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Abstract 

One of the most fruitful strategies in optics research is to investigate the implications of 

concepts and mathematics used in seemingly very different fields of physics such as quantum 

field theory and high-energy physics. One such recent concept widely explored in the context 

of optics is the so-called Parity-time (PT) symmetry. PT Symmetry can be realized in an 

optical system with judicious manipulation of optical loss and gain. In fact, this may result in 

achieving new classes of synthetic structures with altogether new physical behavior and 

novel functionality. PT-symmetry is no longer a theoretical concept only; it has been 

demonstrated experimentally numerous times in optical and other physical systems. This 

thesis work explores the idea of parity-time-symmetry in different types of optical structures 

and systems in the context of nonlinear optics. These include quadrimer waveguides, 

nonlinear Bragg structure, ring-resonator system, nonlocal Schrödinger system and negative-

index metamaterials. Our studies on parity-time symmetric quadrimer waveguide explore the 

effects of the nonlinearity and the dispersions on the PT-phase transition of the system. In 

another nonlinear quadrimer configuration, with a different coupling scheme, we have 

addressed the issue of parity-time symmetry from attractor perspective. Next, we report 

analytical traveling solitary wave solutions for the forward and the backward waves in a 

nonlinear PT-symmetric Bragg grating structure. We predict the existence of bright solitary 

wave solution below the PT-threshold for forward wave and dark solitary wave solution 

above the PT-threshold for backward wave. In a definite parametric regime, the existence of 

optical rogue waves (ORWs) has been elucidated. In another work, in the recently discovered 

nonlocal nonlinear Schrodinger system with parity-time symmetric nonlinearity we have 

studied the Peregrine Soliton (PS) dynamics. Due to prototypical analogy between the 

Peregrine solitons and the rogue waves, we numerically confirm that an initial PS excitation 

could yield Peregrine rogue wave (PRW) in the broken PT-phase. In the single ring resonator 

system, we find that simple alterations in the parity-time (PT) symmetric synthetic coupler 

structures could result in a dynamically controllable algorithm for the chaotic dynamics 

inherent in the system. We have also shown the dependence of the period doubling point 

upon the input amplitude, emphasizing on the dynamical aspects. Finally, a theoretical study 

has been performed in order to explore the parity-time (PT)-symmetry in optical
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negative-index material with parametric amplifier settings. In this study we have exploited 

the notion of parity-time (PT)-symmetry in order to address the issue of optical loss. It has 

been found that the strength of the signal can be significantly enhanced if the system is 

operated beyond the PT-threshold point. It is shown that the aforementioned behavior is 

robust against small deviation from the exact phase-matching condition or the PT-symmetry. 
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Chapter 1  

Introduction 

“The average quantum physicist on the street believes that a quantum-mechanical 

Hamiltonian must be Dirac Hermitian (invariant under combined matrix transposition and 

complex conjugation) in order to guarantee that the energy eigenvalues are real and that 

time evolution is unitary. However, the Hamiltonian         , which is obviously not 

Dirac Hermitian, has a real positive discrete spectrum and generates unitary time evolution, 

and thus it defines a fully consistent and physical quantum theory. Evidently, the axiom of 

Dirac Hermiticity is too restrictive. While          is not Dirac Hermitian, it is PT 

symmetric; that is, invariant under combined space reflection P and time reversal T. The 

quantum mechanics defined by a PT-symmetric Hamiltonian is a complex generalization of 

ordinary quantum mechanics. When quantum mechanics is extended into the complex 

domain, new kinds of theories having strange and remarkable properties emerge. Some of 

these properties have recently been verified in laboratory experiments. If one generalizes 

classical mechanics into the complex domain, the resulting theories have equally remarkable 

properties”-C. M. Bender [1] 

1.1 Background 

The idea of the real and positive eigen-spectra of the non-Hermitian Hamiltonian       

        , where    and    are momentum and position operator respectively, came through 

discussions between two leading mathematical physicists of the world, Dr. Daniel Bessis of 

Texas Southern University, USA and Dr. Jean Zinn-Justin of Saclay Nuclear Research 

Centre, France who, at that time, were studying Lee-Yang edge singularity using 

renormalization group methods. Using moment methods, D. Bessis conjectured [2] upon the 

real and positive eigen-spectra of the non-Hermitian Hamiltonian. But, the studies on the 

reality of the eigen-spectra of the non-Hermitian Hamiltonians date back to some earlier 

times as pointed out by C. M. Bender [3]. These studies includes:  early investigations upon 

Reggeon field theory [4] on the cubic quantum-mechanical Hamiltonian 
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          ; work by Caliceti et al. [5] where it was claimed that the non-Hermitian 

Hamiltonian            possesses real eigen-values. Until C. M. Bender, there was no 

rigorous and comprehensive proof of the conjecture by Bessis. He along with Stefan 

Boettcher, in their seminal paper [6] claimed that the real and positive eigen-spectra of the 

above-mentioned Hamiltonian were due to the parity-time (PT)-symmetry. The perturbative 

delta expansion technique [7] was employed to study the eigen-spectra of the system. In this 

work [6], they have considered a class of quantum-mechanical Hamiltonians designated by:  

                  , where N is real. With respect to N and m they have discussed 

various phases of the system. They found that when    , the spectrum of H shows three 

different spectral behaviors: i) for    ,   results in an infinite, discrete, entirely real and 

positive eigen-spectrum, ii) for       this produces finite number of real and positive 

eigenvalues while an infinite number of complex conjugate pairs of eigenvalues, iii) for 

    it gives entirely complex eigen-spectra.     is the phase transition point. For 

   , the spectrum of   involves another transition at     in addition to    . 

Afterwards, this novel idea of parity-time (PT)-symmetry has been studied extensively in 

quantum field theory [8-13], non-Hermitian Anderson models [14], open quantum systems 

[15,16] and metamaterials [17] etc. Though the impact of parity-time symmetry is still 

debated in these areas, optics has recently turned out to be a testing ground for PT-related 

notions after the first experimental observation of parity-time symmetry in optics [18]. Since 

then, the concept of parity-time symmetry is experimentally and theoretically exploited in 

various contexts [19-24].  

The notion of PT-symmetry entered into optics due to the isomorphism between the paraxial 

equation of diffraction and the Schrödinger equation in quantum mechanics, as explained 

later. It is worthwhile to mention that, the possibility of realizing PT-symmetry in optics was 

first proposed by Ruschhaupt, Delgado and Muga [25]. They have shown that Maxwell 

equations, for an electromagnetic wave travelling along a planar slab waveguide filled with 

gain and loss media in contiguous regions, could be approximated in a parameter range by a 

Schrödinger Equation with a PT-symmetric scattering potential. This theoretical proposition 

stimulated great deal of experimental studies pertinent to parity time (PT)-symmetry. It is 

appropriate to mention a few of them here. Guo et al. [13] demonstrated the observation of  
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PT-symmetry breaking and loss induced optical transparency in a pseudo-Hermitian optical 

guiding potential. In 2010, C. E. Rüter et al. [18] have shown the first ever experimental 

observation of the behavior of a PT optical coupled system based on Fe-doped        being 

shone by    laser beam. This work has shown the spontaneous PT-symmetry breaking and 

power oscillations behaviors violating left-right symmetry (non-reciprocity). In another 

experimental report [19], A. Regensburger et al. have discussed about the nature and 

dynamics of light transport in large-scale temporal lattices respecting parity time (PT)-

symmetry. They found that when these periodic lattice structures are operated near to their 

exceptional points, they could be used as a unidirectional invisible media. G. Vemuri et al.     

[26,27] studied parity-time (PT)-symmetry in tunable waveguide arrays and lattices. They 

reported quantum effects as well, in optical waveguide arrays [28]. In [20], L. Feng et al. 

have demonstrated the reflectionless unidirectionality on a chip-scale optical metamaterial 

close to the parity-time (PT)-symmetry breaking point paving the way for on-chip PT-

Metamaterials and other relevant optical devices. Experimentally J. Schindler et al. [21] have 

demonstrated realization of a parity time (PT)-symmetric system based on coupled pair of 

modes of an active LRC circuits, in which one arm experiences amplification and the other 

one attenuation. Yet in another work, N. Bender et al. [22] have studied the asymmetric 

transport mechanism using parity-time (PT)-symmetric nonlinearity in an electronics system 

made of a pair of coupled Van der Pol oscillators. They also have provided corresponding 

optical analogue. In a dissipative microwave billiards system, S. Bitner et al. [23] have 

studied both theoretically and experimentally the PT-symmetry and the PT phase transition 

phenomena. N. M. Chtchelkatchev et al. [24] have studied both theoretically and 

experimentally the contribution of fluctuation to the superconductivity and the phenomena of 

PT-symmetry breaking in the temperature evolution. All these studies have virtually 

exploded PT-symmetry based research in condensed matter and optical systems in last few 

years.  

In fact, one of the most fruitful strategies in optics research is to investigate the implications 

of concepts and mathematics used in seemingly very different fields of physics such as 

quantum field theory and high-energy physics. As stated earlier, one such concept widely 

explored in the context of optics is the so-called Parity-time symmetry (PT Symmetry). In  
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designing an optical system nature demands that one can only resort to the following three 

basic “ingredients”: refractive index, gain, and loss. Researchers and engineers have cleverly 

used various gain mechanisms to boost weak signals and index contrast, e.g. in the so-called 

photonic crystals, to their advantages. But, loss is usually considered as a disadvantage and is 

avoided as far as possible, since it degrades the efficiency of the structures employed to 

perform useful operations. It is perhaps for this particular reason that researchers have never 

intentionally explored the combination of gain and loss as a duality of useful ingredients in 

device and materials engineering. Recently, as already discussed, an alternate viewpoint is 

emerging which aims at manipulating absorption through a judicious design that involves the 

combination of delicately balanced amplification and absorption mechanisms. This results in 

achieving new classes of synthetic structures with altogether new physical behavior and 

novel functionality. In fact, optical media with delicately balanced gain and loss, 

characteristic of systems with joint parity-time (PT) symmetry, have been reported [18], 

showing intriguing functionality. Recently, various linear and nonlinear PT-symmetric 

optical structures have been demonstrated theoretically and experimentally. It has been 

realized that PT symmetry can enable effects, behavior and applications that would have 

been impossible in a standard passive optical structure, such as breakdown of the left–right 

symmetry and power oscillations [29], unidirectional invisibility [30], broad-area PT single-

mode lasers [31], and coherent perfect absorbers [32-34]. PT symmetry has also been 

explored in the context of nonlinear optics by various research groups. To mention a few, 

they include the effect of nonlinearity on beam dynamics in PT-symmetric potentials [35], 

stable dark solitons in dual-core waveguides [36], dynamics of a chain of interacting PT-

invariant nonlinear dimers [37], and Bragg solitons in nonlinear PT-symmetric periodic 

potentials [38].  

Drawing inspiration from the fact that optics has become the testing ground for the idea of 

Parity-time (PT)-symmetry, in this thesis we investigate various aspects of Parity-time (PT)-

symmetry in a variety of physical systems including coupled waveguides systems, Bragg 

grating structures, ring-resonators systems and nonlocal Schrödinger system with parity-time 

(PT)-symmetric nonlinearity, negative index media with parametric amplifier settings. We 

have employed both theoretical and numerical approach to study these systems. 
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1.2 Basics of PT-symmetry 

Parity (P) and Time-reversal (T) symmetries are fundamental notions in physics. They are 

represented by their actions on the position operator (  ) and momentum operator (  ).     is a 

linear operator which inverses both space and momentum: 

           and                                 (1.1)  

On the other hand,    represents an antilinear operator that reverses the time      and is 

defined as:  

                and                                                                                (1.2) 

Recently, systems that do not obey P and T symmetries separately but respect the combined 

PT symmetry, is attracting lots of attention. Such systems are described by a Hamiltonian (H) 

which commutes with the combined PT operator:         . Bender and Boettcher [6] 

pointed out that such Hamiltonians can in general be non-Hermitian and still they may 

exhibit entirely real spectra. In optics, the idea of PT-symmetry entered owing to the 

mathematical isomorphism of quantum Schrödinger equation to paraxial equation of 

diffraction. To understand it, let us consider the usual Schrödinger equation of quantum 

mechanics:  

  
  

  
  

  

  

   

                                (1.3) 

Here,   is the reduced Planck’s constant,   is the wave function,   is the mass of the particle 

and      is the potential. In the usual quantum mechanics      is a real function and 

consequently the corresponding Hamiltonian becomes Hermitian. But, if       is a complex 

function, the time independent Hamiltonian:   
   

  
      is obviously non-Hermitian. 

However, if this Hamiltonian satisfy the relation          , i.e.   is PT-symmetric, then it 

is straightforward to see that we must have            . This implies that the real part of 

the potential is an even function of  , while the imaginary part of the potential function is an 

odd function of  , i.e.              and              .  Thus, the Hamiltonian  
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must have the form:    
   

  
              ,     in order to be PT-symmetric. It turns 

out that as long as      , where     is some threshold value, the Hamiltonian shows 

entirely real eigen-spectra. On the other hand if      , the eigenspectrum ceases to be real 

and include complex eigenvalues as well. Now, let us consider the paraxial equation of 

diffraction in optics: 

 
  

  
 

 

  

   

                                 (1.4) 

Here,   is the electric field envelope,         ,    is the wavelength in vacuum,   

     and    is the background refractive index.  The isomorphism between Eq. (1.3) and 

(1.4) is quite evident. Also, it is clear that the optical medium can be said to possess parity-

time symmetry provided:             or              and              . It is 

well known that, the real part of the refractive index is responsible for dispersion while the 

imaginary part of refractive index is responsible for gain or loss in the optical medium [39]. 

So it is evident that if one engineers gain and loss in a media, it is possible to design a PT-

symmetric system artificially. In fact this was what done in the seminal work of Rüter et al. 

[18]. The idea of PT-symmetry in the context of optics may be more clearly understood by 

considering the case of linear optical coupler.  

Let us consider a symmetric coupler with one arm having loss and the other one having gain, 

as shown in Fig.1.1. 

 

Figure 1.1: A basic nonlinear coupler with loss in first core and equal gain in second one. 

The propagation dynamics of the coupler can be modeled by the normalized generalized 

coupled differential equations: 
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                                                       (1.5a)   

 
   

  
                                  (1.5b)                                            

Here    represent the slowly varying pulse envelope in the first core with loss while    

represent the corresponding component in the second core with gain.   and   are respectively 

the normalized gain/loss and the linear coupling parameter. Here ‘z’ is scaled as         ,  

where     is the propagation distance without scaling and ,   = dispersion length =   
      , 

where   =pulse-width. The linear coupler is parity-time (PT) symmetric, as the system 

satisfies the condition:           where the Hamiltonian,   and the parity operator,  , 

are defined as follows: 

    
     
    

                      (1.6) 

    
  
  

                      (1.7) 

The eigenvalues,  , of this system can be found, via a direct diagonalization, as:   

       . It is easy to see that   is real for     and becomes imaginary for    . The 

sharp transition from a real to a complex spectrum takes place at      , known as PT-

threshold. It is also known as the exceptional point [18]. As the gain/loss parameter   

increases above    , the eigenvalues become complex and the system enters into the so-

called broken PT-symmetric phase. If the system is kept below the threshold, its supermodes 

could be identified as: 

                     ,                           

where,             . None of the supermodes experiences gain/loss and they remain 

neutral and oscillate during propagation. On the other hand, if the system is kept above the 

exceptional point, the supermodes are: 

                   ,                        
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where               . In this case, the PT symmetry is spontaneously broken: the 

eigenvectors are no longer PT-invariant and are not any more eigenfunctions of the PT 

operator. It is interesting to note that the two supermodes coalesce at the exceptional point, a 

typical signature of a PT-symmetric system. The peculiarities of PT-symmetric regimes can 

be observed from Fig. 1.2, where we plot the spatial evolution of power in both the 

waveguides when power is initially launched in the first waveguide, here it is a loss 

waveguide.  

 

 

 

  

 

                                                           

 

 

 

 

 

Figure 1.2: Spatial evolution of optical power in the coupler with k = 1 (a) g = 0 (b) g = 0.25 (c) g = 

1 (d) g = 1.5. 

 

It can be seen that below the PT-threshold, optical power oscillates between the two 

waveguides. However at and above the threshold exponential increase in power is observed, 

this increase is, obviously, larger in the gain waveguide. Fig. 1.3 depicts the contour plots of  
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the intensity profiles of the fields when a Gaussian field with unit amplitude is launched in 

the first waveguide. The simulated results are in conformity with the ones in Fig. 1.2. 
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Figure 1.3:  Contour plots of intensity profiles in the waveguides in the coupler (a) Below the PT-
threshold (b) At the PT-Threshold (c) Above the PT-Threshold. 

 

An intuitive picture of PT-symmetry was put forward by Carl M. Bender et al. [40].  Let us 

consider two boxes positioned at      and    . The box at     is a sink which 

absorbs energy at some rate and the one at      is a source that radiates energy at the 

same rate. If the system is isolated i.e. the boxes are not coupled sufficiently strong enough to 

each other, then the system cannot be in equilibrium. It is because the energy in the left box 

will decay down to zero whereas the energy in the right box will grow into infinity. The 

corresponding energies in the two modes are complex. Now, if the two boxes are coupled 

strongly enough then the system can equilibrate and the corresponding energy will be real.  
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Figure 1.4: The source-sink model. In this case, the boxes are sufficiently coupled to each other so 

that the corresponding modes in them can equilibrate. 

The time evolution of the one-component system in box 1 (source) can be described by the 

Schrödinger equation: 

 
     

  
                                                                                                                          (1.8) 

Here,              , where     and      . The solution of Eq. (1.8) is:      

           , with           Similarly, for box 2 (sink) we have:               .  

The solution to the Schrödinger equation yields,                  with         . The 

entire system can be described as: 

   
     

      
                                                                                                              (1.9) 

This Hamiltonian is not Hermitian but it is PT-symmetric with the parity operator defined in 

Eq. (1.7). However, the composite system is not in equilibrium since the eigenfunctions of 

the system on the left grows exponentially in time being a source while the one on the right 

decays exponentially in time, being a sink. The whole system can equilibrate if we couple 

them sufficiently strong so that the following Hamiltonian now represents the system: 

   
     

      
                                                                                                            (1.10) 

Source: box 1 Sink: box 2 
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The eigenvalue of this new system will be real when              resulting into 

equilibrium state of the system. In this case, the system is said to be in the unbroken PT-

phase. The eigenvalues are imaginary when             . The system in this case is said 

to be in broken PT-phase. The critical point is defined as:    
           . It marks the 

transition point separating the broken and the unbroken PT phases. 

1.3 Organization of the Thesis  

The contents of the chapters in the remaining part of the present thesis are described briefly 

as follows:   

Chapter 2: The chapter starts with an introduction to the coupled mode theory generally 

applicable to the coupled waveguides systems followed by the literature reviews pertinent to 

Parity-time (PT)-symmetry. We have studied a closed form PT-symmetric quadrimer optical 

waveguide structure. The beam dynamics of the structure have been studied numerically. The 

effect of inclusion of nonlinearity and dispersion was also briefly investigated and discussed. 

Further, we report a study on a closed-form nonlinear parity-time symmetric optical 

quadrimer waveguides system with a specific coupling scheme. The system yields power 

saturation behavior in the modes, which may be attributed to the inherent attractor in the 

system. A detailed analysis has been provided to confirm the attractor aspect of the system. 

This work also addresses a crucial issue regarding choice of initial conditions while carrying 

out numerical simulation for such systems. 

Chapter 3: The chapter begins with a literature survey on the index-gratings, particularly 

Bragg grating structures with reference to the Massive Thirring Model (MTM). This chapter 

is devoted to the study of travelling wave solutions in a Parity-time (PT)-symmetric 

nonlinear Bragg grating structure. We observe that there is an infinite number of traveling-

wave solutions, either solitary or of cnoidal type, depending on the parameter values of the 

system. The effects of the coupling constant, gain/loss parameter and the traveling-wave 

speed on the evolution dynamics of the solutions have been discussed. We have found a 

bright-solitary-wave solution below the PT-threshold for forward waves and a dark-solitary 

wave solution above the PT-threshold for backward waves. Depending on some suitable 
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choice of the parameter values of the system, the existence of ORWs has been elucidated. 

Chapter 4: This chapter starts a discussion on the recently proposed continuous nonlocal 

Schrödinger Equation model with Parity-time (PT)-symmetric nonlinearity by Ablowitz and 

Musslimani [107] with relevant literature reviews. Taking the general solitons on the finite 

background ansatz as the initial excitation, a numerical study has been carried out with 

special emphasis given to the Peregrine soliton dynamics. Since, the Peregrine solitons have 

been seen as a rogue-wave prototype for a long time, we numerically confirmed that an initial 

PS excitation could yield PR wave in the broken PT-phase. Upon numerical computation, we 

observe the appearance of low-intense Kuznetsov-Ma (KM) soliton trains in the absence of 

transverse shift and well-localized high-intense Peregrine Rogue waves in the presence of 

transverse shift in a definite parametric regime. In the earlier case, the PT-symmetry is 

unbroken, whereas in the later case the PT-symmetry is broken. 

Chapter 5: In this chapter, we show the possibility of controlling the dynamical behavior of 

a single fiber ring (SFR) resonator system with the fiber being an amplified (gain) channel 

and the ring being attenuated (loss) nonlinear dielectric medium. Our model is based on the 

simple alterations in the parity time symmetric synthetic coupler structures proposed recently 

in Ref. [173]. The system has been modeled using the transfer matrix formalism. We find 

that this results in a dynamically controllable algorithm for the chaotic dynamics inherent in 

the system. We have also shown the dependence of the period doubling point on the input 

amplitude, emphasizing on the dynamical aspects. Moreover, the fact that the resonator 

essentially plays the role of a damped harmonic oscillator has been elucidated with the non-

zero intensity inside the resonator due to constant influx of input light. 

Chapter 6: This short chapter discusses PT-symmetry in optical negative-index 

metamaterials in parametric amplifier settings with      nonlinearity. The study aims to 

address the nontrivial issue of optical losses in such systems and suggests the judicious 

operation of the system above the PT threshold can result desirable enhancement of the 

signal field.  
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Chapter 7: Finally, in this chapter we summarize the results and the analyses of the 

problems addressed in this thesis work. Possible future perspectives of this trendy field of 

research have been elucidated. 
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Chapter 2  

Parity-time-symmetric optical quadrimer wave-

guides systems
*
 

 

2.1 Introduction     

Since the first experimental demonstration of parity-time (PT) symmetry in optics is 

demonstrated in an optical coupler [18], coupled waveguides and its variants have been 

studied quite extensively.  It is interesting to note that even though parity-time (PT)-

symmetry has been investigated in many complex optical structures in various contexts, 

simple structures like dimer, trimer and quadrimer are still continued to be explored [41-47]. 

This may be owing to the fact that these PT-symmetric oligomers may act as building blocks 

for complex PT-symmetric structures or lattices. Thus, understanding dynamics of such 

simple structures may be quite useful for practical applications [48]. In this direction, in their 

work [41] the authors have revisited the PT-symmetric dimer structure and provided in-detail 

study on the PT-symmetric oligomers structures including trimer, periodic trimer and 

quadrimer configurations. The existence, stability and the dynamics of the stationary 

solutions have been elaborated. In an attempt to understand the complexity of the dynamics, 

as more sites were added, this study opens up new ways towards the realization of PT-

symmetric lattices. In another work [42], the authors have studied the two-site (dimer) and 

three-site (trimer) PT-symmetric configurations with linear and nonlinear gain/loss profiles.  

*
Part of the results of this Chapter have been published in the following papers: S. K. Gupta and A. K. 

Sarma, “Parity-time-symmetric closed form optical quadrimer waveguides,” J. Mod. Opt. 61, 227 

(2014); S. K. Gupta, J. P. Deka and A. K. Sarma, “Nonlinear parity-time symmetric closed-form 

optical quadrimer waveguides: attractor perspective,” Eur. Phys. J. D 69, 199 (2015).
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This study shows the existence of the symmetric and anti-symmetric stationary solutions and 

their bifurcations phenomena (e.g. spontaneous symmetry breakings). K. Li et al. [43] have 

revisited the trimer system studying its regular branches of solutions and their bifurcations, 

instabilities and ghost states. J. D’Amboise et al. [44] have introduced the staggered PT-

symmetric ladder structure with cubic nonlinearity studying the families of discrete solitons 

and their stability regions. W. Walasik et al. [45] on the other hand have considered finite-

size multimode PT-symmetric couplers in which they have investigated the phase transition 

behaviors. The study shows that the nonlinear oscillatory response of the system can be 

controlled by three parameters: gain/loss parameter, input light intensity and the nature of the 

input excitations. A generalized PT-symmetric system with time-periodic gain/loss profile 

has been considered in [46] exploring various types of modes. S. V. Suchkov et al. [47] have 

investigated dynamics of the solitons in a chain of interacting dimers which are parity-time 

(PT)-symmetric. In their study, a comparative analysis has been carried out between the 

stationary soliton solutions and the solitons of the discrete nonlinear Schrödinger (DNLS) 

equation. In this work, we study a closed form PT-symmetric quadrimer optical waveguide 

structure. Apart from gain and loss, another important component of the optical systems is 

the consideration of the nonlinearity. When nonlinearity is included, the Hamiltonian 

describing the system does not commute with the PT operator. As a consequence of this, 

there are nonlinear solutions that continue to exist beyond the linear PT-symmetry threshold. 

All the studies mentioned earlier indicate that the PT-symmetric oligomers systems could be 

important test-grounds for the existence, stability and propagation dynamics of optical 

solitons. In this connection, we find it quite reasonable to study the existence, stability and 

dynamics of the stationary solutions in PT-symmetric oligomers systems. In this context, it is 

appropriate to mention that several authors have studied closed- form quadrimer structures in 

various contexts [49-52].  K. Li et al. [49] explored basic 2-D plaquette configurations and 

looked for stationary solutions, their stability and bifurcations. D. A. Zezyulin et al. [50] have 

shown that one can simulate transformations among parity-time symmetric systems, without 

affecting their pure real linear spectra, via rearrangements of waveguide arrays with gain and 

losses. However, the nonlinear properties of these systems undergo significant changes under 

such transformations.  In ref. [51] K. Li et al. have proposed a PT-symmetric coupler whose 
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arms are birefringent waveguides, as a realistic physical model which leads to the so called 

quadrimer. They have investigated the role of PT symmetry on the stability and the 

dynamical properties of the modes with different polarizations. I. V. Barashenkov et al. [52], 

have shown the PT-symmetry breaking phenomena in a necklace of coupled optical 

waveguides. The study by Y. Lumer et al. [53] has demonstrated the effect of nonlinearity on 

the systems with periodic parity-time (PT)-symmetry. The study reveals that the nonlinearity 

can help in transitioning the system between broken and the unbroken PT-symmetry regimes. 

In another study [54], phase transitions in wick-rotated PT-symmetric models were discussed 

where it has been shown that the system (wick-rotated PT-symmetric dimer) can possesses 

stationary or periodic solutions. It is appropriate to mention here that similar model without 

wick-rotation has been studied [55-57], where co-existence of periodic and unbounded 

solutions was predicted in the broken PT-phase. These studies inspire us to look into and 

investigate upon the stationary solutions in a PT-symmetric quadrimer system from an 

attractor [58] point of view.  

In this chapter we have considered closed-form optical quadrimer structures. We have 

studied the role of nonlinearity and dispersions upon the spatio-temporal evolutions of the 

optical fields in detail. Beam dynamics of the system has been elucidated via numerical 

computation. We have also shown the attractor perspective of the stationary solutions of the 

PT-symmetric quadrimer structure with a specific coupling scheme. This establishes the fact 

that initial conditions play a vital role in the subsequent evolution dynamics of the optical 

fields. 

2.2 PT-Symmetric Quadrimer 

We consider a quadrimer system depicted in Fig. 2.1.  

The optical-field dynamics in the system is described by the following evolution equations: 

 
  

  
                                                                                                                               (2.1) 
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where,                                with       representing the field amplitude in the 

j-th waveguide and   is the Hamiltonian (under the tight-binding approximation): 

 

   

      
       
      

    
  
  
  

              

                                                                                                (2.2)  

 

 

Figure 2.1: Schematic representation of a quadrimer optical waveguide system. Waveguides 1 and 3 

have gain (+g) while waveguides 2 and 4 have loss (-g). The coupling coefficients between various 

waveguides are also shown. 

 

Here,   is the loss/gain coefficient and               are the coupling coefficients between 

various waveguides as depicted in Fig. 2.1. The system is PT symmetric if         , 

where P is a space-reversal linear operator and T performs element wise complex 

conjugation [18].  It is straightforward to find that the system is PT-Symmetric under the 

condition:     and     (see Appendix A). It is to be noted that, the PT-symmetry of the 

system is independent of the values of the coupling co-efficient   and  . In rest of the analy- 
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sis, we ignore the couplings between waveguide 1 and 4 and between 2 and 3, by setting 

      in Eq. (2.2).  A direct diagonalization of the Hamiltonian gives the following set 

of four eigenvalues:  

                                                                                                                       (2.3) 

The eigenvalues are real as long as the gain/loss parameter g is smaller than some critical 

value, also called the exceptional point [18]      . As the gain/loss parameter   increases 

above    , the eigenvalues become complex and the system enters into the so-called broken 

PT-symmetric phase. If the system is kept below the critical point, its four supermodes could 

be identified as (see Appendix B): 

                           ,                                     ,  

                           ,                                                                               (2.4) 

Here             . None of the supermodes experiences gain/loss and they remain 

neutral and oscillate during propagation. On the other hand, if the system is kept above the 

exceptional point, the supermodes are (see Appendix B): 

                          ,                                , 

                          ,                                                                                      (2.5)                                                                      

where            . In this case, the PT-symmetry is spontaneously broken: two of the 

modes experience amplification while the other two decay exponentially with the 

propagation distance. It is interesting to note that two of the four supermodes above and 

below the critical point coalesce at the exceptional point, a typical signature of a PT-

symmetric system [59].  In the following section, we discuss the beam dynamics of the 

system. We also discuss the role of the nonlinearity and dispersion on the beam dynamics. 

2.2.1 Beam dynamics: Numerical simulations 

In order to understand the beam dynamics of the system, we solve Eq. (2.1) numerically, 

subject to the following initial conditions:  
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                                                                                                         (2.6) 

The simulation results are depicted in Fig. 2.2. In Fig. 2.2 (a), we depict the power 

evolutions, in each of the waveguides, for the case of a normal quadrimer system with    .  

  

On the other hand, Fig. 2.2 (b)-(d) shows the power evolutions of the PT symmetric 

quadrimer in all the three regimes: below the critical point, at the critical point and above the 

critical point. Please see the figure caption for the details. One significant effect displayed by 

PT-symmetric waveguides is the appearance of nonreciprocal wave propagation [60]. In fact, 

the structure considered in this work also exhibits non-reciprocity, even in the presence of 

nonlinearity and dispersion. Our numerical investigation shows that the beam propagation is 

quite sensitive to the initial condition. 

 

Figure 2.2: Spatial evolution of power in each site of the quadrimer with k = 1 and γ = 1. The solid 

red curve refers to site 1, dotted black refers to site 2 and dashed blue refers to site 3 while dashdot 

magenta corresponds to site 4.  (a) normal quadrimer with g = 0, (b) g = 0.5 below the critical point, 

(c) g = 1.0 at the critical point, (d) above the critical point. 
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The role of nonlinearity on the propagation dynamics may be investigated very quickly 

through direct numerical simulations of the following coupled equations:    

   

  
                    

                  (2.7a) 

   

  
                    

                  (2.7b) 

   

  
                    

                  (2.7c) 

   

  
                    

                                                                                   (2.7d) 

Results of direct numerical integrations, subject to the initial conditions (2.6), have been 

shown in Fig. 2.3.  

 

Figure 2.3: Spatial evolution of power in each of the sites of the quadrimer with k = 1 and γ = 1 in 
the presence of nonlinearity. The solid red curve refers to site 1, dotted black refers to site 2 and 

dashed blue refers to site 3 while dashdot magenta corresponds to site four. Here, (a) g = 0 for normal 

quadrimer, (b) g = 0.5, (c) g = 0.6, (d) g = 0.7. 

 

The presence of nonlinearity shifts the critical point of the system. As could be seen from 

Fig. 2.3(d), as the gain/loss parameter 'g' increases, at a certain value of the parameter there is  
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an abrupt PT phase transition and power keeps on building exponentially in one of the wave-

guides (for the parameters chosen for the current simulation, this value is nearly 0.7, i.e. 

       ). This could be understood easily using the source-and-sink model of Ref. [61]. If 

the coupling of the waveguides is sufficiently strong, then the system is in equilibrium and 

one could observe Rabi-like oscillation. On the other hand, when the coupling becomes too 

weak, the Rabi oscillations ceases and the system is no longer able to maintain equilibrium 

resulting in exponential increase in power in one of the waveguides and exponential decrease 

in others.  

It may be useful to study the effects of dispersion on the beam dynamics of the quadrimer 

structure. To do so, we consider Eq. (2.7) without the nonlinear terms and including the so-

called group velocity dispersion terms. 

   

  
 

 

 
  

    

                   (2.8a) 

   

  
 

 

 
  

    

                                                                                                            (2.8b) 

   

  
 

 

 
  

    

                                  (2.8c) 

   

  
 

 

 
  

    

                                  (2.8d) 

 

Here     is the so-called group velocity dispersion (GVD) parameter in the j-th waveguide. 

Eq. (2.8) could also be written in the frequency domain, by defining the Fourier transform, 

                           
 

  
. Now, we would like to consider the following three 

cases which we find particularly interesting: 

Case 1: Sites have equal dispersion 

Let the magnitude of the GVD parameter to be the same in all the waveguides. We can easily 

find the set of four eigenvalues of the corresponding Hamiltonian to be:        

      , where          . It is worthwhile to note that if dispersion is taken into  
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account, the PT symmetry threshold of the system remains unaffected, irrespective of the 

sign of the parameter  . A pulse launched at a site, as expected, gets broadened during its 

evolution. This is illustrated in Fig. 2.4, where a Gaussian pulse is launched at site 1. 

Case 2: Sites have alternate dispersion 

If the waveguides are chosen to have alternate dispersion, say site 1 has normal dispersion 

(  ) while site 2 has anomalous dispersion (  ) and so on, then system has the following 

set of eigenvalues:  

                                   (2.9)  

 

 

Figure 2.4: Contour plots for evolution of intensity in each site of the dispersive quadrimer. 

 

Clearly, the eigenvalues are purely complex and the quadrimer structure does not exhibit PT- 

symmetry at all. 
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Case 3: Site 1 and 2 with normal dispersion while site 3 and 4 with anomalous 

dispersion or vice-versa. 

In this case the system has the following set of eigenvalues: 

                                             (2.10) 

It is easy to see that, here, eigenvalues become purely real for    , on the other hand if 

k g  the eigenvalues become complex. Hence we may conclude that the dispersive 

quadrimer of case 3 is PT symmetric for          . Moreover, it seems dispersion may 

play a fundamental role in the beam dynamics of the structure. 

It may be interesting to investigate the combined effect of both nonlinearity and dispersion 

on the evolution of an optical pulse.  To do so, we add the so-called anomalous group 

velocity dispersion term, in normalized units, to Eq. (2.7), thereby making it a system of 

coupled nonlinear Schrodinger equation (CNLSE) [62]: 

   

  
 

 

 

    

                       
               (2.11a) 

   

  
 

 

 

    

                       
          (2.11b) 

   

  
 

 

 

    

                       
               (2.11c) 

   

  
 

 

 

    

                       
                (2.11d) 

 

The above set of equations are solved numerically by launching a fundamental soliton in site 

1, keeping rest of the sites empty.  
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Figure 2.5: Output power in each of the sites of the quadrimer with k = 1 and γ = 1 in the presence of 

nonlinearity and dispersion. The solid red curve refers to site 1, dotted black refers to site 2 and 
dashed blue refers to site 3, while dashed-dot magenta refers to site 4. 

 

Fig. 2.5 depicts the simulation results. At the outset we simulate the CNLSE with      . 

Fig. 2.5(a) plots the output power of the fields. It could be seen that the PT-phase transition is 

avoided with the introduction of dispersion into the system. Fig. 2.5(b) depicts the output 

profiles of the fields with      . The corresponding contour plots for spatio-temporal 

evolution is shown in Fig. 2.6. It can be that the soliton launched initially in site 1 is getting 

switched to site 4 at the end of the given propagation distance. In fact with judicious choice 

of the propagation length of the quadrimer, one can obtain the soliton at the desired site. The 

PT-Symmetric quadrimer considered in this work may be exploited for various applications 

such as tunable 4 4  spatial optical switch [63] and soliton switching [64]. Recently the 

stability of solitons in a dimer has been investigated [65] and similar analysis may be carried 

out for the case of a quadrimer also. However, we have checked the stability of solitons in 

the quadrimer system numerically and find that the soliton is stable as long as the order of the 

soliton, N, lies in the range: 0.85 N 1.2  .   
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Figure 2.6: Contour plots for evolution of intensity in each site of the quadrimer corresponding to the 

case in Fig. 2.5(b). 

 

2.3 Nonlinear PT-Symmetric Quadrimer waveguide: Attractor perspective  

Next, we consider a closed-form parity-time (PT)-symmetric quadrimer waveguides structure 

with a specific coupling scheme. This specific coupling yields unique linear eigen-spectrum 

subject to the choice of various coupling parameters. On the other side, in nonlinear regime, a 

detailed nonlinear analysis has been conducted to characterize the power saturation behaviors 

in the different sites. Upon thorough inspection, we confirm that the saturation points 

correspond to the attractors of the system. It is noteworthy that the power saturation behavior 

in the oligomers system has been reported in completely different settings, for example, 

dimer and trimer systems with linear and nonlinear gain/loss distribution [42] and a wick 

rotated dimer [54]. On the other hand, in our work, the saturation behavior of the nonlinear  
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quadrimer system has been investigated in detail on attractor aspect. This work also 

addresses a crucial issue regarding choice of initial conditions while carrying out numerical 

simulation for such systems. 

The schematic of the PT-symmetric quadrimer configuration is shown in Fig. 2.7. The 

Hamiltonian of the system (linear case) under the tight-binding approximation is given by: 

   

     
     
     

    
  
  
 

                 

                                                                                             (2.12) 

Here the parity operator of the system is given by: 

   

  
  

  
  

  
  

  
  

                                                                                                             (2.13) 

 

 

Figure 2.7: Schematic diagram of the optical quadrimer configuration. Waveguides 1 and 3 are gain–

guides (+g) and waveguides 2 and 4 are loss-guides (-g). The coupling coefficients between various 

waveguides are also shown. 
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We find that the system under consideration is PT-symmetric when      Direct 

diagonalization of the Hamiltonian yields the following eigenvalues: 

      
      

  
,        

      

  
                                      (2.14) 

where,                           

                                                             (2.15) 

It is well known that if the system is in the unbroken PT-regime, all the eigenvalues are real 

while if all or some of the eigenvalues are complex the system is in broken-PT symmetric 

regime [18]. In order to investigate the   -threshold of the system, in Fig. 2.8 we plot the 

appropriate eigen-spectrum of the system, taking the following coupling parameters: 

         and    .  

 

 

Figure 2.8: Eigen-spectrum of the linear system vs. loss/gain parameter. 
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It is easy to see that we have a narrow region in   where all the eigenvalues are real, i.e. a 

region of unbroken PT-symmetry while outside this region PT-symmetry is broken. For the 

chosen set of parameters, we obtain two PT-thresholds, namely         and          . 

On the other hand, in nonlinear regime, the propagation dynamics of the system are described 

by the following set of coupled nonlinear equations: 

   

  
                    

     (2.16a) 

   

  
                     

               (2.16b) 

   

  
                    

     (2.16c) 

   

  
                     

               (2.16d) 

 

It is assumed that each of the waveguides exhibits Kerr-nonlinearity of equal strength. We 

now carry out a linear stability analysis of the nonlinear quadrimer system. The set of four 

coupled Eqs. (2.16) can be rewritten, using the prescription, say:          ,       

   , and so on, as follows: 

                   
    

                        
    

               (2.17a) 

                    
    

                          
    

        (2.17b) 

                   
    

                        
    

               (2.17c) 

                    
    

                          
    

       (2.17d) 

This enables us to evaluate the fixed points of the system and carry out the linear stability 

analysis. Afterwards, we seek to find the nonlinear dynamics of the system about its fixed 

points. The Jacobian,    of the coupled system with these new variables, after linearization, is 

worked out to be: 

   
    
    

                   (2.18) 

TH-1523_11612110



Chapter 2.       PT-symmetric optical quadrimer waveguides  

30 

 

 

Here,  
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. 

 

It is possible to obtain considerable insight into the behavior of the system from the 

determinant of the Jacobian and its eigenvalues evaluated at various values of the   

parameter. We have chosen       for the rest of the analysis. It is easy to see that      is 

the most trivial fixed point of the system. The corresponding eigenvalues of the Jacobian are 

(3.7081i, -3.7081i, 3.7081i, -3.7081i, 1.1180, 1.1180, -1.1180, -1.1180). In passing, it is 

worthwhile to note that our investigation shows that for       and          the fixed 

point      is hyperbolic, as the Jacobian has complex eigenvalues. On the other hand, in 

the unbroken PT- symmetric regime, i.e.          , the Jacobian has purely imaginary 

eigenvalues, which indicates that the fixed point      is non-hyperbolic. Due to the 

presence of real positive eigenvalues, we can infer that this is an unstable fixed point. 

Clearly, choice of initial conditions in numerical simulations or power launching condition at 

the input ends of the waveguides, in the context of experiments now becomes a highly 

nontrivial issue. For example, choosing the initial condition such as:             

      would result in huge perturbation in the fixed point. Using the Newton-Raphson 

method, we have obtained the following non-trivial fixed point of the system which is correct 

upto five decimal places:                                                    

                   with error tolerance set at      . The determinant of the Jacobian 

evaluated at the above mentioned fixed point is             . From the infinitesimal 

value of the determinant, it can be inferred that it is not an invertible matrix. Hence, the 

system is not exactly linear in the vicinity of the fixed point. On the other hand, the correspo- 
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nding eigenvalues of the Jacobian are purely imaginary. This implies that these fixed points 

are non-hyperbolic. This in turn means that only a numerical solution of the nonlinear system 

will give us the appropriate picture of the propagation dynamics of the optical fields along 

the length of the waveguide. We numerically solve Eq. (2.17) with perturbed fixed point as 

our initial conditions. For our simulation the fixed point perturbation is chosen to be:     . 

We find that the system does have an attractor. This could be clearly seen from Fig. 2.9.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.9: Spatial evolution of   . 
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Now it is clear that one can obtain saturation in the optical power along the propagation 

distance subject to judicious choice of the initial conditions. For instance, in Fig. 2.9 we plot 

the spatial evolution of optical power, defined as              
 , in the first waveguide. 

It could be seen from Fig. 2.10 that optical power gets saturated in waveguide 1. We find that 

similar behavior is shown by other three waveguides also. These power saturation behaviors 

of the system could be attributed to the attractor perspective.  

 

 

Figure 2.10: Spatial evolution of optical power in the first waveguide. 

 

2.4 Summary of the Chapter 

We have studied a closed form PT-symmetric quadrimer optical waveguide structure. The 

beam dynamics of the structure is studied numerically. The effect of inclusion of nonlinearity 

and dispersion is also briefly investigated and discussed. The structure considered is  
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reminiscent to the four-state quantum system found in quantum optics [66]. It is anticipated 

that, considering the recent interest in quantum-optical analogies [67] and PT-symmetry in 

atomic medium [68], careful study of such structures might provide lots of insight into the 

dynamics of more complex configurations or structures. Next, we have considered a closed-

form parity-time (PT)-symmetric quadrimer waveguides structure with a specific coupling 

scheme. From the linear eigen-spectrum of the system it is seen that the system has a narrow 

window of unbroken PT-symmetric region. In nonlinear regime, for a given value of the 

gain/loss parameter, we have shown that the system yields stationary solutions that 

correspond to attractors. A detailed analysis has been provided in confirming the attractor 

aspect of the stationary solutions. It can be concluded that the power saturation behaviors of 

the system could be attributed to the attractor perspective. 
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Chapter 3  

Nonlinear waves in Parity-time symmetric Bragg 

grating structure
*
 

 

3.1 Introduction 

Periodic structures like index gratings in bulk [69] and in optical fibers [70,71], find 

important applications in obtaining frequency selectivity, high reflectivity and dispersion of 

significant characteristic properties [72]. Whereas the wave propagation dynamics in the 

linear periodic structures has found relevance in a variety of areas (solid-state physics, 

integrated optics) [73], the inclusion of nonlinearity into the system further enriches its 

dynamical properties and behaviors in terms of chaos, instabilities, pulse compression and 

solitary waves [74-77]. The study of nonlinear optical periodic structures dates back to 1979 

when H. G. Winful et al. investigated the phenomena of optical bistability in a nonlinear 

distributed feedback structures in continuous-wave approximation [78]. After some years, in 

a couple of works [79-81], a novel family of solitons classified as Bragg solitons were 

reported to exist in the similar kind of systems as in [78]. In contrast to the optical solitons in 

the nonlinear dispersive fibers where they are formed due to the balance between 

nonlinearity and dispersion, this type of solitons are formed by interlocking of the counter-

propagating waves in a nonlinear way [82, 83]. These counter-propagating waves help in 

creating a defect band within a forbidden band gap which facilitates transport of energy.  

Among some other efforts in this direction, W. Chen et al. [79] studied the Gap solitons and 

the nonlinear optical phenomena of super-lattices. D. N. Christodoulides et al. [80] have  

*
Part of the results of this Chapter has been published in the following paper: S. K. Gupta and 

A. K. Sarma, “Solitary waves in parity-time (PT)-symmetric Bragg grating structure and the 

existence of optical rogue waves,” Europhys. Lett. 105, 44001 (2014). 
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shown the existence of slow Bragg solitons in nonlinear periodic structures in which it was 

claimed that the velocity of this type of optical solitons were orders of magnitude lower than  

nonlinear periodic medium obtaining new non-stationary soliton-like solutions. Meanwhile, 

it is important to mention that the first-ever experimental demonstration of Bragg grating 

solitons was reported by B. J. Eggleton et al. [84] in 1996. In the recent times, keeping in 

mind the enormous amount of research interests using the novel idea of parity-time (PT)-

symmetry, there has been growing scientific endeavors to employ this idea to the nonlinear 

periodic structures. To mention some of them, S. Phang et al. [85] have demonstrated 

numerically the ultrafast switching behavior in a Bragg grating structure by suddenly 

switching on the gain in the system. Again, based on a system of passive parity-time (PT)-

symmetric grating and nonlinear Silicon distributed Bragg reflector, Y. Xu et al. [86] have 

shown the unidirectional transmission response at the telecommunication wavelength of 1550 

nm while keeping minimum of reflection in a desired direction. In another work by C. Y. 

Huang et al. type-II modes (perfect absorption and amplification modes) have been shown to 

exist in combined system of conventional and PT-symmetric Bragg-grating structure [87]. A. 

K. Sarma [88] has studied the modulation instability in nonlinear complex parity-time 

symmetric periodic structures in different regimes of PT-symmetry. These studies on the 

periodic Bragg grating structures have clearly established the importance of revisiting this 

type of system in the context of PT-symmetry which is capable of novel device applications. 

In this connection, yet in another investigation by M. A. Miri et al. [89] starting from a 

modified massive Thirring model [90], have established the existence of closed-form slow 

Bragg solitons in the complex nonlinear parity-time (PT) symmetric periodic structures. This 

study shows the dependence of the grating band structures on the PT-symmetric part of the 

periodic optical refractive index which essentially modifies the coupling between the forward 

and the backward waves. Yet in a different direction, N. A. Kudryashov et al. [91], in a 

system of double tunnel-coupled waveguides, have investigated the analytical traveling wave 

solutions including two periodic and solitary waves and a new nonlinear wave called 

compacton. In another work by K. Senthilnathan et al. [92], the authors have found bright 

and dark Bragg soliton solutions. Motivated by these works (in particular [86, 89-91]), we 

consider a Bragg grating structure with the core having refractive index distribution as  
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indicated in the section 3.2. For this system we study the traveling wave solutions of the 

system depending on the system parameters and explore the nature of the solutions in various 

regimes of PT-symmetry. 

 

3.2 Theoretical model 

We consider a nonlinear Bragg grating structure in which the optical fiber-core is associated 

with the core refractive index distribution given by:  

             
   

 
          

   

 
                                                                    (3.1) 

Here,    is the refractive index of the background material;     and     are the real and 

imaginary parts of the perturbed refractive index distribution;    is the nonlinear Kerr 

parameter and   is the grating period. Other than the    term, the three other terms in Eq. 

(3.1) can be thought of as small perturbative contributions to   . Wave propagation in the 

medium can be studied by solving the Helmholtz equation: 

                                       (3.2) 

Since both the forward and backward propagating wave needs to be considered in the 

grating, we assume:  

                                                                                        (3.3) 

Here,          ,          , and       are the free-space wavelength and the carrier 

angular frequency respectively.  Putting Eq. (3.3) in Eq. (3.2), under the slowly varying 

envelope approximation, the following coupled differential equations could be obtained [89]: 

  
   

  
 

 

  

   

  
                        

 
      

                    (3.4a) 

  
   

  
 

 

  

   

  
                        

       
 
                                    (3.4b)                                                

Here         and         are the slowly-varying amplitudes of the forward and the  
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backward waves respectively.         is the velocity in the background material,     

        is the coupling co-efficient arising from the real Bragg grating and            is 

the anti-symmetric coupling co-efficient arising from the complex PT-potential term. On the 

other hand,              is the measure of the detuning from the Bragg frequency   .  

   is the so called self-phase modulation parameter. In order to simplify our analysis, we 

adopt the following dimensionless units: 

  
 

  
     

  

    
     

  

   
   

 

  
                                             (3.5) 

where,    ,    , and    are the length scale (defined as        ), peak power and the pulse 

width of the laser radiation. 

Now, Eq. (3.4) can be rewritten as follows: 

  
    

  
 

    

  
     

         
       

  
 
     

  
 
   
               (3.6a) 

  
    

  
 

    

  
     

         
       

  
 
     

  
 
                                                (3.6b)  

It is worthwhile to mention that in deriving the Eq. (3.6), the coupled-mode theory is 

employed which has been used with considerable success in diverse contexts [93]. In this 

method, the forward and the backward waves are considered independently and the Bragg 

grating provides a coupling bridge between them.   

3.3 Analytical traveling wave solutions 

To start with, we make the following transformations:                 
                  

      in the Eq. (3.2). This results in the following set of equations for the real amplitudes 

          and real phases          :                                                                        

 
 

  
 

 

  
                                             (3.7a) 

 
 

  
 

 

  
                                  (3.7b) 
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                                       (3.7c) 

 

   
 

  
 

 

  
                           

       
                                          (3.7d) 

Now, we introduce the following traveling wave variables in Eq. (3.7):  

  
     

     
 
                                                                                            (3.8) 

where,    is the dimensionless traveling wave speed.   

Due to transformation as in Eq. (3.8) it can be shown that: 

 
 

  
 

 

  
               and  

 

  
 

 

  
             , which further gives, from Eq. 

(3.7a) and (3.7b), the following Eqs. for the amplitudes: 

                               (3.9a) 

                                                                                                                       (3.9b) 

Again, in a similar way it can be shown that Eq. (3.7c) and (3.7d) give the following Eqs. for 

the phases: 

                           
      

                                                        (3.10a) 

                             
      

                                                 (3.10b) 

One can obtain, from Eq. (3.10), the following Eqs.: 

      
   

    

          
          

        
                                                     (3.11) 

Here,      
      ,      

   
    ,      

     
 ,      

      
 ,      

     , 

           ,              ,     
   

   
,     

      
   

       
   

  
      

   

       
 and 

       
         

 . 

TH-1523_11612110



Chapter 3.       Nonlinear waves in parity-time (PT)-symmetric Bragg grating structure 

40 
  

 

In order to keep the rest of the analysis clean, we introduce the following parameters:
                            

                                                                                            

 

                     
    

    
                                                                   (3.12) 

Upon dividing    by    and after doing some straightforward algebra, we obtain: 

      
 

 
                                                                                                                   (3.13) 

where,    is an integration constant.     

Eq. (3.9a) and Eq. (3.13) give: 

  
           

                                                                                                      (3.14)  

For     , from Eq. (3.14) we obtain: 

   
           

          
  

                  
  

  (3.15) 

where,                        
    

         
                                                (3.16) 

We now equate the both sides of Eqs. (3.11) and (3.15) to obtain: 

        
   

     
     

           
   

       
         

     
      

   

Here,          ,          ,          ,    
  

  
. 

Substituting Eq. (3.16) into Eq. (3.15) and using the new variables, defined as follows, 

  
        

  
   

 
  

          

 

We obtain:                      

  

  
  

 

 
   

   
    

                                                                                                 (3.17) 
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Here the relevant parameters are defined as follows:  

                       
             

             
             

               
                    

            . 

Solving Eq. (3.17) and then putting the transformations     ,   
        

   
 

  , 21/w u , 

following a bit of tedious algebra, under the approximation of weak nonlinearity, we obtain: 

  
              

            
  

 
 

    

 
                                              (3.18)                                                                                      

where,    is the constant appearing in the solution of Eq. (3.17). 

Now, we write the right hand side of Eq. (3.18) as: 

                                                                                                (3.19) 

Then, proceeding in the similar way as in Refs. [91, 94], we finally obtain the traveling wave 

solutions for the forward and backward waves (see Appendix C): 

  
        

            

                
                          (3.20a) 

  
         

   

   
      

  
 

    
 

            

                
                                                     (3.20b) 

with             . Here, ‘f’ stands for forward wave and ‘b’ stands for backward wave 

and ‘ ’ is the integration constant. ‘l’ is the parametric constant which is defined as follows: 

  
  

             

 
 where we have         , with the subscript index          ; and   

   
  

  
         . It is clear that there is an infinite number of traveling wave solutions 

depending on the values of the parameters. One may obtain either cnoidal wave or solitary 

wave solutions subject to the parameter values. For the rest of our analysis in this work we 

take      .  It is worthwhile to mention that at    , solitary wave solutions as in Eq. 

(3.20b) do not exist for the chosen set of parameters. This could be due to the fact that in  
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this case the Bragg grating becomes ineffective since the speed reduction factor tends to 

unity [93]. Also, equivalently, as evident from the Eq. (3.13), at    , the solutions simply 

blow up.    

The variation of   
  with        , for different values of    parameters is shown in Fig. 

3.1. We notice that for the right-going waves (      ) as in Fig. 3.1(a), the amplitudes 

increase when the traveling wave speed    increases. For the left-going waves, in Fig. 3.1(b), 

the amplitudes decrease when the absolute values of the traveling wave speed is increased. 

These results are in conformity with the ones found in Refs. [91, 95]. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1: Variation of the square of the amplitudes vs. the s parameter for different values of 

   parameter. k = 1.0, g = 0.9,    = 2.01196. 
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Figure 3.2: Spatio-temporal evolution of the intensity of the forward waves on the left-hand panel. In 

the right-hand panel density-plots corresponding on the left-hand panel is shown. Different values of 

    parameter are: (a)    = 0.5, (b)     = 0.3, (c)    = 0.09, (d)    = 0.046. Other parameters are: k = 

1.0, g = 0.55,   = 0.69884. 
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Figure 3.3: Spatio-temporal evolution of the intensity of the backward waves below the PT-threshold 

(left-hand panel). The corresponding density-plots are shown on the right-hand panel. Different 

values of parameter are: (a)    = -0.5, (b)    = -0.3, (c)    = -0.09, (d)   = - 0.046. Other parameters 

are: k = 1.0, g = 0.9,    = 2.01196. 
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3.4.1 Bright and dark solitary waves  

We mentioned in Sec. 3.3 that there are many possible solutions to Eq. (3.20) subject to 

various parameter values. One interesting solution may be of the so called Optical Rogue 

Waves (ORW). In fact, Eq. (3.20) has close similarity with the solutions reported recently in 

the context of nonlinear Fiber optics [96]. In this section, we discuss the spatio-temporal 

evolutions of the forward and the backward waves as found in Eq. (3.20).  

The simulations are carried out for two sets of values of the traveling wave speed    : one 

with positive and the other one with negative values. The positive values of    refers to 

forward wave while the negative ones refers to backward waves. It is quite interesting to find 

that, below the PT-threshold the system gives rise to bright solitary wave for forward wave 

while dark solitary wave solution for backward wave for a chosen set of parameters. This 

could be clearly observed from Figs. 3.2 and 3.3. It should be noted that stable and distortion-

free solitary wave propagation occurs for small value of    below the PT-threshold. Also, the 

solitary wave is shifted towards the positive   axis for forward wave while the opposite 

occurs for backward wave with increase in the value of   .  The bright as well as dark 

solitary waves get deformed with increase in the value of the traveling wave speed.   

 

3.4.2 Emergence of Optical Rogue Waves 

The spatio-temporal evolution of the intensity for backward waves above the PT-threshold, 

i.e. the case with k<g, is depicted in Fig. 3.4. Solitary wave with high intensity could be 

observed from Fig. 3.4(a). If the modulus of the    parameter is decreased significantly then 

it results in the generation of extremely high intensity backward wave. In fact, Fig. 3.4(c) and 

3.4(d) predicts the existence of localized, single solitary waves of large amplitude in the 

background medium. These occurrences might be explained as follows. As the modulus of 

the traveling wave speed    is decreased by a little amount, it acts as a perturbation. The 

perturbation gets amplified via nonlinear processes such as modulation instability, which in 

turn decreases the soliton-fission threshold. Now, as the soliton-fission sets in, it results in  
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Figure 3.4: Spatio-temporal evolution of the intensity for backward waves above the PT-threshold 

(left-hand). In the right-hand panel, density-plots corresponding on the right-hand panel is shown. 

Different values of parameter are: (a)    = -0.5, (b)    = -0.3, (c)    = -0.09, (d)    = -0.046. Other 

parameters are: k = 1.0, g = 1.2,    = 1.77259i. 
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the breaking up of the smooth wave and the formation of well-localized group of solitary 

waves of large amplitudes resembling closely to the so called optical Rogue waves. 

Physically speaking, with decrease in the modulus of the traveling wave speed, the energy of 

each of the relatively small-amplitude localized waves starts transferring energy to another 

one amongst the group of those waves, thus increasing its amplitude rapidly. Interestingly, 

solutions cease to exist for the forward wave whereas the optical rogue wave solutions are 

obtained for backward wave above the PT-threshold region. It may be reasonable to say that 

the absence of the forward wave and the presence of the backward wave are complementary 

to each other. In passing, it may be appropriate to note that in this work we have assumed the 

nonlinearity to be weak. Its effects are three-fold: firstly, the approximation of weak 

nonlinearity is ensuring the simple analytical solutions found in Eq. (3.20), secondly, since 

the nonlinearity is weak, it is practically not changing the position of the PT-threshold and 

third, the condition of weak nonlinearity gives rise to modulation instability accounting for 

the emergence of ORWs. For regular waves, Benjamin-Feir instability [97] is a weakly-

nonlinear effect finding equivalent analogues in nonlinear optics. Besides, the weakly-

nonlinear theory of the occurrence of rogue waves has been widely suggested as possible 

explaining tool [98,99], although controversial. As regards some possible applications of the 

present work, many may be suggested, but one potential application may be to use this PT- 

symmetric Bragg grating structure in generating high power optical pulses [100].  

 

3.4 Summary of the Chapter 

In this work, we have found the analytical traveling solitary wave solutions for the forward 

and the backward waves in a nonlinear PT-symmetric Bragg grating structure. We observe 

that there is an infinite number of traveling wave solutions, either solitary or cnoidal-type, 

depending on the parameter values of the system. The effects of the coupling constant, 

gain/loss parameter and the traveling wave speed on the evolution dynamics of the solutions 

have been discussed. We have found bright solitary wave solution below the PT-threshold for 

forward wave and dark solitary wave solution above the PT-threshold for backward wave. 

Depending on some suitable choice of the parameter values of the system, the existence of  

TH-1523_11612110



Chapter 3.       Nonlinear waves in parity-time (PT)-symmetric Bragg grating structure 

48 
  

 

optical rogue waves has been elucidated. It comes out that the evolutions of the forward and 

the backward waves crucially depend upon the different system parameters such as traveling 

wave speed and loss/gain parameter. It is worth mentioning here that the theoretical set-up 

under consideration can yield, apart from ORWs, various kinds of nonlinear traveling wave 

solutions based on the parameter values of the system. So, in that regard, this work could be a 

step forward to the future investigations in the similar systems. 
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Chapter 4  

Peregrine Rogue Wave dynamics in the nonlocal 

Schrödinger system with parity-time (PT)-

symmetric Kerr nonlinearity
*
 

 

4.1 Introduction 

When it comes to the evolutions of the nonlinear waves, integrable equations play an 

important role. To name a few of those integrable and exactly solvable equations, we may 

mention: Korteweg-de Vries (KdV) equation [101], sine-Gordon equation [102], Kadomstev-

Petviashvili (KP) equation [103], Nonlinear Schrödinger equation (NLSE) [104] and so on. 

These equations can be integrated exactly by the inverse scattering transform method [105]. 

The integrability of such equations refers to infinite numbers of conserved quantities and 

conservation laws. The solitary waves of this class of equations undergo elastic collisions 

which amount to saying that there is no change in their shapes or speeds after the collisions. 

Based on the idea of Lax, Zakharov and Shabat proved the integrability of NLSE [104]. 

Afterwards, extensive efforts have been made in such integrable systems [106]. In a recent 

study, Ablowitz and Musslimani [107] have considered an alternative class of highly 

nonlocal nonlinear Schrödinger equation where the standard third-order nonlinearity       is 

replaced by its PT-symmetric form:                       . The corresponding novel 

nonlocal nonlinear Schrödinger equation is of the following form:      

*
Part of the results of this Chapter has been published in the following paper: S. K. Gupta and A. K. 

Sarma, “Peregrine rogue wave dynamics in the continuous nonlinear Schrödinger system with parity-

time symmetric Kerr nonlinearity,” Commun. Nonlin. Sci. Numer. Simulat. 36, 141 (2016).   
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                                (4.1) 

This equation is parity-time (PT)-symmetric (PTNLSE) in the sense that             

where                     . This equation is nonlocal since the evolution of the optical 

field at a transverse co-ordinate ‘x’ always requires the information from the opposite point ‘-

x’. It is worth mentioning here that for the NLSE the nonlocality shows up for sign inversion 

in only transverse co-ordinate ‘x’, whereas it can show up due to sign inversions of both the 

co-ordinates in other integrable equations (e.g. real and complex nonlocal mKdV equations, 

real nonlocal sine-Gordon equation) [108]. The study also reveals that this equation is fully 

integrable since it possesses linear Lax pairs and an infinite number of conserved quantities. 

Here we mention the quasi-power   and the Hamiltonian   of the system:  

                   
 

  
                                                                                               (4.2) 

  
 

 
              

                   

  
                                                        (4.3) 

Furthermore, it was found that the PTNLSE is Galilean invariant. In another work [8], 

Ablowitz and Musslimani have the key symmetries of the eigenfunctions and scattering data 

and conserved quantities of the PTNLSE.  It should be noted that nonlinear Schrödinger 

systems with PT-symmetric linear potentials (    
 

 
                 ) have been 

studied quite rigorously in the recent past [109-118]. In a nonlinear Schrödinger system, Kerr 

nonlinearity can dynamically create an effective linear potential which in general may not be 

PT-symmetric. In consequence, if the even symmetry of the real part of the effective 

potential gets broken, the system can observe PT-symmetry breaking instability in its wave 

evolution dynamics. After its inception in [107], there have been investigations pertaining to 

the novel PTNLSE. In their work [119], A. K. Sarma et al. have studied dynamical behaviors 

of continuous and discrete Schrödinger systems exhibiting parity-time (PT) invariant 

nonlinearity. The study reveals that the system yields simultaneous bright and dark soliton 

solutions and that the shift in the transverse co-ordinate ‘x’ results in the PT-symmetry 

breaking. This way the wave dynamics of the solitons undergoes instability. It is worthwhile 

to mention that the idea of parity-time (PT)-symmetry and the transverse shift, in the context  
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of Rogue waves, have also been explored by a group of researchers [120,121]. Other works 

in this connection include dark and anti-dark soliton interactions in the nonlocal nonlinear 

Schrödinger equation with self-induced parity-time (PT)-symmetric potential [122], periodic 

and hyperbolic soliton solutions in nonlocal PT-symmetric equations [123]. On a different 

side, as a limiting case of a wide class of solutions to the nonlinear Schrödinger equations, 

Peregrine solitons (PSs) being localized both in evolution and transverse variables draw 

fundamental importance [124]. It is also regarded as the limiting case of the transverse 

coordinate periodic Akhmediev -Breather (AB) [124-126] or the longitudinal coordinate 

periodic Kuznetsov-Ma (KM) breather [125,127]. In spite of being theoretically predicted in 

1983 by H. Peregrine [128], it was not until 2010 by Kibler et al. [127] that the Peregrine 

soliton has been experimentally demonstrated in nonlinear fiber optics. After that, Peregrine 

soliton has been studied in numerous contexts such as: Peregrine solitons in a multi-

component plasma with negative ions [129], Peregrine soliton generation and breakup in the 

standard telecommunications fiber [130] [43], interaction of Peregrine solitons [131], 

breather-like solitons extracted from the Peregrine rogue wave [132], Peregrine solitons and 

algebraic soliton pairs in Kerr media [133] and so on. Often, the Peregrine soliton is seen as a 

rogue-wave prototype [134] for its close resemblance to the rogue-wave dynamics. For 

instance, the maximum amplitude of Peregrine solitons is three times the amplitude of the 

surrounding unperturbed uniform wave train, whereas statistically speaking, in oceanography 

a rogue wave is said to form when its height becomes 2.2 times the height of the largest third 

of waves in a wave record (which is termed as significant wave height (SWH)). It is 

interesting to note that “Rogue waves” or “freak waves” which are large amplitude “waves 

appearing from nowhere and disappearing without a trace” (WANDT) find its roots in 

hydro-dynamical systems [135,136], nonlinear fiber optics [137], Bose-Einstein condensates 

[138] etc. Optical rogue waves have been studied in singly resonant parametric oscillators 

[139], mode-locked lasers [140], in optically injected lasers [141].  

In this work, we have considered a Peregrine soliton ansatz to the focusing nonlinear 

Schrödinger equation with anomalous dispersion with parity-time (PT)-symmetric 

nonlinearity. We intend to study the dynamics of the c-PTNLSE under Peregrine soliton or 

more generally solitons on finite background (SFB) excitation both in unbroken and broken  
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PT-phases. Since the Peregrine solitons have been seen as a prototype of rogue waves, we 

study the dynamics of initial PS solution in the c-PTNLSE model and see if it can yield 

Peregrine Rogue (PR) wave in the broken PT-phase. This work may encourage the nonlinear 

physics community to investigate many other nonlinear systems [142-145] starting with 

quadratic to power law media with such novel type of nonlinearity. 

 

4.2 Theoretical model 

In this work, as stated in the previous section, we are considering the nonlocal nonlinear 

Schrodinger equation, in normalized units, where the standard third order nonlinearity 

                is replaced with its PT symmetric counterpart                      to 

obtain:  

     

 
                                                                                                 (4.4)                                                                                   

Here        is the dimensionless field.   and   are transverse co-ordinate and normalized 

propagation distance (evolution variable). It is straightforward to show that Eq. (4.4) 

possesses the following solitons on finite background (SFB) solutions: 

           
                                         

                     
                                                            (4.5)                                                                                                         

Here, Ω is the dimensionless spatial modulation frequency,               with 

 0 < < 1/2 determines the frequencies experiencing gain and               is the 

instability growth parameter. For      , the above solution reduces to the rational soliton 

form i.e. Peregrine soliton: 

 

          
        

         
                                                                                                  (4.6)   
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4.3 Numerical simulations and analysis           

In order to analyze the continuous PTNLSE numerically, in the context of SFB solutions, we 

have taken the following initial excitation from Eq. (4.5):          
                   

             
 .  

 

Eq. (4.4) is solved numerically by using the so-called split-operator method. A detailed 

discussion of the method can be found in Ref. [146]. In a recent work [119] it is shown that 

introduction of the shift,  , in the transverse co-ordinate,  , may give rise to instability in the 

wave dynamics. This happens because the self-induced potential         starts to have the 

imaginary contribution, due to the transverse shift, which once goes beyond a critical value 

results in instability of the wave dynamics.  This motivates us to consider various cases with 

regard to broken and unbroken PT-phases.  

4.3.1 Without any transverse shift 

    We first consider the case without transverse shift. Fig. 4.1 exhibits the dynamical 

evolutions of the intensity of the optical field under the SFB excitation. As can be observed 

from Fig. 4.1 (a)-(b), we find existence of Kuznetsov-Ma (KM) solitons periodic in the 

evolution variable ‘z’. KM soliton is dependent on the modulation parameter ‘ ’. The spatial 

periodicity of KM solitons keeps on increasing with increase in the modulation parameter 

‘ ’. The spatial periodicity of KM solitons keeps on increasing with increase in the 

modulation parameter ‘ ’ and results in the Peregrine solitons as      , as could be seen 

from Fig. 4.1 (c)-(d). In passing, it is worth noting that the standard NLSE supports 

Akhmediev Breather (AB) solutions, which become more and more localized both in ‘z’ and 

transverse co-ordinates ‘x’ with the increase of the modulation parameter ‘ ’ [127]. 
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Figure 4.1: Left hand panel: Evolutions of optical intensity in the z-x plane. Right hand panel: 

corresponding 3D density plots. (a)       , (b)       , (c)       , (d)       .    . 
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4.3.2 With a small but nonzero transverse shift 

Fig. 4.2 elucidates the effect of shift in the transverse co-ordinate ‘x’ on the evolution of the 

optical field dynamics. From Fig. 4.2, we can infer that with the increase in the transverse 

shift parameter, the optical field dynamics tend to be more localized in the z-x plane. The 

role of the transverse shift is two-fold: first, in triggering the PT-instability, and second, 

ensuring the nonlinear interactions between localized modes. That is why, in Fig. 4.2 (a) and 

4.2 (b), although we see presence of a dominant single second-order kind of PS with a wing-

like structure, in Fig. 4.2 (c), we find appearance of another second-order type of PS in the 

CW background. It is worthwhile to note that a strict mathematical definition of second order 

PS soliton for the continuous Schrodinger equation considered in this work, unlike some 

other nonlinear systems [121], is not available. Our assumption of second order PS is based 

on plots resulting from numerical simulations. More interestingly, in Fig. 4.2 (d), we finally 

observe one PS in the CW background. This is simply because in Fig. 4.2 (d), further increase 

of the transverse shift acts as a perturbation which gets amplified via modulation instability 

and through nonlinear wave-mixing processes the multiple PS profiles interact with each 

other to transfer energy from one to the other resulting into giant Peregrine rogue wave.  One 

crucial point to mention here is that the occurrence of the PRW depends on very definite 

parameter values, which is quite evident as far as the rarity of the rogue wave phenomenon is 

concerned. In the corresponding density plot of Fig. 4.2(d), we also observe occurrence of 

certain radiation states alongside the Peregrine rogue wave profile. 

It is worthwhile to mention here that in a recent work in the context of PT-symmetric coupled 

waveguides, occurrence of two KM solitons trains hinged upon a second-order Peregrine 

soliton creating a wing-like shape has been reported [125]. Our study on c-PTNLSE model 

also reveals existence of similar wing-like KM soliton trains hinged upon a second-order 

Peregrine soliton as is evident from Fig. 4.2 (a)-(b).  
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Figure 4.2: Left hand panel: Evolutions of optical intensity in the z-x plane. Right hand panel: 

corresponding 3D density plots. (a)         , (b)         , (c)         , (d)   
         . Other parameter value:       . 

 

TH-1523_11612110



Chapter 4.       Peregrine Rogue Waves dynamics in nonlocal PT-NLSE 

57 
 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.3: Left hand panel: Evolutions of optical intensity in the z-x plane. Right hand panel: 

corresponding 3D density plots. (a)    , (b)         . Other parameter value:       . 

 

 

The fact that inclusion of a nonzero shift in the transverse co-ordinate results in the instability 

in the wave dynamics, as suggested in [119], could be clearly seen from Fig. 4.3. This 

instability can be attributed to the induction of an imaginary part in the self-induced 

potential, which goes beyond a critical value. In Fig. 4.3 (b) and its corresponding density 

plot shows the onset of instability in the optical field dynamics in presence of the transverse 

shift. The intensity of the optical field keeps on increasing with the normalized propagation 

distance. Without any transverse shift, in Fig. 4.4(a) we observe two lines of peaks of KM 

soliton trains along the z-axis, existing at different locations. These two lines of peaks of KM  
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soliton trains are hinged upon a second order Peregrine soliton. Fig. 4.4(c) depicts the 

corresponding power along the propagation distance. Now, quite interestingly, we find that 

for the same set of parameter values but with a nonzero shift in the transverse co-ordinate, 

the system supports robust (with respect to the transverse shift parameter in the range 

                  ) Peregrine soliton solution with enhanced intensity, strongly 

localized in the z-x plane, as is clear from Fig. 4.4 (b) and (d). This enhancement in the 

intensity of the optical field is owing to the broken PT-symmetry of the self-induced 

potential. Due to the prototypical analogy between Peregrine soliton and the Peregrine rogue 

wave, we can qualitatively argue that the enhanced PS dynamics resemble to the Peregrine 

rogue waves. 

     

 

 

 

 

 

 

 

 

 

   

 

Figure 4.4: Left hand panel: Evolutions of optical intensity in the z-x plane. Right hand panel: 

Corresponding power along the propagation distance. (a), (c):     and (b),(d):             . 

Other parameter value:       . 
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4.4 Summary of the Chapter 

We have carried out a numerical study of continuous nonlinear Schrodinger equation with 

parity-time symmetric nonlinearity with special emphasis given to the Peregrine soliton 

dynamics. The general solitons on the finite background ansatz is taken as the initial 

excitation. Since, the Peregrine solitons have been seen as a rogue-wave prototype for a long 

time, we numerically confirmed that an initial PS excitation could yield PRW in the broken 

PT-phase. Upon numerical computation, we observe the appearance of low-intense 

Kuznetsov-Ma (KM) soliton trains in the absence of transverse shift and well-localized high-

intense Peregrine Rogue waves in the presence of transverse shift in a definite parametric 

regime. In the earlier case, the PT-symmetry is unbroken, whereas in the later case the PT-

symmetry is broken. It is to be noted that such nonlocal parity-time (PT)-symmetric 

nonlinearity may be obtainable in the wave mixing phenomena with proper PT-symmetric 

environments [119]. As has been pointed out in [119] that nonlocal nonlinearities are all-

pervasive in nature, to mention a few among them: it may be found in the BECs with 

spatially and temporally fluctuating trapping potentials, in atomic vapors for diffusion 

processes [147,148]; in waveguide arrays due to random variations in the refractive index, 

size or waveguide spacing [149], long-range molecular interactions in nematic liquid crystals 

[150] etc. This work may boost further investigation of optical rogue waves and its dynamics 

in the context of nonlocal nonlinear systems that may be more useful if such nonlinearity can 

be found testable in real physical settings.  
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Chapter 5  

Controllable chaotic dynamics in a nonlinear fiber 

ring resonators with balanced gain and loss
*
 

 

5.1 Introduction 

Chaotic systems exhibit sensitivity to the initial conditions. In such systems any uncertainty, 

no matter how small, in the beginning will produce rapidly escalating and compounding 

errors in the prediction of the future of the system behavior. It implies that two trajectories 

emerging out from two distinct but nearby initial conditions diverge exponentially from each 

other with the passage of time. The idea of chaos is studied quite extensively in natural 

sciences, especially in chemistry [151-153], electronics [154,155], fluid dynamics [156] and 

nonlinear optics [157-163]. We mention a few of them here in the following. In the review 

paper [157] by A. D. Stone the scientific endeavors in the direction of studying the interface 

between chaos and the quantum mechanics was chronologically shown. In this connection, 

the study of classical chaos in the microscopic systems [158] have witnessed in recent times 

the chaos-assisted tunneling of directional emission from micro-billiards structure [159]. In a 

system of two coupled lasers with modulated parameters, numerical investigation shows that 

although the phases of the electric fields involved were synchronized but there might be 

chaotic variations in the amplitudes [160]. H. G. Winful et al. [161] showed that in a system 

of array of lasers a subset of it can produce spatio-temporal chaos beyond a critical coupling 

strength when synchronization fails. S. Zaitsev et al. [162] studied the nonlinear dynamics of 

a micro resonator in an optical resonance cavity where it was shown that the coupling of the 

resonator to the optical cavity introduces corrections to the linear and the nonlinear 

dissipations and the nonlinear elastic constants. M. J. Akram et al. [163] have investigated 

*
Part of the work is published in Nonlinear Dynamics (Springer) DOI: 10.1007/S11071-016-3102-9
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upon the chaotic dynamics of the kicked nanomechanical membrane in the optomechanical   

system under judicious control of the system parameters. It should be noted that, a discrete 

time dynamical system known as the Ikeda map, proposed by K. Ikeda, model optical field 

dynamics in nonlinear optical resonators [164,165]. K. Ikeda showed that the stationary state 

of the transmitted light exhibits chaotic behavior over a wide range of some system 

parameter values [164]. Ikeda et al. in a subsequent paper [165] demonstrated that the 

stationary state of the transmitted light from the nonlinear dielectric medium containing ring 

cavity system can make transition into the periodic and the nonperiodic states with the 

increase in the input intensity. The nonperiodic states were shown to be associated with the 

chaotic dynamics. 

In this context, dynamical pulse shaping and period-doubling bifurcations have been studied 

in nonlinear fiber ring resonator systems both theoretically and experimentally [166-172]. 

Among them, in a system of a ring cavity containing an optical fiber the period-doubling 

route to chaos was shown to exist near the zero dispersion wavelength of the fiber [166]. M. 

Haelterman [167] later proposed a new theoretical approach to study the period-doubling 

bifurcation and the transverse effects in the nonlinear ring cavity. The existence of dissipative 

spatial stationary structures was predicted as a result of interplay between the diffraction and 

the nonlinearity. In another paper G. Steinmeyer et al. [168] studied the dynamical pulse 

shaping in a nonlinear ring resonator containing an optical fiber. The study showed that the 

pulse shapes can give rise to substructure which can be periodic, stationary or chaotic. In an 

experimental setting of an all-fiber ring cavity [169], the temporal instabilities were shown to 

exist in the resonant pulse train from a dye laser. In another work, in a nonlinear ring cavity 

with fiber dispersion the periodic oscillation of the intensity was reported as a consequence 

of modulation instability [170]. M. B. van der Mark [171] experimentally demonstrated the 

occurrence of hysteresis, period doubling and the chaotic behavior of picoseconds pulses in a 

nonlinear optical ring cavity. In another experimental work by S. Coen at al., [172] the 

authors have studied the nonlinear dynamics of the synchronously pumped all-fiber passive 

ring  cavity where it was emphasized that the modulation instability plays a vital role in the 

dynamics of the ring cavity. So far we see that although the roles played by the fiber 

dispersion, nonlinearity, modulation instability in the ring resonator systems in the context of 
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nonlinear dynamics have been studied and investigated with due relevance over times, but 

the role of optical losses was not addressed in detail. Of particular interest may lie in the 

fundamental question: what happens in these systems when there is simultaneous and 

balanced presence of gain and loss. As a matter of fact, we know that balanced presence of 

gain and loss in the optical structures gives rise to the concept of PT-symmetry that shows 

interesting physical behaviors. It is to be noted that our system is not PT-symmetric as there 

is no axis of symmetry. Still, this work can trigger further explorations in similar or more 

sophisticated systems in the context of PT-symmetry. Here, we study the effects of the 

balanced gain and loss profile upon the evolution dynamics of the input optical pulse over a 

sufficiently large number of round-trips in the ring cavity. It is found that input light above a 

certain threshold power can give rise to chaos due to the interference between the input field 

and the cavity field.  

5.2 Theoretical model 

In an optical fiber coupler, the coupled mode equations governing the dynamics of the field 

amplitudes are given by:  

 
   

  
                                                                                                                     (5.1a) 

 
   

  
                                       (5.1b) 

Here,    and    are field amplitudes in fiber 1 and fiber 2 respectively.    and    are the 

propagation constants of the two waveguides and   is the coupling coefficient. For identical 

fibers,       and analytical solution of these equations yield the following transfer matrix: 

 
     
     

   
               
               

  
     
     

                      (5.2) 

 

The transfer matrix can be rewritten, defining the intensity splitting ratio,              

where   is the coupling length, as follows [173]: 
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                     (5.3) 

For a 50:50 directional coupler,    
 

 
. Hence, the transfer matrix for 50:50 directional 

couplers is given by: 

  
 

  
 
  
  

                    (5.4) 

The fiber coupler considered in this work is inspired by the parity-time (PT) synthetic 

coupler introduced in Refs. [174,175]. The coupler comprises a passive coupling region and 

two channels of waveguides, one of which provides amplification and the other provides an 

equal amount of attenuation. It is worthwhile to note that optical fibers can be synthesized to 

amplify as well as attenuate optical power by suitably tailoring their refractive index profile. 

Suppose the refractive index profile of an optical fiber is           If       the light 

input will undergo amplification, whereas if       it will suffer attenuation.  The two 

channels are connected to the passive coupling region as shown in Fig. 5.1. This 

configuration served as the building block of PT symmetric optical mesh lattices in the 

aforementioned works. In this work, we consider the same PT synthetic coupler but with a 

slight modification (as shown in Fig.5.1). 

The system has been modified in such a way that the output port from the loss channel has 

been fed back into its input. And we consider the loss channel to be a nonlinear dielectric 

medium. This provides us with a loss resonator channel and we can write the transfer matrix 

as follows: 

    
 

  

   
 

 

 
 

  
 
  
  

   
 

  

   
 

 

                                                                        (5.5) 
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Figure 5.1: Schematic diagram of the SFR resonator structure. The yellow-color region represents the 

fiber with gain, the black-color ring represents the resonator with loss and the red-color rectangular 

block is the passive coupling region.     is the input light. 

 

Here,     is defined as the loss parameter. And it must be noted here that there is no 

evanescent coupling between the optical fibers. It can be seen from Eq. (5.5) that the matrix 

in the middle is that of 50:50 directional coupler and the matrix on the left and right are that 

of two optical fibers, one of which amplifies light amplitude by a factor of  
 

  and the other 

attenuates the same by a factor of    
 

 . In a nutshell, we can say that our system couples an 

amplified and an attenuated light input via a 50:50 directional coupler and redirects one 

output back into directional coupler after it has traversed a lossy nonlinear resonating channel 

and the other output is sent to a detector to study the evolution dynamics in the system.  

Using the transfer matrix, M, we can write the output amplitudes in terms of the input 

amplitudes as follows: 

 
    

  
  

 

  
 
   
      

   

  
                    (5.6) 
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The field suffers a nonlinear phase shift,    , when it travels one complete loop across the 

ring. So, we can write:       
   where          is the total phase shift suffered by 

the field.    is the linear phase shift. The round-trip time for one complete loop of the 

electromagnetic wave around the resonator is given by:        .   is the length of the 

resonator, ‘n’ is the effective refractive index in the resonator. The nonlinear phase shift:  

   , is given by:  

     
     

      
    

 
                    (5.7)  

 

Here     is the nonlinear refractive index coefficient,      is the effective core area of the 

fiber and    is the wavelength of the propagating light in vacuum. Using Eq. (5.6) we can 

write the discretized field amplitude evolution equation in the resonator taking time steps 

equal to    in the form of an iterative equation: 

                                            (5.8) 

where           and         . Without any loss of generality, taking       we can 

rewrite Eq. (5.8) as: 

           
     

 
                   (5.9) 

 

It is straightforward to work out the resonator field intensity from Eq. (5.6), given as: 

   
      

                    
                    (5.10) 

At resonance,        where   is an integer. Using Eq. (5.7) and setting    
  

      
, the 

resonance condition is found to be:         
 . Here   is the nonlinear parameter.  
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5.3 Results and discussions 

The system displays rich behavior in the context of nonlinear dynamics. The number of 

round trips (or iterations) light takes in the resonator shows how the field intensity evolves in 

the resonator. This evolution is governed by Eq. (5.6). Now because the ring is an absorbing 

medium, the intensity gets attenuated in it. As the iteration progresses, the system slowly 

enters the steady state. Now depending on the value of  , the ring can either be in a chaotic 

state or contain a single intensity, which are primarily the fixed points of Eq. (5.6). Taking a 

fixed value of  , we carried out 1000 iterations and discarded the first 900 as transients and 

plot the remaining 100 steady state iterations. Fig. 5.2 depicts the output intensity as a 

function of the input amplitude for        

 

 

Figure 5.2: Field Intensity in the Output port vs. Input Field Amplitude     for γ=1.0. 

 

It can be seen that the output intensity gets highly amplified as input amplitude increases. We 

also observe two different field intensities for a certain range of    . It is worth noting that if  
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we increase  , the bifurcation behavior will cease to exist beyond a certain limit. On the other 

hand, if we proceed to increase     beyond 3.0, as depicted in Fig. 5.3, we encounter a 

chaotic region beyond a certain point because       is not sufficient to counteract the 

chaotic behavior of the system. The reason for this can be attributed to the fact that the ring 

resonator in our configuration is an intensity absorber. 

So, up to certain input amplitude, the resonator can attenuate the influx of energy and prevent 

the system from going to a chaotic state. But beyond a certain value, it fails in this aspect and 

we observe chaotic transmission of field intensity in the output port. The role of the loss 

parameter   can be illustrated by plotting a bifurcation diagram of intensity in the resonator 

against the loss parameter  , as shown in Fig. 5.4. As   decreases, the resonator field 

intensity has two distinct values, which goes to four on further decrease in   and eventually  

 

 

 

Figure 5.3: Output intensity versus the input amplitude plot showing the chaotic behavior of the 

system for      beyond 3.0. 
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Figure 5.4: Bifurcation diagram of the Resonator Field Intensity vs. γ  for        . 

 

 

 

 

 

Figure 5.5: Largest Lyapunov exponent vs. γ for         . 
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we enter into a region of chaotic behavior. It is clearly evident that the period doubling point 

lies close to      .   plays a crucial role in the transition of the system to a chaotic state. 

We can claim that   plays the role of a chaos control parameter.  A plot of the largest 

Lyapunov exponent against the loss parameter  , shown in Fig. 5.5, validates our above-

mentioned claim. 

For   above 1.2, the system has negative Lyapunov exponents. This implies that the ring 

contains a single intensity, as is evident from the bifurcation diagram. In the region of   from 

0 to 0.6, the Lyapunov exponents are positive indicating that the system is in chaotic state. 

Now, a numerical algorithm can be designed which computes the value of   at which period 

doubling takes place for different values of    . This presents us with a set of   

corresponding to the input amplitude    , as depicted in Fig. 5.6. 

 

Figure 5.6: Period doubling point vs.    . 

 

The period doubling point shifts its value in accordance with    . Fig. 5.6 gives us an idea 

about how the system should be designed so as to observe a single intensity in the output.  A 

single stable intensity in the resonator will ensure the same in the output. The period  
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doubling point as calculated numerically for each value of     corresponds to a maximal 

limit of  , beyond which fluctuation in the resonator field intensity has been observed to be 

of the order of     . Some of the values of     and   used to plot Fig. 5.6 are (2.0, 0.90), 

(2.5, 1.19), (3.0, 0.92), (3.5, 1.90) and (4.0, 2.53). Typically, for a Gaussian modal 

distribution, if the nonlinear refractive index    is chosen to be on the order of 

           ,   takes values in the range of                  Moreover, the 

nonlinear parameter   can be increased by decreasing        Taking these parameter values 

under consideration, the resonance spectrum can be estimated using Eq. (5.7). Numerically, 

       has been found to restore the resonator intensity dynamics into a steady state 

when        . The resonance spectrum for this particular case has been shown in Fig.5.7, 

which depicts the resonance profile with wavelength range chosen in the visible spectrum.  

The resonator field intensity peaks around 550-600 nm indicating that this configuration, if 

properly engineered, can be utilized for practical purposes.  

 

 

Figure 5.7: The resonance profile for         and γ = 0.92. The parameters chosen are:        
           ,            ,        . 
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In Fig. 5.8 the intensity in the resonator has been plotted against the number of iterations of 

the optical fields. It can be seen that the resonator behaves like a damped harmonic oscillator, 

but the intensity does not decay down to zero owing to the fact that there is a constant influx 

of light, which is being fed to the resonator. 

 

 

Figure 5.8: Intensity Evolution in the resonator vs. iteration for         and        . 

 

The loss ring plays the role of a dampening medium and the input amplitude acts as the 

driving force in the system. Moreover, we have considered the ring to be a nonlinear 

dielectric medium. These elements are also a part of the pulse driven nonlinear oscillator 

equation [175], from which the Ikeda map is derivable and this justifies the behavior shown 

in Fig. 5.8. Hence, we can infer from the above plots that   plays the role of a chaos control 

parameter in our configuration. This work so far, on firm grounds, has validated the fact that 

the idea of a PT synthetic coupler can be converted into a simple fiber ring resonator with a 

control parameter that is solely dependent on the fiber characteristics. In addition to this, the  
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fluctuations in the field intensity at the output port could be controlled with a judicious 

choice of the value of  . 

5.4 Summary of the Chapter 

In conclusion, we find that simple alterations in the parity time symmetric synthetic coupler 

structures could result in a dynamically controllable algorithm for the chaotic dynamics 

inherent in the system. We have also shown the dependence of the period doubling point on 

the input amplitude, emphasizing on the dynamical aspects. Moreover, the fact that the 

resonator essentially plays the role of a damped and driven harmonic oscillator has been 

elucidated with the non-zero intensity inside the resonator due to constant influx of input 

light. It should be noted that the system considered in this work do not exhibit PT-symmetry 

owing to the lack of an axis of symmetry in the configuration of the system. However, the 

objective of this study is to understand the dynamical aspects of such system configuration 

with respect to balanced presence of loss and gain. It may also trigger further studies in the 

resonator systems with other configurations which can shed more light as regards the role of 

PT-symmetry is concerned. 
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Chapter 6  

Optical parametric amplification in parity-time-

symmetric negative-index metamaterials 

6.1 Introduction 

“In a very potent way, metamaterials ignited the world at the beginning of the last decade, 

and the flame was fanned by the idea of embracing negative refractive index materials, …” 

we quote Allan Boardman with regard to metamaterials in one of his review papers [176]. 

Metamaterials are artificially engineered materials made of sub-wavelength structures from 

composite substances such as metals or plastics which derive their astonishingly peculiar 

properties from the spatial or topological arrangements of the materials in repetitious 

patterns. This way the metamaterials influence the manipulation of the electromagnetic or 

acoustic waves which are otherwise impossible in conventional bulk materials [177,178]. Of 

particular importance are metamaterials which possess negative index of refraction for 

specific wavelengths (e.g. gold and silver at shorter wavelengths). These are termed as 

negative index metamaterials (NIMs), left-handed metamaterials (LHMs), and double-

negative metamaterials (DNGs). In these materials, both the permittivity ( ) and the 

permeability ( ) are negative for which the index of refraction turns out to be negative. Due 

to this reason, in NIMs a backward wave is generated. It is worth mentioning here that the 

metamaterials were first termed as LHMs in the pioneering work by Victor Veselago [179] 

since the electric field, magnetic field and the wave vector form a left-handed triplet. It was 

theoretically argued that the phase velocity could be made anti-parallel to the Pointing vector. 

Insofar the practical realization of the NIMs was concerned, it was Sir John Pendry who was 

the first to propose the idea of constructing a LHMs in an array of wires and rings [180,181]. 

Subsequently, Shelby et al. [182] demonstrated the experimental realization of the much 
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speculated negative refraction in a split ring resonators and thin wires system at microwave 

frequency.  

This was followed by other experimental reports of negative index metamaterials [177,183-

185]. It is worthwhile to note that optical metamaterials with negative refractive index, 

known as optical negative index metamaterials (NIM), when demonstrated created quite a 

promise owing to its various potential future applications [186,187]. It is speculated that 

metamaterials with negative refraction may lead to the development of a superlens capable of 

beating the so called diffraction limit, thereby enabling imaging objects and fine structures 

that are much smaller than the wavelength of light. Also, it may take us into a new domain of 

exploration and thus promise to create entirely new prospects for manipulating light, with 

revolutionary impacts on present-day optical technologies [186]. However, soon it turns out 

that loss inherent in optical NIMs stand as the biggest restriction even to attempt to realize 

the aforementioned possible applications since most NIMs depend upon the resonant meta-

atoms that suffer high losses. In recent years research in optical negative index metamaterials 

is primarily directed towards resolving this issue. Shalaev and his collaborators 

experimentally demonstrated that the incorporation of gain material in the high-local-field 

areas of a metamaterial makes it possible to fabricate an extremely low-loss and active 

optical NIM [188]. Another idea to compensate losses in NIMs is through by the so-called 

optical parametric amplification [189]. It is to be noted that the technique of transformation 

optics based on the foundations of Maxwell’s equations is pivotal in designing and 

structuring the metamaterials [190-194]. On the other side, recently, parity-time symmetry is 

explored even in the context of optical metamaterials [17, 20]. H. Alaeain et al. [17] have 

studied the parity-time-symmetric three dimensional metamaterials system made of 

plasmonic waveguides. In an attempt to compensate for the propagation and the coupling 

losses the plasmonic modes of the system were subjected to the parity-time (PT)-symmetric 

potentials. The study reveals the intriguing properties such as Bloch power oscillation, 

double negative refraction, and unidirectional invisibility. In another experimental 

demonstration, L. Feng et al. [20] showed that the electromagnetic reflection could be 

significantly reduced unidirectionally at the optical frequency in a parity-time metamaterial  
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near to the exceptional point. These studies show that PT-symmetry ideas can be exploited in 

metamaterials for practical applications in the wavelength and the subwavelength domains 

paving the way for novel class of synthetic materials. It is interesting to note that recently N. 

Engheta et al. have even extended the transformation optics paradigm to deal with 

electromagnetic metamaterials characterized by balanced loss and gain with parity-time 

symmetry [195, 196]. 

In this work, we report our study on a parity-time (PT)-symmetric optical parametric 

amplifier. We have already discussed earlier that PT symmetry allows a controlled interplay 

between gain and loss resulting in new ways of achieving optical behavior that is at present 

unattainable with standard arrangements. We propose that if the amplifier is operated above 

the so-called parity-time symmetric threshold it is possible to achieve significant 

enhancement in the signal strength. It should be noted that recently parametric amplification 

process is addressed in the context of parity-time anti-symmetry [197]. In our discussion, we 

will use the terms metamaterials and negative index materials (NIM) interchangeably. 

6.2 Theoretical model 

We consider a metamaterial waveguide doped with a      material such that the signal 

experiences a negative refractive index while both the idler and the pump see positive 

refractive index. It is useful to recall that in an optical parametric amplification (OPA) 

process, strong pump frequency (  ) are down-converted into signal (  ) and idler (  ) via 

the relation:          [198]. The spatial evolution of the complex amplitudes, in the 

waveguide, of the pump (  ), the signal (  ), and the idler (  ) along the z-direction, could 

be modeled by the following set of coupled equations [198]:  

 
   

  
         

                                                                                     (6.1) 

 
   

  
       

                               (6.2) 

 
   

  
        

                                                    (6.3) 
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Here,       
               , with         and            .  

We assume that the pump is not getting depleted in the parametric amplification process, 

known as the undepleted pump approximation, i.e.    constant [198]. Eq. (6.2) and (6.3) 

can be rewritten, with       
  
         , as follows: 

 
   

  
    

                                                                (6.4) 

 
   

 

  
     

           
                        (6.5) 

   is the so-called loss/gain parameter.        
    

 

 

 
      

      

    
  is the coupling parameter. 

   and    are magnetic permeability of the signal and idler respectively while    and    are 

the corresponding electric permittivity.      is the second order nonlinear susceptibility. 

Under the perfect phase-matched condition, i.e.     , it is easy to see that the system is 

now described by the PT-symmetric Hamiltonian: 

    
    
     

                                     (6.6) 

Here, the parity operator is given by    
  
  

 . The Hamiltonian has eigenvalues   

       
 . Clearly, the PT-threshold of the system is given by         

In passing, it is useful to comment on the optical parametric amplification due to third order 

nonlinear      process in a negative index material. Let us consider the four-wave mixing 

process:            , in a metamaterial waveguide doped with      material such 

that the signal frequency,   , experiences negative refractive index, while all the other 

frequencies, say   ,    and    see positive refractive index. As discussed in Ref. [199] and 

assuming that the signal experiences amplification while the idler suffers equal amount of 

loss or attenuation, in a quantum controlled four-wave interaction process, it is possible to 

derive coupled differential equations exactly similar to the ones in Eqs. (6.4) and (6.5).  
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Hence the analysis carried out in this work may be applicable to an optical parametric 

amplification process, in a NIM, initiated by cubic nonlinearity also. 

6.3 Results and discussions 

We can solve Eqs. (6.4) and (6.5) analytically, subject to the following general boundary 

conditions:             and            .  Following a tedious but straightforward 

algebra, one can obtain the following solutions for the signal and the idler fields: 

                  

 
                

 
                            (6.7a) 

  
                  

 
                 

 
                   (6.7b) 

Here,         
 ,          

 
,            ,             ,  

            
            

 
    ,              

           

 
    ,   

             

 
                

 
    

  
.   

To simplify our analysis, we assume that the input interface has zero idler fields, i.e.      

        . The amplification factor for the negative-index signal wave is defined as: 

                      . On the other hand, the conversion factor for the positive-index 

idler, generated owing to difference frequency generation, is given by: 

         
                 Let us first consider the parametric amplification process for 

the system described by the PT symmetric Hamiltonian, i.e. for the case     .  In Figs. 

6.1-6.3 we depict the amplification factor for the signal wave and the conversion factor for 

the idler wave in all the three parity-time symmetric regimes, namely, below the PT-

threshold, at the PT-threshold and above the PT-threshold. The corresponding field profiles 

for both the signal and the idler are also depicted. We have assumed, for our numerical 

simulation, a temporal Gaussian field profile for the signal at    , defined as         

           
   where    is the pulse width.  In plotting the field profiles, we define 

normalized time as       . 
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Figure 6.1: (a) Spatial profile of the amplification factor of the signal and conversion factor of the 

idler field with       and       . (b) Corresponding field profiles of the signal and idler wave. 
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Figure 6.2: (a) Spatial profile of the amplification factor of the signal and conversion factor of the 

idler field with        and        . (b) Corresponding field profiles of the signal and idler wave. 
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Figure 6.3: (a) Spatial profile of the amplification factor of the signal and conversion factor of the 

idler field with       and        . (b) Corresponding field profiles of the signal and idler wave. 
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It must be noted that the signal and the idler are travelling in opposite directions and their 

behavior is governed by the boundary conditions on the opposite sides of the nonlinear 

negative index material. We observe that the signal and the idler exhibit oscillatory behavior. 

When operated below the PT-symmetric threshold, the signal gets amplified slightly at the 

left end of the metamaterial. As we approach the threshold, the amplification gets enhanced 

more than three times. However, significant enhancement is obtained when one operates 

above the PT-symmetric threshold. And this can be considered as a very useful result if one 

aims at compensating losses in an optical metamaterials. The corresponding field profiles 

obtained from numerical simulation supports this claim.  

In a real experimental scenario, one may not be able to achieve the exact phase-matched 

condition      . This is also the condition for the Hamiltonian describing the system to be 

PT-symmetric. Hence, it is important to check the robustness of this behavior if one deviates 

slightly from the phase-matched condition.  In order to investigate the robustness of the 

amplification and the conversion factor of the signal and the idler respectively, in Fig. 6.4, 

we plot the contour plot of these quantities with slight variation in the phase-mismatch 

parameter.  

We observe from Fig. 6.4 that if we deviate from the phase-matched condition by 2% or so, 

we will still be able to have significant enhancement in the signal strength. Thus, the issue of 

parity-time (PT) symmetry could certainly be exploited to compensate losses in an optical 

metamaterial. As we have mentioned earlier, similar conclusions could also be arrived at if 

one exploits      nonlinearity. 
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Figure 6.4: Contour plot of the (a) Amplification factor of the signal and (b) Conversion factor of the 

idler field as a function of distance, z, and phase-mismatch parameter,    , with       and    
   .  
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6.4 Summary of the Chapter 

To conclude, we have studied optical parametric amplification in parity-time symmetric 

negative refractive index metamaterials with      nonlinearity. The system exhibits PT-

symmetry in the phase-matched condition. OPA is studied in all the three parity-time (PT)- 

symmetric regimes, namely below the PT-threshold, at the PT-threshold and above the PT-

threshold. It is shown that the signal can be amplified hugely if the system is operated 

beyond the parity-time symmetric threshold. These observations are found to be in 

conformity with the field profiles of the signal and the idler found from numerical 

simulation. It is shown that even if one deviates from the exact phase-match condition, the 

amplification of the signal is pretty robust. It is anticipated that similar conclusions can be 

drawn for a negative index material doped with cubic nonlinearity.  
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Chapter 7  

Summary and the Future directions of Research 

 

7.1 Summary of the Thesis 

This thesis work has explored the idea of parity-time-symmetry in different types of optical 

structures and systems in the context of nonlinear optics. These include coupled waveguide 

arrays in the quadrimer configurations, nonlinear Bragg structure, ring-resonator systems, 

nonlocal Schrödinger system and the negative-index metamaterials in parametric amplifier 

settings. Our studies on the quadrimer configurations investigate upon the effects of the 

nonlinearity and the dispersions on the PT-phase transition. It is shown that the nonlinearity 

changes the PT-phase transition threshold point towards a lower value. On the other hand, 

depending on the nature of dispersion (i.e. normal or anomalous) on various sites of the 

quadrimer system, the system may or may not exhibit PT-symmetry. The combined effect of 

nonlinearity and anomalous dispersion may result in stable soliton propagation in the system. 

In another nonlinear quadrimer configuration, with a different coupling scheme, we have 

addressed the issue of parity-time symmetry from attractor perspective. It is concluded that 

the power saturation behaviors of the system could be attributed to the presence of attractor. 

Next, we have found the analytical traveling solitary wave solutions for the forward and the 

backward waves in a nonlinear PT-symmetric Bragg grating structure. We observe that there 

is an infinite number of traveling wave solutions, either solitary or cnoidal-type, depending 

on the parameter values of the system. The effects of the coupling constant, gain/loss 

parameter and the traveling wave speed on the evolution dynamics of the solutions have been 

discussed. It predicts the existence of bright solitary wave solution below the PT-threshold 

for forward wave and dark solitary wave solution above the PT-threshold for backward wave. 

In a definite parametric regime, the existence of optical rogue waves has been elucidated. It 

turns out that the evolutions of the forward and the backward waves crucially depend on the 
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different system parameters such as: traveling wave speed and loss/gain parameter. It is 

worth mentioning here that the theoretical set-up under consideration can yield, apart from 

ORWs, various kinds of nonlinear traveling wave solutions based on the parameter values of 

the system. So, in that regard, this work could a step forward to the future investigations in 

the similar systems. In another work, in the continuous PTNLSE model, taking the general 

solitons on the finite background ansatz as the initial excitation, a numerical study has been 

carried out with special emphasis given to the Peregrine Soliton dynamics. Due to 

prototypical analogy between the Peregrine solitons and the rogue waves, we numerically 

confirm that an initial PS excitation could yield Peregrine rogue wave in the broken PT-

phase. Upon numerical computation, we observe the appearance of low-intense Kuznetsov-

Ma (KM) soliton trains in the absence of transverse shift and well-localized high-intense 

Peregrine Rogue waves in the presence of transverse shift in a specific parametric regime. In 

the earlier case, the PT-symmetry is unbroken, whereas in the later case the PT-symmetry is 

broken. Fundamentally this work may boost further investigation of optical rogue waves and 

its dynamics in the context of nonlocal nonlinear systems that may be more useful if such 

nonlinearity can be found testable in real physical settings. In the single ring resonator 

system, we find that simple alterations in the parity-time (PT) symmetric synthetic coupler 

structures could result in a dynamically controllable algorithm for the chaotic dynamics 

inherent in the system. We have also shown the dependence of the period doubling point 

upon the input amplitude, emphasizing on the dynamical aspects. Moreover, the fact that the 

resonator essentially plays the role of a damped and driven harmonic oscillator has been 

elucidated with the non-zero intensity inside the resonator due to constant influx of input 

light. Finally, a theoretical study has been performed in order to explore the parity-time (PT)-

symmetry in optical negative-index materials with parametric amplifier settings. In this study 

we have exploited the notion of parity-time (PT)-symmetry in order to address the issue of 

optical loss, which stands as a hindrance in realizing such materials for practical applications. 

It has been found that the strength of the signal can be significantly enhanced if the system is 

operated beyond the PT-threshold point. It is shown that the aforementioned behavior is 

robust against small deviation from the exact phase-matching condition or the PT-symmetry. 
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7.2 Future aspects  

Research activities in Physics, involving the idea of non-Hermitian Hamiltonians and parity-

time (PT)-symmetry are growing at a tremendous rate with experimental verifications of 

earlier theoretical predictions. PT-Symmetry is now explored in optics, condensed matter 

physics, quantum field theory and quantum mechanics. More interestingly, it is finding its 

new cross-disciplinary ramifications. To mention a few among them: the eigen-spectra and 

the localization properties of the non-Hermitian random matrices occurring in the sparse 

neural networks [200], antigen-antibody systems where it was theoretically proposed that 

small injection of a second antigen can even cure the serious disease in the broken PT-phase 

[201]. In optics PT-Symmetry has witnessed a large spectrum of physical systems, models 

and settings in which this novel idea has been theoretically predicted, experimentally realized 

and technologically applied. This way we can say that an integrated scientific pursuit 

involving this idea can always be of fundamental and applied importance. The vast range of 

systems and models considered in this thesis are liable to yielding more potential aspects 

worth studying in future.  

For example, the studies devoted to the quadrimer systems can be further extended to the 

more sophisticated systems and lattice models where these configurations can act as basic 

building blocks. In similar tune with the study carried out in the Bragg structure, efforts may 

be employed to search for more general solutions for different types of nonlinear waves. 

Especially, the rogue wave aspect can be studied more rigorously. Such extreme phenomena 

may be studied in the coupled waveguide arrays also. The nonlocal Schrödinger system can 

be revisited to look into further exotic complex dynamical aspects, one of them could well be 

the interaction of first and higher order Peregrine solitons. Another, important search may be 

to look for real physical systems where PT-symmetry with nonlocal nonlinearity could be 

realized. It has been suggested that it might be realized in some nonlinear frequency mixing 

processes [119].  

Our work on the nonlinear single ring resonator system can further be taken up for even more 

structural complexity and more importantly where the connection can be made between the  
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dynamics of the system and the PT symmetry. In this connection, on theoretical front, a more 

rigorous Hamiltonian optics formalism [202] may be adopted to extract useful physical 

information. Finally, our efforts in looking for compensating the optical losses in the 

negative-index media with PT-symmetric parametric amplifier settings can be studied more 

extensively. Also the evolution dynamics of the solitary waves and the modulation instability 

can be investigated in characterizing the solutions in different parametric regimes. On a 

different note, it is worth mentioning that the future directions of research involving the idea 

of parity-time (PT)-symmetry may well include exploring PT-symmetry in the coherent 

atomic medium [203-205], whispering-gallery mode resonators [206,207], metamaterials 

[17] and the manipulation of light in PT-symmetric optical potentials [59,208-210]. These 

issues have not been addressed in this thesis work. But these topics of research encompass a 

variety of physical behaviors and have tremendous fundamental and technological 

significance.  
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Appendices 

 

Appendix A 

It contains the proof of the PT-symmetry of the Hamiltonian as in Eq. (2.2) in Chapter 2. 

The Hamiltonian and the parity operator for the system are as under: 

   

      
       
      

    
  
  
  

              

 ,     

  
  

  
  

  
  

  
  

    (A.1) 

This Hamiltonian is PT-symmetric if it commutes with the PT operator, i.e.  

[H, PT] = 0                   (A.2) 

Let us choose an arbitrary four-component state vector as: 

   

  
  
  

  

                     (A.3) 

So, calculating 

PTX =  
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  and HPTX =  

    
     

     
     

 

    
      

     
     

 

    
     

      
     

 

    
     

      
      

 

   (A.4) 

 

Similarly one can calculate, PTHX =  

    
     

     
      

 

    
     

      
     

 

    
      

     
     

 

     
     

     
     

 

   (A.5)  
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Therefore, from A.4 and A.5 we can have in order to have [H, PT] = 0, the following 

condition to be satisfied: 

          (A.6) 

 

Appendix B 

It contains the calculation for supermodes for Eqs. (2.4) and Eqs. (2.5) in Chapter 2. 

Now we ignore the coupling between specific waveguides so that      . 

 

Now our Hamiltonian is: 

   

      
      
     

    
 
  
  

                 

  (B.1) 

 

The eigenvalues of this Hamiltonian are as under: 

                                                                                                                      (B. 2) 

Therefore, 

            ,           ,              ,                

(B. 3) 

Below the threshold (when k > g),      
 

 
, therefore 

   =            
 

 
                                                                                        (B. 4) 
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So, solving for the eigenfunction   corresponding to the eigenvalue    by     

    with     

  
  

  

  

  , we obtain the following set of four algebraic equations (  
 

 
):  

 

                   

                  

                   

                  

                    

 
 
 

 
 

  (B.5) 

Now substituting    from the fourth of Eqs. (B.5) to the first of Eqs. (B.5) we get    

                                   (B.6) 

Now substituting    in Eq. (B.6) from the second of Eqs. (B.5) we get 

                                             (B.7) 

Which upon further simplification reads as 

               
                = 0  (B.8) 

      
      (B.9) 

Similarly substituting    from the third of Eqs. (B.5) to the second of Eqs. (B.5) we get 

                                       (B.10) 

Now substituting    in Eq. (B.10) from the first of Eqs. (B.5) we get 

                                              (B.11) 

Which upon further simplification gives 

               
                 = 0  (B.12) 

      
       (B.13) 

TH-1523_11612110



Appendices  

94 
 

 

So, taking an arbitrary value for      

            (B.14) 

Now with these values of    and    we can calculate the values of    and    from the first 

two equations of Eqs. (B.5): 

       and        (B.15) 

Therefore, the supermode corresponding to the eigenvalue   below the PT-threshold can be 

written as: 

    

    

 
   

  

   (B.16) 

Similarly, other supermodes below the PT-threshold case can be found as stated in Eq. 2.4. 

For above the PT-threshold case (k < g), we need to take       
 

 
 and following similar 

procedure as for the below threshold case we can derive the supermodes as stated in Eq. (2.5) 

as well. 

 

Appendix C 

This contains the derivation details of the Eq. (3.20) in Chapter 3. 

The solution of the Eq. (3.17) is of the below form: 

     
  

   
   

    

 
 

    
 

 

     (C.1) 

Now we recall the relations as mentioned above the Eq. (3.17) in Chapter 3,         and 

  
       

  
  

 
  

   , we get from Eq. (C.1) 
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, which now can be simplified as: 

  
          

 

 
    

        
    

 
 

    
 

   

 

    

        
  
 

  

 

 
 

        
 

   
      

 

   
   

 

 
 

   
 

 
  

  
 

     
     

     
    

     
  
      

          (C.2)   

If we now take the transformation       , taking derivative w.r.t. ‘z’ gives: 

            , or   
  

  
 

     (C.3) 

Eq. (C.2) and Eq. (C.3) gives the following equation: 

  
       

            
        

  

 
 

   

 
   

  
 

     
    

    
  
 

     
 

 
 
 

  (C.4) 

Under the condition of weak nonlinearity the last three terms can be neglected to yield: 

  
       

            
        

  

 
 

   

 
    

 

 
 
 

  (C.5) 

Now this Eq. (C.5) can be written as:  

  
                            (C.6) 

Comparing Eq. (C.5) and Eq. (C.6) we can have four equations in terms of four unknown 

quantities: 
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Now let us define some transformations:  
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                (C.7) 

So,   
  

  
 

  
 , and the Eq. (C.6) becomes following Eq. (C.7) as under 

  
     

                           (C.8) 

  
     

                          (C.9) 

Let,                  (C.10) 

                      (C.11) 

Using Eq. (C.10) and Eq. (C.11) into Eq. (C.8) we get after some simplifications 

  
  

  
             

 
   

      

      
         

      

      
        (C.12) 

We define 
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   (C.13) 
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  (C.15) 

Which for         (and so,   
    

         
  ), becomes:   

         
  

      
       

 

 
 

             
              

    

    
    

,   ‘C’ is an integration constant. 

Which gives: 

     
         

             

    
    

  (C.16) 
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Now from Eq. (C.10) and Eq. (C.16) and using the fact that       
      

        
 we get: 

                          
      

        
  

Which using the transformation defined in Eq. (C.7) it becomes: 

  
             

                

   
                

             

   (C.17) 

Using the transformation as stated above the Eq. (C.3)        , and using relation 

mentioned in Eq. (3.8) of the Chapter 3 we obtain: 

  
         

  
      

 
       

   
                

             

             
                

  

  
        

                    

                       
       

           

              
    (C.18) 

 Where,              . (C.19) 

From Eq. (3.13) of Chapter 3 now   
  can be calculated to be: 

   
         

   

   
      

  
 

    
 

           

              
    (C.20) 
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