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ABSTRACT

This thesis investigates the motion of an intruder through a granular medium and

interesting phenomena associaed with it. The continued efforts in understanding

the motion of a solid object through a fluid medium has resulted in innovative

designing of automobiles, aircraft, submarines etc. Similarly, the studies on the motion

of a solid object through a granular medium can lead to designing vehicles or robots that

can be used in rescue operations during andslides or snow avalanches or for exploring

new terrains. In these types of studies, the prominent factors that affect the solid motion

are drag and lift forces. These forces around a solid moving in the fluid medium has

been understood well. However, the drag and lift forces on an intruder moving through a

granular medium have been poorly understood. The reason for this is the complex nature

of the granular medium which exhibits a wide variety of phenomena when subjected

to external perturbations. A thorough understanding of the intruder’s motion through

granular medium helps in mining/drilling operations and designing automobiles that

can move through sand or snow. To this end, three types of intruder’s motion have been

investigated: translation, oscillation and rotation.

Firstly, we studied the translational motion of the intruder. Most of the works in

the recent past were dedicated to the comprehension of the spherical intruder moving

through a granular medium. In our work, we studied the effect of the intruder’s shape

while it is translating through a system of circular particles. We observed that the drag

force is minimally affected by the shape of the intruder provided their cross-section is

kept constant. However, the lift force strongly depends on the shape of the intruder. The

reason for this is as the shape of the intruder changes, the distribution of contacts around

its surface changes, resulting in the variation of the net lift experienced by it. We further

studied how the shape of the granular particles affect the translatory motion of an

intruder as the granular systems in practice mostly comprise of non-spherical particles.

To this end, we considered a system comprising of either discs or dumbbells or a mixture
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of those two. The drag force increases with an increase in the fraction of dumbbells

though the total mass of a dumbbell and a disc particle is kept constant. This is due to

an additional resistance offered by the dumbbells owing to their geometry. Surprisingly,

this additional resistance seems to disappear in the absence of inter-particle friction.

Furthermore, we presented the mean flow fields of various parameters to understand the

effect of particle dynamics surrounding the moving intruder. They revealed the presence

of a cluster of particles in front of the intruder which plays a major role in determining

the drag effects on it.

Then, we investigated the horizontal wiggling motion of an intruder in a granular

medium. This work is inspired by the motion of sand-dwelling creatures which can

penetrate through the sand by inducing wavy motion of their bodies. Previous studies

have demonstrated that a horizontal oscillation of an intruder in the granular medium

results in its vertical motion at certain amplitudes and frequencies of oscillation. In our

work, we probed the shape of the intruder on its vertical motion and the rate of vertical

displacement. The larger the intruder’s top surface, the greater the rate of negative

vertical displacement due to the additional stress from the particles above. The smaller

the intruder’s bottom surface, the greater the rate of positive vertical displacement. In

addition, we proposed a mathematical model which predicts the intruder’s motion with

given oscillation parameters.

Finally, we studied the simultaneous translation and rotation motion of an intruder

through a granular mixture of disc and dumbbell particles. We noticed an inverse-Magnus

effect which has been observed previously in a system of discs. The lift force, which is

responsible for inverse-Magnus effect, is noticed to increase with an increase in the

fraction of dumbbells.
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INTRODUCTION

1.1 Granular materials

G ranular matter is a collection of discrete macroscopic particles that exists around

us in multiple forms, such as sand in the deserts or as grains in food industries.

Granular materials are being handled at several places such as the pharma-

ceutical industry, agriculture, and energy production. Although granular matter looks

simple from the outset, they exhibit complex behaviour resulting from the inelastic

particle collisions and the associated frictional effects. For instance, the system as a

whole exhibit properties reminiscent to either fluids or solids depending on the forces

it is subjected to. Due to its complex physical mechanism and engineering applications,

granular matter has garnered interest among the researchers and the engineers alike.

Moreover, granular physics can be applied to any kind of system which involves the

movement of discrete particles that are primarily governed by contact forces and body

forces. These could be the reasons for an increase in the interest in this field in the recent

decades. Some of the important topics of interest for researchers are force chains [1],

pattern formation [2], segregation [3, 4], robotic locomotion [5], meteor impacts [6], silo

clogging [7], etc.

In a granular medium, the stress is transmitted from one particle to the other through

a network of contacts commonly termed as force chains [8]. When granular particles are

in motion, they may exhibit pattern formation like that of sand dunes [9]. A mixture
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of different sized or different shaped particles subjected to external perturbations may

often lead to segregation. Granular systems are known to jam and go through a jamming

transition [10]. Moreover, the velocity fluctuations, the volume fraction, and the shear

stress regulate the transition from a fluid-like to a solid-like behaviour of the granular

system as a whole. The universal gripper has recently been developed using the jamming

behaviour of granular material [11] which can hold any arbitrary shaped object. The

motion of sand-dwelling creatures has been understood using the concepts of granular

physics [5, 12]. It is important to understand this kind of motion as it can help in

designing vehicles or robots that can travel through sand or snow.

1.2 Locomotion in a granular medium

Understanding the intruder’s movement within the sand has been quite challenging

to the researchers owing to the complex nature of granular particulate system. Earlier

studies on the locomotion within a granular material were inspired by the movements

of certain animals and reptiles in nature such as Scincus Scincus (commonly known

as sandfish skink) [12], Crotalus cerastes (desert snake) [13], etc. Maladen et al [5]

observed that the sand-lizard does not use its limbs but it uses undulatory motion of its

body for propulsion while it is under the surface. Researchers tried to comprehend this

phenomenon by modeling the movement of these creatures as a self-energized objects

[14, 15]. Further studies were carried out to comprehend the process underlying the

movement of a self-energized object oscillating horizontally in both two-dimensional

[14] and three-dimensional systems [15]. Huang et al. [14] have used a cavity model to

describe the process underlying the rise and sink of an intruder in a two-dimensional

system. The authors reported that the amplitude and the frequency with which the

intruder oscillates are the most important factors in determining whether it rises or

sinks in a granular medium. They also observed a minimal oscillation amplitude (Amin)

below which the intruder never sink, regardless of the frequency of the oscillating

intruder object. The two forces which significantly influence the movement of an intruder

through the granular medium are the drag and lift forces.
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1.3 Drag in a granular medium

Drag force is the resistive force acting on the intruder in the direction opposite to its

motion. In a granular medium, the drag force arises due to the interactions between

the intruder and the particles around it. There are many works [16–21] dedicated

to characterize the drag on an intruder. These studies includes an intruder moved

horizontally or vertically within the granular media either at a low [16] or high velocities

[18]. In a high velocity regime, the drag force increases monotonically with the intruder’s

velocity [18]. Whereas in a low velocity regime, it is independent of the intruder’s velocity

for a frictional system [16]. The resistive force or drag force not only depends on the

velocity of the intruder but also its direction of motion: Liu et al. [22] noticed a maximum

drag force when the intruder is moved vertically downward in a gravity system while a

minimum drag force when dragged upward. Albert et al. [17] stated that the drag force

is almost independent of the shape of the intruder in a low-velocity regime. Whereas

in a high-velocity regime, drag is found to be dependent on the shape of the intruder.

The authors further stated that an increase in the intruder’s flatness increases the drag

due to an increase in the number of inter-particle and particle-intruder collisions. The

drag force depends on not only the properties of the intruder but also the external forces.

For example, the drag is noticed [20, 23] to be higher in a confined system than the

one with a free surface due to the presence of the confining pressure. Moreover, the

nature of contact forces between the interacting granules in the dense granular medium

under high pressure can also impact the granular flow behavior [24]. In addition, the

drag increases with an increase in the gravitational acceleration [25]. On the other

hand, in a system without gravity, the drag was observed to increase with the square of

the intruder’s velocity [26]. As it may be expected, the drag depends on the properties

of the granular media surrounding it. Zhou et al. [20] reported a higher drag on an

intruder traversing a polydispersed granular media than a monodispersed one owing

to their packing effects. The drag also depends on the shape of the granular particles.

Zhou et al. [23] noticed a higher drag force on an intruder moving through a system of

dumbbell-shaped granules than that of elliptical granules. The horizontal movement

of the intruder in granular media is influenced by the drag force whereas, the vertical

movement is affected by the lift force.
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1.4 Lift in a granular medium

Lift force is the force experienced by the intruder in a direction perpendicular to its mo-

tion. Despite its importance, there have been very few studies devoted to understanding

this phenomenon [27–29] in granular systems as compared to that in fluids. Soller and

Kohler [30] found that the lift force on rotating vanes increases with an increase in the

size of the granular particles. They also stated that with the increase of the immersion

depth of the vanes, the vertical lift force increases supralinearly. Ding et al. [27] stated

that a symmetric object, such as a cylinder, when dragged within a granular medium,

experiences a weak lift force that varies linearly with the depth. They have reported

that the lift force has a dependence on the depth of the intruder within the granular

medium. Maladen et al. [31] in their study of a sand swimming robot that mimics the

movement of sand lizard within the granular media, found that the lift force can be

controlled by varying the head shape of the robot. They have varied the angle of the upper

leading surface of the wedge, α, due to which a variation in lift force occurs. The extent

of lift forces is larger for α< 90◦, due to the inclined surface that pushes the particles

around it downwards where the yield stress is the maximum than other positions in the

system. Therefore an increase in yield stress in the media makes the flow asymmetric,

leading the particles around the intruder to rise, providing it a positive lift force. They

also found that the robot with a symmetric head shape experiences an upward lift in a

granular medium, whereas, in fluid, a translating symmetric body does not experience

any lift force. Potiguar [28] reported that in a dilute granular flow, there was no net lift

force on a circular obstacle, while the net lift force on an asymmetric obstacle depends

non-monotonically on the intruder velocity and depth. Guillard et al. [32] found that a

cylindrical intruder moving within the granular media experiences strong lift force, but

at depths greater than its diameter, there is a saturation in lift force. Potiguar and Ding

[29] found that the lift force is a non-monotonic function of the intruder’s velocity and

depth in an inertial-regime.

The existing literature on the intruder dynamics within granular medium is confined

mostly to the spherical intruders traversing a system of spherical particles. However,

the granular particles existing in nature and those used in the industries are mostly

non-spherical in shape. Moreover, the effect of the intruder’s shape on its locomotion

properties is hardly explored. In addition, a coupled effect of different types of intruder

motion on its surroundings has scarcely been studied to the best of our knowledge.
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1.5 Objectives

The objectives of this thesis are as follows:

• Role of shape on the forces on an intruder moving through dense granular medium

• Drag on a circular intruder traversing a shape heterogeneous granular mixture

• Shape dependence on the rise and sink of a wiggling intruder in granular medium

• Role of constituents of a granular medium on the lift force experienced by a

translating and rotating intruder

The thesis is organized as follows:

Chapter 2: Simulation technique with algorithm is explained.

Chapter 3: Here, we studied the effect of an intruder’s shape and orientation has on

the drag and lift force it experiences during its movement within the granular medium.

The force distribution on the intruder surface with the surrounding particles has been

analysed.

Chapter 4: In this chapter, we reported the effect of the fraction of dumbbells on the

drag characterstic of an intruder moving through a heterogeneous mixture of dumbbell

and disc in a gravityless system. We further studied different system parameters like

the area fraction φ, coefficient of friction µ and their effect on the intruder dynamics.

The mean flow field are presented to understand the stress characterstic for different

fractions of dumbbell.

Chapter 5: In this chapter, we presented the role of an intruder’s shape and orien-

tation on its vertical dynamics when oscillated horizontally within the dense granular

medium. We studied the rate of vertical displacement as a function of the intruder’s

amplitude (A) and timeperiod (T). The rise and sink of an intruder as a function of phase

angle is analysed.

Chapter 6: A rotating and translating object in a fluid due to the pressure difference

can deviate from its straight path, this phenomena is known as Magnus effect. In this

chapter, we analyse the lift force on a translating and rotating intruder in a mixture of

dumbbell and disc for various spin ratios.

Chapter 7: Conclusion and suggestions for future work.
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2
SIMULATION METHOD

We used the discrete element method (DEM) for all of our studies. Using DEM

technique, we can access various particle attributes such as their positions,

velocities, forces, torques etc at different times of the simulation. This aids

us in understanding the particle level dynamics. The first step in the DEM technique

is the detection of contacts. Two particles i and j having radii of r i and r j are said to

be in contact, if the overlap between them is δ≥ 0. Here, δ= r i + r j −|r i j|, where r i j is

the distance between the centres of two particles i and j. Once the particle contacts are

determined, we compute the contact forces for each of the particles. The normal and

tangential components of contact force Fn
i j and Fn

i j[1] of a particle i due to its contacting

particle j are computed as:

Fn
i j =

√
(Reffδi j) (Knδi j r̂i j −meffγnvn

i j) (2.1)

F t
i j =−min(µFn,

√
(Reffδi j) (K t∆si j +meffγtvt

i j) (2.2)

Then, the positions and velocities of the particles are updated at regular intervals of

time by integrating the equations of motion.

d(miui)
dt

= Fg +
N∑

j=1
Fc j (2.3)

We also integrated the angular momentum equation at regular interval of time to

update the angular velocity of the particles.
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Contact detection

Generate initial configuration of particles

Integrate equation of motion to update 
particle positions r(t+δδt),

velocities v(t+δδt) and angular velocities ω(t+δδt)

Calculating contact forces 

STOP

Yes

     If  Run time > N
step

No

Figure 2.1: The flowchart depicting the flow of operations in a DEM technique. Here ’Nstep ’
corresponds to the total number of simulation timesteps, which vary depending on the problem of
interest.
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Figure 2.2: Two spherical particles i and j are in contact, with ri, r j the positon vector, ui
u j the velocity vector, and ωi,ω j the rotational velocity vector. Fn, and F t are the normal and
tangential components of contact forces and δ is the overlap between the two particles i and j.

I iωi =
∑

τi (2.4)

The forces considered on the particles are the contact forces Fc and the gravity forces

Fg. Fig 2.1 depicts the sequence of a DEM method.

The superscript n, t denotes the normal and tangential components of the correspond-

ing parameters, whereas the subscript i, j denotes the ith,and jth particles. The effective

radius is defined as Reff = r ir j
r i+r j

, where r i and r j are the particle radii. K is the elastic

constant, r̂i j is the unit vector in the direction of line joining the particles i and j and

meff = mim j
mi+m j

is the effective mass where m is mass. γ is the damping coefficient, µ is the

coefficient of friction, ∆si j is the tangential displacement vector and vt
i j is the tangential

component of the relative velocity. In our work, the dumbbells are created by fusing two

discs of same size without any overlap. The positions and velocities of a dumbbell are

computed as the centre of mass and centre of mass velocities of the two constituting

parts of the dumbbell. The total force acting on a dumbbell is determined by adding

the force experienced by the two constituent discs of it. The total torque experienced by

a dumbbell is determined in the same way as that of the force. The forces or torques

experienced by one constituent particle of a dumbbell due to another particle of the same

dumbbell are set to zero. All of our simulations are performed using LAMMPS package

[2] and they are visualized using OVITO [3] package.

Due to the advent of supercomputer and vast increase in the computational resources,

the use of DEM technique has increased in variuos problems including industrial one’s
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as well. The DEM technique has been proved useful in determining the dynamics of

granular particles in various enviroments such as problems involving an intruder moving

through granular media [4, 5], particles flowing over an inclined plane ([6, 7], particle

flow through a hopper [8], contact networks in granular media [9]. This numerical

technique has also been applied to determining jamming probability in confined granular

systems [10–12], probing segregation dynamics [13, 14], analysing mixing properties

[15, 16], understanding of force chain networks[17, 18], and studying particle motion in

rotating cylinders[19, 20].
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3
ROLE OF SHAPE ON THE FORCES ON AN INTRUDER

MOVING THROUGH A DENSE GRANULAR MEDIUM1

3.1 Introduction

G ranular matter is a collection of discrete macroscopic particles that exhibit

properties of solids or fluids depending on the volume fraction [1]. It is present

everywhere around us in multiple forms such as sand in the deserts or as

grains in food industries. Dry granular matter exhibits properties that resemble those

of Newtonian fluids such as capillary action [2], Magnus effect [3], Kevin-Helmholtz [4]

and Rayleigh-Taylor [5] instabilities. In addition, understanding the forces on objects

moving in fluids has been an active area of research for the last few decades, as it

has applications in the development of vehicles in the automobile [6] and aerospace

industries [7], etc. Though drag and lift forces are well understood in fluids, they have

been less investigated in granular media.

Drag is the retarding force exerted on a body by surrounding medium. Studies

performed for various configurations [8–10] in granular media to understand the drag

include an intruder object moving horizontally or vertically at low [8] or high velocities

[11]. In the slow velocity regime, the drag force is either independent of, or weakly

1The article based upon the work reported in this chapter is published in Partcl. Scn and Tech. 2021 ;
title: Role of shape on the forces on an intruder moving through a dense granular medium; authors: Bitang
K Tripura, S Kumar, Julian Talbot and KA Reddy.
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CHAPTER 3. ROLE OF SHAPE ON THE FORCES ON AN INTRUDER MOVING
THROUGH A DENSE GRANULAR MEDIUM

dependent on, the intruder’s velocity [8]. At higher velocity the drag force increases

monotonically with the intruder velocity. Albert et al [9] studied objects of different

shapes and found that the difference in drag for any pair was less than twenty percent

in the low-velocity regime. This work, however, did not explore the behavior at higher

velocities. In a recent study of intruders of various shapes in a slow granular silo flow

it was observed that the dimensionless number characterizing the drag force varied

significantly with shape [12].

In addition to drag, objects may also experience a lift force while moving in a gran-

ular medium. However, there have been very few studies devoted to understand this

phenomenon [10, 13–15]. Ding et al [10] stated that a symmetric object, such as a cylin-

der, when dragged within a granular medium experiences a weak lift force that varies

linearly with the depth. Potiguar [13] reported that in a dilute granular flow there was

no net lift force on a circular obstacle, while the net lift force on an asymmetric obstacle

depends non-monotonically on the intruder velocity and depth. Guillard et al [14] studied

the lift force on a cylinder moving horizontally in a granular medium under gravity.

They observed that the lift force saturates at depths greater than the cylinder diameter

and noted that the gravitational pressure gradient breaks the up/down symmetry of

the moving intruder thereby modifying the flow around its surface. Debnath et al [15]

observed that the lift force for a disc-shaped intruder rises with the immersion depth and

reaches a constant value at larger depths. It was argued that the lift is the result of the

asymmetry in the dilation and shear rate in the regions above and below the intruder.

The studies mentioned above are relevant for understanding animal locomotion in

granular media. Subsurface motion is essential for sand dwelling animals to shelter

from high temperatures in deserts during day time or to escape from predators. Animals

such as sand lizards propel themselves using undulatory movements [16, 17]. Hence, it

is crucial to address the effect of shape on drag, and the induced lift, as the shape of the

object determines the strength of the jammed region built in front of the intruder [9].

The objective of the present work is to understand the shape and friction dependence

of the drag and lift forces on an intruder immersed in a granular medium as a function

of its velocity and depth. We provide details about the simulation method in section 3.2,

results and discussion in section 3.3, followed by our conclusions in section 3.4.
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3.2. SIMULATION METHODOLOGY

Figure 3.1: The various shapes considered in our study. In the simulations they move from left
to right.

3.2 Simulation Methodology

In this work, we employed the Discrete Element Method (DEM) [18] to study the forces

on variously-shaped objects being dragged through a granular medium in the presence

of gravity. The simulations were performed in two dimensions with periodic boundary

conditions in the x-direction. A gravitational field of magnitude g acts along the negative

y direction and a wall, composed of particles of diameter d, confines the simulation

system along y= 0. The density (mass per unit area) is taken as ρ. In our simulations we

used non-dimensionalised quantities with g, d, and ρ as the basic units. The intruder

position is fixed and then some 63000 particles are radomly poured in the system

from above. The diameter of the particles range uniformly from 0.9d to 1.1d to avoid

crystalization. The particles are allowed to settle under the influence of gravitational and

dissipative forces (discussed later) until the energy of the system reaches a minimum.

The simulation system spans 300d along the x direction while a free surface is present

at a height of about 195d measured from the bottom. The depth of the center of mass of

the intruder from the free surface is denoted by h(see Fig. 3.2).

The intruder is displaced at a constant velocity v along the positive x-direction for

a total distance of 1200d. We considered 7 different shapes in our study: a square (S1),

a rectangle (S2), a disk (S3), an ellipse with major axis aligned with the direction of

motion of the intruder (S4), an ellipse with minor axis aligned with the x- direction (S5),

an equilateral triangle with edge pointing opposite to the moving direction (S6) and an

equilateral triangle with edge pointing along the moving direction (S7): See Fig. 5.14.

The maximum cross-section of all shapes has the same length of 10d. Fig. 3.2 shows

an initial configuration for S6 at a depth of h = 105d. Each of these shapes is created
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Figure 3.2: Initial configuration for one of the shapes (backward triangle, S6) at a depth h = 105d.
Periodic boundary conditions are applied in the x-direction. The system is confined by a wall at
y= 0 composed of particles of size 1d (blue particles), while the top surface is unconstrained. The
origin is located at the left bottom corner.

from a set of particles, for example the square shape (S1) is made by arranging twenty

layers of particles, with each layer consisting 20 particles, each particle with a diameter

of 0.5d, and a total of 400 particles are used. The rectangle shape (S2) is created by

arranging twenty layers of particles, with each layer having thirty particles having a

total of 600 particles. The disc shape (S3) is created by placing seven consecutive layers

of particles in a circular form having 339 particles in total. Similarly, the elliptical shape

(S4 and S5) is created by placing the particles on the circumference of the ellipse, and

then consecutive layers of particles are placed to make the desired shape. The S4 shape

(ellipse-x-major) is created using 595 particles, while for the S5 shape (ellipse-y-major),

224 particles are used. Lastly, the equilateral triangles (S6 and S7) are created out of

231 particles. The particles that are used for creating the shapes have a diameter of 0.5d

each. The intruder object as a whole is considered a single entity and its momentum is

governed by rigid body dynamics. At each timestep the total force (torque) on the rigid

intruder is computed as the sum of the forces (torques) on its constituent particles. We
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have maintained the same cross-section facing the flow direction and also we maintained

the same mass for each intruder even though we used a different number of particles to

construct the intruder.

The DEM technique is discussed elaborately in chapter 2. The values of variuos

constant used in the simulations are given as kn = 2×106ρdg an kt = 2.54×106ρdg.

The normal and tangential damping coefficients, γn and γt, were taken as γn = γt =
3200

√
g/d3 . The forces on the intruder are recorded at time intervals of 5×10−4

√
d/g .

The length of the simulation corresponds to the time that it takes for an intruder to travel

1200d for a specific velocity. All the simulations were performed with LAMMPS [22]

(https://lammps.sandia.gov/index.html) and OVITO [23] was used for post-simulation

visualisation.

3.3 Results and Discussion

In this section, we present the results for all seven intruder shapes (see Fig. 5.14). The

intruder moves at a constant velocity v along the positive x direction at depth h. The

study was carried out for various velocities v, depths h, and coefficients of friction µ.

Subsection 3.3.1 presents the drag on the intruder for various velocities v and coefficient

of friction µ at a constant depth h = 105d. Subsection 3.3.2 addresses the particle

contacts on the intruder for various v and µ at a constant depth h = 105d and kinetic

drag regimes. Subsection 3.3.3 provides the details on the lift force experienced by the

intruder for various v and µ at a constant depth h = 105d. Subsection 3.3.4 explores the

depth dependence of forces on the intruder for velocities v/
√

dg = 1, 5, and µ= 0.1. Lastly,

Subsection 3.3.5 examines the distribution of forces around the intruder for various

velocities v at a fixed h and µ. Reported quantities such as drag FD , lift FL, and number

of contacts Nc have been calculated by averaging over several configurations after the

intruder achieves a mean steady state behavior, i.e., the instantaneous drag fluctuates

around a well defined mean.

3.3.1 Drag on the moving intruder

In this subsection, we present and discuss the drag on the moving intruder at several

velocities v and coefficients of friction µ. The drag FD against velocity v (log-log plot)
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Figure 3.3: The variation of drag on an intruder with the velocity at (a) µ= 0, (b) µ= 0.1, and
(c) µ= 0.5 for all the shapes in our study on a log-log scale. The inset figures show ψ= FD /v2 for
higher velocities.

for µ= 0, 0.1 and 0.5 is shown in Fig. 4.2 (a), (b) and (c), respectively, for all the shapes.

Additionally, ψ= FD /v2 is shown in the insets of each figure.

A minimum force, known as the yield drag [24–26], is required to initiate the motion

of an object in granular media. Therefore, we can write the drag as FD = FY +FK where

FY is the yield drag necessary to initiate the motion, while FK is the kinetic drag.

Assuming that the drag for the lowest velocity at which we performed our simulations

gives us the yield drag, FY is highest for S2 followed by S1 for all µ. The other shapes

have nearly identical yield drag (within seven percent of each other) for all values of µ

considered.

It is known from a few published studies [24–28] that the drag regimes and drag laws

in granular media are strongly correlated with the intruder’s velocity. In the present work

we observe that, without friction, the drag increases gradually with v (see Fig. 4.2 (a)).

However, in the presence of friction, specifically, µ= 0.1 and 0.5, we observe a constant

drag regime at low velocities (see Fig. 4.2 (a) and (b)). Hilton and Tordesillas, [25] and

Sonu et al [26] studied these drag regimes in the context of a dimensionless Froude

number Fr which is the ratio of two timescales associated with the falling of grains in

the wake and the forward motion of the intruder (assuming the intruder dimensions are

much larger than the grains). They suggested that the constant drag regime exists for

Fr < 1. Applying their individual definitions of Fr to our shape S3, Ref. [25] predicts

that the constant drag regime should persist until v/
√

dg ≈ 1.12, while Ref. [26] predicts
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Figure 3.4: The variation of drag on an intruder at low velocity in the range (0.1
√

dg to 4
√

dg )
for µ (a) 0.0, (b) 0.1, and (c) 0.5 on a log-log scale for all the shapes.

the constant drag regime to exist until v/
√

dg ≈ 1.23. Both definitions predict a constant

drag regime in the velocity range very close to what we have observed in our study. While

it is not clear how this definition of Fr can be extended to non-spherical intruders, we

observe that the constant drag regime occurs for almost the same velocity range for all

the shapes.
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Figure 3.5: The variation of drag on an intruder with at intermediate to high velocity in the
range (5

√
dg to 20

√
dg ) for µ (a) 0.0, (b) 0.1, and (c) 0.5 on a semi-log scale for all the shapes.

Beyond the constant drag regime that is observed at low intruder velocities for

frictional system (see Fig 3.4), whereas the drag on the intruder increases with velocity

for all the system (see Fig 3.5). The slope of the curve on the log-log plot seems to be
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varying with v suggesting that, for some constant a, FD ∝ va is not valid for a granular

medium. The kinetic drag contribution to the drag FK dominates yield drag FY at high

velocities. This can be observed in the insets of Fig. 4.2 where ψ = FD /v2 approaches

a constant value. We shall elaborate further on FK and the drag regimes in the next

subsection. By comparing directly the values of FD at higher velocities (v > 10
√

dg ),

we note that the drag forces are in the order: FD,S1 ≈ FD,S2 ≈ FD,S6 > FD,S5 > FD,S3 ≈
FD,S7 > FD,S4, where FD,i is the drag FD for shape i. Even though the differences are

not large, this trend is observed consistently for all velocities higher than 10
√

dg , and

for all µ considered in our study. At velocities lower than 1.23 (v/
p

( dg)< 1.23), the trend

is: FD,S2 > FD,S1 > FD,S6 ≈ FD,S5 ≈ FD,S3 ≈ FD,S7 ≈ FD,S4.

Albert et al [9], in their study of the effect of shape of slowly moving object in a

granular medium on jamming of grains around the object, highlighted that (a) stream-

lining the intruder significantly reduces the resistance offered by the granular medium

to its motion, and (b) the increase in the drag on intruders that are longer in the flow

direction is due to the creation of a more jammed state in front of the intruder. [10]

demonstrated that the local surface stress on an intruder is approximately equal to that

on a plate oriented at the same angle as the local surface and moving at the same velocity

and depth. Therefore, one could calculate the forces on an intruder by summing up the

individual contributions of these stresses.

At low velocities (see Fig. 4.2), it is evident that streamlining an object significantly

reduces the drag. An example of this would be the shapes S2 (a rectangle) and S4 (an

ellipse) of 20d×10d along x and y, respectively. Since an ellipse is more streamlined

than a rectangle of similar dimensions, the latter has a higher drag than the former. The

streamlining of a body reduces the drag since the force chains applying a force of f f c
P at

a point P on the intruder contributes only f f c
P sinγ to the drag, where γ is the tangential

orientation of the intruder at point P with x axis (γ= 0 corresponds to the direction of

motion). If the force chains developed were equally strong, streamlining of a body would

significantly reduce drag.

Moreover, similar shapes such as S3, S4, and S5 have identical drag at low velocities

suggesting that viscosity is not a major contribution to the drag force in granular media

[9]. Although S4 is the longest shape and it creates the most jammed force chains in

front of itself compared to S3 and S5, the force chains tend to occur more laterally, thus,

contributing less to the drag. However, it must be emphasized that if the bodies are

equally streamlined, the drag increases with the length of the intruder at low velocities
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Figure 3.6: The variation of the mean number of contacts N on an intruder with the velocity at
(a) µ= 0, (b) µ= 0.1, and (c) µ= 0.5 for all the shapes in our study.

as can be seen from FD for shapes S1 and S2 (Fig. 3.3) This is because longer shapes

delay the collapse of force chains in the intruder’s wake allowing those with higher stress

to be formed in front of the intruder. Also since the forward facing surfaces of S1, S2 and

S6 are blunt (sinγ= 1), the force chains contribute more to drag compared to the other

shapes. Moreover, the triangle S6 allows the force chains to collapse almost immediately

and thus, has lower drag than S1 or S2. S7 is also streamlined and, therefore, has less

drag than S1 or S2 at lower velocities. This will be shown in later subsections.

As previously stated, at higher velocities, the drag forces are in the order FD,S1 ≈
FD,S2 ≈ FD,S6 > FD,S5 > FD,S3 ≈ FD,S7 > FD,S4. Firstly, S1, S2 and S6 are subject to an

approximately equal drag, unlike at low velocities. Interestingly, [10] showed that stress

acting on a flat plate being dragged in granular media is identical to the small element

on the intruder with a similar orientation to the flow γ, irrespective of the shape of

the intruder. Since the front faces (side facing the flow) of these three intruders are

oriented at the same angle to the flow, they experience the same magnitude of stress on

the front face. Additionally, the other faces contribute very little to the drag as they do

not experience contacts with the grains. This leads to the three shapes S1, S2 and S6

having an identical drag. It is noteworthy that, at low velocities, the drag is not equal for

the three shapes, because of the way these shapes hinder the jamming and collapse of

grains around them. Other shapes with curved front surfaces experience a lower drag

than S1, S2, and S6. The curved surfaces contribute sinγ< 1 times the normal force on

the intruder’s surface to the drag. Therefore, the more blunt an object is, the more drag
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it experiences. Hence, S5 has a lower drag than S1, S2, and S6, but higher than S3. As

the shape becomes less blunt, the drag is further reduced with S4 having a lower drag

than S3. Interestingly, S7 also has a higher FD than S4 because two of the sides of S7 are

tilted at an angle of π/3 to the flow. This is very close to the angle at which a plate moved

through granular media experiences the maximum stress [10]. S3 and S7 experience

similar drag due to the summation of drag components being almost similar. We discuss

the force profiles on the intruders in Sec. 3.3.5.

3.3.2 Number of contacts, kinetic drag, and drag regimes

In order to understand the forces acting on an intruder, it is imperative to reflect on

the role of the grains in contact with the intruder: it is these grains that are ‘directly’

responsible for the forces. The average number of grain contacts, N, changes with the

intruder’s shape as well as its velocity. Therefore, in this subsection, we present our

results and discussion on N and the relation between N, FK and the drag regimes.

Table 3.1: Comparison of φ obtained from numerical simulations and the theoretical estimate,
lcs/S.

Shape φsimulations φ= lcs/S
S1 0.20 0.25
S2 0.24 0.20
S3 0.22 0.32
S4 0.17 0.21
S5 0.27 0.37
S6 0.30 0.33
S7 0.34 0.33

The number of contacts N is calculated by averaging over several configurations after

the intruder has reached a steady-state behavior, i.e., when the drag force fluctuates

around a well-defined mean. Of course, N is a strong function of the shape of the

intruder, but it does not imply that two shapes with same number of contacts at a given

v experience equal forces. For example, a blunt and a streamlined object may have a

similar number of contacts.

The variation of N with v is shown in Fig. 3.6 (a), (b), and (c) on a semi-log plot for

µ= 0, 0.1, and 0.5, respectively. Two distinct regimes can be identified; an exponential

one in which N ∝ eεv, with ε constant, and a second in which N = N∞ is constant. The
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latter seems to be in the same velocity range in which the v2 dependence of drag force

is expected. Although we do not exactly understand the physical picture behind this

saturation, it is consistently present for all the shapes and for all the µ considered in

our study. However, this saturation value can be approximated as N∞ ≈Φlcs/d, where

Φ is the packing fraction of the bed and lcs is the cross-section length perpendicular to

the direction of motion. Let φ= N∞/N0 where N0 is the number of contacts in the yield

limit, which is roughly equal to ΦS/d where S is the perimeter of the obstacle. Therefore,

φ ≈ lcs/S. We have compared this rough theoretical estimate of φ with that obtained

from the numerical simulations in Table 3.1. Additionally, we observe that ε≈−0.1 as

can be seen in Fig. 3.6 (a), (b), and (c) and the value of ε for each individual shape and µ

is presented in Table 3.2.

Based on plots of FD and N versus v for µ ≥ 0 and by comparing their respective

behaviors for all the intruder shapes considered in the present study, we propose a

three-regime model for the average drag force FD acting on the intruder. In the first,

which is observed in the range 1 < v/
√

dg < 4, the drag is constant; the second occurs

in the range 8 < v/
√

dg < 12 and the third for 10 < v/
√

dg < 12. In the remainder of

this subsection, we explore the dependence of the kinetic drag on the velocity for each of

these regimes.

Each contact exerts a force on the intruder whose magnitude depends on its location

with respect to the intruder’s line of motion. It is difficult to correlate the average number

of contacts N with the force on the intruder. A previous study [25] proposed FK ∝ Nvζ

with ζ= 1, but they considered only the first two drag regimes. Here we assume that ζ

can vary depending on the regime:

Regime I: FK = 0 (3.1)

Regime II: FK =αvζ1 N/N0 =αexp(εv)vζ1 (3.2)

Regime III: FK =βvζ2 N/N0 =βvζ2 lcs/S (3.3)

where α and β are constants. Parameters corresponding to the best fit of these equations

to our simulation data, along with their coefficient of determination, are presented in

Table 3.2. In regime II, it can be seen that ζ1 ≈ 1 for all shapes in accord with the previous

results [25] for µ> 0. As for the regime III, ζ2 ≈ 2 is consistent with a v2 dependence of

kinetic drag with velocity. Except for the frictionless (µ= 0) systems where the trends

are not clear, the proposed regimes work well for all the shapes with ζ1 ≈ 1 and ζ2 ≈ 2.
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Table 3.2: The values of fits and constants

Shape µ −ε ζ1 R2
ζ1

ζ2 R2
ζ2

S1
0.0 0.133 1.064 0.981 1.970 0.983
0.1 0.120 1.319 0.993 2.168 0.973
0.5 0.099 1.296 0.999 2.411 0.976

S2
0.0 0.115 1.106 0.984 2.244 0.974
0.1 0.119 1.403 0.997 2.591 0.991
0.5 0.100 1.440 0.961 2.420 0.986

S3
0.0 0.126 1.130 0.986 1.752 0.922
0.1 0.123 1.290 0.997 1.938 0.942
0.5 0.099 1.186 0.991 2.094 0.955

S4
0.0 0.132 1.126 0.993 2.143 0.988
0.1 0.133 1.301 0.997 2.300 0.978
0.5 0.116 1.363 0.991 2.188 0.975

S5
0.0 0.122 1.063 0.983 1.422 0.905
0.1 0.113 1.25 0.994 1.746 0.945
0.5 0.090 1.191 0.979 2.022 0.945

S6
0.0 0.122 1.106 0.981 1.296 0.966
0.1 0.113 1.327 0.998 1.601 0.951
0.5 0.094 1.296 0.993 2.08 0.976

S7
0.0 0.092 1.001 0.994 1.579 0.951
0.1 0.099 1.292 0.997 1.807 0.911
0.5 0.073 1.225 0.983 2.147 0.932

Mean
0.0 - 1.001 - 1.579 -
0.1 - 1.292 - 1.807 -
0.5 - 1.225 - 2.147 -
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Figure 3.7: The variation of lift on an intruder with the velocity at (a) µ= 0, (b) µ= 0.1, and (c)
µ= 0.5 for all the shapes in our study.

3.3.3 Lift on the moving intruder

The component of the force on the intruder perpendicular to the flow direction is defined

as the lift force, FL. Figure 3.7 shows the variation in FL as a function of the intruder’s

velocity (v) for various coefficients of friction (µ = 0, 0.1 and 0.5). For a clear exposition

of the trends, we consider three velocity regimes: (i) low velocities (0.1 < v/
√

dg < 4);

(ii) intermediate velocities (6< v/
√

dg < 14); and (iii) high velocities (14< v/
√

dg < 20).

For µ = 0.0 (Fig. 3.7(a)), a maximum in FL for all intruder shapes is observed in the

intermediate velocity regime and is ordered as follows: FL,S2 > FL,S1 > FL,S4 > FL,S7 >
FL,S3 > FD,S5 > FL,S6. For most of the shapes FL saturates in the third regime. The

highest FL is observed for S2 (rectangle) in the intermediate regime. In both the frictional

and frictionless systems the maximum lift force for this shape is observed at v/
√

dg = 12,

followed by a sharp decrease. The non-monotonic behavior of the lift force is result of

flow detachment from the intruder. An example is shown in Fig. 3.8 depicting simulation

snapshots of the flow region around the S2 shape for µ= 0.0 at different velocities. For

v/
√

dg = 1 the granular particles just slide past the intruder without leaving a trail

behind it. At v/
√

dg = 8 the flow detachment from the upper surface of the intruder

is evident. This can be attributed to the presence of a free surface at the top and a

confined wall at the bottom of the assembly of particles. As a result, the particles below

the intruder exert a net upward force. As v increases, flow detachment continues to occur

only from above the intruder but not below it. The expansion of flow detachment above

the intruder is observed until v/
√

dg = 12. Beyond v/
√

dg = 12, however, the intruder
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imparts more energy to the granular particles in its path, which eventually results in

flow detachment from both the upper and lower surfaces as shown in Fig. 3.8 (d) for

v/
√

dg = 18. The S1 and S2 shapes, both having flat surfaces around the sides, show

simillar flow behaviour (Fig 3.8 and 3.9). The intruder shapes S3, S4 and S6, having

different radius of curvature in the direction of movement, exhibit low flow detachment

up to v/
√

d/g = 12 and beyond that at higher velocities the flow detachment is more (see

Fig 3.10, 3.11 and 3.12). The equilateral triangle S6, having a flat surface perpendicular

the direction of movement (like S1 and S2), and developes flow detachment from the

upper surface up to a certain velocity and later at high velocities flow detachment occurs

from both the top and bottom of the shape (Fig 3.13). S7 has a pointy edge in the

front with its tilted sides in the direction of motion shows low flow detachment up to

v/
√

d/g = 12 (Fig 3.14). A large void is witnessed only when the intruder is moving at

high velocity of v/
√

dg ≥ 18. In a confined system we might not witness such large voids

but as our system is open at the top it is possible and a similar behaviour has been

oberved by [11] at very high intruder velocities.
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Figure 3.8: Snapshots showing the region around the S2(rectangle) intruder for µ= 0 at different
intruder velocities (v/

√
dg ) (a) 1, (b) 8, (c) 12 and (d) 18.

It is generally observed that above a certain velocity particle contact only occurs

on the leading side of the intruder with flow detachment from both its top and bottom
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surfaces. This flow detachment plays an important role in the decrease of FL beyond

a certain v for shapes S1 (square), S2 (rectangle) and S4 (ellipse with the major axis

aligned with the x-direction), compared to the other intruders. The lift force on the

equilateral triangle S7 (with an edge pointing to the moving direction), disc S3, and

ellipse major S5 shapes varies little with v for µ= 0.0. This could be due to the maximum

particle interaction being concentrated on the frontal part. Interestingly, a negative FL

is observed for an equilateral triangle with its edge pointing opposite to its direction of

motion (S6) in the low velocity regime. In this case, particles traversing the edges of the

blunt surface exert more force on the upper inclined surface than that on the lower one.

This is because the particles fall on the upper inclined surface of S6, while the particles

have to move against gravity to reach the lower inclined surface. It is also evident that

the lift force saturates for most of the shapes in the high velocity regime.
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Figure 3.9: Snapshots showing the region around the S1 (square) intruder for µ= 0 at different
intruder velocities (v/

√
dg ) (a) 1, (b) 8, (c) 12 and (d) 18.

For systems with friction coefficients µ= 0.1 and 0.5, the lift forces on S1,S2 and S4

are higher than on the other shapes in the intermediate velocity regime. The reason is

the flow detachment and the larger contact surface around the top and bottom region of

the intruder. The lift force on shapes S3,S5, and S6 shows little variation for µ= 0.1 for

a range of v, while for µ= 0.5 the lift force is higher for S3 and S5, in the low velocity
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Figure 3.10: Snapshots showing the region around the S3 (disc) intruder for µ= 0 at different
intruder velocities (v/

√
dg ) (a) 1, (b) 8, (c) 12 and (d) 18.

regime and then gradually saturates in the high velocity regime. Unlike the other shapes,

the net lift force on S6 is small for all values of µ and is negative in the low velocity

regime.

The two equilateral triangles S6 and S7 have different orientations (edges pointing

opposite and along the moving direction, respectively). This significantly impacts the FL

experienced by the two shapes as seen in Fig. 3.7. Ding et al. have also stated that FL

is sensitive to the cross-section of the intruder.The triangle S7 has higher FL than the

triangle S6 for all the friction coefficients. The particles in front of the intruder collide

with a flat surface in the case of S6, whereas they collide with a "V" shaped surface

with its edge pointing in the direction of the intruder’s motion for the case of S7. For

µ = 0.1 the lift force is a maximum in the low velocity regime for S7 and gradually

saturates at higher velocity (Fig. 3.7(b)). The triangle S7 has an pointed edge at the

moving direction of intruder with its two frontal surfaces inclined to each other at 60◦

angle and a blunt back. It does have a larger area for particle contact at the leading

surface. At low velocities the particles coming into contact with the upper inclined surface

slide past the intruder, while there is an accumulation of particles at the bottom front

surface due to the confining wall at the bottom. This results in a push in the positive
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Figure 3.11: Snapshots showing the region around the S4 (an ellipse with major axis aligned
with the x-direction) intruder for µ= 0 at different intruder velocities (v/

√
dg ) (a) 1, (b) 8, (c) 12

and (d) 18.
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Figure 3.12: Snapshots showing the region around the S5 ( ellipse with minor axis aligned with
the x- direction) intruder for µ= 0 at different intruder velocities (v/

√
dg ) (a) 1, (b) 8, (c) 12 and

(d) 18.
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y-direction. This may explain why S7 has a higher FL in the low velocity regime. Another
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Figure 3.13: Snapshots showing the region around the S6 (equilateral triangle with edge
pointing opposite to the moving direction) intruder for µ = 0 at different intruder velocities
(v/

√
dg ) (a) 1, (b) 8, (c) 12 and (d) 18.

interesting observation is the independence of FL on the intruder’s velocity in the range

0.1 < v/
√

dg < 2 for µ = 0.0 for all the shapes. This behavior is in contrast with the

drag force, for which a gradual increase is observed with intruder velocity. For both

frictional and frictionless systems, the maximum FL is observed for S2 (rectangle) in the

intermediate velocity regime. The lift force has a dependence on the orientation of the

intruder, for example, S6 and S7 exhibited completely different behavior to each other.

3.3.4 Depth-dependence of forces on the moving intruder

Albert et al [9] observed a nonlinear depth dependence of the drag force on a discrete

object moving at a low velocity immersed in a granular bed at a depth of 40 - 150 mm

(equivalent to 44 - 166 granular bed particles depth). [29] observed a depth-independent

drag force on a cylindrical object immersed deep (120 particle lengths or more) in a

granular medium and rotated about the vertical axis. A few studies [11, 30, 31] also

reported a linear depth dependence. In the context of these results, we compare FD on

the different intruder shapes as a function of their immersion depth in Fig. 3.15 (a) and
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Figure 3.15: The variation of drag force on an intruder at µ= 0.1 with depth for (a) v/
√

dg = 1
and (b) v/

√
dg = 5 on a log-log scale. The dotted line represents a straight line of slope 1 on the

log-log scale. The variation of lift force on an intruder at µ= 0.1 with depth for (c) v/
√

dg = 1 and
(d) v/

√
dg = 5 on a linear scale.
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(b). The results are shown for two intruder velocities v/
√

dg = 1 and 5 at µ= 0.1. In the

simulations, the intruder is placed at six different depths h/d = 15,45,70,105,140,170.

FD increases linearly with an increase in h/d for all the intruders considered here,

confirming that the drag is proportional to the hydrostatic pressure. In granular medium

the number of particles above the intruder increases with an increase in its depth thus

increasing hydrostatic pressure. The FD for the various heights h/d at v/
√

dg =1 and

µ = 0.1 is ordered: FD,S2 > FD,S1 > FD,S4 ≈ FD,S7 ≈ FD,S3 ≈ FD,S5 ≈ FD,S6. The same

trend is also observed for v/
√

dg = 5. The shapes S1 and S2 experience the maximum

drag for all h/d for the two v shown in the plots while the other shapes have identical FD

within five percent of each other at a particular depth. Moreover, the difference between

the highest (S2) and lowest (S7) drag forces calculated for one random depth is not more

than 25%.

It has been reported in the literature that the lift force either saturates [14, 15] or

increases [10] with the immersion depth of intruder in a granular medium. To determine

the shape and depth dependence, we plot the lift force FL as a function of h/d for two

intruder velocities, v/
√

dg =1 and 5, at µ= 0.1 in Fig. 3.15 (c) and (d). Minimal change in

lift force for intruders S3, S4 and S5 is observed at v/
√

dg = 1. The lift force on intruders

S1 and S2 increases sharply below a certain depth for v/
√

dg = 1. For the same velocity

FL on S7 increases up to a certain depth and then saturates with further increase in the

depth. For v/
√

dg = 5 there is a fluctuation in lift force for all the intruders except for

S6 which shows a gradual decrease in FL with an increase in h/d. S6 and S7 with the

same geometry but different orientation in the x-direction have the lowest and highest

lift forces, respectively for almost at all the depths considered. The lift force acting on S6

moving at v/
√

dg =1 shows little variation with depth, while at v/
√

dg = 5 it decreases

with the intruder depth.

While the results of Fig. 3.15 suggest that the relation between drag and depth can

be easily understood, the same is not true for the lift force, even though both forces result

from the repulsive interactions between granular particles and the intruder. The lift

force experienced by the intruder also depends upon the number of particle contacts at

its upper and lower surface. So the forces depend on the specific region of contact around

the intruder surface. Thus, if the force acting perpendicularly on the lower surface is

largely due to the particle contacts, then the intruder experiences a positive FL and

otherwise it has a negative FL. In the next section, we examine the force distribution on

the intruder surface and how it influences the drag and lift forces.
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Figure 3.16: Geometric representation of four intruder shapes (a)S1 (a square), (b) S4 intruder
(an ellipse with the major axis aligned with the direction of motion of the intruder), (c) S6
(an equilateral triangle with edge pointing opposite to the moving direction), and (d) S7 (an
equilateral triangle with edge pointing along the moving direction). The contact position is given
by the angle θ with −π< θ < π with the upper (lower)half corresponding to positive (negative)
values.

3.3.5 Force profile along the surface of the intruder

To develop a better understanding of how the lift and drag forces act around the periphery

of a moving intruder, we have examined the force distribution as a function of the angle

of contact, θ relative to the centre of the intruder. The geometry and coordinate system

for the shapes S1,S4,S6, and S7, are shown in Fig 3.16 and the force distributions for

all objects are shown in Fig 3.17. Angular positions ranging from 0 to π correspond to

the upper half of the intruder, while the range −π< θ < 0 corresponds to the bottom half

of the intruder. θ = 0 is in front of the intruder and θ =±π is the back.

Let us examine the distribution of the normalized drag force shown in Fig. 3.17

(a). We first note that the normalized distributions vary only weakly with the intruder

velocity. The drag force experienced by the intruder is mainly due to particle contacts at

the front. Thus, the shapes S1,S2 and S6, which present a blunt face in the direction

of movement, experience a large contribution to the drag for |θ| <π/4 (S1 and S2) and
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Figure 3.17: The variation of (a) the normalized drag force (FD,θ/FD) and (b) lift force (Fl,θ)
around the intruder surface for various intruder velocities. Please refer to Fig. 3.16 for the
definition of θ.
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|θ| < π/3 (S6). A sharp increase in drag is observed at the leading edges θ =±π/4 (S1

and S2) and θ =±π/3 (S6). This happens because when the blunt-faced intruder moves

within the medium, it pushes the particles along with it, and the colliding particles

then gradually slide on the intruder surface along the leading corner edges. Due to

this, there is maximum perpendicular contact at the edges, and the drag force is higher

in that region. There are more particle contacts at the backside of the intruder at low

velocities compared with the case of high velocities(no visible contacts as shown in Fig.

3.9). Though the particles exert minimal contact forces on the trailing edges as they

just slide down due to gravity after contacting the leading surface of the intruder. Thus

the contribution to the drag force is almost zero for π/4< |θ| (S1 and S2) and π/3< |θ|
(S6). The shapes S3,S4,S5 and S7 all have a maximum drag force for θ = 0. The curved

intruders S3 and S5 have a maximum drag force for θ = 0. The shapes S4 and S7, which

have a pointed edge in the direction of motion, experience a higher drag at θ = 0. The

triangle S7 experiences a maximum drag on its front edges, with a strong spike around

θ = 0. There is also a slight asymmetry with a stronger drag force on the lower face. As

expected, the drag force on the trailing face is very small.

We now consider the distribution of the (un-normalized) lift force shown in Fig. 3.17

(b). The shapes S1,S2, and S6, exhibit similar lift force profiles for |θ| > π/4 as they

present a blunt face in the leading direction. The rectangle S2 experiences high lift force

for −π/4< θ <−2π/3. The curved intruders S3,S4 and S5 exhibit a higher positive lift

force suggesting a larger number of particle contacts on their lower surface. This is due to

their more streamlined form compared to other shapes. The equilateral triangles S6 and

S7 exhibit different lift force profiles. The former, with its blunt front face, experiences

essentially zero lift on its trailing sides (θ >π/3), while S7 experiences strong positive

lift forces on its lower leading face −2π/3< θ < 0 and a weaker negative lift force on its

upper leading face, 0 < θ < 2π/3. We also note that the lift force profile varies weakly

with velocity for shapes S5,S6, and S7, while for the other shapes the variation is

more significant. At high velocities the magnitude of the lift force decreases due to flow

detachment [11]. These observations are consistent with the variation of the total lift

force with velocity shown in Fig 3.7.
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3.4 Conclusions

We have presented extensive numerical simulation results of an intruder dragged hori-

zontally through a granular medium to understand the drag and lift forces it experiences

as a function of its velocity (v), immersion depth (h/d), and shape. The drag force grad-

ually increases with v in frictionless systems (µ= 0.0), while when friction is present

we observe a constant drag regime at low velocities. For a fixed cross section, the drag

force depends weakly on the intruder shape. In contrast, the lift force has a strong

shape dependence. It may increase in a certain velocity range but at higher velocities

we observe a decrease in the lift force. The intruder shape has a major effect on the

distribution of contacts around its surface, which explains the strong lift experienced by

certain shapes. The force profiles around the intruder surface, resulting from granular

contacts, exhibit a strong angular dependence.
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4
DRAG ON A CIRCULAR INTRUDER TRAVERSING A SHAPE

HETEROGENEOUS GRANULAR MIXTURE1

4.1 Introduction

A large solid particle moving through a system of smaller particles has been a topic

of interest due to its industrial applications such as mining and related activities.

Because of the resemblance to the subsurface flows, it is finding applications in

the sand locomotion of robots as well. However, this kind of flows are still not completely

understood due to the complex nature of the granular materials [1, 2]. One of the prime

focus in these kinds of works is comprehending the drag characteristics on the larger

solid particle or intruder due to the surrounding granular particles. In granular media,

the drag force depends on various parameters such as the properties of the intruder, the

external forces acting on it, the arrangement and the geometry of the particles etc.

In a high-velocity regime, the drag force increases monotonically with the intruder’s

velocity [3] in a system of spherical particles. Whereas in a low-velocity regime, it is

independent of the intruder’s velocity [4]. The resistive force or drag force not only

depends on the velocity of the intruder but also its direction of motion: Liu et al [5]

noticed a maximum drag force when the intruder is moved vertically downward in a

1The article based upon the work reported in this chapter is under review in Phys. Rev. E ; title: Drag
on a circular intruder traversing a shape heterogeneous granular mixture; authors: Bitang K Tripura, S
Kumar, AVK Reddy and KA Reddy.
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gravity system while a minimum drag force when it is moved vertically upward. Albert

et al [6] stated that the drag force is almost independent of the shape of the intruder in a

low-velocity regime. Whereas in another work[7], drag is found to be dependent on the

shape of the intruder which is moved at high velocities through spherical particles. The

authors further stated that an increase in the flatness of the intruder increases the drag

owing to an increase in the number of particle-intruder collisions. The drag force not only

depends on the properties of the intruder but also the external forces. For example, the

drag is noticed [8–11] to be higher in a confined system than the one with a free surface,

due to the presence of the confining pressure. Moreover, the nature of contact forces

between the interacting granules in the dense granular medium under high pressure

can also impact the granular flow behavior[12]. In addition, the drag increases with an

increase in the gravitational acceleration [13]. Even in a gravityless system, the drag

was observed to increase with the square of the intruder’s velocity [14]. As it may be

expected, the drag depends on the properties of the granular media surrounding it. For

example, Zhou et al[9] reported a higher drag on an intruder traversing a polydispersed

granular media than a monodispersed one owing to their packing effects. The drag also

depends on the shape of the granular particles. To this end, Zhou et al. [11] noticed that

drag is more in a system of dumbbell-shaped granules than that of elliptical granules.

Further, the authors noticed an increase in the drag with an increase in the aspect ratio

of the ellipse particles.

Most of the previous studies on intruder dynamics involved a system of spherical

particles. However, in recent decades, understanding the dynamics of non-spherical par-

ticles [15–17] has garnered much interest in industrial and academic works. The reason

is their relevance to practical applications, where the particles are usually mixtures

of variegated shapes and sizes. A special case is a mixture [18, 19] of spherical and

non-spherical particles. To the best of our knowledge, there is hardly any work that

studied the characteristics of an intruder moving through a mixture of granular particles.

In this regard, we probed the drag characteristics of an intruder moving through a

mixture of discs and dumbbells in a two-dimensional gravityless system. The study is

organised as follows: in the next section, the simulation technique is explained and in

section 4.3, the numerical results are reported along with our interpretations and finally,

the section 4.4 summarizes our key findings.
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4.2 Simulation Methodology

   
300cm

30
0c

m

60
0c

m

Figure 4.1: One of the initial configuration of our system with an intruder placed at a depth
of h = 300 cm. Here, the green colour particles indicate dumbbells and the brown colour is that
of discs. At y =±300, the system is confined by walls made of glued particles (black) having a
diameter of 1 cm. Whereas, in the x direction, periodic boundary conditions are applied. Note
that the origin is located at the centre of the intruder. A zoomed in image of the region around
the intruder is shown to the right side of the intial configuration.

In this work, we employed the discrete element method (DEM) [20] to study the

dynamics of a moving intruder and its surroundings at different intruder sizes and at

different system properties such as its area fraction and the fraction of dumbbells in it. To

generate the initial configuration for a system at φ= 0.43, firstly, we place the intruder

of the required size at the origin and then generate particles one by one at random

positions inside our system with enclosing walls at y=±300cm. During the generation

of the particle positions, if the newly created particle overlaps with any previously

existing particle or the intruder or the wall, then this new particle is assigned to another

randomly generated position using a uniform distribution. This procedure is repeated
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untill we achieve the desired area fraction φ= 0.43 (100000 particles). Additionally, to

incorporate polydispersity for both dumbbell and spherical particles, their sizes were also

generated using a uniform distribution within the bounds of ten percent polydispersity.

The system is large enough that the effect of the seed of the random number generator

becomes insignificant on our quantification. For a higher area fraction (φ= 0.77 (180000

particles), 0.82 (188000 particles)) we followed the similar procedure as explained before,

however initially, the system dimension along the y− direction is kept much larger than

actually required. Then, the y dimension is reduced by slowly moving the walls towards

each other until the system reaches the required area fraction φ while the intruder is

fixed at the origin. The system is then allowed to equilibrate till the total kinetic energy

(KE) of the particles reaches KE < 10−12 gmcm2/s2. For ensuring that the area fraction

is homogeneous throughout the system, the local area fraction is calculated along a grid

of 1cm×1cm to ensure homogeneity within 2%. If the system is not homogeneous, a new

system is created. The mean diameter of disk particles is 1cm, while the dumbbells are

constructed using two equally-sized, non-overlapping, and fused disk particles of mean

diameter 0.7cm. This guarantees both disc and dumbbell particles to have equivalent

mass on average, while a polydispersity of ten percent avoids crystallization in the

system. The density of each particle is set as ρ = 2 gm/cm2. At time t = 0, the intruder

is moved at a constant velocity Vi along the positive x-direction for a total distance of

300 cm. Fig. 4.1 shows an initial configuration of one of our simulation systems with the

circular intruder having a diameter of 10cm placed at a distance of h = 300cm from the

top wall.

The simulation technique is explained in chapter 2. It should be noted that as the

system is gravityless, only contact forces are considered during the simulation. The

various constant and its value used in the simulation are given as kn = 2×1010(gm/cm

s2) and kt = 2.456×1010(gm/cm s2), while γn = γt = 80000(cm s)−1. Two coefficient of

friction µ (0 and 0.5) were considered in the present study. The timestep is set to 2×10−6s.

The run time for the simulation is calculated and adjusted to the time taken by the

intruder to cover a distance of 300cm at a given velocity. The position and velocity of a

dumbbell is its centre of mass and its centre of mass velocity. The total force and torque

on a dumbbell are computed as the sum of the forces and torques on its constituent

particles. All the simulations were performed using LAMMPS [21] package, and OVITO

[22] was used for post-simulation visualization.
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Figure 4.2: The instantaneous drag force on the intruder (grey line) and its cumulative average
(brown line) with respect to (a) time (s) and distance/d. Here, the coefficient of friction is µ= 0.5,
the intruder velocity Vi = 10cm/s, φ= 0.82 and the intruder diameter D i = 5cm

4.3 Results and Discussion

In this section, we will present the numerical results for an intruder translating through

a mixture of dumbbells and discs.

4.3.1 Dumbbell fraction

In this subsection, we studied the characteristics of a moving intruder and its surround-

ings at various mixture concentrations. To this end, we computed the drag force (FD)

and the coordination number (Nc) of the intruder and the stress decline slope (σs). When

the intruder is moved at time t = 0, there is a transient period before it reaches a mean

steady state behaviour, i.e., the average of drag force is almost constant with respect to

time. In this work, FD and Nc correspond to their time-averaged values and note that

the average doesn’t include few values at the beginning of the simulation to avoid initial

intermittencies. The total distance the intruder travels is 300d, therefore, the averaging

is done over a distance of 270d. In figure 4.2, we have shown the instantaneous as well

as cumulative average drag force with respect to time, which shows the transient nature

of drag force data at the beginning. In this subsection, the area fraction of the system

is φ= 0.82, the coefficient of friction is set to µ= 0.5 and the diameter of the intruder
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Figure 4.3: (a) The time-averaged drag force FD normalized by the square of intruder’s velocity
Vi , (b) the stress decline slope σs, and (c) the averaged number of particles in contact (Nc) as a
function of intruder’s velocity Vi for the fractions of dumbbells (db f rac) = 0, 0.5 and 1. The area
fraction is φ= 0.82, and the coefficient of friction is µ= 0.5 and the diameter of the intruder is
D i = 5 cm.
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Figure 4.4: (a) The time-averaged drag force FD as a function of intruder’s velocity Vi , (b) the
stress decline slope (σs) and (c) the averaged number of particles in contact (Nc) as a function of
intruder’s velocity Vi for the fractions of dumbbells (db f rac) = 0, 0.5 and 1. The area fraction is
φ= 0.43 and the coefficient of friction is µ= 0.5 and the diameter of the intruder is D i = 5 cm.

is taken as D i = 5 cm. At all fractions of dumbbells db f rac, the drag force FD increases

quadratically with an increase in the intruder’s velocity Vi (see Fig 4.3a). A similar result
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Figure 4.5: (a) The time-averaged drag force FD as a function of intruder’s velocity Vi, (b) the
stress decline slope (σs) and (c) the averaged number of particles in contact (Nc) as a function of
intruder’s velocity Vi for the fractions of dumbbells (db f rac) = 0, 0.5 and 1. The area fraction is
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a) b)

Figure 4.6: The two possible type of contacts in a dumbbell-dumbbell or dumbbell-disc interaction.
a) The two parts of a dumbbell are simultaneously in contact with a disc or one part of another
dumbbell. b) Only one part of a dumbbell is in contact with a disc or one part of another dumbbell.
Here, the green ones represent dumbbells and the pink ones that of discs.

has been noticed for an intruder placed inside a two-dimensional system of spherical

granules [23]. However, at very low intruder’s velocity (Vi ≤ 0.01), the drag force doesn’t

scale as V 2
i for all the fractions of dumbbells. This is because, in a quasi-static regime(

Vi ≤ 0.01 ), the drag force is weakly dependent on the intruder’s velocity. In this regime,

the drag mainly depends on the heterogeneous distribution of stresses in the granular

media [4]. As the intruder traverse granular media, a dense structure of particles evolve

progressively in front of the intruder and then gets saturated [14]. This structure com-

prises particles that are interconnected through a network of contacts or force chains
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Figure 4.7: The magnitude of stress σ as a function of distance infront of the intruder surface
(a) for different db f rac and φ 0.82 , (b) for different intruder velocity Vi with system having
db f rac = 0.5 and φ 0.82, (c) for Vi = 10cm/s at different area fraction φ with system having
db f rac = 0.5 and (d) for different intruder diameter (D i) with φ= 0.77. The coefficient of friction
is µ= 0.5 in all the cases and the intruder diameter D i = 5cm is for system in plots (a), (b,) and
(c).

and it is accompanied by the cyclic evolution and the breakage of force chains. The drag

force on the intruder moving through a system of spherical particles is mainly due to the

alternating evolution and buckling of force chains in the material and the inter-particle

friction [24]. At the same coefficient of friction, the drag force increases with an increase

in the fraction of dumbbells db f rac (see inset of Fig 4.3a). This result can be attributed

to a decrease in the frequency of force-chain buckling events with an increase in db f rac.

This is due to an increase in the mutual resistance to the relative motion of the particles

in contact, particularly the “a" type of contacts as shown in figure 4.6. Two types of
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Figure 4.8: The probability distribution function Ψ of the stress σ experienced by the intruder
for four different velocities of the intruder Vi (a) 0.5 cm/s (b)2 cm/s (c) 10 cm/s and (25 cm/s). Here,
db f rac = 0, and 1 are the fraction of dumbbells in the system.

contacts are possible between two particles if at least one of those is a dumbbell. In the

first type, both the parts of a dumbbell are simultaneously in contact with either disc or

one part of another dumbbell (figure 4.6 a). Whereas in the second type, only one part of

a dumbbell is in contact with a disc or one part of another dumbbell (figure 4.6 b). As

the fraction of dumbbells increases, the chances of occurrence of the “a" type of contacts

increases, resulting in an increase in the interlocking type of phenomena. This yields a

decrease in the frequency of buckling events in the structure in front of the intruder or in

other words an increase in the drag force on the intruder. After analysing the drag on the

intruder, we studied its effect on the particles in front of it in terms of the magnitude of

the stress decline slope σs. In a plot of the stress vs the distance from the intruder (shown

in figure 4.6), σs is the slope of the line of best fit. The stress tensor σab on ith particle

due to its Np pair-wise interactions is calculated as σab = 1
2×AΣ

Np
j=1(r ia Fib +r ja F jb ) where
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Figure 4.9: The average number of particles in contact Ncθ as a function of angular position
(θ) for the fraction of dumbbells db f rac = a) 0.0, b) 0.5 and c) 1.0. The average pressure Pθ as
a function of angular position at different intruder velocities Vi for the fraction of dumbbells
db f rac = d) 0.0, e) 0.5 and f) 1.0. The coefficient of friction is µ= 0.5, the area fraction is φ= 0.82,
and the inset in (e) displays how the angular positions are calcuated around the intruder surface.

a and b take on x and y values to produce the components of the stress tensor. Here,

r ia is the relative position of the ith particle to the geometric center of the interacting

particles, F is the force due to the pair-wise interaction, and A is the area of the ith

particle. The stress is calculated as σ=−1
2 (σxx +σyy). Usually, the stress is maximum in

the region close to the intruder. The distance between the intruder surface and the region

at which the stress is equal to the average stress of the system doesn’t vary significantly

due to a change in the properties of the system or the intruder. The reason for this is the

absence of gravity. A higher σs indicates a higher stress near the intruder surface and a

rapid decrease in stress as a function of the distance from the intruder surface. As the

intruder velocity increases, σs increases because the intruder exerts more stress on the

particles close to it. Moreover, σs increases with an increase in the fraction of dumbbells.

This behaviour can be attributed to the interlocking type of phenomena that occurs with
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Figure 4.10: The average number of particles in contact Ncθ as a function of angular position (θ)
for the fraction of dumbbells db f rac = a) 0.0, b) 0.5 and c) 1.0. The average normalised pressure
Ptheta/Pi as a function of angular position at different intruder velocities Vi for the fraction of
dumbbells db f rac = d) 0.0, e) 0.5 and f) 1.0. The coefficient of friction is µ= 0.0, the area fraction
is φ= 0.82 and the inset in (f) displays how the angular positions are calcuated and Pi denotes
the pressure experienced by the intruder.

the dumbbell particles which results in a higher stress close to the intruder. The drag

force in the granular media arises from the particles in contact and if the average force

exerted by each contacting particle is constant, then more the number of contacts greater

the drag on the intruder. The increase in the number of contacts Nc with an increase

in the intruder’s velocity Vi as noticed in figure 4.3c is consistent with the drag force

result. A similar result was observed previously for a system of disc particles [25]. As

the fraction of dumbbells increases, the number of contacts Nc increases. This is due

to a decrease in the frequency of buckling events in the region in front of the intruder

because of the interlocking type of phenomena experienced by the dumbbells. We have

also shown the similar analysis for system with φ= 0.43 and 0.77 in figure 4.3 and 4.4.

The probability distribution function (PDF) of stress experienced by the intruder
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Figure 4.11: (a) The time-averaged drag force FD , (b) the stress decline slope σs, and (c) the
averaged number of particles in contact (Nc) as a function of intruder’s velocity Vi for the fractions
of dumbbells (db f rac) = 0, 0.5 and 1. The coefficient of friction is µ= 0.0, the area fraction is φ=
0.82, and the diameter of the intruder is D i = 5 cm.

at different fractions of dumbbells is studied to understand the effect of interlocking

potential of dumbbells on the intruder (figure 4.8). Irrespective of the intruder’s velocity,

the stress is noticed to be higher in the case of dumbbells as compared to that of discs.

This further justifies our claim regarding the interlocking type of phenomena noticed

in a system involving dumbbell particles. The drag force on the intruder is due to the

particle contacts around its entire periphery. Hence, we analysed the number of contacts

and their relative stress contributions at different angular positions on the intruder

surface. In this regard, we displayed the stress distributions around it in figure 4.9 for

φ= 0.82 and µ= 0.5. Note that the angular positions θ correspond to the region around

the intruder and they are computed concerning the centre of the intruder. In both the

distributions, the angular positions ranging from 0o to 180o correspond to the region

around the top half of the intruder whereas, the ones from 0o to −180o correspond to the

lower half of the intruder where 0o is in front of the intruder and ±180o is at the rear end

as shown in the inset of figure 4.9f. As the intruder moves through the granular media, a

wake is formed behind it for all the fractions of dumbbells which can be noticed in Ncθ = 0

at 90o < θ < 180o and −180o < θ <−90o in figure 4.9 a,b,c. Potiguar and Ding[26] reported

the formation of the wake behind the intruder at high intruder velocities. However, in

our work, we noticed the formation of wake even at velocities of the intruder as low

as Vi = 0.5 and for all fractions of dumbbells because of our system being a gravityless
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one. The particles colliding with the intruder are mainly confined to the front part of

the intruder in the sense: −90o < θ < 0o and 0o < θ < 90o. The number of contacts at

different angular positions increases with an increase in either the intruder’s velocity

or the fraction of dumbbells. This result is coherent with that of the average number of

contacts as a function of the intruder’s velocity as shown in figure 4.3c. The averaged

stress (Pθ) in the region around the intruder is confined to the angular positions between

0o to ±90o because particles lying only in this region collide with the intruder as noticed

in the Ncθ . At different θ, the averaged stress at each angular position increases with

an increase in the fraction of dumbbells. This result further justifies our claim that

with an increase in the fraction of dumbbells there is an increase in drag in a frictional

system. Apart from the inter-particle friction, the geometry of the particles infront of

the intruder also contribute to an increase in the stress or the drag force [11]. Whereas

for the frictionless system i.e. µ= 0.0 (shown in figure 4.9) the magnitude of drag force

experience around the intruder surface does not vary much even with an increase in

the fraction of dumbbells. To understand the sole effect of the geometry of the particles

on the drag force experienced by the intruder, we studied frictionless systems [11]at

different fractions of dumbbells in the next subsection.

4.3.2 Absence of frictional forces

In this subsection, the coefficient of friction is set to µ = 0.0. The area fraction of the

system is φ = 0.82 and the diameter of the intruder is taken as D i = 5 cm. The drag

force increases with an increase in the fraction of dumbbells in a frictional system,

as seen in the inset of figure 4.3 a. Surprisingly, in a frictionless system, we noticed

an anomalous behaviour in the intruder’s drag (figure 4.11 a), in a sense, the drag is

almost independent of the fraction of dumbbells. The tangential forces between the

particles are primarily responsible for the interlocking type of phenomena exhibited by

the dumbbells. In a frictionless system, the tangential forces are absent and hence the

ability of the dumbbells to show interlocking type of phenomena is negligible. Therefore,

in such systems, the drag experienced by the intruder is not significantly affected by

the fraction of dumbbells. This result reveals that the effect of the particle geometry

on the drag dynamics of the intruder can be witnessed only in a frictional system. To

this end, we point out that it is difficult to isolate the sole effect of the geometry of

the particles on the intruder’s drag as the geometry and the frictional forces between
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the particles seems to be inter-related [11]. In addition, the drag force experienced by

the intruder in a frictional system is 3 (db f rac = 0.0) to 9 (db f rac) = 1.0) times higher

than that of the frictionless system. This can be attributed to the size of the cluster of

particles infront of the intruder. In the sense, the cluster size is smaller for a frictionless

system as compared to that of the frictional system. The tangential forces which are

mainly responsible for the evolution of clusters infront of the intruder are absent in a

frictionless system leading to smaller cluster size. It was previously noticed that the

friction between the contacting particles increases the inherent stability and formation of

strong force chains [27] thus supporting our claim regarding the cluster size. The stress

decline slope varies insignificantly with the fraction of dumbbells (figure 4.11 b) at all

intruder velocities. This is due to the minimal effect of interlocking type of phenomena

among dumbbells in a frictionless system, as explained above. Due to the same reason,

the average number of contacts of the intruder remains almost the same for all the

fraction of dumbbells (figure 4.11 c), unlike a significant difference that has been noticed

in the case of a frictional system (figure 4.3c). The results obtained from the frictional

and the frictionless system reveal that the frictional interactions between the particles

play a major role in the drag dynamics of an intruder. One of the major factors which

determine the number of frictional interactions is the area fraction of the system. In

the next subsection, we will address the effect of the area fraction of the system on the

intruder’s drag.

4.3.3 Area fraction

In this subsection, we analysed how the dynamics of an intruder and its surroundings is

affected by the area fraction of the system comprising of dumbbells and discs. The area

fraction (φ) of the system is computed as:

φ= Ag

As − A i
(4.1)

Here, Ag is the total area occupied by granular particles, As is the area of our system,

and A i is the area of the intruder. The area fraction of the system φ = 0.43, 0.77, and

0.82 is achieved by using 100000, 180000, and 188000 granular particles, respectively,

while fixing the system dimensions same for all the cases. Note that in this subsection,

the fraction of dumbbells is db f rac = 0.5, the coefficient of friction is set to µ= 0.5 and

the diameter of the intruder is taken as D i = 5 cm. The frictional forces come into play
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Figure 4.12: (a) The time-averaged drag force FD , (b) the stress decline slope σs, and (c) the
number of contacts (Nc) as a function of the intruder’s velocity Vi for systems with area fraction
of (φ) = 0.43, 0.77 and 0.82. The fraction of dumbbells (db f rac) is 0.5, the diameter of the intruder
(D i) is 5 cm, and the coefficient of friction (µ) is 0.5.

when two particles interact with each other in a granular medium. As it may be expected,

a system with a higher area fraction will have a larger number of frictional interactions

among the particles. Apart from an increase in the frictional interactions, a denser

granular system results in the evolution of stronger force chain networks that offer

greater resistance to the movement of an object through the granular medium[28–30].

These could be the reasons for an increase in the drag force with an increase in the area

fraction for all the fractions of dumbbells (figure 4.12 a). The drag force on the intruder

for φ= 0.82 is ten times more than that it experiences in a system with φ= 0.43. So, one

can infer that, in a denser system, the intruder exerts greater stress on the particles

infront of it. Consequently, the stress decline slope increases with an increase in the area

fraction (figure 4.12b). Interestingly, the drag force on the intruder is noticed to scale as

the square of its velocity Vi irrespective of the area fraction of the system. Moreover, the

number of contacts of the intruder increases with an increase in the area fraction (figure

4.12c), which results in higher stress or, in other words, a higher drag force experienced

by the intruder.

4.3.4 Diameter of the intruder

The effect of various parameters of the system on the drag dynamics of the intruder has

been discussed in the previous subsections. In this subsection, we are going to elucidate
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Figure 4.13: (a) The time-averaged drag force FD , (b) the drag force normalised by the intruder’s
diameter (FD /D i), (c) the stress decline slope σs, and (d) the number of particle contacts (Nc) as a
function of the intruder’s velocity Vi for different diameters of the intruder (D i). The fraction of
dumbbells (db f rac) is 0.5, the area fraction of the system (φ) is 0.77, and the coefficient of friction
(µ) is 0.5.

the drag dependence on the intruder’s geometry. To this end, we analysed the system

for five different diameters of the intruder, starting from the size of the disc particle

and ranging over a magnitude ten times the particle diameter. For all the cases, the

fraction of dumbbells is db f rac = 0.5, the area fraction of the system is set to φ= 0.77,

and the coefficient of friction is µ = 0.5. The drag force increases as the diameter of

the intruder D i increases, as shown in figure 4.13a. This is due to an increase in the

size of the structure of particles in front of the intruder with an increase in D i. The

reason for this is as D i increases, the surface of the intruder available for the particles

in front of it to form a structure increases, which increases the size of the structure.
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Similar behaviour of increase in the drag force experienced by the intruder with an

increase in the intruder’s diameter was noticed in both the confined [10] as well as the

non-confined [4, 31] granular media. The drag force is noticed to scale as the square of

the intruder’s velocity V 2
i (see figure 4.13a). Interestingly, when we plot the drag force

normalised by the intruder’s diameter as a function of velocity Vi (figure 4.13b), all the

data collapse onto a single curve. This indicates that the drag force scales as the diameter

of the intruder. Figure 4.13c shows that the stress decline slope increases as the intruder

diameter increases. This result suggests that the stress experienced by the particles

close to the intruder surface increases with an increase in intruder diameter (D i) due to

an increase in drag force. However, the distance from the intruder at which the stress is

equal to the average stress of the system doesn’t vary significantly with D i. Therefore,

the stress decline slope increases with an increase in D i. An increase in the intruder’s

diameter increases the surface area available for the surrounding particles to get in

contact with it. This yields an increase in the number of contacts with an increase in the

intruder’s diameter (figure 4.13d).

4.3.5 Mean flow fields

We have generated time-averaged flow fields by using discrete microscopic data like

velocities, positions, stress etc,. of each of the particles in a designated region around

the intruder. The Gaussian coarse-graining function, as implemented by Glasser and

Goldhirsch[32], is used to calculate the parameters at various spatial locations. At a

spatial location p with a position vector rp and at an arbitrary time t the area fraction

φ(t), velocity v(t), stress tensor σi j(t) and the pressure P(t) are computed using Gaussian

coarse-graining technique, as suggested by Glasser and Goldhirsch[32]:

φ(t)=
[

n∑
i=1

ρπd2
i

4
W (rp − ri(t))

]
/ρ (4.2)

v(t)=
[

n∑
i=1

ρπd2
i

4
viW (rp − ri(t))

]
/ρφ (4.3)

σi j(t)=
n∑

i=1

n∑
j=i+1

(F i jri j)
∫ 1

s=0
W (rp − ri(t)+ sri j)ds (4.4)

P(t)= −tr(σi j(t))
2

(4.5)
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((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) db f rac = 0.0 ((h)) db f rac = 0.5 ((i)) db f rac = 1.0

Figure 4.14: The time-averaged flow fields for depicting pressure P(d yne/cm2), velocity V (cm/s)
and shear stress |σxy|(d yne/cm2) infront of the intruder for different fractions of dumbbells
(db f rac): (a), (d), (g) 0.0, (b) (e), (h) 0.5 and (c), (f), (i) 1.0. The modulus of σxy is basically the
magnitude of shear stress. The diameter of the intruder is D i = 5cm, Vi = 5cm/s, the coefficient
of friction µ= 0.5, and the area fraction (φ) of the system is 0.82.
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((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) D i = 1 ((h)) D i = 5 ((i)) D i = 10

Figure 4.15: The time-averaged flow fields for depicting pressure P(d yne/cm2), velocity V (cm/s)
and shear stress |σxy|(d yne/cm2) infront of the intruder for different intruder diameter (D i): (a),
(d), (g) 1cm, (b) (e), (h) 5cm and (c), (f), (i) 10cm. The velocity of the intruder is Vi = 5cm/s, µ= 0.5,
φ= 0.77, and the fraction of dumbbell (db f rac) in the system is 0.5.
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W (r)= 1
πw2 e−r2/w2

(4.6)

Here, W (r) is the coarse-graining function, ρ, di and ri(t) are the density, diameter

and the position vector of the particle i. F i j is the force on the particle i due to particle

j and ri j is a vector in the direction of line joining the centres of two particles i and

j. Moreover, w = 1.0 and W (rp −−− ri) = 0 if |rp −−− ri| > 3w and φ,v and P are the time-

averaged area fraction, velocity and pressure. The flow fields displayed in the results

have been constructed by averaging particles within 15cm( 15×d) from the centre of the

intruder over 10000 frames (d being the average particle size). The system size, however,

is much bigger than this region considered. Changes in the granular particles induced

by the motion of the intruder occur locally within this distance, and these results are

shown to highlight the changes that occur locally near the intruder. The system size is

large enough that the parameters are independent of the system size considered, and

are also independent of any wall/periodic boundary effect. The reason for displaying only

the region in front of the intruder is because a wake is developed behind the intruder

and it remains as it is until the end of simulation since our system is a gravityless one.

Figure 4.13 a, b and c illustrates the time-averaged pressure fields at the fraction

of dumbbells db f rac= 0.0, 0.5 and 1.0. At all the fractions of dumbbells, the pressure

is maximum near the front surface of the intruder. Moreover, a high-stress zone (the

regions of red colour) is noticed infront of the intruder due to the formation of a cluster

of particles as we have explained earlier. The pressure decreases as the distance from

the intruder’s front surface increases. The reason for this behaviour is the particles

contacting the cluster slips away instead of sticking to it at larger distances from the

intruder. Figure 4.13 d, e and f shows the velocity V fields for db f rac = 0.0, 0.5 and

1.0. The zones of red colour infront of the intruder are noticed in velocity fields as well

which further confirms the presence of the cluster. Moreover, the velocities of particles

infront of the intruder increases with an increase in the fraction of dumbbells. This

can be attributed to an increase in the interlocking type of phenomena where a certain

type of particle contacts (figure 4.6) in dumbbells resist their relative motion. Figure

4.13 (g) to (i) display the mean flow fields of shear stress |σxy| for different fractions of

dumbbells. Here |σxy| is the magnitude of shear stress. The particles whose y position is

almost equal to that of the intruder’s y position does not detour around it, instead, they

move ahead along with it. This results in the absence of shear stress at y= 0.0. Due to
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((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) db f rac = 0.0 ((h)) db f rac = 0.5 ((i)) db f rac = 1.0

Figure 4.16: The time-averaged flow fields for depicting pressure P(d yne/cm2), velocity
V (cm/s) and shear stress |σxy|(d yne/cm2) infront of the intruder for different fractions of
dumbbells(db f rac): (a), (d), (g) 0.0, (b) (e), (h) 0.5 and (c), (f), (i) 1.0. The modulus of σxy is
basically the positive value (or absolute value) of shear stress. The velocity of the intruder is
Vi = 5 cm/s, the coefficcient of friction µ= 0.0, and the area fraction (a f rac) of the system is 0.82.
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((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) db f rac = 0.0 ((h)) db f rac = 0.5 ((i)) db f rac = 1.0

Figure 4.17: The time-averaged flow fields for depicting pressure P(d yne/cm2), velocity V (cm/s)
and shear stress |σxy|(d yne/cm2) infront of the intruder (D i = 5cm) for different fractions of
dumbbells (db f rac): (a), (d), (g) 0.0, (b) (e), (h) 0.5 and (c), (f), (i) 1.0. The velocity of the intruder
is Vi = 5 cm/s, µ= 0.5 and the area fraction (φ) of the system is 0.77.

the movement of the intruder, the particles near the front surface of it, other than the

ones mentioned above, are impelled to detour around it. This creates a relative motion

74

TH-2645_156107034



4.3. RESULTS AND DISCUSSION

((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) a f rac = 0.43 ((h)) a f rac = 0.77 ((i)) a f rac = 0.82

Figure 4.18: The time-averaged flow fields for depicting pressure P(d yne/cm2), velocity V (cm/s)
and shear stress |σxy|(d yne/cm2) infront of the intruder (D i = 5cm) for different area fractions
(a f rac): (a), (d), (g) 0.43, (b) (e), (h) 0.77 and (c), (f), (i) 0.83. The velocity of the intruder is Vi = 5
cm/s, µ= 0.5 and the dumbbell fraction (db f rac) of the system is 0.5.

between the contacting particles around the surface of the intruder. Consequently, high

shear stress is experienced by these particles which correspond to the regions of deep red.
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However, this phenomena is not significant at positions far away from the intruder as

there is hardly any relative motion between the particles. Shear stress is almost zero in

the regions above and below the intruder as the particles in those regions are unaffected

by its movement because our system is a gravityless one.

Figure 4.14 a, b and c shows the mean pressure fields at the diameters of the intruder

D i = 1cm, 5cm and 10cm respectively for db f rac = 0.5. As the intruder diameter increases,

the high-stress zone expands infront of it. This is because the larger the intruder surface

available, the larger the size of the cluster it can hold infront of it, particularly in the

y direction. The regions of red colour in the velocity fields increases with an increase

in D i (figure 4.14 d, e and f). This result supports our claim that the size of the cluster

increases with an increase in the intruder’s diameter. The velocities of the particles on

the front surface of the intruder experience the same velocity as that of the intruder. The

velocity reduces gradually as the distance from the intruder increases due to a decrease

in the stress transmission as noticed in figure 4.14 a. As the diameter of the moving

intruder increases, more layers of particles infront of it are forced to detour around a

larger distance and then gets detached from it. This yields a relative motion among the

particles at different radial distances from the intruder’s centre. Consequently, the shear

stress increases with an increase in the diameter of the intruder (see figure 4.14 g, h

and i). We have also shown the flow fields of φ= 0.82 with µ= 0.0 for different dumbbell

fraction (shown in figure 4.15), figure 4.16 shows the flow fields for φ= 0.77, µ= 0.5 and

figure 4.17 for db f rac = 0.5, µ= 0.5 at different area fraction.

4.4 Conclusions

In this work, we studied the dynamics of a moving intruder and its effect on a mixture

of dumbbells and discs in the absence of gravity. To this end, we studied the effect of

parameters such as the fraction of dumbbells, the area fraction, the intruder’s diameter

and its velocity. The drag force on the intruder moving through granular media increases

with an increase in the fraction of dumbbells at constant area fraction. This is due to

an additional resistance offered by the dumbbells apart from the inter-particle friction.

Surprisingly, the so-called additional resistance seems to be insignificant in the absence

of inter-particle friction. In the sense, the drag force is independent of the fraction of

dumbbells in a frictionless system. Another interesting result is the drag force on an

intruder scales as the square of its velocity irrespective of the fraction of dumbbells(Vi
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is in the range of 0.1cm/s to 25cm/s), the area fraction of the system or the intruder’s

diameter. Furthermore, we presented the mean flow fields to show the response of the

granular media to a moving intruder. They revealed that the stress experienced by the

particles infront of the intruder increases with an increase in the intruder’s diameter.

This is due to an increase in the size of the cluster of particles formed infront of it

resulting from an increase in the intruder’s surface. Moreover, as the diameter of the

intruder increases, it forces the larger number of particles infront of it to detour around

it. This results in greater shear stress experienced by the particles infront of the intruder.
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SHAPE DEPENDENCE ON THE RISE AND SINK OF A

WIGGLING INTRUDER

5.1 Introduction.

Animals native to deserts have an extreme shortage of food and water, making

any wastage of energy very detrimental to them. As such, their bodies have

undergone evolutionary changes to have the optimal shape required to walk on

the surface or even exhibit subsurface motion with minimum loss of energy. For example,

sand lizards and sidewinder snakes employ a wiggling motion to move in the sand. A

comprehensive understanding of this kind of motion has various applications. It can

help design robots that can swim through sand or snow during rescue operations or

while exploring new terrains. Apart from that, it can also be applied in mining or related

operations.

The subsurface motion of animals has garnered interest in the fields of earth-sciences

[1, 2], biology [3], and engineering [4] owing to its interesting dynamics. To understand

the mechanism behind their movement through the granular medium, researchers

[3, 5, 6] conducted laboratory experiments on the creatures. Maladen et al. [3] studied

how a sand lizard moves within the granular media with the help of high-speed x-ray

imaging. Surprisingly, they noticed that the lizard does not use its limbs for propulsion,

but it generates thrust by propagating a wavy motion of its body once it is under the
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surface. Sharpe et al. [6] investigated the neuromechanical movement of sandfish lizard

during its walking above the surface or sand swimming under the surface of a granular

medium with the help of visible light imaging using electromyogram (EMG). The authors

reported that the frictional forces play a prominent role in resisting the intrusion of the

creatures. Moreover, they observed that the resistance to the undulatory motion of the

creatures increases with the depth. Despite the resistance, the sand-dwelling creatures

have adopted certain mechanisms to move within the bed of granular particles. Maladen

et al [7, 8] have tried to comprehend this phenomenon by developing sand swimming

robots . The ratio of forwarding speed to the wave speed of a robot was noticed [7] to

increase with an increase in the particle-particle friction but decrease with an increase

in the particle-robot friction. In addition, Maladen et al. [8] investigated various head

shapes of the robot and their influence on the drag-induced lift. The authors noticed

that for certain wedge shapes of the robot, it reaches the free surface whereas, for other

ones, it sinks to the bottom, indicating the importance of the robot’s shape on rise/sink

dynamics. Apart from these studies, to gain a better insight into the creatures movement

within granular media, they have been modeled as self-energized objects.

Few recent studies focused on understanding the dynamics of a self-energized object

oscillating horizontally in both two [9] and three-dimensional systems [5, 10]. Huang et

al. [9] have tried to explain the mechanism behind the rise and sink of a horizontally

oscillating circular intruder in a two-dimensional system with the help of a mathe-

matical model. They stated that the amplitude and frequency at which the intruder

object oscillates mainly contribute to its rise or sink within the media. They have also

reported a minimum oscillation amplitude (Amin) below which the intruder does not

sink irrespective of its frequency. Ping et al. [10] noticed that the intruder rises at low

amplitude rates and sinks at high amplitude rates. They also found that an intruder

might either rise or sink or remain at the same initial vertical position depending on its

oscillating frequency and amplitude in a three-dimensional system. Further, the authors

explained the driving mechanisms such as fluidization or cavity formation behind the

intruder’s vertical dynamics.

The previous studies were primarily concerned with the sole effect of the intruder’s

horizontal wiggling motion on its vertical dynamics. However, a coupled effect of wiggling

motion along with other properties of the intruder can enhance the rise/sink dynamics.

To this extent, Liu et al. [5] studied the combined effect of rotation and oscillation of

a spherical intruder on its rise/sink dependence within a three-dimensional granular
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19
5d

10
5d

300d

Figure 5.1: Initial configuration with one of the shapes (triangle) kept at a depth h = 105d from
the free surface. The base is made of particles of size 1d(blue particles) at y = 0 while the top
surface is free to move and periodic boundary conditions are applied in x direction.The intruder
shapes that are considered in our study are disc OS1, square OS2, rectangle with its longer
dimension along the y-axis OS3, rectangle with its longer dimension along the x-axis OS4, and
equilateral triangle OS5.

media. The effect of intruder’s shape, coupled with its wiggling motion has not been

studied to the best of our knowledge. In this regard, we numerically investigated how

the shape of the intruder affects its vertical motion induced by horizontal wiggling. To

this end, we considered five different intruder shapes: a disc, a square, a rectangle with a

small base, a rectangle with a large base, and an equilateral triangle. We studied how the

oscillation parameters affect their vertical dynamics for each of these shapes. Further,

we probed the influence of the properties of the granular medium, such as the coefficient

of friction on the intruder’s vertical motion. Finally, we proposed a mathematical model

that predicts the intruder’s rise/sink dynamics depending on its shape and the oscillation

parameters.
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Simulation parameters Values

Kn 2.00×106ρdg
K t 2.46×106ρdg
γn 2500

√
g/d3

γt 2500
√

g/d3

timestep 10−4
√

d/g
µ 0.1

Table 5.1: The parameters and its values used in our numerical simulations

5.2 Simulation methodology

To study the dynamics of a horizontally oscillating intruder object within a two-dimensional

granular medium, we used the discrete element method (DEM) introduced by [11]). Fig-

ure 5.1 shows the initial configuration of our system having dimensions of 300d × 195d

along the x and y-axis, where d is the mean particle diameter. The intruder is placed at

a depth of 105d from the free surface and at the centre of the simulation system. A set of

particles are introduced uniformly at the top of the system which gets settled at the bot-

tom due to gravity while keeping the intruder stationary. Then, another set of particles

are introduced and so on until the height of the granular bed reaches 195d. The total

number of particles comprising the system at the end is Nt = 63000. The diameter of the

particles range from 0.9d to 1.1d to avoid crystalization and while pouring and settling,

we ensured that there are no overlaps among the particles. We further continued the

simulation until the total kinetic energy of all the particles in the system have reached

almost zero. At time t = 0, the intruder is oscillated horizontally with a velocity Vx = A

sin(t×2π/T) where A, T represents the amplitude and the time period of oscillation and

t is the time elapsed. In our work, we have considered five different shaped intruders,

which are pictorially represented in figure 1. Each of the individual intruder shapes is

created by gluing a set of spherical particles having a diameter of 0.5d in such a way

that their entire mass is the same for all the shapes. The DEM technique is explained in

chapter 2. Table 6.1 lists the parameters that is used in the simulations.

Each of the simulations was performed for a run time of 107∆t to maintain parity

among all the calculated results. The simulations are performed using dimensionless

units, by considering acceleration due to gravity g, mean particle diameter d, and density

ρ as the basic units. The values of d, ρ, and g are set to 1.0 without loss of generality. All
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Figure 5.2: The vertical displacement of the intruder (a) disc (b) square, (c) narrow-rectangle
(d) wide-rectangle, and (e) triangle shapes as a function of simulation time(t) for an oscillation
amplitude A/d= 3 and at different time-period(T/

√
d/g ). The settling level at the top and bottom

of the graphs depicts the IO reaching the top and bottom surface of the medium.

the simulations are carried out using the Large Atomic Molecular Massively Parallel

Simulator (LAMMPS) ([14]), and for the visualization OVITO package ([15]) has been

utilized.

5.3 Results and Discussion

In this section, we presented the numerical results obtained for five different intruder

shapes subjected to different oscillation parameters. We horizontally oscillated each of the

intruders at different constant amplitudes A/d = 0.5, 1, 3, 5 and at various constant time

periods T/
√

d/g ranging from 0.25 to 8. This section is organised as follows: Subsection

5.3.1 demonstrates the vertical displacement of each of the intruders as a function of

time at various time periods T/
√

d/g and for an amplitude A/d = 3. The average rate of
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(a)

19
5

Y
/d

0

(f)(e)(d)(c)(b)

Figure 5.3: A pictorial representation depicting the position of the narrow-rectangle OS3 for
A/d=3 and T/

√
d/g =7 at different simulation time t/

√
d/g : (a) 0 (b) 100 (c) 300 (d) 500 (e) 700

and (f) 1000.

vertical displacement Vy dependence on the intruder’s shape at different A/d, T and µ is

discussed in subsection 5.3.2. In subsection 5.3.3, we showed the average rate of vertical

displacement of the intruder as a function of the oscillating phase-angle φ. In the next

subsection 5.3.4, we have shown the drag force Fd experienced by the oscillating intruder

as a function of φ. In subsection 5.3.5, we elucidated the mean flow fields around the

intruder. Lastly, in subsection 5.3.6, we have compared our results with the proposed

mathematical model and explained the physical phenomenon leading to the rise and

sink of the intruder for different parameters considered in the study.

5.3.1 Vertical displacement of oscillating intruder

In this subsection, we showed the vertical displacement of the intruders as a function

of the simulation time t for an amplitude of A/d = 3 at different time-periods T/
√

d/g .

Figure 5.2 a shows the vertical displacement of a disc-shaped intruder OS1 oscillated

at different T. At time periods of oscillation T ≥ 2, a wake is formed either to the left

side of the intruder or to the right side, depending on its direction of motion. In this

sense, when the intruder moves from left to right, the wake is developed to the left side

of the intruder. When the intruder changes its direction of oscillation and starts to move

from right to left, it interacts with the wake that is on its left side. When the intruder
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Figure 5.4: A pictorial representation depicting the position of the narrow-rectangle OS3 for
A/d=3 and T/

√
d/g =1 at different simulation time t/

√
d/g : (a) 0 (b) 100 (c) 300 (d) 500 (e) 700

and (f) 1000.
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Figure 5.5: The rise rate(Vy ) of the horizontally oscillating intruder as a function of its time-
period(T) for different amplitude A. Here, each plot corresponds to a different intruder shape: (a)
disc, (b) square, (c) narrow-rectangle, (d) wide-rectangle, and (e) triangle .
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reaches the middle point of oscillation, the wake to its left vanishes, and simultaneously

another wake evolves to the intruder’s right side. When the intruder is traversing the

granular medium, the particles above the wake region tries to fill the wake due to the

action of gravity. In the process, a bed of particles is created on the edges of the wake

region. When the intruder changes its direction of motion, it has to limb the bed of

particles to move ahead, and thus a vertical displacement of the intruder takes place.

This is the reason behind the rise of the disc-shaped intruder at longer time periods.

Interestingly, the intruder neither sinks nor rises at certain intermediate time-periods

T = 2. At time periods T ranging from 0.25 to 1, the wake is formed not only beside the

intruder but also above and below it. This is due to its high oscillation frequency and,

consequently, a greater momentum transfer to the surrounding particles. The presence

of the wake below the intruder propels it to sink due to the gravity acting on it. Thus,

the disc-shaped intruder sinks at shorter time periods or larger frequencies of oscillation.

Similar behavior has been observed in both 2D [9] and 3D [10] granular systems, where

the disc (2D) and the spherical (3D) shaped intruders rise at lower frequencies and sink

at higher frequencies of oscillation.

The square-shaped intruder shows similar behavior (figure 5.2 b) to that of disc one.

However, the square-shaped intruder is noticed to move to a lower vertical distances

than the disc one for longer time periods. This is due to the larger stress experienced

by the square one (OS2) as compared to that of the disc one (OS1) from the particles

above. The reason for it is due to the presence of a flat surface at the top of the square

intruder and a curved one for the disc one. Figure 5.2 c shows the vertical displacement

of a rectangle with a small base (OS3) whose behavior is similar to that of the disc and

the square shapes. Though rectangle and square-shaped intruders have flat top surfaces,

the former moves to a higher vertical distance than the latter one. The reason for this

behavior is that the rectangle intruder (OS3) has a smaller top surface than the square

one and hence a smaller stress from the particles above it. A pictorial representation

of the rectangle intruder (OS3) is shown to depict this rise and sink phenomena at

different simulation times t/
√

d/g when oscillated at a higher time period (T/
√

d/g = 7)

(figure 5.3) and at a lower one (T/
√

d/g = 1) (figure 5.4) for a given amplitude A/d = 3.

Further, the rectangle with a larger base/top surface (OS4) moves upwards at a slower

rate than (figure 5.2 d) that of the square one and the rectangle one with a smaller

base (OS3). This is due to a larger top surface and consequently a higher stress from

the particles above it. Interestingly, the sinking behavior is observed to be independent
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Figure 5.6: The rise rate (Vy) of the horizontally oscillating intruder as a function of its time-
period (T) for different friction coeficient µ and amplitude A/d = 3. Here, each plot corresponds to
a different intruder shape: (a) disc, (b) square, (c) narrow-rectangle, (d) wide-rectangle, and (e)
triangle.

of the base length of the quadrilaterals (OS2,OS3 and OS4) considered in our study.

The triangular intruder behaved differently as compared to all the other shapes. In this

sense, the triangular intruder is noticed to sink always irrespective of the time periods

(figure 5.2 e). In this case, a bed of particles is not created near the edges of the wake

owing to the intruder’s inclined sides and sharp edges. An intriguing observation is that

the maximum vertical distance traversed by the intruder varies non-monotonically with

the time period. Apart from the maximum vertical displacement traveled by an intruder,

how quickly an intruder can rise or sink is equally important. This aspect of the intruder

is discussed in the next subsection.

5.3.2 Rate of rise of intruder with time-period

In this subsection, we explain how the vertical displacement rate of an intruder varies

with its shape and oscillation parameters. The rate of change of vertical displacement
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is defined as Vy = (yf − yi)/(t f − ti). Here, yi and yf are the initial and final vertical

positions of the intruder at times ti and t f . Note that ti is considered at 1/10th of the

total simulation time ( 1000
√

d/g ). For some cases, we noticed the intruder reaches its

final vertical position before the end of the simulation (1000
√

d/g ). An example of such

behaviour can be seen in figure 5.2 a for a circular intruder at time period T = 4 for which

t f = 650. For these type of cases, we have taken t f as the time at which the intruder is

about to reach its final vertical position. Henceforth, the positive value of Vy implies the

intruder is rising and the negative value of Vy corresponds to sinking. Figure 5.5 shows

the intruder’s rate of rise/sink as a function of time-period (T) and for amplitudes, A/d =
0.5, 1, 3, and 5. The rate of rise/sink is negligible at all time periods for the amplitudes

(A) of 0.5 and 1 for all the intruder shapes. Similar behavior has been reported for a

oscillating disc in a previous work by [9], where the authors reported that to facilitate

the vertical motion of the intruder, a minimum amplitude of oscillation is necessary.

Figure 5.5 a shows a slightly negative Vy for A/d = 3 and at T ≤ 1 for a disk-shaped

intruder. This result is consistent with the negative vertical displacement observed in

figure 5.2 a for T ≤ 1. At T ≥ 2, we observed a positive Vy for the range of time periods

considered in our study. Surprisingly, as the time-period increases, the rise rate first

increases, reaches a maxima and then decreases. When the intruder changes its direction

of motion, it is impelled to climb over a bed of particles leading to its rise at large time

periods. Suppose, if the intruder is moving from left to right, then the above-mentioned

bed of particles corresponds to the ones that are trying to fill the wake which is formed

just to the right of the intruder. These particles could be the ones that fall from above the

intruder or the ones that are adjacent to the wake. As the time period increases, more

particles get piled up, and consequently, the intruder has to climb over a larger set of

particles. This leads to an increase in its vertical position and its rise rate. As time period

increases, we noticed a maxima and then a decrease in the rise rate. The reason for this

is at larger time periods, greater number of particles gets piled up which dampens the

upward motion of the intruder. In summary, the group of particles falling behind the

intruder, or in other words, the size of the bed of particles behind it, is responsible for

the non-monotonic behavior of the intruder’s rise rate. Even at amplitude A/d = 5, the

non-monotonic behavior in the rise rate is noticed. Moreover, the rise rate increases with

an increase in the amplitude.

The rate of rise/sink of a square intruder (OS2) as a function of the time period is

shown in figure 5.5 b. At time periods T ≤ 2, amplitude A/d = 3, the square intruder has
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Figure 5.7: Oscillatory motion of the intruder as sine wave function representing the phase
angle(φ)

a negative rate of vertical displacement or sink rate. Interestingly, as the T increases,

the sink rate gradually increases reaching a maxima and then decreases. At T < 2, a

wake is formed not only on either sides of the intruder but also above and below it as a

result of a high frequency of oscillation. The action of gravity on the intruder coupled

with a low area fraction of particles below it results in its sinking. As the time period

increases, the size of the wake above the intruder decreases, and consequently, the

number of particles interacting, or in other words, the stress exerted on the top surface

of the intruder increases. This results in an increase in the sink rate. With a further

increase in the time period, the wake size below the intruder decreases, resulting in

the resistance to the downward motion of the intruder. In summary, the wake dynamics

above and below the intruder are responsible for the sink rate’s non-monotonic behavior.

At time periods T ≥ 2, the square intruder experiences mostly a positive rate of vertical

displacement. The square-shaped intruder shows a non-monotonic rise rate as a function

of time period at T ≥ 2, similar to that of the disk-shaped intruder. However, the square-

shaped intruder has lower rise rates than that of the disk-shaped intruder. This is

because the curved base of the disk-shaped intruder enables it to ascend the bed of

particles more quickly than that of square one. Figure 5.5 c displays the rise/sink rate of

a rectangle-shaped (OS3) intruder as a function of time period. The rectangle-shaped

intruder has a smaller base and a larger height. The rectangle-shaped intruder shows

qualitatively similar behavior to that of the square-shaped one. However, at T ≤ 2, the
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sink rate is smaller for the rectangle-shaped intruder (OS3) as compared to that of

the square-shaped intruder(OS2). This is due to a smaller top surface of the rectangle-

shaped intruder (4.5d) than that of the square-shaped one (6.5d), which yields in smaller

stress experienced by the top surface of OS3 than that of OS2. Due to a small base,

OS3 can climb the bed of particles more easily than that of OS2. This results in slightly

higher rise rates for the OS3 shape than the OS2 one. For the rectangle-shaped intruder

with a larger base and a smaller height (OS4), an opposite behavior is witnessed (figure

5.5 d). In this sense, the rise rate is smaller for OS4 as compared to that of OS3 and

OS2. Moreover, the magnitude of the sink rate is greater for OS4 than that of OS2 and

OS3 owing to the larger top surface of OS4. The rate of vertical displacement of the

equilateral-triangle-shaped intruder (OS5) is shown in figure 5.5 e. The triangle-shaped

intruder shows a mostly negative rate of vertical displacement because the V-shaped

structure formed by its two edges at the vertices disables it to climb over the bed of

particles. The intruder displayed a non-monotonic sink rate dependence on the time

period. However, the magnitude of the sink rate is significantly higher than the other

shapes considered in our study. The reason for it is due to an almost continual downward

stress exerted by the particles on the triangle’s slant edges. We have also found that there

is an increase in the rate of rise of the intruder with the increase in the intergranular

friction of µ= 0.0 to 0.5 (figure 5.6). The same kind of trend has also been reported by [5]

for a 3D system with a circular intruder and also stated that there is a saturation of rise

rate when µ≥ 0.5.

Moreover, due to its unique geometry, each shape has a different angle of contact

around its surface with the surrounding particles when oscillating horizontally. With

square and rectangle shapes having a flat outer surface, triangular shape with an

inclined angle, and disc with a smooth curvature. If we compare the positive Vy value

which correspond to the rise of the intruder for the different shapes at A/d = 3 and

5, than it is in the order of : Vy;OS1 > Vy;OS3 > Vy;OS2 > Vy;OS4 > Vy;OS5. Thus

confirming that the geometric shape and orientation also affect the intruder’s movement

and its rate of rise in the system when oscillated horizontally.

92

TH-2645_156107034



5.3. RESULTS AND DISCUSSION

−0.4
−0.3
−0.2
−0.1

0

0.1

0.2

0.3

0.4

0.5

0 2 4 6 8 10 12 14 16 18 20

(a)

T/
√
d/g

OS1

0 2 4 6 8 10 12 14 16 18 20

(b) OS2

0 2 4 6 8 10 12 14 16 18 20

(c) OS3

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0 2 4 6 8 10 12 14 16 18 20

(d) OS4

-3

-2

-1

0

1

2

0 2 4 6 8 10 12 14 16 18 20

(e) OS5

V
y
/√

d
g

10φ/π

0.25 0.5 1 3 5 8

10φ/π 10φ/π

V
y
/√

d
g

10φ/π 10φ/π

Figure 5.8: The rise rate(Vy) of the intruder vs the phase angle at A/d = 3 and different T/
√

d/g
for (a)disc, (b)square, (c)narrow-rectangle, (d)wide-rectangle, and (e)triangle shaped intruder
object.

5.3.3 Average rate of vertical displacement of an intruder with

phase angle

In this subsection, we elucidate how the average rate of vertical displacement of the

intruder varies with different positions of the oscillation cycle. One oscillation cycle

involves the intruder travelling a distance of "A" from the centre to the right, then a

distance of "2A" from right to the left, followed by a distance of "A" from left to the centre,

where "A" is the amplitude. If we consider one oscillation cycle as a sine wave function,

then each phase angle (φ) represents different horizontal positions of the intruder as

shown in figure 5.7. Here, the phase angle φ = 0 or 10φ/π = 0 represents the centre

point of oscillation when the intruder is moving from left to right, φ=π/2 or 10φ/π= 5

indicates the rightmost point of oscillation. In the same way, φ=π or 10φ/π= 10 denotes

the centre point of oscillation when the intruder is moving from right to left, φ= 3π/2 or

10φ/π= 15 indicates the leftmost point of oscillation and φ= 2π or 10φ/π= 20 represents
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the centre point. Figure 5.8 a displays the average rate of vertical displacement (Vy)

of the disc-shaped intruder as a function of its phase angle at different time periods

and for an amplitude of A/d = 3. Here, Vy increases with φ from 10φ/π= 0 to 10φ/π≈ 5

where the intruder gradually climbs over the particles. When the intruder changes its

direction of motion (10φ/π = 5) and moves from right to left, the wake to the left of

the intruder gradually decreases. This is associated with an increase in the number of

particles interacting with the intruder increasing the resistance to the vertical motion

of the intruder. Therefore, Vy decreases from 10φ/π ≈ 5 to 10φ/π ≈ 10. However, from

10φ/π≈ 10 to 10φ/π≈ 15 the intruder again climbs over the particles yielding an increase

in the average rate of vertical displacement Vy. When the intruder moves from left to

right, another wake evolves to the right of it. At 10φ/π = 15, the intruder changes its

direction of motion and moves from right to left which results in a decrease in Vy due

to the presence of wake to the right of the intruder. Interestingly, we witnessed both

the positive and negative rates of vertical displacement in a single oscillation cycle at

all timeperiods and for A/d = 3 for the disc-shaped intruder. At smaller timeperiods of

oscillation, lower Vy is evidenced whereas, at larger timeperiods, greater Vy is noticed.

This result is consistent with Vy as a function of time period (figure 5.8 a).

The square-shaped intruder (figure 5.8 b) shows qualitatively similar trends to that

of the disc-shaped one. The magnitude of Vy is greater for the disc-shaped intruder (OS1)

as compared to that of a square-shaped one (OS2) although the diameter of OS1 (6.5d)

and the side of OS2 (7.0d) are almost of the same length. The disc has a curved surface

at the top whereas the square has a flat top surface and hence square-shaped intruder

experiences greater stress from the particles above it than the disc-shaped one. This

results in a smaller Vy for a square-shaped intruder as compared to that of a disc-shaped

one. However, for a rectangle-shaped intruder having a shorter top surface (4.5d), a

greater Vy is evidenced (figure 5.8 c) as compared to the square one, due to smaller stress

experienced from the particles above it. For a rectangle-shaped intruder with a larger

base (9.5d), we noticed a smaller Vy due to greater stress experienced by the intruder

from the particles above it (figure 5.8 d). For a triangle-shaped intruder, we evidenced a

negative rate of vertical displacement Vy for most of the phase angles. This could be due

to its asymmetric geometry and either of the two inclining side walls experiencing stress

from the particles above it throughout the oscillation cycle.
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Figure 5.9: The figure shows the drag experienced at various phase angle with varying T for
(a)disc, (b)square, (c)narrow-rectangle, (d)wide-rectangle, and (e)triangle shaped intruder object

5.3.4 Drag force on oscillating intruder

In this subsection, the study shows the average drag force Fd normalized by the maxi-

mum drag Fd,max experienced by the intruder object at different phase angles during its

oscillation cycle. Drag is a force acting opposite to the direction of motion of an object.

As for the intruder object, to complete an oscillation cycle moves back and forth from a

designated position and has to push particles in its way. So when the intruder starts

oscillating from its initial position (center), it first moves towards its right side. As the

intruder moves, the particles in front of it offer resistance. The drag force then gradually

increases until it reaches the endpoint of its oscillation amplitude on the right side.

After that, the intruder shifts its direction from right to left, and since there is wake

formation during the first half of the oscillation, fewer number of particles will be in

the path resulting in less drag on the intruder. Again the oscillation cycle continues

with the intruder now moving from the center to the left side, resulting in a gradual

increase in drag and will be maximum in the leftmost position. The same thing happens
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here with the wake formation and fewer particles in contact with the intruder as it

moves back from the left to the center position. In figure 5.9 a for the shape OS1 , the

average drag force increases from φ= 0◦ and reaches a maximum value and after that,

there is a gradual decline like a sine wave and the same is also observed for the other

shapes. It is also observed that at a high time period (low frequency), the particle will

be uniformly distributed around the intruder even during its oscillation. But at a low

time period (high frequency), the intruder hits the particles at high velocity, and while it

changes its direction of motion to complete its full oscillation cycle, there will be fewer

particles resisting it, due to which we can see the anomaly in drag force, and there is no

uniform increase or decrease of drag force. The trend of the drag force experienced at

the individual T/
√

t/g for all the considered intruder shapes are observed to be similar,

besides small difference in the magnitude of the dragforce. So from the results, it can

be stated that the drag force experienced by the intruders during its oscillation is not

dependent on the geometric shape and its orientation. The magnitude of drag force is

more or less the same for all the intruder’s shapes during its oscillation cycle.

5.3.5 Mean flow fields

In this subsection, we have presented the mean flow fields of parameters such as area

fraction, velocity and pressure at different phase angles. To generate these flow fields, we

have used the coarse-graining technique, which has been already explained in chapter

4. The flow fields demonstrated corresponds to a square region of size 30d around the

intruder and these are obtained by averaging over a minimum of 5000 frames. Figure

5.10 a displays the mean flow field of area fraction when the intruder is at the centre

point of oscillation (10φ/π= 0) while it is moving from left to right. The area fraction is

minimum in a small region on the left side of the intruder due to the development of

wake. However, in a small region to the right side of the intruder, the area fraction is

witnessed to be slightly lower than that of the bulk. In the above and below the regions of

the intruder, the area fraction is almost the same as that of the bulk as the intruder can

affect only those particles that are close to it. Figure 5.10 b shows the area fraction at

the rightmost point of oscillation (10φ/π= 5) when the intruder has changed its direction

of motion and has just started to move from right to left. A larger wake is witnessed to

the left side of the intruder in this case as compared to that of the one in figure 5.10 a.

However, this wake gradually disappears as the intruder moves from right to left as the
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Figure 5.10: The time-averaged flow fields for depicting velocity V , pressure P, and area fraction
Φ around the intruder OS1 (disc) for T/

√
d/g = 1 and different phase angle φ : (a), (f), (k) 0.0, (b)

(g), (l) 5.0, and (c), (h), (m) 10.0, (d), (i), (n) 15.0 and (e), (j), (o) 19.0. The oscillating amplitude of
the intruder is A/d = 3.

particles surrounding the wake try to fill it due to the action of gravity. Consequently,

by the time the intruder reaches the centre point of oscillation (10φ/π= 10), this wake

is replaced by a mildly fluidized set of particles or in other words, a slightly smaller

area fraction to the left of the intruder (figure 5.10 b). Moreover, another wake begins

to develop to the right side of the intruder during this time. As the intruder reaches

the rightmost point of oscillation (10φ/π= 15), a large trailing wake is evidenced to the

right side of the intruder (figure 5.10 d). Moreover, the mildly fluidized bed to the left

side of the intruder is filled by particles above it and hence the area fraction becomes

close to that of the bulk. Again as the intruder moves from right to left and reaches close

(10φ/π= 19) to the centre point of oscillation, the wake to its right is slightly filled by

particles and generating a fluidized bed (figure 5.10 e). A small region of dark blue to the
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Figure 5.11: The time-averaged flow fields for depicting velocity V , pressure P, and area fraction
Φ around the intruder OS3 (rectangle with its longer dimension along the y-axis) for T/

√
d/g = 1

and different phase angle φ : (a), (f), (k) 0.0, (b) (g), (l) 5.0, and (c), (h), (m) 10.0, (d), (i), (n) 15.0
and (e), (j), (o) 19.0. The oscillating amplitude of the intruder is A/d = 3.

left side of the intruder signifies the presence of another wake.

Figure 5.10 f illustrates velocity (V ) fields when the intruder is at the centre point

of oscillation (10φ/π= 0). The velocity is maximum on the right side of the intruder as

the particles move along with the intruder while it is moving from left to right. The

velocity is minimum in the regions above and below the intruder as the particles in this

region are negligibly affected by the intruder’s movement. The velocity of the particles

on the left side of the intruder is significantly less than that on the right side. The reason

for this might be due to a mildly fluidized bed of particles as noticed in figure 5.10 a.

As the intruder moves from the centre point of oscillation (10φ/π= 0) to the rightmost

(10φ/π= 15), a large wake is developed to the left side of the intruder as shown in figure

5.10 b. The particles surrounding the wake try to fill it with larger velocities which
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((a)) ((b)) ((c)) ((d)) ((e))

((f)) ((g)) ((h)) ((i)) ((j))

((k)) ((l)) ((m)) ((n)) ((o))

Figure 5.12: The time-averaged flow fields for depicting velocity V , pressure P, and area fraction
Φ around the intruder OS5 (triangle) for T/

√
d/g = 1 and different phase angle φ : (a), (f), (k) 0.0,

(b) (g), (l) 5.0, and (c), (h), (m) 10.0, (d), (i), (n) 15.0 and (e), (j), (o) 19.0. The oscillating amplitude
of the intruder is A/d = 3.

are represented by a region of red to the left of the intruder(figure 5.10 g). When the

intruder moves from right to left, it pushes the particles to move along with it. This can

be evidenced in figure 5.10 h: the zones of red colour to the left of the intruder. Figure

5.10 i shows the velocity field when the intruder is at the leftmost point of oscillation.

The particle velocities on the left side of the intruder are slightly lower because the

intruder has started to move towards the right. The regions of red colour at a certain

distance from the right surface of the intruder represents the particles that are trying to

fill the wake that is formed between them and the intruder. As the intruder moves from

left to right, the intruder pushes the particles lying to its left and hence a region of red

colour is seen in figure 5.10 j (10φ/π= 19).

Figure 5.10 k shows the pressure fields around the intruder when it is at the centre
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position of oscillation (10φ/π= 0). As the intruder is moving towards its right, greater

pressure is noticed on the particles to the right. The zones of blue colour to the left of the

intruder denotes the presence of wake. As the intruder starts to move towards its left

after reaching the rightmost point (10φ/π= 5) of oscillation, the pressure on the particles

to its right is small (figure 5.10 l). To the left of the intruder, pressure is very less due to

the presence of wake as noticed in figure 5.10 b. When the intruder reaches the centre

position (10φ/π= 10) from the right, the pressure is more to the left of the intruder (figure

5.10 m) as the intruder pushes the particles to its left while it is traversing. Figure 5.10

n shows the pressure when the intruder is at the leftmost point of oscillation. Very low

pressure to the right of the intruder further confirms the presence of wake. Figure 5.10 o

shows a greater pressure to the right of it as the intruder is moving towards its right.

Figure 5.11 shows the mean flow fields around a rectangle-shaped intruder with a

small base length (4.5d) at different positions of oscillation. The wake region behind

the rectangle-shaped intruder (figure 5.11 b and d) is larger than the disc-one (figure

5.10 b and d). The reason for this is the rectangle has a flat surface that pushes more

particles while it is oscillating horizontally whereas, the disc with a curved surface can

push fewer particles. Moreover, the y dimension length of the rectangle (9.5d) is larger

than the diameter of the disc (7.0d). Due to the above-mentioned reasons, the regions of

high velocities beside the wake are wider for the rectangle-shaped one (figures 5.11 g

and i). The pressure fields are observed to be almost the same for both the disc-shaped

and the rectangle-shaped intruders.

Figure 5.12 shows the mean flow fields of area fraction, velocity and pressure around

an equilateral triangle-shaped intruder at different positions of oscillation. The pressure

fields answer the question: why the triangle-shaped intruder has mostly a negative

vertical displacement. Either of the two slant faces of the intruder experience a vertical

component of stress pointing downwards during its entire oscillation except when it

changes its direction of motion. This can be witnessed in figures 5.12 k, 5.12 m and 5.12

o.

5.3.6 Theoretical model

In a granular medium, a horizontal oscillation of an intruder might result in its vertical

motion. Interestingly, this phenomenon has been utilized by a variety of organisms in

nature to navigate through sand [3, 6]. However, this unique phenomenon has been
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Figure 5.13: A general shape ocillating horizontally with granular particles around it.

poorly understood due to the granular media’s complex behavior. Here, we propose a

simple model to explain this phenomenon by horizontally oscillating an object in the

granular medium. In this sense, our model explains both the intruder’s rising and sinking

behaviour at different oscillation parameters. A different mechanism governs the rising

behaviour of the intruder as compared to that of its sinking behaviour. In this sense,

the intruder’s rising behaviour or upward movement presumably occurs as the intruder

climbs up over a bed of particles that form at its bottom. Whereas the sinking behaviour

happens due to the fluidization of the bed of particles below the intruder.

Firstly, we modeled the rising behaviour of the intruder by considering an arbitrary

shape of the intruder and (x, y) ∈ (collection of points on the surface). In the granular

medium, its position in the x direction is defined as xcetre of mass= A sin(ωt) (figure 5.13)

owing to its horizontal oscillation. Now, if the orientation of an object is considered (with

no rotational motion), then we can assign the axis such that g =−|g| ŷ where |g| is the

magnitude of gravity. For the intruder to rise, we presume that an additional bed of

particles has to form in front of the intruder at its bottom so that it climbs over it during

its oscillation. To form this additional bed, the particles surrounding the intruder have

to drop below a certain point as compared to the intruder’s y position. This is termed a

“point of no return" (ynr), in a sense, if the particle’s y position is below ynr, it becomes

the part of the additional bed of particles. Suppose, if the intruder is moving from X0

to X1 position and it is interacting with P1, P2 and P3 particles (figure 5.13). As the

intruder moves from X0 to X1 position, we can say that the particle P3 will move down,

whereas the particles P1 and P2 move upwards due to the intruder’s shape. So, we can

say that the “point of no return" is somewhere in between the P2 and P3 position. This
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Figure 5.14: The shapes OS1, OS2 and OS5 with the points y and y0 where the particles coving
this distance of (y− y0) will fall beneath the base of the intruder.
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Figure 5.15: The height of the intruder object.

can be defined as

(x, y)point of no return ∈ (x, y),such that :
d y
dx

=∞ (5.1)

Therefore, any granular particle whose y coordinate is greater than the ynr =

min(ypoint of no return) will eventually settle to the bottom of the intruder surface. Let us

also consider, the vertical position of the top surface of the intruder as y0 = max(ysuchthat d y
dx=0).

Then, a particle situated above the intruder has to move at least (ynr − y0 + d
2 ) in one

time period ‘T ’ of oscillation to be a part of the additional bed at the bottom. If one were

to focus on the one-half oscillations such that at t = 0, it exists at one end of the cavity,

and at t = T/2, it exists on the other. The net-free fall into the cavity begins at t when the

intruder has traveled time t forward, leading to a net free-fall time of 2t or a free-fall

distance of 2gt2.
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Net motion of particles that cross the point of no return when the intruder is at time

t for a small-time dt,

dn = (2gt2 − l− d
2 )4φ

πd2 dx; (5.2)

dn = (2gt2 − l− d
2 )4φ

πd2
2πA

T
sin(

2πt
T

)dt; (5.3)

Here, in equation (5.3), l = ynr − y0. Therefore, total particles reaching the bottom in

one-half oscillation,

∫ N

0
dn =

∫ T√
l+ d

2
2g

(2gt2 − l− d
2 )4φ

πd2
2πA

T
sin(

2πt
T

)dt; (5.4)

N = 4φ2πA
πd2T

∫ T√
l+ d

2
2g

(2gt2 − l− d
2

)sin(
2πt
T

)dt; (5.5)

N = 4φ2πA
πd2T

∫ T√
l+ d

2
2g

(2gt2 − l− d
2

)sin(
2πt
T

)dt; (5.6)

Assuming l
′ = l+ d

2 ,

N =
T2(g(1− 2

π2 )T − 2l
′

T − 2
π2 gTcos[2π

T

√
l′
2g ]− 4g

π

√
l′
2g sin[2π

T

√
l′
2g ])

4π
(5.7)

Therefore the rate of rise Vy can be given as:

Vy = 4φ2πA
πd2T

πd2

φ2AT
2

N; (5.8)

Vy = 8π
T2 N; (5.9)

Vy = 2(g(1− 2
π2 )T − 2l

′

T
− 2
π2 gTcos[

2π
T

√
l ′

2g
]− 4g

π

√
l ′

2g
sin[

2π
T

√
l ′

2g
]) (5.10)

Vy = 2(0.7974T − 2l
′

T
−0.2026Tcos[

2π
T

√
l ′

2g
]−1.2732

√
l ′

2g
sin[

2π
T

√
l ′

2g
]) (5.11)
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Shape l or (l
′ −d/2) Trising(cavitymodel) Trising(observed)

OS1 3.50 2.82 2.5-3.0
OS2 6.50 3.74 3.0-4.0
OS3 9.50 4.47 3.0-4.0
OS4 4.50 3.16 2.0-3.0
OS5 8.22 4.17 4.0-5.0

Table 5.2: Comparison between value of Trising from theoretical estimate and the numerical
simulations.

This equation describes Vy with respect to T for a given shape(fixed l
′
). For Vy > 0,

we get

Trise =
√

2l ′ /g (5.12)

Additionally, Vy cannot increase indefinitely with T due to cavity filling up. At some

Trise ≈ (h−l)2
2g , it will start to decrease with

Vy ≈ h− l
T

(5.13)

showing an inverse relationship with timeperiod (T) at higher T as observed in all

the cases.

From Equa. 5.12 we can say that all the intruder oscillating above its critical timepe-

riod there is no sinking from its initial position. While for the rise of the intruder first

of all a layer of particles should get accumulated beneath it. This is possible only when

there is cavity formation due to the intruder oscillation. For this the intruder velocity

should be such that the particles filling the cavity have enough time to fall down and

settle. Thus creating a layer of particles that will help the intruder to climb up and lead

to its rise. The maximum distance covered by the intruder during its oscillation is defined

by its amplitude A and can be written as:

A > Amin ≈α
l√

2l/g
=α

√
l g/2 (5.14)

Here α is a numerical factor that is equal to 0.3. So, from the above equation it is

clear that the intruder object cannot rise for velocity amplitude less than Amin even

if the frequency is varried. In our simulations we have shown the Amin for all the
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(a) OS1 (b) OS2 (c) OS3 Vy/
√
dg

(d) OS4 (e) OS5 Vy/
√
dg
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Figure 5.16: The colormap represents the rise rate Vy of the intruder(a) disc (b) square (c)
narrow-rectangle and (d) wide-rectangle, and (e) triangle for all the oscillated T and A.

Shape l or (l
′ −d/2) Amin

OS1 3.50 0.396
OS2 6.50 0.541
OS3 9.50 0.654
OS4 4.50 0.450
OS5 8.22 0.608

Table 5.3: Table showing the theoretical value of Amin for all the intruder shapes.

shapes in Table 5.3. This predicted values shown have been close enough with our

simulations results. To have a more clear understanding of it we have shown the rise

rate by colormaping it as a function of A and T in figure 5.16 for all the intruder shapes.

The second mechanism works when the particles beneath the intruder supporting it

becomes unstable due its motion and it sinks downward. For the particles to fluidize

at the base of the intruder, they must be impacted with a sufficient force. The kinetic
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energy the intruder have during its oscillation at a time t is the product of mass(M) amd

acceleration Acos(ωt). So when the frequency of oscillation of the intruder is more it hits

the particles surrounding it with higher force and disperse it to larger distance.

5.4 Conclusions

In this work, we analyzed the vertical dynamics of a horizontally oscillating intruder

(various shapes considered) via a numerical simulation method. Depending on the

oscillation amplitude and time-period, the intruder can rise, sink, or almost remain in

its initial position.

5.4.1 Vertical displacement of oscillating intruder

The vertical displacement of the intruder is sensitive to its oscillation parameters. We

found that the intruder object rises in the granular medium at a high time period and

sinks when oscillated at a low time period for A/d > 1. However, the triangular intruder

is observed to have a negligible rise even when it is oscillated at a high time period. The

final vertical settling position of the intruder changes non-monotonically with the time

period of oscillation.

5.4.2 Rate of rise or sink of intruder with time-period

The shape of the intruder has a significant influence on its rate of climb or sink within

the granular medium. We observed a maxima and minima for the rate of rise and sink for

all the intruder shapes. The rate of sink was found to to be the highest for T/
√

d/g = 1

for all the intruder shapes when oscillated at A/d = 3 and 5. Among all the shapes, we

found that the disc (OS1) has the higher rate of rise, and triangle (OS5) has the higher

rate of sink.

5.4.3 Average rate of vertical displacement of an intruder with

phase angle

The average rate of vertical displacement of the intruder varies with phase angle (Figure

7). The phase angle φ= 0 or 10φ/π= 0 represents the centre point of oscillation when the

intruder is moving from left to right, φ=π/2 or 10φ/π= 5 indicates the rightmost point
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of oscillation. The Vy increases with φ where the intruder gradually climbs over the par-

ticles. While there is a gradual decrease in Vy at certain range of phase angle which can

be attributed to more number of particles in the path of oscillating intruders providing a

greater resistance and hampering the intruders positive vertical displacement.

5.4.4 Mean flowfields

The mean flow fields are reported for different phase angles around the intruder. The

velocity field around the intruder shows that flow velocity is more on one side of the

oscillating direction for the different phase angles. The pressure field around each

intruder is asymmetric for different phase angles due to the wake formation. The area

fraction field is observed to be less on one side and more on the other side due to the

wake formation either to the left side of the intruder or to the right side, depending on its

direction of motion. At the same time, the area fraction in the regions above and below

the intruder is nearly equal to that of the bulk.

5.4.5 Theoretical Model

We developed a theoretical model to explain how intruders rise or sink within the

granular medium when oscillated horizontally at a specific amplitude and time period.

The model was able to identify a critical time period, below which an oscillating intruder

will not rise. For all the intruder shapes, a point of no return was proposed; if the granular

particle passes this point, it will reach the cavity’s surface layer. These particles settling

at the surface of the cavity will help the intruder climb on it and rise.
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6
ROLE OF CONSTITUENTS OF A GRANULAR MEDIUM ON

THE LIFT FORCE EXPERIENCED BY A TRANSLATING AND

ROTATING INTRUDER.

6.1 Introduction.

G ranular material is an assembly of discrete solid particles, and their interactions

are dissipative [1, 2] in nature. There has been a lot of research on the rheology of

spherical and almost spherical particles [3–6]. Food grains, catalyst pellets, and

medicinal pills, for example, are generally non-spherical granular materials. Although

many elements of the mechanics of non-spherical particles have been investigated in-

depth, the rheology of such materials has not. The shape of the particles has an impact

on the static and flow characteristics of granular materials. The understanding of flow

behavior of shape heterogeneous mixture will be helpful in many industrial and natural

processes such as mixing [7, 8], segregation [9, 10], advection and compaction [11, 12].

When a moving ball is spinning through the air, it gets deflected in the direction

of spin due to the pressure difference on the opposite sides of the spinning ball. This

phenomenon is known as the Magnus effect. It is believed that Newton was the first

who gave explanation regarding this phenomenon in 1671 [13] while observing a tennis

match in Cambridge college. Later, Benjamin Robins while working on the firing of a

musket ball in the early part of 1742 [14] has explained the deviation of this musket ball
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after firing in terms of the Magnus effect. After a century, in 1852, Heinrich Magnus

gave a detailed explanation of the phenomena [15] and left his name to it.

The Bernoulli principle says that an increase in fluid speed happens concurrently

with a drop in pressure for an inviscid flow and vice versa. The traditional Magnus effect

on a spinning object has been explained in terms of a delayed separation on the retreating

side when the spherical surface moves with the flow since the notion of the boundary

layer was proposed by Prandtl in 1904 [16]. The flow separates further downstream on

the advancing side (the spherical surface travels against the flow) than on the retreating

side when the inverse Magnus effect occurs. Swanson using the boundary layer theory,

described the circulation of airflow around the cylinder in his work [17]. He proposed that

the top and lower boundary layers separate differently due to differing velocities and

that this behavior causes circulation. With this, a friction-aware origin for the Magnus

force was postulated, and the force’s direction was explained.

It has also been observed that at certain Reynolds number the spinning ball is

deflected opposite the direction of the usual Magnus effect [18–20]. Kim et al. [19] stated

that this capricious behavior arises when the boundary layer flow traveling against

the surface of a spinning sphere transition to turbulence, but the flow moving with

the revolving surface stays laminar. Turbulence vitalizes the flow, causing the primary

separation to occur further downstream, resulting in higher flow velocity and negative lift

force. Whereas a circular object rotated in granular media, regardless of the area fraction,

the direction of lift is opposite the direction of the general Magnus effect seen in viscous

fluid [21]. The primary reasons for this type of lift generation in the granular medium are

the tangential forces operating around the rotating intruder and the change in relative

motion between the surrounding granules and the intruder due to the spinning.

The present work focuses on elucidating the role of constituent granules in the

medium that affects the lift generation on a rotating and translating circular intruder. A

mixture of dumbbells and discs is considered as a shape heterogeneous mixture.

6.2 Simulation Methodology

In this work, we employed the discrete element method (DEM) [22] to study the dynamics

of a rotating spherical intruder moving through a mixture of dumbbells and discs. The

DEM technique is explained in chapter 2. Initially an intruder of diameter D i is placed

at x, y= 0 inside a two-dimensional space (x =±150 and y=±300). The walls that confine
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60

0 
cm

 

   300 cm

Figure 6.1: Initial configuration of our system with an intruder placed at a depth of h = 300cm
from the top wall. The granular mixture is comprised of dumbbells (black) and disc (grey) particles.
At y=±300cm, the system is confined by walls made of glued particles of size 1cm (orange), and
periodic boundary conditions are applied in the x direction. The origin is located at the center of
the intruder. In the right side of the figure the zoomed in region around the intruder is shown.

the simulation system along both the ends at y=−300 and y= 300 are made of particles

of diameter 1.0cm. Please note that we packed Nt = 100000 (disc + dumbbell) to create

a system of area fraction φ= 0.43. However, for the case of φ= 0.82 (Nt = 188000), the

confining walls are initially kept far away, such that the system will have a φ< 0.5 with

the desired number of randomly created particles. The walls are then moved very slowly

towards the origin to make the system compact and attain the designated dimension of

300cm × 600cm. The system is further allowed to settle down for a certain time while

the walls are kept stationary untill the kinetic energy of the entire system reach to

zero. The disk particles has a mean diameter of 1cm and the dumbbell particles which

are made by fusing two non-overlaping disk particles of mean diameter 0.7cm. The

distance from the top wall to the centre of the intruder is h = 300cm. The density is set

as ρ = 2gm/cm2. The boundary conditions in the x-direction are periodic. The intruder

is moved at a constant velocity Vi along the positive x-direction for a total distance of

600cm. The spin of the intruder is in the anticlockwise direction for all the simulations.

The intruder diameter is kept at 5cm unless mentioned otherwise. Fig. 6.2 shows an

initial configuration of the simulation system with the spherical intruder placed at

the depth of h = 300cm from the top wall. All the simulations were performed for a

gravityless system. Table 6.1 lists the values of the parameters that are used in the
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Simulation parameters Values

Kn 2.00×1010 gm/cms2

K t 2.456×1010 gm/cms2

γn 80000(cms)−1

γt 80000(cms)−1

timestep 2×10−6s
µ 0.5

Table 6.1: The parameters and its values used in our numerical simulations

simulations.

The simulation’s run duration is the time taken by the intruder to travel a distance

of 600cm at a particular velocity. A dumbbell’s location and velocity are determined by

its centre of mass position and centre of mass velocity. The sum of the forces and torques

on a dumbbell’s constituent particles is used to calculate the overall force and torque.

6.3 Results and Discussion

In this section, we will present the numerical results for an intruder rotating and

translating through a mixture of dumbbells and discs. We studied five parameters

namely: fraction of dumbbells Xdb, area fraction φ, rotational velocity rv, intruder

velocity Vi and coefficient of friction µ.
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Figure 6.2: (a) Variation of drag force FD with intruder velocity Vi for area fraction φ= 0.82 on
a log-log plot, (b) Variation of averaged particle contact Nc with Vi for φ= 0.82, and (c) Variation
of shear stress |τxy| with Vi for φ= 0.82.
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6.3. RESULTS AND DISCUSSION

6.3.1 Translational and Rotational movement of the intruder

6.3.1.1 Dumbbell fraction

In this subsection, we analyzed the characteristics of intruder movement with and

without rotational velocity (rv) at various fractions of the dumbbell. In all our simulations

the spin to the intruder is given in an anticlockwise direction. The drag force FD is the

force acting opposite to the direction of motion of the intruder. The intruder experiences

drag due to particle contact Nc at its frontal surface in the direction of motion. To this

purpose, we calculated the intruder’s drag force (FD), coordination number (Nc), and

shear stress (|τxy|) without no intruder rotational velocity as shown in Figure 6.2. The

area fraction of the system is φ = 0.82, the coefficient of friction is µ = 0.5, and the

diameter of the intruder is D i = 5 cm. The FD and Nc correspond to their time-averaged

values in this work. Note that the average does not contain a few values at the start of

the simulation to avoid initial intermittencies. The averaged drag force FD increases

quadratically with the increase in intruder velocity at the given area fraction, as shown

in figure 6.2(a). Takehera et al. [23, 24] in their studies have also found that the drag force

has a V 2 dependence at high area fraction. The averaged number of particle contacts

shown in figure 6.2(b) increases linearly with the increase in the intruder velocity. As it

can be said, the drag force is directly dependent on the number of particle contact, with

it increasing with an increase in the Nc. The shear stress on the intruder also linearly

increases with the increase in the intruder velocity. The stress tensor σab on ith particle

due to its Np pair-wise interactions is calculated as σab = 1
2×AΣ

Np
j=1(r ia Fib +r ja F jb ) where

a and b take on x and y values to produce the components of the stress tensor. Here,

r ia is the relative position of the ith particle to the geometric center of the interacting

particles, F is the force due to the pair-wise interaction, and A is the area of the ith

particle. The normal stress is calculated as σ = −1
2 (σxx +σyy) and the shear stress is

calculated as τxy =σxy.

The role of a constituent particles in a granular medium on the drag and lift force

experienced by rotating the intruder at varying rv is shown in Fig 6.3. It is found that

a symmetric body moving through a granular medium does not experience any net lift

[25]. Nevertheless, when a rotational motion is added to the movement, it experiences a

net lift force. The constituent particles also greatly enhance this lift generation, as found

in our study. So understanding the forces on a simultaneously translating and rotating

object can help the mechanisms related to the lift generation other than oscillation of
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Figure 6.3: (a) Variation of drag force FD with intruder spin ratio Ω for area fraction φ= 0.82
on a log-log plot, (b) Variation of lift force FL with Ω for φ= 0.82 and (c) Variation of averaged
particle contact NC with Ω for φ= 0.82.

an object or vibration of a system. When the intruder object in the granular medium

has both translating velocity Vi and rotational speed rv, then the lift is in a direction

−rv ×Vi, which is opposite to that in the fluids. We used a parameter that is defined as

the spin ratio:

Ω= rvR
Vi

(6.1)

given by the ratio of the intruder’s surface speed due to the rotation and its translational

speed. This parameter is then used to compare results for various intruder velocities. In

Fig 6. 3 (a), the mean drag force FD on the intruder increases with an increase in system

dumbbell fraction for different spin ratios Ω at Vi = 25cm/s. This is because, with the

increase in the fraction of dumbbells, the chances of particle interlocking during contact

may also increase, thus creating more resistance to the intruder movement. The lift force

also increases with an increase in the fraction of dumbbells (Fig 6.3 (b)), and the intruder

is found to experience ten times more lift force at low Ω in the range of 0.01 to 2 for

Xdb = 1.0 than Xdb = 0.0, while at high Ω in the range of 10 to 25 the increase in FL is

twice for Xdb = 1.0 than Xdb = 0.0. It clearly shows that the constituent particle within

the media with the rotational spin of the intruder help it to generate more lift than

generally observed for normally translating and rotating object in disc-shaped granular

media. The reason being that the dumbbell particles show better interlocking type of

phenomena due to which they offer higher resistance to the spinning intruder. Since the

intruder is spining there is a further increase in the frictional force on the intruder due

to which an asymmetry is observed in the pressure experience on the intruder surface
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6.3. RESULTS AND DISCUSSION

which is otherwise not observed for a translating object in the granular medium. So this

difference in the pressure between the upper and lower half of the intruder results in

the net lift force being experienced by the intruder and has been shown in the pressure

field around the intruder in figure 6.13, 6.14, 6.15. The average particle contacts Nc with

intruder also increase with the fraction of dumbbell for different intruder spin ratios, as

shown in Fig 6.3 (c). Though there is a decrease in the Nc is after a certain spin ratio for

all Xdb.

In figure 6.4(a), the variation of the ratio of mean lift (FL) to mean drag (FD) as a

function of spin ratio Ω for intruder velocities Vi (a) 1cm/s, (b) 5cm/s, (c) 25m/s and (d)

100cm/s and different Xdb is shown. It is observed that the FL/FD saturates after a

certain value of Ω and have almost a constant value in the higher range of the spin ratio.

The increase in FL/FD is significant after Ω≈ 1 until Ω≈ 10 for high velocities of 25cm/s

and 1m/s, and then it gradually saturates. Sonu et al [21] in their work have developed a

model which states that the FL/FD = µ and follows a linear relationship with µ at low

area fraction and deviates at higher area fraction φ. We have also compared our results

in Figure 6.5 with the suggested model for a system with Xdb = 0.5 and found that the

FL/FD ratio deviates as the area fraction of the system increases and follows a linear

relationship with µ at low φ. So it suggests that irrespective of the nature of constituent

particles in the granular medium the model works. Figure 6.6 shows the variation of

mean drag FDΩ and the average number of particle contact NCΩ normalized by the

corresponding values at Ω= 0 as a function of Ω. For the intruder velocity Vi = 0.25m/s

the FDΩ/FDΩ=0 is almost constant at low area-fraction with little variation observed for

φ= 0.82 at high spin ratio values. The averaged number of particle contact NC (figure

6.6 (c), (d) and (e)) decreases after a certain Ω for all the intruder velocities and then

gets saturated.

The drag on the intruder is the component of the sum of forces acting opposite to

its direction of movement due to the particle in contact. So the drag on the intruder is

directly proportional to the particle in contact; however, this only applies when the force

per contact is the same in all the cases. This will be further elaborated in the study of

force distribution on the intruder due to particle contact in Section 6.3.3.
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Figure 6.4: The lift to drag force ratio FL/FD vs spin ratio (Ω= roR/Vi) for different intruder
velocities Vi (a)1cm/s, (b) 5cm/s, (c) 25cm/s and, (d) 100cm/s and three different dumbbell fraction
Xdb of 0.0, 0.5 and 1.0, with system area fraction φ=0.82.

6.3.2 Area fraction

In this subsection, we studied the effect of area-fraction φ of the system on the dynamics

of a rotating and translating intruder at various fractions of dumbells Xdb. For the

analysis, we have considered two area fractions φ = 0.43 and 0.82 with particles 100000

and 188000 having the same system dimensions. Figure 6.7 shows the variation on the

mean lift and mean drag ratio as a function of Ω for Vi = 25cm/s, xdb = 0.0, 0.5 and 1.0.

The trend for the FL/FD ratio is similar for both the dilute (φ= 0.43) and dense (φ= 0.82)

systems. When the angular velocity rv of the intruder is 0, that is Ω = 0 we observe

that the FL/FD value is almost zero, which is due to the symmetry in the amount of

drag force that the intruder experiences at its upper and bottom half in the direction of
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Figure 6.5: FL/FD as a function of friction coefficient µ for various φ. The more dilute the system
is, the closer the value of FL/FD to the proposed model.

motion. While at higher Ω, the FL/FD saturates, having almost a constant value. This

saturation in the FL/FD value is due to the particles slipping around the intruder surface

at a higher spin ratio. We also observe that the FL/FD value increases with Xdb in the Ω

range of 0.5 to 8 for both the φ′s. So it can be stated that when the intruder is given a

certain rotational velocity, it experiences a lift force even for a low area fraction system.

In Figure 6.8, the drag FDΩ and the averaged number of particle contacts NcΩ as a

function of Ω normalized by the drag and contact value at Ω= 0 is shown. The drag is

observed to be constant at low area fractionφ= 0.43 for the given Ω while there is an

increase in drag at a higher value of Ω for φ= 0.82. The number of contact NCΩ/NCΩ=0

decreases after a certain spin ratio for both the dilute and dense systems. Figure 6.9

shows the mean drag and lift force as a function of µ for φ= 0.43, and 0.82, Vi = 25cm/s,

Xdb = 0.5 and Ω = 20 respectively. The drag force increases as the system’s φ and µ

increase. This may be rationalized in a dilute and denser environment by considering the

concurrent influence of frictional forces and the growth of force chains. Frictional forces

are only visible in granular material when the particles are in contact. A dilute system

has fewer particle interactions than a denser medium. As the area fraction of the system

increase, so do the frictional forces. Furthermore, when the area fraction increases, the

possibilities of force chains evolving in the structure of particles in front of the intruder

increases. The lift force (Figure 6.9 b) also increases with the increase in the φ and µ of

the contacting particles.
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Figure 6.6: The drag force at a certain spin ratio FDΩ normalized by the drag force at spin ratio
of zero FDΩ=0 as a function of Ω for db f rac ranging from 0.0 to 1.0 for different intruder velocities
Ui (a) 1cm/s, (b) 25cm/s, and (c) 100cm/s. The NCΩ/NCΩ=0 as a function of Ω for various Xdb
and intruder velocities Vi (a) 1cm/s, (b) 25cm/s, and (c) 100cm/s. The system has an area fraction
φ of 0.82 and µ= 0.5 .

6.3.3 Force distribution around the intruder

In this subsection, we calculated the force distribution as a function of the angle of

contact θ, relative to the intruder’s center, to better understand the forces operating

around the perimeter of the intruder during its rotation and translation within the

granular medium. The region around the intruder is divided into two halves, with the

top half corresponding to θ 0◦ to 180◦ and the bottom half referring to θ 0◦ to −180◦.

Figure 6.10 and 6.11 shows the time-averaged total drag force normalized by the drag

force on the intruder with no rotational velocity (ω= 0) i.e FDΩ=0 and the total number of

particle contact on the intruder surface normalized by NCΩ=0 for area fraction φ= 0.82,

mu = 0.5 and Xdb 0.0 and 1.0. In Fig. 6.10 (a), the drag on the intruder is observed to

be maximum at the frontal part for θ =±90◦ whereas in the rear side of the intruder
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with θ ≥ 90◦ and θ ≤±90◦ it is negligible. This is because of the wake formation behind

the intruder as it moves within the granular media due to which there is no particle

contact at the rear side of the intruder and is also evident with the number of particle

contact being zero in that region as shown in Fig. 6.13 (b). The same is observed for the

system with Xdb = 1.0 where the drag force is high at θ =±90◦ as most of the particle

contact is in that region of the intruder surface. Though the magnitude of drag force on

the intruder in the system Xdb = 1.0 is higher than that of Xdb = 0.0. This can be due

to the reduction in the frequency of force-chain buckling occurrences in the media as

the fraction of dumbbell increases. Aside from inter-particle friction, the shape of the

particles in front of the intruder also signifcantly contributes to the amount of stress or

drag force it experiences [26]. As it has also been explained in chapter 4 that the system

with only dumbbell particles may have a higher interlocking capability contributing to

the higher amount of drag force experienced by the intruder object.

In Figure 6.12, the time-averaged tangential force acting on the intruder surface as

a function of θ is shown. At a higher spin ratio, it can be observed that the Ft,θ has a

different direction in comparison to a system having Ω= 0. For Ω= 10, the tangential

force is more on the frontal part of the intruder θ ≈±90◦, while at high Ω= 20 the Ft,θ

is observed at most of the contact region of the intruder surface. This suggests that

at a higher value of the spin ratio, there is slipping of particles and also explains the

saturation in the lift and drag ratio.
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Figure 6.8: The drag force at a certain spin ratio FDΩ normalized by the drag force at spin ratio
of zero FDΩ=0 as a function of Ω for db f rac ranging from 0.0 to 1.0 and φ= (a) 0.43 and (b) 0.82.
The NCΩ/NCΩ=0 as a function of Ω for various Xdb and φ= (c) 0.43 and (d) 0.82.

6.3.4 Mean flowfields around the intruder

We produced the time-averaged flow fields using discrete microscopic data such as

velocities, locations, stress, and other parameters of each particle in a defined area

surrounding the intruder. The Gaussian coarse-graining function, as implemented by

Glasser and Goldhirsch[27], is used to calculate the parameters at various spatial

locations. The area fraction φ(t), velocity v(t), stress tensor σi j(t), and pressure P(t) are

computed at a spatial point p using a position vector rp and an arbitrary time t as

follows:

φ(t)=
[

n∑
i=1

ρπd2
i

4
W (rp − ri(t))

]
/ρ (6.2)
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v(t)=
[

n∑
i=1

ρπd2
i

4
viW (rp − ri(t))

]
/ρφ (6.3)

σi j(t)=
n∑

i=1

n∑
j=i+1

(F i jri j)
∫ 1

s=0
W (rp − ri(t)+ sri j)ds (6.4)
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P(t)= −tr(σi j(t))
2

(6.5)

W (r)= 1
πw2 e−r2/w2

(6.6)
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Figure 6.13: The time-averaged flow fields for depicting pressure P, shear stress |σxy| and area
fraction φ infront of the intruder for different spin ratio (Ω): (a), (d), (g) 0.0, (b) (e), (h) 1.0 and (c),
(f), (i) 10.0. The velocity of the intruder is Vi = 25cm/s and the fraction of dumbbell (Xdb) in the
system is 0.0.
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Here, the coarse-graining function is W (r), and the density, diameter, and position

vector of the particle i are ρ, di, and ri(t). The force exerted on particle i by particle j is

F i j, and ri j is a vector pointing in the direction of the line connecting the centres of two

particles i and j. In addition, w = 1.0 and W (rp −−− ri)= 0 if |rp −−− ri| > 3w and φ,v and P

are the time-averaged area fraction, velocity, and pressure, respectively. The flow fields

presented are averaged over a minimum of 5000 frames and correspond to a circular

area of 20cm radius from the intruder’s centre (D i = 5 cm).

In Fig. 6.13 we have shown the flow fields depicting the pressure P, shear stress σxy

and area fraction φ in the vicinity of the intruder during its movement for Vi = 25cm/s,

µ= 0.5 and Xdb = 0.0. Figures 6.13 (a),(b), and (c) shows the pressure field around the

intruder surface for spin ratio Ω= 0,1 and 10. The pressure is observed to be symmetric

at Ω = 0, but at high Ω = 10, it is found to be asymmetric with the pressure on the

intruder being higher at the upper side of the intruder, as shown in Fig. 6.12 (c). This

is due to the intruder’s high rotational velocity, making the pressure non-uniform and

more on one side of the intruder. It is also evident by the mean flow field of shear stress

|σxy| for different Ω shown in Figures 6.13 (e), (f), and (g). The particles whose y position

is almost identical to the intruder’s y location do not take a detour around it but instead

move forward with it. At y = (0,0), there is no shear stress as a result of this. Other than

the particles stated above, particles near the intruder’s front surface are compelled to

detour around it due to its mobility. This causes relative motion between the contacting

particles on the intruder’s surface. As a result, these particles, which correspond to the

deep red zones, are subjected to significant shear stress. However, this phenomenon is

not noteworthy at a distance from the intruder because there is little relative motion

between them. While at high Ω= 10, the magnitude of |σxy| of shear stress is more on

the advancing (upper half of the intruder) side than on the retreating side(lower half of

the intruder) of the intruder. The area fraction around the intruder is shown in Figures

6.13 (g), (h), and (i) for Ω= 0, 1 and 10. The wake observed at the rear end of the intruder

during its movement within the granular medium increases with the increase in the Ω.

As in the wake region, the φ is almost zero with no particle in it, while the region around

the intruder other than the wake region has an area fraction as that of the system.

Further, Figs 6.14 and 6.15 shows the time-averaged pressure, shear stress, and

area fraction around the intruder for Xdb = 0.5 and 1.0. We have observed that with the

increase in the fraction of dumbbells, the magnitude of pressure has also increased, as

observed in Figures 6.15 (a), (b), and (c) as compared to the pressure in the vicinity of the
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6.3. RESULTS AND DISCUSSION

((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) Ω= 0 ((h)) Ω= 1 ((i)) Ω= 10

Figure 6.14: The time-averaged flow fields for depicting pressure P, shear stress |σxy| and area
fraction φ infront of the intruder for different spin ratio (Ω): (a), (d), (g) 0.0, (b) (e), (h) 1.0 and (c),
(f), (i) 10.0. The velocity of the intruder is Vi = 25cm/s and the fraction of dumbbell (Xdb) in the
system is 0.5.
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CHAPTER 6. ROLE OF CONSTITUENTS OF A GRANULAR MEDIUM ON THE LIFT
FORCE EXPERIENCED BY A TRANSLATING AND ROTATING INTRUDER.

intruder for Xdb = 0 (Figures 6.13 (a) to (c)). It is observed that the intensity of pressure

infornt of the intruder seems to gradually decrease as it moves away from the intruder

surface in the direction of mmotion, which is due to the contacting particles sliding away

from the cluster of particles rather than clinging to it up to a greater distance. In figures

6.15 (d) to (f), it is evident that with the increase in the spin ratio, the magnitude of shear

stress becomes more on one side of the intruder, thereby creating a pressure difference

between the lower and upper region of the intruder surface. This finally leads to the

intruder’s deviation from its original path, and a Magnus effect is observed opposite to

the direction of spin. The wake region is also observed to widen with the increase in the

spin ratio as shown in figures 6.15 (g) to (i) for the distribution of area fraction around

the intruder.

6.4 Conclusions

We analysed the dynamics of a simultaneously rotating and translating intruder in a

heterogeneous mixture of dumbbells and discs. The direction of the lift force is found to

be -rv ×Vi, which is opposite to the generally observed direction in fluids. The rotation of

the intruder creates a change in the direction of relative motion between the intruder

and the surrounding granular particles, due to which a lift is generated. We found that

the lift force on the intruder increases with an increase in the fraction of dumbbells for

its given spin ratio. We found that even at a very low intruder velocity of Vi = 1cm/s,

there was lift generation on the intruder at a given spin ratio. For both the dilute and

dense granular systems, we observe that the intruder experiences net lift force at a given

rotational velocity.
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6.4. CONCLUSIONS

((a)) ((b)) ((c))

((d)) ((e)) ((f))

((g)) Ω= 0 ((h)) Ω= 1 ((i)) Ω= 10

Figure 6.15: The time-averaged flow fields for depicting pressure P, shear stress |σxy| and area
fraction φ infront of the intruder for different spin ratio (Ω): (a), (d), (g) 0.0, (b) (e), (h) 1.0 and (c),
(f), (i) 10.0. The velocity of the intruder is Vi = 25cm/s and the fraction of dumbbell (Xdb) in the
system is 1.0.
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7
CONCLUSIONS

The dynamics of submerged objects in dense granular media were investigated

in this dissertation. In our research, we studied the movement of an intruder

within dumbbell systems or systems that included both dumbbells and discs.

The key findings of this dissertation is summarized as follows:

• The drag force gradually increases with velocity in a frictionless system but in a

frictional system there is a constant drag regime at low velocities. For a fixed cross

section, the drag force depends weakly on the intruder shape. The shape of the

intruder has a significant effect on the distribution of contacts around its surface,

which inturn is the main reason for the granular lift experienced by certain shapes.

• The drag force on a circular intruder translating through a heterogeneous mixture

(disc and dumbbells) increases with the increase in the dumbbell fraction for a

constant area fraction of the system. The presence of the dumbbell shape particle in

the media offer additional resistance to the intruder in addition to the interparticle

friction. The drag force on the intruder is also found to scale as the square of

its velocity irrespective of the dumbbell fraction, the system area fraction or the

intruder diameter. The mean flow field were presented for system of different

dumbbell fractions. The time-averaged pressure was found to increase with increase

in dumbbell fraction for a frictional system whereas for a frcitionaless system this

pressure is almost same for different dumbbell fraction.
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CHAPTER 7. CONCLUSIONS

• The amplitude A/d, timeperiod T/
√

d/g and intruder shape have a significant

effect on the vertical dynamics of a horizontally oscilating intruder. For A/d > 1

the intruder objects show higher rate of sink for T/
√

d/g = 1. At an amplitude of

A ≤ 1 there is no significant vertical displacement of the intruder irrespective of

the oscillating timeperiod. The time-averaged pressure field around the intruder

informs that the pressure is higher at the base of the intruder for high T/
√

d/g and

pressure is lower for low values of T/
√

d/g . With the help of mathmatical model

we identified an existence of a critical timeperiod beyond which the intruder object

does not sink.

• A translating and rotating intruder in a heterogeneous granular mixture expe-

riences a lift force for all non-zero spin ratios. In a normal fluid the direction of

the lift force will be along the direction of spin however in granular medium it is

opposite. This is due to the intruder’s rotation, which causes a shift in the relative

motion direction between the intruder and the surrounding granular particles,

resulting in a lift. We found that the lift and drag ratio (FL/FD) saturates after a

certain spin ratio within the granular medium. This is because at higher spin ratio

most of the granular particles are found to slip through the intruder surface.

7.1 Scope for future work

Some interesting idea for the future work are summarized as:

• Understand the drag and lift on the intruder moving in a three-dimensional

consisting of heterogeneous mixture of granules. In a three-dimensional system, it

is simpler for particles to get out of the way of the intruder, therefore the dynamics

should be considerably different.

• Force chains formation and breakage dynamics while the intruder is moving

through a granular medium.

• To understand how the aspect ratio of the cylindrical intruder will effect its vertical

displacement when oscillated within a dense granular medium.

• Study the impact of orientation for a triangular shape intruder on its rise or sink

when oscillated horizontaly in a granular medium.
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7.1. SCOPE FOR FUTURE WORK

• Effect of the nature of the constituent granular particles on the rise/sink dynamics

of oscillating intruders.

• The dynamics of a rotating and translating intruder through a three dimensional

system.

135

TH-2645_156107034



TH-2645_156107034



7.1. SCOPE FOR FUTURE WORK

List of Publications

Articles published
• Bitang Kwrung Tripur, Sonu Kumar, K. Anki Reddy and Julian Talbot. Role of

shape on the forces on an intruder moving through a dense granular medium.
Praticulate Science and Technology, pages 1-11, 2021.

• Bitang Kwrung Tripura, A. Vamsi Krishna Reddy, Sonu Kumar and K. Anki Reddy.
Drag on a circular intruder traversing a shape heterogeneous granular medium.
Phys. Rev. E (Accepted).

Manuscripts under preparation
• Bitang Kwrung Tripura, Sonu Kumar, A. Vamsi Krishna and K. Anki Reddy. Shape

dependence on the rise and sink of a wiggling intruder. (for J. Fluid Mech.)

• Bitang Kwrung Tripura, A. Vamsi Krishna and K. Anki Reddy. Role of constituents
of a granular medium on the lift force experienced by a translating and rotating
intruder. (for Physics of Fluids)

Conferences attended
• Bitang K Tripura, Sonu Kurmar and Katha Anki Reddy, Effect of shape on the

movement of an intruder object in dense granular medium. 12th International
conference on complex fluids and soft matter.(COMFLU-2018), Decemember 6-9,
2018, Indian Institute of Technology, Roorkee.

• Bitang K Tripura and Katha Anki Reddy, Dynamics of a horizontally wiggling
intruder in a dense granular medium. International conference on advances in
chemical engineering-2020.(AdChE-2020), February 5-7, 2020, University of En-
ergy and Petroleum Studies, Dehradun.

137

TH-2645_156107034



TH-2645_156107034


	List of Figures
	List of Tables
	Introduction
	Granular materials
	Locomotion in a granular medium 
	Drag in a granular medium
	Lift in a granular medium
	Objectives

	Bibliography
	Simulation Method
	Bibliography
	Role of shape on the forces on an intruder moving through a dense granular medium
	Introduction
	Simulation Methodology
	Results and Discussion
	Drag on the moving intruder
	Number of contacts, kinetic drag, and drag regimes
	Lift on the moving intruder
	Depth-dependence of forces on the moving intruder
	Force profile along the surface of the intruder 

	Conclusions

	Bibliography
	Drag on a circular intruder traversing a shape heterogeneous granular mixture
	Introduction
	Simulation Methodology
	Results and Discussion 
	Dumbbell fraction
	Absence of frictional forces
	Area fraction
	Diameter of the intruder 
	Mean flow fields 

	Conclusions

	Bibliography
	Shape dependence on the rise and sink of a wiggling intruder
	Introduction.
	 Simulation methodology
	 Results and Discussion
	Vertical displacement of oscillating intruder
	Rate of rise of intruder with time-period
	Average rate of vertical displacement of an intruder with phase angle
	Drag force on oscillating intruder
	Mean flow fields
	Theoretical model

	 Conclusions
	Vertical displacement of oscillating intruder
	Rate of rise or sink of intruder with time-period
	Average rate of vertical displacement of an intruder with phase angle
	Mean flowfields
	Theoretical Model


	Bibliography
	Role of constituents of a granular medium on the lift force experienced by a translating and rotating intruder.
	Introduction.
	Simulation Methodology
	Results and Discussion
	Translational and Rotational movement of the intruder
	Area fraction
	Force distribution around the intruder
	Mean flowfields around the intruder

	Conclusions

	Bibliography
	Conclusions
	Scope for future work


