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Abstract

In this thesis, we investigate the pointwise convergence of solutions to the Schrodinger
equation on real rank one symmetric spaces of noncompact type. The study of pointwise
convergence of solutions to the Schrédinger equation to their initial data is a classical prob-
lem in harmonic analysis and partial differential equations. Given the solution u(z,t) of
the Schrodinger equation, a fundamental question is; whether the solution w(z,t) con-
verges pointwise to the given initial data f(x) as ¢ — 0. This problem originated from the
question posed by Carleson, which asks how much regularity to be imposed on the initial
data to ensure the pointwise convergence. On the Euclidean spaces the problems were
studied extensively and sharp results were established under various regularity assump-
tions. However much less is known in non-Euclidean settings. In this context, Sjolin has
studied the regularity of the fractional Schrodinger equation in R™.

In a part of this thesis, we focus on the fractional Schrodinger equation on rank-one
symmetric spaces of non-compact type, with radial initial data. The standard method
for proving pointwise convergence involves obtaining an estimate for the corresponding
maximal operator. We also proved the boundedness of the Schrodinger maximal operator.

Finally, we study well-posedness and local regularity results for the Schrédinger equa-

tion with a non-zero potential V on these symmetric spaces.

X1
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The operator norm of T’
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H(z) page 13

H} (X) {f: X = C||fllas < oo} for every ball B in the Banach space X, page 7
p half sum of positive roots, page 12

o3\ The elementary spherical function, page 14

f()\, k) Helgason Fourier transform of a function defined on X, page 13

f (N The spherical transform of f defined on X, page 14

< 00 p, page 8

Fete ) s :| ([ 166opar)

LP(R™)
1/q
(7.1 L) 0 |( [ 1) < ooy page §
o LP(R")
L2(H?) page 27
T
Lz([_T7T] : Hjj;(X)) {f($,t) : / ||f<7t)|ijst0‘(x)dt = 00}7 page 7
T usloc
C(I:X) space of all continuous function from the interval I to the Banach space X, p:
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CHAPTER 1

Introduction

The study of pointwise convergence of solutions to the Schrodinger equation to their initial
data is a classical problem in harmonic analysis and partial differential equations. In 1976,
Carleson [6] made a remarkable contribution to the study of the regularity of solutions to
Schrodinger equation on R. He first raised a question, how much regularity to be imposed
on the initial data f, such that u(x,t) — f(x) pointwise a.e as t — 0, where u(z,t) is the

solution of the Schrédinger equation:

Ou(z,t
i “gi ) Au@,t),  (tz) eRxR",
(1.0.1)
u(z,0) = f(z).
For n = 1, he proved that, if s > 1/4, and f has compact support then
u(z,t) — f pointwise a.e as t — 0, for f e H*(R"). (1.0.2)

Here the Sobolev space H*(R") is defined by:
R = { e @) [ (U IR) IFOR de < oo

The main idea in the proof was to obtain an a priori estimate for the corresponding max-

imal function, a standard approach for establishing a pointwise convergence result. There

1
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2 Chapter 1. Introduction

are various methods to obtain bounds for the maximal function; one such method, used
by Carleson, is the t — t(x) method, known as the ”Kolmogorov-Seliverstov-Plessner”

method. In this method, we define the operator S;f by

w(e.t) = Sif(x) = / M 7 e) de,

n

and the corresponding maximal function is

S*f(z) = sup [Sif(z)].

0<t<1

In the above-mentioned method, Carleson has proved the norm inequality

HS*fHLl[*Ll] < C||f||H1/4(R)

by showing the integral of the linearized operator is controlled by the Sobolev norm of f.

That is:
< C||f||H1/4(R)' (1.0.3)

[ St ds

The key step in evaluating this integral is obtaining an estimate for an oscillatory integral.

The estimate is the following:

/ pilag+be?) 48
R €]

Later in [12], Dahlberg and Kenig established that this result is sharp in the one

< c(Jol*#al™ + [a*™).

dimensional case. In this paper, it is also mentioned that the results can be extended for
n > 1. Thus, it was known that s > n/4 is a sufficient condition for all n > 1.
Although the inequality (1.0.3) ensures almost everywhere convergence, it does not

describe the mapping property of the operator S; f. Kenig and Ruiz [21] have shown
/I]S*f]2 dx < CHinIM(R), for any finite interval I C R.

which is obviously a stronger estimate in the sense of L” inclusions. Their approach is a bit
different: Instead of treating the operator S*f, for f € H'/*(R) they have considered the
operator T*f = sup |T,f(x)|, where T, f(x) = /emgeiﬂ‘fzﬂg) |§C|Z1§/4 and for f € L*(R),
they have shovvnoq<1 :

/I T f2 do < Clf o
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Asin Carleson’s paper, this method also relies on the ” Kolmogorov-Seliverstov-Plessner”
method. They considered the composition of the linearized operator Tj(,) with its adjoint
T3 (abuse of notation) and bound the L?- norm of Ty T}y by using some estimate for
oscillatory integrals.

In 1982, Cowling [9] considered this problem in a much more general set-up and made a
significant contribution to this problem. Instead of the Laplacian A, he took a self-adjoint
operator 7' on L?(M) and showed that

lim(t) = ¢ where ¥(t) = exp(itT)¢

t—0

if |T|*¢ is in L*(M), for some « in (1/2,00) and for some measure space M.

In 1987-88, Vega [31], and Sjolin [27] independently proved by a new method that
s > 1/2 is a sufficient condition for the pointwise convergence (1.0.2), for all n. So they
have improved the results for the case n > 3, and better regularity has been obtained in

view of the Sobolev embedding:
51 < 8y — H™ C H*.

Later, many authors like Bourgain, Moyua- Vargas- Vega, Tao-Vargas, and Lee [4, 14,
24, 22] have studied this problem in other higher dimensions. They have improved the
regularity condition for the solution and obtained sharp results in many cases.

Bourgain showed that for n > 2, the pointwise convergence result holds for s >
1/2 — 1/4n, using a method known as multilinear methods, thereby improving the result
of Sjolin and Vega. In particular, this yields the sufficient condition s > 3/8 in the
case n = 2, which was also independently proved by Lee [22] using Tao-Wollf’s bilinear
restriction method, which was further improved by Du- Guth- Li [14] to s > 1/3.

In 2012, Bourgain [5] also proved that s > 1/2 — 1/n is necessary for (1.0.2) to
hold. Later, Luca-Rogers [23] constructed a sharper counterexample and improved the
necessary condition to s > 5 — 5 for n > 2. Further in [4], Bourgain revisited the result
of Luca-Rogers and established a stronger version of their result within the same range.

We now discuss the more general case, the fractional Schrodinger equation. In 1987,
Sjolin [27] and Vega [31] studied the pointwise convergence results for the solution of the

fractional Schrodinger equation on R™.

TH-4002_206123013



4 Chapter 1. Introduction

Let a > 1. For n > 3, Sjolin proved that if s > 1/2,
u(z,t) — f pointwise a.e as t — 0, for fe€ H*(R") (1.0.4)

where u(z,t) is the solution of the fractional Schrodinger equation:

@M = A%y (x,t), (t,z) e R x R",
ot (1.0.5)
u(z,0) = f(x). a>1

Also, it was shown in [27], that for the case n = 2 (1.0.4) holds if s > 1/2. For n =1
the sufficient condition is s > 1/4.

To establish the pointwise convergence (1.0.4), Sjolin [27] also followed the well-
established approach and obtained the following bound for the corresponding maximal

function:

Theorem 1.0.1. Ifn >3 and a > 1, then

1S*fl < Cs|fll , f € C(R™) (1.0.6)
12(B)

Hs(R™)
holds for s > 1/2, and B is any ball of arbitrary radius in R™

Here S* f is the maximal operator corresponding to operator S, f, defined as
S*f = sup |Sf],
o<t<1

and

~

8. (@) = ulz, B = / eSHET F(e) de.

n

Clearly, the choice a = 2 recovers the usual Schrédinger equation.

Theorem 1.0.2. If n=1,2 and a > 1, then

HS*fIIL2 <Cs |Ifll , [ e CF(R")

(B) H*(R™)

holds for s > n/4, and B is any ball of arbitrary radius in R™

Moreover, for n = 1, Sjolin established the sharpness of the result in the above Theo-

rem 1.0.2. He proved the following theorem :

TH-4002_206123013



Theorem 1.0.3. Let n =1, and a > 1, then (1.0.6) holds if and only if s > 1/4.

Now, since the expression of the solution S, f(z) involves the Fourier transform of the
initial data f, it’s natural to ask whether the results regarding the pointwise convergence
(1.0.4) can be improved for radial initial data.

In 1989, Prestini [25] first addressed this problem 1.0.5 with radial data f, and proved
(1.0.4) holds iff s > 1/4 for all n > 1. Her idea of proof was in the spirit of Carleson’s [6]
method. Using the asymptotic expansion for the Bessel function and by linearization of

S, f, she proved the maximal estimate:

||S*JCHU(B) < O\ f gia

Later, in [28] Sjolin has studied the local estimate as well as global estimate for the
operator S* f, hence derived a detailed mapping property for S* f, with radial f. The local

estimate is as follows:

1S* fllzasy < ClIfllms@n), (1.0.7)

1 < g<ooands € R. Assuming that f is radial he improved upon the results obtained

in [27]. The theorems are as follows:

Theorem 1.0.4. If s < 1/4, then (1.0.7) holds for no q.

Theorem 1.0.5. If 1/4 < s < n/2, then (1.0.7) holds if and only if ¢ < -2

n—2s

In this thesis, we study these problems on real rank-one symmetric spaces of non-
compact type. To formulate the problem, we need some notation. For details, we refer
to chapter 2. Let G be a connected, non-compact, semisimple Lie group and K be a
maximal compact subgroup of G. Then X = G/K is a real rank-one symmetric space
of non-compact type with origin K. If we take G' as SO.(n,1) and K = SO(n), where
SO,.(n,1) is the connected Lie group leaving invariant the bilinear form on R™! and
K = S0O(n) is the compact rotation subgroup of SO,(n, 1), then the homogeneous space
G/ K reduces to the n dimensional real hyperbolic space model H".

In 2019, Wang and Zhang [32] addressed this problem in a manifold setting and proved
the pointwise convergence result for the solution of the usual Schrodinger equation in H".

They have proved the following theorem:

TH-4002_206123013



6 Chapter 1. Introduction

Theorem 1.0.6. If f € H*(H") and s > 1/2, then
u(z,t) — f pointwise a.e as t — 0,
where u(x,t) is the solution of usual Schrédinger equation on H".

Now, since X is the generalization of H", it is natural to ask whether the same result
holds for X, and it is also relevant to investigate the sharpness of the result.

One of the goals of this thesis is to establish the pointwise convergence result for the
fractional Schrodinger equation in the context of rank-one symmetric space X. We also
endeavour to obtain the analogue of Sj6lin’s result (Theorem 1.0.1) on X with radial initial
data, which generalizes Theorem 1.0.6. Moreover, we will establish the sharpness of our
result.

The last part of the thesis addresses the well-posedness of certain dispersive equations,
the motivation comes from the local smoothing property of solutions to this equations. A

time-reversible and conservative evolution equation preserves Sobolev regularity; that is,

[u(- )|

s = ||ugl|gs, for each ¢ > 0.

Hence, no global or pointwise-in-time smoothing is possible. But, locally in space, certain
derivatives of u can be better behaved when averaged in time. This extra regularity is

known as local smoothing, which often looks like:

T
/ / V(e 1) Pdz di < ClluoZaqam,
0 |z|<R

which shows a gain of one spatial derivative locally in space and after averaging in time.
In 1983, Kato [20] discovered a local smoothing property of the Korteweg-de Vries
equation:

du/dt + D3u + uDu = 0, t>0
(1.0.8)

u(z, 0) = ¢(I)’
where, D = %.
He showed that the solution of the Cauchy problem (1.0.8) is locally one derivative

smoother than the initial data by proving the following theorem:
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Theorem 1.0.7. Let s > 3/2, 0 < T < oo, ifu € C([0,T] ; H®) is the solution of the
equation (1.0.8) for ¢ € H®, then

uwe L*([0,T] ; H" (=R, R)) for any R < . (1.0.9)

In other words, (1.0.9) can be interpreted as “u enjoys a local smoothing property.”
In fact, the result (1.0.7) has nothing to do with the sense of time. It is equally true for
-T<t<0.

Now, before discussing the smoothing properties of the solution, it is necessary to
establish the well-posedness of the system.

In the same paper, Kato also established the well-posedness of the system (1.0.8). The

theorem in this context is as follows:

Theorem 1.0.8. Let s > 3/2, for each ¢ € H® there exists a unique t > 0 and a unique
solution u to (1.0.8), such that

ue C([0,T): H?). (1.0.10)
The map ¢ — u is continuous from H*® to the space (1.0.10).

Later, Constantin and Saut [10] generalized this local smoothing effect for disper-
sive equations such as K-dV, Benjamin-Ono, intermediate long wave, various Boussinesq,

Schrodinger equation, etc. They studied the systems of the form

Z,8u(9(:, t)

ot + P(D)u(z,t) = F(z,t), (t,z) e R x R",

(1.0.11)
u(z,0) = ug(x).
where, P(D)u is defined via the symbol P(£) such that P(£) behaves like |£]™ as || —
_ ) 0

so,m > 1 andD_%<a—m,..,E>.

The typical result of local smoothing they obtained is: If uy belongs to H*(R™) then,
for almost every ¢ # 0, the solution u(t,-) belongs to H*T4(R™). That is, the solution
gained some extra smoothness compared to the initial data.

For s > —(m —1)/2 and a certain value of «, they have proved the following theorem:

Theorem 1.0.9. Let, ug € H*(R"), F € L}, (R, H*>9(R")),1 < q < 2. Then the solution

loc

u of the equation (5.1.1) belongs to L*([-T,T] : HS1%(R™)) for every T > 0.

usloc
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8 Chapter 1. Introduction

Moreover, for every x € C(R™™) which is supported in [—T,T] x R", one has the

smoothing estimate:

1/2
(/R N X ( O — A) sta)/2 (t,x)]Qda: dt) <y (HuoHHs(Rn) + HFHLl(—T,T;HS»q(R")))
(1.0.12)

As an application of this Theorem (1.0.9), they considered the Schrédinger equation
with real time dependent potential V' (x,t):

3u(:r; t)
ot

u(z,0) = ug(x).

For a certain value of real «, 8 they have the corollary:

+ Au(z,t) + Vu(z,t) =0, (t,x) e R x R",
(1.0.13)

Corollary 1.0.1. Suppose V =V, +V,,V; € LY

loc

(R, L*(R™)), Va € L2 (R, LA(R™)). Then

loc

the solution u of (1.0.13) corresponding to uy € L*(R™) satisfies

u € L*([-T,T) : Hl/Q(R”)) for every T > 0.

loc

So, in particular, Corollary (1.0.1) gives a local smoothing effect for the Schrédinger
equation with non-zero potential V.

Sjolin [27] and Vega [31] considered this equation (1.0.13) in the free case (V' = 0).
They established that the solutions of the equation (1.0.13) have locally 1/2 derivative
more than the initial data almost every time.

In 1993, Kenig and Ruiz [26] addressed this problem (1.0.13) with nonzero potential
V. Also they considered V as V. =V} + V5, V] € LZ/Q(L;’O(R)), and Vo € L'([-T,T] :
L), r > 1. They have established the well-posedness and local smoothing for (1.0.13) by

proving the following theorem:

Theorem 1.0.10. Let ||Vi]|,n/2 be small enough. Then there exists a unique solu-

I

(L (R))
tion u(x,t) such that
el 2oy + 59D el )2 < Cluoll oy (1.0-14)
Moreover,
Supﬁ/ / Dy ?ul*dt de < C(T)||uol|72(gn),
zo,R B(zo,R)

where (D3 f)(€) = €] F(£).
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1.1. Outline of the Thesis 9

We aim to study this problem in the realm of the symmetric space X. We obtain
the estimate (1.0.14) in this setting and consequently establish the well-posedness of the
equation (1.0.13) in X.

1.1 Outline of the Thesis

In Chapter 2, we introduce all the notations and conventions that we will follow through-
out the thesis. By appropriate references, we also quote all necessary results on the
symmetric space, which will be used later. However, for the sake of simplicity, we will
present the proof of a few of them, which we were unable to locate in the literature.

Chapter 3 mainly deals with a sufficient condition for the pointwise convergence of
the solution to the fractional Schrodinger equation in X. Here we extend Sjolin’s result
(1.0.4) by proving Theorem A. The proof of Theorem A is based on an appropriate
maximal function estimate which we will prove in Theorem B. Moreover, Theorem B can
be viewed as an analogue of Theorem 1.0.1 in X.

In chapter 4, we improve the regularity result obtained in chapter 3. First, we prove
an analogue of Sjolin’s result (Theorem (1.0.2)), stated here as Theorem D. Using this
result, we prove Theorem C, which improves the result of Theorem A obtained in the
previous chapter.

Chapter 5 focuses on certain local regularity properties and well-posedness of some
dispersive equations. To be more precise, we establish a well-posedness result by proving
an estimate similar to (1.0.14), originally obtained by Ruiz and Vega. This result is proved
for Schrodinger equation with nonzero potential V' in X.

In chapter 6, the last chapter of this thesis, we address some of the future problems

related to the problem discussed in the thesis.
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CHAPTER 2

Rank-One Symmetric Space of non-compact Type

2.1 Introduction

In this chapter, we collect the basic definitions and notation that will be used throughout
this thesis. Most of the work in this thesis is carried out on Riemannian symmetric
spaces of non-compact type with real rank one. The main aim of this chapter is to
present details on elementary spherical functions and their estimates. We also recall some
fundamental definitions, such as the Helgason—Fourier transform, the spherical transform,
and the Harish-Chandra’s c-function, along with their properties. Most of our notation

is standard and can be found in [15, 17, 29, 18].

2.2 Basic Structure

In this section, we will discuss the basic facts of real rank-one symmetric space of non-
compact type. Let G be a connected non-compact semisimple Lie group with finite center,

and g be the Lie algebra of G. Let B be the killing form on g, defined by

B(X,Y)=Tr(adX ocadY), X,Y €g.

11
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12 Chapter 2. Rank-One Symmetric Space of non-compact Type

Let 6 be a Cartan involution of g, then € is an isomorphism of g such that 62 = —I . Let
g = £ @ p be the associated Cartan decomposition, where £ and p are the eigenspaces of

0 corresponding to the eigenvalue 1 and —1, that is
t={Xeg:0X=X},p={Xe€g:0X =-X}.

Let K = exp £ be a maximal compact subgroup of G and let X = GG/ K be the associated
Riemannian symmetric space. If o = eK denotes the identity coset, then for g € G the
quantity 7(g) denotes the Riemannian distance of the element g.o from the identity coset.
Let a be a maximal abelian subspace of p, A = exp a be the corresponding subgroup of
G, and M the centralizer of A in K.

The rank of G is defined as the dimension of the real vector space a. From this point
onward, we will assume that the group G has real rank one, which means that dim a = 1.

Let ap be the real dual of a and for a € ag, we define
0o ={X €g:[H X|=a(H)X forall H € a}.

We say that « is a root if dim g, > 0. Let a = Span{Hy}, Hy € a; « is called a positive
R

root if a(Hy) > 0. In the rank one case, it is well known that the set of roots is either of

the form {—a, a} or {—«a, —2a, a, 2a} [18] and the Lie algebra g admits the decomposition
0=0-20D0-aDgoD ga D G20
Let n = g, @ g24. The Iwasawa decomposition of g is given by
g=tPadn.

We assume that a(Hp) = 1 and identify a with R as t — tH, via this identification.
Then ay, = {H € a | a(H) > 0} is identified with the set of positive real numbers.
The complexification af. of a* is defined as the vector space of complex valued real linear
functionals on a. We identify a* (the real dual of a) and af (the complex dual of a) with
R and C via the identification ¢ — ta and z — za, t € R and z € C respectively.

Let my; = dim g,, mo = dim go, and p = %(ml + 2ms)a be the half sum of positive
roots. We will denote dimX by n, n = m; + mq + 1. By abuse of notation we will denote

p(Ho) = 5(m1 + 2my) by p.
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2.8. Helgason-Fourier transform and spherical Fourier Transform on X 13

Since A = exp a, the space A = {as : as = exp (sHy), s € R} is diffeomorphic to R. If
N = expn, we have the Iwasawa decomposition for the group G given by G = KAN. It
is known that the Iwasawa decomposition is unique and hence any g € G can be uniquely

written as
x =k(g) exp H(g)n(g), (2.2.1)

where H(g) € a, k(g) € K and n(g) € N. If AT = expa, and AT = expay, then we also
have the polar decomposition of G given by G = KA+K. The above decomposition is

also unique and hence every element g € G' can be uniquely written as
g = k’latkg, kl, kz € K, ay = exp tHO S A,t Z 0. (222)

The functions defined on X can be viewed as right K-invariant functions on . Fur-
thermore, the radial functions on X are K-biinvariant functions on G. Let G = KA+ K be
the polar decomposition G, where AT = {a, € A : t > 0}. In view of this decomposition,
it is worth noting that any radial function on X depends only on a;. The Haar measure

associated with the two decompositions (2.2.2) and (2.2.1) are given by:

/Gf(g) dg :C’/K/Ooo/Kf(klath)D(t) dk dt dk, (2.2.3)

/G F(g)dg =C /K /R /N F(kagn)e2! dk dt dn (2.2.4)

where D(t) = (sinh )™ (sinh 2¢)™2. and dk is the Haar measure of K.

2.3 Helgason-Fourier transform and spherical Fourier

Transform on X

It can be seen easily from the Iwasawa decomposition that the function g — e~ (A+P)H(™'%)

is right invariant under the action of K and hence defines a function on the symmetric

space X. For A € C, we define the following function on X

o~ (NP H (@ k) 6—(iA+p)H(g*1k)’

ex(r) = z = gK.

Now for f € C°(X), the Helgason Fourier transform fof f is defined by

FN k) = / flz)e AHE R g X e C.
X
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14 Chapter 2. Rank-One Symmetric Space of non-compact Type

We also have the following Fourier inversion on C2°(X):

f(a:):C/* o FON k)P ETR) ((N)72d dkyy. (2.3.5)

The Plancherel formula is given by

Hinz(X):CAA|f(A,k)\2|c(A)|ded)\, for f € C*(X). (2.3.6)

The ¢(A) in the above expressions is the famous Harish-Chandra’s c-function.

2.3.1 Spherical Fourier Transform

For A € C, the elementary spherical function ¢, on X is defined as

oa(z) = / e~ ATAHETR) g (2.3.7)
K

where H(g) is defined as in (2.2.1).
For A € R, the spherical Fourier transform of a suitable radial function f on X is

defined by
_ /X £ (@) () da. (2.3.8)

We now observed that for a suitable radial function f on X the Helgason Fourier transform

and the spherical Fourier transform coincides. Suppose f € C.(X) and radial then,

)\ k /f —(tA+p)H (g k)dg

:/ / fkage” PRk, dg
GJK

:/ /f(klg)e_(i)‘ﬂ’)H(glk)dg dk,

/(/ f z>\+p)Hgllk1k)dk,) dg

- /G F(9)ér(9)dg = TN,

In the above calculation, we put k19 = ¢g; and used the fact that the groups G and K are
unimodular.
The Plancherel and inversion formulas for the radial function f on X related to the

spherical Fourier transform are given by:

/ f Yor(x)|e(N)|2dN,  for f € C.(X) (Inversion formula) (2.3.9)
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2.4. Elementary spherical function 15

Hf||%z(x) = C/R IFO)le(N)|2dN,  for f € Co(X). (Plancherel formula) (2.3.10)

For details about the spherical Fourier transform, Harish-Chandra’s c—function, and

related results, we refer the reader to ( Chapter IV, [17]).

2.4 Elementary spherical function

Let £ denote the Laplace-Beltrami operator on X. We will now describe an important

class of eigenfunctions of £. For A € C we define the following function on X

M) H (27 k) _ o~ (iA+p)H(g™"k)

GA(I‘)ZG_( , x:gK

These functions turn out to be the basic eigenfunctions of L in fact, they satisfy the
differential equation

E@)\ = —()\2 + p2)e,\.
(see [19] for details). This implies that the functions ¢, also satisfy the equation

Loy = —(N + p*)da. (2.4.11)

Moreover, we have the characterization for spherical function on X due to Harish-

Chandra [17, Chapter II, §4]:

Theorem 2.4.1. As A\ runs through ag., the functions

or(g) = / e—(in)(H(g*lk))dk’ geG
K

exhaust the class of spherical functions on G. Moreover, two such functions ¢ and ¢, are
wdentically equal iff X = sn, for some s in the Weyl group. In particular, A = £n for a

rank one symmetric space.

We now discuss some important properties of ¢, (See (Chapter IV, [17]) and (Chapter
3, [15]) for more detail), which are valid for A € C:

Theorem 2.4.2. i) ¢, is continuous and K -biinvariant, that is,

ox(kigks) = ¢x(9), ki, ke € K, g € G.
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16 Chapter 2. Rank-One Symmetric Space of non-compact Type

We also have ¢y(e) = 1.
ii) For all g € G,

dA(g) = oalg™!) = d-x(9). (2.4.12)
iii) If Im A < 0 then
tli)m AR g (a,) = ¢(N), (2.4.13)

where ¢(\) is Harish-Chandra’s c-function.

iv) The Harish-Chandra series for the elementary spherical function is given by:
dx(exp tHy) = c¢(N)e Py () + c(=N)el "2 Plp_y (1), (2.4.14)
where p\(t) = > 0" Tn(N)e ™ and T\ () has the following estimate:

v

IT,(\)] < C—

— 1, L 2.1 2.4.15
<Oy [ bemme 2.1) (2415

2.4.1 Some estimates of ¢,

We now describe some estimates of the elementary spherical function, which will be crucial
for our proof. These estimates will be derived from the series expansion of ¢,. Most
of them are given in [18, 29]. We also need the following well-known estimate of the

Plancherel density [1]:
lc VT2 CIAPA+ AP, VA eR. (2.4.16)
Lemma 2.4.3. Let A € R. Then |¢pr(x)| < C, for all z € X.

Proof. By [17, Theorem 8.1] ¢, is bounded if and only if A belongs to the strip {\ € C :

|[ImA| < p}. Also, from the integral expression of ¢, (2.2.1), it is clear that
|pa(2)| < go(x) < Ce (1 +1t) <O, forallz € X [18]
[

Lemma 2.4.4. Let A € R and t > 1, the elementary spherical function ¢, has the

following estimate :

1
my1+mo—2 °

AL+ [AD

loa(t)] < Cle(N)| < C (2.4.17)
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Proof. We use the following Harish-Chandra series of ¢, given in [18]:
oa(t) = e P (ePe(Nay(\, 1) + e Me(—=N)ag(—A, 1)). (2.4.18)

where, as(A,t) = >~ T'n(A)e™ and ¢()) is the Harish-Chandra’s c-function. T',, satisfies

the following recursion:

. o my . 5 . .
n(n+1—iAly = Z 7(/) + 25 — AT + ‘ Z ma(p + 25 — NI
7=0 j=n+1-2l
1>0,5>0
The function ay satisfies the inequality |az(X,t)] < C for all £ > 1 and A € R [18,
Proposition A2]. Therefore from the above expression ¢y, we have |¢,(t)] < C|e(N)| for

t > 1. Now the estimate (2.4.17) follows from (2.4.16). O
The proof of the following lemma mostly depends on information given in [29].

Lemma 2.4.5. Fort <1 and A > 1, we have:

C
oa(t)| < ——. 2.4.19
0] S (2.4.19)
Proof. 1t is follow from [29, Theorem 2.1], that there exist Ry, R;(> 1) such that for any
t with 0 <t < Ry and any M > 0,

1
n—173

or(exptHy) = cg B( t)] 2 Xojt%am(t)jn;z i )¢); (2.4.20)

1 1
where, J,(z) = J’;—Elz)lj (,u + 5) L <§) 2¢~1 and J,(2) is the standard Bessel func-

tion and D(t) = (sinh#)™ (sinh 2¢)™2. The above expression of ¢, can also be written
as: .

or(exptHy) = co {g(tl)] ’ ZtQmam(t)janerm(/\t) + Epri1 (M), (2.4.21)

where,

aop(t) = 1,and |a,(t)] < cR™.

cp 2+, if M| <1,
|Ep1(A)] < (2.4.22)
n—1
et MO () ~ETHMAD i > 1.
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18 Chapter 2. Rank-One Symmetric Space of non-compact Type

First assume, A > 1 and t < + < 1. Using the fact |7, (¢)] < C for all 4 and for all ¢ < 1
and the bound of a,,, we obtain from (2.4.20):

C 1 &opoml C
O e 25 e

Next, consider the case At > 1. As D(t) < t"! for 0 < ¢ < 1; thus by using (2.4.21), we

N

can write

tn_l

ot < (5 (t))é [Tz () + BA)] < € [Tz () + 1 (00)]

D(p+ HU()2!

From a estimate of the Bessel function, we have |7, (t)| < s , (for pp > —3
tHT2
and ¢ > 1). Now by using the estimate of Ej; given in (2.4.22), we get
C
Pa(t)] < =
601 S e
O

2.5 Sobolev space in X

We conclude this chapter by recalling the definition of Sobolev spaces given in [1]. For

s € R, we define H*(X) as the image of L?(X) under (—£)~2. That is

H(X) = {f = (-£)"2g: g € L*(X)}
={f:(-L£)3f € *(X)}

The norm on H*(X) is defined by

IFl - =N=L)=f]

H#(X) L2(X)

Now, by using the Plancherel formula for radial functions (2.3.10), we have

—oif)? = / T OO e 2
L2(X) 0

—
~

Since (~£)5 f(X) = (A + p2)/2](\),

1/2

171 = ([ o rif o)

(X)
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CHAPTER 3

Regularity of Solutions to Schrodinger equation on rank-one

symmetric space of non-compact type

3.1 Introduction

Let u(x,t) be the solution of the Schrodinger equation

Ou(x,t) )
i—y,— = Bulz,t),  (1,7) e RxR, (3.1.1)
u(z,0) = f(x).

Taking the Fourier transform in the z-variable, the solution can be written as

u(z, ) = Sif (&) = / e el Fe) de,

n

~

where f () is the Fourier transform of f, and S; defines a one-parameter family of unitary

operators on L?(R™) such that,

Sif(€) = e f¢).

By Plancherel theorem S;f — f, in L?>-norm as t — 0. A natural question, however, is
under what additional regularity conditions on the initial data f, this convergence holds
pointwise almost everywhere.

20
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In a seminal paper [6], Carleson posed this question and for the case n = 1, proved that
if fe H(R), s > i and the support of f is compact, then Sy f(x) — f a.e. x € R, ast goes
to 0. Moreover, Dahlberg and Kening [12] proved that the condition s > % is sharp. This
result has been further improved by many authors, including Sjolin, Bourgain, Moyua,
Vargas, Vega, and Lee, in higher dimensions [4, 14, 22, 24|, leading to a sharp result.
Similar results were given in [32], where Xing Wang and Chunjie Zhang addressed the
same problem in a manifold setting and obtained results analogous to those in Euclidean
space.

In this chapter, we study the fractional Schrodinger equation in rank-one symmetric
spaces of non-compact type. We will consider the case when the initial data is radial. Our
result is an extension of Sjolin’s result on R™ and further generalizes the work of Wang

and Zhang on real hyperbolic spaces.

3.2 Statement of Main Results

In [27], Sjolin considered the fractional Schrodinger equation on R™:

Z,au(x,t) = Azu(z,t), (t,z) e RxR" a > 1,
& (3.2.2)
u(z,0) = f(z).

and proved the following result:

Theorem 3.2.1. Forn > 2, if f € H*(R") with s > 1

5, and also support of f is compact,

then
Sif(x) = fae x€RY as t goes to 0.

Here S; f(x) is the solution of (3.2.2) defined by

5. () = ule,1) = / e e de,

which reduces to the usual Schrodinger equation discussed earlier for a = 2.
We recall the definition of maximal operator
S*f(x) = sup [Sef(x)]. (3.2.3)
0<t<1

In the same paper, Sjolin proved the following result:
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Theorem 3.2.2. [fn >3 and a > 1, then ||S*f|| < Cgllf] holds for s > 1/2.
L2(B) Hs(R)

However, in [32], Wang and Zhang addressed the same problem for real hyperbolic
space, and proved an analogous maximal estimate like the above theorem for a = 2. In
this chapter, we generalize both the results to the broader context of rank-one symmetric
spaces of non-compact type, and for the full fractional range for all a > 1.

Now we formulate the problem on the rank-one symmetric spaces of noncompact type.
Let X be a rank-one symmetric space and let £ be the Laplace-Beltrami operator on X.

We consider the fractional Schrodinger equation on X is given by:

Zﬁu(gﬁ, t)
ot

(SIS

= (=L)2u(z,1), (t,r) eRx X, a>1,

(3.2.4)
u(z,0) = f(z), f radial.

Now we state the main results of this chapter:

Theorem A. Let X be a rank-one symmetric space of non-compact type. Suppose a > 1
and let f € H%(X) be radial with compact support. Then the solution wu(x,t) of the
fractional Schrédinger equation (3.2.4) satisfies

11_1)1(1)u(3:,t) — f(z), ae xeX,
provided s > %

The standard method for proving pointwise convergence involves obtaining an estimate
for the corresponding maximal operator. Here also a main ingredient of the proof of
Theorem A is the following maximal estimate. The proof of Theorem A is mainly based

on the following maximal estimate:

Theorem B. Let a > 1, and let B be any ball of arbitrary radius in X. Then for all

radial functions f € C°(X) we have,

1S fll < Cgl|fl . for s>1/2 (3.2.5)
L2(B) H(X)

where S*f is defined as in (3.2.3).
Our proof will use Sj6lin’s [27] ideas to establish some mixed norm estimates and then

use interpolation and inclusion results of Sobolev spaces to derive the required estimate

of the maximal operator.
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3.3 Proof of Theorem A and Theorem B

Using the spherical transform in z-variable, the solution u(z,t) of equation (3.2.4) is given
by
u(z,t) = S f(x) = c/ l}?()\)eit(’\upré))%gzﬁ,\(x)|c()\)]_2d/\.
0

The corresponding maximal operator is given by

S*f(x) = sup [Spf(z)].

0<t<1
We first prove Theorem B, in particular the estimate (3.2.5). Let B be any ball in X and

choose
o oy € (X)), a real valued radial function such that oy =1 on B C Supp (ayp), and
e Yy € C°(R), a real valued even function such that ¢y = 1 in [0, 1].

Now set

Sf(z,1) = ao(x)yo(t)Sef (%) = ¢ ao()tho(t) /Ooo FO) MPPHAE 6, (2 c(A) |2

(3.3.6)
First we shall obtain the crucial norm estimate of Sf in the following Proposition:
Proposition 3.3.1. Let Sf be defined as above. Then
a—1
1S F] SOl » 8= —5— (3.3.7)
L2(XxR)

Proof. We have,

//!Sf(a:,t)dedt://Sf(x,t)mdzdt
— [ [ aderuntor ([ Foneo s oyl an)

(/ Flemea e %(m)\cm)rzdn) dadt

S

<

FOVF e e(n)|dAdn

—C/ / (/ ()¢ (x >dl’> O+ )5 = (X +97)2))
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o~

FOVF )2 le(n)|~2dAdn,
(3.3.8)

In the above calculation, we use ¢, (x) = ¢_,(x) = ¢, (), which follows from the definition

of ¢ (2.2.1) and put a = ag? , 1 = y°. For A\, 1 € (0, 00), we define:

KO = (4 Nl ([ ate)on@ion(e)dn) a4 =0+, (339)

Given a suitable function h, we define an operator

Th()) = / K\ m)h(@)le(n)|~2dn.

Now we have,

~

/X / 1S f () Pcdt = / B / T RO (P 4 Do + )~ FF )
e lc(m)|2drdn
= [ ([ KRGl rolel 2o

_ /0 T PROY ()N 2dA (3.3.10)

o~

where, h(A) = f(A)(|p|> + |A]) ™. If T is a bounded operator on L*(R,|c(\)|~2d)), then
by Holder’s inequality we have,

| [[155( O dede < | Thlalinls < ClIB < ClAE 3311
XJR

H=*(X)

Now, to show T is bounded on L*(R, |c(\)|~2d\), it is sufficient to show that there exists

a constant C' > 0 such that
| IRl 2ar< € v e (0,00), (3:312)
0

and

/000 K (X, n)|le(n)|2dn < C VA € (0,00). (3.3.13)
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Indeed by using the Cauchy-Schwarz inequality and Fubini’s theorem we have,

2

/R TN Pe(n)| 2\ = / KOumhmle(n|-2dn| 1e()]-2dx

= / ( / !Wn)!”lK(A,n>|1/2\h<n>uc<n>|2dn> le(\)|2d\

</ ( / 1K<A,n>r|c<n>|2dn) ( / |K<A,n>||h<n>|2|c<n>r2dn) (V)] 2
<cf ( / |K<A,n>\|h<n>|2|c<n>|—2dn) e(V)] A

3 C/R (/R 'K(A’"N'C(A)l_QdA) [h(n)2le(m)] ~2dn < C|hl.

In the above calculation and throughout this chapter, C' is a generic constant.

Now we will prove the boundedness stated in (3.3.12) and (3.3.13). Due to the sym-
metry in the expression for K(\,n), that is K(\,n) = K(n,A), it is sufficient to prove
(3.3.12), and (3.3.13) will follow. Performing a change of variables

u=(N+p"%, and b= (n*+p°)?,

using boundedness of ¢y, the estimate (2.4.16) of |c¢(\)| and the fact that p > 1/2, we

have
/0 IR )l 2

< 0 [ =] [ a@s(o)s, o)is (1o —r2)
(1 +\Jua — p2>8+m1+m2_1u31du. (3.3.14)

We now estimate K (), 7n) into two cases:

Case I (n<2):

Given that 1 < 2, it follows that b < (4 + p?)2. For 8 = (4 + p*)% + 1 the integral in
(3.3.14) can be expressed as
o0 9 /BJFP —~ s+mqi4+motl—a o0 ~ st+mj+mgo+l—a
(KA, n)lle()]7dr < C [(u=b)fu=""""du+C [(u = b)fu="""a"""du
0 pa B+pa

=I5 + I,.
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In the above estimate we have used the fact, that the integral

/X () (1) )z

is bounded as o € C°(X) and both ¢, and ¢, are bounded functions. Moreover, as ) is

a
B+p s+m1+m2+l—a
u a du
pe

which is bounded by a constant C', independent of A and 7.

rapidly decreasing and bounded, we have

B+pa -~ s+m m l—a
I = ‘c/ (- b)fu " du
p

a

<C

For any large positive integer m, % is uniformly bounded, we have

o0

~ 1 Il
|Y(u —b)| < O—-—<C— and IQSC/

u'Y
—du < (C

ey

s+mi+meo+1—a

where v = s

Case Il (> 2):
Since b = (n*+p*)2 and n > 2, we have (1+1/ be — p?)°" < Cba,and b > (22+p%)% > (1),
since p > 1/2. Now by using these estimates in (3.3.14) we get,
| O ey
<Cba / /a(:v)@(x)%(a:)dx
pe X

L B2
=Cba /
pa

3b

s [2
es /
(3+p%)2

+Cb2/
%

=1 + I + I,.

. 2 st+mi+mo—1 )

’w(u — b)‘ (1 + 1/ ua — p2) wadu

Y B 2 i s+mi1+mao—1 -
Pu—>b)[ [ 1+ ua —p ua du
~ N s+mi+mo—1 2 4
‘w(u—b)‘ (1+\/u5 —p2> e du
L. 5 s+mi+mo—1 2
‘w(u—b)’ <1+\/u5 —p2) ua""du

/X ()2 () () iz

/Xa(x)@(x)%(x)dx

a(z)or(x)dy(x)dz

X

Now we will bound the expressions [;, I and I35. The boundedness of I; and I3 is easy.
Using again the decay property of QZ and the boundedness of ¢,, like in the previous case

for large positive integer N, we have

. [t du bi
I, < Cbs / __<cX <c 3.3.15
R A RV H i
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__ stmi+mo+1
and for = =TS

s [ uf s [
2

As b > 1, the constant C' is independent of A and 7. The main and crucial step
is to bound the expression I,. To bound I; and I3 we have used that the integral
([ a(x)or(x)¢y(x)dz) is bounded as a € C2°(X). For I, we will use the bounds of ¢, ()
in both variable ¢ and . In this case we estimate the integral ( [, a(z)¢r(x)¢,(z)dz) into
two parts.

Since «, ¢ and ¢, are radial functions, we have,
/a(x)gb,\(m)qbn(x)dx = / a(s)pa(s)dn(s)D(s)ds.
X 0

Let d = my +ms — 1. By putting A = (ua — p?)2 and 5 = (bs — p?)2 in (2.4.17) we obtain,

C C
63| < —z7 5 (D] < =z (3.3.17)

U 2a " b a

Now by using estimates (3.3.17) and (2.4.19), we obtain,

< +

/X a(2)d2(&) by (@) / ()6 (s)a,(5) D(s)ds / a9, (5)D(5)ds

C D(s
. = ( | ta@ipeds+ [ o) (5) ds)
U 2a b 2a s>1 A S
C

= T at1,dt1°
U 2a b 2a

Finally, using the above bound, we get,

s o ~ u§+%+%_1
I gba/ |(u—b)| —5—5du, where a =my+my— 1.
(

» FESINFES]
3+p2)g U 2a b 2a
G ~ wata!
<cvi [T b S rdu
(3+p2)§ U 2a b 2a
%
<cvi [T o= bt
(3+p2)%

~

< Chatat / C (= b)du < C.
3

This proves (3.3.12), and completes the proof of the Proposition.
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Given any suitable function g on R, we define

1/2
Hs:(/|g (1+t%) dt) :

1/2

Isfl = / 1S (e, )P de | (3.3.18)
L2(H?) X Hs

lg]

Now, we define

We need the norm estimate given in the following lemma:

Lemma 3.3.2. Leta > 1 and s = “T_l Then for f € C°(X), we have

HSfHL </l : (3.3.19)

@) H~sta(X)
Proof. Differentiating Sf(x,t) with respect to t-variable, we have

%Sf(ﬂ%t)Zao(:v)%ﬁo(f)/X (02 + ) E O F(X) gy () ()| 2N (3.3.20)

~

T ()0 (1) / 249 T3 (@) ()| 2N

X
=i Slf($7t) + SQf(a:at)

Now by equivalence of norms in Sobolev spaces [30, Lemma 3, p. 136], we have

0
15 ()l <CISf Il +llZ5S5f @)l

H'(R) HO(R) HO(R)

<SCLISF@ Il + 1Sl + 15/ (=, )l

HO(R) HO(R) HO(R)

Again, by triangle inequality we have,

ISl <C ISl + 1Sl + [|1S2.f]| : (3.3.21)
L2(HY) L2(HY) L2(H0) L2(HY)

If we repeat the argument given in (3.3.8) and (3.3.10) in proof of the above Proposition,
and substitute h(n) = f(n)(p2 +1)7%(n?* + p?)%, then by (3.3.11) we have

IS < Clhlz < 0/ )PP + o) e(m)|dn = Cl ffi-vragy (3.3.22)

L2(HO)
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Since Sy f is defined as Sf, by (3.3.7)

152 f|] < C|Ifl : (3.3.23)
12(H0) H=# (%)

Since H*t* C H~*, thus from (3.3.21), (3.3.22) and (3.3.23), we obtain (3.3.19). This
completes the proof. O

From the above Proposition and Lemma, we have

IS/l < C|Ifll , and S < C|Ifll
L2 H- L2(HY)

(H®)

S(X

H—s+a(X)

Interpolating between these two yields

ISA] <Ol , 0<r<1L
L2

(Hr) H—s+7‘a(X)
We refer to [3, Theorem 5.1.2 and page 153, (7)] for details about interpolation results.

By taking r = % + ¢, we have

0<e<L

)

HZ 3+ae(x)

||Sf||L2< 1+6> < CIIfIIH

As, H*(R) < L>®(R), for s > 1, it follows that

1
IS £ <C||fl] fors> —.
L2

(Loo) Hs 2

1/2
Now, 1571 = laalo}ba(t)S. (o ( / Hao(if)%(')s(-)f(ﬂ?)||%;>°d$) and

)l =

/B loo(@)b0(-)St) F@) | eds < / lao(2)o(-) S0 f ()| d.

Using the above inequality and the fact that ag =1 on B and ¢y = 1 we get,

[ IS0f@IEads <ISFI wheno <<t
B ! L2(L%)

Since sup [Sif(z)| = ||S¢)f(z)] e, finally we obtain
0<t<1

1
< C|f] fors>§.

L2(B) H#(X)

sup |5y f ()]

0<t<1
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This proves Theorem B.
Now we will prove Theorem A.

If f e C*(X) and radial then it can be easily shown that %ir% Sif(x) = f(z). Now
—

suppose f € H*(X), radial and has compact support, then there exist a sequence {f,} in
C°(X) of radial functions such that f,, — f in H*(X) and support of all f,, contained in

the support of f. Now, for a particular subsequence {f,, } of {f.},
Suf (@) = Sy (lim fu, (2)) = lim Sify,(2) < Tim |S*fo (2)]

k—o0 k—so00 k— o0

Taking supremum in ¢, we have
S*f(x) < lim |S* fp, (2)] = im S*f,, (z).
k—o0 k—o0
After squaring and integrating over B, we get
|18 t@pda < [ lim (5" @)
B B k—oo
Applying Fatou’s lemma and the estimate (3.2.5), we get

/(S*f(x))deS lim [ (S*f.(2))%dz < lim C||f.|> =C|f|* , (3.3.24)
B n—oo

n—0o0 B Hs Hs

for every ball B in X. Now, if f € H*(X) has compact support and g € C°(X) , then we
have
lim |5, f(z) = f(2)| = lim [Si(f = g)(z) = (Sig(z) — g(z)) = (f(2) = g(2))|
< S°(f = 9)(@) + | f(2) = g(=)].

Taking L?-norm on both sides and using (3.3.24), one obtain

lim [S,/(2) — £(z)|) dz < CIf = g]]* .
/ (1 )

HS

By density, we can choose g, such that ||f — ¢g|| can be made arbitrarily small, conse-
HS

quently
lim S, (z) — /()| = 0.

This complete proof of the Theorem A.
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CHAPTER 4

Sharp Regularity Results for the Schrodinger Equation on

Rank-One Symmetric Spaces of Non-Compact Type

4.1 Introduction

In this chapter, we aim to improve the result obtained in the previous chapter and to
establish the sharpness of the result. Our result is an extension of Sjolin’s result on R”".
In [27], Sjélin proved that for n > 2, if f € H*(R™) with s > § then S;f(z) — f (as t goes
to 0) a.e. = € R™. For the one-dimensional case n = 1, he improved this result to the
condition s > ;. Moreover, the range of s obtained here is sharp, where u(z,t) = S, f(z)
is the solution of the fractional Schrédinger equation (1.0.5).

Let S* f be defined as earlier in (3.2.3), in [27] Sj6lin proved the following result:

Theorem 4.1.1. If n =1 and a > 1, then ||S*f|| < Ca|lfll holds iff s > 1/4;
L2(B) Hs(R)

where B is a ball of any arbitrary radius in R.
Also, Sjolin addressed the same problem for radial initial data in R™ in [28]. He proved

that, if n > 2 and f is radial, then ||S*f|| < Csl|fll holds if s > 1/4.
12(B) Hs(R7)

In 2005, Cho, Lee and Shim considered this problem in a more generalized way [8]. They
have established the following result:

32
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Theorem 4.1.2. For anye >0 and b > 1, if f € I—L}MHU(Jn_l)/Q_l/“E, then there exist a

constant C' such that,

Jlu] < Sl (4.1.1)

L2((1+]|z|)~dz) HMA g /2-1 4

where, u(z,t) is the solution of the free Schrodinger-type equation given below:

du(z,t) = iQ(D)u(z, 1), (t,z) e RxR",n>2,
ot (4.1.2)
ulz, Qe

and, u*(x) = sup,.q |u(x,t)| is the maximal function corresponding to u(z,t).
In the above equation, (D) is a generalized differential operator defined by a C?-function
Qand D = (—A)Y? and f has H® regularity for s > 0 as well as some regularity in angular

direction. For «, 8 > 0 the initial data space H®HP has been defined by

HRHG ={f:IFI == 2)*2f]  <oo},

HeHE L2H]

where ||g]|? =/ lg(r)[r" = dr, HgllL2 =M@= Ay 2g(ra)]| ]

L2 0 2H,, L2 L2
In fact, it can be shown that if the initial data f is radial, then the norm estimate
(4.1.1) reduces to

[[u"]] < ClfI
L2((1+]af)~bdz) H

\ (4.1.3)

In the previous chapter, we proved an analogous result of Sj6lin (Theorem 3.2.2) in a rank-
one symmetric space of non-compact type. There we showed that, if a radial function
f € H*(X), with s > £, then S;f(z) — f a.e. z € X (as t goes to 0). In this chapter, we
improve the range of s up to i. We came to know that a similar result with respect to
regularity in s was obtained independently by Ustav Dewan in [13]; he also established
the sharpness of this result. However, our proof is quite different and shorter. We will

follow the proof method used in the paper [8].
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34 Chapter 4. Sharp Regularity results for Schrodinger equation

4.2 Formulation and Statement of Main Results

Let X be a rank-one symmetric space of non-compact type and let £ be the Laplace-
Beltrami operator in X. The fractional Schrédinger equation in X is given by

Ou(x,t)
ot

n[e

i = (=L)2u(x,t), (t,z) e Rx X, a>1,

(4.2.4)
u(z,0) = f(x), f radial.

We now state the main result of this paper:

Theorem C. Let X be a rank-one symmetric space of non-compact type. Suppose a > 1
and let f € H*(X) be radial with compact support. Then the solution u(z,t) of the

fractional Schrodinger equation (4.2.4) stasfies

limu(z,t) — f(x), ae zeX,
t—0

provided s > %1.

As mentioned in Chapter 3, the standard method for proving pointwise convergence
involves obtaining an estimate for the corresponding maximal operator. We will follow
this approach as well. Our proof will align with the idea of the paper [8]; to establish
some mixed norm estimates of the dual operator, derive the required estimate for the
corresponding maximal operator. Proof of Theorem C is mainly based on the following

maximal estimate:

Theorem D. Ifa > 1, and B is ball of any arbitrary radius in X, then

\IS*fHL2 < Cllfll -, (4.2.5)

(B) H3(X)

holds for s > 1/4, where S*f is same as previously defined in (3.2.3) and f € C*(X),

radial.

4.3 Proof of Theorem C and Theorem D

In this section, we first prove the Theorem D and then Theorem C. Let B be a fixed

radius ball in X and choose ap € C*(X), a radial, real cut-off function, and oy = 1 on
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4.8. Proof of Theorem C and Theorem D 35

the ball B contained in the support of ag, . Now fix s = }l and set

Jeit(V+) 8 (M)~
Tf / FOtos+A 4 () oag (4.3.6)

and the corresponding maximal operator is given by:

T f(x) = sup |T f(x,t)|. (4.3.7)

teR

To prove (4.2.5) it is enough to show that,

1T fll2exy < C | fllz2x)- (4.3.8)

In fact,

~

15" fllzz2ry < 1T gllz2cey,  where GA) = FO)(X* + p%)3

< llgllz2x)

o 1/2
= (/ IFVP(N2 + p2)5¢A(x)|c(/\)|_2d/\) , by Plancherel formula (2.3.6)
0

=[]

H ()

Let Q()\) be a C?—function satisfying the relation:
a|lATE<IOB )| < el A*F, (k=0,1,2) ifA>N (4.3.9)

for some ¢y, o, a > 0 and for a large N > 0. Clearly Q(\) := (A2 + p?)2 satisfies the above
condition.

For any operator T': X — Y, the dual operator 7% : Y* — X* is defined by
<Tf g>=<f T >
Now the dual operator T? of T is given by:

T = g L @) ae e

for g € C(X'x (0,00)) and radial. To prove (4.2.5), by duality it is enough to show that:

79 <Clgll . forg € C(%x (0.00) (143.10)

TH-4002_206123013



36 Chapter 4. Sharp Regularity results for Schrodinger equation

Using the boundedness of ¢, (2.4.3) and Holder’s inequality, we have

T < s [ Mot o) de < o

Now, squaring and integrating over {A: 0 < A < N}, we get

[ rtaopeoase ([ A0 gy

L2rt

where, N is the integer chosen in (4.3.9). By using the estimate of ¢(\) given in (2.4.16),

/ [T (N)Ple(A)|2dA < C'lgll* . (4.3.11)
AN

L2rt

Now, we will consider the region {\: A > N}.

/A TPl ay (4.3.12)

_A>N (A +p?)° (// T o\(@) a ()g(x,t)da:dt)
(// e 6 (y) co(y) (y,t’)dydt)|c()\)|—2d)\

/ / / / (/N mp)e G oA (r) e <A>|—2dx)a0<r>a0<w>g<r,t>g<r/,t/>

D(r)D(r") dr dr'" dt dt'.

Using the Harish-Chandra series for spherical functions ¢, given in (2.4.14) we have

oA(r)oa(r') = cN)e(N)eXT e P () pa(r) + c(N)e(=A)e A e g, (r)p_a () +
c(=N)eN)eMH eI (r)oa (1) + (= A)e(=A)erT e Ty (r)p_x (1)

=L+ 1L+ I3+ 1.

We will estimate the integral (4.3.12) for [; and I5; the estimates for the other two integrals
will follow similarly. Now, using the expression for ¢,(r) given in Harish- Chandra series

expansion (2.4.14) of ¢, we get,

I = c(N) c(A) €077 e T (A) To(A) + To(A) Y Tu(A) e

n>1
+ To(N) Z Lo\ e " + Z T, (\) e 2 Z T, (\) e 2
n2l nx1 m2>1

=ha+ 5L+ 1Lizg+ 14
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By putting the value of I; in (4.3.12) we obtain,

K . IT%g(N)|?|c(N)|~2dA (4.3.13)

/ / / / (/M A2+1p)6 e (111+Zlu> |2d/\)

1>2

ao(r)ao(r)g(r, ) g(r', ¢)D(r)D(r") dr dr' dt dt'.

For 7 = 1,2, 3 and 4, the expressions for the kernels K;’s are as follow:

1 : /
Ki(r, 7",, t, t/) = /}\ N mezQ()\)(t =) Il,i ’C()\)|_2d>\
>

In particular,

1 3 ! : !
Ki(r,r' t,t") = / mem(’\)(t e _T)d)\, since I'g(A\) = 1 by Lemma 2.4.4.
A>N pe)°

To get the estimate for Kj, we use the following lemma [8, Lemma 2.3] which gives a

uniform bound for kernel K in 7,7/, ¢, .

Lemma 4.3.1. /8, Lemma 2.3] For any real number A, B there exists a constant C,
independent of A and B such that

/ pi(AQN)+B2) . dA | < C|B|_(1_23).
ASN (A2 + p?)s

where Q(N) is a function satisfying (4.5.9).

By the above lemma, we have the estimate:
| Ky (r,r' 6, 8)| <

and also by using the estimate for I';,(A) given in (2.4.15), we deduce the following bounds
for the kernels Ks:
For 1 = 2,

1 X /
KQ(T, T’I,t,t/) = /): v m@zg()\)(t —t) [172 ‘C()\)‘iQd)\
>

and

8

11,2 _ C()\)C( )ez‘)\(r’fr)efp(r+r

f2nr

TH-4002_206123013



38 Chapter 4. Sharp Regularity results for Schrodinger equation

/ > / ]. : / ; /
‘KQ(T, 7/,/7 ¢, t/)‘ < efp(rJrT ) Fn<)\)672nr / e'LQ()\)(t 7t)ez)\(r 7r)d)\
Z N (A2 +p?)

n=1

1 1
< p(r+r") TLU —2n7r! / d)\
Z asn (A2 4 p7)% (14 [A])
/ d\ /
< e—p(r-i—r )/ < Ce—p(r +r)'
v (A2 4 p7)3(1 + [A])

By the similar computations as above, we can conclude

p d\ ,
K;(r,r' t,t)]| < e P07 )/ < Ce ) for i =3,4.
[Hilr, s, 0] < o O 2P ] S

Using these estimates in (4.3.13), we have
/ T2 () i)
>\>N
€ p ' +T / / !/
w = s o Mllao(®)[llg(r )l lgC )l D)D) dr dr

L1(dt) Li(dt)

+/ / e ol lao@ gl M Nlgl's Il DE)DE) dr dr
o Jo L1(dt)

Li(dt)

S/Ooofzs e lao(m)llg(r, )l D) | (') e lao()lllgl’, ) D(') dr’

L (dt) L1 (dt)

T / e laolllgm ) D) dr / HlooellaC’ N, D)
0 L1(dt) 0

= A+ B, where [y is the Riesz potential of order 2s; Ir f(z / | |1 5
T i 5

Now, using the boundedness of the Riesz potential and applying Hélder’s inequality re-

peatedly, we obtain the following estimates for the integral expressions:

A< | s | e lao(r)lllg(r )l D(r) e Jao(r)lllg(r', )l D)
L1(dt) L6 L1(dt) .

uio

< Clle” ao(r)lllg(r, )l D) lle leo(r)lllg(r, )l D)
L1(dt) L3/2 L(dt) 1,6/5

2/3
| [ e D@ aan) gt ) D6 dr
0 L1 (dt)
5/6

/ e~ D () ()] lg(r, )Y D)0 dr
0 L1 (dt)
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1/2
19 1/6 0o
<o [Teomneplamra) | [ClaeoR e
0 0 L1(dt)
- 1/3 - 1/2
(/ e-3ﬂfD<r>3/2|ao<r>|3dr) [l Dy
0 0 L(dt)
00 o) 1/6
<o | [Tl poyar (/ e-6”D<r>3|ao<r>|6dr)
0 L1(dt) 0
oo 1/3
< | e adf dr)
0
— O gl
L2117
And
00 0o 1/2 00 1/3
| [Tl pear) ([T pmiatnpar) ([ e e )
0 L1(dt) 0 0
— Ogl?
L2L1

Finally, we have

I I U a6t

D(r)D(r")dr dr'" dt dt’

Again, we have the expression of I as

I, = C( )C(—/\) e~ AT +T) o=p(r'+T) 1“0(/\) FO + FO Z F o2’

n>1

+ FO Z F —2nr + Zme—Qnr Z Fm(—A) 6—2mr’]

n>1 n>1 m>1

=D+ Do+ I3+ Iy,

is a continuous function on R and

‘ = 1, by applying Lemma 4.3.1

Te(=N) c(—=N)
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and by the similar computations as above, we have

/ / / / (/)\>N Viﬂ)em(k)(tut)l" e* )|—2dA) ao(r)ao(r')g(r, )g(r',t')

D(r)D(r") dr dr" dt dt’

< Cllgl”
L2

Now, the estimates for I3 and I follow in a similar way and we obtain,

| TP < ol (4:3.14)
A>N

L2Lt

Combining (4.3.11) and (4.3.14) we conclude

1T < C|gl
L2 L2t

By using the duality argument, we get the estimate (4.3.8) and this proves Theorem D.
The proof of Theorem C will follow exactly in the same way as Theorem A in the previous

chapter.
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CHAPTER b

On Local Regularity and Well-posedness of Schrodinger Equations

on Rank-One Symmetric Spaces of noncompact type

5.1 Introduction

Let u(x,t) be the solution of the initial value problem:
ou(z,t)

-

+ P(D)u(z,t) = F(x,t), (t,z) e R x R",
(5.1.1)
u($’ 0) = UQ($),
where P(D)u is defined via the symbol P(§) such that P(&) behaves like |£|™ as || — oo,
1
m>1land D = — (8%1’ o a%) . In 1988, Constantin and Saut [10] studied a large number
Z n
of dispersive equations of the form (5.1.1) and showed that solutions to this system enjoy
a local smoothing property.
In particular, for xy € C§°(R"™!) which is supported in [T, 7| x R" u(z,t) satisfies
the estimate:
1/2
([ @Dl = ) g, 0Pdsdt) < CT) (lualla-en + 1P lus ).
(5.1.2)

Thus, if ug belongs to H*(R"), then for almost every ¢ # 0, the function u(-,t) belongs to

H*T*(IR™); this kind of gain in smoothness is known as local smoothing. This property was

42
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discovered by T. Kato [20] for the Korteweg-de Vries equation: the solution of the initial
value problem is locally one derivative smoother than the initial data. Independently, P.
Sjolin [27] and Vega [31] studied the pointwise convergence of the solution of the equation
(5.1.1) and proved that it has locally 1/2 derivative more than the initial data for almost
every time with P(D) = —A and F' = 0. Later in [11], Constantin and Saut again studied
this type of equation with non-zero potential V' on R™ with certain properties and obtained

local smoothing properties for the solution u(z,t) of the equation

0 t
i “(69; ) 4 Au(s,t) + Vulo,t) =0, (t,5) ER X R",
(5.1.3)
u(z,0) = up(x).
The smoothing estimate is the following: For any R,T > 0,
ir
/_ ) /| = 2 G e e < O T)lolfe (5.1.4)

Further, in the same paper, they addressed the problem for a more generalized operator
P(z, D) and potential V (z, D), instead of A and V respectively, and obtained the same

kind of smoothing estimate (5.1.4).

5.2 Main Result

Now, before discussing the local smoothing property, it is necessary to establish the well-
posedness of the corresponding system. In 1993, A. Ruiz and L. Vega [26] proved well-
posedness and local smoothing estimate for the solution of Schrédinger equation with non

zero potential V € L/ *Lee+ L L7, r > 1. One of the main results in [26] is the following:

Theorem 5.2.1. Let V' be a potential in R™ which can be written as V (x,t) = Vi(x,t) +

Va(,t) with Vi € Li*(LP(R)), Vo € L7([=T,T) : LF),r > 1 and Vi oo po ey, small
x t
enough. Then there exists a unique solution u(z,t) such that
Hu‘|Lin/(n72)(Lf[—T,T]) + E‘lil; ”U(, t)HLQ(R”) S C<T)||UUHL2(1R”) (525)
Moreover,
1 T
zo,R R B(zo,R) J T

L — P

where (D3 f)(&) = [§]°£(8)-
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44 Symmetric Spaces

In this chapter, our goal is to extend this result in symmetric space setting.
Let X be a symmetric space of noncompact type, with any arbitrary rank. Let u(x,t)
be the solution of the following Schrodinger equation with a nontrivial potential V' in X:

Z‘(?u(fzc, t)

BT + Lu(z,t) + V(z,t)u(z,t) =0, (t,z) € R x X,

(5.2.7)
u(z,0) = ug(x).

We establish the well-posedness of the solution of equation (5.2.7).
Although there is no precise definition of well-posedness, the following definition is

given in Kato’s [20] paper: Consider an abstract Cauchy problem
du/dt = f(u),t >0, u(0)=¢. (5.2.8)

Suppose there are two Banach spaces Y C X, where the injection f : Y — X is contin-
uous. Suppose that for each ¢ € Y there is a real number 7' > 0 and a unique function
u e C([0,T];Y) satisfying (5.2.8) for t € (0, T]. Suppose, moreover, that the map ¢ — u
is continuous from Y to C'([0,7];Y’). Then we may say that the problem (5.2.8) is locally
well posed in Y. If T' can be taken arbitrarily large, the problem is globally well posed in
Y. We will prove the following theorem:

Theorem E. Let V' be a potential in X and V(x,t) = Vi(x,t) + Va(z,t) with V; €
LY2(Le(R), Vo € L7([-T,T) : L=),r > 1 and |V

||L2/2(L?(R)) is small enough. Then

there exist a unique solution u(x,t) such that

||u||Lin/(n_2)(L?[7T,T]) - E‘UI; ||U<, t)||L2(X) S C(T)HUOHLQ(X) (529)
<

The proof is based on some mixed norm estimates of the solution of Schrodinger

equations on X.

5.3 Proof of Theorem E

To prove the Theorem E we need some estimates regarding the free Schrodinger propa-
gator, which we will prove in the following Lemmas. These estimates will follow from the

following Strichartz estimate obtained by Anker et al. in [2]:
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Theorem 5.3.1. (Strichartz inequality). Let X be a symmetric space of any arbitrary

rank and (p,q) and (p,q) be two admissible pairs corresponding to the triangle

{Ga) () g 52510 (03)

Then there exists a constant C' > 0 such that, for any bounded or unbounded I C R, the

solution to the inhomogeneous Schrodinger equation

0 t
¢“§”+ﬁuao:F@ﬁ, (t, ) € R x X,
(5.3.10)
u(z,0) = f(z)
satisfies
lellzrszacen < € (Mfllzzon + 1F Nl o) (53.11)
where, p',q satisfies % + z% =1 and % + % =1.
Lemma 5.3.2. Let u = e'**uy be the solution of the Schridinger equation
0 t
ii%%l+£m%w:a (t,2) €R x X,
(5.3.12)
u(z,0) = ug(x).
Then there exists a constant C > 0 such that
e “uql| < Clluof (5.3.13)
L3LF(R) L2(X)

whenever ¢ < =%,

2n
n—2

Proof. The proof of this lemma is based on the Strichartz estimate proved in the above

Theorem. Using that estimate (5.3.11) we have

2 n_n
[l <cllul| L p=2q>2; 4>
LILY(R) L2(X) p q 2
Choosing p = 2, we get ¢ < 2% -
Lemma 5.3.3.
T
’ / e Ef 1)t < YISl (5.3.14)
0 L2(X) AL (R)
; 2n
with p > EUE
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Proof. For g € L*(X),

T
eiw f(x, t)dtg(z)dx

”‘f (z,t)g )dmdt‘

//’fxt —itLy )’dajdt
//‘fxte”ﬁ ‘dxdt

’ 1*f1] n_mn
< [ Il Ne“g@)ll dt, ~+—=L1+=>7
/0 : Ly ng ¢y q 2
< [I£1] le"“g ()]
LY L2(R) LIL2(R)
<Clgl 171 ., by Lemma 532,
12 L{I2(R)
Taking supremum over g € L*(X) such that | g|| = 1 and using duality we have the
L2(X)
required estimate (5.3.14). O
Lemma 5.3.4. Let u(z,t) be a solution of
Ou(x,t
i “g ) 4 Lue,t) = f@,t),  (ta) ERXX,
(5.3.15)
o(z, NS0
Then
[ < C ISl (5.3.16)
LIL2(R) LI L2(R)
wzthq<— and ¢ > =% +2
Proof. From the Strichartz estimate (5.3.11) we have,
[l <l
LL7(R) Li LY (R)
where p,p’ > 2 ; q,q~’>2and2+ﬂzﬂ, I%—i—qﬁzg.
2n 2n
Now choosing p = 2 = ', we get ¢ < =% and ¢ > -5, and proof of the lemma
follows. O
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Now we prove our main result, Theorem E.

By Duhamel’s formula, the solution u(zx,t) of (5.2.7) can be written as (see [2]):

t
u(z,t) = euyg +z’/ LY (L s)u(-, s)(x)ds (5.3.17)
0

We define the space X7, and the operator 7y, on X by

o {f Nl = max(||f||Lg<Lg([_T,TD), up ||f<-,t>||Lz<x>) < oo, with - ==
t
Tv f(z,t) = i/o eIV (z,5) f(x, s)ds
So, we have
u = e“uy + Tyu (5.3.18)
Now, suppose ug € L*(X), then by Lemma 5.3.2
||€it£U0||Lg/Lf[7T,T] < Cluo| r2x), (5.3.19)
and by Plancherel theorem, we have
HeitCUOHL%X) = ||uo||p2(x)- (5.3.20)
Combining the norm estimates (5.3.19) and (5.3.20), we have
e“uy € Xr.
In particular, from the definition of the space X, we can say
ug € LA(X) = e"uy € Xop. (5.3.21)

The equation (5.3.18) can be written in the form (I — Ty)u = e“uy. So, if we can
prove that the operator (I —7y ) is invertible, uniqueness of the solution of equation (5.2.7)
will easily follow.

Now take f € Xr. As V = V] + V5 so we have,

H%f”Lg/Lf[fT,T] S ||7;/1f”L§/L%([7T,T]) + ||7{/2f||L§,L?[7T,T} (5322)
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Note that if ug = 0, then u = Ty, u is the solution of

0 t
z% + Lu(x,t) = Vi(z, t)u(z, 1), (t,z) € R x X,
(5.3.23)
u(z,0) = 0.
It follows from the estimate proved in Lemma 5.3.4, that
Hﬂ/luHLZL%[—T,T} < C”‘/luHLg/L%[_T,T]
for g < % and ¢ > n2—f:2 In particular,
HleHLilLf[—T,T] = C”‘/lf”LgL?[-T,T] (5324>
where p’ = %,p = n2—f2
Now, Ty, f can be written as
T \ T
T f (2, 1) = Z/ Xo.4(8)e ™ Vo (-, 8) f (-, 5)ds = / F(s,t)(x)ds
-T =

where F'(s,t) = X[O,t](s)ei(t_s)ﬁvg(, s)f(-,s). Applying Minkowski’s inequality twice, we
get

T

1Ttz < [ IGO0y

B / |V, ) F(C8)  ds

=i LE L2(R)
T
i /\|V2(~,s)f(~,s)HL2(X)ds, by Lemma 5.3.2.
=T
(5.3.25)

Now, applying Holder’s inequality and using the fact that V; € L 2LfO(R), we obtain

H‘/lfuL‘;L?[—T,T] < H‘/l“LZ/QL;’O[*T,T]HfHLg/Lf[—T,T} (5326)

Since f € Xrp, therefore sup || f(-,%)||z2 < oo; that is || f(-, 5)| 2 is finite for each s. Using
[t|l<T

this fact, together with Vo € L"([-T,T] : L>),r > 1 and applying Holder’s inequality

again, we have

T
/ 1Va(e, 8) £ (o 8) |l p2eods < TV | Vall prermyzee) SUI; [FACRAIIF# (5.3.27)
T <

¢l
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Now substituting the estimates (5.3.26) and (5.3.27) into (5.3.24) and (5.3.25) respectively,

and using (5.3.22), we finally obtain

17 F sy < € [IVall gy T Wallirommzs| 17, (5.3.28)

Now, in order to show Ty, f € X7, we have to compute the L?norm of Ty f in the x

variable.

|Tv )z < T fC e + 1T f 1)) (5.3.29)

By Lemma 5.3.3, we have

2n
n—+2

1T fC D@ < ClVAfllziz®), for p= (5.3.30)

Using the definition of Ty, f(z,t) and applying Minkowski inequality, we have
T
[T f (5 D)ll2x) < / Va(, 8)f (5 8)ll 2y ds (5.3.31)
—

Again substituting (5.3.30) and (5.3.31) in (5.3.29), we finally obtain

0¥
sup [|Ty £ (-, )|l 2y < ClVifllzezzm) +/ IVa(- 8) £ ()l 2y ds- (5.3.32)

|t|<T .

By using estimates (5.3.26) and (5.3.27) in the above inequality we get

sup || Ty £ (- )| z2) < C | IWVall prrzpe gy + T IVellr (mrmyzey | 1 llxr (5.3.33)

<

So, combining the above estimate and (5.3.32), we can say
Tvf € Xp, whenever [ € X7, (5.3.34)
and the operator norm of 7y, is dominated by

cfim TV Vel rmyazn)

”L;‘/2L§° [~T,T]

Hence choosing ||V} } and 7" small enough, we conclude that the operator norm

HLZ/QL;;o [—T,T
of T is less than 1. Hence I — 7 is invertible, which assures the uniqueness of the solution

of the equation (5.2.7). Also, combining (5.3.34) and (5.3.21), we can say

u(z,t) € X7, whenever uy € L*(X)
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Now, we will prove the inequality (5.2.9). The estimates (5.3.19) and (5.3.20) together
give,
ite

e +le™uoll 2 < Clluollz2ey < Cllullxg. - (5.3.35)

uol| LY (L3(-1.1)

From (5.3.18), we have
lullxy < I = Tv) lloplle™uollxy < Clluollzae
(5.3.28) and (5.3.33) together imply

7] )+ g T, Dllaage < Clluls < Clunlzzan (5.3.36)

/
Ly (L3 [-1,1)

Finally, combining (5.3.36) and (5.3.35), and using the expression of u given in (5.3.17),
we obtain the required estimate (5.2.9).
From the estimate (5.2.9), we can say ug — u(z,t) is a continuous map from L?(X)

to the space Xr. This completes the proof of Theorem E.
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CHAPTER 6

Concluding Remarks

In this chapter, we would like to address some open problems that are closely related to
the topics discussed throughout the thesis.

Problem 1: In chapter 3 and chapter 4, we have proved the pointwise convergence
problem related to the fractional Schrédinger equation on X assuming the initial data to
be radial. One of our future plans is to extend this result to the case with non-radial
initial data and to find the admissible range of s in this case.

In that case, the solution of (3.2.4) will be

u(z, t) = S,f( //fm #0047 E (OTHE R0 2dk dX, by (2.3.5)

If we proceed as in the proof of Theorem B, we have

[ [sanpasa=c [ [ [ [ ([ oo ,)

P07+ 072 = (P +p)7) k) F(n, k)
le(N)[ 72 |e(n)| 2 dX dn dk, dk;.

Thus here,
K()\ﬂ?) _ (p2+|)\|)s<p2+|n|)s</ O[(x)e(i)\-‘rp)H(:v*lkﬂ (—in—p)H (z ™ ko) dl’){ZJ\((T] +p )% (/\2+p2)%>>
X

52
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The main difference is that the terms ¢, and ¢, appearing in the expression of K(\,n)
in the proof of Theorem B is replaced by e +PH @ k) and e(-in—p)H("'k2) pegpectively.
Unlike the radial case, these terms do not provide any decay in terms of A and 7. Therefore
it is not clear if [, [ [Sf(z,t)]*dzdt can be convergent.

Problem 2: So far, we have considered the problems in the rank one symmetric space
setting. It would be interesting to know to what extent these results remain valid for the
higher rank case.

In the higher rank case, dim ai > 1, therefore the spectral parameter A, n belongs to
R™. It is therefore necessary to analyze how the results for spherical functions and Harish-
Chandra’s c-function extend to this case and to obtain an appropriate decay estimate for
¢ and c(A) in terms of .

Problem 3: In Chapter 5, we have only established the well-posedness of (5.2.7).To fully
resolve this problem, it remains to prove a local smoothing estimate of the type (5.2.6),

due to Ruiz and Vega.
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