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Abstract

A graph G with vertex set V (G) and edge set E(G) is said to be word-representable

if there exists a word w over the alphabet V (G) such that, for any two distinct letters

x, y ∈ V (G), the letters x and y alternate in w if and only if xy ∈ E(G). Equivalently, a

graph is word-representable if and only if it admits a semi-transitive orientation—that is,

an acyclic orientation in which, for every directed path v0 → v1 → · · · → vm with m ≥ 2,

either there is no arc between v0 and vm, or, for all 1 ≤ i < j ≤ m, there exists an arc

from vi to vj.

This thesis investigates several aspects of word-representable graphs and semi-transitive

orientability, addressing multiple open problems and introducing new structural frame-

works. A partial classification of all 2-word-representable graphs is obtained based on the

length of their minimum word-representants. In this setting, a relationship is established

between the number of occurrences of letters in a minimum-length word-representant and

the diameter of the corresponding graph. Furthermore, an upper bound is derived on

the minimum possible length of a word-representant under certain word-representability-

preserving graph operations, including connecting two graphs by an edge and gluing two

graphs at a vertex. The minimum length of word-representants for Cartesian and rooted

graph products is then investigated using morphism-based and occurrence-based functions,

respectively.

A central theme of this work is the study of semi-transitivity. The semi-transitive

orientability of circulant graphs is examined, and an upper bound on the representation

number is obtained for certain k-regular circulant graphs.

Let Ei,j denote the class of graphs whose vertex set can be partitioned into at most

i independent sets and j cliques. It is known that Ei,j is word-representable for (i, j) ∈
viiTH-3990_226123005



viii Abstract

{(1, 0), (0, 1), (2, 0), (3, 0)}. Consequently, for the classes E1,1 (split graphs) and E0,2 (co-

bipartite graphs), complete characterizations of word-representability in terms of forbidden

induced subgraphs are obtained in this work.

In this context, a new matrix property, termed the I-circular property, is introduced.

This property is closely related to the well-known D-circular property introduced by Safe.

The I-circular property requires that both the rows of a matrix and the pairwise intersec-

tions of its rows form circular intervals under some linear ordering of the columns. Using

this property, a direct correspondence is established between the structure of semi-transitive

split graphs and the matrix representation of their adjacency relationships. A complete

forbidden submatrix characterization of the I-circular property is obtained, which, in turn,

yields a characterization of semi-transitive split graphs in terms of minimal forbidden in-

duced subgraphs.

Finally, a structural and algorithmic characterization of word-representable co-bipartite

graphs—graphs whose vertex set can be partitioned into two cliques—is presented. It is first

shown that a co-bipartite graph is a circle graph if and only if it is a permutation graph,

leading to a minimal forbidden induced subgraph characterization of co-bipartite circle

graphs. The central contribution then establishes a connection between semi-transitivity

and the circularly compatible ones property of binary matrices. In addition to these struc-

tural results, a linear-time recognition algorithm for semi-transitive co-bipartite graphs is

developed by adapting Safe’s matrix recognition framework.
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Introduction

The theory of word-representable graphs has emerged as a vibrant and growing area

within discrete mathematics, uniting concepts from structural graph theory, combina-

torics on words, and abstract algebra. Interestingly, the motivation for studying word-

representable graphs did not originate within graph theory itself, but rather from a prob-

lem in abstract algebra related to the Perkins semigroup. The formal connection between

the two areas was first established by Kitaev and Seif in their investigation of the word

problem for this particular semigroup [37].

To address the word problem for the Perkins semigroup, Kitaev and Seif introduced

a novel combinatorial object known as the alternation word digraph, denoted by Alt(w),

which is associated with a word w [37, 23, 22]. The vertices of this directed acyclic graph

(DAG) correspond to the non-empty proper subsets of the variables (alphabet) appearing

in w. An edge exists from a vertex X to a vertex Y (where X and Y are disjoint non-empty

proper subsets of variables) if and only if the letters in X and those in Y alternate within

the subword of w induced by X ∪ Y , and the first letter of this subword belongs to X.

The central result of their work established that two words u and v are equivalent over the

Perkins semigroup B1
2 if and only if their corresponding alternation word digraphs, Alt(u)

and Alt(v), are identical. This result provided a complete solution to the word problem

through a graph-theoretic characterization of equivalence.

This algebraic investigation laid the conceptual foundation for the theory of word-

representable graphs. The idea of alternation between letters—originally defining the edges

in the digraph Alt(w)—emerged as a property of intrinsic combinatorial interest. The key

creative leap that initiated this new line of study was the simplification of the concept

itself. Rather than examining alternation between sets of variables, one could focus on

1TH-3990_226123005



2 Introduction

the simplest case: alternation between individual variables. This relationship could then

define the edges of a simple graph whose vertices correspond to the letters of the word.

This abstraction effectively detached the notion of alternation from the structural com-

plexity of the full alternation word digraph and from the specific algebraic properties of the

Perkins semigroup, allowing it to be studied as a purely graph-theoretic concept. This piv-

otal shift in perspective—from an algebraic construct to a graph-theoretic definition—was

formalized by Kitaev and Pyatkin in 2008, marking the beginning of the systematic ex-

ploration of word-representable graphs [33].The formal definition of a word-representable

graph captures the essence of the alternation property in a direct and elegant manner (see

Section 1.5).

This foundational study by Kitaev and Pyatkin established several key properties of

this class of graphs:

• The class of word-representable graphs is hereditary, meaning that every induced

subgraph of a word-representable graph is itself word-representable. This follows

directly from the definition: if a word w represents a graph G, and G′ is the subgraph

induced by V ′ ⊆ V (G), then the word obtained by deleting all letters not in V ′ from

w represents G′.

• Not all graphs are word-representable. The smallest non-word-representable graph

(by number of vertices) is the wheel graph on six vertices, W5 — a 5-cycle with

a central vertex adjacent to all cycle vertices. This graph serves as a fundamental

forbidden induced subgraph for the class.

• The definition is independent of vertex labeling. Any relabeling of the vertices of a

word-representable graph produces another word-representable graph, since the same

permutation can be applied to the letters of the representing word.

A central challenge in the early study of word-representable graphs concerned the nature

of their representing words. The definition permits words of arbitrary length and allows

letters to appear any number of times, which raises the question of whether finding a

representant for a given graph is a finite problem. A foundational result by Kitaev and

Pyatkin [33] resolved this issue by showing that the search can be restricted to a well-

structured class of words.

TH-3990_226123005



Introduction 3

A word is said to be k-uniform if every letter in its alphabet appears exactly k times.

A graph is k-representable if there exists a k-uniform word-representant for that graph.

Kitaev and Pyatkin proved that a graph is word-representable if and only if it is k-

representable for some positive integer k. This theorem is of fundamental importance

because it ensures that if a word-representant exists at all, then there also exists a uni-

form one, in which each vertex label appears the same number of times. Consequently, the

problem of finding a word-representant is transformed from an infinite search over arbitrary

words to a sequence of finite search problems, one for each k = 1, 2, 3, . . .. This property

further allows the definition of a natural complexity measure for word-representable graphs,

known as the representation number (see Section 1.7).

The representation number provides a quantitative measure of how “complex” a graph’s

representation is. The existence of a well-defined minimum is guaranteed by the property

that k-representability implies (k + 1)-representability.

The classes of graphs with small representation numbers have been completely char-

acterized and correspond to well-known graph families. A graph is 1-representable if and

only if it is a complete graph (Kn). A 1-uniform word is simply a permutation of the vertex

set, and in any permutation, every pair of distinct letters alternates exactly once, thereby

representing a complete graph [33].

The class of graphs with representation number two coincides exactly with the class

of non-complete circle graphs. Circle graphs are intersection graphs of chords on a circle,

and their correspondence with 2-uniform words reveals a deep connection between word-

representable graphs and a classical family of intersection graphs.

The study of graphs with representation number three or higher remains an active and

evolving area of research. Notably, the Petersen graph and all prism graphs are known

to have a representation number of three [29]. The representation number thus serves

as a key tool for organizing the class of word-representable graphs and for exploring the

intricate relationship between a graph’s structural properties and the complexity of its

word encoding.

While the definition of word-representable graphs is rooted in combinatorics on words,

the most significant theoretical breakthrough in the field came from structural graph theory.

The discovery of an equivalent characterization in terms of graph orientations transformed

TH-3990_226123005



4 Introduction

the study of these graphs, providing a powerful analytical tool and connecting the theory

to broader concepts in graph algorithms and structure. This tool is the semi-transitive

orientation (See Section 1.8). A semi-transitive orientation is a specific type of acyclic

orientation that generalizes the well-known concept of transitive orientation.

Other orientations have been defined to capture generalizations of transitive orientation.

While transitive orientations impose constraints on the orderings of induced P3, these

generalizations impose constraints on the orderings of induced P4. These include perfectly

orderable graphs (and their subclasses) and opposition graphs. Classes such as chordal

graphs are defined in terms of vertex orderings and, therefore, imply acyclic orientations

indirectly. However, none of these generalizations characterize word-representable graphs.

In [23, 24], Halldórsson et al. introduced another generalization of transitive orientation,

known as the semi-transitive orientation.

The fundamental connection between the realm of words and the realm of orientations

was established by Halldórsson, Kitaev, and Pyatkin through a series of influential papers

that form the cornerstone of the modern theory. In their work [24], Halldórsson et al.

provided a necessary and sufficient condition stating that a graph is word-representable if

and only if it admits a semi-transitive orientation. This result forms a powerful bridge be-

tween two seemingly distinct domains, enabling researchers to use the structural properties

of oriented graphs to derive results about word-representability, and conversely, to apply

combinatorial reasoning on words to orientation problems. This equivalence has several

profound and immediate implications that have fundamentally shaped the development

and direction of the field.

A natural question arises regarding how the class of word-representable graphs relates

to other generalizations of circle graphs. One such class is that of polygon-circle graphs,

defined as the intersection graphs of polygons inscribed in a circle. The work of Enright

and Kitaev [15] provides a clear understanding of this relationship. They presented explicit

examples showing that the classes of word-representable graphs and polygon-circle graphs

are incomparable—neither class is a subset of the other.

For instance, the Petersen graph and the family of crown graphs are known to be word-

representable but were shown not to be polygon-circle graphs. Conversely, the wheel graph

W5—the canonical example of a small non-word-representable graph—is a polygon-circle

graph. This distinction is significant because it establishes word-representable graphs as a
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separate and independent generalization of circle graphs, possessing properties that differ

fundamentally from those of geometric intersection-based generalizations.

Until 2024, there was no known characterization of the classes Rk for k ≥ 3. In [17],

Fleischmann et al. introduced a generalization of circle graphs that characterizes the classes

Rk for k ≥ 3. They defined a notion called the k-circle representation, as follows: for k ∈ N,

a k-circle representation of a graph G is a circle with an inscribed k-gon corresponding to

each vertex of G, such that the sides of any two k-gons intersect 2k times if and only if

there is an edge between the corresponding vertices of G. Using this notion, they provided

a characterization of the classes Rk for k ≥ 3; that is, a graph is k-representable if and

only if it admits a k-circle representation.

As the theory of word-representable graphs has matured, research has branched out in

several directions. These include integrating the theory with mainstream graph theory by

examining its behavior under standard graph operations. A central question for any newly

defined graph class concerns its behavior under standard graph operations. Understand-

ing which operations preserve membership in the class is essential for constructing larger

examples and for developing a coherent structural theory. For word-representable graphs,

this question takes the form: which graph operations preserve semi-transitive orientability?

This problem was systematically studied by Choi et al. [10].

Their work established both positive and negative results. On the positive side, several

fundamental local operations were shown to preserve semi-transitive orientability. In par-

ticular, operations such as vertex deletion, edge deletion, edge addition, and edge lifting

preserve semi-transitive orientability under certain conditions [10].

WR

⇐⇒

WR NWR

⇐⇒

WR

Figure 1: Examples of complement operation

Conversely, they resolved a question posed by Kitaev and Lozin [32] by demonstrating

that several standard graph products—such as the tensor, lexicographic, and strong prod-

ucts—as well as operations such as complementation and edge contraction, do not, in gen-

eral, preserve semi-transitive orientability. Starting with either a word-representable or a
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WR

⇒

NWR

⇐

NWR

NWR

⇒

WR

⇐

WR

Figure 2: Examples of edge contraction

non-word-representable graph, the graph obtained by taking its complement or by perform-

ing an edge contraction may be word-representable or non-word-representable. Figures 1

and 2 illustrate this observation.

These negative results are significant because they delineate the boundaries of compo-

sitional methods for proving word-representability. In particular, one cannot establish that

a graph is word-representable merely by expressing it as a product of representable factors

under these operations.

With the powerful characterization provided by semi-transitive orientations, much of

the subsequent research in the field has turned toward a systematic exploration of the graph

universe. This line of investigation seeks to determine which well-known graph families are

word-representable and which are not, thereby delineating the boundaries of the class

and clarifying its position within the broader framework of graph theory. Considerable

effort has been devoted to studying the word-representability and representation numbers

of specific, highly structured graph families. These investigations not only classify such

families but also reveal deeper structural properties and frequently require the development

of new constructive techniques.

The n-prism graph, denoted by Prn, is the Cartesian product of a cycle Cn and an edge

K2. Kitaev showed that these graphs form an interesting family with a representation

number of three [29]. This result was among the first to establish a non-trivial infinite

family of graphs belonging to R3, the class of graphs with representation number three.

The k-dimensional cube (or hypercube), Qk, is defined as the Cartesian product of

k copies of K2. Determining its representation number posed a natural and intriguing

problem. Broere and Zantema provided a constructive proof that established a tight upper
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bound [6]. Their result followed as a corollary of a more general theorem concerning

Cartesian products: if a graph G is k-representable (for k > 1), then the Cartesian product

G □Kn is (k+n−1)-representable. Since Qk = Qk−1 □K2 and Q1 = K2 is 1-representable,

a straightforward induction shows that Qk is k-representable [6, 5].

More recently, Hefty et al. [25] improved this understanding by proving that the rep-

resentation number of the k-dimensional cube is O
(

log k
log log k

)
, providing the best known

asymptotic bound to date.

A crown graph Hn,n is obtained from the complete bipartite graph Kn,n by removing

a perfect matching. Since crown graphs are bipartite, they are also comparability graphs,

and hence their word-representability is guaranteed. However, their representation number

turns out to be surprisingly large, as shown by Glen, Kitaev, and Pyatkin [20]. For n ≥ 5,

the representation number of the crown graph Hn,n is ⌈n/2⌉.

This result is particularly significant for several reasons. First, it provides a complete

solution to an open problem posed in the monograph by Kitaev and Lozin [32]. Second, it

identifies a family of bipartite graphs with arbitrarily high representation numbers, thereby

offering a negative answer to another question from the same monograph—whether all

bipartite graphs are 3-word-representable. The existence of crown graphs thus reveals

that even within the structurally simple class of bipartite graphs, the complexity of word-

representations can grow as the size of the graph increases.

A particularly challenging area in the study of word-representable graphs concerns

triangle-free graphs. Since all 3-colorable graphs are word-representable, any non-word-

representable graph must have a chromatic number of at least four. This naturally raises

the question: do there exist triangle-free graphs that are not word-representable?

The existence of such graphs was first established non-constructively by Halldórsson,

Kitaev, and Pyatkin [23]. Their proof relied on Erdös’s celebrated theorem guaranteeing the

existence of graphs with arbitrarily large girth and chromatic number. They showed that

graphs with both high girth and high chromatic number must contain induced subgraphs

that admit no semi-transitive orientation, thereby proving the existence of triangle-free

non-word-representable graphs—albeit without providing explicit examples.

The search for concrete examples led researchers to investigate Kneser graphs. The

Kneser graph K(n, k) has as its vertices the k-element subsets of an n-element set, with
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two vertices adjacent if and only if their corresponding subsets are disjoint. For n < 3k,

the graph K(n, k) is triangle-free. Through computational analysis, Kitaev and Saito [36]

provided the first explicit example of a triangle-free non-word-representable graph within

this family, namely K(8, 3). Their work also established general conditions for the semi-

transitive orientability of Kneser graphs and their complements, showing, for instance, that

K(n, k) is not semi-transitively orientable for n ≥ 15k − 24.

Following this discovery, Kitaev and Pyatkin [34] investigated the smallest possible

triangle-free non-word-representable graphs. They proved that the Grötzsch graph, which

has 11 vertices, is the smallest such graph. Moreover, they showed that the Chvátal graph,

on 12 vertices, is the smallest 4-regular triangle-free non-word-representable graph. This

result provides a definitive answer to the question of minimality, grounding the previously

abstract existence proofs in concrete and structurally significant examples that play a

central role in the study of graph coloring.

Cheon et al. [9] initiated the study of word-representability for Toeplitz graphs, which

are graphs whose adjacency matrices are Toeplitz matrices (that is, constant along each

diagonal). These graphs form a specific subclass of Riordan graphs. This work unified the

theory of Riordan matrices with the study of word-representable graphs, offering the first

systematic exploration of graph representability based on structural patterns in adjacency

matrices. A key contribution of the paper was the introduction of the concept of an infinite

word-representable graph, which extended the framework of word-representability beyond

finite graphs for the first time.

De Bruijn graphs are fundamental objects in combinatorics on words and have impor-

tant applications in areas such as genome assembly. Petyuk [38] introduced the notion of a

simplified de Bruijn graph S(n, k), defined as the simple graph underlying the standard di-

rected de Bruijn graph B(n, k), and investigated its word-representability. He conjectured

that S(n, k) is non-word-representable for all n ≥ 4 and k ≥ 3.

To advance the study of complex graphs such as de Bruijn graphs, Huang, Kitaev, and

Pyatkin [26] introduced a novel approach based on graph homomorphisms. The central idea

is that a homomorphism f : G → H can be used to obtain a semi-transitive orientation

from H to induce a semi-transitive orientation on G. When H is a simpler graph—such

as a complete graph—with a known semi-transitive orientation, this technique can guide

the search for a suitable orientation on a more complex graph G. This marks the first
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systematic use of graph homomorphisms in the study of word-representable graphs.

As a proof of concept, the authors applied this method to demonstrate the word-

representability of a newly introduced graph, the simplified graph of overlapping permu-

tations, and to establish the representability of certain subgraphs of the de Bruijn graphs

previously examined by Petyuk in [38]. This embedding technique introduces a power-

ful new tool for addressing word-representability problems in structurally intricate graph

families.

A split graph is a graph whose vertex set can be partitioned into a clique C and an

independent set I. Despite the extensive study of both split graphs and word-representable

graphs, the intersection of these two areas remained largely unexplored until a series of

recent papers initiated a systematic investigation [31, 8, 28, 27, 35]. The works of Kitaev

et al. [31] and Chen, Kitaev, and Saito [8] laid the foundation for this subfield. Their

approach characterized word-representable split graphs via forbidden induced subgraphs,

a classical method in structural graph theory. By leveraging the restrictions imposed

by semi-transitive orientations on the clique part, they derived complete theoretical and

computational characterizations for split graphs in which the clique has a small, fixed size.

For split graphs with a clique of size four, a complete characterization in terms of

forbidden induced subgraphs was obtained in [31]. This result was later extended to split

graphs with a clique of size five, which were characterized by a family of nine forbidden

induced subgraphs [8].

A novel approach to studying families of split graphs was introduced by Iamthong,

drawing on techniques from combinatorics on words and formal language theory [27]. This

method employs morphisms (substitutions on an alphabet) to iteratively generate infinite

families of graphs. A morphism can be applied to the adjacency matrix of a graph to

produce a larger graph, and by analyzing the properties of the morphism, one can deduce

structural properties of the entire family of graphs generated through its iteration.

Iamthong [27] provided a new characterization of word-representable split graphs based

on permutations of the columns of the adjacency matrix corresponding to the independent

set. This characterization is particularly amenable to analysis via morphisms. The main

contribution of this work was a complete classification of word-representable split graphs

generated by morphisms defined by 2× 2 matrices.
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This powerful technique was later extended in a joint work by Iamthong and Kitaev [28]

to the study of directed split graphs. They examined the property of semi-transitivity for

families of directed split graphs generated by morphisms and achieved a full classification

of semi-transitive infinite directed split graphs generated by a broad class of morphisms

involving matrices over {−1, 0, 1}. This line of research highlights the deep interplay be-

tween the structural graph theory of semi-transitive orientations and the algebraic and

combinatorial framework of morphisms.

The most significant result concerning word-representable split graphs is the resolu-

tion of their recognition complexity. While the general problem of recognizing word-

representable graphs is NP-complete, the strong structural constraints of split graphs sug-

gested that their recognition might be tractable. This conjecture was confirmed by Kitaev

and Pyatkin [35], who proved that the problem of determining whether a given split graph

is word-representable can indeed be solved in polynomial time.

This result represents a major breakthrough, establishing split graphs as one of the

most extensive and structurally rich classes of graphs for which word-representability can

be efficiently decided. The recognition problem is reduced to checking specific structural

properties of how vertices in the independent set connect to the transitively oriented clique,

which can be modeled as a matrix problem involving the circular-ones property, solvable

in polynomial time.

The successful research program on split graphs provided a clear methodological tem-

plate: identify a graph class with a strong vertex partition, leverage the constraints this

partition imposes on semi-transitive orientations, and derive structural characterizations

or recognition algorithms. A natural next step is to generalize the structure of split graphs.

Instead of partitioning the vertices into a clique and an independent set, one can consider

a partition into two cliques.

This direction was pursued by Chen, Hameed, and Kitaev in their recent work on

the word-representability of Km −Kn graphs [7]. A Km −Kn graph is defined as a graph

whose vertex set can be partitioned into two cliques, Km and Kn. Following the established

methodology, the authors provided a complete characterization of word-representableKm−

Kn graphs in terms of forbidden induced subgraphs for cases where one of the cliques is

small (m ≤ 4). For the class of K4 − Kn graphs, they proved that there are exactly
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seven minimal non-word-representable graphs. The table below summarizes the word-

representability of various graph classes.

Graph Classes WR or NWR Characterization References

Toeplitz graphs Contains both No [9]

Kneser graphs Contains both No [36]

De Bruijn graphs Contains both No [38, 26]

Split graphs Contains both Yes [31, 28, 27, 8, 35]

Triangle-free graphs Contains both No [34]

Circulant graphs Contains both No [34]

Co-bipartite graphs Contains both Yes [14]

Table 2: Word-representability of certain graph classes

While much of the research in this field has employed graph-theoretic tools to study

the properties of representable graphs, an emerging trend shifts the focus back to the

combinatorial structure of the words themselves. This word-centric perspective asks not

which graphs are representable, but rather what intrinsic properties the representing words

possess.

This direction was pursued by Gaetz and Ji, who investigated the properties of minimal-

length word-representants [18]. Instead of restricting attention to k-uniform words, they

examined words of the absolute minimal length required to represent a given graph. For

trees and cycles on n vertices, they derived explicit formulas for both the length of a

minimal word-representant and the number of distinct minimal words representing each

graph.

Overall, the study of word-representable graphs has grown into an active area of research

that brings together ideas from combinatorics on words and graph theory. Although many

important results have been obtained on representation numbers, semi-transitive orienta-

tions, and specific graph families, several fundamental questions remain open. In particular,

there is a need for clearer structural characterizations, efficient recognition algorithms, and

a deeper understanding of the relationship between words and graphs. Motivated by these

challenges, this thesis focuses on three main directions: the study of minimal-length word-

representants, the semi-transitive orientability of structured graph classes, and forbidden

induced subgraph characterizations using matrix-based methods.
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Organization of the Thesis

We present the entire work of this thesis in six chapters as described below.

• Chapter 1: Preliminaries

• Chapter 2: Minimum length word-representants of word-representable graphs and

graph products

• Chapter 3: On semi-transitive orientability of circulant graphs

• Chapter 4: Forbidden induced subgraph characterization of word-representable split

graphs

• Chapter 5: Forbidden induced subgraph characterization of word-representable co-

bipartite graphs

Results Obtained in the Thesis

In Chapter 1, we discuss the necessary background and foundational concepts required

to understand the work presented in the subsequent chapters. This includes essential defi-

nitions and results concerning word-representability, graph-theoretic notions, and relevant

matrix properties that will be utilized throughout the rest of the thesis.

In Chapter 2, we address an open problem posed by Gaetz and Ji [18], solving two of its

three cases and providing a partial solution to the remaining one. The problem concerns

the classification of all 2-word-representable graphs based on the length of their minimal

word-representants. In this context, we also establish a relationship between the maximum

and minimum number of occurrences of letters in minimum length word-representants and

the diameter of the corresponding graph.

Furthermore, we derive an upper bound on the minimum possible length of a word-

representant under certain word-representability preserving graph operations, such as con-

necting two graphs by an edge and gluing two graphs at a vertex. We then investigate

the minimum length of word-representants for Cartesian and rooted graph products using

morphism-based and occurrence-based functions, respectively.
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Finally, we resolve an open problem posed by Broere in his master’s thesis [5], which

asks for the construction of a word representing the Cartesian product of two arbitrary

word-representable graphs.

In [34], Kitaev and Pyatkin showed that every 4-regular circulant graph is semi-transitive.

They also posed an open problem concerning the semi-transitive orientability of circulant

graphs in which the elements of the set {a1, a2, . . . , ak} are consecutive positive integers. In

Chapter 3, we investigate the semi-transitive orientability of circulant graphs and demon-

strate that certain circulant graphs are semi-transitive, while others are not, under specific

conditions. Additionally, we provide an upper bound on the representation number of

particular k-regular circulant graphs.

In Chapter 4, we introduce a new matrix property, termed the I-circular property, which

is closely related to the well-known D-circular property introduced by Safe in [40]. The

I-circular property requires that both the rows of a matrix and the pairwise intersections of

its rows form circular intervals under some linear ordering of the columns. Leveraging this

property, we establish a direct correspondence between the structure of semi-transitive split

graphs and the matrix representation of their adjacency relationships. Our main result

is a complete forbidden submatrix characterization of the I-circular property, which, in

turn, yields a characterization of semi-transitive split graphs in terms of minimal forbidden

induced subgraphs.

In Chapter 5, we present a comprehensive structural and algorithmic characterization

of word-representable co-bipartite graphs—graphs whose vertex set can be partitioned into

two cliques. Building upon Bouchet’s theory of circle graphs [4] and Tucker’s framework

of circular-ones matrices [44, 43], this work unifies graph-theoretic and matrix-theoretic

perspectives. We first establish that a co-bipartite graph is a circle graph if and only

if it is a permutation graph, thereby obtaining a minimal forbidden induced subgraph

characterization for co-bipartite circle graphs. The central contribution then links semi-

transitivity with the circularly compatible ones property of binary matrices. Beyond the

structural results, we also develop a linear-time recognition algorithm for semi-transitive

co-bipartite graphs by adapting Safe’s matrix recognition framework.
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1
Preliminaries

For each positive integer k, we denote the set {1, 2, . . . , k} by [k]. If k = 0, we define

[k] to be the empty set. We denote the identity function by idk. A set S is said to be

properly contained in T if S ⊆ T and S ̸= T . Whenever we say that i is modulo k, or that

addition and subtraction involving i are taken modulo k, we mean that i, or any addition

or subtraction involving i, is taken modulo k and yields the unique element j ∈ [k] with

the same remainder as j upon division by k. Let gcd(a1, a2, . . . , an) denote the greatest

common divisor of the integers a1, a2, . . . , an.

1.1 Sequences

Let a = a1a2 . . . ak be a sequence of length k. The shift of a is the sequence a2a3 . . . aka1.

The length of any sequence a is denoted by |a|. A binary bracelet [41] is a lexicographically

smallest element in an equivalence class of binary sequences under shifts and reversals.

For each k ≥ 4, let Ak be the set of binary bracelets of length k. Let A3 = {000, 111}.
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The elements of A3 are binary bracelets but the two other binary bracelets of length 3

(001 and 011) do not belong to A3. If b is a sequence and i ∈ [k], then b is said to occur

circularly in a at position i if |b| ≤ k and aiai+1 . . . ai+|b|−1 = b, where the subscripts are

taken modulo k. If a is binary (that is, each ai ∈ {0, 1}), then the complement of a is

defined as the sequence a obtained from a by interchanging 0’s and 1’s. An index map

of a is an injective function ρ : [k′] → [k]. If ρ is an index map of a, then the sequence

aρ(1)aρ(2) . . . aρ(k′) is denoted by aρ. A sequence is quaternary if each of its elements lies in

the set {0, 1, 2, 3}.

1.2 Graphs

Let G be a graph with vertex set V (G) and edge set E(G). For a vertex v ∈ V (G),

the neighbourhood of v in G, denoted by NG(v), is the set of vertices adjacent to v in G.

The closed neighbourhood of v, denoted by NG[v], is defined as NG(v) ∪ {v}. The degree

of a vertex v in G, denoted by degG(v), is the cardinality of the set NG(v). We denote by

∆(G) (respectively, δ(G)) the maximum (respectively, minimum) degree of the graph G.

For two vertices x and y, d(x, y) denotes the distance between them, i.e., the length of a

shortest path connecting x and y. The diameter of a graph G, denoted by diam(G), is the

maximum possible distance between any two vertices of G. For any subset X ⊆ V (G), the

subgraph of G induced by X is the graph with vertex set X and edge set consisting of all

edges of G whose endpoints both lie in X. A graph G is said to contain a graph H as an

induced subgraph if H is isomorphic to some induced subgraph of G. For a graph G, |G|

denotes the order of the graph.

An independent set (respectively, clique) of a graph G is a set of vertices that are

pairwise nonadjacent (respectively, pairwise adjacent). A graph class is said to be hereditary

if it is closed under taking induced subgraphs. The complement of a graph G, denoted by

G, is the graph with vertex set V (G) and edge set E(G) = {xy : xy /∈ E(G)}. The edges

of G are called the non-edges of G.

The union of two graphs G1 and G2, denoted by G1 ∪G2, is the graph with vertex set

V (G1)∪V (G2) and edge set E(G1)∪E(G2). The join of G1 and G2, denoted by G1+G2, is

obtained from G1 ∪G2 by adding all edges between every vertex of G1 and every vertex of
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G2. A vertex v of a graph G is called universal if it is adjacent to every other vertex of G,

and isolated if it is adjacent to none. For an edge xy ∈ E(G), let G− xy denote the graph

obtained by deleting xy. For a non-edge xy ∈ E(G), let G+xy denote the graph obtained

by adding xy. More generally, for S ⊆ E(G) (respectively, S ⊆ E(G)), we write G − S

(respectively, G + S) for the graph obtained from G by deleting (respectively, adding) all

edges in S.

A graph is called an intersection graph if there exists a set of objects such that each ver-

tex corresponds to an object, and two vertices are adjacent if and only if the corresponding

objects have a non-empty intersection. A graph G is said to be bipartite if its vertex set

can be partitioned into two subsets such that each subset induces an independent set. A

graph is co-bipartite if its complement is bipartite. A graph is called a circle graph if its

vertices can be associated with the chords of a circle such that two vertices are adjacent if

and only if the corresponding chords intersect.

Let π be a permutation over [n]. The permutation graph of π is the graph with vertex

set [n], where two vertices i and j with i < j are adjacent if and only if j occurs before i

in π. The class of permutation graphs forms a subclass of the class of circle graphs.

A local complementation of a graph G at a vertex v is the graph, denoted by G ∗ v,

obtained by replacing the subgraph induced by the neighbours of v with its complement.

A sequence of local complementations at vertices v1, v2, . . . , vk is denoted by G∗v1v2 . . . vk.

Two graphs G and G′ are said to be locally equivalent if there exists a sequence m of

vertices such that G′ = G ∗ m. An ℓ-reduction of G is an induced subgraph of a graph

locally equivalent to G.

All graphs in this study are assumed to be simple, that is, finite, undirected, and having

no loops or multiple edges. For additional graph-theoretic terminology and notation, we

refer the reader to [48].

1.3 Matrices

All the matrices considered in this thesis are binary, that is, every entry of the matrices

is either 0 or 1. Each row r of a matrix M is defined as the set of indices of all columns of

M having a 1 in row r. A row r is said to be contained in a row s, denoted by r ⊆ s, if s
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has a 1 in every column where r has a 1. Similarly, if r and s are rows of M , then r ∩ s

denotes the set of columns having a 1 in both r and s. A row is empty if all its entries

are 0. A row is trivial if all its entries are equal to the same value. Analogous conventions

apply to the columns of M .

Let M be a k × ℓ binary matrix with rows and columns indexed by [k] and [ℓ], respec-

tively. The complement of a row i is obtained by interchanging the 0’s and 1’s in that row.

The complement of M , denoted by M , is the matrix obtained by complementing every row

of M .

For a binary sequence a of length k, we denote by a⊕M the matrix obtained from M

by complementing exactly those rows i ∈ [k] for which ai = 1.

A row map of a matrix is an injective function ρ : [k′] → [k] for some positive integer k′,

and a column map is an injective function σ : [ℓ′] → [ℓ] for some positive integer ℓ′. Given

a row map ρ and a column map σ, we denote by Mρ,σ the k′ × ℓ′ matrix whose (i, j)-entry

is equal to the (ρ(i), σ(j))-entry of M .

Let M and M ′ be matrices. We say that M contains M ′ as a configuration if some

submatrix of M is equal to M ′ up to permutations of rows and columns. Equivalently, M

contains M ′ as a configuration if and only if there exist a row map ρ and a column map σ

such that Mρ,σ = M ′. Two matrices M and M ′ are said to represent the same configuration

if one can be obtained from the other by permuting rows and columns.

Let a be a binary sequence whose length equals the number of rows of a matrix M .

Then

(a⊕M)ρ,σ = aρ ⊕Mρ,σ.

Moreover, if ρ and σ are a row map and a column map of M , and if ρ′ and σ′ are a row

map and a column map of Mρ,σ, then the compositions ρ′ ◦ ρ and σ′ ◦σ are a row map and

a column map of M , respectively, and

Mρ′◦ρ, σ′◦σ = (Mρ,σ)ρ′,σ′ .

For a positive integer s and pairwise distinct positive integers n1, n2, . . . , ns, we denote

by ⟨n1, n2, . . . , ns⟩ the injective function from [s] to the positive integers that maps i to ni

for each i ∈ [s]. In particular, for i ∈ [k], the notation M⟨i⟩ denotes the 1× ℓ matrix whose
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single row is the i-th row of M .

Finally, for any matrix M , we denote by M∗ the matrix obtained from M by appending

an empty column.

1.4 Matrix Properties

Definition 1.4.1. Let ≼x be a linear order on a set X. For elements a, b ∈ X with a ≼x b,

the linear interval of ≼x with endpoints a and b, denoted by [a, b]≼x, is defined as the set

{x ∈ X : a ≼x x ≼x b}. A linear interval of ≼x is either the empty set or an interval of

the form [a, b]≤X
for some a, b ∈ X satisfying a ≼x b. A sequence a1a2 . . . ak is said to be

monotone on X if a1, a2, . . . , ak ∈ X and a1 ≼x a2 ≼x · · · ≼x ak.

Definition 1.4.2. A matrix M has the consecutive-ones property for rows if there is a

linear order ≼C of the columns of M such that each row of M is a linear interval of ≼C,

and ≼C is called a consecutive-ones order. Analogous definition apply to the columns of

M . If no mention is made for rows or columns, we mean the corresponding property for

the rows.

Definition 1.4.3. Let ≼x be a linear order on a set X, and let a, b ∈ X. The circular

interval of ≼x with endpoints a and b, denoted by [a, b]≼x, is defined as follows: if a ≼x b,

then

[a, b]≼x = {x ∈ X | a ≼x x ≼x b},

while if b ≺X a, then

[a, b]≼x = {x ∈ X | x ≼x b or a ≼x x}.

A circular interval of ≼x is either the empty set or a set of the form [a, b]≼x for some

a, b ∈ X. A sequence a1a2 . . . ak is said to be circularly monotone with respect to ≼x if

a1, a2, . . . , ak ∈ X and the relation ai ≼x ai+1 holds for all but at most one index i ∈

{1, 2, . . . , k}, where ak+1 is identified with a1.

Definition 1.4.4. A matrix M has the circular-ones property for rows if there is a linear

order ≼C of the columns of M such that each row of M is a circular interval of ≼C, and

≼C is called a circular-ones order. Analogous definition apply to the columns of M . If no

mention is made for rows or columns, we mean the corresponding property for the rows.
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Theorem 1.4.5 ([44]). Let M be a matrix, and let M ′ denote any matrix obtained from

M by complementing some of its rows so that M ′ contains at least one column consist-

ing entirely of zeros. Then, M has the circular-ones property if and only if M ′ has the

consecutive-ones property.

MI (k) =



1 1

1 1
. . . . . .

1 1

1 0 · · · 0 1


(a) MI (k) for each k ≥ 3

MII (k) =



1 1 0

1 1 0
. . . . . .

...

1 1 0

1 1 · · · 1 0 1

0 1 · · · 1 1 1


(b) MII (k) for each k ≥ 4

MIII (k) =



1 1 0

1 1 0
. . . . . .

...

1 1 0

0 1 · · · 1 0 1


(c) MIII (k) for each k ≥ 3

MIV =


1 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

0 1 0 1 0 1


(d) MIV

MV =


1 1 0 0 0

1 1 1 1 0

0 0 1 1 0

1 0 0 1 1


(e) MV

Figure 1.1: Tucker matrices, where k denotes the number of rows and omitted entries are
0’s

Theorem 1.4.6 ([39]). A matrix M has the circular-ones property if and only if M con-

tains no matrix in the set FcircR as a configuration. The corresponding set of forbidden

submatrices is

FcircR = { a⊕M∗
I (k) : k ≥ 3 and a ∈ Ak } ∪ {MIV , MIV , M

∗
V , M

∗
V },

where M∗
I (k) and M∗

V denote (MI (k))
∗ and (MV )

∗, respectively, A3 = {000, 111}, and for

each k ≥ 4, Ak is the set of all binary bracelets of length k. Notice that 001 and 011
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are binary bracelets of length 3 but do not belong to A3. Moreover, there exists a linear-

time algorithm that, given any matrix M not having the circular-ones property, outputs a

matrix in FcircR contained in M as a configuration. In addition, every matrix in FcircR is

a minimal forbidden submatrix for the circular-ones property. Hence, for each M ∈ FcircR

and each binary sequence a whose length equals the number of rows of M , the matrix a⊕M

represents the same configuration as some matrix in FcircR.

Definition 1.4.7. A matrix M is said to have the D-circular property if there exists a

linear order ≼c of its columns such that every row of M is a circular interval with respect

to ≼c, and for any two rows r and s of M , the set difference s − r also forms a circular

interval of ≼c. In this case, ≼c is called a D-circular order of M .

Definition 1.4.8. A matrix M is said to have the circularly compatible ones property if

there exists a biorder (≼r,≼c) such that:

(i) each row of M forms a circular interval with respect to ≼c;

(ii) each column of M forms a circular interval with respect to ≼r; and

(iii) if r1, r2, . . . , rp denote all nontrivial rows of M listed in ascending order of ≼r, and if

ri = [di, ei]≼c for each i ∈ {1, 2, . . . , p}, then both sequences d1d2 . . . dp and e1e2 . . . ep

are circularly monotone with respect to ≼c.

In this case, the pair (≼r,≼c) is called a circularly compatible ones biorder.

In [1], Basu et al. proved that, for a matrix M without trivial rows, the D-circular

property coincides with the monotone circular property. We now state the definitions and

results related to the monotone circular property.

Definition 1.4.9. Let X = {x1, x2, . . . , xk} with x1 ≼x x2 ≼x · · · ≼x xk. Define the set

X+ = {x1, x2, . . . , xk, x
+
1 , x

+
2 , . . . , x

+
k }, and let ≼+

x be the linear order on X+ given by

x1 ≼
+
x x2 ≼

+
x · · · ≼+

x xk ≼
+
x x+

1 ≼+
x x+

2 ≼+
x · · · ≼+

x x+
k .

For each nontrivial circular interval [a, b]≼x, we define its unwrapped interval relative to

≼x, denoted by [a, b]+≼x
, as the linear interval [a, c]≼+

x
, where c = b if a ≼x b, and c = b+ if

b ≺x a.
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Definition 1.4.10. Let M be a matrix and let (≼r,≼c) be a biorder of M . Let r1, r2, . . . , rp

denote all nontrivial rows of M listed in ascending order with respect to ≼r. If ≼c is a

circular-ones order of M , ri = [di, ei]≼c for each i ∈ [p], and [di, fi]
+
≼c

denotes the unwrapped

interval of [di, ei]≼c with respect to ≼c, we say that M has monotone left endpoints with

respect to (≼r,≼c) if the sequence d1d2 . . . dp is monotone with respect to ≼c, and we say

that M has monotone unwrapped right endpoints with respect to (≼r,≼c) if the sequence

f1f2 . . . fp is monotone with respect to ≼+
c .

If M has no trivial rows, a monotone circular biorder of M is a biorder (≼r,≼c)

satisfying all of the following conditions:

(i) M has monotone left endpoints d1d2 . . . dp with respect to (≼r,≼c);

(ii) M has circularly monotone unwrapped right endpoints f1f2 . . . fp with respect to (≼r

,≼c);

(iii) either f1 = e+1 , or both f1 = e1 and fp ≼+
c e+1 .

A matrix M having no trivial rows has the monotone circular property if it admits a

monotone circular biorder.

The following result from [1] relates the D-circular property to the monotone circular

property.

Theorem 1.4.11 ([1]). If M is a matrix with no trivial rows, the following statements are

equivalent:

(i) M has the D-circular property;

(ii) M has the monotone circular property.

Definition 1.4.12. A matrix M is said to have the doubly D-circular property if both M

and its transpose M t possess the D-circular property.

Definition 1.4.13. We denote

F∞
CCO = FCCO ∪

∞⋃
k=3

{M∗
I (k),M

∗
I (k),M

∗
I (k)

t ,M∗
I (k)

t
},
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where

FCCO = {Z∗
2 , Z

∗
3 , Z

∗
4 , Z5, Z∗

2 , Z
∗
4 , (Z

∗
2)

t , (Z∗
3)

t , (Z∗
4)

t , Z t
5, (Z

∗
2)

t , (Z∗
4)

t}.

(See Figure 1.2)


1 0 0 0

1 1 0 0

1 1 1 0

0 1 0 0


(a) Z∗

2


1 0 0 0

1 1 0 0

1 1 1 0

1 0 1 0


(b) Z∗

3


1 1 1 0 0

0 1 1 1 0

0 0 1 0 0


(c) Z∗

4


1 0 0 1

1 1 0 0

1 1 1 0

0 1 0 0


(d) Z5



1 1 0

1 1 0
. . . . . .

...

1 1 0

1 0 · · · 0 1 0


(e) M∗

I (k) for each k ≥ 3, where
omitted entries are 0’s

Figure 1.2: Some matrices in F∞
CCO

The following result from [40] provides a minimal forbidden submatrix characterization

of matrices possessing the circularly compatible ones property.

Theorem 1.4.14 ([40]). For any matrix M , the following statements are equivalent:

(i) M has the circularly compatible ones property;

(ii) M contains no matrix from F∞
CCO as a configuration;

(iii) M has the circular-ones property for both rows and columns, and contains no matrix

from FCCO as a configuration;

(iv) M has the doubly D-circular property.

Theorem 1.4.15 ([40]). There exists a linear-time algorithm that, for any given matrix

M , either produces a circularly compatible ones biorder of M or identifies a matrix in F∞
CCO

that occurs in M as a configuration.
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1.5 Word-Representable Graphs

Suppose that w is a word over some alphabet, and x and y are two distinct letters in

w. We say that x and y alternate in w if, after deleting all letters except the copies of x

and y in w, we either obtain a word xyxy . . . (of odd or even length) or a word yxyx . . .

(of odd or even length). Hence, if w has a single occurrence of x and a single occurrence

of y, then x and y alternate in w.

Definition 1.5.1. A graph G is said to be word-representable if a word w can be formed

using the letters of the alphabet V (G) such that for every pair of vertices x and y, xy ∈ E(G)

if and only if x and y alternate in w. We say that w represents G, and w is called a word-

representant of G. Also, w must contain each letter of V (G) at least once.

18

27

6

5

3

4

1

6

710

9

5 2

4

8

3

1

3

4 2

w = 1821324354657687 w = 1387296(10)7493541283(10)7685(10)194562 w = 1234

Figure 1.3: Three word-representable graphs Cycle C8 (left), the Peterson graph (middle),
and the complete graph K4 (right)

Figure 1.3 illustrates examples of word-representable graphs along with their word-

representants. For instance, each complete graphKn can be represented by any permutation

π of {1, 2, . . . , n}, or by π concatenated any number of times. Similarly, the empty graph

En (also known as the edgeless graph or null graph) on the vertex set {1, 2, . . . , n} can be

represented by 1 2 · · · (n− 1) n n (n− 1) · · · 2 1, or by any permutation concatenated with

the same permutation written in reverse order.

Definition 1.5.2. The reverse of the word w = w1w2 . . . wn is the word r(w) = wn . . . w2w1.

Proposition 1 ([32]). If w is a word-representant of a graph G, then r(w) also represents

the graph G.

For a word w, let π(w) denote the permutation obtained from w by removing all but the

leftmost occurrence of each letter x. We call π(w) the initial permutation of w. Similarly, let
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σ(w) denote the permutation obtained from w by removing all but the rightmost occurrence

of each letter x. We call σ(w) the final permutation of w. Furthermore, the restriction of

a word w to certain letters x1, . . . , xm is denoted by w|{x1,...,xm}. Let A(w) denote the set

of letters occurring in the word w. For example, if w = 35423214, then π(w) = 35421,

σ(w) = 53214, w|{1,2} = 221, and A(w) = {1, 2, 3, 4, 5}.

Definition 1.5.3. Let w be a word. O(w, i) is defined as the set of letters of w which occur

exactly i times in it.

Definition 1.5.4. Let w be a word-representant for the graph G = (V,E). Let x ∈ V .

Define Ow(x) as the number of occurrences of the letter x in the word w.

Example 1.5.5. In the word w = 322414, Ow(3) = 1 and Ow(2) = 2. O(w, 2) = {2, 4}

and O(w, 1) = {1, 3}.

Proposition 2 ([29]). Let w = w1xw2xw3 be a word-representant of a graph G such

that w1, w2 and w3 are possibly empty words, and w2 contains no x. Then the possible

neighbours of x in G are the letters in O(w2, 1).

Remark 1 ([30]). The class of word-representable graphs is hereditary. That is, removing a

vertex v in a word-representable graph G results in a word-representable graph G′. Indeed,

if w represents G then w with v removed represents G′.

1.5.1 k-Representability

A word w is k-uniform if each letter in w occurs k times. For example, 243321442311

is a 3-uniform word, while 23154 is a 1-uniform word (a permutation).

Definition 1.5.6. A graph G is k-word-representable, or k-representable for brevity, if

there exists a k-uniform word w representing it. We say that w k-represents G.

Let us discuss some properties of k-representable graphs.

Proposition 3 ([32]). Let w = uv be a k-uniform word representing a graph G, where u

and v are two, possibly empty, words. Then, the word w′ = vu also represents G.

Remark 2. This is not true for non-uniform words. The word 121 represents K2, but the

word 112 represents an empty graph on 2 vertices.
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The following result establishes the equivalence of Definitions 1.5.1 and 1.5.6.

Theorem 1.5.7 ([33]). A graph is word-representable if and only if it is k-representable

for some k.

Observation 1.5.8 ([33]). Let w be a word-representant of G. Then π(w)w also represents

G. In particular, for every l > k, a k-representable graph is also l-representable.

Thus, from the above observation, it is clear that a graph can have infinitely many

words representing it.

1.6 Permutationally Representable Graphs and Non-

Word-Representable Graphs

Are there any non-representable graphs? In this section, we provide a positive answer

to this question. An orientation of a graph is transitive if the presence of edges u → v

and v → z implies the presence of the edge u → z. An undirected graph is called a

comparability graph if it admits a transitive orientation. It is well known [32], and easy to

verify, that the smallest non-comparability graph is the cycle graph C5.

Definition 1.6.1. A graph G = (V,E) is permutationally representable if it can be rep-

resented by a word of the form p1 · · · pk where pi is a permutation. We say that G is

permutationally k-representable.

The following theorem is an easy corollary of the fact that any partially ordered set can

be represented as an intersection of linear orders.

Theorem 1.6.2 ([37]). A graph is permutationally representable if and only if it is a

comparability graph.

Theorem 1.6.3 ([33]). A graph G obtained from a graph H by adding an apex is word-

representable if and only if H is permutationally representable.

A wheel graph Wn is the graph obtained from a cycle graph Cn by adding an apex

vertex. It is easy to see that none of the cycle graphs C2n+1, for n ≥ 2, is a comparability

graph, and thus none of the wheel graphs W2n+1, for n ≥ 2, is word-representable. In fact,
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W5 is the smallest example of a non-word-representable graph (and the only one on six

vertices).

As a direct corollary to Theorem 1.6.3, we have the following important result revealing

the structure of neighbourhoods of vertices in a word-representable graph.

Theorem 1.6.4 ([33]). If a graph G is word-representable then the neighbourhood of each

vertex in G is permutationally representable (is a comparability graph by Theorem 1.6.2).

The converse to Theorem 1.6.4 is not true as demonstrated by the counterexamples in

Figure 1.4 taken from [11] and [22], respectively.

Figure 1.4: Non-word-representable graphs in which each neighbourhood is permutationally
representable

1.7 Representation Number

From Observation 1.5.8, it is evident that if a graph is k-representable, then it is also

l-representable for all l > k. Therefore, it remains to determine the minimum k for which

a word-representable graph admits a k-uniform word-representant.

Definition 1.7.1. The representation number of a graph is the least k such that the graph

is k-representable. For graphs that are not word-representable (whose existence will be

discussed below), we define k = ∞. We denote the representation number of a graph G by

R(G), and let Rk = {G : R(G) = k }.

The classes of graphs with small representation numbers have been fully characterized

and correspond to well-known graph families.

• Rk = 1: A graph is 1-representable if and only if it is a complete graph (Kn). A 1-

uniform word is a permutation of the vertices. In any permutation, any pair of distinct

letters appears exactly once, so they trivially alternate. Thus, any permutation

represents a complete graph.
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• Rk = 2: The class of graphs with representation number 2 is precisely the class of

non-complete circle graphs. Circle graphs are the intersection graphs of chords in a

circle, and their connection to 2-uniform words establishes an important link between

word-representable graphs and a classical family of intersection graphs.

The following theorem gives a characterization for the class R2.

Theorem 1.7.2 ([30]). R2 = {G : G is a non-complete circle graph}.

Figure 1.5: A circle graph on four vertices and its associated chords

1.7.1 Graphs with representation number 3

The study of graphs with representation number 3 and higher is an active area of

research. For instance, it is known that the Petersen graph and all prism graphs have a

representation number of 3 [29].

The following lemma and proposition give a useful tool to construct 3-word-representable

graphs, that is, graphs with a representation number of at most 3.

Lemma 1.7.3 ([33]). Let G = (V,E) be a 3-word-representable graph and x, y ∈ V .

Denote by H the graph obtained from G by adding a path of length at least 3 connecting x

and y. Then H is also 3-word-representable.

Proposition 4 ([29]). Let G ∈ Rk, where k ≥ 2, and x ∈ V (G). Also, let G′ be the graph

obtained from G by adding an edge xy, where y ̸∈ V (G). Then G′ ∈ Rk.

1.8 Semi-Transitive Orientation

In Section 1.6, we saw a characterization in terms of orientability, which implies that

alternation corresponds to a property of a digraph obtained by directing the edges in a cer-

tain way. It is known that a graph is a permutationally-representable graph if and only if it
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has a transitive orientation (i.e., it is a comparability graph). In [23, 24], Halldórsson et al.

gave another generalization for transitive orientation known as semi-transitive orientation.

We now turn to the characterization and begin with definitions of certain directed

graphs. A shortcut is an acyclic, non-transitively oriented graph obtained from a directed

cycle on at least four vertices by reversing the orientation of one of its edges, and possibly

by adding additional directed edges connecting some of the vertices (while keeping the

graph acyclic and non-transitive). Thus, any shortcut

• is acyclic (that is, it contains no directed cycles);

• has at least four vertices;

• has exactly one source (a vertex with no incoming edges) and exactly one sink (a

vertex with no outgoing edges), with a directed path from the source to the sink that

passes through every vertex of the graph;

• contains an edge connecting the source to the sink, referred to as the shortcutting

edge;

• is not transitive (that is, there exist vertices u, v, and z such that u → v and v → z

are edges, but there is no edge u → z).

Definition 1.8.1. An orientation of a graph is semi-transitive if it is acyclic and shortcut-

free.

It is easy to see from definitions that any transitive orientation is necessarily semi-

transitive. The converse is not true, e.g. the following semi-transitively oriented graph is

not transitively oriented:

Thus, semi-transitive orientations generalize transitive orientations.

A way to check if a given oriented graph G is semi-transitively oriented is as follows.

First, check that if G is acyclic; if not, the orientation is not semi-transitive. Next, for

a directed edge from a vertex x to a vertex y, consider each directed path P having at
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least three edges without repeated vertices from x to y, and check that the subgraph of

G induced by P is transitive. If such a non-transitive subgraph is found, the orientation

is not semi-transitive. This procedure needs to be applied to each edge in G, and if no

non-transitivity is discovered, G’s orientation is semi-transitive.

As we will see in Theorem 1.8.2, finding a semi-transitive orientation is equivalent to

recognising whether a given graph is word-representable, and this is an NP-hard problem.

Thus, there is no efficient way to construct a semi-transitive orientation in general, and

such a construction would rely on an exhaustive search orienting edges one by one, and thus

branching the process. Having said that, there are several situations in which branching is

not required.

The main characterization theorem to date for word-representable graphs is the follow-

ing result.

Theorem 1.8.2 ([24]). A graph G is word-representable if and only if it is semi-transitively

orientable. Moreover, every non-complete word-representable graph is 2(n−κ)-word-repres-

entable, where κ denotes the size of a maximum clique in G.

Since each complete graph is 1-word-representable and each edgeless graph is 2-word-

representable, we have the following statement.

Corollary 1 ([24]). Each word-representable graph G on n ≥ 3 vertices is 2(n− 2)-word-

representable.

1.9 Graph Operations & Word-Representability

In this section, we consider some of the most basic operations on graphs, namely,

connecting two graphs by an edge and gluing two graphs in a clique, taking a line graph,

taking the complement, edge contraction, edge addition, edge deletion, and various graph

products.
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1.9.1 Connecting two graphs by an edge and gluing two graphs

in a clique

The operations of connecting two graphs, G1 and G2, by an edge and gluing two graphs

at a vertex are presented schematically in Figure 1.6. It follows directly from Theorem 1.8.2

that if both G1 and G2 are word-representable, then the resulting graphs will be word-

representable too, while if at least one of G1 or G2 is non-word- representable then the

resulting graphs will be non-word-representable. Indeed, if G1 and G2 are oriented semi-

transitively, then orienting the edge xy in either direction will give no chance for the

resulting graph to have a shortcut, thus resulting in a semi-transitively oriented graph;

similarly, no shortcut is possible when semi-transitively oriented G1 and G2 are glued at a

vertex z.

G1

G2

G1 G2

x y

G1 G2

z

Figure 1.6: Connecting graphs by an edge and gluing graphs at a vertex

Moreover, the following theorem provides an answer to the question: if G1 is k1-word-

representable, G2 is k2-word-representable, and G is k-word-representable then what can

be said about k?

Theorem 1.9.1 ([32]). For k ≥ 2, let w1 and w2 be k-uniform words representing graphs

G1 = (V1, E1) and G2 = (V2, E2), respectively. where V1 and V2 are disjoint. Suppose that

x ∈ V1 and y ∈ V2. Let H1 be the graph formed by connecting graphs G1 and G2 with an

edge. Let H2 be the graph formed from graphs G1 and G2 by identifying vertex x and vertex

y into a new vertex z. Then H1 and H2 are k-word-representable.

Theorem 1.9.2 ([32]). Suppose that for graphs G1 = (V1, E1) and G2 = (V2, E2), R(G1) =

k1 and R(G2) = k2, x ∈ V1, y ∈ V2 and k = max(k1, k2). Also, let the graph G′ be obtained

by connecting G1 and G2 by the edge xy, and the graph G′′ be obtained from G1 and G2 by

identifying the vertices x and y into a single vertex z. The following holds.
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1. If |V1| = |V2| = 1 then both G′ and G′′ are cliques and thus k1 = k2 = 1. In this case,

R(G′) = R(G′′) = 1.

2. If min(|V1|, |V2|) = 1 but max(|V1|, |V2|) > 1 then R(G′) = k and R(G′′) = max(k, 2).

3. If min(|V1|, |V2|) > 1 then R(G′) = R(G′′) = max(k, 2).

1.9.2 Various graph products

There are graph products that preserve word-representability, and there are graph

products that do not preserve word-representability. Table 1.1 provides the definition

of various graph products, and Table 1.2 provides the details about the products and the

word-representability.

Graph product Denoted by Edge condition for (u1, u2) ∼ (v1, v2)

Cartesian Product G □ H (u1 = v1 and u2 ∼ v2)

or (u1 ∼ v1 and u2 = v2)

(u1 ∼ v1 and u2 = v2 = r)

Rooted Product G ◦H or (u1 = v1 and u2 ∼ v2)

where r is the root vertex in H

Tensor Product G×H u1 ∼ v1 and u2 ∼ v2

Lexicographical Product G �H u1 ∼ v1 or (u1 = v1 and u2 ∼ v2)

(u1 = v1 and u2 ∼ v2)

Strong Product G⊠H or (u1 ∼ v1 and u2 = v2)

or (u1 ∼ v1 and u2 ∼ v2)

Table 1.1: Definitions of various products of two graphs G and H.

Graph product Preserves Word-representability Reference

Cartesian Product Yes [37]

Rooted Product Yes [37]

Tensor Product Not necessarily [10]

Lexicographical Product Not necessarily [10]

Strong Product Not necessarily [10]

Table 1.2: Word-representability & various products of two word-representable graphs G
and H
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In [5], Broere has given the k-representability of the Cartesian product of two word-

representable graphs. The following results give the information on the upper bound of

the representation number of Cartesian products of a word-representable graph with K2,

Kn and a permutationally-representable graph, respectively.

Theorem 1.9.3 ([5]). Let G be a k-representable graph for k > 1. Then the graph G□Kn

is (k + (n− 1))-representable

Theorem 1.9.4 ([5]). Let G = (VG, EG) be a k-representable graph for k > 1. Also, let

H = (VH , EH) be l-permutationally representable graph. Then the graph G□H is l(k +

(n− 1))-representable.

1.10 Minimum Length Word-Representants

In [24], Halldórsson, Kitaev, and Pyatkin study the minimal k for which certain graphs

are k-word-representable. In [18], Gaetz and Ji have investigated the absolute mini-

mal length word-representants of trees and cycles, where we do not require our word-

representants to be k-uniform for any k. In this section, we present the results regarding

the lengths of these absolute minimum length word-representants.

Definition 1.10.1. Let G be a word-representable graph, where w is a word-representant

of G. Then, l(G) is defined as the minimum possible length of the word w. Let the word w

be called as a minimum length word-representant of graph G.

Theorem 1.10.2 ([18]). Let G = (V,E) be a word-representable graph with connected

components {Gi = (Vi, Ei)}ki=1. Then

l(G) ≤
k∑

i=1

(l(Gi) + |Vi|)− max
1≤j≤k

|Vj|.

In the case of trees and cycles, a precise value for ℓ(G) is given. First, we present a

simple bound for all triangle-free graphs.

Lemma 1.10.3 ([18]). Let G be a triangle-free graph with n vertices. Then l(G) ≥ 2n−2.

Theorem 1.10.4 ([18]). Let T = (V,E) be a tree with n ≥ 2 vertices. Then l(T ) = 2n−2.

Theorem 1.10.5 ([18]). Let Cn = (V,E) be the cycle graph on n ≥ 4 vertices. Then,

l(Cn) = 2n− 2.
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1.11 Characterization of Word-Representable

Split Graphs

It is clear from Table 2 that, so far, only split graphs have been characterized in terms

of word-representability. In this subsection, we discuss the characterization of split graphs

that are word-representable. Moreover, the recognition problem for word-representable

split graphs can be solved in polynomial time.

A graph G is called a split graph if its vertex set V (G) can be partitioned into two parts

I ∪ C such that C induces a clique, and I induces an independent set.

Theorem 1.11.1 ([35]). A split graph G is semi-transitive if and only if the vertices of C

can be labeled from 1 to k = |C| in such a way that for each v, u ∈ I :

• either NG(v) = [a, b] for a ≤ b or NG(v) = [1, a] ∪ [b, k] for a < b.

• If NG(u) = [a1, b1] and NG(v) = [1, a2] ∪ [b2, k], for a1 ≤ b1, a2 < b2 , then a1 > a2

or b1 < b2.

• If NG(u) = [1, a1] ∪ [b1, k] and NG(v) = [1, a2] ∪ [b2, k], for a1 < b1 and a2 < b2, then

a2 < b1 and a1 < b2.

Determining the semi-transitivity of split graphs is closely related to the well-known

circular ones property of (0, 1)-matrices. A (0, 1)-matrix has the consecutive ones property

(for columns) if, after some permutation of its rows in all columns, the ones are consecutive.

A (0, 1)-matrix has the circular ones property (for columns) if, after some permutation of

its rows in all columns, either ones or zeroes are consecutive. Note that if zeroes are

consecutive, then ones are “almost consecutive” in the sense that they are allowed to wrap

around from the bottom of a column to its top.

Given a split graph G with C = {u1, . . . , uk} and I = {v1, . . . , vt}, consider a (0, 1)-

matrix M(G) with k rows and t columns where mij = 1 if and only if ui is adjacent to vj.

Then, clearly, any labelling of the vertices in C defines a permutation of the rows of the

matrix M(G). Moreover, such a labelling satisfies condition (1) of Theorem 1.11.1 if and

only if the corresponding permutation provides a circular ones property.

Theorem 1.11.2 ([35]). A split graph G is semi-transitive if and only if the rows of

matrix M(G) can be permuted in such a way that:
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(i) The ordering has a circular ones property for all columns.

(ii) If a column has the form 1a0b1c where a + b + c = k and a, b, c ≥ 1, then no other

column may contain ones in all positions from a to a+ b+ 1.

It is easy to verify that property (ii) of Theorem 1.11.2 is equivalent to conditions

(2)–(3) of Theorem 1.11.1.

Using the above-mentioned results, the following result can be stated.

Theorem 1.11.3 ([35]). The recognition problem for word-representable split graphs can

be solved in time O(t2k).

1.12 Characterization of Word-Representable

Co-Bipartite Graphs

Similar to split graphs, the class of word-representable co-bipartite graphs has also been

characterized. This characterization was obtained by Das and Ramesh [14]. Moreover, they

proved that the representation number of any word-representable co-bipartite graph is at

most three [13].

A graph G is called a co-bipartite graph if its vertex set V (G) can be partitioned into

two cliques, say V (Km) and V (Kn).

Theorem 1.12.1 ([13]). A co-bipartite graph G is semi-transitive if and only if the vertices

of V (Kn) can be labeled by the integers 1 to n in such a way that, for every u, v ∈ V (Km),

the following conditions hold, where N(u) = NG(u) ∩ V (Kn).

• N(v) = [a, b] for some a ≤ b, or N(v) = [1, a] ∪ [b, n] for some a < b, or N(v) = ∅.

• If N(u) = [a1, b1] and N(v) = [1, a2]∪ [b2, n], where a1 ≤ b1 and a2 < b2, then u < v.

• If N(u) = [a1, b1] and N(v) = [a2, b2], where u < v, a1 ≤ b1, and a2 ≤ b2, then

a1 ≤ a2 and b1 ≤ b2.

• If N(u) = [a1, b1] and N(v) = [1, a2]∪ [b2, n], where a1 ≤ b1 and a2 < b2, then a1 ≤ b2

and a2 ≤ b1.
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• If N(u) = [1, a1] ∪ [b1, n] and N(v) = [1, a2] ∪ [b2, n], where u < v, a1 < b1, and

a2 < b2, then a1 ≤ a2 and b1 ≤ b2.

• Suppose N(u) = ∅. Then, for all v1 < u < v2, we have N(v1) = [a1, b1] with a1 ≤ b1

and N(v2) = [1, a2] ∪ [b2, n] with a2 < b2. Moreover, b1 < b2.
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2
Minimum length word-representants of

word-representable graphs and graph products

2.1 Introduction

In this chapter, we establish a relationship between the maximum and minimum num-

ber of occurrences of letters in minimum length word-representants and the diameter of

the corresponding graph. Furthermore, we derive an upper bound on the minimum pos-

sible length of a word-representant under certain word-representability-preserving graph

operations, such as connecting two graphs by an edge and gluing two graphs at a vertex.

We also determine the minimum length of word-representants for the Cartesian and rooted

products of word-representable graphs, employing morphism-based and occurrence-based

functions, respectively. Finally, we address an open problem posed by Broere in [5], which

concerns the construction of a word representing the Cartesian product of two arbitrary

word-representable graphs.
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In Section 2.2, we establish a lower bound on the minimum possible length of word-

representants for certain classes of graphs, such as bipartite and ladder graphs. We also

provide a partial characterization of 2-word-representable graphs based on the minimum

length of their word-representants and demonstrate a relationship between the maximum

and minimum number of occurrences of letters in a minimum-length word-representant

and the diameter of the graph.

In Section 2.3, we derive an upper bound on the minimum possible length of a word-

representant under specific graph operations that preserve word-representability. Further-

more, in Section 2.3.2, we establish an upper bound for the minimum length of words

representing the Cartesian product of word-representable graphs in terms of their indi-

vidual minimum lengths. Similarly, in Section 2.3.3, we present an upper bound for the

minimum length of words representing the rooted product of word-representable graphs in

terms of their respective minimum lengths.

2.2 Minimum Length Words

In this section, we investigate the relationship between the minimum possible length

of a word-representant of a graph and its structural properties. We establish several lower

and upper bounds on this length for various graph classes, including complete bipartite,

ladder, multipartite, and Kp-free graphs. We also explore the role of the representation

number in determining the minimum length and discuss the implications for open problems

posed by Gaetz and Ji [18].

Lemma 2.2.1. Let w be a minimum length word-representant of a word-representable

graph G. Then

|O(w, 1)| ≤ κG

where κG is the size of a maximal clique of G.

Proof. Suppose there are more than κG letters in w that appear exactly once. This implies

the existence of a clique of size |O(w, 1)|, which contradicts the fact that the size of a

maximal clique in G is κG.

Theorem 2.2.2. Let G = (X ∪ Y,E) be a complete bipartite graph on n vertices with

|X| = n1 and |Y | = n2. Then ℓ(G) = 2n− 2.
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Proof. Since G is bipartite, we can say that ℓ(G) ≥ 2n−2 by Lemma 1.10.3. Therefore, our

objective is to show that ℓ(G) ≤ 2n−2. It is enough to show that a word of length 2n−2 can

representG. LetX be the set {1, 2, . . . , n1} and Y be the set {n1+1, n1+2, . . . , n = n1+n2}.

Our claim is that the word w = 234 . . . n1(n1+1)(n1+2) . . . nn1(n1−1) . . . 1n(n−1) . . . (n1+

2) represents G.

If 2 ≤ x, y ≤ n1 or n1 + 2 ≤ x, y ≤ n, then w|{x,y} = xyyx or yxxy. Therefore,

there are no edges between any two vertices of X or vertices of Y . If 2 ≤ x ≤ n1 and

n1 + 2 ≤ y ≤ n, then w|{x,y} = xyxy. Therefore, xy ∈ E for all x ∈ X and y ∈ Y . If x = 1

and n1 + 2 ≤ y ≤ n, then w|{1,y} = y1y. Hence, 1y ∈ E for all y ∈ Y . Similar arguments

show that x(n1+1) ∈ E for all x ∈ X. If x = 1 and y = n1+1, then w|{1,n1+1} = (n1+1)1.

Hence, 1(n1 + 1) ∈ E. As a result, w represents G.

Theorem 2.2.3 ([29]). Let Ln be the ladder graph on 2n ≥ 4 vertices. Then for all n ≥ 2,

R(Ln) = 2.

1 2 3 n. . .

1’ 2’ 3’ n’. . .

Figure 2.1: Ladder graph Ln

Theorem 2.2.4. Let Ln be the ladder graph on 2n ≥ 4 vertices. Then ℓ(Ln) = 4n− 2.

Proof. Let Ln be the ladder graph shown in Figure 2.1 with the vertex set V (Ln) =

{1, 2, . . . , n, 1′, 2′, . . . , n′}. Let u = 123 . . . (n − 1)n be a word over the alphabet A =

{1, 2, . . . , n− 1, n}. Let us define the morphisms h : A∗ → V ∗ and g : A∗ → V ∗ as follows.

h(i) =



(i+ 1)′i′ if i < n and i is odd,

(i+ 1)i if i < n and i is even,

i′ if i = n and i is odd,

i if i = n and i is even.
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and

g(i) =



i(i+ 1) if i < n and i is odd,

i′(i+ 1)′ if i < n and i is even,

i if i = n and i is odd,

i′ if i = n and i is even.

We claim that the word w = h(u)g(r(u)) represents the ladder graph Ln. Recall that

r(u) denotes the reversal of the word u. According to the definition of a ladder graph,

vertex i is adjacent to the vertices {i + 1, i− 1, i′} for all i = {2, 3, . . . n− 1}. Vertex 1 is

adjacent to {2, 1′}, and vertex n is adjacent to {n−1, n′}. This is also the case for vertices

{1′, 2′, . . . , n′}. From Theorem 2.2.3 and Proposition 2, only the adjacent vertices of vertex

i occur exactly once between two occurrences of i. Therefore, it is sufficient to show that

only the vertices {i+1, i− 1, i′} ({(i+1)′, (i− 1)′, i}) occur once between two instances of

the vertex i(i′).

For each vertex i (i′), all vertices {j, (j− 1)′} ({j′, (j− 1)}), where j > i+1, appear to

the right of i (i′) in h(u) and to the left of i (i′) in g(r(u)). Similarly, for each vertex i (i′),

all vertices {j, (j + 1)′} ({j′, (j + 1)}), where j < i− 1, appear to the left of i (i′) in h(u)

and appear to the right of i (i′) in g(r(u)). Therefore, all vertices apart from {i+1, i−1, i′}

({(i+ 1)′, (i− 1)′, i}) either appear twice or do not appear between the two instances of i

(i′). The vertices {i+ 1, i− 1, i′} ({(i+ 1)′, (i− 1)′, i}) appear to the right of i (i′) in both

h(u) and g(r(u)). Therefore, they occur exactly once between the two instances of i (i′).

Therefore, w represents the graph Ln.

Since |h(u)| = 2n − 1 and |g(r(u))| = 2n − 1, we have ℓ(Ln) ≤ 4n − 2. As Ln is

triangle-free, we can say that ℓ(Ln) = 4n− 2 by Lemma 1.10.3.

Lemma 1.10.3 provides a result for K3-free graphs. This raises the question of whether

the result can be extended to all Kp-free graphs. The following lemma provides a positive

answer to this question.

Theorem 2.2.5. Let G = (V,E) be a Kp-free graph on n vertices, where p ≤ n. Then

ℓ(G) ≥ 2n− p+ 1.

Proof. Let w be a minimum length word-representant of G. By Definition 1.5.1, all ele-

ments of V occur at least once in w. We claim that there are at most p− 1 letters from V
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that occur only once in w. Suppose that the vertices x1, x2, . . . , xp ∈ V appear only once

in w. Then the vertices {x1, x2, . . . , xp} induce a Kp in G, which is a contradiction.

Lemma 2.2.6. Every multi-partite graph, Hn,p, on n vertices and p partitions is Kp+1-free.

Proof. Assume that Hn,p contains a Kp+1 subgraph, which implies that there are p + 1

vertices that are adjacent to every other vertex. These p+ 1 vertices must be chosen from

p partitions. By applying the pigeonhole principle, we can deduce that there must be at

least two vertices that are selected from the same partition. However, they cannot be

adjacent as they are from the same partition, which is a contradiction.

Theorem 2.2.7. Let Hn,p be a multi-partite graph on n vertices and p partitions. Then

ℓ(Hn,p) ≥ 2n− p.

Proof. Proof follows directly from Theorem 2.2.5 and Lemma 2.2.6.

Theorem 2.2.8. Let G = (V,E) be a k-word representable graph with k ≥ 2. Then

ℓ(G) ≤ kn− 1.

Proof. Since G is k-word representable, we can say that ℓ(G) ≤ kn. Let w be a word-

representant of G. Then, by Proposition 3, for a vertex x ∈ V (G), the word w can be

considered as w = x1A1x
2A2 . . . x

kAk, where xi denotes the ith occurrence of the letter x.

We claim that w′ = A1x
2A2 . . . x

kAk also represents G.

If xy ∈ E, then x and y alternate in w. This means that y ∈ Ai for all i = 1, 2, . . . k−1.

Therefore, it is clear that x and y alternate in w′. Similarly if xy ̸∈ E, then there is an Ai

in w where y ̸∈ Ai. If i ̸= 1, then it is clear that x and y do not alternate in w′. If y ̸∈ A1,

then according to the pigeonhole principle, since G is k-word representable, there must be

some Aj that has at least two y. Therefore, x and y do not alternate in w′. This shows

that w′ represents G.

Theorem 2.2.9. Let G = (V,E) be a 2-word-representable graph on n vertices that con-

tains at least one edge. Then ℓ(G) ≤ 2n− 2.

Proof. Since R(G) = 2, we have ℓ(G) ≤ 2n− 1 by Theorem 2.2.8. Therefore, it suffices to

show that there exists a word-representant of G of length 2n − 2. Let w′ be a 2-uniform

word-representant of the graph G, and let x be a letter such that no other letter occurs
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twice between x1 and x2, but at least one letter occurs between them. Such a word always

exists; otherwise, the graph would be empty, contradicting our assumption that G contains

at least one edge and is 2-word-representable.

Hence, all the letters between the two occurrences of x are its neighbours. Let y be a

letter adjacent to x. Then, by Proposition 3, the word w′ can be written as w′ = BAxy.

We claim that the word w = BA also represents the graph G. To prove this, we will show

that two vertices i and j alternate in w if and only if they alternate in w′.

Suppose i, j ∈ V \{x, y}. Then it is clear that, w′|{i,j} = (BA)|{i,j} = w|{i,j}. Therefore,

in this case, i and j alternate in w if and only if they alternate in w′.

Without loss of generality, let us assume that i = x and j ∈ V \ {x, y}. Then, we have

w|{x,j} = (BA)|{x,j}. If x and j do not alternate in w, then they clearly do not alternate in

w′. Suppose x and j do not alternate in w′. Then the factor BA contains xjj or jjx as a

subword. Therefore, x and j do not alternate in w either. As a result, x and j alternate in

w if and only if they alternate in w′. A similar argument shows that y and j ∈ V \ {x, y}

alternate in w if and only if they alternate in w′.

Suppose i = x and j = y. They alternate in w as they alternate in w′. Thus w

represents the graph G. Since |w| = 2n− 2, ℓ(G) ≤ |w| = 2n− 2.

Theorem 2.2.10. If G is a K3-free 2-word-representable graph on n vertices, then ℓ(G) =

2n− 2.

Proof. Assume that G is a triangle-free graph on n vertices. Since R(G) = 2, we have

ℓ(G) = 2n− 2 by Theorem 2.2.5 and Theorem 2.2.9.

From Theorem 2.2.10, we can ask whether ℓ(G) = 2n − p + 1 if G is a Kp-free graph

on n vertices. However, the following example disproves this statement.

1

2 3

4

5

6

7

Figure 2.2: Minimum length word-representant of the graph, w = 415425736716
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Example 2.2.11. Consider the graph G shown in Figure 2.2, which is K4-free. We expect

that ℓ(G) = 2n−3 = 11. However, consider the graph G\6, and let u be a minimum-length

word-representant of G \ 6 with ℓ(G \ 6) = 9. It can be verified that the two occurrences of

the vertex 6 cannot be inserted into u while preserving the existing alternations and non-

alternations. Hence, we require one additional occurrence of at least one of the vertices in

{1, 2, 3}. Therefore, the word w = 415425736716 is a minimum-length word-representant

of G, with ℓ(G) = 12 = 2n− 2.

Theorem 2.2.12. Let G be a 2-word-representable graph on n vertices. Then ℓ(G) = 2n−1

if and only if G is a K2-free graph, i.e., an empty graph.

Proof. Suppose that G is K2-free. Then by Theorem 2.2.5 and Theorem 2.2.8, ℓ(G) =

2n− 1.

Now assume that G is a graph with ℓ(G) = 2n − 1. For the sake of contradiction,

assume that G is not an empty graph. Then by Theorem 2.2.9, ℓ(G) ≤ 2n − 2, which

contradicts the assumption. Therefore, G is a K2-free graph.

In [18], Gaetz and Ji have posed an open problem (Problem 2 ) that asks to classify

the 2-word-representable graphs based on the minimum possible length of their word-

representants. The following result completely answers two of the three cases and partially

answers the remaining case of the problem mentioned above.

Theorem 2.2.13. Let G be a 2-word-representable graph on n vertices. Then

1. {G : ℓ(G) = 2n} = ∅.

2. {G : ℓ(G) = 2n− 1} = {empty graph on n vertices}.

3. {G : ℓ(G) = 2n− 2} ⊃ {All K3-free 2-representable graphs on n vertices}.

Proof. By Theorem 2.2.8, it is clear that the set {G: ℓ(G) = 2n} is empty. The second

and third one directly follow from Theorems 2.2.12 and 2.2.10, respectively.

The following result positively answers an open problem (Problem 1 ) posed by Gaetz

and Ji in [18].
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Theorem 2.2.14. Let G = (V,E) be a word-representable graph with connected compo-

nents {Gi = (Vi, Ei)}ki=1. Let wi be a minimum length word-representant of the component

Gi. Assume that the components are ordered in such a way that |O(wi, 1)| ≥ |O(wj, 1)| for

all i > j. Then,

ℓ(G) ≤
k∑

i=1

ℓ(Gi) +
k−1∑
i=1

κi

where κi is the size of a maximal clique of the graph Gi

Proof. Here we will employ the proof technique used in Theorem 1.10.2. Let wi be a

minimum length word-representant of the component Gi , where i ∈ {1, 2, . . . , k}. Without

loss of generality, we assume that Gk is the graph component having the largest size of a

maximal clique among all components. We claim that the word

w = w1 σ(w1|O(w1,1)) w2 σ(w2|O(w2,1)) . . . wk−1 σ(wk−1|O(wk−1,1)) wk

represents G.

Note that the argument below shows that wiσ(wi|O(wi,1)) represents Gi. If x, y ̸∈

O(wi, 1), then x and y alternate in wiσ(wi|O(wi,1)) if and only if xy ∈ Ei. If x, y ∈ O(wi, 1),

then we can make x and y alternate in wiσ(wi|O(wi,1)) by concatenating σ(wi|O(wi,1))

with wi. Without loss of generality, let us consider x ∈ O(wi, 1) and y ̸∈ O(wi, 1). If

xy ∈ Ei, then (wiσ(wi|O(wi,1)))|{x,y} = yxyx since wi|{x,y} = yxy. If xy ̸∈ Ei, then

(wiσ(wi|O(wi,1)))|{x,y} = yyxx or xyyx since wi|{x,y} = yyx or xyy. Hence, x and y al-

ternate in wiσ(wi|O(wi,1)) if and only if they alternate in wi.

Furthermore, for all pairs (i, j), where 1 ≤ i < j ≤ k, each vertex of Vi occurs at

least twice in w before any vertex of Vj appears. Therefore, there is no edge between two

vertices of two distinct components if and only if the two vertices do not alternate in w. As

a result, w represents the graph G. Therefore, ℓ(G) ≤ |w| =
∑k

i=1 ℓ(Gi) +
∑k−1

i=1 |O(wi, 1)|.

Hence, we get ℓ(G) ≤
∑k

i=1 ℓ(Gi) +
∑k−1

i=1 κi by Lemma 2.2.1.

Remark 3. The theorem mentioned above gives a tighter upper bound on ℓ(G) than the

one provided by Theorem 1.10.2, as the size of a maximal clique cannot exceed the number

of vertices of the graph.

Definition 2.2.15. Let w be a word. The minimum and maximum number of occurrences

of a letter in w are denoted by Omin(w) and Omax(w), respectively.
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Lemma 2.2.16. Let w be a minimum length word-representant of a graph G. Let x ∈ V (G)

be a vertex in w such that Ow(x) = Omax(w). Define Li as the set of vertices which are at

distance i from vertex x. Then, for every vertex y ∈ Li,

Ow(y) ≥ Omax(w)− i.

Proof. We prove this result using induction on i. It is evident that the occurrence of the

only vertex in L0, meaning Ow(x) = Omax(w) ≥ Omax(w)− 0, which proves the base case.

Now let us assume that the occurrence of each vertex in Lk−1 is at least Omax(w)− (k−1).

We can now consider a vertex z ∈ Lk. Suppose that Ow(z) < Omax(w) − k. By the

definition of the above set, there is at least one vertex a ∈ Lk−1 such that d(a, z) = 1, i.e.

a and z are adjacent. Since a and z are adjacent, they should alternate in w. By induction

hypothesis, Ow(a) ≥ Omax(w) − k + 1. Since Ow(z) ≤ Omax(w) − k − 1, there can be a

maximum of Omax(w)− k gaps between z where a can be placed to make them alternate.

However, considering there are at most Omax(w) − k gaps and at least Omax(w) − k + 1

a’s to be placed, by applying the pigeonhole principle, there exists a factor in w where at

least two a’s occur between two z’s, which contradicts the fact that a and z alternate in

w. Therefore, Ow(z) ≥ Omax(w)− k. As a result, Ow(y) ≥ Omax(w)− i for all y ∈ Li.

Theorem 2.2.17. Let w be a minimum length word-representant of a word-representable

connected graph G. Then

Omax(w)−Omin(w) ≤ diam(G)

where diam(G) is the diameter of the graph G.

Proof. Let x ∈ V (G) be a vertex with maximum number, Omax(w), of occurrences in w. Let

Li denote the set of vertices which are at distance i from the vertex x. Let x′ ∈ V (G) be a

vertex with minimum number, Omin(w), of occurrences in w. Since the graph is connected,

the vertex x′ will be present in the set Li for some i. Hence, Omin(w) ≥ Omax(w) − i, by

Lemma 2.2.16. Since i ≤ diam(G), we have

Omax(w)−Omin(w) ≤ diam(G).
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The below example shows that the above-established bound is tight.

Example 2.2.18. Consider Pr3, the 3-Prism shown in Figure 2.4. w = 52634561425

is a minimum length word-representant of the graph Pr3. Therefore, Omax(w) = 3 and

Omin(w) = 1. It follows that Omax(w)−Omin(w) = 2. We know that diam(Pr3) = 2.

A crown graph, Hn,n, is formed by removing a perfect matching from the complete

bipartite graph, Kn,n. It is easy to see that diam(Hn,n) = 3.

Theorem 2.2.19 ([20]). If n ≥ 5, then the representation number of Hn,n is ⌈n
2
⌉.

Theorem 2.2.20. The minimum possible length of a word-representant of the crown graph,

Hn,n, is bounded below by

ℓ(Hn,n) ≥ 2n⌈n
2
⌉ − 3n.

Proof. Let w be a minimum length word-representant of the graph Hn,n. According to

Theorem 2.2.19, Omax(w) = ⌈n
2
⌉ for all n ≥ 5. Let X and Y be the bipartition of the vertex

set. Without loss of generality, assume that the vertex x ∈ X occurs maximum number of

times in w. Let Li denote the set of vertices that are at a distance i from the vertex x. The

set L1 consists of all the adjacent vertices of x. Therefore, |L1| = n− 1. Similarly, set L2

contains all vertices in the partition X except for vertex x. Hence, |L2| = n − 1. The set

L3 contains the remaining vertex in Y that is not adjacent to vertex x. Hence, |L3| = 1.

According to Lemma 2.2.16,

ℓ(Hn,n) =
∑
x∈V

Ow(x)

=
3∑

i=0

Ow(x)|Li|, x ∈ Li

≥ ⌈n
2
⌉+ (n− 1)(⌈n

2
⌉ − 1) + (n− 1)(⌈n

2
⌉ − 2) + (⌈n

2
⌉ − 3)

= 2n⌈n
2
⌉ − 3n.

It is easy to verify that the provided lower bound holds for n ≤ 4 as well.

The graph Gn with 2n + 1 vertices is formed by adding an all-adjacent vertex to the

crown graph Hn,n.

Theorem 2.2.21 ([23]). The representation number of the graph Gn is n.
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Theorem 2.2.22. The minimum possible length of a word-representant of Gn is bounded

below by

ℓ(Gn) ≥ 2n2 − 2n.

Proof. Let w be a minimum length word-representant of the graph Gn. According to

Theorem 2.2.21, it is clear that Omax(w) = n. Let X and Y be the bipartition of the crown

graph Hn,n, with z as the all-adjacent vertex. There are two cases: either a vertex from

either partition X or Y has the maximum number of occurrences in w, or the all-adjacent

vertex z has the maximum number of occurrences in w. Without loss of generality, assume

a vertex x ∈ X occurs the maximum number of times in w. Let Li be the set of vertices

that are at a distance i from vertex x. The set L1 contains all the adjacent vertices of x,

including the all-adjacent vertex z. Hence, |L1| = n. As z ∈ L1, the set L2 contains all the

other vertices that are not adjacent to x. Hence, |L2| = n. According to Lemma 2.2.16,

ℓ(Gn) =
∑
x∈V

Ow(x)

=
2∑

i=0

Ow(x)|Li|, x ∈ Li

≥ n+ n(n− 1) + n(n− 2)

= 2n2 − 2n.

Now assume that the all-adjacent vertex z occurs the maximum number of times in w. Let

L′
i be the set of vertices that are at a distance i from z. The set L′

1 contains all vertices

except z. Hence, |L′
1| = 2n. According to Lemma 2.2.16,

ℓ(Gn) =
∑
x∈V

Ow(x)

=
1∑

i=0

Ow(x)|L′
i|, x ∈ L′

i

≥ n+ 2n(n− 1)

= 2n2 − n

≥ 2n2 − 2n.
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2.3 Minimum Length Word-Representants of Graphs

Obtained Through Graph Operations

In this section, we establish bounds on the minimum length of word-representants

for certain graph operations that preserve word-representability, such as connecting two

graphs by an edge and gluing two graphs at a vertex. In [32], Kitaev and Lozin pro-

vided insights into graph operations that preserve word-representability. Furthermore,

we determine the minimum lengths of word-representants for the Cartesian and rooted

products of word-representable graphs, employing morphism-based and occurrence-based

functions, respectively. Finally, we address an open problem posed by Broere in [5], con-

cerning the construction of a word representing the Cartesian product of two arbitrary

word-representable graphs.

2.3.1 Connecting Two Graphs by an Edge and Gluing Two Graphs

in a Vertex

In this subsection, we determine an upper bound on the minimum possible length of a

word-representant of a graph obtained by connecting two graphs by an edge and gluing two

graphs in a vertex. Let sign(n) be a real function which is defined as follows: sign(n) = 1

if n ≥ 0 and sign(n) = −1 if n < 0. In this section, we denote the concatenation of words

as follows: w1w2 . . . wn =
n∏

i=1

wi, where wi are possibly empty words.

Theorem 2.3.1. Let G1 = (V1, E1) and G2 = (V2, E2) be two word-representable graphs.

Let w1 and w2 be minimum length word-representants of G1 and G2, respectively. Let G′

be the graph obtained by connecting G1 and G2 with an edge xy, where x ∈ V1 and y ∈ V2.

Then

ℓ(G′) ≤ ℓ(G1) + ℓ(G2) + 2(|V1|+ |V2|) + (|Ow2(y)−Ow1(x)|)α.

where, α = 1
2
(|V1|+ |V2|+ sign(Ow2(y)−Ow1(x))(|V1| − |V2|))

Proof. Let us assume, without loss of generality, that Ow1(x) = j ≥ Ow2(y) = i. Let

w1a = w1 and w2a = (

j−i∏
1

π(w2))w2 be word-representants of graphsG1 andG2, respectively,

such that Ow1a(x) = Ow2a(y) = j.
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Let the words w1a and w2a be denoted as follows, where xi denotes the ith occurrence

of the letter x.

w1a = A0x
1A1x

2 . . . Aj−1x
jAj

w2a = B0y
1B1y

2 . . . Bj−1y
jBj

Let π(w1) = P0xP1 and π(w2) = P ′
0yP

′
1. Note that P0 and P ′

0 are subwords of A0 and

B0, respectively. Consider the word

w = P0x
1P ′

0y
1P ′

1P
′
0P1P0x

2P1A0y
2x3P ′

1B0y
3A1B1x

4y4A2B2x
5y5 . . . Aj−1Bj−1x

j+2yj+2AjBj.

Claim: w represents G′.

Proof of Claim:

• Since w|V1 = π(w1)π(w1)w1a, w represents G1 as per Observation 1.5.8.

• Since w|V2 = π(w2)π(w2)w2a, w represents G2 as per Observation 1.5.8.

• Since w|{x,y} = x1y1 . . . xj+2yj+2, x and y alternate in w.

• Let u ∈ V1 and v ∈ V2 such that {u, v} ̸= {x, y}. It is enough to prove that u and v

do not alternate in w.

Suppose u ̸= x and v ̸= y. Then, u appears in either P0 or P1, and v appears in either

P ′
0 or P ′

1. Let us consider these cases separately.

Case 1: u appears in P0, v appears in P ′
0

Consider the factor P0x
1P ′

0y
1P ′

1P
′
0P1P0 of w. Since P ′

0 appears twice between two P0,

u and v do not alternate in w.

Case 2: u appears in P0, v appears in P ′
1

Consider the factor P ′
1P

′
0P1P0x

2P1A0y
2x3P ′

1 of w. Since P0 is a subword of A0, every

letter that appears in P0 will also appear in A0. As both P0 and A0 appear between two

P ′
1, u and v do not alternate in w.

Case 3: u appears in P1, v appears in P ′
0

Consider the factor P ′
0y

1P ′
1P

′
0P1 of w. Since P

′
0 appears twice before the first occurrence

of P1, u and v do not alternate in w.
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Case 4: u appears in P1, v appears in P ′
1

Consider the factor P ′
1P

′
0P1P0x

2P1A0y
2x3P ′

1 of w. Since P1 appears twice in between

two P ′
1, u and v do not alternate in w.

Suppose u = x and v ̸= y. Then, v appears in either P ′
0 or P ′

1. Consider the factor

x2P1A0y
2x3 of w. Since neither P ′

0 nor P ′
1 appear between x2 and x3, x and v do not

alternate in w.

Finally, suppose u ̸= x and v = y. Then, u appears either in P0 or in P1. Consider the

factor y2x3P ′
1B0y

3 of w. Since neither P0 nor P1 appear between y2 and y3, u and y do not

alternate in w.

As a result, w represents the graph G′. Therefore, the length of a minimum length

word-representant of the graph G′

ℓ(G′) ≤ |w| = (j − i)|V2|+ ℓ(G1) + ℓ(G2) + 2|V1|+ 2|V2|.

Theorem 2.3.2. Let G1 = (V1, E1) and G2 = (V2, E2) be two word representable graphs.

Let w1 and w2 be minimum length word-representants of G1 and G2, respectively. Let G′′

be the graph obtained from G1 and G2 by identifying vertices x ∈ V1 and y ∈ V2 into a

single vertex z. Then

ℓ(G′′) ≤ ℓ(G1) + ℓ(G2) + 2(|V1|+ |V2|)−max{Ow1(x), Ow2(y)}+ (|Ow2(y)−Ow1(x)|)α.

where, α = 1
2
(|V1|+ |V2|+ sign(Ow2(y)−Ow1(x))(|V1| − |V2|))

Proof. Let w1a and w2a be word-representants of graphs G1 and G2, respectively, such

that Ow1a(x) = Ow2a(y). The word wia (i = 1, 2) is obtained by concatenating the initial

permutation π(wi) with wi in order to ensure the same number of occurrences of x and

y in both words w1a and w2a, respectively. Let us assume, without loss of generality,

that Ow1(x) = j ≥ Ow2(y) = i. Then, by considering w2a as (

j−i∏
1

π(w2))w2, we can get

Ow1a(x) = Ow2a(y) = j.

Let the words w1a and w2a be denoted as follows, where xi denotes the ith occurrence
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of the letter x.

w1a = A0x
1A1x

2 . . . Aj−1x
jAj

w2a = B0y
1B1y

2 . . . Bj−1y
jBj

Let π(w1) = P0xP1 and π(w2) = P ′
0yP

′
1. Note that P0, and P ′

0 are subwords of A0 and

B0, respectively. Consider the word

w = P0 P
′
0 z

1 P ′
1 P

′
0 P1 P0 z

2 P1A0 P
′
1B0 z

3A1B1 z
4A2B2 z

5 . . . Aj−1Bj−1 z
j+2Aj Bj .

Claim: w represents G′′.

Proof of Claim:

• Since w|V1 = π(w1)π(w1)w1a (with vertex x replaced by z), w represents G1 as per

Observation 1.5.8.

• Since w|V2 = π(w2)π(w2)w2a (with vertex y replaced by z), w represents G2 as per

Observation 1.5.8.

• Let u ∈ V1 and v ∈ V2 such that u ̸= v ̸= z. It is enough to prove that u and v do

not alternate in w.

Thus, u appears in either P0 or P1, and v appears in either P ′
0 or P

′
1. Let us consider these

cases separately.

Case 1: u appears in P0, v appears in P ′
0

Consider the factor P0P
′
0z

1P ′
1P

′
0P1P0 of w. Since P ′

0 appears twice in between two P0,

u and v do not alternate in w.

Case 2: u appears in P0, v appears in P ′
1

Consider the factor P ′
1P

′
0P1P0z

2P1A0P
′
1 of w. Since P0 is a subword of A0, every letter

that appears in P0 will also appear in A0. As both P0 and A0 appear between two P ′
1, u

and v do not alternate in w.

Case 3: u appears in P1, v appears in P ′
0

Consider the factor P ′
0z

1P ′
1P

′
0P1 of w. Since P

′
0 appears twice before the first occurrence

of P1, u and v do not alternate in w.

Case 4: u appears in P1, v appears in P ′
1
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Consider the factor P ′
1P

′
0P1P0z

2P1A0P
′
1 of w. Since P1 appears twice in between two

P ′
1, u and v do not alternate in w.

As a result, w represents the graph G′′. Therefore, the length of a minimum length

word-representant of the graph G′′

ℓ(G′′) ≤ |w| = (j − i)|V2|+ ℓ(G1) + ℓ(G2) + 2|V1|+ 2|V2| − j.

2.3.2 Cartesian Products

Cartesian product is a graph operation that preserves word-representability. In [6],

Broere and Zantema have constructed a uniform word representing the Cartesian product

of a word-representable graph with a complete graph using an occurrence-based function.

In this section, we give an upper bound for the Cartesian product of word-representable

graphs G with K2 and Kn in terms of ℓ(G). In addition, we solve an open problem

(Question 6.10) posed in [5] by finding a word representing the Cartesian product of two

arbitrary word-representable graphs. Moreover, we give an upper bound for the minimum

length of the words representing the Cartesian product of two arbitrary word-representable

graphs. In this section, we will be using uv to denote the ordered pair of vertices, (u, v),

of G □ H, where u ∈ V (G) and v ∈ V (H).

Definition 2.3.3. The Cartesian product of two graphs G = (V (G), E(G)) and H =

(V (H), E(H)) is a graph G □ H = (V (G □ H), E(G □ H)), where V (G □ H) = V (G)×

V (H) and

E(G □ H) = {((u, v), (u′, v′)) | u = u′ and (v, v′) ∈ E(H) or v = v′ and (u, u′) ∈ E(G)}.

Figure 2.3 depicts an example of the Cartesian product of two graphs.

□ =

Figure 2.3: Cartesian product of two graphs
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Theorem 2.3.4 ([32]). Let G and H be two word-representable graphs. Then, the Carte-

sian product G □ H is also word-representable.

In [6], Broere and Zantema have provided an upper bound for the representation number

of the graph G □ Kn.

Theorem 2.3.5 ([6]). Let G be a k-representable graph for k > 1. Then, the graph G □ Kn

is (k + n− 1)-representable.

The following lemmas will help us in proving the main results.

Lemma 2.3.6. Let w = xUxZ be a word-representant of a graph G, where x ∈ V (G),

such that U is a word containing all elements of the set V (G) \ {x}. Then, w′ = UxZ also

represents the graph G.

Proof. Let y ∈ V (G) \ {x}. Suppose that x is adjacent to y. This implies y occurs exactly

once in U , and x, y alternate in xZ. Therefore, w′|{x,y} = yxZ|{x,y}. Hence, x and y

alternate in w′ as well.

Suppose that x is not adjacent to y. Then either y occurs once or more than once in

U , as U contains all elements of V (G) \ {x}. If y occurs only once in U , then x and y do

not alternate in xZ as they do not in w. Hence, x and y do not alternate in w′ = UxZ. If

y occurs more than once in U , then x and y do not alternate in w′ = UxZ. So, w′ = UxZ

also represents G.

Lemma 2.3.7. Let w = UxZx be a word-representant of a graph G, where x ∈ V (G),

such that Z is a word containing all elements of the set V (G) \ {x}. Then, w′ = UxZ also

represents the graph G.

Proof. By Proposition 1, r(w) = xr(Z)xr(U) also represents the graph G. Hence, by

Lemma 2.3.6, r(w′) = r(Z)xr(U) also represents the graph G. Again by Proposition 1,

w′ = UxZ also represents the graph G.

Before establishing the result for Cartesian products, let us introduce certain functions

that will be used in the proof. Throughout the chapter, parentheses within a word are

used as delimiters of the word parts, and they do not denote m-tuples.
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Definition 2.3.8. Let wG = u1u2 . . . un be a word-representant of graph G and wH =

v1v2 . . . vm be a word-representant of graph H. Define a function g : V (G)∗ × V (H)∗ →

(V (G)× V (H))∗ as,

gwH (wG) = (uv1
1 uv2

1 . . . uvm
1 ) . . . (uv1

n uv2
n . . . uvm

n ).

We denote (ui, vj) as u
vj
i , and g(wG, wH) as g

wH (wG) for convenience.

Definition 2.3.9. Let wG = u1u2 . . . un be a word-representant of graph G and wH =

v1v2 . . . vm be a word-representant of graph H. Define a function J : V (G)∗ × V (H)∗ →

(V (G)× V (H))∗ as,

JwH (wG) = (uv1
1 uv1

2 . . . uv1
n ) . . . (uvm

1 uvm
2 . . . uvm

n ).

We denote (ui, vj) as u
vj
i , and J(wG, wH) as J

wH (wG) for convenience.

Proposition 5. Let G and H be two word-representable graphs. Let i ∈ V (H) be a letter

and w1, w2 ∈ V (G)∗ be two words. Then,

gi(w1)J
i(w2) = J i(w1w2) = gi(w1w2)

Proof. Let w1 = u1u2 . . . un and w2 = v1v2 . . . vm. Clearly,

gi(w1)J
i(w2) = (ui

1) . . . (u
i
n)(v

i
1 . . . v

i
m) = (ui

1 . . . u
i
n)(v

i
1 . . . v

i
m) = J i(w1w2) = gi(w1w2)

As mentioned at the beginning of this section, the following results provide an upper

bound for the minimum length of the word-representants of the Cartesian product of two

word-representable graphs in terms of the minimum length of their word-representants.

Hence, finding a word of a certain length that represents the Cartesian product suffices to

establish an upper bound for the minimum length. However, finding the word-representant

is a challenging task. Thus, the main proof idea is to find a word using the morphism

functions g(w) and J(w) as defined above. The proof ends by verifying whether the above-

formed word represents the Cartesian product.
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Theorem 2.3.10. Let G be a word-representable graph with the minimum length of its

word-representant ℓ(G). Then, the minimum length of the word-representants of the graph

G □ K2,

ℓ(G □ K2) ≤ 2ℓ(G) + 3|G| − 2.

Proof. Let wG be a minimum length word-representant of the graph G. Let V (G) =

{u1, u2, . . . , um}, V (K2) = {1, 2} and ui
j ∈ V (G)× V (K2). Let π(wG) = u1u2 . . . um be the

initial permutation of the word wG. Let wK2 = 12 be a word-representant of the graph K2.

We claim that the word

wG □ K2 = gr(wK2
)(π(wG))J

2(π(wG))g
wK2 (wG)

represents the graph G □ K2. By definition of the Cartesian product of graphs, it suffices

to show that two vertices, ui
j and ul

k alternate in wG □ K2 if and only if either j = k and i

and l alternate in wK2 or i = l and uj and uk alternate in wG.

Suppose j = k. Then, wG □ K2|{u1
j ,u

2
j} = u2

ju
1
ju

2
jg

wK2 (wG)|{u1
j ,u

2
j}. Hence, u1

j and u2
j

alternate in wG □ K2 as gwK2 (wG)|{u1
j ,u

2
j} = u1

ju
2
ju

1
ju

2
j . . ..

Suppose i = l. Then, by Proposition 5, we get wG □ K2|{ui
j ,u

i
k} as

(gi(π(wG))J
2(π(wG))g

i(wG))|{ui
j ,u

i
k} =

g1(π(wG)wG|{uj ,uk}) if i = 1,

J2(π(wG)π(wG)wG|{uj ,uk}) if i = 2.

Hence, by Observation 1.5.8, ui
j and ui

k alternate in wG □ K2 if and only if uj and uk

alternate in wG.

Suppose j ̸= k and i ̸= l. Without loss of generality, suppose j < k and i = 1,

l = 2. Then wG □ K2|{u1
j ,u

2
k} = u1

ju
2
ku

2
kg

wK2 (wG)|{u1
j ,u

2
k}. Hence, u1

j and u2
k do not alternate

in wG □ K2 . Moreover, if i = 2 and l = 1, we have wG □ K2 |{u2
j ,u

1
k} = u2

ju
1
ku

2
jg

wK2 (wG)|{u2
j ,u

1
k}.

As j < k, gwK2 (wG)|{u2
j ,u

1
k} = u2

ju
1
k . . .. Therefore, wG □ K2|{u2

j ,u
1
k} = u2

ju
1
ku

2
ju

2
ju

1
k . . .. Hence,

u2
j and u1

k do not alternate in wG □ K2 . As a result, wG □ K2 represents the graph G □ K2.

Therefore, |wG □ K2| = 2ℓ(G) + 3m.

Consider wG □ K2 = (u2
1u

1
1u

2
2u

1
2 . . . u

2
mu

1
m)(u

2
1 . . . u

2
m)g

wK2 (wG). Since g
wK2 (wG) = u1

1u
2
1 . . .,
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by two consecutive usage of Lemma 2.3.6, we get

w′
G □ K2

= (u2
2u

1
2u

2
3u

1
3 . . . u

2
mu

1
m)(u

2
1 . . . u

2
m)g

wK2 (wG).

Hence, w′
G □ K2

also represents G □ K2. Therefore,

ℓ(G □ K2) ≤ |w′
G □ K2

| = 2ℓ(G) + 3m− 2.

The following result gives us a tighter bound for the graph product Kn □ K2.

Theorem 2.3.11. The minimum length of the word-representants of the graph Kn □ K2

for all n ≥ 2,

ℓ(Kn □ K2) ≤ 5n− 4.

Proof. We know that, from Theorem 2.3.10,

wKn □ K2 = (2b2a3b3a . . . nbna)(1b . . . nb)(1a1b . . . nanb)

represents the graph Kn □ K2, where wKn = 12 . . . n, wK2 = ab and ik ∈ V (Kn)× V (K2).

By two consecutive usage of Lemma 2.3.7, we get

w′
Kn □ K2

= (2b2a3b3a . . . nbna)(1b . . . nb)(1a1b . . . (n− 1)a(n− 1)b).

Hence, w′
Kn □ K2

also represents the graph Kn □ K2. Therefore, as ℓ(Kn) = n,

ℓ(Kn □ K2) ≤ |w′
Kn □ K2

| = 5n− 4.

The example below justifies the upper bound’s tightness established in the above the-

orem.

Example 2.3.12. We know that ℓ(K2 □ K2) = ℓ(C4) = 6. Based on Theorem 2.3.11, we

have ℓ(K2 □ K2) ≤ 5(2)− 4 = 6.
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Theorem 2.3.13. Let G be a word-representable graph with the minimum length of its

word-representant ℓ(G). Then, for all n ≥ 3, the minimum length of the word-representants

of the graph G □ Kn,

ℓ(G □ Kn) ≤ nℓ(G) + (n2 − 1)|G|.

Proof. Let wG be a minimum length word-representant of the graph G. Let V (G) =

{u1, u2, . . . , um}, V (Kn) = {1, 2, . . . , n} and ui
j ∈ V (G)× V (Kn). Let π(wG) = u1u2 . . . um

be the initial permutation of the word wG. Let π(wKn , i) = i(i + 1) . . . n12 . . . (i − 1),

where wKn = 123 . . . n is a word-representant of the graph Kn. Define a function hi(wG) =

gπ(wKn ,i)(wG). Let,

wG □ Kn = h2(π(wG))J
2(π(wG))h

3(π(wG)) . . . J
i−1(π(wG))h

i(π(wG)) . . . J
n(π(wG))h

1(wG)

We claim that the word, wG □ Kn , represents the graph G □ Kn. By the definition of the

Cartesian product of graphs, it suffices to show that two vertices, ui
j and ul

k alternate in

wG □ Kn if and only if either of the following cases holds.

(i) j = k and i, l alternate in wKn .

(ii) i = l and uj, uk alternate in wG.

Case (i): Suppose j = k, and without loss of generality, assume i < l. Suppose i > 1

and l < n. Then,

wG □ Kn
|{ui

j ,u
l
j} = [(

i∏
r=2

hr(π(wG)))J
i(π(wG))(

l∏
r=i+1

hr(π(wG)))J
ℓ(π(wG))(

n∏
r=l+1

hr(π(wG)))h
1(wG)]|{ui

j ,u
l
j}.

Here,

hr(π(wG))|{ui
j ,u

l
j} =


ui
ju

l
j if r ≤ i,

ul
ju

i
j if i < r ≤ l,

ui
ju

l
j if r > l.

Moreover, h1(wG)|{ui
j ,u

l
j} = ui

ju
l
j . . .. Hence,

wG □ Kn|{ui
j ,u

l
j} = (

i∏
r=2

ui
ju

l
j)u

i
j(

l∏
r=i+1

ul
ju

i
j)u

ℓ
j(

n∏
r=l+1

ui
ju

l
j)u

i
ju

l
j . . .

. As a result, ui
j and ul

j alternate in wG □ Kn as i and l alternate in wKn .
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Suppose j = k and i = 1 and l < n. Then,

wG □ Kn |{u1
j ,u

l
j} = (

l∏
r=2

ul
ju

1
j)u

ℓ
j(

n∏
r=l+1

u1
ju

l
j)u

1
ju

l
j . . .

Hence, u1
j and ul

j alternate in wG □ Kn .

Suppose j = k and i > 1 and l = n. Then,

wG □ Kn|{ui
j ,u

n
j } = (

i∏
r=2

ui
ju

n
j )u

i
j(

n∏
r=i+1

un
j u

i
j)u

n
j u

i
ju

n
j . . .

Hence, ui
j and un

j alternate in wG □ Kn .

Suppose j = k, i = 1 and l = n. Then, wG □ Kn|{u1
j ,u

n
j } = (

n∏
r=2

un
j u

1
j)u

n
j u

1
ju

n
j . . . Hence,

u1
j and un

j alternate in wG □ Kn .

Case (ii): Suppose i = l, and without loss of generality, assume j < k. Then,

wG □ Kn|{ui
j ,u

i
k} = [(

i∏
r=2

hr(π(wG)))J
i(π(wG))(

n∏
r=i+1

hr(π(wG)))h
1(wG)]|{ui

j ,u
i
k}.

For all r, hr(π(wG))|{ui
j ,u

i
k} = ui

ju
i
k. Hence,

wG □ Kn|{ui
j ,u

i
k} = (

i∏
r=2

ui
ju

i
k)u

i
ju

i
k(

n∏
r=i+1

ui
ju

i
k)g

i(wG|{uj ,uk}).

Hence, ui
j and ui

k alternate in wG □ Kn if and only if uj and uk alternate in wG.

Case (iii): Suppose i ̸= l and j ̸= k. We assume without loss of generality i < l and

j < k throughout this case. In the first part, we prove that ui
j and ul

k do not alternate in

wG □ Kn , and in the second part, we prove that ul
j and ui

k do not alternate in wG □ Kn .

First Part:

First, we consider

wG □ Kn
|{ui

j ,u
l
k}

= [(

i∏
r=2

hr(π(wG)))J
i(π(wG))(

l∏
r=i+1

hr(π(wG)))J
ℓ(π(wG))(

n∏
r=l+1

hr(π(wG)))h
1(wG)]|{ui

j ,u
l
k}
.
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For all r, hr(π(wG))|{ui
j ,u

l
k}

= ui
ju

l
k. Hence, for all 1 < i < l < n,

wG □ Kn|{ui
j ,u

l
k}

= (
i∏

r=2

ui
ju

l
k)u

i
j(

l∏
r=i+1

ui
ju

l
k)u

ℓ
k(

n∏
r=l+1

ui
ju

l
k)u

i
ju

l
k . . .

Hence, ui
j and ul

k do not alternate in wG □ Kn .

Suppose i = 1 and l < n. Then, wG □ Kn|{u1
j ,u

l
k}

= (
l∏

r=2

u1
ju

l
k)u

ℓ
k(

n∏
r=l+1

u1
ju

l
k)u

1
ju

l
k . . .

Hence, u1
j and ul

k do not alternate in wG □ Kn .

Suppose i > 1 and l = n. Then, wG □ Kn|{ui
j ,u

n
k} = (

i∏
r=2

ui
ju

n
k)u

i
j(

n∏
r=i+1

ui
ju

n
k)u

n
ku

i
ju

n
k . . .

Hence, ui
j and un

k do not alternate in wG □ Kn .

Suppose i = 1 and l = n. Then, wG □ Kn|{u1
j ,u

n
k} = (

n∏
r=2

u1
ju

n
k)u

n
ku

1
ju

n
k . . . Hence, u

1
j and

un
k do not alternate in wG □ Kn .

Second Part:

Now consider,

wG □ Kn
|{ul

j ,u
i
k}

= [(

i∏
r=2

hr(π(wG)))J
i(π(wG))(

l∏
r=i+1

hr(π(wG)))J
ℓ(π(wG))(

n∏
r=l+1

hr(π(wG)))h
1(wG)]|{ul

j ,u
i
k}
.

For all r, hr(π(wG))|{ui
j ,u

i
k} = ul

ju
i
k. Hence for all 1 < i < l < n,

wG □ Kn|{ul
j ,u

i
k}

= (
i∏

r=2

ul
ju

i
k)u

i
k(

l∏
r=i+1

ul
ju

i
k)u

ℓ
j(

n∏
r=l+1

ul
ju

i
k)u

l
ju

i
k . . .

Hence, ul
j and ui

k do not alternate in wG □ Kn .

Suppose i = 1 and l < n. Then, wG □ Kn|{ul
j ,u

1
k}

= (
l∏

r=2

ul
ju

1
k)u

ℓ
j(

n∏
r=l+1

ul
ju

1
k)u

l
ju

1
k . . .

Hence, ul
j and u1

k do not alternate in wG □ Kn .

Suppose i > 1 and l = n. Then, wG □ Kn|{un
j ,u

i
k} = (

i∏
r=2

un
j u

i
k)u

i
k(

n∏
r=i+1

un
j u

i
k)u

n
j u

n
j u

i
k . . .

Hence, un
j and ui

k do not alternate in wG □ Kn .

Suppose i = 1 and l = n. Then, wG □ Kn|{un
j ,u

1
k} = (

n∏
r=2

un
j u

1
k)u

n
j u

n
j u

1
k . . . Hence, u

n
j and

u1
k do not alternate in wG □ Kn .

Therefore, wG □ Kn represents the graph G □ Kn. Hence, ℓ(G □ Kn) ≤ |wG □ Kn|. As
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|hr(wG)| = n|wG| for all r,

ℓ(G □ Kn) ≤ (n− 1)|hr(π(wG))|+ (n− 1)|Jr(π(wG))|+ |h1(wG)|

= (n− 1)nm+ (n− 1)m+ nℓ(G)

= nℓ(G) + (n2 − 1)m.

Remark 4. By Theorem 2.3.5, we know that ifG is k(≥ 2)-representable, then ℓ(G□Kn) ≤

n(k+n− 1)|G|. Thus, a natural question arises: Is the bound provided in Theorem 2.3.10

and Theorem 2.3.13 tighter or not?

For example, let us consider Pr3 □ K2.

1

4

65

32

Figure 2.4: Minimum length word-representant of Pr3, w = 52634561425

Since R(Pr3) = 3, ℓ(Pr3 □ K2) ≤ n(k + n− 1)|Pr3| = 2 . 4 . 6 = 48.

As shown in Figure 2.4, ℓ(Pr3) = 11, and 3|Pr3| − ℓ(Pr3) = 3 . 6− 11 = 7. Therefore,

by Theorem 2.3.10, we get ℓ(Pr3 □ K2) ≤ 2 . 11 + 3 . 6− 2 = 38 < 48.

In general, let us consider

n(k + n− 1)|G| − (nℓ(G) + (n2 − 1)|G|) = n(k|G| − ℓ(G))− (n− 1)|G|

Therefore, if k|G| − ℓ(G) > (n − 1)|G|/n, the bound provided by Theorem 2.3.13 will be

tighter than the existing bound. However, until now, there are no known results regarding

the parameter k|G| − ℓ(G).

Theorem 2.3.14. Let G and H be two word-representable graphs such that |G| ≥ |H|,

with the minimum length of their word-representants ℓ(G) and ℓ(H), respectively. Then,

the minimum length of the word-representants of the graph G □ H,

ℓ(G □ H) ≤ |H|ℓ(G) + |G|ℓ(H) + (|H|2 − 1)|G|.
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Proof. Let wG and wH be minimum length word-representants of the graph G and H,

respectively. Let V (G) = {u1, u2, . . . , um}, V (H) = {v1, v2, . . . , vn} and uvi
j ∈ V (G) ×

V (H). Let π(wG) = u1u2 . . . um be the initial permutation and σ(wG) = t1t2 . . . tm be the

final permutation of the word wG. Let π(wH) = v1v2 . . . vn be the initial permutation of

the word wH . Let π(wH , i) = vivi+1 . . . vnv1 . . . vi−1. Let us define a function hi(wG) =

gπ(wH ,i)(wG). Let

wG □ H = h2(π(wG))J
v2(π(wG))h

3(π(wG)) . . . J
vi(π(wG))h

i+1(π(wG)) . . . J
vn(π(wG))h

1(wG)J
wH (σ(wG)).

We claim that the word wG □ H , represents the graph G □ H. By definition of the

Cartesian product of graphs, it suffices to prove that two vertices, uvi
j and uvl

k alternate in

wG □ H if and only if either of the following cases holds.

(i) j = k and vi, vl alternate in wH .

(ii) i = l and uj, uk alternate in wG.

Case (i): Suppose j = k. Without loss of generality, assume i < l. Suppose that i > 1

and l < n. Then, wG □ H |{uvi
j ,u

vl
j } is

[(

i∏
r=2

hr(π(wG)))J
vi(π(wG))(

l∏
r=i+1

hr(π(wG)))J
vl(π(wG))(

n∏
r=l+1

hr(π(wG)))h
1(wG)J

wH (σ(wG))]|{uvi
j ,u

vl
j }.

Here,

hr(π(wG))|{uvi
j ,u

vl
j } =


uvi
j u

vl
j if r ≤ i,

uvl
j u

vi
j if i < r ≤ l,

uvi
j u

vl
j if r > l.

Further, h1(wG)|{uvi
j ,u

vl
j } = uvi

j u
vl
j . . . and JwH (σ(wG))|{uvi

j ,u
vl
j } = JwH |{vi,vl}(uj). Hence,

wG □ H |{uvi
j ,u

vl
j } = (

i∏
r=2

uvi
j u

vl
j )u

vi
j (

l∏
r=i+1

uvl
j u

vi
j )u

vl
j (

n∏
r=l+1

uvi
j u

vl
j )(u

vi
j u

vl
j . . .)JwH |{vi,vl}(uj).

Hence, uvi
j and uvl

j alternate in wG □ H |{uvi
j ,u

vl
j } if and only if vi and vl alternate in wH .

Suppose i = 1 and l < n. Then,

wG □ H |{uv1
j ,u

vl
j } = (

l∏
r=2

uvl
j u

v1
j )uvl

j (
n∏

r=l+1

uv1
j uvl

j )(u
v1
j uvl

j . . .)JwH |{v1,vl}(uj).
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Hence, uv1
j and uvl

j alternate in wG □ H |{uv1
j ,u

vl
j } if and only if v1 and vl alternate in wH .

Suppose i > 1 and l = n. Then,

wG □ H |{uvi
j ,uvn

j } = (
i∏

r=2

uvi
j u

vn
j )uvi

j (
n∏

r=i+1

uvn
j uvi

j )u
vn
j (uvi

j u
vn
j . . .)JwH |{vi,vn}(uj).

Hence, uvi
j and uvn

j alternate in wG □ H |{uvi
j ,uvn

j } if and only if vi and vn alternate in wH .

Suppose i = 1 and l = n. Then, wG □ Kn|{uv1
j ,uvn

j } = (
n∏

r=2

uvn
j uv1

j )uvn
j (uv1

j uvn
j . . .)

JwH |{v1,vn}(uj). Hence, u
v1
j and uvn

j alternate in wG □ H |{uv1
j ,uvn

j } if and only if v1 and vn

alternate in wH .

Case (ii): Suppose i = l and consider j < k without loss of generality. Then,

wG □ H |{uvi
j ,u

vi
k } = [(

i∏
r=2

hr(π(wG)))J
vi(π(wG))(

n∏
r=i+1

hr(π(wG)))h
1(wG)J

wH (σ(wG))]|{uvi
j ,u

vi
k }.

For all r, hr(π(wG))|{uvi
j ,u

vi
k } = uvi

j u
vi
k . Further, h

1(wG)|{uvi
j ,u

vi
k } = gvi(wG|{uj ,uk}) and

JwH (σ(wG))|{uvi
j ,u

vi
k }

= JwH |vi (σ(wG)|{uj ,uk}). Hence,

wG □ H |{uvi
j ,u

vi
k } = (

i∏
r=2

uvi
j u

vi
k )u

vi
j u

vi
k (

n∏
r=i+1

uvi
j u

vi
k )g

vi(wG|{uj ,uk})J
wH |vi (σ(wG)|{uj ,uk}).

Hence, uvi
j and uvi

k alternate in wG □ H |{uvi
j ,u

vi
k } if and only if uj and uk alternate in wG.

Case (iii): Suppose i ̸= l and j ̸= k. We assume without loss of generality i < l and

j < k throughout this case. In the first part, we prove that uvi
j and uvl

k do not alternate in

wG □ Kn , and in the second part, we prove that uvl
j and uvi

k do not alternate in wG □ Kn .

First Part:

Firstly we consider wG □ H |{uvi
j ,u

vl
k }, which is,

[(

i∏
r=2

hr(π(wG)))J
vi(π(wG))(

l∏
r=i+1

hr(π(wG)))J
vl(π(wG))(

n∏
r=l+1

hr(π(wG)))h
1(wG)J

wH (σ(wG))]|{uvi
j ,u

vl
k }.

For all r, hr(π(wG))|{uvi
j ,u

vl
k } = uvi

j u
vl
k . Hence for all 1 < i < l < n,

wG □ H |{uvi
j ,u

vl
k } = (

i∏
r=2

uvi
j uvl

k )uvi
j (

l∏
r=i+1

uvi
j uvl

k )uvl
k (

n∏
r=l+1

uvi
j uvl

k )gvivl(wG|{uj ,uk})J
wH |{vi,vl}(σ(wG)|{uj ,uk}).
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Hence, uvi
j and uvl

k do not alternate in wG □ H .

Suppose i = 1 and l < n. Then,

wG □ H |{uv1
j ,u

vl
k } = (

l∏
r=2

uv1
j uvl

k )u
vl
k (

n∏
r=l+1

uv1
j uvl

k )g
v1vl(wG|{uj ,uk})J

wH |{v1,vl}(σ(wG)|{uj ,uk}).

Hence, uv1
j and uvl

k do not alternate in wG □ H .

Suppose i > 1 and l = n. Then,

wG □ H |{uvi
j ,uvn

k } = (
i∏

r=2

uvi
j u

vn
k )uvi

j (
n∏

r=i+1

uvi
j u

vn
k )uvn

k gvivn(wG|{uj ,uk})J
wH |{vi,vn}(σ(wG)|{uj ,uk}).

Hence, uvi
j and uvn

k do not alternate in wG □ H .

Suppose i = 1 and l = n. Then,

wG □ H |{uv1
j ,uvn

k } = (
n∏

r=2

uv1
j uvn

k )uvn
k gv1vn(wG|{uj ,uk})J

wH |{v1,vn}(σ(wG)|{uj ,uk}).

Hence, uv1
j and uvn

k do not alternate in wG □ H .

Second Part:

Now let us consider wG □ H |{uvl
j ,u

vi
k }, which is,

[(
i∏

r=2

hr(π(wG)))J
vi(π(wG))(

l∏
r=i+1

hr(π(wG)))J
vl(π(wG))(

n∏
r=l+1

hr(π(wG)))h
1(wG)J

wH (σ(wG))]|{uvl
j ,u

vi
k }.

For all r, hr(π(wG))|{uvl
j ,u

vi
k } = uvl

j u
vi
k . Hence, for all 1 < i < l < n,

wG □ H |{uvl
j ,u

vi
k } = (

i∏
r=2

uvl
j uvi

k )uvi
k (

l∏
r=i+1

uvl
j uvi

k )uvl
j (

n∏
r=l+1

uvl
j uvi

k )gvivl(wG|{uj ,uk})J
wH |{vi,vl}(σ(wG)|{uj ,uk}).

Hence, uvl
j and uvi

k do not alternate in wG □ H

Suppose i = 1 and l < n. Then,

wG □ H |{uvl
j ,u

v1
k } = (

l∏
r=2

uvl
j u

v1
k )uvl

j (
n∏

r=l+1

uvl
j u

v1
k )gv1vl(wG|{uj ,uk})J

wH |{v1,vl}(σ(wG)|{uj ,uk}).

Hence, uvl
j and uv1

k do not alternate in wG □ H .
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Suppose i > 1 and l = n. Then,

wG □ H |{uvn
j ,u

vi
k } = (

i∏
r=2

uvn
j uvi

k )u
vi
k (

n∏
r=i+1

uvn
j uvi

k )u
vn
j gvivn(wG|{uj ,uk})J

wH |{vi,vn}(σ(wG)|{uj ,uk}).

Hence, uvn
j and uvi

k do not alternate in wG □ H .

Suppose i = 1 and l = n. Then,

wG □ H |{uvn
j ,u

v1
k } = (

n∏
r=2

uvn
j uv1

k )uvn
j gv1vn(wG|{uj ,uk})J

wH |{v1,vn}(σ(wG)|{uj ,uk}).

Hence, uvn
j and uv1

k do not alternate in wG □ H since uvn
j occurs to the left of uv1

k in

gv1vn(wG|{uj ,uk}).

Therefore, wG □ H represents the graph G □ H. Hence, ℓ(G □ H) ≤ |wG □ H |. As

|hr(wG)| = nℓ(G) for all r and |JwH (σ(wG))| = mℓ(H),

ℓ(G □ H) ≤ (n− 1)|hr(π(wG))|+
n∑

i=2

|Jvi(π(wG))|+ |h1(wG)|+ |JwH (σ(wG))|

= (n− 1)nm+ (n− 1)m+ nℓ(G) + ℓ(H)m

= nℓ(G) +mℓ(H) + (n2 − 1)m.

Remark 5. If we calculate an upper bound for G □ Kn using Theorem 2.3.14, then

ℓ(G □Kn) ≤ nℓ(G)+mn+(n2−1)m. However, using Theorem 2.3.13, we get ℓ(G □Kn) ≤

nℓ(G) + (n2 − 1)m, which is a much tighter bound than the former one. Hence, we stated

three different theorems for G □ K2, G □ Kn and G □ H.

Corollary 2. Let G and H be two word-representable graphs with representation numbers

k1 and k2, respectively. Then, G □ H is (k1 + k2 +min{|G|, |H|})-representable.

Proof. Let wG and wH be minimum length word representants of the graphs G and H,

respectively. Without loss of generality, let us assume that |G| ≥ |H|. Let V (G) =

{u1, u2, . . . , um}, V (H) = {v1, v2, . . . , vn} and uvi
j ∈ V (G)×V (H). Let π(wG) = u1u2 . . . um

be the initial permutation and σ(wG) = t1t2 . . . tm be the final permutation of the word

wG. Let π(wH) = v1v2 . . . vn be the initial permutation of the word wH . Let π(wH , i) =
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vivi+1 . . . vnv1 . . . vi−1. Let us define a function hi(wG) = gπ(wH ,i)(wG). Let,

wG □ H = h2(π(wG)) . . . J
vi(π(wG))h

i+1(π(wG)) . . . J
vn(π(wG))h

1(wG)J
wH (σ(wG)).

Then by Theorem 2.3.14, wG □ H represents the graph G □ H. Here, Ohr(π(wG))(u
vi
j ) = 1

for all r and uvi
j . Similarly, OJvi (π(wG))(u

vi
j ) = 1 for all i and uvi

j . Since the representation

number of the graph G is k1, Oh1(wG)(u
vi
j ) ≤ k1 for any uvi

j and since the representation

number of the graph H is k2, OJwH (σ(wG))(u
vi
j ) ≤ k2 for any uvi

j . Hence for any uvi
j ,

OwG □ H
(uvi

j ) ≤
n∑

r=2

Ohr(π(wG))(u
vi
j ) +OJvi (π(wG))(u

vi
j ) +Oh1(wG)(u

vi
j ) +OJwH (σ(wG))(u

vi
j )

≤ n− 1 + 1 + k1 + k2

= k1 + k2 + n.

2.3.3 Rooted Products

Another graph product that preserves word-representability is the rooted product. In

this section, we establish an upper bound on the minimum length of word-representants

for the rooted product of a word-representable graph G with K2, Kn, and an arbitrary

word-representable graph H.

Definition 2.3.15. The rooted product of a graph G and a rooted graph H is the graph

G ◦H, which is defined as follows: take |V (G)| copies of H and for every vertex vi of G,

identify vi with the root vertex of the ith copy of H.

Figure 2.5 depicts an example of the rooted product of two graphs.

◦ =

Figure 2.5: Rooted product of two graphs
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Theorem 2.3.16 ([32]). Let G and H be two word-representable graphs. Then, the rooted

product G ◦H is also word-representable. Moreover, G ◦H is k(≥ 2)-representable, where

k = max{R(G),R(H)}.

Definition 2.3.17. Let V and V ′ be (possibly different) alphabets. The labeling function

of a word over V is defined as H : V ∗ → V × [k], where the i-th occurrence of each letter x

is mapped to the pair (x, i), and k satisfies the property that every symbol occurs at most k

times in w. The word H(w) is called the labeled version of w. An occurrence-based function

is defined as applying a string homomorphism h : V × [k] → (V ′)∗ to an already labelled

version of a word. As a shorthand, we will write h(w) instead of h(H(w)).

Theorem 2.3.18. Let G be a word-representable graph with the minimum length of its

word-representants ℓ(G). Then, the minimum length of the word-representants of the graph

G ◦K2,

ℓ(G ◦K2) ≤ 2ℓ(G) + κG.

where κG is the size of the maximum clique of the graph G.

Proof. Let wG be a minimum length word-representant of the graphG. Let V (K2) = {r, 1},

where r is the rooted vertex. Let xr, x1 ∈ V (G)× V (K2), where x ∈ V (G). We claim that

the word wG◦K2 = h(wG) represents the graph G ◦K2, where

If OwG
(x) = 1

h(x, 1) = x1 xr x1

If OwG
(x) ≥ 2,

h(x, i) =


xr if i = 1,

x1 xr x1 if i = 2,

xr x1 if i ≥ 3.

By the definition of the rooted product of graphs, it suffices to show that two vertices,

xi and yj alternate in wG◦K2 if and only if either i = j = r and x and y alternate in wG or

x = y and i and j alternate in wK2 .
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Suppose i = j = r. Then,

wG◦K2 |{xr,yr} = h(wG)|{xr,yr}

Since for all x ∈ V (G), xr occurs exactly once for every occurrence of x in wG, x
r and yr

alternate in wG◦K2 if and only if x and y alternate in wG.

Suppose i ̸= j and x = y. Then,

wG◦K2|{xr,x1} = h(wG)|{xr,x1} =

x1 xr x1 if OwG
(x) = 1,

xr x1 xr x1 . . . if OwG
(x) ≥ 2.

Hence, xr and x1 alternate in wG◦K2 as r and 1 alternate in wK2 .

Suppose i ̸= j and x ̸= y. Without loss of generality, assume that x occurs to the left

of y in π(wG). Suppose i = r and j = 1. Then,

wG◦K2 |{xr,y1} = h(wG)|{xr,y1} =

. . . xr y1 y1 . . . if OwG
(y) = 1,

xr xr y1 y1 . . . if OwG
(y) ≥ 2.

Hence, xr and y1 do not alternate in wG◦K2 . Now suppose i = 1 and j = r. Then,

wG◦K2|{x1,yr} = h(wG)|{x1,yr} =

x1 x1 yr . . . if OwG
(x) = 1,

yr x1 x1 . . . if OwG
(x) ≥ 2.

Hence, x1 and yr do not alternate in wG◦K2 .

Suppose i = j = 1 and x ̸= y. Without loss of generality, assume that x occurs to the

left of y in π(wG). Then,

wG◦K2|{x1,y1} = h(wG)|{x1,y1} = x1 x1 y1 y1 . . . or y1 y1 x1 x1 . . .

Hence, x1 and y1 do not alternate in wG◦K2 .

Therefore, wG◦K2 represents the graph G ◦K2. Hence,

ℓ(G ◦K2) ≤ |wG◦K2|
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=

R(G)∑
i=2

2i|O(wG, i)|+ 3|O(wG, 1)|

= 2

R(G)∑
i=1

i|O(wG, i)|+ |O(wG, 1)|

= 2ℓ(G) + |O(wG, 1)|.

where R(G), the representation number, is the least k for which the graph G is k-

representable. Hence from Lemma 2.2.1, we get

ℓ(G ◦K2) ≤ 2ℓ(G) + κG

where κG is the size of the maximum clique of G.

Theorem 2.3.19. Let G be a word-representable graph with the minimum length of its

word-representant ℓ(G). Then, the minimum length of the word-representants of the graph

G ◦Kn,

ℓ(G ◦Kn) ≤ nℓ(G) + (n− 1)κG.

where κG is the size of the maximum clique of the graph G.

Proof. Let wG be a minimum length word-representant of the graph G. Let V (Kn) =

{r, 1, 2, . . . , n − 1}, where r is the rooted vertex. Therefore, wKn = r12 . . . (n − 1) repre-

sents the graph Kn. Let xi ∈ V (G) × V (Kn), where x ∈ V (G) and i ∈ V (Kn). We claim

that the word wG◦Kn = h(wG) represents the graph G ◦Kn, where

If OwG
(x) = 1

h(x, 1) = x1 x2 . . . xn−1 xr x1 x2 . . . xn−1

If OwG
(x) ≥ 2,

h(x, i) =


xr if i = 1,

x1 x2 . . . xn−1 xr x1 x2 . . . xn−1 if i = 2,

xr x1 . . . xn−1 if i ≥ 3.

By definition of the rooted product of graphs, it suffices to show that two vertices, xi
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and yj alternate in wG◦Kn if and only if either i = j = r and x and y alternate in wG or

x = y and i and j alternate in wKn .

Suppose i = j = r. Then,

wG◦Kn|{xr,yr} = h(wG)|{xr,yr}

Since for all x ∈ V (G), xr occurs exactly once for every occurrence of x in wG, x
r and yr

alternate in wG◦Kn if and only if x and y alternate in wG.

Suppose i ̸= j and x = y. Without loss of generality, assume that i < j. Then,

If i ̸= j ̸= r,

wG◦Kn|{xi,xj} = h(wG)|{xi,xj} =

xi xj xi xj if OwG
(x) = 1,

xi xj xi xj . . . if OwG
(x) ≥ 2.

If i ̸= j = r,

wG◦Kn|{xi,xr} = h(wG)|{xi,xr} =

xi xr xi if OwG
(x) = 1,

xr xi xr xi xr . . . if OwG
(x) ≥ 2.

Hence, xi and xj alternate in wG◦Kn as i and j alternate in wKn .

Suppose i ̸= j and x ̸= y. Without loss of generality, assume that x occurs to the left

of y in π(wG). Then,

wG◦Kn|{xi,yj} = h(wG)|{xi,yj} = xi xi yj yj . . .

Hence, xi and yj do not alternate in wG◦Kn .

Suppose i = j ̸= r and x ̸= y. Without loss of generality, assume that x occurs to the

left of y in π(wG). Then,

wG◦Kn|{xi,yi} = h(wG)|{xi,yi} = xi xi yi yi . . .

Hence, xi and yi do not alternate in wG◦Kn .
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Therefore, wG◦Kn represents the graph G ◦Kn. Hence,

ℓ(G ◦Kn) ≤ |wG◦Kn|

=

R(G)∑
i=2

in|O(wG, i)|+ (2n− 1)|O(wG, 1)|

= n

R(G)∑
i=1

i|O(wG, i)|+ (n− 1)|O(wG, 1)|

= nℓ(G) + (n− 1)|O(wG, 1)|.

Hence, from Lemma 2.2.1, we get

ℓ(G ◦Kn) ≤ nℓ(G) + (n− 1)κG.

where κG is the size of the maximum clique of G.

Remark 6. By Theorem 2.3.16, we know that if G is k(≥ 2)-representable, then ℓ(G ◦

Kn) ≤ nk|G|. Thus, similar to the Cartesian product, we compare whether the bound

provided by Theorem 2.3.19 is tighter than the previous bound.

As we look into the proof of the Theorem 2.3.19, the bound obtained is

ℓ(G ◦Kn) ≤ nℓ(G) + (n− 1)|O(wG, 1)|

where wG is a minimum length word-representant of G.

Let us consider

nk|G| − (nℓ(G) + (n− 1)|O(wG, 1)|) = n(k|G| − ℓ(G))− (n− 1)|O(wG, 1)|

Since k ≥ 2, it is evident that k|G| − ℓ(G) ≥ |O(wG, 1)|. Therefore,

nk|G| > nℓ(G) + (n− 1)|O(wG, 1)|

Hence, the bound provided in Theorem 2.3.19 is tighter than the bound ℓ(G ◦Kn) ≤

nk|G|. We are using Lemma 2.2.1, |O(wG, 1)| ≤ κG, to get the bound as a function of the

size of the maximal clique of the graph.
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Theorem 2.3.20. Let G and H be two word-representable graphs, with minimum length

of their word-representants ℓ(G) and ℓ(H), respectively. Then, the minimum length of the

word-representants of the graph G ◦H,

ℓ(G ◦H) ≤ |H|ℓ(G) + |G|(ℓ(H) + |H| − 1) + |H|κG

where κG is the size of the maximum clique of the graph G.

Proof. Let wG and wH be minimum length word-representants of the graphs G and H, re-

spectively. Let V (H) = {v1, v2, . . . , vr, . . . , vn}, where vr is the rooted vertex. Let π(wH) =

v1v2 . . . vr . . . vn be the initial permutation of the word wH . Let x
vi ∈ V (G)×V (H), where

x ∈ V (G). Let u be the word obtained from wG by removing all the copies of the letters

appearing in wG more than one time.

Claim: uwG also represents the graph G.

By the definition of the word u, it contains the letters from the set O(wG, 1). Therefore,

for all x, y ∈ V (G) \ {O(wG, 1)}, x and y alternate in uwG if and only if they alternate in

wG. If x, y ∈ O(wG, 1), x occurs to the left of y in u if and only if x occurs to the left of y

in wG. Therefore, x and y alternate in uwG. Now, without loss of generality, assume that

x ∈ O(wG, 1) and y ∈ V (G) \ O(wG, 1). Hence, OwG
(y) ≥ 2. If x and y alternate in wG,

then uwG|{x,y} = xyxy. If x and y do not alternate in wG, they do not also alternate in

uwG. Therefore, uwG also represents the graph G.

Let us define an occurrence-based function as follows:

h(x, i) =


xvr+1 . . . xvnxv1 . . . xvr . . . xvnxv1 . . . xvr−1 i = 1,

xvr . . . xvn i = 2,

xv1 . . . xvr . . . xvn i ≥ 3.

Therefore,

|h(uwG)| = n|O(wG, 1)|+
R(G)∑
i=1

((i+ 1)n− r)|O(wG, i)|

= n|O(wG, 1)|+ (n− r)|G|+ nℓ(G).
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Since r ≥ 1,

|h(uwG)| ≤ n|O(wG, 1)|+ nℓ(G) + |G|(n− 1).

We claim that the word wG◦H = h(uwG)J
wH (σ(wG)), represents the graph G ◦H. By the

definition of the rooted product of graphs, it suffices to show that two vertices, xvi and yvj

alternate in wG◦H if and only if either i = j = r and x and y alternate in wG or x = y and

vi and vj alternate in wH .

Suppose i = j = r. Then,

wG◦H |{xvr ,yvr} = h(uwG)J
wH (σ(wG))|{xvr ,yvr} = h(uwG)|{xvr ,yvr}J

wH |vr (σ(wG)|{x,y})

For all x ∈ V (G), xvr occurs exactly once in h(wG) in place of every occurrence of x in wG.

Hence, h(uwG)|{xvr ,yvr} = Jvr(uwG|{x,y}). Therefore,

wG◦H |{xvr ,yvr} = Jvr(uwG|{x,y})JwH |vr (σ(wG)|{x,y})

Hence, xvr and yvr alternate in wG◦H if and only if x and y alternate in wG.

Suppose x = y and i ̸= j. Without loss of generality, assume that i < j. Then,

wG◦H |{xvi ,xvj } = h(uwG)J
wH (σ(wG))|{xvi ,xvj } = h(uwG)|{xvi ,xvj }J

wH |{vi,vj}(x)

If i < j < r or r < i < j,

h(uwG)|{xvi ,xvj } = xvi xvj xvi xvj . . . xvi xvj .

If i < r < j,

h(uwG)|{xvi ,xvj } = xvj xvi xvj xvi . . . xvi xvj .

If i < j = r,

h(uwG)|{xvi ,xvr} = xvi xvr xvi xvr . . . xvi xvr .

If r = i < j,

h(uwG)|{xvr ,xvj } = xvj xvr xvj xvr . . . xvr xvj .

Therefore, in all the cases mentioned above, wG◦H |{xvi ,xvj } = (. . . xvi xvj xvi xvj )J
wH |{vi,vj}(x).

Since i < j, J
wH |{vi,vj}(x) starts with xvi . Therefore, xvi and xvj alternate in wG◦H if and
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only if vi and vj alternate in wH .

Suppose i ̸= j and x ̸= y. Without loss of generality, assume that i < j, and x occurs

to the left of y in π(wG). Then,

wG◦H |{xvi ,yvj } = h(uwG)|{xvi ,yvj }J
wH |{vi,vj}(σ(wG)|{x,y})

If i < j < r or r < i < j or i < r < j,

h(uwG)|{xvi ,yvj } = xvi xvi yvj yvj . . .

If i < j = r,

h(uwG)|{xvi ,yvr} = xvi xvi yvr . . .

If r = i < j,

h(uwG)|{xvr ,yvj } = xvr yvj yvj . . .

Therefore, in all the cases mentioned above, xvi and yvj do not alternate in wG◦H .

Suppose i = j ̸= r and x ̸= y. Without loss of generality, assume that x occurs to the

left of y in π(wG). Then,

wG◦H |{xvi ,yvi} = h(uwG)|{xvi ,yvi}J
wH |vi (σ(wG)|{x,y}) = (xvi xvi yvi yvi . . .)JwH |vi (σ(wG)|{x,y})

Therefore, xvi and yvi do not alternate in wG◦H .

Hence, wG◦H represents the graph G ◦H. Therefore, as |JwH (σ(wG))| = |G|ℓ(H),

ℓ(G ◦H) ≤ ℓ(wG◦H)

= |h(uwG)|+ |JwH (σ(wG))|

= n|O(wG, 1)|+ nℓ(G) + |G|(n− 1) + |G|ℓ(H)

Hence from Lemma 2.2.1, we get

ℓ(G ◦H) ≤ nκG + nℓ(G) + |G|(n− 1 + ℓ(H))

where κG is the size of the maximum clique of the graph G.
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Remark 7. The bound provided in the Theorem 2.3.16 is not sharp when compared to

the bound ℓ(G ◦ H) ≤ k|G||H|, where k = max{R(G),R(H)}. Here are the following

reasons:

• As we saw in the Definition 2.3.15, rooted product G◦H involves gluing two graphs G

and H in a root vertex |G| times. The minimum length word-representant of a graph

obtained by gluing two graphs in a vertex depends on the number of occurrences of

the glued vertices in their respective minimum length word-representants. In the case

of G ◦K2 and G ◦Kn, the number of occurrences of the root vertex in a minimum

length word-representant ofK2 orKn is precisely 1, which is more than the number of

occurrences of every vertex of the graph G in its minimum length word-representant.

Hence, we could give a tighter upper bound for ℓ(G ◦K2) and ℓ(G ◦Kn). However,

in the case of G ◦H, the number of occurrences of the rooted vertex in a minimum

length word-representant of the graph H can be more or less than the number of

occurrences of the vertices of G in its minimum length word-representant. Therefore,

in order to give a general upper bound of ℓ(G ◦H), we obtained the bound given in

Theorem 2.3.20.

• Moreover, in [32], the proof of the Theorem 5.4.2 uses cyclic shift property (see

Proposition 3) of uniform word-representants of graphs G and H to establish the

representation number of the graph obtained by gluing G and H in a vertex, through

which the bound ℓ(G ◦ H) ≤ k|G||H| is obtained. However, we aim to use the

minimum length word-representants of the graphs G and H to find an upper bound

of ℓ(G ◦ H). We know that the cyclic shift property is applicable only for uniform

words. Therefore, in order to give an upper bound on ℓ(G ◦H) as a function of ℓ(G)

and ℓ(H), we obtained the bound given in Theorem 2.3.20.
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graphs

3.1 Introduction

Among the various classes of graphs, circulant graphs occupy a prominent position

owing to their high degree of symmetry, regularity, and diverse applications in network

design, coding theory, and parallel computing. The study of circulant graphs dates back to

Foster (1932), with the term itself derived from circulant matrices. Circulant graphs can be

viewed as Cayley graphs on cyclic groups Zn; consequently, they are vertex-transitive, as

every pair of vertices can be mapped to each other via an automorphism. These graphs are

defined by a set of “jump” distances, and their structural properties have been thoroughly

examined. Despite substantial progress in understanding their connectivity, planarity, and

factorization, the questions of their word-representability and semi-transitive orientability

remain only partially resolved. Circulant graphs also form a notable subclass of Toeplitz
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graphs, for which several results concerning semi-transitivity have been reported in [9].

Kitaev and Pyatkin [34] established that all 4-regular circulant graphs are semi-transitive,

but left open the question of whether circulant graphs with consecutive jumps (e.g.,

C(n; t, t+ 1, . . . , k)) are semi-transitive.

This chapter contributes to the theory of word-representable and semi-transitive circu-

lant graphs in several significant ways. First, regarding negative results on semi-transitivity,

we prove that C(n; t, t + 1, . . . , 2t) is not semi-transitive for 2 < n+1
5

≤ t < n−1
4

(Theo-

rem 3.3.1), thereby resolving a problem posed by Kitaev and Pyatkin in [34]. This result

demonstrates that circulant graphs with consecutive jumps need not be semi-transitive.

Second, we present constructive results identifying classes of semi-transitive circulant

graphs. In particular, we show that C(n; a1, a2, . . . , ak) is semi-transitive whenever a1 ≥
n+1
4

(Theorem 3.3.2), and that C(n; t, t + 1, . . . , ⌊n
2
⌋) is semi-transitive for all 1 ≤ t < n

2

(Theorem 3.3.3). These results partially characterize the family of semi-transitive circulant

graphs, significantly narrowing the range of unresolved cases.

Third, we investigate the representation numbers of k-regular circulant graphs. For

3-regular circulant graphs, we establish that R(G) ≤ 3 (Theorem 3.4.2) and show that

most such graphs are not 2-word-representable (Theorem 3.4.3). For 4-regular circulant

graphs, we derive an upper bound R(G) ≤ 4 when n
3
≤ a < n

2
(Corollary 5). These

bounds contribute to the broader problem of determining the representation numbers of

regular graphs. The chapter concludes with several open problems that outline promising

directions for future research.

The remainder of this chapter is structured as follows. Section 3.2 reviews the definition

and basic properties of circulant graphs. Section 3.3 presents our main results concerning

the semi-transitive orientability of circulant graphs, and Section 3.4 establishes bounds on

the representation numbers of k-regular circulant graphs.
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3.2 Circulant graph

A circulant graph C(n;R), for a set R = {a1, a2, . . . , ak}, is defined as the graph with

vertex set {0, 1, . . . , n− 1} and edge set

E = { ij | (i− j) mod n or (j − i) mod n ∈ {a1, a2, . . . , ak} },

where 0 < a1 < a2 < · · · < ak < (n+ 1)/2.

The circulant graph C(n; a1, a2, . . . , ak) is regular of degree d, where

d =


2k, if ak ̸= n/2,

2k − 1, otherwise.

Let n and r be positive integers with n ≥ 2 and r < n/2. Then C(n; r) consists of a

collection of disjoint cycles. If d =

gcd(n, r), there are exactly d such cycles, each of length n/d. We say that each of these

cycles has period r, length n/d, and rotation r/d.

In this chapter, we make use of the following established results on circulant graphs.

Theorem 3.2.1 ([2, 46]). A circulant graph C(n;R), where R = {a1, a2, . . . , ak}, is con-

nected if and only if gcd(n, a1, a2, . . . , ak) = 1. Moreover, if d = gcd(n, a1, a2, . . . , ak),

then

C(n; a1, a2, . . . , ak) ≡ dC
(n
d
;
a1
d
,
a2
d
, . . . ,

ak
d

)
,

that is, C(n; a1, a2, . . . , ak) is isomorphic to d disjoint copies of C
(
n
d
; a1

d
, a2

d
, . . . , ak

d

)
.

Analogous to integers, circulant graphs can also be factorized uniquely into a Cartesian

product of prime graphs. This result was established by Vilfred in [47]. In this chapter, we

make use of the factorization of circulant graphs in some of our results. Hence, we require

the following theorem.

Theorem 3.2.2 ([47]). For n ∈ N and a set R = {a1, a2, . . . , ak}, the Cartesian product

P2 □ C(2n + 1;R) ≡ C(2(2n + 1); 2R ∪ {2n + 1}) ≡ C(2(2n + 1); 2dR ∪ {2n + 1}),

where gcd(2(2n+ 1), d) = 1.
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Figure 3.1: A semi-transitively orientable circulant graph C(13; 1, 5)

The word-representability of circulant graphs was studied by Kitaev and Pyatkin in

[34]. They established several results concerning 4-regular circulant graphs. An example

of a semi-transitive circulant graph is illustrated in Figure 3.1.

Theorem 3.2.3 ([34]). The circulant graph C(13; 1, 5) is semi-transitive.

Lemma 3.2.4 ([34]). A circulant graph C(n; 1, 2) is semi-transitive for each n ≥ 6.

Theorem 3.2.5 ([34]). Each 4-regular circulant graph is semi-transitive.

Furthermore, Kitaev and Pyatkin provided an example of a non-semi-transitive cir-

culant graph, namely C(14; 1, 3, 4, 5). This example demonstrates that a circulant graph

need not be semi-transitive. The following section presents results concerning both semi-

transitive and non-semi-transitive circulant graphs.

3.3 Semi-transitive orientability of circulant graphs

The semi-transitive orientability of circulant graphs was first investigated by Kitaev

and Pyatkin in [34]. They proved that every 4-regular circulant graph is semi-transitive.

Furthermore, they posed an open problem asking whether C(n; t, t+1, . . . , k), for integers

t and k satisfying k − t > 1, is semi-transitive.

In this section, we establish conditions under which C(n; t, t + 1, . . . , k) is not semi-

transitive (Theorem 3.3.1). In addition, with the aim of characterizing semi-transitive

circulant graphs, we provide partial characterizations of this class in Theorem 3.3.2 and

Theorem 3.3.3.
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Theorem 3.3.1. C(n; t, t+ 1, . . . , 2t) is not semi-transitive for 2 < n+1
5

≤ t < n−1
4
.

Proof. By the definition of a circulant graph, two vertices i and j are adjacent if and only

if (i − j) (mod n) or (j − i) (mod n) are in {t, t + 1, . . . , 2t}. Thus, i and j are adjacent

if and only if either of the following cases holds for all i > j.

1. t ≤ i− j ≤ 2t.

2. n− 2t ≤ i− j ≤ n− t.

Consider an induced subgraph, H, with vertices {0, t − 1, t, 2t − 1, 2t + 1, n − t}. We

claim that H is isomorphic to W5. According to Remark 1, this implies that the graph

C(n; t, t+ 1, . . . , 2t) is not semi-transitive.

Consider the following table: M = {mij} for all i, j ∈ V (H), where mij = |i− j|.

i/j 0 t-1 t 2t - 1 2t +1 n-t

0 0 t - 1 t 2t - 1 2t + 1 n - t

t-1 t - 1 0 1 t t + 2 n - 2t + 1

t t 1 0 t - 1 t + 1 n - 2t

2t-1 2t - 1 t t - 1 0 2 n - 3t + 1

2t +1 2t + 1 t + 2 t + 1 2 0 n - 3t - 1

n-t n - t n - 2t + 1 n - 2t n - 3t +1 n - 3t - 1 0

Since n+1
5

≤ t < n−1
4
, we have t < n − 3t − 1 < n − 3t + 1 ≤ 2t. Hence, the adjacency
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matrix, {hij}, of the induced subgraph H can be written as follows:

{hij} =

1 if t ≤ mij ≤ 2t or n− 2t ≤ mij ≤ n− t,

0 otherwise.

=



0 0 1 1 0 1

0 0 0 1 1 1

1 0 0 0 1 1

1 1 0 0 0 1

0 1 1 0 0 1

1 1 1 1 1 0


Hence, the induced subgraph, H, formed by the above adjacency matrix, is isomorphic to

W5, as shown in Figure 3.2.

n-t

t

0

2t-1

t-1 2t+1

Figure 3.2: Induced subgraph H ≡ W5

The previous result shows that C(n; t, t + 1, . . . , 2t) is not semi-transitive for 2 <

n+1
5

≤ t < n−1
4
. Hence, a natural question arises regarding semi-transitive orientability

of C(n; t, t + 1, . . . , 2t) for t ≥ n−1
4
. Interestingly, the next result positively answers this

question for a more general case.

Theorem 3.3.2. C(n; a1, a2, . . . , ak) is semi-transitive for all a1 ≥ n+1
4

Proof. Consider a circulant graph G = C(n; a1, a2, . . . , ak) with the vertex set {0, 1, . . . , n−

1}. Orient the edge ij ∈ E(G) as i → j for all i < j, where i, j ∈ V (G). We claim that

the given orientation is semi-transitive. It is easy to see that the orientation is acyclic.

Suppose that there is a shortcut v0 → v1 → . . . → vm with a shortcutting arc v0 → vm

where m ≥ 3.

Note that if i → j, then j > i and j ∈ {i+a1, . . . , i+ak, i+n−ak, . . . , i+n−a1}. Since

a1 ≥ n+1
4

and ak <
n+1
2
, we have either i+ n+1

4
≤ j < i+ n+1

2
or i+ n−1

2
< j ≤ i+ 3n−1

4
.
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Now since vl → vl+1 for l ∈ {0, 1, . . . ,m− 1}, we have either vl + n+1
4

≤ vl+1 < vl +
n+1
2

or vl +
n−1
2

< vl+1 ≤ vl +
3n−1

4
.

From this, we can see that vl+1 ≥ vl +
n+1
4

for l ∈ {0, 1, . . . ,m − 1}. By solving this

recursion, we get vl ≥ v0 +
l(n+1)

4
. Since m ≥ 3, we have vm ≥ v0 +

3(n+1)
4

.

Since v0 → vm, we have vm ≤ v0 +
3n−1

4
< v0 +

3(n+1)
4

≤ vm, which is a contradiction.

Hence, the given orientation is semi-transitive.

Theorem 3.3.3. C(n; t, t+ 1, . . . , ⌊n
2
⌋) is semi-transitive for any t ∈ {1, 2, . . . , ⌊n

2
⌋}

Proof. Consider a circulant graphG = C(n; t, t+1, . . . , ⌊n
2
⌋) with the vertex set {0, 1, . . . , n−

1}. Orient the edge ij ∈ E(G) as i → j for all i < j, where i, j ∈ V (G). We claim that

the given orientation is semi-transitive. It is easy to see that the orientation is acyclic.

Suppose that there is a shortcut v0 → v1 → . . . → vm with a shortcutting arc v0 → vm

where m ≥ 3.

Note that if i → j, then j > i and j ∈ {i + t, . . . , i + n − t}. Now since vl → vl+1 for

l = {0, 1, . . . ,m− 1}, we have vl + t ≤ vl+1 ≤ vl + n− t. Hence, by solving this recursion,

we get v0 + lt ≤ vl ≤ v0 + l(n− t).

Consider vx and vy, where 0 ≤ x < y ≤ m. Since v0 → vm, we have v0 + t ≤ vm ≤

v0 + n − t. Hence, we have, vx + t < vx+1 ≤ vy < vm ≤ v0 + n − t < vx + n − t. As

a result, vx → vy for all 0 ≤ x < y ≤ m. Hence, the vertices {v0, v1, . . . , vm} induce a

transitively oriented clique, which is a contradiction. Therefore, the given orientation is

semi-transitive.

3.4 Representation number for some circulant graphs

In this section, we determine the representation numbers of certain circulant graphs.

In [34], Kitaev and Pyatkin posed a problem asking whether C(n; 1, 2, . . . , k) is semi-

transitive. The following result provides a positive answer to this problem and establishes

the corresponding representation number.

Throughout this section, for any positive integer i, we denote i mod n by (i)n. Moreover,

for any two words A and u, the notation A︸︷︷︸
u

indicates that u is a subword of A.

Theorem 3.4.1. C(n; 1, 2, . . . , k) is 2-word-representable.
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Proof. Consider a circulant graph G = C(n; 1, 2, . . . , k) with the vertex set V (G) =

{0, 1, . . . , n− 1}. Define a morphism h : V (G)∗ → V (G)∗ as follows:

h(i) = (i)n (i− k)n, for i ∈ V (G).

We claim that the word w = h(u) represents G, where u = 0 1 2 . . . (n−1). The word is of

the form w = 0 (n−k)n 1 (n−k+1)n 2 . . . (n−1)n k 0 (k+1)n 1 . . . (n−1)n (n−k−1)n.

By the definition of a circulant graph, i is adjacent to j if and only if (j − i) ≡ t (mod n),

where 1 ≤ t ≤ k. Let ui = (i)n (i+1)n . . . (n−1) 0 1 . . . (i−1)n, where 0 ≤ i ≤ n−1. By

Proposition 3, the word h(ui) represents the graph G for all 0 ≤ i ≤ n−1. As a result, i and

j alternate in w if and only if they alternate in h(ui) for all 0 ≤ i ≤ n− 1. Therefore, it is

enough to prove that i and j ∈ {(i−k)n, (i−k+1)n, . . . , (i−1)n, (i+1)n, (i+2)n, . . . , (i+k)n}

alternate in h(ui) for all 0 ≤ i ≤ n− 1.

By the definition of morphism h, we have

h(ui) = (i)n (i−k)n (i+1)n (i−k+1)n . . . (i−k−1)n (i−1)n (i+k)n (i)n . . . (i−1)n (i−k−1)n.

Note that the letters occurring exactly once between the two occurrences of the letter

i are {(i− k)n, (i− k+1)n, . . . , (i− 1)n, (i+1)n, (i+2)n, . . . , (i+ k)n} = NG(i). Since w is

2-uniform, i and j ∈ NG(i) alternate in h(ui). Therefore, w represents the graph G.

Every 2-regular circulant graph, i.e., cycle graph, is 2-word-representable. Is this true

for k-regular circulant graphs, where k ≥ 3? Hence, the following problem is posed:

Problem 3.4.1. Are word-representable k-regular circulant graphs k-word-representable?

3.4.1 3-regular circulant graphs

In this subsection, we will answer Problem 3.4.1 positively for k = 3.

Theorem 3.4.2. Let G ≡ C(2n; a, n) be a 3-regular connected circulant graph such that

gcd(a, 2n) = 1. Then the representation number of G satisfies R(G) ≤ 3.

Proof. Consider a 3-regular connected circulant graph G ≡ C(2n; a, n) with gcd(a, 2n) = 1.

Let the vertex set of the graph be V (G) = {0, 1, . . . , 2n−1}. By the definition of a circulant
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graph, a vertex i is adjacent to j ∈ {(i + a)2n, (i − a)2n, (i + n)2n}. Define a morphism

h : V (G)∗ → V (G)∗ as follows:

h(i) = (i)2n (i− a)2n (i+ n)2n, for i ∈ V (G).

We claim that the word w = h(u) representsG, where u = 0 (a)2n (2a)2n (3a)2n . . . ((2n−

1)a)2n. The word is of the form w = 0 (2n−a)2n (n)2n (a)2n 0 (a+n)2n . . . (2n−a)2n (2n−

2a)2n (n−a)2n. Note that a vertex i occurs once in every h(i), h((i+a)2n) and h((i+n)2n).

Therefore, each letter occurs three times in w.

Let ui = (i)2n (i + a)2n (i + 2a)2n . . . (i + (2n − 1)a)2n, where 0 ≤ i ≤ 2n − 1. By

Proposition 3, the word h(ui) represents the graph G for all 0 ≤ i ≤ 2n− 1. As a result, i

and j alternate in w if and only if they alternate in h(ui) for all 0 ≤ i ≤ 2n− 1. Therefore,

it is enough to prove that i and j ∈ {(i+ a)2n, (i− a)2n, (i+n)2n} alternate in h(ui) for all

0 ≤ i ≤ 2n− 1.

By the definition of morphism h, we have

h(ui) = (i)2n (i− a)2n (i+ n)2n (i+ a)2n (i)2n . . . (i− a)2n (i− 2a)2n (i− a+ n)2n.

Note that i and j ∈ V (G) \ {(i+ a)2n, (i− a)2n, (i+ n)2n} do not alternate in w. Now

it is enough to prove that i and j ∈ {(i + a)2n, (i− a)2n, (i + n)2n} alternate in w. Recall

that we say x ≺u y if x occurs to the left of y in the word u.

Assuming (i + n)2n ≺ui
(i + 2a)2n, it follows that (i + a)2n ≡ (i + n)2n since (i)2n ̸≡

(i+n)2n. This leads to n = a, which is a contradiction. Similarly, if (i+n)2n ≡ (i+2a)2n,

then n = 2a, which also results in a contradiction. Therefore, for all 0 ≤ i ≤ 2n − 1, we

must have (i+ 2a)2n ≺ui
(i+ n)2n.

Now, suppose (i − a)2n ≡ (i + n)2n. This would imply n = a, again yielding a contra-

diction. Hence, (i+ n)2n ≺ui
(i− a)2n.

Combining these results, we conclude that for every 0 ≤ i ≤ 2n − 1, the following

ordering holds:

(i)2n ≺ui
(i+ a)2n ≺ui

(i+ 2a)2n ≺ui
(i+ n)2n ≺ui

(i− a)2n.
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By the definition of morphism h, we get the following cases:

If (i+ 2a)2n ̸≡ (i+ n− a)2n and (i+ n+ a)2n ̸≡ (i− a)2n,

h(ui) =h(i)︸︷︷︸
(i)2n (i−a)2n (i+n)2n

h((i+ a)2n)︸ ︷︷ ︸
(i+a)2n (i)2n

h((i+ 2a)2n)︸ ︷︷ ︸
(i+a)2n

. . . h((i+ n− a)2n)︸ ︷︷ ︸
(i−a)2n

h((i+ n)2n)︸ ︷︷ ︸
(i+n)2n (i)2n

h((i+ n+ a)2n)︸ ︷︷ ︸
(i+n)2n (i+a)2n

. . . h((i− a)2n)︸ ︷︷ ︸
(i−a)2n

.

If (i+ 2a)2n ≡ (i+ n− a)2n and (i+ n+ a)2n ̸≡ (i− a)2n,

h(ui) = h(i)︸︷︷︸
(i)2n (i−a)2n (i+n)2n

h((i+ a)2n)︸ ︷︷ ︸
(i+a)2n (i)2n

h((i+ 2a)2n)︸ ︷︷ ︸
(i+a)2n (i−a)2n

h((i+ n)2n)︸ ︷︷ ︸
(i+n)2n (i)2n

h((i+ n+ a)2n)︸ ︷︷ ︸
(i+n)2n (i+a)2n

. . . h((i− a)2n)︸ ︷︷ ︸
(i−a)2n

.

If (i+ 2a)2n ̸≡ (i+ n− a)2n and (i+ n+ a)2n ≡ (i− a)2n,

h(ui) = h(i)︸︷︷︸
(i)2n (i−a)2n (i+n)2n

h((i+ a)2n)︸ ︷︷ ︸
(i+a)2n (i)2n

h((i+ 2a)2n)︸ ︷︷ ︸
(i+a)2n

. . . h((i+ n− a)2n)︸ ︷︷ ︸
(i−a)2n

h((i+ n)2n)︸ ︷︷ ︸
(i+n)2n (i)2n

h((i− a)2n)︸ ︷︷ ︸
(i−a)2n (i+n)2n (i+a)2n

.

If (i+ 2a)2n ≡ (i+ n− a)2n and (i+ n+ a)2n ≡ (i− a)2n,

h(ui) = h(i)︸︷︷︸
(i)2n (i−a)2n (i+n)2n

h((i+ a)2n)︸ ︷︷ ︸
(i+a)2n (i)2n

h((i+ 2a)2n)︸ ︷︷ ︸
(i+a)2n (i−a)2n

h((i+ n)2n)︸ ︷︷ ︸
(i+n)2n (i)2n

h((i− a)2n)︸ ︷︷ ︸
(i−a)2n (i+n)2n (i+a)2n

.

Hence, for each i, i and j ∈ {(i+a)2n, (i−a)2n, (i+n)2n} alternate in h(ui). Therefore,

w represents the graph G, which implies R(G) ≤ 3.

A natural question is whether the circulant graph C(2n; a, n) with gcd(a, 2n) = 1 is

2-word-representable. Since C(4; 1, 2) ≡ K4 is 1-word-representable, it suffices to consider

the case n > 2.

Theorem 3.4.3. Let G ≡ C(2n; a, n) be a 3-regular connected circulant graph with gcd(a, 2n)

= 1. Then G is not 2-word-representable for all a ≥ 2. Moreover, if a = 1, then G is not

2-word-representable for all n > 3.

Proof. Consider the graph G ≡ C(2n; a, n) with gcd(a, 2n) = 1. Since G is connected, by

Theorem 3.2.1, gcd(2n, a, n) = gcd(a, n) = 1. Let the vertex set V (G) = {0, 1, . . . , 2n−1}.

By the definition of a circulant graph, a vertex i is adjacent to j ∈ {(i+a)2n, (i−a)2n, (n+

i)2n}. Note that the set {(i+ a)2n, (i− a)2n, (n+ i)2n} is an independent set because of the

following reasons:

• (i+ a)− (i− a) ≡ 2a (mod 2n). Since gcd(a, 2n) = 1, 2a ̸∈ {a, n}. Therefore, i+ a

and i− a are not adjacent in G.
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• (n+ i)− (i− a) ≡ n+ a (mod 2n). Since gcd(a, 2n) = 1, n+ a ̸∈ {a, n}. Therefore,

i− a and n+ i are not adjacent in G.

• (n+ i)− (i+ a) ≡ n− a (mod 2n). Since gcd(a, 2n) = 1, n− a ̸∈ {a, n}. Therefore,

i+ a and n+ i are not adjacent in G.

Suppose that G is 2-word representable for n > 2. Let w be a 2-uniform word-

representant of the graph G with a letter i such that no other letter occurs twice between

the two copies of i. The word mentioned above always exists, as its absence implies that

the graph is disconnected, which is a contradiction. By Observation 2, the letters between

the copies of i are {i+a, i−a, n+ i}. Without loss of generality, consider i = 0. Using the

fact that the set {(2n− a), a, n} is an independent set by Proposition 1 and Proposition 3,

we only need to consider three cases.

• w is of the form 0 (2n− a) a n 0. . .n . . . a . . . (2n− a) . . .. Consider the vertex n− a.

– n− (n− a) ≡ a (mod 2n). Therefore, n and n− a are adjacent in G.

– (2n− a)− (n− a) ≡ n (mod 2n). Therefore, 2n− a and n− a are adjacent in

G.

– (n− a)− a ≡ n− 2a (mod 2n). Suppose a ≥ 2. Since gcd(a, n) = 1, n− 2a ̸∈

{a, n}. If a = 1 and n > 3, a = 1 < n− 2a < n.

Therefore, a and n− a are not adjacent in G.

If we introduce n− a in the word w, we get either

w = 0 (2n− a) a n 0 . . . (n− a) . . . n . . . (n− a) . . . a . . . (2n− a) . . .

where n− a is not alternating with 2n− a, which is a contradiction, or

w = 0 (2n− a) a n 0 . . . (n− a) . . . n . . . a . . . (n− a) . . . (2n− a) . . .

where n− a is alternating with a, which is also a contradiction.

• w is of the form 0 a (2n−a) n 0 . . . n . . . (2n−a) . . . a . . . Consider the vertex (n+a).

– (n+ a)− n ≡ a (mod 2n). Therefore, n and n+ a are adjacent in G.
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– (n+ a)− a ≡ n (mod 2n). Therefore, a and n+ a are adjacent in G.

– (2n − a) − (n + a) ≡ n − 2a (mod 2n). Suppose a ≥ 2. Since gcd(a, n) = 1,

n− 2a ̸∈ {a, n}. If a = 1 and n > 3, a = 1 < n− 2a < n.

Therefore, 2n− a and n+ a are not adjacent in G.

If we introduce n+ a in the word w, we get either

0 a (2n− a) n 0 . . . (n+ a) . . . n . . . (n+ a) . . . (2n− a) . . . a . . .

where n+ a is not alternating with a, which is a contradiction, or

0 a (2n− a) n 0 . . . (n+ a) . . . n . . . (2n− a) . . . a . . . (n+ a) . . .

where n+ a is alternating with 2n− a, which is also a contradiction.

• w is of the form 0 (2n− a) n a 0 . . . a . . . n . . . (2n− a) . . .. Let us introduce (n + a)

in w. We get,

w = 0 (2n− a) n a 0 . . . (n+ a) . . . a . . . n . . . (n+ a) . . . (2n− a) . . .

If we introduce n− a in w, we get

w = 0 (2n−a) n a 0 . . . (n+a) . . . a . . . (n−a) . . . n . . . (n+a) . . . (2n−a) . . . (n−a) . . .

Here, n+ a and n− a are alternating. But (n+ a)− (n− a) ≡ 2a (mod 2n), which

is a contradiction.

Therefore, G is not 2-word representable for n > 2.

Theorem 3.4.4. Let G ≡ C(2n; a, n) be a 3-regular connected circulant graph with gcd(a, 2n)

̸= 1. Then, R(G) = 3 for all n > 2.

Proof. Consider a 3-regular connected circulant graph G ≡ C(2n; a, n) with gcd(a, 2n) ̸= 1.

Since G is connected, by Theorem 3.2.1, we have gcd(a, n) = 1. Since gcd(a, 2n) ̸= 1,

a is even, and n is odd. Therefore, by Theorem 3.2.2, C(2n; a, n) ≡ P2 □ C(n; a/2).

Since gcd(a, n) = 1, we have gcd(a/2, n) = 1. Therefore, C(2n; a, n) ≡ P2 □ Cn = Prn
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where Prn is a prism graph on n vertices. Since the representation number of prism is 3,

R(G) = 3.

Corollary 3. Let G ≡ C(2n; a, n) be a 3-regular circulant graph. Then, R(G) ≤ 3.

Proof. The statement is true for connected 3-regular circulant graph by Theorem 3.4.3

and Theorem 3.4.4. Suppose G ≡ C(2n; a, n) is not connected. Then, by Theorem 3.2.1,

C(2n; a, n) ≡ dC(2n/d; a/d, n/d), where d = gcd(2n, a, n). The representation number

of a disconnected graph is bounded above by the maximum representation number of its

connected components. Since R(C(2n/d; a/d, n/d)) ≤ 3 by Theorem 3.4.3 and Theorem

3.4.4, we have R(G) ≤ 3.

The Möbius ladder of order n on 2n vertices, denoted by Mn, is the simple graph

obtained by connecting diametrically opposite vertices in the cycle C2n. It is easy to see

that Mn is isomorphic to the circulant graph C(2n; 1, n). The following result follows

directly from Corollary 3.

Corollary 4. R(Mn) = 3 for all n > 3.

3.4.2 4-regular circulant graphs

In this subsection, we partially address Problem 3.4.1 for the case k = 4. In [49], Yu

et al. classified the 4-regular circulant graphs using a Diophantine equation approach. We

begin by recalling the definition of Cartesian graph bundles.

Definition 3.4.5. Let B,F be graphs. A graph G is a Cartesian graph bundle with fibre

F over the base graph B if there is a graph map p : G → B such that for each vertex v ∈

V (B), p−1(v) ≡ F, and for each edge e ∈ E(B), p−1(e) ≡ K22F. Let φ : E(B) → Aut(F )

be a mapping that assigns an automorphism of the graph F to any edge of B. The bundle

G is denoted by G = B2φF .

A Cartesian graph bundle can also be understood as a graph obtained from a base

graph by replacing each of its vertices with a copy of a fibre graph, and each of its edges

with a matching between the corresponding copies of the fibre at the endpoints of the

edge. The edges of the matching define an isomorphism between the copies of the fibre.

The following theorem provides a classification of 4-regular circulant graphs.
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Theorem 3.4.6 ([49]). For the circulant graph C(n; k1, k2), we have

C(n; k1, k2) ≡


dC(n/d1; 1, k) 1 ≤ d1 ≤ d2 ≤ n/2, d1 | d2,

d(Cd1/ gcd(d1,d2) 2
φ Cn/d1) 1 < d1 < d2 < n/2, d1 ̸ | d2,

d(K2 2 Cn/d1) 1 < d1 < d2 = n/2, d1 ̸ | d2.

where d = gcd(d1, d2), di = gcd(n, ki) for i = 1, 2, k = x0, φ is a cyclic x0-shift, and

(x0, y0) is a solution of the linear Diophantine equation

k1
d1

x− n

d1
y =

k2
gcd(d1, d2)

such that 0 ≤ x0 ≤ n/d1 − 1. Especially, φ is trivial if and only if d1d2
gcd(d1,d2)

≡ 0 (mod n).

Thus, by the above theorem, it suffices to show the following:

• C(n/d1; 1, k) is 4-representable.

• Cd1/ gcd(d1,d2) 2
φ Cn/d1 is 4-representable

• K2 2 Cn/d1 is 4-representable.

The cases in which d2 = n/2 are resolved by Theorem 3.4.2 and Theorem 3.4.4. It

therefore remains to consider the cases where d2 < n/2. The following results provide a

partial solution for the 4-regular circulant graph C(n/d1; 1, k).

Theorem 3.4.7. Let G ≡ C(n; 1, a) be a connected 4-regular circulant graph with n
3
≤ a <

n−1
2

and n > 6. Then R(G) ≤ 4.

Proof. Consider a connected 4-regular circulant graph G ≡ C(n; 1, a) with n
3
≤ a < n−1

2
.

Let the vertex set V (G) = {0, 1, . . . , n − 1}. By the definition of a circulant graph, a

vertex i is adjacent to j ∈ {(i + 1)n, (i − 1)n, (i + a)n, (i − a)n}. Define a morphism

h : V (G)∗ → V (G)∗ as follows:

h(i) = (i)n (i− 1)n (i+ a)n (i− a)n, for i ∈ V (G).

We claim that the word w = h(u) represents G, where u = 012 . . . (n − 1). Note that a

vertex i occurs once in every h(i), h((i+1)n), h((i+ a)n), and h((i− a)n). Therefore, each

letter occurs exactly four times in w.
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Let ui = (i)n (i+1)n . . . (n− 1) 0 1 . . . (i− 1)n, where 0 ≤ i ≤ n− 1. By Proposition

3, the word h(ui) represents the graph G for all 0 ≤ i ≤ n−1. As a result, i and j alternate

in w if and only if they alternate in h(ui) for all 0 ≤ i ≤ n− 1.

By the definition of morphism h, we have

h(ui) = (i)n (i−1)n (i+a)n (i−a)n (i+1)n (i)n . . . (i−1)n (i−2)n (i+a−1)n (i−a−1)n.

For any vertex i ∈ V (G), h(i) h(i+ 1) factor of h(ui) makes sure that i does not alternate

with j ∈ V (G) \ {(i + 1)n, (i − 1)n, (i + a)n, (i − a)n}. Therefore, it is enough to prove

that i and j ∈ {(i+ 1)n, (i− 1)n, (i+ a)n, (i− a)n} alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Recall that we say x ≺u y, if x occurs to the left of y in the word u.

Case (i): In this case, we will prove that (i)n and (i − 1)n alternate in h(ui). Since

n
3
≤ a < n−1

2
and n > 6, (i + 1)n ≺ui

(i + a − 1)n and (i − a)n ≺ui
(i − 1)n. Assuming

(i−a−1)n ≺ui
(i+a)n, it follows that (n+i−a−1) < (i+a). This leads to n−1 < 2a, which

is a contradiction. Similarly, if (i− a− 1)n ≡ (i+ a)n, then n− 1 = 2a, which also results

in a contradiction. Combining these results, we conclude that for every 0 ≤ i ≤ n− 1, the

following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ a− 1)n ≺ui
(i+ a)n ≺ui

(i− a− 1)n ≺ui
(i− a)n ≺ui

(i− 1)n

By the definition of the morphism h, we get

h(ui) = h(i)︸︷︷︸
(i)n (i−1)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i+ a− 1)n)︸ ︷︷ ︸
(i−1)n

h((i+ a)n)︸ ︷︷ ︸
(i)n

. . . h((i− a− 1)n)︸ ︷︷ ︸
(i−1)n

h((i− a)n)︸ ︷︷ ︸
(i)n

. . . h((i− 1)n)︸ ︷︷ ︸
(i−1)n

Hence, (i)n and (i− 1)n alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Case (ii): In this case, we will prove that (i)n and (i + 1)n alternate in h(ui). Since

n
3
≤ a < n−1

2
and n > 6, (i+2)n ≺ui

(i+ a)n. Assuming (i− a)n ≺ui
(i+ a+1)n, it follows

that (n+ i− a) < (i+ a+1). This leads to n− 1 < 2a, which is a contradiction. Similarly,

if (i−a)n ≡ (i+a+1)n, then n−1 = 2a, which also results in a contradiction. Combining

these results, we conclude that for every 0 ≤ i ≤ n− 1, the following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ 2)n ≺ui
(i+ a)n ≺ui

(i+ a+ 1)n ≺ui
(i− a)n ≺ui

(i− a+ 1)n
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By the definition of the morphism h, we get

h(ui) = h(i)︸︷︷︸
(i)n

h((i+ 1)n)︸ ︷︷ ︸
(i+1)n (i)n

h((i+ 2)n)︸ ︷︷ ︸
(i+1)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i)n

h((i+ a+ 1)n)︸ ︷︷ ︸
(i+1)n

. . . h((i− a)n)︸ ︷︷ ︸
(i)n

h((i− a+ 1)n)︸ ︷︷ ︸
(i+1)n

. . .

Hence, (i)n and (i+ 1)n alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Case (iii): In this case, we will prove that (i)n and (i−a)n alternate in h(ui). Assuming

(i− 2a)n ≺ui
(i+1)n, it follows that (n+ i− 2a) < (i+1). This leads to n− 1 < 2a, which

is a contradiction. Similarly, if (i− 2a)n ≡ (i+ 1)n, then n− 1 = 2a, which also results in

a contradiction.

Now, suppose (i+ a)n ≺ui
(i− 2a)n, it follows that (i+ a) < (n+ i− 2a). This would

imply n > 3a, again yielding a contradiction.

Combining these results and some results from previous cases, we conclude that for

every 0 ≤ i ≤ n− 1, the following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i− 2a)n ≺ui
(i+ a)n ≺ui

(i− a)n ≺ui
(i− a+ 1)n

By the definition of the morphism h, we get the following cases:

If (i+ a)n ̸≡ (i− 2a)n,

h(ui) = h(i)︸︷︷︸
(i)n (i−a)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i− 2a)n)︸ ︷︷ ︸
(i−a)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i)n

. . . h((i− a)n)︸ ︷︷ ︸
(i−a)n (i)n

h((i− a+ 1)n)︸ ︷︷ ︸
(i−a)n

. . .

If (i+ a)n ≡ (i− 2a)n,

h(ui) = h(i)︸︷︷︸
(i)n (i−a)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i−a)n (i)n

. . . h((i− a)n)︸ ︷︷ ︸
(i−a)n (i)n

h((i− a+ 1)n)︸ ︷︷ ︸
(i−a)n

. . .

Hence, (i)n and (i− a)n alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Case (iv): In this case, we will prove that (i)n and (i + a)n alternate in h(ui). Since

n
3
≤ a < n−1

2
and n > 6, (i + 1)n ≺ui

(i + a)n. Assuming (i + 2a)n ≺ui
(i− a)n, it follows

that (i+2a) < (n+ i− a). This leads to n > 3a, which is a contradiction. Combining this

result and some results from previous cases, we conclude that for every 0 ≤ i ≤ n− 1, the
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following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ a)n ≺ui
(i+ a+ 1)n ≺ui

(i− a)n ≺ui
(i+ 2a)n

By the definition of the morphism h, we get the following cases:

If (i+ 2a)n ̸≡ (i− a)n,

h(ui) = h(i)︸︷︷︸
(i)n (i+a)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i+a)n (i)n

h((i+ a+ 1)n)︸ ︷︷ ︸
(i+a)n

. . . h((i− a)n)︸ ︷︷ ︸
(i)n

. . . h((i+ 2a)n)︸ ︷︷ ︸
(i+a)n

. . .

If (i+ 2a)n ≡ (i− a)n,

h(ui) = h(i)︸︷︷︸
(i)n (i+a)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i+a)n (i)n

h((i+ a+ 1)n)︸ ︷︷ ︸
(i+a)n

. . . h((i− a)n)︸ ︷︷ ︸
(i)n (i+a)n

. . .

Hence, (i)n and (i + a)n alternate in h(ui) for all 0 ≤ i ≤ n − 1. Therefore, w represents

the graph G.

Theorem 3.4.8. Let G ≡ C(n; 1, a) be a connected 4-regular circulant graph with a = n−1
2

and n > 6. Then R(G) ≤ 4.

Proof. Consider a connected 4-regular circulant graph G ≡ C(n; 1, a) with a = n−1
2
. Let

the vertex set V (G) = {0, 1, . . . , n−1}. By the definition of a circulant graph, a vertex i is

adjacent to j ∈ {(i+1)n, (i−1)n, (i+a)n, (i−a)n}. Define a morphism h : V (G)∗ → V (G)∗

as follows:

h(i) = i (i− 1)n (i− a)n (i+ a)n, for i ∈ V (G).

We claim that the word w = h(u) represents G, where u = 012 . . . (n − 1). Note that a

vertex i occurs once in every h(i), h((i+1)n), h((i+ a)n), and h((i− a)n). Therefore, each

letter occurs exactly four times in w.

Let ui = (i)n (i+1)n . . . (n− 1) 0 1 . . . (i− 1)n, where 0 ≤ i ≤ n− 1. By Proposition

3, the word h(ui) represents the graph G for all 0 ≤ i ≤ n−1. As a result, i and j alternate

in w if and only if they alternate in h(ui) for all 0 ≤ i ≤ n− 1.

By the definition of morphism h, we have

h(ui) = (i)n (i−1)n (i+a)n (i−a)n (i+1)n (i)n . . . (i−1)n (i−2)n (i+a−1)n (i−a−1)n.
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For any vertex i ∈ V (G), h(i) h((i+1)n) factor of h(ui) makes sure that i does not alternate

with j ∈ V (G) \ {(i + 1)n, (i − 1)n, (i + a)n, (i − a)n}. Therefore, it is enough to prove

that i and j ∈ {(i+ 1)n, (i− 1)n, (i+ a)n, (i− a)n} alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Recall that we say x ≺u y, if x occurs to the left of y in the word u.

Case (i): In this case, we will prove that (i)n and (i − 1)n alternate in h(ui). Since

a = n−1
2
, and n > 6, (i + 1)n ≺ui

(i + a − 1)n and (i − a)n ≺ui
(i − 1)n. Moreover, if

(i − a − 1)n ̸≡ (i + a)n, then n − 1 ̸= 2a, which also results in a contradiction. Hence,

(i− a− 1)n ≡ (i+ a)n. Combining these results, we conclude that for every 0 ≤ i ≤ n− 1,

the following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ a− 1)n ≺ui
(i+ a)n ≺ui

(i− a)n ≺ui
(i− 1)n

By the definition of the morphism h, we get

h(ui) = h(i)︸︷︷︸
(i)n (i−1)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i+ a− 1)n)︸ ︷︷ ︸
(i−1)n

h((i+ a)n)︸ ︷︷ ︸
(i)n (i−1)n

h((i− a)n)︸ ︷︷ ︸
(i)n

. . . h((i− 1)n)︸ ︷︷ ︸
(i−1)n

.

Hence, (i)n and (i− 1)n alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Case (ii): In this case, we will prove that (i)n and (i + 1)n alternate in h(ui). Since

a = n−1
2

and n > 6, (i + 2)n ≺ui
(i + a)n. Moreover, if (i − a)n ̸≡ (i + a + 1)n, then

n−1 ̸= 2a, which also results in a contradiction. Hence, (i−a)n ≡ (i+a+1)n. Combining

these results, we conclude that for every 0 ≤ i ≤ n− 1, the following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ 2)n ≺ui
(i+ a)n ≺ui

(i− a)n ≺ui
(i− a+ 1)n

By the definition of the morphism h, we get

h(ui) = h(i)︸︷︷︸
(i)n

h((i+ 1)n)︸ ︷︷ ︸
(i+1)n (i)n

h((i+ 2)n)︸ ︷︷ ︸
(i+1)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i)n

h((i− a)n)︸ ︷︷ ︸
(i+1)n (i)n

h((i− a+ 1)n)︸ ︷︷ ︸
(i+1)n

. . .

Hence, (i)n and (i+ 1)n alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Case (iii): In this case, we will prove that (i)n and (i − a)n alternate in h(ui). If

(i− 2a)n ̸≡ (i+ 1)n, then n− 1 ̸= 2a, which results in a contradiction. Hence, (i− 2a)n ≡

(i + 1)n. Since a = n−1
2

and n > 6, (i + 1)n ≺ui
(i + a)n. Combining these results and
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some results from previous cases, we conclude that for every 0 ≤ i ≤ n − 1, the following

ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ a)n ≺ui
(i− a)n ≺ui

(i− a+ 1)n

By the definition of the morphism h, we get

h(ui) = h(i)︸︷︷︸
(i)n (i−a)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n (i−a)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i)n

h((i− a)n)︸ ︷︷ ︸
(i−a)n (i)n

h((i− a+ 1)n)︸ ︷︷ ︸
(i−a)n

. . .

Hence, (i)n and (i− a)n alternate in h(ui) for all 0 ≤ i ≤ n− 1.

Case (iv): In this case, we will prove that (i)n and (i + a)n alternate in h(ui). Since

a = n−1
2

and n > 6, (i+1)n ≺ui
(i+ a)n and (i− a)n ≺ui

(i− 1)n. Moreover, if (i+2a)n ̸≡

(i − 1)n, then n − 1 ̸= 2a, which results in a contradiction. Hence, (i + 2a)n ≡ (i − 1)n.

Combining these results and some results from previous cases, we conclude that for every

0 ≤ i ≤ n− 1, the following ordering holds:

(i)n ≺ui
(i+ 1)n ≺ui

(i+ a)n ≺ui
(i+ a+ 1)n ≺ui

(i− a)n ≺ui
(i− 1)n

By the definition of the morphism h, we get

h(ui) = h(i)︸︷︷︸
(i)n (i+a)n

h((i+ 1)n)︸ ︷︷ ︸
(i)n

. . . h((i+ a)n)︸ ︷︷ ︸
(i+a)n (i)n

h((i+ a+ 1)n)︸ ︷︷ ︸
(i+a)n

. . . h((i− a)n)︸ ︷︷ ︸
(i)n

. . . h((i− 1)n)︸ ︷︷ ︸
(i+a)n

.

Hence, (i)n and (i+a)n alternate in h(ui) for all 0 ≤ i ≤ n−1. Therefore, w represents

the graph G.

By combining the above two results, we get the following Corollary.

Corollary 5. Let G ≡ C(n; 1, a) be a connected 4-regular circulant graph with n
3
≤ a < n

2

and n > 6. Then R(G) ≤ 4.
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4
Forbidden induced subgraph characterization

of word-representable split graphs

Let Ei,j denote the class of graphs whose vertex set can be partitioned into at most

i independent sets and j cliques. For instance, E2,0 is the class of bipartite graphs, and

E3,0 is the class of 3-colorable graphs. It is known that Ei,j is word-representable for

(i, j) ∈ {(1, 0), (0, 1), (2, 0), (3, 0)}.

Furthermore, for E1,1, the class of split graphs, a necessary and sufficient condition

for word-representability was obtained by Kitaev et al. [31]. Similarly, for E0,2, the class

of co-bipartite graphs, a necessary and sufficient condition for word-representability was

established by Das and Ramesh [14]. Consequently, for these two classes, a complete char-

acterization of word-representability in terms of forbidden induced subgraphs is obtained

in the following chapters.
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Forbidden induced subgraph characterization of

word-representable split graphs

4.1 Introduction

A split graph—a graph whose vertex set can be partitioned into a clique and an inde-

pendent set—forms an important subclass for studying word-representability. The inves-

tigation of word-representable split graphs is motivated by both theoretical and practical

considerations. From a theoretical standpoint, split graphs occupy a central position in

graph theory: they are hereditary, meaning that every induced subgraph of a split graph

is also a split graph, and they constitute a subclass of chordal graphs. Their simple defini-

tion, coupled with rich structural properties, makes them a natural framework for testing

conjectures and exploring graph-theoretic phenomena. From a practical standpoint, split

graphs serve as models for real-world systems consisting of a densely connected core in-

teracting with a sparsely connected periphery. Examples include social networks, where

a close-knit community engages with occasional outsiders, biological interaction networks,

and database architectures optimized for hierarchical queries. These characteristics render

split graphs a valuable object of study in both combinatorics and applications.

A hereditary graph class can often be characterized by a family of forbidden induced

subgraphs: that is, a graph belongs to the class if and only if it contains no graph from a

specified family F as an induced subgraph. The set F is called the collection of minimal

forbidden induced subgraphs for the class. For example, cographs are precisely the graphs

that do not contain an induced path on four vertices (P4) [12]. Similarly, trivially perfect

graphs are those that forbid both the path P4 and the cycle C4 [21].

The study of hereditary graph classes and their forbidden subgraph characterizations

is central to algorithm design and complexity theory. When the set of minimal forbidden

induced subgraphs F is finite, testing membership in the class reduces to checking for

the presence of finitely many induced subgraphs, often enabling the design of efficient,

polynomial-time recognition algorithms. Not every hereditary graph class, however, admits

such a finite forbidden subgraph characterization, which poses additional challenges for

both structural analysis and algorithm development.

Since word-representable graphs are hereditary, a line of research has focused on iden-

tifying their set of minimal forbidden induced subgraphs, which remains unknown. As a

result, the problem of determining the forbidden induced subgraphs for word-representable

graphs can be approached by restricting attention to smaller graph classes, such as split
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graphs.

The word-representability of split graphs was first studied by Kitaev et al. [31], where

the authors characterized word-representable split graphs in terms of forbidden subgraphs

in which vertices in the independent set have degree at most 2, or the size of the clique

is 4. Moreover, they provided necessary and sufficient conditions for an orientation of a

split graph to be semi-transitive. Subsequently, in [8], Chen et al. computationally charac-

terized word-representable split graphs with clique size 5 in terms of forbidden subgraphs.

More recently, in [42], Roy and Hariharasubramanian characterized word-representable

split graphs with independent set size 4, in terms of forbidden subgraphs as well.

Recent work by Kitaev and Pyatkin [35] made significant progress by characterizing

semi-transitive split graphs using matrix-theoretic tools. They showed that the adjacency

structure of a split graph can be encoded as a (0, 1)-matrix and analyzed via the circular-

ones property. Specifically, they proved that a split graph is semi-transitive if and only if its

adjacency matrix satisfies the circular-ones property for rows, together with an additional

structural constraint on the placement of ones.

Among various matrix properties, the circular-ones property has found applications in

several graph-theoretic characterizations. The circular-ones property (see Definition 1.4.4)

generalizes the consecutive-ones property. In [45], Tucker provided a forbidden submatrix

characterization for the consecutive-ones property (see Definition 1.4.2). Later, Booth

and Lueker [3] presented a linear-time algorithm for efficiently recognizing the consecutive-

ones property. In [39], Safe provided an analogous characterization of the circular-ones

property and presented a linear-time algorithm to recognize it. Furthermore, in [40], Safe

introduced a matrix property called the D-circular property, a special case of the circular-

ones property in which both the rows and the set difference between any two rows form

circular intervals (see Definition 1.4.3) under some linear ordering of columns. In the

same work, he also established a forbidden submatrix characterization for the D-circular

property and presented a linear-time recognition algorithm for it.

In this chapter, we introduce a matrix property that extends the D-circular property,

which we call the I-circular property. This property requires that the rows of a ma-

trix, as well as all pairwise intersections of these rows, form circular intervals under some

linear ordering of the columns. This refinement serves as a key tool for characterizing

semi-transitive split graphs and offers a natural matrix-theoretic framework for identifying

TH-3990_226123005



98
Forbidden induced subgraph characterization of

word-representable split graphs

forbidden configurations.

The main objective of this work is to establish a minimal forbidden submatrix char-

acterization for the I-circular property, thereby shedding light on the minimal forbidden

induced subgraph characterization of semi-transitive split graphs. To achieve this, we de-

velop a unified framework linking the I-circular property of matrices to the combinatorial

properties of split graphs. This approach culminates in the identification of a complete set

of minimal forbidden induced subgraphs.

This chapter is organized as follows. Section 4.2 introduces the I-circular property,

explores its relationship with the circular-ones property, and identifies the set of minimal

forbidden submatrices for the I-circular property. Subsections 4.2.1, 4.2.2, and 4.2.3 present

several matrix constructions and lemmas that support the main results. Section 4.3 ex-

tends these matrix-theoretic results to the graph-theoretic domain, establishing a forbidden

induced subgraph characterization of semi-transitive split graphs.

4.2 The I-Circular Property

In this section, we introduce the I-circular property, which plays a central role in our

characterization of semi-transitive split graphs via minimal forbidden induced subgraphs.

The I-circular property is a matrix property closely related to the well-known D-circular

property introduced by Safe [40]. We formally define the I-circular property and establish

a minimal forbidden submatrix characterization for it.

Definition 4.2.1. A matrix M is said to have the I-circular property if there exists a

linear ordering ≼c of its columns such that every row of M forms a circular interval with

respect to ≼c, and for every pair of rows r and s of M , the intersection r ∩ s is also a

circular interval with respect to ≼c. In this case, the ordering ≼c is called an I-circular

order of M .

Definition 4.2.2. We define Λ to be an operator that associates with each matrix M a

matrix Λ(M) obtained by appending additional rows to M as follows. For every pair of

nontrivial rows r and s of M such that the complement of r is properly contained in s, a

new row equal to r ∩ s is appended. The order in which these rows are appended is left

unspecified, since it is irrelevant for our purposes.
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Lemma 4.2.3. A matrix M has the I-circular property if and only if the matrix Λ(M)

satisfies the circular-ones property.

Proof. By definition, every I-circular order of M is a circular-ones order of Λ(M). Conse-

quently, if M has the I-circular property, then Λ(M) has the circular-ones property.

Conversely, suppose that Λ(M) has the circular-ones property, and let ≼c be a circular-

ones order of Λ(M). Consider any two rows r and s of M . Since r and s are also rows of

Λ(M), each forms a circular interval with respect to ≼c. Therefore, their intersection r∩ s

is a circular interval with respect to ≼c, except possibly in the case where the complement

of r is properly contained in s.

If either r or s is trivial, then r ∩ s is trivial, equal to r, or equal to s, and hence is a

circular interval with respect to ≼c. Thus, we may assume without loss of generality that

both r and s are nontrivial. In the remaining case, where the complement of r is properly

contained in s, the row r ∩ s is explicitly added in the construction of Λ(M) and therefore

belongs to Λ(M). Hence, r ∩ s is again a circular interval with respect to ≼c.

We conclude that, for every pair of rows r and s of M , the intersection r∩s is a circular

interval with respect to ≼c. By definition, this implies that ≼c is an I-circular order of M .

Therefore, whenever Λ(M) has the circular-ones property, M has the I-circular property.

This completes the proof of the lemma.

MVI =


1 1 0 1

0 1 1 1

1 0 1 1


Figure 4.1: One of the matrix in FIcircR, MVI .

The family of minimal forbidden submatrices characterizing the I-circular property is

the set FIcircR, defined as follows.

Definition 4.2.4. We denote

FIcircR = {M∗
I (k),MIII (k),MII (k+1): k ≥ 3}∪{0101 ⊕M∗

I (4), 0100 ⊕ MII (4), MIV , MV , MVI}.

(Refer to Figures 1.1 and 4.1.)
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We now state the following lemmas, which help us understand the relationship between

the set FIcircR and the set FcircR.

Lemma 4.2.5. Let a = a1a2 . . . ak−2 0 0 be a binary sequence of length k for some k ≥ 4.

If a ̸= 0100, then a⊕MII (k) contains some matrix in FIcircR as a configuration.

Proof. Let a = a1a2 . . . ak−2 0 0 be a binary sequence of length k for some k ≥ 4. If ai = 0

for all 1 ≤ i ≤ k − 2, then a ⊕MII (k) = MII (k). Now suppose that k ≥ 5 and ai = 1 for

some 2 ≤ i ≤ k − 3. It can be verified that (a⊕MII (k))⟨i, k−1, k⟩, ⟨k−1, 1, i, k⟩ = MVI .

Next, suppose that ai = 0 for all 2 ≤ i ≤ k − 3, and that either a1 = 1 or ak−2 = 1.

- If a1 = 1 and ak−2 = 0, then

(a⊕MII (k))⟨2, 3, ..., k−1, 1⟩, ⟨2, 3, ..., k⟩ = MII (k − 1).

- If a1 = 0 and ak−2 = 1, then

(a⊕MII (k))⟨1, 2, 3, ..., k−2, k⟩, ⟨1, 2, 3, ..., k−2, k⟩ = MII (k − 1).

- If a1 = ak−2 = 1 and k ≥ 6, then it can be verified that

(a⊕MII (k))⟨2, 3, ..., k−2, 1⟩, ⟨2, 3, ..., k−2, k⟩ = MII (k − 2).

- If a1 = ak−2 = 1 and k = 5, then it can be verified that

(10100⊕MII (5))⟨2, 1, 4, 3⟩, ⟨3, 2, 1, 4⟩ = 0100⊕MII (4).

Now, the only remaining cases are when a = 1100 and a = 1000:

- If a = 1100, then

(1100⊕MII (4))⟨1, 2, 4, 3⟩, ⟨3, 4, 1, 2⟩ = MII (4).

- If a = 1000, then

(1000⊕MII (4))⟨2, 1, 4, 3⟩, ⟨3, 2, 1, 4⟩ = 0100⊕MII (4).
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This completes the proof of the lemma.

Lemma 4.2.6. For every F ∈ FIcircR, the matrix Λ(F ) contains a matrix from FcircR as a

configuration. Moreover, F is a minimal forbidden submatrix for the I-circular property.

Proof. If F = M∗
I (k) for some k ≥ 3, or if F = MIII (k) for some k ≥ 3, or if F = MIV ,

then the lemma holds immediately, as Λ(F ) = F and F ∈ FcircR. Moreover, since, by

Theorem 1.4.6, Λ(F ) is a minimal forbidden submatrix for the circular-ones property, F is

a minimal forbidden submatrix for the I-circular property.

If F = 0101⊕M∗
I (4), then Λ(F )⟨1,2,3,4⟩,id5 = F and F ∈ FcircR. Furthermore, Λ(F )⟨1,2,3,4⟩,id5

is the only submatrix of Λ(F ) that lacks the circular-ones property. By Theorem 1.4.6,

Λ(F ) is minimal for the circular-ones property, and thus F is minimal for the I-circular

property.

Now consider the remaining cases. For each, note that every row and column of F is

required to obtain a submatrix of Λ(F ) that has the same configuration as some matrix in

FcircR and is also minimal for the circular-ones property by Theorem 1.4.6. Thus, in each

case, F itself is minimal for the I-circular property.

• If F = MII (k) for some k ≥ 4, let row k + 1 of Λ(F ) be obtained by intersecting

rows k − 1 and k of F . With ρ = ⟨1, 2, . . . , k − 2, k + 1⟩, we have Λ(F )ρ,idk =

00 . . . 01⊕M∗
I (k − 1).

• If F = MV , Λ(F ) adds a sixth row from rows 2 and 4 of F , and Λ(F )⟨1,4,3,6⟩,id5 =

0100⊕M∗
I (4).

• If F = 0100⊕MII (4), Λ(F ) adds a fifth row from rows 3 and 4, and Λ(F )⟨1,2,6⟩,id4 =

M∗
I (3).

• If F = MVI , Λ(F ) adds rows 4, 5, and 6 from intersections of rows 1 and 2, 1 and 3,

and 2 and 3, respectively, yielding Λ(F )⟨4,5,6⟩,id4 = 111⊕M∗
I (3).

This completes the proof that F ∈ FIcircR is a minimal forbidden submatrix for the I-

circular property in all cases.

Corollary 6. No matrix in FIcircR satisfies the I-circular property.

TH-3990_226123005



102
Forbidden induced subgraph characterization of

word-representable split graphs

Proof. Let F ∈ FIcircR. By Lemma 4.2.6, the matrix Λ(F ) contains a matrix from FcircR

as a configuration. It then follows from Theorem 1.4.6 that Λ(F ) does not satisfy the

circular-ones property. Consequently, by Lemma 4.2.3, the matrix F does not have the

I-circular property. This completes the proof of the corollary.

Lemma 4.2.7. Every matrix F ∈ FcircR contains a matrix belonging to FIcircR as a con-

figuration.

Proof. Let F be some matrix in FcircR. If F is MIV , then F ∈ FIcircR. If F is M∗
V ,

then Fid5,⟨1,2,3,4,5⟩ = MV . If F is MIV , then F⟨2,3,4⟩,⟨1,2,3,5⟩ = MVI . If F is M∗
V , then

F⟨1,3,4⟩,⟨2,3,5,6⟩ = MVI . Therefore, it only remains to consider the case where F = a⊕M∗
I (k)

for some binary sequence a = a1a2 . . . ak such that a ∈ Ak. If a is empty, then F = M∗
I (k).

Therefore, assume that 1 occurs at least once in a.

Suppose that k ≥ 5 and that 1xy1 occurs circularly in a at position i for some i ∈ [k]

and for some x, y ∈ {0, 1} and (x, y) ̸= (0, 0). If we let ρ = ⟨i, i + 1 + y, i + 4⟩ and

σ = ⟨i, i+ 2, i+ 4, k + 1⟩ (where the sums involving i are modulo k), then aρ = 111,

Fρ,σ = (a⊕M∗
I (k))ρ,σ = 111⊕M∗

I (k)ρ,σ,

and, consequently, Fρ,σ has the same configuration as MVI .

Now suppose that k ≥ 4 and that 10m1 occurs circularly in a at position i for some

i ∈ [k] and some m ≥ 2. If we let ρ = ⟨i + 1, i + 2, . . . , i + m + 1, i⟩ and σ = ⟨i + 1, i +

2, . . . , i+m+ 1, k+ 1⟩ (where the sums involving i are modulo k), then Fρ,σ has the same

configuration as MII (k).

Now suppose that k ≥ 5 and that 10101 occurs circularly in a at position i for some

i ∈ [k]. If we let ρ = ⟨i, i + 2, i + 4⟩ and σ = ⟨i + 1, i + 3, i + 4, k + 1⟩ (where the sums

involving i are modulo k), then Fρ,σ has the same configuration as MVI .

Now suppose that k ≥ 4 and that 1 occurs twice in a. First, assume that the pattern

11 occurs circularly in a at position i for some i ∈ [k]. If we let ρ = ⟨i + 2, . . . , k, i, i + 1⟩

and σ = ⟨i + 2, . . . , k, 1, 2, . . . , i, k + 1⟩ (where the sums involving i are taken modulo k),

then Fρ,σ has the same configuration as MII (k).

Now assume that k ≥ 5 and that the pattern 101 occurs circularly in a at position i

for some i ∈ [k]. If we let ρ = ⟨i + 3, i + 4, . . . , k, 1, 2, . . . , i, i + 2⟩ and σ = ⟨i + 3, i +
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4, . . . , k, 1, 2, . . . , i, k + 1⟩ (where the sums involving i are taken modulo k), then Fρ,σ has

the same configuration as MII (k − 1).

Now suppose that k ≥ 4 and that 1 occurs once in a at position i for some i ∈ [k]. If

we let ρ = ⟨i+1, i+2, . . . , k, 1, 2, . . . , i⟩ and σ = ⟨i+1, i+2, . . . , k, 1, 2, . . . , i, k+1⟩ (where

the sums involving i are taken modulo k), then Fρ,σ has the same configuration as MIII (k).

Now suppose that k ≥ 5 and that 1 occurs thrice in a. Then, the only case left is

when 111 occurs circularly in a at position i for some i ∈ [k]. If we let ρ = ⟨i + 3, i +

4, . . . , k, 1, 2, . . . , i⟩ and σ = ⟨i+3, i+4, . . . , k, 1, 2, . . . , i, k+1⟩ (where the sums involving

i are modulo k), then Fρ,σ has the same configuration as MII (k − 1).

Now suppose that k = 4. Since a is a binary bracelet of length 4, the only cases left

are when a = 0101, a = 0111 and a = 1111. If a = 0101, then F ∈ FIcircR. If a = 0111,

then F⟨1,2,3,4⟩,⟨1,2,3,5⟩ = 0100⊕MII (4). If a = 1111, then F⟨1,2,3,4⟩,⟨3,5,1,2⟩ = 0100⊕MII (4).

Finally, suppose that k = 3. By Theorem 1.4.6, we may assume that a = 111. Then, it

can be verified that 111⊕M∗
I (3) = MIII (3). This completes the proof of the lemma.

We state the following lemma which will be used in the proof of the main result.

Lemma 4.2.8. [39] If a is any binary sequence of length 4, then a ⊕ M∗
V represents the

same configuration as one of the matrices MIV , MIV , M
∗
V , and M∗

V . Conversely, each of

the matrices MIV , MIV , M
∗
V , and M∗

V represents the same configuration as a ⊕ M∗
V for

some binary sequence a of length 4. Moreover, the four matrices MIV , MIV , M
∗
V , and M∗

V

represent pairwise different configurations.

4.2.1 Matrices Q and R

To each quaternary sequence b of length at least 3, we associate a matrix denoted by

R(b). As a preliminary step toward proving the theorem, we establish the following lemma,

which asserts that, for all but finitely many such quaternary sequences b, the matrix R(b)

contains a matrix from FIcircR as a configuration. We now introduce the definitions required

to formalize this statement.

For each integer k ≥ 3 and each i ∈ [k], we define the following matrices, where

throughout i+ 1 is interpreted modulo k:
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• Q0(i, k) is the 1× (k + 1) matrix whose only row has 1’s at columns i and i+ 1 and

0’s at the remaining ones;

• Q1(i, k) is the complement of Q0(i, k);

• Q2(i, k) is the 2× (k + 1) matrix whose first row has a 0 at column k + 1 and 1’s at

the remaining columns and whose second row has 1’s at columns i, i+ 1, and k + 1

and 0’s at the remaining columns;

• Q3(i, k) is the 2× (k + 1) matrix whose first row has a 0 at column i and 1’s at the

remaining columns and whose second row has 0’s at columns i + 1 and 1’s at the

remaining columns.

Given a quaternary sequence b = b1b2 . . . bk of length k for some k ≥ 3, we define R(b)

to be the matrix with k + 1 columns whose rows consist of the rows of Qb1(1, k), followed

by those of Qb2(2, k), then Qb3(3, k), and so on, up to the rows of Qbk(k, k). For example,

R(013102) =



1 1 0 0 0 0 0

1 0 0 1 1 1 1

1 1 0 1 1 1 1

1 1 1 0 1 1 1

1 1 1 0 0 1 1

0 0 0 0 1 1 0

1 1 1 1 1 1 0

1 0 0 0 0 1 1



.

Lemma 4.2.9. Let b = b1b2 · · · bk be a quaternary sequence of length k ≥ 3. In the case

k = 3, assume additionally that either b1, b2, b3 ∈ {1, 3} or b1, b2, b3 ∈ {0, 2}. Then the

matrix R(b) contains, as a configuration, a matrix belonging to FIcircR.

Proof. First, we show that for any quaternary sequence c obtained from b by a sequence

of shift operations, the matrix R(c) represents the same configuration as R(b). To prove

this, it suffices to show that R(c) represents the same configuration as R(b) when c is
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a single shift of b (since the general case then follows by induction). Let m denote the

number of rows of R(b), and suppose that c is a shift of b. Define the row permutation

ρ as ⟨2, 3, . . . ,m, 1⟩ if b1 ∈ {0, 1}, and as ⟨3, 4, . . . ,m, 1, 2⟩ if b1 /∈ {0, 1}. Also, define the

column permutation σ as ⟨2, 3, . . . , k, 1, k + 1⟩. Then, we have R(c) = R(b)ρ,σ.

Let b = b1b2 . . . bk be a quaternary sequence of length k, where k ≥ 3. For each i ∈ [k],

let fi denote the row index of R(b) corresponding to the first row of Qbi(i, k). If bi /∈ {0, 1},

then let si = fi + 1 denote the row index of R(b) corresponding to the second row of

Qbi(i, k).

Case 1: Let b be a binary sequence. By construction, we have R(b) = b ⊕M∗
I (k) for

some k ≥ 3. By applying a sequence of shift operations (if necessary), we may assume,

without loss of generality, that b is a bracelet. Therefore, R(b) ∈ FIcircR.

Case 2: Suppose that 3 occurs more that once in b. Let bi = bj = 3, where

i, j ∈ [k]. Without loss of generality, we may assume that i < j. It can be verified

that R(b)⟨fi,si,fj⟩,⟨i,i+1,j+1,k+1⟩ = MVI , when i+ 1 ̸= j, and R(b)⟨fi,si,sj⟩,⟨i,i+1,j+1,k+1⟩ = MVI ,

when i+ 1 = j, where all additions involving i and j are taken modulo k.

Case 3: Suppose that both 2 and 3 occur in b. Let bi = 2 and bj = 3. It can be verified

that R(b)⟨fi,si,fj⟩,⟨i,i+1,i+2,k+1⟩ = MVI , where all additions involving i and j are taken modulo

k.

Case 4: Suppose 3 occurs in b. By Case 2, it is evident that 3 occurs exactly once in

b. By applying a sequence of shift operations (if necessary), we may assume, without loss

of generality, that bk = 3, and that b′ = b1b2 . . . bk−1 is a binary string. Therefore, R(b) has

the same configuration as a⊕MII (k + 1), where a is obtained by appending 00 to b′.

If a ̸= 0100, then by Lemma 4.2.5, R(b) contains some matrix in FIcircR as a configura-

tion. If a = 0100, then R(b) = 0100⊕MII (4).

Case 5: Suppose that 2 occurs in b. By applying a sequence of shift operations (if

necessary), we may assume, without loss of generality, that b1 = 2. If b2 = 1, then it

can be verified that R(b)⟨1,2,3⟩,⟨1,2,k,k+1⟩ = MVI . If b2 = 2, then it can be verified that

R(b)⟨2,3,4⟩,⟨1,2,3,k+1⟩ = MVI . If bk = 1, then R(b)⟨1,2,k⟩,⟨3,k+1,1,2⟩ = MVI . If bk = 2, then

R(b)⟨1,2,k+1⟩,⟨k,2,k+1,1⟩ = MVI . Now suppose that b2 = bk = 0. If k ≥ 4, then it can be easily

verified that R(b)⟨1, 2, 3, k⟩, ⟨1, k, 3, 2, k+1⟩ = MV . If k = 3, then by the assumption of the lemma,

b1, b2, b3 ∈ {0, 2}. By applying a sequence of shift operations (if necessary), we may assume,
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without loss of generality, that b = 200. Then, R(b)⟨3, 4, 1, 2⟩, ⟨3, 2, 4, 1⟩ = 0100⊕MII (4). This

completes the proof of the lemma.

4.2.2 Matrices U and W

To each quaternary sequence b of length 4, we associate a matrix denoted by W (b).

We establish the following Lemma, which states that for certain quaternary sequences b,

the matrix W (b) contains some matrix in FIcircR as a configuration. We now introduce the

necessary definitions to formalize this.

We first define, for each i ∈ [4], the following matrices:

• U0(i) whose only rows coincides with row i of M∗
V ;

• U1(i) is the complement of U0(i).

For each i ∈ [3], we define the following matrix:

• U2(i) is the 2 × 6 matrix whose first row has 0’s in columns 5 − 2i and 6 − 2i, and

1’s in the remaining columns, and whose second row has 0’s in columns 7 − 2i and

8− 2i, and 1’s in the remaining columns, where all subtractions involving i are taken

modulo 6.

For i = 2, we define the following matrix:

• U3(i) is the 2× 6 matrix whose first row has 0 in column 5 and 1’s in the remaining

columns, and whose second row has 0 in column 6 and 1’s in the remaining columns.

For each quaternary sequence b = b1b2b3b4 of length 4 such that b4 = 0, we define W (b)

as the matrix having six columns and whose rows are those of Ub1(1), followed by those of
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Ub2(2), followed by those of Ub3(3), followed by those of U0(4). For instance,

W (2310) =



0 0 1 1 1 1

1 1 0 0 1 1

1 1 1 1 0 1

1 1 1 1 1 0

1 1 0 0 1 1

1 0 0 1 1 0



.

Lemma 4.2.10. If b = b1b2b3b4 is a quaternary sequence such that b4 = 0 and b1, b3 ̸= 3,

then W (b) contains some matrix in FIcircR as a configuration.

Proof. Let b = b1b2b3b4 be a quaternary sequence of length 4. For each i ∈ [4], let fi denote

the row index of W (b) corresponding to the first row of Ubi(i). If bi /∈ {0, 1}, then let

si = fi + 1 denote the row index of W (b) corresponding to the second row of Ubi(i).

Case 1: Let b be a binary sequence. By construction, we have W (b) = b⊕M∗
V which,

by Theorem 1.4.6, represents the same configuration as some matrix in FcircR. By Lemma

4.2.7, W (b) contains some matrix in FIcircR as a configuration.

Case 2: Suppose that 2 occurs in b, and let bi = 2 for some i ∈ [k]. By construction,

b4 = 0. If we define σ1 = ⟨1, 2, 4, 5⟩, σ2 = ⟨1, 4, 5, 6⟩, and σ3 = ⟨1, 3, 4, 5⟩, then it can be

verified that W (b)⟨fi,si,f4⟩,σi
has the same configuration as MVI .

Case 3: Suppose that 3 occurs in b. By construction, b4 = 0 and b2 = 3. If b1 = b3 = 0,

then it can be verified that W (b)⟨1,2,4,5⟩,⟨1,2,3,4,5⟩ = MV . If b1 = 1, then it can be verified

that W (b)⟨1,2,5⟩,⟨1,3,4,5⟩ has the same configuration as MVI . If b3 = 1, then it can be verified

that W (b)⟨2,3,4⟩,⟨2,3,5,6⟩ has the same configuration as MVI . This completes the proof of the

lemma.

4.2.3 Matrices H and G

For each binary sequence α = α1α2α3α4 of length 4 and each i ∈ [3], we define Hi(α)

to be the 6× 6 matrix obtained from M∗
V by appending two additional rows (the fifth and
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sixth rows), both having 1’s in columns 3 − 2i and 4 − 2i. In the fifth row, the entries in

columns 5− 2i, 6− 2i, 1− 2i, and 2− 2i (with all subtractions taken modulo 6) are given

by α1, α2, α3, and α4, respectively. In the sixth row, the corresponding entries are α1, α2,

α3, and α4, respectively. For instance,

H1(α1α2α3α4) =



1 1 0 0 0 0

1 1 1 1 0 0

0 0 1 1 0 0

1 0 0 1 1 0

1 1 α1 α3 α3 α4

1 1 α1 α2 α3 α4



.

For each binary sequence γ = γ1γ2γ3 of length 3, we define

G(γ) =



1 1 0 0 0 0

1 1 1 1 0 0

0 0 1 1 0 0

1 0 0 1 1 0

1 γ1 γ2 1 1 γ3

1 γ1 γ2 1 1 γ3



.

Lemma 4.2.11. Let α be a binary sequence of length four, and let i ∈ [3]. If α /∈

{0000, 0011, 1100, 1111}, then the matrix Hi(α) contains, as a configuration, a matrix in

FcircR with fewer than six columns.

Proof. Let α = α1α2α3α4 be a binary sequence of length 4. Since Hi(α)⟨1,2,3,4,6,5⟩,id6 =

Hi(α), the lemma holds for α if and only if it holds for α. In particular, by complementing

α if necessary, we may assume that α1 = 0. We now consider the following cases.

Case 1: α = 0001. In this case, H1(α)⟨2,5,4⟩,⟨6,5,3,1⟩ = H2(α)⟨3,5,4⟩,⟨6,1,3,4⟩ = M∗
I (3), and

H3(α)⟨1,5,4⟩,⟨1,2,4,6⟩ = M∗
I (3).
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Case 2: α = 0010. In this case, H1(α)⟨2,4,5⟩,⟨2,4,5,6⟩ = H2(α)⟨4,3,5⟩,⟨5,4,3,2⟩ = M∗
I (3), and

H3(α)⟨1,4,5⟩,⟨5,3,2,1⟩ = M∗
I (3).

Case 3: α = 0100. In this case, H1(α)⟨3,4,5⟩,⟨5,2,3,4⟩ = H3(α)⟨2,5,4⟩,⟨6,5,2,4⟩ = M∗
I (3), and

H2(α)⟨1,5,4⟩,⟨1,2,5,3⟩ = M∗
I (3).

Case 4: α = 0101. In this case, H1(α)⟨2,5,4⟩,⟨6,5,3,1⟩ = H2(α)⟨1,4,6⟩,⟨4,3,2,1⟩ = M∗
I (3), and

H3(α)⟨1,4,2,5⟩,⟨1,2,6,5,4⟩ = 01111⊕M∗
I (4).

Case 5: α = 0110. In this case, H1(α)⟨3,6,5,2⟩,⟨3,4,5,6,2⟩ = 0111⊕M∗
I (4),

H2(α)⟨1,6,3,4⟩,⟨1,2,3,4,6⟩ = 0100⊕M∗
I (4), and H3(α)⟨1,6,4⟩,⟨1,2,4,6⟩ = M∗

I (3).

Case 6: α = 0111. In this case, H1(α)⟨6,3,4⟩,⟨1,3,4,6⟩ = H3(α)⟨2,6,4⟩,⟨1,3,5,6⟩ = M∗
I (3), and

H2(α)⟨1,6,4⟩,⟨6,4,2,1⟩ = M∗
I (3). This completes the poof of the lemma.

Lemma 4.2.12. Let γ be a binary sequence of length three. If γ is nonconstant, then the

matrix G(γ) contains, as a configuration, a matrix in FcircR with fewer than six columns.

Proof. Let γ = γ1γ2γ3 be a binary sequence of length 3. Since G(γ)⟨1,2,3,4,6,5⟩,id6 = G(γ),

the lemma holds for γ if and only if it holds for γ. In particular, by complementing γ if

necessary, we may assume that γ1 = 0. We now consider the following cases.

Case 1: γ = 001. In this case, G(γ)⟨1,4,3,5⟩,⟨2,1,4,3,6⟩ = 0001⊕M∗
I (4).

Case 2: γ = 010. In this case, G(γ)⟨1,5,2,4⟩,⟨1,2,6,5,3⟩ = 0110⊕M∗
I (4).

Case 3: γ = 011. In this case, G(γ)⟨3,4,2,6⟩,⟨3,4,5,6,2⟩ = 0011⊕M∗
I (4). This completes the

proof of the lemma.

Theorem 4.2.13. A matrix M has I-circular property if and only if M contains no matrix

in FIcircR as a configuration.

Proof. Suppose that M has the I-circular property. Assume, for the sake of contradiction,

that M contains some matrix F ∈ FIcircR as a configuration. By Corollary 6, the matrix F

does not possess the I-circular property. This, in turn, implies that M itself cannot have

the I-circular property, leading to a contradiction.

Suppose that M contains no matrix in FIcircR as a configuration. Assume, for the

sake of contradiction, that M does not have the I-circular property. Let kM denote the

number of rows of M . By Lemma 4.2.3, the matrix Λ(M) does not satisfy the circular-ones
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property. It then follows from Theorem 1.4.6 that Λ(M) contains a matrix from FcircR as

a configuration.

Among all such matrices, let F ∈ FcircR be one with the minimum possible number of

columns that occurs as a configuration in Λ(M). Let ρ and σ be a row map and a column

map, respectively, such that

Λ(M)ρ,σ = F.

Case 1: Firstly, suppose that F = a ⊕ M∗
I (k) for some k ≥ 3 and some a ∈ Ak.

Assume that ai = 0, and let u = ρ(i) for each i ∈ [k]. If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = Q0(i, k).

Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 1’s in columns i and i+ 1 and 0’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in columns i and i+ 1. Since M ⟨r⟩,σ is properly contained in

M⟨s⟩,σ, if M⟨s⟩,σ has a 0 in any column, then M⟨r⟩,σ has a 1 in that column, and if M⟨r⟩,σ

has a 0 in any column, then M⟨s⟩,σ has a 1 in that column. Therefore, M⟨r⟩,σ and M⟨s⟩,σ

do not coincide in any columns other than i and i+1. Without loss of generality, suppose

that M⟨r⟩,σ has a 0 and M⟨s⟩,σ has a 1 in column k + 1.

Claim: M⟨r⟩,σ has all 0′s or all 1′s in the columns different from i, i+ 1, and k + 1.

Suppose, for the sake of contradiction, that there is some 0 and some 1 in columns

other than i, i + 1, and k + 1. Therefore, there exist x, y ∈ [k] such that M⟨r⟩,σ has 0’s in

all the columns in {x, x + 1, . . . , y}, and 1’s in columns x − 1 and y + 1 (where addition

and subtraction are modulo k), with (x− 1, y + 1) ̸= (i+ 1, i).

Hence, if ρ′ = ⟨ρ(x − 1), ρ(x), . . . , ρ(y), s⟩, σ′ = ⟨x − 1, x, . . . , y + 1, k + 1⟩, and a′ is

the sequence obtained from aρ◦⟨x−1,x,...,y⟩ by appending a 0, then Λ(M)ρ′,σ′ = a′ ⊕M∗
I (|a′|)

is a matrix representing the same configuration as some matrix in FcircR that is contained

in Λ(M) as a configuration and has fewer columns than F , contradicting the choice of F .

Therefore, M⟨r⟩,σ must have all 0’s or all 1’s in the columns other than i, i+ 1, and k + 1.
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If M⟨r⟩,σ has 0’s in the columns other than i, i+1, and k+1, then M⟨r⟩,σ coincides with

the only row of Q0(i, k). If M⟨r⟩,σ has 1’s in the columns other than i, i+1, and k+1, then

M⟨s⟩,σ has 0’s in the columns other than i, i + 1, and k + 1. Therefore, M⟨r⟩,σ and M⟨s⟩,σ

coincide with the rows of Q2(i, k).

Now assume that ai = 1, and let u = ρ(i) for each i ∈ [k]. If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = Q1(i, k).

Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 0’s in columns i and i+ 1, and 1’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in the columns other than i and i+ 1, and M⟨r⟩,σ and M⟨s⟩,σ

do not coincide in columns i and i+ 1.

Let (α, β) and (α, β) be the entries of M⟨r⟩,σ and M⟨s⟩,σ at columns i and i+ 1, respec-

tively. If (α, β) = (0, 0) (respectively, (α, β) = (1, 1)), then M⟨r⟩,σ (respectively, M⟨s⟩,σ)

coincides with the only row of Q1(i, k). If (α, β) = (0, 1) or (α, β) = (1, 0), then M⟨r⟩,σ and

M⟨s⟩,σ coincide with the rows of Q3(i, k).

Therefore, for each i ∈ [k] and j ∈ {0, 1, 2, 3}, each row of Qj(i, k) coincides with

some row of MidkM ,σ. Thus, there exists a quaternary sequence b = b1b2 . . . bk such that

R(b) is contained in M as a configuration. Since, by Lemma 4.2.9, R(b) contains some

matrix F ′ ∈ FIcircR as a configuration, it follows that M contains F ′ as a configuration.

This contradicts the assumption that M contains no matrix in FIcircR as a configuration.

Therefore, Case 1 cannot occur.

Case 2: Now suppose that F = a ⊕ M∗
V for some a ∈ {0000, 0100, 0010, 1010}. By

Lemma 4.2.8, we can say that F has the same configuration as some matrix in

{MIV ,MIV ,M
∗
V ,M

∗
V }.

Subcase 1: Assume that ai = 0, and let u = ρ(i) for each i ∈ {1, 3}. If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = U0(i).
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Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 1’s in columns i and i+ 1, and 0’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in columns i and i + 1. Moreover, since M ⟨r⟩,σ is properly

contained in M⟨s⟩,σ, the rows M⟨r⟩,σ and M⟨s⟩,σ do not coincide in any columns other than

i and i+ 1.

Let (α1, α2, α3, α4) and (α1, α2, α3, α4) be the entries of M⟨r⟩,σ and M⟨s⟩,σ at columns

i+2, i+3, i+4, and i+5, respectively (with all additions involving i taken modulo 6). Let

α = α1α2α3α4. Note that Hi(α) is contained in Λ(M) as a configuration. Suppose, for the

sake of contradiction, that α /∈ {0000, 0011, 1100, 1111}. By Lemma 4.2.11, Hi(α) contains

some matrix F ′ ∈ FcircR as a configuration that has fewer columns than F . Hence, Λ(M)

contains F ′ as a configuration with fewer columns than F , contradicting the choice of F .

Therefore, α ∈ {0000, 0011, 1100, 1111}. If α = 0000 (respectively, α = 1111), then M⟨r⟩,σ

(respectively, M⟨s⟩,σ) coincides with the only row of U0(i). If α = 0011 or α = 1100, then

M⟨r⟩,σ and M⟨s⟩,σ coincide with the rows of U2(i).

Now assume that ai = 1, and let u = ρ(i) for each i ∈ {1, 3}. If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = U1(i).

Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 0’s in columns i and i+ 1, and 1’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in the columns other than i and i+1. Moreover, since M ⟨r⟩,σ

is properly contained in M⟨s⟩,σ, the rows M⟨r⟩,σ and M⟨s⟩,σ do not coincide in the columns

i and i+ 1.

Let (α, β) and (α, β) be the entries of M⟨r⟩,σ and M⟨s⟩,σ at columns i and i+ 1, respec-

tively. If (α, β) = (0, 0) (respectively, (α, β) = (1, 1)), then M⟨r⟩,σ (respectively, M⟨s⟩,σ )

coincides with the only row of U1(i). If (α, β) = (0, 1) or (α, β) = (1, 0), then M⟨r⟩,σ and
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M⟨s⟩,σ coincide with the rows of U3(i).

Subcase 2: Assume that a2 = 0, and let u = ρ(2). If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = U0(2).

Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 0’s in the columns 5 and 6, and 1’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in the columns other than 5 and 6. Moreover, since M ⟨r⟩,σ is

properly contained in M⟨s⟩,σ, the rows M⟨r⟩,σ and M⟨s⟩,σ do not coincide in the columns 5

and 6.

Let (α, β) and (α, β) be the entries of M⟨r⟩,σ and M⟨s⟩,σ at columns 5 and 6, respectively.

If (α, β) = (0, 0) (respectively, (α, β) = (1, 1)), then M⟨r⟩,σ (respectively, M⟨s⟩,σ ) coincides

with the only row of U0(2). If (α, β) = (0, 1) or (α, β) = (1, 0), then M⟨r⟩,σ and M⟨s⟩,σ

coincide with the rows of U3(2).

Now assume that a2 = 1, and let u = ρ(2). If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = U1(2).

Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 1’s in columns 5 and 6, and 0’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in the columns 5 and 6. Moreover, since M ⟨r⟩,σ is properly

contained in M⟨s⟩,σ, the rows M⟨r⟩,σ and M⟨s⟩,σ do not coincide in the columns 1, 2, 3 and

4.

Let (α1, α2, α3, α4) and (α1, α2, α3, α4) be the entries of M⟨r⟩,σ and M⟨s⟩,σ at columns

1, 2, 3, and 4, respectively. Let α = α1α2α3α4. Note that H2(α) is contained in

Λ(M) as a configuration. Based on the argument of the previous subcase, we have
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α = {0000, 0011, 1100, 1111}. If α = 0000 (respectively, α = 1111), then M⟨r⟩,σ (re-

spectively, M⟨s⟩,σ) coincides with the only row of U1(2). If α = 0011 or α = 1100, then

M⟨r⟩,σ and M⟨s⟩,σ coincide with the rows of U2(2).

Subcase 3: By construction, a4 = 0. Let u = ρ(4). If u ∈ [kM ], then

F⟨u⟩ = Λ(M)⟨u⟩,σ = M⟨u⟩,σ = U0(4).

Otherwise, let r, s ∈ [kM ] be such that M ⟨r⟩,σ is properly contained in M⟨s⟩,σ and

Λ(M)⟨u⟩,σ = M⟨r⟩,σ ∩M⟨s⟩,σ.

Since Λ(M)⟨u⟩,σ has 1’s in columns 1, 4 and 5, and 0’s in the remaining columns, both

M⟨r⟩,σ and M⟨s⟩,σ contain 1’s in the columns 1, 4 and 5. Moreover, since M ⟨r⟩,σ is properly

contained in M⟨s⟩,σ, the rows M⟨r⟩,σ and M⟨s⟩,σ do not coincide in the columns 2, 3 and 6.

Let (γ1, γ2, γ3) and (γ1, γ2, γ3) be the entries of M⟨r⟩,σ and M⟨s⟩,σ at columns 2, 3, and

6, respectively. Let γ = γ1γ2γ3. Note that G(γ) is contained in Λ(M) as a configuration.

Suppose, for the sake of contradiction, that γ is nonconstant. By Lemma 4.2.12, G(γ)

contains some matrix F ′ ∈ FcircR as a configuration that has fewer columns than F .

Hence, Λ(M) contains F ′ as a configuration with fewer columns than F , contradicting the

choice of F . Therefore, γ must be constant. If γ = 000 (respectively, γ = 111), then M⟨r⟩,σ

(respectively, M⟨s⟩,σ) coincides with the only row of U0(4).

Therefore, for each i ∈ [4] and j ∈ {0, 1, 2, 3}, each row of Uj(i) coincides with some

row of MidkM ,σ. Thus, there exists a quaternary sequence b = b1b2b3b4 such that W (b) is

contained in M as a configuration. Since, by Lemma 4.2.10, W (b) contains some matrix

F ′ ∈ FIcircR as a configuration, it follows that M contains F ′ as a configuration. This con-

tradicts the assumption that M contains no matrix in FIcircR as a configuration. Therefore,

Case 2 cannot occur.

The fact that Case 1 and Case 2 cannot occur contradicts F ∈ FcircR. This contradiction

completes the proof of the theorem.
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4.3 Forbidden Induced Subgraphs of Semi-Transitive

Split Graphs

In this section, we establish the connection between the I-circular property of matri-

ces and semi-transitive split graphs, thereby characterizing the latter through forbidden

induced subgraphs. The following theorem follows from the proofs of Theorem 4 and

Theorem 5 in [35].

Theorem 4.3.1. A split graph G is semi-transitive if and only if the matrix A(G) has

I-circular property.
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Figure 4.2: Minimal Forbidden Induced Subgraphs for Semi-Transitive Split Graphs Gsplit.

For a (0, 1)-matrix M of size m × n, we define SG(M) as the split graph whose inde-

pendent set corresponds to the rows of M , clique corresponds to its columns, and where a

vertex i from the independent set is adjacent to a vertex j from the clique if and only if

mij = 1.

Lemma 4.3.2. If F ∈ FIcircR, then SG(F ) contains an induced subgraph isomorphic to

some graph in Gsplit.

Proof. Let F be a matrix in FIcircR. If F ∈ {M∗
I (k),MIII (k),MII (k+1): k ≥ 3}∪ {0101⊕
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M∗
I (4), MIV , MV , MVI}, then SG(F ) is isomorphic to some graph in Gsplit. If F = 0100⊕

MII (4), then SG(Fid4,⟨1,2,4⟩) is isomorphic to M∗
I (3). This completes the proof of the

lemma.

Lemma 4.3.3. All graphs in Gsplit are minimal non-semi-transitive.

Proof. Let G be a graph in Gsplit. Observe that A(G) ∈ FIcircR. Therefore, by Corollary 6,

Lemma 4.2.6, and Theorem 4.3.1, G is a minimal non-semi-transitive graph.

Theorem 4.3.4. Let G be a split graph. Then, G is semi-transitive if and only if G

contains none of the graphs in Gsplit (depicted in Figure 4.2) as induced subgraph.

Proof. Assume that G is semi-transitive. Suppose, for the sake of contradiction, that G

contains some graph in Gsplit as an induced subgraph. Then, by Lemma 4.3.3 and the

hereditary nature of semi-transitive graphs, G would be non-semi-transitive, which is a

contradiction.

Suppose that G contains none of the graphs in Gsplit as an induced subgraph. Assume,

for the sake of contradiction, that G is not semi-transitive. Then, by Theorem 4.3.1, A(G)

does not have the I-circular property. Moreover, by Theorem 4.2.13, A(G) contains some

matrix in FIcircR as a configuration. Therefore, by Lemma 4.3.2, G contains an induced

subgraph isomorphic to some graph in Gsplit, which is a contradiction. This concludes the

proof.
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5.1 Introduction

A split graph is a graph whose vertex set can be partitioned into an independent set and

a clique. Similarly, if the vertex set can be partitioned into two cliques, the graph is called

a co-bipartite graph. More formally, a co-bipartite graph is a graph whose complement

is a bipartite graph. The word-representability of co-bipartite graphs was first studied by

Chen et al. [7], where the authors characterized word-representable co-bipartite graphs in

terms of forbidden induced subgraphs when one of the cliques has size at most four. A

complete characterization in terms of necessary and sufficient conditions was later provided

by Das and Hariharasubramanian [14]. Furthermore, they provided an upper bound for

the representation number of word-representable co-bipartite graphs [13].

Building on this growing body of research, the present work concentrates on a detailed
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structural and algorithmic characterization of word-representable co-bipartite graphs. In

particular, we provide a forbidden induced subgraph characterization for this class of graphs,

grounded in the theory of circularly compatible ones matrices. This result unifies two

previously separate lines of research: the geometric theory of circle graphs, developed

notably by Bouchet [4], and the matrix-theoretic framework for circular-ones properties,

introduced by Tucker [43, 44] and later refined by Safe [39, 40].

The central theorem of this chapter establishes that a co-bipartite graph is semi-

transitive if and only if its associated (0, 1)-matrix satisfies the circularly compatible ones

property. This equivalence provides not only a minimal forbidden induced subgraph char-

acterization but also a linear-time recognition algorithm for semi-transitive co-bipartite

graphs.

Using an algebraic characterization of circle graphs, Bouchet [4] proved that if a bipar-

tite graph G is the complement of a circle graph, then G itself is also a circle graph. Later,

Esperet and Stehĺık [16] provided an elementary proof of this result. In Section 5.2, we

present an even more elementary and concise proof of a stronger version of this theorem:

if a bipartite graph G is the complement of a circle graph, then both G and G are per-

mutation graphs. This result can also be viewed as a direct consequence of the proof by

Esperet and Stehĺık [16].

The remainder of this chapter is organized as follows. Section 5.2 presents the forbid-

den induced subgraph characterization of co-bipartite circle graphs and establishes their

equivalence with co-bipartite permutation graphs. Section 5.3 contains the main theorem,

which proves the equivalence between semi-transitivity and the circularly compatible ones

property, and further provides a complete forbidden induced subgraph characterization

along with a linear-time recognition algorithm.

5.2 Forbidden induced subgraph characterization of

co-bipartite circle graphs

In this section, we establish the forbidden induced subgraph characterization of circle

graphs within the class of co-bipartite graphs. Our main result demonstrates that the class

of co-bipartite circle graphs coincides with the class of co-bipartite permutation graphs.
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Consequently, by applying Gallai’s forbidden induced subgraph characterization of com-

parability graphs [19], we obtain the corresponding characterization for co-bipartite circle

graphs. The family of minimal forbidden induced subgraphs of permutation graphs within

co-bipartite graphs, denoted by Gp
co , is illustrated in Figure 5.1. Before presenting the proof

of the main theorem, we recall several auxiliary lemmas and preliminaries on circle graphs

that will be used in the argument.

2k-2 3

2

1

2k - 1

...

2k

C2k for k ≥ 3
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4

3

1

2

5
7

6

G3

Figure 5.1: Minimal forbidden induced subgraphs for co-bipartite permutation graphs, Gc,
where vertices of the same color induce a clique.

The following characterization of circle graphs using local complementation will be used

in the proof of the results of this section.

Theorem 5.2.1 ([4]). A graph G is a circle graph if and only if G has no ℓ-reduction

isomorphic to W5, W7, or Y6.

W5 W7 Y6

Figure 5.2: Circle graph obstructions.

The following result shows that no graph in Gp
co is a circle graph. The graphs G1, G2,

and G3 are excluded by noting that each admits an l-reduction isomorphic to one of the
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graphs W5 or Y6. For G ∼= C2k, we argue by contradiction: assuming the existence of a

2-uniform word-representant, we restrict it to a suitable closed neighborhood and obtain a

permutation graph. We then show that the corresponding permutation word is essentially

unique. This rigidity enforces strict alternation constraints, leaving no admissible positions

for the remaining vertices. The resulting contradiction implies that C2k, and hence every

graph in Gp
co , is not a circle graph.

Lemma 5.2.2. If G ∈ Gp
co, then G is not a circle graph.

Proof. Let G be a graph in Gp
co . Consider the vertex set of G as provided in Figure 5.1.

Case 1 (local complementation of G1 leading to W5). Suppose G ∼= G1. It follows that

G ∗ 7 6 contains an induced subgraph isomorphic to W5.

Case 2 (local complementation of G2 leading to Y6). Suppose G ∼= G2. It follows that

G ∗ 7 1 contains an induces subgraph isomorphic to Y6.

Case 3 (local complementation of G3 leading to Y6). Suppose G ∼= G3. It follows that

G ∗ 1 2 3 contains an induces subgraph isomorphic to Y6. Therefore, for the above three

7
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4

2

3

1

G1 ∗ 7 6

4

3

1

2

5
7

6

G2 ∗ 7 1

4

3

1

2

6
7

5

G3 ∗ 1 2 3

Figure 5.3: Local complementations of G1, G2, and G3 yield W5 or Y6.

cases, by Theorem 5.2.1, it follows that G is not a circle graph. Hence, suppose that

G ∼= C2k for some k ≥ 3. Assume, for the sake of contradiction, that G is a circle graph.

This implies that there exists a 2-uniform word-representant of G, say wG. Consider the

graph H ∼= G[NG[1]]. By Theorem 1.6.4 and the hereditary nature of circle graphs, it

follows that H is a permutation graph. Let wH denote the subword of wG obtained by

restricting its alphabet to the vertex set ofH. Then it is evident that wH is a 2-permutation

word-representant of H. By Proposition 3, we may assume that the first letter of wH is 3.

We claim that

wH = 3 5 4 7 6 · · · (2k − 1) (2k − 2) 1 4 3 6 5 · · · (2k − 2) (2k − 3) (2k − 1) 1
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is the unique permutation word-representant of H, up to cyclic shifts and reversals.

The proof of the claim proceeds by induction on k. For the base case, consider k = 3.

Since the first letter of wH is 3, the two occurrences of 4 in wH must appear immediately

after the first occurrence and immediately before the second occurrence of 3, respectively.

Similarly, the two occurrences of 5 in wH must appear between the first occurrences and

after the second occurrences of 3 and 4, respectively. Finally, the two occurrences of 1 are

placed after the first and second occurrences of 3, 4, and 5, respectively. Therefore,

wH = 3 5 4 1 4 3 5 1.

This establishes the base case of the induction. Assume that the claim holds for k = i− 1

for some i > 4. Then, we have

wH = 3 5 4 7 6 · · · (2i− 3) (2i− 4) 1 4 3 6 5 · · · (2i− 4) (2i− 5) (2i− 3) 1.

Now, consider k = i. It suffices to show that there exists a unique way, up to cyclic shifts

and reversals, to place the vertices 2i− 2 and 2i− 1 in wH . The vertex 2i− 2 is adjacent

to all vertices except 2i− 3 and 2i− 1. Therefore, if the first occurrence of 2i− 2 is placed

before the first occurrence of 2i− 3, then, to maintain the non-alternation between 2i− 2

and 2i − 3, the second occurrence of 2i − 2 must be placed after the second occurrence

of 2i − 3. However, this placement would result in a non-alternation between 2i − 2 and

2i− 4, yielding a contradiction. Hence, the unique placement of vertex 2i− 2 is as follows:

wH = 3 5 4 7 6 · · · (2i−3) (2i−4) (2i−2) 1 4 3 6 5 · · · (2i−4) (2i−5) (2i−2) (2i−3) 1.

Similarly, the vertex 2i − 1 is adjacent to all vertices except 2i − 2 and 2i. Therefore, if

the first occurrence of 2i− 1 is placed after the first occurrence of 2i− 2, then, to maintain

the non-alternation between 2i − 1 and 2i − 2, the second occurrence of 2i − 1 must be

placed before the second occurrence of 2i − 2. However, this placement would result in

a non-alternation between 2i − 1 and 2i − 3, yielding a contradiction. Hence, the first

occurrence of 2i− 1 must be placed before the first occurrence of 2i− 2.

Furthermore, if the first occurrence of 2i − 1 is placed before the first occurrence of

2i− 4, then, to maintain the alternation between 2i− 1 and 2i− 4, the second occurrence
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of 2i− 1 must be placed before the second occurrence of 2i− 4. This, however, would lead

to an alternation between 2i− 1 and 2i− 2, again a contradiction. Therefore, the unique

placement of the vertex 2i− 1 is as follows:

wH = 3 5 4 7 6 · · · (2i− 4) (2i− 1) (2i− 2) 1 4 3 6 5 · · · (2i− 2) (2i− 3) (2i− 1) 1.

Hence, the placement of the vertices 2i − 2 and 2i − 1 in wH is unique up to cyclic shifts

and reversals, thereby proving the claim of the induction hypothesis.

Now consider wG. Since wH is a subword of wG, we can obtain wG by appropriately

placing the vertices 2 and 2k in wH . The vertex 2 is adjacent to all vertices except 1 and

3. Suppose the first occurrence of 2 is placed before the first occurrence of 3. Then, to

maintain the non-alternation between 2 and 3, the second occurrence of 2 must appear

after the second occurrence of 3. Furthermore, to preserve the non-alternation between

2 and 1, the second occurrence of 2 must also appear after the second occurrence of 1.

However, such a placement would create a non-alternation between 2 and another vertex,

leading to a contradiction. Hence, the first occurrence of 2 must be placed after the first

occurrence of 3.

If, instead, the first occurrence of 2 is placed after the first occurrence of 5, then to

maintain the alternation between 2 and 5, the second occurrence of 2 must also appear

after the second occurrence of 5. This, however, results in a non-alternation between 2 and

4, yielding a contradiction. Therefore, the first occurrence of 2 must lie between the first

occurrences of 3 and 5. Consequently, to maintain the non-alternation between 2 and 1,

and alternation between 2 and all other vertices except 1 and 3, the second occurrence of

2 must be placed between the first occurrence of 2i− 2 and 1. Hence,

wG|V (G)\{2k} = 3 2 5 4 7 6 · · · (2k − 1) (2k − 2) 2 1 4 3 6 5 · · · (2k − 3) (2k − 1) 1.

The vertex 2k is adjacent to all vertices except 2k − 1 and 1. Suppose that the first

occurrence of 2k appears before the first occurrence of 2k− 1. Then, to maintain the non-

alternation between 2k and 2k−1, either the second occurrence of 2k must appear before the

first occurrence of 2k−1, or after the second occurrence of 2k−1. However, in both cases,

a non-alternation arises between 2k and 2k−2, yielding a contradiction. Therefore, assume
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that the first occurrence of 2k appears after the first occurrence of 2k − 1. In this case, to

preserve the non-alternation between 2k and 2k−1, and the alternation between 2k and 2k−

3, the second occurrence of 2k must occur between the second occurrences of 2k−3 and 2k−

1. Furthermore, to maintain the non-alternation between 1 and 2k, the first occurrence of

2k must appear after the first occurrence of 1. This, however, introduces a non-alternation

between 2k and 2, again leading to a contradiction. Hence, vertex 2k cannot appear

anywhere in wG, contradicting the assumption that G is 2-word-representable. Therefore,

G is not a circle graph. This completes the proof of the lemma.

Theorem 5.2.3. Let G be a co-bipartite graph. Then G is a circle graph if and only if it

is a permutation graph.

Proof. Since permutation graphs form a subclass of circle graphs, the converse follows

trivially. Thus, it suffices to prove the forward direction. Suppose that G is a circle graph.

For the sake of contradiction, assume that G is not a permutation graph. Then, by the

characterization of permutation graphs within co-bipartite graphs in terms of minimal

forbidden induced subgraphs, G contains some graph in Gp
co . However, by Lemma 5.2.2

and the hereditary property of circle graphs, it follows that G is not a circle graph, a

contradiction.

Corollary 7. Let G be a co-bipartite graph. Then G is a circle graph if and only if it

contains no graph in Gp
co as an induced subgraph.

Having established a forbidden induced subgraph characterization of co-bipartite circle

graphs, we now turn our attention to the broader class of word-representable co-bipartite

graphs. Instead of working directly with graph orientations, we adopt a matrix-theoretic

perspective, which enables us to leverage existing characterizations and algorithms for

circular-ones-type properties.

5.3 Forbidden induced subgraph characterization of

word-representable co-bipartite graphs

For a co-bipartite graph G = (X, Y ), we define M(G) = {mij} to be a (0, 1)-matrix

whose rows correspond to the partitionX and whose columns correspond to the partition Y ,
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where mij = 1 if and only if the corresponding row vertex and column vertex are adjacent

in G. In this section, we establish a connection between the circularly compatible ones

property of matrices, introduced by Tucker in [43], and semi-transitive co-bipartite graphs,

thereby providing a forbidden induced subgraph characterization of the latter. Since the

characterization of word-representable co-bipartite graphs given by Das and Ramesh in [13]

involves monotonicity, we are naturally motivated to consider the circularly compatible ones

property, which also incorporates a monotonicity condition.

In [40], Safe provided a minimal forbidden submatrix characterization and a linear-

time recognition algorithm for the circularly compatible ones property. Consequently, by

establishing a connection between semi-transitive co-bipartite graphs and the circularly

compatible ones property of matrices, we obtain a minimal forbidden induced subgraph

characterization for semi-transitive co-bipartite graphs.Throughout this section, for any

two vertices x and y in an oriented graph, we write x → y if there exists an arc between x

and y in the given orientation.

For a (0, 1)-matrix M of size m× n, we define CG(M) = (X, Y ) to be the co-bipartite

graph in which the bipartition (X, Y ) corresponds to the rows and columns of M , respec-

tively. We take X = {1, . . . ,m} and Y = {1, . . . , n}. A vertex i ∈ X is adjacent to a

vertex j ∈ Y if and only if the corresponding entry of M is 1. By definition, CG(M) is

isomorphic to CG(M t).

Lemma 5.3.1. If F ∈ F∞
CCO, then CG(F ) is not semi-transitive.

Proof. Let F ∈ F∞
CCO. Since CG(F ) is isomorphic to CG(F t), it suffices to prove that

CG(F ) is not semi-transitive for F ∈ {M∗
I (k),M

∗
I (k) : k ≥ 3} ∪ {Z∗

2 , Z
∗
3 , Z

∗
4 , Z5, Z∗

2 , Z
∗
4}.

If F = M∗
I (k) for some k ≥ 3, then one can verify that CG(F ) ∼= C2k ×K1. When F ∈

{Z∗
2 , Z

∗
4}, we have CG(F ) ∼= G1×K1, and when F ∈ {Z∗

3 , Z
∗
4}, we have CG(F ) ∼= G2×K1.

In all these cases, CG(F ) ∼= H×K1 for some H ∈ Gp
co . Hence, by Theorem 1.6.4, it follows

that CG(F ) is not semi-transitive. Finally, if F ∈ {Z∗
2 , Z5}, then by Theorem 9 of [7],

CG(F ) is not semi-transitive.

Suppose that F = M∗
I (k) for some k ≥ 3. Assume, for the sake of contradiction, that

CG(F ) admits a semi-transitive orientation. Let the rows and columns of F be denoted

by {r1, r2, . . . , rk} and {c1, c2, . . . , ck+1}, respectively. Define linear orders ≼r and ≼c on

the rows and columns of F as follows: for any two vertices ri and rj, we write ri ≼r rj
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if ri → rj in the semi-transitive orientation; and for any two vertices ci and cj, we write

ci ≼c cj if ci → cj in the semi-transitive orientation. By Theorem 1.4.6, it follows that

F does not have the circular-ones property. Hence, there exists at least one row-vertex,

say ri, that is not a circular interval of ≼c. Consequently, there exist four column-vertices

ct ≼c cu ≼c cv ≼c cw such that either ct, cv /∈ NCG(F )(ri) and cu, cw ∈ NCG(F )(ri), or

ct, cv ∈ NCG(F )(ri) and cu, cw /∈ NCG(F )(ri). Since reversing all edges in a semi-transitive

orientation also yields a semi-transitive orientation, there are four possible configurations,

as illustrated in Figure 5.4. In each case, the configuration induces either a shortcut or

a directed cycle, which contradicts the assumption that the orientation is semi-transitive.

This completes the proof of the lemma.

Figure 5.4: Shortcut possibilities

Theorem 5.3.2. Let G be a co-bipartite graph. G is semi-transitive if and only if M(G)

has circularly compatible ones property.

Proof. Let G be a co-bipartite graph, and let (X, Y ) be the bipartition of the vertex set

V (G). Suppose that G is semi-transitive. Assume, for the sake of contradiction, that

M(G) does not have the circularly compatible ones property. Then, by Theorem 1.4.14,

M(G) contains some matrix in F∞
CCO as a configuration. However, by Lemma 5.3.1 and

the hereditary nature of semi-transitive graphs, it follows that G is not semi-transitive, a

contradiction.

Now suppose that M(G) has the circularly compatible ones property. The idea of the

proof is to orient the graph according to the circularly compatible ones biorder and to show

that the resulting orientation is semi-transitive. Observe that the matrix M(G) falls into

one of the following cases:

1. M(G) has either no trivial rows or no trivial columns.

2. M(G) has an all-0s row and an all-0s column.
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3. M(G) has an all-1s row and an all-1s column.

Case 1: Assume that M(G) has either no trivial rows or no trivial columns. Without

loss of generality, we may assume thatM(G) has no trivial rows (since CG(M) ∼= CG(M t)).

Therefore, by Theorems 1.4.14 and 1.4.11, M(G) admits a monotone circular biorder (≼r

,≼c). Let {r1, r2, . . . , rm} and {c1, c2, . . . , cn} denote the sets of rows and columns of M ,

listed in ascending order with respect to ≼r and ≼c, respectively. By definition, we then

have X = {r1, r2, . . . , rm} and Y = {c1, c2, . . . , cn}. We define the orientation ≺ of the

graph induced by the biorder (≼r,≼c) as follows:

• For all ri, rj ∈ X, ri ≺ rj if and only if ri ≼r rj.

• For all ci, cj ∈ Y , ci ≺ cj if and only if ci ≼c cj.

• If ri = [di, ei]≼c with di ≼c ei, then ri ≺ x for all x such that di ≼c x ≼c ei.

• If ri = [di, ei]≼c with ei ≺c di, then x ≺ ri for all x ≼c ei and ri ≺ x for all x with

di ≼c x.

Before proceeding with the proof, we introduce some definitions. Let ri be a vertex

that belongs to X. We call ri a linear-row vertex if ri = [di, ei]≼c with di ≼c ei, and a

circular-row vertex if ri = [di, ei]≼c with ei ≺c di.

Claim 1. If ri is a linear-row vertex and rj is a circular-row vertex, then ri ≺ rj.

Moreover, if ri = [di, ei]≼c and rj = [dj, ej]≼c, then ej ≼c ei.

Suppose, for the sake of contradiction, that rj ≺ ri. This implies rj ≺r ri. Let

ri = [di, fi]
+
≼c

and rj = [dj, fj]
+
≼c

be the unwrapped circular intervals, where fi = ei and

fj = e+j (see Definition 1.4.9). By the definition of the monotone circular property, we

have fj ≼+
c fi, which implies e+j ≼+

c ei, a contradiction. Therefore, ri ≺ rj, as claimed.

Hence, by the definition of the orientation, it follows that rq is a linear-row vertex for

all 1 ≤ q ≤ i, and a circular-row vertex for all j ≤ q ≤ m. This implies that f1 = e1

and fm = e+m. Therefore, by the definition of the monotone circular property (see (iii)

of Definition 1.4.10), it follows that fm ≼+
c e+1 . Consequently, e+m ≼+

c e+1 , which in turn

implies that em ≼c e1. Hence, we obtain the following ordering:

ej ≼c · · · ≼c em ≼c e1 ≼c · · · ≼c ei.
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Therefore, ej ≼c ei. This completes the proof of the claim.

Claim 2. Let v1 → v2 → · · · → vp, denoted by S⃗, be a directed path with respect to

the orientation ≺. If S⃗ does not contain any linear-row vertex, then S⃗ induces a transitive

tournament.

The claim follows directly if S⃗ does not contain any vertex from X. Therefore, suppose

that S⃗ contains at least one circular-row vertex. Since S⃗ trivially induces a transitive

tournament when p < 3, assume that p ≥ 3. Consider any three vertices va, vb, vc in S⃗ such

that va → vb → vc for some 1 ≤ a < b < c ≤ p. Suppose, for the sake of contradiction,

that va ̸→ vc. Let va be a circular-row vertex, where va = [da, ea]≼c . This implies that

vc ∈ Y . If vb is also a circular-row vertex, where vb = [db, eb]≼c , then by the monotone

circular property, we have da ≼c db ≼c vc. This implies that va → vc, a contradiction. If

vb ∈ Y , then by the definition of the orientation, we again have va → vc, a contradiction.

Suppose that va ∈ Y . This implies that vc is a circular-row vertex, where vc = [dc, ec]≼c .

If vb is also a circular-row vertex, where vb = [db, eb]≼c , then by the monotone circular

property, we have va ≼c eb ≼c ec. This implies that va → vc, a contradiction. If vb ∈ Y ,

then by the definition of the orientation, we again have va → vc, a contradiction. Therefore,

for any three vertices va, vb, vc in S⃗ such that va → vb → vc for some 1 ≤ a < b < c ≤ p,

we have va → vc. Hence, v1 → v2 → · · · → vp induces a transitive tournament. This

completes the proof of the claim.

We claim that the given orientation ≺ is semi-transitive. Suppose, for the sake of

contradiction, that the given orientation is not semi-transitive. Let S⃗ be a shortcut path

of minimal length, S⃗ = v1 → v2 → · · · → vp, where v1 → vp is the shortcut edge and p ≥ 4.

By Claim 2, it is evident that S⃗ contains at least one linear-row vertex.

Suppose that k1 is the greatest integer in [p] such that vk1 is a linear-row vertex. Then,

by Claim 1 and by the definition of the orientation, vi is also a linear-row vertex for all

1 ≤ i ≤ k1. Similarly, let k2 be the smallest integer in [p] such that vk2 ∈ Y . Therefore, by

Claim 1 and the definition of the orientation, vj is a circular-row vertex for all k1 < j < k2.

Now suppose, for the sake of contradiction, that k2 > 3. We claim that the path

v1 → vk2−1 → · · · → vp, denoted by S⃗ ′, induces a shortcut path with v1 → vp being the

shortcut edge. Assume that S⃗ ′ contains more than three vertices. Then, for the sake of

contradiction, suppose that S⃗ ′ induces a transitive tournament. Let vt be a vertex such
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that k2 ≤ t ≤ p. If vt ∈ X, then vl → vt for all 1 ≤ l < k2. Suppose vt ∈ Y . Since

v1 → vt and vk2−1 → vt for all k2 ≤ t ≤ p, by the monotone circular property, we obtain

the following ordering:

d1 ≼c · · · ≼c dk2−1 ≼c vt ≼c e1 ≼c · · · ≼c ek1 .

By the definition of the orientation, vl → vt for all 1 ≤ l < k2 and k2 ≤ t ≤ p. This

implies that S⃗ induces a transitive tournament, a contradiction. Suppose that S⃗ ′ contains

at most three vertices. Then vk2 = vp. Since p = k2 ≥ 4, and v1 → vp as well as vk2−1 → vp,

by the monotone circular property, we have vl → vp for all 1 ≤ l < k2. This again implies

that S⃗ induces a transitive tournament, a contradiction. Therefore, S⃗ ′ must induce a

shortcut path. However, since k2 > 3, S⃗ ′ contains fewer vertices than S⃗, contradicting the

choice of S⃗. Hence, k2 ≤ 3.

Now suppose that k3 is the greatest integer in [p] such that vk3 ∈ Y . Assume, for the

sake of contradiction, that k3 < p. If k3 = k2, then by the definition of the monotone

circular property and the second part of Claim 1, we obtain the following ordering:

d1 ≼c · · · ≼c dk2−1 ≼c vk2 ≼c ek1+1 ≼c · · · ≼c ep ≼c e1 ≼c · · · ≼c ek1 .

This implies that S⃗ induces a transitive tournament, which is a contradiction.

Now assume that k3 > k2. Then, by Claim 1, it follows that vl is a circular-row vertex

for all k3 < l ≤ p. Therefore, by the definition of the monotone circular property and the

second part of Claim 1, we have d1 ≼c vk3 ≼c e1. Hence, v1 → vk3 . We claim that the

path v1 → v2 → · · · → vk3 , denoted by S⃗ ′, induces a shortcut path with v1 → vk3 being

the shortcut edge. Assume that k3 ≥ 4. Suppose, for the sake of contradiction, that S⃗ ′

induces a transitive tournament. Let vt be a vertex for some 1 < t ≤ k3. If vt ∈ X, then

vt → vl for all k3 < l ≤ p. Suppose vt ∈ Y . Since vk3 → vk3+1, by the definition of the

orientation and the monotone circular property, we obtain vt → vl for all k3 < l ≤ p. This

implies that S⃗ induces a transitive tournament, a contradiction.

Now suppose that k3 ≤ 3. This implies that v1 is a linear-row vertex, v2, v3 ∈ Y , and

vl is a circular-row vertex for all 4 ≤ l ≤ p. By the definition of the monotone circular

property and the second part of Claim 1, it follows that S⃗ induces a transitive tournament,
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which is a contradiction. Therefore, S⃗ ′ induces a shortcut path. However, since k3 < p, S⃗ ′

contains fewer vertices than S⃗, contradicting the choice of S⃗. Hence, vp ∈ Y .

As stated in Claim 2, the path v3 → v4 → · · · → vp induces a transitive tournament,

since it does not contain any linear-row vertex. Let vt be a vertex for some 3 ≤ t ≤ p. If

v2 ∈ Y or if v2 is a circular-row vertex, then by the same argument, it follows that v2 → vt.

Since v1 is a linear-row vertex, if vt ∈ X, then v1 → vt. Suppose vt ∈ Y . Since v1 → v2

and v1 → vp, by the definition of the monotone circular property, we have d1 ≼c vt ≼c e1.

This implies that v1 → vt, which in turn implies that S⃗ induces a transitive tournament, a

contradiction.

Now suppose that v2 is a linear-row vertex. Since v1 → vp and v2 → v3, by the definition

of the monotone circular property, we have d1 ≼c d2 ≼c vt ≼c e1 ≼c e2. Therefore, v1 → vt

and v2 → vt. This implies that S⃗ induces a transitive tournament, a contradiction. Since

we have exhausted all possible cases, this contradicts the assumption that the orientation

≺ is not semi-transitive. Hence, the given orientation ≺ is semi-transitive. This completes

the proof of this case.

Case 2: Assume that M(G) has an all-0s row and an all-0s column. Then, by the

definition of the circularly compatible ones property, it follows that M(G) has the circular-

ones property for both rows and columns. Moreover, since it has an all-0s row and an

all-0s column, by Theorem 1.4.5, it follows that M(G) has the consecutive-ones property

for both rows and columns. Let (≼r,≼c) be a circularly compatible-ones biorder such that

{r1, r2, . . . , rm} is an ascending order of≼r, with rm being the all-0s row, and {c1, c2, . . . , cn}

is an ascending order of ≼c, with cn being the all-0s column. We define the orientation ≺

of the graph induced by the biorder (≼r,≼c) as described in Case 1.

We claim that the given orientation ≺ is semi-transitive. Suppose, for the sake of

contradiction, that the given orientation is not semi-transitive. Let S⃗ be a shortcut path

of minimal length, S⃗ = v1 → v2 → · · · → vp, where v1 → vp is the shortcut edge and p ≥ 4.

If S⃗ does not contain either rm or cn, then by Case 1, it follows that S⃗ induces a transitive

tournament. Therefore, assume that S⃗ contains either rm or cn. By the definition of the

orientation, it is evident that S⃗ cannot contain both rm and cn, as there are no outgoing

edges from either of these vertices. Moreover, whichever of the two S⃗ contains must be its

sink vertex.
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Suppose vp = cn. Then, by the definition of the orientation, it follows that v1 ∈ Y . As

there are no outgoing edges from the partition Y , it is evident that S⃗ induces a transitive

tournament, a contradiction. Now suppose vp = rm. Then, by the definition of the

orientation, we have v1 ∈ X. Assume that there exists a vertex vi ∈ Y for some 2 ≤ i < p.

Since there are no outgoing edges from vertices in Y , it follows that every vertex vj with

i ≤ j ≤ p also belongs to Y . However, this contradicts the fact that vp ∈ X. Therefore,

S⃗ does not contain any vertex from the partition Y . Consequently, S⃗ induces a transitive

tournament, a contradiction. Hence, the orientation ≺ is semi-transitive.

Case 3: Assume that M(G) has an all-1 row and an all-1 column. This implies that

G contains a universal vertex, say v. Therefore, by Theorem 1.6.4, G is semi-transitive

if and only if G − v is a permutation graph. Suppose, for the sake of contradiction, that

G − v is not a permutation graph. Then, by Corollary 7, it follows that G − v contains

some graph H ∈ Gp
co as an induced subgraph. Let H ′ denote the subgraph of G induced

by V (H) ∪ {v}.

If H ∼= C2k for some k ≥ 3, then it can be easily verified that M(H ′) contains the same

configuration as M∗
I (k). If H ∼= G1, then M(H ′) contains the same configuration as Z∗

2 .

If H ∼= G2, then M(H ′) contains the same configuration as Z∗
3 . Finally, if H ∼= G3, then

M(H ′) contains M∗
I (3) as a configuration.

Therefore, from all the above cases, we conclude that M(G) contains some matrix

in FCCO as a configuration, which is a contradiction. This completes the proof of the

theorem.

Note that, in the above figure, vertices of the same colour induce a clique.

Lemma 5.3.3. If F ∈ F∞
CCO, then CG(F ) contains an induced subgraph isomorphic to

some graph in Gco.

Proof. Let F be a matrix in F∞
CCO. If F ∈ {M∗

I (k),M
∗
I (k) : k ≥ 3}∪{Z∗

2 , Z
∗
3 , Z

∗
2 , Z5}, then

CG(F ) is isomorphic to a graph in Gco . If F ∈ {Z∗
4 , Z

∗
4}, then CG(F ) is isomorphic to

CG(Z∗
3). This completes the proof of the lemma.

Lemma 5.3.4. All graphs in Gco are minimal non-semi-transitive.

Proof. Let G be a graph in Gco . Observe that M(G) ∈ F∞
CCO. Therefore, by Theo-

rems 1.4.14 and 5.3.2, G is a minimal non-semi-transitive graph.
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Figure 5.5: Minimal forbidden induced subgraphs for semi-transitive co-bipartite graphs,
Gco , where vertices of the same color induce a clique.

Theorem 5.3.5. Let G be a co-bipartite graph. Then G is semi-transitive if and only

if it contains none of the graphs in Gco (depicted in Figure 5.5) as an induced subgraph.

Moreover, there exists a linear-time algorithm which, given a co-bipartite graph, determines

whether it is semi-transitive.

Proof. Assume that G is semi-transitive. Suppose, for the sake of contradiction, that G

contains some graph in Gco as an induced subgraph. Then, by Lemma 5.3.4 and the hered-

itary property of semi-transitive graphs, G would be non-semi-transitive—a contradiction.

Conversely, suppose that G contains none of the graphs in Gco as an induced sub-

graph. Assume, for the sake of contradiction, that G is not semi-transitive. Then, by

Theorem 5.3.2, the matrix M(G) does not have the circularly compatible ones property.

Moreover, by Theorem 1.4.14, M(G) contains a matrix F ∈ F∞
CCO as a configuration.

Hence, by Lemma 5.3.3, G contains an induced subgraph isomorphic to a graph in Gco , a

contradiction.

Finally, note that for any co-bipartite graph G, M(G) can be obtained in linear time.

Hence, by Theorems 1.4.15 and 5.3.2, the algorithmic part of the statement follows. This

completes the proof.
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6
Scope of future work

In Chapter 2, we obtained upper bounds on the minimum length of word-representants

under several graph operations, including edge addition, vertex identification, Cartesian

products, and rooted products. An interesting direction for future work is to further

tighten these upper bounds for the minimum-length word-representants arising from these

operations. Moreover, the problem of determining whether a given word-representant of a

graph is of minimum length remains open.

A major open problem arising from Chapter 3 is to obtain a complete characterization

of word-representable graphs within broader graph classes, such as circulant graphs of

higher regularity. In particular, it remains open whether every k-regular word-representable

circulant graph is k-representable for k ≥ 4.

Chapter 4 and Chapter 5 focus on the word-representability of split graphs and co-

bipartite graphs, respectively. Together, these results yield a complete minimal forbidden

induced subgraph characterization for the classes Ei,j with i + j ≤ 2. It is already known

that E3,0, the class of 3-colorable graphs, is word-representable. A natural direction for
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further research is to investigate word-representability in graph classes Ei,j with i + j ≥ 3

and to obtain minimal forbidden induced subgraph characterizations for these classes.

An interesting open problem is whether the matrix-theoretic framework introduced in

these chapters—most notably the circularly compatible ones property, or suitable general-

izations thereof—can be extended to yield structural and algorithmic characterizations for

these broader graph classes.

The explicit characterization of minimal forbidden induced subgraphs obtained in these

chapters opens the door to an enumerative study of word-representable split graphs and

word-representable co-bipartite graphs. Such an investigation may yield new combina-

torial insights and uncover connections with known integer sequences or well-established

combinatorial structures.

The successful application of the circularly compatible ones property to the character-

ization of semi-transitivity suggests that other matrix properties may play a similar role

in the study of word-representability for broader graph classes, such as chordal or weakly

chordal graphs.
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