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Abstract

Achieving consensus is a major problem in multi-agent systems(MASs). Analysis, design
and implementation of consensus in MASs is the main focus of this thesis. Motivated by recent
surge in distributed control applications with networked mobile robots and sensor networks
which are MASs, consensus problems in autonomous mobile robots and a sensor network are
researched. In particular, faults in communication like complete loss and time-delay effects on
consensus are studied. Complete loss of communication will prevent the multi-agent system in
reaching consensus. Time-delay within certain limit deteriorate the performance of system by
increasing the convergence time. Beyond the limit, the system never reaches consensus.

Two novel algorithms, namely “back-tracking” and “history following”, to reach consensus
in case of communication loss for a multi-agent system(MAS) with switching topologies are
proposed for mobile agents. A strongly connected topology is considered to make decision
on usage of “back-tracking” algorithm whenever an agent loses communication. It ensures the
mobile multi-agent consensus with intermittent communication loss by changing path of the
agents to maintain a strongly connected topology. In the case of “history following™ algorithm,
the agents store past data and continue with most recent target position even after the loss of
communication. Since the communication loss that we have considered is intermittent at few
places, the agents regain communication after some displacement. Then the data is updated
with new calculation of target position and stored for further usage that might arise. A simple
obstacle avoidance algorithm also used while simulating a network of six mobile agents with
intermittent communication loss and static obstacles. The pros and cons of both algorithms are
discussed. Hardware implementation is performed for a three robot system without obstacles
along with corresponding simulation to demonstrate the effectiveness of the algorithms.

In the case of sensor network application, necessary and sufficient conditions are derived for
consensus with saturated agents, asynchronous input and communication time-delays, which

are sometimes practically unavoidable. A multi-agent system of linear second order agents
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with saturation is considered. The distributed system is connected under fixed directed graph
coupled with input and communication time-delays. Describing function analysis is used to ap-
proximate each nonlinear agent into cascade of linear and nonlinear elements. Nyquist stability
criterion is used for analysing stability of the linear element, thereby estimating the existence of
limit cycles. Explicit necessary and sufficient conditions are derived for stability of the linear
element. Instability of limit cycles is estimated using those conditions, implying the consensus.

Further, stability analysis is performed using Lyapunov-Krasovskii functions instead of
Nyquist stability criterion with multiple control laws. A set of linear matrix inequalities (LMIs)
are derived to prove the stability of linear element. The stability range of time-delays are ob-
tained using expressions derived from both Nyquist stability criterion and Lyapunov-Krasovskii
approaches. A comparison of pros and cons with respect to time-delay ranges, applicability and
computational complexity is presented. Simulations and corresponding hardware implementa-
tion are performed on a network of four agents and five agents to support the theoretical results
with multiple control laws. Furthermore, a general nonlinear input is considered as input to a
multi-agent system that is connected by an undirected network. It has been proved that, con-
sensus can be achieved with any nonlinear function g that is symmetric to origin and xg(x) > 0.

Simulations and implementations are performed on a network of five agents.
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CHAPTER 1

INTRODUCTION

1.1 Background

Control theory and its applications have made significant progress in the last century. During the
World War-II, advancements in control theory happened at a rapid pace. Classical control uses
frequency domain approach and transfer functions while analysing single-input-single-output
(SISO) systems. For multiple-input-multiple-output (MIMO) system, state-space approach is
being used. Due to the versatility of state-space approach, it has been used in modern control
for analysing SISO, MIMO, linear and nonlinear systems. In the past several decades, modern
control theory and automation were further advanced by addressing the requirements in various
sectors. From the past few decades, automation is receiving lot of interest from researchers and
industry [3—6]. Automation and robotics are playing a pivotal role in the manufacturing and
supply lines of chip design (microprocessors or microcontrollers), auto-mobile industry and so
on.

Robots and software-bots are playing a major role in automation industry and have been
tasked in large number of high end applications [7-11]. Robot assisted surgery to minimize
the human intervention is receiving a lot of attention [12, 13]. Recovery time of patient and
human errors are minimized with surgical robots [14, 15]. Unmanned vehicles are being used
in applications where human intervention is not safe and/or not economical. Sending a robot to
greater depths in an ocean is far safer and economical than sending a diver. Using a drone or
robot is preferable in a war zone with an unpredictable enemy. Human errors are a major cause

of accidents [16—18]. Driverless vehicles and semi-autonomous vehicles are being developed
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Chapter 1 Introduction

to make the roads safer [19-21]. With applications in multiple domains, unmanned vehicles
are technologically evolving with the fusion of various control strategies, sensors and data han-
dling. Controlling a single vehicle has become relatively mature with the help of strategies like
autopilot [22,23]. The autopilot function of a modern aircraft is very advanced and it is getting
developed continuously for application in driverless cars and semi-autonomous cars.

A team of robots working in a cooperative manner can be highly efficient compared to a
single complex robot [24]. Map-making, scanning a cluttered environment etc., are performed
efficiently by a team of robots [25-30] as depicted in Fig. 1.1. In the past two decades, control of
multiple robots has received considerable attention [24,31]. An agent can represent a robot, an
unmanned vehicle (land, air, floating on water and underwater) [32-36], a spacecraft [37-40],
an internet router [41], or even a sensor [42—44]. A system of multiple agents acting as a single
unit with the help of communication is termed as a multi-agent system (MAS). Improvements
in communication and computation technologies have contributed to generate interest on multi-
agent systems among the research community. During the last two decades, multi-agent systems
have received significant attention. Multi-agent systems have applications in robotics, sensor
networks, computational economics [45-50] and so on.

Control and coordination are major problems in dealing with the multi-agent system while
performing certain tasks. Control of the multi-agent system can be performed by two ap-
proaches, centralized approach and distributed approach. In centralized approach, there is a
central station that controls the whole system. The basic assumption in the centralized ap-
proach is that the central station 1s sufficiently powerful to control the whole group of agents.
In distributed approach, each agent has the freedom to take its own decisions and control itself,
without the need of a powerful central station. The freedom in distributed approach is coupled
with the increase in complexity of the system in terms of structure and organization. Although
both the approaches are being used, distributed approach is advantageous. The drawbacks of
centralized approach include, limited capability of central station, short range of wireless com-
munication, narrow bandwidth etc.. The drawbacks can become bottlenecks when the central-

ized system is scaled up. If there is a failure in central station, the whole system is rendered
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Chapter 1 Introduction

Figure 1.1: Arena with mobile agents and obstacles.

useless, whereas, in distributed system there is certain degree of redundancy, which makes the
system robust and have greater fault tolerance. If one of the agents fail in a distributed system,
the task can be re-distributed.

In a distributed approach, the main aim of a multi-agent system is to have the whole group
of autonomous agents working in a cooperative manner [51]. Since the central station is absent
in distributed approach, information sharing and communication play the central role of con-
trolling the multi-agent system. Distributed approach has advantages like low operational cost,
enhanced functionality, flexible scalability, fault tolerance and less system requirements. Due
to these advantages, it has been receiving the attention from research community from last two
decades [24,31].

Stability of the system is dependent on how well the agents are connected with each other
by a communication network. If the communication among agents is bidirectional, it is called
undirected network and if it is unidirectional, it is called directed network. If the communica-
tion topology is not changing in the course of achieving a goal, the multi-agent system is said to

have a fixed topology. If the communication topology is changing periodically or aperiodically,
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Chapter 1 Introduction

it is called switching topology. The communication network topology of a multi-agent system
can be fixed or switching. A lot of research on multi-agent systems has been focussed on the
stability and various factors that affect the stability [52-56]. One such factor is time-delay,
which is primarily of two types, communication time-delay and input time-delay. Communi-
cation time-delay is caused by the delay in receiving the information, input time-delay is due
to computational burden on agents. Stability analysis of multi-agent systems can be performed
with frequency domain approach and Lyapunov approach [57,58].

In a multi-agent system, when the states agree on some common value, we call them to have
reached consensus. Consensus in multi-agent systems are biologically inspired and have been
reported initially by Tams Vicsek and Shochet [59]. The consensus problems in multi-agent
systems are receiving lot of attention recently due to the applications in grouping, formation
control, synchronization, etc.. A multi-agent system while grouping at a common position or
while maintaining a formation, have to reach consensus on at least one variable. The variable
can be position with or without separation, velocity or acceleration or any such variable depend-
ing on the requirement. We call the system to have reached consensus only when corresponding
difference of all the state variables is zero. The agents exchange information locally and a coop-
erative distributed control strategy is implemented without the need of external supervision for
reaching consensus. The consensus in multi-agent system is biologically inspired and follow
the distributed approach to a large extent. In some of the applications, leader following and

centralized control strategies are also used to guide agents [60].

1.2 A Survey of Previous Works

The research in multi-agent systems is inspired by the observations made by Tams Vicsek and
Shochet [59]. The authors have investigated self-ordered motion in systems of particles with
biologically motivated interactions. In this model, particles are driven with a constant absolute
velocity. At each time-step, particles assume the average direction of motion of the particles

in their neighbourhood with some random perturbation added. The algorithms proposed by
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Chapter 1 Introduction

the authors consider the velocity of other particles in the neighbourhood. These algorithms
are used extensively in the later articles with modifications according to various requirements.
Ali Jadbabaie et al. [61] gave the theoretical explanation to the behaviour of particles reported
in [59]. Convergence analysis is performed mathematically with the help of theorems, the
results in [61] paved the way for further research in the domain of multi-agent systems.

The results reported in [61] are followed by an extensive analysis of multi-agent systems
by Saber and Murray [57,62] with time-delay effects taken into consideration. The subsequent
research reported in the literature is extended to higher order agents based on the approach
and results provided by the authors in [57, 61, 62]. In [62], linear and nonlinear consensus
protocols are considered in a multi-agent system with time-delay. The network considered
is an undirected one with distributed control law. In [57], the authors have further extended
the results in [62] and analysed various cases with directed fixed topology, directed switching
topology and undirected fixed topology with time-delays. The authors have provided a tight
upper limit on the time-delay that the undirected fixed topology is able to tolerate. They proved
that the maximum time-delay that can be tolerated by a network of integrators with the linear
consensus protocol is inversely proportional to the largest eigenvalue of a network topology or
the maximum degree of the nodes of a network. Agents considered in the analysis are first order
and single integrator type and time-delay is uniform. It has been shown that there is a tradeoff
between time-delay robustness and linear protocol performance. Another tradeoff is between
low communication cost and high performance.

A linear time varying system is considered in [63], where the authors derived sufficient con-
ditions guaranteeing uniform exponential convergence for consensus of the multi-agent system.
They have considered a linear time varying system with communication time-delay without
considering any input time-delay. Few theoretical results are obtained to prove the convergence
of multi-agent system. Guangming Xie and Long Wang [64, 65] have considered a multi-agent
system second order dynamics and time-delays are not considered. In [64], a fixed topology is
considered and in [65], a switching topology is considered. The analysis is performed with the

help of Lyapunov functions defined in terms of disagreement in state variables. In the review
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paper by Olfati-Saber et al. [66], various algorithms used to reach consensus of first order sys-
tems in continuous as well as discrete time systems with and without time-delay are discussed.
They have given a brief overview and mainly focused on their past research in [57]. Order of the
agents exceeding two are considered by Wie Ren et al. [67] and sufficient condition for conver-
gence is given, but communication time-delays are not considered. Multi-vehicle cooperative
control strategy, that mimics flocking behaviour in birds is taken into account. The bird flock,
sometimes change the direction abruptly due to danger perception by one of the birds. For such
abrupt changes to be implemented in unmanned vehicles, second-order model is not sufficient.
The authors in [67] have considered a system with order of each agent exceeding two (> 3).
This flocking behavior can be applied in unmanned air vehicles or with autonomous underwater
vehicles working in a hostile environment, where abrupt changes in heading and acceleration
are required.

In [68], the authors have considered nonlinear input for a multi-agent system with second
order linear agents. An undirected network without time-delays is studied and the existing
results are extended for a system with input saturation. A discrete model with time-delays is
studied by Bliman et al. [69]. The analysis is based on an enlarged system without delay, new
virtual agents are introduced to compensate the delay. The virtual agents are non-computing and
add a single step delay. The number of virtual agents is calculated on delay requirement. Cao
et al. [70] have reported consensus of various versions the flocking problems with emphasis on
the underlying graph structures. Few special graphs like quotient graph and an agent subgraph
are studied. These graphs are used in the analysis of the consensus problem with delays.

Time-varying delays are analysed by Feng Xia and Long Wang [71] with continuous-time
agents updated at discrete times. The update times of each agent are independent of each other
and asynchronous. The communication topology is switching and delays are bounded with
time-varying nature. In [72], the consensus algorithm for discrete-time second-order multi-
agent systems with diverse communication delays is considered. Leader following control
strategy 1s proposed with a static leader and the results are extended to the leaderless consensus

problem of the discrete-time second-order multi-agent systems. Liu et al. [73] have analysed
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average consensus problem for first order multi-agents of undirected network with limited data
rate and communication time-delays. They proved that a finite-level quantizer for a connected
network is able to solve the average consensus problem when the time-delays are bounded.
In [74], the authors have considered autonomous mobile agents with double-integrator dynam-
ics. The interconnection delays are time-varying and communication topology is directed and a
leaderless control is considered. The consensus stability is studied with both fixed and switching
interconnection topologies.

Sampled control is used by Liu et al. [75] to analyse a continuous-time multi-agent system.
The time-delays considered in the article are assumed to be uncertain, time-varying and both
larger and smaller than the sampling interval. The authors in [76] have reported results on a
directed and switching network with communication delays. The boundedness of a network
with first order agents is proved and extended to higher order systems. Meng et al. [77] have
studied leader-following and leaderless consensus algorithms coupled with uneven input and
communication time-delays. The stability analysis is performed by using both Lyapunov ap-
proach and Nyquist stability criterion. Multiple cases involving static virtual leader, dynamic
virtual leader, with full and partial access to the virtual leader are analysed. The network topol-
ogy considered is directed and fixed. Higher order systems with undirected topology are studied
in [78]. A sufficient and necessary condition for reaching consensus is obtained, but the affect
of time-delay is ignored. A nearest-neighbour rule is used for higher-order discrete time agents
in [79]. Switching topologies with communication time-delays are analysed, however, input
time-delays are ignored.

Frequency domain approach is used in [58] to derive stability conditions for a second-
order multi-agent system with time-delays. A fractional order system is considered in [80, 81].
Nyquist stability criterion is used in [80] and Lyapunov approach is used in [81] to obtain nec-
essary and sufficient conditions to reach consensus. A second-order multi-agent system with
time-varying and multiple asynchronous time-delays are considered in [82,83]. Event triggered
consensus is explored in [84,85] and the consensus problems with time-delayed impulsive con-

trols and periodic sampling are studied in [86].
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Recently, the nonlinearities are being taken into account since most of the practical systems
are inherently nonlinear in nature [85,87,88]. In [89], pulse width modulation is used to control
the multi-agent system. The control is inherently nonlinear with user defined maximum mag-
nitude based on saturation constraints of the agents. Actuator saturation is commonly seen in
many practical scenarios where extremely large control input is not feasible, like the velocity
of a mobile robot cannot go beyond certain limit. Actuator saturation is receiving attention
recently [90-96]. Nonlinearities like saturation have been considered in multi-agent systems
with first-order dynamics in [90] and second order dynamics in [91-96]. Various control laws
with differential gain feedback [91, 92], observer-based adaptive consensus [93], containment
control [94] on linear agents and nonlinear agents [95] are studied to solve the consensus prob-
lem with the help of Lyapunov-Krasovskii analysis. Considering the time-delays in nonlinear
multi-agent systems started recently, You et al. [96] have considered a second order system with
switching topologies and a single time-varying delay.

Most of the work, discussed above, is confined to simulation rather than implementation.
Simulations are performed with different algorithms which deal with or without time-delays
[57,65,66,68,77,79]. The implementations are done without considering time-delays in the
algorithms [97-99]. In [97], Mondada et al. have discussed about self-configurable swarm
robots which are equipped with 50 sensors and controlled by Intel Xscale processor with 13
PIC slave processors. All the robots are autonomous with decentralized control and perform
different tasks as shown in the results of the paper. Time-delays are not considered. A map-
making multi-agent system is studied by Churavy et al. [100] to update the map of a given
space. The robots are controlled by centralized mechanism and they use metric localization
which use worldcentric co-ordinates to localize themselves on a plane. In [98], the authors
explain how a swarm of robots are used to inspect a turbine system using the existing path-
planning and co-ordination algorithms. They don’t deal with time delays since they use reliable
2.4GHz radio module for communication. Localization problem is studied in [101], where the
authors implemented Extended Kalman filter technique to localize the robots on a plane and

the algorithms are implemented on LEGO NXT robot kits. Chang et al. [99] implemented a
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different approach of Fuzzy Sliding mode to control the multi-agent systems. However, time-

delays are not considered while modelling the system.

1.3 Motivation

From the above discussion on previous works, it can be observed that there is little focus on
hardware implementation of multi-agent systems. Multiple robots working in a cluttered envi-
ronment has applications in map-making, surveying, search and rescue operations, etc.. While
working in a cluttered environment with limited resources, complete loss of communication
may be encountered frequently. In wireless communication, blind spots can happen due to var-
ious factors like reflection, refraction, diffraction, absorption etc.. When a robot enters into one
such blind spot, the robot is affected by complete loss of communication. Robots getting lost
while performing a task is not desirable. This triggered the need for developing strategies to
counter the complete loss of communication and led to a motivation behind developing such
algorithms.

Moreover, majority of the research is confined to linear agents with time-delays. Nonlinear
agents affected by time-delays have received very little attention in the literature, except for a
small number of articles [96] with simulation results. Implementation with time-delay effects
has not received enough attention. Nonlinearities are common in mobile agents and actuator
saturation is the most frequent hard nonlinearity affecting them. For example, acceleration
of an agent is constant over certain range and cannot be maintained after the agent attains its
maximum velocity.

Recently, saturation nonlinearity is receiving considerable attention. Li et al. [90] consid-
ered a first order system with saturation and without time-delays. For second order agents
with saturation and without time-delay, a differential gain feedback control is used by authors
in [91,92]. Adaptive control laws with observer are used by Chu et al. [93] and nonlinear agents
are considered by Cui et al. [95]. The effects of synchronous time-delays are taken into con-

sideration by You et al. [96] for a network of second order saturated agents. It is evident from
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the literature that, there is very little focus on consensus of second order saturated multi-agent
system with asynchronous communication and input time-delays. This created an interest in
considering a multi-agent system with asynchronous time-delays and hard saturation nonlinear-
ities.

After the results in [68], there is little focus on general nonlinear input to a linear system.
There are many nonlinear functions other than tanh(), that give saturated input. Moreover,
heterogeneous systems with nonlinear input have not been investigated [102]. This motivated

us to consider a general nonlinear input for achieving consensus in a multi-agent system.

1.4 Problem statement

According to the earlier discussion on previous works, the simulation work is done with and
without time-delayed cases, but the implementation is done only without time-delay till now.
Even in the simulation work, time-delayed cases are not giving satisfactory results [77,79] with
the existing algorithms, especially in the event of complete loss of communication. One of the
objectives of this thesis is to develop algorithms for addressing the issue of communication loss
and test it on mobile robots. We aim to test the developed algorithms on a simulation platform
and implement on a multi-agent system with mobile robots. It is expected that some of the
mobile robots are developed in laboratory to have more control on their motion. The target is
to cross-check the results of both simulation and implementation for testing the effectiveness of
algorithms.

The second objective it to perform stability analysis of a saturated multi-agent system with
different approaches. By using the theoretical results of the stability analysis, we aim to obtain
the range of time-delays that the network can tolerate. The theoretical results will be tested
with simulation of different communication network topologies. Coming to implementation
part, only cases without time-delay are considered till now [97-99]. The goal is to develop
a simple multi-agent system of non-mobile agents, which is analogous to a sensor network.

The results obtained from the stability approach will be tested on the hardware setup and also
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cross-checked with simulation results. We aim to perform a comparison on advantages and
disadvantages of the different approaches used in the stability analysis.

The third objective is to analyse a general nonlinear input applied to heterogeneous linear
multi-agent system for reaching consensus. The general nonlinear function considered here is
involved of a tanh() function along with velocity saturation in the control law. The goal is to
prove the convergence of heterogeneous multi-agent system with such input. The heteroge-
neous agents have different maximum velocities and various scaling factors for control inputs.
We aim to demonstrate the effectiveness of theoretical results by performing simulations and

implementing on the hardware setup of non-mobile multi-agent system.

1.5 Contribution of the Thesis

Two algorithms namely, back-tracking and history following algorithms are proposed to over-
come the communication loss in multi-agent systems. The algorithms are tested with simula-
tions and implemented on a hardware system. The hardware system consists of three robots, two
of them are developed in laboratory. It has been observed from the results, that the algorithms
work effectively in tackling the total loss of communication. With back-tracking algorithm, the
multi-agent system is able to reach consensus by diverting the mobile robots when there is a
loss of communication. With history following algorithm, the consensus is achieved in most of
the cases. Consensus is not achieved with history following algorithm in few special cases, the
explanation is provided for such behaviour with the help of a simulation. Back-tracking algo-
rithm has larger convergence time compared to history following algorithm, but the consensus is
always guaranteed. Advantages and disadvantages of both the algorithms are explained. Tack-
ling the complete loss of communications and corresponding methods to deal with the issues
received very little attention in the literature. The algorithms try to solve the practical problems.

Nonlinear multi-agent system is analysed with the help of describing function analysis to
rearrange the system as a separate linear and nonlinear blocks. Asynchronous time-delays are

considered while analysing the multi-agent system. When dealing with time-delays, mathemat-
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ical analysis of nonlinear system is highly complex. With the help of describing function, the
analysis is simplified to a great extent. Two approaches are used to estimate the existence of
limit cycles in the multi-agent system. One of them is Nyquist approach and the other is Lya-
punov approach. The results are tested with simulations and implementations on a network of
agents with different topologies. It has been observed that Nyquist approach is not applicable
to wide range of control laws, but the Lyapunov approach is applicable. The second observa-
tion is that the Lyapunov approach is more conservative compared to Nyquist approach with
time-delay ranges. The results are simulated and validated on a network of non-mobile agents,
the simulation and hardware platforms are same for both the approaches. The simulation and
implementation results demonstrate the effectiveness of the theoretical results obtained in both
the approaches. Pros and cons of both the approaches are discussed in detail.

A heterogeneous multi-agent system is considered with different peak velocities for different
agents. Moreover, the control law is involved with scaling factors that are different for differ-
ent agents. It has been proved that, with undirected communication topology, the multi-agent
system is able to reach consensus using the general nonlinear input. Simulation and hardware
implementation are performed on the non-mobile multi-agent system to prove the effectiveness

of theoretical results.

1.6 Thesis Organization
The thesis is organized into six chapters and the brief details of each chapter as given below.

e Chapter 2: In this chapter, preliminaries which are essential in understanding the sub-
sequent chapters are described. Basic concepts of algebraic graph theory are explained.

Few definitions are reviewed and associate matrix representation of graphs is discussed.

e Chapter 3: Two new algorithms are proposed in this chapter to tackle the complete loss
of communication in a multi-agent system. The algorithms are tested in simulation envi-
ronment and implemented on a hardware setup. Two of the robots in the hardware setup

are developed in laboratory and the design procedure and working are detailed. The re-
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sults of both simulation and implementation are provided to demonstrate the effectiveness

of algorithms in dealing with complete loss of communication.

e Chapter 4: In this chapter, a multi-agent system with saturation nonlinearity is consid-
ered. Describing function analysis is used to rearrange the system into linear and non-
linear elements. Nyquist stability theory is used to prove the stability of linear element.
Necessary and sufficient conditions for the consensus are derived with two control laws.
The existence of limit cycles in the system is estimated using describing function of sat-
uration nonlinearity and the stability of linear element. Simulation and implementation
results are furnished to show the effectiveness of theoretical results. Hardware imple-

mentations are performed on a non-mobile setup, so that the limit cycles are observed

properly.

e Chapter 5: Lyapunov approach is used in this chapter to prove the stability of linear
element and further estimate the existence of limit cycles in this chapter. Four control
laws are used to drive the multi-agent system towards consensus. Advantages and disad-
vantages of both Lyapunov approach and Nyquist approach are discussed in detail. Few
comparative results are given and tested on hardware setup similar to the one used in
Chapter 4. Analysis of consensus in the multi-agent system with a general nonlinear in-
put is also performed. Lyapunov approach is used to prove the stability. Simulation and

hardware implementation are performed to show the effectiveness of theoretical results.

e Chapter 6: Summary of results is presented in this chapter. Future scope and research

directions in the multi-agent systems are discussed.

e Appendix: Basics of describing function analysis and discussion on how to estimate the
existence of limit cycles in a nonlinear system are provided. Lyapunov stability theory and
expansion of characteristic equation are explained briefly. It is concluded with technical

specifications of the hardware setup used for performing the experiments.
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CHAPTER 2

PRELIMINARIES

Basics of graph theory, notations and mathematical representation of multi-agent system are
discussed in this chapter. The aim is to provide necessary concepts for clear understanding of
the following chapters. We start with graph theory notation, proceed with adjacency matrix
representation. Further discussion on obtaining a Laplacian matrix from the adjacency matrix
is presented and some properties of the Laplacian matrix are discussed. Few definitions, ter-
minology and notations with respect to graph are discussed. Additionally, describing function
analysis and Lyapunov stability theory that are used in the subsequent chapters are reviewed.
Readers who are familiar with aforementioned topics in the context of multi-agent systems can

safely skip this chapter.

2.1 Algebraic Graph Theory

2.1.1 Basics

Graph theory is widely used to represent multi-agent systems. A network of n-agents connected
by communication topology can be expressed as a graph &4 = (V,E, 7). The vertex set V =
{v1,Vv2,....,v,} is generated by nodes of a graph, where nodes are analogous to agents. The
branches of a graph bring out an edge set E = {(i, ) : i, j € V}, that represents the underlying
communication topology. Edge set has distinct ordered pairs of vertices which depict existence
and direction of information flow among the vertices. If there is information flow from node j

to node i, then the ordered pair (i, j) € E and vice versa.
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If the communication among agents is bidirectional, the resulting graph is undirected as
shown in Figs. 2.1a and 2.1b. A directed graph as depicted in Figs. 2.1c and 2.2 are used
to represent communication topologies with one or more unidirectional information among
agents. Edges (i, /) € E can have positive numerical weights w;;. Unity weight is considered
if no weight is given on edges. If two vertices v; and v; are connected by an edge ((i, j) €

Eor(j,i)€E ) , then they are called adjacent vertices.

———@ 1——4
——€ 2——¢€
(a) Connected cyclic graph. (b) Connected tree graph.

1——4

AN

5

"

2 ~3
(c) Directed graph.

Figure 2.1: Graphs of communication topologies.

Definition 1. Path: A path from vertex v; to vertex v; is a sequence of vertices connected by
edges in an undirected graph, representing the information flow from v; to v;. For a directed

graph, we have directed paths [103].

Definition 2. Connected and strongly connected graphs: An undirected graph is called con-
nected if there exists a path between any pair of vertices (v;,v;),V(i,j) € [l,n] and i # j. A
directed graph is called strongly connected if there exists a directed path between any pair of

vertices (v;,v;), V(i,j) € [1,n] and i # j [103].

Definition 3. Tree and spanning tree: A graph is said to be a tree if there exists only one path
between any vertices without any loops. A tree is called a spanning tree, if there exists at least

one root node that has a directed path to all the other nodes [103].

Cyclic graphs contain loops as shown in Figs. 2.1a, 2.1c and 2.2a and trees are acyclic by

default as depicted in Figs. 2.1b and 2.2c. A graph is said to contain a spanning tree if a subset
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1+——4 1 4
2 ——3 2 —3
(a) Strongly connected graph. (b) Directed tree graph.
1 4

5

/

2——3

(c) Directed spanning tree
graph.

Figure 2.2: Graphs of communication topologies.

of graph (subgraph) forms a spanning tree. Connected and strongly connected graphs have
spanning tree as subgraph, Fig. 2.1b depicts a connected tree (also a spanning tree) which is a
subset of graph in Fig. 2.1a. A graph which is not strongly connected can have a spanning tree
as subgraph. The graph shown in Fig. 2.2c is a spanning tree with node-5 as its root node and it

is a subset of the graph depicted in Fig. 2.1c.

2.1.2 Matrix representation of graphs

2/ = (a;j)nxn i an adjacency matrix of the graph with n nodes, it also represents communication
topology with a;; = w;; if (i, j) € E and a;; = 0 otherwise. A weighted adjacency matrix will
also have entries other than zero and unity weights, which depend on various assumptions. The

adjacency matrices of graphs depicted in Figs. 2.1a and 2.1c with unity weights are as given

below.

- . 01 010

0101
10100

1 010
o) = v ah=10 1 0 1 1

0101
00001

1010
- - 00010

The number of nodes from v&;hich a node reéeives information is called in-degree (d;,) of

the node. The number of nodes to which a node sends information is called out-degree (d,,;)
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of the node. A diagonal matrix D is constructed with elements as given in Eqn. (2.1). Diagonal
elements of D matrix (d;;) are row sums of adjacency matrix and equivalent to in-degree of i""

node.

0 Vit j
dij = (2.1)

27:1 a;j, otherwise

The Laplacian L of an adjacency matrix .o/ is defined in Eqn. (2.2).

L=D—- (2.2)

A Laplacian matrix has zero row sums and it is diagonally dominant (|a;;| > ¥, |a;;|) with
nonnegative diagonal elements. Let 1,, and 0, be column vectors of ones and zeros respectively,
then L1, = 0,.. For an undirected graph, both adjacency and Laplacian matrices are symmetric,
o/ = /T and L = L”. The in-degree and out-degree are equal at each node for an undirected
graph. A directed graph is considered to be balanced if, in-degree of each node is same as

out-degree of the node.

Lemma 1. [57] If an undirected graph is connected, then the rank of Laplacian p(L,x,) =

n— 1. The right eigenvector associated with zero eigenvalue is 1,, L1, =0, and 11 L = 07,

Lemma 2. [57,78]If a directed graph 9 is strongly connected, then its Laplacian has one
eigenvalue as zero (with right eigenvector 1,) and rest of the eigenvalues have positive real

parts. Converse is not true.

Definition 4. [104] A matrix A,x, € R"*" is called positive semidefinite if xT Ax > 0, Vx € R"
and it is denoted by A > 0. The matrix A is called positive definite if xT Ax > 0, Vx € R" and it

is denoted by A > 0.

Ag = %(A + AT) is called symmetric part of A. A necessary and sufficient condition for the
matrix A to be positive semidefinite (or definite) is that the symmetric part should be positive

semidefinite (or definite) [104, 105].

Property 1. A symmetric positive semidefinite matrix A, has all non-negative eigenvalues (0 <
A < A <...A;). A symmetric positive definite matrix A has all positive eigenvalues (0 < A <

Mo < o).
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Rank of a strongly connected graph Laplacian is n — 1, zero is a simple (multiplicity 1)
eigenvalue. If the graph is symmetric and connected, its Laplacian is symmetric and positive
semidefinite with only one eigenvalue as zero, (0 =1, <A, < ...A4;)

If each row of the adjacency matrix is normalized, we get a normalized adjacency matrix

427, whose elements are given in Eqn. (2.3).

S ifdi #0
aij = dii 2.3)

0 ifd;=0

The corresponding elements of normalized Laplacian matrix Lis given in Eqn. (2.4).

lij .

r d—J ifdi #0

lij = 2 2.4)
0 ifd;=0

For a strongly connected network, the eigenvalues of normalized adjacency and normalized

Laplacian matrices have the following relation given in Eqn. (2.5).

1— () = A(L) (2.5)

The Laplacian matrix, normalized adjacency matrix and normalized Laplacian matrix of graph

shown in Fig. 2.1a are given below.

2 -1 0 -1 0 7 0 3 1 -1 0 -3
-1 2 -1 0| — |2 ol oo - -1 1o
L= L= |’ ? Li=| ° ;
0 -1 2 -1 0% 01 o -3 1 -1
-1 2 -1 0 030 -1 1 -1 0
18
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CHAPTER 3

CONSENSUS OF MULTI-AGENT SYSTEMS

IN PRESENCE COMMUNICATION L.OSS

3.1 Introduction

Communication loss is a very common phenomenon while implementing consensus algorithms
on practical system such as a group of mobile robots. This loss of communication is attributable
to various factors. Big obstacles like walls, robot away form antenna range of other robots etc.,
can cause communication loss. Multi-agent systems are connected by communication topolo-
gies, the changes in topologies are referred as switching topologies. Loss of communication
and regain results in switching topologies. In some advanced applications, there can be delay
in execution but failure is not desirable. Examples include a group of robots used for map mak-
ing in a new environment, search operations by a robotic swarm in non-emergency situations
etc.. Complete loss of communication is not studied in the existing literature [31, 106]. In this
chapter, two algorithms, namely “back-tracking” and "history following”, are proposed to reach
consensus in case of communication loss with switching topologies. To reach consensus by a
linear system in distributed control, a topology with spanning tree is sufficient [79]. However,
in this work the proposed back-tracking algorithm always bring back the agents to a strongly
connected topology and the reason for that is explained in Section 3.2.

The proposed back-tracking algorithm ensures that the agent backtracks its position unless
the communication is re-established and a new path is taken to reach consensus. In history

following, the agents use the values stored in memory and move towards consensus point calcu-
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lated using those values until the communication is regained. Upon regaining communication,
a new consensus point is calculated depending on the current positions of the agents and they
change their trajectories accordingly. Simulation results, for a network of six agents, show that
when the agents follow the previous history, the average consensus time is less than that of
back-tracking. However, situation may arise in history following where a false notion of reach-
ing consensus makes some of the agents stop at a point other than the actual consensus point.
The agents fail to reach consensus in such a scenario.

An obstacle avoidance algorithm is integrated with the proposed algorithms in simulation
to avoid collisions. Hardware implementation for a three robots system demonstrates the effec-
tiveness of the algorithms. Presence of time-delays due to processing and communication may
affect the stability of the agents. The proposed algorithms are able to withstand time-delays up
to a certain limit. The time-delays considered in this chapter are primarily bounded communi-
cation time-delays. The attention in this chapter is focused on overcoming communication loss
while consensus is being achieved. Simulation and implementation on a group of robots are
performed to demonstrate the working of the proposed algorithms.

Organization of the chapter is as follows, Section 3.2 explains the system model mathemat-
ically and algorithms are defined in Sections 3.3 and 3.4. A sensor based obstacle avoidance
algorithm is explained in Section 3.5, followed by simulation results in Section 3.6. A detailed

description of hardware implementation is given in Section 3.7.

3.2 System Model

The position of mobile robot in a flat arena is represented by the position coordinates (x,y)
with respect to the origin and the orientation (heading of robot) by ¢ with respect to X-axis.
The linear velocity is represented by v and the angular velocity by @. The linear acceleration
u; and angular acceleration up are the corresponding control inputs. The dynamics of each
robot in a network is given by fifth order state space representation in Eqn. (3.1). The agent

dynamics are chosen to represent both simulation and implementation models. A consensus
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circle with center as the mean position of all agents is assumed to be a circular area, in which
the robots once entered are expected to stay. The multi-agent system with switching topologies
and time-delays is considered with an aim of robots gathering inside the consensus circle with
radius ccr. The topologies with loss of communication (not strongly connected) and strongly
connected topologies are considered for switching. Topology switching occurs in the case of
communication loss and regain, which is a very common phenomenon in any communication
network. Presence of big obstacles like wall may cause loss of link and some situations may
arise when the link is never regained unless the position of the agent is changed. Loss of
communication can result in failure of reaching consensus or flocking.

Two new algorithms called “back-tracking” and history-following” are proposed to ef-
ficiently handle such situations when the communication topology is not strongly connected
mainly because of the positions of the agents. According to the proposed back-tracking algo-
rithm, an agent backtracks its path if it loses communication with other agents and choose a
new path to reach the consensus. However, in the history-following case, the agents use their
memory to follow the previous consensus point once the communication is lost. A new con-
sensus point is calculated after the communication is re-established and the network is strongly
connected again.

A group of n agents and the underlying communication topology is represented by a di-
rected graph with n nodes and corresponding branches representing the communication topol-
ogy. Branch weights of the directed graph are considered to be unity rather than non-uniform
weights. The switching topologies based on position of agents are represented by correspond-
ing directed graphs and adjacency matrices. Static obstacles are considered to be present in the
paths of the agents which necessitates an obstacle avoidance algorithm to be incorporated with.

The i agent dynamics in a coordinate system positioned at (x;,y;) with an orientation of ¢

radians is given by Eqn. (3.1).
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Xi =vjcos (¢;)

i = visin(¢r)

b= G.1)
Vi = u;|

O; = upp

Where v; € R" and w; € R" are linear velocity and angular velocity of the agent with di-
mension n X 1. Control inputs u;;,u; € R correspond to linear acceleration and angular accel-

eration. The control inputs u;,u;» are designed using Eqn. (3.2).

uit = f1 (Uix, iy, i)
Yy’ (3.2)
uip = fo (Uix, Uiy, Uiy)
where, the feedback inputs, u;y, u;y, corresponding to the local interactions with respect to

each agent, are given by Eqns. (3.3) and (3.4).

u,'x:%(iaij(xj((k—gj)T)—Xi((k—gi)T)>> (3.3)

j=14j \ j=1
1 n
u,-y:n—(Zaij<yj((k—gj)T)—yi((k—gi)T)>) (3.4)

J=19j\j=1

The feedback information about velocity of the agent is given by Eqn. (3.5).

Ujy = Vi ((k — g,‘) T) (3.5)

For an undirected graph, a;; = aj;. It is assumed that position and velocity are constant in the
interval [kT,(k+1)T). The scalar k represent the step number, T represent the time duration
of each step and kT represent the current time. Communication and input time-delays are
represented by g;T and g;T respectively at current time k7. Since the focus is on overcoming
communication loss, the time-delays are chosen to be single step (7). The single step time-delay

will not affect the performance of system when the network topology is strongly connected.
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Time-delays are incorporated in the systems by using the past values of position instead of
the present position. Linear control laws in Eqns. (3.3) and (3.4) result in large acceleration
and velocity when the agents are far from each other. The linear control laws cannot be used
directly in simulation since obstacle avoidance is designed for low velocity scenario and also
due to limitations in hardware. Robots are nonlinear in nature, they cannot handle large values
of velocity and acceleration due to actuator saturation. Control laws in Eqn. (3.2) are similar to
saturation function with constraints on acceleration and velocity. Most of the consensus control
laws in literature are linear and switching topologies are periodic in nature. To emulate the
situation where topology changes due to specific positions of the agents, algorithms are used
to stop the robots from communicating with other robots when they enter into those specific
positions.

The robot motion control is performed through the control of linear and angular accelera-
tions with respect to origin. The algorithms follow a nonlinear control when they are strongly
connected. The robots are equipped with multi-hop communication and enables each agent
to get information of all the agents when strongly connected. Consequently, the control law
defined in Eqgns. (3.2), (3.3), (3.5) and (3.7) coupled with algorithms is a special case of the
one described in Eqns. (5.70) and (5.71). In section 3.2, each robot is described by fifth order
dynamics. When observed carefully, each robot has two subsystems, one for position and other

for orientation with respect to origin. With r; = 4 /xl.2 + y%, it can be rewritten as,

ri =1YV;
(lsi = O,
(3.6)
Vi = Uj]
W; = ujp

When compared with the system defined in section 5.4, the system in Eqn. (3.6) has double
the number of states with similar relation among the states. The stability analysis of the above
system follows a similar procedure as described in section 5.4.

The control inputs in Eqn. (3.2), fi (4ix, tiy, uiv) and f> (u;x, uiy,u;y) are computed by the

TH-1992_ 10610219 23
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following algorithmic steps.

1. If step = 1, the agents broadcast their positions without moving. If 1 < step < stepin,

the agents broadcast messages to incorporate user defined time-delay in the system.

2. The heading of each agent is updated by the control law f> (u,-x,uiy,u,-v) based on feed-
back from other agents when the agent is not inside the consensus circle radius ccr

(\Vup® + u,-yz > ccr) with center as mean position of other agents.

3. f1 (ins iy, i) = ta if \/up® +uiy? > cer and uj, < gy 1.€., if an agent is not inside
the consensus circle radius ccr, set acceleration as 4-a until velocity of the agent reaches

Vmax.

4. f> (uix,uiy,u;r) continuously updates the heading using obstacle avoidance algorithm in

section 3.5.
5. Repeat above algorithmic steps until /ujx” + uiy> > ccr.

6. When an agent loses communication with other agents, the agent is brought to halt by

setting deceleration d until velocity becomes zero, i.e., fi (ix, Uiy, i) = —d if v; > 0.

7. When \/up? + uiy? < cer, fi (ix, Uiy, uiy) = —d if vi > 0 and f1 (uix, iy, uiy) =0 if v; =0

i.e., the agent is brought to halt by decelerating until velocity becomes zero.
8. The simulation is continued till step,,,, number of steps.

The parameters stepmin, St€Pmax, ccr, a, d and vy, are to be chosen judiciously by the
users based on the requirement and limitations of hardware. The parameter step,,;, is used in
the cases where time-delay effects are tested. The above position based switching algorithm
without back-tracking or history following is elaborated in a flow chart as shown in Fig. 3.1.

Control inputs u;1, uj in Eqn. (3.2) are able to solve consensus problem of linear multi-
agent system if the graph has a spanning tree [74] [77]. A graph becomes strongly connected
when every node has a directed path to all the other nodes. Likewise, the graph has a spanning

tree when all nodes have a directed path from at least one node. In distributed control, the
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Broadcast data,
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Figure 3.1: Flow chart for position based switching without back-tracking or history following
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network need not be strongly connected to reach consensus. Consensus of a linear system can be
ensured if the graph has a spanning tree for fixed topology or the union of all the topologies has
a spanning tree for a periodic switching topologies [79]. However, in a spanning tree topology,
non-root agents may not have information about other agents. This may lead to the agents
not being able to decide on coming to halt or use back-tracking algorithm when the topology
does not have a spanning tree. Moreover, the agents and the corresponding control laws are
nonlinear. To overcome the issue, a strongly connected topology has been considered as a
necessary condition. A multi-agent system with nonlinear control laws reach consensus if it has
connected network topology [68].

If x; — x;,y; — y;,Vi# jand X; — 0,y — 0, ¢; — 0, Vi € [1,n],V; € [1,n], then consensus is
said to be reached in position for n point masses. It can also be said that, consensus in position
of n robots is reached if, x; — x;*, y; = y*, x; — 0,y; — 0 and w; — 0, where substituting

(x;*,y*) in the place of (x;,y;) satisfy the condition \/ui* + uiy?> < ccr, Vi € [1,n].

3.3 Back-tracking Algorithm

In position based switching, incorporation of back-tracking allows an agent to back-track some
predefined amount of distance when the communication topology is not strongly connected.
The back-tracking occurs unless the agent reaches the position where communication is re-
gained. At this point the agent takes another path around communication loss point, avoiding
some area defined in the algorithm. Back-tracking, path change and the subsequent course cor-
rection are performed according to the algorithm. In a distributed control, since all the agents
take decisions independently, every agent should have information about other agents to take
decision on when the agent should back-track. Therefore, it is necessary for the network to be
strongly connected. If an agent is not able to receive data from any of the other agents, it halts
and backtracks the path to re-establish the communication link. Then the agent reroutes itself
based on algorithmic steps, preserving connectedness of the network. This process is repeated

until consensus is reached. The algorithm heuristically brings the agents into connected con-
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figuration. If the agents are connected, they reach the consensus with the control inputs. The
mathematical analysis of the same is provied in Section 5.4

The algorithmic steps are as given below.

1. If step = 1, the agents broadcast their positions without moving. If 1 < step < stepyin,

the agents broadcast messages to incorporate time-delay and back-tracking in the system.

2. The heading of each agent is updated by the control law f5 (ujy, ujy, u;,) based on feedback
from other agents when the agent is not inside consensus circle radius ccr (4 Jui® + u,-y2 >

ccr) with center as average position of other agents.

3. fi1 (in, iy, i) = ta if \Jup® +uiy? > cer and uj, < vy i.€., if an agent is not inside
the consensus circle radius ccr, set acceleration as £a until velocity of the agent reaches

Vmax-

4. f> (ux,uiy,u;,) continuously updates the heading using obstacle avoidance algorithm in

section 3.5.

5. If an agent is not receiving data from other agents, then fi (u;y, Uiy, uiy) = —d if u;,, >0

and fi (i, uiy, ui) = 0 if u;, = 0 are used to bring the agent to halt.

6. In the next step, make fi (4ix, Uiy, Uiy) = —a to back-track and it is repeated for the next b;
number of steps. Then use fi (u;y, iy, uiv) = d if u;, < 0and fi (uix, iy, uiy) = 0 if u;, =0

to bring the agent comes to halt.

7. Change the heading of agent by ¢, degrees using f> (#ix, Uiy, iy) and make f1 (u;x, Uiy, Uiy) =

aif \/ui? + uiy? > ccr and ujy, < Vyqy for next by number of steps.

8. Change heading towards mean position with the help of f> (u;x, uiy, u;y) and proceed fur-

ther.

9. Iterate above steps until \/u; > + uiy”> > ccr

10. When \/ujx? 4+ u;> < ccr, the agent is brought to halt by making fj (u;x, iy, i) = —d

until u;, > 0 and f; (u,-x, Uiy, I/tl'v) =0ifu;, =0.
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11. The simulation is continued till step,,,, number of steps.

I
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Figure 3.2: Flow chart for position based switching with back-tracking
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Parameters stepyin, steépmax, CCT, a, Vimax, b1, bz and ¢y, are to be judicially chosen for specific

applications. The above algorithm is represented using a flow chart in Fig. 3.2.

3.4 History Following with Memory Enabled Agents

Here, position based switching is considered where agents can retain the history of average
consensus point in the memory. Whenever an agent loses communication with other agents, it
proceeds with data stored in memory till it regains communication. The algorithmic steps are
very similar to the one without back-tracking except that an agent does not come to halt when
it loses communication. The algorithm can be depicted in a flow chart as given in Fig. 3.3.
Next section presents the obstacle avoidance algorithm to be incorporated with the proposed

algorithms.

3.5 Sensor Based Obstacle Avoidance

A laser sensor that is available in MRSim application for Matlab is used in simulations for the
purpose of obstacle avoidance. Beam-width of the sensor is defined to be 180° and a range of
300 pixels is assigned. The sensor returns an array of distance values with which, an algorithm
enumerated below is implemented. Fig. 3.4 gives a pictorial representation of the robot shape
and area of obstacle avoidance which is divided in a number of sectors. A detailed algorithm
is provided below, that is used for agents of maximum size 5 pixels. For larger robots, the

numerical values should be chosen appropriately.

1. Scan the 180° sector in the front using laser scanner to calculate cone of avoidance.

2. If an obstacle is found within 150pixels in the sector of £2° of present heading, then turn

the agent to nearest 4° sector with no obstacles.

3. If an obstacle is found within 5/sin(0) distance in the 57°sectors of +3° to +60° of
present heading, then turn the agent to avoid obstacle with minimum of 1° change and

maximum 30° change.
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Figure 3.3: Flow chart for position based switching with memory enabled agents
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Figure 3.4: Pictorial Representation of Obstacle Avoidance

4. If an obstacle is found within 8pixels in the 30 sectors of £61 to 90, then turn the agent

by 30°.

5. If an obstacle is found within 5pixels in the sector of 90° of present heading, bring the

agent to halt position.

3.6 Simulation Results

This section presents the simulation of multi-agent consensus for various non-switching and
switching topologies. The simulations are done using MRSim - Multi-Robot Simulator(V1.0)
compatible on MATLAB 7.12 (R2011a)+. The simulator allows a maximum of 255 robots to
run at a time. The robots are allowed to have user-defined shape. The simulation environment is
defined by a 2-dimensional 1-bit(black/white) bitmap image. Borders and obstacles are defined
by zero valued pixels and rest of the pixels has value one. The obstacles in simulation results
are depicted using darker shade gray boxes and communication loss areas with lighter shade

gray boxes.

3.6.1 Arena and Initial Conditions

The arena is chosen to be of size 1412 x 773 pixels whose origin is considered to be at south-
west position. The arena has borders at 26pixels in the West, at 35pixels in the South, at
1384 pixels in the East and at 747 pixels in the North. Each agent is fit in a circle with 5pixels
radius.

Six agents are considered for simulation, so the consensus circle radius ccr is considered as

30pixels to enable them to fit in the region even if they stand in straight line. The maximum
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Figure 3.5: Consensus of switching topologies based on position without back-tracking
algorithm(case-1) and with back-tracking algorithm(case-2): loss of communication occurs in
5% of the total area.

velocity of each agent is considered as vy, = 2pixels/step, acceleration as a = 0.1 pixels/ step®
and deceleration as d = 0.5pixels/step®. It is considered that for the first step,,,; = 10 steps,
all the agents broadcast data to enable back-tracking without failure. step;,q, is considered as
500 for non-switching cases and 800 for position based switching cases. Number of steps for
back-tracking is considered as b; = 5, number of steps for path change is considered as b, = 10

and change in the angle after back-tracking is considered to be ¢, = 45°.

3.6.2 Position Based Switching Topologies

In practical cases, the position of robot decides the communication topology switching. For the
sake of simplicity, two communication topologies are assumed and the corresponding adjacency

matrices are as given below.
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Figure 3.6: Plot of control inputs with back-tracking algorithm(case-2): loss of communication
occurs in 5% of the total area.
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The arena has five percent of area in which the agents lose communication and it is denoted
with lighter shade gray boxes in the Fig. 3.5. Simulation is done using algorithm in Fig. 3.1,
the agents come to halt when they lose communication, which is shown in Fig. 3.5 labelled as
case-1. The direction robot motion is shown using a green arrow in all the simulation images.
Initial positions of robots for result depicted in Fig. 3.5 are as given below,

Robotl: (86,244), Robot2: (117,663), Robot3: (1225,639), Robot4: (1084,127), Robot5:
(616,173), Robot6: (326,80).
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3.6.3 Position Based Switching Topologies with Back-tracking

Here, it has been considered that the switching of communication topology is based on position
and agents have the capability of using back-tracking algorithm. The agent stops whenever it
is not receiving data from any of the other agents, i.e., when the topology is not strongly con-
nected. It then backtracks for b| number of steps to gain communication and reroutes itself to
ensure a strongly connected topology. The simulations are performed using the communication

topologies whose adjacency matrices are provided earlier.
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Figure 3.7: Consensus of switching topologies based on position without back-tracking
[1](case-1) and with back-tracking algorithm(case-2): loss of communication occurs in 3%
of the total area.
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Figure 3.8: Plot of control inputs with back-tracking algorithm(case-2): loss of communication

occurs in 3% of the total area.
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Figure 3.9: Consensus of switching topologies based on position without memory(case-1) [2]
and with memory enabled agents(case-2): loss of communication occurs in 5% of the total area
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Figure 3.10: Plot of control inputs with memory enabled agents(case-2): loss of communication
occurs in 5% of the total area.

Simulation results depict that whenever an agent is not receiving data, it reroutes using back-
tracking algorithm. Due to usage of distributed control and back-tracking, strongly connected
topology is maintained instead of graphs with spanning tree subgraph. From the simulation
results, it is observed that agents reroute on need basis to ensure all the agents receive and send
data to other agents. Simulations are done for two different scenarios as shown in Figs. 3.5
to 3.8. The first scenario in Fig. 3.5 has five percent of area in which the agents lose com-
munication, the second scenario in Fig. 3.7 has three percent of area in which the agents lose
communication and it is denoted with lighter shade gray boxes. Figs. 3.5 and 3.7 show the re-
sults where agents lose communication at various points. Agents try to reach consensus without
using back-tracking algorithm is labeled as case-1 and with using back-tracking algorithm is la-
beled as case-2. It can be observed that, the agents finally reach consensus using back-tracking
even with communication loss at multiple instances. Initial positions of robots for result de-
picted in Fig. 3.7 are as given below,

Robotl: (943,319), Robot2: (1345,128), Robot3: (1312,536), Robot4: (500,616), Robot5:
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(54,437), Robot6: (194,69)

3.6.4 Position Based Switching Network Topology with Memory Enabled

Agents

In this case, the simulations are performed with the two adjacency matrices as given earlier.
Simulations are done for two different scenarios similar to earlier case as shown in Figs. 3.9
and 3.10 case-2 and Figs. 3.11 and 3.13 case-1. From Fig. 3.9, it can be observed that the agents
reach consensus but from Fig. 3.11 it can be observed that robotl is not reaching consensus.
The reason for this behavior is, robotl comes to halt based on data in its memory after losing
communication and rest of the agents change path to avoid collision, resulting in new mean
position that is not available to robotl. This is a drawback which arises if an agent can not gain
communication before rest of the agents reach consensus and come to halt. However, it can also
be observed from Fig. 3.11 case-2, the agent reach consensus using back-tracking algorithm for
similar situation. Initial positions of robots for result depicted in Fig. 3.9 are as given below,
Robotl: (86,244), Robot2: (117,663), Robot3: (1225,639), Robot4: (1084,127), Robot5:
(616, 173), Robot6: (326,80).

The control inputs are depicted in Figs. 3.6, 3.8, 3.10 and 3.13. It can be observed that in all
the cases, control input reaches zero after reaching the final destination. This implies that the
aim of all the agents, i. e., the consensus has achieved.

Initial positions of robots for result depicted in Fig. 3.11 are as given below,

Robotl: (943,319), Robot2: (1345,128), Robot3: (1312,536), Robot4: (500,616), Robot5:
(54,437), Robot6: (194,69).

3.6.5 Comparison of Results

In the comparison shown in Table 3.1, different cases have the following parameters
Case I: Position based switching without back tracking using algorithm in Fig. 3.1

Case 2: Position based switching without back tracking and memory using control laws in [1]

[2]
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Figure 3.11: Consensus of switching topologies based on position with memory enabled

agents(case-1) and with back-tracking(case-2): loss of communication occurs in 3% of the

total area

Table. 3.1: A comparison on the time to reach consensus for various switching topologies

Switching Time to reach consensus

topology | First run Second run Third run

Case 1 - - -

Case 2 - - -
187.6 sec and 248.4 sec | 96.6 sec and 98.2 sec | 60.4 sec and 73.2 sec

Case 3 for 3% apd ?% loss of | for 3% apd é% loss of | for 3% gnd .5% loss of
communication respec- | communication respec- | communication respec-
tively tively tively

Cuse 4 133 sec for 3% and 5% | 68.4 sec for 3% and 5% | 41.8 sec for 3% and 5%
loss of communication | loss of communication | loss of communication

Case 3: Position based switching with back tracking using algorithm in Fig. 3.2

Case 4: Position based switching with history following using algorithm in Fig. 3.3

First run: a =0.05,d = 0.25, Vyyin = —1, Vipax = 1, ccr = 30, steppin = 20, by = 20, by = 20

and arena as shown in Fig. 3.9

Second run: a=0.1,d = 0.5, Viyin = =2, Vipax = 2, ccr = 50, steppin = 10, by = 10, by = 20

and arena is as shown in Fig. 3.11
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Figure 3.12: Plot of control inputs with with memory enabled agents(case-1): loss of commu-
nication occurs in 3% of the total area.

Third run: a=0.3,d =1, Viyin = =3, Vinax = 3, ccr = 40, stepmin =5, b1 =5, by = 15 and

arena as shown in Fig. 3.9

From the simulation results shown in Table 3.1, it can be observed that increase in accel-
eration and velocity with back tracking will not directly reduce the convergence time. The
convergence time in a given arena is affected by initial conditions for different arenas and num-
ber of times back tracking take place for the last robot while reaching consensus. The number
of times back tracked by last robot is different for non-identical parameters. First run: 8 and
13 for 3% and 5% loss of communication respectively. Second run: 5 and 9 for 3% and 5%
loss of communication respectively. Third run: 6 and 7 for 3% and 5% loss of communication
respectively. Values of step,in, b1 and by will affect the path of robot which will further affect
convergence time. All the parameters should be chosen judiciously depending on size of arena,
percentage of no communication zones and size of robots. Proposed algorithms are robust to

work for different sets of parameters and arena conditions. It is observed that the convergence
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time is increased when the percentage of area with no communication is increased from three
percent to five percent. In the case of history following algorithm, agents are required to store
the most recent update and the extra memory required is negligible. The average consensus
reaching time is less in case of memory enabled agents. From different runs, it is evident that
the changes in acceleration and velocity also reflect in convergence time. However, as shown
in Fig. 3.11, in some situations, following previous history may result in some error in the fi-
nal destination. An algorithm should be chosen by considering trade-offs between convergence
time and guaranteed convergence.

Control laws from [1,2,92] have been considered for comparison and the result of simulation
is similar as the case without back-tracking. The authors did not consider the complete loss of
communication based on position of robots, the robots did not reach consensus once they lose
communication in the arena. The simulation result for the control law proposed by Zhou. et
al. [1] is shown in Fig. 3.7, which is labeled as case 1. It can be observed that the robots stop
when they lose communication from other robots.

Mean square errors of the final position with respect to actual goal are calculated and given
in Table 3.2. The values are calculated for the results shown in Figs. 3.5, 3.7, 3.9 and 3.11.
Fig. 3.1 represents the algorithm without back-tracking and without history following. Fig. 3.2
represents the algorithm with back-tracking and Fig. 3.2 represents the algorithm with history
following. As discussed earlier, it can observed that the mean square error for the algorithm

with back-tracking is lowest for both 5% and 3% loss of communication.

Table. 3.2: Mean square errors of the final position

Loss of communication (%) | Algorithm reference Mean square error
5% Fig. 3.1 55878.61
5% Fig. 3.2 485.05
5% Fig. 3.3 507.19
3% Fig. 3.1 115567.29
3% Fig. 3.2 196.23
3% Fig.3.3 521.33
40
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3.7 Implementation on Hardware

Hardware implementation is done on a network of three agents of which one is a Research Pa-
trolBot manufactured by Adept MobileRobots and other two robots are developed in laboratory.
Patrolbot is controlled using laptop and rest of the robots are controlled by BeagleBone-Black.
The algorithm implemented on the system in Fig. 3.13 is very similar to simulation except the

obstacle avoidance part.

Figure 3.13: Multi-agent system hardware setup

3.7.1 Research Patrolbot

Patrolbot is an advanced robot equipped with a differential drive made of high torque, high
speed reversible DC motors. It works on a client-server relation with a t ARCS microcontroller
as client and a computer as server. The microcontroller is responsible for handling the low-

level control such as speed, direction and data acquisition from sensors like wheel encoders,
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sonar. The computer handles the high-level control like path planning, communicating with
other robots, localization and other intelligent controls. The computer and microcontroller are
connected serially. All the control from user side is performed on the computer, there is no need
for the normal user to access the microcontroller.

The patrolbot is controlled with the help of an open source development environment, Ad-
vanced Robotics Interface for Applications (ARIA) that communicates with microcontroller
from the computer. It is a C++ based environment with vast number of functions for robot’s
motion control and provides a great client-side interface with elaborate documentation. The
computer used here is a laptop mounted on top of the patrolbot. Technical specifications of the

patrolbot are provided in Appendix A.4.

3.7.2 Robot Assembly

Two wheeled robots are built in the laboratory. They communicate among themselves and as
well as with the patrolbot. All three of them act as a three-agent system. These two assembled
robots are powered by Beaglebone Black (BBB). Each robot is driven by two bi-directional DC
motors, which act as a differential drive. Centroid of the robots is assumed to be mid-point
of the line connecting both the wheels. Both the motors are mounted under a plywood sheet
of size 25¢m x 18cm. Separation between the wheels is maintained as 24cm for one bot and
20cm for the other bot. Calculations of the robot motion are performed accordingly. Technical

specifications of major hardware components are provided in Appendix A.5.

3.7.3 Robot motion

Motion control of Patrolbot is done using C++ script with ARIA library functions, installed
on a laptop. The user has to define the velocity, heading etc., with the help of ARIA classes
in the script. All the low-level functions like speed control, heading control etc., are taken
care of by the tARCS microcontroller, which communicates with laptop through serial port.
Patrolbot is equipped with high resolution quadrature encoders for the accurate measurement

of position, tARCS and ARIA calculate the precise value of velocity. Localization is achieved
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using dead-reckoning principle with initial conditions provided.

The other two robots are controlled using Beaglebone Black (BBB) loaded with Ubuntu-
14.04. The BBB is equipped with main processor (1IGHz ARM cortex A-8) and two axillary
microcontrollers (Programmable real time units). Sending motion control signals to the drivers
and communication with other robots are performed by using a C script, which runs in the
OS on ARM processor. General Purpose Input Output (GPIO) pins, PWM are enabled using
Device-trees during run time since, standard linux kernel doesn’t define all the input-output
pins. Device-trees can be very useful if we want to deploy pins for different purposes at different
occasions. For example some pins on BBB can be defined as GPIOs or PWM outputs or PRU
I0s based on mode definition given in system reference manual.

A Device-tree is defined as per pin configuration given in Table 3.3. Few pins can be used
without explicitly defining in the Device-tree. The Device-tree files corresponding to those pins
are provided with Ubuntu OS image tailored for Beaglebone Black. Some of them are given in
Table 3.4.

Table. 3.3: Device tree pin description

Pin Mode Pin usage

P9_11 | GPIO fast output pulldown Right motor control signal B1
P9_12 | GPIO fast output pulldown Right motor control signal B2
P9_17 | GPIO fast output pulldown Left motor control signal Al
P9_18 | GPIO fast output pulldown Left motor control signal A2
P9_24 | PRUO input Left wheel encoder sensor signal
P9 25 | PRUO input Right wheel encoder sensor signal

Table. 3.4: Pins used but not defined in device tree

Pin Name Pin usage

P8_19 | EHRPWM2A Left motor pwm signal

P91 | GND Ground terminal

P93 | DC3.3V 3.3V Reference voltage for level shifters
P9_21 | EHRPWMOB Right motor pwm signal

Based on motor driver data sheet, appropriate frequency (SKHz) and duty ratio are assigned
from host C-script to both the PWM pins. Direction of motor shaft rotation is controlled using

control signals A1, A2, B1 and B2 from host C-script which follow the logic given in Tables 3.5
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and 3.6.

Table. 3.5: Motor driver logic pins description for left motor

Right motor control signal A1l

Right motor control signal A2

Function

0

0

Soft brake

Reverse rotation

Forward rotation

0
1
1

1
0
1

Hard brake

Table. 3.6: Motor driver logic pins description for right motor

Right motor control signal B1 | Right motor control signal B2 | Function

0 0 Soft brake

0 1 Reverse rotation
1 0 Forward rotation
1 1 Hard brake

Wheel encoder sensor signals can be read with polling from host C-script. In polling, a
signal is checked at regular intervals of time. Pulse count is updated when there is a change in
the signal, high to low or low to high. Sometimes, the pulses can be miscounted if some process
is blocking the processor for longer duration. Missing a high between two lows or vice versa
may happen. In practice, counter misses pulses during packet data transfer and file read-write
operations. Moreover, velocity measurement from polling though main processor is erroneous
owing to the fact that it is not real-time. To overcome these drawbacks, Programmable real time
units are used for pulse counting and motor shaft angular velocity measurement. The measure-
ments can be further used to estimate position (using dead-reckoning with initial conditions)
and velocity of the robot. The main processor can become almost real-time (with few excep-
tions) by applying rt patch to the OS kernel, but PRUs are preferred due to their high accuracy
and to distribute the load of computation.

The Programmable real time units PRUO and PRU1 on BBB are independent of main pro-
cessor as well as of each other. The clocks of the PRUs are set at 200M Hz, which implies
each clock cycle takes Sns. Normal arithmetic instructions take typical one clock cycle, data
operations on data memory takes 2 clock cycles for reading and 3 clock cycles for writing. For

data operations on external memory, it takes more clock cycles depending on bus congestion,
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typically 10 to 15 cycles. The PRUs can be programmed using assembly level coding or C-
script compiled on TI-CGT compiler provided by Texas Instruments. Assembly level coding
is used in this work to have more control over number of instructions. Communication among
main processor and PRUs can be done using remoteproc architecture or shared memory access.
Shared memory access is chosen due to its simplicity in implementation and lack of proper
documentation for remoteproc at the time of implementation.

A loop is defined in assembly script in such a manner that PRUO polls each wheel sensors
at every 80ns for pulse count. A loop counter stores the number of loop iterations executed
between the pulses. The pulse count and loop counter values are stored in predefined memory
location in the data memory of PRUO. The host C-script reads those memory locations to get
pulse count and time gap between the pulses. The linear velocity of left and right wheels, sep-
arated by distance d, is calculated using number of pulses in a given interval of time. Using
left and right wheel velocities (viz, vir), linear velocity of the robot can be calculated using
Eqn. (3.7) and angular velocity is calculated using Eqn. (3.8). The pulse count is used to calcu-
late position of robot with dead-reckoning principle. The calculated position, linear and angular

velocities of the robot are used in Eqn. (3.1).

= ViL + Vir (3.7)
2
o = ViL Z ViR (3.8)

The host C-script will also take care of motor velocity control using PID control. Robot
heading is set at the start and corrected at regular intervals. The back-tracking algorithm is
implemented wherever the need arises. In case of history following algorithm, robots use the

values stored in memory.

3.7.4 Robot communication

Robot communication is implemented using user datagram protocol (UDP). A local Ad-hoc

network is defined by manually assigning IP addresses. Packets are sent after every loop itera-
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tion and received using non-blocking functions. A Os time-out is implemented to pop-out all the
packets received and only the most recent one is considered. All the packets are time stamped

to differentiate between recent and older packets.

3.7.5 Implementation Results

Before implementation, the robots have to be time synchronized with each other to start all the
robots at same user-defined time. It is achieved by making the laptop of patrolbot as ntp-server
and other two robots as clients. To overcome time drift over the course, the clients’ time is
updated before each run. Implementation is done for dynamically switching topologies based
on position of agents.

A comparison on the time to reach consensus for simulation and experimental results is
shown in table 3.7

Table. 3.7: A comparison on the time to reach consensus for simulation and experimental results

Switching topology Simulation time to | Experimental time to
reach consensus reach consensus

With no loss of communica- | 8.3s 14.9s

tion

With loss of communication | - -
and no back-stepping

With loss of communication | 12.2s 34.7s
and back-stepping
With memory enabled robots | 8.3s 14.9s

A three-agent system is also simulated on MRSim for comparison of results. The simulation
and implementation results for back-tracking algorithm are depicted in Figs. 3.14 and 3.15. The
arena is chosen to be of size 3000 x 3000pixels whose origin is considered to be at south-west
position where pixels in simulation are analogous to millimetres in implementation. Fig. 3.14
shows a case with robots having initial positions (250,250), (200,2800), (2800,2800) and ini-
tial angle 0°. For simulation, the values of acceleration and deceleration are chosen to be
50pixels/s* and reference velocity to be 200pixels/s. The parameter values are chosen as
by =5, by =10 and ¢, = 45°. For implementation, acceleration and deceleration are dynamic

in nature based on PID controller output. PID controller tires to maintain a reference velocity
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magnitude of 200mm /s in both forward and backward directions.

Fig. 3.15 depicts robots’ distances from origin (0,0) versus time. The rectangular boxes
show the area where robots lose communication. The robots use back-tracking algorithm when
they enter into that region to change its path for reaching destination. It is observed that there
is some deviation in path and convergence time between simulation and implementation. The
path deviation is due to small errors in differential drive, low resolution of wheel encoders and
corresponding PID controller trying to maintain reference velocity of 200mm/s. These errors
increased the number of robot heading corrections, which further increased convergence time.

The simulation and implementation results for memory enabled agents are shown in Figs. 3.16
and 3.17 with same initial conditions and arena. It can be observed that time taken to reach con-

sensus in this scenario is less than that of back-tracking.
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Consensus of multi-agent system with loss of communication and back-stepping
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Figure 3.14: Consensus of switching topologies based on position with back-tracking
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Figure 3.15: Consensus of switching topologies based on position with back-tracking
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3.8 Conclusion

Two new algorithms, to reach consensus in a multi-agents network with switching topologies,
are proposed in this work. Each agent is represented by a second order state space model where
the control input is computed using the presented algorithms. A number of static obstacles are
assumed to be present in the arena. A sensor based obstacle avoidance algorithm ensures no
collision between the agents and the obstacles. Switching occurs depending on the positions of
the agents. The algorithms guarantee consensus by letting the agents to either back-track and
take a different path or follow the previous consensus point whenever a loss of communication
takes place. Simulation results show that when the agents back-track and take another path
whenever they lose contact with the network, consensus is reached all the time. However,
when they follow the previous history, situations may arise where some of the agents stop at
locations near the actual consensus point. Otherwise, the time to reach consensus is less in case
of history following with memory enabled agents. Hardware implementation without obstacles
is also presented which shows the usefulness of the algorithms for practical purposes. Stability
analysis of non-linear systems with time-delays is highly complex. A multi-agent system has
some time-delay margin for the system to be stable and reach consensus. An approximate
analysis for estimating the time-delay margin of non-linear multi-agent system is performed in

the subsequent chapters.
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CHAPTER 4

MULTI-AGENT SYSTEM ANALYSIS:

FREQUENCY DOMAIN APPROACH

4.1 Introduction

Time-delays in multi-agent systems are practically unavoidable. They can be categorized into
two types; input time-delay and communication time-delay. Input time-delay is the amount of
time taken by an agent to gather information of its own states, communication time-delay is
the amount of time taken by an agent to receive the information about states from other agents.
Time-delays in general are uneven, they affect performance and can make the system unstable.
Initially, Olfati-Saber et al. [57] provided an upper bound for time-delay in first-order systems
with equal input and communication time-delays. Subsequently, time-delay has been consid-
ered by many researchers [71,79, 83, 107] and single delay, multiple delays in the systems are
explored. Recently, some researchers are taking the time-delays into account while analysing
the nonlinear multi-agent systems. A second order system with switching topologies and a sin-
gle time-varying delay is considered by You et al. [96]. Communication and input time-delays
are dissimilar in practice. Input time-delays are comparatively smaller than communication
time-delays. A nonlinear multi-agent system with dissimilar time-delays has not been consid-
ered in the existing literature.

A second order nonlinear multi-agent system with different input and communication time-

delays has been considered for the analysis in this chapter. The nonlinearity considered is a
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single saturation. Describing function analysis [108] is used to approximate the system into
linear and nonlinear blocks. To the best of our knowledge, frequency domain analysis is not
used for the case of uneven input and communication time-delays. Frequency domain analysis,
as studied in [58,78,80,83,107], has been extended to study the stability of multi-agent systems
with uneven delays and saturation. The control laws that enable the use of frequency domain
analysis with uneven delays are considered.

In this chapter, we discuss the consensus problem of a distributed multi-agent system with
homogeneous nonlinear agents under a fixed directed graph using two control laws. The control
laws have an averaging term ﬁ, which act as a scaling factor. The scaling factor makes the
analysis simpler and its effect on convergence time, range of time-delay tolerance are discussed
in this chapter. The effects are also discussed during comparative analysis in the subsequent
chapter. The conditions for a stable range of time delays are derived using Nyquist stability

criterion on the linear block and their effectiveness for the nonlinear system is tested. The

major contributions of the chapter can be summarized as,
1. Consideration of uneven input and communication time-delays together.

2. Stability analysis of a nonlinear multi-agent system with the help of describing function

analysis and nyquist stability criterion.

3. Obtaining necessary and sufficient conditions for stability of the multi-agent system with

the proposed control laws.
4. Using the stability conditions to calculate the tolerance range of time-delays.

5. Testing the effectiveness of results using simulations and implementation on a network of

four agents.

The rest of the chapter is organised with system model and results of mathematical analysis
given in section 4.2. It is followed by simulations, hardware implementations depicted in sec-

tion 4.3 to support the theoretical results. Finally, section 4.4 gives conclusion to the chapter.

TH-1992_ 10610219 52



Chapter 4 Multi-agent system analysis: Frequency Domain Approach

4.2 System model and analysis

For a multi-agent system with adjacency matrix .27, another matrix .«7 is defined whose elements

aij . oz oz : s
% is defined. [A1, 43, ...,A,] are the eigenvalues of matrix <. Let x; represents

j=14ij
the position of i agent in time domain. Each agent is represented by differential equations in

are d;j =

terms of x;. Assume the notation x = [x; x5 ... x,]7, X = [X] X2 ... X;)]7 to represent n agents in
time domain and frequency domain.

Nonlinearities are very frequently encountered in multi-agent systems. Saturation is the
most common nonlinearity observed in agents like robots, unmanned air vehicles, unmanned
underwater vehicles and so on. Velocity of such systems is constrained due to various factors.
Maximum RPM of engine, structural integrity to withstand high velocities etc., are some of the
factors that limit the maximum velocity of mobile agents. The aim of the analysis presented in
this chapter is to derive the conditions for consensus reachability when the agents are affected
by velocity saturation and time-delays. Consider a network of n second order homogeneous

agents, where i’ agent have the dynamics as given below:
%i(t) = sar(0i(1))
vi(t) = wi(t)

where x; (1) € R represents position state, sat (V; (1)) € R represent velocity state and u; (1) € R

4.1

is the control protocol. Itis assumed that x; () =x (0) and ¥; () = 0, V¢ € (—oo, 0]. The saturation
function sar (¥; (¢)) is defined in Eqn. (4.2), where —K, and K represent lower and upper bounds
of the function respectively. In an experimental setup, the value of K is dependent on limitations
of the hardware.

—K, if%i(t)<-K

sat (0 (1)) = 0; (1), if —K <9;(t) <K (4.2)

K, ifv; (1) > K
\
The saturation described in Eqn. (4.2) ensures that the system states do not explode with
time and exhibit limit cycles when system is pushed into marginally stable region due to time

delays. The dynamics of i agent can be represented in a block diagram as shown in Fig. 4.1.
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By applying the concept of describing function analysis, we can approximate and rearrange
the block diagram as depicted in Fig. 4.2. Since the nonlinearity is single-valued, it can be
approximated with a describing function as given in [108] and always lie on real axis. The
approximate gain N(A) of the saturation nonlinearity is given by Eqn. (4.3) [108], where A

represents the amplitude of limit cycles.

2
N(A) = % [arcsin (E) + K 1— K (4.3)

A A A?

Proceeding further, it can be found that the nonlinear system considered here give rise to
limit cycles only if the linear system is either marginally stable or unstable [108]. Prediction of
existence of limit cycles is done using stability analysis of approximate linear system as shown

in sections 4.2.1 and 4.2.2 for different control laws.

A

u; 1% i Kl V; X
1 / l l / 1
= j
Communication

& process

(aij)(xj,v;) T l (aji)(xi,vi)

Figure 4.1: Block diagram of i’ agent.

(aij)(xj;v;)
n )

< > Nonlinear Communication | % | Linear
element & process element

(xi,vi)

Figure 4.2: Rearranged block diagram of ' agent.

The approximate linear system given in Fig. 4.2 is represented by Eqn. (4.4),
Xi(r) = vi(1)
vi(t) = wui(r)

The stability analysis of linear system for different inputs is performed using frequency domain

4.4)

analysis and Nyquist stability criterion which is discussed in sections 4.2.1 and 4.2.2.
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4.2.1 Control law 1

A second order multi-agent system is said to reach consensus if, V (i, j) x; = x; and v; = v;. In
certain applications such as gathering agents to a common position, it is required that v; — 0 as
x; — x;j. Consider a control input u; = u;; as given in Eqn. (4.5), that makes v; — 0 as x; — x;.

Assume input time-delay 7; and communication delay 7, in seconds (sec) with 7 < 5.

n

u;1 (t) = —y; (I—Tl)-i- - ! Z [aij (xj (t—Tz) —X; (l‘—Tl))} 4.5)

j=14ij j=

Theorem 1. The system represented by Eqns. (4.4) and (4.5) is stable if and only if,
Al

<1
\/54 —2@° sin (@71;) + @ (1 —2cos (@71)) + 1

where ® satisfies

®cos (@01)) —sin (@71) )

—T =—0T +ar (—Z ) —arctan< — - —
g k —a)2+cos(a)rl)+a)sm(w1’1)

Proof. The system in Eqns. (4.4) and (4.5) can also be represented as,
jc‘,-(t):—x,-(t—rl Za” xJ xi(l‘—Tl)) (46)

Converting it into s domain for i’ agent,

52 X; (s) —sxi (0) —x; (0) = — (sX; (s) —x;(0)) e *

4.7
Z a,] e X (s) —e "X, (s))
i—14ij j=
Qi
Consider .o/ with elements d;; = Y For n agents, the above system can be represented
] lall

as,
S*IX (s) — sIx (0) — Ik (0) = — (sIX (s) — Ix(0)) e~ ™5 — (Ie™ ™5 — o/ e ) X (s) (4.8)

Which can be rearranged as,
X(s)= (T+ (s+1)Ie ™ — e ™) By (sx(0) + e ™°x(0) +x(0)) (4.9)

The characteristic equation of the above system is given by,

n

|21+ (s + 1) Ie™" — e =[] <s21-|— (s+1)Ie*™ —}lke—”2> (4.10)
k=1
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Eqn. (4.10) follows the same logic as given in Appendix A.3 with,
P (s+1)e ™

f(s) parr 4.11)
Consider V/:tk £ 0,
— X
Gy (S) = f(S)
e (4.12)
24 (s+1)en
Magnitude expression of Eqn. (4.12) is given by,
: 2
|G (jo) | = . A (4.13)
Vo =203 sin (01)) + ©2 (1 —2cos (01))) + 1
Phase expression of Eqn. (4.12) is given by,
Gr(jo) = -1 +ar < 2 ) arctan @cos(wt) = sin(0n) (4.14)
L 2 Il —? +cos (0T1) + @sin (©T;) '

Let us assume at ® = @, the Nyquist plot intersects with negative real axis. The phase at ® = @

is —7,

(4.15)

—TT=—0T, +arg (—7%) — arctan < @cos(@7) —sin (@71) )

—®° +cos (@) + @sin (@7
Nyquist stability criterion demands that, magnitude Eqn. (4.13) should satisfy the condition as
given in the inequality (4.16).
A4
V@~ 20 sin(@7) + @ (1 - 2cos (@7)) + |

<1 (4.16)

4.2.2 Control law 2

In certain applications, x; — x; and v; — v; are sufficient for consensus. Consider control input
u; = upp in Eqn. (4.17), with input delay 7|, communication delay 7, and 7; < 15.
1 n

= Y a Z [aij (vj (t—’L’z) —V; (l‘— Tl)) +aij (xj (I—Tz) —X; (l‘— Tl))] (4.17)
j=1%j j=

upp

Theorem 2. The system represented in Eqns. (4.4) and (4.17) is stable if and only if,
AV 1+ @2

<1
\/64—2w3sin(m) +®% (1 —2cos (@1;)) + 1
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where @ satisfies,

wcos (@OT) —sin(oO1)) )

—T=—OT +ar (—;l ) +arctan (@ —arctan( — - Dsin(®
g\ M (@) — @ +cos (07)) + @sin (O]

Proof. The above system in Eqns. (4.4) and (4.17) can also be represented as,

Zn llajzdu -xj(t—TZ) Xi(l—fl))+(Xj(t—Tz)—xi(t—Tl)” (4.18)
Y

i (1) =

Converting it into s domain for " agent

s2X; (s) — sx; (0) — x; (O . Z a,j( (sX;(s) —x;(0)) e ™
14ij
% (4.19)
— (X (5) = (0)e ™) + 3 (X ) =N )
J 14ij j=
Consider ./ with elements d; = naij . For n agents, the above system can be represented
j=14ij

as,

s?IX (s) — slx (0) — I (0) = (se/e” ™ —sle” ™) X (s) — x(0)e” ™

(4.20)
+1Ix(0)e ™ + (e 2 —Te” ") X (s)
which can be rearranged as,
X (s)=(s"I+ (s+1)Ie ™ — (s+1) &Qfe*m)_l
(4.21)
(I (sx(0) +e ™x(0) +£(0)) — &/x(0) e ")
The characteristic equation of the above system is given by,
n ~
|s21+ (s+1)Ie*" —(s+ 1) Fe*2| = H (s21+ (s+1)Ie "™ —(s+1) ?Lie_srz) (4.22)
i=1
Eqn. (4.22) follows the same logic as given in Appendix A.3 with,
2 —8T
s+ (s+1)e™n
= 4.23
Considering VA # 0,
-2
Gi(s) =
f(s)
(4.24)

—(1+s) Zkefsrz
524 (s+1)esn
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Magnitude expression of Eqn. (4.24) is given by,

M| V1+ 0?
Gy (joo) | = AV (4.25)
Vo =203 sin (01)) + 02 (1 —2cos (011)) + 1
Phase expression of Eqn. (4.24) is given by,
G (jo)=— o1 +arg <—5Lk) +arctan (@) —
(4.26)

wcos(wTy) —sin(wTy)
arctan :
— %+ cos (07]) + wsin (©7T)

Let us assume at @ = @, the Nyquist plot intersects with negative real axis. The phase at ® = ®
s —7,

@cos (w1)) —sin(o1))
—®@? +cos (@1 ) + @sin (@71

—T = —OT, +arg (—Zk> + arctan (@) — arctan ( ) (4.27)

Using magnitude Eqn. (4.25) and Nyquist stability criterion, we get inequality (4.28).
AV 1+ @2

@* —2@° sin (@71;) + ® (1 —2cos (@1;)) + 1

<1 (4.28)

~

Eqn. (4.15) and inequality (4.16) are used to calculate the stable ranges of 7, 7, with input

ui1. Eqn. (4.27) and inequality (4.28) are used to calculate the stable ranges of 7, 7, with input

}

(a) Connected cyclic graph. (b) Directed graph.

up.

)

/

D €

LA

/

Figure 4.3: Graphs of communication topologies.

In section 4.2.1, Eqns. (4.13) and (4.14) have three unknowns (®, 71, 7»). Similarly in sec-
tion 4.2.2, Eqns. (4.25) and (4.26) also have three unknowns. For uniform delay 7; = 7o, a
unique solution can be obtained when the magnitude is equated to unity and phase is equated to
—7. In case of non-uniform time-delay, e.g., 7| < T, 7] is fixed at some predetermined value
and the stable range of 7, is found.

For each of the sections 4.2.1 and 4.2.2, the communication topologies considered for sim-

ulation and implementation are shown in Fig. 4.3. The arrows in the figure represent the di-
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Chapter 4
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) Nyquist plot for A = -1 with 7y = 0.3
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Figure 4.4: nyquist plots with u;; and different time-delays

rection of information flow and the weights are considered to be unity for all the branches in

graph. The graph is directed, strongly connected and balanced with each node receiving states’
information from two neighbours and sending states’ information to the same neighbours. An
unbalanced and/or undirected graph can also be considered. The stability analysis discussed

in sections 4.2.1 and 4.2.2 1s applicable to suck networks . When 7; = 1, the linear system is

stable for 7; < 0.422 with control input in Eqn. (4.5). Similarly, the linear system is stable for

T1 = Tp < 0.521 with control input in Eqn. (4.17).
The stability can also be studied graphically with the help of Nyquist plots. Various Nyquist

plots are obtained for different values of 7; and 7, using Eqn. (4.12) in section 4.2.1 for input

Eqn. (4.5). Fig. 4.4 depicts Nyquist plots for 71 = 0.3 and for different values of 7,. It is
observed that for 7, > 0.75, the Nyquist plot encircles —1 (shown by a dot in the figure) and the
system becomes unstable. From Fig. 4.6, it can be observed that the system with u;; considered

in Eqn. (4.5) is stable for 7; = 7, only when 7; < 0.422. Using Eqns. (4.13) and (4.14), the
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Nyquist plot for A = -1 with = = 0.3

0.5
ay /11y, U T2:0.5
— 75=0.82
win T5=0.83
0.0 i 79=0.9

>, —0.5

=

©

=)

)

3o}

£-1.0
—1.5
—2.0

Figure 4.5: nyquist plots with u;; and different time-delays.

stable range of 7, will be determined for a given 7] < 0.422.

A similar analysis is used with Eqn. (4.24) for input Eqn. (4.17). Figure 4.5 depicts Nyquist
plots for 7y = 0.3s and for different values of 7,. The Nyquist plot encircles —1 for 7, > 0.82.
From Fig. 4.6, it can be observed that the system with u;; considered in Eqn. (4.17) is stable for
71 = Tp only when 7; < 0.521. The stable ranges are found by assuming some 7; < 0.521 and

calculating the maximum value of 7, for which Nyquist stability criterion is satisfied.

4.3 Simulation and Hardware implementation results

Simulations and corresponding implementations are performed using scripts coded in C lan-
guage. The initial values are considered as x1 (0) = 0, x2(0) = 230, x3(0) = 110, x4(0) = 40 and
%i(0) =0, i € [1,4]. The value of K is assumed to be 2 in saturation function (saz ( )). Simu-

lations are performed with communication topology as shown in Fig. 4.3a. The corresponding
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Nyquist plot for A = -1 with Uj;, Ujp and 74 =

0 —  Uj1, 1=0.421
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Figure 4.6: nyquist plots with u;>, u;» and different time-delays.

adjacency matrix .7 and </ are as given below,

0101 0 05 0 05

1010 . |05 0 05 0
o o

0101 0 05 0 05

10 1 0] 05 0 05 0

Agent can be a physical system like robot or a virtual system defined with some parameters.

The virtual system can be a node in sensor network. To demonstrate the theoretical results,

a sensor network is implemented with microcontrollers as nodes. The aim is to have com-
munication among the microcontrollers and bring some parameters of each microcontroller to a
common value (reach consensus). Pulse width of PWM wave generated on each microcontroller
is assumed as one parameter. Each microcontroller generates PWM wave with certain initial
pulse width. The microcontrollers have the capability of controlling the rate of change in pulse

width, which serves the purpose of demonstrating the theoretical results. The aim is to bring
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consensus of the pulse widths on all microcontrollers by using the control laws in Eqns. (4.5)
and (4.17).

In the field of robotics, duty-ratio of PWM wave is most commonly used to control the
wheel velocity. PWM pulse width, which affects the duty-ratio, is chosen as the first state
variable x;(¢), where as the second state variable X;(¢) represents the rate of change of the pulse
width. Figs. 4.7, 4.8, 4.11, 4.12, 4.14, 4.15, 4.17 and 4.18 represent plots of x;(z) and x;(r)
for 7; = 0.3s and different values of 7, using the control law u; discussed in section 4.2.1. In
the same line, Figs. 4.20, 4.21 and 4.23 to 4.26 represent for the control law u; discussed in
section 4.2.2.

Hardware and simulation plot of z;(t) with m = 0.3, » = 0.5

250
—— hw agentl  :=--: hw agent3 —=— sim agentl = gtm agent3
\\\ -—- hw_agent2 —-= hw_agent4 —-=— gsim_agent2 —= - gsim_agentd
N
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/ 114
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Figure 4.7: Plot with u;1 in Eqn. (4.5) for non-uniform time delays.

Hardware implementation is performed using four and five Arduino-Uno boards with each
one connected to a computer. Pulse width generated from one of the PWM pins, available on
Arduino-Uno is considered as x;(¢). The initial states and step sizes in simulation and imple-
mentation are considered to be same for better comparative analysis.

The Arduino-Uno and host computer communicate serially and all the four host comput-
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Hardware and simulation plot of #;(t) with 7, = 0.3, » = 0.5
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Figure 4.8: Plot with u;; in Eqn. (4.5) for non-uniform time delays.
150 Plot of control input u;(¢) with 7 = 0.3s, 72 = 0.5s
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Figure 4.9: Plot of u;; in Eqn. (4.5) for non-uniform time delays.
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Plot of control input u;(¢t) with 7, = 0.3s, 72 = 0.5s
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Figure 4.10: Plot of u;; in Eqn. (4.5) for non-uniform time delays.
250 Hardware and simulation plot of z;(t) with m = 0.3, 7» = 0.74
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Figure 4.11: Plot with u;; in Eqn. (4.5) for non-uniform time delays.
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Hardware and simulation plot of &;(t) with 7 = 0.3, » = 0.74
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Figure 4.12: Plot with u;; in Eqn. (4.5) for non-uniform time delays.

Plot of control input u;(¢) with 7 = 0.3s, 72 = 0.74s
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Figure 4.13: Plot of u;; in Eqn. (4.5) for non-uniform time delays.
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Hardware and simulation plot of z;(t) with 7 = 0.3, » = 0.75
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Figure 4.14: Plot with u;; in Eqn. (4.5) for non-uniform time delays.
Hardware and simulation plot of &;(¢) with = = 0.3, 7» = 0.75
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Figure 4.15: Plot with u;; in Eqn. (4.5) for non-uniform time delays.
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Plot of control input u;(¢) with 7 = 0.3s, 72 = 0.75s
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Figure 4.16: Plot of u;; in Eqn. (4.5) for non-uniform time delays.
250 Hardware and simulation plot of x;(t) with m = 0.3, 7» = 0.8
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Figure 4.17: Plot with u;; in Eqn. (4.5) for non-uniform time delays.
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Hardware and simulation plot of #;(t) with 7 = 0.3, » = 0.8
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Figure 4.18: Plot with u;; in Eqn. (4.5) for non-uniform time delays.
Plot of control input u;(¢) with 7 = 0.3s, 72 = 0.8s
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Figure 4.19: Plot of u; in Eqn. (4.5) for non-uniform time delays.
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ers are connected through a LAN switch to exchange information based on the communication
graph as shown in Fig. 4.3. Time synchronization is achieved at the start of each experimen-
tal run using ntp protocol and a local server. Communication among the host computers is
performed using UDP protocol with precautions being taken to ensure the ordered processing
of packets received. Due to practical limitations in hardware implementation, the step size is
chosen to be 10ms. While implementing time-delays in experiments, there is some additional
time-delay(= 4ms) from the communication links beyond the user defined time-delays.

From Figs. 4.7 and 4.8, it can observed that the multi-agent system states converge at a
considerably fast rate with input time-delay 7; = 0.3 and communication time-delay 7, = 0.5.
Figs. 4.9 and 4.10 depict the control inputs. Since input saturation is not considered, from
Fig. 4.9 it can be observed that the initial control inputs have very large magnitude compared to
the magnitude of control inputs for rest of the duration. To have a better insight of the control
inputs, the range on y-axis is reduced in Fig. 4.10. It can be observed that the control input
reaches zero as the agent reach consensus and hence the goal is achieved. A similar trend can be
observed in Fig. 4.13, the control input is non-zero as long as the agents do not reach consensus.
The control inputs of rest of the cases also follow a similar trend as shown in Figs. 4.16, 4.19
and 4.22. Whenever the system is stable, the control inputs reach zero and whenever the system
is unstable, the control inputs do not reach zero.

Figs. 4.12, 4.15 and 4.24 show a deviation of the hardware results from the simulation
results. It is attributed to the unavoidable additional time-delay from communication links.
However, for 71 = 0.3 and 7, = 0.75, the convergence rate is very slow as depicted in Figs. 4.11
and 4.12 due to the fact that ‘Gi (o) ‘ < 1 but near to unity. It can be observed that there is
slight deviation in implementation results compared to simulation results as discussed earlier.
In Figs. 4.14 and 4.15, the states don’t converge and diverge at a slower pace towards limit
cycle behaviour for 7; = 0.3 and 7, = 0.76 since |G,~ (o) | > 1 and near to unity. When 7, = 0.3
and 7, = 0.9, the states diverge faster towards the limit cycle behaviour and can be observed in
Figs. 4.17 and 4.18. The numerical values of ® and }Gi (o) | for different values of 7; and o

are provided in Table 4.1.
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Ti (sec) | o (sec) | @ lGi (o) |
0.3 0.5 1.599 0.749
0.3 0.75 1.408 0.996
0.3 0.76 1.403 1.004
0.3 0.8 1.38 1.037

Table. 4.1: Values of ® & ‘G; (o) ‘ for different values of 7| and 7, with u;; in Eqn. (4.5).

Hardware and simulation plot of x;(t) with m = 0.3, » = 0.5
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Figure 4.20: Plot with u;> in Eqn. (4.17) for non-uniform time delays.

A similar trend is observed in the results for input u;; in Eqn. (4.17). Some of the results
are shown in Figs. 4.20, 4.21 and 4.23 to 4.26 and the numerical values are given in Table 4.2.
The states converge for 7 = 0.3 and 7, = 0.5. Corresponding simulation and implementation
results are depicted in Figs. 4.20 and 4.21. For 71 = 0.3 and 7, = 0.83, divergence rate is slow for
simulation results as compared with the hardware implementation. The states diverge slowly
towards the exhibition of limit cycles and the corresponding results are shown in Figs. 4.23
and 4.24. States in case of both simulation and implementation diverge at a fast rate towards
the exhibition of limit cycles for 7y = 0.3 and 7, = 0.9 as depicted in Figs. 4.25 and 4.26.

In a similar fashion, few simulations and hardware validations are performed on a five-agent
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Hardware and simulation plot of #;(t) with 7, = 0.3, » = 0.5
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Figure 4.21: Plot with u;> in Eqn. (4.17) for non-uniform time delays.
Plot of control input u;(¢t) with 7 = 0.3s, 72 = 0.5s
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Figure 4.22: Plot of u;; in Eqn. (4.5) for non-uniform time delays.
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250 Hardware and simulation plot of z;(t) with = = 0.3, » = 0.83
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Figure 4.23: Plot with u;> in Eqn. (4.17) for non-uniform time delays.
Hardware and simulation plot of &;(¢) with = = 0.3, 7» = 0.83
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Figure 4.24: Plot with u;> in Eqn. (4.17) for non-uniform time delays.
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250 Hardware and simulation plot of z;(t) with 7 = 0.3, » = 0.9
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Figure 4.25: Plot with u;> in Eqn. (4.17) for non-uniform time delays.
Hardware and simulation plot of &;(t) with = 0.3, 7» = 0.9
—— hw agentl === hw agent3 —=— sim agentl = gim agent3
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Figure 4.26: Plot with u;> in Eqn. (4.17) for non-uniform time delays.
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Ti (sec) | o (sec) | @ lGi (o) |
0.3 0.5 2.879 0.549
0.3 0.82 1.962 0.997
0.3 0.83 1.946 1.011
0.3 0.9 1.842 1.109

Table. 4.2: Values of @ & |G,~ (o) | for different values of 7| and 7, with u;; in Eqn. (4.17).

system with communication topology given in Fig. 4.3b. The corresponding adjacency matrix

<7 and < are as given below,

01010 050410
10100 70300
Z=101011]. =0 Lo 11
00001 0000 I
0 00 1 0 0001 0

The initial values for the five-agent system are considered as x; (0) = 0, x2(0) =230, x3(0) =
110, x4(0) = 40, x5(0) = 170 and x;(0) = 0, i € [1,5]. From Figs. 4.27 and 4.28, it can be ob-
served that the system converges at a fast rate with 71 = 0.2 and 7, = 0.8. With 71 = 0.2 and
T, = 1.03, the system converges at a very slow rate in simulation and further slower in imple-
mentation due to added delay from communication links as discussed earlier. The correspond-
ing results are depicted in Figs. 4.29 and 4.30. Limit cycles are exhibited with 7; = 0.2 and

T > 1.04 as shown in Figs. 4.31 and 4.32. The corresponding numerical values are provided in

Table 4.3.
T (sec) | m(sec) | @ | [Gi(@)]
0.2 0.8 | 1.368| 0.849
0.2 1.03 [ 1.249 | 0.997
0.2 1.04 | 1.244 | 1.002
0.2 1.07 | 1231 1.019

Table. 4.3: Values of ® & ‘Gi (o) ‘ for different values of 7, and 7, with u;; in Eqn. (4.5).

Using results in Theorems 1 and 2, stable regions with respect to time-delays for both the
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Hardware and simulation plot of z;(t) with 7 = 0.2, =, = 0.8
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Figure 4.27: Plot with u;; in Eqn. (4.5) for uneven time delays.

Hardware and simulation plot of &;(t) with = 0.2, 7» = 0.8
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Figure 4.28: Plot with u;; in Eqn. (4.5) for uneven time delays.
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Hardware and simulation plot of z;(¢) with 7 = 0.2s, 75, = 1.03s
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Figure 4.29: Plot with u;; in Eqn. (4.5) for uneven time delays.

Hardware and simulation plot of &;(¢) with m = 0.2s, 7, = 1.03s
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Figure 4.30: Plot with u;; in Eqn. (4.5) for uneven time delays.

topologies as given in Figs. 4.3a and 4.3b are calculated. Figure 4.33 depicts the stable regions

calculated theoretically. Few simulations and corresponding implementations are performed to
76

TH-1992_10610219



Multi-agent system analysis: Frequency Domain Approach

Chapter 4
Hardware and simulation plot of z;(¢) with 7 = 0.2s, 75, = 1.04s
250 — hw_agentl hw agent3 -+ hw agent5 —--®-- sim_agent2 --%-  gim_agentd
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Figure 4.31: Plot with u;; in Eqn. (4.5) for uneven time delays.
3 Hardware and simulation plot of &;(¢) with = = 0.2s, 7, = 1.04s
— hw_agentl s hw agentd ~=+- hw agentb & s¢m_agent2 --%-  gim_agentd
-------- hw agent2 ---- hw agent4 —=— sim agentl e gim, agentd k- sim_agenth
T Taih i

2 »

%

—

Velocity (units/sec)

0 50 100 150 200 250
Time (sec)

Figure 4.32: Plot with u;; in Eqn. (4.5) for uneven time delays.

validate the theoretical results as discussed earlier.

Form Fig. 4.33, it can be observed that the multi-agent system has better communication
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time-delay (1) tolerance with u;; in Eqn. (4.5) for a given input time-delay 7; < 0.237. Sim-
ilarly, the multi-agent system has better communication time-delay (1) tolerance with u;; in
Eqn. (4.17) for a given input time-delay 7; > 0.237. At 71 = 0.237, both u;; and u;; have the
communication time-delay tolerance of 0.932, within which the multi-agent system converges.

1.6 71 vs 7o Plot

AN -_— Uy
RIS —
1.4 \\\\ — ‘1'122 T2
Z \\\\\X\ COCOX Stable region for g
—~ 1.3 e \xi\\ 7/7; Stable region for u;s
o X 2
\&1’/1'2 "\._ .\ T < T2
Q 1.1 \
E 1.0
% 09 .
g 0.8 C < > Oty /
<07 2
2 0.6 / 2 ¢ : ~ / 7/ ///7/" -
P ‘ s
§ 0.4
0.3
0.2
0.1

0[9.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55
Input delay ™ (sec)

Figure 4.33: Plot of 7| vs 7, representing stable regions under the condition 7| < 7.

4.4 Conclusion

The consensus problem of a saturated second order system with uneven input and communica-
tion time-delays is studied in this chapter. Stability analysis of the saturated system is performed
on the rearranged system with a cascade of nonlinear and linear systems. Explicit expressions
are derived to obtain the stable range of time-delays using Nyquist stability criterion. Finally,
simulations and hardware implementations are performed to demonstrate the effectiveness of
the proposed method. The multiplication factor ﬁ in the proposed control inputs make the
analysis easier, but increases the convergence time. In the next chapter, two more control laws

without the multiplication factor are analysed using Lyapunov-Krasovskii approach.
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CHAPTER 5

MULTI-AGENT SYSTEM ANALYSIS:

LYAPUNOV APPROACH

5.1 Introduction

In the preceding chapter, explicit expressions are obtained using frequency domain analysis.
The derived expressions are applicable to control inputs with scaling factor ﬁ If an agent
is receiving information from more than one agent, the multiplication factor scales down the
control input. The affect of such reduction in the control input is reflected in the increase of
convergence time. In certain applications, convergence time is a crucial factor. To overcome
the issue, two control laws without the scaling factor are used to study the consensus problem
of multi-agent system.

A similar approach as discussed in the preceding chapter is followed in rearranging the sys-
tem into linear and nonlinear blocks. Stability of the linear system determines the existence
of limit cycles in the output. Stability analysis of the linear system with all the four control
laws is performed with the help of Lyapunov-Krasovskii functions [109-112]. Lyapunov ap-
proach is more conservative in obtaining the time-delay tolerance range when compared to
frequency domain approach. The time-delay tolerances vary among all the control laws. A
comparative analysis is also presented to highlight the advantages and disadvantages of both
frequency domain approach and Lyapunov approach. Simulations and corresponding hardware
implementations are performed to demonstrate the effectiveness of theoretical results.

A multi-agent system with general nonlinear input has received very little attention in the
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existing literature [24, 31, 106]. A multi-agent system with double integrator dynamics and
general nonlinear input without time-delay is studied. Few conditions are derived to prove that
a general nonlinear odd function g(x) symmetric to origin and g(x) > 0, Vx > 0 is able to solve
the consensus problem. The theoretical results are validated through simulations and hardware

implementations.

5.2 System model and analysis

Consider a multi-agent network of homogeneous second order agents with i’ agent dynamics
given in Eqn. (5.1),
xi(t) = sat(V;(1))

‘,}i (l‘) = U (l)

The system is similar to the one considered in the previous chapter. The position of an agent

(5.1)

is represented by x; (¢) and the velocity by %; (¢). Various control protocols used in the analysis
are given in Eqns. (5.5) to (5.8). It is assumed that Vr € (—o0,0], x; () = x(0) and V; (¢) = 0.

Saturation nonlinearity used in the system is defined in Eqn. (5.2) with £K as bounds.

(

—K, ifa<-K
sat(@) =< o, if—K<a<K (5.2)
K, ifa>K

\

The " agent dynamics are depicted using a block diagram given in Fig. 5.1. As discussed

U; / ﬁi7ﬁi X;

Communication
& process

(aij)(xj,v;) T l (aji) (xi,vi)

Figure 5.1: Block diagram of i/ agent.
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earlier in Chapter-4, the system can be approximately transformed as shown in Fig. 5.2. Since a
single-valued nonlinearity is considered, its approximate describing function for the saturation

is given in Eqn. (5.3) [108],

2
N(A) = % [arcsin (g) + d 1— i (5.3)

A A?

where, the limit cycles’ amplitude is represented by A.

The describing function is real valued and —1/N(A) € [—1,00), it can be estimated that
the limit cycles are stable when the transfer function of linear element in Fig. 5.2 encircles
(—1,0) in a complex plane. In other words, limit cycles are exhibited when the linear element
is unstable in the multi-agent system. Stability analysis of the linear element is performed using

Lyapunov-Krasovskii approach in section 5.2.1.

Nonlinear Communication| Ui | Linear
element & process element

(xi,vi)

Figure 5.2: Rearranged block diagram of i agent.

The approximate linear element given in Fig. 5.2 is represented by Eqn. (5.4),
xi(t) = vi(t)
vi(t) = wir)

Various control laws considered from the literature [77,83,113] for analysis are given in Eqns. (5.5)

(5.4)

to (5.8),
Ui (t):—vi(t—Tl)—F nl Z [aij (Xj(t—fz)—xi(t—’[]))} (5.5)
j= laljj 1

Up = nl Z [aij(vj(t—rz)—vi(t—rl))—l—aij(xj(t—rz)—x,-(t—‘cl))} (5.6)

Zj:laij j=1
u,g(t)——vl t—Tl Z a;j xJ I—Tz) xi(t—Tl))} 5.7

j=1
Ujg = Z [aij (Vj (t— Tz) —V; (I—Tl)) +aij (xj (l‘— ’L'z) — X (l‘—T]))} (5.8)
j=1

where 7 and 7, represent input and communication time-delays respectively. With any of the
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control laws in Eqns. (5.5) to (5.8), consensus is said to be reached if (x;(f) —x;(¢)) — 0 and
(%i(t) —%j(t)) = 0V{i,j} € [1, n]. Control laws in Eqns. (5.5) and (5.6) generate lesser magni-
tude of control input u#; which result in slightly larger convergence time compared to the ones in
Eqgns. (5.7) and (5.8). The averaging term ﬁ in control laws given by Eqgns. (5.5) and (5.6)
gives better time-delay tolerance due to srﬁaller Fiedler eigenvalue compared to control laws
in Eqgns. (5.7) and (5.8) at the expense of convergence time. With control laws in Eqns. (5.5)

and (5.7), the state x;(t) — 0 when the consensus is achieved since they do not consider differ-

ence in velocity. State X;(#) — 0 is not guaranteed with control laws in Eqns. (5.6) and (5.8).

5.2.1 Lyapunov-Krasovskii approach

Consider the linear element represented in Eqns. (5.4) to (5.8), which can be represented as

given in Eqn. (5.9).
X(t) =X )+ AX(t—1)+HX(t— 1) (5.9)

Where ), <7; and /5 are as given in Eqns. (5.10) to (5.13).

For u;; given in Eqn. (5.5),

%: 0n><n In ;,5271: 0n><n 0n><n ;4272: On><n 0n><n (5.10)
On><n On><n _In _In 52{ On><n

For u;> given in Eqn. (5.6),

On><n In On><n Oan Oan Oan

= ; @) = ; 2l = (5.11)
On><n On><n _In —In of o

For u;3 given in Eqn. (5.7),

%: 0n><n In ;M: On><n 0n><n ;%: On><n Onxn (512)
On><n On><n _D _In Q{ On><n

For u;4 given in Eqn. (5.8),

% _ 0n><n In ;m _ Onxn On><n ;% _ Oan On><n (5'13)
Onsxcn - Onxn -D D o o
82
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Some definitions and lemmas analogous to the ones in [114] are given below, these definitions

are useful in the further analysis.

Definition S. Balanced graph: A graph is said to be balanced if in-degree equals to out-degree

for all vertices in the graph, d;,(v;) = dou (vi), Vi € [1,n] [103].

Definition 6. k-regular graph: It is a balanced graph with all the vertices having in-degree and

out-degree equal to k, di,(vi) = dow (vi) =k, Vi € [1,n] [103].

Control laws given in Eqns. (5.5) and (5.6) make the multi-agent system behave like a sys-

tem connected by 1-regular graph.

. 1 1nXﬂ Oan .
Lemma 3. Consider ®g; = and & = I, — Py, then the following statements

Oan lﬂXn

hold true:

1. A multi-agent system with k-regular graph communication topology and with inputs in
Egns. (5.5) to (5.8) produces balanced matrices & (/) + o + <), &y, Ey , E ot
and & (<t + af5) with maximum rank 2n — 2 and eigenvalues 0 of multiplicity atleast

two.

2. A multi-agent system with spanning tree communication topology and with inputs in
Egns. (5.5) and (5.6) produces balanced matrices & (oty + o + b)), E Hy, E ), E ot

and & (o) + o) with maximum rank 2n— 2 and eigenvalues 0 of multiplicity atleast two.

Definition 7. Balanced matrix: A square matrix .# € R"" is said to be balanced iff .#Z1} =0

and 1,7 =0.

. 1 lan Onxn .
Lemma 4. Consider ®g; = o, and & = Ip,, — Py, then the following statements

Oan lan

hold true for k-regular graph with inputs in Eqns. (5.5) to (5.8) and for spanning tree graph

with inputs in Egns. (5.5) and (5.6):

1. & (A + o) + <) is a balanced matrix with rank 2n — 2 and eigenvalues 0 of multiplicity
2.
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2. Matrices &y, &y , Eabh and & (/) + o) are all balanced with eigenvalues 0 of

multiplicity atleast 2.

3. There is a matrix U, an orthogonal matrix of eigenvectors of & which satisfies,

UT o1 — Eon-2)x2 Oan—2)x2

O2x2n2)  O2x2
4. Let 8y = Fo, E) = F1 and Ech = FH. &, Foy, F1 and F» have maximum rank

2n — 2 and with zero row sums, then,
T 0
UTJOZIU _ (2n—2)x(2n-2) (2n—2)%2 ’ ie [0,2]
O 02><2

2%(2n—2)

5. Also, for cases of 11 =1 > 0and 11 = 170 =0,

= =
UT(g@ (m + ,272) U - (f/] + yZ)(2n72>X(2n72) 0(2’172)><2
02><(2”*2) 02><2
Fo+ F1+F) 0
UTéa(g{(H-,;z{l + 25U = ( ) (2n—2)x2
02><(2n72) Ozxz

Let the difference in position and velocity among the agents be assumed as error ¥, each

element of ¥ is given by Eqn. (5.14)

1 & .
r_lZ(Xi_Xj) Vie[l, n]

¥, = 11221,1 (5.14)
- Y (Xi—X;) Vie[n+1,2n]
n.

j=n+l1
From the assumption in lemma 3,
Y =X (5.15)

Lemma 5. When error ¥ — 0, then x; — xj and v; — v . Similarly, when x; — xj and v; — v;,

then ¥ — 0.
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Proof. Consider a matrices,

1 -1 O 0
0o 1 -1 0
- 5.16)
0 0O 1 -1
-1 0 0 1
’}/I’IXVZ Oan
l—‘2n><2n = (517)
Oan )/an
Multiplying with I'" on both sides of Eqn. (5.15),
¥, -¥ X1 —Xp
qb‘—‘P3 Xé——X%
¥, —-¥; X, — X1
= (5.18)
anJrl [ lPn+2 Xn+1 - Xn+2
Wy —Wiis3 Xn+2—Xn+3
| lPZn_an—l—l ] _X2n_Xn+l |

When ¥ — 0, left side of Eqn. (5.18) becomes 0,, ,. Which implies, X; — X;, V{i, j} € [1,n]

and X; — X;, V{i, j} € [n+1,2n].

From Eqn. (5.14), when x; — x; and v; — v, then ¥ — 0.

1 0
Let us consider a 3-agent(n = 3) system, then & = I,, — % nxn  Unxn

Oan lan
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[ 2 11 |
3 3 3 0 0 0
12 1
-3 5 —3 0 0 O
-3 -3 3 0 0 0} | |
Y= X, give rise to following equations,
o o o 2 -1 -1
3 3 73
12 I
00 0 -3 3 -3
12
00 0 -3 -3 3
2 1 1
¥Yi==X—-=X—=X 5.19
1=3X1— 353X (5.19)
¥, = lX +2X lX (5.20)
= — 2 X1 + :
1 1 2
Y;=—X| —=-Xo+ =X 5.21
3 FX1 =3 X0+ 34 (5.21)
2 1 1
Wy==-X4—=X5— =X 5.22
4=3Xa—3X—3X (5.22)
1 2 1
¥, =—X4+=X5— =X 5.23
> 3K+ 3% —3X6 (5.23)
1 1 2
Wy = Xy — X5+ X, 5.24
3 3 X4 = 3 X5+ 3% (5.24)

By taking difference of appropriate equations,

Yi-¥=X—-X; (5.25)
Y -Y:3=X—-X3 (5.26)
YY) =X3—-X; (5.27)
Yi—¥Ys=X4—X5 (5.28)
Y5 —¥6 =X5 — Xg (5.29)
Yo —Ws =Xs — X4 (5.30)

From above equations, when ¥ — 0, X; — X;, V{i, j} € [1,3] and V{i, j} € [4,6]. The procedure
can be extrapolated to any number of agents.

A control input is said to have solved the consensus problem in a globally asymptotic manner
when x; — x; and v; — v, in other words, ¥ — 0. Stability of linear element with the control
inputs estimates the existence of limit cycles in the system. When the linear element is stable,

the system reaches consensus and limit cycles are not exhibited. Similarly, when the linear
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element is unstable, the system exhibit limit cycles.

Theorem 3. Consider the linear element in Eqn. (5.4) with time-delays (11,72) > 0,7 < Tp.
The control inputs for a k-regular graph given in Egns. (5.5) to (5.8) and the control inputs for
a spanning tree graph given in Egns. (5.5) and (5.6) globally asymptotically solve consensus
problem, if there exist matrices P>0, él >0, éz >0,7Z >0 Vie [1,3], g};ﬁ’om lemma 4
Vi € [1,3] and arbitrary matrices {H,],HU,I,,,IU, ijs l]} Vie [1,3]Vj€[1,4] of size (2n—2) x
(2n —2) such that,

Gii G G

Gl, Gy Gp| =<0 (5.31)
Gl égs Gs;

Hy, Hp Hp3 Hy

HY, Hy Hx Hay

%
S

B (5.32)
HY, HIL, Hs; Hu

Hl, HI, HI, 2z

Iy Ly Liz Ly

12 by by Iy

i Ty T

oo 7

N
=

(5.33)

Jiw Ji2 Jiz Jua
Jh T Js Ju

R (5.34)
j1T3 j2T3 J3z J3y

T T 7
| /14 J24 J34 Z3

where,
Gll—ygpéa—l-éaTPJ()—l—éaTng—l—éa Qz(g)—{— G\THJ()—{—ﬁéa H]léd—l—@@ H14<§
—I—ngN]ﬂ(’b@V—l-ngNTffl]@g—i-gTE4g+é~aTm£N+(Tz—Tl)(;@VTfH(;@V (5.35)

612 :gTP% —l—%Ti% + ’C]@gTﬁn@g— gTﬁmg—F é@NTﬁZZ;l@g_’_ ngriu@g
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+ETILE+ (1 — 1) ETTLE +ETTWE (5.36)
Gi3 =E"PTy+ FLEFr+ 11 ETH3E + ETHLE + ETTLE + 16 136 —

ETT4E + (1a—11) ETT 136 — ETT14& (5.37)
G =—ET0\E+ FIEF + 11ETHpé — ETHoul — ETHLE + 1,6 hpé+

(o — 11) ET I & + ET Iy + ETILE (5.38)
G =F 2T+ 11ETHps — ETHLE + 16 T3é — EThab+

(1 —11) ET T3 & — ET Tyl + ETILE (5.39)
Gz =—ET0WE + FJ 8Ty + 16T Hiyé — ETIyb — ETILE + 16 Tz +

(7 — 1) ET I3 & — ET Taué — ETTLE (5.40)

E:T121+7222+(12—T1)Z3 (5.41)

Proof. Let P, Oy, 02, Z; i € [1,3] be balanced positive semi-definite matrices of rank 2n —2 and
Y = &X using & from lemma 3.

The Lyapunov-Krasovskii functional is assumed as,

t t

V(¥ (@)=Y (1)P¥(t)+ W1 (5) 0¥ (s)ds + W1 (5) 02 (s) ds

—7 —7

0 t . T . 0 t . T .
+ / W (5) 20 (s) dsd + / W7 (5) 2% (5)dsd®
Tl +9 +6

+ / (s) Z3¥ (5) dsd 6 (5.42)

V(B (0) =T () P8 () + T (1) PE (1) + 2T () OrF (1) + ¥ (1) QW (1) -

P (- 1) P —11)— P (1 — )P (t— 1)+ 0¥ (1) Z1¥ (1)
0

+ 09 (2% (1) + (—1)¥ ()23 (1) — B 9 (14 6)2,%(t+0)do
— _OTZ‘PT(t-l-Q)Zz‘P(t—i-Q)dQ— _;ZI‘PT(t-I-G)Zﬂ’(t-l-G)dG (5.43)
Let,
X= [X(t)T X(t-1)" X(t—’cz)T} (5.44)
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then,
¥ =£X
o (5.45)
=& [4270 ) %}X
. T -~ T
¥ (t)P‘P(t):X{% 7 %} ETPEX (1) (5.46)
T i _ T oT ol
Y (1)P¥(t)=X (1) & P& {% e %]X (5.47)
V() 01¥ (1) =X (1) 6T 016X (1) (5.48)
YT () 0¥ (1) =X (1) T 026X (1) (5.49)
Y i—t)O\Y(it—1)=X(t—1)" 701X (t—11) (5.50)
Y (-0 —0) =Xt — 1) ET0:EX (1 — 1) (5.51)
For i ={1,2,3},
¥ (t)Z,-‘P(t):X{DQ{0 7 @4 &1z, [% o %}X (5.52)
Consider a set of matrices,
Hyy Hiz Hiz Hi
HY, Hy Hy H
12 M2 H3 Hyg o (5.53)
Hl, HI, Hi3 Hx
Hf, H,, Hj, Zi|
hy I LIz s
I, Ly b3 Ia
=0 (5.54)
I, I, Ly Iy
Iy By By 2
89
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Ji2
J2»
VA

T
Jo4

Jiz Jis
Joz Jo4

J3z J34

I, Z

%
)

(5.55)

Where H;;,1ij,J;;j Vi € [1,3] Vj € [1,4] are some arbitrary matrices to be found by an LMI solver

with size 2n x 2n.

Let,

then,

0

77’-2

-1 ~
/ 7
_Tz

D-

T
J12

T
J13

T
_Jl 4

1>
I

i
Iy,

T
I,

Ji2
J2n
I3

T
J24

Liz L4
L3 Iy
Lz I3y

o, 7

Jiz Jis
Joz Jos

J3z3 34

By 23|

Pydo >0

(5.56)

(5.57)

(5.58)

(5.59)

The matrices in inequalities (5.53) to (5.55) are chosen to satisfy expression in inequalities (5.57)

to (5.59), which further simplifies V in Eqn. (5.43). Parts of Eqn. (5.43) consisting integrals with

multiplication two variable in terms of 0 are eliminated when added with inequalities (5.57)

to (5.59), since V + {positive semidefinite} < 0 implies V < 0. Substituting Eqns. (5.44)

to (5.52) in Eqn. (5.43), adding inequalities (5.57) to (5.59) and further solving leftover in-

TH-1992_10610219
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tegrals, inequality (5.60) is obtained.

Gi1 G2 G
V<X |G, Gn Gu|X (5.60)
Gis G G
where,
G = ETPE+ETPEA+ET016+ET 028+ ] ETEE Ay + 11 ETH | E+
ETHWE+ETHLE+ 08T E+ETI4E+ ETILE+ (n—1) ETILE  (5.61)
Gy =6TPE A + o] ETEE S +11ETHE — ETH 6 + ETHL,E + 18T 11,6+
ETL,E+ (1 — 1) ETTE+ETT4E (5.62)
Gi3 =8TPEH + ] ETEE o+ 11ETH;3E + ETHLE + 18T 138+ ETILE -
ETH4E + (1 — 1) ETTRE — ET T (5.63)
Gpn=—8T016+ A ETEE A + 11T Hypp & — ETHuE — ETHLE + 06T hr 6+
(10— 11) ET I E + ET Iy + ET I, E (5.64)
Gy = ETEE e + 1168 T Hy3E — ETHLE + 126 T 136 — ET Iy 5+
(1 —11) ET I3 & — ET Iy & + ET I, E (5.65)
G =—ETQE + A ETEE h + 11 ETH3 6 — ET Iy — ETILE + 16T 36+
(1 — 1) ET I3 6 — ET g6 — ETIL, 6 (5.66)
E=nZ1+nlh+(n-—1)7Z; (5.67)

TH-1992_10610219

The matrices P, Q1, 02, Z;, Hjj, HL

5o Lij 1L, Ji;, JI. and .Z; from lemma 4 Vi € [1,3], Vj € [1,4]

J2 g ij

will generate corresponding P, 01, 02, Zi, ﬁ,-j, ﬁg Z] 75 j:l J7; and %Vi € [1,3],Vj € [1,4]

of size (2n —2) x (2n—2) when multiplied with eigenvector matrices U”, U at appropriate

positions. The corresponding G;; is as given in Eqn. (5.68).

Gij(zn—z)x(zn—z) O(2n—2)><2 uT

0 0

2% (2n—2)

Gl'j =U
(5.68)

2x2

{i,j} 11,3 G;i=GLVi#
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With above set of reduced order matrices, the LMIs given in Eqns. (5.31) to (5.34) can be

obtained. O

Feasibility of LMIS proposed in Eqns. (5.31) to (5.34) determine the consensus reachability
of the multi-agent system affected by time-delays. The LMIs are completely different when
compared to existing results in the literature [77]. They can be solved by using solvers like

SeDuMi [115], Matlab LMI Lab solver etc..

5.3 Simulation and Implementation Results

The communication topologies considered for simulation and implementation are depicted in
Figs. 5.3a and 5.3b. The graph in Fig. 5.3a is undirected, strongly connected and 2-regular
balanced with each node receiving states’ information from two neighbours and sending states’
information to the same neighbours. The graph in Fig. 5.3b is directed, has a spanning tree
and unbalanced. Using the results obtained in Theorems 1 to 3, limits on communication time-
delay for given input-delays are calculated for both the topologies. The feasibility of LMIs
given in Theorem 3 is solved using SeDuMi [115] solver for Matlab/Octave. The expressions
in Theorems 1 and 2 have three unknowns (@, 7|, 7,), a unique solution can be obtained if it
is assumed that 7 = 1 or else, stable range of 7, for a given 7; have to be found. Dominant
pole for both the topologies in Figs. 5.3a and 5.3b is —1, Nyquist plot used in one of the cases
with A = —1 and assumption 7; = 0.4 is shown in Fig. 5.4. It can be observed that the system
is stable if 1) < 0.48. The results obtained using Lyapunov-Krasovskii and Nyquist approaches
from Theorems 1 to 3 are tabulated in Tables 5.1 and 5.2, corresponding plots of 71 vs T,
depicting stable regions are given in Figs. 5.6a and 5.6a.

From the results in Tables 5.1 and 5.2 and Figs. 5.6a and 5.6b, it can be deduced that the
Lyapunov-Krasovskii approach is conservative compared to Nyquist approach with respect to
time-delay. Conservativeness of Lyapunov-Krasovskii approach is more evident for topology
in Fig. 5.3b with control law in Eqn. (5.6). Multi-agent systems connected by topologies in

Figs. 5.3a and 5.3b reach consensus with full range of time-delay given by Nyquist approach
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17 e 4\
— e
(a) Four agents. (b) Five agents.
Figure 5.3: Graphs of communication topologies.
0.5 Nyquist plot for A = -1 with 7y = 0.4
— T19=0.478
e T9=0.479
we - T9=0.48
0.0
i‘ —099 3
=
%—0.5
3
£
[
—-1.0
—13 —10 —05 0.0 05

Real

Figure 5.4: Nyquist plot with u;; in Eqn. (5.5) for different time delays.

for control laws in Eqns. (5.5) and (5.6). Nyquist approach is not applicable to control laws
given in Eqns. (5.7) and (5.8). Solving LMIs is computationally more intensive compared to
solving of equations from Theorems 1 and 2. Moreover, the increase in computational time
of solving LMIs is exponentially as the number of nodes are increased and the increase with
Nyquist approach is linear.

Simulations are performed using scripts written in C to have uniformity with hardware im-

plementation. Implementations of corresponding simulations are performed on a network of
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Figure 5.5: Hardware setup connected by LAN.

Table. 5.1: Maximum value of 7, for a given 7; (7] < 1) with topology in Fig. 5.3a and control
inputs given in Egns. (5.5) to (5.8).

71 (sec) T, (sec)
Lyapunov Approach Nyquist Approach
Uil Up U3 Uig Uil Upp
0 1.414 | 1.154 | 0.577 | 0.894 | 1.570 1.351
0.1 1.063 | 0.994 | 0.395 | 0.656 | 1.308 1.178
0.2 0.791 | 0.851 | 0.252 | 0.462 | 1.035 0.999

03 | 05720720 — | 030 | 0.755 | 0.821
04 | 04130598 — | — |0479| 0.664
05 | — | — | — | — [ — | 0541
06 | — | — | — | — [ — —

T1="7 | 0405|0492 | 0.223 | 0.3 | 0.421 0.520

Table. 5.2: Maximum value of 7, for a given 7; (7] < 1) with topology in Fig. 5.3b and control
inputs given in Eqns. (5.5) and (5.6).

71 (sec) T, (sec)

Lyapunov Approach | Nyquist Approach
Uil Up Uil up

0 1.414 1.154 1.570 1.351

0.1 1.063 0.572 1.308 1.178
0.2 0.791 0.567 1.035 0.999
0.3 0.572 0.605 0.755 0.821
0.4 0.413 0.598 0.479 0.664
0.5 — — — 0.541
0.6 — — — —

71 =T | 0.405 0.492 0.421 0.520
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Figure 5.6: Plots representing stable regions with 7| < 1.
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four agents. Four Arduino-Uno boards for topology in Fig. 5.3a and five Arduino-Uno boards
for topology in Fig. 5.3b are considered as nodes of sensor networks, all of them are connected
to host computers using serial interface. The mode operation in terms of step size, synchroniza-
tion and implementation of time-delays are same as discussed in Chapter-4. Hardware setup
depicted in Fig. 5.5 consists of two agents with connection settings as described earlier, pulse
width of both the agents can be observed in the display of two channel DSO.

Input time-delay 7; and communication time-delay 7, are user-defined and implemented
from code. A minor deviation is visible between simulation and implementation results due to
additional delay (= 4ms) in implementation due to actual processing and communication. The
pulse width of PWM wave generated from an Arduino-Uno is considered as state x; and the rate
of change is considered as v; of each agent.

Initial conditions for both simulation and implementation for topology in Fig. 5.3a are as-
sumed to be, {x;0} = [0,230,110,40] and {vio} = [0,0,0,0]. Plots with overlapping simulation
and hardware results are given in Figs. 5.7 to 5.9 to show the effectiveness of theoretical results
given in Tables 5.1 to 5.3 and Figs. 5.6a and 5.6b. For control law in Eqn. (5.7) with input
delay 7; = 0.1s and communication delay of 7, = 0.39s, Fig. 5.7 depict states x;(¢) and x;(t)
vs time in seconds respectively. Similarly, Fig. 5.8 show the plots of states for control law in
Eqn. (5.8) with 71 = 0.2s and of 7, = 0.46s. It can be observed that the difference in states, ¥
is asymptotically converging to zero and reinforcing the effectiveness of the theoretical results
given in Table 5.1 and Fig. 5.6a.

Similarly, some simulations and corresponding hardware validations are performed on a
five-agent system with communication topology given in Fig. 5.3b, the corresponding adja-

cency matrix 2/ and .o/ are as given below,

01010 030350
10100 70300
Z=101011.=o Lo 1!
00001 00001
000 1 0 0001 0
96
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Hardware and simulation plot of x;(t) with , = 0.1, 72 = 0.39
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Figure 5.7: Plots with u;3 in Eqn. (5.8) for asynchronous time delays.

The initial values for the five-agent system are considered as x; (0) =0, x,(0) =230, x3(0) =
110, x4(0) = 40, x5(0) = 170 and x;(0) = 0, i € [1,5]. From Fig. 5.9, it can be observed that

the system converges at a faster rate with 7, = 0.2 and 7, = 0.79. With 71 = 0.2 and 7, = 1.03
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Hardware and simulation plot of x;(t) with 7, = 0.2, 72 = 0.46
-. — hw agentl —  sim_agentl
200 " ------ hw agent?2 e gam agent2
s """""""" hw agent3 won - g3mM agentd
w
S hw agent4 weve sy agentd
'»..
£ 150 ",
= ",
5 N.\umlmmmmvanﬂu,,,. . “n
~ l =, ., "’.
= - g,
S " iy -/
=100 e
) -~
o -~
Q“ \.\".l‘
‘o-"\‘- 117
50 .~
114
141 144
OO 20 40 60 80 100 120 140 160 180
Time (s)
Hardware and simulation plot of #;(t) with 7, = 0.2, 75 = 0.46
5 — hw_agentl —  sim_agentl
N hw agent2 - gt agent2
"""""""" hw agent3 o gim, agent3
' --------- hw agent4 e gim agentd
= 1
4[2 %‘-.t".In--Wl\‘.\-n-.u-u.\-n'w
g
=
~ 0 e F
>} a
~+ H
i3] i
3 i
)
S 1
S
0 20 40 60 80 100 120 140 160 180
Time (s)

Figure 5.8: Plots with u;4 in Eqn. (5.8) for asynchronous time delays.

given by Nyquist approach, the system converges at a very slow rate in simulation and further
slower in implementation due to added delay from communication links as discussed earlier in

Chapter-4. The corresponding numerical values for Nyquist approach for A = —1 are provided
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Hardware and simulation plot of z;(t) with = = 0.2, » = 0.79
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Figure 5.9: Plot with u;; in Eqn. (5.5) for uneven time delays.

in Table 5.3.

Using results in Theorems 1 to 3, stable regions with respect to time-delays for both the
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topologies in Figs. 5.3a and 5.3b are calculated. Few of them are validated with the help of
simulations and corresponding implementations as given above. Figs. 5.6a and 5.6b depict the

calculated stable regions for topologies in Figs. 5.3a and 5.3b respectively.

Table. 5.3: Values of @ & ]Gi (o) ] for different values of 7; and 7, with u;; in Eqn. (5.5) and
communication topology in Fig. 5.3b.

Ti (sec) | o (sec) | @ lGi (o) |
0.2 0.79 1.375 0.841
0.2 1.03 1.249 0.997
0.2 1.04 1.244 1.002

5.3.1 Remarks

1. Lyapunov-Krasovskii is applicable to all the four control laws provided the communica-
tion topology satisfy the conditions mentioned in Theorem 3, but Nyquist approach is not
applicable. For control inputs in Eqns. (5.5) and (5.6), the mathematical analysis given in
Eqns. (4.7) to (4.9) and (4.19) to (4.21) is possible when the diagonal elements of of are

unity.

2. Lyapunov-Krasovskii approach is more conservative with respect to time-delay tolerance,
whereas Nyquist approach gives the full range of time-delay. Using Nyquist criterion, we
get necessary and sufficient conditions. With Lyapunov approach, we get only sufficient

conditions.

3. Describing function analysis allows us to use Nyquist approach on approximated nonlin-
ear multi-agent system, which is better at providing time-delay tolerance ranges compared

to Lyapunov approach.

4. Compared to work in [116], we have considered saturation and time-delays in the sys-
tem. An approximate analysis with the help of describing function is performed. Few
conditions in Theorems 1 to 3 are derived for reaching consensus and estimation of non-

existence of limit cycles.
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5. Compared to the research presented by authors in [90-93,95], we have considered time-
delays along with saturation in second order multi-agent systems. Compared to the work
presented by You et al. [96], asynchronous time-delays are considered rather than single

delay.

5.4 Multi-agent Systems with General Nonlinear Input

In certain applications, the control input is required to limit the velocity rather than operating at
the maximum limits. Moreover, the agents can also be heterogeneous with different constraints.
In this section, a multi-agent system with both velocity and acceleration constraints is analysed.
Consider a network of n second order heterogeneous agents connected by an undirected graph

topology, where i’ agent have the dynamics as given below:

Xi = Vi
(5.69)

Vi = u;
The heterogeneity of the agents is described by the control input. Control law proposed for
x; — xj and v; — 0 as t — oo is given in Eqn. (5.70). It can be observed from the control law,

that the agents can have different maximum velocities (vmax;) and different scaling factors (3;)

of the control input.

ui = (1= fi (di, vi) X fo (vmaxi, vi) ) X (5.70)

n
i = Bi[ — g1 (kivi) + Y aijga (k2 (xj — xi)) | (5.71)

j=1
The function fi (#;, v;) returns 1 when sign(é;) = sign(v;) and returns O when sign(ii;) #
sign(v;). The function f, (vmax;, v;) returns 1 when vmax; > |v;| and returns 0 when vmax; <
|vi|. Thus the control input of each agent is governed by the constraints that are independent of

other agents.

The functions g; and g, are general nonlinear odd functions symmetric to origin with

TH-1992_ 10610219 101



Chapter 5 Multi-agent system analysis: Lyapunov Approach

xg1(x) > 0, xga(x) > 0; V|x| > 0 and g;(0) =0, g2(0) = 0. Gy, G, are continuous and dif-
ferentiable with G| = g1, G, = g>. Bi, ki, ko are user defined positive constants that act as
scaling factors. Describing functions cannot be used when there are multiple nonlinearities act-
ing on each agent. If an agent with higher velocity is not receiving information from an agent
with lower velocity, consensus can’t be guaranteed. To overcome the issue, an undirected and
connected network is considered for the analysis. In an undirected network, communication
among agents is bidirectional.

Consider a function g, which is an integrable nonlinear odd function and symmetric to origin
with xg(x) > 0; V|x| > 0 and g(0) = 0. G is a continuous and differentiable function which

satisfy G(x) = g(x).

Lemma 6. [117] Consider an integrable nonlinear odd function g(x), that is symmetric to
origin. If G(x) = g(x), where G(x) is a continuous and differentiable function, then G(x) is an

even function.

Proof. G(x) can be written as,

G(x) = /Oxg(s)ds (5.72)

—X
G(—x) = / g(s)ds (5.73)
0
Lets= —t,then,ds = —dt. Ats=0,t=0and ats = —x, t = x,

G(—v-- [ “g(—t)dr

:/Oxg(t)dt

=G(x) (5.74)
O

Lemma 7. For every g(x), there is always some integral constant (C) such that G(x) + C >

0, Vx # 0 and G(0) +C > 0.
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Proof. Based on the definition of function g, g(x) > 0; V x > 0.
/ g(x) = G(x)+C (5.75)

The slope of G(x) is g(x) and it is positive V x > 0, which implies G(x) is increasing ¥ x > 0. If
an appropriate integral constant (C) to make G(0) +C > 0is chosen, then G(x)+C > 0; Vx > 0.

From lemma 6, G(x) +C > 0, Vx # 0 and G(0) +C > 0. O

Consider following functions for g(x) in Eqns. (5.76), (5.78) and (5.80) and corresponding
G(x) 4+ C in Eqns. (5.77), (5.79) and (5.81) to demonstrate the effectiveness of lemmas 6 and 7.
Figure 5.10 depict the plots of functions g(x) in Eqn. (5.76) and its corresponding integral in
Eqn. (5.77). In a similar way, Figs. 5.11a and 5.11b depict the plots of functions in Eqns. (5.78)
to (5.81).

g(x) = tanh (x) (5.76)
G(x) +C =log(cosh (x)) (5.77)

tanh(x) vs log(cosh(x))

5.4
5.0/ >
4.6 - ;
4.2
3.8 g
3.4 :

3.0 .
2.6
2.2
1.8 -

function value

1.0
0.6
0.2

—0.2

—0.6

~1.0

ey 4 3 —2 -1 o0 1 2 3 4 5

x - value

—— tanh(x)
----- log(cosh(x))

Figure 5.10: Plot of odd function given in Eqn. (5.76) and its integral in Eqn. (5.77) with
appropriate constants.
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1
-1 x<—¢
g(x) = sat (kx) = q kx; —1<x<1 (5.78)
1; > 1
\ Tk
(
—x; x<—1
G(x)+C= 0.5[% —i—kxz}; —% <x< % (5.79)
1
\x, x> T
(
x—sin(3)+3; x<-3
8(x) = 9 sin(x); —3<x<3 (5.80)
x+sin(3)—3; x>3
\
(
O.S*xz—cos(3)—|—1—0.5*3*3; x< -3
G(x)+C =1 —cos(x)+1; —3<x<3 (5.81)
O.S*xz—cos(3)—|—1—0.5*3*3; x>3
\

Lemma 8. In Egns. (5.70) and (5.71), when fi (ii;, vi) = 1, then v; 27:1 a;;g2 (k2 (xi —xj)) <0

and v; Z’;zl a8 (xi —xj) < 0 are satisfied.

Proof. When fi (4;, vi) = 1, B;, k1, ky are positive constants, then according to functionality of

1,

vilt; >0 (5.82)
V,'ﬁi[—gl (klvi)—i— Zaijgz (kz (xj—x,-))] >0 (5.83)

j=1
vi Y aijga (ko (xi—x;)) < —vigi (kivi) (5.84)

=1
Vi Z a8 (k2 (x,- —Xj>) <0 (5.85)
=1
104
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g(z) vs [ g(x)
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(a) Plot of odd function given in Eqn. (5.78) for k = % and its integral in Eqn. (5.79)with appropriate
constants.
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(b) Plot of odd function given in Eqn. (5.80) and its integral in Eqn. (5.81) with appropriate constants.

Figure 5.11: Plots of odd functions and corresponding integrals.
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vi ) aijg2 (xi—x;) <0 (5.86)

O

Theorem 4. For an undirected network topology that is connected strongly, control law u; in

Egn. (5.70) solves consensus problem with x; — xj and vi — 0 as t — oo,

Proof. Using Lemmas 6 and 7, there is always some G»(x) +C > 0 for a given g(x) as de-

scribed above. Let the Lyapunov function be,
- EZ Z aijky ' (G (ko (xi —x;)) +C) + 5 ZB (5.87)
i=1j=1 1—1

Using control law in Eqn. (5.70),

n

aea (b2 (=) (=) + 1B o

<<

[
D=
M=

N
I
N
~.
S |l
—_

i=1
' +iﬁl Wi(1 = fi (@i, vi) X fo (vmaxi, vi) ) >

i=1

7)) +Zlﬁ vi(1 = fi (@, vi) X fa (vmax;, vi) ) X di; (5.88)

1=
C
oQ
\S]
—
b
o
A
&.
~—
~—
/\
<
~
~—

= N =

N
I

—
~.
I

—_

I
1=

=
M=
C

oQ

)
—
3
/—\

N
I
—_
~.
I
—

At any given time, let ® represent the set of agents which has both f1 and f, values as unity.
=

i

l

Z Vtgl klvl ‘|‘ Z szal]gZ k2 )) (5.90)

i=l;ied j=1

amla(i-x)+ ¥ v= g (eve) + Y. agiga (s (x5 —31)) ]+

i=1; igd j=1

ng (k2 (xi —x;)) (5.89)

T [V]s T [V]s

Using Lemma 8,
V<0 (5.91)
This implies that consensus is possible with x; — x; and v; — 0 as ¢t — oo, for a multi-agent

system with an undirected connected graph topology using the control law in Eqn. (5.70). U

The values of scalars k; and k; will not have any affect on the proof of Theorem 4. The
only affect is on convergence time. The convergence time is more for lower values of k; and k;

compared with higher values of k; and k.
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5.5 Simulation and Implementation Results

The simulation and implementation are performed on a similar setup as discussed in sections 4.3
and 5.3. The communication topology considered is an undirected and connected network, it is

as shown in Fig. 5.12.

5% 1 2 3 4

Figure 5.12: Strongly connected graph topology.

The initial initial position and initial velocity of five agents are considered as x;y = [0, 230,
110, 40, 170], vjo = [1, 0.5, 0.8, 2, 0.75]. Maximum velocity of each agent is assumed to
be vmax; = [1.5, 0.75, 1.6, 2.5, 1.0] and control input scaling factors as 3; = [0.6, 0.8, 1.2,
1, 2.5]. The nonlinear functions g; and g, are assumed to be tanh() function with scaling
factors ky = kp = 1. Plots of position and velocity states versus time for both simulation and
implementation are depicted in Figs. 5.13 and 5.14. It can be observed that the multi-agent
system reaches consensus. This reinforces the theoretical results obtained above.

Hardware and simulation plot of x;(t)

250 —— hw agentl  ==-- hw agent3 —t+- hw agent5 —=- sim_agent2 —a:= gsim_agentd
==+ hw agent2 == hw agent4 —e— sim agentl semer sim oagent3 = sim agentb
h“*~
k‘
-\k
200 e
e
—~ - .-.l"‘.‘/ .
-lg Jﬁ\“k - hh'\'-‘.‘
5150 T / B A haam e
~—' “‘ .’h*/ ,n"'{
g - P -
o - . S el
5 E 4 / .’h. f*
8100 4 p
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K
7
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s50{ /" —
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131 134
00 25 50 75 100 125 150 175 200
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Figure 5.13: Plot of x; vs t with u; in Eqn. (5.70) for topology in Fig. 5.12.

107



Chapter 5 Multi-agent system analysis: Lyapunov Approach

Hardware and simulation plot of &;(t)

3.0 — hw agentl — ====- hw agent3 —+- hw agentb —==- sim_agent2 —a:= gim_agentd
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Figure 5.14: Plot of v; vs ¢t with u; in Eqn. (5.70) for topology in Fig. 5.12.

5.6 Conclusion

The consensus problem for second order saturated multi-agent system with asynchronous com-
munication and input time-delays is presented in this chapter. An approximate system with
separate linear and nonlinear elements is derived using describing function analysis to study
the limit cycle behaviour. The instability of limit cycles or consensus reachability is estimated
using describing function analysis. Lyapunov-Krasovskii function is used to prove the stability
of linear element. Stable ranges of input and communication time-delays are calculated for
different control laws and comparative analysis of the results are presented. Justification to the
theoretical results is done with the help of simulations and corresponding implementations on
hardware. Time-varying delays are not considered in the current analysis, they shall be consid-
ered in the future work. Further, a multi-agent system with heterogeneous agents is studied. A
general nonlinear input is considered for the analysis. It is proved that, a general nonlinear odd
function symmetric to origin is able to solve the consensus problem of an undirected network

without time-delays. Simulation and implementation results are presented to demonstrate the
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effectiveness of the theoretical results.
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CHAPTER 6

CONCLUSIONS AND FUTURE SCOPE

6.1 Conclusions

In this thesis, two new algorithms are proposed in chapter 3, to overcome the complete loss of
communication while reaching consensus. The control input of each agent is computed using
the proposed algorithms. A number of static obstacles are assumed to be present in the arena.
A sensor based obstacle avoidance algorithm ensures no collision between the agents and the
obstacles. The switching occurs depending on the positions of the agents. The algorithms guar-
antee consensus by letting the agents to either back-track and take a different path or follow
the previous consensus point whenever a loss of communication takes place. Simulation results
show that when the agents back-track and take another path whenever they lose contact with
the network, consensus is reached all the time. However, when they follow the previous his-
tory, situations may arise where some of the agents stop at locations near the actual consensus
point. Otherwise, the time to reach consensus is less in case of history following with memory
enabled agents. Hardware implementation without obstacles is also presented which shows the
usefulness of the algorithms for practical purposes.

In chapters 4 and 5, the consensus problem for second order saturated multi-agent system
with asynchronous communication and input time-delays is studied. The system is rearranged
into linear and nonlinear elements using describing function analysis to study the limit cycle be-
haviour. The instability of limit cycles or consensus reachability is estimated using describing
functions and stability of linear element. The approaches used in the thesis reduce the mathe-

matical complexity of analysis of the nonlinear system. The stability analysis of linear element
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is performed with the help of Nyquist stability criterion and Lyapunov-Krasovskii function.
Stable ranges of input and communication time-delays are calculated for different control laws
using both the approaches and comparative analysis are presented. Justification to the theoreti-
cal results is done with the help of simulations and corresponding implementations on hardware.
In chapter 5, a linear system with a general nonlinear input is also analysed. It has been ob-
served that a nonlinear odd function g(x) symmetric to origin and xg(x) > 0 is able to solve the
consensus of a multi-agent system connected by an undirected network. The theoretical results
are obtained by Lyapunov approach. Simulation and implementation are performed on a similar

network used earlier in chapters 4 and 5.

6.2 Future Scope and Possible Directions

With current control laws, the system is not immune to external disturbances in the state in-
formation. Noise in the state information and its mitigation strategies have to be considered in
the future research. Moreover, stability of heterogeneous agents using advanced control strate-
gies [118] and nonlinear inputs are receiving attention recently. Most of the practical systems
are nonlinear and heterogeneous in nature. For example, supply and load characteristics of var-
ious substations in a smart grid are nonlinear and heterogeneous. Developing control strategies
for such systems is very much required in the current scenario of smart world. Time-delays are
not yet considered in such systems. The system of heterogeneous agents is already complex
with nonlinearities and it becomes more complex if time-delays are introduced.

The task allocation to a multi-agent system is manual and human intervention is needed. If
the agents are intelligent and can analyse the goal, the coordination among the agents becomes
more complex. The concepts of game theory, competition and coordination act simultaneously.
The outcome of such intelligent multi-agent system is yet to be explored. For game theory and
competition to work, a reward system has to be in place. Implementation of reward system in
a distributed system with common goal is also tricky. All these aspects are not explored with

respect to multi-agent systems.
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APPENDIX A

SUPPLEMENTARY MATERIALS

A.1 Describing Function Analysis

Frequency domain analysis is a very powerful method for the analysis and design of linear time-
invariant control systems. It is based on representing a system with complex valued algebraic
functions called transfer functions instead of differential equations. However, frequency domain
analysis cannot be directly applied on nonlinear systems since the transfer functions cannot be
defined for nonlinear systems. Nevertheless, describing function analysis which is an extended
version of the frequency domain analysis can be used to approximately analyze the nonlinear
systems. Although the describing function analysis is an approximation, the major use of it is
to estimate the existence of limit cycles in nonlinear systems.

Limit cycles in most of the control systems are undesirable (few exceptions like electronic
oscillators need limit cycles in the output), so prediction of limit cycles is of prime importance in
nonlinear systems. The basic assumptions to use describing function analysis are: a) system has
single, time-invariant nonlinearity; b) the nonlinearity is odd; ¢) only fundamental component
is considered for a sinusoidal input. Consider a nonlinear system in Fig. A.1 with saturation

nonlinearity, slope of the saturation function in linear region is assumed to be unity.

r + u w K x y
—O— Gi —’%—’ G,
| G

Figure A.1: Block diagram of nonlinear system.
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The system in Fig. A.1 can be rearranged into an approximate system, as depicted in Fig. A.2

[119]with linear element in as G = G1G,G3.

r +  u | Nonlinear element | w y
—(— =) Linear element

Figure A.2: Block diagram of rearranged system.

For a sinusoidal input, the output of saturation function with unity slope in the linear region

is given by Eqn. (A.1).

;

-K —K > Asin(ot)
W= Asin(owt) —K <Asin(ot) <K (A.1)
K K > Asin(ot)

\

The describing function of saturation nonlinearity in Eqn. (A.2) is obtained by following
aforementioned assumptions [119]. Only fundamental component of the Fourier series is con-

sidered.

(A.2)

2 . (K K K?
N(A) = 2 [arcsm (Z) + I 1— vl

where, the limit cycles’ amplitude is represented by A.
For sustained oscillations with no external input (r = 0), the following relations obtained

from Fig. A.2 must be satisfied.

u=-y
w=N(A)u
y=Gw (A.3)
After rearranging Eqn. (A.3),
GN(A)+1=0 (A4)

If Eqn. (A.3) has no solutions, it can be estimated that the system has no sustained oscil-
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lations. The nonlinear system exhibits limit cycle behavior when G and —1/N(A) intersect
with each other in complex plane. The describing function in Eqn. (A.2) is real valued and
—1/N(A) € [—1,0). The limit cycles are stable when the transfer function of linear element G
encircles (—1,0) in a complex plane. In other words, limit cycles are exhibited when the linear
element is unstable. Stability analysis of the linear element can be performed using Nyquist

stability approach and Lyapunov-Krasovskii approach.

A.2 Lyapunov Stability Theory

In this section, Lyapunov stability theory that is used in the subsequent chapters has been re-
viewed [119]. Some basic definitions are discussed, Lyapunov stability theory for nonlinear and
linear systems are explained.

Consider a set of ordinary differential equations given in Eqn. (A.5), which is widely used

to represent unforced nonlinear systems.
x = f(x) (AS)

Here, x € R" are called state variables and the evolution of state variables with respect to time is
characterized by the differential equation. A basic assumption on the system is such that, future
values of the state variables are determined by the current values of the state variables. In other

words, if the value of x at ¢ = 1 is known, then the value of x, V¢ > #y can be determined.

Definition 8. Equilibrium point: A state x* is called equilibrium point of the system if once x

reaches x*, it remains at x* for all future time.

The equilibrium points are found by solving X =0

A.2.1 Stability, Asymptotic Stability and Exponential Stability

The study of stability, asymptotic stability and exponential stability in the sense of Lyapunov is

performed using the evolution of state variables with respect to time.
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Definition 9. For the system in Eqn. (A.5), the equilibrium point x* = 0 is said to be stable if,
VA > 0, there exits some 6 > 0, such that if ||x(7p)|| < 8, then ||x(¢)|| < A, V¢ > 19, where || - ||

denotes second norm.

Stability of a system according to Lyapunov theory signify that the state variables can be
kept close to origin for all # > 1y by starting close to origin at #y. The stability guarantees that the
states lie in a ball By centered at origin of radius A for all the future time, after starting inside
another ball Bg centered at origin of radius J at time 7. In many applications, stability is not
enough and there is a need for the states to converge at origin as t — oo. In some applications,
convergence to origin at infinite time is also not sufficient and rate of convergence is required

to determine how fast the states converge.

Definition 10. The equilibrium point x* = 0 is said to be asymptotically stable if, it is stable

and 36 > 0 such that, ||x(%)|| < 6 = ||x(¢)|| = 0asz — 0.

Definition 11. The equilibrium point x* = 0 is said to be exponentially stable if, there exists

positive constants o and B such that, |[x(1)|| < § = ||x(¢)|| < a||x(0)]|e BU—), ¥t > 1.

Asymptotic stability implies that, within a ball Bg of radius é (x € Bg) the equilibrium point
is stable and also the state variables converge to origin as time tends to infinity. Exponential
stability implies that the system is asymptotically stable and the states converge to origin with
an exponential convergence rate of 3. The asymptotic stability and exponential stability defined

above are local and valid for states within ball Bg (also called as domain of attraction).

Definition 12. If asymptotic (or exponential) stability holds for any initial states, then the equi-

librium point is said to be globally asymptotically (or exponentially) stable.

The global asymptotic (or exponential) stability has no restriction on domain of attraction,
0 can be infinitely large. The states converge to origin irrespective of the initial values if the

system is globally asymptotically (or exponentially) stable.
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A.2.2 Lyapunov’s Direct Method

Lyapunov’s direct method also known as second method of Lyapunov is based on energy like

functions called Lyapunov functions.

Definition 13. A scalar function V (x) is locally positive definite if V(0) =0 and V (x) > 0, Vx #
0,x € Bg. Itis locally positive semidefinite if V(0) = 0 and V (x) > 0, VX # 0,x € Bg. Similarly,
locally negative definite and locally negative semidefinite cases are defined for V(x) < 0 and

V(x) < 0 respectively .

Definition 14. A scalar function V(x) is positive definite if V(0) = 0 and V(x) > 0, Vx # 0.
It is positive semidefinite if V(0) = 0 and V(x) > 0, Vx # 0. Similarly, negative definite and

negative semidefinite cases are defined for V(x) < 0 and V(x) < 0 respectively.

In general, energy functions are positive definite. In mechanical systems, when the en-
ergy is continuously dissipated, the system eventually converges to equilibrium point. For the
energy function to be continuously decreasing and reach origin, its time derivative has to be
negative definite. By choosing proper Lyapunov functions, the analogy of energy functions can
be extended to study complex systems. Convergence of the Lyapunov functions to origin im-
plies asymptotic stability and divergence implies instability. If the Lyapunov function is neither

converging nor diverging, but is bounded in some ball, then the system is stable.

Definition 15. A function V(x) with continuous partial derivative is called Lyapunov function
if, it is positive definite (V(x) > 0) and its time derivative is at least negative semidefinite

(V(x) <0).

Theorem 5. If there exists a Lyapunov function V (X), then the equilibrium point at origin is,
1. stable if V(x) is locally positive definite, V (X) is locally negative semidefinite
2. asymptotically stable if V (x) is locally positive definite, V (x) is locally negative definite

3. globally asymptotically stable if V (X) is positive definite and radially unbounded (V (x) —

oo as ||x|| — o), V(x) is negative definite.
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A.2.3 Linear Time-invariant Systems

An unforced linear time-invariant system can be represented by Eqn. (A.6),

X = AXx (A.6)

The Lyapunov function in general is considered to be quadratic, which includes all the state
variables. Let P be a symmetric positive definite matrix of appropriate dimension, then the

Lyapunov function can be of the form given in Eqn. (A.7).

V = x! Px (A.7)

The time derivative of V yields,
V =x"(ATP+PA)Xx (A.8)

For the system in Eqn. (A.6) to be considered as globally asymptotically stable, AT P4 PA =
—Q should be negative definite or Q be positive definite. A necessary and sufficient condition
for the system in Eqn. (A.6) to be asymptotically stable is that, there exists a unique symmetric
positive definite P matrix for any symmetric positive definite Q matrix. It can also be expressed
as a linear matrix inequality (LMI), A” P+ PA < 0 for asymptotic stability. LMIs can be solved
using solvers like SeDuMi [115], Matlab LMI Lab solver etc., to find the existence of P. Some
solvers like SeDuMi will not handle strict inequalities, in that case the LMI can be modified as
ATP 4+ PA +Q < 0. The solver will iteratively find the existence of positive definite P and Q in

a fairly efficient and effective manner.

A.3 Characteristic Equation

An n'" order system with / number of inputs is defined in Eqn. (A.9).

X =Ax+ Bu (A9)
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Where x € R, A € R"", B € R and u € R**!. The characteristic of Eqn. (A.9) system

in equation is as given in Eqn. (A.10).
sI—A| =0 (A.10)
After expanding the Eqn. (A.10),
aos"+a1s" +ars" P+ .. 4 a,_1s+a, =0 (A.11)
Let {A1,A2,...A,} be roots of Eqn. (A.11), it can be rewritten as,
(s—A)(s—=A2)...(s—A,) =0 (A.12)

In certain systems, each x; can be a subsystem. In such cases, instead |s/ — A, the characteristic

equation becomes,
|f(s)[—A|=0 (A.13)

By following a similar procedure as described above,

n

[f() = A = (f(s) =) (f(s) = A2)....(f(s) —An) = | | (S (s) — ) (A.14)

i=1

A.4 Patrolbot

A.4.1 Specifications

Table. A.1: Physical Characteristics and Power

Length 59 cm

Width 48 cm

Height (body) 38 cm

Body clearance 5 cm

Weight 45 Kg

Payload 12 Kg

Battery 2x12V lead-acid
Charge 480 wt-hr

Run time 4-6 hrs
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Figure A.3: Patrolbot

Table. A.2: Physical Characteristics

Drive wheels

2 foam-filled rubber, with 2 rear-caster balance

Wheel diameter 19 cm
Steering Differential
Gear ratio 28.9:1
Pushing force 22 kg

Swing radius 29 cm

Turn radius 0 cm
Translate speed max 2000 mm/sec
Rotational speed max 360 degrees/sec
Traversable step max 4 cm
Traversable gap max 8 cm

Max climb grade 20 %

Sonar 4 rear

Position encoders

2 (one each motor); 30,000 ticks per wheel rev-
olution; 195 ticks per mm

Processor 44 MHz Renesas SH2-7144
Position inputs 4

Data bus 32-bit

Comm ports 4 x RS-232

FLASH 128 KB

RAM 32 KB

A.5 Assembled Robots

Motherboard
Beaglebone Black with 1IGHz ARM cortex A-8 processor

Two Programmable real time units (PRUs) 32-bit 200MHz micro-controllers
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512MB ram clocking at S00MHz
2GB flash memory that can run linux OS
USB host, HDMI port with 3D graphics accelerator

2 x 46 GPIOs to control external devices

Motors and drivers

Motors: 100 rpm metal geared motors with 36 kg-cm stall torque at limited 4A maximum
current.

Drivers: Dual DC motor driver that can handle 5A starting current on each channel.

Communication

Tp-Link 721WN Wi-Fi adapter with atheros chipset inserted into USB host of motherboard.

Sensors

Wheel encoders: MOC7811 based on LED and phototransistor pair along with wheel encoder

rings are used to measure the rotation made by wheels.

Power

Lead acid battery: 12V, 7Ah

The image of assembled robot is shown in the figure A .4.

RN P

Figure A.4: Assembled robots
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