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Abstract

The study of model order reduction involves approximating the dynamics of an original large-
scale model by a reduced-order model to a high degree of accuracy. This thesis focuses on model
order reduction of continuous-time Linear Time-Invariant (LTT) and Linear Time-Varying (LTV)
systems over a finite time interval. The reduced-order models obtained are based on minimising

an appropriate error criterion.

To begin with, the finite horizon Hy error norm for the LTI system is expressed in terms of the
pole-residue representation of the reduced-order system. This helps in deriving interpolation-based
time-limited Hs optimality conditions. A projection framework for rational interpolation-based
model reduction over a finite time interval is introduced based on the optimality conditions. An
iterative algorithm for time-limited Hs optimal model reduction is proposed using the interpolatory
framework. The reduced-order models obtained by the algorithm satisfy the optimality conditions

approximately. The distance to optimality of the reduced-order models is also quantified.

Secondly, the finite horizon Hs error norm for LTI systems is expressed using a gramian
framework. Based on this, analytical expressions of the gradients of the time-limited Hsy error
norm are derived. The gradients are used with a standard quasi-Newton procedure to obtain
reduced-order models, which satisfy the time-limited Hs optimality conditions more accurately
than projection-based algorithms. Equating the gradients to zero gives Lyapunov-based condi-
tions for time-limited Hs optimality. Further, it is proved that these optimality conditions are

equivalent to the interpolation-based optimality conditions discussed in the previous work.

Next, the focus is on LTV systems. Two methods for computing the reachability gramian
of a continuous-time LTV system are proposed using output trajectory information obtained by
simulating the system with various inputs. The concept of the modified adjoint of an LTV system
is discussed, and the relation between the gramians of the original and the modified adjoint LTV
system is obtained. This result is used to propose another method for numerically computing the
reachability gramian of an LTV system. Then, a finite horizon Hy norm for continuous-time LTV
systems is discussed. This norm can be expressed using system gramians similar to the time-limited

Hy norm for LTT systems.

Finally, the finite horizon Hs norm, introduced in the previous work, is used to define a finite
horizon Hy error norm. The error norm is used as a performance measure for model reduction of
continuous-time LTV systems. The functional derivatives of the finite horizon Hy error norm are
obtained using a gramian framework. When equated to zero, the gradients give conditions for the

optimality of the error norm. These conditions are used to propose a projection-based iterative
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scheme for the model order reduction of LTV systems.
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Chapter 1

Introduction and literature survey

Dynamical models are used for simulating the behaviour of physical systems. These models are
obtained using different modelling techniques such as lumped parameter modelling, which leads to
models with ordinary differential equation (ODE) [11]; distributed parameters modelling, which
produces models with partial differential equation (PDE) [25]; data-driven modelling [96], etc.
Among these techniques, the PDE models obtained by distributed parameter modelling are ap-
proximated as a connection of many small lumped-parameter ODE submodels using spatial dis-
cretisation methods such as the finite element or finite volume method [12]. This process of
obtaining linear models from physical systems is described in Figure 1.1. The final linear models
obtained usually consist of high-order differential equations. Such models can accurately capture

the behaviour of complex physical systems.

Physical
Inputs ————» System > Outputs
Modelling Modelling
ODE Model < - PDE Model
Spatial

Discretization

Figure 1.1: Modelling of dynamical systems by differential equations.

Consider the example of a cantilever beam. They are widely seen in physical structures, such as
bridges (Figure 1.2), the wings of fixed-winged aircraft, microelectromechanical systems (MEMS),
chemical sensor applications, etc. The dynamics of the beam are modelled as a partial differential
equation (PDE). Spatial discretization of the PDE leads to a high-order ODE model. Such a high-
order SISO model of a cantilever beam with a state-space representation of order 348 is available
in the collection SLICOT Benchmark Examples for Model Reduction [16], [66].

Another example of a system that gives rise to a high-order model is the Zvezda Service Module

TH-3427_166302002



Chapter 1. Introduction and literature survey

Figure 1.2: Cantilever bridge.

(ISS-1R) of the International Space Station (ISS) (shown in Figure 1.3a and Figure 1.3b). This
module was launched on 12th December 2000 and installed on 25th December 2000. It provides
electrical power distribution, life support systems, data processing systems, flight control systems,
station living quarters and propulsion systems. It also provides a communication system and
a docking port. A linear model of the Zvezda Service Module (ISS-1R) is also available in the
collection SLICOT Benchmark Exzamples for Model Reduction [16], [66]. This model captures the
vibration dynamics caused by the docking of an incoming spaceship. It has 270 states with 3 inputs

and 3 outputs and is obtained by using finite element modelling techniques.

Figure 1.3: (a) View of the nadir side of the Zvezda Service Module (ISS-1R). (b) Section of Zvezda

Service Module (ISS-1R) as seen from an approaching transport vehicle.

Simulations of high-dimensional models such as the ones described above take considerable
time and computational resources. Hence, reduced-order modelling techniques are used to obtain
smaller-order approximations of high-order models based on specific performance measures. The
reduction process of linear models with a high dimensional state-space representation, such as the
two models stated above, can be demonstrated using Figure 1.4. In the figure, x, u, and y are the
full-order model’s state, input and output variables. For the same input, x, and y, are the state

and output of the reduced-order model. The reduced-order model is a good approximation of the
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Figure 1.4: Objective of model order reduction (MOR).

The reduced-order models can be used for running real-time simulations of complex physical
systems for hardware testing, creating or simplifying digital twin models, designing controllers, etc.
Many areas, such as computational aerodynamics, large-scale network systems, microelectronics,
electromagnetic systems, chemical processes, etc., use model order reduction techniques [12]. A
comprehensive discussion on many of these techniques is available in [13] and [11].

For LTT systems, the model order reduction problem over infinite-time intervals has received
considerable attention. The infinite horizon model reduction algorithms obtain reduced-order
models whose output approximates the original model output over an infinite time interval [0, 00).
However, in certain situations, it may be desirable to obtain reduced-order models which capture
the original model’s dynamics only for a finite time interval—for instance, obtaining reduced-order
approximations which capture the transient response of a system (response for a fixed time interval,
[0, 7] where T is less than the system’s settling time). This has led to the finite interval model

order reduction problem.
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Using infinite horizon model reduction algorithms for solving finite horizon model reduction
problems results in substantially sub-optimal reduced-order models. The algorithms specifically
designed for finite horizon model reduction perform much better for such problems. This is seen

in the following examples.

5 Comparison of Hy(7) errors for [0 0.1] s 0 Comparison of Hy(7) errors for [0 0.1] s
10 : : : : 10° g=g—0--© : : :
—a— TL-TSIA M
—e— TSIA P
107
* <%
P 4
: 510
s, oo L 5
e O
= =10°
107
10°
—8— TL-BT
—e— BT
10"5 i i L L 1 O_‘O i i L L
5 10 15 20 5 10 15 20
Reduced order (r) Reduced order (r)

(a) (b)

Figure 1.5: (a) Approximation errors for TSIA vs TL-TSIA for the beam model. (b) Approximation
errors for BT vs TL-BT for the beam model .

Consider the problem of model order reduction (MOR) of the cantilever beam model for the
time interval [0,0.1] s. The beam model is asymptotically stable, and the time 0.1 s is smaller
than the system’s settling time. Using the popular MOR methods, BT (Balanced Truncation) and
TSTA (Two-Sided Iterative Algorithm), and the finite horizon counterparts TL-BT (Time-Limited
Balanced Truncation) and TL-TSIA (Time-Limited Two-Sided Iterative Algorithm), reduced-order
models of orders ranging from 2 to 21 with increments of 1 are obtained. These algorithms have
been explained in detail in Section 2.4, Chapter 2. The errors are measured using the Hy(7) norm,
described in Section 2.3, Chapter 2. The comparison of the Hy(7) errors of the infinite horizon
algorithms and their finite horizon counterparts are displayed in Figure 1.5a and Figure 1.5b.

Consider the MOR problem of the above ISS model for the time interval [0,0.5] s. The model
is asymptotically stable, and the time interval is much smaller than the system’s settling time.
Reduced-order models for orders ranging from 2 to 42, with increments of 2, are obtained using
BT, TSIA, TL-BT, and TL-TSIA. Figure 1.6a compares the Ha(7) errors of TSTA and TL-TSIA
whereas Figure 1.6b compares the Hy(7) errors of BT and TL-BT.

In the above examples, it is observed that the reduced-order models obtained by finite horizon
model reduction methods have Ha(7) error norms, which are several orders of magnitude lesser
than those obtained by the infinite horizon model reduction methods. Thus, the above examples
justify the development of finite horizon model reduction algorithms for capturing the transient
response of LTT systems.

The dynamics of systems that don’t change with time or change very slowly with time can be
modelled by LTI systems. However, many systems in the real world have intrinsic time-varying

behaviour over a finite time interval with fixed start and end points. Such systems are modelled
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Figure 1.6: (a) Approximation errors for TSIA vs TL-TSIA for the ISS model (b) Approximation

errors for BT vs TL-BT for the ISS model.

by finite horizon LTV models. A typical example of such a process is a missile system (shown
in Figure 1.7). The load of a missile system varies along its path. Consequently, it has time-
varying system dynamics. Other examples of finite horizon time-varying systems besides missile

systems are controlled swarm robots, robotic manipulators with deployable joints and flexible links,

Comparison of Hy(7) errors for [0 0.5] s

H,(T) error

—8— TL-BT
—e—BT

15 20 25 30 35 40
Reduced order (r)

(b)

deployable space structures, bridges with crossing vehicles and many more.

Figure 1.7: The Prithvi (P-II) Missile.

Like large-scale LTI models, considerable time and computational resources are required to
simulate and perform model-based control design tasks of high-order finite horizon LTV systems.

Also, the time-varying nature of the parameters of LTV models further adds to the degree of

complexity of the problem.

The above-mentioned reasons motivate the development of finite horizon model order reduction
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techniques for obtaining accurate low-order LTI and LTV approximations of higher-order LTT and

LTV models, respectively.

1.1 Literature survey

This thesis focuses on finite horizon model reduction of linear systems - both LTI and LTV systems.
Before addressing research gaps in finite horizon model reduction, a brief literature survey of model
reduction techniques for both finite and infinite horizons is given. Among the methods mentioned
below, a few popular ones which are relevant to the work in this thesis are described in detail in

Chapter 2.

1.1.1 Model order reduction of LTI systems

LTI models are characterized by two properties: linearity and time invariance. Though such models
are simpler to analyze than other classes of dynamical models, they are used for describing many
essential systems. An extensive amount of model order reduction literature exists for LTI systems.
This includes SVD-based, interpolation-based, and Hs optimal model order reduction methods,
which are discussed below.

SVD-based methods include algorithms like Balanced Truncation (BT) [64, 65], Balanced Singu-
lar Perturbation Approximation (BSPA) [57] and Optimal Hankel Norm Approximation (OHNA)
[29]. Among these algorithms, BT has been extensively studied. It involves computing the sys-
tem gramians, namely, the controllability and the observability gramians, for obtaining projection
matrices used for model reduction. The gramians are computed by solving a pair of algebraic
Lyapunov equations (ALESs), which is computationally expensive for large-scale systems. To solve
this issue, low-rank approximations of the solutions of the ALEs are computed. There are various
methods for doing this, such as Krylov subspace methods (the Lanczos and the Arnoldi process)
[44, 83], explicit integral representation of the gramians [33, 54], alternating direction implicit
iteration (ADI) method and Smith method [56, 70].

The second category of interpolation-based MOR methods involves rational interpolation by
projection and was first proposed in [100, ]. Employing Ruhe’s rational Krylov subspace method
[31], Grimme proposed a robust projection framework for interpolation-based model reduction [32].
Gallivan et al. developed a tangential interpolation framework in [27]. The Krylov-based model
reduction methods require matrix-vector multiplications and some sparse linear solvers, which can
be implemented iteratively. Additionally, these model reduction techniques can match moments
without computing them explicitly. This is crucial as the computation of moments is generally ill-
conditioned. This motivates the use of Krylov-based methods. Because of this, interpolatory model
reduction methods are also called moment-matching methods. Other works on model reduction
by interpolation include [3, 6, 20, 21].

The Hs optimal model reduction problem involves finding locally optimal lower order models
by minimizing a Hs error norm [35]. Finding global minimizers is difficult as the Hy optimization
problem is non-convex. Thus, the existing methods in the literature focus on finding reduced-

order models that satisfy the first-order necessary conditions for Hs optimality. The optimality
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conditions are divided into two categories: Lyapunov-based and interpolation-based. Depending on
the techniques employed to construct the reduced-order models, the Hy optimal model reduction
methods can be further classified into projection-based and gradient-based methods.

The Tterative Rational Krylov Algorithm (IRKA) [35] is a projection-based iterative algo-
rithm for Hs approximation. It is based on interpolation-based H, optimality conditions and
uses Krylov-based interpolation methods to obtain the reduced-order model at every iteration.
Another projection-based iterative algorithm for Hy optimal model reduction is the Two-Sided
TIterative Algorithm (TSIA) [104]. It employs Lyapunov-based optimality conditions. The primary
challenge for gradient-based Hy approximation methods is obtaining analytical expressions for the
gradients. These expressions are substituted in gradient flow, quasi-Newton or trust-region-based
algorithms to obtain reduced order models [103, , 88, 89]. Reference [74] obtains analytical
expressions of the gradients of a frequency-limited H> cost function, which are used with standard
optimization software to get reduced-order models which are Hs optimal over a finite frequency

interval.

1.1.2 Finite horizon model reduction of LTI systems

The above reduction methods are applicable for model order reduction over an infinite time horizon.
However, one may have access to simulation data over a finite time horizon, or one might be
interested in approximating the output trajectory of the original system over a finite time interval.
This has inspired the model order reduction problem over a finite time horizon. Accuracy outside
this time interval is not essential. SVD-based finite-time model reduction schemes include Proper
Orthogonal Decomposition (POD) [10] and Time-Limited Balanced Truncation (TL-BT) [28, 34,

]. As its name suggests, the TL-BT algorithm is a finite-time version of the infinite-time model

reduction algorithm BT. Error bounds for TL-BT are derived in [78, 77]. An extensive comparison
between TL-BT and modified variations of TL-BT can be found in [L01]. For asymptotically stable
systems, as the final time tends to infinity, the error bound in [77] converges to the H, error bound

for BT. The modified time-limited BT algorithm proposed in [34] preserves stability and has an
apriori error bound. TL-BT is adapted for model reduction of large-scale continuous-time LTI
systems in [50] and large-scale discrete-time LTI systems in [23]. In [30], a time-limited Hs error
norm - defined for a fixed time interval [0, 7] - is used as an error measure for time-limited model
reduction and a model reduction algorithm minimizing this error norm is proposed. Using the
same error norm, [94] proposes a descent-based iterative algorithm for model reduction, valid only
for SISO systems. Further, [109] proposes an iteration-free, time-limited pseudo-optimal rational
Krylov algorithm (TL-PORK).

1.1.3 Model order reduction of LTV systems

Most existing results in control theory are for LTI systems as they are simpler to analyze than
time-varying models. If the time scale of the model is small compared to the life span of the
modelled process, time-invariance is a reasonable assumption. This is not the case if the time scale
and the life span are comparable. In such cases, LTV systems can be used for modelling physical

processes as they offer a trade-off between model simplicity and the ability to describe the process’s
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behaviour accurately. Further, the operation of time-invariant nonlinear systems around nominal
trajectories can be well approximated by LTV systems. Many theoretical results for LTI systems
have been generalized to LTV systems. This section focuses on various model reduction methods
for LTV systems available in the literature.

The concept of balanced realization for an LTT system has been extended to continuous-time
LTV systems by [91, 93, 99]. This concept has been applied for an infinite time interval for a
class of systems known as uniform LTV systems in [91]. This is similar to balanced realization in
the LTI case and is used for model order reduction by truncation. The preservation of stability,
controllability and observability in the reduced-order models obtained is investigated in [93]. These
ideas are then extended to discrete-time LTV systems in [92]. They also propose a Hankel matrix-
based model reduction approach and discuss its equivalence with uniform balanced truncation for
discrete-time LTV systems. Model reduction of discrete-time LTV systems based on Hankel norm
approximation is discussed in [18]. In [99], it is shown that for analytic continuous-time finite
horizon LTV systems, there exists a coordinate transformation which converts the LTV system
to a balanced realization at every instant of the finite horizon. This is known as finite horizon
balanced realization, which is used for finite horizon balanced truncation of LTV systems.

In [51], balanced realizations are obtained using generalized gramians, which are solutions of
linear matrix inequalities instead of the usual linear matrix equations. Error bounds are derived,
and a model reduction procedure satisfying the error bounds is proposed. Like the previous work,
[37] also uses finite-time generalized gramians - obtained by solving a pair of differential and differ-
ence Lyapunov matrix inequalities for continuous- and discrete-time LTV systems. The gramians
are used to obtain a time-varying balanced realization. The realization is utilized for model order
reduction, and generalized error bounds are derived, which include the error bounds derived in
[51]. Tt is further shown that the proposed model reduction procedure preserves the input-output
stability of the full-order model. Due to the use of Lyapunov inequalities instead of equations, the
balanced realizations and, hence, the singular values are non-unique. This has several advantages,
like the existence of balanced truncated realisations and the possibility of tighter error bounds.
Error bounds for balanced truncation of LTV systems are also obtained in [39].

In [17], two recursive algorithms for model order reduction of discrete-time LTV systems are
presented. These algorithms are the Recursive Low-Rank Gramian (RLRG) and the Recursive
Low-Rank Hankel (RLRH) algorithms. RLRG and RLRH recursively compute projection matrices
that capture the dominant behaviour of the gramians and the Hankel map, respectively. RLRH is
preferred over RLRG as it is not sensitive to the coordinate system used to represent the original
system. In [60, 61], a finite horizon Hs error norm is introduced for discrete-time LTV systems.
A projection-based iterative algorithm is proposed to obtain reduced-order models that minimize

the error norm.

1.2 Research motivation

As evident from the literature survey, the field of time-limited model reduction for continuous-
time LTI systems is less explored compared to the infinite time case. Additionally, for the case

of continuous-time LTV systems, only the finite interval balanced truncation algorithm has been
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extensively studied. Therefore, there is a scope for developing finite horizon model order reduction
techniques for both LTI and LTV systems. This is the main focus of this thesis. Several aspects

of finite horizon model order reduction where further work is possible are mentioned below.

e Although many projection-based model reduction techniques using a Krylov framework are
available for infinite horizon model reduction of LTT systems, such techniques have not been

explored for the finite horizon case. This research gap is addressed in the thesis.

e For time-limited Hy optimal model reduction, the projection-based methods do not yield
reduced-order models satisfying the time-limited optimality conditions exactly. This opens
the possibility of using gradient-based methods to reduce the distance to optimality of the
reduced models obtained by the projection-based methods. Such a method is available in [94],
though it is valid only for SISO LTI systems. This motivates the development of gradient-
based methods for time-limited model order reduction that are valid for both SISO and
MIMO LTI systems.

e The Hs optimal model reduction problem for LTI systems can be extended to continuous-
time and discrete-time LTV systems. In [(1], a Hy error norm is proposed for discrete-time
LTV systems, and a model reduction algorithm for minimizing the error norm is proposed.
This leads to the possibility of developing a similar error-based model reduction technique

for continuous-time LTV systems.

1.3 Contributions

Based on the above motivations, the following are the main contributions of this thesis:

e An interpolation-based Krylov framework is proposed for finite horizon model reduction. A
projection-based algorithm for finite horizon Hy optimal model reduction of continuous-time

LTT systems is proposed based on it.

e Closed-form expressions of the gradients of the finite horizon Hy error norm of LTI systems
are obtained. Using them, a gradient-based method employing a standard quasi-Newton
algorithm is proposed for finite horizon Hy optimal model order reduction of continuous-

time LTT systems.

e Conditions for optimality of a finite horizon Hs error norm of continuous-time LTV systems
are obtained. Based on the conditions, a projection-based iterative algorithm is proposed for

finite horizon Hs optimal model order reduction of LTV systems.

The proposed numerical methods for time-limited model order reduction of LTI and LTV systems
are simulated in MATLAB. To evaluate their efficacy, the methods are compared with standard

model reduction algorithms available in the literature.

1.4 Organisation of the thesis

The rest of this thesis is organised as follows.
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In Chapter 2, some concepts about LTI systems theory are stated, and several algorithms
for infinite horizon model order reduction of such systems are discussed. Several finite horizon
model reduction algorithms for LTI systems are discussed. Concepts related to LTV systems are
introduced, and a model reduction algorithm for such systems is discussed.

In Chapter 3, a projection-based model reduction method for time-limited Hs optimal model
reduction is proposed. The reduced-order models obtained by the method don’t satisfy the time-
limited Hs optimality conditions exactly. The distance to optimality of the reduced-order models
is also quantified.

Chapter 4 obtains closed-form expressions of the gradients of the time-limited Hs error norm us-
ing a gramian framework. The gradients are used to propose a gradient-based optimization method,
which obtains reduced-order models closer to optimality than the previous chapter’s projection-
based method.

Chapter 5 proposes numerical methods for computing the finite horizon reachability gramian of
LTV systems, studies a finite horizon Hs norm for LTV systems and expresses it using the system
gramians.

Chapter 6 defines a finite horizon Hy error norm between the original and the reduced-order
system based on the finite horizon H; norm studied in Chapter 5. Conditions for minimization
of the error norm are derived, and a projection-based iterative algorithm for finite horizon model
order reduction of LTV systems is proposed.

Chapter 7 presents the conclusion of the research work and provides some possible future

directions.

TH-3427_166302002 10



Chapter 2

Preliminaries

This chapter briefly discusses a few model order reduction (MOR) algorithms for LTI and LTV
systems available in the literature. Before proceeding to the MOR techniques, some standard
concepts in LTI and LTV systems are briefly introduced. Then, a few infinite and finite horizon
MOR techniques are discussed. The MOR techniques described in this chapter are those against
which the algorithms proposed in this thesis are benchmarked. The concepts reviewed in this
chapter will provide the framework for the work on finite horizon model order reduction, which

will be presented in the subsequent chapters.

2.1 Description of LTI systems

Consider an LTI system X of order n, with m inputs, p outputs and the following state-space
realization:

x(t) = Ax(t) + Bu(t),

y(t) = Cx(t), (2.1)
where A € R"*", B € R"*™ and C € RP*™. The initial condition is 2:(0) = 29 where 2y € R™.

The state transition matrix of the LTI system, given by (2.1), is the matrix exponential denoted

by e, It appears in the solution of the LTI system as follows,
t
z(t) = eM2(0) —|—/ e A7) Bu(r)dr.
0

In the above expression, the first term is the zero-input response, representing the system’s state
trajectory in the absence of input. The second term is called the zero-state response and it shows
how the system inputs affect the state trajectory. The matrix exponential e? is an n x n matrix,

and it can also be expressed via the power series,

1

At kyk

et = E —k!At,
k=0

where A° = I,,. The state transition matrix can also be expressed as the unique solution of the

following matrix differential equation:

d
@eAt _ AeAt
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with initial condition e?*|,_ = I,. The matrix exponential is non-singular i.e. det(e) # 0.

Some of the important properties of the matrix exponential are as follows:
1) eAteAs — eA(t-‘,—s)7
2) (eAt)—l — e—At7

3) ePAP71 :PeApfl,

where P is a non-singular square matrix of appropriate size.

For s € C, the Laplace transform of the matrix exponential is as follows
£(6At)
Loy, 13,3
=L, +tA+ t7A°+ —t°A° 4 -+
2! 3!
1 il
= L), + L(t)A+ Eﬁ(ﬁ)AQ + gﬁ(t?’)A?’ + -
Using £(1) = % and L£(¢f(t)) = —%E, the above equation can be simplified as follows

1 1 12! 1 3!
At 2 3

1 1 1
<In+A+-2A2+—3A3+~~>
S S S

-1
S

sh, — A)~". (2.2)

W= ®»|—=®»

—

The impulse response of the LTI system Y. is a characterization of its input-output behaviour in
the time domain. It is given by the mapping g : R, — RPX™ ¢ s g(t) where g(t) = Ce'B for
t > 0. For zero initial condition and an admissible input u : Ry — R™, the output of the system
is given by y(t) = g(t) * u(t).

The transfer function G(s) of the LTI system X is the Laplace transform of the impulse response
g(t). Tt characterizes the input-output behaviour of the system in the frequency domain and is

given by the mapping G : C — CP*™ s — G(s) where

G(s) = L(g(t))
= CL(e")B (using equation (2.2))
= C(sI, — A)™'B. (2.3)
Here, G(s) is a complex-valued p x m matrix-valued rational function of degree n.
If U(s) = L(u(t)) and Y(s) = L(y(t)) are the Laplace transforms of the input u(¢) and output
y(t), respectively, then Y (s) = L(g(¢))U(s) = G(s)U(s).

The results in this section are taken from [45].

2.2 System norms and gramians of LTI systems

System norms are important to measure the accuracy of lower-order approximation of high-order

models. The norms considered in this thesis are the infinite and finite time versions of the Hy
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norm. This section briefly describes these norms. Further, the infinite and the finite horizon

system gramians, which are also essential for MOR, are also described in this section.

2.2.1 System norms

The dynamical system X, given by the state-space representation (2.1), can be viewed as a linear
operator. System norms are used to measure the magnitude of the system operator. This section
briefly describes the Hy and the Hs(7) system norms. In the later sections, they are used for

quantifying the error between the full-order model and the reduced-order approximations in MOR,

problems.
H; norm [35, ]: The Hy norm of an asymptotically stable system ¥ is defined as
i
1 [ 2 2
IElz, =1 5 |G (iw) || dew | (2.4)

It is related to the L ([0, 00)) norm of y(¢) and Ly([0, 00)) norm of u(t) as follows:

19l 0,000 < N2l ez, 1l 2y (0,00 - (2.5)

Thus, the Hs norm is the L([0.00)) — L ([0, 00))-induced norm of the underlying convolution
operator (y(t) = g(t) *u(t)) for MISO (p = 1), SIMO (m = 1) and SISO (m=p=1) systems.

By Parseval’s theorem, the Hs norm of an asymptotically stable system X can also be ex-

pressed in the time domain as follows:

1
o] 3
||E||H2 ||gHL2(O,oo Hg(t)”i—‘dt : (26)
[0,00)) 0

Hy(7) norm [30, 94]: The Hy(7) norm of the system X, given by (2.1), is defined as follows:

2l = (ot th> . (27)

The H(7) norm is related to the Ly([0, 7]) norm of u(t) and the Lo ([0, 7]) norm of y(t) as

follows:
19l o,7) < W ey oy 1l 0,7 - (2.8)

2.2.2 Infinite horizon system gramians

The infinite time system gramians of the system X are defined over the infinite time-interval
[0,00). They are obtained from the controllability and observability maps of the system. The non-

singularity of the gramians is an indicator of the controllability and observability of the system.

Definition 2.2.1 (Section 9.2, [415]). The infinite horizon controllability and observability gramians

associated with the system 3, denoted by P and @), respectively, are as follows:
pP= / A BBTeA dt (2.9)
0

Q= / AT CeMat. (2.10)
0
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It is obvious from the above definition that the infinite horizon gramians are defined only if the
system Y is asymptotically stable. These gramians are computed by solving a pair of Lyapunov

equations. The controllability gramian P is computed by solving the ALE,

AP+ PA" + BBT =0. (2.11)
The observability gramian @ is computed by solving the ALE,

ATQ+QA+CTC=0. (2.12)

If spec(A) Nspec(—A) = ¢, then P and @ are the unique solutions of the ALE’s (2.11) and (2.12),

respectively.

2.2.3 Finite horizon system gramians

The finite horizon system gramians of the system X are defined over a finite time interval. Here, a
time interval of the form [0, 7] where 7 < oo, is considered. Unlike the infinite horizon gramians,

the finite horizon gramians may be defined even if the system X is not asymptotically stable.

Definition 2.2.2 ([28]). For the LTI system X, the time-limited controllability and observability
gramians associated with the system over the finite time interval [0, 7], denoted by P, and Q.,

respectively, are defined as,
P, = / e BBTeA it | (2.13)
0
Qr = / A"t CT Cetidy, (2.14)
0

The time-limited gramians are computed by solving a pair of time-limited ALEs. The time-

limited controllability gramian P is obtained by solving the time-limited ALE
AP, + P,AT + BBT — A" BBTeA'™ — . (2.15)
The time-limited observability gramian @, is obtained by solving the time-limited ALE

ATQ, + QA+ CTC — A" CTCeAT = 0. (2.16)

2.3 The model order reduction problem and error norms

This section first discusses the MOR problem for finite and infinite horizon cases. An essential
component of the MOR, problem is choosing an appropriate error measure for obtaining a high-
fidelity reduced-order approximation of the original large-scale model. The distance between the
original and the reduced-order model is measured using error norms. This section describes the
H, and the Hs(7) error norm that is used subsequently in this thesis.

Consider a reduced-order LTI system X, with the following state-space representation:

2 (t) = Ap,-(t) + Bru(t),
yr(t) = Cray(t), (2.17)
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where A, € R™" B, € R™™ and C, € RP*" with r < n such that the output y,(¢) is a good
approximation of the original output y(¢) over the time-interval [0, c0) with respect to a suitable
norm. Let g,(t) = C,.e* B, be the impulse response of the system. The output of the system for
any admissible input u(t) is y,.(t) = g, (t) * u(t).

Similar to (2.2), the Laplace transform of et is L(e/t) = (sI, — A,)71. Let G,(s) be the
Laplace transform of the impulse response g,-(t). It is known as the transfer function of the system

and is given by

=C, (sl — A,) ' B,. (2.18)

Let Y, (s) be the Laplace transform of the system output. It is given by Y,.(s) = G(s)U(s).

The objective of infinite horizon MOR is to obtain a reduced-order model X,., which approx-
imates the full-order model ¥ over the infinite time interval [0,00). This is true if the original
system output y(t) is close to the reduced-order system output y..(t) over the infinite time interval
[0,00) for an appropriate norm. For finite horizon MOR, the objective is to obtain a reduced-
order model ¥,., which approximates the full-order model ¥ over the finite time interval [0, 7] with
7 < oo. Thus, in this case, the original system output y(¢) has to be close to the reduced system
output for an appropriate norm over the finite time interval [0,7]. The closeness of the system
outputs outside this time interval is not essential.

The error norms that are used to measure the closeness of the system outputs are discussed now.
In the time domain, the error between the system outputs is given by y(t) — y,(¢t) = (9(t) — g-(¢)) *
u(t), whereas the error between the system outputs in the frequency domain can be expressed as
Y (s) — Yi(s) = (G(s) — Gr(s))U(s). Thus, in the time domain, the closeness of y(t) and y,(t) is
directly related to the closeness of g(t) and g,(t). In the frequency domain, the closeness of Y(s)
and Y,.(s) is directly related to the closeness of G(s) and G,(s). For infinite horizon MOR, the
closeness is measured using the Hy error norm. Further, for the finite horizon case, the Ha(7) error

norm is used for measuring the quality of the reduced-order approximation.

e M, error norm [35, ] : The Hj error norm between the systems ¥ and %, given by

(2.1) and (2.17), respectively, is defined as follows:

o0 2
2
1220, = ([l - g0l ar) (2.19)
This error norm satisfies the following relation,

1Y = 9rll 0,00y < 1% =2 lla, Nell 2, 0,00 - (2.20)

Due to the above relation, if a model reduction method produces a small Hy error norm,
then (2.20) ensures that the reduced model output y,(t) is close to the original output y(t)
for all admissible inputs u(t) with finite Ly([0, c0)) norm.

e Hy(7) error norm [30, 94]: The Hs(7) error norm between systems ¥ and %, given by
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(2.1) and (2.17), respectively, is defined as follows:

1

HECR ( / "lgtt) - gr<t>||%dt) . (2.21)

The error norm satisfies the following relation:

ly = yello o,y < IE = Eelly ) lull g go,m)) - (2.22)

Due to the above relation, the Ho(7) error norm is an upper bound of the norm induced by
the operator (X —3,) from the La([0, 7]) space to the Ly(]0, 7]) space. If a time-limited model
reduction method produces a small Ho(7) error norm, then the inequality (2.22) ensures that
the reduced model output y,(t) is close to the original output y(t) for all admissible inputs
u(t) with a finite Lo ([0, 7]) norm.

2.4 Finite and infinite horizon MOR methods

Following the definition of the finite and infinite horizon MOR problems in the previous section,
several methods for MOR available in the literature are introduced in this section. These meth-
ods are broadly divided into two categories: projection-based and descent-based methods. Both

categories and MOR methods associated with them are discussed below.

2.4.1 Projection-based model reduction methods

In methods based on projection-based model reduction [J], an nt" order system is projected onto
a lower r dimensional subspace to obtain a reduced-order approximation of order r. While pro-
jecting onto a lower dimensional subspace, it must be ensured that the projected system has an
r-dimensional state-space representation. This is done by choosing a pair of r-dimensional sub-
spaces of R™, namely, V and W. Let V,W € R"™*" be matrices such that V = Ran(V) and
W = Ran(W). The n-dimensional state trajectory x(t) is approximated by another n-dimensional

trajectory &(¢) which satisfies the following two conditions:
1. Z(t) is contained in V, and
2. % — A% — Bu is contained in W+,

The first condition implies that there exists z,(t) € R” such that Z(t) = Vz,.(t). The second
condition implies that
r,dz .
w (E — A% — Bu) =0. (2.23)
Substituting Z(t) = Va,(¢) in the above equation gives

d
WTV@xT(t) =WTAVz,.(t) + WT Bu(t).

If WT'V is non-singular, then

%x,.(t) = WIV)y"'WTAVz,(t) + WIV)'WT Bu(t).
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The output of the approximation is given by
yr(t) = CZ(t) = CVx,.(t) (2.24)

A state-space representation of the projected system is obtained above. Setting Z7 = (WTV)~tW7T,

the state-space matrices of the reduced-order model are obtained as
A, =2%Av, B,=Z'B and C,=CV. (2.25)

If W = V, then the projection method is called a Galerkin projection and the reduced-order
model obtained is called a Galerkin projection-based reduced-order model. If W # V', the above
projection method is called a Petrov-Galerkin projection and the reduced-order model is called a
Petrov-Galerkin projection-based reduced-order model.

The subspaces W and V are chosen such that the input-output behaviour of the reduced-order
system is close to that of the original system. The norm under which this closeness is measured and
the specific techniques used for constructing matrices W and V' spanning W and V, respectively,
give rise to a variety of projection-based infinite and finite horizon model reduction techniques. The
infinite horizon methods include Balanced Truncation (BT) and the Hs optimal model reduction
techniques, namely, the Iterative Rational Krylov Algorithm (IRKA) and the Two-Sided Iterative
Algorithm (TSIA). The finite horizon methods include Time-Limited Balanced Truncation (TL-
BT) and the Hz(7) optimal model reduction method called Time-Limited Two-Sided Iterative
Algorithm (TL-TSIA). These methods are described below in detail.

2.4.1.1 Balanced Truncation (BT)

The Balanced Truncation (BT) algorithm, proposed in [64], is an SVD-based model reduction
algorithm for LTI systems. It involves obtaining a balanced realization of an LTI system by
simultaneously diagonalizing the system’s controllability and observability gramians, denoted by
P and @, respectively, using a similarity transformation known as the balancing transformation,
T ar- In the balanced realization, the controllability and the observability gramians are in diagonal
form and are identical. The diagonal elements of the gramians of the balanced system are known
as Hankel singular values (0;). They are the positive square roots of the eigenvalues of PQ, i.e.
o; = (M(PQ)) %, These singular values are invariant under basis transformations, and in the case of
many LTT systems, they decay rapidly. The states corresponding to smaller Hankel singular values
are difficult to control and observe. These states can be truncated to obtain reduced-order models
without significantly affecting the input-output behaviour of the original system. If the original

model is asymptotically stable, then the reduced-order model obtained by BT is also asymptotically

stable [73]. Further, an error bound between the original and the reduced-order model is obtained
in [24, 29]. BT involves truncating the balanced realization of the full-order system to obtain a
reduced-order approximation. In [85], it is shown that when some modes of the full-order system

are nearly uncontrollable or unobservable, the product PQ has a high condition number. In such a
case, calculating the balancing transformation Tar, may be poorly conditioned. Two algorithms
for obtaining reduced-order approximations without balancing the original model are proposed to
overcome this drawback in [85]. One of them is the square root method. An outline of this method

is given below.
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Algorithm 1: Square-root Balanced Truncation without balancing [35]

Input: The system matrices (A4, B, C) belonging to an asymptotically stable system of
order n;
reduced order 7r;
Output: The matrices (4,, B, C;) of the reduced-order system;
1. Compute the controllability and the observability gramians P and ) by solving the
ALEs (2.11) and (2.12), respectively ;
2. Obtain the matrices Lp and Lg by the Cholesky decomposition of P and @),

respectively, as follows:
P=LpLp, Q=LoL, ;

3. Compute the singular value decomposition:

) O (1 Vi
wreso w)| 2 Oes] [4]
O(n—k)xk Yo Vs
where ¥, = diag{o1,...,0x} contains the k-largest Hankel singular values. ;

4. Construct the following projection matrices,
1
Z,=LoU;n; 2 € R™F,

Vi = LpVix; 2 € R™K

5. Obtain the reduced-order model using the Petrov-Galerkin projection method (2.25),

as follows:

A, =2,TAV,, B, = Z,"B, and C, = CV,.

The BT algorithm outlined above produces good reduced-order models. However, as it involves
solving two Lyapunov equations to obtain the system gramians, it is computationally expensive

for large-scale systems.

2.4.1.2 Projection-based H; optimal MOR

The H, optimal model reduction problem involves obtaining ¥, an r** order approximation of

the system 3, which is the solution of the following minimization problem:

Y, = argmin Hz - 2‘ (2.26)

s.t. ord(E)=r

)
H>

where HE — f)‘

The Hjy optimization problem, given by (2.26), is non-convex and finding a global minimizer is

. is the Hj error norm between ¥ and 3, as defined in (2.19).
2

difficult. Usually, the problem is solved by finding a locally optimal reduced-order model satisfying
first-order necessary conditions for Hy optimality. The optimality conditions can be formulated
as Lyapunov-based [103] and interpolation-based [59] conditions. Based on these conditions, algo-

rithms are proposed for obtaining reduced-order models satisfying these conditions. The Lyapunov-
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based and interpolation-based optimality conditions, model reduction algorithms based on them

and the connection between them are discussed below.

Interpolation-based method [35]: For LTI systems, the MOR problem can be formulated as
a rational approximation problem of finding a degree r rational function G, (s) which approxi-
mates the degree n rational function G(s) accurately with respect to an appropriate error norm.
Interpolation is commonly used for function approximation as polynomial interpolants are easy
to calculate. For SISO systems, the interpolation-based MOR. problem involves obtaining the in-
terpolating rational function G, (s) such that G(o;) = G,(0;) for a set of r interpolation points
{o1,...,0:}.

For MIMO systems, apart from interpolation points, the interpolation-based MOR problem
involves interpolation directions called tangential directions. The points and directions can be
divided into left and right categories. The interpolation problem, in this case, is as follows: Given a
set of r right interpolation points {01, ...,0,} € C, r right tangential directions {b1,...,b.} € C™,
r left interpolation points {u1,...,u-} € C and r left tangential directions {¢i,...,¢.} € CP,

obtain a degree-r reduced transfer function G,(s) so that

G(O’Z‘)bi ES GT(O'i)bi7 (227)
cf Gui) = cf Gr(pi) (2.28)

fori=1,...,r. If 0; = p;, then
TG (0;)b; = TG, (o). (2.29)

where G (s) = ¢ () and G,(s) = %= (5). The following theorem (based on the Petrov-Galerkin

projection method) proposes a technique for deciding the model reduction basis V and W so that

the reduced-order model satisfies the tangential interpolation conditions stated above.

Theorem 2.4.1 ([35], Lemma 2.1). Consider the transfer functions G(s) of ¥ and G,(s) of
Y., gwen by (2.1) and (2.17), respectively. Let the state-space matrices of ¥, be as follows:
A= (WIVY"'WTAV, B, = WTV)"'WTB and C, = CV. Assume that o, € C and (sI,, — A)

and (sI. — A,.) are invertible for s = o, . If b € C™ and ¢ € CP are fized non-trivial vectors, then
1. If (oI, — A)~1Bb € Ran(V), then
G(0)b = G,(0). (2.30)
2. If (ul, — A)~TCTc € Ran(W), then
TGu) = TG () (231)

3. If both (2.30) and (2.31) hold and o = p, then

/ ’

"G (o)b ="' G,.(0)b.
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The above theorem suggests a method for constructing the projection matrices V and W in
order to obtain reduced-order models satisfying the tangential interpolation conditions (2.28) and

(2.27). A pair of such projection matrices V and W are given by

Ran(V) = Ran([(011, — A)"'Bb; ... (0,1, — A)"'Bb,]), and (2.32)
Ran(W) = Ran([(u1 — A)"7C%¢y ...... (nr — A)~TCTe,)). (2.33)

In the case of SISO systems, the columnspaces of the projection matrices V and W resemble rational
Krylov subspaces (described in Remark 1). Hence, interpolation-based model reduction for SISO
systems is also referred to as rational Krylov method. For MIMO systems, the columnspaces of V'
and W are not rational Krylov subspaces unless all tangent directions are the same. Therefore, in

this case, the term interpolation-based method is more appropriate.

Remark 1. Krylov subspaces are used in iterative methods for computing eigenvalues of struc-
tured/sparse matrices [34]. Given a matrix A (whose eigenvalue is to be computed), an initial
vector v and j € N, the Krylov subspace K7(A4,v) is defined as Ran{v, Av,..., A7~1v}. In [31],
[82], rational functions in A are used for eigenvalue computation instead of the standard powers of
A. Here, the central idea is to use the Krylov subspace F7(A,v) = {¢1(A)v, ¢p2(A)v, ..., ¢;(A)v},
where ¢;(\) are rational functions in A\. These modified Krylov subspaces are known as ratio-
nal Krylov subspaces. The motivation of the rational Krylov methods is to choose the rational

functions in a manner which speeds up the convergence of the iterative methods.
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The Petrov-Galerkin projection method for interpolation-based MOR discussed above obtains
a reduced-order model, which is a tangential interpolation of the full-order model for a given set
of interpolation points and tangential directions. However, to obtain Hs optimal reduced-order
models, a proper strategy for choosing the interpolation points and directions is required. Such
a strategy can be obtained from the interpolation-based first-order necessary conditions for Ho

optimality, stated in the following theorem.

Theorem 2.4.2 ([98, 35]). Let the reduced-order system X, with transfer function G, (s) be the
best rth order rational approzimation of the full-order system % with transfer function G(s), with

respect to the Hy norm. The pole-residue representation of G.(s) is given by,

T

Gr(s) = b (2.34)

k=18_>\k
where A\, € C, ¢, € CP and by, € C™ fork=1,...,r. Then,

G(=Me)bx = G (= )by,
cFG(=\p) = cF G (=), and
C,{G/(—Ak)bk - CEGT,(—)\k)bk,

fork=1,...r.

The above theorem connects H, optimal model reduction problem and tangential interpola-
tion. The optimal interpolation points and tangent directions are obtained from the pole-residue
representation of the transfer function G, (s) of the optimal reduced-order model. The optimal
interpolation points are the mirror images of the poles of the transfer function G,(s), and the
residues associated with the poles are the optimal tangential directions. If the optimal interpo-
lation points and tangential directions are known a priori, right and left projectors V and W,
respectively, can be constructed. These projectors can then obtain a reduced-order model via
Petrov-Galerkin projection. From Theorem 2.4.2, it is seen that the reduced-order model should
satisfy the interpolation-based Hs optimality conditions. However, the optimal interpolation points
and tangential directions are not known beforehand. An iterative correction framework called It-
erative Rational Krylov Algorithm (IRKA) for constructing the projectors V and W is proposed
in [35]. An outline of IRKA is stated below.
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Algorithm 2: Tterative Rational Krylov Algorithm (IRKA)[35]
Input: The system matrices: A, B, C;

Initial interpolation points: {o1,...,0.};

Initial tangential directions: B = [by,...,b,] and C = [c1, ..., ¢,];
Output: The reduced matrices A,, B, Cy;
1. Compute the projection matrices, V,. and W,., such that

Ran(V;) = Ran([(011, — A)"'Bb; ... (0,1, — A)"'Bb,]), and (2.35)
Ran(W,.) = Ran([(o11,, — A)"TCT¢;...... (0,1, — A)~TCT¢,)), (2.36)

respectively, and let Z,.7 = (WTTVT)*IWTT ;
2. while (not converged) do
a. A, =2,7AV,, B, =2."B, C, =CV, ;
b. Compute A, = RAR™! where R~! and R are the left and right eigenvectors of A, ;

c. Update interpolation points and tangential directions as follows:

Lo+ —N(A)fori=1,2,... 7,
ii. B=B,”RT and
ii. C =C,R;

d. Update V;. and W, using (2.35) and (2.36), respectively, and let
Z," = (W, V)T T

end
3. A.=2TAV,, B.=Z,"B, C, =CV, ;

A convergence proof of IRKA for LTI systems with a symmetric state-space representation
is given in [26]. Numerical experiments have shown that for a fixed reduced-order, IRKA, upon
convergence, yields high-fidelity reduced-order models for general LTI systems. These reduced-

order models satisfy the Hy optimality conditions.

Lyapunov-based method: Based on the Lyapunov-based Hs optimality conditions stated in
Corollary 2.4.4, a projection-based MOR, algorithm called TSIA is proposed in [104]. The opti-
mality conditions are obtained from the gradients of the Hs error norm using a gramian-based

framework. They are stated in the following theorem.

Theorem 2.4.3 ([95], Theorem 3.3). For J := ||¥ — X, ||y, , the gradients Va,J, Vg, J and Ve, J

are given by

Va,J =2(Q-P+Y"X),
Vg, J=2Q.B.+Y'B), and
Ve, J =2(C.P, — CX),
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where

ATy +vA-cTc, =0, AX + XA, +BB,T =0, (2.37)
ATQ. + QA +C T C,. =0, A.P.+ P.AT +B.B.T =0. (2.38)

The two Sylvester equations in (2.37) have unique solutions if spec(A) Nspec(—A4,) = ¢. Simi-
larly, the two Lyapunov equations in (2.38) have unique solutions if spec(A,.) Nspec(—A4,) = ¢.
The above theorem leads to Lyapunov-based first-order necessary conditions for Hs optimality,

given by the following corollary.

Corollary 2.4.4. Let the reduced-order system ¥,., with state-space representation (2.17), be the

best rth order approzimation of the full-order system X, with state-space representation (2.1), then

Va.J=@P +¥TX=0, (2.39)
Ve, J=Q.B, +Y'B=0, and (2.40)
Vo, J =C.P, —CX =0, (2.41)

where the matrices P, and Q, are solutions of the ALEs given by (2.38). The matrices X and Y
are solutions of the Sylvester equations given by (2.37).

The above corollary results in the following theorem.

Theorem 2.4.5 ([98], Theorem 3.4). The following identities are obtained for every stationary
point of J (as defined in Theorem 2.4.3) where P. and Q, are invertible.

A, =WTAV, B.=W'B, C.=cCcV, W'V =1, (2.42)
with W := =Y P!, V= XP~1 where X, Y, P. and Q, satisfy the equations (2.38) and (2.37).

The above theorem can be rewritten as the following projection problem: a projector 7 :== VW T

is constructed where V and W are obtained by solving the following Sylvester equations:

QWA+ AT(QWT)+CcTCc =0,
A(VP) +(VP.)+ BBF =o.

P, and Q, are normalization which ensure that W7V = I,,. Equations (2.37), (2.38) and (2.42)

can be considered as the coupled equations:
(X7 Y7 PT? QT) = f(AT) B7'7 C") and (A7'7 BT’ 07) = g(X’ K PT? QT'*)7

which leads to a fixed-point (4,, B, C,) = g(f(A,, B,, C..)) at every stationary point of J(A,., B;, C;).
This indicates that an iterative procedure (X,Y, P., @) = f(4,, Br,Cr)it1, (Ar, B, Cr) = g(X,Y, P, Q)
converges to a nearby fixed point.

The above explanation is the idea behind the iterative correction framework TSIA, where each
iteration involves obtaining two projection matrices by solving Sylvester equations. A reduced-

order model is obtained by Petrov-Galerkin projection. An outline of TSIA is given below.
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Algorithm 3: Two-Sided Iterative Algorithm (TSIA) [104]
Input: The full-order system matrices: A, B, C;

The initial reduced-order system matrices: A,., B;., Cy;
Output: The reduced matrices A,, B,, C, satisfying (2.39), (2.40) and (2.41);

while (not converged) do
1. Solve the following pair of Sylvester equations:

AX + XA, T+ BB.T =0, (2.43)
AYY + YA, - CTC, = 0; (2.44)

2. Obtain V,., W, € R™*" such that Ran(V;) = Ran(X) and Ran(W,) = Ran(Y) with
W, and V,. having orthonormal columns. Also compute Z! = (WI'V,)"*WT;

3. Obtain the reduced model

A, =Z'AV,, B,=Z'B, and C,=CV, (2.45)

end

For a fixed r, the reduced model obtained upon convergence of TSIA satisfies the Lyapunov-
based H, optimality conditions. The derivations of the theorems stated above and discussion

regarding the motivation for TSIA are given in [93].

Comparison of the interpolation-based and Lyapunov-based Hs optimality conditions:
The statements of the interpolation-based and the Lyapunov-based conditions for Hs optimality
lead to the following query: whether the optimality conditions are equivalent. The following
theorem establishes the equivalence between them.

Fori=1,...,r, let \; be an eigenvalue of A, and let r; and [; be the corresponding right and

left eigenvectors. Then

Ary =Ny, IFA, = NI, Cory=¢, and I]'B, =b]. (2.46)
Theorem 2.4.6 ([938], Theorem 4.1). Let the transfer function of the system ¥, with state-space
representation (2.17) have the pole-residue formulation: G,(s) = > ;_, % with distinct first-

order poles. Consider the left and right eigenvectors of the state-space matriz A, and the other
notations as given by (2.46). Then fori,j=1,...,r andi #j

1 s

5 (Ve )i = [GT(=X) = &7 (=) &,

)
5\1‘)] ;

1 d
§lf(VATJ)Tr7; = o (GT(s) — G."(s)]

M)

ST (Ve )T =07 [67(-3) - G,

Ci,
S:—)\i

1 R
(b7 (V i, 0) 7y = 11 (Ve, )75

T o - Ay)

Let R = [r;...7,], then from the above theorem, it is seen that the off-diagonal elements
of R71(V 4, J)TR disappear when (Vp,J)T and (V¢,J)T disappear. Thus, to characterize the
Lyapunov-based optimality conditions, only the terms diag(R~1(V 4, J)T R), (Vp,J)T and (V¢, J)T

1
55?(VAT J)r;

are necessary.
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Using the above theorem, it is easily verified that the interpolation-based and the Lyapunov-

based Hy optimality conditions are equivalent.

Comparison of IRKA and TSIA: The equivalence between the interpolation-based and the
Lyapunov-based Hs optimality conditions is established above. This naturally leads to exploring
the equivalence between the projection-based iterative corrections frameworks based on them,
namely IRKA and TSIA, respectively. This has been done in the following theorem for SISO

systems.

Theorem 2.4.7 ([141], Theorem 1). Let 3, given by (2.1) be a full-order model and 3, given by
(2.17) be its reduced-order approximation. Let the transfer function of the reduced-order system
G (s) have the pole-residue representation given by (2.84). Assume that (A, B,) is controllable
and (ATT,C,,T) is observable. Also, assume that o; = —X\;(A,) fori=1,...,r and construct V
and W using (2.32) and (2.33), respectively. Further, let X and Y be obtained by solving (2.43)
and (2.44), respectively. Then, Ran(X) = Ran(V) and Ran(Y) = Ran(W).

The above theorem shows that IRKA and T'STA produce comparable projection subspaces; thus,
the two algorithms are alternative formulations of each other. As TSIA uses the interpolation idea

implicitly, the same interpolation point convergence criteria can be used for both algorithms.

The model reduction algorithms discussed above are for the infinite horizon case. In the fol-

lowing subsections, finite horizon counterparts of these methods are discussed.

2.4.1.3 Time-Limited Balanced Truncation (TL-BT)

The first finite horizon MOR algorithm discussed is a time-limited version of BT, proposed in [28],
called TL-BT. Similar to BT, a balanced realization of the full-order system is first obtained where
the time-limited controllability(P;) and observability gramians(Q, ), respectively, are diagonal and
equal. The diagonal entries are the square roots of the eigenvalues of P,Q,, known as time-limited
Hankel singular values. The states corresponding to small time-limited Hankel singular values are
truncated to obtain reduced-order models. Unlike BT, TL-BT does not preserve the asymptotic
stability of the full-order model. Various error bounds exist for TL-BT. An Hs type error bound
is derived in [78]. Another error bound for TL-BT is derived in [77], which converges to the H

error bound for asymptotically stable systems.

Computing a balancing transformation and truncating a balanced system to obtain a reduced-
order model may not be well-conditioned if the full-order system is nearly uncontrollable or unob-
servable. A modified time-limited version of Algorithm 1 obtains a reduced-order model without

balancing the full-order model [50]. An outline of the algorithm is given below.
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Algorithm 4: Square-root Time-Limited Balanced Truncation without balancing [50]

Input: The system matrices (A4, B, C) belonging to an asymptotically stable system of
order n; reduced order r; the finite time-interval [0, 7] with 7 < oo;

Output: The system matrices (A, B, C;.) of the reduced-order system;

1. Compute the time-limited controllability and the time-limited observability gramians
P, and @, by solving the time-limited ALEs given by (2.13) and (2.14), respectively ;

2. Obtain the matrices Lp, and Lg_. by the Cholesky decompositions of P, and @,
respectively ;

3. Compute the SVD:

X O (n—r) | | Vi

LT L - |:U U :| 7,1
QrHPr Zal, 7,2 )
O(n—k)xk PO vV
where ¥, ; = diag{o,1,...,0- 1} contains the k-largest Hankel singular values. ;

4. Construct the following matrices,

5. Obtain the reduced-order model by Petrov-Galerkin projection,

Ar = ZT,TTAV;",T, Br = ZT,TTB7 and CT = C‘/T’T;

Another modified version of TL-BT is proposed in [34], and an error bound for the algorithm is
also derived. The TL-BT algorithm involves the computation of two time-limited gramians, P, and
Q-, by solving two time-limited ALEs. This makes it computationally intractable to reduce large-
scale systems. Alternatively, low-rank approximations of P, and @), are obtained by using rational
Krylov subspace methods in [50]. This has expanded the applicability of TL-BT to large-scale

systems.

2.4.1.4 Projection-based Hy(7) optimal MOR

The Hy(7) optimal MOR problem is the restriction of the Hy optimal MOR problem, given by
(2.26), to a finite time interval [0,7]. It involves obtaining the reduced-order approximation ¥, of

the full-order model ¥, which minimizes the time-limited cost function,

(2.47)

¥, = argmin HZ—E‘

s.t. ord(i):r Ha(7) ,

where Hy(7) is the time-limited H» error norm, given by (2.21). From the expression (2.22), it is
evident that minimizing this norm minimizes the maximum value of ||y(t) — y,(¢)|| over the finite
time interval [0, 7] for all admissible inputs u(t).

The Hs(7) optimization problem, given by (2.47), similar to the Hs optimization problem given
by (2.26), is non-convex and obtaining global minimizers is not easy. The preferred approach is
obtaining the first-order necessary conditions for Hy(7) optimality. Lyapunov-based conditions for

H,(7) optimality are obtained in [30], while interpolation-based conditions for Hy(7) optimality are
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obtained in [94]. These conditions are used to propose model reduction algorithms. The Lyapunov-
based Hs(7) optimality conditions and a corresponding projection-based model reduction algorithm

are stated below.

Lyapunov-based method: The Hy(7) error norm, given by (2.21), can be expressed in terms
of the finite horizon gramians, P, and (). This is evident from Proposition 2.4.8 given below.
Further, this expression of the error norm is used to obtain the Lyapunov-based first-order necessary

conditions for Hy(7) optimality, stated in Theorem 2.4.9.

Proposition 2.4.8 ([30], Proposition 2.2,2.3). Consider the full-order system ¥ and the reduced-
order system X,., given by the state-space representations (2.1) and (2.17), respectively. The square

of the Ha(T) error norm, given by (2.21), can be expressed as

IZ = el = Tr(CP:C,T) + Te(C, Py ,C. ") — 2Tr(CX.C, ), (2.48)
=Tr(BTQ,B) + Tr(B,* Q.. B,) — 2Tr(BY, B). (2.49)

The gramian matrices Pr and Q. are obtained by solving the time-limited ALEs given by (2.15)
and (2.16), respectively. The matrices P, and Q. are the finite horizon controllability and

observability gramians obtained by solving the following time-limited ALFEs,

APy + Prr AT + BB,T — A BB, TeA T =0, (2.50)
A’!‘TQT,T + QT,TAr + CTTC'I‘ - eATTTCrTCr@ATT =0. (2.51)

The matrices X, and Y, are obtained by solving the following time-limited Sylvester equations,

AX, + X, AT 4 BB, — éA"BB,e*" TB = 0, (2.52)
ATY, 4 Y, A, + CTC, — A" 7CTCre?™ = 0. (2.53)

Assuming that A, is diagonalizable, let A, = S~1DS be its spectral decomposition where
D = diag{\,...,\}. Let B=SB,,C =C,S™', P, =SP,.8T, X, = X, 57, Q, =5~ 7Q,,S~!
and Y; = S~TY,. Then, equations (2.52), (2.50), (2.53) and (2.51) yield

AX, + X,;D+ BBT — A" BBTPT = 0, (2.54)
DP, + P,D + BBT — ¢P"BBTeP™ =, (2.55)

DY, +Y, A+ CTC —eP"CTCeP™ =0, and (2.56)
DQ; +Q.D+CTC —eP7CTCePT = 0. (2.57)

Consider the new quantities Qo and Ys, which are the solutions of the following matrix equations

DQo + QoD +CTC =0, (2.58)
DYy + Yoo AT + CTC = 0. (2.59)

Theorem 2.4.9 ([30], Theorem 3.2). Let the reduced system %, given by state-space represen-
tation (2.17), be an optimal approzimation of the full-order system %, given by the state-space
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representation (2.1), with respect to the Hay(T) error norm. Then

CP, =CX,, (2.60)

Q,B=Y,B, and (2.61)

eZ-Tf/OO [XT — 7e"BBTeP| ¢, = eiTQOO P, — TeDTBBTeDT} €, (2.62)

YV oi=1,2,...,7 where e; is the i unit vector and matrices PT, XT, QT, }77, Qoo and 5700 are

solutions to the matriz equations (2.55), (2.54), (2.57), (2.56), (2.58) and (2.59), respectively.

An iterative corrective scheme is proposed in [30] based on the Hs(7) optimality conditions. At
every iteration, a pair of finite horizon Sylvester equations are solved to obtain a pair of projection
matrices. An outline of the scheme is given below.

Algorithm 5: Time-Limited Two-Sided Iterative Algorithm (TL-TSTA) [30]
Input: The full-order system matrices: A, B, C;

The reduced-order system matrices: A, B,., C}., which are the initial conditions;
The finite-time interval [0, 7];
Output: The reduced matrices A,., B, Cy;

while (not converged) do
1. Obtain the spectral decomposition of A, and let,

D=SA,8"' B=SB, C=0C.S" (2.63)
2. Solve the following pair of Sylvester equations:

AV, +V;.D + BBT — eATBBTPT = o, (2.64)
ATW, + W,D + CTC — A" TCTCePT = 0; (2.65)

3. Orthogonalize V;. and W, as V. = Orth(V,.) and W,. = Orth(W,.);
4. Compute Z!' = (WIV,)~'WT and obtain the reduced model as follows

A, =ZFAV,, B,=Z'B, and C,=CV,; (2.66)

end

The above scheme, upon convergence, produces a reduced-order model which satisfies the time-
limited Hy(7) optimality conditions approximately. Error expressions quantifying the distance to

optimality of the reduced-order model, including their derivation, are available in Theorem 3.3 of

[30].

2.4.2 (Gradient-based model order reduction methods

As the Hy and Hs(7) optimization problems are non-convex, finding global minimizers is difficult.
Hence, the existing methods focus on finding local minimizers. Apart from the projection-based
methods discussed above, gradient-based methods can also be used to find local minimizers. For
such methods, the primary challenge is obtaining an analytical expression of the gradients of the
error norm. These gradient expressions are substituted in gradient flow, quasi-Newton or trust-

region-based algorithms to obtain reduced-order models.
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2.4.2.1 Descent-based H; optimal MOR

The convergence of IRKA is guaranteed only for LTI systems with symmetric state-space realiza-
tions. Numerous numerical experiments have shown that IRKA performs well for general systems,
but convergence is not guaranteed. A descent-based Hs optimal model reduction technique, pro-
posed in [7], produces a sequence of reduced-order models with decreasing Hy error norms. This
ensures global convergence to a reduced-order model satisfying the interpolation-based Hy opti-
mality conditions. At the heart of the descent-based approach is an expression of the Hy error

norm for MIMO dynamical systems, given by the following theorem.

Theorem 2.4.10 ([7],Theorem 2.1). Given a full-order system ¥ with transfer function G(s),
consider a reduced-order system X, with transfer function G,.(s), which has the pole-residue repre-

sentation given by (2.34). The Hs error norm, as defined by (2.19), can be expressed as:

5=, = 151, - 22(:56* g+ Y Lot

k=1

The parameters for the descent-based approach are the poles and residues of the reduced-order
model ¥, given by {A;,¢;,b;} for i = 1,...,r. In the above expression, the Hy error norm is
formulated in terms of these parameters. Using the above expression, the gradient and Hessian
of the Hy error norm with respect to the pole-residue parameters are conveniently obtained. The
gradient and Hessian are used with a trust-region-based descent method that globally converges

to a reduced-order model, satisfying the interpolation-based Hy optimality conditions.

2.4.2.2 Descent-based H(7) optimal MOR

The reduced-order models obtained by projection-based time-limited model reduction methods
(such as TL-BT and TL-TSIA) do not satisfy the Ha(7) optimality conditions exactly. This
distance from optimality can be reduced by using gradient-based methods.

Given a pole-residue representation of the impulse response g, (t) of the reduced-order system
3., the Ho(7) error norm can be characterized in terms of the poles and residues of the impulse

response. The following proposition gives this.

Proposition 2.4.11 ([91], Lemma 3.2). Considering g(t) = Z] 1 l]rj elit and g.(t) = Y_i_, ¢;bf etit

as the pole-residue representation of the impulse responses of the full-order system Y and the

reduced-order system 3., respectively, the square of the Ho(T) error norm between them is given

by,
2 2
12 = el = 19 = 9rlli, )
2 2
= ||9||H2(T) - 2<gvgr>H2(T) + ||9r||H2(T) )
eNituT _ 2 r et _
where (g, gr) i, () = Z] S et 7"Tb W]l and ||9r||H2(T) =2 i1 Zy =i bTb Wyl

The above characterization is essential for obtaining the interpolation-based first-order neces-
sary conditions of the Hy(7) optimal model reduction problem, expressed in the theorem below.
The optimality conditions require computation of the gradients of the Hy(7) error norm with

respect to the poles and residue directions, given by {A;}, {cx} and {bx}.
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Theorem 2.4.12 ([94], Theorem 3.1). Let the reduced-order system ¥, be the best r'" order

approximation of the full-order system 3 with respect to the Ho(T) norm defined over the finite time-
T

interval [0,7]. Let Gr(s) = > 1, Scfb)f“k be the pole-residue representation of the transfer function

of the reduced-order system X,.. Let G(s) and G, -(s) be the time-limited transfer functions of the

systems 3 and %,., respectively. Then fork=1,...,r

ch Gr(=Ak) = e Grr(=Ak), (2.67)
GT(_)\k:)bk = GT,T(_/\k)blw and (2.68)
cF Gr(=Mi)bg = cf G (= i), (2.69)

where G, (s) and Gy .(s) are given by

G.(s) = —e*7C(sI, — A)"LeA" B 4 G(s) (2.70)
Grr(s) = = 7Cp(sI, — A,) Le B, + G, (s). (2.71)

In the above-stated optimality conditions, G, -(s) tangentially interpolates G (s) at the mirror
images of the poles and along the residue directions of the transfer function G(s) of the optimal
reduced-order model. These optimality conditions look similar to the interpolation-based optimal-
ity conditions of the Hy optimal model reduction problem, given by [35]. However, the quantity
being interpolated and the interpolant are different in both cases.

The following corollary, valid for SISO systems, is obtained based on the above-mentioned

optimality conditions.

Corollary 2.4.13 ([94], Corollary 4.2). Assume that the full-order system ¥ and the reduced-order
system X, are SISO systems. Let G(s) and G, (s) be the respective transfer functions and G,(s)
and G, - (s) be as defined in (2.70) and (2.71). Let the poles of the transfer function of the reduced-
order system G.(s), i.e. {\i,i=1,...,7} be fived. Then G.(s) is the best r*" order approzimation
of G(s) with respect to the Ha(T) norm if and only if E¢ = § where ¢ = [¢1 ¢o ... ¢]T € C" is

the vector of residues, § € C" is the vector with entries

5 = eNTC (NI, — AT e B-G(=N), i=1,2,....7

e AT

and E € C™*" is the matriz with entries E; j = SV fori,g=1,2,...,r.
iTAG

Based on the above corollary, a numerical algorithm called FHIRKA is proposed in [94] for
model order reduction of SISO systems over a finite time interval. The Ha(7) error norm is a
function of the poles and residues of the transfer function G, (s) of the reduced-order system.
Assuming \’s as optimization parameters, the error norm can be optimized using a quasi-Newton-
type optimization technique. The initial conditions of the optimization are obtained from reduced
models acquired by projection-based methods such as TL-BT, TL-TSIA, etc. After the completion
of every optimization step involving the A’s, the residues ¢’s are updated by solving the r x r linear
system F¢ = §, as given by Corollary 2.4.13. The reduced model obtained upon convergence

satisfies the interpolation-based Hy(7) optimality conditions.

Remark 2. The primary focus of this thesis is finite horizon MOR and, more specifically, Ha(7)
optimal MOR. This is the motivation for introducing the Hy and the Ha(7) optimal model reduction
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problems for LTT systems in this section. In Chapter 3 and Chapter 4, model reduction methods
for Hy(7) optimal model reduction of LTI systems are proposed. These methods are benchmarked

against the MOR techniques discussed in this section.

Apart from LTI systems, the model order reduction of LTV systems is also considered in this
thesis. Therefore, the representation and some important properties of LTV systems are considered

in the next section. The concept of time-varying gramians for such systems is also discussed.

2.5 Description of LTV systems

Consider an LTV system X defined on [to,t;] with —oco < ¢y < t5 < 00,

y(t) = C(t)z(), (2.72)
where z(t) is the state variable at time ¢. It is also assumed that the functions A(-) : [to,t ] — R™*™,
t — A(t), B(:) : [to,tf] = R™™, ¢t — B(t) and C(-) : [to,tf] — RP*", t — C(t) are continuous

and bounded. This guarantees the existence and uniqueness of the solutions over the time interval

[to, tr]-
For v = 0, the differential equation for the system X is given by

(t) = A(t)z(t) (2.73)

The state transition matrix represents the solution of the above linear differential equation. It is
useful in representing the impulse response of the LTV system X.
Let ¢i(-,7) be solution of (2.73) with value at T equal to e;, the i'® column of the identity

matrix I,,. Consider the matrix

¢, 1) =9, 7) - n (7)) (2.74)

For the linear differential equation (2.73), let x(tg) = x¢ and z; € R be the i** component of z.

Due to linearity,
Z@(',to)xio = ¢(+,t0)0, (2.75)

is the unique solution of (2.73). Thus, the solution z(t) of the same differential equation can be
expressed as

z(t) = ¢(t, to)xo. (2.76)
Based on its definition, the state transition matrix satisfies the following matrix differential equation

L 0(tt0) = ADB(tst0), Bltosto) = . (277)

The following are some important properties of the state transition matrix:

1) o(tt) =TI, for t€ [tots], (2.78)
2) B(t1,t2) = (t1,t3)9(t3, t2), for {t1,t2,t3} € [to,ts] and (2.79)
3) ¢ (tr,ta) = (ta, 1) (2.80)
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The properties mentioned above are derived as follows. The first property (2.78) follows from the

assumptions (2.74) and (2.75).

The second property is known as the semi-group property and is obtained in the following way:
Let J(t) = ¢(t,t3)p(t3,t2) and K(t) = ¢(t,t2). Then

d%ff) = A()d(t,t3)P(t3, t2) = A(t)J(t). and
dl;(t) = A(t)p(t, t2) = A(t)K(t).

Therefore, J(t) and K(t) obey the same differential equation. At ¢ = ¢,

J(t3) = ¢(t3,t3)0(t3,t2) = o(t3,t2) = K(t3).

The linear differential equation has a unique solution, and therefore, J(t) = K (¢).
The third property is obtained from the second property in the following way:

atl) - In7

d(t2,t1)¢(t1,t2) = @(t2,t2) = .

Thus, by definition, ¢~1(t1,t2) = @(ta,t1).

Remark 3. The above definition of the state transition matrix of LTV systems, its properties and

their derivation are taken from [15].

The impulse response of a continuous-time LTV system is a characterization of the system’s
input-output behaviour. For an input u(t) = §(¢ — 7), the impulse response is given by
0, tO <t< T,
h(t,T) = (2.81)
C)o(t,7)B(r), T<t<ty.
The impulse response remains invariant under state-space transformations of the LTV system.
Lyapunov transformations preserve the input-output properties, boundedness and internal stability

of state-space realizations. They are defined as follows.

Definition 2.5.1 ([91], Definition 1, 2). Consider a time-varying matrix T'(t), non-singular at every
instant of the time interval [t,¢s], which transforms a state-space realization (A(t), B(t), C(t)) to
the realization (A(t), B(t), C(t)), where A(t) = T~1(t)(A®t)T(t) — T(t)), B(t) = T~(t)B(t) and
C(t) = C(t)T(t). If T(t), T(t) and T~1(t) are continuous and bounded, then T'(¢) is known as a

Lyapunov transformation.

State-space realizations, related by such transformations, are said to be topologically equivalent.
That is, (A(t), B(t), C(t)) is topologically equivalent to (A(t), B(t), C(t)).
2.5.1 System gramians of LTV systems

The reachability and observability properties of an LTV state-space realization can be analyzed
with the help of system gramians. The reachability gramian of a linear system is related to the

reachability map of the system. Similarly, the observability gramian is linked to the observability
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map. The non-singularity of the gramians is an indicator of system reachability and observability.
This has been extensively discussed in [15]. The structure of the reachability and the observability
gramians for LTV systems is discussed now. For ¢ € [ty,ts], the reachability gramian of the LTV
system, given by (2.72), is as follows,

t
P(t.to) = | 6(t.1)B()(BE)T (6. 7) (282)
to
The above gramian can be computed by solving the following DLE:
APC10) _ A1) P 10) + Pt 1) (AW)T + BOBD) (2.89)

which is solved for ¢ varying from ¢ = ¢y to ¢t = t; with initial condition P(¢o,to) = 0.

The observability gramian for ¢ € [to,ts] is given by

Qtrt) = [ @O CENTCot O (284)
This above gramian can also be obtained by solving the following DLE:
WOLY _ _(aw)Ta(t;. 1 - @ty HAD) - (C1)TC), (2.85)

which is solved for t varying from ¢t = t¢ to t = ¢, with final condition Q(ts,ts) = 0.

The two gramians stated above play a pivotal role in the finite horizon balanced truncation
algorithm for continuous-time LTV systems, discussed in the next section. Further, they also play
an essential role in Chapter 6 where a gramian-based framework is used to propose an iterative

scheme for model reduction of continuous-time LTV systems.

2.6 MOR algorithms for LTV systems

Consider the continuous-time LTV system X, of order r, where r < n, with the following state-

space representation:

yr(t) = Cr(t)xr(t)' (286)

Let the above system be a reduced-order approximation of the full-order system ¥, given by (2.72).
Here, x,.(t) is the reduced-order state variable at time ¢. It is assumed that the time-varying state-
space parameters A,(-) : [to,t7] = R™"™, ¢t — A.(t), B.(-) : [to,tf] — R"™ ™, t — B,(t) and
Cr(-) : [to, tf] = RP*™ t — C,(t) are continuous and bounded. The reduced-order output y,(t)
should be a good approximation of the system output y(t) of the LTV system X over the time-
interval [to,ty] with respect to a suitable norm.

The following sections discuss a few model reduction methods for LTV systems.

2.6.1 Finite horizon balanced truncation

If the matrices A(t), B(t) and C(t) are real analytic (matrix) functions in the interval [to, tf], the el-

ements of the singular value decomposition of P(t,to) and Q(ty,t) are continuous and differentiable
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in [tg, t¢]. This ensures the existence of a time-varying Lyapunov transformation 7'(¢) in the interval
[to,tf], which transforms the state-space representation of the system to a balanced realization. Let
(A(t), B(t),C(t)) be the balanced realization for which the reachability and observability gramians
are diagonal and identical, i.e. P(t,to) = A(t) = Q(t,t). Here, A(t) = diag(A1(2), a(t), ..., An(t))
is known as the canonical gramian.

The canonical gramian measures the relative importance of each dimension with respect to
reachability and observability. This makes the balanced realization useful for model reduction. A

reduced model is obtained by partitioning the full-order balanced realization (A(t), B(t),C(t)) as

A (t) Aga(t)

Agy (t)  Apa(t) ’ CA'(t>:[é'1(lt) Ca(t)| (2.87)

A(t) = . B)=

corresponding to the following partition of the canonical gramian,

Aq(2)

Aa(t)

The realization (Ay(t), By (t), C1(t)), obtained by truncation of (2.87), corresponds to the reduced-
order subsystem. This system is bounded input bounded state stable in [tq,¢f].

The results stated in this subsection are from [99].

2.6.2 An improved finite horizon balanced truncation

The point-wise balancing coordinate transformation 7'(t) defined over the finite time horizon [to, t ¢]
may have unfavourable numerical properties. This has been explored in detail for the LTI case
in [85], which introduces the idea of non-balancing projections for balanced truncation. The
conversion of the original system to a balanced realization is thus avoided. Similar projections have
been extended to discrete-time LTV systems in [17]. Such projections have also been extended to
continuous-time LTV systems in [55, 86]. They are naturally time-varying projections defined at
every point of a finite time interval. An outline of the modified finite horizon balanced truncation

method is given in Algorithm 6.

2.6.3 Few additional algorithms for MOR of LTV systems

This subsection states some model reduction methods for continuous and discrete-time LTV sys-
tems in the literature. The methods are briefly mentioned and not discussed in detail.

The balanced truncation methods discussed in the previous subsections involve solving a pair of
DLESs to obtain the system gramians. They are subsequently used to construct projection matrices
for model reduction of continuous-time LTV systems. In [87], generalized gramians are obtained
for continuous-time LTV systems by solving linear matrix inequalities (LMIs). These gramians
are used to construct projection matrices for generalized balanced truncation, and error bounds
are derived. It is also proved that the reduced-order model obtained by generalized balanced
truncation preserves the input-output stability of the original model.

In [92], the authors define a uniformly balanced realization for discrete-time LTV systems and

study its properties. The uniform realizations are helpful as reduced-order models are obtained
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Algorithm 6: Finite Horizon Balanced Truncation for LTV systems [55]

Input: System matrices (A(t), B(t),C(t)) belonging to a system of order n;
reduced order r;
Output: Reduced-order matrices (A4,(t), B.(t), Ci-(t)) of order r;
1. Compute the reachability and the observability gramians P(t,%) and Q(tr,t) for all
t € [to, ty] by solving the DLEs (2.83) and (2.85), respectively ;
2. Obtain the matrices Sgr(t) and S, (t) by the Cholesky decompositions of P(t,tg) and
Q(ts,t), respectively, as follows,

P(t.to) = Sr()(Sr(D)",  Qty,t) = Sc()(Sc(®)"
3. Compute the following SVD:

21(75) 07“><('n—7")

(SR(t))TSL(t)Z[Ul(t) U2(t)} O S(t)

where ¥4 (t) = diag{o1(¢),...,0.(t)} contains the r-largest time-varying Hankel singular
values;

4. Construct the following projection matrices,

W(t) =S (OVi()(S1()"F e R,
Z(t) = SROUL()(Z1 (1) "2 € R™;

5. Obtain the reduced-order model,

A0 = w@)* (4020 - G2 . B.0) = W0 B0, a1 0,(0) = )20

by truncating these realizations. The stability of the reduced models is also guaranteed. The
authors propose another model reduction algorithm by decomposing a generalized Hankel matrix
for discrete-time LTV systems. They further prove that the reduced models obtained by the two
methods are identical. A model reduction method is proposed based on optimising the Hankel
norm of the error between the full-order and reduced-order LTV systems in [18].

In [51], a model order reduction method for discrete-time LTV systems is proposed. A pair of
linear matrix inequalities are solved, and generalized gramians are obtained, which are then used
to obtain generalized balanced realizations. The balanced realizations are truncated to obtain
reduced-order models. Upper bounds are given on the induced-two norm of the error between
the full-order and the reduced-order system. A model reduction method for discrete-time LTV
systems is also proposed in [387]. They also obtain generalized error bounds in the induced-2 norm,
which include the error bounds of [51]. Further, they show that the input-output stability of the
full-order system is preserved in the reduced-order model.

A finite horizon Hs error norm for discrete-time LTV systems is presented in [60, G1]. The
gradients of the error norm are derived. The stationary points corresponding to the minimum of

the error norm are characterized using quantities computed with Stein-like recurrences. Based on
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this characterisation, a fixed-point iterative algorithm for model order reduction is proposed. This
method is different from the various balanced truncation algorithms discussed till now. Here, the

construction of the reduced-order model is based on the minimization of a well-defined error norm.

2.7 Summary

In this chapter, preliminary results for model order reduction of LTI and LTV systems have been
discussed. Firstly, the state-space representations of LTI systems, including properties like impulse
response, gramians, and system norms, have been stated. Further, the infinite horizon and the finite
horizon model reduction problem for LTT systems have been reviewed. Then, several algorithms
for infinite and finite horizon model order reduction of LTI systems have been stated. Similarly,
state-space representation and associated properties like impulse response, gramians and norms
of continuous-time LTV systems have been stated. Finally, the model order reduction problem
for LTV systems and several algorithms for model order reduction of LTV systems have been

discussed.
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Chapter 3

Near-optimal time-limited
interpolation-based model order

reduction

The Hs optimal model order reduction (MOR) problem considers a Hy error norm, whereas the
H(7) optimal MOR problem deals with a finite horizon Hy(7) error norm. Chapter 2 discusses
two Hy optimal model reduction algorithms, namely, IRKA and TSTA. While IRKA is based on
interpolation-based Hs optimality conditions, TSIA is based on Lyapunov-based Hs optimality
conditions. TSIA has been extended to propose a finite horizon Hs optimal model reduction
algorithm in [30], referred to as TL-TSIA in this thesis. This motivates a similar finite horizon

extension for IRKA and is the focus of this chapter.

The main objective of this chapter is to propose a Hs(7) optimal model reduction algorithm,
which is a finite horizon extension of the IRKA algorithm. To begin with, a different proof for deriv-
ing the interpolation-based Ha(7) optimality conditions (Theorem 3.1, [94]) is provided. Secondly,
a modified rational Krylov framework is proposed for finite-time rational interpolation. Unlike
infinite-time rational interpolation, the reduced models do not precisely satisfy the time-limited
rational interpolation conditions. The deviations from these conditions are quantified, and the
factors affecting their magnitude are discussed. Then, an iterative algorithm called TL-IRKA,
which uses the modified rational Krylov framework to construct the projection matrices at every
iteration, is proposed. Further, if TL-IRKA and TL-TSIA converge theoretically, it is shown that
they converge to the same reduced-order model. Finally, the validity of the proposed algorithm is

tested with the help of a few numerical examples.

This chapter is organised as follows. Section 3.1 states the Hs(7) optimal model reduction prob-
lem. Section 3.2 presents a new proof for deriving interpolation-based Ha(7) optimality conditions.
A time-limited rational Krylov framework for time-limited rational interpolation is introduced, and
the interpolation errors are quantified in Section 3.3. In Section 3.4, a projection-based iterative
algorithm is proposed and its computational complexity is discussed. Section 3.5 compares the

proposed algorithm with TL-TSIA. Three numerical examples are presented in Section 3.6. The
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Chapter 3. Near-optimal time-limited interpolation-based model order reduction

chapter is concluded in Section 3.7.

3.1 H, optimal model reduction over a finite-time interval

In this section, the time-limited impulse response and the time-limited transfer function of an LTI
system are defined. The Hs(7) error norm is defined in terms of the time-limited impulse response

of the system. This error norm is used to formulate the Hy(7) optimal model reduction problem.

3.1.1 Time-limited impulse response and transfer function

Given an interval I C R, the Hilbert space Lo(I) consists of square-integrable and Lebesgue

measurable matrix-valued functions defined on the interval I.

Definition 3.1.1 ([108]). For f,g € La(I), the inner product is defined as

(F,9) r.0) = /ITr((f(t))Tg(t))dt: /Tr(f(t)(g(t))T)dt (3.1)

I

Based on this inner product, the induced inner product norm is defined as

Hf||L2(I) = <faf>L2(I)' (32)

Consider the LTI system X given by the state space representation (2.1). The time-limited

impulse response matrix of the system X, given by the mapping g, : [0,00) — RP*™ is defined as

9r (t) = (33)

The Laplace transform of the time-limited impulse response is given by
o0
Ga(s) = / gr ()e="tdt
0

= / Ce* Be™stdt
0

=C </ eAteStdt) B-C (/ eAteStdt> B
0 T

=C(sl, - A)™'B-C (/ eA(HT)e*S(HT)dt) B (3.4)
0

=C(sl,— A 'B-C (/ eAte_Stdt) e B
0

= O(sl, — A)~! (In - e_(SI"_A)T> B. (3.5)

The above expression is known as the time-limited transfer function [94]. Expanding the term
eAUH) in step (3.4) as eAF7T) = eA%eAT leads to (3.5). Alternatively, writing eA(+7) as eAt+7) =
eATeAt leads to G, (s) = C (I, — e~ In=A7) (sI,, — A)~!B.

Consider the reduced-order LTT system X, given by the state space representation (2.17). The
time-limited impulse response matrix for the system X, is obtained from the impulse response

matrix as follows:

Grr(t) = o:(8) v o) (3.6)
0, t e (1,00).
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3.2.  Interpolation-based Hy(T) optimality conditions

The corresponding time-limited transfer function matrix is

Grr(s) = Cp(sI, — AN (Ir — ef(sjrfAr)T) B, or

—C, (IT _ e—<S’T—Ar>T) (sI, — A,)"'B,

As ¢, (t) is non-zero over a finite-time interval, it follows that g, € L2(][0,00)). Using g¢.(t), the

Hs (1) norm, introduced in equation (2.7), is reframed.

Definition 3.1.2. The time-limited Hy norm or the Hs(7) norm of the system ¥ can be defined

as ||EHH2(T) = ||gT||L2([O,oo))'

Using the above definition of Hy(7) norm, the Hs(7) optimal model reduction problem is

reformulated in the next subsection.

3.1.2 Problem Statement

th order approxima-

The Hs(7) optimal model reduction problem involves obtaining ¥, an r
tion of the full-order model ¥, which solves the minimization problem given by (2.47), where

12
HE — EH = |lg- — §T||iz([07oo)). Let g, -(t) be the time-limited impulse response of the sys-

tem ZT.H2S(iTn)ce grr(t) € L2([0,00)), the reduced-order approximation X, need not be asymp-
totically stable even if the original system X is asymptotically stable. The next section derives
interpolation-based optimality conditions for the Hs(7) optimal model reduction problem. The
optimality conditions are then used to propose a time-limited version of the algorithm ITRKA in

Section 3.3.

3.2 Interpolation-based H,(7) optimality conditions

The interpolation-based optimality conditions for the time-limited H, optimal model reduction
problem have been derived in [94]. In Theorem 3.2.2, these conditions are derived using a different

method. The following lemma is critical for proving Theorem 3.2.2.

Lemma 3.2.1. Consider the impulse response matriz, gi(t) € RP*™ for t € [0,00), and the
transfer function, Gi(s) € CP*™  of an LTI system. Let ¢ € CP, b € C™ and p € C. Let
ga(t) = cbTert and g3(t) = cbTtett for t > 0. Let g1.,(t), g2.+(t) and g3 ,(t) be defined as

Gin(t) = gi(t), te|o,7],
0, t € (1,00),

fori=1,2 and 3. Further, let G1,,(s) be the Laplace transform of g1,(t). Then,

(91,75 92,7) La(j0,00)) = L G172 (—p)b, (3.7)
o]l llcll

. = _Wlell /iy e2rre)| | and 3.8

192,711 ., (f0,50)) TR | | (3.8)

(91,7, 93,7) La([0,00)) = —C¢T G (—p)b. (3.9)
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Proof. As g1,+(t), g2,+(t) € L2([0,00)), their inner product is given as follows,

<gl,T7g2,T>L2([0,OO)) = / TT(gl)T(t)FelL*t)dt
0

</Ooo glﬁ(t)e”*tdt> b
</0<><> gl,T(t)e“tdt> b.

|

=cC

|

c

As G(s) = [y g(t)e *'dt,
(91,7, 92,7 ) L2((0,00)) = €L G1,r(— ).

Using (3.2) and (3.3), the L3 ([0, 00]) norm of gs -(t) is obtained as follows,

||92,TH%2([0700)) :/0 Tr(cb? ettocT et t)dt

- / T b)) celrtr)t

0
N / o le|* e*(ReDtat
0
2 2
_ Lol” llell |2(Re)T _q).
2|Re(p)]

Taking the positive square root of the above expression gives (3.8).
Finally, it is obvious that gs - (t) € L2([0,00)), and thus, its inner product with g1 - (¢) is given
by

(g1, 98) . (10.00)) = / Tr(g1,-(t)bcTte ') dt
0

= / T gy (t)te bt
0
=T </ gl(t)te“tdt> b
0
=T (/ gLT(t)teutdt> b
0

As —G'(s) = [;7 g(t)te="tdt,

<gl7g3>L2([O,oo)) = —m.
O
Theorem 3.2.2. Let %, given by (2.17), be the Ho(7) optimal v" order approzimation of the

system X, given by (2.1). It is assumed that X, have no poles on the imaginary azis. The pole-

residue representation of the impulse response matriz of X, is given by

gr(t) = Zcr,kbi’:ke’\’“t, (3.10)
k=1
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with A\, € C, ¢, € CP and by, € C™ for k =1,---,r. Let g-(t) and g, ,(t) be the time-limited

impulse response matrices of 3 and X, respectively. Then, for k=1,2,--- ,r,
G (—=2)br i = Gr - (—Ak)byr i, (3.11)
cZkGT(—)\k) = CZ:]@GT‘,T(_)\]C)) and (3.12)
CZ:kG;—(_)\k)bnk = Czﬂ’kG;’T(—)\k)br,k, (313)

where G.(s) and G, (s) are the time-limited transfer functions of ¥ and X,, respectively.

Proof. Let a € CP be an arbitrary vector with [jal|, = 1 and k be an index with 1 < k < r. It is
claimed that (g — gr.r, abzke’\ktﬁﬂ[em)) = 0. This claim is proved using contradiction. Assume

to the contrary that
(9r — Gr.rs abzkeA’“t)Lz([Om)) = a(#£0). (3.14)
Let arg(c) = 0y. For some arbitrary € > 0, let g&(¢) be given by the following expression
g5 (t) = (crp + eewoa)b;‘cke’\’“t I Z cr’in:ie/\Y‘t. (3.15)
ik
Observe that g&(t) is obtained by perturbing g.(t). Subtracting (3.15) from (3.10) and taking the
L5([0,00)]) norm,

= H—eewoaszke/\ktHL2([O,T])

= [elle’®] |aby e

ng,r - 976‘,7' HL2([O,OO))
A’“tHL2([o,T]) :

Using (3.8), the above expression simplifies as

lall, 67|

=
T i F < ol
ng, 9r, HLZ([O,OO)) /2\Re()\k)|
br
— ew |1 — e2rRe(M)], (3.16)
2[Re(Ax)]

Let ||g,- — g§77||L2([O’OO)) = €Sy where S = %\/ |1 — e27Re(A)|. Since g, (t) solves the
Hj(7) optimization problem given by (2.47), the following holds,

Il — e27Re(Ak) |

€ 2
lgr = 917, 0,000 < 1197 = 95,2112, (0,000
e )2
< H(QT - gr,‘r) + (g?”ﬂ' - gT,T)HLQ([O,oo))

2 2
< llgr - g?“ﬂ'”Lz([o,oo)) + 2Re(gr — gr,rs e — 952 ) La((0,00)) T ng,f - gf’,T||L2([O’OO)) :

Substituting the value of (g, — gy. ) in the above inequality and using (3.14) and (3.16),
% € 2
0 < 2Re(gr — grr, —ce aoabzke’\’“t>L2([o,oo)) + ngﬁ — gnTHLZ([Om»

2
i br kel
S 2R€ <_66100 T Yr,1H asz e)\kt o ) + EH’72 1-— 627—Re(>‘k)
(gr = grrraby 1 €7) Ly ([0,00)) RO | |

) ) brk||2
< 2Re (—ee " 0|ale?) + 62”’72 1 — 27 Re(Xi) |
(el + S e |
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The above discussion implies that 0 < —2¢|a| + 62513 for arbitrary value of € > 0. This is possible
only if & = 0. From (3.14), it follows that

<g'r — 9r,7> abz:keAkt>L2([0;O°)) =0.

Due to (3.7), the above equation can be written as,

CLT(GT - Gr,r)(_Ak)br,k =0.
As a was chosen arbitrarily,
(GT =1 GT,T)(iAk‘)bT,k = 07

which results in (3.11). Similarly, (3.12) can be proved by repeating the above analysis with
¢ xd" e instead of abl, e for some arbitrary d € C™ and ||d||, = 1.
In order to prove (3.13), it is claimed that (g, — gm,cr7kbfkteAkt>L2([o7m)) = 0. This claim is

proved using contradiction. Assume to the contrary that

<gT — 9r,75 Cr,kakteAkt>L2([O,oo)) = 6(7é 0) (317)
Let 6; = arg(83). For sufficiently small € > 0,

10 .
gr(t) = cr7kbzke()"°+€e Ht 4 Z cr’ibzie)"t. (3.18)
ik

For the above expression of g&(t),

llgr.r = g5+ ||L2([O,oo))

i61
Criblie (1 = 1)

L2([0,7])
e R TR
As g, - (t) solves the Hs(7) optimization problem (2.47),
€ € 2
0< 2Re<gr —9r;m 9r,r — gr,-r>L2([0,oo)) —5 Hgn‘r 3 gT»THLQ([O,oo)) : (319)

The first term of the right-hand side of the above inequality can be written as

2Re<g‘r — Gr,ry Gr,r — g:’T>L2([O,oo))

= 2Re(g9r — gr,r, chkbzke)‘kt(—eewlt — 202 ... )>L2([O,oo))
= 2Re(gr — Gr.rs cnkbzke/\kt(—eeielt)>L2([07w)) + 2Re(gr — grr, cr,kbzke)"“t(—ge?wlﬂ ... )>L2([Om)).

(3.20)

By applying the Cauchy-Schwarz inequality,

2Re(gr — gr.r, cr,kbzke’\’“t(fge%altz - )>L2([0,oo))

)\kt(_62€—2i01t2 .

<2 Hg'r - gT,THLQ([O,oo)) Hcﬂkbzﬂ,ke o )HLz([Oﬂ'])

< €2Tk.
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Using the above inequality in (3.20) and the definition of 3, it follows that

2Re<g7' — G9rry Yr,r — 976‘,7'>L2([0,oo)) < 2R'e(_eewl <g7' = Gr,7y CT7kb7T,kt€Akt>L2([0,OO))) + €2T’f
< 2Re(—ee'?1|Ble 1) 4 XTy.

The above discussion implies that (3.19) can be simplified to 0 < —2¢|3| + €2T. This is true for
arbitrary small values of € only if 8 = 0. If § =0, then

<g7' — 9r,7y Cr,kakteAkt>L2([OaOO)) =0.

Using (3.9) in the above expression yields

_czk(GT - GT,T)/(_)\k)br,k: =0.

Thus, (3.13) is obtained. O

3.3 Rational interpolation over a restricted time interval

This section introduces an interpolation-based projection framework for time-limited model reduc-
tion. A pair of modified rational Krylov subspaces is computed, and a reduced model is obtained
by projecting the full-order model onto them. The subspaces are calculated such that the reduced
system’s time-limited transfer function approximates the full-order system’s time-limited transfer

function at a given set of interpolation points along given tangential directions. For a set of r

distinct interpolation points {1, -- , 0.} and corresponding tangential directions {b1,--- ,b.} and
{c1,+ -+, ¢}, the modified Krylov subspaces are obtained as follows,
V.= span {(0I, — A" (I, — e 7 "eA")Bb;}, and (3.21)
i=1,2,...,r
W, = span {(0:"In — AT) " (I, — e 7" 7eA ™) ey} (3.22)
i=1,2,...,r

The complex-valued interpolation points and tangential directions are closed under conjugation.
Let V.. € R™*" and W,. € R™*" be the basis matrices for the subspaces V, and W,., respectively.
Let ZI' = (WXV,)"'WT such that ZI'V, = I,,. The state-space matrices of the reduced-order

system are obtained by Petrov-Galerkin projection as follows:
A, =ZrAV,, B, = ZI'B, and C, = CV,. (3.23)

The reduced model obtained above does not result in the exact interpolation of the time-limited

transfer functions. The following theorem quantifies the interpolation errors.

Theorem 3.3.1. Consider the subspaces V, and W, and the matrices V,. and W,., as defined above.
Let 1 = V,.ZF. Let o € {01, ,0,} be an interpolation point and b and c be the corresponding
right and left tangential directions such that o is not an eigenvalue of A or A,.. Let A and A,

be diagonalizable matrices with eigenvalue decompositions, A, = QATAQE and A = QAFle,
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respectively, where A = diag(A1, ..., \.) and T’ = diag(71,...,v,). Then,

G (0)b—Grr(0)b=e"""CV,(ol, — A,) 1 ZF (e — A7) Bb, (3.24)
TG (0) =Gy r(o) = e 77O — ATV, (o], — A,) 1 ZT B, (3.25)
G, (0)b— TG, (0)b = Rp,(0) + Rp, (o), and (3.26)
TG (0)b = "G,y (0)b = Rg, (0) + R, (0), (3.27)

where Rp, (¢), Rp,(0), Rg, (o) and Rg, (o) are given by

Rp,(0) = —e 77T CVy (oI, — A;) " 2((ol, — AT + 1) ZF (e — e47)Bb, (3.28)
Rp,(0) = eI C (I, — P(o)) (01, — A)2 ((T(afn ~ A4y~ eﬂﬂn*f‘)) eATBb,  (3.29)
( )
( )

Rg,(0) = =777 C (M — AW (oI, — A.)2(I + (o1, — A,))ZT Bb, and (3.30

Here, P(s) and Q(s) are matriz-valued functions defined as

P(s) = V,(sI, — A,) "1 ZT(sI,, — A), and (3.32)
Q(s) = (s, — AV, (s, — A,) "' ZT. (3.33)

These functions are projectors for any s € C that is not an eigenvalue of A or A,.

Proof. As o is not an eigenvalue of A and A,, a neighbourhood of s = ¢ exists where the matrix-

valued functions P(s) and Q(s) are analytic. For P(s), the following result is obtained.

= Vo(shy — Ar) T Z] (sl — AV, (sl — A,) ' Z) (s, — A)
=V,(sI, — A) " (s, — A)(sI, — A,) "1 ZE (sI, — A)
= Vi(sl, — A) 7 Z0 (s, — A)

= P(s).

As a consequence of the above relation, the following result holds.
V, = Ran P(s) = Ker (I,, — P(s)). (3.34)
Similarly, the following relation is obtained for the matrix Q(s).

(Q()* = Q()Q(s)
= (SIn - A)VF(SIT - Ar)_lzf(SIn - A)‘/T(SIT - AT)_lzz—'
= (I — AV, (s, — A,) 7 (sL, — A,) (I, — A,) ' 2]

= Q(s).
The following is obtained based on the above result.

W,* = Ker Q(s) = Ran (I,, — Q(s)). (3.35)
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The error in the right tangential interpolation condition is given by
G (8)b — Grr(s)b = C(sI, — A)"YI, — e *7eA)Bb — O\ (s, — A,) " (I, — e *Te ™) B,b.

Substituting A,, B, and C, from (3.23) in the above expression and using the identity e4" B, =
ZTeMT B gives

G- (s)b — Gy r(s)b

=C(I, — P(s))(sI — A)~'(I, — e *7e") Bb+

CVip(sI, — A1 ZT (s, — A)(sI,, — A) NI, — e ") Bb—

CVy(sl, — A) (B, —e *Te* " B,)b

= C(I, — P(s))(sI — A)~YI, — e *"eA)Bb + CV,(sI, — A,) 1 (ZFB — e 5" ZL e B)b

— CVy(sI, — A) (B, —e " ZTeAM™ B)b

=C(I, — P(s)) (s — A) NI, — e *"eA)Bb + e *TCV,(sI, — A,) ' ZT (e — A7) Bb. (3.36)

For s = o, by definition, the vector (o1, — A)~' (I,, — e °7e*™) Bb € V,.. Further, due to (3.34),
this vector also lies in the nullspace of (I,, — P(0)). Hence, evaluating the above expression at
s = o results in (3.24).

Similar to the right tangential interpolation error, for the left tangential interpolation error,

using the identity C,er™ = Ce"7V,. and substituting A,, B, and C, from (3.23) yields

G (s) — TGy (s)

=ctc, - e_STeAT)(sIn - A B-co.(I, - 6_ST€AT7)(SIT - A,)7'B,

=c"C(I, — ™) (sI, — A) (I, — Q(s)) B+

e, —e e (sl, — A)7(sI, — A)V,p(sI, — A,)"'B,—

(C. — e TChe ) (s, — A) 1B,

= TC(I, — e~ TeA)(sI,, — A)T' B+ cT(C, — e AV, )(sI, — A,) " B,

—(Cr — e Ce™ TV, (51, — A,) 1B,

= ((sI,, — AT)—I(In _ e—STeATT)CTC)T(I —Q(s))B

+ e O — ATV, (s, — A,) 1B, (3.37)

As (o1, — AT) "1 (I, —e=°"eA" 7)CTc € W, and by (3.35), evaluating the above expression at s = o
gives (3.25).

Pre multiplying the left-hand side of (3.36) by ¢, denoting (I, — e~*7eA™) by E(s) and differ-
entiating the expression obtained in a neighbourhood of s = o where P(s) is analytic gives

’ ’

G _(s)b — CTGT,T(S)I)

= CT% (G (5)b— G+ (5)b)

d
=cJC (-jsp(s)) (sI, — A)"'E(s)Bb+ ' C(I,, — P(s))dii ((sI, — A)"'E(s)Bb) +
% (e=*7c"CVy (sl — An)7Y) Z,7 (e B — e B)b. (3.38)
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The first term of the expression given by (3.38) can be simplified as

c'c (—CZP(S)) (sI, — A)"'E(s)Bb

=c"'C (Vo(sl, — Ay) 2 Z,(sI, — A) = Vi(sl, — A) ' Z)F (s1, — A)) (sI,, — A)~

'E(s)Bb. (3.39)
The second term of the expression given by (3.38) can be simplified as

S

1O~ P(s)) (_(SI” —A)7 (In - 8_(81"'_A)T) + (s, — A)—lTe—(sIn—A)T) Bb
(I — P(s))(sI — A)‘Q <_(In . e_(SIn_A)T)
(s)

=0,

cTC(In - P(s))di ((sI, — A)"'E(s)) Bb

+ (sl — A)e_(SI"_A)T> Bb
— P(s))(sI — A)~2e°" (—e<sfn*A>T + I, + 7(sI, — A)) eA"Bb
= e TC(I, — P(s))(s] — A)~2 ((s[n — AT+ 1, - e<sln—A>T) AT Bb.

(3.40)
The third term of the expression given by (3.38) can be simplified as
ZS (e 7" OV (s, — A)™Y) 2, (e*™ B — " B)b
=c'CV, (—re (sl — A,) ™' — e *"(sI, — A)7?) ZI (AT — eAT)Bb
= e 7T CV(sI, — Ap) 2 (=7 (s, — A,) — L) ZX (A" — A7) Bb. (3.41)
Substituting the expressions (3.39), (3.40) and (3.41) in (3.38) yields
TG (s)b— cTG; ~(8)b
= TC{V(sl, — A,)"2ZY (sI,, — A) — Vi (sI, — A.) "2 ZT}(sI,, — A)"LE(s)Bb+
e~ O (I, — P(s))(sIn — A)~ ((T(sfn —A)+1,) - e<sfn—A>T) AT B
e 5Tl CV,(sI, — Ay)"2((sI

»— AT+ IT)ZTT(eAHT — eAT)Bb.

Substituting s = o in the last term above, the last two terms are non-zero, and the remaining term
vanishes as (o1, — A)"1E(s)Bb € V,. Thus, (3.26) is obtained.

Finally, right multiplying (3.37) by b and differentiating the expression with respect to s in a
neighbourhood of s = o gives

cTG/T(s)b - CTG;’T(S)I)
% (((sIn — ATy, — e_STeATTC’Tc)>T) (I, — Q(s))Bb+
((s[n — AT YT, - e*STeATTCTc))T <CKDCQZF:)> Bb+
d
ds

(efsTCTC(GHAT
S

— eV, (sl — A,;) "' B,b)

=c"CE(s)(sl, — A~ ((sI, — A)Vi(sl, — A)2ZF — Vi (sI, — A,) "' ZF) Bb+

e 5Tl CeT ((T(sIn -A)+1,) - eT(SI"_A)) (sI, — A)"2(I, — Q(s)) Bb+

—e 5T oA (I +7(sI, — A,)) Z,. " Bb.

For s = o in the last term above, the vector (¢*I,, — A7)~

— AV (sI, — A,) 72 (3.42)

(E(s))TCTc lies in W,.. Hence, only
the last two terms remain while the remaining term vanishes, (3.27) is obtained

O
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3.3.  Rational interpolation over a restricted time interval

When the interpolation errors are small, the projection-based interpolation framework intro-
duced at the beginning of this section works well. The following results are utilized to quantify

the interpolation errors.

1. For a given 2 € R", the vector & € R" that satisfies the constraint Z7# = 0, where Z € R"*"
with r < n such that Z7Z = I, and minimizes ||z — &||* is given by & = (I, — ZZT)x. This
is, by definition, the distance of the vector z from the Kernel of Z7. It is an application of

the projection theorem of linear algebra (Theorem 2, Section 3.3, [58]).

2. Assuming K to be diagonalizable matrix with eigendecomposition K = QKAKQ?, | K], <
K(Qr)p(K), K7, < #(Qk)/p(K), |[K72||, < #(Qk)/p(K?) and |[eX||, < s(Qx)p(e™).

The upper bounds of the interpolation errors are now examined. From (3.24),
|G+(0)b = Grr(0)bl, < e 7T|[CVall,y |[(0 L — A) 7|, |27 (€7 = e7) Bb)|, - (3.43)

The first term of the upper bound equals |e=77| = |e~(Re(@)m)g=i(Im(o)7)| — |e=(Re(@)7)| hecause
e~3m(@)7) — 1. A bound for the third term by applying the second result stated above is obtained
as follows: ||(c I, — AT)_1||2 < k(Qa,)/p(cl, — A;). Considering the first result stated above,
it can be shown that the vector (I, — Z,ZF)(e*™ — A7) Bb minimizes ||Z] (e — eAT)BbH;.
Hence, the fourth term is, by definition, the distance of the vector (eA'” — eA7)Bb from the kernel
of ZT.

Similarly, (3.25) yields

€76+ (0) = TG ()], < eI X O — AW 0Ty — A | 2B, (340

The first and third terms of the above error bound are the same as those of the error bound of

(3.43). Hence, they can be analyzed similarly. Further, using the first result stated above, it can

be shown that the second term of the upper bound in (3.44) is the distance of (eATHTT - eATT)CTc

from the kernel of V,T.
Finally, from (3.26) gives

|G o1 = "G, (@] < IRR (@)lly + | Bra(0)l where

1Rp (0)ll; < le™7| [ CVall, [[(o T = Ar) 72|, %

(a1, — A)T + 1,.) HQHZ (e — eAT)B||,, and (3.45)
1Rl e U~ Pl T~ 41,

|ttt = 4+ 1,) = ertet=)

el 1B, (3.46)

There are several terms in the above upper bounds which are similar to those in (3.44) and (3.43).
They can be analyzed similarly. Based on the first result, it is seen that the third term of the
bound in (3.45) is bounded above by x(Qa,)/p((c I, — A,)?). Similarly, the third term in (3.46) is
bounded above by x(Q4)/p((c1, — A)?), and the fourth term is bounded above by x(Q4)p(e?7).
The upper bounds of the two components Rg, and Rg, of (3.27) can be analysed similarly.

If Re(—o)7 > 1, the term e~ Fe(9)T hag a notable impact on the upper bounds of all the errors.
If p(cl, — A) < 1, it will contribute significantly to the upper bounds of (3.43), (3.44) and
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(3.45). Further, if p((ol, — A)?) < 1, it will have a notable contribution to the error bound of
the bitangential interpolation error. If the matrix A has unstable eigenvalues (v; > 0) such that
p(e?™) > 1, it will contribute significantly to the upper bound of (3.46). Also, as 7 — 0, the
second term of the upper bound of (3.44) and fourth terms of the upper bound of (3.43), (3.45)
and (3.46) vanish. This ensures that all the error bounds are negligible for sufficiently small values

of 7.

3.4 An interpolation-based algorithm for H,(7) optimal model
reduction

In this section, a numerical algorithm for Hy(7) optimal model reduction is proposed, which
utilizes the interpolation-based projection framework introduced in the previous section and its

computational complexity is also discussed.

3.4.1 TL-IRKA model reduction algorithm

As the interpolation data is not known apriori, constructing a reduced-order model satisfying the
time-limited H> optimality conditions is difficult. Therefore, the time-limited rational interpolation
framework proposed above is used to develop an iterative correction method given by Algorithm
7.

Algorithm 7: Time-Limited Iterative Rational Krylov Algorithm (TL-IRKA)
Input: The system matrices: A, B, C;

Initial interpolation points: {o1,...,0.};
Initial tangential directions: B = [b1,...,b,] and C = [e1,.- e
A finite-time interval [0, 7] s;
Output: The reduced matrices A,., B, C;
1. Compute V, and W, using (3.21) and (3.22) respectively and let 2,7 = (W,7v,) 1w, "
2. while (not converged) do
a. A =2,"AV,, B, = Z," B, C, = CV; ;
b. Compute A, = RAR™! where R~! and R are the left and right eigenvectors of A, ;

c. Update interpolation points and tangential directions as follows:

Lo+ —XN(A)fori=1,2,...,r,
ii. B=B,TRT and
iii. C =C,R;

d. Update V,. and W, using (3.21) and (3.22), respectively, and let
Z," = (W, TV) Tt

end
3. A, = ZTTAVtm B, = ZTT37 C.=CV, ;
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The algorithm is stopped when the change in eigenvalues of the reduced state matrix A, for two
consecutive iterations becomes less than a preset tolerance. A formal proof of the convergence of
TL-IRKA is not provided. However, the algorithm has been tested on a number of examples. For a
proper set of initial interpolation points and tangential directions, it is observed that the algorithm
converges after a finite number of iterations. The reduced model obtained using TL-TRKA will not
satisfy the first-order necessary conditions for time-limited Hs optimality exactly. The closeness
to optimality of the reduced model is estimated using the error expressions derived in Theorem
3.3.1.

Remark 4. The interpolation points and tangential directions of TL-IRKA can be initialized using
various techniques. The initial interpolation points and tangential directions can be randomly
chosen. A second possible technique is randomly initializing conventional IRKA and using the
reduced-order system to obtain the initial interpolation points and tangential directions of TL-
IRKA. A third possible method of initializing TL-IRKA is using the dominant pole algorithm
[79] to compute eigenvalues and corresponding left and right eigenvectors corresponding to the

dominant residues.

Remark 5. The proposed method aims to find a reduced model whose impulse response approx-
imates the impulse response of the original system with zero initial conditions. However, the
reduced-order model can behave differently from the original model for non-zero initial conditions.
For example, suppose the original system is stable, and the reduced-order model is unstable. In
that case, if the initial conditions are chosen in the region spanned by the eigenvectors correspond-
ing to the unstable eigenvalues of the reduced-order system, the system responses can significantly

diverge.

3.4.2 Computational cost of TL-IRKA

Similar to other Krylov-based model reduction strategies, the implementation of TL-IRKA involves
the use of matrix-vector multiplications and linear solvers. The implementation of TL-TRKA also

AT is computed with

includes the computation of terms like e47b. The matrix exponential term e
the MATLAB function ‘expm’. This term is computed only once at the start of the iteration
process and has a cost of O(n?). Then, two sets of r linear equations are solved for every iteration.
The equations are given by {(0;1, — A)x; = (I, —e 7 7eAT)Bb;,i = 1,...,r} and {(o} I, — AT )y; =
(I, — e_"'i*TeATT)CTci,i =1,...,r}. The cost of computing the right-hand side of the equations
is O(2n?r). The direct LU solver in MATLAB is used for solving the linear equations, which costs
O(2n3r). If N is the number of iterations required for convergence of TL-IRKA, its computational

complexity is given by O(n® + N(2n?r + 2n3r)).

3.5 Comparison of TL-IRKA with TL-TSIA

This section will compare the time-limited Hy optimal model reduction algorithms TL-TSIA and
TL-IRKA. This is inspired by the comparison of the algorithms IRKA and TSIA in [14], discussed
in Section 2.4 of the thesis. TL-TSIA is a projection-based iterative algorithm. A reduced model
of order r, obtained using IRKA, is used for initializing TL-TSIA. At every iteration, the right and
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left projection matrices are obtained by solving the following time-limited Sylvester equations,

AX + XA, T+ BB, T — A" BB, TeA ™ = 0, and (3.47)
ATY 4 YA, + CTC, — e 7CTCLe™ =0, (3.48)

where X is the right projection matrix. To ensure that (Y7 X)~1'YT)X = I,., the left projection
matrix is chosen as (Y7 X)~1YT. The projection matrices are used to obtain new reduced-order
matrices. They are used in the subsequent iteration to construct a new set of projection matrices.
The iterations are stopped when the relative change in the eigenvalues of the state matrix A, of the
reduced-order system becomes less than a fixed tolerance value. A similar convergence criterion

has been used for the algorithm TL-IRKA proposed in Algorithm 7.

Theorem 3.5.1. Let, the state matriz A of the system X, given by (2.1), and the state matriz A,
of 3., given by (2.17) and obtained using IRKA, are diagonalizable. It is assumed that TL-IRKA
is initialized with the poles and residues of %, and TL-TSIA is initialized with the state-space
matrices of ¥.. If TL-IRKA and TL-TSIA converge, they converge to equivalent reduced-order

models.

Proof. The projection subspaces V, and W, are computed using the formulas (3.21) and (3.22),
respectively, for the first iteration of the algorithm TL-IRKA. Similarly, for the first iteration of
the algorithm TL-TSTA, the projection matrices, X and Y, are obtained using (3.47) and (3.48),
respectively. It is claimed that V. = Ran(X), i.e., the right projection subspace V, and the right
projection subspace spanned by the columns of the matrix X are equivalent. This claim is proved
as follows.

For the reduced-order model X, let A,., B, and C,. be the state-space matrices, and {(\;, b;, ¢;),i =
1,...,7} be the poles and residues. Let A, = SDS~! be the eigen-decomposition of A,.. Similarly,
let eA*™ = SeP7 S~ be the eigen-decomposition of e4*". The eigen-decompositions of A, and er™
are substituted in (3.47) and this yields

AX + X(SDS™HT 4+ BBT — eA"BBT(SeP7SHT =0

= AX + XS TDTST + BBT — A" BBTS TP 78T = 0

= AXST 4+ XS TDT + BB, TS — A" BB,TS P T = 0

= AX + XDT + BBT — eA"BBTP' T = 0, (3.49)

where X = XS~T and BT = (BT)TS_T. Let {Xh e ,XT} be the columns of the matrix X. The
columns of X and X span the same subspace since S is a nonsingular matrix, i.e. Ran(X) =
Ran(X). Let {b;,---,b.} be the columns of B and let D = diag{\,--- , A}, where \;’s are the
eigenvalues of A,. Equation (3.49) gives X; = (=A*I,, — A)~Y(I,, — eN7eAT)Bb; for i = 1,...,7.
Thus, Ran(X) = span{(—AI, — A)~'(I, — e*7eAT)Bb;,i = 1,...,r}. This subspace is also the
right projection subspace V,. of TL-IRKA, where —\;’s are the interpolation points and b;’s are
the right tangential directions. Thus, V, = Ran(X) = Ran(X' ) is obtained. Similarly, substituting
the eigendecompositions of A, and e*7 in the equation (3.48), it can shown that W, = Ran(Y).
If the projection matrices obtained in the first iteration of TL-IRKA and TL-TSIA are equivalent,

the corresponding reduced-order models obtained using (3.23) are also equivalent. This will also
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be valid for the subsequent iterations. Hence, if the algorithms converge, they should converge to

equivalent reduced-order models. O

3.6 Numerical examples

A proof of convergence of the proposed TL-IRKA algorithm, given by Algorithm 7, is not available.
Hence, in this section, a comparative study based on simulations is done on three benchmark
examples to uphold the practicality of the algorithm. The first two examples are SISO models, and
for them, the performance of TL-IRKA is compared with TL-TSIA, TL-BT, IRKA and TL-PORK.
The third example is a MIMO model, and for this case, TL-IRKA is compared with TL-TSIA,
TL-BT and IRKA. TL-PORK-1 is initialized with a reduced-order model obtained from TL-IRKA.
Also, TL-PORK-2 is initialized with a reduced-order model obtained from IRKA. Among these
algorithms, TL-TSIA, TL-BT and IRKA are discussed in Section 2.4, whereas TL-PORK is from
[109]. The simulations are done in MATLAB version 8.3.0.532(R2014a) on an Intel(R) Core(TM)
i5-6500 CPU running at 3.20GHz with 16 GB RAM and Windows 10, Version 20H2 Operating
System.

For simulating the impulse responses in all three examples, the MATLAB command “impulse”
is used. The error norm used for comparing the performance of the various model reduction
algorithms is defined as AbsErr(t) = |vec((g(t) — g-(t))|l,. The relative Hy(T) error is given by
Rel [[Err|| g, ) = % where ¢(¢) and g, (¢) are the impulse responses of the full-order
and the reduced-order system, respectively. Additionally, the following errors for measuring the

distance to optimality of the reduced-order models are obtained using TL-TRKA and TRKA.

1. Right tangential interpolation errors, RTerr(i) = ||G(0;)b; — Gy 7(0:)b;i|, and relative right

=> RN _RTen(D) gy — 1,...,r.

tangential interpolation error, |RTerr|| G (o]
i 2

rel —

2. Left tangential interpolation errors, LTerr(i) = ||cI' G~ (0;) — I G+ (o; H2 and relative left

tangential interpolation error, ||LTerr||,, = Y] %

CiTGT/<Ui>bi = CiTGr;rl(Ui) L

bitangential interpolation error, ||derr| ;= >] ”cTc:L(Z)

il

3. Bitangential interpolation errors, derr(i) =

and relative
2

Here, G;(s) and G, ,(s) are the time-limited transfer functions of the full-order and the reduced-
order system, respectively. The o;’s are the interpolation points, b;’s are the right tangential
directions, and ¢;’s are the left tangential directions. The tangential directions are scalars, and the

left and right tangential errors are equal in the case of SISO systems.

3.6.1 Example 1

The first example considered is the cantilever beam model discussed in Chapter 1. For the time
intervals [0,0.1] s and [0, 2] s, reduced models of order r = 12 are obtained. The iterative algorithms
are stopped when the change in the eigenvalues of the reduced state matrix, A,, is less than
107°. TL-IRKA and TL-TSIA are initialized randomly. They converge for both the time intervals

considered. The number of iterations required for convergence depends on the initial conditions.
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Impulse Response plots for the original and reduced models
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Figure 3.1: Beam example: Impulse response plots for final time 7 = 0.1 s

Figure 3.1 compares the impulse responses of the original and the reduced-order models for [0,0.1]
s. For the same time interval, Figure 3.2 compares the errors AbsErr(¢). Similarly, Figure 3.3
compares the impulse responses, and Figure 3.4 compares the errors AbsErr(t) of the reduced-
order models obtained by various model reduction algorithms for the time interval [0, 2] s.

The relative Ha(7) errors for the different algorithms are compared in Table 3.1 for both time
intervals. The relative Ha(7) errors of the reduced-order models obtained from TL-IRKA and
TL-TSIA are several orders of magnitude less than that of the reduced-order models obtained
by the other algorithms for the smaller time interval. Table 3.1 shows that TL-IRKA and TL-
PORK-1 have smaller Hy(7) errors than the other algorithms for 7 = 2 s. Also, TL-IRKA and
TL-TSIA converge to different local optima for the same time interval. Theorem 3.5.1 shows that
if both TL-IRKA and TL-TSIA converge, then theoretically, they should converge to the same
local minimum. However, both algorithms may converge to different local minima due to floating

point arithmetic, leading to different Hs(7) errors.
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Absolute error plots
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Figure 3.2: Beam example: Error plots for final time 7 = 0.1 s

Impulse Response plots for the original and reduced models
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Figure 3.3: Beam example: Impulse response plots for final time 7 =2 s

TH-3427_166302002 53



Chapter 3. Near-optimal time-limited interpolation-based model order reduction

Absolute error plots
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Figure 3.4: Beam example: Error plots for final time 7 =2 s
Algorithm TL-BT TL-IRKA IRKA TL-TSIA | TL-PORK-1 | TL-PORK-2
Rel||Err||H2(T) 6.79 6.55 x 10711 | 0.0580 6.85x 101 | 9.25 x 107° 0.0123
7=0.1s 10-8
Rel||Err||H2(T) 0.0262 0.0115 0.0476 0.0243 0.0114 0.0375
T=2s
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Table 3.1: Relative Ho(7) Errors for Beam example
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Final- i Re(\)T p (NI + Ay) | RTerr(i) LTerr(i) derr(i)
Time
1 —52.7 1054 4.2 X | 4.2 X | 9.5 X
10—17 10—17 10—20
2 —45.5 981.7 4.7 x | 4.7 x | 1.5 X
10717 10717 10719
7T=0.1s
3 —13.8 671.9 1.8 x | 1.8 X | 7.5 X
10—16 10—16 10—18
) -7.3 604.4 1.9 x | 1.9 x | 1.9 X
10715 10715 10716
7 —2.8 559.7 20 X | 2.2 X | 24 X
10—13 10—13 10—14
9 —1.3 541.9 9.6 X | 9.6 x | 1.0 X
10713 10713 10713
11 —0.6 532.9 1.9 x | 1.9 x | 1.9 X
10—12 10—12 10—13
12 1.2 515.0 1.2 x | 1.2 X | 14 X
10711 10711 10712
1 —91.2 101.5 3.1 x | 3.1 x | 6.1 X
T=2s 10-15 10-15 10~ 14
3 —22.2 89.6 1.7 x | 1.7 X | 3.6 X
10713 10713 10712
—7.1 65.3 3.1x107% | 3.1x107% | 6.5x1076
—1.2 55.3 0.0077 0.0077 0.0221
0.2 50.7 0.0136 0.0136 0.0289
10 —1.3 51.4 0.0026 0.0026 0.0066
11 —-1.9 53.8 0.0026 0.0026 0.0066

Table 3.2: Interpolation errors for various time intervals for Beam Example

The interpolation errors quantify the distance to optimality of the reduced-order system ob-
tained by TL-IRKA. The errors for both the time intervals are listed in Table 3.2. The index 14
refers to the i interpolation point. From the table, it is observed that the errors corresponding to
the interpolation points (-A;’s) with Re(A;)7 < —1 and with higher values of the spectral radius of
the matrix (\;I, + A,) have negligible interpolation errors. As Re();)7 increases and the spectral
radius of (A\;I. + A,) decreases, the interpolation error increases.

From Table 3.3, it is observed that TL-IRKA performs better than IRKA in satisfying the
Hy (1) optimality conditions. The relative interpolation errors are negligible for the shorter interval
(1 = 0.1 s). The errors are considerably more significant for the second time interval (7 = 2 s).

The data in Table 3.2 and Table 3.3 support the theoretical results from Theorem 3.3.1.
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Final- Algorithm | |RTErr||,,| [|[LTErr||, | ||[dErr|,.,
Time
TL- 4.48 x | 4.48 x | 1.32 X
O T RKka | 10m2 1012 10-1
IRKA 0.0045 0.0045 5.6221
P TL- 0.0028 0.0028 0.0187
IRKA
IRKA 0.0804 0.0804 8.3027

Table 3.3: Relative error in the optimality conditions for Beam example

3.6.2 Example 2

The second example is an artificial system of order 1006, introduced in [70]. Tt is a purely theoretical
example and is commonly used as a benchmark example in literature[l, 4, 43, 69]. The system

matrices for this LTI model are as follows

Ay
A —1 100 —1 200
A= 2 , where A; = , Ay = ;
As 100 —1 —200 -1
Ay
—1 400 10
As = , Ay = —diag(1,2,---,1000), B= | °|, ¢ =BT,
—400 -1 €1000

where e; € R¥*! is the vector with entry equal to 1.

Reduced models of order r = 20 are obtained for the time intervals [0,0.2] s and [0,2] s.
The iterative algorithms are stopped when the change in the eigenvalues of A, is less than 1072,
The algorithms TL-IRKA and TL-TSIA are randomly initialized. They converge for both time
intervals considered. The impulse responses of the original and the reduced-order systems obtained
by various model reduction algorithms are compared in Figure 3.5 for [0,0.2] s and in Figure 3.7
for [0,2] s. Similarly, the errors AbsErr(¢) between the original and the reduced-order models
are plotted in Figure 3.6 for [0,0.2] s and in Figure 3.8 for [0,2] s. The figures indicate the
good performance of the proposed TL-IRKA algorithm compared to the other model reduction

algorithms.
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Impulse Response plots for the original and reduced models
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Figure 3.5: FOM example: Impulse response plots for final time 7 = 0.2 s

Algorithm TL-BT jNIPS TL-TSIA | IRKA - W
IRKA PORK-1 | PORK-2
Rel|[Err[| g, | 579 x| 559 x| 559 x [3.01 x |314 x |30l x
7=02s 10~9 == ilg—"> 10-7 ][ 1077
Rel|[Err| g, ;| 106 x [ 631  x [ 631 x [205 x |1.05 x |205 x
T=2s 1058 107° o 1077 10-8 10~7

Table 3.4: Relative Hy(7) Errors in FOM example.

Comparing the relative Ho(7) errors listed in Table 3.4, it is observed that TL-IRKA and TL-
TSIA perform better than the other algorithms for both time intervals. In Table 3.5, interpolation
errors for 7 = 0.2 s are recorded. Similarly, interpolation errors for 7 = 2 s are recorded in Table
3.6. The interpolation errors are negligible for interpolation points with Re(A;)7 < —1 and with
high values of the spectral radius of (A\;I. + A,). The errors increase as Re(\;)7 increases and the

spectral radius of (\; I + A,) decreases.

The relative interpolation errors of TL-IRKA and IRKA for both time intervals are compared
in Table 3.7. The relative interpolation errors due to TL-IRKA for [0,0.2] s are smaller than
those for [0,2] s. Further, for both time intervals, TL-IRKA approximates the Hy(7) optimality

conditions more accurately than IRKA.
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Absolute error plots
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Figure 3.6: FOM example: Error plots for final time 7 = 0.2 s

Impulse Response plots for the original and reduced models
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Figure 3.7: FOM example: Plots of impulse responses for 7 =2 s
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Final- 1 Re(\i)T p (NI + Ay) | RTerr(i) LTerr(i) derr(i)
Time

1 —192.8 1928.6 1.5 x | 1.5 x | 1.3
T7=02s 10715 1071% 10718

2 —166.1 1795.0 1.1 x | 1.1 x | 1.7
10—15 10—15 10—18

3 —130.5 1617.0 24 X | 24 X | 2.6
10715 10715 10718

4 —0.2 1044.9 5.5 X | 5.5 x | 3.9
10—12 10—12 10—11

6 —96.4 1446.1 1.8 x | 1.8 X | 2.6
10715 10715 10718

i —68.4 1306.3 3.5 X | 3.5 X | 8.7
10—15 10—15 10—18

8 —0.2 985.8 2.3 X | 2.3 X | 6.3
10711 10711 10712

10 —47.3 1201.0 2.7 X | 2.7 x | 1.2
10—15 10—15 10—17

11 —0.2 970.5 1.3 x | 1.3 x | 1.3
10711 10711 10711

13 —32.1 1124.8 7.5 X | 7.5 x | 1.2
10—15 10—15 10—17

14 —21.3 1071.0 4x107 | 4x 107" | 3.2
10717

15 —13.8 1033.5 8.9 x | 89 X | 5.2
10—15 10—15 10—17

16 —8.6 1007.5 8x 107 | 8x 1071 | 4.3
10718

17 —-5.1 989.6 9.77 x | 9.77 x | 3.3
10—15 10—15 10—15

18 —2.6 977.6 2.0 x | 2.0 X | 4.7
10713 10713 10714

19 -0.3 965.8 2.6 X | 2.6 X | 5.6
10—12 10—12 10—13

20 —-1.1 969.9 1.08 x | 1.08 X | 2.5
10712 10712 10713
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Final- i Re(Ai)T p (NI + Ay) | RTerr(i) LTerr(i) derr(i)
Time
1 —1871.1 1871.1 2.2 X | 2.2 X | 2.4 X
T=2s 10-15 10-15 10718
2 —1440.1 1655.6 3.8 x | 3.8 x | 4.1 X
10715 10715 10718
3 —967.6 14194 4.4 X | 4.4 X | 6.1 X
10—15 10—15 10—18
4 -2 1018.4 2.2 Xu| 22 x | 4.3x107°
10715 10715
6 —604.5 1237.8 2.2 X | 2.2 X | 8.7 X
10—15 10—15 10—18
7 —2 957.7 41x107°% | 41x1079 | 9.6x107°
9 —364.3 1117.7 7.6 X | 7.6 X | 3.5 X
10—11 10—11 10—10
10 —2 941.9 2.2 X | 2.2 x | 1.5 X
10715 10715 10718
12 —215.4 1043.3 2.2 X | 2.2 X | 1.5 X
10—15 10—15 10—18
13 —125.8 998.5 2.2 X | 2.2 x | 1.5 X
10715 10715 10718
14 —72.9 972.0 2.2 X | 2.2 x | 1.5 X
10—15 10—15 10—18
15 —41.8 956.5 2.2 X | 2.2 x | 1.5 X
10715 10715 10718
16 —23.8 947.5 x> X | 2.2 x | 1.5 X
10—15 10—15 10—18
17 —13.4 942.3 2.2 X | 2.2 x | 1.5 X
10715 10715 10718
18 —-7.5 939.3 2.2 X | 2.2 x | 1.5 X
10—15 10—15 10—18
19 —-2.0 936.6 2.2 X | 2.2 x | 1.5 X
10—15 10—15 10—18
20 —4.2 937.7 2.2 X | 2.2 x | 1.5 X
10—15 10—15 10—18

Table 3.6: Interpolation errors for 7 = 2 s for FOM Example
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Absolute error plots
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Figure 3.8: FOM example: Plots of absolute errors for 7 = 2 s
Final-Time Algorithm [|RTErr||,, |LTErr| ., |dExr|[,,
TL-IRKA 2.03x 10712 | 203 x 10712 | 1.23 x 10710
7=02s
IRKA 2.60 x 1078 2.60 x 1078 1.02 x 107°
) TL-IRKA 4.24 x 10710 | 424 x 1071° | 1.35 x 1078
T=2s
IRKA 1.07 x 107° 1.07 x 1079 3.20 x 1075

Table 3.7: Relative error in the optimality conditions for FOM example
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Absolute Error Plots
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Figure 3.9: ISS Example: Error plots for final time 7 = 0.01 s.

3.6.3 Example 3

The third example is the ISS model, discussed in Chapter 1. Reduced models of order r = 12 are
obtained for the time intervals [0,0.01] s, [0,0.1] s and [0, 1] s. The stopping criteria for the iterative
algorithms is the change in the eigenvalues of A, becoming less than 10~8. The initial interpolation
points and tangential directions for TL-TRKA and state matrices for TL-TSIA are randomly chosen.
The algorithms converge for all the time intervals. The error norm, i.e., AbsErr(¢), between the
original and the reduced-order models obtained by the different model algorithms are displayed in

Figure 3.9 for [0,0.01] s, Figure 3.10 for [0,0.1] s and Figure 3.11 for [0, 1] s.

Algorithm TL-BT TL-IRKA TL-TSIA IRKA
Rel|[Err| 1, )| 984 x 1077 | 2.0319 x | 2.0332 x | 0.6940
7=0.01s 10712 10712

Rel||Err g7, ;)| 299 x 107% | 2.9962x107* | 2.9923x10~* | 0.8657
7=01s

Rel[Err|| 7, (| 0.1946 0.1685 0.1684 0.8774
T=1s

Table 3.8: Relative Ha(7) Errors in ISS example.
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Absolute error plots
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Figure 3.10: ISS Example: Error plots for final time 7 = 0.1 s.
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Figure 3.11: ISS Example: Error plots for final time 7 =1 s.
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Final-Time i Re(Ai)T p (NI + Ay) | RTerr(i) LTerr(i) derr(i)
7=0.01 1 —0.0057 95.1 2.1 X | 6.4 X | 1.2 X
S 10720 10718 10721
3 —0.0056 94.9 1.7 X | 6.3 x | 2.0 X
10—20 10—18 10—21
5 —0.0043 85.9 1.1 X | 2x 10717 | 4.2 X
10719 10719
7 —0.2511 54.0 3.1 X | 2.3 X | 2.9 X
10—20 10—18 10—23
8 —0.0306 47.7 7.6 X | 2.5 X | 3.3 X
10720 10717 10722
9 —0.0112 62.8 2.7 x | 9.0 X | 3.4 X
10—20 10—18 10—21
11 —0.0109 62.4 2.1 X | 7.3 x | 2.3 X
10720 10718 10721
1 4.1911 83.8 1.9 x | 2.8x1079 | 4.1 X
7T=0.1s
10711 10715
2 0.0626 97.8 1.9 x | 9.2x107% | 6.3 X
10—11 10—13
4 0.0726 97.7 1.5 x | 7.2x107° | 4.0 X
10711 10713
6 —0.0579 86.9 5.6 x | 8.6x107° | 2.8 X
10—11 10—12
8 —0.0250 | 48.9 3.9 x | 9.4x1072 | 2.3 X
10711 10712
9 —0.6629 67.5 1.3 x | 7.5x107% | 9.9 X
10—11 10—13
11 —0.7256 67.4 1.0 x | 5.9%x1079 | 8.3 X
10711 10713
1 —0.3309 95.7 24x107Y | 94x1077 | 5.2 X
T=1s
1071
3 —0.2036 85.9 7.3x1078 | 1.3x107°% | 4.9x1078
5 —0.1182 | 69.4 44%x1072 | 1.3x107¢ | 1.1x107?
7 —0.5855 49.1 85x1072 | 2.9x1076 | 2.7x107?
9 —0.2674 56.9 1.5x1078 | 6.5x107% | 6.6x107°
11 —0.0405 56.3 79%x1072 | 3x 1076 | 1.1x1078

Table 3.9: Interpolation errors for various time intervals for ISS Example
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Final-Time Algorithm |RTErr||,, |LTErr|,,, |dExr|[,,
001 s TL-IRKA 1.84 x 1072 | 1.83 x 10712 | 1.94 x 107°
IRKA 2.2988 2.2991 2.2879
01 TL-IRKA 7.68 x107% | 8.69 x107* | 0.0021
IRKA 1.5786 1.5451 9.4650
s TL-IRKA 0.0575 0.0608 0.1398
IRKA 0.3206 0.4175 0.4214

Table 3.10: Relative error in the optimality conditions for ISS example

Table 3.8 lists the relative Ha(7) errors corresponding to different model reduction algorithms.
TL-IRKA and TL-TSIA perform better than TL-BT and TRKA for the smallest time interval
[0,0.01] s. TL-IRKA has comparable results with TL-BT and TL-TSIA and better performance
than IRKA for the other time intervals.

Table 3.9 contains the interpolation errors corresponding to various interpolation points. From
the table, it is evident that |Re(X;)7| < 3 and the spectral radius of (A\; I + A,) varies between
49 and 100 for all the interpolation points. Hence, these terms do not contribute significantly to
the interpolation errors. Instead, the final time 7 determines the error magnitudes. The errors
corresponding to 7 = 0.01 s are negligible and increase by several orders of magnitude for 7 = 0.1
sand 7 =1 s. Table 3.10 compares the relative interpolation errors for TL-TRKA and IRKA. TL-
IRKA performs better than IRKA for every time interval. The error due to TL-IRKA is negligible
compared to IRKA for the smallest time interval [0,0.01] s.

The data in Tables 3.1, 3.4, and 3.8 imply that TL-IRKA performs better than TL-BT for
the shortest time interval. However, their performance is comparable for the other time intervals.
Further, TL-IRKA and TL-TSIA have similar relative error magnitudes for all time intervals
considered in all three examples.

In the examples discussed above, the proposed iterative algorithm TL-IRKA produces good
reduced models (with respect to the Hy(7) error norm) for random initial conditions. As dis-
cussed in Subsection 3.4.2 of this chapter, the implementation technique used for TL-IRKA is
computationally expensive. This is a disadvantage of TL-IRKA, which restricts its applicability to
medium-scale systems (with dimensions less than 1000) and makes it computationally expensive

for large-scale systems (with dimensions greater than 1000).
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3.7 Summary

In this chapter, a Ha(7) optimal model reduction algorithm called TL-IRKA has been proposed.
As the name suggests, this algorithm is a finite horizon extension of IRKA. An alternative way
of deriving the interpolation-based Hs(7) optimality conditions has been presented in this chap-
ter. Based on these conditions, TL-TIRKA has been proposed. The reduced-order models obtained
by TL-IRKA satisfy the Hs(7) optimality conditions approximately. The interpolation errors for
these reduced-order models have been obtained. They are determined predominantly by the poles
of the interpolating model and the time interval [0, 7]. This has been verified from several simu-
lation results. Finally, the performance of TL-IRKA has been verified through various numerical

simulations.
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Chapter 4

H-> optimal model order reduction

over a finite time interval

The majority of the finite horizon MOR, reduction algorithms for LTT systems discussed in the
previous chapters, such as TL-BT and TL-TSIA are projection-based algorithms. The algorithm
TL-IRKA, proposed in Chapter 3 of the thesis, is a projection-based Hs(7) optimal MOR algo-
rithm. The reduced models obtained using such methods don’t exactly satisfy the H>(7) optimality
conditions. The distance to optimality for TL-TSIA is improved by using gradient-based Hs(7)
optimal model reduction techniques. To the best of the authors’ knowledge, [94] is the only work
that proposes a gradient-based method for Hy(7) optimal model reduction. However, the numer-
ical method proposed here is valid only for SISO systems, and the gradients are obtained using
an interpolation framework. The primary contribution of this chapter is a gradient-based Ha(7)

optimization method, which is applicable for both SISO and MIMO systems.

In this chapter, the analytical expressions of the gradients of the Hs(7) error norm are obtained
using a gramian-based framework, unlike the interpolation-based framework used in [94]. Using
the gradient expressions with a standard quasi-Newton solver, state-space parameters minimizing
the Hy(7) error norm are obtained. As previously mentioned, the Hy(7) optimization problem is
non-convex. Hence, reduced-order models obtained from the projection-based methods TL-BT and
TL-TSIA are used to initialize the quasi-Newton solver. The reduced-order models obtained are
locally Ho(7) optimal. Lyapunov-based conditions for Ho(7) optimality are obtained by equating
the gradient expressions to zero. Further, the proposed gradient-based method is also verified using

numerical examples.

This chapter is organised as follows. In Section 4.1, the Ho(7) optimal model reduction problem
is expressed using a gramian framework. The gradients of the Hs(7) error norm are obtained in
Section 4.2. A numerical method for Hs(7) optimal model reduction is proposed in Section 4.3,
and its computational complexity is also discussed. Three numerical examples are presented in

Section 4.4, and the chapter is concluded in Section 4.5.
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Chapter 4. Hs optimal model order reduction over a finite time interval

4.1 H,(7) optimal model reduction problem

In this section, the Ha(7) norm and the Hy(7) error norm, introduced in Chapter 2, are represented
using a gramian-based framework. The representation is used to derive the gradients of the Ha(7)

error norm, which is further used to obtain Lyapunov-based conditions for Hs(7) optimality.

4.1.1 Expressing the Hy(7) norm using a gramian framework

The Hy(7) norm of the system X, given by the state-space representation (2.1), is defined in (2.7).
It can be expressed using the finite horizon system gramians [30]. The square of the Hy(7) norm
can be expressed in terms of the finite horizon controllability gramian P., given by (2.13), as

follows:
I (ry = Tr CPCT. (4.1)

Similarly, the square of the Hy(7) norm can be expressed in terms of the finite horizon observability

gramian @, given by (2.14), as follows:
I3,y = Tr BTQ,B. (4.2)

Since the Ha(7) norm is defined over a finite time interval, the LTI system ¥ need not be asymp-

totically stable to have a finite Hy(7) norm.

4.1.2 Expressing the H,(7) error norm using a gramian framework

The Hy(7) model reduction problem involves finding a reduced-order system ¥,., which solves the
optimization problem given by (2.47).

The error system (X — 3,.) can be realized by the following state-space realization:

e -al } : (4.3)

The square of the Ha(7) norm of the above realization is given by,

A 0
0 A,

B
B,

)

{Aea B, Ce} = {

IS = Bl = /O " ((Cee'B,)(Cee?<tB)T) dt
- /OT Tt ((Cee' B.)T (Cee?' B.)) dt.
The above norm can also be expressed as,
IS = S0l () = Tr(Be" Qe r Be) = Tr(Ce P C.T). (4.4)

Here, P, and Q). are the time-limited controllability and observability gramians of the system

(¥ —3,). They satisfy the following Lyapunov equations,

AcPe s + Pe,TAeT +B.B.T - eAeTBeBeTeAETT =0, and (4.5)
AeTQe,‘r + Qe,‘rAe + CeTCe — GACTTCQTCeeAeT =0. (46)
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4.2. Gradients of the Ha(T) error norm

The gramians P, , and Q). can be partitioned as follows,

P; X Q- Y:
Pe,‘r = and Qen’ = .
X7 B, .

Further, the matrix exponential e”<” can also partitioned as follows,

AT
0
eAeT = c .
0 eArT

Substituting the above expressions in (4.5) and (4.6) results in the following time-limited Lyapunov

and Sylvester equations,

AP, + P, AT + BBT — ¢A"BBTeA"™ =, (4.7)
AX, + X:A,T + BB,T — ¢ BB, e T =, (4.8)
AP+ Por A + BB, — BB, e T =, (4.9)
ATQ, +Q, A+ CTC — A" CTCeA™ = 0, (4.10)
ATY, +Y: A, — CTC, 4+ e 7CTCre*™ =0 and (4.11)
AT Qrr + Qrrdy + CTC, — €270, T CretrT = 0. (4.12)
Further, equation (4.4) can be re-written as follows,

y-%% ., =T (CPCT —20x,CT +C,P.,.C"), 4.13

Ho (1) r s r
=Tr (B"Q.B +2B"Y,B, + B'Q,.B,) . (4.14)

4.2 Gradients of the Hy(7) error norm

Consider the Hy(7) optimization problem given by (2.47), where the cost function is the Ha(7)
error given by (4.13) or (4.14). For the reduced-order model, given by (2.17), to be optimal, the
gradients of the cost function with respect to A,., B, and C,. should be zero. Therefore, a closed-
form expression for these gradients is derived in this section using the Fréchet derivative of a matrix
exponential [2]. These expressions are necessary for the model reduction method proposed in the
next section.

Given the matrix exponential f(X) = eX, its Fréchet derivative for a perturbation matrix Y is

given by,
L(X,Y) = /1 X9y eXsgs, (4.15)
0
For a real-valued function f : R™*"™ — R, the gradient at M € R"™*™ is a matrix 7, f(M) € R™*"
defined as,
[Varf(M)); = dj\ijf(M), i=1,...,mj=1...,p. (4.16)

Given a perturbation A € R™*", the Taylor series expansion of the real-valued function f(M + A)
is given by,

FM + 8) = f(M) + (Var f(M), 8) + O(|A]1%),
where (A, B) = Tr(AT B).
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Before deriving the expression for the gradients, the following lemma, which is used in the

derivation, is stated.

Lemma 4.2.1 ([98], Lemma 3.2). For A € R"*" B € R™*™ (C € R"™™, and D € R™*" let
M € R™™ ™ and N € R™*™ be the solutions of the matriz equations AM + MB + C = 0 and
NA+ BN + D =0, respectively. Then, Tr(CN) = Tr(DM).

Theorem 4.2.2. Let V4, J, Vg, J and V¢, J be the gradients of the square of the Hao(T) error
norm J = |G — GT||?{2(T) with respect to A,, B, and C,. They are given by

Va,J=2Q P+ YIX + (LA, S)T)), (4.17)
Ve, J =2(Qr B, +Y B), and (4.18)
Vo, J = 2(C.P,., — CX,), (4.19)

where Py, Qrr, Xr, and Y, are the solutions of the matriz equations (4.9), (4.12), (4.8), and

(4.11), respectively. The terms P, and X are obtained by solving the following matriz equations,

P.AT + AP, + B.BT =0, and (4.20)
XTAT + A, X" + B,BT =0. (4.21)

In (4.17), the term L(A,7,S;) is the Fréchet derivative of the matriz exponential f(A,7) = eAr™
along the direction S, given by (4.15), where

G = (XTeATTC’TCT . PTeAch,Tcr) . (4.22)

Proof. This theorem is proved using the first-order perturbation techniques given in [10, 98]. Con-
sider the expression of the Hy(7) error norm given by (4.14). For a perturbation A4, in A,, the

corresponding first-order perturbation A:‘}T in J is given by,

A4 =Tr (2B"Ay, B, + BT A, . B,)
=Tr(2B,B"Ay, + B,Bl Ao, ), (4.23)

where Ay, Ag, . and A4, are the corresponding perturbations in Y7, @, and erT respectively.

The term A,a,- can be expressed as,
_ AT
ASAM- —L(e ,TAAT>
1
= 7'/ eATT(l_S)AA,,_eA”‘”ds
0
TL (e

AT AL (4.24)

The matrix equation (4.11) gives rise to the following relation between the perturbations Ay, and
Ay, .

r

AATYT + AYTAT — ACTCT + ACATTCTCTBAT'T =0
= ATAy + Ay A, +Y:Au + e 7CTCLA 4, = 0. (4.25)
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The terms not dependent on A, are unaffected by the perturbation A 4, and behave as constants.
Similarly, due to the matrix equation (4.12), the relation between the perturbations Ag,  — and

A4, is obtained as follows,

Au,rQ,, TAQ A +Ac,rc, ¥ Autep 16 gapr =0
= ArTAQm + AQm—AT + AETQTH‘F =+ QTyTAAT - AZAMOgOTeATT - eAz CZCTAeA” =0. (4'26)

Applying Lemma 4.2.1 for the matrix equations (4.21) and (4.25) results in the following
Tr (B,BTAy,) = Tr (YTAATXT y eATTC’TCTAeAT.TXT)
— Ty (XTYTAAT L XTeATTC'TC’,.AeAH) . (4.27)
Similarly, considering the matrix equations (4.20) and (4.26) and using Lemma 4.2.1 gives
T (8,5 A0,
=Tx (A% Qur P+ QrrAa, B — AL . CTCLeAT P — A TCTCLA L P
=T ((QMPT)TAAT + P.QrrAs, — (CTCeA ™ PYT A a,r — PoeAr7CT CTAEAT.T)
— 9Ty (P,.QWAAT — PeArTCT c,.AeA”) . (4.28)
Substituting the right hand side of equations (4.27) and (4.28) in the expression (4.23) results in
A5 =Tr (2B,BTAy.) + Tr (B, BT Ag, )
— 9Tr (XTYTAA,, r XTeATTCTCTAeATT) + Ty (PTQT,TAAT _ Pt o CTAEATT)
= 2Tr (XTY; + PQur) An,) + 2Tk ((XTeA7CTC, = PehT7CTC,) Acar )
=2Tr ((XTY; + PrQrr) Aa,) +2 Tr(S;Apa,-). (4.29)

The above expression is obtained using (4.22). Using (4.15) and (4.24) gives the following result.

1
2Tr (S, Apap-) =2 Tr <5T / eA”“—S)(AA,,T)eAMSdS)
0

1
=27 Tr (/ eATTS.S’TeA”(l_S)ds(AAT))
0
1
=27 Tr (/ eA”(l_s)STeA”(s)dS(AA,-))
0
=27 Tr (L(A,7,57)A4,).

Using the above expression, (4.29) can be rewritten as follows

A =2 Tr (XTY; + P,Qrr) Aa,) +27Tr (L(A,7,S;)A4,)
=2Tr ((X"Y; + P,Qrr + 7 (L(A7,S:))) Ay,)
= 2(Y;T'X 4+ Qrr P+ 7(L(A,7,8:)T)), An, ). (4.30)

As A4, is arbitrary, comparing A‘}lr =(Va,J,A4,) with (4.30) gives rise to

Va,J = Q(YTTX + Qrr Pr + T(L(A,T, ST)T))'
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When B, in (4.14) is perturbed by Ap, , the corresponding first-order perturbation Vg _J in J is
given by

Al =Tr (2B"Y;Ap, + AL Qs B+ Bl Q. Ap,)
= Tr (2BTY, Ap, + (Q»B.)TAp, + BTQ,.Ap,)
= 2T ((B"Y: + Bl Q..7) Ap,)
— 2(YTB+Q,-B.),Ap,). (4.31)

As Ap, is arbitrary, comparing the above relation with A7" = (Vp J, Ap, ) results in
Ve, J=2(Y B+Q,.B,).

Consider the expression of J given by (4.13). Due to perturbation A¢,. of C,, the first order

perturbation in J is as follows,

AG =Tr (-20X, AL, + Ac, P,CF + C, P AL)
=Tr (P ,Cr Ag, + (CrPrr)T Ac, —2(CX-)TAc,)
=Tr (2(C, P — CX;)TAg,))
=(2(CrPr = CX1), Ag,). (4.32)

As Ag, is arbitrary, comparing the above expression with AS™ = (V¢, J, A¢,) gives the following

result

Ve, =2(CoP,, — CX,).

Corollary 4.2.3. Let the reduced-order system ¥, given by the state space representation (2.17),
be a local Ho(T) optimal approzimation of order r for the full order system X, given by the state

space representation (2.1). Then,

Qr P+ YT X + 7(L(A;1,5)T) =0, (4.33)
Qr-B, +Y B =0, and (4.34)
C.P., —CX, =0, (4.35)

where the quantities Py, Qrr, X;, Y, X, P, and L(A,7,S;) have been explained in Theorem
4.2.2.

As the Hy(7) optimality conditions given by (4.33—4.35) are obtained using a gramian-based
framework, they are referred to as Lyapunov-based Hy(7) optimality conditions. Further, if A, is
diagonalizable, then the Lyapunov-based optimality conditions obtained here are equivalent to the
interpolation-based Hz(7) optimality conditions mentioned in Theorem 3.2.2. This is established

in Appendix A.
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4.3 A gradient-based numerical method for H,(7) optimal

model reduction

This section proposes a model reduction scheme using the gradient expressions of the Hy(7) error
norm derived in the previous section. Additionally, the computational cost of the proposed model

reduction scheme is discussed.

4.3.1 TL-H,Opt model order reduction method

Due to the non-convex nature of the Ha(7) optimization problem given by (2.47), finding global
minimizers is difficult. Hence, local minimizers are obtained using standard nonlinear optimization
techniques with good initial conditions [67]. The initial lower-order models are obtained by solving
TL-TSTA and TL-BT. A quasi-Newton algorithm known as Broyden-Flectcher-Goldfarb-Shanno
(BFGS) is used for solving the Hy(7) optimization problem. For using the BFGS algorithm,
the MATLAB function ‘fminunc’ is used. The closed-form expression of the gradients, given by
(4.17-4.19), are used during the implementation of BFGS. The iterations are stopped when the
convergence criteria are less than a preset error tolerance. The proposed model reduction scheme
is called TL-H5Opt.

4.3.2 Computational cost of TL-H,Opt

The MATLAB function ‘lyap’ is used for solving the matrix equations (4.7) and (4.10) to obtain
P, and @, respectively. The computational complexity of the underlying algorithm for ‘lyap’
is O(n3). These terms are independent of the optimization variables A,, B, and C, and must
be computed only once at the start of the optimization process. P., and (), . are obtained
by solving the matrix equations (4.9) and (4.12), respectively, using the ‘lyap’ function. The
corresponding computational cost is O(n2). These terms have to be computed at every iteration of
the optimization. Since n, < n, calculating the reduced-order gramians are not computationally
heavy. The exponential term e47 is computed with the MATLAB function ‘expm’. It has a
computation complexity of O(n?). However, this term has to be computed only once at the start
of the optimization. e?™ and L(e?"7,S,) are computed in every iteration of the optimization
process using Algorithm 3 of [2]. This has a computational cost of O(n3).

The terms Y;, X, and X are used for calculating the Ho(7) error norm as well as the gradients
of the error norm. Hence, they have to be computed at every iteration of the optimization. These
terms are obtained by solving the matrix equations (4.11), (4.8) and (4.21), respectively, using the
‘lyap’ function in MATLAB. This has a computational cost of O(n3). The computational cost can
be reduced using Algorithm 3 of [14]. In this case, if the matrix A is diagonal or has some sparse

structure, the cost of solving the time-limited Sylvester equations is much less than O(n?).

4.4 Numerical examples

In this section, the performance of TL-HyOpt is investigated using three numerical examples. The

first two examples are asymptotically stable systems. The third example is a randomly generated
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unstable SISO system. The TL-HsOpt algorithm is initialized by the lower-order models obtained
by solving the algorithms TL-TSIA and TL-BT, which are discussed in Section 2.4. The reduced
models obtained by TL-HoOpt are expected to have reduced Hy(7) errors compared to the reduced
models obtained by TL-TSIA and TL-BT. The improved performance of TL-H2Opt is validated by
comparing the Hy(7) errors of the reduced models. Additionally, the improvement in performance
is also assessed using AErrai,%, which is defined as follows:

Errpje-Errop

AErrAlg% = X 100, (4.36)

ErrAlg

where Erraig and Erropg are the Hy(7) errors obtained by the algorithm Alg and TL-H,Opt with
Alg initialization. In this case, Alg may refer to TL-TSIA or TL-BT. The simulations are done
in MATLAB version 8.3.0.532(R2014a) on an Intel(R) Core(TM) i5-6500 CPU @ 3.20GHz system
with 16 GB RAM.

4.4.1 Beam example

The first example is the cantilever beam model, discussed in Chapter 1. The aim is to obtain a
reduced-order model that approximates the transient response of the full-order beam model for
the time interval of [0, 1] s. Reduced-order approximations are obtained for orders ranging from
r =2 to r = 21 with increments of 1 using TL-TSIA and TL-BT. Then, these reduced models are
used for initializing the TL-HyOpt algorithm.

Figure 4.1 compares the Hy(7) errors for the reduced order models obtained with TL-TSIA and
TL-HyOpt with TL-TSIA initialization. The corresponding performance improvement AErrrr_1sia %
is listed in Table 4.1. Similarly, Figure 4.2 shows the Hy(7) errors for the reduced order models
obtained with TL-BT and TL-HyOpt with TL-BT initialization. Table 4.2 lists the corresponding
performance improvement AErrrr_gT%.

The Hs(7) approximation errors for TL-HyOpt with TL-TSIA and TL-BT initializations are
significantly lower than corresponding TL-TSIA and TL-BT reduced-order models. This is evident
from Figure 4.1 and Figure 4.2 as well as Table 4.1 and Table 4.2. For r = 4,18,20, the Ha(7)
approximation error due to TL-TSTA is high or doesn’t converge. Hence, errors corresponding to
those orders are not included in Figure 4.1. For r < 16, some of the reduced order models show
good improvement in the Hs(7) errors; for example, r = 5,9 and 10 show an improvement of
more than 70%. This is evident from Table 4.1. For TL-BT initialization, Table 4.2 shows that
Hy(7) errors for r = 5,8,9 and 14 is reduced by more than 70%. Beyond r > 16, the optimization
algorithm doesn’t significantly improve the Hs(7) approximation errors for TL-TSTA and TL-BT

initializations.

4.4.2 1ISS example

The second example is a MIMO model of the International Space Station (ISS), described in
Chapter 1. Here, the aim is to derive lower-order models which approximate the input-output
behaviour of the original model in the time interval [0,0.5] s. This time interval is less than the
settling time of the system. Reduced-order models are obtained for orders ranging from r = 2 to
r = 42 with increments of 2 using TL-TSIA and TL-BT. They are used for initializing TL-H5Opt.
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Comparison of H,(7) errors for [0 1] s

101 T T T T T T T T T

—&—TL-TSIA ]
— & TL-H,Opt with TL-TSIA init | |

H,(7) error

104

10-5 1 1 1 1 1 1 1 1 1
2 4 6 8 10 12 14 16 18 20
Reduced order (r)

Figure 4.1: TL-TSIA vs TL-H5Opt with TL-TSIA initialization for beam example

Comparison of Hy(7) errors for [0 1] s
101 3 T T T T T T T T T
—&—TL-BT
—o— TL-H,Opt with TL-BT init

H, (1) error

104 F

10-5 I I I I I I I I I
2 4 6 8 10 12 14 16 18 20

Reduced order (r)

Figure 4.2: TL-BT vs TL-HyOpt with TL-BT initialization for beam example
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r AErr(%)| r AErr(%)| r AErr(%)| r AErr(%)
2 58.10 7 24.05 12 42.18 17 0.0021

3 19.18 8 66.62 13 68.72 18

4 79.82 9 76.26 14 69.21 19 0.0626

5 74.71 10 91.28 15 0 20

6 39.31 11 33.90 16 5.88 21 0

Table 4.1: Performance improvement of TL-HyOpt with TL-TSIA initialization for beam example.

r AErr(%)| r AErr(%)| r AErr(%)| r AErr(%)
2 55.40 7 61.94 12 62.71 17 0

3 19.71 8 74.74 13 18.86 18 0

4 26.62 9 80.71 14 70.94 19 0.0014

b) 70.90 10 51.37 15 0 20 0.1730

6 60.83 11 35.46 16 5.26 21 0

Table 4.2: Performance improvement of TL-HoOpt with TL-BT initialization for beam example.

The Hy(7) errors for the reduced-order models obtained using TL-TSIA and TL-H5Opt with
TL-TSIA initialization are displayed in Figure 4.3. The performance improvement AErrrr, rsia % is
shown in Table 4.3. Similarly, the Hs(7) errors for TL-BT and TL-H;Opt with TL-BT initialization
are compared in Figure 4.4. The performance improvement AErrrr,. g% is listed in Table 4.4.

It is observed that for r < 38, the Hy(7) errors are significantly reduced. There is no substantial
error reduction for r > 38. For r = 4 and r = 12 obtained by TL-TSIA, the Hy(7) approximation
errors are high. Hence, they are not shown in Figure 4.3. For r = 22, 26,28, 30,32 the perfor-
mance improvement AErrry, rsia % is more than 70% (evident from Table 4.3). The improvement
AErrrr,_gr% for r = 18,20, 22, 24, 26, 28, 32 is more than 70% (evident from Table 4.4).

4.4.3 Unstable model

The third example is an artificially constructed unstable SISO model, which is inspired by the
unstable example considered in [94]. This model is of order 402 and has 400 stable poles and 2

unstable poles. In this example, the finite time interval considered for model reduction is [0, 0.5].

r AErr(%)| r AErr(%)| r AErr(%)| r AErr(%)
2 6.25 12 100 22 77.88 32 73.15

4 99.75 14 39.83 24 65.54 34 60.93

6 14.71 16 60.80 26 89.88 36 44.32

8 22.86 18 54.95 28 71.62 38 0.008

10 30.39 20 44.49 30 72.87 40 0

Table 4.3: Performance improvement of TL-HoOpt with TL-TSIA for ISS example.
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T AErr(%)| r AErr(%)| r AErr(%)| r AErr(%)
2 6.25 12 10.39 22 87.30 32 89.69

4 23.08 14 11.40 24 97.57 34 68.50

6 37.85 16 66.26 26 92.17 36 47.19

8 41.24 18 83.15 28 86.29 38 0

10 56.82 20 92.21 30 65.89 40 0

Table 4.4: Performance improvement of TL-HoOpt with TL-BT for ISS example.

) Comparison of Hs(7) errors for [0 0.5] s
10“ E T T T T

—&—TL-TSIA

—o— TL-H,Opt with TL-TSIA init | |

H,(7) error

107
108 &

10°

1 0-10 I 1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40

Reduced order (r)

Figure 4.3: TL-TSIA vs TL-H5Opt with TL-TSIA initialization for ISS example
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Comparison of Hy(7) errors for [0 0.5] s
T T T T

—&—TL-BT ]
— & TL-H,Opt with TL-BT init | |

104 £
105 ¢

108 £

H,(T) error

10-10 I | | | | | | | |
5 10 15 20 25 30 35 40

Reduced order (r)

Figure 4.4: TL-BT vs TL-HyOpt with TL-BT initialization for ISS example

Reduced models of orders ranging from r = 2 to r = 12 with increments of 1 are obtained using
TL-TSIA and TL-BT. They are then used for initializing TL-HOpt.

The Hy(7) approximation errors of TL-TSIA and TL-HyOpt with TL-TSIA initialization are
displayed in Figure 4.5. Similarly, Figure 4.6 compares the approximation errors for the TL-BT

case. Table 4.5 and Table 4.6 list the performance improvements AErrrr_tsia % and AErrrr, g%,

respectively.
r AErr T AErr T AErr T AErr
2 79.57 5 34.38 8 0.57 11 0.023
3 52.51 6 3.85 9 0 12 5.35
4 16.53 7 2.44 10 0

Table 4.5: Performance improvement of TL-HoOpt with TL-TSTA for unstable example.

r AErr r AErr r AErr | r AErr
2 32.74 |5 77.22 | 8 69.13 11 0

3 7332 | 6 81.82 |9 37.64 12 0

4 7.58 7 43.48 10 0

Table 4.6: Performance improvement of TL-H,Opt with TL-BT for unstable example.

For r = 2,3, the performance improvement for the TL-TSIA case is more than 50% as evident
from Table 4.5. Table 4.6 shows that for r = 3, 5, 6, 8, the performance improvement for the TL-BT

case is more than 50%.
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4.4. Numerical examples

Comparison of Hy(7) errors for [0 0.5] s

100 E T T T T T T T T T
[:' —&—TL-TSIA 1
[ —— TL—HZOpt with TL-TSIA init |

H,(7) error

10-7 I | | | | | | | | |
2 3 4 5 6 7 8 9 10 11 12
Reduced order (r)

Figure 4.5: TL-TSIA vs TL-HsOpt with TL-TSIA initialization for unstable example.

Comparison of Hy(7) errors for [0 0.5] s
100 E T T T T T T T T T
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H,(7) error

10-7 I | | | | | | | | |
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Reduced order (r)

Figure 4.6: TL-BT vs TL-H,Opt with TL-BT initialization for unstable example.
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In all the examples discussed above, it is observed that TL-HoOpt requires good reduced-
order models ( which are obtained by TL-TSTA and TL-BT) as initial conditions. As discussed
in Section 4.3.2, TL-HyOpt is computationally expensive, and the requirement of good initial
conditions causes additional computational burden. This is a disadvantage of TL-HoOpt and the
other existing descent-based method in [94] compared to the projection-based methods. However,
the superior performance of TL-HoOpt (with respect to the Ho(7) error norm) is validated by the

above numerical examples.

4.5 Summary

A gradient-based method for obtaining Ha(7) optimal reduced-order models, applicable for both
SISO and MIMO systems, has been proposed in this chapter. The analytical expressions of the
gradients of the Hs(7) error norm have been derived. The gradients have been used with a
standard quasi-Newton algorithm for minimizing the Ha(7) error norm. The model reduction
method has to be carried out in two steps. The first step involves obtaining a reduced-order model
via TL-TSIA or TL-BT. In the second step, the reduced-order model is used for initializing a
quasi-Newton algorithm. Finally, numerical examples have been used to demonstrate that the TL-
H,Opt algorithm performs better than TL-TSIA and TL-BT in obtaining locally Hy(7) optimal

reduced models.
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Chapter 5

On the computation of gramians

and a finite-horizon norm of an

LTV system

System gramians and system norms play an important role in model order reduction (MOR) of LTI
systems. For example, Hs(7) norm-based MOR methods are developed in Chapter 3 and Chapter 4.
Further, a gramian-based framework is used to propose the MOR method in Chapter 4. Similar to
LTT systems, system norms and gramians also play an important role in the MOR of LTV systems.
Due to the inherent connection of system gramians with reachability and observability maps of
LTV systems, they can be computed using state trajectories. This motivates the computation of
system gramians for LTV systems using system trajectory information. This is the focus of the
first half of this chapter. The second half of this chapter focuses on a finite horizon system norm
for continuous-time LTV systems. This norm is used in Chapter 6 as a performance measure for

obtaining reduced-order models of continuous-time LTV systems over a finite time interval.

The first systematic presentation of the computation of gramians using empirical methods is
given in [52]. It is extended to affine and non-affine control systems in [52, 53, 36, 37, 38]. [102]
computes low-rank approximations of the empirical controllability and observability gramians for
large-scale LTI systems using the method of snapshots ([95]). [80] uses modified empirical meth-
ods for evaluating the gramians of large-scale LTI systems. A finite time empirical observability
gramian for an uncontrolled nonlinear system is defined in [19]. It is modified to include the con-
trol input in [75]. For control-affine nonlinear systems with a constant-input vector, gramians are

computed and used for model order reduction in [46, 47].

Because of structural differences, the empirical computation methods of LTI and LTV reach-
ability gramians are not identical. In [71, 72], system trajectory information of an LTV system
is used to compute the state transition matrix, which is then used to compute the gramians of
LTV systems. In the first half of this chapter, three methods are presented for calculating the
finite horizon reachability gramian of LTV systems. Unlike Perev’s work [71, 72], the proposed

methods do not explicitly compute the state transition matrix. The first two methods use final
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state information for shifted impulse and piecewise constant inputs, and the third method uses
zero-input responses of a modified adjoint system to compute the reachability gramian.

System norms are used to quantify the input-to-output gain of a linear dynamical system.
They are also essential in solving computational problems. The utility of the Hy system norm
for input-output analysis of LTI systems is well-documented. The H; and H,, norm are used as
performance indices in analysis and design problems [108]. Hankel norm-based bounds appear in
model reduction problems of continuous-time LTV systems [37]; a Hs-like norm is used for model
order reduction of discrete-time LTV systems [60, (1].

The finite horizon system norm discussed in the second half of this chapter is referred to as
the finite horizon Hy norm. The norm is defined using a double integral of the impulse response
matrix of the LTV system over finite time intervals. It is shown to be an upper bound of the
induced system norm from the input space L3'[to,ts] to the output space L[to,¢s]. Further, a
trace formula of the norm in terms of the reachability or the observability gramian is also obtained.
Finally, using the concept of the modified adjoint of an LTV system [45], it is shown that the finite
horizon Hy norms of the original and the modified adjoint LTV system are equal. The trace
formulas of the finite horizon Hy norm are similar to those of a 2-norm defined in [31](Page 93,
Chapter 3). However, the definitions of the norms are different, and the method of obtaining the
trace formulas is also distinct. The formulas follow directly from the norm definition in this thesis,
whereas in [31], they are derived using the gramian definitions.

The rest of the chapter is structured as follows. Some issues related to the computation of
the reachability gramian are discussed in Section 5.1. In Section 5.2, two methods for computing
the reachability gramian of LTV systems over a finite time interval are proposed. Section 5.3
introduces the adjoint and modified adjoint of an LTV system and proposes a third method for
computing the reachability gramian. Section 5.4 discusses a finite horizon Hs system norm for

LTV systems and its relation with the system gramians. The chapter is concluded in Section 5.5.

5.1 Computation issues of the reachability gramian of an

LTV system

The reachability gramian of the continuous-time LTV system, given by (2.72), is defined by (2.82).
For ¢t = ty, the gramian is as follows:

Pltyito) = [ lty )BE)B0)T (0(ts, 1) dt.

to

The gramian can be computed by evaluating the above integral expression. This requires the
computation of the state transition matrix ¢(tf,t) in terms of ¢y and ¢. The gramian can also be
computed by solving the forward differential Lyapunov equation, given by (2.83). Computing the

gramian using the above methods has the following drawbacks:

e For any arbitrary state matrix A(t), deriving an analytical expression of the state transition

matrix ¢(ty,t) is not straightforward.
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5.2. Computing the reachability gramian using system trajectory information

e For systems with a large number of states, solving the matrix differential Lyapunov equation

given by (2.83) becomes a computational burden.

For the reasons listed above, different approaches to determining the reachability of a gramian
over a finite time interval are investigated in the later sections. This section briefly states Moore’s
method for computing the controllability gramian for LTI systems.

Moore’s method [0/]: Assuming to = 0, the input u(t) = e1(¢) is applied for the initial condi-

tion, 2(0) = 0, and the LTI system is simulated. The system response obtained is z;(t) = ¢! Be;.
In a similar way, the inputs exd(t), e30(t), - , e, d(t) are applied and the corresponding state re-
sponses x2(t),z3(t), - ,&m(t) are obtained. The impulse response information over [0, ty] is used

to compute the reachability gramian as follows,

P(t7,0) = / W) O () () de.

The finite interval controllability gramian computed using Moore’s technique is inaccurate for LTV

systems. This is demonstrated with the help of a numerical example. Consider the LTV system

z(t) = [O L ] x(t) +

shown below,

—12t] u(t).

The reachability gramian, computed by solving the forward matrix differential Lyapunov equation
given by (2.83) is,

0 -1 e

Pi(5,0) =

5.0000 0.0067
0.0067 2.2600 x 1075

The same gramian computed by the empirical Moore’s method for the same time interval is,

4.5185 0.3400
P5(5,0) = )

0.3400 0.0597

Note that P;(5,0) and P»(5,0) are different. Thus, Moore’s method is inaccurate for computing
the reachability gramian of LTV systems.

5.2 Computing the reachability gramian using system tra-

jectory information

In this section, two numerical methods for computing the finite horizon reachability gramian of
an LTV system are proposed. These methods use system trajectory information for gramian

computation.

5.2.1 Gramian computation using recurring time-shifted impulse inputs

In this approach, the time interval [0,t;] is divided into equal-sized sub-intervals. At the start of
each sub-interval, impulse inputs are applied, and the final state data at ¢ = ¢; is used to build

the gramian matrix as given in Algorithm 8.
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Algorithm 8: Computing P(¢,0) using shifted impulse inputs
Input: €, N, [0,tf]
Output: D(n)
Initialize: n =1, M(n) = 2"~tN, D(0) = 0;
while || D(n) — D(n —1)|| > e do
1. The interval [0,tf] is divided into M (n) sub-intervals of length, At = % ;
2. For i = 0, apply input 6(¢ — iAt) to the LTV system. Let x(ty, iAt) be the final
state vector. This is repeated for ¢ = 1,2,--- , M(n);

3. The n x (M(n) + 1) matrix of final state vectors is stored as L(n),

L(n) = |a(t7,0) (s, A1) ... alty, M(n)AD)];

4. Compute D(n) = L(n) x (L(n))T x At ;
5. Update n =n+1;

end

The initial state of the LTV system is assumed to be zero. For smaller values of ¢, the gramians
computed are more accurate, but the computation cost is high. Thus, depending on the accuracy

of the gramian approximation, the value of € is chosen.

Remark 6. For each iteration, previous iteration samples can be reused. For example, L(1) can be
constructed using M (1) + 1 = N + 1 samples. The matrix L(2) computed in the second iteration
is given by

l’(tf,o) iv(tf,%) (E(tf,2%) «T(tf,2N%)}.

Among the above samples, L(1) already contains the set: {x(ts,0),z(ts,245), -+ ,2(t;, N5t}
The rest of the samples {x(ts, 5L), (s, 35L), - ,2(ts, (2N — 1)5L)}, can be obtained using N
simulations. Similarly, Mén) samples instead of M (n) + 1 is used for every iteration excluding the

first.

Theorem 5.2.1. Asn — oo, the matriz D(n) transforms to fgf o(tp, t)B(E)(B)T (p(ty, )" dt.

Proof. For the input u(7) = §(7 — z) to the LTV system, given by (2.72), the final state obtained
at t =1ty is
x(ty, z) = o(ty, 2)B(2).

For a fixed value of N, the size of the interval At at the n'" iteration is L0 = Li=lo

M(n) = 2-IN- The matrix

L(n) is as follows,
L(n) = [x(t5,0) a(ty,At) - a(ty, M(n)A)]

Substituting L(n) in D(n) results in,

M(n)

D alty, i) (x(ty, iAt) T At

"

> oty int)B(iAL)(B(iAL) T (g(ty,iAt)) " At

=0

D(n)
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Asn — 0o, At — 0 and thus D(n) — [5/ ¢(ts, t)B(t)(B()T (¢(ts,1)" dt. O

5.2.2 Gramian computation using recurring time-shifted pulse inputs

The time interval [0, %] is divided into sub-intervals. A time-shifted pulse with a width equal to
the sub-interval length and unit height is applied as input to the LTV system for each sub-interval.
Using the final states obtained, the gramian matrix is calculated. This is outlined in Algorithm 9.

Similar to Algorithm 8, it is considered that the initial state of the LTV system is zero.

Algorithm 9: Computing P(¢y,0) using shifted pulse inputs
Input: €, N, [0, ]
Output: D(n)
Initialize: n =1, M (n) = 2"~'N, D(0) = 0;
while | D(n) — D(n —1)|| > e do

1. Divide [0, ty] into M (n) sub-intervals of length, At = A;(fn) ;

2. Apply M(n) input trajectories defined as,

1, teliAt, (i+ 1At

ui(t) = A, (DA (5.1)
0, te [to,tr]\[iAL, (i + 1)At]

fori=0,1,---,M(n) — 1 to the LTV system given by (2.72). z;(ts) is the final state

vector for the input w;(t) ;

3. The final state vectors are stored in a matrix L(n),
L) = [wo(ty) #1(ts) - Tqarm—n(ts)]

_ L)x(L@m)”
4. Compute D(n) = ZH5 0
5. Updaten=n+1;

end

The matrix D(n) approximates the reachability gramian over [0,t;]. The value of € is set

depending on how precisely the gramian is to be computed.
Theorem 5.2.2. Asn — oo, the matriz D(n) transforms to fotf o(tp, t)B(E)(B®)T (p(ts, )" dt.

Proof. For the input u;(t) given by (5.1), the final state of the LTV system given by (2.72) is,

zi(ty) = ; ' o(ty, 7)B(T)u;(T)dr.

The above expression can be reframed as,

(i+1)At ty

6(t 1, 7) B(r)us(r)dr + / 6(t 7, 7) B(r)us(r)dr.

(i+1)At

1At
Tilty) = / o(t7, ) B(r)us(r)dr + /

At

In the above expression, the first and third terms are zero, so x;(tf) becomes

(i+1)At
ri(ty) = / o(t7.7)B(r)dr.

At
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For small At, z;(tf) can be approximated as
l‘i(tf) ~ ¢(tf, ZAt)B(ZAIf)At

Replacing z;(ts) in L(n) x (L(n))T results in
M(n)
L(n) x (L(n))" = > as(ts)(i(ts))"
i=1
~ >ty iA)B(IAL)(b(ty, iAL) B(iAL)T (AL)?.
i=1
The following is obtained by dividing both sides of the above expression by At.
(L(n) x (L(n))")
D —
(n) "

N
~ >ty i) B(iAL) (b(ty, iAL) B(iAL) T At.

As n — oo, At — 0. Thus, D(n) transforms to fgf ot s, )BA)(BM)T (¢(ty, 1)) dt. O

Remark 7. For a fixed value of N, Algorithm 9 requires less number of iterations (n) compared to

Algorithm 8 for computation of the reachability gramian with a desired level of accuracy.

5.2.3 Gramian computation for multi-input systems

Algorithm 8 and Algorithm 9 can be extended to MIMO systems as follows
2
Pl.0) = [ 0(t, 0 BOWBO) (e 0) s

= [ otts.0 Y BB ity et

[

s
Il
—

/0 O(t 1) Bi (1) (Bi(1) T (6t £)) Tt

.

&
Il
—

P?( f30)7

where w1, ug,...,u, are m inputs of the system. The columns of the input matrix B(t) are
Bi(t), Ba(t), ..., By (t). For thei® input u;, let the corresponding reachability gramian component
be P;(ty,0). To compute P;(ts,0), the remaining inputs are set to zero i.e. u; =0,i=2,...,m.
Applying a set of recurring inputs to u; as given by Algorithm 8 or 9, the gramian component
is calculated. Similarly, for the remaining components, all the remaining inputs except the corre-
sponding input are set to zero and applying recurring inputs to the non-zero input, the gramian
component is computed. The gramian components, when added up, give the reachability gramian
P(tf,0).

Remark 8. For both Algorithm 8 and Algorithm 9, the time interval [0,¢y] is split into M(n) =
2"~1 N sub-intervals of length At at a particular iteration. Further, Algorithm 8 requires M (n)+ 1
simulations of the LTV system for gramian computation, whereas Algorithm 9 requires M (n)
simulations for the same. The gramian is better approximated for a large value of N, but the

computational cost increases.
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5.2.4 Numerical example

Consider the following LTV system,

dx(t) [ —1+05c082(t) 1 —o.5sm(t)cos(t)] (1) + [1

- |-1- 0.5sin(t)cos(t)  —1+ 0.5sin?(t) ] "

y(t) = [1 1} (1) (5.2)

The reachability gramian of the above system is computed using Algorithm 8 and Algorithm 9 for
the time interval [0,5] s. The results are compared with the reachability gramian computed by
solving the differential Lyapunov equation, given by (2.83).

Solving the differential Lyapunov equation (2.83) from ¢y = 0 s to ty = 5 s with zero initial

condition results in

(5.3)

0.7938 0.3662
Pi(5,0) = .

0.3662 0.5428
Setting N = 5, the reachability gramian is computed over the time interval [0, 5] s using Algorithm

8 for various values of n. For n = 1, the result is

0.2787  —0.0093
P5(5,0) = :
—0.0093  0.2779
For n = 2, the result is
0.5367 0.1441
Py (5,0) = .
10.1441  0.3541 |
For n = 5, the result is
0.7683 0.3421
P(5,0) = .
10.3421  0.5199 |

Similarly, setting N = 5, the reachability gramian is again computed over the time interval [0, 5] s

using Algorithm 9 for different values of n. For n = 1, the result is

[0.7388  0.3030]
P(5,0) = .
03030 0.4216
For n = 2, the result is
0.7590 0.3417
Py(5,0) = .
0.3417  0.5029]

Comparing the results, it is observed that Algorithm 8 approximates the reachability gramian
quite well for n = 5 whereas Algorithm 9 does the same for n = 2. For both methods, increasing
n gives more accurate results. However, for a fixed N, Algorithm 9 approximates the reachability

gramian better than Algorithm 8 for smaller values of n.

5.3 Computing the reachability gramian using the system
adjoint

Adjoint models are widely used in computational mathematics, optimization theory, and system

and circuit theory, particularly in analyzing the sensitivity of a cost function or system behaviour to
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parameter variations [19, 76, 48]. This section will focus on the duality concept and discuss adjoint
and modified adjoint systems for LTV systems. Further, the modified adjoint of LTV systems is
used to propose an alternate method for computing the finite horizon reachability gramian of LTV

systems.

5.3.1 Adjoint and modified adjoint of a continuous-time LTV system

The adjoint dynamical system X, associated with the LTV system given by the state-space
representation (2.72), with its operation restricted to the finite time interval [to,ts], is a finite-

dimensional state-space realization of order n and is given by
o (t) = —AT ()z4a(t) — CT (t)ua(t),
Ya(t) = BT (t)z,(1), (5.4)

with t varying from t = ty to t = to. For t > 7, let ¢,(t,7) and hq(t,7) be the state transition
matrix and the impulse response matrix, respectively, of the adjoint system.

For simulating the adjoint system, the

‘modified adjoint system”, denoted by X,,,, is used in
[45]. This system has a finite-dimensional state-space realization of order n, and ¢ varies from ¢
to ty, similar to the original system X. For the finite time horizon [to, tf], the modified adjoint is

defined as

Ema(t) = (Alto + t7 — 1)) Tma(t) + (Clto + t5 — 1)  uma(t),

Yma(t) = (B(to +tf — 1)) Tma(t). (5.5)
For t > 7, let ¢pa(t,7) and h,,q (¢, 7) be the state transition matrix and impulse response matrix,
respectively, of the modified adjoint system.

The following proposition establishes the relation between the state transition matrices of the

original LTV system and its adjoint.

Proposition 5.3.1. If ¢, (t, 7) is the state transition matrixz of the LTV system X,, the adjoint of
the LTV system X, with state transition matriz ¢(t,7), then

Palt, ) = (6(,1))"" (5.6)
Proof. For u = 0, the differential equation of the LTV system 3 becomes,
d
ax(t) = A(t)x(t), (5.7)

Let x(tp) be the initial condition. For ¢t > tg, x(t) = ¢(t, to)x (o).
Similarly, for u, = 0, the differential equation of the adjoint LTV system 3, becomes,

Ly(t) = ~(AW) (1) (59)

Let x(ts) be the final condition. For t < tf, x(t) = ¢a(t,tf)x(ty). Using (5.7) and (5.8), the

following result is obtained.

T
G (@O y0) = (F20)) 900+ () 000
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This shows that the inner product of z(t) and y(t) is constant for all ¢. Let k € R be the constant.
Then,

(x(t) y(t) = k
= ((to)) T (o(t, t0) Pa(t,t)walty) = k. Yt E [to,ty]
The above expression is true if
(¢(t,t0)) " dalt,ty) = M, (5.9)

where M is a constant matrix for all £. M is obtained by evaluating (¢(t,%0))7 ¢a(t,ts) at t = to

as follows,

M = (¢(t0,t0))T¢a(t0atf)
= (i)a(tOvtf)'

Substituting the above expression for M in (5.9) results in

(6(t:£0))" @alt, tr) = alto, ty)

= da(t,tr) (dalto,ty)) " = (d(t,to)) "
= Galtstr)alts,to) = ((t,t0)) "

= ¢a(t,to) = (6(t,10)) " .

Using the above result, ¢, (¢, 7) is obtained as follows,

$a(t,7) = Palt, t0)da(to, T)
= (¢(t:t0)) " (Ba(7:t0)) ™"
= (¢(t,t0)) " (8(7,t0))"
= (p(t, to)o(to, 7)) "
= (¢(t, 7))

O

Using the above proposition, the relation between the state transition matrices of the original
LTV and the modified adjoint LTV system is established.

Proposition 5.3.2. If ¢4 (t, 7) is the state transition matriz of the LTV system Epq, the modified
adjoint of the LTV system %, with state transition matriz ¢(t, ), then

Gma(t,7) = (Dt +t; — T b0+ 15 — ). (5.10)

Proof. Let x4(t) and x,,4(t) be the state vectors for the adjoint system 3, and the modified adjoint

system X,,,, respectively. For ¢ € [to,tf], the state vectors are related as,

Tma(t) = za(to +tf — 1)
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For t = ty, ma(to) = xa(ts). The above expression can be expressed in terms of the state transition

matrices of the adjoint and modified adjoint systems as follows,

¢ma(tat0)xma(t0) = QZ)a(tO + tf —t, tf)xa(tf)
= (¢ma(t> tO) - ¢a(t0 + tf -1, tf)) xma(to) = 0.

As the above expression is true for arbitrary value of z,,4(to), it follows that

Pmalt to) = dalto + 1y —t,1y).

Using the above expression, the state transition matrix of the modified adjoint system for ¢ > 7 is

given by,

Sma(t, T) = Gma(t,to) ($ma(T,t0)) ™
= Galto+ty —t,ts) (Palto +tr —7,t) "
= ¢alto +ty —t,ty)pa(ty,to+t; —7)
= ¢o(to+ty —t,to+t; — 7).

The following result is obtained using (5.6) in the above expression.

Gmalt,T) = ($(to+ts —t,to+ty — 7)) "
= (¢p(to+t5 — T to +t; — )" .

O

5.3.2 Gramians of the modified adjoint of a continuous-time LTV system

In the previous subsection, the connection between the state transition matrices of the original
LTV system and the modified adjoint of the system is established. This subsection explores the
connection of the system gramians of the modified adjoint system ¥,,, and the original LTV system
3.

Theorem 5.3.3. Fort € [to,ty], the reachability gramian Ppnq(t,to) and the observability gramian
Qma(ts,t) of the modified adjoint system X,,,, with state-space representation (5.5), is related to
the observability gramian Q(ty,t) and reachability gramian P(t,to) of the original system X, with

state-space representation (2.72), as follows:

Pra(t,to) = Q(tp to+tp —1t) and (5.11)
Qma(tf,t) zp(t0+tf —t,10). (5.12)

Proof. The reachability gramian of the modified adjoint system 3,,, is given by
t
Pra(t,t)) = | bma(t, ) Boma(T)(Bima (™) (dma(t, 7)) dr. (5.13)

to

Replacing the state transition matrix of the modified adjoint system with the expression, obtained

in (5.10), and replacing B, (7) with (C(to +t; — 7))7, the integrand of the integral in (5.13) can
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be expressed as

¢ma(t7 T)Bma (T)(Bma(T))T(¢ma (t, T))T

= (($lto+ty —Tto+t; — 1)) (Clto+1tr — 7)) Clto +tr — 7)(to + tr — 7 to + tf — 1),
Replacing the above expression for the integrand in (5.13) and changing the variable of integration

to z =ty +ty — 7 results in

Pma(t,to):/tf (B2t + 15 — )T (C(2)T Cl2)b(zto + 15 — t)dz

ottr—t

= Q(tys,to +t5 —1).

The observability gramian of the modified adjoint system ., is given by,

Qmauﬁt>=t[’k¢maunﬁﬂK6%au»Tcmaw¢ma@n»dr

Similar to the first case, substituting the state transition matrix for the modified adjoint system

given by (5.10) and replacing C,,o(7) as (B(to +ty — 7))7 gives the following result.
Qma (tf7 t)
tr
— [ Gl ) (Conal7))" Conalr)bmalrst)s
t

ty
= / gf)(to +ty —t,to+ty — T)B(to +ty — T)(B(to +tr = T))T(gb(to +tr—*t,to+tp — T))TdT
t

to+ts—t
_ / Sto+ts —t, 2)B(2)(B(2))" (d(to + t; — t,2))Tdz

to

= P(to +t — t,to).
O

Corollary 5.3.4. For the time interval [to,ts], the system gramians of the original LTV system

Y and its modified adjoint X, are related as

Pra(ts to) = Q(ts o) and (5.14)
Qma(tf,to) = P(tf,to). (5.15)

Proof. Substituting t = t; in equation (5.11) derived in Lemma 5.3.3, equation (5.14) is obtained.
Similarly, substituting ¢ = t¢ in equation (5.12) of the same lemma, equation (5.15) is obtained. [

5.3.3 Gramian computation using zero-input trajectories of the modi-

fied adjoint system

Various numerical methods exist in the literature for computing the observability gramian Q(t¢, o).
However, few methods exist for computing the reachability gramian P(ts,tp). Using the equivalence
between P(ty,to) and Qmq(ts, o), established in Lemma 5.3.4, numerical techniques for computing
the observability gramian can be used to calculate the reachability gramian. In Algorithm 10, the
observability gramian computation method given in [16, 52] is used to compute the finite horizon

reachability gramian of a continuous-time LTV system.
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Algorithm 10: Computing P(t¢,ty) using modified-adjoint system

Input: System matrices (A(t), B(t), C(t)) belonging to an LTV system of order n;
Finite time horizon [to,ty];
Sampling period A;
Output: P(ty,to);
Procedure:
1. Obtain the modified adjoint of the original system for the finite time horizon [to, ts] as
given by (5.5).
2. Divide [to, ;] into N intervals using the sampling period A, i.e., A = tf ‘o The
sampling instants are given by t, = (k —1)A for k=1,..., N.

3. For the initial condition Z,,41(tg) = e1, input u = 0 and sampling period A, the
modified adjoint system is simulated, and the output is stored as ymq1(k), k=1,..., N.
4. The above step is repeated (n — 1) times for initial conditions 42 = €2, . .., Tyman = €n.

For each simulation, the output is stored as yma2(tk), - - - Yman(tr), & =1,2,..., N.

5. The matrix Y;,,(¢1) is constructed as follows:

Yma(tl) == ymal(tl) e yman(tl) 5 (516)

Similarly, matrices Yiq(t2), - .., Yima(tn) are constructed.

6. The gramian is calculated as follows:

Mz

P(tf,to) ma tf7t0 ma tk ma(tk)A (517)

k:l

Remark 9. The above method computes a finite horizon reachability gramian over [tg,t7]. For
computing the gramian over a different interval [to,,ty, ], the new modified adjoint of the original
LTV system is initially constructed. The observability gramian of this new adjoint system gives the
reachability gramian of the original system over [to,,tf]. This technique requires n (dimension)
simulations of the original LTV system. Thus, it will be computationally expensive for large-scale

systems with many states.

5.3.4 Numerical example

This subsection presents an example that numerically verifies the results obtained in the previous

subsection, particularly Lemma 5.3.3 and Corollary 5.3.4.

Example 1

Consider the LTV system given by (5.2). The modified adjoint of the LTV system for the finite

time horizon [0, 5] s is given by

dma(t) _ —1+ 0.5c082(5 — t) 1—0.5sin(5 — t)cos(5 — t)] roa(t) 4 1
)

Uma(t).
dt —1—0.5sin(5 — t)cos(5 — t) —1+0.5sin2(5 —t
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For a time interval [0, 5] s and a sampling time A = 0.001 s, the observability gramian @, (5,0)

computed using Algorithm 10 is as follows,

Qma(5a O) =

0.7939 0.3673
0.3673 0.5446|

The reachability gramian of the original LTV system is denoted as P;(5,0). It is computed by
solving the differential Lyapunov equation (2.83) and is given by (5.3). Comparing the gramians,
it is seen that the observability gramian of the modified adjoint system Q...(5,0) equals the
reachability gramian of the original LTV system P (5,0).

For the same interval [0, 5] s and sampling time A = 0.001 s, the reachability gramian of the

original LTV system P(3,0), obtained by solving the differential Lyapunov equation (2.83) is given
by

1.3080 0.2978
P(3,0) =

0.2978 0.2577|

Setting to = 2, the observability gramian of the modified adjoint system given above is as follows,

1.3086 0.2983
Qma (57 2) = .
0.2983 0.2522

Comparing the gramians, it is observed that @,,4(5,2) = P(5 — 2,0) = P(3,0).

5.4 A system norm for continuous-time LTV systems

For LTT systems, system norms such as Hy and H,, norm are defined using the system transfer
function - a frequency domain representation. Unlike LTI systems, the frequency domain represen-
tation for finite horizon LTV systems is not well established. Hence, a time-domain representation

is used to generalise the notion of norms to such systems.

In the case of LTI systems with m inputs, a deterministic interpretation of the square of the
H, norm is given in Section 4.3 of [108]. It is the sum of the squared Ly norms of the impulse
responses for m impulse inputs given by u;(t) = §(t)e; for i = 1,...,m. In this section, a system
norm for finite horizon LTV systems, which is a generalization of the Hs norm of the LTT system,
is discussed. The norm is defined using the impulse response matrix of the LTV system, and a

trace formula involving the reachability or the observability gramians is obtained.

5.4.1 A finite horizon H; system norm

For an admissible input u(t), the output y(¢) of the LTV system given by (2.72) is,
t
o) = [ it ryutt (5.18)
to
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Taking norm and squaring both sides of (5.18) results in

t 2

h(t T)u(T)dr

(/mm dT> |

/ 1At )] (e >|dr) (5.19)

<(
( |htT|Fm></ﬁu ||m) (5.20)
( |htT|Fm)(lfnmﬂWdﬂ, (5.21)

where (5.20) is obtained from (5.19) by applying Cauchy-Schwarz inequality. Integrating both sides

ly@)II* =

of the inequality (5.21) over the time-interval [to, ;| and taking the positive square-roots gives

(v = ([ [’ ([ s

1
ty
= Whigonn < ([ f 1D ardt) g - (5.22)
0 (0]

1
The term ( ti,f ftz [Ih(t, ) ||§7 det> * is referred to as the finite horizon Hy norm of the LTV system.
It is also denoted by ||X||, (to.t;]- 1t is evident from (5.22) that when the LTV system X is viewed

as an input-output operator, the system norm ||| ;;, is an upper bound of the induced norm

[to 7tf]
from the input space L5 [to, t¢] to the output space L[to,t].

For L'TT and LTP systems, the Hy norm is related to the respective systems’ controllability and
observability gramians. The following proposition shows that the finite horizon Hy norm can be

expressed as a trace formula involving the system gramians.

Lemma 5.4.1. The square of the finite horizon Ho norm of the LTV system %, given by (2.72)

can be expressed using the reachability gramian P(t,ty) as follows,
ty
“W%mm:[ Tr (C(8)P(t,t0)CT (1)) dt. (5.23)
0
The square of the norm can also be expressed using the observability gramian Q(ty,t) as follows,
tf
2= [ T (BT 0Q0BO) dt. (5.24)
to

Proof. The square of the finite horizon Hy norm, i.e. HEH?% [to,,] €A1 be simplified as follows,

ISy = / /t:ﬂ(hum)(h(t,r))T) drdt
-/ (o ([ o) B BT (00,7 dr ) (CO)T ) at

= /tf Tr (C(t)P(t, t())(c(t))T) dt,

to

where the definition of P(t,to) is given by (2.82).
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The finite horizon Hy norm expression involves double integration. Exchanging the order of

integration of the variables ¢ and 7 results in

=1, o) = /t :f /tt Tr (h(t, 7)(h(t,7)T) drdtdrdt
_ /ttf /:f Tr (h(t, 7)) Th(t, 7)) dtdr
_ /t :f Tr (BT(T> < /T Y (607 T CT (1 C (), T)dt) B(r)) dr

- [T (BT B) i

to

where the definition of Q(ty, 7) is given by (2.84). O

The finite horizon Hs norm of the original system ¥ and the modified adjoint system 3,,, are

the same. The following theorem proves this.

Theorem 5.4.2. The LTV systems % and Y, given by the state space representations (2.72)

and (5.5), respectively, have the same finite horizon Hy norm, i.e., X g, 0 1,0 = 1Zmall iy 0.4,

Proof. For the modified adjoint system X,,,, the input and the output matrices are B,,,(t) =
(C(to +ty — )T and Cpa(t) = (B(to +ty — )T, respectively. Using these expressions and the
relation (5.11), the square of the finite horizon Hs norm of the modified adjoint system can be

simplified as follows,

ty
1S ol ) = / Tt (Con(6) Pona (£ t0) (Cona (8))T) dit
0

= /tf Tr (B(to +ty — )T Q(t,to +ty — t)B(to +ty — t)) dt

to

- [ (Bt 2B(E) d:

to
2
. ||E||H2[t0,tf] : (5.25)
Taking the positive square root of (5.25), HZHHz[tO’tf] = HEmGHHz[to,tf] is obtained. O

5.4.2 Numerical example

This subsection computes the finite horizon Hs norm of an LTV system for a given time interval.
Through this example, it is verified that the area under the graphs of Tr (C(t)P(t,t)(C(t))T) and
Tr (B(t))TQ(ty,t)B(t)) for the time interval [to,¢s] are equal (as shown in Proposition 5.4.1).

Similar to the previous examples of this chapter, the LTV system given by (5.2) is con-
sidered. Assume a time interval of [—0.5,1] s. The reachability gramian P(¢,—0.5) is com-
puted by solving the differential Lyapunov equation given by (2.83). Further, the observability
gramian @Q(1,t) is computed by solving the differential Lyapunov equation (2.85). The plots of
Tr (C(t)P(t,—0.5)(C(t))") and Tr ((B(¢))TQ(1,¢)B(t)) for the time interval [-0.5,1] s are dis-
played in Figure 5.1.

The area under the integrand involving the reachability gramian is

/1 Tr (C(t)P(t,—0.5)(C(¢))") dt = 1.1921. (5.26)
—-0.5
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Figure 5.1: Plots of the integrands of the squared finite horizon Hs norm, HZH%Z[_OIS 1]

Similarly, the area under the integrand involving the observability gramian is
1
/ Tr ((B(t)"Q(1,¢)B(t)) dt = 1.1921. (5.27)
—0.5

Comparing (5.26) and (5.27) results in

1

/ T (CWOP(,~0.5)(C(E)T) di / Tr (B(#)TQ(1, 1)B(#)) dt.

-0.5 —0.5
The H3[—0.5,1] norm of the LTV system is as follows

1
2

Plagnsn = ([ T COPE-05)C0)) at)

_ (/1 Tr ((B(1)TQ(1,£)B(t)) dt)é

—0.5
= 1.3828.

5.5 Summary

In this chapter, numerical methods for computing the finite horizon reachability gramian have
been proposed, and a finite horizon system norm for a continuous-time LTV system has been
discussed. Three methods for numerical computation of the gramian have been proposed. The
first two methods use system trajectory information for recurring impulse and pulse inputs. The
third method uses the modified adjoint of the original LTV system for computing the gramian. A
finite horizon Hy norm for continuous-time LTV systems has been discussed. A trace formula of

the norm in terms of the reachability and the observability gramian has been obtained.
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Chapter 6

Finite horizon MOR of LTV
systems based on error norm

minimization

MOR algorithms for LTI systems cannot be directly applied to LTV systems. The literature in the
area of MOR of LTV systems is comparatively scarce. The BT algorithm for infinite horizon MOR
of LTT systems is extended to the finite horizon MOR problem for LTI systems as TL-BT. It is
further extended to both continuous as well as discrete-time LTV systems in [99, 91, 92]. Unlike BT
and TL-BT, the Hy(7) optimal model reduction problems considered in Chapter 3 and Chapter 4
are based on minimizing a well-defined error criterion. Such an error criterion-based finite horizon
MOR scheme for discrete-time LTV systems is proposed in [60, 61]. Based on the LTV system
norm discussed in Chapter 5, a similar error-criterion-based finite horizon model reduction problem

for continuous-time LTV systems is proposed in this chapter.

The principal contribution of this chapter is an iterative algorithm for finite horizon model
order reduction of continuous-time LTV systems. Firstly, it is shown that the finite horizon Hs
norm, proposed in the previous chapter, can be considered as a performance measure for the model
order reduction of LTV systems. Next, closed-form expressions of the functional derivatives of the
error norm with respect to the state-space parameters of the reduced-order systems are obtained.
Using these expressions, conditions for optimality of the error norm are obtained. Finally, the
optimality conditions are formulated as a projection problem and based on it, an iterative algorithm

is proposed. The algorithm is validated with the help of two numerical examples.

The chapter is organised as follows. A finite horizon Hs error norm for continuous-time LTV
systems is introduced in Section 6.1. In Section 6.2, the functional derivatives are determined,
conditions for optimality of the error norm with respect to the state-space matrices of the reduced-
order LTV system are obtained, and several identities related to the optimality conditions are
established. Based on the identities, Section 6.3 proposes a projection-based iterative algorithm
for obtaining reduced-order systems which satisfy the optimality conditions. The performance of

the proposed model reduction algorithm is verified with two numerical examples in Section 6.4.
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The chapter is summarized in Section 6.5.

6.1 A finite horizon H, error norm

Consider the reduced-order LTV approximation X, of the full-order LTV system 3. Let 3, and
Y be given by (2.86) and (2.72), respectively. Let ¢,(t,7) be the state-transition matrix of the
reduced-order system described by the map ¢, (-, ) : [to, ] X [to,ts] — R"*". The impulse response
of ¥, is given by h,.(t,7) = C-(t)¢, (¢, 7) B (7).

For the finite time horizon [tg, ts], the modified adjoint of the reduced-order system 3, is given
by,

A
yrma(t) = Crma(t)mrma(t)a (61)

where A, (t) = (Ar(to+tr —1)T, Brma(t) = (Cr(to+ts—1))T and Crima(t) = (Br(to+tr—1))7.
For t > 7, let ¢rma(t,7) and hpma(t, 7) be the state transition matrix and the impulse response
matrix, respectively, of the modified adjoint system.

For a permissible input u(t), the output y(t) of the full-order system X is y(t) = f:ﬂ h(t, T)u(r)dr
and the output y,(t) of the reduced-order system ¥, is given by y,.(t) = ftto h.(t, T)u(r)dr. The

norm of the error e(t) between the two outputs is given by,

le@llz = lly@) — y- ()l
/ (h(t,7) — he(t, 7)) u(r)dr

to

2
Similar to the derivation of the inequality (5.22) in Subsection 5.4.1 of Chapter 5, the following

inequality is obtained.

1
2

tf t
2
ellgoan < (10607 = ot ra) " Jall - (62)
0

Nl

From the above inequality, it is observed that minimizing < fttof ftto |h(t,7) — hy(t,7)]| Fdrdt)
ensures that y,(t) is a good approximation of y(t) over the time-interval [¢,t;]. This error norm,
denoted by [|¥ — %, ||, (to,t,]> 18 Teferred to as the finite horizon H error norm between the LTV
systems 3 and ¥,.. This chapter uses the error norm to propose a model order reduction algorithm
for continuous-time LTV systems.

Let [to,tf] be the time interval for analysing the systems ¥ and X,. Given initial time ¢, the
reachability gramian of the reduced-order system at time-instant ¢, denoted by P,.(t,tg), is given

by
Pu(t,to) = [ &p(t,7)Bp(T)(B(7)" (60 (t, 7)) dr. (6.3)

to

Further, given initial time ¢y and a time-instant ¢, the matrices X (¢, to), Xma(t, to) and Prpq(t, to)
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are given by

X(t,to) = t ¢(t, 7)B(1)(Br(7)) (¢r(t, 7)) " dr, (6.4)
Xma(t to) = \ Pmal(t, T)Bma(T)(Br,ma(T))T(¢r,ma(t7T))TdTv (6.5)
Prma (ta tO) = /; ¢7'ma (t7 T)Brma(T) (BT"I)'L(L (T))T(Qb’rmu (t, T))TdT. (66)

Note that P.,.q(,to) is the reachability gramian of the reduced-order modified adjoint system
ZT'TVL(IH
Differentiating P, (t,to) with respect to t using Leibniz integral rule results in

d
—P,
di r(ta tO)

= L (4 7V B () (Bo ()T (601, 7)) Vel

= 001, 0B OB0) (0n 1) + [ (S0nlt.7)) Br) (B 61 T+
t T
+ ép(t, 7) B (7) (B (1))T (%(br(t,’]')) dr

to

By using (2.77), the above expression simplifies to

%Pr(tato) = Br(t)(Br(t))T + A1) ; (br(tvT)BT(T)(BT<T))T(¢T(t7T))TdT"’

+ /t e (t, 7) By (1) (B (1)) (¢ (t, 7)) dr(A(t)T
= A, ()P (t,t0) + Pu(t, to)(A-(t)T + B, (t)(B,.(t))T. (6.7)

Thus, P.(t,tp) can be computed by solving the matrix differential equation (6.7) with initial
condition P, (to,to) = Opxr-
Similarly, differentiating the matrices X (¢,to), Xma(t, o) and Prpq(t, to) with respect to t by

applying Leibniz integral rule and using (2.77), the following matrix differential equations are

obtained.
%X(t, to) = A(t) X (t,t0) + X (t,t0) (A, ()" 4+ B(t)(B.(t)7T, (6.8)
o Xonalt510) = Amsa(0) Xt £0) + Xrna 1, 10) (Arma ) (1) + Broa () Brma®)”, (69
e Prnalt,10) = Ava (1) Prnalt,10) + Prona(t10) (Arona (67 + Brona (1) Brna D). (6.10)

Hence, X (t,to), Xma(t, to) and Py, (t, to) are computed by solving the matrix differential equations
(6.8), (6.9) and (6.10) with initial conditions X (¢9,t0) = Onxrs Xma(to,t0) = Opxr and Prpe =
0.-x, respectively.

Similarly, given final time 7, the observability gramian of the system 3, at time-instant ¢,

denoted by @, (ty,t), is given by

Qr(tf,t):/tf((f)r(’l',t))T(Cr(T))TCT(T)(ZST(T,t)d’l’. (6.11)
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Additionally, given final time ¢; and a time-instant ¢, the matrix Y (¢;,t) is given by,

Y(tf,t):/tf(d»(ﬂt))T(Cr(T))TC(T)sb(ﬂt)dT~ (6.12)

Differentiating the matrices Y (tf,t) and Q,(tf,t) with respect to ¢t using Leibniz integral rule
and substituting %qﬁ(T, t) = —¢(1,t)A(t), the following matrix differential equations are obtained.

SV (11) = (AWNTY (17,0) + Y (15, DA1) + (C(0)T O, 1), (6.13)
—%Qr(tf,t) = (A ()T Qr(ty, 1) + Qr(ty, AL + (Cr(8))TCr (D). (6.14)

Thus, the matrices Y (ty,t) and Q,(tf,t) can be computed by solving the matrix differential equa-
tions (6.13) and (6.14), respectively, with final conditions Y (¢7,ts) = Opxr and Qy(tr,t7) = Orxyr.

Lemma 6.1.1. P,,4(t,to) and Q.(ty,t), given by (6.6) and (6.11), respectively, are related as,
Prma(t, to) = Qr(ts, to +t; — ). (6.15)

Similarly, Xma(t,to) and Y (ty,t), given by (6.5) and (6.12), respectively, are related as,
Xpma(t,to) = Y(tys, to +t; — ). (6.16)

Proof. Substituting ¢rma(t,7) = (¢(to + ty — 7,t0 + ty — t))T (using Proposition 5.3.2) and
Brma(T) = (Cr(to + tf — T))T in (66) giVGS

Prma (t, tO)
- ¢rma(ta T)Brma(T) (Brma (T))T(¢rma (t3 T))TdT

to
t
= / (or(to + ty —7,to +tf — t))T (Cr(to + ty — T))Tcr(to +ty — T)br(to + ty —T,to +ty —t)dr
to
Changing the variable of integration to z =ty +t; — 7 results in

Prma(t’ tO) = / i (¢T(za tO & tf - t))T (OT(Z))TCT(Z)¢T(25 tO + tf - t)dZ

t(]+tf7t

= Qr(ty,to +ty — ).

Similarly, substituting ¢ma(t,7) = (d(to +t; — 7o to +t5 — )T, Grma(t,7) = (dr(to +t5 — 7, t0 +
ty —t)T, Ba(t) = (C(to +ty — )T and Cypna(7) = (Br(to +t; — 7))T in (6.5), results in the
following

Xma(tv tO) = ¢ma(t7 T)Bma (T)(Brma(7>)T(¢rma (t, T))TdT

to

t
_ / (6(to + 17 — 7o to + 5 — )T (Clto + 5 — )7 Colto + 5 — T)u(t — 0+t — 7 t0 + £ — £)dr.

to
Changing the variable of integration to z =ty +t; — 7 gives
tr
Xnaltst) = [ (@esto +tr = ) (CENTCoonto + 1y — s

to+ts—t

= Y(tf,to +if— t).
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Proposition 6.1.2. The square of the finite horizon Hy error norm is expressed using the reach-

ability gramians of ¥ and ¥, as follows,

2
12 = Er ey 0,247

= /tf Tr (C(t)P(t, t0)(C(t)" —20() X (t,t0)(Cr (1) + Cr(t) Pr(t, t0) (Cr (1)) dt.  (6.17)

Similarly, the square of the finite horizon Hy error norm is expressed using the observability

gramians of X and X, as follows,

(RN
= /f/f Tr(B(1)"Q(ts, t)B(t) — 2(BE)TY (5, )By(t) + (B ()T Qu(tf,t) B, (t))dt.  (6.18)
= /tf T’/‘(Cma(t)Pma(t,to)(cma(t))T — 2Cma(t) X malt, to)(Cma(t))T+

Crma(t)Prma(t,t0)(Crma(t))")dt. (6.19)

Proof. The error norm || — Er”?—[ﬂto ¢;) involves doubles integration and can be expressed as

follows,
9 ty t )
12— E”‘HHg[to,tf] = /t \ 1h(t, 7) = hr(t, 7)|[p drdt (6.20)
iyt
= / / h(t, 7) = ho(t, 7)| 3 didr. (6.21)
to T

The integrand of the double integral in (6.20) can be expressed as,

1At 7) = R ()

= Tr ((R(t,7) = ho(t, 7)) (At 7) = hon(t, 7))

(CO(t, T)B(r) = Co(t)u(t, ) Br (7)) (B(7)) (9(t, 7)) (C(£)" = (Br(7)) (90 (¢, 7)) (Cr()T))
£)o(t, ) B(7)(

C( B(1) (6(t, ) (C)T) = Tr (Cr () (&, 7) B (1) (B()) T (9(t, 7)) (C (1)) —

I II
Tr (C(t)p(t,7)B(T) (B (7)) (¢ (t, 7)) (Cr(t)T) + Tr (Cr(£)r (t, 7) B (7)(Br (1)) (0 (£, 7)) T (Cr (1))
II1 v

=Tr
=Tr

(
(

(6.22)

Letting A = C(t)¢(t,7)B(r) and B = C,(t)¢,(t,7)B,(7) and using the property Tr(AB) =
Tr(BA), it follows that the terms (II) and (III) of (6.22) are equal. Applying the double inte-
gral j;tof f:ﬂ(-)det on term (I) of (6.22) and exchanging the position of the trace and the inner
integral operator j:;()dT results in
ts ¢
[ (e ([ oenmemem o) o) i
0 to

tr

_ / Tr (C(t)P(t, 10)(C(£))T) dt. (6.23)
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A similar operation on (II) of (6.22) gives,

/ i (o o0, TVBE B (0 (1.7 dr ) (G ()T )

_ /t I (COX (1 t0) (Co (1)) (6.24)
Repeating the same Osteps on (IV) of (6.22) gives,

/t:f Tr (Cr(t) ( t¢T(t,T)BT(T)(BT(T))T(@(@ T))Td7'> (C’T(t))T> &t

to

ty
— [ (P 6 0)(C0)) . (6.25)
to
Adding (6.23), (6.24) and (6.25), (6.20) can be expressed as
”2 - Er”ilz[t(),tf]

= /tf Tr (C(1)P(t,10)(C(1)" = 2C#) X (t,t0)(Cr(1))" + Cr() Pr(t, to)(Cr (1)) dt.
The integrand of the double integral in (6.21) can be written as,
Hh(t’ T) - hr(t’ T)H%
=T (((t,7) = (6, ) (Rt 7) = (7))

—h
=Tr (((B(m)" (¢(t, 1) (CA)" = (Be(m)" (&0 (t, 7)) (Cr()") (C)(t, ) B(7) — Cr(£)r (t,7) Br(7)))
=T ((B(n)" (¢(t, 7)) (C()"C®)(t, 7)B(7)) = Tr ((B(1))" (¢(t, 7)) (C())" C:(8)r(t, 7) By (7)) —

I 11

T ((B: (1) (¢ (£, 1) (Co ()T C(O)(t, T)B(7)) + Tr (Br (1)) (90 (¢, 7)) T (Cr (1) Cr-(t) b1 (t, 7) By (7)) -

II1 v

(6.26)

Similar to the previous case, the terms (II) and (III) of (6.26) are equal. Applying the double
integral f:of f:f (-)dtdr on (I) of (6.26) and exchanging the position of the trace and the inner
integral operator, f:f(-)dt, the term (I) of (6.26) becomes

/ T (<B<T>>T ( / . <¢><t,r>>T<c<t>>T0<t>¢<t,r>dt) B<r>) ar

_ /t " ((B(r)TQ(ts.7)B(r)) dr. (6.27)
The same action on the term (IT) of (6.26) gives,
[ (o ([ nTeore o) 50 ) ar
_ /t "Tx ((B(r)TY (t7.7)B,(r)) dr. (6.28)
Similar action on the term (IV) of (6.26) results in the following,

[’ (.o ([ Y 60l 1) (D)L (06, 1 at) B, (1)) dr

0

_ /t "o (B,()TQu (17, 7) B, (7)) dr. (6.29)
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Adding (6.27), (6.28) and (6.29), (6.21) can be denoted as

2
12 = 20l ey 0.t

- / " T((B)TQUty, ) B() — 2BE)TY (t,1)Be(t) + (Bo(1)T Qu(t 7, 1) B ()

to

Changing the variable of integration to z = tg 4ty — ¢, the above equation becomes

/ T (Blto 4t — 2)TQtg to + ty — 2)Blto + ty — 2)) d=—

to

s
/ 2Tr (B(to + ty — 2)) Y (tr,to + tf — 2)By(to + ty — 2)) dz+

to

ty
/ Tr (B, (to + ty — 2))" Qu(ts, to + ty — 2)By(to + ty — 2)) d=.

to

Substituting Crna(2) = (B(to+t5 —2))T and Crma(2) = (B, (to+t5 —2))T in the above expression
and using (5.11), (6.15) and (6.16) gives the following result.

ty
12 = 2 g = | T (Crae)Pr(arto) (Conala)” ) ot

tr

[0 (Coal) X2, 0) ComalDT) [T (o) Prna2 1) o ()T

to to

6.2 Functional derivatives of the finite horizon H> error norm

In this section, the functional derivatives of the finite horizon Hs error norm, defined in the previous
section, are obtained with respect to the state-space matrices of the reduced-order system X,.. The
effect of a perturbation in the state matrix on the state transition matrix of the reduced-order

system is analysed in the following lemma.

Lemma 6.2.1. Consider the reduced-order LTV system given by (2.86). Let the state matriz A, (t)
be perturbed by a continuous mapping AA,(t) : [to,tf] = R"™". Let (Aq(t) + AA,(t)) be the state
matriz and gZA)T(t, T) as the state transition matriz of the perturbed system. The perturbation in the

state transition matrix induced by the perturbation in the state matrixz is as follows
A (t,to) = dr(t, to) — br(t,to) =
t t T
- / 60 (1, T)AA (7) (7, to)dr + / / 60 (£, T)AANT)G, (7, ) A AL ()6, (5, to)ds dr.  (6.30)
to to Jto

Proof. For u =0, the LTV system X, given by (2.86) becomes

dx,(t)
dt

= A, (t)x,(t).
The solution to the above differential equation for initial condition x,(tg) is given by

$7‘(t) = ¢r(ta tO)xr(tO)' (631)
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Let Z,(t) be the state vector for the new state matrix (A,(t) + AA,(t)). The new differential

equation is as follows
dz,(t)
dt

Let ¢y (t,s) be the state transition matrix for the new state matrix. For the same initial condition

= (Aq(t) + AA(1))2(2).

2,(to), the solution of the above differential equation is given by
j’.T(t) = qgr(tv t(])ir(t(])' (632)

Let Az, (t) = &,(t) — z(t). Differentiating Az,.(¢) with respect to t results in
dAz,(t) _ di () da.(t)
dit | " & dt
— A() D () + AA (1) (1),

For ¢t = tg, Az,(to) = &-(to) — - (tg) = 0. The solution of the above differential equation is given
by,

Axr(t):/t Or(t, T)AA(T)Z,(T)dT

= ( Or(t, T)AAL (T) by (T, to)dT) z,(to). (6.33)

to

Subtracting (6.32) from (6.31), gives the following expression for Az, (t),
Az (t) = (Br(t:to) = 1t t0) ) (ko)
= A¢, (¢, to)z, (to). (6.34)
Comparing (6.33) and (6.34) results in the following

A, (t, to)z,(to) = ( /t br(t, T)AAL(T) by (T, to)dr> ., (to).

Since the above expression is true for arbitrary z,(to),

t

Adr(t,to) = | ¢r(t,7)AA(T)dr (7, t0)dT (6.35)
£ /t 608, 7) A A (7) b (7 )l + /t 60 (8, 7) A A () Ay (7, £0) - (6.36)

(6.35) yields Ag,(7,t9) = ftz ¢r(7,5)AA,(s)dr (s, to)ds. Using this expression in the second term
on the right-hand side of (6.36) results in

t
Or(t, T)AA(T) A, (T, t0)dT
to

= [ ¢o(t,T)AA(T) | &r(7,8)AAL(8)dr(s,t0)ds dT

to to
_ /t / Gr(t, TV AAL(T) (T, ) A AL (8)r (5, to)ds dr.

Substituting the above expression in (6.36) gives the following result,

T

t t
A, (t,to) = O (t, T)AAL(T) Dy (T, to)dT + / o (t, T)AA(T), (T, S)AAT(S)(Z)T(S, to)dsdr.

to to Jto

O
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Let Aj¢,(t,to) be the first-term in the right-hand side of equation (6.30). In the following
corollary, it is proved that for LTT systems, Aj¢,.(¢,to) simplifies to the Fréchet derivative of the
matrix exponential e along the perturbation matrix AA,, denoted by L(e?*t, AA,) (defined in
Chapter 4).

Corollary 6.2.2. If A.(t) = A, and AA,(t) = AA, Vt € [to,ty], then
A1, (t,s) = L(et AA,). (6.37)

Proof. Under the given assumptions, the first-order perturbation in the state transition matrix due

to transition in the state matrix becomes
t
Badnltyto) = [ 006, TIAALT)6, (7. to)dr
to
t
:/ eAr(t=T) A A, eAr(T=10) g7
t—to
=3 / eAT(t*tD*l)AAreArldl
0

_ /t—tu e(Ar(t—to)(l‘ﬁ))AAr(t B to)eAr(t—to)(f,_’f,o)ﬂ
; t—to

1
_ eA,.t(lfs)AAreArtsds

O

Lemma 6.2.1 plays a crucial role in the derivation of the functional derivatives of the error
norm || — ZTHEQ [to,t;] With respect to the state-space matrices of the reduced-order system X,.
Let M; = {filfi : [to,ty] = R™>*™ is continuous and bounded} for ¢ =1,2,..., k. Consider F as
F:M; x My x...x M, —R.

Definition 6.2.3 ([68], Appendix A). The functional derivative of F with respect to f; € M; is a

function given by g—? : [to, tg] = R™*™ which satisfies

<g£’Af"> B /ttf Tr ((gg(ﬂ)TAfi(t)) dt

e—0 €

where € is a scalar and Af; : [to,t;] — R™*™ is an function in M;.
Thus, given Af; € M;, the functional derivative of F' with respect to f; is the function for

which the inner product between g—? and Af; is the directional derivative of the functional F' in

the direction of Af;.

Theorem 6.2.4. Consider J[A,, B,,C,] = ||Z—ZT||?{2[t0’tf] where A,(t), Br(t) and C.(t) are
given by (2.86). The functional derivatives of J with respect to A,(t), By(t) and C,(t), respectively,
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are as follows:

(1) = 2@ty 0P 1s10) = (¥ (27,07 X 0 10)) (6:39)
88é]r (t) = 2(Qn(ts, t)Br(t) — (Y(ts, 1) B(t)) and (6.40)
; é] (£) = 2(Co(t) P (b t0) — C(X (£ 1)) (6.41)

Proof. The inner product between -2 5B B and an arbitrary matrix-valued perturbation AB, : [to,tf] —

R"*™ ig as follows:

(3.0 [ {(350) s

1
= lim - (J[A,, B, + €AB,,C,] — J[A,, B,,C,]) .

Considering the expression of J given by (6.18) results in the following

J[Ar, B, + 6AB1~7 C’r] - J[AT7B7’7 O’l‘]

- i /f” Tr (BT ()Y (t7,7)AB, (7)) dr + ¢ /t” Tr (ABY (7)Qu (t7,7) By(7)) dr+
€ /t :f Tr (BF(1)Qr(ty, T)AB,(T)) dr + €2 /t :f Tr (AB (1)Qr(ts, 7)AB, (7)) dr.
Dividing the above expression by € gives
Ji%i% (J[Ar, By + €AB,, Cy] — J[Ay, By, C,])
R / T (BT(r)Y (2, 7)ABo() dr + / T (ABT(7)Qs (t7,7)B, (7)) dr+
/t :f Tr (BE(1)Q, (7, 7)AB (1)) dr + ¢ /t :f Tr (ABT (7)Q, (tg, 7)AB, (7)) dr.

Taking the limit of the above expression as € — 0+ and using the identity Tr(AT B) = Tr(BT A)

results in

1
lim - (J[A4,, B, + €AB,,C,] — J[A;, B, C,]

e—0+ €

:—2/thr(BT( )Y (ty, 7)AB, (1)) dr + 2

to

Tr( T(r T)Qr(ty, )AB,»(T)) dr

)
ty
to

- 2/ f Tr ((Qr(tfvT)Br(T) - (Y(tfa T))TB(T))T ABT(T)) dr

to

= <2 (Qr(tfaT)Br(T) - (Y(tf7 T)>TB(T)> >ABT(7)>'

Since A B, is arbitrary, the following result is obtained when comparing the above expression with
(6.42).

O (0 =2 (@it DB, 0) ~ (V{17 0) 7 B(1).

The inner product between 5%] and an arbitrary matrix-valued perturbation AC, : [to,tf] —
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RP*" is given by

oJ ts aJ  \"
<80T,AOT>_/“) Tr((acr(t)> AOAt)) it (6.43)
— tim L (J[Ay, By, Cy + €AC,] — J[Ay, By, Cl)
e—0+ €

Using the expression of J given by (6.17) results in the following
J[Ar, B, C. + eAC,| — J[A,, By, C}]

= —2 /tf Tr (C(6) X (t,t0) (AC,(t))") dt + e/tf Tr (AC, (1) P (t,t0)(Cr (1)) dt+

; / T (Co Pt 1) (AC, ()T dt + ¢ / L (ACH )P, (1 t0) (A, (1)) dt.

Dividing the above expression by e, taking the limit as ¢ — 0+ and using the identity Tr(AT B) =
Tr(BT A) gives

1
lim - (J[A4,, By, C, + eAC,] — J[A:, By, Cy])

e—0+ €

_ 4 /tf T4 (CU) Xt t0) (AC (6)T) dt + /tf Tr (AC,(t) Pr(t, 1) (C(1)T) dt-+
/tf Tr (Cr(t>Pr(t> tO)(ACT(t))T) dt.
=2 [T (0.0 t0) — COX 0, 10) (AC0)T)

= Q/tf Tr ((07(t)Pr(t,t0) — C(t)X(t,tO))T ACr(t)) di.

Since AC, is arbitrary, comparing the above expression with (6.43) results in

0J
oC,

(t) = 2(C, () Pr(ts to) — C() X (1, 10)).
The inner product between % and an arbitrary matrix-valued perturbation AA, : [to,t7] —

R"™*" is given by

o.J " o7  \"
<M,AAT> . /t Tr ((a—Ar(t)) AAT(t)> it (6.44)
— lim L (J[A, + €AA,, By, Gyl — J[Ar, B, Cu]).
e—0+ €

Let éT(t, T) = ¢r(t,7) + A, (t,7) be the state transition matrix corresponding to the perturbed
state matrix (A, + eAA,). Equation (6.30) results in
t
Agp(t,to) =€ [ op(t, T)AA(T)D, (T, t0)dT + 2. (6.45)
to
where ¢ = ftto Jo & (8, T)AA(T) b0 (7, $)AA,(s)r(s,to)ds dr. Using the expression of J given by
(6.17) results in the following.
J[Ar + EAAM B,, Cr] - J[Ara B,, Cr]

_ / T (Co (O AP (4, 0)(Co()T) di — 2 / Tr (C(H)AX (¢, 1) (Co(£)T) dt. (6.46)
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where AP,.(t,t9) and AX(¢,tp) are the perturbations in P.(¢,ty) and X (¢,to), respectively, due to
the perturbation of the state matrix A,.(t). Using the integral form of P,.(t, o) given by (6.3), the
first term on the right-hand side of the expression (6.46) can be simplified as follows,

[ (c,»u) Aqsr(t,T>BT.<T><B,.<T>>T<¢T<@T>>Tdf<c,.<t>>T) dtt

/t :f Tr <Cr(t) t: ¢T(t,T)BT(T)(BT(T))T(A%(LT))TdT(CAt))T) dt+
/t :f Tr (Cr(t) t: A(br(t,T)BT(T)(BT(T))T(A¢T(t7T))TdT(CT(t))T) dt
_9 /ttf Tr (o,(t) /t t A¢>,.(t,T)BT(T)(B,.(T))T(@@,T))Tdf(c,.(t))T) di+
/ To <Cr(t) / AM,T>BT<T><BT<T>>T<A¢T<@ﬂ)Tdd&(t))T) dt.

Substituting A¢,.(¢,7) from (6.45) in the above expression results in

2e/tf Tr <(Cr(t))Tcr(t)/t / d»(t,s)AAr(s)qsr(s,T)BT(T)(BT(T))T(@(LT))TdsdT> gt + Te(D),

0

(6.47)

where Tr(¥) = O(e?).
Consider the first term of the expression (6.47). Exchanging the order of integration of the

variables s and 7 results in
ty t s
2 / Tr <(Cr(t))TC,(t) / (br(t,S)AAT(S)(bT(s,T)BT(T)(BT(T))T(qu(s,T))T(qbr(t,s))Tdes) dt
to to Jto
ty t s
2T [ [ (6.t s (CoO) (00016 )AA) [ 6n(5sm)Br) (Bo(r) (65,7 dr ds
to to to
ty t
2T [ [ (665D (GO C0)0n (6 5) A (5) P s, o).
to to
Further, exchanging the order of integration of the variables ¢ and s in the above expression yields
ty iy
26t [ [ (60(0.5)) 7 (Co0) Co (0001 (6,5 BA5)Puls. tt ds
t s
' ty ty
=26t [ Psto) ([ (60,970 €10 0,00 ) A, (51
to s
ty
= 26Tr/ P,(s,t0)Qr(ts,s)AA(s)ds
to
ty
_ 26/ T (@ (b7, 5)Pr(s,10)” AAL(5)) ds.
to
The expression (6.47) can be simplified as
ty
26/ Tr ((Qr(tf,s)Pr(s,to))T AAT(S)) ds + T, (6.48)
to
Similarly, using the integral form of X (t,tp) and substituting A¢,.(¢,7) from (6.45), the second
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term on the right-hand side of the equation (6.46) can be simplified as,
ty t
2 [ () [ ot BEIB ) (30 6 ar(Co0)” ) a
to tO

= 2¢Tr f(Cr(t))TC(t)/f ¢(th)B(T)(Br(T))T/ (6r(s.7)" (A4 ()" (¢r(t, 5))" ds dr dt + Tx(n)

— 2Ty / "Cm)Tew / / Ot 5)(5,7)B(r) (Bo (1)) (60(5, 7)) (A A (3))7 (b0 (¢, 8))ds dr dit

+ Tr(n), (6.49)

where Tr(n) = O(e?). For the first term of the above expression, exchanging the order of integration

of s and 7 results in

270 [ ()T [ o) :¢<s,T>B<T><BT<T>>T<¢T<s,T>>TdT<AAr<s>>T<¢T<t,s>>Tdsdt

to

2Ty / ' / (6r(t, )T (Co () TC(1)(t, )X (5, to)(AA(s)) ds dt

Additionally, changing the order of integration of s and ¢ gives
tr rts
261 [ [ (665 (CoO) Clt)0(t,5)aX (5, 10) (A (5)) s
to s
tf
= 2€TI'/ Y(ty,s)X(s,t0)(AA(s))Tds
to
ty
— 2Ty / (Y(t7, 8)X (s, t0)) AA, (s)ds.
to

Thus, the expression (6.49) simplifies to
ty i
2¢Tr (Y(ty,s)X(s,t0))” AA.(s)ds+ Tr(n). (6.50)

to

Substituting (6.48) and (6.50) in (6.46) results in
J[AT + GAAM B7-, CT] s J[Ar7 B7-, 07]

ty
- 26/ T ((Qu (b, )Pr(s,t0) — Y (t,8) X (s, 10))" AA, (5)) ds + Te(¥ — ),
to
where Tr(¥ — 1) = O(€?). Dividing the above expression by € and taking limit as ¢ — 0 yields

1
lim - (J[A, + eAA,, B.,C,] — J[A,, By, Cy))

e—0+ €

= Q/t s Tr ((Qr(tf,S)Pr(&t()) — Y(tf7S)X(s,t0))T AAT(s)) ds.

As AA,(t) is arbitrary, comparing the above expression with (6.44), the following result is obtained.

0J
0A,

(t) = 2(Qr(ty, ) Pr(t to) — (Y(tr, )T X (t,10)).
O

The functional derivatives of the error norm obtained above are used in the following theorem.

TH-3427_166302002 109



Chapter 6. Finite horizon MOR of LTV systems based on error norm minimization

Theorem 6.2.5. Let the continuous time-varying matrices A, (t), B,(t) and C,.(t) be a stationary
point of the functional J[A,, B,,C,]. For A.(t) = A.(t), B.(t) = B.(t) and C.(t) = C,.(t), let
P,(t,to), Qr(ts,t), X(t,to) and Y (tg,t) be the solutions of the matriz differential equations (6.7),
(6.14), (6.8) and (6.13), respectively. If P.(t,to) and Q,(ty,t) are invertible at every instant
t € [to,ty], then

) = o) (awvio - Z0) o (6.51)

= (W) A0 + ZO%0)T) Vo) (6:52)
Br(t) = W, ()7 B), and (6:53)
To(t) = COWi) (650

where (W,(£))TViu(t) = I with Wy(t) = Y (t, 1) (@r(ts,1)) " and Vi (t) = X (¢, to) (Pr(t,t0))

Proof. Let (A,(t), B.(t),C,(t)) be a stationary point of the functional J[A,, B, C,]. Let %(t) =

T | e ey BB = B o and BT = |
(@@ Bwcw) %8 OB |(&(6),Br(1),C- (1)) oc: 00 |(A:(0).Br(1),C- 1))

arbitrary AA,(t), AB,(t) and AC,(t) with appropriate dimensions, continuous over [to,?s], the

For

following relations hold.

0J 0J 0J
<m4AA> szw> <m7AC>

As ;TJ(t), O%J(t) and %(t) are continuous in [tg, ], the following results is obtained.

220 = Tty 0Pt o) — (T (01, Xt 10) = 0 (6.59)
S50 = Qe B (D) — (Ve 0)" Blt) =0 (6.50
2o (1) = TRt 1) — COX (1,10) =0 (057

(6.56) and (6.57) gives

where W,.(t) = Y (tg,t) (@(tf,t))71 and V,.(t) = X(t,to) (E(t,to))il. The following result is
obtained using (6.55).

W) Vot) = (@ (tr.0) " (V1) X(tt0)) (Prtto)
(@r(ts, 1) (@rlts ) Pr(t, t0)) (Br(t, to))
=1I,. (6.58)
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Left multiplying (6.8) by (W (¢))T, substituting X (¢,t9) = V,.(t)P-(t, o) and using (6.58) gives

WO (V0P (1 10)) = (W ()T AV (P50, 10) + (W) Vi (5 0,10 (A () T+
W, ()" BO)(B()"

= (T 0)VA 0 G010 + (V)7 (V0 (0) Prltt0) = (W (0) AV O (1 10)+
Py, 10) (A1) + B () (B ()"

= S t0) = (V)T AOV, (0~ W) V0 (0) Pieto) + Pl to) (A 0)"

FB OB 0)"

Comparing the above matrix differential equation with (6.7) results in

rd

() = (W) T AV () = Wa()”

Vi (t).

Similarly, taking transpose of (6.13), right multiplying it by V (¢), substituting Y (t,t) = W,.()Q(t¢, 1),
and using (6.58) gives

~ @, 0)T = @ty ) <<Wr(t>>TA<t) + %(WTu))T) v(t)

+ (A:0)T (@ (g, 1) T + (Cr(1) T Cr(2).
The following result is obtained by comparing the above matrix differential equation with (6.14).

70) = (W) 40 + ZW o) ) VD,

O

Remark 10. The conditions (6.55)-(6.57) are first-order necessary conditions for optimality of the
finite horizon Hs error norm J = ||¥ — Er||§{2[t0,tf}. As the conditions are expressed using a
gramian framework, they can be considered as the LTV generalization of the Lyapunov-based Hs

optimality conditions for continuous-time LTT systems, given by (2.39)-(2.41) in Corollary 2.4.4.

6.3 A projection-based iterative algorithm

Consider the equations (6.3), (6.4), (6.11), (6.12) and (6.51),(6.53), (6.54). They can be interpreted
as two coupled equations, (X,Y, P, Q,) = f(4,, By, C,) and (4,, B,,C,.) = g(X,Y, P, Q,). Thus,
if (A, B, C..) is a stationary point of J[A,, B;, C;], then it is also a fixed point as g(f(4,, By, Cy)) =
(A, B,,C,). This motivates the following iterative procedure: (X,Y, Py, Q)k+1 = f(Ar, By, Cp )41
and (A, B, Cp)g+1 = 9(X,Y, P, Q). If the starting (initial) point of the iterative procedure is
near to a fixed point, then it is supposed to converge to the fixed point.

Based on the above idea, a fixed-point iterative scheme for continuous-time LTV systems is
proposed in Algorithm 11. An appropriate initial point is critical for the convergence of the
iterative scheme. Hence, instead of random initialization, a reduced-order LTV model of order r,

obtained by FH BT, is used to initialize the algorithm.
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Let (AL, BL, Cl) be the initial reduced-order LTV model of order 7. Let %1 , %1 and %1

. . . . 1
be the functional derivatives with respect to (AL, BL,C}). Also, let J}lr = MaAXie(ty t4] HaaTJ

b

2
o7 1 1 .
Jllgr = MaXe[ty,tf) HB%JT H2 and Jér = MaXe[ty,tf] Hé‘%]r H2 As the reduced-order model obtained

by the FH BT algorithm is not optimal, J} , Jg and J _are non-zero. The following quantities

are computed for every iteration of Algorithm 11.

oJ
DerAr := . |
erAr (terﬁi)t(f] DA, (t) 2> /T4, (6.50)
Derbr = (| max |22 (1) ) /7, and (6.60)

= te[to,}t(f] 0B, ) B, .

oJ
X o : 1 .61
erCr <t€rﬁi}ff] 8CT( ) 2) /JG, (6.61)

In the above terms, normalization by J} , Jp and J/, ensures the ease of comparing them for

subsequent iterations.

Algorithm 11: Finite horizon TSIA (FH TSIA) for LTV systems
Input: A(t), B(t),C(t); A finite time-interval [to, ¢;]; Order of the reduced-order model
(r); Initial AY(¢), B2(t), C2(t), obtained by FH-BT over [to, ];
Output: A, (), B,(t), Cr(%);

while (not converged*) do
1. Compute X (t,t0), Pr(t,t0), Y (¢tr,t) and Q. (tf,t) by solving the matrix differential

equations (6.8), (6.7), (6.13) and (6.14) for updated values of A.(t), B,(t) and C,(¢);
2. Compute DerAr, DerBr, and DerCr as defined by (6.59), (6.60) and (6.61),
respectively;
3. Compute the projection matrices: V;.(t) = X (t,t0)(P(t,t9)) " and
W (t) =Y (t7,8) (@nlts, 1))
4. Update the reduced-order matrices using Equations (6.51), (6.53) and (6.54);
end

*(The meaning of the term ‘not converged’ is explained in Remark 11. )

Remark 11. Similar to the TL-TSIA algorithm for LTI systems, a convergence proof for the pro-
posed FH TSIA algorithm is not available. The algorithm is terminated when there is no significant
change in the values of DerAr, DerBr and DerCr for successive iterations. If DerAr, DerBr and
DerCr are less than 1 at termination, it indicates the closeness of the obtained reduced-order model

to the optimality conditions and an improvement over the FH BT algorithm.

Remark 12. To compute V,.(t), X (¢,t9) and P.(t,to) are obtained by solving the matrix differential
equations (6.8) and (6.7), respectively, with zero initial conditions from ¢ = ty to t = ty. For
computing W,.(t), the modified adjoint system is used to obtain X,,,(¢,to) and Prpma(t,to) by
solving the differential equations (6.9) and (6.10), respectively, from ¢ = ¢y to t = t; with zero
initial conditions. Then, Wyma(t) = Xma(t, to) (Prma(t, to)) " is obtained. Using (6.15) and (6.16)
of Lemma 6.1.1, a time reversal operation on W,.,,(t) is applied to obtain W, (t) i.e. W,.(t) =
Wyma (to +t7 — t).
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Remark 13. The above algorithm is the generalization of the TSIA algorithm, proposed by [104]
and stated in Algorithm 5 of Chapter 2, to continuous-time LTV systems.

The computational complexity of the proposed FH TSIA algorithm and the existing FH BT
algorithm is now discussed. FH BT involves solving two differential equations with n x n matrix
coefficients for the time interval [to,¢;]. Then, a pair of time-varying projection matrices are
computed using Schur projection [35, 86]. In comparison, FH TSIA involves solving four differential
equations, two with n x r and another two with r X » matrix coeflicients for the same time interval.
The solutions are used to construct a pair of time-varying projection matrices. The differential
equations are solved using appropriate ordinary differential equation (ODE) solvers. Thus, the
computational cost of FH BT and FH TSIA depends on the values of n and r and the time the ODE
solver takes to solve the differential equations. Due to the greater number of matrix coefficients,
the FH BT algorithm appears more computationally expensive. However, unlike FH BT, FH TSIA
is an iterative algorithm. So, apart from the aforementioned factors, its computational cost also
depends on the number of iterations required for convergence. Thus, FH BT is computationally

expensive compared to FH TSIA, provided the latter requires fewer iterations for convergence.

6.4 Numerical examples

This section demonstrates the convergence of FH TSIA with the help of two numerical examples.
The first example considers an artificially constructed second-order LTV model, which is approx-
imated by a first-order LTV model. For ease of understanding, a relatively simple example is
considered. The second example consists of an LTV model of a missile’s pitch/yaw channel, which
is approximated by a second-order and a first-order LTV model. The accuracy of a reduced-order
model (ROM) is determined by computing the output error norm (|jy — yr||L2[t07tf]) for a unit
step input. To simplify the comparison process, the output error norms of the ROMs obtained
at various iterations of FH TSIA are scaled by the output error norm of the FH BT ROM and
denoted by |||,

Example 1:

T
Consider the following continuous-time LTV system with initial condition z(0) = [0 0} .

y(t) = [1 1} (%), (6.62)

where z(t) = [xl(t) xQ(t)]T. For a time interval [0,2] s, the time-varying gramians P(¢,0)
and Q(2,t) are computed by solving two matrix differential equations. The time-varying Hankel
singular values of the above system are computed as diag{oi(t),o2(t)} = (A (P(t,O)Q(Q,t)))%.
They are plotted in Figure 6.1. From the figure, it is clear that the first singular value o1 (t) almost

dominates the second singular value o2(t) over the time interval [0, 2] s, except the first 0.08 s.
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Hankel Singular values
10 T T T T

Figure 6.1: Hankel singular values of the LTV system given by (6.62) for [0, 2] s.

For the considered time interval, a first-order approximation of the LTV system is obtained
using finite horizon balanced truncation (FH BT), which is described by Algorithm 6 in Chapter
2. A first-order approximation of the LTV model is obtained using FH BT, which initialises FH
TSIA. For this ROM, J}h = 7.56, J;:% = 136.95, Ja = 147.09 and the output error norm is
0.35. The unit step responses of the original and the reduced-order system and the absolute error
between the responses are displayed in Figure 6.2.

This ROM initialises FH TSTA. From Table 6.1, we see that there is no significant change in
values of DerAr, DerBr, DerCr and ||y.||, beyond the sixth iteration. So, FH TSIA is terminated
at the sixth iteration. The derivative and output error values indicate that the FH TSIA ROM is
closer to optimality than the FH BT ROM.

Reduced Iter | DerAr| DerBr| DerCr| ||y.l|,

order
1.54 | 1.02 1.03 | 1.33
1.48 | 1.02 1.04 | 1.31
S 148 099 | 1.03 | 2

3.37 | 1.06 | 1.09 | 1.38
0.63 | 1.04 | 1.09 | 041
0.42 1.04 | 1.10 | 0.40

SO W N

Table 6.1: DerAr, DerBr, DerCr and ||y.||,. for the first-order ROMs corresponding to iterations of
FH TSIA.

TH-3427_166302002 114



6.4. Numerical examples

Approximation error

Step response
T T T

Full-order response
Reduced-order response|

0 0.5 1 15 2

Figure 6.2: (a) The step responses of the 2nd-order LTV model and a 1st-order LTV approximation
obtained by FH BT. (b) The absolute value of the error between the step responses of the original

model and the 1st-order approximation.

Figure 6.3 compares the step responses of the original LTV model and the reduced-order ap-
proximations and the absolute output errors between them. It also indicates that among the FH
TSTA and FH BT ROMs, the unit step response of the former is closer to the unit step response

of the original model.
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(I) Step response

40 -
Original model FH TSIA(iter=5) ' ' '
FH BT FH TSIA(iter=6)
30 FH TSIA(iter = 1) ]
T 20+ .
=y
10 -
0 e ———— ’,iii:iii:i:iii:i::1:V;liilr;::7Jr’ L L 1 1
0 02 04 06 08 1 12 14 16 18 2
t(s)
(Il) Approximation erro
100

|y(t) — ur(2)]

FH BT FH TSIA(iter=5)
FH TSIA(iter=1) FH TSIA(iter=6) | |

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t(s)

Figure 6.3: (I) Step responses for the second-order LTV model and the first-order LTV approxima-
tions achieved by FH BT and various iterations of FH TSIA, (IT) Approximation errors between

the step responses of the original and the reduced-order models.

Example 2:

For the second example, a linearized mathematical model of a missile’s pitch/yaw channel [22],[97]
is considered. The LTV model has 4 states, 2 inputs and 1 output. The inputs are the actuator
deflections d,(t) and 6, (¢); the output is the yaw rate wy(t). The state-space model is given by

dx
= = AW)(t) + B(t)u(t),

where * = [w,, o, wy, B]T is the state vector and u = [§,d,]T is the input vector. Here, w,, wy, «,
and [ are the pitch rate, the yaw rate, the attack angle and the sideslip angle, respectively. The
state matrix A(t) is given by

—ar(t) —er(t) ex(t)aa(t) —ag(t) Lgleles® et

Alt) =1 —J1>w (t) ;Zif)t)m | _?7%)
I — 2ol —b1(t) —ea(t) ea(t)ba(t) — b2(t)

0 el 1 —ba(t)
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where wg(t) is the rolling rate, J;, Jy, and J, are the rotary inertia of the missile corresponding

to the body coordinate. The control matrix is

761(15)0,5@) — ag(t) O
B(t) _ —as (t) 0
0 €9 (t)b5 (t) — b3 (t)
0 —bs(t)

The parameters a;(t), b;(t), i = 1,2,3,4,5, e;(t), i = 1,2 are functions of time and varying
continuously with the height and velocity of the missile. The fitting polynomials for the coefficient
matrices A(t) and B(t) are given below

a11(t) = 0.0012¢* 4 0.0342¢ — 1.8780
a12(t) = 1.512% — 8.7711t — 260.1298
a13(t) = —5.2356

a14(t) = 0.0067t* — 0.1634¢ + 1.9895
azs(t) = —0.0017¢* + 0.0507t — 1.5060
a4 (t) = —6.9808

az1(t) = 5.2356

aze(t) = —0.0073¢% + 0.1759¢ — 2.0593
ass(t) = 0.0006t* + 0.0478¢ — 1.9500
aza(t) = 0.2952t* — 3.7314t — 25.7606
as2(t) = 6.9808

asa(t) = —0.0029¢* + 0.0385¢t — 0.7710

Also, as1 = ag3 = 1 and as3 = a4 = 0.

b1 (t) = 0.0524¢% 4 0.3368¢ — 185.5729
b1 (t) = —0.0006t* 4 0.0139¢ — 0.2980
bso(t) = —0.0182t% — 2.0279t — 159.8991
baa(t) = —0.0012¢ + 0.0186t — 0.2540

AISO, b31 = b41 = b12 = b22 =0.
The finite horizon MOR problem of the LTV model is considered for the time interval [0, 10] s.
The singular values o;(t) = )\Z-% (P(t,0)Q(ts,t)) are plotted in Figure 6.4.
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Singular values
50 T T T

Figure 6.4: Singular values of the LTV model of a missile’s pitch/yaw channel over the time interval
[0, 10] s.

For the time interval under consideration, the singular values o1 (t) and o2(¢) dominate. Com-
pared to them, the singular values o3(t) and o4(t) are negligible. As two singular values are
dominant, it is expected that two states are needed to make a good approximation. This is verified
by obtaining first-order and second-order LTV approximations of the full-order LTV system using
the finite horizon balanced truncation algorithm for the time interval [0,10] s and comparing the
step responses of the original and the reduced-order models. The unit step responses of the original

and the reduced-order models are compared in Figure 6.5 and Figure 6.6.
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. Step response . Approximation error
- T 10 T T T
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Figure 6.5: (a) The step responses of the 4th-order LTV model and a first-order LTV approxima-
tion. (b) The absolute value of the error between the step responses of the original model and the

1st-order approximation.

Step response

Approximation error

Full-order response
Reduced-order response

-20

Yaw-rate (deg/s)
A
8
Yaw-rate (deg/s)

_a0}

_s0}-

Figure 6.6: (a) The step responses of the 4th-order LTV model and a second-order LTV approxi-

mation. (b) The absolute value of the error between the step responses of the original model and

the 2nd-order approximation.
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First-order approzimation: For the first-order approximation of the LTV model obtained using FH
BT, J = 39379, J =918.7, J}, = 748.8 and the output error norm is 220.9. This model is
used to initialize FH T'SIA. Table 6.2 shows that DerAr, DerBr and DerCr and ||y.||,. do not change
significantly beyond the 15" iteration. Hence, FH TSIA is terminated at the 15" iteration. Step

responses are applied at both inputs of the original and the reduced-order models. The outputs are
compared in Figure 6.7. The FH TSIA ROM is much closer to optimality and has a considerably
lesser output error norm compared to the FH BT ROM.

Reduced{ Iter | DerAr| DerBr| DerCr| ||y.],

order

3 0.73 | 0.76 1.43 | 0.53
6 0.43 | 0.76 1.60 | 0.35
T = 9 0.22 | 0.76 1.68 | 0.28
12 1 0.09 | 0.75 1.60 | 0.24
15 | 0.03 | 0.75 1.60 | 0.22
1 2.51 0.32 1 0.84
=2 2 2.10 | 0.13 1 0.96
3 1.05 | 0.11 0.79 | 0.83

Table 6.2: DerAr, DerBr, DerCr and ||y.||, for various iterations of FH TSIA.

Figure 6.3 compares the step responses of the original LTV model and the reduced-order ap-
proximations and the absolute output errors between them. It also indicates that among the FH
TSIA and FH BT ROMs, the unit step response of the former is closer to the unit step response
of the original model.

Second-order approzimation: Then, a second-order approximation of the LTV model is obtained
using FH BT. For this model, J =29.0, J =317.2, J}, = 3.21 x 10~'* and the output error

norm is 2.8. This shows that second-order FH BT ROM is a much better approximation of the
original model than the first-order ROM. This model is then used to initialize FH TSIA, which
converges in just three iterations, as seen from Table 6.2. Compared to the significant improvement
of the FH TSTA ROM for the first-order approximation, there is only a slight improvement for the
second-order approximation. This is because the second-order FH BT ROM is already close to
optimality. Figure 6.8 displays the step responses of the original and the second-order ROMs and
the absolute errors between them.

For both numerical examples, we observe that FH TSIA converges after a finite number of

iterations and performs better than FH BT.
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(I) Step response
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Figure 6.7: (I) Step responses for the 4*"-order LTV model and the first-order approximations

obtained by FH BT and various iterations of FH TSIA. (II) Approximation errors between the

step responses of the original and the reduced-order models.
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Figure 6.8: (I) Step responses for the 4"-order LTV model and the second-order LTV approxima-

tions obtained by FH BT and various iterations of FH TSIA. (II) Absolute value of error between

the step responses of the original and the reduced-order models.
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6.5 Summary

A finite horizon Hs optimal model order reduction algorithm for a continuous-time LTV system
has been proposed in this chapter. The functional derivatives of the finite horizon Hs error norm
with respect to the state-space parameters of the reduced-order LTV system have been obtained.
Further, they have been used to derive conditions for optimality of the finite horizon Hs error

norm. Based on them, the model order reduction algorithm has been proposed.
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Conclusions and Future Work

7.1 Conclusions

MOR techniques are used for decreasing the computational complexity or storage requirements
of system models while ensuring that the input-output behaviour of the original system model is
not significantly altered. Scientists and engineers use such techniques to simplify analysis, design
control systems for digital twin applications, etc. The two main classes of MOR techniques are
data-driven and model-based. Among the existing techniques, the category of finite horizon MOR
techniques is used for capturing the behaviour of system models over a limited time interval, such
as the transient period.

In this thesis, the problem of finite horizon model order reduction of LTT and LTV systems by
minimizing a performance criterion is studied. For LTT systems, the criterion is a Hs(7) error norm
introduced in [30]. For such systems, a projection-based algorithm called TL-IRKA is proposed in
Chapter 3 and a gradient-based algorithm called TL-HoOpt is proposed in Chapter 4 for Hs(7)
optimal model order reduction. With regards to continuous-time LTV systems, the error criterion
for model reduction is a finite horizon Hs error norm, proposed in Chapter 6 of this thesis. Based
on this error criterion, a projection-based algorithm for finite horizon model reduction of LTV
systems is proposed.

For various time intervals [0,7] s, the Hy(7) errors of reduced-order models obtained by ap-
plying TL-IRKA and the existing finite horizon algorithms like TL-BT and TL-TSIA as well the
infinite horizon algorithm IRKA are computed. Comparing the errors, it is observed that TL-
TRKA performs better than TL-BT for the smaller time intervals and has similar performance for
the longer time intervals. TL-IRKA also performs better than IRKA for all the time intervals
considered. Further, the smaller the time interval, the better TL-IRKA’s performance compared
to IRKA. Finally, as Hy(7) optimal model reduction algorithms, TL-IRKA and TL-TSIA have
comparable performance for all the time intervals considered.

The projection-based algorithms TL-BT, TL-TSIA and TL-IRKA do not satisfy the Ha(7)
optimality conditions exactly. This motivates the development of a gradient-based finite horizon
model order reduction method called TL-HyOpt. Initializing TL-HoOpt with TL-BT and TL-

TSTA, reduced-order models for a range of orders are obtained. It is noted that reduced-order
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models obtained by TL-HsOpt are closer to optimality than the projection-based methods.

The implementation of TL-IRKA as well as TL-HyOpt involves computation of the matrix
exponential of the state matrix, i.e. e4”. The technique used in this thesis for computing 4™ has
a computational cost of O(n3). TL-IRKA is an iterative algorithm, and every iteration involves
solving a pair of linear equations. The method employed for solving the equations has a numerical
complexity of O(n3). Further, every iteration of the optimization scheme TL-HyOpt involves
solving Sylvester equations. The numerical method utilized for solving them also has a O(n?)
complexity.

Chapter 5 and Chapter 6 deal with continuous-time LTV systems. In Chapter 5, three meth-
ods for computing the finite horizon reachability gramian of a continuous-time LTV system are
presented. The methods are validated with a numerical example that involves comparing the fi-
nite horizon reachability gramian computed using a differential Lyapunov equation with the ones
computed with the proposed methods. The same chapter also proposes a finite horizon Hs norm
for continuous-time LTV systems, which is used in the next chapter as a performance measure for
model order reduction of continuous-time LTV systems.

The study of model order reduction for continuous-time LTV systems is less explored when
compared to continuous-time LTI systems. The finite horizon balanced truncation algorithm (FH
BT) is a standard method for model order reduction of LTV systems. To improve the performance
of FH BT, an iterative algorithm in Chapter 6 for finite horizon model reduction of LTV systems
is proposed. The algorithm aims to minimize a finite horizon Hs error norm and is an extension of
the MOR algorithm TSTA (applicable for LTI systems) to LTV systems. The proposed algorithm’s
performance is validated with the help of two numerical examples. It is observed that the reduced-
order models (ROMs) obtained by the proposed algorithm perform better than those obtained by
the FH BT algorithm.

7.2 Future work

This section discusses several aspects of the work carried out in this thesis where further research

is required.

1. Use of inexact solves for TL-IRKA: The use of inexact solves for interpolation-based
model reduction and associated perturbation effects on the IRKA model reduction algorithm
has been investigated in [8, 5]. Further, it has also been proved that IRKA is robust with
respect to perturbations due to the inexact solves ensuring its application for large-scale
settings.

Apart from the computation of the matrix exponential term (e47), the TL-IRKA algorithm
given by Algorithm 7, proposed in Chapter 3, involves solving 2r linear equations for every
iteration. This thesis uses the direct LU method for solving the linear equations, which has a
computational cost of O(n?). Similar to the studies on IRKA mentioned earlier, using inexact
solves for solving the linear equations and the resulting perturbation effects on TL-IRKA can

be investigated in future work.

2. Establishing a time-limited H,; optimal model reduction framework for bilinear
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systems: Bilinear control systems function as an interface between linear and nonlinear
control systems [63, 62]. Many concepts related to model order reduction of LTT systems have
been extended to bilinear systems. In [107], the Hy norm for bilinear systems is introduced,
and first-order necessary conditions for Hs optimality based on the solutions of generalized
Lyapunov equations are derived. An iterative algorithm converging to a reduced model
satisfying the Lyapunov-based optimality conditions is proposed in [15]. The same work also
proposes an alternate way of computing the generalized Hs norm and, based on it, extends

the algorithm TRKA to bilinear systems.

Like the infinite time case discussed above, the time-limited Hs norm for LTI systems can be
extended to bilinear systems. Lyapunov-based and interpolation-based conditions for time-
limited Hy optimality of bilinear systems can be obtained, and iterative algorithms that yield
reduced-order bilinear models satisfying the optimality conditions can be proposed. Further,
similar to Chapter 4, gradient-based methods for time-limited Hs optimal model reduction
of bilinear systems can also be developed using the gradients of the time-limited H, error

norm.

3. Extension of the H; optimal model reduction framework to LTV systems with
piecewise-continuous parameters and time-varying state dimension: The finite hori-
zon Hy norm from Chapter 5 and the model reduction framework based on minimizing the
H; error norm from Chapter 6 assumes that the original, as well as the reduced-order LTV
system, are continuous over [to,tf]. Additionally, the reduced-order system is assumed to
have a continuous state dimension over the considered time interval. However, based on the
nature of the time-varying Hankel singular values, such assumptions may not produce good
reduced-order models. Hence, proposing a generalized finite horizon Hs norm and a corre-
sponding Hs optimal model reduction technique for LTV systems with piece-wise continuous

parameters or with time-varying state dimensions is an interesting future work.
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Appendix A

Equivalence of Lyapunov- and
interpolation-based H»(7)

optimality conditions

The equivalence between the interpolation-based and the Lyapunov-based Hs optimality condi-
tions, which are related to the Hy optimal model reduction problem, is discussed in Chapter
2. This motivates a similar study of the equivalence between the interpolation-based and the
Lyapunov-based Hs(7) optimality conditions for the Hs(7) optimal model reduction problem.

If the state matrix of the reduced-order system X, is diagonalizable, then the interpolation-
based Hs(7) optimality conditions given in Theorem 3.2.2 and the Lyapunov-based H(7) opti-
mality conditions obtained in Theorem 4.2.2 are equivalent. This is proved in Theorem A.0.1.

Assume that the transfer function G,(s) of the LTI system ¥, given by (2.17), has r distinct

poles. The partial fraction expansion of the transfer function matrix G,(s) is given by

c;bT
Grls) =D~ = (A1)

i=1
where \; € C, ¢; € CP, b; € C™. Further, assume that the set {\;,b;,¢; for i =1,2,...,r} is self
conjugate. Let v; and w; be the right and left eigenvectors of the matrix A, corresponding to the

eigenvalue \;. Let
A = Ay, wl Ay = Nwy (A.2)

fori=1,2,...,r. Let ¢; and b; be defined as follows,

¢ =Ch;, bl = w;TBT. (A.3)

K3

For the LTI system given by (2.1), the time-limited transfer function for the time-interval [0, 7] is
given by,
G.(s) = C(sI, — A)"N(I, — e *"e ) B. (A4)

The time-limited transfer function G, ,(s) for the reduced-order LTI system is defined as,

Grr(s) = Cp(sI, — A) NI, —e e B,. (A.5)
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Differentiating G,(s) and G, -(s) with respect to s results in

dG _ _ _ _
K(s) = —C(sl, — A1, — e *"eA)B + e *7C(sI, — A) "1 B, (A.6)
dGTT — —ST T —ST - T
T(s) = —Cp(sI, — A) 21, — e eM)B, + 7¢O, (sI, — A,) " LeM B, (A7)
Let V.=1v; vy ... vr}, where the columns v;’s are the right eigenvectors of the matrix A,.

Theorem A.0.1. Fori=1,2,...,r, j=1,2,...,r, i #j and \; # )\,

; (Va, /) i = [(Grr (A = (G2 (=X]) ] e, (A-8)

Sl (Ve I)" = B [(Crn(-30)" = (@ (=X)T] (A.9)

%va (Va,J) v; =bF dis (G ()T = (Grr(s)7] ¢ and (A.10)
s=—A\%

%wiT (Va,J) vy = Q(A—I_AJ) [bZ’ (Vp,J) v —w] (Ve, /)" c]} : (A.11)

where J = |G — GT||§12(T) is the square of the Ha(T) error norm for the time interval [0, 7], given
by (4.13) or (4.14). The terms Va,J, Vp.J and Ve, J are the gradients of J with respect to A,
B, and C,, given by (4.17), (4.18) and (4.19), respectively. The c;’s and b;’s are the residues of
the partial fraction representation of Gr(s), gwen by (A.1). The v;’s and w;’s are the right and
left eigenvectors of A,., the state matriz of the LTI system given by (2.17).

Proof. Consider the terms X,, X, P, P., Y, and Q, , which are the solutions of the matrix
equations (4.8), (4.21), (4.9), (4.20), (4.11) and (4.12), respectively. For ¢ = 1,2,...,7, let ;, =
Xrw;, ©; = Xw;, pir = Prrws, pi = Pow;, ¥ir = Yov; and g5 = @ -v;. Postmultiplying the

matrix equation (4.8) by w; gives
AX, w; + X, A Tw; + BB Tw; — eATBBTTeA’“TTwi =0.

Aswl' A, = \w! (from (A.2)), taking transpose gives A Tw; = Mw?. Multiplying the exponential

A, i, T

eArT by w; results in e Twi = e™Tw; . Making these substitutions in the above equation and

using (A.3) gives the following result.

Axi,T + >\:<X7'w1, + Bbz i eATBBrT’LUl'e)\:T = O
= Az ; + Nz, + Bb; — e Bbiet T = 0
= 25, = —(A+ N L,) NI, — e "e) Bb;. (A.12)

Pre-multiplying (4.21) by w! results in

w] XTAT +w!' A, X" +w!'B,B" =0
= 2T AT + \wI XT + T BT =0
= x; = —(A+ \/L,) "' Bb,. (A.13)

Post-multiplying (4.9) by w; gives

AP, qw; + Po ATw; + B, B w; — e B, BT e Tw; = 0.
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Making substitutions similar to (A.12) in the above equation yields
Avpir + Nipir + Brby — e Bbie? T =0
= pir = —(Ar + N L) (T, — NTeAT) B, b, (A.14)
Post-multiplying (4.20) by w; gives
P A w; + A, Pow; + B, BXw; = 0
= A Pw; + Arp; + Byb; =0
= pi = —(A, + \[1,) "' B.b;. (A.15)
Additionally, post-multiplying (4.11) by v; results in
ATY v, + Y, Aoy — CTChv; + eATTC’TC’TeA”vi =0.
Note that, A4,v; = \;v; (from (A.2)) and e "v; = e)i7v; (from (A.3)), ¢; = C,v;. Making these
substitutions in the above equation gives
ATyi,T + ANilYir — CTe¢; + e)‘”eATTCTci =0
= yir = (AT + NL) " (I, — e)‘”eATT)C’TcZ-. (A.16)

Finally, post-multiplying (4.12) by v; and using the same substitutions as in the previous case

results in
Aanrvi + Qr A v + C?Crvi — eA:TC'fC,«eA”vi =0
= AZQi,r + NiGir + C’;:Fci — e)‘iTeAzTC’TTci =0
= gir = —(AT + X)L — NTet ) C e, (A.17)
Taking the transpose of Vg, J as given by (4.18) and post-multiplying by v; gives
1
5 (VBTJ)T V; = B;FQT’T”UZ' SF BTYT’Ui
= B?Qiﬂ' SF BTyi,T-
Substituting the values of ¢; » and y; , from (A.17) and (A.16), respectively, in the above expression
gives
1
2
= —BT(AT + \1,) M (I, — 7" ) CT ¢, + BT(AT + NL,) M (I, — eXme T)C e
= [GT(~X) — G (A

i

(VB,,, J)T (]

Similarly, using (4.19), (A.14

~—

and (A.12), the following result is obtained.

(Ve, Jw; = [Hpr(=X5) — He(=A5)]b;. (A.18)

7 ?

S ool =

Pre-multiplying (4.17) by w, and post-multiplying it by v; and using the Fréchet derivative ex-

S

pression as given by (4.15) results in

1
iwiT (Va, )" v
= wiTPTQhTUj + wiTXTYTUj + wiTT(L(ArT, S7))v;

1
= pqujy.,. + :viTyj’,. + / wiTeATr(lfs)STeAV,-rsvads'
0
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As w; and v; are left and right eigenvectors of A,, wleAr(1=9) = T er7(1=5) and eArmsy; =
e*i™sy;. Making these changes in the above expression gives

1 L ) A,

isz (Va, J)T v =2l yjr +pl g +wl Sv; A TN (1s). (A.19)

Substituting S, given by (4.22) and for j = 4, the expression (A.19) becomes

1
§wiT (Va, )" v

1
= ‘T,zryi,'r +pzTQi,‘r + (w;'TXTeATTCTCrUi - w?PTeAZTCfCTUi) / eAi(T_TS)e)\iTSTdS
0
1
=2 Yir + 9] Gir + (x?eATTCTCZ- = p;?FeA"T'TCTTci) / M T AT ] (A.20)
0
Using (A.13) and (A.16), the first term on the right-hand side of (A.20) becomes
2T yir = (0BT (AT + ML) (AT + ML) ™ (L — ¥7et'T) O
= —b;BT(AT + NI,) 2 (I, — eX7e? ™) C e, (A.21)
Using (A.14) and (A.17), the second term on the right-hand side of (A.20) becomes,
Pl i = (~0iBI(AT + X)) ™) (<(AT 4+ Aily) ™! (1 = X7e77) O )
= b;BT(AT + NI)72(I, — e ™) ;. (A.22)
After substituting z; and p;, the third term in right-hand side of the expression (A.20) becomes
AT AT ' A
(zFer 7CTe; —ple TTC’TTci)/ e rds
0
= —7e 7, BT (AT + )\iIn)_leATTC’Tci + 7e*7b; BT (AT + )\iIT)_leAZTCTTci. (A.23)

Adding (A.21), (A.22) and (A.23), rearranging the terms and using (A.6) and (A.7) gives the

following result.

1
§wiT(VAT J)T’Ui
- (biBT(AT F AL) 21, — e V0T s + b, BT (AT + Al-In)‘leATTCTci) +
(biB,T (AT + N I) "2 (L, — e7eAr VCT ¢, + 1M Th; BT (AT + M) teAr T ci)
= bi 7 [(G-()" ~ (Grr(s))"] o

s s=—A¥

For j # i, the expression (A.19) becomes

iwiT (Va, J)" 05 = alyjr + 0] 4 + wiTSijeA’T/ e =2)Ts
0

6)\7;7' _ e}\jT
=2} Yjr + 0] Gr +w] Sy, () : (A.24)
Ai — X
Using the identity (A7 + ALa) ™ (AT 0,1) " = A5 (AT 4 0 L) - (AT 4 AL,) ] and

(A.13), (A.16), the first term on the right-hand side of (A.24) becomes,

2Ty = —b; BT (AT + NI,) " YAT + M\ 1,) NI, — eXi7ed )T
1

-1 -1 ir ATT
T - \; bi B [(AT + N L) = (AT NI } (I'n, —eMiTet ) CTec;. (A.25)
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Similarly, the second term on the right-hand side of (A.24) becomes,

Pl Qi = B (A7 + NL)THAT + M) (Ir - €A”€A"T'T) Cle
1

_ T T LT 1 o NT AT AT
=55 b0 (AT +21) " = (AT 4 0L) 7] (1= et ) ey (A26)

Finally, using the same identity and the expressions (A.13) and (A.15), the third term on the
right-hand side of (A.24) becomes,

e>\i7' _ e)\j‘f'
(/\z_>\j> wlTSij
AT )\J‘T
- - ; (wiTXTeATTCTCrUj - wiTPreAfTC?Crvj)
X — A
e>‘117' — e)\jT Tr T
= (M) (.TiTeA CTCT'U]’ —p;reAr C')TCT"U])
6)“7— _ 6/\3'7— - Tr _| T,
= ( N )\j ) {(—szT(AT + )\z-[n) loA CTC]') + <blBg"(A;{“ +)\1Ir) 1,47 CTTCJ):| .

(A.27)

Adding the expressions (A.25), (A.26) and (A.27), and rearranging the terms gives

1 . .
— [biB,T(A,T + ML) — e YO ¢y = b BT (AT + ML) "M (I, — M7 e T)Cch] |4
Y]
! [bl-BTT(A,T F M) — eNTIL 4 eNTTL — eAiTIT)eAZTC’g’cj} +
N =\
1 r
[biBT(AT o+ NTp) T I — €NTL, — €NTL, + eNTLL) et TOch]
N =
1 * * * *
= ppy [bi ((GT,T(_)‘j))T - (GT(_)\j)>T) cj —bi ((Gr,‘r(_)‘i))T — (G (=] ))T) Cj]
1
= [6:(V, )T v; — wi (Ve, ) ej]
N =N

O

If the Lyapunov-based Hz(7) optimality conditions given by (4.33-4.35) are satisfied, then
using (4.17-4.19) results in V4, J =0, Vg, J = 0 and V¢, J = 0. This implies that (V4,J)T =0,
(Vg,J)T =0 and diag V~1(V¢, J)TV = 0. Imposing these conditions on (A.8-A.10) gives

[(Grr (AT = (G(=A)T] ¢ =0,
bi [(Grr (=AY = (G- (=X))T] =0, and

b; 4 [(GT(s))T — (GT’T(S))T] ¢; = 0.

ds s=—A?

The above conditions are the interpolation based Ha(7) optimality conditions given by (3.11-3.13).
Similarly, assuming that the interpolation-based Hy(7) optimality conditions are satisfied, using
(A.8-A.10) and (4.17-4.19), it is seen that the Lyapunov-based Hz(7) optimality conditions, given
by (4.33-4.35), are also satisfied. This shows that Lyapunov-based and interpolation-based Hs(T)

optimality conditions are equivalent.
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