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Abstract

In this thesis, our primary interest is to provide some efficient and higher-order numerical

techniques for solving singularly perturbed convection-diffusion and reaction-diffusion

boundary-value problems exhibiting boundary layers. These singular perturbation prob-

lems (SPPs) are described by differential equations in which the highest-order derivative

is multiplied by an arbitrarily small parameter ε (say) known as singular perturbation

parameter. This leads to the existence of boundary layers which are basically narrow

regions in the neighbourhood of the boundary of the domain, where the gradient of the

solution becomes steep as the perturbation parameter tends to zero. Due to the appear-

ance of the layer phenomena, it is a challenging task to provide ε-uniform numerical

methods. The term ‘ε-uniform’ refers to identify those numerical methods in which the

approximate solution converges to the corresponding exact solution (measured to the

supremum norm) independently with respect to the perturbation parameter ε.

The purpose of this thesis is to develop, analyze and improve the ε-uniform numerical

methods for solving SPPs. These methods are mainly based on two types of nonuniform

meshes. They are the well-known layer resolving piecewise-uniform Shishkin mesh and

the equidistributed layer-adapted meshes, which are obtained by moving fixed number

mesh points to equidistribute a positive monitor function, depending on the solution

or/and its derivatives.

At first, a uniformly convergent hybrid numerical scheme is proposed and analyzed on

the equidistributed mesh for singularly perturbed Robin type reaction-diffusion prob-

lems. This scheme uses a proper combination of central difference and cubic spline

approximation for the second-order derivative. In addition, the proposed hybrid scheme

is extended for a system of Robin type reaction-diffusion problems on apriori chosen

piecewise-uniform Shishkin mesh. In all these cases, the newly proposed hybrid scheme

attains almost second-order accuracy. Thereafter, the mesh equidistribution technique

is extended for a class of fourth-order ordinary differential equations (ODEs), where the

adaptively generated mesh is obtained by equidistribution of a curvature type monitor

function. Moreover, we derive theoretically apriori monitor function to study the effect

of mesh equidistribution for a general singularly perturbed system of reaction-diffusion

problems. Next, Richardson extrapolation technique, which improves the first-order ac-

curacy of the standard upwind scheme to second-order convergence is analyzed for singu-

larly perturbed convection-diffusion problems using moving mesh methods. Finally, the

equidistribution of a monitor function which works for scalar form of convection-diffusion

problem is extended for a system singularly perturbed convection-diffusion problems to

obtain an optimal first-order accurate parameter-uniform convergent solution. Exten-

sive numerical experiments are conducted which support all of our theoretical findings.

A concise conclusion with possible further work is provided at the end of this thesis.
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Chapter 1

Introduction

1.1 Singular Perturbation Problem

Singular perturbation problems (SPPs) are of common occurrence in many branches of

applied mathematics and engineering including fluid mechanics, chemical reactor theory,

elasticity, gas porous electrodes theory, heat and mass transfer processes in composite

materials with small heat conduction or diffusion. These types of problems are typically

characterized by an arbitrarily small parameter multiplied with some or all of the highest

order terms in the differential equation. For example, one of the most striking examples

of SPPs is the Navier-Stokes equation of fluid dynamics

∂(u2 + p)

∂x
+
∂(uv)

∂y
=

1

Re

(
∂2u

∂x2
+
∂2u

∂y2

)
, (1.1.1)

with suitable initial and boundary conditions. Here u and v are the velocity components

along the x and y directions and p is the pressure. The parameter ‘Re’ is known as

‘Reynolds number’. ‘Re’ is proportional to the length scale, velocity scale and inversely

proportional to the kinematic viscosity of the fluid. For sufficiently large Re(� 1), the

equation stated in (1.1.1) will be transformed into a singularly perturbed differential

equation. The ‘continuity equation’ for electrons in a steady state scaled model [67] of a

one-dimensional semiconductor is another significant example to be noted as a singularly

perturbed equation. Several other examples can be found in the books of Miller [57],

Morton [59] and Roos et al. [74].

The birth of singular perturbation problems came into picture at the Third Interna-

tional Congress of Mathematicians in Heidelberg in 1904 by Prandtl’s seven-page report

published in the proceedings [68]. In his innovative work on the subject of boundary

layer theory, he explained about how a quantity as small as the viscosity of common

fluids such as water and air could play a crucial role in determining their flow. In his

work, Prandtl proved that the flow about a body can be treated by dividing it into two

regions: inside a very thin layer (which he called the boundary layer) in proximity to

the body where the frictional effects are prominent, and the remaining as the outside

1
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region. The boundary layer theory became the foundation stone for modern fluid dy-

namics. The term ‘singular perturbation’ was first introduced by Friedrichs and Wasow

in their paper [32]. Though Prandtl introduced the terminology ‘boundary layer’, it got

much greater generality in the substantial work of Wasow [84].

The singularly perturbed differential equations involving an arbitrarily small param-

eter ε (say), where 0 < ε � 1 attract its attention from mathematicians as well as

physicists. In general, the analytical solutions of these problems exhibit multi-scale phe-

nomena, i.e., the solutions vary rapidly within the boundary layers and behave smoothly

away from the layers. The common approach to study the fundamental nature of the

analytical solution as the parameter ε goes to zero is through asymptotic expansion

technique. A straightforward asymptotic expansion using an asymptotic sequence of the

parameter ε leads to differential equations of lower order than the original differential

equation. As a consequence, not all the boundary or initial conditions can be satisfied by

the perturbation expansion. The technique for overcoming this difficulty is to combine

the straightforward expansion known as outer expansion, valid away from the boundary

layer with an expansion called the inner expansion valid within a layer adjacent to the

boundary where the boundary condition is not satisfied. The inner expansion associated

within the boundary layer region is expressed in terms of a stretched variable rather than

the original independent variable, which takes account of the scale of certain solution

derivative terms. The inner and outer expansions are matched over a region located at

the edge of the boundary layer using the method of matched asymptotic expansion. It

should be noticed that before solving the problem, one has to know the location and

width of the boundary layer which can be obtained by the principle of least degeneracy

from Van Dyke [27]. For more details about the asymptotic expansion technique, one

can refer the books of Bender and Orszag [11], Bush [13], Miller [57] and O’ Malley [65].

Classical computational methods (standard finite difference or finite element or finite

volume methods) to SPPs are known to be inadequate on uniform meshes as they require

extremely large number of mesh points to produce satisfactory numerical solutions (see

[74]). This is due to the presence of steep gradients in the analytical solutions. In this

context, careful numerical experiments (see Farrell [29]) show that the classical methods

fail to decrease the maximum point-wise error as the mesh is refined, until the mesh size

and the perturbation parameter have the same order of magnitude. This contradicts the

natural expectation that the error of an acceptable computational method (applicable

for regular perturbation problems) decreases when the mesh is refined. For e.g., when

the perturbation parameter ε = 2−20 an unexpectedly large number of mesh points are

required to achieve an accurate numerical solution. Consequently, the size of system of

algebraic equations will be increasing more as the dimension of the problem increases.

Hence this incorporates the massive computational cost. This drawback motivates to the
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concept of ε-uniform numerical methods; in which the order of convergence and the error

constant is independent of the perturbation parameter ε. Throughout this thesis, we

focus only on ε-uniform (robust) numerical methods to obtain the approximate solutions.

The construction of ε-uniform numerical methods over the last few decades, can be

classified mainly by two different approaches. These approaches are defined as follows.

The first approach substitutes the standard finite difference operator (correspond-

ing to the continuous problem) by a difference operator which reflects the singularly

perturbed nature of the differential operator. The modified finite difference operator is

referred as fitted finite difference operator, which is defined on a standard mesh (very of-

ten on uniform mesh). The construction of this difference operator uses a proper choice

of the difference coefficients so that some or all of the exponential functions are in the

null space of the differential operator. In general, this method is known as fitted operator

method, which is first introduced by Allen et al. [24] for solving the problem of a viscous

fluid flow past a cylinder. It is often possible to obtain ε-uniform numerical method

by constructing an appropriately fitted finite difference operator for the problems with

regular boundary layers (a boundary layer is said to be of regular type if the character-

istics of the reduced equation corresponding to ε = 0 are not parallel to the boundary

and the boundary layer is said to be of parabolic type if the characteristics are parallel

to the boundary) on uniform meshes. However, in the case of problems with parabolic

layers, Shishkin [78] established that no fitted operator method on a uniform mesh exists

for such problems. The same result is also introduced by Miller et al. [56] where the

modeling of heat transfer in the case of flow over a fat plate with suction of the boundary

layer is considered. For more details about the explanation of this method, one can see

the books Doolan et al. [26], Miller et al. [55].

The second recognized approach for the construction of ε-uniform numerical method

involves the use of standard finite difference operators on special meshes which are con-

densed towards the boundary or interior layers. Such methods are referred as fitted mesh

methods. These methods have an extra advantage over the fitted operator methods due

to their implementation on the standard operators and their extensions to solve higher-

dimensional and nonlinear problems with complicated domain structure. If sufficient

apriori information about the solution is available, then appropriate meshes can be con-

structed where the solution accuracy of these methods depend only on the number of

meshes and is independent of the perturbation parameter. Otherwise, a newly developed

adaptive strategy can be implemented to determine the appropriate grading for obtain-

ing a layer-adapted mesh. This technique uses the equidistribution of a positive monitor

function, which defines some error measurement of the numerical solution. This simply

means the rearrangement of the meshes so that the error quantity is equally distributed.

For example, if we consider the porous medium equation for [30], which can model a gas
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bubble spreading in a porous medium [3], we might want to have more points where the

mass density is high. Here, the monitor function plays the role of automatic detection

of the locations where the mass density /or solution variation is rapid. Now-a-days,

this adaptive technique has become a valuable computational technique in the context

of singular perturbation theory. Here the importance of the monitor function is to au-

tomatically detect the presence of the boundary layers together with their locations,

widths and distribute mesh points accordingly. The mesh adaptation techniques, which

study the proper movement of a fixed number of mesh points by the equidistribution of

a positive monitor function are generally known as moving mesh methods.

1.1.1 Adaptive mesh

This thesis mainly focuses on the moving mesh adaptivity, but also discusses alternative

approaches. The overview is not only a good introduction to the methods used in the

following chapters but, more importantly, puts all approaches together and describing

their equivalences and differences. Adaptive mesh methods can be recognized as an

efficient tool for differential equations involving multi-scale nature of the solution.

The singular perturbation problems can be classified by two major ways, so called

convection-diffusion problems and reaction-diffusion problems. A typical singularly per-

turbed convection-diffusion problem on Ω = (0, 1) is of the following form





−εu′′(x) + a(x)u′(x) + b(x)u(x) = f(x), x ∈ Ω,

u(0) = u(1) = 0,

(1.1.2)

where ε (0 < ε � 1) is the singular perturbation parameter. The locations of the

boundary and interior layers will depend on the smoothness of the known functions

a(x), b(x) and f(x). Let us assume that the given functions a(x), b(x) and f(x) are

continuous. Then, the solution of problem (1.1.2) admits one-sided boundary layer if

a(x) > α > 0 or a(x) < −α < 0 on Ω = [0, 1] and interior layers if a(x) changes its sign

on Ω.

The problem (1.1.2) will be called reaction-dominated if a(x) = 0. The solution of

singularly perturbed reaction-diffusion problem admits boundary layers at both ends of

the boundary if b(x) > β > 0 on Ω. In general, the discontinuity of any given functions

a(x), b(x) and f(x) produce interior layers.

If the location and width of the layer are known apriori, then these knowledge can be

used to construct suitable layer-adapted meshes. The main idea behind the construction

of these meshes is to concentrate the computational effort where it is needed most, for

example, using a high resolution near the interesting features of the solution (specially

where the solution gradients become steep as the perturbation parameter goes to zero)
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TH-1148_08612305



CHAPTER 1 5

and a lower resolution for its smooth behaviors.

In this context, Bakhvalov [4] introduced a special nonuniform mesh in 1969 from a

continuous strictly decreasing mesh generating function λ : Ω → [−1, 1] where λ(0) = 1

and λ(1) = −1. This function is defined as

λ(s) =





ψ(s), s ∈ [0, τ ],

ψ′(τ)(s− τ) + ψ(τ), s ∈ [τ, 1],

where ψ(s) = exp(−αs/ε) and the transition parameter τ , which separates the fine and

coarse mesh is defined by the implicit equation

ψ′(τ) =
1 + ψ(τ)

1− τ
.

One of the limitations on Bakhvalov mesh includes that τ cannot be written in closed

form from the above nonlinear equation. The complicated construction of this mesh

makes it difficult to extend for singularly perturbed partial differential equations. There-

after, Vulanovic [83] constructed a new mesh in 1983 which can capture the boundary

layer.

In 1988, Gartland [33] proposed a graded mesh in which the domain is divided in

to three regions. These regions are: inner regions (boundary layer regions) where the

mesh is graded exponentially with respect to ε, transition region in which the mesh is

changing geometrically from fine to coarse position and the outer region in which the

mesh is uniform. The generation of this mesh is also complicated and difficult to extend

to higher-dimensions.

In the same year 1988, Shishkin [77] proposed a relatively simpler mesh, which can

be extended easily for higher-dimensions. Shishkin defines a piecewise-uniform mesh

suitable for problem (1.1.2) with the transition point τε defined as

τε = min

{
1

2
, ετ0 lnN

}
, τ0 ≥ p/α.

The piecewise-uniform mesh ΩN = {xi}Ni=0 is obtained by dividing each of the inter-

vals [0, τε] and [τε, 1] into N/2 equal subintervals. Note that p is an arbitrary positive

constant, which defines the order of convergence of the numerical method, for example,

p = 1 for simple upwind scheme. It should also be noted that this mesh will reduce

to a uniform mesh whenever ετ0 lnN > 1/2, which implies that N is sufficiently large

(relative to 1/ε). In a similar way, the transition parameter for the reaction-diffusion

problem is defined by:

τε = min

{
1

4
,
√
ετ0 lnN

}
, τ0 ≥ p/β,

Numerics of singular perturbation problem Ph.D. Thesis

TH-1148_08612305



CHAPTER 1 6

and the piecewise-uniform mesh {xi}Ni=0 is obtained by dividing each intervals [0, τε],

[τε, 1− τε] and [1− τε, 1] into N/4, N/2 and N/4 equal subintervals, respectively.

However, these meshes are formulated with the help of apriori information about

the location and width of the boundary layer. The construction of these meshes are

also complicated and highly depends on the shape of the domain. Many physically

interesting problems involve the propagation of moving boundaries like wave interaction

in the oceans free surface, multi-phase flows in porus media, Hele-Shaw cells in pattern

formation with few other nonlinear problems for which the apriori information about

the exact solutions are not available. Another big concern is the order of accuracy of the

numerical methods on these meshes. A finer discretization can be used for numerical

simulations to yield better results. But, doubling the resolution becomes increasingly

expensive on multidimensional domains. Therefore, it is always necessary to obtain

a nonuniform mesh which can retain the accuracy and also improve the efficiency of

an existing method by automatically adopting the solution behavior and concentrating

mesh points within the regions of interest, from geometry and features of the solution.

Mesh refinements is often realized as one of the fundamental way in order to capture the

essential physics of the above mentioned problems. In general, the refinement techniques

take the following three form (see Bangerth and Rannacher [5]).

h-refinement: This method involves automatic refinement or coarsening the mesh by

adding the extra meshes based on aposteriori error estimates or local error indicators.

This technique captures the geometry of the solution by dividing certain mesh cells into

multiple smaller cells and is very popular in finite element context. The main weakness

of this is the growth of the computational expense as we add the extra meshes to the

regions of interest.

p-refinement: This method involves the adaptive enrichment of the polynomial order.

It results a more accurate approximation of the solution by increasing or decreasing the

local polynomial degree in each cell.

r-refinement: This method is also known as moving mesh method which uses a fixed

number of meshes. These meshes are redistributed at each step in order to track the

regions of rapid variation of the solution. The main advantage of this method is that it is

not computationally expensive to grab the geometry of the solution. In this dissertation,

we shall mainly focus our attention on r-refinement strategy.

A commonly-used technique in adaptive mesh generation is based on the idea of

equidistribution. This technique is first introduced by de Boor [22]. It involves the

selection of mesh points such that some measurement of the solution error is equalized

over each subinterval. A mesh ΩN ≡ {0 = x0 < x1 < · · · < xN = 1} is said to be
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equidistributed, if

∫ xi

xi−1

M
(
s, u(s)

)
ds =

∫ xi+1

xi

M
(
s, u(s)

)
ds, i = 1, · · · , N − 1, (1.1.3)

where M
(
s, u(s)

)
is nonnegative L1–integrable function. This function is also known as

a monitor function since it defines a measurement of the numerical error. Equivalently,

(1.1.3) can be expressed as

∫ xi

xi−1

M
(
s, u(s)

)
ds =

1

N

∫ 1

0

M
(
s, u(s)

)
ds, i = 1, . . . , N. (1.1.4)

Mesh equidistribution can also be thought of as a mapping x = x(ξ) from a computa-

tional coordinate ξ ∈ [0, 1] to the physical coordinate x ∈ [0, 1] defined by

∫ x(ξ)

0

M
(
s, u(s)

)
ds = ξ

∫ 1

0

M
(
s, u(s)

)
ds. (1.1.5)

It is common to use monitor functions which are bounded away from zero to maintain an

appropriate distribution of mesh points throughout the domain. The optimal choice of

the monitor function depends on the problem being solved, the numerical discretization

being used and the norm of the error that is to be minimized. In practice, the monitor

function is often based on simple functions, involving the derivatives of the unknown

solution. According to Ren and Russell [72], there are three types of monitor functions

available in the literature. They are of arc-length type, combination of gradient and

curvature type and based on truncation error or solution residual. Monitor function

based on arc-length type is considered by several authors for instance, Huang, Ren

and Russell [36], Budd, Huang and Russell [12] to numerically model the areas of high

activity (regions where the solution changes rapidly) successfully. For SPPs, this monitor

function is examined by Qui et al. [71]. Aposteriori error estimate corresponding to

this monitor function is also carried out by Kopteva [42] for one-dimensional singularly

perturbed convection-diffusion problem. On the other hand, Beckett and Mackenzie [8, 9]

proposed another monitor function which is based on the curvature of the solution. This

works well for both singularly perturbed convection-diffusion as well as reaction-diffusion

problems. Likewise, monitor functions based on the truncation errors or residuals are

examined by Chen [18].

Moving mesh methods using mesh equidistribution are often realized as one of the

fundamental way in order to capture the essential physics of the solution. The exis-

tence and uniqueness of an equidistributing mesh is guaranteed theoretically when a

strictly positive monitor function is used. However, it can rarely be found exactly as

the integrals of (1.1.3) will be normally approximated. Thus one has to rely on numer-

ical methods to generate the equidistributed mesh. In this purpose, a large number of
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methods have been developed in recent past. The first example includes de Boor [22],

where the monitor function is approximated by a piecewise constant function. Pryce

[69] considered a modified version of de Boors [23] algorithm, where the piecewise linear

interpolation was used for the approximation. Other works include the use of Newton’s

iteration by Linß [47]. The issues related to convergence of de Boor algorithm is consid-

ered by Kopteva and Stynes [45] based on upwind finite difference solution of singularly

perturbed convection-diffusion problems and by Chadha and Kopteva [16] of singularly

perturbed reaction-diffusion problems. It is observed that this algorithm numerically

produces better result compared to other modified versions of this. This thesis uses the

de Boor algorithm to generate the layer-adapted mesh by the equidistribution of the

proposed positive monitor functions.

1.2 Objective and Motivation

The main theme of this thesis revolves around developing, analyzing, improving and op-

timizing the ε-uniform fitted mesh methods for singularly perturbed convection-diffusion

as well as reaction-diffusion boundary-value problems on the two kind of nonuniform

meshes namely, apriori chosen Shishkin mesh and the equidistributed mesh using mov-

ing mesh methods. A brief survey of the literature illustrating the motivations behind

the present works, carried out in this thesis is presented below.

In the past few years, uniformly convergent numerical methods for singularly per-

turbed convection-diffusion and reaction-diffusion problems have been considered by

several researchers. The literature of approximating the solution by finite difference or

finite element or finite volume methods is quite large. One may refer the books of Far-

rell et al. [29], Miller et al. [55], Morton [59], Roos et al. [74] and the survey articles

by Kadalbajoo and Patidar [38] and Kadalbajoo and Reddy [40] for more details. The

singularly perturbed partial differential equations also attracted by several authors for

example, Clavero et al. [19], Hemker et al. [34], Mukherjee and Natesan [60], Shishkin

[79]. A brief survey about the works done in this context can be seen in Kadalbajoo and

Patidar [39]. But most of these articles cited above are mainly concentrated on apriori

chosen Shishkin mesh, whose construction depends on the problem type and its domain

structure. Therefore, the necessity of the adaptive mesh by equidistributing a monitor

function draws its attention from engineers and mathematicians. In this context, one

can see the following articles de Boor [23], Baines et al. [3], Beckett [7], Budd et al.

[12], Carey and Dinh [15], Huang et al. [36], Huang and Russell [37], Mohapatra and

Natesan [58], Pereyra and Sewell [66] and Pryce [69]. These papers are mainly based on

the standard finite difference/element methods in which higher-order schemes or meth-

ods are not yet considered. This thesis attempts to consider also higher-order methods
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using mesh equidistribution.

In recent past, mesh equidistribution for reaction-diffusion boundary-value problems

are considered by a couple of articles, namely, Beckett and Mackenzie [9] and Kopteva et

al. [44], where the monitor functions are based on the curvature of the solution. For this

problem, a second-order convergence is observed. Further the technique in [9] is extended

to obtain higher-order convergence by Beckett and Mackenzie [10] using finite element

methods. The current interest is to use the adaptive numerical methods for more general

Robin type problems using mesh equidistribution. In this case, Robin or mixed type

convection-diffusion boundary-value problems (MBVPs) are first considered by Ansari

and Hegarty [2] and Cai and Liu [14] on piecewise-uniform Shishkin mesh. An almost

first-order accurate parameter-uniform convergence is observed by them. On the other

hand, Robin type reaction-diffusion problem is considered by Natesan and Bawa [62],

where a cubic spline based almost second-order hybrid numerical scheme is proposed.

This work is also based on piecewise-uniform Shishkin mesh. Therefore, considering

the above literature survey, one may still desire to construct an efficient higher-order

uniformly convergent numerical scheme for singularly perturbed Robin type reaction-

diffusion problems using mesh equidistribution.

Next, designing a low-cost uniformly convergent numerical method for higher-order

differential equations is always a desirable task. Generating convergent schemes for

higher-order derivatives are a difficult part of this. In this context, a class of singularly

perturbed fourth-order ordinary differential equations (ODEs) are considered by several

authors for e.g., Shanthi and Ramanujam [75, 76]. Most of these available numerical

techniques are constructed either by fitted operators or by the use of reasonable apriori

information about the solutions on the domain. Therefore, the natural question is: Can

we develop a uniformly convergent numerical technique using moving mesh methods by

mesh equidistribution, where the complexity of obtaining difference schemes correspond-

ing to the higher-order derivatives will not appear? Many researchers used the finite

difference methods for approximating the unweighted derivatives of the solution. Such

approximations are essential in certain applications, for example, the normal derivatives

are required to compute skin friction coefficients and to calculate the stress intensity

factors. In this context, Ervin and Layton [28] considered the approximation for the

unweighted derivatives of second-order differential equations outside the boundary lay-

ers. Hence, another valid question is the construction of a ε-uniform numerical method

which will lead to the convergence of the computed solution and its double derivative

for fourth-order ODEs.

The modeling of turbulence in water wave when they interact with current is a com-

plex phenomena and can be described by a system of two singularly perturbed differential

equations (see Rodi [73]). In recent years, construction of layer-adapted meshes for sys-
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tem of boundary-value problems are attracted by several authors. A variety of uniformly

convergent numerical methods for reaction-diffusion as well as for convection-diffusion

system of equations are developed on apriori chosen piecewise-uniform Shishkin mesh.

In this regard, Matthews et al. [54], first examines a uniformly convergent method

for system of two reaction-diffusion problems, where only one equation is perturbed.

Thereafter, for system of two singularly perturbed reaction-diffusion problems, Madden

and Stynes [53] provided an almost first-order uniformly convergent scheme. Linß and

Madden [51] improved this analysis to almost second-order convergence for piecewise-

uniform Shishkin mesh. Later on, Linß and Madden [52] extended this approach for

studying Bakhvalov mesh applied to a general singularly perturbed system of reaction-

diffusion problems. These raise the natural question about the possibility of deriving

a monitor function from the convergence analysis, whose equidistribution will lead to a

layer-adapted mesh for the system of reaction-diffusion problems.

Furthermore, an almost second-order numerical scheme is developed by Bawa and

Natesan [6] for singularly perturbed reaction-diffusion problems. The piecewise-uniform

Shishkin mesh is considered for their analysis. This scheme is a proper combination

of cubic spline and central difference approximation for the second-order derivative.

Later on, Natesan and Deb [63] applied the cubic spline based hybrid scheme for a

system of two reaction-diffusion problems.Therefore, the common question is to develop

a uniformly convergent hybrid scheme for more general system of singularly perturbed

Robin type reaction-diffusion problems. It is proved here that the newly proposed scheme

converges ε-uniformly with almost second-order accuracy, whereas the standard well-

known method i.e., the forward-backward approximation for mixed boundary conditions

and the central difference scheme for the differential equation leads to almost first-order

convergence on Shishkin mesh.

Finally, we turn our attention to the development of higher-order numerical solution

using mesh equidistribution. In this context, the post-processing Richardson extrapo-

lation technique is very well-known to obtain higher-order approximate solution. This

technique is recently used for singularly perturbed convection-diffusion boundary-value

problems by Natividad and Stynes [64] and for system of convection-diffusion problems

by Deb and Natesan [25] on piecewise-uniform Shishkin mesh. Their analysis is based

on the truncation error estimate and barrier function technique. This approach is im-

mutably followed by Hemker et al. [70] and Mukherjee and Natesan [61] for singularly

perturbed parabolic convection-diffusion problems and in Hemker et al. [35] for singu-

larly perturbed elliptic reaction-diffusion problems. For this purpose, Linß [48] provided

a different approach to obtain higher-order convergence on apriori chosen Shishkin and

Bakhvalov mesh by using stability estimate. In this thesis, we study the possibility

of extending the Richardson extrapolation technique to the equidistributed nonuniform
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mesh. At the same time, many researchers used the upwind based finite difference meth-

ods for the system of singularly perturbed weakly coupled convection-diffusion problems.

Arc-length type monitor functions are proposed for the convection-diffusion problems.

An extension of this monitor function from the scalar problem to the system of SPPs is

done by Linß [50]. But Kopteva et al. [44] observed that this monitor function is not

suitable for reaction-diffusion problems. Another monitor function proposed by Beckett

and Mackenzie [8, 9] is successfully used by several authors for singularly perturbed

convection-diffusion as well as reaction-diffusion problems. This monitor function is

based on the derivative of the singular component of the solution. In this thesis, we

used this monitor function for a system of singularly perturbed convection-diffusion

problems where the proposed monitor function only involves the double derivative of

the solution.

1.3 Preliminaries

This section introduces a few basic definitions, notations and conventions which will be

used throughout the thesis.

First, we define Ω as a bounded open interval in R and is considered as (0, 1). For

any nonnegative integer k, C
k(Ω) denotes the space of all functions, whose derivatives

are continuous up to order k on Ω. In the analysis, we use the standard supremum norm

|| · ||∞ by || · ||D as

||g|| = sup
ξ∈D

|g(ξ)|,

for a function g(ξ) on some domain D. It is a convention that when the domain is

obvious or of no particular interest, we simply write || · ||D by || · ||, i.e., by omitting D.

For a vector valued function g(x) = (g1, · · · , gk)T ∈ R
k, the supremum norm is defined

as

||g|| = sup
ξ∈D

{
|g1(ξ)|, , · · · , |gk(ξ)|

}
.

Another continuous norm will be frequently used for our analysis, which is defined as

||g||∗ = ||g||−1,∞ = max
x∈(0,1)

∣∣∣∣
∫ 1

x

g(s)ds

∣∣∣∣.

It is easy to observe that ||g||∗ ≤ ||g||∞. By a similar way as like || · ||∞, this norm can

also be defined for vector valued function.

Now, we shall define the following finite difference operators which will be used to

discretize the continuous problem in the subsequent chapters. Consider an arbitrary

nonuniform mesh ΩN by

ΩN ≡
{
0 = x0 < x1 < · · · < xN = 1

}
,
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where the step sizes are defined as hi = xi − xi−1, i = 1, · · · , N. For a discrete function

Gi define the central difference operator as

δ2Gi =
(D+Gi −D−Gi)

~i

,

with the forward and backward operators as

D+Gi =
Gi+1 −Gi

hi+1

, and D−Gi =
Gi −Gi−1

hi
,

respectively, and DGi = (Gi+1 −Gi)/~i, where ~i = (hi + hi+1)/2. The maximum norm

for the discrete function Gi or sometimes denoted as GN
i on ΩN is defined as

||G|| = max
xi∈ΩN

{|Gi|}.

Similarly, for the vector valued discrete function G = (G1, · · · , Gk)
T ∈ R

k the maximum

norm is defined by

||G|| = max
xi∈ΩN

{|G1,i|, · · · , |Gk,i|}.

The discrete counterpart of the continuous norm || · ||∗ on the domain ΩN will be defined

by

||v||−1,∞,ΩN =
1

2

(
min

i

∣∣∣∣
N−1∑

j=i

vj~j

∣∣∣∣ +max
i

∣∣∣∣
N−1∑

j=i

vj~j

∣∣∣∣
)
.

The above norm can also be expressed by the following forms

||v||−1,∞,ΩN = min
γ∈R

max
i=0,··· ,N−1

∣∣∣∣
N−1∑

j=i

hj+1vj − γ

∣∣∣∣ = max
i=0,··· ,N−1

∣∣∣∣
N−1∑

p=i

hp+1vp

∣∣∣∣. (1.3.1)

Throughout this thesis C (sometimes subscripted) denotes a generic positive con-

stant, which is independent of the perturbation parameter ε, the number of mesh inter-

vals N and the mesh points xi, which can take different values at different places even

in the same argument. Note that subscripted C (for e.g., C1) is a fixed constant.

In the analysis, it is frequently assumed that the perturbation parameter ε ≤ CN−1,

which is the case of actual interest from practical point of view. In practice, if ε ≥ CN−1,

then the model problems considered in this thesis are not difficult to solve computation-

ally.

Now, we shall explain the Landau’s order symbols O(big oh) and o (little-oh),

which are used throughout the thesis to define the order of convergence of the numerical

method. Let f(ε) and g(ε) be two real valued functions, where 0 < ε� 1.

Definition 1.3.1. The expression f(ε) = O(g(ε)) as ε → 0, defines that there exist

some positive constants C and ε0 satisfying ε ∈ (0, ε0] such that

|f(ε)| ≤ C|g(ε)|, ε→ 0.

Numerics of singular perturbation problem Ph.D. Thesis
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Definition 1.3.2. The expression f(ε) = o(g(ε)) as ε→ 0, defines that

lim
ε→0

f(ε)

g(ε)
= 0.

One can refer the book [13] for the further discussions about the above two definitions.

The next few definitions will be useful for the explanation of the proposed numerical

techniques. These definitions can be seen in the books [29, 74].

Definition 1.3.3. A sequence of functions δn(ε), n = 0, 1, · · · is called an asymptotic

sequence if for n = 0, 1, · · · , δn+1(ε)/δn(ε) → 0, as ε → 0.

Definition 1.3.4. The sum

m∑

n=0

anfn(ε) with constants coefficients an is called an asymp-

totic series if fn(ε), n = 0, 1, · · · , m is an asymptotic sequence.

The robustness of the proposed numerical methods will be examined by the concept

of ε–uniform accuracy.

Definition 1.3.5. ε–uniform numerical method: Consider a family of mathemat-

ical problems parameterized by a parameter ε, where ε lies in the interval 0 < ε � 1.

Assume that each problem has a unique solution defined by uε and this solution uε is

approximated by a sequence of numerical solution Uε, where Uε is defined on the discrete

space ΩN with N as the number of mesh intervals. Now the numerical solution Uε is

said to converge ε–uniformly to the exact solution uε, if there exist a positive integer N0,

positive numbers C and p, such that

sup
0<ε�1

||Uε − uε|| ≤ CN−p, for all N ≥ N0,

where N0, C and p are independent of ε. Here p is called the order of convergence of

the numerical method and C is called the ε–uniform error constant.

We shall frequently use the maximum norm for our error analysis. This is due to

the measurement of the errors from the small part of the domain, where boundary layer

occurs. Other norms, specially the root mean square norm fails to capture the local

behavior of the errors inside the boundary layer regions. For further discussions on the

choice of these norms, one can refer [29].

Definition 1.3.6. A matrix A = (aij) ∈ R
k×k is said to be an M-matrix if A is

nonsingular, A−1 ≥ 0, aij ≤ 0 for all i 6= j, 1 ≤ i, j ≤ k.

Numerics of singular perturbation problem Ph.D. Thesis
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1.4 Model Problems

In this thesis, we mainly consider the singular perturbation problems involving the

perturbation parameter ε (0 < ε� 1). This parameter is also denoted by the notation εl

(0 < εl � 1) for system of ODEs. Throughout the thesis, all the differential equations

are considered in the unit interval Ω = (0, 1). Here the following six types of model

problems are considered.

1.4.1 Singularly perturbed Robin type reaction-diffusion

boundary-value problem

Consider the following singularly perturbed Robin type reaction-diffusion problem:





Lεu(x) = −εu′′(x) + b(x)u(x) = f(x), x ∈ Ω,

Mlu(0) ≡ α1u(0)− β1
√
εu′(0) = γ1, Mru(1) ≡ α2u(1) + β2

√
εu′(1) = γ2.

(1.4.1)

The functions b(x) and f(x) are assumed to be sufficiently smooth with β∗ > b(x) >

β > 0 for x ∈ Ω. We also assume that the coefficients of the mixed boundary conditions

satisfy αk, βk ≥ 0, αk + βk > 0 for k = 1, 2 with α1 6= β1
√
b(0). Under these hypotheses,

the problem (1.4.1) has a unique solution u(x) which exhibits boundary layers at both

ends x = 0, 1, Bawa and Natesan [62].

1.4.2 Singularly perturbed fourth-order boundary-value prob-

lem

Consider the following form of singularly perturbed two-point boundary-value problem

for fourth-order ODE:




Lu(x) = −εuiv(x) + b(x)u′′(x)− c(x)u(x) = −f(x), x ∈ Ω,

u(0) = p, u(1) = q, u′′(0) = −r, u′′(1) = −s.
(1.4.2)

The continuous functions b(x), c(x) and f(x) are assumed to be sufficiently smooth and

β∗ > b(x) > β > 0, 0 ≥ c(x) ≥ −γ, γ > 0 with β − 2γ ≥ η > 0, on Ω for some real

number η. In general, the ODE (1.4.2) admits a unique solution u(x) ∈ C
4(Ω) ∩ C

2(Ω),

which has boundary layers at both ends x = 0, 1, Shanthi and Ramanujam [75].
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1.4.3 Singularly perturbed system of reaction-diffusion prob-
lems

Consider the following system of singularly perturbed reaction-diffusion boundary-value

problems:




Lu(x) ≡ −Eps u′′(x) + B(x)u(x) = f(x), for x ∈ Ω,

u(0) = u(1) = 0.

(1.4.3)

Here L = (L1, · · · ,Lk)
T , Lmu(x) = −εmu′′m(x) +

∑k
j=1 bmj(x)um(x), Eps = diag(ε1, ε2,

· · · , εk), B(x) = (bij(x))k×k, f(x) = (f1(x), f2(x), · · · , fk(x))T , and u(x) = (u1(x), · · · ,
uk(x))

T . The diffusion parameters εl, l = 1, · · · , k are of different magnitudes. The

matrix B(x) = (bij(x))
k
i,j=1 is a strictly diagonally dominant L0–matrix (i.e., off diagonal

entries are nonpositive and diagonal entries are positive) satisfying

min
x∈Ω;m=1,··· ,k

{ k∑

j=1

bmj(x)

}
≥ β > 0,

and the elements of the coefficient matrix B and the vector f, i.e., bij(x), fi(x) are in

C
3(Ω) for i, j = 1, · · · , k. In general, the solution components of u(x) of (1.4.3) exhibit

boundary layers at both ends x = 0, 1, Linß and Madden [52].

1.4.4 Singularly perturbed convection-diffusion problem

Here, we consider the following singularly perturbed convection-diffusion problem:





Lu(x) ≡ −εu′′(x)− (a(x)u(x))′ = f(x), x ∈ Ω,

u(0) = 0, u(1) = 0.

(1.4.4)

The functions a(x) and f(x) are assumed to be in C
2(Ω). We also assume that a(x) has

a positive lower bound. In general, the solution u(x) of the problem (1.4.4) possesses a

boundary layer at x = 0, if a(x) has a positive lower bound, Roos et al. [74].

1.4.5 Singularly perturbed weakly coupled system of convection-
diffusion problems

The following system of weakly coupled singularly perturbed convection-diffusion boundary-

value problems is considered:





Lu(x) ≡ −Eps u′′(x)−A(x)u′(x) +B(x)u(x) = f(x), x ∈ Ω,

u(0) = u(1) = 0.

(1.4.5)
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Here L = (L1, · · · ,Lk)
T , where Lmu(x) = −εmu′′m(x)−amm(x)u

′
m(x)+

∑k
j=1 bmj(x)um(x),

and Eps = diag(ε1, ε2, · · · , εk), A(x) = diag(a11(x), a22(x), · · · , akk(x)),
B(x) = (bij(x))k×k, f(x) = (f1(x), f2(x), · · · , fk(x))T , and u(x) = (u1(x), · · · , uk(x))T .
The entries of the coefficient matrix A(x) are assumed to be bounded away from 0. The

matrix B(x) = (bij(x))
k
i,j=1 is considered to be an L0-matrix with

min
x∈Ω;m=1,··· ,k

{ k∑

j=1

bmj(x)

}
≥ β > 0,

and the entries of coefficient matrices A, B, and the vector f i.e., aii(x), bij(x), fi(x)

are in C
2(Ω) for i, j = 1, · · · , k. In general, the solution components ul, l = 1, · · · , k, of

u(x), exhibit boundary layers at x = 0, if aii(x) has a positive lower bound for all i,

Linß [49].

1.4.6 Singularly perturbed system of reaction-diffusion prob-

lems with Robin type boundary conditions

Consider the following system of singularly perturbed Robin type reaction-diffusion prob-

lems:




Lu(x) ≡ −Eps u′′(x) + B(x)u(x) = f(x), x ∈ Ω,

Mlku(0) ≡ αkuk(0)− βku
′
k(0) = Ak, Mrku(1) ≡ γkuk(1) + δku

′
k(1) = Bk, k = 1, 2,

(1.4.6)

where Eps = diag(ε1, ε2) with

u(x) =


 u1(x)

u2(x)


 , B(x) =


 b11(x) b12(x)

b21(x) b22(x)


 , and f(x) =


 f1(x)

f2(x)


 .

It is assumed that the functions bij(x) ∈ C
3(Ω) and fi(x) ∈ C

2(Ω) for i, j = 1, 2, and

αk, βk ≥ 0, αk + βk > 0, γk > 0, δk ≥ 0, for k = 1, 2.

We consider, the matrix B(x) = {bij(x)}2i,j=1 is a strictly diagonally dominant L0–matrix

satisfying

min
x∈Ω

{b11(x) + b12(x), b21(x) + b22(x)} > β > 0,

with β∗ ≥ |bij(x)| for 1 ≤ i, j ≤ 2. In general, the solution of the above system (1.4.6)

admits a unique solution u(x) ∈ C
4(Ω) ∩ C

1(Ω) whose components exhibit boundary

layers at both ends x = 0, 1, Chang and Howes [17].
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1.5 Outline of the Thesis

This thesis consists of eight chapters. Chapter 1 introduces the historical background

of the related work done in the field of singular perturbation problems. It also provides

the motivation for solving SPPs. A few preliminaries are presented in this chapter, which

are used in the later part of the thesis. The rest of the thesis is organized as follows.

Chapter 2 is concerned with the construction of an ε-uniformly convergent effi-

cient numerical scheme for the MBVP (1.4.1) using mesh equidistribution. The mesh is

generated by the equidistribution of a positive monitor function involving the second-

order derivative of the singular component of the solution. The MBVP is solved first

using the central difference approximation for the differential equation with forward-

backward approximation at the boundary. It is shown that this approximation leads to

the first-order parameter-uniform convergence. The cubic spline approximation for the

mixed boundary conditions are proposed to improve the accuracy of the solution. The

proposed method leads to second-order accurate solution on the equidistributed mesh.

Chapter 3 deals with the study of a class of fourth-order ODEs of the form (1.4.2) ex-

hibiting boundary layers. The ODE is converted into a system of second-order reaction-

diffusion problems where only one equation is perturbed. The idea of adaptive mesh

generation discussed in Chapter 2 is extended to solve this system. The mesh is obtained

by equidistributing a monitor function involving the solution component of the systems

perturbed equation. The stability and error analysis of the numerical solution are car-

ried out which show that the proposed technique provides at least first-order ε-uniform

convergence to the computed solution.

Chapter 4 is devoted to the study of moving mesh methods on a general system

of singularly perturbed reaction-diffusion problems of the form (1.4.3), where the per-

turbation parameters are of different magnitudes. The stability of the continuous and

discrete solutions with error analysis are provided for this problem. A suitable monitor

function is generated from the error analysis. It is proved that the equidistribution of

this monitor function provides almost second-order parameter-uniform convergence for

singularly perturbed linear and semilinear system of reaction-diffusion problems.

In Chapter 5, a post-processing technique is studied to improve the accuracy of the

numerical solution obtained by standard upwind scheme for the singularly perturbed

convection-diffusion problem (1.4.4). Here, the Richardson extrapolation technique is

used to improve the numerical solution on equidistributed mesh. From this procedure,

a better approximation of the computed solution is achieved by using the average of

two computed solutions. First the BVP (1.4.4) is solved on two adaptive meshes, which

are obtained by the equidistribution of two proposed monitor functions respectively.

These numerical solutions converge with the rate of O(N−1) on the equidistributed
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mesh. Thereafter, it is proved that these solutions can be improved to get O(N−2)

parameter-uniform convergence by the Richardson extrapolation technique.

InChapter 6, we analyze a system of singularly perturbed weakly coupled convection-

diffusion boundary-value problems of the form (1.4.5). Here, apriori error analysis is used

to construct a suitable monitor function from the sufficient condition of uniform conver-

gence. This analysis can be extended to achieve several other monitor functions whose

equidistributions will lead to O(N−1) convergent solutions. But the proposed monitor

function has an advantage that this is working well for a system of singularly perturbed

convection-diffusion and reaction-diffusion boundary-value problems. It is shown that

the above technique can also be extended for a system of singularly perturbed semilinear

convection-diffusion problems to obtain first-order ε-uniform convergence.

A system of singularly perturbed Robin type reaction-diffusion boundary-value prob-

lems of the form (1.4.6) is introduced in Chapter 7 on a piecewise-uniform Shishkin

mesh. This problem is an extension of MBVPs of the form (1.4.1) described in Chap-

ter 2. The error estimates and stability result are established with the help of apriori

bounds of the solution and its derivatives. It is shown both theoretically and numerically

that the standard method, i.e., the forward-backward approximation for the boundary

conditions and central difference approximation for the differential equation provides

almost first-order parameter-uniform convergence. A higher-order accurate numerical

scheme is proposed for this problem, which uses the cubic spline approximation inside

the boundary layer regions. This solution is proved to be almost second-order ε-uniform

convergent.

Finally, Chapter 8 addresses a brief summary of the results by highlighting the

contributions made by this thesis. It also provides various ideas for the scope of further

investigations on the theoretical findings.

Extensive numerical results are presented to support the theoretical findings and

to demonstrate the accuracy of the proposed numerical methods. The computational

results for the corresponding examples are demonstrated in the numerical section of

each chapter. Suitable graphs and tables are provided in each chapter which validate

the analytical results that are derived.
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Chapter 2

Higher-Order Parameter-Uniform
Convergent Schemes for Robin type
Reaction-Diffusion Problems

This chapter proposes a higher-order numerical scheme for singularly perturbed reaction-

diffusion problems with Robin boundary conditions. The proposed numerical scheme is

a combination of the cubic spline approximation for mixed boundary conditions and the

classical central difference approximation for the differential equations at the interior

points. The layer-adapted meshes are generated by the equidistribution of a positive

monitor function. It is proved that the classical forward-backward approximation for

mixed type boundary conditions and the central difference approximation for the differ-

ential equation gives first-order parameter-uniform convergence, whereas the proposed

scheme involving the cubic spline approximation provides second-order accuracy inde-

pendent of the perturbation parameter ε, where ε ≤ N−1 (N is the number of mesh

intervals).

2.1 Introduction

Consider the following singularly perturbed Robin type reaction-diffusion problem:




Lεu(x) = −εu′′(x) + b(x)u(x) = f(x), x ∈ Ω,

Mlu(0) ≡ α1u(0)− β1
√
εu′(0) = γ1, Mru(1) ≡ α2u(1) + β2

√
εu′(1) = γ2,

(2.1.1)

where ε (0 < ε� 1) is the singular perturbation parameter. Here the functions b(x) and

f(x) are assumed to be sufficiently smooth such that β∗ > b(x) > β > 0 for x ∈ Ω. It is

also assumed that the coefficients of the mixed boundary conditions satisfy αk, βk ≥ 0,

αk + βk > 0 for k = 1, 2 with α1 6= β1
√
b(0). Then, it immediately follows that the

problem (2.1.1) admits a unique solution u(x) ∈ C
2(Ω)∩ C

1(Ω) (see, for e.g, [62, 17]). In

general, the solution u(x) may exhibit boundary layers at both ends x = 0, 1.

19

TH-1148_08612305



CHAPTER 2 20

The outline of this chapter is as follows. Section 2.2 provides apriori bounds of

the solution and its derivatives and introduces a decomposition of the analytical so-

lution into its smooth and singular components. Section 2.3 describes the numerical

discretization of (2.1.1), where the mixed type boundary conditions are approximated

by the well-known forward-backward scheme (standard method) and the proposed cu-

bic spline scheme (proposed method) respectively. Stability of the discretized operators

are also carried out in this section. Section 2.4 studies the truncation error for the

smooth and singular components of the numerical solution. Here the main results, a

first-order parameter-uniform convergence for the forward-backward approximation and

second-order convergence using proposed spline approximation for the mixed boundary

conditions are proved using the discrete supremum norm. Finally, Section 2.5 provides

the numerical experiments using an adaptive algorithm to verify the theoretical results.

2.2 Bounds of the Solution and Its Derivatives

This section provides apriori bounds for the continuous solution of (2.1.1) and its deriva-

tives. A boundary condition of mixed type causes a less severe boundary layer (see [74]).

Apriori bounds of the solution and its derivatives are taken from [55].

Lemma 2.2.1. The solution u(x) of (2.1.1) and its derivatives satisfy the following

bounds for any prescribed r,

|u(k)(x)| ≤ C
(
1 + ε−k/2Eε(x)

)
, for k = 0, · · · , r,

where Eε(x) = exp(−x
√
β/ε) + exp(−(1− x)

√
β/ε).

We decompose the analytical solution u into two components, the smooth compo-

nent v and the singular component w such that u = v + w. The following lemma

provides the derivative bounds for the smooth component v and the singular compo-

nent w. This lemma is used to estimate the local truncation error associated with the

difference schemes for the standard and proposed methods.

Lemma 2.2.2. The smooth component v satisfying




Lεv(x) = f(x), x ∈ Ω,

Mlv(0) = vε1, Mrv(1) = vε2, with suitable vε1, v
ε
2,

and the singular component w satisfying




Lεw(x) = 0, x ∈ Ω,

Mlw(0) = γ1 −Mlv(0), Mrw(1) = γ2 −Mrv(1),

Numerics of singular perturbation problem Ph.D. Thesis

TH-1148_08612305



CHAPTER 2 21

fulfill the following bounds for an arbitrary p:

|v(k)(x)| ≤ C,

and

|w(k)(x)| ≤ Cε−k/2
[
exp(−x

√
b(0)/ε)+exp(−(1−x)

√
b(1)/ε)

]
, for k = 0, · · · , 2p+1.

Proof. We shall decompose the smooth component v by the following asymptotic

expansion

v(x) =

2p+1∑

i=0

εi/2vi(x) + εp+1v∗2p+2(x).

Now, substituting the above expansion in (2.1.1) and comparing the coefficients of powers

of ε, we get

L0v0(x) = f(x),

L0v2i(x) = L1v2i−2(x), i = 1, · · · , p,

Lεv
∗
2p+2(x) = L1v2p(x), Mlv

∗
2p+2(0) =Mrv

∗
2p+2(1) = 0,

where L0 ≡ b(x)I and L1 ≡ d2

dx2
with v2i+1(x) = 0 for all i. Thereafter, following the

approach of [55], we obtain

|v(k)(x)| ≤ C, for k = 0, · · · , 2p+ 1.

For finding the derivative bounds of the singular component w, we decompose the sin-

gular component into its left-hand singular component wl and right-hand singular com-

ponent wr such that w = wr + wl, where

wr(x) =

2p+1∑

i=0

εi/2wr
i (x) + εp+1w∗r

2p+2(x),

and

wl(x) =

2p+1∑

i=0

εi/2wl
i(x) + εp+1w∗l

2p+2(x).

Now, we shall use the transformation ξ = x/
√
ε to find the derivative bounds of wl.

Using the Taylor’s series expansion of b(ξ
√
ε), it is easy to show that wl

i(ξ) satisfies

L̂wl
0(ξ) = 0,

M̃lw
l
0(0) = γ1 −Mlv0(0), with lim

ξ→∞
wl

0(ξ) = 0, where M̃lg(0) ≡ α1g(0)− β1g
′(0),

L̂wl
i(ξ) = −L̂∗(wl

0, · · · , wl
i−1)(ξ),

M̃lw
l
i(0) = −Mlvi(0), with lim

ξ→∞
wl

i(ξ) = 0, with i = 1, · · · , 2p+ 1,
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and

Lεw
∗l
2p+2(x) = −ε−p−1Lε(w

l
0 + · · ·+ ε(2p+1)/2wl

2p+1)(x),

M̃lw
∗l
2p+2(0) = 0, Mrw

∗l
2p+2(1) = −ε−p−1Mr(w

l
0 + · · ·+ ε(2p+1)/2wl

2p+1)(1),

where

L̂ ≡ − d2

dξ2
+ b(0)I and L̂∗(wl

0, · · · , wl
i−1) =

i∑

t=1

ξtb(t)(0)wl
i−t

t!
.

Therefore, adopting the technique provided in [55], we have

|wl(0)| < C, |wl(1)| < C exp

(
−
√
b(0)

ε

)
and |wl(k)(x)| < Cε−k/2 exp

(
−x
√
b(0)

ε

)
.

By a similar way, the bounds for the right-hand singular component and its derivatives

can be obtained, which completes the proof of the lemma.

In reality, from the apriori analysis, it is observed that the boundary layer phenomena

occurs actually from the singular component of the solution. This motivates Beckett and

Mackenzie [8, 9] to consider a monitor function involving especially the derivatives of

the singular component. Now onwards, we shall only consider the monitor function

M(x, u(x)) = α+ |w′′(x)|1/2, (2.2.1)

proposed by Beckett and Mackenzie [8, 9], which works well for both convection-dominated

and reaction-dominated problems. It is easy to see that this monitor function is involv-

ing the second-order derivative of the singular component w of the solution u. Here, α

is a positive constant to be defined later. The constant α appears inside the monitor

function is considered to be positive so that there is no mesh starvation outside the layer.

To approximate w′′(x), we use the leading order expansion of w(x) from Lemma

2.2.2, which implies that

w′′(x) ≈





κ1b(0)ε
−1 exp

(
−x
√
b(0)

ε

)
, x ∈ [0, 1/2],

κ2b(1)ε
−1 exp

(
−(1− x)

√
b(1)

ε

)
, x ∈ (1/2, 1],

where

κ1 =
γ1 − [α1(f/b)(0)− β1(f/b)

′(0)]

α1 − β1
√
b(0)

, and κ2 =
γ2 − [α2(f/b)(1)− β2(f/b)

′(1)]

α2 + β2
√
b(1)

.

Hence, we have ∫ 1

0

|w′′(x)|1/2dx ≡ K ≈ 2[|κ1|1/2 + |κ2|1/2].
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Substituting the approximate value of w′′(x) in the equidistribution principle (1.1.5), we

obtain for x(ξ) ≤ 1/2,

ξ
( α
K

+ 1
)
= α

x(ξ)

K
+

2|κ1|1/2
K

[
1− exp

(
−x(ξ)

2

√
b(0)

ε

)]
. (2.2.2)

In a similar way, for x(ξ) > 1/2, the mapping (1.1.5) leads to

(1− ξ)
( α
K

+ 1
)
= α

(1− x(ξ))

K
+

2|κ2|1/2
K

[
1− exp

(
−(1− x(ξ))

2

√
b(1)

ε

)]
. (2.2.3)

Considering (1.1.5), as a mapping from the physical coordinates of nonuniform meshes

{xi}Ni=0 to the computational coordinates of uniform meshes {ξi = i/N}Ni=0, we have

from (2.2.2) and (2.2.3),

αxi
K

+K1

[
1− exp

(
−xi

2

√
b(0)

ε

)]
=

i

N

( α
K

+ 1
)
, for xi ≤ 1/2, (2.2.4)

and

α(1− xi)

K
+K2

[
1− exp

(
−(1 − xi)

2

√
b(1)

ε

)]
=

(
1− i

N

)( α
K

+ 1
)
,

for xi > 1/2,

(2.2.5)

where

K1 =
|κ1|1/2

|κ1|1/2 + |κ2|1/2
and K2 = 1−K1.

It is clear that the final adaptively generated equidistributed meshes xi will satisfy both

the nonlinear algebraic equations (2.2.4) and (2.2.5). The following lemma provides the

structure of the mesh distribution and also a choice of α. This choice is motivated from

the well-known apriori chosen piecewise-uniform Shishkin mesh (see [55]), which can

capture the boundary layer with parameter-uniform convergence.

Lemma 2.2.3. Assume that the nonuniform mesh is generated by assuming α = K in

(2.2.4) and (2.2.5), then the mesh points are distributed by the following way

xkl < 2

√
ε

b(0)
ln(N) < xkl+1,

and

xkr−1 < 1− 2

√
ε

b(1)
ln(N) < xkr ,

with

kl =

[
K1

2
(N − 1) +

√
ε

b(0)
N ln(N)

]
,

kr =

[
N − K2

2
(N − 1)−

√
ε

b(1)
N ln(N)

]
+ 1,
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where [·] denotes the integral part of the inside quantity. Furthermore, we have

exp

(
−xi
2

√
b(0)

ε

)
≤ CN−1, i ≥ kl − 1, xi ≤ 1/2,

exp

(
−(1 − xi)

2

√
b(1)

ε

)
≤ CN−1, i ≤ kr, xi > 1/2.

Proof. The proof of this lemma can be obtained from [9].

More rigorous analysis relating the piecewise-uniform Shishkin mesh with the adap-

tively generated mesh and their mesh distribution using the asymptotic expansion are

addressed in [9]. The following lemma provides an insight of the mesh spacing.

Lemma 2.2.4. The mesh widths within the boundary layers satisfy

hi < C

√
ε

b(0)
, i = 1, · · · , kl, and hi < C

√
ε

b(1)
, i = kr + 1, · · · , N,

with

|hi+1 − hi| ≤ Ch2i , i = 1, · · · , kl − 1,

and

|hi+1 − hi| ≤ Ch2i+1, i = kr + 1, · · · , N − 1.

Proof. A general proof for mesh widths inside the boundary layers are provided in

Beckett and Mackenzie [9]. However, the convergence analysis using spline approxima-

tion for mixed boundary conditions needs more finer estimates for h1 and hN . Here, we

have established the result according to our requirement. Under the assumption α = K,

the equidistribution mapping (2.2.4) leads to

xi +K1

[
1− exp

(
−
√
b(0)

ε

xi
2

)]
=

2i

N
.

This implies that, we have
x1
K1

+ 1− 2N−1

K1
= exp

(
−
√
b(0)

ε

x1
2

)
, for i = 1.

Now for any x1 > x1, we obtain from the mapping (2.2.4) that

exp

(
−
√
b(0)

ε

x1
2

)
= 1− 2N−1

K1

,

which implies that

x1 = 2

√
ε

b(0)
ln

(
N

N − 2K−1
1

)
.
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Hence

h1 < x1 − x0 = 2

√
ε

b(0)
ln

(
N

N − 2K−1
1

)

= −2

√
ε

b(0)
ln
(
1− 2K−1

1 N−1
)

(2.2.6)

< 4

√
ε

b(0)
K−1

1 N−1. (2.2.7)

In an analogous manner, following the technique provided for the derivation of h1’s

bound, we can deduce that

hN < 4

√
ε

b(1)
K−1

2 N−1,

where the equidistribution mapping (2.2.5) will be used in the analysis.

Hence, this completes the proof.

The following lemma provides upper bounds of the mesh spacings throughout the

domain.

Lemma 2.2.5. The mesh widths generated by the equidistribution of monitor function

(2.2.1) satisfy

hi ≤ CN−1, for i = 1, · · · , N.

Proof. It is easy to observe that the monitor function (2.2.1) satisfies M(x, u(x)) ≥
α = K. Again, Lemma 2.2.2 implies that

∫ 1

0

M(x, u(x))dx ≤ C2. Therefore, the equidis-

tribution principle (1.1.4) leads to

αhi ≤
∫ xi

xi−1

M(x, u(x))dx =
1

N

∫ 1

0

M(x, u(x))dx ≤ C2N
−1 ⇒ hi ≤ C2α

−1N−1.

Consequently,

hi ≤ CN−1.

The next section is devoted for the discretization of the continuous problem (2.1.1)

and the stability analysis of the discrete operator. The upper bounds for the mesh

spacing provided in the previous lemmas will be used during the stability analysis of the

discrete operator.

2.3 Numerical Schemes

This section explicitly describes the well-known classical scheme and the proposed nu-

merical scheme to discretize the Robin type BVP (2.1.1). In the following, we obtain the

cubic spline difference scheme, which will be used to approximate mixed type boundary

conditions.
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2.3.1 Cubic spline difference scheme

In this part, we derive the cubic spline scheme on a general nonuniform mesh ΩN ≡ {0 =

x0 < x1 < · · · < xN = 1} where step sizes will be defined as hi = xi−xi−1, i = 1, · · · , N.
For the known values u(x0), u(x1), · · · , u(xN) of a function u(x) defined at the nodal

points x0, x1, · · · , xN , a cubic spline interpolating polynomial will have the following

properties:

(i) S(x) coincides with a polynomial of degree three on each subinterval [xi, xi+1], i =

0, · · · , N − 1,

(ii) S(x) ∈ C
2(Ω),

(iii) S(xi) = u(xi), i = 0, · · · , N .

The cubic spline can be written in the following form

S(x) =
(xi+1 − x)3

6hi+1

Φi +
(x− xi)

3

6hi+1

Φi+1 +

(
u(xi)−

h2i+1

6
Φi

)(
xi+1 − x

hi+1

)
+

+

(
u(xi+1)−

h2i+1

6
Φi+1

)(
x− xi
hi+1

)
, xi ≤ x ≤ xi+1, i = 0, · · · , N − 1,

(2.3.1)

where Φi = S ′′(xi), i = 0, · · · , N . From (2.3.1), we can obtain one sided limits of the

first-order derivative as

S ′(xi−) =
hi
6
Φi +

hi
3
Φi +

u(xi)− u(xi−1)

hi
, (2.3.2)

and

S ′(xi+) = −hi+1

3
Φi −

hi+1

6
Φi+1 +

u(xi+1)− u(xi)

hi+1

. (2.3.3)

Substituting Φi from −εΦi + b(xi)u(xi) = f(xi) to (2.3.2) and (2.3.3), we get an ap-

proximation of the one sided first-order derivatives at both boundary points. Hence, the

discretizations of the mixed boundary conditions of (2.1.1) reduce to





[
3ε

h1

(
α1 +

β
′

1

h1

)
+ b0β

′

1

]
U0 +

[−3εβ
′

1

h21
+
b1β

′

1

2

]
U1 = β

′

1f0 +
β

′

1

2
f1 +

3εγ1
h1

,

[−3εβ
′

2

h2N
+
bN−1β

′

2

2

]
UN−1 +

[
3ε

hN

(
α2 +

β
′

2

hN

)
+ bNβ

′

2

]
UN = β

′

2fN +
β

′

2

2
fN−1 +

3εγ2
hN

,

(2.3.4)

where β
′

k =
√
εβk for k = 1, 2 and Ui is the discrete approximation of u at xi.

2.3.2 Finite difference discretization

To discretize the continuous problem (2.1.1) at the interior mesh points, we consider the

classical finite difference approximations on the nonuniform mesh ΩN .
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The first discretized problem uses the central difference scheme for the DE with

forward and backward differences for mixed boundary conditions:

Problem 1.




LN
ε Ui ≡ −εδ2Ui + b(xi)Ui = f(xi), i = 1, · · · , N − 1,

MN,F
l U0 ≡ α1U0 − β1

√
εD+U0 = γ1, MN,B

r UN ≡ α2UN + β2
√
εD−UN = γ2.

(2.3.5)

In the second problem, the DE is approximated by the central difference scheme and

mixed boundary conditions are replaced by the cubic spline approximations:

Problem 2.




LN
ε Ui ≡ −εδ2Ui + b(xi)Ui = f(xi), i = 1, · · · , N − 1,

MN,Sp
l U0 = 0, MN,Sp

r UN = 0,

(2.3.6)

where MN,Sp
l and MN,Sp

r denote the spline approximation for the Robin boundary con-

ditions, which are defined by equations in (2.3.4) and will be written as MN,Sp
l U0 = 0,

MN,Sp
r UN = 0.

The difference schemes of the above two problems take the following form

LN
ε Ui ≡ r−i Ui−1 + rciUi + r+i Ui+1 = q−i fi−1 + qci fi + q+i fi+1, i = 1, · · · , N − 1, (2.3.7)

with the following equations at the boundary points





rc0U0 + r+0 U1 = q−0 + qc0f0 + q+0 f1,

r−NUN−1 + rcNUN = q−N + qcNfN−1 + q+NfN ,

(2.3.8)

where, for i = 1, · · · , N − 1,

r−i =
−2ε

hi(hi+1 + hi)
, rci =

2ε

hihi+1
+ bi, r+i =

−2ε

hi+1(hi + hi+1)
, (2.3.9)

and for Problem 1 



rc0 = α1 +
β1
√
ε

h1
, r+0 = −β1

√
ε

h1
,

q−0 = γ1, qc0 = q+0 = 0,

r−N = −β2
√
ε

hN
, rcN = α2 +

β2
√
ε

hN
,

q−N = γ2, qcN = q+N = 0,

(2.3.10)
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with for Problem 2




rc0 =
3ε

h1

(
α1 +

β1
√
ε

h1

)
+ b0β1

√
ε, r+0 =

−3εβ1
√
ε

h21
+
b1β1

√
ε

2
,

q−0 =
3εγ1
h1

, qc0 = β1
√
ε, q+0 =

β1
√
ε

2
,

r−N =
−3εβ2

√
ε

h2N
+
bN−1β2

√
ε

2
, rcN =

3ε

hN

(
α2 +

β2
√
ε

hN−1

)
+ bNβ2

√
ε,

q−N =
3εγ2
hN

, qcN =
β2
√
ε

2
, q+N = β2

√
ε.

(2.3.11)

By solving the system of linear algebraic equations in (2.3.7) with (2.3.8), we obtain

the approximate solution Ui, i = 0, · · · , N, of u(x) at the nodal points x0, x1, · · · , xN ,
for each discretized problem.

The following lemma shows that the stiffness matrices of the discrete operators de-

fined in Problem 1 and Problem 2 lead to an M-matrix and hence, it satisfy the

discrete comparison principle. As a consequence, the stability of the discrete solution

can be obtained.

Lemma 2.3.1. The stiffness matrices in (2.3.7)-(2.3.8) associated with the discrete

operators (2.3.5) and (2.3.6) for the continuous problem (2.1.1) i.e.,

1. Forward and backward schemes for mixed type boundary conditions,

2. Proposed cubic spline scheme for mixed type boundary conditions, with sufficiently

large N satisfying

3 > 2β∗β−1 log2(1− ζN−1), where ζ = min

{
2

K1

,
2

K2

}
, (2.3.12)

enjoy the M-matrix property. Hence, the discrete solution is ε-uniform stable in the

maximum norm.

Proof. In this proof, we consider different cases depending on the location of the mesh

points xi ∈ ΩN . From the stiffness matrix of the discretized problem (2.3.5) and (2.3.6),

it is clear for i 6= 0, N, we have

rci > 0, r−i < 0, r+i < 0,

and

|rci | − |r−i | − |r+i | = bi > β.

Now, to examine the M-matrix properties at the boundary points x0 = 0 and xN = 1,

we shall consider the following two cases:
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Case 1: Forward and backward difference schemes for mixed type boundary condi-

tions.

Assuming α1, α2 > 0, we have rc0 > 0, r+0 < 0 with

|rc0| − |r+0 | = α1 > 0.

Again rcN > 0, r−N < 0 with

|rcN | − |r−N | = α2 > 0,

which show that, the stiffness matrix from (2.3.9)-(2.3.10) corresponding to the discrete

operator (2.3.5) leads to an M-matrix.

Case 2: Cubic spline scheme for mixed type boundary conditions.

Now observe that rc0 =
3εα1

h1
+

3ε
√
εβ1

h21
+ b0β1

√
ε > 0. Thereafter, employing the

bound for h1 from (2.2.6), we obtain

r+0 =
−3ε

√
εβ1

h21
+
b1β1

√
ε

2
<
β1
√
ε

2h21
[−6ε+ β∗h21]

<
β1
√
ε

2h21

[
−6ε+

4εβ∗

β
log2(1− ζN−1)

]

=
β1ε

√
ε

h21
[−3 + 2β∗β−1 log2(1− ζN−1)] < 0.

Again

|rc0| − |r+0 | =
3εα1

h1
+

(
b0 +

b1
2

)
β1
√
ε ≥ 3εα1

h1
+

3ββ1
√
ε

2
> 0.

A similar argument can be given for the case of i = N . Therefore, the stiffness matrix

from (2.3.9) and (2.3.11) corresponding to the discretized problem (2.3.6) leads to an

M-matrix.

Hence, the discrete operators corresponding to Problem 1 and Problem 2 are ε-

uniformly stable in the supremum norm.

2.4 Error Analysis

In this section, we study the consistency of the proposed numerical schemes (2.3.5)

and (2.3.6). Finally, the ε-uniform convergence of the numerical solutions are analyzed.

We decompose the corresponding numerical solution U(xi), by its smooth and singular

components V (xi) and W (xi) respectively, i.e.,

Ui = Vi +Wi, i = 0, · · · , N,

as like the continuous solution u(x). This decomposition will be used to estimate the

nodal errors at the interior points. In the following, we provide the decomposed problem
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for smooth and singular components V (xi) and W (xi) for Problem 1; since for Problem

2, it can be handled in an analogous manner. For Problem 1, the smooth component V

satisfies

LN
ε Vi = f(xi), MN,F

l V0 = −Mlw(0), MN,B
r VN = −Mrw(1), (2.4.1)

and the singular component W satisfies

LN
ε Wi = 0, MN,F

l W0 = γ1 −Mlv(0), MN,B
r WN = γ2 −Mrv(1). (2.4.2)

The nodal error of the numerical solution Ui is obtained by the errors from the

smooth component Vi and singular component Wi, using the triangular inequality

|Ui − u(xi)| ≤ |Vi − v(xi)|+ |Wi − w(xi)|. (2.4.3)

Let us define the truncation error of the function g(x) at x = xi as τ
g
i = (Lg)(xi)−

LNgi. The error of the numerical solution U is examined by separately analyzing the

errors for the smooth component V and the singular component W in the region ΩN .

2.4.1 Error of the smooth component

The next lemma gives useful estimates for the local truncation errors of the smooth

component V .

Lemma 2.4.1. The truncation errors of the smooth component V , of numerical solution

U satisfy

|τVi | ≤ CN−2, for i = 1, · · · , N − 1.

Proof. By Peano’s kernel theorem, the truncation error of V at xi can be written as

τVi = − ε

hi + hi+1

{
1

hi+1

∫ xi+1

xi

(s− xi+1)
2v′′′(s)ds− 1

hi

∫ xi

xi−1

(s− xi−1)
2v′′′(s)

}
.

Hence

|τVi | ≤ Cε(hi + hi+1)||v′′′(x)||(xi−1,xi+1).

Estimating the third-order derivative bound of v(x) from Lemma 2.2.2 and the step

length bounds from Lemma 2.2.5, we finally obtain

|τVi | ≤ CN−2,

since ε ≤ N−1.
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2.4.2 Error of the singular component

The nodal truncation errors corresponding to the singular component W are analyzed

to the next two lemmas by considering different cases, depending on the location of the

mesh point xi.

Lemma 2.4.2. The truncation errors associated with the singular component W satisfy

|τWi | ≤ CN−2, for i = kl, · · · , kr.

Proof. Using the mean-value theorem, it is easy to check that the truncation error for

W at xi satisfies

|τWi | ≤ Cε||w′′(x)||[xi−1,xi+1] ≤ C





exp

(
−xi−1

√
b(0)

ε

)
, xi ≤ 1/2,

exp

(
−(1 − xi+1)

√
b(1)

ε

)
, xi > 1/2.

Now invoking Lemma 2.2.3 for xi ≥ 1/2 with kl ≤ i, we get

|τWi | ≤ C exp

(
−xkl−1

√
b(0)

ε

)
= C

(
exp

(
−xkl−1

2

√
b(0)

ε

))2

≤ CN−2.

A similar technique can be adopted for the case xi > 1/2 with kr ≥ i.

Lemma 2.4.3. The truncation errors of the singular component W satisfy the following

inequalities

|τWi | ≤ CN−2, for i = 1, · · · , kl − 1, and i = kr + 1, · · · , N − 1.

Proof. We shall only consider the left-hand part of the boundary layer regions as the

right-hand part of the boundary layers can be addressed in an analogous manner. A

direct calculation using Taylor’s series expansion shows

|τWi | = ε|h2iw′′′(ξ1i )− h2i+1w
′′′(ξ2i )|

3(hi + hi+1)
,

where ξ1i ∈ (xi−1, xi) and ξ
2
i ∈ (xi, xi+1). Hence, observing

|h2iw′′′(ξ1i )− h2i+1w
′′′(ξ2i )| ≤ C(|h2i − h2i+1||w′′′(xi)|+ h2i (hi + hi+1)|w(iv)(xi)|),

we can derive

|τWi | ≤ Cε−1h2i exp

(
−xi

√
b(0)

ε

)

≤ Cε−1

(∫ xi

xi−1

exp

(
− t

2

√
b(0)

ε

)
dt

)2

≤ Cε−1

(√
ε

∫ xi

xi−1

M(t, u(t))dt

)2

≤ CK2N−2 ≤ CN−2.
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Now, we shall proceed to analyze the truncation errors of the solution at boundary

points.

Lemma 2.4.4. The truncation errors of the numerical solution U at the boundary points

x = 0, 1, for the problem (2.3.5), where the Robin boundary conditions are discretized by

the forward and backward approximations satisfy the following estimates

|τUi | ≤ CN−1, for i = 0, N.

Proof. Now, using the Taylor’s formula with the integral form of remainder and the

derivative bounds for v, w as stated in Lemma 2.2.2, we get

|τU0 | = |(α1u(0)− β1
√
εu′(0))− (α1U0 − β1

√
εD+U0)|

=
√
εβ1|u′(0)−D+U0|

≤
∣∣∣∣
√
εβ1
h1

∫ h1

0

(t− h1)u
′′(t)dt

∣∣∣∣

≤ Ch1
√
ε||u′′(x)||(x0,x1)

≤ C
√
εN−1

√
ε [1 + ε−1Eε(x)] ≤ CN−1,

where the step length inequalities are obtained from Lemma 2.2.5. Finally, following the

same approach as like for x0, one can obtain the truncation error at the end point xN .

This completes the proof.

Lemma 2.4.5. The truncation errors of the solution U at the boundary points x = 0, 1,

for the discrete problem (2.3.6), where the Robin boundary conditions are discretized by

using the spline approximation from (2.3.4), lead to the following estimates

|τUi | ≤ CN−2, for i = 0, N.

Proof. Estimating the solution derivative bound from Lemma 2.2.1, it is straightfor-

ward to obtain the following result using the Taylor’s expansion that

|τU0 | ≤ C
√
εβ1εh

2
1||u(iv)(x)||(x0,x1)

≤ Cβ1ε
2
√
εN−2 [1 + ε−2Eε(x)]

≤ C
√
εN−2

≤ CN−2.

A similar technique can be applied to find the truncation error at the end point xN ,

which completes the proof.

Let us mention that we have just found estimates for the local truncation errors

which will lead to the main convergence results.
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2.4.3 The main convergence results

We now state the main two theorems of this chapter. The following theorem shows that

the method (2.3.5) is ε-uniformly first order convergent on the equidistributed mesh.

Theorem 2.4.6. Let u be the solution of (2.1.1) and U be the discrete solution, obtained

by equidistributing the monitor function (2.2.1) with α = K, using the discrete operator

(2.3.5), where the Robin boundary conditions are discretized by the forward-backward

approximation. Then, there exists a constant C, independent of ε and N , such that

||u− U ||ΩN ≤ CN−1.

Proof. The M-Matrix criterion shown at Lemma 2.3.1 implies that the inverse of

the discrete operator LN
ε corresponding to the continuous operator Lε of Problem 1

is ε-uniformly bounded. Now by invoking the triangle inequality (2.4.3) to the error

estimates derived in Lemmas 2.4.1-2.4.4, we can conclude that

|u(xi)− Ui| ≤ CN−1 for i = 0, · · · , N.

For the model DE (2.1.1), the next theorem provides an improved ε-uniform second-

order accurate solution for the method (2.3.6).

Theorem 2.4.7. Let u be the solution of (2.1.1) and U be the discrete solution, obtained

by equidistributing the monitor function (2.2.1) with α = K, using the discrete opera-

tor (2.3.6) where the Robin boundary conditions are discretized by the proposed spline

approximation (2.3.4). Then, for sufficiently large N satisfying

3 > 2β∗β−1 log2(1− ζN−1), where ζ = min

{
2

K1

,
2

K2

}
,

there exists a constant C, independent of ε and N , such that

||u− U ||ΩN ≤ CN−2.

Proof. From Lemma 2.3.1, it is clear that the matrix associated with the difference

operator LN
ε of Problem 2 is an M-matrix. Hence, the inverse of the discrete operator

LN
ε is ε-uniformly bounded. As a consequence, using the inequality (2.4.3) with the

estimates given by Lemmas 2.4.1-2.4.3 and Lemma 2.4.5, we conclude that

|u(xi)− Ui| ≤ CN−2, for i = 0, · · · , N.

The above analysis shows that the well-known forward-backward scheme as well as

the proposed spline scheme, for the mixed boundary conditions are uniformly accurate

at all the equidistributed meshes. In fact, a uniformly convergent global approximation

for the obtained solution can be constructed by forming piecewise linear interpolation

of the numerical solution from the following theorem.
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Theorem 2.4.8. The numerical solution U parameter-uniformly converges to the ex-

act solution u of the problem (2.1.1) and satisfies the following global ε-uniform error

estimate:

||U − u|| ≤ CN−1,

for problem (2.3.5), i.e., the forward-backward approximation to the Robin boundary

conditions and the central difference approximation for the differential equation and

||U − u|| ≤ CN−2,

for problem (2.3.6), i.e., the spline approximation to the Robin boundary conditions and

the central difference approximation for the differential equation. Here U is the piecewise

linear interpolant of U on Ω.

Proof. Invoking the triangle inequality to the error estimate, we get

||U − u|| ≤ ||U − u||+ ||u− u||,

where ū is the piecewise linear interpolant of u at the mesh points. Then, the above

result can be easily obtained by following the technique provided in [9].

Remark 2.4.9. One can notice that the spline approximation for mixed boundary condi-

tions leads to second-order convergence for the problem type (2.1.1), where the boundary

conditions are of the following form

Mlu(0) ≡ α1u(0)− β1
√
εu′(0) = γ1, Mru(1) ≡ α2u(1) + β2

√
εu′(1) = γ2.

This analysis can be extended to get convergence (see the proof of Lemma 2.4.5) as well

as stability result for a larger class of problems with the Robin boundary conditions

Mlu(0) ≡ α1u(0)− β1u
′(0) = γ1, Mru(1) ≡ α2u(1) + β2u

′(1) = γ2.

Remark 2.4.10. For the above problem, Natesan and Bawa [62] observed that one

can get second-order convergence up to a logarithmic term on apriori chosen piecewise-

uniform Shishkin mesh using spline approximation inside the boundary layers. So, the

higher-order convergence achieved here is better than [62].

2.5 Numerical Experiments

This section presents the numerical experiments to confirm the theoretical results ex-

plained in the previous section. The generation of the adaptive finite difference solution

requires two steps; firstly the equidistributed mesh is to be determined by a mesh gen-

eration algorithm and thereafter, the finite difference solution is to be computed on that

mesh.
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2.5.1 Adaptive mesh generation algorithm

We use the following iterative algorithm to generate a layer-adapted mesh by the equidis-

tributing of the monitor function (2.2.1). An algorithm, similar to this type is applied

for singularly perturbed convection-diffusion type problems by Kopteva and Stynes [45]

and for singularly perturbed reaction-diffusion problems by Kopteva et al. [44]. Chadha

and Kopteva [16] carried out the convergence analysis of this algorithm for singularly

perturbed reaction-diffusion problems. Here, our aim is to obtain a mesh that solves the

following equidistribution problem

Mihi =
1

N

N∑

j=1

Mjhj , for i = 1, · · · , N,

where Mi is the discrete approximation of the monitor functionM(x, u(x)) at the subin-

terval (xi−1, xi). Observe that instead of solving the discretized equidistribution prob-

lem (1.1.4) exactly, it is sufficient that this algorithm can be stopped when the weakly

equidistribution principle

Mihi ≤
C0

N

N∑

j=1

Mjhj, for i = 1, · · · , N, (2.5.1)

is satisfied with a user chosen constant C0 > 1. C0 will be chosen large enough to

get fewer iterations for the convergence of the algorithm. As C0 approaches to 1, this

algorithm results to more accurate solution with many iterations.

Algorithm-

Step 1: Define the initial uniform mesh {x(0) : 0 ≤ i ≤ N, x
(0)
i = i/N} and go to Step-2

with p = 0.

Step 2: Solve the discretized problem LN
ε U

(p)
i = f

(p)
i with MN

l U
(p)
0 = γ1 and MN

r U
(p)
N = γ2

at the mesh {x(p)i : 0 ≤ i ≤ N} for (U
(p)
0 , · · · , U (p)

N ) and define h
(p)
i = x

(p)
i − x

(p)
i−1

for i = 1, · · · , N .

Step 3: Find the smooth component V
(p)
i of the numerical solution U

(p)
i , by solving the

given DE with ε = 0. Denote the discrete singular component of the solution U
(p)
i

as W
(p)
i = U

(p)
i − V

(p)
i . Find the discretized monitor function

φ
(p)
i =

[
α(p) + |δ2W (p)

i |1/2
]
for i = 1, · · · , N, (2.5.2)

by defining δ
2
Wi = (δ2Wi + δ2Wi−1)/2 with δ

2
W1 = δ2W1 and δ

2
WN = δ2WN−1

where α(p) =
∑N

i=1 hi|δ
2
Wi|1/2.

Compute

Φ
(p)
j =

j∑

i=1

h
(p)
i φ

(p)
i .
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Step 4: Choose a constant C0 ≥ 1. The stopping criteria for the iterative technique is

max
i=1,...,N

h
(p)
i φ

(p)
i

Φ
(p)
N

≤ C0

N
. (2.5.3)

If it holds true, then go to Step-6, else continue with Step-5.

Step 5: Generate a new mesh by equidistributing the proposed monitor function using the

current computed solution from Step-2 and Φ
(p)
i from Step-3: Set Y

(p)
i = iΦ

(p)
N /N

for i = 0, · · · , N . Now interpolate Y
(p)
i to the points (Φ

(p)
i , x

(p)
i ) using the piecewise

linear interpolation. Generate a new mesh x(p+1) ≡ {0 = x
(p+1)
0 < x

(p+1)
1 < · · · <

x
(p+1)
N = 1} and return to Step-2.

Step 6: Set x∗ = {0 = x∗0 < x∗1 < · · · < x∗N = 1} = x(p+1) and U∗ = U (p+1), where U∗ is

the desired solution. Stop.

2.5.2 Numerical examples

Here, we present two numerical examples to verify the theoretical results. The maximum

point-wise errors and the corresponding rates of convergence are provided for these

problems, where the meshes are obtained by the equidistribution of the monitor function

(2.2.1).

Example 2.5.1. Consider the following two-point MBVP:




−εu′′(x) + 4(1 +
√
ε(1 + x))

(1 + x)4
u(x) = f(x), x ∈ Ω,

u(0)−√
εu′(0) = 2 +

6

1− exp (−1/
√
ε)
, u(1) +

√
εu′(1) =

−2− exp (−1/
√
ε)

2(1− exp (−1/
√
ε))

,

with

f(x) =
−4

(1 + x)4

[
(1 +

√
ε(1 + x) + 4π2ε) cos(2πt)

−2πε(1 + x) sin(2πt) + 3(1 +
√
ε(1 + x))

exp (−1/
√
ε)

1− exp (−1/
√
ε)

]
,

where t = 2x/(x+ 1).

Here the mixed boundary conditions are chosen in such a way that the exact solution

of this problem becomes

u = − cos(2πt) + 3
exp(−t/√ε)− exp(−1/

√
ε)

1− exp(−1/
√
ε)

.

The maximum point-wise error and the rate of convergence are calculated by using the

exact solution. The maximum point-wise error is obtained by

EN
ε = max

xi ∈ΩN
|UN

ε (xi)− u(xi)|,
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where u(xi) denotes the exact solution and UN
ε (xi) is the numerical solution at the point

xi, with N number of mesh intervals. The uniform error for each fixed N is obtained by

taking the maximum over wide range of ε, say from the set S, namely

EN = max
ε∈S

EN
ε .

The parameter robust rate of convergence is calculated by the usual way

pN = log2

(
EN

E2N

)
.

Example 2.5.2. Consider the singularly perturbed MBVP:





−εu′′(x) + u(x) = − cos2(πx)− 2επ2 cos(2πx), x ∈ Ω,

u(0)− 2
√
εu′(0) = 1, u(1) + 3

√
εu′(1) = 0.

As the exact solution for Example 2.5.2 is not available, therefore, the accuracy of

its numerical solution will be computed using the double mesh principle. This principle

is defined as follows:

For any fixed value of N , the maximum point-wise error EN
ε of the numerical solution

U(xi) will be calculated by

EN
ε = max

i
|UN

ε (xi)− Ũ2N
ε (xi)|,

where UN
ε is the numerical solution at xi with N number of intervals and Ũ2N

ε is the

numerical solution at xi, on a mesh obtained by bisecting the original mesh with 2N

number of mesh intervals. The uniform error for each fixed N and the corresponding

parameter-uniform rate of convergence are calculated by the following formulas

EN = max
ε∈S

EN
ε , and pN = log2

(
EN

E2N

)
.

For both of these problems, adaptively generated meshes are constructed using the

constant C0 = 1.12, in the algorithm and the set S is defined as

S =
{
ε|ε = 1, 2−2, · · · , 2−40

}
.

Table 2.1 displays the maximum ε-uniform errors and the corresponding orders of

convergence for Example 2.5.1, where the standard forward-backward approximation

is used to discretize the Robin boundary conditions. Table 2.2 clearly shows that the

proposed higher-order scheme which involves the cubic spline approximation for the

mixed boundary conditions increases the orders of convergence from O(N−1) to O(N−2).

Similar behavior is observed for Example 2.5.2, where Tables 2.3 and 2.4 display the
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Table 2.1: Uniform errors and orders of convergence with forward and backward approx.
for mixed boundary conditions for Example 2.5.1.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 2.9895e-1 1.4626e-1 7.2314e-2 3.5994e-2 1.7954e-2 8.9664e-3 4.4807e-3

pN 1.0313 1.0162 1.0065 1.0035 1.0017 1.0008 -

Table 2.2: Uniform errors and orders of convergence obtained using spline approx. for
mixed boundary conditions for Example 2.5.1.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 5.0900e-3 1.2696e-3 3.1841e-4 8.0216e-5 2.0094e-5 5.0358e-6 1.2601e-6

pN 2.0033 1.9954 1.9889 1.9971 1.9965 1.9987 -

maximum ε-uniform errors and the corresponding orders of convergence for the standard

method and the proposed method respectively.

From both the numerical experiments, it is observed that the assumption (2.3.12) is

merely a necessary condition to obtain the stable numerical solution although we know

that the assumption (2.3.12) stated in Lemma 2.3.1 will be satisfied as N increases. This

approves the stability conditions computationally.

As a complement of these observations, Figures 2.1 and 2.2 display the plot of N

versus the maximum point-wise errors in the logarithmic scale for Examples 2.5.1 and

2.5.2 respectively. The monotonically decreasing behavior of the maximum point-wise

errors can be observed from these two figures, as N increases. These two graphs indeed

show the comparison between the two schemes. From the log-log plots, one can conclude

that the standard method provides first-order accuracy whereas the proposed method

is second-order accurate. We have also shown the maximum point-wise errors EN
ε as a

function of N and ε in Figures 2.3 and 2.4 (observe also the error scale). The parameter-

uniform convergence can be ensured from these error graphs, as N increases.

Table 2.3: Uniform errors and orders of convergence with forward and backward approx.
for mixed boundary conditions for Example 2.5.2.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 8.2336e-2 4.0936e-2 2.0416e-2 1.0196e-2 5.0951e-3 2.5468e-3 1.2732e-3

pN 1.0082 1.0036 1.0017 1.0008 1.0004 1.0002 -
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Table 2.4: Uniform errors and orders of convergence obtained using spline approx. for
mixed boundary conditions for Example 2.5.2.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 8.3652e-4 1.9349e-4 4.6383e-5 1.1343e-5 2.8032e-6 6.9671e-7 1.7369e-7

pN 2.1122 2.0606 2.0319 2.0166 2.0085 2.0040 -
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Figure 2.1: Loglog plot of the maximum point-wise errors for Example 2.5.1.

2.6 Conclusions

In this chapter, two parameter uniform numerical methods are considered to solve a

class of singularly perturbed Robin type reaction-diffusion problems. The problem is

discretized by the well-known forward-backward approximation to the mixed bound-
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Figure 2.2: Loglog plot of the maximum point-wise errors for Example 2.5.2.

ary conditions and the central difference approximation for the differential equation at

the interior meshes. It is shown that this scheme provides first-order convergence. A

higher-order uniformly convergent scheme is constructed which is a combination of the

central difference scheme for the differential equation at the interior meshes and the

cubic spline approximation for the Robin boundary conditions. It has been shown both

theoretically and computationally that the newly proposed scheme is of second-order

uniformly convergent.
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Figure 2.3: Maximum point-wise errors as a function of N and ε for Example 2.5.1.
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Figure 2.4: Maximum point-wise errors as a function of N and ε for Example 2.5.2.
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Chapter 3

Mesh Adaptation for A Class of
Singularly Perturbed Fourth-Order
Ordinary Differential Equations

This chapter presents the study of a singularly perturbed boundary-value problem of

fourth-order ODE on adaptively generated equidistributed mesh. The solution of this

problem exhibits boundary layers. To solve these SPPs, we transform the ODE into a

coupled system of singularly perturbed ODEs subject to suitable boundary conditions.

The classical central difference scheme is used to discretize the system of BVPs on a

nonuniform mesh which is generated by the equidistribution of a positive monitor func-

tion. We show that the proposed technique provides first-order accuracy independent of

the perturbation parameter.

3.1 Introduction

Consider the following singularly perturbed two-point boundary-value problem for fourth-

order ODEs of the form:




Lu(x) ≡ −εuiv(x) + b(x)u′′(x)− c(x)u(x) = −f(x), x ∈ Ω,

u(0) = p, u(1) = q, u′′(0) = −r, u′′(1) = −s,
(3.1.1)

where ε (0 < ε � 1) is the singular perturbation parameter. We assume that the

functions b(x), c(x) and f(x) are sufficiently smooth satisfying β∗ > b(x) > β > 0 and

0 ≥ c(x) ≥ −γ , γ > 0 with β − 2γ ≥ η > 0, for x ∈ Ω where η is a real number. Under

these assumptions posed on the coefficients in (3.1.1), the BVP (3.1.1) admits a unique

solution u(x) ∈ C
4(Ω) ∩ C

2(Ω) (see, for e.g, [75]).

The outline of this chapter is as follows: Section 3.2 describes the conversion of

the given fourth-order differential equation into a system of second-order ODEs. The

stability of the continuous solution and its decomposition into its smooth and singu-

43
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lar components, with their derivative bounds are also introduced here. An adaptively

generated mesh is constructed by equidistributing the proposed monitor function at the

end of this section. Section 3.3 outlines the numerical discretization of the transformed

system of second-order ODEs and the stability of its discrete solution. The truncation

error analysis for the smooth and singular components of the numerical solution are in-

troduced in Section 3.4. The main result, the first-order parameter-uniform convergence

of the numerical solution is obtained in this section, using the discrete supremum norm.

Finally, Section 3.5 conducts the numerical experiments using an adaptive algorithm to

show the effectiveness of the preferred monitor function.

3.2 Derivative Bounds and the Solution Decompo-

sition

In this section, we transform the given BVP (3.1.1) into the following system of second-

order differential equations

Lu(x) = f(x) ⇔





L1u(x) ≡ −u′′1(x)− u2(x) = 0, x ∈ Ω,

L2u(x) ≡ −εu′′2(x) + c(x)u1(x) + b(x)u2(x) = f(x),

u1(0) = p, u1(1) = q, u2(0) = r, u2(1) = s,

(3.2.1)

where u(x) = (u1(x), u2(x))
T , L = (L1, L2)

T and f(x) = (0, f(x))T .

Now onwards, we consider only the system of equations (3.2.1). The following max-

imum principle for the solution of (3.2.1) is useful to prove the stability result of the

exact solution u(x) of (3.1.1).

Lemma 3.2.1. Let u(x) be a smooth function satisfying (3.2.1). Assume Lu(x) ≥ 0 in

Ω and u(0) ≥ 0, u(1) ≥ 0, then u(x) ≥ 0, for all x ∈ Ω.

Proof. The proof of this lemma follows from [75].

An immediate consequence of the above maximum principle is the following stability

estimate of the solution u(x).

Lemma 3.2.2. [75] The solution u(x) of the boundary-value problem (3.2.1) satisfies

‖u‖ ≤ Cmax

{
‖u(0)‖, ‖u(1)‖,max

x∈Ω
‖f(x)‖

}
, for all x ∈ Ω. (3.2.2)

The next two lemmas provide the bounds for the continuous solution and its deriva-

tives of (3.2.1).
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Lemma 3.2.3. The solution components of u(x) of (3.2.1) and its derivatives satisfy

the following bounds for any prescribed r,

|u(k)1 (x)| ≤ C
(
1 + ε1−k/2Eε(x)

)
,

|u(k)2 (x)| ≤ C
(
1 + ε−k/2Eε(x)

)
, for k = 0, · · · , r,

where Eε(x) = exp(−x
√
β/ε) + exp(−(1− x)

√
β/ε).

Proof. The proof of this lemma is given in [75].

We decompose the analytical solution u into two components, the smooth component

v and the singular component w such that u=v+w. Bounds for the smooth and singular

components will be used for the convergence analysis. The following lemma provides

the derivative bounds of the smooth component v and the singular component w.

Lemma 3.2.4. For the smooth component v = (v1, v2)
T satisfying





Lv(x) = f(x), x ∈ Ω,

v(0) = (u1(0), (f(0)− c(0)u1(0))/b(0))
T , v(1) = (u1(1), (f(1)− c(1)u1(1))/b(1))

T ,

and the singular component w = (w1, w2)
T satisfying





Lw(x) = 0, x ∈ Ω,

w(0) = u(0)− v(0), w(1) = u(1)− v(1),

the following bounds hold true

|v(k)1 (x)| ≤ C, |v(k)2 (x)| ≤ C(1 + ε(2−k)/2), for k = 0, · · · , 4, (3.2.3)

and

|w1(x)| ≤ C, |w′
1(x)| ≤ Cε,

|w(k)
1 (x)| ≤ Cε1−k/2

(
exp(−x

√
b(0)/ε) + exp(−(1 − x)

√
b(1)/ε)

)
, for k = 2, 3, 4,

|w(k)
2 (x)| ≤ Cε−k/2

(
exp(−x

√
b(0)/ε) + exp(−(1− x)

√
b(1)/ε)

)
, for k = 0, · · · , 4.

(3.2.4)

Proof. To find the derivative bounds of the smooth component v(x) and the singular

component w(x) of the solution u(x) of (3.2.1), the asymptotic expansion technique

provided in Matthews et al. [54] will be used. For the smooth component v, we use the
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asymptotic expansion v(x) = v0(x) + εv1(x), with v1(0) = 0 and v1(1) = 0. Hence the

leading order term v0(x) of v(x) = (v01(x) + εv11(x), v02(x) + εv21(x))
T satisfies

−v′′01 − v02 = 0, with v01(0) = u1(0), v01(1) = u2(1),

c(x)v01 + b(x)v02(x) = 0.

Following the method of proof given by Matthews et al. [54], we can obtain the derivative

bounds in (3.2.3).

Now, for the singular component w(x), we shall decompose it asw(x) = wl(x)+wr(x)

such that




Lwl(x) = 0, x ∈ Ω,

wl(0) = w(0), wl(1) = 0,

and





Lwr(x) = 0, x ∈ Ω,

wr(0) = 0, wr(1) = w(1).

Let us introduce the asymptotic expansions for the left-hand singular component wl =

(wl
1, w

l
2)

T and the right-hand singular component wr = (wr
1, w

r
2)

T as

wl
s(x) = wl

0s(x) +
√
εwl

1s(x) + εwl
2s(x) + · · · ,

and

wr
s(x) = wr

0s(x) +
√
εwr

1s(x) + εwr
2s(x) + · · · ,

where s = 1, 2. To find the derivative bounds of wl, we shall use the transformation

ξ = x/
√
ε. Using the Taylor series expansions of b(ξ

√
ε) and c(ξ

√
ε), comparing the

orders of ε terms, it is easy to obtain that wl(ξ) satisfies

wl
01 = 0,

L̂wl
02(ξ) = 0, wl

02(0) = r − v02(0) with lim
ξ→∞

wl
02(ξ) = 0, where L̂ ≡ − d2

dξ2
+ b(0)I,

and so on. In a similar way, wr(ξ) satisfies

wr
01 = 0,

L̂wr
02(ξ) = 0, wr

02(1) = s− v02(1), with lim
ξ→−∞

wl
02(ξ) = 0,

and so on. Therefore, from [75] and [54], we have |wl
1(x)| < C,|wl

2(0)| < C, |wl
2(1)| <

C exp(−b(0)/ε) and |wl (p)
2 (x)| ≤ Cε−p/2 exp

(
−x
√
b(0)

ε

)
. By a similar way, using the

asymptotic expansion technique and Lemma 3.2.3, we can obtain the other derivative

bounds including the bounds of the right-hand side of the boundary layer. This com-

pletes the proof of this lemma.
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Lemma 3.2.5. Let the zeroth-order asymptotic expansion of the solution u be defined

as uas = v0 +w0, then the following estimate holds true

‖u− uas‖ ≤ C
√
ε.

Proof. The proof of this lemma is given by Shanthi and Ramanujam [75].

From now onwards, we shall concentrate only on the zeroth-order expansion as 0 <

ε � 1. In reality, apriori analysis of the solution behavior suggests that the boundary

layer phenomena occurs from the singular component of the solution. It is easy to observe

that the second equation of L is only having the perturbation parameter. Therefore, we

shall consider the monitor function as

M(x,u(x)) = α + |w′′
2(x)|1/2, (3.2.5)

involving the second-order derivative of the singular component w2 of the solution u2 of

(3.2.1). Here, α is a positive constant to be defined later.

To approximate w′′
2(x), we use the leading order expansion of w(x) from Lemma

3.2.4, which implies that

w′′
2(x) ≈





κ1b(0)ε
−1 exp

(
−x
√
b(0)

ε

)
, x ∈ [0, 1/2],

κ2b(1)ε
−1 exp

(
−(1− x)

√
b(1)

ε

)
, x ∈ (1/2, 1],

where

κ1 = −(r − v02(0)), and κ2 = −(s− v02(1)).

Hence, we have ∫ 1

0

|w′′
2(x)|1/2dx ≡ K ≈ 2[|κ1|1/2 + |κ2|1/2].

It is easy to observe that substitution of the approximate value of w′′
2(x) in the equidistri-

bution principle (1.1.5) will lead to the algebraic equations of the form (2.2.4) and (2.2.5)

obtained in Chapter 2 . Hence, the final adaptively generated equidistributed meshes

xi, will satisfy both the nonlinear algebraic equations (2.2.4) and (2.2.5). Therefore,

Lemmas 2.2.3 and 2.2.4 can be used to overview the structure of the mesh distribution

and for the choice of α.

The following lemma provides upper bounds of the mesh spacings throughout the

domain.

Lemma 3.2.6. The mesh widths generated by the equidistribution of monitor function

(3.2.5) satisfies

hi ≤ CN−1, for i = 1, · · · , N.
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Proof. It is clear that the monitor function (3.2.5) satisfiesM(x,u(x)) ≥ α = K. Again,

the derivative estimates from Lemma 3.2.4 imply

∫ 1

0

M(x,u(x))dx ≤ C1. Therefore,

from the definition of equidistribution principle (1.1.4), we have

αhi ≤
∫ xi

xi−1

M(x,u(x))dx =
1

N

∫ 1

0

M(x,u(x))dx ≤ C1N
−1 ⇒ hi ≤ C1α

−1N−1.

This implies that

hi ≤ CN−1.

3.3 Discretized Problem

This section is devoted for the discretization of the continuous problem (3.2.1) and the

stability analysis of the discrete operator.

3.3.1 Finite difference discretization

The classical finite difference approximations on the nonuniform mesh ΩN will be consid-

ered to discretize the continuous problem (3.2.1). The discretized problem corresponding

to the continuous operator (3.2.1) is defined as to find U = (U1,U2)
T satisfying

LNUi = fi ⇔





LN
1 Ui ≡ −δ2U1,i − U2,i = 0,

LN
2 Ui ≡ −εδ2U2,i + ciU1,i + biU2,i = fi, i = 1, · · · , N − 1,

U1,0 = p, U1,N = q, U2,0 = r, U2,N = s,

(3.3.1)

where LN = (LN
1 , L

N
2 )

T is the discrete operator corresponding to the continuous operator

L and fi = (0, fi)
T . By solving the system of linear algebraic equations in (3.3.1), we

obtain the approximate solution U of u(x) at the nodal points x0, x1, · · · , xN .
The discrete operator LN satisfies the following comparison principle. As a conse-

quence, we get a stable discrete solution.

Lemma 3.3.1. Let (Z0, · · · ,ZN) be a mesh function for the discrete solution Z, which

has two components Z1 and Z2, with Z0 ≥ 0, ZN ≥ 0. Now assume that (LNZ)i ≥ 0,

for i = 1, · · · , N − 1. Then Zi ≥ 0, for all i = 0, · · · , N .

Proof. Let us define

γ = max

{
max

i

(
− Z1,i

)
, max

i

(
− Z2,i

)}
.

Now assume that our conclusion is not true. Then γ > 0 and also

Z1,i + γ ≥ 0, Z2,i + γ ≥ 0, for i = 0, · · · , N.
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Case 1: Let Z1,i + γ = 0, for some i = k. Then for S = (1, 1)T , we have

0 < (LN
1 (Z+ γS))k

= −δ2(Z1,k + γ)− (Z2,k + γ)

< 0,

which is a contradiction.

Case 2: Now let Z2,i + γ = 0, for some i = k. Then

0 < (LN
2 (Z+ γS))k

= −εδ2(Z2,k + γ) + ck(Z1,k + γ) + bk(Z2,k + γ)

< 0,

which is a contradiction, follows from ck < 0. Hence the result follows.

An immediate consequence of the discrete maximum principle is the following discrete

stability result.

Lemma 3.3.2. If Ui = (U1,i, U2,i), 0 ≤ i ≤ N is any discrete mesh function satisfying

the problem (3.3.1), then

‖U‖ ≤ Cmax{‖U0‖, ‖UN‖, ‖LNUi‖}. (3.3.2)

Proof. The proof of this lemma can be seen in Shanthi and Ramanujam [75].

3.4 Error Analysis

This section studies the ε-uniform convergence of the discrete solution for the problem

(3.3.1). For the error analysis, we decompose the corresponding numerical solutionU, by

its smooth and singular components V and W respectively, i.e., U = V+W satisfying




LNVi = fi, i = 1, · · · , N − 1,

V0 = v(0), VN = v(1),

and 



LNWi = 0, i = 1, · · · , N − 1,

W0 = w(0), WN = w(1).

The error of the numerical solution U is examined by separately analyzing the errors

of the smooth component V and the singular component W in the region ΩN , i.e., from

the inequality

||Ui − u(xi)|| ≤ ||Vi − v(xi)||+ ||Wi −w(xi)||. (3.4.1)
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To carry out the error analysis, a similar argument provided in Beckett and Mackenzie

[9] will be used. For the smooth component V, we have from Lemma 3.2.3 and Lemma

3.2.6,

|LN
1 (V− v)(xi)| = |(L1 − LN

1 )v(xi)| ≤ C(hi + hi+1)||v′′′1 (x)||(xi−1,xi+1) ≤ CN−1,

and

|LN
2 (V− v)(xi)| = |(L2 − LN

2 )v(xi)| ≤ Cε(hi + hi+1)||v′′′2 (x)||(xi−1,xi+1) ≤ CN−2,

since
√
ε � N−1. Hence, we have

||LN (V− v)(xi)|| ≤ CN−1. (3.4.2)

Now we analyze the error of the singular component for i = kl, · · · , kr. The error of

the singular component W satisfies

|LN
1 (W−w)(xi)| ≤ C|(δ2w1 − w′′

1)(xi)| ≤ C|w′′
1(x)|[xi−1,xi+1],

|LN
2 (W−w)(xi)| ≤ Cε|(δ2w2 − w′′

2)(xi)| ≤ Cε|w′′
2(x)|[xi−1,xi+1].

Hence, the derivative bounds of v, w from Lemma 3.2.4 imply that

||LN(W−w)(xi)|| ≤ C





exp

(
−xi−1

√
b(0)

ε

)
, xi ≤ 1/2,

exp

(
−(1− xi+1)

√
b(1)

ε

)
, xi > 1/2.

By using Lemma 2.2.3 for xi ≥ 1/2 with kl ≤ i, we get

||LN(W−w)(xi)|| ≤ C exp

(
−xkl−1

√
b(0)

ε

)
= C

(
exp

(
−xkl−1

2

√
b(0)

ε

))2

≤ CN−2.

In a similar manner, the case xi > 1/2 with kr ≥ i can be carried out. Hence for

i = kl, · · · , kr,
||LN(W−w)(xi)|| ≤ CN−2. (3.4.3)

Now, let us consider the truncation error estimate for i = 1, · · · , kl − 1 and i = kr +

1, · · · , N − 1. It is enough to consider only the left-hand part of the boundary layer

regions as the right-hand part of the boundary layers can be derived in an analogous

manner. A direct calculation by using Taylor’s series expansion shows that

|LN
2 (W−w)(xi)| =

ε|h2iw′′′
2 (ξ

1
i )− h2i+1w

′′′
2 (ξ

2
i )|

3(hi + hi+1)
,
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where ξ1i ∈ (xi−1, xi) and ξ
2
i ∈ (xi, xi+1). Again

|h2iw′′′
2 (ξ

1
i )− h2i+1w

′′′
2 (ξ

2
i )| ≤ C(|h2i − h2i+1||w′′′

2 (xi)|+ h2i (hi + hi+1)|w(iv)
2 (xi)|).

This inequality will be satisfied by the truncation error estimate obtained from |LN
1 (W−

w)(xi)|. Hence an application of Lemma 2.2.4 gives

||LN(W−w)(xi)|| ≤ Cε−1h2i exp

(
−xi

√
b(0)

ε

)

≤ Cε−1

(∫ xi

xi−1

exp

(
− t

2

√
b(0)

ε

)
dt

)2

≤ Cε−1

(√
ε

∫ xi

xi−1

M(x,u(x))dt

)2

≤ CK2N−2 ≤ CN−2.

Therefore, for i = 1, · · · , kl − 1 and i = kr + 1, · · · , N − 1, we have

||LN(W−w)(xi)|| ≤ CN−2. (3.4.4)

This completes the proof.

Combining the above error estimates for the smooth component V(xi) and the sin-

gular component W(xi), we can obtain the main convergence result for the computed

solution U(xi).

3.4.1 The main convergence result

We now state the main theorem of this chapter. The following theorem shows that the

method (3.3.1) is uniformly first-order convergent on the equidistributed mesh.

Theorem 3.4.1. Let u be the solution of (3.2.1) and U be the solution of the discrete

operator (3.3.1), on a mesh obtained by equidistributing the monitor function (3.2.5)

with α = K. Then, there exists a constant C, independent of ε and N , such that

||u−U||ΩN ≤ CN−1.

Proof. Lemma 3.3.2 implies that the inverse of the discrete operator LN corresponding

to the continuous operator L is ε-uniformly bounded. By using the triangle inequality

(3.4.1), from (3.4.2)-(3.4.4) we obtain that

||u(xi)−Ui|| ≤ ||Vi − v(xi)||+ ||Wi −w(xi)|| ≤ CN−1 for i = 0, · · · , N.

It should be noted that the solution component u1 of the solution u(x) = (u1, u2)
T

of (3.2.1) is the original solution of the problem (3.1.1). Hence, we actually obtained a

uniformly convergent numerical solution U1 of problem (3.1.1) from (3.3.1).
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The above analysis shows that the discrete solution the corresponding to the contin-

uous solution is ε-uniformly convergent at all the equidistributed meshes. In fact, the

following theorem shows that the uniformly convergent numerical solution U1 can be

extended to the whole domain Ω using the piecewise linear interpolation.

Theorem 3.4.2. If the numerical solution U uniformly converges to the exact solution

u of the problem (3.2.1) at all mesh points, then we have the following global ε-uniform

error estimate:

||U− u|| ≤ CN−1,

for problem (3.3.1), where U is the piecewise linear interpolant of U on Ω
N
.

Proof. Using the triangle inequality, we get

||U− u|| ≤ ||U− u||+ ||u− u||,

where u is the piecewise linear interpolant of u at the mesh points. Then, the above

result can be easily obtained by following the technique provided in [9].

3.5 Numerical Results

This section computationally verifies the theoretical results obtained in the previous

section. Here, we provide two numerical examples where the mesh is equidistributed by

the monitor function (3.2.5).

Example 3.5.1. Consider the following fourth-order BVP:




−εuiv(x) + (6− x2)u′′(x) + 2u(x) = −(10x+ 1), x ∈ Ω,

u(0) = 1, u(1) = 1, u′′(0) = −1, u′′(1) = −1.

(3.5.1)

Example 3.5.2. Consider the two-point BVP:




−εuiv(x) + 5 exp(1− x)u′′(x) + (1 + x3)u(x) = −2 exp(x), x ∈ Ω,

u(0) = 1, u(1) = 1, u′′(0) = −1, u′′(1) = −1.

(3.5.2)

Exact solution for these examples are not available. So the accuracy of its numerical

solution will be computed by using the double mesh principle as described in Chapter

2. The generation of the adaptive finite difference solution requires two steps; firstly

the equidistributed mesh has to be determined by a mesh generation algorithm and

thereafter, the finite difference solution has to be computed on that mesh. For the

numerical experiments of these problems, we take ε from the set

S =
{
ε|ε = 1, 2−2, · · · , 2−30},
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Figure 3.1: Numerical solutions U1 and U2 (for u1 and u2(= −u′′1)) for N = 128 and
ε = 2−10 for Example 3.5.1.
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Figure 3.2: Mesh density towards the boundary layers for N = 128 and ε = 2−10 for
Example 3.5.1.
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Table 3.1: Uniform errors and orders of convergence of the numerical solution for Ex-
ample 3.5.1.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 2.5352e-5 6.3728e-6 1.5948e-6 3.9877e-7 9.9691e-8 2.4920e-8 6.2277e-9

rN 1.9921 1.9986 1.9997 2.0000 2.0002 2.0005 -

Table 3.2: Uniform errors and orders of convergence of the solutions second-order deriva-
tive approximation for Example 3.5.1.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 1.0393e-3 2.4878e-4 6.0628e-5 1.4973e-5 3.7128e-6 9.2333e-7 2.3051e-7

rN 2.0627 2.0368 2.0176 2.0118 2.0076 2.0020 -

and the adaptively generated mesh is constructed using the constant C0 = 1.2, in the

adaptive algorithm described as in Chapter 2.

The maximum ε-uniform errors EN and the corresponding orders of convergence rN

of the computed solution U are displayed in Table 3.1 for Example 3.5.1. It should be

noted that, we reduce both Examples 3.5.1 and 3.5.2 to the system of differential equa-

tions of the form (3.2.1), for obtaining the numerical solution. Hence, we demonstrate

the uniform errors and orders of convergence for the double derivatives of the solution

u(x) in Table 3.2. One can see that the rate of convergence of the computed solution for

this problem is almost two. This shows that the first-order convergence of the smooth

component is not producing enough difference to the convergence of the solution. This

is because that the convergence of the singular component of the solution is exactly

two. The computed solution plot shown in Figure 3.1 suggests that the boundary lay-

ers appearing in the solution are not so steep, whereas its double derivative has steep

boundary layers for this problem. The density of the adaptively generated final mesh

towards the boundary layers, can be observed from Figure 3.2, which shows the effec-

Table 3.3: Uniform errors and orders of convergence of the numerical solution for Ex-
ample 3.5.2.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 1.8627e-5 4.6700e-6 1.1877e-6 3.0296e-7 7.5970e-8 1.9042e-8 4.7872e-9

rN 1.9959 1.9753 1.9709 1.9956 1.9963 1.9919 -
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Table 3.4: Uniform errors and orders of convergence of the solutions second-order deriva-
tive approximation for Example 3.5.2.

ε ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN 6.5799e-4 1.6165e-4 3.9048e-5 9.5836e-6 2.3783e-6 5.9454e-7 1.4835e-7

rN 2.0252 2.0496 2.0266 2.0107 2.0001 2.0028 -

tiveness of our preferred monitor function. Both the figures are drawn with the number

of mesh intervals N = 128 and the perturbation parameter ε = 2−10. Tables 3.3 and 3.4

corresponding to the Example 3.5.2 observed a similar behavior as like Example 3.5.1.

3.6 Conclusion

A parameter-uniform numerical scheme for a class of fourth-order ODE is presented

in this chapter. To solve the ODE, we reduce the problem into a system of ODEs.

An adaptively generated nonuniform mesh is constructed by equidistributing a monitor

function involving the second-order derivative of the singular component of the solution.

The adaptive mesh obtained via the equidistribution does not require any apriori infor-

mation about the location of the boundary layer and its width. It is shown that the

standard central difference approximation on this mesh produces first-order ε-uniform

convergence. Numerical experiments show that the proposed monitor function can be

successfully applied to the fourth-order ODEs of the form (3.1.1) to get parameter-

uniform convergence, which supports the theoretical result.
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Chapter 4

Apriori Error Estimate for
Singularly Perturbed System of
Reaction-Diffusion Boundary-Value
Problems

This chapter studies the problem of determining an appropriate grading of a mesh for

a system of coupled singularly perturbed reaction-diffusion ODEs having diffusion pa-

rameters of different magnitudes. These small parameters give rise to boundary layers.

The central difference scheme on adaptively generated mesh is used to discretize the

problem where the mesh equations are derived using an equidistribution principle. A

suitable apriori monitor function is obtained in the error estimate which will lead to

parameter-uniform convergence. Utilizing this monitor function, it is shown that the

method converges uniformly in the discrete supremum norm for linear and semilinear

system of reaction-diffusion BVPs.

4.1 Introduction

Consider the following system of singularly perturbed reaction-diffusion boundary-value

problems 



Lu(x) ≡ −Eps u′′(x) + B(x)u(x) = f(x), x ∈ Ω,

u(0) = u(1) = 0,

(4.1.1)

where L = (L1, · · · ,Lk)
T , Eps = diag(ε1, ε2, · · · , εk), B(x) = (bij(x))k×k, f(x) =

(f1(x), f2(x), · · · , fk(x))T and u(x) = (u1(x), · · · , uk(x))T .
Assume that the matrix B = (bij)

k
i,j=1 is an L0-matrix (i.e., off-diagonal entries are

nonpositive and diagonal entries are positive) with

min
x∈Ω;m=1,··· ,k

{ k∑

j=1

bmj(x)

}
≥ β > 0. (4.1.2)

56
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It will be assumed that the entries of the coefficient matrix B(x) and the vector f(x),

i.e., bij(x), fi(x) are in C
3(Ω) for i, j = 1, · · · , k.

The outline of this chapter is as follows: Section 4.2 relates the analytical solution

bound for the system of equations with the scalar reaction-diffusion problems and pro-

vides a stability bound for the solution of (4.1.1). Then, in Section 4.3 the discretization

of (4.1.1) is described with the discrete stability bound of the numerical solution. Fur-

ther, an heuristic argument is provided to obtain a suitable monitor function through

apriori error analysis, which can be equidistributed to achieve proper layer-adapted

mesh. A system of semilinear reaction-diffusion problem is introduced in Section 4.4.

For numerical experiments, an adaptive algorithm is used in Section 4.5 to show that the

rate of convergence predicted by our analysis holds true in practice. Finally in Section

4.6, we provide a concise conclusion.

4.2 Continuous Problem

In this section, the stability property of the analytical solution u(x) of (4.1.1) is discussed.

We start by recalling the stability of the scalar operator, which is used to derive the

stability of the solution u(x). The following lemma (see for e.g., [44]) provides the

stability estimate of general scalar operator.

Lemma 4.2.1. Suppose the coefficients of the following reaction-diffusion problem




L̂v ≡ −εv′′(x) + b(x)v(x) = f(x), for x ∈ Ω,

v(0) = 0, v(1) = 0,

(4.2.1)

are such that b(x), f(x) ∈ C
2(Ω) with ε > 0, b(x) ≥ β > 0 for all x ∈ Ω. Then, for any

v ∈ C
2(Ω) ∩ C(Ω), the following stability estimate holds true

||v|| ≤
∥∥∥∥
f

b

∥∥∥∥.

Now, the stability for the components of the solution u(x) will be discussed with the

help of the above lemma.

Lemma 4.2.2. Let u be the solution of (4.1.1) and assume the coupling matrix B satisfy

the L0-matrix condition (4.1.2). Then

||um|| ≤
k∑

l=1

(Υ−1)ml

∥∥∥∥
fl
bll

∥∥∥∥,

where the k × k matrix Υ = Υ(B) = (γml)k×k is such that

γml = −
∥∥∥∥
bml

bmm

∥∥∥∥, for m 6= l and γmm = 1.
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Proof. An equation from the system (4.1.1) can be written as

−εmu′′m + bmmum = fm −
k∑

l=1,l 6=m

bmlul, for m = 1, · · · , k. (4.2.2)

From the definition of L0-matrix, Lemma 4.2.1 yields

||um|| −
k∑

l=1,l 6=m

∥∥∥∥
bml

bmm

∥∥∥∥||ul|| ≤
∥∥∥∥
fm
bmm

∥∥∥∥, m = 1, · · · , k.

Now, if the matrix Υ is assumed to be inverse monotone i.e., Υ−1 ≥ 0, then

||um||+
k∑

l=1,l 6=m

γml||ul|| ≤
∥∥∥∥
fm
bmm

∥∥∥∥, m = 1, · · · , k.

The matrixB is assumed to be an L0-matrix from (4.1.2). So Υ will be inverse monotone.

Hence, we can write

||um|| ≤
k∑

l=1

(Υ−1)ml

∥∥∥∥
fl
bll

∥∥∥∥,

from which the desired result follows.

As a consequence, the stability of the continuous solution u(x) can be obtained. The

above technique will also be used for the error analysis. It should be noted that one can

directly compute the inverse of the matrix Υ from the definition of Υ. Its sign pattern

for the condition of inverse monotonicity can also be checked. Therefore, to get the

stable solution of (4.1.1), the L0-matrix condition is not necessary for the matrix B.

4.3 Finite Difference Scheme

This section is devoted for the discretization of the continuous problem (4.1.1). Monitor

function generated by the error analysis is also derived in this section, which will lead

to the uniform convergence.

Here, we shall consider the standard finite difference approximation on a nonuniform

mesh ΩN ≡ {0 = x0 < x1 < · · · < xN = 1}, where the step sizes are defined by

hi+1 = xi+1−xi, i = 0, · · · , N − 1. Let us define U as the discrete approximation of the

continuous solution u(x). Therefore, by denoting Ui = U(xi), the discretized problem

of (4.1.1) is defined as follows: Find U1, · · · ,UN−1 satisfying





(LNU)i ≡ −Eps (δ2U)i +BiUi = fi, i = 1, · · · , N − 1,

U0 = 0, UN = 0,

(4.3.1)
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where (LNU)i = ((LN
1 U)i, · · · , (LN

k U)i)
T with (LN

mU)i = −εmδ2Um,i +
∑k

j=1 bmj,iUm,i

and fi = (f1,i, · · · , fk,i)T . The discrete operator LN in (4.3.1) corresponding to the contin-

uous operator L in (4.1.1) satisfies the following comparison principle. As a consequence,

we get a stable discrete solution.

Lemma 4.3.1. If two mesh functions V and W, where Vi = (V1,i, · · · , Vk,i) and Wi =

(W1,i, · · · ,Wk,i) satisfy (LNV)i ≥ (LNW)i, for i = 1, · · · , N − 1, with V0 ≥ W0 and

VN ≥ WN , then Vi ≥ Wi, for i = 1, · · · , N − 1.

Proof. It is easy to see that the matrix associated with the discrete operator LN is an

M-matrix. Hence the required result follows.

To carry out the error analysis of the discrete solution U of (4.3.1), we shall take

the help of the stability result for the discretized scalar equation of (4.2.1). Define the

difference operator corresponding to the scalar equation (4.2.1) as




(L̂Nv)i ≡ −ε[δ2v]i + bivi = fi, for i = 1, · · · , N − 1,

v0 = vN = 0.

(4.3.2)

The scalar difference operator (4.3.2) satisfies the following discrete maximum principle.

Lemma 4.3.2. If the mesh function vi satisfies v0 ≥ 0, vN ≥ 0 with L̂Nvi ≥ 0. Then

vi ≥ 0.

Proof. Let us assume that vp = min
i
vi for some p, such that vp < 0. Then from (4.3.2),

(L̂Nv)p = − ε

~p

(
vp+1 − vp

hp
− vp − vp−1

hp−1

)
+ bpvp < 0,

which is a contradiction. Hence the result follows.

As a consequence of the above lemma, the following stability estimate for the scalar

operator can be achieved.

Lemma 4.3.3. If the mesh function vi satisfies (4.3.2), then

||v||ΩN ≤
∣∣∣∣
∣∣∣∣
L̂Nv

b

∣∣∣∣
∣∣∣∣
ΩN

.

Proof. Taking the barrier function Φ±
i = max

i

∣∣(L̂Nvi)
/
bi
∣∣±vi, it is easy to observe that

Φ±
0 = Φ±

N = 0 and L̂NΦ±
i ≥ 0 from the assumption b(x) ≥ β. Hence the above maximum

principle implies that Φ±
i ≥ 0 for i = 0(1)N . Therefore, we have |vi| ≤ max

i

∣∣(L̂Nvi)
/
bi
∣∣,

from which the required result follows.

In other words, the discrete maximum principle implies that

||v||ΩN ≤ ||f ||∞
β

. (4.3.3)
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It can also be seen from Kopteva et al. [44] that the discrete solution v of (4.3.2) satisfies

the following inequality

||v||ΩN ≤ Cε−1/2||f ||−1,∞. (4.3.4)

Let E = u − U denotes the error of the discrete solution for the discrete problem

(4.3.1), where Em,i = um,i − Um,i, m = 1(1)k, i = 0(1)N, i.e., E ∈ (RN+1)k. Now,

introducing the operator (L̂N
mY )i ≡ εm(δ

2Y )i + bmm,iYi, we split the error into two parts

E = ℵ+ <, such that

(L̂N
mℵm)i = (LN

mE)i, i = 1, · · · , N − 1, ℵm,0 = ℵm,N = 0, m = 1, · · · , k,

and

(L̂N
m<m)i = −

k∑

l=1,l 6=m

bml,iEl,i, i = 1, · · · , N − 1, <m,0 = <m,N = 0, m = 1, · · · , k.

Invoking the triangle inequality with Lemma 4.3.3, it follows, from the previous decom-

position that

||Em||ΩN ≤ ||ℵm||ΩN + ||<m||ΩN ≤ ||ℵm||ΩN +

k∑

l=1,l 6=m

∥∥∥∥
bml

bmm

∥∥∥∥
ΩN

||El||ΩN , m = 1, · · · , k.

Consequently,

||Em||ΩN −
k∑

l=1,l 6=m

∥∥∥∥
bml

bmm

∥∥∥∥
ΩN

||El||ΩN ≤ ||ℵm||ΩN .

Hence, using the inverse monotonicity of Υ (Lemma 4.2.2), we get

||Em||ΩN ≤
k∑

l=1

(Υ−1)ml||ℵl||ΩN , for m = 1, · · · , k.

Therefore, from E = u−U, we can write that

||u−U||ΩN ≤ C||ℵ||ΩN , (4.3.5)

where the components of ℵ are the solutions of

(L̂N
mℵm)i = εm(δ

2um − u′′m)i, for i = 1, · · · , N − 1, ℵm,0 = ℵm,N = 0, m = 1, · · · , k.

since (LN
mE)i = (LN

mu)i − (LN
mU)i = εm(δ

2um − u′′m)i. For further analysis, we shall use

the procedure provided by Kopteva et al. [44] used for scalar reaction-diffusion problem.

For i = 1, · · · , N − 1, a straight forward calculation provided in [44] shows that

εm(δ
2um − u′′m)i =

√
εm
6

D
(√

εmh
2
iu

′′′
m(ξm,i)

)
+Kmεm~

2
iu

(4)
m (ηm,i), (4.3.6)
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where ξm,i ∈ (xi−1, xi) and ηm,i ∈ (xi−1/2, xi+1/2), with xi−1/2 = xi − hi/2 and Km’s

are constants. Here the component ℵm can be written as a sum of two mesh functions

such that each term corresponds to one of the terms appearing in the right-hand side of

(4.3.6). Now, we apply the relation (4.3.4) to the first term and (4.3.3) to the second

term of the right-hand side of (4.3.6), to obtain

||ℵm||ΩN ≤ Cmax
i

max
x∈[xi−1,xi]

√
εmh

2
i |u′′′m(x)|+ Cmax

i
max

x∈[xi−1/2,xi+1/2]
εm~

2
i

∣∣u(4)m (x)
∣∣.

Here, we have used a similar technique provided in [44] to obtain the bound of ℵm. Next,

differentiating each equation in (4.1.1) two times, and using the components of f(x) i.e.,

fm(x) ∈ C
2(Ω), we obtain that

||ℵm||ΩN ≤ C

{
max

i
max

x∈[xi−1,xi]

√
εmh

2
i |u′′′m(x)|+

max
i

max
x∈[xi−1/2,xi+1/2]

~
2
i

[
1 +

k∑

j=1

|(bmjuj)
′′(x)|

]}
.

Hence, we have

||ℵ||ΩN ≤ C

{
max

i
max

x∈[xi−1,xi]
h2i

k∑

l=1

√
εl|u′′′l (x)|+

max
i

max
x∈[xi−1/2,xi+1/2]

~
2
i

k∑

l=1

[
1 +

k∑

j=1

|(bljuj)′′(x)|
]}

.

(4.3.7)

Therefore, from equation (4.3.5), we can state the following theorem.

Theorem 4.3.4. If u is the solution of (4.1.1) and U is the numerical solution obtained

from (4.3.1), then we have the following error estimate

||u−U||ΩN ≤ C

{
max

i
max

x∈[xi−1,xi]
h2i

k∑

l=1

√
εl|u′′′l (x)|+

max
i

max
x∈[xi−1/2,xi+1/2]

~
2
i

k∑

l=1

[
1 +

k∑

j=1

|(bljuj)′′(x)|
]}

,

(4.3.8)

where C is a constant, independent of the perturbation parameters εl and the number of

mesh intervals N .

From the above expression, the monitor function, which needs to be equidistributed

to construct a layer-adapted mesh is quite clear. Observe that, for a truly adaptive

algorithm, the monitor function has to be approximated from the numerical solution.

The procedure of generating the adaptive mesh can be done by computing a solution

(say U) on a primarily chosen mesh (say uniform mesh) and then, by constructing a
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new layer-adapted mesh, which will equidistribute the approximate monitor function

M̂(x,u(x)). For the analysis provided here, we shall be using a piecewise constant func-

tion M̂(x,u(x)) to approximate the monitor functionM(x,u(x)). Hence the discretized

equidistribution principle for (1.1.3) will take the following form

M̂ihi =
1

N

N∑

j=1

M̂jhj , for i = 1, · · · , N, (4.3.9)

where M̂i is the discrete approximation of the monitor functionM(x,u(x)) at the subin-

terval (xi−1, xi). Another way to express (4.3.9) is hiM̂i = hjM̂j , where M̂i can be defined

as M̂i = (Mi +Mi−1)/2. It should be noted that to obtain the equidistributed mesh xi

with the corresponding numerical solution Ui, which is not known apriori one need to

solve both (4.3.1) and (4.3.9) simultaneously for (xi,Ui). Hence the intermediate meshes

obtained through adaptive algorithm are nonlinearly linked to the computed solution

Ui by (4.3.9).

The monitor function appearing in the right-hand side expression of the apriori error

estimate (4.3.7) will be discretized by the following way

||ℵ||ΩN ≤ Cmax
i

{
h2i

k∑

l=1

√
εl|(δ3Ul)i|+ ~

2
i

k∑

l=1

[
1 +

k∑

j=1

|(δ2(bljUj))i|
]}

, (4.3.10)

where (δ3U)i = (D−δ2U)i. Here, we can use an optimal four point formula derived in

Fornberg [31] for the discretization of the second-order derivative at the end points x0

and xN . In adaptive mesh generation, Beckett and Mackenzie [8, 9] carried out an error

analysis for computed solution, where the mesh is obtained by equidistributing the exact

solution. For their numerical experiment, they have used an heuristic argument for the

discretization of their proposed monitor function. Our discretization of the monitor

function for the system of equations is motivated from the discretization assumption

of Kopteva et al. [44] on scalar reaction-diffusion problems, for which a corresponding

aposteriori error analysis (see Kopteva [43]) is available and can be extended for system

of equations. It should be noted that these error estimates involved the maximum norm

which is strong enough to capture appropriate boundary layers.

Equidistribution of some quantity involving solution and its derivatives to select a

layer-adapted mesh corresponds to the use of a transformation of the given equation, so

that the transformed equation has equal error distribution on the uniform mesh with

same number of mesh points. This implies to some extent the errors of the numerical

solution are distributed uniformly through out the domain, i.e., on the equidistributed

mesh the errors appearing in the right-hand side of (4.3.10) will be independent of i. In

other words, this implies that one can aim to have

||ℵ||ΩN ≤ Cmax
i
h2i

k∑

l=1

{√
εl|(δ3Ul)i|+

[
1 +

k∑

j=1

|(δ2(bljUj))i|
]}

, (4.3.11)
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to be independent of i.

It is easy to see from (4.3.11) that the discrete monitor function in normalized form

is

Mi = 1 +
k∑

l=1

ε
1/4
l |(δ3Ul)i|1/2 +

∑k
j=1 |(δ2(bljUj))i|1/2

Λl

, (4.3.12)

where Λm = maxi |Um,i|1/2, whose continuous counterpart is

M(x,u(x)) = 1 +

k∑

l=1

[ε
1/4
l |u′′′l (x)|1/2 +

k∑

j=1

|(blj(x)uj(x))′′|1/2].

4.4 Semilinear Reaction-Diffusion System

Consider the following singularly perturbed system of reaction-diffusion equations




Lu ≡ −Eps uxx(x) + f(x,u(x)) = 0, for x ∈ Ω,

u(0) = u(1) = 0,

(4.4.1)

where f(x,u(x)) = (f1(x,u(x)), · · · , fk(x,u(x)))T . Here fm(x,u(x)) can be a nonlin-

ear function of u(x) and the notation uxx(x) is used instead of u′′(x) for the sake of

convenience. We shall assume that

∂fm
∂ul

(x,u(x)) ≤ 0, m 6= l,

k∑

l=1

∂fm
∂ul

(x,u(x)) ≥ β > 0, m = 1 · · · , k, (4.4.2)

on (x,u(x)) ∈ Ω × R
k. Assume that the reduced problem, which is defined by setting

Eps = 0 in (4.4.1), has a unique solution in Ω. Under this assumption, the system of

BVP (4.4.1) admits a unique solution in Ω. Chang and Howes [17] studied the theoretical

aspects corresponding to the semilinear system of reaction-diffusion problems.

To obtain the numerical solution of the system (4.4.1), the well-known Newton’s

quasi-linearization technique will be used. This technique allows to linearize the system

into a sequence of linear problems, whose solutions u(p)(x) with a proper initial guess

u(0) will converge to the original solution u(x). For each fixed nonnegative integer p,

define u(p+1)(x) to be the solution of the linear problem




Lu(p+1) ≡ −Eps u
(p+1)
xx (x) + Ju(p+1)(x) = F(x), for x ∈ Ω,

u(p+1)(0) = u(p+1)(1) = 0.

(4.4.3)

The Jacobian matrix is given by

J(x) =




∂f1(x,u
(p)(x))

∂u1
· · · ∂f1(x,u

(p)(x))

∂uk
...

. . .
...

∂fk(x,u
(p)(x))

∂u1
· · · ∂fk(x,u

(p)(x))

∂uk




k×k

,
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and F(x,u(p)(x)) = J(x)u(p)(x)−f(x,u(p)(x)). It is easy to see that the Jacobian matrix

J(x) satisfies all the conditions of an L0- matrix defined in (4.1.2). If the initial guess

u(0)(x) is sufficiently close to the solution u(x), then following the proof of [26], one

can show that the sequence u(p+1)(x) converges to the solution u(x). The solution of

the associated reduced problem can be taken as an initial guess u(0)(x). Since, for each

fixed p the system (4.4.3) is a linear system of the form (4.1.1), the adaptive procedure

explained in the Section 4.3 can be applied to generate a layer-adapted mesh. This

solution will converge uniformly to the exact solution. We use the following criteria

|u(p+1)(xi)− u(p)(xi)| ≤ Tol, xi ∈ ΩN , p ≥ 0,

for the convergence of the Newton’s quasi-linearization technique. Here, Tol denotes the

user chosen tolerance.

4.5 Numerical Experiments

This section computationally verifies the appropriateness of the proposed monitor func-

tion appeared in the theoretical error estimate. We considered the well-known de Boor

algorithm to generate the adaptive mesh.

4.5.1 Adaptive mesh generation algorithm

The following iterative algorithm will be used for equidistributing the proposed monitor

function (4.3.12). Similar algorithm is applied to system of convection-diffusion type

problems by Linß [50] and for scalar reaction-diffusion problems by Kopteva et al. [44].

For scalar reaction-diffusion problems, Chadha and Kopteva [16] carried out the conver-

gence analysis of this algorithm. We shall use this algorithm to generate layer-adapted

meshes by extending it for system of equations. Our main aim is to construct a mesh

that solves the equidistribution problem (4.3.9). Observe that instead of solving the

discretized equidistribution problem (4.3.9) for (1.1.3) exactly, it is sufficient that this

algorithm can be stopped when the weakly equidistribution principle

M̂ihi ≤
C0

N

N∑

j=1

M̂jhj, for i = 1, · · · , N, (4.5.1)

satisfied with a user chosen constant C0 > 1. C0 will be chosen large enough to get fewer

iterations for the convergence of the algorithm.

Algorithm-

Step 1: Define the initial uniform mesh {x(0) : 0 ≤ i ≤ N, x
(0)
i = i/N} and go to Step 2

with p = 0.

Numerics of singular perturbation problem Ph.D. Thesis

TH-1148_08612305



CHAPTER 4 65

Step 2: Solve LNU
(p)
i = f

(p)
i with U

(p)
0 = u(0) and U

(p)
N = u(1) at the mesh {x(p) : 0 ≤ i ≤

N} for U
(p)
i = (U

(p)
1,i , · · · , U

(p)
k,i ) and define h

(p)
i+1 = x

(p)
i+1 − x

(p)
i .

Step 3: Find the discretized monitor function Mi defined in (4.3.12) for i = 1, · · · , N − 1,

where at the end points x0 and xN , we use an optimal four point formula from

Fornberg [31] to discretize the second-order derivative. Define M̂i = (M
(p)
i +

M
(p)
i−1)/2 for i = 1, · · · , N, by setting M

(p)
0 =M

(p)
1 and M

(p)
N =M

(p)
N−1.

Compute

Φ
(p)
j =

j∑

i=1

h
(p)
i M̂

(p)
i .

Step 4: Choose a constant C0 > 1. The stopping criteria for the iterative technique is

max
i=1,...,N

h
(p)
i M̂

(p)
i

Φ
(p)
N

≤ C0

N
.

If it holds true, then go to Step 6, else continue with Step 5.

Step 5: Generate a new mesh by equidistributing the proposed monitor function using the

current computed solution from Step 2 and Φ
(p)
j from Step 3: Set Y

(p)
i = iΦ

(p)
N /N

for i = 0, · · · , N . Now interpolate Y
(p)
i to the points (Φ

(p)
i , x

(p)
i ) using the piecewise

linear interpolation. Generate a new mesh x(p+1) ≡ {0 = x
(p+1)
0 < x

(p+1)
1 < · · · <

x
(p+1)
N = 1} and return to Step 2.

Step 6: Set x∗ = {0 = x∗0 < x∗1 < · · · < x∗N = 1} = x(p+1) and U∗ = U(p+1), where U∗ is

the desired solution. Stop.

4.5.2 Numerical examples

To accomplish the results of our theoretical findings, we have numerically studied the

component of the error estimator by considering three test problems. For these problems

the maximum uniform errors and the corresponding rates of convergence are demon-

strated through tables.

Example 4.5.1. Consider the coupled system of reaction-diffusion BVPs:





−ε1u′′1(x) + (5 + 2x)u1(x) + (x− 2)u2(x) = −4− 4x, x ∈ Ω,

−ε2u′′2(x)− 2u1(x) + (4− x2)u2(x) = 2x2 − 12,

u1(0) = u1(1) = u2(0) = u2(1) = 0.
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Example 4.5.2. Consider the coupled system of singularly perturbed reaction-diffusion

BVPs:




−ε1u′′1(x) + 2(x+ 1)2u1(x)− (1 + x3)u2(x) = 2 exp(x), x ∈ Ω,

−ε2u′′2(x)− 2 cos
(πx

4

)
u1(x) + 2.2 exp(1− x)u2(x) = 10x+ 1,

u1(0) = u1(1) = u2(0) = u2(1) = 0.

Example 4.5.3. Consider the following semilinear system of reaction-diffusion prob-

lems: 



−ε1u′′1 + u1 − 1− (1− u1)
3 + exp(u1 − u2) = 0, x ∈ Ω,

−ε2u′′2 + u2 − 0.5− (0.5− u2)
5 + exp(u2 − u1) = 0,

u1(0) = u1(1) = u2(0) = u2(1) = 0.

Exact solution for these examples are not available. The accuracy of their numerical

solutions would be computed using the double mesh principle as described in Chapter

2. For the numerical experiments, we took ε1 and ε2 from the set

S =
{
ε = (ε1, ε2)|ε1 = 1, 2−2, · · · , 2−30; ε2 = 1, 2−2, · · · , 2−30},

and the adaptively generated mesh is constructed by taking C0 = 1.4, in the algorithm.

Table 4.1: Uniform errors and orders of convergence of U1 for Example 4.5.1.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
1 1.430e-2 4.087e-3 8.564e-4 1.275e-4 2.622e-5 6.4948e-6 1.311e-6

rN1 1.8069 2.2550 2.7473 2.2818 2.0137 2.3084 -

Table 4.2: Uniform errors and orders of convergence of U2 for Example 4.5.1.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
2 3.492e-2 9.740e-3 2.119e-3 4.128e-4 9.322e-5 1.319e-5 3.565e-6

rN2 1.8422 2.2005 2.3598 2.1470 2.8203 1.8884 -

For the first two examples, we display the uniform errors and the corresponding rates

of convergence respectively in the maximum norm in tables. In Table 4.1 and Table 4.2,

the uniform errors and the corresponding orders of convergence of the numerical solution
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Figure 4.1: Numerical solutions U1 and U2 for N = 256, ε1 = 2−30 and ε2 = 2−10, 2−30

for Example 4.5.2.
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Figure 4.2: Loglog plot of the maximum point-wise errors for Example 4.5.1 for ε1 = 2−20

and ε2 = 2−30.

Numerics of singular perturbation problem Ph.D. Thesis

TH-1148_08612305



CHAPTER 4 68

10
1

10
2

10
3

10
4

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

N− Number of mesh intervals

M
ax

im
um

 p
oi

nt
w

is
e 

er
ro

r

 

 
Error for U

1

Error for U
2

O(N−2)

Figure 4.3: Loglog plot of the maximum point-wise errors for Example 4.5.2 for ε1 = 2−30

and ε2 = 2−20.
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Figure 4.4: Loglog plot of the maximum point-wise errors for Example 4.5.3 for ε1 = 2−20

and ε2 = 2−30.
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Table 4.3: Uniform errors and orders of convergence of U1 for Example 4.5.2.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
1 7.205e-3 1.846e-3 4.476e-4 8.225e-5 1.519e-5 3.122e-6 6.674e-7

rN1 1.9644 2.0444 2.4442 2.4365 2.2828 2.2260 -

Table 4.4: Uniform errors and orders of convergence of U2 for Example 4.5.2.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
2 2.372e-2 5.724e-3 1.365e-3 2.788e-4 5.692e-5 9.582e-6 1.977e-6

rN2 2.0510 2.0674 2.2921 2.2924 2.5706 2.2767 -

components U1(x) and U2(x) are presented respectively for Example 4.5.1. A similar

observation is noticed for Example 4.5.2 in Tables 4.3 and 4.4.

From these tables, it is easy to see that the errors are robust with respect to the

perturbation parameters εl and converge to 0 as the number of intervals N increases.

Some variations in the numerical result, from actual theoretical findings is expected,

because instead of solving the equidistribution problem (1.1.3) and (4.3.9) exactly, we

have solved the weakly equidistribution problem (4.5.1) with C0 = 1.4. Although the

errors are more uniform for smaller values of C0, but the improvements are insignificant.

Observe that a similar kind of result with weakly equidistribution principle (4.5.1) is

obtained by Kopteva et al. [44], Linß [50] and also by Das and Natesan [21].

In Figure 4.1, the computed solutions are plotted for Example 4.5.2. From this graph,

the mesh movement using the equidistribution technique can be noticed to capture

the boundary layer, as ε2 decreases. This figure also indicates the steepness of the

solution components U1 and U2 towards the boundary points (which are also the region

of boundary layers) as ε2 decreases. In Figure 4.3, the maximum point-wise errors versus

number of mesh intervals is plotted for this example. This figure is drawn in logarithmic

scale for ε1 = 2−30 and ε2 = 2−20. Graphically this also shows that the computed errors

are decreasing approximately with the rate of O(N−2) as the number of intervals N

increases. Similar observations are demonstrated in Figure 4.2 and Figure 4.4, where

approximately second-order convergence is achieved for Example 4.5.1 and Example

4.5.3 respectively with ε1 = 2−20, ε2 = 2−30.

To show the effectiveness of the adaptively generated mesh, we considered a system

of semilinear reaction-diffusion equations in Example 4.5.3. The quasi-linearization pro-

cedure defined in Section 4.4 is used to compute the numerical solution with tolerance

10−8. The uniform errors and the corresponding rates of convergence given in Table 4.5
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and Table 4.6 suggest that the proposed monitor function also works well for system of

semilinear reaction-diffusion problems.

Table 4.5: Uniform errors and orders of convergence of U1 for Example 4.5.3.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
1 2.079e-3 5.417e-4 1.120e-4 2.012e-5 4.426e-6 7.248e-7 1.467e-7

rN1 1.9405 2.2737 2.4766 2.1849 2.61047 2.3040 -

Table 4.6: Uniform errors and orders of convergence of U2 for Example 4.5.3.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
2 1.507e-3 4.345e-4 9.771e-5 2.016e-5 3.415e-6 4.994e-7 9.393e-8

rN2 1.7941 2.15307 2.2767 2.5616 2.7738 2.4105 -

4.6 Conclusion

In this chapter, a layer-adapted mesh is constructed for system of singularly perturbed

reaction-diffusion problems by equidistribution principle. It is found that the equidistri-

bution of the monitor function generated from the apriori analysis leads to a uniformly

accurate numerical solution for singularly perturbed system of differential equations. It

automatically detects the presence and location of the boundary layers and their widths.

Numerical experiments are performed on mesh adaption, which seem to work well for

obtaining uniformly convergent numerical solution of system of linear and semilinear

reaction-diffusion BVPs.
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Chapter 5

Richardson Extrapolation Technique
for Singularly Perturbed
Convection-Diffusion Problems on
Adaptively Generated Mesh

This chapter deals with the study of obtaining higher-order convergent numerical solu-

tion for singularly perturbed convection-diffusion problems on the equidistributed mesh.

A post-processing Richardson extrapolation technique is used to improve the accuracy

of the parameter-uniform computed solution. Here the adaptively generated mesh is

obtained by the equidistribution of a positive monitor function. It is shown that the

extrapolation technique can be used to improve the ε-uniform accuracy of the simple

upwinding scheme from O(N−1) to O(N−2) in the discrete maximum norm, where N is

the number of mesh intervals.

5.1 Introduction

Consider the following singularly perturbed convection-diffusion problem:





Lu(x) ≡ −εu′′(x)− (a(x)u(x))′ = f(x), x ∈ Ω,

u(0) = 0, u(1) = 0,

(5.1.1)

where ε (0 < ε � 1) is the singular perturbation parameter. It will be assumed that

a(x) and f(x) are in C
2(Ω). Under these assumptions, the BVP (5.1.1) admits a unique

solution u(x) ∈ C
4(Ω)∩C(Ω). In general, the solution u(x) of (5.1.1) exhibits a boundary

layer at x = 0, if a(x) has a positive lower bound.

In this chapter, the following two monitor functions will be used for the error analysis

M
(
x, u(x)

)
= 1 + |u′′(x)|1/2, and M

(
x, w(x)

)
= 1 + |w′′(x)|1/2. (5.1.2)
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Here u(x) is the solution of (5.1.1) and w(x) is the singular component of the solution

u(x).

The outline of this chapter is as follows: In Section 5.2, the derivative bounds of the

analytical solution u(x) of (5.1.1) is introduced. Its decomposition into the smooth and

singular components and their derivatives bounds are established in this section. The

stability of the continuous solution is also provided here. A finite difference discretization

of the continuous problem (5.1.1) and the stability of the discrete solution is introduced

in Section 5.3. Section 5.4 is devoted to study the detailed error analysis. Also, two

monitor functions are generated from the error analysis, which will lead to the first-order

parameter-uniform convergence on the equidistributed mesh. Richardson extrapolation

technique is used at the end of this section, where the error is improved to second-

order accuracy by equidistributing the proposed monitor functions. Finally, Section 5.5

provides numerical experiments to support the theoretical findings using an adaptive

algorithm.

5.2 Solution Decomposition and Derivative Bounds

This section presents the standard apriori bounds of the analytical solution of (5.1.1)

and its derivatives. For the analysis presented here, we assume that a(x) = a, constant

in (5.1.1) such that a� ε > 0. The next lemma provides apriori bounds of the solution

and its derivatives.

Lemma 5.2.1. The solution u(x) of (5.1.1) and its derivatives satisfy the following

bounds for any prescribed r,

|u(k)(x)| ≤ C
(
1 + ε−k exp(−ax/ε)

)
, for k = 0, · · · , r.

Proof. The proof of this lemma can be seen in [41].

To establish the parameter-uniform properties of the numerical methods, we shall

decompose the analytic solution u into two components, the smooth component v and

the singular component w such that u = v+w. The following lemma provides an insight

about the derivative bounds of the smooth component v and the singular component w.

Lemma 5.2.2. The smooth component v(x) of the solution u(x) of (5.1.1) satisfying





Lv(x) = f(x), x ∈ Ω,

v(0) = vε, v(1) = 0, with a suitable vε

admits the following bound

|v(k)(x)| ≤ C, for k = 0, · · · , r, and any prescribed r,
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while the singular component w(x) satisfying




Lw(x) = 0, x ∈ Ω,

w(0) = −v(0), w(1) = 0,

is of the form w(x) = A+B exp(−ax/ε), where

A =
v(0) exp(−a/ε)
1− exp(−a/ε) , B =

−v(0)
1− exp(−a/ε) .

Proof. To obtain the derivative bounds for the smooth component v(x), consider the

decomposition

v(x) =
r+1∑

i=0

εivi(x), with v(1) = 0.

Now, comparing the powers of ε, we get

−av′0(x) = f(x), v0(1) = 0,

−av′i(x) = v′′i−1(x), vi(1) = 0, i = 1, · · · , r,

Lvr+1(x) = v′′r (x), vr+1(1) = 0, vr+1(0) = u(0) = 0.

Since the last equation is similar to (5.1.1), Lemma 5.2.1 can be used to bound the term

vr+1(x). Combining the derivative bounds of each component, we obtain the required

bound. A direct calculation from

Lw(x) = 0, w(0) = −v(0), w(1) = 0,

leads to

w(x) = A+B exp(−ax/ε), with A =
v(0) exp(−a/ε)
1− exp(−a/ε) , B =

−v(0)
1− exp(−a/ε) ,

which proves the lemma.

The continuous operator L defined in (5.1.1) enjoys the following stability property

||v||∞,Ω ≤ 2a−1||Lv||∗,Ω, for all v with v(0) = v(1). (5.2.1)

This result is obtained by Andreev [1], using the Green’s function associated with the

operator L.

5.3 Discretization of the Continuous Problem

In this section, the discretization of the continuous problem (5.1.1) is introduced. To

discretize (5.1.1), we shall consider the following upwind finite difference problem




[LNU ]i ≡ −ε[D+D−U ]i − [D+(aU)]i = fi, for i = 1, · · · , N − 1,

U0 = UN = 0.

(5.3.1)
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The discrete operator L
N corresponding to the continuous operator L satisfies the

following stability property

||U ||∞,ΩN ≤ 2a−1||LNU ||∗,ΩN , for all U ∈ RN+1
0 , (5.3.2)

(see Andreev [1] and Kopteva [42]), where

||U ||∗,ΩN = ||U ||−1,∞,ΩN = max
i=0,··· ,N−1

∣∣∣∣
N−1∑

p=i

hp+1Up

∣∣∣∣. (5.3.3)

5.4 Error Analysis

In this section, the standard error analysis involving the monitor functions given in

(5.1.2) are presented. These monitor functions are generated from the error expansion.

First, we provide a technical lemma, which is used for the proof of ε-uniform error

estimate.

Lemma 5.4.1. Consider the following continuous problem

Lφ = Φ′, x ∈ Ω, φ(0) = 0, φ(1) = 0. (5.4.1)

Here Φ(x) is a piecewise continuously differentiable function where the differentiation

can be understood in the distributional sense. If φ(x) ∈ C
2(Ω), then it satisfies the

following equality

N−1∑

p=i

hp+1[L
Nφ]p = ε([D−φ]i − φ′

i−0)− ε([D−φ]N − φ′
N−0) + ΦN−0 − Φi−0.

Proof. This result can be obtained by integrating the continuous problem (5.4.1) and

the discrete problem (5.3.1) over the interval (xi, 1) and combining them

(see Linß [48]).

From this lemma, we can obtain the truncation error estimate of the numerical

solution U of (5.3.1). This error becomes

N−1∑

p=i

hp+1[L
N (u−U)]p = ε([D−u]i−u′i−0)− ε([D−u]N −u′N−0)+

∫ 1

xi

f(x)dx−
N−1∑

p=i

hp+1fp.

Thus, using the discrete norm defined in (5.3.3), we have

||LN(u− U)||∗,ΩN ≤ 2ε max
i=1,··· ,N

|[D−u]i − u′i−0|+ max
i=0,··· ,N−1

∣∣∣∣
∫ 1

xi

f(x)dx−
N−1∑

p=i

hp+1fp

∣∣∣∣.

(5.4.2)
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One can observe that the terms appearing in the right-hand side of the truncation error

bound will provide at most first-order convergence. In fact, with the help of discrete

stability estimate (5.3.2), it is proved in Linß [46] that

||u− U ||∗,ΩN ≤ C max
i=1,··· ,N

∫ xi

xi−1

(
1 + ε−1 exp(−ax/2ε)

)
dx

≤ C max
i=1,··· ,N

∫ xi

xi−1

(
1 + |w′′(x)|1/2

)
dx.

Here, we have used Lemma 5.2.2. From this expression, it is clear that the equidistribu-

tion principle (1.1.3) of the monitor functionM(x, w(x)) leads to a first-order convergent

solution of (5.3.1). A similar technique is used in the convergence analysis of Beckett

and Mackenzie [8, 9] and also in Pereyra and Sewell [66].

Now onwards, for the sake of convenience, the left-hand derivative of u(x) at xi will

be denoted by u′i instead of u′i−0. To improve the accuracy of the numerical solution, we

have to eliminate the first-order dominating terms from the expression (5.4.2). This can

be achieved by introducing the extrapolation technique. Assume that χ(x), the leading

term of the error expansion be the solution of the following problem

Lχ = Λ′, χ(0) = χ(1) = 0, with Λ(x) =
εh(x)u′′(x)

2
−
∫ 1

x

h(t)f ′(t)dt, (5.4.3)

where

h(x) = x− xp−1, on x ∈ (xp−1, xp).

Then, using Lemma 5.4.1, we have

N−1∑

p=i

hp+1[L
N (u− χ− U)]p = ε([D−u]i − u′i +

hi
2
u′′i )− ε([D−u]N − u′N +

hN
2
u′′N) +

∫ 1

xi

(
f(x)− h(x)f ′(x)

)
dx−

N−1∑

p=i

hp+1fp +

ε([D−χ]N − χ′
N)− ε([D−χ]i − χ′

i). (5.4.4)

From the above equality, it can be noted that the expressions involving u(x) and f(x)

appearing in the right-hand side of (5.4.4) are of second-order. Third expression involving

χ(x) is also of second-order, as the leading error χ(x) itself is first-order.

Now we shall analyze each term of the error expression appearing in (5.4.4), sep-

arately. This will give us an insight to the place, where the monitor functions and

the given BVP (5.1.1) are used. Observe that, the given equation (5.1.1) implies that

|u′| ≤ C[1 + ε|u′′|]. Again, differentiating equation (5.1.1) and assuming u ∈ C
3(Ω), we

get εu′′′ = −f ′ − a′′u− 2a′u′ − au′′, which implies that |εu′′′| ≤ C[1 + |u′′|].
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Now, consider the first term of the right-hand side expression in (5.4.4). Noting the

above observations, Taylor series expansion with integral form of remainder yields

ε

(
[D−u]i − u′i +

hi
2
u′′i

)
=

ε

2hi

∣∣∣∣
∫ xi

xi−1

(x− xi−1)
2u′′′(x)dx

∣∣∣∣

≤ C

2hi

∫ xi

xi−1

(x− xi−1)
2[1 + |u′′(x)|]dx

≤ C max
[xi−1,xi]

h2i [1 + |u′′(x)|]

≤ C max
[xi−1,xi]

h2i [1 + |w′′(x)|]

≤ C max
[xi−1,xi]

h2i [1 + |w′′(x)|1/2]2, (5.4.5)

where Lemma 5.2.2 is used. Again Taylor series expansion yields

f(s) = fi−1 + (s− xi−1)f
′(s)−

∫ s

xi−1

(x− xi−1)f
′′(x)dx.

Integrating the above expression over (xi−1, xi), it leads to

∫ xi

xi−1

(f(x)− (x− xi−1)f
′(x))dx− hifi−1 = −

∫ xi

xi−1

∫ s

xi−1

(x− xi−1)f
′′(x)dxds.

Since f(x) ∈ C
2(Ω), we have

∣∣∣∣
∫ xi

xi−1

(f(x)− (x− xi−1)f
′(x))dx− hifi−1

∣∣∣∣

≤
∫ xi

xi−1

∫ s

xi−1

(x− xi−1)|f ′′(x)|dxds

≤ Ch3i . (5.4.6)

Hence,

∣∣∣∣
∫ 1

xi

(
f(x)− h(x)f ′(x)

)
dx−

N∑

p=i+1

hpfp−1

∣∣∣∣

≤
N∑

p=i+1

∣∣∣∣
∫ xp

xp−1

(f(x)− (x− xp−1)f
′(x))dx− hpfp−1

∣∣∣∣

≤ C

N∑

p=i+1

h3p ≤ Cmax
p
h2p

N∑

p=i+1

hp ≤ Cmax
i
h2i

≤ Cmax
i

max
[xi−1,xi]

h2i [1 + |w′′(x)|1/2]2. (5.4.7)
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Now, to bound the fifth term of the right-hand side expression in (5.4.4), we need the

derivative bound of the leading error term χ(x). The following technical lemma is very

useful to derive the derivative bounds of χ(x).

Lemma 5.4.2. Let x ∈ (xi−1, xi). Then, we have

h(x)(1 + ε−1 exp(−ax/2ε)) ≤
∫ x

xi−1

(
1 + ε−1 exp(−at/2ε)

)
dt.

Proof. It is easy to check that the difference between the two functions appearing in

either sides of the above inequality is monotonic in the interval (xi−1, xi).

The following lemma provides the derivative estimates of χ(x).

Lemma 5.4.3. Assume that a(x), f(x) ∈ C
2(Ω). Then the solution of (5.4.3) and its

derivatives satisfy

|χ(p)(x)| ≤ C
(
1+ε−p exp(−ax/2ε)

)
max

i=1,··· ,N

∫ xi

xi−1

(
1+ε−1 exp(−at/2ε)

)
dt, for p = 0, 1,

and

ε|χ′′(x)| ≤ C
(
1 + ε−1 exp(−ax/2ε)

)
max

i=1,··· ,N

∫ xi

xi−1

(
1 + ε−1 exp(−at/2ε)

)
dt

+h(x)(1 + ε−1 exp(−ax/ε)), for x ∈ Ω− ΩN . (5.4.8)

Proof. The proof of this lemma is given by Linß [48].

Now, the first derivative bound of χ(x) and the mean-value theorem yield

ε([D−χ]i − χ′
i) = ε

∣∣∣∣
χi − χi−1

hi
− χ′

i

∣∣∣∣

≤ ε max
(xi−1,xi)

|χ′(x)|

≤ C max
i=1,··· ,N

∫ xi

xi−1

(
1 + ε−1 exp(−ax/2ε)

)
dx

≤ C max
i=1,··· ,N

∫ xi

xi−1

(
1 + |w′′(x)|1/2

)
dx.

This implies that the proposed technique will lead to first-order convergence if the func-

tion M(x, w(x)) is equidistributed as a monitor function. Nevertheless, we can improve

the convergence rate by using the second-order derivative bound of χ(x) from Lemma
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5.4.3. Again, Taylor series expansion with integral form of the remainder leads to

ε([D−χ]i − χ′
i) =

ε

hi

∣∣∣∣
∫ xi

xi−1

(x− xi−1)χ
′′(x)dx

∣∣∣∣

≤ C

hi

∫ xi

xi−1

h2(x)

(
1 + ε−1 exp(−ax/ε)

)
dx

+
C

hi
max

i=1,··· ,N

∫ xi

xi−1

(
1 + ε−1 exp(−ax/2ε)

)
dx×

∫ xi

xi−1

(x− xi−1)

(
1 + ε−2 exp(−ax/2ε)

)
dx

= I1 + I2.

Here

I1 =
C

hi

∫ xi

xi−1

h2(x)

(
1 + ε−1 exp(−ax/ε)

)
dx

≤ C

∫ xi

xi−1

(x− xi−1)dx+

∫ xi

xi−1

(x− xi−1)ε
−2 exp(−ax/ε)dx.

Now, we shall use the following identity [66]: For any positive monotonically decreasing

function ψ(x) defined on [a, b] and arbitrary k ∈ N
+, we have

∫ b

a

ψ(t)(t− a)(k−1)dt ≤ 1

k

[ ∫ b

a

ψ(t)1/kdt

]k
.

Hence, the above identity for k = 2 implies that

I1 ≤ Ch2i + C

[ ∫ xi

xi−1

(
ε−1 exp(−ax/2ε)

)
dx

]2

≤ Ch2i + C

[ ∫ xi

xi−1

(
1 + ε−1 exp(−ax/2ε)

)
dx

]2

≤ Ch2i + C

[
max

i=1,··· ,N

∫ xi

xi−1

(
1 + |w′′(x)|1/2

)
dx

]2
.

A similar technique used to derive the bound for I1 can be applied to get

I2 =
C

hi
max

i=1,··· ,N

∫ xi

xi−1

(
1 + ε−1 exp(−ax/2ε)

)
dx×

∫ xi

xi−1

(x− xi−1)

(
1 + ε−1 exp(−ax/2ε)

)
dx

≤ C

[
max

i=1,··· ,N

∫ xi

xi−1

(
1 + |w′′(x)|1/2

)
dx

]2
.

It should be noted that max
i

max
[xi−1,xi]

h2i [1 + |w′′(x)|1/2]2 is the discrete analogue of con-

tinuous form of the error estimate

[
max

i=1,··· ,N

∫ xi

xi−1

(
1 + |w′′(x)|1/2

)
dx

]2
. From these two
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expressions, it is clear that the monitor function which is being equidistributed to obtain

the error estimate isM
(
x, w(x)

)
= 1+ |w′′(x)|1/2, where w(x) is the singular component

of the solution u(x).

Henceforth, combining all these above estimates, it is clear from the equality (5.4.4)

that

||LN(u− χ− U)||∗,ΩN ≤ Cmax
i

max
[xi−1,xi]

h2i [1 + |w′′(x)|1/2]2. (5.4.9)

Hence, the stability estimate (5.3.2) implies that

||u− χ− U ||∗,ΩN ≤ Cmax
i

max
[xi−1,xi]

h2i [1 + |w′′(x)|1/2]2. (5.4.10)

The key idea of Richardson extrapolation is to provide better numerical approximation of

the exact solution, by considering an average of the numerical solutions in two embedded

meshes. To explain this method, let us define a mesh Ω̄N ≡ {0 = x̄0 < x̄1 < · · · < x̄2N =

1}, which is obtained by bisecting the original mesh ΩN with the step size h̄i = x̄i− x̄i−1.

Now consider the discrete problem





[L̄N Ū ]i ≡ −ε[D+D−Ū ]i − [D+(āŪ)]i = f̄i, for i = 1, · · · , 2N − 1,

Ū0 = ŪN = 0.

(5.4.11)

Extrapolation technique will be used to improve the solutions at the points xi ∈ ΩN ,

with the help of Ū . As like (5.3.2), the stability estimate of the solution Ū implies that

||v̄||∞,ΩN ≤ 2a−1 max
i=1,··· ,N−1

∣∣∣∣
2N−1∑

p=2i

h̄p+1[L̄
N v̄]p

∣∣∣∣, where v̄ ∈ R2N+1
0 . (5.4.12)

Hence, following the derivation technique to obtain the expression (5.4.4), we deduce

that

2N−1∑

p=2i

h̄p+1[L̄
N(ū− χ̄

2
− Ū)]p = ε([D−ū]2i − ū′2i +

hi
4
u′′i )− ε([D−ū]2N − ū′2N +

hN
4
u′′N)

+

∫ 1

xi

(
f(x)− h(x)

2
f ′(x)

)
dx−

2N−1∑

p=2i

h̄p+1f̄p

+
ε

2

(
[D−χ̄]2N − χ̄′

2N

)
− ε

2

(
[D−χ̄]2i − χ̄′

2i

)
, (5.4.13)

where h̄2i = hi/2 for i = 1, · · · , N−1. The procedure of bounding the first and fifth terms

of (5.4.4) can be extended to find the bounds of the corresponding terms in (5.4.13).

Hence, we shall be considering only the expressions involving f(x).
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Denoting fp+1/2 = f(xp + xp+1)/2, observe that

∫ xp+1

xp

(
f(x)− h(x)

2
f ′(x)

)
dx− h̄2p+1f̄2p − h̄2p+2f̄2p+1

=

∫ xp+1

xp

(
f(x)− h(x)

2
f ′(x)

)
dx− hp+1

2
(fp + fp+1/2)

=
1

2

[ ∫ xp+1

xp

(f(x)− h(x)f ′(x))dx− hp+1fp

]
+

1

2

[ ∫ xp+1

xp

f(x)dx− hp+1fp+1/2

]
.

(5.4.14)

The first term of the above expression is bounded from (5.4.6), i.e.,

∣∣∣∣
∫ xp+1

xp

(f(x)− h(x)f ′(x))dx− hp+1fp

∣∣∣∣ ≤ Ch3p+1.

To bound the second term, the Taylor series expansion of f(x) with respect to the point

xp+1/2, up to second-order derivative implies that

∣∣∣∣
∫ xp+1

xp

f(x)dx− hp+1fp+1/2

∣∣∣∣ ≤ Ch3p+1.

By combining the above two inequalities, we get

∫ 1

xi

(
f(x)− h(x)

2
f ′(x)

)
dx−

2N−1∑

p=2i

h̄p+1f̄p ≤ Cmax
i
h2i ≤ Cmax

i
max

[xi−1,xi]
h2i [1+ |w′′(x)|1/2]2.

Hence, the stability estimate for the discrete operator (5.4.11) leads to

||u− χ

2
− Ū ||∞,ΩN ≤ Cmax

i
max

[xi−1,xi]
h2i [1 + |w′′(x)|1/2]2. (5.4.15)

Now, we are in a position to define the extrapolated solution. Let Uextp be the solution

obtained through Richardson extrapolation, which is defined as

Ui,extp = 2Ū2i − Ui, for i = 0, · · · , N. (5.4.16)

Then, from the triangle inequality, we have

‖u− Uextp‖∞,ΩN = ‖(2u− χ− 2Ū)− (u− χ− U)‖∞,ΩN

≤ 2‖u− 1

2
χ− Ū‖∞,ΩN + ‖u− χ− U‖∞,ΩN .

(5.4.17)

Therefore, by combining (5.4.10) and (5.4.15) in (5.4.17), we get

‖u− Uextp‖∞,ΩN ≤ Cmax
i

max
[xi−1,xi]

h2i [1 + |w′′(x)|1/2]2. (5.4.18)

Note that the error estimator appearing in the right-hand side of the above expres-

sion depends on the singular component w(x) of the solution u(x). In reality, from the
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apriori analysis, it is observed that the boundary layer phenomena occurs actually from

the singular component of the solution. Assuming sufficient smoothness of the given

data a(x) and f(x), it should also be noted that the derivatives of the decomposed solu-

tion’s smooth component v(x) can be uniformly bounded irrespective of the perturbation

parameter ε from Lemma 5.2.2. This fact can be used to get a proper error estimator

to improve the numerical solution, which can avoid of finding the singular component

of the solution at the time of generating a new mesh through equidistribution. Now

observe that the solution decomposition and Lemma 5.2.2 lead to

|w′′(x)| ≤ |u′′(x)|+ |v′′(x)| ≤ C[1 + |u′′(x)|].

Hence the expression (5.4.18) reduces to

‖u− Uextp‖∞,ΩN ≤ Cmax
i

max
[xi−1,xi]

h2i [1 + |u′′(x)|1/2]2. (5.4.19)

Therefore, we can state the main theorem of this chapter as follows.

Theorem 5.4.4. If u is the solution of the convection-diffusion problem (5.1.1) and Uextp

is the extrapolated solution obtained through Richardson extrapolation formula (5.4.16),

then we have

‖u− Uextp‖∞,ΩN ≤ Cmax
i

max
[xi−1,xi]

h2i [1 + |u′′(x)|1/2]2, (5.4.20)

where C is independent of the perturbation parameter ε and the number of mesh intervals

N .

5.5 Numerical Experiments

This section presents two numerical examples to confirm the theoretical findings. For

these two text problems, layer-adapted meshes are obtained by the equidistribution of

two monitor functions stated in (5.1.2).

Example 5.5.1. Consider the following singularly perturbed two-point BVP:




−εu′′(x)− u′(x) + 2u(x) = exp(x− 1), x ∈ Ω,

u(0) = 0, u(1) = 0.

The exact solution of this problem is

u(x) = c1 exp(m1x) + c2 exp(m2x)− exp(x− 1)/(ε(1−m1)(1−m2)),

where

c2 =
1− exp(−1 +m1)

(1−m1)(1−m2)ε(exp(m2)− exp(m1))
, and

c1 = −c2 +
exp(−1)

ε(1−m1)(1−m2)
,

with m1 = (−1 +
√
1 + 8ε)/2ε, m2 = (−1−

√
1 + 8ε)/2ε.
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Example 5.5.2. Consider the singularly perturbed convection-diffusion BVP:





εu′′(x) + ((1 + x(1− x))u(x))′ = exp(x), x ∈ Ω,

u(0) = 0, u(1) = 0.

For these two problems, we take ε from the set S defined as

S =
{
ε|ε = 2−2, · · · , 2−30

}
,

and for the numerical computation, the adaptively generated meshes are constructed

using the constants C0 = 1.6 and C0 = 1.7, respectively in the adaptive algorithm

described in Chapter 2.

Table 5.1: Improved uniform errors and orders of convergence using the monitor function
M(x, w(x)) for Example 5.5.1.

Extrapolation Number of intervals N

64 128 256 512 1024 2048 4096

Before 8.764e-3 4.046e-3 1.945e-3 9.611e-4 4.807e-4 2.471e-4 1.201e-4

1.1151 1.0570 1.0169 0.9996 0.9600 1.0409 -

After 1.712e-4 3.371e-5 7.728e-6 2.372e-6 5.187e-7 1.495e-7 3.262e-8

2.3446 2.1250 1.7041 2.1932 1.7942 2.1966 -

Table 5.2: Improved uniform errors and orders of convergence using the monitor function
M(x, u(x)) for Example 5.5.1.

Extrapolation Number of intervals N

64 128 256 512 1024 2048 4096

Before 1.041e-2 4.547e-3 2.210e-3 1.110e-3 5.227e-4 2.823e-4 1.344e-4

1.1951 1.0439 0.9913 1.0858 0.8887 1.0711 -

After 3.041e-4 5.880e-5 1.496e-5 3.951e-6 8.354e-7 2.592e-7 5.372e-8

2.3706 1.9744 1.9209 2.2418 1.6882 2.2706 -

For Examples 5.5.1 and 5.5.2, we displayed the maximum uniform errors and the cor-

responding rates of convergence row-wise respectively, using maximum norm. In Table

5.1, we presented the uniform errors for Example 5.5.1 before and after extrapolation

where the mesh is obtained by the equidistribution of the monitor function M(x, w(x)).

From Table 5.2, one can see that there is strong correlation between the two moni-

tor functions M(x, w(x)) and M(x, u(x)). In fact, Table 5.2 suggests that one can use
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M(x, u(x)) as a monitor function to get better convergence rate, in order to avoid the re-

duced problem (i.e., by taking ε = 0) solving each time. It should also be noted that the

derivatives of the smooth component of the solution u(x) are uniformly bounded from

Lemma 5.2.2. A similar observation is noticed for Example 5.5.2, where the uniform

errors and the corresponding rates of convergence are displayed in Table 5.3 and Table

5.4 for the two monitor functions M(x, w(x)) and M(x, u(x)) respectively. To discretize

the second-order derivative appearing in the monitor function, we have used the same

operator, which is used to discretize the second-order derivative of the differential equa-

tion. However, it is observed that the central difference approximation for second-order

derivative term does not change the theoretical findings as depicted in Tables 5.5 and

5.6.

For the above two examples, extrapolation technique has improved the order of

convergence from first-order to second-order. A rapidly decreasing behavior of ε-uniform

errors after extrapolation can be noticed for these two problems, as N increases. Some

variations in the numerical results from actual theoretical findings is expected, since

instead of solving the equidistribution problem (1.1.3) exactly, we have solved the weakly

equidistribution problem (2.5.1) for C0 = 1.6 and C0 = 1.7, respectively. Although the

errors are more uniform for smaller values of C0, but the improvements are insignificant.

Observe that a similar kind of result with weakly equidistribution principle (2.5.1) is

obtained by Kopteva et al. [44] and also by Das and Natesan [21].

The proposed improvement can be compared with the results obtained by Natividad

and Stynes [64], where a second-order up to a logarithmic factor is achieved through

the extrapolation technique on Shishkin meshes. As like us, Linß [48] obtained a similar

result with apriori chosen Shishkin and Bakhvalov meshes for Example 5.5.1. But the

plus point of adaptive technique with the monitor function M(x, u(x)) is that it does

not need any apriori information about the location and width of the boundary layer.

In Figure 5.1 and Figure 5.2, we have plotted the maximum point-wise errors versus

number of mesh intervals for Example 5.5.1 and Example 5.5.2. These figures are drawn

in logarithmic scale for ε = 2−30, with M(x, u(x)) as a monitor function. Graphically

these also suggest that the computed errors are decreasing with the rate of O(N−1) and

O(N−2) approximately before and after extrapolation.

5.6 Conclusion

In this chapter, a post-processing technique is considered to obtain higher-order conver-

gent numerical approximate solution for convection-diffusion SPPs on adaptively gener-

ated mesh. First, a monitor function is generated from the error analysis, which provides

first-order convergence for the discrete solution. This monitor function is a variant of
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Figure 5.1: Loglog plot of the maximum point-wise errors before and after extrapolation
for Example 5.5.1 for ε = 2−30 with the monitor function M(x, u(x)).

10
1

10
2

10
3

10
4

10
−8

10
−6

10
−4

10
−2

10
0

N− Number of mesh intervals

M
ax

im
um

 p
oi

nt
w

is
e 

er
ro

r

 

 
Before Extrapolation

O(N−1)
After Extrapolation

O(N−2)

Figure 5.2: Loglog plot of the maximum point-wise errors before and after extrapolation
for Example 5.5.2 for ε = 2−30 with the monitor function M(x, u(x)).

the monitor function proposed by Beckett and Mackenzie [8, 9], where the constant (α in

(2.2.1)) is chosen appropriately from their error analysis. Using this monitor function, it

is shown that the Richardson extrapolation technique can be used to obtain higher-order

(in this case second-order) convergence on equidistributed nonuniform mesh. Though

the analysis provided here is for a simple model problem, it gives us a useful insight about

one possible way (using post-processing technique) to obtain a higher-order convergent

solution.
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Table 5.3: Improved uniform errors and orders of convergence using the monitor function
M(x, w(x)) for Example 5.5.2.

Extrapolation Number of intervals N

64 128 256 512 1024 2048 4096

Before 3.555e-2 1.553e-2 7.538e-3 3.758e-3 1.871e-3 9.350e-4 4.673e-4

1.1948 1.0428 1.0040 1.0061 1.0009 1.0005 -

After 7.368e-4 1.515e-4 3.057e-5 8.056e-6 1.873e-6 5.352e-7 1.307e-7

2.2821 2.3089 1.9241 2.1044 1.8073 2.0335 -

Table 5.4: Improved uniform errors and orders of convergence using the monitor function
M(x, u(x)) for Example 5.5.2.

Extrapolation Number of intervals N

64 128 256 512 1024 2048 4096

Before 3.101e-2 1.281e-2 6.336e-3 3.194e-3 1.567e-3 8.224e-4 3.967e-4

1.2752 1.0161 0.9884 1.0274 0.9298 1.0518 -

After 9.039e-4 1.435e-4 3.695e-5 1.019e-5 2.184e-6 6.824e-7 1.727e-7

2.6547 1.9576 1.8587 2.2219 1.6784 1.9823 -

Table 5.5: Improved uniform errors and orders of convergence for the central difference
approx. to the second-order derivative term of the monitor function M(x, u(x)) for
Example 5.5.1.

Extrapolation Number of intervals N

64 128 256 512 1024 2048 4096

Before 1.182e-2 4.582e-3 2.125e-3 1.084e-3 5.240e-4 2.823e-4 1.344e-4

1.3677 1.1087 0.9714 1.0482 0.8923 1.0711 -

After 3.891e-4 5.878e-5 1.259e-5 3.951e-6 8.354e-7 2.592e-7 5.372e-8

2.7266 2.2229 1.6722 2.2418 1.6882 2.2706 -
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Table 5.6: Improved uniform errors and orders of convergence for the central difference
approx. to the second-order derivative term of the monitor function M(x, u(x)) for
Example 5.5.2.

Extrapolation Number of intervals N

64 128 256 512 1024 2048 4096

Before 2.898e-2 1.277e-2 6.342e-3 3.164e-3 1.569e-3 8.224e-4 3.967e-4

1.1826 1.0097 1.0034 1.0120 0.9316 1.0518 -

After 7.848e-4 1.434e-4 3.701e-5 1.019e-5 2.184e-6 6.824e-7 1.920e-7

2.4518 1.9546 1.8608 2.2219 1.6784 1.8291 -
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Chapter 6

Robust Numerical Method for
System of Singularly Perturbed
Convection-Diffusion
Boundary-Value Problems

This chapter analyzes the numerical solution of a system of singularly perturbed weakly

coupled convection-diffusion differential equations having diffusion parameters of differ-

ent magnitudes. These small parameters give rise to boundary layers. An upwind based

finite difference scheme is used to get several suitable monitor functions whose equidis-

tribution will lead to the layer-adapted meshes. A monitor function which works well

for both singularly perturbed scalar convection-diffusion and reaction diffusion prob-

lems is extended for a system of weakly coupled convection-diffusion problems. Utilizing

this preferred monitor function, it is observed that the discrete solution is first-order

uniformly convergent for linear and semilinear system of BVPs.

6.1 Introduction

Consider the following system of weakly coupled (coupled through the reaction terms)

singularly perturbed convection-diffusion BVPs:





Lu ≡ −Eps u′′(x)−A(x)u′(x) +B(x)u(x) = f(x), x ∈ Ω,

u(0) = u(1) = 0,

(6.1.1)

where L = (L1, · · · ,Lk)
T , Eps = diag(ε1, ε2, · · · , εk), A(x) = diag(a11(x), a22(x), · · · ,

akk(x)), B(x) = (bij(x))k×k, f(x) = (f1(x), f2(x), · · · , fk(x))T and u(x) = (u1(x), · · · ,
uk(x))

T .

87
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Without loss of generality, we shall assume that min
{
a11(x), a22(x), · · · , akk(x)

}
≥

α > 0. The matrix B = (bij)
k
i,j=1 is considered as an L0-matrix (i.e., off diagonal entries

are nonpositive and diagonal entries are positive) with

min
x∈Ω;m=1,··· ,k

{ k∑

j=1

bmj(x)

}
≥ β > 0. (6.1.2)

It will be assumed that the entries of the coefficient matrices A(x), B(x) and the vector

f(x), i.e., aii(x), bij(x), fi(x) are in C
2(Ω) for i, j = 1, · · · , k.

The outline of this chapter is as follows: In Section 6.2, the analytical solution bound

of the system of equations (6.1.1) is derived using the solution bound of the scalar form

of the convection-diffusion problem. Bounds of the continuous solution derivatives are

also provided here. Then, in Section 6.3, an upwind scheme is used for the numerical

discretization of (6.1.1). Stability bound of the discrete solution is also provided in

this section. The first-order uniform convergence using the proposed monitor function

is derived here from a sufficient condition of uniform convergence using the discrete

supremum norm. In Section 6.4, a semilinear system of singularly perturbed convection-

diffusion problem is considered. Finally, Section 6.5 conducts the numerical experiments

using an adaptive algorithm to show that the rate of convergence predicted by theoretical

analysis holds true in practice.

6.2 Continuous Problem and Solution Bounds

This section provides the stability property of the analytical solution u of (6.1.1). We

start by recalling the stability of the scalar convection-diffusion operator, which will be

used to derive the stability of the solution u. The following lemma (see for e.g., [55])

provides the stability estimate of the general scalar operator.

Lemma 6.2.1. Assume the coefficients of





−εu′′ − a(x)u′ + b(x)u = f(x), for x ∈ Ω,

u(0) = u(1) = 0,

(6.2.1)

satisfies a(x), b(x) ∈ C(Ω) with ε > 0, a(x) ≥ α > 0, b(x) ≥ β > 0 for all x ∈ Ω. Then,

for any u ∈ C
2(Ω) ∩ C(Ω), we have the following stability estimate

||u|| ≤ min

{∥∥∥∥
f

a

∥∥∥∥,
∥∥∥∥
f

b

∥∥∥∥
}
.

Now, with the help of above lemma the stability for each component of u is addressed

here.
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Lemma 6.2.2. Let u be the solution of (6.1.1) and assume that the coupling matrix B

satisfy the L0-matrix condition (6.1.2). Then

||um|| ≤
k∑

l=1

(Υ−1)ml min

{∥∥∥∥
fl
all

∥∥∥∥,
∥∥∥∥
fl
bll

∥∥∥∥
}
,

where the k × k matrix Υ = Υ(A,B) = (γml)k×k is such that

γml = −min

{∥∥∥∥
bml

bmm

∥∥∥∥,
∥∥∥∥
bml

amm

∥∥∥∥
}
, for m 6= l and γmm = 1.

Proof. A single equation from (6.1.1) can be written as

−εmu′′m − ammu
′
m + bmmum = fm −

k∑

l=1,l 6=m

bmlul, for m = 1, · · · , k. (6.2.2)

Under the condition of L0-matrix, Lemma 6.2.1 yields

||um|| −
k∑

l=1,l 6=m

min

{∥∥∥∥
bml

bmm

∥∥∥∥,
∥∥∥∥
bml

amm

∥∥∥∥
}
||ul|| ≤ min

{∥∥∥∥
fm
amm

∥∥∥∥,
∥∥∥∥
fm
bmm

∥∥∥∥
}
, m = 1, · · · , k.

Now define a k × k matrix Υ = Υ(A,B) = (γml)k×k such that

γml = −min

{∥∥∥∥
bml

bmm

∥∥∥∥,
∥∥∥∥
bml

amm

∥∥∥∥
}
, for m 6= l and γmm = 1.

If we assume Υ to be inverse monotone i.e., Υ−1 ≥ 0, then

||um||+
k∑

l=1,l 6=m

γml||ul|| ≤ min

{∥∥∥∥
fm
amm

∥∥∥∥,
∥∥∥∥
fm
bmm

∥∥∥∥
}
, m = 1, · · · , k.

The matrix B is assumed to be an L0-matrix from (6.1.2). Therefore, Υ will be inverse

monotone. Hence, we get the required stability bound.

As a consequence the stability of the continuous solution u(x) can be obtained. It

should be noted that, one can directly compute the inverse of the matrix Υ from the

definition of Υ. Its sign pattern for the condition of inverse monotonicity can also be

checked. Therefore, in order to get the stable solution of (6.1.1), the L0-matrix condi-

tion is not necessary for the matrix B. The following theorem provides the derivative

estimates of the solution u.

Theorem 6.2.3. Under the assumptions from (6.1.2), the solution u of the system

(6.1.1) and its derivatives satisfy the following bounds for x ∈ Ω,

|u(n)m | ≤ C

[
1 + ε−n

m exp

(
−αmx

εm

)]
, where amm(x) ≥ αm, for n = 0, 1, and

|u(2)m | ≤ C

[
1 +

k∑

p=1

ε−2
p exp

(
−αpx

εp

)]
, where app(x) ≥ αp, for m, p = 1, · · · , k.
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Proof. The bounds of the solution u and its first-order derivative are given by Linß [49],

where a standard technique, provided in Kellog and Tsan [41] for scalar operators is used.

The proof provided in Zhongdi [85] can be extended to bound the solutions second-order

derivative.

6.3 Upwind Finite Difference Scheme

This section is devoted for the discretization of the continuous problem. Monitor func-

tions generated by the error analysis are also derived in this section, which can be

equidistributed to obtain layer-adapted meshes.

6.3.1 Discrete problem

Here, we shall consider the finite difference approximation of (6.1.1) on a nonuniform

mesh ΩN ≡ {0 = x0 < x1 < · · · < xN = 1}. Let us define U be the discrete approxima-

tion of the continuous solution u(x). Therefore, by denoting Ui = U(xi), the discretized

problem of (6.1.1) is defined as follows: Find U1, · · · ,UN−1 satisfying




[LNU]i ≡ fi, for i = 1, 2, · · · , N − 1,

U0 = UN = 0,

i.e., find Um,1, · · · , Um,N−1, for m = 1, · · · , k satisfying




[LN
mU]i ≡ [ΛN

mUm]i +
∑k

l=1,l 6=m bmlUl;i = fm;i, with i = 1, 2, · · · , N − 1,

Um,0 = Um,N = 0,

(6.3.1)

where LN = (LN
1 ,L

N
2 , · · · ,LN

k )
T is the discrete analogue of L and

[ΛN
mv]i ≡ −εmD+D−vi − amm;iD

+vi + bmm;ivi.

In a similar way, if amm is negative, then the upwind scheme will be defined as

[ΛN
mv]i ≡ −εmD−D+vi − amm;iD

−vi + bmm;ivi.

This discrete solution satisfies the following stability result (see for e.g., [49, 1]).

Lemma 6.3.1. Under the conditions of an L0-matrix (6.1.2), we have

||v||ΩN ≤
∥∥∥∥
ΛN

mv

bmm

∥∥∥∥
ΩN

, for v ∈ R
N+1,

and

||v||ΩN ≤ C||ΛN
mv||−1,∞,ΩN = C min

V :D+V=ΛN
mv

||V ||ΩN . (6.3.2)
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Let E = u−U be the error of the discrete solution obtained by the finite difference

scheme (6.3.1), where Em,i = um,i−Um,i, m = 1(1)k, i = 0(1)N, i.e., E ∈ (RN+1)k. We

divide the error E in two components ℵ, < such that E = ℵ+ < satisfies

[ΛN
mℵm]i = [LN

m(U− u)]i, i = 1, 2, · · · , N − 1, ℵm,0 = ℵm,N = 0, m = 1, 2, · · · , k,
(6.3.3)

and

[ΛN
m<m]i = −

k∑

l=1,l 6=m

bml,iEl;i, i = 1, 2, · · · , N−1, <m,0 = <m,N = 0, m = 1, 2, · · · , k.

(6.3.4)

From Lemma 6.3.1, it follows that

||Em||ΩN ≤ ||ℵm||ΩN + ||<m||ΩN ≤ ||ℵm||ΩN +

k∑

l=1,l 6=m

∥∥∥∥
bml

bmm

∥∥∥∥
ΩN

||El||ΩN , m = 1, 2, · · · , k,

which leads to

||U− u||ΩN ≤ C||ℵ||ΩN . (6.3.5)

Now, using the stability inequality from Lemma 6.2.2 for the discrete solution together

with the solution bound from Theorem 6.2.3, it is easy to derive the following lemma.

Lemma 6.3.2. The solution of (6.3.3) i.e., the components ℵm of the term ℵ satisfy

||ℵm||ΩN ≤ C max
i=1,··· ,N

∫ xi

xi−1

[
1 +

k∑

m=1

|u′m(x)|
]
dx,

where C is independent of the perturbation parameters εm and the number of mesh

intervals N .

Proof. This result is proved in Linß [49].

Hence, the inequality (6.3.5) reduces to the following result.

Theorem 6.3.3. Let u be the solution of the system (6.1.1) and U be the finite difference

approximate solution of (6.3.1), then we have

||u−U||ΩN ≤ C max
i=1,··· ,N

∫ xi

xi−1

[
1 +

k∑

m=1

|u′m(x)|
]
dx,

where C is independent of the perturbation parameters εm and the number of mesh

intervals N .

The next theorem provides a sufficient condition for choosing appropriate monitor

functions, whose equidistributions will lead to the layer-adapted meshes.
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Theorem 6.3.4. Assume that there exist positive constants C1, C2 and C3 independent

of the perturbation parameters εm, such that a monitor function M(x,u(x)) satisfies

∫ xi

xi−1

[
1 +

k∑

m=1

|u′m(x)|
]
dx ≤ C1

∫ xi

xi−1

M(x,u(x))dx, for i = 1, · · · , N, (6.3.6)

∫ 1

0

M(x,u(x))dx ≤ C2, (6.3.7)

and

M(x,u(x)) ≥ C3. (6.3.8)

Then

||U− u||ΩN ≤ CN−1,

where C is independent of the perturbation parameters εm and the number of mesh

intervals N .

Proof. Note that from the definition of equidistribution principle (1.1.4), we have

C3hi ≤
∫ xi

xi−1

M(x,u(x))dx =
1

N

∫ 1

0

M(x,u(x))dx ≤ C2N
−1 ⇒ hi ≤ C2C

−1
3 N−1.

Now using (6.3.6)-(6.3.8) with the equidistribution principle (1.1.4), we obtain

||ℵm||ΩN ≤ Cmax
i

∫ xi

xi−1

[
1 +

k∑

m=1

|u′m(x)|
]
dx

≤ C

∫ xi

xi−1

M(x,u(x))dx ≤ CN−1

∫ 1

0

M(x,u(x))dx ≤ CN−1.

Hence, the inequality (6.3.5) leads to

||U− u||ΩN ≤ CN−1.

Now consider the following monitor function

M(x,u(x)) = 1 +

k∑

m=1

|u′′m|1/2. (6.3.9)

This monitor function is a generalized form of the monitor function proposed by Beckett

and Mackenzie [8] for scalar case of (6.1.1), where the solution u is decomposed into

two components the so called smooth component v and the singular component w.

In reality, from the apriori analysis, it is observed that the boundary layer phenomena

occurs actually from the singular component of the solution. It should also be noted that

the second-order derivative of the smooth component v is bounded. This motivates them

to consider a monitor function involving especially derivatives of the singular component.

This monitor function works well also for reaction-diffusion type problems [9].
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Now, our aim is to show that the above monitor function, where the solution is not

decomposed into its singular component satisfies all conditions of Theorem 6.3.4. To

show this observe that Theorem 6.2.3 with α = min
m

αm implies

|u′′m(x)|1/2 ≤ C

[
1 +

k∑

p=1

ε−2
p exp

(
− αx

εp

)]1/2

≤ C

[
max

(
1, ε−2

p exp

(
− αx

εp

))]1/2
, for p = 1, 2, · · · , k,

where we have used the fact that for any n positive functions g1, g2, · · · , gn, we get

( n∑

p=1

gp

)1/2

≤
√
n

[
max

p
(gp)

]1/2
.

Note that
∫ 1

0

[
ε−2
p exp

(
− αx

εp

)]1/2
dx =

α

2

[
1− exp

(
− α

2εp

)]
< βp (say).

Therefore, ∫ 1

0

M(x,u(x))dx ≤ max(1, βp) = C2 (say).

Thus the condition (6.3.7) is satisfied. Now, from the equation (6.2.2), we have

u′m =
1

amm

[
− εmu

′′
m +

k∑

l=1

bmlul − fm

]
.

Hence, it follows from Lemma 6.2.2 that

|u′m| ≤ C[εm|u′′m|+ 1].

Thereafter, it is enough to show that

k∑

m=1

εm|u′′m| ≤ C
k∑

m=1

|u′′m|1/2.

From the given equation (6.2.2), we can write

|εmu
′′

m| ≤ C

[
1 + ε−1

m exp

(−αmx

εm

)]
. (6.3.10)

Now we shall show that εm|u′′m| ≤ C|u′′m|1/2. Assuming that u′′m 6= 0, the inequality

(6.3.10) leads to

|εmu′′m|1/2 ≤ C

[
1 + ε−1

m exp

(
− αmx

εm

)]1/2

≤
√
2C

[
max

(
1, ε−1

m exp

(
− αmx

εm

))]1/2
.
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So

εm|u′′m|1/2 ≤ C
√
εm

[
max

(
1, ε−1

m exp

(
− αmx

εm

))]1/2
≤ C.

Hence, we have

εm|u′′m| ≤ C|u′′m|1/2.

Therefore, we obtain

||ℵm||ΩN ≤ C max
i=1,··· ,N

∫ xi

xi−1

[
1 +

k∑

m=1

|u′m(x)|
]
dx

≤ C max
i=1,··· ,N

∫ xi

xi−1

[
1 +

k∑

m=1

εm|u′′m(x)|
]
dx

≤ C max
i=1,··· ,N

∫ xi

xi−1

[
1 +

k∑

m=1

|u′′m(x)|1/2
]
dx,

i.e.,

max
i=1,··· ,N

∫ xi

xi−1

[
1 +

k∑

m=1

|u′m(x)|
]
dx ≤ C

∫ xi

xi−1

M(x,u(x))dx.

Again, we have

1 ≤M(x,u(x)).

Thus, conditions (6.3.6) and (6.3.8) are satisfied. Hence, Theorem 6.3.4 implies that

||U− u||ΩN ≤ CN−1.

Now, we state the main result of this chapter.

Theorem 6.3.5. Let u be the solution of (6.1.1) and U be the numerical solution of

the discretized problem (6.3.1), on the mesh ΩN , which is obtained by equidistributing

the monitor function (6.3.9). Then there exists a constant C, independent of N and ε,

such that

‖u−U‖ΩN ≤ CN−1.

Another commonly used error function is the arc-length type monitor function, where

the errors are equidistributed using the arc-length of the solution. This function was for-

merly used by Kopteva [45] for scalar form of convection-diffusion problems. Thereafter,

Linß [50] extended it for a system of convection-diffusion problems, by

Marc(x,u(x)) =

(
1 +

k∑

m=1

|u′m(x)|2
)1/2

.

Using the inequality

( k∑

i=1

gi

)
≤

√
2

( k∑

i=1

g2i

)1/2

for positive real numbers gi, one can

also verify (6.3.6)-(6.3.8), for this monitor function with lower bound
√
2. It is also
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observed by Kopteva et al. [44] that the monitor function Marc(x,u(x)) will not yield

parameter-uniform convergence for singularly perturbed reaction-diffusion problems.

A well-known apriori chosen mesh known as Bakhvalov mesh (see [74]) can be con-

structed to provide the parameter-uniform convergence for singularly perturbed system

of coupled convection-diffusion problems (see for e.g., Linß [49, 50]) by equidistributing

the monitor function

Mba(x) = max

{
1, Kmε

−1
m exp

(
αmx

εm

)}
,

where Kms are user chosen constants. Appropriateness of this monitor function from

Theorem 6.3.4 can be verified by using the bounds of the solution um from Theorem 6.2.3

to Theorem 6.3.3. Therefore, the layer-adapted mesh obtained by the equidistribution

of Mba(x) will provide the first-order parameter uniform convergence.

6.4 Semilinear Convection-Diffusion System

Consider the following singularly perturbed system of semilinear convection-diffusion

problems




Lu ≡ −Eps uxx(x)−A(x)ux(x) + f(x,u(x)) = 0, for x ∈ Ω,

u(0) = u(1) = 0,

(6.4.1)

where f(x,u) = (f1(x,u), · · · , fk(x,u))T . Here, fm(x,u) can involve nonlinear terms of

u and the notations ux, uxx are used instead of u′ and u′′ respectively, for the sake of

convenience. We shall assume that

∂fm
∂ul

(x,u) ≤ 0, m 6= l,

k∑

l=1

∂fm
∂ul

(x,u) ≥ β > 0, m = 1 · · · , k, (6.4.2)

on (x,u) ∈ Ω × R
k. Assume that the reduced problem, which is defined by setting

Eps = 0 in (6.4.1), has a unique solution in Ω. Under this assumption, the system of

BVP (6.4.1) admits a unique solution in Ω. Chang and Howes [17] studied the theoretical

aspects corresponding to the semilinear system of convection-diffusion problems.

To obtain the numerical solution of the system (6.4.1), the well-known Newton’s

quasilinearization technique is used. This technique allows us to linearize the system

into a sequence of linear problems, whose solutions u(p) with a proper initial guess u(0)

will converge to the original solution u. For each fixed nonnegative integer p define u(p+1)

to be the solution of the linear problem




Lu(p+1) ≡ −Eps u
(p+1)
xx (x)−A(x)u

(p+1)
x (x) + J(x)u(p+1)(x) = F(x,u(p)(x)),

u(p+1)(0) = u(p+1)(1) = 0, for x ∈ Ω,

(6.4.3)
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for p = 0, 1, · · · . Here J(x) is the Jacobian matrix which is given by

J(x) =




∂f1(x,u
(p))

∂u1
· · · ∂f1(x,u

(p))

∂uk
...

. . .
...

∂fk(x,u
(p))

∂u1
· · · ∂fk(x,u

(p))

∂uk




k×k

,

and F(x,u(p)) = J(x)u(p)(x) − f(x,u(p)(x)). It is easy to see that the Jacobian matrix

J(x) satisfies all the conditions of an L0- matrix defined in (6.1.2). If the initial guess

u(0) is sufficiently close to the solution u, then following the proof of [26], one can show

that the sequence u(p+1) converges to the solution u. The solution of the associated

reduced problem can be taken as an initial guess u(0)(x). Since, for each fixed p the

system (6.4.3) is a linear system of the form (6.1.1) the mesh generation procedure by

equidistributing the proposed monitor function explained in Section 6.3 can be applied

to generate a layer-adapted mesh. The obtained solution will converge uniformly to the

continuous solution. We use the following criteria

|u(p+1)(xi)− u(p)(xi)| ≤ Tol, xi ∈ Ω, p ≥ 0,

for the convergence of iterative quasi-linearization technique. Here, Tol denotes the user

chosen tolerance.

6.5 Numerical Experiments

This section computationally verifies the theoretical results obtained in the previous sec-

tion. For the numerical examples, we use the equidistribution technique to the proposed

monitor function

M
(
x,u(x)

)
= 1 +

k∑

m=1

|u′′m(x)|1/2.

Algorithm 2.5.1 (stated in Chapter 2) is adapted for the generation of the equidistributed

mesh and the corresponding adaptive finite difference solution.

Example 6.5.1. Consider the singularly perturbed system of convection-diffusion prob-

lems: 



−ε1u′′1(x)− u′1(x) + 2u1(x)− u2(x) = f1(x), x ∈ Ω,

−ε2u′′2(x)− 2u′2(x)− u1(x) + 4u2(x) = f2(x),

u1(0) = u1(1) = u2(0) = u2(1) = 0,
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where f1(x) and f2(x) are chosen such a way, that the exact solution is given by





u1(x) =
1− exp(−x/ε1)
1 − exp(−1/ε1)

+
1− exp(−x/ε2)
1− exp(−1/ε2)

− 2 sin
π

2
x,

u2(x) =
1− exp(−x/ε2)
1 − exp(−1/ε2)

− x exp(x− 1).

Example 6.5.2. Consider the following system of convection-diffusion problems:





−ε1u′′1(x) + (5− x2)u′1(x) + (4 + x)u1(x)− u2(x) = 2 exp(x), x ∈ Ω,

−ε2u′′2(x)− 6u′2(x)− 2u1(x) + (4− x)u2(x) = 10x+ 1,

u1(0) = u1(1) = u2(0) = u2(1) = 0.

Example 6.5.3. Consider the semilinear system of convection-diffusion differential

equations:





−ε1u′′1 − 2(x+ 1)2u′1 + u1 − 1− (1− u1)
3 + exp(u1 − u2) = 0, x ∈ Ω,

−ε2u′′2 − 5u′2 + u2 − 0.5− (0.5− u2)
5 + exp(u2 − u1) = 0,

u1(0) = u1(1) = u2(0) = u2(1) = 0.

The uniform errors EN
m , m = 1, 2, of the numerical solution U1 and U2, for each fixed

N and the corresponding parameter-uniform rates of convergence rNm are calculated by

the formulas described in Chapter 2.

For the numerical experiments of all the test problems, we take ε1 and ε2 from the

set

S =
{
ε = (ε1, ε2)|ε1 = 1, 2−2, · · · , 2−22; ε2 = 1, 2−2, · · · , 2−22},

and the adaptively generated mesh is constructed by taking C0 = 1.9 in the adaptive

algorithm described in Chapter 2. Here, we have used the central difference approxima-

tion to discretize the second-order derivative involved in the proposed monitor function

(6.3.9).

In Table 6.1 and Table 6.2, we presented the uniform errors and the corresponding

orders of convergence of the numerical solution components U1 and U2, respectively for

Example 6.5.1, which clearly indicates that the proposed method is ε-uniform first-order

accurate. A similar result was observed by Linß [50] for strongly coupled system of

convection-diffusion problems using the arc-length type monitor function. The theoreti-

cal results obtained in this thesis, is also reflected for Example 6.5.2 as depicted in Table

6.3 and Table 6.4. These tables demonstrate the uniform errors and the corresponding

first-order convergence of the solution components U1 and U2, respectively, where the

double mesh principle is used to find errors and rates of convergence.
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To show the effectiveness of the proposed monitor function, a numerical example is

provided for a system of semilinear convection-diffusion problems in Example 6.5.3. Nu-

merical results obtained for uniform errors and orders of convergence from Table 6.5 and

Table 6.6 approve our theoretical findings for semilinear system of differential equations

with Tol= 10−8. In Figures 6.1-6.3, the maximum point-wise errors versus number of

mesh intervals are demonstrated for Example 6.5.1, Example 6.5.2 and Example 6.5.3,

respectively. These figures are drawn in logarithmic scale for ε1 = 2−22, ε2 = 2−16;

ε1 = 2−10, ε2 = 2−22 and ε1 = 2−18, ε2 = 2−22 respectively. Graphically these also

suggest that the computed errors are decreasing with the rate of O(N−1) as the number

of interval N increases.

Table 6.1: Uniform errors and orders of convergence of U1 for Example 6.5.1.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
1 1.292e-1 5.671e-2 2.809e-2 1.318e-2 6.428e-3 3.245e-3 1.649e-3

rN1 1.1878 1.0135 1.0915 1.0361 0.98625 0.97648 -

Table 6.2: Uniform errors and orders of convergence of U2 for Example 6.5.1.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
2 5.499e-2 2.677e-2 1.246e-2 6.617e-3 3.023e-3 1.482e-3 7.867e-4

rN2 1.0381 1.1030 0.91375 1.1299 1.0288 0.91366 -

Table 6.3: Uniform errors and orders of convergence of U1 for Example 6.5.2.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
1 1.687e-2 7.297e-3 4.112e-3 1.896e-3 9.565e-4 4.801e-4 2.404e-4

rN1 1.2094 0.82749 1.1164 0.98777 0.99434 0.99759 -

The advantage of generating mesh by adaptive technique is that it does not require

any apriori knowledge about the locations and widths of the boundary layers. This tech-

nique leads to an optimal parameter-uniform convergence corresponding to the upwind

discretization, by equidistributing the proposed monitor function.
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Figure 6.1: Loglog plot of the maximum point-wise errors for Example 6.5.1 for ε1 = 2−22

and ε2 = 2−16.

10
1

10
2

10
3

10
4

10
−4

10
−3

10
−2

10
−1

N− Number of mesh intervals

M
ax

im
um

 p
oi

nt
w

is
e 

er
ro

r

 

 
Error for U

1

Error for U
2

O(N−1)

Figure 6.2: Loglog plot of the maximum point-wise errors for Example 6.5.2 for ε1 = 2−10

and ε2 = 2−22.
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Figure 6.3: Loglog plot of the maximum point-wise errors for Example 6.5.3 for ε1 = 2−18

and ε2 = 2−22.

Table 6.4: Uniform errors and orders of convergence of U2 for Example 6.5.2.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
2 2.729e-2 1.221e-2 6.246e-3 3.170e-3 1.596e-3 8.010e-4 4.014e-4

rN2 1.1598 0.96798 0.97815 0.99007 0.99469 0.99677 -

6.6 Conclusion

In this section, the error analysis for the discretization of singularly perturbed weakly

coupled system of BVPs of the form (6.1.1) is presented using the upwind finite difference

scheme. The numerical solution is obtained on a suitable nonuniform adaptively gener-

ated mesh based on the idea of equidistribution principle. This solution can be extended

globally by using the constant or piecewise linear interpolation of the numerical solution.

The error analysis of the numerical solution is carried out by using maximum norm. It

is shown that the errors are first-order convergent, which are independent of the sin-

gular perturbation parameters. Numerical solutions obtained for linear and semilinear

Table 6.5: Uniform errors and orders of convergence of U1 for Example 6.5.3.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
1 7.608e-3 3.301e-3 1.792e-3 8.832e-4 4.475e-4 2.219e-4 1.134e-4

rN1 1.2045 0.88105 1.0211 0.98070 1.0121 0.96746 -
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Table 6.6: Uniform errors and orders of convergence of U2 for Example 6.5.3.

(ε1, ε2) ∈ S Number of intervals N

64 128 256 512 1024 2048 4096

EN
2 3.696e-3 1.560e-3 7.551e-4 3.799e-4 1.896e-4 8.331e-5 4.531e-5

rN2 1.2447 1.0467 0.99098 1.0020 1.1869 0.87879 -

system of differential equations validate the efficiency of the proposed monitor function,

which lead to the first-order parameter-uniform accuracy. The analysis provided here

can be extended for more general class of systems, where all the convection coefficients

are bounded away from zero by a constant. Therefore, the key result established here is

that the numerical solution for weakly coupled system of convection-diffusion problems

computed on adaptively generated meshes are first-order accurate to the exact solution.
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Chapter 7

A Hybrid Scheme for Singularly
Perturbed System of
Reaction-Diffusion Robin type
Boundary-Value Problems

This chapter deals with the study on system of singularly perturbed reaction-diffusion

problems with the Robin or/ mixed type boundary conditions. The difference scheme

is a combination of the classical central difference approximation and the cubic spline

approximation on a piecewise-uniform Shishkin mesh defined in the whole domain. It

is shown that the proposed scheme (i.e., the central difference approximation for outer

region and the cubic spline approximation for inner region of boundary layers) leads

to almost second-order parameter-uniform convergence whereas the standard method

(i.e., the forward-backward approximation for the Robin boundary conditions and the

central difference approximation for the differential equation) gives almost first-order

convergence on Shishkin mesh provided that the perturbation parameters ε1, ε2 satisfy

ε1, ε2 ≤ N−1, where N is the number of mesh intervals.

7.1 Introduction

Consider the following system of singularly perturbed Robin type reaction-diffusion prob-

lem: 



Lu(x) ≡ −Eps u′′(x) + B(x)u(x) = f(x), x ∈ Ω,

Mlku(0) ≡ αkuk(0)− βku
′
k(0) = Ak,

Mrku(1) ≡ γkuk(1) + δku
′
k(1) = Bk, k = 1, 2,

(7.1.1)
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where L = (L1,L2)
T , Eps = diag(ε1, ε2) with

u(x) =


 u1(x)

u2(x)


 , B(x) =


 b11(x) b12(x)

b21(x) b22(x)


 , and f(x) =


 f1(x)

f2(x)


 .

Here ε1, ε2 are two singular perturbation parameters, where 0 < ε1 ≤ ε2 � 1. For

convenience, define Mlu(0) = (Ml1u(0),Ml2u(0))
T and Mru(1) = (Mr1u(1),Mr2u(1))

T .

It is assumed that the functions bij(x) ∈ C
3(Ω) and fi(x) ∈ C

2(Ω) for i, j = 1, 2 and

αk, βk ≥ 0, αk + βk > 0, γk > 0, δk ≥ 0, for k = 1, 2.

In order to satisfy the standard maximum principle for the operator L, assume that the

matrix B = {bij}2i,j=1 is a strictly diagonally dominant L0−matrix (i.e., diagonal entries

are positive and off diagonal entries are non-positive) with

min
x∈Ω

{b11(x) + b12(x), b21(x) + b22(x)} > β > 0,

such that β∗ ≥ |bij(x)| for 1 ≤ i, j ≤ 2. These conditions immediately follow that the

system of MBVPs (7.1.1) admits a unique solution u(x) ∈ C
4(Ω) ∩ C

1(Ω) (see for e.g.,

[17]) on Ω. In general, the solution u(x) exhibits boundary layers at both ends x = 0, 1.

The outline of this chapter is as follows: Section 7.2 provides apriori derivative

bounds of the analytical solution. The decomposition into its smooth and singular

components with their derivative bounds are also introduced here. The proposed cubic

spline scheme is described in Section 7.3 for the discretization of (7.1.1). Then, this

section introduces the piecewise-uniform Shishkin mesh for the system of two equations.

This section also outlines the numerical discretization of (7.1.1), where the proposed

cubic spline scheme is used to approximate the system of MBVPs inside the layer regions

and also at the mixed boundary conditions. Section 7.4 is devoted to study the error

and the stability analysis of the discretized operator. The main results, an almost

second-order convergence using the proposed spline approximation, which is better than

almost first-order uniform convergence for the forward-backward approximation for the

mixed boundary conditions are also proved in this section using the supremum norm.

Finally, Section 7.5 provides the numerical experiments to verify the rates of convergence

predicted by the theoretical analysis.

7.2 Bounds for the Solution Derivatives and Decom-

position of the Solution

In this section, the bounds for the continuous solution and its derivatives are provided.

For the error analysis, we divide the solution into two components, namely the smooth
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component and the singular component. Bounds for the smooth and the singular com-

ponents are also provided. A boundary condition of mixed type causes a less severe

boundary layer (see [74]). Therefore, we use the apriori bounds of the solution and its

derivatives provided by [51] and [54].

Lemma 7.2.1. Let u = (u1, u2)
T be the solution of the system (7.1.1). Then, its

derivatives satisfy the following bounds:

|u(k)1 | ≤ C(1 + ε
−k/2
1 ), |u(k)2 | ≤ C(1 + ε

−k/2
2 ), for k = 1, 2,

and

|u(k+2)
1 | ≤ C(ε

−(k+2)/2
1 +ε−1

1 ε
−k/2
2 ), |u(k+2)

2 | ≤ C(ε
−k/2
1 ε−1

2 +ε
−(k+2)/2
2 ), for k = 1, 2.

Proof. The proof of this lemma is given in [54].

We decompose the exact solution u into the smooth component v and the singular

component w such that u = v + w. For the analysis of the singular component, let us

denote Eµ(x) = exp(−x
√
β/µ) + exp(−(1− x)

√
β/µ).

Solution of the problem (7.1.1) can be decomposed (see for e.g., [52]) in a way

such that v = (v1, v2)
T satisfies Lv = f with Mlv(0) = B(0)−1f(0) and Mrv(1) =

B(1)−1f(1), and w = (w1, w2)
T satisfies Lw = 0 with Mlw(0) = A − Mlv(0) and

Mrw(1) = B −Mrv(1) where A = (A1, A2)
T , B = (B1, B2)

T and Ml, Mr are defined

earlier.

The following derivative bounds for the smooth component v and the singular com-

ponent w will be used in the error analysis.

Lemma 7.2.2. The smooth component v satisfies the following estimates

|vk1(x)| ≤ C
(
1 + ε

(2−k)/2
1 ), |v31(x)| ≤ C(ε−1

2 + ε1Eε1(x)), |vk2(x)| ≤ C
(
1 + ε

(2−k)/2
2 ),

(7.2.1)

for k = 0, · · · , 4 while the derivative bounds of the singular component w = (w1, w2)
T

satisfy

|w(k)
1 (x)| ≤ C(ε

−k/2
1 Eε1(x) + ε

−k/2
2 Eε2(x)), for k = 0, 1, 2, (7.2.2)

|w(k)
2 (x)| ≤ Cε

−k/2
2 Eε2(x), for k = 0, 1, 2, (7.2.3)

and

ε1|w(k)
1 (x)|+ ε2|w(k)

2 (x)| ≤ C(ε
(2−k)/2
1 Eε1(x) + ε

(2−k)/2
2 Eε2(x)), for k = 3, 4.

(7.2.4)

Proof. The proof of this lemma can be obtained from [51, 52].

In order to estimate the local truncation errors bound for the proposed hybrid scheme,

we need the following derivative estimates of the layer term.
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Lemma 7.2.3. There exist two pair of decompositions of the singular component w

namely (wε1,wε2) and (ŵε1 , ŵε2), such that w = wε1 +wε2 = ŵε1 + ŵε2 satisfies

ε1|w(2)
ε1,1

(x)|+ ε2|w(2)
ε1,2

(x)| ≤ C Eε1(x),

|w(3)
ε2,1

(x)|+ |w(3)
ε2,2

(x)| ≤ Cε
−3/2
2 Eε2(x),

(7.2.5)

and

ε1|ŵ(2)
ε1,1

(x)|+ ε2|ŵ(2)
ε1,2

(x)| ≤ C Eε1(x),

ε1|ŵ(4)
ε2,1

(x)|+ ε2|ŵ(4)
ε2,2

(x)| ≤ C ε−1
2 Eε2(x),

(7.2.6)

for all x ∈ Ω.

Proof. The proof of this lemma can be seen in [51].

7.3 Discrete Problem

In this section, we define the cubic spline approximation for the system of MBVPs

(7.1.1). Here, the well-known piecewise-uniform Shishkin mesh for system of MBVPs is

provided in a slightly modified way. The hybrid numerical scheme for the system (7.1.1)

is also proposed here.

7.3.1 Cubic spline difference scheme

To define the cubic spline approximation on a general nonuniform mesh ΩN ≡ {0 = x0 <

x1 < · · · < xN = 1}, with step size hi = xi−xi−1, i = 1, · · · , N , we shall take the help of

two equations (2.3.2) and (2.3.3) i.e., one sided limits of the first-order derivatives with

the condition of continuity, from Chapter 2. Let us define M1,j and M2,j , as the double

derivative of the spline approximation for u1 and u2. Then the following ‘condition of

continuity’ for one sided first-order derivatives at the interior meshes hold true:

hi
6
Mk,i−1 +

(
hi + hi+1

3

)
Mk,i +

hi+1

6
Mk,i+1 =

(
u(xi+1)− u(xi)

hi+1

)
−

(
u(xi)− u(xi−1)

hi

)
, (7.3.1)

for i = 1, · · · , N − 1.

Substituting M1,j ,M2,j from −ε1M1,j + b11(xj)u1(xj) + b12(xj)u2(xj) = f1(xj), j =

i, i ± 1 and −ε2M2,j + b21(xj)u1(xj) + b22(xj)u2(xj) = f2(xj), j = i, i ± 1 to the corre-

sponding equations defined for u1 and u2 in (7.3.1), we obtain the following linear system
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of equations of the discrete solution Ui = (U1,i, U2,i)
T , for i = 1, · · · , N − 1,





[ −3ε1
hi(hi + hi+1)

+
hi

2(hi + hi+1)
b11(xi−1)

]
U1,i−1 +

[
3ε1
hihi+1

+ b11(xi)

]
U1,i+

[ −3ε1
hi+1(hi + hi+1)

+
hi+1

2(hi + hi+1)
b11(xi+1)

]
U1,i+1 +

[
hi

2(hi+1 + hi)
b12(xi−1)

]
U2,i−1+

[b12(xi)]U2,i +

[
hi+1

2(hi + hi+1)
b12(xi+1)

]
U2,i+1 =

[
hi

2(hi + hi+1)

]
f1(xi−1) + f1(xi) +

[
hi+1

2(hi + hi+1)

]
f1(xi+1),

(7.3.2)

and




[ −3ε2
hi(hi + hi+1)

+
hi

2(hi + hi+1)
b22(xi−1)

]
U2,i−1 +

[
3ε2
hihi+1

+ b22(xi)

]
U2,i+

[ −3ε2
hi+1(hi + hi+1)

+
hi+1

2(hi + hi+1)
b22(xi+1)

]
U2,i+1 +

[
hi

2(hi + hi+1)
b21(xi−1)

]
U1,i−1+

[b21(xi)]U1,i +

[
hi+1

2(hi + hi+1)
b21(xi+1)

]
U1,i+1 =

[
hi

2(hi + hi+1)

]
f2(xi−1) + f2(xi) +

[
hi+1

2(hi + hi+1)

]
f2(xi+1).

(7.3.3)

To discretize the mixed boundary conditions in (7.1.1) using expressions (2.3.2) and

(2.3.3) we obtain that




[
3ε1
h1

(
α1 +

β1
h1

)
+ b11(x0)β1

]
U1,0 +

[−3ε1β1
h21

+
b11(x1)β1

2

]
U1,1 + β1b12(x0)U2,0+

β1b12(x1)

2
U2,1 =

3ε1A1

h1
+ β1f1(x0) +

β1
2
f1(x1),

[−3ε1δ1
h2N

+
b11(xN−1)δ1

2

]
U1,N−1 +

[
3ε1
hN

(
γ1 +

δ1
hN

)
+ b11(xN)δ1

]
U1,N+

δ1b12(xN−1)

2
U2,N−1 + δ1b12(xN )U2,N =

3ε1B1

hN
+ δ1f1(xN) +

δ1
2
f1(xN−1),

(7.3.4)

and




[
3ε2
h1

(
α2 +

β2
h1

)
+ b22(x0)β2

]
U2,0 +

[−3ε2β2
h21

+
b22(x1)β2

2

]
U2,1 + β2b21(x0)U1,0+

β2b21(x1)

2
U1,1 =

3ε2A2

h1
+ β2f2(x0) +

β2
2
f2(x1),

[−3ε2δ2
h2N

+
b22(xN−1)δ2

2

]
U2,N−1 +

[
3ε2
hN

(
γ2 +

δ2
hN

)
+ b22(xN)δ2

]
U2,N+

δ2b21(xN−1)

2
U1,N−1 + δ2b21(xN )U1,N =

3ε2B2

hN
+ δ2f2(xN) +

δ2
2
f2(xN−1).

(7.3.5)

By solving the above linear algebraic equations (7.3.2)- (7.3.5) of U1,i, U2,i, i = 0, · · · , N,
we get the approximate solution of u(x) = (u1, u2)

T at the nodal points x0, x1, · · · , xN .
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0 τε1 τε2 1/2 1− τε2 1− τε1 1

N/8 N/8 N/2 N/8 N/8

Figure 7.1: Piecewise-uniform Shishkin Mesh for N = 32.

7.3.2 The piecewise-uniform Shishkin mesh

The solution of (7.1.1) has two overlapping boundary layers near x = 0 and x = 1

for 0 < ε1 ≤ ε2 � 1. Hence, one need to define a comparatively finer mesh near

the boundary layer regions and coarse mesh in the regular region which can be easily

obtained by the piecewise-uniform Shishkin mesh. This mesh can be constructed by

dividing the domain Ω into five subintervals [0, τε1], [τε1 , τε2 ], [τε2 , 1−τε2 ], [1−τε2 , 1−τε1 ]
and [1− τε1, 1] where τε1 and τε2 are known as transition points and defined as follows

τε2 = min

{
1

8
, τ0

√
ε2 lnN

}
, and τε1 = min

{
τε2
2
, τ0

√
ε1 lnN

}
, (7.3.6)

where τ0 ≥ 2/
√
β > 0 is a constant. Next, we subdivide [τε2 , 1−τε2] into N/2 mesh inter-

vals and other subintervals by N/8 mesh intervals of uniform length, to get a piecewise-

uniform mesh (see Figure 7.1: Piecewise-uniform Shishkin mesh for N = 32).

7.3.3 Robust hybrid numerical scheme

The difficulty with the proposed cubic spline approximation (7.3.2)-(7.3.5) is that it

lacks stability, i.e., it does not lead to a system of equations described by M-matrix in

the outer coarse mesh region [τε2 , 1− τε2 ]. However, if we use only (7.3.2)-(7.3.5) inside

the layers, and the central difference approximation of the differential equation (7.1.1)

to outside the layer, then the new system of equations do have a monotonicity property.

Therefore, the classical central difference scheme is used in [τε2 , 1−τε2] and the cubic

spline scheme (7.3.2)-(7.3.5) is used in the regions [0, τε2 ] and [1 − τε2, 1] to discretize

the problem (7.1.1). This discrete problem can be written as to find U = (U1, U2)
T such

that

[LNU]i ≡


 LN

1 U

LN
2 U




i

=


 F1

F2




i

, for i = 1, · · · , N − 1, (7.3.7)

where the discretized boundary conditions

MN
l U(0) = (MN

l1
U(0),MN

l2
U(0))T and MN

r U(1) = (MN
r1
U(1),MN

r2
U(1))T , (7.3.8)

are obtained from the relations (7.3.4), (7.3.5). Here LN , MN
l and MN

r are the discrete

analogues of the continuous operators L, Ml and Mr, respectively defined in (7.1.1).
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Hence




LN
1 U = r−1,i U1,i−1 + rc1,i U1,i + r+1,i U1,i+1 + q−1,i U2,i−1 + qc1,i U2,i + q+1,i U2,i+1,

LN
2 U = r−2,i U2,i−1 + rc2,i U2,i + r+2,i U2,i+1 + q−2,i U1,i−1 + qc2,i U1,i + q+2,i U1,i+1,

F1 = F−
1,i f1,i−1 + F c

1,i f1,i + F+
1,i f1,i+1,

F2 = F−
2,i f2,i−1 + F c

2,i f2,i + F+
2,i f2,i+1.

where, for i = 1, · · · , N/4−1 and i = 3N/4+1, · · · , N −1, the coefficients are obtained

as




r−1,i =
−3ε1

hi(hi + hi+1)
+

hi
2(hi + hi+1)

b11(xi−1), rc1,i =
3ε1
hihi+1

+ b11(xi),

r+1,i =
−3ε1

hi+1(hi + hi+1)
+

hi+1

2(hi + hi+1)
b11(xi+1),

q−1,i =
hi+1

2(hi + hi+1)
b12(xi−1), qc1,i = b12(xi), q+1,i =

hi+1

2(hi + hi+1)
b12(xi+1),

F−
1,i =

hi
2(hi + hi+1)

, F c
1,i = 1, F+

1,i =
hi+1

2(hi + hi+1)
,

r−2,i =
−3ε2

hi(hi + hi+1)
+

hi
2(hi + hi+1)

b22(xi−1), rc2,i =
3ε2
hihi+1

+ b22(xi),

r+2,i =
−3ε2

hi+1(hi + hi+1)
+

hi+1

2(hi + hi+1)
b22(xi+1),

q−2,i =
hi+1

2(hi + hi+1)
b21(xi−1), qc2,i = b21(xi), q+2,i =

hi+1

2(hi + hi+1)
b21(xi+1),

F−
2,i =

hi
2(hi + hi+1)

, F c
2,i = 1, F+

2,i =
hi+1

2(hi + hi+1)
,

(7.3.9)

and, for i = N/4, · · · , 3N/4, the coefficients are given by





r−1,i =
−2ε1

hi(hi + hi+1)
, rc1,i =

2ε1
hihi+1

+ b11(xi), r+1,i =
−2ε1

hi+1(hi + hi+1)
,

q−1,i = 0, qc1,i = b12(xi), q+1,i = 0,

F−
1,i = 0, F c

1,i = 1, F+
1,i = 0,

r−2,i =
−2ε2

hi(hi + hi+1)
, rc2,i =

2ε2
hihi+1

+ b22(xi), r+2,i =
−2ε2

hi+1(hi + hi+1)
,

q−2,i = 0, qc2,i = b21(xi), q+2,i = 0,

F−
2,i = 0, F c

2,i = 1, F+
2,i = 0,

(7.3.10)
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along with the following coefficients corresponding to the mixed boundary conditions




rc1,0 =
3ε1
h1

(
α1 +

β1
h1

)
+ b11(x0)β1, r+1,0 =

−3ε1β1
h21

+
b11(x1)β1

2
, qc1,0 = β1b12(x0),

q+1,0 =
β1b12(x1)

2
, F−

1,0 =
3ε1A1

h1
, F c

1,0 = β1, F+
1,0 =

β1
2
,

(7.3.11)



r−1,N =
−3ε1δ1
h2N

+
b11(xN−1)δ1

2
, rc1,N =

3ε1
hN

(
γ1 +

δ1
hN

)
+ b11(xN )δ1,

q−1,N =
δ1b12(xN−1)

2
, qc1,N = δ1b12(xN ), F−

1,N =
3ε1B1

hN
, F c

1,N = δ1, F+
1,N =

δ1
2
,

(7.3.12)

and




q+2,0 =
−3ε2β2
h21

+
b22(x1)β2

2
, qc2,0 =

3ε2
h1

(
α2 +

β2
h1

)
+ b22(x0)β2,

rc2,0 = β2b21(x0), r+2,0 =
β2b21(x1)

2
, F−

2,0 =
3ε2A2

h1
, F c

2,0 = β2, F+
2,0 =

β2
2
,

(7.3.13)



q−2,N =
−3ε2δ2
h2N

+
b22(xN−1)δ2

2
, qc2,N =

3ε2
hN

(
γ2 +

δ2
hN

)
+ b22(xN )δ2,

r−2,N =
δ2b21(xN−1)

2
, rc2,N = δ2b21(xN ), F−

2,N =
3ε2B2

hN
, F c

2,N = δ2, F+
2,N =

δ2
2
.

(7.3.14)

The next section shows that the matrix corresponding to the proposed scheme satisfies

the stability property.

7.4 Stability and Error Analysis

This section describes the truncation error analysis and the stability estimate for the

proposed scheme. The main parameter-uniform convergence result is derived at the end

of this section.

A straightforward derivation leads to the following truncation error (see [63]) of

the hybrid scheme on the piecewise-uniform Shishkin mesh. Since the step lengths are

uniform in each subinterval (0, τε1), (τε1, τε2), (1 − τε2, 1 − τε1) and (1 − τε1 , 1), let us

define the step length hi = h where the values of h will differ at each subinterval. For

i = 1, · · · , N/8−1, N/8+1, · · · , N/4−1 and 3N/4+1, · · · , 7N/8−1, 7N/8+1, · · · , N−1,

one has

τi, u1
=

ε1h
2

8
u
(iv)
1 (xi) + r+1,i R4(xi, xi+1, u1) + r−1,i R4(xi, xi−1, u1) +

ε1
4
R2(xi, xi+1, u1) +

ε1
4
R2(xi, xi−1, u1) −

−a11(xi−1)

4
R4(xi, xi−1, u1)−

a11(xi+1)

4
R4(xi, xi+1, u1), (7.4.1)
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and

τi, u2
=

ε2h
2

8
u
(iv)
2 (xi) + r+2,i R4(xi, xi+1, u2) + r−2,i R4(xi, xi−1, u2) +

+
ε2
4
R2(xi, xi+1, u2) +

ε2
4
R2(xi, xi−1, u2) −

−a22(xi−1)

4
R4(xi, xi−1, u2)−

a22(xi+1)

4
R4(xi, xi+1, u2), (7.4.2)

where τi, g is the truncation error at the point xi and Rn(a, p, g) denotes the remainder

of the Taylor series expansion for the function g.

For i = N/8, 7N/8, we can easily derive that

|τi, u1
| ≤ Cε1(hi + hi+1)|u′′′1 (xi)|,

|τi, u2
| ≤ Cε2(hi + hi+1)|u′′′2 (xi)|.

(7.4.3)

For i = N/4, · · · , 3N/4, the truncation errors are defined as

τi, u1
= −ε1

(
δ2 − d2

dx2

)
u1(xi), (7.4.4)

and

τi, u2
= −ε2

(
δ2 − d2

dx2

)
u2(xi). (7.4.5)

Now, the truncation error for x0 = 0 satisfies

τ0, u1
= rc1,0 u1,0 + r+1,0 u1,1 + qc1,0 u2,0 + q+1,0 u2,1 − F−

1,0 − F c
1,0 f1,0 − F+

1,0 f1,1.

Using (7.1.1) and the Taylor series expansion, we get

τ0, u1
= T0,0 u1(x0) + T1,0 u

′
1(x0) + T2,0 u

′′
1(x0) + T3,0 u

′′′
1 (x0) + T4,0 u

(iv)
1 (ξ),

where ξ ∈ Ω, and

T0,0 = rc1,0 + r+1,0 −
3ε1α1

h1
− F c

1,0a11(x0)− F+
1,0a11(x1),

T1,0 = h1r
+
1,0 +

3ε1β1
h1

− βa11(x1)h1
2

,

T2,0 =
h21r

+
1,0

2
+ ε1(F

c
1,0 + F+

1,0)−
h21F

+
1,0a11(x1)

2
,

T3,0 =
h31r

+
1,0

3!
+ ε1h1F

+
1,0 −

F+
1, 0a11(x1)h

3
1

3!
,

T4,0 =
h41r

+
1,0

4!
+
ε1h

2
1

2
F+
1,0 −

F+
1,0a11(x1)h

4
1

4!
.

It can be easily checked that

T0,0 u1(x0) + T1,0 u
′
1(x0) = 0, T2,0 = 0, T3,0 = 0, T4,0 = ε1β1h

2
1

(
1

4
+

1

24

)
.
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Therefore, the truncation error for u1 at x0 is

|τ0, u1
| ≤ Cε1β1h

2
1|u

(iv)
1,0 |(x0,x1). (7.4.6)

In an analogous way, the truncation error at xN can be obtained as

|τN, u1
| ≤ Cε1δ1h

2
N |u

(iv)
1,N |(xN−1,xN ).

Proceeding as like the error analysis for u1, we can derive that

|τ0, u2
| ≤ Cε2β2h

2
1|u

(iv)
2,0 |(x0,x1), and |τN, u2

| ≤ Cε2δ2h
2
N |u

(iv)
2,N |(xN−1,xN ). (7.4.7)

In the convergence analysis, to define the transition points for piecewise-uniform

Shishkin mesh we shall assume that

τε2 = τ0
√
ε2 lnN <

1

8
, and τε1 = τ0

√
ε1 lnN ≤ τε2

2
, (7.4.8)

because otherwise N−1 is exponentially small relatively to ε2, which is very unlikely in

practice. Again, for τε2 = τε1/2, we have ε2 = O(ε1) for which the analysis provided

here can be extended in a direct way.

The point-wise errors of the numerical solution are examined by separately analyzing

the errors of its smooth component and the singular component in each subinterval.

Lemma 7.4.1. The truncation errors of the numerical solution corresponding to the

solution u in the boundary layer regions [0, τε1) and (1 − τε1 , 1] satisfy the following

bounds:

|τi, u1
| ≤ Cτ 20N

−2 ln2N, for 0 ≤ i ≤ N/8− 1, and 7N/8 + 1 ≤ i ≤ N,

|τi, u2
| ≤ Cτ 20N

−2 ln2N, for 0 ≤ i ≤ N/8− 1, and 7N/8 + 1 ≤ i ≤ N.

(7.4.9)

Proof. To do the truncation error analysis of the decomposed solution, note that in the

regions [0, τε1) and (1 − τε1 , 1], the step length hi = h = 8N−1τ0
√
ε1 lnN . Now using

(7.2.1) and (7.2.4), we have from (7.4.6), (7.4.1)

|τi, u1
| ≤ Cε1h

2|u(iv)1 |≤ Cε1h
2[|v(iv)1 |+ |w(iv)

1 |]

≤ Cε1h
2
[
C(1 + ε−1

1 ) + C(ε−2
1 Eε1 + ε−1

1 ε−1
2 Eε2)

]

≤ Ch2[1 + ε−1
1 Eε1 + ε−1

2 Eε2]

≤ Ch2[1 + ε−1
1 ] ≤ Cτ 20N

−2 ln2N.
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Similarly, estimating the derivative bounds from (7.2.1) and (7.2.4), (7.4.2) and (7.4.7)

yield

|τi, u2
| ≤ Cε2h

2|u(iv)2 |

≤ Cε2h
2
[
C(1 + ε−1

2 ) + C(ε−1
1 ε−1

2 Eε1 + ε−2
2 Eε2)

]

≤ Ch2(1 + ε−1
1 ) ≤ Cτ 20N

−2 ln2N.

The error estimates for the region (1−τε1 , 1] can be extended in an analogous way, which

proves the result.

Lemma 7.4.2. The truncation errors in the outer region (τε2 , 1−τε2) admit the following

bounds

|τi, u1
| ≤ CN−τ0

√
β, for N/4 < i < 3N/4,

|τi, u2
| ≤ CN−τ0

√
β, for N/4 < i < 3N/4.

(7.4.10)

Proof. From the equation (7.4.4), we have for N/4 < i < 3N/4

|τi, u1
| = ε1

∣∣∣∣
(
δ2 − d2

dx2

)
u1(xi)

∣∣∣∣ ≤ |τi, v1 |+ |τi, w1
|

= ε1

∣∣∣∣
(
δ2 − d2

dx2

)
v1(xi)

∣∣∣∣+ ε1

∣∣∣∣
(
δ2 − d2

dx2

)
w1(xi)

∣∣∣∣ .

Observe that, uniformity of the step lengths at (τε2 , 1 − τε2) give hi = h = 2N−1 −
4N−1τ0

√
ε2 lnN . Hence from (7.2.1),

ε1

∣∣∣∣
(
δ2 − d2

dx2

)
v1(xi)

∣∣∣∣ ≤ Cε1h
2|v(iv)1 | ≤ Ch2(1 + ε1) ≤ CN−2.

For the singular component at (τε2 , 1/2] using the bound at (7.2.2), we have

ε1

∣∣∣∣
(
δ2 − d2

dx2

)
w1(xi)

∣∣∣∣ ≤ Cε1|w′′
1 |[xi−1,xi+1]

≤ Cε1[ε
−1
1 Eε1 + ε−1

2 Eε2]

≤ C[Eε1 +
ε1
ε2
Eε2] ≤ C|Eε2|[xi−1,xi+1].

Now as xi−1 ≥ τε2 in (τε2 , 1− τε2), so

|Eε2|[xi−1,xi+1] = |Eε2,i−1| ≤ 2 exp

(
−τε2

√
β

ε2

)
= 2 exp

(
−τ0

√
β lnN

)
≤ 2N−τ0

√
β.

(7.4.11)

Similarly for xi ∈ [1/2, 1− τε2) we have

ε1

∣∣∣∣
(
δ2 − d2

dx2

)
w1(xi)

∣∣∣∣ ≤ CN−τ0
√
β.
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For the error parts of u2, we again consider |τi, u2
| ≤ |τi, v2 | + |τi, w2

|. Proceeding in a

similar way used for v1, it can be shown that |τi, v2 | ≤ CN−2. For w2, using (7.2.3) we

have

|τi, w2
| ≤ Cε2|w′′

2 | ≤ C|Eε2|[xi−1,xi+1].

Thereafter employing (7.4.11), we obtain |τi, u2
| ≤ CN−τ0

√
β.

Hence the result follows.

Lemma 7.4.3. The truncation errors in the regions (τε1 , τε2) and (1−τε2, 1−τε1) satisfy
the following bounds

|τi, u1
| ≤ CN−τ0

√
β + CN−2 ln2N,

for i = N/8 + 1, · · · , N/4− 1, 3N/4 + 1, · · · , 7N/8− 1.

|τi, u2
| ≤ CN−τ0

√
β + CN−2 ln2N,

for i = N/8 + 1, · · · , N/4− 1, 3N/4 + 1, · · · , 7N/8− 1.

(7.4.12)

Proof. The meshes are uniform in the aforementioned regions. Hence, hi = h =

8τ0(
√
ε2 −

√
ε1)N

−1 lnN < 16τ0
√
ε2N

−1 lnN < CN−1. Therefore, we have from (7.2.1)

|τi, v1 | ≤ Cε1h
2|v(iv)1 | ≤ Ch2ε1(1 + ε−1

1 ) ≤ CN−2.

Now the decomposition w1 = wε1,1 + wε2,1 will be considered for the error analysis

of the singular component. Note that |τi, w1
| ≤ C[|τi, wε1,1

| + |τi, wε2,1
|]. Therefore, a

straightforward calculation shows that

|τi, wε1,1
| ≤ Cε1|w′′

ε1,1|[xi−1,xi+1] ≤ C|Eε1|[xi−1,xi+1].

For xi−1 ≥ τε1 , using the derivative bound from (7.2.6) for the above decomposition, we

get

|τi, wε1,1
| ≤ C|Eε1,i−1| ≤ N−τ0

√
β.

Again it follows from (7.2.6), that

|τi, wε2,1
| ≤ Cε1h

2|w(iv)
ε2,1| ≤ Cε1h

2[ε−1
1 ε−1

2 Eε2] ≤ CN−2 ln2N.

Therefore, we have

|τi, u1
| ≤ |τi, v1 |+ |τi, w1

| ≤ CN−2 ln2N.

For u2, the decomposition u2 = v2 +wε1,2 +wε2,2 with the derivative bounds (7.2.1) and

(7.2.6) leads to

|τi, v2 | ≤ Cε2h
2|v(iv)2 | ≤ Ch2(1 + ε2) ≤ CN−2.

Also

|τi, wε2,2
| ≤ Cε2h

2|w(iv)
ε2,2 |≤ Cε2h

2[ε−2
2 Eε2] ≤ CN−2 ln2N.
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By an analogous argument provided for τi, wε1,1
, we get

|τi, wε1,2
| ≤ Cε2|w′′

ε1,2| ≤ C|Eε1|[xi−1,xi+1] ≤ CN−2.

Hence, we have

|τi, u2
| ≤ CN−2 ln2N,

which proves the result.

Lemma 7.4.4. The truncation errors at the transition points τε1 and 1− τε1 satisfy

|τi, u1
| ≤ C

(√
ε1
ε2
N−1 +N−τ0

√
β

)
, for i = N/8, 7N/8,

|τi, u2
| ≤ C

(√
ε2
ε1
N−1 +N−τ0

√
β

)
, for i = N/8, 7N/8.

(7.4.13)

Proof. To prove this lemma, we shall use the solution decompositions used in the

previous lemma. Note that, in this case hi + hi+1 ≤ 16τ0
√
ε2N

−1 lnN . Hence

|τi, v1 | ≤ Cε1(hi + hi+1)|v′′′1 |

≤ Cε1
√
ε2N

−1 lnN(1 + ε
−1/2
1 )

≤ C
√
ε1N

−1(
√
ε2 lnN) ≤ C

√
ε1N

−1.

By a similar technique, it is easy to show that |τi, v2 | ≤ C
√
ε2N

−1. Now the derivative

bound given in (7.2.5) yields

|τi, wε1,1
| ≤ Cε1|w′′

ε1,1
|[xi−1,xi+1] ≤ C|Eε1|[xi−1,xi+1] ≤ N−τ0

√
β,

and

|τi, wε2,1
| ≤ Cε1(hi + hi+1)|w′′′

ε2,1
|

< Cε1(τε1 + τε2)N
−1ε

−3/2
2 Eε1|[xi−1,xi+1]

≤ Cε1ε
−1
2 N−1 lnN exp(−τε1

√
β/ε2) ≤ Cε

1/2
1 ε

−1/2
2 N−1.

So

|τi, w1
| ≤ C(ε

1/2
1 ε

−1/2
2 N−1 +N−τ0

√
β).

Similarly, we have

|τi, w2
| ≤ C(ε

1/2
2 ε

−1/2
1 N−1 +N−τ0

√
β).

Hence the result follows.

Lemma 7.4.5. The truncation errors at the transition points τε2 and 1− τε2 satisfy

|τi, u1
| ≤ C

(
ε1ε

−1/2
2 N−1 +N−τ0

√
β
)
, for i = N/4, 3N/4,

|τi, u2
| ≤ C

(
ε
1/2
2 N−1 +N−τ0

√
β
)
, for i = N/4, 3N/4.

(7.4.14)
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Proof. From the continuous derivative bounds appeared in (7.2.1), it follows that

|τi, v1 | ≤ Cε1(hi + hi+1)|v′′′1 |[xi−1,xi+1] ≤ Cε1(hi + hi+1)(ε
−1
2 + ε−1

1 Eε1).

Now taking τ0 = 2/
√
β, observe that

τε1 < τε2 ⇒ 2ε1 < ε2.

Again it can be shown (see [51]) that

ε
−1/2
1 Eε1(x) ≤ 2ε

−1/2
2 exp(−x

√
β/ε2) ≤ 2ε

−1/2
2 , for

√
ε2/β ≤ x ≤ 1/2.

For sufficiently large N , we can have |v′′′1 | ≤ Cε
−1/2
2 . Hence,

|τi, v1 | ≤ Cε1(hi + hi+1)|v′′′1 |[xi−1,xi+1] ≤ Cε1ε
−1/2
2 N−1.

In an analogous manner, the derivative bound from (7.2.1) leads to

|τi, v2 | ≤ Cε1(hi + hi+1)|v′′′2 |[xi−1,xi+1] ≤ Cε
1/2
2 N−1.

Now using (7.2.2), we have

|τi, w1
| ≤ C|w′′

1 |[xi−1,xi+1]

≤ Cε1[ε
−1
1 Eε1 + ε−2

1 Eε2][xi−1,xi+1]

≤ C[Eε1 + ε1ε
−1
2 Eε2][xi−1,xi+1]

= C|Eε2|[xi−1,xi+1] = C|Eε2,i−1|.

Noticing xi−1 ≥ τε2 − 8N−1τε2 , it follows that

|τi, w1
| ≤ C exp(−βε−1

2 τε2 + 8βN−1ε2
−1τε2) ≤ CN−τ0

√
β.

Proceeding by an analogous way as like in w1, we can derive that

|τi, w2
| ≤ CN−τ0

√
β.

which proves the above lemma.

Except the two inequalities (7.4.13) and (7.4.14), one can notice that the truncation

errors are of order O(N−2 ln2N) +O(N−τ0
√
β). Therefore, to obtain the ε-uniform con-

vergence of the proposed method, we shall use the discrete comparison principle using

an adequate barrier function with the assumption τ0
√
β ≥ 2 and ε1, ε2 ≤ CN−1. It leads

to the truncation errors of order O(N−2 ln2N).

Numerics of singular perturbation problem Ph.D. Thesis

TH-1148_08612305



CHAPTER 7 116

Definition 7.4.6. (Discrete Comparison Principle) If the stiffness matrix associated

with the hybrid scheme (7.3.9)-(7.3.14) of the discrete operator LN is anM-matrix, then

it satisfies that [LNV]i ≥ 0, for i = 1, · · · , N − 1, with MN
l V0 ≥ 0 and MN

r VN ≥ 0, on

ΩN imply Vi ≥ 0, for i = 0, · · · , N .

The following lemma shows that the stiffness matrix of the discrete operator (7.3.7)-

(7.3.8) leads to an M-matrix. A similar technique is used to show the stability of the

discrete operator by Natesan and Deb [63].

Lemma 7.4.7. Let us assume that ε2 = O(ε1), i.e., there exists a positive number

K such that ε2 ≤ Kε1. Assume N0 is the smallest positive integer which satisfies

32Kβ∗τ 20N
−2 ln2N < 3, for N ≥ N0. Then, the following results hold true

r−1,i < 0, r+1,i < 0, rc1,i > 0, |rc1,i| − |r−1,i| − |r+1,i| ≥ K1 > 0,

r−2,i < 0, r+2,i < 0, rc2,i > 0, |rc2,i| − |r−2,i| − |r+2,i| ≥ K2 > 0,

for i = 0, · · · , N, where K1 and K2 are positive constants depending on the β, αj, βj, γj, δj

for j = 1, 2 and the mesh widths hi for i = 1, · · · , N . Therefore, the stiffness matrix

of the proposed hybrid scheme defined by (7.3.9)-(7.3.14) satisfies a discrete comparison

principle. Furthermore, the discrete solution is ε-uniform stable in the maximum norm.

Proof. From (7.3.10), it is clear that r−1,i < 0 and r+1,i < 0 for i = N/4, · · · , 3N/4. Also
observe that rc1,i > 0 for all i.

For i = 1, · · · , N/8− 1 and i = 7N/8 + 1, · · · , N − 1, note that

r−1,i =
−3ε1

hi(hi + hi+1)
+
b11(xi−1)

4
<

1

128τ 20N
−2 ln2N

[
− 3 + 32Kβ∗τ 20N

−2 ln2N

]
< 0,

where hi = hi+1 = 8N−1τ0
√
ε1 lnN .

For i = N/8, N/8 + 1, · · · , N/4 − 1, 3N/4 + 1, · · · , 7N/8 − 1, 7N/8, one can see that

hi = 8N−1τ0(
√
ε2−

√
ε1) lnN . Hence the relations ε2 ≤ Kε1 and 3 > 32Kβ∗τ 20N

−2 ln2N

lead to

r−1,i =
−3ε1

hi(hi + hi+1)
+
b11(xi−1)

4
<

ε1

128τ 20 ε2N
−2 ln2N

[
− 3 + 32Kβ∗τ 20N

−2 ln2N

]
< 0,

for sufficiently large N ≥ N0. By a similar technique, we can also show that r+1,i < 0.

Again the fact ε2 ≥ ε1 implies that

r−2,i < 0, r+2,i < 0, and rc2,i > 0 for i = 1, · · · , N − 1,

Now corresponding to the left boundary point x0 = 0, observe that h1 = 8N−1τ0
√
ε1 lnN.

Hence from b11(x1) ≤ β∗, we get

r+1,0 =
−3ε1β1
h21

+
b11(x1)β1

2
<

β1

64τ 20N
−2 ln2N

[
− 3 + 32Kβ∗τ 20N

−2 ln2N

]
< 0.
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In a similar manner, we can show that r−1,N < 0, r+2,0 < 0, r−2,N < 0 and rc1,0 > 0, rc1,N >

0, rc2,0 > 0, rc2,N > 0.

On the other hand, for i = N/4, · · · , 3N/4, it is clear that |rc1,i| − |r−1,i| − |r+1,i| ≥ β.

Now, for i = 1, · · · , N/4− 1 and i = 3N/4 + 1, · · · , N − 1, we have

|rc1,i| − |r−1,i| − |r+1,i| =
3ε

hihi+1

+ b11(xi)−
3ε

hi(hi + hi+1)
+

hib11(xi−1)

2(hi + hi+1)
−

− 3ε

hi+1(hi + hi+1)
+
hi+1b11(xi+1)

2(hi + hi+1)

= b11(xi) +
hib11(xi−1)

2(hi + hi+1)
+
hi+1b11(xi+1)

2(hi + hi+1)

≥ β +

[
hi

2(hi + hi+1)
+

hi+1

2(hi + hi+1)

]
β =

3

2
β > 0.

Also

|rc1,0| − |r+1,0| =
3ε1
h1

(
α1 +

β1
h1

)
+ b11(x0)β1 −

3ε1β1
h21

+
b11(x1)β1

2

=
3ε1
h1
α1 +

[
b11(x0) +

b11(x1)

2

]
β1

≥ 3ε1
h1
α1 +

3

2
ββ1 > 0,

and

|rc1,N | − |r−1,N | =
3ε1
hN

(
γ1 +

δ1
hN

)
+ b11,Nδ1 −

3ε1δ1
h2N

+
b11(xN−1)δ1

2

=
3ε1
hN

γ1 +

[
b11(xN−1)

2
+ b11(xN )

]
δ1

≥ 3ε1
hN

γ1 +
3

2
βδ1 > 0.

By an analogous way, for i = 0, N, it can be shown that

|rc2,0| − |r+2,0| > 0, and |rc2,N | − |r−2,N | > 0.

Hence, the discrete operator (7.3.7)-(7.3.8) is ε-uniform stable.

Therefore, the discrete operator satisfies the discrete comparison principle and as a

consequence, the discrete stability result can be obtained. The following theorem shows

that in practice, the method (7.3.7)-(7.3.8) is almost second-order uniformly convergent

on the piecewise-uniform Shishkin mesh.

Theorem 7.4.8. Let u be the exact solution of the system (7.1.1) and U be the nu-

merical solution obtained from the hybrid finite difference scheme (7.3.7)-(7.3.8). Then,

under the conditions stated in Lemma 7.4.7 with ε2 = O(ε1), ε1, ε2 ≤ N−1, we have the

following parameter-uniform error estimate

||u−U||ΩN ≤ C
(
N−2 ln2N +N−τ0

√
β
)
, i = 0, · · · , N. (7.4.15)
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Proof. Define the barrier function Φ = (φ1, φ2)
T , such that

Φ(xi) = C

(
N−2 ln2N +N−τ0

√
β +N−2 τ

2
ε1√
ε1
ψ1(xi) +N−2 τ

2
ε2√
ε2
ψ2(xi)

)
 1

1


 ,

i = 1, · · · , N − 1, where

ψ1(x) =





x/τε1 , 0 ≤ x ≤ τε1,

1, τε1 ≤ x ≤ 1− τε1 ,

(1− x)/τε1 , 1− τε1 ≤ x ≤ 1,

and

ψ2(x) =





x/τε2 , 0 ≤ x ≤ τε2,

1, τε2 ≤ x ≤ 1− τε2 ,

(1− x)/τε2 , 1− τε2 ≤ x ≤ 1.

After simplification, it is easy to obtain that

[LN
1 Φ(xi)] ≥ C

(
N−2 ln2N +N−τ0

√
β
) (
r−1, i + rc1, i + r+1, i + q−1, i + qc1, i + q+1, i

)
+

+C
τ 2ε1√
ε1

N−2
(
[r−1, i + q−1, i ]ψ1,i−1 + [rc1, i + qc1, i]ψ1,i + [ r+1, i + q+1, i]ψ1,i+1

)
+

+C
τ 2ε2√
ε2

N−2
(
[r−2, i + q−2, i ]ψ2,i−1 + [rc2, i + qc2, i]ψ2,i + [ r+2, i + q+2, i]ψ2,i+1

)
.

Therefore, using the truncation error bounds from Lemma 7.4.1-7.4.5, a calculation

shows that

|τi, u1
| = |LN

1 (U− u)(xi)| ≤ |LN
1 Φ(xi)|.

Similarly, for the second equation, one can have |τi, u2
| = |LN

2 (U−u)(xi)| ≤ |LN
2 Φ(xi)|.

Now Lemma 7.4.7 implies that the stiffness matrix corresponding to the discrete oper-

ator LN is an M-matrix. Hence the inverse of the discrete operator LN is ε-uniformly

bounded. Therefore, we obtain the required error bound

||Ui − u(xi)|| ≤ ||Φ(xi)|| ≤ C
(
N−2 ln2N +N−τ0

√
β
)
.

In fact, the following theorem shows that a uniformly convergent global approx-

imation of the numerical solution U can be constructed by forming piecewise linear

interpolation of the numerical solution.

Theorem 7.4.9. The numerical solution U of the hybrid scheme (7.3.7)-(7.3.8), which

converges uniformly to the exact solution u of the continuous problem (7.1.1) satisfies

the following global ε-uniform error estimate

||U− u|| ≤ C
(
N−2 ln2N +N−τ0

√
β
)
,

where U is the piecewise linear interpolant of U on Ω.
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Proof. From the triangle inequality, we have

||U− u || ≤ ||U− u||+ ||u− u||,

where u is the piecewise linear interpolant of the values of u at the mesh points. Then,

using the classical error estimate for linear interpolation, it is easy to prove that

||U− u || ≤ C
(
N−2 ln2N +N−τ0

√
β
)
.

.Remark 7.4.10. One can notice that the construction of the transition parameters ap-

peared in the piecewise-uniform Shishkin mesh (7.3.6) involved both the parameters ε1

and ε2 for the problem (7.1.1). Thereafter, we have carried out the convergence analysis

using these two transition points. However, it is observed that the system of equations

for discrete solution will satisfy the M-matrix property only when ε2 = O(ε1). Hence,

this condition suggests that it is sufficient to consider the system (7.1.1) using only one

parameter, say ε2. The corresponding discretized problem can be considered by dividing

the domain into three parts [0, τε2 ], [τε2 , 1−τε2 ] and [1−τε2 , 1] with one transition param-

eter τε2. This transition parameter will be chosen as min{1/4, τ0
√
ε2 lnN}. Thereafter,

we may proceed to the convergence analysis, which is similar to the general convergence

analysis provided in this chapter, by taking τε2 as a transition point with sufficiently

small ε2.

It should also be noted that the transition points are involving a constant τ0(≥ 2/
√
β)

in (7.3.6). This constant τ0 can be chosen appropriately to get better convergence rate

outside the layer regions (see Lemma 7.4.2). However, Theorem 7.4.8 suggests that the

numerical solution U will converge with the rate of O(N−2 ln2N).

Remark 7.4.11. Now consider the model problem (7.1.1) with a particular form of the

mixed boundary conditions, defined as βk = β̃k
√
ε and δk = δ̃k

√
ε, where β̃k, δ̃k’s are pos-

itive constants. Let us consider the general Shishkin mesh by assuming ε2 = ε1 = ε(say).

We shall show that the cubic spline approximation inside the layer regions provides bet-

ter approximation than the approximate model, where the forward and backward schemes

are used at x = 0, 1, for the mixed boundary conditions respectively. In this case, we

shall use the central difference approximation for the differential equation at the interior

mesh points. Now, at x = 0 observe that

|(αkuk(0)− βku
′
k(0))− (αkUk(0)− βkD

+Uk(0))| =
√
εβ̃k|u′k(0)−D+Uk(0)|

≤
∣∣∣∣
√
εβ̃k
h

∫ h

0

(t− h)u′′k(t)dt

∣∣∣∣

≤ Ch/
√
ε ≤ CN−1 lnN,

where the derivative bound of uk is used from Theorem 7.2.1. The uniform convergence

at the point x = 1 can be shown by a similar techique provided here. The derivation
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of Lemma 7.4.7 implies that the standard approximation will also lead to an M-matrix.

Hence, one can get O(N−1 lnN) as order of convergence for the standard method with

the restricted choices of βk, δk.

If we start the convergence analysis with the assumption u(x) ∈ C
2(Ω), then Lemma

7.4.2 implies that the truncation errors of the smooth component satisfy |τi, v1 | =

ε1

∣∣∣∣
(
δ2 − d2

dx2

)
v1(xi)

∣∣∣∣ ≤ Cε1|v(ii)1 | ≤ CN−1, as ε1 ≤ CN−1 and |v(ii)1 (x)| ≤ C. The

same smoothness is required to derive |τi, w1
| ≤ CN−τ0

√
β. But the assumption u(x) ∈

C
2(Ω) is not enough for the convergence of the standard method, i.e., for central differ-

ence approximation inside the layer regions, for e.g., in (0, τε1). One can observe that

|τi, w1
| = ε1

∣∣∣∣
(
δ2 − d2

dx2

)
w1(xi)

∣∣∣∣ ≤ Cε1h
2|w(iv)

1 | ≤ Cτ 20N
−2 ln2N from Lemma 7.4.1 if

we assume u(x) ∈ C
4(Ω).

Hence, we can conclude that, under the restricted choices of βk, δk, we can at most

expect O(N−1 lnN) as order of convergence of the standard method, whereas the proposed

method provides order of convergence O(N−2 ln2N) for any choice of βk, δk to mixed

boundary conditions with the assumption u(x) ∈ C
4(Ω). So the proposed method is better

than the standard one.

7.5 Numerical Results

This section presents the numerical experiments to confirm the theoretical results ex-

plained in the previous section. The numerical results are obtained by considering two

test problems with the perturbation parameter ε2 = ε1 = ε (see Remark 7.4.10). The

maximum point-wise errors and the corresponding rates of convergence are given in

tables.

Example 7.5.1. Consider the following coupled system of reaction-diffusion MBVPs:





−εu′′1(x) + 2(x+ 1)2u1(x)− (1 + x3)u2(x) = f1(x), x ∈ Ω,

−εu′′2(x)− 2 cos
(πx

4

)
u1(x) + 2.2e1−xu2(x) = f2(x),

with 



u1(0)− u′1(0) = 2− exp(−1/
√
ε)− 1√

ε(1 + exp(−1/
√
ε))

,

2u1(1) + u′1(1) = 4 +
1− exp(−1/

√
ε)√

ε(1 + exp(−1/
√
ε))

,

u2(0)− 3u′2(0) = 1 + 3e−1 + 3
(1 + exp(−1/

√
ε))√

ε(1− exp(−1/
√
ε)
,

u2(1) + u′2(1) = −4 − (1 + exp(−1/
√
ε))√

ε(1− exp(−1/
√
ε)
.
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Here f1(x) and f2(x) are chosen such a way that the exact solution of this problem

becomes

u1(x) =
exp((x− 1)/

√
ε) + exp(−x/√ε)

1 + exp(−1/
√
ε)

+ cos2 πx,

u2(x) =
exp(−x/√ε) + exp((x− 1)/

√
ε)

1− exp(−1/
√
ε)

− x exp(x− 1).

Example 7.5.2. Consider the coupled system of reaction-diffusion MBVPs:





−εu′′1(x) + (5 + 2x)u1(x) + (x− 2)u2(x) = −4 − 4x, x ∈ Ω,

−εu′′2(x)− 2u1(x) + (4− x2)u2(x) = 2x2 − 12,

with 



u1(0)− 2
√
εu′1(0) = 4, 2u1(1) +

√
εu′1(1) = 1,

u2(0)−
√
εu′2(0) = 1, u2(1) + 3

√
εu′2(1) = 2.

In all these examples, maximum point-wise errors EN
m and the corresponding rates of

convergence rNm, of the discrete solution Um, m = 1, 2 are computed by the formulas

described in Chapter 2.

For Examples 7.5.1 and 7.5.2, the piecewise-uniform Shishkin meshes are constructed

by taking β = 1, τ0 = 2 and the perturbation parameter ε is taken from the set

S = {ε|ε = 20N−1, 2−1N−1, · · · , 2−50},

where N is the number of mesh intervals.

Table 7.1: Uniform errors and orders of convergence of U1 by the proposed method for
Example 7.5.1

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
1 1.509e-2 5.771e-3 1.939e-3 6.365e-4 2.020e-4 6.239e-5 1.887e-5 5.615e-6

rN1 1.3874 1.5736 1.6070 1.6558 1.6949 1.7251 1.7489 -

Tables 7.1 and 7.2 display the maximum ε-uniform errors and the corresponding

orders of convergence of the computed solution Um, m = 1, 2, for Example 7.5.1 using

spline approximation. The standard method (the forward-backward approximation for

the mixed boundary conditions respectively) is also used to compare the errors and the

rates of convergence for this example which are shown in Tables 7.3 and 7.4. From

Table 7.1 and Table 7.2, the monotonically decreasing behavior of ε-uniform errors can

be observed as N increases. Tables 7.3 and 7.4 suggest that the standard method is
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Table 7.2: Uniform errors and orders of convergence of U2 by the proposed method for
Example 7.5.1

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
2 1.028e-2 3.984e-3 1.358e-3 4.473e-4 1.416e-4 4.371e-5 1.322e-5 3.936e-6

rN2 1.3678 1.5527 1.6021 1.6591 1.6961 1.7245 1.7489 -

also working well for Example 7.5.1. A similar behavior is observed for Example 7.5.2,

where Tables 7.5 and 7.6 ensure almost second-order convergence for the numerical

solution using proposed method, whereas standard technique suggests that one can get

at most first-order convergence as depicted in Tables 7.7 and 7.8. Therefore, decreasing

behavior of improved ε-uniform errors together with the second-order convergence upto

logarithmic term is achieved for the proposed scheme using spline approximation. This

shows that proposed technique provides better convergence than the existing one.

As a complement of these observations, Figures 7.2 and 7.3 display the plot of the

number of mesh intervals N versus the maximum errors for Example 7.5.2. Here, for

each ε = 2−8, 2−16, 2−24, the number of subintervals N varies from N = 32, · · · , 4096.
These two graphs indeed show the comparison between the standard method and the

proposed method (observe also the error scales). From the loglog plots, one can conclude

that the standard method provides first-order accuracy upto logarithmic term whereas

the proposed method is second-order convergent upto logarithmic factor.

Table 7.3: Uniform errors and orders of convergence of U1 by the standard method for
Example 7.5.1.

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
1 2.011e-1 1.232e-1 7.224e-2 4.127e-2 2.317e-2 1.286e-2 7.066e-3 3.852e-3

rN1 0.70739 0.77015 0.80785 0.83229 0.84993 0.86381 0.87527 -

Table 7.4: Uniform errors and orders of convergence of U2 by the standard method for
Example 7.5.1.

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
2 2.765e-1 1.493e-1 7.973e-2 4.290e-2 2.326e-2 1.265e-2 6.874e-3 3.724e-3

rN2 0.88928 0.90515 0.89405 0.88312 0.87885 0.87997 0.88420 -
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Table 7.5: Uniform errors and orders of convergence of U1 by the proposed method for
Example 7.5.2

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
1 6.281e-2 2.801e-2 1.094e-2 3.682e-3 1.159e-3 3.582e-4 1.083e-4 3.222e-5

rN1 1.1649 1.3557 1.5716 1.6672 1.6944 1.7255 1.7495 -

Table 7.6: Uniform errors and orders of convergence of U2 by the proposed method for
Example 7.5.2

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
2 6.678e-2 2.785e-2 9.987e-3 3.241e-3 1.030e-3 3.186e-4 9.645e-5 2.869e-5

rN2 1.2616 1.4798 1.6235 1.6532 1.6935 1.7239 1.7489 -

7.6 Conclusions

In this chapter, we have proposed an efficient numerical scheme for singularly perturbed

system of Robin type reaction-diffusion problems of the form (7.1.1) on the piecewise-

uniform Shishkin mesh. It is shown theoretically and computationally that the newly

proposed scheme is ε-uniformly convergent with almost second-order accuracy, whereas

the well-known forward-backward approximation for the mixed boundary conditions and

the central difference approximation for the differential equation at the interior points

provide almost first-order convergence.

Table 7.7: Uniform errors and orders of convergence of U1 by the standard method for
Example 7.5.2.

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
1 4.403e-1 2.611e-1 1.474e-1 8.177e-2 4.497e-2 2.465e-2 1.345e-2 7.301e-3

rN1 0.75379 0.82446 0.85081 0.86261 0.86692 0.87363 0.88223 -
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Table 7.8: Uniform errors and orders of convergence of U2 by the standard method for
Example 7.5.2.

ε ∈ S Number of intervals N

32 64 128 256 512 1024 2048 4096

EN
2 3.975e-1 2.567e-1 1.532e-1 8.778e-2 4.923e-2 2.727e-2 1.496e-2 8.151e-3

rN2 0.63092 0.74464 0.80343 0.83427 0.85226 0.86557 0.87669 -
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Figure 7.2: Loglog plot of the maximum point-wise errors corresponding to U1 for Ex-
ample 7.5.2.
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Figure 7.3: Loglog plot of the maximum point-wise errors corresponding to U2 for Ex-
ample 7.5.2.
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Chapter 8

Summary and Future Scopes

This chapter summarizes the main results achieved in this dissertation. It also provides

the scope of possible extensions of the present work and their further investigations.

8.1 Summary of the Results

The present thesis contributes to the study of developing parameter-uniform layer re-

solving techniques which are mainly concerned on the system of convection-diffusion

and the system of reaction-diffusion problems using moving mesh methods. Another

ε-uniform numerical method is discussed for solving SPPs on the well-known apriori

chosen piecewise-uniform Shishkin mesh. The main results of this thesis with some

important observations are highlighted below.

A uniformly convergent higher-order numerical scheme /or hybrid scheme is proposed

and analyzed for a one-dimensional singularly perturbed Robin type reaction-diffusion

problems. This scheme involves a spline approximation for the mixed boundary condi-

tions on the equidistributed mesh. The mesh is obtained by the equidistribution of a

positive monitor function involving the second-order derivative of the singular compo-

nent of the solution. It is shown that the discrete solution obtained by this technique

is second-order accurate in the discrete supremum norm, provided the perturbation pa-

rameter ε satisfies ε ≤ N−1, which is the most demandable case from practical point

of view. It is also proved that the standard well-known technique i.e., the forward,

backward approximation at the left, right mixed boundary respectively and the central

difference approximation for the differential equation provides first-order convergence.

Theoretically, it is proved that the results obtained by the proposed scheme can be ex-

tended for a more larger class of Robin type reaction-diffusion problems than the model

problem considered in this thesis.

Then, the concept of equidistribution principle is extended for a class of fourth-order

ODEs. The problem is converted into a relatively simpler problem by reducing it into a

system of second-order reaction-diffusion problems. A numerical technique is provided
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to make the error estimates of the computed solution and its second-order derivative on

the equidistributed mesh. It is found that the proposed numerical method converges ε-

uniformly with first-order accuracy. The computational results show that this method

is second-order convergent.

In case of a general system of singularly perturbed reaction-diffusion problems, a

uniformly accurate numerical method is suggested by the mesh adaptation technique.

An apriori error monitor function is obtained through the error analysis. This technique

can be used to investigate a system of semilinear reaction-diffusion problems where the

perturbation parameters are of different magnitudes. It is computationally observed

that the proposed method is second-order accurate.

Again, a post-processing Richardson extrapolation technique is analyzed for solv-

ing singularly perturbed convection-diffusion problem on adaptively generated equidis-

tributed mesh. It is proved both theoretically and computationally that the first-order

convergence of standard upwind scheme can be raised to second-order ε-uniform conver-

gence in the discrete supremum norm.

Next, a system of singularly perturbed weakly coupled convection-diffusion prob-

lems is studied using the mesh adaptation technique. Several suitable error monitor

functions are derived from the sufficient condition of uniform convergence. A monitor

function is suggested for the equidistribution of an initial primary chosen mesh which

leads to the first-order parameter-uniform convergence for both the convection-diffusion

and reaction-diffusion problems (given in [8, 9]) of scalar form. This is in fact an optimal

error estimate corresponding to the upwind scheme. This technique is extended for a

system of semilinear singularly perturbed weakly coupled convection-diffusion problems

to obtain first-order convergence in the discrete supremum norm.

Finally, the idea of the hybrid scheme is successfully extended for a system of Robin

type reaction-diffusion problems on the piecewise-uniform Shishkin mesh. It is proved

both theoretically and computationally that the proposed hybrid scheme is almost

second-order ε-uniform convergent. This method has an advantage on the standard

method (using the forward-backward approximation) which produces almost first-order

convergence for a particular class of system of MBVPs.

8.2 Scope for Future Work

This thesis has attempted to develop and analyze the mesh equidistribution and the

mesh adaptation techniques to obtain parameter-uniform numerical approximations for

the system of reaction-diffusion and the system of convection-diffusion problems exhibit-

ing boundary layers. The higher-order accurate solutions are achieved by proposing a

hybrid scheme and a post-processing technique. We now present some observations
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about pertaining the possible extensions to more complex problems with smooth and

nonsmooth data. Some of these major possibilities which will be carried out in the future

with suitable model problems are listed below:

The proposed hybrid numerical scheme which is analyzed in Chapter 2 and Chap-

ter 7 on the equidistributed mesh and the apriori chosen Shishkin mesh respectively

can be used to study the following one-dimensional singularly perturbed Robin type

convection-diffusion problem





Lu(x) = −εu′′(x) + a(x)u′(x) + b(x)u(x) = f(x), x ∈ Ω,

Mlu(0) ≡ α1u(0)− β1u
′(0) = γ1, Mru(1) ≡ α2u(1) + β2εu

′(1) = γ2.

(8.2.1)

The solution u(x) of the problem (8.2.1) possesses a boundary layer at x = 1, if a(x)

has a positive lower bound (see [74]).

In Chapter 3, the mesh equidistribution technique is extended for a class of fourth-

order ODEs. One may think of using the equidistribution technique for the fourth-order

problems of different kinds. The following singularly perturbed third and fourth-order

differential equations can be considered for mesh adaptation





Lu(x) = −εu′′′(x) + a(x)u′′(x) + b(x)u′(x) + c(x)u(x) = f(x), x ∈ Ω,

u(0) = p, u′(0) = q, u(1) = r,

(8.2.2)

and




Lu(x) = −εuiv(x)− a(x)u′′′(x) + b(x)u′′(x)− c(x)u(x) = −f(x), x ∈ Ω,

u(0) = p, u′(0) = q, u(1) = −r, u′(1) = −s.
(8.2.3)

Here the coefficient functions will be chosen in a way such that the problems (8.2.2) and

(8.2.3) will have unique solution in Ω (see [76, 82]).

In Chapter 4, the apriori error analysis is provided to obtain ε–uniform error es-

timate of a general singularly perturbed system of reaction-diffusion problems of type

(4.1.1). The computational results suggest that the equidistribution of the proposed

monitor function generated from the error analysis leads to second-order parameter-

uniform convergence. To show the efficiency of the proposed monitor function, one

needs to carry out the aposteriori error analysis by extending the numerical solution to

the whole domain using the linear interpolation. This work will be carried out in future.

A post-processing technique known as Richardson extrapolation technique is dis-

cussed in Chapter 5 to enhance the order of accuracy of the computed solution for

singularly perturbed convection-diffusion problem. For our analysis, we have consid-

ered the convection coefficient as constant. Hence, the more general class of problems
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will be investigated for the error analysis in our nearest future. Another well-known

post-processing technique known as defect-correction technique on the adaptively gener-

ated meshes will be also inspected to obtain higher-order convergence for moving mesh

methods.

Chapter 6 is devoted to the extension of the error monitor functions, proposed

by Beckett and Mackenzie [9, 8] to the system of weakly coupled convection-diffusion

problems. It has been computationally observed that this monitor function is also work-

ing well for a singularly perturbed system of convection-diffusion and reaction-diffusion

problems of the following form





−ε1u′′1(x) + b11(x)u1(x) + b12u2(x) = f1(x), x ∈ Ω,

−ε2u′′2(x)− a22(x)u
′
2(x) + b21(x)u1(x) + b22(x)u2(x) = f2(x),

u1(0) = 0, u1(1) = 0, u2(0) = 0, u2(1) = 0.

(8.2.4)

A more general singularly perturbed system than (8.2.4) can be considered for future

work.

This dissertation is mainly devoted on moving mesh methods to the system of one-

dimensional convection-diffusion problems and the system of one-dimensional reaction-

diffusion problems. However, the most realistic features can be observed in partial

differential equations. Hence, it will be interesting to extend our analysis for the following

singularly perturbed coupled system of parabolic initial-boundary-value problems:





∂u

∂t
+ Lu = f, (x, t) ∈ G = Ω× (0, T ),

u(x, 0) = 0, x ∈ Ω,

u(0, t) = u(1, t) = 0, t ∈ (0, T ],

(8.2.5)

where

Lu ≡ Eps
∂2u

∂x2
+A

∂u

∂x
+Bu,

with L = (L1, · · · ,Lk)
T , Eps = diag(ε1, · · · , εk), A(x) = diag(a11(x), · · · , akk(x)),

B(x) = (bij(x))k×k, f(x, t) = (f1(x, t), · · · , fk(x, t))T and u(x, t) = (u1(x, t), · · · ,
uk(x, t))

T , for x ∈ Ω. Here a few or all of the diagonal elements of A are zero and others

are bounded by a constant. A couple of articles for the system of singularly perturbed

elliptic and parabolic equations can be seen in Shishkin [80, 81].

Two-dimensional singularly perturbed problems also attracted by several authors

for e.g., Clavero et al. [19] and Clavero et al. [20]. One may think of extending

the higher-order convergence techniques to solve the following two-dimensional model
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convection-diffusion problem using mesh equidistribution:





−ε4u−A.Ou = f(x, y), (x, y) ∈ D = (0, 1)2,

u = 0, (x, y) ∈ ∂D,
(8.2.6)

where A = (a1, a2) such that a1(x, y), a2(x, y) � ε > 0 and ∂D defines the boundary

of D. The source function f(x, y) will be assumed sufficiently smooth. Now, define the

inflow and outflow boundary

∂Din = {(x, y) ∈ ∂D : y = 1}
⋃

{(x, y) ∈ ∂D : x = 1},

and

∂Dout = {(x, y) ∈ ∂D : y = 0}
⋃

{(x, y) ∈ ∂D : x = 0},

respectively. The two-dimensional problem (8.2.6) has boundary layers normal to ∂Dout.

It is important to observe that the convergence of the model problems discussed in

this thesis are based on the smoothness of the given data. Thus it will be more interesting

and challenging to extend these techniques to problems with nonsmooth data resulting

boundary and interior layers.
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