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Abstract

This dissertation is concerned with the application of some existing compact
finite difference schemes to hitherto unexplored areas and further development
of some new higher-order compact (HOC) schemes. A global stability analysis
of the staggered lid-driven cavity flow for both parallel and antiparallel motion
of the lids is carried out with a recently developed HOC scheme. To the best
of our knowledge, this is the very first attempt to carry out the analysis of
the flow stability inside a staggered cavity. Some more complicated flows are
then analyzed, where the biharmonic formulation of the Navier-Stokes (N-S)
equations is utilized for the first time. In doing so, a most recently developed
pure streamfunction based compact scheme has been employed, again for the
first time. This approach is seen to drastically reduce the computational effort
vis-a-vis the ¥-w and the primitive variable formulation of the N-S equations,
specifically in computing the critical parameters from the generalized eigen-
value problem. Next, a family of implicit HOC finite difference schemes is de-
veloped for the transient three-dimensional (3D) convection-diffusion-reaction
equations. They efficiently capture solutions of fluid flow problems governed by
any of these fundamental processes. The results obtained for flows of varying
complexities governed by the 3D incompressible N-S equations are in excellent
agreement with established numerical results. The 2D formulation of one of
these schemes is then applied to problems in Mathematical Biology to study
pattern formation occuring in nature. Various patterns have been recognized
with different model problems and in particular, spikes, spots, stripes and
labyrinths patterns are obtained. Finally, a new family of HOC schemes has
been developed for the 1D Euler equations of Gas Dynamics (compressible
flows). These schemes produce highly accurate results and are seen to capture
shocks and discontinuities very well on much coarser grids.
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Chapter 1

INTRODUCTION

1.1 General Background

Numerical simulation of fluid motion has been the prime subject of research
for applied mathematicians in the last few decades. Most of these physical
phenomena are described with mathematical models that govern fundamen-
tal processes like convection, diffusion and reaction. Such models encompass
equations that are either ordinary differential equations (ODE) or partial dif-
ferential equations (PDE). However, many of the PDEs like the Navier-Stokes
equations or the Euler equations do not possess any analytical solution and
therefore one has to espouse to the numerical methods. The major difficulty
in solving these equations is primarily because of the fact that they consist
of nonlinear terms. Because of non-linearity, these models are considerably
difficult for direct computation and as such suitable numerical strategies have
been adopted by researchers from time to time. Computational fluid dynam-
ics (CFD) research mainly revolves around methods like the finite difference
method (FDM), finite volume method (FVM), finite element method (FEM),
spectral method, Lattice Boltzmann method (LBM) etc. Amongst these meth-
ods, the finite difference methods have always been the prime choice for in-
vestigators as they are simple and easier to implement, compared to the other
methods.
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2 Introduction

Finite difference methods are one of the simplest and of the oldest methods
for numerically solving differential equations. In the year 1768, it was first de-
scribed by Leonhard Euler in the one dimensional space and was extended to
the two dimensional space by C. Runge in 1908. However, the advent of finite
difference techniques in numerical applications began only in the early 1950s
and their development was stimulated by the emergence of computers that
offered a convenient framework for dealing with complex problems of science
and technology. Theoretical results have also been obtained during the last
five decades which helps in establishing the accuracy, stability and convergence
of the FDM for partial differential equations. The basic methodology in FDM
deals in approximating the differential operators appearing in the governing
equations by replacing the derivatives using differential quotients and setting
up a grid. To accomplish that, the problem domain is partitioned in space
and time and approximations of the solution are computed. This results in a
system of algebraic equations (finite difference equations) which can be solved

with the aid of some matrix solution algorithm.

Finite difference approximations to derivatives are mainly based on Taylor se-
ries expansion of the variables at the nodal points. The accuracy of the scheme
is determined by the leading term of the truncation error (TE) of this expan-
sion. For instance, the difference scheme is said to be accurate of order m or
O(h™), if this TE is asymtotically proportional to h™, where h is the distance
between neighbouring nodes and m depends on the form of the difference op-
erator. Because of their easiness and straight-forwardness in applications, the
O(h2) central difference schemes are quite standard in applications and often
yield quite good results on reasonable meshes when the solution is well be-
haved. Therefore, the O(h*) methods have been the most widely used finite
difference method for constructing discrete approximations to linear PDEs.
However, for problems like the convection dominated flows, the solution may
exhibit some oscillatory behaviour if the mesh is not sufficiently refined. But
mesh refinement invariably leads to an increase in the system size by bringing
in additional points into the system. This leads to an increase in the memory
requirements and hence more CPU time is required for obtaining such solu-

tions numerically on a computer. So traditional central difference scheme has
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1.2. Motivation 3

m = 2. If we increase this order of accuracy m, the stencil size increases which
results in increase band-width of the coefficient matrix. As both mesh refine-
ment and increased band-width of coefficient matrix increases the arithmetic
operations, neither a lower-order accurate method on a fine mesh nor a higher-
order accurate one on a larger stencil could be computationally economical.
This has necessitated the development of schemes which are higher-order ac-

curate on a compact stencil.

A finite difference scheme is termed as compact if it utilizes only the nodal
points that are located directly adjacent to the node about which the finite
difference approximations have been taken. In addition to this, if it possesses
a spatial accuracy greater than two, then it is termed as an higher-order com-
pact (HOC) method. The combined effect of its higher order accuracy and
compactness of stencils yields not only highly accurate numerical solutions on
grids which are relatively coarser but also provides a greater computational

efficiency.

1.2 Motivation

Existing literature manifests that Higher Order Compact (HOC) schemes that
have been developed so far were mainly confined to simulation of incom-
pressible viscous flows. But one important issue that needs attention is its
applications and developments on some more diverse fields. Of late, global
two-dimensional stability analysis of incompressible viscous flows has been an
interesting topic among the researchers. However, to the best of our knowl-
edge, there is no literature to discuss global two-dimensional stability analysis
of incompressible viscous flows with an HOC approach. Again, in the three
dimensional space, some HOC schemes have been developed for the convection-
diffusion equation but for the convection-diffusion-reaction equation, it is con-
siderably less. A careful study on pattern formation in Mathematical Biology
reveals that a plethora of numerical methods exist for simulating pattern for-

mation in nature. But most of them are atmost second order accurate in
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space and time. In this context, it seems important to check how the HOC
schemes behave when they are incorporated for simulating pattern formations
in nature. Moreover, only a few HOC schemes have been developed so far
for problems in Gas Dynamics (compressible flows), for the Euler equations in
particular. Application of HOC schemes for these problems has challenges and
is replete with many interesting possibilities. These are the major motivating

factors behind this work, which is concerned with addressing these issues.

1.3 Literature Review

A careful undermining into the existing literature reveals that numerous re-
searchers adopted different strategies for achieving higher-order compactness
of finite difference schemes. In 1982, Gartland Jr. [52] adopted the dis-
crete weighted mean approximation approach for developing HOC methods
for convection-diffusion equations. This was followed by the works of Wilkes
et al. [119] in 1983 where they have used upwind differencing to obtain HOC
methods for elliptic flow problems. In 1984, Gupta et al. [42] developed yet an-
other HOC method by applying series expansion to the differential equations.
Later on, some more HOC methods have been developed. Among them, the
notable ones include Dennis and Hudson [21] who used transformation that
invloves expanding the exponential of a definite integral of the convective co-
efficient of the concerned PDEs, the fourth order compact scheme of Li et al.
[70], weighted modified PDE method of Noye et al. [83, 84], upwind differ-
encing HOC method of Yanwen et al. [124] and HOC upwind schemes by
Sesterhenn [97] using a characteristic-type formulation of the Navier-Stokes

(N-S) equations.

Higher-order compact finite difference methods can also be obtained by adding
the leading terms of the TE of the central difference approximation in the fi-
nite difference equation. These leading terms of the TE can be approximated
by using the original differential equation as the auxilliary equation and sub-

stituting them in the finite difference equation to obtain the desired HOC
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method. Throughout our present work, we have adopted this mechanism.
These methods are mainly based on ideas first used by Lax and Wendroff
[6, 47, 53], wherein they used the original PDE to approximate the second-
order time derivative in a Taylor series expansion with time accuracies of O(At)
and O(at?). In 1988, Mackinnon and Carey [73] for the first time proposed
a spatial implementation of this temporal Lax-Wendroff idea. This work was
followed by Mackinnon and Johnson [74], Abarbanel and Kumar [1], Wong
et al. [120], Dukowicz et al. [23], Spotz and Carey [105, 106], Kalita et al.
[41, 55, 56, 57, 60, 86] etc. Some of the pioneering works of HOC methods
in three dimensional (3D) include the works carried out by Ananthakrishnaih
[5], Ge et al. [30], Gupta and Kouatchou [40], Mohamed et al. [78], Spotz and
Carey [107], Turkel et al. [115], Zhai et al. [126] and Zhang [127].

Global two-dimensional stability analysis of incompressible viscous flows has
been investigated by numerous researchers. So far, the major problem of dis-
cussion in global stability analysis is the famous lid-driven cavity (LDC) flow
on a square domain. Gustafson and Halasi [43, 44] and Goodrich et al. [34]
simulated the full time-dependent Navier-Stokes equations and found that the
steady flow loses its stability via a Hopf bifurcation. In their recent work,
Auteri et al. [10] have taken account of the corner singularities in the flow
computation for the simple LDC problem and managed to narrow the range
of values of the critical Reynolds number (Re,) when a Hopf bifurcation takes
place. In 1995, Poliashenko et al. [89] reviewed some interesting techniques
that can be used to study the stability of the steady state problem and com-
pute the bifurcations using all those techniques. Aidun et al. [3] and Fortin
et al. [29] solved the two-dimensional eigenvalue problem numerically and
compared the critical Reynolds numbers and frequencies from the eigenvalue
analysis with the simulations of the unsteady equations. Peng et al. [88] in
2003, used a seventh order upwind biased method for the spatial discretiza-
tion of the convective term and a sixth-order central method for the spatial
discretization of the diffusive term and found the critical Re, for the simple
LDC problem on a square cavity. Recently in 2009, Bopanna and Gajjar [16]
carried out a global two-dimensional stability analysis of the 2D simple lid-

driven cavity using an accurate numerical technique based on a hybrid scheme
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with spectral collocation and higher-order finite differences.

Till date, several HOC schemes have been proposed for the convection-diffusion
equation, a majority of which very aptly handle the two-dimensional (2D) in-
compressible N-S equations. However, higher-order compact schemes for the
more generalized convection-diffusion-reaction equation have been relatively
scarce. The convection-diffusion-reaction model problem is a very important
problem in science and engineering as it describes all the three fundamental
phenomena in transport, viz. convection, diffusion and reaction. Some of
its practical applications include constitutive equations (convection-diffusion
equation) for modeling turbulent quantities like £ and € [49], Helmholtz equa-
tion (diffusion-reaction equation) for modeling the exterior acoustics [45] and
Mickens-type convection-reaction equation in combustion models [7]. The so-
lution of convection-diffusion-reaction dates from earlier to 1990s [118]. With
the advent of higher-order compact methods in the numerical field, few HOC
schemes have been proposed for the convection-diffusion-reaction equations
[71, 92] but simulations were performed mostly for the two-dimensional model
problem. In the three dimensional space, some HOC schemes have been de-
veloped for the convection-diffusion equation but for the convection-diffusion-

reaction equation, it is relatively scarce.

Study on pattern formation dates to 1952, when the British Mathematician,
Alan Turing, in his pioneering work [113] described a reaction-diffusion model
for morphogen concentrations. This model hypothesizes the existence of two
different molecules, an activator and an inhibitor. In nature, various pattern
formations occur due to the variation of concentration of morphogens within
each cell, which, both react and diffuse within the system owing to instabilities.
A variety of species exhibits remarkable types of patterns in their skins, shapes
or sizes. Patterns imitating the spots in leopards, spikes in cactus, stripes in
zebras etc. has created tremendous interest amongst researchers and biolo-
gists. These pattern formation mechanisms are actually governed by simple
mathematical models of reaction and diffusion. Researchers have carried out
different startegies for solving such equations and in the process several spatial

and temporal patterns are observed. In recent years, spatial pattern forma-
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tion has become a crucial area of research in developmental biology. In 1993,
Murray [79] suggested an alternative mechanism for spatial patterning by a
mechanochemical approach. Both the models of Turing [113] and Murray [79]
have been extensively studied and it has been observed that they can simulate
many patterns that are seen in the nature. In particular, the effects of domain
size and non-linearities and stability of solutions has also been analysed. Con-
sequently, it has been observed that the absence of quadratic non-linearities in
the reaction kinetics favors stripes, but the presence of quadratic terms favors
spots (Bard [25]; Nagorcka et al. [80]). Literature suggests that researchers
working on pattern formation mainly employed the central difference schemes.
It is because they are computationally easier to implement and they handle the
boundary conditions in a straightforward way. So, most of the existing numer-
ical works pertaining to pattern formation revolve around numerical methods

which are of atmost second order accurate in space in time.

There have been several attempts on developing numerical schemes for the
Euler equations of Gas Dynamics. A majority of these existing numerical
methods lack accuracy, for example, the AUSM, HLLC solver, Godunov, Ru-
sanov, Lax-Friedrich, Lax-Wendroff, MacCormack methods etc. In 1988, Saul
Abarbanel and Ajay Kumar [1] proposed a compact higher-order method for
the simulation of Euler equations. This scheme was of fourth order spatial
accuracy which was followed by the works of Deng et al. [20], Elfaghi et al.
[24], Mohamad et al. [77] and Stipcich et al. [108]. However, all of them are

only first order accurate in time.

1.4 Objectives

The main aim of the present work is to discuss the application and development
of higher-order compact methods on some more diverse fields, viz. stability
analysis of incompressible viscous flows, pattern formations in Mathematical
Biology, simulation of Euler equations of Gas Dynamics which represent com-

pressible flows etc. We intended to apply some of the existing HOC schemes to
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analyse the global 2D stability of incompressible viscous flows, which include
the staggered lid driven cavity flow, the square LDC flow, the cross LDC flow
and the flow past an inclined square cylinder. Moreover, we proposed some
new HOC schemes for the transient 3D convection-diffusion-reaction equa-
tions and the 3D cubical LDC has been studied. These schemes were further
trimmed down to solve the transient two-dimensional convection-diffusion-
reaction equations which are then applied to some of the well-known model
problems for pattern formation in Mathematical Biology. Lastly, we propose
a new HOC scheme for solving the one-dimensional (1D) Euler equations of
Gas Dynamics. This has been later on applied to some of the well-known 1D
problems on Gas Dynamics and excellent comparison with the existing results

have been observed.

1.5 The Work

The present dissertation is concerned with some more diverse directions in
HOC methodology. In this context, we have attempted to carry out an inves-
tigation of application and development of higher-order compact methods in

some new directions.

Firstly, we apply an existing HOC scheme [56] for the t¢-w formulation of the
N-S equations to analyse the global two-dimensional stability of the flow inside
a two-sided 2D staggered LDC with both paralllel and anti-parallel motions of
lids. Existing literature reveals that prior to our attempt, no global stability
analysis has been carried out for the two-sided 2D lid-driven staggered cavity
flow. A fourth order spatially accurate and second order temporally accurate
compact scheme is used to discretize the two-dimensional Navier—Stokes equa-
tions governing the flow as well as the perturbed equations leading to the gen-
eralized eigenvalue problem. Estimates of the critical parameters are found for
several grids and extensive grid convergence study is performed to accurately
identify them. Computation is performed for a wide range of Reynolds num-
bers (Re) on either side of the critical values in the range 50 < Re < 12,000.

TH-1311 09612313



1.5. The Work 9

For flows below the critical Reynolds number Re,., our numerical results are
compared with established steady-state results and an excellent agreement is
obtained in all the cases. For Reynolds numbers above Re,, phase plane and
spectral density analysis confirmed the existence of periodic and chaotic flow

patterns.

The second part of our work embodies an investigation of flow stabilities in
some incompressible viscous fluid flow problems, namely, the simple (one-
sided) square LDC, the two-sided cross LDC flows and the flow past an in-
clined square cylinder. In order to accomplish this, we utilize the spatially
and temporally second order accurate biharmonic formulation of the 2D in-
compressible Navier-Stokes equations developed by Kalita and Gupta [59].
Critical parameters have been studied with the help of eigenvalue analysis
and results have been reported. It has been observed that there is a reason-
able agreement with established results for the square cavity and the inclined
square cylinder problem, while for the two-sided cross cavity, it’s global stabil-

ity analysis has been carried out for the first time and new results are observed.

Next, we have developed a class of fourth order spatially accurate higher or-
der compact schemes for the transient three-dimensional convection-diffusion-
reaction equations. The proposed schemes are second or lower order accurate
in time depending on the choice of a weighted average parameter. We have
also carried out a convergence analysis in order to establish the spatial and
temporal accuracy of the schemes in the discrete Euclidean norm (L*-norm).
To test the efficiency of the proposed schemes, they are applied to unsteady
three-dimensional convection-diffusion-reaction problems with both constant
as well as variable convection-reaction coefficients and results obtained are
found to be superbly in agreement with the analytical solutions. Further, to
check the robustness of the proposed schemes, we apply them to the bench-
mark problem of 3D lid-driven cubical cavity flow governed by the unsteady
Navier-Stokes (N-S) equations and compare our results with established nu-

merical results, which gives us an excellent comparison.

The next part of our work deals with the introduction of a new family of
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implicit higher-order compact finite difference method for numerically simu-
lating biological pattern formation in reaction-diffusion systems. In order to
focus deeply into the fundamental aspects of the proposed scheme, dispersion-
dissipation analysis and Fourier stability analysis have been provided. Valida-
tion of our scheme has been justified on application to well known results in
the existing literature. Later on, effectiveness of our schemes have been tested
by applying them to three different well known model problems. In the pro-
cess, simulation of various patterns, viz. spikes, spots, stripes and labyrinths
have been observed, exemplifying the robustness of the schemes developed by

us.

Lastly, we develop a new class of higher-order compact schemes for the one di-
mensional (1D) Euler equations of Gas Dynamics. These implicit schemes are
fourth order accurate in space and at most second order accurate in time. To
test the efficiency of our proposed schemes, we apply them to three different
shock tube problem of gas dynamics, including the famous SOD shock tube
problem. In all the cases, for a much coarser grid, our computed numerical
solutions are found to be in excellent match with the exact solutions. Overall

the schemes are found to be very efficient and accurate.

Almost all of the above computations were carried out on a HCL Desktop PC

with corei5@3ghz processor and 4gb ddr3 ram.

1.6 Organization of the Thesis

The present dissertation has been arranged in eight chapters. Chapter 2 briefly
discusses the basics of the numerical schemes used in the work. Chapter 3 de-
scribes the global two-dimensional stability analysis of the flow inside a two-
sided 2D staggered LDC with an HOC approach via the 1-w formulation of
the 2D incompressible Navier-Stokes equations. Chapter 4 describes the global
two-dimensional stability analysis of some incompressible viscous flows with

yet another approach - the biharmonic formulation (¢-v) of the 2D incom-
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pressible N-S equations. Chapter 5 describes the class of HOC schemes de-
veloped for the transient three-dimensional convection-diffusion-reaction equa-
tions with a theoretical convergence analysis of the schemes. Chapter 6 de-
scribes the class of HOC schemes developed for the reaction-diffusion systems
in Mathematical Biology with a dispersion-dissipation analysis and stability
analysis of the schemes. Development of a new class of HOC schemes for the
one-dimensional Euler equations of Gas Dynamics has been discussed in Chap-
ter 7. Chapter 8 summarizes and comments on the whole work and discusses

scope for future work.
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Chapter 2

FOUNDATIONS OF THE
SCHEMES USED

This chapter briefly describes the procedure for the development of compact
schemes [74, 105] for 2D steady-state Navier-Stokes (N-S) equations on uniform
grids. The technique employed here is the utilization of the original PDE, as
mentioned in chapter 1, to replace some of the derivatives appearing in the
truncation error obtained from finite difference approximation. Throughout
the present work, we will basically follow two different approaches, the 1-w
and the ¥-v formulation of the N-S equations. Let us discuss both of these

approaches one by one.

2.1 2D steady-state convection-diffusion equa-

tions

At the outset, let us consider the 2D steady-state convection-diffusion equation
for a transport ¢ on some domain ) with boundary 0f2 as
99

_aVQ(b + U(.T, y)% + ’U(J}, y)

99

3y =s(z,y), (z,y)€Q (2.1a)
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gb(a?,y) = ¢0($,y), (x,y) € 29 (21b)

here a is a constant positive diffusion coefficient, u and v are the convective
velocities along z- and y- directions respectively, s is the source term such as

the body force and V? is the Laplacian operator given by

o 0?
V2 =—+

ox dy

Equation (2.1a) represents almost all problems of fluid dynamics which involve
convection and diffusion of flow variables like mass, energy, heat, vorticity etc.
With proper choice of parameters, this equation may also be used to represent

the complete 2D steady-state Navier-Stokes equations.

Most of the times numerical simulation of fluid flow problems has been per-
formed by non-dimensionalizing the governing equation(s). In order to non-
dimensionalize equation (2.1a), we choose a characteristic length L, a charac-
teristic velocity U, and a characteristic value ® of ¢ and letting

.y

« 9 B v L ¥
QS—(I),u— v = T = andy—L (2.2)

7
L

Using these, the non-dimensional 2D steady-state convection-diffusion equa-

tion can therefore be written as (omitting the asterisk)

0 0
V%0t o)+ dle0) 5= Fa) 2.3)

where the diffusion coefficient is unity and

U, L
c(x,y) = %U(fc,y)

and UL
d(z,y) = %v(:&y)

are the ratios of convection to diffusion along z- and y- directions respectively
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and .2
f(x,y) = a_(bs(x7y>

is the forcing function. Depending on the fluid flow situations, the term

U,L

a

represents different parameters. However, in problems governed by the Navier-
Stokes equations, this term represents the Reynolds number (Re). To formu-
late HOC schemes for the convection-diffusion equation, we have assumed that
¢, d, f and ¢ are sufficiently smooth so that they are atleast twice differen-
tiable.

2.2 2D steady-state Navier-Stokes equations

The 2D steady-state N-S equations in the traditional primitive variable for-

mulation can be written in the non-dimensional form as

Ju Ov
— E — pu— 2-4
o oy~ (2.4a)
du ou  Op - _,
ov ov  dp 1 _,
L + Ua—y = oy + Rev v, (2.4¢)

where u and v are the velocities along x- and y-directions and p is the pressure;

Re is the Reynolds number and V? is the Laplacian operator.

Though the primitive variable formulation accurately represents the fluid flow
phenomena, its direct solution is normally difficult to obtain due to the pres-

sure term in equations (2.4b) and (2.4c).
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2.3 HOC scheme for the y-w formulation of

the Navier-Stokes equations

Partly in order to avoid handling the pressure variable, an alternative formula-
tion of (2.4) using streamfunction ¢ and vorticity w has been used for several

decades. The 1-w formulation of (2.4) can be written as

1
“Te (Wer + wyy) + (uw, +vw,) =0, (2.5a)
wxx - ¢yy = —(.U(l', y) (25b)
with
u=1,, and v=—1, (2.6)
and
W= Vy — Uy (2.7)

To construct an HOC formulation for the system (2.5), we first consider the
2D steady-state convection-diffusion equation given by (2.3) and construct its
HOC formulation.

Choose the solution domain in such a way that it can be divided into rectan-
gular sub-regions where each sub-region can be further divided into uniform
meshes of square cells of which each vertex serves as a node and the distance
between two succesive node is a constant, say h. Let [zq, x,,] X [yo, y,] be the
rectangular domain, then for ¢;; = ¢(z;,y;) = ¢(zg + ih,yo + jh); 0 <0 <
m,0 < j <mn, the central difference approximation to (2.3) turns out to be of

the form
—5;%@3' - 55@;’ + €0, 95 + doydi; — Ti; = fis, (2.8)

where the truncation error 7;; is of the form

P2, 20\ (9 9% i
w1 2 i)~ (G af)], rowy e
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2.8. HOC scheme for the streamfunction-vorticity formulation 17

Now in order to obtain a fourth order compact finite difference scheme for
(2.3), we compactly approximate [73, 74] each of the derivatives appearing
in (2.9) to O(h*). To accomplish this, we treat the original PDE (2.3) as
an auxiliary relation that can be differentiated to yield expressions for higher
derivatives. Then the derivatives appearing on the right hand side of Equation

(2.9) can be compactly approximated as

R o *¢  dc 0o ¢ 0ddd Of
2 —|—Cax2 + %8? —|—daxay + %a—y 3 % (210)

0r°  9xdy

Yo o 0% deos o oddo _of
oy® Ox*0y  Oxdy  Oydr 9y Oydy Oy '

d' o' oM dc ¢ 9’cd o
f:_ 2¢2+C (§+2_C—d2)+—§_¢+d 2¢
ox 0z~ dy ox 0z Ox Oz” Ox 0z dy
2 2 2
o Fo  Fldo O 2
Ox 0x0y Oz 0y O

— = —|- R -
oy’ 0z y? 68x6y2 dy 0xdy ~ Oy* Oz oy®
odd*e  9*dop
R it (213
dy oy~ Oy dy 0y

' ' ok de ¢ N Pcdp ¢

Substituting equations (2.10)-(2.13) in equation (2.9), the truncation error at
the (7, j)-th node is given by

h? ' ok 2% doc  od o)
aoc\ 0% ad\ 8¢ ¢ e e 0\ 99
2_9 ") 1© 2_ o\ X [T g2 ) 22
" (C 8x) oa” - (d 83/) oy? <8x2 * oy? Cax d@y) ox
<82d o*d  ad ad) ¢ (82f *f  Of 8f)]
==+t —d— ) - =5+ =5 —cx= —d=
Jr”~ Oy Ox dy ) Oy y

oz oy “ox y
+ O(n") (2.14)
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18 Foundations of the schemes used

Note that all the derivatives and cross-derivatives appearing in the RHS of

equation (2.14) have O(h®) approximations. For instance

¢ | _ 0o, W[ % ¢
or*oy?|.. VY 12 [oxtoy® 920yt

v]

o O(hY) (2.15)

Substituting these types of O(h4) approximations for all the derivatives ap-
pearing in equation (2.14), we can arrive at the following fourth order accurate
HOC scheme for equation (2.1)

- 52¢ij B 57,]5§¢1] + O 5CC¢ZJ + Dzy y¢zg

2
_h [5252 Ci50500 — d;;020, — V040,105 = Fij, (2.16)

where d,, and ¢, are the first and 62 and 52 are the second order central differ-

ence operators along x- and y-directions respectively.

The coefficients «;;, 85, Vi, Cij» Di; and F; appearing in equation (2.16) are
as follows:
B2

=1
1] + 12(

— 26,¢45),

2

h" o
5@']'_1 12(d 25ydij)7

Vi = 0yCij — Cijdi; 4 0,d;

i)

Cf £&;; t g i (52 + 6 — ¢;;0, — di;6,)cis,
h2
Dij = dij + 15 (52 + 6 — ¢i;0, — dij6,)d;

ijYy ) Wigs

12
= fi; + (52 + 52 Cii0z — di6,) fij,

Now, consider the streamfunction-vorticity formulation given by (2.5). Putting

¢ = w, c(z,y) = Reu(x,y), d(z,y) = Rev(z,y) and f(z,y) = 0 in equation
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2.4. Compact scheme for the streamfunction-velocity formulation 19

(2.1) and following the above outline procedure we can obtain the fourth order
compact formulation for the vorticity transport equation (2.5a). In a similar
manner, letting ¢ = ¢, ¢(z,y) = 0, d(x,y) = 0 and f(x,y) = w, we have
the fourth order compact formulation for the streamfunction equation (2.5b).
Note that in order to derive HOC schemes for unsteady equations, the time
derivative is considered as a part of the source term in equation (2.3), which
later on is approximated again with finite difference schemes. This would be

discussed in detail in chapter 3 and 5.

2.4 Compact scheme for the y-v formulation

of the Navier-Stokes equations

Although the streamfunction-vorticity (¢)-w) formulation has been quite pop-
ular amongst the researchers, who, over the last several decades employed it
to analyse new methods for the numerical solutions of a variety of fluid flow
problems; a certain difficulty is associated with this type of formulation which
lies in the specification of vorticity values at the no-slip boundaries. Since
the vorticity (w) is defined through the Poisson equation —w = v, + 1, it
needs to be solved discretely on the boundaries so that boundary values of the
vorticity can be specified for the vorticity transport equation when this for-
mulation is utilized. But the vorticity values on the boundaries are generally
unspecified and therefore one has to carry out some numerical approximations

in order to specify the boundary values of vorticity.

In order to avoid this difficulty, another alternative formulation [41, 90] of

equation (2.4) can be derived by substituting v for w from equation (4.1) in

equation (4.2). This results in a fourth-order partial differential equation as:
V% — Re (vVu — uV?0) =0 (2.17)

with
u(a,y) = v, and v(z,y) =~ (2.18)
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20 Foundations of the schemes used

where

(2.19)

Using equations (2.18)-(2.19), equation (2.17) may be written in the expanded

form as

o'y oty oty Py Y }
2 — Reu |ZY
5" T Coa2 Tt [a:ﬁ  ow0y?
Py Py
+ R +——| =0 2.20
o {aﬁay ay?’} (2:20)

This formulation is known as the streamfunction-velocity formulation or bi-

harmonic formulation of the 2D Navier-Stokes equations.

The prime advantages of using this formulation are:
1. Avoids difficulties associated with primitive variables u, v, p.

2. Avoids difficulties associated with vorticity boundary conditions in the

1-w approach.
3. Iterations involve only the single variable ).
4. Reduces the computational effort and costs.

Treating the velocities u and v in equation (2.20) as locally fixed at the grid
point (z,y), Gupta and Kalita [41] uses their Mathematica code and developed
the following compact finite difference scheme for the 2D steady Navier-Stokes

equations

Ui jo1 = 8Wiiog + Wi o1 — 8+ 28v;  — 8t + Vi i1 — 8
2
Vigr o1 — 3h(Wi i1 — U jp1 + Vg1 j — Vi) — 0.5Reh™{v; j(wiyj + iy

U gy U 1) — U (Viga V1 Ve T 1) =0 (2.21)
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2.4. Compact scheme for the streamfunction-velocity formulation 21

where

3 1
Ui 5 = E(¢i,j+1 - ¢i,j—1) - Z(ui,j—l—l - ui,j—l) (2-22)

3 1
Vi = —E(?/)Hl,j - ?/)i—l,j) - Z(Ui-i-l,j - Uz’—l,j) (2-23)

Equations (4.9) and (4.9) are derived using the definitions of the velocities u

and v given by equation (2.18).

In the present work, we will employ the finite difference scheme (2.21) to ap-
proximate the streamfunction-velocity formulation of the 2D Navier-Stokes
equations. These compact schemes forms the basis of the first part of our
work which discusses their applications in the global stability analysis of in-
compressible viscous flows. The later part of our work introduces some new
HOC schemes which are applicable for the 3D Navier-Stokes equations and
the Euler equations of Gas Dynamics. All these discussions will be carried out

in the subsequent chapters.
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Chapter 3

GLOBAL 2D STABILITY
ANALYSIS OF THE TWO-SIDED
STAGGERED LDC FLOW WITH
AN HOC APPROACH

3.1 Introduction

Almost all of the Higher Order Compact schemes that have been developed so
far are mainly used for numerical simulation of fluid flow problems. One can
see an increasing trend in the use of such schemes over the years. To the best
of our knowledge, HOC schemes have not yet been utilized for analyzing the
global stability of fluid flows. In this chapter, we utilize the recently developed
HOC scheme by Kalita et al. [56] to carry out a global two-dimensional (2D)
stability analysis of the two-sided 2D staggered lid-driven cavity flow *.

For a long time, flows in cavities have been a major topic of research for math-

ematicians and engineers. The LDC problem is a frequently used benchmark

'A part of this work has been published in Computers and Mathematics with Applications
[58]
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24 Global 2D stability analysis of the staggered cavity

problem for the assessment of numerical methods for solving the Navier-Stokes
(N-S) equations, because it displays almost all fluid mechanical phenomena for
incompressible viscous flows in the simplest of geometric settings. Therefore,
the dynamics of fluid in LDCs have been one of the mainstays of computational
fluid dynamics research over the last few decades, particularly for establishing
newly developed numerical schemes [31, 41, 57, 55, 60, 105]. In recent years,
double driven staggered LDC has become a major topic of interest among the
researchers. The double driven staggered LDC is a slightly modified version
of the the simple two-sided LDC, which was probably first studied in length
by Kuhlmann and Wanschura [66], and later on by their co-workers [4, 15].
The two-sided staggered LDC which can be thought of as two superimposed
lid-driven square cavities diagonally offset by 40%, was first introduced by
Hinatsu and Ferziger in 1991 [46] and many interesting results on the flow
structures followed soon. A more detailed analysis of the flow was carried out
by Zhou et al. [129] in 2003 with discrete singular convolution (DSC) approxi-
mation, where they have obtained benchmark quality solutions over the range
of Reynolds numbers between 50 and 3, 200 with the top and bottom lids mov-
ing in antiparallel motion. This was followed by Nithiarasu and Liu [82] in
2005 who investigated this problem for the antiparallel motion of the lids and
as a potential benchmark problem by using an artificial compressibility-based
characteristic-based split scheme. Recently in 2010, Tekic et al. [111] have
simulated the flows in staggered LDC, for both antiparallel and parallel mo-

tion with the aid of Lattice Boltzmann Simulation.

In the last three decades, the higher-order compact finite difference methods for
two-dimensional flows have gained a lot of popularity amongst the researchers
and since then many specialized techniques have been developed for different
fluid flow problems. In 2002, Kalita et al. [56] proposed a class of implicit
HOC schemes for solving the unsteady two-dimensional convection-diffusion
equation with variable convection coefficients. These schemes were seen to be
very effective in handling fluid flow problems governed by 2D incompressible
Navier-Stokes (N-S) equations. In this chapter, we apply one of these schemes
to simulate the two-sided staggered lid-driven cavity problem governed by the

2D N-S equations. Analogous to the work of Kalita et al. [56], we simulate

TH-1311 09612313



3.1. Introduction 25

the flows inside the cavity by considering the streamfunction-vorticity (i-w)
formulation of the 2D N-S equations. The flow pattern is then investigated
using the HOC scheme mentioned above ([56]) and results of the HOC simu-
lation for both parallel and antiparallel motion of lids are compared with the
data from existing literatures. Excellent comparison is obtained in both the

cases.

Despite the growing popularity of the 2D staggered two-sided LDC amongst
the researchers in the last two decades, one aspect of this study that has not
attracted the attention of the researchers is the global 2D stability analysis of
the flow. This may be attributed to the fact that simulation of the unsteady
equations and obtaining accurate values of the critical parameters for which
the stability is lost, in general are difficult tasks and computationally very ex-
pensive. On the contrary, stability analysis of the simple 2D Lid Driven Cavity
problem has been investigated by a number of researchers on a square cavity.
One may refer to the work of Gustafson and Halasi [43, 44], Goodrich et al.
[34], Auteri et al. [10], Aidun et al. [3], Poliashenko and Aidun [89], Fortin et
al. [29], Peng et al. [88], Tiesinga et al. [112], Cadou et al. [17], Sahin et al.
[94] etc. More recently, Bopanna and Gajjar [16] carried out global stability
analysis of the 2D simple LDC using an accurate numerical technique based on
a hybrid scheme with spectral collocation in the y-direction and higher-order
finite differences in the z-direction. But despite the presence of quite a number
of global stability analysis study for the one sided square LDC problem in the
literature, to the best of our knowledge, no global 2D stability analysis has
been carried out for the two-sided 2D lid-driven staggered cavity flow so far. In
our present study, we carry out a global two-dimensional stability analysis of
the staggered LDC, both for parallel and antiparallel motion of lids, with grid
aspect ratio unity by following the same strategy adopted in [16]. However, in
contrast to their hybrid scheme, we have employed the HOC scheme proposed
by Kalita et al. [56] to simulate the steady state flow and then utilized the
same scheme to investigate the stability of the flow in the staggered lid-driven
cavity by solving the generalized 2D eigenvalue problem obtained from the

linearized unsteady equations.
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26 Global 2D stability analysis of the staggered cavity

3.2 The Problem

The problem considered here is the diagonally symmetric, two-sided staggered
LDC with the top and bottom lids moving at equal velocity as shown in Figure
3.1.

We have followed the same configuration as in Tekic et al. [111]. Essentially,
it can be thought of as two superimposed square lid-driven cavities of length
L, diagonally offset by 40%, i.e. 0.4L. Here, we assumed that the velocities at
the top and bottom lids to be U and —U respectively, for antiparallel motion,

while it is taken as U at both the lids for parallel motion.

(a) = U (antiparallel motion)
(b) U (parallel motion)

Figure 3.1: A two-sided Staggered Lid-Driven Cavity.
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3.2. The Problem 27

The flow inside the cavity is governed by the unsteady 2D N-S equations which

in non-dimensional form, can be written as

Ju Ov
% + a—y = 0, (31&)
ou ou ou  Op 1 _,

% + u% + vg—z = —g—g + %V%, (3.1c)
Here u and v are the velocities along x- and y-directions and p is the pressure;
Re is the Reynolds number defined as UL /v, where v is the kinematic viscosity
of the fluid; U is the velocity of the lid and L = 1.4 is the width of the cavity
which are used to non-dimensionalize the velocity and length-scale variables,
respectively. For the present configuration, we have taken the non-dimensional

velocity U as 1.

Introducing streamfunction v and vorticity w, the above equations can be

written as 1
Wy — e (wm + wyy) + (uw, + vw,) =0, (3.2)
¢$:L‘ + ¢yy = —W(ZL', y) (33)
with
u=1,, and v= —1,, (3.4)
and
W= Uy — Uy, (3.5)

The boundary conditions for the antiparallel motion are given by

p=0and ¢, =—1for y=0, 0<z<1

Yp=0and ¢, =0 forx=1 0<y<04
Yp=0and ¢, =0 fory=04, 1<z<14
Yp=0and ¥, =0 forxz=14, 04<y<14

(3.6)
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p=0and ¢,=1 fory=14, 04<2r<14
Yv=0and ¢,=0 forx=04, 1<y<14
Yp=0and ¢, =0 fory=1 0<2x<04
Yp=0and ¥v,=0 forxz=0 0<y<I1

The boundary conditions for the parallel motion are same as (3.7), except that

the first condition must be replaced by
p=0and ¢,=1for y=0, 0<x<1

These boundary conditions clearly indicate that flow singularities exist at the
corners with coordinates (0,0), (1.0,0), (0.4,1.4) and (1.4,1.4).

3.2.1 The Numerical Scheme

In order to discretize the governing equations (3.2)-(3.3), we use the HOC
scheme developed by Kalita et al. [56] for the unsteady convection-diffusion
equation for variable convection coefficients. The scheme is briefly discussed

below.

The unsteady two-dimensional convection-diffusion equation for a transport

variable ¢ in some domain can be written as

) 9 o
aﬁ—f — V2¢+C(5Ea Y, t)ﬁ_i —I—d(!lf, Y, t)a_i = g(l’, Y, t) (38)

where a is a constant, ¢ and d are the convection coefficients, and g is a forcing
function. The (9,9) HOC scheme by Kalita et al. [56] for this equation with
accuracy O((At)?, b, k') is given by:
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h? k>
a{1+ﬁ(5§—c5) 12(5 —d;;5,) | 07 o —
h? + k?

12

(0267 — ¢;;0,0; — di;026, — 75020,

1
5 {a,.j(sz + Bi0, — — Dy;6, +

(65 + ¢ ) = (G" G
(3.9)

where ;" denotes the forward difference operator for time with uniform step

length At, and d,, d, are the first order and 62, 52 are the second order central

difference operators in the space directions x and y with uniform step lengths

h and k respectively.

The coefficients «;;, 8, 755, Cj

)

; and G; are given by:

h2
Q;; = 12( 0,Cij) (3.10)
n
Bij = E(dij — 20,d,;) (3.11)
2
Yij = g (R*0,d,; + K*S, 015 — ci5ds5) (3.12)
h’ +k
C —[1+h—2(52— i02) + kz(a — dy;0,)]ci; (3.13)
JE 12V°F G 12 ij Y .
D —[1+h—2(52— 5)+k2(5 — dy;0,))dy; (3.14)
(7 12 x C 12 Yy .
n? ¥

Here, it is assumed that the convection coefficients ¢, d and the forcing func-

tion g are sufficiently smooth.

In order to solve the 1-w formulation of N-S equations using (3.9), we em-

ploy an outer-inner iteration procedure and for reaching steady state, a time
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marching strategy is adopted. In a typical outer temporal cycle, we discretize
equation (3.2) using (3.9) with @ = Re, ¢ = Reu, d = Rev and g = 0. Once w
is obtained, we compute ¢ by discretizing (3.3) with the steady state version
of (3.9). Thus on setting ¢ = ¢, c=d=0=26;¢;; and g = —w, the fourth
order compact approximation of the Poisson equation (3.3) becomes

12 12

1
524 05 + E(h2 + k2)5§5§} Py = {1 + E(Sﬁ + E(ﬂ Wy (3.16)

3.2.2 Approximation of the vorticity boundary condi-

tions

The value of the streamfunction v is taken to be zero along all the boundaries

while the vorticity boundary condition is derived using a fourth order compact

scheme for the Neumann boundary condition. For example, on the leftmost

wall (z = 0, 0 < y < 1), the approximation for w can be found from the

relation v = —[(0¢)/(0x)] and equations (3.2), (3.4) and (3.5) as

2 3 3
—5;@/)(”' 1 [g L %5; - 2—4(}26%1'5 - 52) Woj = Yoj — %(5;5500]' - 5t+W0j)

(3.17)

where the suffixes 0 and j stand for the leftmost wall and the vertical index

respectively. Using equation (3.7) and v = —[(0v)/(0z)] we obtain an explicit

expression for w on the leftmost wall as

0j+1 R [_—j — Swoj — = (wij — woy) — 57 (Woj41 — 2wo; + wWoj1) | Fwoy

ho 2 6 24
(3.18)

Vorticities on the other walls can be found in a similar way and for the corners,

we use a third order approximation as outlined in [105].

After discretization, the vorticity equation (3.2) and the streamfunction equa-

tion (3.3) reduce to the single matrix form of the type

Ap =B (3.19)
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where the coefficient matrix A is an asymmetric sparse matrix with each row
containing at most nine non-zero entries, ¢ is the unknown vector (¢ or w)
and B is the vector of known (source) terms. For a grid of size m x n, A is of

size mn X mn, and ¢ and B are mn-component vectors.

The next step now is to solve equation (3.19); as the coefficient matrix A is not
generally diagonally dominant, conventional solvers such as Gauss-Seidel can-
not be used. For both the vorticity and streamfunction equation, the resulting
matrix equations are solved using BiCGStab [63, 101], which constitutes the
inner iterations. Once (3.3) is solved, w and v in (3.4) are calculated using a
fourth order compact formula (see ref. [56]). This constitutes one outer itera-
tion cycle. For the inner iterations, the computations were stopped when the
norm of the residual vector r = B — A¢ (¢ being either ¢ or w) arising out of
equation (3.19) fell below 107°. Steady state was assumed to reach when the
maximum w-error between two successive outer temporal iteration steps was

smaller than the tolerance limit 0.5 x 107°.

3.2.3 The Algorithm

The algorithm for computing the flow inside the cavity by solving the -w

formulation of the N-S equations can be summarized as follows:

1. Initialize v™, w™ ™ and v™ for n = 0 with zero everywhere except
at the boundaries where values from equations (3.7) and(3.17) are to be

used.

2. Solve the vorticity transport equation of (3.2) by using the HOC formu-
lation (3.9).
3. Solve the stream-function (¢) equation of (3.3), using (3.16).

In both 2 and 3, solve the algebraic system of equations of the form
(3.19) till the I, norm of the residual, that is ||[B — A¢||, < 107° (¢
being either ¢ or w).

4. Compute u™ ™ and oY from (3.4) using the fourth order compact

approximation of Kalita et al. [56].
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n+1)

5. If max|w( — w(")\ < 0.5 x 107 steady state is reached, stop compu-

tation; else repeat steps 2 to 4 until convergence.

In the above (n + 1) and (n) stand for the (n + 1)™ and (n)™ time levels,

respectively.

Flow simulations are carried out using uniform grids of sizes 71 x 71, 85 x 85,
99 x 99, 106 x 106, 141 x 141 and 211 x 211 with a time step At = 0.01 in the
range of Reynolds numbers 50 < Re < 12,000 for both the antiparallel and
parallel motion of the lid. In the cases where steady state is achievable, a time
marching strategy is adopted till a steady state is reached. In all the computa-
tions for this problem except in section 3.5, the data from the previous lower
Reynolds numbers were used as the initial data except for Re = 50, where
zero initial data was used. Unless otherwise mentioned, all the qualitative and

quantitative results presented here are from computations on a 211 x 211 grid.

3.3 Validation of the code

To the best of our knowledge, no global stability analysis is available for
the flow in a staggered cavity. Therefore, the validation of the present al-
gorithm is first done through a comparison exercise for a a certain range of
Reynolds numbers for which reliable qualitative and quantitative numerical
results [82, 111, 129] are available so that the confidence resulting from ac-
curate validation of our numerical results with the established ones could be
carried over to the threshold region where computation of the flow could be

very delicate.

3.3.1 Antiparallel motion

We present numerical results for the antiparallel motion of the top and bottom
lids in Figures 3.2-3.5 and Table 3.1. Figure 3.2 shows a side by side compari-
son of our computed steady state streamlines for Re = 50, 100, 400 and 1, 000
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Figure 3.2: Comparison of streamlines from the present computation (left
column) on a 211 x 211 grid with those of Zhou et al. [129] (right column) at
: (a)Re = 50, (b)Re = 100, (¢)Re = 400 and (d) Re = 1,000 - antiparallel
motion.

on a grid of size 211 x 211 with those of Zhou et al. [129]. As can be seen from
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s
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Figure 3.3: Comparison of vorticity contours from the present computation
(left column) on a 211 x 211 grid with those of Zhou et al. [129] (right column)
at : (a)Re = 50, (b)Re = 100, (¢)Re = 400 and (d) Re = 1,000 - antiparallel

motion.

the figures, the flow is symmetrical about the longer and shorter diagonals of

the cavity and our simulations are very close to the ones obtained by Zhou et
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Table 3.1: Location and vorticity values in the centres of primary and sec-
ondary vortices - antiparallel motion.

Primary vortex First secondary vortex Second secondary vortex

Re References (Te1) Ye1) w1 (Tea) Ye2)  wa (Te3, Ye3)  ws
Zhou of ol. [129] (09781, 1.1600)  -3.05843  (1.3556, 0.4405) _ 0.02395
(0.4219, 0.2518) -3.05670 (0.0444, 0.9595) 0.02394
Liu et al. [82] (0.9776, 1.1478)  -3.07633  (1.3566, 0.4446)  0.02786
(0.4263, 0.2473) -3.10055 (0.0424, 0.9569) 0.02587
50
Tekic et al. [111]  (0.9637, 1.1551)  -4.2768 (1.3484, 0.4476)  0.0304
(0.4494, 0.2543) -4.2920 (0.0460, 0.9543) 0.0412
Present study (0.9733, 1.1400) -2.97225 (1.3533, 0.4400) 0.02905
(0.4266, 0.2467) -3.09339 (0.0466, 0.9533) 0.03649
Zhou et al. [120]  (1.0172, 1.1091)  -2.7230  (1.3556, 0.4486) _ 0.04399
(0.3828, 0.2889)  -2.7231 (0.0444, 0.9514)  0.04401
Liu et al. [82] (1.0114, 1.1035)  -2.69993  (1.3566, 0.4446)  0.03975
(0.3865, 0.2894) -2.73231 (0.0424, 0.9569) 0.03695
100
Tekic et al. [111] (1.0031, 1.1382) -4.0616 (1.3502, 0.4457) 0.0384
(0.4082, 0.2693) -4.1610 (0.0460, 0.9543) 0.0537
Present study (1.0066, 1.1000) -2.6259 (1.3533, 0.4400) 0.041889
(0.3866, 0.2933) -2.6933 (0.0400, 0.9600) 0.032549
Zhou of ol. [129]  (0.7000, 0.7000)  -1.54842  (1.3500, 0.4656) _ 0.15560 _ (0.4703, 1.1625)  1.38495
(0.0500, 0.9344) 0.15777 (0.9219, 0.2375) 1.38140
Liu et al. [82] (0.6995, 0.6966) -1.60552 (1.3483, 0.4688) 0.19767 (0.4772, 1.1610) 1.70971
(0.0569, 0.9400) 0.19385 (0.9232, 0.2385) 1.69442
400
Tekic et al. [111] (0.6822, 0.6859) -2.1999 (1.3522, 0.4607) 0.1192 (0.4382, 1.1345) 1.3786
(0.0554, 0.9506) 0.1574 (0.9824, 0.2862) 0.8613
Present study (0.7000, 0.6933) -1.57755 (1.3400, 0.4600) 0.22630 (0.4600, 1.1600) 1.3849
(0.0533, 0.9333) 0.2160 (0.9333, 0.2200) 1.5292
Zhou et al. [120]  (0.7000, 0.7000)  -1.41562  (1.3250, 0.4844)  0.53846  (0.5484, 1.2000)  2.38557
(0.0750, 0.9063) 0.53813 (0.7256, 0.2000) 2.38559
Liu et al. [82] (0.6895, 0.6969) -1.52363 (1.3221, 0.4836) 0.65005 (0.5505, 1.2071) 2.73409
(0.0753, 0.9142) 0.63326 (0.8523, 0.2015) 2.60588
1000
Tekic et al. [111] (0.7004, 0.7001) -2.0834 (1.3331, 0.4830) 0.5761 (0.5301, 1.1962) 3.3958
(0.0714, 0.9229) 0.5667 (0.8726, 0.2059) 3.4679
Present study (0.6867, 0.6933) -1.54962 (1.3266, 0.4733) 0.5511 (0.5333, 1.2133) 2.59822
(0.0667, 0.9133) 0.5673 (0.8600, 0.1800) 2.68074

al. [129]. One can also see the appearance of two more secondary vortices on
the top left and bottom right sides of the cavity for Re = 400 and 1,000. With
increase in Re, the corner vortices grow in size. The corresponding vorticity
contours for the same range of Reynolds numbers shown in Figure 3.3 where
the solid and dotted lines correspond to positive and negative values of the
vorticity. From the figure, it is clear that the flow patterns depicted by the
vorticity contours are very close to the ones computed by Zhou et al. [129].

Note that though the locations of the primary and secondary vortices match
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very well with the ones obtained by [82, 111, 129] (see Table 3.1), the vortic-
ity values obtained by [111] at the centers of these vortices differs reasonably
from the ones obtained by the present computation and [82, 129]. However,
in all aspects, our results match very well with [82] and [129]. The data from
Table 3.1 clearly indicates that the vortices located at symmetrically opposite

locations with respect to the diagonals are of almost equal strength.

We have also presented the streamlines and vorticity contours for Re = 215
and 225 in Figure 3.4. From the figure, it is evident that somewhere between
Re = 215 and 225, the top right and bottom left primary vortices coalesce to

form a single primary vortex.

In Figure 3.5, we compare our computed horizontal velocity along the vertical
centerline and the vertical velocity along the horizontal centerline of the cavity
for these Re with those obtained by Zhou et al. [129]. Note that in their
computation, Zhou et al. [129] used a 1, 12,429 point grid which is equivalent
to a grid of size 335 x 335. On the other hand, with a grid of size 211 x 211, we
were able to match the results of Zhou et al. [129] including the steep velocity
gradients for the higher Reynolds number as is obvious from the figure. These
graphs also reconfirms the symmetric pattern of the flow for the range of

Reynolds number considered here.

3.3.2 Parallel motion

Next, we compute the flow for the parallel motion of lids, and then we compare
our steady state results with that of Tekic et al. [111] for the range of Reynolds
number 50 < Re < 3,200 in Figures 3.6 and 3.7 and Tables 3.2 and 3.3. We
once again present a side by side comparison of streamfunction and vorticity
contours with those of Tekic et al. in Figures 3.6 and 3.7 respectively. In the
left column of Figure 3.6, we plot the streamlines obtained from our numerical
experiments and on the right column of the same figure, the corresponding
streamlines obtained by Tekic et al. [111] have been illustrated. Similarly in
Figure 3.7, we have shown a comparison of our vorticity contour plots with

those of Tekic et al. [111]. From the figures, one can see an excellent match
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Figure 3.4: Antiparalle] motion of the lids : Streamlines at (a)Re = 215,
(b) Re = 225 and vorticity contours at (¢)Re = 215, (d) Re = 225.

between our obtained numerical results and theirs.

Moreover, it is noteworthy that our computed streamlines clearly reveal the
secondary vortices in the extreme top left corner of the cavity in the range
of 50 < Re < 400 and the extreme bottom right corner tertiary vortices in
the range 400 < Re < 3,200; these vortices were visibly absent in the figures
resulting from the simulation of Tekic et al. [111]. Note that the second
secondary vortex for Re = 1,000 was not clearly visible in their simulation

(see Table 3.2 also). Again, contrary to the antiparallel motion, no symmetry
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Figure 3.5: The velocity profiles (a) u- and (b) v- along the vertical and
horizontal centrelines for antiparallel motion.

was observed in the flow pattern. Unlike antiparallel motion, one can see the
presence of two primary vortices for the whole range of Re for which the flow
has been computed. With increase in Re (which is visible from Re = 3,200
onwards here, see the instantaneous streamlines for Re = 5,000 and 12, 000 in
Figure 3.23(b), (d) as well), one can see the presence of a secondary vortex at
the extreme bottom left corner of the cavity. The locations and strengths of
the primary and secondary vortices are presented in Table 3.2 and compared
with those of [111]. As in antiparallel motion, although excellent comparison
is obtained for the location of the vortices, there is reasonable difference in the
vorticity values thereat. In Table 3.3, we present the strengths and locations
of the tertiary vortices in the range 400 < Re < 3, 200.

In Figure 3.8, we present the graphs of the horizontal velocity along the vertical
centerline and the vertical velocity along the horizontal centerline of the cavity
for 50 < Re < 1,000 and compare them with the results of [111].

As no quantitative data is available for the parallel motion for comparison,

we also provide a table for the horizontal velocity along the vertical centerline
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39

()

Figure 3.6: Comparison of streamlines from the present computation (left
column) on a 211 x 211 grid with those of Tekic et al. [111] (right column):
(a) Re = 50, (b)Re = 100, (¢)Re = 400, (d)Re = 1,000 and (e)Re = 3,200 -

parallel motion.
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FNEEE =

(e)

Figure 3.7: Comparison of vorticity contours from the present computation
(left column) on a 211 x 211 grid with those of Tekic et al. [111] (right column):
(a) Re = 50, (b)Re = 100, (¢)Re = 400, (d)Re = 1,000 and (e)Re = 3,200 -

parallel motion.
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Table 3.2: Locations and vorticity values in the centres of primary and sec-
ondary vortices - parallel motion.

Primary vortex First secondary vortex Second secondary vortex

Re References (Te1) Ye1) w1 (Tea) Ye2)  wa (Tc3) Ye3) w3
50 Tekic et al. [111] _ (0.9599, 1.1607)  -4.5273 _ (1.3671, 0.4419) _ 0.0136
(0.5602, 0.2468) 4.5478
Present study (0.9733, 1.1533) -3.2847 (1.3667, 0.4333) 0.0126 (0.0267, 0.9733) -0.01352
(0.5733, 0.2400) 3.2901
100 Tekic et al. [111] (0.9994, 1.1532) -4.5648 (1.3634, 0.4569) 0.0281
(0.5978, 0.2581) 4.6025
Present study (1.0066, 1.1333) -3.1256 (1.3467, 0.4533) 0.0304 (0.0267, 0.9800) -0.01139
(0.6066, 0.2600) 3.1952
400 Tekic et al. [111] (0.9899, 1.0631) -3.7700 (1.2770, 0.5508) 0.4138
(0.5508, 0.3650) 3.5793
Present study (0.9666, 1.0533) -2.6766 (1.2400, 0.5533) 0.5567 (0.0266, 0.9800) -0.03596
(0.5200, 0.3800) 2.4421
1000 Tekic et al. [111] (0.9712, 1.0556) -3.3564 (1.1945, 0.5677) 1.2599 (0.0460, 0.9918) -0.09768
(0.5114, 0.4138)  3.2437
Present study (0.9800, 1.0467) -2.6786 (1.1600, 0.5599) 1.2422 (0.0400, 0.9667) -0.17516
(0.5000, 0.4133) 2.2425 (1.0067, 0.4800) -3.1476
3200 Tekic et al. [111] (0.9655, 1.0575) -3.1081 (1.1363, 0.5621) 2.2066 (0.0647, 0.9506) -0.9889
(0.4738, 0.4457) 2.4533 (1.0068, 0.4982) -6.2375 (0.0629, 0.1229) 1.6397
Present study (0.9600, 1.0600)  -2.2292  (1.1666, 0.5600)  1.4287 (0.0600, 0.9400)  -1.1413
(0.4866, 0.4400) 1.8408 (1.0067, 0.5000) -5.3363 (0.0666, 0.1000) -2.2852
e R ol T mime
Re =100, Tekic et al. . . Re =400, Tekic et al.
00, Teki et al | ¢  Re=1000, Tekicetal
000, Tekic et al. Re = 50, present
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5 Re - 1000 present Re = 1000, present
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- |
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02|
ol . L1 1 1

Figure 3.8: The velocity profiles (a) u- and (b) v- along the vertical and
horizontal centrelines for parallel motion.

TH-1311 09612313




42 Global 2D stability analysis of the staggered cavity

Table 3.3: Locations and vorticity values in the centres of tertiary vortices -
parallel motion.

Tertiary vortex

Re (Teas Yes) Wy

400 (1.3933, 0.4067)  -0.00153
1000 (1.3867,0.4133)  -0.01202
3200 (1.3800, 0.4200)  -0.03591

and vertical velocity along the horizontal centerline for 50 < Re < 3,200 in
Tables 3.4 and 3.5.

Table 3.4: Effect of Reynolds number on the horizontal velocity (u) along mid
width (x = 0.7) - parallel motion.

y-co-ordinate Re =50 Re=100 Re =400 Re=1000 Re = 3200

0.0 1.00000  1.00000 1.00000 1.00000 1.00000
0.1 -0.01919 -0.02246  -0.06161 -0.09481 -0.10018
0.2 -0.05959 -0.06730  -0.15300 -0.18269 -0.14196
0.3 -0.10351 -0.11562  -0.23887  -0.22815 -0.17596
0.4 -0.14388 -0.16184  -0.31147 -0.26854 -0.21254
0.5 -0.17906  -0.20252  -0.36913 -0.32525 -0.26229
0.6 -0.20330 -0.22786  -0.39641 -0.40565 -0.32793
0.7 -0.20881  -0.22911  -0.36467  -0.45116 -0.41164
0.8 -0.19554 -0.21107  -0.31599 -0.35215 -0.41357
0.9 -0.17211  -0.18847  -0.31590 -0.37945 -0.40107
1.0 -0.14442  -0.16464  -0.31503 -0.40774 -0.47234
1.1 -0.10808  -0.12658  -0.26027 -0.35513 -0.41351
1.2 -0.06129  -0.07092  -0.13818 -0.17020 -0.13106
1.3 -0.01806 -0.01962  -0.02814 -0.01920 -0.00808
14 1.00000  1.00000 1.00000 1.00000 1.00000
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Table 3.5: Effect of Reynolds number on the vertical velocity (v) along mid
height (y = 0.7) - parallel motion.

x-co-ordinate Re =50 Re =100 Re =400 Re=1000 Re = 3200

0.0 0.00000  0.00000 0.00000 0.00000 0.00000
0.1 -0.05165 -0.03817  -0.02150 -0.03165 -0.04522
0.2 -0.13412  -0.09514  -0.07787  -0.10280 -0.09860
0.3 -0.19037 -0.15761  -0.13903 -0.15773 -0.13992
0.4 -0.19904 -0.19689  -0.18826 -0.19775 -0.17211
0.5 -0.17344 -0.19171  -0.24495 -0.22958 -0.20197
0.6 -0.14233 -0.16012  -0.28731 -0.27453 -0.23944
0.7 -0.12644 -0.13707  -0.24152 -0.32736 -0.30348
0.8 -0.13364 -0.14131  -0.22787  -0.28699 -0.30922
0.9 -0.16256  -0.17036  -0.26052 -0.31043 -0.30737
1.0 -0.20179  -0.20712  -0.27262 -0.27563 -0.23330
1.1 -0.22689  -0.22666  -0.25880 -0.24439 -0.18923
1.2 -0.20185 -0.20230  -0.21267  -0.20680 -0.15319
1.3 -0.09589 -0.10510  -0.12221 -0.12646 -0.10433
1.4 0.00000  0.00000 0.00000 0.00000 0.00000

3.4 Hydrodynamic Stability Analysis

The stability of the flow may be determined by performing a normal mode
analysis. Here, the total flow in terms of ¥ (z, y, t) and w(z, y, t) may be

expressed as a combination of its steady flow and perturbation introduced as

([16])

O(x, y, t) =0(z, y) + 5@/;(:)3, y)e’\t and
At

(3.20)
w(z, y, t) =w(x, y) + oo(z, y)e

where 0 is a small constant prefactor to the perturbations ¢ (z, y) and &(z, y)
with § < 1 and ¥ (z, y) and @(x, y) denote the steady state values of the
streamfunction and the vorticity respectively. Substituting the above form
into equations (3.2) and (3.3) and collecting the like order terms we will get a

set of equations for the steady flow and the linear stability equations.
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The steady equations and their boundary conditions are as follows:
V% =-w (3.21a)

— — 1
VW, — VW, = ﬁvzw (3.21b)

Oand@y:—lforyzo, 0<z<1

0and ¢, =0 forz=1, 0<y<04

0 and ¢, =0 fory=04, 1<z<14

0 and @:0 for =14, 04<y<1.4 (3:210)
0 and ¢, =1 fory=14, 04<z<14
0and ¢, =0 for z =04, 1<y<14

0

0

andiyzo fory=1, 0<z<04

<l S & & & & &

and ¢, =0 forz=0, 0<y<l1

Likewise, the stability equations (in linear order of the small parameter ¢) and

their boundary conditions are:

V) = - (3.22a)
_ r - - 1

MG+ Pty = By + U = 9., = - V0 (3.22b)
p=0and ¢, =0for y=0, 0<a<l
v=0and ,=0 forz=1 0<y<04
p=0and =0 fory=04, 1<r<14
b=0and ¢, =0 forz=14, 04<y<14
v v =v= (3.22¢)
p=0and ¢, =0 fory=14, 04<2r<14
Yp=0and ¥, =0 forz=04, 1<y<14
Y=0and =0 fory=1, 0<z<04
v=0and ¢, =0 forz=0 0<y<l1

For parallel motion of the lids, we simply replace the first equation of (3.21(c))
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by
P =0 and@yzlfor y=0, 0<x<1

The steady state formulation of (3.9) is used to solve the steady equations
(3.21) to obtain the values of 1) and @, which are then substituted in the sta-
bility equations (3.22) to find ¥, @ and \. The same steady state formulation
of (3.9) is again used to solve the stability equations (3.22). After discretiza-
tion, those equations lead to a generalized eigenvalue problem that is solved
to find ¢, @ and X for different Re. In general, the eigenvalues A can be real
(A= \,) or complex (A = \, £ i);, where i = \/—1). The stability of the flow
depends on the sign of the largest value of A,.

At one particular value of Re, a pair of complex conjugate eigenvalues of crosses
the imaginary axis which leads the basic flow to lose stability and a one param-
eter family of periodic solution bifurcates from the stationary solution. Such
a bifurcation is called a Hopf bifurcation which refers to the local death or
birth of a periodic solution from an equilibrium point. When \,. < 0, the fixed
point is a stable focus. When A crosses the imaginary axis and A\, > 0, the

fixed point becomes an unstable focus, with orbits spiralling out.

The global stability analysis of the staggered LDC problem, for both antipar-
allel and parallel motion of lids, on various uniform grids of sizes 71 x 71,
85 x 85, 99 x 99, 106 x 106, 141 x 141 and 211 x 211, are discussed briefly in

the following subsection.

3.4.1 2D Global Stability Analysis : Results and Dis-

cussion

The stability equations (3.22) with the steady state HOC formulation as dis-

cussed in the previous section, turns out to be of the form

Ao+ Ay =0 (3.23a)
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As @ + A, = Rel A; &. (3.23D)

Now, we have the following eigenvalue problem

A A, w 0 0 w
= Re) (3.24)

Ay Ay ( As 0] | ¥

which can also be expressed as a generalized eigenvalue problem

A¢ = B, (3.25)

w
where i = Re\, ¢ = | _ | and A and B are block diagonal matrices as
P

shown in Figure 3.9. The component blocks A; and A; are penta-diagonal
matrices and Ay, A; and A, are nona-diagonal matrices. Equation (3.25) is

solved for eigenvalue A and eigenvector ¢ using the freely available software

package ARPACK [68].

(a) (b)

Figure 3.9: Structure of block matrices (a) A and (b) B.

Numerical experiments were carried out on the staggered LDC to determine
the critical Reynolds number Re.. We begin the search with Re = 500 and
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5,000. The algorithm used was

1. Compute the stationary solution for a given Re from equations (3.21).
2. Substitute that solution in equations (3.22) and compute the eigenvalues.

3. If no eigenvalue with positive real part exists, increase the Reynolds

number Re by ARe and return to step 1.

4. If eigenvalue with positive real part exists, then reduce the value of the

Reynolds number Re and return to step 1.

Repeat the above algorithm, until there exists only one pair of purely imag-
inary eigenvalues for which the corresponding Re is termed as Re. and the
eigenvalues as critical eigenvalues \.. At this critical Reynolds number Re,,
Hopf bifurcation occurs. If the eigenvalue spectrum shift towards the imagi-
nary axis i.e. if the real part of eigenvalue increases with the increases in Re,
the flow tends to bifurcate as the real part of eigenvalue approaches zero and

Hopf bifurcation occurs.

Note that in the algorithm described above, the step size ARe in Reynolds
number was initially set as 500. Once an eigenvalue crossing the imaginary
axis was found within the range of this ARe, the value of ARe was further
reduced to 100, 50, 10, 5, 1 and finally to 0.1.

3.4.1.1 Antiparallel Motion

In Table 3.6, we tabulate the results consisting of the critical values Re. and
M. for antiparallel motion. From the table, it is clear that with increase in
grid size, both Re, and A\, converge towards fixed values. We observe that Re,
increases with the increase in grid size which was also observed by Peng et
al. [88] for simple LDC flow as well. However, one should also keep in mind
that the dependence of Re, on grid size also depends upon the method used
[10, 16, 29, 76, 89, 95]. The real and imaginary parts of the streamfunction
and vorticity perturbation eigenvectors corresponding to A\, = +1.411¢ and
Re, = 2,162.6 on the grid of size 211 x 211 are shown in Figures 3.10 and 3.11
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Table 3.6: Critical parameters for antiparallel motion where the first Hopf
bifurcation occurs.

grid size  critical Re (Re,) critical eigenvalue (\,)

71 x 71 2119.6 3.40 x 1077 + 1.464i
85 x 85 2143.1 2.65 x 10™° 4 1.448i
99 x 99 2154.7 1.17 x 1072 +1.432i
106 x 106 2155.3 1.02 x 1072 +1.428i
141 x 141 2160.8 7.81 x 10710 +1.419;
211 x 211 2162.6 1.03 x 10720 4+ 1.4114

Figure 3.10: Contours of the (a) real and (b) imaginary parts of the stream-
function eigenvector at Re., = 2162.6 on grid of size 211 x 211 - antiparallel
motion.

Figure 3.11: Contours of the (a) real and (b) imaginary parts of the vorticity
eigenvector at Re. = 2162.6 on grid of size 211 x 211 - antiparallel motion.
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respectively.

In Table 3.7, we show the eigenvalue A, which is closest to the imaginary axis
for Reynolds numbers 500 < Re < 5,000 on the finest grid 211 x 211.

Table 3.7: Antiparallel motion: Reynolds number verses the eigenvalue closest
to imaginary axis (211 x 211 grid).

Reynolds Number A, (><10_5) by
500 -27.785 + 1.363i
800 -11.193 + 1.3701
1000 -9.167 + 1.377i
1200 -7.458 + 1.382i
1500 -5.765 + 1.391i
2000 -4.669 + 1.403i
2100 -2.146 + 1.407i
2125 -1.152 + 1.4101
2150 -0.573 +1.413i1
2155 -0.327 + 1.417i
2160 -0.077 + 1.419i
2162 -0.014 + 1.419i

2162.5 -0.000000294  + 1.411i
2162.6 0.0000103 + 1.411i
2164 0.028 +1.4091
2165 0.047 + 1.408i1
2166 0.109 + 1.4061
2170 1.214 + 1.4051i
2180 2.218 + 1.4049i
2250 4.896 + 1.4018i
2500 7.234 + 1.3976i1
5000 11.315 + 1.3727i1

In Figure 3.12(a), we depict the 1000 eigenvalues used to eventually deter-
mine the critical parameter, which according to our computation on a grid of
size 211 x 211 was found to be Re, = 2,162.6. In Figure 3.12(b), we show a
zoomed version of these eigenvalues in the neighborhood of the imaginary axis

and one can clearly see the eigenvalues that correspond to the Hopf bifurcation.

In Figure 3.13, we plot the time history of u-velocity at the mid-point of the
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Figure 3.12: Plots showing a) 1000 eigenvalues and b) few eigenvalues near
the imaginary axis for Re, = 2162.6 (211 x 211 grid).

cavity and its close-up view at this critical Reynolds number. The power
spectral density and the phase diagram of u-v velocity are presented in Figure
3.14. From the figures it is clear that the flow is periodic at this Reynolds

number.

3.4.1.2 Parallel Motion

As in antiparallel motion, we tabulate the eigenvalue A, which is closest to
the imaginary axis for Reynolds numbers 500 < Re < 5,000 in Table 3.8
and the observation is analogous to that of antiparallel motion. Similar is the
observation on the results consisting of the critical values Re. and A, on the
same grid sizes in Table 3.9. Here a much higher value of Re, = 4,074.3 is
obtained with corresponding A, = £0.5822:.

The real and imaginary parts of the streamfunction and vorticity perturbation
eigenvectors corresponding to the critical values on the grid of size 211 x 211

are shown in Figures 3.15 and 3.16 respectively.
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Figure 3.13: (a) Evolution of u and v with t and (b) a snapshot of the same
signal for antiparallel motion corresponding to the critical Reynolds number
monitored at the mid-point of the cavity.
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Figure 3.14: (a) Power spectral density, (b) Phase portrait of u vs v for an-
tiparallel motion corresponding to the critical Reynolds number.

The eigenvalue plots for parallel motion on a grid of size 211 x 211 correspond-
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Table 3.8: Parallel motion: Reynolds number verses the eigenvalue closest to
imaginary axis (211 x 211 grid).

Reynolds Number A, (><10_5) A
500 -58.126 + 0.56561
1000 -57.877 +0.56851
1500 -54.724 +0.5708i1
2000 -49.229 +0.5729i
2500 -43.945 +0.57471
3000 -34.692 +0.57651
3500 -23.456 +0.5781i
4000 -9.043 +0.57971
4050 -0.726 +0.5808i1
4060 -0.254 +0.5818i
4070 -0.029 +0.5826i1

4074.2 -0.0001 +0.5823i
4074.3 0.0000212 +0.5822i
4075 0.00069 +0.5821i
4080 0.0097 +0.5816i1
4100 0.0874 +0.5805i1
4500 1.276 +0.5780i
5000 2.913 +0.5749i

Table 3.9: Critical parameters for parallel motion where the first Hopf bifur-
cation occurs.

grid size  critical Re (Re.) critical eigenvalue (\,)

71 % 71 4016.4 1.04 x 10~ + 0.59714
85 x 85 4034.66 9.98 x 1071 +0.5902i
99 x 99 4048.25 8.96 x 10719 + 0.5864i
106 x 106 4050.7 8.13 x 10719 £ 0.5855i
141 % 141 4069.5 4.67 x 10719 + 0.5837i
211 x 211 4074.3 2.12 x 10710 4+ 0.5822;

ing to Re = 4,074.3 are depicted in Figure 3.17.

As in antiparallel motion, in Figure 3.18, we plot the time history of u-velocity
at the mid-point and its close-up view at the critical Reynolds number. The

power spectral density and the phase diagram of u-v velocity is presented in
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Figure 3.15: Contours of the (a) real and (b) imaginary parts of the stream-
function eigenvector at Re, = 4074.3 on grid of size 211 x 211 - parallel motion.

Figure 3.16: Contours of the (a) real and (b) imaginary parts of the vorticity
eigenvector at Re, = 4074.3 on grid of size 211 x 211 - parallel motion.

Figure 3.19. As in antiparallel motion, these figures indicate a periodic flow

at the Reynolds number for parallel motion as well.

Note that the simulations pertaining to flow corresponding to the critical

Reynolds numbers in Figures 3.13, 3.14, 3.18 and 3.19 were performed by
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Figure 3.17: Plots showing (a) 400 eigenvalues and (b) few eigenvalues near
the imaginary axis for Re, = 4074 .3 (211 x 211 grid) - parallel motion.
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Figure 3.18: Evolution of u and v with t (left) and a snapshot of the same
signal (right) for parallel motion corresponding to the critical Reynolds number
monitored at the mid-point of the cavity.

using zero initial data at the interior of the cavity.
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Figure 3.19: (a) Power spectral density and (b) Phase portrait of u vs v for
parallel motion corresponding to the critical Reynolds number.

3.4.1.3 Convergence of the eigenvalue problem

As seen above, in order to find out the Re., one must find out the A, by solving
a generalized eigenvalue problem; the convergence of the eigenvalue problem is
extremely sensitive to the grid resolution. In order to establish the credibility
of our Re, computation, we plot six equally spaced phases of the streamlines
on grids of sizes 106 x 106 and 211 x 211 corresponding to the eigenmode over

one period 1" = %\—” given by
Real (e(’\"+’\i)t(}§ + 2Y1)> = e (Y, cos \t — Y sin \t)

where A\, and \; are the real and imaginary parts of the critical eigenvalue A,
and, Y, +1Y; is the complex eigenvector corresponding to the critical eigenvalue
A.. They are presented in Figures 3.20 and 3.21 for antiparallel and parallel
motions respectively. Note that unlike [95], no adjustment in the phase was
required for synchronizing oscillations between the coarser and finer grids.
Here the dotted lines represent negative contour values. From these figures

it is clear that the spatial and temporal structures of these most sensitive
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eigenmodes are very close to each other and all the salient features of the flow
are accurately captured on a grid as coarse as 106 x 106. The wiggles observed
in some places of the cavity for the parallel motion on 106 x 106 stems out
of the fact that the critical Reynolds number for the parallel motion is much
higher than that of the antiparallel motion and as such requires much finer

grid to resolve the smaller scales that are archetypal of flows at higher Re.

Figure 3.20: Streamlines of the eigenmode corresponding to the critical eigen-
values for the antiparallel motion on 106 x 106 (top) and 211 x 211 (bottom)
grids over one period at interval %.

Figure 3.21: Streamlines of the eigenmode corresponding to the critical eigen-
values for the parallel motion on 106 x 106 (top) and 211 x 211 (bottom) grids
over one period at interval %.
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3.4.1.4 Extrapolation of the critical data

We now extrapolate the critical Reynolds number values obtained on the finest
two grids, namely 141 x 141 and 211 x 211 from Tables 3.6 and 3.9. We have
used Richardson’s extrapolation formula given by ([48])

Improved value = Re,.(h;) + Re.(h;) — Re.(h,))

1
7ol

he . : :
where R = 7 the ratio of the step sizes h., hy on coarser and finer grids

respectively and n is the order of accuracy of the numerical method used.

With this, the extrapolated values of the critical Reynolds numbers for the
antiparallel and parallel motion are estimated as 2163.043 and 4075.482 re-
spectively. Treating these values as the exact values of the critical Re, we
estimate the numerical rate of convergence of the scheme used in the present

computation by the following formula

In(error, /errory)
In(h./hy)

where error,, errory are the errors in the critical Reynolds numbers computed
on coarser and finer grids respectively. For both parallel and the antiparallel
motion, the numerical convergence rate turns out to be 4.000, which is exactly

the theoretical rate of convergence.

3.4.1.5 Interpolation of the critical data

Now, we will try to fit the datas obtained on the 211 x 211 grid, for both
the antiparallel and parallel motion of lids into the Lagrangian interpolation
polynomial. Meanwhile, it is noteworthy that in order to estimate the crit-
ical Reynolds number, the extrapolation was carried out using two different
step sizes and their corresponding critical Reynolds number. But in the in-
terpolation we have used the real part of eigenvalues obtained for different
Reynolds number on the finest grid. After interpolation, we found that the
critical Reynolds number are 2,162.604 and 4, 074.303 for the antiparallel and
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parallel motion respectively. Figure 3.22 shows the curve for the Lagrangian
interpolation polynomial, which has been determined from the datas obtained

on the 211 x 211 grid, for both the antiparallel and parallel motion.
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Figure 3.22: Lagrangian interpolation curve for the obtained data, which gives
(a) antiparallel motion; (b) parallel motion (grid size 211 x 211).

Re
3
Re

From the figure, one can see that the critical Reynolds numbers (Re,) obtained
from the Lagrange interpolation polynomial is in very close agreement with
our predicted values of Re, for both the antiparallel and parallel motion of lids

of the staggered lid driven cavity flow.

3.5 Periodic flow for higher Reynolds number

Having obtained the critical Reynolds numbers Re, for both the antiparallel
and parallel motions of the lids, we compute the flow beyond Re, in order to
have more insights into the nature of the flow in the high Re regime. For this
purpose, we have chosen Re values 5,000 and 12, 000 for both the parallel and
antiparallel motion. In all the cases, computation was started from rest and
continued till a non-dimensional time t = 10, 000 was reached. We present our
results in Figures 3.23-3.26.

Figures 3.23(a) and (b) show the instantaneous streamlines for Re = 5,000
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3.5. Periodic flow for higher Reynolds number 59

for the antiparallel and parallel motion of the lids respectively at the instants

Figure 3.23: Instantaneous streamlines for (a) Re = 5,000, antiparalle] mo-
tion, (b) Re = 5,000, parallel motion, (c¢) Re = 12,000, antiparallel motion,
and (d) Re = 12,000, parallel motion.

corresponding to the circled locations of the phase diagrams in Figures 3.25(a)-
(b); the instants were chosen such that the v-velocity was maximum at the
monitoring points. In Figures 3.23(c) and (d), we present the instantaneous
streamlines for Re = 12,000 for the antiparallel and parallel motion respec-
tively at the instant ¢ = 10, 000. From the figures it is clear that with increasing

Reynolds number, the number of recirculation zones also increases.
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In Figure 3.24, the time histories of v and v velocities at the mid point of
the cavity (except for the antiparallel motion for Re = 5,000 where we have

chosen the point (0.537,1.201) at the top-left corner). The phase plane trajec-
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Figure 3.24: History of u and v-velocity at a chosen point inside the cavity: (a)
Re = 5,000, antiparallel motion; monitored at the point (0.537, 1.201) and (b)
Re = 5,000, parallel motion (monitored at the mid-point), (¢) Re = 12,000,
antiparallel motion (monitored at the mid-point), (d) Re = 12,000, parallel
motion (monitored at the mid-point).
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tories over the last part of the time range of the flow computation in Figures
3.25(a)-(b) and the corresponding power-spectra plots in Figures 3.26(a)-(b)
for Re = 5,000 leans towards a periodic motion for both the parallel and an-

tiparallel motions.

At Re = 12,000, for both the parallel and antiparallel motion, the flow is
chaotic as can be clearly seen from Figures 3.24(c)-(d), 3.25(c)-(d) and 3.26(c)-
(d). The time histories of u and v velocities do not follow a specific pattern
and the frequency is spread all over the time range. The phase plane trajec-
tories in Figures 3.25(c)-(d) shown over the whole time-range for which the

flow is computed reveals a chaotic motion, thus leaning towards a chaotic state.

Note that in most systems, as is the case for the lid driven cavity, the 3D
instabilities have a much lower critical Reynolds number than the 2D pertur-
bations. Recent studies (e. g. [27]) have suggested that there exist qualitative
differences in the transition from steady to oscillatory 2D and 3D lid-driven
flows. As such, the 3D version of the two-sided staggered cavity flow is likely

to unfold some more interesting features than its 2D counterpart.

3.6 Conclusion

In this work, we have applied a recently developed HOC scheme for 2-D
convection-diffusion equations to study the global two-dimensional stability of
the flow inside the two-sided staggered LDC, for both parallel and antiparallel
motions of the lids. To the best of our knowledge, no global stability analysis is
available in the literature for the flow in a two-sided lid-driven staggered cavity.
We have provided algorithms for computing the critical parameters resulting
from the generalized eigenvalue problem and also for computing the flow in
general. In the process, we have also computed the flow for a wide range of
Reynolds number in the region 50 < Re < 12,000. Extensive grid convergence
study was carried out to identify the most sensitive eigenvalue leading to the
detection of the critical Reynolds number Re.. The study reveals that the

critical Reynolds number for the parallel motion of lids is significantly higher
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Figure 3.25: The phase plane of u and v-velocity at the points corresponding
to Figure 3.24: (a) Re = 5,000 (5,400 < t < 5,500), antiparallel motion, (b)
Re = 5,000 (4,950 < t < 5,000), parallel] motion, (c) Re = 12,000 (9,500 <
t < 10,000), antiparallel motion, and (d) Re = 12,000 (4,500 < t < 5,000),
parallel motion. The circled locations in (a) and (b) correspond to the instants
at which the streamlines are drawn for Figures 3.23(a) and (b) respectively.

in contrast to its antiparallel motion, which signifies that for parallel motion

of the lids the flow loses its stability at a much higher value of the critical
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Figure 3.26: Power spectra of u-velocity: (a) Re = 5,000 (4,500 <t < 5,500),
antiparallel motion, (b) Re = 5,000 (4,000 < t < 5,000), parallel motion, (c)
Re = 12,000 (9,000 <t < 10,000), antiparallel motion, and (d) Re = 12,000
(4,000 < ¢t < 5,000), parallel motion.

parameter (here, the Reynolds number); extrapolation and Lagrange interpo-
lation of the data further justify this fact. It is found that for the antiparallel
motion, the flow loses its stability at a relatively low Re. = 2163.043 against a

much higher value 4075.482 for the parallel motion. Our numerical results are
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compared with available results in the literature for the steady state flow and
satisfactory comparison is obtained in all the cases. For the unsteady flow,
in order to study the asymptotic behaviour of the flow, computations were
continued till a non-dimensional time ¢ = 10,000 was reached. Phase plane
and spectral density analysis confirms that at moderately high Re the flow
is periodic while at high Re, it shows a disorderly nature leaning towards a

chaotic state.

TH-1311 09612313



Chapter 4

A BIHARMONIC APPROACH
FOR THE STABILITY ANALYSIS
OF INCOMPRESSIBLE VISCOUS
FLOWS

4.1 Introduction

In chapter 3, we have discussed the global two-dimensional stability of the
staggered lid-driven cavity flow with HOC schemes using the 1-w approach.
This approach was seen to yield very accurate results for the type of flow
considered. However, the presence of two variables (namely ¢ and w) invari-
ably resulted in a much larger matrix vector computation in the generalized
eigenvalue problem, apart from the usual computational time in obtaining the
steady state solutions for the flow variables considered. In this chapter, we
introduce the global stability analysis of incompressible viscous flows by the
pure streamfunction (biharmonic) [90] formulation of the N-S equations '. As

would be seen later, this approach drastically reduces the CPU time for com-

A part of this work has been published in the Proceedings of the International Conference
on Computer Aided Engineering (CAE 2013), IIT Madras, Chennai, India [32]
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puting the eigenvalue and the corresponding eigenvectors for the generalized
eigenvalue problem. A brief description of the biharmonic formulation of the
steady state Navier-Stokes equations has already been provided in section 2.4

of chapter 2.

The unsteady form of the biharmonic formulation can be derived in the follow-
ing way. Recall the unsteady form of the ¢-w formulation of the Navier-Stokes
equation:

Gy + gy = (2, 9). (4.1)

1
Wy + uw, + vw, = E(wm + Wy, ), (4.2)

where (x,y) € Q, Re is the non-dimensional Reynolds number (Re) and the

velocity components are defined as
U(l’, y) = wy and 'U(iL',y) = _,[7Z}£C (43)

This 1-w formulation has been very popular and it has been widely used by
researchers over the years to validate newly established numerical methods for
the numerical simulations of a variety of fluid flow problems. The major dif-
ficulty with this formulation lies in the specification of vorticity values at the
no-slip boundaries. The vorticity w, which can be defined through the Poisson
equation —w = ¥, + 1, needs to be solved discretely on the boundaries so
that the boundary values of the vorticity can be specified for the vorticity

transport equation when this formulation is employed.

To overcome this difficulty, yet another alternative formulation can be derived
by substituting 1) for w from equation (4.1) in equation (4.2). This results in

a fourth-order partial differential equation as follows:

% (_V2¢) + V*) — Re (UV2u — quv) =0 (4.4)

where
oI )

oz*oy® oyt

v +2
4 ot

(4.5)
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Using equations (4.3) and (4.5), equation (4.4) may be written in the expanded

form as
d ., o'y oty ot Py Y
— Re [@ (V ¢)} + P + 28x28y2 + oy — Re(v,) [@ + 8x8y2}
Fy Y]

This formulation is known as the biharmonic or pure streamfunction formula-

tion of the unsteady 2D Navier-Stokes equations.

4.1.1 The Numerical Scheme

In order to discretize equations of the form (4.6), we use the compact scheme
developed by Kalita and Gupta [59] for the time-dependent Navier-Stokes

equations in biharmonic form. The scheme is briefly discussed below.

The biharmonic formulation of the steady state Navier-Stokes equations in

some domain ) can be written as
V%% — Re (UV2u — uV2v) = I (4.7)

where f is the forcing function.
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The second-order compact formulation for (4.7) on a uniform grid of step-

length A in both z- and y-directions is given by [59] as
Ui g1 — 8 ig + Wi — 8y +28v;  — 8y i+ Wiy iy — 8
Giprje1 — 3h(ti o1 — Ui i1 + Vigrj — Vim1y) — 0.5Reh*{v; j(uiprj + iy
4

h
U g1 Uio1) = Ui (Vigy + Vs Vi T Vo) = ?fi,j (4.8)

The velocities u and v can be obtained from equation (4.3) using fourth order

central difference approximations

3 1
= E(%‘JH - %‘,j—l) - Z(ui,j-i-l - ui,j—l) (4-9)
3 1
Vi = _E(d)z‘—l—l,j - 1/%-1,;‘) - Z(Ui—i-l,j - Ui—l,j) (4-10)

Using forward differences for the time-derivative, an implicit finite difference

approximation for equation (4.6) may be written as

0.5Reh® [ + w31 + v2E) + 45 — )
= 05Reh? [p + v + o + o, — 2]
+ At {% 1,j—1 87/12‘7;—1 + %11,]-_1 - 8%?1,]‘
+ 281& - 8¢z+1] + wz 141 — 8%(%1 + ¢i(z)1,j+1
— 3h(ul") 1—u§2+1+v£?1]—v§ )
— O5Reh2{v ( Z+)lj+u§ )1] +u§])+1+u§]) 1)

- UZ(, )( 2(+)1] + Uz( )1] - UZ(Z)-H + U(Z) 1)} (4.11)

The above formulation is of O(h®, At) accurate. The superscripts (n) and

(n + 1) represent the values at the n- and (n + 1)-th time levels respectively.

Kalita and Gupta [59] also proposed a more general formulation with the
introduction of a weighted average parameter y such that ¢, = (1— )t 4t
for 0 < pu<1.
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This formulation is as follows

,Jl

= 05R6h2 |:,l7bl+1j ¢z]+1 ¢z 1y+w2] 1_4¢ :|
+At( )[wz 1,5— 1_8¢,] 1+wz+lj 1_8¢iﬁ1,j

+ 28@5'71- . 8¢i+1j + g4l ¢(7a+1 + wz-l—l,]-i—l

P Bh( ZJ 1 2 UE?_H + Uz(+)1j - Uz(n)m)

— 0. 5Reh2{v ( H_)1] i uin)lg + uE J)-‘rl o ug) 1)

05Ren? [ufiY + w4 u Y +ut) — gl

T L R L X

n+1) n+1) (n+1) n+1)
+ At [wz( i 1_8%‘(3‘ 1 ¢z+1] 1_8%( 1j

n+1) n+1) (n+1) (n+1) n+1)
+ 28¢( 77Z)£+1j + " 1]+1 - 8¢m+1 + ¢1(+1,g+1

. Bh( (n+1) u(n-i—l) + U(n—f—l) . ,U(n-i-l))

1] 1 4,J+1 i+1,5 i—1,7
2 (n+1) n+1 n+1 n+1 n+1
— 0.5Reh {U (e J) + 11) + uz('j—i-l) + “z(,j—1))
n+1 n+1 n+1 n+1 n+1
o ul(’j )(Ui(—i-l,j) g vz( 1]) + v7,(j+1) + Uz(] 1))} (412)

Altering the values of u gives us a family of integrators, for instance p = 0.5
gives us a Crank-Nicholson type discretization with second order accuracy in
time and space. In all our simulations, we will use this particular type of
formulation. The system of equations resulting from equation (4.12) may be

written in matrix form as
AT — (g () ) 3, (D) (1), (4.13)

Here the coefficient matrix A is an asymmetric sparse matrix and for an m xn

grid, A is of dimension mn xmn. All the vectors WD W £ 4 40 4 D)

(n+1)

and v are mn-component vectors. Note that equation (4.13) contains u

and v at the (n+1)-rh time level and as such some special strategy is required

to solve this equation. Following is the algorithm for solving equation (4.13):
1. Initialize U™+ 4D and oD (with VAR U(")).
2. Set Wi — gt
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3. Determine W™ ™ using equation (4.13).
4. Determine "™ and v using equations (4.9) and (4.10).

5. If max \\Il("ﬂ) — \1127; 1)| < tolerance limit, then stop; else repeat steps

2-5 until convergence.

In order to solve the unsteady Navier—Stokes equations using the formulation
mentioned above, an outer—inner iteration procedure has been adopted. In a
typical outer temporal cycle, we discretize equation (4.6) using (4.12). The
resulting system of algebraic equations is then solved by using the BiCGStab
(63, 101] method. The BiCGStab constitutes the inner iteration cycles. Once
(4.12) is solved, v and v are calculated using equations (4.9) and (4.10). This
constitutes one outer iteration cycle. The inner iterative procedure is continued
until the steady state is achieved. The steady state was assumed to reach when
the maximum t-error between two successive outer temporal iteration steps

was smaller than 0.5 x 1075,

4.2 Hydrodynamic stability analysis

As described in chapter 3, once again the total flow ¥ (z, y, t) can be expressed

as a combination of its steady flow and flow perturbation as

U(z,y,t) = (z,y) + 6b(z, y)e (4.14)

where 0 is a small constant prefactor to the perturbation Q/Z(x, y) with § < 1
and 1)(x, y) denotes the steady-state value of the streamfunction. Substituting
(4.14) in (4.6) and collecting the like order terms, we get a set of equations for

the steady flow and flow perturbation as follows

Steady equations

oM oy o' — [0 0%
+2 + - R —a + 4.15
o or*oy* oy o) [8x3 8x8y2} (4.15)
— [0 8%]
+R —| =0
eWs) {Oxzﬁy oy®
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Stability equations

0" o' % — | P
+ 2 + —R —_—t+ — 4.16
ozt oz*oy® oyt () o> dxoy? ( )
— [ &% Y - [0 Y
+ R +—| —R — +—
e¥s) _8:17283/ oy® o) [01’3 Oxﬁyz}
- [ &Y 8% O’ 9%
+ Re(,) | =—5— + —5 | =ARe | —5 + —
() | 022y 8y3] ‘ or®  oy?

The boundary conditions for the steady equation depend on the problem con-

cerned while the stability equations follow homogeneous boundary conditions.

Firstly, we utilize (4.8) to solve the steady equation (4.15) and obtain the value
of ¢, which is then substituted in the stability equation (4.16) to find ¢ and
A. (4.8) is again used to solve the stability equation (4.16). Similar to the
1-w approach described in chapter 3, this equation after discretization leads
to a generalized eigenvalue problem (GEVP) which can be solved to find the
values of ¢ and X for different values of Re. Owing to the phenomenon of
Hopf bifurcation, for a particular Reynolds number, a pair of complex conju-
gate eigenvalues crosses the imaginary axis which leads the basic flow to lose
stability and a one parameter family of periodic solution bifurcates from the

stationary solution.

The stability equations (4.16) with the steady state formulation of (4.12) turns
out to be of the form

Pi) = AReQ1) (4.17)

where P is a tridecagonal matrix while () is a pentadiagonal matrix as shown
in the Figure 4.1.

This is a generalized eigenvalue problem. We solve equation (4.17) to find
eigenvalue A and eigenvector ¢ employing the freely available software pack-
age ARPACK [68].
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(a) (b)
Figure 4.1: Structure of Matrices (a) P, (b) Q.

In the numerical experiments performed here, the same methodology is fol-

lowed in order to find the critical eigenvalue and the critical Reynolds number

(Ree)-

Note that for the generalized eigenvalue problem the matrices P and ) (ob-
tained from equation (4.17)) are of dimension 3mn x 3mn in primitive variable
formulation, 2mn x 2mn in the v» —w approach, while the pure streamfunction
formulation results in only matrices of dimension mn x mn. Moreover the
steady-state equation(s) resulting from the normal mode analysis in this ap-
proach has one and two lesser equations than the ¢ —w and primitive variable
approaches respectively. So using the biharmonic approach not only reduces
the computational effort significantly but is also much economical compared

to the other two approaches.

4.3 Numerical examples

Three problems of different configurations have been considered here. The first
problem considered here is the famous simple LDC flow, which has been exten-
sively used as a benchmark problem for validating numerical codes. Moreover,
several results are available on its global stability in the literature. As such
this problem will also act as a validation exercise for our algorithm. The next

two problems considered are the two-sided cross LDC flow, and the flow past
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an inclined square cylinder for which no global stability analysis is available
to the best of our knowledge. All these three problems are governed by the
unsteady 2D incompressible Navier-Stokes equations. We are going to discuss

about the flow instabilities in each of these problems one by one.

4.3.1 Simple lid-driven cavity flow on a square

Figure 4.2 shows a simple lid-driven cavity defined on 0 < z, y < 1.

u=1.0 ;

Figure 4.2: Simple Lid-Driven Cavity.

The top wall of the cavity at y = 1 is moving from left to right whic is the
force behind setting the fluid into motion. The velocities on this wall are
uw = 1 and v = 0, whereas on the other walls, © = v = 0. Simple lid-driven
cavity flows have been discussed by numerous researchers on a square cav-
ity [2, 3, 10, 16, 17, 29, 31, 34, 41, 43, 44, 55, 56, 57, 86|. Literature also
suggests that its global stability has been analysed by numerous researchers
and various techniques have been employed with several established numerical
methods [16, 17, 29, 58, 88, 89, 94, 112].
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The stability analysis of the simple LDC flow has been performed using two
different grids of size 129 x 129 and 501 x 501. In Table 4.1, we have shown
the eigenvalue A\, which is closest to the imaginary axis for Reynolds numbers
200 < Re < 10,000 on a grid of size 501 x 501. From the table, one can easily

deduce that our estimated value of the critical Reynolds number is 8025.9.

A comprehensive study reveals that the value of the critical parameter (here
critical Reynolds number) for the simple lid-driven cavity flow lies in the range
7704-8031.93 [16, 17, 29, 88, 89, 94, 112] and our critical value lies very well

within that range.

Table 4.1: Reynolds number vs eigenvalue closest to imaginary axis on a 501 X
501 grid (square LDC flow).

Reynolds Number (Re) Eigenvalue (A.)

200 —46.811 x 10 ° & 2.80098i
2000 —18.619 x 10" + 2.81265i
5000 —4.872 x 10 ° + 2.81398i
7000 —1.756 x 10" + 2.81527i
8000 —6.203 x 10" ° + 2.81639i

8025.9 —2.340 x 10 + 2.81642i
8050 9.654 x 10 & 2.81639i
8250 3.122 x 107 ° + 2.81621i
8500 5.146 x 10 ° + 2.81443i
9000 8.229 x 10 ° + 2.81286i
10000 1.775 x 10" T £ 2.80374i

In Figure 4.3(a), we have depicted the eigenvalue spectrum at the critical
Reynolds number. A pair of complex conjugate eigenvalues crossing the imag-
inary axis of the complex-plane and causing the flow in the cavity to be neu-

trally stable are clearly shown in Figure 4.3(b).
Figure 4.4 shows how a pair of eigenvalues approaches and crosses the imag-

inary axis of the complex plane respectively before and after arriving at the

critical Reynolds number (Re,).
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Figure 4.3: Plots showing a) 1000 eigenvalues and b) few eigenvalues near the
imaginary axis for Re, = 8025.9 (501 x 501 grid).
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Figure 4.4: Plots showing few eigenvalues near the imaginary axis for (a)
Re = 8000 and (b) Re = 8500 (501 x 501 grid).

Table 4.2 shows the critical parameters obtained with different numerical meth-

ods for the square LDC flow. From the table, one can see that our results are

in very good agreement with the established ones, particularly to Bopanna and

Gajjar [16]. This is also exemplified by Figure 4.5, which shows the real and
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76 A biharmonic approach for the stability analysis of incompressible viscous flows

imaginary parts of the streamfunction perturbation eigenvector corresponding
to A\, = £2.81642¢ and Re, = 8025.9 on a 501 x 501 grid. These patterns are

very similar to the ones obtained by Bopanna and Gajjar [16].

Table 4.2: Comparison of critical parameters with existing literatures for the
square LDC flow.

Researcher Re, Ae Method
Peng et al.[88] 7704.0 — DNS
Poliashenko et al.[89] | 7763.4 +2.86344 FEM
Fortin et al.[29] 8000.0 | 5.4773 x 10™° + 2.8356i FEM
Tiesinga et al.[112] 8375.0 9.0 x 10~ " + 2.76404 PDECONT
Cadou et al.[17] 7890.0 £2.76467 FEM
Sahin et al.[94] 8031.93 — FVM
Bopanna et al.[16] 8026.6 | 2.61939 x 10~° + 2.8356i | FDM in x-dir. and SC in y-dir.
Present Study 8025.9 2.340 x 10~ " =+ 2.81644 FDM (¢-v)

Figure 4.5: Streamfunction eigenvector on a 501 x 501 grid at Re, = 8025.9
(a) Real-part, (b) Imaginary-part.

In Table 4.3, we compare the CPU times taken by the ARPACK package while
solving equation (4.17) for the generalized eigenvalue problem by the ¥-w and
1-v formulations. As expected, the current approach computes the eigenvalues

at a pace twice (or more) that of the ¢-w formulation, as the length of the
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7

perturbed vector 1 in (4.17) is half of that occurring in the ¢-w formulation.

We also present the eigenvalue closest to the imaginary axis corresponding

to different Reynolds numbers. A close look at the table reveals the extreme

closeness of the imaginary parts of A, for each of the Re considered here by

both these approaches confirming the accuracy of the critical parameters.

Table 4.3: CPU time comparison of the eigenvalue problem by the v-w and
-v approach.

Re UV-w UV-v
Eigenvalue CPU time Eigenvalue CPU time

200 | —4.926 x 107° £ 2.79814i 5295 —4.6811 x 10" + 2.80098: 2549
5000 | —7.558 x 10~ ° & 2.81276i 5529 —4.8720 x 10 ° + 2.81398; 2591
8000 | —1.294 x 10™° + 2.81552i 6077 —6.203 x 107° + 2.81639; 2648
8025.9 | —5.176 x 107 ° £ 2.81597i 6122 —2.340 x 107" + 2.81642; 2676
8500 | 3.895 x 107° + 2.81486i 6378 5.146 x 107° + 2.81443; 2725
10000 | 9.972 x 10™° + 2.79845; 6578 1.775 x 10~ " £ 2.80374i 2817

Figure 4.6(a) shows the instantaneous streamline patterns at the critical Reynolds

number Re, = 8025.9 and 4.6(b) shows the corresponding post-processed vor-

ticity contour.

Figure 4.6: (a) Instantaneous streamline patterns at Re, = 8025.9 on a 501 x
501 grid, (b) The post-processed vorticity contours at Re, = 8025.9 on 501 x
501 grid - simple LDC flow.
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4.3.2 Two-sided cross lid-driven cavity flow

Our next example is the cross lid-driven cavity flow with two facing lids moving
in antiparallel direction as shown in Figure 4.7. It shows a complex cross-
sectional profile which is a symmetrized version of the staggered lid-driven
cavity described in chapter 3. The velocities on the top wall are v = 1 and
v = 0 while the velocities on the bottom wall are v = —1 and v = 0. The

velocities on all the other walls are uw = v = 0.

Uu=-10

Figure 4.7: Cross Lid-Driven Cavity.

The cross lid-driven cavity flow has been proposed and is probably discussed
only by Vicente et al. [116]. In their work [116], Vicente et al. described a
linear three-dimensional global stability analysis of the cross lid-driven cavity
flow. However, the 2D global stability analysis of the cross LDC has not yet
been carried out and we, in the present work, for the first time carry out its
global 2D stability analysis. To accomplish that, we once again employed the

same techniques analogous to the ones employed for the simple LDC flow.

Since, the numerical method described here has not been utilized to simulate

the flow patterns inside the cross LDC flow, we perform a validation study of
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the code on the cross lid-driven cavity flow through a comparison exercise for
a certain range of Reynolds numbers for which reliable qualitative and quan-
titative numerical results are available. Our numerical results are presented
in Figure 4.8 and table 4.4. Figure 4.8 shows a side by side comparison of our
computed steady state streamlines for Re = 200, 500 and 1,000 on a grid of
size 141 x 141 with those of Vicente et al. [116]. From the figure, one can con-
firm that our results agree quite well with those of [116] and it is also evident
that our numerical solution shows four secondary vortices at the four corners
at extreme left and extreme right which were visibly absent in Vicente et al.
[116] for such small Re. This appearance becomes more and more apparent

with the increase in Re as can be seen from the figure.

0 02 04 06 08 1 o b 14
X

0 02 04 08 08 1 12 14 0 02 04 05 08 1 12 14
X
X

Figure 4.8: Streamline contours for the Cross Lid-Driven Cavity : Present
study (top) at Re = 200 (left), Re = 500 (middle) and Re = 1000 (right)
and Vicente et al. [116] (bottom) at Re = 200 (left), Re = 500 (middle) and
Re = 1000 (right) (99 x 99 Grid).

Table 4.4 shows the locations of the primary, secondary and tertiary vortices

for the cross lid-driven cavity flow. From the table, once again we can see that

our results match very well with the ones obtained by [116].
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Table 4.4: Locations and vorticity values in the centres of primary, secondary
and tertiary vortices - cross lid-driven cavity flow.

Primary vortices

Secondary vortices

Tertiary vortices

Re References (Te1) Ye1)  wi (Tea) Ye2)  wa (Te3) Yez) w3
300 Vicente ef al. [116]  (0.7707, 1.2326)  -5.03910 _ (0.5164, 0.6778) _ 0.33076
(0.6293, 0.1673)  -5.04023  (0.8836, 0.7221)  0.33968
Present study (0.7701, 1.2300)  -5.17089  (0.4801, 0.6660)  0.34357  (0.0203, 0.9802)  -0.00239
(0.6302, 0.1699) -5.21263 (0.9192, 0.7317) 0.34384 (1.3800, 0.9800) -0.00216
(0.0200, 0.4199) -0.00215
(1.3804, 0.4202) -0.00239
500 Vicente et al. [116] (0.7431, 1.1876) -4.27435 (0.7, 0.7) 0.67221
(0.6569, 0.2122)  -4.27317
Present study (0.7400, 1.1800) -4.1550 (0.7000, 0.7000) 0.68049 (0.0200, 0.9799) -0.00439
(0.6600, 0.2200) -4.1601 (1.3800, 0.9800) -0.00441
(0.0200, 0.4200)  -0.00445
(1.3800, 0.4199) -0.00439
1000 Vicente et al. [116] (0.7255, 0.1721) -3.93792 (0.4701, 0.7322) 0.73701
(0.6745, 0.2278) -3.93796 (0.9299, 0.6676) 0.73707
Present study (0.7229, 0.1684) -3.91785 (0.4700, 0.7399) 0.77277 (0.0300, 0.9699) -0.02253
(0.6800, 0.2369) -3.92424 (0.9600, 0.6600) 0.74568 (1.3800, 0.9800) -0.01058
(0.0200, 0.4200) -0.01067
(1.3700, 0.4299) -0.02247

Now we proceed on to carry out the global 2D stability analysis of the cross

lid-driven cavity flow, For carrying out the stability analysis we consider the

211 x 211 grid. In Table 4.5, the Re verses eigenvalue closest to imaginary

axis are presented.

Table 4.5: Reynolds number vs eigenvalue closest to imaginary axis on a 211 X
211 grid (cross LDC flow).

Reynolds Number (Re)

Eigenvalue (A.)

200 —32.735 x 10 " + 0.48667i
500 —29.226 x 10~ ° £ 0.48769i
1000 —18.102 x 10 ” 4 0.48858i
2000 —2.740 x 10™° £ 0.490344
2041.7 0.1120 x 10 ° + 0.49612i
2500 2.987 x 10~ ° £ 0.49243i
3000 1.086 x 10" + 0.49075¢
4000 3.752 x 10 ° £ 0.49002i
5000 5.891 x 10" + 0.489614
10000 9.674 x 10~ ° £ 0.48872i

From the table, it is evident that for the cross LDC flow, the Re, value lies
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very close to 2041.7. Therefore, it is clear that for the cross lid-driven cavity
flow, the predicted Re, value is 2041.7 and A\, = 0.1120 x 107% + 0.49612;.

The real and imaginary parts of the streamfunction perturbation eigenvectors
corresponding to the critical values on the grid of size 211 x 211 are shown
in Figure 4.9 and the eigenvalue plots for the cross lid-driven cavity flow on
a grid of size 211 x 211 corresponding to Re = 2041.7 are depicted in Figure
4.10. One interesting feature which can be observed from the streamfunction
perturbation eigenvectors is the appearance of opposite bands of contour lines

across the four interior mid-corners of the cavity.

Figure 4.9: Streamfunction eigenvector on a 211 x 211 grid at Re, = 2041.7
(a) Real-part, (b) Imaginary-part.
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Figure 4.10: Plots showing a) 1000 eigenvalues and b) few eigenvalues near
the imaginary axis for Re, = 2041.7 (211 x 211 grid - cross LDC flow).
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Figure 4.11(a) shows the instantaneous streamline patterns at the critical
Reynolds number Re, = 2041.7 and 4.11(b) shows the corresponding post-

processed vorticity contours.

Figure 4.11: (a) Instantaneous streamline patterns at Re, = 2041.7 on a
211 x 211 grid, (b) The post-processed vorticity contours at Re, = 2041.7 on
211 x 211 grid - cross LDC' flow.

4.3.3 Flow past an inclined square cylinder

Our last example is the flow past an inclined square cylinder as depicted in

Figure 4.12.
. du_
ay T
u du
_k o Vg, =0
u= Uy 8 u=uv=0 o N
— a ! v_
v=0 ot U =0
u=uv=_ 0
a
du
@ 0,v=0
12.5a 37.5a

Figure 4.12: Flow past an inclined square cylinder.

The figure shows a fixed square cylinder placed in an infinite domain with an

angle of incidence 6 = 45° at constant free-stream velocity U, ; we assume
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incompressible flow with constant fluid flow properties. The Reynolds number
is defined as Re = @, where a is the projected width of the cylinder in the
streamwise direction I?ind v is the kinematic viscosity of the fluid. On the sur-
face of the cylinder, no-slip boundary condition is imposed where u = v = 0.
At the inlet of the computational domain, a Dirichlet boundary condition

u = Uy, v = 0 is used while at the outlet, we have employed a convective

boundary condition such that % . 1 Um? = 0 with ¢ standing for u, v or
x
1. A slip boundary condition a—u = 0 and v = 0 is used on the other bound-
Y

aries. The entire computational domain is defined as —12.5a < x < 37.5a and

—4a < y < 4a with the center of the square cylinder being at the origin.

To perform simulations we consider a grid of size 1001 x 161 and for analysing
the stability of the fluid flow we begin our search with Re = 40 and 60 and
followed the same algorithm as in the first two problems. However, we choose
the step size of Reynolds number (ARe) to be 10 initially, which is later on
followed by ARe =5, 1.0, 0.5 and finally 0.1.

Our results are shown in Table 4.6 and Figures 4.13-4.19. Table 4.6 shows the

eigenvalues A, closest to the imaginary axis for Reynolds numbers in the range
40 < Re < 60 on a grid of size 1001 x 161.

Table 4.6: Reynolds number vs eigenvalue closest to imaginary axis on a 1001 x

161 grid.
Reynolds Number (Re) Eigenvalue (\.)

40 —21.307 x 10~ " £ 0.020953i

40.5 —9.864 x 1077 £ 0.021349i

40.6 —1.065 x 10° £ 0.021698

40.7 1.783 x 10 ° 4+ 0.022567i
41 —4.968 x 10~ ° £ 0.022474i
42 —7.530 x 10~ ° £ 0.022349i

42.5 2.879 x 1077 £ 0.022332i
45 6.741 x 107" £ 0.022287i
50 1.004 x 10~ % + 0.021964i
60 5.693 x 10~ £ 0.020705i
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From the table, one can conclude that the critical Reynolds number for this
flow is 40.7. The Re_. value found by us interestingly lies between the ones
found by Yoon et al. [125] (Re = 39) and Sohankar et al. [104] (Re = 42).

The real and imaginary parts of the streamfunction eigenvector corresponding
to A, = £0.022567; and Re, = 40.7 on the 1001 x 161 grid are shown in Fig-
ures 4.13 and 4.14 respectively.

) 5 10 15 20 i %0
X

Figure 4.13: Real part of streamfunction eigenvector on a 1001 x 161 grid at
Re, = 40.7

15 T 30
X

Figure 4.14: Imaginary part of streamfunction eigenvector on a 1001 x 161
grid at Re, = 40.7

In Figure 4.15(a), we have shown the eigenvalue spectrum at the critical
Reynolds number, Re. = 40.7. Once again, a pair of purely imaginary eigen-

values can be clearly seen from the Figure 4.15(b).

In Figures 4.16 and 4.17, we show the streamline and vorticity contours re-
spectively for Reynolds numbers 40, 40.7, 50 and 60. As can be seen from
Figures 4.16(a) and 4.17(a), for Re < Re, the flow reaches steady-state and
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Figure 4.15: Plots showing a) 1000 eigenvalues and b) few eigenvalues near
the imaginary axis for Re, = 40.7 (1001 x 161 grid).

symmetric flow can be observed. For Re > Req (see Figures 4.16(b)-(d) and
4.17(b)-(d)), the flow eventually settles into a periodic nature leading to the
shedding of vortices which can be clearly seen from these figures. Note that, in
actual computation for Re = 40.7, the flow was perturbed in order to trigger
asymmetry into the flow [61], while for Re = 50 and 60, the asymmetry set
into the flow naturally. We also compute the drag and lift coefficients C'p and

Cp, which are computed by using the following formulas

A

D L
Cp=1—%- and C;=1—%—,
where D and L are the drag and lift forces respectively, p is the density of the
fluid and A is the characteristic area. Here D and L are computed using mo-
mentum balance of the forces in a very small area [—2, 2] x [—2, 2] surrounding

the cylinder.

We show the evolution of the drag and lift coefficients for Re = 40.7, 50 and 60
in Figure 4.18, which again depicts the eventual periodic flow patterns. Finally

in Figure 4.19, we show the power spectral density for Reynolds numbers 40.7
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- . ]
0 5 10 « 15 20 25 30 ( d)

Figure 4.16: Streamlines for the flow past an inclined square cylinder: steady-
state for (a) Re = 40, and periodic flow for (b) Re = 40.7, (¢) Re = 50 and
(d) Re = 60.

and 60, which corresponds to Strouhal numbers 0.15 and 0.16 respectively.

The Strouhal number St is defined as St = ésa, where f, is the shedding

frequency, which is obtained from the spectral annsity analysis of the time
history of the lift coefficient C} .
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Figure 4.17: Vorticity contours for the flow past an inclined square cylinder:
steady-state for (a) Re = 40, and periodic flow for (b) Re = 40.7, (c) Re = 50
and (d) Re = 60.
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Figure 4.18: Evolution of Cp and C; for Re = 40.7, 50 and 60.

4.4 Conclusion

In this chapter, we, for the first time employed the biharmonic formulation
of the Navier-Stokes equations to study the global two-dimensional stability
of incompressible viscous fluid flow problems. In the preceeding chapter, we
have already analyzed the stability of flow inside a two-sided staggered LDC,
for the both the parallel and anti-parallel motions of the lids using the -
w formulation of the Navier-Stokes equations. However, in contrast to that,
in this work we have used the pure streamfunction formulation of the N-S
equations which reduces the governing equations into a single fourth order
partial differential equation. The main advantage of this approach is that

it drastically reduces the computational effort needed to solve the stability
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Figure 4.19: Power spectral density of (a) the critical Reynolds number Re, =
40.7 and (b) Re = 60.

equations. This approach is applied to three fluid flow problems. For the first
and the third problem, viz. the simple LDC flow and the flow past an inclined
square cylinder, our results are very close to the established results. On the
other hand, for the flow in the cross LDC problem, our approach is probably
the first attempt to understand the 2D global stability for this problem. This
approach, because of the computational economy of the generalized eigenvalue
problem, may prove to be very useful in analyzing the global stability of more

complex fluid flows.
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Chapter 5

HOC SCHEMES FOR THE
TRANSIENT 3D CONVECTION-
DIFFUSION-REACTION
EQUATIONS

5.1 Introduction

This chapter describes the development of a class of higher-order compact
schemes with weighted time discretization for the transient three-dimensional
(3D) convection-diffusion-reaction equations for variable convection and reac-
tion coefficients. A class of fourth order spatially accurate implicit schemes for
the governing set of equations are developed in line with the scheme of Refer-
ence [56]. One of the major features in determining the efficiency of a transient
scheme is the temporal accuracy and one of our proposed scheme is temporally
second order accurate. In order to focus deeply into the major aspects of our
proposed schemes, we provide some fundamental studies, namely, the conver-
gence analysis, dispersion-dissipation analysis and Fourier stability analysis.
To test the robustness, accuracy and efficiency of the proposed schemes, we

have applied it to four pertinent test cases for which numerical and/or analyt-
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92 HOC schemes for the transient 3D convection-diffusion-reaction equations

ical results are available. It is observed that these schemes very aptly handle
problems governed by the transient 3D convection-diffusion-reaction equations

including the 3D incompressible N-S equations.

The transient 3D convection-diffusion-reaction equation may be written as

¢ 2 o ¢ 0o
aa v¢+p(x7yazat)a_x # q(x7yazat)a_y+r(x7yazat)$ (51)

+ e(x7y7zﬂt)¢(x?yﬁz7t):f(x?y7z7t)

for the unknown transport variable ¢(z,y, z,t) in a cubical domain Q C R?
with boundary 0f) and initial and boundary conditions of the form

LC: ¢($7yaz>0):¢0(xayaz)7 (l',y,Z) € ()

B.C: ¢(x,y,2,t) = g(x,9,2,t), (,y,2) € 9Q, t e (0,T]

where a(> 0) is a constant, p(z,y, 2,t), q(x,y, 2,t) and r(x,y, z,t) are the
convection coefficients, e(x,y, z,t) is the reaction coefficient and f(x,v, 2, t)
is the forcing function and (0,77 is the time interval, with 7" being the final
time. The functions ¢y(z,y, 2), f(z,y, 2,t) and g(z,y, z,t) are all assumed to
be sufficiently smooth so that they are atleast twice differnetiable. With proper
choice of parameters a, p, q, r, e and f, the above equation also represents the

complete Navier-Stokes (N-S) equations in 3D.

5.2 Basic formulation and numerical procedure

The steady state form of equation (5.1) (considering ¢, p, ¢, r, e and f to be
independent of t) is,

0 19, 0
V24 p( 1, D)2+ 42,5, 2) L (0,9, ela,y,2)b(@y, 2)

ox dy 0z

On the assumption that the domain under consideration is cubical, we con-
struct a uniform cartesian mesh of steps h, k and [ in the x-, y- and z-directions

respectively and consequently the standard central difference approximation
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to equation (5.2) at the (i, j, k)-th node is given by

(_5920 - 55 — 62+ pé, + @0y + 16, + €)biik — Tijr = fijks (5.3)

Here ¢, represents ¢(z;,y;, 2); s 52, dy, 55 and d_, 82 being the first and sec-

ond order central difference operators along z-, y- and z-directions respectively.

The truncation error 7;;; is as follows

. _[ﬁ@Qﬁ_@%+ﬁééﬁ_%%+ﬁ@ﬁﬁ_ﬁg}
= 2\ ot 12 q8y3 oy’ 12 02" 92" ) |k

+ O K4 1. (5.4)

For obtaining a fourth order compact finite difference scheme for (5.2), we
follow the procedure discussed in section 2.3 of chapter 2. Following that, we
compactly approximate each of the derivatives of the leading term of equation

(5.4) to O(h*, k*,1?). For example, the first term can be approximated as:

2%

ar®

o) o) 9’6 Op I 9’6 dq d¢
| 7 s PPt 55, T4 YA
0xdy 0x0z Ox® Ox Ox 0xdy Oz Oy

o Ordd I de Of
ow0: " 950z | 0w o’ Bc),,

+ 7ij100; + 0Tijx0, + €550, + 5x€ijk} Gijk — Oxfiji + O(h?, k1)

(5.5)

ijk

+r

Now, replacing the derivatives in equation (5.4) with approximations such as
equation (5.5) and substituting for 7;;;, as described in (5.3), we obtain an

O(h*, k*,1") approximation for equation (5.2) on a nineteen-point stencil.

5.2.1 Constant reactive and convective coefficients

If the convective coefficients p, ¢ and r and the reactive coefficient e are con-

stants, the derivatives of p, ¢, r and e appearing in equation (5.4) vanishes
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and from equation (5.3), we have the following HOC scheme

[~ A2 — Bo. — C§2 + PS, + Q6, + RS, — DS,6, — ES,6, — 5,0,
+ H6,0, + K620, — L6262 + M6,6% + No26, — 056257 + S620,
+ 16,62 — U262 + Gloiju =W (5.6)

where the coefficients A, B, C, P, Q, R, D, E, ', H, K, L, M, N, O, S, T,
U, G and W are as follows:

h2#y, K, Il h?
A=1+50"-e)y B=1+5(0 e}y O=1+0"~e); P=p—ope
K 12 (h* + k%) (k> +1%)

— F Y R: _ . D= "/ - = "/ Y
Q=q 1396 TS 19 PT 5 1
p_ECxn) o (R (W E) (4R

T B AT Ty B R =T 2T e

(K* +1%) (K +17) (K* +17) (I + k%)
M = - N = o _ 5 — .
12 TR TR 2
(> + h?) (I + h?)
T=X_" """/ _ v T, - _
12 p7 U 12 ) G e? W f

5.2.2 Variable reactive and convective coefficients

If the convective coefficients p, ¢ and r and the reactive coefficient e are vari-
ables, then we have the following HOC schemes

[_Aijk(si - Bijk(S; - Cz‘jkég + Pyjd, + Qyjidy + Riji6, — Dyj0,0,  (5.7)
—Ej10,0, — Fij10.0, + Hij0,0, + Kijr020, — L0260, + M;j1.0,0-

+Nijk5§5z - Oz’jk5§53 + Sijk5a2c§z + Tijk5x5§ - Uijk5f5§ + Gkl Dije = Wiji

where the coefficients A;;, Bijr, Cijk, Pijes Qijis Rijir Diji Eijrs Fijr, Hyjg,
Kijk7 Lijk7 Mijk7 Nijk7 Oijk7 Sz'jk7 Tz‘jka Uijk7 Gijk and Wijk are as follows:
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2

Ay, = 1+ %(p?jk —20,Dijk — €ijk)
K,
Bij, = 1+ E(Qijk — 20, — €ijk),
? o,
Cyr = 1+ E(Tijk — 20,75k — €ijk),
h? 2
P = [1 + E(éx — Pijda) + E(éy — @ijrly) +
B2
+ E(25xeijk — €ijkDijk)
n ?
Qijr = [1 oy E(éx — Dijk0y) + E(éy — @ijk0y) +
12
+ E(25yeijk — €ijkijh)

kf2

h2
R = {1 iN E(@Zc — Dijk0z) + I

12

(55 - Qijkéy) + =

2

)
_(52 - Tz’jk(sz)] Pijk

12

ik,
(5z - Tijk(sz)] ik

+ g(25zeijk — €4kTijk)s
Dy = @(pijqujk) - é(hzécc%jk + k25ypijk>7
Eij, = @(%jkrijm - é(kzéyrijk + 120,51,
Fijr = @(Tijkpijk) - é(lQézpijk + h25x7“z'jk)>
Hijk = @pijk, Kz‘jk = @qijlm Lijk = @a
Mijk = @%’jka Nijk = wriﬂm Oijk — @»
Sz'jk = @ﬁjka Tijk = @piﬂm Uz’jk N @,
Gijp = [1 + f—;(ai Pijily) + g(aj — qij0,) + %(55 —r,.jkaz)] ey and
Wik = {1 + ?—;(5925 Pijids) + ]f—;(dg — Gijr0y) + %(55 - Tijk5z)] fiji

Throughout our discussion, we have assumed that the convection coefficients

p, q, r, the reaction coefficients e and the forcing function f are sufficiently

smooth so that they are at least twice differentiable and their derivatives are

known analytically or their discrete approximations are known.
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5.2.3 The transient form of the convection-diffusion-

reaction equation

For the transient case, we consider the coefficients p, ¢, r and e and the forcing
function f to be functions of z, y, z and t. The expression on the right
hand side of the transient equation (5.1) can now be written as of the form
f(z,y,2,t) — a[(0¢)/(0t)] and if we use forward difference approximation for
[((0¢)/(0t)] with a time step At, we can approximate the equation (5.1) with
the help of equation (5.7) as follows

A
la ~N

h2 k72 l2 . N
a|l+ E(ffc — Pijrdz) + E(Cﬁ — Qijidy) + E(éi — Tij0) 5t+¢ijk - Aijk5g2c¢ijk

- Bijkﬁﬁ%k - Cijk53¢?jk + P60, 05k + Qijrdy ik + Rijr0,0i51 — D00, 0
— Ej1.6,0, 0051 — Fijr0,0, 0551 + Hijk5z5§¢?jk 2 Kijk(siaygbzk - Lijk5§5§¢%k
L szkéy(;géﬁ;;k + Nijk6§5z¢%k 5 Oz’jkfszfszﬁb?jk + Sijk5§5z¢?jk + Tz’jk5m5§¢?jk
- ijk5§5720¢%k + Gijrdise = Witk (5.8)

where 0, is the forward difference operator and the superscript n stands for

the n-th time level. Equation (5.8) can thus be rewritten as

1 1
n+1 _
DD D iy gkt P i et =
1 1 1
n n
D0 DD Biriygeiikky Oy g bk, + 12Wi (5.9)

where ai;, i ktk, = Bitiy jtiy bk, = 0 when all three indices 4; , j; and &,
are non-zero simultaneously, and a;;;, j4; x+x, = 0 when two of the indices
1; , 71 and k; are non-zero simultaneously. Here o and 3 are functions of the

coefficients a, p, ¢, r and e appearing in equation (5.1) and may be written as

Qitiy j+jrk+ky = Qitiy,j+jik+ky (5.10a)
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Bitiygtjnetks = 12Pitigt jiy ok, T Qidiy ity ety (5.10b)
where
ngk Hijk Kijk Lijk —0
Pi—1j-1k = Ihk 2hk2 - Nk - 252 qi-1,j-1.k = Y,
Ezgk Mijk Nijk Oijk 0
Dij-1k-1 = A%l AE T ok2] = 212 9ij—-1.k—1 = Y,
Fijk Siik Tk Usjk
DPi—1jk-—1 = — 4l]h = 2”12 i 2l§h - lg;lga qi—1,5k—1 = 0,
Az w Py Hge  Tye 2L 2Ugs Pijih
pi_l:j~k h; 2;?[ h]j? hZQ h2];2 l2h]2 ) qi—1 ik — a 1 + jT ;
Bijr  Qiji ik My 2L, 20,5 Qijik
Pij—16 = — /{Z; 22; Y h,2j]{7 kljg hgljg ]{22;2 s Qi j—1. — Q 1+ jT )
Cijtk  Rije Ny S 2045, 2U Tijkl
pi,j.k—l = lQJ - 2; ]{52]l hgjl ]{32;2 lghyg ) ng k—1 al 1+ ]2 )
- Dijk Hijk Kijk Lijk —0
Piv1j-1.k = Ihk Ok - Rk - 252 dit1,5-1.k = Y,
a Eijk Mijk Nijk Oz‘jk —0
pi,j+1.k—1 — 4kl leg - 2]{321 — kglgv Qi,j-i-l.k—l )
= Fijk Sz‘jk Tz‘jk Uijlc —0
Pi—1jk+1 = AR o112 - orh - 2h2 9i-1,5k+1 = Y,
pl.] k= hQJ k2] l2] h2]§2 - kal‘; L l2h]2 + Gl]k? ql,]k = 6@,
o _Aijk Pijk _ Hijk _ Tz‘jk 2Lijk 2Uz‘jk 1— pzykh
pi+1,j.k e h2 2% th th hgkg l2h2 ) QZ+1J = a
. Bijk Qijk Kijk Mijk 2Lijk 2Oijk . quk
pi,j—i—l.k - k‘2 2% - hgk - klg thQ k‘2l2 ) Qi,j+1.k =a 9
o Cz'jk Rijk Nz’jk Sijk 2Oz‘jk 2Uijk ngkl
pi,j.k+1 - l2 21 = k‘zl Fa h2l k’2l2 l2h2 ) %yk—i—l =a 2
. Dijk Hz‘jk Kijk Lijk —0
pi—l,j—i—l.k - Ahk - 2hk’2 2h2k’ - h2k27 q;— 1,7+1.k — Y
o Eijk Mijk Nijk Oijk 0
Dij-1k+1 = A%l - YIE 2k2l - 22 ij—1.k+1 = Y,
. Fz’jk Sijk Tz‘jk Uijk —0
Pit1,j.k—1 = Alh - oh T oRh - 22 9i+1,5.k—1 — Y,
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Dij  Hiygr  Kyr L
p’i+17j+1-k = 4h]k + 2hlj{;2 + thk - h2]k27 Qi+l,j+1.k = 07
o Eijk Mijk Nijk Oijk =0
Pij+1k+1 = — 1%l okl ok R 4j+1.k+1 = Y,
. Fijk Sijk Tijk Uijk —
Piv1,jk+1 = — 1k N - 22’ dit+1,5.k+1 = 0.

Introducing a weighted average parameter ¢ via forward time approximation
of [(04)/(0t)] such that t. = (1 — ¢)t" 4 "' for 0 < ¢ < 1, we obtain
a class of integrators; for instance, for ¢ = 0, we have the forward Euler
approximation, ¢ = 1 gives backward Euler, while ¢ = 0.5 gives the Crank-
Nicholson. With these, a; s, jyj, gk, @0d Bity jvj krk, aPpearing in equation
(5.9) can be written as @iy jij, kthy = L12SPitiy jtjkthy T Qikiyojtriyheth, and
Bivirjtivdrky, = 1205 = U)Pigi jtiy bk, T Gitiy jtjy bk, TesDectively, and the
term W}, on the right hand side of equation (5.9) takes the form gVVZ;;I +
(1 =<))Wk Thus we have equation (5.9) as the HOC finite-difference approxi-
mation for the transient 3D convection-diffusion-reaction equation with fourth
order spatial accuracy. Because of the operator under the brace in equation
(5.8), all such schemes with varied values of ¢ are implicit with order of accu-
racy as O((at)®, h*, k*,1*), where s < 2. We should also note that for ¢ = 0,
the difference stencil requires nineteen points in the n-th and seven points in
the (n + 1)-th time level resulting in a HOC scheme which we termed as a
(19, 7) scheme. Likewise, with replacements for ¢ as 0.5 and 1, we derive a
(19, 19) and a (7, 19) scheme respectively. The stencils required in these type

of formulations are illustrated in Figure 5.1.

With the help of these p’s and ¢’s, the equation (5.9) can now be written in

matrix form as
A" = g(¢") + W (5.11)

here the matrix A is an asymmetric sparse matrix and on a grid of size mxn xp,
size of A is mnp x mnp, and ¢"', g(¢™) and W" are mnp-component vectors.
Conventional solvers like Gauss-Seidel cannot be used for solving equation

(5.11) as in general, the matrix A is not diagonally dominant. In cartesian co-
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n-th time level

(n+1)-th time level

z z
(i, j+1, k+1)
(i-1, j, k= Ty (i+1, j, k+1) T
(-1j+1k) (i,j+1,k) (11, 1) (ij+1.6)
(ij-1,k+1)
b (o) i X FLi i i X
(-1, 1.k (i,j-1.K (ij+1k-1) (-1
e (+1,j-1.)
(-LikD) (kD) i / =)
y OV L A t ””””””””” YT
(@)
z z
(i j#1, k1) (i, 1, k+1)
(i=1,j, k= ) (it k1) (i1, ), k= ol (i+1, ], k+1)
(FLitLK) (ij+1.K) 1+ (FLj#1K) (1+1K) L
(ij-1k+1) (ij-1k+1)
(1j.K g -1,],K
(1K) (i+1,1, k) X Ll (i (i+1,},K) X
. (ij-1K (ij+1k-1) (11K (ij+1k-1)
-1, j-1, k¥ _ YR =L,
(-1, § #Li-1K) (L Lk #Li-LK)
1jk-1 .
(FLik-1) / (ijk-1) " (LKD) / (k-1 (k)
y (IJ-il.k-’f)’””7”””””””””ﬂ”A”t 77777777777777777 y 77777 >(i‘j—1_k—1)
(b)
z Z
(i, j+1, k+1)
kD) (=1, k- e (i+1, ], k¥1)
(ij+1K) (=Li+1K) (ij+1.k) (1, 1+1,K)
(ii-1k1)
(1,3, K __d i-1,], K
(%) (11K X & i) (*1,},K) X
(LK L (ij-1k ALkt
(L1 L1
(ijk-1) (Ljk-D) / (k1) (LK)
y e Yoo (i-1k-1)

Figure 5.1: Unsteady HOC stencils for (a) ¢
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ordinates, some of the associated matrices are symmetric and positive definite
on a uniform grid, which allows algorithms like conjugate-gradient (CG) [63]
to be used. But the matrices may not be necessarily symmetric due to the
variable coefficients of the derivatives appearing in equation (5.1), therefore
in order to solve (5.11), we use the Biconjugate Gradient Stabilized method
(BiCGStab) [63] without any preconditioning.

5.2.4 Implementation on N-S equations:

The transient 3D incompressible N-S equations in non-dimensional form may

be wriiten as

Ou, Du ou Bu 1 (O P Py
ot oz U@y Y92 Re o> o 92)  ox’ 12
v v v w1 (v v p
E‘Fua—x—FU&—y—i—w&—E(@—i—a—yzﬁ—ﬁ)——&—y, (512b)
0_w+u8_w+va_w+w8_w_i 62w+82w+82w ——@ (5.12¢)
ot Ox dy 0z Re\ozx* oy 08:%) 02 ’
ou Ov Ow
dhely, — - g 1
kR (5.13)

# is the Reynolds number, L

where ¢ is the time, p is the pressure, Re =
is some characteristic length, U, is some characteristic velocity and v is the

kinematic viscosity.

To solve this system numerically, we discretize (5.12) using (5.9) with a = Re,
p = Reu, ¢ = Rev, r = Rew, e = 0 and f standing for either

0 0 0

—Re—p, —Re—p or — Re—p.

ox dy 0z
Since analytical expressions for p are unknown, the pressure gradients must be
approximated numerically. To accomplish that, we use central difference ap-
proximations at the interior and standard one sided first order approximations

at the boundaries. However, in order to obtain a fourth order fully compact
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approximation, one can use the strategy applied in [56] for the gradient source
term. Once this system is solved, we can differentiate the velocities with re-
spect to x, ¥y and z and add them to obtain the pressure Poisson equation
(PPE) given as

Vip=¢ (5.14)
where
§ = — (uuy, +vu, +wu,) — (uv, + v, + wvz)y — (uw, +vw, + ww,),
1
and

D =u, +v, +w,

is the dilation at each grid point. PPE (5.14) has been solved by a numerous
approaches [2, 6, 37, 51, 53, 60, 91, 110]. But the boundary conditions for
pressure is not known explicitly and hence solving the PPE for p is an ex-
tremely strenuous task even for low Reynolds numbers and more frequently,
some pressure correction strategies need to be applied to rectify the pressure
values at each time step in such a way that the momentum equation becomes
valid. Therefore we have adopted the modified compressibility technique pro-

posed by Cortes and Miller [18]. In this approach, the continuity equation is

P Ju Ov  Ow\
AJr(&chﬁeraZ)_o (5.16)

where A is a small number. On computing pressure at each time level, mo-

modified as

mentum equations (5.12) are solved using (5.11) as described earlier and D is
computed. If |D|  is less than a prescribed tolerance limit, one can move to

the next time level; otherwise pressure is corrected as

Prew = Pold — AD (517)

(where V' =

(u,v,w)) falls below a prescribed tolerance limit or the number of inner itera-

The above procedure is repeated continuously until |V - V|

tion equals to a pre-determined value. This criteria of controlling the dilation
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value D will allow the method to satisfy the continuity equation (5.13) at each
time level. Also, since an explicit expression is available for pressure, seeking
boundary conditions for pressure is no longer a requirement. Thus implemen-
tation of this approach is not only faster than PPE approach, but is also very

simple and straightforward.

5.3 Fundamental studies

This section encompasses the fundamental aspects of the proposed schemes viz.
convergence analysis, dispersion-dissipation analysis and stability analysis. Let

us discuss them one by one.

5.3.1 Convergence analysis:

Consider equation (5.1) with the convective coefficients p. ¢ and r and the
reactive coefficient e as constants. To perform the convergence analysis of the

schemes assume a = 1 subject to the initial condition
o(z,y,2,0) = ¢o(z,y,2), (x,y,2) € QUIN (5.18)
and with the boundary condition
o(x,y, z,t) = constant, (x,y,z) € 99, t >0, (5.19)

where ¢q(z,y, z) is a known smooth function and 0f2 is the boundary of the

finite domain .

Thence as discussed in the previous section, our finite difference scheme for

this problem is the one given by (5.8) but with constant coefficients.

Lemma 5.3.1. There exists a lower bound C to all the coefficients appearing

in equation (5.8) at all grid points, where C is a real number.

Equivalently, there exists a real constant C such that C <V, where V' may be
any of the coefficients appearing in equation (5.8).
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Proof. Since all of the coefficients A, B, C, P, Q, R, D, E, F, H, K, L, M,
N, O, S, T,U, G and W, appearing in equation (5.8) are real numbers, they

have finite values, so the proof of the above lemma follows. O

Next, let us introduce some useful notations.

For the sake of our discussions in the current section, let us assume that h =
Axr = Ay = Az and T = At.

Denote the grid points as (x;, y;, 2x), where z; = x, + ih, y; = y, + jh, 2
=z, + kh and [z,, 23] X [Yas Ys] X [2a, 2] 18 the domain under consideration
with the index sets given as

I, ={ii =0,1,2,...,1}, I) = {ili = 1,2,...,1 — 1}, where I = (x;, —
z.)/h+ 1,

I,={jlj=0,1,2,...,J}

={jlj=12,...,J —1}, where J = (y, — y,)/h + 1,
L ={klk=0,12,.. K},
I;={klk=1,2,...,K — 1}, where K = (2, — z,)/h + 1.

For grid functions of the form ¢ = {¢73|(4, 7, k) € I, x1,x1,,n=0,1,2,... N}

(N is the total number of time steps), we have the following finite difference

operators:
5w¢%k = ﬁ(@ﬂgk Qf—uk)a i # I
53@%% = %(¢2+1jk 200k + Gio1jk), 1€ Iy;
S, 055k = 57 Dk — ij_1x),  J # I
Sodisr, = %(‘%Hk 200k + ii_1k), J € Iy;
5Z¢Zk = ﬁ(@gkﬂ ¢?jk—1)a k# K;
53¢Z‘k = hi(qbzyk—l—l 205k + i), kel

Vidiin = (04,0, 0.)05k, Vi = (62,05, 62)0%, i # 1,5 # J k# K;
V32ise = (0205, 0502, 0200 O, i £ 1§ # J k # K;

5+¢zgk (¢Z§21 - @;k) n#N; o @;k (¢2321 ¢Uk ), n#0,N;
i o = S ok — 200k + Ol ), A0, N,

Ap @l = {1 + E(532 — POy + 0, —qb, + 02 —10,) s i € 12,5 € I,k € IZ.
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Further, let ®}%; be the numerical approximation of ¢(x;, y;, 2, t,,), then utiliz-
ing the average parameter ¢ in equation (5.8), coefficients of the form Aéigbijk
can be replaced by §A52¢Z4,;1 +(1— g)AéﬁgbZ—k. Likewise, we replace for the

other terms as well.

With these replacements, the finite difference scheme can now be written as

Apd @, 4 (=6 A) 5Pkt = {(1 = ) A} 507 + (=< B)6, %

ijk ijk

— {(1 = B}, + (—<O)2pE — {(1 — Q)C}O20L + (cP)3, Pt
— {(s — 1)P}OO% + (sQ)6,®1 — {(s — 1)Q}0, B0 + (sR)5, Pt
(—¢

— { = DR} + (—<D)3,8, Pk — {(1 — <) D}3,0,

+ (—sE)8,6, 7 — {(1 — ) E}5,0. 97 + (—sF)6.6 @;;;1

— {1 =) F}0.0,9% + (sH)8,0,00 %" — {(s — 1) H}8,6, 75
+ (¢K)&20,®75" = {(s — 1)K }0:6, 07 + (—sL)d,8,75

— {1 =) L}o26. @7 + (sM)3, 025" — {(s — 1) M}5,02®7,
+ (sN)530, @01 — {(s — 1)N}6,0, D% + (—0)d,6- 71

— {1 = <)0}80297 + (5)0:8. Pk — {(s — 1)5}530.D7
+ (sT)8,020% — {(s — )T}5,020% + (—sU)dZ 527

- {1~ Q)U;?252<Dwk +(sG)@k — {(c — )Gyl ikW
(5.20)
Define the initial approximations as
(I)(i)jk = ¢o(m;, Y, Z), (5.21)
where i€1,, jel,, kel, and ¢y(xz;,y;, 21) = é(x4, v, 21, 0)
Also consider that,
(I)z‘ljk = ¢O(xi7yj>zk) + 7¢1(1'i>?/j>zk)> (4,5, k)el, x I, x 1, (5.22)

where (bzr;k = (b(xw yj7 2k tn) and (bl (xiu yj7 zk) = (bt(xiu yj7 2k 0)
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Remark 5.3.2. By virtue of lemma 5.3.1, it follows that there exists a real
constant K such that K < |¢[¢"™ and K < [¢—1|¢", where &1 can be either of
the coefficients A, B, C, P, Q, R, D, E, F, H, K, L, M, N, O, S, T, U
or G.

Now, let us consider the space, S := {¢ = ¢;|(4, 5, k) € I, x [, x I,} C

READXUHIXESD 41 the inner product and discrete norms defined over S as
—1J-1K-1

(¢1, ¢2) = 2 ; I;l(¢1)ijk(¢2)ijka where ¢, ¢, € S,

ol = (o, ¢)2,
1 oK P el 1l
||5m¢]| =3 8h3 Z Z|5x¢2]k|2> ) Iyx .
i=0 j=1 k=1 I-1J-1K-1 3
I-1J-1K-1 3 |6,0| = (8h3 |5y¢ijk|2> )
||52¢” — 8h3 | z¢ijk|2> 9 N
y o Vel = (l8al” + 5,801 + 118.61%) 2
I-1J-1K—-1 2 1
I620]l = | A° 020> | Oy i
@ ; ; ’ |52¢| = h6 |52¢mk| )
i=1 7=0 k=1

I-1 J-1K-1 %
o2l = h°D_3 \62¢m|>, 19,001 = (1821 + 521" + Ie21) .

i=1 j=1 k=0 .

I-1J-1K-1 |5252¢| B h121 1 J-1K— 1|5252¢ |2 2
2530l = Z|5252¢”—k|2> legtol = (A2 303 S iaiaton)

=0 j=1 k=1 =, 3— k=1 1

2 2 2\ 2
2 i ) V7201 = (l|5§5§¢|| + 65020 + (162020 )

102001 = | h B

i=1 j=1 k=0

Lemma 5.3.3. If ¢" ', ¢", "' € S, then we have

(A 6 — (AT 7)) < (BT BTN (523)
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Proof. Since,
¢n+l - QSn ¢n+l o ¢n

(Apd; ", 65 ") = (A, - : - )
= A = g, (67— 6N Ay s e
= T4, 6 - (A0 )

= (Apg", &™) + (Ane", 0"}

Similarly, we have

(AdE 6" 5 = (A", ) — (g™, 6"
— (Ape" ", ") + (A", 0"}

Therefore, using the definition of A;, property of symmetry of (¢", ¢"*') and

considering the unit vectors as the proof of the lemma follows. O

Il

In order to analyse convergence of the difference scheme, let us define the local

truncation error " € S as follows

ik = And O+ (AT — {(1 = QAT + (—sB)oyor

— {1 =) BYo o5 + (—C)275%" — {(1 = )CYoZe + (sP)S, 0% (5.24)
— {(s = DPYo, 05 + (sQ)6, 0551 — {(s = DQ}6, 055 + (SR)I.4}51

— {(s = DRI + (—sD)6,6,07% — {(1 = <)D}6,6,0% + (—<E)d,0.675%"
— (1= B}, 0.0 + (—sF)8.0,00 — {(1 = Q) F}0.0,8% + (SH)3,6247%!
— {(s = 1) H}0,0507 + (<K)026,075%" — {(s = DK }670,00 + (—<L) 050,071
— {1 =) L}o30, 07, + (<M)s, 02805 — {(s — 1)M}6,620%, + (sN)3,0. 675k

— {(s = DN}6.07 + (—c0)0,02¢757 — {(1 = <)O}6,62055 + (¢5)020.0751"
— {(c = 1)8}020.075 + (sT)8,62075% — {(s — 1)T}6,6207 + (—<U)62 050757

— {1 = QUYEE b + (<G — {(s — DGYoiy + W,

where (7,7, k)el; x I) x I, and 1 <n < N — 1.

TH-1311 09612313



5.8. Fundamental studies 107

Using Taylor Series expansion, we have

1
o = L OB 0y ), VG REI X I 12 (5.25)

Also we have the following

|5;r7’?jk| S 72> 15;r?jk| S 72, |5:7’?jk| S 72> |7“Zk| N 72> (5-26)

where (i, j, k)ely x I} x I7 and 0 <n < N.

Let the error function e € S be defined as

ek = Ok — P, (4,4, k)el, x I, x I, 0<n < N. (5.27)

Lemma 5.3.4. For any grid function ¢ € S, we have

[(And, o) < [0 (5.28)

Proof. From the defintion of A4;,¢ and use of diiferential operators, it follows
that

[(Ard, 9)| < [, ¢)

Now, the proof of the above lemma follows from the definition of inner product

and Cauchy-Schwarz inequality. O

Theorem 5.3.5. If ¢ € CO%%3([x,, 2] X [Yar 1] X [2as 2] % [0,T]), and if h
and T are sufficiently small, then the solution of the finite difference problem
(5.20)-(5.21)-(5.22) converges to the solution of the initial continuous problem
(5.1)-(5.18)-(5.19) with order O(7* + h') in the discrete L* norm for ®", i.e.

™| + | Vre™ || + IV, 2" + [ V3e"| S T2+ A%, 0<n < N. (5.29)

Proof. Let us adopt an induction argument to proof that (5.29) holds for every
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non-negative integer less than N. From equation (5.20) and remark (5.3.2), it
is obvious that (5.29) holds for n = 0. For (4, j,k) € Iy x I x I7, we have

‘e}jk‘ = |¢zljk 2jk| - ‘Tlrzgk‘ S T ) ‘5:_ zgk‘ - |T2jk‘ 27 and (5303)

|5+ Z]k| ~ 7_|5+ zyk| S 7-3 < 7_ ) (530b)

Likewise, we have
|6+ Ukl S 7- and |5+ zyk' ~ 7-2 (5300)

Equation (5.30) clearly implies that (5.29) holds for n = 1. Using the triangle

inequality, when 7 and h are sufficiently small, we have
|(I)mk' < |¢’:Ll_]k| + |€i1jk‘ S Co+C(T2+h’2) < 1+Cov (ivjv k>€]m X ]y X [z (531)
where C = nax ||¢(7 ) >||L°°(Q)

0<t<T

We assume that (5.29) is valid for 0 <n <m —1 < N — 1, then we will show
that it is still valid for n = m. Now, adding (5.20) and (5.24), we have the

following error equation for the error function " € S

A€l + (—cA)dpeiht — {(1 = ) AYorelsy + (—<B)dyefy
— {1 =) B}ayeisy + (—<O)aZef — {(1 = <)CYoZels + (sP)duei
— {(c = DPYefn + (sQ)dertt — {(s = QYO e + (sR)d.ei
— {(c = 1)R}d.ef + (—=<D)é,9, el —{(1 —¢)DYs,0 yeiin + (=<E)J, o ettt

ijk ijk

— { E}6,6 ewk + (—cF)0,0,ei0" — {(1 = ) F}6.6,el + (SH)S,0,et!
H}5 zjk + (gK)éiéy Z—};l - {(§ )K}525 euk + ( gL)éidi Z—El
- { ”k}5252 e + (sM)5,0%eit "t — {(c — 1)M1}s,6%ely, + (sN)o.6. et

— {(c—
- {
- {

NYS28. e + (—sO)850%eitt — {(1 — <)0}s262 ey, + (s9)030. et
S}Yors.el + (sT)S,0%eft! — {(s — 1)T}d,6%e Zk + (—sU)d252elt!

—C
1
—1 ijk

(
(
(s
(1=9)
- {c=1
(1 =<)L
(c—=1)
(c—=1)
(1=5)

— OUYBRE + (sG)E — {(s — DGYely = rihe. (4. K)ELS X I3 x I2

zgk

Assuming 7 and h to be sufficiently small and considering (5.29) for 1 < n <

TH-1311 09612313



5.8. Fundamental studies 109

m — 1, we have the following estimate

12" loo < 19" lloc + ll€"]lc0 < Co+1, 1<n<m—1. (5.32)

Let us consider the case when ¢ = 0.5. Throughout this section, we will con-

sider the case only where ¢ = 0.5.

Now, computing the inner product of (5.32) with 6;¢™ and considering remark
(5.3.2) and lemma (5.3.3), we have

%((Ahe”“, ety — %(Ahe”, ") + IC((02 + 62 + 62 + 0y + 0 + 0, + 0,0, + 6,0,
0.0, + 0,00 + 028, + 0200 + 6,07 + 020, + 6207 + 8,02 + 028, + 0202+ 1)e" T,
5™y < (", 67 €™) + K((67 + 67 + 62 + 6, + 6, + 0, + 0,6, + 6,0, + 6,6, (5.33)
+ 0,65 + 026, + 020 + 6,07 + 0.0, + 0205 + 0,02 + 026, + 6202 + 1)e”, 5;€")

Upon simplifying and transposing, we have

(™, &) Ir (02 P+ flo2em P + o™ + (18, e+
18,2 P 16,8, + 118, 8. + 5.8,
118,53 + 1025, [P + (10282 7 + 18,82 2 + (|26

T (182026 4 802 P 4 l025,em |? + (162%™ 2 + flen )

< PR = 1P + e IP) + Kr (03| + flo2e”

182" 4 1312 4 118, + 13”2 18.5,€" I + 113,812 + [18.6,¢"
(18,0267 2+ 1826,€" P + 1028271 + 16,02 2+ [1826." | + 10282

+ |16.62€™ 1> + ||626,€”||* + (|07 52e™ | + [1€”[*) + ((Ane™, €™ (5.34)
Define G" as follows:

G = (A, )+ P+ K82 + 11822 4 16267 P + 18,
8, 18P 1188, 1P+ 118,072 4 18.6," | + 18,02
1028, 4 02026 2 4 (18,0267 + 1102671 + 102026 |2 + [16.6%" |
08, + 020 P 4 [l€"P), 0<m < m -1 (5.35)
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Then equation (5.34) can be written as
G -G <P + KPA(GTT G, 0<n < m — 1. (5.36)

This together with Gronwall’s inequality [22, 38] gives

n+1
GG+ ()T (5.37)

=1

Equation (5.37), concurrently with lemma 5.3.4 and equation (5.30) gives the

following estimates
™|+ Vre™ | + ||V, 2e™ || + ||Viz€m|| + some other terms < 724+ h'. (5.38)

which ultimately shows that, by principle of mathematical induction, we have

e || + [[Vre™ || + |V, 2e" || + ||Vize"|| <7 4+h', 0<n<N. (5.39)

This completes the proof. O

5.3.2 Dispersion-dissipation analysis:

To discuss the dispersion and dissipation characteristics of the proposed schemes,
consider the model unsteady convection-diffusion-reaction equation in one-

dimension with a homogeneous source term

Subject to initial condition ¢(z,0) = e (i = \/=1), it is easy to verify that
(5.40) has a solution of the form

¢(I, t) _ e—(kan-i-C')teikm(x—Ut) (541)
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where k,,, is the wave number.

Applying the O(at*, h") approximation (keeping ¢ = 0.5) discussed in the

previous section to the model equation (5.40), we have

KAt , U CAt] o Kot [(U? , UC
l1+<ﬁ_7> (51*751*)*7] Y [(?_0)5”754

K 2

12 2

n+1
)

KAt s U cat] ., KAt [[U? , UC "
oo (5 2) (k) S (5 o) )

After discretization, this can be compactly written as
A+ AT+ At = a1l + axd] + azolii (5.42)

where

1 v Pe v Pev Rv PeRv

1= —— —

15 92Pc 24 4 24 91 a3
5 v Pev 5Rv

Af=— e
276 P 12 12
1 v Pe v Pev Rv PeRv
A== — = T
12 2Pe 24 4 24 24 48
1 n v Pe v y Pev Rv PeRv
a, = — il - — -
712 "2Pe " 24 "4 24 24 48
5 v Pev HRv
2T T Pe 12 12
1 v Pe v Pev Rv PeRv
a3 = — S = — — 1

Here v = % is the Courant number, R = % and Pe = % is the Peclet
number. Since the amplitude and phase errors have been introduced because
of the discretization, the exact solution of (5.42) is assumed to take the form

as described in [98] as

—(KK2,+C) e s

where [ = k,,h is the modified wave number.

TH-1311 09612313



112 HOC schemes for the transient 3D convection-diffusion-reaction equations

The amplitude and phase errors can now be measured with the help of k, and
k; respectively. We can analyze the dispersive and dissipative characteristics
of the scheme by substituting (5.43) in (5.42) for ¢; and ¢;4;.

On simplifying, the values of k, and k; may be obtained as

P

k, =— oy (5.44)
v{(1/Pe) + (R/5%)}
-~ Q
k== (5.45)
where
B FLA—F,B\®> [(FB+ FA\?
F=i \/ (ﬁ) ! (W) (5:46)
. L (RB+FRA

Wlth A = (Al + Ag)COSﬁ + AQ, B = (Al — A3)Sinﬁ, Fl = (a1 —+ CL3)COSB -+ (D))
and F, = (a; — a3)sinf. To analyse the dissipation and dispersion errors of
our proposed scheme, in Figure 5.2, we have shown plots of k, and k; against

(? and f respectively, keeping R = 1.

Ideally, for a scheme without dissipation and dispersion errors, k, and k; match
perfectly with 3% and S respectively. From the figure, it is clear that in the
low Re regime, this matching is perfect for smaller value of v. This matching
becomes less effective with the increase in Peclet number and wave number.
However from our figure, it is clear that our proposed scheme is less dissipative
(as can be seen from Figures 5.2(a), 5.2(c) and 5.2(e)) but dispersive nature
increases in the high Pe region (as suggested by Figures 5.2(b), 5.2(d) and
5.2(f)).
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Figure 5.2: Plots showing k, and k; versus 3 and (8 for R = 1 and : (a)-(b)
Pe=1; (c)-(d) Pe =100 and (e)-(f) Pe = 1000.
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5.3.3 Stability analysis:

Now, we attempt to carry out a Fourier stbility analysis of our proposed

scheme by determining the amplification factor G for different combinations
i

¢
e’ (cosQ + isinQ), where the values of P and Q are given by equations (5.46)

and (5.47) respectively and i = /—1.

of v and Pe for R = 1. The expression for G may be obtained as G =

In Figure 5.3, we show the plots of |G| in the 5 — v plane for Pe values ranging
from 1 —1000. From the figures, it is clear that there doesn’t exist any region
of instability. Hence for ¢ = 0.5, our scheme is unconditionally stable in the

range of Peclet numbers considered.

5.4 Numerical test cases.

In order to validate and test the robustness of the proposed schemes, we apply
them to two linear and two non-linear test cases. The first linear case deals
with constant convective and reactive coefficients while the second one deals
with variable convective and reactive coefficients. The first non-linear case is
the one provided by Ethier et al. [26] while the second non-linear case deals
with fluid flows governed by the 3D incompressible N-S equations, namely the
famous lid-driven cavity (LDC) flow. As the first two problems have analytical
solutions, Dirichlet boundary conditions are used for them, whereas for the
third one we use the boundary conditions as obtained from the exact solutions
in [26] and for the fourth one, Dirichlet boundary conditions are applied and
the results obtained from it are compared with established ones. In all the
four cases, although sufficiently accurate numerical results are found with all
the proposed schemes, we have shown the results obtained through (19,19)

scheme only.

5.4.1 Problem 1

Firstly we consider equation (5.1) with a = 1, and constant convective coeffi-

cients and reactive coefficients as p = 2.5, ¢ = 3.25, r = 5.66 and e = 25.0 in
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Figure 5.3: Contours of the magnitude of the amplification factor |G| in the
p — v plane (a) Pe =1, (b) Pe =10, (¢) Pe =100 and (d) Pe = 1000.
the cube [0, 1] x [0, 1] x [0, 1] with the forcing function f given as

f(x,y, z,t) = exp(2t)((e + 37°)sin(rx)sin(ry)sin(rz) + prcos(rx)sin(my)sin(rz)
+ grsin(mx)cos(my)sin(rz) + rasin(nz)sin(my)cos(nz))

(5.48)

and the initial condition as
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o(x,y, 2,0) = sin(rz)sin(ry)sin(nz) (5.49)

An analytical solution to this problem is

o(x,y, z,t) = exp(2t)sin(mx)sin(mry)sin(mrz) (5.50)

The boundary conditions have been taken from the analytical solution given
by equation (5.50).

In Figure 5.4, we show our computed results with the surface plots of the nu-
merical and analytical solutions on = 0.5 and y = 0.5 planes on a 41 x41 x41
grid and excellent match is visible from it. The last row of Figure 5.4 shows
the corresponding error plots. The computations are carried out with a time
step At = 0.005 and the results are recorded at various time stations, ¢t = 0.1,

0.5 and 1.0 respectively.

Define the relative error field as

error = 7%"“ ~ Pnum (5.51)

¢aveg
where ¢,,,, and ¢,,., are the analytical and numerical solutions respectively,
1
and @gpey = [% ZnN:1 gbﬂ 2, with ¢,, being the value of the analytical solution
at the node n, while N is the total number of nodes.

Also define the root mean square (RMS) relative error as

E = RMS(¢ana - (bnum)
RMS(¢ana)

(5.52)

where RMS(Puna — Grum) 18 the root mean square value of the pairwise dif-
ferences of ¢,,, and ¢, taken at each node n and RMS(¢,,,) is the root
mean square value of the analytical solution. In Table 5.1, the convergence
rates of the numerical schemes are shown. The average absolute error, average
relative error and root mean square (RMS) relative errors have been presented
on three different grids of size 11 x 11 x 11, 21 x 21 x 21 and 41 x 41 x 41, which
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Figure 5.4: Problem 1 : Numerical solution (top), analytical solution (middle)
and error-plot (bottom) on a 41 x 41 x 41 grid at timet = 1.0 : Along x = 0.5
plane (left) and along y = 0.5 plane (right).

in turn measure the rate of convergence (order) of the proposed scheme for

this test problem. The columns showing rate represent the estimated orders
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of accuracy (O(A)), which is calculated by the following formula

In(E./E})
OA) = ————= 5.53
(4) = 2L, (5.53)
where I, and E; stand for the errors on a coarse grid and fine grid respectively;
where the coarse grid has half of the numbers of points in each direction
respectively than the finer one. The table clearly demonstrates that the rate of
convergence is approximately 4.00 which is in accordance with the theoretical

rate of convergence.

Table 5.1: Problem 1: Convergence rates of the numerical scheme: average ab-
solute error e;, average relative error es and RMS relative error e; comparisons
on different grid sizes.

Grid 11° Rate | 21° Rate | 41°

t=01]e [1.308x107" [3.839 [9.143 x 10°° |[3.824 | 6.455 x 10"
ey | 3.924 x107* | 3.900 | 2.629 x 107> | 3.854 | 1.819 x 10°°
e5 | 5771 x 107" | 4.071 | 3.434 x 107° | 3.995 | 2.156 x 107°

t=05]¢e [9.827x107" |[3.718 [ 7.469 x 10™°> | 3.883 | 5.064 x 10°°
es | 2.890 x 107° | 3.814 [ 2.055 x 10°* | 3.928 | 1.350 x 107°
e5 | 6.041 x 107° | 4.033 | 3.691 x 10°* | 4.000 | 2.307 x 10~°

t=10]¢ [2416x10° [3.762 | 1.781 x 10°* | 3.886 | 1.205 x 10°
ey | 7.885 x 107° | 3.863 | 5.421 x 107" | 3.939 | 3.536 x 1077
e5 | 1.388x 1072 | 3.999 | 8.677 x 107* | 4.000 | 5.423 x 107°

5.4.2 Problem 2

Next we consider the equation (5.1) with a = 1, and variable convective coef-
ficients and reactive coefficients as p = Rz, ¢ = Ry, r = Rz and e = 5R (R is
a constant) in the cube [0, 1] x [0, 1] x [0, 1] with the forcing function f given

as
Py, 20 0) = cop(OLRRPPE < 2R + P27 + 24%)  (554)
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and the initial condition as
o(z,y,2,0) = Re’y*2” (5.55)
An analytical solution to this problem is
o(x,y, 2, t) = exp(t) Rey*2” (5.56)

Once again, the boundary conditions have been taken from the analytical so-

lution given by equation (5.56).

For R = 100, computed results are shown in Figure 5.5, where we show the
surface plots of the analytical and numerical solution on z = 0.2 plane on a
11 x 11 x 11 grid and on y = 0.25 plane on a 41 x 41 x 41 grid respectively.
The computations are carried out with a time step At = 0.0001 and at time

stations, ¢t = 0.005 and ¢t = 0.01 respectively.

Table 5.2 shows the numerical and analytical solution at the centroid of the
unit cubical domain which clearly reveals the fact that with the increase in grid
size the numerical solution approaches the analytical solution more and more
closely. However, this convergence towards the analytical solution significantly

decreases with the increase in the constant R.

Table 5.2: Problem 2: Numerical and analytical values of u(mid, mid, mid)
for different R at t = 0.01 for different grid sizes with At = 0.0001.

R | 11° grid (numerical) | 21° grid (numerical) | 41° grid (numerical) | analytical solution
10 0.15864 0.15801 0.15785 0.15782
50 0.79236 0.79004 0.78932 0.78910
100 1.58847 1.58013 1.57865 1.57820
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Figure 5.5: Problem 2 at R = 100 : (a) Numerical solution (along x = 0.2
plane) on a 11 x 11 x 11 grid, (b) Analytical solution (along x = 0.2 plane) on a
11x11x11 grid, (c¢) Numerical solution (along x = 0.25 plane) on a 41 x41x41
grid, (d) Analytical solution (along x = 0.25 plane) on a 41 x 41 x 41 grid.

5.4.3 Problem 3

Next we consider the first non-linear test case, which is the one provided by

Ethier et al. [26]. The exact solutions to the 3D incompressible N-S equations

in primitive variables are given by Ethier as

TH-1311 09612313

2( ¢
u= —a2e_“1(ﬂ) [e"**sin(ayy £ a,2) + e"*cos(ar £ a,y)], (5.57)
v = —a26_“§(é) [e"*sin(ayz + ayx) + €™ cos(ayy £ a,2)], (5.58)
w = —a26_“§(é) [e"**sin(ayx £ ayy) + €™ cos(ayz + a 7)), (5.59)
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1
p= §(u2 +0° +w?), (5.60)

where a; and ay are adjustable constants controlling the amplitude and fre-
quency of the solutions. Throughout our computations, we have taken a; = 27

and ay = 0.1. Our numerical results have been illustrated in Figures 5.6-5.9.

In Figure 5.6, we have shown the contours of analytical and numerical pressure
for Re = 100 at time £ = 1.0 with a time step of At = 0.005 on a 65 x 65 X 65

grid along the cross-sections of planes © = 0.5, y = 0.5 and z = 0.5.

p_exact

0.014
0.013
0.012
0.011
0.01

0.009
0.008
0.007
0.006
0.005
0.004
0.003
0.002
0.001

Figure 5.6: Problem 3 at Re = 100 : (a) numerical pressure and (b) exact
pressure (65 x 65 x 65 grid).

Keeping all the parameters same but with a coarse grid 21 x 21 x 21, we again
computed the solution and the results are shown in Figures 5.7 and 5.8, which
justify that numerical solution of u-, v-, w- velocities and numerical pressure
obtained with our method agrees quite excellently with that of the exact so-

lutions.

In Figure 5.9(a), we have shown the u-velocity profiles for Re = 500 at the
location x = 0.5,z = 0.5 0n 11 x 11 x 11, 21 x 21 x 21 and 41 x 41 x 41 grids
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(c) (d)

Figure 5.7: Contour plots for problem 3 (Re = 100, 21 x 21 x 21 grid, At =
0.005) at time t = 1.0: (a) numerical u velocity and (b) exact u velocity (c)
numerical v velocity and (d) exact v velocity.

which confirmed the grid independence of our computed solutions for this Re.

In Figure 5.9(b), we present the pressure plots for Re = 1000 at the location
x = 0.5 and z = 0.5 on a grid of size 41 x 41 x 41 and compare our results
with those of Ethier and Steinman [26]. From the figure, it is clear that our

solution profiles show an excellent match with theirs.

Next we solve the problem with two other schemes and the average and maxi-
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0.028
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0.014
0.012
0.01

0.008
0.006
0.004
0.002

(c) (d)

Figure 5.8: Contour plots for problem 3 (Re = 100, 21 x 21 x 21 grid, At =
0.005) at time t = 0.5: (e) numerical w velocity and (f) exact w velocity (g)
numerical pressure and (h) exact pressure.

mum absolute errors are presented in Table 5.3 along with the errors obtained

by employing our method.

From the table, it is visible that our method (with ¢ = 0.5) has significantly

smaller average and maximum absolute errors compared to the other methods.
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A 11X 11 X 11 grid
O 21 X 21 X21 grid
41 X 41 X 41 grid
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Figure 5.9: Problem 3 : (a) Grid independence study for u-velocity at Re = 500
(at the location x = 0.5 and z = 0.5) and (b) Comparison of pressure at
Re = 1000 (at x = 0.5 and z = 0.5) with the results of [26].

Table 5.3: Average and maximum absolute errors at t = 1.0 with Re = 100,
At =0.0025 and h =k =1 = 0.025.

Method Average |error| | Maximum |error]|
FTCS 9.4 x107° 8.3x 10"
SIP 5.7 x107* 1.9 x 107°
Present (19,19) | 2.6 x 107° 7.7%x1074

5.4.4 Problem 4 : The cubical lid-driven cavity flow

the 3D lid-

driven cubical cavity flow. The 2D lid-driven cavity flow is a very popular

Our last and final test case is the highly non-linear problem :

benchmark problem for solving the 2D incompressible N-S equations because
the flow retains many fluid mechanical phenomena demonstrated by multiple
counter rotating recirculating regions on the corners of the cavity, albeit on
a simple geometry. Researchers used it very frequently in the assessment of

their proposed/existing numerical methods and therefore there are abundant
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sources of results for the square cavity. However, for the 3D lid-driven cubical
cavity, only a meagre amount of numerical results are available in the existing
literature. This may be primarily because of its intricate nature arising due to
the substantial increase in the memory allocation resulting from the presence

of more unknown variables relative to its 2D counterpart.

The flow configuration in the cubic cavity has been shown in Figure 5.10. The

velocity boundary conditions may be written as :

At z=1:u=1,v=w=0 and

For0<z<1,0<y<1,0<z<l:u=v=w=0 (5.61)

N

(a) (b)

Figure 5.10: Problem 4 : (a) The 3D lid-driven cubical cavity configuration
and (b) A typical 65 x 33 x 65 grid.

As an initial condition, all the velocity vectors have been initialized to zero at
all points, except at location z = 1, where the initial value of u-velocity have

been taken as 1. Also the pressure field was initialized with a value of zero in
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all the cases.

Numerical simulations were performed for Reynolds numbers 10, 100 and 400
on a grid of size 65 x 33 x 65. Our computed steady state solutions have
been presented in Figures 5.11-5.13 and in Table 5.4. Steady state is obtained
through a time marching strategy and assumed to reach when the maximum
¢-error (¢ being u, v or w) between two successive outer temporal iteration
steps is smaller than 0.5 x 10™"; the same tolerance limit was set for the resid-
ual fall of the inner BiCGStab iterations as well.

Comparison of u- and w-velocity profiles obtained via 2D simulations and 3D
simulations (y = 0.5 plane) are shown in Figure 5.11 (top) and Figure 5.11
(bottom) respectively. In the figure, for Re = 10 we have shown our computed
results along with the two-dimensional results of Gupta and Kalita [41] while
for Re = 100 and 400, we compare our results with some of the well-established
results [31, 50, 65]. From these plots, it is evident that for the cubic cavity,
flow motion is reduced even at low Reynolds numbers in contrast to the square
cavity. This observation is quite apparent even for Reynolds number as small
as 100. However, the plots confirmed that our results are in quite good agree-
ment with those obtained by [50, 65].

In Table 5.4, we have shown the different parameters used in the flow compu-
tation and the primary vortex center on the y = 0.5 has also been reported.
In the table, the first column is for Reynolds number Re, the second column
represents the time step-length At, the third column column shows the ar-
tificial compressibility parameter A, the fourth column states the number of
iterations taken for pressure corrections and the fifth column represents the

primary vortex center.

In Figure 5.12, we have shown the pressure contours for Re = 100 and 400 on
the x = 0.5, y = 0.5 and z = 0.5 planes. The plots from our figure are in very

close agreement with the pressure plots obtained by Jiang et al. [50].

Lastly, in Figure 5.13, we have shown our computed results for u- and w-
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Figure 5.11: Comparison between the 2D and 3D simulations : horizontal ve-
locity along the vertical centerline (top) for Re = 10 (left), Re = 100 (middle),
Re = 400 (right) and vertical velocity along the horizontal centerline (bottom)
for Re = 10 (left), Re = 100 (middle), Re = 400 (right).

Table 5.4: Problem 4: Different parameters used in the cubical lid-driven
cavity problem.

Re At A Pressure Iterations | Primary Vortex Center
10 | 0.01 | 0.1 15 (0.5022,0.7600)
100 | 0.01 | 0.05 25 (0.5940, 0.7930)

400 | 0.005 | 0.02 40 (0.6724,0.7578)

velocities as functions of z and x respectively and compared our results with
the existing literatures [11, 62, 65, 70, 99] for the three-dimensional lid-driven
cubic cavity. From the figures, we confirmed that our numerical solutions are
in excellent agreement with these established results, unlike the ones seen in

the comparison with the 2D lid-driven square cavity.
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J

Figure 5.12: Pressure contours for Problem 4 : Re = 100 (top) along x = 0.5
(left), y = 0.5 (middle) and z = 0.5 plane (right) and Re = 400 (bottom)
along v = 0.5 (left), y = 0.5 (middle) and z = 0.5.
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Figure 5.13: Change of u- and w-velocities along z and x directions respectively
for (a) Re = 100, (b) Re = 400.
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5.5 Conclusion

In the existing literature, one can find a very limited number of HOC finite
difference schemes for the convection-diffusion-reaction equations particularly
for the three-dimensional ones. In this chapter, development of a class of im-
plicit HOC finite difference schemes with weighted time discretization to solve
the transient 3D variable coefficient convection-diffusion-reaction equation has
been discussed. The proposed schemes are fourth order accurate in space and
second or lower order accurate in time depending on the choice of the weighted
average parameter. A theoretical convergence analysis has been carried out
for the proposed schemes confirming their fourth order spatial accuracy in the
discrete Euclidean norm (L*-norm), which has also been established later on
by numerical experiments. To compute the flow equations governed by the 3D
incompressible Navier-Stokes equations, we use the primitive variable formula-
tion of the 3D N-S equations in conjunction with the modified compressibility
technique. In order to highlight the different features of our proposed schemes,
we have utilized them to compute the transient solutions of two 3D convection-
diffusion-reaction problems whose analytical results are available. Later, we
have also applied them to two non-linear 3D convection-diffusion problems,
where steady state has been achieved via a time-marching strategy, one of
them being the 3D cubical lid-driven cavity flow. Moreover the implicitness
of our proposed schemes enable the use of larger time step in contrast to the
explicit schemes which have a severe stability limit to the time step. As such,
the proposed schemes are very efficient in terms of computational cost and
accuracy. The robustness of the schemes are exemplified by their successful
implementation on a wide range of problems of varying physical complexities.
As a whole, the results obtained in all our test cases are found to be in excel-
lent agreement with the analytical and available benchmark numerical results.
Because of being HOC in space, second order accurate in time and implicit
in nature, the (19,19) scheme in particular seems to have good potential for
efficient application to many problems of 3D incompressible viscous flows. In
the next chapter, we are going to discuss the implementation of the reduced

formulation in 2D in simulating pattern formation in Mathematical Biology.
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Chapter 6

HIGHER-ORDER COMPACT
SIMULATION OF PATTERN
FORMATION IN

MATHEMATICAL BIOLOGY

6.1 Introduction

The term morphogen is used rigorously to describe a particular type of signal-
ing molecule that acts on cells directly to induce distinct cellular responses in a
concentration dependent manner [109]. In nature, various pattern formations
occur due to the variation of concentration of morphogens within each cell,
which, both react and diffuse within the system owing to instabilities. A va-
riety of species exhibits remarkable types of patterns in their skins, shapes or
sizes. Patterns imitating the spots in leopards, spikes in cactus, stripes in ze-
bras etc. has created tremendous interest amongst researchers and biologists.
These pattern formation mechanisms are actually governed by simple mathe-
matical models of reaction and diffusion. The signaling molecules involved in
the chemical processes spread away from their source to form concentration

gradients.
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Reaction and diffusion are the two fundamental phenomena which govern the
mechanism of morphogenesis. Within a system, reaction and diffusion occur
between morphogens resulting in various patterns. Due to instabilities within
the system, morphogens react and diffuse to change their cell concentrations

which eventually give rise to different pattern formations.

Study on pattern formation dates to 1952, when British mathematician, Alan
Turing, in his pioneering work [113] described a reaction-diffusion model for
morphogen concentrations. This model hypothesizes the existence of two dif-
ferent molecules, an activator and an inhibitor. Turing’s reaction-diffusion

model is of the form

%—(t] = D,N’U+ F(U,V) (6.1)
%—‘; = D,V V+GU,V).

where U (activator) and V' (inhibitor) are the concentrations of the reacting
chemicals, D, and D, are the diffusion coefficients and F' and G are some

functions of U and V' (generally non-linear).

In his work, Turing showed that the activator and the inhibitor can give rise to
spatial patterns starting from a nearly homogenous state. Application of the
Turing mechanism to the formation of a given pattern is mainly identified by
the specific dynamics of the reaction-diffusion system. This work was followed
by numerous researchers which include Newman and Frisch (1979) [81], Bard
(1981) [12], Jung et al. (1998) [54] etc. In 1993, an alternative mechanism
for the spatial patterning was proposed by Murray et al. [79]. This mecha-
nism follows a mechanochemical approach where it is assumed that patterns
arise due to the physical interaction of cells with their external environment
resulting in cell aggregations. With the advent of these models, there has been
an immense growth of research in the field of pattern formation. Researchers
have continued to carry out their studies on both of these model problems and
it has been revealed that these models can simulate many exciting patterns

that are observed in nature.
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Pattern formation, apart from being studied by researchers to propose numer-
ical methods for simulating those structures and predicting new ones, is also
of great importance to science and industry. It is useful in studying pattern
formation and regulation in Hydra and other biological patterning processes
which include phyllotaxis, veins, spatial ecology, segmentation and colour-
ful pigmentation in sea-shells [75]. Apart from biology, pattern formation is
also applicable to microstructure engineering, sputtering and lithography [85].
Spontaneous pattern formation from reaction-diffusion systems reduces certain
complications like diffraction and splashing from masks and therefore can be
used to obtain higher accuracy [39]. Moreover, sensitiveness of pattern forma-
tions to initial conditions and various environmental factors can be utilized in
sensing application [39] and in cellular engineering [102]. These features can

further be utilized to devices like cameras and in detection of antioxidant [39].

Following the works of Turing, several other reaction-diffusion models have
been proposed, notable ones include the Gray-Scott model [35, 36] and the
Gierer-Meinhardt model [64]. In recent years, there has been a rapid rise in
the field of Mathematical Biology and quite prominent ones include the study
of pattern formation. Amongst the recent works worth mentioning are: Turk
[114], Pearson [87], Aragon et al. [8], Asai et al. [9], Barrio et al. [13], Fleury
28], Liu et al. [72], Wu et al. [121] and Zhang et al. [128]. Because of
non-linearity, these models pose considerable difficulty in direct computation
and as such researchers have been driven to adopt novel numerical strategies
from time to time. In this chapter, we use the second order time accurate
HOC scheme developed in chapter 5 by modifying it so as to fit the equations
of the form (6.1). In the process, we carry out the simulation of various pat-

terns, viz. spikes, spots, stripes and labyrinths for varying range of parameters.

The governing unsteady reaction-diffusion model in its two-dimensional (2D)

form may be written as

g_f - 5V2¢ + r(x,y,t)gb(x,y,t) = f(xayat) (62)

where ¢(z,7,t) is a transport variable in some domain Q C R? with bound-
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ary 0, £ > 0 is the diffusion coefficient, r(z,y,t) is the reaction coefficient,

f(z,y,t) is the forcing function and V? is the Laplacian operator.

Considering the HOC formulation (5.8) described in chapter 5, we can approx-

imate Equation (6.2) as follows

N

~

5 2, K o + 2 2
1+—6 1% —0, | 0 & — Ay;0500 — B, b5 (6.3)
h+ K

F gg(ﬁ(szqsm + ng¢m zy
12
where the coefficients A;;, B;;, G;; and F}; are now as follows:

B2

A; = e— @%k
2

B = e— Erijk

h? k2 g

Fiy = {1 + E 54 Ui

h2 2, k2

8, is the forward difference operator and the superscript n stands for the n-th

time level.

The process of basic discretization and matrix computation follows a similar

approach as was adopted in chapter 5 for the computation of 3D flows.

6.2 Code validation:

To lend credibility of our code in problems of pattern formation, we firstly
apply it to the example proposed by Zhang et al. [128] for the time-dependent
Gray-Scott model problem. They considered the following initial-boundary
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value problem

2—1: = d,\Vu+ F(1 —u) —uv®, (z,y,t) € Q x (0,T), (6.5a)
(921 ) ~ 2
a:dQV v— (F+k)v+uw’, (z,y,t) € Qx(0,7), (6.5b)
ou v
8—')’), = a—n = 0, (.Z',y,t) € 0 x (O,T), (65C)
u(z,y, t =0) = u’(z,y), (x,y) € Q, (6.5d)
v(z,y,t = 0) =v"(z,y), (z,y) € Q, (6.5¢)

where v and v represent the reacting chemical species; d; and d, are the
positive diffusion coefficients of chemicals v and v respectively; F' is the in-
flow rate and k is the dimensionless rate constant for the second reaction, n

is the outer unit normal of the boundary 9§ and V* denotes the Laplacian.

In [128], a second order temporally and spatially accurate Galerkin finite el-
ement method was proposed with one of the test cases having the following

analytical solution
u(x,y,t) = cos(2mz)cos(my)cos(2t),

v(x,y,t) = cos(mz)cos(2my)cos(2t).

Simulations were carried out using d; = dy = F = 1 and k = 0 on differ-
ent uniform meshes of size ranging from 17 x 17 to 257 x 257 with a final
non-dimensional time of unity. In the present study, we simulate this problem
with our proposed scheme on three different grids of size 26 x 26, 51 x 51 and
101 x 101 with the same choice of parameters. To solve this problem with
our method, we discretize these equations by setting ¢ = d; or dy, c = d = 0,
r=F+v>or F+k—uv and f = F or 0 respectively. For the Neumann
boundary conditions, a fourth order compact scheme [56] has been used and

the initial conditions are taken from the analytical solution.
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We present our numerical results in Figures 6.1, 6.2 and Table 6.1. Figure
6.1 shows our numerical solution on a 51 x 51 grid along with the analytical
solution and the error plots. From the figure, it is evident that our numerical
results are extremely close to the analytical ones. In Table 6.1, we exhibit
the average absolute errors of u and v on three different grids of size 26 x 26,
51 x 51 and 101 x 101, which is a measure of the spatial rate of convergence
(order) of the proposed scheme for this problem. The last column represents
the estimated orders of accuracy (O(A)), which is calculated by the formula
given in section 5.4 of chapter 5. Table 6.1 clearly demonstrates that the spa-
tial rate of convergence is approximately 4.00 which is in accordance with the

theoretical rate of convergence.

Table 6.1: Average absolute error and convergence rates of the numerical
scheme at time t = 1s for the code validating problem.

Grid Average  abso- | Convergencg Average abso- | Convergence
lute error of | rate of u lute error of | rate of v
U v
26 x 26 | 2175 x 107° 1.7184 x 10°°
3.988 3.999
51 x 51 | 1.370 x 107° 1.074 x 107°
4.000 4.002
101 x 101 | 8.564 x 10~° 6.702 x 107°

In Table 6.2, we show the u-error and v-error obtained with our scheme on a
grid of size 101 x 101 in the infinity norm. The errors are determined at time

station t = 1.0 with time-steps (At) ranging from 0.001 to 0.1.

As the error (E) is proportional to (At)™ (m is the order of time-accuracy),
we have

E=C(at)"

where C' is a constant.
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Figure 6.1: Plots of u-values (left) : Numerical on a 51 x 51 grid (top), Analyt-
ical solution (middle), Error plot (bottom) and v- values (right) : Numerical
solution on a 51 x 51 grid (top), Analytical solution (middle), Error plot (bot-
tom).
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Table 6.2: Convergence result of code validating problem at timet = 1.0 on a
101 x 101 grid.

Time-step (At) | u-error (infinity | v-error (infinity
norm) norm)
0.001 1.5428 x 1077 | 1.4335 x 10~
0.0025 9.6857 x 107" | 8.9852 x 10717
0.005 3.8611 x 107° 3.5869 x 107°
0.01 1.5249 x 107° 1.4222 x 1078
0.025 9.3172 x 10°® 8.7321 x 10°®
0.05 3.5974 x 1077 3.4186 x 107"
0.1 1.3706 x 107° 1.3206 x 107°

This gives
logE = logC' + mlog(At)

Therefore, we have

m = log(Ey/Ey)/log((at):/(At)2), where(At), > (At),

In Table 6.3 we show the time rate of convergence of our proposed scheme,
(here we consider only the first three rows of Table 6.2, i.e we consider only the
three smallest (At) used in our perturbations). From the table, we conclude
that the time rate of convergence of our scheme is pretty close to 2.00, which

is in agreement with the theoretical rate.

In Figure 6.2, we plot the error norms against different time-steps computed
on a grid of size 101 x 101 at time ¢ = 1.0. It is heartening to note from
this figure that even for a time-step as large as 0.1, our proposed numerical
scheme yields an error norm of approximately 1.37 x 107° against the value
of 8.151 x 107 for the method proposed by Zhang et al. [128] for the same
time-step. Moreover, the errors resulting from our scheme is much lower than

those in [128] and the figure clearly depicts a temporal rate of convergence of
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Table 6.3: Error and convergence rates of the numerical scheme at timet = 1s
for the code validating problem.

Time-step (At) | u-error Convergenced v-error Convergence
rate of u rate of v
0.001 1.5428 x 107 1.4335 x 10~
2.005 2.003
0.0025 9.6857 x 10~ ° 8.9852 x 107 1°
1.995 1.997
0.005 3.8611 x 107° 3.5869 x 107
10°
—(—— Zhang et al. (u-error)
—H—— Zhang et al. (v-error)
—A—— Present (u-error)
10-2 —6—— Present (v-error) )
M]
10™
N ﬁ
glo6 &
L
10°®
10" .
-12 L | L | LIl L L
10 10™ 107 107 10™ 10°
At

Figure 6.2: Convergence results for the code validating problem : Error vs
time-step size plot.
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two which is exactly the same as the theoretical one.

6.3 Numerical Test Cases:

In this section, we apply our proposed schemes to three different well es-
tablished two-dimensional model problems, namely, (i) The Gierer-Meinhardt
model problem [64], (ii) Barrio et al. [13] model problem and the popular
(iii) Gray-Scott model problem [35, 36] as was described by Pearson [87].
Throughout the section, the results obtained only through ¢ = 0.5 are pre-
sented, although sufficiently accurate results are obtained using the other two

approaches as well.

6.3.1 The Gierer-Meinhardt model problem: Forma-
tion of spikes

The Gierer-Meinhardt model problem was proposed by A. Gierer and H. Mein-
hardt in 1972. The model can be formulated as

da od® ;

— —g D .

v 2 tea + p, + D, Via (6.6a)
E =oa — ,ubb + pp + va b (66b)

where a represents the concentration of a short-range autocatalytic substance
called the activator and b denotes the concentration of its long-range antago-
nist called the inhibitor. o denotes the production rate coefficient, u, and g,
are the respective decay coefficients describing the rate of decays of the acti-
vator and inhibitor, p, and p, represent the constant inflow of activator and

inhibitor respectively and D, and D, denote the constant diffusion coefficients.

The activator is called so because it catalyzes its own production; either di-
rectly or indirectly, while the inhibitor is so called as it promotes the decaying
of the activator slowing down its production and therefore inhibiting the re-

action diffusion process. If both of them interact with each other in a specific
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Figure 6.3: Formation of spikes : activator concentration (left) and inhibitor
concentration (right).

manner, a periodic pattern can be obtained from a initial homogeneous spatial

distribution of the activator and the inhibitor.

The system (6.6) can be re-written as

oa 9 oa’
a — Dav a + e = T T Pa (67&)
E —va b—l—ubb:aa _'_pb (67b)

Considering zero convective effect (¢ = d = 0), we employ our proposed scheme
to the above system (6.7) on a grid of size 129 x 129 with a time-step 0.1
where {2 was chosen to be a unit square. In our computations, we have chosen
o =0.02, u, =0.01, p, =0, pp =0.02, p, =0, D, = 0.005 and D, = 0.2. The
initial conditions are given by the homogeneous steady state of the system and

the boundary conditions are assumed to be periodic.

Simulations were performed till a non-dimensional time 7" = 4000 and results

are illustrated in Figure 6.3. From the figure, it is visible that the activator
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and inhibitor peaks coincide. The activator peaks are more elevated com-
pared to the inhibitor ones, which are modest. Similar observations were also
made by Yamamoto et al. [123]. The patterns resulting from the activator

concentration at time ¢t = 900 and 4, 000 are shown in Figure 6.4.

Figure 6.4: Contour plots of the activator concentration at time (a) t = 900
and (b) t = 4,000.

6.3.2 Barrio-Varea-Aragon-Maini model problem: Spots
and Stripes Formation

Our next test case is the model problem proposed by R. A Barrio, C. Varea,
J. L. Aragon and P. K. Maini in their work [13]. They considered the Turing

system to be of the specific form

% = DoV?u+ au(l — rv*) + v(l — ryu) (6.8)
61} or
5 = V20 + Bu (1 + #uv) + u(y + 1rov),

where u = U — U, and v =V —V, | so the uniform stationary solution (U,, V,)
of Equation (6.8) is the point (0,0). U and V are the actual concentrations of

the reacting chemicals and ¢ is the ratio between the diffusion coefficients of
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the two chemicals. r; and ry are the two interaction parameters, which corre-
spond to the cubic term and quadratic terms respectively. It is remarkable that
the cubic interaction produces stripe-like patterns while the quadratic interac-
tion favors spots [25]. Therefore, patterns depend on the values of r; and r,.

The quadratic term 7, produces spots while the cubic term r; produces stripes.

In order to solve this system with our proposed scheme for the reaction-
diffusion equation (considering a zero convective effect), we reduce the system
(6.8) to the following form

2_1; — D6V?*u — au = —rlauvz +v(1 = ryu) (6.9)
% — 6V — Bv = rlauUQ + u(v + 7’211),

Considering the domain [0, 1] x [0, 1] and [0, 2.5] x [0, 2.5], numerical calcula-
tions were performed on a 101 x 101 grid and 251 x 251 grid respectively, with
a time-step 0.1 with varying range of parameters. Simulations were performed
till the spatially-uniform steady state was achieved and we chose the following

parameters:

D =0.25, a =062 3=—0.66, v=—0.62 and § = 0.01.

Steady state was assumed to reach when the maximum w-error and v-error
between two successive outer temporal iteration steps was smaller than the

tolerance limit 1075,

In Figures 6.5 and 6.6, we have shown our results where the initial conditions
were randomly chosen and the boundary conditions are the Neumann bound-
ary conditions with zero fluxes. Figure 6.5, shows spot like patterns while

Figure 6.6 shows some stripe like patterns.

Except the pattern depicted in Figure 6.5(b), all the other patterns were sim-
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(a) (b)

Figure 6.5: Barrio-Varea-Aragon-Maini model problem: Spots formation with
(a) r, = 0.056 and r, = 0.3 and (b) r; = 0.009 and r, = 0.25.

ulated on the square domain [0, 1] x [0, 1] with a grid of size 101 x 101. This
pattern was obtained on the domain [0, 2.5] % [0, 2.5] with a grid of size 251 x251
and the parameter D = 0.042, a = 0.29, § = —0.32, v = —0.29 were chosen.

It has been observed that stripe like patterns are revealed only for a very
smaller value of ry and in all the cases r; was considerably larger than r,. On
the contrary, for spot like patterns, the scenario was completely reverse with

ro greater than ry.

6.3.3 Gray-Scott model problem (Pearson’s form)

6.3.3.1 Formation of Labyrinth and Spot patterns

Our last example is the Gray-Scott model problem which was proposed by P.
Gray and S. K. Scott in their works [35, 36].

It may be noted that Alan Turing, in his revolutionary paper [113] prescribed
the function F' and G in (6.1) to be of the form

F(u,v) =7(uv—u— ) (6.10)
G(u,v) =7(8—uv),
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Figure 6.6: Barrio-Varea-Aragon-Maini model problem: Stripes formation
with (a) r; = 4.20 and r, = 0.005, (b) r; = 2.9 and r, = 0.0035, (¢) r, = 3.6
and ry = 0.01 and (d) r; = 6.20 and ry = 0.

where v and v are the concentrations of the morphogens, 7 is the reaction rate

and « and 3 are the decay and growth rates of u and v respectively.

In 1993, Pearson [87] described the Gray-Scott reaction model [35, 36] that

has the form:

Flu,v) =7(u*v — (F +k)u) (6.11)
G(u,v) =7#(—u’v + F(1 —v))

where F is the feed rate and & is the degrading rate, 7 being the same reaction

rate.
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In this context, we refer to the Turing system (6.1) with the functions ' and G
given by the system (6.11). The resultant reaction-diffusion equations are the

ones considered by Pearson in his work [87]. The equations are of the form:

O~ DUV~ (PR (6.12)
88—‘; = D,VV UV +F(1-V).

where the symbols have their usual meaning as described earlier.

To perform our numerical calculations, we consider a system of size 2.5 by 2.5
and the diffusion coefficents are chosen as D, = 10™° and D, = 2.0 x 10° re-
spectively. Boundary conditions are considered to be periodic and the system

was initially placed in the trivial state with U = 0.0 and V' = 1.0.

Following Pearson’s work, we perturbed the 20 by 20 grid point area located
symmetrically about the center of the domain to U = 0.25 and V' = 0.50
which was further perturbed with +1% random noise to break the initial square
geometry. Simulations were carried out till a non-dimensional time ¢ = 30, 000,
by which steady state has already been achieved. We have employed a grid
of size 257 x 257 and a time step 1.0. Numerical results corresponding to the
variable U are illustrated in Figures 6.7 and 6.8. In Figure 6.7, some labyrinth-
type patterns were observed while in Figure 6.8, we have shown some of the

spot like patterns obtained from our numerical results.

6.3.3.2 Time evolution of spot multiplication:

Next, in order to emulate the time evolution of spots created by Pearson
[87] with the Gray-Scott model, we carry out numerical simulations with
D, = 107°, D, = 20 x 107°, F = 0.024 and k = 0.06 in the square
0<zx<2 0<y<2.

Once again, a grid of size 257 x 257 and a time-step 1.0 were chosen. Analogous

to the previous simulations, the entire domian was initially placed in the state
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Figure 6.7: Gray-Scott model problem: Labyrinth formation with (a) F' =
0.0355 and k = 0.0601, (b) F' = 0.0340 and k = 0.0557.

Figure 6.8: Gray-Scott model problem: Spots formation with (a) F' = 0.030
and k = 0.062, (b) F' =0.014 and k = 0.05042.

U =0.0,V =1.0. A circular area of radius 0.2 and centre at (1.00,1.00) was
then perturbed to

1
Ulz,y) = Zsin2(47rx)sin2(47ry), V(z,y) =1-2U(x,y)

Along all boundaries, no-flux boundary condition was used and these Neumann
boundary conditions were discretized via a fifth order backward difference for-

mula employed in [96].
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Figure 6.9: Time evolution of spot multiplication: (a)t = 0.0, (b) t = 350.0,
(c) t = 510.0 and (d) t = 650.0.

The process of evolution has been shown in Figure 6.9. Initially one can
see four spots near the center of the domain (Figure 6.9(a)). Afterwards,
these spots move away from each other and get elongated in the direction
perpendicular to their motion as in Figure 6.9(b). New spots are clearly visible
in Figure 6.9(c) and complete replication of these new spots can be seen in
Figure 6.9(d). This replication process is repeated until the entire domain is
filled with spots. Once again, the simulated patterns from our computation

are in excellent agreement with those obtained by Pearson [87].
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6.4 Conclusion:

This chapter details the application of the second order time accurate scheme
developed in chapter 5 to problems of pattern formation in nature. Though
most of the governing equations in these biological models are of reaction-
diffusion type, it poses no problems in implementing our schemes as one re-
quires the switching off the convection term only. A careful undermining into
the existing literature reveals that most of the existing numerical methods for
solving problems in pattern formation are at most second order accurate in
space and time, whereas we have used a scheme which is second order accu-
rate in time and fourth order accurate in space. In the process, the theoretical
spatial and temporal accuracies have also been established by applying our
scheme to a model problem having analytical solution. Later on, simulations
were carried out on more complicated problems of pattern formation and some
exciting patterns were observed. The scheme being compact, higher-order ac-
curate and implicit, shows a very good convergence compared to the existing
ones. The implicit nature of the scheme has also been exploited in arriving at
the steady-state for the Gray-Scott model problem, where time-steps as high
as 1.0 has been employed for some of the computations. The robustness of the
schemes are exemplified by the efficient transient computation of the spot mul-
tiplication in the last numerical test case. This shows that these schemes have
very good potential for implementation in more intriguing problems of Math-
ematical Biology such as vegetation pattern formation, plant morphogenesis

and mammals coat patterns etc.
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Chapter 7

HOC SCHEMES FOR THE 1D
EULER EQUATIONS OF
GAS-DYNAMICS

7.1 Introduction

Fluids are classified as incompressible and compressible fluids. The compress-
ible fluid flow phenomena are mainly described by the Euler equations, the
study of which in Gas Dynamics gave birth to the theory of hyperbolic con-
servation laws [19]. Over the decades, numerical computation of nonlinear
hyperbolic systems of conservation laws has been an interesting and chal-
lenging task amongst the researchers and there have been several attempts
on developing numerical schemes for the Euler equations of Gas Dynam-
ics. A majority of these existing numerical methods are lower order accu-
rate in space, for example, the AUSM, HLLC solver, Godunov, Rusanov,
Lax-Friedrich, Lax-Wendroff, MacCormack methods etc. In 1988, Saul Abar-
banel and Ajay Kumar [1] proposed a higher-order compact method for the
simulation of these Euler equations. Later on, several schemes with higher-
order accuracy have been proposed for the Euler equations of gas Dynamics
[14, 20, 24, 33, 69, 77, 93, 100, 108, 117]. Researchers employed varied for-

mulations to develop higher-order compact schemes for the Euler equations.
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HOC schemes developed by Mohamad et al. [77] and Shu [100] are based on
finite difference formulation. Rezgui et al. [93] and Gooch et al. [33] devel-
oped HOC schemes based on finite volume formulation and the HOC schemes
developed by [14, 117] were based on finite element formulation. However, all
of these schemes are of only first order accurate in time. In this chapter, we
have proposed a new family of HOC schemes for the Euler equations which
are fourth-order accurate in space and one of the scheme possesses a second

. . 1
order timewise accuracy .

To develop the desired HOC schemes for the Euler equations, we once again
utilized the original differential equation to substitute for the leading trunca-
tion error terms of the standard central difference approximation as was done
earlier for the Navier-Stokes equations. This results in a family of higher order
compact schemes for the one dimensional (1D) Euler equations of Gas Dynam-
ics. These schemes are fourth order accurate in space and second or lower order
accurate in time depending on the choice of a weighted average parameter. To
test the efficiency of our proposed schemes, we first apply it to three shock
tube problem of gas dynamics, including the famous SOD shock tube problem.
Later on, we apply our proposed schemes to the subsonic-supersonic isentropic
flow through a convergent-divergent nozzle (de Laval nozzle). We also com-
pare our solution with the established numerical or analytical solutions and
in all the cases our computed numerical results are found to be in excellent

match with those of the exact ones.

7.2 1D Euler equations of (Gas Dynamics
The 1D Euler equations for inviscid Gas Dynamics are :

% + V- (pu) =0 (Continuity equation) (7.1)

88_7; +V- (puz) + Vp=0 (Momentum equation) (7.2)

'A part of this work has been presented in the SIAM Annual Meeting, 2014, Chicago,
Illinois, USA, Event no. CP15
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aa_f +V - (u(E+p)) =0 (Energy equation) (7.3)

where p, u, p and m = pu are the density, velocity, pressure and momentum
respectively. £ =p/(y—1)+ 3 pu’ is the internal energy, where ~ is the Gas

Dynamic constant and v = 1.4 for ideal gases.

For entropy we use the relation,

Entropy(S) = %
p
The above set of Equations (7.1)-(7.3) are together known as the one-dimensional

Euler equations of Gas Dynamics.

7.3 Numerical Scheme

Consider the unsteady 1D purely convection equation for a transport variable
¢ in some continuous domain )
¢

— + c(z,t)

96
= 5 = /(@) (7.4)

where c is the convection coefficient and f is a forcing function such that they

are atleast twice differentiable.

The steady-state form of Equation (7.4) may be wriiten as

o6

(@) e = /() (75)

Considering a uniform mesh of step size h throughout the domain, the standard

central difference approximation to Equation (7.5) at the i-th node is given by

chp; — 7, = [; (7-6)
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where ¢; and 0, denotes ¢(x;) and first order central difference operator re-

spectively.

The truncation error 7; in (7.6) is of the form

h? o’
QZPEE§]+owS (7.7)

)

Now, in order to arrive at a fourth order compact finite difference formulation

of (7.5), we differentiate it twice w.r.t. = resulting in the following equation

9*c 9o 28082¢ Py Of

| - = 7.8
or* Ox Or 9z° i C@x?’ o (7.8)
Transposing the first two terms to the right, equation (7.8) reduces to
3 2 2 2
Cagb:af 80@_ Oc 07 ¢ (7.9)

or®  0r2 920w Ox 922

Substituting (7.9) in (7.7) and then applying (7.7) on Equation (7.6), we have
a fourth order compact approximation for Equation (7.5) on a three-point
stencil, which is as follows:

[A;02 + B;6,] ¢, = F, (7.10)

The coefficients A;, B; and F; appearing in Equation (7.10) are of the following

forms:
h2
A; = ?5:00’ (7.11a)
h2
B; = [1 + g(sfc} ¢ (7.11b)
h2
F, = [1 + Fﬂ fi (7.11c)

For the unsteady Equation (7.4), the fourth order compact formulation will
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be similar to Equation (7.10), but the coefficient ¢ is a function of x and ¢
and the R.H.S. is of the form f(z,t) — (0¢)/(0t). Now, if At is the time-step,
then using Equation (7.10) and applying forward differencing for (9¢)/(0t),
we have the following HOC approximation for the unsteady Equation (7.4).

~ =
2

1+ %53 6 &; + A;02¢p; + Byb,¢; = F, (7.12)

where d; is the forward difference operator and the superscript n represents

the n-th time level.

Equation (7.12) can be compactly written as

1

1
Zk:_lmm@fkl = Zk:_lnz‘+k¢i+k + 6ALE, (7.13)

where 1, 1, = Diyks Nivk = 606Gty + Pivi and

Now, introduce a weighted average parameter ¢ such that ¢, = (1 —¢)t" +¢t" !

for 0 < ¢ < 1. Varying ¢ gives us a family of integrators; forward Eu-
ler for ¢ = 0, backward Euler for ¢ = 1 and Crank-Nicholson for ¢ = 0.5.
With these, 7;,,, and 7;,, can now be written as 7., = 65¢;1x + Pi1r and
fiw = 6(s — 1)gp + Pirs respectively, and F takes the form ¢F™" +
(1 — ¢)F/". This gives us a family of fourth order compact finite-difference

schemes for the unsteady 1D convection equation.
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Consequently Equation (7.12) can be written in the matrix form as
Ap" =g(¢") + F" (7.14)

where the coefficient matrix A is a tridiagonal sparse matrix and for a grid of

n+1

size m, A is of size m x m, and ¢""", g(¢") and F" are m-component vectors.

7.4 Numerical test cases

In order to validate our code and examine the effectiveness of our proposed
schemes, we have applied them to three well known 1D shock tube problems

and a quasi 1D convergent-divergent nozzle flow.

7.4.1 1D shock tube problem

Figure 7.1 shows a one-dimensional shock tube which is initially filled with a
gas (or air) and is divided into two sections by a diaphragm. For the sake of
simplicity, we consider a finite domain —1 < z < 1 and the initial discontinuity
to be placed at x = 0 i.e. the diaphragm is placed at x = 0. At time t = 0,
the two halves of the tube are maintained at different densities, pressures,
velocities etc. (state variables). The diaphragm is then broken or removed

and gas is allowed to flow and the one-dimensional Euler equations apply.

Diaphragm

l

| | /

-1.0 0.0 1.0

Figure 7.1: 1D Shock Tube Problem in the domain —1 < x < 1 with the initial
discontinuity at x = 0.
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Structure of the flow through the shock tube turns out to be very interesting.
The flow structure has been depicted in Figure 7.2. As can be seen from
the figure, it gives rise to three distinct wave separating regions in which
all the state variables are constant. Across two of these regions there are
discontinuities in some of the state variables. A shock wave propagates into
the region of lower pressure across which the density and pressure jump to
higher values and all of the state variables are discontinuous. This is followed
by a contact discontinuity, across which the density is again discontinuous but
the velocity and pressure remain constant. The third region of these wave
moves in the opposite direction and it has a very different structure. In this
region, all of the state variables are continuous and there is a smooth transition.
The wave in this region is called an expansion wave. It propagates to the left

and decreases the pressure smoothly and continuously as it passes through.

g Reflected
£ Expansion Reflected
Fan

X

\

|

shock wave‘

|

Contact surface !
|

Expansi
Fan

™\

\
\
Shock wave |
| Position 1
Shockl Tube |
S ) -
High pressure region Diaphragm Low pressure reg

Figure 7.2: Wave Structure of the 1-D Shock Tube Problem in the x —¢ plane.

The governing set of Equations for the 1D shock tube problem is (7.1)-(7.3),
which is not self-contained. So we have to use an equation of state for the

closure of the system, which is

p= (= 1)(E 3o} (7.15)
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In order to apply our proposed schemes to the shock tube problem, we convert

each of the Equations (7.1)-(7.3) to a 1D convection equation as follows:

dp dp

om om

Vo O (7.17)
oF oF

where

m = pu,
__ou
gl_ paza
O Ou 4
92 ox m@x an
__, 9 ou 0u
93 ox p@x oz

In the present work, we consider three shock tube problems, namely, Sod’s
shock tube problem, Lax’s shock tube problem and the Strong shock tube
problem. In all these computations, the final time-step has been chosen as

was considered in Kwatra et al. [67].

Computations are carried out on a grid of size 101 with timestep At is given

by the following criteria and we consider, C; = /(v *pr/pr) and Cr =

V(v *xpr/pr). f Cp > Cg, then At = (CFLxh)/Cy; else At = (CFLxh)/Ch,

with v = 1.4 and CFL = 0.4, where C}, and Cp are the speeds of sound in
the left and right sections of the shock tube respectively. C'F'L is the Courant-
Friedrichs-Lewy number or Courant number given by CFL = U—At, where u
is the velocity, At is the time-step size and Ax is the distance %)etween two

succesive nodes.
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7.4.1.1 SOD Shock Tube problem

The Sod’s shock tube problem was introduced by Gary A. Sod in 1978 [103].

It is a shock tube problem with the following initial conditions :

r<0:p,=10,p, =1.0,u;, = 0.0,

x>0:pr=0.1,pr =0.125,ur = 0.0.

We compare our computed numerical results with those of the analytical so-
lution and the results obtained are shown in the Figure 7.3.

From the figure, one can see that our results are in very good agreement with
the exact solutions and unlike the other available results [1, 24, 77, 67, 108] in
the existing literature, our computed results show almost no smearing across

all the discontinuities.

7.4.1.2 LAX Shock Tube problem

The Lax’s shock tube problem (introduced by P. D. Lax) is similar in nature
to Sod’s shock tube, except that the initial condition has a discontinuity in

the velocity. It’s initial conditions are :

x<0:pp=3.528,p; =0.445 u; = 0.698,

x 2 0 PR = 05717pR = O.5,UR = 0.0.
Our simulated results on a 101 grid are depicted in Figure 7.4. From the figure,
once again we can see that our results are in very good agreement with the

exact solutions with nearly no smearing across all the discontinuities and with

very correct propagation of the shocks.

7.4.1.3 Strong Shock Tube problem

The last test case for the shock tube is the Strong shock tube problem. We

solve it with the same parameters as was used for the earlier two tests at the
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Figure 7.3: Comparison of numerical and analytical solution of the SOD shock
tube problem at non-dimensional time = 0.15 units : (a) density, (b) velocity,
(c) pressure and (d) entropy.

non-dimensional time, ¢ = 2.5 x 107%. This problem poses initial conditions

that generates a supersonic shock :

z<0:p,=10"p, =1.0,u; = 0.0,

r2>0:pr=0.1,pr=0.125,up = 0.0.
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Figure 7.4: Comparison of numerical and analytical solution of the LAX shock
tube problem at non-dimensional time = 0.12 units : (a) density, (b) velocity,
(c) pressure and (d) entropy.

Our computed results for the Strong shock tube problem are shown in Figure
7.5. The figure once again justifies that for a very small grid as coarse as 101,
our results are in very good agreement with the analytical ones having almost

no smear across all the shocks and discontinuities.
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Figure 7.5: Comparison of numerical and analytical solution of the Strong
shock tube problem at non-dimensional time = 2.5 x 10~° units : (a) density,
(b) velocity, (c) pressure and (d) entropy.

7.4.2 The 1D Converging-Diverging Nozzle Flow (de

Laval nozzle flow)

Our next test case is the 1D isentropic flow in a convergent-divergent nozzle
as shown in the Figure 7.6. The cross section area of the nozzle, A, changes as

a function of distance z. It has been assumed that the flow at the inlet to the
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nozzle comes from some reservoir of large cross sectional area (theoretically
infinite) and hence very small velocity. The pressure and temperature at the
inlets are therefore the total pressure and total temperature respectively (say
P, and Ty, as they are the stagnation values). In the convergent section of the
nozzle, the flow is locally subsonic while it is supersonic in the divergent sec-
tion of the nozzle. At the throat, the flow is sonic i.e. Mach number, M = 1,
which means that at this location the local velocity is equal to the local speed
of sound. We assume a quasi-one-dimensional flow. A brief description of the

flow geometry can be found in [53].

Inlet Outlet

Throat

S0
Eal
qv)

Figure 7.6: A convergent-divergent nozzle.

Let A(x) =14 2.2(z — 1.5)* for 0 < 2 < 3 be the area of cross-section of the

nozzle, where x = 1.5 is the throat of the nozzle.

The governing equations of this problem can be derived from the integral form

of the continuity, momentum and energy equations as given in [53].

Continuity equation:

dp ov dlnA dp
E—l—p%ijV o +V% —0, (719)
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Momentum equation:

oV 9oV 1/9T Tap
i o =P = 2
8t+vx+v<8x+pax) 0, (7.20)
Energy equation:
oT oT oV dlnA
EW%W‘”T(%” ax)—o’ (721)

where V' is the flow velocity, T' is the temperature and all the other parameters

have usual meanings.

Once again, we convert each of these equations into 1D convection equations,

reducing the governing set of equations as follows:

Continuity equation:
dp dp
= —=h .22

Momentum equation:

oV )%
5 4 V% = hy, (7.23)

Energy equation:
aT oT
— — =h 24

where

[ 8_V+ V@lnA
_pﬁx P o |

1 /or Top
ha==13 (@Wa—xﬂ and
i 5% 0lnA

Boundary and Initial Conditions:

The initial conditions (at time ¢ = 0) were chosen as was given in [53], which
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are :

p=1-—0.3146z,

T =1-0.2314z,

N

V = (0.141.09z)T

Density boundary conditions :

At inlet : p; =1,
At outlet : (@> = <@> )
0r ) 0r ) 5 4

Velocity boundary conditions :

At inlet : V} =2V, — V5,
At outlet : Vy = 2Vy_; — Vy_o.
Note that the value of V; changes with time and is calculated from the infor-

mation provided by the flow-field solution over the interior points. So, V; is

calculated by using linear extrapolation from V, and V3 [53].

Temperature boundary conditions :

At inlet : T} =1,

At Outlet . TN = 2TN—1 — TN—2'

We choose a grid of size 31 and At is chosen as the minimum of dt; where

dt; = CFL—22—. CFL is chosen as 0.5 and the total time steps is chosen
(V/Titw,)

as 1400. Figure 7.7 shows our obtained numerical solutions. From the figure,

one can see that our simulated results are in very close agreement with those
of [122].

TH-1311 09612313



166 HOC schemes for the 1D Fuler Equations of Gas-Dynamics

° Present [ ° Present
Xu [128] 18| Xu [128]

0.8

Q
0.4
02
L1 ] L1
% 0.5 1 2.5
X X
(a) (b)
1¢-» 1g-e-e-e
[ Present I [ Present
Xu[12 L Xu[12
7 u[128] ook u[128]
0.8 -
08|
06 A
L 0.77—
o = [
oaf ooF
osf
02t
i 0.47—
L L1 TR AR SRS EEEEE AU ST
% 0.5 035 0.5 1 1.5 2 2.5
X X

Figure 7.7: Numerical solution of the de-laval nozzle flow : (a) density, (b)
velocity, (c) pressure and (d) temperature.

7.5 Conclusion

A family of implicit HOC finite difference schemes has been developed with
weighted time discretization to solve the one-dimensional Euler equations of
Gas Dynamics. The schemes are second or first order accurate in time accord-
ing as ¢ = 0.5 or otherwise, and fourth order accurate in space. The robustness

of the schemes have been illustrated by their application to some famous shock
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tube problems and de Laval nozzle problem of Gas Dynamics. In all the shock
tube problems, for a grid as coarse as 101, our computed numerical solutions
are found to be in excellent match with those of the exact solutions and estab-
lished solutions. For the shock tube problem, it has been observed that the
present schemes can capture the shock front and the contact discontinuity with
correct locations and satisfactory sharpness. Unlike the earlier proposed HOC
schemes, the numerical results obtained by the present HOC schemes show
almost no smearing across all the discontinuities. The schemes are therefore
found to be very efficient and accurate. In the de Laval nozzle problem, our
numerical results show a very good agreement with existing results even on a
much coarser grid of size 31. Overall we consider the present method as an im-
portant addition to the existing solution procedures for non-linear hyperbolic
conservation laws. These schemes have very good potential for efficient imple-
mentation in two-dimensional Euler equations, including the two-dimensional

shock tube problems.
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Chapter 8

CONCLUDING REMARKS AND
SCOPE FOR FUTURE WORK

This chapter is concerned with summing up of the thesis highlighting its major
achievements. We will also throw some light on the scopes for future work from

the present study.

8.1 Concluding remarks

This dissertation is concerned with the application and development of com-
pact schemes in some diverse fields of computational fluid dynamics research.
Application of some existing compact finite difference schemes have been done
to examine the global two-dimensional stability of incompressible viscous flows
in general and lid-driven cavity flows and flow past an inclined square cylinder
in particular. Some new HOC finite difference algorithms are then developed
for the 3D nonlinear convection-diffusion-reaction equations. These schemes
are first tested on simple convection-diffusion-reaction equations to have an
understanding of their mode of working, merits and demerits. They are then
applied to problems governed by the 3D Navier-Stokes equations and in par-
ticular, the 3D lid-driven cavity flow. One of these schemes is then utilized to
simulate the pattern formations in nature. Moreover, a family of implicit HOC

schemes has also been developed for the 1D Euler equations of compressible
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fluids. These schemes are then applied to the shock tube problem and de Laval
nozzle problem. In almost all the cases, one can see an excellent comparison
between our computed numerical results and the analytical or established nu-
merical results. In what follows, first the work carried out in the thesis is

described briefly so that insightful comments can be made on it later.

Problem 1: An existing HOC Scheme has been applied to analyze the global
two-dimensional stability of the two-sided staggered lid-driven cavity flow for
both parallel and anti-parallel motions of lids. This approach has been utilized
for the first time to construct the generalized eigenvalue problem in order to
identify the critical parameters for incompressible viscous flows such as the
staggered cavity. Critical parameters have been identified and extensive grid
convergence studies are provided including the streamlines corresponding to
the eigenmodes over one complete periodic cycle over two grids. Richardson’s
extrapolation and Lagrange interpolation of the data has also been carried out
which confirmed the theoretical rate of convergence and justified the critical
Reynolds number. Extensive studies through phase plane and spectral density
analysis have also been carried out and results are presented for a wide range
of Reynolds number to study the nature of the flow. Qualitative and quanti-
tative results are provided for some Reynolds number for which no results are

available in literature.

Problem 2: An earlier existing second order spatially and temporally accurate
compact scheme for the biharmonic formulation of the transient Navier-Stokes
equations has been employed to investigate the flow stabilities in some more
incompressible viscous fluid flow problems, namely, the simple (one-sided)
square LDC, the two-sided cross LDC flows and the flow past an inclined
square cylinder.This is probably the first time that the ¢-v formulation of the
N-S equations has been utilized for the global stability of a flow. A compre-
hensive study has also been carried out which shows that compared to the
streamfunction-vorticity approach, this approach solves the eigenvalue prob-
lem with a significantly small CPU time, thus drastically reducing the com-
putational effort. Moreover, it is also notable that, for the cross LDC flow, no

global two-dimensional stability analysis is available with any of the numerical
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methods in the existing literature. It is therefore, a very first attempt to carry

out such analysis.

Problem 3: We have developed a class of fourth order spatially accurate
higher order compact schemes for the transient three-dimensional convection-
diffusion-reaction equations. The proposed schemes are second or lower order
accurate in time depending on the choice of the weighted average parame-
ter. Fundamental studies of these proposed schemes has been carried out
which includes the dispersion-dissipation Fundamental studies of these pro-
posed schemes has been carried out which includes the convergence analysis
(in the discrete Buclidean norm (L*-norm) ), dispersion-dissipation analysis
and Fourier stability analysis. The spatial and temporal accuracy of the
schemes have also been numerically verified. It has been observed that our
proposed schemes have less dissipative errors and are unconditionally stable.
To test the efficiency of the proposed schemes, they are applied to unsteady 3D
convection-diffusion-reaction problems with both constant as well as variable
convection-reaction coefficients and results obtained are found to be superbly
in agreement with the analytical solutions. Further, to check the robustness
of the proposed schemes, we apply them to the benchmark problem of 3D
lid-driven cubical cavity flow governed by the unsteady Navier-Stokes (N-S)
equations and compare our results with established numerical results, which

gives us an excellent comparison.

Problem 4: The schemes developed are then reduced to solve the two-dimen-
sional reaction-diffusion problems for pattern formation in nature. Our code
has been validated by applying it to well known problems in the existing lit-
erature of Mathematical Biology and comparing our results. In the process,
spatial and temporal order of accuracy have also been established. The code
has been further applied to four well known model problems and excellent
simulation of various patterns, viz. spikes, spots, stripes and labyrinths has

been observed, exemplifying the robustness of the schemes.

Problem 5: Lastly, we have developed a new family of higher order compact

schemes for the solution of unsteady one dimensional (1D) Euler equations of
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Gas Dynamics (compressible flows). These schemes are implicit, fourth order
accurate in space and at most second order accurate in time depending on a
weighted average parameter. To test the efficiency of our proposed schemes,
we apply them to three different shock tube problem of gas dynamics, includ-
ing the famous SOD shock tube problem. In all the cases, for a grid as coarse
as 101, our computed numerical solutions are found to be in excellent match
with the exact solutions. Later on, we apply it to the quasi one-dimensional
convergent-divergent nozzle flow problem (de Laval flow) and observed that
our computed numerical results show very accuate results on a very coarse
grid of size 31. Our simulted results are then compared with existing numeri-
cal results which also shows a very good agreement. Overall the schemes are

found to be very efficient and accurate.

The work, therefore achieves with great success of the two major objectives,
namely application and development of compact schemes in some diverse direc-
tions. Application is mainly confined to the analysis of global two-dimensional
stability of some incompressible viscous fluid flow problems. Development of
new HOC schemes are done for the 3D transient convection-diffusion-reaction
and for the unsteady 1D Euler equations. Modification of the schemes for the
3D transient schemes to simulate pattern formations in Mathematical Biol-
ogy is a testimony of the potential of these proposed HOC schemes. In what
follows the major achievements of the thesis will be highlighted in the form
of observations and comments, further substantiating the claim of objectives

having been achieved.

(i) The global 2D stability analysis with the HOC scheme for the streamfunc-
tion-vorticity formulation of N-S equations reveals the periodic nature of low
for higher Reynolds number which leans towards a chaotic nature with the

increase in Reynolds number.

(ii) The global 2D stability analysis with the compact scheme for the stream-
function-velocity formulation of N-S equations shows a very good agreement
with the existing literatures for the simple lid-driven cavity and the flow past

an inclined square cylinder. Since, the formulation involves only one equation,

TH-1311 09612313



8.1. Concluding remarks 173

which is for the streamfunction only, it drastically reduces the computational
effort for solving the linearized eigenvalue problem compared to the other
methods. The method has also been utilized for the unconquered problem of
cross lid-driven cavity flow which provides us the critical Reynolds number
beyond which the flow nature changes. This method has a very good poten-
tial for stability analysis of more intriguing problems of computational fluid

dynamics research.

(iii) The HOC schemes developed for the transient 3D convection-diffusion-
reaction equations involve only 19 points at the current time-level incontrast
to the earlier existing HOC schemes. This shows that it requires a small
stencil compared to the existing HOC schemes. Moreover, the schemes are
unconditionally stable and are of fourth-order accuracy in space and second-
order accuracy in time. To demonstrate its high accuracy and efficiency nu-
merical experiments have been performed. Therefore, our proposed schemes
inhibit various important features, namely, computationally economical, con-
sumes less memory, highly accurate, compactness and implicitness. Although,
HOC finite difference schemes are seen for the three-dimensional convection-
diffusion equations, a very few of them are available in the existing literature
for the three-dimensional convection-diffusion-reaction equations and there is
a distinct void in this area. The HOC schemes developed by us for the tran-
sient 3D convection-diffusion-reaction equations (applicable also to 3D Navier-
Stokes equations) can be considered a notable step in filling this void. One
important factor that determines the merit of an implicit scheme is the time-
wise accuracy and one of the proposed schemes is second order accurate in

time and is therefore an important development.

(iv) Most of the existing numerical works pertaining to pattern formation re-
volve around numerical methods which are of atmost second order accurate
and mostly explicit in nature. Due to the implicitness, fourth order accuarate-
ness and unconditionally stable, we can use a larger time-step to reach the final
time or the steady state. Therefore, we intended to apply this scheme to simu-
late some biological reaction-diffusion model problems. In order to validate the

2D code for pattern formation in nature, we apply it some existing problems in
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the literaure and then to the Gierer-Meinhardt model problem, Barrio-Varea-
Aragon-Maini model problem and the Gray-Scott model problem. Overall we
consider this procedure as an important addition to the existing solution pro-

cedures for problems of pattern formation in Mathematical Biology.

(v) In the field of computational fluid dynamics, many numerical algorithms
have been developed to simulate inviscid, compressible flows problems. Among
those most famous and relevant are based on flux vector splitting and Godunov-
type schemes. However, in the present work, we, develop a new family of im-
plicit high-order compact (HOC) finite difference solver for one-dimensional
Euler equation. This method is quite simple as compared to the existing nu-
merical methods in Gas Dynamics. Apart from this, our proposed schemes
are very accurate on much coarser grids. The code developed has been imple-
mented on some famous problems like the SOD shock tube problem and the de
Laval nozzle problem. For the shock tube problem, our method shows almost
no smearing across all the discontinuities while for the quasi 1D convergent-
divergent nozzle problem, our method shows a very good agreement with the
existing literature for a much coarser grid of size only 31. Overall, our schemes

are found to be very accurate, robust and efficient.

8.2 Scope for future work

The work also opens up a host of interesting research possibilities, the major

ones of which are listed below.

(i) Although, the two-dimensional staggered lid-driven cavity flow has been
an interesting topic amongst the researchers for decades, its 3D counterpart
has not been discussed till date. Therefore the numerical simulation of the 3D
staggered lid-driven cavity and its stability analysis seems to very good work
to be discussed. Moreover, the three-dimensional linear stability analysis of
the two-dimensional staggered LDC also seems to be an interesting subject of

research.
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(ii) The successful implementation of the compact biharmonic formulation on
analyzing the global 2D stability analysis of incompressible viscous flows on
three different problems involving interesting physics can open the flood gates

for examining the stability of more intriguing problems of fluid dynamics.

(iii) One of the transient scheme developed for the 3D convection-diffusion-
reaction equations is of fourth accurate in space and second order accurate in
time. Whether this scheme in some modified form can be extended to direct
numerical simulation (DNS) of turbulent flows seems to be an interesting and
important area of research. Moreover, application of our proposed schemes to
the problem of natural convection in a box also seems to be a very interesting

topic of research.

(iv) Since the application of our schemes to simulate pattern formation in na-
ture shows very good results and patterns. Therefore, it would be interesting
to modify our code to simulate patterns in domains beyond rectangular, some
of which are the circular, fish-like and tail-like domains. Meanwhile, it also
seems to be interesting to examine the implementation of these HOC schemes
on Turing pattern formation in problems that include a glucolysis reaction

mechanism.

(v) Extension of our code developed for the 1D Euler equations to simulate
2D Euler equations is an interesting arena that could be performed later on.
Because of higher order accurateness, the code in 2D extension appears to
have good potential for efficient computation of physically meaningful flows
in two-dimensional Gas Dynamics. Future work in this direction seems to be

fraught with interesting possibilities.
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