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Abstract

The idea of coded caching for content distribution networks was introduced by Maddah-Ali
and Niesen, who considered an (N, K) cache network in which a server with N files, each
of size F bits, is connected via a shared link with K users, each equipped with an isolated
cache of size M F' bits. The network operates in two phases. In the first phase of coded
caching, called the placement phase, the server fills the users caches with functions of its
files, without any knowledge of the files that will be required by each user. In the second
phase, called the delivery phase, after knowing the demands of all the users, the server
broadcasts a set of packets over the shared link. Each user recovers the file it has requested
from the broadcast packets, aided by its cache contents. The problem of coded caching is
to determine how to fill each user’s cache in the placement phase so that the rate required

in the delivery phase is minimized.

Maddah-Ali and Niesen, in their seminal work, considered a collection of demands where
each file in the server is requested by at least one user. For this set of demands, they
introduced a caching scheme in which each user’s cache is filled with uncoded file fragments
and use multicast coding in the delivery phase. With the help of cut set arguments, they
showed that rate of the proposed scheme is within a multiplicative gap of 12 from the
optimal rate. Though, this gap was further reduced by proposing new schemes and deriving
tighter lower bounds, the optimal rate memory tradeoff for this situation was not known
except when M < % and M > %(K —1). For the case (%W < N < K, we derive new
lower bounds and propose a new coded caching scheme which leads to a characterizations

of the optimal rate memory tradeoff when M < % + m and M > (K —1)— K](VI;—ll)'

For thecase 1 < N < [%1 , we derive new lower bounds which leads to a characterization

of the optimal rate memory tradeoff for M > £(K —2).

The problem of coded caching is fundamentally a multi-objective optimization problem

as noted by Tian, who initiated a study of the optimal rate memory tradeoff for each
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demand type. Yu, Maddah-Ali and Avestimehr introduced a new scheme (referred to
as the YMA scheme in this thesis) and in a surprising result demonstrated that it was
simultaneously optimal for all demand types among caching schemes where the placement
phase is restricted to be uncoded. We investigate the possibility of such a universal scheme
in the general case where coding is also permitted in the placement phase. We derive new
lower bounds which characterize the constraints among different demand types and use
it to prove the non-existence of a universal scheme. Inspired by this result, we initiate a
study of Pareto optimal schemes in coded caching and establish the Pareto optimality of

the YMA scheme.
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1. Introduction

1.1 Introduction to Caching

Over the past three decades, we have witnessed an exponential growth in data traffic over the
internet which has lead to parts of the network being highly congested during peak hours and resources
being abundant during off-peak hours. To alleviate this problem, caching techniques place some
portions of files in the server in caches distributed across network during off-peak traffic time. When
the server receives requests for the files, it broadcasts a set of packets with which the users, aided by the
caches, can obtain their requested files. The first phase, where the server copies a portion of its contents
to the caches, is called the placement phase. The latter phase, where each user recovers its requested
file using the broadcast packets and cache contents, is called the delivery phase. A fundamental issue in
a caching problem is to decide what to place in each user’s cache during the placement phase and what
to broadcast such that the network experiences the least load during the delivery phase. There have
been several proposals for web caching [2-6] primarily based on the characteristics of users’ demands,
such as file popularity. These techniques mainly concentrate on what to store in the caches and not
how to deliver. During the delivery phase, the server transmits parts of the requested file, missing
from the caches available to each user. These traditional caching schemes fail to exploit the multicast
opportunities available in networks with multiple caches. Maddah-Ali and Niesen, in their seminal
work [7], introduced the notion of coded caching to exploit this opportunity and demonstrated that
coding indeed helps in reducing peak data traffic over uncoded caching schemes. In this thesis, we

undertake a study of coded caching schemes and present new schemes along with new lower bounds.

1.2 Motivation for Coded Caching

Consider a cache network where two users, Uy and Us, are connected to a server with two files, A
and B (each of size F' bits), through a common shared error-free link as shown in Figure where
each user U} is equipped with an isolated cache Z of size I’ bits. As the users’ future demands are
not known, the server splits both the files into two non-overlapping subfiles of size %F bits, where
A1, Ao are the subfiles of the file A and Bi, By are the subfiles of file B. One way to fill the caches is

to copy the same subfiles A; and Bj into both the caches.

Zy = Ay, By,

Zy = Al, Bs.
TH-2693 146102006




1.2 Motivation for Coded Caching

2 Files
Server A B iF bits
Caches Zy Zy 1F bits
J ¥
Users U1 Us
User 1 User 2

Figure 1.1: The (2,2) cache network

Consider the demand where user U; requests file A and user Us requests file B. Since U; has the
subfile Ay in its cache Z7, the server needs to broadcast the subfile Ay to fulfill its request. Similarly,
since Us has the subfile B in its cache Zs, the server needs to broadcast the subfile By to fulfill its
request. Thus, the server broadcasts two subfiles each of size %F bits separately and the total load
experienced by the network corresponding to this demand is F' bits. Another way to fill the caches is

to copy the subfiles A; and By in Z; and the subfiles Ay and By in Zs.

Zy = Ay, By,

Zo = Ao, By.

Again, consider the same demand where U; requests file A and Us requests file B. Since U; has subfile
A in Zq, the server needs to broadcast the subfile A5 to fulfill its request. Similarly, since Us has the
subfile By in Zs, the server needs to broadcast the subfile By to fulfill its request. If the two subfiles
each of size %F bits are broadcast separately, the load experienced by the network corresponding to
this demand is F' bits. Note that with this cache configuration, the subfile B is available to Uy from
its cache Z; and the subfile A5 is available to Uy from its cache Zs. Thus, the server can broadcast a
coded packet Az + By and U; can decode Ay as it has By (from cache Z;) and Uy can decode Bj as
it has Ay (from cache Z3). As the size of the coded packet is only %F bits, the load experienced by
the network is %F bits. This example demonstrates that coding can indeed help in reducing the load

experienced by the network over uncoded caching schemes.

TH-2693_146102006




1. Introduction

1.3 The Problem of Coded Caching

The problem of coded caching was introduced by Maddah-Ali and Niesen in [7] where they con-
sidered the canonical (N, K) cache network where K users {Ui,...,Ux} are connected to a server
with N files {W7y,..., W} (each of size F bits) through a common shared error-free link. Each user
is equipped with an isolated cache of size M F' bits, where M € [0, N|, as shown in Figure In the

N Files
Server Wy | We cee (W | Wy IF bits
Caches A iQ SR I MF bits
Users Uy Us Uk
User 1 User 2 User K

Figure 1.2: The (N, K) cache network

first phase of a coded caching scheme, called the placement phase, the server copies some functions
of the files available to it into the caches, without any knowledge of the files that will be required by
each user in the future. Let the demands by the users be represented by a vector d = (Wy,,..., Wy, ),
where Wy, is the file requested by user U;. In the second phase, called the delivery phase, the server
broadcasts a set of packets Xg4 of size Rq(M)F bits in response to the demand d. Each user recovers
its required file from the broadcast packets aided by the contents of its isolated cache. The quantity
R4(M)F is called the load experienced by the network, and the quantity R4(M) is called the rate.
The design of a coded caching scheme involves deciding what to place in the cache attached to each
user during the placement phase and what to broadcast for each possible demand such that the shared
link experiences the minimum load during the delivery phase. Thus, a caching scheme consists of three
sets of functions, namely caching functions, broadcast functions, and recovery functions. The caching
functions map the server contents {W7,..., Wy} of size NF bits to each user’s cache contents, Z;, of
size M F' bits:

a(Wh,...,Wkg) =2 (1.1)

The broadcast functions map the server contents to broadcast packets Xy of size Rq(M)F bits:

TH-2693_146102006




1.3 The Problem of Coded Caching

Ba(Wi,...,Wk) = Xq (1.2)

The recovery functions extract the file requested by each user, Wy,, from the cache contents and the
received packets:

(21, Xa) = Wy, (1.3)

Let D represent the set of all possible demands and let D,, denote the set of all demands that

request p distinct files. The corresponding rate is denoted by R,(M ), where

R,(M) =max{Rq(M) | d € D,}. (1.4)

For the (N, K) cache network with cache size M, the memory rate pair (M, R,) is said to be achievable
for the demands in D,, if there is a scheme with R,(M) < R,. For a given cache size M, the smallest
R, such that (M, R,) is achievable is called the optimal rate memory tradeoff for the demand set D,
and it is denoted by

R,(M) = min{R, : (M, Rp) is achievable} (1.5)

For a scheme that achieves the memory rate pair (M, R),), we have

H(Z)<M (1.6)

H(Xa) < Ry (1.7)

H(Z, Xq) = HWy,, Z1, Xa), (1.8)
HW1,...,Wn, 2, Xq) = HW4,...,Wy), (1.9)

where follows from the fact that the size of each cache is M, follows from the fact that for
any demand in D, the size of X4 is at most R,(M) < R, follows from the fact that the file Wy,
can be computed from X4 and Z; by the user U;, and follows from the fact that Z; and X4 are
functions of files {W7y,..., Wx}. From and , we have

M+ R, > H(Z) + H(Xa,) 2 H(Z, Xa,) (1.10)

Throughout this thesis we use [L] to represent the set {1,2,..., L}, Z[z| to represent the set {Z1,..., ZL}
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1. Introduction

and W) to represent the set {Wy,Way,...,Wr}.

1.4 Symmetric Schemes in Coded Caching

The canonical (N, K) cache network is inherently symmetric with all files being of the same size
F' and all caches being of the same size M F'. As the caches are filled in the placement phase without
knowing the users’ demands, it is natural to consider symmetric caching schemes. Tian [8], showed
that for any caching scheme, there exists a symmetric caching scheme that gives the same or better
performance. Thus, without loss of generality, we consider only symmetric schemes in this thesis and

use their properties repeatedly. Consider a demand d, where user U; requires the file Wy,
d=Wgu,....,Wa,) (1.11)

Let 7(.) be a permutation operation defined over the user index set [K] and let 7—1(.) be its inverse.

The demand 7d, where user Uy ;) requires the file Wy, is

wd = (W,

4 ay W) (1.12)

In response to the demand md, the server broadcasts a set of packets X 4. As shown in [8], for a

symmetric caching scheme, we have
HWa,,, Zriys Xna) = HWay,, Zi, Xa) (1.13)

Consider another permutation operation ¢(.), defined over the file index set [N] and let ¢~*(.) be its

inverse. The demand ¢d, where user U; requires the file Wyq, is

¢d = (W¢(d1)7 ey W(]ﬁ(d;()) (114)

In response to the demand ¢d, the server broadcasts a set of packets X4q. As shown in (8], for a

symmetric caching scheme, we have

H(Wy(ay)> Z> Xoa) = H(Wa,, Zi, Xa) (1.15)
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1.5 Summary of Previous Results

1.5 Summary of Previous Results

Maddah-Ali and Niesen, in introducing the problem of coded caching [7], focused on the demand
set Dy, where all files are requested by some user. They introduced a coded caching scheme with an
uncoded placement phase and a coded delivery phase. For M = %t, this scheme was shown to achieve
the rate

Ry =—— (1.16)

With the help of cut-set arguments, the authors showed that the rate achieved the scheme is within
a multiplicative gap of 12 from the optimal rate. Several ideas to improve this uncoded placement
scheme was pursued in [9H13] culminating in the modification proposed by Yu, Maddah-Ali, and

Avestimehr (referred to as the YMA scheme in this thesis). For M = %t, the YMA scheme achieves

the rate N
(1) — (iir)

i — % (1.17)

(7)
for the demand set D . The rate achieved by the YMA scheme for the demand set D, is
K K—p

t (t+1) B (t+1)

R,=———F—— (1.18)

(%)
This rate achieved by the scheme was shown to be within a multiplicative gap of 2 from the optimal
rate. Yu et al. [13] also considered the problem of finding optimal schemes among uncoded placement
schemes. In a surprising result, it was shown that the YMA scheme is simultaneously optimal for all
the demand sets D, 1 < p < N, and is thus a universal scheme.

A coded placement strategy for the (2,2) network was presented and shown to be optimal in [7].
This idea was generalized to the (N, K) network by Chen et al. [14] (referred to as the CFL scheme
in this thesis) and was shown to be optimal when M < % for the demand set Dp. Several coded
placement schemes were presented in [15-20] to improve the rates achieved for the demand set D .
In [18], Gémez-Vilardebé introduced a coded placement scheme for the (N, K) cache network with

cache size M = %}, for ¢ € [N], to achieve the rate

N(N +1)

Rl —N_ YT
N K(qg+1)

(1.19)

for the demand set D . This scheme was shown to be optimal when N = K and M = ﬁ
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1.6 Thesis Contributions

In Table we summarise the rates achieved by different coding schemes presented in the literature.

Several attempts were presented in [8,21-26] to reduce the gap between the achievable and optimal
rates by deriving new lower bounds. Sengupta et al. [21] reduced the multiplicative gap to 11 which
was further reduced to 4.7 in [22,23] by Wang et al. Ghasemi et al. [25] proposed an algorithm based
on the submodularity property of entropy to derive a lower bound, which reduced the gap to 4. This
gap was again reduced to 2.315 by Wang et al. [24], and the current best result of 2 was achieved by
Yu et al. [26]. Tian showed in [8] that the scheme presented by Yu et al. [13] characterizes the optimal
rate memory tradeoff for the (NN, 2) cache network with NV > 3. Yu et al. expanded this result to the
(N, K) cache network in [26], where K < 5 and N > 6.

Several variants of the problem of coded caching has been introduced to study decentralized cache
networks [27,28|, cache network with non-uniform demands [29-31], hierarchical cache networks [32],
cache networks with multiple servers [33], coded caching with privacy [34], heterogeneous cache net-
works [35-41], networks with shared cache [42-45], cache network with asynchronous demands [46/-4§],
cache network with erasure broadcast channel [49,50], cache network with secure delivery [51], cache
aided private information retrieval [52,/53|, cache aided D2D networks [54,55] and data shuffling prob-

lems with cache aided worker nodes [56-58].

1.6 Thesis Contributions

For the demand set Dy, the optimal rate memory tradeoff was known when 0 < M < and

1
K

%(K —1) < M < N. In this context, the contributions of this thesis are as follows:

e We propose a new caching scheme to achieve the memory rate pair ((%(K —-1)— %), ﬁ) .

e For [%] < N < K, we derive a matching lower bound to obtain a characterization of the
optimal rate memory tradeoff when M > & (K —1) — %

e For (%1 < N < K, we derive a new lower bound matching the scheme proposed by Gémez-
Vilardebé [18] to obtain a characterization of the optimal rate memory tradeoff when M <
x + Ry

e For 1 < N < [%1, we derive a new lower bound to match the scheme proposed by Yu et

al. |13] to obtain a characterization of the optimal rate memory tradeoff when M > %(K —2).

TH-2693_146102006
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e For1 < N < [%1, we derive a new lower bound which improves upon previously known lower

bounds for M < %

We also investigate the multi-objective nature of the problem of coded caching. In this context, the

contributions of the thesis are as follows:

e We demonstrate that there is no universal scheme in the general setting where coding is allowed
in both the placement phase and the delivery phase and propose the study of Pareto optimal

schemes.

e We demonstrate that the scheme proposed by Chen et al. in [14] operate at the Pareto optimal

frontier for M < %

e We demonstrate that the uncoded placement scheme proposed by Yu et al. is Pareto optimal

when M € [0, %] U [£(K —2),N].

1.7 Thesis Organization

The thesis is organized into chapters with the first chapter providing a brief introduction to the
problem of coded caching. The focus of the second chapter is on small caches and we derive new
lower bounds which demonstrate the optimality of the scheme proposed by Gémez-Vilardebd. Large
caches are studied in chapter 3 by deriving new lower bounds and by proposing a new caching scheme
that is shown to be optimal. In the fourth chapter, we prove that universal caching schemes do not
exist when coding is permitted in the placement phase. As a result we formulate the notion of Pareto
optimal schemes in coded caching and demonstrate the Pareto optimality of the schemes proposed

in [13] and [14]. In the final chapter, we note a few problems of interest for further investigations.
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2. Small Caches

2.1 Introduction

In this chapter, we consider the demands where each of the N files is required by at least one user
(and hence N < K). The set of all such demands is denoted by Dy and the corresponding rate is
denoted by Ry (M), where

Rn(M) =max{Rq(M) | d € Dy}. (2.1)

Maddah-Ali and Niesen in |7] proposed a coding scheme with an uncoded placement phase and a coded
delivery phase for the demands in D y and demonstrated using cut set arguments that the rate achieved
by the proposed scheme is within a multiplicative gap of 12 from the optimal rate. Several caching
schemes were proposed in [10413}14,/17-20,/61,/62] to improve upon the rate achieved by the scheme
proposed in [7]. Despite several lower bounds on the achievable rates being proposed in [21}24-26/64],
the nature of the optimal rate memory tradeoff is still elusive, except for the (NN, 2) cache network.

The schemes proposed in [7], [14] provide a characterization of the optimal rate memory tradeoff when

M e [O, %] U [N(II((_I),N]. For the special case of N = K, the scheme proposed in [18] provides a

characterization of the optimal rate memory tradeoff when M & [%, m] In a surprising result,

Yu et al. [13] showed the existence of a universal scheme among caching schemes with an uncoded
placement phase. These results are summarised in TABLE In this chapter, we focus on small

caches where M € [%, %] and derive a set of new lower bounds for the demands in D y.

Caching Scheme Cache Size, (M) Rate Memory Tradeoff Condition
Chen et al. [14] [0, +] Ry (M)=N-NM N<K
5 i 5 1 N2 -1
Gémez-Vilardebé (18] [ﬁ, (N_l)] Ry (M) = =—— — (N = )M K=N
Maddah-Ali
addal-an [%(K—l),N], Ry(M)=1- %M -
and Niesen |7]

Ry(M) = R(r) + (R(r) = R(r + 1)) (r = %M) | Optimal among

Yu et al. |13] [0, N] where R(r) = w uncoded prefetching
and r = —KA],” schemes
KN -1
This chapter ([ %, (% + %=y )] Ry (M) = =522 — (N = )M [EH] <N <K

Table 2.1: Summary of previous work in coded caching

Rest of this chapter is organized as follows. In Section 3.2, we motivate our new bounds with the
help of two examples, the (3,4) cache network and the (2,4) cache network. We extend these lower
bounds for the (NN, K) cache network, where N < K, in Section 3.3. We compare the new lower
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bounds we derived with the lower bounds presented in the literature in Section 3.4, and we conclude

this chapter in Section 3.5.

2.2 Example Networks

In this section, we consider two examples to motivate the results we present in the paper. The
(3,4) network is an example for the case [£Fl] < N < K and the (2,4) network is an example for

the case 1 < N < (%W

2.2.1 Case I: The (3,4) Cache Network

Here, users {U;, Us, Us, Uy} are connected to a server with three files {A, B,C} (each of size F bits).

Each user Uy has a cache Zy of size M F bits. For a demand d, we have:

Lemma 1. For the (3,4) cache network, achievable memory rate pairs (M, R3) must satisfy the
constraint

8M +4R3 > 11

Proof. We have,

(a)
8M +4R3 > 2H(Zy1) + 2H(Z2) + H(Z3) + 3H(Z4) + 2H(X(a,B,0,4)) + H(X(B,0,4,4)) + H(X (¢ 4,4,B))

)
>H(Zy, Za, X(a,B,c,a)) + H(Z2, Za, X (4 B,c,a)) + H(Z1, Z4, X(B,c,a,4)) + H(Z3, Z4, X(C,4,4,B))
9H(A, B, 21, 70, X(apcy) + H(A, B, Zs, Z4, X ap.con) + H(A, B, Z1, Za, X (5.c.an)

+ H(A, B, Z3, Z4, X(c,A,4,B))

®)
ZH(A> B, Zs, X(A,B,C,A)) + H(A7 B, Zy, Z3, Z4, X(A,B,C7A)) + H(Aa B, Zy, Zy, X(B,C,A,A))

+ H(A’ Ba Z3a Z47 X(C,A,A,B))
>H(A,B,Zy,Z2,Zs) + H(A, B, Z1, Z4, X(,c,a,4)) + H(A, B, Za, X(4,B,c,4))

+ H(A7 B7 Z37 Z47 X(C’,A,A,B))

(b)
>H(A,B, 71,22, Zs, X(B,c,a,4)) + H(A, B, Z1, Z4) + H(A, B, Za, X(4,B,0,4))

+ H(A, B, Z3, Z4, X (¢, 4,4,B))
9H(A, B,C, 21, Zs, Zy, X(B,c,a,4) + H(A, B, Za, X(a B,c.a)) + H(A, B, Z1, Z4)

+ H(A, B, Z3, Z4, X(¢,4,4,B))
TH-2693 146102006
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d
(:)H(A,B, C)+ H(A, B, Za, X(aB,c,a) + H(A, B, 21, Z4) + H(A, B, Z3, Z4, X(¢,4,4,B))

(b)
>H(A,B,C) + H(A, B, Za, X(a,B,c,a) + H(A, B, Z4) + H(A, B, Z1, Z3, Z4, X (¢, ,4,B))
(QH(A,B, C)+ H(A, B, Z2, X(a,B,c,4) + H(A, B, Z4) + H(A, B,C, Z1, Z3, Z4, X (¢, A,A,B))

@QH(Av 37 0) =+ H(A7 B7 227 X(A,B,C,A)) =+ H(Aa Ba Z4)

Z2H(Aa B, C) + H(A’ B, X(A,B,C’,A)) T H(A7 B, Z4)

©9H(A, B,C) + H(A, B, X(aap.0)) + H(A, B, Zy)

(b
ZQH(Aa B7 C) + H(A7 B) + H(Aa Ba Z47 X(A,A,B,C))

(22H(A7 Bu C) + H(A’ B) + H(Av Bv Ca Z4a X(A,A,B,C))

Y3H(A, B,C) + H(A, B) > 11,

(a) follows from EI) and 1 ,

follows from the submodularity property of entropy,

follows from (|1.8]),

)

)
(d) follows from (1.9)),
(e)

follows from (|1.13)).

O]

The above result improves upon the previous results from [7,|1821] and is summarised in TABLE
and Fig.

Memory | Rate [18] Lower Bound [7,21] New Lower Bound

<M< | YoM | Ry>max{(3-3M), (8 -2M)} | Ry3>i-2Mm

Table 2.2: Rate memory tradeoff for the (3,4) cache network

2.2.2 Case II: The (2,4) Cache Network

Here, users {Uy, Us,Us, Uy} are connected to a server with files {A, B} (each of size F' bits). Each

user U} has cache Z}, of size M F bits. For a demand d, we have:

Lemma 2. For the (2,4) cache network, achievable memory rate pairs (M, Ry) must satisfy the

TH-2693_146102006
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3 ;
—@— Optimal Rate Memory Tradeoff ,
—&— New Optimal Rate Memory Tradeoff
3
2 (ga 2)
(3:7)
~
&
<
SN
9 1
(Zv Z,)
0
0 1/4 3/4 6/4 9/4 3
Cache size M
Figure 2.1: Rate memory tradeoff for the (3,4) cache network
constraint

8M + 6Ry > 11. (2.2)

Proof. We have,

8M + 6Ry > 2H(Z1) + H(Z2) + 2H (Z3) + 3H(Z4) + 3H(X(A,B,A,A)) + 2H(X(B7A,A,A))
+ H(X(4,4,B,4))
(gH(Zh X))+ H(Zs, X(apan) + H(Zsy, X(apanr) + H(Zs, X(B.aaay)
+ H(Z4, X(B,a,a,0)) + H(Z4, X(a,4,B,4)) + H(Z2) + H(Z1)
(Zb)H(A, Z1, XaB,any) + H(A, Zs, X(ap.aa) + H(A, Za, X(a,B.a1) + H(A, Z3, X(B,A,4,1))
+ H(A, Zy, X(B,a,a,4)) + H(A, Zy, X(4,4,B,4)) + H(Z2) + H(Z1)
(gH(A, 71, Z3, Zay X(a,B,a,4)) + 2H (A, X (a,B,4,4)) + H(A, Z3, Zs, X(B,a,4,4)) + H(A, X(B,4,4,4))
+ H(A, Zy, X(a,4,B,4)) + H(Z2) + H(Z1)
9H(A, 20, Zs, Zu, Xa,B,AA)) + H(A, Z3, Zs, X (B aan)) + H(A, Zs, X(a,4,B,4)) + H(A, X(4,4,4,B))
+ H(A, X(A,B,A,A)) + H(A, X(B,A,A,A)) + H(Z3) + H(Zy)
(E)H(A, 21,23, Za, X(a,B,a,a) + H(A, Z3, Zy, X(p.aany) + H(A, Zy, X(a,4,8.4)) + H(A, X(4,4,4,B))

+ H(A, Za, X(a,B,4,0)) + H(A, Z1, X(B,.A,4,4))

—

b)
=H(A, 71,73, Z4, X(a,B,a,4)) + H(A, Z3, Z4, X (B a,a,0) + H(A, Z4, X(a,4,8,4)) + H(A, X (4,4,4,B))
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+ H(A7 Bv Z27 X(A,B,A,A)) + H(A7 Ba Zla X(B,A7A,A))

d
(:)H(A, 71,23, Zs, X(aB,an)) + H(A, Z3, Z4, X(Baa,a)) + H(A, Zs, X(a,4,B,4)) + H(A, X(4,4,4,B))

+2H(A, B)

(@)
>H(A, Z1,Z3, Zs, X(a,B,4,4), X(B,A,A,4)) T H(A, Z3, Zy) + H(A, Zy, X(a,4,8,4) + H(A, X(4,4,4,8)

+2H(A, B)

b
(:)H(A, B, 71, Z3, Z4, X(4,B,4,4), X(B,A,A,4)) T H(A, Z3, Z4) + H(A, Zy, X(4,4,B,4))

+ H(A, X(a,4,4,B)) +2H(A, B)

d
(:)3H(A, B) + H(A, Z3, Zs) + H(A, Z4, X(a,4,8,4)) + H(A, X(4,4,4,B))

(a)
>3H(A,B)+ H(A, Z3, Zs, X(a,4,B,4)) + H(A, Z4) + H(A, X(4,4,4,B))

b
(:)3H(A, B) + H(A, B, Z3,Z4, X(a,4,B,4)) + H(A, Zs) + H(A, X (4,4,4,B))

d
(:)4H(A, B) + H(A,Zy) + H(A, X(4,4,4,B))

(a)
>4H(A,B) + H(A, Zs, X(a,4,4,B)) + H(A)

b
(:)4H(A, B) + H(A, B, Z4, X(a,4,4,8)) + H(A)

WsH(A, B) + H(A) > 11,

where
(a) follows from the submodularity property of entropy,
(b) follows from 1_.8‘),
(¢c) follows from 1.13 ,
(d) follows from ﬂ)

O

The above result improves upon the previous results from [7.|1821] and is summarised in TABLE

2.3 and Fig. 2.2
Memory Rate [18] | Lower Bound [7;21] New Lower Bound
1 L3 10 1 _ 4
TEM< [ B-RM| Ryz2-2M Ry> 1 — 40

Table 2.3: Rate memory tradeoff for the (2,4) cache network

Remark 1. It should be noted that, for the (2,4) cache network, the bound 8 M + 6Ry > 11 is already
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2 ——=—— Optimal Rate Memory Tradeoff [7[14]
_ = —m= = Known Achievable Rate [g]
(2 — —m — Known Lower Bound
§\\i%7 1@1) = =B = New Lower Bound
A3
X G
a1l 3
& 1
L (iv 1)
=
(3:7)
0
0 1/4 1/2 1 3/2 2

Cache size M

Figure 2.2: Rate memory tradeoff for the (2,4) cache network

mentioned in [@/ We present the proof above, which can be extended to the (N, K) cache network.

2.3 New Lower Bounds

In this section, we derive new lower bounds on the rate memory tradeoff for the (N, K) cache
network where N < K and cache size M &€ [%, %] The key ideas we employ are identities 1} 1)
and the properties of symmetric caching schemes stated in ([1.13). As in Section II, we consider two

cases, namely [%1 <N<Kandl< N K< (%1

2.3.1 Case I: (%W < N<K

Consider the demand

d1:(Wl,Wg,...,WN,Wl,WQ,...,WK_N) (2.3)

Demands {d; : 2 <[ < K}, are obtained from the demand d; by cyclic left shifts as shown in TABLE
For the demand d;, let X, denote the set of packets broadcast by the server. Consider the user

index [ defined as
N+1-Ifor1<I<N

o~

(2.4)
K+N+1-—Ilfor N+1<I<K

It can be noted that in demand d;, the user U; requires the file Wy. For § C {U1,..., Uk}, let Zg

denote the cache contents of all the users in set S. The following lemma are easy to obtain:

TH-2693_146102006
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Lemma 3. For S, T C {Uy,..

Users d1 dz dN dN+1 dN+'L dK
Uy Wi w; Wn Wi W; Wk_-N
Us Wa Wit1 Wh Wa Wit Wy
Uk -N—it1|\Wk-N—it1|---| WK-N Wk-~N—i |[Wk-N—it1|--| Wk-N Wk _N—i
Uk-N—it2|Wk-N—it2|--| Wk_N11 AWKk -N—it1 |WK-N—it2 |--- Wy AWrk_N—i—1
Uk_nN Wk_nN o IWr_Nti—1|---| Wrk_N-1 Wk_N Wi Wk_N-1
Un—i WnN—; Wn-1 A Woen—k—i—1| Won—k—i |---| Wan—K—1 |---| Wn—i—1
Un—_it1 | WN_it1 Wi Won_-k—i \Won_K_it1|---| Wan_K Wi
Un Wi Wi—1 Won-x | Won—kx+41 |---| Woan—K+i |---| Wn-1
Un+1 Wy W; Won—k+1 | Won—k+2 |- [Wan—K+it1]. - Wi
Uk—it1 Wk-N—it+1|---| Wk_nN WN—i WN_it1 Wi Wk-nN—i
Uk—it2 WKk_N—it2]|--- Wh Wn—it1 WnN_it2 Wi AWK _N—it+1
Uk Wk_-N Wi—1 Wn_1 Wn Wi—1 Wk _nN-1

H(W[N‘l]v ZS7 ZZ) o H(W[N—1]7 ZT7 Xdl) Z H(W[Nfl]a ZSOT) il

Proof. We have,

Table 2.4: The set of demands {d; : 1 <[ < K}

LUk} \{Us}, we have the identity

N,

(a)
HWn_1),Zs, Z;) + HWn_1), Z1, Xa,) 2HWn_1), ZsnT) + HWN_1}, ZsuT, Z7, Xa,)

where

(a)

—
~

(Win-1), ZsnT) + N

follows from the submodularity property of entropy,

(b) follows from 1}

(¢c) follows from 1}

TH-2693_146102006

SH(Win_1s Zsar) + H(W)

b
=HWn_1), Zsnt) + HWn_1), WN, ZsuT, Z7, X4,)

18




2.3 New Lower Bounds

Lemma 4. For a sequence of sets S; C {U1,...,Ux} \ {Us}, such that S; = 11 U{U7}, we have

J
H(W[N,l],Zsl) + Z H(W[N*H’ZSi’Xdi) 2(] _l)N—’_H(W[Nfl]JZSj)
i=l+1

Proof. We have,

J
H(Wn_1),Zs)+ > HWn_1,Zs, Xa,)
=141
J
:H(W[N—l]a ZSl) 3ty H(W[N—l}) ZSZ+17Xdz+1) i Z H(W[N—I]a ZSZ'a Xdz)
1=l+2

(@) !

= [H(W[N—ILZSHUZm) +H(W[N—1]vZSl+1aXdl+1)] + Z H(Win_1,Zs;, Xa;)
=142

(b) J

ZN + |:‘H(W[N—1]7 ZS[+1) + H(W[N—l}v ZS;+27Xdl+2)i| + Z H(W[N—l}v ZSZ') Xdz)
=143

© A

Z2N + H(W[N—l]a ZSl+2) + H(W[N—1]7 ZS[+37Xdl+3) + Z H(W[N—l}) ZSZ" Xdl)

i=l+4

—

d)
> —ON+HWn_1,Zs;)

where
(a) follows from definition of set Sj,
(b) follows from Lemma |3 with § U{U;} = S;41 and T = 8o,
(c) follows from Lemma |3 with § U {U;} = Si40 and T = S; 3,
(d) follows from repeated use of Lemmawith SUu{lU;}=8;and T = S; 1

for | +3<i<j.
O

In a similar fashion, for a sequence of sets T'; C {U1,...,Ux} \ {U;}, such that T, = T; U{U;}, we

can obtain
J
H(W[N—l]v ZTJWZ}) + ZH(W[N—l]a ZTdei) > (] -+ 1)N + H(W[N—l]v ZTZ) (25)

1=l

For 1 <i < N, consider the sets of users as shown below:
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Set Users Number [Files Requested in Demand d;
A; Uy, ...,Un_; N —i Wi,oo o ,2WN_1

B; UK+2—i7-'-aUK 1—1 Wl,...,WZ’_l

Ci UK+2—N—7L,-~-7UN—7L 2N — K —1 WK—N+17--~7WN—1

E Uniti,--- Uk K-N Wi,... ., Wk_nN

These sets are also indicated in TABLE 2.4l Note that

Av=B;=CN=¢ (2.6)

A1 U {Uz7} = Ai (2.7)

B; U{Uyg} = Bin (2.8)

Bg nU{Ug}=Bg nt1=E (2.9)
A;NC; = C, (2.10)

B; when 1<i< K- N
B,NE = (2.11)
E when K —N+1<:<N

It can be noted that in the demands d; and dy;, the users in set B; are requesting for the same

set of files {W1,...,W;_1} (for 1 <i < N). Thus, from we have
H(Wyi_1j, ZB:, Xa,) = HWii_), Zg, Xay..) (2.12)
Note that | A; U B; |=| C; U E |= N — 1. Thus, we have
(N—=1)M+ Ry > H(Za,uB,) + H(Xq,) > H(Za,uB,, X4;) (2.13)
Similarly,
(N-1)M+ RN > H(Zc,ug) + H(Xg4,) > H(Z¢c,uE, X4,) (2.14)

Now, we have the following result:

Theorem 1. For the (N, K) cache network, when [T‘H] < N < K, achievable memory rate pairs
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(M, Rn) must satisfy the constraint

K(N—-1)M+ KRy > KN — 1.
Proof. We have,

K-N N

K(N-DM+KRy= Y [(N- )M 4 By + (N - )M+ By] + 3 [V 1M + Ry]
= i=K—N+1
() " N
> [H(ZAiuBia Xdi) e H(ZCZ-UE" Xdi)} + Z H(ZAZ'UB“Xd")
im1 i=K—N+1
®) K-—N
7=l
N
+ Z H(W[N_l], ZAiUBiaXdi)
i=K—-N+1
(0 fZ
> [H(W[N_l], ZA¢UE7 Xdi) + H(W[N—l]’ ZBiUC”Xdi):|
=1
N
L Z H(W[N—1]7 ZA,UB;» Xd;)
i=K—N+1
K—N N
> H(W[N71]=ZA1UE) —+ Z H(W[Nfl]azAiUEaXdi) + Z H(W[N*H’ZA”LUB“Xdi)
P i=K—N+1
K—N
-+ Z H(W[N-l]; ZBiUCiuXdi)
=1
(d) 3
>(K~N =N+ |HWin-1), Zay_yor) + Y, HWn_1, Zaus,, Xa,)
i=K—N+1
K—N
=+ Z H(W[N_l], ZBiUCidei)
=1
(e) 3
=(K—-N-1)N+ H(W[N—l]a ZAKfNUBK7N+1) + Z H(W[N_l}, ZAiUBi’Xdi)]
i=K—N+1

K—N
+ Z H(W[N_l], ZBZ'UCdei)
=1
() S
>(N =N+ H(Wiy-1), Zayuie x) + O HWin-1), Zp,c. Xa,)
=1
N
H(W[N_l], ZBiUCiaXdi)

K
(9)
L(N = )N + HWin-1), ZBxc_n11) +

1=

—

TH-2693_146102006

21



2. Small Caches

where
(a)
(b)
()

(d
(e
(f
(9
(h

(1

)
)
)
)
)

K—-N
>(N = )N+ HWin_1), Z_yi) + >, HWin_1) Zs,, Xa,)
=1
K—-N
(N_ 1)N+ H(W[N*1]7ZBK—N+1)+ Z H(W[N71]7ZBi7XdN+i)
=1

—~
>
g

—
Ve
=

(K — 1)N—|—H(W[N_1],Z31)

—~
=

LK~ 1)N+HWy_y) > KN —1

follows from (2.13)) and (2.14),

follows from El) and definition of sets A;, B;, C; and E,

follows from the submodularity property of entropy, and the facts that

A;NC;=C;and B,NE =DB; for1 <i< K — N (refer (2.10) and (2.11)),
follows from Lemmawith Si=A;UE,l=1,j=K— N and (D

follows from ;_91)

follows from Lemmawith S;=A;,UB;, =K —N, j=N and (D

follows from ’;l) ,

follows from (|2.12]),

follows from ﬁl} with T; = B;, =1, j = K — N and 1)

2.3.2 CaselIl: 1< N < [%1

Consider the demand

di = (Wi, Wa, ..., Wx, Wi, Wa,...,Wn_1, W1, W1, ..., W)

(2.15)

Demands {d; : 2 < < K}, are obtained from the demand d; by cyclic left shifts as shown in TABLE

Consider the user index [ defined as

N+1l-I forl1<I<N

K4+N+1-Ilfoor N+1<I<K

(2.16)

It can be noted that in demand d;, the user U; requires the file Wy . The following lemma is easy to
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Users dy ody e dn dNn41 |- |@Ngi |- .| dan—1 don |...| dj |... di
Uy 4% L Wi ] W \4%1 | Whi o] Wi Wi e W | Wi
A;
Ti Un—i | Waei | Wil Wi W | Wyl wa Wi || owa || wils
UN—ivt |Wi—ist|-- | W || Wei (Wil | Wa || W Wi Lol owa || W
Un+1 Wi Wy Wi Wy L W Wi Wy | W Wi
F;
Uan—i Wn—i |- |Wn=1]--. Wi Wi R B I Wi Wi | W | (Wi
UsN—it1 [Wh—iza|..| Wa |...| W wi | wa || W Wi || v || W
Uk_ji2 Wi L W | (4%} 4%} | W | Wi Wi o W Wy
Uk_ji3 Wy | W | 4% Wi | W | 4% 4%} R B 77 S Wi
S
| . Ukin-js1| Wi |..| WA |...| W wi ...l v |...| w wi | W |...| W
Ukin—jsz| Wi |..| W2 |...| m wi ...l wa || w wi |l v || ow
P;
Ukson—; | Wi || wa |...] wa wi || owa || wm Wi | Waeal...| W
Ukgon—js1| Wi || Wa |...| m wi || ow || w wi |l wa || ow
- wi || wa || Wve (Wiv—iga|ool Wiy || Wes [Wveigal | WA || o
Q; Uk _it2 Wi oo Wi | (Wi [WN a2 | Wi | (WN_ip1|WN—ig2|.-.| W1 |...| Wq
B, Uk—it+3 Wi || Wo | \WN_uo|[WN_ii3|...| Wa |...|\WNn_jz2|WNn_it3|-..| W1 |...| W1
K;
Uk Wi | | Wit || W1 Wn | | Wia || Wy_a | Wn_y |...] Wi |...| W4
Table 2.5: Demand set {d;:1 << K}
obtain.

Lemma 5. Let A, B, C C {Uy,...,Uk} be such that in demand d;, every user in B requests the file

W1 and users in C together request all the files in {Wa, ..., Wn}. We have

H(Win_1,Za, Xaq) + Y _H(Z)+ | B|H(Xq)+ | B| H(Z¢) > HW|y_1), Zaus, Xa)+ | B| N
icB

Proof. We have,

HWin_1), Za,Xa) + > _H(Z)+ | B | H(Xa)+ | B| H(Zc)
i€EB
—H(Win_1), 24, Xa) + Y [H(Zi) n H(Xdl)}—i— | B | H(Zc)
i€B
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(a)
>H(Win_1),Za,Xa) + Y _H(Z,Xq)+ | B| H(Zc)

i€B

b

(:)H(W[N—l}vaaXdl) + ZH(WI7Zi7Xdl)+ | B | H(Zc)
i€EB

(a)
> H(Wiy -y, Za Xa)) + |[H(Wi, Zg, X)) + (| B | =D)H(W1, Xa) |+ | B | H(Z)

(@)
>HWn_1, ZauB, Xa,) + HW1, Zang, Xa,) + (| B | -1)H(W1,Xg4,)+ | B | H(Zc)

>H(Wiv 1), Zavs, Xa)+ | B | [H(W1, Xa) + H(Zc)]

(a)
ZH(W[N—1}7ZAUB7Xdl)+ ’ B | H(WLZC7Xdl)

(éH(W[N—l}azAUB7Xdl)+ | B | HWny, Zc, Xa,)

d
(:)H(W[N_l},ZAUB’Xdl)—i_ | B | H(W[N])

~

>H(Wn_1),ZauB, Xa)+ | B| N

where
(a) follows form the submodularity property of entropy,
(b) follows from 1} and the definition of B,
(c) follows from 1} and the definition of C,
(d) follows from 1}
O
For 1 <4 < N, consider the sets of users as shown below:
Set Users Number Files Requested in Demand d;
A; Ui, ..., Un_; N —i Wi, ... ,Wn_1
B; Uk—it2,.-., Uk i —1 Wi...,W;4
F; Unity--- s Usn_j N —i Wi, oo ,Wn_1
G; | Un—it1,-- - Ug—jt1 | K—=2N +1 441
J; Ul,---aUN—i—i-l N—-—i+1 W;...,Wn
K; Uk_ir3... Uk 71— 2 Wo...,W;_1
These sets are also indicated in TABLE 2.5l Let
I,=J,UK; (2'17)
L,=A,UB;UF;UQG, (2.18)
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Note that

An=B 1 =Fy=K;=Ky=9¢ (2.19)
LU {Um} =1L, (2.20)
B, U{Us=} = Bin (2.21)

It can be noted that in the demands d; and d ., users in the set B; are requesting for the same set

of files {W1,...,W;_1} (for 1 <i < N). Thus, from we have
H(Wyi_1p, Z8:» Xa;) = H(Wi;_1), Z,, Xay,.) (2.22)
Note that | A; U B, |=| B; U F; |= N — 1. Thus, we have
(N—=1)M+ Ry > H(Za,uB;) + H(Xq,) > H(Za,uB;, X4,) (2.23)
Similarly,
(N—-1)M + Ry > H(Zp,ur;) + H(Xq,) > H(ZB,uF,, X4,) (2.24)

We can now obtain the following lemma:

Lemma 6. The sets B; and L;, defined as above, satisfy

(N*(K —2N +3) —3N +1)M + (N(K — 2N +3) — 1)Ry
N-1
ZE’(‘/V[N—l]a ZLN) + Z H(W[N—l]szdeN-»-i) + N((K —2N + 2)N - 1)
=1

Proof. We have,

(N*(K —2N +3) =3N +1)M + (N(K — 2N +3) — 1)Ry

N N-—1
Z[(N—1)+(K—2N+1)+(N—1)(K—2N+1)}+ (N—l)]M
i=1 =1

(

_|_

d (K—-2N+2)+ > 1| Ry

N N-1
i=1 i=1
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N
:Z{(N—1)M+RN+(K—2N+1)M+(K—2N+1)(RN+(N71)M)}

(N —1)M + Rn]

=

—1
H(Zaop, Xa)+ S H(Z)+ | Gi| H(Xg)+ | G; | H<Zzi>} S H(Zpor, Xa,)

i=1 [ JEG, i=1

H(Wn_1}, Za,uB;, Xa;) + ZH )+ | Gi| HXq,)+ | Gi | H(Zy, )]
JjEG;

+ Z H(W[Nfl], ZBZ-UFN Xdi)
=1

N N-—1
2 Z |:H(W[N—1]7ZAiUBiUGi7Xdi)+ ’ GZ ’ N:| + Z H(W[N—l]’ZBiUF“Xdi)
L i=1

N-—1
_H(W[N—1]7 ZANUBNUGN)XdN) + Z [H(W[N—l]v ZAZ‘UBiUGiaXdi) + H(W[N—l]a ZBl‘UFZ‘aXdi):|
i=1

@

1 =1

N N—-1
> [H(W[N_H, Zp)+ Y HWin_1 Zo,Xa) | + Y HWin_1): Zs,, Xa,) + (K — 2N + 1)N?
=2 =1

@) i )
> [(N = ON + HWin_1), Z1y)| + > HWin_y, Zp,, Xa;) + (K = 2N + )N
=1

N-1
_H(W[N—1]7ZLN) + Z H(W[N—1}7ZBi7XdN+i) + N((K —2N + 2)N - 1)
i=1

where
(a) follows from (2.23|) and (2.24)),
(b) follows from ﬂ) and definition of set A;, B;, and F},
(¢) follows from Lemmawith A=A,UB;, B=G;and C =1,,
(d) follows from (12.19|) the submodularity property of entropy,
(e) follows from the definition of Lj;,
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(f) follows from Lemmawith S;=L;,l=1,j=N and (2.20

(9) follows from (2.22)).

O
Now, for 2N < j < K, consider another sets of users as shown below:
Set Users Number | Files Requested in Demand d;
P; | UxyNyo—j,--- s Ugyoan—5 | N—1 Wi, ...,Wn_1
Q; Uk+oN+1-j;---, Uk Jj—2N Wi
S; | Uk—jt3,---,Ukgn—jy2 | N—1 Way,...,Wn
These sets are also indicated in TABLE 2.5l Let
T;=P;U Qj (2.25)
Note that
Qoy = San =0 (2.26)
Tj+1 U {Um} = Tj (2.27)
Tk U{Ug} =Ly (2.28)
By_1U {Um} =By = Tsyy (2.29)
Note that | Pj |= N — 1. Thus, we have
(N-1)M + Ry =2 H(Zp,) + H(Xq4,;) 2 H(Zp,, X4;) (2.30)

The following lemma is easy to obtain:
Lemma 7. The set T}, as defined above, satisfy

K

K —2N +1

(2) (N(K —2N +2) —2)M + (K—2N+2)RN} > > HWin_1), Z1,, Xa;)
j=2N
L (E—2N+ 1)K -2N) o

2
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Proof. We have,

(K_22N+1)[(N(K2N+2)2)M+(K2N+2)RN]

(K — 2N + 1)(N(K — 2N +2) — 2) (K —2N +1)(K — 2N +2)

pu— M
5 + 5 Ry
K
- (N—1+N(j—2N)>M+ 3" (- 2N)Ry
J J=2N

(N = DM+ Ry) + (j = 2N)M + (j — 2N) (B + (N — 1)M)]

Ve

I
- -

i
)
=

H(Zp; Xa,)+ ) H(Z)+ | Q; | H(Xa))+ | Q;| H(Zs,)
l€Q,

IS

H(W[N71}7ZPj7de) . Z H(Zl)+ | Q] | H(Xd])+ ‘ Q] ’ H(ZSJ)

Jj=2N | leQ;
© &
> 3 [HWiv-1), Zp,ua, Xa,)+ | @; | N]
j=2N
@ K K
g Z H(W[N—1]7ZTj7de) . Z (] — QN)N
j=2N j=2N
K
K —2N +1)(K — 2N
= Z H(W[N_I],ZTj,Xd].)-i-( 2)( )N
j=2N
where
(a) follows from (2.30)) and the fact that Q45 = ¢,
(b) follows from definition of sets P, Q; and ||
(¢c) follows from Lemmawith A=P; B=Q;and C=Sj,
(d) follows from the definition of T';.

Using the above lemma, we can obtain the following result:

Theorem 2. For the (N, K) cache network, when 1 < N < [%], achievable memory rate pairs

(M, Ry) must satisfy the constraint

K(N(K +3)—2(N?+1)) M

K(K+3-2N), _ NK(K—2N+3)-2
2 2

>
N = 2
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Proof. We have,

K(N(K +3) —2(N%? +1)) K(K +3—2N)

5 M + 5 Ry
- [(N2(K 9N +3) —3N + 1)M + (N(K — 2N +3) — 1)RN}
+ [(K_22N+1)<(N(K—2N+2) —2)M+(K—2N+2)RN>]

A
Ve

N—-1
[H(W[N_I],ZLN) + Z H(W[N—l}’ZBdeNJri) + N((K —2N +2)N — 1)]
=1

K
K-2N+1)(K —-2N
+ [Z H(W[N71}7ZTjade)+( ) )N]
J

‘ 2
=2N
) K N-1
S \HWin_1), Z1,, Z5) + > HWin-1, Z1,, Xa,) | + > HWin_1, ZB,, Xay..,)
j=2N i=1
K(K—-2N+1 2N — 2
L (K ) +2N-2)

2
c N—-1
> [(K — 2N + 1)N + H(Wiy_y, ZTQN)} + 3" H(Win_1}> Z8, Xag p0)
=1

—
N

(K(K — 2N + 1) + 2N — 2)
2

N

+

N-1

[H(W[N—l] v ZBy_ys Loy—1) + Z H(WiN_1),ZB,, Xd(y,s)
F

(K(K — 2N + 3) — 2N)
2

—
S
=

N

_|_

—~
)
~

(K (K —2N +3) = 2N)
2

Vv

|:(N — 1)N+H(W[N_1],ZBI):| =
(K(K — 2N +3) - 2)

—~
N

= H(Wn_q) + 2 N
_ NE(K—2N+3) -2
- 2

follows from Lemma|§| and Lemma

)
b) follows from (2.28),
)

follows from (2.5) with T'; = T';, | = 2N, j = K and ({2.27)),

follows from ([2.29)),

)
e) follows from (2.5) with T; = B;, I =1, j = N — 1 and (2.21)),
)

follows from (|2.19)).
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2.4 Comparison with Previous Bounds

In [7], Maddah-Ali and Niesen derived a lower bound on achievable rates using cut set argu-
ments, which was further improved in [21,[24H26}/64]. A comparison between these lower bounds
and the new lower bounds in Section III, at cache size M = (% + m» is given in TABLE

It can be noted that the new bounds improve upon the previous ones. For the (N, K) cache

Lower Bound Case I: [EH] <N <K Case II: 1 < N < [K41]
Cut Set bound [7] N — (Nljif)K oo %
Ghasemi & N2 N2

Ramamoorthy [25] N=w-r N-w-nr
Ajaykrishnan et al. [64] N - ﬁ N _ ﬁ
Wang et al. [24] N — (Nljii)K N — (Njfij)}(
Yu et al. [26] N_ﬁer(N_KJF%) N—ﬁ
Sengupta et al. [21] [N — ﬁ 4 m (N K+ %) N — ﬁ

New lower bound N — ﬁ i m N — K(%z_l) A K(N—l)(%{+372N)

Table 2.6: Comparison with previous lower bounds for M = (% + M)

network, the scheme proposed by Gémez-Vilardebé in [18] achieves memory rate pairs (M, RJC\'Y,) =

K SN
we have that all achievable memory rate pairs satisfy the constraint

KN -1
(M, — (N — 1)M),forM € [%, (%+ m)] From Theorem 1, when [K#W <N <K,

KN —1
Ry S~

>=—— = (N=1)M = R§(M)

Thus we have:

Theorem 3. For the (N, K) cache network, when [%] < N < K, the optimal rate memory tradeoff
s given by
KN -1

Ri(M) = =—— — (N = )M (2.31)

where M € [%, (% + m)}
Remark 2. In [18], with the help of the lower bounds derived in [21] and [26], Gdmez-Vilardebd

showed that when K = N and M = ﬁ, his scheme is optimal. We extend his result to the case

where [%] < N < K in Theorem @
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2.5 Conclusions

In this chapter, we considered the canonical (N, K) cache network where N < K and M € [0, %]
We derived a new set of lower bounds on the achievable rate when each file in the server is requested
by at least one user. Using these lower bounds, we showed that when [%] < N < K the scheme
proposed in || is optimal for M € [%, (% + m)] For the case 1 < N < {%L the new
lower bound was shown to improve upon the previous lower bounds, but a matching scheme is still

not known. The work presented forms another step in the attempt to find a characterization of the

optimal rate memory tradeoff for coded caching and is illustrated in Fig. [2.3]

—@— Optimal Rate Memory Tradeoff ,

—@— New Optimal Rate Memory Tradeoff

Rate Ry

]
]
'y

1 1 1 N(K-—
% K T ®v=1) Cache size M \([K )

$ommmcccccccccccccccccccaa

Figure 2.3: Optimal rate memory tradeoff for the (N, K) cache network when [5H] < N < K
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3. Large Caches

3.1 Introduction

We continue our research into enhancing the characterisation of the optimal rate memory tradeoff
for the demand set D in this chapter. The performance obtained by previous schemes is summarised
in TABLE In this chapter, we focus on large caches where M > & (K —2). For the (N, K) cache
network where N < K, we propose a new coding scheme and derive a set of new lower bounds for the

demands in Dy, which extend characterization of the optimal rate memory tradeoff.

Caching Scheme Cache Size, (M) Rate Memory Tradeoff Condition
Chen et al. [14] [0, %] RN(M)=N—-NM N<K
. . ) " . N? -1
Gémez-Vilardebs (18] [W, (an] Ry (M) = —— — (N - )M K=N
Maddah-Ali = .
[# (& —1),N], Ry(M)=1—- LM 1

and Niesen |7]

Ry (M) = R(r) + (R(r) — R(r + 1)) (r Ny Optimal among

~

Yu et al. |13] [0, N] Ko, _K—-Ng uncoded prefetching
where R(r) = — -t — T+l and r = KM
©r schemes
Vijith et al. [61], [62] [N-1-%,N-1] Ry(M)=NEt 1 M N=K
KN -1
Chapter 3 [%(%+m)] Ry(M) = —— - (N-1)M [EH]<N<K
N—-1 * _ (KN-1) K41
[(%(K—l)—m)v%u{—l)] RN (M) = Frv—15 — v M [ <N<K
This chapter
N(g—92) N(g_1 R (M) = K2+K-2 (K+1) pr K41
[R (K —2), §(K - 1)] v(M) = Fwm= — NE=D 1< N <[5

Table 3.1: Summary of previous work in coded caching

3.2 Example Networks

As a prelude to the results presented in Section [3.3] and we consider two example networks.

3.2.1 Case I: The (3,4) Cache Network

Here, users {Uy,Us, Us, Uy} are connected to a server with files {A, B, C'} (each of size F' bits). Each
user Uy has a cache Zj of size M F bits. We now describe a symmetric caching scheme for the case

M = % During the placement phase, every file is split into 12 disjoint subfiles, each of size 1—12F bits.

The subfiles are:
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File Subfiles

A A12 A21 A13 A31 A14 A41 A23 A32 A24 A42 A34 A43
B BIQ’ BQI, BIS’ B31, B14, B41, 323’ 332, B24, B42, B34, B43
C 012 021 013 031 014 041 023 032 024 042 034 043

The server places 18 uncoded packets (stage 1) and 7 coded packets (stage 2) in each user’s cache as

shown in TABLE Each of these packets are of size %F bits and they together occupy %F bits.

Cache Stage 1 Stage 2
A23 | A24 | A32 | A34 | A42 | A43 | Al2 _ 713 | Al2 _ gl4
21 B23 | p24 | 32 | pg34 | g42 | g43 | gl2 _ p13 | pl2 _ pl4d
OB | o8 | o2 | o3| o2 | o8B | cl2_0B | gl2_l4 | g124 gl2y 12
AL3 | A4 | 431 | 434 | A4l | A43 | 423 _ A24 | A23 _ 421
Zs B3| pl4 | g3l | p34 | gal | g43 | g23 _ p24 | g23 _ g2t
O3 | o4 | o3l | o34 | o4 | o043 | 028 024 | 023 _ (021 | A2 4 B23 4 (023
A21 A24 A12 A14 A42 A41 A34 _ A31 A34 _ A32
Z3 B2l | B24 | B2 | pl4 | p42 | g4l | B34 _ g3l | B34 _ p32
C2L | 024 | 012 | oM | ¢42 | o4 | 034 031 | 034 _ (082 | 434 4 B34 4 (o34
A23 | A21 | 432 | A31 | Al2 | A13 | A4l _ g42 | A4l _ 443
Za B23 | B2l | 32 | g3l | gl2 | gi3 | g4l _ p42 | g4l _ p43
C2 | 021 | ¢32 | o3l | 12 | 013 | ¢4l — 042 | o4l _ 043 | 4414 pal 4 o4l

Table 3.2: Cache contents placed in stage 1 and stage 2

To understand how the delivery phase works, consider a demand d = (P, P, @, R) where P, Q and R

are distinct files in {A, B, C'}. In response to this demand, the server broadcasts a set of packets

Q13 L R14 . P12
Q23 4 R24 _ p21

34 1 p31 1 p32
RM 4IP3y lp

43 1 p41 1 p42
QB4 lptylp

As X4 has four packets, of size %F bits each, the load experienced by the shared link is R3F = %F
bits and thus the rate is R3 = %

Let us consider U7 to understand how the requested file is obtained from X4 and Z;. Note that
the user has subfiles P23, P32 p2?4 p42 P34 and P* in Z; and require subfiles P2, p?l pl3 p3l

P and P*! to compute the requested file P. The user can compute subfiles P?!, P31 P4l and P'?
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by combining received packets and cached packets as shown below:

Received Packet Cached Packets Computed Subfile
0* 4 R _ p2 0%, R p21

R34 o %P:ﬂ _ %P32 R347 P32 P31

o _ %qu _ %P‘Q Q" pi2 pit
Q3 ¢ R _ p12 Q2 — Q13 R!2 _RU_pl2 Q12 RI2 pl12

Combining the subfile P'? with cached packets P'? — P'3 and P'?2 — P, U] obtains subfiles P'? and

P, The other users can proceed in similar fashion. We summarise as:

Lemma 8. The memory rate pair (%, %) is achievable by symmetric caching schemes for the (3,4)

cache network.

The caching scheme proposed in 7] achieves the memory rate pair (%, i), and by memory sharing

between that scheme and the proposed scheme, we can achieve all memory rate pairs (M , % — %M ),

where M € [%, %]. We obtain a matching lower bound in the following lemma:

Lemma 9. For the (3,4) cache network, achievable memory rate pairs (M, R3) must satisfy the
constraint

4M + 8R3 > 11.

Proof. We have,

4M + 8R3 (§)2H(Zl) + H(Z2) + H(Z3) + 2H(X(a,p,c,4)) + 2H(X(5,c,4,4)) + 3H(X(4,4,8.0))

+ H(X(c,4,4,B))

(QH(ZL Xa,B,o,a), X(B,cAA)) + H(Z1, X(Boaays Xaas0) + H(Z2, X(aB,c a), Xa,4,B,c))
+ H(Z3, X(¢,4,4,B)> X(4,4,B,0))

(:C)H(A, B, Z1, X(a,B,c,A), X(B,C,a,4)) + H(A, B, Z1, X(B,c,a,4), X(4,4,B,C))
+ H(A, B, Z2, X(a,B,c,4)s X(4,4,B,0)) + H(A, B, Z3, X(c,4,4,B)» X(4,4,B,C))

(QH(A, B, Z1, X(p,c,a,4)) + H(A, B, Z1, X(4,B,c,a), X(B,c,4,4), X(4,4,8,0))
+ H(A, B, Z2, X(a4,B,0,4), X(4,4,8,0)) + H(A, B, Z3, X(¢,4,4,B)> X(4,4,B,0))

>H(A, B, X(a,B,c,4), X(B,c,A,4), X(a,4,B,c)) + H(A, B, Z2, X(4,B,0,4): X(4,4,B,0))

+ H(A, B, Z3, X(c,a,4,B): X(4,4,B,0)) + H(A, B, Z1, X(B,c,A,4))
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(b)
>H(A, B, Za, X(a,B,c,4), X(B,c,4,4), X(4,4,B,c)) + H(A, B, X(4,B,0,4) X(4,4,B,0))

+ H(A, B, Z3, X(c,4,4,8) X(4,4,B,0)) + H(A, B, Z1, X(B,c,A,4))

(e

~

=H(A,B,C, Z, X(a,B,c,A), X(B,0,4,4), X(4,4,B,0)) T H(A, B, X(4,B,c,4), X(4,4,B,C))

+ H(A, B, Z3, X(c.a,4,B) X(4,4,B,c)) + H(A, B, Z1, X(B ¢ A,4))

(d

=

=H(A,B,C)+ H(A,B, X(a,B,c,A), X(4,4,B,0)) + H(A, B, Z3, X(¢,4,4,B)> X(4,4,B,C))

+ H(A, B, Z1, X(B,c,4,4))

(b)
>H(A,B,C) + H(A, B, Z3, X(¢,a,4,B): X(A,B,0,4)s X(4,4,B,0)) + H(A, B, X(4,4,B,))

+ H(A, B, Z1, X(B,c,A,4))

@)
=H(A,B,C)+ H(A,B,C, Z3, X(¢,4,4,B) X(4,B,0,4)> X(4,4,B,0)) + H(A, B, X(a.4,B,))

+ H(A, B, Z1, X(B,c,,4))

(d)

=2H(A,B,C) + H(A,B, X(aa,B,)) + H(A, B, Z1, X (B, 4,4))

Z2H(A’ B, C) + H(A7 B7X(A,A,B,C)) + H(Aa B, Zl)

(e)

=2H(A,B,C)+ H(A,B, X4 ap,0)) +H(A, B, Zy)

®)
ZH(Av B, Z4, X(A,A,B,C)) + H(A7 B) + 2H(A7 B, C)

(e

~

(d)

(a) follows from

)

) follows from
(d) follows from
()

follows from

follows from the

-
1.6

1.8

1.9

)

I

1.13).

=H(A,B,C,Z4, X(a,aB,)) + H(A, B) +2H(A, B,C)

2H(A,B,C) + H(A,B) + 2H(A, B,C) > 11

and ,

submodularity property of entropy,

O]

The above observations improve upon the previous results from [7,[13] and is summarised in TABLE

B.3] and Fig. [3.1
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3. Large Caches

Memory Rate [7;13] Lower Bound [7;13] New Rate | New Lower Bound
25 9 3 5 1 11 1 11 1
Dem<l| 2 2Nm >1—--M | ——-M > M
12" ~4] 29 =13 8 2 =5

Table 3.3: Rate memory tradeoff for the (3,4) cache network
3
—a— Optimal Memory Rate Tradeoff [7}[13]
(2,9) —a— New Optimal Rate Memory Tradeoff
11
2

el

&

g

g1

23 1 9 1
(127 3) (Zv 1)
0
0 1/4 3/4 6/4 9/4 3

Cache size M

Figure 3.1: Optimal rate memory tradeoff for the (3,4) cache network

3.2.2 Case II: The (2,4) Cache Network

Here, users {Uy, U, Us, Uy } are connected to a server with files { A, B} (each of size F bits). Each user
Uy has cache Zy of size M F bits. The caching scheme proposed in [13]| can achieve all memory rate

pairs (M, % — %M), where M € [1, %] We obtain a matching lower bound in the following lemma:

Lemma 10. For the (2,4) cache network, achievable memory rate pairs (M, Re) must satisfy the

constraint

5M +6R2 > 9.

Proof. We have,

(a)
SM+6Ry > 3H(Z1) + 2H(Z2) + H(Zy) + 3H(X(4,4,B,4)) + 2H(X(a,4,4,8)) + H(X(a,B,a,4)) — H(Z1)

(b)
>H(Z1, X(a,.4,B,4)) + H(Z1, X(a,a,4,8) + H(Z1, X(a,B,4,4)) + H(Z2, X(a,4,B,4) + H(Z2, X(4,.4,4,B))

+ H(Zs, X(a,4,B,4)) — H(Z1)
(9
ZH(A, Z1, Xa,a,B,4) + H(A, Z1, X(a.4,4,8) + H(A, Z1, X(a,B,.a,4)) + H(A, Z2, X (4,4,B,4))

+ H(A, Z2, X(a,n,4,8)) + H(A, Zs, X(a,4,B,4)) — H(Z1)
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3.2 Example Networks

(b
>H(A, Z1, X(a,A,B,4) X(4,4,4,B)s X(4,B,A,4)) + 2H (A, Z1) + H(A, Z2, X (4,4,B,4): X(4,4,4,B))

+ H(A, Z2) + H(A, Zy, X(a,4,B,4)) — H(Z1)

(d)
=H(A, Z1, X(a,4,B,4) X(4,4,4,B)s X(4,B,4,4)) + H(A, Z2, X(4,4,B,4), X(4,4,A,B))

+ H(A, Zy, X(a,,8,4)) + H(A, Z2) + H(A, Z1) + H(B, Z1) — H(Z1)

(o)
SH(A, 21, X(a.n.8.4) X(4.8.48), X(a.8.4.4) + H(A, Z2, X(a.4.8.4), X(4.4.45)

+ H(A, Zy, X(a,a,B,4) + H(A, Z3) + H(A, Z1) + H(B, Z1) — H(Z1)

(b)
>H(A, Z1, X (a,4,B,4), X(4,4,4,B), X(4,B,4,4)) T H(A, Z2, X(a,.4,B,4), X(4,4,4,B))

+ H(A, Zy, X(a,4,B,4)) + H(A, Z3) + H(A, B, Z1) + H(Z1) — H(Z1)

)
=H(A, Z1, X(4,4,B,4) X(4,4,4,B) X(A,B,4,4)) + H(A, Z2, X(a,4,B,4), X(4,4,4,B))

+ H(A, Zs, X(a,4,8,4) + H(A, Z3) + H(A, B)

(®)
>H(A, Z1,Z2, X(4,4,B,A) X(A,A,4,B), X(4,B,4,4)) + H(A, X(4.4,B,4), X(4,4,4,B))

+ H(A, Zy, X(a,4,8,4)) + H(A, Z3) + H(A, B)

(¢
=H(A, B, Z1,Z2, X(4,A,B,4), X (4,4,4,B)s X(4,B,4,4)) + H(A, X (4,48 4) X(4,4,4,B))

+ H(Aa Zy, X(A,A,B,A)) + H(Aa Z3) + H(A7 B)

f
Dam (A, B) + H(4, X(a,4,B,4)s X(a,4,4,8)) + H(A, Z4, X(a,.4,B,4)) + H(A, Z3)

(b
>2H(A, B) + H(A, Zs, X(a,4,8,4), X(4,4,4,8)) + H(A, X (4,4,8,4)) + H(A, Z3)

YoH(A, B)+ H(A, B, Zs, X(A,4,B,4): X(4,4,4,8) + H(A, X(a4,B,4) +H(A, Z3)

D3H (A, B) + H(A, X(aap.0) + H(A, Zs)

(b)
>3H (A, B) + H(A, Z3, X(a,4,B,4)) + H(A)

Y3H (A, B) + H(A, B, Zs, X(a.0.5.4)) + H(A)

Dim(a,B) + H(A) > 9,

where
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3. Large Caches

(a) follows from EI) and ,

(b) follows from the submodularity property of entropy,
(c) follows from EI),

(d) follows from 1.1.5 ,

(e) follows from (|1.13),

(f) follows from ﬂ)

O]

The above observations improve upon the previous results from and is summarised in TABLE
and Fig. 3.2

Memory Rate []Z|,|13ﬂ Lower Bound ﬂ7|,|13ﬂ New Lower Bound

31 3 5 1 3 5
1<M<2] 2_2p >1—=-M >2_ 2
=" =9 2 % Ryz1-3 R225-5%

Table 3.4: Rate memory tradeoff for the (2,4) cache network

2 _—
——&—— Optimal Rate Memory Tradeoff from 7
——ad—— New Optimal Rate Memory Tradeoff
(7 2)
a1
2
k
(37)
0
0 1/4 1/2 1 3/2 2

Cache size M

Figure 3.2: Optimal rate memory tradeoff for the (2,4) cache network

3.3 Case I: [%1 < N<K

In this section we propose a new symmetric caching scheme that achieves the memory rate pair

o) = ((FE -0 =5 ) 721 (3.)
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for the (N, K) cache network. This scheme can be seen as a generalization of the scheme presented
for (3,4) cache network in Section and is an extension of the scheme we proposed in [61,(62]. For
[%] < N < K, we prove a matching lower bound to establish the optimal rate memory tradeoff
when M > <%(K —-1)— %) Let I denote the indicator function and let S denote the set
K]\ {k}.

3.3.1 Placement and Delivery Phase

During the placement phase, the server splits every file into 2 XC5 disjoint subfiles of size mF
bits. Subfiles of the file W, are:
{Wid . j € [K]andi+#j}.

The placement phase proceeds in two stages. In the first stage, the server copy subfiles Wi in user
Uy’s cache, Zy, if k ¢ {i,j}. In the second stage, functions of subfiles are computed and placed into

each user’s cache resulting in the cache of the k" user, Zj,, having the contents:

Stages Packets Constraints Number
Stage 1 Wflj n € [N], 2N K-,

i,j € Sy and i # j
Wéﬂ(’fﬂ) Wk | ne [N]Jand j € S | N(K —2)
22;1 Wﬁ(k-ﬁ-l) 1

Stage 2

It can be noted that subfiles Wffj , for n € [N] and j € Si, are contained in user Uy’s cache in coded

form. The total number of packets, each of size mF bits, placed in each user’s cache is,

ON K710, t N(K —2) +1=NK(K —2)+1

utilising the entire cache of size <%(K —-1)— %) F bits.
In the delivery phase, let the server receive a demand d. Let N 12 represent the number of users in

the set Sy requesting the file Wy,. For each k € [K], the server constructs a packet,
N> wys (3.2)

where
ap =1-2I{W,;, =W} (3.3)
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3. Large Caches

The set of packets broadcast by the server in response to the demand d is,
Xg=1{Xx} ..., XK} (3.4)

Thus, K packets, each of size mF bits, are transmitted and the rate corresponding to the demand
d is,

Ryi= ——. (3.5)
3.3.2 File Recovery by Users

To understand how the requested files are recovered by the users, let us consider user U, who needs
to recover the file Wy, from its cache contents Z; and the received packets X4. Subfiles Wéi , for
i,j € Sg, are available in Zj. To reconstruct the file Wy, , the user needs to compute subfiles ng,
and W(Z] , for j € Si. The user obtains these subfiles in two stages. In the first stage, the user obtains

subfiles Wg}f, for j € Si. One of the packet available in X g is,

j of jk o js
J J

s€S;\{k}

Since subfiles Wi, for s € S; \ {k} =Sk \ {j}, are available in Z, the user can evaluate

> <%)W§ (3.7)

seS,\(k} N

The subfile ij can computed from 1) and 1) In the second stage, the user recovers subfiles

WCZJ , for j € Si.. Another packet available in Xy is,
k O‘i kj
Xi=3, ~i )W (3.8)
k
Since Wﬂf (k1) W,’fj , for j € S, are available in Zj, the user can evaluate

> (i ) a3

jESk k

TH-2693_146102006

42



Combining (3.8]) and (3.9) the user can compute
Oéi k(k+1)
> i )Wa, (3.10)
JESK k
This can be rewritten as

( >, >, (]@)W(Z(H”)Jr( 3 (JC\M;’]%)WCZ(’““)) (3.11)

nE[N]\dk jESkideTL jESkZdedk

Note that when Wy, # Wa,, ai = 1 and when Wy, = Wy, ai = —1. Recall that le denotes the

number of users request for file Wy, in set Si. Now the above expression simplifies to

( > W,’f(k“)) — I{N} # 0yw ) (3.12)
n€[N]\dx

With the help of the cached function

k(k+1) _ K(k+1) k(k+1)

> Wik = ( >, Wi ) + W, (3.13)
ne[N] n€[N\{dx}

and (]3.12]) the user can compute the subfile W(Z(kﬂ). Combining this with Wfk(kﬂ) . ng available in

Z user can obtain subfiles WCI;: . Using all the recovered subfiles the user can reconstruct the requested
file de.

The above observations can be summarised as:

Theorem 4. The memory rate pair < (%(K -1)— %) ] Fl—T) 1s achievable by symmetric caching

schemes for the (N, K) cache network.

The caching scheme proposed in [7,|13] achieves the memory rate pair (%(K - 1), %), and by mem-

ory sharing between that scheme and the proposed scheme, we can achieve all memory rate pairs

KN— _ . .
(M7 g{(Ni% - (lel)M)7 where M € [(%(K —-1) - K](VKED) ,%(K — 1)] By deriving a matching

lower bound, we show that this is the optimal rate memory tradeoff when (%] <N<K.

3.3.3 Matching Lower Bound

Consider the demand

di = (Wi, Wa,..., Wy, Wi, Wa,...,Wk_n). (3.14)
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Demands U, U; Un UN+1 UNii Uk
dq W1 W; Wn Wh W; Wk_-nN
do Wo Wit W1 Wa Wit Wh
A; dx - N-it1|\Wk-N—it1|---| WKk_N Wik - ~N—i |Wk-N—it1]--| Wk_nN Wk _N—i
dx N—it2\Wk-_N—it2|- - [Wrk-Nt1|- - | Wk-N—it1 | WK-N—it2 |- -- Wi Wk _N—i-1
C;
dn—; Wn—i Wi -1 \Wan_k—i—1| Wan_K—i Won—k—1 || WN—i—1
dy_iv1 | WN_it1 Wy Won-k—i \Woan—Kk—it1|---| Wan—K Wn—i
dn Wn Wi_1 Waon—k | Woan—Kk+1 Wan_—Kk+i Wn_1
dn41 Wy W; Won-k+1 | Won—Kk+2 |- [Wan—Ktit1]--- Wi
dg_it1 Wr_N—it1|---| WKk_N WN—; WN_it1 W Wk _N—i
7 dg_it2 \Wr_N_it2| .- Wh WN_it1 WN_it2 Wy AWK _N—it1
B;
di Wk-_N Wi WN—1 Wi Wi—1 Wk-_N-1

Demands {d; : 2 < < K}, are obtained from the demand d; by cyclic left shifts as shown in TABLE

Table 3.5: The set of demands {d;:1 <[ < K}

Consider the demand b; defined as

dy_jy1, for 1< <N

dK—&—N—H—la for N+1<I<K

It can be noted that in demand b;, the user U; requests for the file Wy . Let Xg4, denote the set of

packets broadcast by the server in response to the demand d;. For § C {di,...,dx}, let Xg denote

the set of all packets broadcast in response to the demands in the set S. The following lemma are

easy to obtain:

Lemma 11. For S, T C {d;,...,dx} \ {bi}, we have the identity,

HWin_1, Xsugpy) + HWin_1); Zi, X1) > HWn_1], XsnT) + N
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Proof. We have,

(@)
H(Win_1), Xsuge,y) + HWin=_1), Z1, X1) > HWn_1), Xsar) + HWin_1), Zi, Xsurugs})

—
=
=

= HWy_1), Xsnt) + HWn_1), WN, Zi, XsuTU{b,})
(e
9 H(Win_1), Xsnr) + H(WN)

=H(Wy_1), XsnT) + N

where

(a) follows from the submodularity property of entropy,
(0)
(c)

O]

Lemma 12. For a sequence of sets S; C {di,...,dr} \ {bi}, such that S; = Sj+1 U {b;j+1}, we have

the identity

j
HWin-1,Xs)+ Y HWy_1,Zi, Xs,) = HWin_1), Xs,) + (j — )N
i=l+1

Proof. We have,

J
H(Wn_1, Xs,) + Z H(Wn_1),Zi, Xs,) = HWn_1}, Xs,) + HW|n_1}, Zi41, Xs,,,)
i=l+1
J
+ Z H(W[N,]_], Zi7 XS,L)
=142
J
= (H(W[N71]7X51+17Xb1+1) + H(W[N,l], Zl+17 Xsl+1)> + Z H(W[Nfl]a Z’i) XS,L)
1=l+2

Ve

J
H(Winy) + <H<W[N71]aXSl+1) + H(W[N71]7Z1+27XSZ+2)) + Z H(Wn_1}, Zi, Xs,)
i=l+3
J
QH(W[N]> + H(W[N71]7X51+2) + H(W[Nfl]v Zl+37 XS[+3) + Z H(W[Nfl]a Zi7 XS,L)
i=l+4

Ve

—
Ve

(= DHWny) + HWin_1}, X5;)

= HWn_1, Xs,;) +(j —1)N
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3. Large Caches

where

(a) follows from Lemma with § = T = 8§44,

(b) follows from repeated use of Lemma with SU{b;} = S;and T = S;4; for [ +3 <i <.

In a similar fashion, for a sequence of sets T; C {d1,..

we can obtain

H(W[Nfl]vXT]'+1) + ZH(W[Nfl]JZZ‘7XTi> > H(W[Nfl]uXTl) iy (] — 1+ 1)N

J

1=l

For 1 <i < N, let us consider the sets of demands as shown below:

Set Demands Number Files Requested by U;
A; di,...,dn_; N —1 WZ’,...,W(N,U
Bi dK_Z‘+2’...,dK 1 —1 Wl,...,WZ’,1
Ci dK—N—i-l—?;"-de—i 2N — K —1 W(K—N+1)7---7WN—1
J dyit,...,di K- N Wi, ....Wk_nN

These set are also indicated in TABLE [B.5l Note that

Av=B1=Cn=9¢

A U{bii} = A;

B;U{bnyi} =B

A,NC,;,=C;

Bx nyU{bg}=Bg_Nny1=J

B;when1<i<K-N

B,NJ =

J when K —-N+1<i<N

O]

. dK} \ {bl}, such that T; = T;_1 U {bi—1}7

(3.15)

(3.16)
(3.17)
(3.18)
(3.19)

(3.20)

(3.21)

It can be noted that in the demand set B;, both users U; and Up4; are requesting for the same set of

files (for 1 <7 < K — N). Note that | A; U B; |=| JU C; |= N — 1. Thus, we have

TH-2693_146102006
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Similarly,
M+ (N —=1)Ry 2 H(Z;) + H(Xue,) 2 H(Zi, Xjuc,) (3.23)

Now we can obtain the following result:

Theorem 5. For the (N, K) cache network, when (%w < N < K, achievable memory rate pairs

(M, Ry) must satisfy the constraint
KM + K(N —1)Ry > KN — 1.

Proof. We have,

KM+K(N —1)Ry = N(M + (N = )Ry) + (K — N)(M + (N — 1)Ry)

—

a

>

=

E

—-N
H(Zi,Xa,uB,) + Z H(Z;, Xyuc,)
1 =1

-
I

K—-N

H(Win_1), Zi, Xa,uB;) + Z H(Wn_1): Zi, Xguce;)
(=1

=
.MZ

@
Il
—

K—N N

= (H(W[N—l}’Zi;XAiUBi) + H(W[N_l],Zz,XJuci)> + Z H(Win_1),Zj, Xa,;0B;)
=1 j=K—N+1

> (H(W[N—l}’ZiaXAZ-UJ) +H(W[N—1]7ZiaXBiUCi)> + Z H(Wn_1},Zj, XB;u4;)
i=1 j=K—N+1

_ N
Z<H(W[N X a,05) + Z Win-1; ZzaXAZUJ)>+ > HWin-1,Zj, XB,u4;)

-~ j=K—N+1
K—-N
+ Z H(W[N—1]7 Zia XBiUCi)
i=1
N
@
>(K=N-UON+ | HWiy_1, Xa,_yur)+ Y. HWy_1, %, XB,ua,)

K—-N

+ Z H(W[N—I]a Zia XBiUCi)
i=1

. K-N
>(N —=1)N + H(Wn_1], Xayus) + H(Wn_1], Zi, XB,uc;)

—
~

=1

K-N
>(N —1)N + HWin_1}, Xayur) + H(Wn_1),Zi, XB,)
1

)
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3. Large Caches

K—N

DN )N + HWiy_y, X0)+ S HWiy_1), %, Xp,)
i=1

(9) K—N

L(N = 1)N + H(Wn_1), X5) + HWn_1}, Zis+N, XB,)
=1

.
~

>(N —1)N + (K = N)N + H(Wn_1), XB,)

LK~ 1)N + HWy_y)) > KN — 1

(a) follows from ([3.22]) and (3.23]),

(b) follows from @ and the definition of sets A4;, B;, C; and J,

(c) follows from the facts that A;,NC; = C;, JNB;=B;jfor 1<i< K- N

(refer (3.19) and (3.21)) and the submodularity property of entropy,

(d) follows from Lemma |12/ with S; = A;UJ,l=1, j= K — N and (3.17),

(e) follows from Lemma (12, with S; = A;UJ,l =K — N, j = N, the fact that JN B; = J

for K — N +1 < i < K(refer (3.21))) and (3.17),

(f) follows from (3.16)),
(9) follows from (|1.13]),
(h) follows from (3.20)),
(1) follows from (3.15) with T'; = B;, =1, j = K — N and (3.18).
O
The above observations improve upon the previous results from [7,[13] as shown in TABLE [3.6
Memory Rate |7;13| Lower Bound |7;13| New Rate New Lower Bound
(R0 -0 - xfity) s < MR SRS - S| A2 - ¥R  ofiolRy 2 Kl - ol

Table 3.6: Rate memory tradeoff when [%W <N<K

We summarise as:

Theorem 6. For the (N, K) cache network, when {%] < N < K, the optimal rate memory tradeoff

s given by
(KN —1) 1

R}(M):K(Nil)—(Nil)M (3.24)
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3.4 Case I: 1 < N < [£+1]

where M > (%(K —-1)— %)

34 Casell: 1< N (%W

The caching scheme proposed by Yu et al. in [13] can achieve all memory rate pairs

K2+K-2 (K+1)
<M, KR T) wN(K_l)M), (3.25)

where M € [N(I;{—2)7 N([I((_l)], for the (N, K) cache network. By deriving a matching lower bound,

we show that this is the optimal rate memory tradeoff when 1 < N < {%1 Consider the demand

dy = (Wh, Wa, ..., W, Wi, Wa, ..., Wn_1, W1, W1,..., Wi) (3.26)

Demands {d; : 2 < < K}, are obtained from the demand d; by cyclic left shifts as shown in TABLE
Consider the demand b; defined as,

dy_jy1,for 1<I< N

dK—l—N—l—l—la for N+1<I< K

It can be noted that in demand b;, the user U; requests for the file Wy . The following lemma is easy

to obtain:

Lemma 13. Let S, T C {d;...,dx} \ {bi} be such that for every demand in T, user U; requests the
file W1. We have

| T

H(Win-1), Z1.Xs) + D H(X)) + = H(Z) > HWin-y, Zi Xsur)+ | T |
JET
Proof.
Ny LT
H(W[N—1]>Z17XS) +ZH(X])+ N H(Zl)
JET
T|(N-1
(Wi, 20 X5) + 3 H(G)+ | T (z) - T = g
JET
(a) T|(N-1
2 H (Wi, 2, Xs) + 2 H(Z, %) - Dz

JET
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3. Large Caches

where

dy Wi Wi Wi Wi Wi Wn_1 Wi Wi Wi
A do Wo | Wi Wi Wa A Wiga | Wy Wy Wy Wi
dn—; Wn—i |-+ (W] [WN—i—1| WN—i |...[WN_1 w1 Wi 441 Wi—1
dn—iv1 [WNn—it1 Wn Wn—i [WN—it1 241 Wi Wi Wi Wi
dNi1 Wi W; Wy W1 Wy Wy Wh Wy Wn
E;
don_; Wn_i .. |WNn_1|...] W1 w1 W1 W1 Wi Wi | [Wn_io1
don_it1 |Wn—it1]-..| W1 Wi %% W1 W1 Wi %% Wn_;
drg_ji2 Wi Wy W1 Wi Wi Wi Wi W1 Wi
dgyNn—jr1| Wi Wi Wi Wi Wi Wi Wi Wn Wi
Gi\|drin—jt2| W1 Wi Wi Wi Wi Wi Wi Wh Wi
drgiaN—j Wy W1 Wy W1 Wy Wy W1 AWN_1 W1
diion—j+1| Wi Wi Wy Wy Wi Wy Wi Wi Wi
dr—it1 Wi Wi Wn—i \WN—it1|-..| Wn Wn—i WN=it1|---| W1 Wi
dr—it2 141 Wi Wr—iv1|Wn—iy2|---| Wi |...|\WN_it1|WN_iy2|...| W1 Wi
B;
dx Wi A Wiz || Wy Wn AWica || Wn_2 | WNn_1 %% Wy
Table 3.7: Demand set {d; : 1 <[ < K}
(b) T|(N-1
=HWiy_1, Z1, Xs) + Y HW1, Z1, X;) — ||(N)H(Zz)
JjeT
(@) | T|(N—-1)
2H(Win-1), 21, Xs) + HW1, Z;, X1) + (| T | -1)H(W1, Z) = ————H(Z)
(a) T|(N -1
2 H(Winy—y, 2z, Xsor)t | T | 10, 2) ~ XD gz
N
©) | T | | T[(N-1)
=H(Wn_1),Zj, Xsur) + N(X;H(Wi, Zl)) - TH(ZD
i=
(a) T T|(N -1 T|(N-1
S H Wiy, 2 Xsor) + o (B 20) + (P =D ) - = gy
N N N
| T |

d
(:)H(W[N—1]7 7, Xsur) +
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3.4 Case II:

follows from
follows from

follows from

follows from submodularity property of entropy,

For 1 <i < N, let us consider the set of demands as shown below:

Set Demands Number Files Requested by U;
Ai dl,u-;dN—i N —i Wia"'JWN—l
B; di_it2, ---, A i—1 Wi, oo, Wil

EZ‘ dN+1, . dgN,i N —1 WZ‘,...,WN,I

G, |don_iy1,...,dg 41 | K=2N+1 Wh

These set are also indicated in TABLE [3.7 We also have a set of demands L; defined as

Note that

L,=A,UB;UE;U G,.

Ay=B,=Ey=¢
LiiU{bi1}=1L;

B;U{bn+i} = Bin

(3.27)

(3.28)
(3.29)

(3.30)

It can be noted that in the demand set B;, both users U; and Uy, are requesting for the same set of

files (for 1 <i < N —1). Note that | A; U B; |=| B; UE; |= N — 1. Thus, we have

Similarly,

M + (N = 1)Ry > H(Z) + H(X a,08,) > H(Zi, X a,0B;)

M+ (N —-1)Ry = H(Z;) + H(Xp,uE,) = H(Zi, XB,uE;)

The following lemma is easy to obtain:

TH-2693_146102006
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3. Large Caches

Lemma 14. The demand sets B; and L;, defined as above, satisfy

N-1
KM+ (KN = 2N + 1)Ry >H(Wx_1), X1) + Y

i=1
Proof. We have,

K—-2N+1
KM+(KN—2N+1)RN:N(M+(N—1)RN+( )

M+ (K —2N + l)RN>
—1)(M + (N — 1)Ry)

—~
S
N

v
MZ -

K —2N +1
H(Z, Xaom,) + )

N-1
s HEZ) + > H(Xl)> +Y (H

( leG;
K —2N +1
(H Win—1ys Zis X aom,) + )

N H@)+ ) H(Xl)>

leG;

.
I

1

(Zi) XBZUEZ))

i—1
®)

“MZ

I
2 [l

-1

+
™

H(W[Nfl], Zi, XB,uE;)

1

—

M-

©)
>

)

H(W,

N-1
<H(W[N—1]’Zi7XAiuBiuGi) + (K — 2N + 1)) + (IN—1]s Zis XB;UE;)
1

=1
N-1
=H(Win_1], ZN, XayuByuGy) + Z( (Win=1), Zi» Xa,uB,06;) + HW|n_1}, Zi, XB,UE; )>
i=1

4+ N(K — 2N +1)
(d)
> H(Win-1], ZN; X ANUBNUGNUEN) +

N-1
Z ( (Win-1), Zi, Xa,uB,uEu6;) + HWN_1), Zi, XB )>
=1

+ N(K —2N +1)

—
('b
~

N N-1
ZH(W[N—l]a Zi7XLi) + Z H(W[N—l}aZiaXBi) + N(K —2N + 1)
1= =1

N
(H(W[N_l],XLl) +> HWiy_1), Zi, XLZ.)> + Y HWy_1,Zi,Xp,)+ N(K —2N +1)
=2 =1

N-1
(N—=1)N+HWn_1,XLy)

—

>

o)
> + Y HWy_1), Zi,Xp,) + N(K — 2N +1)
i=1
N—-1
(Wiv—p Xoy) + > HWin_1), Zn1is XB,) + N(K = N)
i=1

where
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3.4 Case I: 1 < N < [£+1]

(a)
(b)
(¢)
(d)
()
()
(9)

g

follows from (3.31)) and (3.32)),

follows from ﬂ) and definition of sets A4;, B; and E;,
follows from Lemma |[13|with § = 4; U B; and T = G},

follows from the submodularity property of entropy and the fact that Enx = ¢,

follows from ((3.27)),

follows from Lemmawith S;,=L;,l=1,j =N and (3.29),

follows from (|1.13)).

Now, for 2N < j < K, consider another set of demands as shown below:

Set Demands Number | Files Requested by U;
P; | dxin_iyo, ..., drgian—j | N—1 Wi, ..., Wy
Q, dgioN—jt1, ---, AK J—2N Wy

These set are also indicated in TABLE We also have a set of demands T'; defined as

T;=P;UQ;

Note that

Qon =0
Tj1Uibju}=T;
Ty U {bK} = Ly

By_1U{ban_1} = Tan

Note that | Pj |= N — 1. Thus, we have

M+ (N —-1)Ry > H(Z;) + H(Xp;) > H(Z;, Xp,)

The following lemma is easy to obtain:

Lemma 15. The demand set T}, defined as above, satisfy

K(K — 2N +1)

(K — 2)(K — 2N +1)

2N 2

(3.33)

(3.34)
(3.35)
(3.36)

(3.37)

(3.38)

(K — 2N +1)(K — 2N)

K
Ry > Y HW-_1, %, Xr,) +
j=2N

M +
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3. Large Caches

Proof.

K(K-2N+1), (K -2)(K-2N +1)

ON 2 Ry

K .
=(K —2N+1)(M+ (N —1)Ry)+ »_ (O_NzN)

M+ (j - 2N)RN>
j=2N

—
S
N

(H(Zj,ij) + LN%V)H(Z]-) +> H(Xz)>

v

—
=
=

A
Vo

(H(W[N_u, Zj, Xp;uq,) +

<

(K — 2N + 1)(K —2N)
2

—
Q
=

H(W[N—l]azjaXTj) +

<

(a) follows from ([3.38]) and the fact that Q4 = ¢,

follows from ﬁ) and definition of set P,

(b)
(c) follows from Lemma with § = Pj and T = @Q;,
(d) follows from (3.33).

Using the above lemma, we can obtain the following result:

Theorem 7. For the (N, K) cache network, when 1 < N < [%], achievable memory rate pairs

(M, Ry) must satisfy the constraint

K(K +1)

¥ M+K(K—-1)Ry >K*+ K —2

Proof. We have,

1 -1 — 1 — — 1
KUK +1) ) K1) b en o g iy« KE=2N41) ) (K = 2)(K —2N +1)
2N 2 2N 2
>H(Win-1p Xoy) + Y HWin_1, Znis Xp,) + N(K = N)+ > HWy_1,Z;, X1,)
i=1 j=2N
(K —2N 4+ 1)(K —2N)

2

TH-2693_146102006

54



3.4 Case I: 1 < N < [£+1]

K N-1
b
@ HWin_1), X1, Xbg) + Z HWn_y1, Zj, X;) | + ZH(W[N—I]aZN+z’,XBi)
j=2N i=1
(K +1)(K —2N) +2N?
* 2

2(K —2N+1)N + (H(W[Nl]aXTzN) +> H(W[Nl]va—H;XBi))
=1

(K +1)(K —2N) +2N?
+ 2

N-1
d
(:) <H(W[N1}7XBN—17XI72N1) + Z H(W[N—1]7 ZN+i7XBi)>
=1
L (K+1+2N)(K —2N) + 2N(N + 1)
2

—

e

Z(N — 1)N—|— H(W[N—l]aXBl) aF

K2+K—2N>K2+K—2
2 = 2

~

(K +1+42N)(K —2N) +2N(N +1)
2

f
& H(Wn_1) +

~

(a) follows from Lemma |14{ and Lemma

follows from ((3.36)),

)
c) follows from (3.15) with T; = T, l = 2N, j = K and (3.35),

follows from (3.15)) with T; = B;, [ =1, j = N — 1 and (3.30)),

(

(

(d) follows from (3.37),
(¢)

(

f) follows from ([3.28]).

O
The above observations improve upon the previous results from [7.,|13] as shown in TABLE
Memory Rate [7; 13| Lower Bound [7;13] New Lower Bound
N(K—2 N(K-1) | K24K—2 (K+1) 1 K24K-—2 (K+1)
(K : <M< =% K(JIF(—l) - N(K—l)M Ry >1—-xM Ry > K(K-1) N(K—l)M

Table 3.8: Rate memory tradeoff when 1 < N < [%1

We summarise as:

Theorem 8. For the (N, K) cache network, when 1 < N < [%W , the optimal rate memory tradeoff

s given by
K+ K-2 (K+1)
A = — M .
RN (M) KK —1) NKE=1) (3.39)

where M > %(K —2).
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3. Large Caches

3.5 Conclusions

In this chapter, we considered the problem of characterizing the optimal rate memory tradeoff
for the canonical (N, K) cache network, where we focused on the case of large caches. For {%1 <
N < K, in Section 3.3, we proposed a new coded caching scheme and derived a matching lower bound
leading to the characterization of the optimal rate memory tradeoff when M > (%(K —-1)— %) .

For 1 < N < [%], in Section 3.4, we derived a new lower bound matching the scheme proposed
in |\ thereby providing a characterization of the optimal rate memory tradeoff when M > %(K —2).
—@— Optimal Rate Memory Tradeoff from

—a— New Optima Rate Memory Tradeoff when 1 < N < {%w
—a— New Optimal Rate Memory Tradeoff when [%W <N<K

Rate Ry
=
e

((%(K— 1) - %) ﬁ)

Cache size M
Figure 3.3: Optimal rate memory tradeoff for the (IV, K) cache network
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4. Pareto Optial Schemes in Coded Caching

4.1 Introduction

In the previous chapters, we studied the demand set Dy and investigated schemes that minimized
the rate Ry required in the delivery phase, for small and large caches. In this chapter, we focus on the
multi-objective nature of the problem of coded caching where each rate R, corresponding to demand
set Dy, 1 <p < N, is of interest. A natural question is whether a placement strategy can be devised
which simultaneously minimizes all the rates of interest. In [13], Yu, Maddah-Ali and Avestimehr
considered the collection of coded caching schemes where the placement phase is restricted to be
uncoded and obtained the optimal rate memory tradeoff for each of the rates R,. In a surprising
result, they demonstrated the existence of a universal scheme among them, referred to as the YMA
scheme in this chapter, which was shown attain the optimal rate memory tradeoff for each of the rates
R,, simultaneously. Thus, for coded caching schemes where the placement phase is restricted to be
uncoded, the Pareto optimal frontier of the rates R,, 1 < p < N, consist of a single point and the
YMA scheme operates at this point.

We first investigate the existence of such universal schemes in the more general setting where coding
is permitted in both the placement phase and the delivery phase and prove that such schemes do not
exist. To this end, we introduce new lower bounds which jointly constrain the rates R,, 1 < p < N,
and provide better insight into how the performance for one demand set affects the performance for
other demand sets. Using such bounds we identify two coded caching schemes, the CFL scheme [14]
and the YMA scheme, that operate at the pareto optimal frontier of the problem of coded caching.
We begin the chapter by considering the example of the (2,2) cache network for which we show that
there are no universal schemes and that the CFL scheme and the YMA scheme are Pareto optimal.
We then formally define Pareto optimal schemes for the (N, K) cache network and extend results
obtained for the (2,2) cache network to the (N, K) cache network. Results for the (2,2) network is
presented in section and the (N, K) network is considered in section and section The
Pareto optimal property of the YMA scheme is investigated in sections and We conclude the

chapter in section [4.7]

4.2 The (2,2) Cache Network

Here, users {Uy, Uy} are connected to a server with two files {A, B}, each of size F' bits, and each

user is equipped with an isolated cache of size M F bits, where M € [0,2]. The demand set D;
TH-2693 146102006
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4.2 The (2,2) Cache Network

represents the set of all demands where both users request for the same file and the demand set Do
represents the set of all demands where both users request for different files. Let R; and Rs denote
the rates corresponding to D; and Dy, respectively. For the demand set D1, achievable memory rate

pairs (M, Ry) must satisfy the following constraint [§],

M+2R > 2.

As shown in Figure this constraint is tight for the YMA scheme and thus characterize the optimal

rate memory tradeoff for the demand set D;. For the demand set Ds, achievable memory rate pairs

2 I I I — I I
«ti  Optimal rate memory tradeoff for Dy [8]
—x= Rates Achieved by the CFL Scheme for D;
- +— Rates Achieved by the YMA Scheme for D; | |

15 |
(17 1)
P 1#.\ el S i~ N N |
Q: R T gl -~ \\\
(flllé.).-\..\ e T
| 7 -\""%\\ 7
T~ .

| | | | | | | | T
00 02 04 06 038 1 1.2 14 16 1.8 2

Cache size M

Figure 4.1: Rate memory tradeoff for demand set D;.

(M, Re) must satisfy the following constraints |7,
M + 2Ry > 2, 2M + Ry > 2, 2M + 2Ry > 3.

As shown in Figure these constraints are tight for the CFL scheme and thus characterize the
optimal rate memory tradeoff for the demand set Ds. Note that the CFL scheme meets the optimal
rate memory tradeoff for the demand set Do, but does not meet the optimal rate memory tradeoff
for the demand set D;. Similarly, the YMA scheme meets the optimal rate memory tradeoff for the
demand set D1, but does not meet the optimal rate memory tradeoff for the demand set Ds. This
leads us to the question as to whether there exist a universal scheme that is simultaneously optimal
for both the demands sets. To answer this we obtain a new lower bound that jointly constrains the

rates achievable for these demand sets.
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4. Pareto Optial Schemes in Coded Caching

I
\\\ {3 Optimal Rate Memory Tradeoff for Do [7]
AN —x— Rates Achieved by the CFL Scheme for D5
15 \.\\ - +— Rates Achieved by the YMA Scheme for Do
) "\: N
N
& N e
© 1l \, S |
< LSS
e (2 ) \-.\: N
~a
0.5 '\MT\ i
—~
(17 f) \.\‘\.,\
—
~—~—~
0 | | \ | | | .

| |
0 02 04 06 08 1 1.2 1.4 1.6 1.8 2
Cache size M

Figure 4.2: Rate memory tradeoff for demand set Ds.

Lemma 16. For the (2,2) cache network with cache size M, achievable rates R and Ra must satisfy

the following constraints:

2M + Ry + Ry > 3,

M+ R+ Rg > 2.

Proof. We have,

2M + Ry + Ry 2H(Z1) + H(Z2) + H(X(a,4)) + H(X(p )
(g)H(Zh X(a,4)) + H(Z2, X (B 4))
OH(A, 21, Xa ) + H(A, Za, X(5.0))
(g)H(A) + H(A, Za, Z1, X(B,a), X(4,4))
@H(A) + H(A, B, Z2, Z1, X (B, ), X(4,4))

YH(A) + H(A B) = 3.

We also have,

M + Ry + Ry >H(Z1) + H(X(a,4)) + H(X(p,4))
(@)
> H(Z1, X(a,4), X(B,4))
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4.2 The (2,2) Cache Network

b
YH(A, B, 21, X(a ), X(5.1))

“H(a,B) =2,

N

where

(a) follows from the submodularity of entropy,

(b) follows from |D O
(¢) follows from ||

The optimal rate memory tradeoffs Rj(M) and R3(M) and a joint rate constraint are shown in

Table Any scheme that is optimal for Dy and achieves Ry = Rf(M) =1 — %M must satisfy the

Cache Size | Optimal Rate Rj(M) | Optimal Rate R5(M) | Rate Constraint
0<M<3 —iM 2 —2M 2M + Ry + Ry >3

Table 4.1: Optimal rate memory tradeoff for the (2,2) cache network

constraint 2M + R; + R2 > 3 and will necessarily have Ro(M) > 2 — %M >2—2M = R5(M). Thus

no scheme can be simultaneously optimal for both the demand sets. We summarize as:

Theorem 9. For the (2,2) cache network, for M < %, there exist no universal caching scheme which

achieves the optimal rates for all the demand sets simultaneously.

Since there are no universal schemes in the general setting where coding is permitted in both the
placement phase and the delivery phase, finding schemes that operate at various points on the Pareto
optimal frontier is of interest. The performance of the CFL scheme is summarized in Table[£.2] where it

can be noted that the scheme is tight with respect to the joint constraint on the rates. Thus no scheme

Cache Size Ry Ry Constraint
1<M<3 | 1 | 2-2M | 2M+ R +Ry=3

Table 4.2: Performance of the CFL scheme

can have a smaller rate R; while being optimal for the demand set Dy and any attempt at improving
the rate R; will necessarily involve a degradation of the performance for rate Ro. We conclude that

the CFL scheme is Pareto optimal.

Theorem 10. For the (2,2) cache network, for 0 < M < %, the CFL scheme is Pareto optimal.
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4. Pareto Optial Schemes in Coded Caching

The performance of the YMA scheme is summarized in Table where it can be noted that the

scheme is tight with respect to the joint constraint on the rates. Thus no scheme can have a smaller

Cache Size Ry Ry Constraints
1<M<1 —iM —5M | 2M + Ry + Ry =3
1<M<2 — M —3M | M+R; +Ry=2

Table 4.3: Performance of the YMA scheme

rate Ro while being optimal for the demand set D; and any attempt at improving the rate Ry will
necessarily involve a degradation of the performance for rate R;. We conclude that the CFL scheme

is Pareto optimal.

Theorem 11. For the (2,2) cache network, for 0 < M < 2, the YMA scheme is Pareto optimal.

4.3 Non-existence of Universal Schemes

In this section, we consider the (V, K) cache network, where the number of files is at most the
number of users, i.e., N < K. Here users {Uj,...,Ux} are connected to a server with N files
{W1,...,Wn}, each of size F bits, and each user is equipped with an isolated cache of size M F bits,
where M € [0, N]. Note that the demand set D), denotes the set of demands where users request p
distinct files and R, denotes the corresponding rate. For the demand set D1, achievable memory rate

pairs (M, Ry) must satisfy the following constraint [§],
M+ NR >N (4.1)

This constraint is tight for the YMA scheme and thus characterize the optimal rate memory tradeoff
for the demand set D1, when 0 < M < N. For the demand set Dy, achievable memory rate pairs

(M, Ry) must satisfy the following constraint [7],
NM + Ry >N (4.2)

This constraint is tight for the CFL scheme and thus characterize the optimal rate memory tradeoff
for the demand set Dy, when 0 < M < % From Table we can note that the CFL scheme meets

the optimal rate memory tradeoff for the demand set Dy, but does not meet the optimal rate memory
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4.3 Non-existence of Universal Schemes

Rates | The CFL Scheme | The YMA Scheme | Optimal Rate
Ry 1 - M - +M

Ry N—-NM N — WUy N-NM

Table 4.4: Rates achieved for D; and Dy when 0 < M < %

tradeoff for the demand set D;. Similarly, the YMA scheme meets the optimal rate memory tradeoff
for the demand set D1, but does not meet the optimal rate memory tradeoff for the demand set
Dy . This leads us to the question as to whether there exist a universal scheme that is simultaneously
optimal for both the demands sets. To answer this we obtain a new lower bound that jointly constrains
the rates achievable for these demand sets.

Consider a demand d, € D), where p < (N — 1) distinct files are requested. Without loss of
generality, we assume that in demand d,,, the first p users are requesting for files {W1y,...,W,}. In
response to this demand d,, the server broadcasts a packet Xg, of size R),. Now consider demands b; €

Dy as shown below, where the user ¢ requests the file Wy . In response to the demand b;, the server

Demand U1 Ug coo Ui Ui+1 000 UN UN+1 d.. UK
bz' WN—i-‘,—l WN_i+2 000 WN W1 Cen WN—i W1 . W1

broadcasts a packet Xj, of size Ry. We use the notation Zj, to represent the set {Z1 ..., Zn}\ {Zk},

where k € [N]. The following lemma is easy to obtain:

Lemma 17. For the (N, K) cache network, all coded caching schemes satisfy the constraint
HWys Zipp) + HWiy 1) Zier1s X)) 2 HWing) + H(W)s Zipp 1))

where k+1<p < N.

Proof. We have,

HWyp, Zigne) + HWin-1gs Zkr1, Xy y)

:H(W[p]v ZLp}\[k—‘,—l]a Zk+1) + H(W[N_l], Zk+1, ka+1)

(a) _
> HWn-1) Wi}y Zk+1, Zipp\[k+1)> Zh+1> Xbgyr) + HWipps Zpp\k+1))

(b)
:H(W[N_l}, W, Z[N]a ka+1) + H(W[P}’ Z[P]\[k+1})
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4. Pareto Optial Schemes in Coded Caching

(c)
=HWn)) + HWp, Zp)\ k+1))

where

(a) follows from submodularity of entropy,

(b) follows 1' and the definition of demand b;,

(c) follows from 1)

Now we have the following result:

Theorem 12. For the (N, K) cache network with cache size M, achievable rates Ry and Ry, where

1 <p< N —1, satisfy the constraint
pNM +pRy + R, Zp(N—i— 1)
Proof. We have:

pNM + Ry+pRn = pM + R, + p(N —1)M + pRy

p p
>H(Zy) + H(Xq,) + > H(Z;) + > H(Xy,)
i=1 i=1
(a) P il
>H(Zy), Xa,) + > H(Zi, Xs,)
=1
®) - -
:H(W[p]’ Z[p]’ Xdp) + Z H(W[Nfl]a Zia Xbl)
=1
JR— p el
>H (Wi, Zi)) + HWin_1), Z1, Xp,) + > HWin_1), Zi, Xp,)
1=2
© _ v _
>H(Win) + HWyy, Zippqay) + HWin_1), Z2, Xu,) + Y HWin_1), Zi, Xs,)
=3
© _ v _
>2H(Win)) + HW), Zppe) + HWin_1), Zs, X,) + Y H(Win_1], Zi, Xp,)
=4

(d)
> (p)HWiny) + HWp), Zpph )

=pH(Wn)) + H(W},)) = p(N + 1)
where
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follows from submodularity of entropy,

follows from || ,

)
)

c¢) follows from Lemma
)

follows from repeated use of Lemma
O

The optimal rate memory tradeoffs R} (M) and R} (M) and the joint rate constraint obtained above

are shown in Table Any scheme that is optimal for D; and achieves Ry = Rj(M) =1— %M must

Cache Size | Optimal Rate R{(M) | Optimal Rate R} (M) Constraint

0<M< 4 - M N—-NM NM+Ry+ Ry >N +1

Table 4.5: Optimal rate memory tradeoff for the (IV, K') cache network

satisfy the constraint NM + Ry + Ry > N + 1 and will necessarily have Ry (M) > N — va_lM >
N — NM = R} (M). Thus no scheme can be simultaneously optimal for both the demand sets. We

summarize as:

Theorem 13. For the (N, K) cache network, for M < %, there exist no universal caching scheme

which achieves the optimal rates for all the demand sets simultaneously.

4.4 Pareto Optimal schemes

In the previous section we saw that in the general setting where coding is permitted in the place-
ment phase and the delivery phase, universal codes that achieve the optimal rate memory tradeoff
for all the demand sets, simultaneously, do not exist. This leads us to investigate whether there exist
coded caching schemes that operate at the Pareto optimal frontier of the problem where any improve-
ment for one demand set has to necessarily come at the expense of another, as seen for the (2,2) cache

network. The notion of such Pareto optimal schemes is formalized in the following:

Definition 1. For the (N, K) cache network with cache size M F bits, a caching scheme X is said
to dominate another caching scheme X* if the scheme X achieves the same or better performance as
scheme X* for all demand sets and achieves strictly better performance for at least one demand set.

If no scheme dominates a particular scheme X, the scheme X is said to be Pareto optimal.
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4. Pareto Optial Schemes in Coded Caching

For the (2,2) cache network, it was seen that the CFL scheme is Pareto optimal for M < % The
performance of the CFL scheme for the (IV, K) cache network is summarized in Table where it
can be noted that the scheme is tight with respect to the joint constraint on the rates obtained in

Theorem Thus no scheme can have a smaller rate R, while being optimal for the demand set Dy

Cache Size R, Ry Constraint
0<M< £ P N—-NM | pNM +pRy + R, =p(N +1)

Table 4.6: Performance of the CFL scheme

and any attempt at improving the rate R, will necessarily involve a degradation of the performance

for rate Ry. We conclude that the CFL scheme is Pareto optimal.

Theorem 14. For the (N, K) cache network, for 0 < M < %, the CFL scheme is Pareto optimal.

4.5 The YMA scheme: (3,3) Cache Network

As noted in Theorem in the general setting where coding is permitted in the placement phase
and the delivery phase, the YMA scheme is Pareto optimal for the (2,2) cache network, for all cache
sizes. This result is particularly interesting as the placement phase for the YMA scheme is uncoded
and it is universal among such schemes. As a prelude to investigating the Pareto optimal nature of
the YMA scheme for (N, K) cache network, we consider the example of the (3,3) cache network in
this section. Here, users {Uj, U, Us} are connected to a server with files {A, B, C'}, each of size F
bits, and each user is equipped with a cache memory of size M F' bits, where M € [0, 3]. The network
has three sets of demands D1, Dy and D3 with rate Ry, Ro and Rj3, respectively. We derive a new set

of lower bounds that jointly constrain these rates for all coded caching schemes for the (3,3) network.
Lemma 18. For the (3,3) cache network with cache size M, achievable rates Ry, Ry and R3 must

satisfy the constraints:

Ro+ 3R +2M > 5, R3+3R1 +3M > 6
3Ry + 3R +3M > 8, 3R3 + 3R +3M > 8

2Re+ Ri +M >3,2R3+ R1 + M >3
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Proof. We have,

Ro +3R1 +2M > H(Zy) + H(X(a,4,4)) + H(X(B,c,c)) + H(Z2) + H(X(B,B,B)) + H(X(4,4,4))

(a)
> H(Z1, X(B,c,0) X(a,4,4)) + H(Z2, X(B,B,B), X(4,4,4))

(b)
= H(A, B, Z1, X(B,c,0)s X(a,4,4)) + H(A, B, Z2, X(B B,B)» X(4,4,4))

> H(Av Bv Zle(B,C,C)) + H(A7 B7 ZQ)

(a)
> H(A, B, Zy, Za, X(B,c,c)) + H(A, B)

Y H(A,B,C, 21, %5, X(p.o0y) + H(A, B)

“ H(A,B,C)+ H(A,B) =5

R3+3R1 +3M > H(Z1) + H(X(a,B,c)) + H(Z2) + H(X(4,4,4)) + H(Z3) + H(X(4,4,4))

+ H(X(B,B,B))

(a)
> H(Z1, X(a,B,c)) + H(Z2, X(a,4,4)) + H(Z3, X(a,4,4), X(B,B,B))

b
= H(A, Z1,Xa,B,c)) + H(A, Z2, X(a,4,4) + H(A, B, Z3, X(4,4,4), X(B,B,B))

—~
~

2 H(Av Zle(A7B,C)) + H(A7 ZQ) 0 H(A7 Bv Z3)

—
S
N

> H(A,Z1,Z2, Xa,B,c)) + H(A) + H(A, B, Z3)

b
= H(A, B, 71,72, X(a,B,c)) + H(A) + H(A, B, Z3)

—~
~

—

a

> H(A, B, Zy, 25, Z3, X(a,B,c)) + H(A) + H(A, B)

b
= H(A,B,C, 217227237X(A,B,C)) +H(A) + H(A7 B)

N

—
=

Y [H(A,B,C) + H(A) + H(A,B) = 6

—~
=

3Ry + 3Ry +3M > H(Z1) + H(X(a.4,0)) + H(X(Bcc)) + H(Z2) + H(X(4,4,0)) + H(X(B,B,B))

+ H(Z3) + H(X(a,4,4)) + H(X(5,B,B))

(a)

> H(Z1, X(aa,0), X(B0c)) + H(Z2, X(a,4,0), X(B,8,5)) + H(Z3, X(4,4,4), X(B,B,B))
b
Y H(4,B, 2, X,a0) XBoo)) +H(A, B, Z2, X(a,4,0), X(B,B,B))

+ H(A7 B7 Z37 X(A,A,A)? X(B,B,B))
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> H(A, B, Z1, X(aa,0) X(B,c,cy) + H(A, B, Z2, X(a.a,0)) + H(A, B, Z3)

(a)
> H(A, B, Z1, Za, X(a,a,c), X(B,c,0)) + H(A, B, X(a.4,0)) + H(A, B, Z3)

(a)
> H(A, B, Z\, Z2, X(a,ac), X(B,cc)) + H(A, B, Z3, X(a,a,c)) + H(A, B)

b
Y H(a,B,C, 2, Za, X(aa,0) XB,oo)) + H(A, B,C, Z3, X(a,4c)) + H(A, B)

Y 9H(A,B,C) + H(A,B) = 8

—

3R3+ 3R +3M > H(Z1) + H(Xa,B,c)) + H(X(B,ca)) + H(Z2) + H(X(4,8,0)) + H(X(B,B,B))

+ H(Z3) + H(X(4,4,4)) + H(X(B,B,B))

(a)
> H(Z1, X(a,B,c) X(B,C ) + H(Z2, X (4,B,c), X(B,B,B)) + H(Z3, X(4,4,4) X(B,B,B))

b
YA, B, 2, Xa,B,c)> X(B,c,4)) + H(A, B, Z2, X 4,8,c), X(B,B,B))

+ H(A7 Ba Z37 X(A,A,A)7X(B,B,B))

> H(A, B, Z1, X(a,B,c) X(B,c,a)) + H(A, B, Za, X(a,5,cy) + H(A, B, Z3)

(a)
> H(A,B,Z1,Z2,X(a,B,0)s X(B,c,a)) + H(A, B, X(a,B,c)) + H(A, B, Z3)

(a)
> H(A, B, Z1, Za, X(a,,0): X(B,C,4)) + H(A, B, Z3, X(4,5,0)) + H(A, B)

b
o H(A,B,C,Z1,Z2, X(a,B,c), X(B,c,a)) + H(A, B,C, Z3, X (4 B,cy) + H(A, B)

Y 9H(A,B,C) + H(A,B) = 8

2Ry + Ri + M > H(Z1) + H(X(a,4,0c)) + HX(B,c)) + H(X(0,00))

(a)
> H(Z1, X(a,a,0): X(B,0,0), X(C,00))

b
o H(A,B,C,Z1, X(a,a,0), X(B,C,0), X(C,0,0))

© H(A,B,C)=3

2R3+ R1+ M > H(Z1) + H(X(a,B,c)) + H(X(B,c,a) + H X c0))

(@)
> H(Z1,X(a,B,c), X(B,0,4): X(C,0,0))

b
U H(A,B,C, 71, Xa,B,c), X(B,c,A) X(C,0,0))
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—

[

“ H(A,B,C)=3

~

where

(a) follows from the submodularity property of entropy,
(b) follows from 1)
(¢c) follows from ||

O]

The rate memory tradeoff of the YMA scheme is summarized in Table [£.7] It can be noted that
the rates achieved by the YMA scheme is tight with respect to the lower bounds presented in Lemma

Thus even when coding is allowed in the placement phase no code can dominate the YMA scheme,

Cache Size | Ri(M) | Rao(M) | R3(M) Constraints
1

0<M<1 1—§M 2-M 3—2M Ro+ Ry +2M =5, R3+3R; +3M =6
1 5 2 5 2

1<M<L2 1—§M §_§M §—§M 3Ry +3R; +3M =8,3R3+ 3R +3M =8
1 1 1

2<M<3 1—§M 1—§M 1_§M 2Ro+Ri1+ M =3,2Rs+ R+ M =3

Table 4.7: Performance of the YMA scheme

i.e., it is operating at the Pareto optimal frontier of the (3,3) cache network. These observations leads

to the following result:

Theorem 15. For the (3,3) cache network, for 0 < M < 3, the YMA scheme is Pareto optimal.

4.6 The YMA scheme: (N, K) Cache Network

Let us consider the canonical (IV, K) cache network where users {Uj,...,Ux} are connected to a
server with files {W1,..., Wi}, each of size F' bits and each user is equipped with an isolated cache of
size M F bits. The network has N sets of demands D,, with rates R,(M) for 1 < p < N. We derive a
new set of lower bounds that jointly constrain these rates for all coded caching schemes. Three cache

regions are considered, namely 0 < M < £, (K —2) < M < £(K — 1) and (K —1) < M < N.
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4. Pareto Optial Schemes in Coded Caching

4.6.1 Casel:0< ML %

For 1 <i < N, consider the demands a; € D1, defined as

a; = (Wi, Wi, ..., W;, ;) (4.3)
Let A;, with |A;| =14, be defined as
Ai:{a’lv"'aai} (44)
We have
M+iRy > H(Z) + H(X4) > H(Z, X4,) (4.5)
Let ¢, € D), be defined as
cp = (WN_pr1, WN_pt2,...,Wn_1, WN, W, ..., W) (4.6)

where the first p users request distinct files {Wx_p11,..., Wn}.

Demand U Uy i | Upet [ Uy [Upsa | --- | Uk
Cp WN_p+1 WN—p+2 o d WN_1 WN WN 500 WN

Theorem 16. For the (N, K) cache network with cache size M, achievable rates Ry and R, must
satisfy the constraint

Rp—i—g(?N—p— )Ry +pM > §(2N—p+ 1)
where 2 < p < min(N, K).

Proof. We have,

p
Rp+§(2N—p— DRy +pM =Ry, + > (M+(N—-p+i—1)Ry)
i=1
(a) P
>H(Xc,) + ZH(ZiaXAN_p+i_1)
=1
®) -
=H(Xc,) + Z HWN_pyi-1), Zi» XAy _prii1)

=1
p
:H(ch) + H(W[N—p}7 Z17 XA]vfp) + Z H(W[N—p+i—1}7 Z’ia XAN7P+¢71)
=2
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4.6 The YMA scheme: (N, K) Cache Network

(¢) p
>HWN_p)s Z1, Xep Xay_,) + Z HWN—pti-1]» Zis XAn_pii1)
i—2
() £
=HWin_pi1], 21, Xe,, Xay_,) + Z HWN_pri-1), Zis XAn_pii_1)
i—2

p
>H(Win_pr1s Z1, Xe,) + > HWin_psi1), Zi)
1=2

=H(WN_pt1), Z1, Xe,) + HWn_py1), Z2) + Y HWin_pti—1)s Zi)

P
)+ > H(
i=3
() P
>HWn_py1) + HWiN_p11)s Z1, Z2, Xe,) + Z HWN_pri-1), Zi)
i=3

p
b
(:)H(W[pr—l-l]) + HWin_pra, 21, Z2, Xe,) + HWin_pras Z3) + Y HWin_prio1) Z:)

i=4

=HWn_p+1) + HWN_pta)s Zj2)s Xep) + HWin_pya), Z3) + ) HWin_pri-1), Zi)

ZH(W[N—p—i-l]) + H(W[N—p+2]) + H(W[N—p+2]7 Z[2]7 Z3, ch) H W[N—p+i—1]a Zz)

> H(

=4

(e P
+)H(

—1

2 V4
Z HWin—psi) + HWN—pss) Zgp Xe) + O HWin_pri1), Zi)

_ZH (N=p+i)) + HWin_1)) + HWn_1}, Z), Xe,)

p—
_ZH(W[N—p+Z])+H( (N 1]7Z[p] )
=1
(b) %
=Y HWin—piq) + HWiy, Zg, Xo,)
=1
(e) p p
S HWin_prg) = > (N—p+i)=502N —p+1)
=1 =1

(a) follows from 1)
follows from ||

follows from the submodularity property of entropy,

(b)
(¢)
(d) follows from repeated use of the submodularity property of entropy and ,
(e) follows from
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4. Pareto Optial Schemes in Coded Caching

When cache size M € [O, %], the rate achieved by YMA scheme for any demand d € D, (where
1 < p <min(N, K)) is given in Table The constraint of Theorem [16|is satisfied with an equality
by the scheme and any attempt at modifying the scheme to obtain better performance for R, would

entail a performance loss for R;. Thus for 0 < M < %, no scheme can dominate the YMA scheme.

Ri(M) R,(M) Constraint
1— LM | p—22tUr | pM 4+ R, +2(2N —p—1)Ry = 22N —p+1)

p
2
Table 4.8: Rate achieved by YMA scheme when M € [O, %]

4.6.2 Case IL: £(K —2) <M < £(K —1)

We begin by considering the case where K < N. Consider the demands g;, 1 <7 < K —1, defined

as below (and illustrated in Table :

Wi, Wi, oo, Wi ,WK_p+2,WK_p+3,...,WK, KKy, Kk forl1<i<K-p+1
—_——— —_———
first (K —p — i + 2) users last (¢ — 1) users
q; =
Wis Wigd, oo s Wk ke kg ke kg ek ok for K—p+2<i<K-1
\ last (¢ e 1) users

where *x can be any file such that g; € D). For 1 < ¢ < K, let us consider the sets of demands as

shown below:

Set Demands Number Files Requested by User U;
of Demands 1<i<K-p+1 K—-p+2<i<K-1
Q,; 91,92, 9K —; K—i |[Wy,..., Wk_p_it2, Wk_pi2,...,Wk_1 Wi,...,Wk_1
Bi |aK—p—it3, QK —p—itd,- -, OK—p+1 1—1 Wk—p—it3: Wk—p—itd,- - - Wk —pt1 [Wrk—p—it3 Wrk—p—ita,-- -, WK _pt1
A a1,02,...,0;—1 i—1 Wi, Wa, ..., Wiy Wi, Wa, ..., Wi
C QK 41,0K 42, -, AN N-K Wii1, Wk, WN Wri1, Wikyo,...,Wn
Note that
Ay=B1=Qg=¢ (4.7)
QiiNQ;= Qi (4.8)
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{1—=>3>1>1:'h} spuewsp jo 39s oY, :6'F I[qEL

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ M —=3p I=2p

X X X X X X X X X Ry =3 le\vm\S HLl\vm\S I+:=31p

X X X X X X X X M = e U jﬁs\vw\x =X =3Mp

X X X X X X X X 0o N.T.TT&IvN\»\P H.T.T__n&lvw\w\w .TTQWIME m+&|v~§ Nn.u&lvN\b\» NLT&\VNW

X X X X X X X X ce H+.s+&\v~\§ fw&\vm\s H\.TT&\N\S : N+&\v~\s Tr&\k\s 1+d—>1 p

X X X X X X X X e VI L e Y b VI =3 p =3 p d—>3p

X X X X X X X X €+d—>1 11 m+glv~\5 m+.slglv~\5 eelett=d=3 gpletr—d—=2] 14 gtr—d—31p

X X X X X X X X N+Q\M\S mi\&\v@& mi\a\x\S s mi\&\M\S miwawk\s gtr—d—31p

X X X MM AT N.T.mlalvwm\s H.T.mlalvwm\s ﬁIRIKN\S . H.T.NIK\S H.T.hlvw\s H.T.N.IK\S TT.@IK\S H+.mlv~>\§ 1+{=>p

. [A A A d— d—

S/ B /Y| L/ | S/ U e | W M ‘M ‘M ‘M ‘M °b
MMM (| SR ' i) i) P} i) M i) 'b
A 1=M |- jL.»D .mb H\«.»D N+R\v~b H+R\v~b &\Kb Tr.sb ’n =N 2N N puew(g
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4. Pareto Optial Schemes in Coded Caching

As |Q;| =K —i, |Bj|=]A;—1]=i—1and |C|= N — K, we have

M+ (K —i)R,+ (N — K +i—1)R, > H(Z) + H(Xq,) + H(Xp,) + H(X¢)
> H(Zi, X, Xp,, Xc) (4.9)
M+ (K —i)Ry+ (N —K+i—1)R > H(Z)+ H(Xq,) + H(X4,_,) + H(X¢)

> H(Zi,Xq,, Xa, 1, Xc) (4.10)

We have the following result:

Theorem 17. For the (N, K) cache network with cache size M, achievable rates Ry and R, must

satisfy the following constraint

KK -1 K@2N-K -1
K-, [KeNex 1)

R+ KM >KN -1

where K < N and 2 <p< N
Proof. We have

K(K -1)
2

K(@2N — K —1)
2

R, +

K—p+1

Ri+ KM

K
(M+ (K —i)Ry+(N-K+i—1)R)+ > (M+(K-i)Ry+(N-K+i-1)Ry)
=1 i —p+2

1=

K
> Y H(Zi,Xq,Xp,Xc)+ >, H(Zi,Xq,Xa_,,Xc)
i=1 1=K —p+2

K
= HWinpixy Zio X, X6, Xo) + Y HWinpxy Zin X, Xa,,» X©)
i=1 i=K—p+2
K
> H(Wnnkys Zi, X@,) + Z H(Wnnkys Zi Xq,)
1 i=K—p+2
K
=H(Winpxy 21, Xq,) + HWinp iy, 2o, Xq,) + D HWinp k3, Zi Xq,)
1=3
K
>H(Winpixy X)) + HWinpxys 22, X@,) + Y HWinp s Zin Xq,)
1=3
(© K
>HWnpnkys Z2: Xq,) + HWinpxy, X@,) + Z HWnp\(ky Zi» Xq,)
1=3
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K

(d)

=H(Winp (i} 22, Wi, X@,) + HWinp k1 X@,) + Y HWinp iy Zis X@,)
=3

K
©
=ZHWin)) + HWinpgxys Xo,) + HWinp iy Z3, X o) + Y HWinp k). Zis Xa,)

1=4
(©) K
>H(Win) + HWinp k3 Z3, X@,) + HWinp gy, Xo,) + ) HWinp k1, Zis Xq,)
1=4
(d) K
>H(Winy) + HWinp xy, Wies Zs, XQ,) + HWinp iy Xag) + > HWinpxy» Zin Xq,)
1=4
© K
>2H(Winy) + HWinp 3 Wi, Xo,) + HWin iy Za Xq,) + > HWinpxy Zir Xq,)
=5

—~

9
2 (K = VH(Win) + H(Winp(x) X oy )

=(K — 1)H(W[N]) +H(W[N]\{K}) =(K—-1)N+ N—-1=KN -1

where

(a) follows from |D 1j and (4.10)),

(b) follows from l'

(c) follows from the submodularity propert of entropy and ,

(d) follows from the fact that user U;;; requests the file Wi in qi_; € Q;
(e) follows from ,

(f) follows from repeated use of (¢), (d) and (e),

(g9) follows from 1}

O]

Now, we focus on the case where N < K. Consider the demands g;, for 1 <17 < K — 1, defined as

below (and illustrated in Table 4.10)):

WisWi, oo . ) Wi S WN_pi2, WN_pi3, -, W, *k, ok for1<i<N—-—p+1
—_— — —_——
first (K —p — i+ 2) users last (¢ — 1) users
q; = Wi, Wiy oo o ) Wi, Wi, Wiq, oo d s W ok oo k% for N—p4+2<i<N-1
_~ Ve
first (K — N) users last (¢ — 1) users
W1, WN—1, oo o W1, W k% ek ok ok for N<i<K-1
first (K — i) users last (¢ — 1) users

where x can be any file such that q; € D,,.
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= .~ .2 . .
{1 =3 >2>1:'b} spuewsp jo 108 oY, :0T'¥ PIqCL

* * * ¥ * * * * * * =N =Xp

X ¥ X ¥ ¥ X ¥ ¥ ¥ Npg =N =3 p
* x ¥ x x X ¥ X * =N p =N N p

X ¥ X ¥ ¥ ¥ X ¥ N =N =N Np

X X X X X X X RIS | TR ete=3 =3 4 ¢t+t—3p
X X X X X X Ny eH=> T+2=3 44 T+2=31 44 TH2=3 41 I+:=Xp
X X X X X | eI d =S = NT A | THHI=ST —NT g | etd—Np | TNy etd=N e+d=Npm ctd—Np
X X X X X s |TRHd=S = NT A | PN NT g etd=N | THI=N T+d—N T+d=N | T+d—Np
X X X X X PHA=M—NTAQ (T2 HE=D—NTy)| " A=NM =NM A=NM A=NpM d-Np
X X X X X etd—N p etd—N cr|ettmd=3 et —d=3 pp 1 lEHE=d =3 g | - - e leF2—d =0T 4y gter—d—>p
X X X X X etd=N etr=d=>3pq |- c|etr=d=3 ppletr—d=2] g |- c|Eti=d =3 gq] - - c|TFe—d=3 1q ctr—d=>Ip
X X Np s et A== SN | THE M ANy | T+ 44 =5 44 TH=M A | TR s =5 44 =5 41 T+=>1p
X Np | H+.I.v~|2,\§ . m.EIZ\S m.r&lZ\S M U M m 9\ 21 9]
N TN | FRNY erd=Nm M M M M M M M 'b

_ . c _ d— _ _
Eb T vwb ‘n z+d &b T+ Kb le .sb Tt+N Kb T+N vwb Nb ﬂb puewa(
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For K- N+1<:<K,let

Set Demands lNumber - Files Requested by User U; -
of Demands K-N+1<i<K-p+1 K—-p+2<i<K-1
91,42, - A _; K —i Wi,..., Wk —p—it2, WN—pt2,..., W1 WN—Ktis---s W1
E; |aK—p—i+3, K —p—itd,---, aN—p+1|N —K+i—1 Wgk_piv3, Wk_p—ita,..., WN-pt1 [Wk—p—it3, WKk—p—ita,..., WnN—p+1
Ay a1, az,..., AN— K41 N-K+i-1 Wi, Wa, ..., W rti1 Wi, Wa, ..., WK ktio1
For1<I< K- N, let
Set Demands Number of Demands | Files Requested by User U,
G, anNy---> 4K K-N-1+1 Wn_-1
SK—N+1 d15---5,4N-1 N -1 Wla"'va—l

Note that

Egx N1 =Sk=¢

G 1NG =Gy
Sit1N 8= 841

Gk-N=4qy

As |S;|=K —iand |E;| = |A;—1] =i — 1, we have

(4.11)
(4.12)
(4.13)

(4.14)

M + (K —i)Rp+ (N —K+i— 1)R1 > H(Zz) —i—H(XSi) +H(XE1) > H(Zi;XS“XEi) (4.15)

M+ (K —i)Ry+ (N =K +i—1)Ry > H(Z;)) + H(Xs,) + H(X 4, ,) > H(Z;, Xs,, X4, ,) (4.16)

The following lemma are easy to obtain:

Lemma 19. The demand sets Sx_n+1 and Gy , 1 <1 < K — N, satisfy

(IGI+N -1 Ry +(IGi) (N = DR + (|G| + 1) M = HWin_1}, Z1, X551, X @) + (|Gl) N

Proof. We have,

(1G+ N = 1) Ry + (1Gi) (N = DR+ (1Gi] + 1) M

:[M+ (N — 1)Rp} + |Gly[M+Rp] + |G| [(N— 2) Ry +R1}

:[M+ (N — 1)Rp] +GU[M + Ry + (N = 2)Ry] + |G| Ry
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(a)
> H(Z Xy nyn) + D |H(Z)+ H(Xy) + H(Xay )| +|GiH(Xay)
‘IJEGZ

)
ZH(ZbXSK—NJrl) + Z [H(Zl?quvXANfz)] +|Gi|H(Xay)
q]EGl

(©)
_H(W[N 1]7Zl7XSK N+1)+ Z |:H(W[N—1]’Zl7XqJ'7XAN72>:| +’G1‘H(XQN)

‘IjeGl
H(W[N—l]7Zl7XSK—N+1)+ Z [H(W[N—1]7Zl7Xq]')] +’GZ‘H(X¢IN)
QjeGl

(b)
>HWin_1), Zi, Xy _nin) T HWin_ay, 2, X)) + (|Gl = 1) HWin_1), Z1) + |Gi|H(Xay)

(b
>HWin-1), 21, X8 v Xe) t HWin-1, Z1) + (|Gi| — 1) HWn_1}, Z1) + |G| H(Xay)
=HWNn-1:Z1, Xsx_ni1:X6,) H|GIIHWN_1}, Z1) + |G| H(Xay)

®)
ZH(W[Nfl]? Zl7XSK_N+17XGl) + |Gl|H(W[N71}, Zl,XaN)

(C) (W[N 1]’Zl’XSK N+1’XGZ)+|G1’H(W[N]7ZI7 aN)

(:)H(W[N—1]7 Z1, X8 ni> Xay) + 1 GIHWn)) = HWin=_1), Zi, Xs1_ni1s X)) + | GIIN

(a) follows from (4.15)) and (4.11),

follows from the submodularity property of entropy,

(b)
(c) follows from (|1.8)),
(d)

d) follows from ([1.9)).
O
Lemma 20. The demand sets Sx_n+1 and G; , 1 <1 < K — N, satisfy
-N
> HWin-1,Zi, Xsg_ x> Xa) = (K =N = DN + HWin_1, X8y 1> Xay) (4.17)
=1

Proof. We have,

K—-N
Z H(W[N—l], Zl?XSK—N+17XGl) = H(W[N—l]v Zl?XSK—N+1’XG1) + H<W[N—1]a Za, XSK—N+17XG2)
=1

Z (Wiv-1) Zt; X5 _no1> X @)
=3

(@)
ZfI(VV[Nfl]) 2z, Za, XSK—N+17XG1) + H(W[Nfl]a XSK—N+17XG2)
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K—N
+ Z H(W[N—l]vzlaXSK,N+1aXGl)
=

(®)
:H(W[N—l]vWN7Z17Z2aXSK,N+1aXG1) + H(W[N_l],XSK7N+1,XGQ)

K—N
+ H(W[N71]7Zl7XSK_N+17XGZ)
=3

()
:H(W[N}) + H(W[Nfl]ﬂ XSK—N+17XGQ) 3 H(W[Nfl]a Z3, XSK—N+17XG3)
K—-N
+ H(W[N,]_],ZZ,XSK_N+1,XGZ)
=4

(a)

ZH(W[N}) + H(W[N—l]’ Z3, XSK—N+1’XG2) + H(W[N—l]aXSK,NHaXGg)
K—N
+ H(W[N—1]7Zl7XSK_N+17XGl)
=4

b
(:)H(W[N}) + H(W[Nfl]aWN7237XSK_N+17XG2) +H(W[N71]7XSK_N+17XG§;)

K—N
+ Z H(W[Nfl]azlaXSK_]\q_leGl)
=4

—

c)
ZQH(W[N]) + H(W[N—1]7XSK—N+17XG3) + H(W[Nfl]a Zy, XSK—N+17XG4)

K—-N
+ Z HWin-1), Zi, Xsx_nis X&)
=5

—~
V&

(K —-N— 1)H(W[N]) + H(W[N~1]7XSK_N+17XGK—N)

Q(K —~N—=1)N+HWn_1], Xsg_ni1> Xan)

—

where,

(a) follows from the submodularity property of entropy and (4.12

follows from the fact that user Uy requests the file Wy in qx_; € Gy,

(b)
(¢c) follows from EI),
(d)
()

follows from repeated use of (a), (b) and (c),

follows from (4.14)).

Lemma 21. The demand sets S;, K — N +1 <1< K, satisfy
K

HWin_1 Xsge_wy) + >, HWn_y, Zi,Xs,) > (N—=1)N + N -1
i=K—N+2
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4. Pareto Optial Schemes in Coded Caching

Proof. We have,

K

H(W[N71}7XSK_N+1) + Z H(W[Nfl]aziaXsi)
i=K—N-+2

K
:H(W[N71}7'XSK_N+1) +H(W[Nfl]azK—N+27XSK_N+2) + Z H(W[Nfl]vzlﬁXSi)
i=K—N+3
(@) i
ZH(W[NflbZK—N+27XSK_N+1)+H(W[N—1}7XSK_N+2)+ Z H(W[N71]7ZZ‘7XSZ')
i=K—N+3

K
(b)
:H(W[N}sz—N+27XSK_N+1)+H(W[N—l}1XSK_N+2)+ Z H(W[N—l];Zi-;XSi)

i=K—N+3
© ~
:H(W[N})+H<W[N—l]7XSK_N+2)+H(W[N—l}7ZK—N+3aXSK,N+3)+ Z H(W[N—l]aziaXSi)
i=K—N+4
(a K
>H(Winy) + HWin-1], ZK-N+3, XSx_np2) T HWinC1), Xsx_nis) + HWin_1), Zi, Xs,)
i=K—N+4

K
(b
:H(W[N})+H(W[N]7ZK—N+3’XSK7N+2)+H(W[N—1]7XSK,N+3)+ E H(W[N—l]azivXSi)
i=K—N+4

K
(22H(W[N]) +H(W[N—1]7XSK7N+3) +H(W[N—1]7ZK—M+4?XSK7N+4) + Z H(W[N—1}7Zi7XSi)
i=K—N+5
(4)
= (N = 1HWN)) + HWn-1, Xs)

QN = 1) HWn) + HWiy_q) = (N - 1)N + N — 1

where,

(a) follows from the submodularity property of entropy and (4.13

I

follows from the fact that user Ux_ 4 requests the file Wy in qy_ ;11 € Sxk—n4i1-1,

follows from EI),

(0)
(c)
(d) follows from repeated use of (a), (b) and (c),
(d)

follows from (4.11

We have the following result:

Theorem 18. For the (N, K) cache network with cache size M, achievable rates Ry and R, must

satisfy the following constraint

K(K —-1)
TH-2693_146102006
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4.6 The YMA scheme: (N, K) Cache Network

where K < N and 2 <p < N.

Proof. We have,

(N—l)((K—N)2+K)R1+(K—N)2+3K—NM

2 2

ES UG+ N =1 By + (Gil) (N = DR + (|Gl + 1) M

K—p+1
+ Y M+ (K—i)Ry+(N—-K+i—1)R)
i=K—N+1

K
+ Y (M+(K—i)Ry+(N—K+i—1)Ry)
i=K—p+2

bK N
>3 [(Gi+ N =) Ry + (1Gl) (N = DRy + (1Gi] + 1) M
1

—
=~

(2

K—p+1 K
+ Z H(Zi7XSivXCi) + Z H(Z’i7XSi7XAN—K+i—1)
i=K—N+1 i=K —p+2
> > [HWin-1,Zi Xoic_nin Xa) +1GIN| + 3" H(Z Xs,, Xo,)
=1 i=K—N+1
K
+ Z H(ZiaXSpXAN,K.H‘_l)
i=K—p+2
K- K—p+1
(4)
= [H(W[N_l],Zi,XSK7N+1,XGi)+’GZ‘N:| + Z H(W[N—l]azivXSmXCi)
=1 i=K—N+1
K
+ Z H(W[N—l]v ZivXSmXAN,KJﬂ;1)
i=K—p+2
K— K—p+1
> {H(W[Nq},Zz‘,XsK_NH,XGi) + !Gz\N} % Z H(Wn_1), Zi, Xs,)
=1 i=K—-N+1
K
+ Y HW-_1, Zi, Xs,)
i=K —p+2
K- K K-N
= |:H(W[N—1]7Zi?XSK—N+17XGi>:| + Z H(W[N—1]7Zi7XSi> + Z |G| N
i=1 i=K—N+1 i=1
(©) K
Z(K_N_1)N+H(W[N—l}aXSKfz\IH?XqN)+ Z H(W[N—l]aZi’XSi)
i=K—N+1
K—-N
+ > |GiIN
=1

TH-2693_146102006

81



4. Pareto Optial Schemes in Coded Caching

K
:H(W[N—1]7XSK7N+17X(1N)JrH(W[N—1]7ZK7N+17XSK7N+1)Jr Z H(W[N—l}vziaXSi)
i=K—N+2
K—N
+(K—N-1)N+ > |GiN
i=1
) K
ZH(W[N,”,ZK_N+1,XSK_N+1,XqN)+H(W[N,1},XSK_N+1)+ Z H(W[Nfl},Zi,XSi)
i=K—N+2

K—-N
+(K—N-1)N+ > |GiN
=1
©)
LHWiNg: Z-N41: XS nins Xan) + HWin_1), Xope_yir)
K K—N
+ > HW-1,%Z,Xs,)+ (K -N—-1)N+ > |GiN
i=K—N+2 i=1
(h) =
:H(W[N}) i H(W[N—1]7XSK7N+1) + Z H(W[N—l]azivXSi)
1=K—N+2
K—-N
+(K-N-1)N+ > |GiN
i=1
Q =
>SHWpn)+(N=)N+N-1+(K-N-1)N+ Y |GiN
=1
K—-N
=N+ (N-D)N+N-1+(K-N-1)N+ Y (K-N—-i+1)N
=1
(K-N)(K-N+1) o (KE=N)(K-N+1)

=(K —1)N+N -1

N

where,

(a) follows from ({A.4

follows from (4.11)), (4.16)), and (4.15)),

(b)

(¢) follows from lemma H

(d) follows from El),

(e) follows from Lemma

(f) follows from the submodularit property of entropy,

(g) follows from the fact that user Ux_ 41 requests the file Wy in gy,
)

follows from 1) ,

(i) follows from Lemma
O

When cache size M € [%(K —2), %(K —1)], the rate achieved by the YMA scheme for any demand
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d € D, (where 1 < p < min(N, K)) is given in Table (see Appendix [A.2). The constraint
of Theorem and Theorem are satisfied with an equality by the scheme and any attempt at
modifying the scheme to obtain better performance for R, would entail a performance loss for R;.

Thus for 0 < M < %, no scheme can dominate the YMA scheme.

Number ‘
of files Ry (M) Ry (M) Constraints
K(K-1 N-1)((K—N)?*+K K—N)2+3K—N
N<K [1-M (K2+K-2) (K+L)M (2 )Rp+( )( 5 ) )R1+( )2 M
- N | K(K-1) N(K-1)

— KN — 1 4 EIENH) iy

M | (K2+K-2) (K+1)M K(K-1 K(2N-K-1
K<N |1-% |"g@®&=1 ~ NE-T U R+ BERGESUR, 4 KM = KN - 1

Table 4.11: Rate achieved by YMA scheme when M € [N(KT_Q), w

4.6.3 CaseIIl: £(K -1) <M < N

Interestingly, for the cache size M € [%(K — 1), N|, the YMA scheme achieves optimal rates for
all the demand sets simultaneously. For the sake of completeness, we derive a memory rate constraint

involving the the rates R, and R;. First, let us consider the case where N < K.

Theorem 19. For the (N, K) cache network with case size M, achievable rates Ry and R, must
satisfy the following constraint

M-l-(N—l)Rp-l-RlZN
where N < K and 2 < p < N.

Proof. We have,

(a)
M+ (N =R, + Ry > H(Z)) + H(Xs,_y,,) + H(Xay)

(b
ZH(Z].vXSK—N—l) + H(XGN)

(QH(W[N,”, Zla ‘XSK—N—I) + H(XaN)

(b)
ZH(W[N—I]vZlaXSK,N,anN)
(4)

:H(W[N]a ZlaXSK,N,leaN)

DHWp) =N
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where,

(a) follows from the definitions of S; and a;,

follows from the submodularity property of entropy,

follows from the fact that user U; requests the file Wy in demand ay,

follows from () .

Now consider the case K < N.

(b)
(c) follows from the fact that in demand set Sk _ 41 user U; requests files W[N_l],
(d)
(€)

Theorem 20. For the (N, K) cache network with case size M, achievable rates Ry and R, must

satisfy the following constraint
M+(N-1)R,+(N-K+1)Ri >N

where K < N and 2 <p< K.

Proof. We have,

M4+ (N = )Ryt (N~ K + )Ry SH(Z) +H(Xq,) +H(Xc) + H(Xa)
gH(zl,qu) + H(Xc)+ H(Xay)
OH W1, 21, Xq,) + H(X0) + H(Xay)
(QH(W[K_”, Z1,Xq,. Xc)+ H(Xa,)
D HWiny 13> Z1, X @y, X6) + H(Xay)
(gH(W[N}\{K},Z1,XQ1,XCaXaK)
@H(W[N}\{K},WKaZlaXQ17XC’XaK)

()
>H(Win) =N

where,
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a

follows from the definitions of @, C, and a; 1D

b) follows from the submodularity property of entropy,

d
f

follows from the fact that in demand set C user Uj requests files {Wg 11, Wgio,...,Wn},

follows from || .

When cache size M € [%(K — 1), N|, the rate achieved by YMA scheme for any demand d € D,

(a)
(b)
(c) follows from the fact that in demand set @, user U; requests files Wig_y),
(d)
(f)

O]

(where 1 < p < min(N, K)) is given in Table The constraint of Theorem [19 and Theorem [20] are
satisfied with an equality by the scheme and any attempt at modifying the scheme to obtain better
performance for 7, would entail a performance loss for R;. Thus for %(K —1) < M < N, no scheme

can dominate the YMA scheme.

Number :
of files Ry Constraints
N<K [1-% M+ (N—1)Ry+Ry =N

K<N 1-¥%M+(N-1)R,+(N-K+1)Ri =N

Table 4.12: Rate achieved by YMA scheme when M € [w, N ]

The consequence of Theorems [16H20] for the YMA scheme is summarized in the following result:

Theorem 21. For the (N, K) cache network, the YMA scheme is Pareto optimal when M € [O, %}
and M € [%(K - 2),N]

4.7 Conclusions

In this chapter we introduce new kind of lower bounds which jointly constrain the rates achievable
by the different demand sets. These lower bounds give us a better insight into how the performance for
one demand set affects the performance for the other demand sets. We use such bounds to demonstrate
that there is no universal scheme when coding is permitted in both the placement and the delivery
phase. They are also used to demonstrate that the CFL scheme operates at the Pareto optimal frontier
when N < K and 0 < M < % In a similar fashion, the YMA scheme was shown to be Pareto optimal

when 0 < M < & and (K -2) <M < N.
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5. Summary and Future Work

5.1 Summary of The Thesis

In this thesis, we studied different aspects of optimality in coded caching. We noted that the
optimal rate memory tradeoff for the demand set Dy was known for small caches where 0 < M < %
and large caches where %(K —1) < M < N. New lower bounds and a new coded caching scheme

were presented which characterized the optimal rate memory tradeoff for small caches where 0 < M <

% + W—U and for large caches where %(K —-1)— % < M < N. These results are summarized
in Figure 5.1}

—fll— Optimal Rate Memory Tradeoff from ,,
=—de— New Optimal Rate Memory Tradeoff when 1 < N < (%]

(% Nu;;il)) A New Optimal Rate Memory Tradeoff when [%1 <N<K

N  NE-1-1
(K(Nfl)’ ol

Rate Ry

(0 -1~ lity) - w4)

Cache size M

Figure 5.1: Optimal rate memory tradeoff for the (N, K) cache network

We then studied the problem of coded caching from a multi-objective perspective and derived new
lower bounds that jointly constrained the achievable rates for the demand sets D, 1 < p < min{N, K'}.
These bounds were used to argue that universal schemes do not exist for the general problem of coded
caching and to motivate the study of Pareto optimal schemes. We considered the CFL scheme when
M € [O, %] and the YMA scheme when M € [O, %] U [%(K — 2),N] and demonstrated that they

operate on the Pareto optimal frontier of the problem of coded caching.
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5.2 Future Scope

5.2 Future Scope

The main contributions of the thesis is in extending the characterization of the optimal rate memory
tradeoff for the demand set Dy and the demonstration of the Pareto optimal nature of the CFL and

YMA scheme. The following problems are worth investigating in light of these presented results:

e Demand Set D py: The optimal rate memory tradeoff for this demand set is still not known when
M e % + m, %(K —1)— % . Can a characterization be obtained by extending the

techniques presented in this thesis?

e Demand Set D,: The optimal rate memory tradeoff for the demand set D), 1 < p < N has
received much less attention in past work. Can results similar to the ones obtained in this thesis

be arrived at using similar techniques ?

e The YMA Scheme: The Pareto optimality of the YMA scheme was demonstrated in this thesis
when M € [0, %] U [%(K —2),N]. Can this result be extended to when M € [%, %(K -2)]
using similar techniqies?

e The CFL scheme which is known to be optimal for the demand set Dy, was also shown to be
Pareto optimal in this thesis. In this context it is natural to ask whether the scheme proposed
by Goémez-Vilardebd, which in this thesis was shown to be optimal for the demand set Dy, is

a Pareto optimal scheme? Similarly, is the scheme we proposed in Chapter 3 (and shown to be

optimal for the demand set D) Pareto optimal?

e Can the study of Pareto optimal schemes be extended to further variations of the problem of

coded caching and other index coding problems?
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A. Appendix

A.1 Regarding the Proof of Theorem 18

For 1 <i < K — N, consider the set G;, such that |G;| = K — N — i+ 1. We have the following

results:
K—N K K—-N K
((N—1)+|Gi]>+ S (K -i)= ((N—1)+K—N—i+l)+ S (K i)
=1 i=K—N+1 =1 i=K—N+1
- . KK -1)
:;(K —i) = 5 (A1)
K—-N K K—-N K
SNIN-DIG+ Y (N-K+i-1)=Y (N-1)(K-N-i+1)+ Y (N-K+i—1)
=1 i=K—N+1 =1 i=K—N+1
 (N-1)(K-N)(K-N+1) NN -1)
A 2 + 2
_(N-1)((K - N)’> + K) (A2)
2

K—-N
> (G| +1)+ Z 1_2 K-N—-i+1+1)+ Z 1
=1

K-N+1 K—N+1
:(K N)(IZ{ N+3)
:(K—N)22+3K—N (A.3)
Now using (A.1)), (A.2)) and (A.3]) we have,
K—N
>° (G +N DR, + (G (N = DR + (Gl + 1) M
- K—p+1
+ > (M+(K—i)Ry+ (N—K+i—1)R)
i=K—N+1
K
+ Y (M+(K—i)Ry+ (N - K +i—1)Ry)
i=K—p+2
K—N K K—N K
= > (W=-n+ia)+ > Ry+ | Y (N-1lGi+ Y (N-KE+i-1|R
i=1 i=K—N+1 i=1 i=K—N+1
K—N K
+> (G +n+ > 1| M
=1 K—N+1
_ _ 2 _
:K(K2 1)Rp+{(N (e 5 N)* + )]Rl—k{(K ) 2+3K N}M (A.4)
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A.2 Regarding Constraints in Table

In this section we give details of constraints presented in Table The rates achieved by the

YMA scheme for the (N, K) cache network when cache size M € [%(K —2), %(K —1)] are:

1

(K°+K-2) (K+1)

Kk-1 NE-)M (4.6)

Boi=

where 2 < p < min{N, K}. Thus we have,

KK -1 K2N - K -1
LSS TP

)R1+KM:

KK-1) ((K?+K-2) (K+1)
; al )

K(K—-1) N(K-1)

K@2N - K —1) 1
1——M)+KM
+ . ( . )+
_((K*+K-2) K(K+1) K(2N—K—1) K@2N - K —1)
_< 5 e M) + oI, M) +KM
2 _ _ i _
(K + K 2)+ (2N — K 1) A x— K+1 _ K@2N-K-1) v
2 2N
2 o _ _
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2 2N
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= + K- M
2 2N
INK —2
K_ZNK v
2 2N
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We also have,
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