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Let X(Γ) be the space of all finite Borel measures µ in R2 which is supported on

the curve Γ in R2 and absolutely continuous with respect to the arc length of Γ. For

Λ ⊂ R2, the pair (Γ,Λ) is called a Heisenberg uniqueness pair for X(Γ) if any µ ∈ X(Γ)

satisfying µ̂|Λ = 0, implies µ = 0.

Heisenberg uniqueness pair has been first introduced by Hedenmalm and Montes-

Rodŕıguez as a version of the uncertainty principle (see [18]). We would like to mention

that Heisenberg uniqueness pair up to some extent is similar to an annihilating pair

of Borel measurable sets of positive measure as described by Havin and Jöricke (see

[17]). Let S,Σ ⊆ R be a pair of Borel measurable sets. Then (S,Σ) form a mutually

annihilating pair if any ϕ ∈ L2(S) whose Fourier transform ϕ̂ supported on Σ, implies

ϕ = 0.

Heisenberg uniqueness pair has a close relation with the long-standing problem

of determining the exponential types for a finite measure which is eventually aboutTH-1723_136123005
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exploring the density of the set {eiλt : λ ∈ Λ} in L2(µ). For more details, we refer

to Poltoratski [35, 36]. In particular, the question of HUP can be thought as a dual

problem of gap problem (see [35]). Let µ be a finite Borel measure which is supported

on a closed set Γ ⊂ R and

GΓ = sup
{
a > 0 : ∃ µ 6= 0, supp µ ⊂ Γ satisfies µ̂|[0,a] = 0

}
.

Let Λ ⊂ R. Then (Γ,Λ) would be a HUP as long as the determining set Λ intersect

[0, GΓ] at most on a set of measure zero.

Further, the concept of Heisenberg uniqueness pair has a sharp contrast to the

determining sets for measures by Sitaram et al. [6, 38], due to the fact that the deter-

mining set Λ for the function µ̂ has also been considered a thin set. In particular, if

Γ is compact, then µ̂ is a real analytic function having exponential growth and it can

vanish on a very delicate set. Hence, in this case, finding the Heisenberg uniqueness

pairs becomes little easier. However, this question becomes immensely difficult when

the measure is supported on a non-compact curve.

Hedenmalm and Montes-Rodŕıguez have shown that the pair (hyperbola, some

discrete set) is a Heisenberg uniqueness pair. As a dual problem, a weak∗ dense subspace

of L∞(R) has been constructed to solve the Klein-Gordon equation. Further, a complete

characterization of the Heisenberg uniqueness pairs corresponding to any two parallel

lines has been given by Hedenmalm and Montes-Rodŕıguez (see [18]).

Lev [27] and Sjölin [43] have independently shown that circle and certain system

of lines are HUP corresponding to the unit circle S1. Further, Vieli [53] has generalized

HUP corresponding to circle in the higher dimension and shown that a sphere whose

radius does not lie in the zero set of the Bessel functions J(n+2k−2)/2; k ∈ Z+, the set

of non-negative integers, is a HUP corresponding to the unit sphere Sn−1. In a recent
TH-1723_136123005
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article [46], it has been shown that a cone is a Heisenberg uniqueness pair corresponding

to the sphere as long as the cone does not completely lay on the level surface of any

homogeneous harmonic polynomial on Rn. Thereafter, a sense of evidence emerged that

the exceptional sets for the HUPs corresponding to the sphere are eventually contained

in the zero sets of the spherical harmonics and the Bessel functions, though we yet to

resolve it (see [46]).

Sjölin [44] has investigated some of the Heisenberg uniqueness pairs corresponding

to the parabola. Subsequently, Babot [5] has given a characterization of the Heisenberg

uniqueness pairs corresponding to a certain system of three parallel lines. Thereafter,

we have given some necessary and sufficient conditions for the Heisenberg uniqueness

pairs corresponding to a system of four parallel lines. However, an exact analogue for

the finitely many lines as compared to three parallel lines result is still open.

In a major development, Jaming and Kellay [20] have given a unifying proof for

some of the Heisenberg uniqueness pairs corresponding to the hyperbola, polygon, ellipse

and graph of the functions ϕ(t) = |t|α, whenever α > 0. Further, Gröchenig and Jaming

[15] have worked out some of the Heisenberg uniqueness pairs corresponding to the

quadratic surface.

In the thesis, we explored the Heisenberg uniqueness pairs corresponding to the

spiral, hyperbola, circle, cross, exponential curves, and surfaces. Then, we prove a

characterization of the Heisenberg uniqueness pairs corresponding to four parallel lines.

We observe that the size of the determining sets Λ for X(Γ) depends on the number of

lines and their irregular distribution that further relates to a phenomenon of interlacing

of the zero sets of certain trigonometric polynomials.

In an interesting article, M. Benedicks [7] had extended the classical Paley-Wiener

theorem to the class of integrable functions. That is, support of an integrable function
TH-1723_136123005
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f and its Fourier transform f̂ both cannot be of finite measure simultaneously.

Thereafter, a series of analogous results to the Benedicks theorem had been ex-

plored in various set ups, including the Heisenberg group and the Euclidean motion

groups (see [31, 42]). In particular, Narayanan and Ratnakumar [31] had worked out

an analogous result to the Benedicks theorem for the partially compactly supported

functions on the Heisenberg group in terms of the finite rank of the Fourier transform

of the function.

In a recent article, Vemuri [52] has relaxed the compact support of the function by

finite Lebesgue measure. The latter result can be thought as nearly close to the original

Benedicks theorem. However, it would be a good question to consider the case when

the spectrum of the Fourier transform of an integrable function will be supported on a

thin uncountable set.

In this thesis, our main focus is to explore analogue of Benedicks theorem on the

Euclidean motion groups, Heisenberg motion group and step two nilpotent Lie groups.

We prove that if the group Fourier transform of finitely supported certain integrable

functions is of finite rank, then the function has to vanish identically.

The thesis is organized as follows:

In Chapter 1, we briefly introduce the problems considered in the thesis and the

recent developments on the topics related to Heisenberg uniqueness pairs and Benedicks

theorem.

In Chapter 2, we consider the Heisenberg uniqueness pairs corresponding to the

spiral, hyperbola, circle, cross, exponential curves, and some surfaces.

In Chapter 3, we prove a characterization of the Heisenberg uniqueness pairs cor-

TH-1723_136123005
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responding to a certain system of four parallel lines and in this case, we observe the

phenomenon of interlacing of three totally disconnected dispensable sets.

In Chapter 4, we prove that if the Fourier transform of a integrable function on

the Euclidean motion group M(n) is compactly supported, then the function has to

vanish identically. Further, we explore the Heisenberg uniqueness pairs for the Fourier

transform on M(n) as well as on the product group Rn × K, where K is a compact

group.

In Chapter 5, we prove that if the group Fourier transform of certain integrable

functions on the Heisenberg motion group (or step two nilpotent Lie groups) is of finite

rank, then the function is identically zero. These results can be thought as an analogue

to the Benedicks theorem that dealt with the uniqueness of the Fourier transform of

integrable functions on the Euclidean spaces. spaces.

TH-1723_136123005
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Chapter 1

Introduction

Let X(Γ) be the space of all finite Borel measures µ in R2 which is supported on the

curve Γ and absolutely continuous with respect to the arc length of Γ. For Λ ⊂ R2, the

pair (Γ,Λ) is called a Heisenberg uniqueness pair for X(Γ) if any µ ∈ X(Γ) satisfying

µ̂|Λ = 0, implies µ = 0.

The concept of the Heisenberg uniqueness pair has been first introduced in an

influential article by Hedenmalm and Montes-Rodŕıguez (see [18]). We would like to

mention that Heisenberg uniqueness pair up to a certain extent is similar to an anni-

hilating pair of Borel measurable sets of positive measure as described by Havin and

Jöricke [17]. Let S,Σ ⊆ R be a pair of Borel measurable sets. Then (S,Σ) form a

mutually annihilating pair if any ϕ ∈ L2(S) whose Fourier transform ϕ̂ supported on Σ,

implies ϕ = 0. Further, the notion of Heisenberg uniqueness pair has a sharp contrast

to the known results about determining sets for measures by Sitaram et al. [6, 38], due

to the fact that the determining set Λ for the function µ̂ has also been considered a thin

set.

Heisenberg uniqueness pair has a close relation with the long-standing problem

of determining the exponential types for a finite measure which is eventually about

TH-1723_136123005
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exploring the density of the set {eiλt : λ ∈ Λ} in L2(µ). For more details, we refer

to Poltoratski [35, 36]. In particular, the question of HUP can be thought as a dual

problem of gap problem (see [35]). Let µ be a finite Borel measure which is supported

on a closed set Γ ⊂ R and

GΓ = sup
{
a > 0 : ∃ µ 6= 0, supp µ ⊂ Γ satisfies µ̂|[0,a] = 0

}
.

Let Λ ⊂ R. Then (Γ,Λ) would be a HUP as long as the determining set Λ intersect

[0, GΓ] at most on a set of measure zero.

In addition, the question of determining the Heisenberg uniqueness pair for a class

of finite measures has also a significant similarity with the celebrated result due to M.

Benedicks (see [7]). That is, support of a function f ∈ L1(Rn) and its Fourier transform

f̂ cannot be of finite measure simultaneously. Later, various analogues of the Benedicks

theorem have been investigated in different set ups, including the Heisenberg group and

Euclidean motion groups (see [31, 32, 42]).

In particular, if Γ is compact, then µ̂ is a real analytic function having exponen-

tial growth and it can vanish on a very delicate set. Hence, in this case, finding the

Heisenberg uniqueness pairs becomes little easier. However, this question becomes im-

mensely difficult when the measure is supported on a non-compact curve. Eventually,

the Heisenberg uniqueness pair is a natural invariant to the theme of the well studied

the uncertainty principle for the Fourier transform.

In the article [18], Hedenmalm and Montes-Rodŕıguez have shown that the pair

(hyperbola, some discrete set) is a Heisenberg uniqueness pair. As a dual problem,

a weak∗ dense subspace of L∞(R) has been constructed to solve the Klein-Gordon

equation. Further, a complete characterization of the HUPs corresponding to any two

parallel lines has been given by Hedenmalm and Montes-Rodŕıguez (see [18]).
TH-1723_136123005
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Afterward, a considerable amount of work has been done pertaining to the Heisen-

berg uniqueness pair in the plane as well as in the higher dimensional Euclidean spaces.

Recently, Lev [27] and Sjölin [43] have independently shown that circle and certain

system of lines are HUP corresponding to the unit circle S1. Further, Vieli [53] has

generalized HUP corresponding to circle in the higher dimension and shown that a

sphere whose radius does not lie in the zero set of the Bessel functions J(n+2k−2)/2; k ∈

Z+, the set of non-negative integers, is a HUP corresponding to the unit sphere Sn−1.

In a recent article [46], the author has shown that a cone is a Heisenberg uniqueness

pair corresponding to the sphere as long as the cone does not completely lay on the

level surface of any homogeneous harmonic polynomial on Rn. Thereafter, a sense of

evidence emerged that the exceptional sets for the HUPs corresponding to the sphere

are eventually contained in the zero sets of the spherical harmonics and the Bessel

functions, though we yet resolve it (see [46]).

Sjölin [44] has investigated some of the Heisenberg uniqueness pairs corresponding

to the parabola. Subsequently, Babot [5] has given a characterization of the Heisenberg

uniqueness pairs corresponding to a certain system of three parallel lines. However, an

exact analogue for the finitely many parallel lines is still open.

In a major development, Jaming and Kellay [20] have given a unifying proof for

some of the Heisenberg uniqueness pairs corresponding to the hyperbola, polygon, ellipse

and graph of the functions ϕ(t) = |t|α, whenever α > 0, via dynamical system approach.

Further, Gröchenig and Jaming [15] have worked out some of the Heisenberg uniqueness

pairs corresponding to the quadratic surface.

Let Γ be a finite disjoint union of smooth curves in R2. Let X(Γ) be the space of

all finite complex-valued Borel measure µ in R2 which is supported on Γ and absolutely

continuous with respect to the arc length measure on Γ. For (ξ, η) ∈ R2, the Fourier
TH-1723_136123005



4

transform of µ is defined by

µ̂(ξ, η) =

∫

Γ

e−iπ(x·ξ+y·η)dµ(x, y).

In the above context, the function µ̂ becomes a uniformly continuous bounded function

on R2. Thus, we can analyze the pointwise vanishing nature of the function µ̂.

Definition 1.0.1. Let Λ be a set in R2. The pair (Γ,Λ) is called a Heisenberg uniqueness

pair for X(Γ) if any µ ∈ X(Γ) satisfying µ̂|Λ = 0, implies µ = 0.

Since the Fourier transform is invariant under translation and rotation, one can

easily deduce the following invariance properties about the Heisenberg uniqueness pair.

(i) Let uo, vo ∈ R2. Then the pair (Γ,Λ) is a HUP if and only if the pair (Γ+uo,Λ+vo)

is a HUP.

(ii) Let T : R2 → R2 be an invertible linear transform whose adjoint is denoted by

T ∗. Then (Γ,Λ) is a HUP if and only if (T−1Γ, T ∗Λ) is a HUP.

Now, we state first known results on the Heisenberg uniqueness pair due to Hedenmalm

and Montes-Rodŕıguez [18]. After that, we briefly indicate the progress on this recent

problem.

Theorem 1.0.1. [18] Let Γ = L1∪L2, where Lj; j = 1, 2 are any two parallel straight

lines and Λ a subset of R2 such that π(Λ) = R. Then (Γ,Λ) is a Heisenberg uniqueness

pair if and only if the set

Λ̃ = πa1(Λ) ∪
[
πb1(Λ) r πc1(Λ)

]
(1.0.1)

is dense in R.TH-1723_136123005
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Here we avoid mentioning the notations appeared in (1.0.1) as they are bit involved,

however, we have written down the same notations as in the article [18]. Though, their

main features can be perceived in Section 3.2.

Theorem 1.0.2. [18] Let Γ be the hyperbola x1x2 = 1 and Λα,β a lattice-cross defined

by

Λα,β = (αZ× {0}) ∪ ({0} × βZ) ,

where α, β are positive reals. Then (Γ,Λα,β) is a Heisenberg uniqueness pair if and only

if αβ ≤ 1.

For ξ ∈ Λ, define a function eξ on Γ by eξ(x) = eiπx·ξ. As a dual problem to Theorem

1.0.2, Hedenmalm and Montes-Rodŕıguez [18] have proved the following density result

which in turn solve the one-dimensional Klein-Gordon equation.

Theorem 1.0.3. [18] The pair (Γ,Λ) is a Heisenberg uniqueness pair if and only if

the set {eξ : ξ ∈ Λ} is a weak∗ dense subspace of L∞(Γ).

Remark 1.1. In particular, for Γ to be an algebraic curve, the question of Heisenberg

uniqueness pair can be understood through a partial differential equation (PDE). That

is, if Γ is the zero set of a polynomial P on R2, then µ̂ satisfies the PDE

P

(
∂1
iπ
,
∂2
iπ

)
µ̂ = 0

with initial condition µ̂|Λ = 0. This formulation may help potentially in determining the

geometrical structure of the set Z(µ̂), the zero set of the function µ̂. If we consider Λ to

be contained in Z(µ̂), then (Γ,Λ) is not a HUP. Hence the question of the HUP arises

when Λ has located away from Z(µ̂).

In the case when µ is supported on a circle, the function µ̂ becomes real analytic and

hence it could vanish at most on a very thin set. Thus, there are an enormous numberTH-1723_136123005
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of candidates for Λ such that (Γ,Λ) is a HUP. Some of the Heisenberg uniqueness

pairs corresponding to circle has been independently investigated by Lev and Sjölin.

Following are their main results. For more details, we refer to [27, 43].

Theorem 1.0.4. [27, 43] Let Γ = S1 be the unit circle.

(i) Let Λ be a circle of radius r. Then (Γ,Λ) is a HUP if and only if Jk(r) 6= 0 for all

k ∈ Z+.

(ii) Let Λ be a straight line. Then (Γ,Λ) is not a HUP.

(iii) Let Λ = L1∪L2, where Lj; j = 1, 2 are two straight lines. If L1 and L2 are parallel,

then (Γ,Λ) is a HUP.

(iv) Let Lj ; j = 1, . . . , N be the N different straight lines which intersect at one point

and the angle between any of two lines out of these N lines is of the form πα. Let

ΛN =
N⋃
j=1

Lj. Then (Γ,ΛN) is not a HUP if and only if α is rational.

In contrast to the case of finitely many straight lines, Sjölin [43] has shown that

if Λ =
∞⋃
k=1

Lk, where {Lk} is a sequence of straight lines which intersect at one point,

then (S1,Λ) is a HUP.

Remark 1.2. Since we know that any homogeneous harmonic polynomial on R2 can

be expressed as Arj sin(jθ + δ) for some j ∈ N and δ ∈ [0, 2π) (see [11]), up to some

rotation and translation, we can think of ΛN =
N⋃
k=1

Lk, appeared in Theorem 1.0.4 (iv),

as the zero set of some homogeneous harmonic polynomial. If (S1,Λ) is a Heisenberg

uniqueness pair, then the set Λ must be away from the zero set of any homogeneous

harmonic polynomial. However, the converse is not true. Since (S1,Λ) is not a HUP

if Λ is a circle whose radius lie in the zero set of some Bessel function. Thus, it is an

interesting question to examine the exceptional sets for the Heisenberg uniqueness pairs

corresponding to circle.TH-1723_136123005
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Subsequently, some of the Heisenberg uniqueness pairs corresponding to the parabola

have been obtained by Sjölin [44]. Let |E| denotes the Lebesgue measure of the set

E ⊂ R.

Theorem 1.0.5. [44] Let Γ denote the parabola y = x2.

(i) Let Λ = L be a straight line. Then (Γ,Λ) is a HUP if and only if L is parallel to

the X-axis.

(ii) Let Λ = L1 ∪ L2, where Lj ; j = 1, 2 are two different straight lines. Then (Γ,Λ) is

a HUP.

(iii) Let Lj ; j = 1, 2 be two different straight lines which are not parallel to the X-axis.

Let Ej ⊂ Lj and |Ej| > 0; j = 1, 2. If Λ = E1 ∪ E2, then (Γ,Λ) is a HUP.

The question of Heisenberg uniqueness pair in the higher dimension has been first

taken up by Vieli [53, 54].

Theorem 1.0.6. [53] Let Γ = Sn−1 be the unit sphere in Rn and Λ a sphere of radius

r. Then (Γ,Λ) is a HUP if and only if J(n+2k−2)/2(r) 6= 0 for all k ∈ Z+.

Theorem 1.0.7. [54] Let Γ be the paraboloid xn = x21 + x22 + · · · + x2n−1 in Rn and Λ

an affine hyperplane in Rn of dimension n− 1. Then (Γ,Λ) is a HUP if and only if Λ

is parallel to the hyperplane xn = 0.

Let Γ denote a system of three parallel lines in the plane that can be expressed

as Γ = R × {α, β, γ}, where α < β < γ and (γ − α)/(β − α) ∈ N. By the invariance

properties of HUP, one can assume that Γ = R× {0, 1, p}, for some p ∈ N with p ≥ 2.

The following characterization for the Heisenberg uniqueness pairs corresponding to the

above mentioned three parallel lines has been given by Babot [5].

TH-1723_136123005
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Theorem 1.0.8. [5] Let Γ = R× {0, 1, p}, for some p ∈ N with p ≥ 2 and Λ ⊂ R2 a

closed set which is 2-periodic with respect to the second variable. Then (Γ,Λ) is a HUP

if and only if the set

Λ̃ = Π3(Λ) ∪
[
Π2(Λ) r Π2∗(Λ)

]
∪
[
Π1(Λ) r Π1∗(Λ)

]
(1.0.2)

is dense in R.

For the notations appeared in Equation (1.0.2), we would like to refer the article [5],

as those notations are quite involved. However, the nature of their occurrence can be

understood in the beginning of Section 3.2 when we formulate the four lines problem.

Further, Jaming and Kellay [20] have given a unifying proof for some of the Heisen-

berg uniqueness pairs corresponding to certain algebraic curves.

Theorem 1.0.9. [20] Let Γ be any of the following curves:

(i) the graph of ψ(t) = |t|α, t ∈ R, α > 0;

(ii) a hyperbola;

(iii) a polygon;

(iv) an ellipse.

Then there exists a set E ⊂ (−π/2, π/2) × (−π/2, π/2) of positive Lebesgue measure

such that for (θ1, θ2) ∈ E, the pair (Γ, Lθ1 ∪ Lθ2) is a HUP.

In the thesis, we explored the Heisenberg uniqueness pairs corresponding to the

spiral, hyperbola, circle, cross, exponential curves, and surfaces. Then, we prove a

characterization of the Heisenberg uniqueness pairs corresponding to four parallel lines.TH-1723_136123005
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We observe that the size of the determining sets Λ for X(Γ) depends on the number of

lines and their irregular distribution that further relates to a phenomenon of interlacing

of the zero sets of certain trigonometric polynomials.

In an interesting article, M. Benedicks [7] had extended the classical Paley-Wiener

theorem to the class of integrable functions. Let f̂ denote the Fourier transform of

f ∈ L1(Rn). Let E = {x ∈ Rn : f(x) 6= 0} and F = {ξ ∈ Rn : f̂(ξ) 6= 0}. If both the

sets E and F have finite Lebesgue measure, then f = 0.

Thereafter, a series of analogous results to the Benedicks theorem and related

problems had been explored in various set ups, including the Heisenberg group and

the Euclidean motion groups (see [31–33, 37, 39, 40, 42]). In particular, Narayanan and

Ratnakumar [31] had worked out an analogous result to the Benedicks theorem for the

partial compactly supported functions on the Heisenberg group in terms of the finite

rank of Fourier transform of the function. Further, in a recent article [52], Vemuri has

relaxed the compact support condition on the function by the finite support. Since the

group Fourier transform on the Heisenberg group is operator valued, the latter result

seems close to the classical Benedicks theorem. However, it would be a good question to

consider the case when the spectrum of the Fourier transform of an integrable function

would be supported on a thin uncountable set.

In this thesis, our main focus is to explore analogue of Benedicks theorem on the

Heisenberg motion group and step two nilpotent Lie groups. We prove that if the group

Fourier transform of finitely supported certain integrable functions on the Euclidean

motion groups (or Heisenberg motion group, step two nilpotent Lie groups) is of finite

rank, then the function has to vanish identically.

The thesis is organized as follows:

TH-1723_136123005
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In Chapter 2, we extensively consider the Heisenberg uniqueness pairs correspond-

ing to the spiral, hyperbola, circle, cross, exponential curves, and certain exponential

surfaces.

In Chapter 3, we prove a characterization of the Heisenberg uniqueness pairs

corresponding to a certain system of four parallel lines and in this case, we observe

the phenomenon of interlacing of three totally disconnected dispensable sets. Let

Γ denotes a system of four parallel straight lines in R2 which can be represented

by Γ = R × {α, β, γ, δ}, where α < β < γ < δ with (γ − α)/(β − α) = 2 and

(δ − α)/(β − α) ∈ N. By the invariance properties of HUP, one can assume that

Γ = R× {0, 1, 2, p} for some p ≥ 3.

Let Λ ⊂ R2 be a closed set which is 2-periodic with respect to the second variable.

Suppose Π(Λ) is dense in R. If (Γ,Λ) is a Heisenberg uniqueness pair, then the set

Π̃(Λ) = Π4(Λ)
2⋃

j=0

[
Π(3−j)(Λ) r Π(3−j)∗(Λ)

]

is dense in R. Conversely, if the set

Π̃p(Λ) = Π4(Λ)
3⋃

j=2

[
Πj(Λ) r Πp

j∗(Λ)
]
∪
[
Π1(Λ) r Π1∗(Λ)

]
(1.0.3)

is dense in R, then (Γ,Λ) is a Heisenberg uniqueness pair.

For the notations appeared in (1.0.3), we refer Chapter 3, Section 3.2.

In Chapter 4, we prove that if the Fourier transform of a integrable function on

the Euclidean motion group M(n) is compactly supported, then the function has to

vanish identically. Further, we explore the Heisenberg uniqueness pairs for the Fourier

transform on M(n) as well as on the product group G′ = Rn×K, where K is a compact

TH-1723_136123005
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group. We observed a one to one correspondence between the class of HUP’s on Rn

and the class of HUP’s on G′.

In Chapter 5, we prove that if the group Fourier transform of certain integrable

functions on the Heisenberg motion group (or step two nilpotent Lie groups) is of finite

rank, then the function is identically zero. These results can be thought as an analogue

to the Benedicks theorem that dealt with the uniqueness of the Fourier transform of

integrable functions on the Euclidean spaces.

TH-1723_136123005



Chapter 2

Heisenberg uniqueness pairs for
regular curves and surfaces

2.1 Introduction

In this chapter, we work out some of the Heisenberg uniqueness pairs corresponding

to the spiral, hyperbola, circle, cross and certain exponential curves by using the basic

tools of the Fourier analysis. Though, a complete characterization for the Heisenberg

uniqueness pairs corresponding to either of the above algebraic curves is still unsolved.

2.1.1 HUPs corresponding to the spiral

First, we prove that the spiral is a Heisenberg uniqueness pair for the anti-spiral.

Theorem 2.1.1. Suppose Γ = {(e−t cos t, e−t sin t) : t ≥ 0} is a spiral and let Λ =

{(es cos s, es sin s) : s ≤ 0} . Then (Γ,Λ) is a Heisenberg uniqueness pair.

In order to prove Theorem 2.1.1, we need the following results from [6, 10].

Theorem 2.1.2. [10] Let h be a bounded measurable function and g ∈ L1(Rn). If h ∗ g

vanishes identically, then ĥ vanishes on the support of ĝ.TH-1723_136123005
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Let Rn
+ = {(x1, . . . , xn) ∈ Rn : xj ≥ 0; j = 1, . . . , n} . The following result had ap-

peared in the article [6] by Bagchi and Sitaram, p. 421, as a part of the proof of

Proposition 2.1.

Proposition 2.1.1. [6] Let h be a non-zero bounded Borel measurable function which

is supported on Rn
+. Then supp ĥ = Rn.

Proof of Theorem 2.1.1. Since µ is absolutely continuous with respect to the arc length

measure on Γ, by Radon-Nikodym theorem there exists f ∈ L1[0,∞) such that dµ =
√

2f(t)e−tdt. Let g(t) =
√

2f(t)e−t. Then by the finiteness of µ, it follows that g ∈

L1[0,∞). By hypothesis, µ̂|Λ = 0 implies

µ̂(ξ, η) =

∫ ∞

0

e−iπe
−t(ξ cos t+η sin t)dµ(t) =

∫ ∞

0

e−iπe
(s−t) cos(t−s)g(t)dt = 0 (2.1.1)

for all (ξ, η) ∈ Λ. Let H(t) = e−iπe
t cos tχ[0,∞)(t) and G(t) = g(t)χ(0,∞)(t). Then from

(2.1.1), we get µ̂(ξ, η) = (H ∗G)(s) = 0 ∀ s ∈ R. In view of Theorem 2.1.2, we infer that

supp Ĥ ⊂ Z(Ĝ), where Z(Ĝ) denotes the zero set of Ĝ. As H is a non-zero bounded

Borel measurable function supported in [0,∞), by Proposition 2.1.1 it follows that

supp Ĥ = R and hence Ĝ = 0. Thus, µ = 0.

2.1.2 HUPs corresponding to the exponential curves

In this section, we work out some of the Heisenberg uniqueness pairs corresponding to

certain exponential curves in the plane. Though, the result is true for a large class of

exponential curves, for the sake of simplicity we prove only for a particular one.

Let µ be a finite Borel measure having support on Γ = {(t, et
2
) : t ∈ R} which is

absolutely continuous with respect to the arc length on Γ. Then there exists f ∈ L1(R)

TH-1723_136123005
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such that dµ = g(t)dt, where g(t) = f(t)
√

1 + 4t2e2t2 . Hence by finiteness of µ, it follows

that g ∈ L1(R) and

µ̂(x, y) =

∫

R

e
−iπ

(
xt+yet

2
)

g(t)dt. (2.1.2)

Then µ̂ satisfies the PDE

(1 + Tx) µ̂ = α∂yµ̂ (2.1.3)

in the distributional sense, where Tx =
∞∑
n=0

(
4∑

k=1

α4n+k

(4n+ k)!
∂4n+kx

)
and α = i

π
.

Theorem 2.1.3. Let Γ = {(t, α(t)) : t ∈ R} , where α : R → R+ be defined by α(t) =

et
2
.

(i) Let Λ be a straight line. Then (Γ,Λ) is a Heisenberg uniqueness pair if and only if

Λ is parallel to the x-axis.

(ii) Let Λ = L1∪L2, where Lj ; j = 1, 2 are any two straight lines parallel to the Y -axis.

Then (Γ,Λ) is a HUP.

(iii) Let Lj; j = 1, 2 be two parallel lines which are not parallel to either of the axes.

Then (Γ, L1 ∪ L2) is a Heisenberg uniqueness pair.

In order to prove Theorem 2.1.3, we need the following two important results

about the uniqueness of Fourier transform. First, we state a result which can be found

in Havin and Jöricke [17], p. 36.

Lemma 2.1.1. [17] If ϕ ∈ L1(R) is supported in [0,∞) and
∫
R

log |ϕ̂| dx
1+x2

= −∞, then

ϕ = 0.

As a consequence of Lemma 2.1.1, we prove the following result.

Next, we state the following form of Radon-Nikodym derivative theorem (see [12],

p.91).
TH-1723_136123005
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Proposition 2.1.2. Let ν be a σ-finite signed measure which is absolutely continuous

with respect to a σ-finite measure µ on the measure space (X,M). If g ∈ L1(ν), then

g dν
dµ

∈ L1(µ) and
∫
gdν =

∫
g dν
dµ
dµ.

As a consequence of Lemma 2.1.1 and Proposition 2.1.2, we prove the following

result. Let hc : R → R defined by hc(t) =
(
t + 1

2c

)2
+ et

2 − t2, where c is a non-zero

constant. Let |E| denotes the Lebesgue measure of the set E ⊂ R.

Lemma 2.1.2. Let g ∈ L1(R). Suppose E ⊂ R and |E| > 0. Then

∫

R

e−iπcxhc(t)g(t)dt = 0 (2.1.4)

for all x ∈ E if and only if ψc(u) = g ◦ h−1
c (u2) 2u

h′c◦h
−1
c (u2)

is an odd function.

Proof. By Proposition 2.1.2, we can write the left-hand side of (2.1.4) as

I =

∫

R

e−iπcxhc(t)g(t)dt (2.1.5)

=

∫

R

e−iπcxu
2

g ◦ h−1
c (u2)

2udu

h′c ◦ h−1
c (u2)

=

∫

R

e−iπcxu
2

ψc(u)du.

Hence by Proposition 2.1.2, it follows that ψc ∈ L1(R) and we get

I =

∫ ∞

0

e−iπcxu
2

ψc(u)du+

∫ ∞

0

e−iπcxu
2

ψc(−u)du

=

∫ ∞

0

e−iπcxu
2

Fc(u)du,

where Fc(u) = ψc(u) + ψc(−u) for all u > 0. Clearly Fc ∈ L1(0,∞) and by the change

of variables u2 = v, we have

I =

∫ ∞

0

e−iπcxvFc(
√
v)

dv

2
√
v
. (2.1.6)

TH-1723_136123005
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Let ϕ(v) = Fc(
√
v)/2

√
v χ(0,∞)(v). Then ϕ ∈ L1(R) and from (2.1.6) we obtain I =

ϕ̂(cx) = 0 for all x ∈ E. That is, ϕ̂ vanishes on the set cE of positive measure. Thus, by

Lemma 2.1.1 we conclude that ϕ = 0 a.e. Hence, it follows that Fc = 0 a.e. on [0,∞).

Conversely, if ψc is an odd function, then (2.1.4) trivially holds.

As a corollary to Lemma 2.1.2, we can derive the following result.

Corollary 2.1.1. Let g ∈ L1(R) and α : R → R+ be defined by α(t) = et
2
. Suppose

E ⊂ R and |E| > 0. Then ∫

R

e−iπxα(t)g(t)dt = 0 (2.1.7)

for all x ∈ E if and only if g is an odd function.

Proof. The left-hand side of Equation (2.1.7) can be expressed as

I =

∫ 0

−∞

e−iπyα(t)g(t)dt+

∫ ∞

0

e−iπyα(t)g(t)dt

=

∫ ∞

0

e−iπyα(t)(g(t) + g(−t))dt

=

∫ ∞

0

e−iπyα(t)F (t)dt,

where F (t) = g(t) + g(−t) for all t ≥ 0. Clearly F ∈ L1(0,∞) and hence by the change

of variables u = α(t), we have

I =

∫ ∞

1

e−iπxuF (
√

log u)
du

2u
√

log u
. (2.1.8)

Let ϕ(u) = F (
√

log u)/2u
√

log u χ(1,∞)(u). Then ϕ ∈ L1(R) and from (2.1.8) we have

I = ϕ̂(y) = 0 for all y ∈ E. Since ϕ̂ vanishes on a set E of positive Lebesgue measure,

by Lemma 2.1.1 it follows that ϕ = 0. That is, F = 0 and hence g is an odd function.TH-1723_136123005
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Conversely, if g is an odd function, then (2.1.7) trivially holds.

Proposition 2.1.3. Suppose E ⊂ R and |E| > 0. Assume c, d ∈ R with c, d 6= 0. Then

(i) µ̂(x, cx) = 0 for all x ∈ E if and only if ψc is an odd function.

(ii) µ̂(x, cx + d) = 0 for all x ∈ E if and only if φc(u) = χ ◦ h−1
c (u2)

2u

h′c ◦ h−1
c (u2)

is an

odd function of u, where χ(t) = e−iπde
t2

g(t).

Proof. (i). From (2.1.2) we can express

µ̂(x, cx) =

∫

R

e
−iπx

(
t+cet

2
)

g(t)dt = eiπx/4c
∫

R

e−iπcxhc(t)g(t)dt.

By Lemma 2.1.2, ψc is odd if and only if µ̂(x, cx) = 0 for all x ∈ E.

(ii). By a simple computation, we get

µ̂(x, cx + d) =

∫

R

e
−iπx

(
t+cet

2
)

χ(t)dt = eiπx/4c
∫

R

e−iπcxhc(t)χ(t)dt.

As similar to the above case, φc is odd if and only if µ̂(x, cx+ d) = 0 for all x ∈ E.

Proof of Theorem 2.1.3. (i). In view of the invariance property (i), we can assume that

Λ is the x-axis. Recall that µ̂ satisfies

µ̂(x, y) =

∫

R

e
−iπ

(
xt+yet

2
)

g(t)dt.

Hence µ̂|Λ = 0 implies that ĝ(x) = 0 for all x ∈ R. Thus, we conclude that µ = 0.

Conversely, suppose Λ is not parallel to the x-axis. If Λ is parallel to the y-axis,

then by Corollary 2.1.1, it follows that (Γ,Λ) is not a HUP. Hence we can assume that

Λ of the form y = cx, where c 6= 0. Choose a non-zero odd function ϕ ∈ L1(R) and let

TH-1723_136123005
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g(t) =
ϕ(
√
hc(t))h′c(t)

2
√
hc(t)

. Then by Proposition 2.1.3, it follows that (Γ,Λ) is not a Heisenberg

uniqueness pair.

(ii). By invariance property (i), we can assume L1 is the Y -axis and L2 the line x = xo,

where xo 6= 0. Since µ̂ vanishes on L1, by Corollary 2.1.1 it follows that g is odd. Also,

µ̂ vanishes on the line L2 implies that

∫

R

e−iπ(xot+ye
t2 )g(t)dt = 0

for all y ∈ R. In view of Corollary 2.1.1, it follows that e−iπxotg(t) is an odd function.

Hence e−iπxotg(t) = −eiπxotg(−t). Since g is odd, it implies that (e2iπxot − 1)g(t) = 0.

As the identity e2iπxot = 1 holds only for the countably many t, we conclude that g = 0.

Thus, µ = 0.

(iii). Let L1 = {(x, cx) : x ∈ R} and L2 = {(x, cx + d) : x ∈ R}, where

c, d 6= 0. Since µ̂|Lj
= 0; j = 1, 2, by Proposition 2.1.3, it follows that ψc and φc are

odd functions. Let u+ and u− be the square roots of hc. Since φc is an odd function, it

implies that 
e

iπd

{
e(h

−1
c (u2−))

2

−e(h
−1
c (u2+))

2
}

− 1


ψc(u) = 0.

That is, ψc = 0 a.e. and hence g ◦ h−1
c (u2) = 0 almost all u. Thus, the pair (Γ, L1 ∪L2)

is a Heisenberg uniqueness pair.

Remark 2.1. Let α : R → R+ be an even smooth function having finitely many local

extrema and Γ = {(t, α(t)) : t ∈ R} . Then the conclusions of Theorem 2.1.3 would also

hold.
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2.1.3 HUPs corresponding to the circle

In this section, we work out some of the Heisenberg uniqueness pairs corresponding to

the circle. We show that (circle, spiral) is a HUP.

Let Γ = S1 denote the unit circle in R2. If for f ∈ L1(Γ), we write f(θ) instead of

f(eiθ), then f is a 2π periodic function and f ∈ L1[0, 2π). Let µ be a finite complex-

valued Borel measure in R2 which is supported on Γ and absolutely continuous with

respect to the arc length measure on Γ. Then there exists f ∈ L1(S1) such that

dµ = f(θ)dθ. Now, we prove the following result.

Theorem 2.1.4. Let Γ = S1 and Λ = {(et cos t, et sin t) : t ≤ 0} be the spiral. Then

(Γ,Λ) is a Heisenberg uniqueness pair.

Proof. Since µ is supported on the unit circle Γ, we can write the Fourier transform of

µ by

µ̂(x, y) =

∫ π

−π

e−iπ(x cos θ+y sin θ)f(θ)dθ.

Hence µ̂ can be extended holomorphically to C2. Thus, the function F defined by

F (z1, z2) =

∫ π

−π

e−iπ(z1 cos θ+z2 sin θ)f(θ)dθ,

is holomorphic on C2. In particular, µ̂ = F |R2 is a real analytic function. Since µ̂

vanishes on the spiral Λ, for any line L which passes through the origin, µ̂|Λ∩L = 0. As

(0, 0) is a limit point of the set Λ ∩ L, it follows that µ̂|L = 0. Since L is arbitrary, we

infer that µ̂(x, y) = 0 for all (x, y) ∈ R2.

Let Sr = {(r cos t, r sin t) : 0 ≤ t < 2π}, where Jk(r) 6= 0 for all k ∈ Z. Then

µ̂(r cos t, r sin t) = 0 implies h ∗ f(t) = 0, where h(t) = e−iπr cos t. As we know that the

Fourier coefficients of h satisfying ĥ(k) = ik(−1)kJk(r), it follows that f̂(k)Jk(r) = 0
TH-1723_136123005
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for all k ∈ Z. Since Jk(r) 6= 0 for all k ∈ Z, f̂(k) = 0 for all k ∈ Z and hence f = 0.

Remark 2.2. A set which is determining set for any real analytic function is called

NA - set. For instance, the spiral is an NA - set in the plane (see [34]). If µ is a

finite Borel measure supported on a closed and bounded curve Γ, then µ̂ is real analytic.

Thus, (Γ,NA - set) is a Heisenberg uniqueness pair. However, the converse is not true.

Hence, in view of Remarks 1.2 and 2.2, we expect that the exceptional sets for

the Heisenberg uniqueness pairs corresponding to the unit circle Γ = S1 are eventually

contained in the zero sets of all homogeneous harmonic polynomials union with the

countably many circles whose radii are lying in the zero set of the certain class of

Bessel functions. On the basis of these credible observations, we are trying to find out

a complete characterization of the Heisenberg uniqueness pairs corresponding to circle

which may be presented somewhere else.

2.1.4 HUPs corresponding to the hyperbola

In this section, we work out some of the Heisenberg uniqueness pairs corresponding

to the hyperbola. Though in this case, Hedenmalm and Montes-Rodŕıguez [18] have

found that some discrete set Λα,β is enough for (Γ,Λα,β) to be a Heisenberg uniqueness

pair. However, our approach is to consider those sets Λ which are essentially a union

of continuous curves and located somewhere else than the set Λα,β.

Theorem 2.1.5. Let Γ = {(cosh t, sinh t) : t ≥ 0} be a branch of the hyperbola and

Λ = {(cosh s,− sinh s) : s ∈ R} . Then (Γ,Λ) is a HUP.

Proof. Since µ is supported on Γ, there exists f ∈ L1[0,∞) such that dµ = f(t)
√

cosh 2t dt.
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If we write g(t) = f(t)
√

cosh 2t, then g ∈ L1[0,∞) and

µ̂(x, y) =

∫ ∞

0

e−iπ(x cosh t+y sinh t)g(t)dt.

By hypothesis, µ̂|Λ = 0 implies

µ̂(x, y) =

∫ ∞

0

e−iπ cosh(t−s)g(t)dt = 0 (2.1.9)

for all (x, y) ∈ Λ. Let H(t) = e−iπcosh tχ[0,∞)(t) and G(t) = g(t)χ(0,∞)(t). Then from

(2.1.9) we get µ̂(x, y) = (H ∗ G)(s) = 0 for all s ∈ R. In view of Theorem 2.1.2,

it follows that supp Ĥ ⊂ Z(Ĝ). Hence by Proposition 2.1.1, supp Ĥ = R. Thus, we

conclude that G = 0.

Theorem 2.1.6. Let Γ = {(cosh t, sinh t) : t ∈ R} and Λ = L1 ∪L2, where Lj ; j = 1, 2

are any two lines parallel to the X-axis. Then (Γ,Λ) is a HUP.

We need the following result for proving Theorem 2.1.6.

Lemma 2.1.3. Let g ∈ L1(R) and E ⊂ R such that |E| > 0. Then

∫

R

e−iπx cosh tg(t)dt = 0 (2.1.10)

for all x ∈ E if and only if g is an odd function.

Proof. The left-hand side of (2.1.10) can be expressed as

I =

∫ 0

−∞

e−iπx cosh tg(t)dt+

∫ ∞

0

e−iπx cosh tg(t)dt

=

∫ ∞

0

e−iπx cosh t(g(t) + g(−t))dt

=

∫ ∞

0

e−iπx cosh tF (t)dt,
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where F (t) = g(t)+g(−t) for all t ≥ 0. Clearly F ∈ L1(0,∞). By the change of variables

u = cosh t, we get

I =

∫ ∞

1

e−iπxuF (cosh−1 u)
du√
u2 − 1

. (2.1.11)

If we substitute ϕ(u) = F (cosh−1 u)/
√
u2 − 1 χ(1,∞), then ϕ ∈ L1(R) and I = ϕ̂(x) = 0

for all x ∈ E. Hence by Lemma 2.1.1, it follows that ϕ = 0. Thus, we infer that g is an

odd function.

Conversely, suppose g is an odd function, then (2.1.10) trivially holds.

Proof of Theorem 2.1.6. By invariance property (i), we can assume that L1 is the X-

axis and L2 the line y = yo, where yo 6= 0. Since µ is supported on the hyperbola Γ,

there exists f ∈ L1(R) such that dµ = f(t)
√

cosh 2t dt. Let g(t) = f(t)
√

cosh 2t, then

g ∈ L1(R). Hence in view of Lemma 2.1.3, µ̂ vanishes on L1 implies that g is an odd

function. Further, µ̂|L2 = 0 implies that

∫

R

e−iπ(x cosh t+yo sinh t)g(t)dt = 0

for all x ∈ R. Then by Lemma 2.1.3 the function e−iπyo sinh tg(t) will be an odd func-

tion. Hence e−iπyo sinh tg(t) = −eiπyo sinh tg(−t). As g is an odd function, it follows that
(
e2iπyo sinh t − 1

)
g(t) = 0. Using the fact that e2iπyo sinh t = 1 holds only for the countably

many values of t, we conclude that g = 0.

Theorem 2.1.7. Let Γ = {(cosh t, sinh t) : t ∈ R} and Λ = L1∪L2, where Lj ; j = 1, 2

are any two straight lines which intersect at an angle α ∈ (0, π
4
). Then (Γ,Λ) is a HUP.

Proof. Without loss of generality, we can assume that L1 is the X-axis and L2 =

{(s cosh to,−s sinh to) : s ∈ R}, where tanα = − tanh to. Since µ is supported on the

hyperbola Γ, as similar to Theorem 2.1.6 there exists g ∈ L1(R) such that dµ = g(t)dt.
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Suppose µ̂ = 0 on Λ, then we have

∫

R

e−iπ(x cosh t+y sinh t)g(t)dt = 0

for all (x, y) ∈ L2. This in turn implies

∫

R

e−iπs cosh tg(t+ to)dt = 0

for all s ∈ R. In view of Lemma 2.1.3, it follows that g(to + ·) must be an odd function.

Since µ̂ is also vanishing on the X-axis, g will be odd. Hence g (2to ± t) = g(t) for all

t ∈ R. That is, g is a periodic function contained in L1(R). Thus, we conclude that

g = 0.

Remark 2.3. (a). Let Γ be the hyperbola and Λ a straight line parallel to the X-axis.

Then (Γ,Λ) is not a HUP. Consider g(t) =
√

cosh 2t sin t χ(−π,π)(t) and dµ = g(t)dt.

Then µ̂ vanishes on Λ.

(b). We would like to mention that Theorem 2.1.7 is well contained in the case (ii) of

Theorem 1.0.9 due to Jaming and Kellay [20]. However, our approach for a proof of

Theorem 2.1.7 is quite different.

2.2 HUPs corresponding to certain surfaces

The question of HUP in the higher dimension has been taken up by Vieli [53, 54] and

worked out some of the HUP’s corresponding to the sphere and the paraboloid.

The following is the main result of this section.

Theorem 2.2.1. Let Γ be the surface xn+1 = ex
2
1 + · · · + ex

2
n in Rn+1 and Λ an affine
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hyperplane in Rn+1 of dimension n. Then (Γ,Λ) is a Heisenberg uniqueness pair if and

only if Λ is parallel to the hyperplane xn+1 = 0.

For u = (u1, . . . , un), denoting ϕ(u) = eu
2
1+· · ·+eu2n. Let µ be a finite Borel measure

which is supported on Γ = {(u, ϕ(u)) : u ∈ Rn} and absolutely continuous with respect

to the surface measure on Γ. Then by Radon-Nikodym theorem, there exists an inte-

grable function f on Rn such that dµ = g(u)du, where g(u) = f(u)
√

1 + |grad ϕ(u)|2.

Then by the finiteness of µ, it follows that g ∈ L1(Rn). Denote u′ = (u2, . . . , un) and

x′ = (x2, . . . , xn). Then the Fourier transform of µ can be expressed as

µ̂(x) =

∫

Rn

e−πi(x
′.u′+xn+1ϕ(u))g(u)du (2.2.1)

for x ∈ Rn+1.

Proof of Theorem 2.2.1. Since Λ is an affine hyperplane in Rn+1 of dimension n, by

the invariance properties of HUP, we can assume that Λ is a linear subspace of Rn+1

which can be considered as either xn+1 = cx1, where c ∈ R or x1 = 0.

If Λ = {(x1, . . . , xn+1) ∈ Rn+1 : xn+1 = 0} , then by the hypothesis, µ̂|Λ = 0 implies

ĝ = 0 on Rn. Thus, it follows that (Γ,Λ) is a HUP.

Conversely, suppose Λ is not parallel to the hyperplane xn+1 = 0. Consider a non-

zero compactly supported odd function ψ ∈ L1(R) together with a non-zero compactly

supported function h ∈ L1(Rn−1). Then we have the following two cases.

(i). If Λ = {(x1, . . . , xn+1) ∈ Rn+1 : x1 = 0} and g(u) = ψ(u1)h(u′), then for x ∈ Λ,
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we have

µ̂(x) =

∫

Rn

e−πi(x
′.u′+xn+1ϕ(u))g(u)du

=

∫

Rn

e−πi(x
′.u′+xn+1ϕ(u))ψ(u1)h(u′)du

=

∫

Rn−1

e
−πi

{
x′.u′+xn+1

(
ϕ(u)−eu

2
1

)}(∫

R

e−πixn+1e
u21ψ(u1)du1

)
h(u′)du′

= 0.

Thus, (Γ,Λ) is not a Heisenberg uniqueness pair.

(ii). Suppose Λ = {(x1, . . . , xn+1) ∈ Rn+1 : xn+1 = cx1, c 6= 0} . Consider a function

τ(t) =
ψ
(√

hc(t)
)
h′c(t)

2
√
hc(t)

and write g(u) = τ(u1)h(u′). If we denote x′′ = (x1, . . . , xn). Then

for x ∈ Λ, we have

µ̂(x) =

∫

Rn

e−πi(x
′′.u+cx1ϕ(u))g(u)du

=

∫

Rn

e−πi(x
′′.u+cx1ϕ(u))τ(u1)h(u′)du

=

∫

Rn−1

e
−πi

{
x′.u′+cx1

(
ϕ(u)−eu

2
1

)}(∫

R

e
−πi

(
x1u1+cx1e

u21

)

τ(u1)du1

)
h(u′)du′.

By Lemma 2.1.2, it follows that

∫

R

e−πix1(u1+ce
u21)τ(u1)du1 =

∫

R

e−πicx1hc(u1)τ(u1)du1

=

∫

R

e−πicx1t
2

ψ(t)dt

= 0.

Thus, we conclude that (Γ,Λ) is not a Heisenberg uniqueness pair.
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2.3 C- Heisenberg uniqueness pair

Let Γ = (R× Fn) ∪ (Fn × R) , where Fn = {0, 1, . . . , n}. Consider a subset C ⊂ X(Γ)

such that for any µ ∈ C, there exist fj ∈ L1(R); j ∈ Fn satisfying

dµ(x, y) =
n∑

k=0

(fk(x)dxdδk(y) − fk(y)dδk(x)dy) , (2.3.1)

where δk denotes the point mass measure at k. Then the pair (Γ,Λ) is said to be a

C-HUP if any measure µ ∈ C satisfies µ̂|Λ = 0, implies µ is identically zero.

For n = 0, let αj ∈ R; j = 1, 2 be independent over Q, the set of rational numbers.

Consider the lines Lαj
= {(ξ, η) ∈ R2 : η − ξ = αj}; j = 1, 2.

Theorem 2.3.1. Let Γ = (R× {0})∪ ({0} × R) and Λ = Lα1 ∪Lα2 , where αj ; j = 1, 2

are independent over Q. Then (Γ,Λ) is a C-HUP.

Proof. For µ ∈ C there exist f ∈ L1(R) such that

dµ(x, y) = f(x)dxdδo(y) − f(y)dδo(x)dy.

By taking the Fourier transform of both the sides, we get

µ̂(ξ, η) =

∫

Γ

e−iπ(xξ+yη)dµ(x, y)

=

∫

R

e−iπxξf(x)dx−
∫

R

e−iπyηf(y)dy

= f̂(ξ) − f̂(η).

Now, µ̂|Lα1
= 0 implies that f̂(t) = f̂(t+α1) for all t ∈ R. Using the invariance property

(ii), we can assume that αj > 0; j = 1, 2. Hence, f̂ is a periodic function with some

period po > 0. By the simple recursions, we can derive that f̂(t) = f̂(t + mα1) for all
TH-1723_136123005



2.3 C- Heisenberg uniqueness pair 27

m ∈ Z and t ∈ R. Similarly, by the condition µ̂|Lα2
= 0, it follows that f̂(t) = f̂(t+nα2)

for all n ∈ Z and t ∈ R. Thus, we infer that

f̂(t) = f̂(t+mα1 + nα2)

whenever, m,n ∈ Z and t ∈ R. By Krönecker approximation theorem (see [3]), we can

always find mo, no ∈ Z such that |moα1 + noα2| < po, which contradicts the fact that

po is the period of f. This, in turn, implies that f̂ must be a constant function. Thus,

by Riemann-Lebesgue lemma f = 0.

Remark 2.4. (i). Let Γo = (R× {0})∪({0} × R) and Λ = {(ξ, η) ∈ R2 : η = αξ, |α| <

1}. Then by Riemann-Lebesgue lemma, it can be easily deduced that (Γo,Λ) is a C-HUP.

On the other hand, if Λ ⊆ {(ξ, η) ∈ R2 : η = ξ}, then (Γo,Λ) is not a C-HUP. Next, for

Λ = {(ξ, η) ∈ R2 : η = ξ2}, one can easily verify that (Γo,Λ) is a C-HUP.

(ii). Consider Γ = (R× Fn)∪(Fn × R) and Λ = {(ξ, η) ∈ R2 : η = ξ}. Then (Γ,Λ)

is not a C-HUP. For this, we can choose non-zero functions fj ∈ L1(R); j ∈ Fn such

that

µ̂(ξ, η) =

n∑

k=0

(
e−ikπηf̂k(ξ) − e−ikπξf̂k(η)

)
(2.3.2)

and hence µ̂(ξ, η) = 0, whenever ξ = η. For n = 1, if Λ is the ξ-axis, then (f̂0 + f̂1)(ξ) =

f̂0(0) + e−iπξf̂1(0) for all ξ ∈ R. By Riemann-Lebesgue lemma, it is enough to consider

f1 = −f0 and f̂0(0) = 0. Thus, (Γ,Λ) is not a C-HUP.

(iii). In view of injectivity of the Fourier transform on L1(R), for a pair (Γo,Λ) to

be a C-HUP it is necessary that at least one of the orthogonal projections πj(Λ); j = 1, 2

on the axes must be dense in R. It would be an interesting question to get a sufficient

condition for the C-Heisenberg uniqueness pairs corresponding to Γo.
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Chapter 3

Heisenberg uniqueness pairs for
four parallel lines

3.1 Introduction

A characterization of the Heisenberg uniqueness pairs corresponding to any two

parallel straight lines has been done by Hedenmalm and Montes-Rodŕıguez [18]. Fur-

ther, Babot [5] has worked out an analogous result for a certain system of three parallel

lines. In this chapter, we prove a characterization of the Heisenberg uniqueness pairs

corresponding to a certain system of four parallel lines. In the above case, we observe

the phenomenon of interlacing of three totally disconnected sets.

3.2 Preliminaries and auxiliary results

Let Γo denote a system of four parallel lines that can be expressed as Γo = R ×

{α, β, γ, δ},where α < β < γ < δ, p = (δ−α)/(β−α) ∈ Nr{1, 2} and (γ−α)/(β−α) =

2. If (Γo,Λo) is a HUP, then by using invariance property (i), (Γo,Λo) can be reduced

to (Γo − (0, α),Λo) . Since scaling can be thought as a diagonal matrix, by using in-

variance property (ii), (Γo − (0, α),Λo) can be reduced to (T−1(Γo − (0, α)), T ∗Λo) ,
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where T = diag{(β − α), (β − α)}. Let Λ = T ∗Λo and Γ = T−1(Γo − (0, α)). Then

Γ = R × {0, 1, 2, p}, where p ∈ N with p ≥ 3. Thus, (Γo,Λo) is a HUP if and only if

(Γ,Λ) is a HUP.

Before we state our main result of this section, we need to set up some necessary

notations and the subsequent auxiliary results.

Let µ be a finite Borel measure which is supported on Γ and absolutely continuous

with respect to the arc length measure on Γ. Then there exist functions fk ∈ L1(R); k =

0, 1, 2, 3 such that

dµ = f0(x)dxdδ0(y) + f1(x)dxdδ1(y) + f2(x)dxdδ2(y) + f3(x)dxdδp(y), (3.2.1)

where δt denotes the point mass measure at t. By taking the Fourier transform of both

sides of (3.2.1) we get

µ̂(ξ, η) = f̂0(ξ) + eπiηf̂1(ξ) + e2πiηf̂2(ξ) + epπiηf̂3(ξ). (3.2.2)

Notice that for each fixed (ξ, η) ∈ Λ, the right-hand side of (3.2.2) is a trigonometric

polynomial of degree p that could have preferably some missing terms. Therefore, it

is an interesting question to find out the smallest set Λ that determines the above

trigonometric polynomial. We observe that the size of Λ depends on the choice of a

number of lines as well as irregular separation among themselves. That is, a larger

number of lines or value of p would force smaller size of Λ. Eventually, the problem

would become immensely difficult for a large value of p.

Observe that µ̂ is a 2-periodic function in the η-variable. Hence, for any set Λ ⊂ R2,
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it is enough to consider the set

£(Λ) = {(ξ, η) : (ξ, η + 2k) ∈ Λ, for some k ∈ Z}

for the purpose of HUP. Also, it is easy to verify that (Γ,Λ) is a HUP if and only if

(Γ,£(Λ)) is a HUP, where £(Λ) denotes the closure of £(Λ) in R2. In view of the above

facts, it is enough to work with the closed set Λ ⊂ R2 which is 2-periodic with respect

to the second variable.

It is evident from the Riemann-Lebesgue lemma that the exponential functions,

which appeared in (3.2.2), cannot be expressed as the Fourier transform of functions

in L1(R). However, they can locally agree with the Fourier transform of functions in

L1(R). Hence, in view of the condition µ̂|Λ = 0, we can classify these related exponential

functions.

Given a set E ⊂ R and a point ξ ∈ E, let Iξ denote an interval containing ξ. We

define three functions spaces in the following way.

(A). LE,ξloc = {ψ : E → C such that there is an interval Iξ and a function ϕ ∈ L1(R)

which satisfies ψ = ϕ̂ on Iξ ∩ E}.

(B). P 1,2[LE,ξloc ] = {ψ : E → C such that there is an interval Iξ and ϕj ∈ L1(R); j = 0, 1

which satisfies ψ2 + ϕ̂1ψ + ϕ̂0 = 0 on Iξ ∩ E}.

Now, for p ∈ N with p ≥ 3, we define the third functions space as follows.

(C). P 1,p[LE,ξloc ] = {ψ : E → C such that there is an interval Iξ and functions ϕj ∈

L1(R); j = 0, 1, 2 which satisfy ψp + ϕ̂2ψ
2 + ϕ̂1ψ + ϕ̂0 = 0 on Iξ ∩ E}.

We will frequently use the following Wiener’s lemma that plays a key role in the
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rest part of the arguments for proofs.

Lemma 3.2.1. [22] Let ψ ∈ LE,ξloc and ψ(ξ) 6= 0. Then 1/ψ ∈ LE,ξloc .

For more details, see [22], p.57.

In view of Lemma 3.2.1, we derive the following relation among the sets which are

described by (A), (B) and (C). We would like to mention that the integral choice of

p in Lemma 3.2.2 has been considered for a convenience.

Lemma 3.2.2. For p ≥ 3, the following inclusions hold.

LE,ξloc ⊂ P 1,2[LE,ξloc ] ⊂ P 1,p[LE,ξloc ]. (3.2.3)

Proof. (a) If ψ ∈ LE,ξloc , then by the Wiener’s lemma 1/ψ ∈ LE,ξloc . By definition, there

exist intervals I1, I2 containing ξ and functions f, g ∈ L1(R) such that ψ = f̂ on I1 ∩E

and 1
ψ

= ĝ on I2 ∩ E. Hence we can extract an interval I3 ⊂ I1 ∩ I2 containing ξ such

that ψ2 = f̂
ĝ

on I3 ∩ E. As ĝ(ξ) 6= 0, there exists an interval I4 containing ξ and a

function h ∈ L1(R) such that 1
ĝ

= ĥ on I4 ∩ E. Further, we can extract an interval

I5 ⊂ I3 ∩ I4 containing ξ such that

ψ2 = f̂ ĥ = f̂ ∗ h = ϕ̂ (3.2.4)

on I5 ∩ E, where ϕ = f ∗ h ∈ L1(R). This implies ψ2 ∈ LE,ξloc . Hence by the induction

argument, it can be shown that ψp ∈ LE,ξloc , whenever p ∈ N. Now, consider a function

f0 ∈ L1(R) such that I1 ⊂ supp f̂0. Since ψ = f̂ on I1 ∩ E, it follows that

f̂0ψ = f̂0f̂ = f̂0 ∗ f (3.2.5)
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on I1 ∩ E. Hence from (3.2.4) and (3.2.5) we conclude that

ψ2 + ϕ̂1ψ + ϕ̂0 = 0 (3.2.6)

on Iξ ∩ E, where Iξ ⊂ I1 ∩ I5, ϕ0 = −(f0 ∗ f + ϕ) and ϕ1 = f0. Thus, ψ ∈ P 1,2[LE,ξloc ].

By applying induction, we can show that ψp + ϕ̂1ψ + ϕ̂0 = 0, whenever p ∈ N.

(b) If ψ ∈ P 1,2[LE,ξloc ], then there exists an interval Iξ containing ξ and functions f, g ∈

L1(R) such that

ψ2 + f̂ψ + ĝ = 0 (3.2.7)

on Iξ∩E. Now, consider a function f0 ∈ L1(R) such that Iξ ⊂ supp f̂0. After multiplying

(3.2.7) by ψ and f̂0 separately and adding the resultant equations, we can write

ψ3 +
(
f̂0 + f̂

)
ψ2 +

(
f̂0f̂ + ĝ

)
ψ + f̂0ĝ = 0.

Hence for the appropriate choice of ϕj; j = 0, 1, 2, we have

ψ3 + ϕ̂2ψ
2 + ϕ̂1ψ + ϕ̂0 = 0 (3.2.8)

on Iξ ∩ E. Further by induction, it follows that ψp + ϕ̂2ψ
2 + ϕ̂1ψ + ϕ̂0 = 0 on Iξ ∩ E,

whenever p ∈ N. Thus, ψ ∈ P 1,p[LE,ξloc ].

Let Π(Λ) be the projection of Λ on R × {0}. For ξ ∈ Π(Λ), we denote the corre-

sponding image on the η - axis by

Σξ = {η ∈ [0, 2) : (ξ, η) ∈ Λ}.

Now, we require analyzing the set Π(Λ) to know its basic geometrical structure
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in accordance with the Heisenberg uniqueness pair. Since it is expected that the set

Σξ may consist one or more image points depending upon the order of its winding,

the set Π(Λ) can be decomposed into the following four disjoint sets. For the sake of

convenience, we denote Fo = {0, 1, 2, 3}.

(P1). Π1(Λ) = {ξ ∈ Π(Λ) : there is a unique η0 ∈ Σξ}.

(P2). Π2(Λ) = {ξ ∈ Π(Λ) : there are only two distinct ηj ∈ Σξ; j = 0, 1}.

In order to describe the rest of the two partitioning sets, we will use the notion

of the symmetric polynomial. For each k ∈ Z+, the complete homogeneous symmetric

polynomial Hk of degree k is the sum of all monomials of degree k. That is,

Hk (x1, . . . , xn) =
∑

l1+···+ln=k; li≥0

xl11 . . . x
ln
n .

For more details, we refer to [28].

Consider four distinct image points ηj ∈ [0, 2) and denote aj = eπiηj ; j ∈ F0. For

p ≥ 3, we define the remaining two sets as follows:

(P3). Π3(Λ) = {ξ ∈ Π(Λ) : there are at least three distinct ηj ∈ Σξ for j = 0, 1, 2 and

if there is another η3 ∈ Σξ, then Hp−2(a0, a1, a2) = Hp−2(a0, a1, a3)}.

(P4). Π4(Λ) = {ξ ∈ Π(Λ) : there are at least four distinct ηj ∈ Σξ; j ∈ Fo which satisfy

Hp−2(a0, a1, a2) 6= Hp−2(a0, a1, a3)}.

In this way, we get the desired decomposition as Π(Λ) =
4⋃
j=1

Πj(Λ).

Now, for three distinct image points ηj ∈ [0, 2); j = 0, 1, 2, denote a = eπiη0 ,
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b = eπiη1 and c = eπiη2 . Consider the system of equations A3
ξX = Bp

ξ , where

A3
ξ =




1 a a2

1 b b2

1 c c2



, (3.2.9)

Xξ = (τ0, τ1, τ2) and Bp
ξ = − (ap, bp, cp) . Since detA3

ξ = (a − b)(b − c)(c − a) 6= 0,

A3
ξX = Bp

ξ has a unique solution. A simple calculation gives

τo = −abcHp−3(a, b, c), (3.2.10)

τ1 = Hp−1(a, b, c) −
(
ap−1 + bp−1 + cp−1

)
+

∑

l+m+n=p−1
l,m,n≥1

albmcn,

τ2 = −Hp−2(a, b, c).

Since measure in the question is supported on a certain system of four parallel lines

and the exponential functions which have appeared in (3.2.2) can locally agree with the

Fourier transform of some functions in L1(R), the following sets sitting in Π(Λ) seems

to be dispensable in the process of getting the Heisenberg uniqueness pairs.

(P1∗). As each ξ ∈ Π1(Λ) has a unique image in Σξ, we can define a function χ0 on

Π1(Λ) by χ0(ξ) = eπiη0 , where η0 = η0(ξ) ∈ Σξ. Now, the first dispensable set can be

defined by

Π1∗(Λ) =
{
ξ ∈ Π1(Λ) : χ0 ∈ P 1,p[L

Π1(Λ),ξ
loc ]

}
.

Next, for ξ ∈ Π2(Λ), let χj(ξ) = eπiηj , where ηj = ηj(ξ) ∈ Σξ; j = 0, 1.

(P′
2∗). Since each ξ ∈ Π2(Λ) has two distinct image points in Σξ, we define two functions
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δj on Π2(Λ); j = 0, 1 such that Xξ = (δ0(ξ), δ1(ξ)) is the solution of A2
ξXξ = B2

ξ , where

A2
ξ =




1 χ0(ξ)

1 χ1(ξ)




and B2
ξ = −

(
χ0(ξ)

2, χ1(ξ)
2) . In this way, an auxiliary dispensable set can be defined

by

Π2∗(Λ) =
{
ξ ∈ Π2(Λ) : δj ∈ L

Π2(Λ),ξ
loc ; j = 0, 1

}
.

(P′′
2∗). Further, we define three functions ρj on Π2(Λ); j = 0, 1, 2 such that Xξ =

(ρ0(ξ), ρ1(ξ), ρ2(ξ)) becomes a solution of ApξXξ = Bp
ξ , where

Apξ =




1 χ0(ξ) χ0(ξ)
2

1 χ1(ξ) χ1(ξ)
2




and Bp
ξ = − (χ0(ξ)

p, χ1(ξ)
p) . Hence the second dispensable set can be defined by

Πp
2∗(Λ) =

{
ξ ∈ Π2(Λ) : ρj ∈ L

Π2(Λ),ξ
loc ; j = 0, 1, 2

}
.

For ξ ∈ Π3(Λ), let χj(ξ) = eπiηj , where ηj = ηj(ξ) ∈ Σξ; j = 0, 1, 2.

(P′
3∗). For each ξ ∈ Π3(Λ) has three distinct image points in Σξ, we define three

functions ej on Π3(Λ); j = 0, 1, 2 such that Xξ = (e0(ξ), e1(ξ), e2(ξ)) is the solu-

tion of A3
ξXξ = B3

ξ , where A3
ξ is the matrix given by Equation (3.2.9) and B3

ξ =

−
(
χ0(ξ)

3, χ1(ξ)
3, χ2(ξ)

3) . Hence another auxiliary dispensable set can be defined by

Π3∗(Λ) =
{
ξ ∈ Π3(Λ) : ej ∈ L

Π3(Λ),ξ
loc ; j = 0, 1, 2

}
.
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(P′′
3∗). Once again we define three functions τj on Π3(Λ); j = 0, 1, 2 such that Xξ =

(τ0(ξ), τ1(ξ), τ2(ξ)) is the solution of A3
ξXξ = Bp

ξ , where Bp
ξ = − (χ0(ξ)

p, χ1(ξ)
p, χ2(ξ)

p) .

Hence the third dispensable set can be defined by

Πp
3∗(Λ) =

{
ξ ∈ Π3(Λ) : τj ∈ L

Π3(Λ),ξ
loc ; j = 0, 1, 2

}
.

Now, we prove the following two lemmas that speak about a sharp contrast in

the pattern of dispensable sets as compared to dispensable sets which appeared in

two lines and three lines results. That is, a larger value of p will increase the size of

dispensable sets in case of four lines problem. Further, we observe that dispensable sets

are eventually those sets contained in Π(Λ) where we could not solve (3.2.2). For more

details, we refer to [5, 18].

Lemma 3.2.3. For p ≥ 3, the following inclusion holds.

Π2∗(Λ) ⊂ Πp
2∗(Λ).

Proof. If ξo ∈ Π2∗(Λ), then δj ∈ L
Π2(Λ),ξo
loc . Hence there exists an interval Iξo containing

ξo and ϕj ∈ L1(R) such that δj = ϕ̂j; j = 0, 1 satisfy

ϕ̂0 + ϕ̂1χj + χj
2 = 0

on Iξo ∩ Π2(Λ), whenever j = 0, 1. Now, by the similar iteration as in the proof of

Lemma 3.2.2(b), we infer that there exist a common set of ψj ∈ L1(R); j = 0, 1, 2 such

that

ψ̂0 + ψ̂1χj + ψ̂2χj
2 + χj

p = 0

on Iξo ∩ Π2(Λ), whenever j = 0, 1. If we denote ψ̂j = ρj , then it is easy to see that

ξo ∈ Πp
2∗(Λ).
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Lemma 3.2.4. For p ≥ 3, the following inclusion holds.

Π3∗(Λ) ⊆ Πp
3∗(Λ).

Moreover, equality holds for p = 3.

Proof. If ξo ∈ Π3∗(Λ), then ej ∈ L
Π3(Λ),ξo
loc . Hence there exists an interval Iξo containing

ξo and ϕj ∈ L1(R) such that ej = ϕ̂j; j = 0, 1, 2 satisfy

ϕ̂0 + ϕ̂1χj + ϕ̂2χj
2 + χj

3 = 0

on Iξo ∩ Π3(Λ), whenever j = 0, 1, 2. By the similar iteration as in the proof of Lemma

3.2.2(b), it follows that there exist ψj ∈ L1(R); j = 0, 1, 2 such that

ψ̂0 + ψ̂1χj + ψ̂2χj
2 + χj

p = 0

on Iξo ∩ Π3(Λ), whenever j = 0, 1, 2. If we denote ψ̂j = τj , then it is easy to verify that

ξo ∈ Πp
3∗(Λ).

On the basis of structural properties of the dispensable sets, we observe that these

sets are essentially minimizing the size of projection Π(Λ). Now, we can state our main

result of this chapter about the Heisenberg uniqueness pairs corresponding to the above

described system of four parallel straight lines.

3.3 The main result

Theorem 3.3.1. Let Γ = R × {0, 1, 2, p}, where p ∈ N and p ≥ 3. Let Λ ⊂ R2 be a

closed set which is 2-periodic with respect to the second variable. Suppose Π(Λ) is dense
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in R. If (Γ,Λ) is a Heisenberg uniqueness pair, then the set

Π̃(Λ) = Π4(Λ)

2⋃

j=0

[
Π(3−j)(Λ) r Π(3−j)∗(Λ)

]

is dense in R. Conversely, if the set

Π̃p(Λ) = Π4(Λ) ∪
[
Π3(Λ) r Πp

3∗(Λ)
]
∪
[
Π2(Λ) r Πp

2∗(Λ)
]
∪
[
Π1(Λ) r Π1∗(Λ)

]

is dense in R, then (Γ,Λ) is a Heisenberg uniqueness pair.

Remark 3.1. In view of Lemma 3.2.3, we infer that Π2∗(Λ) is a proper subset of Πp
2∗(Λ)

for any p ≥ 3. However, for p = 3, Lemma 3.2.4 yields Π3∗(Λ) = Πp
3∗(Λ). Hence for

any p ≥ 3, the set Π̃p(Λ) is properly contained in Π̃(Λ). Thus, an analogous result for

four lines problem as compared to three lines result is still unsolved.

We need the following two lemmas which are required to prove the necessary part

of Theorem 3.3.1. The main idea behind these lemmas is to pull down an interval

from some of the partitioning sets of the projection Π(Λ). The above argument helps

to negate the assumption that Π̃(Λ) is not dense in R.

Lemma 3.3.1. Suppose I is an interval such that I ∩Π2∗(Λ) is dense in I. Then there

exists an interval I ′ ⊂ I such that I ′ ⊂
4⋃
j=2

Πj(Λ).

Proof. If ξ̄ ∈ I ∩Π2∗(Λ), then δj ∈ L
Π2(Λ),ξ̄
loc ; j = 0, 1. By hypothesis, I ∩Π2∗(Λ) is dense

in I, therefore there exists an interval Iξ̄ ⊂ I containing ξ̄ such that δj can be extended

continuously on Iξ̄. In addition, δ1 satisfies

|δ1(ξ̄)| =
∣∣eπiη̄0 + eπiη̄1

∣∣ < 2, (3.3.1)

whenever ξ̄ ∈ I ∩Π2∗(Λ). Since δ1 is continuous on Iξ̄, we can extract an interval I ′ ⊂ Iξ̄TH-1723_136123005
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containing ξ̄ such that |δ1(ξ)| < 2 for all ξ ∈ I ′.

Consequently, I ′ ∩ Π2∗(Λ) is dense in I ′. Now for ξ ∈ I ′, there exists a sequence

ξn ∈ I ′ ∩ Π2∗(Λ) such that ξn → ξ. Hence the corresponding image sequences η
(n)
j ∈

Σξn ⊆ [0, 2) will have convergent subsequences, say η
(nk)
j which converge to ηj ; j = 0, 1.

Since the set Λ is closed, (ξ, ηj) ∈ Λ for j = 0, 1. Now, we only need to show that

η0 6= η1. If possible, suppose η0 = η1, then by the continuity of δ1 on I ′, it follows that

|δ1(ξn)| → |δ1(ξ)|. However,

|δ1(ξnk
)| =

∣∣∣eπiη
(nk)
0 + eπiη

(nk)
1

∣∣∣→ 2.

That is, |δ1(ξ)| = 2, which contradicts the fact that |δ1(ξ)| < 2 for all ξ ∈ I ′. Thus, we

infer that I ′ ⊂
4⋃
j=2

Πj(Λ).

Lemma 3.3.2. Let I be an interval such that I ∩ Π3∗(Λ) is dense in I. Then there

exists an interval I ′ ⊂ I such that I ′ is contained in Π3∗(Λ) ∪ Π4(Λ).

Proof. Let ξ̄ ∈ I ∩ Π3∗(Λ), then ej ∈ L
Π3(Λ),ξ̄
loc ; j = 0, 1, 2. For p = 3, Equation (3.2.10)

yields

(e0, e1, e2) = (−abc, (ab + bc+ ca),−(a + b+ c)) ,

where (a, b, c) = (χ0, χ1, χ2). Hence ej ; j = 0, 1, 2 are constant multiples of the elemen-

tary symmetric polynomials. Now, we define a function ρ on Π3(Λ) by

ρ =
(
a3(b− c) + b3(c− a) + c3(a− b)

)2
.

Since ρ is a symmetric polynomial in a, b, c, by the fundamental theorem of symmetric

polynomials, ρ can be expressed as a polynomial in ej ; j = 0, 1, 2. Moreover, ρ(ξ̄) 6= 0.

Hence it follows that ρ ∈ L
Π3(Λ),ξ̄
loc . By hypothesis, I ∩ Π3∗(Λ) is dense in I, there exists

an interval Iξ̄ ⊂ I containing ξ̄ such that ρ can be continuously extended on Iξ̄. Thus,TH-1723_136123005
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by the continuity of ρ on Iξ̄, there exists an interval J ⊂ Iξ̄ containing ξ̄ such that

ρ(ξ) 6= 0 for all ξ ∈ J.

Consequently, J ∩Π3∗(Λ) is dense in J and hence for ξ ∈ J, there exists a sequence

ξn ∈ J∩Π3∗(Λ) such that ξn → ξ. Thus, the corresponding image sequences η
(n)
j ∈ Σξn ⊆

[0, 2) will have convergent subsequences, say η
(nk)
j which converge to ηj; j = 0, 1, 2. Since

the set Λ is closed, (ξ, ηj) ∈ Λ for j = 0, 1, 2.

Next, we claim that all of ηj ; j = 0, 1, 2 are distinct. On the contrary, suppose all

are equal or any two of them are equal. Then by the continuity of ρ on J, it follows that

ρ(ξ) = 0, which contradicts the fact that ρ(ξ) 6= 0 for all ξ ∈ J. Hence we infer that

J ⊂
4⋃
j=3

Πj(Λ). Further, using the facts that ej ∈ L
Π3(Λ),ξ̄
loc and J ∩ Π3∗(Λ) is dense in J,

ej can be extended continuously on an interval I ′ ⊂ J containing ξ̄ such that ej(ξ) 6= 0

for all ξ ∈ I ′. That is, if ξ ∈ I ′ ∩Π3(Λ), then ej ∈ L
Π3(Λ),ξ
loc and hence ξ ∈ Π3∗(Λ). Thus,

we conclude that I ′ ⊂ Π3∗(Λ) ∪ Π4(Λ).

3.4 Proof of Theorem 3.3.1

Proof of Theorem 3.3.1. We first prove the sufficient part of Theorem 3.3.1. Suppose

the set Π̃p(Λ) is dense in R. Then we show that (Γ,Λ) is a Heisenberg uniqueness pair.

For µ̂|Λ = 0, we claim that f̂k|Π̃p(Λ)
= 0, whenever k ∈ Fo. Since f̂k is a continuous

function which vanishes on a dense set Π̃p(Λ), it follows that f̂k ≡ 0 for all k ∈ Fo.

Thus, µ = 0.

As the projection Π(Λ) is decomposed into the four pieces, the proof of the above

assertion will be carried out in the following four cases.

(S1). If ξ ∈ Π4(Λ), then there exist at least four distinct ηj ∈ Σξ such that µ̂(ξ, ηj) = 0
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for all j ∈ Fo. Hence f̂k(ξ); k ∈ Fo satisfy a homogeneous system of four equations. As

ξ ∈ Π4(Λ), by using the property that Hp−2(a0, a1, a2) 6= Hp−2(a0, a1, a3), we infer that

f̂k(ξ) = 0 for all k ∈ Fo.

(S2). If ξ ∈ Π3(Λ), then there exist at least three distinct ηj ∈ Σξ which satisfy µ̂(ξ, ηj) =

0; j = 0, 1, 2. If f̂3(ξ) = 0, then we get f̂k(ξ) = 0 for k = 0, 1, 2. On the other hand, if

f̂3(ξ) 6= 0, then we can substitute

f̂j(ξ) = τj(ξ)f̂3(ξ), (3.4.1)

where τj are defined on Π3(Λ) for j = 0, 1, 2. Hence Xξ = (τ0(ξ), τ1(ξ), τ2(ξ)) will satisfy

the system of equations A3
ξXξ = Bp

ξ . By applying the Wiener lemma to Equations

(3.4.1), we infer that τj ∈ L
Π3(Λ),ξ
loc ; j = 0, 1, 2. That is, ξ ∈ Πp

3∗(Λ). Thus for ξ ∈

Π3(Λ) r Πp
3∗(Λ), we conclude that f̂k(ξ) = 0 for all k ∈ Fo.

(S3). If ξ ∈ Π2(Λ), then there exist two distinct ηj ∈ Σξ for which µ̂(ξ, ηj) = 0, whenever

j = 0, 1. That is,

f̂0(ξ) + χj(ξ)f̂1(ξ) + χ2
j (ξ)f̂2(ξ) + χpj (ξ)f̂3(ξ) = 0, (3.4.2)

where χj(ξ) = eπiηj ; j = 0, 1. If f̂3(ξ) 6= 0, then by applying the Wiener lemma to

Equations (3.4.2), it follows that ξ ∈ Πp
2∗(Λ). That is, if ξ ∈ Π2(Λ) r Πp

2∗(Λ), then

f̂3(ξ) = 0.

Further, if f̂3(ξ) = 0 and f̂2(ξ) 6= 0, then an application of the Wiener lemma to

Equations (3.4.2), it follows that ξ ∈ Π2∗(Λ). By Lemma 3.2.3, ξ ∈ Πp
2∗(Λ). Thus for

ξ ∈ Π2(Λ) r Πp
2∗(Λ), we infer that f̂k(ξ) = 0 for all k ∈ Fo.
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(S4). If ξ ∈ Π1(Λ), then there exists a unique η0 ∈ Σξ for which µ̂(ξ, η0) = 0. That is,

f̂0(ξ) + χ0(ξ)f̂1(ξ) + χ2
0(ξ)f̂2(ξ) + χp0(ξ)f̂3(ξ) = 0, (3.4.3)

where χ0(ξ) = eπiη0 . If f̂3(ξ) 6= 0, then by applying the Wiener lemma to Equa-

tion (3.4.3), it implies that χ0 ∈ P 1,p[L
Π1(Λ),ξ
loc ]. That is, ξ ∈ Π1∗(Λ). Thus for ξ ∈

Π1(Λ) r Π1∗(Λ), we have f̂3(ξ) = 0.

Further, if f̂3(ξ) = 0 and f̂2(ξ) 6= 0, then an application of the Wiener lemma to

Equation (3.4.3), yields χ0 ∈ P 1,2[L
Π1(Λ),ξ
loc ]. By Lemma 3.2.2, it follows that ξ ∈ Π1∗(Λ).

That is, if ξ ∈ Π1(Λ) r Π1∗(Λ), then f̂k(ξ) = 0 for k = 2, 3.

Finally, if f̂k(ξ) = 0 for k = 2, 3 and f̂1(ξ) 6= 0, then by applying the Wiener

lemma to Equation (3.4.3), we infer that χ0 ∈ L
Π1(Λ),ξ
loc . By Lemma 3.2.2, it follows that

ξ ∈ Π1∗(Λ). Thus for ξ ∈ Π1(Λ) r Π1∗(Λ), we conclude that f̂k(ξ) = 0 for all k ∈ Fo.

Now, we prove the necessary part of Theorem 3.3.1. Suppose (Γ,Λ) is a Heisenberg

uniqueness pair. Then we claim that the set Π̃(Λ) is dense in R. We observe that this is

possible if the dispensable sets Πj∗(Λ); j = 1, 2, 3 interlace to each other, though these

sets are disjoint among themselves.

If possible, suppose Π̃(Λ) is not dense in R. Then there exists an open interval

Io ⊂ R such that Io ∩ Π̃(Λ) is empty. This, in turn, implies that

Π(Λ) ∩ Io =

(
3⋃

j=1

Πj∗(Λ)

)
∩ Io. (3.4.4)

Thus from (3.4.4), it follows that Io intersects only the dispensable sets. Now, the

remaining part of the proof of Theorem 3.3.1 is a consequence of the following two

lemmas which provide the interlacing property of the dispensable sets Πj∗(Λ); j =
TH-1723_136123005
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1, 2, 3.

Lemma 3.4.1. There does not exist any interval J ⊂ Io such that Π(Λ)∩J is contained

in Πj∗(Λ); j = 1, 2, 3.

Proof. On the contrary, suppose there exists an interval J ⊂ Io such that Π(Λ) ∩ J ⊂

Πj∗(Λ), for some j ∈ {1, 2, 3}. Since Πj∗(Λ); j = 1, 2, 3 are disjoint among themselves,

there could be three possibilities.

(a). If ξ ∈ Π(Λ) ∩ J ⊂ Π1∗(Λ), then χ0 ∈ P 1,p[L
Π1(Λ),ξ
loc ]. Hence there exists an interval

Iξ ⊂ J containing ξ and ϕk ∈ L1(R); k = 0, 1, 2 such that

χp0 + ϕ̂2χ
2
0 + ϕ̂1χ0 + ϕ̂0 = 0

on Iξ∩Π1(Λ). Now, consider a function f3 ∈ L1(R) such that f̂3(ξ) 6= 0 and supp f̂3 ⊂ Iξ.

Let fk = f3∗ϕk; k = 0, 1, 2. Then we can construct a Borel measure µ which is supported

on Γ such that

µ̂(ξ, η) = f̂0(ξ) + χ0(ξ)f̂1(ξ) + χ2
0(ξ)f̂2(ξ) + χp0(ξ)f̂3(ξ) = 0

for all ξ ∈ Iξ ∩ Π1∗(Λ), where η ∈ Σξ. Since (3.4.4) yields Iξ ∩ Π(Λ) = Iξ ∩ Π1∗(Λ), it

implies that µ̂|Λ = 0. However, µ is a non-zero measure which contradicts the fact that

(Γ,Λ) is a HUP.

(b). If ξ ∈ Π(Λ) ∩ J ⊂ Π2∗(Λ), then by Lemma 3.2.3, ξ ∈ Πp
2∗(Λ). Hence there exists

an interval Iξ ⊂ J containing ξ and ϕk ∈ L1(R); k = 0, 1, 2 such that

χpj + ϕ̂2χ
2
j + ϕ̂1χj + ϕ̂0 = 0

on Iξ ∩ Π2(Λ) for j = 0, 1. Let f3 ∈ L1(R) be such that f̂3(ξ) 6= 0 and supp f̂3 ⊂ Iξ.TH-1723_136123005
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Denote fk = f3 ∗ϕk; k = 0, 1, 2. Then we can construct a Borel measure µ that satisfies

µ̂(ξ̄, η̄j) = f̂0(ξ̄) + χj(ξ̄)f̂1(ξ̄) + χ2
j(ξ̄)f̂2(ξ̄) + χpj (ξ̄)f̂3(ξ̄) = 0

for all ξ̄ ∈ Iξ ∩ Π2∗(Λ) and j = 0, 1. Since Iξ ∩ Π(Λ) = Iξ ∩ Π2∗(Λ), it follows that

µ̂|Λ = 0, though µ is a non-zero measure.

(c). If ξ ∈ Π(Λ) ∩ J ⊂ Π3∗(Λ), then by Lemma 3.2.4, it follows that ξ ∈ Πp
3∗(Λ). As

τk ∈ L
Π3(Λ),ξ
loc ; k = 0, 1, 2, there exists an interval Iξ ⊂ J containing ξ and ϕk ∈ L1(R)

such that ϕ̂k = τk on Iξ ∩ Π3(Λ) for k = 0, 1, 2. Let f3 ∈ L1(R) be such that f̂3(ξ) 6= 0

and supp f̂3 ⊂ Iξ. Denote fk = f3 ∗ ϕk; k = 0, 1, 2. Since Xξ = (τ0(ξ), τ1(ξ), τ2(ξ))

satisfies A3
ξXξ = Bp

ξ , we have

τ0 + χjτ1 + χ2
jτ2 + χpj = 0

on Iξ ∩ Π3(Λ) for j = 0, 1, 2. Hence we can construct a Borel measure µ such that

µ̂(ξ̄, η̄j) = f̂0(ξ̄) + χj(ξ̄)f̂1(ξ̄) + χ2
j(ξ̄)f̂2(ξ̄) + χpj (ξ̄)f̂3(ξ̄) = 0

for all ξ̄ ∈ Iξ ∩Π3∗(Λ) and j = 0, 1, 2. As Iξ ∩Π(Λ) = Iξ ∩Π3∗(Λ), we infer that µ̂|Λ = 0,

even though µ is a non-zero measure.

The next lemma is to deal with the situation that any interval J ⊂ Io can not

contain only the points of any pair of dispensable sets.

Lemma 3.4.2. There does not exist any interval J ⊂ Io such that Π(Λ)∩J is contained

in Πj∗(Λ) ∪ Πk∗(Λ) ∀ j 6= k and j, k ∈ {1, 2, 3}.

Proof. On the contrary, suppose there exists an interval J ⊂ Io such that Π(Λ) ∩ J ⊂

Πj∗(Λ) ∪ Πk∗(Λ) for some j 6= k and j, k ∈ {1, 2, 3}. Then we have the following threeTH-1723_136123005
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cases:

(a). If Π(Λ) ∩ J ⊂ Π1∗(Λ) ∪ Π2∗(Λ), then Equation (3.4.4) yields

J ∩ Π(Λ) = J ∩
(
Π1∗(Λ) ∪ Π2∗(Λ)

)
. (3.4.5)

We claim that J∩Π2∗(Λ) is dense in J. If possible, suppose there exists an interval I ⊂ J

such that Π2∗(Λ) ∩ I = ∅. Then from (3.4.5), we get I ∩ Π(Λ) = I ∩ Π1∗(Λ) ⊂ Π1∗(Λ)

which contradicts Lemma 3.4.1. By Lemma 3.3.1, there exists an interval I ′ ⊂ J

such that I ′ ⊂
4⋃
j=2

Πj(Λ). This contradicts the assumption that Io intersects only the

dispensable sets.

(b). If Π(Λ)∩J ⊂ Π1∗(Λ)∪Π3∗(Λ), then J ∩Π(Λ) = J ∩
(
Π1∗(Λ) ∪ Π3∗(Λ)

)
. As similar

to the case (a), J ∩ Π3∗(Λ) is also dense in J. Hence by Lemma 3.3.2, there exists an

interval I ′ ⊂ J such that I ′ is contained in Π3∗(Λ) ∪ Π4(Λ). Thus in view of Lemma

3.4.1, we have arrived at a contradiction to the assumption that Io intersects only the

dispensable sets.

(c). If Π(Λ) ∩ J ⊂ Π2∗(Λ) ∪ Π3∗(Λ), then J ∩ Π(Λ) = J ∩ (Π2∗(Λ) ∪ Π3∗(Λ)). Hence it

follows that J ∩ Π3∗(Λ) is dense in J. By using Lemma 3.3.2, there exists an interval

I ′ ⊂ J such that I ′ is contained in Π3∗(Λ) ∪ Π4(Λ), which contradict the assumption

that Io intersects only the dispensable sets.

Finally, since Π(Λ) is a dense subset of R, in view of Lemmas 3.4.1 and 3.4.2,

the only possibility that any interval J ⊂ Io would intersect all the dispensable sets

Πj∗(Λ); j = 1, 2, 3. We claim that Π2∗(Λ) ∩ Io is dense in Io. Otherwise, there exists

an interval I ⊂ Io such that Π2∗(Λ) ∩ I = ∅. Then from (3.4.4), we get I ∩ Π(Λ) ⊂
(
Π1∗(Λ) ∪ Π3∗(Λ)

)
which contradicts Lemma 3.4.2. Hence by Lemma 3.3.1, there exists

an interval I ′ ⊂ Io such that I ′ is contained in Π2(Λ)∪Π3(Λ)∪Π4(Λ) which contradicts
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the assumption that Io intersects only the dispensable sets.

3.5 Remarks and open problems

(a). We observe a phenomenon of interlacing of three totally disconnected disjoint

dispensable sets Π(3−j)∗(Λ) : j = 0, 1, 2 which are essentially derived from zero sets of

four trigonometric polynomials.

(b). If the measure in question is supported on an arbitrary number of parallel lines,

then the size of the dispensable sets would be larger. Indeed, the method used for the

proof of Theorem 3.3.1 would be highly implicit for a large number of parallel lines.

Since the dispensable sets are totally disconnected, it would be an interesting question

to analyze Heisenberg uniqueness pairs corresponding to the finite number of parallel

lines in terms of Hausdorff dimension of the dispensable sets.

(c). If we consider countably many parallel lines, then whether the projection Π(Λ)

would be still relevant after deleting the countably many dispensable sets, seems to be

a reasonable question. We leave these questions open for the time being.

(d). For p = 3, in Lemma 3.3.2 we have used the fact that any symmetric polynomial

in a, b, c can be expressed as a polynomial in τj ; j = 0, 1, 2. This enables us to define a

function ρ ∈ L
Π3(Λ),ξ̄
loc , which is crucial in the proof of Lemma 3.3.2. However, for p ≥ 4,

the functions τj ; j = 0, 1, 2 appeared in (3.2.10) are away from the elementary symmet-

ric polynomials. If we could identify the space of symmetric polynomials generated by

τj ; j = 0, 1, 2, then we can think to modify the Lemma 3.3.2 in terms of Πp
3∗(Λ) that

would help in minimizing the size of the set Π̃(Λ). Hence a characterization of Λ for four

lines problem might be obtained that would be closed to three lines result. However,

an exact analogue of three lines result for a large number of lines is still open.
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Chapter 4

Uniqueness of the Fourier transform

on the Euclidean motion group

4.1 Introduction

In this chapter, we work out an analogue of the Benedicks theorem to the Euclidean

motion group M(n). We prove that if the Fourier transform of certain integrable func-

tions is of finite rank, then the function has to vanish identically. Further, we explore

the possibility of the Heisenberg uniqueness pairs for the Fourier transform on M(n) as

well as on the product group G′ = Rn×K. In the latter case, we observed a one to one

correspondence between the class of HUP’s on Rn and the class of HUP’s on G′.

4.2 Notation and preliminaries

Euclidean motion group G = M(n) is the group of isometries of Rn that leaves invariant

the Laplacian. Since the action of the special orthogonal group K = SO(n) defines a
TH-1723_136123005
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group of automorphisms on Rn via y 7→ ky + x, where x ∈ Rn and k ∈ K, the group

M(n) can be identified as the semidirect product of Rn and K. Hence the group law on

G can be expressed as

(x, s) · (y, t) = (x+ sy, st) .

Since a right K-invariant function on G can be thought as a function on Rn, we infer

that the Haar measure on G can be written as dg = dxdk, where dx and dk are the

normalized Haar measures on Rn and K respectively.

Let R+ = (0,∞) and M = SO(n− 1) be the subgroup of K that fixes the point

en = (0, 0, . . . , 1). Let M̂ be the unitary dual group of M. Given a unitary irreducible

representation σ ∈ M̂ realized on the Hilbert space Hσ of dimension dσ, we consider

the space L2(K,Cdσ×dσ) consisting of dσ × dσ complex matrices valued functions ϕ on

K such that ϕ(uk) = σ(u)ϕ(k), where u ∈M, k ∈ K and satisfying

∫

K

‖ϕ(k)‖2dk =

∫

K

tr(ϕ(k)∗ϕ(k))dk.

It is easy to see that L2(K,Cdσ×dσ) is a Hilbert space under the inner product

〈ϕ, ψ〉 =

∫

K

tr(ϕ(k)ψ(k)∗)dk.

For each (a, σ) ∈ R+ × M̂, defines a unitary representation πa,σ of G by

πa,σ(g)(ϕ)(k) = e−ia〈x,k·en〉ϕ(s−1k), (4.2.1)

where ϕ ∈ L2
(
K,Cdσ×dσ

)
. Let ϕ = (ϕ1, . . . , ϕdσ), where ϕj are the column vectors of

ϕ. Then ϕj(uk) = σ(u)ϕj(k). Now, consider the space

H
(
K,Cdσ

)
=

{
ϕ : K → Cdσ ,

∫

K

|ϕ(k)|2dk <∞, ϕ(uk) = σ(u)ϕ(k), u ∈M

}
.
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Then L2(K,Cdσ×dσ) is the direct sum of dσ copies of the Hilbert space H(K,Cdσ)

equipped with the inner product

〈ϕ, ψ〉 = dσ

∫

K

(ϕ(k), ψ(k)) dk.

Then it can be shown that an infinite dimensional unitary irreducible representation

of G is the restriction of πa,σ to H(K,Cdσ). In other words, each of (a, σ) ∈ R+ × M̂

defines a principal series representation πa, σ of G via (4.2.1).

Besides the principal series representations, there are finite-dimensional unitary

irreducible representations of G which can be parameterized by K̂, however, these

unitary representations do not take part in the Plancherel formula. For more details,

we refer to Kumahara [25] and Sugiura [48].

Now, we define the group Fourier transform of a function f ∈ L1(G) by

f̂(a, σ) =

∫

G

f(g)πa, σ(g−1)dg

and

f̂(δ) =

∫

G

f(x, k)δ(k−1)dxdk,

where δ ∈ K̂. Further, the operator f̂(a, σ) can be explicitly written as

(f̂(a, σ)ϕ)(k) =

∫

Rn

∫

K

f(x, s)e−i〈x, ak·en〉ϕ(s−1k)dxds,

=

∫

K

F1f(ak · en, s)ϕ(s−1k)ds, (4.2.2)

where F1 stands for the usual Fourier transform in the first variable and ϕ ∈ H(K,Cdσ).

For more details, we refer to [12, 16, 26].

Now, if f ∈ L1 ∩ L2(G), then the operator f̂(a, σ) will be a Hilbert-SchmidtTH-1723_136123005
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operator on H(K,Cdσ). Since the Plancherel measure µσ on Ĝ can be expressed as

dµσ = cna
n−1da, where cn depends only on n, the corresponding Plancheral formula is

given by
∫ ∞

0


∑

σ∈M̂

dσ‖f̂(a, σ)‖2HS


 dµσ(a) = ‖f‖22. (4.2.3)

Further, in view of the Fourier inversion formula ( [48], p. 175) for function in

L2(M(2)), an inversion formula for the function f ∈ L1 ∩ L2(M(n)), can be expressed

as

f(x, s) = cn
∑

σ∈M̂

∫ ∞

0

tr
(
πa,σ(x, s)f̂(a, σ)

)
an−1da. (4.2.4)

We would like to mention the following Wiener’s theorem on motion group due to

R. Gangolli [14]. For a function f on G, defining the two-sided translate by g1f g2(g) =

f(g1gg
−1
2 ), where gj ∈ G; j = 1, 2.

Theorem 4.2.1. [14] Let f ∈ L1(G) and S = span {g1f g2 : gj ∈ G; j = 1, 2}.

Then the space S is dense in L1(G) if and only if f̂(a, σ) 6= 0 and f̂(δ) 6= 0 for all

(a, σ) ∈ R+ × M̂ and δ ∈ K̂.

A close observation of Theorem 4.2.1 shows that if f̂(a, σ) is a finite rank operator,

then S can be a proper subspace of L1(G). Hence, it opens a window to look at the

determining properties of f̂ .

Next, we recall certain facts about the spherical harmonics. Let K̂M denote the

set of all equivalence classes of irreducible unitary representations of K which have a

nonzero M-fixed vector. It is well known that each representation in K̂M has, in fact,

a unique nonzero M-fixed vector, up to a scalar multiple.

For a δ ∈ K̂M , which is realized on Vδ, let {e1, . . . , edδ} be an orthonormal basis

of Vδ, with e1 as the M-fixed vector. Let ϕδij(k) = 〈ei, δ(k)ej〉, k ∈ K. Then by theTH-1723_136123005
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Peter-Weyl theorem, it follows that {
√
dδϕ

δ
1j : 1 ≤ j ≤ dδ, δ ∈ K̂M} is an orthonormal

basis of L2(K/M).

We would further need a concrete realization of the representations in K̂M , which

can be done in the following way.

For l ∈ Z+, denote the set of all non-negative integers, let Pl denote the space of

all homogeneous polynomials P in n variables of degree l.

Let Hl = {P ∈ Pl : ∆P = 0}, where ∆ is the standard Laplacian on Rn. The

elements of Hl are called solid spherical harmonics of degree l. It is easy to see that the

natural action of K leaves the space Hl invariant. In fact, the corresponding unitary

representation πl is in K̂M . Moreover, K̂M can be identified, up to unitary equivalence,

with the collection {πl : l ∈ Z+}.

Define Ylj(ω) =
√
dlϕ

1j
πl

(k), where ω = k ·en ∈ Sn−1, k ∈ K and dl is the dimension

of Hl. Then the set H̃l = {Ylj : 1 ≤ j ≤ dl and l ∈ Z+} forms an orthonormal basis for

L2(Sn−1). Thus, a suitable function g on Sn−1 can be expanded as

g(ω) =

∞∑

l=0

dl∑

j=1

aljYlj(ω). (4.2.5)

These spherical functions Ylj are called the spherical harmonics on the unit sphere Sn−1.

For more details, see [51], p. 11.

Next, we consider an orthogonality relation among the matrix coefficients of the

irreducible unitary representations in K̂M .

Lemma 4.2.1. For δ ∈ K̂, denoting φδij(k) = 〈ei, δ(k)ej〉 . Then for δ1, δ2 ∈ K̂, there
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exists α ∈ Z+ such that

∫

M

φδ1ij (km)φδ2lu(km)dm =
α∑

v=0

cvYv(k · en). (4.2.6)

Proof. Since we know that the matrix coefficients of δ ∈ K̂M satisfy the functional

relation

φδij(km) =

dδ∑

p=1

φδip(k)φδpj(m) (4.2.7)

and M is a compact subgroup of K, it follows that each of δ ∈ K̂ will be the direct sum

of finitely many irreducible unitary representations of M. Hence each of φδpj satisfies

φδpj =

dδ,β∑

q=1

φ
δq
pj,

where δq ∈ M̂. By orthogonality of the coefficients φ
δq
pj’s and the fact that the left-hand

side of (4.2.6) is M-invariant, we infer that it is a finite sum of the product of some

spherical harmonics. Further, a homogeneous polynomial can be uniquely decomposed

in terms of homogeneous harmonics polynomials, it follows that (4.2.6) holds.

For a fixed ξ ∈ Sn−1, we define a linear functional on Hl by ξ 7→ Yl(ξ). Then there

exists a unique spherical harmonic, say Z
(l)
ξ ∈ Hl such that

Yl(ξ) =

∫

Sn−1

Z
(l)
ξ (η)Yl(η)dσ(η). (4.2.8)

The spherical harmonic Z
(l)
ξ is a K bi-invariant real-valued function which is constant

on the geodesics those are orthogonal to the line joining the origin and ξ. The spherical

harmonic Z
(l)
ξ is called the zonal harmonic of the space H̃l for the above and various

other peculiar reasons. For more details, see [47].

Since the zonal harmonic Z
(l)
ξ (η) is K bi-invariant, there exists a reasonable func-TH-1723_136123005
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tion F on (−1, 1) such that Z
(l)
ξ (η) = F (ξ · η). Hence, the extension of the formula

(4.2.8) is inevitable. For F ∈ L1(−1, 1), the Funk-Hecke identity is

∫

Sn−1

F (ξ · η)Yl(η)dσ(η) = clYl(ξ), (4.2.9)

where the constant cl is given by

cl = αl

1∫

−1

F (t)G
n−2
2

l (t)(1 − t2)
n−3
2 dt

and Gβ
l stands for the Gegenbauer polynomial of order β and degree l.

Let f be a function in L1(Sn−1). For each l ∈ Z+, we define the lth spherical

harmonic projection of the function f by

Πlf(ξ) =

∫

Sn−1

Z
(l)
ξ (η)f(η)dσ(η). (4.2.10)

Then Πlf is a spherical harmonic of degree k. Now, for δ > (n−2)/2, if we denote Apl =
(
p−l+δ
δ

)(
p+δ
δ

)−1
, then the spherical harmonic expansion

∞∑
l=0

Πlf is δ- Cesaro summable to

f. In other words,

f = lim
p→∞

p∑

l=0

Apl Πlf, (4.2.11)

where the limit on the right-hand side of (4.2.11) exists in L1 (Sn−1) . For more details,

we refer to [22, 45]. We need the following lemma.

Lemma 4.2.2. Let f ∈ L1 (Sn−1) be such that
∫

Sn−1

e−ix·ηf(η)dσ(η) = 0. Then

lim
p→∞

p∑

l=0

ilApl
Jl+(n−2)/2(r)

r(n−2)/2
Πlf(ξ) = 0, (4.2.12)

where x = rξ, for some r > 0 and ξ ∈ Sn−1.
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Proof. We have

∣∣∣∣∣

p∑

l=0

Apl

∫

Sn−1

e−ix·ηΠlf(η)dσ(η)

∣∣∣∣∣

=

∣∣∣∣∣

p∑

l=0

∫

Sn−1

e−ix·η(Apl Πlf (η) − f(η))dσ(η)

∣∣∣∣∣

≤
∫

Sn−1

∣∣∣∣∣

p∑

l=0

Apl Πlf(η) − f(η)

∣∣∣∣∣ dσ(η)

By using the δ- Cesaro summability of f, it follows that

lim
p→∞

p∑

l=0

Apl

∫

Sn−1

e−ix·ηΠlf(η)dσ(η) = 0. (4.2.13)

Further, using the Funk-Hecke identity, it can be shown that

∫

Sn−1

e−ix·ηYj(η)dσ(η) = ij
Jj+(n−2)/2(r)

r(n−2)/2
Yj(ξ), (4.2.14)

whenever Yj ∈ H̃l. For a proof of the identity (4.2.14), we refer [2], p. 464. This, in

turn, implies that (4.2.12) holds.

4.3 Results on the Euclidean motion group M(n)

In this section, we work out some of the uniqueness results for the Fourier transform on

the Euclidean motion group G = M(n) as an analogue to the Benedicks’ theorem. We

prove the group Fourier transform of a non-zero function in L1(G) cannot be compactly

supported in (0,∞).

In order to prove this result, we need the following result from [6]. Let Rn
+ =

{(x1, . . . , xn) ∈ Rn : xj ≥ 0; j = 1, . . . , n} . The following result had appeared in the
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article [6] by Bagchi and Sitaram, p. 421.

Proposition 4.3.1. [6] Let h be a non-zero function in L1(Rn) which is supported on

Rn
+. Then supp ĥ = Rn.

Theorem 4.3.1. Let f ∈ L1(G) be supported in Rn
+ in the first variable. If f̂(., σ) is

compactly supported in R+, then f = 0.

Proof. Suppose f is a radial function in the first variable. Then F1f(., s) will be radial

and hence

(f̂(a, σ)ϕ)(k) =

∫

K

F1f(a, s)ϕ(s−1k)ds, (4.3.1)

where ϕ ∈ H(K,Cdσ). Since f̂(. , σ) is compactly supported in R+, it follows from

(4.3.1) that F1f(., s) is compactly supported in R+, for almost all s ∈ K. This, in turn,

contradicts Proposition 4.3.1. Thus, we conclude that f = 0.

Since f ∈ L1(G), in view of (4.2.11), we can write the spherical harmonic decom-

position of f in the first variable x = |x|t, t ∈ Sn−1 as

f(x, s) = lim
p→∞

p∑

l=0

Apl fl(|x|, s)Πlf(t, s), (4.3.2)

where the series on the right-hand side is δ-Cesaro summable. Now, an application of

the Hecke-Bochner identity to (4.3.1) yields

(f̂(a, σ)ϕ)(k) =

∫

K

lim
p→∞

p∑

l=0

Apl i
−lalFn+2lHl(a, s)Πlf(t, s)ϕ(s−1k)ds,

where Fn+2l is the (n + 2l)-dimensional Fourier transform of Hl = fl
|x|l
. Since f̂ is

compactly supported, it follows that

lim
p→∞

p∑

l=0

Apl i
−lalFn+2lHl(a, s)Πlf(t, s) = 0. (4.3.3)

TH-1723_136123005



4.3 Results on the Euclidean motion group M(n) 56

We know that the set {Πlf(·, s) : l ∈ Z+} form an orthogonal set in L2(Sn−1), from

(4.3.3), it is easy to see that

F2+2lHl(a, s) ‖Πlf(., s)‖22 = 0.

If F2+2lHl(a, s) = 0, then by the radial case, we infer that Hl = 0. Otherwise, we get

‖Πlf(., s)‖2 = 0. Thus, it follows from (4.3.2) that f = 0.

Further, we prove that a radial function on G can be determined by its Fourier

transform at a single point.

Proposition 4.3.2. Let f ∈ L1(G) be a radial function in the first variable such that

sign(Jn−2
2
f) ≥ 0. If f̂(ao, σ) = 0 for some ao ∈ R+ and a fixed σ ∈ M̂, then f = 0.

Proof. For ϕ ∈ H(K,Cdσ), we have

(f̂(ao, σ)ϕ)(k) =

∫

K

F1f(ao, s)ϕ(s−1k)ds.

By the hypothesis, f̂(ao, σ)ϕ = 0, it follows that F1f(ao, .) = 0. Hence

F1f(ao, s) =

∫ ∞

0

∫

Sn−1

f(|tω|, s)e−iaop·tωdωtn−1dt

=

∫ ∞

0

Jn−2
2

(aot)f(t, s)tn−1dt = 0.

Since sign(Jn−2
2
f) ≥ 0 and the Bessel function Jn−2

2
can vanish only at the countably

many points, we conclude that f = 0.

TH-1723_136123005



4.4 Some auxiliary results on compact group 57

4.4 Some auxiliary results on compact group

In this section, we observe some of the properties of a Weyl type transform on the space

L1(K) as analogous to the Weyl transform on the Heisenberg group, (see [50]). We use

it to work out some uniqueness result for the Fourier transform on the motion group G.

Let K be a compact group. For a function g ∈ L1(K), we define an operator W

on H(K,Cdσ) by

W (g) =

∫

K

g(t)π(t)dt,

where π is the left regular representation of K. Then W (g) maps H(K,Cdσ) into

H(K,Cdσ). Now, we derive the Plancheral formula and the Fourier inversion formula

for the transform W.

Plancherel formula. For g ∈ L2(K) and ϕ ∈ H(K,Cdσ), we have

(W (g)ϕ)(k) =

∫

K

g(t)(π(t)ϕ)(k)dt =

∫

K

g(t)ϕ(t−1k)dt

=

∫

K

g(s−1k)ϕ(s)ds.

Write Kg(s, k) = g(s−1k). Then W (g) is an integral operator with the kernel Kg ∈

L2(K ×K). Hence W (g) is a Hilbert-Schmidt operator that satisfying

‖(W (g)‖2HS =

∫

K×K

|Kg(s, k)|2 dsdk =

∫

K×K

∣∣g(s−1k)
∣∣2 dsdk = ‖g‖22.

In other words, W maps L1(K) onto S2, the space of Hilbert-Schmidt operators on

H(K,Cdσ).

Next, we prove the Fourier inversion formula for the transform W.

Lemma 4.4.1. If g ∈ C2(K), then the transform W satisfies the inversion formula
TH-1723_136123005
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g(t) = tr(π(t)∗W (g)).

Proof. Given that g ∈ C2(K),

(π(t))∗W (g) =

∫

K

g(s)(π(t))∗π(s)ds =

∫

K

g(s)π(t−1)π(s)ds

=

∫

K

gt(p)π(p)dp = W (gt),

where gt(p) = g(tp). That is, W (g) is an integral operator with kernel Kg. Since the

kernel Kgt satisfies Kgt(s, k) = gt(s−1k), we obtain Kgt(s, s) = g(t) and hence

tr[π(t)∗W (g)] = tr(W (gt)) =

∫

K

Kgt(s, s)ds

=

∫

K

g(t)ds = g(t).

Further, by using the Peter-Weyl theorem, we prove that if g ∈ L1(K), then

the operator W (g) has finite rank as long as g is a trigonometric polynomial. For

δ ∈ K̂, a finite linear combination of matrix coefficients ϕδij ’s is known as a trigonometric

polynomial.

Proposition 4.4.1. Let g ∈ L1(K). Then the operator W (g) is of finite rank if and

only if g is a trigonometric polynomial on K.

Proof. Consider the function h = g ∗ g∗, where g∗(t) = g(t−1). Now, we show that
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W (h) = W (g)∗W (g). For this, we have

W (h) =

∫

K

h(t)π(t)dt =

∫

K

(g ∗ g∗)(t)π(t)dt

=

∫

K

∫

K

g(s)g∗(ts−1)π(t)dtds

=

∫

K

g(s)

(∫

K

g∗(ts−1)π(t)dt

)
ds.

By the change of variables ts−1 = p in the inner integral, we get

W (h) =

∫

K

g(s)

(∫

K

g∗(p)π(ps)dp

)
ds

= W (g∗)W (g).

Further, we require proving W (g)∗ = W (g∗). For ϕ, ψ ∈ H(K,Cdσ), consider

〈W (g∗)ϕ, ψ〉 =

∫

K

g(t−1) 〈π(t)ϕ, ψ〉 dt =

∫

K

g(s)
〈
π(s−1)ϕ, ψ

〉
ds.

Since π is the left regular representation of K, the operator π(s) will be unitary. Hence

〈W (g∗)ϕ, ψ〉 =

∫

K

〈ϕ, g(s)π(s)ψ〉ds = 〈ϕ,W (g)ψ〉 = 〈W (g)∗ϕ, ψ〉 .

This, in turn, implies that W (h) = W (g)∗W (g) is a positive finite rank operator.

Thus, by the spectral theorem, there exists an orthonormal set {ϕj ∈ H(K,Cdσ) : j =

1, . . . , m} and scalars λj ≥ 0 such that

W (h)ϕ =
m∑

j=1

λj 〈ϕ, ϕj〉ϕj , (4.4.1)

whenever ϕ ∈ H(K,Cdσ). Let ϕj = (ϕj,1, . . . , ϕj,dσ) . Then by (4.4.1), it follows that
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h ∗ ϕj, q = λjϕj, q. By taking Fourier coefficient of both the sides, we get

ϕ̂δj, q(ĥ
δ − λjI) = 0,

where δ ∈ K̂. Then ĥδ = λjI for finitely many δ ∈ K̂, otherwise, by the Riemann-

Lebesgue lemma λj = 0. Hence ϕ̂j, q(δ) 6= 0 at most for finitely many δ ∈ K̂. Thus,

by the Peter-Weyl theorem, we infer that ϕj, q is a trigonometric polynomial. Since

h = g∗ ∗ g, it follows that ĥ(δ) = |ĝ(δ)|2. Thus, from (4.4.1), we conclude that g is a

trigonometric polynomial.

Conversely, suppose g is a trigonometric polynomial, then without loss of general-

ity, we can assume that g = ϕδij. Now, we can write

ϕδij(t
−1s) =

〈
δ(t−1s)ej, ei

〉
= 〈δ(s)ej , δ(t)ei〉 .

Since Hδ is π-invariant, it follows that

ϕδij(t
−1s) =

dδ∑

l=1

ϕδlj(s)ϕ
δ
li(t).

A straightforward calculation leads to W (g)ϕ(s) = dδ
〈
ϕ, ϕδij

〉
ϕδij . Thus, we conclude

that W (g) is of finite rank.

Remark 4.1. In view of the Minkowski integral inequality, it can be easily seen that

‖W (g)‖ ≤ ‖g‖1. Hence, the spectral radius of the operatorW (g) will satisfy the condition

λ[σ(W (g))] ≤ ‖g‖1.

Next, by using Proposition 4.4.1, we prove that a radial function on the motion

group G can be determined by its group Fourier transform at a single point. However,

for a sake of simplicity, we prove the result for G = M(2). For proving this result, we

need the following lemma.TH-1723_136123005
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Lemma 4.4.2. Let f ∈ L1(G) be such that f(x, s) = f(|x|, s). If f̂(ao , σ) is of finite

rank for some ao ∈ R+, then

∫ ∞

0

J(aot)Ft(s)t dt =
∑

|n|≤αo

∫ ∞

0

J(aot)F̂t(n)Yn(s)t dt,

where Ft(s) = f(t, s).

Proof. We know that for ϕ ∈ L2(K,Cdσ) we have

(f̂(ao , σ)ϕ)(k) =

∫

Rn

∫

K

f(x, s)e−i〈x,aok〉ϕ(s−1k)dxds

=

∫

K

F1f(aok, s)ϕ(s−1k)ds.

Since f is radial in the first variable, then it follows that

(f̂(ao , σ)ϕ)(k) = (W (F1f(ao, .))ϕ)(k).

By the hypothesis, f̂(ao , σ) is a finite rank operator, W (F1f(ao, .)) must be of finite

rank. From Proposition 4.4.1, we conclude that F1f(ao, .) is a trigonometric polynomial.

That is,

F1f(ao, s) =
∑

|m|≤αo

Ĝao(m)χm(s), (4.4.2)

where Gao(s) = F1f(ao, s). On the other hand, we have

F1f(ao, s) =

∫ ∞

0

∫

K

f(|tω|, s)e−iap·tωdω tdt

=

∫ ∞

0

J0(aot)f(t, s)tdt. (4.4.3)
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Now, we have

Ĝa(m) =

∫

K

F1f(ao, k)χ−m(k)dk

=

∫ ∞

0

J0(aot)

(∫

K

f(t, k)χ−m(k)dk

)
tdt

=

∫ ∞

0

J0(aot)F̂t(m)tdt,

where Ft(k) = f(t, k). Hence from (4.4.2) we get

F1f(ao, s) =
∑

|m|≤αo

∫ ∞

0

J0(aot)F̂t(m)χm(s)tdt. (4.4.4)

By comparing (4.4.3) with (4.4.4), we get the required identity.

Remark 4.2. Notice that by taking inverse Fourier transform in both the sides of

(4.4.2), we can assume f is trigonometric polynomial as long as f̂(ao , σ) is a finite

rank operator for some ao ∈ R+ and σ ∈ M̂.

Theorem 4.4.1. Let f ∈ L1(G) be a radial function in the first variable which integrates

zero in the second variable. If f̂(ao , σ) is a finite rank operator for some ao ∈ R+ and

sign(J0f) ≥ 0, then f = 0.

Proof. In view of Remark 4.2, from Lemma 4.4.2 we infer that

∫ ∞

0

F̂t(o)tdt =

∫ ∞

0

f(t, s)tdt.

This, in tern, implies that

∫ ∞

0

(∫

K

f(t, k)dk

)
tdt =

∫ ∞

0

f(t, s)tdt.

Since f integrates zero on K and sign(J0f) ≥ 0, we conclude that f = 0.
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4.5 Some results on the Heisenberg uniqueness pairs

In this section, we explore the Heisenberg uniqueness pairs for the Fourier transform

on the motion group G as well as on the product group G′ = Rn × K, where K is a

compact group. Further, we observed a one to one correspondence between the class of

HUP’s on Rn and the class of HUP’s on G′.

Let Γ be a smooth surface (or a finite union of smooth surfaces) in Rn and Γ′ =

Γ × K. Let X(Γ′) be the space of all finite complex-valued Borel measures µ in the

motion group G which is supported on Γ′ and absolutely continuous with respect to the

surface measure on Γ′.

We define the Fourier transform of µ on G by

(µ̂(a, σ)ϕ)(k) =

∫

Γ

∫

K

f(x, s)e−i〈x,ak·en〉ϕ(s−1k)dµ(x)ds, (4.5.1)

where a ∈ R+ and ϕ ∈ H(K,Cdσ).

Theorem 4.5.1. Let Γ′ = Sn−1×K, where Sn−1 is the unit sphere in Rn and µ ∈ X(Γ′).

If there exists ao such that J(n+2l−2)/2(ao) 6= 0 for every l ∈ Z+ such that µ̂(ao, σ) = 0

for all σ ∈ M̂, then µ = 0.

Proof. Since µ is absolutely continuous with respect to the surface measure on Γ′, by

Radon-Nikodym theorem, there exists a function f ∈ L1(Γ′) such that dµ = fdsdt. By

hypothesis, we have

(µ̂(ao, σ)ϕ)(k) =

∫

Sn−1

∫

K

f(t, s)e−i〈t,aok·en〉ϕ(s−1k)dtds = 0,
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whenever ϕ ∈ C(K,Cdσ). Now, by Fubini’s theorem, we can write

∫

K

(∫

Sn−1

f(t, s)e−i〈t,aok·en〉dt

)
ϕ(s−1k)ds =

∫

K

F1f(aok · en, s)ϕ(s−1k)ds = 0.

Hence F1f(aok · en, s) = 0 for almost all s, k ∈ K. Since SO(n) can be identified with

Sn−1 via k → k · en, it follows that F1f(y, s) = 0 for almost all y ∈ Sn−1
ao (o) and s ∈ K.

Since we know from Theorem 1.0.6 that the pair
(
Sn−1, Sn−1

ao (o)
)

is a HUP as long as

J(n+2l−2)/2(ao) 6= 0 for all l ∈ Z+, we conclude that µ = 0.

Remark 4.3. Let (Γ, K) be a HUP in Rn and suppose µ ∈ X(Γ′) is such that µ̂(ao) = 0

for some ao 6∈ J−1
(n+2l−2)/2(0) and ∀ l ∈ Z+, then µ = 0.

The Haar measure on the product group G′ is given by dg = dxdk, where dx is

Lebesgue measure on Rn and dk is normalized Haar measure on K. Since the unitary

dual of G′ can be parameterized by Ĝ′ = Rn × K̂, for each (y, γ) ∈ Ĝ, the map

(x, k) 7→ e−2πix·yγ(k) is a unitary operator on the Hilbert space Hγ .

Hence we can define the Fourier transform of the function f ∈  L1(G′) by

f̂(y, γ) =

∫

Rn

∫

K

f(x, k)e−2πix·yγ(k−1)dxdk. (4.5.2)

Let Γ′ = Γ×K, where Γ is a smooth surface (or a finite union of smooth surfaces)

in Rn. Let X(Γ′) be the space of all finite complex-valued Borel measure µ in G′ which

is supported on Γ′ and absolutely continuous with respect to the surface measure on

Γ′. Then by the Radon-Nikodym theorem, there exists a function f ∈ L1(Γ′) such that

dµ = fdνdk, where ν is the surface measure on Γ.

Now, the Fourier transform of the measure µ can be defined by
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µ̂(y, γ) =

∫

Γ

∫

K

e−2πix·yγ(k−1)dµ(x, k)

=

∫

Γ

∫

K

f(x, k)e−2πix·yγ(k−1)dν(x)dk. (4.5.3)

Theorem 4.5.2. The pair (Γ,Λ) is a Heisenberg uniqueness pairs in Rn if and only if

(Γ′,Λ × K̂) is a Heisenberg uniqueness pairs in G′.

Proof. Suppose (Γ,Λ) is a Heisenberg uniqueness pair in Rn and µ ∈ X(Γ′). Then by

Fubini’s theorem, the map x 7→ f(x, k) belongs to L1(Γ, dν) for almost all fixed k ∈ K.

Hence for (k, σ) ∈ K × K̂, we can define the projection fk,σ of f by

fk,σ(x) =

∫

K

f(x, kh−1)χσ(h)dh, (4.5.4)

where χσ = tr σ( · ), the character of the representation σ. Thus, the Euclidean Fourier

transform of the projection fk,σ gives

f̂k,σ(y) =

∫

Γ

∫

K

f(x, kh−1)e−2πix·yχσ(h)dh dν(x)

= tr

∫

Γ

∫

K

f(x, kh−1)σ(h)dh e−2πix·ydν(x)

= tr

∫

Γ

∫

K

f(x, h)σ(h−1)dh e−2πix·ydν(x)σ(k)

= tr (µ̂(y, σ)σ(k)) . (4.5.5)

Suppose µ̂|Λ×K̂ = 0. Since (Γ,Λ) is a Heisenberg uniqueness pair in Rn, from
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(4.5.5), it follows that fk,σ = 0. Hence by the uniqueness of the Fourier series

f(x, k) =
∑

σ∈K̂

dσfk,σ(x)

we conclude that f = 0.

Conversely, suppose (Γ′,Λ × K̂) is a Heisenberg uniqueness pair in G′. Then for

µ ∈ X(Γ), there exists a function f ∈ L1(Γ) such that dµ = fdν. Suppose µ̂|Λ = 0.

Then ∫

Γ

f(x)e−2πix·ydν(x) = 0

for each y ∈ Λ. This, in turn, implies

∫

Γ

∫

K

f(x)e−2πiy·xγ(k−1)dk dν(x) = 0. (4.5.6)

Now, if we write dρ = fdνdk, then ρ ∈ X(Γ′). Since (Γ′,Λ × K̂) is a Heisenberg

uniqueness pair, by (4.5.6), it follows that ρ = 0. Thus, using the fact that group

compact group K is unimodular, we conclude that the measure µ = 0.

Remarks and open problems: The main motive of this chapter is to consider the

following problem.

Let f ∈ L1 ∩ L2(G) be such that f̂(a, σ) is a finite rank operator for each a > 0

and some σ ∈ M̂. If f̂(δ) 6= 0 except for finitely many δ ∈ K̂, then f = 0.

We would like to mention the necessity of the non-vanishing conditions on the

Fourier coefficients in the above problem. Since M(2) is the semidirect product of R2

and SO(2), each of a ∈ R+ defines a unitary irreducible representation πa of M(2) on
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L2([0, 2π]). That is, for (x, θ) ∈ R2 × [0, 2π], the action of πa is given by

(πa(x, θ)ϕ)(ω) = e−i〈x,aeiω〉ϕ(ω − θ),

where ϕ ∈ L2([0, 2π]). For g ∈ L1(R2), let f(x, θ) = g(x)einθ. Then

(f̂(a)ϕ)(ω) =

∫

R2

∫ 2π

0

f(x, θ)e−i〈x,aeiω〉ϕ(ω − θ)dxdθ = ĝ(aeiω)ϕ̂(n)einω.

Hence we infer that, if δn(f) =
∫
M(2)

f(x, θ)einθdxdθ 6= 0 for finitely many n ∈ Z, then

f̂(a) is a rank one operator, however, f need not be the zero function.
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Chapter 5

Uniqueness of the Fourier transform

on certain Lie groups

5.1 Introduction

In an interesting article, M. Benedicks [7] had extended the classical Paley-Wiener

theorem for compactly supported function to the class of integrable functions. In other

words, support of an integrable function and its Fourier transform both cannot be of

finite measure simultaneously. Thereafter, a series of analogous results to the Benedicks

theorem has been explored in various contexts, including the Heisenberg group and the

Euclidean motion groups (see [31–33, 37, 39, 42]). In article [31], an analogous result

on the Heisenberg group has worked out for the partial compactly supported functions

in terms of finite rank of Fourier transform of the function. Further, Vemuri [52] has

relaxed the compact support condition on the functions by finite Lebesgue measure.

In this article, we explore analogous results to the Amrein-Berthier and Benedicks

theorem on the Heisenberg motion group and step two nilpotent Lie groups. We prove
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that if the group Fourier transform of finitely supported certain integrable functions on

the Heisenberg motion group (or step two nilpotent Lie groups) is of finite rank, then

the function has to vanish identically. However, it would be a reasonable to consider

the case when the spectrum of the Fourier transform of an integrable function will be

supported on a thin uncountable set.

5.2 Preliminaries on the Heisenberg motion group

The Heisenberg group Hn = Cn × R is a step two nilpotent Lie group having center R

that equipped with the group law

(z, t) · (w, s) =

(
z + w, t+ s+

1

2
Im(z · w̄)

)
.

By Stone-von Neumann theorem, the infinite dimensional irreducible unitary represen-

tations of Hn can be parameterized by R∗ = Rr {0}. That is, each of λ ∈ R∗ defines a

Schrödinger representation πλ of Hn by

πλ(z, t)ϕ(ξ) = eiλteiλ(x·ξ+
1
2
x·y)ϕ(ξ + y),

where z = x + iy and ϕ ∈ L2(Rn). Let

T =
∂

∂t
, Xj =

∂

∂xj
+

1

2
yj
∂

∂t
and Yj =

∂

∂yj
− 1

2
xj
∂

∂t
.

Then {T,Xj, Yj : j = 1, . . . , n} forms a basis for the Lie algebra hn consists of all left-

invariant vector fields on Hn and the representation πλ induces a representation π∗
λ of
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hn on the space of C∞ vectors in L2(Rn) via

π∗
λ(X)f =

d

dt

∣∣∣∣
t=0

πλ(exp tX)f.

It is easy to see that π∗
λ(Xj) = iλxj and π∗

λ(Yj) = ∂
∂xj
. Hence for the sub-Laplacian

L = −
∑n

j=1(X
2
j +Y 2

j ), it follows that π∗
λ(L) = −∆x +λ2|x|2 =: Hλ, the scaled Hermite

operator. Let φλα(x) = |λ|n4 φα(
√

|λ|x); α ∈ Zn+, where φα are the Hermite functions

on Rn. Then φλα’s are the eigenfunctions of Hλ with eigenvalue (2|α|+ n)|λ|. Hence the

entry functions Eλ
αβ ’s of the representation πλ are eigenfunctions of the sub-Laplacian

L satisfying

LEλ
αβ = (2|α| + n)|λ|Eλ

αβ,

where Eλ
αβ(z, t) =

〈
πλ(z, t)φ

λ
α, φ

λ
β

〉
. Since Eλ

αβ(z, t) = eiλt
〈
πλ(z)φ

λ
α, φ

λ
β

〉
, the eigenfunc-

tions Eλ
αβ ’s are not in L2(Hn). However, for a fix t, they are in L2(Cn). Now, define an

operator Lλ by L
(
eiλtf(z)

)
= eiλtLλf(z). Then the special Hermite functions

φλαβ(z) = (2π)−
n
2

〈
πλ(z)φλα, φ

λ
β

〉

are eigenfunctions of Lλ with eigenvalue 2|α|+n. We summarize by noting that the spe-

cial Hermite functions φλαβ’s forms an orthonormal basis for L2(Cn) (see [51], Theorem

2.3.1).

Heisenberg motion group G is the group of isometries of Hn that leaves invariant

the sub-Laplacian L. Since the action of the unitary group K = U(n) defines a group of

automorphism on Hn via k · (z, t) = (kz, t), where k ∈ K, the group G can be expressed

as the semidirect product of Hn and K. Hence the group law on G can be understood
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by

(k1, z, t) · (k2, w, s) =

(
k1k2, z + k1w, t+ s− 1

2
Im(k1w · z̄)

)
.

Since a right K-invariant function on G can be thought as a function on Hn, we infer

that the Haar measure on G can be written as dg = dkdzdt, where dk and dzdt are the

normalized Haar measure on K and Hn respectively.

For k ∈ K, define another set of representations of the Heisenberg group Hn by

πλ,k(z, t) = πλ(kz, t). Since πλ,k agrees with πλ on the center of Hn, it follows by the

Stone-Von Neumann theorem for the Schrödinger representation that πλ,k is equivalent

to πλ. Hence there exists an intertwining operator µλ(k) satisfying

πλ(kz, t) = µλ(k)πλ(z, t)µλ(k)∗. (5.2.1)

The operator-valued function µλ can be thought as a unitary representation of the group

K on L2(Rn) and it is known as metaplectic representation. Since for λ ∈ R∗, the set

{φλα : α ∈ Nn} forms an orthonormal basis for L2(Rn), let Pm = {φλα : |α| = m}.

Then µλ|Pm
is an irreducible representation of K and the action of µλ on L2(Rn) can

be realized by

µλ(k)φλα =
∑

|γ|=|α|

ηλαγ(k)φλγ . (5.2.2)

For more details about the metaplectic representations and the spherical functions on

Hn, we refer the article by Benson et al. [8]. Let (σ,Hσ) be an irreducible unitary

representation of K and Hσ = span{eσj : 1 ≤ j ≤ dσ}. For k ∈ K, the matrix coefficients

of the representation σ ∈ K̂, are define

ϕσij(k) = 〈σ(k)eσj , e
σ
i 〉.

Define a bilinear form φλα ⊗ eσi on L2(Rn) ×Hσ by φλα ⊗ eσi = φλα e
σ
i . Then the set
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{φλα ⊗ eσi : 1 ≤ i ≤ dσ, α ∈ Nn} forms an orthonormal basis for L2(Rn) ⊗ Hσ. Denote

H2
σ = L2(Rn) ⊗Hσ.

For λ 6= 0, we define a representation ρλσ of G on the space H2
σ by

ρλσ(z, t, k) = πλ(z, t)µλ(k) ⊗ σ(k).

In the article [41], it has been shown that ρλσ are the only irreducible unitary repre-

sentations of G which appears in the Plancherel formula. Thus, in view of the above

argument, we denote the partial dual of the group G by G′ ∼= R∗ × K̂.

Now, we define the Fourier transform of the function f ∈ L1(G) by

f̂(λ, σ) =

∫

K

∫

R

∫

Cn

f(z, t, k)ρλσ(z, t, k)dzdtdk.

Let fλ be the inverse Fourier transform of the function f in t variable. Then

fλ(z, k) =

∫

R

f(z, t, k)eiλtdt.

Thus,

f̂(λ, σ) =

∫

K

∫

Cn

fλ(z, k)ρλσ(z, k)dzdk,

where ρλσ(z, k) = ρλσ(z, 0, k). For f ∈ L1 ∩ L2(G), the following Plancherel formula

derived in [41].

∫

K

∫

Hn

f(z, t, k)dzdtdk = (2π)−n
∑

σ∈K̂

∫

R\{0}

‖f̂(λ, σ)‖2HS|λ|2dλ.

Further, the set {φλα⊗ eσi : α ∈ Nn, 1 ≤ i ≤ dσ} forms an orthonormal basis for H2
σ, we
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can write

f̂(λ, σ)(φλγ ⊗ eσi ) =
∑

|α|=|γ|

∫

K

ηλαγ(k)

∫

Cn

fλ(z, k)
(
πλ(z)φλα ⊗ σ(k)eσi

)
dzdk.

5.3 Uniqueness results on the Heisenberg motion

group

In this section, we work out some of the results pertaining to the uniqueness of the

Fourier transform on the Heisenberg motion group G = Hn nK. Those results can be

thought as an analogue to the Benedicks theorem.

Weyl transform. For proving the main result of this section, we need to derive some

of the properties of the Weyl type transform on G× = Cn ×K. For more details on the

Wely transform on the Heisenberg group, see [50].

For (λ, σ) ∈ G′, we define the Weyl transform W λ
σ on L1(G×) by

W λ
σ (F ) =

∫

K

∫

Cn

F (z, k)ρλσ(z, k)dzdk.

Now, we define the λ-twisted convolutions of F,H ∈ L1 ∩ L2(G×) by

F ×λ H(g) =

∫

G×

F
(
gg′

−1
)
H(g′)e−

i
2
λIm(kw.z̄)dg′,

where g = (z, k) and g′ = (w, s). For λ = 1, we simply call the λ-twisted convolutions

as twisted convolutions and denote it by F ×H. We derive the following properties of

the Weyl transform W λ
σ .

Proposition 5.3.1. If F,H ∈ L1 ∩ L2(G×), then
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(i) W λ
σ (F ∗) = W λ

σ (F )∗, where F ∗(z, k) = F ((z, k)−1),

(ii) W λ
σ (F ×λ H) = W λ

σ (F )W λ
σ (H).

Proof. By the scaling argument, it is enough to prove these results for the case λ = 1.

(i) If φ, ψ ∈ H2
σ, then we have

〈Wσ(F ∗)φ, ψ〉 =

∫

K

∫

Cn

F ∗(z, k) 〈ρσ(z, k)φ, ψ〉 dzdk

=

∫

K

∫

Cn

〈
φ, F

(
(z, k)−1

)
ρσ
(
(z, k)−1

)
ψ
〉
dzdk

= 〈φ,Wσ(F )ψ〉 = 〈Wσ(F )∗φ, ψ〉 .

(ii) Let dg = dzdk, then

〈Wσ(F )Wσ(H)φ, ψ〉 =

∫

G×

F (z, k) 〈ρσ(z, k)Wσ(H)φ, ψ〉 dg

=

∫

G×

∫

G×

F (g)H(g′)e−
i
2
Im(kw.z̄) 〈ρσ(z + kw, ks)φ, ψ〉 dg′dg

=

∫

G×

∫

G×

F
(
gg′

−1
)
H(g′)e−

i
2
Im(kw.z̄) 〈ρσ(g)φ, ψ〉 dg′dg

=

∫

G×

(F ×H)(z, k) 〈ρσ(z, k)φ, ψ〉 dg

= 〈Wσ(F ×H)φ, ψ〉 .

Next, we derive the Plancherel formula for the Weyl transform W λ
σ on L2(G×)

corresponding to λ = 1.

Proposition 5.3.2. If F ∈ L2(G×), then the following holds.

∑

σ∈K̂

dσ ||Wσ(F )||2HS = (2π)n
∫

K

∫

Cn

|F (z, k)|2dzdk.
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Proof. Since L1 ∩ L2(G×) is dense in L2(G×), it is enough to prove the result for L1 ∩

L2(G×). For the sake of convenience, let φσα,i = φλα ⊗ eσi and φαβ = (2π)
n
2 φλαβ when

λ = 1. Then the set {φσγ,i : γ ∈ Nn, 1 ≤ i ≤ dσ} forms an orthonormal basis for H2
σ. By

the Parseval identity, we have

∥∥Wσ(F )φσγ,i
∥∥2
H2

σ

=
∑

β∈Nn

dσ∑

j=1

∣∣〈Wσ(F )φσγ,i, φ
σ
β,j

〉∣∣2 =

(2π)n
∑

β∈Nn

dσ∑

j=1

∣∣∣∣∣∣
∑

|α|=|γ|

∫

K

ηαγ(k)

∫

Cn

F (z, k)φαβ(z)ϕσji(k)dzdk

∣∣∣∣∣∣

2

.

It is easy to see that the matrix coefficients ηαγ of the representation µλ satisfy the

identity

∑

|α|=m

∣∣∣∣∣∣
∑

|γ|=m

cαηαγ(k)

∣∣∣∣∣∣

2

=
∑

|α|=m

|cαηαγ(k)|2 , (5.3.1)

where k ∈ K and cα ∈ C. Now, by Plancherel theorem for the compact group K and

the identity (5.3.1), we infer that

∑

σ∈K̂

dσ ||Wσ(F )||2HS = (2π)n
∑

β,γ∈Nn

∫

K

∣∣∣∣∣∣
∑

|α|=|γ|

ηαγ(k)

∫

Cn

F (z, k)φαβ(z)dz

∣∣∣∣∣∣

2

dk

= (2π)n
∑

α,β∈Nn

∫

K

∣∣∣∣
∫

Cn

F (z, k)φαβ(z)dz

∣∣∣∣
2

dk

= (2π)n
∫

K

∫

Cn

|F (z, k)|2dzdk.

For σ ∈ K̂, we defining a Fourier-Wigner type transform V g
f of functions f, g ∈ H2

σ

on G× by

V g
f (z, k) = 〈ρσ(z, k)f, g〉 .
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Lemma 5.3.1. For fl, gl ∈ H2
σ, l = 1, 2, the following identity holds.

∫

K

∫

Cn

V g1
f1

(z, k)V g2
f2

(z, k)dzdk = (2π)n 〈f1, f2〉 〈g1, g2〉.

Proof. Since the set {φα ⊗ eσi : α ∈ Nn, 1 ≤ i ≤ dσ} form an orthonormal basis for H2
σ

and fl, gl ∈ H2
σ, we can write

fl =
∑

γ∈Nn

∑

1≤i≤dσ

f lγ,iφγ ⊗ eσi , and gl =
∑

β∈Nn

∑

1≤j≤dσ

glβ,jφβ ⊗ eσj , l = 1, 2,

where f lγ,i and glβ,j are constants. Thus,

V gl
fl

(z, k) = (2π)
n
2

∑

α,β∈Nn

∑

1≤i,j≤dσ

∑

|γ|=|α|

f lγ,ig
l
β,jηαγ(k)φαβ(z)ϕσji(k),

By the orthogonality of the special Hermite functions φαβ together with the identity

(5.3.1), it follows that ∫

Cn

V g1
f1

(z, k)V g2
f2

(z, k)dz =

(2π)n
∑

γ,β∈Nn

[
dσ∑

i,j=1

(
f 1
γ,ig

1
β,j

)
φσji(k)

dσ∑

i,j=1

(
f 2
γ,ig

2
β,j

)
φσji(k)

]
.

Finally, by integrating both the sides with respect to k, we get

∫

K

∫

Cn

V g1
f1

(z, k)V g2
f2

(z, k)dzdk =

(2π)n

(∑

γ∈Nn

∑

1≤i≤dσ

f 1
γ,if

2
γ,i

)(∑

β∈Nn

∑

1≤j≤dσ

g2β,jg
1
β,j

)
= (2π)n 〈f1, f2〉 〈g1, g2〉.

Notice that, if f, g ∈ H2
σ, then as particular case of Lemma 5.3.1, it follows that
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V g
f ∈ L2(G×). Let Vσ = span

{
V g
f : f, g ∈ H2

σ

}
. Since the set

Bσ =
{
ψσα,i = φα ⊗ eσi : α ∈ Nn, 1 ≤ i ≤ dσ

}

form an orthonormal basis for H2
σ, by Lemma 5.3.1, we infer that the set

VBσ
=
{
V
ψσ
β,j

ψσ
α,i

: ψσα,i, ψ
σ
β,j ∈ Bσ

}

is an orthonormal basis for Vσ. Next, we recall the Peter-Weyl theorem which is crucial

for the proof of Proposition 5.3.3. For more details, see [48].

Theorem 5.3.1. (Peter-Weyl). Let K̂ be the unitary dual of the compact Lie group

K. Then the set
{√

dσφ
σ
ij : 1 ≤ i, j ≤ dσ, σ ∈ K̂

}
is an orthonormal basis for the space

L2(K).

Proposition 5.3.3. The set
{
VBσ

: σ ∈ K̂
}

is an orthonormal basis for L2(G×).

Proof. By Theorem 5.3.1, it follows that
{
VBσ

: σ ∈ K̂
}

is an orthonormal set. It only

remains to prove the completeness. For this, suppose F ∈ V ⊥
Bσ
, then

〈
Wσ(F )ψσα,i, ψ

σ
β,j

〉
=

∫

K

∫

Cn

F (z, k)V
ψσ
β,j

ψσ
α,i

(z, k)dzdk

=
〈
F, V

ψσ
β,j

ψσ
α,i

〉
= 0,

whenever ψσα,i, ψ
σ
β,j ∈ Bσ. Hence, it follows that Wσ(F ) = 0 for all σ ∈ K̂. Thus, by

Proposition 5.3.2, we conclude that F = 0.

Moreover, by using the fact that VBσ
is an orthonormal basis for Vσ, as a corollary

to Proposition 5.3.3, we infer that L2(G×) =
⊕
σ∈K̂

Vσ.

Now, we state our main result of this section. Let A and B be Lebesgue measurable
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subsets of Rn such that 0 < m(A)m(B) <∞, where m denotes the Lebesgue measure.

Theorem 5.3.2. Let F ∈ L1 ∩ L2(G) be supported on (Σ × R) ×K.

(ii) If Σ has finite Lebesgue measure and F̂ (λ, σ) is a rank one operator for all

(λ, σ) ∈ R∗ × K̂, then F = 0.

(ii) If Σ = A×B and F̂ (λ, σ) is a finite rank operator rank for all (λ, σ) ∈ R∗×K̂,

then F = 0.

Given φ, ψ ∈ L2(Rn), we define the Fourier-Wigner transform by

T (φ, ψ)(z) = 〈π(z)φ, ψ〉 ,

where π is the Schrödinger representation corresponding to λ = 1. Next, we state the

following result from [19, 21].

Theorem 5.3.3. For φ, ψ ∈ L2(Rn), write X = T (φ, ψ). If {z ∈ Cn : X(z) 6= 0} has

finite Lebesgue measure, then X = 0.

In view of Theorem 5.3.3, we prove the following analogous result for the Fourier-

Wigner transform. In fact, it says that the Fourier-Wigner transform of a pair of

non-zero functions cannot be finitely supported.

Proposition 5.3.4. For fj ∈ H2
σ; j = 1, 2, denote F = V f2

f1
. If {z ∈ Cn : F (z, k) 6= 0}

has finite Lebesgue measure for all k ∈ K, then F = 0.

Proof. Since fj ∈ H2
σ, we can express fj = φj ⊗ hj, where φj ∈ L2(Rn) and hj ∈ Hσ.
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Then

F (z, k) = 〈ρσ(z, k)f1, f2〉

= 〈π(z)µ(k) ⊗ σ(k)(φ1 ⊗ h1), φ2 ⊗ h2〉

= 〈π(z)µ(k)φ1, φ2〉 〈σ(k)h1, h2〉

= 〈π(z)ψ1, φ2〉 〈σ(k)h1, h2〉

= X(z) 〈σ(k)h1, h2〉 ,

where ψ1 = µ(k)φ1 and X = T (ψ1, φ2). If 〈σ(k)h1, h2〉 = 0 for some k ∈ K, then

F (., k) = 0. On the other hand, if 〈σ(k)h1, h2〉 6= 0, then X is a non-zero function that

supported on a set of finite Lebesgue measure. Thus, in view of Theorem 5.3.3, we

conclude that F = 0.

Next, we prove that if for F ∈ L1 ∩ L2(G×), the operator Wσ(F ) is of finite rank

for each σ ∈ K̂, then F = 0. For proving this, we require the following crucial results.

For k ∈ K, define bj(k) = 〈σ(k)ψj , ψj〉 , where ψj ∈ Hσ. Then bj(e) = ‖ψj‖2. Set

‖ψj‖ = αj .

Proposition 5.3.5. For φj ∈ L2(Rn); j ∈ {1, . . . , N}, define the function ψ on Cn by

ψ(z, k) =
N∑
j=1

bj(k) 〈π(z)µ(k)φj, φj〉 , where k ∈ K. If ψ is supported on a subset E × F

of Cn such that 0 < m(E)m(F) <∞, then ψ ≡ 0.

Proof. Let e be the identity element of the group K. Then µ(e) = I is the identity

operator on L2(Rn). For z = x+ iy ∈ Cn, we write ψy(x) = ψ(z, e). Since φj ∈ L2(Rn),

there exists a set A of measure zero such that |φj| is finite on Rn rA. Denote Ky(ξ) =
N∑
j=1

α2
jφj(ξ + y)φj(ξ) for almost all ξ ∈ Rn. Then by the hypothesis, ψ can be expressed
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as

ψy(x) =

∫

Rn

ei(x·ξ+
1
2
x·y)Ky(ξ)dξ. (5.3.2)

Since ψ is supported on E ×F of finite Lebesgue measure, it follows that ψy = 0 for all

y ∈ Rn r F . Hence we infer that Ky = 0, whenever y ∈ Rn r F .

Define the function χ on RnrA by χ = (α1φ1, . . . , αNφN) . If χ = 0 on RnrA, then

result will follow. Suppose χ 6= 0, then there exists ξ1 ∈ Rn rA such that χ(ξ1) 6= 0.

Now, if it happens that χ = 0 on Rn r (B(ξ1) ∪ A), where B(ξ1) is the set ξ1 +

(F ∪ {0}), then φj ’s are finitely supported.

Otherwise, we can choose ξl ∈ Rnr
l−1⋃
i=1

B(ξi)∪A, where B(ξi) = ξi+(F∪{0}) such

that χ(ξl) 6= 0, whenever l ≤ N. For l 6= m, we have ξl − ξm 6∈ F . By the hypothesis,

Kξl−ξm(ξ) =
N∑
j=1

α2
jφj(ξ+ ξl− ξm)φj(ξ) = 0, whenever ξ ∈ RnrA. Hence it follows that

χ(ξl) and χ(ξm) are orthogonal. Thus, the set S = {χ(ξ1), . . . , χ(ξN)} is an orthogonal

set in CN .

Therefore, if ξ ∈ Rn r
N⋃
l=1

(B(ξl) ∪A) , then χ(ξ) ⊥ S, and hence χ(ξ) = 0. Thus,

each of φj is supported on a set of finite Lebesgue measure.

Now, for k ∈ K, ψ can be expressed as

ψy(x) =

∫

Rn

ei(x·ξ+
1
2
x·y)

(
N∑

j=1

bj(k)χj(ξ + y)φj(ξ)

)
dξ,

where χj = µ(k)φj ∈ L2(Rn). Let Hy(ξ) =
N∑
j=1

bj(k)χj(ξ + y)φj(ξ). Then Hy is finitely

supported for all y ∈ Rn. By the Benedicks theorem, Hy and its Fourier transform both

cannot be finitely supported simultaneously. Hence we conclude that ψy ≡ 0 for all

y ∈ Rn.
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Remark 5.1. Instead of the rectangle E × F in R2n if we consider a set E of finite

Lebesgue measure in R2n, then the projection of E on Rn need not be a set of finite

measure. Hence the above proof of Proposition 5.3.5 will not work.

Let E and F be Lebesgue measurable subsets of Rn satisfying 0 < m(E)m(F) <∞.

Denote Σ = E × F .

Theorem 5.3.4. Let F ∈ L1 ∩ L2(G×) be supported on Σ ×K. If for each σ ∈ K̂, the

operator Wσ(F ) has finite rank, then F = 0.

Proof. Let τ̄ = F ∗ × F, where F ∗(v) = F (v−1). Then Wσ(τ̄) = Wσ(F )∗Wσ(F ) is a

positive and finite rank operator on H2
σ. By the spectral theorem, it follows that

Wσ(τ̄)f =

N∑

j=1

aj 〈f, fj〉 fj, (5.3.3)

where {f1, . . . , fN} is an orthonormal basis for the range of Wσ(τ̄ ) which satisfies

Wσ(τ̄ )fj = ajfj with aj ≥ 0. Now, for f, g ∈ H2
σ, we have

〈Wσ(τ̄ )f, g〉 =

N∑

j=1

aj 〈f, fj〉 〈fj, g〉 (5.3.4)

= (2π)−n
N∑

j=1

aj

∫

K

∫

Cn

V g
f (z, k)V

fj
fj

(z, k)dzdk.

Since τ ∈ L2(G×), by Proposition 5.3.3, we can write τ =
⊕
σ∈K̂

τσ. In view of the above

decomposition and by the definition of Wσ(τ̄), we can write

〈Wσ(τ̄ )f, g〉 =

∫

K

∫

Cn

τ̄(z, k)
〈
ρ1σ(z, k)f, g

〉
dzdk (5.3.5)

=

∫

K

∫

Cn

τσ(z, k)V g
f (z, k)dzdk.

Hence, by comparing (5.3.4) with (5.3.5) in view of the orthogonality relation for theTH-1723_136123005
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Fourier-Wigner transform as in Lemma 5.3.1, it follows that

τσ =

N∑

j=1

V
hj
hj
, (5.3.6)

where hj = (2π)−
n
2
√
ajfj ∈ H2

σ. Now, let hj = φj ⊗ ψj for some φj ∈ L2(Rn) and

ψj ∈ Hσ. Then from (5.3.6) we have

τσ(z, k) =

N∑

j=1

〈ρσ(z, k)hj , hj〉 =

N∑

j=1

〈π(z)µ(k)φj, φj〉 〈σ(k)ψj , ψj〉

=

N∑

j=1

bj(k) 〈π(z)χj , φj〉 ,

where χj = µ(k)φj ∈ L2(Rn) and bj(k) = 〈σ(k)ψj , ψj〉 . Since τ̄ is finitely supported

in Cn variable, by Proposition 5.3.5, it follows that τσ = 0, whenever σ ∈ K̂. In view

of Plancherel formula for the Weyl transform as mentioned in Proposition 5.3.2, we

conclude that F = 0.

Next, we prove Theorem 5.3.2 in the following two cases.

Proof of Theorem 5.3.2. (i). Since F ∈ L1 ∩ L2(G), we can write

F̂ (λ, σ) =

∫

K

∫

Cn

∫

R

F (z, t, k)ρσ(z, t, k)dtdzdk (5.3.7)

=

∫

K

∫

Cn

F λ(z, k)ρσ(z, k)dzdk

= Wσ(F λ).

Suppose the operatorWσ(F λ) has rank one. Then it is enough to show that F λ = 0.

Consider the case when λ = 1. Since by hypothesis, Wσ(F 1) has rank one, there exist

fj ∈ H2
σ; j = 1, 2 such that Wσ(τ̄)f = 〈f, f1〉 f2 for all f ∈ H2

σ, where τ̄ = F 1. Hence
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for f, g ∈ H2
σ, Lemma 5.3.1 yields

〈Wσ(τ̄ )f, g〉 = 〈f, f1〉 〈f2, g〉 (5.3.8)

= (2π)−n
∫

K

∫

Cn

V g
f (z, k)V f2

f1
(z, k)dzdk.

Let τ =
⊕
σ∈K̂

τσ, where τσ ∈ VBσ
. Then by definition of Wσ(τ̄ ), it follows that

〈Wσ(τ̄ )f, g〉 =

∫

K

∫

Cn

τσ(z, k)V g
f (z, k)dzdk. (5.3.9)

Now, by comparing (5.3.8) with (5.3.9) in view of Proposition 5.3.3, we infer that

τσ = (2π)−nV f2
f1
. Finally, by Proposition 5.3.4, it follows that τσ = 0 for all σ ∈ K̂. That

is, τ = 0 and hence we conclude that F = 0.

(ii). Suppose the operator Wσ(F λ) has finite rank. We prove the result for λ = 1

and the general case will be followed by the scaling argument. Since F̂ (1, σ) = Wσ(F 1),

by Theorem 5.3.4, it follows that F 1 = 0. Similarly, it can be shown that F λ = 0 for all

λ ∈ R∗. Thus, we conclude that F = 0.

5.4 Preliminaries on step two nilpotent group

In this section, we prove an analogous result of the Benedick’s theorem for the Euclidean

Fourier transform on the step two nilpotent Lie groups. However, for the sake simplicity,

we derive the result for the class of groups introduced by G. Métivier (see [29]). These

groups are step two nilpotent Lie groups when quotiented with the hyperplane in the

center becomes the Heisenberg group. The Heisenberg-type groups introduced by A.

Kaplan (see [22]) are examples of Métivier group. However, there are Métivier groups

which are distinct from the Heisenberg-type groups. For more details, see [30].
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Let G be connected, simply connected Lie group with real step two nilpotent Lie

algebra g. Then g has the orthogonal decomposition g = b⊕ z, where z is the center of

g. Since g is nilpotent, the exponential map exp : g → G is surjective. Thus, G can be

parameterized by g = b⊕ z, endowed with the exponential coordinates.

Let {Vi : i = 1, . . . , m} and {Zj : j = 1, . . . , k} be orthonormal bases of b and z

respectively. Then for V + Z ∈ b ⊕ z, we can identify g ∈ G with the point (V, Z) ∈

Rm × Rk such that g = exp(V + Z). Since [b, b] ⊂ z and [g, [g, g]] = {0}, by the

Baker-Campbell-Hausdorff formula, the group law on G can be expressed as

(V, Z) (V ′, Z ′) =

(
V + V ′, Z + Z ′ +

1

2
[V, V ′]

)
.

Let dV and dZ be the Lebesgue measures on b and z respectively. Then the left-invariant

Haar measure on G can be expressed as dg = dV dZ.

Now, for ω ∈ z∗, consider the skew-symmetric bilinear form Bω on b by

Bω(X, Y ) = ω ([X, Y ]) .

Let mω be the orthogonal complement of

rω = {X ∈ b : Bω(X, Y ) = 0, ∀ Y ∈ b}

in b. Then Bω is called a non-degenerate bilinear form when rω is trivial. If Bω is

non-degenerate for all ω 6= 0, then G is called Métivier group.

Since mω is invariant under the skew-symmetric bilinear form Bω, it follows that

the dimension of mω is even. Let Λ = {ω ∈ z∗ : dimmω is maximum}. Then Λ is a

Zariski open subset of z∗ and for ω ∈ Λ, there exists an orthonormal almost symplectic
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basis {Xi(ω), Yj(ω) : i = 1, . . . , n} of b and di(ω) > 0 such that

ω[Xi(ω), Yj(ω)] =





δijdi(ω), when X 6= Y ;

0, otherwise.

Let ζω = span{Xi(ω) : i = 1, . . . , n} and ηω = span{Yj(ω) : j = 1, . . . , n}. Then we can

write b = ζω ⊕ ηω and each (X, Y, Z) ∈ G can be represented by

(X, Y, Z) =

n∑

i=1

xi(ω)Xi(ω) +

n∑

i=1

yi(ω)Yi(ω) +

k∑

i=1

ti(ω)Zi(ω).

Hence a typical element of G can be written as (x, y, t), where x, y ∈ Rn and t ∈ Rk.

For more details, we refer to [9, 24, 29].

Next, we briefly describe the irreducible representation of the Métivier group G

which can be parameterized by Λ. That is, each ω ∈ Λ induces an irreducible unitary

representation πω of G by

(πω(x, y, t)φ) (ξ) = ei
∑k

j=1 ωjtj+i
∑n

j=1 dj(ω)(xjξj+ 1
2
xjyj)φ(ξ + y),

whenever φ ∈ L2(ηω). For the sake of simplicity, we write v = (x, y). Then the group

Fourier transform of f ∈ L1(G) can be defined by

f̂(ω) =

∫

z

∫

b

f(v, t)πω(v, t)dvdt,

where ω ∈ Λ. Now, we define the Fourier inversion of f in the t variable by

fω(v) =

∫

z

ei
∑k

j=1 ωjtjf(v, t)dt.

Then for the suitable functions f and g on b, we can define the ω-twisted convolution
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of f and g by

f ∗ω g(v) =

∫

b

f(v − v′)g(v′)e
i
2
ω([v,v′])dv′.

Here it is immediate that (f ∗ g)ω = fω ∗ω gω. Let p(ω) = Πn
i=1di(ω) be the symmetric

function of degree n corresponding to Bω. For f ∈ L1 ∩ L2(G), the operator f̂(ω) is a

Hilbert-Schmidt operator that satisfies

p(ω)‖f̂(ω)‖2HS = (2π)n
∫

b

|fω(v)|2dv.

Denote πω(v) = πω(v, o). Then the Fourier inversion fω can be determined by the

formula

fω(v) = (2π)−np(ω) tr(πω(v)∗f̂(ω)).

5.5 Uniqueness results on step two nilpotent group

For ω ∈ Λ and h ∈ L1 ∩ L2(b), the Weyl transform Wω(h) is defined by

Wω(h) =

∫

b

h(v)πω(v)dv. (5.5.1)

The Weyl transform Wω(h) is a Hilbert-Schmidt operator on L2(ηω) that satisfies the

following Plancherel formula, (see [33]).

Theorem 5.5.1. For h ∈ L2(b), the following equality holds:

p(ω)‖Wω(h)‖2HS = (2π)n
∫

b

|h(v)|2dv.

Proposition 5.5.1. For h ∈ L1 ∩ L2(b), we have the identities:

(i) Wω(h∗) = Wω(h)∗, where h∗(v) = h(v−1),

(ii) Wω(h∗ ∗ω h) = Wω(h)∗Wω(h).TH-1723_136123005
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Proof. (i) For φ, ψ ∈ L2(ηω), we can write

〈Wω(h∗)φ, ψ〉 =

∫

b

h∗(v) 〈πω(v)φ, ψ〉 dv

=

∫

b

〈
φ, h

(
v−1
)
πω
(
v−1
)
g
〉
dv

= 〈φ,Wω(h)ψ〉 = 〈Wω(h)∗φ, ψ〉 .

(ii) Further, we have

〈Wω(h)∗Wω(h)φ, ψ〉 =

∫

b

∫

b

h∗(v)h(v′) 〈πω(v)πω(v′)φ, ψ〉 dvdv′

=

∫

b

∫

b

h∗(v − v′)h(v′)e
i
2
ω([v,v′]) 〈πω(v)φ, ψ〉 dvdv′

=

∫

b

(h∗ ∗ω h)(v) 〈πω(v)φ, ψ〉 dv

= 〈Wω(h∗ ∗ω h)φ, ψ〉 .

Now, we state our main result of this section. Let A and B be Lebesgue measurable

subsets of ζω and ηω respectively such that 0 < m(A)m(B) <∞, where m denotes the

Lebesgue measure.

Theorem 5.5.2. Suppose f ∈ L1(G) is supported on the set Σ⊕ z, where Σ is a subset

of b.

(i) If Σ has finite Lebesgue measure and f̂(ω) is a rank one operator for all ω ∈ Λ,

then f = 0.

(ii) If Σ = A× B and f̂(ω) has finite rank for all ω ∈ Λ, then f = 0.

In order to prove Theorem 5.5.2, we need the following crucial results. Let φ, ψ ∈
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L2(ηω). Then the Fourier-Wigner transform of φ and ψ is a function on b defined by

T (φ, ψ)(v) = 〈πω(v)φ, ψ〉 .

As a consequence of the Schur’s orthogonality relation, these functions T (φ, ψ)’s are

orthogonal among themselves. For more details, we refer to Wolf [55].

Lemma 5.5.1. [55] Let φj, ψj ∈ L2(ηω); j = 1, 2. Then

∫

b

T (φ1, ψ1)(v)T (φ2, ψ2)(v)dv = c(ω) 〈φ1, φ2〉 〈ψ1, ψ2〉,

where c(ω) = (2π)n p(ω)−1.

We observe that these functions T (φ, ψ)’s generate an orthonormal basis for L2(b).

Let {ϕj : j ∈ N} be an orthonormal basis for L2(ηω).

Proposition 5.5.2. The set {T (ϕi, ϕj) : i, j ∈ N} is an orthonormal basis for L2(b).

Proof. In view of Lemma 5.5.1, it is clear that {T (ϕi, ϕj) : i, j ∈ N} is an orthonormal

set. Now, it only remains to verify the completeness. For this, let f ∈ L2(b) be such

that 〈f, T (ϕi, ϕj)〉 = 0, whenever i, j ∈ N. Then

〈
Wω(f̄)φi, φj

〉
=

∫

b

f̄(v) 〈πω(v)φi, φj〉 dv (5.5.2)

= 〈f, T (φi, φj)〉 = 0.

Hence, we infer that Wω(f̄) = 0. Thus, by the Plancherel Theorem 5.5.1, we conclude

that f = 0.

Proposition 5.5.3. Let F = T (φ, ψ), where φ, ψ ∈ L2(ηω). If the set {v ∈ b : F (v) 6= 0}

has a finite Lebesgue measure, then F has to vanish identically.
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Proof. We would like to mention that the proof of Proposition 5.5.3 is almost similar

to Theorem 5.3.3 and hence we omit it here.

Let E and F be Lebesgue measurable subsets of ζω and ηω respectively such that

0 < m(E)m(F) <∞. Denote Σ = E × F .

Lemma 5.5.2. For hj ∈ L2(ηω), write Ky(ξ) =
N∑
j=1

hj(ξ + y)hj(ξ), where y ∈ ηω. If

Ky(ξ) = 0 for all y ∈ ηω r F and for almost all ξ ∈ ηω, then each of hj is finitely

supported.

Proof. Since hj ∈ L2(ηω), there exists a set A of Lebesgue measure zero such that

|hj | is finite on ηω r A. Define a function χ on ηω r A by χ = (h1, . . . , hN) . If hj

is non-vanishing on ηω r A for some j, then we can choose ξ1 ∈ ηω r A such that

χ(ξ1) 6= 0. Let B(ξ1) be the set ξ1 + (F ∪ {0}). If χ vanishes on ηω r B(ξ1) ∪ A, then

the result follows. Otherwise, by induction, we can choose ξj ∈ ηω r
j−1⋃
i=1

(B(ξi) ∪A)

such that χ(ξj) 6= 0, whenever j ≤ N, where B(ξi) = ξi + (F ∪ {0}). Thus by the

hypothesis, the set S = {χ(ξj) : j = 1, . . . , N} is an orthogonal set in CN . Now, if

ξ ∈ ηω r
N⋃
j=1

(B(ξj) ∪ A) , then χ(ξ) ∈ S⊥, and hence χ(ξ) = 0..

Proposition 5.5.4. Let h ∈ L1 ∩ L2(b) be supported on Σ in b. If Wω(h) is a finite

rank operator, then h = 0.

Proof. Let τ̄ = h∗ ∗ω h, where h∗(v) = h (v−1). Then Wω(τ̄) = Wω(h)∗Wω(h) is a

positive and finite rank operator on L2(ηω). By the spectral theorem, there exists an

orthonormal set {φj ∈ L2(ηω) : j = 1, . . . , N} and scalars aj ≥ 0 such that

Wω(τ̄ )φ =

N∑

j=1

aj 〈φ, φj〉φj ,
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whenever φ ∈ L2(ηω). Now, for ψ ∈ L2(ηω), we have

〈Wω(τ̄)φ, ψ〉 =
N∑

j=1

aj 〈φ, φj〉 〈φj, ψ〉

= c(ω)−1
N∑

j=1

aj

∫

b

T (φ, ψ)(v)T (φj, φj)(v)dv. (5.5.3)

Further, by definition of Wω(τ̄), we have

〈Wω(τ̄)φ, ψ〉 =

∫

b

τ̄(v)T (φ, ψ)(v)dv. (5.5.4)

Hence, by comparing (5.5.3) with (5.5.4) in view of Proposition 5.5.2, it follows that

τ =

N∑

j=1

T (hj , hj), (5.5.5)

where hj = c(ω)−
1
2
√
aj φj ∈ L2(ηω). Now, for v = (x, y), write τy(x) = τ(x, y). Then

Equation (5.5.5) becomes

τy(x) =

∫

ηω

e
i

n∑
j=1

dj(ω)(xjξj+
1
2
xjyj)

Ky(ξ)dξ. (5.5.6)

Since τ̄ is supported on E × F , it follows that Ky(ξ) = 0 for almost every ξ and for all

y ∈ ηωrF . Then in view of Lemma 5.5.2, it follows that each of hj is finitely supported

and hence each of Ky is finitely supported. Since τy is is supported on E , whenever

y ∈ ηω, we infer that τy is zero for all y ∈ ηω. Now, by Plancherel Theorem 5.5.1, we

conclude that h = 0.

Proof of Theorem 5.5.2. (i). By a simple calculation, we get

f̂(ω) =

∫

b

fω(v)πω(v)dv = Wω(fω).

TH-1723_136123005



5.5 Uniqueness results on step two nilpotent group 91

Since fω is finitely supported and the operator Wω(fω) has finite rank, by Proposition

5.5.4, it follows that fω = 0, whenever ω ∈ Λ. Hence we infer f = 0.

(ii). It is enough to prove that if Wω(fω) has rank one, then fω = 0. Let Wω(fω)

be a rank one operator. Then there exist φj ∈ L2(ηω); j = 1, 2 such that

Wω(τ̄ )φ = 〈φ, φ1〉φ2

for all φ ∈ L2(ηω), where τ̄ = fω. Thus, for ψ ∈ L2(ηω), it follows that

〈Wω(τ̄ )φ, ψ〉 = 〈φ, φ1〉 〈φ2, ψ〉

= c(ω)−1

∫

ηω

∫

ζω

T (φ, ψ)(v)T (φ1, φ2)(v)dv. (5.5.7)

Further, by definition, we get

〈Wω(τ̄ )φ, ψ〉 =

∫

ζω

∫

ηω

τ̄ (v)T (φ, ψ)(v)dv. (5.5.8)

Hence by comparing (5.5.7) with (5.5.8) in view of Lemma 5.5.1, we infer that

τ(v) = c(ω)−1T (φ1, φ2)(v).

Thus, from Proposition 5.5.3, it follows that τ ≡ 0.

Remarks and open problems:

If the Fourier transform of a compactly supported function f on HnnU(n) (or step two

nilpotent Lie groups) lands into the space of compact operators, then f might be zero.

However, it would be a good question to consider the case when the spectrum of the

Fourier transform of a compactly supported function is supported on a thin uncountable

set.
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Conclusion

In this thesis, we explored the Heisenberg uniqueness pairs corresponding to the

spiral, hyperbola, circle, cross, exponential curves, and surfaces. Then, we prove a

characterization of the Heisenberg uniqueness pairs corresponding to four parallel lines.

We observe that the size of the determining sets Λ for X(Γ) depends on the number of

lines and their irregular distribution that further relates to a phenomenon of interlacing

of the zero sets of certain trigonometric polynomials.

M. Benedicks [7] had extended the classical Paley-Wiener theorem (about uncer-

tainty principle) to the class of integrable functions. That is, support of an integrable

function f and its Fourier transform f̂ both can not be of finite measure simultane-

ously.The Fourier transform on a non-commutative group becomes a linear operator of

large rank in contrast to the Euclidean spaces Rn where the Fourier transform has rank

one and hence it can be think of function on Rn.

In this thesis, we prove that if the group Fourier transform of certain integrable

functions on the Euclidean motion groups (or Heisenberg motion group/ step two nilpo-

tent Lie groups) is of finite rank, then the function has to identically zero. These results

can be thought as an analogue to the Benedicks theorem that dealt with the uniqueness

of the Fourier transform of integrable functions on the Euclidean spaces.
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