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Abstract

This thesis examines the efficient and important role of additional food in a predator-prey
system. In this work, we derive and study a model for two species. The prey population is assumed
to be growing logistically in absence of predators, with the predators having an additional food (non-
prey) source apart from natural prey and the functional response is assumed to be ratio-dependent.
This leads to the development of a modified ratio-dependent model. We study the modified ratio-
dependent model via stability (local and global) analysis and analyze the consequences of providing
additional food to the predators. By taking the spatial component into account we consider a
diffusive modified ratio-dependent model and obtain the necessary conditions for Turing instability
to occur. We determine the role of additional food supply in the formation of Turing patterns. We
also look into the effect of prey harvesting in the system with and without additional food supply
to predators. This is accomplished by examining the stability analysis results and obtaining the
optimal harvesting policy for both the ratio-dependent and modified ratio-dependent model with
prey harvesting. Finally, we study a minimum time optimal control problem for controlling pest

(prey) population, where the quality of additional food is taken as the control variable.
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Chapter 1

Introduction and Thesis Outline

1.1 Introduction

In the ecological world there are complex interactions between and amongst the species that con-
stitute the ecological environment. These competition come in various forms, the most common
being competition for food (intra species) and predator-prey relation (inter species). The pioneering
model of predator-prey interaction due to Lotka and Volterra [1] has motivated extensive study in
the area of ecological modeling. The predator-prey models typically incorporates, through a func-
tional response, how a predator responds to changes in the prey density per unit time per predator
[2]. Different choices of the functional response has given rise to a wide variety of models. Holling
developed three types of functional response (known as Holling type I, IT and III) [1, 3, 4, 5] based
on empirical field data. These functional forms (linear, hyperbolic and sigmoidal) were motivated
by the nature of consumption of the prey by the predator.

The traditional approach to predator-prey models, which involves the assumption that the
functional response depends only on the density of the prey population, has come under a lot of
scrutiny. An alternative model proposed by Arditi and Ginzburg [6], is based on the assumption
that the functional response should be dependent on the densities of both the predator and prey
population. They argued that the traditional functional response describes the consumption rate
of predators on fast (behavioral) time scale (minutes or hours) as compared to the growth of
population which is on slow time scale (days or months). They further suggested that functional
response should be considered on the slow time scale of population dynamics for consistency, and
presented the ratio-dependent model. The ratio-dependent model has been extensively studied and
analyzed by various authors [2, 7, 8, 9]. Kuang and Baretta [7] and Xiao and Ruan [8] studied the
global dynamics of the ratio dependent system. Jost et al. [9] studied the deterministic extinction
of such models, while Bandyopadhyay and Chattopadhyay [2] analyzed the model by including
stochasticity in the form of white noise.

Another important aspect of ecological modeling is the study of the consequence of providing

TH-1309_09612314



CHAPTER 1 2

additional food to the predators and the impact on the dynamics of the predator-prey system.
There could be several motivation behind this, such as conservation of species or control of a
pest population. One such example is of plants protecting themselves by controlling the size of
herbivorous arthropods. They accomplish this by providing alternative food to the predators of
herbivorous arthropods [10]. Several articles dealing with the concept of alternative food and the
effect on the targeted prey population have appeared in literature [11, 12, 13, 14, 15, 16, 17, 18, 19].
Holt [12] explains the notion of apparent competition (competition that arises between focal and
alternative prey where presence of alternative prey intensifies the predation of the focal prey [15])
leading to decrease in the equilibrium density due to alternative food available to the predator. Holt
[14] suggests that segregation of alternative prey species could play a key role in the coexistence
of such species. Sabelis and Van Rijn [16] study the role of alternative food in biological control,
especially conditions which could lead to extermination, decline or no effect on the densities of the
species.

We follow the work of Srinivasu et. al. [11], in which they study biological control through
provision of additional food to predators in a modified Holling type II model. The modified Holling
type II model predicts unbounded growth of predator density with limited quantity of additional
food. This unrealistic result is attributed to the lack of intraspecific competition among the predator
species. Taking this into account, we present a modified version of the classical ratio-dependent
predator-prey model, by incorporating the supply of additional food to the predator population.
The assumption is that the additional food supply is not time varying, but rather is maintained
at a constant level [11, 17]. As pointed out in [11, 17|, this assumption extends the advantage
of dimensional reduction of the problem as well as simplifying the analysis of the consequences
of additional food supply. Also, in the modified Holling type-II model, the quality of additional
food is characterized by the handling time of the predators, which means that the predators have
an important role in the decision on the quality of additional food. In order to make the quality
independent of the predator’s role, in our modified ratio-dependent model, the nutritional values
of prey and additional food are taken into account.

The heterogeneity in an ecological environment influences the population dynamics of the bio-
logical species inhabiting the environment [20]. For instance, the mite experiment of Huffaker [21]
concluded that two species of mites could rapidly go towards extinction in a small homogeneous
environment but exhibit long term persistence if they were a part of an appropriate heterogenous
environment. The study of spatiotemporal patterns in the population distribution of species in an
ecological environment was greatly influences by the pioneering work of Alan Turing. In his 1952
seminal work [22], Turing, showed that reaction and diffusion in a system of chemical substances
could give rise to inhomogeneous patterns and structures. This theory was applied to popula-

tion dynamics by Segel and Jackson [23] who observed analogies between ecological interactions

Dynamics and control of a predator-prey system with additional food Ph.D. Thesis
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CHAPTER 1 3

and chemical interactions and analyzed a dissipative structure for a predator-prey model. They
introduced diffusion (which usually acts as a stabilizing influence) to explain the spatiotemporal in-
homogeneity that is observed as a result of interactions in an ecological system. Reaction-diffusion
equations have been used to explain several spatiotemporal ecological dynamics, such as waves of
invasion, pattern formation and impact of shape, size and heterogeneity of the spatial domain (see
[24, 25] and the references therein).

Malchow [26] showed how differential fluxes can disturb the stability of interactive chemical or
biological systems which can lead to the formation of stationary or travelling spatial structures.
He illustrated this through a two-species predator-prey system. Medvinsky et al. [27] in their
review article investigate in detail the complexities and chaos that arise in aquatic ecosystems
from spatiotemporal dynamics. Correlation between Rosenzweig’s paradox of enrichment and the
evolution of chaotic spatiotemporal chaos, is demonstrated in [28], by making use of two different
spatiotemporal models, which are reaction-diffusion in nature with one of them having a cutoff
at low population densities. The simulation based demonstration showed that the emerging pat-
terns are self-organized and does not arise as a result of initial spatial heterogeneity that existed.
Reaction-diffusion models for predator-prey interaction have been extensively studied resulting in a
wide range of patterns arising because of Turing instability as well non-Turing ones like spatiotem-
poral chaos (see [24, 25] and the references therein).

In [29] a modified Leslie-Gower model which incorporates prey refuge is investigated for spa-
tiotemporal dynamics. Five different types of complex Turing patterns are observed in this model,
which is a consequence of prey refuge. The impact of cannibalism by the predator could result in
self-organized Turing patterns for a predator-prey system with a Holling-type II functional response
[30]. A spatiotemporal study on a predator-prey system with Ivlev-type functional response leads
to spiral and chaotic spiral patterns [31]. A study of Beddington-DeAngelis predator-prey model
reveals several bifurcations (codimension-2 Turing-Hopf, Turing-Saddle-node, Turing-Transcritical
bifurcation and the codimension-3 Turing-Takens-Bogdanov bifurcation) leading to various com-
plex patterns [32]. Baurman et al. [33] study a generalized predator-prey model by incorporation
diffusion and identify codimension-2 Turing-Hopf bifurcation and codimension-3 Turing-Takens-
Bogdanov bifurcation. Simulations showed various long-term consequences such as homogeneous
distributions, stationary spatial patterns and complex spatiotemporal patterns. A predator-prey
system with logistic growth but nonlinear diffusion for the predator population is studied in [34].
Wang et al. [35] studied a reaction-diffusion predator model induced by Allee effect and observed
rich and complex patterns as a result of the diffusion as well as the Allee effect.

The impact of diffusion on the stability of a ratio-dependent predator-prey model is discussed
in [36] and the conditions under which Turing instability occurs are derived. A diffusion driven

predator-prey model resulting in self replication patterns is discussed by Banerjee [37]. Turing
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instability in a ratio-dependent predator-prey model with the predator mortality being an increasing
function of predator density leads to Turing bifurcation, resulting in non-homogeneous patterns
[38]. We study the nature of spatiotemporal dynamics and patterns for a diffusive modified ratio-
dependent model under supply of additional food to the predators and examine the role of additional
food in the formation of spatiotemporal patterns.

In addition to ecological motivations for studying predator-prey systems, there are practical
considerations also such as harvesting for food and commercial purposes. The balance between
harvesting and conservation is a key problem in bioeconomic management of species in an eco-
logical environment. There has been significant amount of work in bioeconomic modeling and
management of renewable resources. The book by Clark [39] is a classical and excellent introduc-
tion in this area and is devoted to the theoretical study on management of renewable resources
under bioeconomic conservation. The application and usefulness of optimal control theory in bioe-
conomic management of population of species in an ecological environment is discussed in detail
by Goh [40]. Bioeconomics of a renewable resource, namely the prey population, in presence of
a predator is discussed in [41]. A part of the effort during the harvesting process is dedicated
towards prey harvesting while the remaining effort is directed at decreasing the levels of predator
population. The determination of optimal strategy for prey harvesting while ensuring conservation
of the predator population is discussed in [42] under several considerations. The dynamical prop-
erties under a non-zero constant rate of harvesting of prey population for classical ratio-dependent
model is studied in [43]. The implications of incorporating two different non-constant harvesting
functions for predator harvesting and the resulting dynamics for a ratio-dependent model are pre-
sented in [44]. More recently, Kar and Ghosh [45] studied the consequences of additional food
being supplied to the predators and the effect of harvesting of both the prey as well as predator
population modeled through a Holling type-II functional response. Taking the adverse impact of
over exploitation of populations, a harvesting model with a two-patch environment was proposed in
[46]. The predator-prey model with a Holling type-II functional response was considered in an area
with two patches, one in which free fishing was allowed and the other patch which was a reserve
area with a prohibition on fishing effort.

We consider a predator-prey system in which the prey population is subject to harvesting while
the predator population is excluded from the harvesting process. The latter exclusion can be alluded
to various reasons such as lack of economic viability of such harvesting, predator conservation etc.
In effect, both the predator and the harvester are competing for the same resource, namely, the
prey population. While the harvesting effort does not have an explicit effect on the predator
population levels, the indirect effect (as a consequence of harvesting induced reduced availability
of prey) does exist. On the other hand, the predator population also has an implicit effect on

the harvesting, resulting in reduced economic gains for the harvesters. As noted in our study, the
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provision of additional food (non-prey) for the predators reduces the pressure of natural predation
of prey population by the predators. Also, this could lead to the growth of the predator population
independent of the preys. One would expect that in both the cases, the harvesters will achieve
greater economic benefit as compared to the system where no additional food is available to the
predators. The idea of introducing the predators to this additional food (as a part of total harvest
effort) can be helpful in conservation of both the species as well as better economic returns. To
examine the role of additional food in prey harvesting, we consider a predator-prey system with
the ratio-dependent and modified ratio-dependent functional response. We study these two models
with the incorporation of the harvesting term.

Another practical considerations for studying predator-prey system is pest (prey) control. It
is reasonable to expect the pest population can be controlled and driven to a desired level in the
minimum possible time. This leads to what is known as time optimal control problem. Goh [40]
discusses several possible scenarios of optimal control theory being applied in predator-prey sys-
tems. Srinivasu and Prasad [18] considered a Holling type-II predator-prey system with additional
food being made available to predators. The system was analyzed from the perspective of pest
management and biological conservation. A prey-predator system with a general functional re-
sponse was studied in an optimal control problem setting in [47, 48] where the control function is
taken as the rate of mixture of the populations. We consider the optimal control problem with
minimum time subject to the ratio-dependent system with additional food supply to predators (or
modified ratio-dependent model). We examine the role of additional food supply in controlling pest

population by making use of an optimal control strategy.

1.2 Thesis Outline

The organization of the thesis is as follows.

In Chapter 2, we introduce a modified ratio-dependent model by incorporating the supply
of additional food to the predators. The supply of this additional food to predator species is
uniformly distributed and constant with respect to time, while the chosen functional response is
ratio-dependent.

For better understanding of the role of provision of additional food to predators, each of the
problem in this thesis have been studied under two natural conditions on the ratio-dependent
predator-prey system (before the supply of additional food is taken into account). Firstly, ei-
ther predator or both predator and prey populations go towards extinction with the passage of
time. Secondly, both the predator and prey populations coexist forever. We describe these natural
conditions by three mathematically equivalent cases: (i) when interior equilibrium point of the

ratio-dependent model does not exist, (ii) when interior equilibrium point of the ratio-dependent
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model does exist but unstable in nature and (iii) interior equilibrium point of the ratio-dependent
model does exist and stable in nature.

In Chapter 3, we deal with the local and global stability analysis of the modified ratio-dependent
model. Our study shows that the supply of additional food supply plays a crucial role in man-
agement of the populations and the conclusions justify the practicality of the problem. Numerical
examples support the theoretical results obtained.

In Chapter 4, we consider the spatiotemporal modified ratio-dependent model with both the
predator and prey species exhibiting diffusivity. We determine the necessary conditions for Turing
instability to occur, by making use of the separation of variable technique locally. The additional
food parameters hold the key to obtaining spatiotemporal patterns. By using a finite difference
numerical scheme, we perform a series of numerical simulations which shows the occurrence of
spatiotemporal patterns for both the prey and predator species with the additional food supply.

In Chapter 5, we examine the effect of prey harvesting on both the ratio-dependent and the
modified ratio-dependent predator-prey system. We analyze both the models from two perspec-
tives. Firstly, we do the stability analysis, which determines the interval (range) for ecologically
sustainable harvesting effort. We observe that in case of the modified ratio-dependent model, this
interval is dependent on the additional food parameters. For the second approach, we use control
theory (Pontryagin’s maximum principle) to determine the optimal harvesting policy for both the
models. Results show that system can sustain much improved optimal prey harvesting rate with
additional food supply. We present some illustrative numerical examples which are consistent with
the theoretical results.

In Chapter 6, we study one more application of providing additional food to predator species.
From stability analysis of the modified ratio-dependent model studied in Chapter 3, we observe
that the quality of additional food plays a direct role in the control of pest (prey) population. It is
desirable that pest population is driven to an ideal level in the minimum possible time. To serve
this purpose, we formulate and study a minimum time optimal control problem where the target
state is specified. Numerical examples under the three natural conditions are presented.

Finally, we conclude and outline the future directions of the thesis in Chapter 7. The numerical

simulations for this thesis, were carried out using using MatLab™ .
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Chapter 2

The Modified Ratio-Dependent Model

In this chapter, we present a modified ratio-dependent model by incorporating the supply of ad-
ditional food to the predators. This is accomplished by considering a classical ratio-dependent
predator-prey system where the prey is assumed to be growing logistically in absence of predation
and the predator has a constant mortality rate. We assume that additional food is being supplied
to the predators at a constant level. The construction of the functional response for the modi-
fied system is the same as the classical ratio-dependent system, with the only difference being the

number of sources of food available to the predators.

2.0.1 Model without Additional Food

The considered classical ratio-dependent predator-prey model due to Arditi and Ginzburg [6] is

AN N e (%)
d—T_TN<1_—> __al®) ,

P mei(F)
dT 1+ erhi(Y)

N(0) >0,P(0) >0, r,K,e1,hy,n1,m >0,

given by,

(2.0.1)
P—m'P.

which is defined for all (N, P) € [0,00) x [0,00)/(0,0), and % = 0 = 2C when (N, P) = (0,0).
Here N(T') and P(T') represent the prey and predator population density at time 7' respectively.
The parameter r is the intrinsic growth rate of the prey in absence of predation, K is the carrying
capacity of the prey and m/’ is the per capita mortality rate of the predators. The parameter e; is
the rate of predator attack on prey, h; is the handling time (per predator per prey). Finally, the

parameter np is the nutritional value of the prey.

Derivation of the Functional Response (on the lines of [1]):

Let T be the total time spent by predators in encounter of prey and V' be the number of prey
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victims. Assuming that the number of prey victims is proportional to the ratio N/P (average share
of prey per predator) and total searching time spent by each predator for each prey item, we get

V=e (T —hV) (%) :

where e; is the proportionality constant. Now solving for V', we obtain

_ e1T(%)
1+erhy (%)

Thus the total number of prey victims per predator per unit time is,

u e1(F)
1+erhy (%)

2.0.2 Model with Additional Food

We now present a modified ratio-dependent model that incorporates the supply of additional food
to the predators. The biomass A of this additional food supply is assumed to be available uniformly
within the ecological domain at a constant level. The advantage of a constant rate of provision of
additional food to predators is in the reduction of dimension of the system as well as simplification
of the analysis. The governing coupled differential equations of the predator-prey system with

additional food being provided to predators, is given by,

N
AR W TR
ar K 1+ e1hi(5) + e2ha(5) (2.0.2)
dP  niei(§) +noea($) N

aT 1 —|—e1h1(%) +e2h2(%)
N(O) > 0>P(0) > 0’ Ty Ka 617h17627h27n1>n27m, > 0’

which is defined for all (N, P) € [0,00) % [0,00). Here, parameter es is the rate of predator attack
on additional food, hs is the handling time (per predator per unit of the ratio A/P additional food
biomass) and ng is the nutritional value of the additional food. The dimension of all the parameters

that appear in system (2.0.1) and (2.0.2) are presented in Table 2.1.

Derivation of the Functional Response:

Assuming that the number of prey victims is proportional to ratio N/P (average share of prey
per predator) and total searching time as well as inversely proportional to ratio A/P (average share

of additional food per predator) and handling time hgy, we get

—1
V =ere; thy (T — V) <%> <%> ,
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where ejey !'is the proportionality constant. Now solving for V', we obtain

N\ (AN
= 6162_1h2_1T <F> <F> 5

a7 (%)
erhy () + e2ha (3)

vV =

Hence, the total number of prey victims per predator per unit time in presence of additional

food supply to predators is
N
61(?)
erhi () + e2hz ()

For all discussion from now onwards, we shall refer to the model without additional food as

W=

“classical ratio-dependent model” and the model with additional food as “modified ratio-dependent

model”.

Parameters r K m’ el € n1 no h1 ho A
1 biomass time ! time~! time! percent percent time time biomass

Dimension  time™

Table 2.1: Dimension of the parameters present in system (2.0.1) and (2.0.2).

2.1 Non-Dimensionalized Form of the Model
We simplify both the models by making use of the following transformations,
x=N/K,y=P/Keihy,t =rT.

Using the chain rule, we get,

dr_dv AN AT 1 AN
dt dN =~ dT' "~ dt Kr & dT’

dy dy dP dT 1 dp (2.1.1)
dt  dP "~ dT' = dt  Keihir = dT°
2.1.1 Ratio-Dependent Model
From equation (2.0.1) and (2.1.1), we have
de N (1 - g) (DR (iw)
= P N
dt K K (Kelhl) + =
N P
@ — 7"né11?111 ?(Kelhl) _ ﬂ/ ( P )
dt (%ifn) + % T K@lhl
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Introduction of the parameters ¢ = e1/r, m = m//r and b = ny/m’h; results in the following

non-dimensionalized form of the ratio-dependent model

dx

cry

— = z(l—2)— ,

dt ( ) r+y (2.1.2)
dy - bx _q o
dt r+y v

2.1.2 Modified Ratio-Dependent Model

From equation (2.0.2) and (2.1.1), we have

o _ g(_g)_ ()R (zerm)

@ "R\ R ekt amk

o | B2l et il P
@ T (k) + R ERR - (eam)

The introduction of the parameters ¢ = ey /r, @ = nihy/nohy, £ = nA/K, m = m//r, b =

ny/m'h; and n = nges/nje; reduces the modified ratio-dependent model to the following non-

dimensionalized form

dx

S S N
dt Z+y+al 213)
dy m< bz +¢] _1> (21
at T+y+af 4

Here the parameters ¢, m and b (also in the original model) are ecological in nature, while a and

& are the control parameters that can be manipulated by

humans. The parameter o characterizes

the quality of the additional food relative to the prey, with respect to their nutritional value, while

¢ is representative of the quantity of additional food being made available to the predators.
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Chapter 3

Dynamics of the Modified
Ratio-Dependent Model

In this chapter, the dynamics of the modified ratio-dependent model is analyzed in terms of local
and global stability analysis. The conditions for local stability and global stability of all equilibria
of the model are established. In this study, transcritical, saddle-node and Hopf bifurcations are
observed. The impact of additional food supply in predator-prey system is discussed and numerical

simulations supporting the analysis is presented.

3.1 Ratio-Dependent Model
3.1.1 Existence of Equilibrium Points

The ratio-dependent system (2.1.2) admits a trivial equilibrium point (0,0) (for detail see [9]), an
axial equilibrium point (1,0) and an interior equilibrium point (&,7). Here, (Z,9) is obtained by
cy _ 0 0 bil? T .
. 3 0 and the predator isocline, 2ol 1 = 0. The point
(0,0) corresponds to both the species being extinct while (1,0) corresponds to the prey being at

solving the prey isocline, (1 —z) —

its carrying capacity and predators being extinct. Finally, (&, %) represents the coexistence of both
the species, where

g=(1-c)+

SO

and § = (b — 1)Z. Thus the conditions b > 1 and ¢ < b_il need to be satisfied for the existence of
(#,7).
The conditions on the model parameters, required for the existence of the three equilibrium

points are given in Table 3.1,

3.1.2 Boundedness of the Solution

Theorem 3.1.1. If (x(t),y(t)) represents the solution of system (2.1.2), x(t) will be bounded for
any initial condition x(0) > 0, y(0) > 0.

11
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Equilibrium point Existential Conditions
(0,0) -

(1,0) .

(#,9) =1 —c+§ (b—1)7) b>1andc< ;2

Table 3.1: Conditions on parameters for existence of equilibrium points of the ratio-dependent
system (2.1.2).

Proof. To begin with, a simple vector field analysis can be used to show that the solutions of the
modified system (2.1.2) are non-negative.
Also, from the first equation in (2.1.2),

dx

— <z(l- li <1
7 S z(l1—z) = Jim supz(t) <
Hence z(t) is bounded for any non-negative initial condition. O

Theorem 3.1.2. If (x(t),y(t)) represents the solution of system (2.1.2) and x(t) is bounded above,
then y(t) is also bounded above for any initial condition x(0) > 0, y(0) > 0.

Proof. Since tliI_El supz(t) < 1, that is for any € > 0 there exist a 7" > 0, s.t. z(t) < 1+ ¢/b
— 400
V t > T, then it follows from the predator equation,

dy bx . ‘
dy _ )< e\ 4 <
dt m<x+y 1>y—m(b<1+b) v), 12T = Jim supy(t) <b+e

Since € > 0 is arbitrary, we have . liin supy(t) < b. Hence y(t) is bounded for any non-negative
—+00

initial condition. O

3.1.3 Local Stability Analysis

The Jacobian matrix for (2.1.2) is given by

_ ) Y _ _cy 4 Nex?
g (1 l’) T4y + .’E2|: 1 + (:chy)Q] (xcfy)Q
bmy § m [z ) - bm;ry2
(z+y) Tty (z+y)

The Jacobian matrix at (1,0) is of the form

-1 —c
Joo = [ 0 m(b— 1)} '
Thus (1,0) is stable when b < 1. Note that whenever (1,0) is stable, the interior equilibrium point

(Z,7) does not exist. However, whenever the interior equilibrium point exists, (1,0) is always a

saddle point.
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The Jacobian matrix evaluated at (Z,y) is given by

il-1+ vc:l]v :| o vc;i?

_ (z+9)? (z+9)?
@) = b by
(@+9)? (@+9)?

This was obtained by substituting the prey and the predator isocline in J. Using the Routh-Hurwitz

criterion it can be shown that the interior equilibrium point (if it exists) is stable if

b(m(b—-1)+b
SRR

At the trivial equilibrium point (0,0), the Jacobian cannot be evaluated, since it involves terms
which are undefined for (0,0). To analyze the behaviour around (0,0) we use a transformed system
after Jost et al. [9]. The transformed system to be called the u — y system and the z — v system
are given by u = ﬁ,y =y and x = z,v = £ respectively. The system (2.1.2) in the transformed

u — gy system is given by,

du u(c + bmu)
Rl 1 _ _ e o)
o u(l4+m —uy) w1

d—y—mbu—l
a ut 1 %

The corresponding Jacobian for the u — y system is given by

)

o @ m ) =D [y ]
- _mby h 9 ,
i " (u—l—l )

which evaluated at (0,0) gives,

Flwy) _ 1+m—-c O
(0,0) 0 —ml|

The point (0,0) in this system is a saddle for ¢ < m 4+ 1 and an attractor for ¢ > m + 1.

Similarly equation (2.1.2) in the transformed = — v system is given by,

dz cv

4y = 1—2)—

dt x[( z) ’U—i—l]

dv v(bm + cv)
= Yeolemd— e

The corresponding Jacobian for the  — v system is given by

—r) — & | — _ (vtlje—cv
S |17 v+1] ’ N [ (o1 }
o (v+1)e—(bm+-cv) 1 (bm+cv) |
v v {—(UH)Q +(x—1—m)+ e
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whose value at (0,0) is,
g _ |1 0
00 10 —1—m+bm|’

In this case (0,0) is a saddle when b < (m + 1)/m and both eigenvalues are positive when b >
(m+1)/m. Thus the point (0,0) in this system is always unstable.

Following the analysis of Jost et al. [9] we conclude that (0,0) in the u — y system is a saddle
for ¢ < m+ 1. On the other hand for ¢ > m + 1, (0,0) in the u — y system is an attractor. The
consequence of this in the x — y system is that a trajectory can reach (0,0) in the x — y system

only if x approaches 0 faster as compared to y.

3.1.4 Global Stability Analysis

Theorem 3.1.3. Suppose that the interior equilibrium point (&, ) is locally asymptotically stable
and the condition m(b — 1) > 1 holds, then (Z,9) is also globally stable.

Proof. We consider the following function,

Li(e.y) = 5 (Ba(o )i @0) + 5 (B (5.0)015.).

where fi(z,y) =2z (1 —z) - 3£, g1(z,y) =m (xb—@ = )y and Bi(z,y) = T4

After simplification, we obtain,

1—(b—1)m —2x —
Ll(xay) - ( :)yg y

Now, Li(z,y) < 0 whenever x > 0 and y > 0, since m(b— 1) > 1. Thus, by using the Dulac’s
criterion [49], the system (2.1.2) will not have any non-trivial periodic orbit in R%. Note that
both the trivial and the axial equilibrium points are saddle and have y—axis and x—axis as their
respective stable manifolds. Using this in conjunction with the Poincare-Bendixson Theorem [49]

gives us that the interior equilibrium point (Z,¢) will be globally stable. O

Assuming that both the predator and prey populations coexist before the supply of additional

food takes place, one of the following two things can happen with the passage of time,
e FEither predator or both predator and prey populations go towards extinction.
e Both the predator and prey populations coexist forever.

In view of boundedness of the solution of system (2.1.2) and the Poincare-Bendixson theorem [49],
the above two cases are converted into following three mathematically equivalent cases, which arise
from the existence and stability conditions for the interior equilibrium point of ratio-dependent
model (2.1.2):

Dynamics and control of a predator-prey system with additional food Ph.D. Thesis
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1. When the interior equilibrium point does not exist.
2. When the interior equilibrium point exists with unstable nature.

3. When the interior equilibrium point exists with stable (globally) nature.

Cases ‘ Conditions Ensures

Case 1
(i) b>1, ¢> b_il (Z,9) does not exist
(i) |[b<1 (Z,y) does not exist
(iii) [b=1 (Z,9) does not exist

Case 2 | c < % (Z,9) is exist

¢ > 1,2—b,1 (b+m(b—1)) (Z,y) is unstable

Case3 |c<m+1 (0,0) is saddle
b>1 (1,0) is saddle

c< bfbl, m(b—1)>1 (&,9) is globally stable

o O

Table 3.2: Conditions on parameters for the classical ratio-dependent system (2.1.2) under all the
three cases.

(b+m(b—1)) < mb—1) > 1.

Note that b_il < bgb_l

3.2 Modified Ratio-Dependent Model
3.2.1 Existence of Equilibrium Points

The modified ratio-dependent system (2.1.3) admits a trivial equilibrium point, (0,0) and two axial
equilibrium points, (1,0) and (0, (b — a)&) (when b > «). The interior equilibrium points of the
system (2.1.3) can be obtained by setting,

(1—2)(z+af)

b—1Dz+(b—-a)= e

:>$2+<c—1—§+§)x+£(c—1—%):0.

The roots of the above equation are given by,

R

Thus the system can admit the following equilibrium points,
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1. Trivial : A(0,0)
2. Axial :

e B(1,0)

o C(0,(b—a))
3. Interior :

® D(z1,41)
o E(z2,y2)
where y; = (b — 1)x; + (b — o) for i = 1,2. Taking A = (c—l—%+£)2—4§(c—1—%), we

obtain the conditions (given in Table 3.3) on the model parameters, required for the existence of

the above equilibrium points.

Equilibrium point Existential conditions

A(0,0) -

B(1,0) -

C(0, (b — a)§) b> a

D(x1,y1) c—1-7+£<0,c-1-%>0,A>0,21<1
or

c—-1-7+£<0,A=0,21<1

E(x2,y2) c—1-£4£<0,c—-1-2>0,A>0,29<1
or
c=1-7+6<0,c—-1-9=0,13<1
or
c—1-7+6<0,A=0,z2<1
or

C—l—%<0,$2<1

Table 3.3: Conditions on parameters for existence of equilibrium points of the system (2.1.3).

Note that if 0 < z; < 1, then y; > 0. To prove this, consider y; = (l_ﬁ%a&) It is easy to see

that y; > 0 for ¢ > 1. So we need to only check for case when ¢ < 1. Recalling that x =1 —c is an

asymptote to the prey isocline y = %, we conclude that z; > 1 —c¢. Thus y; > 0 for ¢ < 1

also.
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The location of the existence/non-existence of the equilibria in (o, §)-parameter space is given

in Figure 3.1 (for existential condition of the interior equilibria see Appendix A)

A,B,CE A,B,C E

¢ —————————-

A,B,C,D,E
(1-1)5,0 (0 o
| b<1,c>1 b<1,c<1
& A,B,C A,B,C E[ |
|
|
I (b-1)+(b-a)€=0 (b-1)+(b-a)£=0
|
A T 0 : A, B A,B
.B,CDE A, B,C |
———""ABCD| ¢
((1-1)p,00  (b,0) o «Q
bzl, c>1 b:l, c<1
3 e
A,B,C E A, B A,B,C E A, B
A.B,C,D,E
((@-1)b,00  (b,0) o (b, 0) «Q

Figure 3.1: Figure illustrates the locations of existence of various equilibria of the system (2.1.3)
in (a,&)-plane, under all possible behavior of ecological parameters ¢,b and m. The appearances
of the equilibria in particular subdomain of the («, &)-plane shows their existence in it.

3.2.2 Boundedness of the Solution

Theorem 3.2.1. If (x(t),y(t)) represents the solution of system (2.1.3), x(t) will be bounded for
any initial condition x(0) > 0, y(0) > 0.

Proof. To begin with, a simple vector field analysis can be used to show that the solutions of the
modified system (2.1.3) are non-negative.

Also, from the first equation in (2.1.3),

dz

— <z(l—z) = lim supz(t) <1.

L <a(l-a) = lim supa(t) <
Hence z(t) is bounded for any non-negative initial condition. O
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Theorem 3.2.2. If (x(t),y(t)) represents the solution of system (2.1.3) and x(t) is bounded above,
then y(t) is also bounded above for any initial condition x(0) > 0, y(0) > 0.

Proof. Since ltlirj_ﬂ supz(t) < 1, that is for any € > 0 there exist a 7' > 0, s.t. z(t) < 1+ ¢€/b
— 400
V t > T, then it follows from the predator equation,

@:m<bp+ﬂ

< b(1
7 P m supy(t) < b(1+&)+e

i
t—4o00

—1)y<m(b0+%+£)—@,t>T:$

Since € > 0 is arbitrary, we have tliin supy(t) < b(1 +&). Hence y(t) is bounded for any
— 100

non-negative initial condition. U

3.2.3 Local Stability Analysis

The Jacobian matrix for (2.1.3) is given by

N N r ey _ _ca(z+of)

J_ (1-2) - s T2 [ 148 (a:+y+a£)2] (@rytaf)?
- bmy(y+af—£) m blz+€] i, = bm(z+£)y
(z+y+ag)? z+y+al (z+y+ag)?

Hence the Jacobian matrix for the equilibrium points A, B, C, D, and FE are of the following form,

1 0
%MZL)%@—M]

o
Ja,0) = [ 0 m(b—1+(?a)g)]

1+af
I — @+ 4 0
J0,(b-0)8) = | mb-a)p-1) _ m(b-a)

b b
Pl — cyi _czi(zi+af)
i — L [ 1+ ($i+yi+a§)2] (xi+yit+ag)?
(@i.yi) bmy; (yi+af—£) _ bm(zi+E)yi
(zit+yit+af)? (zityital)?

Note that Ji,, ,,) is the Jacobian for both equilibrium points D and E. J, .,y was obtained by

substituting the two isoclines, 1 — x; — % =0 and m (% — 1) = 0 in J. Now using

the basic properties of determinants as well as the relation x; + y; + a& = b(x; + £), we obtain (see

Appendix A),

bema;y; b
det J($i7yi) 3 |:£(Oé — 1) + E(l‘z + 6)2:| .

(x; + yi + af)

Also, using the two isoclines, we obtain,

o =+ Da? — [ — 1) +m(b— 1) z; — m(b— )
(Tiyys) = b(l‘i + 6) .
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We will now discuss the dynamics of the modified ratio-dependent system (2.1.3), under each
of the three cases (defined in Table 3.2). The casewise discussion is based on the various ranges of

parameter a which are categorized into three parts: (a) 0 <a < (1—1)b, (b) (1-1)b<a<b,

[

and (c) a>b.

3.24 Casel

(i) : We first consider the range 0 < a < (1 — %) b, where the trivial equilibrium point A exists
and is a repeller. Also, both the axial equilibrium points B and C exist, with the former
being saddle in nature and the latter being stable for all values of £&. Neither of the interior

equilibrium points exist in this range.

As o moves into the range (1 — %) b < a < b, the stability nature of A and B remains
unchanged from the previous range. The axial equilibrium point C loses its stability and
a single interior equilibrium point E comes into existence. The stability of F depends on
the values of o and . If Ay < 0 or o ¢ I, then E is stable for all values of £ and a
transcritical bifurcation takes place at o = (1 — %) b. By fixing the value of £ in the range
(0, L@) and varying « in the range((l = %) b, b), a Hopf-bifurcation occurs for some

value of a provided tr Jig, 4,y = 0.

Finally, when a > b, the trivial equilibrium point becomes a saddle, the axial equilibrium
point C disappears and the interior equilibrium point F is stable if zo ¢ I5. Hopf-bifurcation
will occur in this range of a also (provided tr J,, ,,) = 0). By fixing the value of a > b and
increasing &, a transcritical bifurcation will take place at & = %, since the single interior
equilibrium point E disappears and the axial equilibrium point B becomes stable in nature.

The summary of these results are presented in Figure 3.2. Note that here,

Ar = ((B€—1)+m(b—1))*> —4m(b— a)(b+ 1),
S [_m(b_1)+(b§_1)+\/A_1_m(b—1)+(b§—1)—\/A_1

2(b+1) 2(b+1) ’
B m(b — 1) + (b — 1) — /A7
L= (0’ Fi 2(b+ 1) :

(ii) : In the range 0 < o < (1— %) b, it £ < % then A exists as a repeller, both the axial
equilibrium points B and C exist with stable nature and their corresponding domain of
attraction separated by the separatrices of interior equilibrium D, which exists with saddle
nature. The interior equilibrium F does not exist. As we increase the value of £ further in
such way that £ > % and A > 0, then the equilibrium B loses its stability while E gains
stability (provided tr Ji,, 4,y < 0). The equilibria A, C' and D have no change in their

stability. With a further increment of ¢ (in same range «), both the equilibrium cease to
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.
Teby 1\ Tcbs A- Saddie
& : B- Steble
| C- DNE
: D- DNE
| E- DNE
A- Repeller A- Repeller I A- Saddle
B- Saddle B-Sadde | g sade (b-1)+(b-a)¢=0
C- Stable C- Saddle | C-DNE
D- DNE D- DNE | D-DNE
E- DNE E-Sable” | E sapler
¢
((@-5)v.0) (0.0 @

Figure 3.2: Stability region of the equilibria of system (2.1.3) in («a, &)-plane under Case 1(i). Here
DNE stands for does not exist and * indicates that the stability of equilibrium E(x3,y2) depends on
the sign of tr Ji, y,)- E(72,¥2) is stable when tr J,, ,,) < 0 and unstable when tr J, ,,) > 0 and
a Hopf bifurcation occurs when tr Jig, 4,y = 0. The curve Tcby (Tchg) represents the transcritical
bifurcation curve, through which equilibrium C (B) transfer its stability to interior equilibrium E
and vice-versa provided tr J < 0.

$27y2)
exist through curve A = 0, while rest of equilibria carry same nature of stability. The curve

A = 0 is the saddle-node curve for this range of .

As we enter the range (1 - %) b<a<bandif £ < ﬁ then C' loses its stability while D
ceases to exist and the stability of the rest of the equilibria are similar to the previous range
of a with ¢ < %. As we increase the value of ¢ in this o range, E' come into existence with
stable nature provided A; < 0 or xo ¢ I; holds true, and B loses its stability through curve
&= ﬁ. The remaining equilibria have same nature as for the previous value of £ in this

range of a.

Now, when « > b, then only two equilibria exist, namely, A and B, the former with saddle

nature while the latter with stable nature.

Results for Case 1(ii) are summarized in Figure 3.3.

(iii) : The stability of all the equilibria are similar to Case 1(i) in the ranges 0 < o < (1 — %) b
and (1 — %) b < a < b, while in range « > b the stability of the equilibria are similar to Case
1(ii). The results for Case 1(iii) are illustrated in Figure 3.4.

3.2.5 Case 2

For this case, the stability results are same as for Case 1(i) except for the results in the range

0 <ac< (1 — %) b. In this case, when A > 0, then both the interior equilibria, D and E will
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1
[
Ty Tebs [ (b-1)+(b-)E=0
|
5 A- Repeller A- Repeller |
| A- Saddle
B- Saddle B- Saddle |
I B- Stable
C- Stable C- Saddle
' C-DNE
D- DNE D- DNE |
| D- DNE
E- DNE E- Stable*
E- DNE
Saddle-Node C- Stable
D- Saddlé€]
“Repeller £ gtaple
- e D-Saddle <]C-Saddle D-DNE,
ol (6
((1-5)0,0) (b, 0)

Figure 3.3: Stability region of the equilibria of system (2.1.3) in (a, £)-plane under Case 1(ii). Here
DNE stands for does not exist and * indicates that the stability of equilibrium FE(x2,ys) depends
on the sign of tr J,, ,,). In this case, a saddle-node bifurcation occurs (when 0 < o < (1 — 1)b)
along with one Hopf bifurcation and two transcritical bifurcations (Tcby,Tcbs).

A- Repeller Tchy A- Repeller Tche A- Saddle
13 B- Saddle B- Saddle B- Stable
C- Stable C- Saddle C-DNE
D- DNE D- DNE D- DNE
E- DNE E- Stable* E- DNE
Saddle-Node
C- Stable
- Repeller D- Saddle
B- Saddle E- Stable*
((1-5)5,0) (b, 0) «

Figure 3.4: Stability region of the equilibria of system (2.1.3) in (e, £)-plane under Case 1(iii). Here
DNE stands for does not exist and * indicates that the stability of equilibrium F(z2,y2) depends

on the sign of ¢r J(,, ,,). In this case also, one saddle-node bifurcation, one Hopf bifurcation, and
two transcritical bifurcations (Tcb,Tcbg) occurs.

exist (along with the other three equilibria), with the former being a saddle and the latter being
stable provided tr J(,,,,) < 0. There are two bifurcations observed in this range of a. The
first one is saddle-node bifurcation through which the two interior equilibria appears/disappears
simultaneously. The second one is Hopf bifurcation through which E loses/gains its stability. In
this range of «, the stability nature of the trivial and two axial equilibria will remain the same as

in Case 1 and when A > 0 and tr J(g, 4,) < 0, we have bistability where both the equilibria C' and
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FE are stable. The corresponding basin of attraction is separated by the separatrices of the interior

equilibrium D. For this case, the results are summarized in Figure 3.5.

1
A- Repeller Tebr | A-Repeller |\ Tebe A- Saddie
13 B- Saddle B- Saddle : B- Stable
C- Stable C- Saddle | C- DNE
D- DNE D- DNE : D- DNE
E- DNE E- Stable* : E- DNE
: A- Saddle
| B-Saddle (b-1)+(b-c)¢=0
|
Saddle-Node I C- DNE
C- Stable I D-DNE
“Repeller D- Saddle !
| 3 K
B- Saddle E- Stable* L E-Sele
1
((1-2)6,0) (b, 0) @

Figure 3.5: Stability region of the equilibria of system (2.1.3) in («,{)-plane under Case 2. Here
DNE stands for does not exist and * indicates that the stability of equilibrium E(x2,ys) depends
on the sign of ¢r Ji,.,). In this case also, saddle-node bifurcation occurs along with one Hopf
bifurcation and two transcritical bifurcations (Tcby,Tcbs).

3.2.6 Case 3

The stability of all the equilibria is similar to that of Case 2, except F, which is stable for all ranges
of a. Consequently, there will be no Hopf-bifurcation in this case. The summary of the results for

this case is given in Figure 3.6.

3.2.7 Limit Cycle

The condition 7 J,, ) > 0 (w2 € Iy or I3) with a > (1~ 1)b ensures the existence of a limit cycle.
tr J(gyys) = 0 is the necessary condition for a limit cycle to exist and a > (1 — 1)b ensures that
the boundary equilibrium C' is not stable. The Hopf-bifurcation theorem and the boundedness of
the solution of system (2.1.3) along with Poincare-Bendixson theorem guarantees the existence of

a limit cycle when tr J, .,y = 0 and tr J(g, ,,) > 0 respectively.

3.2.8 Global Stability Analysis

In this section we will prove the global stability for the interior equilibrium point E(z2,y2) as well

as the two axial equilibrium points B(1,0) and C(0, (b — «)&).
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1
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D- DNE D- DNE : D- DNE
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Figure 3.6: Stability region of the equilibria of system (2.1.3) in («,)-plane under Case 3. Here
DNE stands for does not exist. In this case also, saddle-node bifurcation occurs along with two
transcritical bifurcations, but no Hopf bifurcation occurs due to the unconditional stability of
equilibrium E(z2,y2).

Theorem 3.2.3. Suppose that the interior equilibrium point E(x2,ys2) exists and it is locally asymp-

totically stable. If o€ > 1 and oo > (1 — 1)b, then (x2,ys) is globally stable.

Proof. We consider the following function,

La(2.9) = 5 (Balo)alass) + 5 (Balas)ga(s.9).

b
where fo(z,y) = 2 (1 — ) = 5545z » 92(z,y) =m (xizii)s - 1) y and By(z,y) = 7o,

Hence,

Now, if a& > 1, then La(z,y) < 0 whenever z > 0 and y > 0. Therefore, by Dulac’s criteria [49],
we conclude that the system (2.1.3) does not have any non-trivial periodic orbit in ]R%_. For the
case (1 — %)b < a < b, the origin is a repeller and the two axial equilibria are both saddle, with
the stable manifolds being the x—axis and y—axis respectively. For the case o > b, both the points
(0,0) and (1,0) (which always exist) are saddle in nature and their stable manifolds are the y—axis
and z—axis respectively. Thus, this along with the Poincare-Bendixson Theorem [49] assures us

that the interior equilibrium point (x2,y2) is globally stable. O

Theorem 3.2.4. The azial equilibrium B(1,0) is globally stable, if either of the following results
hold true,

(a) b>1 and the axial equilibrium point B(1,0) is locally asymptotically stable.
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(b) b <1 and the axial equilibrium point B(1,0) is locally asymptotically stable in absence of any

interior equilibrium point.

Proof. The above theorem will be proved using the simple flow analysis (on the lines of [7]). Let us
first consider the case b > 1. Under the conditions for which (1,0) is locally asymptotically stable

we divide the region Ri into three subregions as follows,

Ri = {(x,y) € Ri|f(z,y) < 0,9(z,y) > 0}
Ry = {(z,y) € RL[f(z,y) <0,g(z,y) < 0}
Ry = {(x,y) € Ri—‘?(£>y) > O,E(x,y) < 0}>

_ 1 b
where f(xz,y)=1—2 — ﬁ and g(z,y) = a:J(:,;ii)g - L

One can easily see that any trajectory that starts from a point in Ri will eventually converge

to the axial equilibrium point (1,0). Since there are no equilibrium point in this subregion, any
trajectory that starts from subregion R; will enter subregion Ry. This entry will take place as a
result of the trajectory crossing the predator isocline horizontally from right to left in finite time.
Again, due to the non-existence of any equilibrium point in subregion Rs, we conclude that any
trajectory in the subregion Ry will either converge to the point (1,0) or will enter subregion C
in finite time by crossing the prey isocline vertically downwards. Once inside subregion Rjs, the
trajectory will remain inside this subregion for all subsequent times and hence it will eventually
approach (1,0) as t — oo.

One can easily prove the Theorem for the other case, b < 1, on similar lines. Hence the proof for

this case is omitted. O

Theorem 3.2.5. Suppose that the axial equilibrium point C(0, (b — «)&) is locally asymptotically

stable and no interior equilibrium point exists, then C(0, (b — «)) is globally stable.

Proof. The above theorem can be proved on similar lines as Theorem 3.2.4. In this case, the region

Ri is divided into three subregions as follows,

Ry = {(z,y) € R%[f(z,y) > 0,7(z,y) > 0}

Ry, = {(z,y) € R2[F(z,y) < 0,5(z,y) > 0}

Ry = {(z,y) € R:[f(z,y) < 0,5(z,y) < 0},
where f(z,y) =1—x — Torae and g(z,y) = xbiz—:—i)g -1

A trajectory that starts from subregion R/1 enters subregion Rl2 because there are no equilibrium
points as well as no basin of attraction for (0,0) and (1,0) in subregion R). This entry is a result
of the trajectory crossing the prey isocline vertically upwards in finite time. Again, due to the non-

existence of any interior equilibrium point and basin of attraction for (1,0) in subregion R/Q, any
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trajectory in subregion R/2 will enter subregion Ré in finite time by crossing the predator isocline
horizontally from right to left. Once the trajectory is in subregion R;), then it will remain inside this

subregion for all subsequent times and hence will eventually converge to (0, (b—«)&) ast — co. [

3.3 Observations, Ecological Interpretations and Justifications of
the Results

In this section, we present some observations of the results obtained from the study of the modified
ratio-dependent model in the last section under all three cases. Most of these observations are

interpreted and justified ecologically, and are finally numerically illustrated.
Case 1(i)

Observation #1 : Taking the value of a in the range 0 < o < (1 = %) b with any value of ¢ leads
to the equilibrium C being stable. This means that, if we supply high quality additional food to
predators, then the prey population eventually gets extinct, while predator population will survive
with low population of prey and eventually survive even without prey. A ecological justification
could be given for that, provision of high quality of additional food to predators makes them survive
and compete for it (better resource between the two). But due to limited supply of additional food,
the predators naturally turn to their natural prey and also the predator’s attack rate on prey is high
and unbounded (i.e., ¢ > 1), which leads the prey towards extinction. The stability of equilibrium

C is illustrated numerically in Figure 3.7 for parameter values ¢ = 2,m = 0.1,b = 2, = 0.5 and

£=1.

25

Predator
=
(&2

0.5r

Prey

Figure 3.7: Figure illustrates that the predators can survive without prey i.e., stability of equilib-
rium C, when c=2,m=0.1,b =2, =0.5 and £ = 1.
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Observation #2 : Fixing the value of « in range 0 < a < (1 — %) b, the value of £ has a direct
control over the future size of predators. This is because, the equilibrium level of predators is
proportional to the quantity of additional food. Ecologically it can be interpreted and justified as,
if we supply high quality additional food to predators, the predator will naturally go for it and their
size will depend on the amount of additional food that is supplied. This observation is illustrated

in Figure 3.8 for the parameter values c =2,m =0.5,b =2, = 0.5 and £ = 0.3,0.6.

Predator
Predator

. . . . , . . . . ,
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Prey Prey

(a) Numerical simulations with parameters ¢ =  (b) Numerical simulations with parameters ¢ =

2,m=0.5,b=2,aa=0.5and £ = 0.3. 2,m=0.5,b=2,aa=0.5 and £ = 0.6.

Figure 3.8: Figure shows control of predator’s size by quantity of supplied additional food (with
high quality) to predators.

Observation #3 : Though equilibrium A is a repeller in nature in range 0 < o < (1 2 %) b, but
supplying high quality additional food in low quantity leads both the predator and prey ‘almost’
towards extinction. It is interesting to note that, if we supply additional food with more quantity
and reduce the amount of quantity after some time, then the prey population can go towards
extinction at a much faster rate.

Observation #4 : For Case 1, we know that, there is no interior equilibrium that exist (in
absence of additional food supply). Consequently there is no co-existence of populations. A choice
of the value « in the range (1—21)b < o < b with high £ (¢ > (1 — m(b — 1))/b) ensures that
the interior equilibrium FE' is stable and when & is in the range 0 < £ < (1 —m(b — 1))/b, there is
a possibility of the existence of a limit cycle. This means that, if we supply the additional food

with any quantity ¢ and quality «, which falls in the range (1 — l) b < a < b, then coexistence

¢
of both the population is possible. A lower amount of additional food supply can lead to their
coexistence in oscillatory manner. This phenomena is illustrated in Figure 3.9 for the parameter
values ¢ = 2,m = 0.1,b = 2, = 1.5 with two values of quantity of additional food, namely,
&=1 and 0.135.

Observation #5 : If a > b (poor quality food) and £ < %, then coexistence of both the

population is still possible despite the quality of additional food being poor. But if we increase the
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(a) Numerical simulations with parameters ¢ =  (b) Numerical simulations with parameters ¢ =
2,m=01,b=2,a=15and £ = 1. 2,m=0.1,b=2,aa=1.5and £ = 0.135.

Figure 3.9: Figure illustrates the role of quantity of additional food in type of coexistence of both
the population : (a) in stabilized form; (b) in oscillatory form.

quantity further, then predators can no longer survive. The reason for this is that providing poor
quality food with higher quantity (£ > ﬁ), leads to the predator being distracted from the prey
(with high nutrient value). This is illustrated in Figure 3.10(a), when parameter values are taken

asc=2,m=01,b=2,a=6and £ = 1.

3r 1
091
25
0.8
0.7
Al
0.6
5 , 5
g 15 (7 g o5
3 8
o a
0.4r
Al
0.3r
0.2r
05 =
0.1
0 . »- ! 0 . 4 !
0 05 1 15 0 0.5 1 15
Prey Prey
(a) Numerical simulations with parameters ¢ = b) Numerical simulations with parameters ¢ =
2,m=01,b=2,a=06and £ = 1. 2,m=1,b=.5,aa=0.6 and £ = 8.

Figure 3.10: Figure illustrates the extinction of predator population due to poor quality additional
food in high quantity: (a) when b > 1 (under Case 1(i)); (b) when b < 1 (under Case 1(ii)).

Case 1(ii) & (iii)

Observation #1 : When bm < m (conversion efficiency of the predators is not more than their
mortality rate), then the predator population will decline as time passes and will certainly go

towards extinction, without the additional food supply. But, if we provide high quality food along

with sufficient amount of quantity (£ > %), then the predator population will survive. If the
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quantity is not sufficient (£ < %), even then, the predator’s survival is possible, provided prey
population is very low. Ecologically it can be justified as, if there is more prey (relatively low
nutrition value), predators can get distracted from them in order to search high quality additional
food in low quantity which ultimately leads them towards extinction, where as, if there is less
number of prey, then there is no such distraction, and predators easily can survive on high quality
additional food. Figure 3.11 illustrates this observation for parameters values ¢ = 2,m =1, = 0.5

where the value for quality is & = 0.2 and quantity are £ = 2,1.8,1.6.

0.9

0.8
0.7
0.64
7
g 5 05f
g £
g g
& & oaf
03
02f
01t
= ol ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Prey Prey
(a) Numerical simulations with parameters ¢ =  (b) Numerical simulations with parameters ¢ =
2,m=1,b=0.5and £ = 0. 2,m=1,b=0.5a=0.2and £ =2.
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
L
05 0.5, /
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o
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2 2
\\
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7
f—g
0.2 0.4 0.6 0.8 1

0 02 =S ‘ ‘ S
0 0 0.2 0.4 0.6 0.8 1
Prey Prey
(¢) Numerical simulations with parameters ¢ = d) Numerical simulations with parameters ¢ =
2,m=1,b=05,0a=0.2and £ =1.8. 2,m=1,b=0.5,aa=0.2 and £ = 1.6.

Figure 3.11: Figure illustrates the how quantity of additional food (with high quality) plays a role
in predator’s survival even when predator’s mortality rate is more than their conversion efficiency
: (a) predators are going towards extinction in absence of additional food; (b) and (c) predators
can survive with sufficient amount of quantity of additional food ; (d) predators surviving with
additional food (even when quantity is not sufficient) when prey is low in size.

Observation #2 : When « is in the range (1 — %) b < a < b with the quantity ¢ < %, then
only B is stable. It means that, if we deteriorate the quality of additional food from high quality
and supply it to the predators at low quantity (£ < %), then predator’s survival is not possible.

But if we supply same quality (deteriorated) additional food with sufficient amount of quantity
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& > %) then coexistence of both the populations is possible. This observation is described in

Figure 3.12 for parameter values c =2,m =1,b= 0.5, = 0.4 and £ = 2,8.

5 8
g 05 g 05f
o o
o a
04r 04t
0.3F 0.3
0.2 0.2
0.1 0.1
0 ‘ ‘ 0 ‘ ‘ ‘
0 05 1 15 0 0.5 1 15
Prey Prey
(a) Numerical simulations with parameters ¢ = b) Numerical simulations with parameters ¢ =
2,m=1,b=05,a=04and { =2. 2,m=1,b=0.5,a =04 and { =8.

Figure 3.12: Figure illustrates the how quantity of additional food (with quality range (1 — %) b<
a < b) play a role in predator’s survival : (a) with low quantity additional food supply predators are
going towards extinction; (b) predators can survive with sufficient amount of quantity of additional
food.

Observation #3 : When a > b (poor quality) then equilibrium B is stable for all value of &.
This means, if we further deteriorate (from range (1 — %) b < a < b to range o > b) the quality of
additional food, then there is no way to prevent the predator’s extinction. It is shown in Figure
3.10(b) with parameter values ¢ =2,m = 1,b = 0.5, = 0.6 and £ = 8.

Observation #4 : When ¢ < 1, the equilibrium C' cannot be stabilized. It means that, when
predator’s attack rate (also called consumption rate of predators) is limited, then the prey pop-
ulation never goes towards extinction. Ecologically it is possible that, when predator population
declines over time and also their consumption rate is limited, then there is no chance for decline
in the prey population. Numerical simulation for this observation is shown in Figure 3.13(a) with

parameters ¢ = 0.5,m =1,b=0.5,a = 0.01 and £ = 8.
Case 2

Observation #1 : In comparison with Observation #1 under Case 1(i), here a choice of « in
0<a< (1-1)bwith ¢ in such way that A >0 and £ > (1 —m(b—1))/b leads to the bi-stability
of equilibrium C and E. If £ < (1 — m(b— 1))/b, then there is possibility of a small amplitude
limit cycle around E. Ecologically, it means that, if conversion efficiency of predators is not much
stronger than their mortality rate (i.e., 0 < brn —m < 1) and predator’s attack rate on prey is high
but bounded (i.e., 1 +bm/(b+ 1) < ¢ < b/(b— 1)), then providing high quality of additional food

(with sufficiently low quantity) results in prey survival provided prey size is close to 25 and predator
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Predator
~
Predator

. f { f I . . . ,
0 0.2 0.4 0.6 0.8 1 12 0.05 0.1 0.15
Prey Prey

(a) Numerical simulations with parameters ¢ =  (b) Numerical simulations with parameters ¢ =

0.5,m=1,0=0.5,=0.01 and £ = 8. 0.9,m = 0.05,b = 23, « = 0.001 and £ = 10.

Figure 3.13: Figure illustrates the eradication of prey populations not possible when predator’s
attack rate is limited (¢ < 1), even with high quality and high quantity of additional food supply:
(a) under Case 1(ii), where b < 1 (b) under Case 3, where b > 1.

size is close to yo. If we increase the value of £ s.t A < 0, then prey’s survival is not possible. Figure
3.14(a) illustrates the equilibrium C' being stable and E being unstable and surrounded by a limit
cycle when parameter values are ¢ = 1.163,m = 0.05,b = 3, « = 0.1 and & = 0.005.

Case 3

Observation #1 : Choosing o in 0 < a < (1 — %) b and £ in such way that A > 0, shows the
bi-stability for equilibrium C' and E. This means that, if conversion efficiency of predators is much
stronger than their mortality rate (i.e., bm —m > 1) and predator’s attack rate on prey is high but
has more restrictive bound (i.e., 1 < ¢ < bm) as compared with Case 2, then providing high quality
of additional food (with sufficiently low quantity) can make the prey survive, provided, the prey
and predator sizes are sufficiently close to the number x5 and y, respectively. Taking a high value of
¢ (s.t. A <0), leads the prey towards extinction. To distinguish between this observation and the
observation obtained in Case 2, we found that, if the predator’s attack rate on prey is relatively more
restricted with the relation bm — m > 1, then oscillation in populations can be avoided. Numerical
illustration is given in Figure 3.14(b) with parameters ¢ = 1.02,m = 0.05,b = 23,a = 0.1 and
& = 0.005, where equilibria C' and E are both stable. The corresponding basins of attractions are
separated by the stable manifolds of equilibrium D.

Observation #2 : When ¢ < 1, the equilibrium C' is never stable. This means that, when
predator’s attack rate is bounded, then prey can not get extinct. Ecologically it can be justified as
that, when both the populations are capable of surviving together, then additional food supply to
predators results in the prey always benefiting. For example, if we supply high quality additional

food, then it attracts the predators, which in turn increases the size of prey population. If we supply
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Predator
Predator

. . . . , 0 .
0 0.2 0.4 0.6 0.8 1 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Prey Prey

(a) Numerical simulations with parameters ¢ =  (b) Numerical simulations with parameters ¢ =
1

163, m = 0.05,b = 3, = 0.1 and £ = 0.005. 1.02,m = 0.05,b = 23, = 0.1 and £ = 0.005.

Figure 3.14: Figure illustrates the bi-stability of populations and the local coexistence of both the
populations are (a) in oscillation form (under Case 2, where predator’s attack rate on prey is high);
(b) in stabilized form (under Case 3, where predator’s attack on prey is relatively more restrictive).

poor quality additional food, then it distracts the predators from prey, which also benefits the prey.
It is numerically illustrated in Figure 3.13(b) for parameters ¢ = 0.9,m = 0.05,b = 23, = 0.001

and & = 10.
Note: The Observations #2,3,4 and 5 made in Case 1(i) are also applicable for Case 2 and
Case 3.

3.3.1 Some Other Observations

It is observed that when quality of additional food is high (lower value of «) then the equilibrium
C is stable and ensures the survival of the predator population despite the absence of prey. Now,
decreasing the quality of additional food results in the prey and predator populations converging
towards carrying capacity and extinction respectively. Also, an appropriate choice of the quality of
additional food (i.e., (1 — %) b<a< b(lﬂ;&) ensures the coexistence of both the species. Once
this coexistence is ensured, the quality and quantity of additional food also can be used to control
the densities of both the populations. For example, by fixing the value of £, as we increase « in the
range (1 - %) b<ac< %, we observe that the prey population increases and the predator
population decreases. Keeping the value of a close to (1 - %) b (with o > (1 - %) b), an increase
in the value of £ results in the increase of the predator population while the prey population is
small (relative to population at the value a away from (1 — %) b). We illustrate this in Figure
3.15 by presenting how the prey and predator density evolves for various values of a and ¢ for the
parameter values ¢ = 2, m = 0.1 and b = 2.

Finally, we summarize the conclusion of our study in Table 3.4, which outlines as to how addi-

tional food should be supplied depending on the specific requirements and the predator’s behaviour.
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Predator

(a) Case with « = 0.5 and £ = 0.3 (b) Case with a = 1.1 and &

15,

Predator

0 02 04 06
Prey

(d) Case with @ = 0.5 and £ = 0.9 (e) Case with o = 1.1 and £ = 0.9

Predator
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.
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(c) Case with =4 and £ =0.3

15,

o Predator

&

0 02 04 06 08 1
Prey

(f) Case with @ =4 and £ = 0.9

Figure 3.15: Evolution of prey and predator densities for various values of o and &, when ¢ = 2,m =
0.1,b = 2. In Figure, (a) = (b) = (¢) or (d) — (e) — (f), shows the stability of equilibrium C' is
going towards the stability of equilibrium B as we are increasing the value « for fixed £. (a) — (d)
or (b) — (e), shows the predators size are increasing as we increasing the value ¢ for fixed «.

3.4 Discussion and Conclusion

We study the dynamics of the modified ratio-dependent model under three possible scenarios arising
from the nature of existential behaviour of the species as in the original model. These three scenarios
resulting from the existence and stability of the interior equilibrium point of the original model are
as follows: (a) extinction of both the species or predator alone, (b) either extinction of both the
species or predator alone or co-existence in an oscillatory manner and (¢) co-existence of both the
species.

For the first case, corresponding to the extinction of both the species or predator alone, we
first consider the range of high quality 0 < o < (1 — %) b. For this range, the predator population
survives as a result of additional food supply, as opposed to extinction with no additional food.
However, when b > 1 the prey population will still go to extinction. The reason for this is that
the increase in the predator density results in high predation (due to limited quantity of additional
food) causing the extinction of the prey population. When b < 1 this extinction can be avoided if
the prey and predator’s size are close to the number x5 and s respectively and value of £ is chosen
in such way that A > 0 and £ > %. For the range (1 — %) b<ac< % both species can

coexist due to the additional food supply. This case exemplifies how additional food can result in

(14€)-1

biological control of extinction. Finally when o > b £ then the predator population becomes
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Requirement Predator’s Behavior Supply of Additional Food

Quality («) Quantity (§)

Coexistence (in stabilized form) - (1- %) b<a< b(H—T{)_l &> 1—m—’()b—1)

Coexistence with prey dominated - Nearest (possible) to % &> 17'"71(71771)
(in stabilized form)

Coexistence with predator dominated - Nearest (possible) to (1 - %) b Maximum (possible)
(in stabilized form)
Coexistence (in oscillation form) - (1- %) b<a< b(H'T‘S)_l 0<¢é< F"’Ta’_l)
provided ¢r Jig, 4,) > 0
Coexistence (small oscillation form) - 1-Hv<ac< % Nearest (possible) to M
provided ¢r Jig, 4,) >0
Coexistence (large oscillation form) - 1-HDbv<ax< % Minimum (possible)
provided £ > 0 and ¢r Jig, 4,) > 0
bm >m, ¢> 5 D<a<(1-1)b £>0
Prey’s eradication 1<c<% 0<a< (1—%)1) E>1—c+y
bm<m, c>1 0<a<(17%)b E>1—-c+3
b—1
bm>m a>b > o=
Predator’s eradication 1-Hbv<a<d Minimum (possible) with & > 0
bm <m
a>b £E>0

Table 3.4: Table gives the simple way, how to supply additional food to predators once we know
the requirement and predator’s behaviour.

extinct, whereas the prey survives. This happens due to the poor quality of food and the resulting
distraction from predation, thereby benefiting the prey population. Next, we consider the second
case with the range 0 < a < (1 — %) b. For this range the predator will not get extinct due to the
additional food supply. Also, coexistence of the two species is possible in this range of «, provided
the prey and predator’s size are close enough to xo and ys respectively and the quantity of food is
low (€ < 1—c+c¢/b). For the range (1-1)b < a < YIHE-1 " oexistence of both the species is

c 3
b(1+£)—1
3

possible, similar to the preceding sub-case. The implications for the range o > are akin

to that of the first case. Finally, for the last case, the ecological consequences are the same as the
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previous case, the only difference being that, when consumption rate of predators is limited (¢ < 1),
then the prey population cannot be eradicated.

The work of Srinivasu et. al. [11] introduced the idea of control in a modified Holling type II
model. In this Chapter we have presented and analyzed a modified ratio-dependent model. The
analysis reveals the role of additional food in the control of prey population in a more explicit way
in comparison to [11]. The modified Holling type II model predicts unbounded growth of predator
density with limited quantity of additional food [11]. On the other hand, the analysis of the
modified ratio-dependent model, shows the existence of globally stable equilibrium point (0, (b—a)€)
explicitly and also here the predator growth is proportional to the quantity of additional food,
which addresses this issue more realistically. The ratio-dependent functional response takes into
account the intraspecific competition among the predators. This competition is not incorporated
in a Holling type II model functional response, which is why the control of prey population (with
additional food) for the modified Holling type II model is not as realistic as compared to the case
of the modified ratio-dependent model, discussed in this Chapter.

In conclusion, we can say the modified ratio-dependent predator-prey model presents us with in-
teresting ecological consequence and rich dynamics. This model provides us with a way of achieving
greater control on the dynamics of the system, by way of appropriate handling of the quantity and
quality of the additional food supplied to the predator in the system. Irrespective of the whether
the original system (in absence of additional food) shows extinction or co-existence, it possible, by
the choice of appropriate level of quantity and quality of additional food, to control the dynamics
of the modified system as we desire. Of particular importance is the consequence of being able to
conserve both the species by the additional food supply to the predator in a scenario where there
is a possibility of extinction in absence of additional food. Another important consequence is the

biological control of pest population by supply of additional food to the predator.
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Spatiotemporal Pattern for the
Diffusion-Driven Modified

Ratio-Dependent Model

In this chapter, we present the diffusion-driven modified ratio-dependent model and study its
spatiotemporal dynamics. We explore the parametric conditions under which Turing instability can
occur and reveal the spatiotemporal patterns by numerical simulations. Based on it, we observe that
the quality and quantity of additional food plays a crucial role in Turing instability to occur, even
for those parameter values for which the interior equilibrium point of the original ratio-dependent

model either does not exist or is unstable.

4.1 The Model with Diffusion

We now present an extended model of the modified ratio-dependent model. This extension is due
to the introduction of a diffusion term for the densities of both the predator and prey population,

and is given by,

N N ya
oN :D1V2N—|—TN<1——>— ejlv(P) nh
oT K 1+€1h1(ﬁ)+€2h2(ﬁ) (4.1.1)
P N A o
9P _ p,v2p mel(ngJrnQeg(P)A P —m'P.
oT 1 +€1h1(?) +€2h2(ﬁ)

over a spatial domain 2 with boundary 02 and for T' > 0. We will denote the spatial variable by

S = (51,952). The additional food with a biomass of A is assumed to be uniformly available in

the domain 2. Here N(S,T) and P(S,T) denote the densities of prey and predator respectively

at a point S € ) and time T respectively. The parameters, D and Dy are the diffusivity of the
52

densities of the prey and predator respectively. Also, the Laplacian operator V? = 88—;% + 252" The

finite ecological domain (2 is taken to be © = [0, L] x [0, M]. The initial and boundary conditions

35
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for the above system are taken to be
N(S,O) = ¢1(S),P(S,0) = ¢2(S)7 for S € Q.

and
ON oP

0.
on " On
respectively. The no-flux boundary condition is used in order to facilitate the study of the self-

=0for S€ o, T >0

organizing patterns and this condition puts restriction on any inflow /outflow into/out of the domain

[50].
We now non-dimensionalize the above system using the transformations, * = N/K, y =
P/Kejhy and t = T, to obtain,
ox cxy
— = V2 l—-z)— ————
ot AT T ——r
(4.1.2)
@ = dLVy+m M —1)y
ot 2 T+ y+ af

subject to initial conditions
‘T(S70) = 801(5),.@(570) = @2(8)7 Se

and boundary conditions

ox oy
a_n_o,%_OforSeaﬂ,t>0.

Here, ¢ = e1/r, & = nihg/nohy, { = nA/K, m = m//r, b = ny/m’hy, n = naea/niey, dy = Dy/r
and do = Do /r. Here the parameters that appear in the original ratio-dependent model, namely,
¢, m and b are ecological in nature. However, the parameters o and £ appear because of additional
food supply and can be viewed as parameters for biological control. While « is representative of
the quality (nutritional value) of the additional food as compared to that of prey, & symbolizes the
quantity of additional food being supplied to the predators.

4.2 The Model without Diffusion

In this section, we summarize the results of stability analysis of the interior equilibrium points of
the system without diffusion (d; = d2 = 0 in (4.1.2)), which is the modified ratio-dependent model
(2.1.3). The detailed presentation of the results have been made in the previous chapter.

The stability conditions of the interior equilibrium point (x2,y2) under three cases, defined in
last chapter, are summarized in Table 4.1. Note that the other interior equilibrium point (z1,y1),

whenever it exists, is always saddle in nature.

Here we define P =c—1—-§+¢, R= (b—a){+(b—1),and A, Ay, I, I3 are same as defined

earlier.
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Conditions for (z2,y2) to be locally asymptotically stable Applicable Cases
0<a<(1-1)b
(a) P<0, A>0

(i)b<1l, R>0and xzo ¢ I; or A; <0 Case 1
(ii) zo ¢ I or A1 <0 Case 2, Case 3
(1—%)b<a<b Case 3
(a) R>0, Ay >0and x2 ¢ I Case 1, Case 2, Case 3
(b) R>0, A1 <0 Case 1, Case 2, Case 3
a>b
(a) b>1, R>0and z2 ¢ I Case 1, Case 2, Case 3

Table 4.1: Conditions for stability of interior equilibrium point (z2,y2).

4.3 Turing Instability

In this section, we examine if Turing instability occurs for the interior equilibrium point of (4.1.2).
We observe that the interior equilibrium point of the system (2.1.3) is a solution to the system with
diffusivity (4.1.2) and satisfies the corresponding boundary conditions. We now make use of the
definition of Turing instability given in [38]. The definition says that an interior equilibrium point
of a system with diffusivity is Turing unstable if this equilibrium point is locally asymptotically
stable for the system without diffusivity but is unstable for the system with diffusivity. While
in many real life situations, diffusivity tends to have a stabilizing influence on the system, there
are cases in which it can disturb the existent stability of the interior equilibrium point, thereby
resulting in Turing instability.

)T =

We introduce the transformation X = (Z,7)" = (¢ — x5,y — v;)' and obtain the linearized

system in the following form,
X, = DV?X + J;X, (4.3.1)

with boundary conditions
Xan(S,t) =0, S€0Q, t > 0.

Here J; has already been defined earlier as the linearization of

T
[f1($7y)7 fQ(xuy)]T = |:JL'(1 _‘T) i, a:-i—cyx—gaf’ " <$l-)|[-§/:§§ o 1) yi|

and D = diag(dy,ds). We use the separation of variables technique and assume the solution of
(4.3.1) to be X(S,t) = 1(S)p(t), where p : [0,00) — R? and 1 : Q — R [51], to obtain

P (t) = (J; —AD)p and V) = —\p, S € Q,4p, = 0,S € 99,

where A is the eigenvalue of the operator —V? and 1) be the corresponding eigenfunction on

with boundary conditions. More specifically, each eigenfunction v; of —V? corresponding to the
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eigenvalue \;, satisfies the no-flux boundary condition. Thus we seek the solution of the form
co 2
X(S:1) =D > bicike™ v,
§=0 k=1

where the constants b, are determined by a Fourier expansion of the initial conditions in terms of
1;(8). Also, oj, is the eigenvalue for J; — \; D, with c;;, being the corresponding eigenvector. Now,
the eigenvalue o, which determines temporal growth is given by the roots of the characteristic
polynomial,

| o1 — Ji+X\;D |=0.

that is,
o7 + ((dy + d2)Aj — (a11 + a22)) 05 + (a11 — diAj)(age — d2A;) — arzas1 =0,

where J; = (a;j). Since tr J; < 0,d1,ds > 0 and A\; > 0 Vj, therefore tr(J; — ;D) = tr J; — A\j(dq +
ds) < 0. So in order for Turing instability to occur, the condition det(J; — ;D) < 0 should be

satisfied for some j > 1. Now,
H()\J) = det(Jz- — )\jD) = (a11 — dl)\j)(CLQQ — d2>\j) — 12021

= d1d2)\]2 = (a22d1 4F a11d2))\j + det J;.

The necessary and sufficient condition for H(A;) < 0 are asad; + a11dz > 0 and (a22d; + arnds)? >
4d1dy det J; respectively.
In summary, the necessary conditions for the system (4.1.2) to exhibit Turing instabilities are as

follows:

(a) a1 +ax <0.

(b) arraz — a12a21 > 0.

(c) agady + apydy > 2y/dydy det J;.

These above three inequalities define the Turing space in which Turing instabilities occur and the

following additional necessary conditions for Turing instability follow immediately:
(i) ai1a9e < 0 (from (a) and (c))
(ii) aiza91 < 0 (from (b) and (i))

(iii) dy # do (if dy = do = d, agedy + a11ds = (a2 + a11)d < 0 a contradiction).
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In our case, we have age < 0. Now, from conditions ased; + aj1ds > 0 and a1 + aze < 0, we get
di1 < dy. Thus, a necessary condition for non-homogeneous spatial patterns is that the predators
disperse faster than the prey. Also, since ass < 0, then the condition ajiass < 0 means that
a11 > 0, must hold for Turing instability. The conditions a1; > 0,a22 < 0 implies that % >0
and %—f; < 0. This means that the prey population is activated by it’s own rate of production,
whereas the predator population is inhibited by it’s own rate of production [52]. In other words
the prey and the predator play the role of activator and inhibitor respectively. Also, since a12 < 0
is satisfied, the system becomes an activator-inhibitor system, whenever Turing instability occurs

52, 53].

4.4 Bifurcations and Turing Space

In this section, we present the bifurcation analysis and diagrams for the interior equilibrium point
(z2,y2) for all the three specified cases. These diagrams are in the (o, &) space for fixed parameter
values ¢,m,b and fixed ratio da/d;. We observe that the quality and quantity of additional food
plays a crucial role in the determination of Turing instability. Before proceeding to the discussion on
bifurcations, we give various expression and conditions required for the study of such bifurcations.
The trace tr Jo and determinant det Js for our problem have already been defined earlier. The

conditions for bifurcations are as follows:
1. Transcritical bifurcation:
(a) Teby: o= (1 — 1) b, provided ¢ > 1.
(b) T'chba: m(b—14 (b—a)§) =0.
2. Hopf bifurcation: tr Jo = 0 provided det Js > 0.
3. Saddle-node bifurcation: (¢ —1 — § +£)? = 4&(c — 1 — 95).

4. Turing bifurcation: The condition ased; + ai1de = 2v/dida det Jo. In terms of the model

parameters,

bm(xa + &)ya
- d —1
(2 4+ y2 + af)? L -

CY2
(x2 + y2 + €

)2> d2 =2 dldg det JQ,

provided, do > dy > 0,tr Jo < 0 and det J > 0. (This is the necessary conditions for Turing

bifurcation. For sufficient condition please refer to Theorem B.0.5).

The behaviour of the equilibria changes across the («, &) plane as we move through the various
possible bifurcation curves. For the purpose of illustrating these bifurcation curves we choose

representative parameter values for all the cases. We first consider the parameter values ¢ = 2,m =
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0.5,b = 2 and ds/d; = 25. For these values the interior equilibrium point of the classical ratio-
dependent model does not exist. However the point (z2,y2) for these values turn out to be stable
for the allowable values of a > 1,£ > 0 and a — 2§ — 1 < 0 (using results in Table 4.1). In this
case we have the transcritical bifurcations curves T'cb; and T'cby, Hopf bifurcation curve as well
as the Turing bifurcation curve Tb as given in Figure 4.1. The equilibrium point (z2,y2) becomes
stable and (0, (b — «)&) loses its stability and vice versa as we move from one region to another by
crossing T'chb;. The axial equilibrium point (1,0) gains its stability, while the existence of (z2,y2)
is lost when passing through the curve T'chbs. As for the Turing bifurcation curve T'b, in the region
above Tb and bounded by T'cby and T'chby in Figure 4.1, (z2,y2) is Turing stable. On the other
hand, in the region between T'b curve and the Hopf bifurcation curve, (z2,y2) may exhibit Turing
instability. In that case, this region will be the Turing space.

Bifurcation—Diagram for Case 1 with c=2,m=0.5,b=2,d2/dl=25

0.6 —

Tcb

0.4—

0.3~ =

02— -

01
Turing Space

o ! ! Hopf | I I I ]
0 05 1 15 2 25 3 35 4 45 5

Figure 4.1: Bifurcation diagram for Case 1

Next, we make use of the parameter values ¢ = 1.2,m = 0.05,b = 3 and dy/d; = 16, in which
case the interior equilibrium point of the original ratio-dependent model exist but is unstable. This
point, however is stable for the modified model, provided all the conditions for such stability as
given for Case 2 in Table 4.1 are satisfied. The bifurcations for this case are illustrated in Figure 4.2.
In addition to the bifurcations, T'cby, T'cbs, Hopf and T'b, we also now have saddle-node bifurcation.
As with the preceding case, the nature of stability of (z2,y2) and (0, (b—«){) changes as one moves
from one region to another across the curve T'cb;. The behaviour of (x2,y2) and (1,0) change
across T'chy is the same way as in the previous case. Similarly the changes in the Turing stability
of (x9,y2) across T'b are identical to the earlier case. The point (z2,y2) loses or gains it stability

across the Hopf bifurcation curve. The appearance/disappearance of the two interior equilibria
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happen across the saddle-node bifurcation curve. The Turing space is the region bounded by the

bifurcation curves T'b and Hopf, as well as the saddle-node curve.

Bifurcation—Diagram for Case 2 with c:1.2,m:O.05,b:3,d2/dl:16

02— — ‘ — —— ‘ — I

Tcb Tcb

Turing Space

0.12—

0.08 —

0.06 —

0.04 Saddle-Node

0.02—

. .
10~ 10 10 10

Figure 4.2: Bifurcation diagram for Case 2

Finally, the system is studied under the parameter values of ¢ = 1.1,m = 0.25,b = 5 and
dy/dy = 25. This is the scenario where the original ratio-dependent model, admits a stable interior
equilibrium point. The changes in the stability of the interior and axial equilibria, (x2,y2), (0, (b —
a)€) and (1,0) across the bifurcation curves T'cby, T'cba, T'b, Hopf and saddle-node are similar to the
ones on the preceding scenario. In this case, as seen in Figure 4.3, the Turing space is the region

bounded by the curves T and saddle-node.

4.5 Turing Patterns

In this section, we will carry out the numerical simulation and observe the Turing patterns emerging
from the spatially extended model (4.1.2). We have already discussed the various bifurcations for
the interior equilibrium point (z2, y2) and have determined the Turing space as illustrated in Figures
4.1, 4.2 and 4.3.

For the purpose of numerical simulations with no-flux boundary condition, we considered a
square domain of size 100 x 100. The numerical integration of the partial differential equations
(4.1.2) was performed using the Euler explicit scheme. While a forward time approximation was
used for the temporal derivative, a central space finite difference approximation was applied for
the spatial derivatives, with the time and space intervals being At = 0.1 and As; = Asy = 2

respectively. The temporal and spatial intervals chosen for the numerical simulations satisfy the
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Bifurcation—Diagram for Case 3 with c:1.1,m:O.25,b:5,d2/d1:25

02— — ‘ —— ‘ —

0.18|—
0.16|—
Tcb

014 1

0.12—

0.08 —

0.06 —

0.04—

Saddle-Node
0.02

Tb

Figure 4.3: Bifurcation diagram for Case 3

numerical stability criterion of the linear approximation of the concerned model (4.1.2). For the
no-flux condition a forward space approximation was used and set to zero to obtain boundary
conditions. The initial population distribution (small perturbations around the interior equilib-
rium point (x2,y2)) was taken to be the absolute values of x(s1,s52,,0) = x2 + 0.001 x ZZ-(;-) and
y(s1,i,52,5,0) = y2 + 0.001 x Zi(?, where Zi(;.) and ZZ-(? are Gaussian white noise. The simulation
were run for a large number of time steps, until a steady state Turing pattern was reached. The pat-
terns emerging from the various cases discussed in the preceding section are illustrated in Figures
4.4,4.5,4.6,4.7,4.8 and 4.9.

For the first case, the parameter values used are ¢ = 2,m = 0.5,b = 2 and dy/d; = 25. We
choose the values of @« = 1.1 and ¢ = 0.07 from the Turing space for this case as illustrated in Figure
4.1. We take the initial population distribution to be the perturbations around the equilibrium point
x9 = 0.0557 (first figure of Figure 4.4) and y, = 0.1187 (first figure of Figure 4.5). We ran the
simulations for a large number of time points. We however, present the prey and predator patterns
that emerge at times ¢ = 1000, 3000 and 5000 in Figures 4.4 and 4.5. We see a steady state emerging
at time ¢t = 1000 which regions of high (red) and low densities (blue). This pattern remains more
or less unchanged for the subsequent times points of ¢t = 3000 and 5000. These patterns are similar
for both the prey and the predator even though the level of densities differ as indicated by the
contour sidebar.

For the second case, we take the same parameters as in the preceding section, namely, ¢ =
1.2,m = 0.05,b = 3 and da/d; = 16. Observing the Turing space for this case in Figure 4.2, we

choose a@ = 0.62 and & = 0.09 from the Turing space. The initial condition is set to be perturbations
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around zo = 0.1407,yo = 0.4956. The emergence of prey and predator patterns from this initial
condition are given in Figures 4.6 and 4.7. In this case, however the simulations had to be run
for a longer time period before attaining a steady state. Staring from ¢ = 0, the pattern emerges
through ¢ = 5000 before showing steady states at ¢ = 8000 and 10000, for both the prey and
predator population. In this case also the patterns that emerge are similar for both the populations
with regions of high (red) and low (blue) densities, with the level of densities, however, being
different for the two species.

Finally, we observe the patterns for the third case under the parameter values ¢ = 1.1,m =
0.25,b = 5 and dy/d; = 25. We choose the point («, &) = (0.4,0.06) from the Turing space (Figure
4.3). The emergence of patterns is similar to that of preceding case except that the steady state
Turing pattern is reached much later. The initial (perturbations about xo = 0.1537,y2 = 0.5394)
and subsequent patterns at times ¢t = 10000, 15000 and 20000 can be seen from Figures 4.8 and 4.9,
with the steady state in the regions of both high and low densities being seen at time ¢ = 15000
and 20000.

4.6 Conclusion

The nature of spatiotemporal dynamics and patterns for a diffusive modified ratio-dependent model
(4.1.2) under supply of additional food to the predators is investigated in this Chapter. The supply
of additional food was incorporated with the ratio-dependent functional response. The local sta-
bility results for the interior equilibrium point of the modified model without diffusion is presented
in parametric form . Parametric conditions for Turing instability of the interior equilibrium point,
upon addition of diffusivity are obtained by way of linearization of the spatiotemporal system. We
discuss the various bifurcations resulting from these conditions. These are illustrated by consider-
ing particular values of the parameters ¢, m, and b, with each set corresponding to various cases
of existential and stability conditions of the interior equilibrium point of the original model. All
these sets satisfy the conditions of existence and stability of the interior equilibrium point of the
modified ratio-dependent model.

The bifurcation diagrams for these sets of parameter values illustrate the Turing space in the
a — & plane. Values taken from the Turing space for all the three cases exhibit Turing patterns for
the modified model. In absence of additional food one observes that the ratio-dependent spatiotem-
poral model does not exhibit Turing instability for the specific parameter values where the interior
equilibrium point does not exist, where its exists but is unstable and where it exists and is stable.
While the former two is due to the definition of Turing instability not being satisfied, the latter is
due to the condition dggdl + dncZg > 2 cildg det .J, not being satisfied in case of diffusion being

added to the original model. Here (a;;),4,j = 1,2 are entries of community matrix J, of this model
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at it’s interior equilibrium point with cik,k = 1,2 being the corresponding diffusion coefficients.
Thus additional food plays a role in the Turing instability and consequently in formation of Turing

patterns in the study of diffusive modified ratio-dependent model under these three cases.
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Figure 4.4: Snapshot of prey population at t = 0, 1000, 3000 and 5000 under Case 1 with ¢ = 2,m =
0.5,b = 2,ds/dy =25 and («, &) = (1.1,0.07). Here, the left and right figures in the top followed by
the left and right figures in the bottom are for ¢ = 0, t = 1000, t = 3000 and ¢ = 5000 respectively.
The figure illustrates that for a randomly distributed initial prey population the patterns emerge
as time progresses and eventually reaches the steady state. The red and blue colour signifies the
high and low prey density area respectively.
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Figure 4.5: Snapshot of predator population at ¢ = 0,1000,3000 and 5000 under Case 1 with
c=2,m=0.5,b=2,dy/dy =25 and (a,§) = (1.1,0.07). Here, the left and right figures in the top
followed by the left and right figures in the bottom are for ¢ = 0, t = 1000, ¢ = 3000 and ¢ = 5000
respectively. The figure illustrates that for a randomly distributed initial predator population the
patterns emerge as time progresses and eventually reaches the steady state. The red and blue
colour signifies the high and low predator density area respectively.
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Figure 4.6: Snapshot of prey population at ¢ = 0,5000,8000 and 10000 under Case 2 with ¢ =
1.2,m = 0.05,b = 3,dy/d; = 16 and (o,&) = (0.62,0.09). Here, the left and right figures in
the top followed by the left and right figures in the bottom are for ¢ = 0, ¢ = 5000, t = 8000 and
t = 10000 respectively. The figure illustrates that for a randomly distributed initial prey population
the patterns emerge as time progresses and eventually reaches the steady state. The red and blue
colour signifies the high and low prey density area respectively.
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Figure 4.7: Snapshot of predator population at ¢ = 0,5000,8000 and 10000 under Case 2 with
c=12,m = 0.05b = 3,d2/d; = 16 and (a,§) = (0.62,0.09). Here, the left and right figures
in the top followed by the left and right figures in the bottom are for ¢ = 0, ¢ = 5000, t = 8000
and t = 10000 respectively. The figure illustrates that for a randomly distributed initial predator
population the patterns emerge as time progresses and eventually reaches the steady state. The
red and blue colour signifies the high and low predator density area respectively.
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Figure 4.8: Snapshot of prey population at t = 0,10000,15000 and 20000 under Case 3 with
c=11,m=0.25b=5,dy/dy =25 and (a,§) = (0.4,0.06). Here, the left and right figures in the
top followed by the left and right figures in the bottom are for ¢ = 0, ¢ = 10000, ¢ = 15000 and
t = 20000 respectively. The figure illustrates that for a randomly distributed initial prey population
the patterns emerge as time progresses and eventually reaches the steady state. The red and blue
colour signifies the high and low prey density area respectively.
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Figure 4.9: Snapshot of predator population at ¢ = 0, 10000, 15000 and 20000 under Case 3 with
c=11,m = 0.25b = 5,ds/d; = 25 and (a,&) = (0.4,0.06). Here, the left and right figures in
the top followed by the left and right figures in the bottom are for ¢ = 0, ¢ = 10000, ¢t = 15000
and t = 20000 respectively. The figure illustrates that for a randomly distributed initial predator
population the patterns emerge as time progresses and eventually reaches the steady state. The
red and blue colour signifies the high and low predator density area respectively.
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Chapter 5

Models with Prey Harvesting

In this chapter, we present two models which incorporate prey harvesting to the classical and
the modified ratio-dependent predator-prey model. We analyze the existence and stability of the
equilibrium points of both the models and determine the range for sustainable harvesting effort.
The optimal harvesting policy is determined by using Pontryagin’s maximum principle. The results
obtained are numerically illustrated. We examine the consequences of providing additional food

(as a part of the total harvest effort) to predators in prey harvesting.

5.1 Boundedness of the Solution for a Class of Predator-Prey Sys-
tems

To begin with, we consider a general class of predator-prey system, which will include all the three
predator-prey systems to be discussed in this chapter, namely, the ratio-dependent system with prey
harvesting and the modified (by way of supply of additional food to the predators) ratio-dependent
system with prey harvesting. We will show that the solution for this class of predator-prey system

(as given below) is bounded in the first quadrant of R2.

dx
= e (1=2)—

d_y_m b(z + k) -~
it \ztyto s

where the function h(z,y) includes following form:

(5.1.1)

. _cx .
(i) h(z,y) = x—f; + gFEz, with ¢,q, E > 0,

(ii)) h(x,y) = xéﬁag + qFx, with ¢,q,a,&, E > 0.

Also, parameters m, b are positive and k, v are non-negative.

Theorem 5.1.1. If (x(t),y(t)) are the solution of system (5.1.1), then x(t) will be bounded for any
0, y(0) = 0.

initial condition x(0) >
50
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Proof. Tt can be shown, by vector field analysis, that the solutions of the general class of system

(5.1.1) are non-negative. It can be seen from the first equation of (5.1.1) that,

dz
T i <1
= <z(l—2) = tE%SUPx(t) <1
Thus we conclude that z(t) will be bounded for any non-negative initial condition. O

Theorem 5.1.2. If (z(t),y(t)) are the solution of system (5.1.1) and x(t) is bounded above, then
y(t) will also be bounded above for any initial condition xz(0) > 0, y(0) > 0.

Proof. We have already proved that tligrn sup z(t) < 1. Therefore for any € > 0 there exist a 7' > 0,
—+00
s.t. x(t) <1+4¢€/b YVt >T. Thus, from the second equation of (5.1.1)

w = ey )< b ). 27

i <
= lim supy(t) < b(l + k) +e

Since € > 0 is arbitrary, therefore we get, tligl supy(t) < b(1+ k). Hence y(t) is bounded for any
— 100

non-negative initial condition. O

5.2 Stability of the Classical Ratio-Dependent Model with Prey
Harvesting

First, we formulate a model to incorporate prey harvesting to the classical ratio-dependent model

as follows,

d—wzx(l—x)— et
dt T+y

@—m b —1
T— T4y v

where ¢ and E represent the prey catchability coefficient and harvesting effort respectively.

—qEx
(5.2.1)

5.2.1 Existence of Equilibrium Points

This system (5.2.1), admits three equilibrium points, namely
* (0,0),
e (1-¢FE,0) and

e the interior equilibrium point (z, ),
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which are obtained by solving the prey and predator isoclines given by x (1 — x) — gff; —qFEx =0

bry o — 0 respectively. The equilibrium (0,0) represents the extinction of both the species

and .

and (1,0) represents the extinction of the predator population with the prey population being at
its carrying capacity. The co-existence of both the species is represented by the interior equilibrium
point (Z,7), where

i‘:l—c—kg—qE

and y = (b — 1)Z. One can easily observe from interior equilibria of the system (2.1.2) and (5.2.1),
that prey harvesting results in the reduction of the equilibrium level of both prey and predator,
due to the increase in the mortality rate of the prey population and the consequent decrease in
the availability of prey to predators. In order for the interior equilibrium point to exist we need
l—c+5—qE > 0 which implies £ < % (1 —c+ %) Also note that in this case F < % (1 —c+ %) < %.
So whenever the interior equilibrium point of the system (5.2.1) exists, then axial equilibrium point

(1 —¢FE,0) will also exist.

(0,0) N~ ¢E.0)

Geometrically, it is easy to see that as E increases, the point of intersection (1 — ¢F,0) of prey
isocline with the z-axis moves towards the origin. Consequently, the interior equilibrium point,

moves towards the y-axis (i.e., there is a decrease in prey population density).

The conditions for the existence of the three equilibrium points are summarized in Table 5.1:
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Equilibrium point Existential Conditions
(0,0) _

(1—¢qE,0) E<g
(z,9)=(1—c+$§—qBE,(b—1)z) b>land E<i(1—c+¢)

Table 5.1: Conditions on parameters for existence of equilibrium points of the classical ratio-
dependent system with prey harvesting.

5.2.2 Local Stability Analysis

We now present the local asymptotic stability analysis of system (5.2.1). The Jacobian matrix for

(5.2.1) is given by,

)y _ 14y _ ez

g (18 ey naF e -1+ Gy P
bmy L m ( br 1) - bmacy2
(z+vy) Tty (z+y)

This matrix evaluated at the point (1 — ¢F,0) is,

_|[-Q=q¢E) —c
Ja—am,0) = 0 m(b—1)|"
We observe that (1 —¢F,0) is stable whenever b < 1. The interior equilibrium point (Z, y) will not

exist whenever this happens. Consequently, when the interior equilibrium point exists, then (1,0)
will be a saddle.
Finally, the Jacobian matrix at (Z,y) is given by

2

f[—l—l—(cg } _(c;i

_ z+7)? +4)?
J (7 bmy? _ _bmzy
(@+7)? (@+7)?

The condition for the interior equilibrium point (provided it exists) to be stable is

E<1 1—c+m+c_bm ]
q b2

The Jacobian is not defined at equilibrium point (0,0). To analyze the behaviour around (0, 0) we
use a transformed system after Jost et al. [9]. Using transformation u = i,y = y, results in the

following u — y system,

du u(c + bmu)
— = u(l-—gF+m—-—uy) - ——,
dt ( 1 y) u+1
dy bu 1
— = m — .
dt w1 Y
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The corresponding Jacobian for the u — y system is given by

bmu m—c
Jluy) _ (1_qE+m_“y)_%+“[_y_&+—n2] v’
mb bu ’
(u-l—ly)2 m (u—-l—l o )

which evaluated at (0,0) gives,

Fwy) _ l—-g+m—-c 0
(0,0) 0 —-m|’
The point (0,0) in this system is a saddle for E < %(1—|—m—c) and an attractor for £ > %(1—|—m—c).
We similarly obtain the 2 — v system by using transformation = z,v = £ as,

dx cv

dt x[(l_qE_x)_erJ’

dv v(bm + cv)
- — E - .
— v(z +q m) + o

The corresponding Jacobian for the x — v system is given by

[(1—qE—x)— C”]—x m[—w}

Jv) — P (v+1)2
v v[%]—l—(w—l—i—qE—m)—l—%
whose value at (0,0) is,
S _ [1-aE 0
(0,00 — 0 —14+qEF—m+bm|’

Thus (0,0) is a saddle when E < 1_#@_1). On the other hand when E > 1—#@71)’ then (0,0)
is a repeller. Thus, in this case (0,0) cannot be stable.

Reasoning on the lines of Jost et al. [9], we see that in the u — y system, (0,0) is an attractor
when FE > %(1 + m — ¢) and saddle when FE < %(1 + m — ¢). The ramification of this for (0,0) in
the original  — y system is that a trajectory will approach to (0,0) only when the approach rate

of x towards 0 is more rapid than the approach rate of y.

5.2.3 Global Stability Analysis

Theorem 5.2.1. Suppose that the interior equilibrium point (Z,q) is locally asymptotically stable
and the condition m(b — 1) > 1 holds, then (Z,7y) is also globally stable.

Proof. We first define the following function,

Li(e.9) = 5 (Bue)i ) + 5 (Bi(e,0)n (w.).

where fi(z.y) =2 (1 - qB — ) = £ gi(z,y) = m (5 1) y and Bi(w,y) = L.
After simplification, we obtain,
l1—gE—-(b—1)m—2z—y

L1($7y) = yg

Dynamics and control of a predator-prey system with additional food Ph.D. Thesis

TH-1309_09612314



CHAPTER 5 55

Now, Li(z,y) < 0 whenever x > 0 and y > 0, since m(b — 1) > 1. Thus, by using the Dulac’s
criterion [49], the system (5.2.1) will not have any non-trivial periodic orbit in R%. Note that
both the trivial and the axial equilibrium points are saddle and have y—axis and x—axis as their
respective stable manifolds. Using this in conjunction with the Poincare-Bendixson Theorem [49]

gives us that the interior equilibrium point (Z, ) will be globally stable. O

In order to determine a suitable harvesting effort ensuring the conservation of both the prey
and predator populations, we need the equilibria (0,0) and (1 —g¢F,0) to be saddle and the interior
equilibrium (Z,y) to be stable in nature.

It can be seen that the axial equilibrium point (1 — ¢E,0) is a saddle if b > 1 and the in-

1 c—bm

terior equilibrium (Z,y) will be asymptotically stable when F < 7 (1 —ctm+ 3 ) Also

%(1 —c+§) < %(1 —c+m+ C;Qm) < %(1—c+m) <= ¢ < bm. So as long as the condition
¢ < bm holds, the non-trivial equilibrium point for the system (5.2.1) is locally stable whenever it
exists. It can be proven that ¢ < bm <= ¢ < 1+ m, whenever m(b— 1) > 1. Thus under Case 3,
(z,7) is locally stable (if it exists).

Finally, we summarize all the conditions (for the three cases defined in Table 3.2) on effort F

in order to achieve ecologically sustainable harvesting (for the system (5.2.1)) in Table 5.2.

Conditions Ensures Applicable Cases

E < %(1 —c+m) (0,0) is saddle Case 3
E < % (1—c+%) (Z,7y) exists and (1 — ¢F,0) is saddle Case 2, Case 3

E < % (1-c+%) (z,7) is globally stable Case 3

Table 5.2: Conditions on harvesting effort for the system (5.2.1).

This table indicates that prey harvesting should not be initiated with a random effort level E.
Stability analysis gives us the way of determining an appropriate effort level since a randomly
chosen effort level may lead to population extinction. For example, we choose the parameter values
¢=1.1,m =1 and b = 3 for which the interior equilibrium point of the system (2.1.2) is globally
stable (as seen in Figure 5.1). With this same set of parameters and choosing ¢ = 1 (for example),
the interior equilibrium points (z,7) of the system (5.2.1) will not be globally stable for any choice
of > (0.2667. Thus, in this case, ecological conservation requires that the effort level £ be kept
below 0.2667. This is illustrated by the phase portraits in Figures 5.2 and 5.3. In Figure 5.2,
E = 0.2 < 0.2667 resulting in conservation of both the species, whereas in Figure 5.3 we take

E = 0.5 > 0.2667 and observe the extinction of both the species.
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Figure 5.1: Phase-portrait for the system (2.1.2) with parameter values ¢ = 1.1,m =1 and b = 3.

5.3 Stability of the Modified Ratio-Dependent Model with Prey
Harvesting

We now consider the model which incorporates prey harvesting to the modified ratio-dependent

model (2.1.3). Accordingly we have,

dx cxy

—=z(l-2) - ——— —qbz,

i ) T+y+af (5.31)
dy blr+ €] o
—=m|——=-1]y.

dt T+y+al

Note that this model incorporates prey harvesting as well as the supply of additional food to the
predators. Thus the model comprises of two economic components, namely the harvesting effort

and the supply of additional food.
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Figure 5.2: Phase-portrait for the system (5.2.1) with parameter values c = 1.1,m =1,b=3,¢=1
and £ =0.2.

5.3.1 Existence of Equilibrium Points

The system (5.3.1) admits the trivial equilibrium point (0,0), two axial equilibria, (1 — ¢F,0) and
(0, (b—)&) and two interior equilibria (z;,v;), @ = 1,2 given by the solution of following equations,

cy

l—-z— —+ —  —qF =0
r+y+af (5.3.2)
blz + £ -
— 'S _1=0.
x+y+af

Solving (5.3.2) we obtain (z;,¥;), ¢ = 1,2 where each z; € (0,1 — ¢F) is the root of quadratic
equation 2% + (¢ — 1 — § + £ + ¢E)z + £(¢E + ¢ — 1 — §¢) = 0 (see Appendix C), which is given by

_ 1—gqF—c+;-¢ (—1)i\/ c 2 ac
x; = 5 * 5 (qE—I—c—l—E—i-ﬁ) —4£(qE+c—1—?>

andy; = (b—1)ax; + (b— )&

The following relation can be derived from (5.3.2) (see Appendix C),

c cla—1)¢
ri=1—c+-—qgb4+ —-—2.
i b T b+ )
This relation is satisfied by the interior equilibria (z;,y;) when they exist. From this relation we can

conclude that whenever a > 1, the supply of additional food to predators, reduces the pressure of
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Figure 5.3: Phase-portrait for the system (5.2.1) with parameter values c = 1.1,m =1,b=3,¢=1
and £ = 0.5.

predation (on prey) as well as the pressure (on both prey and predator) resulting from harvesting.
Defining A as the expression under the square root term of x;, we obtain the conditions (see Table
5.3) on the model parameters, required for the existence of the above equilibrium points.

Under the condition 0 < z; < 1—qFE, we have y; > 0. To see this, consider y; = (1—:32;:2%;0(5).
Observe that if ¢ > 1—qF, then y; > 0. For the case when ¢ < 1—¢F and noting that z; = 1—c—qFE
(1—qE—x;)(z;+af)

is an asymptote to the prey isocline y; =

, we obtain x; > 1 —c—qFE. Thus y; > 0

zi+c—14+qF
for ¢ < 1 — gF also.
5.3.2 Local Stability Analysis
The Jacobian matrix for (5.3.1) is given by
cy cy cx(z+ok)
S |00 et — e e 1 e ~ltytadP
bmy(y+ag—¢) m (ete q) o bm(at+Ey
(z+y+af)? zty+af (z+y+af)?
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Equilibrium point

Existential conditions

(070) -
(1—-¢qFE,0) qF <1
(0, (b — )§) b>
(x1,91) qE+c—1-74+6<0,gE+c—1-F>0,A>0,71<1-¢qFE
or
qE+c—-1-7+86<0,A=0,11<1—-¢qFE
(22,Y2) qE4+c—1-5+E6<0,gE+c—1-5F>0,A>0,22<1—¢qE
or
qE+c—1-7+6<0,gE+c—1-5=0,22<1—¢qF
or
qE+c—-1-7+6<0,A=0,12<1-¢qFE
or

qgE+c—1-9<0,23<1—¢qF

Table 5.3: Conditions on parameters for existence of equilibrium points of the modified ratio-
dependent system with prey harvesting

Hence the Jacobian matrix at the equilibria of the system (5.3.1) is of the following form,

[1—qFE 0
J(an) — 0 m (b _ OZ) )
B c(l1—qFE
J, _ _(1 _qE) _1(qEq+a)€
(1-¢E,0) 0 m((b—1)(1=gE)+(b—a)§) | °
L 1—qE+af
Bl — o/ — o g 0
Jo.(b-a)e) = mb-a)b-1) = _mb-a) | >
L b b
[ o cy; __cxi(xitaf)
J i [ 1+ ($i+y§/+af)2 (zityit+ag)?
(24,u4) by (y; +a€—E€) _ bm(zi+E)y
(zityi+af)? (zi+yi+al)?

For population conservation (while harvesting) to be ensured, we need the equilibria (0,0), (1 —
qFE,0) and (0, (b — a)§) to be unstable in nature. The equilibrium (0,0) is always unstable in
nature provided the axial equilibrium point (1 — ¢F,0) exists. However, (1 — ¢FE,0) always exists
in order to ensure the existence of the interior equilibrium point. Thus (0,0) is always unstable.
The conditions (b —1)(1 — ¢E) + (b — )¢ >0 and 1 — gF — c+ G > 0 ensures the saddle nature
of (1 —¢F,0) and (0, (b — «)§) respectively. Note that, the condition for the saddle nature of
(1 — ¢F,0) is satisfied whenever any one of the interior equilibrium point exists. This is because

b—1Dz; +(b—a) < (b—1)(1 —qFE)+ (b— ).

0<wy;
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The stability of interior equilibria (z;,y;) can be analyzed by using the determinant and trace

of the Jacobian matrix Ji,, .,y given by

bemax;y; b 9
det Jo,. .y = ——m—L —1) + = (z; ’

—(b+ Dag — [(b¢ = D)+ m(b— D] 2; —m(b— )¢

tr Jig ) = b(z; + €)

We study the stability of interior equilibrium points (for all the three cases defined in Table
3.2) when (0, (b — ov)¢) either exists with saddle nature or does not exist at all. Here, only interior

equilibrium point (x3,y2) can exists, if xg < 1—¢FE holds. We summarizes the conditions as follows,

Cases Interior equilibrium point exists Stable

Case 1 (z2,92) if 17 J(agyn) <0
Case 2 (x2,Y2) i r J(zg,yy) <0
Case 3 (22,Y2) always

5.3.3 Global Stability Analysis

Theorem 5.3.1. Suppose that the interior equilibrium point (x2,y2) is locally asymptotically stable
and the conditions a& > 1 —qFE and o > (1 — #) b hold, then (x2,y2) is also globally stable.

Proof. We first define the following function,

La(e.y) = 5 (Bale. ) fa(o0) + 5 (Bale)a.).

b
where fo(w,y) =2 (1 - ) = 5350 = gFx , ga(a,y) = m (2549 — 1) y and Ba(a,y) = THes,

After simplification, we obtain,

Lo(z,y) = (1 _qu’?_af) . (Qx;'y) _ %

Now, Lo(z,y) < 0 whenever z > 0 and y > 0, since & > 1 — gE. Thus, by the Dulac’s crite-

rion [49] the system (5.3.1) will not have any non-trivial periodic orbit in R?. Note that, when

(1 — 17ch> b < a < b, then the trivial equilibrium point is a repeller and the two axial equilib-
ria, (1 —¢F,0) and (0, (b — a)&), are both saddle and have z—axis and y—axis as their respective
stable manifolds. On the other hand, when o > b, then both (0,0) and (1 — ¢F,0) are sad-
dle and have y—axis and x—axis as their respective manifolds. Using these, in conjunction with
the Poincare-Bendixson Theorem [49] gives us that the interior equilibrium point (z2,y2) will be

globally stable. O
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Finally, we summarize in Table 5.4 the conditions on effort F in order to achieve ecologically

sustainable harvesting for the system (5.3.1).

Conditions Ensures Applicable Cases

E< % (0,0) is saddle/repeller and (1 — ¢F,0) exists Case 1, Case 2, Case 3

E< % (1 + %) (1 —gFE,0) is saddle Case 1, Case 2, Case 3

E< %(1 —c+ ) (x2,y2) exists provided zo <1 —¢F Case 1, Case 2, Case 3
and (0, (b — a)) is saddle (if it is exists)

% l1-a) <E< %(1 —c+ %) (w2,y2) is globally stable (if it exists) Case 1, Case 2

and tr J(g, ) <0

% (1-a)<E< %(1 —c+ ) (w2,y2) is globally stable (if it exists) Case 3

Table 5.4: Conditions on harvesting effort for the system (5.3.1).

Clearly, here, one can see that ecologically sustainable harvesting is possible under all three
cases whereas without additional food it possible only under Case 3. Also, one can observe that
bounds on harvesting effort £/ depends on the additional food parameters, namely, a and £. A
choice of av > 1, results in an increase in the upper bound for ecologically sustainable harvesting
effort (corresponding to the global stability of interior equilibrium point) as compared to the case
without additional food. On the other hand, a choice of & > 1/b ensures that the condition

tr J( < 0 (required for global stability of (z2,y2) under Case 1 and Case 2) is satisfied. This

z2,y2)
illustrates the advantage of providing additional food to the predators over the scenario of no
additional food being provided. A consequence of this is that a higher effort level can be achieved
with the choice of an appropriate level of additional food supply. For example, we choose the same
parameter values, c = 1.1,m = 1,b =3 and ¢ = 1 as in Section 4. Recall that in this example, the
ecological conservation required that the effort level F be kept below 0.2667. As an illustration, we
choose £ = 0.5, which results in the extinction of both the populations, when no additional food
is provided. However an appropriate level of additional food (for example, o = 2 and £ = 0.5 for
which coexistence is achieved for 0 < E < 0.633) ensures the stability of the interior equilibrium

point and hence conservation of both the species. The phase portrait for this example is given in
Figure 5.4.
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Figure 5.4: Phase-portrait for the system (5.3.1) with parameter values c = 1.1,m = 1,b = 3,9 =
1,EFE=05,aa=2and £ =0.5.

5.4 Optimal Harvesting Policy for the Ratio-Dependent Model

We now formulate the problem of optimal harvesting policy in case of the classical ratio-dependent

model as follows:

o0
—5t B
OS}rEnSaécmax/e [pgx — c1] Edt (5.4.1)
0
subject to the system (5.2.1)
dx cxy
— = 1—2x)— —qF
dy < bx >
— = m — L
dt T+y
and the effort constraint
E e [O, Emax]u

with the initial and terminal conditions being (z(0),y(0)) = (xo,y0) and (z(oc0),y(0)) = (Z,7)
respectively. Here p is the price per unit stock of the prey biomass, ¢; is the cost per unit effort for
harvesting and FEp,.x is the maximum effort capacity of the harvesting industry. Also, § denotes

the continuously compounded annual rate of discount. The objective of the problem is to find the
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optimal harvesting effort i.e., E(t) € [0, Epax] for ¢ > 0 so as to achieve the bioeconomic objective
of maximizing the profits from harvesting while ensuring population conservation.
In order to use the Pontryagin’s maximum principle [54] we define the Hamiltonian for this

control problem as,

5t cxy bx
= —c|E+ )\ 1—2)— —qFEx| + \ — -1 .
H=e""[pgr — c1] 1 [x( x) y q x] 9 [m (m " ) y]

Using the maximum principle results in the state equation being given by (5.2.1) while the co-state

equations are given by

d\1 OH 5t Cy2 bmy2

A R A E-M(1-20——2 — —4E) - A—2

i oz ¢ PE— A T ary? “@ry?

do OH cx? ( ba? >

72 = L N mM | — 1. 5.4.2
@ EINGPT . veza (542)

Since H is linear in control E, so the optimal control is combination of bang-bang and singular

control [40]. The condition for the optimal control can be obtained from the relation
g—g = e (pgz — 1) — A1gz = 0.

Chaudhuri [55] (citing Goh [40]) points out that the harvesting policy for a zero-discount rate
(i.e., 6 = 0) is more robust than the non-zero rate of discount. In order to obtain the singular
optimal equilibrium solution (z,y), the interior equilibrium points of system (5.2.1) and (5.4.2) are
substituted into ‘g—g = 0 to get (see Appendix C),

le[ﬂ—i-(l—c—l—f)]. (5.4.3)

2 | pq b

The necessary conditions for the singular control to be optimal is that the generalized Legendre
condition [40]

(Arc — Agbm)

(A —2p)z + (A1 — p) (—1+b%(b—1)2+qE) + 73

(b=12>0
is satisfied along singular solution (see Appendix C). Hence optimal harvesting policy will be,

Erax if z>12

ERP@) ={FE if 2=2%
0 if o<z,
where 7 is the value of z in (5.4.3) (called the singular optimal equilibrium prey population size).
Also, E is called the singular control of the system (5.2.1) corresponding to the singular solution
(@,9).
We illustrate this with a numerical example. For this purpose, we choose the parameter values to

bec=11,m=1,b=3,g=1,p=1 and ¢; = 0.005. For this set of parameter values, = 0.1358
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(from equation (5.4.3)). Recall that the interior equilibrium point of system (5.2.1) is globally
asymptotically stable if E € [0,0.2667). So we can take Fyax to be 0.2667. Thus, according to the
optimal harvest policy, if at time ¢ the prey population size is greater than the optimal equilibrium
prey population size £ = 0.1358 i.e., x(t) > 0.1358, then the harvesting effort is chosen to be
Epnax = 0.2667 until the prey size reduces to . Once this happens, i.e., z(t) = 0.1358, then we
will adopt the singular optimal control E, given in this case by E = % (1 -z -7~ 1)) = 0.1308.
When z(t) < 7, the harvesting is stopped i.e., E = 0 and remains so until the prey population
density is restored at least to the level of Z again. The optimal trajectory for system (5.2.1) with
initial population densities (xg,yo) = (0.9,0.4) is shown in Figure 5.5. The optimal trajectory is
a combination of two trajectories, one (dashed) corresponding to the maximum harvesting effort
FErax = 0.2667 while the second one corresponds to the singular effort E = 0.1308. The switch
from maximum harvesting effort FE,.x to singular effort E happens at time t = 5.3.

The optimal harvesting policy will thus be,

R0y = | B = 02667 it < 5.3,
E  =0.1308 ift>5.3.

0.9

0.8} PR S .
0.7 V4 LN b
0.6} ’ N .

0.5 / S 1

Predator

0.4} switch ) g

(0.9, 0.4)
0.3 E

0.2

0.1 b

0 0.2 0.4 0.6 0.8 1
Prey

Figure 5.5: Optimal path emanating from point (0.9,0.4) subject to the system (5.2.1) with pa-
rameter values c=1.1,m=1,b=3,¢g=1,p =1 and ¢; = 0.005.
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5.5 Optimal Harvesting Policy for the Modified Ratio-Dependent

Model
For the modified ratio-dependent model, the problem of optimal harvesting policy is formulated as
follows:
o0
— 6t B B
oo ax / e " (pgx — c1) E — €] dt (5.5.1)
0
subject to the system (5.3.1)
dx cxy
— = l—-2)—— —qF
dt z(l=2) = o rag 1%
dy bz + ¢
— = m|———-1)y
dt T+y+al
and the effort constraint
E e [07 Emax] y

with the initial and terminal conditions (x(0),y(0)) = (x0,y0) and (z(c0),y(c0)) = (z2,y2) respec-
tively. The parameters p, ¢1, Fmax and 0 have the same interpretation as in the case of harvesting
for classical ratio-dependent model discussed in the previous section. The new parameter co is the
cost per unit quantity biomass of additional food with some fixed nutrition value. As before, the
objective of the problem is to find the optimal harvesting effort i.e., E(t) € [0, Epax] for t > 0 so
as to achieve the bioeconomic objective of maximizing the profits from harvesting while ensuring

population conservation. The Hamiltonian for this control problem is defined as

cxy

——— —qgEz| +
T +y+af a

H = e %|(pgz —c1) E — c2é] + M1 [x (1-—z)—

(e ree 1)l

Using Pontryagin’s maximum principle results in the state equations for this problem being given

by (5.3.1) while the co-state equations are given by,

v OH s o aylytal) o bmy(y +af =€)
o - .- pqE )\1<1 2x @+ y 1 al)? qE) 2 @tytal?
oy M cx(ztal) b(z+§) (z+af)

i - oy =M\ @ty Tl 2< @y tad) 1>. (5.5.2)

Note that, here H is linear in control E. Therefore, the optimal control will be a combination of

bang-bang and singular control [40]. The optimal control follows from the condition,

oH  _
95 = ¢ M (pgr — ¢1) — Mgz = 0.
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To determine the singular optimal equilibrium solution (x*,y*) we take § = 0 and substitute
the interior equilibrium points of the systems (5.3.1) and (5.5.2) into g—g = 0 which results in the

following cubic equation (see Appendix C),

(—20pq)z> + (bey + (—4bE + b+ ¢ — be)pq)z? + 2(bey + pq(b+ ¢ — be — b))é)z
+ &(—c(1 —a)eg +ber€& + pg(b—c(b— a))§) = 0. (5.5.3)

When sign of the coefficient of 23 and constant term in a cubic equation are opposite, then the
equation has atleast one positive root. Thus, in the above case, if (5 — 7 +&)c1 +pg§(1—c+ ) >0
then above cubic equation has at least one positive root. Let x* be the positive root of this cubic
equation. Then z* is called the singular optimal equilibrium prey-population level. The necessary
conditions for the singular control to be optimal is that the generalized Legendre condition [40]

cy Yy
(2A1 — p) <1 ~ W) + (M1ez + Aabm(y + af — é‘))m >0

is satisfied along singular solution (see Appendix C). Hence the optimal harvesting policy will be,

Eoax ifx>z*
E MBD(4) — § pr if v = a*
0 if ¢ < x*.

Note that, in order to ensure an economically better harvesting policy with the additional food as
compared to harvesting without additional food being supplied to the predators in the system, the
integrand in (5.5.1) must be greater than the integrand in (5.4.1). This can be ensured as long as

the cost per unit quantity biomass of additional food satisfies,

1

e < g(pqw—m(

It can be shown that equation (5.5.3) reduces to (see Appendix C)

EMRD—ERD)

2bpq(z* + €)*(z* — F) = cf(c1 + pgé) (o — 1).

Consequently, z* < (>)Z <= «a < (>)1. This means that in order to undertake prey harvesting
with additional food at a level, * below (above) z (the level without additional food), the predators
need to be supplied with good (poor) quality of additional food. There is no benefit in terms of
harvesting stock level, by providing same quality of additional food relative to the prey, i.e., a = 1,
since this results in z* = Z and E* = E. Apart from this, there is added financial burden arising
from supply of additional food in this case.

One can observe from the cubic equation (5.5.3) that the singular optimal prey-equilibrium

level x* is dependent on the biological control parameters o and £. We will now illustrate through
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numerical examples, that for the modified model with additional food, the optimal harvesting
policy can be more effectively decided by an appropriate choice of o and £. For this purpose, we
refer to the example on prey harvesting without additional food case, as given in the previous
section. Recall that for the parameter values b = 3,¢c = 1.1,m = 1,p = 1,¢ = 1 and ¢; = 0.005,
no prey harvesting can be done until the prey size reaches a level of £ = 0.1358. However, for
this set of parameter values, the system supported by additional food to the predators results in
bioeconomically sustainable harvesting policy for some z(t) < Z. In fact in this case, the harvesting
effort can be more than the corresponding harvesting effort for the system without additional food.

To begin with, we set z* = 0.0001. Then, in this case « and £ has to satisfy the relation
(—0.2856 + 1.1a)€2 + (—0.00533712 + 0.0055a)¢ + 0.8144 x 1078 = 0. By choosing a = 0.94
and £ = 0.0001515 (which satisfies this relation), one can harvest at the maximum effort level
Emax = 0.2447, for all time, provided z(0) > z*. Clearly, the economic returns here is better
than the returns without the additional food. Now, choosing a = 0.9,0.8,0.7 with corresponding
& = 0.0005277,0.001569, 0.003065 respectively, one can prey harvest at the maximum harvest rate
of 0.23,0.1933,0.1567 respectively, provided z(0) > z*. These numerical values of « suggest that, as
we decreases the a value (improvement in the quality of additional food) maximum harvest rate is
keeps decreasing. This phenomenon is possibly due to the increase in the predator population level
(resulting from better quality of additional food) but the quantity being fixed, thereby resulting in
more predation of prey by the predators. This can also be mathematically justified, by recalling that
y2 = (b—1)za+ (b— ). As we decrease the value of a (for fixed &), y2 (predator equilibrium level)
will increase, while prey equilibrium level x5 will decrease. For the parameter values @ = 0.94
and & = 0.0001515, the optimal trajectory for system (5.3.1) with initial population densities
(z0,y0) = (0.9,0.4) is shown in Figure 5.6.

We now consider a second example, when = < z*, with same parameters values chosen earlier,
namely, b = 3,¢ = 1.1,m = 1,p = 1,g = 1 and ¢; = 0.005. In this case, for some z(t) > =z,
harvesting cannot be undertaken till the prey population reaches a level of atleast z*. But, whenever
harvesting is possible, Fy,.x and E* can be increased by increasing the value of @ and £. This may
be possible from an ecological point of view, since supply of poor quality additional food could result
in the predators being distracted, thereby easing the predation pressure on the prey, whose size
consequently increases. Thus, the harvest effort can be increased in such a scenario. We set z* = 0.2,
in which case o and ¢ has to satisfy the relation (—1.485+1.1a)¢2 +(—0.1595+0.0055a)¢ —0.0154 =
0. By choosing a@ = 2 and £ = 0.2836 and if 2(0) > z* one can start harvesting at the maximum
effort level Fpa = 0.6333, till x reduces to * = 0.2. After reaching z* = 0.2, we switch to the
singular effort level E* = 0.2817.

For the parameter values = 2 and £ = 0.2836, the optimal trajectory for system (5.3.1) with
initial population densities (zg,y0) = (0.9,0.4) is shown in Figure 5.7. The optimal trajectory is
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a combination of two trajectories, one (dashed) corresponding to the maximum harvesting effort
Finax = 0.6333 while the second one corresponds to the singular effort E* = 0.2817. The switch

from maximum harvesting effort E,.x to singular effort E happens at time ¢ = 2.9.

E MRD(t) — o '
=0.2817 if t>2.0.

Note that, in this case also, we get an improved harvesting policy, even with the low quality

{Emax —0.6333  if t <209,

\
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Figure 5.6: Optimal path emanating from point (0.9,0.4) subject to the system (5.3.1) with pa-
rameter values c=1.1,m=1,b=3,gq=1,p=1,c; = 0.005, a = 0.94 and £ = 0.0001515.

additional food as compared to prey nutrients, since & = 2 > 1 and while keeping prey population
level at a level higher than the level without the additional food case. This is illustrative of how
the supply of additional food can play a critical role in formulating an efficient harvesting policy

along with population conservation.

5.6 Conclusion

We undertake a comparative study between classical ratio-dependent and modified ratio-dependent
predator-prey model by incorporating prey harvesting into both the models. While the classical
ratio-dependent model has a ratio-dependent functional response, the modified model also has ratio-

dependent functional response but with the additional food being made available to predators. The
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Figure 5.7: Optimal path emanating from point (0.9,0.4) subject to the system (5.3.1) with pa-
rameter values c=1.1,m=1,b=3,q=1,p=1,c; = 0.005,« = 2 and £ = 0.2836.

comparison of the models is done from the perspective of how the additional food supply to the
predators play a role in deciding the range of bioeconomically sustainable prey harvesting effort.
This was accomplished by analyzing the existence and stability of the equilibrium points and also
the optimal harvesting policy using the Pontryagin’s maximum principle.

We analyzed both the bioeconomic models to determine the extent of ecologically sustainable
harvesting effort. In particular, the conditions for existence and stability of the interior equilibrium
point was studied since a stable interior equilibrium point represents the co-existence of both
the species for all time. It was observed that the maximum sustainable effort level as a result
of additional food supply is always greater than corresponding maximum sustainable effort level
without additional food, provided @ > 1. We then formulated a bioeconomic control problem
which seeks to maximize the profit from harvesting while ensuring population conservation. The
resulting optimal harvesting policy was found to result in higher returns as well as better population

conservation in case of additional food supply.
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Chapter 6

Optimal Control of Pest Population

This chapter is devoted to the determination of an optimal strategy for pest (prey) population
control, by taking the additional food supplied to the predator as the control variable. The problem
is formulated as a minimum time optimal control problem with the objective of driving the pest

population from a given initial state to a desired target state in the minimum possible time.

6.1 Modified Ratio-Dependent Model Revisited

We begin by recalling the modified ratio-dependent predator-prey model (2.1.3) with additional
food (non-prey) being supplied to the predators, given by,

dx cxy
@ = U e
dy _ m< bz + ¢ —1>y.
dt Tty + ol

Here, the parameter a characterizes the quality of the additional food, since it is inversely propor-
tional to the nutritional value of additional food. The other control parameter & characterizes the
quantity of additional food. The system (2.1.3) has atmost five equilibria namely, trivial (0,0), two

axial (1,0) and (0, (b — «)&) and two interior (z;,y;) for i = 1,2, where each x; is the root of,

ac

x2+<c—1—g+§)x+<c—1—?)§zo (6.1.1)

and y; = (b — 1)z; + (b — )§. The dynamics of the system (2.1.3) has been studied in detail in

Chapter 3 and the results are summarized here in Table 6.1 under three cases defined in Table 3.2.
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Range of « Conditions (0,0) (1,0)  (0,(b—a)¢) (r1,y1) (x2,y2)  Applicable Cases
O<a< (1 - %) b b>1 Repeller Saddle Stable DNE DNE Case 1
P<0,A>0
(i)b<1l, R>0, z9 ¢ I or Ay <0 Repeller Saddle Stable Saddle  Stable Case 1
(ii)b<1, R>0and z2 € I Repeller Saddle Stable Saddle Unstable Case 1
(i) b<1, R<O Repeller Stable Stable Saddle DNE Case 1
(iv) 2o ¢ Iy or A} <0 Repeller Saddle Stable Saddle Stable Case 2, Case 3
(v)b>1, z9€ Repeller Saddle Stable Saddle  Unstable Case 2
P>0o0orA<O Repeller Saddle Stable DNE DNE Case 1, Case 2, Case 3
(1 — %) b<a<b Repeller Saddle Saddle DNE Stable Case 3
R>0, zg ¢ I or Ay <0 Repeller Saddle Saddle DNE Stable Case 1, Case 2
R>0zye 1 Repeller Saddle Saddle DNE Unstable Case 1, Case 2
R <0 Repeller Stable Saddle DNE DNE Case 1
a>b
b>1, R>0
(i) xo & Iy Saddle Saddle DNE DNE Stable Case 1, Case 2, Case 3
(i) zq € Iy Saddle Saddle DNE DNE Unstable Case 1, Case 2
R<O0 Saddle Stable DNE DNE DNE Case 1, Case 2, Case 3

S159Y L A 'Yd

TH-1309_09612314

Table 6.1: Summary of stability results for the modified ratio-dependent system (2.1.3).
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Here P=c—1—-¢/b+& R=(b—a){+ (b—1),
A=(c—1-c/b+&? —dglc—1-5),

Ay = (b€ = 1) +m(b—1))%2 — dm(b — a)(b + 1)¢,

I — [_m(b71)+(b571)+\/A_1 m(b71)+(b§fl)—\/A_1]
L= 2(b+1) ) 2(b+1)

_ b—1)+(bE—1)—/A7
I, = (0,—m( )2((b+1)) 1] and

DNE: Does Not Exist.

From the results presented in Table 6.1, it can be observed that if « is from the range 0 < a <
(1- %) b, then (0, (b — «)&) is stable. If the value of « is increased to « > b, such that R < 0,
then (1,0) is stable. We infer that as the value of « increases (decreases), the prey size also in-
creases (decreases). In other words, as the quality of additional food deteriorates (improves), the
prey population keeps increasing (decreasing). Ecologically, this is plausible by observing that the
provision of poor quality additional food distracts the predators from the prey. On the other hand,
provision of good quality additional food to predators with quantity being kept fixed leads to an
increase in the population of predators, resulting in more predation of their natural prey. This
clearly indicates that the quality of additional food has a direct role in the control of prey (pest)
population. Thus, for the problem considered in this Chapter, we treat « as a control variable
while keeping £ constant. Now, the interior equilibria of system (2.1.3) becomes a function of «

only, i.e.,

) = IR G- fr g ae (- )

yi(o) = (b—1Dx; +(b—a)§, for i=1,2.
Using equation (A.0.1), y; can be rewritten as,

(@) = *(ri(0) + €)1~ zi(a) (612

For x;(a)) < 1, the curve (6.1.2) denotes the set of all admissible equilibrium in the state space
of the system (2.1.3). The analysis of the system (2.1.3) in Chapter 3 shows that, (x,y;1) exists
(with only saddle nature) provided (zo,y2) exists. Also the existence of (z1,y;) comes for some
fixed range of a too. Therefore we are only interested in (z2,y2) as an interior equilibrium for the

purpose of pest control.
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6.2 Minimum Time Optimal Control Problem

We consider the prey population to be pest in nature and it is desirable that it’s size is maintained
at an appropriate constant level. It is also desirable that this constant level is attained in the
minimum possible time from a given initial state. As we noted in the previous section, for each «,
(22, y2) represents the constant level. The quality of additional food is taken as the control variate,
which is used to bring the pest population to the desired level. Let «(t) (which characterizes the
quality of additional food) be the control variate at time t. Our goal is to find an admissible
optimal control a(t) € [min, ¥max] such that it drives the system (2.1.3) from an arbitrary initial
state (z9, o) to the target state (x2,y2) in a minimum possible time 7. The problem can now be

formulated as follows,
T

max/—l dt
a(t) J

subject to the system:

dx cxy

S (|
AU ey

dy blx+¢
E_m<x+y+a§ 1>y’

with the initial condition (z(0), y(0)) = (x0,yo) and terminal condition (x(T),y(T)) = (z2(@), y2(&)),
where the final time T is unspecified and @ is some fixed value of & € [min, ¥max]. The Hamiltonian
for this problem is defined as,

H=—1+X\ [az(l—x)—#]%—)\g[m(%—l)y] (6.2.1)

From Pontryagin’s maximum principle [40, 54], the optimal solution needs to satisfy the following

co-state equations,

oy (1_2x_w)_ bmy(y + a& — €)

K : (@ +y+acy CESTESTICN

dae _  crlztah) b(z+8) (w+af)

dt /\1(x+y+a§)2 m)@( (z 4y + af)? 1)' (6:22)

The optimal control o*(t) must maximize H along an optimal trajectory w.r.t. all admissible
controls. Thus,
.. OH
o (t) = auin, only if B <0,

a*(t) = amax, only if o > 0.
O
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If for some interval [t1, 5] C [0,77,

oH
S = m [Arcz — Aomb (z + £)] = 0, (6.2.3)

then a*(t) is called the singular control [40]. This is possible because the second derivative of H

w.r.t. «, results in the following form,

0*H —2¢ OH

a2~ (z+y+af) da’
Suppose that the optimal singular solution exists. Now, differentiating (6.2.3) w.r.t. ¢ along singular
solution and using (2.1.3) and (6.2.2), we get

doH  dombyé

aa—a—m@xﬁ—l—(é—m—l)w—m@:o.

Similarly, along singular solution, we get,

d? 87—[_)\2mba:y(4x+§—m—l)§<1_x_ cy >_

dt? da (z +y + af)? T+y+af

So singular optimal solution is a point (&, y) in the state space, where Z is the positive solution of
the equation,

202 + (E—m—1)z—mE=0 (6.2.4)

and

j = g(az« +&)(1 —2). (6.2.5)

Note that point (#,7), lies on the z-isocline of the system (2.1.3), whenever & < 1. The singular
optimal solution is atmost a single possible point (Z,9) in the state space and unless & = x2(@),
there does not exist any such interval [t1,ts] C [0,7] for which % = 0. Thus there does not exist
any singular control. Therefore, the optimal solution of the considered problem is of bang-bang

type only. Thus, the optimal control will be,

= Olmin, if g—z <0,
Omax, 1 55 > 0.

6.3 Switching Regions

We are interested in the regions of state space, where trajectories can switch from one path to
another in order to reach the target state. This switching happens when %—z changes it’s sign.
Accordingly, we define the switching function as o (t) = A1 (¢)cx(t) — Ao (t)mb (z(t) + £). If 7 denotes

the switching time at which the switch occurs, then,

o(1) = M(1)cx(T) — Xo(7)mb (x(7) + &) = 0. (6.3.1)
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The transversality condition along an optimal solution trajectory gives H(t) = 0V ¢t € [0,7]. In
particular H(7) =0, i.e.,
Au(m)a(r) (1= 2(7)) = Aa(r)my(r) = 1.

Using the expression A\i(7)z(7) = Ao(7)mb (x(7) + &) /¢ (from (6.3.1)) gives us
1
m (8 (x(1) +€) (1 — (1)) —y(r))

It can be easily seen that both Ai(7) and Xo(7) are positive when y < 2(z+¢) (1 —z) and are

/\2(7’) =

both negative when y > % (r+&) (1 —=x). Also, we observe that if the control variable o changes

from apmax t0 min (Qmin t0 Qmax) then o’ (¢)|;= < 0 (> 0). Here,
o'(t) = damb (22 + (£ —m — D)z — m¢) .

From the above observation, we conclude that switch of the control variable a from g,y to
Omin (Qmin 10 Qumax) at time 7 can happen only in the regions Ry and R3 (R2 and Ry4), where the

regions are given by,

Rl = )

r)le <& y< (@46 1-2)

Ry =

9

{
Ry = {@ale>2 y< @roa-o
{

vy)le >, y> (@ +€) (1)

N—— Y~ —— ——

R = {@olo<s y>2@roa-o

6.4 Numerical Illustration and Discussion

As discussed in Section 6.2, the optimal control is only bang-bang in nature. That is, the optimal
strategy will comprise of the control @ = cupin Or @ = ax. The system being driven from the
given arbitrary state to the target state in minimum possible time could involve multiple switching
between the controls a = api, and o = aupax. The specific switching of these two controls is
numerically determined under examples for all the three cases (defined in Section 6.1). This is
accomplished by using the information about the switching regions {Ri}?zl and integrating the
state equations (2.1.3) and costate equations (6.2.2) backwards in time. Each choice made for
the set, {T,\1(T), A2(T") }, of constants of integration produces an initial state (zg, o) in the state
space.

In this problem, the target state is set as P(x2(T),y2(T)) = (z2(@),y2(&)), where & = aax-

As per the optimal control strategy, the control & = amin will always be present as a part of the
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strategy. The optimal feedback policy for Case 1, Case 2 and Case 3 are illustrated in Figure 6.1,
6.2 and 6.3 respectively. The curves PQ; and PQs represent the switching curves. Typically, the
system (2.1.3) with the initial state being P; evolves under the control & = aypi, until the solution
trajectory intersects the switching curve P(Q);. At the point of intersection on the curve P(Q)q, the
trajectory now evolves under the control & = apax until it intersects the other switching curve PQs.
At the point of intersection on P(@)s, the control again switches to @ = amn until the trajectory
reaches it’s target state. On the other hand, if the initial state of the system is at P» then the
system (2.1.3) is driven under the control o = aynax until it reaches the switching curve PQo. At
the intersection point on the switching curve, the control applied changes to a = auyi, until the
trajectory reaches it’s target state. Note that, in order to remain at the target state (z(7),y(T))
forever, we need to switch to the control o = & once the target state has been reached.

Figure 6.1 is illustrative of Case 1, where parameter values are chosen as ¢ = 2,m = 0.5,b = 2
and £ = 0.1. We set amin = 0.5 and amax = 2 as an extreme values of control variable. Here
the target state is (0.2702,0.2702), which is the equilibrium point of the system (2.1.3) for the
Q@ = Qpax = 2. In order to reach the pest target below to 0.2702, & has to be taken as less than
the value 2. In other words, if we want the pest population lower than 0.2702 in minimum time,

we need to increase the quality of additional food that being supplied to predators. Figure 6.2 is

Predator

Figure 6.1: Optimal control of pest through quality of additional food under Case 1 with parameter
values c =2,m = 0.5,0 = 2, = 0.1, apin = 0.5 and apax = 2.

illustrative of Case 2, where value of parameters are chosen as ¢ = 1.2, m = 0.05,b = 3 and £ = 0.1.
The extreme values of control variable, in this case, are taken as amin = 0.25 and amax = 1. The
target state to be reached for this case is (0.2,0.6) (the equilibrium point of the system (2.1.3) with

Q = Qmax = 1). In order for the pest size target to be kept below to 0.2, & needs to be less than the
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value 1. Finally, Figure 6.3 illustrates Case 3, with the parameters being ¢ = 1.1, m = 0.05,b = 3

Predator
°
2

°
©

0.2

0.1

Figure 6.2: Optimal control of pest through quality of additional food under Case 2 with parameter
values ¢ = 1.2,m = 0.05,0 = 3,£ = 0.1, apin = 0.25 and apax = 1.

and £ = 0.1. We set the extreme control variates as amin = 0.1 and ayax = 0.5. The target state
here is the equilibrium point (0.2069, 0.6639) of the system (2.1.3) for & = amax = 0.5. To ensure
that the pest population level goes below to 0.2069, & has to be set less than the value 0.5.

Predator

Figure 6.3: Optimal control of pest through quality of additional food under Case 3 with parameter
values ¢ = 1.1,m = 0.05,b = 3,£ = 0.1, anin = 0.1 and appax = 0.5.
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6.5 Conclusion

In Chapter 3, we studied the dynamics of a predator-prey system with additional food being supplied
to the predators. The results obtained and observations made suggested that the quality and
quantity of additional food played a significant role in controlling the system. For the purpose of pest
(prey) management, we choose the quality of additional food as the control variable. It is imperative
that the pest population is controlled through a desired manner and quick control mechanism. This
motivated the formulation of the problem in this Chapter, as a minimum time optimal control for a
predator-prey system with additional food to the predators. The necessary conditions (Pontryagins
maximum principle) for optimal control, was used to obtain the optimal strategy of the time optimal
control problem. Using the necessary conditions along with transversality condition we obtained two
types of switching regions in the state space. Finally, we numerically illustrate how manipulation of
the quality of additional food to predators can be effectively used for pest control in the minimum

possible time.
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Chapter 7

Conclusion and Future Directions

In this thesis we studied various aspects of a predator-prey system with additional food being sup-
plied to the predators. In Chapter 2, we derived a modified ratio-dependent model with additional
food supply to the predators, on the lines of derivation of functional response for a Holling type-I1
model. In this model, we assumed that the prey exhibits logistic growth in absence of predation.
The predators have an additional food (non-prey) source apart from their natural prey. The rate
of provision of additional food to predators is kept constant and is uniformly distributed in the
predator’s habitat.

In Chapter 3, we analyzed the modified ratio-dependent model. The model system can have
atmost five equilibria. The existential and stability conditions are established for all the equilibrium
points. The model exhibits transcritical, saddle-node and Hopf bifurcations. The role of additional
food was particularly studied and discussed. It was observed that the supply of additional food to
predators plays an important role in population conservation and pest management.

In Chapter 4, we presented a diffusive modified ratio-dependent model. The necessary conditions
for Turing instability were derived. For the purpose of numerical illustration of patterns, the
necessary conditions for Turing instability were used to determine the Turing space in the a-§ plane,
for specific ecological parameter values. Choosing some values of & and & in the Turing space,
a number of numerical simulations were performed to capture the formation of spatiotemporal
patterns.

In Chapter 5, we presented two bio-economic models, namely the classical ratio-dependent
and modified ratio-dependent model by incorporating prey harvesting. To determine the role of
additional food in the harvesting model, we derived existential and stability conditions for interior
equilibria of both the models. We also analyzed the role of additional food supply in determining
the optimal harvesting policy using optimal control theory. We found the necessary conditions for
the optimal harvesting effort and observed the significant role of additional food in deciding the

optimal harvesting policy.
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Finally, in Chapter 6, a time optimal control was formulated, with the aim of pest control by
way of driving the pest population to a desired level in minimum possible time. The quality of
additional food is used as the control variable. The bang-bang control policy to achieve the desired
target level of pest population was derived. Also the switching regions for the control variable was
established. Finally, we numerically illustrated the role of additional food (quality) supplied, in the
control of pest population.

We summarize the beneficial consequences of introducing additional food to the predators in

the predator-prey system as follows,

e The additional food supplied plays an important role in populations conservation and in pest

management.

e It plays a crucial role in the formation of spatiotemporal patterns for both the prey and

predator population.

e The level of ecologically sustainable prey harvesting effort is dependent on the additional food

supply.

e It plays a vital role in determining an optimal prey harvesting policy in conjunction with the
population conservation, which is more efficient as compared to the case without additional

food supply.

Some of the future directions of this work would be motivated by the relaxation of the as-
sumptions made for the modified ratio-dependent model. Two such possible directions are briefly

outlined below,

1. A delay model:
We will study the following modified ratio-dependent model with two delays, 7i(delay in
hunting) and 75 (delay in positive feedback) [56, 57],

az = a(t) — e
w T fO=e) a(t —m) +y(t — ) +af’

by ble(t—m)+d
7 m(w(t—mw(t—mms 1>y“)‘

2. A stochastic model :

We will modify the model to incorporate environmental fluctuations like natural disasters.
The perturbations around the interior equilibrium point (x;,y;) will be assumed to be Gaus-
sian white noise and proportional to the distances of x(¢) and y(t) from the interior equilibrium

point (z;,y;). The resulting model in terms of stochastic differential equations obtained by
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the inclusion of a Wiener process driven term [2] will be as follows,

cxy
r+y+al

dy — (m (% - 1) y> dt + ooy — y) AW (1),

de = (:v (1—2)— > dt + oy (@ — 2;)dW D (1),

Here dW® (t), i =1 : 2 represent two independent Wiener processes and o; > 0, i =1 : 2

are the respective stochastic intensities.
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Appendix A

Existential Conditions for the Interior Equilibria of the System
(2.1.3)

0<g<f(1), P>0 0<f(1)<g, P>0 f(Xmin)<g<O0, P>0 9<f(Xmin)<0, P>0

AN Y

0<g<f(1), P<O 0<f(1)<g P<0 f(Xmin)<g< min{0,f(1)},P<0 f(1)<g< 0,P<0

e Q / \I iiiii / N
TN R =

© ® (@ (h)
9<f(Xmin), P<O 0<g<f(1), P=0 f(1)<g, P=0 g<0,P=0
0] 0] (U] (0]

Figure A.1: Figure illustrates the existential condition for abscissa of interior equilibria of the
system (2.1.3) under all possible behavior of the functions f(z) and g(x). Figure (g) gives the
condition for which both the abscissa of interior equilibria exist (i.e., x; € (0,1)) simultaneously.
The condition of existence of only z; is illustrated in Figure (h) and the existence of only z9 are
illustrated by the Figures (a), (e) and (j).
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The two interior equilibria are (z;,y;), ¢ = 1,2, where each x; € (0,1) is a root of

x2+(c—l—%—kﬁ)x—k(c—l—%){zo. (A.0.1)

Let f(z) = #*+ Pz and g(z) = — (¢ — 1 — 5¢) &, where P = ¢—1— § +£. The possible behavior
of the functions f(z) and g(z) can be seen from Figure A.1. The graph immediately suggests the
conditions under which abscissa of interior equilibrium points exist.

Also y; = (b—1)x;+(b—a)&. Tt is easy to see that whenever x; € (0,1), b > 1 and (b—1)+(b—a) <0
which implies that y; < 0.

Determinant and Trace for the Interior Equilibria for the System

(2.1.3)
det J(Iivyi) = <—1 P (xl Tyt a§)2> («Tz Tyt aé-)g
bmy;(ys + o — &) y cx(z; + af)
(@i + yi + af)? (x5 + yi + af)?
= 8 CYi bm(z; + §)ys
y $Z< 1+($z‘+yz'+045)2>X(xi+yi+a§)2
b(b — 1)my;(x; + ) " cx(z; + af)
(z; + yi + af)? (i + yi + af)?
b i + i
= % [($i+yi+a§)2—cyi—l—(b—l) XC(Q:i+a€)]
bmx;(z; + §)yi
— % [b2(xz + 6)2 —cy; + (b—1) x c(x; + aé)]
bmz(z; + &)y;
= % (0% (i + €)% — e((b — 1)z + (b— @)€) + (b— 1) x c(z; + af)]
bmx;(z; +§)yi
N % [b2(xi +&)* — (b — 1)z; — cb€ + cof + (b — 1)z + c(b — 1)og]
b iz + 4
- % [b% (2 + €)* — b€ + cal + cbag — caf]
_ bmai(e +Qyi o
(it it ad)? [b°(i +€)7 — bt + cbat]
_ bmai(@i A Qyi o 2 _
 (mityi+ad)t [0*(2i + €)° + ebé(a = 1)
_ VPemai(ai +Qyi [b, | o
 (mityi+ag)! [E(QEH_Q +£(a_1)}
_o_bemriyi  fe 2 b e
(it i+ ag)? [f(a 1)—1-6(:1:2—1—5) } '
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cyi bm(zi + &)y
tr Jig, ) = Ti|—1+ -
(i) Z (@i +yi+a)?] (2 +y; +af)?
I Ty _bm(zi 4+ )y
" @ity tad)? (zity+ag)?
il — ‘
R (1 — ;) 3 my;
(xi +yi +af) (2 +y; + af)
— _aa zi(l—wx)  my;

b(z; +&) bz + &)
I zi(l =)  m[(b -1z + (b—a)f
Y ob(x 4 ) b(w; + &)
(x;—1)  m(b— 1)] ~ m(b—a)¢
b(w; +§&) bz + &) b(;+€)
[b(w; +&) + (zi — 1) +m(b— 1)] ~m(b—a)f

= —x; |1+

= —xi

' b(w; +§) b(w; +§)
> . —(b—i—l)l‘i—k(bf—l)-i-m(b—l)] ~ m(b = )¢
» 'l b(z; +€) b(zi + &)
=+ 1)3:Z2 — (b€ = 1) +m(b—1)]x; — m(b— )&
a b(w; +¢) '
We have
T
21 = 5_1—c+§—€— (1—0—1—%—{)2—45(0—1—%)}
T
Ti+E = 5_1—0—1—%-1—5— (1—c+§—§)2—4§(c—1—%)}
T
il 5_1—0—1—%4—5— (1—c—|—%—§)2—4§((c—1—%)+%—%)}
= % = (1—0—1—2—1-5)2 %(l—a)]
- 1_(1—c+§+§)2—(1—c+§+£)2+%(1—a)
[Tt steryJ(l—ct§+6? %01 —a)
1 0o
2li-crsreryJ0-creror—a-o
SN U ON
- 2_1—c+§+5
_ Ba-a)
l—c+§+¢
/S0 -a)/$0-a)
N l—c+3§+¢
< g(1—04)
< b .
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Thus £(a—1) + 2(3:1 +£)?2 < 0= det J(@1 1) < 0, where equality holds when

4c€
b
We will now prove det Ji,, .,y > 0 whenever ¢ < %, a < (1 — %) band £ <1—c+ 7. The proof

S —a) = ﬂ—c+g+®?

is as follows,

Since (x2,y2) exists, so we have

ha) < (et vep
c (1—c+§+¢
DR R
1 TA e,
e %(1—@ < %—i—%\/(l—c—i-——f) —age—1-29)
= Iy

The equality sign holds when 4—Cg(l —a) = (1—c+§+8? ie, 11 = z3. When zp =

=&+ 4/ g(1 —a) then det J(,,,,) = 0, which also implies that the discriminant of 3 is (1 —
c+3—¢& )2 — 4¢(c— L— %°) and is equal to zero. Hence the existential curve of z; and the curve
det J(z, 4,) = 0, i = 1 =2, both coincide in the (a, £)-plane.

For the case ¢ < bTblv (1—%)b<a<1, we have

1
( ——>b<a:>c—l—%<0:>%(1—a)<1—c—|—%

Now

él_
wan %(1—@ - ,/%1—a “’ AL

% l1-—a)+¢
_ fl-o-¢&
T —a)+¢
_ €fsa-a) ¢
V3l —a)+¢
< Z(l-a)—¢
b
< l-cti—¢
_ 1—C—|—§—f+1 C+§—f
2 2
l—c+i-¢ 1 c ac
< A=+ < —4f(c—1- =2
S U et D2 age-1- )
= X2.
Thus we conclude that det Ji,, ,,) > 0.
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Bifurcations

Theorem A.0.1. Suppose & > Then the system (2.1.3) undergoes transcritical bifurcation at

1
b-
(b—

the axial equilibrium point x1(0, a)§) as the parameter o passes through the bifurcation value

a = o where ap = (1— %) b.

Note that the condition € > + certainly ensures that tr J, < 0 whenever (xa,y2) exists.
b (w2,y2)

Proof. We will prove this theorem by verifying the following conditions due to Sotomayor (as given

in [49)):
(i) w'fa(x0,a0) = 0.
(i) w' [Dfa(x0, a0)v] # 0.
(iii) w’ [D?f(xq, ap)(v,v)] # 0.

where v and w are eigenvectors of a matrix A = Df(xq, &) and AT respectively, corresponding to

simple eigenvalue A = 0. In this case we have the following,

T cxy blxz+£] T
f(.l‘,’y) — [fl(ajay)v fQ(x?y)] = .1‘(1 - iL‘) T zfy+al’ m z+y+al 1 Yy
£.(z,y) = [ ctmy _ bm&(z+8)y T
ALY = | Gtyta? T (wtytag)?
[ . . cy __cx(r4af)
Df(x,a) = (1—-2) = sm5a “5{ L+ Grytarr ] (@+y+ag)’
’ by (y+o—E) m (2ErEl g _ bmlz+Ey
| (z+y+ag)? z+y+ag (z+y+ag)?
D*(x,a) (o g, psteatngpee) (-setpmiriagyiens 5 ted )
X, ) =
(Qbyzﬂziaai) “7bm(”“Oﬁiiiiaii“”“”) ( (T+Q£)E21:ia§;+(T+E>y Qbm((T:f,zf:Sség
(z+y+a)?cly—2ctry(z+y+al) (z+y+ag)®cbr—2ctry(z+y+af)
Df,(x,a) = (@tytad)t (etytag)?
o _ (zty+af)?bmey—2bme (z+y(zty+ald)  _ (z+y+ag)?bmé(z+€)—20mé(z+y(z+y+af)
L (z+y+af)? (z+y+af)?
(—z+y+af) 95 y+a§)
r+y+af)—2(x+ x+y+a
RS o raerrs bmﬂ“f)w
Hence
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[0 0 0

Df(x1,00) = |mp-1) ﬂ] » fa(x1,00) = |:_m_£:|
— 0

Df,(x1,a0) = _m(bb—2) _m(c—2):|
L be be
[ 1 —cap T —Co T

D2f — (2(E - W) (W’O)

(x1,00) = om(b—1) _ blag+1)—2a0 b - T

(_ m m 0+1) ao> (m (ap+1)—2ap _Qmao)
i b b2¢ b2¢ »b%E

Alsov = (1, b— 1)T> w = (LO)T. Hence
1
WTfOé(xhaO) — 07WT [Dfe(x1, a0)v] = b #0

and

w! [D?(x1, a0) (v, v)] = _2(bE 1) N —2¢(b = 1)ap 4

b b2¢
O
Theorem A.0.2. The system (2.1.3) undergoes Hopf bifurcation at the interior equilibrium point

(z2,y2) as the parameter o passes through the bifurcation value a = ay s.t.

tr J(:tz,yz) a—ap =0.

Proof. We know that
—(b+ 1Dz — [ - 1) +m((b—1)] 22 —m((b— )¢

tr Jagyn) =

b(wa +§)
_ =0+ Dag — (b — D)az —mys
b(za +§) '
Also we have 9 + yo + a& = b(xz2 + £) which gives
0yo O
= =(b—1)—=.
oo ( ) oJe
Now
o, 2+ D2 — (b — 1) %2 —mB2
da | w2 T b(z2 +§)
_ 20+ Dz — (b - 1)FE —m(b - 1)
b(wa + &)
=L O ol ey — (b= 1) —m(b—1)
T b(xg +€) da 2 '
This is non-zero unless x is a repeated root of the equation —(b+1)z2 — [(b€ — 1) +m(b —1)] x —
m(b— a) = 0. O
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Theorem A.0.3. The system (2.1.8) undergoes transcritical bifurcation at the azial equilibrium

point xg = (1,0) as the parameter £ passes through the bifurcation value & = & where &y = %.

Proof. In this case we have Sotomayor’s conditions as follows:
(i) w'fe(x0,&) = 0.

(i) W [Dfe(x0, €0)v] # 0.

(it)) W [D£(x0, €0)(v,v)] £ 0.

where v and w are eigenvectors of a matrix A = Df(xq, &) and AT respectively, corresponding to

simple eigenvalue A = 0. We thus have,

T
_ T cxy blz+¢]
f(.T,y) - [f1($7y)7 f2($7y)] F— |:‘T(1 - Jj) T TFy+al? m Z+yt+al 1 Yy
fe(ny) = ooy @ryra-@i0a) T [ _cosy o avi-a)iy?] T
§0Y) = | Gryted? VYT atytag)? = [G@ryrad)? (z-+y+af)?
[(1_ 7)) — v S I _ _cx(ztag)
Df(x,6) = (1-2) - s T [ Lo (x+y+a£)2] (z+y+af)?
’ by (y+af—¢) m (2ErEl 1) _ bmlz+Ey
i (z+y+af)? z+y+af (z+y+af)?
[ (_2+2 cy(y+ag) _c<m+ae><y+as>+cmy>T <_C(1+a§)(y+a€)+czy g_ca(ztag) )T
D2f( f) (z+y+ag)d’ (z+y+ag)d (zty+ag)d * T (@tytad)d
X =
’ (_Qbmy(wae—e) bm(z+a£)(y+ae—e>+(w+e>y>T (bm(z+a£)(y+ae—e>+(m+s>y _Qbm(m+£>(w+a£)>T
(ety+ag)d (x+y+ag)d (e+y+ag)d ’ (ety+ag)d

piiee [ otz o EtS)
X8 = | eca)y(ta)taslia) - (tytad)E(-a) i) 2ey(l-a)ty?)
LY (@ty+ag)3 (z+y+ag)3
Hence in this case we have
[~ — e 0
Df(x¢,&) = 0 Oa ol fe(x0,%) = 0
_0 ( ca 7
Dfe(x0,80) = gt
_0 bm(1+a§;)2
and
(-2, — cago )T (— cao 2c )T
D B » o (14aép)? (1+ago0)?’ (1+ago)?
(x0,60) = 0. tméo(e-D\ " (bméo(a—1) _2bm(1+§o))T
» (1+ago)? (I1+ago)? * (1+ao)?
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-
Also v = (—%, 1) ,w=(0,1)T. Clearly

1—
wfe (%0, &) = 0, w” [Dfe (x0, &0)v] = bmm £0
and

2me(b—1)  2bm(1 + &)

(1+ ap)? (14 a&p)? 70

w! [D*f(x0,%) (v, V)] = —

O

Theorem A.0.4. The system (2.1.3) undergoes saddle-node bifurcation at the interior equilibrium
point (x*,y*) = (% (1 —c+i- §) ,(b—1)x* + (b— a)f) as the parameter o passes through the

bifurcation value o = g where

b c
=1-——(1- = 2
Qg 466( c+b+£)

Proof. In this case we have the following,

Ex [—1 b } _ (@ +ag) ]
Df(x*,ap) = (z*+y* +ao€)? (z*+y*+ao€)?
’ bmy* (y* +ao€—£) _ _bm(z*+y”
(z*+y*+aof)? (z* +y*+a0f)? |
[« [_ cy* __ca*(z*+agf) |
_ W [ 1+ (m*+y*+ao£)2} (z*+y*+an€)?
bmy* (b—1)(z* +€) __bm@*+&y”
: (z*+y*+aof)? (@* +y* +a0f)? |
cx*y*E
* _ z*+y*+apf)? 2 * _
(z*+y*+ao€)?
cy* (y*+agd) c(a* +a08) (y* +agd)tea*y* \ T c@*+ap®) W +agdteca*y* ca* (@ +apd) ) |
(_2+2(z*+y*+a(§)£)3’_ (2"-%—1;*-%—&85)3 ) (_ (2"-%—1;*-%—&35)3 ’Q(m"-%—y*-%—a(;)ﬁ)s)

_obmyt (Tt tage—8) o (@¥+agf) T tag— O+ (=" +Hy* s pm (2T W tas— O+ (@ +Oy" 5y (248 (2" +agf) T
Lo 3 o 3 % 3 ’ Fg* 3
(z* +y*+ap€) (z* +y*+ap) (z*+y*+apg) (z*+y*+apf)

Alsov= (1, b— 1)T, w = (bm(z* + &)y*, —ca™(z* + apé)) "

Hence

cx*y*E
Wt (" a0) = (bm(a® +©)y", —ea’ (2" + o)) [ (%J&i%‘ii’i_]
T @yt tand)?
- ran y*1+ L x [bmex* (¥ + )y*2E + bmez™ (x* + &) (x* + apé)y*E]
_ bmex*(x* 4 §y*E . y
- (.T* + y* + Oéof)Q X [y + (.1‘ + 0505)]
bmex* (x* + &)y*E
(z* + y* + apf)
= mex'y*{ £ 0.
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TH-1309_09612314



CHAPTER A

90

cy* (y* +agé)

—2 2
+ (z* +y*+ag€)3

D2f(x*, ag) (v, v)

—2(b — 1)t

(z*+ap&) (" +apé— £)+(:f +Oy*

08 (W tagd)ta*y*
(z* +y*+agé)3

26— 1)2 2 *(@* +ag€)
+2 )V +ap€)3

m & @ +agf)

bmy* (y* +ogé— E)
—2 (z* +y*+a€)3 +20 - Dom

2
(z* + y* + apé)?

|

Thus w’ [DQf(X*yao)(V’ V)] =

—(* +y* + 208)® + cy* (¥ + aof)

—bmy* (y" + agf — &) + (b — 1)bm|(z

2
(z* + y* + )3
(b= De((z* + aé) (Y™ + af) + 2"y") +
{=bmy* (y* + aof —§)
(b—1)%bm(z* + &) (a* + apf) }]
2bme
(z* +y* + xf)?

—2bm(z* + &)y +

—2bm(z* + &)y* +

(b — 1)((z" + ao€)(y* + aof) +2"y") + (b —
(b—1)((z" + ao§)(b — 1)(z" + &) +

{="(b-1)(@" + &) +

(b—1)%(z" +€)(2* + aof) }]

2b *
—2bm(z* + &)y”* (z* TZ(’*$+Z()£€))3
(b—

1)((%‘ + ao&)(y + apf) + =7Y")
{-y*(b-
—2bm(z* + &)y* +

2bme(z* + &)y*
(z* + y* + ap§)?

[y*(y* + k) —
, . 2bme(z* + y*
—2bm(x* + &)y T 5" T ot
(b= 1)((&* + a0f)(¥* + aof) + )
. . 2bme(z* + &y*
—2bm(x* + &)y" + &+ + a0f)?
20?meé (x* + €)y*
(z* + y* + aof)?
20%met (x* + €)y*
(z* 4+ y* + aof)?
20?met (x* + €)y*
(z* +y* + aof)?

—2bm(z* + &)y*

=2bm(z* 4+ &)y* +

—2bm(z* + &)y*

—2bm(z* + &)y* +

o) (Y + g — &)+ (

X [bm(x* +

+ (b — D)bm((2" + ) (y* + aoé — §)

+ (b= 1" + ad)(b—1) +y") —

(0= 1)((=" + ) (y™ + aof) +27y") + (b -
x [y™{(b—
+ (0= D{(y" + a§) — bE}Hz" + anf)]
x [bgy”

x [y" —
X [(b—1)z" + (b — ap)é —

x [b§ — ap€ —
203mce?(1 — ag)(x* + &)y*

|

— (b= Del(z* + &) (¥ + @of) + 2" y*] + (b — 1Zea™ (z* + apf)

—2(b—1)2b

(z*+y* +apt)3 @y Fage)3

YT — (b= 1)bm(a + &)(@* + aof)

Oy {ey" (¥ + aod)—
(b —1)%ca*(z* + ap€) } — ca*(a* + apf)

+ (" +8y")—

X (@ +8)y™ {y"(y" + af)—

1?2 (2" + agf) } —a* (z* + aof)
(=" +&y’) -

x [y {y" (y" + aof)—

+ (b— 1)23:*(:6* + apf)

(2" 4+ apf)
(b—1)%(z* + o) }]

1)%z*(z* + aof)]

Da* +bg}—

= b(b — 1)(z" + aof)E]
(b—1)(z" + ad)]
(b —1)(z" + aod)]

bao€ + apé]

(z* + y* + xpé)?
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20?mce?(1 — ag)y*
(* + y* + aof)?

= =2bm(x* + &)y* +

2b°meé?y* b c 9
= =2bm(z* +&y* + X —(l—c+ -+
( Oy (z* + y* + apé)? 465( b )
2méy” 2

= =2bm(z* + & y* + ————= x blz* +

= =2bm(z* + &)y* + 2bm&y*

= —2bmx*y* # 0.

]
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Turing Bifurcation
The system (4.1.2) can be rewritten as follows

U; = DV?U + F(U),U,(S,t) =0, S € 99, t > 0, (B.0.1)

where U = (z,y) ", D = diag(dy, d>) and F(U) = [az (1-2)— e ™ (xlﬁ;rjg - 1) y]T
Definition [36]: An uniform stationary solution U* of the system (B.0.1) is said to undergo
a Turing bifurcation at u = pg if U* changes its stability at pg and in some neighborhood of g
there exists a one-parameter family of non-constant stationary solution of the system (B.0.1).
Keeping ¢ fixed, taking a € Ry as a bifurcation parameter and U* = (z2,72)' as an uniform
stationary solution of the system (B.0.1), we now prove following theorem with the help of Theorem
13.5 [58] and Section 5 [36].

Theorem B.0.5. Let c,1 and cyp be the eigenvectors of the matriz B, = Jo — A\, D corresponding

to the eigenvalues 0,1 and opy Tespectively. Assume that
(i) do>dy >0, tr Jo <0 and detJy >0,

(ZZ) cp2 ’H/ % Cpl,
a=ag

(iii) € > 0.

Then there exists a p € N s.t. H(\p) =0 i.e. at o = ag, uniform stationary solution U* of
a=aqag

the system (B.0.1) undergoes a Turing bifurcation.

Proof. The introduction of transformation X = U — U* reduces the system (B.0.1) to the following
form,

X; = DV*X + bX + G(X), Xu(S,t) =0, S€ N, t >0,

92
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where Jy is the Jacobian matrix of F' at U* and G(X) = F(X + U*) — JoX. For any non-uniform
stationary solution U of the system (B.0.1), X = U — U* satisfies the following equation

DV?X 4+ Jb,X + G(X) =0, Xu(S,t) =0, S€9Q, t > 0.
Let f: R x By — By be defined as,
f(a, X) = DV*X + J,X + G(X)

where By and Bs are Banach spaces and also let Ly = Dy f(ap,0) and L1 = DDy f(agp,0). Then
f(a,0) =0VY a >0 and

v.

0J.
DQf(OéO, O)U = (DV2 - JQ)U = (JQ — )\jD)’U and DlDQf(OéO, O)U =2

aOé a=ag

The spectrum of Lg is given by the eigenvalues of i of the matrices B; = Jo — \;D evaluated
at o = o, where j = 0,1,2,... and k£ = 1,2. In order to have det B; = 0 for some fixed j (say
p), let 0,1 is the simple zero eigenvalue of the matrix B, and the corresponding eigenvector is
cp1. Also the eigenfunction of Lg corresponding to eigenvalue oy, is the non-uniform stationary
solution of linearized system (4.3.1), which is given by c,1¢,(S). The set of orthogonal functions

Yn(S), n=0,1,2...p... can be obtained by following eigenvalue problem
VQQ/)n =My, S € Q, ¢y =0,S € 99,
Thus we have the null space and range space of the operator Lg as,

N(Lg) = span{eigenfunction of Lj corresponding to simple zero eigenvalue}
= span{c,19,(S)}
R(Lp) = (UeC(QR) xC(R): /Q<U,cp21/1p(S)>dS = 0) Uspan{cp¢,(S)}
= (UeC(Q,R) x C(Q,R) : The fourier expansion of U does not contain the
term 1, (S)) U span{c,21,(S)}

Clearly here, dim[N(Lg)] = 1 and codim[R(Lg)] = 1. Also
0Js

80[ a=w

Licpip(S) Ocpﬂbp(s)-

If cpo & %cpl, then we have, Licy11,(S) ¢ R(Lg). Taking Z = R(Lg), we see that all the
hypothesis of the Theorem 13.5 [58] are satisfied. Hence, we conclude that there is a § > 0 and a
Cl-curve (o, @) : (—8,8) — Rx Z s.t.a(0) = ag, $(0) = 0 and f(a(s), X (S, s)) = f(a(s), s(cpthp+
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¢(s))) = 0. Now we have a non-uniform stationary solution of (B.0.1) with a = a(s) for |s| < ¢ in
following form

U(S, s) = U + scpithy + o(s?).
Thus we conclude that at o = «, the uniform stationary solution U* of (B.0.1) undergoes Turing
bifurcation. The critical value o can be determined by solving equation Hy, = 0 by keeping rest

of the parameters fixed. O
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Quadratic Equation for Abscissa of Equilibrium Points of System

(5.3.1)
(1-—qgF —z)(x+af)
b=z + (b—a) — TtqEic 1 =0
=((b-Dzx+b-—a))(z+gE+c—1)—(1—gE—-2)(z+af) = 0

=z[(b-1(z+gE+c—1)]+{b—a)(r+gE+c—1)—
[z + (1 —gE)at — 2% — (e +qBE)x] = 0

=S b-Da*+((b-1)GE+c—1)+&0b—a))z +
tb—a)gE+c—1)+2°—(1—af —qBE)x— (1 —gE)ag = 0

= b’ +((b—1)(gE+c—1)+&0b—a)— (1 —af —qE))x +
Eb—a)(gE+c—1)—(1—gE)aé = 0

= bx® + ((b—1)(c— 1) + b +¢F) — 1)z +

E(b—a)gE+c—1)—(1-qgE)a] = 0
= ba? + (be—b—c+b(E+gE))x + E(b(gE+c—1) —ac) = 0
:>a:2+(c—1—g+§+qE):1:+§(qE+c—1—%) = 0.

Alternative Form of Abscissa of Equilibrium Points of System (5.3.1)

From prey and predator’s isocline of the system (5.3.1) we have

c((b—1)z; + (b— )f)

(l_xi)_xi+(b—1):ci—|—(b—a)£+a§_qE =0
c((b—1Dzi+ (b —-1)6+ (1 —a)f) _
= (=)= b, + b€ —ek =0
95
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c((0—1) (@i + &)+ (1 — a)f) _

= (1—m;) — b+ 6) —qF =0
= (1—z;) — c(bb— D _ z((la:l_—i—ag)g —qF = 0
cb—1) cla—1)¢

b bt o)

:>(1—$Z')—

—qF =0

which gives ( ) ( )
c(b—1 cla—1)¢

i=1— —qF

g b mte) !

Singular Optimal Equilibrium Solution for the Ratio-Dependent
Model

Recall the costate equations for the ratio-dependent model,

2 2
A = o = —e OpgE — )\ <1 oy Y qE) - A by

— == 5 2 3

dt Ox 2 . (x+y) (x+y) (C.0.1)
i g, L,

a0y 1(a:+y)2 (x4 y)?

After considering the interior equilibrium point of system (5.2.1) and solving for interior equi-

librium point of system (C.0.1), we obtain

y cy bmy?*  _
b —ne (14 g ) g - 0
cz? bz>
M —ml [ ———1) = 0
Erpr Y <(m+y)2 )
5t = _ c(b—1)x; bm(b — 1)?z2
=e “pgE — Mz | -1+ 01)2 — X9 7)? =0
cx? bz?
A A -1 =
g~ (e —1) = 0
—8t, - m 2
= e StpgE — A (—3:—1— - 1)) “eTb -1 = 0
C m
Moz + et (b=1) = 0
As § — 0, we get
L Mo_12 = —_poF
A ( Z+ 55 (b 1)) + X (b= 1) vk
C m
)\lb_2+)\2€(b_1) =0
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_ E
A= pa=
$ —
- c pqE
Ao = —
2 mbo—1) 7

We substitute the values (Z,¥, A1, A2) into g—g = (pgr — c1) — Aigx = 0 (with 6 — 0), to obtain the

singular optimal equilibrium solution. Hence, along the singular optimal equilibrium, we have,

(pgr —c1) = Mgz = 0
i(m%—a)—%w =0

= (pgz — c1) —p®E = 0

= (pgz —c1) +palz — (1—c+2) = 0
:>2pqx—cl—pq(1—c+§) =0

Hence

Legendre’s Condition for the Ratio-Dependent Model

Recall that the Hamiltonian for the ratio-dependent model is given by,

cxT bx

Y
—qEz| + X
ty ! x]+ 2[m<$+

H=e[pgr—c1] E+ X\ [x(l—x)—

_1)y].

€L Y

As § — 0, we have the following

He
DHEg

Now
(p— A\1)gi (p—AM)g
(p— A1)

= [(p — M)aZ]E (p—A1)q

~(p—M)g*x |12z —

pqr — €1 — A\qx
PgE — Mgz — Mg
(p— A\1)gZ — /\"1qa; — 2X1q$'

[(p— M)ai]e — [Mgz]e — 2[\igd]e

c(x +y)(Ty + 29) — cry( + )

& — i —
(x+y)?

c(iy?® + z%y)
(r +y)?

Cc\—qx 2
(~a)(1 - 22) - T2

i(1 - 22) —

- qu}

- qE(—q:v)]

y2
CEEa qE]

- an':]
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2 2
. . cy - bmy
Ngz = |-X (1-22— —qE) - -
e [ ( SRR ) Mty
" <_2jj  2c(z +y)yy — 2cy°(@ +y’)> B
(x +y)?
\ 2om(z + y)yy — 2bmy? (& + 7)) »
’ ( +y)?
2 2
. cy . bmy .
= gz |N (1-22— B ) + X 9Ny
qg”[ < SRR ) Moty T
(z +y)yy —y*(@ +9)
2(Aic— Aagb
e =0 = Ty
2 2
. cy . bmy .
= —qz|N(1-2z- B ) + X onji—
qi[ ( AT ) Moty T
(xy — 2y)y
2 (Ac— dobm) ——==
e = 220 Ty
2
. cy
= [Mgzlp = —qx [(—(p = A1)q) <1 — 2z — g2 qE> — 2\ (—qx)—
(—qz)y?
2(A Aob
Pue 220 Gy
2 092
= —qz|-(p—\) 1—2z—<x+y)2—qE + 2 12 — 2 (Ae—
2
Yy
Aob
) Gk g
M\gilp = 0.
Thus we have
DMyl = M)e |1—2 v’ E
[ Ele = —(p—M)¢r |1 fv—m—q +
) 2 Ty
q°x [—(p—)\l) (1 —2x — @+ o) —qE) + 2X\z — 2 (A1c— Aabm) (:1:+y)3}
cy? xy?
= 2q21‘ |:—(p— )\1) <1 — 2x — (1}—|—y)2 = qE> + Mz — ()\10— /\gbm) (1‘ —|—yy)3:|
At the singular equilibrium point, we have,
- —~ _ b—1?2 =\ ~ i~ ~ b—1)2
[DQ’HE]E = 2¢°% [—(p— A1) (1 — 27 — % —qE) + \MT — ()\10— /\gbm) ( = )
- ~ ~ cb—-1?% =~ ~ ~ b—1)2
— 2% |:(2p_)\1)33+(p—)\1) (—1+(672) —|—qE> . (Alc—Agbm) ( = ) }

= 2% [(XI —2p)T + (A1 — p) (—1 -

c ~
b1y +qE) +

w(b — 1)2] .
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Singular Optimal Equilibrium Solution for the Modified Ratio-
Dependent Model

Recall the costate equations for the modified ratio-dependent model,

d\y cyly +af) E) N bmy(y + o — §)
dt @+ytae2 ! Tty +af)?
d\y cr(x + af) B b(z+¢&)(x+ af) B

E_Al(:c+y+a§)2 mA < (z +y+ag)? 1>'

i

= —eOpgE — )\ <1 —2x —
(C.0.2)

After considering the interior equilibrium point of the system (5.3.1) and solving for interior equi-

librium point of system (C.0.2), we obtain

ot cy bmy(y + af — &)
- pqE_A1m<_1+(w+y+a£)2>_ >ty +ad)y? !
cx(x + af) ) bm(z + &)y _ 0

‘@tyt+af)?  C(a+y+af)?
As  — 0, above system of equations can be written as
A1y + Ao = —pgE
BiA1 + BaAa =0

(C.0.3)

where A; = x9 <_1 + ($2+Cy2 ) Ay = bmya (y2+af—§) By = cra(@2tal) o9 |, = bm(z2+8)y2

ya+af)? (w2ty2+af)? (w2+y2+af)? (z2+y2+af)?”
Since A1 By — A By = —det J(y, 4,), therefore, as long as det J(,, 4,y # 0 there exist an unique pair
(A, o) = (—Algjg‘fﬁ&, Algzlf‘fz&) of solution of the system (C.0.3). Now we have
H=e[(pgz — 1) E — c2€] + M1 [x(l—x) = —qu] + A2 [m (M — 1) y] .
z+y+af T+y+af

Since H is linear in control E, so the optimal control is combination of bang-bang and singular
control. The condition that maximizes H for E is given by

oH _
95 = ¢ ‘st(pqa: —c1) — Mgz =0.

Taking § — 0, we substitute the interior equilibrium of systems (5.3.1) and (C.0.2) into equation

g—g = 0, to obtain the singular optimal equilibrium solution (z*,y*),

(pgx —c1) — Mgz = 0
BapgE _
= (pqx Cl)—l—AlBg—Agquw =0
= (A1B2 — A2 B1)(pqx — 1) + BapgEqe = 0
b*ma(z + &)y 2 bm(z + &)y
il 1- Ce)+ EREY B = 0
~ Gtytad) [=b(z + &) + c€(1 — @)] (pgz — e1) + 1yt ag2hife

b
- m [—b(z +&)* + c€(1 — )] (pgz — 1) + pgBgz = 0
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= Mﬁ [~blz +€)* + c€(1 — )] (pgz — 1) + pg [(1 — ) - ﬁ} z= 0
= m [=b(a +€)* + c§(1 — )] (pgz — 1) + py [(1 — ) - ﬁ] =0
b

= tytad [=b(z+ €)%+ c€(1—a)] (pgz — c1) + pg[(1 — ) (@ +y + af) —cy] = 0

g (bl + € + (1= )] (paz — cx) + pa (1 =) +€) = b~ D = clb = a)¢] = 0
e Jlr 5 [—b(2? + €2 + 26x) + c£(1 — a)] (pgz — 1)+
pg[b(—2® + (1 =&z + &) —clb— )z —c(b—a)f] = 0
=G ig) [—ba? — 206z + c£(1 — a) — b€?] (pgz — 1)+
pg [=bx® + (b1 = &) — c(b — 1))z + b€ — c(b— a)é] = 0
= (%1%) [—ba? — 2b¢x + c£(1 — @) — bE?] (pgz — 1)+
pq[-bz* + (b(1—c— & +c)z+ (b—clb—a))f = 0
= pgx [—ba® — 2b€x + c£(1 — a) — b€?] + pgx [~ba® + (b(1 — ¢ — &) + )z + (b — c(b — @))¢] -
c1 [—bz® — 2b€x + c€(1 — @) — b€?] + pgé [~ba? + (b1 —c— &) + )z + (b—c(b—a))¢] = 0
= pgz [—ba? — 2b¢x + c€(1 — a) — bE? —ba? + (b(1 —c — &) + ¢)z + (b — c(b— @))¢] -
c1 [—ba® — 2b€x + c€(1 — a) — bE?] +pgé [~bz® + (b1 —c— &) + )z + (b—c(b—a))é] = 0
= pgx [—2b2% + ((b(L — ¢ = &) + ¢) — 2b&)z + & — cal — bE? + b€ — bef + cat]+
b(cr — pgé)a® + (2beré + pg€(b(1 — ¢ — &) + )z — c€(1 — a)ey + ber €2 + pa(b — c(b— a))E2 = 0
= pgz [—2b2® + (b + ¢ — be — 3b¢)z + (b + ¢ — b — be)é] +
b(c1 — pg€)x? + (2ber + pa(b + ¢ — be — b€))éx + &(—c(1 — a)er + beré + pg(b — c(b—a))é) = 0

= —2bpqz® + (bey + (—4b€ + b+ ¢ — be)pg)x® + (pg(b + ¢ — bE — be)é+
(2ber + pg(b + ¢ — be = bE))E)x + E(—c(1 — a)er + ber€ + pg(b = c(b - a))§) = 0
Finally, we have following cubic equation to be satisfied at singular optimal equilibrium solution
—2bpqz™® + [bey + (—4b€ + b + ¢ — be)pg] 2 + 2 [ber + pg(b+ ¢ — be — bE)] Ex*

(C.04)
+& [—c(1 — a)ey + ber€ + pg(b — (b — «))E] = 0.
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Legendre’s Condition for the Modified Ratio-Dependent Model

For this case we have

HEe

PgT — €1 — A\qT

DHE pai — A\iqz — Aiqi
D*Hp (p— M\)gZ — qua; — 2X1q33
[D*HEle [(p — A\)@i] s — Mgzl — 2[N\qd]e
(p—AM)giE = (p—XM)g _i’ _gup o EHYE af;(iy;fjg)l YD) quz]
_ B c[(#y® + 2°y) + af(dy + 27)] ,
— (o= Mg i1 - 20) - LTS 2 ID] oy
[ C\—qx 2 ac\—qx
= - Mails = (=g |(~ae)(1 = 20) - SEIE LI )
_ cy(y + af)
= —(p- )\1)q29B [1 — 2% — m - qE}
cor = |ox (1 _9p ytal) o bmy(y+af—¢)
for = [ (12 R —op) RIS

A1 (—Q:i: —

c(z +y + ) (2yy + af) — 2cy(y + af) (2 + 7)

(@ +y+ af)? )_

), (e 4y + a€)(2yg + af — §) — 2bmy(y + o€ — §)(& + )
2 qr

= —qr|\(1-20—- =L =L _4E A
oo (120 G -om) o

(z+y+ag)d ]
cy(y + af) - bmy(y + af —§)
(x +y+ af)?

A <—2:i: ezt y+af)@yi+ag) — 2y(y + af) (@ +y>> .

(x +y+ af)?

3, (@ £y + a€) 2y + al — €) — 2bmy(y + ol — §)(F + 1))]
? (x+y+af)
= Vhasls = —ao |- (1-20 - O, o)
(—qz)y(y + af)

201 (—qx) + 2\ c

= —¢x [—(p — A1) <1 — 2 —

zy(y + af — 5)]
(x+y+af)?

2/\2 bm

[qui‘]E =0

g T4y + of — E)}

(x +y+ af)? (x+y+ af)?
cy(y + af)

G cxy(y + of) >

“on) on (v TV ) +
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Thus

cy(y +af
[D*Hele = —(p— M)z [1 — 2z — % — qE] 4

¢a [—(p—xl) (1—296— %—@) 2 (‘””‘ %) !
W]

2X2b
201 (x+y+af)

Along singular optimal equilibrium point, we have,

) Y N A -9 —
[D"HEle = —2¢° [()‘1 p)<1 (x+y+a§)2>+/\l<l (x+y+a§)2+($+?/+af)3>+
yly +af —¢)
Wm}
Y PN A —O)—2L—
= —2¢%z [(2/\1 P) <1 (:c+y—|—a£)2> + (Arex + Xabm(y + a€ 6))(33—1—:1/—1-045)3].

Relation between z and z*

Rewriting the cubic equation (C.0.4) as

—2bpqz*® + [bey + pa(b + ¢ — be — 4b€)] 22 + 2 [bey + pa(b + ¢ — be — be)] Ex*
+£2 [bc1 + pq(b+ ¢ — be)] + E[e(a — 1)eg + epg(a—1)E] = 0

— —2bpq [az _ % <;—; Y (1—c+ g)ﬂ (@ +€)2 + (o — V)(e1 + pgé) = 0

= —2bpg(z* — T)(a* + &)* + c€(a — 1)(c1 + pg&) = 0.
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