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Abstract

The idea of coded caching for content distribution networks was introduced by Maddah-Ali

and Niesen, who considered an (N,K) cache network in which a server with N files, each

of size F bits, is connected via a shared link with K users, each equipped with an isolated

cache of size MF bits. The network operates in two phases. In the first phase of coded

caching, called the placement phase, the server fills the users caches with functions of its

files, without any knowledge of the files that will be required by each user. In the second

phase, called the delivery phase, after knowing the demands of all the users, the server

broadcasts a set of packets over the shared link. Each user recovers the file it has requested

from the broadcast packets, aided by its cache contents. The problem of coded caching is

to determine how to fill each user’s cache in the placement phase so that the rate required

in the delivery phase is minimized.

Maddah-Ali and Niesen, in their seminal work, considered a collection of demands where

each file in the server is requested by at least one user. For this set of demands, they

introduced a caching scheme in which each user’s cache is filled with uncoded file fragments

and use multicast coding in the delivery phase. With the help of cut set arguments, they

showed that rate of the proposed scheme is within a multiplicative gap of 12 from the

optimal rate. Though, this gap was further reduced by proposing new schemes and deriving

tighter lower bounds, the optimal rate memory tradeoff for this situation was not known

except when M ≤ 1
K and M ≥ N

K (K − 1). For the case
⌈
K+1

2

⌉
≤ N ≤ K, we derive new

lower bounds and propose a new coded caching scheme which leads to a characterizations

of the optimal rate memory tradeoff when M ≤ 1
K + 1

K(N−1) and M ≥ N
K (K−1)− N−1

K(K−1) .

For the case 1 ≤ N ≤
⌈
K+1

2

⌉
, we derive new lower bounds which leads to a characterization

of the optimal rate memory tradeoff for M ≥ N
K (K − 2).

The problem of coded caching is fundamentally a multi-objective optimization problem

as noted by Tian, who initiated a study of the optimal rate memory tradeoff for each

TH-2693_146102006



demand type. Yu, Maddah-Ali and Avestimehr introduced a new scheme (referred to

as the YMA scheme in this thesis) and in a surprising result demonstrated that it was

simultaneously optimal for all demand types among caching schemes where the placement

phase is restricted to be uncoded. We investigate the possibility of such a universal scheme

in the general case where coding is also permitted in the placement phase. We derive new

lower bounds which characterize the constraints among different demand types and use

it to prove the non-existence of a universal scheme. Inspired by this result, we initiate a

study of Pareto optimal schemes in coded caching and establish the Pareto optimality of

the YMA scheme.
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1. Introduction

1.1 Introduction to Caching

Over the past three decades, we have witnessed an exponential growth in data traffic over the

internet which has lead to parts of the network being highly congested during peak hours and resources

being abundant during off-peak hours. To alleviate this problem, caching techniques place some

portions of files in the server in caches distributed across network during off-peak traffic time. When

the server receives requests for the files, it broadcasts a set of packets with which the users, aided by the

caches, can obtain their requested files. The first phase, where the server copies a portion of its contents

to the caches, is called the placement phase. The latter phase, where each user recovers its requested

file using the broadcast packets and cache contents, is called the delivery phase. A fundamental issue in

a caching problem is to decide what to place in each user’s cache during the placement phase and what

to broadcast such that the network experiences the least load during the delivery phase. There have

been several proposals for web caching [2–6] primarily based on the characteristics of users’ demands,

such as file popularity. These techniques mainly concentrate on what to store in the caches and not

how to deliver. During the delivery phase, the server transmits parts of the requested file, missing

from the caches available to each user. These traditional caching schemes fail to exploit the multicast

opportunities available in networks with multiple caches. Maddah-Ali and Niesen, in their seminal

work [7], introduced the notion of coded caching to exploit this opportunity and demonstrated that

coding indeed helps in reducing peak data traffic over uncoded caching schemes. In this thesis, we

undertake a study of coded caching schemes and present new schemes along with new lower bounds.

1.2 Motivation for Coded Caching

Consider a cache network where two users, U1 and U2, are connected to a server with two files, A

and B (each of size F bits), through a common shared error-free link as shown in Figure 1.1, where

each user Uk is equipped with an isolated cache Zk of size F bits. As the users’ future demands are

not known, the server splits both the files into two non-overlapping subfiles of size 1
2F bits, where

A1, A2 are the subfiles of the file A and B1, B2 are the subfiles of file B. One way to fill the caches is

to copy the same subfiles A1 and B1 into both the caches.

Z1 = A1, B1,

Z2 = A1, B1.

2
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1.2 Motivation for Coded Caching

B

Z1

U1

Z2

U2

AServer

Caches

Users

User 1 User 2

2 Files

F bits

F bits

Figure 1.1: The (2, 2) cache network

Consider the demand where user U1 requests file A and user U2 requests file B. Since U1 has the

subfile A1 in its cache Z1, the server needs to broadcast the subfile A2 to fulfill its request. Similarly,

since U2 has the subfile B1 in its cache Z2, the server needs to broadcast the subfile B2 to fulfill its

request. Thus, the server broadcasts two subfiles each of size 1
2F bits separately and the total load

experienced by the network corresponding to this demand is F bits. Another way to fill the caches is

to copy the subfiles A1 and B1 in Z1 and the subfiles A2 and B2 in Z2.

Z1 = A1, B1,

Z2 = A2, B2.

Again, consider the same demand where U1 requests file A and U2 requests file B. Since U1 has subfile

A1 in Z1, the server needs to broadcast the subfile A2 to fulfill its request. Similarly, since U2 has the

subfile B2 in Z2, the server needs to broadcast the subfile B1 to fulfill its request. If the two subfiles

each of size 1
2F bits are broadcast separately, the load experienced by the network corresponding to

this demand is F bits. Note that with this cache configuration, the subfile B1 is available to U1 from

its cache Z1 and the subfile A2 is available to U2 from its cache Z2. Thus, the server can broadcast a

coded packet A2 + B1 and U1 can decode A2 as it has B1 (from cache Z1) and U2 can decode B1 as

it has A2 (from cache Z2). As the size of the coded packet is only 1
2F bits, the load experienced by

the network is 1
2F bits. This example demonstrates that coding can indeed help in reducing the load

experienced by the network over uncoded caching schemes.

3
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1. Introduction

1.3 The Problem of Coded Caching

The problem of coded caching was introduced by Maddah-Ali and Niesen in [7] where they con-

sidered the canonical (N,K) cache network where K users {U1, . . . , UK} are connected to a server

with N files {W1, . . . ,WN} (each of size F bits) through a common shared error-free link. Each user

is equipped with an isolated cache of size MF bits, where M ∈ [0, N ], as shown in Figure 1.2. In the

W1 W2 . . . WN−1 WN

U1

Z1

U2

Z2

UK

ZK. . .

N Files

Server F bits

MF bitsCaches

Users

User 1 User 2 User K

Figure 1.2: The (N,K) cache network

first phase of a coded caching scheme, called the placement phase, the server copies some functions

of the files available to it into the caches, without any knowledge of the files that will be required by

each user in the future. Let the demands by the users be represented by a vector d = (Wd1 , . . . ,WdK ),

where Wdl is the file requested by user Ul. In the second phase, called the delivery phase, the server

broadcasts a set of packets Xd of size Rd (M)F bits in response to the demand d . Each user recovers

its required file from the broadcast packets aided by the contents of its isolated cache. The quantity

Rd (M)F is called the load experienced by the network, and the quantity Rd (M) is called the rate.

The design of a coded caching scheme involves deciding what to place in the cache attached to each

user during the placement phase and what to broadcast for each possible demand such that the shared

link experiences the minimum load during the delivery phase. Thus, a caching scheme consists of three

sets of functions, namely caching functions, broadcast functions, and recovery functions. The caching

functions map the server contents {W1, . . . ,WN} of size NF bits to each user’s cache contents, Zl, of

size MF bits:

αl(W1, . . . ,WK) = Zl (1.1)

The broadcast functions map the server contents to broadcast packets Xd of size Rd (M)F bits:

4
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1.3 The Problem of Coded Caching

βd (W1, . . . ,WK) = Xd (1.2)

The recovery functions extract the file requested by each user, Wdl , from the cache contents and the

received packets:

γl(Zl, Xd ) = Wdl (1.3)

Let D represent the set of all possible demands and let Dp denote the set of all demands that

request p distinct files. The corresponding rate is denoted by Rp(M), where

Rp(M) = max{Rd (M) | d ∈ Dp}. (1.4)

For the (N,K) cache network with cache size M , the memory rate pair (M,Rp) is said to be achievable

for the demands in Dp if there is a scheme with Rp(M) ≤ Rp. For a given cache size M , the smallest

Rp such that (M,Rp) is achievable is called the optimal rate memory tradeoff for the demand set Dp

and it is denoted by

R∗p(M) = min{Rp : (M,Rp) is achievable} (1.5)

For a scheme that achieves the memory rate pair (M,Rp), we have

H(Zl) ≤M (1.6)

H(Xd ) ≤ Rp (1.7)

H(Zl, Xd ) = H(Wdl , Zl, Xd ), (1.8)

H(W1, . . . ,WN , Zl, Xd ) = H(W1, . . . ,WN ), (1.9)

where (1.6) follows from the fact that the size of each cache is M , (1.7) follows from the fact that for

any demand in Dp the size of Xd is at most Rp(M) ≤ Rp, (1.8) follows from the fact that the file Wd l

can be computed from Xd and Zl by the user Ul, and (1.9) follows from the fact that Zl and Xd are

functions of files {W1, . . . ,WN}. From (1.6) and (1.7), we have

M +Rp ≥ H(Zl) +H(Xdp) ≥ H(Zl, Xdp) (1.10)

Throughout this thesis we use [L] to represent the set {1, 2, . . . , L}, Z[L] to represent the set {Z1, . . . , ZL}
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and W[L] to represent the set {W1,W2, . . . ,WL}.

1.4 Symmetric Schemes in Coded Caching

The canonical (N,K) cache network is inherently symmetric with all files being of the same size

F and all caches being of the same size MF . As the caches are filled in the placement phase without

knowing the users’ demands, it is natural to consider symmetric caching schemes. Tian [8], showed

that for any caching scheme, there exists a symmetric caching scheme that gives the same or better

performance. Thus, without loss of generality, we consider only symmetric schemes in this thesis and

use their properties repeatedly. Consider a demand d , where user Ul requires the file Wdl ,

d = (Wd1 , . . . ,WdK ) (1.11)

Let π(.) be a permutation operation defined over the user index set [K] and let π−1(.) be its inverse.

The demand πd , where user Uπ(l) requires the file Wdl is

πd = (Wdπ−1(1)
, . . . ,Wdπ−1(K)

). (1.12)

In response to the demand πd , the server broadcasts a set of packets Xπd . As shown in [8], for a

symmetric caching scheme, we have

H(Wdk , Zπ(k), Xπd ) = H(Wdk , Zk, Xd ) (1.13)

Consider another permutation operation φ(.), defined over the file index set [N ] and let φ−1(.) be its

inverse. The demand φd , where user Ul requires the file Wφ(dl) is

φd = (Wφ(d1), . . . ,Wφ(dK)) (1.14)

In response to the demand φd , the server broadcasts a set of packets Xφd . As shown in [8], for a

symmetric caching scheme, we have

H(Wφ(dk), Zk, Xφd ) = H(Wdk , Zk, Xd ) (1.15)

6
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1.5 Summary of Previous Results

1.5 Summary of Previous Results

Maddah-Ali and Niesen, in introducing the problem of coded caching [7], focused on the demand

set DN , where all files are requested by some user. They introduced a coded caching scheme with an

uncoded placement phase and a coded delivery phase. For M = N
K t, this scheme was shown to achieve

the rate

RtN =
K − t
1 + t

(1.16)

With the help of cut-set arguments, the authors showed that the rate achieved the scheme is within

a multiplicative gap of 12 from the optimal rate. Several ideas to improve this uncoded placement

scheme was pursued in [9–13] culminating in the modification proposed by Yu, Maddah-Ali, and

Avestimehr (referred to as the YMA scheme in this thesis). For M = N
K t, the YMA scheme achieves

the rate

RtN =

(
K
t+1

)
−
(
K−N
t+1

)(
K
t

) (1.17)

for the demand set DN . The rate achieved by the YMA scheme for the demand set Dp is

Rtp =

(
K
t+1

)
−
(
K−p
t+1

)(
K
t

) (1.18)

This rate achieved by the scheme was shown to be within a multiplicative gap of 2 from the optimal

rate. Yu et al. [13] also considered the problem of finding optimal schemes among uncoded placement

schemes. In a surprising result, it was shown that the YMA scheme is simultaneously optimal for all

the demand sets Dp, 1 ≤ p ≤ N , and is thus a universal scheme.

A coded placement strategy for the (2, 2) network was presented and shown to be optimal in [7].

This idea was generalized to the (N,K) network by Chen et al. [14] (referred to as the CFL scheme

in this thesis) and was shown to be optimal when M ≤ 1
K for the demand set DN . Several coded

placement schemes were presented in [15–20] to improve the rates achieved for the demand set DN .

In [18], Gómez-Vilardebó introduced a coded placement scheme for the (N,K) cache network with

cache size M = N
Kq , for q ∈ [N ], to achieve the rate

RqN = N − N(N + 1)

K(q + 1)
(1.19)

for the demand set DN . This scheme was shown to be optimal when N = K and M = 1
N−1 .
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1.6 Thesis Contributions

In Table 1.1, we summarise the rates achieved by different coding schemes presented in the literature.

Several attempts were presented in [8,21–26] to reduce the gap between the achievable and optimal

rates by deriving new lower bounds. Sengupta et al. [21] reduced the multiplicative gap to 11 which

was further reduced to 4.7 in [22,23] by Wang et al. Ghasemi et al. [25] proposed an algorithm based

on the submodularity property of entropy to derive a lower bound, which reduced the gap to 4. This

gap was again reduced to 2.315 by Wang et al. [24], and the current best result of 2 was achieved by

Yu et al. [26]. Tian showed in [8] that the scheme presented by Yu et al. [13] characterizes the optimal

rate memory tradeoff for the (N, 2) cache network with N ≥ 3. Yu et al. expanded this result to the

(N,K) cache network in [26], where K ≤ 5 and N ≥ 6.

Several variants of the problem of coded caching has been introduced to study decentralized cache

networks [27,28], cache network with non-uniform demands [29–31], hierarchical cache networks [32],

cache networks with multiple servers [33], coded caching with privacy [34], heterogeneous cache net-

works [35–41], networks with shared cache [42–45], cache network with asynchronous demands [46–48],

cache network with erasure broadcast channel [49, 50], cache network with secure delivery [51], cache

aided private information retrieval [52,53], cache aided D2D networks [54,55] and data shuffling prob-

lems with cache aided worker nodes [56–58].

1.6 Thesis Contributions

For the demand set DN , the optimal rate memory tradeoff was known when 0 ≤ M ≤ 1
K and

N
K (K − 1) ≤M ≤ N . In this context, the contributions of this thesis are as follows:

• We propose a new caching scheme to achieve the memory rate pair
((

N
K (K−1)− N−1

K(K−1)

)
, 1
K−1

)
.

• For
⌈
K+1

2

⌉
≤ N ≤ K, we derive a matching lower bound to obtain a characterization of the

optimal rate memory tradeoff when M ≥ N
K (K − 1)− N−1

K(K−1) .

• For
⌈
K+1

2

⌉
≤ N ≤ K, we derive a new lower bound matching the scheme proposed by Gómez-

Vilardebó [18] to obtain a characterization of the optimal rate memory tradeoff when M ≤
1
K + 1

K(N−1) .

• For 1 ≤ N ≤
⌈
K+1

2

⌉
, we derive a new lower bound to match the scheme proposed by Yu et

al. [13] to obtain a characterization of the optimal rate memory tradeoff when M ≥ N
K (K − 2).
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• For 1 ≤ N ≤
⌈
K+1

2

⌉
, we derive a new lower bound which improves upon previously known lower

bounds for M ≤ N
K .

We also investigate the multi-objective nature of the problem of coded caching. In this context, the

contributions of the thesis are as follows:

• We demonstrate that there is no universal scheme in the general setting where coding is allowed

in both the placement phase and the delivery phase and propose the study of Pareto optimal

schemes.

• We demonstrate that the scheme proposed by Chen et al. in [14] operate at the Pareto optimal

frontier for M ≤ 1
K .

• We demonstrate that the uncoded placement scheme proposed by Yu et al. is Pareto optimal

when M ∈
[
0, NK

]
∪
[
N
K (K − 2), N

]
.

1.7 Thesis Organization

The thesis is organized into chapters with the first chapter providing a brief introduction to the

problem of coded caching. The focus of the second chapter is on small caches and we derive new

lower bounds which demonstrate the optimality of the scheme proposed by Gómez-Vilardebó. Large

caches are studied in chapter 3 by deriving new lower bounds and by proposing a new caching scheme

that is shown to be optimal. In the fourth chapter, we prove that universal caching schemes do not

exist when coding is permitted in the placement phase. As a result we formulate the notion of Pareto

optimal schemes in coded caching and demonstrate the Pareto optimality of the schemes proposed

in [13] and [14]. In the final chapter, we note a few problems of interest for further investigations.
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2. Small Caches

2.1 Introduction

In this chapter, we consider the demands where each of the N files is required by at least one user

(and hence N ≤ K). The set of all such demands is denoted by DN and the corresponding rate is

denoted by RN (M), where

RN (M) = max{Rd (M) | d ∈ DN}. (2.1)

Maddah-Ali and Niesen in [7] proposed a coding scheme with an uncoded placement phase and a coded

delivery phase for the demands in DN and demonstrated using cut set arguments that the rate achieved

by the proposed scheme is within a multiplicative gap of 12 from the optimal rate. Several caching

schemes were proposed in [10, 13, 14, 17–20, 61, 62] to improve upon the rate achieved by the scheme

proposed in [7]. Despite several lower bounds on the achievable rates being proposed in [21,24–26,64],

the nature of the optimal rate memory tradeoff is still elusive, except for the (N, 2) cache network.

The schemes proposed in [7], [14] provide a characterization of the optimal rate memory tradeoff when

M ∈
[
0, 1

K

]
∪
[
N(K−1)

K , N
]
. For the special case of N = K, the scheme proposed in [18] provides a

characterization of the optimal rate memory tradeoff when M ∈
[

1
N ,

1
N(N−1)

]
. In a surprising result,

Yu et al. [13] showed the existence of a universal scheme among caching schemes with an uncoded

placement phase. These results are summarised in TABLE 2.1. In this chapter, we focus on small

caches where M ∈
[

1
K ,

N
K

]
and derive a set of new lower bounds for the demands in DN .

Caching Scheme Cache Size, (M) Rate Memory Tradeoff Condition

Chen et al. [14]
[
0, 1
K

]
R∗
N (M) = N −NM N ≤ K

Gómez-Vilardebó [18]
[

1
N
, 1
(N−1)

]
R∗
N (M) =

N2 − 1

N
− (N − 1)M K = N

Maddah-Ali

and Niesen [7]

[
N
K

(K − 1), N
]
, R∗

N (M) = 1− 1
N
M -

Yu et al. [13] [0, N ]

RN (M) = R(r) + (R(r)−R(r + 1))
(
r − N

K
M
)

where R(r) =
KCr+1−K−NCr+1

KCr

and r = KM
N

Optimal among

uncoded prefetching

schemes

This chapter
[

1
K
,
(

1
K

+ 1
K(N−1)

)]
R∗
N (M) =

KN − 1

K
− (N − 1)M

⌈
K+1

2

⌉
≤ N ≤ K

Table 2.1: Summary of previous work in coded caching

Rest of this chapter is organized as follows. In Section 3.2, we motivate our new bounds with the

help of two examples, the (3, 4) cache network and the (2, 4) cache network. We extend these lower

bounds for the (N,K) cache network, where N ≤ K, in Section 3.3. We compare the new lower
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2.2 Example Networks

bounds we derived with the lower bounds presented in the literature in Section 3.4, and we conclude

this chapter in Section 3.5.

2.2 Example Networks

In this section, we consider two examples to motivate the results we present in the paper. The

(3, 4) network is an example for the case
⌈
K+1

2

⌉
≤ N ≤ K and the (2, 4) network is an example for

the case 1 ≤ N ≤
⌈
K+1

2

⌉
.

2.2.1 Case I: The (3, 4) Cache Network

Here, users {U1, U2, U3, U4} are connected to a server with three files {A,B,C} (each of size F bits).

Each user Uk has a cache Zk of size MF bits. For a demand d , we have:

Lemma 1. For the (3, 4) cache network, achievable memory rate pairs (M,R3) must satisfy the

constraint

8M + 4R3 ≥ 11

Proof. We have,

8M + 4R3

(a)

≥ 2H(Z1) + 2H(Z2) +H(Z3) + 3H(Z4) + 2H(X(A,B,C,A)) +H(X(B,C,A,A)) +H(X(C,A,A,B))

(b)

≥H(Z1, Z2, X(A,B,C,A)) +H(Z2, Z4, X(A,B,C,A)) +H(Z1, Z4, X(B,C,A,A)) +H(Z3, Z4, X(C,A,A,B))

(c)
=H(A,B,Z1, Z2, X(A,B,C,A)) +H(A,B,Z2, Z4, X(A,B,C,A)) +H(A,B,Z1, Z4, X(B,C,A,A))

+H(A,B,Z3, Z4, X(C,A,A,B))

(b)

≥H(A,B,Z2, X(A,B,C,A)) +H(A,B,Z1, Z2, Z4, X(A,B,C,A)) +H(A,B,Z1, Z4, X(B,C,A,A))

+H(A,B,Z3, Z4, X(C,A,A,B))

≥H(A,B,Z1, Z2, Z4) +H(A,B,Z1, Z4, X(B,C,A,A)) +H(A,B,Z2, X(A,B,C,A))

+H(A,B,Z3, Z4, X(C,A,A,B))

(b)

≥H(A,B,Z1, Z2, Z4, X(B,C,A,A)) +H(A,B,Z1, Z4) +H(A,B,Z2, X(A,B,C,A))

+H(A,B,Z3, Z4, X(C,A,A,B))

(c)
=H(A,B,C,Z1, Z2, Z4, X(B,C,A,A)) +H(A,B,Z2, X(A,B,C,A)) +H(A,B,Z1, Z4)

+H(A,B,Z3, Z4, X(C,A,A,B))
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(d)
=H(A,B,C) +H(A,B,Z2, X(A,B,C,A)) +H(A,B,Z1, Z4) +H(A,B,Z3, Z4, X(C,A,A,B))

(b)

≥H(A,B,C) +H(A,B,Z2, X(A,B,C,A)) +H(A,B,Z4) +H(A,B,Z1, Z3, Z4, X(C,A,A,B))

(c)
=H(A,B,C) +H(A,B,Z2, X(A,B,C,A)) +H(A,B,Z4) +H(A,B,C,Z1, Z3, Z4, X(C,A,A,B))

(d)
=2H(A,B,C) +H(A,B,Z2, X(A,B,C,A)) +H(A,B,Z4)

≥2H(A,B,C) +H(A,B,X(A,B,C,A)) +H(A,B,Z4)

(e)
=2H(A,B,C) +H(A,B,X(A,A,B,C)) +H(A,B,Z4)

(b)

≥2H(A,B,C) +H(A,B) +H(A,B,Z4, X(A,A,B,C))

(c)
=2H(A,B,C) +H(A,B) +H(A,B,C,Z4, X(A,A,B,C))

(c)
=3H(A,B,C) +H(A,B) ≥ 11,

where

(a) follows from (1.7) and (1.6),

(b) follows from the submodularity property of entropy,

(c) follows from (1.8),

(d) follows from (1.9),

(e) follows from (1.13).

The above result improves upon the previous results from [7,18,21] and is summarised in TABLE

2.2 and Fig. 2.1.

Memory Rate [18] Lower Bound [7,21] New Lower Bound

1

4
≤M ≤ 3

8
11
4 − 2M R3 ≥ max

{
(3− 3M),

(
8
3 − 2M

)}
R3 ≥ 11

4 − 2M

Table 2.2: Rate memory tradeoff for the (3, 4) cache network

2.2.2 Case II: The (2, 4) Cache Network

Here, users {U1, U2, U3, U4} are connected to a server with files {A,B} (each of size F bits). Each

user Uk has cache Zk of size MF bits. For a demand d , we have:

Lemma 2. For the (2, 4) cache network, achievable memory rate pairs (M,R2) must satisfy the
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Figure 2.1: Rate memory tradeoff for the (3, 4) cache network

constraint

8M + 6R2 ≥ 11. (2.2)

Proof. We have,

8M + 6R2 ≥ 2H(Z1) +H(Z2) + 2H(Z3) + 3H(Z4) + 3H(X(A,B,A,A)) + 2H(X(B,A,A,A))

+H(X(A,A,B,A))

(a)

≥H(Z1, X(A,B,A,A)) +H(Z3, X(A,B,A,A)) +H(Z4, X(A,B,A,A)) +H(Z3, X(B,A,A,A))

+H(Z4, X(B,A,A,A)) +H(Z4, X(A,A,B,A)) +H(Z2) +H(Z1)

(b)
=H(A,Z1, X(A,B,A,A)) +H(A,Z3, X(A,B,A,A)) +H(A,Z4, X(A,B,A,A)) +H(A,Z3, X(B,A,A,A))

+H(A,Z4, X(B,A,A,A)) +H(A,Z4, X(A,A,B,A)) +H(Z2) +H(Z1)

(a)

≥H(A,Z1, Z3, Z4, X(A,B,A,A)) + 2H(A,X(A,B,A,A)) +H(A,Z3, Z4, X(B,A,A,A)) +H(A,X(B,A,A,A))

+H(A,Z4, X(A,A,B,A)) +H(Z2) +H(Z1)

(c)
=H(A,Z1, Z3, Z4, X(A,B,A,A)) +H(A,Z3, Z4, X(B,A,A,A)) +H(A,Z4, X(A,A,B,A)) +H(A,X(A,A,A,B))

+H(A,X(A,B,A,A)) +H(A,X(B,A,A,A)) +H(Z2) +H(Z1)

(a)

≥H(A,Z1, Z3, Z4, X(A,B,A,A)) +H(A,Z3, Z4, X(B,A,A,A)) +H(A,Z4, X(A,A,B,A)) +H(A,X(A,A,A,B))

+H(A,Z2, X(A,B,A,A)) +H(A,Z1, X(B,A,A,A))

(b)
=H(A,Z1, Z3, Z4, X(A,B,A,A)) +H(A,Z3, Z4, X(B,A,A,A)) +H(A,Z4, X(A,A,B,A)) +H(A,X(A,A,A,B))
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+H(A,B,Z2, X(A,B,A,A)) +H(A,B,Z1, X(B,A,A,A))

(d)
=H(A,Z1, Z3, Z4, X(A,B,A,A)) +H(A,Z3, Z4, X(B,A,A,A)) +H(A,Z4, X(A,A,B,A)) +H(A,X(A,A,A,B))

+ 2H(A,B)

(a)

≥H(A,Z1, Z3, Z4, X(A,B,A,A), X(B,A,A,A)) +H(A,Z3, Z4) +H(A,Z4, X(A,A,B,A)) +H(A,X(A,A,A,B))

+ 2H(A,B)

(b)
=H(A,B,Z1, Z3, Z4, X(A,B,A,A), X(B,A,A,A)) +H(A,Z3, Z4) +H(A,Z4, X(A,A,B,A))

+H(A,X(A,A,A,B)) + 2H(A,B)

(d)
=3H(A,B) +H(A,Z3, Z4) +H(A,Z4, X(A,A,B,A)) +H(A,X(A,A,A,B))

(a)

≥3H(A,B) +H(A,Z3, Z4, X(A,A,B,A)) +H(A,Z4) +H(A,X(A,A,A,B))

(b)
=3H(A,B) +H(A,B,Z3, Z4, X(A,A,B,A)) +H(A,Z4) +H(A,X(A,A,A,B))

(d)
=4H(A,B) +H(A,Z4) +H(A,X(A,A,A,B))

(a)

≥4H(A,B) +H(A,Z4, X(A,A,A,B)) +H(A)

(b)
=4H(A,B) +H(A,B,Z4, X(A,A,A,B)) +H(A)

(d)
=5H(A,B) +H(A) ≥ 11,

where

(a) follows from the submodularity property of entropy,

(b) follows from (1.8),

(c) follows from (1.13),

(d) follows from (1.9).

The above result improves upon the previous results from [7,18,21] and is summarised in TABLE

2.3 and Fig. 2.2.

Memory Rate [18] Lower Bound [7,21] New Lower Bound

1

4
≤M ≤ 1

2
32
18 −

10
9 M R2 ≥ 2− 2M R2 ≥ 11

6 −
4
3M

Table 2.3: Rate memory tradeoff for the (2, 4) cache network

Remark 1. It should be noted that, for the (2, 4) cache network, the bound 8M + 6R2 ≥ 11 is already
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Optimal Rate Memory Tradeoff [7, 14]
Known Achievable Rate [8]

Figure 2.2: Rate memory tradeoff for the (2, 4) cache network

mentioned in [8]. We present the proof above, which can be extended to the (N,K) cache network.

2.3 New Lower Bounds

In this section, we derive new lower bounds on the rate memory tradeoff for the (N,K) cache

network where N ≤ K and cache size M ∈
[

1
K ,

N
K

]
. The key ideas we employ are identities (1.8), (1.9)

and the properties of symmetric caching schemes stated in (1.13). As in Section II, we consider two

cases, namely
⌈
K+1

2

⌉
≤ N ≤ K and 1 ≤ N ≤

⌈
K+1

2

⌉
.

2.3.1 Case I:
⌈
K+1

2

⌉
≤ N ≤ K

Consider the demand

d1 = (W1,W2, . . . ,WN ,W1,W2, . . . ,WK−N ) (2.3)

Demands {d l : 2 ≤ l ≤ K}, are obtained from the demand d1 by cyclic left shifts as shown in TABLE

2.4. For the demand d l, let Xd l denote the set of packets broadcast by the server. Consider the user

index l defined as

l =


N + 1− l, for 1 ≤ l ≤ N

K +N + 1− l, for N + 1 ≤ l ≤ K
(2.4)

It can be noted that in demand d l, the user Ul requires the file WN . For S ⊆ {U1, . . . , UK}, let ZS

denote the cache contents of all the users in set S . The following lemma are easy to obtain:
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Users d1 . . . d i . . . dN dN+1 . . . dN+i . . . dK

Ai



U1 W1 . . . Wi . . . WN W1 . . . Wi . . . WK−N

U2 W2 . . . Wi+1 . . . W1 W2 . . . Wi+1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK−N−i+1 WK−N−i+1 . . . WK−N . . . WK−N−i WK−N−i+1 . . . WK−N . . . WK−N−i

C i



UK−N−i+2 WK−N−i+2 . . . WK−N+1 . . . WK−N−i+1 WK−N−i+2 . . . W1 . . . WK−N−i−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK−N WK−N . . . WK−N+i−1 . . . WK−N−1 WK−N . . . Wi−1 . . . WK−N−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UN−i WN−i . . . WN−1 . . . W2N−K−i−1 W2N−K−i . . . W2N−K−1 . . . WN−i−1

UN−i+1 WN−i+1 . . . WN . . . W2N−K−i W2N−K−i+1 . . . W2N−K . . . WN−i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UN WN . . . Wi−1 . . . W2N−K W2N−K+1 . . . W2N−K+i . . . WN−1

E



UN+1 W1 . . . Wi . . . W2N−K+1 W2N−K+2 . . . W2N−K+i+1 . . . WN

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK−i+1 WK−N−i+1 . . . WK−N . . . WN−i WN−i+1 . . . WN . . . WK−N−i

Bi


UK−i+2 WK−N−i+2 . . . W1 . . . WN−i+1 WN−i+2 . . . W1 . . . WK−N−i+1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK WK−N . . . Wi−1 . . . WN−1 WN . . . Wi−1 . . . WK−N−1

Table 2.4: The set of demands {d l : 1 ≤ l ≤ K}

Lemma 3. For S,T ⊂ {U1, . . . , UK} \ {Ul}, we have the identity

H(W[N−1], ZS, Zl) +H(W[N−1], ZT, Xdl) ≥ H(W[N−1], ZS∩T) +N,

Proof. We have,

H(W[N−1], ZS , Zl) +H(W[N−1], ZT , Xd l)
(a)

≥H(W[N−1], ZS∩T ) +H(W[N−1], ZS∪T , Zl, Xd l)

(b)
=H(W[N−1], ZS∩T ) +H(W[N−1],WN , ZS∪T , Zl, Xd l)

(c)
=H(W[N−1], ZS∩T ) +H(W[N ])

=H(W[N−1], ZS∩T ) +N

where

(a) follows from the submodularity property of entropy,

(b) follows from (1.8),

(c) follows from (1.9).
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Lemma 4. For a sequence of sets Si ⊂ {U1, . . . , UK} \ {Ui}, such that Si = Si+1 ∪ {Ui+1}, we have

H(W[N−1], ZSl) +

j∑
i=l+1

H(W[N−1], ZSi , Xdi) ≥(j − l)N +H(W[N−1], ZSj )

Proof. We have,

H(W[N−1], ZS l)+

j∑
i=l+1

H(W[N−1], ZS i , Xd i)

=H(W[N−1], ZS l) +H(W[N−1], ZS l+1
, Xd l+1

) +

j∑
i=l+2

H(W[N−1], ZS i , Xd i)

(a)
=
[
H(W[N−1], ZS l+1

, Zl+1) +H(W[N−1], ZS l+1
, Xd l+1

)
]

+

j∑
i=l+2

H(W[N−1], ZS i , Xd i)

(b)

≥N +
[
H(W[N−1], ZS l+1

) +H(W[N−1], ZS l+2
, Xd l+2

)
]

+

j∑
i=l+3

H(W[N−1], ZS i , Xd i)

(c)

≥2N +H(W[N−1], ZS l+2
) +H(W[N−1], ZS l+3

, Xd l+3
) +

j∑
i=l+4

H(W[N−1], ZS i , Xd i)

(d)

≥(j − l)N +H(W[N−1], ZSj )

where

(a) follows from definition of set S i,

(b) follows from Lemma 3 with S ∪ {Ul} = S l+1 and T = S l+2,

(c) follows from Lemma 3 with S ∪ {Ul} = S l+2 and T = S l+3,

(d) follows from repeated use of Lemma 3 with S ∪ {Ul} = S i and T = S i+1

for l + 3 ≤ i ≤ j.

In a similar fashion, for a sequence of sets T i ⊂ {U1, . . . , UK} \ {Ui}, such that T i+1 = T i ∪ {Ui}, we

can obtain

H(W[N−1], ZT j , Zj) +

j∑
i=l

H(W[N−1], ZT i , Xd i) ≥ (j − l + 1)N +H(W[N−1], ZT l
) (2.5)

For 1 ≤ i ≤ N , consider the sets of users as shown below:
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Set Users Number Files Requested in Demand d i
Ai U1, . . . , UN−i N − i Wi, . . . ,WN−1

B i UK+2−i, . . . , UK i− 1 W1, . . . ,Wi−1

C i UK+2−N−i, . . . , UN−i 2N −K − 1 WK−N+1, . . . ,WN−1

E UN+1, . . . , UK K −N W1, . . . ,WK−N

These sets are also indicated in TABLE 2.4. Note that

AN = B1 = CN = φ (2.6)

Ai+1 ∪ {Ui+1} = Ai (2.7)

B i ∪ {UN+i} = B i+1 (2.8)

BK−N ∪ {UK} = BK−N+1 = E (2.9)

Ai ∩C i = C i (2.10)

B i ∩E =


B i when 1 ≤ i ≤ K −N

E when K −N + 1 ≤ i ≤ N
(2.11)

It can be noted that in the demands d i and dN+i, the users in set B i are requesting for the same

set of files {W1, . . . ,Wi−1} (for 1 ≤ i ≤ N). Thus, from (1.13) we have

H(W[i−1], ZBi , Xd i) = H(W[i−1], ZBi , XdN+i
) (2.12)

Note that | Ai ∪B i |=| C i ∪E |= N − 1. Thus, we have

(N − 1)M +RN ≥ H(ZAi∪Bi) +H(Xd i) ≥ H(ZAi∪Bi , Xd i) (2.13)

Similarly,

(N − 1)M +RN ≥ H(ZC i∪E ) +H(Xd i) ≥ H(ZC i∪E , Xd i) (2.14)

Now, we have the following result:

Theorem 1. For the (N,K) cache network, when
⌈
K+1

2

⌉
≤ N ≤ K, achievable memory rate pairs
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(M,RN ) must satisfy the constraint

K(N − 1)M +KRN ≥ KN − 1.

Proof. We have,

K(N − 1)M +KRN =
K−N∑
i=1

[
(N − 1)M +RN + (N − 1)M +RN

]
+

N∑
i=K−N+1

[
(N − 1)M +RN

]
(a)

≥
K−N∑
i=1

[
H(ZAi∪Bi , Xd i) +H(ZC i∪E , Xd i)

]
+

N∑
i=K−N+1

H(ZAi∪Bi , Xd i)

(b)
=

K−N∑
i=1

[
H(W[N−1], ZAi∪Bi , Xd i) +H(W[N−1], ZC i∪E , Xd i)

]
+

N∑
i=K−N+1

H(W[N−1], ZAi∪Bi , Xd i)

(c)

≥
K−N∑
i=1

[
H(W[N−1], ZAi∪E , Xd i) +H(W[N−1], ZBi∪C i , Xd i)

]
+

N∑
i=K−N+1

H(W[N−1], ZAi∪Bi , Xd i)

≥

[
H(W[N−1], ZA1∪E ) +

K−N∑
i=2

H(W[N−1], ZAi∪E , Xd i)

]
+

N∑
i=K−N+1

H(W[N−1], ZAi∪Bi , Xd i)

+
K−N∑
i=1

H(W[N−1], ZBi∪C i , Xd i)

(d)

≥(K −N − 1)N +

[
H(W[N−1], ZAK−N∪E ) +

N∑
i=K−N+1

H(W[N−1], ZAi∪Bi , Xd i)

]

+
K−N∑
i=1

H(W[N−1], ZBi∪C i , Xd i)

(e)
=(K −N − 1)N +

[
H(W[N−1], ZAK−N∪BK−N+1

) +
N∑

i=K−N+1

H(W[N−1], ZAi∪Bi , Xd i)

]

+
K−N∑
i=1

H(W[N−1], ZBi∪C i , Xd i)

(f)

≥ (N − 1)N +H(W[N−1], ZAN∪BK−N+1
) +

K−N∑
i=1

H(W[N−1], ZBi∪C i , Xd i)

(g)
=(N − 1)N +H(W[N−1], ZBK−N+1

) +

K−N∑
i=1

H(W[N−1], ZBi∪C i , Xd i)
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≥(N − 1)N +H(W[N−1], ZBK−N+1
) +

K−N∑
i=1

H(W[N−1], ZBi , Xd i)

(h)
=(N − 1)N +

[
H(W[N−1], ZBK−N+1

) +
K−N∑
i=1

H(W[N−1], ZBi , XdN+i
)

]
(i)

≥(K − 1)N +H(W[N−1], ZB1)

(g)
=(K − 1)N +H(W[N−1]) ≥ KN − 1

where

(a) follows from (2.13) and (2.14),

(b) follows from (1.8) and definition of sets Ai, B i, C i and E ,

(c) follows from the submodularity property of entropy, and the facts that

Ai ∩C i = C i and B i ∩E = B i for 1 ≤ i ≤ K −N (refer (2.10) and (2.11)),

(d) follows from Lemma 4 with S i = Ai ∪E , l = 1, j = K −N and (2.7),

(e) follows from (2.9)

(f) follows from Lemma 4 with S i = Ai ∪B i, l = K −N , j = N and (2.7),

(g) follows from (2.6),

(h) follows from (2.12),

(i) follows from (2.5) with T i = B i, l = 1, j = K −N and (2.8).

2.3.2 Case II: 1 ≤ N ≤
⌈
K+1

2

⌉
Consider the demand

d1 = (W1,W2, . . . ,WN ,W1,W2, . . . ,WN−1,W1,W1, . . . ,W1) (2.15)

Demands {d l : 2 ≤ l ≤ K}, are obtained from the demand d1 by cyclic left shifts as shown in TABLE

2.5.

Consider the user index l defined as

l =


N + 1− l, for 1 ≤ l ≤ N

K +N + 1− l, for N + 1 ≤ l ≤ K
(2.16)

It can be noted that in demand d l, the user Ul requires the file WN . The following lemma is easy to
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Users d1 . . . d i . . . dN dN+1 . . . dN+i . . . d2N−1 d2N . . . dj . . . dK

J i


Ai


U1 W1 . . . Wi . . . WN W1 . . . Wi . . . WN−1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UN−i WN−i . . . WN−1 . . . WN−i−1 WN−i . . . WN−1 . . . W1 W1 . . . W1 . . . Wi−1

UN−i+1 WN−i+1 . . . WN . . . WN−i WN−i+1 . . . W1 . . . W1 W1 . . . W1 . . . WN−i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F i


UN+1 W1 . . . Wi . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . WN

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

U2N−i WN−i . . . WN−1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . WN−i−1

Gi



U2N−i+1 WN−i+1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . WN−i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK−j+2 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1

Sj


UK−j+3 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W2 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK+N−j+1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . WN . . . W1

Pj


UK+N−j+2 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK+2N−j W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . WN−1 . . . W1

Qj



UK+2N−j+1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK−i+1 W1 . . . W1 . . . WN−i WN−i+1 . . . WN . . . WN−i WN−i+1 . . . W1 . . . W1

Bi



UK−i+2 W1 . . . W1 . . . WN−i+1 WN−i+2 . . . W1 . . . WN−i+1 WN−i+2 . . . W1 . . . W1

K i


UK−i+3 W1 . . . W2 . . . WN−i+2 WN−i+3 . . . W2 . . . WN−i+2 WN−i+3 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

UK W1 . . . Wi−1 . . . WN−1 WN . . . Wi−1 . . . WN−2 WN−1 . . . W1 . . . W1

Table 2.5: Demand set {d l : 1 ≤ l ≤ K}

obtain.

Lemma 5. Let A,B,C ⊂ {U1, . . . , UK} be such that in demand dl, every user in B requests the file

W1 and users in C together request all the files in {W2, . . . ,WN}. We have

H(W[N−1], ZA, Xdl) +
∑
i∈B

H(Zi)+ | B | H(Xdl)+ | B | H(ZC) ≥ H(W[N−1], ZA∪B, Xdl)+ | B | N

Proof. We have,

H(W[N−1], ZA,Xd l) +
∑
i∈B

H(Zi)+ | B | H(Xd l)+ | B | H(ZC )

=H(W[N−1], ZA, Xd l) +
∑
i∈B

[
H(Zi) +H(Xd l)

]
+ | B | H(ZC )
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(a)

≥H(W[N−1], ZA, Xd l) +
∑
i∈B

H(Zi, Xd l)+ | B | H(ZC )

(b)
=H(W[N−1], ZA, Xd l) +

∑
i∈B

H(W1, Zi, Xd l)+ | B | H(ZC )

(a)

≥H(W[N−1], ZA, Xd l) +
[
H(W1, ZB , Xd l) + (| B | −1)H(W1, Xd l)

]
+ | B | H(ZC )

(a)

≥H(W[N−1], ZA∪B , Xd l) +H(W1, ZA∩B , Xd l) + (| B | −1)H(W1, Xd l)+ | B | H(ZC )

≥H(W[N−1], ZA∪B , Xd l)+ | B |
[
H(W1, Xd l) +H(ZC )

]
(a)

≥H(W[N−1], ZA∪B , Xd l)+ | B | H(W1, ZC , Xd l)

(c)
=H(W[N−1], ZA∪B , Xd l)+ | B | H(W[N ], ZC , Xd l)

(d)
=H(W[N−1], ZA∪B , Xd l)+ | B | H(W[N ])

≥H(W[N−1], ZA∪B , Xd l)+ | B | N

where

(a) follows form the submodularity property of entropy,

(b) follows from (1.8) and the definition of B ,

(c) follows from (1.8) and the definition of C ,

(d) follows from (1.9).

For 1 ≤ i ≤ N , consider the sets of users as shown below:

Set Users Number Files Requested in Demand d i
Ai U1, . . . , UN−i N − i Wi, . . . ,WN−1

B i UK−i+2, . . . , UK i− 1 W1 . . . ,Wi−1

F i UN+1, . . . , U2N−i N − i Wi, . . . ,WN−1

Gi U2N−i+1, . . . , UK−i+1 K − 2N + 1 W1

J i U1, . . . , UN−i+1 N − i+ 1 Wi . . . ,WN

K i UK−i+3 . . . UK i− 2 W2 . . . ,Wi−1

These sets are also indicated in TABLE 2.5. Let

I i =J i ∪K i (2.17)

Li =Ai ∪B i ∪ F i ∪Gi (2.18)
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Note that

AN = B1 = FN = K 1 = K 2 = φ (2.19)

Li+1 ∪ {Ui+1} = Li (2.20)

B i ∪ {UN+i} = B i+1 (2.21)

It can be noted that in the demands d i and dN+i, users in the set B i are requesting for the same set

of files {W1, . . . ,Wi−1} (for 1 ≤ i ≤ N). Thus, from (1.13) we have

H(W[i−1], ZBi , Xd i) = H(W[i−1], ZBi , XdN+i
) (2.22)

Note that | Ai ∪B i |=| B i ∪ F i |= N − 1. Thus, we have

(N − 1)M +RN ≥ H(ZAi∪Bi) +H(Xd i) ≥ H(ZAi∪Bi , Xd i) (2.23)

Similarly,

(N − 1)M +RN ≥ H(ZBi∪F i) +H(Xd i) ≥ H(ZBi∪F i , Xd i) (2.24)

We can now obtain the following lemma:

Lemma 6. The sets Bi and Li, defined as above, satisfy

(N2(K − 2N + 3)− 3N + 1)M + (N(K − 2N + 3)− 1)RN

≥H(W[N−1], ZLN ) +

N−1∑
i=1

H(W[N−1], ZBi , XdN+i
) +N((K − 2N + 2)N − 1)

Proof. We have,

(N2(K − 2N + 3)− 3N + 1)M + (N(K − 2N + 3)− 1)RN

=

[
N∑
i=1

[
(N − 1) + (K − 2N + 1) + (N − 1)(K − 2N + 1)

]
+

N−1∑
i=1

(N − 1)

]
M

+

[
N∑
i=1

(K − 2N + 2) +
N−1∑
i=1

1

]
RN
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2. Small Caches

=
N∑
i=1

[
(N − 1)M +RN + (K − 2N + 1)M + (K − 2N + 1)(RN + (N − 1)M)

]
+
N−1∑
i=1

[(N − 1)M +RN ]

(a)

≥
N∑
i=1

[
H(ZAi∪Bi , Xd i) +

∑
j∈Gi

H(Zj)+ | Gi | H(Xd i)+ | Gi | H(ZI i)

]
+

N−1∑
i=1

H(ZBi∪F i , Xd i)

(b)
=

N∑
i=1

[
H(W[N−1], ZAi∪Bi , Xd i) +

∑
j∈Gi

H(Zj)+ | Gi | H(Xd i)+ | Gi | H(ZI i)

]

+

N−1∑
i=1

H(W[N−1], ZBi∪F i , Xd i)

(c)

≥
N∑
i=1

[
H(W[N−1], ZAi∪Bi∪Gi , Xd i)+ | Gi | N

]
+

N−1∑
i=1

H(W[N−1], ZBi∪F i , Xd i)

=H(W[N−1], ZAN∪BN∪GN
, XdN ) +

N−1∑
i=1

[
H(W[N−1], ZAi∪Bi∪Gi , Xd i) +H(W[N−1], ZBi∪F i , Xd i)

]
+

N∑
i=1

| Gi | N

(d)

≥H(W[N−1], ZAN∪BN∪GN∪FN , XdN ) +

N−1∑
i=1

[
H(W[N−1], ZAi∪Bi∪Gi∪F i , Xd i) +H(W[N−1], ZBi , Xd i)

]
+ (K − 2N + 1)N2

(e)
=

N∑
i=1

H(W[N−1], ZLi , Xd i) +
N−1∑
i=1

H(W[N−1], ZBi , Xd i) + (K − 2N + 1)N2

≥

[
H(W[N−1], ZL1) +

N∑
i=2

H(W[N−1], ZLi , Xd i)

]
+
N−1∑
i=1

H(W[N−1], ZBi , Xd i) + (K − 2N + 1)N2

(f)

≥
[
(N − 1)N +H(W[N−1], ZLN )

]
+

N−1∑
i=1

H(W[N−1], ZBi , Xd i) + (K − 2N + 1)N2

(g)
=H(W[N−1], ZLN ) +

N−1∑
i=1

H(W[N−1], ZBi , XdN+i
) +N((K − 2N + 2)N − 1)

where

(a) follows from (2.23) and (2.24),

(b) follows from (1.8) and definition of set Ai, B i, and F i,

(c) follows from Lemma 5 with A = Ai ∪B i, B = Gi and C = I i,

(d) follows from (2.19) the submodularity property of entropy,

(e) follows from the definition of Li,
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(f) follows from Lemma 4 with S i = Li, l = 1, j = N and (2.20),

(g) follows from (2.22).

Now, for 2N ≤ j ≤ K, consider another sets of users as shown below:

Set Users Number Files Requested in Demand d j
P j UK+N+2−j , . . . , UK+2N−j N − 1 W1, . . . ,WN−1

Qj UK+2N+1−j , . . . , UK j − 2N W1

S j UK−j+3, . . . , UK+N−j+2 N − 1 W2, . . . ,WN

These sets are also indicated in TABLE 2.5. Let

T j = P j ∪Qj (2.25)

Note that

Q2N = S2N = φ (2.26)

T j+1 ∪ {Uj+1} = T j (2.27)

TK ∪ {UK} = LN (2.28)

BN−1 ∪ {U2N−1} = BN = T 2N (2.29)

Note that | P j |= N − 1. Thus, we have

(N − 1)M +RN ≥ H(ZPj ) +H(Xdj ) ≥ H(ZPj , Xdj ) (2.30)

The following lemma is easy to obtain:

Lemma 7. The set Tj, as defined above, satisfy

(K − 2N + 1)

2

[(
N(K − 2N + 2)− 2

)
M + (K − 2N + 2)RN

]
≥

K∑
j=2N

H(W[N−1], ZTj , Xdj )

+
(K − 2N + 1)(K − 2N)

2
N
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Proof. We have,

(K − 2N + 1)

2

[(
N(K − 2N + 2)− 2

)
M + (K − 2N + 2)RN

]
=

(K − 2N + 1)(N(K − 2N + 2)− 2)

2
M +

(K − 2N + 1)(K − 2N + 2)

2
RN

=
K∑

j=2N

(
N − 1 +N(j − 2N)

)
M +

K∑
j=2N

(j − 2N)RN

=
K∑

j=2N

[
((N − 1)M +RN ) + (j − 2N)M + (j − 2N)(RN + (N − 1)M)

]
(a)

≥
K∑

j=2N

H(ZPj , Xdj ) +
∑
l∈Qj

H(Zl)+ | Qj | H(Xdj )+ | Qj | H(ZSj )


(b)
=

K∑
j=2N

H(W[N−1], ZPj , Xdj ) +
∑
l∈Qj

H(Zl)+ | Qj | H(Xdj )+ | Qj | H(ZSj )


(c)

≥
K∑

j=2N

[
H(W[N−1], ZPj∪Qj

, Xdj )+ | Qj | N
]

(d)
=

K∑
j=2N

H(W[N−1], ZT j , Xdj ) +

K∑
j=2N

(j − 2N)N

=
K∑

j=2N

H(W[N−1], ZT j , Xdj ) +
(K − 2N + 1)(K − 2N)

2
N

where

(a) follows from (2.30) and the fact that Q2N = φ,

(b) follows from definition of sets P j , Qj and (1.8),

(c) follows from Lemma 5 with A = P j , B = Qj and C = S j ,

(d) follows from the definition of T j .

Using the above lemma, we can obtain the following result:

Theorem 2. For the (N,K) cache network, when 1 ≤ N <
⌈
K+1

2

⌉
, achievable memory rate pairs

(M,RN ) must satisfy the constraint

K(N(K + 3)− 2(N2 + 1))

2
M +

K(K + 3− 2N)

2
RN ≥

NK(K − 2N + 3)− 2

2
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Proof. We have,

K(N(K + 3)− 2(N2 + 1))

2
M +

K(K + 3− 2N)

2
RN

=
[
(N2(K − 2N + 3)− 3N + 1)M + (N(K − 2N + 3)− 1)RN

]
+

[
(K − 2N + 1)

2

((
N(K − 2N + 2)− 2

)
M + (K − 2N + 2)RN

)]
(a)

≥

[
H(W[N−1], ZLN ) +

N−1∑
i=1

H(W[N−1], ZBi , XdN+i
) +N((K − 2N + 2)N − 1)

]

+

 K∑
j=2N

H(W[N−1], ZT j , Xdj ) +
(K − 2N + 1)(K − 2N)

2
N


(b)
=

H(W[N−1], ZTK
, ZK) +

K∑
j=2N

H(W[N−1], ZT j , Xdj )

+

N−1∑
i=1

H(W[N−1], ZBi , Xd (N+i)
)

+
(K(K − 2N + 1) + 2N − 2)

2
N

(c)

≥
[
(K − 2N + 1)N +H(W[N−1], ZT2N

)
]

+

N−1∑
i=1

H(W[N−1], ZBi , Xd (N+i)
)

+
(K(K − 2N + 1) + 2N − 2)

2
N

(d)
=

[
H(W[N−1], ZBN−1

, Z2N−1) +

N−1∑
i=1

H(W[N−1], ZBi , Xd (N+i)
)

]
+

(K(K − 2N + 3)− 2N)

2
N

(e)

≥
[
(N − 1)N +H(W[N−1], ZB1)

]
+

(K(K − 2N + 3)− 2N)

2
N

(f)
= H(W[N−1]) +

(K(K − 2N + 3)− 2)

2
N

≥ NK(K − 2N + 3)− 2

2

where

(a) follows from Lemma 6 and Lemma 7,

(b) follows from (2.28),

(c) follows from (2.5) with T i = T j , l = 2N , j = K and (2.27),

(d) follows from (2.29),

(e) follows from (2.5) with T i = B i, l = 1, j = N − 1 and (2.21),

(f) follows from (2.19).
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2.4 Comparison with Previous Bounds

In [7], Maddah-Ali and Niesen derived a lower bound on achievable rates using cut set argu-

ments, which was further improved in [21, 24–26, 64]. A comparison between these lower bounds

and the new lower bounds in Section III, at cache size M =
(

1
K + 1

K(N−1)

)
, is given in TABLE

2.6. It can be noted that the new bounds improve upon the previous ones. For the (N,K) cache

Lower Bound Case I:
⌈
K+1

2

⌉
≤ N ≤ K Case II: 1 ≤ N ≤

⌈
K+1

2

⌉
Cut Set bound [7] N − N2

(N−1)K
N − N2

(N−1)K

Ghasemi &

Ramamoorthy [25]
N − N2

(N−1)K
N − N2

(N−1)K

Ajaykrishnan et al. [64] N − N2

(N−1)K
N − N2

(N−1)K

Wang et al. [24] N − N2

(N−1)K
N − N2

(N−1)K

Yu et al. [26] N − N2

(N−1)K
+ 1
K(N−1)

(
N −K + K

N

)
N − N2

(N−1)K

Sengupta et al. [21] N − N2

(N−1)K
+ 1
K(N−1)

(
N −K + K

N

)
N − N2

(N−1)K

New lower bound N − N2

(N−1)K
+ 1
K(N−1) N − N2

K(N−1)
+ 2
K(N−1)(K+3−2N)

Table 2.6: Comparison with previous lower bounds for M =
(

1
K + 1

K(N−1)

)

network, the scheme proposed by Gómez-Vilardebó in [18] achieves memory rate pairs (M,RGN ) =(
M,

KN − 1

K
− (N − 1)M

)
, for M ∈

[
1
K ,
(

1
K + 1

K(N−1)

) ]
. From Theorem 1, when

⌈
K+1

2

⌉
≤ N ≤ K,

we have that all achievable memory rate pairs satisfy the constraint

RN ≥
KN − 1

K
− (N − 1)M = RGN (M)

Thus we have:

Theorem 3. For the (N,K) cache network, when
⌈
K+1

2

⌉
≤ N ≤ K, the optimal rate memory tradeoff

is given by

R∗N (M) =
KN − 1

K
− (N − 1)M (2.31)

where M ∈
[

1
K ,
(

1
K + 1

K(N−1)

)]
.

Remark 2. In [18], with the help of the lower bounds derived in [21] and [26], Gómez-Vilardebó

showed that when K = N and M = 1
N−1 , his scheme is optimal. We extend his result to the case

where
⌈
K+1

2

⌉
≤ N ≤ K in Theorem 3.
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2.5 Conclusions

In this chapter, we considered the canonical (N,K) cache network where N ≤ K and M ∈
[
0, NK

]
.

We derived a new set of lower bounds on the achievable rate when each file in the server is requested

by at least one user. Using these lower bounds, we showed that when
⌈
K+1

2

⌉
≤ N ≤ K the scheme

proposed in [18] is optimal for M ∈
[

1
K ,
(

1
K + 1

K(N−1)

)]
. For the case 1 ≤ N ≤

⌈
K+1

2

⌉
, the new

lower bound was shown to improve upon the previous lower bounds, but a matching scheme is still

not known. The work presented forms another step in the attempt to find a characterization of the

optimal rate memory tradeoff for coded caching and is illustrated in Fig. 2.3.

Cache size M

R
at

e
R
N

1
K

N(K−1)
K

1
K + 1

K(N−1)

New Optimal Rate Memory Tradeoff

Optimal Rate Memory Tradeoff [7, 14]

Figure 2.3: Optimal rate memory tradeoff for the (N,K) cache network when
⌈
K+1

2

⌉
< N ≤ K
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3. Large Caches

3.1 Introduction

We continue our research into enhancing the characterisation of the optimal rate memory tradeoff

for the demand set DN in this chapter. The performance obtained by previous schemes is summarised

in TABLE 3.1. In this chapter, we focus on large caches where M ≥ N
K (K − 2). For the (N,K) cache

network where N ≤ K, we propose a new coding scheme and derive a set of new lower bounds for the

demands in DN , which extend characterization of the optimal rate memory tradeoff.

Caching Scheme Cache Size, (M) Rate Memory Tradeoff Condition

Chen et al. [14]
[
0, 1

K

]
R∗

N (M) = N − NM N ≤ K

Gómez-Vilardebó [18]
[

1
N , 1

(N−1)

]
R∗

N (M) =
N2 − 1

N
− (N − 1)M K = N

Maddah-Ali

and Niesen [7]

[
N
K (K − 1), N

]
, R∗

N (M) = 1 − 1
N M -

Yu et al. [13] [0, N ]
RN (M) = R(r) + (R(r) − R(r + 1))

(
r − N

K M
)

where R(r) =
KCr+1−K−NCr+1

KCr
and r = KM

N

Optimal among

uncoded prefetching

schemes

Vijith et al. [61], [62]
[
N − 1 − 1

N , N − 1
]

R∗
N (M) = N+1

N − 1
N−1M N = K

Chapter 3
[

1
K ,
(

1
K + 1

K(N−1)

)]
R∗

N (M) =
KN − 1

K
− (N − 1)M

⌈
K+1

2

⌉
≤ N ≤ K

This chapter

[(
N
K (K − 1) − N−1

K(K−1)

)
, N
K (K − 1)

]
R∗

N (M) =
(KN−1)
K(N−1)

− 1
(N−1)

M
⌈
K+1

2

⌉
≤ N ≤ K

[
N
K (K − 2), N

K (K − 1)
]

R∗
N (M) = K2+K−2

K(K−1)
− (K+1)

N(K−1)
M 1 ≤ N ≤

⌈
K+1

2

⌉
Table 3.1: Summary of previous work in coded caching

3.2 Example Networks

As a prelude to the results presented in Section 3.3 and 3.4, we consider two example networks.

3.2.1 Case I: The (3, 4) Cache Network

Here, users {U1, U2, U3, U4} are connected to a server with files {A,B,C} (each of size F bits). Each

user Uk has a cache Zk of size MF bits. We now describe a symmetric caching scheme for the case

M = 25
12 . During the placement phase, every file is split into 12 disjoint subfiles, each of size 1

12F bits.

The subfiles are:
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File Subfiles

A A12, A21, A13, A31, A14, A41, A23, A32, A24, A42, A34, A43

B B12, B21, B13, B31, B14, B41, B23, B32, B24, B42, B34, B43

C C12, C21, C13, C31, C14, C41, C23, C32, C24, C42, C34, C43

The server places 18 uncoded packets (stage 1) and 7 coded packets (stage 2) in each user’s cache as

shown in TABLE 3.2. Each of these packets are of size 1
12F bits and they together occupy 25

12F bits.

Cache Stage 1 Stage 2

Z1

A23 A24 A32 A34 A42 A43 A12 −A13 A12 −A14

B23 B24 B32 B34 B42 B43 B12 −B13 B12 −B14

C23 C24 C32 C34 C42 C43 C12 − C13 C12 − C14 A12 +B12 + C12

Z2

A13 A14 A31 A34 A41 A43 A23 −A24 A23 −A21

B13 B14 B31 B34 B41 B43 B23 −B24 B23 −B21

C13 C14 C31 C34 C41 C43 C23 − C24 C23 − C21 A23 +B23 + C23

Z3

A21 A24 A12 A14 A42 A41 A34 −A31 A34 −A32

B21 B24 B12 B14 B42 B41 B34 −B31 B34 −B32

C21 C24 C12 C14 C42 C41 C34 − C31 C34 − C32 A34 +B34 + C34

Z4

A23 A21 A32 A31 A12 A13 A41 −A42 A41 −A43

B23 B21 B32 B31 B12 B13 B41 −B42 B41 −B43

C23 C21 C32 C31 C12 C13 C41 − C42 C41 − C43 A41 +B41 + C41

Table 3.2: Cache contents placed in stage 1 and stage 2

To understand how the delivery phase works, consider a demand d = (P, P,Q,R) where P , Q and R

are distinct files in {A,B,C}. In response to this demand, the server broadcasts a set of packets

Xd =



Q13 +R14 − P 12

Q23 +R24 − P 21

R34 + 1
2P

31 + 1
2P

32

Q43 + 1
2P

41 + 1
2P

42


.

As Xd has four packets, of size 1
12F bits each, the load experienced by the shared link is R3F = 1

3F

bits and thus the rate is R3 = 1
3 .

Let us consider U1 to understand how the requested file is obtained from Xd and Z1. Note that

the user has subfiles P 23, P 32, P 24, P 42, P 34 and P 43 in Z1 and require subfiles P 12, P 21, P 13, P 31,

P 14 and P 41 to compute the requested file P . The user can compute subfiles P 21, P 31, P 41 and P 12
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by combining received packets and cached packets as shown below:

Received Packet Cached Packets Computed Subfile

Q23 +R24 − P 21 Q23, R24 P 21

R34 − 1
2P

31 − 1
2P

32 R34, P 32 P 31

Q43 − 1
2P

41 − 1
2P

42 Q43, P 42 P 41

Q13 +R14 − P 12 Q12 −Q13, R12 −R14, P 12 +Q12 +R12 P 12

Combining the subfile P 12 with cached packets P 12−P 13 and P 12−P 14, U1 obtains subfiles P 13 and

P 14. The other users can proceed in similar fashion. We summarise as:

Lemma 8. The memory rate pair
(

25
12 ,

1
3

)
is achievable by symmetric caching schemes for the (3, 4)

cache network.

The caching scheme proposed in [7] achieves the memory rate pair
(

9
4 ,

1
4

)
, and by memory sharing

between that scheme and the proposed scheme, we can achieve all memory rate pairs
(
M, 11

8 −
1
2M
)
,

where M ∈
[

25
12 ,

9
4

]
. We obtain a matching lower bound in the following lemma:

Lemma 9. For the (3, 4) cache network, achievable memory rate pairs (M,R3) must satisfy the

constraint

4M + 8R3 ≥ 11.

Proof. We have,

4M + 8R3

(a)

≥2H(Z1) +H(Z2) +H(Z3) + 2H(X(A,B,C,A)) + 2H(X(B,C,A,A)) + 3H(X(A,A,B,C))

+H(X(C,A,A,B))

(b)

≥H(Z1, X(A,B,C,A), X(B,C,A,A)) +H(Z1, X(B,C,A,A), X(A,A,B,C)) +H(Z2, X(A,B,C,A), X(A,A,B,C))

+H(Z3, X(C,A,A,B), X(A,A,B,C))

(c)
=H(A,B,Z1, X(A,B,C,A), X(B,C,A,A)) +H(A,B,Z1, X(B,C,A,A), X(A,A,B,C))

+H(A,B,Z2, X(A,B,C,A), X(A,A,B,C)) +H(A,B,Z3, X(C,A,A,B), X(A,A,B,C))

(b)

≥H(A,B,Z1, X(B,C,A,A)) +H(A,B,Z1, X(A,B,C,A), X(B,C,A,A), X(A,A,B,C))

+H(A,B,Z2, X(A,B,C,A), X(A,A,B,C)) +H(A,B,Z3, X(C,A,A,B), X(A,A,B,C))

≥H(A,B,X(A,B,C,A), X(B,C,A,A), X(A,A,B,C)) +H(A,B,Z2, X(A,B,C,A), X(A,A,B,C))

+H(A,B,Z3, X(C,A,A,B), X(A,A,B,C)) +H(A,B,Z1, X(B,C,A,A))
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(b)

≥H(A,B,Z2, X(A,B,C,A), X(B,C,A,A), X(A,A,B,C)) +H(A,B,X(A,B,C,A), X(A,A,B,C))

+H(A,B,Z3, X(C,A,A,B), X(A,A,B,C)) +H(A,B,Z1, X(B,C,A,A))

(c)
=H(A,B,C,Z2, X(A,B,C,A), X(B,C,A,A), X(A,A,B,C)) +H(A,B,X(A,B,C,A), X(A,A,B,C))

+H(A,B,Z3, X(C,A,A,B), X(A,A,B,C)) +H(A,B,Z1, X(B,C,A,A))

(d)
=H(A,B,C) +H(A,B,X(A,B,C,A), X(A,A,B,C)) +H(A,B,Z3, X(C,A,A,B), X(A,A,B,C))

+H(A,B,Z1, X(B,C,A,A))

(b)

≥H(A,B,C) +H(A,B,Z3, X(C,A,A,B), X(A,B,C,A), X(A,A,B,C)) +H(A,B,X(A,A,B,C))

+H(A,B,Z1, X(B,C,A,A))

(c)
=H(A,B,C) +H(A,B,C,Z3, X(C,A,A,B), X(A,B,C,A), X(A,A,B,C)) +H(A,B,X(A,A,B,C))

+H(A,B,Z1, X(B,C,A,A))

(d)
=2H(A,B,C) +H(A,B,X(A,A,B,C)) +H(A,B,Z1, X(B,C,A,A))

≥2H(A,B,C) +H(A,B,X(A,A,B,C)) +H(A,B,Z1)

(e)
=2H(A,B,C) +H(A,B,X(A,A,B,C)) +H(A,B,Z4)

(b)

≥H(A,B,Z4, X(A,A,B,C)) +H(A,B) + 2H(A,B,C)

(c)
=H(A,B,C,Z4, X(A,A,B,C)) +H(A,B) + 2H(A,B,C)

(d)
=H(A,B,C) +H(A,B) + 2H(A,B,C) ≥ 11

where

(a) follows from (1.6) and (1.7),

(b) follows from the submodularity property of entropy,

(c) follows from (1.8),

(d) follows from (1.9),

(e) follows from (1.13).

The above observations improve upon the previous results from [7,13] and is summarised in TABLE

3.3 and Fig. 3.1.
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Memory Rate [7, 13] Lower Bound [7,13] New Rate New Lower Bound

25

12
≤M ≤ 9

4

3

2
− 5

9
M R3 ≥ 1− 1

3
M

11

8
− 1

2
M R3 ≥

11

8
− 1

2
M

Table 3.3: Rate memory tradeoff for the (3, 4) cache network

0 1/4 3/4 6/4 9/4 3
0

1

2

3

Cache size M

R
at

e
R

3

(1
4 ,

9
4)

(9
4 ,

1
4)(25

12 ,
1
3)

New Optimal Rate Memory Tradeoff

Optimal Memory Rate Tradeoff [7, 13]

Figure 3.1: Optimal rate memory tradeoff for the (3, 4) cache network

3.2.2 Case II: The (2, 4) Cache Network

Here, users {U1, U2, U3, U4} are connected to a server with files {A,B} (each of size F bits). Each user

Uk has cache Zk of size MF bits. The caching scheme proposed in [13] can achieve all memory rate

pairs
(
M, 3

2 −
5
6M
)

, where M ∈
[
1, 3

2

]
. We obtain a matching lower bound in the following lemma:

Lemma 10. For the (2, 4) cache network, achievable memory rate pairs (M,R2) must satisfy the

constraint

5M + 6R2 ≥ 9.

Proof. We have,

5M+6R2

(a)

≥ 3H(Z1) + 2H(Z2) +H(Z4) + 3H(X(A,A,B,A)) + 2H(X(A,A,A,B)) +H(X(A,B,A,A))−H(Z1)

(b)

≥H(Z1, X(A,A,B,A)) +H(Z1, X(A,A,A,B)) +H(Z1, X(A,B,A,A)) +H(Z2, X(A,A,B,A)) +H(Z2, X(A,A,A,B))

+H(Z4, X(A,A,B,A))−H(Z1)

(c)
=H(A,Z1, X(A,A,B,A)) +H(A,Z1, X(A,A,A,B)) +H(A,Z1, X(A,B,A,A)) +H(A,Z2, X(A,A,B,A))

+H(A,Z2, X(A,A,A,B)) +H(A,Z4, X(A,A,B,A))−H(Z1)
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(b)

≥H(A,Z1, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) + 2H(A,Z1) +H(A,Z2, X(A,A,B,A), X(A,A,A,B))

+H(A,Z2) +H(A,Z4, X(A,A,B,A))−H(Z1)

(d)
=H(A,Z1, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) +H(A,Z2, X(A,A,B,A), X(A,A,A,B))

+H(A,Z4, X(A,A,B,A)) +H(A,Z2) +H(A,Z1) +H(B,Z1)−H(Z1)

(e)
=H(A,Z1, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) +H(A,Z2, X(A,A,B,A), X(A,A,A,B))

+H(A,Z4, X(A,A,B,A)) +H(A,Z3) +H(A,Z1) +H(B,Z1)−H(Z1)

(b)

≥H(A,Z1, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) +H(A,Z2, X(A,A,B,A), X(A,A,A,B))

+H(A,Z4, X(A,A,B,A)) +H(A,Z3) +H(A,B,Z1) +H(Z1)−H(Z1)

(f)
=H(A,Z1, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) +H(A,Z2, X(A,A,B,A), X(A,A,A,B))

+H(A,Z4, X(A,A,B,A)) +H(A,Z3) +H(A,B)

(b)

≥H(A,Z1, Z2, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) +H(A,X(A,A,B,A), X(A,A,A,B))

+H(A,Z4, X(A,A,B,A)) +H(A,Z3) +H(A,B)

(c)
=H(A,B,Z1, Z2, X(A,A,B,A), X(A,A,A,B), X(A,B,A,A)) +H(A,X(A,A,B,A), X(A,A,A,B))

+H(A,Z4, X(A,A,B,A)) +H(A,Z3) +H(A,B)

(f)
= 2H(A,B) +H(A,X(A,A,B,A), X(A,A,A,B)) +H(A,Z4, X(A,A,B,A)) +H(A,Z3)

(b)

≥2H(A,B) +H(A,Z4, X(A,A,B,A), X(A,A,A,B)) +H(A,X(A,A,B,A)) +H(A,Z3)

(c)
=2H(A,B) +H(A,B,Z4, X(A,A,B,A), X(A,A,A,B)) +H(A,X(A,A,B,A)) +H(A,Z3)

(f)
= 3H(A,B) +H(A,X(A,A,B,A)) +H(A,Z3)

(b)

≥3H(A,B) +H(A,Z3, X(A,A,B,A)) +H(A)

(c)
=3H(A,B) +H(A,B,Z3, X(A,A,B,A)) +H(A)

(f)
= 4H(A,B) +H(A) ≥ 9,

where
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(a) follows from (1.6) and (1.7),

(b) follows from the submodularity property of entropy,

(c) follows from (1.8),

(d) follows from (1.15),

(e) follows from (1.13),

(f) follows from (1.9)

The above observations improve upon the previous results from [7,13] and is summarised in TABLE

3.4 and Fig. 3.2.

Memory Rate [7, 13] Lower Bound [7,13] New Lower Bound

1 ≤M ≤ 3

2

3

2
− 5

6
M R2 ≥ 1− 1

2
M R2 ≥

3

2
− 5

6
M

Table 3.4: Rate memory tradeoff for the (2, 4) cache network

0 1/4 1/2 1 3/2 2
0

1

2

Cache size M

R
a
te
R

2

(1
4 ,

3
2)

(3
2 ,

1
4)

(1, 2
3)

New Optimal Rate Memory Tradeoff

Optimal Rate Memory Tradeoff from [7,13]

Figure 3.2: Optimal rate memory tradeoff for the (2, 4) cache network

3.3 Case I:
⌈
K+1

2

⌉
≤ N ≤ K

In this section we propose a new symmetric caching scheme that achieves the memory rate pair

(M,RN ) =

((
N

K
(K − 1)− N − 1

K(K − 1)

)
,

1

K − 1

)
(3.1)
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3.3 Case I:
⌈
K+1

2

⌉
≤ N ≤ K

for the (N,K) cache network. This scheme can be seen as a generalization of the scheme presented

for (3, 4) cache network in Section 3.2.1 and is an extension of the scheme we proposed in [61,62]. For⌈
K+1

2

⌉
≤ N ≤ K, we prove a matching lower bound to establish the optimal rate memory tradeoff

when M ≥
(
N
K (K − 1)− N−1

K(K−1)

)
. Let I denote the indicator function and let Sk denote the set

[K] \ {k}.

3.3.1 Placement and Delivery Phase

During the placement phase, the server splits every file into 2 KC2 disjoint subfiles of size 1
K(K−1)F

bits. Subfiles of the file Wn are:

{W ij
n : i, j ∈ [K] and i 6= j}.

The placement phase proceeds in two stages. In the first stage, the server copy subfiles W ij
n in user

Uk’s cache, Zk, if k /∈ {i, j}. In the second stage, functions of subfiles are computed and placed into

each user’s cache resulting in the cache of the kth user, Zk, having the contents:

Stages Packets Constraints Number

Stage 1 W ij
n

n ∈ [N ],
i, j ∈ Sk and i 6= j

2N K−1C2

Stage 2
W

k(k+1)
n −W kj

n n ∈ [N ] and j ∈ Sk N(K − 2)∑N
n=1W

k(k+1)
n 1

It can be noted that subfiles W kj
n , for n ∈ [N ] and j ∈ Sk, are contained in user Uk’s cache in coded

form. The total number of packets, each of size 1
K(K−1)F bits, placed in each user’s cache is,

2N K−1C2 +N(K − 2) + 1 = NK(K − 2) + 1

utilising the entire cache of size
(
N
K (K − 1)− N−1

K(K−1)

)
F bits.

In the delivery phase, let the server receive a demand d . Let N i
k represent the number of users in

the set Sk requesting the file Wdi . For each k ∈ [K], the server constructs a packet,

Xk
d =

∑
s∈Sk

(
αsk
N s
k

)
W ks
ds (3.2)

where

αsk = 1− 2I{Wdk = Wds}. (3.3)
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The set of packets broadcast by the server in response to the demand d is,

Xd = {X1
d , . . . , X

K
d }. (3.4)

Thus, K packets, each of size 1
K(K−1)F bits, are transmitted and the rate corresponding to the demand

d is,

RN =
1

K − 1
. (3.5)

3.3.2 File Recovery by Users

To understand how the requested files are recovered by the users, let us consider user Uk who needs

to recover the file Wdk from its cache contents Zk and the received packets Xd . Subfiles W ij
dk

, for

i, j ∈ Sk, are available in Zk. To reconstruct the file Wdk , the user needs to compute subfiles W jk
dk

,

and W kj
dk

, for j ∈ Sk. The user obtains these subfiles in two stages. In the first stage, the user obtains

subfiles W jk
dk

, for j ∈ Sk. One of the packet available in Xd is,

Xj
d =

(
αkj

Nk
j

)
W jk
dk

+
∑

s∈Sj\{k}

(
αsj
N s
j

)
W js
ds
. (3.6)

Since subfiles W js
n , for s ∈ Sj \ {k} = Sk \ {j}, are available in Zk, the user can evaluate

∑
s∈Sj\{k}

(
αsj
N s
j

)
W js
ds

(3.7)

The subfile W jk
dk

can computed from (3.6) and (3.7). In the second stage, the user recovers subfiles

W kj
dk

, for j ∈ Sk. Another packet available in Xd is,

Xk
d =

∑
j∈Sk

(
αjk
N j
k

)
W kj
dj

(3.8)

Since W
k(k+1)
n −W kj

n , for j ∈ Sk, are available in Zk, the user can evaluate

∑
j∈Sk

(
αjk
N j
k

)
(W

k(k+1)
dj

−W kj
dj

) (3.9)
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⌈
K+1

2

⌉
≤ N ≤ K

Combining (3.8) and (3.9) the user can compute

∑
j∈Sk

(
αjk
N j
k

)
W

k(k+1)
dj

(3.10)

This can be rewritten as

( ∑
n∈[N ]\dk

∑
j∈Sk:dj=n

(
αjk
N j
k

)
W

k(k+1)
dj

)
+

( ∑
j∈Sk:dj=dk

(
αjk
N j
k

)
W

k(k+1)
dj

)
(3.11)

Note that when Wdj 6= Wdk , αjk = 1 and when Wdj = Wdk , αjk = −1. Recall that Nk
k denotes the

number of users request for file Wdk in set Sk. Now the above expression simplifies to

( ∑
n∈[N ]\dk

W k(k+1)
n

)
− I{Nk

k 6= 0}W k(k+1)
dk

(3.12)

With the help of the cached function

∑
n∈[N ]

W k(k+1)
n =

( ∑
n∈[N ]\{dk}

W k(k+1)
n

)
+W

k(k+1)
dk

(3.13)

and (3.12) the user can compute the subfile W
k(k+1)
dk

. Combining this with W
k(k+1)
dk

−W kj
dk

available in

Zk user can obtain subfiles W kj
dk

. Using all the recovered subfiles the user can reconstruct the requested

file Wdk .

The above observations can be summarised as:

Theorem 4. The memory rate pair
((

N
K (K − 1)− N−1

K(K−1)

)
, 1
K−1

)
is achievable by symmetric caching

schemes for the (N,K) cache network.

The caching scheme proposed in [7, 13] achieves the memory rate pair
(
N
K (K − 1), 1

K

)
, and by mem-

ory sharing between that scheme and the proposed scheme, we can achieve all memory rate pairs(
M, (KN−1)

K(N−1) −
1

(N−1)M
)
, where M ∈

[ (
N
K (K − 1)− N−1

K(K−1)

)
, NK (K − 1)

]
. By deriving a matching

lower bound, we show that this is the optimal rate memory tradeoff when
⌈
K+1

2

⌉
≤ N ≤ K.

3.3.3 Matching Lower Bound

Consider the demand

d1 = (W1,W2, . . . ,WN ,W1,W2, . . . ,WK−N ). (3.14)
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Demands U1 . . . Ui . . . UN UN+1 . . . UN+i . . . UK

Ai



d1 W1 . . . Wi . . . WN W1 . . . Wi . . . WK−N

d2 W2 . . . Wi+1 . . . W1 W2 . . . Wi+1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK−N−i+1 WK−N−i+1 . . . WK−N . . . WK−N−i WK−N−i+1 . . . WK−N . . . WK−N−i

C i


dK−N−i+2 WK−N−i+2 . . . WK−N+1 . . . WK−N−i+1 WK−N−i+2 . . . W1 . . . WK−N−i−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dN−i WN−i . . . WN−1 . . . W2N−K−i−1 W2N−K−i . . . W2N−K−1 . . . WN−i−1

dN−i+1 WN−i+1 . . . WN . . . W2N−K−i W2N−K−i+1 . . . W2N−K . . . WN−i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dN WN . . . Wi−1 . . . W2N−K W2N−K+1 . . . W2N−K+i . . . WN−1

J



dN+1 W1 . . . Wi . . . W2N−K+1 W2N−K+2 . . . W2N−K+i+1 . . . WN

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK−i+1 WK−N−i+1 . . . WK−N . . . WN−i WN−i+1 . . . WN . . . WK−N−i

Bi


dK−i+2 WK−N−i+2 . . . W1 . . . WN−i+1 WN−i+2 . . . W1 . . . WK−N−i+1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK WK−N . . . Wi−1 . . . WN−1 WN . . . Wi−1 . . . WK−N−1

Table 3.5: The set of demands {d l : 1 ≤ l ≤ K}

Demands {d l : 2 ≤ l ≤ K}, are obtained from the demand d1 by cyclic left shifts as shown in TABLE

3.5. Consider the demand b l defined as

b l =


dN−l+1, for 1 ≤ l ≤ N

dK+N−l+1, for N + 1 ≤ l ≤ K

It can be noted that in demand b l, the user Ul requests for the file WN . Let Xd l denote the set of

packets broadcast by the server in response to the demand d l. For S ⊆ {d1, . . . ,dK}, let XS denote

the set of all packets broadcast in response to the demands in the set S . The following lemma are

easy to obtain:

Lemma 11. For S, T ⊂ {d1, . . . ,dK} \ {bl}, we have the identity,

H(W[N−1], XS∪{bl}) +H(W[N−1], Zl, XT) ≥ H(W[N−1], XS∩T) +N

44

TH-2693_146102006



3.3 Case I:
⌈
K+1

2

⌉
≤ N ≤ K

Proof. We have,

H(W[N−1], XS∪{bl}) +H(W[N−1], Zl, XT )
(a)

≥ H(W[N−1], XS∩T ) +H(W[N−1], Zl, XS∪T∪{bl})

(b)
= H(W[N−1], XS∩T ) +H(W[N−1],WN , Zl, XS∪T∪{bl})

(c)
= H(W[N−1], XS∩T ) +H(W[N ])

=H(W[N−1], XS∩T ) +N

where

(a) follows from the submodularity property of entropy,

(b) follows from (1.8),

(c) follow from (1.9).

Lemma 12. For a sequence of sets Si ⊂ {d1, . . . ,dK} \ {bi}, such that Si = Si+1 ∪ {bi+1}, we have

the identity

H(W[N−1], XSl) +

j∑
i=l+1

H(W[N−1], Zi, XSi) ≥ H(W[N−1], XSj ) + (j − l)N

Proof. We have,

H(W[N−1], XS l) +

j∑
i=l+1

H(W[N−1], Zi, XS i) = H(W[N−1], XS l) +H(W[N−1], Zl+1, XS l+1
)

+

j∑
i=l+2

H(W[N−1], Zi, XS i)

=
(
H(W[N−1], XS l+1

, Xbl+1
) +H(W[N−1], Zl+1, XS l+1

)
)

+

j∑
i=l+2

H(W[N−1], Zi, XS i)

(a)

≥ H(W[N ]) +
(
H(W[N−1], XS l+1

) +H(W[N−1], Zl+2, XS l+2
)
)

+

j∑
i=l+3

H(W[N−1], Zi, XS i)

(a)

≥ 2H(W[N ]) +H(W[N−1], XS l+2
) +H(W[N−1], Zl+3, XS l+3

) +

j∑
i=l+4

H(W[N−1], Zi, XS i)

(b)

≥ (j − l)H(W[N ]) +H(W[N−1], XSj )

= H(W[N−1], XSj ) + (j − l)N
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where

(a) follows from Lemma 11 with S = T = S l+1,

(b) follows from repeated use of Lemma 11 with S ∪ {b l} = S i and T = S i+1 for l + 3 ≤ i ≤ j.

In a similar fashion, for a sequence of sets T i ⊂ {d1, . . . ,dK} \ {bi}, such that T i = T i−1 ∪ {bi−1},

we can obtain

H(W[N−1], XT j+1) +

j∑
i=l

H(W[N−1], Zi, XT i) ≥ H(W[N−1], XT l
) + (j − l + 1)N (3.15)

For 1 ≤ i ≤ N , let us consider the sets of demands as shown below:

Set Demands Number Files Requested by Ui
Ai d1, . . . ,dN−i N − i Wi, . . . ,W(N−1)

B i dK−i+2, . . . ,dK i− 1 W1, . . . ,Wi−1

C i dK−N−i+2, . . . ,dN−i 2N −K − 1 W(K−N+1), . . . ,WN−1

J dN+1, . . . ,dK K −N W1, . . . ,WK−N

These set are also indicated in TABLE 3.5. Note that

AN = B1 = CN = φ (3.16)

Ai+1 ∪ {bi+1} = Ai (3.17)

B i ∪ {bN+i} = B i+1 (3.18)

Ai ∩C i = C i (3.19)

BK−N ∪ {bK} = BK−N+1 = J (3.20)

B i ∩ J =


B i when 1 ≤ i ≤ K −N

J when K −N + 1 ≤ i ≤ N
(3.21)

It can be noted that in the demand set B i, both users Ui and UN+i are requesting for the same set of

files (for 1 ≤ i ≤ K −N). Note that | Ai ∪B i |=| J ∪C i |= N − 1. Thus, we have

M + (N − 1)RN ≥ H(Zi) +H(XAi∪Bi) ≥ H(Zi, XAi∪Bi) (3.22)
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3.3 Case I:
⌈
K+1

2

⌉
≤ N ≤ K

Similarly,

M + (N − 1)RN ≥ H(Zi) +H(XJ∪C i) ≥ H(Zi, XJ∪C i) (3.23)

Now we can obtain the following result:

Theorem 5. For the (N,K) cache network, when
⌈
K+1

2

⌉
≤ N ≤ K, achievable memory rate pairs

(M,RN ) must satisfy the constraint

KM +K(N − 1)RN ≥ KN − 1.

Proof. We have,

KM+K(N − 1)RN = N(M + (N − 1)RN ) + (K −N)(M + (N − 1)RN )

(a)

≥
N∑
i=1

H(Zi, XAi∪Bi) +

K−N∑
i=1

H(Zi, XJ∪C i)

(b)
=

N∑
i=1

H(W[N−1], Zi, XAi∪Bi) +
K−N∑
i=1

H(W[N−1], Zi, XJ∪C i)

=

K−N∑
i=1

(
H(W[N−1], Zi, XAi∪Bi) +H(W[N−1], Zi, XJ∪C i)

)
+

N∑
j=K−N+1

H(W[N−1], Zj , XAj∪Bj )

(c)

≥
K−N∑
i=1

(
H(W[N−1], Zi, XAi∪J ) +H(W[N−1], Zi, XBi∪C i)

)
+

N∑
j=K−N+1

H(W[N−1], Zj , XBj∪Aj )

≥

(
H(W[N−1], XA1∪J ) +

K−N∑
i=2

H(W[N−1], Zi, XAi∪J )

)
+

N∑
j=K−N+1

H(W[N−1], Zj , XBj∪Aj )

+

K−N∑
i=1

H(W[N−1], Zi, XBi∪C i)

(d)

≥(K −N − 1)N +

H(W[N−1], XAK−N∪J ) +

N∑
j=K−N+1

H(W[N−1], Zj , XBj∪Aj )


+

K−N∑
i=1

H(W[N−1], Zi, XBi∪C i)

(e)

≥(N − 1)N +H(W[N−1], XAN∪J ) +
K−N∑
i=1

H(W[N−1], Zi, XBi∪C i)

≥(N − 1)N +H(W[N−1], XAN∪J ) +
K−N∑
i=1

H(W[N−1], Zi, XBi)
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(f)
= (N − 1)N +H(W[N−1], XJ ) +

K−N∑
i=1

H(W[N−1], Zi, XBi)

(g)
=(N − 1)N +H(W[N−1], XJ ) +

K−N∑
i=1

H(W[N−1], Zi+N , XBi)

(h)
=(N − 1)N +

(
H(W[N−1], XBK−N+1

) +

K−N∑
i=1

H(W[N−1], Zi+N , XBi)

)
(i)

≥(N − 1)N + (K −N)N +H(W[N−1], XB1)

(f)
= (K − 1)N +H(W[N−1]) ≥ KN − 1

where

(a) follows from (3.22) and (3.23),

(b) follows from (1.8) and the definition of sets Ai, B i, C i and J ,

(c) follows from the facts that Ai ∩C i = C i, J ∩B i = B i for 1 ≤ i ≤ K −N

(refer (3.19) and (3.21)) and the submodularity property of entropy,

(d) follows from Lemma 12 with S i = Ai ∪ J , l = 1, j = K −N and (3.17),

(e) follows from Lemma 12, with S i = Ai ∪ J , l = K −N , j = N , the fact that J ∩B i = J

for K −N + 1 ≤ i ≤ K(refer (3.21)) and (3.17),

(f) follows from (3.16),

(g) follows from (1.13),

(h) follows from (3.20),

(i) follows from (3.15) with T i = B i, l = 1, j = K −N and (3.18).

The above observations improve upon the previous results from [7,13] as shown in TABLE 3.6.

Memory Rate [7, 13] Lower Bound [7,13] New Rate New Lower Bound(
N
K

(K − 1)− N−1
K(K−1)

)
≤M ≤ N(K−1)

K
(K2+K−2)
K(K−1)

− (K+1)M
N(K−1)

RN ≥ 1− M
N

(KN−1)
K(N−1)

− M
(N−1)

RN ≥ (KN−1)
K(N−1)

− M
(N−1)

Table 3.6: Rate memory tradeoff when
⌈
K+1

2

⌉
≤ N ≤ K

We summarise as:

Theorem 6. For the (N,K) cache network, when
⌈
K+1

2

⌉
≤ N ≤ K, the optimal rate memory tradeoff

is given by

R∗N (M) =
(KN − 1)

K(N − 1)
− 1

(N − 1)
M (3.24)
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3.4 Case II: 1 ≤ N ≤ dK+1
2 e

where M ≥
(
N
K (K − 1)− N−1

K(K−1)

)
.

3.4 Case II: 1 ≤ N ≤ dK+1
2 e

The caching scheme proposed by Yu et al. in [13] can achieve all memory rate pairs

(
M,

K2 +K − 2

K(K − 1)
− (K + 1)

N(K − 1)
M

)
, (3.25)

where M ∈
[
N(K−2)

K , N(K−1)
K

]
, for the (N,K) cache network. By deriving a matching lower bound,

we show that this is the optimal rate memory tradeoff when 1 ≤ N ≤
⌈
K+1

2

⌉
. Consider the demand

d1 = (W1,W2, . . . ,WN ,W1,W2, . . . ,WN−1,W1,W1, . . . ,W1) (3.26)

Demands {d l : 2 ≤ l ≤ K}, are obtained from the demand d1 by cyclic left shifts as shown in TABLE

3.7. Consider the demand b l defined as,

b l =


dN−l+1, for 1 ≤ l ≤ N

dK+N−l+1, for N + 1 ≤ l ≤ K

It can be noted that in demand b l, the user Ul requests for the file WN . The following lemma is easy

to obtain:

Lemma 13. Let S,T ⊂ {d1 . . . ,dK} \ {bl} be such that for every demand in T, user Ul requests the

file W1. We have

H(W[N−1], Zl,XS) +
∑
j∈T

H(Xj) +
| T |
N

H(Zl) ≥ H(W[N−1], Zl, XS∪T)+ | T |

Proof.

H(W[N−1], Zl, XS ) +
∑
j∈T

H(Xj) +
| T |
N

H(Zl)

=H(W[N−1], Zl, XS ) +
∑
j∈T

H(Xj)+ | T | H(Zl)−
| T | (N − 1)

N
H(Zl)

(a)

≥H(W[N−1], Zl, XS ) +
∑
j∈T

H(Zl, Xj)−
| T | (N − 1)

N
H(Zl)
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Demand U1 . . . Ui . . . UN UN+1 . . . UN+i . . . U2N−1 U2N . . . Uj . . . UK

Ai



d1 W1 . . . Wi . . . WN W1 . . . Wi . . . WN−1 W1 . . . W1 . . . W1

d2 W2 . . . Wi+1 . . . W1 W2 . . . Wi+1 . . . W1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dN−i WN−i . . . WN−1 . . . WN−i−1 WN−i . . . WN−1 . . . W1 W1 . . . W1 . . . Wi−1

dN−i+1 WN−i+1 . . . WN . . . WN−i WN−i+1 . . . W1 . . . W1 W1 . . . W1 . . . Wi

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E i


dN+1 W1 . . . Wi . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . WN

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d2N−i WN−i . . . WN−1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . WN−i−1

Gi



d2N−i+1 WN−i+1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . WN−i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK−j+2 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK+N−j+1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . WN . . . W1

Pj


dK+N−j+2 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK+2N−j W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . WN−1 . . . W1

Qj



dK+2N−j+1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1 W1 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK−i+1 W1 . . . W1 . . . WN−i WN−i+1 . . . WN . . . WN−i WN−i+1 . . . W1 . . . W1

Bi


dK−i+2 W1 . . . W1 . . . WN−i+1 WN−i+2 . . . W1 . . . WN−i+1 WN−i+2 . . . W1 . . . W1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dK W1 . . . Wi−1 . . . WN−1 WN . . . Wi−1 . . . WN−2 WN−1 . . . W1 . . . W1

Table 3.7: Demand set {d l : 1 ≤ l ≤ K}

(b)
=H(W[N−1], Zl, XS ) +

∑
j∈T

H(W1, Zl, Xj)−
| T | (N − 1)

N
H(Zl)

(a)

≥H(W[N−1], Zl, XS ) +H(W1, Zl, XT ) + (| T | −1)H(W1, Zl)−
| T | (N − 1)

N
H(Zl)

(a)

≥H(W[N−1], Zl, XS∪T )+ | T | H(W1, Zl)−
| T | (N − 1)

N
H(Zl)

(c)
=H(W[N−1], Zj , XS∪T ) +

| T |
N

( N∑
i=1

H(Wi, Zl)
)
− | T | (N − 1)

N
H(Zl)

(a)

≥H(W[N−1], Zl, XS∪T ) +
| T |
N

(
H(W[N ], Zl)

)
+
( | T | (N − 1)

N
H(Zl)

)
− | T | (N − 1)

N
H(Zl)

(d)
=H(W[N−1], Zl, XS∪T ) +

| T |
N

H(W[N ]) = H(W[N−1], Zl, XS∪T )+ | T |

where
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2 e

(a) follows from submodularity property of entropy,

(b) follows from (1.8),

(c) follows from (1.15),

(d) follows from (1.9).

For 1 ≤ i ≤ N , let us consider the set of demands as shown below:

Set Demands Number Files Requested by Ui
Ai d1, . . . , dN−i N − i Wi, . . . , WN−1

B i dK−i+2, . . . , dK i− 1 W1, . . . , Wi−1

E i dN+1, . . . , d2N−i N − i Wi, . . . , WN−1

Gi d2N−i+1, . . . , dK−i+1 K − 2N + 1 W1

These set are also indicated in TABLE 3.7. We also have a set of demands Li defined as

Li = Ai ∪B i ∪E i ∪Gi. (3.27)

Note that

AN = B1 = EN = φ (3.28)

Li+1 ∪ {bi+1} = Li (3.29)

B i ∪ {bN+i} = B i+1 (3.30)

It can be noted that in the demand set B i, both users Ui and UN+i are requesting for the same set of

files (for 1 ≤ i ≤ N − 1). Note that | Ai ∪B i |=| B i ∪E i |= N − 1. Thus, we have

M + (N − 1)RN ≥ H(Zi) +H(XAi∪Bi) ≥ H(Zi, XAi∪Bi) (3.31)

Similarly,

M + (N − 1)RN ≥ H(Zi) +H(XBi∪E i) ≥ H(Zi, XBi∪E i) (3.32)

The following lemma is easy to obtain:
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Lemma 14. The demand sets Bi and Li, defined as above, satisfy

KM + (KN − 2N + 1)RN ≥H(W[N−1], XLN ) +
N−1∑
i=1

(
H(W[N−1], ZN+i, XBi)

)
+N(K −N)

Proof. We have,

KM + (KN − 2N + 1)RN = N

(
M + (N − 1)RN +

(K − 2N + 1)

N
M + (K − 2N + 1)RN

)
+ (N − 1)(M + (N − 1)RN )

(a)

≥
N∑
i=1

(
H(Zi, XAi∪Bi) +

(K − 2N + 1)

N
H(Zi) +

∑
l∈Gi

H(Xl)

)
+

N−1∑
i=1

(H(Zi, XBi∪E i))

(b)
=

N∑
i=1

(
H(W[N−1], Zi, XAi∪Bi) +

(K − 2N + 1)

N
H(Zi) +

∑
l∈Gi

H(Xl)

)

+
N−1∑
i=1

H(W[N−1], Zi, XBi∪E i)

(c)

≥
N∑
i=1

(
H(W[N−1], Zi, XAi∪Bi∪Gi) + (K − 2N + 1)

)
+

N−1∑
i=1

H(W[N−1], Zi, XBi∪E i)

=H(W[N−1], ZN , XAN∪BN∪GN
) +

N−1∑
i=1

(
H(W[N−1], Zi, XAi∪Bi∪Gi) +H(W[N−1], Zi, XBi∪E i)

)
+N(K − 2N + 1)

(d)

≥H(W[N−1], ZN , XAN∪BN∪GN∪EN ) +
N−1∑
i=1

(
H(W[N−1], Zi, XAi∪Bi∪E i∪Gi) +H(W[N−1], Zi, XBi)

)
+N(K − 2N + 1)

(e)
=

N∑
i=1

H(W[N−1], Zi, XLi) +

N−1∑
i=1

H(W[N−1], Zi, XBi) +N(K − 2N + 1)

≥
(
H(W[N−1], XL1) +

N∑
i=2

H(W[N−1], Zi, XLi)

)
+
N−1∑
i=1

H(W[N−1], Zi, XBi) +N(K − 2N + 1)

(f)

≥ (N − 1)N +H(W[N−1], XLN ) +
N−1∑
i=1

H(W[N−1], Zi, XBi) +N(K − 2N + 1)

(g)
=H(W[N−1], XLN ) +

N−1∑
i=1

H(W[N−1], ZN+i, XBi) +N(K −N)

where

52

TH-2693_146102006



3.4 Case II: 1 ≤ N ≤ dK+1
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(a) follows from (3.31) and (3.32),

(b) follows from (1.8) and definition of sets Ai, B i and E i,

(c) follows from Lemma 13 with S = Ai ∪B i and T = Gi,

(d) follows from the submodularity property of entropy and the fact that EN = φ,

(e) follows from (3.27),

(f) follows from Lemma 12 with S i = Li, l = 1, j = N and (3.29),

(g) follows from (1.13).

Now, for 2N ≤ j ≤ K, consider another set of demands as shown below:

Set Demands Number Files Requested by Uj
P j dK+N−i+2, . . . , dK+2N−j N − 1 W1, . . . , WN−1

Qj dK+2N−j+1, . . . , dK j − 2N W1

These set are also indicated in TABLE 3.7. We also have a set of demands T j defined as

T j =P j ∪Qj (3.33)

Note that

Q2N = φ (3.34)

T j+1 ∪ {bj+1} = T j (3.35)

TK ∪ {bK} = LN (3.36)

BN−1 ∪ {b2N−1} = T 2N (3.37)

Note that | P j |= N − 1. Thus, we have

M + (N − 1)RN ≥ H(Zj) +H(XPj ) ≥ H(Zj , XPj ) (3.38)

The following lemma is easy to obtain:

Lemma 15. The demand set Tj, defined as above, satisfy

K(K − 2N + 1)

2N
M +

(K − 2)(K − 2N + 1)

2
RN ≥

K∑
j=2N

H(W[N−1], Zj , XTj ) +
(K − 2N + 1)(K − 2N)

2
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Proof.

K(K − 2N + 1)

2N
M +

(K − 2)(K − 2N + 1)

2
RN

=(K − 2N + 1) (M + (N − 1)RN ) +
K∑

j=2N

(
(j − 2N)

N
M + (j − 2N)RN

)
(a)

≥
K∑

j=2N

(
H(Zj , XPj ) +

(j − 2N)

N
H(Zj) +

∑
l∈Qj

H(Xl)

)
(b)
=

K∑
j=2N

(
H(W[N−1], Zj , XPj ) +

(j − 2N)

N
H(Zj) +

∑
l∈Qj

H(Xl)

)
(c)

≥
K∑

j=2N

(
H(W[N−1], Zj , XPj∪Qj

) +
(j − 2N)

N
H(W[N ])

)
(d)
=

K∑
j=2N

H(W[N−1], Zj , XT j ) +
(K − 2N + 1)(K − 2N)

2

where

(a) follows from (3.38) and the fact that Q2N = φ,

(b) follows from (1.8) and definition of set P j ,

(c) follows from Lemma 13 with S = P j and T = Qj ,

(d) follows from (3.33).

Using the above lemma, we can obtain the following result:

Theorem 7. For the (N,K) cache network, when 1 ≤ N ≤
⌈
K+1

2

⌉
, achievable memory rate pairs

(M,RN ) must satisfy the constraint

K(K + 1)

N
M +K(K − 1)RN ≥ K2 +K − 2

Proof. We have,

K(K + 1)

2N
M +

K(K − 1)

2
RN = KM + (KN − 2N + 1)RN +

K(K − 2N + 1)

2N
M +

(K − 2)(K − 2N + 1)

2
RN

(a)

≥H(W[N−1], XLN ) +
N−1∑
i=1

H(W[N−1], ZN+i, XBi) +N(K −N) +
K∑

j=2N

H(W[N−1], Zj , XT j )

+
(K − 2N + 1)(K − 2N)

2
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3.4 Case II: 1 ≤ N ≤ dK+1
2 e

(b)
=

H(W[N−1], XTK
, XbK ) +

K∑
j=2N

H(W[N−1], Zj , XT j )

+

N−1∑
i=1

H(W[N−1], ZN+i, XBi)

+
(K + 1)(K − 2N) + 2N2

2

(c)

≥(K − 2N + 1)N +

(
H(W[N−1], XT2N

) +

N−1∑
i=1

H(W[N−1], ZN+i, XBi)

)

+
(K + 1)(K − 2N) + 2N2

2

(d)
=

(
H(W[N−1], XBN−1

, Xb2N−1
) +

N−1∑
i=1

H(W[N−1], ZN+i, XBi)

)

+
(K + 1 + 2N)(K − 2N) + 2N(N + 1)

2
(e)

≥(N − 1)N +H(W[N−1], XB1) +
(K + 1 + 2N)(K − 2N) + 2N(N + 1)

2
(f)
=H(W[N−1]) +

K2 +K − 2N

2
≥ K2 +K − 2

2

where

(a) follows from Lemma 14 and Lemma 15,

(b) follows from (3.36),

(c) follows from (3.15) with T i = T j , l = 2N , j = K and (3.35),

(d) follows from (3.37),

(e) follows from (3.15) with T i = B i, l = 1, j = N − 1 and (3.30),

(f) follows from (3.28).

The above observations improve upon the previous results from [7,13] as shown in TABLE 3.8.

Memory Rate [7, 13] Lower Bound [7,13] New Lower Bound

N(K−2)
K ≤M ≤ N(K−1)

K
K2+K−2
K(K−1) −

(K+1)
N(K−1)M RN ≥ 1− 1

NM RN ≥ K2+K−2
K(K−1) −

(K+1)
N(K−1)M

Table 3.8: Rate memory tradeoff when 1 ≤ N ≤
⌈
K+1

2

⌉

We summarise as:

Theorem 8. For the (N,K) cache network, when 1 ≤ N ≤
⌈
K+1

2

⌉
, the optimal rate memory tradeoff

is given by

R∗N (M) =
K2 +K − 2

K(K − 1)
− (K + 1)

N(K − 1)
M (3.39)

where M ≥ N
K (K − 2).
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3. Large Caches

3.5 Conclusions

In this chapter, we considered the problem of characterizing the optimal rate memory tradeoff

for the canonical (N,K) cache network, where we focused on the case of large caches. For
⌈
K+1

2

⌉
≤

N ≤ K, in Section 3.3, we proposed a new coded caching scheme and derived a matching lower bound

leading to the characterization of the optimal rate memory tradeoff when M ≥
(
N
K (K − 1)− N−1

K(K−1)

)
.

For 1 ≤ N ≤
⌈
K+1

2

⌉
, in Section 3.4, we derived a new lower bound matching the scheme proposed

in [13], thereby providing a characterization of the optimal rate memory tradeoff when M ≥ N
K (K−2).

Cache size M

R
at

e
R
N

( 1
K ,

N(K−1)
K )

(N(K−1)
K , 1

K )((
N
K (K − 1)− N−1

K(K−1)

)
, 1
K−1

)
(N(K−2)

K , 2
K )

New Optimal Rate Memory Tradeoff when
⌈
K+1

2

⌉
< N ≤ K

New Optima Rate Memory Tradeoff when 1 ≤ N ≤
⌈
K+1

2

⌉Optimal Rate Memory Tradeoff from [7,13]

Figure 3.3: Optimal rate memory tradeoff for the (N,K) cache network
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4. Pareto Optial Schemes in Coded Caching

4.1 Introduction

In the previous chapters, we studied the demand set DN and investigated schemes that minimized

the rate RN required in the delivery phase, for small and large caches. In this chapter, we focus on the

multi-objective nature of the problem of coded caching where each rate Rp corresponding to demand

set Dp, 1 ≤ p ≤ N , is of interest. A natural question is whether a placement strategy can be devised

which simultaneously minimizes all the rates of interest. In [13], Yu, Maddah-Ali and Avestimehr

considered the collection of coded caching schemes where the placement phase is restricted to be

uncoded and obtained the optimal rate memory tradeoff for each of the rates Rp. In a surprising

result, they demonstrated the existence of a universal scheme among them, referred to as the YMA

scheme in this chapter, which was shown attain the optimal rate memory tradeoff for each of the rates

Rp, simultaneously. Thus, for coded caching schemes where the placement phase is restricted to be

uncoded, the Pareto optimal frontier of the rates Rp, 1 ≤ p ≤ N , consist of a single point and the

YMA scheme operates at this point.

We first investigate the existence of such universal schemes in the more general setting where coding

is permitted in both the placement phase and the delivery phase and prove that such schemes do not

exist. To this end, we introduce new lower bounds which jointly constrain the rates Rp, 1 ≤ p ≤ N ,

and provide better insight into how the performance for one demand set affects the performance for

other demand sets. Using such bounds we identify two coded caching schemes, the CFL scheme [14]

and the YMA scheme, that operate at the pareto optimal frontier of the problem of coded caching.

We begin the chapter by considering the example of the (2, 2) cache network for which we show that

there are no universal schemes and that the CFL scheme and the YMA scheme are Pareto optimal.

We then formally define Pareto optimal schemes for the (N,K) cache network and extend results

obtained for the (2, 2) cache network to the (N,K) cache network. Results for the (2, 2) network is

presented in section 4.2 and the (N,K) network is considered in section 4.3, and section 4.4. The

Pareto optimal property of the YMA scheme is investigated in sections 4.5 and 4.6. We conclude the

chapter in section 4.7.

4.2 The (2, 2) Cache Network

Here, users {U1, U2} are connected to a server with two files {A,B}, each of size F bits, and each

user is equipped with an isolated cache of size MF bits, where M ∈ [0, 2]. The demand set D1
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4.2 The (2, 2) Cache Network

represents the set of all demands where both users request for the same file and the demand set D2

represents the set of all demands where both users request for different files. Let R1 and R2 denote

the rates corresponding to D1 and D2, respectively. For the demand set D1, achievable memory rate

pairs (M,R1) must satisfy the following constraint [8],

M + 2R1 ≥ 2.

As shown in Figure 4.1, this constraint is tight for the YMA scheme and thus characterize the optimal

rate memory tradeoff for the demand set D1. For the demand set D2, achievable memory rate pairs

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.5

1

1.5

2

(
1
2 , 1
)

(
1
2 ,

3
4

)

Cache size M

R
at

e
R

1

Optimal rate memory tradeoff for D1 [8]
Rates Achieved by the CFL Scheme for D1

Rates Achieved by the YMA Scheme for D1

Figure 4.1: Rate memory tradeoff for demand set D1.

(M,R2) must satisfy the following constraints [7],

M + 2R2 ≥ 2, 2M +R2 ≥ 2, 2M + 2R2 ≥ 3.

As shown in Figure 4.2, these constraints are tight for the CFL scheme and thus characterize the

optimal rate memory tradeoff for the demand set D2. Note that the CFL scheme meets the optimal

rate memory tradeoff for the demand set D2, but does not meet the optimal rate memory tradeoff

for the demand set D1. Similarly, the YMA scheme meets the optimal rate memory tradeoff for the

demand set D1, but does not meet the optimal rate memory tradeoff for the demand set D2. This

leads us to the question as to whether there exist a universal scheme that is simultaneously optimal

for both the demands sets. To answer this we obtain a new lower bound that jointly constrains the

rates achievable for these demand sets.
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Optimal Rate Memory Tradeoff for D2 [7]
Rates Achieved by the CFL Scheme for D2

Rates Achieved by the YMA Scheme for D2

Figure 4.2: Rate memory tradeoff for demand set D2.

Lemma 16. For the (2, 2) cache network with cache size M , achievable rates R1 and R2 must satisfy

the following constraints:

2M +R1 +R2 ≥ 3,

M +R1 +R2 ≥ 2.

Proof. We have,

2M +R1 +R2 ≥H(Z1) +H(Z2) +H(X(A,A)) +H(X(B,A))

(a)

≥H(Z1, X(A,A)) +H(Z2, X(B,A))

(b)
=H(A,Z1, X(A,A)) +H(A,Z2, X(B,A))

(a)

≥H(A) +H(A,Z2, Z1, X(B,A), X(A,A))

(b)
=H(A) +H(A,B,Z2, Z1, X(B,A), X(A,A))

(c)
=H(A) +H(A,B) = 3.

We also have,

M +R2 +R1 ≥H(Z1) +H(X(A,A)) +H(X(B,A))

(a)

≥H(Z1, X(A,A), X(B,A))
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4.2 The (2, 2) Cache Network

(b)
=H(A,B,Z1, X(A,A), X(B,A))

(c)
=H(A,B) = 2,

where

(a) follows from the submodularity of entropy,

(b) follows from (1.8),

(c) follows from (1.9).

The optimal rate memory tradeoffs R∗1(M) and R∗2(M) and a joint rate constraint are shown in

Table 4.1. Any scheme that is optimal for D1 and achieves R1 = R∗1(M) = 1− 1
2M must satisfy the

Cache Size Optimal Rate R∗1(M) Optimal Rate R∗2(M) Rate Constraint

0 ≤M ≤ 1
2 1− 1

2M 2− 2M 2M +R1 +R2 ≥ 3

Table 4.1: Optimal rate memory tradeoff for the (2, 2) cache network

constraint 2M +R1 +R2 ≥ 3 and will necessarily have R2(M) ≥ 2− 3
2M > 2− 2M = R∗2(M). Thus

no scheme can be simultaneously optimal for both the demand sets. We summarize as:

Theorem 9. For the (2, 2) cache network, for M ≤ 1
2 , there exist no universal caching scheme which

achieves the optimal rates for all the demand sets simultaneously.

Since there are no universal schemes in the general setting where coding is permitted in both the

placement phase and the delivery phase, finding schemes that operate at various points on the Pareto

optimal frontier is of interest. The performance of the CFL scheme is summarized in Table 4.2 where it

can be noted that the scheme is tight with respect to the joint constraint on the rates. Thus no scheme

Cache Size R1 R2 Constraint

1 ≤M ≤ 1
2 1 2− 2M 2M +R1 +R2 = 3

Table 4.2: Performance of the CFL scheme

can have a smaller rate R1 while being optimal for the demand set D2 and any attempt at improving

the rate R1 will necessarily involve a degradation of the performance for rate R2. We conclude that

the CFL scheme is Pareto optimal.

Theorem 10. For the (2, 2) cache network, for 0 ≤M ≤ 1
2 , the CFL scheme is Pareto optimal.
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The performance of the YMA scheme is summarized in Table 4.3 where it can be noted that the

scheme is tight with respect to the joint constraint on the rates. Thus no scheme can have a smaller

Cache Size R1 R2 Constraints

1 ≤M ≤ 1 1− 1
2M 2− 3

2M 2M +R1 +R2 = 3

1 ≤M ≤ 2 1− 1
2M 1− 1

2M M +R1 +R2 = 2

Table 4.3: Performance of the YMA scheme

rate R2 while being optimal for the demand set D1 and any attempt at improving the rate R2 will

necessarily involve a degradation of the performance for rate R1. We conclude that the CFL scheme

is Pareto optimal.

Theorem 11. For the (2, 2) cache network, for 0 ≤M ≤ 2, the YMA scheme is Pareto optimal.

4.3 Non-existence of Universal Schemes

In this section, we consider the (N,K) cache network, where the number of files is at most the

number of users, i.e., N ≤ K. Here users {U1, . . . , UK} are connected to a server with N files

{W1, . . . ,WN}, each of size F bits, and each user is equipped with an isolated cache of size MF bits,

where M ∈ [0, N ]. Note that the demand set Dp denotes the set of demands where users request p

distinct files and Rp denotes the corresponding rate. For the demand set D1, achievable memory rate

pairs (M,R1) must satisfy the following constraint [8],

M +NR1 ≥ N (4.1)

This constraint is tight for the YMA scheme and thus characterize the optimal rate memory tradeoff

for the demand set D1, when 0 ≤ M ≤ N . For the demand set DN , achievable memory rate pairs

(M,RN ) must satisfy the following constraint [7],

NM +RN ≥ N (4.2)

This constraint is tight for the CFL scheme and thus characterize the optimal rate memory tradeoff

for the demand set DN , when 0 ≤M ≤ 1
K . From Table 4.4, we can note that the CFL scheme meets

the optimal rate memory tradeoff for the demand set DN , but does not meet the optimal rate memory
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Rates The CFL Scheme The YMA Scheme Optimal Rate

R1 1 1− 1
NM 1− 1

NM

RN N −NM N − (N+1)
2 M N −NM

Table 4.4: Rates achieved for D1 and DN when 0 ≤M ≤ 1
K

tradeoff for the demand set D1. Similarly, the YMA scheme meets the optimal rate memory tradeoff

for the demand set D1, but does not meet the optimal rate memory tradeoff for the demand set

DN . This leads us to the question as to whether there exist a universal scheme that is simultaneously

optimal for both the demands sets. To answer this we obtain a new lower bound that jointly constrains

the rates achievable for these demand sets.

Consider a demand dp ∈ Dp, where p ≤ (N − 1) distinct files are requested. Without loss of

generality, we assume that in demand dp, the first p users are requesting for files {W1, . . . ,Wp}. In

response to this demand dp, the server broadcasts a packet Xdp of size Rp. Now consider demands bi ∈

DN as shown below, where the user i requests the file WN . In response to the demand bi, the server

Demand U1 U2 . . . Ui Ui+1 . . . UN UN+1 . . . UK
bi WN−i+1 WN−i+2 . . . WN W1 . . . WN−i W1 . . . W1

broadcasts a packet Xbi of size RN . We use the notation Zk to represent the set {Z1 . . . , ZN} \ {Zk},

where k ∈ [N ]. The following lemma is easy to obtain:

Lemma 17. For the (N,K) cache network, all coded caching schemes satisfy the constraint

H(W[p], Z[p]\[k]) +H(W[N−1], Zk+1, Xbk+1
) ≥ H(W[N ]) +H(W[p], Z[p]\[k+1]),

where k + 1 ≤ p ≤ N .

Proof. We have,

H(W[p], Z[p]\[k]) +H(W[N−1], Zk+1, Xbk+1
)

=H(W[p], Z[p]\[k+1], Zk+1) +H(W[N−1], Zk+1, Xbk+1
)

(a)

≥H(W[N−1],W[p], Zk+1, Z[p]\[k+1], Zk+1, Xbk+1
) +H(W[p], Z[p]\[k+1])

(b)
=H(W[N−1],WN , Z[N ], Xbk+1

) +H(W[p], Z[p]\[k+1])
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4. Pareto Optial Schemes in Coded Caching

(c)
=H(W[N ]) +H(W[p], Z[p]\[k+1])

where

(a) follows from submodularity of entropy,

(b) follows (1.8) and the definition of demand bi,

(c) follows from (1.9).

Now we have the following result:

Theorem 12. For the (N,K) cache network with cache size M , achievable rates RN and Rp, where

1 ≤ p ≤ N − 1, satisfy the constraint

pNM + pRN +Rp ≥ p(N + 1)

Proof. We have:

pNM +Rp+pRN = pM +Rp + p(N − 1)M + pRN

≥H(Z[p]) +H(Xdp) +

p∑
i=1

H(Zi) +

p∑
i=1

H(Xbi)

(a)

≥H(Z[p], Xdp) +

p∑
i=1

H(Zi, Xbi)

(b)
=H(W[p], Z[p], Xdp) +

p∑
i=1

H(W[N−1], Zi, Xbi)

≥H(W[p], Z[p]) +H(W[N−1], Z1, Xb1) +

p∑
i=2

H(W[N−1], Zi, Xbi)

(c)

≥H(W[N ]) +H(W[p], Z[p]\{1}) +H(W[N−1], Z2, Xb2) +

p∑
i=3

H(W[N−1], Zi, Xbi)

(c)

≥2H(W[N ]) +H(W[p], Z[p]\[2]) +H(W[N−1], Z3, Xb3) +

p∑
i=4

H(W[N−1], Zi, Xbi)

(d)

≥(p)H(W[N ]) +H(W[p], Z[p]\[p])

=pH(W[N ]) +H(W[p]) = p(N + 1)

where
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(a) follows from submodularity of entropy,

(b) follows from (1.8),

(c) follows from Lemma 17,

(d) follows from repeated use of Lemma 17.

The optimal rate memory tradeoffsR∗1(M) andR∗N (M) and the joint rate constraint obtained above

are shown in Table 4.5. Any scheme that is optimal for D1 and achieves R1 = R∗1(M) = 1− 1
NM must

Cache Size Optimal Rate R∗1(M) Optimal Rate R∗N (M) Constraint

0 ≤M ≤ 1
K 1− 1

NM N −NM NM +RN +R1 ≥ N + 1

Table 4.5: Optimal rate memory tradeoff for the (N,K) cache network

satisfy the constraint NM + RN + R1 ≥ N + 1 and will necessarily have RN (M) ≥ N − N2−1
N M >

N −NM = R∗N (M). Thus no scheme can be simultaneously optimal for both the demand sets. We

summarize as:

Theorem 13. For the (N,K) cache network, for M ≤ 1
K , there exist no universal caching scheme

which achieves the optimal rates for all the demand sets simultaneously.

4.4 Pareto Optimal schemes

In the previous section we saw that in the general setting where coding is permitted in the place-

ment phase and the delivery phase, universal codes that achieve the optimal rate memory tradeoff

for all the demand sets, simultaneously, do not exist. This leads us to investigate whether there exist

coded caching schemes that operate at the Pareto optimal frontier of the problem where any improve-

ment for one demand set has to necessarily come at the expense of another, as seen for the (2, 2) cache

network. The notion of such Pareto optimal schemes is formalized in the following:

Definition 1. For the (N,K) cache network with cache size MF bits, a caching scheme X is said

to dominate another caching scheme X ∗ if the scheme X achieves the same or better performance as

scheme X ∗ for all demand sets and achieves strictly better performance for at least one demand set.

If no scheme dominates a particular scheme X , the scheme X is said to be Pareto optimal.
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For the (2, 2) cache network, it was seen that the CFL scheme is Pareto optimal for M ≤ 1
2 . The

performance of the CFL scheme for the (N,K) cache network is summarized in Table 4.6 where it

can be noted that the scheme is tight with respect to the joint constraint on the rates obtained in

Theorem 12. Thus no scheme can have a smaller rate Rp while being optimal for the demand set DN

Cache Size Rp RN Constraint

0 ≤M ≤ 1
K p N −NM pNM + pRN +Rp = p(N + 1)

Table 4.6: Performance of the CFL scheme

and any attempt at improving the rate Rp will necessarily involve a degradation of the performance

for rate RN . We conclude that the CFL scheme is Pareto optimal.

Theorem 14. For the (N,K) cache network, for 0 ≤M ≤ 1
K , the CFL scheme is Pareto optimal.

4.5 The YMA scheme: (3, 3) Cache Network

As noted in Theorem 11, in the general setting where coding is permitted in the placement phase

and the delivery phase, the YMA scheme is Pareto optimal for the (2, 2) cache network, for all cache

sizes. This result is particularly interesting as the placement phase for the YMA scheme is uncoded

and it is universal among such schemes. As a prelude to investigating the Pareto optimal nature of

the YMA scheme for (N,K) cache network, we consider the example of the (3, 3) cache network in

this section. Here, users {U1, U2, U3} are connected to a server with files {A,B,C}, each of size F

bits, and each user is equipped with a cache memory of size MF bits, where M ∈ [0, 3]. The network

has three sets of demands D1, D2 and D3 with rate R1, R2 and R3, respectively. We derive a new set

of lower bounds that jointly constrain these rates for all coded caching schemes for the (3, 3) network.

Lemma 18. For the (3, 3) cache network with cache size M , achievable rates R1, R2 and R3 must

satisfy the constraints:

R2 + 3R1 + 2M ≥ 5, R3 + 3R1 + 3M ≥ 6

3R2 + 3R1 + 3M ≥ 8, 3R3 + 3R1 + 3M ≥ 8

2R2 +R1 +M ≥ 3, 2R3 +R1 +M ≥ 3
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Proof. We have,

R2 + 3R1 + 2M ≥ H(Z1) +H(X(A,A,A)) +H(X(B,C,C)) +H(Z2) +H(X(B,B,B)) +H(X(A,A,A))

(a)

≥ H(Z1, X(B,C,C), X(A,A,A)) +H(Z2, X(B,B,B), X(A,A,A))

(b)
= H(A,B,Z1, X(B,C,C), X(A,A,A)) +H(A,B,Z2, X(B,B,B), X(A,A,A))

≥ H(A,B,Z1, X(B,C,C)) +H(A,B,Z2)

(a)

≥ H(A,B,Z1, Z2, X(B,C,C)) +H(A,B)

(b)
= H(A,B,C,Z1, Z2, X(B,C,C)) +H(A,B)

(c)
= H(A,B,C) +H(A,B) = 5

R3 + 3R1 + 3M ≥ H(Z1) +H(X(A,B,C)) +H(Z2) +H(X(A,A,A)) +H(Z3) +H(X(A,A,A))

+H(X(B,B,B))

(a)

≥ H(Z1, X(A,B,C)) +H(Z2, X(A,A,A)) +H(Z3, X(A,A,A), X(B,B,B))

(b)
= H(A,Z1, X(A,B,C)) +H(A,Z2, X(A,A,A)) +H(A,B,Z3, X(A,A,A), X(B,B,B))

≥ H(A,Z1, X(A,B,C)) +H(A,Z2) +H(A,B,Z3)

(a)

≥ H(A,Z1, Z2, X(A,B,C)) +H(A) +H(A,B,Z3)

(b)
= H(A,B,Z1, Z2, X(A,B,C)) +H(A) +H(A,B,Z3)

(a)

≥ H(A,B,Z1, Z2, Z3, X(A,B,C)) +H(A) +H(A,B)

(b)
= H(A,B,C,Z1, Z2, Z3, X(A,B,C)) +H(A) +H(A,B)

(b)
= H(A,B,C) +H(A) +H(A,B) = 6

3R2 + 3R1 + 3M ≥ H(Z1) +H(X(A,A,C)) +H(X(B,C,C)) +H(Z2) +H(X(A,A,C)) +H(X(B,B,B))

+H(Z3) +H(X(A,A,A)) +H(X(B,B,B))

(a)

≥ H(Z1, X(A,A,C), X(B,C,C)) +H(Z2, X(A,A,C), X(B,B,B)) +H(Z3, X(A,A,A), X(B,B,B))

(b)
= H(A,B,Z1, X(A,A,C), X(B,C,C)) +H(A,B,Z2, X(A,A,C), X(B,B,B))

+H(A,B,Z3, X(A,A,A), X(B,B,B))
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≥ H(A,B,Z1, X(A,A,C), X(B,C,C)) +H(A,B,Z2, X(A,A,C)) +H(A,B,Z3)

(a)

≥ H(A,B,Z1, Z2, X(A,A,C), X(B,C,C)) +H(A,B,X(A,A,C)) +H(A,B,Z3)

(a)

≥ H(A,B,Z1, Z2, X(A,A,C), X(B,C,C)) +H(A,B,Z3, X(A,A,C)) +H(A,B)

(b)
= H(A,B,C,Z1, Z2, X(A,A,C), X(B,C,C)) +H(A,B,C,Z3, X(A,A,C)) +H(A,B)

(c)
= 2H(A,B,C) +H(A,B) = 8

3R3 + 3R1 + 3M ≥ H(Z1) +H(X(A,B,C)) +H(X(B,C,A)) +H(Z2) +H(X(A,B,C)) +H(X(B,B,B))

+H(Z3) +H(X(A,A,A)) +H(X(B,B,B))

(a)

≥ H(Z1, X(A,B,C), X(B,C,A)) +H(Z2, X(A,B,C), X(B,B,B)) +H(Z3, X(A,A,A), X(B,B,B))

(b)
= H(A,B,Z1, X(A,B,C), X(B,C,A)) +H(A,B,Z2, X(A,B,C), X(B,B,B))

+H(A,B,Z3, X(A,A,A), X(B,B,B))

≥ H(A,B,Z1, X(A,B,C), X(B,C,A)) +H(A,B,Z2, X(A,B,C)) +H(A,B,Z3)

(a)

≥ H(A,B,Z1, Z2, X(A,B,C), X(B,C,A)) +H(A,B,X(A,B,C)) +H(A,B,Z3)

(a)

≥ H(A,B,Z1, Z2, X(A,B,C), X(B,C,A)) +H(A,B,Z3, X(A,B,C)) +H(A,B)

(b)
= H(A,B,C,Z1, Z2, X(A,B,C), X(B,C,A)) +H(A,B,C,Z3, X(A,B,C)) +H(A,B)

(c)
= 2H(A,B,C) +H(A,B) = 8

2R2 +R1 +M ≥ H(Z1) +H(X(A,A,C)) +H(X(B,C,C)) +H(X(C,C,C))

(a)

≥ H(Z1, X(A,A,C), X(B,C,C), X(C,C,C))

(b)
= H(A,B,C,Z1, X(A,A,C), X(B,C,C), X(C,C,C))

(c)
= H(A,B,C) = 3

2R3 +R1 +M ≥ H(Z1) +H(X(A,B,C)) +H(X(B,C,A)) +H(X(C,C,C))

(a)

≥ H(Z1, X(A,B,C), X(B,C,A), X(C,C,C))

(b)
= H(A,B,C,Z1, X(A,B,C), X(B,C,A), X(C,C,C))
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(c)
= H(A,B,C) = 3

where

(a) follows from the submodularity property of entropy,

(b) follows from (1.8),

(c) follows from (1.9)

The rate memory tradeoff of the YMA scheme is summarized in Table 4.7. It can be noted that

the rates achieved by the YMA scheme is tight with respect to the lower bounds presented in Lemma

18. Thus even when coding is allowed in the placement phase no code can dominate the YMA scheme,

Cache Size R1(M) R2(M) R3(M) Constraints

0 ≤M ≤ 1 1− 1

3
M 2−M 3− 2M R2 +R1 + 2M = 5, R3 + 3R1 + 3M = 6

1 ≤M ≤ 2 1− 1

3
M

5

3
− 2

3
M

5

3
− 2

3
M 3R2 + 3R1 + 3M = 8, 3R3 + 3R1 + 3M = 8

2 ≤M ≤ 3 1− 1

3
M 1− 1

3
M 1− 1

3
M 2R2 +R1 +M = 3, 2R3 +R1 +M = 3

Table 4.7: Performance of the YMA scheme

i.e., it is operating at the Pareto optimal frontier of the (3, 3) cache network. These observations leads

to the following result:

Theorem 15. For the (3, 3) cache network, for 0 ≤M ≤ 3, the YMA scheme is Pareto optimal.

4.6 The YMA scheme: (N,K) Cache Network

Let us consider the canonical (N,K) cache network where users {U1, . . . , UK} are connected to a

server with files {W1, . . . ,WN}, each of size F bits and each user is equipped with an isolated cache of

size MF bits. The network has N sets of demands Dp with rates Rp(M) for 1 ≤ p ≤ N . We derive a

new set of lower bounds that jointly constrain these rates for all coded caching schemes. Three cache

regions are considered, namely 0 ≤M ≤ N
K , N

K (K − 2) ≤M ≤ N
K (K − 1) and N

K (K − 1) ≤M ≤ N .
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4.6.1 Case I: 0 ≤M ≤ N
K

For 1 ≤ i ≤ N , consider the demands a i ∈ D1, defined as

a i = (Wi,Wi, . . . ,Wi,Wi) (4.3)

Let Ai, with |Ai| = i, be defined as

Ai = {a1, . . . ,a i} (4.4)

We have

M + iR1 ≥ H(Zl) +H(XAi) ≥ H(Zl, XAi) (4.5)

Let cp ∈ Dp be defined as

cp = (WN−p+1,WN−p+2, . . . ,WN−1,WN ,WN , . . . ,WN ) (4.6)

where the first p users request distinct files {WN−p+1, . . . ,WN}.

Demand U1 U2 . . . Up−1 Up Up+1 . . . UK
cp WN−p+1 WN−p+2 . . . WN−1 WN WN . . . WN

Theorem 16. For the (N,K) cache network with cache size M , achievable rates R1 and Rp must

satisfy the constraint

Rp +
p

2
(2N − p− 1)R1 + pM ≥ p

2
(2N − p+ 1)

where 2 ≤ p ≤ min(N,K).

Proof. We have,

Rp +
p

2
(2N − p− 1)R1 + pM = Rp +

p∑
i=1

(M + (N − p+ i− 1)R1)

(a)

≥H(Xcp) +

p∑
i=1

H(Zi, XAN−p+i−1
)

(b)
=H(Xcp) +

p∑
i=1

H(W[N−p+i−1], Zi, XAN−p+i−1
)

=H(Xcp) +H(W[N−p], Z1, XAN−p) +

p∑
i=2

H(W[N−p+i−1], Zi, XAN−p+i−1
)
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(c)

≥H(W[N−p], Z1, Xcp , XAN−p) +

p∑
i=2

H(W[N−p+i−1], Zi, XAN−p+i−1
)

(b)
=H(W[N−p+1], Z1, Xcp , XAN−p) +

p∑
i=2

H(W[N−p+i−1], Zi, XAN−p+i−1
)

≥H(W[N−p+1], Z1, Xcp) +

p∑
i=2

H(W[N−p+i−1], Zi)

=H(W[N−p+1], Z1, Xcp) +H(W[N−p+1], Z2) +

p∑
i=3

H(W[N−p+i−1], Zi)

(c)

≥H(W[N−p+1]) +H(W[N−p+1], Z1, Z2, Xcp) +

p∑
i=3

H(W[N−p+i−1], Zi)

(b)
=H(W[N−p+1]) +H(W[N−p+2], Z1, Z2, Xcp) +H(W[N−p+2], Z3) +

p∑
i=4

H(W[N−p+i−1], Zi)

=H(W[N−p+1]) +H(W[N−p+2], Z[2], Xcp) +H(W[N−p+2], Z3) +

p∑
i=4

H(W[N−p+i−1], Zi)

(c)

≥H(W[N−p+1]) +H(W[N−p+2]) +H(W[N−p+2], Z[2], Z3, Xcp) +

p∑
i=4

H(W[N−p+i−1], Zi)

(b)
=

2∑
i=1

H(W[N−p+i]) +H(W[N−p+3], Z[3], Xcp) +

p∑
i=4

H(W[N−p+i−1], Zi)

(d)

≥
p−2∑
i=1

H(W[N−p+i]) +H(W[N−1], Z[p−1], Xcp) +H(W[N−1], Zp)

(c)

≥
p−2∑
i=1

H(W[N−p+i]) +H(W[N−1]) +H(W[N−1], Z[p], Xcp)

=

p−1∑
i=1

H(W[N−p+i]) +H(W[N−1], Z[p], Xcp)

(b)
=

p−1∑
i=1

H(W[N−p+i]) +H(W[N ], Z[p], Xcp)

(e)
=

p∑
i=1

H(W[N−p+i]) =

p∑
i=1

(N − p+ i) =
p

2
(2N − p+ 1)

where

(a) follows from (4.5),

(b) follows from (1.8),

(c) follows from the submodularity property of entropy,

(d) follows from repeated use of the submodularity property of entropy and (1.8),

(e) follows from (1.9)
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When cache size M ∈
[
0, NK

]
, the rate achieved by YMA scheme for any demand d ∈ Dp (where

1 ≤ p ≤ min(N,K)) is given in Table 4.8. The constraint of Theorem 16 is satisfied with an equality

by the scheme and any attempt at modifying the scheme to obtain better performance for Rp would

entail a performance loss for R1. Thus for 0 ≤M ≤ N
K , no scheme can dominate the YMA scheme.

R1(M) Rp(M) Constraint

1− 1
NM p− p(p+1)

2N M pM +Rp + p
2(2N − p− 1)R1 = p

2(2N − p+ 1)

Table 4.8: Rate achieved by YMA scheme when M ∈
[
0, NK

]
.

4.6.2 Case II: N
K
(K − 2) ≤M ≤ N

K
(K − 1)

We begin by considering the case where K ≤ N . Consider the demands q i, 1 ≤ i ≤ K− 1, defined

as below (and illustrated in Table 4.9):

q i =



Wi,Wi, . . . ,Wi︸ ︷︷ ︸
first (K − p− i+ 2) users

,WK−p+2,WK−p+3, . . . ,WK , ?, ?, . . . , ?︸ ︷︷ ︸
last (i− 1) users

for 1 ≤ i ≤ K − p+ 1

Wi,Wi+1, . . . ,WK , ?, ? . . . , ?, . . . , ? . . . , ?, . . . , ?, . . . , ?︸ ︷︷ ︸
last (i− 1) users

for K − p+ 2 ≤ i ≤ K − 1

where ? can be any file such that q i ∈ Dp. For 1 ≤ i ≤ K, let us consider the sets of demands as

shown below:

Set Demands
Number Files Requested by User Ui

of Demands 1 ≤ i ≤ K − p+ 1 K − p+ 2 ≤ i ≤ K − 1

Qi q1, q2, . . . , qK−i K − i W1, . . . ,WK−p−i+2, WK−p+2, . . . ,WK−1 Wi, . . . ,WK−1

Bi aK−p−i+3,aK−p−i+4, . . . , aK−p+1 i− 1 WK−p−i+3,WK−p−i+4, . . . ,WK−p+1 WK−p−i+3,WK−p−i+4, . . . ,WK−p+1

Ai−1 a1,a2, . . . ,ai−1 i− 1 W1,W2, . . . ,Wi−1 W1,W2, . . . ,Wi−1

C aK+1, aK+2, . . . ,aN N −K WK+1,WK+2, . . . ,WN WK+1,WK+2, . . . ,WN

Note that

A0 = B1 = QK = φ (4.7)

Q i+1 ∩Q i = Q i+1 (4.8)
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4. Pareto Optial Schemes in Coded Caching

As |Q i| = K − i, |B i| = |Ai−1| = i− 1 and |C | = N −K, we have

M + (K − i)Rp + (N −K + i− 1)R1 ≥ H(Zi) +H(XQi
) +H(XBi) +H(XC )

≥ H(Zi, XQi
, XBi , XC ) (4.9)

M + (K − i)Rp + (N −K + i− 1)R1 ≥ H(Zi) +H(XQi
) +H(XAi−1) +H(XC )

≥ H(Zi, XQi
, XAi−1 , XC ) (4.10)

We have the following result:

Theorem 17. For the (N,K) cache network with cache size M , achievable rates R1 and Rp must

satisfy the following constraint

K(K − 1)

2
Rp +

K(2N −K − 1)

2
R1 +KM ≥ KN − 1

where K ≤ N and 2 ≤ p ≤ N

Proof. We have

K(K − 1)

2
Rp +

K(2N −K − 1)

2
R1 +KM

=

K−p+1∑
i=1

(M + (K − i)Rp + (N −K + i− 1)R1) +

K∑
i=K−p+2

(M + (K − i)Rp + (N −K + i− 1)R1)

(a)

≥
K−p+1∑
i=1

H(Zi, XQi
, XBi , XC ) +

K∑
i=K−p+2

H(Zi, XQi
, XAi−1 , XC )

(b)
=

K−p+1∑
i=1

H(W[N ]\{K}, Zi, XQi
, XBi , XC ) +

K∑
i=K−p+2

H(W[N ]\{K}, Zi, XQi
, XAi−1 , XC )

≥
K−p+1∑
i=1

H(W[N ]\{K}, Zi, XQi
) +

K∑
i=K−p+2

H(W[N ]\{K}, Zi, XQi
)

=H(W[N ]\{K}, Z1, XQ1
) +H(W[N ]\{K}, Z2, XQ2

) +

K∑
i=3

H(W[N ]\{K}, Zi, XQi
)

≥H(W[N ]\{K}, XQ1
) +H(W[N ]\{K}, Z2, XQ2

) +
K∑
i=3

H(W[N ]\{K}, Zi, XQi
)

(c)

≥H(W[N ]\{K}, Z2, XQ1
) +H(W[N ]\{K}, XQ2

) +
K∑
i=3

H(W[N ]\{K}, Zi, XQi
)
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(d)
=H(W[N ]\{K}, Z2,WK , XQ1

) +H(W[N ]\{K}, XQ2
) +

K∑
i=3

H(W[N ]\{K}, Zi, XQi
)

(e)
=H(W[N ]) +H(W[N ]\{K}, XQ2

) +H(W[N ]\{K}, Z3, XQ3
) +

K∑
i=4

H(W[N ]\{K}, Zi, XQi
)

(c)

≥H(W[N ]) +H(W[N ]\{K}, Z3, XQ2
) +H(W[N ]\{K}, XQ3

) +

K∑
i=4

H(W[N ]\{K}, Zi, XQi
)

(d)

≥H(W[N ]) +H(W[N ]\{K},WK , Z3, XQ2
) +H(W[N ]\{K}, XQ3

) +
K∑
i=4

H(W[N ]\{K}, Zi, XQi
)

(e)

≥2H(W[N ]) +H(W[N ]\{K},WK , XQ3
) +H(W[N ]\{K}, Z4, XQ4

) +
K∑
i=5

H(W[N ]\{K}, Zi, XQi
)

(f)

≥ (K − 1)H(W[N ]) +H(W[N ]\{K}, XQK
)

(g)
=(K − 1)H(W[N ]) +H(W[N ]\{K}) = (K − 1)N +N − 1 = KN − 1

where

(a) follows from (4.7), (4.9), and (4.10),

(b) follows from (1.8),

(c) follows from the submodularity propert of entropy and (4.8),

(d) follows from the fact that user Ui+1 requests the file WK in qK−i ∈ Q i

(e) follows from (1.9),

(f) follows from repeated use of (c), (d) and (e),

(g) follows from (4.7).

Now, we focus on the case where N ≤ K. Consider the demands q i, for 1 ≤ i ≤ K − 1, defined as

below (and illustrated in Table 4.10):

q i =



Wi,Wi, . . . ,Wi︸ ︷︷ ︸
first (K − p− i+ 2) users

,WN−p+2,WN−p+3, . . . ,WN , ?, ?, . . . , ?︸ ︷︷ ︸
last (i− 1) users

for 1 ≤ i ≤ N − p+ 1

Wi,Wi, . . . ,Wi︸ ︷︷ ︸
first (K −N) users

,Wi,Wi+1, . . . ,WN , ?, ? . . . , ?, . . . , ? . . . , ?︸ ︷︷ ︸
last (i− 1) users

for N − p+ 2 ≤ i ≤ N − 1

WN−1,WN−1, . . . ,WN−1︸ ︷︷ ︸
first (K − i) users

,WN , ?, ?, . . . , ?, . . . , ?, . . . , ?︸ ︷︷ ︸
last (i− 1) users

for N ≤ i ≤ K − 1

where ? can be any file such that q i ∈ Dp.
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4.6 The YMA scheme: (N,K) Cache Network

For K −N + 1 ≤ i ≤ K, let

Set Demands
Number Files Requested by User Ui

of Demands K − N + 1 ≤ i ≤ K − p + 1 K − p + 2 ≤ i ≤ K − 1

Si q1, q2, . . . , qK−i K − i W1, . . . ,WK−p−i+2, WN−p+2, . . . ,WN−1 WN−K+i, . . . ,WN−1

Ei aK−p−i+3, aK−p−i+4, . . . , aN−p+1 N − K + i − 1 WK−p−i+3,WK−p−i+4, . . . ,WN−p+1 WK−p−i+3,WK−p−i+4, . . . ,WN−p+1

Ai−1 a1, a2, . . . , aN−K+i−1 N − K + i − 1 W1,W2, . . . ,WN−K+i−1 W1,W2, . . . ,WN−K+i−1

For 1 ≤ l ≤ K −N , let

Set Demands Number of Demands Files Requested by User Ul
G l qN , . . . , qK−l K −N − l + 1 WN−1

SK−N+1 q1, . . . , qN−1 N − 1 W1, . . . ,WN−1

Note that

EK−N+1 = SK = φ (4.11)

G l+1 ∩G l = G l+1 (4.12)

S i+1 ∩ S i = S i+1 (4.13)

GK−N = qN (4.14)

As |S i| = K − i and |E i| = |Ai−1| = i− 1, we have

M + (K − i)Rp + (N −K + i− 1)R1 ≥ H(Zi) +H(XS i) +H(XE i) ≥ H(Zi, XS i , XE i) (4.15)

M + (K − i)Rp + (N −K + i− 1)R1 ≥ H(Zi) +H(XS i) +H(XAi−1) ≥ H(Zi, XS i , XAi−1) (4.16)

The following lemma are easy to obtain:

Lemma 19. The demand sets SK−N+1 and Gl , 1 ≤ l ≤ K −N , satisfy

(|Gl|+N − 1)Rp + (|Gl|) (N − 1)R1 + (|Gl|+ 1)M ≥ H(W[N−1], Zl, XSK−N+1
, XGl

) + (|Gl|)N

Proof. We have,

(
|G l|+N − 1

)
Rp + (|G l|) (N − 1)R1 + (|G l|+ 1)M

=
[
M + (N − 1)Rp

]
+ |G l|

[
M +Rp

]
+ |G l|

[
(N − 2)R1 +R1

]
=
[
M + (N − 1)Rp

]
+ |G l|

[
M +Rp + (N − 2)R1

]
+ |G l|R1
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(a)

≥H(Zl, XSK−N+1
) +

∑
qj∈Gl

[
H(Zl) +H(Xqj ) +H(XAN−2

)
]

+ |G l|H(XaN )

(b)

≥H(Zl, XSK−N+1
) +

∑
qj∈Gl

[
H(Zl, Xqj , XAN−2

)
]

+ |G l|H(XaN )

(c)
=H(W[N−1], Zl, XSK−N+1

) +
∑

qj∈Gl

[
H(W[N−1], Zl, Xqj , XAN−2

)
]

+ |G l|H(XaN )

≥H(W[N−1], Zl, XSK−N+1
) +

∑
qj∈Gl

[
H(W[N−1], Zl, Xqj )

]
+ |G l|H(XaN )

(b)

≥H(W[N−1], Zl, XSK−N+1
) +H(W[N−1], Zl, XGl

) + (|G l| − 1)H(W[N−1], Zl) + |G l|H(XaN )

(b)

≥H(W[N−1], Zl, XSK−N+1
, XGl

) +H(W[N−1], Zl) + (|G l| − 1)H(W[N−1], Zl) + |G l|H(XaN )

=H(W[N−1], Zl, XSK−N+1
, XGl

) + |G l|H(W[N−1], Zl) + |G l|H(XaN )

(b)

≥H(W[N−1], Zl, XSK−N+1
, XGl

) + |G l|H(W[N−1], Zl, XaN )

(c)
=H(W[N−1], Zl, XSK−N+1

, XGl
) + |G l|H(W[N ], Zl, XaN )

(d)
=H(W[N−1], Zl, XSK−N+1

, XGl
) + |G l|H(W[N ]) = H(W[N−1], Zl, XSK−N+1

, XGl
) + |G l|N

where

(a) follows from (4.15) and (4.11),

(b) follows from the submodularity property of entropy,

(c) follows from (1.8),

(d) follows from (1.9).

Lemma 20. The demand sets SK−N+1 and Gl , 1 ≤ l ≤ K −N , satisfy

K−N∑
l=1

H(W[N−1], Zl, XSK−N+1
, XGl

) ≥ (K −N − 1)N +H(W[N−1], XSK−N+1
, XqN ) (4.17)

Proof. We have,

K−N∑
l=1

H(W[N−1], Zl, XSK−N+1
, XGl

) = H(W[N−1], Z1, XSK−N+1
, XG1) +H(W[N−1], Z2, XSK−N+1

, XG2)

+
K−N∑
l=3

H(W[N−1], Zl, XSK−N+1
, XGl

)

(a)

≥H(W[N−1], Z1, Z2, XSK−N+1
, XG1) +H(W[N−1], XSK−N+1

, XG2)
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+
K−N∑
l=3

H(W[N−1], Zl, XSK−N+1
, XGl

)

(b)
=H(W[N−1],WN , Z1, Z2, XSK−N+1

, XG1) +H(W[N−1], XSK−N+1
, XG2)

+

K−N∑
l=3

H(W[N−1], Zl, XSK−N+1
, XGl

)

(c)
=H(W[N ]) +H(W[N−1], XSK−N+1

, XG2) +H(W[N−1], Z3, XSK−N+1
, XG3)

+
K−N∑
l=4

H(W[N−1], Zl, XSK−N+1
, XGl

)

(a)

≥H(W[N ]) +H(W[N−1], Z3, XSK−N+1
, XG2) +H(W[N−1], XSK−N+1

, XG3)

+
K−N∑
l=4

H(W[N−1], Zl, XSK−N+1
, XGl

)

(b)
=H(W[N ]) +H(W[N−1],WN , Z3, XSK−N+1

, XG2) +H(W[N−1], XSK−N+1
, XG3)

+

K−N∑
l=4

H(W[N−1], Zl, XSK−N+1
, XGl

)

(c)
=2H(W[N ]) +H(W[N−1], XSK−N+1

, XG3) +H(W[N−1], Z4, XSK−N+1
, XG4)

+
K−N∑
l=5

H(W[N−1], Zl, XSK−N+1
, XGl

)

(d)

≥(K −N − 1)H(W[N ]) +H(W[N−1], XSK−N+1
, XGK−N )

(e)
=(K −N − 1)N +H(W[N−1], XSK−N+1

, XqN )

where,

(a) follows from the submodularity property of entropy and (4.12)

(b) follows from the fact that user Ul+1 requests the file WN in qK−l ∈ G l,

(c) follows from (1.9),

(d) follows from repeated use of (a), (b) and (c),

(e) follows from (4.14).

Lemma 21. The demand sets Si, K −N + 1 ≤ i ≤ K, satisfy

H(W[N−1], XSK−N+1
) +

K∑
i=K−N+2

H(W[N−1], Zi, XSi) ≥ (N − 1)N +N − 1
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Proof. We have,

H(W[N−1], XSK−N+1
) +

K∑
i=K−N+2

H(W[N−1], Zi, XS i)

=H(W[N−1], XSK−N+1
) +H(W[N−1], ZK−N+2, XSK−N+2

) +
K∑

i=K−N+3

H(W[N−1], Zi, XS i)

(a)

≥H(W[N−1], ZK−N+2, XSK−N+1
) +H(W[N−1], XSK−N+2

) +
K∑

i=K−N+3

H(W[N−1], Zi, XS i)

(b)
=H(W[N ], ZK−N+2, XSK−N+1

) +H(W[N−1], XSK−N+2
) +

K∑
i=K−N+3

H(W[N−1], Zi, XS i)

(c)
=H(W[N ]) +H(W[N−1], XSK−N+2

) +H(W[N−1], ZK−N+3, XSK−N+3
) +

K∑
i=K−N+4

H(W[N−1], Zi, XS i)

(a)

≥H(W[N ]) +H(W[N−1], ZK−N+3, XSK−N+2
) +H(W[N−1], XSK−N+3

) +
K∑

i=K−N+4

H(W[N−1], Zi, XS i)

(b)
=H(W[N ]) +H(W[N ], ZK−N+3, XSK−N+2

) +H(W[N−1], XSK−N+3
) +

K∑
i=K−N+4

H(W[N−1], Zi, XS i)

(c)
=2H(W[N ]) +H(W[N−1], XSK−N+3

) +H(W[N−1], ZK−M+4, XSK−N+4
) +

K∑
i=K−N+5

H(W[N−1], Zi, XS i)

(d)

≥(N − 1)H(W[N ]) +H(W[N−1], XSK )

(e)
=(N − 1)H(W[N ]) +H(W[N−1]) = (N − 1)N +N − 1

where,

(a) follows from the submodularity property of entropy and (4.13),

(b) follows from the fact that user UK−N+l requests the file WN in qN−l+1 ∈ SK−N+l−1,

(c) follows from (1.9),

(d) follows from repeated use of (a), (b) and (c),

(d) follows from (4.11)

We have the following result:

Theorem 18. For the (N,K) cache network with cache size M , achievable rates R1 and Rp must

satisfy the following constraint

K(K − 1)

2
Rp+

(N − 1)((K −N)2 +K)

2
R1+

(K −N)2 + 3K −N
2

M ≥ KN−1+
(K −N)(K −N + 1)

2
N
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where K ≤ N and 2 ≤ p ≤ N .

Proof. We have,

K(K − 1)

2
Rp +

(N − 1)((K −N)2 +K)

2
R1 +

(K −N)2 + 3K −N
2

M

(a)
=

K−N∑
i=1

[
(|Gi|+N − 1)Rp + (|Gi|) (N − 1)R1 + (|Gi|+ 1)M

]

+

K−p+1∑
i=K−N+1

(M + (K − i)Rp + (N −K + i− 1)R1)

+

K∑
i=K−p+2

(M + (K − i)Rp + (N −K + i− 1)R1)

(b)

≥
K−N∑
i=1

[
(|Gi|+N − 1)Rp + (|Gi|) (N − 1)R1 + (|Gi|+ 1)M

]

+

K−p+1∑
i=K−N+1

H(Zi, XS i , XC i) +
K∑

i=K−p+2

H(Zi, XSi , XAN−K+i−1
)

(c)

≥
K−N∑
i=1

[
H(W[N−1], Zi, XSK−N+1

, XGi) + |G l|N
]

+

K−p+1∑
i=K−N+1

H(Zi, XS i , XC i)

+
K∑

i=K−p+2

H(Zi, XSi , XAN−K+i−1
)

(d)
=

K−N∑
i=1

[
H(W[N−1], Zi, XSK−N+1

, XGi) + |G l|N
]

+

K−p+1∑
i=K−N+1

H(W[N−1], Zi, XS i , XC i)

+
K∑

i=K−p+2

H(W[N−1], Zi, XSi , XAN−K+i−1
)

≥
K−N∑
i=1

[
H(W[N−1], Zi, XSK−N+1

, XGi) + |G l|N
]

+

K−p+1∑
i=K−N+1

H(W[N−1], Zi, XS i)

+
K∑

i=K−p+2

H(W[N−1], Zi, XSi)

=
K−N∑
i=1

[
H(W[N−1], Zi, XSK−N+1

, XGi)
]

+
K∑

i=K−N+1

H(W[N−1], Zi, XS i) +
K−N∑
i=1

|Gi|N

(e)

≥(K −N − 1)N +H(W[N−1], XSK−N+1
, XqN ) +

K∑
i=K−N+1

H(W[N−1], Zi, XS i)

+

K−N∑
i=1

|Gi|N
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=H(W[N−1], XSK−N+1
, XqN ) +H(W[N−1], ZK−N+1, XSK−N+1

) +
K∑

i=K−N+2

H(W[N−1], Zi, XS i)

+ (K −N − 1)N +

K−N∑
i=1

|Gi|N

(f)

≥H(W[N−1], ZK−N+1, XSK−N+1
, XqN ) +H(W[N−1], XSK−N+1

) +
K∑

i=K−N+2

H(W[N−1], Zi, XS i)

+ (K −N − 1)N +

K−N∑
i=1

|Gi|N

(g)
=H(W[N ], ZK−N+1, XSK−N+1

, XqN ) +H(W[N−1], XSK−N+1
)

+
K∑

i=K−N+2

H(W[N−1], Zi, XS i) + (K −N − 1)N +
K−N∑
i=1

|Gi|N

(h)
=H(W[N ]) +H(W[N−1], XSK−N+1

) +
K∑

i=K−N+2

H(W[N−1], Zi, XS i)

+ (K −N − 1)N +

K−N∑
i=1

|Gi|N

(i)

≥H(W[N ]) + (N − 1)N +N − 1 + (K −N − 1)N +
K−N∑
i=1

|Gi|N

=N + (N − 1)N +N − 1 + (K −N − 1)N +
K−N∑
i=1

(K −N − i+ 1)N

=(K − 1)N +N − 1 +
(K −N)(K −N + 1)

2
N = KN − 1 +

(K −N)(K −N + 1)

2
N

where,

(a) follows from (A.4)

(b) follows from (4.11), (4.16), and (4.15),

(c) follows from lemma 19,

(d) follows from (1.8),

(e) follows from Lemma 20,

(f) follows from the submodularit property of entropy,

(g) follows from the fact that user UK−N+1 requests the file WN in qN ,

(h) follows from (1.9),

(i) follows from Lemma 21.

When cache size M ∈
[
N
K (K − 2), NK (K − 1)

]
, the rate achieved by the YMA scheme for any demand
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4.6 The YMA scheme: (N,K) Cache Network

d ∈ Dp (where 1 ≤ p ≤ min(N,K)) is given in Table 4.11 (see Appendix A.2). The constraint

of Theorem 17 and Theorem 18 are satisfied with an equality by the scheme and any attempt at

modifying the scheme to obtain better performance for Rp would entail a performance loss for R1.

Thus for 0 ≤M ≤ N
K , no scheme can dominate the YMA scheme.

Number
of files

R1(M) Rp(M) Constraints

N ≤ K 1− M
N

(K2+K−2)
K(K−1) −

(K+1)M
N(K−1)

K(K−1)
2 Rp + (N−1)((K−N)2+K)

2 R1 + (K−N)2+3K−N
2 M

= KN − 1 + (K−N)(K−N+1)
2 N

K ≤ N 1− M
N

(K2+K−2)
K(K−1) −

(K+1)M
N(K−1)

K(K−1)
2 Rp+

K(2N−K−1)
2 R1 +KM = KN − 1

Table 4.11: Rate achieved by YMA scheme when M ∈
[
N(K−2)

K , N(K−1)
K

]

4.6.3 Case III: N
K
(K − 1) ≤M ≤ N

Interestingly, for the cache size M ∈
[
N
K (K − 1), N

]
, the YMA scheme achieves optimal rates for

all the demand sets simultaneously. For the sake of completeness, we derive a memory rate constraint

involving the the rates Rp and R1. First, let us consider the case where N ≤ K.

Theorem 19. For the (N,K) cache network with case size M , achievable rates R1 and Rp must

satisfy the following constraint

M + (N − 1)Rp +R1 ≥ N

where N ≤ K and 2 ≤ p ≤ N .

Proof. We have,

M + (N − 1)Rp +R1

(a)

≥H(Z1) +H(XSK−N+1
) +H(XaN )

(b)

≥H(Z1, XSK−N−1
) +H(XaN )

(c)
=H(W[N−1], Z1, XSK−N−1

) +H(XaN )

(b)

≥H(W[N−1], Z1, XSK−N−1
, XaN )

(d)
=H(W[N ], Z1, XSK−N−1

, XaN )

(e)
=H(W[N ]) = N
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where,

(a) follows from the definitions of S i and a i,

(b) follows from the submodularity property of entropy,

(c) follows from the fact that in demand set SK−N+1 user U1 requests files W[N−1],

(d) follows from the fact that user U1 requests the file WN in demand aN ,

(e) follows from (1.9).

Now consider the case K ≤ N .

Theorem 20. For the (N,K) cache network with case size M , achievable rates R1 and Rp must

satisfy the following constraint

M + (N − 1)Rp + (N −K + 1)R1 ≥ N

where K ≤ N and 2 ≤ p ≤ K.

Proof. We have,

M + (N − 1)Rp + (N −K + 1)R1

(a)

≥H(Z1) +H(XQ1
) +H(XC ) +H(XaK )

(b)

≥H(Z1, XQ1
) +H(XC ) +H(XaK )

(c)
=H(W[K−1], Z1, XQ1

) +H(XC ) +H(XaK )

(b)

≥H(W[K−1], Z1, XQ1
, XC ) +H(XaK )

(d)
=H(W[N ]\{K}, Z1, XQ1

, XC ) +H(XaK )

(b)

≥H(W[N ]\{K}, Z1, XQ1
, XC , XaK )

(e)
=H(W[N ]\{K},WK , Z1, XQ1

, XC , XaK )

(f)

≥H(W[N ]) = N

where,
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(a) follows from the definitions of Q i, C , and ai (4.3),

(b) follows from the submodularity property of entropy,

(c) follows from the fact that in demand set Q1 user U1 requests files W[K−1],

(d) follows from the fact that in demand set C user U1 requests files {WK+1,WK+2, . . . ,WN},

(f) follows from (1.9).

When cache size M ∈
[
N
K (K − 1), N

]
, the rate achieved by YMA scheme for any demand d ∈ Dp

(where 1 ≤ p ≤ min(N,K)) is given in Table 4.12. The constraint of Theorem 19 and Theorem 20 are

satisfied with an equality by the scheme and any attempt at modifying the scheme to obtain better

performance for Rp would entail a performance loss for R1. Thus for N
K (K − 1) ≤M ≤ N , no scheme

can dominate the YMA scheme.

Number
of files

Rp Constraints

N ≤ K 1− M
N M + (N − 1)Rp +R1 = N

K ≤ N 1− M
N M + (N − 1)Rp + (N −K + 1)R1 = N

Table 4.12: Rate achieved by YMA scheme when M ∈
[
N(K−1)

K , N
]

The consequence of Theorems 16-20 for the YMA scheme is summarized in the following result:

Theorem 21. For the (N,K) cache network, the YMA scheme is Pareto optimal when M ∈
[
0, NK

]
and M ∈

[
N
K (K − 2), N

]
.

4.7 Conclusions

In this chapter we introduce new kind of lower bounds which jointly constrain the rates achievable

by the different demand sets. These lower bounds give us a better insight into how the performance for

one demand set affects the performance for the other demand sets. We use such bounds to demonstrate

that there is no universal scheme when coding is permitted in both the placement and the delivery

phase. They are also used to demonstrate that the CFL scheme operates at the Pareto optimal frontier

when N ≤ K and 0 ≤M ≤ 1
K . In a similar fashion, the YMA scheme was shown to be Pareto optimal

when 0 ≤M ≤ N
K and N

K (K − 2) ≤M ≤ N .
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5. Summary and Future Work

5.1 Summary of The Thesis

In this thesis, we studied different aspects of optimality in coded caching. We noted that the

optimal rate memory tradeoff for the demand set DN was known for small caches where 0 ≤M ≤ 1
K

and large caches where N
K (K − 1) ≤ M ≤ N . New lower bounds and a new coded caching scheme

were presented which characterized the optimal rate memory tradeoff for small caches where 0 ≤M ≤
1
K + 1

K(N−1) and for large caches where N
K (K − 1)− N−1

K(K−1) ≤M ≤ N . These results are summarized

in Figure 5.1.

Cache size M

R
at

e
R
N

( 1
K ,

N(K−1)
K )

(N(K−1)
K , 1

K )

( N
K(N−1) ,

N(K−1)−1
K )

((
N
K (K − 1)− N−1

K(K−1)

)
, 1
K−1

)(N(K−2)
K , 2

K )

New Optimal Rate Memory Tradeoff when
⌈
K+1

2

⌉
< N ≤ K

New Optimal Rate Memory Tradeoff when 1 ≤ N ≤
⌈
K+1

2

⌉Optimal Rate Memory Tradeoff from [7,13,14]

Figure 5.1: Optimal rate memory tradeoff for the (N,K) cache network

We then studied the problem of coded caching from a multi-objective perspective and derived new

lower bounds that jointly constrained the achievable rates for the demand sets Dp, 1 ≤ p ≤ min{N,K}.

These bounds were used to argue that universal schemes do not exist for the general problem of coded

caching and to motivate the study of Pareto optimal schemes. We considered the CFL scheme when

M ∈
[
0, NK

]
and the YMA scheme when M ∈

[
0, NK

]
∪
[
N
K (K − 2), N

]
and demonstrated that they

operate on the Pareto optimal frontier of the problem of coded caching.
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5.2 Future Scope

5.2 Future Scope

The main contributions of the thesis is in extending the characterization of the optimal rate memory

tradeoff for the demand set DN and the demonstration of the Pareto optimal nature of the CFL and

YMA scheme. The following problems are worth investigating in light of these presented results:

• Demand Set DN : The optimal rate memory tradeoff for this demand set is still not known when

M ∈
[

1
K + 1

K(N−1) ,
N
K (K − 1)− N−1

K(K−1)

]
. Can a characterization be obtained by extending the

techniques presented in this thesis?

• Demand Set Dp: The optimal rate memory tradeoff for the demand set Dp, 1 < p < N has

received much less attention in past work. Can results similar to the ones obtained in this thesis

be arrived at using similar techniques ?

• The YMA Scheme: The Pareto optimality of the YMA scheme was demonstrated in this thesis

when M ∈
[
0, NK

]
∪
[
N
K (K − 2), N

]
. Can this result be extended to when M ∈

[
N
K ,

N
K (K − 2)

]
using similar techniqies?

• The CFL scheme which is known to be optimal for the demand set DN , was also shown to be

Pareto optimal in this thesis. In this context it is natural to ask whether the scheme proposed

by Gómez-Vilardebó, which in this thesis was shown to be optimal for the demand set DN , is

a Pareto optimal scheme? Similarly, is the scheme we proposed in Chapter 3 (and shown to be

optimal for the demand set DN ) Pareto optimal?

• Can the study of Pareto optimal schemes be extended to further variations of the problem of

coded caching and other index coding problems?
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A. Appendix

A.1 Regarding the Proof of Theorem 18

For 1 ≤ i ≤ K −N , consider the set Gi, such that |Gi| = K −N − i+ 1. We have the following

results:

K−N∑
i=1

(
(N − 1) + |Gi|

)
+

K∑
i=K−N+1

(K − i) =
K−N∑
i=1

(
(N − 1) +K −N − i+ 1

)
+

K∑
i=K−N+1

(K − i)

=

K∑
i=1

(K − i) =
K(K − 1)

2
(A.1)

K−N∑
i=1

(N − 1)|Gi|+
K∑

i=K−N+1

(N −K + i− 1) =
K−N∑
i=1

(N − 1)(K −N − i+ 1) +
K∑

i=K−N+1

(N −K + i− 1)

=
(N − 1)(K −N)(K −N + 1)

2
+
N(N − 1)

2

=
(N − 1)((K −N)2 +K)

2
(A.2)

K−N∑
i=1

(|Gi|+ 1) +

K∑
K−N+1

1 =

K−N∑
i=1

(K −N − i+ 1 + 1) +

K∑
K−N+1

1

=
(K −N)(K −N + 3)

2
+N

=
(K −N)2 + 3K −N

2
(A.3)

Now using (A.1), (A.2) and (A.3) we have,

K−N∑
i=1

[
(|Gi|+N − 1)Rp + (|Gi|) (N − 1)R1 + (|Gi|+ 1)M

]

+

K−p+1∑
i=K−N+1

(M + (K − i)Rp + (N −K + i− 1)R1)

+

K∑
i=K−p+2

(M + (K − i)Rp + (N −K + i− 1)R1)

=

[
K−N∑
i=1

(
(N − 1) + |Gi|

)
+

K∑
i=K−N+1

(K − i)

]
Rp +

[
K−N∑
i=1

(N − 1)|Gi|+
K∑

i=K−N+1

(N −K + i− 1)

]
R1

+

[
K−N∑
l=1

(|G l|+ 1) +
K∑

K−N+1

1

]
M

=
K(K − 1)

2
Rp +

[
(N − 1)((K −N)2 +K)

2

]
R1 +

[
(K −N)2 + 3K −N

2

]
M (A.4)
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A.2 Regarding Constraints in Table 4.11

In this section we give details of constraints presented in Table 4.11. The rates achieved by the

YMA scheme for the (N,K) cache network when cache size M ∈
[
N
K (K − 2), NK (K − 1)

]
are:

R1 = 1− 1

N
M (A.5)

Rp =
(K2 +K − 2)

K(K − 1)
− (K + 1)

N(K − 1)
M (A.6)

where 2 ≤ p ≤ min{N,K}. Thus we have,

K(K − 1)

2
Rp +

K(2N −K − 1)

2
R1 +KM =

K(K − 1)

2

(
(K2 +K − 2)

K(K − 1)
− (K + 1)

N(K − 1)
M

)
+
K(2N −K − 1)

2

(
1− 1

N
M

)
+KM

=

(
(K2 +K − 2)

2
− K(K + 1)

2N
M

)
+

(
K(2N −K − 1)

2
− K(2N −K − 1)

2N
M

)
+KM

=

(
(K2 +K − 2)

2
+
K(2N −K − 1)

2

)
+

(
K − K(K + 1)

2N
− K(2N −K − 1)

2N

)
M

=

(
(K2 +K − 2) +K(2N −K − 1)

2

)
+

(
K − K(K + 1) +K(2N −K − 1)

2N

)
M

=

(
K2 +K − 2 + 2NK −K2 −K

2

)
+

(
K − K2 +K + 2NK −K2 −K

2N

)
M

=

(
2NK − 2

2

)
+

(
K − 2NK

2N

)
M

=KN − 1 + (K −K)M = KN − 1

We also have,

K(K − 1)

2
Rp +

(N − 1)((K −N)2 +K)

2
R1 +

(K −N)2 + 3K −N
2

M

=
K(K − 1)

2

(
(K2 +K − 2)

K(K − 1)
− (K + 1)

N(K − 1)
M

)
+

(N − 1)((K −N)2 +K)

2

(
1− 1

N
M

)
+

(K −N)2 + 3K −N
2

M

=

(
(K2 +K − 2)

2
+

(N − 1)((K −N)2 +K)

2

)
+

(
(K −N)2 + 3K −N

2
− K(K + 1)

2N
− (N − 1)((K −N)2 +K)

2N

)
M

=

(
(K2 +K − 2) + (N − 1)(K2 +N2 − 2NK +K)

2

)
+

(
(K −N)2 + 3K −N

2
− K2 +K + (N − 1)(K2 +N2 − 2NK +K)

2N

)
M
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=

(
2NK − 2 +N(K2 +N2 − 2NK +K)−N2

2

)
+

(
(K −N)2 + 3K −N

2
− N(K2 +N2 − 2NK +K)−N2 + 2NK

2N

)
M

=

(
2NK − 2 +N(K2 +N2 − 2NK +K −N)

2

)
+

(
(K −N)2 + 3K −N

2
− N(K2 +N2 − 2NK +K + 2K −N)

2N

)
M

=

(
2NK − 2 +N((K −N)2 +K −N)

2

)
+

(
(K −N)2 + 3K −N

2
− N((K −N)2 + 3K −N)

2N

)
M

=

(
2KN − 2 +N(K −N)((K −N) + 1)

2

)
= KN − 1 +

(K −N)(K −N + 1)

2
N
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