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Abstract

The main theme of the thesis is structured perturbation and sensitivity analysis of structured
polynomial eigenvalue problem.

Structured mapping problem naturally arises when analyzing structured backward per-
turbation of structured eigenvalue problem. Given two matrices X and B of same size, the
structured mapping problem requires to find a “structured” matrix A, if any, having the small-
est norm such that AX = B. We provide a complete solution of structured mapping problem.
More generally, we provide a complete solution of the structured inverse least-squared problem
(SILSP):

mjn |AX — B||F,

where the minimum is taken over “structured” matrices. As a consequence of structured map-
ping problem, we determine structured backward errors of approximate invariant subspaces
of structured matrices. We also analyze structured pseudospectra of structured matrices.

Next, we undertake a detailed structured backward perturbation analysis of structured ma-
trix polynomials and derive explicit computable expressions for structured backward errors of
approximate eigenelements. We analyze structured pseudospectra of structured matrix poly-
nomials and establish a partial equality between unstructured and structured pseudospectra,
which plays an important role in solving certain distance problems associated with structured
polynomials. We also derive relatively simple expressions for structured condition numbers
of simple eigenvalues of structured matrix polynomials, which play an important role in ana-
lyzing sensitivity of eigenvalues of structured polynomial eigenvalue problem.

Generally, a polynomial eigenvalue problem is “linearized” first and then solved by a back-
ward stable algorithm. However, the eigenvalues of the resulting linear problem is usually more
sensitive to perturbation than the original problem. Moreover, a polynomial admits infinitely
many linearizations. The same holds true for structured polynomials as well. Therefore, for
computational purposes, it is of paramount importance to identify potential structured lin-
earizations which are as well conditioned as possible. With the help of structured backward
perturbation analysis and structured condition numbers of eigenvalues, we identify “good”
structured linearizations which guarantee almost as accurate solutions as that of the original

polynomial eigenvalue problem.
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Chapter 1

Introduction

1.1 Introduction

Polynomial eigenvalue problem occurs in many practical applications. Often, a polynomial
eigenvalue problem that occurs in practice has some distinctive structure, as a result of which
the eigenvalues inherit certain spectral symmetry (see, [22, [44] 66, [68] 182] and the references
therein). Thus numerical methods for solution of a structured polynomial eigenvalue problem
that preserves spectral symmetry in the computed eigenvalues is highly desirable and is a
challenging task [9, [10, [18, 144, 146, [71, [74].
We consider matrix polynomial of the form P(2) = 377" ;27 A;, where A; € C"*",j =0
m. Then the polynomial eigenvalue problem is concerned with finding (A, z,y) € Cx C* x C"
such that
P(A\)z =0 and yP(\) =0, (1.1)

where z and y are nonzero vectors known as right and left eigenvectors of P corresponding to
the eigenvalue A, respectively. However, due to the lack of a genuine polynomial eigensolver,
the standard way of solving a polynomial eigenvalue problem of degree m is to solve an
equivalent generalized eigenvalue problem of larger size. To be specific, an n X n polynomial

P of degree m is converted into an “equivalent” linear polynomial
L) =XAX+Y, X, Y eC">™"

and numerically backward stable algorithm is employed to compute the eigenelements of L.

”

By “equivalent” we mean to convert the polynomial P into a linear polynomial L satisfying

PA) 0

, forall A e C
0 I(mfl)n

where E(A\) and F(\) are unimodular polynomials. The linear polynomial L is called a
linearization of P.

The most commonly used linearizations of a polynomial P = Z;n:() 27 A; are the block-
companion forms, the first companion form C;(z) = zX; + Y7 and the second companion
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form Cs(z) = 2X5 + Ya, where X1 = Xy = diag(As,, I, ..., I,) and

Am-1 Am—_2 ... A Apr =1, ... 0
—I, 0 0 Ao 0 0
Yl = . . ) 1/2 = .
: : : —1I,
0 -1, O A 0 0

Both companion forms preserve algebraic and partial multiplicities of all finite eigenvalues of
P.

Tt is shown in [67] that potential linearizations of a matrix polynomial form a linear space.
Linearization of a matrix polynomial invariably increases the sensitivity of the eigenvalues. It
is therefore important to identify a potentially ‘good’ linearization which is as well conditioned
as possible by analyzing condition numbers of eigenvalues and backward errors of approximate
eigenenvalues of linearizations of matrix polynomials. This issue has been investigated in [39,
41).

It is well known that often the eigenvalues of a structured matrix polynomial inherit certain
spectral symmetry and that the spectral symmetry often has some physical significance [22]
44, 168, 182, [83]. Therefore, the first step towards solving a structured polynomial eigenvalue
problem is to linearize the polynomial in such a way that the linearization reflects the structure
of the polynomial and preserves the spectral symmetry. It is shown in [40, 64, [68] that the
set of potential structured linearizations of a structured polynomial is an infinite subset of
potential linearizations of the polynomial.

The availability of plenty of structured linearizations of a structured matrix polynomial
poses a genuine problem of choosing one linearization over other. Since each linearization is
expected to be sensitive to perturbations in its own way, for computational purposes, it is
highly desirable to identify linearizations of a matrix polynomial which are as well-conditioned
as the matrix polynomial itself. This naturally raises some fundamental questions: How does
the choice of a linearization affect the accuracy of computed eigenvalues? What distinguishes
one linearization from another? Does there exist an optimal linearization? How to identify
an optimal or a near optimal linearization? These are certainly fundamental issues which
strongly influence numerics of structured polynomial eigenvalue problem.

With a view to answering these questions, we undertake a detailed sensitivity and back-
ward perturbation analysis of structured matrix polynomials and their structured lineariza-
tions. We show that structured sensitivity analysis and structured backward perturbation
analysis are not only important for accuracy assessment of computed eigenvalues but also
play a crucial role in answering the fundamental questions raised above. We mention that the
most commonly used stable algorithms such as the QZ algorithm do not preserve structure
and hence the spectral-symmetry in the computed eigenvalues [99]. The development of struc-
tured preserving algorithms for structured eigenvalue problem is an active and challenging
research area [9, [10} [18, 44} [46] [71) (74, 82]. We mention that structured backward pertur-
bation analysis has an important role to play in analyzing stability of structured preserving
algorithms.

The sensitivity of a simple eigenvalue of a matrix polynomial is measured by its condition
number. An explicit expression for condition number of a simple eigenvalue of a matrix

polynomial has been obtained in [I},[93]. With a view to analyzing sensitivity of eigenvalues of
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structured matrix polynomials, we define structured condition number of a simple eigenvalue
and determine the structured condition number for various structured matrix polynomials.
Thus given a simple eigenvalue A\ of a structured matrix polynomial P, we determine the
structured condition number x3()). Next, we consider a structured linearization L of P and
derive the structured condition number xf(\). Further, we identify a potential structured
linearization L of P that minimizes &f (\)/kB () or &§(A\)/kp(N).

As mentioned before, backward errors play an important role in the accuracy assessment of
approximate eigenelements. With a view to analyzing accuracy of approximate eigenelements
of a structured eigenvalue problems, we consider structured backward errors of approximate
eigenelements. Given an approximate eigenpair (A, z) of a structured matrix polynomial P, we
determine the structured backward error ns()\, x,P). Next, we consider a structured lineariza-
tion L of P and derive the structured backward error °(\, A,,_1 ® z,L) of the approximate
eigenpair (\, A,,_1®z) of L, where A, := [A\™~1 ... X\, 1]T. Further, we identify a potential
structured linearization L of P that minimizes n°(\, A,,_1 ® 2,L)/n(\, z, P).

We show that both the approaches are compatible with each other and lead to the same
choice of structured linearization. As structured backward errors together with structured
condition numbers provide first order error bounds on approximate eigenelements, these re-
sults are of fundamental importance for the numerics of structured polynomial eigenvalue
problems.

Pseudospectra of matrices and matrix polynomials provide a powerful framework for an-
alyzing numerics of matrices and matrix polynomials. Pseudospectra of matrices and matrix
polynomials have been studied extensively over the years (see, for example, [2, [100] and the
references therein). However, for analyzing structured eigenvalue problems, it is necessary to
consider structured pseudospectra. We define structured backward error of an approximate
eigenvalue of a structured matrix polynomial and analyze structured pseudospectra. We es-
tablish a partial equality between structured and unstructured pseudospectra and show that
such partial equality plays an important role in solving certain structured distance problems.

Structured mapping problem naturally occurs while addressing some of the issues discussed
above. Given two matrices X and B of same size the structured mapping problem requires
finding a “structured” square matrix A, if any, such that AX = B. Indeed, the task is
to find an A that has smallest norm. We produce a complete solution to the structured
mapping problem. As a consequence, we determine structured backward errors of approximate
invariant subspace of structured matrices. More generally, we consider the structured inverse

least-square problem in which the task is to solve the minimization problem
min ||AX — B,
A
where the minimization is taken over structured matrices. we also provide a complete solution
of structured inverse least-square problem.
1.2 Preliminaries

In this section we present some basic definitions and results which will be used throughout
the thesis. We use standard notations such as C™ and C™*" to denote the vector space of

n-tuples [z1,...,2,]T,2; € C, and the vector space of m-by-n matrices with real or complex
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entries. We denote by AT and A the transpose and conjugate transpose of a matrix A €
C™*™ respectively. For A € C"*", we denote the spectrum of A by o(A) and is given by
o(A) :={\ e C:det(4A— \) =0}.

The singular value decomposition (SVD) of a matrix A € C™*" is given by A = ULV H,
where U € C™*™ and V € C™*" are unitary and ¥ € C™*" is a diagonal matrix with
nonnegative diagonal entries (appear in descending order of magnitude). We denote the
smallest nonzero singular value of a matrix A by omin(A).

Now we define the Kronecker product and Hadamard product of matrices which will be

used in the sequel.

Definition 1.2.1. ([84]) Let A € C™*™ and B € CP*1. Then the Kronecker product of A
and B denoted by A ® B is given by the mp-by-nq block matriz

CL11B e alnB
AR B := :

am1iB ... amnB

Properties of the Kronecker product:([84])

1. Let A€ C™*" BeCr*s, C € C"P and D € C**t. Then

(A® B)(C ® D) = AC ® BD (€ C™"*P).
2. Forall Aand B, (A®@B)T = AT @ BT, (A®B)=A®B, (A® B)! = A" @ B,
where A denotes the conjugate of A.
3. If A and B are nonsingular, (A® B)™'=A"'® B~L.
4. For all A and B, rank(4A® B) = (rank(A))(rank(B)) = rank(B ® A).
5. Let A € C**" and B € C™*™. Then

o Tr(A® B) = (Tr(A))(Tx(B)) = Te(B ® A)
o det(A® B) = (det(A))™(det(B))" = det(B @ A),

where Tr(A) is the trace of A and det(A) denotes the determinant of A.
The Hadamard product of matrices is defined as follows.

Definition 1.2.2. (/84)]) Let A = (a;;) € C™*" and B = (b;;) € C™*". Then the Hadamard
product of A and B, denoted by Ao B, is defined as the entry-wise product of A and B, that
is, the (i,7)th entry of Ao B is a;;b;;.

Properties of the Hadamard product:(|84]) Suppose A, B,C € C™*" and z € C. Then
1. AoB=BoA.
2. Ao(B+C)=(AoB)+ (Ao ().

3. Ao (2B)=z(AoB).
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We now briefly consider vector and matrix norms to be used in the subsequent develop-
ment.

Definition 1.2.3. A function || - || : C"* — R is said to be a norm on C™ (or a vector norm,)

if it satisfies the following conditions:
o |z]|=0& 2 =0.
o ||az| = |af||z| for o € C and x € C".
o |lz+yll < llzll + llyll for z,y € C™.

Let || - || be a norm on C™. Define || - ||4 : C* — R by
lylla = sup{ly”=| : @ € C*, |la]| = 1}.
Then it is easy to see that || - |4 is a norm and is called the dual norm of the norm | - ||. It

follows that for z,y € C", we have |y z| < ||=|| [|y] 4.

Definition 1.2.4. ([87]) A norm || -| on C™ is said to be a monotone if |z| < |y| = ||z| <
lyll, where || < |yl means |a;] < [y;| for j = 0.

Now we consider matrix norm, that is, norm on C"*". Let || - || be norm on C". Define
1 € — Ry
[A]l := sup{||Az|| : € C", ||z]| = 1}.

Then ||-|| is @ norm on C™*™ and is referred to as the induced operator norm or the subordinate

norm. The subordinate norm induced by the 2-norm || - || on C™ is referred to as the spectral

norm or the 2-norm on C"*". We denote the spectral norm on C"*" by || - ||2. Thus
|All2 := max |Az|2.
llzll2=1

The Frobenius norm on C"*" is denoted by || - || and is given by [|A|r := (Tr(A7 A))'/2.

The spectral and the Frobenius norms have the following useful properties
o Uzl = ||z if UTU = I,
o |UAVE|op = ||All2.r if URU =T = VYV,

e |AB

lo,r < ||A

|2, 7||Bll2,7, where the notation || - |2, » denotes either || - |2 or || - ||r-

1.2.1 Davis-Kahan-Weinberger dilation theorem

Now we state the Davis-Kahan-Weinberger (DKW) dilation theorem which will be used in
the subsequent development.

Let H := H1®Hs and K := K1 &K be Hilbert spaces and T : H — K be a bounded linear
A
operator given by T := 5 bl Then T is called a dilation of A. The norm preserving

dilation problem states that given A, B, C' and a positive number

o411

)
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find all possible D such that < w. Complete solution of this problem is provided

by the Davis-Kahan-Weinberger (DKW) theorem, see [24]. We state the result in the context

of matrices.

Theorem 1.2.5 (Davis-Kahan-Weinberger, [24]). Let A, B,C be given matrices. Then for

any positive number p satisfying (1), there exists D such that < w. Indeed, those

B

D which have this property are exactly those of the form
D=—-KAYL 4+ (I - KK")\27(1 — LHL)'/?,

where KM .= (21— A" A)=12BH | [ .= (u?1—AA™)=1/2C and Z is an arbitrary contraction,
that is, || Z||2 < 1.

We mention that in the case when (u?I — AH A) is singular, the inverses in K2 and L are
replaced by Moore-Penrose pseudo-inverses (see, [76]).

The DKW Theorem [1.2.5] is a landmark result in the dilation theory of Hilbert space
operators and has found applications in many different areas. Specifically, solutions of finite
dimensional norm preserving dilation problem (as stated above) have found applications in
numerical analysis ([23] 33, [76, 77, [102]). The general solution of DKW Theorem provides
solution of norm preserving dilation problem for symmetric, skew-symmetric, Hermitian and
skew-Hermitian operators. All matrices in this section are assumed to have entries from K
where K=R or K =C.

Corollary 1.2.6. ([2]]) Given a Hermitian matric A and a matriz B, set p := | =

2

A BH
Then there exists D = DH such that

‘ = . Those D which have this property are

of the form
D=-KAK" ¢ (I - KK¥)Y?7(1 - KKH)Y/2,

where K = B(p>I — A?)~Y2 and Z = Z" is an arbitrary contraction.

Now suppose that A is skew-hermitian. Then the norm preserving skew-Hermitian dilation
of A is obtained from the DKW Theorem by considering the fact that A = A and C = —B¥.

A
Corollary 1.2.7. Given a skew-Hermitian matriz A and a matrix B, set j1 := | [B . Then
2
_BH
there exists D = —DH such that D = . Those D which have this property are
2

of the form
D=—-KAK" + (I - KK™)'27(1 — KK'™)'/?

with K = B(u?I + A?)~'/2 and Z = —Z" is any arbitrary contraction.

Next, suppose that A is symmetric. Then the norm preserving symmetric dilation of A
follows from the DKW Theorem.
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A
Corollary 1.2.8. Given a symmetric matric A and a matriz B, set p = || [B] . Then
2
BT
there exists D = DT such that D = p. Those D which have this property are of
2

the form
D=—-KAK" + u(I - KK™)\27(1 - KKT)'/2,

where K = B(p?1 — AA)~Y2 and Z = Z7 is an arbitrary contraction.
Proof: Using that fact AT = A and C = B”, by the DKW Theorem, we have K =
B(pPI—AA) "2 and L = (u>I—-AA)~Y/2BT = KT . Hence I-KK" = I-B(u*I—-AA)~"'BHY

and [ —L¥L =T -B(u?1-AA)"'BT = (I - KK")T = (I- KKT). Hence the result follows.
|

Finally, when A is skew-symmetric, the norm preserving skew-symmetric dilations of A

are given in the following result.

Corollary 1.2.9. Given a skew-symmetric matric A and a matriz B, set p := |

A -BT
B D

D=—-KAKT + u(I - KK¥)Y22(I - KKT)'/?,

B
2

Then there exists D = —D™ such that = p. Those D which have this property

2

are of the form

where K = B(u*I + AA)~Y2 and Z = —Z" is an arbitrary contraction.

Proof: Using the fact that A = —AT and C = —B”, by the DKW Theorem, we have
K = Bl + AA)~'? and L = —(p?I + AA)"Y/2BT = —KT. Consequently, we have
I-KKH =1-B(u2I+AA)'B¥ and - LHL =T B(u*I+ AA)'BT = (I- KKH)T =
(I — KKT). Hence the result follows. B

1.2.2 Matrix polynomials and linearizations

Let P,,,(C"*™) denote the set of matrix polynomials of the form P(z) := Z;n:() 27 A;, where
A; € C"*™. Then P,,(C"*™) is a linear space. Now we equip P,,(C"*") with a norm and
make it a normed linear space. For P € P,,,(C"*™) given by P(z) = Z;‘n:() 27 A;, we consider

the Frobenius and the spectral polynomial norms given by
1/2 1/2

Pl = | Y 4017 and [[Pl2 == | Yl 4;]13 (1.2)
=0

=0

respectively. Then it follows that, for any A € C,||[P(A)|| < |P|l#2 ||Amll2, where A, =
(1, A, ..., Am) T,

A matrix polynomial P € P, (C™"*™) is said to be regular if det(P(X)) # 0 for some A € C.
The spectrum of a regular polynomial P, denoted by o(P), is given by

o(P) := {A € C: det(P(\)) = 0}. (1.3)
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It is possible for P to have an infinite eigenvalue whenever the determinant of the leading
coeflicient of the polynomial is zero. The technical device underlying the notion of the eigen-
value oo can be resolved by considering the homogeneous polynomials, see [2, 26]. However,
an infinite eigenvalue of a polynomial P € P,,(C"*™) can also be resolved by considering
the reverse polynomial revP of P given by revP(z) := 2z™P(1/z) for z € C. Then oo is an
eigenvalue of P if and only if 0 is an eigenvalue of revP. Note that o(P) is to be considered as
a subset of C, := C U {oo}, the one point compactification of C, whenever P has an infinite

1

eigenvalue. Note also that the map ¥ : Co, — Co, z — 27 is continuous. Hence in the space

C the following spectral mapping holds:
o(revP) ={1/A € Cx : A € 0(P)} = ¥(a(P)).

In fact rev-operator is a linear isomorphism and ||P| 72 = ||revP| #2 holds, for details see [2].
The polynomial eigenvalue problem is concerned with finding (A, z,y) € C x C™ x C™ such
that
P(MN)z =0 and y"P(\) = 0,

where P € P,,(C™*™). The nonzero vectors  and y are called right and left eigenvectors,
respectively and ) is called the eigenvalue of P. An eigenvalue A of a polynomial P € P, (C™*™)
is called simple if A is a simple root of the scalar polynomial det(P(A)). It is shown in [I] that,
H(OP(N)/ON)z # 0, where OP(X) /O is the first derivative of P()\) with respect to A, if and
only if A is a simple eigenvalue of P and x,y are the corresponding right and left eigenvectors
respectively.
Due to the lack of a genuine polynomial eigensolver, the standard way of solving polynomial
eigenvalue problem is to convert the polynomial P into an equivalent linear polynomial. Given

a polynomial P € P,,,(C™*"), it is possible to convert it into an equivalent linear polynomial
L) =XX+Y, X,Y e Cx™™,

The linear polynomial L is called a linearization of P.

Definition 1.2.10. (Linearization,[6])]) Let P € P,,(C"*™). A linear polynomial L(\) =
AX4Y with X, Y € C™X™" 43 called a linearization of P if there exist unimodular polynomial

( a polynomial E(X) is called a unimodular if det E(\) is a nonzero constant, independent of
A), E(X) and F(X) such that

P(A) 0

] , for all X € C.
0 I(mfl)n

Note that an immediate consequence of the above definition is that v det(L())) = det(P()))
for some nonzero constant 4. Thus L and P have the same spectrum. In practice the most
commonly used examples of linearizations are companion forms or companion polynomials,
see [64]. Using these linearizations as prototypes, Mackey et al., [64] introduced two linear
spaces of easily constructible linearizations, denoted by L (P) and Ls(P), and provided a

systematic procedure to obtain those linearizations.
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Definition 1.2.11. ([64]) Let P € P,,,(C™*"™). Then define

L;y(P) := {L\):L).An-1®1I;,)=v@P(\),veC™}
Ly(P) = {LO\): (AL _,®IL)LN\) =w @P(\), weC™}
where A,y = [Nm7 ™72 N 1T, ® is the Kronecker product, v is called the right

ansatz vector for L(X\) € L1(P) and w is called the left ansatz vector for L(\) € La(P).

It is also shown in [64] that L;(P) and Lo(P) are linear spaces over C with dimL;(P) =
m(m — 1)n? + m = dim Ly (P).
Notice that when if P is regular, then any linearization L for P must also be regular. In

particular, a more surprising result proved in [64] is as follows.

Theorem 1.2.12. Let P be a regular matriz polynomial and let L € L1(P). Then L is a

linearization for P if and only if L is a regular pencil.

For polynomial eigenvalue problem, the key task for linearizing the polynomial is that, the
eigenelements should easily be recovered from the computed eigenelements of the linearization.
It is shown in [64] that the linearizations belong to the spaces LL;(P) and Lo(P) provide
a handy machinery to recover the eigenelements of the given polynomial. The following
Theorem illustrates the relation between the eigenelements of P and the eigenelements of its
linearization L € Ly (P) or L € Ly (P).

Theorem 1.2.13. (Figenvector recovery from pencils in Ly (P), La(P), [64]). Let P € P, (C™*™)
be a regular matriz polynomial and let L(X) € Ly (P) with non-zero right ansatz vector v. Then
x € C" is an eigenvector for P corresponding to the finite eigenvalue A € C if and only if
Am—1 ® x is an eigenvector for L(X) corresponding to the eigenvalue X. In fact, every right
eigenvector of L. with finite eigenvalue X is of the form A,,—1 ® x for some eigenvector x of
P.

Similarly, if L € Lo(P) with left ansatz vector w, then y € C™ is a left eigenvector for
P corresponding to the finite eigenvalue X € C if and only if A,,—1 ®y is a left eigenvector
for L(\) corresponding to the eigenvalue . In fact, every left eigenvector of L with finite

eigenvalue X is of the form A,,_1 ® x for some eigenvector x of P.

Recall that a vector x € C™ is a right ( left ) eigenvector of a polynomial P with eigenvalue

oo if and only if z is the right ( left ) eigenvector of revP with eigenvalue 0.

Theorem 1.2.14. (Eigenvector recovery at 0o, [64]). Let P € P, (C™"*™). Assume that L €
L1 (P)( resp.Lo(P)) with nonzero right ( left ) ansatz vector v. Then x € C™ is a right ( left )
eigenvector for P with eigenvalue oo if and only if ey ® x is a right ( left ) eigenvector for L
with eigenvalue co. If, in addition, P is reqular and L € L1 (P) ( resp. La(P)) is a linearization
for P, the every right ( left ) eigenvector of L with eigenvalue oo is of the form ey ® x for

some right ( left ) eigenvector = of P with eigenvalue oo.

By Theorem [1.2.13 and Theorem [1.2.14!it follows that, for an eigenvalue A of a polynomial
P € P,,(C™*™), it is necessary to construct two linearizations from each of the two spaces
L, (P) and Ly(P) to recover the corresponding right and the left eigenvectors respectively.
Now the natural question is: can we have a single linearization which produces both the
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right and left eigenvectors? Besides, availability of a very large sources of linearizations give
rise a problem of choosing a linearization. These problems are overcome by constructing a
new space of potential linearizations, called the double ansatz space out of the two spaces of
linearizations L (P) and Lo(P).

Definition 1.2.15. (Double ansatz space,[64])) Let P € P,,(C"*™). Then define the double
ansatz space as

DL(P) := L, (P) N Ly (P). (1.4)

Further, a linearization L € L, (P) is associated with a right ansatz vector v € C™ and
L € Ly(P) is associated with a left ansatz vector w € C™. Hence for L € DL(P) there should

be some relation between v and w. The following Theorem gives this relation.

Theorem 1.2.16. ([64]) Let P € P,,(C"*™) be a matriz polynomial. Then, for vectors
v = [v1, V2, ..., U]t and w = [wi, wa, ..., wy]T, there exist an mn x mn matriz pencil
L(A) = AX +Y € DL(P) that simultaneously satisfies

LOA). A1 ® 1) =v®P(N), and (AL_, ® I,).L(\) = w” @ P())

m—1
if and only if v = w.

Notice that every pencil in DL(P) is not a linearization of a given polynomial [64]. Hence
for a given pencil L € DLL(P), how to decide that it is a linearization of the given polynomial?
What is the connection between the linearization condition of a pencil L and the ansatz
vector v which defines L.? To answer these questions, a scalar polynomial, called v-polynomial
is defined in [64].

Definition 1.2.17. (v-polynomial, [64]) Let v = [v1, va, ..., v,]T € C™. Define the scalar
polynomial
p(z;v) = v12™  +vox™ 2 .. U 1T+ Uy (1.5)

referred to as the “v-polynomial” of the vector v. We adopt the convention that p(x;v) has a

root at oo whenever vy = 0.

A connection between the linearization condition of any pencil L € DIL(P) and the ansatz
vector v that defines L, is established in [64] using the v-polynomial. Besides, it is also shown
that v-polynomial plays an important role in finding the determinant of L € DL(P). The
following eigenvalue exclusion Theorem describes the linearization condition.

Theorem 1.2.18. ( FEigenvalue exclusion Theorem, [64]) Suppose that P € P, (C"*™) and
L € DL(P) is a linearization with ansatz vector v. Then L is a linearization for P if and only
if mo root of the v-polynomial is an eigenvalue of P. ( Note that this statement includes co as

one of the possible roots of p(x;v) or possible eigenvalue of P).

Assume that L(A) = AX +Y € L;(P)/DL(P) is a linearization of a polynomial P €
P,,(C™*"™) with respect to the normalized right ansatz vector v € C™. Then using Theo-

rem [1.2.13/ we have the following lemma.

10
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Lemma 1.2.19. Let L € L;(P)/DL(P) be a linearization of a polynomial P € P, (C"*™),

corresponding to the ansatz vector v € C™. Then we have

L) Amor @)z = [lollz [P(Ve]lz, (L6)
(Aot @) L) Aoy @) = AL yo] [2TP(V)al, (L.7)
(Am1 ©2) LN Amr ©2) = |AZ 0] " P(A)al. (18)

Proof: Assume that L € L;(P)/DL(P) is a linearization associated to the ansatz vector
v € C™ of the given polynomial P. Then we have L(A)(A;,—1®1I,) = v®@P(\). Postmultiplying
both sides by (1 ® ) and then applying norm both sides we obtain

LA Ap—1®@L)(1@z)=(veP\)(1ez)
= LA)Am-1®2)=v@PN\)z
= L) (Am-1 @ 2)ll2 = [[v @ P(A)z[|2 = [[v]l2 [[P(A)z]2.

This proves (1.6)).
Further, by Theorem 1.2.13| we know that z € C” is a right eigenvector of P corresponding
to the eigenvalue A if and only if A,,—1 ® x is a right eigenvector of L corresponding to the

eigenvalue \. Therefore we have

(Am-1 ©®2) LN Ap1®@2) = (Apo1@2) (0@ P(A)z)
= (A1 ®2")(v®PN)2)
= AT _v@2TP\)z=AL_,v - 2"P(\)x.

Now taking modulus in both sides we obtain (1.7). The proof is similar for (1.8).H

1.2.3 Structured matrices and matrix polynomials

An n-by-n matrix A is said to be structured if its entries depend on less than n? parameters.

Hermitian and Hamiltonian matrices are well known examples of structured matrices. A

A
Cc AT
B = BT, C = CT . Hamiltonian matrices occur in many practical application. It is well

2n-by-2n real matrix H given by H := is called a Hamiltonian matrix, where

known that if A is an eigenvalue of H then —\, X\, —\ are also eigenvalues of H. In other
words, the spectrum of H is symmetric with respect to real and imaginary axis. It is well
known that the set of Hamiltonian matrices forms a Lie algebra whereas the set of Hermitian
matrices forms a Jordan Algebra. In the thesis we consider more general classes of structured
matrices in the setting of Jordan and Lie algebras associated with appropriate scalar products.
We proceed as follows.

Let K denote the field R or C and let M € K™*" be unitary. Consider the scalar product
K" x K* — K, (z,y) — (z, y)pm given by

T .y
yt Mz, bilinear
x, = 1.9
@, ) { y"? Mz,  sesquilinear, (1.9)

11
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where 27 denotes the conjugate transpose of . Then for A € K®*™ there is a unique matrix
A* called the adjoint of A with respect to the scalar product (-, -)ps such that (Az, y)y =
(x, A*y)pr for all  and y in K™. An explicit formula for the adjoint is given by

4F — M—1TATM, bilir.le-ar form, (1.10)
M~TAHE M, sesquilinear form.
This gives us two classes of structured matrices, namely, the Lie algebra
L:={AeK"™":A*=—-A} (1.11)
and the Jordan algebra
J={AeK"": A" = A}. (1.12)

Further, for bilinear form, we assume that M7 = £M and, for sesquilinear form, we assume
MH = £ M. We say that a matrix A is structured if A belongs to J or L. The Jordan and Lie
algebras so considered encompass a wide classes of structured matrices. A few examples of
structured matrices associated with the scalar products (., .) s are given in Table[1.1] see [71].

[ K T M ] J \ L l
R™ I, Symmetric Skewsymmetric
CH I, Cplx Symmetric Cplx Skewsymmetric
R J Skew-Hamiltonian Hamiltonian
c? J | Cplx J-Skew-symmetric Cplx J-Symmetric
c" I, Hermitian Skew-Hermitian
C" [ 5,4 Pseudo-Hermitian Pseudo-skew-Hermitian
c? J Cplx skew-Hamiltonian Cplx Hamiltonian

Table 1.1: The Jordan and Lie algebras corresponding to various scalar products.

I 0 0 I
Here Sp 4 := 5’ I is the signature matrix and J := I 6‘] )
~I, I

Let x € {T, H}. Then observe that the following holds.

M*=M:Ael] & (MA"=MA
Ael & (MA=-MA

M =-M:Ac] & (MA*"=-MA
Ael & (MA)*=MA.
Obviously, structured matrices can be used to define structured matrix polynomials. For
example, a matrix polynomial P is obviously structured if the coefficients of P are either in J
or L. However, there are interesting structured matrix polynomials whose coefficient matrices

are not the elements of Jordan and/or Lie algebras.

Much of the recent research on structured polynomial eigenvalue problems was motivated

12
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by the second-order polynomial of the form
Ao+ 2A;, + 22 AL, (1.13)

where A; is complex symmetric: AT = A;. This type of polynomials arise in the study
of rail traffic noise caused by high speed trains, see [64, [68, [82]. Notice that the matrix
polynomial (1.13) has the property that reversing the order of the coefficients Ay, A1, followed
by taking their transpose, gives back the original polynomial. By analogy with linguistic
palindromes, this type of polynomials are called T-palindromic polynomials, for further details,
see [64] 68 [82].

Consider the reversal of a polynomial P € P,,(C" ™). Then note that revP(\)T =
P(A\)T,VA € C for palindromic polynomials. Similarly if revP(A\)T = —P(A\)T,VA € C it
introduces a new structured polynomials which behaves like “anti” to the palindromic poly-
nomials and hence this type of polynomials are called T-anti-palindromic polynomials.

Further, in gyroscopic systems the following type of polynomial eigenvalue problems occur

in the modelling of physical problems. For example
(Ao +AA; + N2 Ag)z =0, (1.14)

where Ag, As are symmetric matrices and A; is skew-symmetric matrix: Al = Ag, AT =
Ay, AT = —A;. Observe that, replacing A by —\ we obtain the same polynomial eigenvalue
problem. Thus A — —\ acts like an even function and this type of polynomials are called
T-even polynomials. Similarly if A — —A\ acts like an odd function then we turn into a new

type of structured polynomials called T-odd polynomials, for example
A+ zA1 + 22A2 (1.15)

where Ay, Ay are skew-symmetric matrices and A; is a symmetric matrix: AL = —Ay, AT =
—Ay, AT = A;. These two types of polynomials are also related by their reversals. In fact the

reversal of a T-even polynomial is a T-odd polynomial and vice versa.

Its evident that replacing transpose “I” by conjugate transpose “H” of the coefficient
matrices of the above types of polynomials we obtain new structured polynomials called H-

palindromic, H-anti-palindromic, H-even and H-odd polynomials, see [64].

Due to the structure of the coefficient matrices of the polynomial it enforces a symmetry
in the spectrum of the structured polynomial discussed above. In the thesis we consider the
structured polynomials described in Table [1.2. We denote the space of structured matrix
polynomials by S.

In order to consider more general classes of structured polynomials we could replace trans-
pose or conjugate transpose of matrices by adjoint of matrices defined in (1.10), associated
with the scalar product (-, -) ps defined in (1.9). Thus we could obtain wide classes of structured
polynomials identical to that of the polynomials given in Table [1.2l

Structured linearizations of structured matrix polynomials. As mentioned before,
the standard approach to solving a polynomial eigenvalue problem proceed by linearizing the

matrix polynomial into a matrix pencil of larger size. A question of practical importance

13
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| | P) =37 N4, €S |

[ Structure [ Condition [ m=2 ]
T-symmetric PT(\) =P()) P(\) = )\QAO + A+ As,
Al = Ag, AT = A, AT = A
T-skew-symmetric PT(\) = —P()) P(\) = )\QAO + A+ Ag,
Al = —Ag, AT =—-Ay, AT = -4
H-Hermitian PH(N) =P()) P()\) = M\2Ag + A\A; + As,
Al = Ag, Al = Ay, AE = Ay
H-skew-Hermitian PH()\) = -P()) P()\) = MN2Ap + A1 + As,
Al = —Ag, AF =4, Al =4
*-even P*(\) =P(—2\) P(\) = N2A+ \B +C,
A*=A,B*=-B,C*=C
x-0dd P*(\) = —P(-)) P(\) = )\2A TAB +C C,
A*=—-AB*=B,C*
*-palindromic P*(\) = A"P(1/)\) P(\) = NA+ AB + A%, B* =B
s-anti-palindromic | P*(\) = A™P(=1/\) [ PN =MNA+)AB—A* B*=-B

Table 1.2:  Overview of structured matrix polynomials. Note that x € {T, H} may denote
either the complex transpose (* = T') or the Hermitian transpose (x = H).

is whether structured polynomial can be linearized into a matrix pencil which reflects the
structure of the polynomial. This issue is investigated in an exhaustive way in [64]. For all the
structured polynomials defined above it is showed in [64] that a special class of linearizations
that reflect the structure of the polynomial always exist. Those linearizations are called
structured linearizations of the structured polynomial. In fact a systematic procedure to

construct such linearizations is also discussed in [64]. Define matrices R, € R™*™ by

1
; and X =diag{(-1)™ " (-1)™2,...,(-1)°}. (1.16)
1

Table [1.3] summarizes the conditions the ansatz vector should satisfy for this purpose(see
details in [64]).

| structure of P [ structure of L [ ansatz vector |
T-symmetric T-symmetric veCm
T-skew-symmetric | T-skew-symmetric veCm
H-Hermitian H-Hermitian veR™
H-skew-Hermitian v € R™
H-skew-Hermitian H-Hermitian v € 1R™
H-skew-Hermitian v €R™
k-even *-even Yo = (v*)T
*x-odd Yo = —(v*)?
x-odd *-even Yv = —(")T
x-odd Yo = (v*)T
*-palindromic *-palindromic Rv = (v)T
x-antipalindromic | Rv = —(v*)?
x-antipalindromic x-palindromic Rv=—("T
x-antipalindromic Rv = (v*)T

Table 1.3: Structured linearizations of structured polynomials. Here x € {T, H}.

14
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Chapter 2

Structured mapping problem

Given two matrices X and B of same size, the structured mapping problem requires to find a
“structured” square matrix A such that AX = B and that A has the smallest norm. In this
chapter, we investigate structured mapping problem for variety of linearly structured matrices

and provide a complete solution.

2.1 Introduction

Let S be a subset of K"*" where K := R or C. If A € S then we say that the matrix A has
structure S. For X € K"**¥ and B € K"**, consider S(X, B) := {A € S: AX = B}. The

structured mapping problem can be stated as follows.

Problem. Provide a necessary and sufficient condition for S(X, B) to be nonempty.
When S(X, B) # 0, characterize elements of S(X, B) and determine inf{||Z]| : Z € S(X, B)}.
Further, determine all A € S(X, B) such that ||A| = inf{]|Z]| : Z € S(X, B)}.

In this chapter, we consider S = J or S = IL, where J and IL are the Jordan and Lie algebra,
respectively, associate with appropriate scalar product defined on K™.
For the special case when x € K", b € K™ and S = K"*", Trenkler [101] revisited the

mapping problem and has provided solution of the form
A=bz" + Z(I, — zzt),

where I,, is the n x n identity matrix, Z € K™*" is arbitrary and 2! is Moore-Penrose inverse
of x. Recently, a complete solution of the structured mapping problem for the case when
x € K" beK"and S =J or S =L has been provided in [70], where S is an appropriate
Jordan or Lie algebra. Also structured mapping for Hermitian matrices has been analyzed
in [91].

In this chapter, we consider S = J as well as S = L and provide a necessary and sufficient
condition for S(X, B) to be nonempty. Further, we determine each matrix in S(X, B) and

solve the minimization problem

min{||A|| : AX = B and A € S(X, B)}.

15

TH-789_04612301



We show that the results derived in [70] follow as special cases. As an application of the
structured mapping problem, we obtain structured backward errors of approximate eigenele-
ments and approximate invariant subspaces of structured matrices. More specifically, for
(\,z) € C x C" and A € S, we define the structured backward error 7°(\, z) by

s s . —
>\ z) = A11r41£S{||AA|| (A+ DAz = Az}

and determine AA € S such that (A + AA)z = Az and ||AA| = n°(\, x). Further, we define

the structured backward error of an approximate invariant subspace X of A by
(X, A) = inf{||AA] : (A+ AA)X C X}

and determine AA € S such that (A + AA)X C X and [|AA| = n°(X, A).
As we shall see, S(X, B) may be empty for some X and B. In such a case consider the
following structured inverse least squared problem (SILSP).

Problem. Solve min{||AX — B||p: A € S} =: pr and determine all those A € S such
that ||AX — B”F = PF.

Obviously, SILSP is a generalization of the structured mapping problem. SILSP occurs
in many applications such as in particle physics and geology, inverse problems of vibration
theory, inverse Sturm-Liouville problem, control theory and multidimensional approximation.
SILSP has been studied in [90,89, 106, 107]. We provide a complete solution of the structured
inverse least squared problem for the case when S =J or S = L.

Finally, we analyze structured pseudospectra of structured matrices in S. Structured pseu-
dospectra for various structured matrices have been investigated, for example, in [35, 81}, [100].

The structured and unstructured pseudospectra of A € S are given by

o3(A)i= | {o(A+24):AAeS} and 0.(A) = | {o(A+LA4): AdeCMY,
o dl<e |aA)<e

respectively, where o(A) is the spectrum of A. We obtain partial equality between unstruc-

tured and structured pseudospectra when S =1L or S = J.

2.2 Solution of structured mapping problem

To begin with, we consider structured mapping problem for the four classes of structured
matrices, namely, Hermitian, skew-Hermitian, symmetric and skew-symmetric. As we have
already seen, these structures are prototypes of more general structures provided by Jordan
and Lie algebras associated with appropriate scalar products on K™*".

For A € K™*" we denote by AT the transpose of A and by A¥ the conjugate transpose
of A. Also whenever necessary, for * = T or * = H, we write A* to denote the transpose or
the conjugate transpose of A. Define the map F : K"*F x K>k — K"*" by

BXT +(BXHT - (XHTXTBXT if (XTB)T = XTB
F(X,B)=1¢ BX'—(BXNHT +(XNTXTBXT', if (X"B)T = -XTB
BXT, else

16
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where X1 is the Moore-Penrose pseudo-inverse of X. It is easily seen that F(X, B) is sym-
metric (resp., skew-symmetric) whenever X7 B is symmetric (resp., skew-symmetric). Also
F(X,B)X = B whenever BX'X = B.

Next define the map G : K"** x KXk — Kn*" by

BXt 4+ (BXH)H — (x")H xHBXt, it (X#B)H = X"B
G(X,B) =< BXT—(BXHH (XHHXHBXT if ( XIB)" = XD
BXT, else.

Again, it is easily seen that G(X, B) is Hermitian (resp., skew-Hermitian) whenever X B is
Hermitian (resp., skew-Hermitian). Also G(X, B)X = B whenever BX'X = B.

This shows that F(X, B) and G(X, B) are potential candidates for solutions of structured
mapping problem when (X*B)* = X*B or (X*B)* = —X*B according as the structure under
consideration is Hermitian/symmetric or shew-Hermitian/skew-symmetric, where « € {T, H}.
The following result provides a necessary and sufficient condition for existence of a structured
mapping by showing that there is a matrix A € K"*" such that AX = B and A* = A (resp.,
A* = —A) if and only if (X*B)* = X*B (resp., (X*B)* = —X*B)) and BXTX = B.

To make the presentation simple we use the following notions throughout the rest of the

paper.
sym = {AcKY": AT = A}, skew-sym = {A c K"™*": AT = A}, K:=R/C
Herm = {AcC™": A" = A}, skew-Herm = {A e C™": A" = A}

Theorem 2.2.1. Let (X, B) € K"*F xK"**. Then there exists a structured matriz A € K"
if and only if the condition in the Table 2.1 holds.

’ A ‘ Condition
sym (XTB)T = XTB and BX'X =B
skew-sym | (XTB)T = —-XTB and BX'X =B
Herm (XEB)! = X2 B and BX'X =B
skew-Herm | (X B)? = —XH B and BX'X = B

Table 2.1: Necessary and sufficient conditions for structured mapping problem.

In particular, if X has full rank then the condition BXTX = B is redundant.

Proof: Note that if there exists a structured matrix A € K"*™ as specified in the first
column of Table 2.1/ such that AX = B then obviously the conditions in the second column
are satisfied. Indeed, AX = B gives (X*B)* = X*B or (X*B)* = —X*B according as A
is symmetric/Hermitian or skew-symmetric/skew-Hermitian, where * = T or x« = H. Again
AX =B = BXTX = AXXTX = AX = B.

Conversely, if the conditions are satisfied then by constructivon A = F(X,B) or A =
G(X, B)) gives the desired structured matrix.

Note that if X has full rank then XX = I and hence BX'X = B. R

Let S denote the set of symmetric/skew-symmetric/Hermitian/skew-hermitian matrices
in K"*". Often we write this as S € {sym, skew-sym, Herm, skew-Herm}. Observe that if A €
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K™*™ is given by

5 1/2

A AF
e —[lAn % + |A22)% |,

A12 A22

All
A12

A= then ||Allp = | 2

F

where x =T or x = H. We repeatedly use this fact in the sequel.
Recall that S(X, B) := {A € S: AX = B}. Define

n°(X,B) :=inf{||A]| : A€ S and AX = B}. (2.1)

We denote 1°(X, B) by n5(X, B) (resp., n%(X, B)) when || - || is the spectral norm (resp.,
Frobenius norm). The following result provides a complete solution of structured mapping

problem for symmetric or skew-symmetric structure.

Theorem 2.2.2. Let X, B € K"**. Let S C K™ be such that S € {sym, skew-sym}. Suppose
that rank(X) = r and that S(X, B) # 0. Then A € S(X, B) if and only if A is of the form

A=F(X,B)+ (I - XX"HTz(1I-xXxT)

for some Z € S, that is, S(X,B) = F(X,B) + (I — XX"TS(I — XXT).
Consider the SVD X := USVH. Let U = [U; Us], where Uy € K"*7.

1. Frobenius norm: Then A := F(X, B) is a unique matriz in S such that AX = B
and

(X, B) = | Allr = /2| BXT||% — Te(BXH(BXT)H (X X1)T).
2. Spectral norm: We have n5(X, B) = |[BXT||y. Consider the matriz
A=F(X,B)— (I - XxHTKUFBXTU,KT(I - XXT) + N,
where N = pUs(I — U KKHU,)' 2Z(I — U KKTU,) 2UE, u = |BXT|2,

| BXTU\(p?1 - UFBXTBXTU,)~Y2, if S=sym
| BX'U, (W1 4+ UPBXTBXTU,)"Y/2, if S = skew-sym.

and Z €S is a contraction. Then A €S, AX = B and || Allz = n5(X, B) = || BXT]..
Proof: First, suppose that S = sym. By assumption there exists A € S be such that AX = B.
Note that Range(X) = Range(U;). Thus representing A relative to the decomposition

A : Range(X) @ Range(X)* — Range(X) @ Range(X)*,

A Af
Az A
||E||2F Set ¥y :=%X(1:7,1:7r). Let V = [V, V5] be a conformal partition of V' such that
X = U;5,Vi. Now AX = B = UAUH X = B. This gives

we have A = U U AUUH. Set A = UTAU = . Then A € S and |All2,r =

An AL UF) o e [UT] 5 [An AL] [50] _ [UTB
A12 AQQ U2H UQT A12 AQQ 0 UQTB
18
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= A ViH = U B and A3, Vi = U B.

Therefore, we have Ay, = U BV1X' = Ul BXTU,, A1p = U BV;X[*. Notice that Ay
is symmetric if and only if X”B = BTX and BX'X = B. Indeed X”B = BT X gives
V2, UE B = BTU 2, Vi and thus BTU, = V2, UL BViS[ ! Now

(UBXTU)T

vl xHTBTU, = Ul 27 VI BTU, = 27 VIV 2, U BVis?
Byt =UrBXTU,

as desired. Thus we have

~

uvl'Bxtu, (UfBWEHT
ufBviart Aso

(2.2)

This shows that ||A]|2 = 2||BXT|2 — Tr(BXT(BXT)H (X XT)T) + ||Ags|%. Hence setting

Aso = 0 we obtain a unique matrix

vl Bxtu, (UfBwnxHT
Uy BViEt 0

uft

A=TU
st

= BXT + (BXxNHT - (XxXx"TBXT = F(X,B)

such that A € S, AX = B and ||A||r = /2[|BXT[|2 — Te(BXT(BXT)H(XXHT) = n%(X, B).

Now from (2.2) we have

uvl'Bxtu, (UfBW»EHT

ufBvieyt Aoy
Uy BViET U + AU,
= (WUHTBXT 4+ WMETUITBT(I — Uy UF) + (I — hUF)T BXT + Uy AU
= (XXNTBXT4+ (XNTBT(I - XX") + (I - XX TBXT 4+ Uy A5,Uf
= BX'4+ (BXNT — (XXNTBXT + U, UL U, AU U, UL
= BXx'+BxHT — (xHTxTBxt+ (1 - xxNHTZ(1I - xXx")
= FX,B)+{I-Xxx"HTz(1-xx"),

Uyt

A:
Uyt

where Z € S is arbitrary.
Ul BV St
UfBViET!
|UTBVAST |2 = | BXT||2. Then it follows that ||Aljs > . Now by the DKW Theorem [1.2.8
we have ||X||2 = p when

For the spectral norm, again consider the matrix A given in(2.2) and set p :=

| 2

Agy = —K A KT + p(I — K\ KEYY22(1 — K, KT)/?

where K| = U BX1U, (2] — UPBXTBX1U,)"'/2 and Z € S is an arbitrary contraction.
Thus we have A = BXT + (BX")T — (XX")TBXT 4 Uy AU such that A € S, AX = B
and ||A]|2 = || BX||2 = 5(X, B), where Ass is defined above. Now simplifying the expression
of A we obtain the desired form of A.

The proof is similar for the case when S = skew-sym. W

19

TH-789_04612301



The next result provides a complete solution of structured mapping problem for Hermitian

or skew-Hermitian matrices.

Theorem 2.2.3. Let X,B € K"k, Let S C K™ " be such that S € {Herm,skew-Herm}.
Suppose that rank(X) = r and that S(X, B) # 0. Then A € S(X, B) if and only if A is of the
form

A=G(X,B)+ (I -XX"Z(I - XX

for some Z € S, that is, S(X,B) = G(X,B) + (I — XX")S(I — X X1).
Consider the SVD X := UXVH. Let U = [U; Us], where U; € K7,

1. Frobenius norm: Then A := G(X, B) is a unique matriz in S such that AX = B
and

15(X. B) = | Alr = /2| BX1|} — Te(BX1(BXT)H X XT),
2. Spectral norm: We have n5(X, B) = ||BX||o. Consider the matriz
A=G(X,B) - (I - XXHKUIBX'U,K*(I - XXT)+ N,
where N := pUs(I — U¥ KKHU) 2 Z(I — U KKPUL)' 2UH 1= |BXT|,

i — B)(]LU]_(/JQI—leHBAXVTBAX'T(]1)_1/27 zf S = Herm
| BX'U,(u21 + UFBXTBXTU,)"'/2, if S = skew-Herm.

and Z €S is a contraction. Then A €S, AX = B and ||Allz = n5(X, B) = | BX1].

Proof: First, suppose that S = Herm. By assumption there exists A € S be such that AX =
B. Note that Range(X) = Range(U; ). Thus representing A relative to the decomposition

A : Range(X) @ Range(X)* — Range(X) ® Range(X)™,

A11 A{IQ
A1z Az
||121\||2F Set ¥1 := X(1:71:7r). Let V = [V, V5] be a conformal partition of V such that
X = U;S1Vi. Now AX = B = UAUHX = B. This gives

we have A = U UTAUUH . Set A = UHAU = . Then A € S and ||Al2r =

Ay AR U{; o U{; 5o [An Al [V U1ZB
A12 A22 U2 U2 A12 A22 0 UQB

= A1 Vit = UE B and A153, Vi1 = UH B. Solving these equations, we have

o~

viBxtu, (UFBwnxHY
0f5:170 Ve Ago

(2.3)

Now we have ||A\||% =2||BXT||% — Tr(BXT(BXT)H X XT) 4 || Ag||%. Hence setting Az = 0

we obtain a unique matrix

H T H —1\H H
UF BV, 0 Ul
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such that A € S, AX = B and ||A||p = /2| BXT[|Z — Te(BXT(BXT) X XT) = n3.(X, B).
Now from (2.3) we have

viBxtu, (UFBvxTHH

Ul Byt Ay
UF BViS U + AgnUS
= (UMHBXT+ M UHEBA(T — U, UP) 4+ (I — U U )BXT + Uy AgpUE
= XX'BXT+(XDIBH(I - XXT)+ (I - XX)BXT + Uy Ap UH
= BXT+BxHT —(xHYix"Bxt 4+ (1 - Xxx"z(I - XX
= G(X,B)+(I-XX"Z(I - XXT),

Ut

A:
st

where Z € S is arbitrary.
Ul Bvnt
Ul Byt
||UHBV121_1H2 = ||[BXT||5. Then it follows that ||A\||2 > p. Now by the DKW Theorem 1.2.6
we have ||Al|; =  when

For the spectral norm, again consider the matrix A given in(2.3) and set p :=

’ 2

Agy = —K A K + (I — K\ KIY22(1 — K\ KH)Y/?

where K7 = U2HBXTU1(,uQI — UlHBXTBXTUl)_l/2 and Z € S is an arbitrary contraction.
Thus we have A = BXT 4+ (BXT)H — XXTBXT 4 Uy ApUf = G(X, B) + Uy AoUH such
that A € S,AX = B and ||A]j2 = ||BXT||2 = #5(X, B), where Ay is defined above. Now
simplifying the expression of A we obtain the desired form of A.

The proof is similar for the case when S = skew-Herm. l

For the special case when X has full rank, the results obtained above have the following
simplified forms. Note that when X has full rank in such a case we have X = (X7 X)~1 xH
and X'X = I. Hence we have the following result whose proof follows from Theorem 2.2.2
and Theorem [2.2.3.

Theorem 2.2.4. Let (X, B) € K"™* andS € K"*™ be such thatS € {sym, skew-sym, Herm, skew-Herm}.
Suppose that rank(X) = k and that S(X,B) :={A€S: AX = B} #10.

1. Frobenius norm: Set A := F(X,B) when S € {sym,skew-sym} and A := G(X, B)
when S € {Herm, skew-Herm}. Then A is a unique matriz in S such that AX = B and

\/2HB(XHX)*1/2||% — [(XTX)~1/2XTB(XHX)~ 123,

if S € {sym, skew-sym}
e (X, B) = | Allr =

V2IBXHX) 12 — [(XHX)~1/2XHB(XHX) 123,
if S € {Herm, skew-Herm}.

2. Spectral norm: We have n5(X,B) = |[B(X"X)~1/2||y. For x € {T,H}, consider
Q= (X"X)"V2)* X*B(XHX)"1/2 and K := B(XH"X)71/2(u*I — Q1 Q)~'/2, where
p=||B(XHX)"Y2|y. Let U be an isometry such that U X = 0.
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When x =T, define
A:=F(X,B) — (I - XX K((XHX) T PXTB(K(X" X)) (1 - XXT) + N,

where N = pU(I —UTKKHU)Y2Z2(1 - UPKKTU)'2UH and Z € S is a contraction.
When * = H, define

A:=G(X,B)—(I-XXHK(XEX)"V2XxHB(K(X"X)" V) H(1 - XX") + N,

where N = pU(I —UYKKHU)Y?2Z(I -UYKKHU)Y2UH and Z €S is a contraction.
Then A €S, AX = B and ||Allz = n5(X, B) = | B(X7 X)~/2||,.

Now we present the solution of structured mapping problem for structured matrices when
S = J or S = L. Recall that J and L are Jordan and Lie algebras associated with the
scalar product (x, y)pr := y*Max, where M is unitary, M* = +M and x € {T,H}. Also
recall that A € J if and only if (MA)* = MA or (MA)* = MA according as M* = M or
M* = —M. Similarly, A € L if and only if (M A)* = MA or (MA)* = —M A according as
M* = —M or M* = M. This shows that if S € {J,L} then defining M'S := {MA: A € S} we
have MS € {sym, skew-sym, Herm, skew-Herm}. Consequently, for S € {J, L}, we immediately
obtain the following necessary and sufficient condition for existence of a structured mapping
in S.

Theorem 2.2.5. Let (X, B) € K"*F x K"*k. Let S € {J,IL}. Then there is a matriz A € S
such that AX = B if and only if the conditions in the following table holds.

M J L |
MT=M | (XTMB)T =X"MB | (XTMB)T = -X"MB
(MB)XtX = MB (MB)Xt'X = MB
MT =-M | (XTMB)T =-X"MB | (XTMB)T =XTMB
(MB)XtX = MB (MB)XtX = MB
MP =M | (XMMB¥ =XHMB | (X"MB)Y =-X"MB
(MB)XTX = MB (MB)XTX = MB
MT=-M | (XPMB)Y = -X"MB | (XPMB =X"MB
(MB)XtX = MB (MB)X'X = MB

For the special case of nonzero vectors x € K" and b € K™, by Theorem 2.2.5, we obtain

the following necessary and sufficient condition provided in [70]:

Recall that if S € {J,L} then M'S € {sym, skew-sym, Herm, skew-Herm}. Therefore, in view
of Theorem 2.2.2] and Theorem 2.2.3, we have the following result whose proof is immediate.

Theorem 2.2.6. Let X, B € K"k, Let S ¢ K"*" be such that S C {J,L}. Suppose that
rank(X) = r and that S(X, B) # 0. Let A € S(X, B). Then A is of the form

A=MT'F(X,MB)+ M (I -Xxx"T2(I - XXT)
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M J L]
MT =M z,b e K™ | (2,b)p =0
MT =—-M | 2"Mb=0 | z,becK"
MH =M | 2PMbeR | 2 Mbc iR
MPT =M | 28Mbe iR | 2¥MbeR

Table 2.2: Necessary and sufficient condition

for some Z € 8, that is, S(X,B) = M~'F(X,MB) + M~1(I - XX"TS(I — XXT1).
Consider the SVD X := UXVH. Let U = [U; Us], where U; € K**".

1. Frobenius norm:

When MS € {sym,skew-sym} define A := M~1F(X, MB) and

when MS € {Herm, skew-Herm} define A := M~1G(X, M B). Then A is a unique matrix
mn S such that AX = B and

V2IBXT[E — e(MBXT(MBXT)F(XXT)7),
if MS € {sym, skew-sym}

V2||BXT|]2 — Te(MBXT(MBXTH)HX XT),
if MS € {Herm, skew-Herm}.

0 (X, B) = ||Allr =

. Spectral norm: We have n5(X, B) = | BX'||2.

When MS € {sym, skew-sym} consider the matriz
A=MT'F(X,MB) - M Y1 - XX"YTKUFMBXTU,KT(I - XX")+ M~N,
where N = pUs(I — UF KKHU)Y2Z(I — UFKKTUL) 2U, = |BX T,

[ MBXtU, (421 - UEMBXTMBX'1U,)~Y/2, if MS = sym
| MBXU,(p2I + UFMBXTMBXTU)"'/2, if MS = skew-sym.

and Z €S is a contraction.

When MS € {Herm, skew-Herm} consider the matriz
A=M1'G(X,MB) - M YI - XX"OKUFMBXTUK¥(I - XX1)+ M~!N,

where N 1= pUs(I — UR KKHUL)Y2Z(I — UF KKHUL)V2UH | = || BXT||2,

| MBX'U\ (42T - UFMBXTMBX'U,)~ /2, if MS = Herm
| MBX'U, (2T + UM MBXTMBXTU,) Y2, if MS = skew-Herm.

and Z € S is a contraction. Then A €S, AX = B and ||Allz = n5(X, B) = | BXT|.

When X has full rank, it is easy to obtain an analogue of Theorem [2.2.4 for structured
matrices in S € {J,L}.
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2.3 Structured backward errors of eigenelements

We now show that structured mapping problem naturally arises when analyzing backward
errors of approximate eigenelements and approximate invariant subspaces of structured ma-
trices. Let S € {J,L}. For the rest of this section, we assume that K = C. Let A € S.

Now, let X € C"*P be a full column rank matrix, that is, rank(A) = p. Let D € CP*P.
We wish to find a matrix AA € S such that (A + AA)X = XD so that X is an invariant
subspace of A+ AA. Indeed, we wish to find AA that has the smallest norm. Observe that
such a matrix AA exists if and only if AA satisfies AAX = R, where R := XD — AX. Thus
the problem of finding A A boils down to a solution of structured mapping problem. For the
rest of this section, we denote 7°(X, R) by 7°(D, X). Then

n°(D, X) := inf{||AA| : AA €S and (A+ AA)X = XD}. (2.4)

For the spectral and the Frobenius norms, we denote 1°(X, D) by 75(D, X) and 1% (D, X), re-
spectively. Note that Theorem [2.2.5 provides a necessary and sufficient condition for existence
of AA € S such that (A + AA)X = X D. Further, for the spectral and the Frobenius norms,
Theorem 2.2.6/ provides 7°(D, X) and a matrix AA € S such that (A + AA)X = XD and
|AA| =n®(D, X). Since X has full rank, we easily obtain that n5(D, X) = ||[R(X? X)~1/2|,
and

V2AIRXHX)=1/2|% —||(XTX)-V2XTMR(XH X)-1/2|2,

if M'S € {sym, skew-sym}
np(D, X) =

V2IR(XHEX) 12 — (XA X)/2XHMR(XHX)~1/2]F,
it M'S € {Herm, skew-Herm}.

We now consider the special case when X =z € C" and D = A € C and derive structured
backward error 7°(\, x). Before we proceed further, we briefly discuss the spectral symmetry of
eigenvalues of a structured matrix. Table 2.3 summaries some important spectral symmetries
of eigenvalues of structured matrices. These results follow from the fact that when A € S, we
have either M ~YATM = A or M~'AHM = A.

Recall that (A, y, ) is an eigentriple of A if Az = Az and y A = A\y™. Spectral symmetries
of structured matrices are also reflected in their eigentriples. Table2.3 summarizes eigentriples
of the structured matrices.

’ Scalar product ‘ y' Mz ‘ yH Mz ‘ yT Mz
| Field \ K=C \ K=C \ K =R
J A (A ) (A A)
L O\ —N) ) PSSy
J (\, Mz, x) (A, My, ), (A, y, Mx) (\, Mz, z)
L (A My, 2), (=N y, Mz) | (\, My, z), (-\y, Mz) | (\, My, ), (=Ay, Ma)

Table 2.3: Spectral symmetry of structured matrices.

Set r := Az — Az. Then there is a matrix F € S such that (A + E)z = Az if and only if
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and r satisfy the condition in Table 2.2 Suppose that z and r satisfy the condition. Then it
follows that n§(A, ) = [|rlla/|lal2 and i\ 2) = V2FTE = 10, 2P < VE§(A, ).
Now by Theorem [2.2.6| defining E by

(xTr)M 1tz —I— M=z (I — w2y + M~ —z2T)ra,  if MA € sym

M=YT —zzyratt — M~ 1zrT (I — z2™), if MA € skew-sym
(fryM~tox® + M Yorf (1 — za) + MY — o™ )raf | if MA € Herm
(@) M &

efr)yM = ea — M7 tarf (I — z2®) + M~1(I — z2®)ra® | if M A € skew-Herm.

we have E € S such that (A + E)z = Az and | E||r = n%()\, z). Further, defining AA by

2TrM (I —z2T)rrT (I — za™)

E - , if MA € sym
I3 = JzHr|?
E, if M A € skew-sym
NA = H (7 _ o H\yr H(T _ 0 H
g 2 rM (I — zz™)rr (I — xz™) if MA € Herm

78— o] |
oHr M= — zz®)rr (I — z2f)

, if MA € skew-Herm.
713 — l=Hr[?

we have AA € S such that (A 4+ AA)z = Az and ||AAll2 = n5(\, z).

2.3.1 Structured pseudospectra

Structured pseudospectra provide a convenient framework for analyzing numerics of struc-
tured matrices. Let A € S be a structured matrix. Then the structured e-pseudospectrum of
A, which we denote by o°(A), is defined by

o¥(A):= |J {o(A+24):rAcS}
IaAl<e

where o(A) denotes the spectrum of A. Structured pseudospectra are characterized by struc-
tured backward errors of approximate eigenvalues of A. For A € S and z € C, define

n°(z, A) := inf{||AA] : 2 € 6(A+ AA), AA €S}

Then it follows that n°(\, 4) = minj,,—1{n°(\,z) : € C"}. We mention that for some
2, the infimum may not be attained. In such a case, we set 7°(z, A) = oo. Thus 1°(z, A) is
the structured backward error of z when z is treated as an approximate eigenvalue value of
A. For the spectral and the Frobenius norms, we denote 1°(\, A) by 75(\, A) and n% (A, A)
respectively.

We set n(\, A) := omin(A — AI). Then it is easily seen that n(\, A) is the unstructured
backward error of A as an approximate eigenvalue of A. Unlike in the case of unstructured
backward error 7(z, A), determination of structured backward error 7°(z, A) for many inter-
esting structures is an open problem. Consequently, determining o°(A) for those structures is
an open problem. Note that °(z, A) > n(z, A). For certain structures and for certain z € C,
it turns that n°(z, A) = n(z, A).

Recall that M A € {sym,skew-sym, Herm, skew-Herm} when A € J € C"*™ or A € L C
C™*™ and M* = +M,x € {T,H}.
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Theorem 2.3.1. Let S :={A € C"" : MA € sym} when MT = M, and S := {A € C"*" :
MA € {sym,skew-sym}} when MT = —M. Let A € S. Then for z € C, there exists NA € S
such that z € o(A+ ANA) and n°(z, A) = | AA|| = n(z, A). Consequently, we have

Proof: Consider the case MA € sym and M = M”. Let A € C. It follows that A — A\ € S,
that is, (M (A — X ))T = M(A — XI). Since M (A — M) is complex symmetric there exists a
unitary matrix U such that the symmetric Takagi factorization [45] M (A—\I) = USUT holds,
where ¥ is a diagonal matrix containing singular values of M (A — AI) ordered in descending
order of magnitude. Note that 9(A, A) = omin(A — AI) = omin(M(A — X)) = E(n,n). Let
u = U(:,n). Then we have M (A — \I)u = n()\, A)u. This gives (A —n(\, A)M ~tuu®)u = \u.
Setting AA := —n(\, A)M " tuu”, we have AA € S and ||AA| = n(\, A) = n°(\, A). Hence
the results follow.

Next, consider the case M A € skew-sym and M7 = —M. Then for A € C, we have M (A —
M) €S, that is, (M(A— X))T = —M(A — \I). Since M (A — \I) is complex skewsymmetric,
we have the skewsymmetric Takagi factorization [45]

M(A — \I) = Udiag(dy, - -+ ,d,,)U",

where U is unitary, d; := Os SS] , 85 € C is nonzero and |s;| are singular values of
M(A — AI). Here the blocks d; Jappear in descending order of magnitude of |s;|. Note that
M(A - XU = Udiag(dy, - ,dm). Let uw := U(:;n — 1 : n). Then M(A — \)u = ud,, =
ud,,uTu. This gives (M A — ud,,uT)u = AMu. Hence taking AA := —M tud,,u”, we have
A€ g(A+ AA), AA €S and ||[AA] = |sm| = omin(M(A — AI)) = omin(4 — M) = n(A, A).
Hence 7°()\, A) = n()\, A) and the desired result follows.

Finally, consider the case M7 = —M and M A € sym. Let A € C. Note that o, (M (A —
M) = omin(A=AI) = n(\, A). Let u and v be unit left and right singular vector of M (A—\I)
corresponding to n(\, A). Then M (A — XI)v = n(\, A)u. This gives Av — n(A, A)M~1u = \v.
Let E € C™*" be such that £ = E7, Ev = v and || E|| = 1. Such a matrix always exists. Then
setting AA = —n(\, A)YME, we have (A + AA)v = \v, AA € S and ||AA] =n(\,A) =
n°(\, A). Hence the result follows. W

For Lie and Jordan algebras corresponding to sesquilinear form induced by M, we have

partial equality between structured and unstructured pseudospectra.

Theorem 2.3.2. Let S :={A € C"*": MA € Herm} when M = M and S := {A € C"*":
MA € skew-Herm} when M = —M. Let A € S. Then for z € R, there exists NA € S such
that z € a(A+ AA) and n°(z, A) = || AA|| = n(z, A). Consequently, we have

S(A)NR =0 (A)NR.

Next, consider S := {A € C"*" : M A € skew-Herm} when MH" = M and S := {A € C"*" :
MA € Herm} when M = —M. Let A € S. Then for z € iR, there exists AA € S such that
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z€o(A+ AA) and n5(z, A) = | AA| = n(z, A). Consequently, we have

o(A) NiR = o (A) NiR.
Proof: Consider the case M A € Herm when M = M. Then for A € R, M(A—\I) € S. Since
M (A—XI) is hermitian, we have the spectral decomposition M (A—\I) = Udiag(u1, - -+ , pin) U,
where U is unitary and p;’s appear in descending order of their magnitudes. Note that |, | =
Omin(M(A = X)) = omin(A — M) = n(\, A). Now defining AA := —p,, MU (:;,n)U(:;,n)H,
we have A € 0(A+ AA), AA €S and ||AA|| =n(\, A) = n°()\, A). Hence the result follows.
The proof is similar for the case when M A € skew-Herm and M = — M.

Finally, consider the case when M A € skew-Herm and M¥ = M. Then for A € iR, the set
of purely imaginary numbers, we have M (A — AI) € S, that is, M (A — \I) is skew hermitian.
Hence the result follows from spectral decomposition of M (A — AI). The proof is similar for
the case when M A € Herm and M = —M. W

Similar results hold for some other important structured matrices such as Toeplitz and

Hankel matrices which are not described in the setting of Jordan or Lie algebras.

2.4 Structured backward error for approximate invariant

subspaces of structured matrices

In this section we find an explicit expression of structured backward error of approximate
invariant subspaces of structured matrices. First we briefly review the relation between the

norm of a matrix T with norm of the pinching of T, (see [12,13].)

A B A 0
Let T be a matrix given by T := o The diagonal matrix P(T) := 0 is
called the pinching of T. Then we have
IP(O)I < Il (2.5)

for any arbitrary unitarily invariant norm |-||.

Let A € {J,L}. Then recall that M A € {sym, skew-sym, Herm, skew-Herm} when A € S.
Now we derive the structured backward error of a subspace X C C™ to be an invariant
subspace of a given matrix A € S. First we consider A € {sym, skew-sym, Herm, skew-Herm}.

The structured backward error of & is defined by

(X, A) = inf{|IE] : (A+E)X C X}

For the Frobenius and the spectral norm we denote 1°(X, A) by n%(X,A) and n5(X, A)
respectively. We mention that Stewart, [86] obtained 1% (X, A) when A € Herm.

Let X be a subspace of C® and A € sym. To determine 7°(X, A), we assume that there is
an isometry X € R™** such that Range(X) = X.

Theorem 2.4.1. LetS =sym and A € S. Let X be a subspace of C™ such that there exist an
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isometry X € R"** such that Range(X) = X. Then
(X, A) = V2|1 = XXT)AX|[p, n5(X, A) = (I = XXT)AX]|2.

Define E = —XXTA — AXXT + 2XXTAXXT. Then E € S,||E|2.r = n3(X,A) and
(A+E)x C x.

Proof: By Theorem 2.1 it is easy to verify that for given A € sym and X € C"** there
always exists E € sym such that

(A+ E)X = XD = EX = XD — AX (2.6)

for some D = DT of order k.
Now construct a real isometry 7 such that Q = [X, Q1] is orthogonal and QT X = 0.

E1n  EL
Define £ =Q | " 12| Q7. Hence from (2.6) we obtain
Erp  Ea
By EL| | XT e
me el lor| X~ [or (XD — AX)
12 L2 1 1

which gives E1; = D — XTAX, B = —QT AX. Therefore we have

D—XTAX (—QTAX)T

T 2.7
Qrax B, ¢ 20

E=Q

This gives | E||% = |D—-XTAX||%+2(|QT AX||% + || E22||%- To minimize || E|| ¢ we fix Fay = 0.

Consequently we have ||E||% = ||D — XTAX|% + 2||Q¥ AX||%, where D is a complex
symmetric matrix of order k. Setting D := X7 AX we obtain

nr(X,5) = VEIQTAX |[r = V2 /| XT A% — | XTAX]3.

given by E = —XXTA - AXXT +2XXTAXXT.

Next, consider the spectral norm. By (2.7) and (2.5) we have

0 (-QTAX)T

= QT AX 2.8
_QTAx 0 Q1 AX |2 (2.8)

IEll2 = H
2

for any D = DT of order k. Setting D = XT AX, by (2.7) we have

0 (—Qi'AX)T

E=Q Q.
—QHAX Eos

Now by DKW Theorem 1.2.5/we construct infinitely many symmetric matrices Eqy € C—F)*(n—F)

such that [|E|js = |QT AX||s = ||(I — XXT)AX]||,. Note that the lower bound is attained by
this particular choice of D. Then by (2.8) we have

(X, A) = [[(I - XXT)AX]|2.
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Moreover
Eoy = u(I — KKM27(1 - KKT)'/?

where K := —pu~ QT AX, = ||(I — XXT)AX]|| and Z = Z7 is an arbitrary contraction.
In particular, taking Z = 0 and simplifying the expression E' we obtain the same as that of
for Frobenius norm.H

Note that E € sym is unique such that ||E||r = n%(X, A) and (A+ E)X C X. Also notice
that for the spectral norm we have

E=-XXTA—- AXXT +2XXTAXXT 4+ puQi(I - KK™)'?272(1 - KKT)Y/2QT,

where QTX = 0,K := —pu 1 QTAX, u = ||(I - XXT)AX|2 and Z = Z7T is an arbitrary
contraction, such that ||E|js = n5(X, A) and (A + E)X C X.

Corollary 2.4.2. Let S =sym. Let A € S and X be a subspace of C™. Then any E € S such
that (A+ E)X C X is given by

E=XDXT - XXTA - AXXT + XXTAXXT + (I - XXT)Z(I - XXT)

where DT =D € (Cka,ZT = 7 € C(n=k)x(n—k)

Proof: The proof is followed by simplifying (2.7). B
Next we consider X is a subspace of C" and A € skew-sym. To determine 1°(X, A), we
assume that there is an isometry X € R"** such that Range(X) = X.

Theorem 2.4.3. Let S = skew-sym and A € S. Let X be a subspace of C"* such that there
exist a real isometry X € C"** and Range(X) = X. Then

np(X, A) = V2||(I - XXT)AX||p, n3(X,A) = |(I - XXT)AX]s.

Define B := —XXTA—AXXT+2XXTAXXT. Then | E|lp2 = 05 p(X,A) and (A+E)X C
X.

Proof: The proof is similar to Theorem 2.4.1. W

Note that E € skew-sym is a unique matrix such that || E||z = n%(&, A) and (A+E)X C X.
Also notice that

E=XXTA-AXXT +2XXTAXXT + uQ:(I - KK™)Y2Z2(1 — KK™)Y/2QT,

where QT X = 0,K := —p ' QTAX, p = ||AX|2 and Z = —Z7 is an arbitrary contraction,
is such that E € skew-sym, ||E|s = n5(X, A) and (A + E)X C X.

Corollary 2.4.4. Let S = skew-sym. Let A € S and X be a subspace of C"*. Then any E € S
such that (A+ E)X C X is given by

E=XDXT + XXTA+ XXTAXXT - AXXT + (I - XXT)2(I - XXT)

where DT = —D e Ck*k zZT = 7 ¢ C(n—k)x(n—k)
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Now we consider S = Herm.

Theorem 2.4.5. Let S = Herm and A € S. Let X be a subspace of A and X € C"** be an
isometry such that Range(X) = X. Then

(X, A) = V2|1 - XXT)AX||p, 13(X, A) = ||(I - XXT)AX]|2.

Define E = —XXHA — AXXH + 2XXHAXXH. Then (A+ E)X C X and ||E|2r =
15, 5(X, A) for both the Frobenius and the spectral norms..

Proof: Let X := [xl xk} € C™* be an isometry such that Range(X) = X. By
Theorem 2.1/ it follows that there exist E € S such that

(A+ B)X = XD = EX = XD — AX (2.9)
for some D = DH of order k. Now construct a unitary matrix Q = [X, Q] such that
E EH
QT X =0. Define E = Q 1 121 QM. Hence by (2.9) we obtain
Ei12  FE
E ER| | XH XH
R X =7, | (XD - AX)
Eis Exn| |Q Q1

which gives F1; = D — XHAX, Ei5 = —Q AX. Therefore we have

D—XHAX (—QHAX)H

H
_QFAX Eay Q. (2.10)

=

This gives | E||% = | D- X" AX||%2+2|| Q¥ AX||% + || E22|/%. To minimize || E||p we fix s = 0.
Consequently we have ||E||% = ||D — X7 AX||% + 2| Q{ AX||%, where D is any Hermitian
matrix of order k. Setting D := X7 AX we obtain

np(X, A) = V2/|QT AX||lr = V2| X T A} — | XTAX |3

Simplifying the expressions of E we obtain £ = —XXH7A - AXXH 4 aXXHAXXH

Next, consider the spectral norm. By (2.7) and (2.5) we have the following lower bound

0 (-QUAX)H

E|s >
1B 2 || _omax

= @@ AX |2 = (I - XXT)AX|>  (2.11)

2

for any D = DH of order k. Set D = X® AX. Then by (2.10) we have

0 (—eifAx)H

Q.
—QPAX Ess

=

Using dilation Theorem [1.2.6 for Hermitian matrices we can construct infinitely many Hermi-
tian matrices Egy € C"~R)X(=F) guch that ||E|ls = |QY AX|]2 = ||(I — XXT)AX]||5. Note
that the lower bound is attained by this particular choice of D. Consequently, by (2.11)) we
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obtain
(X, A) = [|( = XX AX .

Moreover
Eoy = p(I — KK™'\27(1 — KKH)'/?

where K := —pu ' QU AX, u=||(I - XXH")AX]||; and Z = Z" is an arbitrary contraction.
In particular, taking Z = 0 and simplifying the expression E we obtain the same as that of

for Frobenius norm.Hl

It follows from the proof that E is unique such that | E_F = n3.(X, A) and (A+E)X C X.
For the spectral norm, E is given by

E=—-XX"TA—AXXH  oX XHAXXT 4 Qi (I — KK™Y22(1 — KKP)/2QH,

where QX = 0,K = —p ' QFAX, p = ||(I - XXH)AX||z and Z = ZH is an arbitrary
contraction, such that || E|l2 = n5(X, A) and (A + E)X C X.

Corollary 2.4.6. Let S = Herm and A € S. Let X be a subspace of C* and X € C"** is an
isometry such that Range(X) = X. Then any E € S such that (A + E)X C X is given by

E=XDX" - XXHA - AXXH  XXHAXXH + (I - XX Z(I - XX )

where DM = D e Ck*k ZH — 7 ¢ C(n—k)x(n—k)

Proof: The proof is followed by simplifying (2.10). W

Now we consider S = skew-Herm.

Theorem 2.4.7. Let S = skew-Herm. X be a subspace of C" and X € C**F is an isometry
such that Range(X) = X. Then

ne (X, A) = V2||(I - XXTAX||p, 15(X, A) = |(I — XXT)AX||,.

Define E = XX"A— AXXH. Then E €S such that (A+E)X C X and |El|j2.r = ngF(X,A)

for both the Frobenius and the spectral norms.
Proof: The proof is followed by Theorem 2.4.5/

Let S = skew-Herm. Define & = XX”A — AXXH. Then E € S is unique such that
(A+ E)X C X and ||E||r = 05 (X, A). Next define

E=XX"A—AXXT 4+ uQ (I - KK™YV27(1 — KKT)1/2QH

where QX =0, K := —p ' Q¥ AX, = ||(I - XX7)AX|5 and Z = —ZH is an arbitrary
contraction. then notice that (4 + E)X C X and ||E|s = n5(X, A).

Corollary 2.4.8. Let S = skew-Herm. Let A € S and X be a subspace of C". Then any E € S
such that (A+ E)X C X is given by

E=XDX" f XXHA - AXXH" - XXHAXXH (1 - XXM 7Z(I - XX
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where D = —D € Ck*k zH = _7 ¢ C(n=k)x(n—k)

We mention that the results obtained above can easily be extended to the case when

Sc{J,L}.

2.5 Structured inverse least square problem

Note that S(X, B) could be an empty set whenever the pair (X, B) € C"** x C"** does not
satisfy the necessary and sufficient conditions for the existence of the solution of structured
mapping problem for matrices, given in Theorem [2.2.1. Such a pair gives rise to the following
structured inverse least-squared problem (SILSP).

Problem. Determine ag = min{||AX — B||r : A € S} and all A € S such that ||A||r =
min{||ZX — B||r: Z € S}.

A lot of interest have been paid to resolve this problem, see for example in [107], Zhang
et al. solved this problem for anti-Hermitian generalized Hamiltonian matrices. We solve the
problem for S € {J,L}.
We follow the same routine to solve SILSP for S € {J,L} as we did for solving the struc-
tured mapping problem by considering the four particular structures namely sym, skew-sym, Herm, skew-Herm
first. To begin with we consider SILSP when X =z € K" and B =b € K".
For any z,b € K™\ {0} we always have A € sym C K"*" such that Az = b. Therefore, for
S, the space of symmetric matrices we obtain ag = 0. Next we consider S = skew-sym.

Theorem 2.5.1. Let S = skew-sym. Then for any x,b € K" we have

Proof: Assume that z,b € K”. Construct a unitary matrix Q = [z/||z| Q1] € K™*™ such

! I
0 1 QY. Then we

that Q2 = 0. Then construct the skew-symmetric matrix 4 = Q A
ai 1

l 2Tb/||z] ]
a [zl — Qb

Choose a; = QTb/||z||. Consequently, we obtain ag = |27b|/||z|. Next we have,

obtain

min || Az — b||% = min
A€S A€S

= |26 /|| + min a2l = QT b7
- a1 €EKn-1

= 0 —(@To/I=N"| ~u
A =
N [Q?b/nxn A ] ¢
. ﬁ[bmH —FT] 4+ (I — 2™ Z(1 — 2™

where Z = —ZT e C*". 1

Now we consider Hermitian matrices.
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Theorem 2.5.2. Let S = Herm. Then for any x,b € C™ we have

Proof: Assume that z,b € C". Construct a unitary matrix Q = [z/||z| Q1] € C"*™ such

H
a a
that Q2 = 0. Then construct the Hermitian matrix A = Q H Al Q" . Then we obtain
ax 1

2

: Ar—b 2 _ — o Hb 2 : o Hb 2'
min || Az—b[F = min v llell=2"b/lll"+ min Jayfz]-Q1b]%

[a11|$|| - be/nxq

RE| | aulel - Qi ||,
Choose a; = QHb/||z||. Next ming,,er |a11||z|| — 2b/||z|||? is minimized when a;; = %.
Consequently, we obtain ag = |[im(2fb)|/||z||. Next we have,
)
40 [ re(e ) (Q{fb/nxn)ff] o
Q'v/|x| Ay
Hy 1
= reﬁa@“ )a:xH + T [b (I — zz™) + (I — 222 + (I — z2™) Z(I — z2™)
x x

where Z =Z" e C™*". 1
In a similar fashion we can obtain the solution of SILSP for skew-Hermitian matrices as

follows.

Theorem 2.5.3. Let S = skew-Herm. Then for any x,b € C™ we have

Proof: The proof is similar to Theorem 2.5.2.1

Now assume that S = J or S = L where J and L are the Jordan algebra and Lie algebra
corresponding to orthosymmetric bilinear / sesquilinear scalar product (-,)ps. Then its ev-
ident by Theorem 2.5.1, Theorem 2.5.2 and Theorem [2.5.3 thet whenever S(z,b) = ) for a
given z,b € C™ \ {0} then

|<a|7|’b”>M|, if (MA)T =—MA
T2
min || Az — b|| = W, if (MA)T=MA
Acs =]
Iret, Ol i (nraye = ara.
1|2

Now we consider SILSP for matrices. Before that we prove the following result which will

be used in the subsequent development.

Lemma 2.5.4. Let o, 3 > 0 and by, by € C. Then mingec(|za — by|? + |28 — ba|?) is given by
o aby + Bby
a2+ p2
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Proof: Assume that x = x1 + iz, by = by1 + ib12, by = boy + ibgy € C. Then define

P(z1,22) = |za—bi|* + |28 — bo|?
= (®+ %) (2] + 23) + (bT) + bTa) + (b3, + bdy) — 2c(w1b11 + T2bra) — 26(w1ba1 + w2bao).
0
Setting % =0, ¢ = 1,2 we obtain the stationary points
- abyy + Bby _ abya + by
1 a2+ 32 2 a2 + 32

This gives the relative minimum as the Hessian matrix

0%¢ 0%¢

87:@ (9!1)1(91‘2 i | 2(6(2 + 52) 0

> %9 B 0 2(a? + 3?)
Ox901; 03

is positive definite. Consequently we obtain the desired result.ll

Theorem 2.5.5. LetS be the space of symmetric matrices and X, B € K"** with rank(X) =

1 0

r. Assume that the SVD of X = USVH where ¥ = lo 0 , 21 = diag(oy,...,0.),01 >

> 0,>0,U=[U) Uy, V =[Vy Va] . Then

min [AX = B||p = || K o (U BVi¥1 + 1 ViT BT U = U BVil|% +|[UT BVa|[% + (U3 BVa|[%

is attained at

A =T [KoU] BVi T+ Ko, VI BTU\JUF +-(BX) T (I-X XN+ (I-X X" BXT+(I-X X" T Z(1-X XT)
where ZT = Z € C™%" K = [kyj], kij = Tjwf and o denotes the Hadamard product.

Proof: Assume that X, K € K"** with rank(X) = r. Consider the SVD X = UXV . Define
a symmetric linear map A : Range(X) @ Range(X)+ — Range(X) @ Range(X)*. From the
SVD of X given above it is easily seen that (U, Uy) and (Uy, Us) are bases of Range(X) ®
Range(X)* and Range(X) @ Range(X)* respectively. The block matrix representation of A

is of the form

i A A{Q UlH
A=1U, U
[ ! 2} A Ax| |UH

where Aq1, A12, Ao are of compatible sizes. Consequently we obtain

|AX — B|% = ||UTAUU"X —UTB|%
2
~|[[an AR) [ufx] [urs
[[A Az 0 Ui B||

= [[AnU{X — U B||} + || A12U{' X — U7 B3
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Then

min  [|ApUZX —-UIB|% = min  ||ARUZUSVE — U B|%
Ane(c(n—r)xr Alze(c(n—r)xr

= min  [|ApU'US — U BV |3
P 2 BV|&

= min ||AwX: — Uy BVA[[% + [|U3 BVa|%.
A12€(C(n77‘)><7‘

Moreover ||A1231 — UL BV4||% is minimized if and only if 4153 — U BV} =0 i.e. if and
only if Ay = U] BV} Efl. Similarly we obtain

min ApUEX —UTB|% = min A1, — UL BVL|% + ||[UT BV |3,
A11€CTXT7A¥1=A11 || e ! ||F AUECTXT,A}}:AH || et 1 1HF || 1 2HF

Further assume that A1 = [a;;], U BV; = [b;;]. Consequently we have,

Il

> D (layos = byl* + lajio; — bjil)

j<ig=1i=1

> D (aijoi — byl* + layoy = biil?)

j<ig=1i=1

|A11 51 = U BVl

The desired minimum can be obtained by minimizing |aijai — bij|2 + |a; ;o5 — bji|2, for all
1,7 = 1 : 7. By Lemma 2.5.4 the minimum can be obtained by
O'ibij + bjiO'j

Qij = 2 2
o; + 0;

y Aij :aji,Vi,j =1:r

Hence ||A1131 — UL BV4||% can be minimized by
Ay = Ko (U BV, + 2, VI BTU,)

where K = [k;j], kij and o denotes the Hadamard product. Consequently, we obtain

=1
2 2
ai-ﬁ-oj

Ko (ULBWE, + 2, VEBTU,) 27T BTU, o
Uf Byt Agp
U, [K o (U BV, + S, VI BTUN) U + U 27V BTUL U + UL, UL BV ST U 4+ Uy Agpy UL
= UKo (UfBWE + S VEBTUNIUE + (BXHT (T — XXT) + (I - XX")'BXT
+(I - XXNT'Z(1 - Xx"), zT =ZeC™"

S
Il
S

which gives the desired result.ll

Now we consider skew-symmetric matrices.

Theorem 2.5.6. Let S be the space of skew-symmetric matrices and X, B € K™% with
1 0

rank(X) = r. Assume that the SVD of X = ULV where X = 0 0

721 = diag(olv . '7UT>701 >

...>UT>O,U:[U1 UQ],V:[V:[ ‘/2} . Then

as = |K o (U BV1Sy — £1V{" BTUL S, — Ul BVi||% + ||U{ BVa||% + || US BV || %
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is attained at
A =T, [KoUI' BV S —Kox, VI BTU U —(BXYT (I-X XN+ (I-XXNTBXT+(1-xxNTz(1-X XT)

where ZT = —7Z € C™"K = [kyj], kij = ﬁ and o denotes the Hadamard product.

Proof: The proof is similar to the proof for symmetric case.ll

Next, we consider Hermitian matrices.

Theorem 2.5.7. Let S be the space of Hermitian matrices and X, B € K"** with rank(X) =
1 0

0 0 721 = diag(ala"'7JT)701 >

r. Assume that the SVD of X = USVH where ¥ = l

o> 0.>0,U=[U; U],V =[Vy Vo] . Then
ag = |K o (U'BVEy + SV BYUNE, = U BVA |} + ||U{ BVal[ + |Us" BV2 | 3
is attained at
A = U [KoU BViS +Kox VI BAU U +(BX A (1-X X)) 4+(I-XX")BXT+(I-X XN Z(I-X XT)

where ZH = 7 € C™*" K = [kij], kij = ﬁ and o denotes the Hadamard product.

Proof: Assume that X, K € K"** with rank(X) = r. Consider the SVD X = UXV . Define
a Hermitian linear map A : Range(X) ® Range(X)* — Range(X) ® Range(X)!. From the
SVD of X given above it is easily seen that (Ui, Us) and (Uy, Us) are bases of Range(X) &
Range(X )+ and Range(X) @ Range(X )" respectively. The block matrix representation of A
is of the form

A=y |An A pn
A Ago
Consequently we obtain
|AX - B|% = |U¥AUURX -U"B|%
%
C|[au aB) [urx] [vis
- Az Az 0 UfB .

= [AuUX — U B} + | AwU" X = U;' Bl 3.

Then,
min  [|ARUFX -UfB|Z = min ||ALUF UV —UF B2
Amec(””‘)“ Alzec(n—r))m“

= min  [|[ARLUFUS - UfBV|%
Alze(c(n—r)xr

= min |43 — Uy BVil[3 + ||U5 BVa|[3..
A12ec(n—r)><r

Now || 41221 — UH BV1||% is minimized if and only if 4133 — U BV; =0 i.e. if and only if
A =UH BV, 21_1. Similarly we have,

min ApUPEX —UPB|2 = min A2, — UEBW|% + |[UE BV,||%.
Aue(C’"W.,Aﬁ:Au’“ 11Y1 1 ”F A11€C*X”‘,Aﬁ:A11 || 1141 1 1||F ” 1 2||F
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Further let A = [a;;], UfI BV; = [b;;] € C™*". Consequently we have

> D (laioi = byl* + [aio; — bjil)

j<ig=11i=1

T s
= YD (ayoi = byl® + lago; — bl

j<ij=11i=1

A1y — U BW||%

Now the desired minimum can be obtained by minimizing |a;;0; — b;;|? + |a;jo; — Bji|2 for all
1,7 =1 :7. By Lemma [2.5.4 the minimum can be obtained by

O‘ibi]‘ + O'jgji

Qij = 2 2
o7+ o;

) @y = g5, V1,5 = 1:7.

Hence we obtain that ||A11%; — UL BV4||% is minimized by
Ay =Ko (UEBVIY, + 2, VEBHEUY))

where K = [k;;], kij = Uzij and o denotes the Hadamard product. Consequently, we obtain
i J

Ko (UfBVE, - 5,V BHU,) +27'VHBHU, o
UfBVot Aoz
= UKo (UfBVS + 21 VEBHRUNUE + Uy STV BRULUE + U UF BT UH 4 Uy A UL
= UKo (UFBVE + S VHEBHO) U + (BXN)H(I - XXT) + (I - XX)BXT
+(I-XXWHZ(I-XXT), ZH =Z e C™*"

A = U

which gives the desired result.ll

Now consider skew-Hermitian matrices.

Theorem 2.5.8. Let S be the space of skew-Hermitian matrices and X, B € K™ * with

¥ 0

rank(X) = r. Assume that the SVD of X = USVH where ¥ = , 2 = diag(oy,...,0.),01 >

.>0,>0,U=[U; Us),V =[Vi Vo] . Then
as = | K o (Uf BVS, — 51V BHUL)S, — UF BV} + |U BVA|| % + |[UF BVA |3
s attained at
A=U[KoU BV S — Ko, VEBHEULUE —(BXNWYH(I-X X1+ (I-XXBXT+(I-X X" Z(I-XXT)
where Z" = —Z € C™*" K = [kij], kij = Ugflﬂjg and o denotes the Hadamard product.

Proof: The proof is similar to the proof for Hermitian case.ll

Now consider S € {J,L}. Then for any given X, B € C"** we have ||[AX — Bl =
|[MAX — MB| p. Therefore the SILSP problem can be resolved for S just replacing B by
M B. Further the matrix A € S which produces the minimum, can be obtained by redefining
it as M A.

37

TH-789_04612301



Chapter 3

Structured backward errors and
pseudospectra of structured
matrix pencils

Structured backward perturbation analysis plays an important role in the accuracy assessment
of computed eigenelements of structured eigenvalue problems. We undertake a detailed struc-
tured backward perturbation analysis of approximate eigenelements of linearly structured
matrix pencils. The structures we consider include, for example, symmetric, skew-symmetric,
Hermitian, skew-Hermitian, even, odd, palindromic and Hamiltonian matrix pencils. We also
analyze structured backward errors of approximate eigenvalues and structured pseudospectra

of structured matrix pencils.

3.1 Introduction

Backward perturbation analysis determines the smallest perturbation for which a computed
solution is an exact solution of the perturbed problem. On the other hand, condition num-
bers measure the sensitivity of solutions to small perturbations in the data of the problem.
Thus, backward errors when combined with condition numbers provide an approximate upper
bounds on the errors in the computed solutions.

With a view to preserving structures and their associated properties, structured preserv-
ing algorithms for structured eigenproblems have been proposed in the literature (see, for
example, [9, 10, 18, [46, [74] [75] and the references therein). Consequently, there is a growing
interest in the structured perturbation analysis of structured eigenproblems (see, for exam-
ple, [16} 38, 51}, 54} 81], 95] for sensitivity analysis of structured eigenproblems).

The main purpose of this chapter is to undertake a detailed structured backward perturba-
tion analysis of approximate eigenelements of linearly structured matrix pencils. Needless to
mention that structured backward errors when combined with structured condition numbers
provide an approximate upper bounds on the errors in the computed eigenelements. Hence
structured backward perturbation analysis plays an important role in the accuracy assessment
of approximate eigenelements of structured pencils. Further, it also plays an important role

in the selection of an optimum structured linearization of a structured matrix polynomial.
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This assumes significance due to the fact that linearization is a standard approach to solving
a polynomial eigenvalue problem (see, for example, [39, 41] and the references therein).

We consider regular matrix pencils of the form L(\) = A+ AB, where A and B are square
matrices of size n. We assume L to be linearly structured, that is, L to be an element of a
real or a complex linear subspace S of the space of pencils. More specifically, we consider
ten special classes of linearly structured pencils, namely, T-symmetric, T-skew-symmetric,
T-odd, T-even, T-palindromic, H-Hermitian, H-skew-Hermitian, H-even and H-odd and
H-palindromic. These structures, defined in the next section, are prototypes of structured
pencils which occur in many applications (see, [40, [75] and the references therein). We also
consider S to be the space of pencils whose coefficient matrices are elements of Jordan and/or
Lie algebras associated with the scalar product (z,y) — y* Mz or (x,y) — y Mx, where M

0 I
is unitary and M7 = +M or M¥ = £M. For example, when M := I 0] , the Lie and

Jordan algebras associated with the scalar product (z,y) — y Mz consist of Hamiltonian
and skew-Hamiltonian matrices, respectively. The structures so considered encompass a wide
variety of structured pencils and, in particular, includes pencils whose coefficient matrices
are Hamiltonian and skew-Hamiltonian. We show, however, that analyzing these wide classes
of structured pencils ultimately boils down to analyzing one of the ten special classes of
structured pencils considered above. Consequently, we consider these ten special classes of
structured pencils and investigate structured backward perturbation analysis of approximate
eigenelements.

So, let S be the space of pencils having one of the ten structures. Let L € S and (A, z) €
C x C™ with 22 = 1. Then we define the structured backward error n°(\, x,L) of (\,z) by

(N, x,L) := inf{|]AL|| : AL € S and L(\)z + AL(\)z = 0}.

Here the pencil norm ||L]| is given by |L|| := v/[|A]2 + || B||?, where L(z) = A + 2B and | - ||
is either the spectral norm or the Frobenius norm on C™*". The main contributions of this
chapter are as follows.

Given (\,7) € C x C" with 2z = 1 and L € S, we show that there is a pencil K € S
such that L(A)z + K(M\)z = 0. Consequently, n°(\, z,L) < co. We determine n°(\, z,L) and
construct a pencil AL € S such that [|AL| = 7°()\, z,L) and L(\)z + AL(A)z = 0. Moreover,
we show that AL is unique for the Frobenius norm on C™"*" but there are infinitely many such
AL for the spectral norm on C™**™. Further, for the spectral norm, we show how to construct
all such AL. In either case, we show that if K € S is such that L(\)z + K(A\)z = 0 then
K = AL+ (I —x2®)* N(I — x2™) for some N € S, where (I —z2)* denotes the transpose or
the conjugate transpose of (I —zx#) depending upon the structure defined by S. Furthermore,
we show that the unstructured backward error n(\, z, L) of (A, x) is a lower bound of n°(\, z, L)
and is attained by 7°(\, x,L) for certain A € C. However, n(\,z,L) # n°(\, z,L) for most
reC.

Next, we consider structured pseudospectra of structured matrix pencils. It is a well known
fact that pseudospectra of matrices and matrix pencils are powerful tools for sensitivity and

perturbation analysis (see, [100] and the references therein). We consider structured and
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unstructured e-pseudospectra

oS(L):={AeC:n°(\,L) <€} and o (L) := {A € C:n(\,L) < ¢}
of L, where °(\, L) := gliEl n°(\, x,L) and n(\, L) := gligl n(A, z, L), respectively, are struc-
tured and unstructureg(ci Toztckward errors of an apprgxia;;late eigenvalue A. When L is T-
symmetric or T-skew-symmetric pencils, we show that n°(\,L) = 7(\,L) for the spectral
norm and 7°(\, L) = v/27(\, L) for the Frobenius norm. Consequently, for these structures,
we show that o°(L) = o.(L) for the spectral norm and o>(L) = 0./ a(L) for the Frobe-
nius norm. For the rest of the structures, we show that there is a set Q2 C C such that
oS(L)NQ = a.(L) N Q. For example, Q2 = R when L is H-Hermitian or H-skew-Hermitian
and QQ = iR when L is H-even or H-odd. Often the spectrum of L is symmetric with respect
to 2. When ) does not contain an eigenvalue of L, it is of practical importance to determine
the smallest perturbation AL € S of L such that L. + AL has an eigenvalue in Q2. We show
how to construct such a AL. Indeed, we show that the equality ¢%(L) N Q = o.(L) N Q plays
a crucial role in the construction of such a AL.

3.2 Structured matrix pencils

We consider n-by-n matrix pencils of the form L(A) := A + AB, where A,B € C"*" and
A € C. Thus the set of n-by-n matrix pencils consists of affine transformations from C to
C™*™ which we denote by P; (C™*™). Hence P (C"*"™) is a vector space which we endow with
an appropriate norm ||-|| as follows. Let L € P;(C™*™) be given by L(\) = A + AB. Then we
define the pencil norm ||L| by

ILI = (AN + 1BI%)*2, (3.1)

where || - || is either the spectral norm or the Frobenius norm on C"*™. We refer to [2, [3] for
various other norms on Py (C™*™). Tt is evident that | L(A)|| < [|LJ| [[(1, M)]|2-
The spectrum o (L) of a regular pencil L € Py (C™*™) is given by

o(L) :={X € C: rank(L()\)) < n}.

To be precise, o(L) consists of finite eigenvalues of L. When B is singular, the pencil L has
an infinite eigenvalue. In this chapter, we consider only finite eigenvalues of matrix pencils.
By convention, if (A,z) € C x C™ then z is assumed to be nonzero, that is, x # 0. Treating

(A, z) as an approximate eigenpair of L, we define the backward error of (A, z) by
n(A, z, L) == inf{||AL| : AL € P1(C"*") and L(\)z + AL(N)x = 0}.

We follow the convention that if L is given by L(A) = A + AB then the pencil AL to be of
the form AL(X) = AA+ AAB. Let (A, x) € C x C™. Then setting r := —L(\)z, we have

[|7|2
AaL) = — 2
L) = e N
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ratl At
Indeed, defining AA := m and AB := m, and considering the pencil
AL(z) = AA + zAB, we have |AL| = ||r]l2/]lz]l2]|(1, A)]l2 and L(A)z + AL(A)x = 0.
Next, let S be a (real or complex) linear subspace of P; (C™*™). Pencils in S will be referred
to as structured pencils. Let L € S. Then treating (A, z) € C x C"*™ as an approximate

eigenpair of L, we define the structured backward error of (A, z) by
°(\,z,L) == inf{|]AL|| : AL € S and L(\)z + AL(\)z = 0}.

Obviously, we have n(\,z,L) < n°(\,x,L). Let L be given by L(z) = A+ zB. Then the ten
special structures of L we consider in this chapter are as follows, where x € {T, H}.

S Condition
S Condition

T-symmetric A= AABT =B

*-even A*=A B*=-B

T-skew-symmetric | AT = —A, BT = —-B

x-0dd A*=—-AB*=B

H-Hermitian AH = A BHE =B
x-palindromic | A* = B

H-skew-Hermitian | A" = —A, BH = —B

Let L be a regular pencil. We say that (), x,y) is an eigentriple of L if A is an eigenvalue
of L and x and y, respectively, are right and left eigenvectors of L corresponding to A, that is,
L(A\)z = 0 and y7L(\) = 0. An eigentriple (), z, y) is said to be normalized if yy = 2"z = 1.
We consider only normalized eigentriples. Now, for ready reference, we collect some basic facts

about eigenpairs of structured pencils in the following Theorem.

Theorem 3.2.1. Let L € S be given by L(z) = A+ zB. Let (A, x) € C x C" be an eigenpair
of L. Then the results in Table 3.1l hold.

’ S ‘ eigenvalue pairing ‘ eigentriple ‘ T Az T =7 Bz
T-symmetric A A\, z,T) inC inC
T-skew-symmetric A A\ z,T) 0 0
T-even (A, =X) N\ z,7), (N, y,T) 0 0
T-odd (A, =X) N z,7), (—\y,T) 0 0ifA#0
T-palindromic (A 1/X) A\ z,7), (1/\y,T) 0if A #—1 0if A # —1
‘ eigenvalue pairing ‘ eigentriple ‘ = Az ‘ =¥ Bz ‘
H-Hermitian / A N\ z,y) 0if im(A) #0 | 0ifim(\) #0
H-skew-Hermitian Oy, x)
H-even/ (A, =) Az, y) 0if re(A\) #0 | Oifre(A) #0
H-odd (=\, vy, 1)
H-palindromic (A, 1/X) Az, ), (1/X,y,2) 0if [N\ #1 0if [N #1

Table 3.1: Eigensymmetry of structured pencils and related conditions.

Proof: Note that when L is T-symmetric or T-skew-symmetric, we have L(A\)z = 0 and
ZHL()\) = 0. Hence (\,x,Z) is an eigentriple of L. In particular, if L is T-skew-symmetric

then both A and B are skew-symmetric and hence 27 Az = 0 = 27 Bzx.
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When L is T-even or T-odd, we have L(A\)T = L(=\) or L(A\)T = —L(-X). Hence if
L(A\)z =0 and L(=\)y = 0 then ZFL(-)\) = 0 and 5 L(\) = 0. This shows (A, —\) pairing
of eigenvalues and that (A, x,7) and (—\,y,T) are eigentriples. When L is T-even, B is skew-
symmetric and hence 27 Bx = 0. Consequently, z7L(\)z = 0 = 27 Az = 0. Similarly, when L
is T-odd, A is skew-symmetric and hence 27 Az = 0. Consequently, z7L(A)z =0 = 27 Bx =0
whenever A # 0. The proof is similar for H-Hermitian, H-skew-Hermitian, H-odd and H-even
pencils.

Now let L be T-palindromic given by L(z) = A+ 2zA”T. Suppose that A # 0. Then L(\)z =
0 = ZYL(1/\) = 0 which shows (), 1/)) pairing of eigenvalues. It also follows that (\,7, x)
is an eigentriple of L if and only if (1/),Z, y) is an eigentriple of L. Note that 27 L(\)z = 0 =
2T Az + Mz Az = 0. Thus, if A # —1 then 27 Az = 0.

Similarly, when L is H-palindromic it follows that (\,y,x) is an eigentriple of L if and
only if (1/X,z,y) is an eigentriple of L. Now z7L(\)z = 2" Az + X tH Az = 0 = |27 Az| =
I\ |5 Az| = (1 — |\]) |2 Az| = 0. Hence for |A| # 1, we have 2 Az = 0. B

Next, we show that if (A, z) € CxC™ and L € S then there exists AL € S such that (A, z) is
an eigenpair of L + AL, that is, L(\)x + AL(A)z = 0. Consequently, we have n°(\, x, L) < oo.

Theorem 3.2.2. Let S € {T-symmetric, T-skew-symmetric, T-odd, T-even, H-Hermitian,
H -skew-Hermitian, H-odd, H-even} and L € S be given by L(z) = A+2B. Let (\,z) € CxC"
be such that xz = 1. Set r := —L(\)x and define

oY | —zzT Az + W[f’FT +rzf — 2(2Tr)zz®], if A= AT,
| el et if A= —AT,
] B —zxT Bra™ + ﬁ[@j +rafl — 2(2Tr)z2z¥], if B = BT,
| el et if B= —BT,
and
= ~ o Azt + ﬁ[mr‘q(] —zxfl) + (I — zzxf)raf], if A= A",
- —xxf AzzH — 1—+‘1le[er([ —zzf) — (I —zz®)rzl], if A=—-A".
AB = —zxf Brzf + W[)\.TTH(I —zxfl) + \(I — z2®)rzf] if B=BH
B —zat Bzat — ﬁ[)\er(I —zxf) = NI — xz™)ra¥] if B=-BH.

Consider the pencil AL(z) = AA+ zAB. Then AL € S and L(A\)z + AL(M)x = 0.
Proof: The proof is computational and is easy to check. W
For palindromic pencils, we have the following result.

Theorem 3.2.3. Let S € {T-palindromic, H-palindromic} and L € S be given by L(z) =
A+ zA*, where A* = AT or A* = AH. Let (\,x) € C x C" be such that 1z = 1. Set
r:=—L(\)z and define

AA { —za? Azat + 71+\1>\|2 AerT(I — za™) + (I —z2T)ra®), if B= AT,

—zxf Azat 4 ﬁ[)\mﬂ([ —xxf) 4+ (I — zx)raf], if B= AH.
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Consider the pencil AL(z) = AA+ z(AA)*. Then AL € S and L(A\)z + AL(A)x = 0.
Proof: The proof is computational and is easy to check. H.

We also consider general classes of linearly structured pencils whose coefficient matrices
are elements of certain Jordan and/or Lie algebras and show that for these pencils struc-
tured backward perturbation analysis ultimately reduces to that of one of the ten classes of

structured pencils discussed above.

3.3 Frobenius norm and structured backward errors

Let (\,x) € C x C". Unless stated otherwise, we always assume that 27z = 1. Let L € S
be given by L(z) = A + zB. In this section, we determine the structured backward error
n°(\, ,L) when C"*" is equipped with the Frobenius norm. Recall that the pencil norm
defined in (3.1) is then given by |L|| := \/JJA|% + [|B]Z = ||[A B]||r. Also recall that the
unstructured backward error n(\, z, L) for the spectral norm as well as for the Frobenius norm
on C™*™ is given by n(A, z,L) = ||[L(A)z|]2/]| (1, A)]|2-

Theorem 3.3.1. Let'S be the space of T-symmetric pencils and let L € S be given by L(z) =
A+ zB. Then for (A, x) € C x C", setting r :== —L(\)z, we have

V2B = T
Fnva,L) = X2 2l 500 0 1),

1, M)l

1
Define AA = W[ETT +rzf — (rTx)zZ2™) and AB = T)\MQ[ETT +rzfl — (rTo)zz ]

and consider the pencil AL(z) = AA+2zAB. Then AL is T-symmetric, L(A)z + AL(A)z =0
and |AL| = n°(\, z, L).

Proof: By Theorem 3.2.2 there is a AL € S such that L(A)z + AL(A)x = 0. Let AL be given
by AL(z) = AA+ zAB. Then we have (AA + AAB)z = r. Choose Q; € C**(»~1) such that
Q@ := [z, Q1] is unitary. Then

ﬂ:QTAAQ<aH j‘f), ANB:zQTABQ<b” b{>, QTr<x?>,

a; 1 bi B ir

where A; = AT and By = BT are of size n — 1. Since QQT = I, we have

(QAAQY + A\QABQM )z = r = (AAQ™ + AABQ™)z = Q"r = ( zzTT ) '
1 T

As Qx = ey, the first column of the identity matrix, we have

— — zTr a1 + Abip xTr
AA+AAB)Qx = = = .
( JQ7 ( fr ) ( a1 + Abq {r
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This gives a11 + Abi1 = 277 and a; + A\by = Q?r whose minimum norm solutions are

.
1

_NT T T

(@ by) = Qir (A) = 1+|A\2 b= 1+|A|2Q

1 _
1 1 A
and (a1; b11) =ar =ay = ——alr, by = ————aTr. Hence we have
(a11 b11) ( )\> 11 T+ \? 11 ENP\E

AA = ( 1+|1,\‘2xTr H‘lMQ(QF{T)T > AB = < 1+jA\2xTr 1+\AA|2(Q:1FT)T )

1 T A T
1+‘/\|2Q17’ Ay Wer By

This shows that the Frobenius norms of AA and AB are minimized when A; =0and B; =0.
Hence [[AA|% = [[AA|F = lan [ + 2]la1]|3 and |AB[% = [[AB||% = [bu]* + 2013 Note
that QQT =1 = Q,QF =1 — 22 = Q,QT = I — z2T. Consequently, we have

2Tr2 4+ 2||(I —z2D)rl|2 /2|72 — |zTr|?

(1, M)l B (1, M) |2
Next, we have
1 1 —
AA = H _ T H T A H
QAAQ" = rpE e 4 R @0l + QT £ 0101
1 _
L I—W[Er +raf — (rTx)zz™] + QlAlQ{I,
by i
AB = QA Qf = zolra + [)\acr QlQl —l—)\Qlerx ]—l—QlBleI

14+ A 1+ |)\|2

= ﬁ[:ﬁj +raf — (rTa)z2®) + Q, B1QY
from which we obtain the desired pencil by setting A; = 0 and By = 0. This completes the
proof. W
Observe that if Y is symmetric and Yo = 0 then Y = (I — z2™)TZ(I — x2™) for
some symmetric matrix Z. Consequently, we have Q1 A4,Q¥ = (I — z2™)TZ,(I — z2™) and
Q1B1Q = (I —22™)T Zy(I — z2™T) for some symmetric matrices Z; and Z,. Hence from the
proof of Theorem 3.3.1 we have following.

Corollary 3.3.2. Let L be a T-symmetric pencil and (A\,z) € C x C™. Set r := —L(\)z. Let
K be a T-symmetric pencil. Then L(A\)z + K(A)z = 0 if and only if K(z) = AL(z) + (I —

e )IN(2)(I — zz) for some T-symmetric pencil N, where AL is the T-symmetric pencil
given in Theorem |5.5.1.

Next, we consider T-skew-symmetric pencils.

Theorem 3.3.3. Let S be the space of T-skew-symmetric pencils and let L € S be given by
L(z) = A+2zB. Let (\,x) € CxC" and r := —L(\)z. Then n°(\,,L) = V2 ||r|l2/(1,\)]2 =
ﬂn()\,x, L). Further, for the T-skew-symmetric pencil AL given in Theorem [5.2.2, we have
L(\)z + AL(\)z =0 and || AL|| = n°(\, z,L).
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Proof: As A and B are skew-symmetric, from the proof of Theorem [3.3.1, we have

— 0 af — 0 of zTr
AA=QTAAQ = ' |, AB=QTABQ = ), QTr= 7
@ @ ( —a; Ay ) ¢ @ b1 By o ir
where A; and B; are skew-symmetric matrices of size n — 1. Consequently, as before, we
o o T 0 T
have (AA + MAB)QPz = ( Z;TT ) which gives ( ) = ( mTr > . Note that
ir

—a1 — )\bl 1T
2Tr = 0 and the smallest norm solution of —a; — A\b; = Q7r is given by

t
1 A
b)) = 0T - 0Ty py=——" _0OT,.
(a1 b) = Qv (—A) TO= @t = @
Hence we have

1 T Tl A T,.\T
pa=g( 0 TG Y on apog( (O T gn
EEt o @ By
Setting A; = 0 and By = 0 we obtain AL such that [|AL| = 73\, 2, L) = v2||r[l2/][(1, \) 2.

Since Q,QT = I — 72T, we have

NA = ! [Zr! —rzf] + Q,4,Q and AB = —

REDE @r’ —raf] 4+ Q,B,Qf.

A
14 |\2
Setting A; = B; = 0 we obtain the T-skew-symmetric pencil AL given in Theorem [3.2.2. W

Using the fact that if Y is skew-symmetric and Yz = 0 then Y = (I — z2™)TZ(I — za'?)
for some skew-symmetric matrix Z, we obtain an analogue of Corollary 3.3.2 for T-skew-

symmetric pencils.

Next, we derive structured backward errors for T-even and T-odd pencils.

Theorem 3.3.4. Let S € {T-even, T-odd} and L € S be given by L(z) = A + zB. Let
(M z) € Cx C™ and r := —L(\)x. Then we have

2|rll3 = 20=Tr2 _ V203 + (A2 = DaTr[?
14+ [Al2 1N

P\ x,L) = \/|xTAm|2 +

when L is T-even and

oo ot _ A20rI3+ (A2 = DeTr2
(A, L) = \/|x Bz’ + T = 11, N)l2 s f A0

V2n(\ z,L), if A=0,

when L is T-odd. The pencil AL € S given in Theorem [3.2.2 satisfies L(\)x + AL(A)xz = 0
and || AL = n°(\, x,L).

Proof: First, assume that L is T-even. Then noting that A = AT and B = —B7”, the proof

follows from similar arguments as those employed for T-symmetric and T-skew-symmetric

45

TH-789_04612301



pencils. Indeed, considering a unitary matrix @ := [z, @Q1], we have

7 T = 0 F Ty
NA=QTaaQ = ™ "), AB:=Q"ABQ = ! Ty =
QTAAQ <a1 l QaBe=| o) @r=( o )

where A; = AT and B; = —BY are of size n — 1. Consequently, we have (Z;lJr /\AVB)QH:C =
.’bTT' ail LL'TT . . T
T = = T . This gives a;; = —a' Az. The smallest norm
ir a1 — Aby Qir
solution of a; + Aby = QT'r is given by

+ _
1 1 )

— T = — r = ——— T

(a1 1) =QTr <_A> = a = pEdin b= -l

Consequently, we have

AA = Q( A i @tn)? ) Q", AB _Q< ! (@) ) of.

1 T A i
1+’/\|2Q1T Ay WQ1T B

Setting A; = B; = 0 and using the fact that Q,;QT = I — Tz, we obtain the pencil AL such
that

27|13 — 2|«"r]?

ALl =n*(\, 2, L) = T Ax|2
IALY = (A2, L) \/|x R

Now simplifying expressions for AA and AB, we obtain

AA = —Fa" a4 + A2 [@r® +raf —2(a"r)Tz™) + Q, 4:1Q7,
X _
AB = ﬁm[:ch —rzf] + Q,B:1QF.

Setting A; = By = 0 we obtain the T-even pencil AL given in Theorem 13.2.2.
When L is T-odd, the results follow by interchanging the role of A and B. B

It follows from Theorem [3.3.4 that for a T-even pencil, we have n°(\, z,L) < v2n(\, z, L)
when |A| < 1 and n°(\,z, L) < [|(1,\)]l2n(\, 2, L) when |A| > 1. Similarly, for a T-odd pencil,
we have n°(\, z,L) < v27n(), 2,L) when [A| > 1 and n°(\, 2, L) < |[(1,A"Y)|lan(\, z, L) when
A#0and |\ < 1.

We mention that an analogue of Corollary 3.3.2! holds for T-even and 7T-odd pencils as

well. Now, we consider a T-palindromic pencil L(z) = A + zAT.

Theorem 3.3.5. Let S be the space of T-palindromic pencils and L € S be given by L(z) =
A+ 2AT. Let (\,x) € C x C" and r :== —L(\)z. Then we have

= 5 VI3 —2reX[zT Az?
\/i\/|.’1]TA.T|2+ 12+|>\‘2 —\/5 ||(17 )\)HQ 9 Zf)\#_]'?

\/577()‘71‘7]:‘)7 Zf)\:—l,

n°(\z,L)

In particular, we have n°(\,z,L) = V2 n(\, z,L), if X € iR.
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Now define

AA— ﬁ[XTrT(I —xxf) + (I —z2T)ratl], if A=—1,
| —zaTAzat + W[X@‘T(I —zxfl) + (I —z2D)rafl],  if X # -1,

and consider the pencil AL(z) = AA + z(AA)T. Then L(N)z + AL(N)z = 0 and ||AL|| =
(A, z,L).

Proof: By Theorem [3.2.3, there exists a T-palindromic pencil AL(z) = AA + zAAT such
that (L(A\) + AL(A))z = 0. Let Q; € C**(»~1 be such that Q := [z Q1] is unitary. Then

T T
A= QTAAQ = 1 “ T * 7).
@ Q (bl Ay , 9.7 Q{T

Now, if A # —1 then by Theorem 3.2.1, we have 27 (AA+ A)x = 0 = 27 AAx = —2T Az,

T

Hence we have a;; = —27 Az. When A\ = —1, we have \al; + a3 = 277 = 0 for any aj;.

Since the aim is to minimize the Frobenius norm of AA, we set a1 = 0.

T

Next, the minimum norm solution of a; A + by = Q7 r is given by

T —
A QT Tr
T 1 1
= =N = — b = —
(al bl) 1T<1> ay 1+|)\|27 1 1+‘)\|2

e
Therefore when A = —1, we have AA = @ oTr 1+A QF . Setting A; = 0, we
1+|1>\|2 Al

obtain n°(\, @, L) = ||AL| = V2|rll2/+/1 + A2 = v2n(\, z,L). Since @, Q¥ = I — z2f
Q,QT =1 — 727, simplifying the expression for AA, we obtain

1 — _
L W[ATTT(I - a;xH) + (I - EJ:T)TJJH] 4 QlAlQ{i.

T AQ1T T
xt Az (1+|>\|2)
Qfr
T+]A? A

When A\ # —1, we have AA = Q Q. Setting A; = 0, we obtain

2||[F — T ]r[|3 I3 = [«

s 2 2

Az, L) = |AL|| = /2|2 Az|? + T Ax|? +

(A vz, L) = | I \/ |lz” Az|? + 1+|>\‘2 =2 |z 2+ 1+|)\|2

from which the result follows. Since |27r|? = |27 Az|*(1 + |A\|*) when X € iR, we have
(N z,L) = V2||rll2/[[(1,A)]l2, for X € iR. Again, simplifying the expression for AA, we
obtain

AA = —TzT Axa® + zrT (I — za™) + (I —z2T)ra®] + Q,A:QF.

1
14+ N2
This completes the proof. B

Observe that by Theorem [3.3.5 we have n°(\,2,L) < v27()\,z,L) when reA > 0 and
(N2, L) < ||(1,1/reA[/]1 + Al n(A, 2, L) when X # —1 and re) < 0.
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Note that if Y € C"*" is such that Yz = 0 and YTz = 0 then Y = (I — z2™)TZ(I —
xz') for some matrix Z. Hence from the proof of Theorem [3.3.5, we obtain an analogue of
Corollary 3.3.2 for T-palindromic pencil. Indeed, if K is a T-palindromic pencil such that
L(\)z + K(A\)z = 0 then K(2) = AL(2) + (I — 22®)TN(2)(I — zz!!) for some T-palindromic
pencil N, where AL is given in Theorem [3.3.5.

Now we turn to H-Hermitian, H-skew-Hermitian, H-even, H-odd and H-palindromic

pencils.

Theorem 3.3.6. Let S € {H-Hermitian, H-skew-Hermitian} and L € S be given by L(z) =
A+ zB. For (A\,x) € C x C", set r:= —L(\)x. Then we have

2713 — |z r[>
[E3RY]P

< vZn(A L) ifAER,

S
Az, L) =
7z L) 2rl3 — 2ferf?

|eH Ax|? + |27 Bx|? + TR , ifAxeC\R.
In particular, we have n°(\,z,L) = ||rll2 = V2 n(\, z, L), if X = 4.
When A € R, define
oY —1_:)\2 [zr + rzf — (rHz)zz®], if A= AH
1_:/\2 [ref —zrf + (rHz)zzf], if A= A"
AB — —1_:‘)\2 [wrf + rof — (rHz)z2f], if B=BH
1-3/\2 [ref — zrf + (rHz)zzf], if B=-B#"

and consider the pencil AL(z) = AA + zAB. Then AL € S, L(A\)z + AL(A)z = 0 and
JALY = (A, 2.1,

When A € C\ R, the H-Hermitian/H -skew-Hermitian pencil AL given in Theorem [3.2.2
satisfies L(\)z + AL(\)z = 0 and |AL|| = n°(\, z, L).

Proof: Suppose that L(z) = A + zB is H-Hermitian so that A = A” and B = B¥. By
Theorem 3.2.2/ there exists H-Hermitian pencil AL(z) = AA+2zAB such that (AA+AAB)z =

r. Again, choosing a unitary matrix Q := [z, Q1], we have
— H _ H H
RA=Qinag=( " ™ ) Ap.=qiapg=("" ") om=( ")),
ay Al b1 Bl Q{{T
— %\ 2Hy
where A; = A and B, = B{! are of size n — 1. This gives (AA+ AB)Q 2z = ( or ) =
or
Ab H
Gt A xHr . The minimum norm solution of a; + Ab; = Q¥ r is given by
a1 + A\by Ql r

T —
1 1 A
—_ NnH _ H _ H
((11 bl)—QlT’ (}\) :>041—1+‘)\|2Q1T, b1—71+|)\‘2Q17‘.

For the equation a1q + Abi1 = zfr, two cases arise.
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Case-I: When A € R, the minimum norm solution is given by

}
1 1 A
(all bll) == l'H’r ( A > = a1 = WQSHT € R, b11 = ml’HT € R.

Hence we have

A A
AA=Q < 1{A2$H7" e (@) ) Q", AB=Q ( et (e Q) ) o,

e QT Ay T Qi By
Setting A; = B; = 0 and using the fact that Q:Q% = I — 22", we have

27|13 — [="r[>
11, M]l2

(2, A, L) = | AL|| =

Now simplifying the expressions for AA and AB, we have

1 1
NA = T +)\2:ExH7’zH + 112 [erQlQ{I JFQlQ{ITl:H] JFQlAlQ{I
1
= oozl +rat = (rfa)ea] + Q1 4.7,
A A
AB = 1 +/\2:L'xHr.rH + Tr e [erQlQ{{ +Q1Q{I7‘xH] +Q131Q{{
A

= 1w [wrf +raf — (PP 2)za®] + Q1 B1QF.

Hence the results follow.
Case-II: Suppose that A € C\ R. Then by Theorem 3.2.1, we have 2 (A + AA)x = 0 and

2H (B + AB)x = 0. Hence we have aj; = —zf Az and by, = —zf Bx. Consequently,
p)
AA = Q _I.HA‘(E (1+|1)\‘2Q{-IT)H QH AB = Q —.’ﬂHBLE (1+|>\‘2Q{IT)H QH~
1+_|1/\|2 Q{I"" Aq 1_H)\)\|2 Q{{T By

Setting A1 = By = 0, we obtain

2|[(f — wa)r|3

S — =
P\ ,L) = JAL] = \/ o Azl® + |2 Bal* + ==

Hence the result follows.

Now simplifying the expressions for AA and AB, we have

AA = —zxf Axa¥ + [erf (I — za™) + (I — zx™)ra®) + Q1 4,QF,

0
1472
AB = —zz"Bzz™ +

e Nerf (1 — za™y + X(I — z2™)ra™] + Q1 B1QF.

Setting A; = By = 0, we obtain the H-Hermitian pencil AL given in Theorem [3.2.2.
The proof is similar for the case when L is H-skew-Hermitian. ll
Needless to mention that an analogue of Corollary [3.3.2 holds for H-Hermitian/H-skew-

Hermitian pencils.
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Theorem 3.3.7. Let S € {H-even, H-odd} and L € S be given by L(z) = A+ zB. For
(A, z) e Cx C", set r .= —L(\)z. Then we have

2713 = Ja"rf?

<V2n(\ z,L if X € iR,
1L N n(A @, L)

S
n (>\,(E,L) -
|zt Az|* + |2 Bz|? + TR if A\ e C\iR.
In particular, we have 1°(\,2,L) = |rll2 = V2 n(h.2. L), if A = £1.
When X € iR, define

AA = 1+|1A|2 [wr? et — (PP x)za],  if A= AM
e o+ ()], A= -

g o | mpplet —art 4+ (rTajzat]if B = BY
mpplre? +ar® = (rT2)z2],  if B=-B"

and consider the pencil AL(z) = AA + zAB. Then AL € S, L(A)z + AL(A)z = 0 and
IAL] = (A .1,

When X € C\ iR, the H-even/H -odd pencil AL given in Theorem 3.2.2 satisfies L(A)x +
AL(MNz =0 and ||AL|| = n°(\, z,L).

Proof: First, suppose that L(z) = A + 2B is H even. Then A = A¥ and B = —BH. By
Theorem 3.2.2 there exists H-even pencil AL(z) = AA + zAB such that AL(A)z = r. Now
choosing a unitary matrix Q := [z, Q1] and noting that AA = AA¥ AB = —~AB¥ we have

H H
AA::Q(“” o1 >QHandAB:Q< blbl % >QH7
—U1 1

where A; = A
a1 + Abiy
— by

1 1y Y .

For the solution of ai; + Abi1 = xr two cases arise. When X € iR, the minimum norm

By = —B¥ are matrices of size n — 1. Then AL(A\)z = r gives

and
2Hy
. The minimum norm solution of a; — \b; = Ql r is given

Qf'r

solution is given by

t
1 X g

= === eR, bj1=—— € iR.
) aii 1+‘)\|21} T 11 1+|>\|2£ r 1

1

(a11 bll)ZZ‘H’F < )\

When A € C\ iR, by Theorem 3.2.1, z7(A + AA)x =0 = 2% (B + AB)z = a;; = —a Az

and by, = —xf Bx. Consequently, we have
1 H 1 H, \NH by H by H \NH
B et T (aperr) i B e (CnEdln) H
AA=Q A Q7, AB=Q SN Q
et A T By
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when A € iR and

AA=Q ( A (@it ) Q" AB=Q ( 2B (—rppQin)” ) o

1 H A H
1+‘/\|2 Ql r Al 71+|/\‘2 Ql T Bl

when A € C\ iR. Hence the desired results follow. Finally, reversing the role of A and B we
obtain the results for the case when L(z) = A+ 2B is H-odd. B

We have the following result for H-palindromic pencils.

Theorem 3.3.8. Let S be the space ofH palindromic pencils and L € S be given by L(z) =
A+ zAH, Let (\,x) € C x C" and r := —L(\)x. Then we have

H
V2 \/mHA po Il iy,

°(Az,L) = P P
V73 = glatirl?, if A = 1.
Now define
A 5L ﬁl—z[rxH + AzrH (I — zz))], if |Al =1,
| —zat AzaH 4 W[Amr}[([ —zxf) + (I — zxf)ral],  if |\ #1,

and consider AL(2) := AA+ z(AA)H. Then L(\)x + AL(\)z =0 and |AL|| = n°(\, z,L).

H
a11

Proof: Let Q := [z, Q1] be unitary. Then AA = QHENAQ = . L/Lll and Qfr =
1 1
H by H H
xHr . Hence AL(MN)x = r gives e chT . If |A] # 1 then by
Qyr Aaq + by Qyr
Theorem 3.2.1, we have 2 (AA + A)x = 0 = 2HAAx = —2" Az. Hence we have a;; =

—axf Az. On the other hand, when |\| = 1, the minimum norm solution is given by

1 5
A Azt xHr
— _ H _
@y an)=c ( 1) =TpE Tepe)

Note that when |A| = 1 we have z7r = XzHr. Next, the minimum solution of a; A\+b; = QHr

i
)\ —
is given by (ai, b1) = QMr ( ) = ( 1)\4?\;2 13‘?;'2 ) . Consequently, when |\| # 1, we

1
H 2QTr \H
—pH Ay (29T
have AA =(Q oMy (1+|)“2) Q. Setting A; = 0, we obtain
THAR Ad

raf?

2|1 Ar|3 I7]13 —
S _ _ H I L1 S U | H 2 W2 °F 20
n (A,z,L>—|||AL||—\/2|z A + T = V2 flef A +

Using the fact that Q,QY = I — z2™, we have

AA = —zxf Az + Nerf (I — za™) + (I — zx™)raf] + Q1 4,Q1.

14|\
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Setting A; = 0, the result follows.

2Hy ( XQ{{"’ )H
2 2 . .
For the case when |A| = 1, we have AA = @ 1591 1+2| QF . Again setting
1
T+[A2 1

A; = 0 we obtain

1
"2, L) = AL =\ lIrl3 = Sl

Since Q1Q¥ = (I — x2™), simplifying the expression for AA, we obtain

A= " (1 -z AQ1.
1+|>\|2[7“x + Aer (I — zx™)] + Q1 4:Q;

Hence the proof. B

Remark 3.3.9. Let (\,x) € CxC" withx"x = 1 and S € {T-symmetric, T-skew-symmetric, T-odd,
T-even, T-palindromic, H-Hermitian, H-skew-Hermitian, H-odd, H-even, H-palindromic}. For
L €S, consider the set

S\, z,L) :={K eS: LAz + KAz = 0}.
Then S(A, 2, L) # () and there exists a unique AL € S(\, z,L) such that
min{|K[| : K € S(\,2,L)} = [AL|| = n°(\, 2, L).

Further, each pencil in S(\,z,L) is of the form AL+ (I — xx™)* Z(I — xx™) for some Z € S,
where * is either the transpose or the conjugate transpose depending upon the structure defined
by S. In other words, we have S(\,z,L) = AL + (I — zz®)*S (I — zz™).

We mention that the results obtained above are easily extended to the case of pencils
having more general structures. Indeed, let M be a unitary matrix such that M7 = M or
MT = —M. Consider the Jordan algebra J := {A € C™*" : M~1ATM = A} and the Lie
algebra L := {4 € C™*" : M~'ATM = — A} associated with the scalar product (z,y) —
yT' Mx. Consider a pencil L(z) = A + 2B, where A and B are in J and/or in L. Then the
pencil ML given by ML(z) = M A+ zM B is either T-symmetric, T-skew-symmetric, T-even
or T-odd. Hence replacing A, B and r by M A, M B and M, respectively, in the above results,
we obtain corresponding results for the pencil L.

Similarly, when M is unitary and M = M* or M = —M*" | we consider the Jordan algebra
J:={AecCvn: M~1AH M = A} and the Lie algebra IL := {4 € C™*" : M~1AH M = — A}
associated with the scalar product (z,y) — y” Mx. Now, let L(z) = A + 2B be a pencil
where A and B are in J and/or in L. Then the pencil ML(z) = M A+ 2MB is either H-
Hermitian, H-skew-Hermitian, H-even or H-odd. Hence replacing A, B and r by M A, M B

and M, respectively, in the above results, we obtain corresponding results for the pencil L.

0 I
In particular, when M := J, where J := I 0 € C?%2n_ the Jordan algebra J consists
of skew-Hamiltonian matrices and the Lie algebra L. consists of Hamiltonian matrices. So,
for example, considering the pencil L(z) := A + 2B, where A is Hamiltonian and B is skew-
Hamiltonian, we see that the pencil JL(z) = JA + 2JB is H-even. Hence extending the

results obtained for H-even pencil to the case of L, we have the following.
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Theorem 3.3.10. Let S be the space of pencils of the form L(z) = A+ zB, where A is
Hamiltonian and B is skew-Hamiltonian. For (A, z) € C x C", set r := —L(X)x. Then we

have

2 2 _ |pH 2
V2l = 1 50 L) if € iR,

[, Ml

|zH JAz|? 4+ |zH JBx|? +

S
Az, L) =
e L) 2rll3 — 20 Irf?

LA

if A € C\iR.

We mention that Remark [3.3.9 remains valid for structured pencils in S whose coefficient
matrices are element of Jordan and /or Lie algebras associated with a scalar product considered
H)*

above. In such a case the * in (I — zx is the adjoint induced by the scalar product that

defines the Jordan and Lie algebras.

3.4 Spectral norm and structured backward errors

Considering Frobenius norm on C™*", in the previous section, we have obtained structured
backward error of an approximate eigenpair. In this section, we derive structured backward
errors when C"*" is equipped with the spectral norm. Recall that the norm of a pencil L(z) =
A+ 2B as defined in (3.1) is then given by ||L|| := (||A||3 +||B||3)"/2. Derivations of structured
backward errors of approximate eigenpairs turn out to be much more difficult when C™*" is
equipped with the spectral norm than in the case when C"*" is equipped with the Frobenius
norm. We mention that for certain structures (e.g., T-symmetric and T-skew-symmetric) it
is indeed possible to use structured mapping Theorems given in chapter 2 ( see also [70]) to
derive structured backward errors of approximate eigenpairs. However, for most structures
(e.g., even, odd, palindromic, Hermitian, skew-Hermitian), the structured mapping Theorems
are not of much help for deriving structured backward errors. We overcome this difficulty by
employing Davis-Kahan-Weinberger solutions of norm preserving dilation problem for Hilbert
space operators. For a more general version of the DKW Theorem, see [24].

We now use the DKW Theorem 1.2.5 with Z = 0 and derive structured backward error of
an approximate eigenpair. Recall that for (A,2) € C x C", our standing assumption is that

2He =1.

Theorem 3.4.1. Let S € {T-symmetric, T-skew-symmetric} and L € S be given by L(z) :=

A+2B. Let (\,z) € CxC" andr := —L(\)z. Then we have n°(\, z,L) = —i”(!rl\in =n(\z,L).
) 2
Now define
bR - zTr (I=z2)rrT (I—zz™ .
AA = g (@ et = (rfo)zet - ( H’I“Hgf)|mTr(|2 1), if A= AT,
—ppp @t = et if A= AT
by 2Tr (-2 T Vrr T (I —zaH .
AB — 71+?)‘|,2 [frT +rgH — (TTx)fo _aTy (I\|rﬁ§7\);;r\g T )]7 if B = BT,
—ﬁ[@rip —rat), if B=—-BT.

and consider the pencil AL(z) :== AA 4+ zAB. Then AL € S, L(A)z + AL(AN)z = 0 and
IALJ = 7°(A, 2, L).
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Proof: Suppose that L is T-symmetric. Then from the proof of Theorem [3.3.1, we have

AA=Q ( 1-giITATIQ 1+|1M2 (@ir)" ) Q" AB=0Q ( jﬁ;g 1+\XA|2 @fn)” > o

e (@) A e (@) B,

such that AL(A\)x+L(A)z = 0. Now, for uaa := 1!:!\72 and puap = %, by the DKW The-

aTr (Qfn)(@fn)” X 2Tr (Qr)(Qfr)"

orem [1.2.5, we have A; = — and B; = — .
(L IAR) (Irll3 = |=Tr[?) (L4 AR (Irl13 = [27r[?)
This gives n°(\,z,L) = (J|AA|2 + || AB|2)Y? = H(grk” Simplifying expressions for AA
) 2

and AB, we obtain the desired results.

When L is T-skew-symmetric, from the proof of Theorem 13.3.3, we have

_ 0 @ - 0 _xenT
NA=Q AP ) Q" AB=Q 1+\]2 o,

_1 T DL .G
D ELC et B

such that AL(A)z + L(A)x = 0. Now, for uaa := % and puap = %%, by the DKW
Theorem [1.2.5, we obtain A; = 0 = B;. Consequently, we have 7°(\,z,L) = (|[AA||3 +
IAB|3)Y? = |rll2/lI(1, A)]2. Simplifying the expressions for AA and AB, we obtain the

desired results. W

Remark 3.4.2. If |2Tr| = ||r||2, then |QTr||2 = 0. In such a case, considering A; =0 = B,

we obtain the desired results.

Next, we consider T-even and T-odd pencils. Recall that for z € C, sign(z) := z/|z| when

z # 0 and sign(z) := 1 when z = 0.

Theorem 3.4.3. Let S € {T-even, T-odd} and L € S be given by L(z) := A + zB. Let
(A z) € CxC" and r := —L(\)z. Then we have

2 _ T, |2 2 )\2 T,.|2
\/|$TAx|2+ Irl -~ (27 _ VIBFDPRTR

(A z,L) = 2|zl r2 V72 + )\|_2 |$T7"2 y .
\/leBx|2 4+ 1 ”12+||M"‘ z_ VI ”2'(1' NP | . if L is T-odd, X # 0,
n(\, z,L), if L is T-odd, A = 0.
Now, define
H —z2TYyrrT (I—z2®
—zzT Aza™ + 1+‘1A|2 @rT + raf — 2(aTr)zat] 4+ 224 (ﬂr”lg—\lm\g .,
ANA = if A= AT,
71+|1>\\2 [raf —zrT), if A= —AT.
- T H X =T H T, \N= H sign(A\)? 2T B (I-z2T)rrT (I—za™)
—Zxz' Bxz" + W[wr +rat = 2(zt r)T2™) — T =TT ;
AB = if B= BT,
_71+T\>\\2 [@rT — rafl), if B=-BT,

and consider the pencil AL(z) := AA + 2AB. Then AL € S, L(A)x + AL(A)x = 0 and
IAL] = 7°(A, 2, L).
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Proof: Suppose that L is T-even. Then from the proof of Theorem 3.3.4, we have

— 2T Ax (1Q1TT)T - 0 DY ( TT)T
+[A]2 H _ 1+[A2 1 H
Q’f’f' A I Q ) AB - Q b T ‘ Q )

ANA=Q
THAE 1 W( 17) By

such that AL(A)z + L(\)z = 0. Now, for

\/WW Il = o™ \/w (Irlf ~ la" )

14+ |A%)2 14 |A[2)2
2T Az
by the DKW Theorem 1257 we have Al = W( )(Ql 7‘) and Bl = 0. This
gives
s _ 7 amiz o I3 = 1aTr2 _ VIrl3 + A P[Tr?
(A x,L) = |«T Az|? + E )
L4 [A[? (L, Mll2

Simplifying the expressions for AA and AB, we obtain the desired results. When L is T-odd
the results follow by interchanging the role of A and B. B

It follows that for a T-even pencil we have n°(\, 2, L) < ||(1,\)||2n(\, 2, L) whereas for a
T-odd pencil we have n°(\,z,L) < [[(1, A=Y [l n(A, 2, L) when X # 0.

Theorem 3.4.4. Let S € {H-Hermitian, H-skew-Hermitian} and L € S be given by L(z) :=
A+ zB. Let (\,x) € Cx C™ and r := —L(\)z. Then we have

n(\x,L), if AER,

2
(A, L) \/|xHA1.|2 + |¢® B|? + Irll3 — |zfr|2

S if A€ C\R

When X\ € R, define

1 H H __ (.H H _ zr (I—za™)yrr? (I—za™) .o S
NA = 1+X2 [zr™ 4 ra (rfz)zx y HTH%_)‘JCZ?; " l, if A=A
1 H H H H r x(l—zxz)rr —xx . _ H
elrz” —zr® + (rfz)zz® + =[] ;i if A==A".
A H H _ (. H H a2 (I—za™)yrr (I—za™) .  hH
AB = 1+A2 [wr™ +rz (rz)ax . (IHTH%I;)‘IHI;l(QI H)], if B=B",
A H H H H vz ({—zz)rr” (I-zx . _ H
mhelret —ar? + (rfz)rzrt + GEErE |, if B=—-B".
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When A € C\ R, define

H H H H
—zaf AxaH + 714_'1)\‘2 [orH (I — z2®) 4+ (I — zx™)raf] + 2 Az (ﬂ;@x_‘izrlz(lfm ),
AA if A= AH
= H H H H
—xat Axat + 71“1/\‘2 (I — zz®)yrat — orH (I — z2xf)] + & Am(ﬂ;ﬁgfﬁ;{,r‘g"“ ),
if A= —AH
— H H H H
—za Bxa™ + 71+\1>\|2 Aerf (I — zzf) + NI — w2 )raf] + 2 Bz (ll‘:léz_ligﬂz([*m ),
= < H o HN.Hip o H
—zaf Bxa™ — 71+"\/\|2er([ —xxf) 4+ 71+|>\>\|2 (I — zaf)yrat + 2 B“’Mg_‘);}’;ﬂgf ks ),
if B= —BH.

Consider AL(z) := AA+2zAB. Then AL €S, L(\)z+ AL(A)z =0 and |AL|| = n°(\, z, L).

Proof: First, suppose that L is H-Hermitian. Assume that A € R. Then 27 € R. Now from
the proof of Theorem [3.3.6, we have

pa—q mrtr we@T ) g g ap - g HRT wR@IT ) gn
T QT Ay Tz QT B,
such that AL(A)z + L(A\)z = 0. For paa = 154 and pap = 3512 by the DKW The-
zfr (Qi'r)(@f'n)H A 2t (Qfr)(@f'r)™
orem [1.2.5, we have A; = — L = , By = — L L . This
, (L+22) (113 — [«7r2)” = @+ ) (I3 = 277 )
gives
S 2 2\1/2 |2
(A, L) = ([AAlz + |1AB2) 7~ = TS

Now simplifying the expressions for AA and AB, we obtain the desired results.
Next, suppose that A € C\ R. Then again from the proof of Theorem [3.3.6, we have

AA=Q ( —efAe Qi ) QY. AB = Q ( B (@i ) QY.

1 H Py H
JEEDYE: Qi Ay JEEDYP Qr'r B

7‘27(11H’I‘2 )\2 7’27$H7‘2
For, paa = yflef Afp + TRl e Jlet Bafz + PEATEC) 4y he DKW

Theorem [1.2.5, we have
=" Bz
7113 = |= 7|2

H
A= Q) Qi) and By — @@,
7B = Jer

713 — |=Hr]?
14+ |N?
pressions for AA and AB, we obtain the desired results. The proof is similar for the case

Hence we have °(\, z,L) = \/|xHA$|2 + |z Bx|? + . Now, simplifying the ex-

when L is H-skew-Hermitian.

We mention that when Q4 = 0, the desired results follow by considering A; = 0 = Bj.

Theorem 3.4.5. Let S € {H-even, H-odd} and L € S be given by L(z) := A+ zB. Let
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(A, z) € CxC" and r := —L(X)z. Then we have

77()‘71'71—‘)7 Zf AE ZRa

(A a,L) = [r]3 = |="r[*

AR ., if A€ C\iR.

\/|:cHAx|2 + |zH Bzx|? +
When X\ € iR, define

H H H H
1 H H H H _ z'r (I—zz)rr7(I—zz™ )y _ AH
B [xr 4+ ra’ — (rfz)za™ — T [afr ]2 l, if A= A",

AA = 1+|1/\ H H H H ’I‘HI(I—IQZ )TTH(I—sz) . H
ERpYE: [ra® —zr 4+ (PP x)zat + THE=FE ], if A= —A".
\ H 71'1)H 'I"TH 7(1:{L’H .
e e+ Aar ™ — AT o)ea 4 AT U nn dmee)), if B = BY
Y i H H\y,. H H
AB = H_Il/\‘Q AezHraf — \erH (I — zz®) + X[ — z2xf)rat + Ar I(Ilﬁﬁgff;:zrg_m )]’
if B=—BH.

When A € C\ iR, define

H H 1 H H Hy,..H e Az (I—za™)rrH (1—zz®)
—zx” Azz® + pler” (I — 22™) + (I — zz™)ra™] + GESFLrmE ,
AA = ifA = AHy
- —zx AxzH 4 —1+|1/\‘2 (I — zz®)raf — orf (I — z2xf)] + zHAz(ﬂﬁﬁg:Zﬁf‘gﬂIH),
if A= —AH.
—zxH Baa™ + —1+‘1)\|2 Aerf (I — z2™) + X — zxf)rzf] + cadl (ﬂ;”wng_H&CiT:z(I_MH)v
'y
AB - H H Hy,. H H Hy,. H H ZfB - BH7
- H H _ dzr”(I= ) 4 A= )T Bx(I— Jrr (I— )
—zzBra® - S+ Tt R
if B= —BH.

Consider AL(z) :== AA+2zAB. Then AL € S, L(\)z+ AL(A\)x = 0 and || AL|| = n°()\, 2, L).

Proof: First, suppose that L is H-even. Next, assume that A € ¢R. Then it follows that
zHr € R. Now from the proof of Theorem 3.3.7, we have

AA=Q ( ﬁxh’r ﬁ(Q{{T)H > Q", AB:=Q < %L/\PxHT _Tﬁ/\?(Q{{T)H ) o

¥ ‘1/\|2 Q{IT Ay 1+T\>\|2 Q{{r By
such that AL(A)x + L(A)z = 0. For uaa := 1%&2‘2, UAB = |i“+|”;‘”22, by the DKW Theo-

rem 1.2.5] we have

A= - o (QEn(@f and B; = Az (QF r)(QF r)H

1+ AR) (Irll3 = [=#r?) AR (73 = )

This gives n°(\,z,L) = (J|AA|2 + || AB|2)Y? = H(gr|)|\§|| Simplifying expressions for AA
) 2
and AB, we obtain the desired result.
Now suppose that A € C\ iR. The again from the proof of Theorem [3.3.7, we have

1 H Py H
FERDYE Qr'r Ay fERpYE: Qr'r B
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r r||2— r
In this case we have, paa = \/|xHAx\2 + W, HAB = \/|33HB$|2 + W
By the DKW Theorem [1.2.5, we have

7 Ax 2" Bz

= s (@1 or)H = 77 (QH H \H
Al - H'I"H% — ‘l‘H’rP(Ql T)(Ql T’) and B1 = ||’I“||% — ‘LI’,‘TT|2 (Ql T)(Ql T)

I3 — |="r[>

Consequently, we have n°(\, , L) = 4 [ |2H Az|? + |¢H Bz|? + FRRE

. Now, simplifying

the expressions for AA and AB, we obtain the desired results.

When L is H-odd, the desired results follow by interchanging the role of A and B.H

As before, the above results are easily extended to the case of general structured pencils
where the coefficient matrices are elements of Jordan and/or Lie algebras. In particular, for
the pencil L(z) := A + zB, where A is Hamiltonian and B is skew-Hamiltonian, we have the

following result.

Theorem 3.4.6. Let S be the space of pencils of the form 1.(z) = A+ zB, where A is
Hamiltonian and B is skew-Hamiltonian. Let L € S and (A, z) € C x C™. Set r := —L(\)z.

Then we have

n(A\ z,L), if A € iR

S r_ 2 H 2
n ()\,.Z‘,L) - |(EHJA£L'|2 + |£L'HJB£L'|2 + ||T||2 — |$ JT‘
1+ A2

, if e C\iR.

Now we consider palindromic pencils.

Theorem 3.4.7. Let S be the space of T-palindromic pencils and L € S be given by L(z) :=
A+ 2zAT. Let (\,x) € C x C" and r :== —L(\)z. Then we have

NE 2 _ T2
ﬁ\/|xTAx|2+|| (Il = 127r2) 5y

(L+ PP)?
s
T L) = Il — 2772,
T Apl2 4 N2 7 12 71 if Al <1 and N # +1
f\/m P ISl S and 2,
n(\ z, L), if A = +1.
Now define
T by 71, —zx)rrT (I—z2x®
—f(,CTA{,CSCH + Tl)\lz[)\f’f‘T(I = :L‘CEH) + (I = f.ﬁCT)’I’!IJH} + A "LTI?MQ(I(“T”g,)MTT(é) )>
if A > 1,
ANA =< 32T ApaH + ﬁ[XErT(I — D) (T =gz rzf] + Aol Ar ﬁiﬁgf;);:;(l_mli),
if IN <1 and A# -1,
1+\1>\|2 DorT (1 — zxf) + T —z2)raf], if A= —1.

Consider the pencil AL(z) = AA + 2(AA)T. Then AL € S, L(\)z + AL(A\)x = 0 and
IAL] = 7°(A, 2, L).
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Proof: Suppose that A # —1. Then from the proof of Theorem 3.3.5, we have

ard - of AT mE@n" ) oa
- Q 1 QTT A Q
I+ %1 1

such that AL(A)z + L(A)z = 0. Now for

21712 — 2T 7|2 .
V0aT dxf2 + PEQIEZETD e )5,

2—|xTr|2 .
VIaT Aafz + BEEEDE ey <1,

HaaA =

by the DKW Theorem [1.2.5, we have

M T :
4 = lmE Qe QU@L i A > 1,

zT Az ;
WC% r(Qfr)", if [\ < 1.

Consequently, we have

2 zTr|2 .
V2 i BETETEY iy 51,

zTr|2 .
V2 \flaT Agl? + Ll if [\ < 1.

°(\z,L) =

Now simplifying the expression for A A, we obtain the desired results.

Next, suppose that A = —1. Then again from the proof of Theorem [3.3.5, we have

_ 0 o5 (QT )T 7|2
ANA = @ 1+[A QY. For Ups = ———
< T QLT 4

by the DKW Theorem 1.2.5, we have A; = 0. Hence 7°(\, z,L) = Simplifying the

L
vl

expression for AA, we obtain the desired result.

For H-palindromic pencils we have the following.

Theorem 3.4.8. Let S be the space of H-palindromic pencils and L € S be given by L(z) :=
A+ 2AH. Let (\,z) € C x C" and r := —L(\)z. Then we have

2 2 _ H,. |2
\/5\/|$HAII2+|>\| Ulrlly = l=2r®) ™ ey > 1,

(1+[A]?)?
S
n°(Az, L) = |3 — |xHr|2 .
\/5 |$HA$|2+W, Zf|A| <1,
n(A,z, L), if |Al =1.
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Now define

Aerf (I — zzf) + (I — zzt)raf] + EHAJCX(EET‘QSH?TLH‘(;)_MH)y
T 2 xrtr

if [A[> 1,
X oH Az (I—za™)rrf (1—za™)
[rlI3— |t r|? ’

if Al <1,

o H H 1
zxtt Axx +71+\>\|2

AA:

—zxf Axz® + ﬁ[)\xrh’(] —xz®) + (I — zz®)ra®) +

[ref + XorH (1 — zztl) — i (I_MH)TTH(I_MH)L if [N =1,

Iz =1="r[?)

_ 1
1+[A[?

and consider the pencil AL(z) := AA + z(AA)H. Then AL € S, L(\)z + AL(A)x = 0 and
IALJ =7, z, L).

Proof: First, suppose that |A| # 1. Then from the proof of Theorem 13.3.8, we have

N —2H Ax ﬁ(Q{JT)H "
TF[A[Z %1 1

such that AL(A)z + L(A\)z = 0. In this case, we have

2(([r 12—z H |2 .
i Anfe + DEGECETTEY ),

poa = r Hp .
S AP B )<

Hence by the DKW Theorem 1.2.5, we have

1 .
e @ (@)™, if (Al < 1.
This gives
A2 (rl3=lz"r]?)
ng()\ i L) _ \/_ \/‘;L'HA{L‘P aF —W7 if |)\| > 1,

V2 \/|et Agf + IR if [\ < 1.

Simplifying the expression for A A, we obtain the desired result.
When |A| = 1, again from the proof of Theorem 3.3.8, we have

AA = Q( % IH/\/\P(Q{{T)H>QH

T QLT -
Now, we have ua4 = 1 ”:|>\2|2 Hence by the DKW Theorem [1.2.5, we have
oy (I — zz™)rrH (I — z2f)
A =—

L+ AR)(Ir(I3 = )

[P
NoR

Consequently, we have n°(\, z,L) = Simplifying the expression for AA, we obtain the

desired result. W

Remark 3.4.9. Let (\,z) € CxC" withz%x =1 and S € {T-symmetric, T-skew-symmetric,
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T-odd, T-even, T-palindromic, H-Hermitian, H -skew-Hermitian, H -odd, H -even, H -palindromic}.
For L € S, consider the set

S(A,z,L) :={K € S:L(A\)z+ K(\z =0}.
Then S(\, z,L) # 0 and min{||K|| : K € S(\,2,L)} = n°(\, z,L). Further,
Sopt(A, 2, L) := {AL € S(z, A\, L) : |AL[| = n°(\, =, L)}

is an infinite set and is characterized by the DKW Theorem 1.2.5 by taking into account the
nonzero contractions. Let AL € Sopi(A, x,L). Then each pencil in S(\,z,L) is of the form
AL+ (I —zaxt)* Z(I — xz™) for some Z € S, where * is either the transpose or the conjugate

transpose depending upon the structure defined by S. In other words, we have
S\, z,L) = AL + (I — az™)* S (I — zz™).

Needless to mention that Remark 3.4.9/ remains valid for structured pencils in S whose
coefficient matrices are element of Jordan and/or Lie algebras associated with a scalar product
considered in the previous section. In such a case the * in (I — z2)* is the adjoint induced
by the scalar product that defines the Jordan and Lie algebras.

We now illustrate various structured and unstructured backward errors by numerical ex-

amples. We use MATLAB.7.0 for our computation. We generate A and B as follows:

>> randn(‘state’,15), A = randn(50)+ i*randn(50); A = A £+ A*;
>> randn(‘state’,25), B = randn(50)+i*randn(50); B = B & B*;

For T-palindromic/H-palindromic pencils, we generate A and B by
>> randn(‘state’,15), A = randn(50)+ i*randn(50); B = A*;
Here A* = AT or A* = A" Finally, we compute (A, z) by

>> [V,D] = eig(A,B); A = -D(2,2); x = V(:,2)/norm(V(:,2));

We denote by 73.(A, x, L) and 55 (A, x, L) the backward error n°(\, 2, L) when C™"*™ is equipped
with the Frobenius norm and the spectral norm, respectively. Note that n(), z, L) is the same
for the spectral and the Frobenius norms. Table [3.2 gives the computed result.

Note that structured backward errors are bigger than or equal to unstructured backward
errors but they are marginally so. On the other hand, structured condition numbers are less
than or equal to unstructured condition numbers [16,54]. Consequently, structured backward
errors when combined with structured condition numbers provide almost the same approx-
imate upper bounds on the errors in the computed eigenelements as do their unstructured
counterparts. We mention that the MATLAB eig command does not ensure spectral symmetry

in the computed eigenvalues.

3.5 Structured pseudospectra of structured pencils

Let L € P;(C™ ™) be a regular pencil. For A € C, the backward error of A as an approx-
imate eigenvalue of L is given by n(\,L) := min{n(A\,z,L) : * € C™ and ||z||2 = 1}. Since
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s n(\z,L) \ (A @, L) \ B\, L) |

T-symm 1.387705737323579e-014 | 1.959539856593202e-014 | 1.387705737323579e-014
T-skew-symm | 1.796046101865378e-014 | 2.539992755905347e-014 | 1.796046101865378e-014
T-even 2.219610496439476e-014 | 3.211055813711074e-014 | 2.324926535413804e-014
T-odd 1.559070464273151e-014 | 2.204626223816091e-014 | 1.559075824083717e-014
T-palindromic | 1.068704043320177e-014 | 1.512088705618463e-014 | 1.487010794022381e-014
H-Herm 2.076731533185186e-014 | 2.947235222707197e-014 | 2.106896507205170e-014
H-skew-Herm | 1.714743310005108e-014 | 2.489567700503872e-014 | 1.811820338752170e-014
H-even 1.590165856939442e-014 | 2.299115486213681e-014 | 1.663718384482337e-014
H-odd 2.343032834027323e-014 | 3.472518481940936e-014 | 2.566511276851151e-014
H-palindromic | 9.161344100487524e-015 | 1.298942035829892e-014 | 1.296310627878570e-014

Table 3.2: Numerical computation for structured backward error for structured pencils.

n(A, z, L) = |[L(A)z||2/||(1, A)||2, it follows that for the spectral norm as well as for the Frobe-
nius norm on C™*", we have n(\, L) := opmin(L(A))/|(1, A)]|2. Similarly, we define structured

backward error of an approximate eigenvalue A of L € S by
(A, L) := min{n°(\,z,L) : x € C" and ||z[]y = 1}.

Note that backward errors of approximate eigenvalues and pseudospectra of a pencil are
closely related. For € > 0, the unstructured e-pseudospectrum of L, denoted by oc(L), is
given by [3]
ocL)= |J {o(L+AL): AL € P(C™™)}.
IAL|I<e
See [2), 3] for more on pseudospectra of matrix pencils. Obviously, we have o.(L) = {z € C :
n(z,L) < €}, assuming, for simplicity, that co ¢ o.(L). For the sake of simplicity, for rest of

this section, we make an implicit assumption that oo ¢ o.(L). We observe the following.

e Since n(A,L) is the same for the spectral norm and the Frobenius norm on C™*", it

follows that o.(L) is the same for the spectral and the Frobenius norms.

Similarly, when L € S, we define the structured e-pseudospectrum of L, denoted by o2 (L), by

o¥(L):= |J {o(L+AL):AL€S}
lAL<e

Then it follows that o5(L) = {z € C: 5°(\,L) < ¢}.

Theorem 3.5.1. Let S € {T-symmetric, T-skew-symmetric} and L € S. Let A € C. Then for
the spectral norm on C™*™ we have n°(\,L) = n(\, L) and 0>(L) = o.(L). For the Frobenius
norm on C™", we have n°(\,L) = v2n(\,L) and o3(L) = o.,y5(L) when L is T-skew-

symmetric, and n°(\,L) = n(\,L) and 05(L) = o.(L) when L is T-symmetric.

Proof: For the spectral norm, by Theorem [3.4.1, we have n°(\,z,L) = n(\, z,L) for all z.
Consequently, we have n°()\, L) = n(), L). Hence the result follows.

For the Frobenius norm, the result follows from Theorem|3.3.3 when L is T-skew-symmetric.
So, suppose that L is T-symmetric. Then L(A) € C"*" is symmetric. Consider the Takagi
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factorization L(A\) = UXUT, where U is unitary and X is a diagonal matrix containing sin-

gular values of L(A) (appear in descending order). Set s := X(n,n) and u := U(:,n). Then

suu® AsuuT

we have L(\)u = su. Now define AA := ————— AB:= ———— and consider the pencil
1+ |A”2 14 |A2
AL(z) = AA+zAB. Then AL is T-symmetric and L(A\)u+ AL(A)@ = 0. Notice that, for the
spectral norm and the Frobenius norm on C™*", we have n°(\,L) < [|AL| = s/||(1,\)|2 =
n(\, L) and hence o.(L) = ¢3(L). This completes the proof. B
When L is T-symmetric, the above proof shows how to construct a T-symmetric pencil
AL such that A € o(L + AL) and ||AL|| = n°(\,L). When L is T-skew-symmetric, using
Takagi factorization of the complex skew-symmetric matrix L(\), one can construct a T-
skew-symmetric pencil AL such that A € o(L + AL) and ||AL|| = n°()\,L). Indeed, consider
0 S5
-s; 0
s; € Cis nonzero and |s;| are singular values of L(\). Here the blocks d; appear in descending
order of magnitude of |s;|. Note that L(\)U = Udiag(dy, - ,dy,). Let u :== U(:,n — 1 : n).
Then L(A\)@ = ud,, = ud,,u’u. Now define

the Takagi factorization L(\) = Udiag(dy, -+ ,dm,)UT, where U is unitary, d; :=

)

udpul Aud,,ul
A =TpE SB T T
and consider AL(z) := AA+ 2zAB. Then AL is T-skew-symmetric and L(A)u+ AL(M\)z
For the spectral norm on C?*", we have n°(\,L) = [|AL|| = owmin (L) /(L N)]l2 = n(X, )
and for the Frobenius norm on C"*", we have 7°(\,L) = [|AL|| = v/2 0min (L) /[[(1, \)]l2 =
V2n(A\ L),
We denote the unit circle in C by T, that is, T := {z € C: |z| = 1}. Then for T-even and
T-odd pencils we have the following.

Theorem 3.5.2. Let S € {T-even, T-odd} and L € S. Let A € T. Then for the Frobenius
norm on C"*" we have n°(\,L) = v27(\, L) and ¢5(L)NT = o,vaL)NT.

V2Ll
@Mz

that ||z||2 = 1. Hence taking minimum over ||z||2 = 1, we obtain the desired results. B

Proof: Let A € T. Then by Theorem 3.3.4, we have n°(\, z, L) = for all z such

Theorem 3.5.3. Let S € {H-Hermitian, H-skew-Hermitian} and L € S. Let A € R. Then
for the spectral and the Frobenius norms on C™*™ we have n°(\,L) = n(\, L) and 05(L)NR =
o.(L)NR. Also when \ = =+i, for the Frobenius norm, we have n°(\,L) = v/2n(\,L).

Proof: Note that L()) is either Hermitian or skew-Hermitian. Let (u,u) be an eigenpair of
the matrix L()\) such that |u| = omin(L()N)) and uu = 1. Then L(\)u = pu. Define

H by H
Lu A un
NA=———- AB:i=——"—
1+ |A2 14 |2
and consider the pencil AL(z) = AA+ zAB. Then AL € S and A € A,,,(L + AL). Further,
for the spectral and the Frobenius norms, we have ||AL|| = omin(L(A))/||(1, A)||2- Hence the

result follows. Finally, when A = +i, the result follows from Theorem 3.3.6. B

Theorem 3.5.4. Let S € {H-even, H-odd} and L. € S. Let A € iR. Then for the spectral and
the Frobenius norms on C**™ we have n°(\,L) = n(\,L) and o(L) NiR = o.(L) NiR. Also
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when X\ = %1, for the Frobenius norm, we have n°(\, L) = v/2n()\, L).

Proof: Note for A € iR, the matrix L()) is again either is Hermitian or skew-Hermitian.
Hence the result follows from the proof of Theorem [3.5.3. When A\ = 41, the result follows
from Theorem [3.3.7. W

We mention that the above results are easily extended to the case of general structured
pencils where the coefficients matrices are elements of Jordan and/or Lie algebras.

Finally, for T-palindromic and H-palindromic pencils we have the following result.

Theorem 3.5.5. Let S be the space of T-palindromic pencils and L € S. Let A € iR. Then
for the Frobenius norm on C**™ n8(\,L) = v2n(\, L) and o5(L) NiR = 0., yz(L) NiR.

Proof: Let A € iR. Then by Theorem 3.3.5, we have n°(\,z,L) = V2 ||[L(\)z|2/||(1,\)]]2
for all = such that ||z||2 = 1. Hence taking minimum over ||z|l2 = 1, we obtain the desired

results.H

Theorem 3.5.6. Let S be the space of H-palindromic matriz pencils and L € S. Let A € T.
Then for the spectral and the Frobenius morms on C"", we have n°(\,L) = n(\,L) and
oS(L)NT = o (L)NT.

Proof: Let L be given by L(A) = A + MAf. For A\ € T, we have L(\)¥ = AL()). This
shows that L(\) is a normal matrix. Let (u,u) be an eigenpair of AL(\) such that |u| =
Omin(AL(A)) = 0min(L(A)). Define AA := —%)\u uu!? and consider the pencil AL(z) = AA+
2(AA)Y . Noting the fact that AL(A\)u = pu and fiw = (AL(A))7u = pu, we have L(\)u +
AL(MNu = Apu — Apu = 0. Further, we have |AL| = |u|/v2 = omin(LOA)) /(1,2 =
7(A, L). Hence the results follow. B

For structured pencils, we have seen that o°(L) N Q = o.(L) N Q for appropriate Q2 C C.
We now show that this result plays an important role in solving certain distance problems
associated with structured pencils. For illustration, we consider an H-even pencil L(z) =
A + zB. Then by Theorem 3.5.4, we have Q = 4R, that is, 0°(L) N iR = o.(L) N4R. The
spectrum of L has Hamiltonian eigensymmetry, that is, the eigenvalues of L occur in \, —\
pairs so that the eigenvalues are symmetric with respect to the imaginary axis iR.

Question: Suppose that L is H-even and is of size 2n. Suppose also that L has n eigen-
values in the open left half complex plane and n eigenvalues in the open right half complex
plane. What is the smallest value of ||AL|| such that AL is H-even and L + AL has a purely
imaginary eigenvalue?

Distance problems of this kind occur in many applications (see, for example, [30]). Let
d(L) denote the smallest value of || AL|| such that L. + AL has a purely imaginary eigenvalue.
Then by Theorem [3.5.4, we have

d(L) = gnﬂg n°(it, L) = min{e : 65 (L) NiR # 0} = min{e : o (L) NiR # 0} = 2nﬂgn(it,L).
€ €
Hence d(L) can be read off from the unstructured pseudospectra of L. Note that n(z,L) =
Omin(A + 2B)/+/1 + |z|?. Thus if the infimum of n(z,L) is attained at x € iR then as in the

proof of Theorem 3.5.4 we can construct an H-even pencil AL such that u is an eigenvalue
of L + AL and that |AL| = n(w, L) = d(L).
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Chapter 4

Structured backward errors and
linearizations for structured
matrix polynomials

In this chapter we derive explicit, computable expression of structured backward error of
approximate eigenpair of structured regular matrix polynomials including symmetric, skew-
symmetric, Hermitian, skew-Hermitian, even and odd. We also determine minimal structured
perturbation such that the approximate eigenpair is the exact eigenepair of the perturbed
polynomial. Using structured backward error expression for polynomial we obtain the same
for widely varying structured linearizations of the polynomial. This yields suitable bound of
its ratio with the unstructured backward error of approximate eigenpair of the polynomial.
Thus we identify a “good” structured linearization which provides a negligible increment of
structured backward error than the unstructured backward error of an approximate eigenpair
of the polynomial. Finally we define the structured backward error of an approximate eigen-
value and this applied to establish a partial equality between unstructured and structured

pseudospectra of the given structured polynomial.

4.1 Introduction

The polynomial eigenvalue problem is concerned with finding (A, z,y) € C x C™ x C™ which
satisfies P(A\)z = 0 and y”P()\) = 0 where
P(z) =) 27A;, A; €C™", and Ap #0

J=0

is a matrix polynomial of degree m. In our study we assume that P is a regular, that is,
det(P(\)) # 0 for some scalar A € C. The standard way to solve this problem is to convert P

into an equivalent linear polynomial, called a linearization of P,
L) =XX+Y, XY eC">™"

and employ a numerically backward stable algorithm to compute the eigenelements of L.
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It is well known that eigenvalues of a structured matrix polynomial inherit a spectral
symmetry and that the spectral symmetry often has some physical significance [22, [68], 182}, 83].
Therefore the crucial task for an algorithm to solving a structured polynomial eigenvalue
problem is to preserve the spectral symmetries in the computed eigenvalues. There are a few
structured preserving algorithms available in the literature, see [9, [10, [18, [44] 46, [71}, [74] [82]
(and the reference therein). To reveal the stability of such algorithms it is desirable to have the
explicit expression of structured backward error of approximate eigenelements of a structured
polynomial. We undertake a detailed backward perturbation analysis of structured matrix
polynomials and their structured linearizations.

Example of structures that we consider in this chapter are T-symmetric, T-skew-symmetric,
T-odd, T-even, H-Hermitian, H-skew-Hermitian, H-even and H-odd. In particular, our struc-
tures include polynomials whose coefficient matrices are Hamiltonians and skew-Hamiltonians.
We denote the space of structured polynomials by S and we equip appropriate norm ||-|| on
S. Given a structured polynomial P € S and (A,z) € C x C" with 72 = 1, we determine
the structured backward error n°(\,z,P) of (\,z) as an approximate eigenpair of P € S
and construct a polynomial AP € S such that [|AP|| = 7°(\, z,P) and P(\)z + AP(\)z = 0.
Moreover, we show that AP is unique for the Frobenius norm on C™*™ but there are infinitely
many such AP for the spectral norm on C™**". Further, for the spectral norm, we show how
to construct all such AP.

As said before, the first step towards solving a polynomial eigenvalue problem is lineariza-
tion. For a structured matrix polynomial the job is to linearize the polynomial in such a
way that the linearization reflects the structure of the polynomial and preserves the spectral
symmetry. It is shown in [40, 68] that a structured matrix polynomial admits a plenty of
structured linearizations. This poses a genuine problem of choosing one linearization over
other. However for computational purposes, it is highly desirable to investigate how different
structured linearizations affect the accuracy of computed eigenvalues.

In a view to analyze this we consider possible structured linearizations of a given P &
S. Then we derive structured backward error 7°(\, A,,_1 ® z,L) of approximate eigenpair
(A, A1 ® ) of widely varying structured linearizations L, where A, 1 := [A™~1 ... A 1]7.
We identify a potential good structured linearization L of P that minimizes 7°(\, A1 ®
x,L)/n(A\ z,P).

Moreover we consider structured pseudospectra of structured matrix polynomials. Pseu-
dospectra of matrix polynomials have been studied extensively over the years (see, for example,
[1,12, T00] and the references therein). We define structured backward error of an approximate
eigenvalue of a structured matrix polynomial and analyze structured pseudospectra. Then we
establish a partial equality between structured and unstructured pseudospectra of structured
polynomials.

The chapter is organized as follows. In section 4.2 we first define the structured poly-
nomials and present the eigen-symmetry of these polynomials. In section 4.3, we obtain the
expressions of structured backward error of an approximate eigenpair of structured polyno-
mials. In section 4.4/ we explain the structured linearizations of structure polynomials and
determine the ‘good’ linearizations. The last section 4.5 we apply the expressions of structured

backward errors to find the structured pseudospectra inclusions.
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4.2 Structured matrix polynomials

Recall that P, (C"*™) denotes the space of matrix polynomials of degree m. Let P(z) =
Z?:o I A; € P (C™*™). We say that (A, z,y) is an eigentriple of P if ) is an eigenvalue of P
and = and y, are the corresponding nonzero right and left eigenvectors respectively. We say
P € P,,,(C"*™) to be a structured polynomial if P € S, where S is defined in Table 4.1. We
define a map Py, (C**") — P,, (C"*"), P = P* given by P*(2) = 3" 27 A%, where A* = AT
or A* = AH If P € S then P satisfies the condition given in the second column of Table 4.1.

’ S ‘ Condition ‘ eigen-symmetry ‘ eigentriple ‘
T-symmetric PT(z) =P(z),vz € C A (A, z,7T)
T-skew-symmetric | PT(z) = —P(z),Vz € C
T-even PT(z) =P(=2),¥z € C (A, =A) A z,7), (=\y,T)
T-odd PT(z) = —P(—2),¥z € C
H-Hermitian PH(z) =P(z),Vz € C (A N) A2, y), (N y, 7)
H-skew-hermitian | P¥(z) = —P(2),Vz € C
H-even PH(z) =P(-2),¥z € C (A, =) A z,y), (=N y, )
H-odd PH(z) = —P(-2),¥z € C

Table 4.1: Eigen-symmetry of structured polynomials.

Notice that H-Hermitian, H-skew-Hermitian polynomials have the same eigen-symmetry
and #-even and x-odd polynomials, * € {T, H}, have the same eigen-symmetry. It is easy
to see that S C P,,(C"*™) is a real/complex linear subspace of P,,(C™"*™). Now we equip
norms on Py, (C"*™) and make it normed linear space. For P(z) = 7" (27 A; € P,,,(C™*")

we consider the polynomial norms

1/2 1/2

1Pl = | > 14515 and [|P[l2 := | Y 114,113
§=0 =0

See [I}, 2] for more on norms of matrix polynomials. We follow the convention that if P €
P, (C"*™) is of the form P(z) = 377, zJ A; then AP € P,,(C™*") is of the form AP(z) =
>0 2 AA;. Now we show that for any given (\,z) € Cx C" and P € S there always exists a
polynomial AP € S such that (A, z) is a right eigenpair of P+ AP, that is, (P(A\)+AP(\))x =

0. For an x € C" with ||z||2 = 1, we define the projection P, := I — xz*.

Theorem 4.2.1. Let S be the space of structured matrixz polynomials and P € S be given
by P(z) = ZT:O 2 A;. Assume (\,z) € C x C" such that 2z = 1. Set r = —P(\)z and
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A i=[1, A, ..., AT, Define

—zzT Ajeat + ﬁ[ﬁj +raf —2(rTx)zat], if Aj = AT,
AAJ‘ =

~maep Tt = rafl, if Aj=—A7,

—zzH Ajeat + W[x\ijHPm + M Pyrat], if Aj = A,
mll2
NA; =
Naorf P, — N Pyrafl], if Aj = —AH

e H A o H
zxtt Ajxa e

1
~ &
and consider the polynomial AP (2) =377, ZIAA;. Then P(\)z + AP(N)z = 0.

Proof: The proof is computational and is easy to check.ll

4.3 Structured backward error

Recall that the spectrum of a regular polynomial P € P,,,(C"*") is denoted by o(P), (chap-
ter 1). In this chapter, we consider only finite eigenvalues of matrix polynomials. By conven-
tion, if (A,z) € C x C™ then z is assumed to be nonzero, that is, x # 0. Treating (), x) as
an approximate eigenpair of the polynomial P € P,,,(C"*"), we define the backward error of

(A, ) by
ne(\z,P) = Apepf(fcmn)ﬂﬂﬁpﬂliv :P(N)z + AP(V)z = 0}
n(Az,P) = Apepf(fcnxn){ﬂmf’ﬂh :P(N)z + AP(N)z = 0}.

Further, for (A\,z) € C x C", setting r := —P(\)z, we have

[I7[l2

Az, P)= ——— =m(A 2, P). 4.1
L 2 R PR bl -y
Nt
Indeed, defining AA; = m, j = 0: m, and considering the polynomial AP(z) =
mll2

ST o2 A4y, we have IAPIR = [rlls/lzlallAnllz = IAP]2 and PO)e + APz = 0.
Henceforth, we denote the unstructured backward error with respect to both Frobenius and
spectral norms by n(A, z, P).

Next assume that P € S. Then treating (A, z) € C x C"*™ as an approximate eigenpair of
P, we define the structured backward error of (A, z) by

S . 3 . —
e P) = inf (IAPIR: PO)e + AP(Vz = 0}

n5(\, z, P)

Jinf {|AP] - P(\)z + AP(A)z = 0}.

Henceforth, we denote the structured backward error with respect to both Frobenius and spec-
tral norms by 1°(\, z, P). Obviously, we have n(\, z,P) < #°(\, z,P) and by Theorem 4.2.1]
*(\ z,P) < 0.

Now we derive the structured backward error of an approximate eigenpair (A, z) of struc-

tured matrix polynomials. Recall that for (A, z) € C x C", our standing assumption is that
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2z = 1. First, consider T-symmetric matrix polynomials. Recall that A, := [1, A, ..., A™]T.

Theorem 4.3.1. Let S be the space of T-symmetric matriz polynomials and P € S be given
by P(z) = Z;-n:o 2JA;. Then for (\,z) € C x C", setting r :== —P(A\)z, we have

2 2 _ T2
o, p) = VAT Z TR 50 e B, (e P) = n(\ 2, P).

e I E

Now define AA; = ﬁ[ﬁj +rafl — (rT2)z2), j = 0:m and consider the polynomial
. ml|

AP(z) = 37,2/ AAj. Then AP is a unique polynomial such that AP € S, AP(A)z +

PNz =0 and |AP||r = n%(\, 2, P). Further, define

- N 2Tr PETTTPQc
[Aml3 (Irll5 = [2Tr[2)

by
AAj = ———=[@r" +ra¥ — (rTz)z2"]
A3

and consider the polynomial AP(z) = ZTZO ZAA;. Then AP €S, AP(AN)z+P(\)z =0 and
IAP]2 = ng()‘v z,P).

Proof: By Theorem [4.2.1 there exists AP € S such that P(A\)xz + AP(A)a = 0. Then we
have r = AP(\)z. Choose Q; € C™*("=1 such that the matrix Q = [z Q] is unitary. Let

— T _-
ANAj = QTAA;Q = ( @i ;1(1 ) , where X; = X7 is of size n — 1. Since QQT = I, we
ag J

have

QAPMN)QTz =1 = (AP(A)QTz = QTr = ( ””? )

17°

P I : Yo May; alr
As Q" x = ey, the first column of the identity matrix, we have J ) =
Z;nzo N a; {r

j = 0:m. Hence we have

.. 3 2oT N
whose minimum solutions are a; = AQl 7,05 =
[l Am I3 [[Am I3

XzTr (leTT)T
Aml3  MIAW T3

AA = . (4.2)
XQTr X.
TAm I3 J

This shows that the Frobenius norm of Z\A/j’s are minimized when X; = 0 . Hence we have

|AA;% = ||AEH% = |a;;|* + 2||a;||3. Since @, QT = I —zzT, we have
s 2Tr> 2 —z2T)rll3 _ V2fr]3 — [T
nr(A 2, P) = + = :
" A3 A 13 A2
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Simplifying the expressions of AA; we have

MazTr )\JQ?T T
| e (e att
AAJ = [$ Ql] 7@?7” 11L[
w0
N N N
= =@ nE’ + =T Qe + = 0Q,Q  ra”
[ AmlI3 1 AmlI3 P AR
bYi
= W[ExTra:H +zrT (I — z2®) + (I — 72T )rat]
mll2
bYi
= W[ErT +rafl — (7T a)za™]
mll2

from which we obtain the desired polynomial AP.
From (4.2)) consider puaa; = % Then by DKW Theorem [1.2.5 we have,

N 7T QT r(QT )"
MAal (i3 TP’

AXJ' = ) =0 m,
which gives,

7“
ng()\,x,P): |1|\||2 =n(\, z,P).
| A |2

Simplifying the expression of AA; we obtain

N M 2Tr PTrrTP,
ANA; = ——[@rT +ra® — (rTz)Z2] - = s
T A3 [Amll3 (Irll3 = |z77]?)
This completes the proof. B
Remark 4.3.2. If |27r| = ||r||2, then |QTr||2 = 0. In such a case, considering X; =0, j =

0 : m, we obtain the desired results.

Observe that if Y is symmetric and Yz = 0 then Y = PTZP, for some symmetric matrix
Z. Consequently, we have Q_jX ij —fie Z;Py,j = 0:m, for some symmetric matrices Z;.

Hence from the proof of Theorem 4.3.1 we have following.

Corollary 4.3.3. Let P(z) = Z;.nzo 2 A; be a T-symmetric polynomial and let (A, x) €
C x C". Setr = —P(N)x. Then P(\)z + Q(N)x = 0 if and only if Q(z) = AP(2) + PI'R(2) P,
for some T-symmetric polynomial R € Py, (C"*"), where AP(z) = 3370 ZINA;j is the T-
symmetric polynomial, given by

bV
NA; = sz’ + raft — (rT2)z2™]
A3

Next we consider T-skew-symmetric polynomials.

Theorem 4.3.4. Let S be the space of T-skew-symmetric matrix polynomials and P € S be
giwen by P(2) = 377" 27 Aj. Then for (A, z) € C x C", setting r = —P(\)z, we have

e\ z,P) = V2 n(\,z,P), 55\ z,P) = n(\ z,P).
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Further, for the T-skew-symmetric polynomial AP given in Theorem [[.2.1 we have (P(X\) +
AP(N)z =0, |AP[lF = (X, 2, P) and | AP|l2 = n5(X, 2, P).

Proof: The arguments proceed on the lines as those given in the proof of Theorem 4.3.1.
The only difference is the fact that, in this case, AA; is skew-symmetric for all j = 0 : m.

Thus we have

AL —qtano—( O 9 ), gre=( 0 ) xro_x,
j = J == —q; X] ) - Q’{’r‘ y A = g-

Consequently, we have

0 T QT
m ) = xTr :>xTr=0, aj; = — ng.
_Zj:() )\]aj Qir HAmH2

Hence we have

- 0 _<7Q1T;")T
DA =Q | mor, 14112 Ok (4.3)
ALy T X.
1Am I3 e

Setting X; = 0, we obtain the polynomial AP such that || AP|| = 7% (\, 2, P) = V2||r||l2/||Am|2-
Next, since Q; QT = I-z2T, simplifying the expressions we have AA; = ﬁ [raf —(raf)T],
from which the T-skew-symmetric polynomial AP given in Theorem 4.2.1! follows. This com-
pletes the proof for Frobenius norm. _

Next from (4.3) we have paa; = % Hence by DKW Theorem [1.2.5, we have,
X; = 0. Thus we obtain n5(\, z, P) = n(), z, P). The desired result follows by simplifying the

expression of AA;. This completes the proof.l

Using the fact that if Y is skew-symmetric and Yz = 0 then Y = PI'ZP, for some
skew-symmetric matrix Z, we obtain an analogue of Corollary 4.3.3 for T-skew-symmetric

polynomials.

Corollary 4.3.5. Let P € P, (C**"™) be a T-skew-symmetric polynomial and let (A, x) €
C x C". Setr = —P(\)x. Then P(\)z+ Q(\)x = 0 if and only if Q(z) = AP(z) + PI'R(2)P,
for some T-skew-symmetric polynomial R € P, (C™*™), where AP is the T-skew-symmetric

polynomial given in Theorem |4.5.4.

To describe the structured backward errors for T-even and T-odd polynomials in a con-

venient manner, we define the even index projection II, : C™*! — C™*! by

0 07%.Y —2,0 Tifmi
He([IOa L1y, L1y« vy Tm—1, Im]T) = { [$0, Tl € ) P2, ,I'm] s even,

[z0, 0, 22, 0, ..., 0, 2,1, 0], if m is odd.
Note that “0” is considered as even number. Then I — II, is the odd index projection.

Theorem 4.3.6. Let S be the space of T-even matrix polynomials and P € S be given by
P(z) =31, 2J A;. Then for (A\,z) € C x C, setting r = —P(\)z, we have

T, |2 2 _ T |2 T, |2 2 _ T |2
N L S Ay CHN I B
MeAB T A3 MeBn)B " [AmlB

ny(\z,P) =
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In particular, if m is odd and |\ = 1, then 03\, x,P) = V2 n(\z,P), n§(\,z,P) =

n(\, z,P).
Let
ﬁ E . . .
W(ITT)f;Z:H —+ HA ||2 [ETTPx JFPxT?"IH], Zf] is even
E; = _eimil2 ml2

A\

W[PIT“”H — TP, if j is odd .
ml|2

Setting ANA; = E; we obtain o unique T-even polynomial AP(z) = Z;"ZO ZINA; such that
PNz + AP(N)x = 0 and || AP||r = n% (X, z,P). Further, for j = 0:m defining

5. N 2Ty PgrrTPm
AAj = T Te(A) I (713 — [2Tr[?)
E;, if 7 is odd

if j is even

we obtain a T-even polynomial AP(z) = 377 ZIAA; such that P(A\)z + AP(N)z = 0 and
[AP]2 = n3(A 2, P).

Proof: Suppose S is a space of T-even polynomials and P(z) = > ™ 2/A; € S. Note
that A; is symmetric when j is even ( including “0”) and skew-symmetric when j is odd.

The proof follows from similar arguments as those employed for T-symmetric and T-skew-

symmetric polynomials. Indeed, considering a unitary matrix @ := [z, Q1], we have AA; =
T T

o %7 9 \QF, XxT =X, ifjiseven,and A4 =G| O U)o, vT-_y,

Q a; X >Q ) j g7 ) i =@ —b; Y; Q7, j 7o

if j is odd.

Consequently we have

> NMaj; o 2T
Zj—even NMaj — Zj—odd Ab; ir

Hence the smallest norm solutions are a;; = #; 2Tr a; = —;/V Tp by = -2 0Ty,
i1 = T & 7 % = @17 0 = — R p@

Therefore we have

pY] i NQTT\T
[ maonT T (aae)
Q QH, if jis even
FQ’{T X
_ MAml3 J
NA; = 0 _(AleTr)T (4.4)
o A3
0 QM. if j is odd.
NQir
[ H Y

Setting X; = 0 = Y; and using the fact that Q; QT = I —ZzT, we obtain a unique polynomial
AP(z) =31 2/ AA;j such that

Trf?
[CARSS]

[rll3 = =T f?
1 Am 13

IAPIF = 15(A 2, P) = +2
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If m is odd and |A| = 1 then notice that [|II.(A;,)||3 = ||A;,[|3. Hence we obtain n$.(\, z, P) =
Vv2n(\, z,P). Now simplifying expressions for AA; we obtain AA; = E;. Therefore, we
obtain a T-even polynomial AP(2) = >77%, 2 AA; such that P(\)z + AP(A\)z = 0 and
IAPIF = 0% (A, 2, P).

For the spectral norm, we consider paa; =

and BAA; = \/P‘j‘z (HQEHQI’TTP)’ lf] is odd.

Then by DKW Theorem [1.2.5 and (4.4) we have,

M2 JaTr2 | [M]2 (Ir3—]="r[?)
(ITLe (A3 1Amll2

, if j is even

N 2Ty QTr(QTr)T
X, = - and Y; = 0
! T (A) I3 (7113 — [2Tr[2) !

which gives,

s lzTr|? Irll3 = =T 7|2
(A z,P) = +
2 1T (Am)I3 A3

Now simplifying expressions for AA; we obtain the desired result.l

The above proof shows that setting AA; := E; + P Z; P,, where Z]T = Z; when j is even
and Zf = —Z; when j is odd, we obtain a T-even polynomial AP(z) = ZT:O 2 AA; such
that P(\)z + AP(A)z = 0.

Remark 4.3.7. If [27r| = ||r|l2, then ||QT 7|2 = 0. In such a case, considering X; =0 =Y;
we obtain the desired results.

Next we consider backward error of T-odd polynomials.

Theorem 4.3.8. Let S be the space of T-odd matriz polynomials and P € S be given by
P(z) =371, 2J A;. Then for (A\,z) € C x C, setting r = —P(\)z, we have

|zTr|2 [rZ=[=TrZ .
M\ z,P) = Tzt 2t FA#0
|27 [B-TTrE .
(A e,P) = AR+ Az FAF0
7’()\7337P), Zf>\:0

In particular, if m is odd and |\ = 1, then n%(\,z,P) = v2 n(\z,P), 5(\,z,P) =

n(A, z,P).
Let v i
N A P
ﬁ[Pw rat —Trt Py, if 7 s even
po ) TR i
! NzxTraH A

[@rT P, + PTra®], ifj is odd.

1T =T B * TANTE
Defining AA; := F;, we obtain a unique T-odd polynomial AP(z) = Z;‘n:() Z?AA;j such that
P(\)x + AP(\)x =0 and |AP||r = 03\, 2, P).
Further for the spectral norm, define AA; == F}, if j is even and

N zTrPIrrT P,

NA; = F, — :
T T =T A3 )3 - [2Tr[2)
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if j is odd. Then we obtain a T-odd polynomial AP(2) = 37" 27 AA; such that P(N)x +
AP(N)x =0 and || APz = n5(\, z, P).

Proof: By interchanging the role of A; for even and odd j the desired result follows from
the proof of Theorem 4.3.6. W

The above Theorem shows that setting AA; = E; + P Z;P,, where ZJT = —Z; when j
is even, and Z! = Z; when j is odd, we obtain a T-odd polynomial AP(z) = Yoo Z DA
such that P(A\)z + AP(A)z = 0.

To make the presentation simple we introduce the following operators.

Re:C™™! — R™™! s defined by  Re([zo, 21, ..., 2m]) — [re(zo), re(z1), ..., re(z,)]”
Im : C™ 1 — R™FL s defined by Im([zq, 21, ..., Zm]T) > [im(xo), im(z1), ..., im(z,,)]7.

Then for z € C™"! we have x = Re(x) + 4 Im(z), where i = /=1 and re(z),im(z) denote the

real and imaginary parts of a complex number z, respectively.

Theorem 4.3.9. Let S be the space of H-Hermitian or H-skew-Hermitian matrixz polynomials
and P € S be given by P(z) = 37, 2JA;. Then for (\,z) € C x C", setting r = —P(\)x, we

have
Y Ay VALt < op(3, 2, P), ifAER
(A, T, 1 =2 4 2ArB=[=Hr?) ifAe C\R
713 + 2, fAECAR.
n(\, z,P), if A\ ER
S _
0o = { VIFIE+ B ifa e c\R
2T T ARE '
Re(A,,)T J re(zfr) —Im(Ap,)T ' re(z"r)
where 7 = Im( A, )T im(zr) for H-Hermitian and 7 = Re(Ay)” im(zH7) for

H -skew-Hermitian polynomial.
Next, let B = xr® +rafl — (rH2)zz® and F = raf — or® + (rHz)zxf .
When A € R, define

Y _ "
—Z_E, ifA;=A
AA; = IIAA@IIQ
S F, ifA;=—Al
[Aml3 ! 7

and for A € C\ R, define

1
elfreat + —— [)\ Pora® + NarfP,),  if Aj = Af

VT A I3
iejTratt + [ A3 N Poratt = Narf Py], if A; = —AfL
mil2

Now Consider the polynomial AP(z ) Em Z?AAj. Then AP € S is unique such that
PNz 4+ AP(N)x = 0 and ||AP|r = n%-(\, z, P).
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Further, for A € R, define

pY N zHrPorrH P,
E - > T ifA; = AT
A e Al [Amll3 (I3 — zr[?) T
7 Y NrHyP orrd P, A A
, if A= —A7.
IIAm||§ T A E(E = 2P ’ !
and for A € C\ R, define
1 eI PyrrH P,
elrratl + —— N Ppraf + Narf Py) — JQxin, if Aj = A
o Al 15— 77
a ieTrraH 1 1 [ﬁp H _ \j HP] 7,631? P‘”TTHP'“” fA AH
1€; TTIT 2Tr — Aaxr | + , 1 = — .
! A I3 [[7]]3 — | 7|2 !

Consider the polynomial AP(z) ZINA;. Then AP € S,

AP = n3(A, 2, P).

= Z;ﬁzo

Proof: Suppose P € P,,(C"*") is an H-Hermitian matrix polynomial.

there exists an H-Hermitian matrix polynomial AP(z) =

P(A)z = 0. Now choosing a unitary matrix @ := [z, @], we have

aj a

v H
J J r=
o X ) Q
Siso May;

zfy
Z;n:o Na, ) - ( Qf'r

mooNj o AH, i o _ N _HH
of ijo Maj = Qq'r is given by a; = ”AmH2Q1 T

= Q"A4;Q = (

Now AP(A)z +P(N)z =0 = <

If A € R then minimum norm solution of ZTZO Naj; = zfr is aj; = ”A’\ T zfr € R.

Hence for A € R we have

.’L‘HT
Qifr )

) . The minimum norm solution

PNz 4+ AP(AN)x = 0 and

By Theorem 4.2.1
> it 2’ AAj such that AP(A)z +

N H pX H, \H
s, —q Mem® T BT Y ou 5o, (4.5)
Ofr X,
HA \|2 J
T 2 T L
Setting X; = 0 we obtain 7% (A, z, P) = ¥ 2l |U\ |“ Slmphfymg the expression of AA; we

obtain the desired result.
If A € C\R, then 37" Maj; = z%r gives

re(z'r)

" apo
o)l e

im(z™r
amm

( 2o re(M)a;
2itoim(M)ay;

T
) . Therefore a;; = €;
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re(zfr

im(zfr)

) ) : T'(say)

7, where e; is the j-th column of identity



matrix. Setting X; = 0 we obtain

N [rl13 — [raf?
%\, z,P) 713 + 2—2———.
\/ ? [AmlI3

Simplifying the expressions of AA; we obtain the desired result.
Next consider the spectral norm. Let A € R. For paa, = "\HJ‘ HH! , 7 =0:m, by DKW
A3
Theorem [1.2.5] and (4.5) we obtain

N o r(QIr) (@Qf'r) "

X;=-— :
T AwlE (Tl — 2 r[?)

This gives, n°(\, z, P) = H‘Jl\wljlz\ = n(A, z,P). Simplifying the expression of AA; we obtain the
desired result.

Now if A € C\ R, then for uaa;, = \/|eJT?|2 4+ WP (I‘\lrl’\\giél\z”ﬂ?) applying the DKW
Theorem [1.2.5/to AA; we have

;T (@) (@i )

X, =—-2
TR e

j=0:m

This gives,

Az o Il —lefr? I:ﬂHTI2
m 2

Simplifying the expression of AA;, j = 0:m we obtain

e?? Prrip,

1 . ]
NAj = e et 4+ —— [)\JPmer + Nerfp ] - 2=
Irl|3 — =t r|?

[ Amll3
The proof is similar when P is H-skew-Hermitian polynomial.ll

Remark 4.3.10. If |z%r| = |||z, then [|Q¥r||2 = 0. In such a case, considering X; =0, j =
0 : m, we obtain the desired results.

Theorem 4.3.11. Let S be the space of H-even matrixz polynomials. Let P € S be given by
P(z) =371, 2J A;. Then for (A\,z) € C x C", setting r = —P(\)z, we have

VAR oy 2P, if A c iR

l[Aml2

> Hyp|2 . .
VI3 + 2D ifAEC\IR

n(A, z, P), fA€EIR

ﬂ%()\»xvp) e

s\, z,P) =

~ xcHyr . .
\/||7“H2+H HH2A||| ‘, ifAeC\iR

;
I, Re(A,)T — (I — 1) Im(A,,)T H
here = [ BeRelda) = (7 =Tl m(d ) [ra
I Im(Ap)* + (I —TI.)Re(A) im(z'r)
Set
1 H 1 S
E; = SN Pyraf + Mar® P,], o= 5N Pyraft — Mar® P, (4.6)
1413 1An13
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When X € iR, define

N
NA; = ”A)\7”2[;WH +rat — (P x)za™].
mll2

For A € C\ iR, define

sy { B o
iejrxx’ + Fy, if j is odd.
Then AP(2) = 3772, ZIAA;. is a unique polynomial such that AP € S, P(\)x + AP(A\)z =0
and |AP|lF = n3 (A, 2, P).

Further, when X € iR define

[erf 4 ra® — (PP z)aa

] (13N HrPorrf P,

Y]
NA; -
! [Amll3 (Ill3 — |=*r]?)

R
and for A € C\ iR, define

(—l)j“'le?? P.rrip,

eJT?xxH & F; o : E . if j is even
Y . T
J . . (1) *Yiel 7 Porrf Py
iejrex” + Fj + if j is odd.

Irll3 = e

Then AP(z) = 3712/ AA;j is such that AP € S, P(A)z + AP(A)z = 0 and [|AP|z =
s
772()\756,13)~

Proof: By Theorem [4.2.1) there exists a H-even matrix polynomial AP(z) = Z;n:o ZAA;
such that AP(\) = r. Now choosing a unitary matrix @ := [z, @], and noting that AA; =

AA;I when j is even, and AA; = —AAJH when j is odd, we have AA; = @ @jj ;L(]' > Q.
Qa; J
g @
X' = X if j is even, and AA; = Q < g ; > O R i Nelice that

a;; is real for all j.

Then AP(AN)z = r gives 2_-even )\J%J T Zj'Odd )\Aja“ = IHT . The mini-
> j-even N aj — Zj-Odd Na; Qrr

- e ja; = QHr is oi N _OHp. i g
mum norm solution of Zj—evenA a; Zj-odd)‘ a; = Q7 r is given by a; = \IAmII§Q1 r, if j

is even and a; = —H/%‘TQQ?T, if j is odd.
w2

If A €4 R, then the minimum norm solution for a;; are given by a;; = ﬁxh’r when j
m 2
is even, and a;; = —ﬁxh{r when j is odd. Then a;; € R, when j is even and ¢a;; € iR if
m 2

j is odd. Hence if A € iR, then we have

N H N H, \H
ztr r
TAmI13 (I\Aml\%Ql )

AA; =Q Q"
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when j is even, and

A3

AA; =Q Q"
i H :
3@ Y

when j is odd. Setting X; = 0 =Y}, we obtain n%(\,z,P) = ¥ 2l |U\2 |“TH I Now simplifying

the expressions for AA; we obtain the desired result.
Next if A € C\ iR, then } . aven Naj;+i Zj—odd Maj; = zfr gives

( > j-even re(N)ag; — 305 oqd im(V)ag; ) _ ( re(x"r) )
> j-even iM(N)ag; + 3 odq re(V)ag; i '

Hence we have

ago
a11 re(zfr)
= Kt say) = a;; = e r
<|m(chr) (say) 1 K
amm

I, Re(A,,)T — (I — IL.)Im(A,,)T

h K=
where ( I, Im(An)” + (I — TL)Re(A )"

) . Consequently we have

~ I7]3 = [&Hr[?
S0z, P) = /|3 + 22 — = T
\/ ° A 13

Simplifying the expression of AA;, j = 0:m we obtain the desired result.
I Il
A3

Haa; = %# when j is odd. Then by DKW Theorem [1.2.5 applied to AA;, gives
: 12

Now we consider spectral norm. For A € ¢R, consider uaa; = if j is even, and

N HQINQINT N ar@fn(@Qfn)T
ARl (el = 122" T (Al (Irl3 — e r[?)
This gives n5(\, z,P) = H‘ll\ “ﬁ2 Simplifying the expressions for AA; we obtain the desired
result.

For A € C\ iR, consider jiaa, = \/|eJT7?|2 PRESIERQ
DKW Theorem [1.2.5 applied to AA; gives

‘\eru%inrF), for j = 0 : m. Then by
mil2

e T (Qir)(@f'n)H ie] 7 (Q1'r)(Qf' )"

X, = — Y, =
’ Irl3 = ltrfz 7 7 I3 = [ r|?

Az o Il = leftr? IIHTI2
m 2

Simplifying the expression of AA;, j = 0:m we obtain the desired result.ll

This gives,
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Theorem 4.3.12. Let S be the space of H-odd matrixz polynomials. Let P € S be given by
P(z) = Z;n:o 2J A;. Then for (A\,z) € C x C, setting r = —P(\)z, we have

\/ﬁ : ;
ne(\,z,P) =

~ 2 r . .
VI713 + 2=, ifAEC\iR.

n(A, z, P), fA€iR
(AT, P) =

JIFI3 + B e cvir
! re(zr)
im(zfr) |

—raf 4+ (rH )z

—I. Im(A,) T + (I — .)Re(A,)T
I Re(Ay)" + (I — L) Im(A,)"
When A € iR define

where 7 =

=
AAj = ———[zrf
i = T

For A e C\ i R, define

A = zeTfrm: 4 17y zf] z:s even
e;rza + E;,  if j is odd

where E; and F; are given in (4.6). Then AP(z) = Z;nzo I AAj is a unique polynomial such
that AP € S, P(\)x + AP(\)z = 0 and ||AP||F = n3()\, 2, P).
Further, when X € iR define

H} (—1)N 2HrPorrf P,

N
AA; H
”AmHQ (||7"H2 |z r|2)”

= [erf —rzf 4 (rH2)zx
T A3

When A € C\ iR, define

(— l)jie;fr? P.rrHp,

tesrea” + F; + , if J is even
v ’ ! 713 — [t r}?
i
—1)ieTs porrH P
elrea + E; + (“Dle; 7 P ° if 7 is odd.

! ! Irlf3 = |=Hr>

Then AP(z) = Z;'n:o ZAA; is such that AP € S,P(\)z + AP(A\)z = 0 and |AP|2 =
s
ns(\, z, P).

Proof: The proof is similar to Theorem 4.3.11.1

We mention that the results obtained above can be extended easily to polynomials having
more general structures such as the case when the coefficient matrices are in Jordan and/or
Lie algebras. Indeed, let M be a unitary matrix such that M7 = M or MT = —M. Consider
the Jordan algebra J := {A € C"*" : M—*ATM = A} and the Lie algebra L := {4 €
Crn s M—YATM = —A} associated with the scalar product (x,y) — y? Mz. Consider a
polynomial P(2) = 7" 2/ A;, where A;’s are in J and/or in LL. Then the polynomial MP
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given by MP(z) = Z;nzo N M A; is either T-symmetric, T-skew-symmetric, T-even or T-odd.
Hence replacing A; and r by MA; and Mr, respectively, in the above results, we obtain
corresponding results for the polynomial P.

Similarly, when M is unitary and M = M or M = —M* | we consider the Jordan algebra,
J:={AecCv™ : M 'AHM = A} and the Lie algebra L := {A € C"*" : M~ tAH M =
— A} associated with the scalar product (x,y) — y” Mx. Now, let P(2) = Z;":O ZJA; be a
polynomial where A;’s are in J and/or in L. Then the polynomial MP(z) = >77", 2 MA;
is either H-Hermitian, H-skew-Hermitian, H-even or H-odd. Hence the results obtained
above extend easily to the polynomial P by replacing A;,r by MA;, Mr, respectively. In
particular, when M := J, where J := _OI é € C?7*2" the Jordan algebra J consists of
skew-Hamiltonian matrices and the Lie algebra L consists of Hamiltonian matrices. So, for
example, considering the polynomial P(z) := Z;-n:o 23 A;, where A;s are Hamiltonian when j
is even and skew-Hamiltonian when j is odd, we see that the polynomial JP(z) = E;n:o 2 JA,;
is H-even. Hence extending the results obtained for H-even polynomial to the case of P, we

have the following.

Theorem 4.3.13. Let S be the space of polynomials of the form P(z) = Z;.n:o 23 A; where A;
is Hamiltonian when j is even, and A; is skew-Hamiltonian when j is odd. Let P € S. Then
for (\,z) € C x C", set r := —P(\)x. Then we have

V2l |=7 TR a5 P), ifA € iR

S (1Al

77F()‘7x7P) = —
VI + 2 fAEC\iR.
T](A,LL‘,P), Zf/\EZR

ng()‘axap) = - 5
\/Hﬂ|2 o Ir H2HAlI” - =, ifAeC\iR

T
e (Re(A) )~ (- 1) (m(A)T)] [re(em)
I, (Im(A,,)T) + (I —11.)(Re(A,)T) | [im(zfJr)

4.4 Structured backward error and structured lineariza-

tions

Let P € P,,, (C™*") be given by P(z) = > 7" 27 A;. The standard linearizations of P are the
block-companion forms, the first companion form C(z) = 2X;+Y; and the second companion
form Cs(z) = zX5 + Ya, where X; = Xy = diag(Amn,, I, ..., I,) and

Am—1 Am—2 ... Ao Apr -1, ... 0
-1, 0 ... 0 Ap—e 0 ... 0
Yl - ’ }/2 =
: : : : -1,
0 . —I, 0 Ao 0 ... 0

Both companion forms preserve algebraic and partial multiplicities of all finite eigenvalues

of P € P,,,(C"*™). These also preserve the multiplicities of the eigenvalue co and are called
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strong linearizations of P. Generalizing the concepts of companion forms, Mackey at al. [67]

introduced two vector spaces of potential linearizations

Li(P) = {LO\):LOV).-(Amy® 1) =v®P(\), v € C™}
Lo(P) = {LO\):(AL |, ®I,)L0)\) =wl @ P()\), weC™}
of dimension m(m — 1)n? + m, where A,,_1 = [\, A2 .. 1] ® is the Kronecker

product, v is called the right ansatz vector for L € L1 (P) and w is called the left ansatz vector
for L € Ly(P). Observe that C1(A) € Li(P) with v = e; and Cy(\) € Ly(P) with w = €.
It is also shown that z € C" is a right (resp. left) eigenvector of P corresponding to the
eigenvalue \ if and only if A, 1 ® x(resp. A,,_1 ® z) is an eigenvector of L € IL;(P)(resp.
L2(P)) corresponding to the eigenvalue A.

Since the linearization is unique up to the choice of right/left ansatz vector, these spaces
are too large to obtain a potential linearization. Keeping this in mind, define the double
ansatz space DL(P) := L;(P) N Ly(P), see [64, 67]. It is also proved that for vectors v =
[v1, Vo, « .oy U]t and w = [wy, Wa, ..., wm|T, there exist an mn x mn matrix pencil L(\) =
AX +Y € DL(P) that simultaneously satisfies

L) - (A1 @ L) =v@P), AL, ®1,)-L(\) =w? @P())

if and only if v = w, called the ansatz vector associated to L. Corresponding to an ansatz
vector vector v = [vy, Vg, ..., U]l € C™ associate the scalar polynomial p(x;v) = vyz™ ! +
Vo2 2 + ... 4 Upm_12 + Uy, referred to as the “v-polynomial” of the vector v, see [64, 67].
We adopt the convention that p(z;v) has a root at co whenever v; = 0. Then L € DL(P)
corresponding to an ansatz vector v € C™ is a linearization of P()\) if and only if no root of
the v-polynomial is an eigenvalue of P()), see |64, [67]. Note that this statement includes oo
as one of the possible roots of p(x;v) or possible eigenvalue of P(\).

Assume that L(\) = AX +Y € IL;(P) is a linearization of a polynomial P(2) = 37" 2 A;
with respect to the normalized right ansatz vector v € C™. Then if x € C" is a right eigen-
vector of P corresponding to an eigenvalue A then A,,_; ® x is a right eigenvector of L
corresponding to the eigenvalue A. Recall from Lemma [1.2.19/that for L € L; (P)/DL(P) the
following hold for any x € C".

[LA)Am—1 @)l = [[v]l2 [P(A)]2 (4.7)
[(Am—1 @ 2) L) A1 ®2)| = [Af 0] [aTP(M)z| (4.8)
(Am-1 @ 2) L) Am—r ®@2)] = A7 _yo] [z7P(V)z] (4.9)
It is also straightforward to verify that
L Ak o)

V2

Assume that P € P,,,(C™*") and (), z) is an approximate eigenpair of P. Now we compare

HAm—1||2 H(Av 1)”2 -

n(A, z,P) and n(\, Ay—1 ® x,L;v) where L € Ly(P) is a linearization of P corresponding
to an ansatz vector v and n(\, Ap,—1 ® z,L;v) denotes the unstructured backward error of
the approximate eigenpair (A, A,,,—1 ® ) of L. It is needless to say that n(A, Aj—1 ® x,L;v)
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can easily be obtained from (4.1) by setting m = 1. Without loss of generality we carry the
analysis by taking unit ansatz vector, that is, v € C™ is an ansatz vector with |v|]z = 1.

Theorem 4.4.1. Let P € P, (C"*™) be a regular matriz polynomial and L € L;(P) be a
linearization of P corresponding to a right ansatz vector v € C™. Assume that (A, x) is an

approximate eigenpair of P. Then we have

L S n(AaAmfl ®$7va) S 1.
V2 n(A,z,P)

Proof: By (4.1), we have

M@ en)l _ [olalPOals
1A @@ Liv) = o e T U~ Tt ® 22 [0\ Dl

loll2 A2
= Az, P
s @ D)2 | D" )

1Al
—3 Az, P).
Tl s D" & P)

Now by (4.10) we obtain the desired result. B

Its evident that a matrix polynomial can have infinitely many linearizations. For a given
structured polynomial P € S, it is necessary to detect a linearization L so that it preserves
the spectral symmetry. Although, we have encountered three linear spaces of linearizations,
namely L;(P),Ly(P),DL(P), only L, (P) preserves most of the structures which we consider
in this chapter and it is easy to obtain the right eigenvector of P from that of L € L, (P).
In fact, for a T-symmetric polynomial P we have DL(P) = L;(P). As shown in [40} 68],
structured linearization imposes a restriction on the ansatz vector. To obtain a potential
structured linearization we restrict the ansatz vector into a particular subset of C™ as shown
by Mackey et al. [40, 68]. A list of structured linearizations and corresponding structure of
ansatz vectors are given in the Table [4.2.

1
where R = , Y =diag{(-1)™ !, (=1)™=2,...,(-1)°}.
1

Table 4.2 shows that except for T-symmetric and T-skew-symmetric polynomials, for all
other structured polynomials P we could have two types of structured linearizations having
the same spectral symmetry as that of P. A crucial task is to choose the best possible type of
structured linearization for a given structured polynomial. In this section we provide a recipe
for structured linearization L of a given P € S.

Recall that n(\, z,P) < n%(A, 2, P) and n(\, 2, P) < n5(A, x, P). Hence for any structured
linearization L we have n(\, Aj—1 @z, L;v) < 17%2()\, Ap—1®x,L;v), where the ansatz vector
v is of the form as described in Table [4.2 To make the presentation simple, unless otherwise
stated, we write 7°(\, A,—1 @z, L;v) for both n3.(\, Ayp—1 @2, L;v) and n5 (A, App—1 @2, L; v),
in the rest of the chapter.

Lemma 4.4.2. Let P €S. Let L € L1 (P) be a structured linearization of P corresponding to
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S | Structured Linearization | ansatz vector

T-symm T-symm veCm
T-skew-symm T-skew-symm veCm
T-even T-even Yv=vw
T-odd Yvu=—v
T-odd T-even Yv=—v
T-odd Yv=vw
H-Herm H-Herm veR™
H-skew-Herm v € 1R™
H-skew-Herm H-Herm v € iR™
H-skew-Herm veR™
H-even H-even Yv="71v
T-odd Yv=-—v
H-odd H-even Yv=-7
H-odd Yv="71

Table 4.2: Table for the admissible ansatz vectors for structured polynomials.

an ansatz vector v. Then for both ||| = ||llr and ||-|| = ||-|l2 we have

B\, A1 ® 2, L; v) 1
> —.
n(A, z,P) V2

Proof: By Theorem [4.4.1 we have n(\, App—1 ® ,L;v) > \/Lﬁn()\, x, P). Therefore we obtain

TIS(A,Am—l ®£C,L;’U) > n(A)Am—l ®xaL;U) > 1
77()\7907P) a 77()\7%P) a \/§

Given an ansatz vector v, for the rest of the chapter, we set

- ||Am—1H2

Oy i= ———
el

x € {T, H}. (4.11)
Obviously 6, > 1. Note that A%, ;v # 0 and hence ¢, < oo when L € DL(P) is a linearization
of P corresponding to the ansatz vector v.

For a T-symmetric matrix polynomial P, any ansatz vector v yields a T-symmetric lin-
earization. Thus, we are free to choose v as followed by Table 4.2. Combined with Theo-
rem [4.3.1, which shows that there is (almost) no difference between structured and unstruc-
tured backward errors, we have the following result.

Theorem 4.4.3. Let S be the space of T-symmetric matriz polynomials. Assume that P € S
and L € L1 (P) = DIL(P) is the T-symmetric linearization of P with respect to an ansatz vector
v. Let (A, x) € C x C™ be such that |z||2 = 1. Then we have

52 8 .
L= e Y220 (R A @aLiv) g
V2 n(A z,P)
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§(>\7 Am1®@x,L;v)

2 = e o5 < B L S0l
Proof: First consider ||-|| = ||-||- By Theorem [4.3.1] we know that
[V 182)3 1
s V2RSSR — e (Ao @ 2)TLO) (A © 1)
77F(/\7Am—1 ® I7L;/U)
[ Dll2
T v
RIPOVE — Bty

) iz 0% DT . by (L6), (L7).

Now applying V2 — &, [P(M)z2 < \/2||P()\)$H§ =0 22TP(N)z2 < V2 [[P(V)zl2, (4.10)
and (4.11) we obtain the desired result.

Next consider [|-]] = |||l2- Since structured backward error and unstructured backward
error are same for spectral norm, the desired result follows by Theorem [4.4.1/ and (4.10).H

Assuming ||| = |||l and ||-]| = ||I-|l2 the results discussed above present growth of un-
structured backward error of an eigenpair of P € S when P is linearized by a structured pencil
in L;(P) = DL(P). However, comparing 7°(\, A,,_1 ® x,L;v) with n°(\,z,P) we have the
following results for || = I and 1] = |-l

Theorem 4.4.4. Let S be the space of T-symmetric matriz polynomials. Assume that P € S
and L € Ly (P) = DL(P) is the T-symmetric linearization of P with respect to an ansatz vector
v. Let (A, x) € C x C™ be such that |z||s = 1. Then we have

%A Am—1 ® 2, L; v)

= — < <
M=y s < TR SRRt < v
s
(A, Am—1 @ 2, L;v)
= — <1
2 = 5 < Baceat i) <4
Proof: First consider ||-|| = ||-||#- Then by Theorem 4.3.1 we have
WO\ Ay @ 2,Liv) 273 = 007 r? A2

r=—P(\)a.

(X 2, P) T VAE=1Tr R Al DI

N, A\, L;
Now using the inequality 0 < J,7 ' < 1 by (4.11), and by (4.10) we have ne(, =0 i ®Px)’ 9) >
nF ,l’,

1 4
7 Further notice that

n%()\vAmfl ®.’L',L,’U) < n%()‘aAmfl ® va;v)
77%0"3771)) - nr (A, x,P)

Now by Theorem 14.4.3| the desired result follows.

Next consider ||| = ||-|l2- Then by Theorem [4.3.1] we have
BOAn 1 95,Liv) _ Aul
1y (A 2, P) [Am—1ll2]|(A; 1)]2

Therefore by (4.10]) we obtain the desired result.ll
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Now we consider T-skew-symmetric polynomials. It follows from the Table [4.2/ that any
ansatz vector v yields a T-skew-symmetric linearization for a T-skew-symmetric matrix poly-
nomial P. Combined with Theorem 4.3.1, which states that there is (almost) no difference

between structured and unstructured backward errors, we have the following result.

Theorem 4.4.5. Let S be the space of T-skew-symmetric matriz polynomials. Assume that
P €S and L € Ly(P) is the T-skew-symmetric linearization of P with respect to the ansatz

vector v. Let (A, x) be an approzimate eigenpair of P. Then we have

s
nF()‘7 Amfl & Z, L; U)
L= lle:1<L < V2
FI= e 1< RSt 8010 <
1 77§(A7Am—1 ® x,L;U)
200 =0 —= < <1
= 5 < Boney = <
Proof: First consider ||| = ||-||r- By Theorem [4.3.4! we have

ILA) (Ap—1 @ ) |2
\/5||Am71|\2 [ll2 I(1, M2

V2| Al
= Az, P
Tamalla 1O D" &P

15 A1 ® 2, L; v)

for any ansatz vector v. By (4.10) we obtain the desired result.

Since structured backward error and unstructured backward error are same for [|-|| = ||-||2,
the desired result follows by Theorem 4.4.1 and (4.10).H

Further, comparing n°(\, A,,,_1 ® z, L;v) with #°(), z, P) we have the following results for
I-I = I-lF and |- = |I-]lo-

Theorem 4.4.6. Let S be the space of T-skew-symmetric matriz polynomials. Assume that
P eS and L € L(P) = DL(P) is the T-skew-symmetric linearization of P with respect to an
ansatz vector v. Let (A, z) € C x C™ be such that ||z||2 = 1. Then we have

S
= NN Am—1 @z, L;v
1= e s 1 < 22 ) <3

e (A, 2, P)
1 _ 5\ Amo1 ®3,L;0)
200 =Ml —= < <1
= s s < BRg o BLmi) o
Proof: First consider ||-|| = |||l #- Then by Theorem 4.3.4 it follows that
A\ Am—1@2,Liv)  V2|[Amls
e (X, 2, P) [Am—1l2[[(A D2
Hence by (4.10) we obtain the desired result.
Next consider ||| = ||-|l2- Then by Theorem 4.3.4! we have
A ©2.Liv) Al
e (A, @, P) [Am—1ll2[(A, D2

Therefore by (4.10)the desired result follows.H
Next consider T-even polynomials. Note that T-even polynomials can have both T-even

and T-odd linearizations having the same eigen-symmetry as that of T-even polynomial.
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Theorem 4.4.7. Let S be the space of T-even matriz polynomials. Assume that P(z) =
Z;n:o 2 A; €S. Let L, (resp. L,) from Lyi(P) be the T-even ( resp. T-odd) linearization of
P with respect to the ansatz vector Yv = v (resp. Lv = —v). If (A\,x) is an approzimate
eigenpair of P then we have the following.
2+ (AP =18 (A Ao @ 2, L
L= AT <1 then < Mm@ 4, Lesy)

V2 - n(X,z,P)
1< e (A Am 1 © 7, Lo v) < \/2+ (IA]=2 = 1)8,

n(A\ z,P)
If ‘)\‘ 2 1 then 1 S nF()\7Am71 ®$7Le;’U)

<2 and

<A/24 (A2 = 1)6572

n(A, z, P) B
24 (|A]72 = 1)6;2 s \
\/ + (1A= S771.;(/\,1\,11_1(X)JC,L(,,'U)S\/i
V2 n(A, z, P)

S
ng(A,Am,1 ® x, Le;v) s
. = — < 4/1+4 |A\|205

1 772(/\7Am—1 ® x, Lo; v) ——
— < A/14|A|726, AF# 0,
\/5 77(>\750>P) iy | | Zf 76
1 3\ Ame1 ®2,Lo5v) ;
< <1, if A=0.
Vi n(\z,P) B

Proof: First consider the T-even linearization L, of P € S. By Theorem |4.3.6/ we know that

G el . _(PP=1)
\/2 a2 T Taneas | (An-1 © 2)TLe(X) (An—1 ® 2)]?

1A Dll2

(IA2=1)|AT _ v|2
21ROV + CERDA R |orp e

77?«“(/\7Am—1 b x7L6§'U)

m 1“

[Am—1ll2 [I(A; Dl2

For || < 1, we have /2 + (IA2 — )3 2[P(Wallz < /2[PW)all3 + (A2 — 18 22 TP(A)]? <
V2||P(A)z]2 and for |A| > 1 we have

V2IP(\)a]f2 < \/2 IP(N)z]|2 + (A2 = 1)85 2[aTP(M\)z|2 < \/2+ (IA2 = 1)55 2P () 2.

Hence by (4.10) we obtain the desired results for ||-|| = |||l -
Next, consider ||-|| = ||-|l2. Then by Theorem 4.3.6/ we have

e (A 10D BB
[GreolE T Tomaeon [(Am-1®2) LX) (Am—1 @ 2)[?

1A Dl

M2 AT v|?
Il + ol e
a2 105 DT

77§(/\aAm—1 & vae;U) =

Notice that ||[P(A\)z|ls < \/||P()\)x||% + IA26,2[zTP(\)z|? < \/2 + A28, 2 [|P(\)z]|2 for any
A € C. Hence by (4.10) we obtain the desired result.
Next assume that L, is the T-odd linearization of P € S. By Theorem 4.3.8 we have the
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following for ||-|| = |l 7 :

Lo (V) (A —1®2) 13 1 T 2
2 A Lo(A\) (A
\/ [(Am—182)13 ST )H<A 1®¢>n1|( m—-1802)TLo(A) (Am—1®2)|

T @)= T
ﬁA#O

ILo(3) (A1 02)] .
V2 e SRTaAT if A=0.

n%(Av AnL—l & Z, Lo; U)

1A% qvl?
[zTP(N)z|?

\/2”P(>‘)1H2+(‘M2 )HA AL
= 1Am 1 ll2llzll2 [[(1,A)[]2 ’

IP(Mz|l2 ey
V2 [Am—1ll2llzll2 1(1,A)]2° if A =0.

if A 0.

Let A # 0. Then for || < 1, we have v/2|[P(\)z||s < \/2||P(>\):1:H§ + (JA[72 = 1)6, 2|zTP(\)z|2 <

V24 (A2 = 1352 [P(Wallz and for A < 1 we have

V2+ (N2 = D52 IPO)ell2 < /2P + (A2 - 165 2eTP(Vaf? < VE[P(a].

Hence by (4.10)), we obtain the desired result.

Now consider ||| = ||-|l2- Then by Theorem 4.3.8 we have
o () (Am—1©2)113
\/ (A 1®;>n2 BEE H(A,:_mz)u% |(Am—1@2)TLo(A) (Am -1 ®2)|*
< 1L, [l ;
N (A Am—1 @2, Losv) = if \#£0.
ILo (N (Am—1®2) |2 Zf A=0

[(Am—1@2)l2 [[(1,A)]l2

IPO)ali2 4 iam=t® rp(y)p2
2T NP A —1 112

= [Am—1ll2[[(T,M)]]2 ’

[P
A2 [(L,N)]2°

if X £ 0.

it A=0

For A # 0 notice that |P(A)z|l2 < \ﬂ|P()\)xH§ + X726, 2|2TP(\)z|2 < \/1 + X726 2PNz |2
Hence by (4.10) the desired result follows.l

Corollary 4.4.8. For ||-|| = ||-||r, using that fact that 6;* > 0 for any ansatz vector v, we
S
Np(A, A1 @ 2, Le; v) oA A1 ® 7, Lo v)
< V2 wh Al <1 dl < <
N\, D) < V2 when | <1 an nOna, D) V2
when || > 1. For ||| = ||-|l2, using the fact that |6, 1| < 1 for any ansatz vector v, we have

1 7]5()\7Am71 ®$>Le;v> 1 ng()\w/\mfl ®$>Lo;v)
— < < V2 when [N <1, and —= < <2
BT ahap) - Al < B ahap) S

when || > 1.

have 1 <

Now notice that the bound in Theorem 4.4.7! is true also for T-odd polynomials but with
the roles of T-even and T-odd exchanged.

Remark 4.4.9. Let P be a T-even or T-odd polynomial. Then if |A\| < 1 pick the T-even
linearization and for |\| > 1 pick the T-odd linearization. The corrolarry/4.4.8 also ensure that
the backward error is magnified at most by a factor of \/2 due to the structured linearization
process.
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Next we consider H-Hermitian polynomials. Note that H-Hermitian polynomial can have
both H-Hermitian and H-skew-Hermitian linearizations preserving the eigen-symmetry of the

original polynomial.

Theorem 4.4.10. LetS be the space of H-Hermitian matriz polynomials. Assume that P € S
and L € DL(P) is the H-Hermitian/ H -skew-Hermitian linearization of P with respect to the

ansatz vector v. If (\,x) is an approximate right eigenpair of P then we have the following:

) S .
V2 — 0y <77F()\,Am,1®:c,L,v)S\/iif)\eR’

L= 0Ne -
I =1l-l 75 = WA
1 p(\Amo1 ®@3,L;0) s 2 _
— < < 2
75 S ST < VAl NI 2, i A€ C\R
s
_ < A Am—1 @ 2,15 0) ’
2 M= s s < Bt B0 <1 ypaer,
1 772(/\7 A1 ® .CL‘,L;U) —2 .
— < < 2 2
Sty S AP gL A AR
1 re(N) } 0 —im(X) f
where T = g for H-Hermitian linearization and T = for
0 im(}) 1 re(N)

H -skew-Hermitian linearization.

Proof: First we consider the H-Hermitian linearization. Then the ansatz vector v € R™.
Assume that A € R. Then by Theorem 4.3.9 we have

V2Pl — 62 e P(\)a? [P

(/\Am ®x,L;v) = ,n()\Am Qx,L;v) = .
' [Am—1ll2 1L, X)]]2 2 : [Am—1llz X, D2

Now applying v/2 — 6, 2|[P(A\)z||2 < \/2||P()\)m||§ — 55 2|HP(N)z|2 < V2||P(\)z||2 and (4.10)

we obtain the desired result.

Next consider A € C\ R. Then for ||-|| = ||-||r, by Theorem 4.3.9 we have
A _yvl?
SO0 At ® 2. 140) 1 1713 2PNl — 2752z [= 7P (M)
n y Am—1 Z, ;v
" [Am—zllzllzll2  |Am-1]3 1L, M3
1 7113 2713
< + , ri=—P(N\)zx
Am—ll2 V [Am-1l3 ~ [I(1, M3
;
1 A AL Hp()
where 77 = re re( ’Zﬁlva (A)e) . For |||l = |Ill2, by Theorem 4.3.9 we have the
imA m(A;_jvx” P(N)x)
following:
1A
SO Ay ® 2, L; 0) 1 73, IPOVlls ~ 1w, gl P(N)ar?
s Am—1 s Ly =
’ [Am—tll2llzll2 \ | Am-1]3 1L, M3

1 17113 [P(N)z]3
||Am71H2 ||Am71||§ ||(17 )‘)H%

IN
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T
- 1 A
Now notice that ||7]]o < 7|AE _,v|||r]|2, where 7 = Ire
0 imA
2
S
_ nF()‘aAm—l ®$5L§U) HAmHQ \/ —2 —2
Therefore for ||-|| = ||-|| 7 we have < 726, %+ 2]|(1, A ,
Il = 07 s s IESIE

S .
and nQ(AaAm—1®x7L7U) S HAWHQ
n(A,z,P) [Am—1ll2
sults follows.

\/7'26172 +11(1, A)||3 2. Hence by Lemma 4.4.2 the re-

Next assume that L is the H-skew-Hermitian linearization of P € S associated with the
ansatz vector v € iR™. Since the structured backward error expression of any approximate
eigenpair is same for H-Hermitian and H-skew-Hermitian linear polynomial, we obtain the
same bound.H

Note that, for A € R, it does not really make any difference in the magnified backward
error due to H-Hermitian or H-skew-Hermitian linearization. Further for A € C\ R two
cases arise. Let us redefine 7 := 73, for H-Hermitian linearization and 7 := 74, for H-skew-
Hermitian linearization. Then from the bounds of Theorem 4.4.10 we conclude the following.
For a given (A, x), if 7, < 74, then choose H-Hermitian linearization and H-skew-Hermitian
linearization otherwise.

Next consider H-even polynomials. Note that H-even polynomials can have both H-even
and H-odd types of linearizations having the same eigen-symmetry (J\, —X). The main issue

here is to decide which type of linearization is to be chosen to minimize the backward error.

Theorem 4.4.11. Let S be the space of H-even polynomials. Assume that P € S and L €
L1 (P) is the H-even/H -odd linearization of P with respect to the ansatz vector v. If (A, x) is

an approzximate eigenpair of P then we have the following:

\% 751}72 n%()‘vAm—l ®-T7L;U)

2
= : < < ; ;
L= e 0 < TR Bt < B e iR,
1 77%(/\7Am—1 ®$,L,'U) 2 . )
—< < 25, 2
Vol 1Oz, P) <V24/72852||(1, M]3 42, if A € C\ iR
1 _ g3\ Am_1®a,L;v) : ‘
A=Al s —= < <
2 M= Hes o5 < BRI 0L < jrae
1 B Ap—1 ® 7, L;v) = ‘ .
< < 257 2
75 S By S VAT, N 1, A € C\ iR
Y Zim(OT 0 ren)]’
L re
where T = for H-even linearization and T = . for H-odd
0 re(d) 1 im(X)
2 2
linearization.

Proof: The proof is similar as that of Theorem 4.4.10 and hence omitted.H

The similar bound can be obtained if we replace H-even polynomials by H-odd polyno-
mials in Theorem 4.4.11l

Observe that, for A € iR, it does not really make any difference in the magnified backward
error due to H-even or H-odd linearization. Further for A € C\ (R two cases arise. Let us
redefine 7 := 7, for H-even linearization and 7 := 7, for H-odd linearization. Then from the
bounds that have been obtained in Theorem 4.4.11, we conclude the following. For a given
(A, z) and P € S, pick an H-even linearization when 7. < 7, and pick H-odd linearization

otherwise.

89

TH-789_04612301



e o)l - g - roa - o

(Qui— 1 (wi— 0 (Y)as 1
"10309A zgesue a1y ST a pue {f7 ‘r} 3 * ‘|al~"y|/?|| T~ “y|| = % oIeUMm ‘SUOIIRZITRAUI] POINJONIIS JO 9IIOTD A, :EF I[qRL,
Do+ 1M S 0S| I Dltes +gflep S o S PPO-H
Dl 0+ 1hep S 0S| EINC DI 0 tefop S S wso-fy | W\ D3
1545% NS S ppo-fr/wono-f | e ¢ ppo-H /uono-ff
S Dlted +1hepr S 05 LA DI 0%+ op S o0 S | wemmop-aors g
2(¢ Dl 0 + H\/@ S@SY | A Dok + %m\/ sgs ¥ werymIoH-77 | M\ D3 Y
URT)TULIO -MOYS- [ URT)TULIS[]-MaY[S- [T
15 g% S S %N\, JuenmOH-F | MDY /uenuISH-
4 =
[ AR % PPO-T I <l
m\, o/ <
eSS A waop | TSI | pposp/wsess
I1>¢9> % NS ST OLIJOWWAS-MONS- [, OELY OLIJOWWAS-MONS- [,
1>¢0> % N> P> $ OLI)oWIIAS- ], 239X OLIOWIIAS- ],
=11 =11 B cont, | eorogm jo | [mrmonkiod
(dz)/(arme =My )b =g | (dz)b/(a T '@ Ty YY)l = o JO 901010 | oN[eAUSI® poInjoniys

90

TH-789_04612301



4.5 Structured pseudospectra of structured matrix poly-

nomials

Let P be a regular polynomial. For A € C, the backward error of A as an approximate

eigenvalue of P is given by
n(A, P) := min{n(A\,z,L) : x € C" and ||z||s = 1}.

Since (A, x,P) = [|7||/||Am]2, it follows that for the spectral as well as for the Frobenius

norms on C"*™, we have
omin(P(N))
HAMHQ

Similarly, we define structured backward error of an approximate eigenvalue A of P € S by

n(\,P) =

°(\, P) := min{n°(\,2,P) : z € C" and ||z|]y = 1}

for both [|-[| = ||]lz and ||-]| = ||-||2- In this section, we make an attempt to determine °(\, P).
Note that backward errors of approximate eigenvalues and pseudospectra of a polynomial are
closely related. For e > 0, the unstructured e-pseudospectrum of P, denoted by o (P),

oe(P) = U (P + AP).

IAP|I<e

See [1], 2] for more on pseudospectra of matrix polynomials. Obviously, we have o.(P) = {z €
C : n(z,P) < €}, assuming, for simplicity, that co ¢ o.(P). For the sake of simplicity, for rest
of this section, we make an implicit assumption that co ¢ o.(P). We observe the following.

e Since n(A, P) is the same for the spectral norm and the Frobenius norm on C™*™, it

follows that o.(P) is the same for the spectral and the Frobenius norms.

Similarly, when P € S, we define the structured e-pseudospectrum of P, denoted by o°(P), by

o¥®):= |J {o(P+AP): AP €S}
IlaP|<e

Then it follows that o°(P) = {z € C: 7°(\,P) < €}.

Theorem 4.5.1. Let S € {T-symmetric, T-skew-symmetric} and P € S. Let A\ € C. Then
for |l = Ill2 we have
M\ P) = n(\,P) and o5(P) = 0.(P).

Also for |||l = |- we have
1w\, P) = V2n(\,P), and of(P) = o, 5(P)
when P is T-skew-symmetric and
(A P) = (A, P) and 0%(P) = o (P)

when P is T-symmetric.
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Proof: For the spectral norm, by Theorem 4.3.1, we have n°(\, z, P) = n(\, z, P) for all x.
Consequently, we have 7°()\, P) = n(\, P). Hence the result follows.

For the Frobenius norm, the result follows from Theorem4.3.4/when P is T-skew-symmetric.
So, suppose that P is T-symmetric. Then P(\) € C"*™ is symmetric. Consider the Takagi
factorization P(\) = UXUT, where U is unitary and ¥ is a diagonal matrix containing sin-
gular values of P(\) (appear in descending order). Set o := ¥(n,n) and u := U(:,n). Then

we have P(A\)u = ou. Now define

Vo uuT
NA; i= ———
! [Amll3 ~

and consider the polynomial AP(z) = Z;nzo 27 AA;. Then AP is T-symmetric and P(\)u +

AP(MN)u = 0. Notice that, for the ||| = ||-|lz and ||-|| = ||-||F on C™**", we have
o
(A, P) < ||AP| = TAnle = n(\, P) and hence o (P) = o°(P).

This completes the proof. B

When P is T-symmetric, the above proof shows how to construct a T-symmetric pencil
AP such that A € A,,(P + AP) and ||AP|| = #°()\,P). When P is T-skew-symmetric, using
Takagi factorization of the complex skew-symmetric matrix P(\), one can construct a T-skew-
symmetric pencil AP such that A € A, (P + AP) and [|AP|| = 5°(\, P). Indeed, consider the
Takagi factorization

P(\) = Udiag(dy,--- ,dpn)UT,

0

85 . .
J] , 55 € C is nonzero and |s;| are singular values of P(\).
—

g

where U is unitary, d; := {

Here the blocks d; appear in descending order of magnitude of |s;|. Note that P(\)U =
Udiag(dy, -+ ,dm). Let uw:= U(:;n — 1 : n). Then P(\)u = ud,, = ud,,u’u. Now define

_VudmuT

NA; =
! loall3

and consider the pencil AP(z) = > 7, 27 AA;. Then AP is T-skew-symmetric and P(\)u +
AP(AN)u = 0. For the spectral norm on C"*™, we have

Omin (P()‘))

S
(A, P) = |AP] =
[Aml2

and for the Frobenius norm on C"*", we have

FAP) = |AP] = V2 “mA(:fA” — Van(\P).

We denote the unit circle in C by T, that T := {z € C : |2| = 1}. Then for the T-even or

T-odd polynomials we have the following result.

Theorem 4.5.2. Let S € {T-even, T-odd} and P € S and m is odd. Let A € T. Then for the
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Frobenius norm on C"*", we have
(A P) = vV2n(\,P) and ¥ (P)NT =0, 5(P) NT.
Proof: Let A € T. Then by Theorem 4.3.6 and Theorem 4.3.8, we have

Fnap) - V2IPQ,
A2

for all « such that ||z||2 = 1. Hence taking minimum over ||z|2 = 1, we obtain the desired

results. W

Theorem 4.5.3. Let S € {H-Hermitian, H-skew-Hermitian} and P € S. Let A € R. Then
for the spectral and the Frobenius norms on C"*" we have n°(\, P) = n(\,P) and hence

oS(P)NR = a.(P) NR.

Proof: Note that P()) is either Hermitian or skew-Hermitian. Let (u,u) be an eigenpair of
the matrix P(\) such that |y = omin(P()\)) and uu = 1. Then P(A\)u = pu. Define

N puu®

A4 =T

and consider the pencil AP(z) = Z;n:o 27 AA;. Then AP € S and A € A,,,(P+ AP). Further,
Umin(P()‘»

. Hence the result
[ Amll2

for the spectral and the Frobenius norms, we have |AP| =

follows. W

Theorem 4.5.4. Let S € {H-even, H-odd} and P € S. Let A € iR. Then for the spectral and
the Frobenius norms on C*™*™, we have n°(\, P) = n(\,P) and hence

oS(P)NiR = o (P)NiR.

Proof: Note for A € iR, then the matrix P()) is again either is Hermitian or skew-Hermitian.
Hence the result follows from the proof of Theorem 4.5.3. H

We mention that the above results can be easily extended to the case of general structured

polynomials where the coefficients matrices are elements of Jordan and/or Lie algebras.
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Chapter 5

Backward errors and
linearizations for palindromic
matrix polynomials

This chapter is devoted to the backward perturbation analysis of palindromic and anti-
palindromic polynomials. We derive structured backward error of approximate eigenpair
of these polynomials and characterize the minimal structured perturbations that achieve
it. Following similar approach employed for structured polynomials in chapter 4, we show
that there always exists “good” palindromic /anti-palindromic linearization for a palindromic

/anti-palindromic polynomial.

5.1 Introduction

In this chapter we undertake a detailed backward perturbation analysis of palindromic and
anti-palindromic polynomials. These polynomials arise mainly in the study of rail traffic
noise caused by high speed trains, see [44} 64, 68, 82]. A matrix polynomial P € P,,(C"*™) is
called a palindromic matrix polynomial if P*(z) = 2™P(1/z) for all z € C\ {0} and an anti-
palindromic polynomial if P*(z) = 2™P(—1/%) for all = € C\ {0}, where * is the transpose

or conjugate transpose of a matrix and

m m

P*(z) = Z szj whenever P(z) = szAj.

Jj=0 Jj=0

In this chapter we consider only the regular matrix polynomials. We denote the space
of regular palindromic or anti-palindromic polynomials by S. It is shown in [64, 68] that
eigenvalues of palindromic polynomials possess certain spectral symmetry.

It is well known that linearization is used to solve a given polynomial eigenvalue problem.
As discussed in Chapter 4, an arbitrary linearization destroys the symmetry in the computed
eigenvalues. Therefore, the first step towards solving a palindromic eigenvalue problem is to
convert the given polynomial P € S into a linear polynomial L, call it a structured linearization
which has the same eigensymmetry as that of P. It is shown in [68] that a palindromic or anti-

palindromic polynomial has infinitely many palindromic/ and anti-palindromic linearizations
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which preserve the eigen-symmetry.

This gives rise to a problem of choosing a “good” linearization among them. Aiming to
find a “good” structured linearization we follow similar procedure as discussed in Chapter 4.
Indeed, given an approximate eigen-pair, we derive an explicit expression of the structured
backward error under structured perturbation of P € S. Note that, structured backward error
is always greater than or equal to the unstructured backward error. We show that structured
backward error is bounded above by a scalar multiple of the unstructured backward error
for few approximate eigen-pairs. Besides, for each structure, there are certain approximate
eigen-pairs for which they are equal.

Further using the expression of structured backward error of approximate eigen-pair of
palindromic polynomial P, we obtain structured backward error of the corresponding ap-
proximate eigen-pair of its structured linearizations. Then we identify “good” structured
linearization L of P that minimizes n°(\, A,,_1 ® z,L)/n(\, z, P).

Its evident that structure preserving algorithms are required to produce symmetry in the
computed eigenvalues. Structured preserving algorithms have been proposed in the literature
to compute the eigenpair of a structured matrix polynomials, see [22] [44] 66]. We mention
that the computable expressions of structured backward error obtained in this chapter has an
important role to play in analyzing the backward stability of structured preserving algorithms.

Finally, we define structured backward error of an approximate eigenvalue of a struc-
tured matrix polynomial and apply it to establish a partial equality between structured and
unstructured pseudospectra of H-palindromic / H-anti-palindromic polynomials.

The chapter is organized as follows. In section 5.2, we first discuss the eigensymmetry
and backward error of an approximate eigenpair of palindromic polynomials. In section 5.3,
we obtain expressions for structured backward error of approximate eigen-pair of palindromic
polynomials. In section 5.4/ we explain the palindromic linearizations of structure polynomials

and determine “good” structured linearization.

5.2 Eigen-symmetry of palindromic polynomials

A matrix polynomial P(z) = >>7" 27 4; € P,,(C"*") is called a *-palindromic or *-anti-
palindromic if
P*(z) = 2™P(1/z) or P*(z) = z™P(—1/z),

respectively, for all z € C\ {0}, where P*(z) = 377" 21 A% and x € {T, H}. It can be shown
as in Theorem [3.1, that if A is an eigenvalue of a #-palindromic polynomial P then 1/A\*
is also an eigenvalue of P. This (A, 1/A*) pairing is known as symplectic eigen-symmetry.
Due to the structure of the coefficients of a palindromic polynomial, the spectrum of a *-
palindromic polynomial inherits this spectral symmetry. Table [5.1 gives the eigen-symmetry

of a palindromic polynomial.
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S ‘ eigenvalue pair ‘ eigentriple ‘

T-palindromic / (A 1/X) N\ z,9),(1/\y,T)
T-antipalindromic

H-palindromic/ (A 1/X) A z,y),(1/\,y, 1)
H-anti-palindromic

Table 5.1: Eigensymmetry of palindromic polynomials.

The validity of the Table [5.1] is followed by Table 3.1. We now show that, given (A, z) €
C x C™ and P € S, there always exists a polynomial AP € S such that (P(A\) + AP(X))z =0,
that is, (A, x) is an eigen-pair of P + AP. For z € C" with ||x||2 = 1, we define the projection
P,=1—zzf.

Theorem 5.2.1. Let P € P,,,(C™*™) be a *-palindromic matriz polynomial, where x € {T, H}.
Suppose (\,z) € C x C* and set v := —P(N)x and A, :=[1, \,..., \"]T. Define

—zzT Azt + W[Am—j #rT P, + MPraf), ifx=T,

mll2
AAJ' = o

—zzH Ajza® + W[/\m_jﬂfTHPw + N Pyrat], if« = H.
mll2

AA%, j=0:(m+1)/2, ifm is odd

AAm,j =
AA%, j=0:(m—2)/2, if m is even.

If m is even define

—fa:TAmmxxH + I\?\m/\T [@rT P, + Prrafl], if =T,

N

AAm/Q E—

—.’EIHAm/QxxH 1n W[)\m/2$THPI + )\m/2P1?rxH]7 Zf = H7
mll2

Then P(N)x + AP(AN)x = 0 where AP is a *-palindromic polynomial.

Proof: The proof is computational and is easy to check.ll

Next we consider x-anti-palindromic polynomials.

Theorem 5.2.2. Let P € P,,,(C"*") be a *-anti-palindromic matriz polynomial, where x €
{T, H}. Suppose (\,x) € C x C" and set r := —P(\)x and A, := [1, \,..., \™]T. Define

~aT Ajrat! — A T T B, — X Ppra), ifx =T,
N
AA]‘ =
—zaH Ajpat — W[Am’jmrHPm — M Pyrafl], ifx = H.
m |3
—AA%, j=0:(m+1)/2, ifm is odd,
AAm_j =

—AA7, j=0:(m—2)/2, ifm is even.
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If m is even then define

—fxTAm/meH — ﬁ[TT’TPE — Prrafl] ifx=T,
AAm/Q =
22! Ay e = W 2art Py — NP Prat),if « = H,

Then P(N)x + AP(N)ax =0 and AP is a x-anti-palindromic polynomial.

Proof: The proof is computational and is easy to check.ll

5.3 Structured backward error of approximate eigenpair

In this section we derive structured backward error of an approximate eigenpair (A, z) of
P € S. The backward error of (A, z) is defined as the smallest, in norm, perturbation AP of
P such that (A, ) is an eigenpair of P + AP, that is, (P(A\) + AP(\))z = 0. We make the
convention throughout the chapter that, AP € P,,,(C™*") is of the form AP = Z;-n:o ZINA;.
Recall that the Frobenius and the spectral norm defined on P, (C"*") are given by

1/2 1/2

IPlF = | D I4511% and [[Pllz == [ Y143
j=0 §=0

respectively where P(z) = > 29A;. Then it follows that, for any A € C,||[P(\)|| <
IPllF2 [[Amll2, where A, = [1, A, ..., A™]T.

By convention, if (A, z) € CxC", then z is assumed to be nonzero, that is, z # 0. Treating
(A, z) as an approximate eigenpair of the polynomial P € P,,(C"*™), we define the backward
error of (A, x) by

Az, P) = i AP|7: P(A AP(N)x =
neLaP) = min  (JAP]s : Pe + AP()x =0},

n2(A,x, P) = {IAP]l2 - P(A)z + AP(A)z = 0}.

min
APEP,, (Cnxn)

Setting r := —P(A\)z, we have np(\, 2, P) = ||r|2/]|z]l2]|Aml2 = n2(\, 2, P), see (4.1). Hence-
forth, we denote nr (X, z,P) and n2(X\, 2, P) by n(A, z, P).
Next assume that P € S. Then we define the structured backward error of (A, x) by

S . : 3 i |

S o g . _
BOuwP) = in (JAPa s POz + AP(N)z =0},

Unless otherwise stated, we denote 7°()\, z, P) for both n%.(\, z, P) and 75 (), z, P).
By Theorem [5.2.1 and Theorem [5.2.2] it is obvious to see that n°(\,x,P) < oo and
n(\,z,P) <i°(A 2, P).

To make the presentation simple we define II; : C™ — C™, by

IL ([xo, 1, %1, -+, Tme1]”) := [T0, T1, Tay « .., Ti—1, 0, 0, ..., O],
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We consider flip operator R = € Rmxm,
1
Theorem 5.3.1. Let S be a space of T-palindromic polynomials and P € S. Assume that
(A, x) is an approzimate eigen-pair of P and set r := —P(X)z. Then we have the following
1. m is odd:
V2n(\ z,P), ifA=—-1
) v2 \/H<m+1)/:T:|12+RAm)II§ + ||7'H”§A—"|jé7"|2 VA # £
A\ z,P) if A ==+1
donop) — Y oy ez PN

[zT |2 I g1y /2Am 12 (I7lI3—]2Tr]?) .
ﬁ\/lmmﬂ)/zmmmm)l% T A3 , if A <1

A4 Am—i T\ H N T, . .H N
Let By = o (am v RIS (& W8T, By = i g P o™+ i ®r Po. For j =
0: (m— 1)/2, define
F. A= —
AAJ' = .
E;+F, A#£-1

and NAp,—; = NAT. Then AP(z) = >ito 2 NA; is a unique polynomial such that
AP € S,P(\)z + AP(A)z = 0 and | AP||F = n3(\, x, P). Next, define

F;, ifA=—1
(IM [2PAm=i + |Ax™=32X7) 2Tr PTrrT P, ‘
Ej+ I = , : ; if |\ > 1
A4 = PO IR Mgy 2(Am + RAR)IE (I7[15 — [277(2)
J|2\m—j m=3122\7) Ty PLrrT P
E;+F; — (YRR + [NIEN) 2Tr Plert Py, <1 £ -1

VP T 1172 (A + BAR)IE (I7lI3 — [2T7[?)

forj=0:(m=1)/2 and AA,,_j = AAT. Then AP(z) = Zm 0 Z/ DA, is a polynomial
such that AP € S,P(\)x + AP(A\)z = 0 and ||AP|2 = n5(\, z, P).

2. m s even:

—— V2IIr[l3 = [oTr]? < V2y(), 2, P), if A= +1

S =
(A2, P) = Ol 241 a2 FAm BN Bl el ey
(/241 Am+1, 2 RAm 3 Az
N\ z,P), if A= +1

HAerRAmHQ 3|am/2)2 C|aTr)2 + 2l /2 RAm 1341A™/2]2) ([IrlI3—]=Tr]2)
|‘H(n1/2)+1A +H7n/2RA ” ”AW?'”AZl ’

if [\ > 1;

|Am+RAy [13—-3[Am/2]2 1| T r|2 + (2l L 2 A I3 +A™/2]2) (||rlI3—[zT7|?)
(241 Am+11, 2 RA (13 ’

y
(A z,P) =
¢

[l Am I3

if |\ < 1.
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Set

N \m=i N Am—i
G; = zalrat + PTrgH 4 zr’ P,
! T2y +1Am + Mo RA 13 [Amll3™ " [Am]l3
)\nL/Q Am/2 m/2
H,, zalrat + PTracH + zrl P,.
/ T /2) 18 + T2 RA 3 [EE [ H

Now for j=0:(m —2)/2 define

A4; = ez (@ TTE + e WP e+ Xz TR, if A= £l
Gj, if X # +1
AA ﬁ [(Tr)zx® + PTral + 20T P, if A= +£1
= m {12
- Hyp o, if A # %1

and NA,_; = AAT. Then AP(z) = Z;’;O ZIAA;j is a unique polynomial such that
AP e S,P(MN)x + AP( Yz =0 and ||AP||r = n%.(\, z, P).

Further, for j =0: (m — 2)/2 define

Am—d mTrPTrrTP

pY T\ H 1 i pTy . H m—j=,.T
Tz (@ )72 + gV Py ra™ + AT Po] = g ey
if A=+£1
A2 m—J A"=312)\J) 2Ty PT Tp,
NA;, = G; - (V] * |2)$_f2m7“7”2 Tr2)’ if Al >1
i 1T m/2)+1Am + o RARI3 [A™=9]2 ((|rl|5 — |2 Tr[?)
M [2Am=3 4 |Am=3|2)0) zTr PTrrTP,
1T my2) +1Am + W2 RAR 13 [N ]2 ([[7]|53 — [2T7[?)
A™m/2 )\m/QT pT TPw
5 [(aTr)zz® + Praf + 2rTP,] — 233 ! B i v if A= *£1
£ L A3 [Amllz (7l = |z77[?)
m/2 = — =y
A/2 gy PTrpT P,
Hpyo — N A £+,
M y2) 41 Am + T2 RAIS ([I7]]5 = |27 7|?)

and NA,,—; = AA?. Then AP(z) = Z?lo 2 AA; is a polynomial such that a AP €
S, PNz + AP(\N)x =0 and || APz = n5(\, z, P).

Proof: First suppose that m is odd. By Theorem [5.2.1 there exists a polynomial AP € S
such that AP(A)z 4+ P(A)z = 0. For j =0: (m — 1)/2, consider

— ol T
AA; = QTAAQ = ( b{ﬂ )g ) and AAT = AA,,_,
J J

where Q := [z, Q1] is a unitary matrix. Now since AP(A)z + P(\)a = 0, we have,

1)/2 Zyioxa”l 2 = v .
E(m )/ /\jb _|_Z(m )/ A= ]aj ?7.

The minimum norm solution of Z(m /2 Nbj + Z me 1)/2 NIy = Q¥'r is given by b; =
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=T AT,
H/\ \ TAmI3 %1

For A = —1, we have =

|2 Q1 rand a; =
Ty = 0. Hence the minimum norm solution of S  Ma,;; = zTr
7=0 37 ’

is aj; = 0. So we have AA; for j =0 : m, as follows:

0 (frpein’ .
X QTr " QU AAJ = DAy, j=0:(m—1)/2
AT 1

AA; =Q

Setting X; =0, j = 0 : m, we obtain n%(\, z,P) = \[ H Hz = V27(\, z,P). Simplifying the
expressions of AA;, j = 0:m, we obtain the desired result
Now let A # —1. Notice that a” = Gm—jm—j, j = 0: (m —1)/2. Hence the minimum

norm solution of Y3 ( Ma;; = «™r which implies Z(m D2\ 4 axm=dya,; = aTr, is

a;; = ﬁ i )\m_J {I?TT’
' ||H(m+1)/2(Am == RAm)H%

Thus we obtain

N 4Am—i T Am=i AT, \T
| TMomatamiraoE® T (aaE@ir) u
AAj = Q B QT j=0:(m~1)/2
TAnE Q1" X
AAm-j = Al,j=0:(m-1)/2.

Now setting X; =0,7 =0: (m — 1)/2, we have

s |z |2 713 = |=Tr|?
(A, z,P) = V2 + |
g 1T mt1y /2 (Am + RAR) |13 [Armll5

Simplifying the expression of AA;, i = 0 : m we obtain the desired result.
In particular, when A = 1, we get [|[A,[|3 = m—+1 and |41y /2(Am+RAR) |13 = 2(m+1),

which gives,
1
S / %
Az, P) = 27112 = [2Tr]2 < V2n(\, 2, P).
Uralt ) 1 M3 — | > < v2n( )

Now we consider spectral norm. For A = —1, by DKW Theorem [1.2.5] applied to AA;

gives puaa; = nﬂﬁg and X; = 0,5 = 0: (m — 1)/2. Hence n5(\, z,P) = \J% =n(\z,P).

Thus we obtain the same AA; that we have obtained for Frobenius norm.
Next let A # —1. For j =0: (m — 1)/2, applying DKW Theorem 1.2.5/ to AA;, we have

AT 4Am 32 T2 4 DR (rl3—laTr?)
xlr if [A[>1
\/ [EweyR s A T o A
ren T [ A2 Tp2 . DR BT iy < g
r-rTr R T TV E— 1
Hn(m+1)/2(Am+RAm)H§| | + A 113 ’ | |_ ’
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and , o
(NP7 + |\ P) aTrQEr(QF )T

- ; , if A >1
] TR Ty o+ BAGIB (1713 — 27
J (WP + V) STTrQET
N 7 ; <1.
N2 1y 2 (A + BAG)[3 ([17]15 — [277[?)
This gives,
|=Tr|? |\H<m+1>/231\ I3 Alrlz=l=Tr?) .
S \[\/IHWH)/Q (A +RA)|Z A 12 , i A >1
) [I11 Amll? (lrl5—12Tr[?)
|zTr|2 (m+1)/2A0m 12 (I7|3—|zTr]? .
f\/“_[(wﬂrl)/? BT BAE T A3 : , A< L

Simplifying the expression of AA;, j=0: (m — 1)/2 we obtain the desired result.
Now if A =1, we have [|A,[|3 = m + 1 and ||[T;,41)/2(Am + RA) (13 = 2(m + 1), which
gives,

BOvep) = Az _ o0 0By,

vm+1

Next, suppose that m is even. Note that, A, 3 = Aﬁ/z. Then we have

2)/2 Z;nzoz)\j;jj i = - p
ngo /)\Jb +Zm )/ )\7n—jaj+)\m/2am/2 {T

The minimum norm solution of 2520_2)/2 Nb; —|—Z§ZO_2)/2 A" iq; —|—/\m/2am/2 = Q¥ris given
by

/\j _ )\m i T /\m/2 T
BB % = " o2 =

bj =

. . ; . J
For A = £1, the minimum norm solution of Z;-n:o Maj; =aTris a;; = ”AA T xTr. Hence
mll2

we have,
M_.T A2 T A2 AT T
| mmET o T (@) B v A v ()
£4;=Q QM Adyy=0Q Q"
. )\m/2
[[ A, HzQ X 1A HzQ Xm/2

and AA,,_; = AAT, j =0: (m—2)/2. Setting X; = 0, j = 0 : m, we have e\, 2, P) =
2|73 — |=Tr[2. Simplifying AA;s for j = 0 : m we obtain the desired result.

Again, if A # £1, the minimum norm solution of ZTZO Maj; =aTr is

)\j+)\7n 7 )\m/2 T
2.’17 T.

a;; = L7 A r9m
7 HH(7n+2)/2A +Hm/2RAm||2 /2m/2 = HH(m-i-Q)/QAm+Hm/2RAm||2
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Hence we have

ﬁ+)\7n7j T >\'m7j T T
xrr r
1T g2y /2Am+T 2 RAm |3 HAmH%( 1 )
_ oo .
AA; = Q Q", j=0:(m-2)/2,
N AT
Mg 917 Xi
)\m/2 T Am/2 T N\NT
xrr r
ML (mt2) /2 A+ 2 RAm |15 HAmH%( i)
e H
A™m/2 AT
G Q1T X
TAmIg <1 m/2
AAm_j = AAT, j=0:(m—2)/2.

Setting X; =0, j =0:m, we have

21T Ay, + 1L, o RA, |12 — [AM/2|12) |2 T2 2 _ T2
(0, P) \/( 1ins2)/2 2 RAE = NPT 3 — e Tr?

M r-42) /28m + T 2 R [ [[Aml13

which gives the desired result. Simplifying the expressions of AA; the desired result follows.

Next we consider spectral norm. If A = £1, applying DKW Theorem [1.2.5/ to AA; we
have, uaa;, = H%L%% for 5 = 0 : m and n5(\,z,P) = \J% = n(A\z,P). Now by DKW
Theorem [1.2.5, we have

X2 QU@ )"
TAnB (1713 — [27+T%)°

X A QT

T Al (rli3 = Tl -

Therefore, we have

by A= A= PTppTp
AA;, = 4 = _3Tp — L =
’ 1413 1A 3 [Amll3 (713 — 1=Tr[?)
Am/2 /2 pIppTp,

ANAyyy = [refl +zrTP,] —

1Am 13 [Am 13 (lrll3 = |=Tr[*)

Again for A # +1, we have

j m—3l|2 [T |2 Am—3|2 2_|gTyr|2 4
\/ M X2 T2 iR (Rl e s

1T (t2) y2 A +T1y, j2 RA L, |13 IAmI3 2
UAA; =
’ [N A2 |2Tr|2 + M2 (IrlI3—]2=Tr[2) if A\ < 1
ML (t2) y2 A +T14, y2 RAR |15 [ Am I3 ’ -
A 2 (il — el
HAA,, .
2 T (m2)/28m + T2 RA 13 [ Amll3

Consequently by DKW Theorem [1.2.5| we have

(WPX™=T + WP aTr QT r(@f )

%, = | Moo s T BRI I (o)
_ (|>\J‘2>\m7j + ‘)\2m7j|2>\j) ‘CI’J?T Q’{T( ’{T)T lf |)\| < 1
syl + o aBAl O (1713 — 77 b
A2 g T QTr(QTr)T
Xm/2

- ||H(m+2)/2Am + Hm/2RAm||§ (HTH% - |$TT|2).
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Hence we obtain

\/ IAm+RA L I3=3]Am/22

(@ Tr[2 4 2Mm/aRA BN (Irl3—]sTr]2)
M (mt2y/2Am+10,, 2 RA (13 3

1A 13 ’
S0 0. P) if A >1
UPIED) =

2 /2 A 134 [A™/2]2 (I3 =]="T?)
[ E ’

if [A] < 1.

HAm“"RAmH%_BD‘m/le |1,T7~|2 —|—
|‘H(m+2>/2/\m+nm/2RAmH%

Simplifying the expressions of AA;s we obtain the desired result.l

Note that if Y € C"*" is such that Yz = 0 and Y7z = 0 then Y = (I — 22T Z(I — z2™)
for some matrix Z. Hence from the proof of Theorem 5.3.1, we obtain that if K is a T-
palindromic polynomial such that P(\)z+K(\)z = 0 then K(2) = AP(2)+ ([ —zx™)TN(2)(I—
xz') for some T-palindromic polynomial N, where AP is given in Theorem [5.3.1.

Remark 5.3.2. If |2Tr| = ||r||2, then ||QTr||2 = 0. In such a case, considering X; =0, j =
0 : m, we obtain the desired results.

Theorem 5.3.3. Let S be the space of T-anti-palindromic polynomials and P € S. Assume
that (A, xz) € C x C™ and set r := —P(X\)z. Then we have the following.

1. m is odd: we have

V2 (A2, P), if A=1
S
e e, P) = a2 lrl3=leTr2
V2 Tt 1) /2 (Am —RAR )13 + AmlZ if A#1.
m(X 2, P), ifA=1
[zTr|? I g1y /2 RAm 13713 —]2Tr]2)
\f\/'“wﬂwz(A So TAmIE
S .
’172()\,"E,P) = Zf‘)\| >1,
zlr|? T (g 1) 2 Am I3 (I 13—z T r|2)
V2 Momeny/2(hm—RARTE TAm 1 ’
ifIN <1
Set
ﬁ— Am—i 1 i _
Ej = 2Tz — —[m—iz TP, — )\JPITTxH
’ 1T 1) /2(Am — RAm)||§( ) ||Am||§[ ]
M — Am—i YA B
F4 T 7H_4—‘Am_J7TP—AJPT H.
N ey ey v
For j=0:(m—1)/2, define
U B v e AR
! Ej, A£1

and AAy,_j = —AT. Then AP(z) =
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that P(\)x + AP(\)x = 0 and | AP||r = n3-(\, 2, P). Next, define

1
[rat’ — @], if A=1
IE -
(N [Xm=7 — A7 2Ad)aTr P e Py .
paye={ B R O — BRI~ ey T
J (m+1)/2\{3m m)|2UIT1|2 xr-r
(IM[2Am=i — |xm=32\0)2Tr PT T P, )
Ej + — z , if N <1LA#1
T VP ey 2 (B — RAG)B([17]3 — [2T7[%)

and DA, —j = —A7, j = 0: (m —1)/2.Then AP(z) = 7" 27 AA; is a polynomial
such that AP € S,P(\)z + AP(\)x = 0 and || APz = n5(\, z, P).

2. m s even:

\/> ,,7 )\ T, P Zf A=1
S
nF()vl',P) = |zTr|2 712 =T r|2 )
v2 M shm—RADR T h.z 0 WA £ 1.
U(Aa‘raP)a Zf}\ — 1’
2)=7r]2 @I j2 RAm [12+37/2 2) ([ ]3—[= T2
775()\756713) =3 \/lHM/2(Am—RAm)|2 ‘ /2 ‘ HAmHJ 7“ T ) Zf|)\| > 1,
2|zTr|2 2T, 2 A [|2 4+ A™/2|2) (|| ]| 2= |2 T 7
\/|Hm/z(/|\mRAm)|2 @l /2 Am |l :IA”LHL dIrli3=l=Tr|? )’ if N < 1.

For j=0:(m —2)/2, consider

”A}”Hg [TIH B TTT]’ ZfA =1 m[TmH — fTT]v Zf)\ =1
AA] ‘e 7 AAm/Q —
& T Toqzlra —zrT], i A #1

and AApm_; = —=AT,j = 0 : (m — 2)/2. Then AP(z) = dito ZNA; is a unique
polynomial such that AP € S,P(A\)z + AP(\)x = 0 and ||AP||r = n%(\, z,P). Neat,

define
1 H =T A
HA ”2[7’55 —xr ]7 Zf)\:1
ml|2
(IN|2Am=3 — | X" 2\0 )2 Tr PTrrT P, ,
na; = {5 P RO - o) T
(IN|2Am=3 — | X" 2X3)2Tr PT 1T P, ‘
Fi+ — z , ifIA<1,A#1
I NP2 (A — RAB(FR — 7oy TS 1AF
1 .
i HQ[TZ‘H—ETT], ifA=1
AAm/g = )\Tm/ZQ
W[T’IHffTT], Zf)\#l
ml2

and NAn,—j = —AT, j =0: (m—2)/2. Then AP(z) = 37" 2/ AA; is a polynomial
such that AP € S, AP € S such that P(\)x + AP(A)z = 0 and |AP|2 = n5(\, z, P).
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Proof: First assume that P € S and m is odd. By Theorem [5.2.2] there exists AP € S such
that AP(A)z + P(A\)xz =0. For j =0: (m — 1)/2, consider

NA; = QTAAQ = ( O;“ “ > and AAp_j=—AA], j=0:(m—1)/2,
j j

where @ = [z, Q1] is a unitary matrix. Since AP(A)z + P(A\)z = 0, we have,

rr

m—1)/2 \4 m—=1)/2 ym—j
STV N gy — ST gy T
(m—1)/2 b, (m—1)/2 A {7" .
Zj:O i ijo aj
The minimum norm solution of Zg:o_l)ﬂ Nb; — Z](:O_D/Q AN Ia; = Q¥'r is given by b; =
7HA/:H§Q{T and a; = _‘H/\A":n_\l]% QTr,7=0:(m—1)/2.
For A = 1, we have zTr = 0. Hence the minimum norm solution of Z;'n:() )\jajj =zTr is

aj; =0, § = 0:m. Thus we have

NI(QTn)T

_ 0 — T .
84=0 wgr, @ Apy = ATi =0 m— 12
1Am I3 y

Setting X; = 0,7 = 0 : m we have the minimum Frobenius norm of AA;. Consequently we

have,

10 P) = VEEE- — VBy(h,a,P),
m||2

Simplifying the expression of AA;,j = 0:m we obtain the desired result.

Next suppose that A # 1. Then the minimum norm solution of

(m—1)/2 (m—1)/2

0y, .. m—j. T
E Maj; E A A =2 T
=0 =0

is given by

M — dAm—j T
aj; = x'r,j=0:(m—1)/2.
5= 12 — RARB 4

Therefore we have

X X7 X7 (@QFn)T

2$TT B T A
o "H(m+1)/2(Am_RAM)H2 ”Am”Z "
ANA; =@ Q7,j=0:(m—-1)/2.
VQ?T )
A3 X

Taking X; = 0, we obtain the minimum Frobenius norm of AA; and consequently we have

D e L kM Dt S (0 9 (4 B k)

S Jj=0 j=0
e\ z,P) = V2 +
" M 1) /2(Am = RAm) 12 [ Amll3
_ 27r[? TR
||H(m+1)/2(Am - RAm)H% HAmH%
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Simplifying the expression of AA; for all j =0: (m — 1)/2 we obtain the desired result.
Next we consider the spectral norm. Assume that A = 1. Applying DKW Theorem [1.2.5/to
AA; we have pa a4, ”U\ ‘|ﬁ2, j=0:(m—1)/2 and X; = 0. Therefore we have n3(\,z,P) =

|\|/‘x Hﬁz = n(A, z,P). Simplifying the expression of AA; we obtain AA; = —W[ETT —rzf].
m m 2
Hence the result follows.
Next, suppose that A # 1. In this case we have
[A —Am 3|2 |z Tr|? A2 li3—laTr2)
/J/AAJ - 2 2 T2
|\ —Am—i|2|zTr|2 A2 (e 13—z r|2) :
\/lH(m+1>/2(1\m—RAm)|‘21 + HAané ’ if [A=1
for j = 0: (m — 1)/2. Therefore applying DKW Theorem [1.2.5/to AA; we have
(VX P PATHQE @I T
1 )
) VIR gy 2 (A — RA, )||2(||7‘||2 |z Tr[?)’
J (|)\]| Am—J — |)\m ]‘QA])xTr Q )( )T " |>\| >
- 1 >4
N I g 41) /2(Am = RAm)[3([I7 113 — Il”T ?)’
for j=0:(m—1)/2.
Hence we have
2 1T RAm I35 —|=Tr?) .
f\/m(mw«fm = 7 A — v » D>
Bz, P) =
|| T +1) 72 A 3 (Ul (13 =T [2) :
\/i\/ln(m,+l)/2(Am_RAm)|§ v HA:IIIE1 : P <2
Simplifying the expression of AA; for j = 0: (m — 1)/2 we obtain the desired result.
Next, assume that m is even. Note that in this case Aﬁ 2= —A, /2. Consequently we

have

T
Tr

E;Z()_Q)/z Majj — ngo 272 ym= Tajj ( T )

SN 4 2 A2 — TR/ mdg
J=0 J / §=0 J

Note that @, /2,m/2 = 0, since A, /3 is a skew-symmetric matrix. The minimum norm solution
of X275 P Nb; - o N> = TGP N0y = QY r is given by

NQTr Am=i QT Am/2QTr
b; = 0= —— o ,j=0:(m—2)/2.
TS A [ S s TS
For A = 1, 277 = 0. Hence the minimum norm solution ofz me 2)/2 )\jajjfzgmo D2 \m—ig, . =

0 is given by a;; = 0. Consequently, we have,

. 0 _(Q?T)j
24 =Q( o, QT =0 (m=-2)2
J

[AmI3
Setting X; = 0,5 = 0 : (m — 2)/2 we obtain the minimum norm of AA; and consequently

we have n%.(\, z, P) = v/27(\, z, P). Simplifying the expression of AA; we obtain the desired
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result.

Next, suppose that A # 1. Then the minimum norm solution of

(m—2)/2 _ (m—2)/2 _
Z )\Jajj - Z /\mﬂajj = xTr
§=0 §=0
is given by o
A — \m—J T,

we — .
M 2 (A — RAR)|3

and @y, /2,m/2 = 0. Consequently, for j = 0: (m — 2)/2, we obtain

PYR e R N Vi [
Hnm/2(Am_RAm)H§ HAm”g
N H
AA; = Q Q,
2QTr
M X
1Am I3 ¢
0 . /\m/2(Q{2T)T
-0 1A |l H
AAm/Q = Q Am72QT 2 Q .
3 X
A3 m/2

Setting X; = 0 = X, /2, we get the minimum Frobenius norm of AA; and AA,, /5 respectively
and these give,

|z ? Irll3 = =" |?

S
5\ z,P) = V2 +
e HHm/Z(Am - RAm)H% ||Am||%

Simplifying the expressions of AA; for j = 0: m/2 we obtain the desired result.

Next consider spectral norm. Suppose that A = 1. Then consider uaa, = % and by

DKW Theorem [1.2.5, we have X; = 0. Therefore we have n5(\, z,P) = ”/l\:!ﬁQ = n(A, z,P).
Simplifying the expression of AA; we obtain AA; = fm[TrT —rafl] for j = 0:m/2.
Hence the result follows.

Next, suppose A # 1. Consider naa,,,, = \/T—ml[llrftw Then again by DKW
Theorem [1.2.5 we have X,, /5 = 0. Now for j = 0: (m — 2)/2 consider

A —Am—i|2|gTr|2 A2 (lrl3—l=Tr?)
\/lI-I'm/2(AWL_B:AWL)l42L + HAWH% ’ lf |)\| - 17

rad 7 [M—Am—i|2|aTr|? [ 12 (|13 — =T r|2)
\/mm/z(AW—RAmn% s 0, TS
Then by DKW Theorem [1.2.5] applied to AA; we have
(NPT - I PRETHQEN@FT
) IR 2 (A = RAR)IB (7[5 — [T 7]?)’ ’
7 J12\m—j _ |\xm—312X\ T (T T,\T
(VXTI — PRI @

NPT 2 (A = RA)|3([I7(13 = [277[?)”
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for j = 0: (m — 2)/2. Therefore we have

2112 @l o RA 2+ A7 2 ) (B laTrl?)
if [Al>1
\/lnm/z(AmRAmng * B R

7)§(A, z,P) =

2laTr|2 QUM 2 A [P+ 2) (=l Tr?)
\/IHm/z(AmRAm)IS+ 15T iR

Simplifying the expressions of AA; for j = 0:m/2 we obtain the desired result. B

Analogous to the T-palindromic polynomial we conclude that if K is a T-anti-palindromic
polynomial such that P(A\)z + K(A)z = 0 then K(z) = AP(2) + (I — xz®)TN(2)(I — zz*) for

some T-anti-palindromic polynomial N, where AP is given in Theorem 5.3.3.

Remark 5.3.4. If |27r| = |||z, then ||QTr||2 = 0. In such a case, considering X; =0, j =

0 : m, we obtain the desired results.

Next we consider H-palindromic/ H-anti-palindromic polynomials. To make the presen-
tation simple we proceed as follows.
re(z)

Let 2 = a+1ib € C. Define a map vec : C — R? by vec(z) = ( . ) . Further define a
im(z

map M: C — R?*2 by M(z) = .re
im(z)  re(z)

() —im(2) ) . Then the following hold:

e vec(z) = Y vec(z), where ¥ = < (1) 01 ) .

o vec(z122) = M(z1)vec(z2), 21,29 € C.
o M(z) =M(2)T.

Assume that A € C, and aj; € C. Then if we have 337" Ma;; = 7 then applying the

map vec both sides we obtain

VeC(Z Naj;) = vec(zfr) = ZM()\i)vec(ajj) = vec(zr). (5.1)

=0 =0

Theorem 5.3.5. Let S be the space of H-palindromic polynomials. Assume that P € S and
(A z) € C x C™. Setting r := —P(\)x, we have the following.

1. Let m be odd. Then

g V23 = e < Van(h 2, P), if ]\l =1

S
e\ z,P) = — T2 zH 2 )
V2 /I + I N £ 1.
n\ z, P), if [A[=1
~ I, RAn |12 (||Ir||2—|zHr|2 .
R R A T LB

N T (ni1y/28m 12 2_|zHr|2 )
ﬁ\/ITII% Mool (PE-lee) ) < 1,
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+

where ¥ = |Hy H; Hm—1)/2 vec(zfr) and
re(M) +re (A7) —im (M) +im (A7)
H; = ,j=0:(m—1)/2.
m (M) +im(A™77)  re (M) —re(A™Y)
Let E; ”A o2 (NI xr Py 4 N Pyraf). For j =0: (m —1)/2 define
HATH"’WHQ“”H +E;, if[Al=1
AAJ' =
ejT?:mc + Ej, if I\ #1
and AAy,—j = AAT. Then AP(z) = Z;n:o ZINA; is a unique polynomial such that
AP € S,P(N)z + AP(N)z = 0 and || AP||r = n% (X, z,P). Next define
N g H oy Xm=iprr P, )
zrizz” + Ej — . ifIA =1
[[Am|13 0 1Al il = a2
TP N A™i prrEP,
AAj =9 elreafl + B; — 2 — ~ s if |\l >1
Ty 1T I (el )
eTF M Am=i PrrH P,
efrza + E; — L= - , if |Al <1
’ TR (Il - [t r]?)

forj=0:(m—1)/2 with AA,,_; = AAf. Then AP

(2
such that AP € S, P(N)z + AP(N)z =0 and ||AP|2 =

)
1

= Zj "o #IANA; is a polynomial
SO\, z, P).

2. Let m be even. Then
S _ \/W V2(rll3 —[rfzf? < V(A z,P), if [\l =1
ez, P) = s ) & QBT T ]
V@IFIZ = |8, ,712) + 2Ll if | # 1.
n(\, z,P) if |\ =1
~ ~ 2||11,,, /2 RAm ||24H | A™/212)(||7]|2 = |xH r|2 .
SOnP) \/(2||r”§_|e£/2r|2)+ At o R BERTERNB 1) 3
= ~ @I 2 A [3+HA™/22) (I ]I5— ]2 T|2) ;
| (CIFIE I g7 + Clllsatel iy N < L
- T
where 7 = [Ho H, Hpm—2)/2 Hm/2] vec(zfr) and
M\ \m—=J —im(\ im(\™—J
H_] = r( )+re( ) Im(,)+lm(_. ,j:O(m—Z)/Z,
im (M) +im (A™=7)  re (V) —re(A™7)
re (A\™/2)
H, = .
m/2 ( im (/\m/Z)
Let F; = HAmIIQ [N PN Pyraf] and Gy2 = HA;H% A/ 200 H Py /2 P,
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Then for j =0: (m

—2)/2, define

_ irneriat + Gz,
HAéanerxxH +F;, if [N =1 if |\ =1
AAJ = 3 AAm/Z =
eJT?m:H + Fj, if I\ #1 eﬁ/Q?xxH + G2,

and AAy,_; = AAT. Then AP(2)

if N #1

= Z;’TL:O ZIANA; is a unique polynomial such that

AP € S, PNz + AP(N)z = 0 and || AP||r = n%(\,z,P). Next define

AAm/Q =

and NAp—j = NAJ. Then AP(z) = Y70

N 0 H A=y poperH P .
zrra? + Fj— . ifIA =1
[Aml3 T ARIE (el = [rHaf?)
eTr N Am—i P.rrip,
efreat + F; — 2 — s if |A > 1
! T2 ((lr)l3 — |2 r]?)
TP N Am=i prrHP,
TrrzH 4 F; — ’ ’ fIA <1
T N (R = ) ah
Am/2g . A2 pHy porH P,
zxre® + Gy — , ifAl=1
[ Amll3 [Am3 (7[5 — |rHz[?)
T H
eL et + Gy — 2t Lt Pgﬂ, if |\ # 1.
B& (Irll3 — |=Hr|?)

OszAj is a polynomial such that AP €

S, PNz + AP(\)x = 0 and || APz = n5(\, z, P).

Proof: Let P € S given by P(z) =

Z;”:O 27 A;. First suppose that m is odd. By Theorem 5.2.2

there exists AP € S, such that AP(\)x + P(A\)a = 0. Define

AAJ‘ = Q(

where Q = [x

bj X;

=X j=0:(m-1)/2,

, @Q1] is a unitary matrix. Since AP(A)x + P(\)z = 0, we have

g N aﬂ

) (o)

Consequently, the minimum norm solution of E(m D72 )\Jb + Z(m D/2 \m— Ja = Ql ris

given by

i =

Note that for |A| =

TH-789_04612301

||Am|

— =1

Q T, j
[ R T

‘QQMJ 0:(m—1)/2.

1, we have zfr = X7z r. Hence the minimum norm solution of
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Yoo Naj; = xMris a5 = ”A’\JH xfly, j =0:m. Therefore we have
XN H AT (A H \H
(o S o A G2
AAJ' = Q QH7
H,
el X
AAp_j = AAT j=0:(m—-1)/2.

Setting X; = 0 gives n%(\, z, P) \/2H7°||2 |rH 2|2, Simplifying the expressions for
AAjs we obtain the desired result.

Next, let [A] # 1. The value of aj; for the equation Y 7" Maj; = 2, j = 0: (m —1)/2

is achieved after employing the condition @;; = @m—jm—;j = 0: (m —1)/2 in equation (5.1))

which becomes
(m—1)/2

(M(MN) +MA™ ) S)vec(a;;) = vec(zHr)
=0

. . . — T/\
and the solution is given by a;; = €; 7 where

o~

f
T = {HO H1 H(m—l)/Q] VeC(IHT) and

H; = ( re (M) +re (W™=9)  —im (M) +im (\""~) )
’ im ()\‘7) aF Im()\mij) re ()\]) —re ()\mfj)

Thus we obtain,

. H _\H
GT? \m—J (Q 7")2
2

J TAm

AA; =Q Q, j=0:(m—1)/2.
FQH’I‘ )
IS Xj

Setting X; = 0, we obtain n%.(\, z, P) = /2 \/ 713 + - HﬁA "”H "® | Simplifying the expressions
of AAjs we obtain the desired result.
Next we consider spectral norm. If |A\| = 1 applying DKW Theorem 1.2.5/to AA; we have

paa; = a, g and

X, _ Tt
I T AT (Il = [

0:(m—1)/2.

This gives, n5(\, z,P) = \J;le = n(A, z, P). Simplifying the expressions for AA;s we obtain

the desired result.
Further, for |A| # 1, we consider,

— =72 > H 2 .
\/|6T’f‘|2 + | | (|\7’H24 |z H | ), if |A| > 1
J HAmHZ

Baa; =

T2 . NEME-E
VIR + a0 TRI<]
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for j =0:(m —1)/2. Then by DKW Theorem [1.2.5! we have

ef? AN AT QHp(QH ) H

e Qe 0 A IAL> 1
X‘] = T~ J j H H H
TR N Am—i QHp(QH ) )
=Ry e A <L
This gives

12 2 Mo 2 RARI? (IrE—lar?)

. \/5\/|r||2+ cretyaRAm I (Il TS

772()\,:1:713) =

5 o, A2 2 |zHp|2 .
\/5\/|r||2+ MLt 1) /2 ||/|\|m|(\gTH2 |zH 7] )7 if A < 1.

Simplifying the expressions of AA; for all j =0: (m — 1)/2 we obtain the desired result.
Now suppose that P € S and m is even. Notice that A,,,, = Ag/z. By Theorem [5.2.2
there exists a polynomial AP € S such that AP(X)xz + P(A)z = 0. Define

aj; af ,
J J
NA — Q am/?,m/? aTI_rIL/Q QH X _ XH
m/2 — ) m/2 — m/2-
/ Am/2 Xm/2 / /2

Since AP(A)x + P(\)z = 0, we have

o Z;-n:%)\]:ljj - _ l’H’/‘ -
YDAy 4+ TP Am—ia; + A 2, Qf'r

The minimum norm solution of 2520_2)/2 Nbj + 25252)/2 Am=ia; + AX™2q,,5 = Qr is

given by
b F Am—J Am/2
P a; = a = —.
P TARIE T AR A3
Note that for |A| = 1, we have zHr = Amzfr. Hence the minimum norm solution of

TG e H A L N H. i_ .
ijo)‘ aj; = x"ris given by a;; = TAnE L s j = 0: m. Therefore we have

N H A H, \H
TR e 1 (%0
AA; = Q Q",

P H
a1 Xi
/2 H A2 H \NH
e T TaE (@) .

App = Q Q"
NTZ H
A1 T KXoz

AAp_j = AAT j=0:(m—2)/2,

which gives, n3.(\, 2, P) = \/nlzﬁ V2|73 — | z|?2. Simplifying the expressions of AA; for
j =0:m/2 we obtain the desired result.
Now let [A| # 1. Then the value of a;; from the equation Y 7", Naj; = afr,j =0:
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(m — 2)/2 is achieved after employing the condition @;; = @m—jm—j, 7 = 0: (m —2)/2 and

Um/2,m/2 € R in equation (5.1) which becomes

(m—2)/2

> M) +M (AT E)vec(aj;) +MA™2)vee(ap j2,m/2) = vee(z'r).

Jj=0

The solution is then given by a;; = e??, Jj =0:m/2 where

7= [HO H,

0o re(M) +re(A\™77)  —im (M)
T im (M) +im(A™79)  re(M) —
re \/2
H,, .
/2 < im)\m/2 )
Therefore we obtain,
e?A
NA; = @
NQf'r
[Am 13
62/27’“\
A14171/2 = Q
WQ{IT‘
A3
AAm_j = ANAJ, j=0:

;
Hpn—2)/2 Hm/Q} vec(zr) and

+im (A™~7)

re (A7) ) ,j=0:(m—2)/2, and

(Q'n"

A
A3

QH
X

m/2 (QH] '
A AT

Qf,
Xm/2
(m — 2)/2.

Setting X; = 0= X,,,/2, 7 = 0: (m — 2)/2 we obtain

(A, P) = ¢ (2713 = [€F, 5712) + 2

I3 = |=Hr[>
[Am 3

Simplifying the expressions for AA;s we obtain the desired result.

Next we consider spectral norm. Note that for [A\| = 1, we have zr = Amzfr. Conse-

quently, M rfz = xm=i gHyr Consider HAA;
AA;, we have

A3 i QU Qi)

X, — —
A3 (Irl3 = | f?)

=

lIrll2

which gives n5(\, z,P) = NCESE

Simplifying the
result.
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~ TARI3"

) Xm/2 =

lIr]l2

Applying DKW Theorem [1.2.5 to

AR gl Qn(Qi)
1Rl (B — [r77al?)

expressions for AAj;s we obtain the desired



If |A\| # 1 consider

\/|e]r?|2+ DR el 2r) gy > 1

. TAml3
NA; = §
e RETEETE ) < 1
2 PP IS — )
PoAns = A\[len 1 +
a \/ e A3

for j =0: (m —2)/2. Then again by DKW Theorem [1.2.5 we have

76]7.‘7"\F Am—I er(QfIT)H
Am=d2 ([rl3—[afr2)

if [\ >1

X; = -
eTF N AT QHp(QHrH |
ey A <
efl/g?\ QIr(QHr)H
Xm/2 .

(I3 = = r[?)

for j =0: (m —2)/2. This gives

N N (2L 2 RAm [I3+HA™/212) (|15~ |zHr]?) .
(I3 — 16 o) + Clesa M B L) iy

5\, z,P) =

~ P m 2 m/ 2 _|.H g
2712 - |ea F2) + (2T 2 A \|2+|>;X ZLZ)(”THZ |z T\2)7 if [A] < 1.
/ llAm (I3

Simplifying the expressions of AA;s we obtain the desired result.l

It is evident from the proof of Theorem 5.3.5 that, if K is a H-palindromic polynomial
such that P(A\)z + K(A\)2z = 0 then K(z) = AP(2) + (I — z2™)TN(2)(I — z2®) for some
H-palindromic polynomial N, where AP is given in Theorem 5.3.5.

Remark 5.3.6. If |zfr| = ||r|2, then ||Q¥r|2 = 0. In such a case, considering X; =0, j =
0 : m, we obtain the desired results.

Theorem 5.3.7. Let S be the space of H-anti-palindromic polynomials. Assume that P € S
and (A, z) € C x C™. Setting r := —P(\)x, we have the following.

1. m be odd:
H..2 . B
Bz, P) = s, 2Hr||H2 - Ivl“ xL < V2N @, P), if|N =1
‘[\/“?”2 S N - if A # 1.
n(\ z,P), iFIN =1
f~ 2 ”H(m+1)/2RAmH2 (|‘T\|§—|:EHT|2) .
775()\790713) = \[\/| || ”AmHg , Zf|>\| >1

N M A |2 2__|pHp|2 .
\/5\/|7“||§+ Mol (GriB—ler®) gy < 1,

mll2
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i
where 7 = {HO Hy ... Hupp1y) vec(z"r) and

H. — ( re (/\J") — re()\m_j_) —im (/\j) —im ()\m.—j) ) |
77 im (V) —im(Am) re (V) + re (Am )

Let E; := IIA:@HE [N Pprafl — Axm=dxrHP,]. Then for j =0: (m —1)/2 define
A H,H -
ariza® + By, if |A =1
AAj =0 Al !

e]T?a:a:H + E;, if |\ #1

and NA,_; = —AA. Then AP(z) = Z;n:o 2 ANA; is a unique polynomial such that
AP € S, PNz + AP(N)x =0 and || AP||r = n%. (X, z,P). Next define

bV o " zHr X —IiP,rrH P, )
zrizz™ + E; + . if AN =1
[ Amll3 T ARE (I3 = fafr|?)
eI N A PP
AAj =4 elreat + E; + -2 z > if (Al > 1

IAm=3[2 (||rl|5 — |zt r[?)’
TP N Am—i PP,

efrea + E; + 21— , if |Al <1
’ TN (frll - [t r)?)

forj =0 : (m —1)/2 with AA,_; = —AAF. Then AP(2) = Y2/ AA; is a
polynomial such that AP € S,P(N)z + AP(\)x = 0 and || APz = n5(\, z, P).

2. m s even:

g V2713 = Iz < v2n(\ 2, P), if [N =1

s
nF(AVﬁL’vP) = e ~ r||2—|zHr|2 :
V@IFIB = [e], ,712) + 2l oy 21
n(A z,P) if |\ =1
= = 2||11,,, /2 RAm ||2+|X™/212)(||7]|2 = |z H r|2 .
B\, P) = \/(2||r||§ - |e£/2r 2) 4+ (2/|TL /2 RAm 13 II‘Am\I;‘l )3 == r| ), if I\ > 1
—~ —~ 2||TL,,, 2 A [| 2| A™/212) (||| 2— | H |2 .
\/(2||7‘||§ _ |e§1/27‘|2)—|— [y 2 Amll5 lHAmH!é Ulrll3 == r] )’ if [N < 1.
~ T
where 7" = [Ho Hy ... Hu—9)2 Hppo vec(zflr),
N m—j i N ; m—j
H, - <re( ) Fre(A™T7) - —im (V) 4 im (A )>,j=O:(m—2)/2, and

im (M) +im(A™77) re (M) —re (A7)
—im (\/?)
Hypp = < re()\m/z) )

Let F; := HA}nII% N Ppraf —Xm=izrH P,] and G, /2 = ”A}an [(Am/2Pratl X2 H P
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Then for j =0:(m —2)/2, define

)\m/2
— ﬁerxxH + G2,
LJJTHZ%H 4 1_7.7 Zf |)\| -1 ||Am||2 '
AAj =1 (A3 ! » DAz = ifIAl=1
ef?xacH + I}, if |\ #£1 ieﬁ/Z?xxH + G2,

if N #1

and NAp,—j = —=AAT. Then AP(z) = 31" (27 AA; is a unique polynomial such that
AP €S, PNz + AP(N)x = 0 and || AP||r = n%.(\,z,P). Next define

N HoH A= pHy PP, .
zxrat + F; + , if AN =1
A3 O ARIE (IrlE = [ ]?) A
TP N Am—i P.rrp,
AA; = e;‘-r?xacH +Fj+ -2 if Al >1

|Am=3[2 (||r||5 — |zHr[?)’
eTr N A= P.rrip,

Tipa® |yt < ' A < 1
& T e = ) i#1A

N Y A2 pHy poprH P,
xx?re™ + Gy + , if [N =1
) T 2 TR T (TG — 172
e y B il )7 Pt P, ,
i€y jpTTT + G2+ (=27 if |\ # 1.

and AAy,_; = —AAT for j =0: (m—2)/2. Then AP(z) = > o 2/ NA; is a polyno-
mial such that AP € S,P(\)xz + AP(N)z =0 and ||AP||2 = n5(\, z, P).

Proof: First assume that m is odd. By Theorem 5.2.2 we know that there exists AP € S,
such that AP(z)z + P(z)x = 0. Define

oaH
aj5  a; )QH, Am—j:_AgI‘lr)j:O:(m_l)/Q'

NA; =
! Q<bj X;

Since AP(A)a + P(A\)z = 0, we have

1 QZ?ZOAjajlj 1)/2 yj = - P
RPN TEDY RN Qfr

The minimum norm solution of Zj(zo_l)/z Nbj — ZEZO_UB N ia; = QHr is given by b; =
N and g = — AT
TAnT3 = AT N,
Note that for [A| = 1, we have 2fr = —Xmzfr. Hence the minimum norm solution of
Yo Naj; = oflris a;; = mer, j=0:(m—1)/2. Thus we have
N H _A™T ~AH \H
T iR (@)
AA; = Q Q7
N H )
RO X
AAp_j = LAY j=0:(m—1)/2.
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Setting X; = 0 we have n°(\, z,P) = NS 2||r||3 — |rH z|2. Simplifying the expressions for
AA; for j =0:(m —1)/2 we obtain the desired result.

Now suppose that [A| # 1. The the value of aj; from 377" Ma;; = xfr, is achieved after
employing the condition @;; = —a@m—jm—; j = 0: (m—1)/2. applying vec both sides by (5.1))

we have
(m—1)/2 ‘ 4
> (MN) = M(A ) E)vec(a ;) = vee(zr)
§=0
t
which gives a;; = eJT?, j=0:(m—1)/2 where ¥ = [HO H, ... H(m_l)/Q} vec(zHr) and

H. — ( re()\j‘) —re ()\m—j‘) —im ()\-j) _ im()\m.—j) ) |
P im ) —im(Am ) re (V) 4+ re (V)

Consequently we have
6?7/"\ g(QH )
AA; =Q QY, Ny _j =—NAY, j=0:(m—1)/2.
Tl X

Setting X; = 0 we obtain the minimum Frobenius norm of AA; and hence we have

R FlI2 — (2 Hr2
n%<A,z,P>=¢i\/||r1§+ i
mll2

Simplifying the expression of AA; we obtain the desired result.
Next consider spectral norm. From the construction of AA; it is easily seen that the
n5(\, z, P) will be same as that given in Theorem /5.3.5/ and hence desired results follow.
Now suppose that m is even. By Theorem 5.2.2/ we know that there exists AP € S such
that AP(A)z +P(A)xz =0. For j =0: (m — 2)/2 define

T Ay /2.m —aH
A4, ==Q< - )QH, AAm/2=Q< i Q.
J J Am /2 m/2

Since AP(A)x + P(\)z = 0, we have

Z Lo N aj; _ [ 2
Zg;”g”/ﬂjbj—z('” D ym=iq; 4 Am2a,,,, |\ QFr )

The minimum norm solution of Z;:a2)/2 Nbj — Z§252)/2 A Ia; + A 2a,, 0 = QFr is
\J Am j /\m/2
bj = Qt'r Q1'ry s = Qt'r
’ HAmH2 R TS A TS - he
Note that for [A| = 1, we have zfr = —AmzHr Hence the minimum norm solution of

Z?;O Najj=afrisaj; = HAMHQ,an j =0:(m—2)/2. Note that a,,;2,,/2 € iR. Thus we
mll2
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have

X H A9 AH \H
m e T T (@)

AA; = @ QY
HAA"JLH%Q{{T Xj
m/2 m/2
e e @In”

ANApyp = Q QY

Am/2 H
AL Xomy2

ANA; = —NAT L j=0:(m—2)/2.

Setting X; = 0 = X,,/2 gives n3(\, 2, P) = \/W V2||r]]3 = |r®x]? if |A] = 1. Simplifying
the expressions for AA; we obtain the desired result.

Now suppose that || # 1. The value of a;; from the equation > 7" Naj;=afr j=0:
(m —2)/2 is obtained after employing the condition @;; = —am—jm—; j =0: (m —2)/2 and
Um)2,m/2 € i R. Then applying vec operator both sides, by (5.1) we have a;; = eijec(?)7 j=
0:(m—2)/2 and a,,/2,m/2 = zem/Qvec( r) where

T
Al E [HO Hy ... Hpn oy Hypol| veo(zr),

_ < r( )+re()\m J) aim()fj)_l_im()\m‘fj)
m (V) +im(A™ ) re (M) —re (A7)

—im (\™/2)
Hpypp = ( re()\m/z) )

Consequently we have

H.

J

>,j=0:(m—2)/2, and

T PN H
Eat ~ T (@)
HA‘ZJ_HE Q' b
o ~ m/2
i€y oT ~ gz i)
A147n/2 = Q QHa
/2
T @I m/2
ANA; = —AAg_j, j=0:(m-2)/2.

Setting X; = 0 = X,,,/» we obtain

a1

N I7[I3 —
nf,’,()\,x,P) = \/(2”7"”2 ‘em/Q |2)JF2T|A7||2.
mll2

Simplifying the expressions for AA;’s we obtain the desired result.
Next consider spectral norm. From the construction of AA; it is easily seen that n5(\, z, P)

will be same as that given in Theorem [5.3.5 and hence the proof is similar.ll

It follows from the proof of Theorem [5.3.5 that, if K is a H-anti-palindromic polynomial
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such that P(A\)z + K(A\)z = 0 then K(z2) = AP(2) + (I — 22®)TN(2)(I — z2f) for some

H-anti-palindromic polynomial N, where AP is given in Theorem 5.3.7.

Remark 5.3.8. If [zfr| = ||r|2, then ||Q¥r|2 = 0. In such a case, considering X; =0, j =

0 : m, we obtain the desired results.

5.4 Structured backward error and palindromic lineariza-

tions

As in the case of structured polynomials discussed in Chapter 4, the task of choosing a “good”
linearization is crucial for palindromic polynomials as well. It is shown in [68] by Mackey et al.
that, a *-palindromic or x-anti-palindromic polynomial P can have both x-palindromic and
x-anti-palindromic linearization L € L (P), for x = T//H that preserve the eigen-symmetry
of P. To be specific, for *x = H there always exist a structured linearization and for « = T, it
does only when either 1 ¢ o(P) or —1 ¢ o(P).

Since plenty of structured linearizations can be constructed for a given P € S, it is
necessary to identify “good” linearizations. For the rest of the section we set A,,_1 =
[Am—Loam=2 A, 1)

Recall that € C" is a right eigenvector of P corresponding to an eigenvalue X if and only
if A—1 ®a is a right eigenvector of L € L; (P) corresponding to the eigenvalue A. Also recall
that

L) Am—1@2) 2 = [0]l2[PMN)zll2 and [(Am—1 ©2) L) (An—1 @) = [A7,_10] [T P(V)z|

whenever L € L;(P) is the linearization corresponding to an ansatz vector v € C™. Without
loss of generality we assume that the ansatz vector v € C™ is of unit norm, that is, ||v|2 = 1.
Assume that (A, z) is an approximate eigenpair of P. Then by Theorem [4.4.1 we have

1 N Ap—1 ® 2, L; 0)
— £ <1
V2~ n(, z, P) -

for both |||l = |I-llr and ||-|| = || |l2, where (A, A;,—1 ® ) is an approximate eigenpair of the
linearization L associated with the ansatz vector v € C™.
Table [5.2 gives the structured of ansatz vectors for structured polynomials, see [64, [68].
Let L € Ly (P) be the structured linearization of P € S corresponding to an ansatz vector
v. Then by Lemma 4.4.2/ we have

US(A,Am—l ®JC,L;’U) 1

> . 5.2
o P) -2 (5:2)
Also recall that
L [Am 2 <1. (5.3)
V2 7 A2 11, A)]l2 —
A*
Set §, := M,* € {T,H}. Then 0 < 6, <1.
[Am—1ll2

Theorem 5.4.1. Let S be the space of T-palindromic matriz polynomials. Assume that P € S.
Let L, € Li(P) be a T-palindromic linearization and L, € L1(P) be a T-anti-palindromic
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S Structured Linearization | ansatz vector

T-palindromic T-palindromic Rv=wv

T-anti-palindromic Rv=—v

T-anti-palindromic T-palindromic Rv=—v
T-anti-palindromic Rv=wv
H-palindromic H-palindromic Rv=w

H-anti-palindromic Rv=-v

H-anti-palindromic H-palindromic Rv=-v
H-anti-palindromic Rv=w

Table 5.2: Table for the admissible ansatz vectors for palindromic polynomials.

linearization of P with respect to the ansatz vectors Rv = v and Rv = —v respectively.
(A, ) is an approzimate right eigenpair of P then we have the following:
S
_ nF()‘7Am—1 ® mpr;U) .
= e 1 < BRSO L0t < a4 )
S Am_1 @ 2,Ly;v)
1-9 1 _2U—2<T}F(7m1 ) =py <7 >
V1= zreOlL+ A2y < TEREREL LI < 5 if re(n) 2 0
S
nF()‘7Am—1 ®m7Lp;U) _925—2
1< < 1-2 1 2 -1
< e < V21— 2re(N)[1+A26;2 if re(A) < 0, A #
S
nF()HAmfl ®$,La;1}) o
< < =
1< Oz D) <V2,ifa=1
S
nF()\7Amfl®$7La§U) _95—2
1< . < VI 1 2re(N)[1 = A26,2 if re(A) 2 0,A #1
S
I —_2¢—2 nF()VAmfl ®$,La;v) 2
V1 2re(V)]1 - A=26, < S < V2 ifre(A) < 0
1 N5 (A, A1 ® x, Lp; v) ’
M= o5 < BRtea S5meit) <y
1 ng()‘»Am—l ®$aLp;U) —9 .
— < V2414 |1+ X206, Aax,P)if A £ +1
75 S R TR S VB L N2 0,0 P) i A #
S '
1 S 772()\7Am—1 ®$,LG,U) Sl Zf)\zil
V2 n(A\ z,P)
1 ng()HAm—l ®$,La;’l}) —92 .
— < < V24141 = )\724, A x,P)if A #£ +£1.
T S I S S VL L A2 0 P) i
Proof: First consider L. If A = —1 then by Theorem 5.3.1/ we have
s L) Am—1 @ 2)||2 [P(A)z]l2
oM A1 @z, Ly;v) = V2 =2
" : [(Am—1 @ 2)[l2[[(1, A)ll2 [(Am—1 @2)[[2 I(1, A)l|2
V2| Al
= n(\, z,P) and
[Am—1ll2[lz]l2[l(1, Al2
L) (A A
n;(AaAm—l ®$,Lp;1}) _ H ( )( m—1 ®$)||2 _ ” m||2 n()\,J?,P).
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Therefore by (5.3) the desired result follows for A = —1. If A # —1 then for the ||-|| = ||| # we
have

[ILO)Am—182)[5 _ o re(d)  [(Am-—182)"LO)(Am_182)]>

v 3 § m— €T 1
7’1%()\71'71'_117;1}) — \/i H(Am—1® )H2 ‘1+k| H(A ) )”2
[[ERRV] P

wP Y3 — 21800, Macatl? | )2

T3P TAm-113
I Mz [[Am—1l2

The desired result follows by using [#7P(A)z| < ||[P(A)z]|2 and (5.3) for both re(\) > 0 and
re(\) < 0. Now consider |-|| = ||-|l2- Then the desired result is immediate by Theorem [5.3.1
and (5.3) for A = £1. Further for A # +1, by Theorem [5.3.1l we have the following.

If |A| > 1 then

T 2 2 2
B A1 ®7,Ly;v) < f\/ AR © 7/, LBV A1 801,

(A
1+ A2 [[(Am—1 @ 2)|13 [(Am—1 @ 2)[13 [I(1, Ml
_ 5 [0 [ETP(Vaf” AP 713
L+ AP Az [1Am 3 1I(L A3

V2 |rlls \/ AT _ o] A2
= o 1V V T+ APTA 12 10 VB

Notice that [A|? < [|(1, A\)||3. Hence by (5.3) and (5.2) the desired result follows. Similarly for
[A| <1, by Theorem [5.3.1] we have

ny(\, A ® x,Lp;v) < \/5\/ [Am_vf* + ! (A, z,P)
s Am—1 3 ) = y Wy 0
h : 1+ AP A1l 1ICL, M3
Hence the result follows by (5.2).
Next consider L,. If A = 1 then results follow by Theorem 5.3.3/ and (5.3). If A # 1 then
for the ||| = ||| we have

re(A) AT _jv|?
\/”P Jallg + 21555 T BT P()af?

MNApo1 ®a,Lg;v) =
e (A 1 N il

Using [2TP(\)z| < ||P(A)x|]2 and (5.3) the desired result follows for both re(A) > 0 and
re(A\) < 0. The proof is similar for ||-|| = ||-|»-H

We mention that bounds in Theorem 5.4.1 hold when P is T-anti-palindromic.

The bounds obtained in the Theorem [5.4.1}advise that, choose T-palindromic linearization

for re(A) > 0 and choose T-anti-palindromic linearization for re(A) < 0.

Theorem 5.4.2. Let S be the space of H-palindromic matriz polynomials. Assume that P € S.
Suppose L € L1 (P) is the H-palindromic linearization or H-anti-palindromic linearization of
P corresponding to an ansatz vector v. If (A ) is an approzimate right eigenpair of P then
we have the following:

262 nS MAm—1®x,Liv
L= e < Ml

) N
N 2Oz, P) <V2if[Al=1
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1 Ne AN Am_1 @z, L;v) _ V2|[Aml2 - -
o < 26,2+ (1, A A £ 1 wh
\/é B 77()\,1',]_)) - HAm,1||2 \/T ||( )HQ lf‘ ‘# whnere
14re(n)  im) ]

im(A)  1—re(X)

for H-palindromic linearization and

1—re(A —im(A
T= . re(A) im(A) for H-anti-palindromic linearization.
—im(A) 14 re(N)
S
2()‘7Am—1 ®(L’,L,’U) .
= — <1 =1
2 b= s < BRI SR <1y
L _ AN Am1®@2,150) _ V2| A2 2 A2
— < < 28, %+ Al >1
VoA TP NN O R vy P AR TSV FAL R
L _ s\ Amo1 @2, L 0) ﬂllAmllz\/ 2 1 ;
< < 26, —— if|N <1
aST e Py S Thenla VT i o YW

Proof: Assume that L is an H-palindromic. If |A\| = 1, by Theorem [5.3.5/ and Theorem [5.3.7,
for the ||| = ||-|| = we have,

1
I Mz [[Am—1ll2

AS v [z PNz

S
n ()‘7Am—1 ®.’E,L;’U) =
g [Am—1l13

2PNzl —

Using |27P(\)z| < ||P(M\)x||2 and (5.3) the result follows. The proof is similar for the case

when ||| = ||-|l2- Next, let |A| # 1. Then by Theorem 5.3.5 and Theorem [5.3.7| we have
7] '}P(m'l% = “Aﬁ”v”lileP()\)mF
S Tli2 l1Am—1]l3 [Am-1ll3
n ()\,Am,1 ® va;U) = \/5 +
" [Am—1ll3 (L, M3
V2 17113 I3

< +
[Am—1llz \/ 1Am=1113 "~ [I(1, M3

i
~|1+re(d)  im(})
for ||| = I, where 7=

im(A)  1—re(N)

re(AZl_vaHP(\)x)
m(AZ _vzHP(\)z)|

i
1 A im(\
Notice that |72 < 7|AZ_v||P(N)z||2 where 7 = -Jrre( ) im(y) . Thus we
im(A) 1 —re())

obtain

V2([Amll2 2 1
(A A1 ® 2,1 0) < 720, © + —————=n(\, z,P).

= 1L, M3

Hence the result follows. Next consider ||-|| = |||z and |A| # 1. Then we have the following.

If |A| > 1 then by Theorem [5.3.5 and Theorem 5.3.7) we have

5 17113 A2 (113
(A Ao @z, L) = \[\/
2 [Am—1ll3 ||Am—1||§||(17/\)H§l

Vil s P
< T T+ (A z, P
A 1ls I, e P
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Similarly, if |A\| < 1, we have

. VAl [ 1
BN An 1@z, Lijv) < ——5 [ 726, + ————n(\, 2, P).
2 A ) S TRl 1@ w7 b)

Hence the result follows by (5.2). The proof is similar when L is an H-anti-palindromic
linearization. Hence the proof.l

The morale of the Theorem [5.4.2] is as follows. For |A| = 1, it does not really make any
difference in the magnified backward error due to either H-palindromic or H-anti-palindromic
linearization and hence any of H-palindromic or H-anti-palindromic linearization can be
chosen. For |A| # 1, two cases arise. Let us define 7 := 7, for H-palindromic linearization and
7 := 1, for H-anti-palindromic linearization. Then for a given (A, z) if 7, < 7, then choose

H-palindromic linearization else choose H-anti-palindromic linearization.

5.5 Pseudospectra of palindromic polynomials

Now we consider structured backward error of an approximate eigenvalue of P € S. We
have seen in chapter 4, that this could be applied gainfully to obtain partial equality between
structured and unstructured pseudospectra. Table 5.3 that illustrates the following: for P € S
there always exist certain approximate eigenvalues for which 7°(\, z, P) < an(\, z, P) for some

a > 0. Recall that n(\,P) = |\nhi£11n(>\’x’P)’ e\, P) = ”Hhiill Ny (A, 2, P) and n5(\,P) =

min 75(\, z, P).

lzll=1
S m 778(/\a P) < an(A,P) 77S(>\7 P) < an(A,P)
I-I=0l-ll= I-0= 1IN
T-palindromic odd a=v2,2=-1 a=1A==+1
even — a=1\==+1
T-anti-palindromic odd a=v2,1=1 a=1,A=1
even a=+v2,2=1 a=1A=1
H-palindromic/ odd/even a=+2,)\=1 a=1,A=1
H-anti-palindromic

Table 5.3: Partial equality of structured backward errors

Theorem 5.5.1. Let S be the space of H-palindromic or H-antipalindromic matriz polyno-
mials of degree m and P € S. Let A € T. Then for the spectral and the Frobenius norms on
C™*" we have n°(\, P) = n(\,P) and hence c>(P)NT = o (P) N T.

Proof: First assume that P € P,,,(C"*") be an H-palindromic polynomial. Let A € T. We
have P(A\)f = AmP()). This shows that P()\) is a normal matrix. Let (u,u) be an eigenpair

- —m 1.
of AmP(\) such that || = omin(A P(N)) = omin(L(N)). Define AA; = fix\J,uuuH and
consider the polynomial AP(z) = ZT:O 2JAA;. Noting the fact that A™P(A)u = pu and
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7w = (A"P(\)Hu = pu, we have P(\)u + AP(A\)u = A™pu — A pu = 0. Further, we have

Omin (P()‘))

IAP] =
[Am]l2

=n(\,P).

Hence the results follow. W
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Chapter 6

Structured eigenvalue condition
numbers and linearizations for
matrix polynomials

This chapter is concerned with the sensitivity analysis of eigenvalue problems for structured
matrix polynomials, including complex symmetric, Hermitian, even, odd, palindromic, and
anti-palindromic matrix polynomials. As mentioned before, numerical methods for solving
such eigenvalue problem proceed by linearizing the matrix polynomial into a matrix pencil of
larger size. A question of practical importance is whether this process of linearization increases
the sensitivity of the eigenvalue with respect to structured perturbations. For all structures
under consideration, we show that this is not the case: there is always a linearization for
which the structured condition number of an eigenvalue does not differ significantly. This
implies, for example, that a structure-preserving algorithm applied to the linearization fully
benefits from a potentially low structured eigenvalue condition number of the original matrix

polynomial.

6.1 Introduction

Consider an n X n matrix polynomial
P(A\) = Ag+ M1 + X2As + -+ A A, (6.1)

with Ao, ..., Ay € C"*". An eigenvalue A € C of P, defined by the relation det(P(X)) = 0,
is called simple if X is a simple root of the polynomial det(P())).

This chapter is concerned with the sensitivity of a simple eigenvalue A under perturbations
of the coefficients A;. The condition number of A is a first-order measure for the worst-case
effect of perturbations on A. Tisseur [93] has provided an explicit expressions for this condition
number. Subsequently, this expression was extended to polynomials in homogeneous form by
Dedieu and Tisseur [26], see also [I}, 14, 21], and to semi-simple eigenvalues in [54]. In the
more general context of nonlinear eigenvalue problems, the sensitivity of eigenvalues and
eigenvectors has been investigated in, e.g., [4, 58, 60, 61]. We consider the same classes of

structured polynomials as discussed in Table [1.2.
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In certain situations, it is reasonable to expect that perturbations of the polynomial re-
spect the underlying structure. For example, if a strongly backward stable eigenvalue solver
is applied to a palindromic matrix polynomial then the computed eigenvalues would be the
exact eigenvalues of a slightly perturbed palindromic eigenvalue problems. Also, structure-
preserving perturbations are physically more meaningful in the sense that the spectral sym-
metries induced by the structure are not destroyed. Restricting the admissible perturbations
might have a positive effect on the sensitivity of an eigenvalue. This question has been studied
for linear eigenvalue problems in quite some detail recently [19, 138, 49, 50, 51}, (54, [73] [78) 81].
It often turns out that the desirable positive effect is not very remarkable: in many cases
the worst-case eigenvalue sensitivity changes little or not at all when imposing structure. No-
table exceptions can be found among symplectic, skew-symmetric, and palindromic eigenvalue
problems [51), 54]. In the first part of this chapter, we will extend these results to structured
matrix polynomials.

Due to the lack of a robust genuine polynomial eigenvalue solver, the eigenvalues of P
are usually computed by first reformulating (6.1) as an mn x mn linear generalized eigen-
value problem and then applying a standard method such as the QZ algorithm [34] to the
linear problem. This process of linearization introduces unwanted effects. Besides the obvi-
ous increase of dimension, it may also happen that the eigenvalue sensitivities significantly
deteriorate. Fortunately, one can use the freedom in the choice of linearization to minimize
this deterioration for the eigenvalue region of interest, as proposed for quadratic eigenvalue
problems in [29, 42| [93]. For the general polynomial eigenvalue problem (6.1), Higham et
al. [39, [41] have identified linearizations with minimal eigenvalue condition number /backward
error among the set of linearizations described in [67]. For structured polynomial eigenvalue
problem, rather than using any linearization it is of course advisable to use one which has a
similar structure. For example, it was shown in [68] that a palindromic matrix polynomial
can usually be linearized into a palindromic or anti-palindromic matrix pencil, offering the
possibility to apply structure-preserving algorithms to the linearization. It is natural to ask
whether there is also a structured linearization that has no adverse effect on the structured
condition number. For a small subset of structures from Table 1.2, this question has already
been discussed in [42]. In the second part of this chapter, we extend the discussion to all
structures from Table [1.2.

The rest of this chapter is organized as follows. In Sectionl6.2), we first review the derivation
of the unstructured eigenvalue condition number for a matrix polynomial and then provide
explicit expressions for structured eigenvalue conditions numbers. Most but not all of these
expressions are generalizations of known results for linear eigenvalue problems. In Section 6.4,
we apply these results to find good choices from the set of structured linearizations described
in [68].

6.2 Structured condition numbers for matrix polynomi-

als

Before discussing the effect of structure on the sensitivity of an eigenvalue, we briefly review
existing results on eigenvalue condition numbers for matrix polynomials. Assume that A is

a simple finite eigenvalue of the matrix polynomial P defined in (6.1) with normalized right
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and left eigenvectors x and y:
PNz =0, y"P() =0, |z]z=]lyl2=1. (6.2)
The perturbation
(P+AP)N) =(Ao+ Eo) + A(Ai+E)+-- -+ X" (A + En)

moves A to an eigenvalue X of P+ AP. A useful tool to study the effect of AP is the first

order perturbation expansion

~ 1

A=\— myHAP(A)x+O(||AP||2), (6.3)

which can be derived, e.g., by applying the implicit function theorem to (6.2), see [26] 95].
Note that y?P’(A\)z # 0 because X is simple [2, 4].

To measure the sensitivity of A we first need to specify a way to measure AP. Given

a matrix norm | - [|ps on C"*™, a monotone vector norm | - ||, on C™*! and non-negative
weights wy, . . ., W, we define
1 1 1
IAP] = [ —[Eollar, —llEallazs -, — [ Emllm (6.4)
Wo w1 Wm v

A relatively small weight w; means that ||E;|[»s will be small compared to ||AP||. In the
extreme case w; = 0, we define ||E;||ar/w; = 0 for |E}|[ar = 0 and || Ej||a/w; = oo otherwise.
If all w; are positive then (6.4) defines a norm on C"*™ x --- x C™"*". See [I} 2] for more on
norms of matrix polynomials.

We are now ready to introduce a condition number for the eigenvalue A of P with respect
to the choice of ||AP|| in (6.4):

A=

kp()) i= li_r)r(l)sup{|—: |AP|| < e}, (6.5)

where ) is the eigenvalue of P + AP closest to A. An explicit expression for kp()\) can be

found in [95, Thm. 5] for the case || ||, = || - [|oo and || ||as = || ||2- In contrast, the approach
used in [26] requires an accessible geometry on the perturbation space and thus facilitates the
norms || |ly = || -|l2 and || |laz = || - || r- On the other hand, the approach used in [1] analyzes
condition number by considering any norm || - ||as and the Holder’'s p-norm || - [lv = || - ||p-
The following lemma includes both settings. Note that the dual to the vector norm || - ||, is
defined as
lholla == sup w2,
llzllo<1
see, e.g., [36].

Lemma 6.2.1. Consider the condition number kp(\) defined in (6.5) with respect to the

semi-norm (0.4). For any unitarily invariant norm || - ||p we have
llwo, wilAl - - s wm A"l
A) = 6.6
e PEEIVE o0
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where || - || denotes the vector norm dual to || - ||,.

Proof: Inserting the perturbation expansion (6.3) into (6.5) yields

1 H
= AP :||AP|| <1}, .
p(N) = ey s {17 AP+ AP <1} (67)
Defining b = [||Eollar/wos - - - | Emllar /wm] T, we have ||AP|| = ||b]|,. By the triangular in-
equality,
y? APV <M |y Bjal. (6.8)
§=0

With a suitable scaling of F; by a complex number of modulus 1, we can assume without loss

of generality that equality holds in (6.8]). Hence,

sup |[y? AP(\)z| = sup Z|)\|j sup  |y" Eja|. (6.9)
IaPl<1 IBlo<1 =g 1B la=wsbs

Using the particular perturbation E; = wjbjyacH , it can be easily seen that the inner supre-

mum is w;b; and hence

sup |[y? AP(\)z| = sup |[w0,w1|)\|, . ,wm|)\|m]b| = ||[wo, w1|Al, -+ s wm A" la,
[AaP|<1 lIoll.<1
which completes the proof. B
From a practical point of view, measuring the perturbations of the individual coefficients
of the polynomial separably makes a lot of sense and thus the choice || - ||, = || - ||co Seems
to be most natural. However, it turns out — especially when considering structured condition
numbers — that more elegant results are obtained with the choice || - ||, = || - ||2, which we will

use throughout the rest of this paper. In this case, the expression (6.6) takes the form

||[UJ(), Wl)\, st ?wmAm]||2
|y P’ (A)z| ’

kp(X) = (6.10)

see also [11 8].

If A = 0o is a simple eigenvalue of P, a suitable condition number can be defined as
kp(00) 1= li_I)I(l)Sllp{l/v\E‘ o JAP|| < €}
and, following the arguments above,
kp(00) = Wi /|yH A _12]

for any p-norm || - ||,. Note that this discrimination between finite and infinite disappears
when homogenizing P as in [26] or measuring the distance between perturbed eigenvalues
with the chordal metric as in [87]. In order to keep the presentation simple, we have decided
not to use these concepts.

The rest of this section is concerned with quantifying the effect on the condition number
if we restrict the perturbation AP to a subset S of the space of all n x n matrix polynomials
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of degree at most m.

Definition 6.2.2. Let \ be a simple finite eigenvalue of a matriz polynomial P with nor-
malized right and left eigenvectors x and y. Then the structured condition number of A with

respect to S is defined as

wp(\) == 1ir%sup {M : AP €S, ||AP| < e} (6.11)
e— €
For infinite \, k3 (00) := liné sup{1/|5\e| : AP €S, ||AP| < €}.

If S is star-shaped, the expansion (6.3) can be used to show

1
S H AP - APeS AP <
HP(A) |yHP/()\) | sup{|y (/\)CL‘| J ’ || ” = 1} (612)

and
1
K%(OO) = msup {\yHme| : AP €S, [|[Enllam < wm} . (6.13)

6.2.1 Structured first-order perturbation sets

To proceed from (6.12]) we need to find the maximal absolute magnitude of elements from the
set

{y" AP(N)z = y" Eox + \y" Eya + - \"yH" Bz AP €S, |AP|| < 1} (6.14)

It is therefore of interest to study the nature of the set {yExz : E € E, ||E|/x < 1} with
respect to some E C C™*™. The following theorem by Karow [49] provides explicit descriptions

of this set for certain E. We use = to denote the natural isomorphism between C and R2.

Theorem 6.2.3. Let K(E,z,y) := {y"Exz : E € E, |E|xm < 1} for 2,y € C" with ||z|2 =
lyll2 =1 and some E C C™*™. Provided that || - |lar € {I| - ll2, ]| - |7}, the set K(E,x,y) is an
ellipse taking the form

K(E, z,y) 2K(a, 3) :== {K(a, )¢ : €€R?[|¢]2 <1}, K(a,B) € R**? (6.15)

for the cases that E consists of all complex (E = C"*"), real (E = R"*™) Hermitian
(E = Herm), complex symmetric (E = symm), and complex skew-symmetric (E = skew),
real symmetric (only for || - |lar = || - llp), and real skew-symmetric matrices. The matrix
K(«, 8) defining the ellipse in (6.15) can be written as

| cos¢/2 sing/2 Va+|0] 0
K(a,f) = —sin¢/2 cos¢p/2 ] l 0 a—|f (6.16)

with some of the parameter configurations «, 8 listed in Table|6.1, and ¢ = arg([).

Note that (6.15)—(6.16) describes an ellipse with semiaxes \/a + |B], v/a — |8], rotated by
the angle ¢/2. The Minkowski sum of ellipses is still convex but in general not an ellipse [56].
Finding the maximal element in (6.14]) is equivalent to finding the maximal element in the

Minkowski sum.
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- Mlar = 112 [ llar =1 - lle
E Q@ I} @ I}
Cnxn 1 0 1 0
Herm | 1—3ly"af*  3(y"x) 3 3(y"w)?
symm 1 0 11+ yTz?) 0
skew | 1—|yTaxl? 0 11— |yT=z?) 0

Table 6.1: Parameters defining the ellipse (6.15)

Lemma 6.2.4. Let K(ag, 5o),- .., K(am, Om) be ellipses of the form (6.15)-(6.16). Define

0= . Subp N sup {”5”2 HEERS bOK(O‘OaﬁO) e +- me(am,ﬁm)} (617)
T

using the Minowski sum of sets. Then
o= ||[K(Oé0760)7"'aK(amaﬁm)]H% (618)

and

Vag + -t am <o <V2v/ag + -+ an,. (6.19)

Proof: By the definition of K(a;, 3;), it follows that

g = sup sup ||boK (a0, Bo)€o + - - - + brm K (@, B )&
bjER ¢; eR?
b3+ +b2, <1 lg5ll2<1

= sup sup ||K(ao,Bo)éo+  + K(am, B)ml|,

b ER £;er?
b+ b <1 1€ lI2<b;
= e | K (a0, Bo)éo + -+ - + K (0t B )m |
£jER

léollz+-+lémll2<1

= || [K (@0, B0); - K(em: Bn)]l

by simply applying the definition of the matrix 2-norm. The inequality (6.19) then follows
from the well-known bound

%H[K(QOaﬁO)v s '7K(am,ﬁm)]”F <o< ||[K(Oéo,5o), . 'aK(ama/Bm)]”F

and using the fact that:

1K (a0, Bo) - K (@, BT = D 1K (e, )17 = D 205
§=0

=0

|
Tt is instructive to rederive the expression (6.10) for the unstructured condition number
from Lemma 6.2.4l Starting from Equation (6.7), we insert the definition (6.4) of ||AP|| for
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[ 1lar = [+ ll2, [[ - [l = I - ll2, and obtain

o = sup{jy?AP(N)z|: ||AP| <1}
m
= sup ‘ij)\ijij’
b4 +b2, <1 0
I1E0lI2<bg,- || Em |2 <bm
m
= sup  sup {|s| D s€ ijwj)\jK((C"X”,x,y)}. (6.20)
b4 b2, <1 i

By Theorem 6.2.3, K(C™**™ z,y) = K(1,0) and, since a disk is invariant under rotation,
WiNK(C™" z,y) & K(wf\)\|2j, 0). Applying Lemma [6.2.4] yields

o= H [K(wg, 0), K(w%()\|2, QT K(w,zn|)\|2m,0)] H2 = H [wo,wy\, . ,wm)\m] ‘

27

which together with (6.7) results in the known expression (6.10) for xp(A).
In the following sections, it will be shown that the expressions for structured condition
numbers follow in a similar way as corollaries from Lemma 6.2.4. To keep the notation

compact, we define
o (\) =sup {|y"AP(\)z|: AP €S, ||AP| <1}.

for a star-shaped structure S. By (6.12), k%(A\) = o5 (\)/|yP/(\)z|. Let us recall that the
vector norm underlying the definition of ||AP|| in (6.4), is chosen as || - ||, = || - ||2 throughout
the rest of this chapter.

6.2.2 T-symmetric matrix polynomials

No or only an insignificant decrease of the condition number can be expected when imposing

complex symmetries on the perturbations of a matrix polynomial.

Corollary 6.2.5. Let S denote the set of T-symmetric matriz polynomials. Then for a finite

or infinite, simple eigenvalue \ of a matriz polynomial P € S,
L. &3(A) = kp(A) for || - llar = || - |2, and

1+ T x|2
2. k50 = Y ko (\) for ||l = |- e

Proof: Along the line of arguments leading to (6.20),

op(\) = sup {||s||2 1 s € ijwj/\jK(symm7x,y)}
b2+ b2, <1 s
for finite A\. As in the unstructured case, K(symm,z,y) = K(1,0) for || - [|; = | - ||2 by
Theorem [6.2.3, and thus rp(A\) = x5 (\). For || - ||a = || - || we have

K(symm,z,y) 2 K((1+ \yTx|2)/2,0) = ~1JZ};JTZ’P]K(LO),

showing the second part of the statement. The proof for infinite A is entirely analogous. B
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6.2.3 T-even and T-odd matrix polynomials

To describe the structured condition numbers for T-even and T-odd polynomials in a conve-
nient manner, we introduce the vector
_ T
A, = [wm)\m, W1 A™TE Wi, wg] (6.21)

along with the even coefficient projector

[wm)\m, 0, Wm—2A™72,0, ..., w2, 0, wO]T, if m is even,
[0, Wi A AL, 0, w3 A3, 0, wo] T, i mis odd.
(6.22)

The odd coefficient projection is defined analogously and can be written as (1 — II.)(Ay).

I : Ay, — T (AL) = {

Lemma 6.2.6. Let S denote the set of all T-even matrix polynomials. Then for a finite,

simple eigenvalue A of a matriz polynomial P € S,

1 /(N = 1= TP TOEOE (%) for |- s = |- s and

1—11.) (Ao) 12— Tl (Aw) |12
9 FclS:()\ f\/l ‘yTx|2H( )( )IIH [ITLe ( )|‘2I$P()\)f07"||'||ME||'HF

(B [E:

For an infinite, simple eigenvalue,

kp(00), if m is even,
3. K (00) :{ s for || -llar = |- |l2, and

V1= [yTz2 kp(o0), if m is odd,
7\/@’@( )7 if m is even,
(00) =

1—|yTx|?2kp(c0), if m is odd,

g

for |-l =1+ [l

Proof: By deﬁnition, the even coeflicients of a T-even polynomial are symmetric while the

odd coefficients are skew-symmetric. Thus, for finite A,

oS(\) = sup sup{||s||2 D s€ Z bjwi NK(symm, z,y) + Z bjwj/\jK(skew,a:,y)}.
bg+-+b2, <1 J even j odd

Applying Theorem 6.2.3 and Lemma 6.2.4] yields for || - [|[a = || - ||2,
) = | [Mean) e K10, -1 @ K=y . 0)]||

4 H[Hemw) e - o]

\/IIAwH5 — g2 (1 = TIe) (Aw) 13,

once again using the fact that a disk is invariant under rotation. Similarly, it follows for
I 1lar = [ - lp that

B = s [V e i e - @)

= %wmwn% Iyl (LA 3 — 10— L) (AL)]13)-

The result for infinite A follows in an analogous manner. W
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Remark 6.2.7. Note that the statement of Lemma 6.2.6 does not assume that P itself is
T-even. If we impose this additional condition then, for odd m, P has a simple infinite eigen-
value and only if also the size of P is odd, see, e.g., [54)]. In this case, the skew-symmetry of
A, forces the infinite eigenvalue to be preserved under arbitrary structure-preserving pertur-

bations. Hence, 1% (c0) = 0.

Lemma 6.2.6/ reveals that the structured condition number can only be significantly lower

than the unstructured one if |y?z| and the ratio

ST WA w?| A%
(1 —II.)(AL)] _ _jodd / 1 jezv:en ]| |
Aol > wiAZ > WHAY
7=0,....,m 7=0,...,m

are close to one. The most likely situation for the latter ratio to become close to one is when

m is odd, wy, does not vanish, and |A| is large.

Example 6.2.8 ([81]). Let

0 1—¢ 0
PA)=T+XN+NI+X| -14+¢ 0 i
0 -i 0

with 0 < ¢ < 1. This matriz polynomial has one eigenvalue Ao, = 00 because of the highest
coefficient, which is — as any odd-sized skew-symmetric matriz — singular. The following table
additionally displays the eigenvalue Amax of largest magnitude, the eigenvalue Ay of smallest

magnitude, as well as their unstructured and structured condition numbers for the set S of

T-even matriz polynomials. We have chosen w; = ||Ajll2 and || - [|a = || - ||2-
| ¢ | 10° 10-3 10~ |
k(o) | 1 14x10° 1.4x 10°
KS(ho) | 0 0 0
[Amax| | 1.47 224 2.2 x 10%

kp(Amax) | 1.12 3.5 x10° 3.5 x 10'7
Kp(Amax) | 112 25 x 10* 2.5 x 10'3

| Amin| | 0.83 0.99 1.00
Kp(Amin) | 045 5.0x 102 5.0 x 108
K5 (Amin) | 0.45 3.5 x 102 3.5 x 10°

The entries 0 = Kp(Aoo) < Kp(Aoo) Teflect the fact that the infinite eigenvalue stays intact
under structure-preserving but not under general perturbations. For the largest eigenvalues,
we observe a significant difference between the structured and unstructured condition numbers

as ¢ — 0. In contrast, this difference becomes negligible for the smallest eigenvalues.

Remark 6.2.9. For even m, the structured eigenvalue condition number of a T-even poly-
nomial s usually close to the unstructured one. For example if all weights are equal, ||(1 —
) (M3 < [[Al13/2 implying k3(A) = kp(X)/V2 for ||~ ar = | - |12

For T-odd polynomials, we obtain the following analogous of Lemma 6.2.6/ by simply
exchanging the roles of odd and even in the proof.
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Lemma 6.2.10. Let S denote the set of all T-odd matriz polynomials. Then for a finite,

simple eigenvalue A of a matrix polynomial P € S,

)= /1= TP I8 o () for ||+ |las = 1| |12, and
I (AL ||2—=||(1-11.) (Ay) |2 _
9 KVIS:()\) _ %\/1 — |yTa[? [ITLe ( )HQH/l\‘u(JH% J(AL)IIE kp(N) for |- lla = |- e

For an infinite, simple eigenvalue,

kp(o0), if m is odd,
3. kip(c0) _{ e for || llar = || - ll2, and

0, if m is even,

L1+ [yTz2kp(c0), if m is odd,
4 K%(OO)Z{ V2 for Il =1+ Il

0, if m is even,

Similar to the discussion above, the only situation for which n%(/\) can be expected to

become significantly smaller than sp(A) is for |yTz| ~ 1 and \ =~ 0.

6.2.4 T-palindromic and T-anti-palindromic matrix polynomials

For a T-palindromic polynomial it is sensible to require that the weights in the choice of
|AP||, see (6.4), satisfy w; = wy,—j. This condition is tacitly assumed throughout the entire
section. The Cayley transform for polynomials introduced in [68] Sec. 2.2] defines a mapping
between palindromic/anti-palindromic and odd/even polynomials. As already demonstrated
in [54] for the case m = 1, this idea can be used to transfer the results from the previous
section to the (anti-)palindromic case. For the mapping to preserve the underlying norm we
have to restrict ourselves to the case || |[as = || - |- The corresponding coefficient projections
are given by II1 : A, — II5(A,) with

m m/24+1 m/2—1 m/2 m/29T . .
[wo’\ =L Wm/2—1 A = ] wm/g)‘ ZSA ] if m is even,
Mi(A,) = V2 V2
w AT 41 A(m+L)/2 4 \(m—1)/27T if 2 d
[WO V2 0 w(m_l)/2T] 5 if m is odd.

(6.23)
Note that [|TLy (Aw)[13 + T=(Au)[13 = [[Auf3-

Lemma 6.2.11. Let S denote the set of all T-palindromic matriz polynomials. Then for a

finite, simple eigenvalue X of a matriz polynomial P € S, with || - |ar = || - || F»

L+ e e BB I

S
(M) = E

\f
For an infinite, simple eigenvalue, k3 (00) = kp(00).
Proof: Assume m is odd. For AP € S,

(m—1)/2 (m-1)/2

AP(\) = Z NE; + Z AmIET

(m1/2>\J+)\m]E+ET (ml)/QA )\mJE ET

D T ED DR, B
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Let us introduce the auxiliary polynomial

(m-1)/2 (m—1)/2 T T

~ ) : E; + E; E;, - E;

AP(M) _ 2 IJ’Q‘]Sj + § /’L2]+1”7j7 Sj _ J J , Hrj — J J
= = V2 V2

Then P € g, where S denotes the set of T-even polynomials. Since symmetric and skew-
symmetric matrices are orthogonal to each other with respect to the matrix inner product
(4, B) = trace(B A), we have | A% + [|AT[2 = (A + AT)/VE|% + (A - AT)/V3[? for
any A € C"*" and hence |AP|| = ||AP|| for || - |[as = || - || . This allows us to write

ai%()\) = sup{|yHAP()\)x| : AP €S, |AP| < 1}
i \m—i

N 4 A A

AP €S, ||AP| < 1}

1 . .
—  sup lIsll2: s €Y bjwi(N +AN"")K(symm, z,y)
\/§b§+--~+bfn<1{ Z o

+ Z b(m—1)/2+5W; (N — A" K (skew, z, y)}

1 ] : : .
= 5 (L Tal2) DowlN 4 XmI 4 (1= [yTaf2) Y w?N = A2

= 2o+ PTG + (1= el [T (4) B

= 1Al + P 13 ~ [T-(A)ID)

where we used Theorem 6.2.3/ and Lemma 6.2.4.

For even m the proof is almost the same; with the only difference that the transformation
leaves the complex symmetric middle coefficient A,, > unaltered.

For A = oo, observe that the corresponding optimization problem (6.13) involves only
a single coefficient of the polynomial and hence palindromic structure has no effect on the
condition number. B

From the result of Lemma 6.2.11! it follows that a large difference between the structured
and unstructured condition numbers for T-palindromic matrix polynomials may occur when
|yT x| is close to one, and ||[TLy(A,)]|2 is close to zero. Assuming that all weights are positive,
the latter condition implies that m is odd and and A &~ —1. An instance of such a case is

given by a variation of Example [6.2.8.

Example 6.2.12. Consider the T-palindromic matriz polynomial

1 1—¢ 0 1 1-¢ 0
PA) =] —-14¢ 1 i [+M+XNT-N]| -1+¢ 1 i
0 —i 1 0 —i 1

with 0 < ¢ < 1. An odd-sized T-palindromic matriz polynomial, P has the eigenvalue A_1 =
—1. The following table additionally displays one eigenvalue Aciose closest to —1, an eigenvalue
Amin of smallest magnitude, as well as their unstructured and structured condition numbers for

the set'S of T-palindromic matriz polynomials. We have chosenw; = ||A;||r and ||-|am = || #-
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| ¢ | 107! 104 10-8
k(A_1) | 209 22x10* 22x108

ke (A1) 0 0 0
114 Aclose] | 039 1.4x1072 1.4x10°*
kp(Aclose) | 111 1.1x10* 1.1 x 108
Kp(Acloser) | 6.38 2.5 x 102 2.6 x 104
|1 — Amin| | 1.25 1.41 1.41
kp(Amin) | 792 79x10%  7.9x 107
KS(Amin) | 575 5.6x 103> 5.6 x 107

The entries 0 = k3 (A_1) < kp(A_1) reflect the fact that the eigenvalue —1 remains intact
under structure-preserving but not under general perturbations. Also, eigenvalues close to —1
benefit from a significantly lower structured condition numbers as ¢ — 0. In contrast, only a

practically irrelevant benefit is revealed for the eigenvalue Apin not close to —1.

Structured eigenvalue condition numbers for T-anti-palindromic matrix polynomials can

be derived in the same way as in Lemma 6.2.11.

Lemma 6.2.13. Let S denote the set of all T-anti-palindromic matriz polynomials. Then for

a finite, simple eigenvalue A of a matriz polynomial P € S, with || - ||ar = || - || F,

_ o I (M) 13 — I (Au)(13
/-;E,(A)_ﬁ 1—|yTa| T rp(N).

|
For an infinite, simple eigenvalue, k3 (00) = kp(c0).

6.2.5 H-Hermitian matrix polynomials

The derivations in the previous sections were greatly simplified by the fact that the first-order
perturbation sets under consideration were disks. For the set of Hermitian perturbations,
however, yf Ejz forms truly an ellipse. Still, a computable expression is provided by (6.18)
from Lemma 6.2.4. However, the explicit formulas derived from this expression take a very
technical form and provide little immediate intuition on the difference between the structured
and unstructured condition number. Therefore, we will work with the bound (6.19)) instead.

Lemma 6.2.14. Let S denote the set of all H-Hermitian matriz polynomials. Then for a

finite or infinite, simple eigenvalue of a matriz polynomial P € S,

1. \/1 = 5lyHal? wp(A) < kR (A) < kp(A) for |- lln = ||+ |2, and
2. 5p(N)/V2 < KE(N) < kp(N) for |-l =+ |-

Proof: Let || - |[as = || - ||r- Then Theorem 6.2.3 states
K(Herm, z,) = K(1/2, (y"2)*/2).

Consequently,
wiNK(Herm, z,y) 2 K(wi A% /2,032 (yT2)?/2),

137

TH-789_04612301



which implies

op(A) = sup {|s||2 D s€ Zbj]K(wJQ»)\Qj/Q,wjz»)\Qj(ny)Q/?)}.
b2+ +b2, <1 =

By Lemma 6.2.4)
1
%HAMH2 < U%’O‘) < [[Aulf2-

The proof for the case || - [y = [| - |2 is analogous. W

Remark 6.2.15. Since H-Hermitian and H-skew-Hermitian matrices are related by multi-
plication with i, which simply rotates the first-order perturbation set by 90 degrees, a slight
modification of the proof shows that the statement of Lemma|6.2.14 remains true when S de-
notes the space of H-odd or H-even polynomials. This can in turn be used — as in the proof of
Lemma [6.2.11 — to show that also for H-(anti-)palindromic polynomials there is at most an

insignificant difference between the structured and unstructured eigenvalue condition numbers.

6.3 Condition numbers for linearizations

As already mentioned in the introduction, polynomial eigenvalue problems are often solved by
first linearizing the matrix polynomial into a larger matrix pencil. Of the classes of lineariza-
tions proposed in the literature, the vector spaces DL(P), defined in (1.4) are particularly
amenable to further analysis, while offering a degree of generality that is often sufficient in

applications.

Definition 6.3.1. Let A,y = N1, X2 X\ 1]T and let P be a matriz polynomial of
degree m. Then a matriz pencil L(\) = AX +Y € C™™*™" s in DIL(P) if there is a so called

ansatz vector v € C™ satisfying
L) Am—1®@I) =v®P(\) and (AL_, ®I)-L(\) =vT ® P()).

It is easy to see that the ansatz vector v is uniquely determined by L € DL(P). As stated
earlier, it is shown in[67, Thm. 6.7] that L € DL(P) is a linearization of P if and only if none
of the eigenvalues of P is a root of the v-polynomial p(\;v) defined in (1.5)) associated with
the ansatz vector v = [v1, ..., v,,]T. If P has eigenvalue oo, this condition should be read
as v1 # 0. Apart from this elegant characterization, probably the most important property
of DL(P) is that it leads to a simple one-to-one relation between the eigenvectors of P and
L € DL(P). To keep the notation compact, we define A,,_1 as in Definition [6.3.1! for finite A
and set A,, 1 = [1,0,...,0]T for A = co.

By Theorem [1.2.13| we know that =z # 0 is a right eigenvector of P associated with an
eigenvalue \ if and only if A,,_; ® z is a right eigenvector of L. associated with A. Similarly,
y # 0 is a left eigenvector of P associated with an eigenvalue \ if and only if A,,_1 @y is a left
eigenvector of L associated with A. As a matrix pencil L(\) = AX + Y is a special case of a
matrix polynomial, we can use the results of Section 6.2 to study the (structured) eigenvalue
condition numbers of L. In the unstructured case, Lemma [6.2.1 together with Theorem 1.2.13

imply for any unitarily invariant norm || - ||as and || - ||, = || - ||2 the following formula.
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Lemma 6.3.2. Let A be a finite, simple eigenvalue of a matrix polynomial P with normal-
ized Tight and left eigenvectors x and y. Then the eigenvalue condition number ki, (\) for a
linearization L € DIL(P) with ansatz vector v satisfies

T2 [ Amerll? 1, M2l Ay_12
)= YIEPE At 0 Nl

pOs o)l [y P Nal (o) Amll2

provided that the perturbations AL = AX 4+ AAY are measured in the norm |AL| =
VIIAX|3, + [|AY]3, for a unitarily invariant norm || - ||ar. Thus, we have

[Am-ill2 _ KL(A) < ﬁ||/\m—1\|2

Ip(As0)] — mp(A) Ip(\0)
Proof: A similar formula for the case |||, = || - ||1 can be found in [41), Section 3]. The proof
for the case || - ||, = || - ||2 is almost identical and therefore omitted.

It is straightforward to see

1 il
| VT DPIwl 620
Az

Hence the result follows. H

Remark 6.3.3. To simplify the analysis, we will assume that the weights wg, ..., Wy N
the definition of || AP|| are all equal to 1 for the rest of this chapter. This assumption is only
justified if P is not badly scaled, i.e., the norms of the coefficients of P do not vary significantly.
To a certain extent, bad scaling can be overcome by rescaling the matriz polynomial before
linearization, see [29, 39, |41, [42].

Given an ansatz vector v, for the rest of the chapter, we set

_ MAm—a]lz
Ip(X; )]

Obviously 4, > 1. Note that p(\;v) # 0 and hence 6, < oo when L is the linearization
of P corresponding to v. Lemma [6.3.2] shows that linearizing P by the pencil L. € DL(P)

5, : (6.25)

corresponding to an ansatz vector v invariably increases the condition number of a simple
eigenvalue of P at least by a factor of §, and at most by a factor of v/26,. Thus 8, serves as
a growth factor of condition number of a simple eigenvalue of P when P is linearized by the
pencil L associated with v.

Since p(A\;v) = AL _ v, it follows from the Cauchy-Schwartz inequality that among all

ansatz vectors with ||v]l2 = 1 the vector v = Ap—1/||Am—1]|2 minimizes §, and, hence, for

this particular choice of v we have d, = 1 and
lip()\) S HL()\) S 2 Iip()\).

Let us emphasize that this result is primarily of theoretical interest as the optimal choice of

v depends on the (typically unknown) eigenvalue A. A practically more useful recipe is to
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choose v = [1,0,...,0]T if [\| > 1 and v = [0,...,0,1]7 if |]A\| < 1. In both cases,

[Am—1ll2

Oy = —
|P(>‘§Am71/”Amf1”2)

| <+vm (6.26)

and therefore kp(A\) < kr,(A) < V2mrp(A).
In the following section, the discussion above shall be extended to structured linearizations

and condition numbers.

6.4 Structured condition numbers for linearizations

If the polynomial P is structured, its linearization L. € DIL(P) should reflect this structure.
Table 6.3l summarizes existing results on the conditions the ansatz vector v should satisfy for
this purpose. These conditions can be found in [40, Thm 3.4] for symmetric polynomials,

in [40, Thm. 6.1] for Hermitian polynomials. If, for example, a structure-preserving method

’ structure of PTstructure of L ‘ ansatz vector ‘

T-symmetric | T-symmetric veCm
H-Hermitian | H-Hermitian veR™

Table 6.2: Conditions the ansatz vector v needs to satisfy in order to yield a structured
linearization L € DIL(P) for a structured polynomial P.

is used for computing the eigenvalues of a structured linearization L then the structured
condition number of L is an appropriate measure for the influence of roundoff error on the
accuracy of the computed eigenvalues. It is therefore of interest to choose L such that the
structured condition number is minimized.

Observe that if L is the structured linearization of P corresponding to an ansatz vector v

then by Lemma 6.3.2, we have

for both || - lar = [| - || and [| - lar = [} - [l2-

6.4.1 T-symmetric matrix polynomials

For a T-symmetric matrix polynomial P, any ansatz vector v yields a T-symmetric lineariza-
tion. Thus, we are free to use the optimal choice v = A,,_1/||[Ay_1]]2 from Section 6.3
Combined with Corollary [6.2.5, which states that there is (almost) no difference between

structured and unstructured condition numbers, we have the following result.

Theorem 6.4.1. LetS denote the set of T-symmetric matriz polynomials. Let X be a finite or
infinite, simple eigenvalue of a matriz polynomial P € S. Then for the linearization L € DL(P)

corresponding to an ansatz vector v, we have

=

L0 g,

Oy < <
p(V)

=
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for|-lar=1-ll2 and || - |ar = || - | p. In particular, for v = Ap_1/||Am—_1ll2, we have

KE(\) < KE(N) < V2RB(N). (6.27)
Proof: For ||| a = || ||2, we have x5 (\) = kp(A) and £F (A) = k1, (N). Hence the result follows
from Lemma 6.3.2. For ||-||ap = - || r, the additional factors appearing in Corollary [6.2.5 are

the same for x%(A) and 7 ()). This can be seen as follows. According to Theorem 1.2.13,
the normalized right and left eigenvectors of the linearization take the form z = A,,_1 ®

x/”A?n—lH% g = Am—l ® y/HAm—1”2- Thusv

S——

Am_1 A

1721yTx =yla, (6.28)
[[Am—1ll3

§li =
concluding the proof. B
Assuming that || - ||ps = || - ||l and || - ||az = || - ||2 the results discussed above present
growth of structured condition number of a simple eigenvalue of P € S when P is linearized
by a structured pencil in DL(P). However, comparing 7 (A) with sp(\) we have the following
results for || - |ar = || - [|F and || - |ar = || - |]2-

Theorem 6.4.2. Let'S denote the set of T-symmetric matriz polynomials. Let X be a finite or
infinite, simple eigenvalue of a matrixz polynomial P € S. Then for the linearization L € DL(P)

corresponding to an ansatz vector v, we have

V1+ 2Tyl B(A
Lol = lle =P, < z;g ; < V1 [2Ty[2s,

A

— ‘QL(A)
2. - = | - 10y < < V26,
H HM H HQ = (/\) =] \[

Proof: First we consider ||-||as = ||| 7. By Theorem 6.2.5 we have k3 ()\) = T/{p (N).

If L € DL(P) is a T-symmetric linearization of P € S corresponding to the ansatz vector v
then by (6.28)) we have

IETEE At 210 Dz
S 2\ = 2 ) by
N == ATl Y

for || - |lar = || - || 7. Hence by (6.24) the desired result follows.
Next consider || - ||ar = || - ||2. By Theorem [6.2.5/ we have
H(la )‘)HZHAmfl”%

S
kY () = rkp().
L) = TR ol P

The desired result follows by (6.24).H

6.4.2 T-even and T-odd matrix polynomials

In contrast to T-symmetric polynomials, structure-preserving linearizations for T-even and T-
odd polynomials put a restriction on the choice of the ansatz vector. Conditions for structured
linearization for T-even/T-odd matrix polynomial are given in Table [6.3| and can be found

in [68, Table 3.2]. The conditions in second and third columns of Table (6.3 are equivalent.
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structure of P ‘ (¢) structure of L € L (P) ‘ (#) (¥ ® I)L € DL(P) and ansatz vector

*-even *-even Yo = (v)T
x-odd Yv=—(v*)T
x-odd *-even Yv = —(v*)T
x-odd Yo = (v)T

Table 6.3: Conditions the ansatz vector v needs to satisfy to yield a structured lin-
earization L € L;(P) such that (¥ ® I)L € DL(P), where ¥ € R™*™ is defined as
Y = diag{(=1)™" 1, (=1)™=2,...,(=1)°} and x € {T, H}.

Note that P € S has a structured linearization L € L;(P) such that the (unstructured)
linearization (X ® I)L € DL(P). Therefore if z € C™ and y € C™ are the right and left
eigenvectors of P corresponding to the eigenvalue A then A,,_; ® z and A,,,_; ® y are right
and left eigenvectors corresponding to the eigenvalue A of (¥ ® I)L € DL(P), respectively.
This implies = A,,,_1 @z and § = ¥A,,,_1 @y are right and left eigenvectors of the structured
linearization L € L (P) corresponding to the eigenvalue A, respectively.

Since L(A) € L1 (P), we have

LA Ap—1 ® L) =v@PA) = L'(A\)(Am-1 ® L) + L) (AL,_; ® I,) =v@P’'(A). (6.29)
This yields
(ZAm1 @Y AL N (Apm—1 @ 2) = AL _Zo @ y7P' (V)2 (6.30)

by multiplying (SA,,—1 ® y)¥ to left and (1 ® z) to the right of (6.29).
First we derive the unstructured condition number of a simple eigenvalue A of the struc-
tured linearization L € L;(P) for a given P € S.

Lemma 6.4.3. Let A be a finite, simple eigenvalue of a matriz polynomial P with normal-
ized right and left eigenvectors x and y. Then the eigenvalue condition number ki, (\) for a
linearization L € L1 (P) with ansatz vector v such that (£ ® I)L € DL(P) satisfies

VITPE  Amel L Ml Al
K >\ = . = K )\,
YN = oz WP [p0h =) Al T

provided that the perturbations AL = AX + AAY are measured in the norm ||AL| =
VIAXE, + [[AY ]2, for a unitarily invariant norm | - ||ar. Thus, we have

|Am—1]l2 o KL () <\/§||Am71“2.

P Z0)| T kp(A) T [p(As B
Proof: The proof follows from Lemma 6.3.2 and (6.30).H
Ao o
Note that s, = W serves as a growth factor for the unstructured condition number

for a structured linearization L(\) € L;(P) such that (X ® I)L € DL(P). Obviously ds, > 1.
Note that p(\;3v) # 0 and hence dx, < oo when L is the structured linearization of P
corresponding to v.

Obtaining an optimally conditioned linearization requires finding the maximum of |p(\; Xv)| =

|AZ _,3v| = among all such v with |lv]|2 < 1. This maximization problem can be addressed
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by the following basic linear algebra result.

Proposition 6.4.4. Let Iy, be an orthogonal projector onto a linear subspace V of F™ with
F € {C,R}. Then for A € F'x™,

max || Av]lz = [ ATy .
lollg<1

For a T-even linearization we have V = {v € C™ : v = v} and the orthogonal projector
onto V is given by the even coefficient projector I, defined in (6.22). Hence, by Proposi-
tion [6.4.4,

max [p(O )| = max A7, So| = L (Apo1)]2

v=v
lvll2<1 llvll2<1

where the maximum is attained by v = Il (Ap—1)/||Ie(Am—1)||2- Similarly, for a T-odd
linearization,

max [p(A; Xv)| = [[(1 = Te)(Am—1)ll2

v=—3v
llvll2 <1

with the maximum attained by v = (1 — 1) (A1) /[|(1 — L) (A1) ||2-
Also note that in contrast to the equality given in (6.28) we have the following inequality
AH _SA,,_
77 = W*—’gl'y% <yl (6.31)
[Am—1ll3
Theorem 6.4.5. Let S, and S, denote the sets of T'-even and T'-odd polynomials, respectively.
Let X\ be a finite or infinite, simple eigenvalue of a T-even matriz polynomial P. Consider
the T-even (resp. T-odd) linearizations L, (resp. L,) from ILi(P) corresponding to the ansatz
vector Yv = v (resp. Yv = —v). Then the following statements hold for || - |lar = | - ||2-
Ky N
K (V)

w2

1. If m is odd and || < 1: ds, <

< 2521} .

621} Kie (A)

2. If m is even and |A\| < 1: < == < 205,
V2 T g ()
s
o (A
3. If m is even and |A\| > 1: Oxu < Hgo( ) < 205y
V2 T ()
k1o (A)

4. If m is odd and |\ > 1: ds, < < V2abs,, where o = 1 if yTo = 0 and a <

1— [yTz|? ifyTx #0.

In particular, considering the linearizations L. and L, corresponding to the ansatz vectors
v =T(Apm_1)/|Te(Am_1)|l2 and v = (1 = ) (Ap—1)/||(1 — ) (Ap_1) |2, respectively, we
have 55, < V2.

Proof: The proof makes use of the basic relations

AP (1 = TLe) (A [I3
2 Z 2 )
L4 [Al 1A 13

with equality for odd m, (6.32)

and
T (A1)l < [1Am—1ll2 < V2| Te(Am-1)]l, (6.33)
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which holds if either m is odd or m is even and |\| < 1.

1. If m is odd, (6.32) implies — together with Lemma [6.2.6/ and (6.31) — the inequality

T A2 A1 ZAm B
CAO \/1 W e R RS k) 1- \yTwlll\'w L (V)
Ky (A) \/1_|yTx|n<1 (Am>u2 kp(N) —\/1_‘yTx|n . Hm>n2 kp(N)
m |2

AR Am—1]?
Further note that \/1 — |lyTx| 1J‘r’\‘|j|2 | "h;\lz e il < 1. Then by (6.32) we have
m—1{l2

pe () _ 1 k. (A)
ke (A) T 1— [yTaf2; ‘/\\flz rp(A)

i o AP 1 1 T
Now if |A] < 1 we have /1 — |yTz| T 2 iR > 5 since |y 2| < 1. Now the

desired result follows from Lemma [6.4.3.

2. If m is even and |\| < 1 then (6.32) yields

Now

A \/1_|yTx|2||(I I, <A;n>>u2 kp(N)

I o II-TL (A3 (Am))HQ \/ [+ H2 e (Am)II3 _ [IMe(Am)llz ~ 1
Note that \/1 lyT x| E >4/1— Aml? TAlls > 7 since
lyfal <1.

The desired result follows from Lemma 6.4.3.

3. If [A\| > 1 and a T-odd linearization is used then Lemma 6.2.10 yields

T2 __ 1 AR ZAm—1|?

ke () \/1 WP N TR R (V)
Se - : .
Kpe (N) \/1_ T |2 1= Am)TE |1\1 >(|Am)||2 kp(N)

Hence

Hio ()\) \/—m kL, ()\)

c(\) \/ _ 20T A kp(A)
N T™

The relation )
0 -l 11
[ Amll3 L+ A2 7 2
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holds true for even m. Consequently we have

for even m. Further

i, () (V)
(M) 1. T 2H1 M)A kp(A)
\/1 R T
Note that \/1 - |yT:c|2” U= H (A’”))H2 > \/1 = ”rf\ 2 mlZ > f since |yTz| < 1 and
771 2 mll3
”(kﬁk)(”[\f)“"’ < 1+‘/\| < % Thus by Lemma 6.4.3 we obtain the desired result.
w3

4. Next assume that m is odd and |A\| > 1. Then

S T
o (A /1-lyTzf?
KJL"< ) > 1+|M2 . L, (V) since — 1> —|\|.

REO) T 1 [yTafe Il we()

”AmHz

Further s,
“L (A) KL, (A)

= 2 A
c(\) \/1_|yT$|gu< ”Am“2 )E rp(A)

Hence the result follows from Lemma 6.4.3.

Finally, by (6.33) we have oy, < /2. B

The morale of Theorem 6.4.5is quickly told: There is always a “good” T-even linearization
(in the sense that the linearization increases the structured condition number only by a factor
of dx,) if either m is odd or m is even and |A| < 1. In the exceptional case, when m is even
and || > 1, there is always a “good” T-odd linearization. Intuitively, the necessity of such
an exceptional case becomes clear from the fact that there exists no T-even linearization for
a T-even polynomial with even m and infinite eigenvalue. Even though there is a T-even
linearization for even m and large but finite A, it is not advisable to use it for numerical
computations.

In practice, one does not know A in advance and hence the linearizations used in Theo-
rem [6.4.5! for which s, < +/2 are mainly of theoretical interest. Table 6.4 provides practically
more feasible recommendations on the choice of v, such that there is still at worst a slight
increase of the structured condition number. The bounds in this table follow from the proof of
Theorem [6.4.5 combined with (6.26)). The example linearizations are taken from [68, Tables
3.4-3.6).

Theorem 6.4.6. Let S, and S, denote the sets of T'-even and T-odd polynomials, respectively.
Let X be a finite or infinite, simple eigenvalue of a T-odd matrixz polynomial P. Consider the
T-odd (resp. T-even) linearizations L, (resp. L.) from Lq(P) corresponding to the ansatz

vector Yv = v (resp. Yv = —v). Then the following statements hold for || - |lar = || - ||2-
, Kio (M)
1. If m is odd and |A| < 1: dx0 < S"()\) < V2vm ¥ 16sw.
Kp
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m A of v Bound on struct. cond. Example

interest of linearization
i 0 —A43 0 0 0 As
odd <1 em  mE () < 2vVmA (D) As Ay 0 | +A]| 0 —A3 —A4A,
or 0 0 Ao Az Az Ay
even - d
Az Ay Ao As 0 0
odd A =1 er ke () < 2vmE (V) —A; —Ap 0 |+A| 0O A A
Ao 0 0 0 —-Ag O
s s A 0 A A
even Al >1 e1 HE‘:) (N) < 2¢ym ke (N) [ 02 Ao :| + A [ —Alo OO :|

Table 6.4: Recipes for choosing the ansatz vector v for a T-even or T-odd linearization L. or
L, of a T-even matrix polynomial of degree m. Note that e; and e,, denote the 1st and mth
unit vector of length m, respectively.

2. If m is odd and |\| > 1: 0x, <

8. If m is even and |A| < 1: dxy <
! A= 1 O =)
(A)

A

. If m is even and || > 1: dx, < <
4. If ||_ = K%}(}\)

In particular, considering the T-odd and T-even linearizations L, and L. corresponding to
the ansatz vectors v = Il (Ay—1) /| e (Ar—1)|l2 and v = (1 —=TL.) (Apm—1)/||(1 =TL.) (Amn—1) |2,
respectively, we have 0y, < V2.

Proof:

1. Let m is odd and |A| < 1. then Lemma 6.2.10 together with (6.28)) yields

T2 1 AR SAm_g]?
rio(A) \/1 WP TR k()
kg (A) N LA kp(N)
AR5
. A2 SAm_1)? ITe(Aw)ll2 1
Since W <1 and A 2 = T We have
T2 1
rry (M) < 1=1y" 2P s ALY AL, (M)
5 Z > )
KR (A 72 Me@n)lE kp(A) kp ()
Y
Further we have 3
ki, (A) EL, (V)
)\ \/ i 2”H (AM)HQ K/P(A) '
L= Iyt 5
_ T QHHe(Am)Hz _ ”He(AM)Hz — ”(I_He)(AM)HZ 1
Now \/1 Y e R 2 - T s T T s 2 7 Hence the

desired result follows by Lemma 6.4.3.

. (A
2. For m even | H61§ ’ﬁ;”z > H‘l)\lQ holds. Hence we have
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Now \/1 |mi|2” 2 > \/1 e (A)llE _ 1U=Te)Am)ll2  Pherefore we have

AmI3 1Amll2

o [ A2
HISDO()‘) g \/ﬁ‘l(l_ He)(Am)HQ(SEv

[ Am I3 [T (Ar) I3

2 — _ 1 e
Now =T AR = 1+ =T (A B = 1+ e Hence the result follows by Lemma|6.4.3.

3. If m is even then Lemma 6.2.10/ together with (6.31) yields

T2 1 AR SAn ]2
Ko (N \/1 e P v hL, (A) LW aP ol e, 1)

S, . (A2 p(\) SIS )
Kp (N) \/1_|yTx|2u ”A<m|éu2 \/1 |y T |2 e CAm)ITZ e Hjuz Kp(A)
It is easy to verify 1+|>\\2 < HH\|1§A ”2)H2 implying

1|y $|1+\>\|2 ’i%,()‘) 9 KL, (\)
H A 2 So _ A :
\/1_|y 2/ |A( ”2)H2 ke (N) — rp(A)
Further s
K1, ()‘ KL, (A)
(N \/ - 2||H A3 kp(A)
L e e 2
T QHH [ITTe (Am)ll2 — 1T=T)Am)llz ~ _ 1
Now\/7 |yT |2 =2 > \/1 o[ T Ts 2 =

Therefore the result follows from Lemma 6.4.3.

4. For odd m, by considering a T-even linearization we obtain

— |yT A2 1AL 1 ZAma]? A2
Kpe(A) \/1 YV e TR ke () - 1 - [yTa| 135 K1, (\)
So(\) . (A, S kp(N) T LAIE  kp(A)
Ky (A) \/ |yTx|” |J§ ||2)”2 Kp () \/1_ |yT:1:|” \lAm\|§|l2 kp(A)
As above, it is not hard to verify LV 7 < ”He(Amg“g, implying
T+ A3
AQ
L ly"al e IR A OV CY
i /T e (Am)[13 KSO \) T osp(A)
\/1 lyT x| =2 A 2 v (A)
Further S
K12 (A) < 1 KL, (A)
So — 2 A
") \/ VDS e R

7,2 e (Am) I3 \/ _ Me(A)lIE _ 1 =Ie) (Am)l2 [Al
NOW \/1 |y J»‘| HAmHZ > 1 HAmH% — HAmHZ Z \/1+|)\|2.

Hence the result follows from Lemma [6.4.3/ and (6.33) .

Finally, by (6.33) we have dx, < V2. 1
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We mention that Table 6.4/ has a virtually identical analogue in the case of a T-odd matrix
polynomial.

Assuming that || - ||;z = || - ||2 the results discussed above present growth of structured
condition number of a simple eigenvalue of P when P is linearized by a structured pencil in
L, (P). However, comparing 7 (\) with £p()\) we have the following results for || - ||» = || - ||

and || - [lar = || - [lo-

Theorem 6.4.7. Let S, and S, denote the sets of T'-even and T'-odd polynomials, respectively.
Let X be a finite simple eigenvalue of T-even polynomial P. Consider the T-even (resp. T -
odd) linearizations L, (resp. L,) from L1 (P) corresponding to the ansatz vector v = v (resp.
Yv=—v). When |\ <1, we have the following:

s s
05w Ko () 1—zTy|? || Am—1]l2 K12 (A)

1. Fi . = | - : <€ c < Oso d Ose < o <
or || - |lm II-llr 7 S ey S Su an V2 [l S ) S
[Am—1]2
— " .

Al ™
s
[Ar—1]|2 K \) \/§|\Am—1||2
. F . = - e 05 < < < v
2 or || HM || ||2 ||AmH2 52 >~ I‘\?P()\) =~ ||Am||2 62} and
So
V1- \mTyPIIAmaHzém < Ko (A) < \/§”Am—1|‘252v.
([ A2 rp(A) [ Amll2
When |A| > 1, we have the following.
s s
[ Ar—1]|2 Ky, ()‘) [[Am—1]|2 Ky, (A)

1. Fe . =|- P sy < < < s d ———""05, < el < V20sy.

or |-l =1-|lr Tz 050 S Ty = 0mv and Srn =Os0 < S < V265

2 — Ta|2 Am— S A
2. For||-|la = ||l and L € {Le,Lo} : ¥ |‘T|Ay| ””2 illz 5 < 2;8 < V265, € {S.,So}.

Proof: Note that both L, and L, preserve the eigensymmetry of P. First, consider the T-even

linearization L. € Ly (P). For || - ||as = || - || 7, by Lemma [6.2.6, we have
H
L AR+ (1= [AR)laTyfp Pl .
/{S ()\) HAm—le ||Am71||2 P ()\)
— P &
Le V2 IP(Xs )| {[ A [l2
. : [Af 1 S Am—1|?
Using (6.24) and noting that —“=—"—- < Land [|(1, A)[l2 < VI + [2Ty2) + A1 = [2Ty[?) <
m—1]l2
V2 when |A| < 1, and
AH SA, 2 AE SIA 2
Vi< ¢ (14 faryp R ZRn iRy ey Rnc B 0By
[Am—1l3 [Am—1ll3

when |A| > 1, the desired results follow.
For || - |lar = || - |2, by Lemma [6.2.6 we have

IAH SN, 2
S \/ L AR(L— [oTyp Ay
kY (A = kp(\).
L. (Y O =0) Ao r()
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Again using (6.24) and noting that

AH YA, 1)?

<2
A3 S

1<\/1+|)\ (1— |2Tyl2

when |A| <1, and

AH YA, )2
V2 2Tyl? < \/HIAI2 1—[zTy[? HAl T ) < (L, M2
m—1{|2

when |A] > 1, the desired results follow. The proof is similar for T-odd linearization of P and
follows from Lemma [6.2.10 B
We mention that the results in Theorem 6.4.7 hold when P is T-odd matrix polynomial.

6.4.3 T-palindromic matrix polynomials

We now consider T-palindromic and 7" anti-palindromic matrix polynomials. T-palindromic
and T-anti-palindromic polynomials put a restriction on the choice of the ansatz vector. Let
R € R™*™ be given by

R= (6.34)
1

Table 6.5 gives conditions for T-palindromic/T-anti-palindromic linearizations and can be
found in [68, Tables 3.1]. The conditions in second and third columns of Table 6.5 are

equivalent.

’ structure of P ‘ (i) structure of L € L, (P) ‘ (#7) (R ® I)L € DL(P) and ansatz vector

x-palindromic *-palindromic Ry = (v*)T
k-anti-palindromic Ry = —(v")T

x-anti-palindromic *-palindromic Rv=—(v*)T
x-anti-palindromic Ry = (v*)T

Table 6.5: Conditions the ansatz vector v needs to satisfy to yield a structured linearization
such that (R® IL € DL(P).

Note that P € S has a structured linearization L € L1 (P) such that (R®I)L € DL(P). Thus
if x € C" and y € C™ are the right and left eigenvectors of P corresponding to the eigenvalue
Athen T = A,,_1 ® z and § = RA,,_, ® y are right and left eigenvectors corresponding to
the eigenvalue A of the structured linearization L € L;(P), respectively. Thus we have

~T ~ |A£—1RAm—1| T T

— Bm1Wmo1] o T 6.35
vz A v Esve (6.35)

Proceeding in a similar way as that of Lemma 6.4.3 we have the following.

Lemma 6.4.8. Let A be a finite, simple eigenvalue of a matriz polynomial P with normal-

ized right and left eigenvectors x and y. Then the eigenvalue condition number ki, (\) for a
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linearization L € L1 (P) with ansatz vector v such that (R ® I)L € DL(P) satisfies

VITPE  Ameal 1 M)l Al
K >\ — . frng K )\,
v = k)] TP [t B[ A2 Y

provided that the perturbations AL = AX + AAY are measured in the norm ||AL| =
VIAXE, + [[AY |2, for a unitarily invariant norm || - ||ar. Thus, we have

[Am-illa _ KL(A) S\@HAm—l\b

Ip(A; Ru)| — kp(A) Ip(A; o)
Proof: The proof follows from Lemma[6.4.3, (6.35) and (6.24). ®
A
Note that dg, = m serves as a growth factor for the unstructured condition number

for a structured linearization L(A) € L, (P). Obviously dg, > 1. Note that p(A; Rv) # 0 and
hence dg, < oo when L is structured linearization of P corresponding to v. For a finite simple

eigenvalue of a T-palindromic matrix polynomial, we have the following.

Theorem 6.4.9. Let S, and S,, respectively, denote the sets of T-palindromic and T -anti-
palindromic polynomials. Let A be a finite simple eigenvalue of a T-palindromic matriz
polynomial P. Let L, (resp. Lg) be T-palindromic (resp. T-anti-palindromic) linearization

from Lq1(P) of P corresponding to the ansatz vectors v = Rv (resp. v = —Rw). Then for

| “llas = || - ||y we have the following.
Sp s
Sro _ Fip,(A) 11— A [Am—1]2 Kt (M)
1. Ifre(A) >0: < £ < V20Ry and ———=————=0p, < —2 < dRv
I >0 S SV e TS ) <"
Sp S,
1L+ ALf[Am -1l B ) Sro _ Kr, (M)
2. Ifre<0: v < < 0ry and < e < V20Ro.
IS0 Bl S R 0) SO S Ty S VR
Proof: First, consider L,,. By Lemma [6.2.11/ we have
H 2
o IAnalBy 14 R are( e AR
K? (A) = kp(A).

P

V2 |p(A; Ro)| | A 2

If re(A\) > 0 then

A1 RAp |2

HAmfl”é1

11, M2 < \/1 + A2+ 2re(A) [y z? < V2{I(1, M)l
Hence the result for Ly, follows from Lemma 6.4.8 and (6.24)). Similarly we obtain the result
for re(A) < 0.

Next consider L,. Then by Lemma [6.2.13

o1 BAm—1|?

A
< [Am—1l3 \/1 + A2 — 2re(A) |y z|? [y
rrn(A) =
- V2Ip(X; Ro)l [ Al

Hp(/\).

a
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If re(A) < 0 then

A7 -1 RAm 1 [?
[Am-1ll3

11, M2 < \/1 + AP = 2re(A) |y x| < V2]|(1, N)ll2-
Hence the result for L, follows from Lemma [6.4.8 and (6.24). Similarly we obtain the result
for re(A\) > 0. B
In view of Tablel6.5, the ansatz vector v for a T-palindromic linearization of a T-palindromic
polynomial should satisfy Rv = v with the flip permutation R defined in (6.34). By Proposi-
tion 16.4.4,
max  [p(A; Rv)| = T4 (Am—1)|l2,

lvll2<1

where the maximum is attained by v, defined via

[,\m—lﬂ AT/2HL g am/2 ym/241 g am/2 Llil}T
SIS ey gy (6:36)
if m is even and as
[L“i A(m—1)/2_4 y(m—1)/2 )\m—lil]T
T e (6.7

if m is odd. Similarly,
max [p(A; k)| = [ (Am-1)ll2,

llollz <1
with the maximum attained by v_.
Theorem 6.4.10. Let S, and S,, respectively, denote the sets of T'-palindromic and T -anti-

palindromic polynomials. Let X\ be a finite or infinite, simple eigenvalue of a T-palindromic
matriz polynomial P. Let L, (resp. L,) be T-palindromic (resp. T-anti-palindromic) lin-

earization from LLi(P) of P corresponding to the ansatz vectors v = Rv (resp. v = —Rwv).
Then the following statements hold for || - || = || - |7
Sp
Ko (A
1. If m is odd: g:;/\)) < /2(m + 1) 8re.
Kp

k(A
2. If m is even and re(\) > 0: Ji < 1, <2(m+1)6ro-

S

|

Rm

TS

—
> >
z

Sa
3. If m is even and re(X) < 0: 6% < Hg; < V2(m+1)dry.
2w

Proof: Since «§ (A\)/kp()\) < k7 (\)/K5(N) holds for any structure S, the desired lower bounds
follow from Theorem 6.4.9.

1. If m is odd and re(A) > 0, Lemma [6.2.11 implies — together with Lemma [6.6.1.(1)
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and (6.28) — the inequality

— T 2‘1+>‘|2_|1_k|2 |A7I;1171RA771—1|2
o) \/1 WP TR R s, (V)
Sp - =T (A2 ’
ke’ (M) %1—'WP”“*“‘"".‘ﬂzmh'g alz  mp(N)
< 1 ) KLP()\)
B \/1 _ HH+(A7H)H§7HHf(A'"L)”% KP()\)
1Am13
A A A
_ [Amlla kL, (V) < m+1F”LP7().
V2L (An) ]2 mp(Y) rp(A)

Hence the desired result follows from Lemma [6.3.2.
2. The proof of the second part follows along the lines of the first part. For even m,
Lemma [6.6.1(3) implies

Sv ()
K1 (A) - | A2 _”Lp()\) m—i—lﬁL”(/\)

W) V2l (Al me(N) PGV

Hence the result follows from Lemma 6.3.2.

3. The proof of the third part also follows along the lines of the first part. Lemmas|6.2.11,16.2.13
and [6.6.1((3)) reveal — for even m and a T-anti-palindromic linearization — the inequality

H 2
T2 [ I=AR= 1A 2 (A RAm ]
() \/1 R PYE) B

ky, KL, () K1, (M)
: = o 2 < 41—
S”()\) \/1 — |yT x| \|H+(Am)|||§*||1;h(1\m)|\§ kp(A) — Vm+1 kp ()

mrHQ

The desired result follows from Lemma 6.3.2. W

Corollary 6.4.11. Let S, and S, denote the sets of T-palindromic and T-anti-palindromic
polynomials, respectively. Let A be a finite or infinite, simple eigenvalue of a T-palindromic
matriz polynomial P. Consider the T-palindromic (resp. T-anti-palindromic) linearizations
L,,L, € Li(P) belonging to the ansatz vectors vy and v_ defined in (6.36)-(6.37), respec-
tively. Then the following statements hold for || - |m = || - || 7-

1. If m is odd: nipp()\) < 2(m+ 1) Ky (N).
2. If m is even and re(\) > 0: Ki’; (A) <2(m+1) ’fip (N)-
3. If m is even and re(\) < 0: Hi‘l()\) <2(m+1) ’iip (A)-

Proof: The desired results follow from Theorem 6.4.10 and Lemma 6.6.1. W

Theorem 16.4.10/ and Corollary [6.4.11/ admit a simple interpretation. If either m is odd or
m is even and \ has nonnegative real part, it is OK to use a T-palindromic linearization; there
will be no significant (a small constant multiple of dg,) increase of the structured condition
number. In the exceptional case, when m is even and A\ has negative real part, a T-anti-
palindromic linearization should be preferred. This is especially true for A = —1, in which

case there is no T-palindromic linearization.
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The upper bounds in Corollary [6.4.10) are probably too pessimistic; at least they do not
fully reflect the optimality of the choice of vy and v_. In comparison, the heuristic choices
listed in Table [6.6] yield almost the same bounds! These bounds are proven in the following
lemma. To provide recipes for even m larger than 2, one would need to discriminate further
between |A| close to 1 and |A| far away from 1, similar as for odd m.

’ m A of v Bound on struct. cond. Example
interest of linearization
1
Q . [ AO 0 AO
odd [\ > am : kP (M) < 2v2(m + 1)r5P (N) A — AT A, —AT o } 4
Al <ot 0 ; L A7 A1 — A7 Ao
1 At AT — A Ay
Ao Al -aA, AT - Ay
AF 0 Al
. s 0 A 0 ] [0 0 —Ao |
odd A < @m  em—1 kP2 (A) < 2(m+ )R (V) 0 A1 A |4+x| AT AT 0
Al > an! ? 1 | A7 o0 o | [ o A7 o |
[ 1] s s A Ao | [ AT AT — 4, ]
m=2 re(\)20 | wr, O S Ay AT g [T E T
1 S S. —Ap Ag ] [ AT AT + Ao ]
m =2 re(A) <0 =y H/L(Z(A) < 2\/§,$Pp()\) |—a, - Ag; _ A | + A i —XOT IAE

Table 6.6: Recipes for choosing the ansatz vector v for a T-palindromic or T-anti-palindromic

linearization L, or L, of a T-palindromic matrix polynomial of degree m. Note that a,, =
91/(m—1)

Lemma 6.4.12. The upper bounds on Iiii()\) and Hi‘l (\) listed in Table 6.6 are valid.

Proof: It suffices to derive an upper bound on W:)E’;\qu)llz. Multiplying such a bound by

v2(m + 1) then gives the coefficient in the upper bound on the structured condition number
of the linearization, see the proof of Theorem 6.4.10.

1. For odd m and |\| > a, or |A| < 1/, the bound Ki’; (\) < V2(m+1) ni” (\) follows

||Am—1||% < 1+ afn 5 | S a?nm72

=1+a + - +a2" 2 <4m.
IO I1—am 2 " K

2. For odd m and 1/, < |A| < @, the bound KJ%;()\) <2(m—+1) Ii;s;,p (M) follows from

[Am—all3 1402, +---+a2" 2 1 5 om—2
|p(m)|2g e = 5L+ aj 4+ +al" %) < 2m.

3. For m = 2 and re()\) > 0, the bound ﬁi‘;(/\) <2(m+1) K;S,”()\) follows for |A] <1 from

IAm-al3 _ 1+DP
pOVO)R ~ TR =

and for |A| > 1 from

1
[Am-1ll} _ A e H1

P\ v)P AR5+ 12 T

4. The proof for m = 2 and re(A) < 0 is analogous to Part 3.
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For T-anti-palindromic polynomials, the results of Theorems [6.4.10/ and 6.4.9, Corol-
lary 6.4.11] and Table 6.6/ hold, but with the roles of T-palindromic and T-anti-palindromic
exchanged. For example, if either m is odd or m is even and re(A) > 0, there is always a
good T-anti-palindromic linearization. Otherwise, if m is even and re(\) < 0, there is a good

T-palindromic linearization.

6.4.4 H-Hermitian matrix polynomials and related structures

The linearization of a H-Hermitian polynomial is also H-Hermitian if the corresponding ansatz
vector v is real, see Table [6.3. The optimal v, which maximizes |p(\;v)|, could be found by
finding the maximal singular value and the corresponding left singular vector of the real m x 2
matrix [Re(Ay,—1), Im(A,,—1)]. Instead of invoking the rather complicated expression for this

optimal choice, the following lemma uses a heuristic choice of v.

Lemma 6.4.13. Let Sy, denote the set of H-Hermitian polynomials. Let A be a finite or infi-
nite, simple eigenvalue of a H-Hermitian matriz polynomial P. Then the following statements
hold for || - [y = | - || -

1. If |\| > 1 then the linearization L corresponding to the ansatz vector v =[1,0,...,0] is
H Hermitian and satisfies k5" (\) < 2yv/mrgl (N).

2. If |\| < 1 then the linearization L corresponding to the ansatz vector v =1[0,...,0,1] is
H-Hermitian and satisfies ry" (\) < 2/mrg (\).

Proof: Assume |A| > 1. Lemma [6.2.14 together with Lemma 6.3.2/ and (6.24]) imply

KE"(A) ki, (A) [Amillz _ VW™
L £ = = m.
ke (M) <32 kp(\) =2 POl =2 - 2Ym

The proof for |A\| < 1 proceeds analogously. B

H-even and H-odd matrix polynomials are closely related to H-Hermitian matrix polyno-
mials, see Remark 6.2.15. In particular, Lemma 6.4.13/ applies verbatim to H-even and H-odd
polynomials. Note, however, that in the case of even m the ansatz vector v = [1,0,...,0]
yields an H-odd linearization for an H-even polynomial, and vice versa. Similarly, the recipes
of Table 6.6 can be extended to H-palindromic polynomials.

Finally, comparing x{"(\) with xp()\), by Lemma 6.3.2 and (6.24) we have

8 _ m"(N)
ﬁ S /‘EP()\) S \/5611

The same bound holds when P is H-even or H-odd and L is either H-even or H-odd lin-

earization.

6.5 Summary and conclusions

We have derived relatively simple expressions for the structured eigenvalue condition numbers
of certain structured matrix polynomials. These expressions have been used to analyze the

possible increase of the condition numbers when the polynomial is replaced by a structured
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linearization. At least in the case when all coefficients of the polynomial are perturbed
to the same extent, the result is very positive: There is always a structured linearization,
which depends on the eigenvalue of interest, such that the condition numbers increase at
most by a factor linearly depending on m. We have also provided recipes for structured
linearizations, which do not depend on the exact value of the eigenvalue, for which the increase
of the condition number is still negligible. Hence, the accuracy of a strongly backward stable
eigensolver applied to the structured linearization will fully enjoy the benefits of structure on
the sensitivity of an eigenvalue for the original matrix polynomial. The techniques and proofs
of this chapter represent yet another testimonial for the versatility of the linearization spaces
introduced by Mackey, Mackey, Mehl, and Mehrmann in [68, [67].

6.6 Appendix

The following lemma summarizes some auxiliary results needed in the proofs of Section [6.4.3.

Lemma 6.6.1. Let A € C and let Ay be defined as in (6.25. Then the following statements
hold.

‘ I (Am)lI3
1. If m is odd and re(\) > 0 then I ||+A(m|\§)”2 > 2(m1+1).

. T4 (Ar) 5= IT- (Am)lIF < J1HAP—]1=)]?
2. If m is odd and re(\) <0 then = Al L2 ST
1T+ (A3 1
Aml3 = 2(m+1)°

3. If m is even then

. I (Am)ll3
4. If m is odd and re(X) <0 then [ \IA(mH%)H? > 2(m1+1).

Proof:

1. For |A| > 1 the statement follows from ||A,,[|3 < (m + 1)|A\|?*™ and

2L (A3 = [A™ + 12 4 [AHD/2 4 \(m=1)/2)2
IAP™ + 2re(X™) + 1+ A" TH (AP + re(A) + 1)

IAP™ = 2™ + 14+ A (A2 + 1)

AP+ 14 AN = 1)7 > (AP

v

If [A\| <1, we can apply an analogous argument with A replaced by 1/X to

(m—l)/2 2 m
L4 (A )l _ (AP 11 1 1
= A D st S |-
Aalz P | 2 2|3 R / 2 TN

2. Using (14 |A?)(1 4 [A* 4 -4 [A|Z™=2) = ||A,,,||2, we prove the equivalent statement
T (A3 = (114 AP = 1= AP+ A - (A 2772,
Assume |A| < 1. Then the statement follows if we can show

Ly (A lI3 = IT- (A 13 = 2 (11 + AP = [1 = A%)(m + 1) (6.38)

B~ =
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Inserting A = |\|(cos(¢) + isin(¢)), we expand

T (A )13 — 11— (A 13

On the other hand,

Thus (6.38) is equivalent to

|A

[T+ A2 —[1— A2 = 4]\

1(m—l)/2
- Z |>\m—k+)\k|2_|)\m—k_)\k|2
2 k=0
(m—1)/2
2A™ 3" (cos((m — k)6) cos(ke) + sin((m — k)@) sin(kd))
k=0
(m—1)/2 (m—1)/2
2™ Y cos((m—2k)¢) =2]A" Y cos(¢+ 2ke)
k=0 k=0
in(mstl m+1 i
2|/\‘msm( p) QZ;)HC(ZS( > ?) :2|A|mW'

sin(2¢)
sing

m=1 sin((m + 1)¢) . m + 1sin(2¢)

sin ¢ - 2 sin ¢

Dividing by cos(¢) < 0 on both sides, this is in turn equivalent to

IA'm—lsin((m + 1)¢) < m+1

sin(2¢) - 2

Finally, using |A| < 1, the last inequality follows from the basic trigonometric inequality

sin((m+1)¢)
sin(2¢)
replace A by 1/\.

< mTH For |A| > 1, we can use the same trick as in the proof of part 1 and

3. As in part 1, we can assume w.l.o.g. |A| > 1. Then |[|A,,||3 < (m + 1)|A\]*™ and

2|1 (Am) 112

concluding the proof.

V

A 412+ 21\™

= |AP™ + 2re(A™) + 1+ 2|AI™ > |AP™,

4. This part follows from Part 1, by simply replacing A — —A, which implies ||[TI(A4)|2 <

[ITECA)|2-
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Conclusion

We have undertaken a detailed structured backward perturbation and sensitivity analysis
of structured polynomial eigenvalue problem including complex symmetric, skew-symmetric,
Hermitian, even, odd, palindromic and anti-palindromic problem.

First, we have provided a complete solution of structured mapping problem for matrices.
We have also provided a complete solution of structured inverse least squared problem for
matrices. We have shown that these results play an important role in determining structured
backward errors of approximate invariant subspaces of structured matrices. With the help of
these results, we have analyzed structured pseudospectra of structured matrices.

Second, we have analyzed structured backward perturbation of structured matrix polyno-
mials. We have determined structured backward error of an approximate eigenelement of a
structured matrix polynomial and have determined a minimal structured perturbation such
that the approximate eigenelement is the exact eigenelement of the perturbed problem. We
have also analyzed structured pseudospectra of structure matrix polynomials. Further, we
have analyzed structured condition numbers of simple eigenvalues of structured matrix poly-
nomials and have derived explicit expressions for the condition numbers. Structured condition
numbers measure the sensitivity of simple eigenvalues to small structured perturbations and
hence play an important role in the accuracy assessment of approximate eigenelements of
structured polynomial eigenvalue problem.

Finally, most numerical methods for solving polynomial eigenvalue problem proceed by
linearizing the polynomial eigenvalue problem into an equivalent generalized eigenvalue prob-
lem of larger size and solve the resulting problem. Therefore, for computational purposes, it
is of paramount importance to identify potential structured linearizations which are as well
conditioned as possible. With the help of structured backward perturbation analysis and
structured condition numbers of eigenvalues, we have provided a recipe for identifying “good”
structured linearizations which guarantee almost as accurate solutions as that of the original

polynomial eigenvalue problem.
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