
BACKWARD PERTURBATION AND SENSITIVITY

ANALYSIS OF STRUCTURED POLYNOMIAL

EIGENVALUE PROBLEM

by

Bibhas Adhikari

DEPARTMENT OF MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI

GUWAHATI-781039, INDIA

December 2008



BACKWARD PERTURBATION AND SENSITIVITY ANALYSIS OF

STRUCTURED POLYNOMIAL EIGENVALUE PROBLEM

A Thesis Submitted

in Partial Fulfillment of the Requirements

for the Degree of

DOCTOR OF PHILOSOPHY

by

Bibhas Adhikari

(Roll Number: 04612301)

to the

DEPARTMENT OF MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI

December 2008

TH-789_04612301



i

CERTIFICATE

It is certified that the work contained in the thesis titled “Backward Perturbation and
Sensitivity Analysis of Structured Polynomial Eigenvalue Problem” by Bibhas Ad-
hikari, a student in the Department of Mathematics, Indian Institute of Technology Guwahati
for the award of the degree of Doctor of Philosophy has been carried out under my supervision
and this work has not been submitted elsewhere for a degree.

Prof. Rafikul Alam
Department of Mathematics

Indian Institute of Technology Guwahati

TH-789_04612301



ii

Dedicated to

Davis-Kahan-Weinberger dilation Theorem

TH-789_04612301



iii

Abstract

The main theme of the thesis is structured perturbation and sensitivity analysis of structured
polynomial eigenvalue problem.

Structured mapping problem naturally arises when analyzing structured backward per-
turbation of structured eigenvalue problem. Given two matrices X and B of same size, the
structured mapping problem requires to find a “structured” matrix A, if any, having the small-
est norm such that AX = B. We provide a complete solution of structured mapping problem.
More generally, we provide a complete solution of the structured inverse least-squared problem
(SILSP):

min
A
‖AX −B‖F ,

where the minimum is taken over “structured” matrices. As a consequence of structured map-
ping problem, we determine structured backward errors of approximate invariant subspaces
of structured matrices. We also analyze structured pseudospectra of structured matrices.

Next, we undertake a detailed structured backward perturbation analysis of structured ma-
trix polynomials and derive explicit computable expressions for structured backward errors of
approximate eigenelements. We analyze structured pseudospectra of structured matrix poly-
nomials and establish a partial equality between unstructured and structured pseudospectra,
which plays an important role in solving certain distance problems associated with structured
polynomials. We also derive relatively simple expressions for structured condition numbers
of simple eigenvalues of structured matrix polynomials, which play an important role in ana-
lyzing sensitivity of eigenvalues of structured polynomial eigenvalue problem.

Generally, a polynomial eigenvalue problem is “linearized” first and then solved by a back-
ward stable algorithm. However, the eigenvalues of the resulting linear problem is usually more
sensitive to perturbation than the original problem. Moreover, a polynomial admits infinitely
many linearizations. The same holds true for structured polynomials as well. Therefore, for
computational purposes, it is of paramount importance to identify potential structured lin-
earizations which are as well conditioned as possible. With the help of structured backward
perturbation analysis and structured condition numbers of eigenvalues, we identify “good”
structured linearizations which guarantee almost as accurate solutions as that of the original
polynomial eigenvalue problem.
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Chapter 1

Introduction

1.1 Introduction

Polynomial eigenvalue problem occurs in many practical applications. Often, a polynomial
eigenvalue problem that occurs in practice has some distinctive structure, as a result of which
the eigenvalues inherit certain spectral symmetry (see, [22, 44, 66, 68, 82] and the references
therein). Thus numerical methods for solution of a structured polynomial eigenvalue problem
that preserves spectral symmetry in the computed eigenvalues is highly desirable and is a
challenging task [9, 10, 18, 44, 46, 71, 74].

We consider matrix polynomial of the form P(z) =
∑m

j=0 zjAj , where Aj ∈ Cn×n, j = 0 :
m. Then the polynomial eigenvalue problem is concerned with finding (λ, x, y) ∈ C×Cn×Cn

such that
P(λ)x = 0 and yHP(λ) = 0, (1.1)

where x and y are nonzero vectors known as right and left eigenvectors of P corresponding to
the eigenvalue λ, respectively. However, due to the lack of a genuine polynomial eigensolver,
the standard way of solving a polynomial eigenvalue problem of degree m is to solve an
equivalent generalized eigenvalue problem of larger size. To be specific, an n× n polynomial
P of degree m is converted into an “equivalent” linear polynomial

L(λ) = λX + Y, X, Y ∈ Cmn×mn

and numerically backward stable algorithm is employed to compute the eigenelements of L.

By “equivalent” we mean to convert the polynomial P into a linear polynomial L satisfying

E(λ)L(λ)F (λ) =

[
P(λ) 0

0 I(m−1)n

]
, for all λ ∈ C

where E(λ) and F (λ) are unimodular polynomials. The linear polynomial L is called a
linearization of P.

The most commonly used linearizations of a polynomial P =
∑m

j=0 zjAj are the block-
companion forms, the first companion form C1(z) = zX1 + Y1 and the second companion

1

TH-789_04612301



form C2(z) = zX2 + Y2, where X1 = X2 = diag(Am, In, . . . , In) and

Y1 =




Am−1 Am−2 . . . A0

−In 0 . . . 0
...

...
0 . . . −In 0




, Y2 =




Am−1 −In . . . 0
Am−2 0 . . . 0

...
... −In

A0 0 . . . 0




.

Both companion forms preserve algebraic and partial multiplicities of all finite eigenvalues of
P.

It is shown in [67] that potential linearizations of a matrix polynomial form a linear space.
Linearization of a matrix polynomial invariably increases the sensitivity of the eigenvalues. It
is therefore important to identify a potentially ‘good’ linearization which is as well conditioned
as possible by analyzing condition numbers of eigenvalues and backward errors of approximate
eigenenvalues of linearizations of matrix polynomials. This issue has been investigated in [39,
41].

It is well known that often the eigenvalues of a structured matrix polynomial inherit certain
spectral symmetry and that the spectral symmetry often has some physical significance [22,
44, 68, 82, 83]. Therefore, the first step towards solving a structured polynomial eigenvalue
problem is to linearize the polynomial in such a way that the linearization reflects the structure
of the polynomial and preserves the spectral symmetry. It is shown in [40, 64, 68] that the
set of potential structured linearizations of a structured polynomial is an infinite subset of
potential linearizations of the polynomial.

The availability of plenty of structured linearizations of a structured matrix polynomial
poses a genuine problem of choosing one linearization over other. Since each linearization is
expected to be sensitive to perturbations in its own way, for computational purposes, it is
highly desirable to identify linearizations of a matrix polynomial which are as well-conditioned
as the matrix polynomial itself. This naturally raises some fundamental questions: How does
the choice of a linearization affect the accuracy of computed eigenvalues? What distinguishes
one linearization from another? Does there exist an optimal linearization? How to identify
an optimal or a near optimal linearization? These are certainly fundamental issues which
strongly influence numerics of structured polynomial eigenvalue problem.

With a view to answering these questions, we undertake a detailed sensitivity and back-
ward perturbation analysis of structured matrix polynomials and their structured lineariza-
tions. We show that structured sensitivity analysis and structured backward perturbation
analysis are not only important for accuracy assessment of computed eigenvalues but also
play a crucial role in answering the fundamental questions raised above. We mention that the
most commonly used stable algorithms such as the QZ algorithm do not preserve structure
and hence the spectral-symmetry in the computed eigenvalues [99]. The development of struc-
tured preserving algorithms for structured eigenvalue problem is an active and challenging
research area [9, 10, 18, 44, 46, 71, 74, 82]. We mention that structured backward pertur-
bation analysis has an important role to play in analyzing stability of structured preserving
algorithms.

The sensitivity of a simple eigenvalue of a matrix polynomial is measured by its condition
number. An explicit expression for condition number of a simple eigenvalue of a matrix
polynomial has been obtained in [1, 93]. With a view to analyzing sensitivity of eigenvalues of

2
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structured matrix polynomials, we define structured condition number of a simple eigenvalue
and determine the structured condition number for various structured matrix polynomials.
Thus given a simple eigenvalue λ of a structured matrix polynomial P, we determine the
structured condition number κSP(λ). Next, we consider a structured linearization L of P and
derive the structured condition number κSL(λ). Further, we identify a potential structured
linearization L of P that minimizes κSL(λ)/κSP(λ) or κSL(λ)/κP(λ).

As mentioned before, backward errors play an important role in the accuracy assessment of
approximate eigenelements. With a view to analyzing accuracy of approximate eigenelements
of a structured eigenvalue problems, we consider structured backward errors of approximate
eigenelements. Given an approximate eigenpair (λ, x) of a structured matrix polynomial P, we
determine the structured backward error ηS(λ, x, P). Next, we consider a structured lineariza-
tion L of P and derive the structured backward error ηS(λ, Λm−1 ⊗ x, L) of the approximate
eigenpair (λ, Λm−1⊗x) of L, where Λm−1 := [λm−1, . . . , λ, 1]T . Further, we identify a potential
structured linearization L of P that minimizes ηS(λ, Λm−1 ⊗ x, L)/η(λ, x, P).

We show that both the approaches are compatible with each other and lead to the same
choice of structured linearization. As structured backward errors together with structured
condition numbers provide first order error bounds on approximate eigenelements, these re-
sults are of fundamental importance for the numerics of structured polynomial eigenvalue
problems.

Pseudospectra of matrices and matrix polynomials provide a powerful framework for an-
alyzing numerics of matrices and matrix polynomials. Pseudospectra of matrices and matrix
polynomials have been studied extensively over the years (see, for example, [2, 100] and the
references therein). However, for analyzing structured eigenvalue problems, it is necessary to
consider structured pseudospectra. We define structured backward error of an approximate
eigenvalue of a structured matrix polynomial and analyze structured pseudospectra. We es-
tablish a partial equality between structured and unstructured pseudospectra and show that
such partial equality plays an important role in solving certain structured distance problems.

Structured mapping problem naturally occurs while addressing some of the issues discussed
above. Given two matrices X and B of same size the structured mapping problem requires
finding a “structured” square matrix A, if any, such that AX = B. Indeed, the task is
to find an A that has smallest norm. We produce a complete solution to the structured
mapping problem. As a consequence, we determine structured backward errors of approximate
invariant subspace of structured matrices. More generally, we consider the structured inverse
least-square problem in which the task is to solve the minimization problem

min
A
‖AX −B‖F ,

where the minimization is taken over structured matrices. we also provide a complete solution
of structured inverse least-square problem.

1.2 Preliminaries

In this section we present some basic definitions and results which will be used throughout
the thesis. We use standard notations such as Cn and Cm×n to denote the vector space of
n-tuples [x1, . . . , xn]T , xi ∈ C, and the vector space of m-by-n matrices with real or complex

3

TH-789_04612301



entries. We denote by AT and AH the transpose and conjugate transpose of a matrix A ∈
Cn×n respectively. For A ∈ Cn×n, we denote the spectrum of A by σ(A) and is given by
σ(A) := {λ ∈ C : det(A− λI) = 0}.

The singular value decomposition (SVD) of a matrix A ∈ Cm×n is given by A = UΣV H ,

where U ∈ Cm×m and V ∈ Cn×n are unitary and Σ ∈ Cm×n is a diagonal matrix with
nonnegative diagonal entries (appear in descending order of magnitude). We denote the
smallest nonzero singular value of a matrix A by σmin(A).

Now we define the Kronecker product and Hadamard product of matrices which will be
used in the sequel.

Definition 1.2.1. ([84]) Let A ∈ Cm×n and B ∈ Cp×q. Then the Kronecker product of A

and B denoted by A⊗B is given by the mp-by-nq block matrix

A⊗B :=




a11B . . . a1nB
...

. . .
...

am1B . . . amnB


 .

Properties of the Kronecker product:([84])

1. Let A ∈ Cm×n, B ∈ Cr×s, C ∈ Cn×p and D ∈ Cs×t. Then

(A⊗B)(C ⊗D) = AC ⊗BD (∈ Cmr×pt).

2. For all A and B, (A ⊗ B)T = AT ⊗ BT , (A⊗B) = A ⊗ B, (A ⊗ B)H = AH ⊗ BH ,

where A denotes the conjugate of A.

3. If A and B are nonsingular, (A⊗B)−1 = A−1 ⊗B−1.

4. For all A and B, rank(A⊗B) = (rank(A))(rank(B)) = rank(B ⊗A).

5. Let A ∈ Cn×n and B ∈ Cm×m. Then

• Tr(A⊗B) = (Tr(A))(Tr(B)) = Tr(B ⊗A)

• det(A⊗B) = (det(A))m(det(B))n = det(B ⊗A),

where Tr(A) is the trace of A and det(A) denotes the determinant of A.

The Hadamard product of matrices is defined as follows.

Definition 1.2.2. ([84]) Let A = (aij) ∈ Cm×n and B = (bij) ∈ Cm×n. Then the Hadamard
product of A and B, denoted by A ◦B, is defined as the entry-wise product of A and B, that
is, the (i, j)th entry of A ◦B is aijbij .

Properties of the Hadamard product:([84]) Suppose A,B, C ∈ Cm×n and z ∈ C. Then

1. A ◦B = B ◦A.

2. A ◦ (B + C) = (A ◦B) + (A ◦ C).

3. A ◦ (zB) = z(A ◦B).

4
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We now briefly consider vector and matrix norms to be used in the subsequent develop-
ment.

Definition 1.2.3. A function ‖ · ‖ : Cn → R is said to be a norm on Cn (or a vector norm)
if it satisfies the following conditions:

• ‖x‖ = 0 ⇔ x = 0.

• ‖αx‖ = |α|‖x‖ for α ∈ C and x ∈ Cn.

• ‖x + y‖ ≤ ‖x‖+ ‖y‖ for x, y ∈ Cn.

Let ‖ · ‖ be a norm on Cn. Define ‖ · ‖d : Cn → R by

‖y‖d := sup{|yHx| : x ∈ Cn, ‖x‖ = 1}.

Then it is easy to see that ‖ · ‖d is a norm and is called the dual norm of the norm ‖ · ‖. It
follows that for x, y ∈ Cn, we have |yHx| ≤ ‖x‖ ‖y‖d.

Definition 1.2.4. ([87]) A norm ‖ · ‖ on Cn is said to be a monotone if |x| ≤ |y| ⇒ ‖x‖ ≤
‖y‖, where |x| ≤ |y| means |xj | ≤ |yj | for j = 0 : n.

Now we consider matrix norm, that is, norm on Cn×n. Let ‖ · ‖ be norm on Cn. Define
‖ · ‖ : Cn×n → R by

‖A‖ := sup{‖Ax‖ : x ∈ Cn, ‖x‖ = 1}.

Then ‖·‖ is a norm on Cn×n and is referred to as the induced operator norm or the subordinate
norm. The subordinate norm induced by the 2-norm ‖ · ‖2 on Cn is referred to as the spectral
norm or the 2-norm on Cn×n. We denote the spectral norm on Cn×n by ‖ · ‖2. Thus

‖A‖2 := max
‖x‖2=1

‖Ax‖2.

The Frobenius norm on Cn×n is denoted by ‖ · ‖F and is given by ‖A‖F := (Tr(AHA))1/2.

The spectral and the Frobenius norms have the following useful properties

• ‖Ux‖2 = ‖x‖2 if UHU = In,

• ‖UAV H‖2,F = ‖A‖2,F if UHU = I = V HV,

• ‖AB‖2,F ≤ ‖A‖2,F ‖B‖2,F , where the notation ‖ · ‖2,F denotes either ‖ · ‖2 or ‖ · ‖F .

1.2.1 Davis-Kahan-Weinberger dilation theorem

Now we state the Davis-Kahan-Weinberger (DKW) dilation theorem which will be used in
the subsequent development.

Let H := H1⊕H2 and K := K1⊕K2 be Hilbert spaces and T : H → K be a bounded linear

operator given by T :=

[
A C

B D

]
. Then T is called a dilation of A. The norm preserving

dilation problem states that given A,B, C and a positive number

µ ≥ max

(∥∥∥∥∥

[
A

B

]∥∥∥∥∥ ,
∥∥∥
[
A C

]∥∥∥
)

, (1)
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find all possible D such that

∥∥∥∥∥

[
A C

B D

]∥∥∥∥∥ ≤ µ. Complete solution of this problem is provided

by the Davis-Kahan-Weinberger (DKW) theorem, see [24]. We state the result in the context
of matrices.

Theorem 1.2.5 (Davis-Kahan-Weinberger, [24]). Let A,B, C be given matrices. Then for

any positive number µ satisfying (1), there exists D such that

∥∥∥∥∥

[
A C

B D

]∥∥∥∥∥
2

≤ µ. Indeed, those

D which have this property are exactly those of the form

D = −KAHL + µ(I −KKH)1/2Z(I − LHL)1/2,

where KH := (µ2I−AHA)−1/2BH , L := (µ2I−AAH)−1/2C and Z is an arbitrary contraction,
that is, ‖Z‖2 ≤ 1.

We mention that in the case when (µ2I −AHA) is singular, the inverses in KH and L are
replaced by Moore-Penrose pseudo-inverses (see, [76]).

The DKW Theorem 1.2.5 is a landmark result in the dilation theory of Hilbert space
operators and has found applications in many different areas. Specifically, solutions of finite
dimensional norm preserving dilation problem (as stated above) have found applications in
numerical analysis ([23, 33, 76, 77, 102]). The general solution of DKW Theorem provides
solution of norm preserving dilation problem for symmetric, skew-symmetric, Hermitian and
skew-Hermitian operators. All matrices in this section are assumed to have entries from K
where K = R or K = C.

Corollary 1.2.6. ([24]) Given a Hermitian matrix A and a matrix B, set µ :=

∥∥∥∥∥

[
A

B

]∥∥∥∥∥
2

.

Then there exists D = DH such that

∥∥∥∥∥

[
A BH

B D

]∥∥∥∥∥ = µ. Those D which have this property are

of the form
D = −KAKH + µ(I −KKH)1/2Z(I −KKH)1/2,

where K := B(µ2I −A2)−1/2 and Z = ZH is an arbitrary contraction.

Now suppose that A is skew-hermitian. Then the norm preserving skew-Hermitian dilation
of A is obtained from the DKW Theorem by considering the fact that A = AH and C = −BH .

Corollary 1.2.7. Given a skew-Hermitian matrix A and a matrix B, set µ :=

∥∥∥∥∥

[
A

B

]∥∥∥∥∥
2

. Then

there exists D = −DH such that

∥∥∥∥∥

[
A −BH

B D

]∥∥∥∥∥
2

= µ. Those D which have this property are

of the form
D = −KAKH + µ(I −KKH)1/2Z(I −KKH)1/2

with K := B(µ2I + A2)−1/2 and Z = −ZH is any arbitrary contraction.

Next, suppose that A is symmetric. Then the norm preserving symmetric dilation of A

follows from the DKW Theorem.

6
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Corollary 1.2.8. Given a symmetric matrix A and a matrix B, set µ :=

∥∥∥∥∥

[
A

B

]∥∥∥∥∥
2

. Then

there exists D = DT such that

∥∥∥∥∥

[
A BT

B D

]∥∥∥∥∥
2

= µ. Those D which have this property are of

the form
D = −KAKT + µ(I −KKH)1/2Z(I −KKT )1/2,

where K := B(µ2I −AA)−1/2 and Z = ZT is an arbitrary contraction.

Proof: Using that fact AT = A and C = BT , by the DKW Theorem, we have K =
B(µ2I−AA)−1/2 and L = (µ2I−AA)−1/2BT = KT . Hence I−KKH = I−B(µ2I−AA)−1BH

and I−LHL = I−B(µ2I−AA)−1BT = (I−KKH)T = (I−KKT ). Hence the result follows.
¥

Finally, when A is skew-symmetric, the norm preserving skew-symmetric dilations of A

are given in the following result.

Corollary 1.2.9. Given a skew-symmetric matrix A and a matrix B, set µ :=

∥∥∥∥∥

[
A

B

]∥∥∥∥∥
2

.

Then there exists D = −DT such that

∥∥∥∥∥

[
A −BT

B D

]∥∥∥∥∥
2

= µ. Those D which have this property

are of the form
D = −KAKT + µ(I −KKH)1/2Z(I −KKT )1/2,

where K = B(µ2I + AA)−1/2 and Z = −ZT is an arbitrary contraction.

Proof: Using the fact that A = −AT and C = −BT , by the DKW Theorem, we have
K = B(µ2I + AA)−1/2 and L = −(µ2I + AA)−1/2BT = −KT . Consequently, we have
I−KKH = I−B(µ2I +AA)−1BH and I−LHL = I−B(µ2I +AA)−1BT = (I−KKH)T =
(I −KKT ). Hence the result follows. ¥

1.2.2 Matrix polynomials and linearizations

Let Pm(Cn×n) denote the set of matrix polynomials of the form P(z) :=
∑m

j=0 zjAj , where
Aj ∈ Cn×n. Then Pm(Cn×n) is a linear space. Now we equip Pm(Cn×n) with a norm and
make it a normed linear space. For P ∈ Pm(Cn×n) given by P(z) =

∑m
j=0 zjAj , we consider

the Frobenius and the spectral polynomial norms given by

|||P|||F :=




m∑

j=0

‖Aj‖2F




1/2

and |||P|||2 :=




m∑

j=0

‖Aj‖22




1/2

(1.2)

respectively. Then it follows that, for any λ ∈ C, ‖P(λ)‖ ≤ |||P|||F,2 ‖Λm‖2, where Λm =
[1, λ, . . . , λm]T .

A matrix polynomial P ∈ Pm(Cn×n) is said to be regular if det(P(λ)) 6= 0 for some λ ∈ C.

The spectrum of a regular polynomial P, denoted by σ(P), is given by

σ(P) := {λ ∈ C : det(P(λ)) = 0}. (1.3)
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It is possible for P to have an infinite eigenvalue whenever the determinant of the leading
coefficient of the polynomial is zero. The technical device underlying the notion of the eigen-
value ∞ can be resolved by considering the homogeneous polynomials, see [2, 26]. However,
an infinite eigenvalue of a polynomial P ∈ Pm(Cn×n) can also be resolved by considering
the reverse polynomial revP of P given by revP(z) := zmP(1/z) for z ∈ C. Then ∞ is an
eigenvalue of P if and only if 0 is an eigenvalue of revP. Note that σ(P) is to be considered as
a subset of C∞ := C ∪ {∞}, the one point compactification of C, whenever P has an infinite
eigenvalue. Note also that the map Ψ : C∞ → C∞, z 7→ z−1 is continuous. Hence in the space
C∞ the following spectral mapping holds:

σ(revP) = {1/λ ∈ C∞ : λ ∈ σ(P)} = Ψ(σ(P)).

In fact rev-operator is a linear isomorphism and |||P|||F,2 = |||revP|||F,2 holds, for details see [2].
The polynomial eigenvalue problem is concerned with finding (λ, x, y) ∈ C×Cn×Cn such

that
P(λ)x = 0 and yHP(λ) = 0,

where P ∈ Pm(Cn×n). The nonzero vectors x and y are called right and left eigenvectors,
respectively and λ is called the eigenvalue of P. An eigenvalue λ of a polynomial P ∈ Pm(Cn×n)
is called simple if λ is a simple root of the scalar polynomial det(P(λ)). It is shown in [1] that,
yH(∂P(λ)/∂λ)x 6= 0, where ∂P(λ)/∂λ is the first derivative of P(λ) with respect to λ, if and
only if λ is a simple eigenvalue of P and x, y are the corresponding right and left eigenvectors
respectively.

Due to the lack of a genuine polynomial eigensolver, the standard way of solving polynomial
eigenvalue problem is to convert the polynomial P into an equivalent linear polynomial. Given
a polynomial P ∈ Pm(Cn×n), it is possible to convert it into an equivalent linear polynomial

L(λ) = λX + Y, X, Y ∈ Cmn×mn.

The linear polynomial L is called a linearization of P.

Definition 1.2.10. (Linearization,[64]) Let P ∈ Pm(Cn×n). A linear polynomial L(λ) =
λX+Y with X,Y ∈ Cmn×mn is called a linearization of P if there exist unimodular polynomial
( a polynomial E(λ) is called a unimodular if det E(λ) is a nonzero constant, independent of
λ), E(λ) and F (λ) such that

E(λ)L(λ)F (λ) =

[
P(λ) 0

0 I(m−1)n

]
, for all λ ∈ C.

Note that an immediate consequence of the above definition is that γ det(L(λ)) = det(P(λ))
for some nonzero constant γ. Thus L and P have the same spectrum. In practice the most
commonly used examples of linearizations are companion forms or companion polynomials,
see [64]. Using these linearizations as prototypes, Mackey et al., [64] introduced two linear
spaces of easily constructible linearizations, denoted by L1(P) and L2(P), and provided a
systematic procedure to obtain those linearizations.
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Definition 1.2.11. ([64]) Let P ∈ Pm(Cn×n). Then define

L1(P) := {L(λ) : L(λ).(Λm−1 ⊗ In) = v ⊗ P(λ), v ∈ Cm}
L2(P) := {L(λ) : (ΛT

m−1 ⊗ In).L(λ) = ωT ⊗ P(λ), ω ∈ Cm}

where Λm−1 := [λm−1, λm−2, . . . , λ, 1]T , ⊗ is the Kronecker product, v is called the right
ansatz vector for L(λ) ∈ L1(P) and ω is called the left ansatz vector for L(λ) ∈ L2(P).

It is also shown in [64] that L1(P) and L2(P) are linear spaces over C with dimL1(P) =
m(m− 1)n2 + m = dimL2(P).

Notice that when if P is regular, then any linearization L for P must also be regular. In
particular, a more surprising result proved in [64] is as follows.

Theorem 1.2.12. Let P be a regular matrix polynomial and let L ∈ L1(P). Then L is a
linearization for P if and only if L is a regular pencil.

For polynomial eigenvalue problem, the key task for linearizing the polynomial is that, the
eigenelements should easily be recovered from the computed eigenelements of the linearization.
It is shown in [64] that the linearizations belong to the spaces L1(P) and L2(P) provide
a handy machinery to recover the eigenelements of the given polynomial. The following
Theorem illustrates the relation between the eigenelements of P and the eigenelements of its
linearization L ∈ L1(P) or L ∈ L2(P).

Theorem 1.2.13. (Eigenvector recovery from pencils in L1(P), L2(P), [64]). Let P ∈ Pm(Cn×n)
be a regular matrix polynomial and let L(λ) ∈ L1(P) with non-zero right ansatz vector v. Then
x ∈ Cn is an eigenvector for P corresponding to the finite eigenvalue λ ∈ C if and only if
Λm−1 ⊗ x is an eigenvector for L(λ) corresponding to the eigenvalue λ. In fact, every right
eigenvector of L with finite eigenvalue λ is of the form Λm−1 ⊗ x for some eigenvector x of
P.

Similarly, if L ∈ L2(P) with left ansatz vector ω, then y ∈ Cn is a left eigenvector for
P corresponding to the finite eigenvalue λ ∈ C if and only if Λm−1 ⊗ y is a left eigenvector
for L(λ) corresponding to the eigenvalue λ. In fact, every left eigenvector of L with finite
eigenvalue λ is of the form Λm−1 ⊗ x for some eigenvector x of P.

Recall that a vector x ∈ Cn is a right ( left ) eigenvector of a polynomial P with eigenvalue
∞ if and only if x is the right ( left ) eigenvector of revP with eigenvalue 0.

Theorem 1.2.14. (Eigenvector recovery at ∞, [64]). Let P ∈ Pm(Cn×n). Assume that L ∈
L1(P)( resp.L2(P)) with nonzero right ( left ) ansatz vector v. Then x ∈ Cn is a right ( left )
eigenvector for P with eigenvalue ∞ if and only if e1 ⊗ x is a right ( left ) eigenvector for L
with eigenvalue ∞. If, in addition, P is regular and L ∈ L1(P) ( resp. L2(P)) is a linearization
for P, the every right ( left ) eigenvector of L with eigenvalue ∞ is of the form e1 ⊗ x for
some right ( left ) eigenvector x of P with eigenvalue ∞.

By Theorem 1.2.13 and Theorem 1.2.14 it follows that, for an eigenvalue λ of a polynomial
P ∈ Pm(Cn×n), it is necessary to construct two linearizations from each of the two spaces
L1(P) and L2(P) to recover the corresponding right and the left eigenvectors respectively.
Now the natural question is: can we have a single linearization which produces both the
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right and left eigenvectors? Besides, availability of a very large sources of linearizations give
rise a problem of choosing a linearization. These problems are overcome by constructing a
new space of potential linearizations, called the double ansatz space out of the two spaces of
linearizations L1(P) and L2(P).

Definition 1.2.15. (Double ansatz space, [64]) Let P ∈ Pm(Cn×n). Then define the double
ansatz space as

DL(P) := L1(P) ∩ L2(P). (1.4)

Further, a linearization L ∈ L1(P) is associated with a right ansatz vector v ∈ Cm and
L ∈ L2(P) is associated with a left ansatz vector ω ∈ Cm. Hence for L ∈ DL(P) there should
be some relation between v and ω. The following Theorem gives this relation.

Theorem 1.2.16. ([64]) Let P ∈ Pm(Cn×n) be a matrix polynomial. Then, for vectors
v = [v1, v2, . . . , vm]T and ω = [ω1, ω2, . . . , ωm]T , there exist an mn × mn matrix pencil
L(λ) = λX + Y ∈ DL(P) that simultaneously satisfies

L(λ).(Λm−1 ⊗ In) = v ⊗ P(λ), and (ΛT
m−1 ⊗ In).L(λ) = ωT ⊗ P(λ)

if and only if v = ω.

Notice that every pencil in DL(P) is not a linearization of a given polynomial [64]. Hence
for a given pencil L ∈ DL(P), how to decide that it is a linearization of the given polynomial?
What is the connection between the linearization condition of a pencil L and the ansatz
vector v which defines L? To answer these questions, a scalar polynomial, called v-polynomial
is defined in [64].

Definition 1.2.17. (v-polynomial, [64]) Let v = [v1, v2, . . . , vm]T ∈ Cm. Define the scalar
polynomial

p(x; v) = v1x
m−1 + v2x

m−2 + . . . + vm−1x + vm (1.5)

referred to as the “v-polynomial” of the vector v. We adopt the convention that p(x; v) has a
root at ∞ whenever v1 = 0.

A connection between the linearization condition of any pencil L ∈ DL(P) and the ansatz
vector v that defines L, is established in [64] using the v-polynomial. Besides, it is also shown
that v-polynomial plays an important role in finding the determinant of L ∈ DL(P). The
following eigenvalue exclusion Theorem describes the linearization condition.

Theorem 1.2.18. ( Eigenvalue exclusion Theorem, [64]) Suppose that P ∈ Pm(Cn×n) and
L ∈ DL(P) is a linearization with ansatz vector v. Then L is a linearization for P if and only
if no root of the v-polynomial is an eigenvalue of P. ( Note that this statement includes ∞ as
one of the possible roots of p(x; v) or possible eigenvalue of P).

Assume that L(λ) = λX + Y ∈ L1(P)/DL(P) is a linearization of a polynomial P ∈
Pm(Cn×n) with respect to the normalized right ansatz vector v ∈ Cm. Then using Theo-
rem 1.2.13 we have the following lemma.
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Lemma 1.2.19. Let L ∈ L1(P)/DL(P) be a linearization of a polynomial P ∈ Pm(Cn×n),
corresponding to the ansatz vector v ∈ Cm. Then we have

‖L(λ)(Λm−1 ⊗ x)‖2 = ‖v‖2 ‖P(λ)x‖2, (1.6)

|(Λm−1 ⊗ x)T L(λ)(Λm−1 ⊗ x)| = |ΛT
m−1v| |xT P(λ)x|, (1.7)

|(Λm−1 ⊗ x)HL(λ)(Λm−1 ⊗ x)| = |ΛH
m−1v| |xHP(λ)x|. (1.8)

Proof: Assume that L ∈ L1(P)/DL(P) is a linearization associated to the ansatz vector
v ∈ Cm of the given polynomial P. Then we have L(λ)(Λm−1⊗In) = v⊗P(λ). Postmultiplying
both sides by (1⊗ x) and then applying norm both sides we obtain

L(λ)(Λm−1 ⊗ In)(1⊗ x) = (v ⊗ P(λ))(1⊗ x)

⇒ L(λ)(Λm−1 ⊗ x) = v ⊗ P(λ)x

⇒ ‖L(λ)(Λm−1 ⊗ x)‖2 = ‖v ⊗ P(λ)x‖2 = ‖v‖2 ‖P(λ)x‖2.

This proves (1.6).
Further, by Theorem 1.2.13 we know that x ∈ Cn is a right eigenvector of P corresponding

to the eigenvalue λ if and only if Λm−1 ⊗ x is a right eigenvector of L corresponding to the
eigenvalue λ. Therefore we have

(Λm−1 ⊗ x)T L(λ)(Λm−1 ⊗ x) = (Λm−1 ⊗ x)T (v ⊗ P(λ)x)

= (ΛT
m−1 ⊗ xT )(v ⊗ P(λ)x)

= ΛT
m−1v ⊗ xT P(λ)x = ΛT

m−1v · xT P(λ)x.

Now taking modulus in both sides we obtain (1.7). The proof is similar for (1.8).¥

1.2.3 Structured matrices and matrix polynomials

An n-by-n matrix A is said to be structured if its entries depend on less than n2 parameters.
Hermitian and Hamiltonian matrices are well known examples of structured matrices. A

2n-by-2n real matrix H given by H :=

[
A B

C −AT

]
is called a Hamiltonian matrix, where

B = BT , C = CT . Hamiltonian matrices occur in many practical application. It is well
known that if λ is an eigenvalue of H then −λ, λ,−λ are also eigenvalues of H. In other
words, the spectrum of H is symmetric with respect to real and imaginary axis. It is well
known that the set of Hamiltonian matrices forms a Lie algebra whereas the set of Hermitian
matrices forms a Jordan Algebra. In the thesis we consider more general classes of structured
matrices in the setting of Jordan and Lie algebras associated with appropriate scalar products.
We proceed as follows.

Let K denote the field R or C and let M ∈ Kn×n be unitary. Consider the scalar product
Kn ×Kn → K, (x, y) 7→ 〈x, y〉M given by

〈x, y〉M :=

{
yT Mx, bilinear
yHMx, sesquilinear,

(1.9)
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where xH denotes the conjugate transpose of x. Then for A ∈ Kn×n there is a unique matrix
A∗ called the adjoint of A with respect to the scalar product 〈·, ·〉M such that 〈Ax, y〉M =
〈x, A∗y〉M for all x and y in Kn. An explicit formula for the adjoint is given by

A∗ =

{
M−1AT M, bilinear form,
M−1AHM, sesquilinear form.

(1.10)

This gives us two classes of structured matrices, namely, the Lie algebra

L := {A ∈ Kn×n : A∗ = −A} (1.11)

and the Jordan algebra
J := {A ∈ Kn×n : A∗ = A}. (1.12)

Further, for bilinear form, we assume that MT = ±M and, for sesquilinear form, we assume
MH = ±M. We say that a matrix A is structured if A belongs to J or L. The Jordan and Lie
algebras so considered encompass a wide classes of structured matrices. A few examples of
structured matrices associated with the scalar products 〈., .〉M are given in Table 1.1, see [71].

K M J L
Rn In Symmetric Skewsymmetric
Cn In Cplx Symmetric Cplx Skewsymmetric
R2n J Skew-Hamiltonian Hamiltonian
C2n J Cplx J-Skew-symmetric Cplx J-Symmetric
Cn In Hermitian Skew-Hermitian
Cn Sp,q Pseudo-Hermitian Pseudo-skew-Hermitian
C2n J Cplx skew-Hamiltonian Cplx Hamiltonian

Table 1.1: The Jordan and Lie algebras corresponding to various scalar products.

Here Sp,q :=

[
Ip 0
0 −Iq

]
is the signature matrix and J :=

[
0 In

−In 0

]
.

Let ∗ ∈ {T, H}. Then observe that the following holds.

M∗ = M : A ∈ J ⇔ (MA)∗ = MA

A ∈ L ⇔ (MA)∗ = −MA

M∗ = −M : A ∈ J ⇔ (MA)∗ = −MA

A ∈ L ⇔ (MA)∗ = MA.

Obviously, structured matrices can be used to define structured matrix polynomials. For
example, a matrix polynomial P is obviously structured if the coefficients of P are either in J
or L. However, there are interesting structured matrix polynomials whose coefficient matrices
are not the elements of Jordan and/or Lie algebras.

Much of the recent research on structured polynomial eigenvalue problems was motivated
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by the second-order polynomial of the form

A0 + zA1 + z2AT
0 , (1.13)

where A1 is complex symmetric: AT
1 = A1. This type of polynomials arise in the study

of rail traffic noise caused by high speed trains, see [64, 68, 82]. Notice that the matrix
polynomial (1.13) has the property that reversing the order of the coefficients A0, A1, followed
by taking their transpose, gives back the original polynomial. By analogy with linguistic
palindromes, this type of polynomials are called T -palindromic polynomials, for further details,
see [64, 68, 82].

Consider the reversal of a polynomial P ∈ Pm(Cn×n). Then note that revP(λ)T =
P(λ)T , ∀λ ∈ C for palindromic polynomials. Similarly if revP(λ)T = −P(λ)T ,∀λ ∈ C it
introduces a new structured polynomials which behaves like “anti” to the palindromic poly-
nomials and hence this type of polynomials are called T -anti-palindromic polynomials.

Further, in gyroscopic systems the following type of polynomial eigenvalue problems occur
in the modelling of physical problems. For example

(A0 + λA1 + λ2A2)x = 0, (1.14)

where A0, A2 are symmetric matrices and A1 is skew-symmetric matrix: AT
0 = A0, A

T
2 =

A2, A
T
1 = −A1. Observe that, replacing λ by −λ we obtain the same polynomial eigenvalue

problem. Thus λ 7→ −λ acts like an even function and this type of polynomials are called
T -even polynomials. Similarly if λ 7→ −λ acts like an odd function then we turn into a new
type of structured polynomials called T -odd polynomials, for example

A0 + zA1 + z2A2 (1.15)

where A0, A2 are skew-symmetric matrices and A1 is a symmetric matrix: AT
0 = −A0, A

T
2 =

−A2, A
T
1 = A1. These two types of polynomials are also related by their reversals. In fact the

reversal of a T -even polynomial is a T -odd polynomial and vice versa.

Its evident that replacing transpose “T” by conjugate transpose “H” of the coefficient
matrices of the above types of polynomials we obtain new structured polynomials called H-
palindromic, H-anti-palindromic, H-even and H-odd polynomials, see [64].

Due to the structure of the coefficient matrices of the polynomial it enforces a symmetry
in the spectrum of the structured polynomial discussed above. In the thesis we consider the
structured polynomials described in Table 1.2. We denote the space of structured matrix
polynomials by S.

In order to consider more general classes of structured polynomials we could replace trans-
pose or conjugate transpose of matrices by adjoint of matrices defined in (1.10), associated
with the scalar product 〈·, ·〉M defined in (1.9). Thus we could obtain wide classes of structured
polynomials identical to that of the polynomials given in Table 1.2.

Structured linearizations of structured matrix polynomials. As mentioned before,
the standard approach to solving a polynomial eigenvalue problem proceed by linearizing the
matrix polynomial into a matrix pencil of larger size. A question of practical importance
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P(λ) =
∑m

j=0 λjAj ∈ S
Structure Condition m = 2

T -symmetric PT (λ) = P(λ) P(λ) = λ2A0 + λA1 + A2,
AT

0 = A0, AT
1 = A1, AT

2 = A2

T -skew-symmetric PT (λ) = −P(λ) P(λ) = λ2A0 + λA1 + A2,
AT

0 = −A0, AT
1 = −A1, AT

2 = −A2

H-Hermitian PH(λ) = P(λ) P(λ) = λ2A0 + λA1 + A2,
AH

0 = A0, AH
1 = A1, AH

2 = A2

H-skew-Hermitian PH(λ) = −P(λ) P(λ) = λ2A0 + λA1 + A2,
AH

0 = −A0, AH
1 = −A1, AH

2 = −A2

∗-even P∗(λ) = P(−λ) P(λ) = λ2A + λB + C,
A∗ = A,B∗ = −B, C∗ = C

∗-odd P∗(λ) = −P(−λ) P(λ) = λ2A + λB + C,
A∗ = −A,B∗ = B,C∗ = −C

∗-palindromic P∗(λ) = λmP(1/λ) P(λ) = λ2A + λB + A∗, B∗ = B
∗-anti-palindromic P∗(λ) = λmP(−1/λ) P(λ) = λ2A + λB −A∗, B∗ = −B

Table 1.2: Overview of structured matrix polynomials. Note that ∗ ∈ {T,H} may denote
either the complex transpose (∗ = T ) or the Hermitian transpose (∗ = H).

is whether structured polynomial can be linearized into a matrix pencil which reflects the
structure of the polynomial. This issue is investigated in an exhaustive way in [64]. For all the
structured polynomials defined above it is showed in [64] that a special class of linearizations
that reflect the structure of the polynomial always exist. Those linearizations are called
structured linearizations of the structured polynomial. In fact a systematic procedure to
construct such linearizations is also discussed in [64]. Define matrices R, Σ ∈ Rm×m by

R =




1
. . .

1


 , and Σ = diag{(−1)m−1, (−1)m−2, . . . , (−1)0}. (1.16)

Table 1.3 summarizes the conditions the ansatz vector should satisfy for this purpose(see
details in [64]).

structure of P structure of L ansatz vector
T -symmetric T -symmetric v ∈ Cm

T -skew-symmetric T -skew-symmetric v ∈ Cm

H-Hermitian H-Hermitian v ∈ Rm

H-skew-Hermitian v ∈ iRm

H-skew-Hermitian H-Hermitian v ∈ iRm

H-skew-Hermitian v ∈ Rm

∗-even ∗-even Σv = (v∗)T

∗-odd Σv = −(v∗)T

∗-odd ∗-even Σv = −(v∗)T

∗-odd Σv = (v∗)T

∗-palindromic ∗-palindromic Rv = (v∗)T

∗-antipalindromic Rv = −(v∗)T

∗-antipalindromic ∗-palindromic Rv = −(v∗)T

∗-antipalindromic Rv = (v∗)T

Table 1.3: Structured linearizations of structured polynomials. Here ∗ ∈ {T, H}.
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Chapter 2

Structured mapping problem

Given two matrices X and B of same size, the structured mapping problem requires to find a
“structured” square matrix A such that AX = B and that A has the smallest norm. In this
chapter, we investigate structured mapping problem for variety of linearly structured matrices
and provide a complete solution.

2.1 Introduction

Let S be a subset of Kn×n, where K := R or C. If A ∈ S then we say that the matrix A has
structure S. For X ∈ Kn×k and B ∈ Kn×k, consider S(X, B) := {A ∈ S : AX = B}. The
structured mapping problem can be stated as follows.

Problem. Provide a necessary and sufficient condition for S(X, B) to be nonempty.
When S(X, B) 6= ∅, characterize elements of S(X, B) and determine inf{‖Z‖ : Z ∈ S(X,B)}.
Further, determine all A ∈ S(X,B) such that ‖A‖ = inf{‖Z‖ : Z ∈ S(X, B)}.

In this chapter, we consider S = J or S = L, where J and L are the Jordan and Lie algebra,
respectively, associate with appropriate scalar product defined on Kn.

For the special case when x ∈ Kn, b ∈ Km and S = Kn×n, Trenkler [101] revisited the
mapping problem and has provided solution of the form

A = bx† + Z(In − xx†),

where In is the n×n identity matrix, Z ∈ Km×n is arbitrary and x† is Moore-Penrose inverse
of x. Recently, a complete solution of the structured mapping problem for the case when
x ∈ Kn, b ∈ Kn and S = J or S = L has been provided in [70], where S is an appropriate
Jordan or Lie algebra. Also structured mapping for Hermitian matrices has been analyzed
in [91].

In this chapter, we consider S = J as well as S = L and provide a necessary and sufficient
condition for S(X, B) to be nonempty. Further, we determine each matrix in S(X, B) and
solve the minimization problem

min{‖A‖ : AX = B and A ∈ S(X, B)}.
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We show that the results derived in [70] follow as special cases. As an application of the
structured mapping problem, we obtain structured backward errors of approximate eigenele-
ments and approximate invariant subspaces of structured matrices. More specifically, for
(λ, x) ∈ C× Cn and A ∈ S, we define the structured backward error ηS(λ, x) by

ηS(λ, x) := inf
4A∈S

{‖4A‖ : (A +4A)x = λx}

and determine 4A ∈ S such that (A +4A)x = λx and ‖4A‖ = ηS(λ, x). Further, we define
the structured backward error of an approximate invariant subspace X of A by

ηS(X , A) := inf{‖4A‖ : (A +4A)X ⊂ X}

and determine 4A ∈ S such that (A +4A)X ⊂ X and ‖4A‖ = ηS(X , A).
As we shall see, S(X,B) may be empty for some X and B. In such a case consider the

following structured inverse least squared problem (SILSP).

Problem. Solve min{‖AX −B‖F : A ∈ S} =: ρF and determine all those A ∈ S such
that ‖AX −B‖F = ρF .

Obviously, SILSP is a generalization of the structured mapping problem. SILSP occurs
in many applications such as in particle physics and geology, inverse problems of vibration
theory, inverse Sturm-Liouville problem, control theory and multidimensional approximation.
SILSP has been studied in [90, 89, 106, 107]. We provide a complete solution of the structured
inverse least squared problem for the case when S = J or S = L.

Finally, we analyze structured pseudospectra of structured matrices in S. Structured pseu-
dospectra for various structured matrices have been investigated, for example, in [35, 81, 100].
The structured and unstructured pseudospectra of A ∈ S are given by

σSε (A) :=
⋃

‖4A‖≤ε

{σ(A +4A) : 4A ∈ S} and σε(A) :=
⋃

‖4A‖≤ε

{σ(A +4A) : 4A ∈ Cn×n},

respectively, where σ(A) is the spectrum of A. We obtain partial equality between unstruc-
tured and structured pseudospectra when S = L or S = J.

2.2 Solution of structured mapping problem

To begin with, we consider structured mapping problem for the four classes of structured
matrices, namely, Hermitian, skew-Hermitian, symmetric and skew-symmetric. As we have
already seen, these structures are prototypes of more general structures provided by Jordan
and Lie algebras associated with appropriate scalar products on Kn×n.

For A ∈ Kn×n, we denote by AT the transpose of A and by AH the conjugate transpose
of A. Also whenever necessary, for ∗ = T or ∗ = H, we write A∗ to denote the transpose or
the conjugate transpose of A. Define the map F : Kn×k ×Kn×k → Kn×n by

F(X, B) =





BX† + (BX†)T − (X†)T XT BX†, if (XT B)T = XT B

BX† − (BX†)T + (X†)T XT BX†, if (XT B)T = −XT B

BX†, else
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where X† is the Moore-Penrose pseudo-inverse of X. It is easily seen that F(X, B) is sym-
metric (resp., skew-symmetric) whenever XT B is symmetric (resp., skew-symmetric). Also
F(X, B)X = B whenever BX†X = B.

Next define the map G : Kn×k ×Kn×k → Kn×n by

G(X,B) =





BX† + (BX†)H − (X†)HXHBX†, if (XHB)H = XHB

BX† − (BX†)H + (X†)HXHBX†, if (XHB)H = −XHB

BX†, else.

Again, it is easily seen that G(X,B) is Hermitian (resp., skew-Hermitian) whenever XHB is
Hermitian (resp., skew-Hermitian). Also G(X,B)X = B whenever BX†X = B.

This shows that F(X, B) and G(X, B) are potential candidates for solutions of structured
mapping problem when (X∗B)∗ = X∗B or (X∗B)∗ = −X∗B according as the structure under
consideration is Hermitian/symmetric or shew-Hermitian/skew-symmetric, where ∗ ∈ {T, H}.
The following result provides a necessary and sufficient condition for existence of a structured
mapping by showing that there is a matrix A ∈ Kn×n such that AX = B and A∗ = A (resp.,
A∗ = −A) if and only if (X∗B)∗ = X∗B (resp., (X∗B)∗ = −X∗B)) and BX†X = B.

To make the presentation simple we use the following notions throughout the rest of the
paper.

sym = {A ∈ Kn×n : AT = A}, skew-sym = {A ∈ Kn×n : AT = −A}, K := R/C

Herm = {A ∈ Cn×n : AH = A}, skew-Herm = {A ∈ Cn×n : AH = −A}.

Theorem 2.2.1. Let (X,B) ∈ Kn×k×Kn×k. Then there exists a structured matrix A ∈ Kn×n

if and only if the condition in the Table 2.1 holds.

A Condition

sym (XT B)T = XT B and BX†X = B

skew-sym (XT B)T = −XT B and BX†X = B

Herm (XHB)H = XHB and BX†X = B

skew-Herm (XHB)H = −XHB and BX†X = B

Table 2.1: Necessary and sufficient conditions for structured mapping problem.

In particular, if X has full rank then the condition BX†X = B is redundant.

Proof: Note that if there exists a structured matrix A ∈ Kn×n as specified in the first
column of Table 2.1 such that AX = B then obviously the conditions in the second column
are satisfied. Indeed, AX = B gives (X∗B)∗ = X∗B or (X∗B)∗ = −X∗B according as A

is symmetric/Hermitian or skew-symmetric/skew-Hermitian, where ∗ = T or ∗ = H. Again
AX = B ⇒ BX†X = AXX†X = AX = B.

Conversely, if the conditions are satisfied then by constructiuon A = F(X, B) or A =
G(X,B)) gives the desired structured matrix.

Note that if X has full rank then X†X = I and hence BX†X = B. ¥

Let S denote the set of symmetric/skew-symmetric/Hermitian/skew-hermitian matrices
in Kn×n. Often we write this as S ∈ {sym, skew-sym, Herm, skew-Herm}. Observe that if A ∈
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Kn×n is given by

A :=

[
A11 A∗12
A12 A22

]
then ‖A‖F =


2

∥∥∥∥∥

[
A11

A12

]∥∥∥∥∥

2

F

− ‖A11‖2F + ‖A22‖2F




1/2

,

where ∗ = T or ∗ = H. We repeatedly use this fact in the sequel.
Recall that S(X, B) := {A ∈ S : AX = B}. Define

ηS(X, B) := inf{‖A‖ : A ∈ S and AX = B}. (2.1)

We denote ηS(X, B) by ηS2(X, B) (resp., ηSF (X, B)) when ‖ · ‖ is the spectral norm (resp.,
Frobenius norm). The following result provides a complete solution of structured mapping
problem for symmetric or skew-symmetric structure.

Theorem 2.2.2. Let X,B ∈ Kn×k. Let S ⊂ Kn×n be such that S ∈ {sym, skew-sym}. Suppose
that rank(X) = r and that S(X,B) 6= ∅. Then A ∈ S(X, B) if and only if A is of the form

A = F(X,B) + (I −XX†)T Z(I −XX†)

for some Z ∈ S, that is, S(X, B) = F(X,B) + (I −XX†)TS(I −XX†).
Consider the SVD X := UΣV H . Let U = [U1 U2], where U1 ∈ Kn×r.

1. Frobenius norm: Then A := F(X, B) is a unique matrix in S such that AX = B

and
ηSF (X, B) = ‖A‖F =

√
2‖BX†‖2F − Tr(BX†(BX†)H(XX†)T ).

2. Spectral norm: We have ηS2(X,B) = ‖BX†‖2. Consider the matrix

A = F(X, B)− (I −XX†)T KUH
1 BX†U1K

T (I −XX†) + N,

where N = µU2(I − UT
2 KKHU2)1/2Z(I − UH

2 KKT U2)1/2UH
2 , µ = ‖BX†‖2,

K =

{
BX†U1(µ2I − UH

1 BX†BX†U1)−1/2, if S = sym

BX†U1(µ2I + UH
1 BX†BX†U1)−1/2, if S = skew-sym.

and Z ∈ S is a contraction. Then A ∈ S, AX = B and ‖A‖2 = ηS2(X, B) = ‖BX†‖2.
Proof: First, suppose that S = sym. By assumption there exists A ∈ S be such that AX = B.

Note that Range(X) = Range(U1). Thus representing A relative to the decomposition

A : Range(X)⊕ Range(X)⊥ → Range(X)⊕ Range(X)⊥,

we have A = U U
H

AUUH . Set Â = UT AU =

[
A11 AT

12

A12 A22

]
. Then Â ∈ S and ‖A‖2,F =

‖Â‖2,F . Set Σ1 := Σ(1 : r, 1 : r). Let V = [V1, V2] be a conformal partition of V such that
X = U1Σ1V1. Now AX = B ⇒ UÂUHX = B. This gives

[
A11 AT

12

A12 A22

] [
UH

1

UH
2

]
X = UT B =

[
UT

1

UT
2

]
B ⇒

[
A11 AT

12

A12 A22

][
Σ1V

H
1

0

]
=

[
UT

1 B

UT
2 B

]
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⇒ A11Σ1V
H
1 = UT

1 B and A12Σ1V
H
1 = UT

2 B.

Therefore, we have A11 = UT
1 BV1Σ−1

1 = UT
1 BX†U1, A12 = UT

2 BV1Σ−1
1 . Notice that A11

is symmetric if and only if XT B = BT X and BX†X = B. Indeed XT B = BT X gives
V 1Σ1U

T
1 B = BT U1Σ1V

H
1 and thus BT U1 = V 1Σ1U

T
1 BV1Σ−1

1 . Now

(U1BX†U1)T = UT
1 (X†)T BT U1 = UT

1 U1Σ−1
1 V T

1 BT U1 = Σ−1
1 V T

1 V 1Σ1U
T
1 BV1Σ−1

1

= UT
1 BV1Σ−1

1 = UT
1 BX†U1

as desired. Thus we have

Â =

[
UT

1 BX†U1 (UT
2 BV1Σ−1

1 )T

UT
2 BV1Σ−1

1 A22

]
(2.2)

This shows that ‖Â‖2F = 2‖BX†‖2F − Tr(BX†(BX†)H(XX†)T ) + ‖A22‖2F . Hence setting
A22 = 0 we obtain a unique matrix

A = U

[
UT

1 BX†U1 (UT
2 BV1Σ−1

1 )T

UT
2 BV1Σ−1

1 0

][
UH

1

UH
2

]
= BX† + (BX†)T − (XX†)T BX† = F(X, B)

such that A ∈ S, AX = B and ‖A‖F =
√

2‖BX†‖2F − Tr(BX†(BX†)H(XX†)T ) = ηSF (X,B).
Now from (2.2) we have

A = U

[
UT

1 BX†U1 (UT
2 BV1Σ−1

1 )T

UT
2 BV1Σ−1

1 A22

][
UH

1

UH
2

]

=
[
U1 U2

] [
UT

1 BX†U1U
H
1 + Σ−1

1 V T
1 BT U2U

T
2

UT
2 BV1Σ−1

1 UH
1 + A22U

H
2

]

= (U1U
H
1 )T BX† + (V1Σ−1

1 UH
1 )T BT (I − U1U

H
1 ) + (I − U1U

H
1 )T BX† + U2A22U

H
2

= (XX†)T BX† + (X†)T BT (I −XX†) + (I −XX†)T BX† + U2A22U
H
2

= BX† + (BX†)T − (XX†)T BX† + U2U
T
2 U2A22U

H
2 U2U

H
2

= BX† + (BX†)T − (X†)T XT BX† + (I −XX†)T Z(I −XX†)

= F(X,B) + (I −XX†)T Z(I −XX†),

where Z ∈ S is arbitrary.

For the spectral norm, again consider the matrix Â given in(2.2) and set µ :=

∥∥∥∥∥

[
UT

1 BV1Σ−1
1

UT
2 BV1Σ−1

1

]∥∥∥∥∥
2

=

‖UT BV1Σ−1
1 ‖2 = ‖BX†‖2. Then it follows that ‖Â‖2 ≥ µ. Now by the DKW Theorem 1.2.8

we have ‖Â‖2 = µ when

A22 = −K1A11K
T
1 + µ(I −K1K

H
1 )1/2Z(I −K1K

T
1 )1/2

where K1 = UT
2 BX†U1(µ2I − UH

1 BX†BX†U1)−1/2 and Z ∈ S is an arbitrary contraction.
Thus we have A = BX† + (BX†)T − (XX†)T BX† + U2A22U

H
2 such that A ∈ S, AX = B

and ‖A‖2 = ‖BX †‖2 = ηS2(X, B), where A22 is defined above. Now simplifying the expression
of A we obtain the desired form of A.

The proof is similar for the case when S = skew-sym. ¥
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The next result provides a complete solution of structured mapping problem for Hermitian
or skew-Hermitian matrices.

Theorem 2.2.3. Let X,B ∈ Kn×k. Let S ⊂ Kn×n be such that S ∈ {Herm, skew-Herm}.
Suppose that rank(X) = r and that S(X, B) 6= ∅. Then A ∈ S(X, B) if and only if A is of the
form

A = G(X,B) + (I −XX†)Z(I −XX†)

for some Z ∈ S, that is, S(X, B) = G(X, B) + (I −XX†)S(I −XX†).
Consider the SVD X := UΣV H . Let U = [U1 U2], where U1 ∈ Kn×r.

1. Frobenius norm: Then A := G(X, B) is a unique matrix in S such that AX = B

and
ηSF (X, B) = ‖A‖F =

√
2‖BX†‖2F − Tr(BX†(BX†)HXX†).

2. Spectral norm: We have ηS2(X,B) = ‖BX†‖2. Consider the matrix

A = G(X, B)− (I −XX†)KUH
1 BX†U1K

H(I −XX†) + N,

where N := µU2(I − UH
2 KKHU2)1/2Z(I − UH

2 KKHU2)1/2UH
2 , µ = ‖BX†‖2,

K =

{
BX†U1(µ2I − UH

1 BX†BX†U1)−1/2, if S = Herm

BX†U1(µ2I + UH
1 BX†BX†U1)−1/2, if S = skew-Herm.

and Z ∈ S is a contraction. Then A ∈ S, AX = B and ‖A‖2 = ηS2(X, B) = ‖BX†‖2.

Proof: First, suppose that S = Herm. By assumption there exists A ∈ S be such that AX =
B. Note that Range(X) = Range(U1). Thus representing A relative to the decomposition

A : Range(X)⊕ Range(X)⊥ → Range(X)⊕ Range(X)⊥,

we have A = U UHAUUH . Set Â = UHAU =

[
A11 AH

12

A12 A22

]
. Then Â ∈ S and ‖A‖2,F =

‖Â‖2,F . Set Σ1 := Σ(1 : r, 1 : r). Let V = [V1, V2] be a conformal partition of V such that
X = U1Σ1V1. Now AX = B ⇒ UÂUHX = B. This gives

[
A11 AH

12

A12 A22

] [
UH

1

UH
2

]
X = UHB =

[
UH

1

UH
2

]
B ⇒

[
A11 AH

12

A12 A22

][
Σ1V

H
1

0

]
=

[
UH

1 B

UH
2 B

]

⇒ A11Σ1V
H
1 = UH

1 B and A12Σ1V
H
1 = UH

2 B. Solving these equations, we have

Â =

[
UH

1 BX†U1 (UH
2 BV1Σ−1

1 )H

UH
2 BV1Σ−1

1 A22

]
(2.3)

Now we have ‖Â‖2F = 2‖BX†‖2F − Tr(BX†(BX†)HXX†) + ‖A22‖2F . Hence setting A22 = 0
we obtain a unique matrix

A = U

[
UH

1 BX†U1 (UH
2 BV1Σ−1

1 )H

UH
2 BV1Σ−1

1 0

][
UH

1

UH
2

]
= BX† + (BX†)H −XX†BX† = G(X,B)
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such that A ∈ S, AX = B and ‖A‖F =
√

2‖BX†‖2F − Tr(BX†(BX†)HXX†) = ηSF (X, B).
Now from (2.3) we have

A = U

[
UH

1 BX†U1 (UH
2 BV1Σ−1

1 )H

UH
2 BV1Σ−1

1 A22

][
UH

1

UH
2

]

=
[
U1 U2

] [
UH

1 BX†U1U
H
1 + Σ−1

1 V H
1 BHU2U

H
2

UH
2 BV1Σ−1

1 UH
1 + A22U

H
2

]

= (U1U
H
1 )BX† + (V1Σ−1

1 UH
1 )HBH(I − U1U

H
1 ) + (I − U1U

H
1 )BX† + U2A22U

H
2

= XX†BX† + (X†)HBH(I −XX†) + (I −XX†)BX† + U2A22U
H
2

= BX† + (BX†)H − (X†)HXHBX† + (I −XX†)Z(I −XX†)

= G(X, B) + (I −XX†)Z(I −XX†),

where Z ∈ S is arbitrary.

For the spectral norm, again consider the matrix Â given in(2.3) and set µ :=

∥∥∥∥∥

[
UH

1 BV1Σ−1
1

UH
2 BV1Σ−1

1

]∥∥∥∥∥
2

=

‖UHBV1Σ−1
1 ‖2 = ‖BX†‖2. Then it follows that ‖Â‖2 ≥ µ. Now by the DKW Theorem 1.2.6

we have ‖Â‖2 = µ when

A22 = −K1A11K
H
1 + µ(I −K1K

H
1 )1/2Z(I −K1K

H
1 )1/2

where K1 = UH
2 BX†U1(µ2I − UH

1 BX†BX†U1)−1/2 and Z ∈ S is an arbitrary contraction.
Thus we have A = BX† + (BX†)H − XX†BX† + U2A22U

H
2 = G(X, B) + U2A22U

H
2 such

that A ∈ S, AX = B and ‖A‖2 = ‖BX†‖2 = ηS2(X,B), where A22 is defined above. Now
simplifying the expression of A we obtain the desired form of A.

The proof is similar for the case when S = skew-Herm. ¥

For the special case when X has full rank, the results obtained above have the following
simplified forms. Note that when X has full rank in such a case we have X† = (XHX)−1XH

and X†X = I. Hence we have the following result whose proof follows from Theorem 2.2.2
and Theorem 2.2.3.

Theorem 2.2.4. Let (X, B) ∈ Kn×k and S ⊂ Kn×n be such that S ∈ {sym, skew-sym,Herm, skew-Herm}.
Suppose that rank(X) = k and that S(X, B) := {A ∈ S : AX = B} 6= ∅.

1. Frobenius norm: Set A := F(X, B) when S ∈ {sym, skew-sym} and A := G(X, B)
when S ∈ {Herm, skew-Herm}. Then A is a unique matrix in S such that AX = B and

ηSF (X, B) = ‖A‖F =





√
2‖B(XHX)−1/2‖2F − ‖(XT X)−1/2XT B(XHX)−1/2‖2F ,

if S ∈ {sym, skew-sym}
√

2‖B(XHX)−1/2‖2F − ‖(XHX)−1/2XHB(XHX)−1/2‖2F ,

if S ∈ {Herm, skew-Herm}.

2. Spectral norm: We have ηS2(X, B) = ‖B(XHX)−1/2‖2. For ∗ ∈ {T, H}, consider
Q := ((XHX)−1/2)∗X∗B(XHX)−1/2 and K := B(XHX)−1/2(µ2I −QHQ)−1/2, where
µ := ‖B(XHX)−1/2‖2. Let U be an isometry such that UHX = 0.
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When ∗ = T, define

A := F(X, B)− (I −XX†)T K(XHX)−1/2XT B(K(XHX)−1/2)T (I −XX†) + N,

where N = µU(I −UT KKHU)1/2Z(I −UHKKT U)1/2UH and Z ∈ S is a contraction.

When ∗ = H, define

A := G(X,B)− (I −XX†)K(XHX)−1/2XHB(K(XHX)−1/2)H(I −XX†) + N,

where N = µU(I−UHKKHU)1/2Z(I−UHKKHU)1/2UH and Z ∈ S is a contraction.
Then A ∈ S, AX = B and ‖A‖2 = ηS2(X,B) = ‖B(XHX)−1/2‖2.

Now we present the solution of structured mapping problem for structured matrices when
S = J or S = L. Recall that J and L are Jordan and Lie algebras associated with the
scalar product 〈x, y〉M := y∗Mx, where M is unitary, M∗ = ±M and ∗ ∈ {T, H}. Also
recall that A ∈ J if and only if (MA)∗ = MA or (MA)∗ = MA according as M∗ = M or
M∗ = −M. Similarly, A ∈ L if and only if (MA)∗ = MA or (MA)∗ = −MA according as
M∗ = −M or M∗ = M. This shows that if S ∈ {J,L} then defining MS := {MA : A ∈ S} we
have MS ∈ {sym, skew-sym, Herm, skew-Herm}. Consequently, for S ∈ {J,L}, we immediately
obtain the following necessary and sufficient condition for existence of a structured mapping
in S.

Theorem 2.2.5. Let (X, B) ∈ Kn×k × Kn×k. Let S ∈ {J,L}. Then there is a matrix A ∈ S
such that AX = B if and only if the conditions in the following table holds.

M J L

MT = M (XT MB)T = XT MB (XT MB)T = −XT MB

(MB)X†X = MB (MB)X†X = MB

MT = −M (XT MB)T = −XT MB (XT MB)T = XT MB

(MB)X†X = MB (MB)X†X = MB

MH = M (XHMB)H = XHMB (XHMB)H = −XHMB

(MB)X†X = MB (MB)X†X = MB

MT = −M (XHMB)H = −XHMB (XHMB)H = XHMB

(MB)X†X = MB (MB)X†X = MB

For the special case of nonzero vectors x ∈ Kn and b ∈ Kn, by Theorem 2.2.5, we obtain
the following necessary and sufficient condition provided in [70]:

Recall that if S ∈ {J,L} then MS ∈ {sym, skew-sym,Herm, skew-Herm}. Therefore, in view
of Theorem 2.2.2 and Theorem 2.2.3, we have the following result whose proof is immediate.

Theorem 2.2.6. Let X, B ∈ Kn×k. Let S ⊂ Kn×n be such that S ⊂ {J,L}. Suppose that
rank(X) = r and that S(X,B) 6= ∅. Let A ∈ S(X, B). Then A is of the form

A = M−1F(X, MB) + M−1(I −XX†)T Z(I −XX†)
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M J L

MT = M x, b ∈ Kn 〈x, b〉M = 0
MT = −M xT Mb = 0 x, b ∈ Kn

MH = M xHMb ∈ R xHMb ∈ iR
MH = −M xHMb ∈ iR xHMb ∈ R

Table 2.2: Necessary and sufficient condition

for some Z ∈ S, that is, S(X, B) = M−1F(X,MB) + M−1(I −XX†)TS(I −XX†).
Consider the SVD X := UΣV H . Let U = [U1 U2], where U1 ∈ Kn×r.

1. Frobenius norm: When MS ∈ {sym, skew-sym} define A := M−1F(X,MB) and
when MS ∈ {Herm, skew-Herm} define A := M−1G(X, MB). Then A is a unique matrix
in S such that AX = B and

ηSF (X,B) = ‖A‖F =





√
2‖BX†‖2F − Tr(MBX†(MBX†)H(XX†)T ),

if MS ∈ {sym, skew-sym}√
2‖BX†‖2F − Tr(MBX†(MBX†)HXX†),

if MS ∈ {Herm, skew-Herm}.

2. Spectral norm: We have ηS2(X,B) = ‖BX†‖2.
When MS ∈ {sym, skew-sym} consider the matrix

A = M−1F(X, MB)−M−1(I −XX†)T KUH
1 MBX†U1K

T (I −XX†) + M−1N,

where N = µU2(I − UT
2 KKHU2)1/2Z(I − UH

2 KKT U2)1/2UH
2 , µ = ‖BX†‖2,

K =

{
MBX†U1(µ2I − UH

1 MBX†MBX†U1)−1/2, if MS = sym

MBX†U1(µ2I + UH
1 MBX†MBX†U1)−1/2, if MS = skew-sym.

and Z ∈ S is a contraction.

When MS ∈ {Herm, skew-Herm} consider the matrix

A = M−1G(X, MB)−M−1(I −XX†)KUH
1 MBX†U1K

H(I −XX†) + M−1N,

where N := µU2(I − UH
2 KKHU2)1/2Z(I − UH

2 KKHU2)1/2UH
2 , µ = ‖BX†‖2,

K =

{
MBX†U1(µ2I − UH

1 MBX†MBX†U1)−1/2, if MS = Herm

MBX†U1(µ2I + UH
1 MBX†MBX†U1)−1/2, if MS = skew-Herm.

and Z ∈ S is a contraction. Then A ∈ S, AX = B and ‖A‖2 = ηS2(X, B) = ‖BX†‖2.

When X has full rank, it is easy to obtain an analogue of Theorem 2.2.4 for structured
matrices in S ∈ {J,L}.
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2.3 Structured backward errors of eigenelements

We now show that structured mapping problem naturally arises when analyzing backward
errors of approximate eigenelements and approximate invariant subspaces of structured ma-
trices. Let S ∈ {J,L}. For the rest of this section, we assume that K = C. Let A ∈ S.

Now, let X ∈ Cn×p be a full column rank matrix, that is, rank(A) = p. Let D ∈ Cp×p.

We wish to find a matrix 4A ∈ S such that (A + 4A)X = XD so that X is an invariant
subspace of A +4A. Indeed, we wish to find 4A that has the smallest norm. Observe that
such a matrix 4A exists if and only if 4A satisfies 4AX = R, where R := XD−AX. Thus
the problem of finding 4A boils down to a solution of structured mapping problem. For the
rest of this section, we denote ηS(X,R) by ηS(D,X). Then

ηS(D, X) := inf{‖4A‖ : 4A ∈ S and (A +4A)X = XD}. (2.4)

For the spectral and the Frobenius norms, we denote ηS(X, D) by ηS2(D, X) and ηSF (D, X), re-
spectively. Note that Theorem 2.2.5 provides a necessary and sufficient condition for existence
of 4A ∈ S such that (A +4A)X = XD. Further, for the spectral and the Frobenius norms,
Theorem 2.2.6 provides ηS(D, X) and a matrix 4A ∈ S such that (A + 4A)X = XD and
‖4A‖ = ηS(D,X). Since X has full rank, we easily obtain that ηS2(D, X) = ‖R(XHX)−1/2‖2
and

ηSF (D, X) =





√
2‖R(XHX)−1/2‖2F − ‖(XT X)−1/2XT MR(XHX)−1/2‖2F ,

if MS ∈ {sym, skew-sym}
√

2‖R(XHX)−1/2‖2F − ‖(XHX)−1/2XHMR(XHX)−1/2‖2F ,

if MS ∈ {Herm, skew-Herm}.

We now consider the special case when X = x ∈ Cn and D = λ ∈ C and derive structured
backward error ηS(λ, x). Before we proceed further, we briefly discuss the spectral symmetry of
eigenvalues of a structured matrix. Table 2.3 summaries some important spectral symmetries
of eigenvalues of structured matrices. These results follow from the fact that when A ∈ S, we
have either M−1AT M = A or M−1AHM = A.

Recall that (λ, y, x) is an eigentriple of A if Ax = λx and yHA = λyH . Spectral symmetries
of structured matrices are also reflected in their eigentriples. Table 2.3 summarizes eigentriples
of the structured matrices.

Scalar product yT Mx yHMx yT Mx

Field K = C K = C K = R

J λ (λ, λ) (λ, λ)
L (λ,−λ) (λ,−λ) (λ,−λ, λ,−λ)
J (λ,Mx, x) (λ,My, x), (λ, y,Mx) (λ,Mx, x)
L (λ, My, x), (−λ, y, Mx) (λ,My, x), (−λ, y, Mx) (λ, My, x), (−λ, y,Mx)

Table 2.3: Spectral symmetry of structured matrices.

Set r := λx−Ax. Then there is a matrix E ∈ S such that (A + E)x = λx if and only if x
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and r satisfy the condition in Table 2.2. Suppose that x and r satisfy the condition. Then it
follows that ηS2(λ, x) = ‖r‖2/‖x‖2 and ηSF (λ, x) =

√
2‖r‖22 − |〈r, x〉M |2 ≤

√
2ηS2(λ, x).

Now by Theorem 2.2.6, defining E by

E =





(xT r)M−1xxH + M−1xrT (I − xxH) + M−1(I − xxT )rxH , if MA ∈ sym

M−1(I − xxT )rxH −M−1xrT (I − xxH), if MA ∈ skew-sym
(xHr)M−1xxH + M−1xrH(I − xxH) + M−1(I − xxH)rxH , if MA ∈ Herm

(xHr)M−1xxH −M−1xrH(I − xxH) + M−1(I − xxH)rxH , if MA ∈ skew-Herm.

we have E ∈ S such that (A + E)x = λx and ‖E‖F = ηSF (λ, x). Further, defining 4A by

4A =





E − xT rM−1(I − xxT )rrT (I − xxH)
‖r‖22 − |xHr|2 , if MA ∈ sym

E, if MA ∈ skew-sym

E − xHrM−1(I − xxH)rrH(I − xxH)
‖r‖22 − |xHr|2 , if MA ∈ Herm

E − xHrM−1(I − xxH)rrH(I − xxH)
‖r‖22 − |xHr|2 , if MA ∈ skew-Herm.

we have 4A ∈ S such that (A +4A)x = λx and ‖4A‖2 = ηS2(λ, x).

2.3.1 Structured pseudospectra

Structured pseudospectra provide a convenient framework for analyzing numerics of struc-
tured matrices. Let A ∈ S be a structured matrix. Then the structured ε-pseudospectrum of
A, which we denote by σSε (A), is defined by

σSε (A) :=
⋃

‖4A‖≤ε

{σ(A +4A) : 4A ∈ S}

where σ(A) denotes the spectrum of A. Structured pseudospectra are characterized by struc-
tured backward errors of approximate eigenvalues of A. For A ∈ S and z ∈ C, define

ηS(z, A) := inf{‖4A‖ : z ∈ σ(A +4A), 4A ∈ S}.

Then it follows that ηS(λ,A) = min‖x‖2=1{ηS(λ, x) : x ∈ Cn}. We mention that for some
z, the infimum may not be attained. In such a case, we set ηS(z, A) = ∞. Thus ηS(z, A) is
the structured backward error of z when z is treated as an approximate eigenvalue value of
A. For the spectral and the Frobenius norms, we denote ηS(λ,A) by ηS2(λ,A) and ηSF (λ, A)
respectively.

We set η(λ, A) := σmin(A − λI). Then it is easily seen that η(λ,A) is the unstructured
backward error of λ as an approximate eigenvalue of A. Unlike in the case of unstructured
backward error η(z, A), determination of structured backward error ηS(z, A) for many inter-
esting structures is an open problem. Consequently, determining σSε (A) for those structures is
an open problem. Note that ηS(z, A) ≥ η(z, A). For certain structures and for certain z ∈ C,

it turns that ηS(z,A) = η(z, A).
Recall that MA ∈ {sym, skew-sym, Herm, skew-Herm} when A ∈ J ⊂ Cn×n or A ∈ L ⊂

Cn×n and M∗ = ±M, ∗ ∈ {T, H}.
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Theorem 2.3.1. Let S := {A ∈ Cn×n : MA ∈ sym} when MT = M, and S := {A ∈ Cn×n :
MA ∈ {sym, skew-sym}} when MT = −M. Let A ∈ S. Then for z ∈ C, there exists 4A ∈ S
such that z ∈ σ(A +4A) and ηS(z, A) = ‖4A‖ = η(z, A). Consequently, we have

σSε (A) = σε(A).

Proof: Consider the case MA ∈ sym and M = MT . Let λ ∈ C. It follows that A − λI ∈ S,
that is, (M(A − λI))T = M(A − λI). Since M(A − λI) is complex symmetric there exists a
unitary matrix U such that the symmetric Takagi factorization [45] M(A−λI) = UΣUT holds,
where Σ is a diagonal matrix containing singular values of M(A− λI) ordered in descending
order of magnitude. Note that η(λ,A) = σmin(A − λI) = σmin(M(A − λI)) = Σ(n, n). Let
u := U(:, n). Then we have M(A−λI)u = η(λ,A)u. This gives (A−η(λ,A)M−1uuT )u = λu.

Setting 4A := −η(λ,A)M−1uuT , we have 4A ∈ S and ‖4A‖ = η(λ,A) = ηS(λ,A). Hence
the results follow.

Next, consider the case MA ∈ skew-sym and MT = −M. Then for λ ∈ C, we have M(A−
λI) ∈ S, that is, (M(A−λI))T = −M(A−λI). Since M(A−λI) is complex skewsymmetric,
we have the skewsymmetric Takagi factorization [45]

M(A− λI) = Udiag(d1, · · · , dm)UT ,

where U is unitary, dj :=

[
0 sj

−sj 0

]
, sj ∈ C is nonzero and |sj | are singular values of

M(A − λI). Here the blocks dj appear in descending order of magnitude of |sj |. Note that
M(A − λI)U = Udiag(d1, · · · , dm). Let u := U(:, n − 1 : n). Then M(A − λI)u = udm =
udmuT u. This gives (MA − udmuT )u = λMu. Hence taking 4A := −M−1udmuT , we have
λ ∈ σ(A +4A), 4A ∈ S and ‖4A‖ = |sm| = σmin(M(A − λI)) = σmin(A − λI) = η(λ,A).
Hence ηS(λ, A) = η(λ,A) and the desired result follows.

Finally, consider the case MT = −M and MA ∈ sym. Let λ ∈ C. Note that σmin(M(A−
λI)) = σmin(A−λI) = η(λ, A). Let u and v be unit left and right singular vector of M(A−λI)
corresponding to η(λ,A). Then M(A− λI)v = η(λ, A)u. This gives Av− η(λ,A)M−1u = λv.

Let E ∈ Cn×n be such that E = ET , Ev = u and ‖E‖ = 1. Such a matrix always exists. Then
setting 4A := −η(λ,A)M−1E, we have (A +4A)v = λv, 4A ∈ S and ‖4A‖ = η(λ,A) =
ηS(λ,A). Hence the result follows. ¥

For Lie and Jordan algebras corresponding to sesquilinear form induced by M, we have
partial equality between structured and unstructured pseudospectra.

Theorem 2.3.2. Let S := {A ∈ Cn×n : MA ∈ Herm} when MH = M and S := {A ∈ Cn×n :
MA ∈ skew-Herm} when MH = −M. Let A ∈ S. Then for z ∈ R, there exists 4A ∈ S such
that z ∈ σ(A +4A) and ηS(z, A) = ‖4A‖ = η(z, A). Consequently, we have

σSε (A) ∩ R = σε(A) ∩ R.

Next, consider S := {A ∈ Cn×n : MA ∈ skew-Herm} when MH = M and S := {A ∈ Cn×n :
MA ∈ Herm} when MH = −M. Let A ∈ S. Then for z ∈ iR, there exists 4A ∈ S such that
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z ∈ σ(A +4A) and ηS(z,A) = ‖4A‖ = η(z,A). Consequently, we have

σSε (A) ∩ iR = σε(A) ∩ iR.

Proof: Consider the case MA ∈ Herm when M = MH . Then for λ ∈ R, M(A−λI) ∈ S. Since
M(A−λI) is hermitian, we have the spectral decomposition M(A−λI) = Udiag(µ1, · · · , µn)UH ,

where U is unitary and µj ’s appear in descending order of their magnitudes. Note that |µn| =
σmin(M(A − λI)) = σmin(A − λI) = η(λ, A). Now defining 4A := −µnM−1U(:, n)U(:, n)H ,

we have λ ∈ σ(A +4A), 4A ∈ S and ‖4A‖ = η(λ,A) = ηS(λ,A). Hence the result follows.
The proof is similar for the case when MA ∈ skew-Herm and MH = −M.

Finally, consider the case when MA ∈ skew-Herm and MH = M. Then for λ ∈ iR, the set
of purely imaginary numbers, we have M(A−λI) ∈ S, that is, M(A−λI) is skew hermitian.
Hence the result follows from spectral decomposition of M(A− λI). The proof is similar for
the case when MA ∈ Herm and MH = −M. ¥

Similar results hold for some other important structured matrices such as Toeplitz and
Hankel matrices which are not described in the setting of Jordan or Lie algebras.

2.4 Structured backward error for approximate invariant

subspaces of structured matrices

In this section we find an explicit expression of structured backward error of approximate
invariant subspaces of structured matrices. First we briefly review the relation between the
norm of a matrix T with norm of the pinching of T, (see [12, 13].)

Let T be a matrix given by T :=

[
A B

C D

]
. The diagonal matrix P(T) :=

[
A 0
0 D

]
is

called the pinching of T. Then we have

|||P(T)||| ≤ |||T||| (2.5)

for any arbitrary unitarily invariant norm |||·|||.
Let A ∈ {J,L}. Then recall that MA ∈ {sym, skew-sym,Herm, skew-Herm} when A ∈ S.

Now we derive the structured backward error of a subspace X ⊂ Cn to be an invariant
subspace of a given matrix A ∈ S. First we consider A ∈ {sym, skew-sym, Herm, skew-Herm}.

The structured backward error of X is defined by

ηS(X , A) := inf
E∈S

{‖E‖ : (A + E)X ⊆ X}.

For the Frobenius and the spectral norm we denote ηS(X , A) by ηSF (X , A) and ηS2(X , A)
respectively. We mention that Stewart, [86] obtained ηSF (X , A) when A ∈ Herm.

Let X be a subspace of Cn and A ∈ sym. To determine ηS(X , A), we assume that there is
an isometry X ∈ Rn×k such that Range(X) = X .

Theorem 2.4.1. Let S = sym and A ∈ S. Let X be a subspace of Cn such that there exist an
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isometry X ∈ Rn×k such that Range(X) = X . Then

ηSF (X , A) =
√

2 ‖(I −XXT )AX‖F , ηS2(X , A) = ‖(I −XXT )AX‖2.

Define E := −XXT A − AXXT + 2XXT AXXT . Then E ∈ S, ‖E‖2,F = ηSF (X , A) and
(A + E)X ⊆ X .

Proof: By Theorem 2.1 it is easy to verify that for given A ∈ sym and X ∈ Cn×k there
always exists E ∈ sym such that

(A + E)X = XD ⇒ EX = XD −AX (2.6)

for some D = DT of order k.

Now construct a real isometry Q1 such that Q = [X, Q1] is orthogonal and QT
1 X = 0.

Define E = Q

[
E11 ET

12

E12 E22

]
QT . Hence from (2.6) we obtain

[
E11 ET

12

E12 E22

][
XT

QT
1

]
X =

[
XT

QT
1

]
(XD −AX)

which gives E11 = D −XT AX, E12 = −QT
1 AX. Therefore we have

E = Q

[
D −XT AX (−QT

1 AX)T

−QT
1 AX E22

]
QT . (2.7)

This gives ‖E‖2F = ‖D−XT AX‖2F +2‖QT
1 AX‖2F +‖E22‖2F . To minimize ‖E‖F we fix E22 = 0.

Consequently we have ‖E‖2F = ‖D − XT AX‖2F + 2‖QT
1 AX‖2F , where D is a complex

symmetric matrix of order k. Setting D := XT AX we obtain

ηF (X , S) =
√

2‖QT
1 AX‖F =

√
2

√
‖XT A‖2F − ‖XT AX‖2F .

given by E = −XXT A−AXXT + 2XXT AXXT .

Next, consider the spectral norm. By (2.7) and (2.5) we have

‖E‖2 ≥
∥∥∥∥∥

[
0 (−QT

1 AX)T

−QT
1 AX 0

]∥∥∥∥∥
2

= ‖QT
1 AX‖2 (2.8)

for any D = DT of order k. Setting D = XT AX, by (2.7) we have

E = Q

[
0 (−QH

1 AX)T

−QH
1 AX E22

]
QH .

Now by DKW Theorem 1.2.5 we construct infinitely many symmetric matrices E22 ∈ C(n−k)×(n−k)

such that ‖E‖2 = ‖QT
1 AX‖2 = ‖(I −XXT )AX‖2. Note that the lower bound is attained by

this particular choice of D. Then by (2.8) we have

ηS2(X , A) = ‖(I −XXT )AX‖2.
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Moreover
E22 = µ(I −KKH)1/2Z(I −KKT )1/2

where K := −µ−1 QT
1 AX, µ = ‖(I − XXT )AX‖2 and Z = ZT is an arbitrary contraction.

In particular, taking Z = 0 and simplifying the expression E we obtain the same as that of
for Frobenius norm.¥

Note that E ∈ sym is unique such that ‖E‖F = ηSF (X , A) and (A+E)X ⊂ X . Also notice
that for the spectral norm we have

E = −XXT A−AXXT + 2XXT AXXT + µQ1(I −KKH)1/2Z(I −KKT )1/2QT
1 ,

where QT
1 X = 0,K := −µ−1 QT

1 AX, µ = ‖(I − XXT )AX‖2 and Z = ZT is an arbitrary
contraction, such that ‖E‖2 = ηS2(X , A) and (A + E)X ⊂ X .

Corollary 2.4.2. Let S = sym. Let A ∈ S and X be a subspace of Cn. Then any E ∈ S such
that (A + E)X ⊆ X is given by

E = XDXT −XXT A−AXXT + XXT AXXT + (I −XXT )Z(I −XXT )

where DT = D ∈ Ck×k, ZT = Z ∈ C(n−k)×(n−k).

Proof: The proof is followed by simplifying (2.7). ¥
Next we consider X is a subspace of Cn and A ∈ skew-sym. To determine ηS(X , A), we

assume that there is an isometry X ∈ Rn×k such that Range(X) = X .

Theorem 2.4.3. Let S = skew-sym and A ∈ S. Let X be a subspace of Cn such that there
exist a real isometry X ∈ Cn×k and Range(X) = X . Then

ηSF (X , A) =
√

2 ‖(I −XXT )AX‖F , ηS2(X , A) = ‖(I −XXT )AX‖2.

Define E := −XXT A−AXXT +2XXT AXXT . Then ‖E‖F,2 = ηS2,F (X , A) and (A+E)X ⊆
X .

Proof: The proof is similar to Theorem 2.4.1. ¥

Note that E ∈ skew-sym is a unique matrix such that ‖E‖F = ηSF (X , A) and (A+E)X ⊆ X .

Also notice that

E = XXT A−AXXT + 2XXT AXXT + µQ1(I −KKH)1/2Z(I −KKT )1/2QT
1 ,

where QT
1 X = 0,K := −µ−1 QT

1 AX, µ = ‖AX‖2 and Z = −ZT is an arbitrary contraction,
is such that E ∈ skew-sym, ‖E‖2 = ηS2(X , A) and (A + E)X ⊆ X .

Corollary 2.4.4. Let S = skew-sym. Let A ∈ S and X be a subspace of Cn. Then any E ∈ S
such that (A + E)X ⊆ X is given by

E = XDXT + XXT A + XXT AXXT −AXXT + (I −XXT )Z(I −XXT )

where DT = −D ∈ Ck×k, ZT = −Z ∈ C(n−k)×(n−k).
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Now we consider S = Herm.

Theorem 2.4.5. Let S = Herm and A ∈ S. Let X be a subspace of A and X ∈ Cn×k be an
isometry such that Range(X) = X . Then

ηSF (X , A) =
√

2 ‖(I −XXH)AX‖F , ηS2(X , A) = ‖(I −XXH)AX‖2.

Define E = −XXHA − AXXH + 2XXHAXXH . Then (A + E)X ⊆ X and ‖E‖2,F =
ηS2,F (X , A) for both the Frobenius and the spectral norms..

Proof: Let X :=
[
x1 . . . xk

]
∈ Cn×k be an isometry such that Range(X) = X . By

Theorem 2.1 it follows that there exist E ∈ S such that

(A + E)X = XD ⇒ EX = XD −AX (2.9)

for some D = DH of order k. Now construct a unitary matrix Q = [X, Q1] such that

QH
1 X = 0. Define E = Q

[
E11 EH

12

E12 E22

]
QH . Hence by (2.9) we obtain

[
E11 EH

12

E12 E22

][
XH

QT
1

]
X =

[
XH

QH
1

]
(XD −AX)

which gives E11 = D −XHAX, E12 = −QH
1 AX. Therefore we have

E = Q

[
D −XHAX (−QH

1 AX)H

−QH
1 AX E22

]
QH . (2.10)

This gives ‖E‖2F = ‖D−XHAX‖2F +2‖QH
1 AX‖2F +‖E22‖2F . To minimize ‖E‖F we fix E22 = 0.

Consequently we have ‖E‖2F = ‖D−XHAX‖2F +2‖QH
1 AX‖2F , where D is any Hermitian

matrix of order k. Setting D := XHAX we obtain

ηSF (X , A) =
√

2‖QH
1 AX‖F =

√
2

√
‖XHA‖2F − ‖XHAX‖2F .

Simplifying the expressions of E we obtain E = −XXHA−AXXH + 2XXHAXXH .

Next, consider the spectral norm. By (2.7) and (2.5) we have the following lower bound

‖E‖2 ≥
∥∥∥∥∥

[
0 (−QH

1 AX)H

−QH
1 AX 0

]∥∥∥∥∥
2

= ‖Q1Q
H
1 AX‖2 = ‖(I −XXH)AX‖2 (2.11)

for any D = DH of order k. Set D = XHAX. Then by (2.10) we have

E = Q

[
0 (−QH

1 AX)H

−QH
1 AX E22

]
QH .

Using dilation Theorem 1.2.6 for Hermitian matrices we can construct infinitely many Hermi-
tian matrices E22 ∈ C(n−k)×(n−k) such that ‖E‖2 = ‖QH

1 AX‖2 = ‖(I −XXH)AX‖2. Note
that the lower bound is attained by this particular choice of D. Consequently, by (2.11) we
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obtain
ηS2(X , A) = ‖(I −XXH)AX‖2.

Moreover
E22 = µ(I −KKH)1/2Z(I −KKH)1/2

where K := −µ−1 QH
1 AX, µ = ‖(I −XXH)AX‖2 and Z = ZH is an arbitrary contraction.

In particular, taking Z = 0 and simplifying the expression E we obtain the same as that of
for Frobenius norm.¥

It follows from the proof that E is unique such that ‖E F = ηSF (X , A) and (A+E)X ⊆ X .
For the spectral norm, E is given by

E = −XXHA−AXXH + 2XXHAXXH + µQ1(I −KKH)1/2Z(I −KKH)1/2QH
1 ,

where QH
1 X = 0,K := −µ−1 QH

1 AX, µ = ‖(I − XXH)AX‖2 and Z = ZH is an arbitrary
contraction, such that ‖E‖2 = ηS2(X , A) and (A + E)X ⊆ X .

Corollary 2.4.6. Let S = Herm and A ∈ S. Let X be a subspace of Cn and X ∈ Cn×k is an
isometry such that Range(X) = X . Then any E ∈ S such that (A + E)X ⊆ X is given by

E = XDXH −XXHA−AXXH + XXHAXXH + (I −XXH)Z(I −XXH)

where DH = D ∈ Ck×k, ZH = Z ∈ C(n−k)×(n−k).

Proof: The proof is followed by simplifying (2.10). ¥
Now we consider S = skew-Herm.

Theorem 2.4.7. Let S = skew-Herm. X be a subspace of Cn and X ∈ Cn×k is an isometry
such that Range(X) = X . Then

ηSF (X , A) =
√

2 ‖(I −XXH)AX‖F , ηS2(X , A) = ‖(I −XXH)AX‖2.

Define E = XXHA−AXXH . Then E ∈ S such that (A+E)X ⊆ X and ‖E‖2,F = ηS2,F (X , A)
for both the Frobenius and the spectral norms.

Proof: The proof is followed by Theorem 2.4.5 ¥

Let S = skew-Herm. Define E = XXHA − AXXH . Then E ∈ S is unique such that
(A + E)X ⊆ X and ‖E‖F = ηSF (X , A). Next define

E = XXHA−AXXH + µQ1(I −KKH)1/2Z(I −KKH)1/2QH
1 ,

where QH
1 X = 0,K := −µ−1 QH

1 AX, µ = ‖(I −XXH)AX‖2 and Z = −ZH is an arbitrary
contraction. then notice that (A + E)X ⊆ X and ‖E‖2 = ηS2(X , A).

Corollary 2.4.8. Let S = skew-Herm. Let A ∈ S and X be a subspace of Cn. Then any E ∈ S
such that (A + E)X ⊆ X is given by

E = XDXH + XXHA−AXXH −XXHAXXH + (I −XXH)Z(I −XXH)
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where DH = −D ∈ Ck×k, ZH = −Z ∈ C(n−k)×(n−k).

We mention that the results obtained above can easily be extended to the case when
S ⊂ {J,L}.

2.5 Structured inverse least square problem

Note that S(X, B) could be an empty set whenever the pair (X, B) ∈ Cn×k ×Cn×k does not
satisfy the necessary and sufficient conditions for the existence of the solution of structured
mapping problem for matrices, given in Theorem 2.2.1. Such a pair gives rise to the following
structured inverse least-squared problem (SILSP).

Problem. Determine αS = min{‖AX − B‖F : A ∈ S} and all A ∈ S such that ‖A‖F =
min{‖ZX −B‖F : Z ∈ S}.

A lot of interest have been paid to resolve this problem, see for example in [107], Zhang
et al. solved this problem for anti-Hermitian generalized Hamiltonian matrices. We solve the
problem for S ∈ {J,L}.

We follow the same routine to solve SILSP for S ∈ {J,L} as we did for solving the struc-
tured mapping problem by considering the four particular structures namely sym, skew-sym,Herm, skew-Herm

first. To begin with we consider SILSP when X = x ∈ Kn and B = b ∈ Kn.
For any x, b ∈ Kn \ {0} we always have A ∈ sym ⊂ Kn×n such that Ax = b. Therefore, for

S, the space of symmetric matrices we obtain αS = 0. Next we consider S = skew-sym.

Theorem 2.5.1. Let S = skew-sym. Then for any x, b ∈ Kn we have

αS =
|xT b|
‖x‖ .

Proof: Assume that x, b ∈ Kn. Construct a unitary matrix Q = [x/‖x‖ Q1] ∈ Kn×n such

that QH
1 x = 0. Then construct the skew-symmetric matrix A = Q

[
0 −aT

1

a1 A1

]
QH . Then we

obtain

min
A∈S

‖Ax− b‖2F = min
A∈S

∥∥∥∥∥

[
xT b/‖x‖

a1‖x‖ −QT
1 b

]∥∥∥∥∥

2

F

= |xT b|2/‖x‖2 + min
a1∈Kn−1

‖a1‖x‖ −QT
1 b‖2F .

Choose a1 = QT
1 b/‖x‖. Consequently, we obtain αS = |xT b|/‖x‖. Next we have,

A = Q

[
0 −(QT

1 b/‖x‖)T

QT
1 b/‖x‖ A1

]
QH

=
1
‖x‖ [bxH − xbT ] + (I − xxH)T Z(I − xxH)

where Z = −ZT ∈ Cn×n. ¥
Now we consider Hermitian matrices.
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Theorem 2.5.2. Let S = Herm. Then for any x, b ∈ Cn we have

αS =
|im(xHb)|
‖x‖ .

Proof: Assume that x, b ∈ Cn. Construct a unitary matrix Q = [x/‖x‖ Q1] ∈ Cn×n such

that QH
1 x = 0. Then construct the Hermitian matrix A = Q

[
a11 aH

1

a1 A1

]
QH . Then we obtain

min
A∈S

‖Ax−b‖2F = min
A∈S

∥∥∥∥∥

[
a11‖x‖ − xHb/‖x‖

a1‖x‖ −QH
1 b

]∥∥∥∥∥

2

F

= |a11‖x‖−xHb/‖x‖|2+ min
a1∈Kn−1

‖a1‖x‖−QH
1 b‖2F .

Choose a1 = QH
1 b/‖x‖. Next mina11∈R |a11‖x‖− xHb/‖x‖|2 is minimized when a11 = re(xHb)

‖x‖2 .

Consequently, we obtain αS = |im(xHb)|/‖x‖. Next we have,

A = Q

[
re(xHb)
‖x‖2 (QH

1 b/‖x‖)H

QH
1 b/‖x‖ A1

]
QH

=
re(xHb)
‖x‖4 xxH +

1
‖x‖2 [xbH(I − xxH) + (I − xxH)bxH ] + (I − xxH)Z(I − xxH)

where Z = ZH ∈ Cn×n. ¥
In a similar fashion we can obtain the solution of SILSP for skew-Hermitian matrices as

follows.

Theorem 2.5.3. Let S = skew-Herm. Then for any x, b ∈ Cn we have

αS =
|re(xHb)|
‖x‖ .

Proof: The proof is similar to Theorem 2.5.2.¥
Now assume that S = J or S = L where J and L are the Jordan algebra and Lie algebra

corresponding to orthosymmetric bilinear / sesquilinear scalar product 〈·, ·〉M . Then its ev-
ident by Theorem 2.5.1, Theorem 2.5.2 and Theorem 2.5.3 thet whenever S(x, b) = ∅ for a
given x, b ∈ Cn \ {0} then

min
A∈S

‖Ax− b‖ =





|〈x, b〉M |
‖x‖2 , if (MA)T = −MA

|im〈x, b〉M |
‖x‖2 , if (MA)H = MA

|re〈x, b〉M |
‖x‖2 , if (MA)H = −MA.

Now we consider SILSP for matrices. Before that we prove the following result which will
be used in the subsequent development.

Lemma 2.5.4. Let α, β > 0 and b1, b2 ∈ C. Then minx∈C(|xα− b1|2 + |xβ− b2|2) is given by

x =
αb1 + βb2

α2 + β2
.
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Proof: Assume that x = x1 + ix2, b1 = b11 + ib12, b2 = b21 + ib22 ∈ C. Then define

φ(x1, x2) = |xα− b1|2 + |xβ − b2|2

= (α2 + β2)(x2
1 + x2

2) + (b2
11 + b2

12) + (b2
21 + b2

22)− 2α(x1b11 + x2b12)− 2β(x1b21 + x2b22).

Setting
∂φ(x1, x2)

∂xi
= 0, i = 1, 2 we obtain the stationary points

x1 =
αb11 + βb21

α2 + β2
, x2 =

αb12 + βb22

α2 + β2
.

This gives the relative minimum as the Hessian matrix




∂2φ

∂x2
1

∂2φ

∂x1∂x2

∂2φ

∂x2∂x1

∂2φ

∂x2
2


 =

(
2(α2 + β2) 0

0 2(α2 + β2)

)

is positive definite. Consequently we obtain the desired result.¥

Theorem 2.5.5. Let S be the space of symmetric matrices and X, B ∈ Kn×k with rank(X) =

r. Assume that the SVD of X = UΣV H where Σ =

[
Σ1 0
0 0

]
, Σ1 = diag(σ1, . . . , σr), σ1 >

. . . > σr > 0, U = [U1 U2], V = [V1 V2] . Then

min
A∈S

‖AX−B‖F = ‖K ◦ (UT
1 BV1Σ1 +Σ1V

T
1 BT U1)Σ1−UT

1 BV1‖2F +‖UT
1 BV2‖2F +‖UT

2 BV2‖2F

is attained at

A = U1[K◦UT
1 BV1Σ1+K◦Σ1V

T
1 BT U1]UH

1 +(BX†)T (I−XX†)+(I−XX†)T BX†+(I−XX†)T Z(I−XX†)

where ZT = Z ∈ Cr×r,K = [kij ], kij = 1
σ2

i +σ2
j

and ◦ denotes the Hadamard product.

Proof: Assume that X,K ∈ Kn×k with rank(X) = r. Consider the SVD X = UΣV H . Define
a symmetric linear map A : Range(X) ⊕ Range(X)⊥ → Range(X) ⊕ Range(X)⊥. From the
SVD of X given above it is easily seen that (U1, U2) and (U1, U2) are bases of Range(X)⊕
Range(X)⊥ and Range(X)⊕Range(X)⊥ respectively. The block matrix representation of A

is of the form

A =
[
U1 U2

] [
A11 AT

12

A12 A22

][
UH

1

UH
2

]

where A11, A12, A22 are of compatible sizes. Consequently we obtain

‖AX −B‖2F = ‖UT AUUHX − UT B‖2F

=

∥∥∥∥∥

[
A11 AT

12

A12 A22

][
UH

1 X

0

]
−

[
UT

1 B

UT
2 B

]∥∥∥∥∥

2

F

= ‖A11U
H
1 X − UT

1 B‖2F + ‖A12U
H
1 X − UT

2 B‖2F .

34

TH-789_04612301



Then

min
A12∈C(n−r)×r

‖A12U
H
1 X − UT

2 B‖2F = min
A12∈C(n−r)×r

‖A12U
H
1 UΣV H − UT

2 B‖2F
= min

A12∈C(n−r)×r
‖A12U

H
1 UΣ− UT

2 BV ‖2F
= min

A12∈C(n−r)×r
‖A12Σ1 − UT

2 BV1‖2F + ‖UT
2 BV2‖2F .

Moreover ‖A12Σ1 − UT
2 BV1‖2F is minimized if and only if A12Σ1 − UT

2 BV1 = 0 i.e. if and
only if A12 = UT

2 BV1Σ−1
1 . Similarly we obtain

min
A11∈Cr×r,AT

11=A11

‖A11U
H
1 X − UT

1 B‖2F = min
A11∈Cr×r,AT

11=A11

‖A11Σ1 − UT
1 BV1‖2F + ‖UT

1 BV2‖2F .

Further assume that A11 = [aij ], UT
1 BV1 = [bij ]. Consequently we have,

‖A11Σ1 − UT
1 BV1‖2F =

r∑

j≤i,j=1

r∑

i=1

(|aijσi − bij |2 + |ajiσj − bji|2)

=
r∑

j≤i,j=1

r∑

i=1

(|aijσi − bij |2 + |aijσj − bji|2)

The desired minimum can be obtained by minimizing |aijσi − bij |2 + |aijσj − bji|2, for all
i, j = 1 : r. By Lemma 2.5.4 the minimum can be obtained by

aij =
σibij + bjiσj

σ2
i + σ2

j

, aij = aji, ∀i, j = 1 : r.

Hence ‖A11Σ1 − UT
1 BV1‖2F can be minimized by

A11 = K ◦ (UT
1 BV1Σ1 + Σ1V

T
1 BT U1)

where K = [kij ], kij = 1
σ2

i +σ2
j

and ◦ denotes the Hadamard product. Consequently, we obtain

A = U

[
K ◦ (UT

1 BV1Σ1 + Σ1V
T
1 BT U1) Σ−1

1 V T
1 BT U2

UT
2 BV1Σ−1

1 A22

]
UH

= U1[K ◦ (UT
1 BV1Σ1 + Σ1V

T
1 BT U1)]UH

1 + U1Σ−1
1 V −1

1 BT U2U
H
2 + U1U

T
2 BV1Σ−1

1 UH
1 + U2A22U

H
2

= U1[K ◦ (UT
1 BV1Σ1 + Σ1V

T
1 BT U1)]UH

1 + (BX†)T (I −XX†) + (I −XX†)T BX†

+(I −XX†)T Z(I −XX†), ZT = Z ∈ Cr×r

which gives the desired result.¥
Now we consider skew-symmetric matrices.

Theorem 2.5.6. Let S be the space of skew-symmetric matrices and X, B ∈ Kn×k with

rank(X) = r. Assume that the SVD of X = UΣV H where Σ =

[
Σ1 0
0 0

]
, Σ1 = diag(σ1, . . . , σr), σ1 >

. . . > σr > 0, U = [U1 U2], V = [V1 V2] . Then

αS = ‖K ◦ (UT
1 BV1Σ1 − Σ1V

T
1 BT U1)Σ1 − UT

1 BV1‖2F + ‖UT
1 BV2‖2F + ‖UT

2 BV2‖2F
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is attained at

A = U1[K◦UT
1 BV1Σ1−K◦Σ1V

T
1 BT U1]UH

1 −(BX†)T (I−XX†)+(I−XX†)T BX†+(I−XX†)T Z(I−XX†)

where ZT = −Z ∈ Cr×rK = [kij ], kij = 1
σ2

i +σ2
j

and ◦ denotes the Hadamard product.

Proof: The proof is similar to the proof for symmetric case.¥
Next, we consider Hermitian matrices.

Theorem 2.5.7. Let S be the space of Hermitian matrices and X, B ∈ Kn×k with rank(X) =

r. Assume that the SVD of X = UΣV H where Σ =

[
Σ1 0
0 0

]
, Σ1 = diag(σ1, . . . , σr), σ1 >

. . . > σr > 0, U = [U1 U2], V = [V1 V2] . Then

αS = ‖K ◦ (UH
1 BV1Σ1 + Σ1V

H
1 BHU1)Σ1 − UH

1 BV1‖2F + ‖UH
1 BV2‖2F + ‖UH

2 BV2‖2F

is attained at

A = U1[K◦UH
1 BV1Σ1+K◦Σ1V

H
1 BHU1]UH

1 +(BX†)H(I−XX†)+(I−XX†)BX†+(I−XX†)Z(I−XX†)

where ZH = Z ∈ Cr×r,K = [kij ], kij = 1
σ2

i +σ2
j

and ◦ denotes the Hadamard product.

Proof: Assume that X,K ∈ Kn×k with rank(X) = r. Consider the SVD X = UΣV H . Define
a Hermitian linear map A : Range(X) ⊕ Range(X)⊥ → Range(X) ⊕ Range(X)⊥. From the
SVD of X given above it is easily seen that (U1, U2) and (U1, U2) are bases of Range(X) ⊕
Range(X)⊥ and Range(X)⊕Range(X)⊥ respectively. The block matrix representation of A

is of the form

A = U

[
A11 AH

12

A12 A22

]
UH .

Consequently we obtain

‖AX −B‖2F = ‖UHAUUHX − UHB‖2F

=

∥∥∥∥∥

[
A11 AH

12

A12 A22

][
UH

1 X

0

]
−

[
UH

1 B

UH
2 B

]∥∥∥∥∥

2

F

= ‖A11U
H
1 X − UH

1 B‖2F + ‖A12U
H
1 X − UH

2 B‖2F .

Then,

min
A12∈C(n−r)×r

‖A12U
H
1 X − UH

2 B‖2F = min
A12∈C(n−r)×r

‖A12U
H
1 UΣV H − UH

2 B‖2F
= min

A12∈C(n−r)×r
‖A12U

H
1 UΣ− UH

2 BV ‖2F
= min

A12∈C(n−r)×r
‖A12Σ1 − UH

2 BV1‖2F + ‖UH
2 BV2‖2F .

Now ‖A12Σ1 − UH
2 BV1‖2F is minimized if and only if A12Σ1 − UH

2 BV1 = 0 i.e. if and only if
A12 = UH

2 BV1Σ−1
1 . Similarly we have,

min
A11∈Cr×r,AH

11=A11

, ‖A11U
H
1 X − UH

1 B‖2F = min
A11∈Cr×r,AH

11=A11

‖A11Σ1 − UH
1 BV1‖2F + ‖UH

1 BV2‖2F .
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Further let A = [aij ], UH
1 BV1 = [bij ] ∈ Cr×r. Consequently we have

‖A11Σ1 − UH
1 BV1‖2F =

r∑

j≤i,j=1

r∑

i=1

(|aijσi − bij |2 + |aijσj − bji|2)

=
r∑

j≤i,j=1

r∑

i=1

(|aijσi − bij |2 + |aijσj − bji|2).

Now the desired minimum can be obtained by minimizing |aijσi− bij |2 + |aijσj − bji|2 for all
i, j = 1 : r. By Lemma 2.5.4 the minimum can be obtained by

aij =
σibij + σjbji

σ2
i + σ2

j

, aji = aij , ∀i, j = 1 : r.

Hence we obtain that ‖A11Σ1 − UH
1 BV1‖2F is minimized by

A11 = K ◦ (UH
1 BV1Σ1 + Σ1V

H
1 BHU1)

where K = [kij ], kij = 1
σ2

i +σ2
j

and ◦ denotes the Hadamard product. Consequently, we obtain

A = U

[
K ◦ (UH

1 BV1Σ1 − Σ1V
H
1 BHU1) +Σ−1

1 V H
1 BHU2

UH
2 BV1Σ−1

1 A22

]
UH

= U1[K ◦ (UH
1 BV1Σ1 + Σ1V

H
1 BHU1)]UH

1 + U1Σ−1
1 V −1

1 BHU2U
H
2 + U1U

H
2 BV1Σ−1

1 UH
1 + U2A22U

H
2

= U1[K ◦ (UH
1 BV1Σ1 + Σ1V

H
1 BHU1)]UH

1 + (BX†)H(I −XX†) + (I −XX†)BX†

+(I −XX†)HZ(I −XX†), ZH = Z ∈ Cr×r

which gives the desired result.¥
Now consider skew-Hermitian matrices.

Theorem 2.5.8. Let S be the space of skew-Hermitian matrices and X,B ∈ Kn×k with

rank(X) = r. Assume that the SVD of X = UΣV H where Σ =

[
Σ1 0
0 0

]
, Σ1 = diag(σ1, . . . , σr), σ1 >

. . . > σr > 0, U = [U1 U2], V = [V1 V2] . Then

αS = ‖K ◦ (UH
1 BV1Σ1 − Σ1V

H
1 BHU1)Σ1 − UH

1 BV1‖2F + ‖UH
1 BV2‖2F + ‖UH

2 BV2‖2F

is attained at

A = U1[K◦UH
1 BV1Σ1−K◦Σ1V

H
1 BHU1]UH

1 −(BX†)H(I−XX†)+(I−XX†)BX†+(I−XX†)Z(I−XX†)

where ZH = −Z ∈ Cr×r,K = [kij ], kij = 1
σ2

i +σ2
j

and ◦ denotes the Hadamard product.

Proof: The proof is similar to the proof for Hermitian case.¥
Now consider S ∈ {J,L}. Then for any given X, B ∈ Cn×k we have ‖AX − B‖F =

‖MAX − MB‖F . Therefore the SILSP problem can be resolved for S just replacing B by
MB. Further the matrix A ∈ S which produces the minimum, can be obtained by redefining
it as MA.
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Chapter 3

Structured backward errors and
pseudospectra of structured
matrix pencils

Structured backward perturbation analysis plays an important role in the accuracy assessment
of computed eigenelements of structured eigenvalue problems. We undertake a detailed struc-
tured backward perturbation analysis of approximate eigenelements of linearly structured
matrix pencils. The structures we consider include, for example, symmetric, skew-symmetric,
Hermitian, skew-Hermitian, even, odd, palindromic and Hamiltonian matrix pencils. We also
analyze structured backward errors of approximate eigenvalues and structured pseudospectra
of structured matrix pencils.

3.1 Introduction

Backward perturbation analysis determines the smallest perturbation for which a computed
solution is an exact solution of the perturbed problem. On the other hand, condition num-
bers measure the sensitivity of solutions to small perturbations in the data of the problem.
Thus, backward errors when combined with condition numbers provide an approximate upper
bounds on the errors in the computed solutions.

With a view to preserving structures and their associated properties, structured preserv-
ing algorithms for structured eigenproblems have been proposed in the literature (see, for
example, [9, 10, 18, 46, 74, 75] and the references therein). Consequently, there is a growing
interest in the structured perturbation analysis of structured eigenproblems (see, for exam-
ple, [16, 38, 51, 54, 81, 95] for sensitivity analysis of structured eigenproblems).

The main purpose of this chapter is to undertake a detailed structured backward perturba-
tion analysis of approximate eigenelements of linearly structured matrix pencils. Needless to
mention that structured backward errors when combined with structured condition numbers
provide an approximate upper bounds on the errors in the computed eigenelements. Hence
structured backward perturbation analysis plays an important role in the accuracy assessment
of approximate eigenelements of structured pencils. Further, it also plays an important role
in the selection of an optimum structured linearization of a structured matrix polynomial.
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This assumes significance due to the fact that linearization is a standard approach to solving
a polynomial eigenvalue problem (see, for example, [39, 41] and the references therein).

We consider regular matrix pencils of the form L(λ) = A+λB, where A and B are square
matrices of size n. We assume L to be linearly structured, that is, L to be an element of a
real or a complex linear subspace S of the space of pencils. More specifically, we consider
ten special classes of linearly structured pencils, namely, T -symmetric, T -skew-symmetric,
T -odd, T -even, T -palindromic, H-Hermitian, H-skew-Hermitian, H-even and H-odd and
H-palindromic. These structures, defined in the next section, are prototypes of structured
pencils which occur in many applications (see, [40, 75] and the references therein). We also
consider S to be the space of pencils whose coefficient matrices are elements of Jordan and/or
Lie algebras associated with the scalar product (x, y) 7→ yT Mx or (x, y) 7→ yHMx, where M

is unitary and MT = ±M or MH = ±M. For example, when M :=

[
0 I

−I 0

]
, the Lie and

Jordan algebras associated with the scalar product (x, y) 7→ yHMx consist of Hamiltonian
and skew-Hamiltonian matrices, respectively. The structures so considered encompass a wide
variety of structured pencils and, in particular, includes pencils whose coefficient matrices
are Hamiltonian and skew-Hamiltonian. We show, however, that analyzing these wide classes
of structured pencils ultimately boils down to analyzing one of the ten special classes of
structured pencils considered above. Consequently, we consider these ten special classes of
structured pencils and investigate structured backward perturbation analysis of approximate
eigenelements.

So, let S be the space of pencils having one of the ten structures. Let L ∈ S and (λ, x) ∈
C× Cn with xHx = 1. Then we define the structured backward error ηS(λ, x, L) of (λ, x) by

ηS(λ, x, L) := inf{|||4L||| : 4L ∈ S and L(λ)x +4L(λ)x = 0}.

Here the pencil norm |||L||| is given by |||L||| :=
√
‖A‖2 + ‖B‖2, where L(z) = A + zB and ‖ · ‖

is either the spectral norm or the Frobenius norm on Cn×n. The main contributions of this
chapter are as follows.

Given (λ, x) ∈ C × Cn with xHx = 1 and L ∈ S, we show that there is a pencil K ∈ S
such that L(λ)x + K(λ)x = 0. Consequently, ηS(λ, x, L) < ∞. We determine ηS(λ, x, L) and
construct a pencil 4L ∈ S such that |||4L||| = ηS(λ, x, L) and L(λ)x +4L(λ)x = 0. Moreover,
we show that 4L is unique for the Frobenius norm on Cn×n but there are infinitely many such
4L for the spectral norm on Cn×n. Further, for the spectral norm, we show how to construct
all such 4L. In either case, we show that if K ∈ S is such that L(λ)x + K(λ)x = 0 then
K = 4L+(I−xxH)∗N(I−xxH) for some N ∈ S, where (I−xxH)∗ denotes the transpose or
the conjugate transpose of (I−xxH) depending upon the structure defined by S. Furthermore,
we show that the unstructured backward error η(λ, x, L) of (λ, x) is a lower bound of ηS(λ, x, L)
and is attained by ηS(λ, x, L) for certain λ ∈ C. However, η(λ, x, L) 6= ηS(λ, x, L) for most
λ ∈ C.

Next, we consider structured pseudospectra of structured matrix pencils. It is a well known
fact that pseudospectra of matrices and matrix pencils are powerful tools for sensitivity and
perturbation analysis (see, [100] and the references therein). We consider structured and
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unstructured ε-pseudospectra

σSε (L) := {λ ∈ C : ηS(λ, L) ≤ ε} and σε(L) := {λ ∈ C : η(λ, L) ≤ ε}

of L, where ηS(λ,L) := min
xHx=1

ηS(λ, x, L) and η(λ, L) := min
xHx=1

η(λ, x, L), respectively, are struc-

tured and unstructured backward errors of an approximate eigenvalue λ. When L is T -
symmetric or T -skew-symmetric pencils, we show that ηS(λ,L) = η(λ,L) for the spectral
norm and ηS(λ, L) =

√
2 η(λ,L) for the Frobenius norm. Consequently, for these structures,

we show that σSε (L) = σε(L) for the spectral norm and σSε (L) = σε/
√

2(L) for the Frobe-
nius norm. For the rest of the structures, we show that there is a set Ω ⊂ C such that
σSε (L) ∩ Ω = σε(L) ∩ Ω. For example, Ω = R when L is H-Hermitian or H-skew-Hermitian
and Ω = iR when L is H-even or H-odd. Often the spectrum of L is symmetric with respect
to Ω. When Ω does not contain an eigenvalue of L, it is of practical importance to determine
the smallest perturbation 4L ∈ S of L such that L +4L has an eigenvalue in Ω. We show
how to construct such a 4L. Indeed, we show that the equality σSε (L) ∩ Ω = σε(L) ∩ Ω plays
a crucial role in the construction of such a 4L.

3.2 Structured matrix pencils

We consider n-by-n matrix pencils of the form L(λ) := A + λB, where A,B ∈ Cn×n and
λ ∈ C. Thus the set of n-by-n matrix pencils consists of affine transformations from C to
Cn×n which we denote by P1(Cn×n). Hence P1(Cn×n) is a vector space which we endow with
an appropriate norm |||·||| as follows. Let L ∈ P1(Cn×n) be given by L(λ) = A + λB. Then we
define the pencil norm |||L||| by

|||L||| := (‖A‖2 + ‖B‖2)1/2, (3.1)

where ‖ · ‖ is either the spectral norm or the Frobenius norm on Cn×n. We refer to [2, 3] for
various other norms on P1(Cn×n). It is evident that ‖L(λ)‖ ≤ |||L||| ‖(1, λ)‖2.

The spectrum σ(L) of a regular pencil L ∈ P1(Cn×n) is given by

σ(L) := {λ ∈ C : rank(L(λ)) < n}.

To be precise, σ(L) consists of finite eigenvalues of L. When B is singular, the pencil L has
an infinite eigenvalue. In this chapter, we consider only finite eigenvalues of matrix pencils.
By convention, if (λ, x) ∈ C × Cn then x is assumed to be nonzero, that is, x 6= 0. Treating
(λ, x) as an approximate eigenpair of L, we define the backward error of (λ, x) by

η(λ, x, L) := inf{|||4L||| : 4L ∈ P1(Cn×n) and L(λ)x +4L(λ)x = 0}.

We follow the convention that if L is given by L(λ) = A + λB then the pencil 4L to be of
the form 4L(λ) = 4A + λ4B. Let (λ, x) ∈ C× Cn. Then setting r := −L(λ)x, we have

η(λ, x, L) =
‖r‖2

‖x‖2‖(1, λ)‖2 .
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Indeed, defining 4A :=
rxH

xHx(1 + |λ|2) and 4B :=
λrxH

xHx(1 + |λ|2) , and considering the pencil

4L(z) = 4A + z4B, we have |||4L||| = ‖r‖2/‖x‖2‖(1, λ)‖2 and L(λ)x +4L(λ)x = 0.

Next, let S be a (real or complex) linear subspace of P1(Cn×n). Pencils in S will be referred
to as structured pencils. Let L ∈ S. Then treating (λ, x) ∈ C × Cn×n as an approximate
eigenpair of L, we define the structured backward error of (λ, x) by

ηS(λ, x, L) := inf{|||4L||| : 4L ∈ S and L(λ)x +4L(λ)x = 0}.

Obviously, we have η(λ, x, L) ≤ ηS(λ, x, L). Let L be given by L(z) = A + zB. Then the ten
special structures of L we consider in this chapter are as follows, where ∗ ∈ {T,H}.

S Condition

T-symmetric AT = A,BT = B

T-skew-symmetric AT = −A,BT = −B

H-Hermitian AH = A,BH = B

H-skew-Hermitian AH = −A,BH = −B

S Condition

∗-even A∗ = A, B∗ = −B

∗-odd A∗ = −A,B∗ = B

∗-palindromic A∗ = B

Let L be a regular pencil. We say that (λ, x, y) is an eigentriple of L if λ is an eigenvalue
of L and x and y, respectively, are right and left eigenvectors of L corresponding to λ, that is,
L(λ)x = 0 and yHL(λ) = 0. An eigentriple (λ, x, y) is said to be normalized if yHy = xHx = 1.

We consider only normalized eigentriples. Now, for ready reference, we collect some basic facts
about eigenpairs of structured pencils in the following Theorem.

Theorem 3.2.1. Let L ∈ S be given by L(z) = A + zB. Let (λ, x) ∈ C× Cn be an eigenpair
of L. Then the results in Table 3.1 hold.

S eigenvalue pairing eigentriple xT Ax xT Bx

T -symmetric λ (λ, x, x) in C in C
T -skew-symmetric λ (λ, x, x) 0 0

T -even (λ,−λ) (λ, x, y), (−λ, y, x) 0 0

T -odd (λ,−λ) (λ, x, y), (−λ, y, x) 0 0 if λ 6= 0

T-palindromic (λ, 1/λ) (λ, x, y), (1/λ, y, x) 0 if λ 6= −1 0 if λ 6= −1

eigenvalue pairing eigentriple xHAx xHBx

H-Hermitian / (λ, λ) (λ, x, y) 0 if im(λ) 6= 0 0 if im(λ) 6= 0

H-skew-Hermitian (λ, y, x)

H-even/ (λ,−λ) (λ, x, y) 0 if re(λ) 6= 0 0 if re(λ) 6= 0

H-odd (−λ, y, x)

H-palindromic (λ, 1/λ) (λ, x, y), (1/λ, y, x) 0 if |λ| 6= 1 0 if |λ| 6= 1

Table 3.1: Eigensymmetry of structured pencils and related conditions.

Proof: Note that when L is T -symmetric or T -skew-symmetric, we have L(λ)x = 0 and
xHL(λ) = 0. Hence (λ, x, x) is an eigentriple of L. In particular, if L is T -skew-symmetric
then both A and B are skew-symmetric and hence xT Ax = 0 = xT Bx.
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When L is T -even or T -odd, we have L(λ)T = L(−λ) or L(λ)T = −L(−λ). Hence if
L(λ)x = 0 and L(−λ)y = 0 then xHL(−λ) = 0 and yHL(λ) = 0. This shows (λ,−λ) pairing
of eigenvalues and that (λ, x, y) and (−λ, y, x) are eigentriples. When L is T -even, B is skew-
symmetric and hence xT Bx = 0. Consequently, xT L(λ)x = 0 ⇒ xT Ax = 0. Similarly, when L
is T -odd, A is skew-symmetric and hence xT Ax = 0. Consequently, xT L(λ)x = 0 ⇒ xT Bx = 0
whenever λ 6= 0. The proof is similar for H-Hermitian, H-skew-Hermitian, H-odd and H-even
pencils.

Now let L be T -palindromic given by L(z) = A+zAT . Suppose that λ 6= 0. Then L(λ)x =
0 ⇒ xHL(1/λ) = 0 which shows (λ, 1/λ) pairing of eigenvalues. It also follows that (λ, y, x)
is an eigentriple of L if and only if (1/λ, x, y) is an eigentriple of L. Note that xT L(λ)x = 0 ⇒
xT Ax + λxT Ax = 0. Thus, if λ 6= −1 then xT Ax = 0.

Similarly, when L is H-palindromic it follows that (λ, y, x) is an eigentriple of L if and
only if (1/λ, x, y) is an eigentriple of L. Now xHL(λ)x ⇒ xHAx + λ xHAx = 0 ⇒ |xHAx| =
|λ| |xHAx| ⇒ (1− |λ|) |xHAx| = 0. Hence for |λ| 6= 1, we have xHAx = 0. ¥

Next, we show that if (λ, x) ∈ C×Cn and L ∈ S then there exists4L ∈ S such that (λ, x) is
an eigenpair of L+4L, that is, L(λ)x+4L(λ)x = 0. Consequently, we have ηS(λ, x, L) < ∞.

Theorem 3.2.2. Let S ∈ {T -symmetric, T -skew-symmetric, T -odd, T -even, H-Hermitian,

H-skew-Hermitian, H-odd, H-even} and L ∈ S be given by L(z) = A+zB. Let (λ, x) ∈ C×Cn

be such that xHx = 1. Set r := −L(λ)x and define

4A :=

{
−xxT AxxH + 1

1+|λ|2 [xrT + rxH − 2(xT r)xxH ], if A = AT ,

− 1
1+|λ|2 [xrT − rxH ], if A = −AT ,

4B :=

{
−xxT BxxH + λ

1+|λ|2 [xrT + rxH − 2(xT r)xxH ], if B = BT ,

− λ
1+|λ|2 [xrT − rxH ], if B = −BT ,

and

4A :=

{
−xxHAxxH + 1

1+|λ|2 [xrH(I − xxH) + (I − xxH)rxH ], if A = AH ,

−xxHAxxH − 1
1+|λ|2 [xrH(I − xxH)− (I − xxH)rxH ], if A = −AH .

4B :=

{
−xxHBxxH + 1

1+|λ|2 [λxrH(I − xxH) + λ(I − xxH)rxH ] if B = BH

−xxHBxxH − 1
1+|λ|2 [λxrH(I − xxH)− λ(I − xxH)rxH ] if B = −BH .

Consider the pencil 4L(z) = 4A + z4B. Then 4L ∈ S and L(λ)x +4L(λ)x = 0.

Proof: The proof is computational and is easy to check. ¥.

For palindromic pencils, we have the following result.

Theorem 3.2.3. Let S ∈ {T -palindromic, H-palindromic} and L ∈ S be given by L(z) =
A + zA∗, where A∗ = AT or A∗ = AH . Let (λ, x) ∈ C × Cn be such that xHx = 1. Set
r := −L(λ)x and define

4A :=

{
−xxT AxxH + 1

1+|λ|2 [λxrT (I − xxH) + (I − xxT )rxH ], if B = AT ,

−xxHAxxH + 1
1+|λ|2 [λxrH(I − xxH) + (I − xxH)rxH ], if B = AH .
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Consider the pencil 4L(z) = 4A + z(4A)∗. Then 4L ∈ S and L(λ)x +4L(λ)x = 0.

Proof: The proof is computational and is easy to check. ¥.

We also consider general classes of linearly structured pencils whose coefficient matrices
are elements of certain Jordan and/or Lie algebras and show that for these pencils struc-
tured backward perturbation analysis ultimately reduces to that of one of the ten classes of
structured pencils discussed above.

3.3 Frobenius norm and structured backward errors

Let (λ, x) ∈ C × Cn. Unless stated otherwise, we always assume that xHx = 1. Let L ∈ S
be given by L(z) = A + zB. In this section, we determine the structured backward error
ηS(λ, x, L) when Cn×n is equipped with the Frobenius norm. Recall that the pencil norm
defined in (3.1) is then given by |||L||| :=

√
‖A‖2F + ‖B‖2F = ‖[A B]‖F . Also recall that the

unstructured backward error η(λ, x, L) for the spectral norm as well as for the Frobenius norm
on Cn×n is given by η(λ, x, L) = ‖L(λ)x‖2/‖(1, λ)‖2.

Theorem 3.3.1. Let S be the space of T -symmetric pencils and let L ∈ S be given by L(z) =
A + zB. Then for (λ, x) ∈ C× Cn, setting r := −L(λ)x, we have

ηS(λ, x, L) =

√
2‖r‖22 − |xT r|2
‖(1, λ)‖2 ≤

√
2 η(λ, x, L).

Define4A :=
1

1 + |λ|2 [xrT + rxH − (rT x)xxH ] and 4B :=
λ

1 + |λ|2 [xrT + rxH − (rT x)xxH ]

and consider the pencil 4L(z) = 4A+ z4B. Then 4L is T -symmetric, L(λ)x+4L(λ)x = 0
and |||4L||| = ηS(λ, x, L).

Proof: By Theorem 3.2.2 there is a 4L ∈ S such that L(λ)x+4L(λ)x = 0. Let 4L be given
by 4L(z) = 4A + z4B. Then we have (4A + λ4B)x = r. Choose Q1 ∈ Cn×(n−1) such that
Q := [x, Q1] is unitary. Then

4̃A := QT4AQ =

(
a11 aT

1

a1 A1

)
, 4̃B := QT4BQ =

(
b11 bT

1

b1 B1

)
, QT r =

(
xT r

QT
1 r

)
,

where A1 = AT
1 and B1 = BT

1 are of size n− 1. Since QQT = I, we have

(Q4̃AQH + λQ4̃BQH)x = r ⇒ (4̃AQH + λ4̃BQH)x = QT r =

(
xT r

QT
1 r

)
.

As QHx = e1, the first column of the identity matrix, we have

(4̃A + λ4̃B)QHx =

(
xT r

QT
1 r

)
⇒

(
a11 + λb11

a1 + λb1

)
=

(
xT r

QT
1 r

)
.
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This gives a11 + λb11 = xT r and a1 + λb1 = QT
1 r whose minimum norm solutions are

(a1 b1) = QT
1 r

(
1
λ

)†

⇒ a1 =
1

1 + |λ|2 QT
1 r, b1 =

λ

1 + |λ|2 QT
1 r

and (a11 b11) = xT r

(
1
λ

)†

⇒ a11 =
1

1 + |λ|2 xT r, b11 =
λ

1 + |λ|2 xT r. Hence we have

4̃A =

(
1

1+|λ|2 xT r 1
1+|λ|2 (QT

1 r)T

1
1+|λ|2 QT

1 r A1

)
, 4̃B =

(
λ

1+|λ|2 xT r λ
1+|λ|2 (QT

1 r)T

λ
1+|λ|2 QT

1 r B1

)
.

This shows that the Frobenius norms of 4̃A and 4̃B are minimized when A1 = 0 and B1 = 0.

Hence ‖4A‖2F = ‖4̃A‖2F = |a11|2 + 2 ‖a1‖22 and ‖4B‖2F = ‖4̃B‖2F = |b11|2 + 2 ‖b1‖22. Note
that QQH = I ⇒ Q1Q

H
1 = I − xxH ⇒ Q1Q

T
1 = I − xxT . Consequently, we have

|||4L||| = (‖4A‖2F + ‖4B‖2F )1/2 =

√
|xT r|2 + 2 ‖(I − xxT )r‖22

‖(1, λ)‖2 =

√
2‖r‖22 − |xT r|2
‖(1, λ)‖2 .

Next, we have

4A = Q4̃AQH =
1

1 + |λ|2 xxT rxH +
1

1 + |λ|2 [xrT Q1Q
H
1 + Q1Q

T
1 rxH ] + Q1A1Q

H
1

=
1

1 + |λ|2 [xrT + rxH − (rT x)xxH ] + Q1A1Q
H
1 ,

4B = Q4̃BQH =
λ

1 + |λ|2 xxT rxH +
1

1 + |λ|2 [λxrT Q1Q
H
1 + λQ1Q

T
1 rxH ] + Q1B1Q

H
1

=
λ

1 + |λ|2 [xrT + rxH − (rT x)xxH ] + Q1B1Q
H
1

from which we obtain the desired pencil by setting A1 = 0 and B1 = 0. This completes the
proof. ¥

Observe that if Y is symmetric and Y x = 0 then Y = (I − xxH)T Z(I − xxH) for
some symmetric matrix Z. Consequently, we have Q1A1Q

H
1 = (I − xxH)T Z1(I − xxH) and

Q1B1Q
H
1 = (I −xxH)T Z2(I −xxH) for some symmetric matrices Z1 and Z2. Hence from the

proof of Theorem 3.3.1 we have following.

Corollary 3.3.2. Let L be a T -symmetric pencil and (λ, x) ∈ C× Cn. Set r := −L(λ)x. Let
K be a T -symmetric pencil. Then L(λ)x + K(λ)x = 0 if and only if K(z) = 4L(z) + (I −
xxH)T N(z)(I − xxH) for some T -symmetric pencil N, where 4L is the T -symmetric pencil
given in Theorem 3.3.1.

Next, we consider T -skew-symmetric pencils.

Theorem 3.3.3. Let S be the space of T -skew-symmetric pencils and let L ∈ S be given by
L(z) = A+zB. Let (λ, x) ∈ C×Cn and r := −L(λ)x. Then ηS(λ, x, L) =

√
2 ‖r‖2/‖(1, λ)‖2 =√

2 η(λ, x, L). Further, for the T -skew-symmetric pencil 4L given in Theorem 3.2.2, we have
L(λ)x +4L(λ)x = 0 and |||4L||| = ηS(λ, x, L).
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Proof: As A and B are skew-symmetric, from the proof of Theorem 3.3.1, we have

4̃A = QT4AQ =

(
0 aT

1

−a1 A1

)
, 4̃B = QT4BQ =

(
0 bT

1

−b1 B1

)
, QT r =

(
xT r

QT
1 r

)
,

where A1 and B1 are skew-symmetric matrices of size n − 1. Consequently, as before, we

have (4̃A + λ4̃B)QHx =

(
xT r

QT
1 r

)
which gives

(
0

−a1 − λb1

)
=

(
xT r

QT
1 r

)
. Note that

xT r = 0 and the smallest norm solution of −a1 − λb1 = QT
1 r is given by

(a1 b1) = QT
1 r

(
−1
−λ

)†

⇒ a1 = − 1
1 + |λ|2 QT

1 r, b1 = − λ

1 + |λ|2 QT
1 r.

Hence we have

4A = Q

(
0 − 1

1+|λ|2 (QT
1 r)T

1
1+|λ|2 QT

1 r A1

)
QH , 4B = Q

(
0 − λ

1+|λ|2 (QT
1 r)T

λ
1+|λ|2 QT

1 r B1

)
QH .

Setting A1 = 0 and B1 = 0 we obtain 4L such that |||4L||| = ηS(λ, x, L) =
√

2‖r‖2/‖(1, λ)‖2.
Since Q1Q

T
1 = I − xxT , we have

4A = − 1
1 + |λ|2 [xrT − rxH ] + Q1A1Q

H
1 and 4B = − λ

1 + |λ|2 [xrT − rxH ] + Q1B1Q
H
1 .

Setting A1 = B1 = 0 we obtain the T -skew-symmetric pencil 4L given in Theorem 3.2.2. ¥

Using the fact that if Y is skew-symmetric and Y x = 0 then Y = (I − xxH)T Z(I − xxH)
for some skew-symmetric matrix Z, we obtain an analogue of Corollary 3.3.2 for T -skew-
symmetric pencils.

Next, we derive structured backward errors for T -even and T -odd pencils.

Theorem 3.3.4. Let S ∈ {T -even, T -odd} and L ∈ S be given by L(z) = A + zB. Let
(λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =

√
|xT Ax|2 +

2‖r‖22 − 2|xT r|2
1 + |λ|2 =

√
2‖r‖22 + (|λ|2 − 1)|xT r|2

‖(1, λ)‖2

when L is T -even and

ηS(λ, x, L) =





√
|xT Bx|2 + 2‖r‖22−2|xT r|2

1+|λ|2 =

√
2‖r‖22 + (|λ|−2 − 1)|xT r|2

‖(1, λ)‖2 , if λ 6= 0.
√

2 η(λ, x, L), if λ = 0,

when L is T -odd. The pencil 4L ∈ S given in Theorem 3.2.2 satisfies L(λ)x +4L(λ)x = 0
and |||4L||| = ηS(λ, x, L).

Proof: First, assume that L is T -even. Then noting that A = AT and B = −BT , the proof
follows from similar arguments as those employed for T -symmetric and T -skew-symmetric
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pencils. Indeed, considering a unitary matrix Q := [x, Q1], we have

4̃A := QT4AQ =

(
a11 aT

1

a1 A1

)
, 4̃B := QT4BQ =

(
0 bT

1

−b1 B1

)
, QT r =

(
xT r

QT
1 r

)
,

where A1 = AT
1 and B1 = −BT

1 are of size n− 1. Consequently, we have (4̃A+λ4̃B)QHx =(
xT r

QT
1 r

)
⇒

(
a11

a1 − λb1

)
=

(
xT r

QT
1 r

)
. This gives a11 = −xT Ax. The smallest norm

solution of a1 + λb1 = QT
1 r is given by

(a1 b1) = QT
1 r

(
1
−λ

)†

⇒ a1 =
1

1 + |λ|2 QT
1 r, b1 = − λ

1 + |λ|2 QT
1 r.

Consequently, we have

4A = Q

(
−xT Ax ( 1

1+|λ|2 QT
1 r)T

1
1+|λ|2 QT

1 r A1

)
QH , 4B = Q

(
0 (− λ

1+|λ|2 QT
1 r)T

λ
1+|λ|2 QT

1 r B1

)
QH .

Setting A1 = B1 = 0 and using the fact that Q1Q
T
1 = I − xxT , we obtain the pencil 4L such

that

|||4L||| = ηS(λ, x, L) =

√
|xT Ax|2 +

2‖r‖22 − 2|xT r|2
1 + |λ|2 .

Now simplifying expressions for 4A and 4B, we obtain

4A = −xxT AxxH +
1

1 + |λ|2 [xrT + rxH − 2(xT r)xxH ] + Q1A1Q
H
1 ,

4B = − λ

1 + |λ|2 [xrT − rxH ] + Q1B1Q
H
1 .

Setting A1 = B1 = 0 we obtain the T -even pencil 4L given in Theorem 3.2.2.
When L is T -odd, the results follow by interchanging the role of A and B. ¥

It follows from Theorem 3.3.4 that for a T -even pencil, we have ηS(λ, x, L) ≤ √
2 η(λ, x, L)

when |λ| ≤ 1 and ηS(λ, x, L) ≤ ‖(1, λ)‖2 η(λ, x, L) when |λ| > 1. Similarly, for a T -odd pencil,
we have ηS(λ, x, L) ≤ √

2 η(λ, x, L) when |λ| ≥ 1 and ηS(λ, x, L) ≤ ‖(1, λ−1)‖2 η(λ, x, L) when
λ 6= 0 and |λ| < 1.

We mention that an analogue of Corollary 3.3.2 holds for T -even and T -odd pencils as
well. Now, we consider a T -palindromic pencil L(z) = A + zAT .

Theorem 3.3.5. Let S be the space of T -palindromic pencils and L ∈ S be given by L(z) =
A + zAT . Let (λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
2

√
|xT Ax|2 + ‖r‖22−|xT r|2

1+|λ|2 =
√

2

√
‖r‖22 − 2reλ |xT Ax|2

‖(1, λ)‖2 , if λ 6= −1,
√

2 η(λ, x, L), if λ = −1,

In particular, we have ηS(λ, x, L) =
√

2 η(λ, x, L), if λ ∈ iR.
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Now define

4A =

{
1

1+|λ|2 [λxrT (I − xxH) + (I − xxT )rxH ], if λ = −1,

−xxT AxxH + 1
1+|λ|2 [λxrT (I − xxH) + (I − xxT )rxH ], if λ 6= −1,

and consider the pencil 4L(z) = 4A + z(4A)T . Then L(λ)x + 4L(λ)x = 0 and |||4L||| =
ηS(λ, x, L).

Proof: By Theorem 3.2.3, there exists a T -palindromic pencil 4L(z) = 4A + z4AT such
that (L(λ) +4L(λ))x = 0. Let Q1 ∈ Cn×(n−1) be such that Q := [x Q1] is unitary. Then

4̃A := QT4AQ =

(
a11 aT

1

b1 A1

)
, QT r =

(
xT r

QT
1 r

)
.

Now, if λ 6= −1 then by Theorem 3.2.1, we have xT (4A + A)x = 0 ⇒ xT4Ax = −xT Ax.

Hence we have a11 = −xT Ax. When λ = −1, we have λaT
11 + a11 = xT r = 0 for any a11.

Since the aim is to minimize the Frobenius norm of 4A, we set a11 = 0.

Next, the minimum norm solution of a1λ + b1 = QT
1 r is given by

(
a1 b1

)
= QT

1 r

(
λ

1

)†

⇒ a1 =
λQT

1 r

1 + |λ|2 , b1 =
QT

1 r

1 + |λ|2 .

Therefore when λ = −1, we have 4A = Q


 0 ( λQT

1 r
1+|λ|2 )T

QT
1 r

1+|λ|2 A1


QH . Setting A1 = 0, we

obtain ηS(λ, x, L) = |||4L||| =
√

2‖r‖2/
√

1 + |λ|2 =
√

2 η(λ, x, L). Since Q1Q
H
1 = I − xxH ⇒

Q1Q
T
1 = I − xxT , simplifying the expression for 4A, we obtain

4A =
1

1 + |λ|2 [λxrT (I − xxH) + (I − xxT )rxH ] + Q1A1Q
H
1 .

When λ 6= −1, we have 4A = Q


 −xT Ax ( λQT

1 r
1+|λ|2 )T

QT
1 r

1+|λ|2 A1


QH . Setting A1 = 0, we obtain

ηS(λ, x, L) = |||4L||| =
√

2|xT Ax|2 +
2‖[I − xxT ]r‖22

1 + |λ|2 =
√

2

√
|xT Ax|2 +

‖r‖22 − |xT r|2
1 + |λ|2

from which the result follows. Since |xT r|2 = |xT Ax|2(1 + |λ|2) when λ ∈ iR, we have
ηS(λ, x, L) =

√
2‖r‖2/‖(1, λ)‖2, for λ ∈ iR. Again, simplifying the expression for 4A, we

obtain

4A = −xxT AxxH +
1

1 + |λ|2 [λxrT (I − xxH) + (I − xxT )rxH ] + Q1A1Q
H
1 .

This completes the proof. ¥

Observe that by Theorem 3.3.5 we have ηS(λ, x, L) ≤ √
2 η(λ, x, L) when reλ > 0 and

ηS(λ, x, L) ≤ ‖(1,
√
|reλ|/|1 + λ|)‖2 η(λ, x, L) when λ 6= −1 and reλ < 0.
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Note that if Y ∈ Cn×n is such that Y x = 0 and Y T x = 0 then Y = (I − xxH)T Z(I −
xxH) for some matrix Z. Hence from the proof of Theorem 3.3.5, we obtain an analogue of
Corollary 3.3.2 for T -palindromic pencil. Indeed, if K is a T -palindromic pencil such that
L(λ)x + K(λ)x = 0 then K(z) = 4L(z) + (I − xxH)T N(z)(I − xxH) for some T -palindromic
pencil N, where 4L is given in Theorem 3.3.5.

Now we turn to H-Hermitian, H-skew-Hermitian, H-even, H-odd and H-palindromic
pencils.

Theorem 3.3.6. Let S ∈ {H-Hermitian, H-skew-Hermitian} and L ∈ S be given by L(z) =
A + zB. For (λ, x) ∈ C× Cn, set r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
2‖r‖22 − |xHr|2
‖(1, λ)‖2 ≤ √

2 η(λ, x, L) if λ ∈ R,
√
|xHAx|2 + |xHBx|2 +

2‖r‖22 − 2|xHr|2
1 + |λ|2 , if λ ∈ C \ R.

In particular, we have ηS(λ, x, L) = ‖r‖2 =
√

2 η(λ, x, L), if λ = ±i.

When λ ∈ R, define

4A :=

{
1

1+λ2 [xrH + rxH − (rHx)xxH ], if A = AH

1
1+λ2 [rxH − xrH + (rHx)xxH ], if A = −AH

4B :=

{
λ

1+λ2 [xrH + rxH − (rHx)xxH ], if B = BH

λ
1+λ2 [rxH − xrH + (rHx)xxH ], if B = −BH

and consider the pencil 4L(z) = 4A + z4B. Then 4L ∈ S, L(λ)x + 4L(λ)x = 0 and
|||4L||| = ηS(λ, x, L).

When λ ∈ C \ R, the H-Hermitian/H-skew-Hermitian pencil 4L given in Theorem 3.2.2
satisfies L(λ)x +4L(λ)x = 0 and |||4L||| = ηS(λ, x, L).

Proof: Suppose that L(z) = A + zB is H-Hermitian so that A = AH and B = BH . By
Theorem 3.2.2 there exists H-Hermitian pencil4L(z) = 4A+z4B such that (4A+λ4B)x =
r. Again, choosing a unitary matrix Q := [x, Q1], we have

4̃A := QH4AQ =

(
a11 aH

1

a1 A1

)
, 4̃B := QH4BQ =

(
b11 bH

1

b1 B1

)
, QHr =

(
xHr

QH
1 r

)
,

where A1 = AH
1 and B1 = BH

1 are of size n−1. This gives (4̃A+λ4̃B)QHx =

(
xHr

QH
1 r

)
⇒

(
a11 + λb11

a1 + λb1

)
=

(
xHr

QH
1 r

)
. The minimum norm solution of a1 + λb1 = QH

1 r is given by

(a1 b1) = QH
1 r

(
1
λ

)†

⇒ a1 =
1

1 + |λ|2 QH
1 r, b1 =

λ

1 + |λ|2 QH
1 r.

For the equation a11 + λb11 = xHr, two cases arise.
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Case-I: When λ ∈ R, the minimum norm solution is given by

(a11 b11) = xHr

(
1
λ

)†

⇒ a11 =
1

1 + λ2
xHr ∈ R, b11 =

λ

1 + λ2
xHr ∈ R.

Hence we have

4A = Q

(
1

1+λ2 xHr 1
1+λ2 (QH

1 r)H

1
1+λ2 QH

1 r A1

)
QH , 4B = Q

(
λ

1+λ2 xHr ( λ
1+λ2 QH

1 r)H

λ
1+λ2 QH

1 r B1

)
QH .

Setting A1 = B1 = 0 and using the fact that Q1Q
H
1 = I − xxH , we have

ηS(x, λ, L) = |||4L||| =
√

2‖r‖22 − |xHr|2
‖(1, λ)‖2 .

Now simplifying the expressions for 4A and 4B, we have

4A =
1

1 + λ2
xxHrxH +

1
1 + λ2

[xrHQ1Q
H
1 + Q1Q

H
1 rxH ] + Q1A1Q

H
1

=
1

1 + λ2
[xrH + rxH − (rHx)xxH ] + Q1A1Q

H
1 ,

4B =
λ

1 + λ2
xxHrxH +

λ

1 + λ2
[xrHQ1Q

H
1 + Q1Q

H
1 rxH ] + Q1B1Q

H
1

=
λ

1 + λ2
[xrH + rxH − (rHx)xxH ] + Q1B1Q

H
1 .

Hence the results follow.
Case-II: Suppose that λ ∈ C \ R. Then by Theorem 3.2.1, we have xH(A +4A)x = 0 and
xH(B +4B)x = 0. Hence we have a11 = −xHAx and b11 = −xHBx. Consequently,

4A = Q

(
−xHAx ( 1

1+|λ|2 QH
1 r)H

1
1+|λ|2 QH

1 r A1

)
QH , 4B = Q

(
−xHBx ( λ

1+|λ|2 QH
1 r)H

λ
1+|λ|2 QH

1 r B1

)
QH .

Setting A1 = B1 = 0, we obtain

ηS(λ, x, L) = |||4L||| =
√
|xHAx|2 + |xHBx|2 +

2‖(I − xxH)r‖22
1 + |λ|2 .

Hence the result follows.
Now simplifying the expressions for 4A and 4B, we have

4A = −xxHAxxH +
1

1 + |λ|2 [xrH(I − xxH) + (I − xxH)rxH ] + Q1A1Q
H
1 ,

4B = −xxHBxxH +
1

1 + |λ|2 [λxrH(I − xxH) + λ(I − xxH)rxH ] + Q1B1Q
H
1 .

Setting A1 = B1 = 0, we obtain the H-Hermitian pencil 4L given in Theorem 3.2.2.
The proof is similar for the case when L is H-skew-Hermitian. ¥
Needless to mention that an analogue of Corollary 3.3.2 holds for H-Hermitian/H-skew-

Hermitian pencils.
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Theorem 3.3.7. Let S ∈ {H-even, H-odd} and L ∈ S be given by L(z) = A + zB. For
(λ, x) ∈ C× Cn, set r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
2‖r‖22 − |xHr|2
‖(1, λ)‖2 ≤ √

2 η(λ, x, L) if λ ∈ iR,
√
|xHAx|2 + |xHBx|2 +

2‖r‖22 − 2|xHr|2
1 + |λ|2 , if λ ∈ C \ iR.

In particular, we have ηS(λ, x, L) = ‖r‖2 =
√

2 η(λ, x, L), if λ = ±1.

When λ ∈ iR, define

4A :=

{
1

1+|λ|2 [xrH + rxH − (rHx)xxH ], if A = AH

1
1+|λ|2 [rxH − xrH + (rHx)xxH ], if A = −AH

4B :=

{ −λ
1+|λ|2 [rxH − xrH + (rHx)xxH ], if B = BH

−λ
1+|λ|2 [rxH + xrH − (rHx)xxH ], if B = −BH

and consider the pencil 4L(z) = 4A + z4B. Then 4L ∈ S, L(λ)x + 4L(λ)x = 0 and
|||4L||| = ηS(λ, x, L).

When λ ∈ C \ iR, the H-even/H-odd pencil 4L given in Theorem 3.2.2 satisfies L(λ)x +
4L(λ)x = 0 and |||4L||| = ηS(λ, x, L).

Proof: First, suppose that L(z) = A + zB is H even. Then A = AH and B = −BH . By
Theorem 3.2.2 there exists H-even pencil 4L(z) = 4A + z4B such that 4L(λ)x = r. Now
choosing a unitary matrix Q := [x,Q1] and noting that 4A = 4AH , 4B = −4BH , we have

4A := Q

(
a11 aH

1

a1 A1

)
QH and 4B = Q

(
b11 bH

1

−b1 B1

)
QH ,

where A1 = AH
1 and B1 = −BH

1 are matrices of size n − 1. Then 4L(λ)x = r gives(
a11 + λb11

a1 − λb1

)
=

(
xHr

QH
1 r

)
. The minimum norm solution of a1 − λb1 = QH

1 r is given

by

(a1 b1) = QH
1 r

(
1
−λ

)†

⇒ a1 =
1

1 + |λ|2 QH
1 r, b1 = − λ

1 + |λ|2 QH
1 r.

For the solution of a11 + λb11 = xHr two cases arise. When λ ∈ iR, the minimum norm
solution is given by

(a11 b11) = xHr

(
1
λ

)†

⇒ a11 =
1

1 + |λ|2 xHr ∈ R, b11 =
λ

1 + |λ|2 xHr ∈ iR.

When λ ∈ C \ iR, by Theorem 3.2.1, xH(A +4A)x = 0 = xH(B +4B)x ⇒ a11 = −xHAx

and b11 = −xHBx. Consequently, we have

4A = Q

(
1

1+|λ|2 xHr ( 1
1+|λ|2 QH

1 r)H

1
1+|λ|2 QH

1 r A1

)
QH , 4B = Q

(
λ

1+|λ|2 xHr (− λ
1+|λ|2 QH

1 r)H

λ
1+|λ|2 QH

1 r B1

)
QH

50

TH-789_04612301



when λ ∈ iR and

4A = Q

(
−xHAx ( 1

1+|λ|2 QH
1 r)H

1
1+|λ|2 QH

1 r A1

)
QH , 4B = Q

(
−xHBx (− λ

1+|λ|2 QH
1 r)H

λ
1+|λ|2 QH

1 r B1

)
QH

when λ ∈ C \ iR. Hence the desired results follow. Finally, reversing the role of A and B we
obtain the results for the case when L(z) = A + zB is H-odd. ¥

We have the following result for H-palindromic pencils.

Theorem 3.3.8. Let S be the space of H-palindromic pencils and L ∈ S be given by L(z) =
A + zAH . Let (λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
2

√
|xHAx|2 +

‖r‖22 − |xHr|2
1 + |λ|2 if |λ| 6= 1,

√
‖r‖22 − 1

2 |xHr|2, if |λ| = 1.

Now define

4A :=

{
1

1+|λ|2 [rxH + λxrH(I − xxH)], if |λ| = 1,

−xxHAxxH + 1
1+|λ|2 [λxrH(I − xxH) + (I − xxH)rxH ], if |λ| 6= 1,

and consider 4L(z) := 4A + z(4A)H . Then L(λ)x +4L(λ)x = 0 and |||4L||| = ηS(λ, x, L).

Proof: Let Q := [x, Q1] be unitary. Then 4̃A := QH4AQ =

(
a11 aH

1

b1 A1

)
and QHr =

(
xHr

QH
1 r

)
. Hence 4L(λ)x = r gives

(
λaH

11 + a11

λa1 + b1

)
=

(
xHr

QH
1 r

)
. If |λ| 6= 1 then by

Theorem 3.2.1, we have xH(4A + A)x = 0 ⇒ xH4Ax = −xHAx. Hence we have a11 =
−xHAx. On the other hand, when |λ| = 1, the minimum norm solution is given by

(a11 a11) = xHr

(
λ

1

)†

= (
λxHr

1 + |λ|2
xHr

1 + |λ|2 ).

Note that when |λ| = 1 we have xHr = λxHr. Next, the minimum solution of a1λ+b1 = QH
1 r

is given by (a1, b1) = QH
1 r

(
λ

1

)†

=
(

λQH
1 r

1+|λ|2
QH

1 r
1+|λ|2

)
. Consequently, when |λ| 6= 1, we

have 4A = Q


 −xHAx ( λQH

1 r
1+|λ|2 )H

QH
1 r

1+|λ|2 A1


 QH . Setting A1 = 0, we obtain

ηS(λ, x, L) = |||4L||| =
√

2|xHAx|2 +
2‖[I − xxH ]r‖22

1 + |λ|2 =
√

2

√
|xHAx|2 +

‖r‖22 − |rHx|2
1 + |λ|2 .

Using the fact that Q1Q
H
1 = I − xxH , we have

4A = −xxHAxxH +
1

1 + |λ|2 [λxrH(I − xxH) + (I − xxH)rxH ] + Q1A1Q
H
1 .
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Setting A1 = 0, the result follows.

For the case when |λ| = 1, we have 4A = Q




xHr
1+|λ|2 ( λQH

1 r
1+|λ|2 )H

QH
1 r

1+|λ|2 A1


QH . Again setting

A1 = 0 we obtain

ηS(λ, x, L) = |||4L||| =
√
‖r‖22 −

1
2
|xHr|2.

Since Q1Q
H
1 = (I − xxH), simplifying the expression for 4A, we obtain

4A :=
1

1 + |λ|2 [rxH + λxrH(I − xxH)] + Q1A1Q
H
1 .

Hence the proof. ¥

Remark 3.3.9. Let (λ, x) ∈ C×Cn with xHx = 1 and S ∈ {T -symmetric, T -skew-symmetric, T -odd,

T -even, T -palindromic, H-Hermitian, H-skew-Hermitian, H-odd, H-even, H-palindromic}. For
L ∈ S, consider the set

S(λ, x, L) := {K ∈ S : L(λ)x + K(λ)x = 0}.

Then S(λ, x, L) 6= ∅ and there exists a unique 4L ∈ S(λ, x, L) such that

min{|||K||| : K ∈ S(λ, x, L)} = |||4L||| = ηS(λ, x, L).

Further, each pencil in S(λ, x, L) is of the form 4L + (I − xxH)∗ Z(I − xxH) for some Z ∈ S,
where ∗ is either the transpose or the conjugate transpose depending upon the structure defined
by S. In other words, we have S(λ, x, L) = 4L + (I − xxH)∗ S (I − xxH).

We mention that the results obtained above are easily extended to the case of pencils
having more general structures. Indeed, let M be a unitary matrix such that MT = M or
MT = −M. Consider the Jordan algebra J := {A ∈ Cn×n : M−1AT M = A} and the Lie
algebra L := {A ∈ Cn×n : M−1AT M = −A} associated with the scalar product (x, y) 7→
yT Mx. Consider a pencil L(z) = A + zB, where A and B are in J and/or in L. Then the
pencil ML given by ML(z) = MA + zMB is either T -symmetric, T -skew-symmetric, T -even
or T -odd. Hence replacing A,B and r by MA, MB and Mr, respectively, in the above results,
we obtain corresponding results for the pencil L.

Similarly, when M is unitary and M = MH or M = −MH , we consider the Jordan algebra
J := {A ∈ Cn×n : M−1AHM = A} and the Lie algebra L := {A ∈ Cn×n : M−1AHM = −A}
associated with the scalar product (x, y) 7→ yHMx. Now, let L(z) = A + zB be a pencil
where A and B are in J and/or in L. Then the pencil ML(z) = MA + zMB is either H-
Hermitian, H-skew-Hermitian, H-even or H-odd. Hence replacing A,B and r by MA, MB

and Mr, respectively, in the above results, we obtain corresponding results for the pencil L.

In particular, when M := J, where J :=

(
0 I

−I 0

)
∈ C2n×2n, the Jordan algebra J consists

of skew-Hamiltonian matrices and the Lie algebra L consists of Hamiltonian matrices. So,
for example, considering the pencil L(z) := A + zB, where A is Hamiltonian and B is skew-
Hamiltonian, we see that the pencil JL(z) = JA + zJB is H-even. Hence extending the
results obtained for H-even pencil to the case of L, we have the following.
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Theorem 3.3.10. Let S be the space of pencils of the form L(z) = A + zB, where A is
Hamiltonian and B is skew-Hamiltonian. For (λ, x) ∈ C × Cn, set r := −L(λ)x. Then we
have

ηS(λ, x, L) =





√
2‖r‖22 − |xHJr|2
‖(1, λ)‖2 ≤ √

2 η(λ, x, L) if λ ∈ iR,
√
|xHJAx|2 + |xHJBx|2 +

2‖r‖22 − 2|xHJr|2
1 + |λ|2 , if λ ∈ C \ iR.

We mention that Remark 3.3.9 remains valid for structured pencils in S whose coefficient
matrices are element of Jordan and/or Lie algebras associated with a scalar product considered
above. In such a case the ∗ in (I − xxH)∗ is the adjoint induced by the scalar product that
defines the Jordan and Lie algebras.

3.4 Spectral norm and structured backward errors

Considering Frobenius norm on Cn×n, in the previous section, we have obtained structured
backward error of an approximate eigenpair. In this section, we derive structured backward
errors when Cn×n is equipped with the spectral norm. Recall that the norm of a pencil L(z) =
A+zB as defined in (3.1) is then given by |||L||| := (‖A‖22 +‖B‖22)1/2. Derivations of structured
backward errors of approximate eigenpairs turn out to be much more difficult when Cn×n is
equipped with the spectral norm than in the case when Cn×n is equipped with the Frobenius
norm. We mention that for certain structures (e.g., T -symmetric and T -skew-symmetric) it
is indeed possible to use structured mapping Theorems given in chapter 2 ( see also [70]) to
derive structured backward errors of approximate eigenpairs. However, for most structures
(e.g., even, odd, palindromic, Hermitian, skew-Hermitian), the structured mapping Theorems
are not of much help for deriving structured backward errors. We overcome this difficulty by
employing Davis-Kahan-Weinberger solutions of norm preserving dilation problem for Hilbert
space operators. For a more general version of the DKW Theorem, see [24].

We now use the DKW Theorem 1.2.5 with Z = 0 and derive structured backward error of
an approximate eigenpair. Recall that for (λ, x) ∈ C × Cn, our standing assumption is that
xHx = 1.

Theorem 3.4.1. Let S ∈ {T -symmetric, T -skew-symmetric} and L ∈ S be given by L(z) :=

A+zB. Let (λ, x) ∈ C×Cn and r := −L(λ)x. Then we have ηS(λ, x, L) =
‖r‖2

‖(1, λ)‖2 = η(λ, x, L).

Now define

4A :=

{
1

1+|λ|2 [xrT + rxH − (rT x)xxH − xT r (I−xxT )rrT (I−xxH)
‖r‖22−|xT r|2 ], if A = AT ,

− 1
1+|λ|2 [xrT − rxH ], if A = −AT .

4B :=





λ
1+|λ|2 [xrT + rxH − (rT x)xxH − xT r (I−xxT )rrT (I−xxH)

‖r‖22−|xT r|2 ], if B = BT ,

− λ
1+|λ|2 [xrT − rxH ], if B = −BT .

and consider the pencil 4L(z) := 4A + z4B. Then 4L ∈ S, L(λ)x + 4L(λ)x = 0 and
|||4L||| = ηS(λ, x, L).
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Proof: Suppose that L is T -symmetric. Then from the proof of Theorem 3.3.1, we have

4A = Q

(
xT r

1+|λ|2
1

1+|λ|2 (QT
1 r)T

1
1+|λ|2 (QT

1 r) A1

)
QH , 4B = Q

(
λ xT r
1+|λ|2

λ
1+|λ|2 (QT

1 r)T

λ
1+|λ|2 (QT

1 r) B1

)
QH ,

such that4L(λ)x+L(λ)x = 0. Now, for µ4A := ‖r‖2
1+|λ|2 and µ4B := |λ| ‖r‖2

1+|λ|2 , by the DKW The-

orem 1.2.5, we have A1 = − xT r (QT
1 r)(QT

1 r)T

(1 + |λ|2) (‖r‖22 − |xT r|2) and B1 = − λ xT r (QT
1 r)(QT

1 r)T

(1 + |λ|2) (‖r‖22 − |xT r|2) .

This gives ηS(λ, x, L) = (‖4A‖22 + ‖4B‖22)1/2 =
‖r‖2

‖(1, λ)‖2 . Simplifying expressions for 4A

and 4B, we obtain the desired results.
When L is T -skew-symmetric, from the proof of Theorem 3.3.3, we have

4A = Q

(
0 − (QT

1 r)T

1+|λ|2
1

1+|λ|2 QT
1 r A1

)
QH , 4B = Q

(
0 −λ(QT

1 r)T

1+|λ|2
λ

1+|λ|2 QT
1 r B1

)
QH ,

such that 4L(λ)x + L(λ)x = 0. Now, for µ4A := ‖r‖2
1+|λ|2 and µ4B := |λ| ‖r‖2

1+|λ|2 , by the DKW
Theorem 1.2.5, we obtain A1 = 0 = B1. Consequently, we have ηS(λ, x, L) = (‖4A‖22 +
‖4B‖22)1/2 = ‖r‖2/‖(1, λ)‖2. Simplifying the expressions for 4A and 4B, we obtain the
desired results. ¥

Remark 3.4.2. If |xT r| = ‖r‖2, then ‖QT
1 r‖2 = 0. In such a case, considering A1 = 0 = B1

we obtain the desired results.

Next, we consider T -even and T -odd pencils. Recall that for z ∈ C, sign(z) := z/|z| when
z 6= 0 and sign(z) := 1 when z = 0.

Theorem 3.4.3. Let S ∈ {T -even, T -odd} and L ∈ S be given by L(z) := A + zB. Let
(λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
|xT Ax|2 +

‖r‖22 − |xT r|2
1 + |λ|2 =

√
‖r‖22 + |λ|2|xT r|2
‖(1, λ)‖2 , if L is T -even,

√
|xT Bx|2 + ‖r‖22−|xT r|2

1+|λ|2 =

√
‖r‖22 + |λ|−2 |xT r|2

‖(1, λ)‖2 , if L is T -odd, λ 6= 0,

η(λ, x, L), if L is T -odd, λ = 0.

Now, define

4A :=





−xxT AxxH + 1
1+|λ|2 [xrT + rxH − 2(xT r)xxH ] + xT Ax (I−xxT )rrT (I−xxH)

‖r‖22−|xT r|2 ,

if A = AT ,
1

1+|λ|2 [rxH − xrT ], if A = −AT .

4B :=





−xxT BxxH + λ
1+|λ|2 [xrT + rxH − 2(xT r)xxH ]− sign(λ)2 xT Bx (I−xxT )rrT (I−xxH)

‖r‖22−|xT r|2 ,

if B = BT .

− λ
1+|λ|2 [xrT − rxH ], if B = −BT ,

and consider the pencil 4L(z) := 4A + z4B. Then 4L ∈ S, L(λ)x + 4L(λ)x = 0 and
|||4L||| = ηS(λ, x, L).
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Proof: Suppose that L is T -even. Then from the proof of Theorem 3.3.4, we have

4A = Q


 −xT Ax

(QT
1 r)T

1+|λ|2
QT

1 r
1+|λ|2 A1


QH , 4B = Q

(
0 − λ

1+|λ|2 (QT
1 r)T

λ
1+|λ|2 (QT

1 r) B1

)
QH ,

such that 4L(λ)x + L(λ)x = 0. Now, for

µ4A :=

√
|xT Ax|2 +

‖r‖22 − |xT r|2
(1 + |λ|2)2 and µ4B :=

√
|λ|2(‖r‖22 − |xT r|2)

(1 + |λ|2)2

by the DKW Theorem 1.2.5, we have A1 =
xT Ax

‖r‖22 − |xT r|2 (QT
1 r)(QT

1 r)T and B1 = 0. This

gives

ηS(λ, x, L) =

√
|xT Ax|2 +

‖r‖22 − |xT r|2
1 + |λ|2 =

√
‖r‖22 + |λ|2|xT r|2
‖(1, λ)‖2 .

Simplifying the expressions for 4A and 4B, we obtain the desired results. When L is T -odd
the results follow by interchanging the role of A and B. ¥

It follows that for a T -even pencil we have ηS(λ, x, L) ≤ ‖(1, λ)‖2 η(λ, x, L) whereas for a
T -odd pencil we have ηS(λ, x, L) ≤ ‖(1, λ−1)‖2 η(λ, x, L) when λ 6= 0.

Theorem 3.4.4. Let S ∈ {H-Hermitian, H-skew-Hermitian} and L ∈ S be given by L(z) :=
A + zB. Let (λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





η(λ, x, L), if λ ∈ R,√
|xHAx|2 + |xHBx|2 +

‖r‖22 − |xHr|2
1 + |λ|2 , if λ ∈ C \ R

When λ ∈ R, define

4A :=





1
1+λ2 [xrH + rxH − (rHx)xxH − xHr (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if A = AH ,

1
1+λ2 [rxH − xrH + (rHx)xxH + rHx(I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if A = −AH .

4B :=





λ
1+λ2 [xrH + rxH − (rHx)xxH − xHr (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if B = BH ,

λ
1+λ2 [rxH − xrH + (rHx)xxH + rHx (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if B = −BH .
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When λ ∈ C \ R, define

4A :=





−xxHAxxH + 1
1+|λ|2 [xrH(I − xxH) + (I − xxH)rxH ] + xHAx (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if A = AH ,

−xxHAxxH + 1
1+|λ|2 [(I − xxH)rxH − xrH(I − xxH)] + xHAx(I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if A = −AH .

4B :=





−xxHBxxH + 1
1+|λ|2 [λxrH(I − xxH) + λ(I − xxH)rxH ] + xHBx (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if B = BH ,

−xxHBxxH − λ
1+|λ|2 xrH(I − xxH) + λ

1+|λ|2 (I − xxH)rxH + xHBx(I−xxH)rrH(I−xxH)
‖r‖22−|xHr|2 ,

if B = −BH .

Consider 4L(z) := 4A+ z4B. Then 4L ∈ S, L(λ)x+4L(λ)x = 0 and |||4L||| = ηS(λ, x, L).

Proof: First, suppose that L is H-Hermitian. Assume that λ ∈ R. Then xHr ∈ R. Now from
the proof of Theorem 3.3.6, we have

4A = Q

(
1

1+λ2 xHr 1
1+λ2 (QH

1 r)H

1
1+λ2 QH

1 r A1

)
QH and 4B = Q

(
λ

1+λ2 xHr λ
1+λ2 (QH

1 r)H

λ
1+λ2 QH

1 r B1

)
QH

such that 4L(λ)x + L(λ)x = 0. For µ4A := ‖r‖2
1+λ2 and µ4B := |λ| ‖r‖2

1+λ2 by the DKW The-

orem 1.2.5, we have A1 = − xHr (QH
1 r)(QH

1 r)H

(1 + λ2) (‖r‖22 − |xHr|2) , B1 = − λ xHr (QH
1 r)(QH

1 r)H

(1 + λ2) (‖r‖22 − |xHr|2) . This

gives

ηS(λ, x, L) = (‖4A‖22 + ‖4B‖22)1/2 =
‖r‖2

‖(1, λ)‖2 .

Now simplifying the expressions for 4A and 4B, we obtain the desired results.
Next, suppose that λ ∈ C \ R. Then again from the proof of Theorem 3.3.6, we have

4A = Q

(
−xHAx 1

1+|λ|2 (QH
1 r)H

1
1+|λ|2 QH

1 r A1

)
QH , 4B := Q

(
−xHBx λ

1+|λ|2 (QH
1 r)H

λ
1+|λ|2 QH

1 r B1

)
QH .

For, µ4A :=
√
|xHAx|2 + ‖r‖22−|xHr|2

(1+|λ|2)2 , µ4B :=
√
|xHBx|2 + |λ|2(‖r‖22−|xHr|2)

(1+|λ|2)2 , by the DKW
Theorem 1.2.5, we have

A1 =
xHAx

‖r‖22 − |xHr|2 (QH
1 r)(QH

1 r)H and B1 =
xHBx

‖r‖22 − |xT r|2 (QH
1 r)(QH

1 r)H .

Hence we have ηS(λ, x, L) =

√
|xHAx|2 + |xHBx|2 +

‖r‖22 − |xHr|2
1 + |λ|2 . Now, simplifying the ex-

pressions for 4A and 4B, we obtain the desired results. The proof is similar for the case
when L is H-skew-Hermitian. ¥

We mention that when QH
1 r = 0, the desired results follow by considering A1 = 0 = B1.

Theorem 3.4.5. Let S ∈ {H-even, H-odd} and L ∈ S be given by L(z) := A + zB. Let
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(λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





η(λ, x, L), if λ ∈ iR,√
|xHAx|2 + |xHBx|2 +

‖r‖22 − |xHr|2
1 + |λ|2 , if λ ∈ C \ iR.

When λ ∈ iR, define

4A :=





1
1+|λ|2 [xrH + rxH − (rHx)xxH − xHr (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if A = AH ,

1
1+|λ|2 [rxH − xrH + (rHx)xxH + rHx(I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if A = −AH .

4B :=





1
1+|λ|2 [λrxH + λxrH − λ(rHx)xxH + λxHr (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ], if B = BH ,

1
1+|λ|2 [λxxHrxH − λxrH(I − xxH) + λ(I − xxH)rxH + λrHx(I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ],

if B = −BH .

When λ ∈ C \ iR, define

4A :=





−xxHAxxH + 1
1+|λ|2 [xrH(I − xxH) + (I − xxH)rxH ] + xHAx (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if A = AH ,

−xxHAxxH + 1
1+|λ|2 [(I − xxH)rxH − xrH(I − xxH)] + xHAx(I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if A = −AH .

4B :=





−xxHBxxH + 1
1+|λ|2 [λxrH(I − xxH) + λ(I − xxH)rxH ] + xHBx (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if B = BH ,

−xxHBxxH − λxrH(I−xxH)
1+|λ|2 + λ(I−xxH)rxH

1+|λ|2 + xHBx(I−xxH)rrH(I−xxH)
‖r‖22−|xHr|2 ,

if B = −BH .

Consider 4L(z) := 4A+ z4B. Then 4L ∈ S, L(λ)x+4L(λ)x = 0 and |||4L||| = ηS(λ, x, L).

Proof: First, suppose that L is H-even. Next, assume that λ ∈ iR. Then it follows that
xHr ∈ R. Now from the proof of Theorem 3.3.7, we have

4A = Q

(
1

1+|λ|2 xHr 1
1+|λ|2 (QH

1 r)H

1
1+|λ|2 QH

1 r A1

)
QH , 4B := Q

(
λ

1+|λ|2 xHr − λ
1+|λ|2 (QH

1 r)H

λ
1+|λ|2 QH

1 r B1

)
QH

such that 4L(λ)x + L(λ)x = 0. For µ4A := ‖r‖2
1+|λ|2 , µ4B := |λ| ‖r‖2

1+|λ|2 , by the DKW Theo-
rem 1.2.5 we have

A1 = − xHr (QH
1 r)(QH

1 r)H

(1 + |λ|2) (‖r‖22 − |xHr|2) and B1 =
λ xHr (QH

1 r)(QH
1 r)H

(1 + |λ|2) (‖r‖22 − |xHr|2) .

This gives ηS(λ, x, L) = (‖4A‖22 + ‖4B‖22)1/2 =
‖r‖2

‖(1, λ)‖2 . Simplifying expressions for 4A

and 4B, we obtain the desired result.
Now suppose that λ ∈ C \ iR. The again from the proof of Theorem 3.3.7, we have

4A = Q

(
−xHAx 1

1+|λ|2 (QH
1 r)H

1
1+|λ|2 QH

1 r A1

)
QH , 4B := Q

(
−xHBx − λ

1+|λ|2 (QH
1 r)H

λ
1+|λ|2 QH

1 r B1

)
QH .
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In this case we have, µ4A =
√
|xHAx|2 + ‖r‖22−|xHr|2

(1+|λ|2)2 , µ4B =
√
|xHBx|2 + |λ|2(‖r‖22−|xHr|2)

(1+|λ|2)2 .

By the DKW Theorem 1.2.5, we have

A1 =
xHAx

‖r‖22 − |xHr|2 (QH
1 r)(QH

1 r)H and B1 =
xHBx

‖r‖22 − |xT r|2 (QH
1 r)(QH

1 r)H .

Consequently, we have ηS(λ, x, L) =

√
|xHAx|2 + |xHBx|2 +

‖r‖22 − |xHr|2
1 + |λ|2 . Now, simplifying

the expressions for 4A and 4B, we obtain the desired results.
When L is H-odd, the desired results follow by interchanging the role of A and B.¥
As before, the above results are easily extended to the case of general structured pencils

where the coefficient matrices are elements of Jordan and/or Lie algebras. In particular, for
the pencil L(z) := A + zB, where A is Hamiltonian and B is skew-Hamiltonian, we have the
following result.

Theorem 3.4.6. Let S be the space of pencils of the form L(z) = A + zB, where A is
Hamiltonian and B is skew-Hamiltonian. Let L ∈ S and (λ, x) ∈ C × Cn. Set r := −L(λ)x.

Then we have

ηS(λ, x, L) =





η(λ, x, L), if λ ∈ iR√
|xHJAx|2 + |xHJBx|2 +

‖r‖22 − |xHJr|2
1 + |λ|2 , if λ ∈ C \ iR.

Now we consider palindromic pencils.

Theorem 3.4.7. Let S be the space of T -palindromic pencils and L ∈ S be given by L(z) :=
A + zAT . Let (λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
2

√
|xT Ax|2 +

|λ|2 (‖r‖22 − |xT r|2)
(1 + |λ|2)2 , if |λ| > 1,

√
2

√
|xT Ax|2 +

‖r‖22 − |xT r|2
(1 + |λ|2)2 , if |λ| ≤ 1 and λ 6= ±1,

η(λ, x, L), if λ = ±1.

Now define

4A :=





−xxT AxxH + 1
1+|λ|2 [λxrT (I − xxH) + (I − xxT )rxH ] + λ xT Ax (I−xxT )rrT (I−xxH)

|λ|2 (‖r‖22−|xT r|2) ,

if |λ| > 1,

−xxT AxxH + 1
1+|λ|2 [λxrT (I − xxH) + (I − xxT )rxH ] + λ xT Ax (I−xxT )rrT (I−xxH)

‖r‖22−|xT r|2 ,

if |λ| ≤ 1 and λ 6= −1,
1

1+|λ|2 [λxrT (I− xxH) + (I− xxT )rxH ], if λ = −1.

Consider the pencil 4L(z) := 4A + z(4A)T . Then 4L ∈ S, L(λ)x + 4L(λ)x = 0 and
|||4L||| = ηS(λ, x, L).
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Proof: Suppose that λ 6= −1. Then from the proof of Theorem 3.3.5, we have

4A = Q

(
−xT Ax λ

1+|λ|2 (QT
1 r)T

1
1+|λ|2 QT

1 r A1

)
QH

such that 4L(λ)x + L(λ)x = 0. Now for

µ4A :=





√
|xT Ax|2 + |λ|2(‖r‖22−|xT r|2)

(1+|λ|2)2 , if |λ| > 1,√
|xT Ax|2 + ‖r‖22−|xT r|2

(1+|λ|2)2 , if |λ| ≤ 1,

by the DKW Theorem 1.2.5, we have

A1 =





λ xT Ax
|λ|2 (‖r‖22−|xT r|2)Q

T
1 r(QT

1 r)T , if |λ| > 1,

λ xT Ax
‖r‖22−|xT r|2 QT

1 r(QT
1 r)T , if |λ| ≤ 1.

Consequently, we have

ηS(λ, x, L) =





√
2

√
|xT Ax|2 + |λ|2 (‖r‖22−|xT r|2)

(1+|λ|2)2 , if |λ| > 1,
√

2
√
|xT Ax|2 + ‖r‖22−|xT r|2

(1+|λ|2)2 , if |λ| ≤ 1.

Now simplifying the expression for 4A, we obtain the desired results.
Next, suppose that λ = −1. Then again from the proof of Theorem 3.3.5, we have

4A = Q

(
0 λ

1+|λ|2 (QT
1 r)T

1
1+|λ|2 QT

1 r A1

)
QH . For µ4A :=

‖r‖2
1 + |λ|2 ,

by the DKW Theorem 1.2.5, we have A1 = 0. Hence ηS(λ, x, L) =
1√
2
‖r‖2. Simplifying the

expression for 4A, we obtain the desired result. ¥
For H-palindromic pencils we have the following.

Theorem 3.4.8. Let S be the space of H-palindromic pencils and L ∈ S be given by L(z) :=
A + zAH . Let (λ, x) ∈ C× Cn and r := −L(λ)x. Then we have

ηS(λ, x, L) =





√
2

√
|xHAx|2 +

|λ|2 (‖r‖22 − |xHr|2)
(1 + |λ|2)2 , if |λ| > 1,

√
2

√
|xHAx|2 +

‖r‖22 − |xHr|2
(1 + |λ|2)2 , if |λ| < 1,

η(λ, x, L), if |λ| = 1.
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Now define

4A :=





−xxHAxxH + 1
1+|λ|2 [λxrH(I − xxH) + (I − xxH)rxH ] + xHAx (I−xxH)rrH(I−xxH)

λ (‖r‖22−|xHr|2) ,

if |λ| > 1,

−xxHAxxH + 1
1+|λ|2 [λxrH(I − xxH) + (I − xxH)rxH ] + λ xHAx (I−xxH)rrH(I−xxH)

‖r‖22−|xHr|2 ,

if |λ| < 1,
1

1+|λ|2 [rxH + λxrH(I− xxH)− xHr (I−xxH)rrH(I−xxH)
(‖r‖22−|xHr|2) ], if |λ| = 1,

and consider the pencil 4L(z) := 4A + z(4A)H . Then 4L ∈ S, L(λ)x +4L(λ)x = 0 and
|||4L||| = ηS(λ, x, L).

Proof: First, suppose that |λ| 6= 1. Then from the proof of Theorem 3.3.8, we have

4A = Q

(
−xHAx λ

1+|λ|2 (QH
1 r)H

1
1+|λ|2 QH

1 r A1

)
QH

such that 4L(λ)x + L(λ)x = 0. In this case, we have

µ4A =





√
|xHAx|2 + |λ|2(‖r‖22−|xHr|2)

(1+|λ|2)2 , if |λ| > 1,√
|xHAx|2 + ‖r‖22−|xHr|2

(1+|λ|2)2 , if |λ| < 1.

Hence by the DKW Theorem 1.2.5, we have

A1 =





λ xHAx
|λ|2 (‖r‖22−|xHr|2)Q

H
1 r(QH

1 r)H , if |λ| > 1,

λ xHAx
‖r‖22−|xHr|2 QH

1 r(QH
1 r)H , if |λ| < 1.

This gives

ηS(λ, x, L) =





√
2

√
|xHAx|2 + |λ|2 (‖r‖22−|xHr|2)

(1+|λ|2)2 , if |λ| > 1,
√

2
√
|xHAx|2 + ‖r‖22−|xHr|2

(1+|λ|2)2 , if |λ| < 1.

Simplifying the expression for 4A, we obtain the desired result.
When |λ| = 1, again from the proof of Theorem 3.3.8, we have

4A = Q

(
xHr

1+|λ|2
λ

1+|λ|2 (QH
1 r)H

1
1+|λ|2 QH

1 r A1

)
QH

Now, we have µ4A =
‖r‖2

1 + |λ|2 . Hence by the DKW Theorem 1.2.5, we have

A1 = −xHr (I − xxH)rrH(I − xxH)
(1 + |λ|2)(‖r‖22 − |xHr|2) .

Consequently, we have ηS(λ, x, L) =
‖r‖2√

2
. Simplifying the expression for 4A, we obtain the

desired result. ¥

Remark 3.4.9. Let (λ, x) ∈ C×Cn with xHx = 1 and S ∈ {T -symmetric, T -skew-symmetric,

60

TH-789_04612301



T -odd, T -even, T -palindromic,H-Hermitian, H-skew-Hermitian,H-odd,H-even,H-palindromic}.
For L ∈ S, consider the set

S(λ, x, L) := {K ∈ S : L(λ)x + K(λ)x = 0}.

Then S(λ, x, L) 6= ∅ and min{|||K||| : K ∈ S(λ, x, L)} = ηS(λ, x, L). Further,

Sopt(λ, x, L) := {4L ∈ S(x, λ, L) : |||4L||| = ηS(λ, x, L)}

is an infinite set and is characterized by the DKW Theorem 1.2.5 by taking into account the
nonzero contractions. Let 4L ∈ Sopt(λ, x, L). Then each pencil in S(λ, x, L) is of the form
4L + (I − xxH)∗ Z(I − xxH) for some Z ∈ S, where ∗ is either the transpose or the conjugate
transpose depending upon the structure defined by S. In other words, we have

S(λ, x, L) = 4L + (I − xxH)∗ S (I − xxH).

Needless to mention that Remark 3.4.9 remains valid for structured pencils in S whose
coefficient matrices are element of Jordan and/or Lie algebras associated with a scalar product
considered in the previous section. In such a case the ∗ in (I − xxH)∗ is the adjoint induced
by the scalar product that defines the Jordan and Lie algebras.

We now illustrate various structured and unstructured backward errors by numerical ex-
amples. We use matlab.7.0 for our computation. We generate A and B as follows:

>> randn(‘state’,15), A = randn(50)+ i*randn(50); A = A ± A∗;
>> randn(‘state’,25), B = randn(50)+i*randn(50); B = B ± B∗;

For T -palindromic/H-palindromic pencils, we generate A and B by
>> randn(‘state’,15), A = randn(50)+ i*randn(50); B = A∗;

Here A∗ = AT or A∗ = AH . Finally, we compute (λ, x) by

>> [V,D] = eig(A,B); λ = -D(2,2); x = V(:,2)/norm(V(:,2));

We denote by ηSF (λ, x, L) and ηS2(λ, x, L) the backward error ηS(λ, x, L) when Cn×n is equipped
with the Frobenius norm and the spectral norm, respectively. Note that η(λ, x, L) is the same
for the spectral and the Frobenius norms. Table 3.2 gives the computed result.

Note that structured backward errors are bigger than or equal to unstructured backward
errors but they are marginally so. On the other hand, structured condition numbers are less
than or equal to unstructured condition numbers [16, 54]. Consequently, structured backward
errors when combined with structured condition numbers provide almost the same approx-
imate upper bounds on the errors in the computed eigenelements as do their unstructured
counterparts. We mention that the matlab eig command does not ensure spectral symmetry
in the computed eigenvalues.

3.5 Structured pseudospectra of structured pencils

Let L ∈ P1(Cn×n) be a regular pencil. For λ ∈ C, the backward error of λ as an approx-
imate eigenvalue of L is given by η(λ, L) := min{η(λ, x, L) : x ∈ Cn and ‖x‖2 = 1}. Since
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S η(λ, x, L) ηSF (λ, x, L) ηS2(λ, x, L)

T -symm 1.387705737323579e-014 1.959539856593202e-014 1.387705737323579e-014

T -skew-symm 1.796046101865378e-014 2.539992755905347e-014 1.796046101865378e-014

T -even 2.219610496439476e-014 3.211055813711074e-014 2.324926535413804e-014

T -odd 1.559070464273151e-014 2.204626223816091e-014 1.559075824083717e-014

T -palindromic 1.068704043320177e-014 1.512088705618463e-014 1.487010794022381e-014

H-Herm 2.076731533185186e-014 2.947235222707197e-014 2.106896507205170e-014

H-skew-Herm 1.714743310005108e-014 2.489567700503872e-014 1.811820338752170e-014

H-even 1.590165856939442e-014 2.299115486213681e-014 1.663718384482337e-014

H-odd 2.343032834027323e-014 3.472518481940936e-014 2.566511276851151e-014

H-palindromic 9.161344100487524e-015 1.298942035829892e-014 1.296310627878570e-014

Table 3.2: Numerical computation for structured backward error for structured pencils.

η(λ, x, L) = ‖L(λ)x‖2/‖(1, λ)‖2, it follows that for the spectral norm as well as for the Frobe-
nius norm on Cn×n, we have η(λ, L) := σmin(L(λ))/‖(1, λ)‖2. Similarly, we define structured
backward error of an approximate eigenvalue λ of L ∈ S by

ηS(λ, L) := min{ηS(λ, x, L) : x ∈ Cn and ‖x‖2 = 1}.

Note that backward errors of approximate eigenvalues and pseudospectra of a pencil are
closely related. For ε > 0, the unstructured ε-pseudospectrum of L, denoted by σε(L), is
given by [3]

σε(L) =
⋃

|||4L|||≤ε

{σ(L +4L) : 4L ∈ P1(Cn×n)}.

See [2, 3] for more on pseudospectra of matrix pencils. Obviously, we have σε(L) = {z ∈ C :
η(z, L) ≤ ε}, assuming, for simplicity, that ∞ /∈ σε(L). For the sake of simplicity, for rest of
this section, we make an implicit assumption that ∞ /∈ σε(L). We observe the following.

• Since η(λ,L) is the same for the spectral norm and the Frobenius norm on Cn×n, it
follows that σε(L) is the same for the spectral and the Frobenius norms.

Similarly, when L ∈ S, we define the structured ε-pseudospectrum of L, denoted by σSε (L), by

σSε (L) :=
⋃

|||4L|||≤ε

{σ(L +4L) : 4L ∈ S}.

Then it follows that σSε (L) = {z ∈ C : ηS(λ,L) ≤ ε}.
Theorem 3.5.1. Let S ∈ {T -symmetric, T -skew-symmetric} and L ∈ S. Let λ ∈ C. Then for
the spectral norm on Cn×n, we have ηS(λ, L) = η(λ, L) and σSε (L) = σε(L). For the Frobenius
norm on Cn×n, we have ηS(λ, L) =

√
2 η(λ, L) and σSε (L) = σε/

√
2(L) when L is T -skew-

symmetric, and ηS(λ,L) = η(λ,L) and σSε (L) = σε(L) when L is T -symmetric.

Proof: For the spectral norm, by Theorem 3.4.1, we have ηS(λ, x, L) = η(λ, x, L) for all x.

Consequently, we have ηS(λ,L) = η(λ,L). Hence the result follows.
For the Frobenius norm, the result follows from Theorem 3.3.3 when L is T -skew-symmetric.

So, suppose that L is T -symmetric. Then L(λ) ∈ Cn×n is symmetric. Consider the Takagi
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factorization L(λ) = UΣUT , where U is unitary and Σ is a diagonal matrix containing sin-
gular values of L(λ) (appear in descending order). Set s := Σ(n, n) and u := U(:, n). Then

we have L(λ)u = su. Now define 4A := − s uuT

1 + |λ|2 ,4B := − λ s uuT

1 + |λ|2 and consider the pencil

4L(z) = 4A+z4B. Then 4L is T -symmetric and L(λ)u+4L(λ)u = 0. Notice that, for the
spectral norm and the Frobenius norm on Cn×n, we have ηS(λ, L) ≤ |||4L||| = s/‖(1, λ)‖2 =
η(λ, L) and hence σε(L) = σSε (L). This completes the proof. ¥

When L is T -symmetric, the above proof shows how to construct a T -symmetric pencil
4L such that λ ∈ σ(L + 4L) and |||4L||| = ηS(λ,L). When L is T -skew-symmetric, using
Takagi factorization of the complex skew-symmetric matrix L(λ), one can construct a T -
skew-symmetric pencil 4L such that λ ∈ σ(L +4L) and |||4L||| = ηS(λ,L). Indeed, consider

the Takagi factorization L(λ) = Udiag(d1, · · · , dm)UT , where U is unitary, dj :=

[
0 sj

−sj 0

]
,

sj ∈ C is nonzero and |sj | are singular values of L(λ). Here the blocks dj appear in descending
order of magnitude of |sj |. Note that L(λ)U = Udiag(d1, · · · , dm). Let u := U(:, n − 1 : n).
Then L(λ)u = udm = udmuT u. Now define

4A := − udmuT

1 + |λ|2 , 4B := −λudmuT

1 + |λ|2

and consider 4L(z) := 4A+ z4B. Then 4L is T -skew-symmetric and L(λ)u+4L(λ)u = 0.

For the spectral norm on Cn×n, we have ηS(λ, L) = |||4L||| = σmin(L(λ))/‖(1, λ)‖2 = η(λ,L)
and for the Frobenius norm on Cn×n, we have ηS(λ, L) = |||4L||| = √

2 σmin(L(λ))/‖(1, λ)‖2 =√
2 η(λ, L).

We denote the unit circle in C by T, that is, T := {z ∈ C : |z| = 1}. Then for T -even and
T -odd pencils we have the following.

Theorem 3.5.2. Let S ∈ {T -even, T -odd} and L ∈ S. Let λ ∈ T. Then for the Frobenius
norm on Cn×n, we have ηS(λ,L) =

√
2 η(λ,L) and σSε (L) ∩ T = σε/

√
2(L) ∩ T.

Proof: Let λ ∈ T. Then by Theorem 3.3.4, we have ηS(λ, x, L) =
√

2 ‖L(λ)x‖2
‖(1, λ)‖2 for all x such

that ‖x‖2 = 1. Hence taking minimum over ‖x‖2 = 1, we obtain the desired results. ¥

Theorem 3.5.3. Let S ∈ {H-Hermitian, H-skew-Hermitian} and L ∈ S. Let λ ∈ R. Then
for the spectral and the Frobenius norms on Cn×n, we have ηS(λ, L) = η(λ, L) and σSε (L)∩R =
σε(L) ∩ R. Also when λ = ±i, for the Frobenius norm, we have ηS(λ,L) =

√
2 η(λ,L).

Proof: Note that L(λ) is either Hermitian or skew-Hermitian. Let (µ, u) be an eigenpair of
the matrix L(λ) such that |µ| = σmin(L(λ)) and uHu = 1. Then L(λ)u = µu. Define

4A := − µ uuH

1 + |λ|2 ,4B := −λµ uuH

1 + |λ|2

and consider the pencil 4L(z) = 4A + z4B. Then 4L ∈ S and λ ∈ Λm(L +4L). Further,
for the spectral and the Frobenius norms, we have |||4L||| = σmin(L(λ))/‖(1, λ)‖2. Hence the
result follows. Finally, when λ = ±i, the result follows from Theorem 3.3.6. ¥

Theorem 3.5.4. Let S ∈ {H-even, H-odd} and L ∈ S. Let λ ∈ iR. Then for the spectral and
the Frobenius norms on Cn×n, we have ηS(λ,L) = η(λ,L) and σSε (L) ∩ iR = σε(L) ∩ iR. Also
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when λ = ±1, for the Frobenius norm, we have ηS(λ, L) =
√

2 η(λ, L).

Proof: Note for λ ∈ iR, the matrix L(λ) is again either is Hermitian or skew-Hermitian.
Hence the result follows from the proof of Theorem 3.5.3. When λ = ±1, the result follows
from Theorem 3.3.7. ¥

We mention that the above results are easily extended to the case of general structured
pencils where the coefficients matrices are elements of Jordan and/or Lie algebras.

Finally, for T -palindromic and H-palindromic pencils we have the following result.

Theorem 3.5.5. Let S be the space of T -palindromic pencils and L ∈ S. Let λ ∈ iR. Then
for the Frobenius norm on Cn×n, ηS(λ,L) =

√
2 η(λ,L) and σSε (L) ∩ iR = σε/

√
2(L) ∩ iR.

Proof: Let λ ∈ iR. Then by Theorem 3.3.5, we have ηS(λ, x, L) =
√

2 ‖L(λ)x‖2/‖(1, λ)‖2
for all x such that ‖x‖2 = 1. Hence taking minimum over ‖x‖2 = 1, we obtain the desired
results.¥

Theorem 3.5.6. Let S be the space of H-palindromic matrix pencils and L ∈ S. Let λ ∈ T.

Then for the spectral and the Frobenius norms on Cn×n, we have ηS(λ,L) = η(λ,L) and
σSε (L) ∩ T = σε(L) ∩ T.

Proof: Let L be given by L(λ) = A + λAH . For λ ∈ T, we have L(λ)H = λL(λ). This
shows that L(λ) is a normal matrix. Let (µ, u) be an eigenpair of λL(λ) such that |µ| =

σmin(λL(λ)) = σmin(L(λ)). Define 4A := −1
2
λµ uuH and consider the pencil 4L(z) = 4A +

z(4A)H . Noting the fact that λL(λ)u = µu and µu = (λL(λ))Hu = µu, we have L(λ)u +
4L(λ)u = λµu − λµu = 0. Further, we have |||4L||| = |µ|/√2 = σmin(L(λ))/‖(1, λ)‖2 =
η(λ, L). Hence the results follow. ¥

For structured pencils, we have seen that σSε (L) ∩ Ω = σε(L) ∩ Ω for appropriate Ω ⊂ C.

We now show that this result plays an important role in solving certain distance problems
associated with structured pencils. For illustration, we consider an H-even pencil L(z) =
A + zB. Then by Theorem 3.5.4, we have Ω = iR, that is, σSε (L) ∩ iR = σε(L) ∩ iR. The
spectrum of L has Hamiltonian eigensymmetry, that is, the eigenvalues of L occur in λ,−λ

pairs so that the eigenvalues are symmetric with respect to the imaginary axis iR.

Question: Suppose that L is H-even and is of size 2n. Suppose also that L has n eigen-
values in the open left half complex plane and n eigenvalues in the open right half complex
plane. What is the smallest value of |||4L||| such that 4L is H-even and L +4L has a purely
imaginary eigenvalue?

Distance problems of this kind occur in many applications (see, for example, [30]). Let
d(L) denote the smallest value of |||4L||| such that L +4L has a purely imaginary eigenvalue.
Then by Theorem 3.5.4, we have

d(L) = inf
t∈R

ηS(it, L) = min{ε : σSε (L) ∩ iR 6= ∅} = min{ε : σε(L) ∩ iR 6= ∅} = inf
t∈R

η(it,L).

Hence d(L) can be read off from the unstructured pseudospectra of L. Note that η(z, L) =
σmin(A + zB)/

√
1 + |z|2. Thus if the infimum of η(z, L) is attained at µ ∈ iR then as in the

proof of Theorem 3.5.4 we can construct an H-even pencil 4L such that µ is an eigenvalue
of L +4L and that |||4L||| = η(µ, L) = d(L).
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Chapter 4

Structured backward errors and
linearizations for structured
matrix polynomials

In this chapter we derive explicit, computable expression of structured backward error of
approximate eigenpair of structured regular matrix polynomials including symmetric, skew-
symmetric, Hermitian, skew-Hermitian, even and odd. We also determine minimal structured
perturbation such that the approximate eigenpair is the exact eigenepair of the perturbed
polynomial. Using structured backward error expression for polynomial we obtain the same
for widely varying structured linearizations of the polynomial. This yields suitable bound of
its ratio with the unstructured backward error of approximate eigenpair of the polynomial.
Thus we identify a “good” structured linearization which provides a negligible increment of
structured backward error than the unstructured backward error of an approximate eigenpair
of the polynomial. Finally we define the structured backward error of an approximate eigen-
value and this applied to establish a partial equality between unstructured and structured
pseudospectra of the given structured polynomial.

4.1 Introduction

The polynomial eigenvalue problem is concerned with finding (λ, x, y) ∈ C× Cn × Cn which
satisfies P(λ)x = 0 and yHP(λ) = 0 where

P(z) =
m∑

j=0

zjAj , Aj ∈ Cn×n, and Am 6= 0

is a matrix polynomial of degree m. In our study we assume that P is a regular, that is,
det(P(λ)) 6= 0 for some scalar λ ∈ C. The standard way to solve this problem is to convert P
into an equivalent linear polynomial, called a linearization of P,

L(λ) = λX + Y, X, Y ∈ Cmn×mn

and employ a numerically backward stable algorithm to compute the eigenelements of L.
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It is well known that eigenvalues of a structured matrix polynomial inherit a spectral
symmetry and that the spectral symmetry often has some physical significance [22, 68, 82, 83].
Therefore the crucial task for an algorithm to solving a structured polynomial eigenvalue
problem is to preserve the spectral symmetries in the computed eigenvalues. There are a few
structured preserving algorithms available in the literature, see [9, 10, 18, 44, 46, 71, 74, 82]
(and the reference therein). To reveal the stability of such algorithms it is desirable to have the
explicit expression of structured backward error of approximate eigenelements of a structured
polynomial. We undertake a detailed backward perturbation analysis of structured matrix
polynomials and their structured linearizations.

Example of structures that we consider in this chapter are T -symmetric, T -skew-symmetric,
T -odd, T -even, H-Hermitian, H-skew-Hermitian, H-even and H-odd. In particular, our struc-
tures include polynomials whose coefficient matrices are Hamiltonians and skew-Hamiltonians.
We denote the space of structured polynomials by S and we equip appropriate norm |||·||| on
S. Given a structured polynomial P ∈ S and (λ, x) ∈ C × Cn with xHx = 1, we determine
the structured backward error ηS(λ, x, P) of (λ, x) as an approximate eigenpair of P ∈ S
and construct a polynomial 4P ∈ S such that |||4P||| = ηS(λ, x, P) and P(λ)x +4P(λ)x = 0.

Moreover, we show that 4P is unique for the Frobenius norm on Cn×n but there are infinitely
many such 4P for the spectral norm on Cn×n. Further, for the spectral norm, we show how
to construct all such 4P.

As said before, the first step towards solving a polynomial eigenvalue problem is lineariza-
tion. For a structured matrix polynomial the job is to linearize the polynomial in such a
way that the linearization reflects the structure of the polynomial and preserves the spectral
symmetry. It is shown in [40, 68] that a structured matrix polynomial admits a plenty of
structured linearizations. This poses a genuine problem of choosing one linearization over
other. However for computational purposes, it is highly desirable to investigate how different
structured linearizations affect the accuracy of computed eigenvalues.

In a view to analyze this we consider possible structured linearizations of a given P ∈
S. Then we derive structured backward error ηS(λ, Λm−1 ⊗ x, L) of approximate eigenpair
(λ,Λm−1⊗x) of widely varying structured linearizations L, where Λm−1 := [λm−1, . . . , λ, 1]T .

We identify a potential good structured linearization L of P that minimizes ηS(λ, Λm−1 ⊗
x, L)/η(λ, x, P).

Moreover we consider structured pseudospectra of structured matrix polynomials. Pseu-
dospectra of matrix polynomials have been studied extensively over the years (see, for example,
[1, 2, 100] and the references therein). We define structured backward error of an approximate
eigenvalue of a structured matrix polynomial and analyze structured pseudospectra. Then we
establish a partial equality between structured and unstructured pseudospectra of structured
polynomials.

The chapter is organized as follows. In section 4.2, we first define the structured poly-
nomials and present the eigen-symmetry of these polynomials. In section 4.3, we obtain the
expressions of structured backward error of an approximate eigenpair of structured polyno-
mials. In section 4.4 we explain the structured linearizations of structure polynomials and
determine the ‘good’ linearizations. The last section 4.5 we apply the expressions of structured
backward errors to find the structured pseudospectra inclusions.
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4.2 Structured matrix polynomials

Recall that Pm(Cn×n) denotes the space of matrix polynomials of degree m. Let P(z) =∑m
j=0 zjAj ∈ Pm(Cn×n). We say that (λ, x, y) is an eigentriple of P if λ is an eigenvalue of P

and x and y, are the corresponding nonzero right and left eigenvectors respectively. We say
P ∈ Pm(Cn×n) to be a structured polynomial if P ∈ S, where S is defined in Table 4.1. We
define a map Pm(Cn×n) → Pm(Cn×n), P 7→ P∗ given by P∗(z) =

∑m
j=0 zjA∗j , where A∗ = AT

or A∗ = AH . If P ∈ S then P satisfies the condition given in the second column of Table 4.1.

S Condition eigen-symmetry eigentriple

T -symmetric PT (z) = P(z), ∀z ∈ C λ (λ, x, x)
T -skew-symmetric PT (z) = −P(z), ∀z ∈ C

T -even PT (z) = P(−z), ∀z ∈ C (λ,−λ) (λ, x, y), (−λ, y, x)
T -odd PT (z) = −P(−z),∀z ∈ C

H-Hermitian PH(z) = P(z), ∀z ∈ C (λ, λ) (λ, x, y), (λ, y, x)
H-skew-hermitian PH(z) = −P(z), ∀z ∈ C

H-even PH(z) = P(−z), ∀z ∈ C (λ,−λ) (λ, x, y), (−λ, y, x)
H-odd PH(z) = −P(−z),∀z ∈ C

Table 4.1: Eigen-symmetry of structured polynomials.

Notice that H-Hermitian, H-skew-Hermitian polynomials have the same eigen-symmetry
and ∗-even and ∗-odd polynomials, ∗ ∈ {T, H}, have the same eigen-symmetry. It is easy
to see that S ⊂ Pm(Cn×n) is a real/complex linear subspace of Pm(Cn×n). Now we equip
norms on Pm(Cn×n) and make it normed linear space. For P(z) =

∑m
j=0 zjAj ∈ Pm(Cn×n)

we consider the polynomial norms

|||P|||F :=




m∑

j=0

‖Aj‖2F




1/2

and |||P|||2 :=




m∑

j=0

‖Aj‖22




1/2

.

See [1, 2] for more on norms of matrix polynomials. We follow the convention that if P ∈
Pm(Cn×n) is of the form P(z) =

∑m
j=0 zjAj then 4P ∈ Pm(Cn×n) is of the form 4P(z) =∑m

j=0 zj4Aj . Now we show that for any given (λ, x) ∈ C×Cn and P ∈ S there always exists a
polynomial 4P ∈ S such that (λ, x) is a right eigenpair of P+4P, that is, (P(λ)+4P(λ))x =
0. For an x ∈ Cn with ‖x‖2 = 1, we define the projection Px := I − xxH .

Theorem 4.2.1. Let S be the space of structured matrix polynomials and P ∈ S be given
by P(z) =

∑m
j=0 zjAj . Assume (λ, x) ∈ C × Cn such that xHx = 1. Set r = −P(λ)x and
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Λm := [1, λ, . . . , λm]T . Define

4Aj :=





−xxT AjxxH + λj

‖Λm‖22 [xrT + rxH − 2(rT x)xxH ], if Aj = AT
j ,

− λj

‖Λm‖22 [xrT − rxH ], if Aj = −AT
j ,

4Aj :=





−xxHAjxxH + 1
‖Λm‖22 [λjxrHPx + λjPxrxH ], if Aj = AH

j ,

−xxHAjxxH − 1
‖Λm‖22 [λjxrHPx − λjPxrxH ], if Aj = −AH

j ,

and consider the polynomial 4P(z) =
∑m

j=0 zj4Aj . Then P(λ)x +4P(λ)x = 0.

Proof: The proof is computational and is easy to check.¥

4.3 Structured backward error

Recall that the spectrum of a regular polynomial P ∈ Pm(Cn×n) is denoted by σ(P), (chap-
ter 1). In this chapter, we consider only finite eigenvalues of matrix polynomials. By conven-
tion, if (λ, x) ∈ C × Cn then x is assumed to be nonzero, that is, x 6= 0. Treating (λ, x) as
an approximate eigenpair of the polynomial P ∈ Pm(Cn×n), we define the backward error of
(λ, x) by

ηF (λ, x, P) := inf
4P∈Pm(Cn×n)

{|||4P|||F : P(λ)x +4P(λ)x = 0}

η2(λ, x, P) := inf
4P∈Pm(Cn×n)

{|||4P|||2 : P(λ)x +4P(λ)x = 0}.

Further, for (λ, x) ∈ C× Cn, setting r := −P(λ)x, we have

ηF (λ, x, P) =
‖r‖2

‖x‖2‖Λm‖2 = η2(λ, x, P). (4.1)

Indeed, defining 4Aj :=
λjrxH

xHx‖Λm‖22
, j = 0 : m, and considering the polynomial 4P(z) =

∑m
j=0 zj4Aj , we have |||4P|||F = ‖r‖2/‖x‖2‖Λm‖2 = |||4P|||2 and P(λ)x + 4P(λ)x = 0.

Henceforth, we denote the unstructured backward error with respect to both Frobenius and
spectral norms by η(λ, x, P).

Next assume that P ∈ S. Then treating (λ, x) ∈ C×Cn×n as an approximate eigenpair of
P, we define the structured backward error of (λ, x) by

ηSF (λ, x, P) := inf
4P∈S

{|||4P|||F : P(λ)x +4P(λ)x = 0}

ηS2(λ, x, P) := inf
4P∈S

{|||4P|||2 : P(λ)x +4P(λ)x = 0}.

Henceforth, we denote the structured backward error with respect to both Frobenius and spec-
tral norms by ηS(λ, x, P). Obviously, we have η(λ, x, P) ≤ ηS(λ, x, P) and by Theorem 4.2.1,
ηS(λ, x, P) < ∞.

Now we derive the structured backward error of an approximate eigenpair (λ, x) of struc-
tured matrix polynomials. Recall that for (λ, x) ∈ C × Cn, our standing assumption is that
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xHx = 1. First, consider T -symmetric matrix polynomials. Recall that Λm := [1, λ, . . . , λm]T .

Theorem 4.3.1. Let S be the space of T -symmetric matrix polynomials and P ∈ S be given
by P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r := −P(λ)x, we have

ηSF (λ, x, P) =

√
2‖r‖22 − |xT r|2
‖Λm‖2 ≤

√
2η(λ, x, P), ηS2(λ, x, P) = η(λ, x, P).

Now define 4Aj := λj

‖Λm‖22 [xrT + rxH − (rT x)xxH ], j = 0 : m and consider the polynomial
4P(z) =

∑m
j=0 zj4Aj . Then 4P is a unique polynomial such that 4P ∈ S, 4P(λ)x +

P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Further, define

4Aj :=
λj

‖Λm‖22
[xrT + rxH − (rT x)xxH ]− λj xT r PT

x rrT Px

‖Λm‖22 (‖r‖22 − |xT r|2)

and consider the polynomial 4P(z) =
∑m

j=0 zj4Aj . Then 4P ∈ S, 4P(λ)x + P(λ)x = 0 and
|||4P|||2 = ηS2(λ, x, P).

Proof: By Theorem 4.2.1 there exists 4P ∈ S such that P(λ)x + 4P(λ)x = 0. Then we
have r = 4P(λ)x. Choose Q1 ∈ Cn×(n−1) such that the matrix Q = [x Q1] is unitary. Let

4̃Aj := QT4AjQ =

(
ajj aT

j

aj Xj

)
, where Xj = XT

j is of size n − 1. Since QQT = I, we

have

Q(4P(λ))QHx = r ⇒ (4P(λ))QHx = QT r =

(
xT r

QT
1 r

)

As QHx = e1, the first column of the identity matrix, we have

( ∑m
j=0 λjajj∑m
j=0 λjaj

)
=

(
xT r

QT
1 r

)

whose minimum solutions are aj = λjQT
1 r

‖Λm‖22 , ajj = λjxT r
‖Λm‖22 , j = 0 : m. Hence we have

4̃Aj =




λjxT r
‖Λm‖22 (λjQT

1 r

‖Λm‖22 )T

λjQT
1 r

‖Λm‖22 Xj


 . (4.2)

This shows that the Frobenius norm of 4̃Aj ’s are minimized when Xj = 0 . Hence we have
‖4Aj‖2F = ‖4̃Aj‖2F = |ajj |2 + 2‖aj‖22. Since Q1Q

T
1 = I − xxT , we have

ηSF (λ, x, P) =

√
|xT r|2
‖Λm‖22

+
2‖(I − xxT )r‖22

‖Λm‖22
=

√
2‖r‖22 − |xT r|2
‖Λm‖2 .
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Simplifying the expressions of 4Aj we have

4Aj = [x Q1]




λjxT r
‖Λm‖22 (λjQT

1 r

‖Λm‖22 )T

λjQT
1 r

‖Λm‖22 0




(
xH

QH
1

)

=
λj

‖Λm‖22
(xT r)xxH +

λj

‖Λm‖22
xrT Q1Q

H
1 +

λj

‖Λm‖22
Q1Q

T
1 rxH

=
λj

‖Λm‖22
[xxT rxH + xrT (I − xxH) + (I − xxT )rxH ]

=
λj

‖Λm‖22
[xrT + rxH − (rT x)xxH ]

from which we obtain the desired polynomial 4P.

From (4.2) consider µ4Aj = |λj | ‖r‖2
‖Λm‖22 . Then by DKW Theorem 1.2.5 we have,

4Xj = − λj xT r QT
1 r(QT

1 r)T

‖Λm‖22 (‖r‖22 − |xT r|2) , j = 0 : m,

which gives,

ηS2(λ, x, P) =
‖r‖2
‖Λm‖2 = η(λ, x, P).

Simplifying the expression of 4Aj we obtain

4Aj =
λj

‖Λm‖22
[xrT + rxH − (rT x)xxH ]− λj xT r PT

x rrT Px

‖Λm‖22 (‖r‖22 − |xT r|2) .

This completes the proof. ¥

Remark 4.3.2. If |xT r| = ‖r‖2, then ‖QT
1 r‖2 = 0. In such a case, considering Xj = 0, j =

0 : m, we obtain the desired results.

Observe that if Y is symmetric and Y x = 0 then Y = PT
x ZPx for some symmetric matrix

Z. Consequently, we have QjXjQ
H
j = PT

x ZjPx, j = 0 : m, for some symmetric matrices Zj .

Hence from the proof of Theorem 4.3.1 we have following.

Corollary 4.3.3. Let P(z) =
∑m

j=0 zjAj be a T-symmetric polynomial and let (λ, x) ∈
C×Cn. Set r = −P(λ)x. Then P(λ)x + Q(λ)x = 0 if and only if Q(z) = 4P(z) + PT

x R(z)Px

for some T -symmetric polynomial R ∈ Pm(Cn×n), where 4P(z) =
∑m

j=0 zj4Aj is the T -
symmetric polynomial, given by

4Aj :=
λj

‖Λm‖22
[xrT + rxH − (rT x)xxH ]

Next we consider T -skew-symmetric polynomials.

Theorem 4.3.4. Let S be the space of T -skew-symmetric matrix polynomials and P ∈ S be
given by P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r = −P(λ)x, we have

ηSF (λ, x, P) =
√

2 η(λ, x, P), ηS2(λ, x, P) = η(λ, x, P).
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Further, for the T-skew-symmetric polynomial 4P given in Theorem 4.2.1 we have (P(λ) +
4P(λ))x = 0, |||4P|||F = ηSF (λ, x, P) and |||4P|||2 = ηS2(λ, x, P).

Proof: The arguments proceed on the lines as those given in the proof of Theorem 4.3.1.
The only difference is the fact that, in this case, 4Aj is skew-symmetric for all j = 0 : m.

Thus we have

4̃Aj := QT4AjQ =

(
0 aT

j

−aj Xj

)
, QT r =

(
0

QT
1 r

)
, XT

j = −Xj .

Consequently, we have

(
0

−∑m
j=0 λjaj

)
=

(
xT r

QT
1 r

)
⇒ xT r = 0, aj = −λjQT

1 r

‖Λm‖22
.

Hence we have

4Aj = Q


 0 −(λjQT

1 r

‖Λm‖22 )T

λjQT
1 r

‖Λm‖22 Xj


QH . (4.3)

Setting Xj = 0, we obtain the polynomial4P such that |||4P|||F = ηSF (λ, x, P) =
√

2‖r‖2/‖Λm‖2.
Next, since Q1Q

T
1 = I−xxT , simplifying the expressions we have4Ai = λj

‖Λm‖22 [rxH−(rxH)T ],
from which the T -skew-symmetric polynomial 4P given in Theorem 4.2.1 follows. This com-
pletes the proof for Frobenius norm.

Next from (4.3) we have µ4Aj = |λj | ‖r‖2
‖Λm‖22 . Hence by DKW Theorem 1.2.5, we have,

Xj = 0. Thus we obtain ηS2(λ, x, P) = η(λ, x, P). The desired result follows by simplifying the
expression of 4Aj . This completes the proof.¥

Using the fact that if Y is skew-symmetric and Y x = 0 then Y = PT
x ZPx for some

skew-symmetric matrix Z, we obtain an analogue of Corollary 4.3.3 for T -skew-symmetric
polynomials.

Corollary 4.3.5. Let P ∈ Pm(Cn×n) be a T-skew-symmetric polynomial and let (λ, x) ∈
C×Cn. Set r = −P(λ)x. Then P(λ)x + Q(λ)x = 0 if and only if Q(z) = 4P(z) + PT

x R(z)Px

for some T -skew-symmetric polynomial R ∈ Pm(Cn×n), where 4P is the T -skew-symmetric
polynomial given in Theorem 4.3.4.

To describe the structured backward errors for T -even and T -odd polynomials in a con-
venient manner, we define the even index projection Πe : Cm+1 → Cm+1 by

Πe([x0, x1, x1, . . . , xm−1, xm]T ) :=

{
[x0, 0, x2, 0, . . . , xm−2, 0, xm]T , if m is even,

[x0, 0, x2, 0, . . . , 0, xm−1, 0]T , if m is odd.

Note that “0” is considered as even number. Then I −Πe is the odd index projection.

Theorem 4.3.6. Let S be the space of T-even matrix polynomials and P ∈ S be given by
P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r = −P(λ)x, we have

ηSF (λ, x, P) =

√
|xT r|2

‖Πe(Λm)‖22
+ 2

‖r‖22 − |xT r|2
‖Λm‖22

, ηS2(λ, x, P) =

√
|xT r|2

‖Πe(Λm)‖22
+
‖r‖22 − |xT r|2

‖Λm‖22
.

71

TH-789_04612301



In particular, if m is odd and |λ| = 1, then ηSF (λ, x, P) =
√

2 η(λ, x, P), ηS2(λ, x, P) =
η(λ, x, P).

Let

Ej :=





λj

‖Πe(Λm)‖22
(xT r)xxH +

λj

‖Λm‖22
[xrT Px + PT

x rxH ], if j is even

λj

‖Λm‖22
[PT

x rxH − xrT Px], if j is odd .

Setting 4Aj = Ej we obtain a unique T-even polynomial 4P(z) =
∑m

j=0 zj4Aj such that
P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Further, for j = 0 : m defining

4Aj :=





Ej − λj xT r PT
x rrT Px

‖Πe(Λm)‖22 (‖r‖22 − |xT r|2) , if j is even

Ej , if j is odd

we obtain a T-even polynomial 4P(z) =
∑m

j=0 zj4Aj such that P(λ)x + 4P(λ)x = 0 and
|||4P|||2 = ηS2(λ, x, P).

Proof: Suppose S is a space of T -even polynomials and P(z) =
∑m

j=0 zjAj ∈ S. Note
that Aj is symmetric when j is even ( including “0”) and skew-symmetric when j is odd.
The proof follows from similar arguments as those employed for T-symmetric and T-skew-
symmetric polynomials. Indeed, considering a unitary matrix Q := [x, Q1], we have 4Aj =

Q

(
ajj aT

j

aj Xj

)
QH , XT

j = Xj , if j is even, and 4Aj = Q

(
0 bT

j

−bj Yj

)
QH , Y T

j = −Yj ,

if j is odd.
Consequently we have

( ∑
j λjajj∑

j-even λjaj −
∑

j-odd λjbj

)
=

(
xT r

QT
1 r

)
.

Hence the smallest norm solutions are ajj = λj

‖Πe(Λm)‖22 xT r, aj = λj

‖Λm‖22 QT
1 r, bj = − λj

‖Λm‖22 QT
1 r.

Therefore we have

4Aj =





Q




λj

‖Πe(Λm)‖22 xT r (λjQT
1 r

‖Λm‖22 )T

λjQT
1 r

‖Λm‖22 Xj


QH , if j is even

Q




0 −(λjQT
1 r

‖Λm‖22 )T

λjQT
1 r

‖Λm‖22 Yj


QH , if j is odd.

(4.4)

Setting Xj = 0 = Yj and using the fact that Q1Q
T
1 = I−xxT , we obtain a unique polynomial

4P(z) =
∑m

j=0 zj4Aj such that

|||4P|||F = ηSF (λ, x, P) =

√
|xT r|2

‖Πe(Λm)‖22
+ 2

‖r‖22 − |xT r|2
‖Λm‖22

.
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If m is odd and |λ| = 1 then notice that ‖Πe(Λm)‖22 = 1
2‖Λm‖22. Hence we obtain ηSF (λ, x, P) =√

2 η(λ, x, P). Now simplifying expressions for 4Aj we obtain 4Aj = Ej . Therefore, we
obtain a T-even polynomial 4P(z) =

∑m
j=0 zj4Aj such that P(λ)x + 4P(λ)x = 0 and

|||4P|||F = ηSF (λ, x, P).

For the spectral norm, we consider µ4Aj
=

√
|λj |2 |xT r|2
‖Πe(Λm)‖42 + |λj |2 (‖r‖22−|xT r|2)

‖Λm‖42 , if j is even

and µ4Aj =
√
|λj |2 (‖r‖22−|xT r|2)

‖Λm‖42 , if j is odd.
Then by DKW Theorem 1.2.5 and (4.4) we have,

Xj = − λj xT r QT
1 r(QT

1 r)T

‖Πe(Λm)‖22 (‖r‖22 − |xT r|2) and Yj = 0

which gives,

ηS2(λ, x, P) =

√
|xT r|2

‖Πe(Λm)‖22
+
‖r‖22 − |xT r|2

‖Λm‖22
.

Now simplifying expressions for 4Aj we obtain the desired result.¥

The above proof shows that setting 4Aj := Ej +PT
x ZjPx, where ZT

j = Zj when j is even
and ZT

j = −Zj when j is odd, we obtain a T-even polynomial 4P(z) =
∑m

j=0 zj4Aj such
that P(λ)x +4P(λ)x = 0.

Remark 4.3.7. If |xT r| = ‖r‖2, then ‖QT
1 r‖2 = 0. In such a case, considering Xj = 0 = Yj

we obtain the desired results.

Next we consider backward error of T -odd polynomials.

Theorem 4.3.8. Let S be the space of T -odd matrix polynomials and P ∈ S be given by
P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r = −P(λ)x, we have

ηSF (λ, x, P) =

{ √
|xT r|2

‖(I−Πe)(Λm)‖22 + 2‖r‖
2
2−|xT r|2
‖Λm‖22 , if λ 6= 0√

2 η(λ, x, P), if λ = 0

ηS2(λ, x, P) =

{ √
|xT r|2

‖(I−Πe)(Λm)‖22 + ‖r‖22−|xT r|2
‖Λm‖22 , if λ 6= 0

η(λ, x, P), if λ = 0

In particular, if m is odd and |λ| = 1, then ηSF (λ, x, P) =
√

2 η(λ, x, P), ηS2(λ, x, P) =
η(λ, x, P).

Let

Fj :=





λj

‖Λm‖22
[PT

x rxH − xrT Px], if j is even

λjxxT rxH

‖(I −Πe)(Λm)‖22
+

λj

‖Λm‖22
[xrT Px + PT

x rxH ], if j is odd.

Defining 4Aj := Fj , we obtain a unique T -odd polynomial 4P(z) =
∑m

j=0 zj4Aj such that
P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P).

Further for the spectral norm, define 4Aj := Fj , if j is even and

4Aj := Fj − λj xT rPT
x rrT Px

‖(I −Πe)Λm‖22(‖r‖22 − |xT r|2) ,
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if j is odd. Then we obtain a T -odd polynomial 4P(z) =
∑m

j=0 zj4Aj such that P(λ)x +
4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

Proof: By interchanging the role of Aj for even and odd j the desired result follows from
the proof of Theorem 4.3.6. ¥

The above Theorem shows that setting 4Aj = Ej + PT
x ZjPx, where ZT

j = −Zj when j

is even, and ZT
j = Zj when j is odd, we obtain a T-odd polynomial 4P(z) =

∑m
j=0 zj4Aj

such that P(λ)x +4P(λ)x = 0.

To make the presentation simple we introduce the following operators.

Re : Cm+1 → Rm+1 is defined by Re([x0, x1, . . . , xm]T ) 7→ [re(x0), re(x1), . . . , re(xm)]T

Im : Cm+1 → Rm+1 is defined by Im([x0, x1, . . . , xm]T ) 7→ [im(x0), im(x1), . . . , im(xm)]T .

Then for x ∈ Cm+1 we have x = Re(x) + i Im(x), where i =
√−1 and re(z), im(z) denote the

real and imaginary parts of a complex number z, respectively.

Theorem 4.3.9. Let S be the space of H-Hermitian or H-skew-Hermitian matrix polynomials
and P ∈ S be given by P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r = −P(λ)x, we

have

ηSF (λ, x, P) =





√
2‖r‖22−|xHr|2
‖Λm‖2 ≤ √

2η(λ, x, P), if λ ∈ R√
‖r̂‖22 + 2(‖r‖22−|xHr|2)

‖Λm‖22 , if λ ∈ C \ R.

ηS2(λ, x, P) =

{
η(λ, x, P), if λ ∈ R√
‖r̂‖22 + ‖r‖22−|xHr|2

‖Λm‖22 , if λ ∈ C \ R.

where r̂ =

[
Re(Λm)T

Im(Λm)T

]† [
re(xHr)
im(xHr)

]
for H-Hermitian and r̂ =

[
−Im(Λm)T

Re(Λm)T

]† [
re(xHr)
im(xHr)

]
for

H-skew-Hermitian polynomial.
Next, let E = xrH + rxH − (rHx)xxH and F = rxH − xrH + (rHx)xxH .

When λ ∈ R, define

4Aj :=





λj

‖Λm‖22
E, if Aj = AH

j

λj

‖Λm‖22
F, if Aj = −AH

j

and for λ ∈ C \ R, define

4Aj :=





eT
j r̂xxH +

1
‖Λm‖22

[λjPxrxH + λjxrHPx], if Aj = AH
j

ieT
j r̂xxH +

1
‖Λm‖22

[λjPxrxH − λjxrHPx], if Aj = −AH
j .

Now Consider the polynomial 4P(z) =
∑m

j=0 zj4Aj . Then 4P ∈ S is unique such that
P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P).
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Further, for λ ∈ R, define

4Aj :=





λj

‖Λm‖22
E − λj xHrPxrrHPx

‖Λm‖22 (‖r‖22 − |xHr|2) , if Aj = AH
j

λj

‖Λm‖22
F +

λjrHxPxrrHPx

‖Λm‖22(‖r‖22 − |xHr|2) , if Aj = −AH
j .

and for λ ∈ C \ R, define

4Aj :=





eT
j r̂xxH +

1
‖Λm‖22

[λjPxrxH + λjxrHPx]− eT
j r̂ PxrrHPx

‖r‖22 − |xHr|2 , if Aj = AH
j

ieT
j r̂xxH +

1
‖Λm‖22

[λjPxrxH − λjxrHPx] +
ieT

j r̂ PxrrHPx

‖r‖22 − |xHr|2 , if Aj = −AH
j .

Consider the polynomial 4P(z) =
∑m

j=0 zj4Aj . Then 4P ∈ S, P(λ)x + 4P(λ)x = 0 and
|||4P|||2 = ηS2(λ, x, P).

Proof: Suppose P ∈ Pm(Cn×n) is an H-Hermitian matrix polynomial. By Theorem 4.2.1
there exists an H-Hermitian matrix polynomial 4P(z) =

∑m
j=0 zj4Aj such that 4P(λ)x +

P(λ)x = 0. Now choosing a unitary matrix Q := [x, Q1], we have

4̃Aj := QH4AjQ =

(
ajj aH

j

aj Xj

)
, QHr =

(
xHr

QH
1 r

)
.

Now 4P(λ)x + P(λ)x = 0 ⇒
( ∑m

j=0 λjajj∑m
j=0 λjaj

)
=

(
xHr

QH
1 r

)
. The minimum norm solution

of
∑m

j=0 λjaj = QH
1 r is given by aj = λj

‖Λm‖22 QH
1 r.

If λ ∈ R then minimum norm solution of
∑m

j=0 λjajj = xHr is ajj = λj

‖Λm‖22 xHr ∈ R.

Hence for λ ∈ R we have

4Aj = Q

(
λj

‖Λm‖22 xHr ( λj

‖Λm‖22 QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj

)
QH , j = 0 : m. (4.5)

Setting Xj = 0 we obtain ηSF (λ, x, P) =
√

2‖r‖22−|rHx|2
‖Λm‖2 . Simplifying the expression of 4Aj we

obtain the desired result.
If λ ∈ C \ R, then

∑m
j=0 λjajj = xHr gives

( ∑m
j=0 re(λj)ajj∑m
j=0 im(λj)ajj

)
=

(
re(xHr)
im(xHr)

)
⇒




a00

...
amm


 = M†

(
re(xHr)
im(xHr)

)
=: r̂(say)

where M =

(
Re(Λm)T

Im(Λm)T

)
. Therefore ajj = eT

j r̂, where ej is the j-th column of identity
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matrix. Setting Xj = 0 we obtain

ηSF (λ, x, P) =

√
‖r̂‖22 + 2

‖r‖22 − |rHx|2
‖Λm‖22

.

Simplifying the expressions of 4Ai we obtain the desired result.
Next consider the spectral norm. Let λ ∈ R. For µ4Aj = |λj | ‖r‖2

‖Λm‖22 , j = 0 : m, by DKW
Theorem 1.2.5 and (4.5) we obtain

Xj = − λj xHr(QH
1 r)(QH

1 r)H

‖Λm‖22 (‖r‖22 − |xHr|2) .

This gives, ηS(λ, x, P) = ‖r‖2
‖Λm‖2 = η(λ, x, P). Simplifying the expression of 4Ai we obtain the

desired result.
Now if λ ∈ C \ R, then for µ4Aj =

√
|eT

j r̂|2 + |λj |2 (‖r‖22−|xHr|2)
‖Λm‖42 applying the DKW

Theorem 1.2.5 to 4Aj we have

Xj = −eT
j r̂ (QH

1 r)(QH
1 r)H

‖r‖22 − |xHr|2 , j = 0 : m.

This gives,

ηS2(λ, x, P) =

√
‖r̂‖22 +

‖r‖22 − |xHr|2
‖Λm‖22

.

Simplifying the expression of 4Aj , j = 0 : m we obtain

4Aj = eT
j r̂xxH +

1
‖Λm‖22

[λjPxrxH + λjxrHPx]− eT
j r̂ PxrrHPx

‖r‖22 − |xHr|2 .

The proof is similar when P is H-skew-Hermitian polynomial.¥

Remark 4.3.10. If |xHr| = ‖r‖2, then ‖QH
1 r‖2 = 0. In such a case, considering Xj = 0, j =

0 : m, we obtain the desired results.

Theorem 4.3.11. Let S be the space of H-even matrix polynomials. Let P ∈ S be given by
P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r = −P(λ)x, we have

ηSF (λ, x, P) =





√
2‖r‖22−|xHr|2
‖Λm‖2 ≤ √

2η(λ, x, P), if λ ∈ iR
√
‖r̂‖22 + 2(‖r‖22−|xHr|2)

‖Λm‖22 , if λ ∈ C \ iR.

ηS2(λ, x, P) =





η(λ, x, P), if λ ∈ iR
√
‖r̂‖22 + ‖r‖22−|xHr|2

‖Λm‖22 , if λ ∈ C \ iR

where r̂ =

[
Πe Re(Λm)T − (I −Πe)Im(Λm)T

Πe Im(Λm)T + (I −Πe)Re(Λm)T

]† [
re(xHr)
im(xHr)

]
.

Set

Ej :=
1

‖Λm‖22
[λjPxrxH + λjxrHPx], Fj :=

1
‖Λm‖22

[λjPxrxH − λjxrHPx]. (4.6)
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When λ ∈ iR, define

4Aj :=
λj

‖Λm‖22
[xrH + rxH − (rHx)xxH ].

For λ ∈ C \ iR, define

4Aj :=

{
eT
j r̂xxH + Ej , if j is even

ieT
j r̂xxH + Fj , if j is odd.

Then 4P(z) =
∑m

j=0 zj4Aj . is a unique polynomial such that 4P ∈ S, P(λ)x +4P(λ)x = 0
and |||4P|||F = ηSF (λ, x, P).

Further, when λ ∈ iR define

4Aj :=
λj

‖Λm‖22
[xrH + rxH − (rHx)xxH ] +

(−1)j+1λj xHrPxrrHPx

‖Λm‖22 (‖r‖22 − |xHr|2)

and for λ ∈ C \ iR, define

4Aj :=





eT
j r̂xxH + Ej +

(−1)j+1eT
j r̂ PxrrHPx

‖r‖22 − |xHr|2 , if j is even

ieT
j r̂xxH + Fj +

(−1)j+1ieT
j r̂ PxrrHPx

‖r‖22 − |xHr|2 , if j is odd.

Then 4P(z) =
∑m

j=0 zj4Aj is such that 4P ∈ S, P(λ)x + 4P(λ)x = 0 and |||4P|||2 =
ηS2(λ, x, P).

Proof: By Theorem 4.2.1, there exists a H-even matrix polynomial 4P(z) =
∑m

j=0 zj4Aj

such that 4P(λ) = r. Now choosing a unitary matrix Q := [x, Q1], and noting that 4Aj =

4AH
j when j is even, and4Aj = −4AH

j when j is odd, we have4Aj = Q

(
ajj aH

j

aj Xj

)
QH ,

XH
j = Xj if j is even, and 4Aj = Q

(
iajj aH

j

−aj Yj

)
QH , Y H

j = −Yj if j is odd. Notice that

ajj is real for all j.

Then 4P(λ)x = r gives

( ∑
j-even λjajj + i

∑
j-odd λjajj∑

j-even λjaj −
∑

j-odd λjaj

)
=

(
xHr

QH
1 r

)
. The mini-

mum norm solution of
∑

j-even λjaj −
∑

j-odd λjaj = QH
1 r is given by aj = λj

‖Λm‖22 QH
1 r, if j

is even and aj = − λj

‖Λm‖22 QH
1 r, if j is odd.

If λ ∈ i R, then the minimum norm solution for ajj are given by ajj = λj

‖Λm‖22 xHr when j

is even, and ajj = − i λj

‖Λm‖22 xHr when j is odd. Then ajj ∈ R, when j is even and iajj ∈ iR if
j is odd. Hence if λ ∈ iR, then we have

4Aj = Q




λj

‖Λm‖22 xHr ( λj

‖Λm‖22 QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


 QH

77

TH-789_04612301



when j is even, and

4Aj = Q




λj

‖Λm‖22 xHr −( λj

‖Λm‖22 QH
1 r)H

λj

‖Λm‖22 QH
1 r Yj


QH

when j is odd. Setting Xj = 0 = Yj , we obtain ηSF (λ, x, P) =
√

2‖r‖22−|rHx|2
‖Λm‖2 . Now simplifying

the expressions for 4Aj we obtain the desired result.
Next if λ ∈ C \ iR, then

∑
j-even λjajj + i

∑
j-odd λjajj = xHr gives

( ∑
j-even re(λj)ajj −

∑
j-odd im(λj)ajj∑

j-even im(λj)ajj +
∑

j-odd re(λj)ajj

)
=

(
re(xHr)
im(xHr)

)
.

Hence we have



a00

a11

...
amm




= K†
(

re(xHr)
im(xHr)

)
=: r̂(say) ⇒ ajj = eT

j r̂

where K =

(
Πe Re(Λm)T − (I −Πe)Im(Λm)T

Πe Im(Λm)T + (I −Πe)Re(Λm)T

)
. Consequently we have

ηSF (λ, x, P) =

√
‖r̂‖22 + 2

‖r‖22 − |xHr|2
‖Λm‖22

.

Simplifying the expression of 4Aj , j = 0 : m we obtain the desired result.
Now we consider spectral norm. For λ ∈ iR, consider µ4Aj = |λj | ‖r‖2

‖Λm‖22 if j is even, and

µ4Aj = |λj | ‖r‖2
‖Λm‖22 when j is odd. Then by DKW Theorem 1.2.5 applied to 4Aj , gives

Xj = − λj xHr(QH
1 r)(QH

1 r)H

‖Λm‖22 (‖r‖22 − |xHr|2) , Yj =
λj xHr(QH

1 r)(QH
1 r)H

‖Λm‖22 (‖r‖22 − |xHr|2) .

This gives ηS2(λ, x, P) = ‖r‖2
‖Λm‖2 . Simplifying the expressions for 4Aj we obtain the desired

result.
For λ ∈ C \ iR, consider µ4Aj =

√
|eT

j r̂|2 + |λj |2 (‖r‖22−|xHr|2)
‖Λm‖42 , for j = 0 : m. Then by

DKW Theorem 1.2.5 applied to 4Aj gives

Xj = −eT
j r̂ (QH

1 r)(QH
1 r)H

‖r‖22 − |xHr|2 , Yj =
ieT

j r̂ (QH
1 r)(QH

1 r)H

‖r‖22 − |xHr|2 .

This gives,

ηS2(λ, x, P) =

√
‖r̂‖22 +

‖r‖22 − |xHr|2
‖Λm‖22

.

Simplifying the expression of 4Aj , j = 0 : m we obtain the desired result.¥

78

TH-789_04612301



Theorem 4.3.12. Let S be the space of H-odd matrix polynomials. Let P ∈ S be given by
P(z) =

∑m
j=0 zjAj . Then for (λ, x) ∈ C× Cn, setting r = −P(λ)x, we have

ηSF (λ, x, P) =





√
2‖r‖22−|xHr|2
‖Λm‖2 ≤ √

2η(λ, x, P), if λ ∈ iR
√
‖r̂‖22 + 2(‖r‖22−|xHr|2)

‖Λm‖22 , if λ ∈ C \ iR.

ηS2(λ, x, P) =





η(λ, x, P), if λ ∈ iR
√
‖r̂‖22 + ‖r‖22−|xHr|2

‖Λm‖22 , if λ ∈ C \ iR

where r̂ =

[
−Πe Im(Λm)T + (I −Πe)Re(Λm)T

Πe Re(Λm)T + (I −Πe)Im(Λm)T

]† [
re(xHr)
im(xHr)

]
.

When λ ∈ iR define

4Aj :=
λj

‖Λm‖22
[xrH − rxH + (rHx)xxH ].

For λ ∈ C \ i R, define

4Aj :=

{
ieT

j r̂xxH + Fj , if j is even
eT
j r̂xxH + Ej , if j is odd

where Ej and Fj are given in (4.6). Then 4P(z) =
∑m

j=0 zj4Aj is a unique polynomial such
that 4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P).

Further, when λ ∈ iR define

4Aj :=
λj

‖Λm‖22
[xrH − rxH + (rHx)xxH ] +

(−1)jλj xHrPxrrHPx

‖Λm‖22 (‖r‖22 − |xHr|2) .

When λ ∈ C \ iR, define

4Aj :=





ieT
j r̂xxH + Fj +

(−1)jieT
j r̂ PxrrHPx

‖r‖22 − |xHr|2 , if j is even

eT
j r̂xxH + Ej +

(−1)jeT
j r̂ PxrrHPx

‖r‖22 − |xHr|2 , if j is odd.

Then 4P(z) =
∑m

j=0 zj4Aj is such that 4P ∈ S, P(λ)x + 4P(λ)x = 0 and |||4P|||2 =
ηS2(λ, x, P).

Proof: The proof is similar to Theorem 4.3.11.¥

We mention that the results obtained above can be extended easily to polynomials having
more general structures such as the case when the coefficient matrices are in Jordan and/or
Lie algebras. Indeed, let M be a unitary matrix such that MT = M or MT = −M. Consider
the Jordan algebra J := {A ∈ Cn×n : M−1AT M = A} and the Lie algebra L := {A ∈
Cn×n : M−1AT M = −A} associated with the scalar product (x, y) 7→ yT Mx. Consider a
polynomial P(z) =

∑m
j=0 zjAj , where Aj ’s are in J and/or in L. Then the polynomial MP
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given by MP(z) =
∑m

j=0 λjMAj is either T -symmetric, T -skew-symmetric, T -even or T -odd.
Hence replacing Aj and r by MAj and Mr, respectively, in the above results, we obtain
corresponding results for the polynomial P.

Similarly, when M is unitary and M = MH or M = −MH , we consider the Jordan algebra
J := {A ∈ Cn×n : M−1AHM = A} and the Lie algebra L := {A ∈ Cn×n : M−1AHM =
−A} associated with the scalar product (x, y) 7→ yHMx. Now, let P(z) =

∑m
j=0 zjAj be a

polynomial where Aj ’s are in J and/or in L. Then the polynomial MP(z) =
∑m

j=0 zjMAj

is either H-Hermitian, H-skew-Hermitian, H-even or H-odd. Hence the results obtained
above extend easily to the polynomial P by replacing Aj , r by MAj ,Mr, respectively. In

particular, when M := J, where J :=

(
0 I

−I 0

)
∈ C2n×2n, the Jordan algebra J consists of

skew-Hamiltonian matrices and the Lie algebra L consists of Hamiltonian matrices. So, for
example, considering the polynomial P(z) :=

∑m
j=0 zjAj , where Ajs are Hamiltonian when j

is even and skew-Hamiltonian when j is odd, we see that the polynomial JP(z) =
∑m

j=0 zjJAj

is H-even. Hence extending the results obtained for H-even polynomial to the case of P, we
have the following.

Theorem 4.3.13. Let S be the space of polynomials of the form P(z) =
∑m

j=0 zjAj where Aj

is Hamiltonian when j is even, and Aj is skew-Hamiltonian when j is odd. Let P ∈ S. Then
for (λ, x) ∈ C× Cn, set r := −P(λ)x. Then we have

ηSF (λ, x, P) =





√
2‖r‖22−|xHJr|2
‖Λm‖2 ≤ √

2η(λ, x, P), if λ ∈ iR
√
‖r̂‖22 + 2(‖r‖22−|xHJr|2)

‖Λm‖22 , if λ ∈ C \ iR.

ηS2(λ, x, P) =





η(λ, x, P), if λ ∈ iR
√
‖r̂‖22 + ‖r‖22−|xHJr|2

‖Λm‖22 , if λ ∈ C \ iR

where r̂ =

[
Πe (Re(Λm)T )− (I −Πe)(Im(Λm)T )
Πe (Im(Λm)T ) + (I −Πe)(Re(Λm)T )

]† [
re(xHJr)
im(xHJr)

]
.

4.4 Structured backward error and structured lineariza-

tions

Let P ∈ Pm(Cn×n) be given by P(z) =
∑m

j=0 zjAj . The standard linearizations of P are the
block-companion forms, the first companion form C1(z) = zX1+Y1 and the second companion
form C2(z) = zX2 + Y2, where X1 = X2 = diag(Am, In, . . . , In) and

Y1 =




Am−1 Am−2 . . . A0

−In 0 . . . 0
...

...
0 . . . −In 0




, Y2 =




Am−1 −In . . . 0
Am−2 0 . . . 0

...
... −In

A0 0 . . . 0




.

Both companion forms preserve algebraic and partial multiplicities of all finite eigenvalues
of P ∈ Pm(Cn×n). These also preserve the multiplicities of the eigenvalue ∞ and are called
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strong linearizations of P. Generalizing the concepts of companion forms, Mackey at al. [67]
introduced two vector spaces of potential linearizations

L1(P) = {L(λ) : L(λ).(Λm−1 ⊗ In) = v ⊗ P(λ), v ∈ Cm}
L2(P) = {L(λ) : (ΛT

m−1 ⊗ In).L(λ) = ωT ⊗ P(λ), ω ∈ Cm}

of dimension m(m − 1)n2 + m, where Λm−1 = [λm−1, λm−2, . . . , 1]T , ⊗ is the Kronecker
product, v is called the right ansatz vector for L ∈ L1(P) and ω is called the left ansatz vector
for L ∈ L2(P). Observe that C1(λ) ∈ L1(P) with v = e1 and C2(λ) ∈ L2(P) with ω = e1.

It is also shown that x ∈ Cn is a right (resp. left) eigenvector of P corresponding to the
eigenvalue λ if and only if Λm−1 ⊗ x(resp. Λm−1 ⊗ x) is an eigenvector of L ∈ L1(P)(resp.
L2(P)) corresponding to the eigenvalue λ.

Since the linearization is unique up to the choice of right/left ansatz vector, these spaces
are too large to obtain a potential linearization. Keeping this in mind, define the double
ansatz space DL(P) := L1(P) ∩ L2(P), see [64, 67]. It is also proved that for vectors v =
[v1, v2, . . . , vm]T and ω = [ω1, ω2, . . . , ωm]T , there exist an mn×mn matrix pencil L(λ) =
λX + Y ∈ DL(P) that simultaneously satisfies

L(λ) · (Λm−1 ⊗ In) = v ⊗ P(λ), (ΛT
m−1 ⊗ In) · L(λ) = ωT ⊗ P(λ)

if and only if v = ω, called the ansatz vector associated to L. Corresponding to an ansatz
vector vector v = [v1, v2, . . . , vm]T ∈ Cm associate the scalar polynomial p(x; v) = v1x

m−1 +
v2x

m−2 + . . . + vm−1x + vm referred to as the “v-polynomial” of the vector v, see [64, 67].
We adopt the convention that p(x; v) has a root at ∞ whenever v1 = 0. Then L ∈ DL(P)
corresponding to an ansatz vector v ∈ Cm is a linearization of P(λ) if and only if no root of
the v-polynomial is an eigenvalue of P(λ), see [64, 67]. Note that this statement includes ∞
as one of the possible roots of p(x; v) or possible eigenvalue of P(λ).

Assume that L(λ) = λX +Y ∈ L1(P) is a linearization of a polynomial P(z) =
∑m

j=0 zjAj

with respect to the normalized right ansatz vector v ∈ Cm. Then if x ∈ Cn is a right eigen-
vector of P corresponding to an eigenvalue λ then Λm−1 ⊗ x is a right eigenvector of L
corresponding to the eigenvalue λ. Recall from Lemma 1.2.19 that for L ∈ L1(P)/DL(P) the
following hold for any x ∈ Cn.

‖L(λ)(Λm−1 ⊗ x)‖2 = ‖v‖2 ‖P(λ)x‖2 (4.7)

|(Λm−1 ⊗ x)T L(λ)(Λm−1 ⊗ x)| = |ΛT
m−1v| |xT P(λ)x| (4.8)

|(Λm−1 ⊗ x)HL(λ)(Λm−1 ⊗ x)| = |ΛH
m−1v| |xHP(λ)x| (4.9)

It is also straightforward to verify that

1√
2
≤ ‖Λm‖2
‖Λm−1‖2 ‖(λ, 1)‖2 ≤ 1. (4.10)

Assume that P ∈ Pm(Cn×n) and (λ, x) is an approximate eigenpair of P. Now we compare
η(λ, x, P) and η(λ, Λm−1 ⊗ x, L; v) where L ∈ L1(P) is a linearization of P corresponding
to an ansatz vector v and η(λ,Λm−1 ⊗ x, L; v) denotes the unstructured backward error of
the approximate eigenpair (λ, Λm−1 ⊗ x) of L. It is needless to say that η(λ,Λm−1 ⊗ x, L; v)
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can easily be obtained from (4.1) by setting m = 1. Without loss of generality we carry the
analysis by taking unit ansatz vector, that is, v ∈ Cm is an ansatz vector with ‖v‖2 = 1.

Theorem 4.4.1. Let P ∈ Pm(Cn×n) be a regular matrix polynomial and L ∈ L1(P) be a
linearization of P corresponding to a right ansatz vector v ∈ Cm. Assume that (λ, x) is an
approximate eigenpair of P. Then we have

1√
2
≤ η(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1.

Proof: By (4.1), we have

η(λ,Λm−1 ⊗ x, L; v) =
‖L(λ)(Λm−1 ⊗ x)‖2

‖(Λm−1 ⊗ x)‖2 ‖(λ, 1)‖2 =
‖v‖2‖P(λ)x‖2

‖(Λm−1 ⊗ x)‖2 ‖(λ, 1)‖2
=

‖v‖2‖Λm‖2‖x‖2
‖(Λm−1 ⊗ x)‖2 ‖(λ, 1)‖2 η(λ, x, P)

=
‖Λm‖2

‖Λm−1‖2 ‖(λ, 1)‖2 η(λ, x, P).

Now by (4.10) we obtain the desired result. ¥
Its evident that a matrix polynomial can have infinitely many linearizations. For a given

structured polynomial P ∈ S, it is necessary to detect a linearization L so that it preserves
the spectral symmetry. Although, we have encountered three linear spaces of linearizations,
namely L1(P),L2(P),DL(P), only L1(P) preserves most of the structures which we consider
in this chapter and it is easy to obtain the right eigenvector of P from that of L ∈ L1(P).
In fact, for a T -symmetric polynomial P we have DL(P) = L1(P). As shown in [40, 68],
structured linearization imposes a restriction on the ansatz vector. To obtain a potential
structured linearization we restrict the ansatz vector into a particular subset of Cm as shown
by Mackey et al. [40, 68]. A list of structured linearizations and corresponding structure of
ansatz vectors are given in the Table 4.2.

where R =




1
. . .

1


 , Σ = diag{(−1)m−1, (−1)m−2, . . . , (−1)0}.

Table 4.2 shows that except for T -symmetric and T -skew-symmetric polynomials, for all
other structured polynomials P we could have two types of structured linearizations having
the same spectral symmetry as that of P. A crucial task is to choose the best possible type of
structured linearization for a given structured polynomial. In this section we provide a recipe
for structured linearization L of a given P ∈ S.

Recall that η(λ, x, P) ≤ ηSF (λ, x, P) and η(λ, x, P) ≤ ηS2(λ, x, P). Hence for any structured
linearization L we have η(λ,Λm−1⊗x, L; v) ≤ ηSF,2(λ,Λm−1⊗x, L; v), where the ansatz vector
v is of the form as described in Table 4.2. To make the presentation simple, unless otherwise
stated, we write ηS(λ, Λm−1⊗x, L; v) for both ηSF (λ, Λm−1⊗x, L; v) and ηS2(λ,Λm−1⊗x, L; v),
in the rest of the chapter.

Lemma 4.4.2. Let P ∈ S. Let L ∈ L1(P) be a structured linearization of P corresponding to
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S Structured Linearization ansatz vector

T -symm T -symm v ∈ Cm

T -skew-symm T -skew-symm v ∈ Cm

T -even T -even Σv = v

T -odd Σv = −v

T -odd T -even Σv = −v

T -odd Σv = v

H-Herm H-Herm v ∈ Rm

H-skew-Herm v ∈ iRm

H-skew-Herm H-Herm v ∈ iRm

H-skew-Herm v ∈ Rm

H-even H-even Σv = v

T -odd Σv = −v

H-odd H-even Σv = −v

H-odd Σv = v

Table 4.2: Table for the admissible ansatz vectors for structured polynomials.

an ansatz vector v. Then for both |||·||| ≡ |||·|||F and |||·||| ≡ |||·|||2 we have

ηS(λ,Λm−1 ⊗ x, L; v)
η(λ, x, P)

≥ 1√
2
.

Proof: By Theorem 4.4.1 we have η(λ, Λm−1 ⊗ x, L; v) ≥ 1√
2
η(λ, x, P). Therefore we obtain

ηS(λ,Λm−1 ⊗ x, L; v)
η(λ, x, P)

≥ η(λ,Λm−1 ⊗ x, L; v)
η(λ, x, P)

≥ 1√
2
.

¥
Given an ansatz vector v, for the rest of the chapter, we set

δv :=
‖Λm−1‖2
|Λ∗m−1v|

, ∗ ∈ {T, H}. (4.11)

Obviously δv ≥ 1. Note that Λ∗m−1v 6= 0 and hence δv < ∞ when L ∈ DL(P) is a linearization
of P corresponding to the ansatz vector v.

For a T -symmetric matrix polynomial P, any ansatz vector v yields a T -symmetric lin-
earization. Thus, we are free to choose v as followed by Table 4.2. Combined with Theo-
rem 4.3.1, which shows that there is (almost) no difference between structured and unstruc-
tured backward errors, we have the following result.

Theorem 4.4.3. Let S be the space of T -symmetric matrix polynomials. Assume that P ∈ S
and L ∈ L1(P) = DL(P) is the T -symmetric linearization of P with respect to an ansatz vector
v. Let (λ, x) ∈ C× Cn be such that ‖x‖2 = 1. Then we have

1. |||·||| ≡ |||·|||F :

p
2− δ−2

v√
2

≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2
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2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1

Proof: First consider |||·||| ≡ |||·|||F . By Theorem 4.3.1 we know that

ηSF (λ, Λm−1 ⊗ x, L; v) =

√
2‖L(λ)(Λm−1⊗x)‖22

‖(Λm−1⊗x)‖22 − 1
‖(Λm−1⊗x)‖42 |(Λm−1 ⊗ x)T L(λ)(Λm−1 ⊗ x)|2

‖(λ, 1)‖2

=

√
2‖P(λ)x‖22 −

|ΛT
m−1v|2

‖Λm−1‖22 |x
T P(λ)x|2

‖Λm−1‖2 ‖(λ, 1)‖2 , by (1.6), (1.7).

Now applying
√

2− δ−2
v ‖P(λ)x‖2 ≤

√
2‖P(λ)x‖22 − δ−2

v |xT P(λ)x|2 ≤ √
2 ‖P(λ)x‖2, (4.10)

and (4.11) we obtain the desired result.
Next consider |||·||| ≡ |||·|||2. Since structured backward error and unstructured backward

error are same for spectral norm, the desired result follows by Theorem 4.4.1 and (4.10).¥
Assuming |||·||| ≡ |||·|||F and |||·||| ≡ |||·|||2 the results discussed above present growth of un-

structured backward error of an eigenpair of P ∈ S when P is linearized by a structured pencil
in L1(P) = DL(P). However, comparing ηS(λ,Λm−1 ⊗ x, L; v) with ηS(λ, x, P) we have the
following results for |||·||| ≡ |||·|||F and |||·||| ≡ |||·|||2.

Theorem 4.4.4. Let S be the space of T -symmetric matrix polynomials. Assume that P ∈ S
and L ∈ L1(P) = DL(P) is the T -symmetric linearization of P with respect to an ansatz vector
v. Let (λ, x) ∈ C× Cn be such that ‖x‖2 = 1. Then we have

1. |||·||| ≡ |||·|||F :
1√
2
≤ ηSF (λ, Λm−1 ⊗ x, L; v)

ηSF (λ, x, P)
≤ √

2

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

ηS2(λ, x, P)
≤ 1.

Proof: First consider |||·||| ≡ |||·|||F . Then by Theorem 4.3.1 we have

ηSF (λ, Λm−1 ⊗ x, L; v)
ηSF (λ, x, P)

=

√
2‖r‖22 − δ−2

v |xT r|2
√

2‖r‖22 − |xT r|2 · ‖Λm‖2
‖Λm−1‖2‖(λ, 1)‖2 , r = −P(λ)x.

Now using the inequality 0 < δ−1
v ≤ 1 by (4.11), and by (4.10) we have

ηSF (λ, Λm−1 ⊗ x, L; v)
ηSF (λ, x, P)

≥
1√
2
. Further notice that

ηSF (λ, Λm−1 ⊗ x, L; v)
ηSF (λ, x, P)

≤ ηSF (λ, Λm−1 ⊗ x, L; v)
ηF (λ, x, P)

.

Now by Theorem 4.4.3 the desired result follows.
Next consider |||·||| ≡ |||·|||2. Then by Theorem 4.3.1 we have

ηSF (λ, Λm−1 ⊗ x, L; v)
ηSF (λ, x, P)

=
‖Λm‖2

‖Λm−1‖2‖(λ, 1)‖2 .

Therefore by (4.10) we obtain the desired result.¥
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Now we consider T -skew-symmetric polynomials. It follows from the Table 4.2 that any
ansatz vector v yields a T -skew-symmetric linearization for a T -skew-symmetric matrix poly-
nomial P. Combined with Theorem 4.3.1, which states that there is (almost) no difference
between structured and unstructured backward errors, we have the following result.

Theorem 4.4.5. Let S be the space of T -skew-symmetric matrix polynomials. Assume that
P ∈ S and L ∈ L1(P) is the T -skew-symmetric linearization of P with respect to the ansatz
vector v. Let (λ, x) be an approximate eigenpair of P. Then we have

1. |||·||| ≡ |||·|||F : 1 ≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1.

Proof: First consider |||·||| ≡ |||·|||F . By Theorem 4.3.4 we have

ηSF (λ, Λm−1 ⊗ x, L; v) =
√

2
‖L(λ)(Λm−1 ⊗ x)‖2

‖Λm−1‖2 ‖x‖2 ‖(1, λ)‖2
=

√
2‖Λm‖2

‖Λm−1‖2 ‖(λ, 1)‖2 η(λ, x, P)

for any ansatz vector v. By (4.10) we obtain the desired result.
Since structured backward error and unstructured backward error are same for |||·||| ≡ |||·|||2,

the desired result follows by Theorem 4.4.1 and (4.10).¥
Further, comparing ηS(λ, Λm−1⊗x, L; v) with ηS(λ, x, P) we have the following results for

|||·||| ≡ |||·|||F and |||·||| ≡ |||·|||2.

Theorem 4.4.6. Let S be the space of T -skew-symmetric matrix polynomials. Assume that
P ∈ S and L ∈ L1(P) = DL(P) is the T -skew-symmetric linearization of P with respect to an
ansatz vector v. Let (λ, x) ∈ C× Cn be such that ‖x‖2 = 1. Then we have

1. |||·||| ≡ |||·|||F : 1 ≤ ηSF (λ, Λm−1 ⊗ x, L; v)

ηSF (λ, x, P)
≤ √

2

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

ηS2(λ, x, P)
≤ 1.

Proof: First consider |||·||| ≡ |||·|||F . Then by Theorem 4.3.4 it follows that

ηSF (λ, Λm−1 ⊗ x, L; v)
ηSF (λ, x, P)

=
√

2‖Λm‖2
‖Λm−1‖2‖(λ, 1)‖2 .

Hence by (4.10) we obtain the desired result.
Next consider |||·||| ≡ |||·|||2. Then by Theorem 4.3.4 we have

ηSF (λ, Λm−1 ⊗ x, L; v)
ηSF (λ, x, P)

=
‖Λm‖2

‖Λm−1‖2‖(λ, 1)‖2 .

Therefore by (4.10)the desired result follows.¥
Next consider T -even polynomials. Note that T -even polynomials can have both T -even

and T -odd linearizations having the same eigen-symmetry as that of T -even polynomial.
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Theorem 4.4.7. Let S be the space of T -even matrix polynomials. Assume that P(z) =∑m
j=0 zjAj ∈ S. Let Le (resp. Lo) from L1(P) be the T -even ( resp. T -odd) linearization of

P with respect to the ansatz vector Σv = v (resp. Σv = −v). If (λ, x) is an approximate
eigenpair of P then we have the following.

1. |||·||| ≡ |||·|||F : If |λ| ≤ 1 then

q
2 + (|λ|2 − 1)δ−2

v√
2

≤ ηSF (λ, Λm−1 ⊗ x, Le; v)

η(λ, x, P)
≤ √

2 and

1 ≤ ηSF (λ, Λm−1 ⊗ x, Lo; v)

η(λ, x, P)
≤
q

2 + (|λ|−2 − 1)δ−2
v .

If |λ| ≥ 1 then 1 ≤ ηSF (λ, Λm−1 ⊗ x, Le; v)

η(λ, x, P)
≤
q

2 + (|λ|2 − 1)δ−2
v and

q
2 + (|λ|−2 − 1)δ−2

v√
2

≤ ηSF (λ, Λm−1 ⊗ x, Lo; v)

η(λ, x, P)
≤ √

2

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, Le; v)

η(λ, x, P)
≤
q

1 + |λ|2δ−2
v

1√
2
≤ ηS2(λ, Λm−1 ⊗ x, Lo; v)

η(λ, x, P)
≤
q

1 + |λ|−2δ−2
v if λ 6= 0,

1√
2
≤ ηS2(λ, Λm−1 ⊗ x, Lo; v)

η(λ, x, P)
≤ 1, if λ = 0.

Proof: First consider the T -even linearization Le of P ∈ S. By Theorem 4.3.6 we know that

ηSF (λ, Λm−1 ⊗ x, Le; v) =

√
2‖Le(λ)(Λm−1⊗x)‖22

‖(Λm−1⊗x)‖22 + (|λ|2−1)
‖(Λm−1⊗x)‖42 |(Λm−1 ⊗ x)T Le(λ)(Λm−1 ⊗ x)|2

‖(λ, 1)‖2

=

√
2 ‖P(λ)x‖22 +

(|λ|2−1)|ΛT
m−1v|2

‖Λm−1‖22 |xT P(λ)x|2

‖Λm−1‖2 ‖(λ, 1)‖2 .

For |λ| ≤ 1, we have
√

2 + (|λ|2 − 1)δ−2
v ‖P(λ)x‖2 ≤

√
2‖P(λ)x‖22 + (|λ|2 − 1)δ−2

v |xT P(λ)x|2 ≤√
2 ‖P(λ)x‖2 and for |λ| > 1 we have

√
2 ‖P(λ)x‖2 ≤

√
2 ‖P(λ)x‖22 + (|λ|2 − 1)δ−2

v |xT P(λ)x|2 ≤
√

2 + (|λ|2 − 1)δ−2
v ‖P(λ)x‖2.

Hence by (4.10) we obtain the desired results for |||·||| ≡ |||·|||F .

Next, consider |||·||| ≡ |||·|||2. Then by Theorem 4.3.6 we have

ηS2(λ, Λm−1 ⊗ x, Le; v) =

√
‖Le(λ)(Λm−1⊗x)‖22
‖(Λm−1⊗x)‖22 + |λ|2

‖(Λm−1⊗x)‖42 |(Λm−1 ⊗ x)T Le(λ)(Λm−1 ⊗ x)|2
‖(λ, 1)‖2

=

√
‖P(λ)x‖22 +

|λ|2 |ΛT
m−1v|2

‖Λm−1‖22 |xT P(λ)x|2

‖Λm−1‖2 ‖(λ, 1)‖2 .

Notice that ‖P(λ)x‖2 ≤
√
‖P(λ)x‖22 + |λ|2δ−2

v |xT P(λ)x|2 ≤
√

2 + |λ|2δ−2
v ‖P(λ)x‖2 for any

λ ∈ C. Hence by (4.10) we obtain the desired result.
Next assume that Lo is the T -odd linearization of P ∈ S. By Theorem 4.3.8 we have the
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following for |||·||| ≡ |||·|||F :

ηSF (λ, Λm−1 ⊗ x, Lo; v) =





r
2
‖Lo(λ)(Λm−1⊗x)‖22
‖(Λm−1⊗x)‖22

+( 1
|λ|2−1) 1

‖(Λm−1⊗x)‖42
|(Λm−1⊗x)T Lo(λ)(Λm−1⊗x)|2

‖(Λm−1⊗x)‖2 ‖(1,λ)‖2 ,

if λ 6= 0.

√
2 ‖Lo(λ)(Λm−1⊗x)‖2
‖(Λm−1⊗x)‖2 ‖(1,λ)‖2 , if λ = 0.

=





s
2‖P(λ)x‖22+( 1

|λ|2−1)
|ΛT

m−1v|2

‖Λm−1‖22
|xT P(λ)x|2

‖Λm−1‖2‖x‖2 ‖(1,λ)‖2 , if λ 6= 0.

√
2 ‖P(λ)x‖2
‖Λm−1‖2‖x‖2 ‖(1,λ)‖2 , if λ = 0.

Let λ 6= 0. Then for |λ| ≤ 1, we have
√

2‖P(λ)x‖2 ≤
√

2‖P(λ)x‖22 + (|λ|−2 − 1)δ−2
v |xT P(λ)x|2 ≤√

2 + (|λ|−2 − 1)δ−2
v ‖P(λ)x‖2 and for |λ| < 1 we have

√
2 + (|λ|−2 − 1)δ−2

v ‖P(λ)x‖2 ≤
√

2‖P(λ)x‖22 + (|λ|−2 − 1)δ−2
v |xT P(λ)x|2 ≤

√
2‖P(λ)x‖2.

Hence by (4.10), we obtain the desired result.
Now consider |||·||| ≡ |||·|||2. Then by Theorem 4.3.8 we have

ηS2(λ,Λm−1 ⊗ x, Lo; v) =





r
‖Lo(λ)(Λm−1⊗x)‖22
‖(Λm−1⊗x)‖22

+ 1
|λ|2 ‖(Λm−1⊗x)‖42

|(Λm−1⊗x)T Lo(λ)(Λm−1⊗x)|2
‖(1,λ)‖2 ,

if λ 6= 0.

‖Lo(λ)(Λm−1⊗x)‖2
‖(Λm−1⊗x)‖2 ‖(1,λ)‖2 , if λ = 0

=





s
‖P(λ)x‖22+

|ΛT
m−1v|2

|λ|2 ‖Λm−1‖22
|xT P(λ)x|2

‖Λm−1‖2‖(1,λ)‖2 , if λ 6= 0.

‖P(λ)x‖2
‖Λm−1‖2 ‖(1,λ)‖2 , if λ = 0

For λ 6= 0 notice that ‖P(λ)x‖2 ≤
√
‖P(λ)x‖22 + |λ|−2δ−2

v |xT P(λ)x|2 ≤
√

1 + |λ|−2δ−2
v ‖P(λ)x‖2.

Hence by (4.10) the desired result follows.¥

Corollary 4.4.8. For |||·||| ≡ |||·|||F , using that fact that δ−1
v > 0 for any ansatz vector v, we

have 1 ≤ ηSF (λ, Λm−1 ⊗ x, Le; v)
η(λ, x, P)

≤ √
2 when |λ| ≤ 1 and 1 ≤ ηSF (λ,Λm−1 ⊗ x, Lo; v)

η(λ, x, P)
≤ √

2

when |λ| ≥ 1. For |||·||| ≡ |||·|||2, using the fact that |δ−1
v | ≤ 1 for any ansatz vector v, we have

1√
2
≤ ηS2(λ,Λm−1 ⊗ x, Le; v)

η(λ, x, P)
≤ √

2 when |λ| ≤ 1, and
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, Lo; v)

η(λ, x, P)
≤ √

2

when |λ| ≥ 1.

Now notice that the bound in Theorem 4.4.7 is true also for T -odd polynomials but with
the roles of T -even and T -odd exchanged.

Remark 4.4.9. Let P be a T -even or T -odd polynomial. Then if |λ| ≤ 1 pick the T -even
linearization and for |λ| > 1 pick the T -odd linearization. The corrolarry 4.4.8 also ensure that
the backward error is magnified at most by a factor of

√
2 due to the structured linearization

process.
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Next we consider H-Hermitian polynomials. Note that H-Hermitian polynomial can have
both H-Hermitian and H-skew-Hermitian linearizations preserving the eigen-symmetry of the
original polynomial.

Theorem 4.4.10. Let S be the space of H-Hermitian matrix polynomials. Assume that P ∈ S
and L ∈ DL(P) is the H-Hermitian/ H-skew-Hermitian linearization of P with respect to the
ansatz vector v. If (λ, x) is an approximate right eigenpair of P then we have the following:

1. |||·||| ≡ |||·|||F :

p
2− δ−2

v√
2

≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2 if λ ∈ R,

1√
2
≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2
q

τ2δ−2
v ‖(1, λ)‖22 + 2, if λ ∈ C \ R

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1 if λ ∈ R,

1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2
q

τ2δ−2
v ‖(1, λ)‖22 + 1, if λ ∈ C \ R

where τ =

∥∥∥∥∥∥

[
1 re(λ)
0 im(λ)

]†∥∥∥∥∥∥
2

for H-Hermitian linearization and τ =

∥∥∥∥∥∥

[
0 −im(λ)
1 re(λ)

]†∥∥∥∥∥∥
2

for

H-skew-Hermitian linearization.

Proof: First we consider the H-Hermitian linearization. Then the ansatz vector v ∈ Rm.

Assume that λ ∈ R. Then by Theorem 4.3.9 we have

ηSF (λ, Λm−1⊗x, L; v) =

√
2‖P(λ)x‖22 − δ−2

v |xHP(λ)x|2
‖Λm−1‖2 ‖(1, λ)‖2 , ηS2(λ,Λm−1⊗x, L; v) =

‖P(λ)x‖2
‖Λm−1‖2 ‖(λ, 1)‖2 .

Now applying
√

2− δ−2
v ‖P(λ)x‖2 ≤

√
2‖P(λ)x‖22 − δ−2

v |xHP(λ)x|2 ≤ √
2‖P(λ)x‖2 and (4.10)

we obtain the desired result.
Next consider λ ∈ C \ R. Then for |||·||| ≡ |||·|||F , by Theorem 4.3.9 we have

ηSF (λ,Λm−1 ⊗ x, L; v) =
1

‖Λm−1‖2‖x‖2

√√√√ ‖r̂‖22
‖Λm−1‖22

+
2‖P(λ)x‖22 − 2

|ΛH
m−1v|2

‖Λm−1‖22 |x
HP(λ)x|2

‖(1, λ)‖22

≤ 1
‖Λm−1‖2

√
‖r̂‖22

‖Λm−1‖22
+

2‖r‖22
‖(1, λ)‖22

, r := −P(λ)x

where r̂ =

[
1 reλ

0 imλ

]† [
re(ΛH

m−1vxHP(λ)x)
im(ΛH

m−1vxHP(λ)x)

]
. For |||·||| ≡ |||·|||2, by Theorem 4.3.9 we have the

following:

ηS2(λ, Λm−1 ⊗ x, L; v) =
1

‖Λm−1‖2‖x‖2

√√√√ ‖r̂‖22
‖Λm−1‖22

+
‖P(λ)x‖22 −

|ΛH
m−1v|2

‖Λm−1‖22 |x
HP(λ)x|2

‖(1, λ)‖22

≤ 1
‖Λm−1‖2

√
‖r̂‖22

‖Λm−1‖22
+
‖P(λ)x‖22
‖(1, λ)‖22
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Now notice that ‖r̂‖2 ≤ τ |ΛH
m−1v|‖r‖2, where τ =

∥∥∥∥∥∥

[
1 reλ

0 imλ

]†∥∥∥∥∥∥
2

.

Therefore for |||·||| ≡ |||·|||F we have
ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ ‖Λm‖2
‖Λm−1‖2

√
τ2δ−2

v + 2‖(1, λ)‖−2
2 ,

and
ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ ‖Λm‖2
‖Λm−1‖2

√
τ2δ−2

v + ‖(1, λ)‖−2
2 . Hence by Lemma 4.4.2 the re-

sults follows.
Next assume that L is the H-skew-Hermitian linearization of P ∈ S associated with the

ansatz vector v ∈ iRm. Since the structured backward error expression of any approximate
eigenpair is same for H-Hermitian and H-skew-Hermitian linear polynomial, we obtain the
same bound.¥

Note that, for λ ∈ R, it does not really make any difference in the magnified backward
error due to H-Hermitian or H-skew-Hermitian linearization. Further for λ ∈ C \ R two
cases arise. Let us redefine τ := τh for H-Hermitian linearization and τ := τsh for H-skew-
Hermitian linearization. Then from the bounds of Theorem 4.4.10 we conclude the following.
For a given (λ, x), if τh ≤ τsh then choose H-Hermitian linearization and H-skew-Hermitian
linearization otherwise.

Next consider H-even polynomials. Note that H-even polynomials can have both H-even
and H-odd types of linearizations having the same eigen-symmetry (λ,−λ). The main issue
here is to decide which type of linearization is to be chosen to minimize the backward error.

Theorem 4.4.11. Let S be the space of H-even polynomials. Assume that P ∈ S and L ∈
L1(P) is the H-even/H-odd linearization of P with respect to the ansatz vector v. If (λ, x) is
an approximate eigenpair of P then we have the following:

1. |||·||| ≡ |||·|||F :

p
2− δ−2

v√
2

≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2 if λ ∈ iR,

1√
2
≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2
q

τ2δ−2
v ‖(1, λ)‖22 + 2, if λ ∈ C \ iR

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1 if λ ∈ iR,

1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2
q

τ2δ−2
v ‖(1, λ)‖22 + 1, if λ ∈ C \ iR

where τ =

∥∥∥∥∥∥

[
1 −im(λ)
0 re(λ)

]†∥∥∥∥∥∥
2

for H-even linearization and τ =

∥∥∥∥∥∥

[
0 re(λ)
1 im(λ)

]†∥∥∥∥∥∥
2

for H-odd

linearization.

Proof: The proof is similar as that of Theorem 4.4.10 and hence omitted.¥
The similar bound can be obtained if we replace H-even polynomials by H-odd polyno-

mials in Theorem 4.4.11.
Observe that, for λ ∈ iR, it does not really make any difference in the magnified backward

error due to H-even or H-odd linearization. Further for λ ∈ C \ iR two cases arise. Let us
redefine τ := τe for H-even linearization and τ := τo for H-odd linearization. Then from the
bounds that have been obtained in Theorem 4.4.11, we conclude the following. For a given
(λ, x) and P ∈ S, pick an H-even linearization when τe ≤ τo and pick H-odd linearization
otherwise.
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4.5 Structured pseudospectra of structured matrix poly-

nomials

Let P be a regular polynomial. For λ ∈ C, the backward error of λ as an approximate
eigenvalue of P is given by

η(λ,P) := min{η(λ, x, L) : x ∈ Cn and ‖x‖2 = 1}.

Since η(λ, x, P) = ‖r‖/‖Λm‖2, it follows that for the spectral as well as for the Frobenius
norms on Cn×n, we have

η(λ,P) :=
σmin(P(λ))
‖Λm‖2 .

Similarly, we define structured backward error of an approximate eigenvalue λ of P ∈ S by

ηS(λ, P) := min{ηS(λ, x, P) : x ∈ Cn and ‖x‖2 = 1}

for both |||·||| ≡ |||·|||F and |||·||| ≡ |||·|||2. In this section, we make an attempt to determine ηS(λ,P).
Note that backward errors of approximate eigenvalues and pseudospectra of a polynomial are
closely related. For ε > 0, the unstructured ε-pseudospectrum of P, denoted by σε(P),

σε(P) =
⋃

|||4P|||≤ε

σ(P +4P).

See [1, 2] for more on pseudospectra of matrix polynomials. Obviously, we have σε(P) = {z ∈
C : η(z, P) ≤ ε}, assuming, for simplicity, that ∞ /∈ σε(P). For the sake of simplicity, for rest
of this section, we make an implicit assumption that ∞ /∈ σε(P). We observe the following.

• Since η(λ, P) is the same for the spectral norm and the Frobenius norm on Cn×n, it
follows that σε(P) is the same for the spectral and the Frobenius norms.

Similarly, when P ∈ S, we define the structured ε-pseudospectrum of P, denoted by σSε (P), by

σSε (P) :=
⋃

|||4P|||≤ε

{σ(P +4P) : 4P ∈ S}.

Then it follows that σSε (P) = {z ∈ C : ηS(λ, P) ≤ ε}.
Theorem 4.5.1. Let S ∈ {T -symmetric, T -skew-symmetric} and P ∈ S. Let λ ∈ C. Then
for |||·||| ≡ |||·|||2 we have

ηS2(λ, P) = η(λ, P) and σSε (P) = σε(P).

Also for |||·||| ≡ |||·|||F we have

ηSF (λ, P) =
√

2 η(λ,P), and σSε (P) = σε/
√

2(P)

when P is T -skew-symmetric and

ηSF (λ, P) = η(λ, P) and σSε (P) = σε(P)

when P is T -symmetric.
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Proof: For the spectral norm, by Theorem 4.3.1, we have ηS(λ, x, P) = η(λ, x, P) for all x.

Consequently, we have ηS(λ,P) = η(λ, P). Hence the result follows.
For the Frobenius norm, the result follows from Theorem 4.3.4 when P is T -skew-symmetric.

So, suppose that P is T -symmetric. Then P(λ) ∈ Cn×n is symmetric. Consider the Takagi
factorization P (λ) = UΣUT , where U is unitary and Σ is a diagonal matrix containing sin-
gular values of P(λ) (appear in descending order). Set σ := Σ(n, n) and u := U(:, n). Then
we have P(λ)u = σu. Now define

4Aj := −λ
j
σ uuT

‖Λm‖22
,

and consider the polynomial 4P(z) =
∑m

j=0 zj4Aj . Then 4P is T -symmetric and P(λ)u +
4P(λ)u = 0. Notice that, for the |||·||| ≡ |||·|||2 and |||·||| ≡ |||·|||F on Cn×n, we have

ηS(λ, P) ≤ |||4P||| = σ

‖Λm‖2 = η(λ,P) and hence σε(P) = σSε (P).

This completes the proof. ¥

When P is T -symmetric, the above proof shows how to construct a T -symmetric pencil
4P such that λ ∈ Λm(P +4P) and |||4P||| = ηS(λ, P). When P is T -skew-symmetric, using
Takagi factorization of the complex skew-symmetric matrix P(λ), one can construct a T -skew-
symmetric pencil 4P such that λ ∈ Λm(P +4P) and |||4P||| = ηS(λ, P). Indeed, consider the
Takagi factorization

P(λ) = Udiag(d1, · · · , dm)UT ,

where U is unitary, dj :=

[
0 sj

−sj 0

]
, sj ∈ C is nonzero and |sj | are singular values of P(λ).

Here the blocks dj appear in descending order of magnitude of |sj |. Note that P(λ)U =
Udiag(d1, · · · , dm). Let u := U(:, n− 1 : n). Then P(λ)u = udm = udmuT u. Now define

4Aj := −λj udmuT

‖vλ‖22

and consider the pencil 4P(z) =
∑m

j=0 zj4Aj . Then 4P is T -skew-symmetric and P(λ)u +
4P(λ)u = 0. For the spectral norm on Cn×n, we have

ηS(λ, P) = |||4P||| = σmin(P(λ))
‖Λm‖2 = η(λ, P)

and for the Frobenius norm on Cn×n, we have

ηS(λ, P) = |||4P||| =
√

2
σmin(P(λ))
‖Λm‖2 =

√
2 η(λ, P).

We denote the unit circle in C by T, that T := {z ∈ C : |z| = 1}. Then for the T -even or
T -odd polynomials we have the following result.

Theorem 4.5.2. Let S ∈ {T -even, T -odd} and P ∈ S and m is odd. Let λ ∈ T. Then for the
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Frobenius norm on Cn×n, we have

ηS(λ,P) =
√

2 η(λ, P) and σSε (P) ∩ T = σε/
√

2(P) ∩ T.

Proof: Let λ ∈ T. Then by Theorem 4.3.6 and Theorem 4.3.8, we have

ηS(λ, x, P) =
√

2 ‖P(λ)x‖2
‖Λm‖2

for all x such that ‖x‖2 = 1. Hence taking minimum over ‖x‖2 = 1, we obtain the desired
results. ¥

Theorem 4.5.3. Let S ∈ {H-Hermitian, H-skew-Hermitian} and P ∈ S. Let λ ∈ R. Then
for the spectral and the Frobenius norms on Cn×n, we have ηS(λ,P) = η(λ, P) and hence

σSε (P) ∩ R = σε(P) ∩ R.

Proof: Note that P(λ) is either Hermitian or skew-Hermitian. Let (µ, u) be an eigenpair of
the matrix P(λ) such that |µ| = σmin(P(λ)) and uHu = 1. Then P(λ)u = µu. Define

4Aj := −λj µuuH

‖Λm‖22

and consider the pencil 4P(z) =
∑m

j=0 zj4Aj . Then 4P ∈ S and λ ∈ Λm(P+4P). Further,

for the spectral and the Frobenius norms, we have |||4P||| = σmin(P(λ))
‖Λm‖2 . Hence the result

follows. ¥

Theorem 4.5.4. Let S ∈ {H-even, H-odd} and P ∈ S. Let λ ∈ iR. Then for the spectral and
the Frobenius norms on Cn×n, we have ηS(λ, P) = η(λ,P) and hence

σSε (P) ∩ iR = σε(P) ∩ iR.

Proof: Note for λ ∈ iR, then the matrix P(λ) is again either is Hermitian or skew-Hermitian.
Hence the result follows from the proof of Theorem 4.5.3. ¥

We mention that the above results can be easily extended to the case of general structured
polynomials where the coefficients matrices are elements of Jordan and/or Lie algebras.
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Chapter 5

Backward errors and
linearizations for palindromic
matrix polynomials

This chapter is devoted to the backward perturbation analysis of palindromic and anti-
palindromic polynomials. We derive structured backward error of approximate eigenpair
of these polynomials and characterize the minimal structured perturbations that achieve
it. Following similar approach employed for structured polynomials in chapter 4, we show
that there always exists “good” palindromic /anti-palindromic linearization for a palindromic
/anti-palindromic polynomial.

5.1 Introduction

In this chapter we undertake a detailed backward perturbation analysis of palindromic and
anti-palindromic polynomials. These polynomials arise mainly in the study of rail traffic
noise caused by high speed trains, see [44, 64, 68, 82]. A matrix polynomial P ∈ Pm(Cn×n) is
called a palindromic matrix polynomial if P∗(z) = zmP(1/z) for all z ∈ C \ {0} and an anti-
palindromic polynomial if P∗(z) = zmP(−1/z) for all z ∈ C \ {0}, where ∗ is the transpose
or conjugate transpose of a matrix and

P∗(z) =
m∑

j=0

zjA∗j whenever P(z) =
m∑

j=0

zjAj .

In this chapter we consider only the regular matrix polynomials. We denote the space
of regular palindromic or anti-palindromic polynomials by S. It is shown in [64, 68] that
eigenvalues of palindromic polynomials possess certain spectral symmetry.

It is well known that linearization is used to solve a given polynomial eigenvalue problem.
As discussed in Chapter 4, an arbitrary linearization destroys the symmetry in the computed
eigenvalues. Therefore, the first step towards solving a palindromic eigenvalue problem is to
convert the given polynomial P ∈ S into a linear polynomial L, call it a structured linearization
which has the same eigensymmetry as that of P. It is shown in [68] that a palindromic or anti-
palindromic polynomial has infinitely many palindromic/ and anti-palindromic linearizations

94

TH-789_04612301



which preserve the eigen-symmetry.
This gives rise to a problem of choosing a “good” linearization among them. Aiming to

find a “good” structured linearization we follow similar procedure as discussed in Chapter 4.
Indeed, given an approximate eigen-pair, we derive an explicit expression of the structured
backward error under structured perturbation of P ∈ S. Note that, structured backward error
is always greater than or equal to the unstructured backward error. We show that structured
backward error is bounded above by a scalar multiple of the unstructured backward error
for few approximate eigen-pairs. Besides, for each structure, there are certain approximate
eigen-pairs for which they are equal.

Further using the expression of structured backward error of approximate eigen-pair of
palindromic polynomial P, we obtain structured backward error of the corresponding ap-
proximate eigen-pair of its structured linearizations. Then we identify “good” structured
linearization L of P that minimizes ηS(λ, Λm−1 ⊗ x, L)/η(λ, x, P).

Its evident that structure preserving algorithms are required to produce symmetry in the
computed eigenvalues. Structured preserving algorithms have been proposed in the literature
to compute the eigenpair of a structured matrix polynomials, see [22, 44, 66]. We mention
that the computable expressions of structured backward error obtained in this chapter has an
important role to play in analyzing the backward stability of structured preserving algorithms.

Finally, we define structured backward error of an approximate eigenvalue of a struc-
tured matrix polynomial and apply it to establish a partial equality between structured and
unstructured pseudospectra of H-palindromic / H-anti-palindromic polynomials.

The chapter is organized as follows. In section 5.2, we first discuss the eigensymmetry
and backward error of an approximate eigenpair of palindromic polynomials. In section 5.3,
we obtain expressions for structured backward error of approximate eigen-pair of palindromic
polynomials. In section 5.4 we explain the palindromic linearizations of structure polynomials
and determine “good” structured linearization.

5.2 Eigen-symmetry of palindromic polynomials

A matrix polynomial P(z) =
∑m

j=0 zjAj ∈ Pm(Cn×n) is called a ∗-palindromic or ∗-anti-
palindromic if

P∗(z) = zmP(1/z) or P∗(z) = zmP(−1/z),

respectively, for all z ∈ C \ {0}, where P∗(z) =
∑m

j=0 zjA∗j and ∗ ∈ {T, H}. It can be shown
as in Theorem 3.1, that if λ is an eigenvalue of a ∗-palindromic polynomial P then 1/λ∗

is also an eigenvalue of P. This (λ, 1/λ∗) pairing is known as symplectic eigen-symmetry.
Due to the structure of the coefficients of a palindromic polynomial, the spectrum of a ∗-
palindromic polynomial inherits this spectral symmetry. Table 5.1 gives the eigen-symmetry
of a palindromic polynomial.
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S eigenvalue pair eigentriple

T -palindromic / (λ, 1/λ) (λ, x, y), (1/λ, y, x)
T -antipalindromic
H-palindromic/ (λ, 1/λ) (λ, x, y), (1/λ, y, x)

H-anti-palindromic

Table 5.1: Eigensymmetry of palindromic polynomials.

The validity of the Table 5.1 is followed by Table 3.1. We now show that, given (λ, x) ∈
C×Cn and P ∈ S, there always exists a polynomial 4P ∈ S such that (P(λ) +4P(λ))x = 0,

that is, (λ, x) is an eigen-pair of P +4P. For x ∈ Cn with ‖x‖2 = 1, we define the projection
Px := I − xxH .

Theorem 5.2.1. Let P ∈ Pm(Cn×n) be a ∗-palindromic matrix polynomial, where ∗ ∈ {T, H}.
Suppose (λ, x) ∈ C× Cn and set r := −P(λ)x and Λm := [1, λ, . . . , λm]T . Define

4Aj :=





−xxT AjxxH + 1
‖Λm‖22 [λm−j xrT Px + λjP ∗x rxH ], if ∗ = T,

−xxHAjxxH + 1
‖Λm‖22 [λm−jxrHPx + λjPxrxH ], if ∗ = H.

4Am−j :=





4A∗j , j = 0 : (m + 1)/2, if m is odd

4A∗j , j = 0 : (m− 2)/2, if m is even.

If m is even define

4Am/2 :=





−xxT Am/2xxH + λm/2

‖Λm‖22 [xrT Px + P ∗x rxH ], if ∗ = T,

−xxHAm/2xxH + 1
‖Λm‖22 [λm/2xrHPx + λm/2PxrxH ], if ∗ = H,

Then P(λ)x +4P(λ)x = 0 where 4P is a ∗-palindromic polynomial.

Proof: The proof is computational and is easy to check.¥
Next we consider ∗-anti-palindromic polynomials.

Theorem 5.2.2. Let P ∈ Pm(Cn×n) be a ∗-anti-palindromic matrix polynomial, where ∗ ∈
{T, H}. Suppose (λ, x) ∈ C× Cn and set r := −P(λ)x and Λm := [1, λ, . . . , λm]T . Define

4Aj :=





−xxT AjxxH − 1
‖Λm‖22 [λm−jxrT Px − λjP ∗x rxH ], if ∗ = T,

−xxHAjxxH − 1
‖Λm‖22 [λm−jxrHPx − λjPxrxH ], if ∗ = H.

4Am−j :=





−4A∗j , j = 0 : (m + 1)/2, if m is odd,

−4A∗j , j = 0 : (m− 2)/2, if m is even.
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If m is even then define

4Am/2 :=





−xxT Am/2xxH − λm/2

‖Λm‖22 [xrT Px − P ∗x rxH ], if ∗ = T,

−xxHAm/2xxH − 1
‖Λm‖22 [λm/2xrHPx − λm/2PxrxH ], if ∗ = H.

Then P(λ)x +4P(λ)x = 0 and 4P is a ∗-anti-palindromic polynomial.

Proof: The proof is computational and is easy to check.¥

5.3 Structured backward error of approximate eigenpair

In this section we derive structured backward error of an approximate eigenpair (λ, x) of
P ∈ S. The backward error of (λ, x) is defined as the smallest, in norm, perturbation 4P of
P such that (λ, x) is an eigenpair of P +4P, that is, (P(λ) +4P(λ))x = 0. We make the
convention throughout the chapter that, 4P ∈ Pm(Cn×n) is of the form 4P =

∑m
j=0 zj4Aj .

Recall that the Frobenius and the spectral norm defined on Pm(Cn×n) are given by

|||P|||F :=




m∑

j=0

‖Aj‖2F




1/2

and |||P|||2 :=




m∑

j=0

‖Aj‖22




1/2

respectively where P(z) =
∑m

i=0 zjAj . Then it follows that, for any λ ∈ C, ‖P(λ)‖ ≤
|||P|||F,2 ‖Λm‖2, where Λm = [1, λ, . . . , λm]T .

By convention, if (λ, x) ∈ C×Cn, then x is assumed to be nonzero, that is, x 6= 0. Treating
(λ, x) as an approximate eigenpair of the polynomial P ∈ Pm(Cn×n), we define the backward
error of (λ, x) by

ηF (λ, x, P) := min
4P∈Pm(Cn×n)

{|||4P|||F : P(λ)x +4P(λ)x = 0},
η2(λ, x, P) := min

4P∈Pm(Cn×n)
{|||4P|||2 : P(λ)x +4P(λ)x = 0}.

Setting r := −P(λ)x, we have ηF (λ, x, P) = ‖r‖2/‖x‖2‖Λm‖2 = η2(λ, x, P), see (4.1). Hence-
forth, we denote ηF (λ, x, P) and η2(λ, x, P) by η(λ, x, P).

Next assume that P ∈ S. Then we define the structured backward error of (λ, x) by

ηSF (λ, x, P) := min
4P∈S

{|||4P|||F : P(λ)x +4P(λ)x = 0}

ηS2(λ, x, P) := min
4P∈S

{|||4P|||2 : P(λ)x +4P(λ)x = 0}.

Unless otherwise stated, we denote ηS(λ, x, P) for both ηSF (λ, x, P) and ηS2(λ, x, P).
By Theorem 5.2.1 and Theorem 5.2.2 it is obvious to see that ηS(λ, x, P) < ∞ and

η(λ, x, P) ≤ ηS(λ, x, P).
To make the presentation simple we define Πi : Cm → Cm, by

Πi([x0, x1, x1, . . . , xm−1]T ) := [x0, x1, x2, . . . , xi−1, 0, 0, . . . , 0]T .
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We consider flip operator R =




1
. . .

1


 ∈ Rm×m.

Theorem 5.3.1. Let S be a space of T -palindromic polynomials and P ∈ S. Assume that
(λ, x) is an approximate eigen-pair of P and set r := −P(λ)x. Then we have the following

1. m is odd:

ηSF (λ, x, P) =





√
2 η(λ, x, P), if λ = −1

√
2

√
|xT r|2

‖Π(m+1)/2(Λm+RΛm)‖22 + ‖r‖22−|xT r|2
‖Λm‖22 , if λ 6= ±1

ηS2(λ, x, P) =





η(λ, x, P) if λ = ±1
√

2
√

|xT r|2
‖Π(m+1)/2(Λm+RΛm)‖22 + ‖Π(m+1)/2 RΛm‖22 (‖r‖22−|xT r|2)

‖Λm‖42 , if |λ| > 1

√
2

√
|xT r|2

‖Π(m+1)/2(Λm+RΛm)‖22 + ‖Π(m+1)/2Λm‖2 (‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1

Let Ej := λj+λm−j

‖Π(m+1)/2(Λm+RΛm)‖22 (xT r)xxH , Fj := λj

‖Λm‖22 PT
x rxH + λm−j

‖Λm‖22 xrT Px. For j =
0 : (m− 1)/2, define

4Aj :=

{
Fj , λ = −1
Ej + Fj , λ 6= −1

and 4Am−j = 4AT
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial such that

4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next, define

4Aj :=





Fj , if λ = −1

Ej + Fj − (|λj |2λm−j + |λm−j |2λj) xT rPT
x rrT Px

|λm−j |2 ‖Π(m+1)/2(Λm + RΛm)‖22 (‖r‖22 − |xT r|2) , if |λ| > 1

Ej + Fj − (|λj |2λm−j + |λm−j |2λj) xT rPT
x rrT Px

|λj |2 ‖Π(m+1)/2(Λm + RΛm)‖22 (‖r‖22 − |xT r|2) , if |λ| ≤ 1, λ 6= −1

for j = 0 : (m−1)/2 and 4Am−j = 4AT
j . Then 4P(z) =

∑m
j=0 zj4Aj is a polynomial

such that 4P ∈ S,P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

2. m is even:

ηSF (λ, x, P) =





1√
m+1

√
2‖r‖22 − |xT r|2 ≤ √

2η(λ, x, P), if λ = ±1√
(2‖Π(m/2)+1Λm+Πm/2RΛm‖22−|λm/2|2)|xT r|2

‖Π(m/2)+1Λm+Πm/2RΛm‖42 + 2‖r‖
2
2−|xT r|2
‖Λm‖22 , if λ 6= ±1

ηS2(λ, x, P) =





η(λ, x, P), if λ = ±1√
‖Λm+RΛm‖22−3|λm/2|2

‖Π(m/2)+1Λm+Πm/2RΛm‖42 |x
T r|2 + (2‖Πm/2RΛm‖22+|λm/2|2) (‖r‖22−|xT r|2)

‖Λm‖42 ,

if |λ| > 1;
√

‖Λm+RΛm‖22−3|λm/2|2
‖Π(m/2)+1Λm+Πm/2RΛm‖42 |x

T r|2 + (2‖Πm/2Λm‖22+|λm/2|2) (‖r‖22−|xT r|2)
‖Λm‖42 ,

if |λ| ≤ 1.
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Set

Gj :=
λj + λm−j

‖Π(m/2)+1Λm + Πm/2RΛm‖22
xxT rxH +

λj

‖Λm‖22
PT

x rxH +
λm−j

‖Λm‖22
xrT Px

Hm/2 :=
λm/2

‖Π(m/2)+1Λm + Πm/2RΛm‖22
xxT rxH +

λm/2

‖Λm‖22
PT

x rxH +
λm/2

‖Λm‖22
xrT Px.

Now for j = 0 : (m− 2)/2 define

4Aj :=

{
λj

‖Λm‖22 (xT r)xxH + 1
‖Λm‖22 [λjPT

x rxH + λm−jxrT Px], if λ = ±1

Gj , if λ 6= ±1

4Am/2 :=

{
λm/2

‖Λm‖22 [(xT r)xxH + PT
x rxH + xrT Px], if λ = ±1

Hm/2, if λ 6= ±1

and 4Am−j = 4AT
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial such that

4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P).

Further, for j = 0 : (m− 2)/2 define

4Aj :=





λj

‖Λm‖22 (xT r)xxH + 1
‖Λm‖22 [λjPT

x rxH + λm−jxrT Px]− λm−j xT rP T
x rrT Px

‖Λm‖22 (‖r‖22−|xT r|2) ,

if λ = ±1

Gj − (|λj |2λm−j + |λm−j |2λj) xT r PT
x rrT Px

‖Π(m/2)+1Λm + Πm/2RΛm‖22 |λm−j |2 (‖r‖22 − |xT r|2) , if |λ| > 1

Gj − (|λj |2λm−j + |λm−j |2λj) xT r PT
x rrT Px

‖Π(m/2)+1Λm + Πm/2RΛm‖22 |λj |2 (‖r‖22 − |xT r|2) , if |λ| ≤ 1, λ 6= ±1

4Am/2 :=





λm/2

‖Λm‖22
[(xT r)xxH + PT

x rxH + xrT Px]− λm/2xT r PT
x rrT Px

‖Λm‖22 (‖r‖22 − |xT r|2) , if λ = ±1

Hm/2 −
λm/2 xT r PT

x rrT Px

‖Π(m/2)+1Λm + Πm/2RΛm‖22 (‖r‖22 − |xT r|2) , if λ 6= ±1,

and 4Am−j = 4AT
j . Then 4P(z) =

∑m
j=0 zj4Aj is a polynomial such that a 4P ∈

S,P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

Proof: First suppose that m is odd. By Theorem 5.2.1 there exists a polynomial 4P ∈ S
such that 4P(λ)x + P(λ)x = 0. For j = 0 : (m− 1)/2, consider

4̃Aj := QT4AQ =

(
ajj aT

j

bj Xj

)
and 4AT

j = 4Am−j ,

where Q := [x, Q1] is a unitary matrix. Now since 4P(λ)x + P(λ)x = 0, we have,

( ∑m
j=0 λjajj∑(m−1)/2

j=0 λjbj +
∑(m−1)/2

j=0 λm−jaj

)
=

(
xT r

QT
1 r

)
.

The minimum norm solution of
∑(m−1)/2

j=0 λjbj +
∑(m−1)/2

j=0 λm−jaj = QT
1 r is given by bj =
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λj

‖Λm‖22 QT
1 r and aj = λm−j

‖Λm‖22 QT
1 r.

For λ = −1, we have xT r = 0. Hence the minimum norm solution of
∑m

j=0 λjajj = xT r,

is ajj = 0. So we have 4Aj for j = 0 : m, as follows:

4Aj = Q


 0 ( λm−j

‖Λm‖22 QT
1 r)T

λj

‖Λm‖22 QT
1 r Xj


 QH , 4AT

j = 4Am−j , j = 0 : (m− 1)/2.

Setting Xj = 0, j = 0 : m, we obtain ηSF (λ, x, P) =
√

2 ‖r‖2√
m+1

=
√

2 η(λ, x, P). Simplifying the
expressions of 4Aj , j = 0 : m, we obtain the desired result.

Now let λ 6= −1. Notice that ajj = am−j,m−j , j = 0 : (m − 1)/2. Hence the minimum
norm solution of

∑m
j=0 λjajj = xT r which implies

∑(m−1)/2
j=0 (λj + λm−j)ajj = xT r, is

ajj =
λj + λm−j

‖Π(m+1)/2(Λm + RΛm)‖22
xT r.

Thus we obtain

4Aj = Q




λj+λm−j

‖Π(m+1)/2(Λm+RΛm)‖22 xT r ( λm−j

‖Λm‖22 QT
1 r)T

λj

‖Λm‖22 QT
1 r Xj


QH , j = 0 : (m− 1)/2

4Am−j = AT
j , j = 0 : (m− 1)/2.

Now setting Xj = 0, j = 0 : (m− 1)/2, we have

ηSF (λ, x, P) =
√

2

√
|xT r|2

‖Π(m+1)/2(Λm + RΛm)‖22
+
‖r‖22 − |xT r|2

‖Λm‖22
.

Simplifying the expression of 4Aj , i = 0 : m we obtain the desired result.
In particular, when λ = 1, we get ‖Λm‖22 = m+1 and ‖Π(m+1)/2(Λm+RΛm)‖22 = 2(m+1),

which gives,

ηSF (λ, x, P) =
1√

m + 1

√
2‖r‖22 − |xT r|2 ≤

√
2η(λ, x, P).

Now we consider spectral norm. For λ = −1, by DKW Theorem 1.2.5 applied to 4Aj

gives µ4Aj = ‖r‖2
‖Λm‖22 and Xj = 0, j = 0 : (m − 1)/2. Hence ηS2(λ, x, P) = ‖r‖2√

m+1
= η(λ, x, P).

Thus we obtain the same 4Aj that we have obtained for Frobenius norm.
Next let λ 6= −1. For j = 0 : (m− 1)/2, applying DKW Theorem 1.2.5 to 4Aj , we have

µ4Aj =





√
|λj+λm−j |2

‖Π(m+1)/2(Λm+RΛm)‖42 |x
T r|2 + |λm−j |2 (‖r‖22−|xT r|2)

‖Λm‖42 , if |λ| > 1
√

|λj+λm−j |2
‖Π(m+1)/2(Λm+RΛm)‖42 |x

T r|2 + |λj |2 (‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1,

100

TH-789_04612301



and

Xj =





− (|λj |2λm−j + |λm−j |2λj) xT rQT
1 r(QT

1 r)T

|λm−j |2 ‖Π(m+1)/2(Λm + RΛm)‖22 (‖r‖22 − |xT r|2) , if |λ| > 1

− (|λj |2λm−j + |λm−j |2λj) xT rQT
1 r(QT

1 r)T

|λj |2 ‖Π(m+1)/2(Λm + RΛm)‖22 (‖r‖22 − |xT r|2) , if |λ| ≤ 1.

This gives,

ηS2(λ, x, P) =





√
2

√
|xT r|2

‖Π(m+1)/2(Λm+RΛm)‖22 + ‖Π(m+1)/2 RΛm‖22 (‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| > 1

√
2

√
|xT r|2

‖Π(m+1)/2(Λm+RΛm)‖22 + ‖Π(m+1)/2Λm‖2 (‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1.

Simplifying the expression of 4Aj , j = 0 : (m− 1)/2 we obtain the desired result.
Now if λ = 1, we have ‖Λm‖22 = m + 1 and ‖Π(m+1)/2(Λm + RΛm)‖22 = 2(m + 1), which

gives,

ηS2(λ, x, P) =
‖r‖2√
m + 1

= η(λ, x, P).

Next, suppose that m is even. Note that, Am/2 = AT
m/2. Then we have

( ∑m
j=0 λjajj∑(m−2)/2

j=0 λjbj +
∑(m−2)/2

j=0 λm−jaj + λm/2am/2

)
=

(
xT r

QT
1 r

)
.

The minimum norm solution of
∑(m−2)/2

j=0 λjbj +
∑(m−2)/2

j=0 λm−jaj +λm/2am/2 = QT
1 r is given

by

bj =
λj

‖Λm‖22
QT

1 r, aj =
λm−j

‖Λm‖22
QT

1 r, am/2 =
λm/2

‖Λm‖22
QT

1 r.

For λ = ±1, the minimum norm solution of
∑m

j=0 λjajj = xT r is ajj = λj

‖Λm‖22 xT r. Hence
we have,

4Aj = Q




λj

‖Λm‖22 xT r λm−j

‖Λm‖22 (QT
1 r)T

λj

‖Λm‖22 QT
1 r Xj


QH , 4Am/2 = Q




λm/2

‖Λm‖22 xT r λm/2

‖Λm‖22 (QT
1 r)T

λm/2

‖Λm‖22 QT
1 r Xm/2


QH ,

and 4Am−j = 4AT
j , j = 0 : (m − 2)/2. Setting Xj = 0, j = 0 : m, we have ηSF (λ, x, P) =

1√
m+1

√
2‖r‖22 − |xT r|2. Simplifying 4Ajs for j = 0 : m we obtain the desired result.

Again, if λ 6= ±1, the minimum norm solution of
∑m

j=0 λjajj = xT r is

ajj =
λj + λm−j

‖Π(m+2)/2Λm + Πm/2RΛm‖22
xT r, am/2,m/2 =

λm/2

‖Π(m+2)/2Λm + Πm/2RΛm‖22
xT r.
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Hence we have

4Aj = Q




λj+λm−j

‖Π(m+2)/2Λm+Πm/2RΛm‖22 xT r λm−j

‖Λm‖22 (QT
1 r)T

λj

‖Λm‖22 QT
1 r Xj


 QH , j = 0 : (m− 2)/2,

4Am/2 = Q




λm/2

‖Π(m+2)/2Λm+Πm/2RΛm‖22 xT r λm/2

‖Λm‖22 (QT
1 r)T

λm/2

‖Λm‖22 QT
1 r Xm/2


 QH

4Am−j = 4AT
j , j = 0 : (m− 2)/2.

Setting Xj = 0, j = 0 : m, we have

ηSF (λ, x, P) =

√
(2‖Π(m+2)/2Λm + Πm/2RΛm‖22 − |λm/2|2)|xT r|2

‖Π(m+2)/2Λm + Πm/2RΛm‖42
+ 2

‖r‖22 − |xT r|2
‖Λm‖22

.

which gives the desired result. Simplifying the expressions of 4Aj the desired result follows.
Next we consider spectral norm. If λ = ±1, applying DKW Theorem 1.2.5 to 4Aj we

have, µ4Aj = ‖r‖2
‖Λm‖22 for j = 0 : m and ηS2(λ, x, P) = ‖r‖2√

m+1
= η(λ, x, P). Now by DKW

Theorem 1.2.5, we have

Xj = − λm−j QT
1 r(QT

1 r)T

‖Λm‖22 (‖r‖22 − |xT r|2) , j = 0 : (m− 2)/2, Xm/2 = − λm/2 QT
1 r(QT

1 r)T

‖Λm‖22 (‖r‖22 − |xT r|2) .

Therefore, we have

4Aj =
λj

‖Λm‖22
rxH +

λm−j

‖Λm‖22
xrT Px − λm−j PT

x rrT Px

‖Λm‖22 (‖r‖22 − |xT r|2) ,

4Am/2 =
λm/2

‖Λm‖22
[rxH + xrT Px]− λm/2 PT

x rrT Px

‖Λm‖22 (‖r‖22 − |xT r|2) .

Again for λ 6= ±1, we have

µ4Aj =





√
|λj+λm−j |2 |xT r|2

‖Π(m+2)/2Λm+Πm/2RΛm‖42 + |λm−j |2 (‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| > 1

√
|λj+λm−j |2 |xT r|2

‖Π(m+2)/2Λm+Πm/2RΛm‖42 + |λj |2 (‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1

µ4Am/2 =

√
|λm/2|2 |xT r|2

‖Π(m+2)/2Λm + Πm/2RΛm‖42
+
|λm/2|2 (‖r‖22 − |xT r|2)

‖Λm‖42
.

Consequently by DKW Theorem 1.2.5 we have

Xj =





− (|λj |2λm−j + |λm−j |2λj
) xT r QT

1 r(QT
1 r)T

‖Π(m+2)/2Λm + Πm/2RΛm‖22 |λm−j |2 (‖r‖22 − |xT r|2) , if |λ| > 1

− (|λj |2λm−j + |λ2m−j |2λj) xT r QT
1 r(QT

1 r)T

‖Π(m+2)/2Λm + Πm/2RΛm‖22 |λj |2 (‖r‖22 − |xT r|2) , if |λ| ≤ 1;

Xm/2 = − λm/2 xT r QT
1 r(QT

1 r)T

‖Π(m+2)/2Λm + Πm/2RΛm‖22 (‖r‖22 − |xT r|2) .

102

TH-789_04612301



Hence we obtain

ηS2(λ, x, P) =





√
‖Λm+RΛm‖22−3|λm/2|2

‖Π(m+2)/2Λm+Πm/2RΛm‖42 |x
T r|2 + 2‖Πm/2RΛm‖22+|λm/2|2 (‖r‖22−|xT r|2)

‖Λm‖42 ,

if |λ| > 1
√

‖Λm+RΛm‖22−3|λm/2|2
‖Π(m+2)/2Λm+Πm/2RΛm‖42 |x

T r|2 + 2‖Πm/2Λm‖22+|λm/2|2 (‖r‖22−|xT r|2)
‖Λm‖42 ,

if |λ| ≤ 1.

Simplifying the expressions of 4Ajs we obtain the desired result.¥
Note that if Y ∈ Cn×n is such that Y x = 0 and Y T x = 0 then Y = (I−xxH)T Z(I−xxH)

for some matrix Z. Hence from the proof of Theorem 5.3.1, we obtain that if K is a T -
palindromic polynomial such that P(λ)x+K(λ)x = 0 then K(z) = 4P(z)+(I−xxH)T N(z)(I−
xxH) for some T -palindromic polynomial N, where 4P is given in Theorem 5.3.1.

Remark 5.3.2. If |xT r| = ‖r‖2, then ‖QT
1 r‖2 = 0. In such a case, considering Xj = 0, j =

0 : m, we obtain the desired results.

Theorem 5.3.3. Let S be the space of T-anti-palindromic polynomials and P ∈ S. Assume
that (λ, x) ∈ C× Cn and set r := −P(λ)x. Then we have the following.

1. m is odd: we have

ηSF (λ, x, P) =





√
2 η(λ, x, P), if λ = 1

√
2

√
|xT r|2

‖Π(m+1)/2(Λm−RΛm)‖22 + ‖r‖22−|xT r|2
‖Λm‖22 , if λ 6= 1.

ηS2(λ, x, P) =





η2(λ, x, P), if λ = 1
√

2
√

|xT r|2
‖Π(m+1)/2(Λm−RΛm)‖22 + ‖Π(m+1)/2RΛm‖22(‖r‖22−|xT r|2)

‖Λm‖42 ,

if |λ| > 1,
√

2
√

|xT r|2
‖Π(m+1)/2(Λm−RΛm)‖22 + ‖Π(m+1)/2Λm‖22(‖r‖22−|xT r|2)

‖Λm‖42 ,

if |λ| ≤ 1.

Set

Ej :=
λj − λm−j

‖Π(m+1)/2(Λm −RΛm)‖22
(xT r)xxH − 1

‖Λm‖22
[λm−jxrT Px − λjPT

x rxH ]

Fj :=
λj − λm−j

‖Π(m+1)/2(Λm −RΛm)‖22
(xT r)xxH − 1

‖Λm‖22
[λm−jxrT Px − λ

j
PT

x rxH ].

For j = 0 : (m− 1)/2, define

4Aj :=

{
1

‖Λm‖22 [rxH − xrT ], if λ = 1

Ej , λ 6= 1

and 4Am−j = −AT
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial 4P ∈ S such
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that P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next, define

4Aj :=





1
‖Λm‖22

[rxH − xrT ], if λ = 1

Ej +
(|λj |2λm−j − |λm−j |2λj)xT rPT

x rrT Px

|λm−j |2‖Π(m+1)/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| > 1

Ej +
(|λj |2λm−j − |λm−j |2λj)xT rPT

x rrT Px

|λj |2‖Π(m+1)/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| ≤ 1, λ 6= 1

and 4Am−j = −AT
j , j = 0 : (m − 1)/2.Then 4P(z) =

∑m
j=0 zj4Aj is a polynomial

such that 4P ∈ S,P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

2. m is even:

ηSF (λ, x, P) =





√
2 η(λ, x, P), if λ = 1

√
2

√
|xT r|2

‖Πm/2(Λm−RΛm)‖22 + ‖r‖22−|xT r|2
‖Λm‖22 , if λ 6= 1.

ηS2(λ, x, P) =





η(λ, x, P), if λ = 1,√
2|xT r|2

‖Πm/2(Λm−RΛm)‖22 + (2‖Πm/2RΛm‖2+|λm/2|2)(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| > 1,

√
2|xT r|2

‖Πm/2(Λm−RΛm)‖22 + (2‖Πm/2Λm‖2+|λm/2|2)(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1.

For j = 0 : (m− 2)/2, consider

4Aj :=





1
‖Λm‖22 [rxH − xrT ], if λ = 1

Fj , if λ 6= 1

, 4Am/2 :=





1
‖Λm‖22 [rxH − xrT ], if λ = 1

λm/2

‖Λm‖22 [rxH − xrT ], if λ 6= 1

and 4Am−j = −AT
j , j = 0 : (m − 2)/2. Then 4P(z) =

∑m
j=0 zj4Aj is a unique

polynomial such that 4P ∈ S, P(λ)x + 4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next,
define

4Aj :=





1
‖Λm‖22

[rxH − xrT ], if λ = 1

Fj +
(|λj |2λm−j − |λm−j |2λj)xT rPT

x rrT Px

|λm−j |2‖Πm/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| > 1

Fj +
(|λj |2λm−j − |λm−j |2λj)xT rPT

x rrT Px

|λj |2‖Πm/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| ≤ 1, λ 6= 1

4Am/2 :=





1
‖Λm‖22

[rxH − xrT ], if λ = 1

λm/2

‖Λm‖22
[rxH − xrT ], if λ 6= 1

and 4Am−j = −AT
j , j = 0 : (m − 2)/2. Then 4P(z) =

∑m
j=0 zj4Aj is a polynomial

such that 4P ∈ S,4P ∈ S such that P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).
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Proof: First assume that P ∈ S and m is odd. By Theorem 5.2.2 there exists 4P ∈ S such
that 4P(λ)x + P(λ)x = 0. For j = 0 : (m− 1)/2, consider

4̃Aj := QT4AQ =

(
ajj aT

j

bj Xj

)
and 4Am−j = −4AT

j , j = 0 : (m− 1)/2,

where Q = [x, Q1] is a unitary matrix. Since 4P(λ)x + P(λ)x = 0, we have,




∑(m−1)/2
j=0 λjajj −

∑(m−1)/2
j=0 λm−jajj

∑(m−1)/2
j=0 λjbj −

∑(m−1)/2
j=0 λm−jaj


 =

(
xT r

QT
1 r

)
.

The minimum norm solution of
∑(m−1)/2

j=0 λjbj −
∑(m−1)/2

j=0 λm−jaj = QT
1 r is given by bj =

λj

‖Λm‖22 QT
1 r and aj = − λm−j

‖Λm‖22 QT
1 r, j = 0 : (m− 1)/2.

For λ = 1, we have xT r = 0. Hence the minimum norm solution of
∑m

j=0 λjajj = xT r, is
ajj = 0, j = 0 : m. Thus we have

4Aj = Q


 0 −λm−j(QT

1 r)T

‖Λm‖22
λjQT

1 r

‖Λm‖22 Xj


QH , Am−j = AT

j j = 0 : (m− 1)/2.

Setting Xj = 0, j = 0 : m we have the minimum Frobenius norm of 4Aj . Consequently we
have,

ηSF (λ, x, P) =
√

2
‖r‖2
‖Λm‖2 =

√
2 η(λ, x, P).

Simplifying the expression of 4Aj , j = 0 : m we obtain the desired result.
Next suppose that λ 6= 1. Then the minimum norm solution of

(m−1)/2∑

j=0

λjajj −
(m−1)/2∑

j=0

λm−jajj = xT r

is given by

ajj =
λj − λm−j

‖Π(m+1)/2(Λm −RΛm)‖22
xT r, j = 0 : (m− 1)/2.

Therefore we have

4Aj = Q




λj−λm−j

‖Π(m+1)/2(Λm−RΛm)‖22 xT r −λm−j(QT
1 r)T

‖Λm‖22

λjQT
1 r

‖Λm‖22 Xj


 QH , j = 0 : (m− 1)/2.

Taking Xj = 0, we obtain the minimum Frobenius norm of 4Aj and consequently we have

ηSF (λ, x, P) =
√

2

√√√√
∑(m−1)/2

j=0 |λj − λm−j |2|xT r|2
‖Π(m+1)/2(Λm −RΛm)‖42

+

∑(m−1)/2
j=0 (|λm−j |2 + |λj |2)(‖r‖22 − |xT r|2)

‖Λm‖42

=
√

2

√
|xT r|2

‖Π(m+1)/2(Λm −RΛm)‖22
+
‖r‖22 − |xT r|2

‖Λm‖22
.
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Simplifying the expression of 4Aj for all j = 0 : (m− 1)/2 we obtain the desired result.
Next we consider the spectral norm. Assume that λ = 1. Applying DKW Theorem 1.2.5 to

4Aj we have µ4Aj
= ‖r‖2

‖Λm‖2 , j = 0 : (m− 1)/2 and Xj = 0. Therefore we have ηS2(λ, x, P) =
‖r‖2
‖Λm‖2 = η(λ, x, P). Simplifying the expression of 4Aj we obtain 4Aj = − 1

‖Λm‖22 [xrT − rxH ].
Hence the result follows.

Next, suppose that λ 6= 1. In this case we have

µ4Aj =





√
|λj−λm−j |2|xT r|2

‖Π(m+1)/2(Λm−RΛm)‖42 + |λm−j |2(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| > 1

√
|λj−λm−j |2|xT r|2

‖Π(m+1)/2(Λm−RΛm)‖42 + |λj |2(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1

for j = 0 : (m− 1)/2. Therefore applying DKW Theorem 1.2.5 to 4Aj we have

Xj =





(|λj |2λm−j − |λm−j |2λj)xT r(QT
1 r)(QT

1 r)T

|λm−j |2‖Π(m+1)/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| > 1,

(|λj |2λm−j − |λm−j |2λj)xT r(QT
1 r)(QT

1 r)T

|λj |2‖Π(m+1)/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| ≤ 1,

for j = 0 : (m− 1)/2.

Hence we have

ηS2(λ, x, P) =





√
2

√
|xT r|2

‖Π(m+1)/2(Λm−RΛm)‖22 + ‖Π(m+1)/2RΛm‖22(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| > 1,

√
2

√
|xT r|2

‖Π(m+1)/2(Λm−RΛm)‖22 + ‖Π(m+1)/2Λm‖22(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1.

Simplifying the expression of 4Aj for j = 0 : (m− 1)/2 we obtain the desired result.
Next, assume that m is even. Note that in this case AT

m/2 = −Am/2. Consequently we
have 



∑(m−2)/2
j=0 λjajj −

∑(m−2)/2
j=0 λm−jajj

∑(m−2)/2
j=0 λjbj + am/2λ

m/2 −∑(m−2)/2
j=0 λm−jaj


 =

(
xT r

QT
1 r

)
.

Note that am/2,m/2 = 0, since Am/2 is a skew-symmetric matrix. The minimum norm solution
of

∑(m−2)/2
j=0 λjbj + am/2λ

m/2 −∑(m−2)/2
j=0 λm−jaj = QT

1 r is given by

bj =
λjQT

1 r

‖Λm‖22
, aj = −λm−jQT

1 r

‖Λm‖22
, am/2 =

λm/2QT
1 r

‖Λm‖22
, j = 0 : (m− 2)/2.

For λ = 1, xT r = 0. Hence the minimum norm solution of
∑(m−2)/2

j=0 λjajj−
∑(m−2)/2

j=0 λm−jajj =
0 is given by ajj = 0. Consequently, we have,

4Aj = Q


 0 − (QT

1 r)T

‖Λm‖22
QT

1 r

‖Λm‖22 Xj


QH , j = 0 : (m− 2)/2.

Setting Xj = 0, j = 0 : (m − 2)/2 we obtain the minimum norm of 4Aj and consequently
we have ηSF (λ, x, P) =

√
2 η(λ, x, P). Simplifying the expression of 4Aj we obtain the desired
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result.
Next, suppose that λ 6= 1. Then the minimum norm solution of

(m−2)/2∑

j=0

λjajj −
(m−2)/2∑

j=0

λm−jajj = xT r

is given by

ajj =
λj − λm−j

‖Πm/2(Λm −RΛm)‖22
xT r

and am/2,m/2 = 0. Consequently, for j = 0 : (m− 2)/2, we obtain

4Aj = Q




λj−λm−j

‖Πm/2(Λm−RΛm)‖22 xT r −λm−j(QT
1 r)T

‖Λm‖22

λjQT
1 r

‖Λm‖22 Xj


QH ,

4Am/2 = Q


 0 −λm/2(QT

1 r)T

‖Λm‖22
λm/2QT

1 r

‖Λm‖22 Xm/2


 QH .

Setting Xj = 0 = Xm/2, we get the minimum Frobenius norm of4Aj and4Am/2 respectively
and these give,

ηSF (λ, x, P) =
√

2

√
|xT r|2

‖Πm/2(Λm −RΛm)‖22
+
‖r‖22 − |xT r|2

‖Λm‖22
.

Simplifying the expressions of 4Aj for j = 0 : m/2 we obtain the desired result.
Next consider spectral norm. Suppose that λ = 1. Then consider µ4Aj = ‖r‖2

‖Λm‖2 and by

DKW Theorem 1.2.5, we have Xj = 0. Therefore we have ηS2(λ, x, P) = ‖r‖2
‖Λm‖2 = η(λ, x, P).

Simplifying the expression of 4Aj we obtain 4Aj = − 1
‖Λm‖22 [xrT − rxH ] for j = 0 : m/2.

Hence the result follows.
Next, suppose λ 6= 1. Consider µ4Am/2 =

√
|λm|2(‖r‖22−|xT r|2)

‖Λm‖42 . Then again by DKW
Theorem 1.2.5 we have Xm/2 = 0. Now for j = 0 : (m− 2)/2 consider

µ4Aj =





√
|λj−λm−j |2|xT r|2
‖Πm/2(Λm−RΛm)‖42 + |λm−j |2(‖r‖22−|xT r|2)

‖Λm‖42 , if |λ| > 1,

√
|λj−λm−j |2|xT r|2
‖Πm/2(Λm−RΛm)‖42 + |λj |2(‖r‖22−|xT r|2)

‖Λm‖42 , if |λ| ≤ 1.

Then by DKW Theorem 1.2.5 applied to 4Aj we have

Xj =





(|λj |2λm−j − |λm−j |2λj)xT r(QT
1 r)(QT

1 r)T

|λm−j |2‖Πm/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| > 1,

(|λj |2λm−j − |λm−j |2λj)xT r(QT
1 r)(QT

1 r)T

|λj |2‖Πm/2(Λm −RΛm)‖22(‖r‖22 − |xT r|2) , if |λ| ≤ 1,
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for j = 0 : (m− 2)/2. Therefore we have

ηS2(λ, x, P) =





√
2|xT r|2

‖Πm/2(Λm−RΛm)‖22 + (2‖Πm/2RΛm‖2+|λm/2|2)(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| > 1,

√
2|xT r|2

‖Πm/2(Λm−RΛm)‖22 + (2‖Πm/2Λm‖2+|λm/2|2)(‖r‖22−|xT r|2)
‖Λm‖42 , if |λ| ≤ 1.

Simplifying the expressions of 4Aj for j = 0 : m/2 we obtain the desired result. ¥

Analogous to the T -palindromic polynomial we conclude that if K is a T -anti-palindromic
polynomial such that P(λ)x+K(λ)x = 0 then K(z) = 4P(z)+ (I −xxH)T N(z)(I −xxH) for
some T -anti-palindromic polynomial N, where 4P is given in Theorem 5.3.3.

Remark 5.3.4. If |xT r| = ‖r‖2, then ‖QT
1 r‖2 = 0. In such a case, considering Xj = 0, j =

0 : m, we obtain the desired results.

Next we consider H-palindromic/ H-anti-palindromic polynomials. To make the presen-
tation simple we proceed as follows.

Let z = a + i b ∈ C. Define a map vec : C→ R2 by vec(z) =

(
re(z)
im(z)

)
. Further define a

map M : C→ R2×2 by M(z) =

(
re(z) −im(z)
im(z) re(z)

)
. Then the following hold:

• vec(z) = Σ vec(z), where Σ =

(
1 0
0 −1

)
.

• vec(z1z2) = M(z1)vec(z2), z1, z2 ∈ C.

• M(z) = M(z)T .

Assume that λ ∈ C, and ajj ∈ C. Then if we have
∑m

j=0 λiajj = xHr then applying the
map vec both sides we obtain

vec(
m∑

j=0

λiajj) = vec(xHr) ⇒
m∑

j=0

M(λi)vec(ajj) = vec(xHr). (5.1)

Theorem 5.3.5. Let S be the space of H-palindromic polynomials. Assume that P ∈ S and
(λ, x) ∈ C× Cn. Setting r := −P(λ)x, we have the following.

1. Let m be odd. Then

ηSF (λ, x, P) =





1√
m+1

√
2‖r‖22 − |rHx|2 ≤ √

2η(λ, x, P), if |λ| = 1
√

2
√
‖r̂‖22 + ‖r‖22−|xHr|2

‖Λm‖22 , if |λ| 6= 1.

ηS2(λ, x, P) =





η(λ, x, P), if |λ| = 1

√
2
√
‖r̂‖22 + ‖Π(m+1)/2RΛm‖2 (‖r‖22−|xHr|2)

‖Λm‖42 , if |λ| > 1

√
2
√
‖r̂‖22 + ‖Π(m+1)/2Λm‖2 (‖r‖22−|xHr|2)

‖Λm‖42 , if |λ| < 1.
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where r̂ =
[
H0 H1 . . . H(m−1)/2

]†
vec(xHr) and

Hj =




re (λj) + re (λm−j) −im (λj) + im (λm−j)

im (λj) + im(λm−j) re (λj)− re (λm−j)


 , j = 0 : (m− 1)/2.

Let Ej := 1
‖Λm‖22 [λm−jxrHPx + λjPxrxH ]. For j = 0 : (m− 1)/2 define

4Aj :=





λj

‖Λm‖22 xrHxxH + Ej , if |λ| = 1

eT
j r̂xxH + Ej , if |λ| 6= 1

and 4Am−j = 4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial such that

4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next define

4Aj :=





λj

‖Λm‖22
xrHxxH + Ej − xHr λm−jPxrrHPx

‖Λm‖22 (‖r‖22 − |xHr|2) , if |λ| = 1

eT
j r̂xxH + Ej −

eT
j r̂ λj λm−j PxrrHPx

|λm−j |2 (‖r‖22 − |xHr|2) , if |λ| > 1

eT
j r̂xxH + Ej −

eT
j r̂ λj λm−j PxrrHPx

|λi|2 (‖r‖22 − |xHr|2) , if |λ| < 1

for j = 0 : (m−1)/2 with 4Am−j = 4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a polynomial

such that 4P ∈ S,P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

2. Let m be even. Then

ηSF (λ, x, P) =





1√
m+1

√
2‖r‖22 − |rHx|2 ≤ √

2η(λ, x, P), if |λ| = 1√
(2‖r̂‖22 − |eT

m/2r̂|2) + 2‖r‖
2
2−|xHr|2
‖Λm‖22 , if |λ| 6= 1.

ηS2(λ, x, P) =





η(λ, x, P) if |λ| = 1√
(2‖r̂‖22 − |eT

m/2r̂|2) + (2‖Πm/2RΛm‖22+|λm/2|2)(‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| > 1

√
(2‖r̂‖22 − |eT

m/2r̂|2) + (2‖Πm/2Λm‖22+|λm/2|2)(‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| < 1.

where r̂ =
[
H0 H1 . . . H(m−2)/2 Hm/2

]†
vec(xHr) and

Hj =

(
re (λj) + re (λm−j) −im (λj) + im (λm−j

im (λj) + im (λm−j) re (λj)− re (λm−j)

)
, j = 0 : (m− 2)/2,

Hm/2 =

(
re (λm/2)
im (λm/2)

)
.

Let Fj := 1
‖Λm‖22 [λm−jxrHPx+λjPxrxH ] and Gm/2 := 1

‖Λm‖22 [λm/2xrHPx+λm/2PxrxH ].
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Then for j = 0 : (m− 2)/2, define

4Aj :=





λj

‖Λm‖22 xrHxxH + Fj , if |λ| = 1

eT
j r̂xxH + Fj , if |λ| 6= 1

, 4Am/2 :=





λm/2

‖Λm‖22 xrHxxH + Gm/2,

if |λ| = 1

eT
m/2r̂xxH + Gm/2,

if |λ| 6= 1

and 4Am−j = 4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial such that

4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next define

4Aj :=





λj

‖Λm‖22
xxHrxH + Fj − λm−j rHx PxrrHPx

‖Λm‖22 (‖r‖22 − |rHx|2) , if |λ| = 1

eT
j r̂xxH + Fj −

eT
j r̂ λj λm−j PxrrHPx

|λm−j |2 (‖r‖22 − |xHr|2) , if |λ| > 1

eT
j r̂xxH + Fj −

eT
j r̂ λj λm−j PxrrHPx

|λi|2 (‖r‖22 − |xHr|2) , if |λ| < 1

4Am/2 :=





λm/2

‖Λm‖22
xxHrxH + Gm − λm/2 rHx PxrrHPx

‖Λm‖22 (‖r‖22 − |rHx|2) , if |λ| = 1

eT
m/2r̂xxH + Gm/2 −

eT
m/2r̂ PxrrHPx

(‖r‖22 − |xHr|2) , if |λ| 6= 1.

and 4Am−j = 4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a polynomial such that 4P ∈

S,P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

Proof: Let P ∈ S given by P(z) =
∑m

j=0 zjAj . First suppose that m is odd. By Theorem 5.2.2
there exists 4P ∈ S, such that 4P(λ)x + P(λ)x = 0. Define

4Aj := Q

(
ajj aH

j

bj Xj

)
QH , Xm−j = XH

j , j = 0 : (m− 1)/2,

where Q = [x, Q1] is a unitary matrix. Since 4P(λ)x + P(λ)x = 0, we have

( ∑m
j=0 λjajj∑(m−1)/2

j=0 λjbj +
∑(m−1)/2

j=0 λm−jaj

)
=

(
xHr

QH
1 r

)
.

Consequently, the minimum norm solution of
∑(m−1)/2

j=0 λjbj +
∑(m−1)/2

j=0 λm−jaj = QH
1 r is

given by

bj =
λj

‖Λm‖22
QH

1 r, aj =
λm−j

‖Λm‖22
QH

1 r, j = 0 : (m− 1)/2.

Note that for |λ| = 1, we have xHr = λmxHr. Hence the minimum norm solution of
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∑m
j=0 λjajj = xHr is ajj = λj

‖Λm‖22 xHr, j = 0 : m. Therefore we have

4Aj = Q




λj

‖Λm‖22 xHr λm−j

‖Λm‖22 (QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


QH ,

4Am−j = 4AH
j , j = 0 : (m− 1)/2.

Setting Xj = 0 gives ηSF (λ, x, P) = 1√
m+1

√
2‖r‖22 − |rHx|2. Simplifying the expressions for

4Ajs we obtain the desired result.
Next, let |λ| 6= 1. The value of ajj for the equation

∑m
j=0 λjajj = xHr, j = 0 : (m− 1)/2

is achieved after employing the condition ajj = am−j,m−j j = 0 : (m− 1)/2 in equation (5.1)
which becomes

(m−1)/2∑

j=0

(M(λj) + M(λm−j)Σ)vec(ajj) = vec(xHr)

and the solution is given by ajj = eT
j r̂ where

r̂ =
[
H0 H1 . . . H(m−1)/2

]†
vec(xHr) and

Hj =

(
re (λj) + re (λm−j) −im (λj) + im (λm−j)
im (λj) + im(λm−j) re (λj)− re (λm−j)

)
.

Thus we obtain,

4Aj = Q




eT
j r̂ λm−j (QH

1 r)H

‖Λm‖22

λjQH
1 r

‖Λm‖22 Xj


 QH , j = 0 : (m− 1)/2.

Setting Xj = 0, we obtain ηSF (λ, x, P) =
√

2
√
‖r̂‖22 + ‖r‖22−|xHr|2

‖Λm‖22 . Simplifying the expressions
of 4Ajs we obtain the desired result.

Next we consider spectral norm. If |λ| = 1 applying DKW Theorem 1.2.5 to 4Aj we have
µ4Aj = ‖r‖2

‖Λm‖22 and

Xj = −xHr λm−jQH
1 r(QH

1 r)H

‖Λm‖22 (‖r‖22 − |xHr|2) , j = 0 : (m− 1)/2.

This gives, ηS2(λ, x, P) = ‖r‖2√
m+1

= η(λ, x, P). Simplifying the expressions for 4Ajs we obtain
the desired result.

Further, for |λ| 6= 1, we consider,

µ4Aj =





√
|eT

j r̂|2 + |λm−j |2 (‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| > 1

√
|eT

j r̂|2 + |λi|2 (‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| < 1
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for j = 0 : (m− 1)/2. Then by DKW Theorem 1.2.5 we have

Xj =




− eT

j br λj λm−j QH
1 r(QH

1 r)H

|λm−j |2 (‖r‖22−|xHr|2) , if |λ| > 1

− eT
j br λ

j
λm−j QH

1 r(QH
1 r)H

|λi|2 (‖r‖22−|xHr|2) , if |λ| < 1.

This gives

ηS2(λ, x, P) =





√
2
√
‖r̂‖2 + ‖Π(m+1)/2RΛm‖2 (‖r‖22−|xHr|2)

‖Λm‖42 , if |λ| > 1

√
2
√
‖r̂‖2 + ‖Π(m+1)/2Λm‖2 (‖r‖22−|xHr|2)

‖Λm‖42 , if |λ| < 1.

Simplifying the expressions of 4Aj for all j = 0 : (m− 1)/2 we obtain the desired result.
Now suppose that P ∈ S and m is even. Notice that Am/2 = AH

m/2. By Theorem 5.2.2
there exists a polynomial 4P ∈ S such that 4P(λ)x + P(λ)x = 0. Define

4Aj := Q

(
ajj aH

j

bj Xj

)
QH , Xm−j = XH

j , j = 0 : (m− 2)/2,

4Am/2 := Q

(
am/2,m/2 aH

m/2

am/2 Xm/2

)
QH , Xm/2 = XH

m/2.

Since 4P(λ)x + P(λ)x = 0, we have

( ∑m
j=0 λjajj∑(m−2)/2

j=0 λjbj +
∑(m−2)/2

j=0 λm−jaj + λm/2am/2

)
=

(
xHr

QH
1 r

)
.

The minimum norm solution of
∑(m−2)/2

j=0 λjbj +
∑(m−2)/2

j=0 λm−jaj + λm/2am/2 = QH
1 r is

given by

bj =
λj

‖Λm‖22
, aj =

λm−j

‖Λm‖22
, am/2 =

λm/2

‖Λm‖22
.

Note that for |λ| = 1, we have xHr = λmxHr. Hence the minimum norm solution of∑m
j=0 λjajj = xHr is given by ajj = λj

‖Λm‖22 xHr, j = 0 : m. Therefore we have

4Aj = Q




λj

‖Λm‖22 xHr λm−j

‖Λm‖22 (QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


QH ,

4Am/2 = Q




λm/2

‖Λm‖22 xHr λm/2

‖Λm‖22 (QH
1 r)H

λm/2

‖Λm‖22 QH
1 r Xm/2


QH ,

4Am−j = 4AH
j , j = 0 : (m− 2)/2,

which gives, ηSF (λ, x, P) = 1√
m+1

√
2‖r‖22 − |rHx|2. Simplifying the expressions of 4Aj for

j = 0 : m/2 we obtain the desired result.
Now let |λ| 6= 1. Then the value of ajj from the equation

∑m
j=0 λjajj = xHr, j = 0 :
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(m − 2)/2 is achieved after employing the condition ajj = am−j,m−j , j = 0 : (m − 2)/2 and
am/2,m/2 ∈ R in equation (5.1) which becomes

(m−2)/2∑

j=0

(M(λj) + M (λm−j)Σ)vec(ajj) + M(λm/2)vec(am/2,m/2) = vec(xHr).

The solution is then given by ajj = eT
j r̂, j = 0 : m/2 where

r̂ =
[
H0 H1 . . . H(m−2)/2 Hm/2

]†
vec(xHr) and

Hj =

(
re (λj) + re (λm−j) −im (λj) + im (λm−j)
im (λj) + im(λm−j) re (λj)− re (λm−j)

)
, j = 0 : (m− 2)/2, and

Hm/2 =

(
re λm/2

imλm/2

)
.

Therefore we obtain,

4Aj = Q




eT
j r̂ λm−j (QH

1 r)H

‖Λm‖22

λjQH
1 r

‖Λm‖22 Xj


QH ,

4Am/2 = Q




eT
m/2r̂ λm/2 (QH

1 r)H

‖Λm‖22

λm/2QH
1 r

‖Λm‖22 Xm/2


 QH ,

4Am−j = 4AH
j , j = 0 : (m− 2)/2.

Setting Xj = 0 = Xm/2, j = 0 : (m− 2)/2 we obtain

ηSF (λ, x, P) =

√
(2‖r̂‖22 − |eT

m/2r̂|2) + 2
‖r‖22 − |xHr|2

‖Λm‖22
.

Simplifying the expressions for 4Ajs we obtain the desired result.
Next we consider spectral norm. Note that for |λ| = 1, we have xHr = λmxHr. Conse-

quently, λj rHx = λm−j xHr. Consider µ4Aj = ‖r‖2
‖Λm‖22 . Applying DKW Theorem 1.2.5 to

4Aj , we have

Xj = −λm−j rHx QH
1 r(QH

1 r)H

‖Λm‖22 (‖r‖22 − |rHx|2) , Xm/2 = −λm/2 rHx QH
1 r(QH

1 r)H

‖Λm‖22 (‖r‖22 − |rHx|2)

which gives ηS2(λ, x, P) = ‖r‖2√
m+1

. Simplifying the expressions for 4Ajs we obtain the desired
result.
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If |λ| 6= 1 consider

µ4Aj
=





√
|eT

j r̂|2 + |λm−j |2 (‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| > 1

√
|eT

j r̂|2 + |λi|2 (‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| < 1

µ4Am/2 =

√
|eT

m/2r̂|2 +
|λm|2 (‖r‖22 − |xHr|2)

‖Λm‖42

for j = 0 : (m− 2)/2. Then again by DKW Theorem 1.2.5 we have

Xj =




− eT

j br λj λm−j QH
1 r(QH

1 r)H

|λm−j |2 (‖r‖22−|xHr|2) , if |λ| > 1

− eT
j br λj λm−j QH

1 r(QH
1 r)H

|λi|2 (‖r‖22−|xHr|2) , if |λ| < 1,

Xm/2 = −
eT
m/2r̂ QH

1 r(QH
1 r)H

(‖r‖22 − |xHr|2)

for j = 0 : (m− 2)/2. This gives

ηS2(λ, x, P) =





√
(2‖r̂‖22 − |eT

m/2r̂|2) + (2‖Πm/2RΛm‖22+|λm/2|2)(‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| > 1

√
(2‖r̂‖22 − |eT

m/2r̂|2) + (2‖Πm/2Λm‖22+|λm/2|2)(‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| < 1.

Simplifying the expressions of 4Ajs we obtain the desired result.¥

It is evident from the proof of Theorem 5.3.5 that, if K is a H-palindromic polynomial
such that P(λ)x + K(λ)x = 0 then K(z) = 4P(z) + (I − xxH)T N(z)(I − xxH) for some
H-palindromic polynomial N, where 4P is given in Theorem 5.3.5.

Remark 5.3.6. If |xHr| = ‖r‖2, then ‖QH
1 r‖2 = 0. In such a case, considering Xj = 0, j =

0 : m, we obtain the desired results.

Theorem 5.3.7. Let S be the space of H-anti-palindromic polynomials. Assume that P ∈ S
and (λ, x) ∈ C× Cn. Setting r := −P(λ)x, we have the following.

1. m be odd:

ηSF (λ, x, P) =





1√
m+1

√
2‖r‖22 − |rHx|2 ≤ √

2η(λ, x, P), if |λ| = 1
√

2
√
‖r̂‖22 + ‖r‖22−|xHr|2

‖Λm‖22 , if |λ| 6= 1.

ηS2(λ, x, P) =





η(λ, x, P), if |λ| = 1
√

2
√
‖r̂‖22 + ‖Π(m+1)/2RΛm‖2 (‖r‖22−|xHr|2)

‖Λm‖42 , if |λ| > 1

√
2
√
‖r̂‖22 + ‖Π(m+1)/2Λm‖2 (‖r‖22−|xHr|2)

‖Λm‖42 , if |λ| < 1.
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where r̂ =
[
H0 H1 . . . H(m−1)/2

]†
vec(xHr) and

Hj =

(
re (λj)− re (λm−j) −im (λj)− im (λm−j)
im (λj)− im(λm−j) re (λj) + re (λm−j)

)
.

Let Ej := 1
‖Λm‖22 [λjPxrxH − λm−jxrHPx]. Then for j = 0 : (m− 1)/2 define

4Aj :=





λj

‖Λm‖22
xrHxxH + Ej , if |λ| = 1

eT
j r̂xxH + Ej , if |λ| 6= 1

and 4Am−j = −4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial such that

4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next define

4Aj :=





λj

‖Λm‖22
xrHxxH + Ej +

xHr λm−jPxrrHPx

‖Λm‖22 (‖r‖22 − |xHr|2) , if |λ| = 1

eT
j r̂xxH + Ej +

eT
j r̂ λj λm−j PxrrHPx

|λm−j |2 (‖r‖22 − |xHr|2) , if |λ| > 1

eT
j r̂xxH + Ej +

eT
j r̂ λj λm−j PxrrHPx

|λi|2 (‖r‖22 − |xHr|2) , if |λ| < 1

for j = 0 : (m − 1)/2 with 4Am−j = −4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a

polynomial such that 4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

2. m is even:

ηSF (λ, x, P) =





1√
m+1

√
2‖r‖22 − |rHx|2 ≤ √

2η(λ, x, P), if |λ| = 1√
(2‖r̂‖22 − |eT

m/2r̂|2) + 2‖r‖
2
2−|xHr|2
‖Λm‖22 , if |λ| 6= 1.

ηS2(λ, x, P) =





η(λ, x, P) if |λ| = 1√
(2‖r̂‖22 − |eT

m/2r̂|2) + (2‖Πm/2RΛm‖22+|λm/2|2)(‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| > 1

√
(2‖r̂‖22 − |eT

m/2r̂|2) + (2‖Πm/2Λm‖22+|λm/2|2)(‖r‖22−|xHr|2)
‖Λm‖42 , if |λ| < 1.

where r̂ =
[
H0 H1 . . . H(m−2)/2 Hm/2

]†
vec(xHr),

Hj =

(
re (λj) + re (λm−j) −im (λj) + im (λm−j)
im (λj) + im(λm−j) re (λj)− re (λm−j)

)
, j = 0 : (m− 2)/2, and

Hm/2 =

(
−im (λm/2)
re (λm/2)

)
.

Let Fj := 1
‖Λm‖22 [λjPxrxH−λm−jxrHPx] and Gm/2 := 1

‖Λm‖22 [λm/2PxrxH−λm/2xrHPx].
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Then for j = 0 : (m− 2)/2, define

4Aj :=





λj

‖Λm‖22
xrHxxH + Fj , if |λ| = 1

eT
j r̂xxH + Fj , if |λ| 6= 1

, 4Am/2 :=





λm/2

‖Λm‖22
xrHxxH + Gm/2,

if |λ| = 1
i eT

m/2r̂xxH + Gm/2,

if |λ| 6= 1

and 4Am−j = −4AH
j . Then 4P(z) =

∑m
j=0 zj4Aj is a unique polynomial such that

4P ∈ S, P(λ)x +4P(λ)x = 0 and |||4P|||F = ηSF (λ, x, P). Next define

4Aj :=





λj

‖Λm‖22
xxHrxH + Fj +

λm−j rHx PxrrHPx

‖Λm‖22 (‖r‖22 − |rHx|2) , if |λ| = 1

eT
j r̂xxH + Fj +

eT
j r̂ λj λm−j PxrrHPx

|λm−j |2 (‖r‖22 − |xHr|2) , if |λ| > 1

eT
j r̂xxH + Fj +

eT
j r̂ λj λm−j PxrrHPx

|λi|2 (‖r‖22 − |xHr|2) , if |λ| < 1

4Am/2 :=





λm/2

‖Λm‖22
xxHrxH + Gm/2 +

λm/2 rHx PxrrHPx

‖Λm‖22 (‖r‖22 − |rHx|2) , if |λ| = 1

i eT
m/2r̂xxH + Gm/2 +

ieT
m/2r̂ PxrrHPx

(‖r‖22 − |xHr|2) , if |λ| 6= 1.

and 4Am−j = −4AH
j for j = 0 : (m− 2)/2. Then 4P(z) =

∑m
j=0 zj4Aj is a polyno-

mial such that 4P ∈ S,P(λ)x +4P(λ)x = 0 and |||4P|||2 = ηS2(λ, x, P).

Proof: First assume that m is odd. By Theorem 5.2.2 we know that there exists 4P ∈ S,
such that 4P(z)x + P(z)x = 0. Define

4Aj := Q

(
ajj aH

j

bj Xj

)
QH , Am−j = −AH

j , j = 0 : (m− 1)/2.

Since 4P(λ)x + P(λ)x = 0, we have

( ∑m
j=0 λjajj∑(m−1)/2

j=0 λjbj −
∑(m−1)/2

j=0 λjaj

)
=

(
xHr

QH
1 r

)
.

The minimum norm solution of
∑(m−1)/2

j=0 λjbj −
∑(m−1)/2

j=0 λm−jaj = QH
1 r is given by bj =

λj

‖Λm‖22 and aj = − λm−j

‖Λm‖22 .

Note that for |λ| = 1, we have xHr = −λmxHr. Hence the minimum norm solution of∑m
j=0 λjajj = xHr is ajj = λj

‖Λm‖22 xHr, j = 0 : (m− 1)/2. Thus we have

4Aj = Q




λj

‖Λm‖22 xHr − λm−j

‖Λm‖22 (QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


 QH ,

4Am−j = −4AH
j j = 0 : (m− 1)/2.
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Setting Xj = 0 we have ηS(λ, x, P) = 1√
m+1

√
2‖r‖22 − |rHx|2. Simplifying the expressions for

4Aj for j = 0 : (m− 1)/2 we obtain the desired result.
Now suppose that |λ| 6= 1. The the value of ajj from

∑m
j=0 λjajj = xHr, is achieved after

employing the condition ajj = −am−j,m−j j = 0 : (m−1)/2. applying vec both sides by (5.1)
we have

(m−1)/2∑

j=0

(M(λj)− M(λm−j)Σ)vec(ajj) = vec(xHr)

which gives ajj = eT
j r̂, j = 0 : (m−1)/2 where r̂ =

[
H0 H1 . . . H(m−1)/2

]†
vec(xHr) and

Hj =

(
re (λj)− re (λm−j) −im (λj)− im (λm−j)
im (λj)− im(λm−j) re (λj) + re (λm−j)

)
.

Consequently we have

4Aj = Q




eT
j r̂ − λm−j

‖Λm‖22 (QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


 QH , 4Am−j = −4AH

j , j = 0 : (m− 1)/2.

Setting Xj = 0 we obtain the minimum Frobenius norm of 4Aj and hence we have

ηSF (λ, x, P) =
√

2

√
‖r̂‖22 +

‖r‖22 − |xHr|2
‖Λm‖22

.

Simplifying the expression of 4Aj we obtain the desired result.
Next consider spectral norm. From the construction of 4Aj it is easily seen that the

ηS2(λ, x, P) will be same as that given in Theorem 5.3.5 and hence desired results follow.
Now suppose that m is even. By Theorem 5.2.2 we know that there exists 4P ∈ S such

that 4P(λ)x + P(λ)x = 0. For j = 0 : (m− 2)/2 define

4Aj := Q

(
ajj aH

j

bj Xj

)
QH , 4Am/2 = Q

(
am/2,m/2 −aH

m/2

am/2 Xm/2

)
QH .

Since 4P(λ)x + P(λ)x = 0, we have

( ∑m
j=0 λjajj∑(m−2)/2

j=0 λjbj −
∑(m−2)/2

j=0 λm−jaj + λm/2am/2

)
=

(
xHr

QH
1 r

)
.

The minimum norm solution of
∑(m−2)/2

j=0 λjbj −
∑(m−2)/2

j=0 λm−jaj + λm/2am/2 = QH
1 r is

bj =
λj

‖Λm‖22
QH

1 r, aj = − λm−j

‖Λm‖22
QH

1 r, am/2 =
λm/2

‖Λm‖22
QH

1 r.

Note that for |λ| = 1, we have xHr = −λmxHr. Hence the minimum norm solution of∑m
j=0 λjajj = xHr is ajj = λj

‖Λm‖22 xHr, j = 0 : (m− 2)/2. Note that am/2,m/2 ∈ iR. Thus we
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have

4Aj = Q




λj

‖Λm‖22 xHr − λm−j

‖Λm‖22 (QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


QH ,

4Am/2 = Q




λm/2

‖Λm‖22 xHr − λm/2

‖Λm‖22 (QH
1 r)H

λm/2

‖Λm‖22 QH
1 r Xm/2


QH ,

4Aj = −4AH
m−j , j = 0 : (m− 2)/2.

Setting Xj = 0 = Xm/2 gives ηSF (λ, x, P) = 1√
m+1

√
2‖r‖22 − |rHx|2 if |λ| = 1. Simplifying

the expressions for 4Aj we obtain the desired result.
Now suppose that |λ| 6= 1. The value of ajj from the equation

∑m
j=0 λjajj = xHr, j = 0 :

(m− 2)/2 is obtained after employing the condition ajj = −am−j,m−j j = 0 : (m− 2)/2 and
am/2,m/2 ∈ iR. Then applying vec operator both sides, by (5.1) we have ajj = eT

j vec(r̂), j =
0 : (m− 2)/2 and am/2,m/2 = i eT

m/2vec(r̂) where

r̂ =
[
H0 H1 . . . H(m−2)/2 Hm/2

]†
vec(xHr),

Hj =

(
re (λj) + re (λm−j) −im (λj) + im (λm−j)
im (λj) + im(λm−j) re (λj)− re (λm−j)

)
, j = 0 : (m− 2)/2, and

Hm/2 =

(
−im (λm/2)
re (λm/2)

)
.

Consequently we have

4Aj = Q




eT
j r̂ − λm−j

‖Λm‖22 (QH
1 r)H

λj

‖Λm‖22 QH
1 r Xj


QH ,

4Am/2 = Q




i eT
m/2r̂ − λm/2

‖Λm‖22 (QH
1 r)H

λm/2

‖Λm‖22 QH
1 r Xm/2


QH ,

4Aj = −4AH
m−j , j = 0 : (m− 2)/2.

Setting Xj = 0 = Xm/2 we obtain

ηSF (λ, x, P) =

√
(2‖r̂‖22 − |eT

m/2r̂|2) + 2
‖r‖22 − |xHr|2

‖Λm‖22
.

Simplifying the expressions for 4Aj ’s we obtain the desired result.
Next consider spectral norm. From the construction of4Aj it is easily seen that ηS2(λ, x, P)

will be same as that given in Theorem 5.3.5 and hence the proof is similar.¥

It follows from the proof of Theorem 5.3.5 that, if K is a H-anti-palindromic polynomial
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such that P(λ)x + K(λ)x = 0 then K(z) = 4P(z) + (I − xxH)T N(z)(I − xxH) for some
H-anti-palindromic polynomial N, where 4P is given in Theorem 5.3.7.

Remark 5.3.8. If |xHr| = ‖r‖2, then ‖QH
1 r‖2 = 0. In such a case, considering Xj = 0, j =

0 : m, we obtain the desired results.

5.4 Structured backward error and palindromic lineariza-

tions

As in the case of structured polynomials discussed in Chapter 4, the task of choosing a “good”
linearization is crucial for palindromic polynomials as well. It is shown in [68] by Mackey et al.
that, a ∗-palindromic or ∗-anti-palindromic polynomial P can have both ∗-palindromic and
∗-anti-palindromic linearization L ∈ L1(P), for ∗ = T/H that preserve the eigen-symmetry
of P. To be specific, for ∗ = H there always exist a structured linearization and for ∗ = T, it
does only when either 1 /∈ σ(P) or −1 /∈ σ(P).

Since plenty of structured linearizations can be constructed for a given P ∈ S, it is
necessary to identify “good” linearizations. For the rest of the section we set Λm−1 :=
[λm−1, λm−2, . . . , λ, 1]T .

Recall that x ∈ Cn is a right eigenvector of P corresponding to an eigenvalue λ if and only
if Λm−1 ⊗ x is a right eigenvector of L ∈ L1(P) corresponding to the eigenvalue λ. Also recall
that

‖L(λ)(Λm−1⊗x)‖2 = ‖v‖2‖P(λ)x‖2 and |(Λm−1⊗x)T L(λ)(Λm−1⊗x)| = |ΛT
m−1v| |xT P(λ)x|

whenever L ∈ L1(P) is the linearization corresponding to an ansatz vector v ∈ Cm. Without
loss of generality we assume that the ansatz vector v ∈ Cm is of unit norm, that is, ‖v‖2 = 1.

Assume that (λ, x) is an approximate eigenpair of P. Then by Theorem 4.4.1 we have

1√
2
≤ η(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1

for both |||·||| ≡ |||·|||F and |||·||| ≡ |||·|||2, where (λ, Λm−1 ⊗ x) is an approximate eigenpair of the
linearization L associated with the ansatz vector v ∈ Cm.

Table 5.2 gives the structured of ansatz vectors for structured polynomials, see [64, 68].
Let L ∈ L1(P) be the structured linearization of P ∈ S corresponding to an ansatz vector

v. Then by Lemma 4.4.2 we have

ηS(λ,Λm−1 ⊗ x, L; v)
η(λ, x, P)

≥ 1√
2
. (5.2)

Also recall that
1√
2
≤ ‖Λm‖2
‖Λm−1‖2 ‖(1, λ)‖2 ≤ 1. (5.3)

Set δv :=
|Λ∗m−1v|
‖Λm−1‖2 , ∗ ∈ {T,H}. Then 0 < δ−1

v ≤ 1.

Theorem 5.4.1. Let S be the space of T -palindromic matrix polynomials. Assume that P ∈ S.
Let Lp ∈ L1(P) be a T -palindromic linearization and La ∈ L1(P) be a T -anti-palindromic
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S Structured Linearization ansatz vector

T -palindromic T -palindromic Rv = v

T -anti-palindromic Rv = −v

T -anti-palindromic T -palindromic Rv = −v

T -anti-palindromic Rv = v

H-palindromic H-palindromic Rv = v

H-anti-palindromic Rv = −v

H-anti-palindromic H-palindromic Rv = −v

H-anti-palindromic Rv = v

Table 5.2: Table for the admissible ansatz vectors for palindromic polynomials.

linearization of P with respect to the ansatz vectors Rv = v and Rv = −v respectively. If
(λ, x) is an approximate right eigenpair of P then we have the following:

1. |||·||| ≡ |||·|||F : 1 ≤ ηSF (λ, Λm−1 ⊗ x, Lp; v)
η(λ, x, P)

≤ √
2 if λ = −1

√
1− 2 re(λ)|1 + λ|−2δ−2

v ≤ ηSF (λ, Λm−1 ⊗ x, Lp; v)
η(λ, x, P)

≤ √
2 if re(λ) ≥ 0

1 ≤ ηSF (λ, Λm−1 ⊗ x,Lp; v)
η(λ, x, P)

≤ √
2

√
1− 2 re(λ)|1 + λ|−2δ−2

v if re(λ) < 0, λ 6= −1

1 ≤ ηSF (λ, Λm−1 ⊗ x,La; v)
η(λ, x, P)

≤ √
2, if λ = 1

1 ≤ ηSF (λ, Λm−1 ⊗ x,La; v)
η(λ, x, P)

≤ √
2

√
1 + 2 re(λ)|1− λ|−2δ−2

v if re(λ) ≥ 0, λ 6= 1

√
1 + 2 re(λ)|1− λ|−2δ−2

v ≤ ηSF (λ, Λm−1 ⊗ x, La; v)
η(λ, x, P)

≤ √
2 if re(λ) < 0

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, Lp; v)

η(λ, x, P)
≤ 1 if λ = ±1

1√
2
≤ ηS2(λ,Λm−1 ⊗ x, Lp; v)

η(λ, x, P)
≤ √

2
√

1 + |1 + λ|−2δ−2
v η(λ, x, P) if λ 6= ±1

1√
2
≤ ηS2(λ,Λm−1 ⊗ x, La; v)

η(λ, x, P)
≤ 1 if λ = ±1

1√
2
≤ ηS2(λ,Λm−1 ⊗ x, La; v)

η(λ, x, P)
≤ √

2
√

1 + |1− λ|−2δ−2
v η(λ, x, P) if λ 6= ±1.

Proof: First consider Lp. If λ = −1 then by Theorem 5.3.1 we have

ηSF (λ,Λm−1 ⊗ x, Lp; v) =
√

2
‖L(λ)(Λm−1 ⊗ x)‖2

‖(Λm−1 ⊗ x)‖2 ‖(1, λ)‖2 =
√

2
‖P(λ)x‖2

‖(Λm−1 ⊗ x)‖2 ‖(1, λ)‖2
=

√
2‖Λm‖2

‖Λm−1‖2‖x‖2‖(1, λ)‖2 η(λ, x, P) and

ηS2(λ,Λm−1 ⊗ x, Lp; v) =
‖L(λ)(Λm−1 ⊗ x)‖2

‖(Λm−1 ⊗ x)‖2 ‖(1, λ)‖2 =
‖Λm‖2

‖Λm−1‖2‖x‖2‖(1, λ)‖2 η(λ, x, P).
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Therefore by (5.3) the desired result follows for λ = −1. If λ 6= −1 then for the |||·||| ≡ |||·|||F we
have

ηSF (λ, x, Lp; v) =
√

2

√
‖L(λ)(Λm−1⊗x)‖22
‖(Λm−1⊗x)‖22 − 2 re(λ)

|1+λ|2
|(Λm−1⊗x)T L(λ)(Λm−1⊗x)|2

‖(Λm−1⊗x)‖42
‖(1, λ)‖2

=
√

2

√
‖P(λ)x‖22 − 2 re(λ)

|1+λ|2
|ΛT

m−1v|2
‖Λm−1‖22 |x

T P(λ)x|2

‖(1, λ)‖2 ‖Λm−1‖2 .

The desired result follows by using |xT P(λ)x| ≤ ‖P(λ)x‖2 and (5.3) for both re(λ) ≥ 0 and
re(λ) < 0. Now consider |||·||| ≡ |||·|||2. Then the desired result is immediate by Theorem 5.3.1
and (5.3) for λ = ±1. Further for λ 6= ±1, by Theorem 5.3.1 we have the following.

If |λ| > 1 then

ηS2(λ, Λm−1 ⊗ x, Lp; v) ≤
√

2

√
|(Λm−1 ⊗ x)T L(λ)(Λm−1 ⊗ x)|2

|1 + λ|2 ‖(Λm−1 ⊗ x)‖42
+
|λ|2 ‖L(λ)(Λm−1 ⊗ x)‖22
‖(Λm−1 ⊗ x)‖22 ‖(1, λ)‖42

=
√

2

√
|ΛT

m−1v|2 |xT P(λ)x|2
|1 + λ|2 ‖Λm−1‖42

+
|λ|2 ‖r‖22

‖Λm−1‖22 ‖(1, λ)‖42

≤
√

2 ‖r‖2
‖Λm−1‖2 ‖(1, λ)‖2

√
|ΛT

m−1v|2
|1 + λ|2‖Λm−1‖22

+
|λ|2

‖(1, λ)‖22

Notice that |λ|2 ≤ ‖(1, λ)‖22. Hence by (5.3) and (5.2) the desired result follows. Similarly for
|λ| ≤ 1, by Theorem 5.3.1 we have

ηS2(λ, Λm−1 ⊗ x, Lp; v) ≤
√

2

√
|ΛT

m−1v|2
|1 + λ|2‖Λm−1‖22

+
1

‖(1, λ)‖22
η(λ, x, P).

Hence the result follows by (5.2).
Next consider La. If λ = 1 then results follow by Theorem 5.3.3 and (5.3). If λ 6= 1 then

for the |||·||| ≡ |||·|||F we have

ηSF (λ, Λm−1 ⊗ x, La; v) =
√

2

√
‖P(λ)x‖22 + 2 re(λ)

|1−λ|2
|ΛT

m−1v|2
‖Λm−1‖22 |x

T P(λ)x|2

‖(1, λ)‖2 ‖Λm−1‖2 .

Using |xT P(λ)x| ≤ ‖P(λ)x‖2 and (5.3) the desired result follows for both re(λ) ≥ 0 and
re(λ) < 0. The proof is similar for |||·||| ≡ |||·|||2.¥

We mention that bounds in Theorem 5.4.1 hold when P is T -anti-palindromic.
The bounds obtained in the Theorem 5.4.1 advise that, choose T -palindromic linearization

for re(λ) ≥ 0 and choose T -anti-palindromic linearization for re(λ) < 0.

Theorem 5.4.2. Let S be the space of H-palindromic matrix polynomials. Assume that P ∈ S.
Suppose L ∈ L1(P) is the H-palindromic linearization or H-anti-palindromic linearization of
P corresponding to an ansatz vector v. If (λ, x) is an approximate right eigenpair of P then
we have the following:

1. |||·||| ≡ |||·|||F :

p
2− δ−2

v√
2

≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ √

2 if |λ| = 1
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1√
2
≤ ηSF (λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤
√

2‖Λm‖2
‖Λm−1‖2

q
τ2δ−2

v + ‖(1, λ)‖−2
2 if |λ| 6= 1 where

τ =

‚‚‚‚‚‚

"
1 + re(λ) im(λ)

im(λ) 1− re(λ)

#†‚‚‚‚‚‚
2

for H-palindromic linearization and

τ =

‚‚‚‚‚‚

"
1− re(λ) −im(λ)

−im(λ) 1 + re(λ)

#†‚‚‚‚‚‚
2

for H-anti-palindromic linearization.

2. |||·||| ≡ |||·|||2 :
1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤ 1 if |λ| = 1

1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤
√

2‖Λm‖2
‖Λm−1‖2

s
τ2δ−2

v +
|λ|2

‖(1, λ)‖42
if |λ| > 1

1√
2
≤ ηS2(λ, Λm−1 ⊗ x, L; v)

η(λ, x, P)
≤
√

2‖Λm‖2
‖Λm−1‖2

r
τ2δ−2

v +
1

‖(1, λ)‖42
if |λ| < 1

Proof: Assume that L is an H-palindromic. If |λ| = 1, by Theorem 5.3.5 and Theorem 5.3.7,
for the |||·||| ≡ |||·|||F we have,

ηSF (λ,Λm−1 ⊗ x, L; v) =
1

‖(1, λ)‖2 ‖Λm−1‖2

√
2‖P(λ)x‖22 −

|ΛH
m−1v|2 |xHP(λ)x|2

‖Λm−1‖22
.

Using |xHP(λ)x| ≤ ‖P(λ)x‖2 and (5.3) the result follows. The proof is similar for the case
when |||·||| ≡ |||·|||2. Next, let |λ| 6= 1. Then by Theorem 5.3.5 and Theorem 5.3.7 we have

ηSF (λ,Λm−1 ⊗ x,L; v) =
√

2

√√√√ ‖r̂‖22
‖Λm−1‖42

+
‖P(λ)x‖22
‖Λm−1‖22 −

|ΛH
m−1v|2

‖Λm−1‖42 |x
HP(λ)x|2

‖(1, λ)‖22

≤
√

2
‖Λm−1‖2

√
‖r̂‖22

‖Λm−1‖22
+

‖r‖22
‖(1, λ)‖22

for |||·||| ≡ |||·|||F , where r̂ =

[
1 + re(λ) im(λ)

im(λ) 1− re(λ)

]† [
re(ΛH

m−1v xHP(λ)x)
im(ΛH

m−1v xHP(λ)x)

]
.

Notice that ‖r̂‖2 ≤ τ |ΛH
m−1v|‖P(λ)x‖2 where τ =

∥∥∥∥∥∥

[
1 + re(λ) im(λ)

im(λ) 1− re(λ)

]†∥∥∥∥∥∥
2

. Thus we

obtain

ηSF (λ,Λm−1 ⊗ x, L; v) ≤
√

2‖Λm‖2
‖Λm−1‖2

√
τ2δ−2

v +
1

‖(1, λ)‖22
η(λ, x, P).

Hence the result follows. Next consider |||·||| ≡ |||·|||2 and |λ| 6= 1. Then we have the following.
If |λ| > 1 then by Theorem 5.3.5 and Theorem 5.3.7 we have

ηS2(λ,Λm−1 ⊗ x, L; v) =
√

2

√
‖r̂‖22

‖Λm−1‖42
+

|λ|2 ‖r‖22
‖Λm−1‖22 ‖(1, λ)‖42

≤
√

2‖Λm‖2
‖Λm−1‖2

√
τ2δ−2

v +
|λ|2

‖(1, λ)‖42
η(λ, x, P).
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Similarly, if |λ| < 1, we have

ηS2(λ, Λm−1 ⊗ x,L; v) ≤
√

2‖Λm‖2
‖Λm−1‖2

√
τ2δ−2

v +
1

‖(1, λ)‖42
η(λ, x, P).

Hence the result follows by (5.2). The proof is similar when L is an H-anti-palindromic
linearization. Hence the proof.¥

The morale of the Theorem 5.4.2 is as follows. For |λ| = 1, it does not really make any
difference in the magnified backward error due to either H-palindromic or H-anti-palindromic
linearization and hence any of H-palindromic or H-anti-palindromic linearization can be
chosen. For |λ| 6= 1, two cases arise. Let us define τ := τp for H-palindromic linearization and
τ := τa for H-anti-palindromic linearization. Then for a given (λ, x) if τa ≤ τa then choose
H-palindromic linearization else choose H-anti-palindromic linearization.

5.5 Pseudospectra of palindromic polynomials

Now we consider structured backward error of an approximate eigenvalue of P ∈ S. We
have seen in chapter 4, that this could be applied gainfully to obtain partial equality between
structured and unstructured pseudospectra. Table 5.3 that illustrates the following: for P ∈ S
there always exist certain approximate eigenvalues for which ηS(λ, x, P) ≤ αη(λ, x, P) for some
α > 0. Recall that η(λ,P) = min

‖x‖=1
η(λ, x, P), ηSF (λ, P) = min

‖x‖=1
ηSF (λ, x, P) and ηS2(λ, P) =

min
‖x‖=1

ηS2(λ, x, P).

S m ηS(λ,P) ≤ αη(λ,P) ηS(λ, P) ≤ αη(λ,P)
|||·||| ≡ |||·|||F |||·||| ≡ |||·|||2

T -palindromic odd α =
√

2, λ = −1 α = 1, λ = ±1
even − α = 1, λ = ±1

T -anti-palindromic odd α =
√

2, λ = 1 α = 1, λ = 1
even α =

√
2, λ = 1 α = 1, λ = 1

H-palindromic/ odd/even α =
√

2, |λ| = 1 α = 1, |λ| = 1
H-anti-palindromic

Table 5.3: Partial equality of structured backward errors

Theorem 5.5.1. Let S be the space of H-palindromic or H-antipalindromic matrix polyno-
mials of degree m and P ∈ S. Let λ ∈ T. Then for the spectral and the Frobenius norms on
Cn×n, we have ηS(λ, P) = η(λ, P) and hence σSε (P) ∩ T = σε(P) ∩ T.

Proof: First assume that P ∈ Pm(Cn×n) be an H-palindromic polynomial. Let λ ∈ T. We
have P(λ)H = λmP(λ). This shows that P(λ) is a normal matrix. Let (µ, u) be an eigenpair

of λmP(λ) such that |µ| = σmin(λ
m

P(λ)) = σmin(L(λ)). Define 4Aj := −1
2
λjµuuH and

consider the polynomial 4P(z) =
∑m

j=0 zj4Aj . Noting the fact that λmP(λ)u = µu and
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µu = (λmP(λ))Hu = µu, we have P(λ)u +4P(λ)u = λmµu− λmµu = 0. Further, we have

|||4P||| = σmin(P(λ))
‖Λm‖2 = η(λ, P).

Hence the results follow. ¥
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Chapter 6

Structured eigenvalue condition
numbers and linearizations for
matrix polynomials

This chapter is concerned with the sensitivity analysis of eigenvalue problems for structured
matrix polynomials, including complex symmetric, Hermitian, even, odd, palindromic, and
anti-palindromic matrix polynomials. As mentioned before, numerical methods for solving
such eigenvalue problem proceed by linearizing the matrix polynomial into a matrix pencil of
larger size. A question of practical importance is whether this process of linearization increases
the sensitivity of the eigenvalue with respect to structured perturbations. For all structures
under consideration, we show that this is not the case: there is always a linearization for
which the structured condition number of an eigenvalue does not differ significantly. This
implies, for example, that a structure-preserving algorithm applied to the linearization fully
benefits from a potentially low structured eigenvalue condition number of the original matrix
polynomial.

6.1 Introduction

Consider an n× n matrix polynomial

P(λ) = A0 + λA1 + λ2A2 + · · ·+ λmAm, (6.1)

with A0, . . . , Am ∈ Cn×n. An eigenvalue λ ∈ C of P, defined by the relation det(P(λ)) = 0,
is called simple if λ is a simple root of the polynomial det(P(λ)).

This chapter is concerned with the sensitivity of a simple eigenvalue λ under perturbations
of the coefficients Aj . The condition number of λ is a first-order measure for the worst-case
effect of perturbations on λ. Tisseur [93] has provided an explicit expressions for this condition
number. Subsequently, this expression was extended to polynomials in homogeneous form by
Dedieu and Tisseur [26], see also [1, 14, 21], and to semi-simple eigenvalues in [54]. In the
more general context of nonlinear eigenvalue problems, the sensitivity of eigenvalues and
eigenvectors has been investigated in, e.g., [4, 58, 60, 61]. We consider the same classes of
structured polynomials as discussed in Table 1.2.

126

TH-789_04612301



In certain situations, it is reasonable to expect that perturbations of the polynomial re-
spect the underlying structure. For example, if a strongly backward stable eigenvalue solver
is applied to a palindromic matrix polynomial then the computed eigenvalues would be the
exact eigenvalues of a slightly perturbed palindromic eigenvalue problems. Also, structure-
preserving perturbations are physically more meaningful in the sense that the spectral sym-
metries induced by the structure are not destroyed. Restricting the admissible perturbations
might have a positive effect on the sensitivity of an eigenvalue. This question has been studied
for linear eigenvalue problems in quite some detail recently [19, 38, 49, 50, 51, 54, 73, 78, 81].
It often turns out that the desirable positive effect is not very remarkable: in many cases
the worst-case eigenvalue sensitivity changes little or not at all when imposing structure. No-
table exceptions can be found among symplectic, skew-symmetric, and palindromic eigenvalue
problems [51, 54]. In the first part of this chapter, we will extend these results to structured
matrix polynomials.

Due to the lack of a robust genuine polynomial eigenvalue solver, the eigenvalues of P
are usually computed by first reformulating (6.1) as an mn × mn linear generalized eigen-
value problem and then applying a standard method such as the QZ algorithm [34] to the
linear problem. This process of linearization introduces unwanted effects. Besides the obvi-
ous increase of dimension, it may also happen that the eigenvalue sensitivities significantly
deteriorate. Fortunately, one can use the freedom in the choice of linearization to minimize
this deterioration for the eigenvalue region of interest, as proposed for quadratic eigenvalue
problems in [29, 42, 93]. For the general polynomial eigenvalue problem (6.1), Higham et
al. [39, 41] have identified linearizations with minimal eigenvalue condition number/backward
error among the set of linearizations described in [67]. For structured polynomial eigenvalue
problem, rather than using any linearization it is of course advisable to use one which has a
similar structure. For example, it was shown in [68] that a palindromic matrix polynomial
can usually be linearized into a palindromic or anti-palindromic matrix pencil, offering the
possibility to apply structure-preserving algorithms to the linearization. It is natural to ask
whether there is also a structured linearization that has no adverse effect on the structured
condition number. For a small subset of structures from Table 1.2, this question has already
been discussed in [42]. In the second part of this chapter, we extend the discussion to all
structures from Table 1.2.

The rest of this chapter is organized as follows. In Section 6.2, we first review the derivation
of the unstructured eigenvalue condition number for a matrix polynomial and then provide
explicit expressions for structured eigenvalue conditions numbers. Most but not all of these
expressions are generalizations of known results for linear eigenvalue problems. In Section 6.4,
we apply these results to find good choices from the set of structured linearizations described
in [68].

6.2 Structured condition numbers for matrix polynomi-

als

Before discussing the effect of structure on the sensitivity of an eigenvalue, we briefly review
existing results on eigenvalue condition numbers for matrix polynomials. Assume that λ is
a simple finite eigenvalue of the matrix polynomial P defined in (6.1) with normalized right
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and left eigenvectors x and y:

P(λ)x = 0, yHP(λ) = 0, ‖x‖2 = ‖y‖2 = 1. (6.2)

The perturbation

(P +4P)(λ) = (A0 + E0) + λ(A1 + E1) + · · ·+ λm(Am + Em)

moves λ to an eigenvalue λ̂ of P +4P. A useful tool to study the effect of 4P is the first
order perturbation expansion

λ̂ = λ− 1
yHP′(λ)x

yH4P(λ)x + O(‖4P‖2), (6.3)

which can be derived, e.g., by applying the implicit function theorem to (6.2), see [26, 95].
Note that yHP′(λ)x 6= 0 because λ is simple [2, 4].

To measure the sensitivity of λ we first need to specify a way to measure 4P. Given
a matrix norm ‖ · ‖M on Cn×n, a monotone vector norm ‖ · ‖v on Cm+1 and non-negative
weights ω0, . . . , ωm, we define

‖4P‖ :=
∥∥∥∥
[

1
ω0
‖E0‖M ,

1
ω1
‖E1‖M , . . . ,

1
ωm

‖Em‖M

]∥∥∥∥
v

. (6.4)

A relatively small weight ωj means that ‖Ej‖M will be small compared to ‖4P‖. In the
extreme case ωj = 0, we define ‖Ej‖M/ωj = 0 for ‖Ej‖M = 0 and ‖Ej‖M/ωj = ∞ otherwise.
If all ωj are positive then (6.4) defines a norm on Cn×n × · · · × Cn×n. See [1, 2] for more on
norms of matrix polynomials.

We are now ready to introduce a condition number for the eigenvalue λ of P with respect
to the choice of ‖4P‖ in (6.4):

κP(λ) := lim
ε→0

sup
{ |λ̂− λ|

ε
: ‖4P‖ ≤ ε

}
, (6.5)

where λ̂ is the eigenvalue of P + 4P closest to λ. An explicit expression for κP(λ) can be
found in [95, Thm. 5] for the case ‖ · ‖v ≡ ‖ · ‖∞ and ‖ · ‖M ≡ ‖ · ‖2. In contrast, the approach
used in [26] requires an accessible geometry on the perturbation space and thus facilitates the
norms ‖ · ‖v ≡ ‖ · ‖2 and ‖ · ‖M ≡ ‖ · ‖F . On the other hand, the approach used in [1] analyzes
condition number by considering any norm ‖ · ‖M and the Hölder’s p-norm ‖ · ‖V ≡ ‖ · ‖p.

The following lemma includes both settings. Note that the dual to the vector norm ‖ · ‖v is
defined as

‖w‖d := sup
‖z‖v≤1

|wT z|,

see, e.g., [36].

Lemma 6.2.1. Consider the condition number κP(λ) defined in (6.5) with respect to the
semi-norm (6.4). For any unitarily invariant norm ‖ · ‖M we have

κP(λ) =
‖[ω0, ω1|λ|, . . . , ωm|λ|m]‖d

|yHP′(λ)x| (6.6)

128

TH-789_04612301



where ‖ · ‖d denotes the vector norm dual to ‖ · ‖v.

Proof: Inserting the perturbation expansion (6.3) into (6.5) yields

κP(λ) =
1

|yHP′(λ)x| sup
{|yH4P(λ)x| : ‖4P‖ ≤ 1

}
. (6.7)

Defining b = [‖E0‖M/ω0, . . . , ‖Em‖M/ωm]T , we have ‖4P‖ = ‖b‖v. By the triangular in-
equality,

|yH4P(λ)x| ≤
m∑

j=0

|λ|j |yHEjx|. (6.8)

With a suitable scaling of Ej by a complex number of modulus 1, we can assume without loss
of generality that equality holds in (6.8). Hence,

sup
‖4P‖≤1

|yH4P(λ)x| = sup
‖b‖v≤1

m∑

j=0

|λ|j sup
‖Ej‖M=ωjbj

|yHEjx|. (6.9)

Using the particular perturbation Ej = ωjbjyxH , it can be easily seen that the inner supre-
mum is ωjbj and hence

sup
‖4P‖≤1

|yH4P(λ)x| = sup
‖b‖v≤1

∣∣[ω0, ω1|λ|, . . . , ωm|λ|m]b
∣∣ = ‖[ω0, ω1|λ|, . . . , ωm|λ|m]‖d,

which completes the proof. ¥
From a practical point of view, measuring the perturbations of the individual coefficients

of the polynomial separably makes a lot of sense and thus the choice ‖ · ‖v ≡ ‖ · ‖∞ seems
to be most natural. However, it turns out – especially when considering structured condition
numbers – that more elegant results are obtained with the choice ‖ · ‖v ≡ ‖ · ‖2, which we will
use throughout the rest of this paper. In this case, the expression (6.6) takes the form

κP(λ) =
‖[ω0, ω1λ, . . . , ωmλm]‖2

|yHP′(λ)x| , (6.10)

see also [1, 8].
If λ = ∞ is a simple eigenvalue of P, a suitable condition number can be defined as

κP(∞) := lim
ε→0

sup{1/|λ̂ε| : ‖4P‖ ≤ ε},

and, following the arguments above,

κP(∞) = ωm/|yHAm−1x|

for any p-norm ‖ · ‖v. Note that this discrimination between finite and infinite disappears
when homogenizing P as in [26] or measuring the distance between perturbed eigenvalues
with the chordal metric as in [87]. In order to keep the presentation simple, we have decided
not to use these concepts.

The rest of this section is concerned with quantifying the effect on the condition number
if we restrict the perturbation 4P to a subset S of the space of all n× n matrix polynomials
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of degree at most m.

Definition 6.2.2. Let λ be a simple finite eigenvalue of a matrix polynomial P with nor-
malized right and left eigenvectors x and y. Then the structured condition number of λ with
respect to S is defined as

κSP(λ) := lim
ε→0

sup

{
|λ̂− λ|

ε
: 4P ∈ S, ‖4P‖ ≤ ε

}
(6.11)

For infinite λ, κSP(∞) := lim
ε→0

sup{1/|λ̂ε| : 4P ∈ S, ‖4P‖ ≤ ε}.

If S is star-shaped, the expansion (6.3) can be used to show

κSP(λ) =
1

|yHP′(λ)x| sup
{|yH4P(λ)x| : 4P ∈ S, ‖4P‖ ≤ 1

}
(6.12)

and
κSP(∞) =

1
|yHAm−1x| sup

{|yHEmx| : 4P ∈ S, ‖Em‖M ≤ ωm

}
. (6.13)

6.2.1 Structured first-order perturbation sets

To proceed from (6.12) we need to find the maximal absolute magnitude of elements from the
set

{
yH4P(λ)x = yHE0x + λyHE1x + · · ·λmyHEmx : 4P ∈ S, ‖4P‖ ≤ 1

}
(6.14)

It is therefore of interest to study the nature of the set {yHEx : E ∈ E, ‖E‖M ≤ 1} with
respect to some E ⊆ Cn×n. The following theorem by Karow [49] provides explicit descriptions
of this set for certain E. We use ∼= to denote the natural isomorphism between C and R2.

Theorem 6.2.3. Let K(E, x, y) := {yHEx : E ∈ E, ‖E‖M ≤ 1} for x, y ∈ Cn with ‖x‖2 =
‖y‖2 = 1 and some E ⊆ Cn×n. Provided that ‖ · ‖M ∈ {‖ · ‖2, ‖ · ‖F }, the set K(E, x, y) is an
ellipse taking the form

K(E, x, y) ∼= K(α, β) :=
{
K(α, β)ξ : ξ ∈ R2, ‖ξ‖2 ≤ 1

}
, K(α, β) ∈ R2×2, (6.15)

for the cases that E consists of all complex (E = Cn×n), real (E = Rn×n), Hermitian
(E = Herm), complex symmetric (E = symm), and complex skew-symmetric (E = skew),
real symmetric (only for ‖ · ‖M ≡ ‖ · ‖F ), and real skew-symmetric matrices. The matrix
K(α, β) defining the ellipse in (6.15) can be written as

K(α, β) =

[
cos φ/2 sin φ/2
− sin φ/2 cos φ/2

][ √
α + |β| 0

0
√

α− |β|

]
(6.16)

with some of the parameter configurations α, β listed in Table 6.1, and φ = arg(β).

Note that (6.15)–(6.16) describes an ellipse with semiaxes
√

α + |β|,
√

α− |β|, rotated by
the angle φ/2. The Minkowski sum of ellipses is still convex but in general not an ellipse [56].
Finding the maximal element in (6.14) is equivalent to finding the maximal element in the
Minkowski sum.
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‖ · ‖M ≡ ‖ · ‖2 ‖ · ‖M ≡ ‖ · ‖F

E α β α β

Cn×n 1 0 1 0
Herm 1− 1

2 |yHx|2 1
2 (yHx)2 1

2
1
2 (yHx)2

symm 1 0 1
2 (1 + |yT x|2) 0

skew 1− |yT x|2 0 1
2 (1− |yT x|2) 0

Table 6.1: Parameters defining the ellipse (6.15)

Lemma 6.2.4. Let K(α0, β0), . . . ,K(αm, βm) be ellipses of the form (6.15)–(6.16). Define

σ := sup
b0,...,bm∈R

b20+···+b2m≤1

sup
{‖s‖2 : s ∈ b0K(α0, β0) + · · ·+ bmK(αm, βm)

}
(6.17)

using the Minowski sum of sets. Then

σ = ‖[K(α0, β0), . . . , K(αm, βm)]‖2, (6.18)

and √
α0 + · · ·+ αm ≤ σ ≤

√
2
√

α0 + · · ·+ αm. (6.19)

Proof: By the definition of K(αj , βj), it follows that

σ = sup
bj∈R

b20+···+b2m≤1

sup
ξj∈R2
‖ξj‖2≤1

∥∥b0K(α0, β0)ξ0 + · · ·+ bmK(αm, βm)ξm

∥∥
2

= sup
bj∈R

b20+···+b2m≤1

sup
ξ̃j∈R2

‖ξ̃j‖2≤bj

∥∥K(α0, β0)ξ̃0 + · · ·+ K(αm, βm)ξ̃m

∥∥
2

= sup
ξ̃j∈R2

‖ξ̃0‖2+···+‖ξ̃m‖2≤1

∥∥K(α0, β0)ξ̃0 + · · ·+ K(αm, βm)ξ̃m

∥∥
2

=
∥∥[

K(α0, β0), . . . , K(αm, βm)
]∥∥

2
.

by simply applying the definition of the matrix 2-norm. The inequality (6.19) then follows
from the well-known bound

1√
2
‖[K(α0, β0), . . . , K(αm, βm)]‖F ≤ σ ≤ ‖[K(α0, β0), . . . , K(αm, βm)]‖F

and using the fact that:

‖[K(α0, β0), . . . , K(αm, βm)]‖2F =
m∑

j=0

‖K(αj , βj)‖2F =
m∑

j=0

2αj .

¥
It is instructive to rederive the expression (6.10) for the unstructured condition number

from Lemma 6.2.4. Starting from Equation (6.7), we insert the definition (6.4) of ‖4P‖ for
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‖ · ‖M ≡ ‖ · ‖2, ‖ · ‖v ≡ ‖ · ‖2, and obtain

σ = sup
{|yH4P(λ)x| : ‖4P‖ ≤ 1

}

= sup
b20+···+b2m≤1

‖E0‖2≤b0,...,‖Em‖2≤bm

∣∣∣
m∑

j=0

ωjλ
jyHEjx

∣∣∣

= sup
b20+···+b2m≤1

sup
{
|s| : s ∈

m∑

j=0

bjωjλjK(Cn×n, x, y)
}

. (6.20)

By Theorem 6.2.3, K(Cn×n, x, y) ∼= K(1, 0) and, since a disk is invariant under rotation,
ωjλ

jK(Cn×n, x, y) ∼= K(ω2
j |λ|2j , 0). Applying Lemma 6.2.4 yields

σ =
∥∥[

K(ω2
0 , 0),K(ω2

1 |λ|2, 0), . . . , K(ω2
m|λ|2m, 0)

]∥∥
2

=
∥∥[

ω0, ω1λ, . . . , ωmλm
]∥∥

2
,

which together with (6.7) results in the known expression (6.10) for κP(λ).
In the following sections, it will be shown that the expressions for structured condition

numbers follow in a similar way as corollaries from Lemma 6.2.4. To keep the notation
compact, we define

σSP(λ) = sup
{|yH4P(λ)x| : 4P ∈ S, ‖4P‖ ≤ 1

}
.

for a star-shaped structure S. By (6.12), κSP(λ) = σSP(λ)/|yHP′(λ)x|. Let us recall that the
vector norm underlying the definition of ‖4P‖ in (6.4), is chosen as ‖ · ‖v ≡ ‖ · ‖2 throughout
the rest of this chapter.

6.2.2 T -symmetric matrix polynomials

No or only an insignificant decrease of the condition number can be expected when imposing
complex symmetries on the perturbations of a matrix polynomial.

Corollary 6.2.5. Let S denote the set of T -symmetric matrix polynomials. Then for a finite
or infinite, simple eigenvalue λ of a matrix polynomial P ∈ S,

1. κSP(λ) = κP(λ) for ‖ · ‖M ≡ ‖ · ‖2, and

2. κSP(λ) =
√

1+|yT x|2√
2

κP(λ) for ‖ · ‖M ≡ ‖ · ‖F .

Proof: Along the line of arguments leading to (6.20),

σSP(λ) = sup
b20+···+b2m≤1

{
‖s‖2 : s ∈

m∑

j=0

bjωjλ
jK(symm, x, y)

}

for finite λ. As in the unstructured case, K(symm, x, y) ∼= K(1, 0) for ‖ · ‖M ≡ ‖ · ‖2 by
Theorem 6.2.3, and thus κP(λ) = κSP(λ). For ‖ · ‖M ≡ ‖ · ‖F we have

K(symm, x, y) ∼= K((1 + |yT x|2)/2, 0) =

√
1 + |yT x|2√

2
K(1, 0),

showing the second part of the statement. The proof for infinite λ is entirely analogous. ¥
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6.2.3 T -even and T -odd matrix polynomials

To describe the structured condition numbers for T -even and T -odd polynomials in a conve-
nient manner, we introduce the vector

Λω =
[
ωmλm, ωm−1λ

m−1, . . . , ω1λ, ω0

]T (6.21)

along with the even coefficient projector

Πe : Λω 7→ Πe(Λω) :=

{ [
ωmλm, 0, ωm−2λ

m−2, 0, . . . , ω2λ
2, 0, ω0

]T
, if m is even,[

0, ωm−1λ
m−1, 0, ωm−3λ

m−3, . . . , 0, ω0

]T
, if m is odd.

(6.22)
The odd coefficient projection is defined analogously and can be written as (1−Πe)(Λω).

Lemma 6.2.6. Let S denote the set of all T -even matrix polynomials. Then for a finite,
simple eigenvalue λ of a matrix polynomial P ∈ S,

1. κSP(λ) =
√

1− |yT x|2 ‖(1−Πe)(Λω)‖22
‖Λω‖22 κP(λ) for ‖ · ‖M ≡ ‖ · ‖2, and

2. κSP(λ) = 1√
2

√
1− |yT x|2 ‖(1−Πe)(Λω)‖22−‖Πe(Λω)‖22

‖Λω‖22 κP(λ) for ‖ · ‖M ≡ ‖ · ‖F .

For an infinite, simple eigenvalue,

3. κSP(∞) =

{
κP(∞), if m is even,√

1− |yT x|2 κP (∞), if m is odd,
for ‖ · ‖M ≡ ‖ · ‖2, and

4. κSP(∞) =

{
1√
2

√
1 + |yT x|2κP(∞), if m is even,

1√
2

√
1− |yT x|2κP(∞), if m is odd,

for ‖ · ‖M ≡ ‖ · ‖F .

Proof: By definition, the even coefficients of a T -even polynomial are symmetric while the
odd coefficients are skew-symmetric. Thus, for finite λ,

σSP(λ) = sup
b20+···+b2m≤1

sup
{
‖s‖2 : s ∈

∑

j even

bjωjλ
jK(symm, x, y) +

∑

j odd

bjωjλ
jK(skew, x, y)

}
.

Applying Theorem 6.2.3 and Lemma 6.2.4 yields for ‖ · ‖M ≡ ‖ · ‖2,

σSP(λ) =
∥∥∥
[
Πe(Λω)T ⊗K(1, 0), (1−Πe)(Λω)T ⊗K(1− |yT x|2, 0)

]∥∥∥
2

=
∥∥∥
[
Πe(Λω)T ,

√
1− |yT x|2(1−Πe)(Λω)T

]∥∥∥
2

=
√
‖Λω‖22 − |yT x|2‖(1−Πe)(Λω)‖22,

once again using the fact that a disk is invariant under rotation. Similarly, it follows for
‖ · ‖M ≡ ‖ · ‖F that

σSP(λ) =
1√
2

∥∥∥
[√

1 + |yT x|2Πe(Λω)T ,
√

1− |yT x|2(1−Πe)(Λω)T
]∥∥∥

2

=
1√
2

√
‖Λω‖22 + |yT x|2(‖Πe(Λω)‖22 − ‖(1−Πe)(Λω)‖22

)
.

The result for infinite λ follows in an analogous manner. ¥
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Remark 6.2.7. Note that the statement of Lemma 6.2.6 does not assume that P itself is
T -even. If we impose this additional condition then, for odd m, P has a simple infinite eigen-
value and only if also the size of P is odd, see, e.g., [54]. In this case, the skew-symmetry of
Am forces the infinite eigenvalue to be preserved under arbitrary structure-preserving pertur-
bations. Hence, κSP(∞) = 0.

Lemma 6.2.6 reveals that the structured condition number can only be significantly lower
than the unstructured one if |yT x| and the ratio

‖(1−Πe)(Λω)‖22
‖Λω‖22

=

∑
j odd

ω2
j |λ|2j

∑
j=0,...,m

ω2
j |λ|2j

= 1−

∑
j even

ω2
j |λ|2j

∑
j=0,...,m

ω2
j |λ|2j

are close to one. The most likely situation for the latter ratio to become close to one is when
m is odd, ωm does not vanish, and |λ| is large.

Example 6.2.8 ([81]). Let

P(λ) = I + λ0 + λ2I + λ3




0 1− φ 0
−1 + φ 0 i

0 −i 0




with 0 < φ < 1. This matrix polynomial has one eigenvalue λ∞ = ∞ because of the highest
coefficient, which is – as any odd-sized skew-symmetric matrix – singular. The following table
additionally displays the eigenvalue λmax of largest magnitude, the eigenvalue λmin of smallest
magnitude, as well as their unstructured and structured condition numbers for the set S of
T -even matrix polynomials. We have chosen ωj = ‖Aj‖2 and ‖ · ‖M ≡ ‖ · ‖2.

φ 100 10−3 10−9

κ(λ∞) 1 1.4× 103 1.4× 109

κSP(λ∞) 0 0 0
|λmax| 1.47 22.4 2.2× 104

κP(λmax) 1.12 3.5× 105 3.5× 1017

κSP(λmax) 1.12 2.5× 104 2.5× 1013

|λmin| 0.83 0.99 1.00
κP(λmin) 0.45 5.0× 102 5.0× 108

κSP(λmin) 0.45 3.5× 102 3.5× 108

The entries 0 = κSP(λ∞) ¿ κSP(λ∞) reflect the fact that the infinite eigenvalue stays intact
under structure-preserving but not under general perturbations. For the largest eigenvalues,
we observe a significant difference between the structured and unstructured condition numbers
as φ → 0. In contrast, this difference becomes negligible for the smallest eigenvalues.

Remark 6.2.9. For even m, the structured eigenvalue condition number of a T -even poly-
nomial is usually close to the unstructured one. For example if all weights are equal, ‖(1 −
Πe)(Λ)‖22 ≤ ‖Λ‖22/2 implying κSP(λ) ≥ κP(λ)/

√
2 for ‖ · ‖M ≡ ‖ · ‖2.

For T -odd polynomials, we obtain the following analogous of Lemma 6.2.6 by simply
exchanging the roles of odd and even in the proof.
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Lemma 6.2.10. Let S denote the set of all T -odd matrix polynomials. Then for a finite,
simple eigenvalue λ of a matrix polynomial P ∈ S,

1. κSP(λ) =
√

1− |yT x|2 ‖Πe(Λω)‖22
‖Λω‖22 κP(λ) for ‖ · ‖M ≡ ‖ · ‖2, and

2. κSP(λ) = 1√
2

√
1− |yT x|2 ‖Πe(Λω)‖22−‖(1−Πe)(Λω)‖22

‖Λω‖22 κP(λ) for ‖ · ‖M ≡ ‖ · ‖F .

For an infinite, simple eigenvalue,

3. κSP(∞) =

{
κP(∞), if m is odd,

0, if m is even,
for ‖ · ‖M ≡ ‖ · ‖2, and

4. κSP(∞) =

{
1√
2

√
1 + |yT x|2κP(∞), if m is odd,

0, if m is even,
for ‖ · ‖M ≡ ‖ · ‖F .

Similar to the discussion above, the only situation for which κSP(λ) can be expected to
become significantly smaller than κP(λ) is for |yT x| ≈ 1 and λ ≈ 0.

6.2.4 T -palindromic and T -anti-palindromic matrix polynomials

For a T -palindromic polynomial it is sensible to require that the weights in the choice of
‖4P‖, see (6.4), satisfy ωj = ωm−j . This condition is tacitly assumed throughout the entire
section. The Cayley transform for polynomials introduced in [68, Sec. 2.2] defines a mapping
between palindromic/anti-palindromic and odd/even polynomials. As already demonstrated
in [54] for the case m = 1, this idea can be used to transfer the results from the previous
section to the (anti-)palindromic case. For the mapping to preserve the underlying norm we
have to restrict ourselves to the case ‖ ·‖M ≡ ‖·‖F . The corresponding coefficient projections
are given by Π± : Λω 7→ Πs(Λω) with

Π±(Λω) :=

{[
ω0

λm±1√
2

, . . . , ωm/2−1
λm/2+1±λm/2−1√

2
, ωm/2

λm/2±λm/2

2

]T if m is even,[
ω0

λm±1√
2

, . . . , ω(m−1)/2
λ(m+1)/2±λ(m−1)/2√

2

]T
, if m is odd.

(6.23)
Note that ‖Π+(Λω)‖22 + ‖Π−(Λω)‖22 = ‖Λω‖22.

Lemma 6.2.11. Let S denote the set of all T -palindromic matrix polynomials. Then for a
finite, simple eigenvalue λ of a matrix polynomial P ∈ S, with ‖ · ‖M ≡ ‖ · ‖F ,

κSP(λ) =
1√
2

√
1 + |yT x|2 ‖Π+(Λω)‖22 − ‖Π−(Λω)‖22

‖Λω‖22
κP(λ).

For an infinite, simple eigenvalue, κSP(∞) = κP(∞).

Proof: Assume m is odd. For 4P ∈ S,

4P(λ) =
(m−1)/2∑

j=0

λjEj +
(m−1)/2∑

j=0

λm−jET
j

=
(m−1)/2∑

j=0

λj + λm−j

√
2

Ej + ET
j√

2
+

(m−1)/2∑

j=0

λj − λm−j

√
2

Ej − ET
j√

2
.
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Let us introduce the auxiliary polynomial

4P̃(µ) =
(m−1)/2∑

j=0

µ2jSj +
(m−1)/2∑

j=0

µ2j+1Wj , Sj =
Ej + ET

j√
2

, Wj =
Ej − ET

j√
2

.

Then P̃ ∈ S̃, where S̃ denotes the set of T -even polynomials. Since symmetric and skew-
symmetric matrices are orthogonal to each other with respect to the matrix inner product
〈A,B〉 = trace(BHA), we have ‖A‖2F + ‖AT ‖2F = ‖(A + AT )/

√
2‖2F + ‖(A − AT )/

√
2‖2F for

any A ∈ Cn×n and hence ‖4P‖ = ‖4P̃‖ for ‖ · ‖M ≡ ‖ · ‖F . This allows us to write

σSP(λ) = sup
{|yH4P(λ)x| : 4P ∈ S, ‖4P‖ ≤ 1

}

= sup
{∣∣∣∣

∑ λj + λm−j

√
2

yHSjx +
∑ λj − λm−j

√
2

yHWjx

∣∣∣∣ : 4P̃ ∈ S̃, ‖4P̃‖ ≤ 1
}

=
1√
2

sup
b20+···+b2m≤1

{
‖s‖2 : s ∈

∑
bjωj(λj + λm−j)K(symm, x, y)

+
∑

b(m−1)/2+jωj(λj − λm−j)K(skew, x, y)
}

=
1
2

√
(1 + |yT x|2)

∑
ω2

j |λj + λm−j |2 + (1− |yT x|2)
∑

ω2
j |λj − λm−j |2

=
1√
2

√
(1 + |yT x|2)‖Π+(Λω)‖22 + (1− |yT x|2)‖Π+(Λω)‖22

=
1√
2

√
‖Λω‖22 + |yT x|2(‖Π+(Λω)‖22 − ‖Π−(Λω)‖22),

where we used Theorem 6.2.3 and Lemma 6.2.4.
For even m the proof is almost the same; with the only difference that the transformation

leaves the complex symmetric middle coefficient Am/2 unaltered.
For λ = ∞, observe that the corresponding optimization problem (6.13) involves only

a single coefficient of the polynomial and hence palindromic structure has no effect on the
condition number. ¥

From the result of Lemma 6.2.11 it follows that a large difference between the structured
and unstructured condition numbers for T -palindromic matrix polynomials may occur when
|yT x| is close to one, and ‖Π+(Λω)‖2 is close to zero. Assuming that all weights are positive,
the latter condition implies that m is odd and and λ ≈ −1. An instance of such a case is
given by a variation of Example 6.2.8.

Example 6.2.12. Consider the T -palindromic matrix polynomial

P(λ) =




1 1− φ 0
−1 + φ 1 i

0 −i 1


 + λI + λ2I − λ3




1 1− φ 0
−1 + φ 1 i

0 −i 1




with 0 < φ < 1. An odd-sized T -palindromic matrix polynomial, P has the eigenvalue λ−1 =
−1. The following table additionally displays one eigenvalue λclose closest to −1, an eigenvalue
λmin of smallest magnitude, as well as their unstructured and structured condition numbers for
the set S of T -palindromic matrix polynomials. We have chosen ωj = ‖Aj‖F and ‖·‖M ≡ ‖·‖F .
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φ 10−1 10−4 10−8

κ(λ−1) 20.9 2.2× 104 2.2× 108

κSP(λ−1) 0 0 0
|1 + λclose| 0.39 1.4× 10−2 1.4× 10−4

κP(λclose) 11.1 1.1× 104 1.1× 108

κSP(λcloser) 6.38 2.5× 102 2.6× 104

|1− λmin| 1.25 1.41 1.41
κP(λmin) 7.92 7.9× 103 7.9× 107

κSP(λmin) 5.75 5.6× 103 5.6× 107

The entries 0 = κSP(λ−1) ¿ κP(λ−1) reflect the fact that the eigenvalue −1 remains intact
under structure-preserving but not under general perturbations. Also, eigenvalues close to −1
benefit from a significantly lower structured condition numbers as φ → 0. In contrast, only a
practically irrelevant benefit is revealed for the eigenvalue λmin not close to −1.

Structured eigenvalue condition numbers for T -anti-palindromic matrix polynomials can
be derived in the same way as in Lemma 6.2.11.

Lemma 6.2.13. Let S denote the set of all T -anti-palindromic matrix polynomials. Then for
a finite, simple eigenvalue λ of a matrix polynomial P ∈ S, with ‖ · ‖M ≡ ‖ · ‖F ,

κSP(λ) =
1√
2

√
1− |yT x|2 ‖Π+(Λω)‖22 − ‖Π−(Λω)‖22

‖Λω‖22
κP(λ).

For an infinite, simple eigenvalue, κSP(∞) = κP(∞).

6.2.5 H-Hermitian matrix polynomials

The derivations in the previous sections were greatly simplified by the fact that the first-order
perturbation sets under consideration were disks. For the set of Hermitian perturbations,
however, yHEjx forms truly an ellipse. Still, a computable expression is provided by (6.18)
from Lemma 6.2.4. However, the explicit formulas derived from this expression take a very
technical form and provide little immediate intuition on the difference between the structured
and unstructured condition number. Therefore, we will work with the bound (6.19) instead.

Lemma 6.2.14. Let S denote the set of all H-Hermitian matrix polynomials. Then for a
finite or infinite, simple eigenvalue of a matrix polynomial P ∈ S,

1.
√

1− 1
2 |yHx|2 κP(λ) ≤ κSP(λ) ≤ κP(λ) for ‖ · ‖M ≡ ‖ · ‖2, and

2. κP(λ)/
√

2 ≤ κSP(λ) ≤ κP(λ) for ‖ · ‖M ≡ ‖ · ‖F .

Proof: Let ‖ · ‖M ≡ ‖ · ‖F . Then Theorem 6.2.3 states

K(Herm, x, y) ∼= K(1/2, (yHx)2/2).

Consequently,
ωjλ

jK(Herm, x, y) ∼= K(ω2
j |λ|2j/2, ω2

j λ2j(yHx)2/2),
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which implies

σSP(λ) = sup
b20+···+b2m≤1

{
‖s‖2 : s ∈

m∑

j=0

bjK(ω2
j λ2j/2, ω2

j λ2j(yHx)2/2)
}

.

By Lemma 6.2.4,
1√
2
‖Λω‖2 ≤ σSP(λ) ≤ ‖Λω‖2.

The proof for the case ‖ · ‖M ≡ ‖ · ‖2 is analogous. ¥

Remark 6.2.15. Since H-Hermitian and H-skew-Hermitian matrices are related by multi-
plication with i, which simply rotates the first-order perturbation set by 90 degrees, a slight
modification of the proof shows that the statement of Lemma 6.2.14 remains true when S de-
notes the space of H-odd or H-even polynomials. This can in turn be used – as in the proof of
Lemma 6.2.11 – to show that also for H-(anti-)palindromic polynomials there is at most an
insignificant difference between the structured and unstructured eigenvalue condition numbers.

6.3 Condition numbers for linearizations

As already mentioned in the introduction, polynomial eigenvalue problems are often solved by
first linearizing the matrix polynomial into a larger matrix pencil. Of the classes of lineariza-
tions proposed in the literature, the vector spaces DL(P), defined in (1.4) are particularly
amenable to further analysis, while offering a degree of generality that is often sufficient in
applications.

Definition 6.3.1. Let Λm−1 = [λm−1, λm−2 . . . λ, 1]T and let P be a matrix polynomial of
degree m. Then a matrix pencil L(λ) = λX +Y ∈ Cmn×mn is in DL(P) if there is a so called
ansatz vector v ∈ Cm satisfying

L(λ) · (Λm−1 ⊗ I) = v ⊗ P (λ) and (ΛT
m−1 ⊗ I) · L(λ) = vT ⊗ P (λ).

It is easy to see that the ansatz vector v is uniquely determined by L ∈ DL(P). As stated
earlier, it is shown in[67, Thm. 6.7] that L ∈ DL(P) is a linearization of P if and only if none
of the eigenvalues of P is a root of the v-polynomial p(λ; v) defined in (1.5) associated with
the ansatz vector v = [v1, . . . , vm]T . If P has eigenvalue ∞, this condition should be read
as v1 6= 0. Apart from this elegant characterization, probably the most important property
of DL(P) is that it leads to a simple one-to-one relation between the eigenvectors of P and
L ∈ DL(P). To keep the notation compact, we define Λm−1 as in Definition 6.3.1 for finite λ

and set Λm−1 = [1, 0, . . . , 0]T for λ = ∞.
By Theorem 1.2.13 we know that x 6= 0 is a right eigenvector of P associated with an

eigenvalue λ if and only if Λm−1 ⊗ x is a right eigenvector of L associated with λ. Similarly,
y 6= 0 is a left eigenvector of P associated with an eigenvalue λ if and only if Λm−1⊗y is a left
eigenvector of L associated with λ. As a matrix pencil L(λ) = λX + Y is a special case of a
matrix polynomial, we can use the results of Section 6.2 to study the (structured) eigenvalue
condition numbers of L. In the unstructured case, Lemma 6.2.1 together with Theorem 1.2.13
imply for any unitarily invariant norm ‖ · ‖M and ‖ · ‖v ≡ ‖ · ‖2 the following formula.
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Lemma 6.3.2. Let λ be a finite, simple eigenvalue of a matrix polynomial P with normal-
ized right and left eigenvectors x and y. Then the eigenvalue condition number κL(λ) for a
linearization L ∈ DL(P) with ansatz vector v satisfies

κL(λ) =

√
1 + |λ|2
|p(λ; v)| · ‖Λm−1‖22

|yHP ′(λ)x| =
‖(1, λ)‖2‖Λm−1‖22
|p(λ; v)| ‖Λm‖2 κP(λ),

provided that the perturbations 4L = 4X + λ4Y are measured in the norm ‖4L‖ =√
‖4X‖2M + ‖4Y ‖2M for a unitarily invariant norm ‖ · ‖M . Thus, we have

‖Λm−1‖2
|p(λ; v)| ≤

κL(λ)
κP(λ)

≤
√

2
‖Λm−1‖2
|p(λ; v)| .

Proof: A similar formula for the case ‖ · ‖v ≡ ‖·‖1 can be found in [41, Section 3]. The proof
for the case ‖ · ‖v ≡ ‖ · ‖2 is almost identical and therefore omitted.

It is straightforward to see

1 ≤
√

1 + |λ|2‖Λm−1‖2
‖Λm‖2 ≤

√
2. (6.24)

Hence the result follows. ¥

Remark 6.3.3. To simplify the analysis, we will assume that the weights ω0, . . . , ωm in
the definition of ‖4P‖ are all equal to 1 for the rest of this chapter. This assumption is only
justified if P is not badly scaled, i.e., the norms of the coefficients of P do not vary significantly.
To a certain extent, bad scaling can be overcome by rescaling the matrix polynomial before
linearization, see [29, 39, 41, 42].

Given an ansatz vector v, for the rest of the chapter, we set

δv :=
‖Λm−1‖2
|p(λ; v)| . (6.25)

Obviously δv ≥ 1. Note that p(λ; v) 6= 0 and hence δv < ∞ when L is the linearization
of P corresponding to v. Lemma 6.3.2 shows that linearizing P by the pencil L ∈ DL(P)
corresponding to an ansatz vector v invariably increases the condition number of a simple
eigenvalue of P at least by a factor of δv and at most by a factor of

√
2δv. Thus δv serves as

a growth factor of condition number of a simple eigenvalue of P when P is linearized by the
pencil L associated with v.

Since p(λ; v) = ΛT
m−1v, it follows from the Cauchy-Schwartz inequality that among all

ansatz vectors with ‖v‖2 = 1 the vector v = Λm−1/‖Λm−1‖2 minimizes δv and, hence, for
this particular choice of v we have δv = 1 and

κP(λ) ≤ κL(λ) ≤
√

2 κP(λ).

Let us emphasize that this result is primarily of theoretical interest as the optimal choice of
v depends on the (typically unknown) eigenvalue λ. A practically more useful recipe is to
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choose v = [1, 0, . . . , 0]T if |λ| ≥ 1 and v = [0, . . . , 0, 1]T if |λ| ≤ 1. In both cases,

δv =
‖Λm−1‖2

|p(λ; Λm−1/‖Λm−1‖2)|
≤ √

m (6.26)

and therefore κP(λ) ≤ κL(λ) ≤ √
2mκP(λ).

In the following section, the discussion above shall be extended to structured linearizations
and condition numbers.

6.4 Structured condition numbers for linearizations

If the polynomial P is structured, its linearization L ∈ DL(P) should reflect this structure.
Table 6.3 summarizes existing results on the conditions the ansatz vector v should satisfy for
this purpose. These conditions can be found in [40, Thm 3.4] for symmetric polynomials,
in [40, Thm. 6.1] for Hermitian polynomials. If, for example, a structure-preserving method

structure of P structure of L ansatz vector

T -symmetric T -symmetric v ∈ Cm

H-Hermitian H-Hermitian v ∈ Rm

Table 6.2: Conditions the ansatz vector v needs to satisfy in order to yield a structured
linearization L ∈ DL(P) for a structured polynomial P.

is used for computing the eigenvalues of a structured linearization L then the structured
condition number of L is an appropriate measure for the influence of roundoff error on the
accuracy of the computed eigenvalues. It is therefore of interest to choose L such that the
structured condition number is minimized.

Observe that if L is the structured linearization of P corresponding to an ansatz vector v

then by Lemma 6.3.2, we have

κSL(λ)
κP(λ)

≤ κL(λ)
κP(λ)

≤
√

2 δv

for both ‖ · ‖M ≡ ‖ · ‖F and ‖ · ‖M ≡ ‖ · ‖2.

6.4.1 T -symmetric matrix polynomials

For a T -symmetric matrix polynomial P, any ansatz vector v yields a T -symmetric lineariza-
tion. Thus, we are free to use the optimal choice v = Λm−1/‖Λm−1‖2 from Section 6.3.
Combined with Corollary 6.2.5, which states that there is (almost) no difference between
structured and unstructured condition numbers, we have the following result.

Theorem 6.4.1. Let S denote the set of T -symmetric matrix polynomials. Let λ be a finite or
infinite, simple eigenvalue of a matrix polynomial P ∈ S. Then for the linearization L ∈ DL(P)
corresponding to an ansatz vector v, we have

δv ≤ κSL(λ)
κSP(λ)

≤
√

2 δv
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for ‖ · ‖M ≡ ‖ · ‖2 and ‖ · ‖M ≡ ‖ · ‖F . In particular, for v = Λm−1/‖Λm−1‖2, we have

κSP(λ) ≤ κSL(λ) ≤
√

2 κSP(λ). (6.27)

Proof: For ‖·‖M ≡ ‖·‖2, we have κSP(λ) = κP(λ) and κSL(λ) = κL(λ). Hence the result follows
from Lemma 6.3.2. For ‖ · ‖M ≡ ‖ · ‖F , the additional factors appearing in Corollary 6.2.5 are
the same for κSP(λ) and κSL(λ). This can be seen as follows. According to Theorem 1.2.13,
the normalized right and left eigenvectors of the linearization take the form x̃ = Λm−1 ⊗
x/‖Λm−1‖2, ỹ = Λm−1 ⊗ y/‖Λm−1‖2. Thus,

ỹT x̃ =
Λm−1

T
Λm−1

‖Λm−1‖22
yT x = yT x, (6.28)

concluding the proof. ¥
Assuming that ‖ · ‖M ≡ ‖ · ‖F and ‖ · ‖M ≡ ‖ · ‖2 the results discussed above present

growth of structured condition number of a simple eigenvalue of P ∈ S when P is linearized
by a structured pencil in DL(P). However, comparing κSL(λ) with κP(λ) we have the following
results for ‖ · ‖M ≡ ‖ · ‖F and ‖ · ‖M ≡ ‖ · ‖2.
Theorem 6.4.2. Let S denote the set of T -symmetric matrix polynomials. Let λ be a finite or
infinite, simple eigenvalue of a matrix polynomial P ∈ S. Then for the linearization L ∈ DL(P)
corresponding to an ansatz vector v, we have

1. ‖ · ‖M ≡ ‖ · ‖F :

p
1 + |xT y|2√

2
δv ≤ κSL(λ)

κP(λ)
≤
p

1 + |xT y|2δv

2. ‖ · ‖M ≡ ‖ · ‖2 : δv ≤ κSL(λ)

κP(λ)
≤ √

2δv

Proof: First we consider ‖·‖M ≡ ‖·‖F . By Theorem 6.2.5 we have κSP(λ) =

√
1 + |yT x|2√

2
κP(λ).

If L ∈ DL(P) is a T -symmetric linearization of P ∈ S corresponding to the ansatz vector v

then by (6.28) we have

κSL(λ) =

√
1 + |yT x|2√

2
‖Λm−1‖22‖(λ, 1)‖2
|ΛT

m−1v| ‖Λm‖2
κP(λ)

for ‖ · ‖M ≡ ‖ · ‖F . Hence by (6.24) the desired result follows.
Next consider ‖ · ‖M ≡ ‖ · ‖2. By Theorem 6.2.5 we have

κSL(λ) =
‖(1, λ)‖2‖Λm−1‖22
|ΛT

m−1v|‖Λm‖2
κP(λ).

The desired result follows by (6.24).¥

6.4.2 T -even and T -odd matrix polynomials

In contrast to T -symmetric polynomials, structure-preserving linearizations for T -even and T -
odd polynomials put a restriction on the choice of the ansatz vector. Conditions for structured
linearization for T -even/T -odd matrix polynomial are given in Table 6.3 and can be found
in [68, Table 3.2]. The conditions in second and third columns of Table 6.3 are equivalent.
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structure of P (i) structure of L ∈ L1(P) (ii) (Σ⊗ I)L ∈ DL(P) and ansatz vector

∗-even ∗-even Σv = (v∗)T

∗-odd Σv = −(v∗)T

∗-odd ∗-even Σv = −(v∗)T

∗-odd Σv = (v∗)T

Table 6.3: Conditions the ansatz vector v needs to satisfy to yield a structured lin-
earization L ∈ L1(P) such that (Σ ⊗ I)L ∈ DL(P), where Σ ∈ Rm×m is defined as
Σ = diag{(−1)m−1, (−1)m−2, . . . , (−1)0} and ∗ ∈ {T, H}.

Note that P ∈ S has a structured linearization L ∈ L1(P) such that the (unstructured)
linearization (Σ ⊗ I)L ∈ DL(P). Therefore if x ∈ Cn and y ∈ Cn are the right and left
eigenvectors of P corresponding to the eigenvalue λ then Λm−1 ⊗ x and Λm−1 ⊗ y are right
and left eigenvectors corresponding to the eigenvalue λ of (Σ ⊗ I)L ∈ DL(P), respectively.
This implies x̃ = Λm−1⊗x and ỹ = ΣΛm−1⊗y are right and left eigenvectors of the structured
linearization L ∈ L1(P) corresponding to the eigenvalue λ, respectively.

Since L(λ) ∈ L1(P), we have

L(λ)(Λm−1 ⊗ In) = v ⊗ P(λ) ⇒ L′(λ)(Λm−1 ⊗ In) + L(λ)(Λ′m−1 ⊗ In) = v ⊗ P′(λ). (6.29)

This yields
(ΣΛm−1 ⊗ y)HL′(λ)(Λm−1 ⊗ x) = ΛT

m−1Σv ⊗ yHP′(λ)x (6.30)

by multiplying (ΣΛm−1 ⊗ y)H to left and (1⊗ x) to the right of (6.29).
First we derive the unstructured condition number of a simple eigenvalue λ of the struc-

tured linearization L ∈ L1(P) for a given P ∈ S.

Lemma 6.4.3. Let λ be a finite, simple eigenvalue of a matrix polynomial P with normal-
ized right and left eigenvectors x and y. Then the eigenvalue condition number κL(λ) for a
linearization L ∈ L1(P) with ansatz vector v such that (Σ⊗ I)L ∈ DL(P) satisfies

κL(λ) =

√
1 + |λ|2

|p(λ; Σv)| ·
‖Λm−1‖22
|yHP ′(λ)x| =

‖(1, λ)‖2‖Λm−1‖22
|p(λ; Σv)| ‖Λm‖2 κP(λ),

provided that the perturbations 4L = 4X + λ4Y are measured in the norm ‖4L‖ =√
‖4X‖2M + ‖4Y ‖2M for a unitarily invariant norm ‖ · ‖M . Thus, we have

‖Λm−1‖2
|p(λ; Σv)| ≤

κL(λ)
κP(λ)

≤
√

2
‖Λm−1‖2
|p(λ; Σv)| .

Proof: The proof follows from Lemma 6.3.2 and (6.30).¥
Note that δΣv =

‖Λm−1‖2
|p(λ; Σv)| serves as a growth factor for the unstructured condition number

for a structured linearization L(λ) ∈ L1(P) such that (Σ⊗ I)L ∈ DL(P). Obviously δΣv ≥ 1.

Note that p(λ; Σv) 6= 0 and hence δΣv < ∞ when L is the structured linearization of P
corresponding to v.

Obtaining an optimally conditioned linearization requires finding the maximum of |p(λ; Σv)| =
|ΛT

m−1Σv| = among all such v with ‖v‖2 ≤ 1. This maximization problem can be addressed
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by the following basic linear algebra result.

Proposition 6.4.4. Let ΠV be an orthogonal projector onto a linear subspace V of Fm with
F ∈ {C,R}. Then for A ∈ Fl×m,

max
v∈V

‖v‖2≤1

‖Av‖2 = ‖AΠV‖2.

For a T -even linearization we have V = {v ∈ Cm : Σv = v} and the orthogonal projector
onto V is given by the even coefficient projector Πe defined in (6.22). Hence, by Proposi-
tion 6.4.4,

max
v=Σv
‖v‖2≤1

|p(λ; Σv)| = max
v=Σv
‖v‖2≤1

|ΛT
m−1Σv| = ‖Πe(Λm−1)‖2

where the maximum is attained by v = Πe(Λm−1)/‖Πe(Λm−1)‖2. Similarly, for a T -odd
linearization,

max
v=−Σv
‖v‖2≤1

|p(λ; Σv)| = ‖(1−Πe)(Λm−1)‖2

with the maximum attained by v = (1−Πe)(Λm−1)/‖(1−Πe)(Λm−1)‖2.
Also note that in contrast to the equality given in (6.28) we have the following inequality

ỹT x̃ =
|ΛH

m−1ΣΛm−1|
‖Λm−1‖22

yT x ≤ yT x. (6.31)

Theorem 6.4.5. Let Se and So denote the sets of T -even and T -odd polynomials, respectively.
Let λ be a finite or infinite, simple eigenvalue of a T -even matrix polynomial P. Consider
the T -even (resp. T -odd) linearizations Le (resp. Lo) from L1(P) corresponding to the ansatz
vector Σv = v (resp. Σv = −v). Then the following statements hold for ‖ · ‖M ≡ ‖ · ‖2.

1. If m is odd and |λ| ≤ 1: δΣv ≤
κSeLe

(λ)

κSeP (λ)
≤ 2δΣv.

2. If m is even and |λ| ≤ 1:
δΣv√

2
≤ κSeLe

(λ)

κSeP (λ)
≤ 2δΣv.

3. If m is even and |λ| ≥ 1:
δΣv√

2
≤ κSoLo

(λ)

κSeP (λ)
≤ 2δΣv.

4. If m is odd and |λ| ≥ 1: δΣv ≤ κSoLo
(λ)

κSeP (λ)
≤ √

2αδΣv, where α = 1 if yT x = 0 and α ≤

1/
p

1− |yT x|2 if yT x 6= 0.

In particular, considering the linearizations Le and Lo corresponding to the ansatz vectors
v = Πe(Λm−1)/‖Πe(Λm−1)‖2 and v = (1 − Πe)(Λm−1)/‖(1 − Πe)(Λm−1)‖2, respectively, we
have δΣv ≤

√
2.

Proof: The proof makes use of the basic relations

|λ|2
1 + |λ|2 ≥

‖(1−Πe)(Λm)‖22
‖Λm‖22

, with equality for odd m, (6.32)

and
‖Πe(Λm−1)‖ ≤ ‖Λm−1‖2 ≤

√
2‖Πe(Λm−1)‖, (6.33)
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which holds if either m is odd or m is even and |λ| ≤ 1.

1. If m is odd, (6.32) implies – together with Lemma 6.2.6 and (6.31) – the inequality

κSe

Le
(λ)

κSe

P (λ)
=

√
1− |yT x| |λ|2

1+|λ|2
|ΛH

m−1ΣΛm−1|2
‖Λm−1‖42√

1− |yT x|‖(1−Πe)(Λm)‖22
‖Λm‖22

· κLe
(λ)

κP(λ)
≥

√
1− |yT x| |λ|2

1+|λ|2√
1− |yT x|‖(1−Πe)(Λm)‖22

‖Λm‖22

· κLe
(λ)

κP(λ)
.

Further note that
√

1− |yT x| |λ|2
1+|λ|2

|ΛH
m−1ΣΛm−1|2
‖Λm−1‖42 ≤ 1. Then by (6.32) we have

κSe

Le
(λ)

κSe

P (λ)
≤ 1√

1− |yT x|2 |λ|2
1+|λ|2

κLe(λ)
κP(λ)

.

Now if |λ| ≤ 1 we have
√

1− |yT x|2 |λ|2
1+|λ|2 ≥ 1√

1+|λ|2 ≥
1√
2

since |yT x| ≤ 1. Now the

desired result follows from Lemma 6.4.3.

2. If m is even and |λ| ≤ 1 then (6.32) yields

1√
2
· κLe(λ)

κP(λ)
≤ κSe

Le
(λ)

κSe

P (λ)
.

Now

κSe

Le
(λ)

κSe

P (λ)
≤ 1√

1− |yT x|2 ‖(I−Πe(Λm))‖22
‖Λm‖22

κLe(λ)
κP(λ)

.

Note that
√

1− |yT x|2 ‖(I−Πe(Λm))‖22
‖Λm‖22 ≥

√
1− ‖Λm‖22−‖Πe(Λm)‖22

‖Λm‖22 = ‖Πe(Λm)‖2
‖Λm‖2 ≥ 1√

2
since

|yT x| ≤ 1.

The desired result follows from Lemma 6.4.3.

3. If |λ| ≥ 1 and a T -odd linearization is used then Lemma 6.2.10 yields

κSo

Lo
(λ)

κSe

P (λ)
=

√
1− |yT x|2 1

1+|λ|2
|ΛH

m−1ΣΛm−1|2
‖Λm−1‖42√

1− |yT x|2 ‖(1−Πe)(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

.

Hence

κSo

Lo
(λ)

κSe

P (λ)
≥

√
1− |yT x|2 1

1+|λ|2√
1− |yT x|2 ‖(1−Πe)(Λm)‖22

‖Λm‖22

· κLo(λ)
κP(λ)

.

The relation
‖(1−Πe)(Λm)‖22

‖Λm‖22
≤ 1

1 + |λ|2 ≤
1
2
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holds true for even m. Consequently we have

1√
2
· κLo

(λ)
κP(λ)

≤ κSo

Lo
(λ)

κSe

P (λ)
.

for even m. Further

κSo

Lo
(λ)

κSe

P (λ)
≤ 1√

1− |yT x|2 ‖(1−Πe)(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

.

Note that
√

1− |yT x|2 ‖(I−Πe(Λm))‖22
‖Λm‖22 ≥

√
1− ‖(I−Πe)(Λm)‖22

‖Λm‖22 ≥ 1√
2

since |yT x| ≤ 1 and
‖(1−Πe)(Λm)‖22

‖Λm‖22 ≤ 1
1+|λ|2 ≤ 1

2 . Thus by Lemma 6.4.3. we obtain the desired result.

4. Next assume that m is odd and |λ| ≥ 1. Then

κSo

Lo
(λ)

κSe

P (λ)
≥

√
1− |yT x|2 |λ|2

1+|λ|2√
1− |yT x|2 ‖(1−Πe)(Λm)‖22

‖Λm‖22

· κLo(λ)
κP(λ)

, since − 1 ≥ −|λ|.

Further
κSo

Lo
(λ)

κSe

P (λ)
≤ 1√

1− |yT x|2 ‖(1−Πe)(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

.

Hence the result follows from Lemma 6.4.3.

Finally, by (6.33) we have δΣv ≤
√

2. ¥
The morale of Theorem 6.4.5 is quickly told: There is always a “good” T -even linearization

(in the sense that the linearization increases the structured condition number only by a factor
of δΣv) if either m is odd or m is even and |λ| ≤ 1. In the exceptional case, when m is even
and |λ| ≥ 1, there is always a “good” T -odd linearization. Intuitively, the necessity of such
an exceptional case becomes clear from the fact that there exists no T -even linearization for
a T -even polynomial with even m and infinite eigenvalue. Even though there is a T -even
linearization for even m and large but finite λ, it is not advisable to use it for numerical
computations.

In practice, one does not know λ in advance and hence the linearizations used in Theo-
rem 6.4.5 for which δΣv ≤

√
2 are mainly of theoretical interest. Table 6.4 provides practically

more feasible recommendations on the choice of v, such that there is still at worst a slight
increase of the structured condition number. The bounds in this table follow from the proof of
Theorem 6.4.5 combined with (6.26). The example linearizations are taken from [68, Tables
3.4–3.6].

Theorem 6.4.6. Let Se and So denote the sets of T -even and T -odd polynomials, respectively.
Let λ be a finite or infinite, simple eigenvalue of a T -odd matrix polynomial P. Consider the
T -odd (resp. T -even) linearizations Lo (resp. Le) from L1(P) corresponding to the ansatz
vector Σv = v (resp. Σv = −v). Then the following statements hold for ‖ · ‖M ≡ ‖ · ‖2.

1. If m is odd and |λ| ≤ 1: δΣv ≤
κSoLo

(λ)

κSoP (λ)
≤ √

2
√

m + 1δΣv.
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m λ of v Bound on struct. cond. Example
interest of linearization

odd
or
even

|λ| ≤ 1 em κSeLe
(λ) ≤ 2

√
m κSeP (λ)

2
4

0 −A3 0
A3 A2 0
0 0 A0

3
5+ λ

2
4

0 0 A3
0 −A3 −A2

A3 A2 A1

3
5

odd |λ| ≥ 1 e1 κSeLe
(λ) ≤ 2

√
m κSeP (λ)

2
4

A2 A1 A0
−A1 −A0 0
A0 0 0

3
5+ λ

2
4

A3 0 0
0 A1 A0
0 −A0 0

3
5

even |λ| ≥ 1 e1 κSoLo
(λ) ≤ 2

√
m κSeP (λ)

»
A2 0
0 A0

–
+ λ

»
A1 A0
−A0 0

–

Table 6.4: Recipes for choosing the ansatz vector v for a T -even or T -odd linearization Le or
Lo of a T -even matrix polynomial of degree m. Note that e1 and em denote the 1st and mth
unit vector of length m, respectively.

2. If m is odd and |λ| ≥ 1: δΣv ≤
κSoLo

(λ)

κSoP (λ)
≤ 2δΣv.

3. If m is even and |λ| ≤ 1: δΣv ≤
κSoLo

(λ)

κSoP (λ)
≤ √

2
√

m + 1δΣv.

4. If m is even and |λ| ≥ 1: δΣv ≤
κSeLe

(λ)

κSoP (λ)
≤ 2δΣv.

In particular, considering the T -odd and T -even linearizations Lo and Le corresponding to
the ansatz vectors v = Πe(Λm−1)/‖Πe(Λm−1)‖2 and v = (1−Πe)(Λm−1)/‖(1−Πe)(Λm−1)‖2,
respectively, we have δΣv ≤

√
2.

Proof:

1. Let m is odd and |λ| ≤ 1. then Lemma 6.2.10 together with (6.28) yields

κSo

Lo
(λ)

κSo

P (λ)
=

√
1− |yT x|2 1

1+|λ|2
|ΛH

m−1ΣΛm−1|2
‖Λm−1‖22√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

.

Since |ΛH
m−1ΣΛm−1|2
‖Λm−1‖22 ≤ 1 and ‖Πe(Λm)‖2

‖Λm‖2 = 1
1+|λ|2 we have

κSo

Lo
(λ)

κSo

P (λ)
≥

√
1− |yT x|2 1

1+|λ|2√
1− |yT x|2 ‖Πe(Λm)‖22

‖Λm‖22

· κLo(λ)
κP(λ)

≥ κLo(λ)
κP(λ)

.

Further we have
κSo

Lo
(λ)

κSo

P (λ)
≤ 1√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

.

Now
√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22 ≥

√
1− ‖Πe(Λm)‖22

‖Λm‖22 = ‖(I−Πe)(Λm)‖2
‖Λm‖2 ≥ 1√

m+1
. Hence the

desired result follows by Lemma 6.4.3.

2. For m even ‖Πe(Λm)‖2
‖Λm‖2 ≥ 1

1+|λ|2 holds. Hence we have

κSo

Lo
(λ)

κSo

P (λ)
≥ κLo(λ)

κP(λ)
.
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Now
√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22 ≥

√
1− ‖Πe(Λm)‖22

‖Λm‖22 = ‖(I−Πe)(Λm)‖2
‖Λm‖2 . Therefore we have

κSo

Lo
(λ)

κSo

P (λ)
≤
√

2
‖Λm‖2

‖(I −Πe)(Λm)‖2 δΣv.

Now ‖Λm‖22
‖(I−Πe)(Λm)‖22 = 1+ ‖Πe(Λm)‖22

‖(I−Πe)(Λm)‖22 = 1+ 1
|λ|2 . Hence the result follows by Lemma 6.4.3.

3. If m is even then Lemma 6.2.10 together with (6.31) yields

κSo

Lo
(λ)

κSo

P (λ)
=

√
1− |yT x|2 1

1+|λ|2
|ΛH

m−1ΣΛm−1|2
‖Λm‖42√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

≥

√
1− |yT x|2 1

1+|λ|2√
1− |yT x|2 ‖Πe(Λm)‖22

‖Λm‖22

· κLo(λ)
κP(λ)

.

It is easy to verify 1
1+|λ|2 ≤

‖Πe(Λm)‖22
‖Λm‖22 , implying

1 ≤

√
1− |yT x| 1

1+|λ|2√
1− |yT x|‖Πe(Λm)‖22

‖Λm‖22

⇒ κSo

Lo
(λ)

κSo

P (λ)
≥ κLo

(λ)
κP(λ)

.

Further
κSo

Lo
(λ)

κSo

P (λ)
≤ 1√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

.

Now
√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22 ≥

√
1− ‖Πe(Λm)‖22

‖Λm‖22 = ‖(I−Πe)(Λm)‖2
‖Λm‖2 ≥ 1√

m+1
.

Therefore the result follows from Lemma 6.4.3.

4. For odd m, by considering a T -even linearization we obtain

κSe

Le
(λ)

κSo

P (λ)
=

√
1− |yT x| |λ|2

1+|λ|2
|ΛT

m−1ΣΛm−1|2
‖Λm−1‖42√

1− |yT x|‖Πe(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

≥

√
1− |yT x| |λ|2

1+|λ|2√
1− |yT x|‖Πe(Λm)‖22

‖Λm‖22

· κLo(λ)
κP(λ)

.

As above, it is not hard to verify |λ|2
1+|λ|2 ≤

‖Πe(Λm)‖22
‖Λm‖22 , implying

1 ≤

√
1− |yT x| |λ|2

1+|λ|2√
1− |yT x|‖Πe(Λm)‖22

‖Λm‖22

⇒ κSe

Le
(λ)

κSo

P (λ)
≥ κLo(λ)

κP(λ)
.

Further
κSe

Le
(λ)

κSo

P (λ)
≤ 1√

1− |yT x|‖Πe(Λm)‖22
‖Λm‖22

· κLo(λ)
κP(λ)

Now
√

1− |yT x|2 ‖Πe(Λm)‖22
‖Λm‖22 ≥

√
1− ‖Πe(Λm)‖22

‖Λm‖22 = ‖(I−Πe)(Λm)‖2
‖Λm‖2 ≥ |λ|√

1+|λ|2 .

Hence the result follows from Lemma 6.4.3 and (6.33) .

Finally, by (6.33) we have δΣv ≤
√

2. ¥
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We mention that Table 6.4 has a virtually identical analogue in the case of a T -odd matrix
polynomial.

Assuming that ‖ · ‖M ≡ ‖ · ‖2 the results discussed above present growth of structured
condition number of a simple eigenvalue of P when P is linearized by a structured pencil in
L1(P). However, comparing κSL(λ) with κP(λ) we have the following results for ‖ · ‖M ≡ ‖ · ‖F

and ‖ · ‖M ≡ ‖ · ‖2.

Theorem 6.4.7. Let Se and So denote the sets of T -even and T -odd polynomials, respectively.
Let λ be a finite simple eigenvalue of T -even polynomial P. Consider the T -even (resp. T -
odd) linearizations Le (resp. Lo) from L1(P) corresponding to the ansatz vector Σv = v (resp.
Σv = −v). When |λ| ≤ 1, we have the following:

1. For ‖ · ‖M ≡ ‖ · ‖F :
δΣv√

2
≤ κSeLe

(λ)

κP(λ)
≤ δΣv and

p
1− |xT y|2 ‖Λm−1‖2√

2 ‖Λm‖2
δΣv ≤ κSoLo

(λ)

κP(λ)
≤

‖Λm−1‖2
‖Λm‖2 δΣv.

2. For ‖ · ‖M ≡ ‖ · ‖2 :
‖Λm−1‖2
‖Λm‖2 δΣv ≤

κSeLe
(λ)

κP(λ)
≤
√

2‖Λm−1‖2
‖Λm‖2 δΣv and

p
1− |xT y|2‖Λm−1‖2

‖Λm‖2 δΣv ≤
κSoLo

(λ)

κP(λ)
≤
√

2‖Λm−1‖2
‖Λm‖2 δΣv.

When |λ| > 1, we have the following.

1. For ‖ · ‖M ≡ ‖ · ‖F :
‖Λm−1‖2
‖Λm‖2 δΣv ≤

κSeLe
(λ)

κP(λ)
≤ δΣv and

‖Λm−1‖2
‖Λm‖2 δΣv ≤

κSoLo
(λ)

κP(λ)
≤ √

2δΣv.

2. For ‖·‖M ≡ ‖·‖2 and L ∈ {Le, Lo} :

p
2− |xT y|2‖Λm−1‖2

‖Λm‖2 δΣv ≤ κSL(λ)

κP(λ)
≤
√

2δΣv, S ∈ {Se, So}.

Proof: Note that both Le and Lo preserve the eigensymmetry of P. First, consider the T -even
linearization Le ∈ L1(P). For ‖ · ‖M ≡ ‖ · ‖F , by Lemma 6.2.6, we have

κSLe
(λ) =

√
1 + |λ|2 + (1− |λ|2)|xT y|2 |Λ

H
m−1ΣΛm−1|2
‖Λm−1‖42√

2
‖Λm−1‖22

|p(λ; v)| ‖Λm‖2 κP(λ).

Using (6.24) and noting that |Λ
H
m−1ΣΛm−1|2
‖Λm−1‖42 ≤ 1 and ‖(1, λ)‖2 ≤

√
(1 + |xT y|2) + |λ|2(1− |xT y|2) ≤√

2 when |λ| ≤ 1, and

√
2 ≤

√
(1 + |xT y|2 |Λ

H
m−1ΣΛm−1|2
‖Λm−1‖42

) + |λ|2(1− |xT y|2 |Λ
H
m−1ΣΛm−1|2
‖Λm−1‖42

) ≤ ‖(1, λ)‖2

when |λ| > 1, the desired results follow.
For ‖ · ‖M ≡ ‖ · ‖2, by Lemma 6.2.6 we have

κSLe
(λ) =

√
1 + |λ|2(1− |xT y|2 |Λ

H
m−1ΣΛm−1|2
‖Λm−1‖42 ) ‖Λm−1‖22

|p(λ, Σv)| ‖Λm‖2 κP(λ).
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Again using (6.24) and noting that

1 ≤
√

1 + |λ|2(1− |xT y|2 |Λ
H
m−1ΣΛm−1|2
‖Λm−1‖42

) ≤
√

2

when |λ| ≤ 1, and

√
2− |xT y|2 ≤

√
1 + |λ|2(1− |xT y|2 |Λ

H
m−1ΣΛm−1|2
‖Λm−1‖42

) ≤ ‖(1, λ)‖2

when |λ| > 1, the desired results follow. The proof is similar for T -odd linearization of P and
follows from Lemma 6.2.10 ¥

We mention that the results in Theorem 6.4.7 hold when P is T -odd matrix polynomial.

6.4.3 T -palindromic matrix polynomials

We now consider T -palindromic and T anti-palindromic matrix polynomials. T -palindromic
and T -anti-palindromic polynomials put a restriction on the choice of the ansatz vector. Let
R ∈ Rm×m be given by

R =




1
. . .

1


 (6.34)

Table 6.5 gives conditions for T -palindromic/T -anti-palindromic linearizations and can be
found in [68, Tables 3.1]. The conditions in second and third columns of Table 6.5 are
equivalent.

structure of P (i) structure of L ∈ L1(P) (ii) (R⊗ I)L ∈ DL(P) and ansatz vector

∗-palindromic ∗-palindromic Rv = (v∗)T

∗-anti-palindromic Rv = −(v∗)T

∗-anti-palindromic ∗-palindromic Rv = −(v∗)T

∗-anti-palindromic Rv = (v∗)T

Table 6.5: Conditions the ansatz vector v needs to satisfy to yield a structured linearization
such that (R⊗ I)L ∈ DL(P).

Note that P ∈ S has a structured linearization L ∈ L1(P) such that (R⊗I)L ∈ DL(P). Thus
if x ∈ Cn and y ∈ Cn are the right and left eigenvectors of P corresponding to the eigenvalue
λ then x̃ = Λm−1 ⊗ x and ỹ = RΛm−1 ⊗ y are right and left eigenvectors corresponding to
the eigenvalue λ of the structured linearization L ∈ L1(P), respectively. Thus we have

ỹT x̃ =
|ΛH

m−1RΛm−1|
‖Λm−1‖22

yT x ≤ yT x. (6.35)

Proceeding in a similar way as that of Lemma 6.4.3 we have the following.

Lemma 6.4.8. Let λ be a finite, simple eigenvalue of a matrix polynomial P with normal-
ized right and left eigenvectors x and y. Then the eigenvalue condition number κL(λ) for a
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linearization L ∈ L1(P) with ansatz vector v such that (R⊗ I)L ∈ DL(P) satisfies

κL(λ) =

√
1 + |λ|2

|p(λ; Rv)| ·
‖Λm−1‖22
|yHP ′(λ)x| =

‖(1, λ)‖2‖Λm−1‖22
|p(λ; Rv)| ‖Λm‖2 κP(λ),

provided that the perturbations 4L = 4X + λ4Y are measured in the norm ‖4L‖ =√
‖4X‖2M + ‖4Y ‖2M for a unitarily invariant norm ‖ · ‖M . Thus, we have

‖Λm−1‖2
|p(λ; Rv)| ≤

κL(λ)
κP(λ)

≤
√

2
‖Λm−1‖2
|p(λ; Rv)| .

Proof: The proof follows from Lemma 6.4.3, (6.35) and (6.24). ¥
Note that δRv =

‖Λm−1‖2
|p(λ; Rv)| serves as a growth factor for the unstructured condition number

for a structured linearization L(λ) ∈ L1(P). Obviously δRv ≥ 1. Note that p(λ;Rv) 6= 0 and
hence δRv < ∞ when L is structured linearization of P corresponding to v. For a finite simple
eigenvalue of a T -palindromic matrix polynomial, we have the following.

Theorem 6.4.9. Let Sp and Sa, respectively, denote the sets of T -palindromic and T -anti-
palindromic polynomials. Let λ be a finite simple eigenvalue of a T -palindromic matrix
polynomial P. Let Lp (resp. La) be T -palindromic (resp. T -anti-palindromic) linearization
from L1(P) of P corresponding to the ansatz vectors v = Rv (resp. v = −Rv). Then for
‖ · ‖M ≡ ‖ · ‖F , we have the following.

1. If re(λ) > 0 :
δRv√

2
≤

κ
Sp
Lp

(λ)

κP(λ)
≤ √

2δRv and
|1− λ| ‖Λm−1‖2√

2‖Λm‖2
δRv ≤

κSaLa
(λ)

κP(λ)
≤ δRv.

2. If re ≤ 0 :
|1 + λ| ‖Λm−1‖2√

2 ‖Λm‖2
δRv ≤

κ
Sp
Lp

(λ)

κP(λ)
≤ δRv and

δRv√
2
≤ κSaLa

(λ)

κP(λ)
≤ √

2δRv.

Proof: First, consider Lp. By Lemma 6.2.11 we have

κ
Sp

Lp
(λ) =

‖Λm−1‖22
√

1 + |λ|2 + 2re(λ)|yT x|2 |Λ
H
m−1RΛm−1|2
‖Λm−1‖42√

2 |p(λ; Rv)| ‖Λm‖2
κP(λ).

If re(λ) > 0 then

‖(1, λ)‖2 ≤
√

1 + |λ|2 + 2re(λ)|yT x|2 |Λ
H
m−1RΛm−1|2
‖Λm−1‖42

≤
√

2 ‖(1, λ)‖2.

Hence the result for Lp follows from Lemma 6.4.8 and (6.24). Similarly we obtain the result
for re(λ) ≤ 0.

Next consider La. Then by Lemma 6.2.13

κSa

La
(λ) =

‖Λm−1‖22
√

1 + |λ|2 − 2re(λ)|yT x|2 |Λ
H
m−1RΛm−1|2
‖Λm−1‖42√

2 |p(λ;Rv)| ‖Λm‖2
κP(λ).
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If re(λ) ≤ 0 then

‖(1, λ)‖2 ≤
√

1 + |λ|2 − 2re(λ)|yT x|2 ‖Λ
H
m−1RΛm−1|2
‖Λm−1‖42

≤
√

2 ‖(1, λ)‖2.

Hence the result for La follows from Lemma 6.4.8 and (6.24). Similarly we obtain the result
for re(λ) > 0. ¥

In view of Table 6.5, the ansatz vector v for a T -palindromic linearization of a T -palindromic
polynomial should satisfy Rv = v with the flip permutation R defined in (6.34). By Proposi-
tion 6.4.4,

max
v=Rv
‖v‖2≤1

|p(λ;Rv)| = ‖Π+(Λm−1)‖2,

where the maximum is attained by v+ defined via

v± =

[
λm−1±1

2 , . . . , λm/2+1±λm/2

2 , λm/2+1±λm/2

2 , . . . , λm−1±1
2

]T

‖Π±(Λm−1)‖2 (6.36)

if m is even and as

v± =

[
λm−1±1

2 , . . . , λ(m−1)/2±λ(m−1)/2

2 , . . . , λm−1±1
2

]T

‖Π±(Λm−1)‖2 (6.37)

if m is odd. Similarly,
max

v=−Rv
‖v‖2≤1

|p(λ; Rv)| = ‖Π−(Λm−1)‖2,

with the maximum attained by v−.

Theorem 6.4.10. Let Sp and Sa, respectively, denote the sets of T -palindromic and T -anti-
palindromic polynomials. Let λ be a finite or infinite, simple eigenvalue of a T -palindromic
matrix polynomial P. Let Lp (resp. La) be T -palindromic (resp. T -anti-palindromic) lin-
earization from L1(P) of P corresponding to the ansatz vectors v = Rv (resp. v = −Rv).
Then the following statements hold for ‖ · ‖M ≡ ‖ · ‖F .

1. If m is odd:
κ
Sp
Lp

(λ)

κ
Sp
P (λ)

≤
p

2(m + 1) δRv.

2. If m is even and re(λ) ≥ 0:
δRv√

2
≤

κ
Sp
Lp

(λ)

κ
Sp
P (λ)

≤
p

2(m + 1) δRv.

3. If m is even and re(λ) ≤ 0:
δRv√

2
≤ κSaLa

(λ)

κ
Sp
P (λ)

≤
p

2(m + 1) δRv.

Proof: Since κSL(λ)/κP(λ) ≤ κS
L(λ)/κSP(λ) holds for any structure S, the desired lower bounds

follow from Theorem 6.4.9.

1. If m is odd and re(λ) ≥ 0, Lemma 6.2.11 implies – together with Lemma 6.6.1.(1)
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and (6.28) – the inequality

κ
Sp

Lp
(λ)

κ
Sp

P (λ)
=

√
1− |yT x|2 |1+λ|2−|1−λ|2

2(1+|λ|2)
|ΛH

m−1RΛm−1|2
‖Λm−1‖42√

1− |yT x|2 ‖Π+(Λm)‖22−‖Π−(Λm)‖22
‖Λm‖22

· κLp
(λ)

κP(λ)

≤ 1√
1− ‖Π+(Λm)‖22−‖Π−(Λm)‖22

‖Λm‖22

· κLp
(λ)

κP(λ)

=
‖Λm‖2√

2‖Π+(Λm)‖2
· κLp

(λ)
κP(λ)

≤ √
m + 1

κLp
(λ)

κP(λ)
.

Hence the desired result follows from Lemma 6.3.2.

2. The proof of the second part follows along the lines of the first part. For even m,
Lemma 6.6.1(3) implies

κ
Sp

Lp
(λ)

κ
Sp

P (λ)
≤ ‖Λm‖2√

2‖Π+(Λm)‖2
· κLp(λ)

κP(λ)
≤ √

m + 1
κLp

(λ)
κP(λ)

.

Hence the result follows from Lemma 6.3.2.

3. The proof of the third part also follows along the lines of the first part. Lemmas 6.2.11, 6.2.13
and 6.6.1(3) reveal – for even m and a T -anti-palindromic linearization – the inequality

κSa

La
(λ)

κ
Sp

P (λ)
=

√
1− |yT x|2 |1−λ|2−|1+λ|2

2(1+|λ|2)
|ΛH

m−1RΛm−1|2
‖Λm−1‖42√

1− |yT x|‖Π+(Λm)‖22−‖Π−(Λm)‖22
‖Λm‖22

· κLa(λ)
κP(λ)

≤ √
m + 1

κLa(λ)
κP(λ)

.

The desired result follows from Lemma 6.3.2. ¥

Corollary 6.4.11. Let Sp and Sa denote the sets of T -palindromic and T -anti-palindromic
polynomials, respectively. Let λ be a finite or infinite, simple eigenvalue of a T -palindromic
matrix polynomial P. Consider the T -palindromic (resp. T -anti-palindromic) linearizations
Lp, La ∈ L1(P) belonging to the ansatz vectors v+ and v− defined in (6.36)–(6.37), respec-
tively. Then the following statements hold for ‖ · ‖M ≡ ‖ · ‖F .

1. If m is odd: κ
Sp
Lp

(λ) ≤ 2(m + 1) κ
Sp
P (λ).

2. If m is even and re(λ) ≥ 0: κ
Sp
Lp

(λ) ≤ 2(m + 1) κ
Sp
P (λ).

3. If m is even and re(λ) ≤ 0: κSaLa
(λ) ≤ 2(m + 1) κ

Sp
P (λ).

Proof: The desired results follow from Theorem 6.4.10 and Lemma 6.6.1. ¥
Theorem 6.4.10 and Corollary 6.4.11 admit a simple interpretation. If either m is odd or

m is even and λ has nonnegative real part, it is OK to use a T -palindromic linearization; there
will be no significant (a small constant multiple of δRv) increase of the structured condition
number. In the exceptional case, when m is even and λ has negative real part, a T -anti-
palindromic linearization should be preferred. This is especially true for λ = −1, in which
case there is no T -palindromic linearization.
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The upper bounds in Corollary 6.4.10 are probably too pessimistic; at least they do not
fully reflect the optimality of the choice of v+ and v−. In comparison, the heuristic choices
listed in Table 6.6 yield almost the same bounds! These bounds are proven in the following
lemma. To provide recipes for even m larger than 2, one would need to discriminate further
between |λ| close to 1 and |λ| far away from 1, similar as for odd m.

m λ of v Bound on struct. cond. Example
interest of linearization

odd |λ| ≥ αm

|λ| ≤ α−1
m

2
66664

1
0
.
.
.
0
1

3
77775

κ
Sp
Lp

(λ) ≤ 2
√

2(m + 1)κ
Sp
P (λ)

2
4

A0 0 A0

A1 − AT
0 A0 − AT

1 0

AT
1 A1 − AT

0 A0

3
5 +

λ

2
4

AT
0 AT

1 − A0 A1

0 AT
0 − A1 AT

1 − A0

AT
0 0 AT

0

3
5

odd |λ| ≤ αm

|λ| ≥ α−1
m

e m−1
2

κ
Sp
Lp

(λ) ≤ 2(m + 1)κ
Sp
P (λ)

2
4

0 A0 0
0 A1 A0

−AT
0 0 0

3
5+λ

2
4

0 0 −A0

AT
0 AT

1 0

0 AT
0 0

3
5

m = 2 re(λ) ≥ 0

»
1
1

–
κ
Sp
Lp

(λ) ≤ 2
√

3κ
Sp
P (λ)

»
A0 A0

A1 − AT
0 A0

–
+ λ

»
AT

0 AT
1 − A0

AT
0 AT

0

–

m = 2 re(λ) ≤ 0

»
1
−1

–
κSaLa

(λ) ≤ 2
√

3κ
Sp
P (λ)

» −A0 A0

−A1 − AT
0 −A0

–
+λ

»
AT

0 AT
1 + A0

−AT
0 AT

0

–

Table 6.6: Recipes for choosing the ansatz vector v for a T -palindromic or T -anti-palindromic
linearization Lp or La of a T -palindromic matrix polynomial of degree m. Note that αm =
21/(m−1).

Lemma 6.4.12. The upper bounds on κ
Sp

Lp
(λ) and κSa

La
(λ) listed in Table 6.6 are valid.

Proof: It suffices to derive an upper bound on ‖Λm−1‖2
p(λ;v) . Multiplying such a bound by√

2(m + 1) then gives the coefficient in the upper bound on the structured condition number
of the linearization, see the proof of Theorem 6.4.10.

1. For odd m and |λ| ≥ αm or |λ| ≤ 1/αm, the bound κ
Sp

Lp
(λ) ≤ √

2(m + 1) κ
Sp

P (λ) follows
from

‖Λm−1‖22
|p(λ; v)|2 ≤

1 + α2
m + · · ·+ α2m−2

m

|1− αm−1
m |2 = 1 + α2

m + · · ·+ α2m−2
m ≤ 4m.

2. For odd m and 1/αm ≤ |λ| ≤ αm, the bound κ
Sp

Lp
(λ) ≤ 2(m + 1) κ

Sp

P (λ) follows from

‖Λm−1‖22
|p(λ; v)|2 ≤

1 + α2
m + · · ·+ α2m−2

m

αm−1
m

=
1
2
(1 + α2

m + · · ·+ α2m−2
m ) ≤ 2m.

3. For m = 2 and re(λ) ≥ 0, the bound κ
Sp

Lp
(λ) ≤ 2(m + 1) κ

Sp

P (λ) follows for |λ| ≤ 1 from

‖Λm−1‖22
|p(λ; v)|2 =

1 + |λ|2
|1 + λ|2 ≤ 2

and for |λ| ≥ 1 from
‖Λm−1‖22
|p(λ; v)|2 =

|λ|2
|λ|2

1
|λ|2 + 1

| 1λ + 1|2 ≤ 2.

4. The proof for m = 2 and re(λ) ≤ 0 is analogous to Part 3.¥
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For T -anti-palindromic polynomials, the results of Theorems 6.4.10 and 6.4.9, Corol-
lary 6.4.11 and Table 6.6 hold, but with the roles of T -palindromic and T -anti-palindromic
exchanged. For example, if either m is odd or m is even and re(λ) ≥ 0, there is always a
good T -anti-palindromic linearization. Otherwise, if m is even and re(λ) ≤ 0, there is a good
T -palindromic linearization.

6.4.4 H-Hermitian matrix polynomials and related structures

The linearization of a H-Hermitian polynomial is also H-Hermitian if the corresponding ansatz
vector v is real, see Table 6.3. The optimal v, which maximizes |p(λ; v)|, could be found by
finding the maximal singular value and the corresponding left singular vector of the real m×2
matrix [Re(Λm−1), Im(Λm−1)]. Instead of invoking the rather complicated expression for this
optimal choice, the following lemma uses a heuristic choice of v.

Lemma 6.4.13. Let Sh denote the set of H-Hermitian polynomials. Let λ be a finite or infi-
nite, simple eigenvalue of a H-Hermitian matrix polynomial P. Then the following statements
hold for ‖ · ‖M ≡ ‖ · ‖F .

1. If |λ| ≥ 1 then the linearization L corresponding to the ansatz vector v = [1, 0, . . . , 0] is
HHermitian and satisfies κSh

L (λ) ≤ 2
√

mκSh

P (λ).

2. If |λ| ≤ 1 then the linearization L corresponding to the ansatz vector v = [0, . . . , 0, 1] is
H-Hermitian and satisfies κSh

L (λ) ≤ 2
√

mκSh

P (λ).

Proof: Assume |λ| ≥ 1. Lemma 6.2.14 together with Lemma 6.3.2 and (6.24) imply

κSh

L (λ)
κSh

P (λ)
≤
√

2
κLp(λ)
κP(λ)

=
√

2
‖Λm−1‖2
|p(λ; v)| ≤ 2

√
m|λ|m
|λ|m = 2

√
m.

The proof for |λ| ≤ 1 proceeds analogously. ¥
H-even and H-odd matrix polynomials are closely related to H-Hermitian matrix polyno-

mials, see Remark 6.2.15. In particular, Lemma 6.4.13 applies verbatim to H-even and H-odd
polynomials. Note, however, that in the case of even m the ansatz vector v = [1, 0, . . . , 0]
yields an H-odd linearization for an H-even polynomial, and vice versa. Similarly, the recipes
of Table 6.6 can be extended to H-palindromic polynomials.

Finally, comparing κSh

L (λ) with κP(λ), by Lemma 6.3.2 and (6.24) we have

δv√
2
≤ κSh

L (λ)
κP(λ)

≤
√

2δv.

The same bound holds when P is H-even or H-odd and L is either H-even or H-odd lin-
earization.

6.5 Summary and conclusions

We have derived relatively simple expressions for the structured eigenvalue condition numbers
of certain structured matrix polynomials. These expressions have been used to analyze the
possible increase of the condition numbers when the polynomial is replaced by a structured
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linearization. At least in the case when all coefficients of the polynomial are perturbed
to the same extent, the result is very positive: There is always a structured linearization,
which depends on the eigenvalue of interest, such that the condition numbers increase at
most by a factor linearly depending on m. We have also provided recipes for structured
linearizations, which do not depend on the exact value of the eigenvalue, for which the increase
of the condition number is still negligible. Hence, the accuracy of a strongly backward stable
eigensolver applied to the structured linearization will fully enjoy the benefits of structure on
the sensitivity of an eigenvalue for the original matrix polynomial. The techniques and proofs
of this chapter represent yet another testimonial for the versatility of the linearization spaces
introduced by Mackey, Mackey, Mehl, and Mehrmann in [68, 67].

6.6 Appendix

The following lemma summarizes some auxiliary results needed in the proofs of Section 6.4.3.

Lemma 6.6.1. Let λ ∈ C and let Λ± be defined as in (6.23. Then the following statements
hold.

1. If m is odd and re(λ) ≥ 0 then ‖Π+(Λm)‖22
‖Λm‖22 ≥ 1

2(m+1) .

2. If m is odd and re(λ) ≤ 0 then ‖Π+(Λm)‖22−‖Π−(Λm)‖22
‖Λm‖22 ≥ |1+λ|2−|1−λ|2

2(1+|λ|2) .

3. If m is even then ‖Π+(Λm)‖22
‖Λm‖22 ≥ 1

2(m+1) .

4. If m is odd and re(λ) ≤ 0 then ‖Π−(Λm)‖22
‖Λm‖22 ≥ 1

2(m+1) .

Proof:

1. For |λ| ≥ 1 the statement follows from ‖Λm‖22 ≤ (m + 1)|λ|2m and

2‖Π+(Λm)‖22 ≥ |λm + 1|2 + |λ(m+1)/2 + λ(m−1)/2|2

= |λ|2m + 2re(λm) + 1 + |λ|m−1(|λ|2 + re(λ) + 1)

≥ |λ|2m − 2|λ|m + 1 + |λ|m−1(|λ|2 + 1)

= |λ|2m + 1 + |λ|m−1(|λ| − 1)2 ≥ |λ|2m.

If |λ| ≤ 1, we can apply an analogous argument with λ replaced by 1/λ to

‖Π+(Λm)‖22
‖Λm‖22

=
|λ|2m

|λ|2m
·



(m−1)/2∑

k=0

1
2

∣∣∣∣
1
λk

+
1

λm−k

∣∣∣∣
2



/ (
m∑

k=0

1
|λ|2k

)
.

2. Using (1 + |λ|2)(1 + |λ|4 + · · ·+ |λ|(2m−2)) = ‖Λm‖22, we prove the equivalent statement

‖Π+(Λm)‖22 ≥ (|1 + λ|2 − |1− λ|2)(1 + |λ|4 + · · ·+ |λ|(2m−2)).

Assume |λ| ≤ 1. Then the statement follows if we can show

‖Π+(Λm)‖22 − ‖Π−(Λm)‖22 ≥
1
4
(|1 + λ|2 − |1− λ|2)(m + 1). (6.38)
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Inserting λ = |λ|(cos(φ) + i sin(φ)), we expand

‖Π+(Λm)‖22 − ‖Π−(Λm)‖22 =
1
2

(m−1)/2∑

k=0

|λm−k + λk|2 − |λm−k − λk|2

= 2|λ|m
(m−1)/2∑

k=0

(cos((m− k)φ) cos(kφ) + sin((m− k)φ) sin(kφ))

= 2|λ|m
(m−1)/2∑

k=0

cos((m− 2k)φ) = 2|λ|m
(m−1)/2∑

k=0

cos(φ + 2kφ)

= 2|λ|m sin(m+1
2 φ) cos(m+1

2 φ)
sin φ

= 2|λ|m sin((m + 1)φ)
sin φ

.

On the other hand,

|1 + λ|2 − |1− λ|2 = 4|λ| sin(2φ)
sinφ

.

Thus (6.38) is equivalent to

|λ|m−1 sin((m + 1)φ)
sin φ

≥ m + 1
2

sin(2φ)
sinφ

Dividing by cos(φ) ≤ 0 on both sides, this is in turn equivalent to

|λ|m−1 sin((m + 1)φ)
sin(2φ)

≤ m + 1
2

.

Finally, using |λ| ≤ 1, the last inequality follows from the basic trigonometric inequality
sin((m+1)φ)

sin(2φ) ≤ m+1
2 . For |λ| ≥ 1, we can use the same trick as in the proof of part 1 and

replace λ by 1/λ.

3. As in part 1, we can assume w.l.o.g. |λ| ≥ 1. Then ‖Λm‖22 ≤ (m + 1)|λ|2m and

2‖Π+(Λm)‖22 ≥ |λm + 1|2 + 2|λ|m

= |λ|2m + 2re(λm) + 1 + 2|λ|m ≥ |λ|2m,

concluding the proof.

4. This part follows from Part 1, by simply replacing λ → −λ, which implies ‖Π(Λ+)‖2 ↔
‖Π(Λ−)‖2.

¥
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Conclusion

We have undertaken a detailed structured backward perturbation and sensitivity analysis
of structured polynomial eigenvalue problem including complex symmetric, skew-symmetric,
Hermitian, even, odd, palindromic and anti-palindromic problem.

First, we have provided a complete solution of structured mapping problem for matrices.
We have also provided a complete solution of structured inverse least squared problem for
matrices. We have shown that these results play an important role in determining structured
backward errors of approximate invariant subspaces of structured matrices. With the help of
these results, we have analyzed structured pseudospectra of structured matrices.

Second, we have analyzed structured backward perturbation of structured matrix polyno-
mials. We have determined structured backward error of an approximate eigenelement of a
structured matrix polynomial and have determined a minimal structured perturbation such
that the approximate eigenelement is the exact eigenelement of the perturbed problem. We
have also analyzed structured pseudospectra of structure matrix polynomials. Further, we
have analyzed structured condition numbers of simple eigenvalues of structured matrix poly-
nomials and have derived explicit expressions for the condition numbers. Structured condition
numbers measure the sensitivity of simple eigenvalues to small structured perturbations and
hence play an important role in the accuracy assessment of approximate eigenelements of
structured polynomial eigenvalue problem.

Finally, most numerical methods for solving polynomial eigenvalue problem proceed by
linearizing the polynomial eigenvalue problem into an equivalent generalized eigenvalue prob-
lem of larger size and solve the resulting problem. Therefore, for computational purposes, it
is of paramount importance to identify potential structured linearizations which are as well
conditioned as possible. With the help of structured backward perturbation analysis and
structured condition numbers of eigenvalues, we have provided a recipe for identifying “good”
structured linearizations which guarantee almost as accurate solutions as that of the original
polynomial eigenvalue problem.
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[82] C. Schröder, Palindromic and even eigenvalue problems - analysis and numerical
methods, PhD thesis, Technical University Berlin, Germany, 2008.

[83] J. Simo, K. Wong, Unconditionally stable algorithms for rigid body dynamics that ex-
actly preserve energy and momentum, Internat. J. Numer. Methods Engrg., 31(1991),
pp.19-52.

[84] Willi-Hans Steeb, Matrix Calculas and Kronecker Product with Applications and C++

Programs, World Scientific Publishing Co., NJ, USA, 1997.

[85] G. W. Stewart, On the sensitivity of the eigenvalue problem Ax = λBx, SIAM J.
Numer. Anal. Appl., 9 (1972), pp. 669–686.

[86] G. W. Stewart, Error and perturbation bounds for subspaces associated with certain
eigenvalue problems, SIAM Rev., 15(1973), pp. 727-764.

[87] G. W. Stewart and J. Sun, Matrix Perturbation Theory, Academic Press,
Boston,1990.

[88] J.-G. Sun, Stability and accuracy: perturbation analysis of algebraic eigenproblems
Technical Report UMINF 98-07, Department of Computing Science, University of
Ume̊a, Ume̊a, Sweden, 1998.

[89] J. -G. Sun, Least-squares solutions of a class of inverse eigenvalue problems for real
symmetric matrices (in Chinese), Math. Numer. Sin., 3(1988) , pp. 282-290.

162

TH-789_04612301



[90] J. -G. Sun, Two kinds of inverse eigenvalue problems(in Chinese), Math. Numer.
Sin., 9(1987) , pp. 206-216.

[91] J. Sun, Backward perturbation analysis of certain characteristic subspaces, Numer.
Math., 65 (1993), pp. 357-382.

[92] R. C. Thompson, Pencils of complex and real symmetric and skew matrices, Linear
Algebra Appl., 147(1991) pp.323371.

[93] F. Tisseur, Backward error and condition of polynomial eigenvalue problems, Linear
Algebra Appl., 309(2000), pp.339-361.

[94] F. Tisseur, Stability of structured Hamiltonian eigensolvers, SIAM J. Matrix Anal.
Appl., 23(2001), pp.103-125.

[95] F. Tisseur, A chart of backward errors and condition numbers for singly and doubly
structured eigenvalue problems, SIAM J. Matrix Anal. Appl., 24(2003), pp.877-897.

[96] F. Tisseur and S. Graillat, Structured condition numbers and backward errors in
scalar product spaces, Elect. J. Linear Algebra, 15: 159-177, 2006.

[97] F. Tisseur and N. J. Higham, Structured pseudospectra for polynomial eigenvalue
problems, with applications, SIAM J. Matrix Anal. Appl. 23(2001), pp.187-208.

[98] F. Tisseur, D. S. Mackey and N. Mackey, G-refectors: analogues of Householder
transformations in scalar product spaces, Linear Algebra Appl., 385(2004) pp.187-213.

[99] F. Tisseur and K. Meerbergen, The quadratic eigenvalue problem, SIAM Rev.
43(2001), pp.235-286.

[100] L. N. Trefethen and M. Embree, Spectra and Pseudospectra: the Behaviour of
Nonnormal Matrices and Operators, Princeton University Press, 2005.

[101] G. Trenkler, Matrices which take a given vector into a given vector revisited, Amer.
Math. Monthly, 111 (2004), pp.50-52.

[102] H. F. Weinberger, On optimal numerical solution of partial differential equations
SIAM J. Numer. Anal.,9(1972), pp.182-198.

[103] J. H. Wilkinson, Sensitivity of eigenvalues, Util. Math., 25 (1984), pp. 5–76.

[104] J. H. Wilkinson, Sensitivity of eigenvalues II, Util. Math., 30 (1986), pp. 243–286.

[105] J. H. Wilkinson, The Algebraic Eigenvalue Problem, Oxford University Press, Ox-
ford, UK, 1996.

[106] D. X. Xie, L. Zhang and X. Y. Hu, Least-squares solutions of inverse problems for
bisymmetric matrices(in Chinese), Math. Numer. Sin., 22(2000), pp. 29-40.

[107] Z. Zhang and C. Liu, Least-squares solutions of the equation AX = B over anti-
Hermitian generalized Hamiltonian matrices, Numer. Maths., A Journal of Chinese
Universities(English Series), 15(2006), pp. 60-66.

163

TH-789_04612301



List of Publications/Communicated

1. B. Adhikari and R. Alam, Structured backward errors and pseudospectra of struc-
tured matrix pencils, SIAM J. Matrix Anal. Appl., 31(2009), pp.331-359.

2. B. Adhikari, Backward errors and linearizations for palindromic matrix polynomials,
preprint arXiv0812.4154 math.NA Submitted to Linear Algebra Appl..

3. B. Adhikari, R. Alam and D. Kressner, Structured eigenvalue condition numbers
and linearizations for matrix polynomials, preprint available at http://www.math.ethz.ch/
kressner/pubs.php Submitted to Linear Algebra Appl..

4. B. Adhikari and R. Alam, Structured backward errors and pseudospectra of struc-
tured matrix polynomials, to be submitted.

5. B. Adhikari and R. Alam, Structured mapping problems for linearly structured
matrices, to be submitted.

164

TH-789_04612301


