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Let X(T") be the space of all finite Borel measures p in R? which is supported on
the curve I' in R? and absolutely continuous with respect to the arc length of I'. For
A C R?, the pair (', A) is called a Heisenberg uniqueness pair for X (T') if any p € X (I)

satisfying fi|a = 0, implies o = 0.

Heisenberg uniqueness pair has been first introduced by Hedenmalm and Montes-
Rodriguez as a version of the uncertainty principle (see [18]). We would like to mention
that Heisenberg uniqueness pair up to some extent is similar to an annihilating pair
of Borel measurable sets of positive measure as described by Havin and Joricke (see
[17]). Let S,%¥ C R be a pair of Borel measurable sets. Then (5,%) form a mutually

annihilating pair if any ¢ € L?(S) whose Fourier transform ¢ supported on 3, implies

p=0.

Heisenberg uniqueness pair has a close relation with the long-standing problem

TH-1723 Bé)fzg(a%mining the exponential types for a finite measure which is eventually about
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exploring the density of the set {¢* : X\ € A} in L?(u). For more details, we refer
to Poltoratski [35,[36]. In particular, the question of HUP can be thought as a dual
problem of gap problem (see [35]). Let p be a finite Borel measure which is supported

on a closed set I' C R and
Gr = sup {a >0: 3 p#0, supp p C T satisfies ji|p,q = O} .

Let A C R. Then (I',A) would be a HUP as long as the determining set A intersect

[0, Gr| at most on a set of measure zero.

Further, the concept of Heisenberg uniqueness pair has a sharp contrast to the
determining sets for measures by Sitaram et al. [6,38], due to the fact that the deter-
mining set A for the function 4 has also been considered a thin set. In particular, if
I' is compact, then [ is a real analytic function having exponential growth and it can
vanish on a very delicate set. Hence, in this case, finding the Heisenberg uniqueness
pairs becomes little easier. However, this question becomes immensely difficult when

the measure is supported on a non-compact curve.

Hedenmalm and Montes-Rodriguez have shown that the pair (hyperbola, some
discrete set) is a Heisenberg uniqueness pair. As a dual problem, a weak* dense subspace
of L*(RR) has been constructed to solve the Klein-Gordon equation. Further, a complete
characterization of the Heisenberg uniqueness pairs corresponding to any two parallel

lines has been given by Hedenmalm and Montes-Rodriguez (see [1§]).

Lev [27] and Sjolin [43] have independently shown that circle and certain system
of lines are HUP corresponding to the unit circle S'. Further, Vieli [53] has generalized
HUP corresponding to circle in the higher dimension and shown that a sphere whose
radius does not lie in the zero set of the Bessel functions J(,421—2)/2; k € Z, the set

of non-negative integers, is a HUP corresponding to the unit sphere S"~!. In a recent
TH-1723_136123005
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article [46], it has been shown that a cone is a Heisenberg uniqueness pair corresponding
to the sphere as long as the cone does not completely lay on the level surface of any
homogeneous harmonic polynomial on R™. Thereafter, a sense of evidence emerged that
the exceptional sets for the HUPs corresponding to the sphere are eventually contained

in the zero sets of the spherical harmonics and the Bessel functions, though we yet to

resolve it (see [46]).

Sjolin [44] has investigated some of the Heisenberg uniqueness pairs corresponding
to the parabola. Subsequently, Babot [5] has given a characterization of the Heisenberg
uniqueness pairs corresponding to a certain system of three parallel lines. Thereafter,
we have given some necessary and sufficient conditions for the Heisenberg uniqueness
pairs corresponding to a system of four parallel lines. However, an exact analogue for

the finitely many lines as compared to three parallel lines result is still open.

In a major development, Jaming and Kellay [20] have given a unifying proof for
some of the Heisenberg uniqueness pairs corresponding to the hyperbola, polygon, ellipse
and graph of the functions ¢(t) = [t|%, whenever o > 0. Further, Grochenig and Jaming
[T5] have worked out some of the Heisenberg uniqueness pairs corresponding to the

quadratic surface.

In the thesis, we explored the Heisenberg uniqueness pairs corresponding to the
spiral, hyperbola, circle, cross, exponential curves, and surfaces. Then, we prove a
characterization of the Heisenberg uniqueness pairs corresponding to four parallel lines.
We observe that the size of the determining sets A for X (I') depends on the number of
lines and their irregular distribution that further relates to a phenomenon of interlacing

of the zero sets of certain trigonometric polynomials.

In an interesting article, M. Benedicks [7] had extended the classical Paley-Wiener

theorem to the class of integrable functions. That is, support of an integrable function
TH-1723 136123005
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f and its Fourier transform f both cannot be of finite measure simultaneously.

Thereafter, a series of analogous results to the Benedicks theorem had been ex-
plored in various set ups, including the Heisenberg group and the Euclidean motion
groups (see [31L42]). In particular, Narayanan and Ratnakumar [31] had worked out
an analogous result to the Benedicks theorem for the partially compactly supported
functions on the Heisenberg group in terms of the finite rank of the Fourier transform

of the function.

In a recent article, Vemuri [52] has relaxed the compact support of the function by
finite Lebesgue measure. The latter result can be thought as nearly close to the original
Benedicks theorem. However, it would be a good question to consider the case when
the spectrum of the Fourier transform of an integrable function will be supported on a

thin uncountable set.

In this thesis, our main focus is to explore analogue of Benedicks theorem on the
Euclidean motion groups, Heisenberg motion group and step two nilpotent Lie groups.
We prove that if the group Fourier transform of finitely supported certain integrable

functions is of finite rank, then the function has to vanish identically.

The thesis is organized as follows:

In Chapter [I we briefly introduce the problems considered in the thesis and the
recent developments on the topics related to Heisenberg uniqueness pairs and Benedicks

theorem.

In Chapter [2, we consider the Heisenberg uniqueness pairs corresponding to the

spiral, hyperbola, circle, cross, exponential curves, and some surfaces.

In Chapter Bl we prove a characterization of the Heisenberg uniqueness pairs cor-
TH-1723 136123005
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responding to a certain system of four parallel lines and in this case, we observe the

phenomenon of interlacing of three totally disconnected dispensable sets.

In Chapter d we prove that if the Fourier transform of a integrable function on
the Euclidean motion group M (n) is compactly supported, then the function has to
vanish identically. Further, we explore the Heisenberg uniqueness pairs for the Fourier

transform on M (n) as well as on the product group R" x K, where K is a compact

group.

In Chapter B we prove that if the group Fourier transform of certain integrable
functions on the Heisenberg motion group (or step two nilpotent Lie groups) is of finite
rank, then the function is identically zero. These results can be thought as an analogue
to the Benedicks theorem that dealt with the uniqueness of the Fourier transform of

integrable functions on the Euclidean spaces. spaces.

TH-1723_136123005
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List of Symbols

C"={(z1,..-,2n) : 2z € C}, n>1 and C the field of complex numbers
20 = 2qW1 + -+ 2, Wy, z,w; €EC,1=1,...,n

|2? = |21]* + - - - + |20 |?, where z; € C

Imz : the imaginary part of z € C

B™ : the open unit ball in R" (n > 2)

S4-1: the unit sphere in R? (d > 2)

Z., : set of all non-negative integers

N : set of all positive integers

min(p, ¢) : stands for the minimum of p,q € Z,

gl,(R) : space of all n X n matrices over R

C(X) : space of continuous functions on topological space X
C.(X) : space of compactly supported functions in C'(X)
C*R") : space of radial functions in C,(X)

Ll

loe(X) : space of locally integrable functions on measure space X

LP(X) : space of functions f with [, [f[? < o0, 1 <p < o0
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Chapter 1

Introduction

Let X (T') be the space of all finite Borel measures p in R? which is supported on the
curve I and absolutely continuous with respect to the arc length of I'. For A C R?, the
pair (I', A) is called a Heisenberg uniqueness pair for X (I') if any p € X (I") satisfying

f|x = 0, implies p = 0.

The concept of the Heisenberg uniqueness pair has been first introduced in an
influential article by Hedenmalm and Montes-Rodriguez (see [18]). We would like to
mention that Heisenberg uniqueness pair up to a certain extent is similar to an anni-
hilating pair of Borel measurable sets of positive measure as described by Havin and
Joricke [I7]. Let S,¥ C R be a pair of Borel measurable sets. Then (S5,) form a
mutually annihilating pair if any ¢ € L?*(S) whose Fourier transform ¢ supported on X,
implies ¢ = 0. Further, the notion of Heisenberg uniqueness pair has a sharp contrast
to the known results about determining sets for measures by Sitaram et al. [6,38], due
to the fact that the determining set A for the function i has also been considered a thin

set.

Heisenberg uniqueness pair has a close relation with the long-standing problem

of determining the exponential types for a finite measure which is eventually about

TH-1723_136123005
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exploring the density of the set {¢* : X\ € A} in L?(u). For more details, we refer
to Poltoratski [35,[36]. In particular, the question of HUP can be thought as a dual
problem of gap problem (see [35]). Let p be a finite Borel measure which is supported

on a closed set I' C R and
Gr = sup {a >0: 3 p#0, supp p C T satisfies ji|p,q = O} .

Let A C R. Then (I',A) would be a HUP as long as the determining set A intersect

[0, Gr| at most on a set of measure zero.

In addition, the question of determining the Heisenberg uniqueness pair for a class
of finite measures has also a significant similarity with the celebrated result due to M.
Benedicks (see [7]). That is, support of a function f € L'(R") and its Fourier transform
f cannot be of finite measure simultaneously. Later, various analogues of the Benedicks

theorem have been investigated in different set ups, including the Heisenberg group and

Euclidean motion groups (see [31],32,42]).

In particular, if ' is compact, then i is a real analytic function having exponen-
tial growth and it can vanish on a very delicate set. Hence, in this case, finding the
Heisenberg uniqueness pairs becomes little easier. However, this question becomes im-
mensely difficult when the measure is supported on a non-compact curve. Eventually,
the Heisenberg uniqueness pair is a natural invariant to the theme of the well studied

the uncertainty principle for the Fourier transform.

In the article [I§], Hedenmalm and Montes-Rodriguez have shown that the pair
(hyperbola, some discrete set) is a Heisenberg uniqueness pair. As a dual problem,
a weak® dense subspace of L*(R) has been constructed to solve the Klein-Gordon
equation. Further, a complete characterization of the HUPs corresponding to any two

TH-1723 13 é)lazr%(l)l% lines has been given by Hedenmalm and Montes-Rodriguez (see [1§]).
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Afterward, a considerable amount of work has been done pertaining to the Heisen-

berg uniqueness pair in the plane as well as in the higher dimensional Euclidean spaces.

Recently, Lev [27] and Sjolin [43] have independently shown that circle and certain
system of lines are HUP corresponding to the unit circle S'. Further, Vieli [53] has
generalized HUP corresponding to circle in the higher dimension and shown that a
sphere whose radius does not lie in the zero set of the Bessel functions Ji,or—2)/2; k €
7., the set of non-negative integers, is a HUP corresponding to the unit sphere S™~1!.
In a recent article [46], the author has shown that a cone is a Heisenberg uniqueness
pair corresponding to the sphere as long as the cone does not completely lay on the
level surface of any homogeneous harmonic polynomial on R”. Thereafter, a sense of
evidence emerged that the exceptional sets for the HUPs corresponding to the sphere
are eventually contained in the zero sets of the spherical harmonics and the Bessel

functions, though we yet resolve it (see [46]).

Sjolin [44] has investigated some of the Heisenberg uniqueness pairs corresponding
to the parabola. Subsequently, Babot [5] has given a characterization of the Heisenberg
uniqueness pairs corresponding to a certain system of three parallel lines. However, an

exact analogue for the finitely many parallel lines is still open.

In a major development, Jaming and Kellay [20] have given a unifying proof for
some of the Heisenberg uniqueness pairs corresponding to the hyperbola, polygon, ellipse
and graph of the functions ¢(t) = |t|*, whenever a > 0, via dynamical system approach.
Further, Grochenig and Jaming [I5] have worked out some of the Heisenberg uniqueness

pairs corresponding to the quadratic surface.

Let ' be a finite disjoint union of smooth curves in R Let X (I") be the space of
all finite complex-valued Borel measure p in R? which is supported on I' and absolutely

continuous with respect to the arc length measure on I'. For (£,7) € R?, the Fourier
TH-1723_136123005



transform of y is defined by

(&, m) = / e~ (2, y).
I

In the above context, the function /i becomes a uniformly continuous bounded function

on R2. Thus, we can analyze the pointwise vanishing nature of the function fi.

Definition 1.0.1. Let A be a set in R?. The pair (T, A) is called a Heisenberg uniqueness

pair for X(I') if any p € X (') satisfying fi|x = 0, implies p = 0.

Since the Fourier transform is invariant under translation and rotation, one can

easily deduce the following invariance properties about the Heisenberg uniqueness pair.

(i) Let u, v, € R?. Then the pair (', A) is a HUP if and only if the pair (I'+u,, A+v,)
is a HUP.

(ii) Let T : R? — R? be an invertible linear transform whose adjoint is denoted by

T*. Then (T, A) is a HUP if and only if (77T, T*A) is a HUP.

Now, we state first known results on the Heisenberg uniqueness pair due to Hedenmalm
and Montes-Rodriguez [18]. After that, we briefly indicate the progress on this recent

problem.

Theorem 1.0.1. [I§] Let I' = Ly U Ly, where Lj; j = 1,2 are any two parallel straight

lines and A a subset of R? such that m(A) = R. Then (T',A) is a Heisenberg uniqueness

pair if and only if the set

A =7{(A) U [r(A) N 75 (A)] (1.0.1)

TH-1723_13¢i240t% ™ &
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Here we avoid mentioning the notations appeared in (LOT) as they are bit involved,
however, we have written down the same notations as in the article [I§]. Though, their

main features can be perceived in Section [3.2]

Theorem 1.0.2. [I8] Let I' be the hyperbola x1x2 = 1 and A, 5 a lattice-cross defined
by
Ao = (aZ x{0}) U ({0} x BZ),

where o, B are positive reals. Then (', A, g) is a Heisenberg uniqueness pair if and only

if af < 1.

For ¢ € A, define a function e on I’ by e¢(z) = ™%, As a dual problem to Theorem
02l Hedenmalm and Montes-Rodriguez [18] have proved the following density result

which in turn solve the one-dimensional Klein-Gordon equation.

Theorem 1.0.3. [I8] The pair (I',A) is a Heisenberg uniqueness pair if and only if

the set {ec : £ € A} is a weak* dense subspace of L>(T').

Remark 1.1. In particular, for I' to be an algebraic curve, the question of Heisenberg
uniqueness pair can be understood through a partial differential equation (PDE). That

is, if I' is the zero set of a polynomial P on R?, then fi satisfies the PDE

(2 2)5-0
i am

with initial condition ji|x = 0. This formulation may help potentially in determining the
geometrical structure of the set Z (1), the zero set of the function fi. If we consider A to
be contained in Z(f1), then (I'; A) is not a HUP. Hence the question of the HUP arises

when A has located away from Z(f1).

In the case when p is supported on a circle, the function ji becomes real analytic and

TH-1723 13@%&% could vanish at most on a very thin set. Thus, there are an enormous number
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of candidates for A such that (I'yA) is a HUP. Some of the Heisenberg uniqueness
pairs corresponding to circle has been independently investigated by Lev and Sjolin.

Following are their main results. For more details, we refer to [27,43].

Theorem 1.0.4. [27.43] Let T' = S be the unit circle.

(i) Let A be a circle of radius r. Then (I, A) is a HUP if and only if Jx(r) # 0 for all
kelZ,.

(17) Let A be a straight line. Then (I, A) is not a HUP.

(119) Let A = LyULy, where L;; j = 1,2 are two straight lines. If Ly and Ly are parallel,
then (I',A) is a HUP.

(iv) Let Lj; j=1,...,N be the N different straight lines which intersect at one point
and the angle between any of two lines out of these N lines is of the form mwa. Let

N
Ay = U Lj. Then (T, Ay) is not a HUP if and only if a is rational.

=1

In contrast to the case of finitely many straight lines, Sjolin [43] has shown that
if A = |J Li, where {L;} is a sequence of straight lines which intersect at one point,

k=1
then (S, A) is a HUP.

Remark 1.2. Since we know that any homogeneous harmonic polynomial on R? can
be expressed as Ar?sin(j0 + 0) for some j € N and § € [0,2n) (see [L1]), up to some

N
rotation and translation, we can think of Ay = \J Ly, appeared in Theorem[1.0.7 (iv),

k=1

as the zero set of some homogeneous harmonic polynomial. If (S*,A) is a Heisenberg
uniqueness pair, then the set A must be away from the zero set of any homogeneous
harmonic polynomial. However, the converse is not true. Since (S, A) is not a HUP

if A is a circle whose radius lie in the zero set of some Bessel function. Thus, it is an

interesting question to ezamine the exceptional sets for the Heisenberg uniqueness pairs

TH-1723_1a6{54GH8 1m0 o ciele
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Subsequently, some of the Heisenberg uniqueness pairs corresponding to the parabola
have been obtained by Sjolin [44]. Let |E| denotes the Lebesgue measure of the set
ECR.

Theorem 1.0.5. [44] Let T’ denote the parabola y = .

(1) Let A = L be a straight line. Then (I',A) is a HUP if and only if L is parallel to
the X-axis.

(i1) Let A = Ly U Ly, where Lj; j = 1,2 are two different straight lines. Then (I', A) is
a HUP.

(¢19) Let L;; j = 1,2 be two different straight lines which are not parallel to the X -axis.
Let E; C L; and |E;| > 0; j=1,2. If A = Ey U E,, then (I',A) is a HUP.

The question of Heisenberg uniqueness pair in the higher dimension has been first

taken up by Vieli [53/54].

Theorem 1.0.6. [53] Let T' = S™" ! be the unit sphere in R™ and A a sphere of radius
r. Then (I',A) is a HUP if and only if Jinyor—2)/2(r) # 0 for all k € Z,..

Theorem 1.0.7. [54] Let T be the paraboloid x, = 23 + 23+ -+ 22_, in R" and A
an affine hyperplane in R™ of dimension n — 1. Then (I', A) is a HUP if and only if A

1s parallel to the hyperplane x,, = 0.

Let I denote a system of three parallel lines in the plane that can be expressed
as I' = R x {a, 8,7}, where a < f < v and (y — «)/(f — a) € N. By the invariance
properties of HUP, one can assume that I' = R x {0, 1, p}, for some p € N with p > 2.
The following characterization for the Heisenberg uniqueness pairs corresponding to the

above mentioned three parallel lines has been given by Babot [5].

TH-1723_136123005
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Theorem 1.0.8. [5] Let T = R x {0, 1, p}, for some p € N withp >2 and A C R? a
closed set which is 2-periodic with respect to the second variable. Then (I, A) is a HUP

if and only if the set

A =TF(A) U [II(A) NI (A)] U [ITH(A) NIV (A)] (1.0.2)
18 dense in R.

For the notations appeared in Equation (L.0.2]), we would like to refer the article [5],
as those notations are quite involved. However, the nature of their occurrence can be

understood in the beginning of Section when we formulate the four lines problem.

Further, Jaming and Kellay [20] have given a unifying proof for some of the Heisen-

berg uniqueness pairs corresponding to certain algebraic curves.

Theorem 1.0.9. [20] Let T' be any of the following curves:

(i) the graph of ¥(t) = |t|*, t € R, a > 0;
(i1) a hyperbola;
(11i) a polygon;

(iv) an ellipse.

Then there exists a set E C (—7n/2,7/2) X (=7 /2,7/2) of positive Lebesgue measure
such that for (01,0,) € E, the pair (I', Ly, U Ly,) is a HUP.

In the thesis, we explored the Heisenberg uniqueness pairs corresponding to the
spiral, hyperbola, circle, cross, exponential curves, and surfaces. Then, we prove a

TH-1723 136fﬁ1§86gerization of the Heisenberg uniqueness pairs corresponding to four parallel lines.
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We observe that the size of the determining sets A for X (I') depends on the number of
lines and their irregular distribution that further relates to a phenomenon of interlacing

of the zero sets of certain trigonometric polynomials.

In an interesting article, M. Benedicks [7] had extended the classical Paley-Wiener
theorem to the class of integrable functions. Let f denote the Fourier transform of
feL'R"). Let £ = {z e R": f(z) # 0} and F = {& € R" : f(€) # 0}. If both the

sets £ and F have finite Lebesgue measure, then f = 0.

Thereafter, a series of analogous results to the Benedicks theorem and related
problems had been explored in various set ups, including the Heisenberg group and
the Euclidean motion groups (see [31H33,137,[39,140,[42]). In particular, Narayanan and
Ratnakumar [31] had worked out an analogous result to the Benedicks theorem for the
partial compactly supported functions on the Heisenberg group in terms of the finite
rank of Fourier transform of the function. Further, in a recent article [52], Vemuri has
relaxed the compact support condition on the function by the finite support. Since the
group Fourier transform on the Heisenberg group is operator valued, the latter result
seems close to the classical Benedicks theorem. However, it would be a good question to
consider the case when the spectrum of the Fourier transform of an integrable function

would be supported on a thin uncountable set.

In this thesis, our main focus is to explore analogue of Benedicks theorem on the
Heisenberg motion group and step two nilpotent Lie groups. We prove that if the group
Fourier transform of finitely supported certain integrable functions on the Euclidean
motion groups (or Heisenberg motion group, step two nilpotent Lie groups) is of finite

rank, then the function has to vanish identically.

The thesis is organized as follows:

TH-1723_136123005



10

In Chapter 2, we extensively consider the Heisenberg uniqueness pairs correspond-
ing to the spiral, hyperbola, circle, cross, exponential curves, and certain exponential

surfaces.

In Chapter B, we prove a characterization of the Heisenberg uniqueness pairs
corresponding to a certain system of four parallel lines and in this case, we observe
the phenomenon of interlacing of three totally disconnected dispensable sets. Let
I' denotes a system of four parallel straight lines in R? which can be represented
by I' = R x {a, 5,7,0}, where a < f < v < 0 with (y — a)/(8 —a) = 2 and
(0 — a)/(B — a) € N. By the invariance properties of HUP, one can assume that
I'=R x{0,1,2,p} for some p > 3.

Let A € R? be a closed set which is 2-periodic with respect to the second variable.

Suppose II(A) is dense in R. If (I, A) is a Heisenberg uniqueness pair, then the set

fi(a) = ') [H<3—J’>(A) I (A)

=0
is dense in R. Conversely, if the set
M 3
IL,(A) = TI(A) | [TV(A) N T2 (A)] U [ITH(A) N TV (A)] (1.0.3)
j=2

is dense in R, then (", A) is a Heisenberg uniqueness pair.

For the notations appeared in (L0.3]), we refer Chapter [3] Section

In Chapter d] we prove that if the Fourier transform of a integrable function on
the Euclidean motion group M (n) is compactly supported, then the function has to
vanish identically. Further, we explore the Heisenberg uniqueness pairs for the Fourier

transform on M (n) as well as on the product group G’ = R" x K, where K is a compact

TH-1723_136123005
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group. We observed a one to one correspondence between the class of HUP’s on R”

and the class of HUP’s on G'.

In Chapter B we prove that if the group Fourier transform of certain integrable
functions on the Heisenberg motion group (or step two nilpotent Lie groups) is of finite
rank, then the function is identically zero. These results can be thought as an analogue
to the Benedicks theorem that dealt with the uniqueness of the Fourier transform of

integrable functions on the Euclidean spaces.

TH-1723_136123005



Chapter 2

Heisenberg uniqueness pairs for
regular curves and surfaces

2.1 Introduction

In this chapter, we work out some of the Heisenberg uniqueness pairs corresponding
to the spiral, hyperbola, circle, cross and certain exponential curves by using the basic
tools of the Fourier analysis. Though, a complete characterization for the Heisenberg

uniqueness pairs corresponding to either of the above algebraic curves is still unsolved.

2.1.1 HUPs corresponding to the spiral

First, we prove that the spiral is a Heisenberg uniqueness pair for the anti-spiral.

Theorem 2.1.1. Suppose I' = {(e'cost,e tsint): ¢t >0} is a spiral and let A =

{(e®coss,e’sins) : s <0}. Then (I', A) is a Heisenberg uniqueness pair.

In order to prove Theorem [ZTT] we need the following results from [6][10].

Theorem 2.1.2. [I0] Let h be a bounded measurable function and g € L*(R"). If hxg

TH-1723 13(?%66%5 identically, then h vanishes on the support of g.



2.1 Introduction 13

Let RT = {(21,...,2,) € R":2; > 0; j=1,...,n}. The following result had ap-
peared in the article [6] by Bagchi and Sitaram, p. 421, as a part of the proof of

Proposition 2.1.

Proposition 2.1.1. [6] Let h be a non-zero bounded Borel measurable function which

is supported on R”.. Then supp h =TR".

Proof of Theorem[2.11. Since pu is absolutely continuous with respect to the arc length
measure on I, by Radon-Nikodym theorem there exists f € L'[0,00) such that du =
V2f(t)eTtdt. Let g(t) = V2f(t)e™t. Then by the finiteness of yu, it follows that g €

L'[0,00). By hypothesis, ji|s = 0 implies

~ > —ime (& cos sin - —ime(s=t) cos(t—s
u(ﬁ,n)z/ e R t)du(t)z/ e CSg)dt =0 (2.1.1)
0 0

for all (&,7) € A. Let H(t) = e ™ “Sty(g0)(t) and G(t) = g(t)X(0.00)(t). Then from
2110, we get a(€,n) = (H*xG)(s) =0V s € R. In view of Theorem [2Z.1.2] we infer that
supp H C Z(G), where Z(G) denotes the zero set of G. As H is a non-zero bounded
Borel measurable function supported in [0, 00), by Proposition 2111 it follows that
supp H =R and hence G = 0. Thus, p = 0. O

2.1.2 HUPs corresponding to the exponential curves

In this section, we work out some of the Heisenberg uniqueness pairs corresponding to
certain exponential curves in the plane. Though, the result is true for a large class of

exponential curves, for the sake of simplicity we prove only for a particular one.

Let 1 be a finite Borel measure having support on I' = {(¢,¢e!") : t € R} which is

absolutely continuous with respect to the arc length on I'. Then there exists f € L'(R)
TH-1723_136123005
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such that du = g(t)dt, where g(t) = f(t)V'1 + 4t2¢2*. Hence by finiteness of p, it follows
that g € L'(R) and
. 2
a(x,y) = / e_m<xt+ye )g(t)dt. (2.1.2)
R

Then /i satisfies the PDE

(14+T2) it = adyji (2.1.3)
oo 4 4n+k )
in the distributional sense, where 7, z:: (z:: ans k)'ain-i-k) and a = *.

Theorem 2.1.3. Let I' = {(t,a(t)) : t € R}, where a : R — R be defined by a(t) =

2
et”.

(1) Let A be a straight line. Then (I'; A) is a Heisenberg uniqueness pair if and only if

A is parallel to the x-axis.

(i1) Let A = Ly ULy, where L;; j = 1,2 are any two straight lines parallel to the Y -azis.
Then (I',A) is a HUP.

(i13) Let L;; j = 1,2 be two parallel lines which are not parallel to either of the azes.

Then (I, L1 U Lg) is a Heisenberg uniqueness pair.

In order to prove Theorem 2.1.3] we need the following two important results

about the uniqueness of Fourier transform. First, we state a result which can be found

in Havin and Joricke [17], p. 36.

Lemma 2.1.1. [17] If p € LY(R) is supported in [0, 0) = —00, then

p=0.

As a consequence of Lemma [ZT.1] we prove the following result.

Next, we state the following form of Radon-Nikodym derivative theorem (see [12],

TH-1723_ 134135805



2.1 Introduction 15

Proposition 2.1.2. Let v be a o-finite signed measure which is absolutely continuous

with respect to a o-finite measure p on the measure space (X, M). If g € L*(v), then

gg—z € L'(p) and [ gdv = fgg—Zd,u.

As a consequence of Lemma ZT.1] and Proposition 2T.2] we prove the following
result. Let h. : R — R defined by h.(t) = (¢t + i)2 + e* — 2, where ¢ is a non-zero

constant. Let |F| denotes the Lebesgue measure of the set £ C R.

Lemma 2.1.2. Let g € LY(R). Suppose E C R and |E| > 0. Then

/ e—iﬂcxhc(t)g(t)dt =0 (214)
R

for all x € E if and only if ¥.(u) = go h;%u%#ﬂ(uz) is an odd function.

Proof. By Proposition 2.1.2] we can write the left-hand side of (2.1.4) as

I = / e~imezhe(®) () dt (2.1.5)
R

- 2udu
_ —iTCTU h_l 2
fe e taeh W

= / ey (u) du.
R

Hence by Proposition 2212 it follows that 1. € L'(R) and we get

I = / €_iWCIU2¢C(U)dU+/ 6—i7rc:cu2,¢c(_u)du
0 0
- / e~ B (u)du,
0

where F,(u) = tc(u) + .(—u) for all u > 0. Clearly F,. € L'(0,00) and by the change

of variables u? = v, we have

dv

s (2.1.6)

]:/ e—iwcvac(\/E>
TH-1723_ 136123005 0
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Let ¢(v) = F.(v/0)/24/V X(0,00)(v). Then ¢ € L*(R) and from (2I0G) we obtain I =
p(cx) = 0 for all x € E. That is, ¢ vanishes on the set ¢E of positive measure. Thus, by

Lemma 2T we conclude that ¢ = 0 a.e. Hence, it follows that F. = 0 a.e. on [0, 00).

Conversely, if 9. is an odd function, then (214 trivially holds.

As a corollary to Lemma 2.1.2] we can derive the following result.

Corollary 2.1.1. Let g € LY(R) and a : R — R, be defined by a(t) = e, Suppose
E CR and |E| > 0. Then

/ e~ g(t)dt =0 (2.1.7)
R

for all x € E if and only if g is an odd function.

Proof. The left-hand side of Equation (2.1.7) can be expressed as

0 o0
NS / e‘”ya(t)g(t)dth/ e~ el g (t)dt
0

— o0

- / e (o(1) 4 g(—t)dt

= / e~ ™0 F(t)dt,
0

where F(t) = g(t) + g(—t) for all t > 0. Clearly F' € L'(0,00) and hence by the change

of variables u = «/(t), we have

< du
I = —mru L /1 _ 2.1.8
/1 (g ) e (2.1.8)

Let p(u) = F(y/Iogu)/2uy/1ogu x(1,00)(w). Then ¢ € L'(R) and from ([2I8) we have
I =¢(y) =0 for all y € E. Since ¢ vanishes on a set E of positive Lebesgue measure,

TH-1723 13é)]?72§66%mam it follows that ¢ = 0. That is, /' = 0 and hence ¢ is an odd function.
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Conversely, if g is an odd function, then ([ZI7) trivially holds. O

Proposition 2.1.3. Suppose £ C R and |E| > 0. Assume ¢,d € R with ¢,d # 0. Then
(i) fi(z,cx) =0 for all x € E if and only if 1. is an odd function.
2u

(it) i(x,cx +d) =0 for all x € E if and only if ¢.(u) = x o hc_l(u2)W is an

. 2
odd function of u, where x(t) = e~ g(t).
Proof. (7). From (2.1.2) we can express

: 2 ) )
[L(ZL’, Cl’) _ / e—mm(t—i—cet )g(t)dt _ emrx/zlc/ e—mcwhc(t)g(t)dt.
R

R

By Lemma 2.T.2] 1. is odd if and only if zi(z, cz) = 0 for all = € E.

(77). By a simple computation, we get

p(z, cx +d) = /

. 2 . .
e—mx(t—i—cet )X(t)dt _4 em:c/4c/ e—mcxhc(t)x(t)dt'
R R

As similar to the above case, ¢. is odd if and only if u(x,cx +d) =0forallz € E. O

Proof of Theorem[Z 1.3 (i). In view of the invariance property (i), we can assume that

A is the x-axis. Recall that i satisfies

fi(z,y) = /Re_m<xt+y6t2)g(t)dt-

Hence fi|y = 0 implies that g(x) = 0 for all x € R. Thus, we conclude that p = 0.

Conversely, suppose A is not parallel to the z-axis. If A is parallel to the y-axis,
then by Corollary 2111 it follows that (I', A) is not a HUP. Hence we can assume that

A of the form y = cx, where ¢ # 0. Choose a non-zero odd function ¢ € L'(R) and let
TH-1723 136123005
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 e(y/he®)m®)
g(t) = ——F7—— 0]

uniqueness pair.

. Then by Proposition 2.1.3] it follows that (I', A) is not a Heisenberg

(7). By invariance property (i), we can assume L is the Y-axis and Ly the line x = z,,
where x, # 0. Since [i vanishes on Ly, by Corollary 2.1.T] it follows that ¢ is odd. Also,

it vanishes on the line Ly implies that

—iﬂ(xot-‘,-yetQ) _
/ e g(t)dt =0
R

for all y € R. In view of Corollary 111 it follows that e~™*°’g(¢) is an odd function.
Hence e™lg(t) = —e™elg(—t). Since g is odd, it implies that (e*"*! — 1)g(t) = 0.
As the identity e?7™*! = 1 holds only for the countably many ¢, we conclude that g = 0.
Thus, p = 0.

(#33). Let Ly = {(z,cx) : = € R} and Ly = {(z,cx +d) : z € R}, where
c,d # 0. Since i, = 0; j = 1,2, by Proposition 2.1.3 it follows that ¢, and ¢, are
odd functions. Let u, and u_ be the square roots of h.. Since ¢, is an odd function, it

implies that

Z.7rd{e(hzl<u%>)2_e(hc1<ui>)2 }

e

—1 djc(u) =0.

That is, . = 0 a.e. and hence g o h;*(u?) = 0 almost all v. Thus, the pair (T, L1 U Ly)

is a Heisenberg uniqueness pair. O

Remark 2.1. Let a: R — R be an even smooth function having finitely many local
extrema and I' = {(t,a(t)) : t € R} . Then the conclusions of Theorem [21.3 would also
hold.

TH-1723_136123005
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2.1.3 HUPs corresponding to the circle

In this section, we work out some of the Heisenberg uniqueness pairs corresponding to

the circle. We show that (circle, spiral) is a HUP.

Let I' = S! denote the unit circle in R?. If for f € LY(T"), we write f(0) instead of
f(e?), then f is a 27 periodic function and f € L'[0,27). Let u be a finite complex-
valued Borel measure in R? which is supported on I' and absolutely continuous with
respect to the arc length measure on I'. Then there exists f € L*(S') such that

dp = f(0)dd. Now, we prove the following result.

Theorem 2.1.4. Let T' = S' and A = {(¢' cost,elsint) : t <0} be the spiral. Then

(I',A) is a Heisenberg uniqueness pair.

Proof. Since p is supported on the unit circle I', we can write the Fourier transform of
by
ﬂ(l', y) _ / 6—i7r(:cc050+ysin9)f(9)d9.

Hence /i can be extended holomorphically to C2. Thus, the function £ defined by

F(Zl, 22) _ / e—iW(Zl cos 0+22 sin@)f(e)cl‘g7

=

is holomorphic on C?. In particular, i = F|ge is a real analytic function. Since [
vanishes on the spiral A, for any line L which passes through the origin, fi|anr = 0. As
(0,0) is a limit point of the set A N L, it follows that fi|;, = 0. Since L is arbitrary, we

infer that fi(x,y) = 0 for all (z,y) € R%

Let S, = {(rcost,rsint) : 0 <t < 27}, where Ji(r) # 0 for all k& € Z. Then
f(rcost,rsint) = 0 implies h * f(t) = 0, where h(t) = e"™ <t As we know that the

Fourier coefficients of h satisfying h(k) = i*(—1)*Jy(r , it follows that F(k)Je(r) = 0
TH-1723_136123005 ving M) = FELRALD T
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for all k € Z. Since Jy,(r) # 0 for all k € Z, f(k) = 0 for all k € Z and hence f = 0. O

Remark 2.2. A set which is determining set for any real analytic function is called
NA - set. For instance, the spiral is an NA - set in the plane (see [34]). If p is a
finite Borel measure supported on a closed and bounded curve I, then [i is real analytic.

Thus, (I'; NA - set) is a Heisenberg uniqueness pair. However, the converse is not true.

Hence, in view of Remarks[L.2 and [2.2, we expect that the exceptional sets for
the Heisenberg uniqueness pairs corresponding to the unit circle I' = St are eventually
contained in the zero sets of all homogeneous harmonic polynomials union with the
countably many circles whose radii are lying in the zero set of the certain class of
Bessel functions. On the basis of these credible observations, we are trying to find out
a complete characterization of the Heisenberg uniqueness pairs corresponding to circle

which may be presented somewhere else.

2.1.4 HUPs corresponding to the hyperbola

In this section, we work out some of the Heisenberg uniqueness pairs corresponding
to the hyperbola. Though in this case, Hedenmalm and Montes-Rodriguez [I8] have
found that some discrete set A, g is enough for (I', A, 3) to be a Heisenberg uniqueness
pair. However, our approach is to consider those sets A which are essentially a union

of continuous curves and located somewhere else than the set A, s.

Theorem 2.1.5. Let I' = {(cosht,sinht):t > 0} be a branch of the hyperbola and
A ={(cosh s, —sinhs) : s € R}. Then (I', A) is a HUP.

Proof. Since  is supported on T', there exists f € L'[0, 0o) such that du = f(t)v/cosh 2t dt.

TH-1723_136123005
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If we write g(t) = f(t)Vcosh 2t, then g € L'[0, 00) and

ﬂ(.ﬁ(}, y> _ / e—iw(m cosh t+y Sinht)g(t)dt.
0

By hypothesis, fi|y = 0 implies

iz, y) = / e~ imeosht=s) g (1) dt = 0 (2.1.9)
0

for all (z,y) € A. Let H(t) = e ™My y(t) and G(t) = g(t)X(0,00)(t). Then from
ZIA) we get fi(z,y) = (H «G)(s) = 0 for all s € R. In view of Theorem 212
it follows that supp H C Z (G’) Hence by Proposition E.I.1 supp H = R. Thus, we

conclude that G = 0. O
Theorem 2.1.6. Let I' = {(cosht,sinht) : t € R} and A = Ly U Ly, where Lj; j = 1,2
are any two lines parallel to the X -azis. Then (I',A) is a HUP.

We need the following result for proving Theorem 2.T.6l

Lemma 2.1.3. Let g € L'(R) and E C R such that |E| > 0. Then

/ emimreoshlo(tydt =0 (2.1.10)
R

for all x € E if and only if g is an odd function.

Proof. The left-hand side of (ZII0) can be expressed as

0 00
I = / e—imv COShtg(t)dt 4 / e—imv COShtg(t)dt
0

—0o0

= [ eyt + g(-tat

— / e—iT(ZC COShtF(t)dt,
TH-1723_136123005 ’
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where F(t) = g(t)+g(—t) for all t > 0. Clearly F' € L'(0, 00). By the change of variables
u = cosht, we get

I:/ e~ ™ F(cosh™ u) (2.1.11)
1

w?—1
If we substitute ¢(u) = F(cosh™ u)/vu2 — 1 X(1.00), then ¢ € L}(R) and I = $(x) =0
for all z € E. Hence by Lemma 2111 it follows that ¢ = 0. Thus, we infer that g is an

odd function.

Conversely, suppose ¢ is an odd function, then (ZII0) trivially holds. O

Proof of Theorem[21.0. By invariance property (i), we can assume that L; is the X-
axis and Lo the line y = y,, where y, # 0. Since pu is supported on the hyperbola I,
there exists f € L'(R) such that du = f(¢)v/cosh 2t dt. Let g(t) = f(t)v/cosh 2t, then

g € L'(R). Hence in view of Lemma 21.3] /i vanishes on L; implies that g is an odd

function. Further, fi|z, = 0 implies that
/ e—iw(z cosh t+y, sinht)g(t)dt -0
R

for all # € R. Then by Lemma B3 the function e~ sbig(+) will be an odd func-
tion. Hence e~ ¥osinhig () — _cimyosinhtg(_ ) Ag g is an odd function, it follows that
(e%imyosinht 1) g(¢) = 0. Using the fact that e*™v°si"b? =1 holds only for the countably

many values of ¢, we conclude that g = 0. O

Theorem 2.1.7. LetI' = {(cosht,sinht) : ¢t € R} and A = Ly ULy, where Lj; j = 1,2

are any two straight lines which intersect at an angle o € (0, 7). Then (I',A) is a HUP.

Proof. Without loss of generality, we can assume that L; is the X-axis and L, =
{(scosht,, —ssinht,) : s € R}, where tana = — tanht,. Since u is supported on the
hyperbola T, as similar to Theorem R.I.6] there exists g € L'(R) such that du = g(t)dt.

TH-1723_136123005



2.2 HUPs corresponding to certain surfaces 23

Suppose 1 = 0 on A, then we have
/ e—iw(m cosh t+y Sinht)g(t)dt =0
R
for all (x,y) € L. This in turn implies

/ 6—i7rscoshtg(t + to)dt =r'
R

for all s € R. In view of Lemma [2Z1.3] it follows that g(¢, +-) must be an odd function.
Since fi is also vanishing on the X-axis, g will be odd. Hence g (2t, +t) = g(t) for all
t € R. That is, ¢ is a periodic function contained in L'(R). Thus, we conclude that

g=0. O

Remark 2.3. (a). Let I' be the hyperbola and A a straight line parallel to the X -axis.
Then (I', A) is not a HUP. Consider g(t) = Vcosh2tsint x(_r ) (t) and du = g(t)dt.

Then fi vanishes on A.

(b). We would like to mention that Theorem [2.1.7 is well contained in the case (ii) of
Theorem [L09 due to Jaming and Kellay [20]. However, our approach for a proof of
Theorem [2.1.7 is quite different.

2.2 HUPs corresponding to certain surfaces

The question of HUP in the higher dimension has been taken up by Vieli [53,54] and

worked out some of the HUP’s corresponding to the sphere and the paraboloid.

The following is the main result of this section.

Theorem 2.2.1. Let I' be the surface xpi1 = €% 4 -+ €™ in R™™ and A an affine
TH-1723 136123005
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hyperplane in R™™ of dimension n. Then (I, A) is a Heisenberg uniqueness pair if and

only if A is parallel to the hyperplane x, 1 = 0.

Foru = (uy, ..., uy), denoting ¢(u) = €“i+- - -+e¥n. Let pu be a finite Borel measure
which is supported on I' = {(u, p(u)) : u € R"} and absolutely continuous with respect

to the surface measure on I'. Then by Radon-Nikodym theorem, there exists an inte-

grable function f on R" such that du = g(u)du, where g(u) = f(u)\/1 + |grad ¢(u)[2.
Then by the finiteness of p, it follows that g € L!'(R"). Denote v’ = (uy, ..., u,) and

x' = (x2,...,2,). Then the Fourier transform of ;1 can be expressed as

f(x) :/ e_m(z,'“l”"““o(“))g(u)du (2.2.1)

for x € R*+1.

Proof of Theorem[2Z.2]]. Since A is an affine hyperplane in R"*! of dimension n, by
the invariance properties of HUP, we can assume that A is a linear subspace of R"*!

which can be considered as either x,,.; = cx,, where ¢ € R or x; = 0.

IfA={(xq,...,0p41) € R . 2,1 =0}, then by the hypothesis, fi|y = 0 implies
g = 0 on R™ Thus, it follows that (I', A) is a HUP.

Conversely, suppose A is not parallel to the hyperplane x,,; = 0. Consider a non-
zero compactly supported odd function ¢ € L'(R) together with a non-zero compactly

supported function h € L'(R"™!). Then we have the following two cases.

(). TA = {(z1,...,7p1) € R™™ 12y =0} and g(u) = ¥ (uy)h(v), then for z € A,
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we have

A

Iu(x) = e_ﬂi(m,~“/+mn+14p(“))g(u)du

n

—

e~ W F T (W) (g V() du

n

= e_m{m,'“/”"*l(“D(“)_eu%)} (/ e_mx”+1eu%¢(U1)du1) h(u')du'
R

Rn—1

Il
<

Thus, (I', A) is not a Heisenberg uniqueness pair.

(i1). Suppose A = {(z1,...,Tps1) € R™™ 2,1y = cxy, ¢ # 0} . Consider a function
(t) = ¥ (V/he(®) hit)
T T, /he(t)

for x € A, we have

and write g(u) = 7(up)h(u'). If we denote 2" = (x1,...,2,). Then

,[AL([L’) | / e—ﬂi(:c”,u—i-czlgo(u))g(u)du

L / e_ﬂi(z/’.u+cg31(p(u))7_(u1)h(u/)du

= [ e (f cormienD i ) n i
Rn—1 R

By Lemma T2 it follows that

/e—mwl(ul‘i'ce 1)T(u1)du1 1 /e—mcmhc(m)T(ul)dul
R R

— / ey (1) dt
R
= 0.

Thus, we conclude that (I', A) is not a Heisenberg uniqueness pair. O
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2.3 (- Heisenberg uniqueness pair

Let I' = (R x F,,) U (F, x R), where F,, = {0,1,...,n}. Consider a subset C C X(I)

such that for any p € C, there exist f; € L'(R); j € F, satisfying

n

du(w,y) = (filw)dedsi(y) — fu(y)do(z)dy) (23.1)

k=0

where J; denotes the point mass measure at k. Then the pair (I', A) is said to be a

C-HUP if any measure p € C satisfies fi|y = 0, implies y is identically zero.
Forn =0, let a; € R; j = 1,2 be independent over Q, the set of rational numbers.
Consider the lines Lo, = {(§,7) € R* : n — & = a;}; j=1,2.

Theorem 2.3.1. LetI' = (R x {0})U ({0} x R) and A = L, UL,,, where a;; j=1,2
are independent over Q. Then (I, A) is a C-HUP.

Proof. For p € C there exist f € LY(R) such that

du(z,y) = f(z)dzdd,(y) — f(y)dd,(x)dy.

By taking the Fourier transform of both the sides, we get

agn) = / e~ T dp (i, y)
r

= [ e~ [ ey
NG

Now, fi|r,, = 0 implies that f(t) = f(t+ay) for all t € R. Using the invariance property
(i1), we can assume that a; > 0; j = 1,2. Hence, f is a periodic function with some

period p, > 0. By the simple recursions, we can derive that f(£) = f(t + may) for all
TH-1723_136123005
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m € Z and t € R. Similarly, by the condition fi|z,, = 0, it follows that f(t) = f(t+nay)

for all n € Z and t € R. Thus, we infer that

~

F(t) = f(t+may 4 nas)

whenever, m,n € Z and t € R. By Kronecker approximation theorem (see [3]), we can
always find m,,n, € Z such that |my,aq + n,as| < p,, which contradicts the fact that
Do is the period of f. This, in turn, implies that f must be a constant function. Thus,

by Riemann-Lebesgue lemma f = 0. U

Remark 2.4. (i). Let T, = (R x {0H)U({0} x R) and A = {(¢,n) e R?:np =, |a| <
1}. Then by Riemann-Lebesgue lemma, it can be easily deduced that (I',, A) is a C-HUP.
On the other hand, if A C {(&,n) € R? : n =&}, then (T, A) is not a C-HUP. Next, for
A ={(&n) € R?:n= £}, one can easily verify that (T,, \) is a C-HUP.

(i1). ConsiderT' = (R x F,)U(F, X R) and A = {(&,n) € R? : n = &}. Then (T, A)
is not a C-HUP. For this, we can choose non-zero functions f; € L*(R); j € F, such

that

n

pen) =3 (7€) — e fum) (2:3.2)

k=0
and hence fi(€,n) = 0, whenever € = n. Forn =1, if A is the &-aais, then (fo+ f1)(€) =
fO(O) + e‘”ﬁfl(O) for all £ € R. By Riemann-Lebesque lemma, it is enough to consider
fi = —fo and f3(0) = 0. Thus, (T, A) is not a C-HUP.

(i17). In view of injectivity of the Fourier transform on L!'(R), for a pair (T',, A) to
be a C-HUP it is necessary that at least one of the orthogonal projections 7;(A); j = 1,2
on the axes must be dense in R. It would be an interesting question to get a sufficient

condition for the C-Heisenberg uniqueness pairs corresponding to I',,.

TH-1723_136123005



Chapter 3

Heisenberg uniqueness pairs for
four parallel lines

3.1 Introduction

A characterization of the Heisenberg uniqueness pairs corresponding to any two
parallel straight lines has been done by Hedenmalm and Montes-Rodriguez [18]. Fur-
ther, Babot [5] has worked out an analogous result for a certain system of three parallel
lines. In this chapter, we prove a characterization of the Heisenberg uniqueness pairs
corresponding to a certain system of four parallel lines. In the above case, we observe

the phenomenon of interlacing of three totally disconnected sets.

3.2 Preliminaries and auxiliary results

Let I', denote a system of four parallel lines that can be expressed as I', = R X

{a, 8,70}, wherea < f <y <6, p=(6—0a)/(B—a) € N\{1,2} and (y—a)/(f—a) =

2. If (I'y, A,) is a HUP, then by using invariance property (7), (I'y, A,) can be reduced

to (I';, — (0,), A,) . Since scaling can be thought as a diagonal matrix, by using in-

variance property (i), (I, — (0,a),A,) can be reduced to (T~1(T, — (0,a)),T*A,),
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where T' = diag{(8 — a), (8 — a)}. Let A = T*A, and T' = T4, — (0,)). Then
' =R x{0,1,2,p}, where p € N with p > 3. Thus, (I'y,A,) is a HUP if and only if
(I',A) is a HUP.

Before we state our main result of this section, we need to set up some necessary

notations and the subsequent auxiliary results.

Let u be a finite Borel measure which is supported on I" and absolutely continuous
with respect to the arc length measure on I'. Then there exist functions f;, € L'(R); k =

0,1, 2,3 such that

dp = folx)dzddo(y) + fi(x)dxdor (y) + fol)dzdds(y) + f3(x)dxdo,(y), (3.2.1)

where §; denotes the point mass measure at ¢t. By taking the Fourier transform of both

sides of (B21)) we get

(€, ) = fo(€) + €™M f1 () + €™ fo(€) + €7 f3(£). (3.2.2)

Notice that for each fixed (£, 7n) € A, the right-hand side of (3.2.2)) is a trigonometric
polynomial of degree p that could have preferably some missing terms. Therefore, it
is an interesting question to find out the smallest set A that determines the above
trigonometric polynomial. We observe that the size of A depends on the choice of a
number of lines as well as irregular separation among themselves. That is, a larger
number of lines or value of p would force smaller size of A. Eventually, the problem

would become immensely difficult for a large value of p.

Observe that /i is a 2-periodic function in the n-variable. Hence, for any set A C R?,
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it is enough to consider the set

L(A)={(&,n): (&n+2k) € A, for some k € Z}

for the purpose of HUP. Also, it is easy to verify that (I',A) is a HUP if and only if
(T, £(A)) is a HUP, where £(A) denotes the closure of £(A) in R% In view of the above
facts, it is enough to work with the closed set A C R? which is 2-periodic with respect

to the second variable.

It is evident from the Riemann-Lebesgue lemma that the exponential functions,
which appeared in (3.22]), cannot be expressed as the Fourier transform of functions
in L'(R). However, they can locally agree with the Fourier transform of functions in
L*(R). Hence, in view of the condition ji|y = 0, we can classify these related exponential

functions.

Given a set £ C R and a point £ € E, let I denote an interval containing §. We

define three functions spaces in the following way.

(A). L2F = {¢ : E — C such that there is an interval I and a function ¢ € L'(R)

loc

which satisfies ¢ = ¢ on I N E}.

(B). PY2[L*] = {¢ : E — C such that there is an interval I and ; € L'(R); j = 0,1

loc

which satisfies ¢ + @19 + $o = 0 on I N E}.
Now, for p € N with p > 3, we define the third functions space as follows.

(C). PYY[LE4] = {1 : E — C such that there is an interval Iz and functions ¢; €

loc

LY(R); j =0,1,2 which satisfy ¢¥? + @otp? + P19 + o = 0 on I N E}.

We will frequently use the following Wiener’s lemma that plays a key role in the
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rest part of the arguments for proofs.

Lemma 3.2.1. [22] Let ¢ € LS and (&) # 0. Then 1/¢ € LE*.

loc loc

For more details, see [22], p.57.

In view of Lemma B.2.T] we derive the following relation among the sets which are
described by (A), (B) and (C). We would like to mention that the integral choice of

p in Lemma [3.2.2 has been considered for a convenience.

Lemma 3.2.2. For p > 3, the following inclusions hold.

L & PV L @ PYR L5 (3.2.3)

loc loc

Proof. (a) If ¢ € le;f, then by the Wiener’s lemma 1/t € Lﬁ;f. By definition, there
exist intervals I1, I, containing ¢ and functions f, g € L'(R) such that ¢» = f on [; N E
and i = g on I, N E. Hence we can extract an interval I3 C I, N I, containing £ such
that ¢? = g on IsN E. As g(§) # 0, there exists an interval I, containing ¢ and a

function h € L'(R) such that % — h on I, N E. Further, we can extract an interval

I5 C I3 N I containing & such that

—

Y =fh=frxh=0¢ (3.2.4)

on Iy N E, where ¢ = f* h € L'(R). This implies ¢* € le;f. Hence by the induction
argument, it can be shown that P € Lif, whenever p € N. Now, consider a function

fo € LY(R) such that I; C supp fo. Since ¢ = f on I, N E, it follows that

fo=fof =Tox f (3.2.5)
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on I; N E. Hence from ([3:224]) and (B2ZH]) we conclude that
W+ Prp+ o =0 (3.2.6)

on Ic N E, where I, C I, N I5, 0o = —(fo * f + @) and @1 = fo. Thus, ¢ € PY2[L.4].

loc

By applying induction, we can show that ¥* 4+ p11 + g = 0, whenever p € N.

(b) If ¢ € Pl’z[Ll}if], then there exists an interval /¢ containing ¢ and functions f, g €

L'(R) such that

W+ fo+g=0 (3.2.7)

on INE. Now, consider a function f, € L*(R) such that I C supp fo. After multiplying

B2Z1) by ¢ and fg separately and adding the resultant equations, we can write
v+ (fo+ F)u+ (Fof +9) v+ fog =0
Hence for the appropriate choice of ¢;; 7 =0, 1,2, we have
Y3+ Go? + G13b + Po = 0 (3.2.8)

on I¢ N E. Further by induction, it follows that ¢? + Gotp? + @190 + @9 = 0 on [ N E,
whenever p € N. Thus, ¢ € PY?[L7*]. O

loc

Let TI(A) be the projection of A on R x {0}. For £ € II(A), we denote the corre-

sponding image on the 7 - axis by

Ye={n€l0,2):(£n) € A}.

Now, we require analyzing the set II(A) to know its basic geometrical structure
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in accordance with the Heisenberg uniqueness pair. Since it is expected that the set
Y¢ may consist one or more image points depending upon the order of its winding,
the set II(A) can be decomposed into the following four disjoint sets. For the sake of

convenience, we denote F, = {0,1,2,3}.
(Py). ITY(A) = {€ € TI(A) : there is a unique 7y € X¢}.
(P2). IT(A) = {€ € II(A) : there are only two distinct n; € Y¢; j = 0,1}.

In order to describe the rest of the two partitioning sets, we will use the notion
of the symmetric polynomial. For each k € Z., the complete homogeneous symmetric

polynomial Hy, of degree k is the sum of all monomials of degree k. That is,

Hy (21, ..., 2,) = Z BT

l1+~~~+ln:k; liZO

For more details, we refer to [2§].

Consider four distinct image points n; € [0,2) and denote a; = e™"; j € Fy. For

p > 3, we define the remaining two sets as follows:

(P3). II3(A) = {& € TI(A) : there are at least three distinct n; € X for j = 0,1,2 and

if there is another 13 € ¢, then H, o(ag, a1, az) = Hp_a(ao, a1, as3)}.

(Py). II*(A) = {¢€ € II(A) : there are at least four distinct n; € X¢; j € F, which satisfy
H

p—Z(aOaalaa2) 7é Hp—2(a0aa'laa'3)}~

4
In this way, we get the desired decomposition as IT(A) = (J IT7(A).
j=1

Now, for three distinct image points 1; € [0,2); j = 0,1,2, denote a = ™™,
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b=¢e™n and ¢ = ™. Consider the system of equations A}X = Bf, where

1 a a?
A=|10b » |, (3.2.9)
1 ¢ ¢

Xe = (10,7, 7) and B{ = —(a?,0”,¢?). Since det A} = (a — b)(b — ¢)(c —a) # 0,

Ag’X = B? has a unique solution. A simple calculation gives

17, = —abcH, s(a,b,c), (3.2.10)
o= Hyq(a,be)— (@ +0¥ '+ )+ > dvrer,

l+m+n=p—1

lm,n>1

T, = —H, s(a,b,c).

Since measure in the question is supported on a certain system of four parallel lines
and the exponential functions which have appeared in (B22)) can locally agree with the
Fourier transform of some functions in L'(R), the following sets sitting in IT1(A) seems

to be dispensable in the process of getting the Heisenberg uniqueness pairs.

(Py+). As each ¢ € II'(A) has a unique image in Y, we can define a function xo on
IT'(A) by xo(€) = ™™, where 1y = 1n9(£) € X¢. Now, the first dispensable set can be
defined by

T (A) = {g e TY(A) : yo € PLP[L““AM]} .

loc

Next, for & € TI?(A), let x;(£) = €™, where n; =n,(£) € X¢; j=0,1.

(P5.). Since each ¢ € IT1*(A) has two distinct image points in X, we define two functions
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d; on II*(A); j = 0,1 such that X¢ = (60(£), 61(£)) is the solution of AZXe = B¢, where

L xo(§)
I x1(§)

A2 =

and Bg = — (Xo(f)z, x1(€ )2) . In this way, an auxiliary dispensable set can be defined
by

1% (A) = {5 eI2(A): 6, € LIEWE j ¢, 1} .
(P3.). Further, we define three functions p; on IT*(A); j = 0,1,2 such that X, =

(Po(€), p1(€), p2(§)) becomes a solution of AZX: = B!, where

1 x0(6) xo(é)*
1 xi(6) xa(¢)”

A=

and Bf = — (x0(£)", x1(§)") - Hence the second dispensable set can be defined by

I, (A) = {5 e I2(A): p; e LEWE 5 =0, 1, 2} .

loc

For £ € II3(A), let x;(&) = €™, where n; = n;(€) € X¢; j=0,1,2.

(P4.). For each & € II3(A) has three distinct image points in X, we define three
functions e; on II*(A); j = 0,1,2 such that X¢ = (eg(€),e1(€),e2()) is the solu-
tion of A{X¢ = BZ, where A} is the matrix given by Equation (32Z9) and Bf =
— (Xo(f)g, x1(€ )3, X2(& )3) . Hence another auxiliary dispensable set can be defined by

1% (A) = {5 EIB(A):e; € LIVWE j 0, 1,2} .

loc
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(P4.). Once again we define three functions 7; on IT*(A); j = 0,1,2 such that X =

(0(€), (), 72(£)) s the solution of AFX, = By, where Bf = — (x0(£)", x1()", x2(£)") -
Hence the third dispensable set can be defined by

.(A) = {6 e () 7y € LV j=0,1,2}.

Now, we prove the following two lemmas that speak about a sharp contrast in
the pattern of dispensable sets as compared to dispensable sets which appeared in
two lines and three lines results. That is, a larger value of p will increase the size of
dispensable sets in case of four lines problem. Further, we observe that dispensable sets

are eventually those sets contained in II(A) where we could not solve ([B.2.2]). For more

details, we refer to [B[18].

Lemma 3.2.3. For p > 3, the following inclusion holds.
% (A) C TI5. (A).

Proof. 1f £, € I*"(A), then §; € L™ Hence there exists an interval I¢, containing

loc

& and ¢; € L*(R) such that 6; = ¢;; j = 0,1 satisfy
Go+ P1x; +x,2 =0

on I, N IT?(A), whenever j = 0,1. Now, by the similar iteration as in the proof of
Lemma B.2.2(), we infer that there exist a common set of ¢; € L'(R); j = 0,1,2 such

that

Yo + 1x; + thax;® + xiP =

on I, N II1%(A), whenever j = 0,1. If we denote ﬁj = pj, then it is easy to see that

&, € T, (A). O
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Lemma 3.2.4. For p > 3, the following inclusion holds.
I1*"(A) C II5. (A).
Moreover, equality holds for p = 3.

Proof. It &, € TI*" (A), then e; € LP™& Hence there exists an interval I, containing

loc

& and p; € L*(R) such that e; = ¢;; j =0, 1,2 satisfy
Go + P1X5 + Paxs” + x50 =0

on I, NII*(A), whenever j = 0,1, 2. By the similar iteration as in the proof of Lemma

3.2.2(b), it follows that there exist ¢; € LY(R); j = 0, 1,2 such that

@ZJO + %;1Xj + Z@zxf +x;£ =0

on Ig, N1I*(A), whenever j = 0,1, 2. If we denote '172;]‘ = 75, then it is easy to verify that
& € TIE.(A). O

On the basis of structural properties of the dispensable sets, we observe that these
sets are essentially minimizing the size of projection II(A). Now, we can state our main
result of this chapter about the Heisenberg uniqueness pairs corresponding to the above

described system of four parallel straight lines.

3.3 The main result

Theorem 3.3.1. Let I' = R x {0,1,2,p}, where p € N and p > 3. Let A C R? be a

closed set which is 2-periodic with respect to the second variable. Suppose I1(A) is dense
TH-1723 136123005



3.3 The main result 38

in R. If (I', A) is a Heisenberg uniqueness pair, then the set

fi(A) = ') | [H(?"j)(/\) < IIG=D" (A)

Jj=0

is dense in R. Conversely, if the set

IL,(A) = II*(A) U [IFP(A) NI (A)] U [IT*(A) NI (A)] U [T (A) N ITV (A)]

is dense in R, then (I'; A) is a Heisenberg uniqueness pair.

Remark 3.1. In view of LemmalZ.Z.3, we infer that 11* (A) is a proper subset of I15. (A)
for any p > 3. However, for p = 3, Lemma yields 113" (A) = TI5.(A). Hence for
any p > 3, the set ﬁ;(A) is properly contained in ﬁ(A) Thus, an analogous result for

four lines problem as compared to three lines result is still unsolved.

We need the following two lemmas which are required to prove the necessary part
of Theorem B3Il The main idea behind these lemmas is to pull down an interval
from some of the partitioning sets of the projection II(A). The above argument helps

to negate the assumption that ﬁ(A) is not dense in R.

Lemma 3.3.1. Suppose I is an interval such that I NTI12" (A) is dense in I. Then there
4
exists an interval I' C I such that I' C |J TV(A).

1=2

Proof. If £ € INTI* (A), then §; € LEWE. j =0, 1. By hypothesis, I NII?"(A) is dense

loc

in I, therefore there exists an interval Iz C I containing ¢ such that d; can be extended
continuously on I¢. In addition, 0; satisfies

[61(€)] = |e™™ + €™M | < 2, (3.3.1)
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containing ¢ such that |6, (£)| < 2 for all € € I'.

Consequently, I’ N TI?"(A) is dense in I’. Now for & € I', there exists a sequence
&, € I'N 112 (A) such that &, — £ Hence the corresponding image sequences 7)](-”) €
Ye, € [0,2) will have convergent subsequences, say nj"’“) which converge to n;; 7 =0, 1.
Since the set A is closed, (§,n;) € A for j = 0,1. Now, we only need to show that
no # m. If possible, suppose 79 = 71, then by the continuity of §; on I’ it follows that
101(&)| = [01(8)]. However,

61060, = [em ™| Sy o

That is, [01(§)| = 2, which contradicts the fact that |0,(€)| < 2 for all £ € I'. Thus, we
4
infer that I' C (J II7(A). O

7j=2
Lemma 3.3.2. Let I be an interval such that I N1I*(A) is dense in I. Then there

exists an interval I' C I such that I' is contained in 113" (A) UTI*(A).

Proof. Let £ € INTI* (A), then e; € LHS(A)’E; j =0,1,2. For p = 3, Equation (3.2.10)

loc

yields

(eg, €1,6€2) = (—abe, (ab+ be+ ca),—(a+b+¢)),

where (a,b, c) = (x0, X1, x2)- Hence e;; j =0, 1,2 are constant multiples of the elemen-

tary symmetric polynomials. Now, we define a function p on IT3(A) by
p=(a*(b—c)+b*(c—a)+c’*(a— b))2 .

Since p is a symmetric polynomial in a, b, ¢, by the fundamental theorem of symmetric

polynomials, p can be expressed as a polynomial in e;; j = 0,1, 2. Moreover, p(§) # 0.

3 (
loc

Hence it follows that p € L 3 By hypothesis, I N T3 (A) is dense in I, there exists
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by the continuity of p on I¢, there exists an interval J C Ig containing ¢ such that

p(&) # 0 for all £ € J.

Consequently, JNII*"(A) is dense in J and hence for £ € J, there exists a sequence
&, € JNII*¥ (A) such that &, — £. Thus, the corresponding image sequences 77}") € X C
(n

0, 2) will have convergent subsequences, say n; ©) which converge ton;; 7 = 0,1,2. Since

the set A is closed, (§,n;) € A for j =0,1,2.

Next, we claim that all of n;; j = 0,1, 2 are distinct. On the contrary, suppose all
are equal or any two of them are equal. Then by the continuity of p on J, it follows that
p(&) = 0, which contradicts the fact that p(§) # 0 for all £ € J. Hence we infer that
J C O IIV(A). Further, using the facts that e; € Lﬁi“‘)’g and J NI (A) is dense in J,

J=3 _
e; can be extended continuously on an interval I’ C J containing ¢ such that e;(£) # 0

for all £ € I'. That is, if £ € I'NII3(A), then e; € L™€ and hence € € I1*"(A). Thus,

loc

we conclude that I’ C TI*" (A) U IT*(A). O

3.4 Proof of Theorem 3.3.1]

Proof of Theorem[3.31. We first prove the sufficient part of Theorem B3Il Suppose
the set ﬁ;(A) is dense in R. Then we show that (I', A) is a Heisenberg uniqueness pair.
For fi|n = 0, we claim that fk\ﬁvp(A) = 0, whenever k € F,. Since fk is a continuous
function which vanishes on a dense set ﬁ;(A), it follows that f, = 0 for all k € F,.

Thus, p = 0.

As the projection II(A) is decomposed into the four pieces, the proof of the above

assertion will be carried out in the following four cases.

(S1). If £ € TI*(A), then there exist at least four distinct n; € X¢ such that (&, n;) =0
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for all j € F,. Hence fk(§ ); k € F, satisfy a homogeneous system of four equations. As
£ € TI*(A), by using the property that H, s(ag, a1, as) # H, 2(ag,ay,as), we infer that
fr(€) =0 forall k € F,.

(S2). If ¢ € TI*(A), then there exist at least three distinct n; € X which satisfy (€, n;) =
0;7=0,1,2. If f3(§) = 0, then we get fk(g) =0 for k = 0,1,2. On the other hand, if

fg({’ ) # 0, then we can substitute

(&) = 7;(8) f3(6), (3.4.1)

where 7; are defined on IT3(A) for j = 0, 1,2. Hence X¢ = (10(£), 71(£), 72(£)) will satisfy
the system of equations Ang = Bg . By applying the Wiener lemma to Equations
B4T), we infer that 7; € LP®E 5 — 01,2, That is, £ € IT5.(A). Thus for & €

loc

I13(A) ~ I8 (A), we conclude that fi(€) = 0 for all k € F,.

(Ss3). If € € ITI*(A), then there exist two distinct 1; € X¢ for which /i(€,7;) = 0, whenever

7 =0,1. That is,

A

Fo(€) + x5 (O A€ + X2 (E) () + X2(€) f3(€) = 0, (3.4.2)

where x;(§) = e™; j = 0,1. If F5(€) # 0, then by applying the Wiener lemma to
Equations ([B.4£2), it follows that ¢ € TI.(A). That is, if £ € TI*(A) \ I, (A), then
fx(&) = 0.

Further, if f3(€) = 0 and f5(£) # 0, then an application of the Wiener lemma to
Equations ([3.42), it follows that & € 11" (A). By Lemma B.23] ¢ € I15.(A). Thus for
€ € I%(A) ~ II5. (A), we infer that f,,(€) = 0 for all k € F,.
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(S4). If £ € TT'(A), then there exists a unique 7y € X¢ for which fi(€,n9) = 0. That is,

A~ ~ ~ ~

Fo(€) + x0(&) f1(€) + x5(6) f2(&) + x5(€) f3(€) = 0, (3.4.3)

where xo(§) = €™, If fg(f) # 0, then by applying the Wiener lemma to Equa-
tion ([B.43)), it implies that xo € Pl’p[LHI(A)’g]. That is, £ € MY (A). Thus for £ €

loc

ITH(A) ~ IIY (A), we have f3(€) = 0.

Further, if f3(€) = 0 and f5(€) # 0, then an application of the Wiener lemma to
Equation [43]), yields xq € P172[Lglc(A)’£]. By Lemma B.22] it follows that £ € IT' (A).
That is, if £ € IT'(A) ~ I (A), then fi(€) = 0 for k = 2, 3.

Finally, if fk(g) = 0 for £k = 2,3 and fl(f) # 0, then by applying the Wiener
lemma to Equation (B:43), we infer that xo € LM By Lemma [3.2.2] it follows that

loc

€ € I (A). Thus for € € IT*(A) ~ [T (A), we conclude that f,(¢) = 0 forallk € F,. O

Now, we prove the necessary part of Theorem B3Il Suppose (I', A) is a Heisenberg
uniqueness pair. Then we claim that the set ﬁ(A) is dense in R. We observe that this is
possible if the dispensable sets IT"(A); j = 1,2, 3 interlace to each other, though these

sets are disjoint among themselves.

If possible, suppose II(A) is not dense in R. Then there exists an open interval

I, C R such that I, N ﬁ(A) is empty. This, in turn, implies that

(AN, = (O HJ’*(A)) N I, (3.4.4)

Thus from B44), it follows that I, intersects only the dispensable sets. Now, the
remaining part of the proof of Theorem [B.3.1] is a consequence of the following two

lemmas which provide the interlacing property of the dispensable sets I/ (A); j =
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1,2,3.

Lemma 3.4.1. There does not exist any interval J C 1, such that II(A)NJ is contained
in T (A); 7 =1,2,3.

Proof. On the contrary, suppose there exists an interval J C I, such that II(A)NJ C
17" (A), for some j € {1,2,3}. Since I (A); j = 1,2, 3 are disjoint among themselves,

there could be three possibilities.

(a). If £ € TI(A) N J C TI' (A), then xo € Plvp[Lnl(A)’g]. Hence there exists an interval

loc

I C J containing ¢ and ¢ € L'(R); k=0, 1,2 such that
X6 + P2x5 + P1x0 + Yo = 0

on INIT'(A). Now, consider a function f3 € L'(R) such that f3(&) # 0 and supp fs C I.
Let fr = f3xpp; k=0, 1, 2. Then we can construct a Borel measure p which is supported

on I' such that

A~ ~

AT = fo(€) + x0@) /1) + x3(€) f2(8) + x5(€) f5(€) = 0

for all £ € I NII" (A), where 7j € Xg. Since B yields I NTI(A) = I NIV (A), it
implies that i, = 0. However, p is a non-zero measure which contradicts the fact that

(I',A) is a HUP.

(b). If £ € II(A) N J C II*(A), then by Lemma B.2Z3, ¢ € II5.(A). Hence there exists

an interval I C J containing ¢ and ¢, € L'(R); k=0, 1,2 such that
X5 4 @25 4+ d1x; + o = 0

I, NI12(A) for j = 0,1. Let f3 € LY(R) be such that f 0 and fy C I
TH-1723 136128605 V) 7 o Js & L'(R) be such that f5(£) # 0 and supp s L
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Denote fr = fs3*xpr; k= 0,1,2. Then we can construct a Borel measure u that satisfies

€M) = Jo(©) + x5 F1(E) + X3 () () + X5 (E) f5(€) = 0
for all £ € I, NTI*(A) and j = 0, 1. Since It NTI(A) = I, N TI*'(A), it follows that

f|x = 0, though p is a non-zero measure.

(c). If £ € I(A) N J C TI*" (A), then by Lemma B2 it follows that ¢ € TI5.(A). As

3 (
loc

T € L A)’g; k = 0,1,2, there exists an interval Iy C J containing ¢ and ¢, € L'(R)
such that ¢ = 74 on I NIP(A) for k = 0,1,2. Let f3 € L'(R) be such that f3(&) # 0
and supp fg C I¢. Denote fr = f3* @p; k = 0,1,2. Since X¢ = (19(§), 11(£), 72(€))

satisfies AZXe = BY, we have
To + X571 + X?7'2 e —

on I NII3(A) for j = 0,1, 2. Hence we can construct a Borel measure x such that

A1) = Jo(©) +x5(E)F1(€) + X3 () f2(8) + X[ (€) fa(€) = 0

for all £ € I NII*"(A) and j = 0,1,2. As I NTI(A) = I N1I* (A), we infer that fi|y = 0,

even though p is a non-zero measure. O

The next lemma is to deal with the situation that any interval J C I, can not

contain only the points of any pair of dispensable sets.

Lemma 3.4.2. There does not exist any interval J C I, such that II(A)NJ is contained
in [0 (A)UTI*¥ (A) YV j # k and j, k € {1,2,3}.

Proof. On the contrary, suppose there exists an interval J C I, such that II(A) N J C

j* k* . . .
TH-1723_13&12§6\85U 1% (A) for some j # k and j,k € {1,2,3}. Then we have the following three
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cases:

(a). f II(A)NJ C IY(A) UTI* (A), then Equation ([BZ4) yields
JNII(A) = Jn (ITV(A) UIT* (A)) . (3.4.5)

We claim that JNII?"(A) is dense in J. If possible, suppose there exists an interval I C .J
such that I1*" (A) N [ = @. Then from @BAH), we get I NTI(A) = I NII" (A) C I (A)
which contradicts Lemma 341l By Lemma B3], there exists an interval I’ C J
such that I’ C CJ II7(A). This contradicts the assumption that I, intersects only the
dispensable sets].:2

(b). If II(A)NJ C I (A)UII* (A), then JNII(A) = JN (II'" (A) UII* (A)) . As similar
to the case (a), J NII* (A) is also dense in J. Hence by Lemma B.3.2] there exists an
interval I’ C J such that I’ is contained in II*"(A) U II*(A). Thus in view of Lemma
[B.4.1], we have arrived at a contradiction to the assumption that I, intersects only the

dispensable sets.

(c). IfTI(A)N J C T2 (A) UTI* (A), then J NTI(A) = J N (1% (A) UIT*" (A)). Hence it
follows that J NII*"(A) is dense in J. By using Lemma B.3.2, there exists an interval
I' C J such that I’ is contained in TI3"(A) U TI*(A), which contradict the assumption

that I, intersects only the dispensable sets. O

Finally, since II(A) is a dense subset of R, in view of Lemmas B4 and B.4.2]
the only possibility that any interval J C I, would intersect all the dispensable sets
[V (A); j = 1,2,3. We claim that IT>"(A) N I, is dense in I,. Otherwise, there exists
an interval I C I, such that 11> (A) N I = @. Then from B.44), we get I NTI(A) C
(IT*"(A) UII*"(A)) which contradicts Lemma 342l Hence by Lemma B3] there exists

an interval I’ C I, such that I’ is contained in IT*(A) UTT*(A) UTT*(A) which contradicts
TH-1723_136123005
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the assumption that I, intersects only the dispensable sets.

3.5 Remarks and open problems

(a). We observe a phenomenon of interlacing of three totally disconnected disjoint
dispensable sets II®=9)"(A) : j = 0,1,2 which are essentially derived from zero sets of

four trigonometric polynomials.

(b). If the measure in question is supported on an arbitrary number of parallel lines,
then the size of the dispensable sets would be larger. Indeed, the method used for the
proof of Theorem B.3.1] would be highly implicit for a large number of parallel lines.
Since the dispensable sets are totally disconnected, it would be an interesting question
to analyze Heisenberg uniqueness pairs corresponding to the finite number of parallel

lines in terms of Hausdorff dimension of the dispensable sets.

(c). If we consider countably many parallel lines, then whether the projection II(A)
would be still relevant after deleting the countably many dispensable sets, seems to be

a reasonable question. We leave these questions open for the time being.

(d). For p = 3, in Lemma we have used the fact that any symmetric polynomial
in a, b, c can be expressed as a polynomial in 7;; j = 0, 1,2. This enables us to define a
function p € L?Oi(A)’g, which is crucial in the proof of Lemma B.3.2 However, for p > 4,
the functions 7;; j = 0, 1,2 appeared in (3.2.10) are away from the elementary symmet-
ric polynomials. If we could identify the space of symmetric polynomials generated by
7;; 7 = 0,1,2, then we can think to modify the Lemma in terms of TT%.(A) that
would help in minimizing the size of the set II(A). Hence a characterization of A for four

lines problem might be obtained that would be closed to three lines result. However,

an_exact analogue of three lines result for a large number of lines is still open.
TH-1723 136123005



Chapter 4

Uniqueness of the Fourier transform

on the Euclidean motion group

4.1 Introduction

In this chapter, we work out an analogue of the Benedicks theorem to the Euclidean
motion group M (n). We prove that if the Fourier transform of certain integrable func-
tions is of finite rank, then the function has to vanish identically. Further, we explore
the possibility of the Heisenberg uniqueness pairs for the Fourier transform on M (n) as
well as on the product group G’ = R™ x K. In the latter case, we observed a one to one

correspondence between the class of HUP’s on R™ and the class of HUP’s on G'.

4.2 Notation and preliminaries

Euclidean motion group G = M (n) is the group of isometries of R™ that leaves invariant

o S , . | _
TH-1723_13M}§3{58§1%1&H Since the action of the special orthogonal group K = SO(n) defines a
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group of automorphisms on R" via y — ky + z, where € R" and k£ € K, the group
M (n) can be identified as the semidirect product of R™ and K. Hence the group law on

G can be expressed as

(x,8) - (y,t) = (x + sy, st).

Since a right K-invariant function on GG can be thought as a function on R”, we infer
that the Haar measure on G can be written as dg = dxdk, where dx and dk are the

normalized Haar measures on R™ and K respectively.

Let Ry = (0,00) and M = SO(n — 1) be the subgroup of K that fixes the point
en = (0,0,...,1). Let M be the unitary dual group of M. Given a unitary irreducible
representation o € M realized on the Hilbert space H, of dimension d,, we consider
the space L?(K,C%*%) consisting of d, x d, complex matrices valued functions ¢ on

K such that p(uk) = o(u)p(k), where uw € M, k € K and satisfying

/K (k) 2k = /K (o (k)" (k) d.

It is easy to see that L?(K,C%*49) is a Hilbert space under the inner product

(p, ) = /K tr((k)(k)*)dk.

For each (a,0) € Ry X M, defines a unitary representation Ta,o Of G by

Taa(9) (@) (k) = e kel o(s k), (4.2.1)

where p € L? (K,C%>*%) . Let ¢ = (¢1,...,¢a,), where ¢; are the column vectors of

¢. Then ¢;(uk) = o(u)g;(k). Now, consider the space

H(K,C%) = {go K — Cd“,/ lo(k)|2dk < oo, p(uk) = o(u)p(k),u € M} .
K
TH-1723_136123005
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Then L?(K,C%>d) is the direct sum of d, copies of the Hilbert space H(K,Cd)

equipped with the inner product

(o) = dy /K (k) (k) dk.

Then it can be shown that an infinite dimensional unitary irreducible representation
of G is the restriction of 7,, to H(K,C%). In other words, each of (a,0) € Ry x M

defines a principal series representation 7, , of G' via ([EZT]).

Besides the principal series representations, there are finite-dimensional unitary
irreducible representations of G which can be parameterized by K , however, these
unitary representations do not take part in the Plancherel formula. For more details,

we refer to Kumahara [25] and Sugiura [4§].

Now, we define the group Fourier transform of a function f € L'(G) by

fla,0) = /G -

and

f(0) = /G f(x, k)o(k~Y)dedk,

where § € K. Further, the operator f (a,0) can be explicitly written as

(Flano)t) = [ [ flas)e ool hydads,

= /K]-"lf(ak-en,s)<p(s_1k)d8, (4.2.2)

where JF, stands for the usual Fourier transform in the first variable and ¢ € H (K, C%).

For more details, we refer to [12[16,26].

. 1 2 r . . _ .
TH-1723_136123018gW’ if f € L' N L*(G), then the operator f(a,o) will be a Hilbert-Schmidt
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operator on H(K,C%). Since the Plancherel measure p, on G can be expressed as
dity = cpa™ tda, where ¢, depends only on n, the corresponding Plancheral formula is

given by

/0 T ST a0 | duota) = 1713 (12.3)

UEM

Further, in view of the Fourier inversion formula ( [4§], p. 175) for function in
L*(M(2)), an inversion formula for the function f € L' N L*(M(n)), can be expressed

as

flz,s) =¢cp Z /000 tr (Wava(l’, s)f(a, 0)) a" 'da. (4.2.4)

oeM

We would like to mention the following Wiener’s theorem on motion group due to
R. Gangolli [I4]. For a function f on G, defining the two-sided translate by 9 f92(g) =

f(91995 "), where g; € G;j = 1,2.

Theorem 4.2.1. [14] Let f € LY(G) and S = span {9 f%2 : g; € G;j = 1,2}.
Then the space S is dense in L'(G) if and only if f(a,a) £ 0 and f(5) £ 0 for all
(a,0) € R x M and 6 € K.

A close observation of Theorem L2 shows that if f (a,0) is a finite rank operator,
then S can be a proper subspace of L'(G). Hence, it opens a window to look at the

determining properties of f .

Next, we recall certain facts about the spherical harmonics. Let K, denote the
set of all equivalence classes of irreducible unitary representations of K which have a
nonzero M-fixed vector. It is well known that each representation in K has, in fact,

a unique nonzero M-fixed vector, up to a scalar multiple.

For a 0 € K, which is realized on Vj, let {e1,...,eq,} be an orthonormal basis

TH-1723_13bOf2g@0§]ith e; as the M-fixed vector. Let ¢);(k) = (e;,0(k)e;), k € K. Then by the
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Peter-Weyl theorem, it follows that {v/dseS, : 1 < j < ds, 6 € Ky} is an orthonormal

basis of L*(K/M).

We would further need a concrete realization of the representations in K7, which

can be done in the following way.

For | € Z., denote the set of all non-negative integers, let P, denote the space of

all homogeneous polynomials P in n variables of degree [.

Let Hp = {P € P, : AP = 0}, where A is the standard Laplacian on R". The
elements of H; are called solid spherical harmonics of degree [. It is easy to see that the
natural action of K leaves the space H; invariant. In fact, the corresponding unitary

representation 7; is in K ;. Moreover, Kj; can be identified, up to unitary equivalence,

with the collection {m : [ € Z,}.

Define Yj;(w) = v/dip¥ (k), where w = k-e, € S" ', k € K and d, is the dimension
of H;. Then the set H; = {V}; :1<j<d and [ € Z,} forms an orthonormal basis for

L?(S™~1). Thus, a suitable function g on S"~! can be expanded as
o d;
g(w) = Z Z a;; Yy (w). (4.2.5)

1=0 j=1

These spherical functions Y}, are called the spherical harmonics on the unit sphere S™~1.

For more details, see [51], p. 11.

Next, we consider an orthogonality relation among the matrix coefficients of the

irreducible unitary representations in K.

Lemma 4.2.1. For § € K, denoting 02i(k) = (e;,0(k)e;) . Then for 6,6, € K, there

TH-1723_136123005
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exists o € Z such that
/ o0 (km)gpz (km)dm = " e, Y, (k - €). (4.2.6)
M v=0

Proof. Since we know that the matrix coefficients of § € K, satisfy the functional

relation
ds

o5 (km) = ¢4, (k)é5;(m) (4.2.7)

p=1
and M is a compact subgroup of K, it follows that each of § € K will be the direct sum

of finitely many irreducible unitary representations of M. Hence each of gbgj satisfies

d&,B

5o dq
b= 2 Oy
g=1

where ¢, € M. By orthogonality of the coefficients qbf,;’s and the fact that the left-hand
side of (L.2.0]) is M-invariant, we infer that it is a finite sum of the product of some
spherical harmonics. Further, a homogeneous polynomial can be uniquely decomposed

in terms of homogeneous harmonics polynomials, it follows that (£2.0]) holds. O

For a fixed £ € S"!, we define a linear functional on H; by & — Y;(£). Then there

exists a unique spherical harmonic, say Zf(l) € H; such that

Vi) = [ Z0mvitaso). (1.2

The spherical harmonic Zg(l) is a K bi-invariant real-valued function which is constant

on the geodesics those are orthogonal to the line joining the origin and &. The spherical

)

harmonic Zg(l is called the zonal harmonic of the space H, for the above and various

other peculiar reasons. For more details, see [47].

TH-1723 1361230%@% the zonal harmonic Zél)(n) is K bi-invariant, there exists a reasonable func-
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tion F on (—1,1) such that Zg(l) (n) = F(¢-n). Hence, the extension of the formula
([E28) is inevitable. For F' € L'(—1,1), the Funk-Hecke identity is

[ Fe apitndstn) = avico) @29

where the constant ¢; is given by

1
n—2

clzal/F(t)Gl2 O(1 =) dt

-1

and GZB stands for the Gegenbauer polynomial of order 5 and degree I.

Let f be a function in L'(S"!). For each | € Z,, we define the I spherical

harmonic projection of the function f by

i) = [ 2 wdo (1.2.10)

Then II, f is a spherical harmonic of degree k. Now, for § > (n—2)/2, if we denote A} =
(7’ _§+5) (7’ ;5) _1, then the spherical harmonic expansion > II; f is §- Cesaro summable to
=0

f. In other words,

p
f=Jim > APTLS, (4.2.11)
=0

where the limit on the right-hand side of (ZTI]) exists in L' (S™™!). For more details,

we refer to [22,[45]. We need the following lemma.

Lemma 4.2.2. Let f € L' (S™1) be such that [ e ™" f(n)do(n) = 0. Then
Sn—1

r(n—2)/2

plgrolozz AP Jirn-22(r) I f(€) =0, (4.2.12)

where x = r&, for somer >0 and € € S"7L.
TH-1723 136123005
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Proof. We have

n—1

A7 e~ f (n)do(n)

= | [ A ) - o) ot

S /
Sn—1

By using the §- Cesaro summability of f, it follows that

do(n)

> ALf () — f(n)
=0

P
lim EA;’/ eI, f(n)do(n) = 0. (4.2.13)

n—1

Further, using the Funk-Hecke identity, it can be shown that

—ixz. o J n— r
[ e mimdota) =8 T2y e (1214

whenever Y; € H;. For a proof of the identity @ZId), we refer [2], p. 464. This, in
turn, implies that (£ZI2) holds. O

4.3 Results on the Euclidean motion group M (n)

In this section, we work out some of the uniqueness results for the Fourier transform on
the Euclidean motion group G = M(n) as an analogue to the Benedicks’ theorem. We
prove the group Fourier transform of a non-zero function in L!'(G) cannot be compactly

supported in (0, co).

In order to prove this result, we need the following result from [6]. Let R7} =

{(x1,...,2,) € R":2; > 0; j=1,...,n}. The following result had appeared in the

TH-1723_136123005
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article [6] by Bagchi and Sitaram, p. 421.

Proposition 4.3.1. [6] Let h be a non-zero function in L*(R™) which is supported on
R?. Then supp h =R

Theorem 4.3.1. Let f € L'(G) be supported in R" in the first variable. If f(.,0) is

compactly supported in R, then f = 0.

Proof. Suppose f is a radial function in the first variable. Then F; f(., s) will be radial

and hence

(F(a0)0) (k) = /K Fuf(a. s)pl(s™ k) ds, (43.1)

where ¢ € H(K,C%). Since f (.,0) is compactly supported in R, it follows from
([@3T) that Fy f(.,s) is compactly supported in R, , for almost all s € K. This, in turn,

contradicts Proposition 31 Thus, we conclude that f = 0.

Since f € L'(G), in view of [£2TIT]), we can write the spherical harmonic decom-

position of f in the first variable = = |z|t, t € S"! as

p
f(ZL', S) :ph_{{.loz Alln fl(|x|>s)ﬂl.f(t7$)> (432)
=0

where the series on the right-hand side is J-Cesaro summable. Now, an application of

the Hecke-Bochner identity to (£3.1]) yields

(Fla.o)e)) = [ Tim S AL F b, 9Tt )l ) ds,
1=0

A~

where F, .o is the (n + 2[)-dimensional Fourier transform of H, = ﬁ Since f is

compactly supported, it follows that

p
lim Y~ APi™'d' Fopo Hi(a, )L f (¢, 5) = 0. (4.3.3)
pP—00
TH-1723_136123005 =
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We know that the set {II;f(-,s) : [ € Z,} form an orthogonal set in L*(S"'), from

[E33), it is easy to see that
FosaHi(a, ) |[ILf(, 8)5 = 0.

If ForoH(a,s) = 0, then by the radial case, we infer that H; = 0. Otherwise, we get
I f(., s)|l, = 0. Thus, it follows from ([@3.2) that f = 0. O

Further, we prove that a radial function on G can be determined by its Fourier
transform at a single point.
Proposition 4.3.2. Let f € LY(G) be a radial function in the first variable such that
sign(Janzf) > 0. If f(ao,a) = 0 for some a, € Ry and a fized o € M, then f = 0.

Proof. For ¢ € H(K,C%), we have

(F(aor0)0) (k) = /K Fof (0, 8)p(s~ k) ds.

By the hypothesis, f(a,,0)¢ = 0, it follows that F; f(a,,.) = 0. Hence

Fif(a,, s) = / f(|tw|, s)e_i“"p'twdwt"_ldt
0 Sn—l

J / Tos(at)f(t, s)t"""dt = 0.

0

Since sign(.J n_2 f) > 0 and the Bessel function J n_2 can vanish only at the countably

many points, we conclude that f = 0. O

TH-1723_136123005
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4.4 Some auxiliary results on compact group

In this section, we observe some of the properties of a Weyl type transform on the space
L'(K) as analogous to the Weyl transform on the Heisenberg group, (see [50]). We use

it to work out some uniqueness result for the Fourier transform on the motion group G.

Let K be a compact group. For a function g € L*(K), we define an operator W
on H(K,C%) by

where 7 is the left regular representation of K. Then W (g) maps H(K,C%) into
H(K,Cd%). Now, we derive the Plancheral formula and the Fourier inversion formula

for the transform W.

Plancherel formula. For g € L?(K) and ¢ € H(K,C%), we have

W(g)o)(k) = /K 9(8) (w(t)) (K)dt = /K gt (k) dt
- / 9(s~ )p(s)d

Write Ky(s, k) = g(s™'k). Then W(g) is an integral operator with the kernel K, €

S.

=

L*(K x K). Hence W (g) is a Hilbert-Schmidt operator that satisfying

IV @ls = |

KxK

— 2
s, s = [ ot~ dsak = g

KxK
In other words, W maps L'(K) onto S,, the space of Hilbert-Schmidt operators on
H(K,C%).

Next, we prove the Fourier inversion formula for the transform W.

Lemma 4.4.1. If g € C?(K), then the transform W satisfies the inversion formula
TH-1723 136123005
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g(t) = tr(m(t)"W(g))-

Proof. Given that g € C*(K),

(n(t))W(g) = /K 9(8)(m(t)) m(s)ds = /K g(s)n(t)m(s)ds

- /K g (p)m(p)dp = W (g"),

where ¢'(p) = g(tp). That is, W(g) is an integral operator with kernel IC,. Since the

kernel K, satisfies Kyt (s, k) = ¢'(s7'k), we obtain Ky (s, s) = g(¢) and hence

e (@) W(g) = w(W(g) = / Ky (s, 5)ds

K

_ /K g(t)ds = g(t)

Further, by using the Peter-Weyl theorem, we prove that if ¢ € L'(K), then
the operator W(g) has finite rank as long as ¢ is a trigonometric polynomial. For
§ € K, a finite linear combination of matrix coefficients gpfj’s is known as a trigonometric

polynomial.

Proposition 4.4.1. Let g € L'(K). Then the operator W (g) is of finite rank if and

only if g is a trigonometric polynomial on K.

Proof. Consider the function h = g * g*, where g*(¢) = g(¢t~'). Now, we show that

TH-1723_136123005
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W(h) =W(g)*W (g). For this, we have

W) = / h(t)m(t)dt = / (g% g) (B)m()dt

_ / / Vr(t)dtds
_ /K o(s) ( /K g*(ts_l)ﬂ(t)dt> ds.

1

By the change of variables ts™" = p in the inner integral, we get

Wiy ~ [ o9 ( / g*(p)w(ps)dp) ds

= W(g)W(9g).
Further, we require proving W (g)* = W(g*). For p,v € H(K,Cd), consider

(9" ) = [ 90D (wle)ew) ot = [ TG (r(s o) ds.

Since 7 is the left regular representation of K, the operator m(s) will be unitary. Hence

W (") o) = /K (o, g(s)m(s)) ds = (0, W (g = (W (9)"0, ).

This, in turn, implies that W(h) = W(g)*W(g) is a positive finite rank operator.
Thus, by the spectral theorem, there exists an orthonormal set {p; € H(K,C%): j =

1,...,m} and scalars A; > 0 such that

W(h)e =" X le. @) @5, (4.4.1)

i=1

whenever ¢ € H(K,C%). Let ¢; = (¢j1,---,9ja,)- Then by EZLI), it follows that
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h ;¢ = Ajpj ¢ By taking Fourier coefficient of both the sides, we get

— o~

005 (B = \I) =0,

)

where § € K. Then h% = A;I for finitely many 6 € K, otherwise, by the Riemann-
Lebesgue lemma A; = 0. Hence ¢; ,(§) # 0 at most for finitely many 0 € K. Thus,
by the Peter-Weyl theorem, we infer that ¢; , is a trigonometric polynomial. Since
h = g* % g, it follows that A(6) = [§(6)[2. Thus, from @A), we conclude that g is a

trigonometric polynomial.

Conversely, suppose ¢ is a trigonometric polynomial, then without loss of general-

ity, we can assume that g = gofj. Now, we can write

@fj(t_ls) = <5(t_1s)ej, ei> = (0(s)ej, 0(t)e;) -

Since Hj is w-invariant, it follows that
ds L
Py (t1s) = ol (s)ehi (D).
=1

A straightforward calculation leads to W (g)¢(s) = ds (¢, cpfj> ;. Thus, we conclude
that 1 (g) is of finite rank. O

Remark 4.1. In view of the Minkowski integral inequality, it can be easily seen that
W ()l < llgll1. Hence, the spectral radius of the operator W (g) will satisfy the condition
Ale(W(g)] < llglls-

Next, by using Proposition 4.4.1l we prove that a radial function on the motion
group G can be determined by its group Fourier transform at a single point. However,

for a sake of simplicity, we prove the result for G = M (2). For proving this result, we
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Lemma 4.4.2. Let f € LY(G) be such that f(x,s) = f(|z|,s). If f(a,,0) is of finite

rank for some a, € Ry, then

/ b J(aot)Fy(s)tdt = / h J(aot)Fy(n)Y,(s)t dt,

[n|<ao

where Fy(s) = f(t,s).
Proof. We know that for ¢ € L?(K,C%) we have

(f(an,0)p)(k) = /n/Kf(x,s)e‘“x’“"mgp(s_lk)d:):ds
= /Kflf(aok,s)go(s_lk)ds.

Since f is radial in the first variable, then it follows that

(f(a0,0)0)(K) = (W (F1 f (a0, ) ) (K).

By the hypothesis, f(a,,0) is a finite rank operator, W (Fyf(a,,.)) must be of finite
rank. From Propositiond.4.T], we conclude that F; f(a,, .) is a trigonometric polynomial.

That is,
flf(a'ovs) = Z éao(m>xm(s)v (442)

Im|<co

where G, (s) = Fif(a,, s). On the other hand, we have

Fif(as,s) = /o /K f(|tw)|, s)e P dw tdt
= /OO Jo(ant) f(t, s)tdt. (4.4.3)
0
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Now, we have

m(k)dk

k)x-
_ /0 Jolaot ( £t k) (k)dk)tdt

where Fy(k) = f(t, k). Hence from (LZ2) we get

flags)= > / Jo(aot) Fy(m) X (s)tdt. (4.4.4)

Im|<ao
By comparing (£4.3) with ([£4.4), we get the required identity. O

Remark 4.2. Notice that by taking inverse Fourier transform in both the sides of
(4-4-3), we can assume f is trigonometric polynomial as long as f(ao,a) is a finite

rank operator for some a, € R, and o € M.

Theorem 4.4.1. Let f € L'(G) be a radial function in the first variable which integrates
zero in the second variable. If f(ao ,0) is a finite rank operator for some a, € R, and

sign(Jof) > 0, then f = 0.
Proof. In view of Remark [4.2] from Lemma [4.4.2] we infer that

/OOO E,(o)tdt = /OOO F(t, s)tdt.

This, in tern, implies that

/0 ) ( /K f(t,k)dk:) tdt — /0 syt

Since f integrates zero on K and sign(Jyf) > 0, we conclude that f = 0. O
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4.5 Some results on the Heisenberg uniqueness pairs

In this section, we explore the Heisenberg uniqueness pairs for the Fourier transform
on the motion group G as well as on the product group G’ = R™ x K, where K is a
compact group. Further, we observed a one to one correspondence between the class of

HUP’s on R” and the class of HUP’s on G'.

Let T" be a smooth surface (or a finite union of smooth surfaces) in R" and I =
I' x K. Let X(I"") be the space of all finite complex-valued Borel measures p in the
motion group G which is supported on I and absolutely continuous with respect to the

surface measure on I".

We define the Fourier transform of p on G by

(i, o)) () = / / F (@, s)e e (s k) dpu(z)ds, (45.1)
I JK
where a € RT and ¢ € H(K,Cd).

Theorem 4.5.1. Let T = S""'x K, where S"! is the unit sphere in R™ and p € X ().
If there exists a, such that Juqo—2)/2(a,) # 0 for every | € Zy such that [i(a,,0) =0
for allo € M, then p = 0.

Proof. Since p is absolutely continuous with respect to the surface measure on I, by
Radon-Nikodym theorem, there exists a function f € L'(I') such that du = fdsdt. By

hypothesis, we have

(ﬂ(ao,O‘)QO)(k‘) = /snl /Kf(t’ s)e_i“vaok'@n)SO(s—lk)dtds =0,
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whenever ¢ € C'(K,C%). Now, by Fubini’s theorem, we can write

/ < £t s)e‘i“’“"k'e”)dt) (s~ k)ds = / Fof(agk - e, 8)p(s~ k)ds = 0.
K Sn—1 K

Hence Fif(aok - €,,s) = 0 for almost all s,k € K. Since SO(n) can be identified with
S*~lvia k — k- e,, it follows that Fy f(y, s) = 0 for almost all y € S?~'(0) and s € K.
Since we know from Theorem that the pair (5™, 5771(0)) is a HUP as long as

Jnta1-2)/2(ao) # 0 for all [ € Z., we conclude that p = 0. O

Remark 4.3. Let (I, K) be a HUP in R™ and suppose p € X (I") is such that fi(a,) =0

for some a, & J@i2l_2)/2(0) and V'l € Z, then = 0.

The Haar measure on the product group G’ is given by dg = dxdk, where dx is
Lebesgue measure on R" and dk is normalized Haar measure on K. Since the unitary
dual of G’ can be parameterized by G/ = R" x K, for each (y,7) € G, the map

(z,k) — e ?™*¥~(k) is a unitary operator on the Hilbert space ..

Hence we can define the Fourier transform of the function f € L'(G’) by

f(y,’y) :/n/Kf(x, k)e 2@ Yoy (kY dxdk. (4.5.2)

Let [ =T x K, where I' is a smooth surface (or a finite union of smooth surfaces)
in R™. Let X (I") be the space of all finite complex-valued Borel measure p in G" which
is supported on I and absolutely continuous with respect to the surface measure on
I[". Then by the Radon-Nikodym theorem, there exists a function f € L'(I"”) such that

dp = fdvdk, where v is the surface measure on I'.

Now, the Fourier transform of the measure p can be defined by
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) = [ [ et

_ /F /K F, K)e2 0y (k) du(2)dk. (4.5.3)

Theorem 4.5.2. The pair (I, A) is a Heisenberg uniqueness pairs in R™ if and only if

(I, A x K) is a Heisenberg uniqueness pairs in G'.

Proof. Suppose (I', A) is a Heisenberg uniqueness pair in R and g € X (I'). Then by
Fubini’s theorem, the map z — f(x, k) belongs to L' (T, dv) for almost all fixed k € K.

Hence for (k,0) € K x K, we can define the projection f;, of f by

Jro(T /ka:h Xo(h)dh, (4.5.4)

where x, = tr o( - ), the character of the representation . Thus, the Euclidean Fourier

transform of the projection f , gives

feoly) = / /K £, Kb e 2y (h)dh du(a)
= / / F(z, kh"Do(h)dh e Vdy (z)

= // f(z, h)o(h™Hdh e *™Ydy(x)o (k)
= tr(iu(y,o)o(k)). (4.5.5)

Suppose fi|,,» = 0. Since (I',A) is a Heisenberg uniqueness pair in R", from
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([@5A), it follows that fi, = 0. Hence by the uniqueness of the Fourier series
fla k) =" dofro(z)
oeK

we conclude that f = 0.

Conversely, suppose (I, A x K) is a Heisenberg uniqueness pair in /. Then for
p € X(T), there exists a function f € LY(T") such that du = fdv. Suppose fi|y = 0.

Then
/f(x)e_zmx'ydu(x) =0
r

for each y € A. This, in turn, implies

/F/K f(z)e ™%y (k=Y dk dv(x) = 0. (4.5.6)

Now, if we write dp = fdvdk, then p € X(I"). Since (I',A x K) is a Heisenberg
uniqueness pair, by (A5.6]), it follows that p = 0. Thus, using the fact that group

compact group K is unimodular, we conclude that the measure p = 0. 0

Remarks and open problems: The main motive of this chapter is to consider the

following problem.

Let f € L' N L*(G) be such that f(a, o) is a finite rank operator for each a > 0

and some o € M. If f(§) # 0 except for finitely many 6 € K, then f = 0.

We would like to mention the necessity of the non-vanishing conditions on the
Fourier coefficients in the above problem. Since M (2) is the semidirect product of R?

and SO(2), each of a € R, defines a unitary irreducible representation 7* of M(2) on
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L2([0,27]). That is, for (z,0) € R? x [0, 27], the action of 7% is given by
(7 (@, 0)p)(w) = ) ol ),
where ¢ € L*([0,27]). For g € L*(R?), let f(x,0) = g(z)e™’. Then
A~ 2 8 iw . .
(Gl = [ [ fa0)e e ) ot~ 6)dadd = jlac)plm)e™.
Rr2 Jo

Hence we infer that, if 6,(f) = [, f(, 0)e™dxdd # 0 for finitely many n € Z, then

f (a) is a rank one operator, however, f need not be the zero function.
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Chapter 5

Uniqueness of the Fourier transform

on certain Lie groups

5.1 Introduction

In an interesting article, M. Benedicks [7] had extended the classical Paley-Wiener
theorem for compactly supported function to the class of integrable functions. In other
words, support of an integrable function and its Fourier transform both cannot be of
finite measure simultaneously. Thereafter, a series of analogous results to the Benedicks
theorem has been explored in various contexts, including the Heisenberg group and the
Euclidean motion groups (see [31H331[37,[39,[42]). In article [3I], an analogous result
on the Heisenberg group has worked out for the partial compactly supported functions
in terms of finite rank of Fourier transform of the function. Further, Vemuri [52] has

relaxed the compact support condition on the functions by finite Lebesgue measure.

In this article, we explore analogous results to the Amrein-Berthier and Benedicks

theorem on the Heisenberg motion group and step two nilpotent Lie groups. We prove
TH-1723 136123005



5.2 Preliminaries on the Heisenberg motion group 69

that if the group Fourier transform of finitely supported certain integrable functions on
the Heisenberg motion group (or step two nilpotent Lie groups) is of finite rank, then
the function has to vanish identically. However, it would be a reasonable to consider
the case when the spectrum of the Fourier transform of an integrable function will be

supported on a thin uncountable set.

5.2 Preliminaries on the Heisenberg motion group

The Heisenberg group H” = C” x R is a step two nilpotent Lie group having center R

that equipped with the group law

(2,) - (w, 5) = (z+w,t+s—|—%1m(2-u‘))).

By Stone-von Neumann theorem, the infinite dimensional irreducible unitary represen-
tations of H” can be parameterized by R* = R ~ {0}. That is, ecach of A € R* defines a

Schrodinger representation m, of H”™ by

(2, ) p(€) = eMePNTE TV (e 4y

where z = z + iy and ¢ € L*(R"). Let

9 o 1 0 o 1 0
-2 x4 L0 a2 L2
I g T ligr A Y= 50 St

Then {7, X,,Y; : 7 =1,...,n} forms a basis for the Lie algebra h" consists of all left-

invariant vector fields on H" and the representation m, induces a representation 73 of
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h™ on the space of C™ vectors in L*(R") via

It is easy to see that 7§(X;) = iAz; and 75(Y;) = %. Hence for the sub-Laplacian
L= (X7+Y7), it follows that 7}(£) = —A, +N?|2|* =: H, the scaled Hermite
operator. Let ¢A(z) = |Ai¢a(\/|\|z); a € Z", where ¢, are the Hermite functions
on R™. Then ¢)’s are the eigenfunctions of Hy with eigenvalue (2|a|+ n)|A|. Hence the
entry functions Eéﬁ’s of the representation 7, are eigenfunctions of the sub-Laplacian
L satisfying

LB = @la] + mIA B,

where E);(z,t) = (ma(z, 1)), ¢3) - Since EX;(z,t) = e (mA(2)$), 04 , the eigenfunc-
tions Eéﬁ’s are not in L?(H"). However, for a fix ¢, they are in L?(C"). Now, define an

operator Ly by £ (e f(z)) = L, f(z). Then the special Hermite functions

$ap(2) = (2m)7% (mA(2)0), 03)

are eigenfunctions of Ly with eigenvalue 2|a|+n. We summarize by noting that the spe-
cial Hermite functions ¢}4’s forms an orthonormal basis for L*(C") (see [51], Theorem

2.3.1).

Heisenberg motion group G is the group of isometries of H" that leaves invariant
the sub-Laplacian L. Since the action of the unitary group K = U(n) defines a group of
automorphism on H" via k- (z,t) = (kz,t), where k € K, the group G can be expressed

as the semidirect product of H" and K. Hence the group law on GG can be understood
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by

1
(k1,2,t) - (k2,w, s) = (1{31]{52, 2+ kw,t+ s — ilm(k:lw : 2)) :
Since a right K-invariant function on G' can be thought as a function on H", we infer
that the Haar measure on G can be written as dg = dkdzdt, where dk and dzdt are the

normalized Haar measure on K and H" respectively.

For k € K, define another set of representations of the Heisenberg group H" by
mak(z,t) = ma(kz,t). Since 7y, agrees with 7, on the center of H", it follows by the
Stone-Von Neumann theorem for the Schrodinger representation that 7 j is equivalent

to my. Hence there exists an intertwining operator p, (k) satisfying
WA(kZ,t) = u,\(k)ﬂ,\(z,t)u,\(k)* (521)

The operator-valued function p, can be thought as a unitary representation of the group
K on L*(R™) and it is known as metaplectic representation. Since for A € R*, the set
{¢2 : a € N"} forms an orthonormal basis for L*(R"), let P, = {¢) : |a| = m}.
Then juy|p, is an irreducible representation of K and the action of py on L*(R") can

be realized by
pa(k)gn = > nd(k)e). (5.2.2)

[vI=led
For more details about the metaplectic representations and the spherical functions on
H", we refer the article by Benson et al. [§]. Let (o, H,) be an irreducible unitary
representation of K and H, = span{e;’ :1<j<d,} Fork € K, the matrix coefficients

of the representation o € K, are define

i (k) = (a(k)eF, e7).

Define a bilinear form ¢} ® ¢ on L*(R") x Hy by ¢X @ e = ¢ eZ. Then the set
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{pr®@ef : 1 <i<d,acN'} forms an orthonormal basis for L?(R") ® H,. Denote

H2 = L*(R") @ H,.
For X\ # 0, we define a representation p) of G on the space H2 by
Pé(% i k) T 7T)\(Z7 t):u/\(k) ® U(k)

In the article [41], it has been shown that p} are the only irreducible unitary repre-
sentations of G which appears in the Plancherel formula. Thus, in view of the above

argument, we denote the partial dual of the group G by G’ 2 R* x K.

Now, we define the Fourier transform of the function f € L'(G) by
fOn o) = / / Fz,t, k) ph(2, t, k)d2dtdk.
K Jr JCr
Let f* be the inverse Fourier transform of the function f in ¢ variable. Then
Pk = [ fat e
R

Thus,

~

f o) = /K [ P e,

where p)(z,k) = p)(2,0,k). For f € L' N L*(G), the following Plancherel formula
derived in [41].

| [ st =03 [ foolfapir
K JHn coe IR0

Further, the set {¢) ®e? : a € N*, 1 <i < d,} forms an orthonormal basis for H2, we
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can write

fO\ o) (@) ®ef) Z/% /szk m\(2)¢n @ o(k)ed) dzdk.

|al=[~]

5.3 Uniqueness results on the Heisenberg motion

group

In this section, we work out some of the results pertaining to the uniqueness of the
Fourier transform on the Heisenberg motion group G = H" x K. Those results can be

thought as an analogue to the Benedicks theorem.

Weyl transform. For proving the main result of this section, we need to derive some
of the properties of the Weyl type transform on G* = C" x K. For more details on the

Wely transform on the Heisenberg group, see [50].

For (), 0) € G', we define the Weyl transform W) on L*(G*) b

_ /K/nF(z, k) (2, k) d=dk.

Now, we define the A-twisted convolutions of F, H € L' N L*(G*) b

Fxatig) = | F (997 Hg)e g,
GX

where g = (2,k) and ¢’ = (w, s). For A = 1, we simply call the A-twisted convolutions
as twisted convolutions and denote it by F' x H. We derive the following properties of

the Weyl transform W)

Proposition 5.3.1. If F, H € L' N L*(G*), then
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(1) WNF*) = WMNF)*, where F*(z,k) = F ((2,k)™1),
(i) W (F xx H) = WR(F)W2(H).

Proof. By the scaling argument, it is enough to prove these results for the case \ = 1.

(i) If ¢, € H2, then we have

Wo(F)60) = [ R e )0 v

p /K/ (6, F ((2,k)7") po (2, k)7") @) dzdk
= (¢, Wo(F)Y) = (W, (F) ¢, ¢) .

(7i) Let dg = dzdk, then

(Wa(FYW, (H)6,8) = / F (2, k) {po (2 k) Wo ()6, ) dg
:/ﬂ/ g)e 30D (o (2 + kw, ks)o, v) dg'dg
GX GX
N / / 99/ 1 H(g"e 3mEw2) (5 (g)6, ) dg'dg
GX GX

_ LXFxHXzM@AzM¢w
- <WU(FXH)¢7¢>

Next, we derive the Plancherel formula for the Weyl transform W2 on L?*(G*)

corresponding to A = 1.

Proposition 5.3.2. If F' € L*(G*), then the following holds.

S e WolPlls = " [ [ 1P bz

ceK
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Proof. Since L' N L?(G*) is dense in L?(G*), it is enough to prove the result for L' N
L*(G*). For the sake of convenience, let ¢, = ¢) ® €7 and ¢ = (27)2 ag when
A = 1. Then the set {¢7,; : v € N",1 <i < d,} forms an orthonormal basis for H2. By

the Parseval identity, we have

IWo(F)6Sulloe = Do D KWalF)e5, 85,0] =

peN” j=1

2

e Y| Y [ o) [ Pl tns @ oz

BeN™ j=1 ||al=|v|
It is easy to see that the matrix coefficients 7,, of the representation 1, satisfy the

identity

DD k)| = D e (R)I*, (5.3.1)

la=m |]7|=m laf=m

where k € K and ¢, € C. Now, by Plancherel theorem for the compact group K and
the identity (B.3.1]), we infer that

2

S drWalPss = Crr S [ | @) [ PR (:)az| i

ocK ByeN" la=[]
2
= @n)" ) / / F(z,k)¢as(2)dz| dk
a,ENT K "

= (27r)”/ |F (2, k) |*dzdk.
K Jer

For o € K, we defining a Fourier-Wigner type transform Vf" of functions f, g € H2
on G* by

Vi(z,k) = (ps(2,k)f,9)-
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Lemma 5.3.1. For f;, g1 € H2, | = 1,2, the following identity holds.

/K / VR (e VE G Rydzdk = (2m)" (1, f2) (91,92

Proof. Since the set {¢p, @ €7 : @ € N*, 1 < i < d,} form an orthonormal basis for H?

and f;, g € H2, we can write

Z Z f,lYZQS,y@eZ, andgl Z Z gﬁ]¢5®eja =1,2,

veN™ 1<i<ds peN” 1<5<ds

where fl and 96 ; are constants. Thus,

Vgl(Z k‘ Z Z Z fézajnav gbaﬁ( )ngz( )

a,BeN" 1<i,j<dy |y|=]|a]

By the orthogonality of the special Hermite functions ¢,z together with the identity
(E.3.10), it follows that

/n VI (2, K)VE (2, k)dz =

an 3 |3° (AaR) 1) 3 () 500

7.8EN" Li,j=1 ,j=1

Finally, by integrating both the sides with respect to k, we get

/K /n Vfgll(z’ k)Wdzdk: —

(Z Z fvlz 2z> <Z Z 9%;%) 27m)" (f1, f2) <91,g2>

FENT 1<i<d, BENT 1<j<d,

Notice that, if f,g € H2, then as particular case of Lemma 53] it follows that
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Vi e L*(G*). Let V, =span {V{ : f,g € H2} . Since the set
By = {8 =0a®el a0 eN"1<i<d,}

form an orthonormal basis for H2, by Lemma [E.3.1] we infer that the set

VBU:{VIZLB’.JV : al,@DBJGB }
is an orthonormal basis for V. Next, we recall the Peter-Weyl theorem which is crucial

for the proof of Proposition .33l For more details, see [48].

Theorem 5.3.1. (Peter-Weyl). Let K be the unitary dual of the compact Lie group
K. Then the set {\/djqb;’] 1<, <d,,0€ K'} is an orthonormal basis for the space
L*(K).

Proposition 5.3.3. The set {VB[, 1o € K} is an orthonormal basis for L*(G*).

Proof. By Theorem [£.3.1], it follows that {VBU ceK } is an orthonormal set. It only

remains to prove the completeness. For this, suppose F' € VB{, , then

(Wo(F)g 505,) = / / 1;%6;(2, k)dzdk

S
= (F. w§>—Q

whenever g ;9% . € B,. Hence, it follows that W,(F) = 0 for all o € K. Thus, by

OéZ’

Proposition £.3.2] we conclude that F' = 0. O

Moreover, by using the fact that Vp_ is an orthonormal basis for V,, as a corollary

to Proposition (3.3, we infer that L*(G*) = @@ V.
oEK

Now, we state our main result of this section. Let A and B be Lebesgue measurable
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subsets of R™ such that 0 < m(A)m(B) < oo, where m denotes the Lebesgue measure.

Theorem 5.3.2. Let F' € L' N L*(G) be supported on (X x R) x K.

(1) If ¥ has finite Lebesque measure and F(\,0) is a rank one operator for all

(A\,0) € R* x K, then F = 0.

(1i) If ¥ = AX B and F()\, o) is a finite rank operator rank for all (A, o) € R* x K,
then F' = 0.

Given ¢, € L?*(R"), we define the Fourier-Wigner transform by

T(¢,9)(2) = (n(2)8,9) ,

where 7 is the Schrodinger representation corresponding to A = 1. Next, we state the

following result from [1921].
Theorem 5.3.3. For ¢, € L*(R"), write X = T(¢,v). If {z € C": X(z) # 0} has

finite Lebesque measure, then X = 0.

In view of Theorem [5.3.3] we prove the following analogous result for the Fourier-
Wigner transform. In fact, it says that the Fourier-Wigner transform of a pair of

non-zero functions cannot be finitely supported.

Proposition 5.3.4. For f; € H2;j = 1,2, denote F = Vf?. If {z € C": F(z,k) # 0}

has finite Lebesque measure for all k € K, then F' = 0.

Proof. Since f; € HZ, we can express f; = ¢; ® h;, where ¢; € L*(R") and h; € H,.
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Then

F(z, k) = (po(z k) fr, f2)
= (m(2)u(k) @ o (k)(dr @ hy), P2 @ ha)
= (m(2)u(k) 1, ¢2) (o (k)ha, ha)
= (m(2)¢1, @2) (0 (k)h1, ho)
= X(2) (0(k)h1, ha),

where 11 = u(k)p; and X = T(¢y1, ¢2). If (o(k)hi, he) = 0 for some k € K, then
F(.,k) =0. On the other hand, if (¢(k)hy, ha) # 0, then X is a non-zero function that
supported on a set of finite Lebesgue measure. Thus, in view of Theorem (3.3 we

conclude that F' = 0. O

Next, we prove that if for F' € L' N L?(G*), the operator W, (F) is of finite rank

for each 0 € K , then F' = 0. For proving this, we require the following crucial results.

For k € K, define b;(k) = (o(k);, ;) , where ¢; € H,. Then b;(e) = ||¢);]]*. Set
1951 = ey

Proposition 5.3.5. For ¢; € L*(R"); j € {1,..., N}, define the function ¢» on C" by
N

P(z, k) = > bj(k) (m(2)u(k)p;, @), where k € K. If 1 is supported on a subset € x F
j=1

of C"™ such that 0 < m(E)m(F) < oo, then 1 = 0.

Proof. Let e be the identity element of the group K. Then pu(e) = I is the identity
operator on L?(R™). For z = z + iy € C", we write ¢, (z) = ¥(z, e). Since ¢; € L*(R"™),

there exists a set A of measure zero such that |¢;| is finite on R™ \. A. Denote K,(§) =

N
> ajz-gbj (€ +1y)p;(€) for almost all £ € R™. Then by the hypothesis, ¢ can be expressed
=1
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as

b, (z) = / ) TV (€)dE. (5.3.2)

Since v is supported on £ x F of finite Lebesgue measure, it follows that v, = 0 for all

y € R" \ F. Hence we infer that K, = 0, whenever y € R" \\ F.

Define the function y on R"~ A by x = (a1¢1,...,ay¢n) . If x = 0on R"\ A, then

result will follow. Suppose x # 0, then there exists {; € R" ~ A such that x(&;) # 0.

Now, if it happens that x = 0 on R" X\ (B(&) U A), where B(&;) is the set & +
(FU{0}), then ¢;’s are finitely supported.
-1

Otherwise, we can choose & € R"\ | J B(§)UA, where B(&;) = &+ (FU{0}) such

i=1

that x(&) # 0, whenever | < N. For [ # m, we have & — &, € F. By the hypothesis,

N

Ke e, (&) = > 2 (E+ & — Em)di(€) = 0, whenever £ € R™ . A. Hence it follows that
j=1

x(&) and x(&,,) are orthogonal. Thus, the set S = {x(&1),...,x({x)} is an orthogonal

set in CN.

N
Therefore, if € € R" . |J (B(&)U A), then x(§) L S, and hence x(&) = 0. Thus,
=1

each of ¢; is supported on a set of finite Lebesgue measure.

Now, for k € K, ¢ can be expressed as
y(x) = / el é+3e) (Zb (€ +v) %(f)) de,

N

where x; = u(k)p; € L*(R™). Let Hy (&) = > bi(k)x; (€ + y)$;(€). Then H, is finitely
j=1

supported for all y € R™. By the Benedicks theorem, H, and its Fourier transform both

cannot be finitely supported simultaneously. Hence we conclude that 1, = 0 for all

y € R™ O
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Remark 5.1. Instead of the rectangle £ x F in R* if we consider a set E of finite
Lebesgue measure in R*™, then the projection of E on R™ need not be a set of finite

measure. Hence the above proof of Proposition[5.3.0 will not work.

Let £ and F be Lebesgue measurable subsets of R" satisfying 0 < m/(E)m(F) < oo.
Denote ¥ = & x F.

Theorem 5.3.4. Let F' € L* N L2(G*) be supported on > x K. If for each o € K, the

operator W, (F') has finite rank, then F = 0.

Proof. Let 7 = F* x F, where F*(v) = F (v™!). Then W,(T) = W (F)*W,(F) is a

positive and finite rank operator on H?2. By the spectral theorem, it follows that

N
Wo(D)f =D ai{F. £} fi, (5:3.3)

j=1
where {fi1,...,fn} is an orthonormal basis for the range of W,(7) which satisfies

Wo(7)f; = a;f; with a; > 0. Now, for f,g € H2, we have

N

(Wo(P)frg) = > a; (f. 1) (f5.9) (5.3.4)

=1

N N
= 20)™) g / / Vi (2 )V (2, k) dzdk.
i=t ~ Y

Since 7 € L*(G*), by Proposition 5.3.3, we can write 7 = € 7,. In view of the above
UER
decomposition and by the definition of W, (7), we can write

(W, (T f,g9) = /K /(C” T(z, k) <p},(z, k)f, g> dzdk (5.3.5)
= /K /n To (2, K)V{ (2, k)dzdk.
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Fourier-Wigner transform as in Lemma [5.3.1] it follows that
N
o= V7, (5.3.6)
j=1

where h; = (27)7%,/a;f; € HZ2. Now, let h; = ¢; ® ; for some ¢; € L*(R") and
Y; € H,. Then from (5.3.6]) we have

N

TO(Zv k) = Z <:00(z7 k)h'j’ h’]> =

j=1

WE

(m(2) (k) dj, 05) (0 (k)5 ¥5)

1

<.
Il

WE

bi(k) (m(2)x;, 5) »

1

<.
Il

where x; = p(k)¢; € L*(R™) and b;(k) = (o(k);, ;). Since 7 is finitely supported
in C" variable, by Proposition [£.3.5] it follows that 7, = 0, whenever ¢ € K. In view
of Plancherel formula for the Weyl transform as mentioned in Proposition (.32 we

conclude that F' = 0. O
Next, we prove Theorem [5.3.2] in the following two cases.
Proof of Theorem B34 (i). Since F € L' N L*(G), we can write

Fno) = /K / n /R F(z,t, K)o (2.1, k)dtdzdk (5.3.7)

_ /K / PRy (2, Rz
W, (F)

Suppose the operator W, (F*) has rank one. Then it is enough to show that F* = 0.
Consider the case when A = 1. Since by hypothesis, W, (F") has rank one, there exist
f; € H2;j = 1,2 such that W,(7)f = (f, f1) fo for all f € HZ, where 7 = F''. Hence
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for f,g € H2, Lemma B3] yields

Wo(T)f,9) = (f, i) (fo, 9) (5.3.8)
= (27T)_"/K/nVf(z,k:)fo(z,k)dzdk.

Let 7 = € 7., where 7, € V. Then by definition of W, (7), it follows that
ceK

(Wo(P)f,q) = /K / Tz RV (2 k) dzd (5.3.9)

Now, by comparing (.3.8) with (5:39) in view of Proposition £33, we infer that
Ty = (2%)‘"Vf]; 2. Finally, by Proposition [5.3.4] it follows that 7, = 0 for all o € K. That

is, 7 = 0 and hence we conclude that F = 0.

(ii). Suppose the operator W, (F?) has finite rank. We prove the result for A = 1
and the general case will be followed by the scaling argument. Since F(1,0) = W, (F'),
by Theorem [5.3.4], it follows that F'* = 0. Similarly, it can be shown that F* = 0 for all

A € R*. Thus, we conclude that F' = 0. O

5.4 Preliminaries on step two nilpotent group

In this section, we prove an analogous result of the Benedick’s theorem for the Euclidean
Fourier transform on the step two nilpotent Lie groups. However, for the sake simplicity,
we derive the result for the class of groups introduced by G. Métivier (see [29]). These
groups are step two nilpotent Lie groups when quotiented with the hyperplane in the
center becomes the Heisenberg group. The Heisenberg-type groups introduced by A.
Kaplan (see [22]) are examples of Métivier group. However, there are Métivier groups

which are distinct from the Heisenberg-type groups. For more details, see [30].
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Let G be connected, simply connected Lie group with real step two nilpotent Lie
algebra g. Then g has the orthogonal decomposition g = b & 3, where 3 is the center of
g. Since g is nilpotent, the exponential map exp : g — G is surjective. Thus, G can be

parameterized by g = b @ 3, endowed with the exponential coordinates.

Let {V;:i=1,...,m} and {Z;:j=1,...,k} be orthonormal bases of b and
respectively. Then for V + Z € b @ 3, we can identify g € G with the point (V, Z) €
R™ x R* such that g = exp(V + Z). Since [b,b] C 3 and [g,[g,g]] = {0}, by the

Baker-Campbell-Hausdorff formula, the group law on G can be expressed as
1
(V,2)(V',Z") = (V +V',Z+ 7 + i[V, V’]) .

Let dV and dZ be the Lebesgue measures on b and 3 respectively. Then the left-invariant

Haar measure on GG can be expressed as dg = dVdZ.

Now, for w € 3*, consider the skew-symmetric bilinear form B, on b by
B,(X,Y)=w([X,Y]).
Let m,, be the orthogonal complement of
r, ={X €b:B,(X,Y)=0,VY €b}

in b. Then B, is called a non-degenerate bilinear form when r, is trivial. If B, is

non-degenerate for all w # 0, then G is called Métivier group.

Since my, is invariant under the skew-symmetric bilinear form B,,, it follows that
the dimension of m,, is even. Let A = {w € 3* : dimm,, is maximum}. Then A is a
Zariski open subset of 3* and for w € A, there exists an orthonormal almost symplectic
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basis {X;(w),Yj(w):i=1,...,n} of b and d;(w) > 0 such that

0ijd;(w), when X #Y;
W[Xi(w), V@) =§ 7
0, otherwise.

Let (, = span{X;(w) :i=1,...,n} and 5, = span{Yj(w) : 7 = 1,...,n}. Then we can
write b = (, @7, and each (X,Y,Z) € G can be represented by
(X,Y,Z) = Z zi(w) Xi(w) + Z yi(w)Yi(w) + Z ti(w)Z;(w).
i=1 i=1 j
Hence a typical element of G can be written as (z,y,t), where 7,5y € R" and t € R*.

For more details, we refer to [9,24129].

Next, we briefly describe the irreducible representation of the Métivier group G
which can be parameterized by A. That is, each w € A induces an irreducible unitary

representation 7, of G by
(mulw,y,1)9) (€) = e Zim st Htiin G g ¢ + y),

whenever ¢ € L?(n,). For the sake of simplicity, we write v = (z,y). Then the group

Fourier transform of f € L*(G) can be defined by

flw) = /5 /b o, )0, ) dudt,

where w € A. Now, we define the Fourier inversion of f in the ¢ variable by

f4(v) = /6i2§—1wjtjf(vat)dt-

3

Then for the suitable functions f and g on b, we can define the w-twisted convolution
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of f and g by
f g /f v—1') (oD gy

Here it is immediate that (f * g)* = f“ %, ¢*. Let p(w) = 11", d;(w) be the symmetric
function of degree n corresponding to B,,. For f € L' N L2(G), the operator f(w) is a

Hilbert-Schmidt operator that satisfies

)| @) 12s = @) / 1 (0)Pdo.

Denote m,(v) = m,(v,0). Then the Fourier inversion f“ can be determined by the

formula

4 (v) = (27) "p(w) tr(m(0)"f ().

5.5 Uniqueness results on step two nilpotent group

For w € A and h € L' N L?(b), the Weyl transform W,,(h) is defined by

W, (h) = /h(v)ww(v)dv. (5.5.1)

The Weyl transform W, (h) is a Hilbert-Schmidt operator on L?(n,,) that satisfies the

following Plancherel formula, (see [33]).

Theorem 5.5.1. For h € L?(b), the following equality holds:

P)IWe(h)lFrs = (2W)"/b|h(v)l2dv-

Proposition 5.5.1. For h € L' N L%(b), we have the identities:

(i) W, (h*) = W, (h)*, where h*(v) = h(v™1),

TH-1723_138{23ls"" ¥ 1) = W (h) W (h).
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Proof. (i) For ¢, € L*(n,), we can write

W (h)p ) = / e (0) (ma (0) 6, ) dv

(77) Further, we have

(W) Wi (h)b, ) = / / B )R() (70 (0)7, (0 by ) diode?
= / / h*(v—v) 29D (1 (0) b, ¥ dvdy’

_ /h** B)(0) {m(0), ) dv
~ <Ww( *wh)¢7¢>-

Now, we state our main result of this section. Let A and B be Lebesgue measurable
subsets of ¢, and 7, respectively such that 0 < m(A)m(B) < oo, where m denotes the

Lebesgue measure.

Theorem 5.5.2. Suppose f € LY(G) is supported on the set X @ 3, where ¥ is a subset
of b.

(i) If ' has finite Lebesque measure and f(w) is a rank one operator for allw € A,

then f = 0.

(ii) If X =AX B and f(w) has finite rank for all w € A, then f = 0.

In order to prove Theorem [5.5.2] we need the following crucial results. Let ¢, €
TH-1723 136123005
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L?(n.,). Then the Fourier-Wigner transform of ¢ and 1 is a function on b defined by

T(,9)(v) = (mu(v) @, 1) -

As a consequence of the Schur’s orthogonality relation, these functions 7'(¢,1)’s are

orthogonal among themselves. For more details, we refer to Wolf [55].

Lemma 5.5.1. [B5] Let ¢;,1; € L*(ny); j =1,2. Then

/b T (1, 40) (0) T (B0, B2) )l = c(w) (o, ) &0, 02,

where c¢(w) = (2m)" p(w)~L.

We observe that these functions T'(¢, 1)’s generate an orthonormal basis for L?(b).

Let {¢; : j € N} be an orthonormal basis for L?(n,,).

Proposition 5.5.2. The set {T(¢;, ¢;) : 4,7 € N} is an orthonormal basis for L*(b).

Proof. In view of Lemma [5.5.1] it is clear that {T'(¢;, ¢;) : i, j € N} is an orthonormal
set. Now, it only remains to verify the completeness. For this, let f € L?*(b) be such

that (f,T(¢:,¢;)) =0, whenever 4, j € N. Then

(WD) = [ F0) trafwrdn o) o (55.2)
= T 09)) =

Hence, we infer that W,,(f) = 0. Thus, by the Plancherel Theorem 5.1}, we conclude
that f = 0. O

Proposition 5.5.3. Let F' = T(¢,1)), where ¢, € L*(n,,). If the set {v € b: F(v) # 0}

has a finite Lebesque measure, then F has to vanish identically.
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Proof. We would like to mention that the proof of Proposition [(.5.3] is almost similar

to Theorem B.3.3] and hence we omit it here. ]

Let £ and F be Lebesgue measurable subsets of ¢, and 7, respectively such that
0 <m(E)m(F) < oo. Denote ¥ = & x F.

N
Lemma 5.5.2. For h; € L*(n,), write K,(§) = > hj(& + y)h;(§), where y € n,. If
j=1
K, (&) = 0 for all y € n, ~F and for almost all {& € n,, then each of h; is finitely

supported.

Proof. Since h; € L*(n,), there exists a set A of Lebesgue measure zero such that
|h;| is finite on 7, ~ A. Define a function y on n, N~ A by x = (h1,...,hn). If h;
is non-vanishing on 7, \~ A for some j, then we can choose & € 1, ~ A such that
x(&1) # 0. Let B(&;) be the set & + (F U {0}). If x vanishes on 71, \ B(&) U A, then
the result follows. Otherwise, by induction, we can choose &; € n, ~ jL_Jl (B(&)U A)
such that x(&;) # 0, whenever j < N, where B(§;) = & + (F U {O})Z.:lThus by the
hypothesis, the set S = {x(§;) : j = 1,..., N} is an orthogonal set in C". Now, if

N

Een,~ U (B()UA), then x(€) € S*, and hence x(£) = 0.. O
j=1

Proposition 5.5.4. Let h € L' N L*(b) be supported on X in b. If W, (h) is a finite

rank operator, then h = 0.

Proof. Let T = h* %, h, where h*(v) = h(v=1). Then W,(7) = W,(h)*W,(h) is a
positive and finite rank operator on L?(n,). By the spectral theorem, there exists an

orthonormal set {¢; € L*(n,) : j = 1,..., N} and scalars a; > 0 such that

W, (7)o = Zaj (¢, ¢;5) &5,

Jj=1
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whenever ¢ € L?(n,). Now, for ¢ € L?(n,,), we have

M-

(Wo(T)¢, ) = a; (9, ¢5) (05, )

j=1

N
— ) Yo [TO.TE o0, (553)
j=1
Further, by definition of W,,(7), we have

(WP by ) = / F0)T(6, ) (v)d. (5.5.4)

b

Hence, by comparing (5.5.3)) with (5:5.4]) in view of Proposition [.5.2] it follows that
T =Y T(hjhy), (5.5.5)

where h; = c(w)_%\/a_j ¢; € L*(n,). Now, for v = (z,y), write 7,(x) = 7(z,y). Then
Equation (5.5.5) becomes

i 30 dj ()26 +L259)

T, () :/ e i=1 K, (&)de. (5.5.6)

Since 7 is supported on £ x F, it follows that K, (£) = 0 for almost every £ and for all
y € 1y~ F. Then in view of Lemma [5.5.7] it follows that each of h; is finitely supported
and hence each of K, is finitely supported. Since 7, is is supported on &, whenever
y € n,, we infer that 7, is zero for all y € n,. Now, by Plancherel Theorem [£.5.1] we
conclude that h = 0. U

Proof of Theorem[52.5.2. (i). By a simple calculation, we get

ﬂmzlﬂ@m@m=Mﬁw
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Since f“ is finitely supported and the operator W, (f*) has finite rank, by Proposition

B.54l it follows that f* = 0, whenever w € A. Hence we infer f = 0.

(ii). It is enough to prove that if W, (f“) has rank one, then f“ = 0. Let W, (f“)

be a rank one operator. Then there exist ¢; € L*(n,); j = 1,2 such that

Ww(%)QS = <¢a ¢1> ¢2

for all ¢ € L*(n,,), where T = f*. Thus, for ¢ € L*(n,), it follows that

<Ww(7t)¢a,¢}> = <¢ ¢1 ¢27
- /l (6, ) ()61, 62) (V) do. (5.5.7)

Further, by definition, we get

<mmw»=l/ﬂmwwmw (5.5.8)

Hence by comparing (5.5.7) with (55.8) in view of Lemma [E.5.0] we infer that

T(v) = c(w)_lT(@’ $a)(v)-
Thus, from Proposition (.53 it follows that 7 = 0. O

Remarks and open problems:

If the Fourier transform of a compactly supported function f on H" x U(n) (or step two
nilpotent Lie groups) lands into the space of compact operators, then f might be zero.
However, it would be a good question to consider the case when the spectrum of the
Fourier transform of a compactly supported function is supported on a thin uncountable

set.
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Conclusion

In this thesis, we explored the Heisenberg uniqueness pairs corresponding to the
spiral, hyperbola, circle, cross, exponential curves, and surfaces. Then, we prove a
characterization of the Heisenberg uniqueness pairs corresponding to four parallel lines.
We observe that the size of the determining sets A for X (I') depends on the number of
lines and their irregular distribution that further relates to a phenomenon of interlacing

of the zero sets of certain trigonometric polynomials.

M. Benedicks [7] had extended the classical Paley-Wiener theorem (about uncer-
tainty principle) to the class of integrable functions. That is, support of an integrable
function f and its Fourier transform f both can not be of finite measure simultane-
ously. The Fourier transform on a non-commutative group becomes a linear operator of
large rank in contrast to the Euclidean spaces R"™ where the Fourier transform has rank

one and hence it can be think of function on R™.

In this thesis, we prove that if the group Fourier transform of certain integrable
functions on the Euclidean motion groups (or Heisenberg motion group/ step two nilpo-
tent Lie groups) is of finite rank, then the function has to identically zero. These results
can be thought as an analogue to the Benedicks theorem that dealt with the uniqueness

of the Fourier transform of integrable functions on the Euclidean spaces.
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