different responses to volume-changing and volume-
preserving deformations. Thus, it is essential to express the volume changes in terms of
deformations. The transition of an infinitesimal volume element from its undeformed state dV,, to
its deformed state dV, involves three vectors in both their respective references, denoted by
dX;,dX,, dX; and dx;, dx,, dx5. Using the definition dx = FdX, the volume change is expressed

as,
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dv, = jdv, (3.62)
here, ] = det(F) contains all the effects of changing geometry.
3.3.1.4  Stresses in large deformations

In general, stress is described as the resisting force exerted on an infinitesimal area. In linear
analysis, similar to strain measures, there is no need to differentiate between the deformed and
undeformed areas. However, in case of involving large deformation, it is important to clarify which
area is being considered when defining stress. The definition of stress can vary depending on the
chosen area. Since both the undeformed and deformed geometries serve as frames of reference,

stress is defined with respect to the areas associated with these two geometries.

In Fig. 3.7, the stress vector at point Q in the deformed geometry can be calculated using

the differential element's area (4S,), force (Af), and unit normal (n).

t=li o 3.63
_ASI,EEOA_SX_O-H’ (3.63)

The Cauchy stress tensor (o), also known as true stress, uses the present deformed
geometry as a reference for force and area. With the same force Af but the differential area 45,
the unit normal N in the undeformed geometry and using the relations of change in surface area to

establish a new stress tensor defined as,
P=JF o (3.64)

One drawback of the first Piola-Kirchhoff stress tensor (P) is its lack of symmetry. One
can construct a symmetric tensor by post-multiplying P with the transpose of the inverse of the
deformation gradient. This modified stress tensor is referred to as the second Piola-Kirchhoff stress

tensor (S) defined as,
S=PF T=]JFl¢F " (3.65)

It is important to note that the Piola-Kirchhoff stresses are merely convenient mathematical
quantities. Unlike Cauchy stresses, they are not directly associated with surface tractions in

deformed geometry.
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3.3.2 Principle of minimum potential energy

Consider the 2D domain Q subjected to traction load (T) and body forces (f?) on boundary I and
essential boundary conditions on the boundary I},. The potential energy function, using strain
energy and external work, can be obtained as:
M(u) = O™ (u) — %% (u)
T¢b T (3.66)
= flo, WE) d2 — [f, u"f’dQ— [ uTTdl
To determine the displacement at the minimum potential energy, it is assumed that u is perturbed

in the direction of u. Thus, taking the first variation of TI(u) in the direction of u gives,

_ d
M(u,u) = an(u + 1) ;=g

ﬂﬂ oW (E) :EdQ — Hg —bedn—fﬁTTdr
Iy

Thus, the variational equation for the present nonlinear elastic system can be written as

(3.67)

a(u,u) =I[(u), VUEZ (3.68)

here a(u, w) and [(@) are the energy and load forms, defined as

a(u,u) = ff S:EdQ, (W) = ﬂ u'f?dq + f ulTdr (3.69)
Qo Qo Iy
where § = aWéE) is the constitutive relation between second Piola-kirchoff stress and Lagrangian

strain tensors, and the first variation of Lagrangian strain tensor is defined as E = %(VOETF +

FTV,u). It should be noted that the variational form of Eq. (3.68) is the weak form of nonlinear

elastic systems.
3.3.3 Linearization process

Because of its nonlinear relationship between strain and displacement, Eq. (3.68) cannot be
directly solved. Instead, it requires a linearization process, wherein the Newton-Raphson iterative

scheme is employed to solve the nonlinear variational form. Its residual form is given by,

R =a(u,u) —I(u) (3.70)
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Applying Taylor’s theorem to the residual function and neglecting the higher order terms leads to,
k

REH = RF + "’aiu Au (3.71)

here, k is denoted by the iteration counter. At equilibrium, when the residual R¥** vanishes, the

above equation simplifies to

dR¥
——| Au¥ = —R¥ 3.72
u Au R (3.72)
JR aa(u u) _ -
where, e ]j [AS:E + S:AE |dQ (3.73)
Qo

Since, the load form is independent of displacements, only the energy form is linearized. The

increments of stress and first variation strain can be written as

aS
., 3.74a
AS = = :AE = D:AE (3.743)
1
E=- (VoAuTF + FTV,Au) (3.74b)
AE = —(VOAu Vol + Vou'VyAu) (3.74c)

Substituting Egs. (3.74a) in Eq. (3.73) and the linearized equation is rewritten as,
—=ff [E:D:AE + S: AE ]dQ (3.75)
Qo
The linearized energy form is discretized into finite elements and expressed as,
WK, = [@" [ JJ. (BB + (B L2 ) dﬂ] (376)
where[By ] and [B] are defined as nonlinear and linear strain displacement matrix expressed as:
By = [R{][R:][Rs5]; B; = [R;][Rs] (3.77)
[Ji Jz 0 0]

Fr, 0 F; O |]2—11 ]2—21 0 0

0 Fp, O Fzz]}R2= 1 -1
Fio Fiy P Fan |00 e
0 0 Ji Jn

R1=
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[Nl,f 0 Nz’f 0 N3’g 0 N4’g 0 '|
Ny, 0 Ny O Ny 0 Ny O

0 Nyg O Nyg 0 Nyg 0 Nyg
0 Ny O Npy 0 Ny 0 N,

R3=

N and J represent the shape functions and jacobian involved in mapping the master coordinates to

the local coordinates (¢, 7).

[S11 S12 0 0]
_[Sa S 0 0]
| 0 0 Sll SlZl
Lo 0 5, S,

[Z]

On the other hand, the terms on the right-hand side of Eq. (3.72) are also discretized and written

as

a(u, @) = f fﬂ s:EdQ = (@) { f fﬂ (B,]7(S) dn} = [Ty (3.78)

l(ﬁ)=ﬂ ulfb d9+f ul'Tdr
' X (3.79)

= (m)T { [Jo, NTE2 d0 + [ NTT dr} = ()T {fext)

Using Egs. (3.76), (3.78), and (3.79), the incremental form in Eq. (3.72) can now be expressed as

a linear algebraic system of equation, as follows:
{WT[Kr]{du} = {@T{f** — £} (3.80)

The equation above must be solved iteratively using the Newton-Raphson method until the residual

force diminishes.
3.4 Overview of element free Galerkin method

This section offers a comprehensive overview of the key parameters influencing the element-free
Galerkin (EFG) method, with a focus on the properties of shape functions derived using the moving
least-squares technique. Despite being termed a meshfree method, the EFG method still requires a
background mesh for integration purposes, which is discussed herein. Furthermore, various

techniques to impose boundary conditions are explored in detail.
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3.4.1 Parameters in the EFG method

The EFG method's solution is significantly influenced by key parameters such as the domain of
influence, nodal density, and the order of Gauss integration. A thorough study of these parameters
is essential for understanding and effectively managing the approximating errors inherent in the

method.
34.1.1 Domain of influence

The domain of influence is analogous to the element size in the FEM, which is defined as the
spatial region where a node applies its influence [209]. Fig. 3.8(a) visually represents this concept,
displaying two nodes with their respective circular domains of influence characterised by sizes
d, and d;. A larger domain of influence results in a larger bandwidth of the stiffness matrix and
artificially smooth out the solution. In general, d; is maintained at an intermediate size, neither too
large nor too small; it is typically related to the average nodal spacing (&) by the expression d; =
aé.

The size of the domain of influence can be either constant or varied within a domain. For
instance, the nodal domain of influence tends to be relatively small when a node is located near a
crack tip or within a region where the gradient in the field variable (e.g., displacement) is notably
high. This adjustment is made to accurately capture the variation in displacement.

3.4.1.2  Weight function

Weight functions, also referred to as window or kernel functions, are indispensable for deriving
the shape functions, providing a localized behaviour to the solution. With compact support, they
remain continuous and positive within their associated range. Weight functions are typically
utilized in conjunction with a support domain linked to a specific point of interest, while a domain

of influence is associated with a node.
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(@) (b)
Fig. 3.8. (a) Domain of influence, and (b) Shape of the domain of influence.

Commonly employed functional forms of weight functions for interpolation include [210] :

Cubic spline
2 1
|{ §—4r2+4r3 forrsz
Wx—x;) =14 4 1 3.81
&) {——4r+4r2——r3 for=<r<1 (3.81)
k3 3 2
0 forr > 1
Quartic spline
W(X_X):{1—6r2+8r3—3r4 forr <1 (3.82)
. 0 forr > 1 '
Conical formula
1—1r? forr <1
W(x—x,) = { = 3.83
(x=x1) 0 forr > 1 ( )
Exponential function
G
Wkx—-x;) = {e h forr <1 (3.84)
0 forr > 1

Negative exponential function
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e—(rh)? _ p-n?
WE—x)={"7 -, forr =1 (3.85)
0 forr >1

where r = % and d,,; = ||x — x,||. The parameter h affects the shape of exponential functions.
1

In this study, we employ the circular shape of d;, along with cubic spline weight functions,

commonly used in the literature.
3.4.1.3  Nodal density and Gaussian integration

From the works of Xiaoying et al. [211], it is observed that augmenting the nodal density leads to
an increase in the order of the approximating nodal shape functions. In contrast to the FEM, the
EFG method offers both h-adaptivity and p-adaptivity with the escalation of nodal density. Hence,
controlling error in the EFG method proves challenging. Furthermore, the shape functions, being
rational, exhibit behaviour akin to non-polynomial functions, particularly in scenarios involving

non-uniformly distributed nodes.

To illustrate this phenomenon, Dolbow and Belytschko [212] examined a 1D problem with
an irregular nodal distribution. Their findings revealed that the derivative and square of the
derivative of the shape function exhibit complex behaviour, necessitating a higher order of Gauss
integration for precise evaluation of the stiffness matrix. Fries and Matthies [48] conducted a
comparative analysis of the computational efforts involved in integrating the derivatives of shape
functions within regular and irregular nodal distributions. Their findings suggest that a regular
nodal distribution, facilitating smooth variations of shape functions and their derivatives, is

generally favoured over non-uniform distributions.
3.4.2 Shape function

The shape functions in the EFG method are determined through the moving least-squares (MLS)
interpolation technique, introduced by Lancaster and Salkauskas [213]. In MLS, the term 'moving'
denotes coefficients that dynamically adjust with spatial coordinates. Various variants of least
squares methods exist for data interpolation, as outlined by Ofiate et al. [214]: these include the
standard least squares method, the fixed least squares method, and the multiple fixed least squares
method. These techniques operate by minimizing the residual, which represents the weighted

square of the error at any given point. The residual is given by,
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J=

N
I=1

h 2
w(u () — u(x) (3.86)
where u(x;) is the actual value at node I and u”(x,) is the approximated value, N is the total
number of nodes that influence the node x;, and w is the weight function. For simplicity, let's

consider the 1D formulation of the EFG method, which can be extended to higher dimensions. The

approximated field variable at any arbitrary point x can be represented by:

u(x, %) = PT(x)k(x) (3.87)
where P(x) is a complete polynomial basis of order m, given by PT(x) =
[Po(x)Py(x)Py(x) ... Bp(x)] = [1 x x? x3... x™] and k(x) is the coefficient vector given by
KT (x) = [ko(x) ki(x) ky(x) ...k, (x)]. By substituting P(x) and k(x) into Eq. (3.86) and

minimizing the residual (J) with respect to each unknown coefficient, we obtain:

N
a](akk(:)) =0 ; w(x — %) 2Py (x)[PT (x)k(x) — ;] = 0
A L iw(x — x)2P; () [PT(xk(x) — ;] = 0 (3.88)
ok, £,
Tl =0, iwoc — x)2Py () [PT (x)k(x) — /] = 0
Ok

=
1l
g

Eqg. (3.88) can be rearranged to yield,

> wlx =x) PGP (x)k(x) = ) wlx =) PGy
I=1 I=1 (389)
A(x)k(x) = B(x)u

where,

N
A = ) wx = x) PGP (x)
I=1

B(x) = [w(x —x)P(x1) w(x —x)P(xz) .. w(x — xn)P(xy)]

u={uy Uz - uyT
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For a 1D system the linear basis will be PT(x) = [1 x], A(x) and B(x) will be

A(x) = w(x — x;) [x11 zé] +w(x — x3) [xlz ii] +o+wx = xy) [xl XN]

2
1 2 N XN

(3.90)
B(x) = [W(x —x;) {xll} w(x — x;) { 1} o wlx — xN){ 1 }]

X2 XN

Replacing the term k(x) in Eq. (3.87) with the solution obtained from Eq. (3.89), we get:
N
ul(x) = dT(x)u = z &, (x) yy (3.91)
I=1

where @T(x) = PT(x)[A(x)] *B(x). Here, ®;(x) is the MLS shape function associated with

node 1.

Due to the necessity of inverting the moment matrix A(x) at each Gauss point during the
computation of the global stiffness matrix, the computational cost of the EFG method becomes
considerable. Additionally, the domain of influence d; needs to be increased in proportion to the
size of the polynomial PT(x) vector. This adjustment is necessary to prevent the occurrence of a
singular moment matrix. For instance, if m = 2, the number of nodes (N) within a domain of
influence must be at least equal to m (N = 2). As N increases, so does the bandwidth of the
stiffness matrix. Consequently, the computational costs increase significantly with the expansion
of the polynomial basis. Therefore, in this study, a linear basis is adopted, aiming to enhance

accuracy while minimizing computational costs.
3.4.2.1  Properties of shape functions

Approximants

Unlike FEM, shape functions derived from the MLS technique, while rooted in the partition of
unity concept, do not exhibit the Kronecker delta property. At each node, multiple shape functions
have non-zero values, complicating the imposition of essential boundary conditions (EBC) and

resulting in increased computational costs.

Non-polynomial nature of the shape functions

Despite the polynomial nature of weight functions, resulting shape functions are non-polynomial,
with their derivatives exhibiting even more non-polynomial behaviour [215].This presents
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challenges when integrating the weak form expressions [216]. However, for regular nodal
discretization, shape functions and their derivatives can be approximated as polynomial-like
functions (Section 3.4.1.3).

3.4.3 Imposition of essential boundary conditions

Previously, it was discussed that the absence of the Kronecker delta property in shape functions
poses challenges in enforcing Dirichlet or EBCs. Several techniques have been proposed to address
this issue; however, it's important to note that most imposition techniques result in a loss of

convergence order.
3.4.3.1  Boundary collocation

This approach, as outlined by Mukherjee and Mukherjee [217], offers a straightforward method
for imposing EBCs within the context of meshfree methods. However, it lacks the capability to
enforce EBCs at points other than nodal locations, as noted by Atluri and Shen [218]. If imposing
the displacement value u; at node I, located at position x;, an additional row and column will be

appended to the global stiffness matrix [K], resulting in:
P(r) B0) P () ]a{u} (3.92)

where &;(x;):i = 1,2, ..., N are shape functions of the N nodes that influence the point x;.
3.4.3.2 Lagrange multiplier approach

The Lagrange multipliers, denoted as A, can be conceptualized as 'smart forces' with the role of
enforcing the system's constraints [30]. The introduction of Lagrange multipliers adds unknown
functions, consequently increasing the total number of field functions within the system. As part
of the process to obtain discretized system equations, Lagrange multipliers also need to be

approximated akin to field functions. This results in an increase in the total number of nodal
unknowns within the discretized system equation. As a result, the final structure [IG( g]

comprising the global stiffness matrix (K) and the contributions from the Lagrange multipliers

(@), loses its positive definiteness (because of zeros on the main diagonal).
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3.4.3.3  Finite element coupling

Meshless region

Interface region

Fig. 3.9. Coupled meshless finite element method.

Although FE shape functions possess the Kronecker delta property, suggesting the effectiveness
of this coupling, challenges arise in modelling interfaces, as illustrated in Fig. 3.9 due to the
discontinuous nature of derivatives. Numerous approaches to address this challenge have been
proposed [219], including the master-slave coupling approach [160,220], compatibility coupling
[221], the bridging domain coupling method [222] coupling with Lagrange parameters [216,219],
and hybrid approximation [223]. Coupling would incur even higher computational costs if a point

falls within a domain where EBCs must be enforced.

Aside from the previously mentioned approaches, there are also more intricate methods
such as the Transformation method [48,224,225], singular weighting functions [226], and

D'Alembert's principle [227], aimed at addressing the challenges associated with enforcing EBCs.
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3.4.4 EFG formulations for linear elastic problems

Integration cells

Domain of influence

X2

Nodes
X1 Hole

Fig. 3.10. EFG method discretization with background mesh for integration

To illustrate the process of formulating discrete system equations using the EFG method, a two-
dimensional (2D) linear solid mechanics problem is employed (see Fig. 3.10). The associated

partial differential equation and boundary conditions for this 2D solid mechanics problem can be
succinctly expressed as:

Lis+b=0 on Q (3.93)
u=ur on T, (3.94)
Lle=t on T%

0

axl

5} d

where L; =] 0 % } , b is the body force vector defined as {b; b,}T and 6 = {0,; 05, 015}  is

6x2 a_xl

the stress in voigt form. For this 2D problem, the Galerkin weak form in the presence of Lagrange
multipliers (1) for the constraints is given by,
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f 5(Lyu)TC(Lyu)dQ — f suTbdQ — f sultdr —

F

(3.95)
f6/1T(u— up) dI' — fduT/l dr =0

Ty

The inclusion of the last two terms in Eq. (3.95) arises from the utilization of Lagrange
multipliers, specifically to manage essential boundary conditions in situations where u # ur.
Now, we utilize the MLS approximation to express both the trial and test functions at any given

point x, leveraging the nodes within x's support domain.

Specifically, for the displacement component u, we obtain:

wi@ =o' =) [ ] =), @l (3.96)

IESN IESN

where Sy, is the set that contains the nodes in the support domain of point x. It's crucial to note that
at the node location x;, u"(x;) = u,. This discrepancy arises from the MLS shape functions

lacking the Kronecker delta property. Furthermore, L u can be simplified further using Eq. (3.96)

as follows:
a
— 0
axl ] q) 0 (DI,Xl O
a
Lduh = ZIESN 0 E 01 q)l] u; :ZIESN 0 CDI,XZ u; = ZIESN BIuI (397)
2 0 Prez Prl
axz 6x1 BI

In order to impose the boundary conditions, the Lagrange multiplier is expressed by,

A(x) = z Ny (x)2, x€Tl, (3.98)

IES)

where S, is the set containing the nodes whose shape functions are used to interpolate at the

location x, and N; represents the Lagrange interpolant used in the FEM.

Substituting Egs. (3.96), (3.97), and (3.98) in Eqg. (3.95) obtains,
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[o(@r) {Zeme (o) oo (%"’H“’) :

SUTKU 6UTF
(3.99)
J(SAT &y, | —ur | dr —f &y, | Adl =0
[Zem) 2
SAT[GTU—q] sUTEA
Rewriting Eq. (3.99) in form of algebraic system of equations,
K Gj(Uy _(F
[G 0 {/1} B {q} (3.100)
where,
K, = fB,TCB, do
Q
G =— fN,Ttbj dr
Fu
[N, 0
v=[o v (3.101)
F,=[ &b do+ [, @ftdr
Fu
7
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Chapter 4
Damage Modelling in Adhesive Bonded Joints using Nonlocal FEM

This chapter introduces the application of nonlocal integral theories for the failure analysis of
adhesive bonded joints, focusing on cohesive crack mode | problems and biadhesive single-lap
joint problems. The continuum mixed-mode damage models proposed by Chousal and de Moura
[141] are employed to illustrate material degradation within the nonlocal framework. The tangent
stiffness matrix derived based on the proposed nonlocal constitutive model is also presented.

4.1 Introduction

According to the literature discussed in Chapter 2, it is observed that among the two primary CZM
approaches, zero-thickness interface elements exhibit greater accuracy in comparison to cohesive
elements employed throughout the adhesive region (conventional approach). Comparatively, these
elements offer better flexibility in modelling unknown crack paths than the traditional CZM
approach [127]. However, accurately predicting the unknown crack path within the adhesive
region necessitates the discretization of a large number of continuum elements, with cohesive
elements inserted between them [128]. The limitation in CZM is circumvented by continuum
damage models (CDM), where employing only continuum elements is sufficient to predict the
crack paths. In this approach, traction-separation laws (TSL) are directly applied to the continuum
elements to capture the damage state within each element. In addition to TSLs, there is also ease
in utilizing alternative damage models and integrating plasticity effects through continuum
theories [144].

Studies on varying adhesive thicknesses, overlap lengths, and cohesive parameters, as well
as comparison of TSLs for mode I, mode 11, and mixed-mode problems, are well explored through
both CZM and CDM in the FEM framework. However, there are certain case studies in adhesive
bonded joints where FEM face challenges. These challenges include results that are highly mesh-
sensitive, especially when dealing with adhesive cracks featuring sharp pre-cracks at the interface
and cohesive cracks with sharp pre-cracks within the adhesive region, assuming these pre-cracks
as defects. Additionally, FEM often lacks iterative convergence and requires extensive mesh

refinement. This is particularly apparent in biadhesive single lap joints, where abrupt changes in
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material within the adhesive region lead to discontinuous strains, further complicating the

convergence process, especially for medium-sized meshes.

As previously discussed in the literature, the aforementioned issues are addressed by the
nonlocal integral theories. These theories efficiently produce mesh-independent results by
ensuring the continuity of strain distributions, particularly in cases involving weak discontinuities.
Therefore, in the present work, integral-based nonlocal strain theories are applied to analyze the
failure behaviour of problems across various modes where FEM faces challenges. In this context,
to highlight the mesh independence and iterative convergence by maintaining strain continuity for
relatively medium-sized meshes, double cantilever beam (DCB) with a sharp pre-crack in the

adhesive region (cohesive crack) and biadhesive bonded single lap joint problems are solved.
4.2 Nonlocal Strain Approach

Damage in adhesive bonded joints is typically characterised using TSLs, which indirectly rely on
strains via relative displacements. Additionally, adhesive joints constitute a multi-material system,
where the interface is influenced by both materials. Therefore, to accurately represent their
influence at the interface while maintaining ¢ continuity, and from a physical standpoint, it is

reasonable to regard strain as a nonlocal variable due to its crucial role in deformation processes.
tx) = jW(x,x’) ex"HdV(x") 4.1)
14

Recalling the integration of nonlocal effects within the thermodynamic framework and the
development of formulations for dissipation inequality, leading to the derivation of the constitutive

law as discussed in Section 3.2, is summarized as follows:

$=YD>0 (4.2)
o= a—l/_) inVv (4.3)
0

Following the conditions such as constant strain distribution over the uniform field, the elastic

strain energy density function for a damaged material is expressed as:

Y = %E: (1-D)Cy: € (4.4)
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By substituting Eq. (4.4) into Eg. (4.3) and conducting the requisite mathematical and

regularization operations, we obtain:

o= f f W, z)W(x', z)(l — D(z))(CO(z): ex")dV(z)dV(x") (4.5)
Vv
This constitutive equation not only accounts for the influence of state variables at points x and x’
but also factors in the cumulative influence of points z, which are the common neighbours of both

x and x'.
4.3  Continuum Damage Model

The objective of the damage model is to simulate the failure behaviour of the adhesive in
adhesively bonded structures. This is accomplished by representing the adhesive region with
continuum elements, utilizing a bilinear mixed-mode traction-separation law (TSL). This approach
incorporates criteria for damage initiation, indicating the onset of material degradation, and
predicts damage evolution through a fracture energy criterion. The critical fracture energy for the
respective mode is expressed as,

Gu,igu,ilc

. (4.6)

Gi,c =

oy
l., = —, i =LII (4.7)
&

L

where [, is defined as characteristic length that establishes the relation between opening (§;) or
shear (6;;) displacements and the corresponding strain (g;,i = I, 11). The quadratic stress criterion

is considered to simulate the damage onset

g \? T\?
(—’) + (—) 1+ (4.8)
O-u Tu
where ag; and t are the normal (mode I) and shear (mode I1) stresses respectively and o, , 7,, are

their corresponding ultimate stresses. Based on Eqg. (4.8), the mode I stress component that lead to

damage onset (o,;, o.;;) under mixed-mode loading can be defined as follows:

Oy Ty

2
\/Tuz + ﬁs Uuz

Oe1 =

If o, > 0, (4.9)
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Oell =
2
If o, < 0, . ( 12 4 o ) b ooz (4.10)
Bs®  Bs

In standard continuum approaches, the relative displacements for damage initiation under
mixed-mode loading are directly obtained from the constitutive or Hooke's law (see Fig. 4.1).
However, in this particular work, due to the presence of nonlocal effects in the constitutive law (as
shown in Eq. (4.5)), deriving these displacements becomes challenging. Since damage has not
initiated at this stage and strain localization effects are not significant, the authors believe that
employing Hooke's law to compute the relative mixed-mode displacements for damage initiation
is a reasonable choice. Nevertheless, the stresses are still calculated from Eg. (4.5) and

subsequently employed in the following expressions.

Oe; 20,(1+ v)

If o, > 0, 8o,1m = E (1= vay)l; 8o,1m = - F Bslc (4.11)
o 20,;(1+ v
If O-I < OJ 60,17’)’1 = ﬁ (1 - Vas)lc; 60‘11m = %) lC (412)
S

here, o,; and o,,;; are the equivalent stresses in mode I and /1 responsible for damage onset, E and
v are the elastic modulus and Poisson’s ratio of the adhesive, 5 = ldil, and ag is the ratio between
1

x and y direction stresses, where mode I component among two will be in the denominator.

ok
oui | —__ . Pure-mode-law (i= 1,I1)
|
|
um F==A
: Mixed-mode law (m)
|
N
|
K
I »-
O 6o,mao,i 8u,m 6u,i 6

Fig. 4.1. Mixed mode traction-separation law

The equivalent relative displacement at damage onset is given by
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6o,m = \/60,1m2 + 60,11m2 (4.13)
The evolution of damage is simulated using the linear fracture energy criterion.

Gy Lu g (4.14)
GIC GIIC

where the energy components G; and G;; are given by

g, 18 ¥ |T | 6 I
If o, >0, G i 1 g T St (4.15)
o) o)
If o, <0, G = i ;’Im; Gy = e, 2u,11m (4.16)

where &,, 1., and 8, 1., represent the ultimate relative displacements in each mode leading to failure
under mixed mode loading. Therefore, equivalent ultimate relative displacement under mixed-

mode loading to total failure is given by,

6u,m = \/Su,lmz + 6u,11m2 (4-17)

Recreating Eq. (3.21) involves replacing the pure mode relative displacements (8;, 8, ;, 8, ;), With
their equivalent mixed-mode counterparts (8;,, 64 m, 6y,m)- This substitution leads to the revised
expression for damage.

_ 6um(6m - 60m)
" Sm(gum - 6om)

D=D (4.18)

4.4Tangent Stiffness Matrix

In structures composed of a single material, the failure behaviour can typically be captured by
employing either the secant stiffness or tangent stiffness matrix. However, for structures
comprising multiple materials, only the tangent stiffness matrix can accurately predict the global
load-displacement behaviour. The use of secant stiffness in such cases fails to demonstrate
softening behaviour. Hence, implementing the tangent stiffness matrix is the most efficient choice.

The internal force vector is given by,
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P = [ BT 0000aveo = [ BY oy, (4.19)

4 Vp

aFint 9 .
S0 = 30 f B} 0,4V, (4.20)

Tangent Stiffness K; =

Yp

With the inclusion of nonlocal effects in the constitutive law, expressing stress as a function
of damage and strains from neighboring points becomes more intricate. Consequently, deriving

the tangent stiffness matrix is less straightforward compared to local theories.

ao- T asq T ODZ
au - -qu f qu%z((co(l - Dz)) ou /) (Co) €q Wd%dvz (4.21)
Vz

where,

aD, (aD) (66m)T 0g, (4.22)

ou  \as.) \ae ) , U

Substituting Egs. (4.21) and Eq. (4.22) in (4.20) and applying the numerical integration process to

tangent stiffness matrix is shown as,

ngp ngp ngp

ko= 33> w1 - )7 (%2)

= (4.23)
oD\ /95,\" a
—((Co)qu( ) ( m) sZ) det],det],det],
Z

95,/ \ae ) ,au

In adhesive bonded problems, it is established that damage propagation occurs exclusively
within the adhesive region. Consequently, the elements in the adherends that are not influenced by
damage in the adhesive region do not experience any change in their stiffness during the
deformation process. Therefore, it is only necessary to construct the stiffness (secant) matrix for
these regions once before commencing the incremental-iterative (Newton-Raphson) procedure.
This approach significantly reduces the computational burden, even when employing refined

meshes.
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4.5 Numerical Examples

In this section, initially, a mode I problem is solved to validate the formulations and procedures of
the proposed nonlocal approach in this work. Following this, the subsequent two examples are
addressed to emphasize the advantages of utilizing the nonlocal integral approaches over
conventional FEM.

45.1 Double cantilever beam test

The continuum mixed-mode damage model is employed in the analysis of a double cantilever
beam (DCB), subjected to pure mode I loading. This selection of the problem aims to validate the
nonlocal formulations and their implementation procedures. The geometry of the double cantilever
beam (DCB), as depicted in Fig. 4.2, is adopted from [141], with dimensions specified as follows:
L= 100mm,a, = 30mm,h = 1.5mm,t = 0.2 mmand width B = 10 mm. The properties

of both the adherend and adhesive materials are provided in Table 4.1 for numerical analysis.
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Fig. 4.2. Adhesively bonded DCB specimen: geometry, dimensions, loading and
boundary conditions

Numerical simulations are carried out using four-node quadrilateral elements in both
adherend and adhesive. Plane stress conditions are assumed. The mesh related details are provided
in Table 4.2. The influence radius (R), that covers the neighbouring elements to participate in
process of finding stresses is taken as 0.1 mm. Quartic functions are used as weight functions for

all the case studies in this work.

Table 4.1 Material properties used for DCB test

E (GPa) v o, (MPa) | T, (MPa) | G;. (N/mm) | G (N/mm)
Adhesive 4.0 0.3 20 20 0.3 0.6
Adherend 210.0 0.3 - - - -
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Fig. 4.3 displays the load-displacement response obtained through both nonlocal and local
FEM, which is then compared with the reference results. It can be observed that the nonlocal results
align closely with conventional FEM results and exhibit good agreement with the reference data.
This demonstrates the accuracy of the numerical procedure, nonlocal constitutive law and the
implementation procedure of tangent stiffness matrix. Consequently, these validated procedures
can be reliably applied to subsequent case studies. Two meshes, labeled as A and B, are utilized

to demonstrate the mesh independence achieved by the nonlocal FEM.

Table 4.2 Material properties used for DCB test

Mesh Adherend (mm) | Adhesive (mm) | Total no.of elements
A 0.25 x 0.75 0.25 x 0.2 1880
B 0.1 x 0.75 0.1 x 0.2 4700
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Fig. 4.3. Load-displacement response: comparison of FEM, nonlocal FEM with reference results

In Fig. 4.4(a) and 4.4(b), stress contours in the mode | direction are presented at
displacements of u = 0.55 mm and u = 1.65 mm, respectively. The former depicts the stress
distribution within the linear elastic region, while the latter illustrates the stress distribution at the
peak load. Fig. 4.4(a) shows maximum stresses within the adhesive element adjacent to the notch,
coinciding with the initiation of damage. Subsequent loading induces progressive damage
evolution, leading to a gradual reduction in stress within that element. This reduction ultimately

tends towards zero when the element is entirely damaged, as depicted in Fig. 4.4(b). On the
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contrary, there is an observable phenomenon where the maximum stresses gradually shift away
from the notch as the loading progresses, suggesting the initiation of damage within that particular

element.
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Fig. 4.4. (a) Contour plots of stresses in y-direction at u = 0.55 mm, (b) u = 1.65 mm for
the DCB test, and (c) Deformed plot of adhesively bonded DCB specimen for mesh A

Fig. 4.4(a) and 4.4(b) also illustrates that as the peeling/loading process progresses,
compressive stresses emerge in the vicinity of the crack propagation area. When a load is applied
at the free end, the notched portion of the top adherend displaces vertically, as shown in Fig. 4.4(c).
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This movement leads to the imposition of compressive loads on the region adjacent to the crack
propagation area causing compressive stresses there. Moreover, it is evident from the Fig. 4.4(b)
that there exists a positive correlation between the level of displacement loading and the
corresponding increase in compressive stresses.

Damage Damage

I: 0-600 0.8000
— 0.500 :
— 0.300 L 0.4000
0.200
[ 0.100 [ 0.2000
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(a) (b)
Damage Damage
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— 0.400 -~ 0.400
[ 0.200 [ 0.200
0.000 0.000
(c) (d)

Fig. 4.5. Damage evolution in the adhesive region at a displacement of (a) 0.55 mm,
(b) 1.65 mm, (c) 2.00 mm and (d) 2.50 mm

Fig. 4.5 presents the damage evolution in the refined mesh, illustrated through contour
plots. During the analysis, damage in the adhesive elements begins at a displacement of 0.27 mm
and progresses from there. Fig. 4a shows the damage evolution at a displacement of 0.55 mm, with
a maximum damage of 0.689. In Fig. 4b, at the peak load and a displacement of 1.65 mm, the
maximum damage reaches 0.9972, after which stiffness begins to decrease. Fig. 4c illustrates the
damage evolution at a displacement of 2.00 mm, where some adhesive elements have reached a

damage level of 1, indicating that their stiffness has become zero.
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4.5.2 Double cantilever beam with sharp crack

In this example, numerical analysis is conducted to investigate the mode | failure of a notched
DCB specimen featuring a sharp crack within the adhesive, which is considered as a defect. The
primary objective is to showcase the importance of utilizing a strain-based nonlocal model in
capturing the strain-softening behaviour exhibited by the material. The geometry, boundary and

loading conditions, and material properties for this analysis follow those utilized in the previous

example.
A P,u
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t —
h
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Fig. 4.6. Adhesively bonded DCB specimen with sharp crack: geometry, dimensions, loading
and boundary conditions

Due to the presence of a cohesive crack, as illustrated in Fig. 4.6, the adhesive material is
discretized into two elements in the thickness direction, while the mesh size in the length direction

is varied. Table 4.3 presents the different mesh sizes utilized for the convergence study.

Table 4.3. Mesh sizes used for DCB with sharp crack

Mesh size | Adherend (mm) | Adhesive (mm) | Total no.of elements
A 0.1 x 0.75 0.1 x 0.1 5400
B 0.05 x 0.75 0.05 x 0.1 7742
C 0.025 x 0.75 0.025 x 0.1 10880

The selection of the influence radius is guided by two primary considerations. Firstly, the
radius should be chosen to ensure that the stiffness of the load-displacement response remains
unchanged when compared with the reference/conventional FEM results, thereby preserving the
integrity of the analysis results. Secondly, to minimize computational time while still providing
accurate and reliable results. Based on these considerations, the influence radius has been set at
0.025 mm.
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Fig. 4.7. Load-displacement response: (a) Local FEM, and (b) Nonlocal FEM

Fig. 4.7(a) and 4.7(b) illustrate the load-displacement responses obtained for various
meshes within both local and nonlocal finite element method (FEM) frameworks. Notably, it is
observed that results obtained via conventional FEM exhibit high sensitivity to mesh resolution, a

characteristic commonly associated with the solution of problems involving sharp cracks. In

contrast, the proposed nonlocal constitutive model demonstrates significantly reduced variation in

peak loads across different mesh configurations, indicating its mesh independence.
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Fig. 4.8. Damage contour plots at respective displacements for mesh B

Fig. 4.8 displays the damage contours at different displacements within the deformed
configuration. The inclusion of deformed plots serves the purpose of illustrating how damage
evolves as the sharp crack within the adhesive elongates. From Fig. 4.8(a), it is evident that damage
initiation occurs near the crack tip, coinciding with the separation of the adhesive material adjacent
to the notch. Moreover, Fig. 4.8(b) illustrates the uniform propagation of damage within the
adhesive region, accompanied by its uniform spreading to the surrounding areas. On the other
hand, when the loading is applied to the top adherend, the initiation of damage occurs initially in
the upper portion of the adhesive elements. Subsequently, this damage gradually spreads to the
lower portion of elements within that region while concurrently propagating along the crack path,
as depicted in Fig. 4.8(c). Nevertheless, it is noteworthy that the damage spread near the top portion
of the adhesive layer is not uniform. In a particular location, there is a lesser influence of damage,
leading to localized variations in damage distribution. However, beyond these specific locations,
the damage propagation resumes its uniform pattern. Indeed, the observed non-uniformity in
damage spread near the top portion of the adhesive layer appears to be more of a numerical artifact
rather than a physical phenomenon. It is possible that this effect is negligible, as it does not
manifest as a significant difference in the load-displacement responses or their convergence.
Sometimes, this might also be due to the choice of the increment size, which in this case is taken
as 0.01 mm for the numerical analysis on mesh B. Opting for a smaller increment size can
potentially yield a more stable and accurate representation of damage propagation. However, this

comes at the expense of increased computational time.

TH-3547 176103019 90



4.5.3 Biadhesive single-lap joint

The stress concentrations at the ends of the overlap are influenced by the stiffness of the adhesive
used in the bonded joints. Stress concentrations at ends of overlap can be reduced by using fillets,
gradual reduction of adherend material, biadhesives and several other methods can be used of all
the methods, use of biadhesive is the effective and easier way. The lower the stiffness of the
adhesive used, the lower will be the stress concentrations which leads to higher joint strength. A
low modulus adhesive is used at the ends of the overlap and a structural adhesive is used in the
middle (see Fig. 4.9). The adhesive properties and overlap length details are adopted from [152]:
Ly=2Ly+ L, where L; =6.25 mm, L, =12.5 mm i.e., L;/L, = 0.5. Young’s modulus is
reduced by 60% i.e., E1/E2 = 0.4. The adherend and adhesive material properties are mentioned
in Table 4.4 for numerical analysis. The adherends used are of aluminium and adhesives used are
brittle epoxy araldite AV138 and Araldite 2015.
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Fig. 4.9. Biadhesive single-lap joint specimen: (a) geometry, dimensions, loading and
boundary conditions, and (b) mesh (3773 elements)

The plane strain condition is assumed. Regarding the mesh, uniform pattern of elements

are followed in adhesive region, while biased meshing is employed in the adherends to optimize
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computational time. Four meshes are employed to study the mesh convergence of the proposed

nonlocal constitutive model. The mesh details are given in Table 4.5.

Table 4.4. Material properties of biadhesive single lap joint

GI(: GIIC
E (GPa) v g, (MPa) | T, (MPa)
(N/mm) (N/mm)
AV138 4.89 0.35 39.45 30.2 0.2 0.38
Araldite
1.85 0.33 21.63 17.9 0.43 4.70
2015
Aluminium 70 0.34 — - - —
Table 4.5. Mesh sizes in biadhesive region
) Total no.of
Mesh Adhesive (mm)
elements
A 0.2 x 0.2 3773
B 0.1 x 0.2 6670
C 0.05 x 0.2 10692
D 0.025 x 0.2 19496

Fig. 4.10(a) and 4.10(b) illustrates the load-displacement responses obtained for various
meshes through local and nonlocal FEM. It is evident that the load-displacement results obtained
through conventional FEM encounter iterative convergence issues and abruptly abort from the
numerical analysis for the first three meshes. However, the analysis completes successfully for the
refined mesh consisting of 19496 elements. An intriguing aspect is that, since the mesh A is
relatively coarser than the others, there are no neighboring elements within the influence radius.
Consequently, the only neighbor element is the specific element itself, resembling standard FEM

analysis. Nonetheless, the nonlocal approach effectively completes the entire analysis.
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Fig. 4.10. Load-displacement response: (a) Local FEM, and (b) Nonlocal FEM

Though we cannot say the proposed approach achieves complete mesh independence, it is
noteworthy that there is not a significant difference in the peak loads between meshes B, C, and
D. There is a slight decrease in stiffness observed in the refined mesh D, possibly due to the mesh
size of 0.2 mm x 0.025 mm. It is worth mentioning that Sugiman and Ahmad [144] in his works
recommended maintaining an aspect ratio of 1. However, following this increases the number of
elements and consequently the computational time when employing the nonlocal approach.

Moreover, the proposed approach yields reasonably close responses for both relatively medium
and refined meshes.

Fig. 4.11 displays the stress distributions in the yy and xy directions along the overlap
length at u = 0.35 mm. Due to the local FEM aborting from the analysis abruptly, the stress
distributions are plotted immediately after damage initiation to facilitate a smooth comparison
between the local and nonlocal approaches. Given that all meshes yield reasonably close peak load
values, mesh C is selected to plot the stress distributions. The regularization process applied to the
constitutive law results in stresses at the boundaries or corners of the overlap region being slightly
lower than those obtained with the local approach (see Fig. 4.11(a) and 4.11(c)). This
regularization effectively controls the stresses and mitigates instability, unlike traditional FEM
methods.
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Fig. 4.11. Stress distributions along the overlap length for mesh C: (a) a,,,, distribution, (b)
zoomed view of g, (C) oy, distribution, and (d) zoomed view of a,,, at the upper region of
adhesive interface

Fig. 4.11(b) illustrates the comparative behaviour of both local and nonlocal approaches at
the interface of the adhesives. As discussed previously, the local FEM exhibits a sudden drop at
the interface, whereas the proposed nonlocal model displays intermediate values between the
transition from the lower Young's modulus adhesive to the higher one. This continuous nature of
stresses significantly contributes to the efficient completion of the entire analysis. On the contrary,
the shear stresses exhibit a smooth behaviour immediately after the interface region in the proposed
nonlocal model (see Fig. 4.11(d)), whereas local FEM begins to display a discontinuous nature

even in the uniform material. This behaviour is observed just after the damage initiation, and as
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the load progresses, these effects may further intensify, potentially contributing to its failure to

achieve iterative convergence.

This analysis represents an initial stage. However, a more thorough study is required,
taking into consideration essential parameters for optimizing the design of the biadhesive joint.
Such an extensive investigation can better ensure the production of mesh-independent results and

contribute to a deeper understanding, as well as improved design methodologies.
46 Summary

This work highlights the application of nonlocal integral theories in capturing the failure behaviour
of adhesively bonded joints. Numerical analysis to assess the performance of the proposed
methodology is conducted using continuum damage models proposed by Chousal and de Moura
(2013) within a nonlocal FEM framework. The total strain is employed as the nonlocal variable,
and ensuring thermodynamic consistency for successful derivation of a nonlocal constitutive law
is achieved. Utilizing this proposed constitutive law, the construction and efficient implementation
of the tangent stiffness matrix, crucial for capturing the material nonlinear behaviour of
multimaterial system, is demonstrated. To reduce the computational time and effectively utilize
the proposed constitutive law, the tangent stiffness is computed for every iteration only in the
adhesive and adhered regions influenced by them. The stiffness of the rest of the geometry remains
constant throughout as they remain in the linear elastic regime. Upon analysis, the nonlocal
approach showcases mesh-independent results with minimal variation in peak loads across all

employed meshes.

95
TH-3547_176103019



Chapter 5
Damage Modelling in Quasi-brittle Materials using Strain Difference

-based Nonlocal Approach

The present chapter extends the strain difference-based nonlocal approach to continuum damage
mechanics (CDM) theories for predicting the failure behaviour of quasi-brittle materials. The strain
difference approach is adopted for two reasons: (i) similar to strain, it also maintains physical
realism and indirectly incorporates nonlocal effects while computing both the damage variable and
the damage energy release rate, and (ii) the constitutive model maintains a symmetry nature in
constructing the nonlocal part of the stiffness matrix, reducing the computational cost in strain-
softening problems. The state and damage evolution equations for the present nonlocal approach
are formulated within the thermodynamic framework. Additionally, the chapter demonstrates the
effectiveness of the proposed approach with the treatment of several 2D and 3D examples, and

comparing the obtained numerical results with experimental data from the literature.
5.1 Introduction

In nonlocal theories, despite the physical realism and mesh independence achieved through strain
regularization, it still struggles to accurately predict the structural response (shown and discussed
in the numerical examples section). On the other hand, as discussed in Section 3.2, the attenuation
function of Eq. (3.34) is symmetric but cannot alleviate boundary effects. Conversely, the weight
function of Eq. (3.37) overcomes boundary effects but introduces a nonsymmetric stiffness matrix,
posing a computational burden. At the same time, researchers have regularized the several
variables responsible for the irreversible processes to ensure a well-posed boundary value problem
in the softening regimes.

Jirasek [100] opted for averaging the damage energy release rate for computationally
efficiency and explicitly constructed a nonsymmetric consistent tangent stiffness matrix.
Continuing from there, Comi and Perego [101] utilized dual nonlocal variables, incorporating
damage and its conjugate thermodynamic force. They derived the symmetric consistent tangent
matrix, highlighting its symmetry only when both the damage and internal variables follow
associative evolutions. Similarly, Borino et al.[228], employing the concept of dual nonlocal

variables, redefined the spatial weight function by incorporating local and nonlocal contributions,
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enabling the derivation of a symmetric tangent operator, with the damage variable considered as
the nonlocal component. Giry et al. [104] proposed the stress-based nonlocal damage model, where
each point influences its surrounding region based on the magnitude and direction of its principal
stresses, and the model also tailors the regularization near free boundaries. In this context, He et
al. [229] regularized the equivalent strain and adopted Borino et al.’s [228] spatial weight function
to mitigate boundary effects. However, it requires finer mesh sizes in regions with strain

localization, limiting large-scale applicability.

To the best of the authors' knowledge, there have been limited efforts to enhance the
performance of strain-based nonlocal approaches in damage mechanics for capturing post-peak
behaviour. Indeed, from a physical perspective, it is reasonable to consider strain as a nonlocal
variable due to its significant role in deformation processes. Moreover, this approach indirectly
incorporates nonlocal effects into the damage variable and the damage energy release rate. In this
work, for the first time, the strain difference-based nonlocal model, adopted from Polizzotto et
al.’s [18] linear elastic work, is employed to predict failure behaviour and damage/crack
propagation in quasi-brittle materials within the thermodynamic framework of continuum damage

mechanics (CDM) theories.

In most of the works, the nonlocal elemental stiffness matrices exhibit asymmetry, i.e.,

kpq # (kqp)T, resulting in the computation and assembly of the stiffness matrix for each

neighbouring element (q) relative to the current element (p), incurring significant computational

costs. The strain difference-based nonlocal constitutive model inherently produces a symmetric
cross-stiffness element matrix (kpq = (kqp)T), thus alleviating the computational burden. This

reduction is particularly valuable in strain-softening problems where incremental-iterative
techniques are employed until specimen failure. Furthermore, under certain assumptions, the
thermodynamic formulation of the present model demonstrates that the energy residual function is
independent of both reversible and irreversible processes. Various 2D and 3D numerical examples
are solved: (i) to study the influence of nonlocal parameter ‘a’ on the damage distribution for the
same interaction radius, and (ii) to show the effectiveness of the present approach in capturing the
failure behaviour and damage/crack paths of quasi brittle materials while maintaining the mesh

independency with significantly fewer iterations using secant stiffness matrix.
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5.2  Strain difference-based nonlocal integral approach

To ensure compliance with the normalization condition throughout the volume and enhance
computational efficiency, Polizzotto et al., [18,230] introduced a nonlocal model based on strain

differences, as follows:
R(s(x)) = fg(x,x’) (e(x’) — s(x))dV(x’) VxevV (5.1)
%4

which represents the excess of strain at neighbouring point with respect to the target point. The
internal energy potential for the assumed nonlocal material is expressed as a function of local strain

and averaged strain difference, given by
U=U(g R(g),D) (5.2)
5.2.1 Thermodynamic framework

Itis to be noted that in many research works, when incorporating damage or other internal variables
for regularization, the commonly held view is that nonlocality becomes active only when
irreversible processes occur [205,228]. Alternatively, by integrating nonlocality into the first law
of thermodynamics, it can also be physically interpreted as the result of long-range energy
exchange among particles, which underlies the material's nonlocal behaviour regardless of whether
processes are reversible or irreversible. In other words, during reversible process the material at
point x transmits energy to the neighbouring points within volume V. However, in the irreversible
case, only a portion of this energy is conveyed to the neighbouring points, with the remainder
dissipating outside. Though the mathematical formulations of all the works are identical, the
interpretation of the underlying physics can vary [203]. Referring to the consequence of the
nonlocal nature of the material, the authors felt that choosing strain, which is the source of

deformation and damage evolution processes, as the nonlocal variable is a reasonable choice.

As discussed earlier in Section 3.2.1, nonlocal theories necessitate extending the
application of the dissipation inequality to the entire volume V to maintain consistency with the
second law of thermodynamics (refer to Eq. (3.38)). However, it remains acceptable to violate the
local form of the inequality by introducing the nonlocal energy residual. Thus, the dissipation

inequality in the present context can be expressed as follows:
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. d . d Y - Y ; .
p =082k R(E) - IpD—a—?€+P20 in v (5.3)

The bilinear form in terms of independent local variables is given by,

p=X:E+YD—xi=0 inV (5.4)

where, the damage energy release rate (Y = _a_w) and the associated force ( = —:f) act as the

conjugates for the damage (D) and damage hardening (&) variables. Comparing Egs. (2.1) and
(5.4), the energy residual P is obtained as

Y. % oY :
P=X:¢—o0:&+ £+6R()R(£) inl/ (5.5)

Recalling both the insulation condition and Green's identity, we proceed by defining the nonlocal

associated variable X, which allows for the rewriting of the dissipation inequality of Eq. (5.4) as,
a ] : : :
¢ = <a—a—f—R(Klé))>:e+YD—)(520 (5.6)

Following the established procedures [231], assuming the reversible processes the constitutive law

is defined as,
oy ) 4
g = ; + R (M) inV (57)
Thus, _ oy 14 : : 5.8
P= AR(e) 1R(&) —R (afR(s)) ein¥ 8)

It is evident that the expressions derived for stress and nonlocal energy residual are the
same as those achieved through a reversible process, as demonstrated in the works of Polizzotto et
al. [18]. This similarity arises because damage alone cannot account for the irreversible strains
[205]. Consequently, it is assumed that the unloading of material from a damaged state follows a
reversible path, resulting in strains that are themselves reversible. Therefore, the state equations
and the determination of 'P' can also be alternatively obtained using Eq. (2.1) while considering

reversible conditions. Finally, the dissipation inequality is given by

¢p=YD—-x{=0 (5.9)
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5.2.2 Damage evolution laws — continuum approach

Considering the inelasticity effects by introducing the damage hardening variable (§), the

Helmholtz free energy potential can be expressed now as,

Y = Ye(&R(£), D) + Yin($) (5.10)

here, ¥, stands for the strain energy density of damaged material, while y;,, pertains to the inelastic
component of free energy. In the case of y;,, it encapsulates the energy stored in the

microstructure, reflecting changes in the material's internal characteristics [204].

Following the conditions provided by Polizzotto et al. [18], the elastic strain energy density
function for a damaged material is expressed as:

he =& (1 —D)Co: £+ SR(e): (1 — D)Co: R() (5.11)
_J 61/)3 — 1 .. % .- . d — al/)m 5.12
Y 3D —Es.CO.£+ER(£).(CO.fR(£), and y = 9% (5.12)

Building upon the dissipation inequality as described in Eq. (5.9), it is postulated that a
damage dissipation potential function (FP) exists. This function operates in relation to
thermodynamic forces Y and &, serving the purpose of determining whether damage activation has
occurred and, if so, whether the body is in a loading or unloading state through the application of

Kuhn-Tucker conditions.
FPY,) =Y —x (5.13)
FP(Y, ) <0, A=>0, FP(Y,y)A=0 inV (5.14)

Recalling normality laws, the evolution equations are defined as,

5 _ 5 dFP () t e b PR
D=1A—>= and ¢=-14 Az (5.15)

where 1 represents the indeterminate multiplier that needs to be determined through the

consistency condition FP =0 by using Egs. (5.12) and (5.15) and performing necessary operations

leads to,

Y (5.16)
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/ g : 02 in
where, Y = &:Cy: &+ a(R(€): Co: R(8)); h = %

5.3 Implementation — Secant stiffness matrix and Numerical algorithm

In this section, the derivation and advantages of secant stiffness method is discussed. Further, the

numerical algorithm to implement the proposed methodology in FEM is presented.
5.3.1 Secant stiffness matrix

Applying the free energy potential and Eq. (5.1) to the constitutive law, Eq. (5.7), rearranges and

forms as:

o(x) =[1+ay?(x)](1 —D)Cy: e(x) — fV]D (x,x"): e(x")dV (x") (5.17)

where,

Jpxx") = [y(x)(1 - Dx)Co +y(x)(1 — D(x))Colg(x,x") — kp(x,X)

(5.18)
kp(xX') = f 9D g(x,2)(1 - D(D))Co AV (2)
%4

It is known that, in the field of FEA, capturing material nonlinearity typically involves the
adoption of a consistent tangent stiffness matrix. This approach is favoured for its efficiency in
achieving quadratic convergence while minimizing the number of iterations within incremental-
iterative schemes. The equilibrium equation in the standard finite element discretized form is

expressed as:
F*t = [ BT (x)oe(x)dV (x)

int (5.19)
L f BT (x)o(x)dV (x)

Tangent Stiffness K ot T30
%4

However, it can be seen from Eq. (5.17) that the relation between stress and strains is
nonlocal, where building the tangent stiffness is not as straightforward as the local theories for

which the tangent moduli tensor is directly derived. While it is technically possible to construct a
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nonlocal tangent stiffness matrix, it may not be a preferable option due to the computational
resources it demands. The difficulty arises from the second term on the right-hand side of Eq.
(5.17), denoted as J,. This term not only incorporates the damage derivatives at points x and x’
but also factors in the cumulative influence of points z, which are the common neighbours of both
x and x’, present in kj, (x,x"). Hence, opting for the secant stiffness is the alternative and preferable

choice, as integrating the terms in k, (x,x") is computationally better than its derivatives.

Using Eq. (5.17) in Eq. (5.19) forms,

Ft =K_.U (5.20)
ngp
ksec = Z wn (1 + ay?)By(1 — D,)CoB,, detJ,
n=1
ngp ngp
— z Z w,W,,BY] B, det ], det ],
n=1m=1

where K .. and k., are the global and elemental secant stiffness matrix, n and m used for defining

strain-displacement matrix, damage variables at target and neighbouring gauss points x and x’.

The strain difference-based nonlocal approach addresses not only the elimination of
undesired boundary effects, facilitating the use of symmetric geometries, but also introduces the
symmetric nonlocal tensor J,(x,x") within the constitutive equation. From a computational
perspective, this feature contributes to further cost reduction by generating a symmetric nonlocal
stiffness matrix (the second part of kg,.), where calculating the upper and diagonal cross-stiffness
element matrices is adequate. The implementation procedure for nonlocal part of stiffness matrix

is given in the form of pseudo-code in Box 5.1.

Box 5.1. Pseudo-code for nonlocal part of stiffness matrix from Eq. (5.20)

Call m;,, each neighbour of current element n,,
if [mere = nee]  / Initiates for symmetry
Calculate coordinates, gdofs of current neighbour element m,,
Calculate common neighbour elements, z,;,, of m,;.and n,,
Forn=1,......,ngp
Calculate x,/,,,and B,, atn
Call D,,
Form=1,......,ngp

Calculate x’, and 73,
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if [rum < R]
Call D,,and calculate J,,,, B,, at m
For z,, = 1, ... ....,common neighbour elements
Forz=1,..,ngp
Calculate g(x,z), g(x',z),and kp(x,x")
from Egs. (3.35) and (5.18).
end
end
Calculate J from Eq. (5.18)
frontoc = gnonloc 4y, w  BIJ B, det],det],

end
end
end
K(ngdofs,mgdofs) = K(ngdofs,mgdofs) — k"¢
else
K(mgdofs,ngdofs) = K(mgdofs,ngdofs) — (k™°noe)T
end

5.3.2 Numerical algorithm

Owing to the presence of material nonlinearity, this paper employs an incremental-iterative
solution approach, specifically the displacement-controlled Newton-Raphson technique for
solving the system of equations. The employment of path-dependent constitutive models
inherently necessitates the development of algorithms to numerically integrate the evolution
equations. At the commencement of each time step, denoted as t;, the strains, stresses, and damage
variable are known. The time step then concludes at t;, ;, with updates to the stresses and internal
variables in accordance with the specified incremental strain tensor. Hence, the discretization of
the rate constitutive equations over a time interval [t;, t;.4] was carried out using the backward
Euler scheme.

Box 5.2. Numerical integration algorithm for continuum based linear damage evolution law with
internal variable ¢.

(a) Elastic state: with the known values of D, ¢ at time step t; and the incremental strain Ag

* &41 = & +Ag; T =g i =
. R(s(x))iﬂ = Z?;qf ng(x,x’)(s(x’) — s(x))det](x’);
. R(AS(X))Hl = Z;‘;qf ng(x,x’)(As(x’) — As(x))det](x’)

®tiy1 = %(£i+1: Co: €41 + a(R(s): (COZR(S))Hl)
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(b) Damage activation function:
If ptrial = ¥,y — xf7i% < 0, then
(Diz1 = ()@ (elastic step) go to EXIT
Else go to (c)

(c) Damage corrector:

. 62¢in
o MYy = &141:Co:Agiyg + a(R(): Co: R(LE)),, 5 hiyr = 28,

o My =AYy,

(d) Update the internal variables and their associates:
® Dip1 = Mys1s §ip1 = Dyyq,
® Xi+1 = Xi + hiy1D41.

Exit

In many research studies, it is a common practice to divide the problem into two distinct
stages. First, the elastic predictor stage assumes the problem to be elastic, while in the second
stage, known as the damage corrector, various parameters such as the damage hardening modulus
(h), incremental damage energy release rate (Y), and indeterminate multiplier (1) are calculated.
These calculations are based on the results obtained in the elastic predictor stage, which serve as
initial conditions. If the damage activation condition is violated, the damage corrector stage must
be initiated. Notably, this stage directly computes the multiplier without the need for iterative
schemes, as the linear damage evolution law is chosen. A concise explanation of the numerical

integration algorithm is provided in Box 5.2.
5.4 Numerical studies — Results and Discussions

In this section, three case studies are presented: (i) to study the influence of nonlocal parameter ‘a’
in the damage distribution while capturing the post-peak behaviours, (ii) to demonstrate the
effectiveness of the strain difference-based nonlocal damage model by obtaining mesh-
independent results and accurately predicting damage evolution regions, and (iii) comparison
between experimental results and numerical structural response for coarse mesh, highlighting both

computational efficiency and reduction of mesh-bias dependency.

The inelastic part of Helmholtz free energy in the present work is referred from Comi & Perego

[101] and the same are followed for all the examples. The inelastic energy is given by:
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Y = KA - T, S () (5.21)

jr \a¢
5.4.1 Concrete block with a through hole

In this example, studies are carried out on the nonlocal parameter 'a' to illustrate its significance
in the strain difference-based nonlocal model while capturing the strain softening behaviour. The
radius of the hole (r) in the specimen is 0.05m, and the length (L) of the block is obtained from
L/r = 10. The specimen is subjected to displacement loading on both of its vertical ends, as
shown in Fig. 4.1(a). The material properties used are as follows [232]: E = 36 GPa,v = 0.15,
and the damage parameters are given by K = 5.8 x 1071* MPa, ¢* = 405, N = 12. Due to
symmetry, the analysis is conducted for the upper right quarter of the block, with boundary

conditions specified as shown in Fig. 4.1(b).

"
. | ' >
- | I = _—
<4 e x .
= W
T —
N B 3 YD
‘ ‘ SYANVAVAAY
L 2L
[

(@) (b)

Fig. 5.1. (a) Two-dimensional geometry and loading conditions of concrete block with
through hole, and (b) quarter symmetry portion with boundary conditions.

The quarter of the geometry under analysis is divided into four-node quadrilateral plane
strain elements. To examine mesh sensitivity for various a's (1,10,50,100) for characteristic
length (I, = 0.005 m), five different meshes, shown in Fig. 5.2(a)-5.2(e), are used to discretize
the displacement field. These meshes have varying element sizes, with finer elements concentrated
in regions of the geometry, i.e., in the vicinity of the hole, where high strain gradients and damage
are anticipated. Here, different mesh densities are chosen in particular to showcase the
effectiveness of the proposed methodology in reducing the mesh-bias dependency. Further, the
mesh dependency issues often encountered when using standard/local FEM are addressed.
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Mesh A — 100 elements
(@

Mesh B — 192 elements

(b)

Mesh D — 576 elements

Mesh C — 308 elements

(C) (d)
2500
=100 elements
\ = = =192 elements
\ .......... 308 elements.
2000 1 N 576 elements
\ — 784 elements
% 1500 F
Py
5
= 1000
500
0 . . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3
Mesh E — 784 elements ;
Displacement (mm)
(e) ()

Fig. 5.2. (a)-(e) Various mesh discretizations of the geometry, and (f) force-displacement
responses by standard FE analysis for meshes A, B, C, D, and E
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Fig. 5.2(f) shows the load-displacement behaviour simulated by classical continuum
damage theories through standard/local FEM. The results exhibit mesh sensitivity, particularly for
meshes A, B, and C. There are relatively minor changes in the results for the other two meshes —
D and E with a marginal decrease in the peak load. Notably, the latter set of meshes feature refined

element sizes near the hole, aiding in achieving numerically converged responses.

Damage
0.9
0.8
10.7

106

@) (b)
105
104
0.3
0.2
0.1
0
) (d)

Fig. 5.3. Damage contours for mesh C: (a) « = 1, (b) « = 10, (c) « = 50, and
(d) a =100

In the present methodology, the parameter ‘a’ plays a significant role in distributing the
nonlocal effects over the geometry. Fig. 5.3(a)-5.3(d) displays the damage contour plots of mesh
C for different values of a. It is observed that, as a increases, there is a corresponding increase in
damage localization and the extent of damage process zones, which are particularly noticeable for
a values of 50 and 100. In these cases, the nonlocal distribution predominates, causing the material

to behave in a ductile manner. On the contrary, for a values of 1 and 10, the damage localization
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area is nearly the same and almost aligns with practical studies. However, in the case of @ = 1,
the damage process zone is minimal, whereas for @ = 10, it is negligible in regions with high
strain gradients but gradually increases toward the free boundaries. Nevertheless, this effect is not

as significant as that observed for a values of 50 and 100.

Fig. 5.4(a)-5.4(d) illustrates the load-displacement curves obtained using the strain
difference-based nonlocal damage model for different values of a. These curves consistently
predict a peak force that is independent of the mesh size in all four cases. When it comes to
softening behaviour, there are not many significant changes observed with respect to the mesh
size. However, it is notable that the softening response exhibits better convergence with increasing
a, as evidenced by the error prediction of peak loads for various a values, as shown in Table 5.1.

Table 5.1. % Error of peak load values for various a's (with reference to peak load of
784 elements)

Elements a=1 a=10 a =150 a =100
100 10.25 4.44 3.89 3.95
192 6.73 2.77 2.43 2.45
308 3.43 1.52 1.42 1.55
576 1.75 0.53 0.47 0.49

But, for values of @ = 50 and 100 (see Fig. 5.4(c) and 5.4(d)), the post-peak behaviour
exhibits a distinct nature compared to the curves from classical CDM theories in Fig. 5.2(f). This
behaviour can likely be attributed to the accumulation of damage in a large area after the peak
force, as shown in Fig. 5.3(c) and 5.3(d). In this region, the material undergoes substantial stiffness
degradation, leading to an increase in the damage rate. At the same time, due to the significant
enlargement of the damage process zone, there is not much intensity in the softening response.
Conversely, in the case of local modelling and for @ = 1, as discussed earlier, this damage process
zone becomes quite negligible, resulting in an immediate drop in the nature of the curve after the
peak force (see Fig. 5.4 (a)). Furthermore, for @ = 10, the softening response have balanced
nonlocal effects (i.e., damage localization and damage process zones), resulting in a curve nature

similar to that of local FE modelling (see Fig. 5.4(b)).
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Fig. 5.4. Mesh sensitivity study and effect of (&) « = 1, (b) @« = 10, (c) « = 50, and
(d) @ = 100 on peak load and softening behaviours

As discussed earlier in Section 3.2, it is important to note that the exponential attenuation
function is defined by its unbounded support. Nevertheless, as the distance r increases, it
consistently exhibits a decreasing pattern and eventually approaches zero at greater distances. This
implies that regardless of the chosen kernel function, g, there will always be a corresponding
interaction distance R at which g either vanishes or can be effectively considered as vanishing at
all points beyond R. Therefore, for lesser computational costs, the nonlocal interaction radius R =
6l. is adopted [18] Simultaneously, to ensure the effectiveness of the nonlocal distributions, the
authors deemed it reasonable to select @ = 10 for further examples.
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5.4.2 Single-edge notched beam

In this example, numerical simulations of mode | failure of a single-edge notched beam subjected
to three-point bending (TPB) is presented. The geometric details, boundary and loading conditions,
shown in Fig. 5.5(a), are adopted from Petersson [233]. Due to symmetry considerations, only half
of the geometry is modelled (see Fig. 5.5(c)), and a plane strain condition is assumed for the
numerical analysis. The material properties used are as follows: E = 30 GPa,v = 0.2 and the
damage parameters, for this example, achieved through trial and error analysis are given by K =
5.8 X 1071 MPa, ¢* = 550, N = 11.74. An internal characteristic length of 1.1 mm is chosen.

;

t=150

500

F1y
v

Mesh A — 664 elements

Mesh B — 857 elements

Mesh C — 1052 elements
(b) (©

Fig. 5.5. (a) Single-edge notched beam, (b) FE meshes: A (664 elements), B (857 elements),
C (1052 elements), and (c) symmetric beam model: boundary and loading conditions
(all dimensions are in mm).
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The numerical simulations of the notched beam are performed using three different finite
element meshes, denoted as A, B, and C, each composed of four-node quadrilateral elements.
Meshes A, B and C features 3 mm, 2.5mm and 2 mm element sizes in the region where
damage/crack propagation are anticipated (see Fig. 5.5(b)). Fig. 5.6 exhibits the damage contour
plots for four distinct loading points: the first within the elastic regime, the second at the peak load,
and the other two during the softening phase of the load—displacement curves obtained using the
strain difference-based nonlocal damage model. The numerical analysis reveals a consistent linear
path of damage/crack formation above the notch, extending from the notch's tip to the upper side
of the beam. This observation aligns closely with practical studies.

Damage Damage

0.89788 0.9874
0.8 [

0.8

— 0.6 ’ | 06

- 04 04

I 0.2 I 02
0.00000 0.0000

(@) u, = 0.078 mm (b) u, = 0.133 mm

Damage Damage
0.9980 0.9999

[ 0.8 [ 0.8

— 0.6 — 0.6

— 04 — 0.4

[ 0.2
0.0000

(¢) uy = 0.2 mm (d) uy = 0.4 mm

l 0.2
0.0000

Fig. 5.6. Damage profile with numerical damage/crack path at different displacement
loading points for the three-point bending test using strain difference-based nonlocal
damage model.

Similarly, contour plots illustrating stresses in the x-direction at the peak load and at 50%
of the peak load (u,, = 0.4mm) are presented in Fig. 5.7(a) and 5.7(b). It is noticeable from both
contour plots that the maximum tensile stresses progressively move away from the notch area with
the increase in displacement loading. This is because the initiation, evolution, and propagation of

the damage,as shown in Fig. 5.6, gradually degrades the stiffness of the affected region, thereby
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reducing the stresses in these regions. This is evident in Fig. 5.7(b). Conversely, the regions on the

brink of damage initiation coincide with the locations experiencing maximum tensile stresses.

O-_x X G.Xx

30.8077 28.7101
[20 [20
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—0
0 —-10
—-10

— -20
-20
-30
-44.6478

30
-40
-53.7847

Fig. 5.7. Contour plots of stresses in x-direction at peak load and at 50% of peak load for
the TPB test.

A comparison of the structural responses predicted using meshes A, B, and C up to 50%

(@ u, = 0.133 mm (b) uy = 0.4 mm

peak load is illustrated in Fig. 5.8(a). It is observed that the load-deflection curves from various
meshes show convergence, confirming the proposed methodology's independence from mesh-
related issues. Additionally, a comparison between the numerical results and reference
experimental data [233], reveals a favorable agreement, with only a 3% difference observed in the
peak load for the refined mesh.

250 250
© Petersson (1981) 1.2
Mesh A
200 -~ ~MeshB 1200
~150| T {150
z 150 . - g
£ 100} =100 =
501 150
Damage behaviour: mesh C
Force-displacement behaviour o
0 i 1 1
0 0.1 0.2 0.3 0.4 or 02 0.3 0.4
Displacement (mm) Displacement (mm)
(@) (b)

Fig. 5.8. (a) Comparison between the structural responses: experimental and numerical results
(showing mesh independency), and (b) damage behaviour at the sharp corner of the notch
(point ‘P’) for the respective displacement loading.

In Fig. 5.8(b), the damage behaviour at the sharp corner of the notch, denoted by point ‘P’

(see Fig. 5.5(c)), is shown in relation to the prescribed displacement loading. It is noticed that
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damage initiates and undergoes rapid evolution up to the peak load, slowing down in subsequent
stages. Similarly, a substantial portion of the material surrounding the notch experiences damage
initiation and evolution even before reaching the peak load (see Fig. 5.6(b)). This results in a

damage-dominant irreversible process, leading to immediate softening after the peak load.

The performance of the present strain difference-based methodology is evaluated against
the nonlocal strain approach [234,235]. Both computational cost and accuracy are compared.
Using Eringen's definition of nonlocal strain (Eq. 3.34), the constitutive equations are obtained
within the thermodynamic framework, discussed in section 3.2. The weight function in Eq. (3.34)
is replaced with Eq. (3.37) to eliminate the boundary effects in the geometry. Table 5.2 presents a
comparison of the computational cost for both approaches for mesh A. Since the number of
iterations per increment varies at different locations across the force-displacement curve, three
specific displacement points are considered: one in the elastic regime, another at the peak load,
and the last one in the softening zone. The proposed approach is executed on a PC Matlab R2022b
platform, utilizing an Intel(R) Core(TM) i7-12700F processor clocked at 2.10 GHz, with 64 GB
of RAM, and operating on Windows 10 Pro version 22H2.

Table 5.2. Comparison of the performance between the proposed methodology
and the nonlocal strain approach in terms of computational cost.

Strain difference-based approach Nonlocal strain approach
(12.15 secs per iteration) (39.53 secs per iteration)
Displacements Total time (secs) Total time (secs)
u, = 0.05 mm 60.75 276.71
u, = 0.133 mm 97.2 395.3
u, = 0.25 mm 48.6 237.18

As seen in Table 5.2, the nonlocal strain approach requires 39.53 seconds per iteration
employing identical nonlocal parameters. In contrast, the present methodology, benefiting from its
symmetric nature, completes each iteration in 12.15 seconds. In terms of accuracy, the nonlocal
strain approach tends to underpredict the peak load (see Fig. 5.9). However, the strain difference,
an extension of the nonlocal strain approach, holds the advantage of enhancing nonlocal effects

through the parameter a, as mentioned earlier, while maintaining accuracy. On the other hand, the
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strain difference approach, without invoking symmetry, requires 80% more computational effort

compared to the case with symmetry.
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Proposed approach
----- Nonlocal strain approach
o Petersson (1981)
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Fig. 5.9. Force-displacement responses for mesh A: showcasing the accuracy of proposed
methodology over the nonlocal strain approach.

5.4.3 Four-edge notched specimen
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Fig. 5.10. Geometry and dimensions of Four edge notched specimen (all dimensions are in

mm)
Direct tension test on a four-edge notched specimen is a well-known concrete damage test first
conducted by Hassanzadeh [236]. The Fig. 5.10(a) and 5.10(b) shows the geometry and

dimensions of the plain concrete specimen, which includes four notches along its edges at the
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center. The bottom surface remains fixed, while tension is applied to the top surface using
displacement control.

e

Mesh A
(a) (b)

Mesh B Mesh C
(©) (d)

Fig. 5.11. Mesh discretization: (a) Mesh A (277 elements), (b) 2D representation of Mesh
A, (c) Mesh B (391 elements), and (d) Mesh C (456 elements)

The main purpose of considering this numerical example is to validate the load-
displacement behaviour obtained using the strain difference-based nonlocal damage model against
experimental data, particularly for a coarse mesh. To achieve this, the present study focuses on
analysing only one-eighth of the geometry, taking advantage of its inherent symmetry. Fig. 5.11(a),
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5.11(c), and 5.11(d) illustrates the mesh discretizations of the specimen, employing 277, 391, and

456 solid brick elements distributed across three levels with varying sizes. Boundary and loading

conditions are more effectively elucidated through a 2D representation, as depicted in Fig. 5.11(b).

Symmetry-related boundary conditions are applied, with u,, = 0 on the left vertical surface and

u,, = 0 on the bottom surface of the specimen. Displacement loading, w,,, is imposed on the top

surface. The material properties and the damage parameters are given by [237]: E = 36 GPa,v =

0.15, K = 5.8 x 1071* MPa, ¢* = 405, and N = 12. The internal characteristic length, I, =

1.1 mm is taken.
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Fig. 5.12. Damage profile with numerical damage/crack path at different displacement
loading points for the direct tension test using strain difference-based nonlocal damage

model
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Fig. 5.12 displays the damage contour plots for four specific displacement loading points,
as marked in the load-displacement curves (see Fig. 13(b)). As depicted in Fig. 5.12(a) and 5.12(b),
the damage correctly initiates at the sharp tip of the notch and uniformly propagates in both
directions from the tip under external loading. Fig. 5.12(b) also illustrates the damaged state of the
specimen near its peak load. Fig. 5.12(c) and 5.12(d) are selected from the softening portion of the
curve. They reveal significant damage in the bottom portion of the notch, gradually progressing
toward the sharp corners between the notch and the top part of the specimen. Fig. 5.12(d) also
portrays the final stages of the specimen’s failure, and the numerical analysis is concluded at this
displacement since the maximum damage is nearly 1.
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Fig. 5.13. (a) Mesh convergence studies comparing local and proposed nonlocal FE analysis,
and (b) Comparison between the experimental data [236] and the numerical structural response
of the four-edge notched specimen (NLFE-A and FE-A refers to nonlocal and local FE
analysis for mesh A)

Fig. 5.13(a) displays the structural responses obtained for meshes A, B, and C employing
both local and proposed nonlocal FE approaches. Considering the computational cost associated
with 3D fine mesh simulations, the mesh convergence studies have been performed up to 60% of
the peak load. A mesh-sensitive nature is evident in the standard/local FE analysis. There is an
observed sudden drop in load immediately after the peak point, and this intensity of drop in load
is increasing with mesh refinement. In contrast, the proposed approach mitigates these issues and

yields converged structural responses, with negligible changes in results for different mesh sizes.
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On the other hand, Fig. 5.13(b) shows the comparison between the experimental data and
the numerical structural response of the four-edge notched specimen. From the perspective of a
coarse mesh, the numerical results show a reasonable alignment with the experimental data,
exhibiting an approximate 4% error at the peak load, thus demonstrating the effectiveness of the
strain difference-based nonlocal damage model. These results, while showing slight
underprediction of the peak load, exhibited a similar softening nature. However, the analysis

conducted using standard/local FE tends to underestimate the peak load.

5.5 Summary

A strain difference-based nonlocal damage model is proposed to study the failure behaviour of
quasi-brittle materials. The formulation of the model operates within the framework of
thermodynamics, leveraging the second principle to impose constraints on the constitutive
relations. damage alone cannot account for the irreversible strains, the nonlocal energy residual
function (P) in the present formulation aligns with those attained through a reversible process. In
comparison, the previous works incorporated damage/damage energy release rate or equivalent
strain as the regularization variable, where appropriate weight functions or associated flow rules
are needed to preserve the symmetricity. The present methodology employs secant stiffness matrix
for nonlocal FE analysis to account for material nonlinearity. The achieved converged results using
the secant stiffness matrix remain < 8 iterations per increment, maintaining computational
efficiency. The model's effectiveness is demonstrated through mesh-independent results via %
error prediction of peak load with respect to converged/reference results and force-displacement
responses, accurate prediction of damage propagation paths for 2D and 3D case studies involving
a crack and a hole.
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Chapter 6
Ductile Damage Modelling in Nonlocal FEM Framework

This chapter introduces a novel ductile damage dissipation potential that incorporates the effects
of isotropic hardening and scalar damage, providing an analytical expression that facilitates the
straightforward determination of parameters. This formulation offers flexibility in selecting not
only the isotropic hardening laws but also the power laws (such as the Ramberg-Osgood model)
to contribute to the plasticity process. Moreover, the equivalent plastic strain, which significantly
influences the damage evolution of ductile materials, has been treated as the nonlocal variable in

the present work.
6.1 Introduction

As outlined in Chapter 2, significant advancements have been made in research concerning the
development of damage evolution laws [19,20,90,179,206]. These laws are derived from the study
of material degradation, often through multiple uniaxial tensile tests. However, it is noted that not
all damage evolution laws are able to effectively capture all the damage patterns observed in
ductile materials. Among them, the models proposed by [19] and Thakkar and Pandey [179] prove
to be versatile by predicting damage in various types of ductile materials. As damage is known to
strongly depend on plastic strain, these models are developed based on equivalent plastic strain,
incorporating parameters related to power laws like Ramberg-Osgood law in the damage
dissipation potential function. This actually restricts the application of the models when plasticity-
related internal variables (isotropic and kinematic) responsible for hardening are involved, as it is

crucial to discern the contribution of hardening to the plastic strain.

During uniaxial tensile tests, damage typically initiates in the early stages after reaching
the yield limit. However, isotropic hardening in the material continues to have a significant
contribution until the specimen reaches its ultimate strength. After necking, damage becomes
dominant in the evolution of plastic strain. Furthermore, the effects of triaxiality are accounted for
by considering it as a function of equivalent plastic strain. However, this approach not only
necessitates for more number of material parameters but also applies primarily to high-stress

triaxiality problems [179,238]. Bonora and Testa [239] recently reformulated his model by
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incorporating the triaxiality ratio and Lode angle parameter to capture the stress triaxiality effects

across various ranges, from negative to positive values.

On the other hand, numerous research works have been conducted to address strain
localization problems using nonlocal theories in ductile materials, as discussed in Section 2.3.2. In
previous chapters, since permanent strain concepts are not included, the authors had the flexibility
to experiment with various approaches to regularize the strain. However, in ductile materials,
damage is significantly influenced by plastic strain and the damage energy release rate, which is a
function of elastic strain. So, in this case, regularizing total strain is not a viable option. Moreover,
Andrade et al. [240], in their comparative study, mentioned that the damage variable emerges as
the most suitable choice for the nonlocal variable in implicit damage models, whereas it is not

recommended for explicit damage models.

Therefore, building upon the aforementioned observations, as a preliminary step the
authors propose a novel ductile damage dissipation potential that integrates the influences of
isotropic hardening and scalar damage, offering an analytical expression that simplifies parameter
determination. This formulation provides flexibility in the choice of isotropic hardening laws, as
well as power laws (such as the Ramberg-Osgood model), to contribute to the plasticity process.
Additionally, there has been limited exploration on failure analysis through the regularization of
equivalent plastic strain, particularly within the class of Lemaitre's-based damage evolution laws.
Thus, in the present work a nonlocal equivalent plastic strain is integrated with the proposed
damage model to address the challenges associated with strain localization. The parameters
required for the proposed damage model are identified through load-unload uniaxial tensile tests

in which the damage evolution is measured through variation of elastic modulus concept.
6.2 Proposed continuum damage model: Local and Nonlocal

In this section, the mathematical formulation concerning the constitutive and evolution laws of
coupled plastic-damage, considering the respective internal variables, is presented. Subsequently,
a new closed-form expression for ductile damage is derived from the proposed damage dissipation
potential function. Additionally, it is defined within a nonlocal framework by regularizing the

equivalent plastic strain.
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6.2.1 Constitutive laws

Considering small deformations, the Helmholtz free energy for ductile materials incorporates
contributions from elastic-damage (1¢%) and isotropic hardening (y"). It is defined as a function

of respective constitutive variables, given by:

P =(e®, D) +Y' (1) (6.1)
ped(e°,D) = %se: (1 —-D)C: &% pY!(r) = Ry [r + %exp(—br) (6.2)

where C is the fourth-order linear elasticity tensor, £°,r, D are the elastic strain tensor, isotropic

hardening and damage variables, and R, b are the hardening parameters.

Recalling the thermodynamic aspects of damaged materials, as discussed in Section 3.1.1, Eq.

(3.12) for ductile damage is rewritten as:

ed(ge I ed(ge
<a—pw>:ée+a:ép—pa¢ (r)f”— A4 (S'D)DZO (6.3)

9e° or P=4D

Thus, the constitutive law by considering the reversible changes and also the thermodynamic

conjugate forces for internal variables, r and D, is defined as:

adjed (ge’ D)
p————

= =(1-D)C: &° (6.4)

o' (r)
or

oYei(e¢,D) 1
—pL) =—-£%C:&° (6.5)

R=p oD 2

Ro[1 — exp(—br)]; Y =

Substituting Egs. (6.4) and (6.5) in Eq. (6.3), reduces the dissipation inequality to
0:€P —RF +YD >0 (6.6)
6.2.2 Evolution laws

From the theory of generalized standard materials, the evolution in the form of plastic strain and
damage utilizes the normality law. Accordingly, the potential function F is additively decomposed

into plastic (F?) and damage dissipation potential function (F?), postulated as:

F(o,1,Y,D) = FP(o;7,D) + FP(Y; D, 1) (6.7)
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The coupled elasto-plastic model including the effect of damage is accomplished by substituting

effective stress, o = ﬁ in the definition of von Mises yield function:

F?(o;1,D) = C 10—qu) — (oy, + R) (6.8a)

& =l—=c1— (6.8b)

where the equivalent stress is defined as o,, = Gs: s)i, and deviatoric stress (s) =0 —

§Tr(a)l. ay, and A are the initial yield stress and plastic multiplier.

The inequality in Eqg. (6.6) indicates that the dissipation due to damage must be positive,
necessitating a convex potential function for damage. Considering the highly nonlinear nature of
the damage evolution process, this work proposes a damage dissipation potential as a function of

the isotropic hardening variable, the actual damage state, and the associated damage variable Y.

. i S <2E2Y>S+1
2E%(1 — D)**1(ay, + R)Zs(s +p\ S (69)

Damage energy release rate,

2
Oéq

Y =—————=R,;
2E(1-D)2""7

2 oy 2
R, = 3 (1+v)+3(1-2v) (a_) (6.10)

eq

where S and s are the damage parameters that are identified through the experimental data, R,, and

5—” represents stress triaxial function and triaxiality ratio. Using the normality laws discussed in
eq

Section 3.1.1 and upon some mathematical operations, the kinetic laws of damage evolution is

given by,

. dFP ( ER, )S

D=lw=p m (6.11)
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6.2.3 Analytical expression for ductile damage

It can be observed that Eq. (6.11) is a direct application of variable separable approach. Thus, the

above equation is integrated between (Dg, p;) t0 (Der, Per), Yields:

ER\®
(25 + 1) [_(1 - DCT)(ZS+1) + (1 - DO)(25+1)] = ( Sv) (pcr - pth) (6.12)
and for the integration between (D, p) and (D¢, per)
[~ =D + (1 - D)**V] = (ER")S (Per — D) 6.13
(2s+1) % s ) Per =P (6.13)

where, D, represents the initial amount of damage within the material's microstructure, which is
typically challenging to determine precisely and is often assumed to be zero. D, denotes the
critical damage level, signifying the point at which the material fails due to the loss of its ability
to withstand the external load, p;, represents the threshold plastic strain, indicating the onset of
void nucleation and subsequent growth. Finally, p., corresponds to the effective accumulated
plastic strain at the point of failure. Assuming the uniaxial loading or one-dimensional case, some

of the important terms in above equations are redefined.
oy 1

— === R, =1, p=€P,py, = efh'pcr = &cr (6.14)

At the failure stage, elastic strain can be disregarded, allowing plastic strain to be substituted by

the total uniaxial strain. Then, the Egs. (6.12) and (6.13) are expressed as

E S

—(Zs ey [_(1 — D,,)@s*D 4 (1 — DO)(25+1)] = (E) (ecr — €0) (6.15)
E N

) [~(1 = D )@*D + (1 — DYs*D] = (5) (ecr — €P) (6.16)

A closed-form expression for the ductile damage using Egs. (6.15) and (6.16) is derived as follows:

1
(ecr—eP) |@s+D)

P
(&cr—e¢p)

D =1 [(1= D)@ 4 [—(1 = D)D) 4 (1 = D) ®5+0)] (6.17)
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Similarly, in case of the multiaxial loading conditions, the expression for damage is derived using
Egs. (6.13) and (6.15).

D=1-|(1-D,)?*D

1 (6.18)

(2s+1)
[ (1-D,)%*D 4 (1-D )(25+1)]M(Rv)
Eer = £tn)
It is well-known that an increase in triaxiality tends to make ductile materials more brittle
and contributes to early fracture. Therefore, it is clear that p., is influenced by triaxiality, while
pen 1S assumed to be equal to the plastic strain threshold in the uniaxial case, neglecting any

modifications[19,20]. Dividing Eq. (6.12) with (6.15),

(Scr r ‘951) = (Ry)*(Per — Den)

1 (¢
=P 1+ <£ — 1)
Pcr th (R,)* th (6.19)

6.2.4 Nonlocal damage model

As mentioned earlier, since damage is significantly influenced by plastic strain, the nonlocal
variable chosen is the equivalent plastic strain in the present work. Considering the insulation and
locality recovery conditions during a uniform strain field, and substituting the equivalent plastic
strain with its nonlocal counterpart in the evolution law, the derivation procedure of ductile damage
follows the same steps as in the classical damage model.

s

D=p (%) (6.20)

Nonlocal equivalent strain,  p(x) = [, W (x,x") p(x")dV (x")

For a uniaxial loading condition,

1

D=1- (1 _ DCT)(ZS+1) + [_(1 _ DCT)(ZS+1) + (1 )(25+1)] (Scr_sp) (2s+1) (621)

(cr— Eth)
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Since the threshold and critical parameters are determined from experimental data, the same

parameters utilized in the local model are also applied here.
6.3 Methodology

This section delves into the numerical aspects, providing insights into the strategy utilized for
conducting the simulations. It also outlines the materials, geometry, and procedures employed for
the load-unload uniaxial tensile testing of the specimens, along with the calibration process used

to determine the material parameters.
6.3.1 Numerical integration

In this study, the evolution of plastic strain, isotropic hardening, damage, and stress updating using
the proposed elastoplastic damage constitutive model is computed through the forward Euler
explicit integration scheme. This procedure is being employed due to its mathematical simplicity
and convenience, especially in explicitly regularizing the equivalent plastic strain.
When the updated stresses fall below the yield surface, the material at that point remains in the
linear elastic regime. Conversely, when the stresses surpass the yield surface, plasticity effects are

incorporated, initiating the process with a consistency condition.

l L . () r (6. )
a~ . = a (6.23)

By using Eq. (6.8b) and performing some mathematical operation to the above equation,

14
%L&:(C:ds
A=3F _aFr  aF? (6.24)
o7 ' C P " or

where the terms % is defined similar to Eq. (6.8b), and % = Ry, bexp(—>br). Then, the equation

will be rewritten in Voigt form, which is the standard procedure in finite element analysis, to solve
for the plastic multiplier. This aids in determining the evolution of internal variables at the next

time step increment t + At.
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1
2

3s 2
de? = dA, <——) ;o odr,=dAg;  dp, = (— (ds?)TPTds’,_?> (6.25)
20,4 . 3
ngp
A = ) Wl (X Xon) dp () det(] (k) (6.26)
n=1
dD, = dp (—ER" )s
=dp 6.27
£ TS - D)2, (6.27)
do, = (C(1 - Dt))Tdst —(c(1 - Dt))Tds? — C"(de, — d€?)dD, (6.28)
1 00
where P=[0 1 0]. All the updated quantities at the end of the time step, At, may then be
0 0 2

expressed as:

— . P _ P p
Otiar = O + doy; €. = & T dg;

(6.29)
Tepar =T +drg; Diype = Dy + dDy;

6.3.2 Tangent stiffness matrix

In the field of FEA, capturing material nonlinearity typically involves the adoption of a consistent
tangent stiffness matrix. This approach is favoured for its efficiency in achieving quadratic
convergence while minimizing the number of iterations within incremental-iterative schemes. The

equilibrium equation in the standard finite element discretized form is expressed as:

Fint = f BT (x)o(x)dV (x) (6.30)
|4
Tangent Stiffness: K; = a;_:’;lt = % (J, BT ®e(x)dV(x)) (6.31)

However, it can be seen that the relation between stress and strains are not directly related, instead
stress is expressed as function of damage and elastic strain (see Eq. (6.4)). On the other hand, the
constitutive law is indirectly nonlocal, where building the tangent stiffness is not as straightforward

as the local theories for which the tangent moduli tensor is directly derived.
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P
——(C(l—D)) (——a—)—( ©Tee oD (6.32)

ou AU
where,
oD _ <6Dn P, )T de, (6.33)
ou  \op, ds,,/ 0U

Here, n and m are the source and neighbouring points. Expanding the expression of nonlocal

equivalent plastic strain, the above equation further solved as:

0Dn Opm
de,, = LW(xn, Xom) T dV, (6.34)
By using Eq. (6.24),
OFP
T

0Pm L 0, y C 25 nd 0gn _x (6.35)
g, 0g, (app) cr OFP _ QFP " 9u N

do do or / o,

Using Egs. (6.32), (6.33), (6.34), and (6.35), the tangent stiffness matrix upon some mathematical

operations elaborately written as,

ngp ngp

T T 3/1
K= ) wy B(Ca(1=D,)) B, = ) wyBL(C,(1 = Dy) 52
n=1 n=1
6.36
~ ngp ngp 4 BTC aD aL . ( )
Z Z WnWm nm ap asm m
n=1m=

6.3.3 Experiments and parameters identification

This section elaborates on the materials used, specimen geometry, and testing procedures
employed for assessing mechanical properties, hardening characteristics, and damage.
Furthermore, it includes a calibration procedure for identifying damage parameters. All tests
conducted in this study are performed under quasi-static (& = 0.001 — 1s~1) and room

temperature conditions.
6.3.3.1  Materials and Specimen geometry

The mechanical and damage behaviours of different materials, including SS316L and Al2024, are

investigated in this study. Additionally, the damage behaviour of copper alloy is studied. The
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selection of these materials is based on their diverse damage responses to strain, demonstrating the

material-independent nature of the proposed damage potential function.

The influence of stress triaxiality on material ductility and damage rate is widely
acknowledged. Consequently, when determining the damage parameters, stress triaxiality is either
kept constant or minimized within the region where damage is assessed. This necessitates prior
knowledge of the strain and damage localization region. Bonora et al. [241] noted that tensile
specimens with uniform geometry experience necking, resulting in non-uniform plastic strain
distribution and increased stress triaxiality. To mitigate these effects, Lemaitre [183], Alves et al.
[242], Gerbig et al. [243], and Sancho et al. [244] utilized hourglass specimens with round cross-
sections. This design minimizes stress concentrations and confines necking to a defined range (see
Fig. 6.1).

Following observations from the literature, a standard round bar (SRB) specimen (Fig.
6.2(a)), with a diameter of 12.5 mm and a gauge length five times the diameter (per ASTM-ES8),
is selected for extracting the material's mechanical properties and hardening parameters.
Additionally, hourglass round bar (HGR) specimens, depicted in Fig. 6.2(b) along with their

dimensions, are utilized for conducting damage monitoring tests.

(b)
Fig. 6.1. (a) Geometry of copper specimens, and (b) geometry of Al2024 specimens
(5 no.s of HGR and 2no.s of uniform round dia. specimens).
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Fig. 6.2. (@) Smooth uniform round bar (SRB) specimen, and (b) Hour glass round (HGR)
specimen geometry and dimensions.

6.3.3.2  Testing procedure
The experimental procedure is divided into following steps:

1. The SRB specimen is mounted in the Instron 100 KN servo-hydraulic dynamic testing

machine (Fig. 6.3(a)) and adjusted into the loading fixtures.

2. An extensometer of gauge length 50 mm is positioned on the specimen to collect the strains
in that region.

3. The displacement-controlled test is carried out till the failure of the material. Mechanical
properties, including elastic modulus, yield strength, and ultimate tensile strength, are
extracted from the collected data, with hardening parameters calculated accordingly.

Reproducibility is ensured by testing at least two specimens for each material.
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4. Following this, the HGR specimen is affixed within the same testing machine, with a
12.5 mm extensometer placed at the minimum cross-section region, as illustrated in Fig.
6.3(b).

Fig. 6.3. (a) Instron 100 KN servo-hydraulic dynamic testing machine along with
extensometer setup, and (b) positioning of extensometer (12.5 mm) at the minimum cross-
section region

5. Similar to the SRB specimens, tensile tests are conducted on the HGR specimens until
failure via displacement control. Intermediate data points are selected from the load versus

displacement data for partial unloading operations.

6. The Load-Unload tests at the selected displacements are then conducted on a new HGR
specimen to monitor the change in elastic modulus. These operations are repeated for
approximately 8 to 10 cycles at regular intervals, each carried out at a low strain rate to

neglect dynamic effects.

Thus, damage is measured using the expression

E
D=1- E, (6.37)

where E,, E are initial and effective elastic modulus. The damage and plastic strain measurements
of Al2024, copper alloy and SS316L materials are mentioned in Table 4.1.
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Table 6.1 Damage growth and plastic strain of SS316L, Al2024, and copper alloy materials

S.No SS316L Al2024 Copper alloy

D & D & D &
1 0.01608 0.007971 0.0334 0.02417 0.0773 0.0180
2 0.01818 0.04228 0.0747 0.05113 0.1306 0.0472
3 0.03055 0.08822 0.08871 0.074 0.2305 0.1
4 0.04128 0.11622 0.1113 0.0923 0.3105 0.1402
5 0.04814 0.14654 0.1141 0.11198 0.3889 0.1778
6 0.08598 0.20971 0.12506 0.1121 0.4633 0.2117
7 0.1049 0.2223 0.13152 0.1263 0.5333 0.2418
8 0.1327 0.25648 0.13855 0.1328 0.6379 0.2833
9 0.19321 0.28628

6.3.3.3 Identification of damage parameters

The procedure for determining the material parameters of the proposed damage growth law is
discussed here. For the proposed model, data obtained from hour-glass round (HGR) bar
specimens subjected to cyclic tensile load-unload tests (Table 4.1) is used for the calibration
procedure. This calibration is aimed at determining the material parameters, including the damage
exponent, s, denominator of the damage, S, and the critical damage D.,.. Additionally, parameters
such as €%, and &, are determined for each material based on relevant information extracted from

the stress-strain curves obtained from the experiments.

Determining the threshold plastic strain (7,) poses a challenge, as measuring the initial
damage is difficult (typically assumed as D, = 0). From the literature, it is understood that the
bond between the particle and matrix is weak. Therefore, the threshold strain is considered to be
of the same magnitude as the elastic proportional limit [19]. To address this, the specimen is first
unloaded just after reaching the yield limit, and the reported plastic strain is then used as the

- - p
threshold plastic strain (g,).

&, Do - as discussed in Section 6.2.3, the plastic strain at failure is considered equal to
the total strain, thereby neglecting the elastic strain. Unlike quasi-brittle materials, in these cases,
experiments indicate that failure occurs before the damage reaches unity. Thus, the critical damage

will always be less than one.
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Fig. 6.4. Fitting between numerical and experimental data (a) SS316L, (b) Al2024, and
(c) Copper alloy

S,s,D.. — the optimization approach, comprised of the least squares approach as the
objective function and Nelder-Mead simplex search method is used for the calibration process
[245]. This approach is readily implemented in MATLAB using the built-in function fminsearch.
The optimization procedure tries to provide a close difference between the numerical and
experimental results, which is measured through objective function. The set of material parameters

utilised at the end of the optimization process are used as input parameters for the constitutive
equations.
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Table 6.2. Material parameters of aluminium alloy 2024

Material parameters Al2024
Elastic modulus (GPa) E 74.62
Yield stress (MPa) oy 419
Re (MPa) 303.6984
Hardening parameters
b 8.8838
Critical strain Ecr 0.1649
Threshold plastic strain el 0.013
Damage exponent s -5.8322
Critical damage D,, 0.1466
Table 6.3. Material parameters of copper alloy
Material parameters Copper
Elastic modulus (GPa) E 120
Yield stress (MPa) ay 240
Re, (MPa) 300
Hardening parameters
b 4
Critical strain Ecr 0.33
Threshold plastic strain el 0.018
Damage exponent s 0.2103
Critical damage D,, 0.7743

The detailed description of specimens shown in the Fig. 6.2, and also the data collected
from the experimental results of Al2024, copper alloy and SS316L (see Table 6.1) are used. By
fitting experimental data with a closed-form expression for damage (refer to Eq. (6.17)) and a
constitutive equation (excluding damage), material parameters are determined. These parameters
are then listed in Table 6.2, Table 6.3, and Table 6.4. The adequacy of the obtained parameters is
validated by assessing the agreement between experimental and numerical responses for Al2024,

copper alloy, and SS316L, as illustrated in Fig. 6.4.
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Table 6.4. Material parameters of stainless-steel alloy 316L

Material parameters SS316L
Elastic modulus (GPa) E 200
Yield stress (MPa) oy 700
Re (MPa) 269.4582
Hardening parameters
b 4.0525
Critical strain Eor 0.3194
Threshold plastic strain £l 0.007971429
Damage exponent S 4.9051
Critical damage D,, 0.2839

6.4 Results and Discussions

In this section, the failure behaviour of Al2024 and SS316L SRB specimens under tensile tests is
examined through 1D FE analysis. During the mesh discretization process, the area of the central
element in the bar is intentionally reduced by 0.001% to initiate strain localization. This strain
localization phenomenon is then addressed by applying nonlocal integral theories. Mesh
convergence analysis is performed by varying the number of elements, namely 100, 200, and 400.
Additionally, distributions of damage and nonlocal equivalent plastic strain along the length of the
Al2024 bar are provided. Finally, numerical stress-strain responses are compared with

experimental data to evaluate the accuracy of the simulation results.

reduced cross

‘/ section

—H— —*F

Fig. 6.5. 1D bar under tensile test
6.4.1 Aluminium alloy 2024

Using the mechanical properties, hardening, and damage parameters, the stress-strain and force-

displacement responses of Al2024 are numerically predicted and compared with the experimental
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data, as depicted in Fig. 6.6(a) and 6.6(c). It can be observed that the 1D FE results exhibit good
agreement with the uniaxial tensile data. The numerical analysis continues until the damage
reaches its critical value, and it is observed that the critical damage parameter is reached
approximately at the failure strain of the SRB specimen. This observation highlights the
effectiveness of the proposed damage model.
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Fig. 6.6. Al2024: (a) numerical and experimental results in the form of engineering stress vs
strain, (b) damage vs plastic strain, (c) load-dispalcement response and (d) damage vs strain
curves of SRB specimen.

Displacement (mm)

As explained by Bonora [19], Al2024 exhibits a distinct pattern of damage accumulation
concerning strain, with the nucleation phase playing a prominent role in the damage evolution.
Upon reaching the threshold strain, numerous voids are nucleated. Subsequent strain increments
lead to the formation of additional microvoids with limited growth in the already initiated voids.

It is only when this process reaches saturation and the void spacing is significantly reduced that
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coalescence occurs, ultimately leading to specimen failure. This characteristic behaviour is
evidently reflected in the predictions of the proposed damage model (refer to Fig. 6.6(b) and
6.6(c)). Because of this, from the initiation of damage until the failure point, the damage evolution
progresses uniformly, preventing the material from entering the softening phase before failure
occurs. Moreover, such failure behaviours are often predictable by the majority of models.
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Fig. 6.7. Al2024: (a) nonlocal equivalent plastic strain profile, and (b) damage profile for a
bar with 0.001% area reduction in central element for a FE mesh of 400 elements

In FEM, a sudden change in the cross-sectional area, commonly referred to as a weak
discontinuity, leads to a discontinuous strain distribution within that respective region of the bar.
In order to achieve an iteratively converged response, it often requires a greater number of

elements. However, the nonlocal approach not only maintains a continuous nature, shown in Fig.
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6.7(a), but also achieves iterative convergence with a relatively smaller number of elements. As
damage evolution indirectly relies on the nonlocal equivalent plastic strain, it also exhibits a

continuous nature (see Fig. 6.7(b)).

6.4.2 Stainless steel 316L

Experimentally, this is a special study, where instead of HGR only SRB specimens are considered
with geometry shown in Fig. 6.8. The same procedure of load-unload cyclic tensile tests is carried

out and parameters are identified, as already discussed in Section 6.3.3.
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Fig. 6.8. Smooth uniform round bar specimen geometry and dimensions of SS316L.

Fig. 6.9(a) displays the stress-strain responses of stainless steel 316L, comparing the results
obtained from numerical analysis with those from uniaxial tensile tests. It is evident that there is a
strong agreement between both curves across the linear elastic, hardening, and softening phases.
However, it is noted that there is a deviation in the numerical results beyond the ultimate strength,
particularly in the softening regime. While this deviation is relatively small in this specific case, it
is understood that materials of specimens with smooth, uniform geometries covering a significant
area under the softening region may experience more substantial deviations between numerical
and experimental results. This observation indicates the presence of significant stress triaxiality
effects in the SRB specimens, an aspect that is not considered in this preliminary study.

For these steels, voids are nucleated both by the breaking of carbides and by their
debonding from the ductile matrix. Bonora [19] observed that, all nucleated voids initially grow
in the loading direction. It's only in a later stage that voids cease growing and begin to link due to
necking of the ligament between them, allowing growth transverse to the load direction. This

phenomenon can be observed by analyzing the results of the proposed damage model (see Fig.
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6.9(b) and 6.9(c)). Specifically, it can be noted that after necking, the rate of damage evolution

rapidly increases compared to before necking. This acceleration in damage evolution can be

attributed to the coalescence of voids, as mentioned previously.
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Fig. 6.9. SS316L: (a) numerical and experimental results in the form of engineering stress vs

strain, (b) damage vs plastic strain, and (c) Damage vs strain curves of SRB specimen.

6.5 Summary

In this work, it is proposed to incorporate the influence of internal variables such as isotropic

hardening and damage into the damage potential

function to more accurately predict nonlinear

damage evolution. Following the testing procedure outlined in Section 6.3.3, the material's damage

is assessed using the modulus of degradation approach. Based on the calibration condition, the

damage parameters S and s, as well as the hardening parameters R, and b, are determined by

using the optimization technique, specifically the fminsearch tool in MATLAB. On the other hand,

the equivalent plastic strain is explicitly regularized to deal with strain localization problems. The
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nonlocal tangent stiffness matrix and the implementation of explicit numerical integration
procedures are presented. It is found that the numerically predicted stress vs strain, and damage vs
strain curves for Al2024, and SS316L are in good agreement with the responses obtained through

the experiments.
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Chapter 7
Damage Modelling using CZM Approach in EFG Framework

In the present chapter, crack propagation in mode | and mode Il problems are investigated using
cohesive zone modelling (CZM) within the proposed modified EFGM framework. The modified
EFG method incorporates both the diffraction method and the Heaviside enrichment function to
handle crack tip solutions and represent crack discontinuities. The key highlights of this work
include (i) the utilization of the generalized displacement control method (GDCM) to effectively
tackle material nonlinearity that emerges during the evolution of damage in the cohesive layer, and
(i) the updating of tangent stiffness specifically for nodes enriched with the Heaviside function
and those influenced by diffracted weight functions. To demonstrate the effectiveness of the
proposed approach, it is applied to (1) uncracked three-point bending (TPB), (2) adhesively
bonded: (a) cracked double cantilever beam (DCB), and (b) end-notched flexure (ENF) problems.
Additionally, several parametric studies have been conducted on both the EFG method and
GDCM.

7.1 Introduction

Numerous structural failures subjected to static and/or dynamic loading involve complex
phenomena of onset, propagation, branching, merging, and arrest of cracks that are found
throughout engineering history [246,247]. In nearly all materials, a fracture process zone (FPZ)
exists near the crack tip, which exhibits localized yielding [248]. If the FPZ is not small, the
cohesive zone modelling (CZM) is the simplest technique available to model crack propagation
over the commonly used linear elastic fracture mechanics (LEFM) approach. CZMs are
incorporated into the numerical techniques using the cohesive elements characterized by cohesive

or traction-separation laws (TSL).
7.1.1 EFG in crack propagation using CZM approaches

Almost parallel to the XFEM, the meshfree methods (MMs) were developed to eliminate the issues
inherent in meshing, where only nodes are present in the domain. The element-free Galerkin
(EFG), which uses a global weak form [41] is a popular technique in dealing with solid and fracture

mechanics. Weight function modification, intrinsic or extrinsic basis enhancement and partition-
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of-unity enrichment are some popular approaches to handling crack problems within the
framework of the EFG method [31]. Belytschko et al., [160] analyzed the dynamic fracture in
concrete using the CZMs through the EFG framework and proposed that the EFG method is
reliable for this task. Subsequently, the methods like eXtended EFG (XEFG) and extrinsically
enriched EFG methods were introduced, which will not be helpful in the absence of analytical

solutions from which the branch enrichment functions are inspired.
7.1.2 Nonlinear solvers for strain softening phenomenon

In nonlinear separation, whenever the cohesive stress of the FPZs reaches its maximum, the crack
gradually begins to open by degrading the stiffness of that region. This nonlinear softening nature
was studied using the CZMs by employing various iterative techniques. Newton's method and
extensions are load-controlled techniques that fail to converge at the limit points and are unsuitable
for predicting post-peak responses [249]. These problems were addressed by displacement control
techniques like the arc-length control method (ALCM), which uses a constraint equation based on
a cylindrical/sphere/elliptical plane to control the equilibrium path. However, these methods face
convergence issues near limit points of softening materials and fail to predict snapback behaviour
[23,250,251]. Several alternatives, like modified arc-length methods [252-254], dynamic
approach [255], the combination of arc-length and Newton-Raphson [256], etc., have been
suggested to overcome the issues while studying the traction-separation behaviour. Notably, the
sign of the load parameter in the ALCMs may change inaccurately because of higher gradients

near the displacement limit points [257].

The generalized displacement control method (GDCM) proposed by Yang et al., [258] is
the result of various limitations discussed until now used for nonlinear geometric problems. It can

adjust the step size and is self-adaptive in changing the loading directions.

In this work, we combine the modified EFG method with the CZM approach that does not
necessitate the usage of the branch enrichment functions to simulate the failure phenomenon owing
to crack propagation in different geometries and material combinations. While meshfree methods
offer robustness, their computational cost tends to be higher than that of FEM. Particularly, when
addressing strain-softening problems that necessitate incremental-iterative techniques, further
increases the computational expenses. Although the inherent computation time of EFG cannot be

decreased, we can reduce the additional time consumed by iterative methods. Thus, the
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Generalized Displacement Control method, which has received limited attention in applications
involving material nonlinearity and fracture, was employed. One of the main advantages of this
method is that it requires fewer incremental steps than others for the same value of the initial
control factor and effectively maintains the accuracy of both the snapthrough and snapback
behaviours. This approach will solve the nonlinear nature of the CZM based crack propagation
problems by extracting the crack opening displacements (CODs) and updating the tangent stiffness

matrix at the select region rather than the entire domain.
7.2  Governing equations and formulations for cohesive crack in modified

EFG framework

The current section introduces the variational formulation and its algebraic representation within
the modified EFG framework, specifically addressing the incorporation of the cohesive crack

concept. Additionally, it delves into a detailed discussion of the constitutive law governing CZM.

7.2.1 Variational formulation

Straight line interface elements
along the cohesive zone (I'con )

H(G) = -1

Domain of influence
(b)

.......

e Normal nodes
+ Jump (Heaviside) enriched nodes
= Diffraction nodes

Hole

(@)

o Level set enriched nodes

Fig. 7.1. (a) Geometry, boundary conditions, nodal discretization of a domain with strong and
weak discontinuity, and (b) zoom in the region of cohesive crack propagation
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Let us consider that the domain Q with a crack I, as shown in Fig. 7.1, which has displacement
constraints, ur, on I, and subject to tractions, T, on the boundary I'z. It contains an active cohesive
zone, T'.,,, Within the crack surface where the upper and lower edges are subjected to tractions,

tTand t~, respectively. The equilibrium equations of this problem are given by
V.o =0 onQ (7.1)
o.nt=—o.n =t"=—t" =t on [y, (7.2)

where n* and n~ are the normals at the crack surface. The obtained displacement solution should

satisfy the following relations:
u=uronl, el ande.n=TonTr €T (7.3)

By incorporating Egs. (3.27), (3.28), and (3.30), which represent the strain-displacement
relations, cohesive separation (w), and the constitutive relations of both the cohesive zone and
entire domain, respectively, the strong form of the equilibrium equations is transformed into the
Galerkin weak form. This transformation allows for the construction of the discrete system of
equations within the EFG framework. The displacement u belongs to a set of kinematically
admissible displacement fields v such that v € £ (Hilbert space). The Lagrange multiplier (1) is
utilized to impose the displacement boundary conditions since the shape functions of the EFG
method obtained through the MLS procedure are approximants rather than interpolants. The weak

form with Lagrange multipliers (1) for the constraints for a 2D problem is given by:

fS(Ldu)TC(Ldu) dQ — fd/lT(u—uF)dF — fSuT/ldF
Q Iy Iy (7.4)
Ja(t+u+)dr + J(S(t‘u‘)dl“

Fcoh l—‘COh

= J SuTTdrl +
g

Then making use of the relations for crack face separation or the crack opening displacements and

tt = —t~ = ton I, rearranging Eq. (7.4), we get
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f 5(Lyu)TC(Lyu) dQ — f 5AT(u —up)dl’ — f sutadr
Q T Ty (7.5)
= f SulTdr + f swTtdl

l-‘F I‘Icoh

7.2.2 Modified EFG method

The modified EFG method does not require any enrichment functions to model the crack tip [259].
Instead, it combines the diffraction method and Heaviside functions while modelling the crack
growth phenomena. The former characterizes the crack tip solution, whereas the latter represents
the separation at the cohesive zone arising due to the damage propagation. The method also uses
level set functions to model the material discontinuity occurring due to dissimilar material

properties.

Consequently, the displacement approximation in the modified EFG method in the
presence of a cohesive zone (displacement jumps) and the material interface present in a given

geometry (see Fig. 7.1) takes the form

uE = ) &u+ Y EEHFE)+ ) B®an®  (79)

IESN IESY IES],

where a;,c;, u; represents Heaviside enriched, level-set enriched and regular nodal displacement
vectors, the function y,(x) = F'(x) — F!(x,) is employed for displacement continuity across the
interface with F1(x) = Yes, 141 @;(X) — [Z1es, & ®;(X)|. ¢, is the signed distance of node | from

the interface [260]. The set Sy and S, consists of Heaviside enriched and level set enriched nodes

with a displacement continuity function.

Finally, the modified EFG approximation of the displacement is introduced in the weak
form (Eq. (7.5)). To find the global stiffness matrix, integration is performed over the domain ()
and the cohesive layer (T,,;) by employing the background mesh and cohesive cells (straight-line
segments). The final system of equations is given by

6 oG- )

—_———— —— ——
M U F
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The expression of stiffness matrix (K), external force vector (F), matrix (G) and vector (q) are

provided in Appendix A.
7.3 Numerical Implementation

This section explores the linearization process and employs a displacement-controlled solution
technique to accurately capture the nonlinear response of both homogeneous and nonhomogeneous

2D geometries during cohesive crack propagation.
7.3.1 Linearization (Tangent stiffness matrix)

The displacements for the set of nodes, discussed in Section 7.2.2, are computed by solving the
discrete system of equations. The stiffness matrix results from the entire domain being integrated
using the Gauss quadrature scheme on the background mesh, which is triangular/quadrilateral in
2D geometry and a line segment in 1D. On the other hand, the straight-line cells are employed
throughout the path where the cohesive crack grows, and the integration over the cohesive crack

boundary performed on these cells is represented as part of the external force vector F.

With the aid of the constitutive relation or TSLs on I,;, the behaviour of the cohesive
cells can be recorded. When a line segment experiences maximum stress or traction, the damage
is initiated and, on further evolution, degrades the element's stiffness and undergoes softening
response, as shown in Fig. 3.4(a). During the cohesive crack growth, only the region close to the
crack boundary is influenced, whereas the location far from the crack is assumed to continue in

the elastic condition.

Therefore, the cohesive crack concept in the EFG framework has the advantage of updating
only the stiffness of the straight-line segments at every iteration instead of the entire domain during
the nonlinear softening. A pseudo-code for implementing this is shown in Box 7.1. Moreover, due
to the MLS shape functions and the support domain, the stiffness matrix of straight-line elements
considers only a set of nodes surrounding the crack that is either enriched with the Heaviside

function or the nodes whose weight functions are modified by the diffraction method.
For a nonlinear problem, there exists the residual vector expressed as

R = [KI{U} - {F} (7.8)
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These residual forces must be reduced to zero (R(U) = 0) to solve the nonlinear system of

equations, which is possible by establishing the linear approximation [261].

R (Ui;1) = R(U;) + DR (Up)[AU] =0 (7.9)
DR (U;)[AU] = alz(:: D au
_OR(U) _ OF
where, K;(U)) = TR (7.10)
T
OF ot
= 4F f ; @ {H(F®)} | o rdr (7.11)

where D is the directional derivative, U; represents the nodal displacement vector, Kt is defined
as tangent stiffness matrix, I is the second-order identity tensor, and ;—; represents the consistent
tangent modulus for the traction-separation law, Eq. 3.20, which is expressed as:

t = K(1—D)w— KwD (7.12)

The exponential damage evolution is used in the present work to predict the nonlinear softening
behaviour of the specimen during crack propagation. By differentiating Eq. (3.22) with respect to

time gives
D = f(w)w
w — W
fon) = {5} 1= o <_“ (= W00>>
w? 1 —exp(—a)
\
exp< (=) (7.13)

w, a
+ {WO} (wf - WO) 1- exp( a)
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Box 7.1. Pseudo-code for updating tangent stiffness matrix at every iteration

Calculate the ‘w’ (COD)by extracting the displacements from the jump and branch
enriched nodes

if [mode | && COD >=wy |

aD at
calculate D,—, and — from Egs. (3.22), (7.13),and (7.12)
aw aw
elseif [mode | |
o _ .
% — A
elseif [mode Il && COD >= w |
aD at
calculate D,—, and — from Egs. (3.22), (7.13),and (7.12)
ow aw
elseif [mode Il |
at
% =Ky

end

Update Z—[FJ and K¢ (U;) using Egs. (7.10) and (7.11)

7.3.2 Generalized displacement control method (GDCM)

The system of linear algebraic equations shown in Eq. (7.7) is solved until the cohesive zone
reaches its full load-bearing capacity (w = wy). However, damage begins immediately after this
peak, resulting in stiffness degradation, whose failure or softening response is reflected as a
nonlinear behaviour, effectively projected using displacement-controlled incremental-iterative

approaches. According to Batoz and Dhatt [262], the linearized system of equations is expressed

as:
Myl _, {Aﬁj} — (AT} (7.14)
[Mq]i_, {Aﬁ;} = (R} (7.15)
{Ri_1} ={F_.} - {PL,} (7.16)
AU} = ayH{aT]}+{aT)} (7.17)
{F'} = {F_,} + ay/{aF} (7.18)
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Kr
GT
in incremental form, {R}, {F}, and {P} are residual, external and internal force vectors, respectively.

where, [M1] = [ g] {AI:JJL-} and {Aﬁ;} are tangential and residual nodal displacement vectors

Ay} is defined as the incremental load parameter for i“*increment and j*" iteration.

In the present work, the above Eqgs. (7.14) and (7.15) are solved using the GDCM due to
its numerical stability at limit points (snap back and snap through), the automatic adjustment in
the load increment, and flexibility in adjusting the loading direction at critical points [249,258].
The sign of the load parameter here depends on the generalized stiffness parameter (GSP), which
represents the stiffness of the system. The GDCM algorithm for capturing the FPZ behaviour
through exponential traction-separation law in the modified EFG method framework is presented
in Box 7.2.

7.3.3 1D study on level set nodes: Friction stir welded (FSW) bar

7.3.3.1 Material, Geometry and nodal information

Consider a nonhomogeneous bar that is fabricated by friction stir welding of two dissimilar
materials: aluminium (Al) and magnesium (Mg), each of length L /2 , as shown in Fig. 7.2(a). The
bar is subjected to uniaxial loading. Due to the nature of the problem, this can be simplified and
solved using 1D analysis. This case study aims to demonstrate the usage of level-set enriched

nodes for a multi-material scenario.

Box 7.2. Pseudo-code of generalized displacement control (GDC) technique

while [displacement < 6] do
initial_convergence = 1
iteration = 1
Set Residual force {R} = 0
Set incremental load parameter for the initial step (Ay{) between 0 and 1
while [initial_convergence > convergence_criterion] do

(a0} = M1 07)
(AT} = )R}
if [iteration = 1]

if [increment = 1]
GSP=1

{Aﬁi} = (AT}
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else

_ o)) ot}

ERIETy

. 1
Ayl = sign(GSP) x Ay1|GSP|z

else
=, T .
Ay = — [{a0r}] {aT}

a0 )
end

(U} = (U} + av}{al} + {aT}

{F} = {F_.} + &y {a7}

Update K and therefore My for i*" increment and j** iteration
//Internal Force Vector — {P}//

(P} = (P_.} + [My] {AU}
(R} = {F}} - {P}}

initial_convergence =

end

R

—~. o~

II{R}I
|1AF|
iteration = iteration + 1
update cohesive_displacement
end while

increment = increment + 1
end while

This study considers the dimensions of tensile test samples prepared by Dorbane et al.
[263] using the friction stir welded (FSW) Al and Mg sheets. The geometry of the 1D bar follows
ASTM E8/E8M-15 specifications, whose dimensions are: gauge length (L) = 25 mm, thickness
(t) = 3 mm and width (w) = 6 mm.

The nodal distribution along the bar is shown in Fig. 7.2(b). The blue colour nodes are the
regular nodes. The jump nodes enriched by the Heaviside function are introduced to model the
displacement discontinuity at the weld point. The level-set enriched nodes are introduced to
account for the discontinuity in the axial strain across the weld or material interfaces. In the
absence of level-set nodes that have a local character, the displacement field variable will show

oscillations at the interfaces. This partition-of-unity approach is suitable for handling geometries
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with discontinuities in the EFG framework without much effort. The damage evolution at the weld
interface is captured by assuming a cohesive zone where displacement jump, w, is controlled by

the Heaviside enriched nodes.

The weak form for the 1D bar problem is given by,

fS(du)E (du)Ad SAT (u — up)| SuTAl,_y = F|
J dx X dx X U — Ur)|(x=0) u x=0 — I'lx=L (7.19)

+ toWly=r,,,

The u-displacement is constrained at x = 0. This is imposed through the usage of the Lagrange

multiplier.
Al Active Cohesive Mg
(E=69GPa) zone (E=38.09GPa)
’—7
000000000000000000000000353000000000000000000000000
L ® Normal node
. cold > O Level set enriched node
< %  Jump enriched node

(@ (b)

Fig. 7.2. (a) 1D friction stir welded (FSW) bar with geometry and boundary conditions, and
(b) its regular nodal distribution

In the experimental reference results [263], only Young’s modulus values are given. This
study can also be performed using a 2D analysis, but that would require the knowledge of
Poissons's ratio, particularly in the weld region, which is not available in the reference literature.
To demonstrate the advantage of using level-set enriched nodes, we have resorted to simple 1D
analysis. Here, different zones of weld have been replaced with a single homogenized weld region

of constant elastic modulus.

7.3.3.2 Stress-strain response: without weld region

At the first attempt, the base metals properties (Young’s modulus) of Al (69 GPa) and Mg
(38.09 GPa) are considered at either side of the weld joint [263], and the cohesive zone (weld
joint) is located exactly at L.,, = 12.5 mm. In the absence of a weld zone, i.e. considering only

the parent materials with a cohesive zone, Fig. 7.3(a) compares the engineering stress versus strain
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response of the FSW welded tensile specimens obtained using the proposed numerical approach

corresponding to cohesive stiffness of 100 kN/mm?3 and the experiment results from the literature
[263].

It is observed that the stiffness of the linear elastic portion for the numerical model and the
experimental result is not matching. The difference in the linear elastic regime stiffness of the
stress-strain curve between the experiment and the proposed approach continues to persist despite
increasing the cohesive stiffness values. Even if the weld joint is replaced with a rigid material,
the effective stiffness would only be 35.340 kN/mm. However, the experimental findings show
a higher value, i.e., the effective stiffness in the linear elastic region is 41.021 KN/mm. In
summary, though the stiffness of the stress-strain response is affected by the initial stiffness of the

cohesive zone, there will not be any improvement in the global response even after significantly
increasing the cohesive stiffness (see Fig. 7.3(b)).
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Fig. 7.3. (a) Comparison of engineering stress-strain responses between modified EFG and
uniaxial tensile test [263], and (b) cohesive behaviour for various initial stiffnesses

7.3.3.3 Stress-strain response: with weld region

In their study, Dorbane et al., [263] found that the region close to the weld, i.e. the heat affected
zone (HAZ) does not retain its parent material properties. Therefore, this aspect is adopted in our
study towards a better coupled EFG and CZ model. To this end, a weld region is employed in the
1D bar, as illustrated in Fig. 7.4(a), whose elastic modulus depends on the tool rotation and
translation speeds [263]. The weld zone's length is 12.5 mm, close to the tool shoulder diameter

of 10 mm. The nodal distribution consists of 51 nodes along the length of the bar. The nodes
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comprise normal nodes, level-set nodes near the interface between the base metal and weld region

on either side of the bar, and the Heaviside enriched nodes located at the cohesive zone.
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Fig. 7.4. (a) 1D friction stir welded (FSW) bar with geometry, boundary conditions, and its
nodal distribution, (b) numerical and experimental validation of engineering stress-strain
responses, and (c) cohesive behaviour at a constant tool translation speed

The elastic modulus and cohesive properties of the weld zone for constant translational speed
(500 mm/min) with rotational speeds of 1200 and 1600 RPM are — (i) E = 48 GPa, K =
49000 N/mm?3, wy = 0.00221 mm, wy = 0.07 mm, and a = —0.5, and (ii) E =82 GPa, K =

49000 N/mm?, wy = 0.00142 mm, w; = 0.033 mm,and a = —1.35. Accordingly, Fig. 7.4(b)

show the mechanical behaviour of the tensile specimens at constant tool translation speed and their

comparison with the experimental data. The stress-strain plots at a constant translation speed of
500 mm/min show that the specimens subjected to the tool rotation of 1200 and 1600 RPM

TH-3547_176103019
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demonstrate a quasi-brittle behaviour though the parent materials are ductile. Between 1200 RPM
and 1600 RPM, the latter results in a lower strength. Fig. 7.4(c) show the traction separation
responses for the cohesive zone. The cohesive energy for the 1600 RPM is lower by approximately
50% compared to 1200 RPM.

7.4  Numerical Examples

This section discusses three numerical examples that show the wide range of applications of the
cohesive crack concept in the modified EFG framework using the nonlinear solver -GDCM. Two-
dimensional problems, such as three-point bending (TPB) specimen of brittle material without any
initial crack, a double-cantilever beam (DCB) and an end-notched flexural (ENF) specimen of
aluminium material adhesively bonded with Araldite subjected to pure mode I and mode Il

fracture, are analyzed.

The thickness of the adhesive in the case of the DCB and the ENF problem is considered
to be zero. Considering a finite thickness of the adhesive will significantly increase the nodal
density in the adhesive joint, making the nodal distribution in the overall geometry look non-
uniform. A non-uniform nodal discretization will make the EFG shape functions highly irregular,
requiring more background cells for accurate results [264,265]. It will be a limitation of the
proposed methodology. However, it is to be noted that if the adhesive layer is very thin and for all
practical purposes, the cohesive zone may be considered to be of zero thickness, whose constitutive
response is commonly described in terms of a traction-separation law [196].

7.4.1 Three-point bending specimen

7.4.1.1 Material and Geometry data

The dimensions of the TPB specimen are width, w = 0.15 m and L/w = 4. The specimen is
subjected to displacement loading at point A and is constrained at two locations, B and C, as shown
in Fig. 7.5(a). The material properties chosen are as follows [266]: E = 36500 MPa,v = 0.1.
The cohesive properties are: K; = 100 N/mm?3, t,,,,, = 1 MPa, wr = 0.05 mm, and a = 6.5. A

plane strain condition is assumed. The specimen is discretized with 21x81 nodes, and the cohesive
layer is employed between (0, g) and (O.9833w, g) , s shown in Fig. 7.5(b). The region where

the cohesive zone ends is refined with 11x11 nodes (see Fig. 7.5(c)) to capture the boundary
effects.
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Fig. 7.5. Three-point bending specimen (TPB): (a) geometry, dimensions and boundary
conditions, (b) nodal discretization, and (c) nodal refinement at cohesive zone tip

7.4.1.2 Parametric studies: EFG

Fig. 7.6(a) shows thatat 11 x 41 nodal discretization, the displacement is overpredicted, but from
the next level of refinement, i.e. 21 x 81, the load vs displacement results converge. The
difference in the mechanical response for the nodal densities such as 21 x 81, 31 x 121 and

41 x 161 are insignificant.

Therefore, 21 x 81 nodes are preferred for further case studies on the TPB specimen.
Moreover, Fig. 7.6(a) also shows that the GDCM accurately predicts the asymptotic response
towards the material failure regime. Fig. 7.6(b) however shows that the cohesive traction vs
separation response is independent of the nodal discretization. On the other hand, through the
studies on background cells for integration in the cohesive zone (10, 50, and 100), it is observed
that the results obtained by the modified EFG method in virtue of the GDCM are independent of

the cohesive cells for the present case, which is devoid of a starter crack. Hence, the proposed
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method needs less number of straight-line cohesive cells to predict the softening response

accurately.
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Fig. 7.6. Various nodal densities: (a) Load—deflection response at A, and (b) cohesive
behaviour at (0,0), various nodal refinements: (c) Load-deflection response at A, and

(d) cohesive behaviour at (0,0)

Fig. 7.6 (c) and 7.6 (d) show the effect of local nodal refinement at the boundary (See Fig.
7.5(c)) on global and cohesive responses at (0,0), respectively. While increasing the nodal density
at location A, the nodal distribution in the cohesive zone is fixed with a global nodal discretization

of 21 x 81. There is no change in the response of cohesive traction vs separation behaviour due
to an increase in the nodes near the point of application load A (see Fig. 7.6(d)). However, it is not

the same in the case of load-displacement behaviour (see Fig. 7.6(c)). This may be due to the
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proximity of the loading location to the nodal refinement region. The converged global response,

however, is seen from a refinement of 11x11 nodes.

7.4.1.3 Parametric studies: GDCM

Fig. 7.7(a) and 7.7(b) shows parametric study of GDCM at reference load magnitude AF of 100
and 1000 N at A. The load-deflection curves are presented for various initial incremental load
parameters (Ay: = 1,0.5,0.1,0.01). It is observed that the variation in the initial control factor at
reference load 100 N (Fig. 7.7(a)) shows convergence for Ayi < 0.1. The obtained responses
corresponding to Ayl = 0.1 are compared with the results of commercial FE ABAQUS® software,
using 4599 plane strain (CPE4) and 20 cohesive (COH2D4) elements with MAXS damage

criterion, and found to be in good agreement in linear elastic and softening regimes with error at
the peak load of 0.9%.

However, the difference between load-displacement responses at Ayi = 0.1 and Ayf = 1,
shows only a slight variation. Thus, either the initial control factor can be chosen flexibly at a
reference load value of 100 N or a reference load value < 100 N (0.1 times the peak load) can be
flexibly chosen for Ayl = 1 to obtain the converged solution. It is not, however, valid when the
magnitude of the reference load at A increases, i.e., when the reference load increases to 1000 N,
a large value of Ay > 0.5 lead to erroneous result (Fig. 7.7(b)). An increase in AF automatically
necessitates the need to use smaller incremental load parameter Ay to achieve an accurate solution

which increases the computation time.
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Fig. 7.7. (a) Load-deflection response at A for various Ay at AF, = 100 N, and
(b) AF, = 1000 N, (c) Ay responses in the softening region for Ayl = 0.1, and
(d) Ayl = 1at AFy = 100N

It is known that the maximum value of Ay corresponds to a higher gradient in the softening
portion. Fig. 7.7(c) and 7.7(d) depict the Ay vs deflection behaviour and load—deflection response
at A. Though the load-deflection behaviour is the same for both the initial control factors Ayl =
0.1and Ay =1 at AF, = 100N, it is observed that their incremental load parameters are
different, causing significant differences in the number of incremental steps required to complete
the solution process. While the maximum magnitude Ay, attained for Ay =1 is approximately
ten times than for Ay} = 0.1, the GDCM with parameters: Ayi =1, AF, = 100 N dynamically
adjusts without losing numerical stability by a few extra iterations. This demonstrates the
effectiveness of the GDCM. The total number of iterations for Ayl =1 and Ay} =0.1 is 453 and
3250, respectively. It should be noted that the range of the control parameters of the GDCM for
satisfactory results remains the same irrespective of the type and dimensionality of the problem.

The same range of parameters was used in Section 7.3.3 for obtaining the results.
7.4.2 Double cantilever beam (DCB) specimen (mode 1)

7.4.2.1 Material and Geometry data

The dimensions of the DCB problem considered in this case are taken from [267], as shown in Fig.
7.8(a). The length of the specimen is L = 290 mm, and the thickness of the beam is h = 12.2 mm.
The DCB specimen has a starter crack of length a = 50 mm. There are two holes with a radius

R = 2 mm in the specimen centered at A and B. The holes are located in the specimen in such a
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way that they do not influence the initial crack-tip stress field solution (d; = 10.13 mm and d, =
6.1 mm).

The displacement loading and boundary conditions are enforced at points A and B. The
specimen is considered to be made of aluminium material with properties: E = 70 GPa, v = 0.3.
The essential boundary conditions imposed on the DCB specimen are i) point A is subjected to
transverse displacement loading of 1.9 mm and arrested in the x-direction, and i) point B

displacements are constrained in both directions. A plane strain condition is assumed.

Level set enriched node
Jump enriched node
Diffraction node
Cohesive zone (b) ()
Pre-crack

° ]
.
Normal node . o
. -
L] -

L] e o L]

Fig. 7.8. Adhesively bonded double cantilever beam specimen (DCB): (a) geometry,
dimensions and boundary conditions, (b) nodal discretization, and (c) level-set nodes

The presence of holes in the DCB specimen makes it non-homogenous and is conveniently
dealt with by using level-set nodes (Fig. 7.8(b)), as discussed in section 7.2.2. The specimen is

discretized with 13 x 144 nodes. Certain nodes between the starter crack and the holes act as
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regular nodes, enriched with both Heaviside and level-set functions (see Fig. 7.8(c)). A 1D
cohesive zone in the form of straight-line segments is employed from (0,0) to (0.99L, 0). A zero
traction is used from (0,0) to (a, 0) due to the presence of a starter crack. The cohesive stiffness
corresponds to Araldite material [267]: K, = 8539.06 N/mm?3. The other cohesive properties are
taken as ;4 = 15 MPa,wy = 0.107566 mm, and a = 3.5.

7.4.2.2 Results and Discussions
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Fig. 7.9. Comparison of (a) P versus u, responses with experimental data, and
(b) cohesive behaviour with ABAQUS®, (c) effect of number of cohesive elements on P
versus u, responses by modified EFG method, and (d) ABAQUS®

Similar to the TPB case study, a local nodal refinement is considered at (0.99L,0). The

load P vs deflection u, comparative study with experiments and ABAQUS® results is shown in
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Fig. 7.9(a), where uy, is the imposed displacement, the load P is conveniently obtained from the
Lagrange multiplier used to enforce the zero y-displacement at B. The mesh details for ABAQUS®
simulations are taken from [267] and the numerical analysis is carried out upto 50% of the peak
load in the softening zone. The numerical result obtained through the proposed approach is in good
agreement with those obtained from the commercial FE software ABAQUS® result, as seen in Fig.
7.9(a). Fig. 7.9(b) shows the comparison of cohesive zone behaviour at (51,0) in the modified
EFG framework and ABAQUS®. It is to be noted that the FE-ABAQUS® curve overlaps with the

proposed methodology result.

Fig. 7.9(c) and 7.9(d) demonstrate the effect of the number of cohesive elements on the
load-deflection behaviour using the modified EFG method and ABAQUS® software. The proposed
approach encounters singularity when the cohesive cells are less than 50 and converges for 80
background integration cells for the cohesive zone. ABAQUS®, on the other hand, aborts the
simulation prematurely for cohesive elements less than 103 and displays a smooth response from
158 elements. Here too, the number of background cells required for integration of the cohesive

zone is less than in the FE method.
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Fig. 7.10. Load — deflection response and Ay vs deflection at A for Ay{ = 1 and
AF, =10N

Fig. 7.10 shows the variation of the incremental load parameter with the displacement u,
corresponding to the reference load magnitude, AF, = 10 N and initial control factor, Ayl = 1.
The plot shows that Ay depends on the stiffness of the system. Unlike the TPB case study, the

stiffness of the DCB problem gradually decreases as the damage accumulates, which occurs early
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compared to the TPB problem due to the presence of the starter crack. The incremental load

parameter reflects almost a uniform pattern after the peak load as the load decreases gradually.

7.4.3 End-notched flexural (ENF) specimen (mode I1)

7.4.3.1 Material and Geometry data

The end-notched flexural (ENF) specimen supported by two hinges at points B and C is subjected
to displacement loading at point A, as shown in Fig. 7.11. The dimensions and material properties
of the ENF specimen are similar to that of the DCB specimen considered in section 7.4.2. The
cohesive properties are [267]: K; = 3682.14 N/mm3, K;; = 108.698 N/mm?3, 6, = 20.62 MPa,
and 7, = 15.87 MPa. A plane strain condition is assumed. The specimen is discretized with
11 x 120 nodes with a cohesive layer employed in the mid-section joining the two adherends. As

in the previous case, the starter crack from (0, 0) to (a, 0) is modelled using a zero-traction cohesive

layer.
yf uy
!
! A
h

.............. _ .0

X
B AC
a PR
|
L

Fig. 7.11. Adhesively bonded end notch flexural specimen (ENF) with geometry and
boundary conditions

The stiffness and the cohesive strength (mode | and mode 1) correspond to the values used
in Gheibi et al. [267], where Park-Paulino-Roesler (PPR) TSL was used. In the present work, only
exponential TSL is considered, and accordingly, a cohesive energy of 2.418 N/mm was used,
corresponding to a final separation of 0.306 mm. Through mesh convergence studies, Gheibi et
al. [267] determined that around 400 cohesive elements are adequate for the FE modelling. In

contrast, the present numerical scheme of the modified EFG framework uses only 200 background
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integration cells in the cohesive zone to capture the converged load-deflection response for a =
0.05, as shown in Fig. 7.12(a). Fig. 7.12(b) shows the plot of the exponential TSL supplied to the
ENF problem. Interestingly, the exponential TSL looks similar to the bilinear TSL when « is close
to 0. The proposed methodology is capable of using any intrinsic TSL shape. Any change in the
TSL affects only the constitutive behaviour of the cohesive zone and will have no adverse effect

on the proposed numerical approach.
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Fig. 7.12. For a = 0.05, (a) Numerical and experimental validation of P versus u, responses,
and (b) cohesive behaviour at (50.5,0)

7.4.3.2 Comparison between GDCM and Newton Raphson technigue

In most research works, the mode-independent and mixed-mode case studies are modelled in the
FE framework through ABAQUS, which uses Newton-Raphson (NR) scheme as the default
nonlinear solver. Here, the performance of the GDCM and NR techniques are compared for various
values of a in the modified EFG framework. The performance of both the nonlinear solvers is
quantitatively measured by the number of increments (Inc), the total number of iterations (Niter),
and computational time (Time), as indicated in Table 7.1. The proposed approach is implemented
on a PC Matlab R2021a platform supporting an Intel(R) Core(TM) i9-10900K processor running
at 3.70 GHz using 64 GB of RAM, running Windows 10 Pro version 21H2.

The incremental parameters for GDCM: AF = —100 N, Ayl = 1 and NR: Auy, = —0.01
are chosen as the best possible values that predict the converged load-deflection response. The best

values correspond to obtaining accurate results with less computational effort.
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Table 7.1. Comparison between GDCM and NR methods for various

GDCM NR technique

Incremental inc | Niter Time Incremental inc | Niter Time

Parameters (Sec) Parameters (Sec)
a=2.5 AF = —100 N, 132 | 224 | 128.86 197 | 548 | 285.73
a=3.5 Ayl =1 133 | 226 | 126.36 Auy = —0.01 mm 197 | 548 | 286.06
a=4.5 133 | 226 | 127.78 197 | 550 | 287.48
a=6.5 1193 | 1757 | 688.49 1701 | 3755 | 1240.1
a=s8s5 | '~ 0N [1194]1750 | 68524 | au,=-0001mm [1701] 3781 | 12585
a=11 "= 1191 | 1753 | 675.19 - - -

It is observed that the number of iterations and computing time required by the solver while
employing GDCM is around half that of the Newton-Raphson approach. Generally, the
incremental load parameter in GDCM varies with each iteration, allowing convergence to be
reached in fewer iterations and thus resulting in less computation time. At the end of the simulation,
as expected, both GDCM and NR produce identical load-deflection behaviour for various « values
i.e., 2.5,3.5, and 4.5 as shown in Fig. 7.13. GDCM versus NR: Load-deflection behaviour for

various values of «.
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Fig. 7.13. GDCM versus NR: Load-deflection behaviour for various values of «

7.4.3.3 Snapback behaviour

In an exponential traction-separation law (TSL), increasing a\alphaa reduces the cohesive energy,
which lowers the total energy available to resist separation. This higher a\alphaa value steepens
the post-peak decline in cohesive traction, meaning that after the cohesive strength is reached,
traction drops off more sharply. This accelerates the rate of damage evolution in the cohesive
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elements, particularly near the crack tip. As damage accumulates rapidly in this critical region, the
resistance at that interface zone diminishes, leading to instability. Consequently, affects the load-
displacement response, either as a sudden load drop with minimal displacement change at peak
load or as snap-back behaviour, indicating brittle failure characteristics. It is known that the
popular Newton-Raphson technique cannot predict the instability in the solution. Different types
of snapback responses are studied for a values 6.5,8.5 and 11 using both GDCM and NR

techniques, and their quantitative and qualitative performances are compared.
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Fig. 7.14. GDCM versus NR: Load-deflection behaviour for () a = 6.5, (b) @ = 8.5, and (¢)
a=11
The incremental parameters in both the nonlinear solver techniques have been chosen as
smaller values to capture the instability, as the larger increments would not predict this

phenomenon. It is to be noted that Ay{ = 1, AF = —100 N can predict snapback behaviours till
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a = 10. Any further increase in a would increase the intensity of the snapback, necessitating a
reduced value of AF or Ay to predict the snapback response accurately; in this case, we have used
AF = =10 N.

It can be seen that any difference in the response predicted by the NR compared to the
GDCM begins after the peak load. Fig. 7.14(a) shows the load-deflection response at @ = 6.5 with
a slight snapback. There is no appreciable difference between the predicted results after the peak
load. However, for @ = 8.5, NR technique produces some oscillations immediately after the peak
load, as seen in Fig. 7.14(b). Since the intensity of snapback is relatively small, the solution gets
stabilized and shows a smooth response. Finally, when the intensity of snapback phenomenon is
increased further by increasing « value to 11, the NR technique exhibits numerical instabilities
and fails to predict the snapback behaviour, as evident from Fig. 7.14(c). In contrast, the GDCM
anticipates all three snapback behaviours, demonstrating its adaptability in capturing a wide degree
of snapback nonlinearities. This method can be efficiently explored in various applications,
especially in adhesively bonded joints in composite materials involving delamination due to mode
Il and mixed-mode loading [268,269].

7.5 Summary

A modified EFG method involving diffraction technique, Heaviside and level-set functions is used
to simulate mode | (DCB) and mode Il (ENF) crack propagation problems. The level-set
enrichement via a partition-of-unity scheme is particularly suitable to account for material
interfaces without the need to alter the existing nodal distribution. The nonlinear nature of the
problem arising due to damage evolution modelled by an exponential traction separation law (TSL)
is solved by the generalized displacement control method (GDCM). This involves the
determination of the tangent stiffness matrix at each iteration, which is conveniently established
by considering the nodes that are enriched with the Heaviside function or whose weight function
is modified by the diffraction technique. Three problems are solved succesfully: uncracked three-
point bend specimen, pure mode | — double cantilever beam (DCB) and mode Il — end-notched
flexural (ENF) specimens. Satisfactory results are obtained with relatively lower nodal degress of
freedom which is attributed to the higher order shape functions of the EFG method.
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Chapter 8
Damage Modelling in EFG using Nonlocal Integral Approaches

The numerical prediction of the strain-softening behaviour using the CDM models is a well-known
problem that produces mesh-dependent results in the standard FEM. This mesh sensitivity problem
can be avoided using the element-free Galerkin (EFG) method, because of its higher-order
continuous nonlocal shape functions. However, the shape function of the EFG method, obtained
using the moving least squares (MLS) technique, poses difficulties during the convergence
analysis due to the localization of the damage variable. In the present work, a nonlocal integral
approach has been employed on the CDM models by regularizing the equivalent strain to
overcome the convergence issues in the EFG method. The proposed methodology has been applied

to model elastic damage in a one-dimensional problem.
8.1 Introduction

Askes et al. [270] examined the mathematical nonlocality of EFG interpolation functions to see if
they introduce a mechanical nonlocality to the description, although their results indicate
otherwise. Thus, EFG method is considered less effective than FEM in specific situations due to
the inability of the smooth form functions generated by the Moving Least Squares (MLS)
technique to adequately depict rapid shifts or discontinuities in the solution [171]. The EFG
method successfully handles significant discontinuities, including crack propagations, by utilizing
the cohesive crack idea. Nonlocal theories excel in addressing weak discontinuities like holes,

notches, and rapid changes in area.

Fracture of heterogeneous materials is a complex process that often involves multiple
stages. Standard continuum models, such as plasticity and damage, lead to the loss of mathematical
well-posedness and dependence on the applied discretization in numerical simulations.
Nonlocality can be included in the material model to avoid these deficiencies. Two main formats

of nonlocality exist: gradient-type and integral-type nonlocality.

Comparative studies of second- and fourth-order gradient damage models against integral-
type damage models in the EFG framework show no notable variations in behaviour. The presence
of a fourth-order term in the gradient-type nonlocality has less impact on EFG than on FEM. This
is due to the notable discrepancy in results between second-order and fourth-order derivatives in
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FEM. In this study, a one-dimensional analysis is undertaken, considering the similarity between
integral techniques and gradient theories, and the superior convergence behaviour of the EFG
method over FEM. This analysis utilizes nonlocal integral theories in the EFG framework. These
theories are specifically used in post-processing analysis due to their easy implementation,
merging them with continuum damage mechanics principles. Moreover, due to the inherently
demanding computational nature of the EFG technique, incorporating nonlocal theories explicitly
helps reduce the extra computing time. The issue of strain localization is investigated by examining
a concrete bar undergoing tensile deformation, with a rapid 1% decrease in area at the center of
the bar. The paper examines the convergence of the nonlocal approach in both the FE and EFG
frameworks. It specifically examines the behaviour of nonlocal equivalent stresses and damage

when subjected to different displacement loadings.
8.2 Nonlocal damage mechanics

The Mazars model, a popular model to predict damage in both tension and compression of concrete
material, is adopted in this work. Referring back to the damage model (see Eq. (2.5)), and its
associated equations, such as the loading-unloading conditions of Eq. (2.2), the equivalent strain

is replaced by the nonlocal equivalent strain.

Eoq(x) = JV W (x, x")geq(x") Adx' (8.1)

here, .4 represents the nonlocal equivalent strain. Accordingly, the modified loading-unloading

conditions are given by
Eeq(6) =k <0, K=0and (&, —K)Kk=0 (8.2)
where, the internal variable x represents the maximum previously reached value of the nonlocal

equivalent strain (&.,). Using those conditions and the variables, the damage model is expressed

as follows.

_ 80(1 - At) At
e XS] ¢

here, A; and B, are the damage parameters in tension, g, is the strain where damage initiates. The
regularization effects of nonlocal equivalent strain indirectly affect the load-displacement

behaviour through damage and the constitutive equations. To streamline the computational process
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and minimize time consumption, the secant stiffness matrix is employed in this study, given its

simplicity in handling the case study.

8.3

Numerical example

A 1D bar fixed at one end is subjected to uniaxial tension at the free end as shown in Fig. 8.1. The

central portion of the bar is weakened (1% reduction in area) to trigger the localization.
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Fig. 8.1. Concrete bar subjected to extension
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Fig. 8.2. Convergence of strain profile employing nonlocal approach in (a) FEM and (b) EFG

method

Fig. 8.2(a) and 8.2(b) illustrate the strain versus length of the bar that was obtained by the

use of the FEM and EFG method. Both the numerical methods employ nonlocal approach that was

discussed in the previous section. The EFG method is able to achieve strain convergence at a

comparatively faster rate than the FEM. The reason for this can be traced to the higher-order shape
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functions that the EFG approach possesses in comparison to the FE method for degrees of freedom
that are comparable. The two plots for ten degrees of freedom reflect this fact in their respective
ways. Likewise, the strain variation obtained by the EFG method is somewhat smoother than the
strain variation generated by the FEM, which exhibits some kinks in the area of the piece of the

bar that has been weakened.
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Fig. 8.3. (a) Damage, and (b) nonlocal equivalent strain distributions within the bar

Fig. 8.3(a) and 8.3(b) show the evolution of damage and nonlocal equivalent strain with
increments in force. As the magnitude of the force increases, the area under damage increases
gradually. A bell-shaped damage profile centered around the weakened portion expands
horizontally as the magnitude of the damage increases with load. The variation of damage is
smooth with no kinks or sudden jumps. This is possible due to removal of the strain localizing
effect. Another way to obtain the smooth variation of strain in FEM is by using the mixed FE
involving displacement and strain as degrees of freedom. Even then, the total degrees of freedom
will be significantly higher than the EFG method.

It is interesting to note that as the damage evolves the region outside the damaged portion
undergoes stress relaxation. This is obvious since the weakened portion continues to get weaker
under the action of the force. The same is reflected in the nonlocal equivalent strain evolution plot.
Finally, the stress vs. strain plots for different combinations of the damage parameters - A; and
B;, are plotted in Fig. 8.4. The parametric study on the model parameters revealed that adjusting

A, alters the softening behaviour of the material. Specifically, decreasing A, broadens the softening
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response, which increases fracture energy. This is observed as A; governs the softening behaviour,
distinguishing various types within brittle materials. Meanwhile, varying B, influences the rate of
damage evolution; an increase in B; leads to a faster rate of damage progression within the

material.

/106
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Damage parameters

A = 0.8 B = 11000

A =07, B = 12000
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=07 8 = 11000

257

Stress (Pa)

05T

0 i 2 3 4 : 6
Strain % 1074
Fig. 8.4. Stress-strain responses of the bar for 80 nodal divisions

8.4 Summary

The higher-order shape functions which are generally smooth in nature limits their applicability
while solving problems that possess sudden jumps. Therefore, this work integrates nonlocal
approaches with the Element-Free Galerkin (EFG) method to handle such discontinuities
effectively. The performance of the current approach is evaluated through a one-dimensional
concrete bar example, focusing on the study of damage behaviour using Mazar's model, which
assumes elastic-damage conditions. In this model, damage evolution is contingent upon the
equivalent strain experienced by the specimen. Recognizing its significance, the equivalent strain
is selected as the nonlocal variable. The results are also compared with nonlocal theories in the
framework of FEM. The results are further compared with nonlocal theories within the FEM
framework, revealing that the EFG method demonstrates superior convergence with fewer nodal
divisions compared to FEM. The effectiveness of the method becomes evident as issues such as
loss of ellipticity, mesh dependency, and the absence of the Kronecker delta property are

eliminated.
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Chapter 9
Hyperelasticity in EFG Framework

Most of the hyperelastic materials are nearly incompressible which poses challenges, i.e.,
volumetric locking during numerical modelling. There exist many formulations in the context of
finite element method (FEM), among which the mixed displacement-pressure formulation is
robust. On the other hand, such displacement-pressure formulation is less explored in meshfree

methods which mitigates the problem associated with mesh distortion during large deformation.

This chapter proposes a two-field mixed variational formulation using the perturbed
Lagrangian approach within the EFG framework. The key highlight of this work is the random
distribution of the pressure nodes across the geometry by following specific guidelines, marking
the first such attempt in the literature. A wide spectrum of problems involving bending, tension,
compression and contact is solved using the proposed formulation involving regular and irregular

pressure node distribution.
9.1 Introduction

Hyperelastic materials are utilized in various engineering fields due to their unique properties and
behaviour. These materials are incompressible or nearly incompressible in nature and are mostly
subjected to large deformations. When modelling such nearly incompressible materials using any
standard displacement-based formulation a phenomenon of volumetric locking occurs, which
causes an excessively stiff response [271]. There have been several methods introduced in the past
to alleviate locking such as reduced/selective integration [272], B-bar technique [273,274], mixed
formulations [275,276], assumed strain methods [277—-280], and others[281-283].

9.1.1 Mixed displacement-pressure methods

In cases of incompressibility, the mixed displacement-pressure formulation stands out as
computationally efficient option [284]. The mixed methods generally use the Lagrange multiplier
approach to impose additional constraints. In FEM, the enforcement of constraints is typically
performed on an element-by-element basis, accompanied by the utilization of local Lagrange
multipliers. An intuitive approach involves attempting to eliminate the corresponding degrees of
freedom at the element level [285]. However, this approach results in a saddle-point problem due

to the non-positivity inherent in the element stiffness matrix, leading to numerical challenges.

171
TH-3547_176103019



Perturbed Lagrangian formulation [286,287] was introduced as a modification over mixed
formulations which allows for eliminating the unwanted degrees of freedom at the elemental level.
In a work by Brink and Stein [288] different mixed finite element methods for incompressible and
nearly incompressible finite elasticity, were compared on some standard structural problems in a

nonlinear framework. The observed results are consistent across all these methods when the stored

energy function includes a volumetric contribution of (%) (J — 1)2, where J represents the volume
dilatation (Jacobain determinant of the deformation), and « is the bulk modulus.
9.1.2 EFG for locking issues in hyperelasticity

Due to mesh dependency in the finite element approaches, during large deformations, problems
such as mesh distortion occurs which results in non-convergence [289]. Meshfree techniques have
become more and more popular in recent years as a solution to this problem. A study conducted
by Huerta and Fernandez-Méndez [290] showed the locking phenomenon in the incompressibility
limit for the EFGM. Chen et al. [291] proposed a pressure projection technique for the reproducing
kernel particle method (RKPM) to alleviate volumetric locking where the dilatational component
of the stiffness matrix is integrated using one-point quadrature in a background mesh. Later
Dolbow and Belytschko [292] introduced a new formulation for the modelling of incompressible
materials which employs a reduced integration technique within a mixed formulation of the
EFGM. The use of nodal integration for the pressure contribution, in line with the mesh-free nature

of the approach, is a key difference from Chen et al.'s work [291].

Resio et al. [293] introduced B-bar and enhanced strain methods in EFGM. A stabilization
technique was implemented to avoid the hourglass effect. Graca et al. [294] blended the enhanced
strain method (EAS) with EFGM to alleviate volumetric locking using a subspace analysis. A
comparison between the proposed method and the B-bar technique was done and it was shown
that the combined EFGM and EAS gave more flexibility to the solution for nearly incompressible
materials. In a recent work by Cai et al. [289], the complex variable EFG method (CVEFG) based
on complex variable moving least square (CVMLS) approximations to avoid mesh distortion for
hyperelastic large deformation problems under non-conservative loads was used. The numerical
examples discussed in the work showed that results obtained from the CVEFG method were closer
to FE-ABAQUS® and the method was more efficient than EFGM.
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The mixed displacement-pressure formulations are widely acknowledged as one of the
most efficient and robust techniques for addressing volumetric locking issues associated with
incompressibility conditions. Nevertheless, these formulations are predominantly applied in
standard FE frameworks and have not been extensively explored in EFG frameworks, especially
in the context of large deformation problems where challenges such as mesh distortion issues are
more prevalent. In this chapter, a two-field (u/p) mixed variational formulation employing the
perturbed Lagrangian approach is adopted within the EFGM framework to tackle the challenge of
volumetric locking in hyperelastic materials. This study introduces a unique approach by randomly
distributing pressure nodes across the geometry according to specific guidelines. This method is
advantageous because the construction of EFGM shape functions relies solely on the distribution
of displacement nodes. The primary intention of the authors in using irregular pressure nodal
distribution is twofold: (a) to demonstrate that the accuracy of results is comparable to that of
regular pressure nodal distribution, indicating that while irregular displacement nodes have certain
limitations, this is not the case for pressure nodes, and (b) to use fewer pressure nodes than
displacement nodes by ensuring proper distribution near critical regions in line with recommended
guidelines, while still maintaining close accuracy. The proposed formulations are applied to solve

various benchmark problems involving contact and stress gradients.

9.2 Two-field mixed displacement-pressure variational formulation in EFG

framework

Consider the 2D body Q, subjected to traction loads on boundary Iz and essential boundary
conditions on the boundary T, as shown in Fig. 9.1. The formulation entails selecting the closest
pressure node, in addition to displacement nodes, within the support domain of each Gauss point.

Employing the additive decomposition of the strain energy function (W),
~ 1
W =W(E) + EK[U(I)]2 (9.1)

here, « represents the bulk modulus, which is required to be independent of deformation, Wis the
deviatoric part of strain energy function and E denotes Green-Lagrangian strain. The volumetric
component of strain energy (U) is exclusively dependent on the Jacobian (J = detF). The classical
Lagrange multiplier method poses a saddle-point problem susceptible to numerical challenges. To
overcome this, a perturbed Lagrangian approach is employed, which alleviates the
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incompressibility constraint. The potential energy functional for the perturbed Lagrangian

formulation is given as [287],

pZ

. 1
M(u,p,A) = | W(E)dQ+ LOpU(](u)) dQ—ELO?dQ

Qo
(9.2)

—f qubdQ—f uTtdF—fxlT(u—uF)dF
Q I'r I

0 u

where scalar p is a independent variable representing hydrostatic pressure, f® and t are the body
force and traction vectors. The last term contains a Lagrange multiplier (1) which is used to impose

essential boundary conditions (EBC) in the EFGM framework.

Closest pressure node to the

integration point Domain of influence

Support domain for the integration point

« Displacement nodes
o Pressure nodes
% Integration point

Fig. 9.1. Geometry, boundary conditions, and nodal discretization of an arbitrary body

Now, taking the directional derivative with respect to each variable as
DyI(u,p, )t = 0, D,M(u,p,A)p = 0 and DI(u,p, )1 =0
The resulting equations will be,

d/ (u)

:EdQ-I‘ J pU'(](U))WEdQ
Qo

j oW (E)
0, OF (9.3)
—J ﬁbedQ—J ﬁTtdF—f af Adr=0

0 T'r r

0 u
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| [voan -Elpaa=o

0

f AM(u—up)dl =0
r

u

Now, employing the Taylor series expansion with respect to u, p, and 4, while neglecting the

higher order terms, results linearization process, given by,

a(u,pl,n (Au, ﬁ) + b(u) (Ap, ﬁ) - f flTA). dalr = —Dul'l(u, D, /’l)ﬁ
Ty

b(u) (ﬁl Au) + Cu) (ﬁl Ap) = —Dpl_[(ll, b, /1)15 (94)

f ATA(u — up) dI' = —D,I1(u, p, )4
r

u

where,

2

Aupn(Bu,a) = | (E:Dg:AE + S4:AF) dQ + (E pU'(J(w) SEOE
Qo

: AE) dQ

; L (£ U”(](u))—®—] AE) do

0

, ad g
+f pU (](u))a—é:AE dQ

Qo

(9.5)

b (Ap, ) = f ApU (](u))— Eda

1 3
ca) (D, Bp) = f ;APP dQ

Qo
here, S; and D, are deviatoric part of second Piola-Kirchoff stress and material elasticity tensors.
Firstly, the elemental matrices K., K,,,,, and K,,, are assembled in their respective global matrices

and expressed in algebraic form to determine the Ad9, ApY, and AAY:
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Kgu up AdY fres —
Kp. K Apg] fg (9.6)
GT Alg

where superscript g represents global matrices and vectors. f7,; = f3., — f., is the residual force

and AdY is the incremental nodal displacement vector. The elemental matrices K,,,, K,,,,, and K,

are expressed as,

K., = .f (Dd + Dvol)BN + Bg (Sd + Svol)BG dQ
(0]

0

K., =f JBLC71da (9.7)
Q

0

K=~ Lao
pp — 0. K

0

here, By and B, represents the linear and nonlinear strain-displacement matrix, given by Eq.
(3.77). The deviatoric parts, S; and D, are derived based on the hyperelastic material models,
specifically the basic Mooney-Rivlin model has been considered in this work. The derivations of
S, and D, are provided in Appendix B, while the volumetric parts of 2" Piola-Kirchoff stress and

elasticity tensors, from Eq. (9.5), are expressed as
Svol = p]C_l; Dvol = p](c—l ® C_1 - Z(C_l ® C_T)) (98)

Similarly, the right-side vectors over the support domain take the form:

f,..= | ®Tfda + detdI‘+J @7 1dr
Qo I'r Ty

fint = f B'II\} {Sd + Svol} dQ
Q

0

f, = f lvg ) ——] do (9.9)
Qo

AQY =f NT (u—up)dr
r

u

G=—J NT® dr
r

u
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9.3  Guidelines for irregular pressure distribution

In the case of regular pressure distribution, the pressure nodes are positioned at the centroid of four
uniformly distributed displacement nodes. However, in irregular distribution, the pressure nodes
are randomly dispersed throughout the entire geometry. Despite its flexibility, adherence to certain

guidelines is necessary to ensure stable and accurate results, as outlined below:

e Itisessential to utilize all the pressure nodes distributed across the geometry; otherwise, it
will lead to singularity issues from the initial iteration due to the rank of the tangent

stiffness matrix being less than its size.

e Every Gauss point within its support domain should be associated with a pressure node.
Although results can be obtained without following this guideline, it results in a substantial
increase in the number of iterations needed for convergence, imposing a computational

burden.

e Extending the above point, every geometry has critical regions, such as holes and cracks,
which are typically the points of interest. In these areas, it is essential to have pressure
nodes (at least one) within the support domain of each Gauss point. Otherwise, it may
introduce uncertainties in the deformed shapes, particularly near those regions, and
sometimes lead to convergence issues.

Conversely, in regions far away from these critical areas, where coarse nodal
discretization and larger support domains exist, the presence of pressure nodes in
abundance is not necessarily required, especially in areas where stress gradients are less
significant. This offers the advantage of employing an less number of pressure nodes

without compromising the accuracy of the results (demonstrated in example 4).

e When immediate pressure nodes are present at the same location or in close proximity,
some of these pressure nodes may distribute their intensity to a minimal number of nearest
displacement nodes, and in certain instances, to only one displacement node, and vice
versa. Consequently, a higher count of displacement nodes within a set for a corresponding
pressure node leads to a decrease in intensity, as the pressure is evenly distributed among
the displacement nodes. On the contrary, a smaller count of displacement nodes within a
set localizes the intensity, resulting in higher pressure magnitudes compared to the
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surrounding nodes. This leads to abnormal distribution of pressure over geometry which
inturn effects the deformed shapes.

However, this effect becomes more prominent when immediate pressure nodes are
situated near critical regions, emphasizing the importance of avoiding their placement in
such areas. Conversely, locations distant from critical regions can accommodate immediate
pressure nodes, provided that the pressure intensity in those areas is insignificant (discussed

in example 2).
9.4 Contact problems: implementation in EFGM

The formulation of contact can be characterized by Signorini’s law, which states that:
e The bodies are deemed to be in contact when the gap between them is zero, and contact
forces are applied at the nodes where contact occurs.

¢ In the absence of contact, there is a non-zero gap between two objects, and contact forces
remain zero across the entire region.
This definition can be mathematically expressed as a contact constraint using a gap function (g)

and contact force (A):
No Penetration: g < 0; Contact force: 1 > 0

Typically, the Lagrange multiplier and penalty methods are employed to enforce constraint
conditions in numerical analyses. Since EFGM also utilizes the Lagrange multiplier method to
impose essential boundary conditions, the imposition of contact conditions can be achieved more
seamlessly compared to the FEM. Stick conditions (coefficient of friction (i) is 1) are considered
in this work, and the numerical implementation is provided in the form of an algorithm, as shown
in Box 9.1.

Box 9.1: Algorithm for stick contact conditions in EFGM

for i < loadsteps do

Update G, q

[u, err] « Newton_Raphson_Solver(F;, u); /I if error < 107° then u doesn’t
change

Update x,y

Neon < ¥ < 1076 // find contact nodes
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Wyeorr = Ygrouna — Yei /I update y-displacements of contact nodes to touch
ground
if n.op IS NOt empty then
nxy < nnynCOTl
Update A size
end

end

9.5 Numerical Examples

The present section elucidates the performance of the proposed formulation vis-a-vis the mixed
EFG formulation incorporating a regular pressure nodal distribution, and its comparison with the
mixed FE formulation. The method's accuracy under coarse nodal discretization, as well as its
efficiency and robustness, are illustrated through the examination of various benchmark numerical
examples. The first two examples not only showcase the superior accuracy in coarse nodal
discretization achieved by the mixed EFG formulation but also highlight its adaptability in
irregularly distributing pressure nodes while maintaining a convergence profile that is comparable
to that observed with regular pressure node distribution. Subsequently, a simple yet well-
established contact problem is presented to validate the effectiveness of the proposed formulations
in addressing mesh distortion issues as compared to the FE formulation. Finally, a problem
characterized by significant stress gradients and volumetric locking is solved to affirm the

robustness of the proposed method.

The essential abbreviations employed in the subsequent examples are defined as follows:
the FEM-U4P1 describes the two-field mixed FEM formulation considering one pressure node
for a four-node quadrilateral (Q4) element. mEFGr and mEFGir correspond to a two-field mixed
EFGM formulation, where r and ir denotes regular and irregular pressure nodal distribution

respectively. Further, Ng, signifies the degree of freedom related to displacement (u) nodes,

while Nfl’o r denotes the degree of freedom associated with pressure (p) nodes.

9.5.1 Cook’s membrane

The first case study involves solving Cook's membrane to evaluate the performance of the
proposed methodology under the influence of volumetric locking. The schematic of the problem

along with the specified boundary and loading conditions is illustrated in Fig. 9.2. The left edge of
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the plate is entirely constrained, while the right edge is subjected to a load per unit length of

fy = 6.25 N/mm. The reference solution for the vertical displacement at the tip is 7 mm [295].

16

44

Fig. 9.2. Cook’s membrane: geometry, boundary and loading conditions

The nearly incompressible Neo-Hookean model is employed, and the material properties
taken are C;o = 40.095MPaand v = 0.4999. The results achieved through mixed EFG
formulations are juxtaposed with those from mixed FEM (U4P1) analysis. To facilitate this
comparison, a convergence study is conducted using various FE meshes, specifically with 2, 4, 8,
16, 32, and 64 elements per side. The nodal divisions in EFG follow a similar pattern, as depicted
in Fig. 9.3. In addition to the displacements, nodes associated with pressure are discretized both
regularly and irregularly. An example is illustrated for a 16 X 16 division in Fig. 9.3 (a) and 9.3(b)

along with their corresponding deformed geometries in Fig. 9.3(c) and 9.3(d).
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Fig. 9.3. Cook’s membrane with 16 X 16 displacement nodal divisions distributed with (a)
regular, (b) irregular pressures, and their corresponding deformed geometries (c), and (d)

The problem is addressed to ascertain the vertical displacement at the tip. Fig. 9.4(a)
presents normalized results against the reference solution, plotted in relation to the Ng,,. It is
widely acknowledged that the EFGM tends to exhibit improved performance compared to the
FEM, particularly in scenarios involving coarse nodal divisions. The current example further

illustrates this observation, showcasing the better convergence capabilities of the mixed EFGM
(both mEFGr and mEFGir) over the FEM-U4P1.

0

107 f —s—FEM-U4P1
——mEFGr
—— mEFGir
%i%“\
rrA/u:;f().S - . :“w
047 g ‘3;’-';
03} .
0.2F —8—FEM-U4P1
01F ——mEFGr
0 —&— mEFGir
, 3
10! 107 10° 104 10" 107 N 10 10*
dof dof
(@) (b)

Fig. 9.4. (a) Normalized vertical displacement at point ‘A’, and (b) relative error of
displacement against the total degree of freedom for the Cook’s membrane example

Despite minor differences in the results obtained through mixed EFGM with irregular

pressure distribution at coarse nodal divisions, it exhibits a convergence response similar to that
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of the regular distribution from 8 x 8 nodal divisions onward. This highlights the effectiveness of
the current methodology, showcasing its flexibility in distributing pressure nodes across the
geometry under the guidelines discussed in the earlier section. Fig. 9.4(b) shows the relative
displacement error with Ng, ., contributing to a more comprehensive understanding of the

proposed methodology's performance compared to the mixed FEM formulation.

2 T T
60 1 —&— mEFGir

05
i O  u node
8 * pnode
08 N N " T X 0 L .
0 10 20 30 40 50 10" , 10 10°
x (mm) N dof
() (b)

Fig. 9.5. Cook’s membrane with 32 X 32 displacement nodal divisions (a) distributed with
16 x 16 irregular pressure nodes, and (b) Normalized vertical displacement at point ‘A’ for
various ‘p’ degrees of freedom

An additional convergence study, as depicted in Fig. 9.5, is conducted with a fixed
displacement nodal division of 32 x 32, while varying the pressure nodes from 2 X 2 to 32 x 32.
The attained converged results are noticeable from approximately 8 x 8 onward, indicating the
capability of the proposed methodology to yield accurate results by employing less number of

pressure nodes for irregular distribution, thereby reducing computational burden.

9.5.2 Partially loaded plane strain block

Here, a well-established benchmark problem involving a partially loaded block under compression
is addressed to investigate the performance of formulations designed to handle near-
incompressibility conditions in large deformations [296]. This problem involves a plane strain
block of 20 x 10 mm? positioned on a rigid, frictionless surface and experiences pressure applied

to its top edge at the central region. The geometry, boundary and loading conditions are shown in
Fig. 9.6.
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Fig. 9.6. Plane strain block under partial compression: Geometry, loading and
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Because of symmetry in the geometry, only half of the model is taken into consideration
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for analysis. The nearly incompressible Neo-Hookean model is employed with the same constants

(um) o

as those used in the previous problem. The performance of the mixed EFGM formulations are

compared with those derived from mixed FEM (U4P1) analysis under various load states, p/p,,
elements per side. The nodal divisions used in EFGM (for both regular and irregular pressures) are

identical to that of the FEM analysis. An example is illustrated for a 32 x 32 nodal division in Fig.

9.7(a) and 9.7(b).
g
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Fig. 9.7. Plane strain block with 16 x 16 displacement nodal divisions distributed with
(a) regular, and (b) irregular pressures and their corresponding pressure contour plots at
p/po = 60 in (c) and (d)

Fig. 9.7(c) and 9.7(d) display pressure contour plots for both regular and irregular
distribution cases at p/p, = 60. It can be observed that the various pressure magnitudes across
the geometry in both cases are identical. However, in the irregular case, the maximum pressure is
slightly greater than that in the regular one. This difference arises from the presence of two adjacent
pressure nodes near the top edge from the left side of the block (represented with circles in Fig.
9.7(b)). It is noted that one of the two immediate p-nodes has fewer nearest u-nodes, leading to
localized intensity and consequently higher pressure magnitudes at that specific location (see Fig.
9.7(d)). However, the neighbouring regions around this location exhibit a uniform distribution of
pressure. This observation aligns with the earlier discussion in the guidelines section. In this case
study, as the intensity is not significant, the results remain unaffected. However, if there are more
than two immediate p-nodes or if they are repeated at various locations near the top edge of the
block, it would have substantially affected and compromised the performance of the present
methodology. Hence, immediate pressure nodes are avoided near-critical regions, while locations
far away from critical regions can accommodate them, given that the pressure intensity is

insignificant, as shown in Fig. 9.7(d).
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Fig. 9.8. Compression level of plane strain block at different load states using mixed
EFGM and FEM

Fig. 9.8 shows the percentage compression at point A for load states (p/p,) 60, 80, and
100. It is evident that the results obtained through the mixed EFGM, considering both regular and
irregular pressure distribution, exhibit convergence with 16 X 16 nodal divisions and consistently
maintain this convergence across all loading conditions. These plots also indicate that the results
obtained at p/p, = 60 align well with the reference solution [297]. On the other hand, the mixed
FEM (U4P1) formulation gradually loses its ability to achieve convergence as the p/p, increases,
and it fails to produce results at p /p, = 100 fora 32 x 32 mesh. This is due to the gradual increase
of the mesh distortion effect with the increase in load states. In the present case study, 20 load
steps are considered for all values of p/p,. Nevertheless, the 32 x 32 FE mesh is capable of

producing results for p/p, = 100 when the load steps are increased substantially.

Table 9.1. Number of iterations at 20" load step by FEM-U4P1 at various load states

FEM-U4P1 p/po = 60 p/po = 80 p/po = 100
(Elements)
4 %4 288 343 387
8x8 318 407 510
16 X 16 356 440 530
32 x 32 385 487

185
TH-3547_176103019



Furthermore, it is observed that although FEM-U4P1 successfully achieves convergence
for p/p, = 60 and 80, it does so at the expense of a higher number of iterations, as depicted in
Table 4.2. However, it is worth noting that the mEFGir formulation attains better convergence
with a constraint of <= 30 iterations per load step. Therefore, employing mixed formulations in
the EFG framework with irregular or regular pressure nodes yields stable and accurate results,
requiring fewer load steps and iterations. Based on the numerical results, it has been observed that
mEFGr would definitely give superior results. Nevertheless, the performance of mEFGir is close
to mEFGr, which has flexibility in distributing pressure nodes. In order to demonstrate the
advantage of mMEFGir formulation the subsequent case studies are solved using irregular pressure
distribution. The deformed geometries and pressure contour plots for 32 x 32 nodal divisions at
p/po = 60,80, and 100 are presented in Fig. 9.9.
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Fig. 9.9. Partial compression of a plane strain block: deformed geometries ((a), (c), and
(e)), and pressure contour plots ((b), (d), and (f)) using mEFGir for 32 x 32 nodal
divisions for p/p, = 60, 80, and 100

9.5.3 Compression of a plate — Contact problem

The next example is just an extension to the previous problem with changes in boundary and
loading conditions to address the severe mesh distortion issues. In this study, a plate resting on the
ground undergoes 60% compression, i.e. u,, = 6 mm applied from its top edge. The boundary and
loading conditions of the geometry are shown in Fig. 9.10. The nearly incompressible Neo-

Hookean model is employed with the same constants as those used in the previous problem.

10 mm

u=0,u,=6 mm

I ]
L

>
10 mm

T T r T rrrrrrrrirrrrrirzi

Fig. 9.10. Compression of a plate: geometry, boundary and loading conditions

During the compression of the geometry, the material in the plate attempts to bulge out
from both vertical free sides, and some portions of it come into contact with the ground. This
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phenomenon is numerically simulated using both the FEM-U4P1 (with meshes of 10, 20, and 40
elements per side) and mEFGir formulations (employing the same nodal discretizations identical
to FEM) involving contact formulations. The numerical analysis is conducted for 20 increments,

limiting each load step to 40 iterations with a tolerance of 107,
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Fig. 9.11. Compression of a plate: deformed geometries of (a) 10 x 10, (b) 20 x 20, and
(c) 40 x 40 meshes
Fig. 9.11(a)-9.11(c) visually present the deformed shapes of a plate for various FE meshes
after undergoing a vertical compression of 6 mm. It is noted that there is an increase in the vertical
expansion of the lateral sides with an increase in the number of elements. It is also observed that
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elements at the sharp corners near the top edge are interpenetrating in the case of the 40 x 40 mesh,

rendering the results no longer reliable.

Table 9.2. Displacements at point A of a compressed plate for various meshes and nodal divisions

Elements/ FEM-U4P1 mEFGir
nodal
divisions u, (mm) u, (mm) u, (mm) u,, (mm)
10 x 10 6.836 -2.508 6.077 -1.409
20 x 20 6.029 -1.769 5.553 -1.282
40 x 40 5.579 -1.398 5.218 -1.126

Table 9.2 presents the displacements in both directions at point A (refer to Fig. 9.10) for a total

compression of 6 mm from the top edge for various meshes and nodal divisions.

It is observed that refining the mesh or nodal divisions results in an increase in displacements in

the y-direction and a decrease in displacements in the x-direction. However, mEFGir exhibits

superior convergence in displacements over FEM-U4P1 by avoiding severe mesh distortion

problems. The undeformed and deformed geometries of the plate under compression for different

nodal divisions are shown in Fig. 9.12(a)- 9.12 (c).
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Fig. 9.12. Compression of a plate: deformed geometries of (a) 10 x 10, (b) 20 x 20, and (c)
40 x 40 nodal divisions using mEFGir

9.5.4 Infinite plate with a hole

The problem entails a two-dimensional infinite plate with a circular hole subjected to constant
uniaxial in-plane tension [292]. Due to the symmetry of the problem, only a quarter portion of the
plate is taken into consideration. The geometry, boundary and loading conditions are shown in Fig.
9.13(b), featuring symmetric boundary conditions on the edges with roller supports. This example
is employed to investigate the variation of Cauchy stress (o, ) attributable to stress concentration
at point A, influenced by the stretching in the plate.
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Fig. 9.13. Infinite plate with hole subjected to uniaxial tension (a) Overall geometry, and (b)
Quiarter section
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The Mooney-Rivlin material model is used here with the nearly incompressibility case.
The material properties considered are C;, = 25 MPa, Cy; = 7 MPa and D, = 6.25 X
107°MPa~! and a traction of ¢t = 100 N/mm is applied. Initially, the problem is solved using
FE-ABAQUS® with a hybrid formulation for a Q4 element [196], employing two sequences
of meshes: 8 x 8 and 16 x 16. The simulation has been conducted for 10 load steps, and the

stresses at point A are collected for each load step.
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Fig. 9.14. Infinite plate with hole: irregular pressure distribution for 16 X 16 nodal
divisions (a) 16 x 16, and (b) 71 pressure nodes

Fig. 9.14(a) and 9.14(b) shows the 16 x 16 displacement nodal divisions irregularly
distributed with 16 X 16 and 71 pressure nodes, respectively. They are labeled as mEFgir-256
and mEFgir-71 to represent the results during stress analysis. The Cauchy stress (a,,) computed
for each load step using the mEFGir formulation is compared with FE-ABAQUS® results,
demonstrating good agreement, as illustrated in Fig. 9.15. It is observed that refining the mesh or

nodal divisions results in a significant change in stresses at point A compared to the displacements.

Moreover, to demonstrate the flexibility of mMEFGir formulation, the numerical analysis is
also carried out by distributing the 71 irregular pressure nodes over 16 X 16 nodal divisions (see
Fig. 9.15(b)). Adhering to the guidelines discussed, the pressure distribution process is carefully
managed, ensuring that the support domain of each Gauss point in the background has at least one
pressure node within it. It is observed that the results obtained using mEFGir-71 are well-aligned

with those of mEFGir-256 p-nodes, showing a slight over-prediction in a,, with a 1.36% error.
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Fig. 9.16 shows the contour plots of Cauchy stress in x-direction for mEFGr, mEFGir-256, and

MEFGir-71 formulations with 16 x 16 nodal divisions.
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Fig. 9.15. o, at point A: comparison between mEFGir and FE-ABAQUS® results

To ascertain the optimal number of pressure nodes for the given displacement degrees of
freedom, the inf-sup stability condition must be satisfied. In FEM, each pressure node only
influences the known finite region, i.e., the element, which remains constant throughout the
geometry. Nevertheless, the present methodology offers flexibility by irregularly distributing
pressure nodes, where each pressure node can influence several displacement degrees of freedom.
This leads to a varying influence region throughout the geometry. So, the present work does not
provide a basis to prescribe the ratio of the number of pressure nodes to the number of displacement
nodes. However, it is observed that a decent number of irregularly distributed pressure nodes still

yield accurate results.
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Fig. 9.16. Stress (ay,) contour plots for 16 x 16 nodal divisions: (2) mEFGr, (b) mEFGir-
256, and (c) mEFGir-71 formulations

9.6 Summary

In this chapter, a mixed displacement-pressure formulation is proposed in the EFG framework to
alleviate volumetric locking in hyperelastic materials. The variational formulations and the
linearization procedures are carried out considering the undeformed geometry as the frame of
reference. Two mixed formulation approaches involving regular (mEFGr) and irregular (mEFGir)
pressure node distributions have been used to solve different kinds of problems using the Neo-

Hookean and Mooney-Rivlin models. Cook’s membrane study indicates that there is a negligible
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difference in the results between mEFGr and mEFGir, though both of them show better

convergence to the popular FEM-U4P1.

Though the mEFGir offers flexibility in pressure node distribution, the influence region of
a pressure node could spread over a lot of displacement nodes. Specific guidelines are provided
for distributing the pressure nodes arbitrarily in a regular displacement nodal distribution. In the
case of plane strain compression of the block, the FEM did not provide results for higher pressures
(p/po = 100). This is attributed to increasing mesh distortion with increasing pressures, which is
overcome in EFG method with a relatively smaller number of load steps and iterations. It is
interesting to note for the plate with a hole subjected to tension, the Cauchy stress contour plot is
almost the same for mEFGir-256 and mEFGir-71. This shows that the pressure nodal density can
be comparatively less than the displacement nodal density. Nevertheless, the minimal ratio of
pressure to displacement degrees of freedom for accurate results cannot be estimated for irregular
pressure node distribution as the influence region of each pressure node can be arbitrary.
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Chapter 10

Conclusions and Scope for Future Work

This chapter summarizes the key findings and conclusions derived from the work conducted to
address each objective outlined in Section 1.4, subsequently presenting conclusions based on the
contributions and outcomes derived from it. Finally, the chapter provides an outlook on various
potential directions for future research, followed by a list of publications derived from the current

work.
10.1 Damage modelling in adhesive bonded joints using nonlocal FEM

This work highlights the application of nonlocal integral theories in capturing the failure behaviour
of adhesively bonded joints. While conventional FEM adeptly addresses regular benchmark
problems and predicts their failure behaviour, there remains an untapped potential in exploring
specific case studies that could enhance the performance of adhesive bonded joints. One such case
study is the biadhesive single-lap joint, which mitigates stress concentrations by utilizing low
modulus adhesive at the ends of the overlap and structural adhesive in the middle of the geometry.
Numerical analysis to predict their failure behaviour is conducted using continuum damage models
proposed by Chousal and de Moura [141] within a nonlocal FEM framework. Furthermore, the
present work addresses the performance of joints with significant defects, such as cohesive cracks.
The total strain is employed as the nonlocal variable, and ensuring thermodynamic consistency for
successful derivation of a nonlocal constitutive law is achieved. Utilizing this proposed
constitutive law, the construction and efficient implementation of the tangent stiffness matrix,
crucial for capturing the material nonlinear behaviour of multimaterial systems, are demonstrated.

Through the discussion and conclusions, the following points are highlighted:

1. Due to the specimen geometries, a large number of elements are required to ensure accurate
response. However, a higher number of elements also results in increased computational
time. To mitigate this issue and effectively utilize the proposed constitutive law, the tangent
stiffness is computed for every iteration only in the adhesive and adhered regions
influenced by them. The stiffness of the rest of the geometry remains constant throughout

as they remain in the linear elastic regime.
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2. Firstly, the numerical implementation procedure is validated by selecting a benchmark
problem in mode I case. It is demonstrated that the nonlocal FEM vyields the same response
as that of the standard FEM, while also offering mesh-independent results. Moreover, the
numerical procedure is extended to solve the mode | problem with a sharp crack, a scenario
where FEM exhibits high mesh sensitivity and unreliable results. In contrast, the nonlocal
approach circumvents these issues, yielding mesh-independent results with minimal

variation in peak loads across all employed meshes.

3. Moreover, the failure behaviour of biadhesive single-lap joints is analyzed, revealing that
FEM encounters severe iterative convergence issues for medium to fine mesh sizes and
prematurely aborts the analysis. In contrast, the nonlocal approach, characterized by its
inherent continuity even at sudden material changes, successfully completes the simulation

for all meshes with minor variations in peak loads.

10.2 Damage modelling in quasi-brittle materials using strain difference-

based nonlocal approach

Though from a physical perspective, it is reasonable to consider strain as a nonlocal variable due
to its significant role in deformation processes, it still fails to accurately predict the structural
response. Consequently, many research endeavors have shifted focus towards other internal
variables responsible for damage, rather than relying solely on strain. Motivated to enhance the
performance, a strain difference-based nonlocal constitutive model is employed within CDM
framework to predict the structural response of quasi-brittle materials. The formulation of the
model operates within the framework of thermodynamics, leveraging the second principle to
impose constraints on the constitutive relations. The presented formulations, results, and

discussions lead to the following conclusions.

1. The presented model's effectiveness is demonstrated through mesh-independent results via
% error prediction of peak load with respect to converged/reference results and force-
displacement responses, accurate prediction of damage propagation paths for 2D and 3D
case studies involving a crack and a hole. A comparison of peak load numerical results

with reference data for a coarse mesh indicated that % error is within 3%.
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2. Another feature of the proposed methodology is the usage of strain difference as the
regularization variable for damage propagation studies, which preserves the symmetricity
of the nonlocal stiffness matrix. This is valuable in strain-softening problems where

incremental-iterative techniques are employed until specimen failure.

3. The effect of nonlocal parameter @ on the damage distribution while capturing the post-
peak behaviours is studied. It is worth noting that the softening response exhibits better
convergence with increasing a. However, due to the accumulation of damage in a large
area, the post-peak behaviour is affected for values 50 and 100. Therefore, a = 10 is
chosen, which ensures balanced nonlocal effects — damage localization and damage

process zones, and yields a softening response consistent with the reference results.
10.3 Ductile damage modelling in nonlocal FEM framework

Extending the work to ductile materials, a novel ductile damage dissipation potential is introduced,
which accounts for isotropic hardening and scalar damage effects, providing a simplified analytical
expression for parameter determination. Additionally, a nonlocal equivalent plastic strain is
integrated with the proposed damage model to address the challenges associated with strain
localization. The forward Euler explicit numerical integration scheme is employed for computing
stress updates, plastic strain evolution, and other internal variables. This method is selected due to
its ease of implementation and facilitates the explicit regularization procedure during post-

processing. Following are some of the discussions and conclusions:

1. To reduce the influence of stress triaxiality on determining the damage parameters, a
customized hour-glass round (HGR) specimen with a minimum cross-section at its central
portion is designed and fabricated. This design is based on the adaptability of the tensile

testing machine and the available extensometer range.

2. A closed-form expression is established to correlate damage with plastic strain. Critical
and threshold plastic strains are directly inferred from the stress-strain response, under
certain assumptions. Subsequently, parameters s and D, are determined through curve
fitting, chosen for its simplicity over inverse analysis, though efficient yet tends to entail a

more intricate parameter identification process.
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3. To assess the versatility of the proposed damage evolution law, materials with diverse
damage behaviours such as SS316L, Al2024, and copper alloy are selected. The damage
model effectively predicts all three damage patterns, aligning well with the physical
characteristics of the materials.

4. During loading, the tensile specimens undergo necking, resulting in strain localization.
This phenomenon poses challenges for FEM, including convergence issues and strain
discontinuity. Therefore, nonlocal equivalent plastic strain, known for its influence on
damage evolution, is employed. Mesh convergence is validated using 100, 200, and 400
elements, demonstrating the continuous nature of strains. Additionally, numerical stress-
strain responses of various materials are compared with tensile test data, showing good

agreement.
10.4 Damage modelling using CZM approach in EFG framework

A modified EFG method involving diffraction technique, Heaviside and level-set functions is used
to simulate mode I (DCB) and mode Il (ENF) crack propagation problems. The level-set
enrichment via a partition-of-unity scheme is particularly suitable to account for material interfaces
without the need to alter the existing nodal distribution. The nonlinear nature of the problem arising
due to damage evolution modelled by an exponential traction separation law (TSL) is solved by
the generalized displacement control method (GDCM). This involves the determination of the
tangent stiffness matrix at each iteration, which is conveniently established by considering the
nodes that are enriched with the Heaviside function or whose weight function is modified by the

diffraction technique. The following are the specific conclusions:

1. Based on the parametric studies of the GDCM, it is observed that the initial control factor
(Ay1) can be chosen flexibly at a reference load value (AF) of 0.1 times the peak load.
Alternatively, one can choose a lesser value of AF (< 0.1 times the peak load) at Ayl =

1 to obtain the converged solution.

2. For the mode | (DCB) problem, 80 background integration cells for the cohesive zone are
required to get the converged results, but almost twice the number of cohesive elements

are required in the case of FEM.

TH-3547_176103019 198



3. In the case of the mode Il crack propagation problem (ENF), the performance of GDCM
is twice as fast as the Newton-Raphson (NR) technique for different values of exponential

TSL parameter a.

4. As aincreases, the NR technique poses a challenge in capturing the snapback phenomenon,
especially at a = 11. The GDCM, on the other hand with the aid of incremental load
parameter (Ay}), which adjusts automatically for every iteration based on the

displacements, offers ease of handling the unstable nature in the solution arising due to

crack propagation.
10.5 Alleviating locking using mixed formulations in EFG framework

A mixed displacement-pressure formulation is proposed in the EFG framework to alleviate
volumetric locking in hyperelastic materials. The variational formulations and the linearization
procedures are carried out considering the undeformed geometry as the frame of reference. Two
mixed formulation approaches involving regular (mEFGr) and irregular (MEFGir) pressure node
distributions have been used to solve different kinds of problems using the Neo-Hookean and

Mooney-Rivlin models. The following are the specific conclusions:

1. Cook’s membrane study indicates that there is a negligible difference in the results between
mEFGr and mEFGir, though both of them show better convergence to the popular FEM-
U4P1. Though the mEFGir offers flexibility in pressure node distribution, the influence
region of a pressure node could spread over a lot of displacement nodes. Specific guidelines
are provided for distributing the pressure nodes arbitrarily in a regular displacement nodal

distribution.

2. In the case of plane strain compression of the block, the FEM did not provide results for
higher pressures (p/p, = 100). This is attributed to increasing mesh distortion with
increasing pressures, which is overcome in EFG method with a relatively smaller number

of load steps and iterations.

3. It is interesting to note for the plate with a hole subjected to tension, the Cauchy stress
contour plot is almost the same for mEFGir-256 and mEFGir-71. This shows that the
pressure nodal density can be comparatively less than the displacement nodal density.

Nevertheless, the minimal ratio of pressure to displacement degrees of freedom for accurate
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results cannot be estimated for irregular pressure node distribution as the influence region

of each pressure node can be arbitrary.
10.6 Summary of contributions of the thesis

The performance of the nonlocal integral approach is evaluated to address the challenges
encountered by conventional FEM when dealing with complex case studies in adhesively bonded
joints. The nonlocal constitutive law effectively addresses issues such as sharp cracks in adhesives
and biadhesives-based joints by allowing simulations to run continuously until failure without
abrupt interruptions. Additionally, it produces mesh-independent results, enhancing its reliability
and applicability in various scenarios. Further, strain difference-based nonlocal model is employed
to predict failure behaviour and damage propagation in quasi-brittle materials within the
thermodynamic framework of CDM theories. The proposed constitutive law overcomes the
accuracy issues encountered by nonlocal strain formulations. It demonstrates its effectiveness
through reduced % error prediction of peak load with respect to converged/reference responses
and accurate prediction of damage propagation paths for 2D and 3D case studies involving a crack
and a hole. Extending the work to ductile materials, a nonlocal equivalent plastic strain is
integrated with the proposed damage evolution law to address the challenges associated with strain
localization. The nonlocal damage model demonstrates its adaptability in predicting damage across

various types of ductile materials and addresses convergence and strain discontinuity issues.

Additionally, strong discontinuity studies are presented through the work which uses the
modified EFG method that combines the Heaviside enrichment and diffraction method to study
crack propagation problems by employing a CZM. The nonlinear nature of the problem arising
due to damage evolution modelled by an exponential traction separation law (TSL) is solved by
the GDCM. Subsequently, the strain localization due to the weak discontinuities are studied by
employing a nonlocal integral approach on the CDM models by regularizing the equivalent strain
to overcome the convergence issues in the EFG method. The proposed methodology has been
applied to model the elastic damage in a one-dimensional problem. Finally, a mixed displacement-
pressure formulation is proposed in the EFG framework to alleviate volumetric locking in
hyperelastic materials. Taking advantage of the meshless nature of the EFG method, this work
introduces a unique approach by randomly distributing pressure nodes across the geometry,

following specific guidelines. FEM is attributed to increasing mesh distortion with increasing
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pressures, which is overcome in EFG method with a relatively smaller number of load steps and

iterations.
10.7 Scope for future work

In the present section, various potential extensions and opportunities for the develop ment of the

current research are discussed.

e The successful implementation of nonlocal integral approaches has demonstrated their
effectiveness in addressing complex problems concerning adhesive bonded joints. Given
that the majority of failure analysis related to defects are focused on adhesive bonded joints
in composite materials, there's a clear rationale for extending nonlocal theories to
investigate failure mechanisms in these joints within diverse orthotropic/anisotropic

materials, which are frequently encountered in real-world scenarios.

e In the current study, we have employed a strain difference-based nonlocal approach,
particularly suited for monomaterial geometries, providing the flexibility to utilize a secant
stiffness matrix. However, when dealing with case studies involving multimaterial
systems, the utilization of a tangent stiffness matrix becomes imperative. It has been noted
that deriving the tangent stiffness matrix for the proposed nonlocal constitutive law
presents significant mathematical complexity. Therefore, developing a simplified
procedure to implement the tangent stiffness matrix while preserving symmetry would be
an interesting work. This endeavour could streamline the computational process and
enhance the applicability of the nonlocal constitutive law to a broader range of materials

and geometries.

e The proposed ductile damage evolution model has demonstrated its effectiveness in
accurately predicting the damage behaviour of various ductile materials and their
mechanical response under constant stress triaxialities. By extending its applicability to
diverse 2D and 3D case studies, the model can incorporate stress triaxiality and lode angle

parameters to assess its performance across a wide range of triaxiality ratios.

e The exploration of strain localization issues in hyperelastic materials using nonlocal
integral theories remains relatively limited, with few studies addressing this aspect

comprehensively. Addressing strain localization in hyperelastic materials poses unique
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challenges, including the presence of volumetric and shear locking phenomena, which
complicate the modelling process. Implementing this study within both FEM and EFG
frameworks presents both a challenge and an opportunity, offering an engaging
investigation into the intricate nature of strain localization in hyperelastic materials.
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Appendices

Appendix A.
Linear system of equations in modified EFG framework
To capture the nonlinear softening behaviour of both the cohesive zone and the specimen,

displacement loading, i.e., Dirichlet boundary conditions, is prescribed instead of external forces

on the I'z. Therefore, Eq. (7.5) can be rewritten as,

fS(Ldu)TC(Ldu) dQ — j(S/lT(u—ur)dF - fSuTldF = j SwTtdr (A1)
Q o Iy

coh

where,
Lu=Lo| ) 0w+ ) SEEHF@)+ ) e@an®|
IESN IESY IES], ( ' )
@, 0
B =L@, =| 0 Py vl € Sy
Dy Py
(®H)x 0
B =L,®H(fx))=| 0 (®H),| vIiesy
(®;H),,(P/H) x
(Px)x O
Bl =L, ¥,y = 0 (Puxny VIES,
(CDIXI),y(cDIXI),x
Now, B, = [BY Bf Bf] vIeSyleS,,l€S, (A.3)
Using Eq. (A.2) and (A.3) in the first part of Eq. (A.1), gives
T
js Z B,U, | C Z B,U; | dQ = 6UTKU (A.4)
Q IESy, JESN,
IE€SY, JESH,
IES], JESL
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(A.5)

NNy NHyNL

where, u, K7 K Kjj
HNyHHyHL

Ul =44y ) and K = KI] KI] KI]

C LN yyLH y7LL

! Ky Koy Ky

Let us examine the second term in the LHS of the Eq. (A.1),

f SAT(u — up)dr
Fu

T
— j(g Z N, A, Z ®,(x)u; + Z @, (x){a;H(f ()}

]"u IESA IESN IESH
T
+ Z D, (x)c;x;(x)|dll — j6 z N;4; | updl’
IES], Ty IES)
8 z Z 5 AT jN}FCDJdF fN,TcD,H(f(x))dr jN,chj)(,dF U,
I€S, JESN, u u u
JESH, _
Jesy iy
(A.6)
L z AT f NTupdl = —5ATGTU + 617q
IES); Ty
—q
The last term in the LHS of the Eq. (A.1) is simplified to,
fc?uTAdF
Fu
T
= Z Z suT fcb,TN]dr f(cp,H(f(x))) N,dr f(d),)(,)TN]dF 4 (A7)
IESN,]ESA, u u Fu
IESY, -
IESIZ Gy
= —5UTGA
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Assuming the cohesive tractions as the external force applied on the cohesive crack boundary,
Teon, 1S given by

T
f swTtdl' = f 5(2 ) @eofaH(r)) | tar
I‘coh

- fsh (A.8)
= 5a'F = SUTF
T
where, F=2 f Z @, (x){H(f(x))} | tdT
Fcoh IESY

Finally, using the Egs.(A.4),(A.6), (A.7), and (A.8) in Eq. (A.1), obtains the form
SUT[KU + GA] + 8AT[GTU — q] = 6UTF

As 8U and A are arbitrary, the above equation can be written in the discrete system of equations
are satisfied only if

v ol{3=1a)

1 (A.9)
Appendix B.
Deviatoric part of 2" Piola-Kirchoff stress and elasticity tensors
The deviatoric strain energy function of Mooney-Rivlin model is given by:
. —C —C
W =Co(h°=3)+Co (L7 - 3) (B.1)
. i . —c _1f +c I§
here, the reduced invariants are defined as I

; J= L° = JI; = VdetC. The
]3
deviatoric second Piola-Kirchoff stress derived from the strain energy function is given by,

_aVT/

0w _[ow oL° L oW oL° (B2)
279 “oac 01_1C oC GI_ZC oC
—C
oL 2 1 _
=J3I—--1 C*
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Deviatoric constitutive Tensor (D,):
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3 term;

4" term:

5" term:
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